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Fire Sales and Systemic Risk in Financial Networks
ABSTRACT

This thesis studies systemic risk through direct and indirect contagion in
financial networks.

The first and main part is devoted to modelling the phenomenon of fire sales
in a network of financial institutions with common asset holdings, subject to
leverage or capital constraints. In contrast to balance sheet contagion based
on direct linkages, this price-mediated contagion occurs through common
asset holdings, which we quantify through liquidity-weighted overlaps across
portfolios. Exposure to price-mediated contagion leads to the concept of
indirect exposure to an asset class, as a consequence of which the risk of a
portfolio depends on the network of overlapping portfolios.

Our model provides an operational systemic stress testing framework for
quantifying the exposure of the financial system to these effects. Using data
from the European Banking Authority, we examine the exposure of the
EU banking system to price-mediated contagion. Our results indicate that,
even with optimistic estimates of market depth, moderately large macro-
shocks may trigger fire sales which lead to substantial losses across bank
portfolios, modifying the outcome of bank stress tests. Moreover, we show
that price-mediated contagion leads to a heterogeneous cross-sectional loss
distribution across banks, which cannot be replicated simply by applying a
discount factor to portfolios.

We propose a bank-level indicator, based on liquidity-weighted overlaps of
portfolios which can be used to quantify the contribution of a financial insti-
tution to price-mediated contagion. Using a granular supervisory dataset,
we show that asset class aggregation has a considerable effect on estimated
portfolio-level fire sales losses, an issue ignored in the literature so far.

The second part presents an in-depth sensitivity analysis of the Eisenberg
& Noe model, a framework commonly used in systemic risk studies. We
develop a Taylor series for the clearing vector and characterise it in terms
of estimation errors in the liabilities matrix.
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It ain’t what you don’t know
That gets you into trouble.
It’s what you know for sure

That just ain’t so.

Mark Twain

INTRODUCTION

In October 2008, the IMF’s estimate of losses in US subprime mortgages
was on the order of 500 bn USD (Hellwig (2009)) - a large but bearable loss
one was thinking at the time - no cause for imminent global concern. After
months of hard fought debates and warnings by the Bank of England, the
IMF and other similar institutions, the population of the United Kingdom
voted to leave the European Union on June 23rd 2016. The shock of this
unexpected result caused end of day losses on the FTSE 100 around 75 bn
USD, while intraday losses even exceeded 170 bn GPB (~ 200-220 bn USD)*.
Although in comparison the “initial losses” triggered by the referendum out-
come were smaller by a factor 7 roughly, more importantly the subsequent
amplification of losses in both scenarios differs by several orders of magni-
tude! During the course of the global financial crisis, the initial losses of

the US subprime market reached many other asset classes, economic sectors

http://money.cnn.com/2016/06/24/investing/brexit-london-stocks-crashing/
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and countries, and ballooned into an estimated total loss in the high single
digit trillion dollars (Hellwig (2009)). In contrast, in the months after the
Brexit vote, the FTSE 100 hit an all-time high on October 11th 2016, as the
pound weakened, and towards the end of 2016, the pound itself strengthened
against the dollar and euro in spite of the UK Parliament having voted to
back Theresa May’s plan to trigger article 50 and leave the EU by March
2017, with potentially severe consequences regarding the access to the sin-
gle market and the UK’s trade relations in general. Thus, beyond other
differing aspects, the two scenarios are also very different when comparing
them solely on the basis of “initial losses” and subsequent “loss amplifica-
tion”. Similarly, Hellwig (2009) makes the poignant observation that when
the dot-com bubble burst, the initial losses in fact exceeded the 500 bn loss
in the US subprime market of 2007.

The field of systemic risk studies channels and mechanisms of contagion
that can lead to loss amplifications that can threaten the stability of the
entire system, as observed under the crisis. Researchers in the field seek to
understand, describe and model the very feedback effects that are at the
heart of loss amplifications mechanisms as they have been observed in some
past crises. Systemic risk itself is often defined as the risk that a minor
or intermediately sized initial shock may be severely amplified — because of
interdependencies and interactions of system components — and potentially
bring down the entire financial system, thereby causing significant damage to
other economic sectors and/or geographic regions?. Fire sales, rapid forced
sales by distressed portfolios, have been identified as one such loss amplifying
channel through which systemic risk can emerge. One of the main goals of
this thesis is to develop an operational framework for quantifying fire sales

in regulatory stress tests.

2We will focus only on “systemic risk” in the financial sector.
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0.1 THE NEED FOR MACROPRUDENTIAL STRESS TESTS

The financial crisis of 2007-2008 has underlined the need for better mon-
itoring of systemic risk and led to the emergence of a “macroprudential”
approach to financial regulation Hanson et al. (2011). One of the most im-
portant regulatory overhauls comes with the global (voluntary) Basel III
Accords that introduce tighter capital regulations the supplementary lever-
age ratio (SLR), as well as new liquidity regulations such as the liquidity
coverage ratio (LCR) and net stable funding ratio (NSFR). In the US, a
significant part of these guidelines are poured into binding national legis-
lation via the “Dodd-Frank Wall Street Reform and Consumer Protection
Act”, while in the EU this is captured by regulatory pieces such as the Cap-
ital Regulation Directive (CRD IV), the European Market Infrastructure
Regulation (EMIR), or Markets in Financial Instruments Directive (MIFIR
IT). An important part of these reforms is the conduction of stress tests: A
scenario of severe economic downturn is designed by regulators, and, given
their current balance sheets, banks are then required to project their losses
under the assumptions of this scenario. The regulator in turn uses the re-
sponses and information provided by the banks to assess their stability and

resilience to potential future stress scenarios.

More specifically, in the US, Article 165 of Dodd-Frank? requires the Board
of Governors of the Federal Reserve to conduct annual stress tests, the so-
called “Comprehensive Capital Analysis and Review” (CCAR). For the EU,
a requirement to conduct stress tests is laid down in the EU Regulation
1093/2010, establishing the European Banking Authority and specifying
the coordination of a union-wide stress test in coordination with the Euro-

pean Systemic Risk Board (ESRB) and the European Central Bank (ECB)*:

3https://www.congress.gov/bill/111th-congress/house-bill/4173/text
“Regulation (EU) No 1093/2010 of the European Parliament and of the Coun-
cil of 24 November 2010 establishing a European Supervisory Authority (European


https://www.congress.gov/bill/111th-congress/house-bill/4173/text
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“The EBA Regulation gives the Authority powers to initiate and coordinate
the EU-wide stress tests, in cooperation with the European Systemic Risk
Board (ESRB). The aim of such tests is to assess the resilience of financial
institutions to adverse market developments, as well as to contribute to the

57 Moreover,

overall assessment of systemic risk in the EU financial system.
the ECB conducts in parallel a separate stress test of selected European
banks under its direct supervision. This is an internal supervisory exercise

conducted by the ECB, whose results are not publicly disclosed®.

Yet, as pointed out by the Basel Committee on Banking Supervision’s recent
report, stress tests conducted by bank supervisors, which remain their pri-
mary monitoring tool, still lack a genuine macroprudential component (Basel
Committee on Banking Supervision (2015)). Indeed, an important mod-
elling paradigm in the above mentioned stress tests is the so-called “static
balance sheet assumption”, which supposes that banks do not react to the
stress scenario, but that their balance sheet is kept fixed for the duration of
the stress test horizon. The report identifies the key missing ingredients to-
wards genuine macroprudential stress tests as being “endogenous reactions
and feedback effects to initial stress”. Asnoted by ECB Vice-President Vitor
Constancio (Anderson (2016)), in the current approach to bank stress tests
“no bank reaction is considered. It would be far more realistic to assume
that market participants could react to adverse conditions, rather than as-
suming passive bank behaviour throughout the entire stress test period. Bank
behaviour or reaction could take the form of deleveraging, straight capital

increases or working out of non-performing loans.”

There is ample empirical evidence that such deleveraging occurred on a large

Banking Authority), amending Decision No 716/2009/EC and repealing Commission
Decision 2009/78/EC. See: http://eur-lex.europa.eu/legal-content/EN/TXT/7uri=
CELEX:02010R1093-20140819
Shttps://www.eba.europa.eu/risk-analysis-and-data/eu-wide-stress-testing
Shttps://www.bankingsupervision.europa.eu/about/ssmexplained/html/stress_
test_FAQ.en.html


http://eur-lex.europa.eu/legal-content/EN/TXT/?uri=CELEX:02010R1093-20140819
http://eur-lex.europa.eu/legal-content/EN/TXT/?uri=CELEX:02010R1093-20140819
https://www.eba.europa.eu/risk-analysis-and-data/eu-wide-stress-testing
https://www.bankingsupervision.europa.eu/about/ssmexplained/html/stress_test_FAQ.en.html
https://www.bankingsupervision.europa.eu/about/ssmexplained/html/stress_test_FAQ.en.html
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scale in 2008, leading to cross-asset contagion and amplification of losses
in the financial system Kashyap et al. (2008), Brunnermeier and Pedersen
(2009), Khandani and Lo (2011), Manconi et al. (2012), Cont and Wagalath
(2016). The well-documented occurrence of fire sales during market down-
turns Ellul et al. (2011), Coval and Stafford (2007), Shleifer and Vishny
(2011), Jotikasthira et al. (2012) is not a coincidence: portfolio constraints
— capital, leverage or liquidity constraints — which financial institutions are
subject to, force them to deleverage when these constraints are breached as
a result of losses, leading to fire sales of assets Kyle and Xiong (2001), Cont
and Wagalath (2013). Similar large-scale deleveraging is also foreseeable
in future stress scenarios, and foreseen by financial institutions themselves:
“If we are unable to raise needed funds in the capital markets (including
through offerings of equity and regulatory capital securities), we may need to
liquidate unencumbered assets to meet our liabilities. In a time of reduced
liquidity, we may be unable to sell some of our assets, or we may need to
sell assets at depressed prices, which in either case could adversely affect our

results of operations and financial condition” Credit Suisse (2015).

Fire sales generate endogenous risk Shin (2010) and can also act as channel
of loss contagion across asset classes and across financial institutions holding
these assets Khandani and Lo (2011), Cont and Wagalath (2016), Caccioli
et al. (2014). Unlike direct contagion through counterparty exposures Cont
et al. (2013), fire sales spillovers are mediated by prices and thus defy limits

on counterparty exposures and other institutional ring-fencing measures.

It is therefore important for supervisors to include in macro-stress testing
frameworks used for assessing bank capital adequacy the impact of fire sales
and the deleveraging of portfolios in stress scenarios. This is especially
relevant given that, post-crisis in the US, supervisory stress tests have set

the binding constraint for bank capital adequacy”.

"See the Section “Process and Requirements after CCAR 2016: https://www.


https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf

CHAPTER 0. INTRODUCTION 6

Fire sales and the resulting destabilizing feedback effects have been exten-
sively studied in the literature Kyle and Xiong (2001), Shleifer and Vishny
(2011) from a conceptual viewpoint. The challenge is to develop a quanti-
tative framework versatile enough to be taken to empirical data and used in
an operational macro-stress testing framework to quantify the endogenous

risk and spillover effects arising from fire sales.

The goal of the present work is to address this challenge, by proposing a
modelling framework for quantifying the exposure of the financial system
to the endogenous losses and feedback effects resulting from fire sales in a
macro-stress scenario. Previous attempts by regulators to account indirectly
for the impact of fire sales in bank stress tests include the use of (exogenously
specified) liquidation costs or increasing the severity of shocks in single-bank
stress tests to account for possible loss amplification due to feedback from fire
sales. These adjustments may mimic the severity of potential losses which
may result from fire sales but fail to capture key cross-sectional features
of fire sales spillovers, such as the contagion across asset classes and the
heterogeneous distribution of fire sales losses across financial institutions

and across asset classes of varying liquidity.

More recently, Greenwood et al. (2015), Duarte and Eisenbach (2013) have
proposed a stress testing approach incorporating the impact on asset prices
of deleveraging in bank portfolios, based on the assumption of leverage-
targeting Adrian and Shin (2010) i.e. that, in response to a shock, financial
institutions rebalance their portfolios to maintain a constant leverage, which
leads to a linear deleveraging rule in reaction to market shocks. This ap-
proach was used to analyse fire sales spillovers in the EU banking system
by Greenwood et al. (2015) and in the US banking system by Duarte and
Eisenbach (2013). Both studies find evidence of potentially large exposures

of the banking system to contagion via fire sales. This approach has been

federalreserve.gov/newsevents/press/bcreg/bcreg20160629al . pdf.


https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf
https://www.federalreserve.gov/newsevents/press/bcreg/bcreg20160629a1.pdf

CHAPTER 0. INTRODUCTION 7

explored by supervisors as a possible method for incorporating fire sales in
macro-stress tests Henry et al. (2013), Cappiello et al. (2015), Cappiello and
Spuera (2014). There is some empirical evidence that in the medium term
large financial institutions maintain fairly stable levels of leverage Adrian
and Shin (2010) but it is not clear why the same institutions would enforce
such leverage targets in the short term, especially in stress scenarios where

this could entail high liquidation costs.

We propose a different approach for modelling fire sales, based on the
premise that deleveraging by financial institutions occurs in reaction to losses
in their portfolios Kyle and Xiong (2001), Cont and Wagalath (2013). This
deleveraging may be the result of investor redemptions for funds, as evi-
denced in Ellul et al. (2011), Coval and Stafford (2007), Shleifer and Vishny
(2011), Jotikasthira et al. (2012); but for regulated financial institutions such
as banks, large scale deleveraging is mainly driven by portfolio constraints
-capital, leverage or liquidity constraints- which may be breached when large
losses occur. We have focused for simplicity (and data availability) on lever-
age constraints, but the model is easily extendable to multiple constraints
on portfolios. Given the one-sided nature of these constraints, such institu-
tions react asymmetrically to large losses and large gains Ang et al. (2006).
The asymmetry and the threshold nature of deleveraging differentiates our
approach from models based on leverage targeting, leading to considerably

different outcomes.

Deleveraging by financial institutions impacts market prices and, when port-
folios are marked to market, leads to further losses which may in turn trigger
further deleveraging, shown schematically in Figure 0.1.1. We quantify this
impact and the resulting endogenous risk, paying attention to the estimation
of market impact parameters; the magnitude of these parameters, and their
heterogeneity across asset classes, is shown to greatly influence the results

of the stress tests.
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Deleveraging

Initial shock
to assets

Market impact

Mark to market losses

Figure 0.1.1: Schematic view of the model dynamics: A sufficiently large initial shock leads
to the breach of portfolio constraints and triggers portfolio deleveraging in the form of forced
liquidations. This impacts market prices, resulting in turn in new losses that may trigger further
rounds of deleveraging.

We use these ingredients to design a systemic stress testing framework for
banking systems. Application of the method to the EU banking system
shows that this approach may lead to outcomes which are substantially dif-
ferent from single-bank stress tests. We emphasise in particular the concept
of indirect exposure, which we show to be relevant for bank stress testing, and
develop indicators for monitoring these as well as macroprudential policies

to reduce the risk of large scale contagion through fire sales.

Before we turn to summarising the main contributions of the thesis, we
present a short overview of the broader literature on systemic risk. This also
allows us to situate our contributions to the academic research on systemic

risk more precisely.

0.2 LITERATURE REVIEW: SYSTEMIC RISK

The “Handbook on Systemic Risk” (Fouque and Langsam (2013)) provides
a recent broad overview of the research in systemic risk. It covers various
aspects of the topic such as measuring systemic risk, regulating systemic
risk, data requirements & collection for systemic risk analyses, and it reviews

various types of models around systemic risk. Another broad review paper
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on systemic risk and contagion in financial network is Glasserman and Young
(2016). The “Systemic Risk Hub” is a website on systemic risk and regularly
updated with new research papers and events in the field: http://www.

systemic-risk-hub.org/.

Systemic risk is an intrinsically interdisciplinary field and spans multiple
academic subjects, ranging from economics and finance via econometrics
and statistics, to network theory and mathematics or dynamical- & com-
plex systems theory. As such, it is challenging to write a few pages review
of the systemic risk literature; over the past few years entire papers have
been written that review specific subfields of systemic risk such as Bisias
et al. (2012) on measures of systemic risk or Hiiser (2016) on the interbank

contagion literature.

The following selective presentation and grouping of the literature is reflec-
tive of my personal view on the field, and constitutes an attempt to give
some structure to the vast amount of work that has been completed over the
past decade(s). I will discuss the relation of my work to general equilibrium

models in Chapter 5.

EcoNoMICS AND FINANCE

CONCEPTUAL CONTRIBUTIONS. Important fundamental contributions to
understanding systemic risk have been made in economics and finance.
Large broker dealers stand at the heart of the intermediation chain in the
financial system and infrastructure. Duffie (2010b) gives an excellent intro-
duction to the mechanics at work inside large dealer banks and describes
common modes of failure for these institutions. The failure of such dealer
banks, as witnessed during the crisis in the cases of Lehman Brothers and
Bear Stearns, is most often linked to the failure of the institution to obtain

sufficient funding and therefore becoming illiquid, i.e. unable to perform
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on due payments. The spiral towards such an illiquidity failure is usually
driven by a loss of confidence of funding counterparties, and can therefore
be viewed as a modern version of the classic depositor bank run. In the
case of large broker dealers, the loss of funding can occur through OTC
derivatives counterparties novating their positions to other dealer banks®,
through short term creditors (such as overnight repo counterparties) not re-
newing their loans”, or the disappearance of prime brokerage clients'?, all of
which can put a serious liquidity strain on the dealer bank. Duffie (2010Db)
then proceeds to sketch some ways in which one may mitigate these issues,
such as more stringent liquidity requirements for dealers and a reform of the
tri-party repo market, as well as improved failure resolution mechanisms
for broker dealers. Beyond the risk of “bank runs”, French et al. (2010),
discuss important features of the plumbing of financial markets such con-
flicts of interest, agency problems and inadequate regulatory structures that
allowed the build-up of the crisis, as well as inadequate bankruptcy and
resolution that added oil to the fire during crisis. Concrete policy sugges-
tions for tackling these are offered, such as the introduction of a systemic
regulator, a regulation of executive pay in financial services, stricter capital
requirements for financial institutions, and the introduction of contingent
convertible bonds (CoCo’s) to recapitalize institutions via bail-in among
others. A number of these suggestions have indeed developed into parts of
the post crisis regulatory reform, as e.g. the establishment of the European
Systemic Risk Board (ESRB) and the Financial Stability Oversight Council
(FSOC), or the large regulatory reform launched through Basel III.

Hellwig (2009) gives a detailed account of how the losses in US subprime

mortgages in 2006 - 2008 became systemic: Negligence, flaws in governance

8...by requiring the dealer to pay out balances in favour of the counterparty, or return
cash collateral

9...and the dealer finding itself unable to transform its securities holdings into cash

10 because dealers may use excess cash that they obtain from rehypothecation of client
collateral to finance themselves
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and moral hazard led to the origination of loans in the US subprime market
that never should have been granted. Similar flaws in the securitisation
process led to these risks being obfuscated, packaged and then passed on to
other investors. The combination of maturity mismatch, low capital buffers
inappropriate internal risk controls then led to contagious failures as well as
a large scale panic resulting in general market malfunctioning, which induced
further failures and contagion. Beyond providing comparisons to past crises
such as the Savings & Loans crisis, Hellwig (2009) also identifies three core
contagion channels: (i) Domino effects through contractual relations, (ii)
Domino effects through asset prices, and (iii) Information contagion effects.
The model developed in the main part of this thesis seeks to quantify the
second type of contagion. Similar accounts with different perspectives are

offered for instance in Brunnermeier (2008) and Blinder (2013).

Important contributions on endogenous risk in the financial system have
been made by Adrian and Shin (2014), Brunnermeier and Pedersen (2009),
and Danielsson et al. (2012). As early as 2001, Danielsson et al. (2001),
stressed the inherent procyclicality of some of the risk measurement practices
introduced in Basel II, insisting that not attending to these issues may lead
to large systemic crises in the future. Although there is no mention of
“systemic risk” in Granovetter (1978), the concepts developed in the paper
are of the utmost relevance for studies on systemic and endogenous risk.
The author discusses phase transitions of outcomes in systems of interacting
agents where each agent is subject to an individual threshold: Let there be
two groups of potentially rioting people: in the first group, for the n‘*
individual the required number of people that must have already joined the
riot for him /her to join as well is n—1; in the second group, the thresholds are
the same except that for individual 3, say, the threshold is 3. Even though
the two distributions of individual thresholds are remarkably similar, the

dynamics in these two “systems” will differ fundamentally: in the first case
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each rioter joining the mass will lead to another person joining such that the
entire population riots in the end, while in the second case the thresholds
are such that the “cascade stops” at the third person. We shall argue in this
thesis that such thresholds are a natural way of describing forced liquidations

by constrained portfolios.

An important contribution on fire sales was made in Shleifer and Vishny
(1992), where the authors particularly emphasise the link between assets’
liquidation values and the set, or number of, potential buyers for these as-
sets. Duffie (2010a) both documents empirically and models theoretically
the price drop of an asset under such forced liquidation. The idea of “slow
moving capital” precisely captures these inertly arriving buyers and the de-
viation of prices from “fundamental value” in the mean time. The later
paper, Shleifer and Vishny (2011) provides a selective review of the fire
sales literature, with a focus on fire sales of financial instruments and fire

sales in macroeconomic models, as well as their role in the financial crisis.

A systemic trade-off between diversity and diversification is studied in Beale
et al. (2011): The risk of an individual portfolio decreases with the degree of
diversification. However, in the “maximal diversification” case, everybody
will be diversified in the same manner - the system’s diversity is thus reduced,
which is shown to lead to increased systemic risk. Wagner (2011) studies

this problem from an asset pricing perspective.

EMPIRICAL CONTRIBUTIONS. In recent years there has been a growing em-
pirical body of literature around various aspects of systemic risk. Aguaiar
et al. (2014) do an excellent cartographic job by mapping out the flow of
funding, not between different nodes in a financial network, but by dissecting
the flows within a single broker dealer, providing a description of what types
of transformations occur at different layers of the dealer and how funding

weakness at one such institution can spread to others with potential risks
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to financial stability. Collateral flows in the opposite direction of cash in
secured funding operations: the collateral network is analysed in depth in
Aguiar et al. (2016). The networks are not entirely symmetric, as certain
institutions play more important roles in different networks (e.g. Central
Clearing Counterparties (CCPs) in the collateral network, and Money Mar-
ket Funds in the funding network). Furthermore, there is a growing body
of empirical studies by central banks on detailed and confidential regulatory
data (Ali et al. (2016), Langfield et al. (2014), Cont et al. (2013), Duffie
et al. (2014), Abad et al. (2016)) that nevertheless present numerous sum-
mary statistics, insights, and stylised facts that are useful for developing

new models.

Ellul et al. (2011), Coval and Stafford (2007) offer evidence of fire sales by
funds and insurance companies as well as compute estimates of the price im-
pact of these forced liquidations. Pierret (2015) supplies empirical evidence
for a “solvency-liquidity nexus”: less well-capitalised banks face higher fund-
ing costs and therefore a higher risk of suffering a run. Historically, liquidity
and solvency have often been considered as two separate dimensions of fi-
nancial stability, but work in this direction suggests that both aspects are

tightly interconnected and should not be treated independently.

Short term funding, and the “run on repo” during the crisis are discussed
in great detail in Gorton and Metrick (2012). Specifically related to the US
tri-party repo market !, Begalle et al. (2016) provide a detailed analysis of
the risk of fire sales in the US tri-party repo market, and how this market’s
resilience can be increased; a number of policy suggestions have indeed been

implemented as part of the post crisis tri-party repo market reform.

To this empirical academic literature, I would in fact add certain regulatory

"The US tri-party repo market accounts roughly for half of the entire US
repo market: https://www.newyorkfed.org/medialibrary/media/research/staff_
reports/sr740.pdf.
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documents and reports such as “Global systemically important banks: up-
dated assessment methodology and the higher loss absorbency requirement
”Basel Committee on Banking Supervision (2013a), “Basel III: The Liquid-
ity Coverage Ratio and liquidity risk monitoring tools” Basel Committee on
Banking Supervision (2013b), “Basel III: A global regulatory framework for
more resilient banks and banking systems” Basel Committee on Banking
Supervision (2011), “Standards: Minimum capital requirements for market
risk” Basel Committee on Banking Supervision (2016), “Basel III leverage
ratio framework and disclosure requirements” Basel Committee on Banking
Supervision (2014a), “Basel III: the net stable funding ratio” Basel Com-
mittee on Banking Supervision (2014b), “Dodd-Frank Wall Street Reform
and Consumer Protection Act” Dodd-Frank (2010), EMIR (2012), “Final
Report of the National Commission the Causes of the Financial and Eco-
nomic Crisis in the United States” The Financial Crisis Inquiry Commission
(2011), Valukas (2010). Even though they are not academic papers in any
classical sense, they are of a high relevance, as they set the legal and regu-
latory framework within which banks and other institutions operate, which
should be reflected appropriately by models. I believe it is important to

translate key regulatory and institutional features correctly into models.

ECONOMETRICS AND STATISTICS

There is a large econometric and statistical literature on the measurement
of systemic risk. The majority of contributions in this stream try to extract
signals from market data that allow to quantify systemic risk. Bisias et al.
(2012) provides a comprehensive overview of the main measures of systemic
risk in this literature. Among the most prominent measures to quantify
systemic risk are the “Marginal Expected Shortfall (MES)” Acharya et al.
(2017), “SRISK” Brownlees and Engle (2016) and “Conditional Value at
Risk (CoVaR)” Adrian and Brunnermeier (2016). The Marginal Expected
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Shortfall of an institution is defined as its expected short-term equity loss,
conditional on the market taking a loss greater than its Value-at-Risk at a
given level: MES; := E[ri|r,, < VaR,|, where r;, r,, denote the log returns
of institution ¢ and the market respectively, and VaR, a constant denoting
the tail risk in the market. Rather than the negative return r;, SRISK con-
siders the expected capital shortfall of a bank (its regulatory capital require-
ment minus the firm’s equity) conditional on the system being under stress.
Similarly, for a confidence level « an institution ¢’s Conditional Value at Risk,
CoVaR; , is implicitly defined via P (X; < CoVaR;o|X; =VaR,) = «a,
where X; is the random variable (e.g. return) corresponding to VaR; .
The authors then define the contribution of risk by institution j to the sys-
tem as ACoVaR; = CoVaRintem‘Xj =Vala _ CoVaRZyStem‘Xj =Median; to
measure . These measures are commonly estimated with GARCH models!?.
Their primary goal is to quantify how much risk a particular institution
adds to the entire system (and then make institutions internalise this risk

by appropriate scaling of capital requirements).

A different method for quantifying systemic risk is suggested in Kritzman
et al. (2011) via the “absorption ratio” (AR): The AR quantifies the amount
of variation captured by the first n principal components as measure of
systemic risk (capturing the intuition that during crises asset prices tend
to co-move, and that a larger portion of the variance is therefore explained
by the first few principal components). A high AR then indicates high
correlations across asset class returns, as they are commonly observed during

market downturns.

Flood et al. (2015) provide a comprehensive overview of econometric mod-
els for liquidity estimation, including the model suggested by Kyle and
Obizhaeva (2016a). In At-Sahalia et al. (2015) contagion between asset

classes is modelled via Hawkes processes. Similarly, At-Sahalia et al. (2014)

'2See: https://vlab.stern.nyu.edu/en/.
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uses self-exciting processes to model the endogenous risk in CDS markets.

We note that some of these measures have faced criticism however: For
instance, Mainik and Schaanning (2014) show that systemic risk in the orig-
inal definition of CoVaR is non-monotonic in the dependence of the two
variables, and therefore suggest using a consistent version, as introduced
in Girardi and Ergtin (2013). Similarly, Bernard and Czado (2015) show
that quantile regressions (as used in Adrian and Brunnermeier (2016)) can
be problematic when faced with non-Gaussian data. By virtue of being
based on market data, the above discussed measures can only pick up risk
and stress that is currently being priced-in by (the wisdom and whims of)
the market, and present thus more a “thermometer” of risk rather than a
“barometer” of risk. Moreover, to the extent that asset prices are driven by
price impact of large (or many small herded) trades, these measures can be
misleading, as they cannot distinguish between such price moves and those
due to a fundamental change in risk perception (Anderson (2016)). The
ECB has expressed general scepticism in market data’s capability to prop-
erly reflect the build-up of systemic risk, which, as they argue, can only be
captured ex-ante by monitoring exposure data (Idier et al. (2013),Anderson

(2016)).

In general, even though these approaches provide statistical models for what
happens, because they do not include an explicit model feature that gener-
ates the observed market dynamics but rather model the resulting statistical
process directly, they often fall short of providing explanations to questions

such as why and how it happens, and what to do about it.

NETWORK THEORY AND MATHEMATICS

Network models attempt to explain a greater part of the “why and how”

questions. Hiiser (2016) provides an excellent review of the interbank con-
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tagion literature.

Important contributions to modelling the direct contagion via interbank
exposures have been made in Cont et al. (2013) and Amini et al. (2016),

where default cascades of bank failures were modelled directly.

This stream of work identified sparse subnetworks of “contagious exposures”
(E;; is a contagious exposure if the exposure of i to j exceeds the capital of 7)
that carry almost the same information as the entire network. Regulations

137 for banks explicitly account for this,

such as the “large exposure limits
and have mitigated contagion via this channel significantly. This stream of
work further lead to the development of metrics such as the bank specific
“Contagion Index”, which quantifies the expected total loss (“Default im-

pact”) triggered by the default of an institution, which can hence be used

to quantify the level of systemicness of a bank.

“DebtRank” measures contagion through direct (interbank) exposures and
is computed via the algorithm presented in Battiston et al. (2012). The
concept differs in an important way from the Default Impact introduced
by Cont et al. (2013): In the former framework, losses are assumed to be
transmitted to counterparties even in absence of a default. This is based
on the idea of the Merton model that the value of a bank’s debt decreases
when its assets suffer a loss. In absence of perfect information, it is not
clear however how the news of such losses would spread to counterparties
and thereby affect the value of their debt holdings when the initial bank

does not default.

In contrast, during deleveraging cascades, price-mediated contagion from
mark-to-market losses does materialize before a default occurs. We shall
quantify this in networks of overlapping portfolios, which gives rise to an

“Indirect Contagion Index” (Chapter 4). More recently, several studies have

'3See: http://www.bis.org/publ/bcbs283. pdf
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focussed on such bipartite institution-asset networks for mutual funds and
insurance sectors respectively (Guo et al. (2015), Getmansky et al. (2016)),
and explored the concept of overlapping portfolios as a channel of contagion
(Caccioli et al. (2015), Caccioli et al. (2014)). Caccioli et al. (2014) show
that contagion in the institution-asset network can be modelled by a Galton-
Watson process. On this note, we insist on a subtle but important difference
of their modelling approach to ours: while they assume that liquidation of
assets and the ensuing price-mediated contagion only occurs upon default,
contagion through fire sales in our model occurs before default through banks

precisely trying to avoid defaulting.

Another prominent model of direct contagion in the systemic risk literature
is the Eisenberg and Noe model (Eisenberg and Noe (2001)). This model has
been used in a host of studies on systemic risk. Important contributions to
this stream of the literature have been made by Rogers and Veraart (2013),
and more recently Kusnetsov and Veraart (2016) have made an important
extension of the framework to multiple periods. We will review this literature
in more detail in the introduction to Part II of the thesis and therefore

postpone a deeper discussion of this literature until then.

An important problem within the network contagion literature, is the pop-
ulation of these networks under incomplete information, i.e. the estimation
of bilateral exposures given marginal or aggregate information. Different
methods have been developed from minimum entropy, to more sophisticated
Bayesian Gibbs samplers that are shown to perform very well on actual data
(Gandy and Veraart (2016)) for estimating such networks. Other notewor-
thy contributions to this literature are by Anand et al. (2015), Mistrulli
(2011) and Di Gangi et al. (2015).

A classic recurring theme in network models is the “stable yet fragile” con-

cept: The intuition is that stronger interconnectedness is beneficial as long
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as shocks are small because the losses are spread more evenly across the
system adding to its resilience; however, when losses are large, stronger
interconnectedness is detrimental as it increases the extent of contagion.
Contributions to this literature have for instance been made by Acemoglu

et al. (2015) or Caccioli et al. (2015).

Finally, contributions of a more formal and mathematical type are made for
instance in Follmer (2014), Carmona et al. (2015) or Chen et al. (2013).
While it may sometimes be difficult to find economic interpretations for
some “systemic risk” parameters of these models, they can still provide
deep insights about model features. For instance, Follmer (2014) discusses
existence and uniqueness issues of global risk measures that are consistent
with local convex risk measures specified at individual nodes. Another im-
portant question that is addressed in Follmer (2014) is how arbitrarily local
conditional risk measures can be chosen to be, such that they still allow for

a, at least local, consistent aggregation.

AGENT BASED MODELS

The last literature stream within our “grouping” of the systemic risk liter-
ature regards agent based models. A key contribution in this domain has
been made by Bookstaber et al. (2014), who develop an ABM for a sys-
tem of interacting hedge funds, cash providers and linkages occurs through

funding, collateral and asset prices.

Greenwood et al. (2015) propose an ABM of banks following a leverage
targeting rule to model fire sales, which we compare to our model in great
detail in Sections 2.3 and 3.3. Another very interesting new contribution
to fire sales triggered due to a funding shock, and the modelling of the

interaction between solvency and liquidity is made in Calimani et al. (2016).
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Bookstaber and Paddrik (2015) and Bookstaber et al. (2015) develop agent
based models of market depth (liquidity) in crisis scenarios, and the resulting
price dynamics. Leverage cycles have been studied in Aymanns et al. (2016)
and references therein. Modelling systemic risk via Agent Based Models
is still quite a young field, and I expect many exciting developments and

findings in the years to come.

0.3 MAIN CONTRIBUTIONS OF THESIS

0.3.1 PART I: FIRE SALES AND SYSTEMIC STRESS TESTING

We present a framework for quantitative modelling of fire sales in a network
of financial institutions with common asset holdings, subject to leverage or
capital constraints. Asset sales are triggered in reaction to external shocks
to asset values when portfolio constraints are breached; the market impact
of these asset sales then leads to contagion of mark-to-market losses to other
portfolios, which may in turn be led to deleverage if their constraints are
breached. In contrast to balance sheet contagion which arises through direct
bilateral exposures, this price-mediated contagion occurs through common
asset holdings, even in absence of direct linkages between financial institu-
tions. The resulting feedback loop may lead to loss amplification, systemic
risk and large-scale instability of the financial system. Our model provides a
method for quantifying the exposure of the financial system to these effects,
which we apply to data on European banks. Overall, this leads to several

interesting findings.

e Existence of a tipping point: We show the existence of a critical
macro-shock level beyond which fire sales trigger large-scale contagion
and lead to systemic risk. The level of this critical shock depends on

the institutions’ leverage, as well as the concentration and common-
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ality of their asset holdings. In the European banking system, this
critical shock size is found to correspond to large, but not extreme,

losses in asset values.

e Magnitude and heterogeneity of losses due to fire sales: We
find that fire sales contribute significantly to system-wide losses in
stress scenarios, accounting for more than 35% of the total losses and
between 20 to 40% of system bank equity. These results are significant

enough to modify the outcome of bank stress tests.

Moreover, while the total system-wide loss can always be replicated
in a stress test without fire sales by applying a larger shock to assets,
the heterogeneous cross-sectional distribution of losses across banks
cannot be reproduced in absence of fire sales by simply applying a

larger macro-shock.

e Second-round effects are significant: fire sales may potentially
lead to a feedback loop which generates market losses and further
fire sales across other financial institutions. Ignoring these feedback
effects and the corresponding second- and higher-round deleveraging

may lead to a significant underestimation of system-wide losses.

e Indirect exposures: As a result of fire sales spillovers, a portfolio’s
exposure to an asset class in a stress scenario may be larger than
its notional exposure. This naturally leads to the notion of indirect
exposure, which is scenario-dependent, and can be quantified using
our model. One striking finding is that a bank may have a non-zero
(indirect) exposure to an asset class it does not hold. We find evidence
that EU banks have substantial indirect exposures to real estate in EU

countries where they do not issue mortgages.

e Sensitivity to market depth across asset classes: The level of fire

sales losses in stress tests is found to be sensitive to the assumptions



CHAPTER 0. INTRODUCTION 22

on market depth across asset classes. Calibration to data on market
prices, trading volumes and turnover reveals a significant dispersion
in market depth across asset classes. We show that ignoring this het-
erogeneity of market depth across asset classes leads to a considerable
bias in the estimation of fire sales losses. This underlines the impor-
tance of a rigorous sensitivity analysis of these modelling parameters

when modelling fire sales.

e Importance of gain-loss asymmetry and the threshold nature
of fire sales: We argue that fire sales arise when portfolio constraints
such as leverage, liquidity or capital ratios are breached as a result of
large portfolio losses. The one-sided nature of these constraints leads
to an asymmetric reaction of institutions to gains and losses, which
differentiates our model from the ’leverage targeting’ model used in
some previous studies of fire sales Adrian and Shin (2010), Duarte
and Eisenbach (2013), Greenwood et al. (2015). Comparison with
stress tests based on leverage targeting shows substantial differences
in outcomes: leverage targeting models overestimate the magnitude
of fire sales, especially at smaller shock levels, but underestimate the
acceleration (convexity) of fire sales with increasing shock size present

in the threshold model.

e Distinction between insolvency and illiquidity: unlike previous
models of contagion which have mainly focused on modelling insol-
vency, our model distinguishes between failure due to insolvency and

failure due to illiquidity.

e Monitoring: Based on the findings in our analysis, we design two
indicators: First, the Indirect Contagion Index (ICI), which may be
computed from bank portfolio holdings, measures a bank’s exposure

to price mediated contagion. Importantly, the computation of this
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indicator does not require running a stress test and provides a simple
proxy for monitoring exposure to fire sales contagion. Second, the
Systemic Vulnerability Indicator (SVI) quantifies what initial shock
is “required” to trigger large scale endogenous contagion through fire
sales. As such it can be used to assess the resilience of the system
against large scale fire sales contagion under a range of scenarios and

assumptions.

e Macroprudential policy tools against fire sales risk: Several
theoretical findings in the analysis of our model point towards using
targeted capital charges for systemically important banks to mitigate
the contagion emanating from fire sales losses. We use these findings
to assess three different macroprudential policies, and find some of
them to significantly outperform a blind benchmark policy where all

banks are required to raise capital.

These findings have many implications for risk management in financial in-
stitutions and for the monitoring of systemic risk in the financial sector. In
particular, they underline the need for a systemic approach to stress testing
and the necessity of macroprudential tools for tackling the risks resulting
from price-mediated contagion. In addition to these points, our work ex-
tends fire sales models in two technical directions: First, we introduce a
level-dependent market impact function that captures the arrival of arbi-
trageurs before the price drops to zero. Second, using a supervisory dataset
on portfolio holdings, we illustrate that choosing a different level of aggre-
gation for the “asset classes” can lead to a difference of up to two orders of
magnitude in estimated fire sales losses for individual banks. We believe the
model presented here provides a useful tool for monitoring of system-wide

and bank-level exposures to price-mediated contagion.
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0.3.2 PART II. SENSITIVITY ANALYSIS OF THE EISENBERG AND NOE

CLEARING VECTOR

In this part of the thesis, we analyse direct contagion in the Eisenberg &
Noe model. The main contribution of this project is to perform a detailed
sensitivity analysis of the clearing vector with respect to the relative liability

matrix.

To this end, we define directional derivatives of order n of the clearing vector
with respect to perturbation matrices that quantify the estimation errors
in the relative liability matrix. This allows us to derive an exact Taylor
series for the clearing vector. We study two optimisation problems that
quantify the deviation of the clearing vector for estimation errors in the
relative liabilities matrix, and obtain explicit solutions for both problems.

Examples on a small network and European banks conclude the chapter.

0.4 STRUCTURE OF THESIS

The thesis is structured as follows.

Part I. The first part of the thesis develops a model for modelling the
phenomenon of fire sales in a network of multiple portfolios and common
asset holdings, with the goal of making it an operational and applicable
framework for simulating fire sales contagion in next generation regulatory

stress tests.

CHAPTER 1 presents our fire sales model and defines key concepts such
as the liquidity-weighted overlap between portfolios, introduces the level-
dependent market impact function and specifies the dynamics of a fire sales

cascade. A simple numeric example with two banks illustrates some of the
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key concepts.

CHAPTER 2 studies some properties of the fire sales cascade under differ-
ent reaction functions of the banks: deleveraging as a response to the breach
of one-sided portfolio constraints vs delveraging from a leverage targeting
behaviour. If portfolios need to liquidate assets, we allow for both propor-
tional deleveraging across all marketable assets vs sequential deleveraging of
assets, from the most liquid to the least liquid. We also analyse, on a the-
oretical level, the impact of aggregating different assets into an asset class

on the fire sales loss estimates.

CHAPTER 3 applies our framework to a dataset of European banks, and
a highly granular supervisory dataset of the Norwegian Central Bank. The
main focus is the estimation of both bank level and system level fire sales
losses, the quantification of indirect exposures in the European banking
network, and illustrating the impossibility to replicate the cross sectional
distribution of fire sales losses without a fire sales model. We discuss the
calibration of the market impact function and conduct a rigorous sensitivity
analysis of our results to this calibration. Moreover, we present empirical
evidence of proportional deleveraging, and use the granular Norwegian su-
pervisory dataset to analyse the effect of asset class aggregation on fire sales

loss estimates in a realistic setting.

CHAPTER 4 discusses monitoring and macroprudential policy tools. We
introduce the Indirect Contagion Index and the Systemic Vulnerability In-
dicator, and compute these for the European and Norwegian networks re-
spectively. The chapter is concluded by a horse-race of different macropru-
dential policies with the goal of mitigating contagion from fire sales. We

find that the predictive power of the Indirect Contagion Index can be used
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to calibrate additional capital charges for systemically important institu-
tions, which turns out to be the most effective macroprudential policy in

our comparison.

CHAPTER 5 discusses implications of our findings and offers directions for

future research.

Part II. The second part of the thesis is devoted to direct balance sheet

contagion in the Eisenberg & Noe framework.

CHAPTER 6 presents a detailed sensitivity analysis of the Eisenberg & Noe
clearing vector with respect to the relative liabilities matrix. To this end,
we define and compute directional derivatives of the clearing vector, and
derive a Taylor series for it. We then solve two optimisation problems that
give explicit solutions for estimation errors of the clearing vector due to

estimation errors in the relative liabilities matrix.
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Dessine-moi un mouton.

Le Petit Prince

MODELLING FIRE SALES

This Chapter is based on two working papers that are joint work with Prof.
Rama Cont: “Fire sales, price-mediated contagion and systemic risk” and

“Fire sales, indirect contagion and systemic stress testing”.

1.1 A MODEL FOR FIRE SALES

1.1.1 FINANCIAL SYSTEM AND SYSTEMIC STRESS TEST DYNAMICS

We consider a stylised model of the financial sector, with multiple finan-
cial institutions whose portfolios may contain holdings across multiple asset
classes. We refer to these institutions sometimes as ‘banks’. However, as
we will explain below, the model is both applicable in a more general con-
text to any constrained portfolio, and it is furthermore relevant to include

non-banks in the scope of the model. Each institution holds two types of

28
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assets:

1. Illiquid assets: These are portfolio holdings which are not easily
marketable in general, and which would be subject to a deep discount if
they are to be sold on short notice and/or during a stress scenario. We
therefore assume that they are not subject to fire sales. This category
includes non-securitised loans, commercial and residential mortgage

exposures and retail exposures!.

2. Securities: These are positions in marketable securities which may
be liquidated over a short time scale if necessary. Sovereign bonds,
corporate bonds and derivatives exposures are included in this cate-
gory. Each asset class p in this category is characterised by a market
depth parameter D), whose estimation we will describe in detail in
Section 3.1.1. The market liquidity of assets within this group can

vary strongly and our model accounts for this heterogeneity.

Financial institutions are labelled by i = 1..N, security (types) by p = 1..M
and illiquid asset classes by £ = 1..K. Securities holdings (in monetary
units) of institution i are denoted (IT*,u = 1..M) and holdings in illiquid
assets are denoted (0%, k = 1..K). The total value of illiquid assets is de-
noted by I; = Zle ©'F. Finally, the capital (equity) of financial institution

i is denoted C?. The leverage ratio of the institution is then given by

2,1;4:1 I + I; B Zﬂdﬂ I+ ZnKzl o

N(II,C, 1) =
(’C’) i i

< Amax,  (1.1)

where the upper bound Apax > 1 corresponds to a regulatory leverage con-
straint, as for instance required by Basel III (Apgser = 33.3). For simplicity,

we consider here that the leverage ratio will be the binding constraint for

!This category further includes residual assets that do not suffer any direct or indirect
losses in the stress scenario, and that are not available for deleveraging, but still contribute
to balance sheet size and leverage (e.g. intangible assets).
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financial institutions’ capital, but the model may be easily adapted to in-
clude more than one constraint: for instance, if we introduce regulatory risk
weights w,, for the exposure in each asset class, the constraint on the ratio

of capital to risk weighted assets may be expressed as

Sy wull” + 3w, O

Cl S Rmaxv

where Rumax is the regulatory capital requirement. Other portfolio con-
straints, such as the liquidity regulation implemented via Basel III’s Lig-

uidity Coverage Ratio (LCR) and Net Stable Funding Ratio (NSFR), lead

to similar one-sided linear inequalities?.

The state of the financial system is summarised by the matrices of holdings
II,© and the vector of capital levels C. We will now describe how this

system evolves when subject to macroeconomic stress.

1.1.2 STRESS SCENARIOS

We consider stress scenarios described through the percentage loss €, €
[0,100%] in value for each asset class k, as in the approach used in regu-
latory bank stress tests. For simplicity, and to emphasise contagion across
asset classes, we consider shocks to illiquid assets only. The model perfectly
accommodates stress scenarios that also include heterogeneous shocks to
the marketable assets p. The initial loss of bank ¢ in the stress scenario

€ = (€, k = 1..K) is given by

K
<O e>=) 0" (1.2)
k=1

2When non-bank financial institutions are included in the model, similar constraints
that are pertinent to the institution in question can be established, as e.g. self-imposed
leverage constraints for hedge funds, or liquidity constraints for funds facing large scale
investor redemptions.
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This results in a loss in the value of illiquid holdings, reducing it to
Ii(e) == L= < ©',e >= ) ©"(1-¢), (1.3)
k=1

and a corresponding decrease in equity:
Ci(e) = (C'— < O e >),. (1.4)

As we assumed that the initial shock is limited to illiquid assets, we have

hence IIy = II. The leverage of bank 4 then increases to

Sl T4 L) YL T+ [;— < O >

Ml Gl 1N ==y = T <o),

(1.5)
We note that this ratio is well-defined: even if the combined effect of
deleveraging and fire sales losses described in the next section result in
Zﬁ/lzl II** = 0, the category of illiquid assets still includes, by assumption,
balance sheet items that remain strictly positive for all stress scenarios (e.g.

intangible goods), whence I;(€) > 0.3

If this value exceeds the leverage constraint A\.x, then the institution needs
to deleverage, i.e. sell some of its assets. This occurs if the loss level exceeds

the threshold ‘ ‘
ct (/\max — (1L, C, I))

<Ole> >
’ - )\max_l ’

(1.6)

which is proportional to the capital buffer of i or its distance from the
leverage constraint prior to the shock. The amount of loss an institution
can absorb before being led to deleverage is equal to its capital buffer in

excess of regulatory requirements (Hellwig (2009)).

3In particular, for C*(e) = 0, the leverage becomes infinite. Moreover, the model
remains valid if one allows capital to become negative in (1.4). In this case the leverage
becomes negative too, and one needs to treat this case separately. For simplicity, we
therefore say that a bank has zero equity, even if the loss that it suffers strictly exceeds
its capital.
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In the case where the shock is applied to a single asset class k, institution ¢
needs to deleverage when the (percentage) loss €, exceeds the level

C*(Amax — (11, C, 1))

GZH(H?C7 I) = (A _ 1)@1/{

(1.7)

This threshold is clearly different across institutions, depending on their
initial leverage, capital buffer, and holdings in the illiquid asset subject to
losses. The model hence explicitly accounts for the heterogeneity in banks’

individual resiliencies to losses.

Hence, any stress scenario € which falls outside of the (convex) set

Vi=1.N,< O e> <

S(L,C,0) = {e e0,1]* C'(Amax — NI, C, 1)) } '

()\max - 1)

will lead to deleveraging by at least one financial institution. The convex
set S(IT, C, ©) corresponds to a ‘safety zone’ of stress scenarios which all
institutions can withstand; the larger this safety zone, the more resilient the
network to losses. We assume that no distressed liquidations are triggered
inside this zone. This is different from ‘leverage targeting’ models such as
Greenwood et al. (2015), where portfolios react, and fire sales are triggered,
in response to arbitrarily small shocks. The size of the safety zone thus
depends the institutions capital buffers in excess of requirements. If the
vector € of shocks to assets lies outside the safety zone, then one or more
institutions are led to deleverage their portfolios. We now describe how this

deleveraging is modelled.

1.1.3 DELEVERAGING

If (and only if) the magnitude of losses in asset values is such that the
leverage constraint is breached for institution ¢, it deleverages a proportion

I'" of its portfolio in order to restore its leverage ratio to a leverage target
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A < Amax- By using the proceeds from the fire sale to pay off some short
term debt, the reduction of the balance sheet’s leverage is achieved. This

leads to the following equation, for I € [0, 1]:

(1 =T 3,0 I + Iie)
Ci(e)

= \p. (1.8)

Next, we assume that after the initial shock, the illiquid assets’ values do not
depreciate further. In that case, I(€) can be viewed as a static parameter
that only depends on the initial illiquid asset holdings, ©, and the initial
shock e.* Given the parameter I(¢), solving (1.8) for I'? as a function of the

remaining state variables (II, C') yields

SN I 4T (o)

My () — i (e
DI, Gy () = (Z“ZIH”“ )= MG 1) .

> i S > Amax
_ Ci(e)(N(IT, Cole), I(€)) — Np) 1)1
Zi‘il HZM A (H’CO(6)7I(E))>)\max‘
(1.9)

For the first round of deleveraging, this can be easily written explicitly in

terms of of the parameters © and e (and the initial capital C' rather than

Co(e)):

| My —1) < O, > LCN(IL O, T) — \y) )
Pl(H, C) - ( . /\ 1 1)\1 H,C € 7I € Amax’
2;11/121 TTin ( o(€),I(e)>
(1.10)

where we recall that C(e) = (C'— < ©% e >); and [;i(e) = [— < O ¢ >
I 111,00 (e) 1(6) > Amax-  oven though e is formally not a variable of the
state space of our model, we will sometimes write by abuse of notation

I'“(IT, C(e), I(€)) in order to highlight the dependence of I" on e.

41t is of course possible to let the value of the illiquid assets evolve as well. We chose
to exclude this generalisation for the sake of clarity of exposition, and to keep the model
more tractable.
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For completeness, we note that in the leverage targeting model, one obtains

Co(e)(N'(TL, Co(e), I (€)) — iL.T.)) Al

7.r.(IL, Co(e)) = ( Z;Jyzl TIin

and in terms of the initial capital C'

; L —1)< O e>
L.T.(ch) = <( LT M) i > A 11
Zu:lﬂu

where the /\iL_T. is bank ¢’s leverage target. We postpone a more thorough
comparison of both models to Section 2.3, and study the implications of
using one or the other type of response function for stress testing purposes

in Section 3.3.

As in previous studies on fire sales Greenwood et al. (2015), Duarte and
Eisenbach (2013) we assume that banks delever their marketable assets pro-
portionally. An alternative would be to assume that banks optimise the
order in which they liquidate assets as in Braouezec and Wagalath (2017),
which we extend to the N institution and M assets case in Section 2.3.
The proportional deleveraging assumption is supported by empirical studies
on asset sales of large financial institutions Getmansky et al. (2016). Us-
ing a highly granular supervisory dataset from Norges Bank, the Norwegian
Central Bank, we also find empirical support for this assumption, which is

presented in Section 3.4.

In addition to the critical shock size € in (1.7), we can define two fur-
ther critical shocks: First, ezlﬁ“q > €, is the smallest shock to asset class x
which will lead to a full deleveraging of the portfolio in the first round, i.e.
(I, Co(€1")) = 1. This yields

E’LK

g NC— 1
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insol

Second, €;**, the initial shock that leads to an immediate insolvency in the

first round, is given by

insol __

Ci
€k = @
We emphasise that these quantities are only reflective of the direct loss. As
we shall see, in general the shock size at which an institution effectively
becomes insolvent or illiquid may be smaller due to additional fire sales

losses in higher rounds of the deleveraging cascade.

Figure 1.1.1 (circles) displays the dependence of the deleveraging ratio (1.10)
on the shock level e for a portfolio holding a single class of illiquid asset:
this ratio is zero for shocks lower than the threshold € corresponding to the
breach of the leverage constraint, then increases linearly afterwards. There is
a discontinuity at the onset of deleveraging, which depends on the size of the
capital buffer which the bank intends to rebuild by deleveraging. In the case
where the institution delevers so as to exactly return to compliance, i.e. Ay =
Amax the dependence on the shock size is continuous and convex (solid line).
In the example shown in Figure 1.1.1 we have assumed Ay = 0.95\,.x which
corresponds to a safety buffer 5% below the leverage constraint. Previous
studies on fire sales have assumed instead a linear dependence of the volume
of deleveraging with respect to the shock size (dashed line): this is the
leverage targeting model, which we will discuss further in Sections 2.3 and

3.3.2.

Unlike the leverage targeting model, our model gives rise to deleveraging
only if the shock level exceeds a (bank-specific) threshold €. Once this
threshold is reached, the volume of deleveraging increases linearly with (e —
€f)+ until no more marketable assets are available for sale (i.e. IV = 1). At

this point, although the institution is still solvent® (C? > 0), it may become

®For simplicity, we consider default by insolvency to occur at C' = 0. Alternatively, one
could set this threshold at C* < Chin with Chpin > 0 being some reasonable “minimum
required survival capital”.
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illiquid (nyzl [I** = 0). The model thus leads to a natural distinction
between failures due to insolvency, which may occur if the initial loss in
asset values is large enough, and failures due to illiquidity, which may occur
further down the road if the liquidation of marketable assets fails to raise

enough liquidity.

100

= = (1) Leverage Targeting
—— (2) Threshold: /\m

801 o (2) Threshold: A,

ax

60

40

Deleveraging ', in %

20

0 5 10 15 20
Initial shock (in %)

Figure 1.1.1: Volume of asset sales ( % of marketable assets) as a function of the percentage
loss in value of illiquid assets for a portfolio with 20% in illiquid assets and leverage of 25,
and the Basel Il leverage constraint of 33.3. Leverage targeting leads to a linear response
(dashed line) with fire sales for arbitrarily small shock sizes. In contrast, our assumption of
deleveraging leads to no asset sales for shocks smaller than a threshold and a linear increase
above the threshold (solid line) until the entire portfolio is deleverd. Finally, when the bank
deleverages to restore a non-zero capital buffer (Ay < Amax) we obtain the discontinuous
response function (circles).

Summing across all institutions j = 1..N in the system yields the total

volume of asset sales (in monetary units) in the stress scenario e:

N
¢ (e, 11,C) = Z N (Ilo, 00(6))1—‘[6#
j=1
for the asset class g. In the case Ay = Amax, the functions T (IL, Cp(e))
are convex with respect to € over a large range of values i.e. in the region
max; I'¥ < 1. In this range, the aggregate volume of asset sales ¢* (e, I, C)

exhibits a convex dependence in €, which leads to a ‘multiplier effect’: as
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more severe stress scenarios (larger €) are considered, the marginal response
in terms of deleveraging also increases. An example, based on data from the

EU banking system (see next section) is shown in Figure 1.1.2.

= = |everage targeting
Threshold model
C© Threshold 3 < ,\“alx

Proportion of marketable assets delevered (%)
=]

.
0 2 4 5 8 10 12 14 16 18 20
Initial shock (%)

Figure 1.1.2: Volume of asset sales (% of marketable assets) across EU banks in reaction to
a scenario in which the Spanish housing sector depreciates by ¢ (horizontal axis). The Basel
Il leverage constraint Amax = 33.3 is used in this example. The solid red line corresponds to
Ab = Amax, the circles to A\p = 0.95A\max and the dashed blue lines to the leverage targeting
model.

1.1.4 PRICE IMPACT IN FIRE SALES MODELS

If the volume of deleveraging represents a sizeable fraction of the market
depth of the assets, it may have a non-negligible impact on their market
price. We now describe exactly this evolution of the asset price as a function
of the liquidation size. The market impact function ¥, : R — [—o0,1),
specifies the correspondence between the size of the liquidation® q,’j and the
relative price change of the asset between rounds £ — 1 and &

Sk = Sk
T = —\Ifu(q;:).

5Deleveraging a portfolio by closing short positions (g) < 0) pushes the price up. By
excluding short positions from the model, one can restrict the market impact function to
‘Ij# : [07 +OO) - [Oa 1]
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An adequate choice for ¥, is continuous, increasing, concave, satisfies ¥(0) =
0 and leads to non-negative prices. ¥, may be thought of as an inverse de-
mand function which we assume to be independent of the iteration step k.

Assuming ¥, is a smooth function, linearising for small volumes yields

u(q) =~ D, = m

is a measure of market depth’ for asset class p. Naturally, this quan-
tity depends on the asset u, as the same dollar liquidation volume ¢ will
have a different price impact depending on the asset class. A simple one-
parameter specification often used in practice is V,(q) = ¥ (q/D,), where
¥(.) is an increasing function with ’(0) = 1. Classical examples of the
price-impact literature are the linear and square root impact models. The
linear model (Kyle (1985), Bertsimas and Lo (1998) Almgren and Chriss
(2000), Obizhaeva (2012), Cont and Wagalath (2013)) is usually specified
as

ADV,
V,(q) = Di where D, = ¢ £ (1.12)

% Op

where ADV,, is the average daily volume in p, o, the daily volatility and ¢
a coefficient that is estimated from transactions data and usually close to

1.8 The square-root model (Bouchaud (2010)) is usually specified as

U, (q) = oy, /A;V#. (1.13)

"In markets with a central limit order book, the market depth normally refers to the
depth of the order book. Our definition of the market depth parameter is related to this
notion. The larger our market depth parameter, the smaller the price impact for a given
liquidation size. Similarly, if the limit order book has a large market depth, the order will
be filled by resting limit orders close to the spread, resulting in a smaller price impact
than for a thin order book.

SInterpreting the price impact relative to ADV in related studies (Obizhaeva (2012),
Cont and Wagalath (2013),Ellul et al. (2011),Coval and Stafford (2007)) results in es-
timates of ¢ that vary between 0.05 and about 5. The different datasets and episodes
make a precise comparison difficult however. In essence, this uncertainty highlights the
importance of a rigorous sensitivity analysis of the market depth.
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Both the trading volume and the volatility are associated with a liquidation
horizon 7 during which the fire sale is assumed to take place. In most
empirical studies on price impact, this horizon is taken to be daily by default,
7 = 1. If we assume the liquidation horizon 7 to be longer than a day —
arguably a plausible assumption for deleveraging by large bank or asset
manager portfolios — then the market depth parameter needs to be adjusted

accordingly. In the linear impact model, the adjustment is:

AD AD
AV _ ADV 2 (1.14)
ouT ou

Dy(7) =

This adjustment is important, and corresponds to the intuitive observation
that liquidating the same portfolio over a longer horizon reduces impact.
The liquidation horizon 7 may be interpreted as the time window the banks
dispose of to comply with portfolio constraints. In the case study below we

will use 7 = 20 days.

By contrast, in the square root model, the impact of a transaction is in-
variant to a change in the liquidation horizon since the denominator and
the numerator in (1.13) scale in the same way. This leads to the counter-
intuitive (and, we believe, incorrect) conclusion that the price impact does
not depend on the rate of liquidation. Kyle and Obizhaeva (2016b), Kyle
and Obizhaeva (2016a) develop an elegant model to quantify the market
impact of trades as a function of their size, and define in their model an

asset specific illiquidity ¢,, as

1/3
1_( Con (1.15)
¢,  \0254DV, )

where C' = 2000 USD (as the model is calibrated to US data). Unfortunately,
it is easy to see that this quantity is invariant to scaling of 7 as well. For

this reason, we refrain from using these models in the sequel.
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In a linear impact model, asset classes are differentiated according to their
market depth D,. Greenwood et al. (2015) assume a uniform depth D, =
10'3 (EUR) for all asset classes. This homogeneity assumptions is not sup-
ported by empirical studies on market impact Bouchaud (2010), Obizhaeva
(2012), Cont et al. (2014) which indicate that market impact varies widely
across assets. Ignoring this heterogeneity may lead to biased results, over-
estimating losses in more liquid asset classes while underestimating losses
in less liquid asset classes. In Section 3.1.1, we estimate the market depth
both for individual Norwegian securities, as well as for larger European as-
set classes, and find a large degree of heterogeneity in the market depth of
assets, ranging over several orders of magnitude from the most liquid to the

least liquid.

EXTRAPOLATION TO LARGE VOLUMES. When applied to large transaction
volumes, linear or square-root impact models may lead to negative prices.
In Greenwood et al. (2015) this is addressed by capping the loss at 100%:
VU, (¢) = min {1, Di#}. Alternatively, an exponential specification, as used

in Cifuentes et al. (2005)

U,(g) =1—exp (—5}) (1.16)

also ensures that prices remain non-negative. Nevertheless, prices can get
arbitrarily close to zero in both of these models. However, it is realistic
to assume that long before the price level reaches zero, arbitrageurs will
step in to purchase assets subject to fire sales at a discount. To capture
this effect we introduce a price floor B, > 0 and consider a two-parameter

level-dependent price impact function, ¥, : R x [0, +00) — (—00, 1]

U, (g, 9) = <1 - iﬁ‘) (1 - exp(—(;i)> , (1.17)
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which ensures that the price stays above the level B,,, whose calibration we

also discuss in Section 3.1.1. Choosing

B
6y = <1 = S,‘j) D, (1.18)
0

makes the specification (1.17) compatible with the linear specification (1.12)
for small volumes in the first round of fire sales. From the definition of ¥,

we immediately have

Proposition 1.1.1. The market impact function in (1.17) has the properties

for all time steps k > 1

" . . . . . o
1. For any S, > By, V¥, is continuous, increasing and concave in q

and fulfils ¥,(0,S}) = 0.

2. B, < S,‘:_l acts as a lower bound on the price: for all qZ, \Ilu(qf:, B,) =

0, and for all S;) > By, : limge o Wk, Sy ) =1 - g—:), whence
S = B,.

As soon as we enter the fire sales cascade and the second round of delever-
aging occurs, we are arguably no longer in the market conditions for which
the market depth D, has been estimated, and for which both models should
coincide for small volumes in order to be consistent. Hence, after the initial

scaling applied in (1.18), we do not update ¢, during the cascade by the

By

iteration &) ; = (1 - S—£> 61'. The discussion of the empirical calibration of

0, is also postponed to Section 3.1.1. Figure 1.1.3 shows the price

B q
Sy =58y (1 - < — S’g) <1 — exp(—lg)))

for k = 0 as a function of the liquidated volume (in percent of ADV),
and compares the price dynamics under our level-dependent market impact

function to its evolution under the linear and exponential specifications. We
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Figure 1.1.3: The relative change of the asset price as a function of the liquidation volume
relative to market depth for three market impact functions. Prices can become negative in the
linear model in absence of a cut-off (dotted), prices remain positive in the exponential model
(dashed), prices level off at the floor in our proposed level-dependent specification (solid blue).

use the parameters ADV = 100,00 = 0.02,¢c=1,7=1,B=0.3,5 =1 and

q = 1..1500 to generate the plot.

Overall, we have introduced a novel two-parameter market impact function,
where the market depth §, captures how fast the price of an asset (class)
will deviate from its initial value at the onset of a fire sale, and the price
floor B,, quantifies how far it can fall at most. We believe that this function
captures important characteristics of the price impact during large-volume
forced liquidations that are not captured by previous impact functions in the
literature. This increased realism, we believe, makes it particularly suitable

for applications in systemic stress testing.

Finally, we note that there is a large literature on “(il)liquidity” in finance
and economics, which for the sake of brevity, we chose not to review here.
The reason for this choice is that we are concerned with a very precise
aspect of liquidity, namely by how much the price of an asset changes given
a liquidation of size ¢ in this asset. Well-known measures such as Amihud
(2002), or the corporate bond illiquidity measure of Bao et al. (2011) were

not developed with this goal in mind and are therefore not appropriate for
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our purposes.

1.1.5 FIRE SALES LOSSES AND PRICE-MEDIATED CONTAGION

We can now describe the processes which occur at the k-th round of delever-
aging®. Denote by IIj_1, Cy_1, Si_1 respectively the holdings in marketable
assets, the equity and the (vector of) asset prices after kK — 1 rounds of

deleveraging. At round k:

1. Each institution j deleverages by selling a proportion I/ (ITx_1, Cy_1)
of its marketable assets, leading to an aggregate amount

q = Z;V:1 IV (T, Ck_l)Hi’il of sales in asset class f.

2. The market impact of asset sales results in a decline in market prices,

moving the market price to
S =S, (1w, (gl 1) (1.19)

For the sake of notational convenience, we will omit the second vari-
able, S,‘: , of U, in the sequel and write ¥,(q) as in the one variable

case.

3. This decline in price changes the market value of holdings in asset class

u to

IF o= T (T _y, Cp—1) (1.20)
Previous value

N
= (1-T(I0,Cx)) I, [ 1=, [ Y T (I, Oy

Remainder after deleveraging by ¢ J=1

~
Price impact on remaining holdings

9We think the clarity of the exposition benefits from having specified concrete choices
for I' and ¥,. However, the dynamics presented hereafter are equally applicable for
different choices of I and ¥ ,.



CHAPTER 1. MODELLING FIRE SALES 44

This generates two types of losses for portfolio ¢. The market impact of fire
sales moves the price and causes mark-to-market losses on the remaining

part of the portfolio given by

M
M1, Cror) = Y ((1 — T (Mg, Gy )T | — H;“) (1.21)
pn=1
= (1= T¥(I_y, Cr—r)) D I 0, [ D TV (Igy, Crmy) I
p=1 j=1

A second source of loss, not accounted for in previous studies, stems from
the fact that assets are not liquidated at the current market price but at a
discount: this ‘implementation shortfall’, as it is called in the literature on
optimal trade execution (Almgren and Chriss (2000)) corresponds to the dif-
ference between the market price at the time of sale and the volume-weighted
average price (VWAP) during liquidation. This VWAP lies somewhere be-
tween the pre- and post-fire-sales prices. We model it as a weighted average
with weights (1 — a, a),a € [0, 1] of the pre-fire-sales price, Si_1 and post-
fire-sales price, Sy = Sp—1(1 — ¥, (q})), where o = 0 corresponds to zero
implementation shortfall, and @ = 1 corresponds to full price slippage. This

leads to the general formula for the implementation shortfall:

M
Ry, ) = Y [Ty = (1= @)TRITE + aTIn (1= w,(af)) )|
pn=1
= al (I, C_1) ZH;{quﬂ Zrﬂ (Mj—1, C—)I" | ], (1.22)
p=1 j=1

where I'% is shorthand for T'(IIx_1, Cx—1). In the empirical examples below,

we will use a = %, which corresponds to a VWAP midway between the pre-

and post-fire-sales prices. In Section 2.1, we argue that a > % is also a

plausible assumption from a modelling perspective.

Summing (1.22) with (1.21) yields the total loss of portfolio 7 at the k-th
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round of deleveraging;:
L;ﬁ = Li(Hk_l, Cik_1) = Mi(Hk_l, Ck—1) + Ri(Hk_l, Ck—1) (1.23)

M N
=(1-(1 =)y, Cror)) D I 0, | Y T (Mg, Cron)TBY
p=1 j=1

This loss reduces the equity of institution ¢ by the same amount:
G = (Choq — L),

Linearizing the market impact function ¥, yields

J# N

‘ N M ,u
z(l_(l—a)r;)zz AR = (1 (1—a)Ty) ) QY

7j=1

Qi (Mg—1) ( )
1.24

which shows that the magnitude of fire sales spillovers from institution ¢ to
institution j is proportional to the liquidity-weighted overlap €;; between

portfolios ¢ and j Cont and Wagalath (2013):

M HWH]M
=> . (1.25)
pn=1
The matrix of portfolio overlaps
Q) =D I, (1.26)

where D is the diagonal matrix of market depths D,, can be viewed as
a weighted adjacency matrix of the underlying network linking portfolios
through their common holdings. We further analyse the properties of this

matrix in Section 4.1.1.

In summary, an initial loss in asset values may trigger a feedback loop in
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which, at each iteration, deleveraging of portfolios leads to fire sales, causing
prices to declines and generating mark-to-market losses which may in turn
trigger further fire sales. Formally, the dynamics of such a “systemic stress
test” can then be viewed as the composition of two functions: a first map
that applies the macro shock scenario to bank portfolios, and a second map
that takes the post-macro shock system state as input and produces the fire

sales effects through a fixed point iteration. The first map is

fo RV RN 5 RVE 5 RE — RMVM 5 RV

a b
(IL C, 0, ¢) *% (IIy, Co(e), I(€)) * (Io, Co),

where fp, applies the macro shock scenario to the system in (a) and projects
the resulting system state into the state space of the fire sales iteration in
(b) by dropping variables that remain constant for the rest of the cascade,
and solely incorporating them as parameters. For a given shock e, in (a),
the illiquid assets are initialised according to (1.3), and the state variables
representing the matrix II of portfolio holdings in marketable assets and the
equity levels C' = (C;,i = 1..N) are are initialised by IIy = II and equation
(1.4) respectively. For k > 1, at each iteration, the state variables are then

updated according to the rule

fRVXM o RN RVXM o RV, (1.27)

(M1, Cp—1) = f(Ilg—1,Cr—1) = (I, Cy)
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where f is the map defined by

F = (11,1, Cpq)

N
= (1 =T/ (I, Cpn)) Ty | 1= W | Y T (Mg, Cro )T

j=1

Cr.(I—1,Cr1)

=G - (1- (1 =) ey, Coor)) DI T, (Y TV (g, Cpy)TI
p=1 j=1

with

S T ()
# >)\max

M ) )
, _ "+ Li(e) — NpC"
Fl(H,C) _ (Zu_l (6) b A 1> 1

>

The fire sales map has thus only two state variables II and C and a number

of parameters: I(€), o, \p, Amax and ¥, for p = 1..M.

1.1.6 FEEDBACK LOOPS, INSOLVENCY AND ILLIQUIDITY

The iteration described above continues in principle as long as at least one
institution is in breach of its leverage/ capital constraint after losses due to
deleveraging are accounted for. However, in the (realistic) situation where
we assume that institutions build a non-zero buffer beyond the minimal
capital requirements (i.e. Ay < Amax in the notation of Section 1.1.3 ), this
fire sales cascade always terminates after a finite number T of iterations, as
we will prove in the next section. This is not the case in leverage targeting
models, which lead to infinite fire sales cascades (unless all banks become
illiquid /insolvent during the cascade). During such a fire sales cascade,
some institutions may become insolvent: this occurs if at any point in the
iterations the loss L?c exceeds the capital C,i_l. If this happens institution ¢

does not play any further role in subsequent rounds. Another type of failure
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which may occur along the cascade is failure due to illiquidity: this occurs
when an institution has sold all of its marketable assets and is left with no
further liquid assets. This may occur even though the institution is still

solvent!0,

This distinction between failure due to insolvency and failure due to illiquid-
ity is highly relevant in practice. In fact, one can note that this was precisely
the scenario that occurred in the failure of Bear Stearns and Lehman Broth-
ers.'! In contrast to most default risk models and previous studies on fire
sales, our model distinguishes between these two causes of failure and high-
lights the fact that institutions can fail even when they have positive equity.

These concepts are illustrated in Figure 1.1.4.

Finally, differently from many models of default contagion (Caccioli et al.
(2015), Awiszus and Weber (2015)), contagion of losses across institutions
occurs not just at default but actually before the default of an institution,
and its scope is not limited to counterparties. Deleveraging by distressed
institutions, which is precisely aimed at preventing their default, is in fact

what triggers this contagion.

We can now quantify the fire sales losses that arise during such a cascade.
Denoting by T the length of the cascade, the fire sales loss for bank ¢ is
given by

S

FLOSS(i,f) e ZLi(Hk—lyck—l)' (128)
k=1

and the total system-wide fire sales loss is

N
SFLoss(e) = Z FLoss(i,e€). (1.29)
i=1

0These points are still valid if the solvency criterion is set to C* > Chmin, for some
Crin > 0.

See the letter by the then SEC chairman Christopher Cox to the Basel Committee on
Banking Supervision https://wuw.sec.gov/news/press/2008/2008-48.htm.


https://www.sec.gov/news/press/2008/2008-48.htm
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Figure 1.1.4: Evolution of asset values (vertical axis) and capital (horizontal axis) in a fire
sales cascade. The solid red line corresponds to the leverage constraint, the dashed green
line corresponds to a target leverage corresponding to an excess capital buffer, and the dotted
blue line shows the path of a sample portfolio. Losses in asset values depreciate the equity,
moving the portfolio closer to the origin; when the portfolio crosses the red line corresponding
to the leverage constraint, deleveraging occurs. The institution tries to reconstitute a buffer by
returning to the target leverage (green dashed line). The market impact of these asset sales lead
to further losses and displace the state to the left; if it crosses the red line again, a new round
of deleveraging follows etc. An institution becomes insolvent when it reaches the boundary
C' = 0 (vertical axis) and illiquid when it reaches the boundary IT = 0 (horizontal dashed line).
If the institution is not yet illiquid when it becomes insolvent, the equations for I" imply a final
round of full deleveraging, sending the portfolio to the red dot (C,II1+ I(€)) = (0, I(¢)).

Note that the fire sales loss (1.28) does not include the initial loss which
triggers the deleveraging: in absence of deleveraging and price-mediated

contagion Floss(i,€) = SLoss(e) = 0.

The total loss for an individual institution and for the system are finally
given by
Loss(i,e) = (©",€) + FLoss(i,€) (1.30)
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and

N
SLoss(e) = ZLoss(i,e) (1.31)
i=1

respectively. Table 1.1.1 summarises the notations of the model and refer-

ences the equations where they are defined.

FIRE SALES LOSS AS A FUNCTION OF THE INITIAL SHOCK AND THE MARKET
DEPTH. We remark that all values HZ“ , C’,i are well defined for any e for
each iteration k. Consequently, so are F'Loss(i,¢€), SF Loss(e), Loss(i, €) and
Loss(i, €) too. Indeed, this is a trivial consequence of monotone convergence,
as each variable is either monotonically increasing (losses), or decreasing
(portfolio value and capitals) and bounded from above (total system asset

value) or below (zero) respectively.

What is more, this allows us to view F'Loss and SF Loss as functions of the
shock size € and the market depth vector §. In fact, this is precisely how we
will conduct the systemic stress test in Chapter 3 as well as illustrate some
concepts in the two bank setting in the next section: The portfolio holdings
II,© and capitals C' will be parameters, calibrated directly from the data,
and we will study fire sales losses for a variety of different shock scenarios
and intensities €, as well as conduct a sensitivity analysis by increasing and

reducing the estimated market depths 6, = 1..M.

1.1.7 INDIRECT EXPOSURES

The starting point in portfolio risk analysis is the notion of exposure to
an asset class, usually quantified by the notional volume of holdings, in
monetary units, in that asset class. In absence of contagion, losses in a
stress scenario for this asset class will be a linear function of the percentage
shock to the asset value, the proportionality coefficient being this notional

exposure.
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Variable Notation Defined in
Financial institutions t,7=1.N -
Asset class: illiquid assets k=1.K Section 2.1
Asset class: marketable assets w=1.M Section 2.1
Number of iterations (rounds) k -
State variables (in EUR)
Marketable assets g Section 2.1
Capital Ct Section 2.1
Parameters
Iliquid asset (in EUR) o Section 2.1
Initial shock (in %) € (1.5)
Market depth for asset class u D, and ¢, (1.20)
Price-slippage factor @ (1.22)
Key quantities
Deleveraging proportion at round k It (1.9)
Leverage of institution ¢ Y (1.1)
Fire sales loss (k-th round) Li(My_1,Cr_1) (1.23)
Fire sales loss for bank 7 (all rounds) FLoss(i,€) (1.28)
System-wide fire sales loss SFLoss(€) (1.29)
Total loss for bank 4 Loss(i,¢) (1.30)
System-wide total loss SLoss(e) (1.31)

Table 1.1.1: Overview of model notations.

However, the endogenous risk arising from fire sales may amplify this initial
loss in a non-linear way, leading to a total loss that is higher than the one
implied by the notional exposure, leading to an effective exposure higher
than the notional one. Furthermore, spillover effects from fire sales may
further increase this loss through indirect contagion. The end result is that
the (marginal) ratio of a portfolio’s loss in an asset class to shocks affecting
this asset class may be higher than its notional exposure. We capture this
effect by defining the notion of indirect exposure and quantifying it using

our model.

Denoting as above by ©% the holdings of institution 7 in the (illiquid) asset
class k, consider a stress scenario in which the asset k depreciates by e.

Then institution ¢ has a direct loss €,0% and, as long as the shock size is
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small, no deleveraging occurs and the latter also represents the total loss,

which increases linearly with e.

However, as stress levels increase, feedback effects and price-mediated con-
tagion may amplify the initial losses and result in a loss Loss(i,€;) =
€:O™ + FLoss(i,e) > €,0". The effective exposure to the asset class w

accounts for these additional losses and is defined as

4 Loss(7 , FL ]
E" (ey) i= - 6(1765) = o + Osj(%eﬁ) :
" Notional exposure \—\i—/

Indirect exposure

(1.32)

Unlike the notional exposure, the indirect exposure depends on the shock
size €, and, more importantly, on the configuration —size, leverage— of other
financial institutions with common asset holdings. Clearly, unlike the first
term in (1.32) , the second term cannot be computed by examining the port-
folio of i alone as it depends on the entire network of overlapping portfolios
which contribute to fire sales losses. Given the discussion in the previous
section, this should not come as a surprise but it clearly departs from the
common assumption that notional exposures of a portfolio are sufficient
to quantify its risk. Here, the risk of a portfolio cannot be quantified in
isolation, but depends on the network of overlapping portfolios and the con-

straints that these portfolios face.

Interestingly, a financial institution may even have a non-zero (indirect) ex-
posure to an asset class which it does not hold in its portfolio i.e. the second
term in (1.32) may be non-zero even if the first term is zero. Consider for
example a bank B which does not hold any subprime asset-backed securities,
but has common holdings with a bank A with large holdings in subprime
ABS. A loss in subprime ABS entails no direct loss to B but, if large enough,
may force A to deleverage by selling its marketable assets, also held by B,

leading to mark-to-market losses for B. This means that B will have an in-
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direct exposure to large losses in subprime ABS, an asset it does not hold!
In this example, deleveraging by A only occurs if subprime losses are signif-
icant, so B has no exposure to a small depreciation in subprime ABS: the
indirect exposure of B is clearly scenario-dependent. However, the thresh-
old beyond which spillover from A to B occurs depends on the leverage, size
and composition of A’s portfolio, which is unknown to B. This example, far
from being a curiosity, is in fact illustrative of the mechanism which led to
amplification and contagion of losses from the subprime asset class to the

entire global financial system in 2007-2008 Longstaff (2010).

1.2 A TWO BANK EXAMPLE

Before studying some properties of the fire sales cascade in more detail, we
illustrate selected concepts in a concrete numerical example of the two banks

described before. Let the bank balance sheets be given by

10 0O 90 4
II
0 20 70 4.5

The two rows of © denote the holdings in ABS relating to the different
geographic regions in which Bank A and B operate. Bank A is thus only
(directly) exposed to the first of these asset classes, while Bank B only has
a (direct) exposure to the second one. Furthermore, there is one marketable
asset class II, European sovereign debt, say, which both banks hold. The

market depth of this asset class is assumed to be

50
VT = 0.4 x ——+/20 ~ 4500 with price floor B = 0.55).

Do —
0= 0.02

The initial leverage of the banks is given by A = % =25and \P = 17.8.

The critical shock sizes to the illiquid asset classes that lead to deleveraging
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for the respective banks (in the first round) are

4(33 — 25)

62,14351 = m - 10%, E*B,ABSQ = 107%

* _ * _
€A,ABS; — €B,ABS; — 1T00.

The initial shock sizes that lead to an illiquidity defaults (in the first round)

are given by

illiq B 33 x4—-10

i1l

Finally, the initial shock sizes that lead to an insolvency default (in the first

round) are given by

insol insol

€AAps, = 40%, €BaBs, = 22.5%.

1.2.1 DELEVERAGING DYNAMICS

We will now apply increasing shocks to the ABS exposures of Bank A and
study the dynamics of the resulting fire sales cascade. The top panel of Fig-
ure 1.2.1 shows the deleveraging proportions of Bank A at different rounds
as a function of the initial shock size. Obviously when F,‘? =1 for some k,
then F? 1 = 0 for all further rounds and higher shock sizes. The lower panel
shows the losses in monetary units that Bank B suffers from indirect conta-
gion because of the deleveraging by Bank A. The markers and line colours
of both panels are matched: L; in the lower panel corresponds to the loss
suffered by Bank B from the deleveraging I'y of Bank A. In this case the
maximum loss that Bank B suffers is approximately 1.4. This yields a new
leverage \? = 014420, 31 6 < Amax, such that Bank B will not engage

4.5-1.4

in fire sales itself.

If the actual market depth D is lower than the estimate Dg, the fire sales
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Figure 1.2.1: Top: Deleveraging proportions of Bank A in various rounds of the cascade as a
function of the initial shock. Bottom: Resulting indirect contagion loss suffered by Bank B.

losses for Bank B will be higher, and potentially reach a point where Bank

B is led to deleverage as well. For instance, a reduced market depth D =

0.3 x Dy causes fire sales losses that lead both banks to default at the end of

the cascade, as shown in the two panels of Figure 1.2.2. As in practice there

will be uncertainty around the market depth estimates Dy, it is therefore

important to assess the robustness of the fire sales losses and other results

through a rigorous sensitivity analysis of this parameter. To perform this
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sensitivity analysis, we scale the market depth estimate by a range of factors
(both larger than 1 and smaller than 1) that we call market depth scaling
factors. In the empirical application to EU data in Chapter 3 we discuss

this at greater length.

0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45
Initial shock ¢ (%) Initial shock ¢ (%)

Figure 1.2.2: Deleveraging proportions of the two banks in various rounds of the cascade as
a function of the initial shock to ABS:. As Bank B holds no direct exposure, T'? = 0, and it
only starts to delever from the second round onwards.

Figure 1.2.3 shows the schematic dynamics of Figure 1.1.4 in a concrete
example for the initial shock size € = 16.8% and the market depth D =
0.5Dy. We can read from the plot that Bank A defaults due to insolvency
after 4 steps of the cascade, while Bank B defaults due to illiquidity after 6

iterations.

1.2.2 ILLIQUIDITY AND INSOLVENCY

The dynamics and the final state of the system at the end of the fire sales
cascade shown in Figure 1.2.3 clearly depend on the the choice of the initial
shock size € and D.'? The heatmaps in the panels of Figure 1.2.4 show
the final state of each bank at the end of the cascade as a function of the

initial shock and the market depth scaling factor. The “origin” in the lower

120f course, they also depend on the network itself, i.e. the holdings ©,1I and C.
However in practice, these will be given by data, whilst € and D depend on the regulatory
stress scenario and the market depth calibration and are hence exposed to some model
risk.
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Figure 1.2.3: Example of the portfolio paths of banks 1 (dark blue) and 2 (cyan) in the state
space for an initial shock to US subprime mortgages.

left-hand corner of the plots corresponds to the parameter values (e, D) =
(0, Dp). Reading the plots from left to right, the initial shock size increases,
and from bottom to top the market depth estimate is reduced from its initial
value by a market depth scaling factor, down to a minimum value of 30% of
the initial estimate at the top of the plot. The red colour marks default due
to insolvency'3; the white colour corresponds to a default due to illiquidity;
darker shades of green correspond to more marketable assets remaining in

the portfolio at the end of the cascade.

There is a band of solid green colour to the left of € = 0.1 = €%, because no
deleveraging occurs below this critical shock size. At D = 1, when the shock
size increases, Bank A becomes first illiquid and then insolvent. We note
that the red “default” region is reached for initial shocks smaller than effs"l;
this is due to the additional losses caused by fire sales in higher rounds of
the cascade. Indeed, whenever a fire sales cascade is modelled, the default

region would only start exactly at e = e’}s"l if D = oco. Interestingly, in this

example, as the market depth decreases to about 45% of its initial estimate,

13The value of -100 USD at insolvency has been assigned purely for illustrative purposes
so as to obtain a darker red.
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Figure 1.2.4: Red: Default due to insolvency. White: Default due to illiquidity. Shades of
green: Value of marketable assets. The black lines indicate the approximate location of the
parameter values for which the individual cascade is displayed in Figure 1.2.3.

we reach a region where the fire sales losses are sufficiently large, such that
the bank will immediately default due to illiquidity as soon as a cascade is
triggered. For market depths below 40% of the initial estimate, fire sales

losses are even larger, and the bank defaults due to insolvency as soon as fire
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sales are triggered. The heatmap for Bank B shows similar features, with

contagion increasing rapidly with decreasing market depth.

1.2.3 NON-MONOTONICITY OF FIRE SALES LOSSES

The panels in Figure 1.2.4 suggest that with increasing shock size, there
is an ordering of the states ‘no deleveraging”, “deleveraging”, “default by
illiquidity”, and “default by insolvency”. While in our analyses we observed
this often to be the case, it is not true in general. This effect becomes
even more pronounced, when the VWAP parameter « is small: A larger
shock leads to more deleveraging, but for small « losses from implementation
shortfall are smaller relative to mark-to-market losses, whence the sum of
losses can become decreasing as a function of the initial shock size. As we
shall see in the next Section, o > % is sufficient to guarantee increasingness
in the first round of fire sales. However, even for o = 1, the fire sales
loss is not monotonically increasing in € in general. The panels in Figure
1.2.5 produce a counterexample in the case @ = 1 in this simple 2 bank
network (D = 0.3Dy). It is unfortunate that our system does not have this
monotonicity property, as this would be very useful for making statements
on the ordering of the final states as a function of e for arbitrary portfolio

networks.

1.2.4 FIRE SALES LOSSES AND INDIRECT EXPOSURES

B’s notional exposure to AB.S is zero as it does not hold them, and condi-
tional on small shocks, this is equal to its effective exposure. A’s notional
exposure is given by ©4! = 10, and conditional on small shocks this is also

equal to A’s effective exposure. From the previous section, we know that

CA (Amax _>\A (ch71))
(Amax—1)04

A is resilient to shocks € < €% = . However, a larger de-

preciation in ABS that leads A to delever a part of its portfolio, generates
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Figure 1.2.5: The fire sales loss L at various rounds, and the final Loss suffered by banks 1
and 2 respectively as a function of the initial shock size. For Bank B the final Loss is clearly
non-monotonic in this example.

a price impact which in turn causes mark-to-market losses to B’s portfolio.

When e breaches this threshold, then A delevers the quantity

N — 1)0Ate — CAN, + T4 + 041
(I, C,e) = ( ) e Al
(A — DOMe + CANA(IL C, Ig) — )
— A A1,

This causes a mark-to-market loss to B given by

FLossP(I1%,114,0,C4,6,¢, A) = TIP 0 <

_ B (1 B 1;) (1 exp (_ (A — 1)0A%e + CANA(IL, C, 14) — \p) 1E>€2)>

HAF{‘>

J

(N — 1)OAe + CANA(IL, C, 14) — Np)

~ 118
~ 11 D 1e>5f47

where P denotes the price floor to avoid notational clashes. In turn, this

corresponds to an indirect exposure given by

% [HB (1 _ g) <1 — exp (_()\b—l)GAle-l-CA(S()\A(H,C,IA)—/\b) 16>62>>] for € > ¢,
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Figure 1.2.6: Fire sales loss of Bank B as a function of the initial shock and market depth

scaling parameter (left), and the corresponding indirect exposure generating these losses (on
log scale).

The left panel in Figure 1.2.6 shows the loss at the end of the fire sales
cascade of Bank B as a function of the initial shock and the market depth
scaling parameter. Reading the plot from front to back, the market depth
is reduced, and losses increase rapidly. The right panel plots the indirect
exposure that corresponds to these losses on a log scale. Note that this
graph starts at € = 10%, as indirect exposures are zero for smaller initial

shocks.

Remark. This is not the case in the leverage targeting model, here we have

for (a single round of fire sales) and any €

EPS ~ [HA (M"_;)@Alﬂ . (1.33)



Joy in looking and comprehending is nature’s most

beautiful gift.

Albert Einstein

A CLOSER LOOK AT FIRE SALES
MODELLING: PROPERTIES AND

ROBUSTNESS

This Chapter is based on the working papers: “Fire sales, price-mediated
contagion and systemic risk”, and “Asset class granularity: Aggregation is-
sues and liquidity estimates for stress testing”, both of which are joint work

with Prof. Rama Cont.

2.1 GENERAL PROPERTIES

As we have seen in the previous section, our model leads to highly non-linear
dynamics during the course of the cascade. In particular, the absence of a

monotonicity property for the total loss of each bank, makes attempts at

62
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proving general properties for arbitrary rounds or networks a rather interest-
ing undertaking. Apart from not being entirely satisfactory on a mathemat-
ical level, we do not consider this to be a significant limitation in practice
however. As we shall see in Chapter 3, in practically relevant examples,
many results do indeed hold in the k-round case, and results are shown to

be robust for a large range of realistic parameter values.

2.1.1 BASINS OF ATTRACTION AND DYNAMICS OF CASCADE

We return to the general case of N institutions with portfolio holdings in

M marketable assets and K illiquid assets.

The cascade ends as soon as a fixed point is reached. Proposition 2.1.1

specifies the set of fixed points.

Proposition 2.1.1. The set of fized points x = (II,C) of the dynamical
system given by the map f in (1.27) is given by the set Fr := Hf\;1 S; U

;U J;, where each component (Hi, C’i) € RM xR lies in either the survival

region
Sii=q@,CYeRM xRVi: Y T >0, C'>0, > T+ Ii(€) = AmaxC’ <0
p=1 p=1
(2.1)
the illiquidity line
L= (,CH eRM xRVi: Y TI*" =0, C'>0,, (22
pn=1
or the insolvency point
Ji={ (I, CH eRM xR|Vi: > T =0, C'=0,. (2.3)

p=1
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Proof. As capital and liquid assets are bound form below by 0, any point
(IT%, C*) € RM x R such that Zﬂil [T%* < 0 or C* < 0 can never be reached.
We will show that x is a fixed point of f if and only if each institution 4’s

state variable pair (II¢, C?) lies in one of the sets S;, Z;, J;.

First assume that there is at least one i such that (II},C?) lies in the com-
plement of S; UZ; U J;. This means that for this institution i: C’,i >
0, 0L I > 0 and Y00 I + Ii(e) — AmaxCj > 0. It follows that
(Mg, Cx) > 0, whence nyzl HZ‘_”H < Zi‘le I}, Consequently, (ITy,Cy)

was not a fixed point.

Now assume that all ¢ lie in S; UZ; U J;. First, the institutions that have
defaulted due to insolvency, have exited the cascade and we have C,i =

i =0 and Hi’il = HZ“ = 0 for all g. In this case I''(Il,C}) = 0 and
there is no influence from these institutions on the others. Second, for the
institutions that have defaulted due to illiquidity, it also follows from the
update equations that C},, = C} > 0 and HZ’Q_I = HZ‘ = 0 for all u, such
that they do not suffer any further mark-to-market losses, nor cause mark-
to-market losses to other institutions. Finally, consider the institutions in
the safety region ;. By definition of the deleveraging proportion, we have
I'*(IIy, Ck) = 0 and they do not delever, hence do not cause any mark-to-

market losses, nor suffer mark to market losses from any other institution.

(I, C) is thus indeed a fixed point. O

As there is an infinite number of fixed points, an immediate corollary from
the Banach Fixed Point Theorem is that the map f is not a contraction. The
set Fy() corresponds to the union of the “no deleveraging zone” in Figure
1.1.4, the illiquidity band at nyzl HZ” = 0 (yellow band in Figure 1.1.4)
and the point (Zﬁil I+, C%) = (0,0).

A natural question of interest is whether the threshold model reaches the set

of fixed points in a finite number of steps. The following proposition shows
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that under weak assumptions, this is always the case. We note that the
illiquid holdings © also include illiquid balance sheet items such as intangible
assets that are assumed not to suffer any losses in the stress scenario. Thus,
for all practical purposes, I;(¢) > 0 for all i and € > 0 is a very reasonable

assumption.

Proposition 2.1.2. If A\, < Apax and I;(e) > 0 for all i, then the fire sales

cascade ends in a finite number of iterations.

Proof. As the fire sales cascade ends as soon as a fixed point is reached, it
is sufficient to show that for any configuration of parameters, there exists
T < oo such that T%(Ily, Cr) = 0 for all . Assume by contradiction that
the cascade is infinite. This implies that there is at least one ¢ such that
Vk > 0,31 > k such that I'(II;, C;) > 0. Note that I''(II;, C;) need not be
positive for all [, as the infinite cascade could in principle be generated by
cycles of different banks deleveraging in turns. Denote the set of banks i in
such a cycle by Z, with |Z| > 1. We restrict our attention to the banks in
Z.

Let ﬁ;” , 5,2; denote the securities holdings and the capital of i after delever-
aging but before the price impact is accounted for, i.e.

I/ == (1 — T%(Ij—y,Ck—1))y, Ck = Cp—1. It then holds Y07, I} +
Ii(e) — )‘béli = 0. However, as this bank is in the set Z and delevers again,
at iteration [, say, we must have at [ : nyzl H?” + Ii(e) — )\maXCli > 0. This
implies that between these two deleveraging rounds, ¢ must have suffered a
capital loss of at least (c.f. Fig. 2.1.1)

o 410 Sl I 456 Oumax — M) Lile)

Ci O > ] > .
Ck Cl o )\b )\max o )\max>\b >0
(2.4)

The total fire sales loss is trivially bounded by the finite value of initial total

assets in the system, i.e. Y po, Yicz C’,ifl — C’,i < SLoss < Total assets <
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o0. Because we assumed that the cascade is infinite, this implies that the
loss between two such steps in (2.4) cannot be bounded away from 0 in the
limit. In turn, this either implies that I(e); = 0 for all i or Ay = Apax. This
is a contradiction. O

IT+ I(e)

Assets . L

Capital
Figure 2.1.1: Because Ay < Amax there is, at each round, a minimum amount of deleveraging
which is bounded away from zero, illustrated by the zig-zagging lines between the leverage

constraint and the leverage target. Consequently the cascade will reach the illiqudity bound
in a finite number of steps.

2.1.2 FIRE SALES LOSSES

Proposition 2.1.3. The fire sales loss is decreasing in the market depth

D,.

Proof. Rather than a parameter, consider D, to be a variable of ¥. We

then get

() (-%) i
— U, =—(1--£ — =) Zsexp|—F5— | <0.
dD, " S sy ) D2 (1- 24D,
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Consequently, —LZ(H;C, Ck) <0 for all £ > 0 and ¢, whence

d
N <
q SFLoss 0.

The consideration for ﬁ is exactly the same. O

Proposition 2.1.4. If o > %, then for any k, the first round fire sales loss

with linear price impact is an increasing function of the initial shock size €.

Proof. Fix any k for the illiquid asset to be shocked. The expression of the

deleveraging function in terms of the initial shock then becomes

' (s — 1)O6; = O'(N, = N(IL C. 1))
a t 07@’6H - Ly € Al.
( ) ( ny i {N(ILC I (ex))>Amax }

The linearised first round fire sales loss is equal to

N N
Ly(Io, Co, I(ex)) := Y _(1—(1—a)I"(Ilo, Co, ©, €,)) > _ Qi (TIp)TY (o, Co, ©, €,,)
i=1 7j=1

where Q;;(IT) = nyzl II'AT7#6, 1 > 0. It then follows that ﬁLl(Ho, Co, I(er)) >
0 iff

VX (M —1) eI~
> M o o o LN (IL,0,7() > Amax
=1 j=1
: (A — 1O
_ (1 — oz)FJ (Ho, Cy, O, EH)% N(ILO,I(€))>Amax
Sy ik
\p — 1)07% .
- (- 0‘)wﬂﬂ(n,@,r(e))»mxrl(ﬂo, Co, O, Gn)>) ="

SM 1
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This is equivalent to

N

(A —1) @J“
N >
]Z; M HJ“ )\J (I1,0,1(€))>Amax =
e —1er (Ap — 1)O7" :
(1- a) ((FJ(-~-).11>J(...)>,\MX + 7]1,\j(_“)>,\maxf‘z(...) )

Now, as I'*(..) < 1 for all 4, we have

(e — 1) (A — 1)O’" i
> ((F](---) ST T L3i(1,0,71(6))> Amax T S 130 (11,0,7(6)) > Amasc L (++-)
; pn=1 pn=1

N
(\p — 1)B%
< 2N E —— 1,
> M A (I1,0,1(€))>Amax
j=1 Z/J, IH]M

and the result follows from o > % by assumption. O

We remark that o« > % is not sufficient when the initial shock also affects the
marketable assets. In fact, in this case the fire sales loss can be decreasing

in €, even when o = 1. This is due to the fire sales loss taking the form

N M
1—6#]:[1”1—6 I+
Li(Mo(e), Co. I(e) = 33 ¢ 0 0= (1, 04,0, ).
j:l/J,Zl M

2.1.3 TIPPING POINT

Whether or not the critical shock min; €], where the first bank starts to
delever, designates a tipping point to large scale contagion depends on the
joint distribution of banks’ sizes and leverages. Intuitively, if size and lever-
age are distributed countermonotonically, i.e. when the most leveraged
banks are the smallest banks, then the system is very resilient: The fire
sales losses caused by small banks are bearable by the larger and less lev-

ered banks; no second round contagion occurs. On the other hand, if size
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and leverage are distributed co-monotonically and the most leveraged banks
are also the largest, the picture changes radically: Fire sales losses caused by
large banks will be sufficiently important to force smaller banks to delever
as well, despite them having larger buffer from their smaller leverage; a

deleveraging cascade can ensue in which the entire system spirals to default.

We illustrate this effect by anticipating slightly on the EBA data used in
Chapter 3: Figure 2.1.2 shows in a scatter plot the leverage' of 90 Eu-
ropean banks covered by the EBA dataset against their total assets (log-
scale). The positive dependence of leverage on size clearly emanates from
this graph, which suggests that large scale contagion is a possibility in the
Furopean banking system. The red asterisks and blue pluses show the

counter-monotonic and co-monotonic cases respectively.

The left panel of Figure 2.1.3 shows the volume of first round deleveraging as
a function of the percentage shock size to illiquid assets (assumed to be 10%
of total assets in this example) for the EBA data, as well as a similar system
with same marginal leverage and size distributions but perfect co-monotonic
/ counter-monotonic dependence between the two margins. The right panel
shows the total volume of marketable assets delevered (over all rounds) as a
function of the initial shock size. In the counter-monotonic case, there is no
significant reaction for shock sizes below 20% (corresponding to a net loss
of 2% of total assets). In contrast, in the co-monotonic case, shocks of 4%
are sufficient to trigger wide-spread contagion. The response of the system

with actual EBA data is remarkably close to the co-monotonic case.

"We remark that to avoid fire sales in absence of a shock, as in Chapter 3, we have
scaled the capitals of those banks with leverage above 33. The black crosses in Figure
2.1.2 denote the leverage from the raw data, the black circles correspond to the adjusted
leverage for banks with unscaled leverage above 33. More detailed explanations about this
procedure are provided in the Appendix.
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Figure 2.1.2: Leverage against total assets (logarithmic scale) for the actual data, and as-
suming a perfectly co-/counter-monotonic dependence between the two marginals.
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Figure 2.1.3: Volume of marketable assets delevered as a function of the initial percentage
shock to illiquid assets in the first round (left) and all rounds (right).
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2.1.4 BANK-LEVEL LOSS DISTRIBUTION

An argument sometimes advanced to avoid moving to a systemic stress test-
ing framework is that, while fire sales effects are important and contribute
to amplifying losses, their effect can be mimicked in bank-level stress tests
by applying more severe shocks, without simulating fire sales in a detailed

manner. Let us examine the validity of this point in general.

The common approach currently taken is to amplify individual bank losses
by a pre-defined exogenous factor. Thus, without fire sales model, one scales
the loss generated by the illiquid assets by a factor ¢; > 0 (or the liquid assets

by a factor ca > 0), resulting in a total loss for Bank ¢ given by

K M
(1+¢1) Z O*e, + ¢y Z I, (2.5)
k=1 pn=1

First, we note that the total loss across all banks in the systemic stress test
can obviously be reproduced in a macro stress test without fire sales by
simply scaling the initial shock size by adequate factors as illustrated above.
However, in absence of fire sales, bank losses are proportional to the banks
notional exposure to the asset class subject to stress (assuming c2 = 0 and
only scaling ¢1), whereas the loss in the systemic stress test is proportional to
the effective exposure, so bank-level losses will not be reproduced correctly

under this adjustment.

Let us compare the above expression to the unscaled total loss, using a single
round of fire sales
D 0"+ (1—(1—a)l(Io, Co, 0, €x)) Y Qi(TI)TY (o, Co, ©, €.z).
k=1 i=1 j=1
(2.6)
Clearly, the second term in (2.5) does not depend on €, while in (2.6), the

second term is a quadratic function of €. In general, it is hence impossible
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that the simplified version in (2.5) can replicate the cross sectional distribu-
tion of fire sales losses obtained from a fire sales model. The bias increases

as we account for higher order rounds of fire sales.

In the empirical section we shall see that this leads to a substantial and
economic relevant bias, and that it is not possible to replicate the cross-
sectional distribution of losses without a fire sales model, as suggested by

our theoretical analysis here.

2.1.5 SENSITIVITY TO COMPOSITION OF SHOCK

Finally, Proposition 2.1.5 formalises the sensitivity of the threshold model to
different initial stress scenarios. Denote by a’ the total initial assets of Bank
1. As the total loss for each institution is naturally bounded by its total

asset value, define V = Hfi 1 [O, ai], the set of initial losses. Further denote

by L%: _ C;icfl(/\max—”(nkq11(6)7Ck—1))

p— > 0 the critical loss for institution 3.

Finally, denote by FL € RY the vector of fire sales losses whose components

are each institution’s fire sales loss F'Loss(i,€) = Z;‘g:l Li(M_1,Cr_1).

Proposition 2.1.5. If the graph corresponding to €2 has a diameter of at
least 3, Ly > 0 for all i, and the market depth is sufficiently large, then
there exist sets Vg, Vi, C V' of initial losses that have strictly positive Lebesgue

measure and that lead to orthogonal fire sales losses, i.e.
V(Lo Lop) € Va x Vi (FL(Lo,a), FL(Lo) ) = 0. (2.7)

Proof. We provide an explicit construction of two such sets Vg, V},. Denote
the sequence of four institutions that lie on a diameter of the indirect conta-
gion graph Q by 14, j,p, q. Let scenarios of type a be the shocks L} = L%)* +e€
for € > 0, and L{ = 0 for all » # i. Let €] > 0 be such that the fire sales

losses to bank j fulfil L{ = L{*. As no bank has a critical shock size of 0,
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it follows that such an € > 0 exists for a sufficiently large market depth. 2.

Hence, we set V, := [0, L§" + €} [ x e, vpga [0, L7

Let scenarios of type b be the shocks L = L{" + € for € > 0, and Lf; = 0 for
all 7 # q. Let €} be such that the fire sales losses to bank p fulfil L¥ = L5".
As no bank has a critical shock size of 0, it follows that such an € > 0 exists
for sufficiently large market depths. Hence, for any € < €5 : L}'€ = Li = 0 for

all k, and we set V3, := [0, LI + €3] x req,. vpge [0, L57]-

The sets V, and Vj, have positive Lebesgue measure and fulfil by construction

the property ¥(Loa, Los) € Va X Vp : <F*L(L0,a), F*L(Lo,b)> —0. 0

2.1.6 POSITIVE SYSTEM EXTERNALITIES OF CAPITAL SURCHARGES

Let us now analyse how the system responds when banks are required to
raise additional capital in order to increase their resilience. From (1.9), we

get immediately

d . 0 if e <¢f or if € > ¢illia
I"(ILC) = ) (2.8)

dcs — .
% otherwise
2 =1

where we recall that € and ¢4 are the critical deleveraging, and critical

illiquidity shocks from (1.7) and (1.11). Recall that the first round loss is

given by

Ly (T, Co, I(ex)) = Y _(1=(1—a)T* (g, Co,©, €x)) Y Qi;(TIo) IV (Io, Co, O, €x),
i=1 j=1

2If the market depth is too shallow, it could happen that banks ¢ and j spiral to
default as soon as bank i begins to delever. In this case no such €] exists, as for all
€>0: L) > L}*. Then for any € < ¢} : L? = L? = 0 for all k > 1. At the same
time, it could happen that the liquidity-weighted overlap of banks 7 and j is so small that
€; > 100%. This does not affect our argument. The crucial point is that it is strictly
larger than zero.
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where Q;;(II) = nyz 1 Hi“Hj“5;1. Hence, if Bank ig is required to raise

additional capital, the marginal reduction in its own fire sales loss per dollar

raised is
d io )\b 10 - J
qonlr = SN (1421 — a)T) Qg + (1 — ) > T, 5
pw=1 J#i0
Whenever dgio Lio < —1 it is thus in interest of the bank to increase its

capital, because by doing so, per dollar capital raised, the loss in a stress

scenario is reduced by more than one dollar. On the other hand, if 3 gio ino >

—1 it is not in the interest of the bank to raise capital. Let us now consider

the response of the system-wide fire sales loss to capital increases

d d Ap '
i Ly = 7 LY — i , Z(l — (1 = a)T")Qup, (2.9)
dCto dCio Z,u:l IT¢o:p o

from which it is immediately clear that d%‘o[’l < dcdio Lio. So whenever it is
in the interest to raise capital for a bank, this is beneficial for the system as
a whole. An interesting tension arises when Ly < —1 but Lﬁo > —1. In this
case, individual and systemic interests are not aligned: There is a positive
externality to the system whereby the system-wide loss is reduced by more
than one dollar per dollar raised by Bank 7. However, it is not in the interest
of the bank to do so, because from its own perspective each dollar reduces its
own loss by less than a dollar. In such cases, there is a need for a regulator
to coordinate capital requirements, as banks themselves do not take into

account the positive externality to the system of any additional capital they

raise, and may end up with too low capital from a system perspective.

d
dce

L plotted against -3 L. Clearly there are some

Figure 2.1.4 shows ac

banks for whom raising capital would be in their own interest, while for
other banks raising capital is not in their own interest but has significant

positive externalities for the system.
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Figure 2.1.4: dCL"OLl plotted against dc‘,’jo L*. The red dashed lines indicate dCLioLl =1and
d

To% L% = —1 respectively.

We study the potential use introducing of such targeted capital requirements
that have a positive system externality as a macroprudential policy in more

detail in Chapter 4.

2.2 FROM ASSETS TO ASSET CLASSES: A NOTE ON GRANULARITY

AND AGGREGATION ISSUES

So far we have taken the asset (class) p as given without defining in greater
detail what we exactly mean by an asset class. This is the focus of the
next section. Specifically, we investigate the impact on our results when we
choose different levels of granularity (or aggregation) for u. Indeed, there
is a wide range of possible levels of aggregation: At the most granular level
there are the individual securities, identified by their International Security
Identification Number (ISIN)3. These individual instruments can be aggre-
gated along several dimensions such as their issuer, maturity, their issuer’s

industrial or institutional sectors, their type, or the geographical region of

30ne could actually further distinguish a unique ISIN by the market it is traded on
and Central Securities Depository (CSD) it is registered in, if there are several. We will
not discuss this distinction.
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their issuer, among others. At the other end of the granularity spectrum, we
arrive at the “single marketable asset” (Cifuentes et al. (2005), Awiszus and
Weber (2015)). It should be immediately clear, that any particular choice
on the level of aggregation has an impact on the path of contagion during a

fire sales cascade .

There is a rich literature on data aggregation dating back to the concept of
“ecological fallacy” introduced by Robinson (1950), showing that it can be
misleading to draw conclusions on individuals based on aggregate data (in
his case on the literacy of immigrants). Within this literature, there are also
more recent contributions that specifically relate to systemic risk — see for
instance Chapter 2 in Fouque and Langsam (2013), Chinchalkar and Stein
(2010), or Hale and Krainer (2015), and references therein. However, the
main focus areas of this stream, have so far been (i) the level of granularity
at which stress test scenarios should be defined and data be collected, (ii)
computing credit risk and default estimates with loan-level vs. portfolio-level
information, and (iii) at what level of aggregation an institution’s exposures
to asset classes or to other institutions should be captured. To the best of our
knowledge, the question of an “optimal level” of asset class granularity for
modelling fire sales contagion has not received any attention in the literature

so far.

AGGREGATING ASSET CLASSES AND THE PATH OF CONTAGION. Consider
two local Italian and Spanish banks that hold disjoint portfolios at the ISIN-
level, i.e. their portfolios hold no two assets with identical ISIN in common.
Further assume that the Spanish bank is holding some off-the-run Italian
government bonds, while the Italian bank holds on-the-run bonds. As the
on-the-run and off-the-run securities carry different ISIN, this does not con-
tradict the portfolios being disjoint at the ISIN level. However, when e.g.

the Italian bank engages in a fire sale that is sufficiently large to temporarily
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move the price of the on-the-run bonds, the price of the off-the-run treasuries
would fall in tandem, causing mark-to-market losses for the Spanish bank.
Therefore, when analysing these portfolios at the ISIN level, one could falsely
conclude that they are orthogonal, when in fact, they are not. The “most
granular level possible” is therefore not necessary the most suitable one for

modelling fire sales cascades.

Next, assume the two banks have “effectively orthogonal” portfolios in the
sense that the fire sale of one institution can never affect the other one in
a first round of fire sales. If one runs a systemic stress test and aggregates
corporate bonds across all geographic regions into a single asset class (as in
Greenwood et al. (2015)), then one might incorrectly conclude that these
banks cause direct fire sales losses to each other and overestimate the amount
of contagion. The observed overlap in this case is clearly artificial and only

due to an aggregation level that is too coarse.

The level of (dis-)aggregation of p directly affects the sparsity of the liquidity-
weighted overlap matrix €2, and thereby the possible paths that contagion
can take across this network®. In the extreme case where all marketable
assets are aggregated into a single asset II, the overlap matrix €2 collapses
into a scalar value, and any shock that causes liquidation by some financial
institution, will immediately spread to all institutions in the network. This

is clearly not realistic either.

Consequently, if one wants to model a realistic “path of contagion” during a
fire sales cascade, the “right” choice of granularity of the asset class becomes

an important modelling choice, next to the market impact and response

“Contagion in higher rounds can be possible because of other institutions having a
portfolio overlap with both banks, (or because there is a chain of such overlapping portfolios
from one bank to the other).

®Note that such an issue does not arise in models of direct contagion: an institution
either does or does not have a balance sheet exposure to another institution. This exposure
cannot be amplified or reduced by re-grouping the individual balance sheet items that
make up this exposure.
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functions. In particular, this raises two important questions: First, can we
aggregate asset classes in such a way that the estimated fire sales loss is
invariant? Second, does there exist an “optimal level of granularity”, which
reflects the path that spillover losses would likely take in a crisis scenario, as
realistically as possible? We will explore the first, more theoretical question

in the sequel, and attack the second more empirical question in Chapter 4.

THE MARKET DEPTH OF AN “ASSET CLASS”. Let p = 1..M denote in-
dividual assets, with average daily volumes ADYV,, and volatilities o,. We
wish to aggregate the assets u = 1.m(m < M) to form a new asset class
v. Natural candidates for the definitions of the average daily volume and

volatility are

m 1 m
ADYV,, :_;ADV# and o, :_OMZIJHOM, (2.10)

where Oy, is the amount outstanding (or market cap) and O := 377 | O

The market depth of the aggregated asset class could then be defined as

ADV,,

D, =
()= 22

NS (2.11)

with the analogous adaptation for , in our level-dependent market impact
function. We will use this definition to aggregate asset classes in the rest of

this section.

2.2.1 INVARIANCE OF FIRE SALES LOSSES UNDER ASSET CLASS AGGRE-

GATION

Concretely, we ask whether we can aggregate or granularise the market im-
pact function ¥, such that the fire sales loss is invariant under the level

of granularity at which it is estimated. For this exercise, we will consider



CHAPTER 2. A CLOSER LOOK AT FIRE SALES MODELLING: PROPERTIES AND
ROBUSTNESS 79

(1L, Co(e), €) = qL(e)/Hm simply to be a function that describes the frac-
tion of volume sold, without specifying how ¢,(€) is determined by I'. Let
us further assume that ¥,(q) = v¢(¢/D,), which — except for our level-
dependent impact function — encloses the previous examples of linear, expo-
nential and square-root impact. Finally, we make the simplifying assumption
that all the volatilities o;..04, are equal, whence we get that o, = o1, and
market depths become additive, D, = > " _ D,. When ¢ holds II;, and
liquidates g, with p’s market depth being D, then the fire sales loss that
it suffers in the process, pertaining to asset class u, is given by

L (T s D) = (T — (1 — ) )0 (g) . (2.12)

The total fire sales loss suffered by ¢ in the first round is hence
Zﬁ/le L (T, gu, Dyy). In order to study the impact of asset (class) aggrega-

tion, we introduce the following

Definition 1. If for all 11,11, q,, gy, Dy, Dy € R:
Li(Hw > Dy) + Li(Hna an, Dy) = Li(Hu + 1Ly, g + @y, Dy + Dy), (2.13)

then the fire sales loss function LY is aggregation invariant.

When asset holdings, liquidation volumes and market depths are all equal,

then the first round fire sales loss is indeed aggregation invariant:

Lli(Hua Qus Du) + Lil(Hna dn, Dn)

= (M= (1 - )y () + @ -1 -a)gw (5)

— @+ (- e+ o) ( 45)

D+ D
= L’i(H#+Hn7Qu+QH7D}L+D7])‘

However, this is merely a peculiarity of the singular case II, = II, = II,
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D, = D, =D and q, = g, = q. In practice, the deviation can be substan-
tial. Figure 2.2.1 uses Banks A and B from the introductory example with

marketable holdings given by

70 0
0 90

We then aggregate the two asset classes so as to retrieve the previous case

of the single marketable asset. Figure 2.2.1 plots the ratio

Li(Hu + s g + n; Dy + Dy)

Ly (W, g, Dy) + Ly (I, gy, Dy)
for a 20 % initial shock as a function of the ratio d,,/d, (with floor B = 0.5).
After aggregation, fire sales loss estimates can be up to 30% smaller com-
pared to the disaggregated case. In the same manner, if the disaggregated
level were too granular, we could be underestimating the fire sales loss by

30% in this example.

o
<Y
T

0.75 |

Aggregated loss / single loss

o
~
T

0.65 ; ; ;
1072 107" 10° 10" 102
5,16,

Figure 2.2.1: The plot shows the difference in fire sales losses for one bank when two assets of
the same liquidity are merged into one single asset class. Losses are larger in the disaggregated
case compared to the aggregated case. The liquidity of the underlying assets has little influence
on the result.

As we shall see now, the general answer to our question on the existence of

aggregation invariant fire sales loss functions is unfortunately negative for
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any reasonable market impact function .

Proposition 2.2.1. There exists no aggregation invariant fire sales loss

functions for multiplicative market impact functions of the form Asi” =

U, (q.) = 1/1(%—‘;), with ¢ being continuous, increasing, concave, verifying

¥(0) =0, and ¥ not being uniformly zero.

Proof. We show that there exists no aggregation invariant fire sales loss
function for the single bank model. As for models with n > 1 banks, aggre-
gation invariance must also hold for all one-bank subsystems, it follows a
fortiori that there exists no aggregation invariant fire sales loss function for

such systems either.

A fire sales function that is aggregation invariant is a function L : R — R
that fulfils the multidimensional Cauchy functional equation in three vari-

ables. It is well-known (Aczel and Dhombres (1989)) that if f: R” — R is

a continuous function, and if

f($1+y171'2+y2,---7xn+yn) :f(x17$27"'7xn)+f(y17y27"'ayn)

for zp,y e R k=1,...,n.

Then, f is given by

flxi, o, ... xy) :cha}k. (2.14)
k=1
This implies that
L'(Tl,, qu, Dyy) = 11l + cap + c3D,,. (2.15)

Comparing coefficients between (2.12) and (2.15), we see that clearly this is

not compatible with our assumptions on . O
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Knowing that, in general, we cannot aggregate asset classes without chang-
ing the resulting fire sales loss estimates, it becomes of interest to know
more precisely how these estimates may change. From (2.10), if follows
o, € [min,{o,}, max,{o,}], and ADV, > max, ADV,. On an intuitive
level, it seems plausible that the liquidity of the aggregate asset class should
be larger than the liquidity of each constituting asset (class), i.e. for all
w: D, > D,. Technically however it is possible to find combinations of
ADV,,0,,0, > 0 such that D, < D,,. Indeed,

Proposition 2.2.2. Consider the aggregation of u = 1,2 as in (2.10). If
o1 < o9 and ADVy is sufficiently large, or if o1 is sufficiently small, then
D, < D.

Proof. We wish to know when

ADV1 + ADV,

ADV1
o VT <

D,=c V7 =Dy. (2.16)

010 + o9

WLOG, set ¢ =7 = 1. If we let o1 — 0, then we get

ADV; + AD
lim D, = M <oo while lim Dy = (2.17)
o1—0 09 02 o1—0

Hence there exists ¢* such that if o1 < ¢*, then D, < D7.

Next, assume simply that o7 < o3. It is easy to see that then 01 L+
02% > o01. In that case, similarly, there exists an ADV™* > 0 such that if
ADVy > ADV*, then D, < Di. As 6, = (1 — £)D,, the inequalities of D

also apply to 9. O

Asin practice a high ADV and low volatility are often associated with a large
market capitalisation, we expect this not to happen too often in practically
relevant cases. Nevertheless, aggregation of asset classes changes the cross-

sectional distribution of fire sales losses, and thereby potentially the path



CHAPTER 2. A CLOSER LOOK AT FIRE SALES MODELLING: PROPERTIES AND
ROBUSTNESS 83

of contagion of a fire sales cascade. Depending on the state of the system
and magnitude of the different parameters and variables, we expect three

different effects to occur, potentially simultaneously, upon aggregation:

1. Fire sales losses of certain institutions decrease because the market

depth of assets held has increased

2. Fire sales losses of certain institutions increase because the market

depth of assets has decreased

3. Fire sales losses of certain institutions increase because an artificial

overlap appears

In the extreme case this can lead to (unpredictable!) changes in the conta-
gion dynamics: If the decrease in fire sales losses is sufficiently large, some
institutions that were predicted to engage in fire sales pre-aggregation would
not need to delever their portfolio, thereby further reducing fire sales losses
to all institutions with whom they have overlapping portfolios. Second, if
the increase in losses under effects (2) and (3) is sufficiently large some in-
stitutions may be led to deleverage their portfolio again, or for the first
time, if they did not engage in fire sales at all pre-aggregation. Clearly,
this additional deleveraging increases the fire sales losses to all institutions
with whom these banks have overlapping portfolios and may therefore also

change the dynamics of the subsequent iterations.

The important question is how the joint effect of these changes plays out in
a concrete systemic stress test. We will attempt to offer a first answer to
this empirical question by using ISIN level supervisory data from Norway

and performing such an aggregation study in the next Chapter.

In summary, picking the right level of granularity for asset classes in systemic
stress tests becomes both a heuristic and important task, as it may have a

sizeable quantitative effect on the results.
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2.3 ALTERNATIVE DELEVERAGING FUNCTIONS

Next we consider two alternatives for the banks’ response function. First,
we present the so-called “leverage targeting” model as introduced by Green-
wood et al. (2015) and used thereafter in a number of different academic
and regulatory studies on fire sales (Duarte and Eisenbach (2013), Capponi
and Larsson (2015), Cappiello and Spuera (2014), Cappiello et al. (2015)).
Thereafter, we will adapt the work of Braouezec and Wagalath (2017), in
which banks seek to minimise the losses from price impact, to our framework

and extend it to an N banks, M assets setting.

2.3.1 LEVERAGE TARGETING MODELS

The origins of the leverage targeting model of fire sales is often traced back
to the empirical contribution of Adrian and Shin (2010). Using quarterly
data, the authors show, convincingly, how US commercial banks adjust their
balance sheets so as keep approximately a constant leverage over timeS.
Using this observation as starting point, Greenwood et al. (2015) build an
elegant linear model of fire sales: In response to a shock that increases
banks’ leverage, they shed assets so as to return exactly to the leverage they

previously had. The response function corresponding to this behaviour was

shown as blue dashed lines in Figure 1.1.1.

As dynamical system, the leverage targeting model has the same represen-

tation, except that its deleveraging proportion is given by

(S0 10 + Tife) - CiAL1,)

i -
ZM:1 HZ’H

% (Mg, Cy) = A, (2.18)

5The authors also provide evidence that broker dealers overcompensate, i.e. increase
their leverage in boom times and decrease it in downturnes, resulting in “procyclical”
leverage.
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where constant )\Z_T' is the institution ¢’s initial leverage and leverage tar-
get. The key difference between both models is thus the use of a differ-
ent leverage target, and more importantly, a linear and symmetric reaction
function which leads to fire sales for arbitrarily small shocks, as opposed to
the threshold-based, antisymmetric reaction function which is zero for small
shock sizes (and price increases), reflecting the one-sided nature of portfolio
constraints. Technically, this is captured by the (non-)use of the indica-
tor function 1,i., . which signals the breach of a portfolio constraint and
the onset of deleveraging. We now discuss some properties of the fire sales

cascade under a leverage targeting response function.

BASINS OF ATTRACTION. We begin by analysing the set of fixed points of

the cascade.

Proposition 2.3.1. The set of fized points x = (II,C) of the dynamical
system f with a leverage targeting response function is given by the set
Fr(e) = vazl S, UZ; U J;, where each component (Hi,Ci) € RM x R lies

either on the survival line

M M
=S (I CHeRY xR|Vi: > T >0, C'>0, > I*+I(e) = AmaxC’ =0 3,
p=1 p=1
(2.19)
the illiquidity line
. . M . .
T:=q@,CYeRM xRVi: Y =0, C'>0,, (2.20)
pn=1
or the insolvency point
J = (I, C) eRM xR|Vi: Y T* =0, C'=0;. (2.21)
pn=1

Proof. The proof is analogous to Prop. 2.1.1 of the threshold model. O
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A consequence of this is the following

Proposition 2.3.2. The fire sales cascade induced by the leverage targeting

model is finite if and only if all banks default, i.e. for alli, (II',C%) € T,UJ;.

The following proposition discusses orthogonal stress scenarios under lever-

age targeting dynamics.

Proposition 2.3.3. Let Q = IID I be the liquidity-weighted overlap ma-
triz of a finite, long-only portfolio matriz 11, where D is the diagonal matriz
of market depths, D, < oo for all p. If the undirected graph described by the
weighted adjacency matriz ) is connected, then, in the leverage targeting
model, there exist no two shock scenarios that lead to orthogonal fire sale

losses in the sense of (2.7).

Proof. Let there be N banks and M asset classes. For any initially shocked
bank ¢, fire sales losses spread to all neighbours of 4, i.e. all institutions
that hold any asset in common with i. As the graph induced by € is
connected, its diameter is bounded by min{N, M }(= N, say). Therefore,
for any scenario, after at most N steps, Lgv > 0 for all j. Consequently,
<F_‘L(L0,Q),F_'L(L0,b)> > 0 for any two of arbitrary initial losses Lo, and
Ly, and it is not possible to build two sets V,,V;, C V' of orthogonal stress

scenarios. ]

In Chapter 3, we will see that these theoretical differences lead to substantial

differences in practical simulations.

2.3.2 DELEVERAGING BY LOSS MINIMISING BANKS.

Next we relax the proportional deleveraging assumption by allowing banks

to optimise the order in which they liquidate assets within the marketable
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asset class so as to minimise the resulting fire sales losses. To do so each

bank solves in each period k
min L}
rigfo,1)™

under the constraint

Sl I+ T(e)
; = )\b < Amax-
Ci

The hat-variables highlight the fact that banks do not possess full informa-
tion about the state of the network, and only anticipate their own impact.
For notational convenience, we abbreviate I'*(IT;_1,Cr_1) to Fz,“ . Specifi-

cally the banks thus solve

M
min SO (1 a) T w, (1)) (2.22)
rreon] =5

under the constraint

ST (15 () 10
el (W) + 1
(G~ Syn - (- arn (107

=N (2.23)

+

Using the linearisation o
UL
I (q) _ Fk Hk—l
I D,u ’

and the additional assumptions that capitals and all prices remain positive
the problem becomes
M Ui
D 1y

min (1—(1— )T
r}fe[o,l]z:1 kI27k=1 D,
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under the constraint

M % % M %, %

r “H K A . o THIH

1 Fz,u (1 - 7D >+IZ( ) )‘b Clchl - E (1 - (1 - a)FZH>H;c/i1 kail
_ W — m

p=1 pn=1

which is again equivalent to

S (I )? (I ,)?
min -1 = a)—= I —=
r’,;“e[o,u,; ’ D ¥ Dy

under the constraint

M z W \2
>or (<Ab—1>( Sl oy )+<F§£>2 ((1—Ab<1—a>>(H§>—1) )
p=1 Iz

M
— Oy + I'(e Z

This is a concave minimisation problem given by a quadratic objective func-
tion with quadratic constraints. As such it can be readily formulated as a
“difference of convex functions program” (DC-programmingHorst and Thoai
(1999), An and Tao (2005)), for which there is a host of numerical algorithms
available. We simply turn to MATLAB’s fmincon solver to study the solu-
tion of the problem in a simple 1 Bank, 2 asset case. Specifically, we apply a
15 % shock to Bank A, and plot in the left panel of Figure 2.3.1, as a function
of the ratio of the two market depths, the amount of asset 1 and asset 2 re-
spectively that the bank delevers in order to return to its target leverage for
the full non-linear problem?”. To vary the ratio of market depths, we simply
keep the market depth of asset 1 fixed, and vary the market depth of asset
2 between %1 and 3467. For all practical purposes, the optimal solution boils
down to selling assets sequentially from the most liquid to the least liquid

(because as we shall see that the estimated market depth of assets differs

In this range the linear approximation was close to identical. For this reason, we do
not report it.
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Figure 2.3.1: Left: Solution to the optimisation problem given by (2.22) and (2.23). Right
solution to the problem with the additional constraint that I'! = I'2.

by several orders of magnitudes for different asset classes). The right hand
panel shows the solution of the problem under the proportional deleverag-
ing assumption. This is implemented using the minimisation problem (2.22)

with constraint (2.23) and the additional constraint that I'>! — T'%2 = (.

One may wonder how the picture changes if banks do not solve this exact op-
timisation problem, but rather follow some heuristic deleveraging rule. We
consider two such heuristic rules: First the bank delevers assets proportion-
ally to their market depth, second it sells proportionally to the fraction of
marketable assets over market depth. We have implemented these delever-
aging heuristics numerically as fixed point iterations. The panels in Figure
2.3.2 report the results of this numerical exercise. We see that the heuristics
of selling assets proportionally to their market depth is reasonably close to
the optimal solution. On the other hand, the heuristics of selling assets as

ordered by the ratios g—ﬁ is clearly not optimal, because the order is reversed.

Even though banks at each step optimise only under the information that

is available to them, the system dynamics account for all bank deleveraging
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Figure 2.3.2: Heuristic solutions to the optimisation problem.

and are given by

N
I (-1, Cp1) = (1 - r;ﬂ) me, (1-w, [ S
7=1
Cr(Iy—1,Cp—1) := | Cy_1 — (1 —(1-a) F’“) Z Zriunizlil
u=1 j=1

Jr

where FZ” is the solution of the corresponding minimisation problem. Fi-
nally, we compare the fire sales loss suffered by the bank under these different
deleveraging schemes. The left panel of Figure 2.3.3 shows the fire sales loss
in monetary units of the bank under these different deleveraging schemes
as a function of the ratio of market depths. The right plot shows the ratio
of fire sales losses as a function of the market depth ratios. The larger the
difference in market depths, the more beneficial it becomes for the bank to
optimise the deleveraging order in this setting. We will conduct a larger

empirical analysis on using these deleveraging function in Section 3.3.
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Figure 2.3.3: Left: Fire sales loss as a function of the ratio of the two market depths for
different deleveraging schemes. Right: Ratio of fire sales loss under different deleveraging
schemes relative to the optimal, sequential, deleveraging scheme.



Lady Bracknell: Good afternoon, dear Algernon, I
hope you are behaving very well.

Algernon: I'm feeling very well, Aunt Augusta.
Lady Bracknell: That’s not quite the same thing. In

fact the two things rarely go together.

Oscar Wilde

SYSTEMIC STRESS TESTING

This Chapter is based on the working papers: “Fire sales, indirect contagion
and systemic stress testing” and “Asset class granularity: Aggregation issues
and liquidity estimates for stress testing” which are joint work with Prof.

Rama Cont.

3.1 A SYSTEMIC STRESS TEST FOR THE EUROPEAN BANKING SYS-

TEM

We now use a dataset of European banks by the European Banking Au-
thority to illustrate how the model may be calibrated to data and used to

perform a systemic stress test.

92
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3.1.1 DATA AND PARAMETER CALIBRATION
BANK BALANCE SHEETS

Our empirical study is based on data from the European Banking Authority
(EBA), which provides information, collected in 2011, on notional exposures
of 90 European banks across 148 asset classes.! Holdings are distinguished
by geographical regions and asset classes, as specified in Table 3.1.1. Green-
wood et al. (2015) assumed all assets to be available for liquidation; we only
consider a subset to be marketable i.e. available for liquidation at short
notice. We identify four classes of marketable assets (“securities”), which
may be liquidated in a stress scenario; the other asset classes are classified as
illiquid assets.? Assets are further labeled by 37 geographic regions, which
correspond to the 27 countries of the EU (i.e. without Croatia at the time)
plus the United States (US), Norway (NO), Iceland (IS), Liechtenstein (LI),
Japan (JP), Asia (A1), Other non-EEA non-emerging countries (E3), East-
ern Europe non-EEA (E5), Middle and South America (M1) and Rest of
the world (R5). Hence, with the four marketable asset classes and 37 geo-
graphic regions, the matrix of marketable assets II is given by a 90 x 148
matrix. The illiquid asset holdings are given by a 90 x 75 matrix ©. This
corresponds to 74 asset classes for commercial and residential mortgage ex-
posures respectively in the 37 regions and a 75th asset class consisting of all

remaining illiquid asset holdings.?

!This data set was also used in studies by e.g. Greenwood et al. (2015), Gandy and
Veraart (2016) and Chen et al. (2016), and hence facilitates comparison with the literature.

2In Table A.2.1 in the Appendix, we provide the data identifiers that allow correspon-
dence with the EBA dataset.

30ur representation differs slightly from Greenwood et al. (2015) who considered 42
asset classes consisting of the 37 sovereign exposures by geographic region and five fur-
ther classes, aggregated across all geographical regions: “commercial real estate”, “mort-
gages”, “corporate loans”, “small and medium enterprise loans” and “retail revolving
credit lines” . This leads to a less granular model compared to ours as we distinguish assets
both by type and country.
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Illiquid assets

Residential mortgage exposures
Commercial real estate exposure
Retail exposures: Revolving credits, SME, other
Indirect sovereign exposures in the trading book
Defaulted exposures
Residual exposure (cf. Appendix Table A.2.1)

Securities / marketable assets

Corporate bonds
Sovereign debt
Direct sovereign exposures in derivatives

Institutional client exposures: interbank, CCPs,...

Table 3.1.1: Asset classes on the model balance sheets used in the systemic stress testing

exercise.

ESTIMATING MARKET DEPTH

Let us recall the equations for the market impact function

= (1) (oo )

and market depth

respectively, with D, = ¢

bration.

B
= (1= 5F) 2

AD
Tu

Vi /7, and proceed now to explain their cali-

Greenwood et al. (2015) assume a uniform depth D, = 10" (EUR) for all

asset classes. This homogeneity assumptions is not supported by empirical

studies on market impact Bouchaud (2010), Obizhaeva (2012), Cont et al.

(2014) which indicate that market impact varies widely across assets. Ig-

noring this heterogeneity may lead to biased results, overestimating losses

in more liquid asset classes while underestimating losses in less liquid asset

classes.
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Duarte and Eisenbach (2013) use haircuts and repo rates for determining
the liquidity of different asset classes; this does introduce some heterogeneity
across asset classes but the relation between these quantities and market
impact is not entirely clear. For instance, haircuts may simply reflect the
volatility of an asset, rather than be a predictor of an asset’s price resilience
to large liquidations. We use a direct, data-driven approach to the modelling
of market impact. To estimate the market depth parameters for each asset

class using (1.14), we

e estimate volatility parameters o, using daily returns of S&P sector

indices?.

e obtain average daily volume estimates ADV,, from annual volume data
provided by the US Treasury and various central banks (Appendix
Al).

As noted above, we use 7 = 20 which corresponds to a liquidation horizon
of 4 weeks, a fairly lenient assumption. Following the empirical findings in
Obizhaeva (2012), Cont et al. (2014), we use ¢ = 0.4 which corresponds to a
one standard deviation price move for 40% of average daily trading volume
(Obizhaeva (2012)). ADV for US corporate bonds was obtained from SIFMA
(see Appendix A.1). For European bonds, we simply use the same sovereign-
to-corporate ratio of ADV as observed in the US (567.81bn/269.8bn ~ 0.48)
to estimate the ADV of European bonds in the “corporate” and “institu-

tional” asset classes.

For some asset classes, data on trading volume are unavailable (or difficult
to obtain). We work around this issue by estimating, based on OECD data,

the following regression model for the relation between average daily volume

‘http://us.spindices.com/indices/fixed-income/sp-eurozone-sovereign-bond-index
http://us.spindices.com/index-family/us-treasury-and-us-agency/all
http://us.spindices.com/indices/fixed-income/sp-500-investment-grade-corporate-bond-index


http://us.spindices.com/indices/fixed-income/sp-eurozone-sovereign-bond-index
http://us.spindices.com/index-family/us-treasury-and-us-agency/all
http://us.spindices.com/indices/fixed-income/sp-500-investment-grade-corporate-bond-index
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Asset class ADV Market  depth | Impact of 10 bn
D,
(sovereign (bn EUR) (10'2 EUR)
unless specified)
US 567.8 428.8 0.00466
US (corp.) 269.8 70.2 0.02848
IT 28.82 21.8 0.09166
ES 28.0 21.1 0.09470
DE 24.7 18.7 0.10684
GB 24 18.1 0.11038
FR 10 7.58 0.26316
GR 8.17 6.18 0.32258
BE 6 5.53 0.36036
SE 3.92 2.96 1.67113
PT 2.27 1.71 1.15602

Table 3.1.2: Average daily trading volume and estimated market depth over 7 = 20 days,
for the largest holdings in the EBA dataset. The impact in basis points are also given for a
liquidation of 10 bn EUR over 7 = 20 days.

(ADV) and outstanding notional

log ADV,, := ¢1log (N,,) + co + €4,

(3.1)

where N, denotes outstanding notional. We use the resulting estimates to

calibrate the volumes for the remaining asset classes. Table 3.1.3 shows the

results of this regression analysis for selected countries.

Coefficient | US treas US corp UK DE ES
1 0.53%FFF  0.64***  0.56%FF 048  (0.94%**
std. dev. 0.13 0.15 0.05 0.30 0.14
cp: 0.63 S1L1k* -0.35%*% 0.4 -1.35%**
std. dev. 0.55 0.55 0.14  0.99 0.37
adj. R? 0.39 0.60 0.93 0.15 0.76
n 19 19 11 10 15

Table 3.1.3: Logarithmic regression of bond trading volume on outstanding notional (3.1).

Figure 3.1.1 shows the distribution of market depth estimates for all as-

set classes in the EBA data set, on a logarithmic scale.

The histogram

reveals considerable heterogeneity in the cross-sectional distribution of mar-
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ket depth, with more than four orders of magnitude separating the most

liquid from the least liquid assets. Table 3.1.2 provides values for average

12

10
|

Percent

10®  10° 10 10" 10® 10" 10" 10"
Market depth (EUR)
Figure 3.1.1: Histogram of estimated market depths for the 148 asset classes in the EBA

dataset. The dashed vertical line indicates the holdings-weighted average depth given by
(3.3).

daily volumes (ADV) and market depths for the asset classes representing
the largets holdings. These values are used as base values; we will later
perform a sensitivity analysis of our results with respect to changes in these

values.

PRICE FLOOR B. In the results that we report below, we have assumed
a simple uniform lower price floor at 50% of the initial value for all assets.
It is of course possible to refine this approach, e.g. by allowing corporate
bonds to fall further than sovereign debt, and by accounting for differences in
credit ratings of the issuers for instance, or whether bonds are collateralised.
To calibrate such a model in a realistic manner, one would however require
more detailed information about the assets in each asset class, than what

is provided by the EBA data. We have conducted a limited sensitivity
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analysis allowing different price floors for different regions (differentiated
by the credit rating of the issuing country) and did not find substantially
different results. For the sake of brevity and simplicity, we therefore only

report results using the uniform floor of 50%.

3.1.2 STRESS SCENARIOS

We define stress scenarios, similar to regulatory stress tests, in terms of per-
centage shocks across asset classes®, given by a vector € = (e,,k = 1..K) €
[0, 1]K where ¢, is the percentage loss (stress level) applied to asset class
k. We have chosen four scenarios in the examples below to illustrate the

properties of the model:

1. Losses on residential and commercial real estate exposures in Spain

(Region: ES);

2. Losses on residential real estate exposures in Northern and Western

Europe (Regions: GB, BE, NO, SE);

3. Losses on commercial real estate exposures in Southern Europe (Re-

gions: IT, GR, ES, PT);

4. Losses on commercial real estate exposures in Eastern Europe (Re-
gions: CZ, EE, HU, LV, LT, PL, RO, SK, RU, BG, E3 (= other

non-EEA non-emerging countries);

In each scenario, we increase the shock to the affected asset classes gradually
from 0% to 20%; the other asset classes undergo no initial loss. To emphasise

cross-asset contagion, we have chosen stress scenarios where initial losses

5The design of such scenarios is far from trivial and outside the scope of this presenta-
tion. On this occasion, we note that ironically the 2016 EBA stress test did not feature a
“Brexit” scenario.
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affect only illiquid assets in these examples, but scenarios can be extended

to include initial shocks to marketable assets.

Let us recall the expression for the initial loss of bank i : L} = Zle ObFe,.
Because banks have different nominal exposures in the illiquid assets, the
stress scenario defined in terms of percentage shocks to asset classes leads
to different losses in euro for different banks. As our stress scenarios focus
on residential and commercial real estate exposures, it is important to note
that in our model a “shock” of 5% to asset values means that banks suffer
a loss equal to 5% of their notional exposure in these asset classes. This
corresponds to an initial shock that is commensurate with the losses that

banks have historically suffer during severe housing crises®.

STRESS SCENARIO SEVERITIES COMPARED TO OFFICIAL EBA STRESS-TEST
SCENARIO. The final report of the EBA stress test states on p.10 that the
net loss in the stress scenario reduces the average capital ratio from 8.9 %
down to 7.7 %7. This net stress-test loss in the EBA scenario, is precisely
the initial loss that our model uses as input to trigger a (potential) fire-sales
cascade. Taking as an example the Spanish bank Santander, which had
EUR 594 bn in risk-weighted assets (RWA), a 1.2% loss of RWA in capital
corresponds exactly to an initial loss of EUR 7.13 bn. From the dataset
we know that Santander holds EUR 82 bn direct exposures to Spanish res-
idential and commercial mortgages. Hence an initial shock of 8.7% in our
Scenario 1 corresponds exactly to the severity of the EBA stress-test loss for
Santander. Our 20% shock in this scenario corresponds to an initial loss that
is about 2.3 times the severity of the EBA stress test. Figure 3.1.2 shows
that for different Spanish banks the initial shock size to Spanish residen-

5See a comparison of losses in percentage of gross lending across different countries’
housing crises in Chart 6 of the Norges Bank Staff Memo:http://static.norges-bank.
no/pages/104012/Staff_Memo_5-2015_eng.pdf

"See  http://www.eba.europa.eu/documents/10180/15935/EBA_ST_2011_Summary_
Report_v6.pdf.


http://static.norges-bank.no/pages/104012/Staff_Memo_5-2015_eng.pdf
http://static.norges-bank.no/pages/104012/Staff_Memo_5-2015_eng.pdf
http://www.eba.europa.eu/documents/10180/15935/EBA_ST_2011_Summary_Report_v6.pdf
http://www.eba.europa.eu/documents/10180/15935/EBA_ST_2011_Summary_Report_v6.pdf
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Figure 3.1.2: The initial shocks € to the Spanish residential and commercial real estate
exposures which, for each bank, generate an initial loss equal to 1.2 percent of RWA. Left: for
Spanish banks. Right: For banks with direct exposures in excess of EUR 1 bn.

tial and commercial exposures which generates losses equal to 1.2 percent of
RWA lies between 1.17 % and 8.7%. Taking the weighted (by RWA) average
shock, one obtains an initial shock of 4.7%; the median shock is 2.03%. If
instead of considering Spanish banks only, we consider banks with direct
exposures in excess of 25% of their capital, we obtain the right plot. In this
case, smaller Spanish banks with different business models have dropped out
of the sample. The weighted average shock required to trigger losses equal
to 1.2% of RWA in this case is equal to 9.3%. Overall, for this scenario, a
reasonably severe regulatory stress test would thus fall into the range of 4 -

10%.

We perform the same computations for scenarios 2, 3 and 4, and report the
results in Table 3.1.4 to provide a mapping of our scenario intensities to the

official EBA stress scenario intensity.

Finally, for completeness we note that in Greenwood et al. (2015) and Duarte
and Eisenbach (2013) the initial shocks are given by a 50% fall in GIIPS
debt, and a 1% reduction of all assets, respectively. This corresponds to
initial losses of EUR 343 bn and EUR 233 bn on a system wide level, and
RWAs of 5.3 % and 2.07% for all affected banks, respectively. In comparison

to our scenarios, as well as the EBA official scenario, these initial shocks are
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Correspondence of stress sce- | Scen. 1 | Scen. 2 | Scen. 3 | Scen. 4
nario intensities

Weighted average shock size | 4.71% | 6.38 % | 36.5% NA
that creates EBA-equivalent ini-
tial losses (regional sample)
Weighted average shock that | 9.28 % | 9.14 % | 24.0 % | 33.5%**
creates EBA-equivalent initial
losses (“direct exp. > 25% cap-
ital” sample)

Table 3.1.4: Asset class initial shock that needs to be applied in the four scenarios so as to
generate an average initial loss in height of 1.2% of RWA, corresponding to the EBA stress
scenario intensity. **Only six (small) banks have exposure in excess of 25% of their capital to
these asset classes.

Initial Losses ‘ EBA ‘ Greenwood et al. ‘ Duarte and Eisenbach?®
Net loss to 1.2% 7.63% (GIIPS banks) 2.07% (all banks)
average bank in 7.17% (large exp. banks)

% of RWA 5.25 % (all banks)

Table 3.1.5: Comparison: Magnitude of the initial loss in percent of RWA.

thus quite large. Both Greenwood et al. (2015) and Duarte and Eisenbach
(2013) only consider one specific initial shock and do not vary the intensity

of the stress.

COMPOSITION OF INITIAL SHOCK. The four scenarios that we consider do
not only vary significantly in terms of intensity, but also in terms of their
composition, i.e. which group of banks is affected by the initial losses. A
desirable property of a fire sales model for systemic stress testing is that it
respects the intuition that “dissimilar stress scenarios affect different institu-
tions and evolve differently”. Consequently, one would expect that different
initial loss distributions also lead to different fire sales loss distributions
across banks. To this end, we wish to analyse to what degree the fire sales
model is responsive to the composition of the initial losses. The “initial loss

vector” Lo € R% records the initial loss for each bank in a given scenario.

8Duarte and Eisenbach use a different dataset, so we simply apply the same shock as
they do: 1% loss to all assets.
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We can then assess how similar or different two stress scenarios are by com-
puting the pairwise sample correlations between the initial loss vectors of
two such scenarios. Table 3.1.6 lists the pairwise sample correlations for all

combinations of initial loss vectors resulting from the different scenarios.

Scenarios || 1&2 1&3 1&4 2&3 2&4 3&4
phy || 0.0840 0.2130 -0.1449 -0.0509 0.0394 -0.0149

Table 3.1.6: Sample correlations between the initial loss vectors from the stress scenarios.
The correlations are close to zero and indicate that the four stress scenarios are quite different
in terms of which banks are hit by the initial shock. As one would expect, scenarios 1 & 3 are
the most similar ones.

At the end of the fire sales cascade, we store the final bank-level fire sales
losses in the vector FLoss(e) € R? = (FLoss(1,¢),..., FLoss(90,¢))T and

compute the sample correlation coefficients

FLoss _ Cov(F Loss(eq), F'Loss(ep)) (3.2)

UFL_bss(ea ) 9 FLoss (ev)

a,b

between the loss vectors obtained in different scenarios ¢, and ¢,. If the
fire sales model is sensitive to the composition of the initial shock, then we
expect that a small p27b tends to lead to a low pf; 5055. As we shall see in the
sequel, the (non-)existence of “orthogonal stress scnarios” (Prop. 2.1.5 and

2.3.3) results in drastically different results for the threshold and leverage

targeting model in this respect.

3.2 RESULTS

We now report the results of our systemic stress test for the European bank-

ing system.

To perform the stress test, we use a leverage constraint Amax = 33.3, which
corresponds to the Basel III leverage constraint. An alternative would be

to use as constraint the ratio of capital to risk-weighted assets (RWA), or
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both. Given the limitations of our data set, we have opted for the former,

but the same exercise may be conducted with both, or further, constraints.

As discussed in Section 1.1.3, we assume a target leverage slightly below
the constraint A\, = 0.95Anax = 31.3 in order to have a buffer. We have
conducted the stress test for various values 0.9Anax < Ap < Amax; results
are similar across this range whence for brevity we only report them for
Ap = 0.95 nax. In most examples, fire sales die out after a few rounds; in all
cases we have limited the iterations to 20 rounds and report losses for each

round and the total losse for all rounds.

3.2.1 MAGNITUDE OF FIRE SALES LOSSES

Figure 3.2.1 shows the contribution of fire sales losses to total system-wide
loss in the stress test in the four scenarios. In Scenario 1, we observe that
when stress levels exceed 4-5%, fire sales losses cannot be neglected and may
account for up to 70% of the total loss. This is definitely an argument for
including fire sales and deleveraging effects in a stress test. In Scenario 4,
no fire sales are triggered even for a 20% shock to the asset class. As seen in

Table 3.1.4, this is due to EU banks’ small exposure to these asset classes.

Figure 3.2.2 represents the magnitude of fire sales losses SF'Loss(€) as a
percentage of bank equity for the four different stress scenarios. What is
striking is the existence of a tipping point which separates a stability zone
corresponding to small shocks from a systemic risk zone, where the magni-
tude of losses represents a considerable fraction of bank equity. The existence
of such tipping points is characteristic of the collective behaviour of networks
whose components are subject to thresholds Granovetter (1978). In Scenar-
ios 1 and 2, we observe that the tipping point corresponds to large but not
extreme losses in asset values. This provides an empirical confirmation of

our previous observations on tipping points.



CHAPTER 3. SYSTEMIC STRESS TESTING 104

100
)
© 80 1
IS
L
B 60 1
R
0
2 m Scenario 4 ]
» = Scenario 3
o = Scenario 2
% ——Scenario 1
© 201 b
=
0 . . .
0 5 10 15 20

Shock size (%)

Figure 3.2.1: Contribution of fire sales losses to total system-wide loss, as a function of the
initial stress level.
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Figure 3.2.2: Fire sales losses (as % of bank equity) in the four stress scenarios as a function

of the initial shock size. The fourth scenario does not generate fire sales in the threshold
model.

The results of these plots are based on market depth parameters estimated
as described in Section 3.1.1. In a market stress scenario, these market
depths may however be different. This point may also be seen in terms of
dependence on the liquidation horizon: as observed from (1.14), changing

the liquidation horizon by a factor 7 adjusts the depth parameter by a factor
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/7. The sensitivity of results to both of these may be studied by adjusting
the market depth parameters by a scaling factor; the value 1 corresponds to
the values estimated in Section 3.1.1; values > 1 correspond to an increase

in liquidation horizon, values < 1 correspond to a decrease in market depth.

Figure 3.2.3 analyses the dependence of system-wide fire sales losses SF Loss(e)
on this scaling factor. We observe the sensitivity of the result on the market
depth level, which underlines the importance of a proper estimation proce-
dure for these parameters. What is more, we can distinguish three regimes
for SFLoss(€,0scare) (Where dgeqie is the market depth scaling factor and

viewed as the second variable of SF'Loss): (i) no fire sales (losses) for small

*
19

shocks € < min; €}, (ii) significant fire sales losses on the order of 10-20%
of bank equity for sufficiently large stress levels in presence of large market
depth, (iii) a region of high systemic risk, where fire sales losses deplete a
large proportion of bank equity. The boundary between the regimes may be
attained either by increasing the stress level € or by decreasing the market
depth scaling factor. In both cases, there is a tipping point above/below

which large-scale deleveraging is triggered.

The “magnitude” of the meltdown depends on the market depth and varies
roughly between 90% and 110% of system equity. Using a market depth
scaling factor of 0.5 for instance further increases these losses to around
120% of system equity. We believe that any fire sales study should therefore
by default include a rigorous sensitivity analysis with respect to the market

depth parameter.

3.2.2 ILLIQUIDITY AND INSOLVENCY

Most theoretical models of financial contagion have focused exclusively ei-
ther on insolvency or on illiquidity as the cause of bank failure, while bank

stress tests have traditionally focused exclusively on solvency of banks. As
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Figure 3.2.3: The fire sales losses as a function of the initial shock and the estimated market
depth for the threshold model. We can clearly distinguish three regions: (i) no fire sales;
(ii) fire sales contagion with losses between 10 - 20% of system equity, (iii) region of high
systemic risk: a large portion of the banks default (i.e. absent regulatory intervention large
scale contagion is to be expected). This shows that the market depth has a highly significant
impact on the estimated losses and the extent of contagion.

discussed in Sections 1.1.6 and 1.2.2, our model allows for both possibilities:
a bank may become insolvent due to asset losses, or become illiquid when all
marketable assets have been sold. The model thus allows to examine which

is the principal mode of failure in the stress test.

Note that this distinction is not available in Greenwood et al. (2015), Duarte
and Eisenbach (2013): their assumption that all assets are available for lig-
uidation entails that the only situation where an institution becomes illiquid
is when there are no more assets available for liquidation, which implies that

it is also insolvent.

We proceed now to analyse the number of failures respectively due to illig-
uidity and insolvency as a function of the initial stress level. The right (left)

panel of Figure 3.2.4 displays the number of banks which become insolvent
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Figure 3.2.4: Left: Number of insolvent banks as a function of number of rounds of delever-
aging and initial stress level. Right: Number of illiquid banks as a function of number of
rounds of deleveraging and initial stress level.

(resp. illiquid) at a given number of rounds of deleveraging, as a function of
the initial stress level. We observe that insolvency is far from being the only
mode of failure: depending on stress levels, 10 to 20 banks are expected
to default due to illiquidity, yet remain solvent. We also note that from
the right panel, we can read that there are two waves of illiquidity defaults
occurring: a first one in the few rounds immediately after the initial shock,
and a second one after about 10 iterations of the cascade. This illustrates
how contagion occurs between rounds five and ten in absence of banks de-
faulting, but precisely because of the actions that banks take to prevent

their own default.

Figures 3.2.5 and 3.2.6 show respectively the number of failures due to insol-
vency and those due to illiquidity as a function of the market depth scaling
factor and the initial shock size. We can see that, while the number of in-
solvent banks increases with the stress level, the number of failures due to
illiquidity is non-monotone: it is maximal in the range of moderate shocks
(between 5% and 10%) but then decreases as the shock level increases and
insolvency becomes the main mode of default. This is particularly relevant,
as we previously identified a shock of 4.9% to correspond precisely to the

EBA stress scenario intensity. On this point we also note that our model
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Figure 3.2.5: Number of banks failing due to insolvency in the systemic stress test.

does not include any bankruptcy costs. Inclusion of such losses would only

amplify the effects we observe.

3.2.3 SECOND AND HIGHER ROUND EFFECTS

We end this section by discussing the impact of the number of rounds of
the fire sales cascade. Although in theory deleveraging may continue for
many rounds (and, in the leverage targeting model, for an infinite number of
rounds), previous empirical studies have mostly focused on a single round of
deleveraging. Findings in Greenwood et al. (2015) and Duarte and Eisenbach
(2013) seem to suggest that simulating fire sales for several rounds compared
to one or two rounds does not lead to significantly different results - the
main effects of fire sales seem to be captured by one iteration. A possible
explanation for these results is that, as noted above in Section 3.1.2, the
initial shocks are quite large in these studies, and for this reason contagion
in higher rounds plays less of a role. We nuance these findings and emphasise

several effects which only become visible at second or higher rounds.
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Figure 3.2.6: Number of banks failing due to illiquidity in the systemic stress test.

First, as observed in Figure 3.2.4, many bank failures occur only at higher
rounds, especially failures due to illiquidity. Only examining a single round
of the feedback loops thus leads to an underestimation of the number and

severity of bank failures.

Second, the left panel in Figure 3.2.7 shows the fire sales loss at each round
k on a log scale for the estimated market depth. The right panel in Figure
3.2.7 shows the ratio of total loss (20 rounds) to the first round loss, as a
function of the initial stress level. The non-monotone feature of this depen-
dence shows that fire sales contagion is most important for moderate stress
levels, which trigger deleveraging but are not extreme enough to generate
insolvency at the first round. In this case, second and higher rounds consid-
erably change the outcome in terms of total loss level and number of bank

failures.
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Figure 3.2.7: Left: Fire sales losses as a function of the iteration step at the estimated market
depth for the leverage targeting model (dashed), and the threshold models with Ay = Amax
(full) and Ay < Amax (circles). Right: Ratio of fire sales losses from full cascade to fire sales
losses from first round only as a function of the initial shock size.

3.2.4 INDIRECT EXPOSURES

To assess how large indirect exposures may be in the European banking
system, we use the results of the previous subsection to examine the magni-
tude of indirect exposures of European banks to residential and commercial
mortgages. A first observation is that most European banks tend to have
very few mortgages or loans outside of their own country, so direct exposure
to foreign residential and commercial mortgage is zero in most cases, except
for a few multinational banks. Given the large volume of mortgages on bank
portfolios, it is generally assumed that the domestic housing market is the
main risk factor for commercial bank portfolios. However, as we shall see
now, European banks also have substantial indirect exposures to commercial
and residential mortgages in other European countries where they do not

issue loans.

The left panel in Figure 3.2.8 displays the (total) loss for two banks in
our sample, HSBC and Santander, in the scenario where banks suffer losses
on Spanish real estate exposures (Scenario 1). Santander, a major Span-
ish bank, holds a lot of Spanish mortgages on its portfolio, representing a

notional exposure of 82.7 bn EUR, which corresponds to the slope of the
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loss for shocks less than 3%, where no deleveraging occurs. HSBC, on the
other hand, holds very few Spanish mortgages (less than 0.5 bn EUR) so its

notional exposure to this asset class is much lower.

When losses on Spanish real-estate holdings exceed 3.5% of the notional
value of the exposures, some Spanish banks start breaching their leverage
constraints and deleverage their portfolios. At this point indirect losses lead
to a sharp increase in the loss level. For a 5% shock level, the total loss for
Santander lies somewhat over 25 bn EUR, which corresponds to an indirect
exposure exceeding 500 bn EUR! In this regime, the indirect exposure is
clearly the main source of losses. This deleveraging by Spanish banks then
affects HSBC through price-mediated contagion: as the shock level increases
from 2.75% to 3.45%, the fire sales loss for HSBC jumps from 36 M to 2.8
bn EUR. For a 4% shock level, HSBC’s indirect exposure to Spanish real
estate is close to 70 bn EUR, which corresponds to 2.8 bn EUR of losses
due to indirect contagion. Note that in the case of HSBC, the indirect loss
corresponds to 140 times its notional exposure to this asset class! This
example suggests that in stress scenarios which are sufficiently severe to
trigger fire sales, actual losses can be much higher than what is suggested

by notional exposures. The difference corresponds to indirect exposures.

The right-hand graph in Figure 3.2.8 displays the magnitude of indirect
exposures corresponding to these losses. We see that the indirect exposure of
Santander, which mainly stems from its own deleveraging and deleveraging
by other Spanish banks with similar assets, sharply increases when the shock
size reaches the threshold of 3%, then peaks around 4%: as the stress level
increases beyond a certain level, some banks become insolvent or illiquid,

and cease to contribute to fire sales spillovers.

As illustrated in the right panel in Figure 3.2.8, these indirect exposures

clearly depend on the severity of the stress scenario considered, the bank’s
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initial exposures, and the exposure and constraints of other portfolios hold-
ing similar marketable assets. An implication is that one cannot mimic the
impact of indirect contagion by simply applying a higher stress level for all

banks, as is implicitly done in current supervisory stress tests.

Table 3.2.1 reports indirect exposures to Spanish real estate for several other
European banks. Comparing with their notional exposures, we observe that
non-Spanish banks have a substantial indirect exposure to Spanish real-
estate which is not revealed by inspecting their notional exposures to this
asset class, which are between ten and a hundred times smaller. This indirect
exposure is due to the overlap in marketable assets with banks that are
directly exposed to the Spanish housing market. The main asset classes
contributing to this overlap are Spanish, UK, US, and Asian corporate bonds

as well as Spanish, Asian, non-emerging EEA, and US government bonds.

These observations are not particular to the Spanish real estate sector or
indirect exposures of UK banks. Other examples, which we do not report
here for the sake of brevity, also show that in the European banking system
a stress scenario affecting the commercial or residential real estate sector of a
given country may generate significant losses arising from indirect exposures

for foreign banks.

45 700
40 = Indirect exposure Santander
& 600 = = Indirect exposure HSBC
.35 S
L 2 500
u&' —Loss Santander e
@25 ~ —Loss HSBC £ 400
7 2
8% 8300+
= [
815 =
K 8 200
10 5
c
5 e/ TTTTTTETTT 100 |
-
0 ‘ : 0
0 5 10 15 20

Shock size (%) Shock size (%)

Figure 3.2.8: Left: Losses arising from a depreciation in Spanish real estate, for HSBC
and Santander, as a function of the depreciation level (horizontal axis). Right: The indirect
exposures corresponding to these losses.
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Bank Santand.| BBVA Deutschey HSBC RBS Nordea
Bank

Notional exposure

to Spanish real-estate || 82.7 82.5 8.88 0.452 2.68 0.003

Indirect exposure 29.2 27.2 1.60 0.84 2.43 0.050

to 2% shock

Indirect exposure 385 280 64.0 61.9 58.7 6.40

to 5.5% shock

Indirect exposure 217 169 60.9 58.1 45.8 7.21

to 10% shock

Capital 42.0 24.9 37.6 86.90 59.0 19.1

Table 3.2.1: Estimated direct and indirect exposures (billion euro) of selected banks to Spanish
commercial and residential real estate.

The concept of indirect exposures may also be defined at the country level.
Figure 3.2.9 shows the indirect exposures of European banks (aggregated
by country) to the Spanish housing market (left panel: normal scale, right
panel: logarithmic scale). Initial losses below 1% of the notional value of
the exposures do not trigger fire sales, and do consequently not generate any

indirect exposures.

As the stress level increases beyond 1%, fire sales are triggered and spillover
losses materialise; when the initial shock size exceeds 3%, contagion increases
fire sales losses by 2 - 3 orders of magnitude. What is striking is that these
thresholds — 1%, 3% — are not large, suggesting that indirect exposures
and losses arising from price-mediated contagion cannot be ignored in stress
tests. The left panel of Figure 3.2.9 reveals that, after Spanish banks, British
banks have the largest indirect exposure to the Spanish housing market.
Table 3.2.2 reports estimated indirect exposures for different stress levels

for the countries highlighted in Figure 3.2.9.

Overall, the direct exposure of European Banks to the Spanish residential
and commercial real estate sector is 740 bn EUR. When averaged both across
all banks and all shock sizes (between 0 and 20%), the indirect exposures

amount in this example to 184% of the direct exposures, which is non-
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negligible. To be clear, in the event of a meltdown of the Spanish housing
sector, banks will, on average, be affected for up to 184% of their actual

holdings in Spanish mortgages.

This clearly means that the housing market in one European country can
strongly affect banks of other European countries, an issue which can only

be tackled by macroprudential policies applied at a Europe-wide level.”

These indirect exposure figures, as all other results obtained in the stress
tests, are sensitive to assumptions on market depth, or, alternatively, on
the liquidation horizon. Figure 3.2.10 shows the estimated fire sales losses
to the UK banking system as a function of the stress level to Spanish real
estate and the market depth scaling factor. Similarly, Figure 3.2.11 shows
the estimated indirect exposure of the UK banking system to the Spanish
housing market as a function of the stress level and the market depth scaling
factor. Reading the graph from front to back, we see that a contraction of
market liquidity can greatly exacerbate fire sales losses: there is a tipping
point at which losses jump from roughly 10 bn EUR to several hundred
billion euro, and analogously indirect exposures increase from roughly 100

bn to several trillion EUR.

Indirect exposures and the losses arising from them provide a more palpable
explanation of how an initial loss of about 500 bn USD in the US subprime
sector was able to balloon into trillions of dollars of losses across multiple

asset classes during the financial crisis.

3.2.5 RELEVANCE FOR MACROPRUDENTIAL STRESS TESTS

Given the magnitude of indirect contagion, it is not surprising that account-

ing for indirect losses can modify the outcome of bank stress tests. To show

90n this point, we note that Brexit does not act as a barrier for price-mediated conta-
gion.



115

CHAPTER 3. SYSTEMIC STRESS TESTING

2000

A

h o 6B 12
—~ [IRY 10°°1
% A * FR 7
o 1500 oA * DE S
c I \ + PT w
=2 ' \ - -ES °
< \ 5 1010t
5 1 \ 2
2 1000 | | N I3
& 1 AN 3
g ' . g
o ! Tea 5 10°
£ 500~ I ~< K]
£ Isoo S-=a =

1 Q%00 o

Jkxy Ooooo‘g - =ES
- M&my
0 Leo® == 106 L L L J

0 5 10 15 20 0 5 10 15 20
Shock size (%) Shock size (%)

Figure 3.2.9: Indirect exposures of European banks, aggregated by country, to the Spanish
housing market. The countries with the highest indirect exposures are listed in the legend.
Three levels of “no indirect exposure”, “intermediate indirect exposure” (up to 10 bn EUR),
and “large indirect exposure” (> 100 bn EUR) are visible as a function of the initial shock
intensity.

Country Direct ex- Indirect ex- Indirect ex- Indirect ex-
posure (bn posure (bn posure (bn posure (bn
EUR) EUR) EUR) EUR)
Stress level: Stress level: Stress level:
1% 2% 3.5%
ES 22.8 0 101.3 1662.4
GB 7.9 0 3.7 293.2
FR 15.9 0 4.1 196.4
DE 2.4 0 3.2 183.9
PT 697.0 0 1.6 127.4

Table 3.2.2: Indirect exposures to Spanish mortgages of EU banks by country in billions of
euros. For shocks below 1%, no fire sales occur and indirect exposures are zero. Shocks
around 2% create significant indirect exposures within Spain, but negligible ones for other
European countries. Initial shocks larger than 3.5% trigger large scale contagion that may
result in cross-border spillovers. This is reflected by significant indirect exposures on the order
of 100Bn EUR for other European countries.

this more clearly, we compare the outcomes of a bank-level stress test, where
the (direct) loss resulting from initial stress is compared to its capital, with
that of a systemic stress test, where we also account for fire sales spillovers

which may follow from the initial loss.

Figure 3.2.12 plots, as a function of the shock size, the number of banks (out
of 90 banks) in the sample which have enough capital to sustain the initial
losses but become insolvent after a single round of fire sales is accounted

for (at the estimated market depth). For moderate stress levels (5-10%) we
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Figure 3.2.10: Fire sales losses (in EUR) suffered by the UK banking system after a shock to
Spanish residential and commercial mortgage exposures as a function of the stress level and
market depth. Even with optimistic market depth estimates, when the initial shock is above
3%, fire sales losses are non-negligible.

identify up to 10 banks (in Scenario 1), reported in Table 3.2.3, which pass

the bank-level stress test but fail the systemic stress test.

Figure 3.2.13 shows the number of banks that fail the bank-level stress test
but fail the systemic stress test as a function of the initial stress level and
the market depth scaling factor for all rounds. We see that the discrepancy
between the outcomes of the systemic and single-bank stress test is pre-
cisely largest in the regions corresponding to moderate to large stress levels

typically used in supervisory stress tests.

These results illustrate that the contagious losses from fire sales can be of
a sufficiently large magnitude to change the outcome of bank stress tests.
We further note, that this comparison was limited to solvency defaults only;
including illiquidity defaults, and accounting for bankruptcy costs which we

ignore, will increase the number of banks that fail the systemic stress test
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Figure 3.2.11: The indirect exposure (in EUR) of the UK banking system to the Spanish
residential and commercial mortgage market as a function of the stress level and market
depth. Even with optimistic market depth estimates, when the initial shock is above 3%,
indirect exposures are non-negligible.

even though they passed the individual bank stress test.

1071
=—=Scenario 1
= =Scenario 2
g 8 [ =#—Scenario 3
=]
®
3
B 6f
%)
2
IS
B 4t
1
o)
o
5
z 27
;)"
0 o
0 5

Shock size (in %)

Figure 3.2.12: Number of banks with sufficient capital to withstand the initial stress, but
failing to withstand the losses due to indirect contagion after a single round of deleveraging.
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Figure 3.2.13: Number of banks with sufficient capital to withstand the initial stress, but
failing to withstand the losses due to indirect contagion.

3.2.6 WHY INDIRECT EXPOSURES CANNOT BE REPLICATED IN SINGLE

BANK STRESS TESTS

An argument sometimes advanced to avoid moving to a systemic stress test-
ing framework is that, while fire sales effects are important and contribute to
amplifying losses, their effect can be mimicked in bank-level stress tests by
applying more severe shocks, without simulating fire sales in a detailed man-
ner. We know from a comparison of coefficients in the theoretical analysis
in Section 2.1.4 that this claim is not valid in general. Let us now examine
this point quantitatively in more realistic empirical setting using the EBA

dataset.

Figure 3.2.14 compares bank-level losses in the systemic stress test with fire
sales (vertical axis) to losses of the same banks in a stress test without fire
sales, but with severity of the shock chosen so that the total system-wide
loss is equal in the two stress test configurations (horizontal axis). In this
plot the scaling is solely done on the illiquid assets, ¢; from 2.1.4, and there

is no scaling on liquid assets, ca = 0.
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Scenario | Banks failing systemic stress test

after 2 rounds of fire sales

1 BFA-BANKIA

Caja de ahorros y pensiones de Barcelona

Banco de Sabadell

Banco popular Espaol

Caixa d’Estivalis de Catalunya, Tarragona i Manresa
Caixa de Aforros de Galicia, Vigo, Ourense e Pontevedra
Groupe BMN

Bankinter

Caja de Ahorros y M.P. de Zaragoza, Aragon y Rioja
Banco Pastor

2 Lloyds Banking Group

Unicredit

ING

DnB NOR

Nordea Bank

SEB

Svenska Handelsbanken

Swedbank

Table 3.2.3: EU banks that pass the single-bank stress test for a stress level of 10% but fail
the systemic stress test after a single round of fire sales.

As is clearly visible from this figure, the distribution of losses across banks
is fundamentally different in these two cases. No amount of scaling at the
level of macro-shocks defining the stress scenario can adjust for the cross-
sectional heterogeneity of indirect exposures. Thus, even if the stress level
is adjusted to make the total loss in the banking system equal in both stress
tests, the allocation of losses across banks is essentially different once fire
sales are accounted for. This is a strong argument for including a proper

model of fire sales into any macroprudential stress testing framework.

In Figure 3.2.15, we set ¢; = 0 and instead try to account for the fire sales
loss by scaling co, which affects the marketable assets. Again, the scaling is
chosen such that the total loss is exactly equal to the total loss computed
with the fire sales model. Again, clearly, we are unable to reproduce the
cross-sectional distribution of fire sales losses, with the bias being on the

order of three orders of magnitude for some banks!
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Figure 3.2.14: Scatter plot of the bank-level losses in a stress scenario with fire sales (vertical
axis) against the bank-level losses estimated from an adequately scaled larger macro shock
(horizontal axis). Clearly, it is not possible to account for fire sales in a stress scenario by using
a larger initial macro shock. As the graph shows, even when the shock is scaled such that
the same total loss is generated, the distribution of losses across banks will be fundamentally
different.
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Figure 3.2.15: Scatter plot of the bank-level losses in a stress scenario with fire sales (vertical
axis) against the bank-level losses estimated from an adequately scaled uniform shock to the
liquid assets (horizontal axis). It is not possible to account for fire sales in this setting either.
As the graph shows, even when the shock is scaled such that the same total loss is generated,
the distribution of losses across banks will be fundamentally different.
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3.3 ROBUSTNESS TESTS

In this section, we perform an important robustness check on the response
function by letting banks optimise the order in which they liquidate the
assets in their marketable portfolio, seeking to minimise the fire sales losses
by selling more liquid assets first. Furthermore, we compare the results of
the systemic stress test performed in the previous section to those obtained if
a leverage targeting response function is used. We will argue that we believe
the leverage targeting response function not to be adequate for modelling

fire sales in systemic stress tests.

3.3.1 PRICE-IMPACT MINIMISING DELEVERAGING

The left panel in Figure 3.3.1 shows the fire sales loss as a function of the
market depth scaling factor and initial shock size under proportional delever-
aging, whereas the right panel shows the same plot under sequential delever-
aging, i.e. selling the most liquid asset first. Quite astonishingly, the graphs
look remarkably similar, the optimising behaviour of banks does not have a
large effect on the system outcome, we only notice that the “high systemic

risk region” only starts for lower market depth scaling factors.

Fire sales loss (% of system equity)
Fire sales loss (% of system equity)

10

3 0 Shock size (%) 3 0 Shock size (%)
Market depth scaling factor Market depth scaling factor

Figure 3.3.1: Fire sales losses as a function of the market depth scaling factor and the initial
shock size under proportional deleveraging (left) and sequential deleveraging (right).
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Figure 3.3.2: Left: Bank-level losses under different optimised deleveraging strategies vs
proportional deleveraging for Scenario 1. Right: Bank-level losses under sequential deleveraging
vs proportional deleveraging for the three scenarios in which fire sales are triggered.

The left panel in Figure 3.3.2 shows bank-level losses under different loss
minimising strategies versus the bank-level losses under proportional delever-
aging. The graph is produced on the boundary of the systemic risk region
of scenario 1, showing that for some banks this has a large effect (using the
optimal strategy, or the heuristic strategy of selling proportional to the mar-
ket depth. The right panel shows bank-level losses under loss minimising
deleveraging versus proportional deleveraging in the three different scenar-
ios. Again, the market depth and initial shock size are chosen such that the
scatter plot is produced for the boundary of the high systemic risk region
of Scenario 1. In Scenarios 2 and 3, bank-level losses are almost identical

under the different deleveraging schemes.

Overall, we see that an optimising behaviour by banks does not change
the results in practice to any significant degree. Reasons for this may be
twofold: First, when all banks “run for the exit” (Cont and Wagalath (2013),
Pedersen (2009)), the asset class that everybody thought to be liquid turns
out to be less liquid ex-post because ex-ante beliefs of liquidity lead to a
disproportionately large selling volume. Second, it could be an artefact of
the dataset’s level of granularity. Further analyses of this type on different

datasets seem therefore warranted.
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3.3.2 COMPARISON TO LEVERAGE TARGETING MODEL

We now turn to comparing the results obtained in the systemic stress test
when using a leverage targeting response function rather than our proposed

threshold model.

MAGNITUDE OF FIRE SALES LOSSES.

The left panel in Figure 3.3.3 shows the fire sales loss as a function of the ini-
tial shock size for the four scenarios, when using the threshold model (solid
lines) and the leverage targeting model (dashed lines). A striking feature is
that, while the 4 scenarios lead to different outcomes in our model, they lead
to almost the same outcome in the leverage-targeting model. Moreover, in
the leverage targeting model, fire sales losses are essentially independent of
the initial shock size. This shows that losses in the leverage targeting model
are not driven by the initial shock size but by the rebalancing generated by
the leverage targeting rule. This leads, we believe, to a significant overesti-
mation of the importance of fire sales, in particular for small initial shocks.
Indeed, the right panel in Figure 3.3.3 shows the contributions of the fire

sales loss to the total loss, which is largest for the smallest shocks.

Importantly, these findings are not a particularity of the estimated market
depth level. As the right panel in Figure 3.3.4 shows, the leverage target-
ing model actually predicts large scale contagion across the entire financial
system for all combinations of initial shock sizes and market depth scaling
factors. Comparing the two panels in Figure 3.3.4, we see that the total
loss in both models indeed only agrees in the “systemic risk region”. In all
other regions, which are of importance for systemic stress testing, there is a

substantial difference between the results of the two models.
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Figure 3.3.3: Left: The fire sales loss in each scenario as a function of the initial shock size
at the estimated market depth under the threshold model (solid lines) and leverage targeting
model (dashed lines). Right: The proportion of the total loss due to fire sales as a function of
the initial shock size.
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Figure 3.3.4: The fire sales loss in percent of total bank equity as a function of the initial
shock size and the market depth scaling factor under the threshold model (left) and the
leverage targeting model (right). The models disagree strongly in all regions, except for the
“high systemic risk” region.

BANK-LEVEL LOSSES.

We now compare the fire sales loss estimates of the two models at the level
of individual institutions. Figure 3.3.5 compares bank-level fire sales losses
under the leverage targeting model, using the same market depth estimates.
Almost all banks’ fire sales losses are larger by several orders of magnitude
in the leverage targeting model in comparison with the threshold model.
This figure shows that fire sales losses are not only larger on a system-wide
level in the leverage targeting model (as seen in 3.3.4), but are higher at

the individual bank level. The initial shock and market depth estimate



CHAPTER 3. SYSTEMIC STRESS TESTING

125

parameter combination in scenario 2 lie in the “systemic risk region”. In

this case, both models agree very well actually. However, given that almost

all banks default in this case, this is a somewhat trivial observation.
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Figure 3.3.5: Bank-level fire sales losses under the leverage targeting model with heteroge-
neous market depths vs. the losses in the threshold model with heterogeneous market depths

(on logarithmic scale).

IMPACT OF HETEROGENEITY IN MARKET DEPTH.

Greenwood et al. (2015) assume the same market depth parameter for all

asset classes, whereas our estimation, shown in Figure 3.1.1, yields a het-

erogeneous distribution of market depth across asset classes. To investigate

the influence of this heterogeneity, we compare bank-level losses with losses

in a model with uniform market depth D computed as a holdings-weighted

average:

>

(AT

IL; ,,
D

(3.3)
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Figure 3.3.6: Scatter plot of bank-level fire sales losses under the threshold model with het-
erogeneous and uniform market depths respectively. The use of the equivalent uniform market
depth increases fire sales loss estimates considerably compared to the case of heterogeneous
market depth.

Figure 3.3.6 shows a huge impact of heterogeneity in market depth when
estimating fire sales losses: when using the equivalent uniform market depth,
the losses suffered by institutions increases - sometimes by more than three
orders of magnitude. The reason is that the equivalent market depth reduces
the liquidity of the most liquid asset classes under the heterogeneous depth
estimates. As there is a positive correlation between the liquidity of an asset
class and its market cap (or notional amount outstanding), the reduction of
the estimated market of the most liquid asset classes has a significant effect
on the results. In this case, the shift is sufficiently important for large scale
contagion also to materialise in scenarios 1 and 3. Again, this clearly shows
that bank stress tests with fire sales require a careful estimation of market

impact/ market depth parameters for each asset class.

For completeness, we make two further comparisons in Figure 3.3.7: In the
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top panel we compare bank-level fire sales losses using heterogeneous vs
uniform market depths under leverage targeting dynamics. The difference is
less striking than in Figure 3.3.6, the reason being that the dynamics of the
leverage targeting model lead almost all banks to default regardless; hence
accounting for heterogeneity in asset class liquidity becomes less important.
In the lower panel, we compare bank-level losses when comparing the Green-
wood et al. (2015) setting (leverage targeting & uniform market depth) to
our setting (threshold model & heterogeneous depth). The results are quali-
tatively similar to those in Figure 3.3.5, but starker, as the effects of leverage

targeting dynamics and uniform market depth choice get compounded.

SENSITIVITY TO COMPOSITION OF INITIAL SHOCK.

As final comparison between the threshold model and the leverage target-
ing model, we analyse their responsiveness to the composition of the initial
shock. As shown in Chapter 1, under weak conditions, the threshold model
guarantees the existence of “orthogonal stress scenarios”, whilst such sce-
narios do not exist under leverage targeting dynamics. We will now analyse

how relevant these properties are in practice.

Figure 3.3.4 illustrated that the fire sales losses under leverage targeting
dynamics seem not to depend on the size of the initial shock. As we shall see
now, they do not depend on the composition of the initial shock either, i.e.
the fire sales loss distribution barely changes even when the stress scenario
itself changes. The black crosses in Figure 3.3.8 mark the initial bank-
level losses under Scenario 1 and 2 respectively. As noted in Table 3.1.6,
the initial losses that individual banks suffer in these two scenarios are very
different; this is reflected here by the black crosses not lying on the diagonal.
The blue asterisks and red circles correspond to bank-level total losses when

accounting for a single round of fire sales under the threshold model and
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Figure 3.3.7: Top: Bank-level losses when comparing the use of heterogeneous vs uniform
market depth with the leverage targeting response function. Bottom: Bank-level losses when
comparing the Greenwood et al. (2015) setting (leverage targeting & uniform market depth)
to our setting (threshold model & heterogeneous depth).
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leverage targeting model respectively. Figure 3.3.9 shows the same bank-
level losses after having iterated the fire sales cascade for 8 rounds. While,
in the threshold model, the losses that some banks suffer in Scenario 1 differ
by several orders of magnitude from the losses that they suffer in Scenario
2 (indicated by the blue asterisks lying significantly off the diagonal line),
rather counter-intuitively, the losses suffered by banks in Scenario 1 and
2 are estimated to be almost the same in both scenarios by the leverage

targeting model.

Loss after 1 rounds.
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Figure 3.3.8: Bank-level initial losses (black crosses), and bank-level first round fire sales
losses in Scenario 1 (horizontal axis) and scenario 2 (vertical axis) under the threshold model
(blue asterisks) and leverage targeting model (red circles).

The left panel of Figure 3.3.10 shows that across a wide range of shocks, the
use of the leverage targeting model leads to a very high correlation between
the loss vectors (3.2) in different scenarios. In contrast, these correlations are
quite moderate when using the threshold model, showing that the threshold
model respects the intuition that different stress scenarios evolve differently.

These results are particularly striking in light of the fact that the initial
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Loss after 8 rounds.
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Figure 3.3.9: Bank-level initial losses (black crosses), and bank-level fire sales losses after
eight rounds in Scenario 1 (horizontal axis) and scenario 2 (vertical axis) under the threshold
model (blue asterisks) and leverage targeting model (red circles). While the heterogeneity
of the initial losses leads to a heterogeneous cross-sectional distribution under the threshold
model, individual bank losses have converged to essentially the same loss under the leverage
targeting model.

loss vectors are close to being orthogonal. The right panel of Figure 3.3.10
shows the total loss vector correlations as a function of the cascade iteration
round for an initial shock size of 15 % at the estimated market depth. In the
first 3-4 iterations, through rebalancing of portfolios, the leverage targeting
model “smooths out” fire sales losses evenly across banks, which results in
the (I believe unrealistic) consequence that the final loss distribution across

banks is almost independent of what the initial stress scenario was.

The panels in Figure 3.3.11 illustrate, for the Scenario-combination 1 & 2,
that this is not a particularity of the market depth choice. Indeed, for a
wide range of market depth scaling factors and shock sizes, the correlation
ranges between 0.85 and 1 under the leverage targeting dynamics, while

correlations range between 0.1 and 0.4 in all regions, except the systemic
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Figure 3.3.10: Left: Cross-sectional correlations of fire sales losses across banks as a function
of the initial shock size. Right: Cross-sectional correlation of fire sales losses across banks as
a function of the iteration step. The threshold model (full lines) retains the heterogeneity in
the input scenario. This information is gradually lost in the leverage targeting model (dashed
lines): Losses are smoothed out during the course of a fire sales cascade such that losses,
despite arising from initially different scenarios, still converge to a nearly identical distribution.

risk region under threshold dynamics.

Finally, the left and right panels of Figure 3.3.12 show the correlation of the
fire sales loss vectors between scenarios 1 and 2 as a function of the iteration
step k and the market depth scaling factor for the leverage targeting model
and the threshold model respectively, given a fixed initial shock of 13%. In
the leverage targeting model, over the first 3 - 4 rounds, the correlation
steeply increases from 0 to 1 for the entire range of market depth scaling
factors. In contrast, the correlation is low and stable for a large range
of market depth scaling parameters under the threshold model dynamics.
Trivially, if both scenario specifications are in the systemic risk region, where
large scale contagion occurs and most banks default, the correlation between
the loss vectors of these scenarios is close to 1. Overall, this property makes
the “number of rounds” an even more delicate parameter of the leverage

targeting model.
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Figure 3.3.12: Correlation between the loss vectors in Scenarios 1 and 2 as a function of
the market depth and cascade iteration step, for a fixed initial shock of 13% under leverage
targeting dynamics (left) and threshold model dynamics (right).

3.4 FROM ASSETS TO ASSET CLASSES: A STUDY ON ISIN-LEVEL

SUPERVISORY DATA FROM NORWAY

In the following section, we combine two proprietary and highly granular
datasets of the Norwegian Central Bank, Norges Bank, to study the effect of
choosing different levels of aggregation for the marketable asset classes on the
magnitude and cross-sectional distribution of fire sales. In addition to that,
we use the dataset to present some evidence in favour of the proportional
deleveraging assumption. In Chapter 4, we will use the same data to propose

a systemic vulnerability indicator for fire sales risk.
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3.4.1 DATA: STYLISED FACTS AND MODEL CALIBRATION

The first dataset (ORBOF) contains monthly bank balance sheet informa-
tion for all Norwegian banks from 1986 - 2014. The second dataset from
the Norwegian Central Securities Depository (CSD) “Verdipapirsentralen
(VPS)” covers for the period 2006 - 2014, at a monthly frequency, the end-
of-month portfolio holdings in all Norwegian registered securities by all Nor-
wegian and foreign institutions at the ISIN level 9. The datasets have been
merged by Statistics Norway (SSB) and each institution is identifiable via
a unique annonymised numerical identifier. This allows us to reconstruct
at a monthly frequency the (Norwegian registered) marketable assets of the
banks’ portfolios for the period 2006 - 2014. Moreover, it gives us a full
picture (at monthly frequency) of the trading of Norwegian assets by banks,
funds, insurance companies and foreign investors. This latter point will be

particularly helpful to calibrate the market depth of the assets.

SECURITIES HOLDING DATA. Table 3.4.1 lists the most important variables

for each data point in the securities holding data.

Table 3.4.2 provides an overview of the market participants in the Norwegian

securities market.

BANK BALANCE SHEETS. A core step is to combine the aggregate level
bank balance sheet data with the granular portfolio data from the securities
holdings data to reconstruct individual banks’ marketable assets portfolios.

Table 3.4.4 shows a stylised balance sheet from our model. The category

10The dataset contains on average 2M observations per month, with 28 variables for
each data point.

2Data only starts in 2011, and increases rapidly from 0 to 70, then jumps to above
200. We assume that this is due to the phasing in of the collection of this variable and
therefore discard all entries below 200. By including this, we get an average of 178 and a
standard deviation of 121.
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Variable

ISIN
Unique owner ID

Institutional sector of owner
Industrial sector of owner

Market value of holdings

Gross amount sold over last month
Gross bought over last month
Security issuer 1D

Security type

Industrial sector of security issuer
Institutional sector of security issuer
Security market price

Comment

Unique security identifier: the “u”
granular level

Institution 4. If i is a bank, the ID allows
matching with the balance sheet dataset.

cf. Table 3.4.2

ISO NACE-standard

This is precisely II"* in NOK

In NOK

In NOK

Unique (annonymised) security’s issuer ID

cf. Table 3.4.3

ISO NACE-standard

cf. Table 3.4.2

End-of-month, in NOK

at its most

Table 3.4.1: The most important variables that are collected for each observation in the

securities holding dataset.

Institutional Sector (SSB Code) | number (u,0) | % holdings % volume
Private enterprises (2100) 23540 (2032) | 14.68 (3.10) | 1.37 (0.67)
Banks (3200) 143 (7) 11.78 (3.10) | 55.75 (8.48)
Mortgage companies (3500) 14 (4) 1.60 (0.87) 0.71 (0.68)
Mutual funds (4300) 220 (12) 477 (1.21) | 0.56 (0.39)

Life insurance & pension 120 (16) 11.84 (1.43) | 1.00 (0.58)

funds (5500)

Central government (6100) 10 (6) 21.90 (1.79) | 9.03 (3.54)
Rest of the world (9000) 9178 (1176) | 33.42 (4.46) | 31.96 (10.67)

Table 3.4.2: Market participants by institutional sector and summary statistics on holding

and trading.

Asset class Number % of wealth | % of trading

Equities 1423 (108) | 56.44 (12.01) | 31.03 (10.57)

Bonds 2100 (120) | 33.40 (6.57) | 35.67 (10.03)

Gov. bonds 22 (4) 1| 15.77 (4.08) | 15.77 (4.08)
Covered bonds | 274 (12) 12 | 5.98 (2.26) 5.98 (2.26)
Equity certificates | 427 (77) 6.40 (3.16) 22.71 (9.80)
Warrants 594 (227) 2.26 (0.91) 0.24 (0.41)
Other 470 (67) 0.84 (0.14) 0.65 (0.39)

Table 3.4.3: Summary statistics of security type, aggregate value by type and trading volumes

by type.

“foreign assets” captures the difference between the value recorded in the

balance sheet data, which includes foreign holdings, and the total value
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recorded in the securities holdings data, which only covers assets registered
at the Norwegian CSD. We make the (optimistic) assumption that these
assets are as liquid as US treasuries, and that they are not affected by
the initial shock. This will thus only bias our results in the direction of
understating the potential contagion from fire sales. Over the 8 years of
monthly data, the average value of assets that we are unable to allocate is 4
percent of total assets. The foreign asset holdings tend to be larger for the
larger banks, but even for the largest banks, this amount does not exceed

15-20 percent of total assets.

Illiquid assets
Net loans to clients (subdivision: commercial / residential real estate)
Net loans to Norwegian credit institutions
Net loans to foreign credit institutions
Intangible assets
Other claims and assets
Marketable assets (securities holdings data)
Certificates and Government bills
Bonds
Equities and equity certificates!
Derivatives

Foreign assets

Table 3.4.4: Model balance sheet.

MARKET DEPTH OF NORWEGIAN SECURITIES. As the securities holdings
data covers all market participants, we can easily compute the average daily

trading volume of each asset u for month ¢

Nsystem t ) )
" GAB],, + GAS!
ADV)p = Z o =

=1

4
2days; (3-4)

13These are instruments are specifically issued by Norwegian savings banks and similar
to equities.
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where days; is the number of trading days, Ngsystem,: is the total number
of institutions in the system (which fluctuates as a result of mergers, new
company creations and bankruptcies), and GABfm and GASZ’t are the gross
amounts bought and sold respectively by institution i'4. Table 3.4.3 shows

summary statistics for the main asset classes.

A significant portion of the assets do not trade every month. However,
we find there is a very persistent relation between the amount outstanding
and the turnover of the instruments that do trade. We employ the same
workaround as previously used on the EBA data and regress the log average

daily volume on the log amount outstanding for each period t:
log1g(ADV.1) = c1,10g10(Nut) + cot + €, (3.5)

where N, ; is the amount outstanding, and ADV), ; the average daily trading
volume. We fit the model for bonds, equities and all remaining asset types
separately for each month. Table 3.4.5 displays the result averages over
the 108 months. The panels in the left column of Figure 3.4.1 plot the
regression lines for December 2013, while the panels in the right column
show the estimates of the slope (red), intercept (black) and R? (green) as a

function of the time period (i.e. the month that we run the regression for).

3.4.2 AN OPTIMAL LEVEL OF GRANULARITY FOR SYSTEMIC STRESS TEST-

ING

We now analyse the magnitude and cross-sectional distribution of fire sales
losses when we run the systemic stress test using different levels of granular-

ity for the asset classes. To the best of our knowledge this is the first time

. . GAB! GAS?

“Alternative definitions would be Y=, ——* or ), ——*. However, we found our
YSt K3 ayst

definition to be slightly superior in terms of data quality because the dataset does not

cover sales and purchases by small Norwegian municipalities, which would be ignored by

using these alternative definitions. The deviation is less than 0.5% however.
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Figure 3.4.1: Left column: Scatter plots with OLS regression line for December 2013 for
bonds, equities and all other assets grouped respectively. Right column: Regression estimates

as a function of time.
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equities bonds rest
average ci 1.10 0.85 1.00
std. dev. of estimates 0.059 0.089 0.095
average p-value 4.84e-69F*  6.18e-39***  1.08e-30***
average cq -3.36 -0.66 -2.13
std. dev. of estimates 0.51 0.66 0.69
average p-value 3.12e-13*** 0.21 0.01**
average adj. R? 0.59 0.35 0.39
std. dev. of adj. R? 0.04 0.06 0.05
average m per month 137238 37903 684

Table 3.4.5: Regression results of bond trading volume to issue size.

an analysis of this kind is performed. Given the information available in
the securities holdings dataset, six levels of granularity present themselves

naturally, from the most granular to the least granular:

1. ISIN: This is the single asset level, at this level bonds of different

maturities by the same issuer are disaggregated.

2. Issuer: At this level all maturities and asset classes are grouped to-

gether by issuer.

3. Industrial sector: At this level, we group all securities belonging to

issuers of the same industrial sector.

4. Institutional sector: At this level, we group all securities belonging to

issuers of the same institutional sector.

5. Asset class: At this level, we aggregate all instruments of all issuers

by type (i.e. bonds, covered bonds, equities...)

6. Single asset: At this level, we aggregate all assets into a single “mar-

ketable asset”.

Table 3.4.6 lists the number of “asset classes” at different levels of aggre-
gation for December 2013. The numbers are roughly the same across all

months.
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Aggregation level | Held by all institutional sectors | Held by banks only
ISIN 5509 2930
Issuer 1871 912
NACE 214 139
Institutional Sector 18 17
Asset class 9 9
Single asset 1 1

Table 3.4.6: Number of “asset classes” for different layers of aggregation in December 2013.

Choosing a level of aggregation in a fire sales model is equivalent to making
a statement on cross asset class price impact, i.e. the price impact that
an asset class suffers because there is a fire sale in another asset class.
Throughout this thesis, we work with an assumption of zero cross-asset class
price impact. Thus aggregating two asset classes is similar to assuming a
cross asset class price impact of 100%. In the sequel, we will therefore take
the issuer level as a “benchmark” level of aggregation with respect to which

we compare the other levels of aggregation.

MARKET DEPTHS. We begin by estimating the market depths at the ISIN
level. To this end, we use the information on daily volume from the secu-
rities holdings data, and estimate volatilities from market price data from
Oslo Bgrs ' As estimates turn out to be quite stable, we make a simpli-
fying assumption on volatilities and use ¢ = 0.03 for stocks, ¢ = 0.02 for
bonds, and ¢ = 0.01 for government bonds. By doing so, we can directly
add trading volumes to compute the market depth at a higher level of granu-
larity, as opposed to first computing market cap-weighted volatilities before

aggregating!®.

Figure 3.4.2 shows the distribution of market depths for the six levels of

Bond indices: https://www.oslobors.no/ob_eng/markedsaktivitet/#/1list/
bondindices/quotelist/intraday. Share indices: https://www.oslobors.no/ob_eng/
markedsaktivitet/#/list/shareindices/quotelist/intraday.

16This simplifies some computations considerably, as it avoids the trouble of computing
volatilities for very irregularly traded, infrequently traded, and non-traded assets.


https://www.oslobors.no/ob_eng/markedsaktivitet/#/list/bondindices/quotelist/intraday
https://www.oslobors.no/ob_eng/markedsaktivitet/#/list/bondindices/quotelist/intraday
https://www.oslobors.no/ob_eng/markedsaktivitet/#/list/shareindices/quotelist/intraday
https://www.oslobors.no/ob_eng/markedsaktivitet/#/list/shareindices/quotelist/intraday
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aggregation. The market depth of the single asset class is indicated by the
vertical dashed line. As the level of granularity becomes coarser, there are
less asset classes that remain with zero trading volume. The blue histograms
also show the amount of non-traded assets; the red kernel density estimates
include the estimated market depths of non-traded assets. Note that the
histograms only show the number of asset classes for a specific market depth;
they do not show the amount outstanding or market cap of these asset

classes.

STRESS SCENARIO. As stress scenario we simply consider a housing crisis
with banks making losses on their residential mortgage exposures. This
shock is applied directly to the illiquid holdings, as obtained from the bank

balance sheet data. We increase shock sizes from 0 to 10%.

FIRE SALES LOSSES. The panels in Figure 3.4.3 show the system-wide fire
sales loss in percent of system equity as a function of the initial stress level
and the market depth scaling factor, for the six different levels of aggrega-
tion. We see that due to the numerous non-traded assets, the loss estimates
at the ISIN-level do not fall below a certain level, even when scaling the
market depth estimates by two orders of magnitude! It is quite remarkable

that for all other aggregation levels, the quantitative results agree quite well.

One striking feature when aggregating at asset-type and institutional-sector-
level is the appearance of the “high systemic risk” tipping point at a market
depth scaling factor around 10~! and an initial shock of around 2%. The
results of the systemic stress test performed on the EBA dataset previously
showed similar features. This suggests, that if the systemic stress test on

European banks were run at a significantly more granular level'” it is not

1"We recall that we had only 148 asset classes for the entire European Banking system,
while e.g. at an issuer level, we have 912 asset classes for Norway alone.
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Figure 3.4.2: Histograms of estimated market depths under different levels of aggregation.
The vertical dashed line indicates the estimated market depth of the single asset class. The red
smooth line is the kernel density estimate, when including the estimated liquidity of non-traded
assets. The areas under the curve and bars respectively add up to one.
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unlikely that this cliff-effect may change both its location (wrt to the shock

size and the market depth scaling parameter) and/or its steepness.

BANK-LEVEL LOSSES. The panels in Figure 3.4.4 show bank-level fire sales
losses for the same stress scenario, intensity, and at the estimated market
depth under different levels of aggregation for the asset classes. Although
the total fire sales losses agree quite well in general, it is striking that the
fire sales loss estimates for individual banks can differ by up to two orders
of magnitude; note the logarithmic scale on the graph. What is more, for
a less granular level of aggregation, it seems that we tend to underestimate
the fire sales losses of the banks suffering the largest losses, while we tend to
overestimate the losses of the banks that suffer the smallest losses. Arguably
the most problematic bias here is the underestimation of the largest losses: A
downward bias by a factor 10 - 100 of the largest bank losses, which is solely
due to an increased market depth resulting from asset class aggregation, can

lead to an underestimation of the actual risk and a false sense of security.

The four upper panels in Figure 3.4.5 show for the ISIN-level and industrial-
sector granularity respectively the bank-level losses against the bank-level
losses under issuer-level granularity for a market depth scaling factor less
than 1 (top) and higher than 1 (middle). The two lower panels show the
slope of the regression of fire sales loss vectors under these two aggregation
levels against the fire sales loss vectors under the issuer aggregation-level.
As the slope tends to be smaller than one, this means that the losses for
large banks tend to be underestimated relative to the benchmark of using
the issuer level of granularity, as suggested by the individual scatter plots

in the upper panels.
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the slope of the regression of ISIN-level fire sales losses on issuer-level fire sales losses. The
right column shows the same results for the comparison of industrial-sector-level granularity

vs issuer-level granularity.
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PRACTICAL IMPLICATIONS

In practice, several trade-offs regarding the level of granularity at which
data should be collected arise. One advantage of more granular data is that
the modeller can perform the aggregation into asset classes in a consistent
way across the system, as well as perform a sensitivity analysis on this
modelling choice. Indeed, when banks themselves perform the aggregation,
and report aggregated data to the regulator, it becomes more challenging
to ensure consistency of aggregation across banks. Secondly, more granular
data also allows for a more robust estimation of the market depth, as well as
for conducting a more rigorous sensitivity analysis. Third, as we have seen,
a coarser level of aggregation may lead to an underestimation of the losses

suffered by the most affected banks.

On the other hand, using a more granular level usually requires (substan-
tially) more effort for data collection, -management and -storage, as well as
for reconstructing bank balance sheets from the granular data, in particular
when the exercise is being conducted at an international level. There are
also confidentiality considerations that arise when positions are collected at
a very granular level. As pointed out in the contribution by Stein in Chap-
ter 2 of Fouque and Langsam (2013), there are further practical issues that
concern the identifiability of institutions and assets. Indeed, reliably identi-
fying different institutions, securities, and the institutions’ holdings in assets
is a practical issue from which we have almost entirely abstracted away. Le-
gal Entity Identifiers (LEI) are internationally standardised alphanumeric
character strings that, as the name suggests, allow the unique identification
of legal entities. Another important issue in this regard is the grouping of
branches and subsidiaries that belong to the same holding group. Work is
under way to address these issues. Our main point is to illustrate how such

“mundane” issues have a significant impact on results or risk assessments.
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3.4.3 EMPIRICAL EVIDENCE OF PROPORTIONAL DELEVERAGING

Finally, we make use of the high granularity of the securities holding dataset
to analyse whether we can find any evidence of fire sales in Norway in the
period 2006 - 2014, and if so, whether the deleveraging tends to be pro-
portional or whether institutions pick assets more selectively. Figure 3.4.6
shows the percentage of the wealth held by each institutional sector for all
Norwegian registered assets. In the months after the Lehman default, a
“bringing the money home” effect can be observed: foreign investors reduce
their share of holdings in Norwegian assets from about 40 % to around 28%.
For this reason we take the months of October - November 2008 to analyse
the change in holdings. We note that banks and insurance companies are
the first to absorb the shed assets of these investors. This illustrates an im-
portant point on the “availability of potential buyers” (Shleifer and Vishny
(1992)) and the interaction of different regulations: It is beneficial for the
system to have a diversity of differently constrained agents interacting with
each other. In this case, if banks and insurance companies had had similar
redemption profiles (or were constrained in a similar fashion by regulation),
the amount of potential buyers in the scenario would have been severely
reduced, probably leading to prices plummeting even further and causing

further contagion.

Let ITi denote the vector of holdings of institution i in month ¢ : (II-", ..Hi’M)T.
The sale size o ) )
Ny
Size(i,t) 1= Z“_IM ! m L
Z;},:l Ht—l

captures the size of sales and purchases in percent of last month’s total

I

portfolio value of portfolio i. We can verify (or falsify) the proportional
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Figure 3.4.6: Percentage of the wealth held by each institutional sector for all Norwegian
registered assets over time.

deleveraging assumption by analysing the colinearity

<AH%7H£71>

COZ(Z, t) = TR ——
(AT [Ty |

between the previous month’s holdings and the portfolio change over the last
month (with AITi = TI{ — II¢_;). Whenever i is deleveraging its portfolio

proportionally, we have Col(i,t) = —1.

The histogram in the left panel of Figure 3.4.7 shows that indeed some in-
vestors deleverage their portfolio exactly proportionally (and some increase
asset holdings exactly proportionally). There is also a number of investors
who reduce the size of their portfolio by choosing a different deleveraging
strategy. The peak at 0 reflects portfolio rebalancing, changing the compo-
sition of assets, but keeping roughly the same wealth invested in the market.
The right panel plots individual asset sales and purchases for the 1000 largest
portfolios with Size(i,2008/11) < —10%. The bulk of the data points lie,
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Figure 3.4.7: Left: Histogram of colinearity values. Right: Sales and purchases of single
assets within the 100 largest portfolios reducing their size by more than 5%.

as expected, on and above the line y = —z '8,

In contrast to the purchases, we can see that the sales cluster closer to the
diagonal line. The slopes of the regressions (solid blue) for the sales and
purchases are —0.87 and 0.62 respectively, with both coefficients having a p
value below 10719, We interpret this as a further indication that portfolio

changes are closer to proportional deleveraging for sales than for purchases.

Finally, Figure 3.4.8 analyses the dependence of proportional deleveraging,
Col(i,t) on the magnitude of the portfolio size reduction Size(i,t). The
plot shows that the larger the reduction in the portfolio size, the closer the
deleveraging method is to proportional deleveraging (for a full portfolio lig-
uidation, it is trivially exactly equal to proportional deleveraging). Hence,
we can clearly see a number of investors who delever their portfolio pro-

portionally, although they could choose to do so differently. The red curve

1¥3ome marks lie below the y = —2 (red dashes) line, which means that on a net basis,
an investor sells more assets than he holds in his account. This phenomenon can be due
to short selling, aggregation issues (because assets are plotted at the issuer level) or data
quality. As this only occurs for relatively small amounts (log-scale graph), we did not
investigate this further.
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Figure 3.4.8: Proportional deleveraging: Colinearity of portfolio changes as a function of the
size of the change.

provides a visual benchmark: One obtains the red curve when one starts
with an equally weighted market portfolio of 2000 assets and reduces its size

by selling one asset off at a time.



The only good thing to do with good advice is pass

it on; it is never of any use to oneself.

Oscar Wilde

MONITORING AND PRUDENTIAL TOOLS

This Chapter is based on the working papers “Fire sales, indirect contagion
and systemic stress testing” which is joint work with Prof. Rama Cont, and
“Fire sales and systemic risk: Monitoring and prudential policy”, which is

joint work with Prof. Rama Cont and Prof. Artashes Karapetyan.

4.1 MONITORING

In this section, we propose two indicators for monitoring portfolio overlaps
and the risk of fire sales in a network of overlapping and constrained port-

folios.

151
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4.1.1 LIQUIDITY-WEIGHTED OVERLAPS AND THE INDIRECT CONTAGION

INDEX

PORTFOLIO OVERLAPS. We recall from (1.24) that the transmission of fire
sales losses from portfolio ¢ to j depends on the liquidity-weighted overlap

between portfolio ¢ and j:

|V
Q) == > H;r:w.
u=1
The matrix € of liquidity-weighted overlaps thus plays an important role
in the transmission of fire sales losses, which may be viewed as a contagion
process on a network of financial institutions in which the link from 7 to
J is weighted according to the liquidity-weighted overlap €2;;. We call this
network the indirect contagion network. Similar network structures were ex-
plored by Braverman and Minca, Guo et al. (2015) for mutual funds. Figure
4.1.1 displays the indirect contagion network for European banks as implied
by EBA data collected in 2011. The nodes correspond to different banks,
with node size proportional to the logarithmic balance sheet size, and edges
correspond to non-zero portfolio overlaps, with edge widths proportional
to the logarithm of the liquidity-weighted overlap (and truncated at three

orders of magnitude below the maximum value).

Figure 4.1.2 (left) shows the distribution of €;; in this network. The peak
at zero reflects the fact that many pairs of banks have no common asset
holding (so, zero overlap) i.e. the network is sparse. On the other hand,
the values are dispersed over five orders of magnitude, which illustrates the

heterogeneity of the network.

The overlap matrix §2 also gives a glimpse of the nature of ‘second-round’
contagion effects in this network. The element (i, ) of the matrix Q? may

be interpreted as the (maximal) indirect contagion from i to j channelled
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Figure 4.1.1: The European indirect contagion network. Node sizes are proportional to the
log of total assets, edge widths to log liquidity-weighted overlaps.
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Figure 4.1.2: Left: histogram of liquidity weighted portfolio overlaps across EU banks (2011).
Right: Ranked eigenvalues of the matrix € of liquidity-weighted portfolio overlaps.
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Even though the matrix € of portfolio overlaps is sparse, the matrix Q2 of
second-order overlaps is dense. Figure 4.1.3 shows the histogram of these
‘second-order overlaps’. Unlike Figure 4.1.2, where we see a large fraction of
zero overlaps, here we see that all coefficients are strictly positive: this means
that, although many pairs of portfolios have zero overlaps, second-round
effects may potentially cause spillovers from any institution to any other!

Moreover, by comparing the distribution of liquidity-weighted overlaps in
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Figure 4.1.2 to second-round overlaps in Figure 4.1.3, we see that some
shocks need at least two rounds to propagate from one bank to another.
These observations show, as noted in previous chapters, via a simulation-
free argument that second-round effects should not be ruled out a priori and
may have a significant impact on the extent and magnitude of contagion

across the network.

A quantitative way of examining the heterogeneity of this network is to
compute the eigenvalues and eigenvectors of 2. The right-hand plot of
Figure 4.1.2 shows the ranked eigenvalues of 2. The first few eigenvalues
clearly dominate the others by an order of magnitude. This means that the
overlap in the portfolio network can be characterised quite well by a low-
dimensional factor model for portfolio holdings. We obtain similar results
on the more granular Norwegian data. For brevity, we only report results

on the EBA data.

INDIRECT CONTAGION INDEX. The results above indicate that the con-
tribution of fire sales to system-wide losses is mainly driven by liquidity
weighted portfolio overlaps (1.25). As observed above, the principal compo-
nent analysis (eigenvalue decomposition) of this matrix reveals that its first
two eigenvectors capture the main structure of the network of portfolio over-
laps. Similar to Capponi and Larsson (2015), we use this insight to design a
simple indicator, based on institutional portfolio holdings, which quantifies
the exposure of a bank to price-mediated contagion without resorting to a

large-scale stress test.

The idea is to use an eigenvalue decomposition of the matrix of portfolio
overlaps to identify the main institutions which contribute to price-mediated
contagion, by computing their eigenvector centrality in the network defined

by portfolio overlaps. To compute this, we proceed as follows:
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1. Collect portfolio holdings IT** by asset class for each financial insti-
tution in the network, at the granularity level corresponding to bank

stress tests.

2. Estimate a market depth parameter D, for each asset class.

3. Compute the liquidity-weighted overlaps €;;(II) := Zﬁ/[:l Higiw of

portfolios.

4. Compute the principal (largest) eigenvalue and the corresponding eigen-
vector U = (U;,i = 1...N) of the matrix of liquidity-weighted overlaps
Q) =D’ !

5. The component U; of the principal eigenvector U then provides a mea-
sure of centrality of the node 7 in the network whose links are weighted

by the overlap matrix (1.26).

We define the Indirect Contagion Index (ICI) of a financial institution
as its component in the normalised principal eigenvector U; of the matrix

(1.26) of liquidity weighted portfolio overlaps:

ICI(i) = U;. (4.1)

Figure 4.1.4 shows the principal eigenvector of ). From a numerical per-
spective, this is most robustly computed as the the left singular vector of
the singular value decomposition of IIv/D—1. The Indirect Contagion Index
can be directly read from Figure 4.1.4. The banks with highest ICI are
labelled. All banks that are identified are either Global Systemically Impor-
tant Banks (GSIBs) or Domestic Systemically Important Banks (DSIB). It

We note that absent large short positions, all U; will be non-negative. Indeed, a
sufficient condition for the Perron-Frobenius Theorem to assert the non-negativity of all
components of the first eigenvector is that the corresponding matrix has non-negative
entries and is irreducible. Irreducibility of the liquidity-weighted overlap matrix is equiv-
alent to the indirect contagion network being strongly connected, which is the case for all
practically relevant cases.
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Figure 4.1.4: The principal eigenvector of the the matrix of liquidity-weighted portfolio over-
laps is concentrated on a few banks, all of which are observed to be GSIBs (DNB is a DSIB
only). ICI; corresponds to the value of bank 4 in this graph. The eigenvector is normalised
to have norm 1, such that this provides a relative ranking of the banks.

is furthermore important to note that the banks are not ranked according
to their size; rather, they are ranked by the amount of contagion they could
trigger, should they engage in a fire sale. Figure 4.1.5 displays the eigenvec-
tor relating to the second largest eigenvalue of 2. The second eigenvector

loads heavily on French banks and the Italian Unicredit.

The normalisation by the market depth in steps 2 and 3 in the description of
the ICI construction is very relevant. Leaving this step aside, i.e. comput-
ing the eigenvector centrality of institutions in the nominal overlap network
Quominal = IIIT leads to the left panel of Figure 4.1.6. For ease of com-
parison, we have reproduced the first eigenvector of the liquidity-weighted
overlap matrix in the right panel. Clearly, the set of banks with highest ICI
changes: The contribution of large banks with liquid holdings is overstated

in comparison to medium-sized banks with less liquid holdings?.

2We note that for instance in 2007 Lehman had total assets equalling 690 Bn USD,



CHAPTER 4. MONITORING AND PRUDENTIAL TOOLS

158

Value
0.2

0.6
|

0.4

0.0

-0.2

Countries of EV plots

— ES

NO/SE/DK/FI
PT/GR
Other

Credit Agricole

BPCE

BN]%oc.Gen.

.lo.'l..ul.l...llll...................... Sooqee ' )
Unicredit
T T T T T
0 20 40 60 80
Component

Figure 4.1.5: The eigenvector corresponding to the second largest eigenvalue of the the matrix
of liquidity-weighted portfolio overlaps is concentrated on French and ltalian banks.

Value

04

03

0.2

0.1

o
S

Deutsche Bank

HSBC

Barclays
Sac.Gen

Countries.

Value

mmmmL”hmmmmMmm
T T T
0 20 40

Component

60

80

0.5

0.4

0.3

0.2

0.0

Countries

Unif

redit

Component

R
GBIIE ING
I
= NO/SE/DKIFI
—— PTIGR
Other
i HSBC
Deutscr[e Bank ang Lioyds
arclays
Soc.Gen DNB
i hllllluull.:. ST O] u..|||.
T T T T T
0 20 40 60 80

Figure 4.1.6: Left: ICl computed on nominal overlap matrix. Right: ICl on liquidity-weighted
overlap matrix.

ICI AND FIRE SALES LOSSES.

The (logarithmic) cross-sectional regression

of fire sales losses on the Indirect Contagion Index (Figure 4.1.7 and Table

4.1.1) reveals a significant positive relation between ICI and fire sales losses.

while JP Morgan and Citibank had assets of 1.5 and 2.1 tn USD (https://www.sec.
gov/Archives/edgar/data/806085/000110465908005476/a08-3530_110k.htmhttps:

//www.sec.gov/Archives/edgar/data/19617/000119312508043536/d10k.htm,
https://www.sec.gov/Archives/edgar/data/831001/000119312508036445/d10k .htm).


https://www.sec.gov/Archives/edgar/data/806085/000110465908005476/a08-3530_110k.htm
https://www.sec.gov/Archives/edgar/data/806085/000110465908005476/a08-3530_110k.htm
https://www.sec.gov/Archives/edgar/data/19617/000119312508043536/d10k.htm
https://www.sec.gov/Archives/edgar/data/19617/000119312508043536/d10k.htm
https://www.sec.gov/Archives/edgar/data/831001/000119312508036445/d10k.htm
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Model 1: L' = BU; +¢&; Model 2: log(L") = blog(U;) + &;
Slope 1.42 10T0%** 0.44%%%
(4.56 10%) (0.07)
Intercept 1.67 109%%* 3.71%%%
(0.48 10%) (0.19)
n 90 90
R? 0.10 0.28
Slope 1.76 1011 0.63%**
(1.45 10'0) (0.03)
Intercept 7.40 109k 5.16%%*
(1.53 10%) (0.08)
n 90 90
R? 0.63 0.85

Table 4.1.1: Regression of bank losses on the Indirect Contagion Index for all banks.

In Figure 4.1.7, the red circles indicate the banks with largest ICI highlighted
in Figure 4.1.4; the black crosses indicate banks that are subject to the initial
shock scenario 1; the blue crosses indicate all other banks. The regression
R? for the left panel however is relatively low at 0.28. In the systemic risk

region (right panel), the regression is much better with an R? = 0.85.
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Figure 4.1.7: Left: Logarithmic regression of fire sales losses on Indirect Contagion Index
(4.1) at the estimated market depth. Right: The same regression inside the systemic risk
region.

Taking a closer look at the left panel of 4.1.7, we can actually identify two
clusters of banks: those that are affected by the initial losses, and all other
banks only suffering losses from price-mediated contagion. Figure 4.1.8 and

Table 4.1.2 provide a clearer picture: When running separate regressions
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Figure 4.1.8: Separate regressions for banks that were initially shocked and all other banks.
Affected: log(L?) = blog(U;) +¢; Indirect: log(L*) = blog(U;) + €;

Slope 0.68%*** 0.94*+*
(0.07) (0.06)

Intercept 5.40%** 4.31%%*
(0.23) (0.13)

n 26 64

R? 0.82 0.79

Table 4.1.2: Separate regressions of bank losses on the Indirect Contagion Index for initially
shocked, and initially non-shocked banks respectively.

on these two sets of banks, the R? increases to 0.8 in the non-systemic risk

region!

In the panels of the left column of Figure 4.1.9, we plot as a function of the
initial shock size and the market depth scaling factor from top to bottom
(i) the regression slope when including all banks, (ii) the regression slope for
affected banks only, (iii) the regression slope for initially unaffected banks
only. Note the different vertical axis labels: Clearly, running separate re-
gressions for initially affected and unaffected banks increases their quality
a lot. The panels in the right column present, in a similar fashion, the re-
gression R? as a function of the initial shock size and market depth scaling

factor for these three regressions. Again we note the different vertical axes,
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Figure 4.1.9: Left column: Regression slope as a function of the shock size and market depth
for all banks, shocked banks only, and non-shocked banks only. Right column: R? as a function

of the shock size and market depth for all banks, shocked banks only, and non-shocked banks
only.
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and observe a stark improvement in the quality by separating the groups of

banks.

Hence, for any shock scenario, the ICI is a good predictor of bank-level
losses should fire sales be triggered. These results suggest that the Indirect
Contagion Index may be used as a quantitative indicator of ‘interconnect-
edness’ in the assessment methodology for Global Systemically Important
Banks Basel Committee on Banking Supervision (2013a). The information
contained in this index complements those currently used for GSIB identifi-
cation and identifies banks which may contribute to the indirect contagion

channel.

4.1.2 SYSTEMIC VULNERABILITY INDICATOR

Finally, we use the threshold model to build an indicator of systemic vul-
nerability. For the remainder of this section, we return to the Norwegian
data using the issuer-level granularity level. The key idea is simply to track
the boundary of the “high systemic risk” region. More precisely, we seek to
quantify at which point, as a function of estimated market depth and initial
shock size, we should expect large-scale contagion to occur. Consequently, if
for optimistic parameters (small shock size / high market depth) large-scale
contagion is observed, then the system is currently in a fragile state. On
the other hand, if for conservative values (larger shock size / low market
depth) no large-scale contagion is observed, the system can be assumed to

be resilient. We define the systemic vulnerability indicator

FL
SVI(x,0scqle,t) := argmin, {S 055(€, Oscater ) > :L'} , (4.2)

Y, Cit)

to be the initial shock size that, for a given market depth scaling factor dscqze

and period ¢, triggers fire sales losses in excess of at least x percent of total
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bank equity. The indicator is displayed in Figure 4.1.10. We then take a
weighted average of this quantity over a set of realistic market depths and
define the average systemic vulnerability indicator
n
ASVI(z,t) =Y wiSVI(x, 8lpnyer t), (4.3)
i=1
where w; are weights that sum to one, specifying the plausibility of different
market depth scaling factors. Figure 4.1.10 shows SV I(0.20, §scqie,t) for
Sscate € [1072,1] and ¢ = 2007/01, ..,2014/05. Reading the plot from front
to back, the market depth scaling factor increases, and so does the initial
shock size required to trigger a fire sales cascade causing losses in excess
of 20% of total bank equity. Over time the behaviour is less regular, but
overall the minimum shock required to trigger fire sales loss in excess of 20
% 1is larger towards the end 2013 - 2014 compared to during the financial
crisis and European sovereign debt crisis. The system has thus become more

resilient during the period.

Figure 4.1.11 shows the average systemic vulnerability indicator (4.3) for
z =02 and z = 0.3 with w;; = %, because SVI(0.2,t) and SVI(0.3,¢)
are only defined for the eight lowest market depth scaling factors over all
time periods. In Figure 4.1.10, this can be seen as the depth of the surface
when reading the plot from front to back. E.g. for t = 2014/01, the surface
is also defined for larger market depth scaling factors, however including
these values in the averages would make comparison between different time
periods difficult, as the averages are not taken over the same sets of market
depths. To ensure consistency when plotting ASV I(z,t) for several different
system-wide percentage losses x in the same graph, it is important to take
averages over the same set of market depths scaling factors. Figure 4.1.11
clearly suggests that the Norwegian banking system has grown more resilient

to leverage-triggered contagion from fire sales since 2013.
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Figure 4.1.11: Average minimum shock over all market depths: SVI(z,t) for t =
2006, .., 2014 and = = 0.2, 0.3, 0.4, 0.5.



CHAPTER 4. MONITORING AND PRUDENTIAL TOOLS 165

4.2 MACROPRUDENTIAL POLICIES

One of the novel features of the post-crisis regulatory reform is an addi-
tional capital charge for “Systemically Important Banks” (GSIBs). These
additional charges increase via a point system that quantifies the systemic-

ness of the bank, as measured in the Basel framework?®.

Our final object of study in this Part on fire sales and systemic stress testing
is to analyse, within our framework, what type of prudential policies can help
mitigate the risk and contagion arising from fire sales. Similarly to the SIFI-
capital charges, we propose additional capital charges that are allocated in
a targeted way throughout the system so as to reduce fire sales losses as

effectively as possible.

Let C_i be the additional capital that bank i needs to raise. Define the total

additional capital

N
cptem =3 "l (4.4)
i=1

First, we introduce a benchmark policy in which we require all banks to
raise capital uniformly. Then, based on findings of the previous sections,
we introduce three macroprudential policies where the same total amount
Ciyswm is raised across the system, but the individual capital charges C?
differ so as to minimise the risk of, or contagion from, fire sales. We can then

evaluate the policies by comparing how much more efficiently they reduce

fire sales losses relative to the benchmark and to each other.

We note that several non-trivial pre-conditions need to be fulfilled for a

successful application of this methodology in practice:

e The regulator needs to be in possession of precise data on portfolio

holdings;

3See Table 2: http://wuw.bis.org/publ/bcbs255. pdf
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e One needs to have reliable estimates of the market depth of the various

asset classes under the given shock scenarios;
e One needs to have a plausible model on the constraints of different

market participants that triggers them to engage in fire sales.

In the sequel, we will assume all this to be given, and illustrate the method-

ology within our setting.

4.2.1 BENCHMARK POLICY: UNIFORM INCREASE IN CAPITAL RATIOS

We require all banks to raise capital uniformly under the benchmark pol-
icy. This corresponds to scaling the individual capitals, leading under the

benchmark B to the additional capital requirement

Ci

i system\ __ ~System
Ch,ada.(C, C7) = O Nk
J=1

and the final capital requirement

Cp=C'+ C%,add.'

4.2.2 SIFI CAPITAL SURCHARGE USING THE ICI

The first macroprudential policy uses the predictive power of the Indirect
Contagion Index and requires banks with higher ICT to raise more capital.
As regression results on the logarithm of the ICI were the most convincing

in the previous section, we set the additional capital under this policy to be

10g(ICIZ) Csystem

C}CI,add. (1C1, Ciyswm) = +
SN log(ICT;)

(4.5)
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4.2.3 SIFI CAPITAL SURCHARGE WITH POSITIVE SYSTEM EXTERNALITY

The second prudential policy uses our results from Section 2.1.6: Requiring
certain banks to raise capital reduces system-wide fire sales losses signif-
icantly by forcing these banks to internalises the systemic risk that they
contribute to the system. However, some of these banks have no incentive
to do so voluntarily because the outcome of the cost-benefit analysis per

euro of capital raised is unfavourable for them.

Therefore, we require precisely those banks with the largest positive system
externality (PSFE) to the system to raise most capital, even if this is not in
their own interest. For simplicity, we chose a proportional way of allocating

the capital surcharges under the positive system externality policy:

Ci dLl Csystem o Csystem Wj
PSE,add. dci’ + - Y+ N ’
Zj:l wj

where

w; = Mmin O—%
e Todet )

dL;

gcr depends on € and is in fact

A calibration issue with this policy is that

scenario dependent. As a workaround, we use a simplifying assumption

dL;
dc?

to compute and postulate a uniform shock that leads all institutions to
delever 10% of their portfolio. In spirit, this assumption is close to the infor-
mation in the indirect contagion network: the network shows the liquidity-

weighted overlaps of portfolios, which in fact only become relevant as soon

as one of the institutions in the network starts to delever.

4.2.4 TARGETED RISK WEIGHTS FOR SYSTEMICALLY IMPORTANT ASSETS

The final macroprudential policy is inspired by the concept of “Systemically

Important Assets” introduced in Acharya and Onciib (2013). We imple-
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ment this idea quantitatively by modifying the risk weights of systemically
important assets, which we identify as those with largest contribution to the
principal right eigenvector of the singular value decomposition of ITIv/D~1.
Adjusting risk weights is not a novel idea at all; in April 2014 for instance, the
National Bank of Belgium informed the EBA about its intention “to modify
capital requirements in order to account for an increase in macroprudential
or systemic risk that could have a severe impact on the financial system and
the Belgian real economy*”. The proposed measure was an increase of 5%
on the risk weights for retail exposures secured by Belgian residential im-
movable property for Belgian IRB banks. However, when determining the
risk weight of an assets, usually only the intrinsic risk to the fundamental
value of the asset, and hence its price is taken into account. The proposal
here is to add a risk weight surcharge that quantifies the endogenous risk of
the asset class in terms of its contribution to the propagation of losses in the
financial market during a deleveraging cascade. The targeted risk-weights

are calibrated as follows:

1. Compute the singular value decomposition of ITv D—1. Denote its first

right eigenvector by v € RM.

. . . log(vu1y,>0)
+ g\ Vpdly,, >
2. Define the normalised risk weight of asset class u pj; = ST Jog(onTu,20) "

If v, =0, set pf =0.°
3. Adjust the risk-weight of an asset class as

new

PRt = pp 4+t

where pg is the Basel risk weight, and 7 is a scaling parameter.

“https://www.eba.curopa.eu/- /eba-publishes-opinion-on-measures-to-address-
macroprudential-or-systemic-risk

5 As previously discussed, under mild assumptions, which hold in practice, the Perron
Frobenius theorem guarantees that the risk weights are positive. In networks with severe
short positions, it is however possible that some risk weights become negative.
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4. Compute the capital increase for each bank that corresponds to the
updated risk weights of the systemically important assets as described

below.

A surcharge ,0:[ leads to an increase of the risk-weighted assets of an insti-

tution that holds this asset, given by

M
RW AL (11, p, p*) E:%+W%\EM RWAL .. +nARW A;,  (4.6)

where RW AY(IL, p) = Zﬁ/lzl ,02 |IL;,,| , are the risk-weighted assets, ARW A; =
Zﬁ/[:l p; [TL;,,| the increase in risk-weighted assets due to the risk weight sur-
charges, and > 0 is a normalization constant which assures that Zf\i L Oy =
C’intem for comparability. After the banks’ risk-weighted assets have in-

creased, they raise capital C’%RW so as to return to their initial capital

ratio, i.e. CtCpy R'. This yields Ckp, = nR'ARW A;. Because

RW A,
t . .
cvTem = Zi:l R'ARW A;, the normalization constant is given by n =
Csystcm
—xn————— . Therefore, institution 7 receives an additional capital re-
SN RIARWA; ’ p
quirement

. RIARW A;
Cz . ARWAZ, Csystem — Csystem : ) )
TRW, dd.( + ) + ZZ]\LI RZARWAI

REMARKS. Note that the benchmark policy as defined above is equivalent
to increasing the risk weights of all asset classes uniformly by a scaling factor
n and assuming that banks raise capital so as to maintain their current
capital ratio with the increased RWA, i.e. find C(i] and 1 > 1 such that,

given (4.4), . '
;  C'+Cp

= LRWA (47)

As the benchmark requires all banks to raise capital, this may lead to even

very well-capitalised banks being required to raise additional capital. As
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this is inefficient, we set a “minimum leverage” A, = 10, such that banks

at, or below, this leverage do not raise any capital. Specifically, instead

of ZZZ\L LCl = CJsr?,fstem7 we therefore require that Zf\i L Ci1 (3>} =
C’iyswm, where )\fF is the leverage of bank ¢ after it has raised an additional

capital in height of Ci.

4.2.5 MACROPRUDENTIAL POLICIES ADDRESSING FIRE SALES EXTERNAL-

ITIES: COMPARATIVE STATICS

To compare the effectiveness of the different policies, we compute the re-
duction of fire sales losses, RoF', under a given policy, P, compared to the

benchmark, B, in percentage of initial total bank equity:

_ SFLossp(e, C¥*") — SFLossp(e, ")

syst.
ROFP(5,€,C+y ) ZN C.
=17

If RoFp is positive, this means that for a given initial shock size, market
depth, and total additional capital, fire sales losses have been reduced more
efficiently by the policy P than by the benchmark. For a given total amount
of capital raised by the banking system, a successful policy P is thus an
allocation of additional capital requirements to those banks that need capital

most from a systemic perspective.

The four panels in Figure 4.2.1 show (from left to right, by row) the system
fire sales loss after a 15% increase in system capital according to the uniform,
Indirect Contagion Index (ICT), Positive System Externality (PSE), and
Targeted Risk Weights (T'RW) policies. We note that the systemic risk
region of Figure 3.2.3 in which large-scale contagion occurs has disappeared

and the maximal loss has been reduced to around 20% of total bank equity.

The panels in Figure 4.2.2 show the reduction of fire sales losses, RoF’, as

a function of the shock size and the market depth. From these graphs,
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Figure 4.2.1: Fire sales losses under the benchmark, ICI, PSE and TRW policies as a
function of the initial shock size and market depth scaling factor (from left to right, by row).

we see that although, averaged across shock sizes and market depths, all

macroprudential policies beat the benchmark, the policy using the indirect

contagion index in the top panel is most successful in reducing fire sales

we focus on the ICT policy only to perform a final

losses. For this reason,

cost-benefit analysis by computing the reduction in fire sales losses per euro

of capital added:

SFLoss(e,0) — SF Lossrcy (e, C’intem)

system
C’+

, each euro of capital added

On the other hand

in the systemic risk region

i

On the one hand

in the non-

9

7 euro.

reduces fire sales losses by 6 -

systemic risk region, additional capital only reduces the fire sales loss by up

to 80 cent per euro. In this narrow sense, the added capital is only beneficial

on a net basis in the systemic risk region, where it helps to prevent a system
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Figure 4.2.2: Reduction of fire sales losses, RoF', under the three macroprudential policies as
a function of the initial stress level and the market depth scaling factor.

meltdown as illustrated in the panels of Figure 4.2.1. In the regions of no
fire sales, or intermediate fire sales, the costs outweigh the benefits in this

narrow sense.

4.3 ROBUSTNESS

We conclude this chapter by briefly discussing the robustness of our results

under different response functions.
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Figure 4.2.3: Cost-benefit analysis of the ICI policy: Reduction of fire sales losses in EUR
per euro of capital added.

4.3.1 DELEVERAGING WITH MINIMAL PRICE IMPACT

As we observed in Section 3.3, bank-level losses are close to identical under
the proportional deleveraging assumption and an optimised deleveraging
by banks. This suggests that the indirect contagion network is reasonably
robust to such a modification to the assumption on bank behaviour under
stress, and that the Indirect Contagion Index retains most of its predictive

power.

The same reasoning applies to macroprudential policies. Indeed, the left
panel of Figure 4.3.1 shows the outperformance of the ICI policy relative
to the benchmark. The right panel shows the loss reduction per euro added.
Under optimised deleveraging, the systemic risk region is a bit smaller, lead-
ing to a somewhat reduced benefit, but overall the policy’s effectiveness is

comparable under these dynamics and proportional deleveraging.
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Figure 4.3.1: Left: Reduction of fire sales losses under the IC'I policy with sequential delever-
aging dynamics. Right: Cost-benefit analysis of the ICI policy under sequential deleveraging
dynamics.

4.3.2 LEVERAGE TARGETING

On the other hand, when a leverage targeting model is used, we conclude

somewhat differently:

e Macroprudential policies: As we saw in Section 3.3, bank-level
losses under a leverage targeting model do not depend in any relevant
magnitude on the composition of the initial shock; different initial
shocks lead to the same cross-sectional distribution of losses across
banks. Similarly, one can show that the cross-sectional distribution
across assets (i.e. which assets cause the fire sales losses) is also al-
most identical under different initial shocks. Hence, one may be lead
to thinking that one can calibrate risk weight surcharges proportional
to an asset’s contribution to fire sales losses. We performed this cal-
culation, and found this policy indeed to be very effective. However,
we believe that this result is both misleading and overstating the ef-
ficiency of such a policy, because in reality the cross-sectional dis-
tribution across asset classes is not independent of the initial shock
composition. Hence, the policy’s effectiveness mainly arises as a result

of the endogenous dynamics under a leverage targeting model, rather
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than an inherent superiority of the policy.

e Systemic Vulnerability Indicator: It is simply not possible to com-
pute the SV I under leverage targeting dynamics, because any com-
bination of initial stress and market depth scaling leads to eventually
most of the banks defaulting. One could say that under leverage tar-
geting dynamics, we have SV I = 0, but this information is clearly not
of any use to policy makers. Alternatively, one may choose to stop
the fire sales cascade after just a few rounds, however in this case the
number of rounds has a significant impact on the SVI, and we do
not see a clear line of argumentation for why the cascade should be

stopped after just 1,2,3,4 or 5 rounds.

e Indirect Contagion Index: The regressions of fire sales losses on
ICI are very good, as the fire sales losses under leverage targeting
dynamics correspond (at bank level) quite closely to the bank-level

losses of the high systemic risk region.



We should not overestimate our ability to think of

everything that could go wrong.

David Murphy, Norges Bank Financial Stability Day
2015.

CONCLUSION AND THE ROAD AHEAD

We have presented a stress-testing framework for quantifying the endogenous
risk exposure of the banking system to fire sales and feedback effects which
may arise from macro-shocks to the financial system. Our findings provide
quantitative evidence for the importance of endogenous risk (Danielsson
et al. (2004), Shin (2010), Cont and Wagalath (2016)) in the financial system
and have implications for systemic stress testing, macroprudential policy and

risk management in financial institutions.

5.1 NEED FOR A SYSTEMIC STRESS TESTING FRAMEWORK FOR

CAPITAL ADEQUACY

Supervisory stress tests, especially in the US, have become the binding con-
straint for bank capital adequacy. Theoretical studies Danielsson et al.

(2004), Shin (2010), Pedersen (2009), Cont and Wagalath (2013) have re-

176
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peatedly pointed out the importance of endogenous risk for financial sta-
bility. Fire sales are arguably an extreme example of endogenous risk and
procyclical behaviour, yet they are not systematically integrated into bank

stress testing methodologies.

Our quantitative findings join a list of previous studies in pointing out the
importance and magnitude of fire sales and price-mediated contagion as
a risk amplification mechanism for systemic risk. Even under benign as-
sumptions on market liquidity, the magnitude of exposures arising from this
channel is too large to ignore; losses arising from this channel can dominate
other types of risk exposures in certain stress scenarios. More importantly,
we have shown that risk exposures of financial institutions arising from fire
sales cannot be replicated in single-institution stress tests, even after scaling
to extreme stress levels. This pleads against a widespread approach which
consists in simply applying a (constant) discount to asset values in stress
tests to account for liquidation costs: we have argued that this discount is
endogenous and strongly depends on the degree of leverage, concentration

and overlap of asset holdings across financial institutions.

These observations, which are based on public data and may be readily
replicated by regulators, plead for a systemic approach to bank stress test-
ing that accounts for fire sales contagion in a proper way. We have presented
the building blocks of an operational framework for estimating such endoge-
nous effects and incorporating them into a macroprudential stress testing

framework.

5.2 ROBUST MODELLING OF FIRE SALES

The main building blocks of a fire sales model consist in characterising the
triggers that can lead different institutional agents to delever their portfolios,

and specifying how asset prices react to distressed liquidations as a function
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of their size. Our work extends the current literature in several directions.

PRICE IMPACT AND ASSET CLASSES. First, we have introduced a level-
dependent price impact function that is consistent with the empirically ob-
served price impact for small liquidation volumes, but takes into account the
arrival of arbitrageurs or other deep-pocketed investors that will step in as
buyers before the price falls to zero. We believe this type of market impact
function to be more suitable for quantifying the price impact under large
volume liquidations, as needed in systemic stress testing. This increases, we
believe, the realism and reliability of the quantitative estimates for fire sales

losses.

Furthermore, we have introduced a previously ignored “variable”to the mod-
elling debate: the level of aggregation of asset classes. Our theoretical results
show that there exists no reasonable market impact function under which
fire sales losses are invariant under aggregation. As we have shown that de-
viations of fire sales loss estimates can be substantial under different levels
of aggregation, this becomes a non-negligible issue. In our empirical anal-
ysis, we find that bank-level losses can indeed diverge by up to two orders
of magnitude for individual banks when computing fire sales losses under
different levels of granularity. Importantly, when the aggregation level is to
coarse the bias tends to underestimate the losses of the most affected insti-
tutions, potentially leading to a false sense of security. Based on heuristics
and a limited study on Norwegian data, we have argued that an issuer-level
aggregation level seems reasonable. Furthermore, we argue that — data man-
agement allowing — it is advantageous to collect and use more granular data
in order to perform the aggregation one self, and to conduct a sensitivity

analysis in a more robust manner.

Overall, we have highlighted the importance of the “level of granularity” as

important “modelling choice” in practical systemic stress testing. Clearly,
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further studies on defining and estimating the market depth of asset classes,

and finding an optimal level of granularity in general, are warranted.

RESPONSE FUNCTION. Second, we have argued in favour of modelling fire
sales as distressed deleveraging of portfolios subject to one-sided constraints,
leading us to develop our threshold model of fire sales. Recent empirical
studies on fire sales spillovers Duarte and Eisenbach (2013), Greenwood
et al. (2015) have explored a different mechanism for fire sales, based on the
idea that banks maintain a ‘leverage target’, which leads them to rebalance
their portfolios in a procyclical manner following changes in asset values.
An oft-cited argument to support this model is the empirical correlation
between quarterly changes in asset size and debt size for banks Adrian and

Shin (2010, 2014).

While both models incorporate the idea of market impact of deleveraging
and the resulting endogenous portfolio losses and contagion effects, they

differ in some important ways:

1. Gain-loss asymmetry: in the leverage targeting model, banks respond
in a symmetric way to gains and losses, deleveraging in the face of
losses but also increasing leverage by buying assets when asset values
increase. This may be a reasonable description of the medium-term
(e.g. quarterly) dynamics of bank or fund portfolios Coval and Stafford
(2007), but not necessarily a realistic description for the short-term re-
action of portfolios under stress. When performing stress tests, we are
not concerned with the gradual rebalancing of portfolios which may
be conducted in an orderly manner, with little market impact, but
primarily concerned with fire sales, i.e. rapid deleveraging triggered
when large losses saturate one-sided portfolio constraints. Due to the

one-sided nature of these (leverage, capital, liquidity) constraints, fire
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sales do not occur in reaction to gains, but only in reaction to suf-
ficiently large losses. We believe this is a better description of the

reaction of portfolios in stress scenarios.

2. The threshold nature of fire sales: in the leverage targeting model,
bank (de)leveraging occurs in response to arbitrarily small changes
in asset values, regardless of their capital or liquidity buffers. In our
model, deleveraging only occurs when losses are large enough to trigger
portfolio constraints: for shocks below this critical level, there is no
deleveraging. As a result, the leverage targeting model overestimates
the magnitude of deleveraging in response to small shocks, which is

zero in our model.

3. Dependence of deleveraging on magnitude of losses: Leverage targeting
implies a (first round) volume of deleveraging linear in the size of the
portfolio loss. By contrast, in our threshold model the volume of (first
round) deleveraging has a (piecewise) convex dependence on the loss
size: deleveraging accelerates as we increase the shock size to more
extreme levels, leading to a ‘multiplier effect’ absent in the leverage
targeting model. An example of this convex dependence in the shock

size was displayed in Figure 1.1.2.

4. Finite length of fire sales cascades: The assumption of leverage tar-
geting leads to an infinite sequence of iterations, which never cease
since at each round further mark-to-market losses are generated en-
dogenously, which leads to a deviation from the target leverage and
generates new asset sales or purchases. In stress tests, one then needs
to choose an ad-hoc number of iterations to compute the loss. The
choice of this number was shown to influence the results significantly.
In contrast, in a threshold model with a capital buffer A\, < Apax, the

fire sales cascade always terminates after a finite number of iterations,
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typically found to below 15 in our empirical examples. Table 5.4.1
summarises a few of the main properties of the dynamics that result

under these different deleveraging reactions.

5. (In-)sensitivity to the composition of the initial shock: Our results
indicate that the leverage targeting model, contrary to the threshold
model, is not responsive to the composition of the initial shock. This
leads to the counter-intuitive, we believe, conclusion that different
stress scenarios lead to almost identical cross-sectional distributions of
fire sales losses across banks. This effect can be dampened by reducing
the number of rounds for which the fire sales cascade is run to below 4,
but this complicates the choice of the “number of iterations” parameter

by adding a further consideration.

6. Indirect exposures: Because under leverage targeting dynamics, the fire
sales loss is essentially independent of the shock size, indirect exposures
are not well defined for small shock sizes. This difficulty is avoided
in the threshold model, because by definition indirect exposures are
zero for shocks that are smaller than the minimum critical shock size

min; €; .

Beyond the comparison with the leverage targeting model, we have also
studied the effect of simple optimising and heuristic behaviours by banks on
the cross-sectional distribution of fire sales losses. Astonishingly, the effect of
this change in response function was rather small. In the same context, using
a granular data on portfolio holdings and portfolio changes from Norway,
we were able to find both evidence of proportional deleveraging and of a
more selective type of deleveraging. Overall, these findings confirm, as in
Getmansky et al. (2016), that the proportional deleveraging assumption is
not an unreasonable first approximation, and that our conclusions should

furthermore be relatively robust to the changes in the order of deleveraging.
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5.3 MONITORING AND PRUDENTIAL POLICY

Our model also has some implications for monitoring and prudential policies

aimed at mitigating the risk from fire sales

1. Bank-level exposure to price-mediated contagion may be quantified us-

ing the Indirect Contagion Indez:

Conducting a system-wide stress test can be difficult and costly. We
have identified a simple proxy, the Indirect Contagion Index (Section
4.1.1), for assessing the vulnerability of banks to fire sales, in absence
of a system-wide stress test. We have argued that this indicator may be
used alongside other measures of interconnectedness currently used for
identifying global systemically important banks (GSIBs) Basel Com-

mittee on Banking Supervision (2013a).

2. Implications for the interaction between banks and non-banks:

Price-mediated contagion is not limited to banks; any institution ex-
posed to fire sales risk and having common asset holdings with banks
may become a source of price-mediated contagion for the banking sec-
tor. There is ample empirical evidence of fire sales by asset managers
Coval and Stafford (2007), Jotikasthira et al. (2012) and insurance
companies Ellul et al. (2011).

Regulators have been concerned with monitoring the interaction be-
tween the banking sector and non bank financial institutions (‘shadow
banks’); current attempts to monitor these exposures have focused on
balance sheet linkages between shadow banks and the regular bank-
ing system measured solely in terms of direct exposures and liabilities
Grillet-Aubert et al. (2016). Given that a large fraction of financial as-
sets are held by non-banks —large asset managers, pensions funds, and

insurance companies — the scope for indirect contagion from ‘shadow
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banks’ to the banking sector through the fire sales channel exists and
its proper assessment calls for a system-wide stress test for quantify-
ing these inter-sector exposures. Extending the present model to in-
clude non-banks would require a careful analysis of mechanisms which
would lead such institutions to shed assets: redemption risk for asset
managers and asset-liability mismatch for pension funds are plausible

avenues to consider (Calimani et al. (2016)).

3. Indirect exposures as tool for risk management:

As pointed out by Ellul et al. (2014) “forward-looking institutions that
rationally internalize the probability of fire sales are incentivized to
adopt a more prudent investment strategy during normal times which
leads to a safer portfolio entering the crisis.” One of the obstacles to
internalizing the risk of fire sales is that its proper assessment requires
some knowledge of the concentration of asset holdings across financial

institutions, which is typically only available to regulators.

One of the by-products of our stress testing approach is the ability
to compute the indirect exposures of an institution to various asset
classes (Section 1.1.7). Communicating to an institution the magni-
tude of its indirect exposures to various asset classes and risk factors,
as evaluated in the systemic stress test, allows the institution to have
a better assessment of its risk and provides incentives to reduce such

exposures.

4. Need for transnational coordination on stress testing and macropru-

dential policy:

As revealed by our analysis of common asset holdings in Section 4.1.1,
the European indirect contagion network is completely connected and
banks in different countries may have strongly overlapping portfolios,

which lead to substantial indirect exposures across EU countries, as
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shown in Table 3.2.1. Unlike direct exposures, which may be lim-
ited through various capital restrictions, portfolio overlaps and in-
direct exposures are difficult to put limits on: any such restrictions
would amount to limiting international diversification of bank port-
folios. Any meaningful systemic stress test should therefore account
for the magnitude of these cross-country indirect exposures, cannot be
conducted at the level of a single country, and consequently calls for

transnational coordination of macroprudential policies.

We note that privacy laws which limit regulators’ ability to share data
with other regulators or jurisdictions do not present an insurmount-
able obstacle to this exercise. An international authority, such as the
Bank for International Settlements for instance, could coordinate the
systemic stress test on a secured server such that national data is not
accessible to regulators of other jurisdictions, but the full network is
available to run the algorithm of the systemic stress test. A possible

implementation could follow the outline sketched below:

(a) National regulators upload balance sheet data and portfolio hold-
ings of institutions in their jurisdiction to the server via a secure

web-form;

(b) On the server, this data is automatically matched across jurisdic-
tions using unique legal entity identifiers (LEI), resulting in the
reconstruction of the full “institutions - assets” network. Fur-
thermore, having estimated market depths of all relevant asset
classes, this also allows the computation of portfolio overlaps and

the indirect contagion index.

(¢) The stress test scenario and other assumptions are fed into the
model, and the systemic stress test is run on the server;

(d) The results are communicated back in appropriately annonymised

form to national regulators and institutions. The server is wiped,
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deleting all data of the full network.

Importantly, it should be possible to implement the above steps in such
a way that at no point in the process any regulator has access to any
data that does not pertain to their own jurisdiction. Indeed, it is not
necessary that anybody have access to the full network that is required
to run the systemic stress test and to compute the indirect contagion
index; with appropriate standardisation and matching procedures in
the data collection process, this reconstruction can be performed au-
tomatically on the server without granting anybody access to the full

network.

5. Systemic vulnerability indicator and capital surcharges:

By quantifying what magnitude of a shock is required to trigger a
systemic fire sales cascade, the systemic vulnerability indicator can be
used as a proxy for quantifying the resilience of the financial system

to fire sales risk.

Knowing for what combinations of initial shock sizes and market depths
a system meltdown may be expected, a regulator can “move” this
boundary of the high systemic risk region to market depth and shock
level combinations, where she feels the system is safe. We have shown
that this can be done in our framework via additional capital charges
for systemically important banks, calibrated using the indirect conta-
gion index. In that way, the banks that contribute most to fire sales

spillovers are targeted and forced to internalise this externality.

6. The role of mark-to-market accounting rules:

Previous studies Allen and Carletti (2008), Ellul et al. (2014) have
focused on mark-to-market accounting as the channel of transmission

of losses in fire sales contagion.
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Allen and Carletti (2008) present arguments against the use of mark-
to-market accounting for determining solvency during crisis periods;
indeed, such temporary suspensions were used in 2009 by US banks.
Jotikasthira et al. (2015) use the example of the insurance sector to

caution against this recommendation.

Our model offers a perspective on this debate: having distinguished
between marketable (‘Level I’) assets and illiquid assets, we can note
that a suspension of mark-to-market accounting rules is only likely to
affect the latter. Suspension of mark-to-market accounting for illiquid
assets may indeed affect the first step in our iteration, in which losses
to illiquid assets trigger the initial deleveraging. But once deleverag-
ing by a set of institutions takes place, the subsequent losses are not
accounting losses, but market losses in marketable securities whose
magnitude is not affected by accounting conventions. Thus, tempo-
rary suspension of market accounting rules may reduce the scope of
institutions affected by an initial stress to some illiquid asset class, but
once fire sales affect liquid ‘Level I’ securities, all institutions holding

them will be affected by market losses.

5.4 FUTURE RESEARCH

Our project has raised a series of new questions and problems for future

research.

1. Interaction of solvency and liquidity:

When focussing on banks only, the leverage constraint may not be the
most relevant trigger for fire sales. Indeed, in reaction to a solvency
shock, banks may have other, more preferable, options than a fire sale

to comply with regulations, such as e.g. only gradually accounting for
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the losses in their balance sheets via a suspension of mark-to-market
accounting. On the other hand, if banks are constrained by liquidity,
time will be of the essence and turning to a fire sale to raise liquidity

may be the only viable option!.

It is instructive at this point to briefly return to the case of Bear
Stearns: Bear Stearns was in full compliance with its regulatory cap-
ital, but lost access to market funding, leading it to default due to
illiquidity in the matter of a week (Duffie (2010b)). The loss of mar-
ket funding is however not an idiosyncratic event: It is a consequence
of the market losing confidence in the bank, and thereby directly linked

to its perceived solvency.

A more realistic mechanism for banks would thus include an additional

step and take the form:

(a) An initial shock hits some ABS or other illiquid assets on the

bank’s balance sheet (and pushes up its leverage);

(b) Based on available information, the market players make a judge-
ment on whether or not to roll-over funding to the weakened and
potentially troubled bank. At this stage information contagion

plays a crucial role?.

(c) If the bank is unable to obtain sufficient funding through regular
credit and repo lines, it engages in a fire sale of marketable assets
which it can liquidate at short notice. If this is still insufficient,
the bank fails by defaulting on a payment that is due, and there-
upon, or when such a failure to pay is imminent to happen, files

for bankruptcy.

T am particularly grateful to Martin Hellwig for very insightful comments on this
point.

2In Bear Stearn’s case other large broker dealers were flooded by “novation requests”
from clients wishing to move a part of their derivatives business away from Bear Stearns
to reduce exposure. Usually such novation requests are granted, and other dealer banks
starting to refuse new novation requests intensified market concerns sharply.
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(d) Regardless of the failure of this bank, the prices of liquidated
assets have been temporarily depressed, causing mark-to-market
losses to other banks, which raises concerns about their (per-

ceived) solvency (return to step 2).

In this sense, our model leaps over this intermediate mechanism of
perceived solvency and takes the leverage constraint itself to act as
trigger for fire sales. Pierret (2015) documents empirically this link
between banks’ solvency and their liquidity via their cost of funding.
However, in order to use this mechanism as a trigger for fire sales in a
systemic stress test it is important to be able to go even further than
Pierret (2015). Indeed, one needs to quantify, for a given shock, the
amount of funding a bank can obtain in the market and compare this
to its short term liquidity outflows®. Further research needs to explore
this avenue, and there is a dire need for (i) empirical studies describing
the effects on a quantitative level, (ii) models capturing this type of
mechanism (as in Calimani et al. (2016)), and (iii) data to populate

these models (which is usually confidential supervisory data).

I believe this issue to be one of the most important current challenges
in advancing our understanding of systemic risk and improving models

aimed at systemic stress testing.

2. Confirm, or nuance and refine, some of the presented findings:

PROPORTIONAL DELEVERAGING. We were able to present evidence
in favour of proportional deleveraging based on a Norwegian super-
visory dataset. It would be of great value if similar studies could be

performed in larger markets to confirm (or reject) the limited empiri-

3Rama Cont has made this important point in numerous debates and policy panels:
the critical quantity that needs to be compared to the outflows is not the amount of liquid
assets a bank currently has, but the amount it can raise in a stress scenario.
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cal evidence we have gathered so far. Moreover, it would be useful to

study the behaviour of different institutional agent types.

Regarding optimising behaviour by banks, it seems rather implausible
that in a fire sales scenario portfolio managers will solve a concave
minimisation problem and then use the solution of this algorithm to
deleverage their portfolios. It appears far more likely that portfolio
managers have an (good) idea of the liquidity of the assets in their
portfolio and choose to delever them in rough buckets depending on

the market conditions for the various assets.

Finally, the fact that we only found a very limited impact on changing
from proportional deleveraging to sequential deleveraging may be due
to our dataset and the level of aggregation in it - a reproduction of

this analysis on different datasets should be performed.

ASSET GRANULARITY. The question of at what level of granularity
data should be collected should not be dismissed by modellers or policy
makers as minor technical issues and left to IT and data managers to
resolve. Both the questions that policy makers wish to answer, as
well as the different types of models that economists/modellers use to
address these questions, put clear constraints and demands on what an
optimal “level of aggregation” should be. We have clearly illustrated
the importance of the level of aggregation as a modelling choice in fire
sales models, and shown how fire sales loss estimates change when the
level of granularity that is used in the model changes. Hence, there is

much scope for further work in this direction.

3. Inclusion of different institutional agents and sectors into the model:

As mentioned above a system-wide perspective does not only include
all relevant banks, but takes a holistic view of the system which in-

cludes important other institutional players such as large insurance
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companies, asset managers, hedge funds and pension- or sovereign
wealth funds. These agents interact with banks in the same asset
markets and contagion from and to these institutions is therefore a

genuine risk.

Taking such a holistic view also has implications for market depth: In
such a setting the market depth of an asset is truly endogenous and
depends on the other institutions’ ability to step in as buyers when
some agents are forced to delever. This would also extend the price
floor B, which we simply postulated to be a sufficiently low level, to

become an endogenous variable of the system.

Finally, (unintended) consequences and interactions of different types
of regulations can be analysed in such a setting. Bank regulation such
as Basel III and regulations for the insurance sector as introduced
via Solvency II have the clear goal of making each institutional sector
safer. However, if these lead to a homogenisation of rules (and thereby
a homogenisation of potentially binding portfolio constraints) we may
be limiting the set of potential buyers in a stress scenario, resulting
in further price declines and more intense contagion. The natural
complementarity of banks’ and insurance companies’ balance sheets
and asset-liability mixes can be used as a positive feature; in this sense
a systemic stress test that includes other sectors can be in the interest
of all agents, as their interactions may in some instances reduce rather

than intensify the stress.

4. Policy responses to fire sales: The policy goal of reducing fire sales
losses can be achieved through either making institutions more resilient
and ensuring fire sales do not occur in the first place, or by increasing
the market depth of assets, such that the price impact of fire sales be-
comes less important. One possibility to increase the market depth is

to increase the liquidation horizon 7, because as previously discussed,
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scaling the liquidation horizon, 7, increases the market depth by /7.
Hence, instead of interpreting the market depth scaling factor solely
as a sensitivity analysis parameter, one can also view it as a policy
parameter. In our model, such an “increase of 7”7 can be achieved
by giving institutions longer time to return to compliance with the
leverage constraint. A second possibility would be a targeted “Quan-
titative Easing” scheme, where the central bank buys assets that are
currently under fire sales pressure. This reduces the price impact on
the assets and it moreover provides an opportunity to potentially earn
liquidity premia on such assets. Quantitative easing has already been
used widely as an unconventional monetary policy tool - our model
suggests that it can also be used as an unconventional financial stabil-
ity tool, adding a “market maker of last resort” role to central banks.
Also, the (temporary) inclusion of an asset in a central bank’s col-
lateral pool increases the market depth of an asset because it allows
institutions (with access to central banks’ secured funding) to swap
this part of their marketable assets into cash at a given ratio defined

by the haircut.

Finally, similar to the countercyclical capital regulation that has been
introduced by Basel III, one can foresee a countercyclical liquidity- and
leverage regulation: By tightening leverage and liquidity constraints in
benign times one builds a buffer that can be released during stressed
conditions, allowing more institutions to step in as buyers of distressed

assets.

In the process of the money market fund reform, the Securities and
Exchange Commission (SEC) has recently adopted several rules that
shall reduce fire sales externalities in mutual funds: Examples of such
rules are the right for funds to introduce redemption gates when they

face a large amount of redemptions in distressed market conditions, as
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well as “swing pricing” which allows funds to pass an anticipated fire

sales discount on to investors?.

5. Relation to general equilibrium models: 1 end the conclusion by dis-
cussing similarities and differences between the model developed in
this thesis and general equilibrium models. Indeed, general equilib-
rium models that include fire sales have been developed as in Caballero
and Simsek (2013). One could argue that the indirect contagion net-
work arising from overlapping portfolios is a concrete example of the
“complexity” described in their model. Although the initial shock
is similar in nature, the propagation of the shock differs quite sub-
stantially: the authors postulate a circular chain of direct exposures
between the N banks in their model, as well as a single asset that
suffers fire sales externalities. This very stylized setup allows for a
precise general equilibrium analysis, however the restrictive assump-
tion on interbank exposures as well as the assumption of a single asset
class for fire sales, make it challenging to calibrate the model to data.
In the sequel, I will discuss three main points: (i) equilibria in the fire
sales model developed in this thesis, (ii) the notion of dynamics and

time, and (iii) market clearing for asset prices.

On the existence and type of equilibria: First, we note that the fixed
points to which the fire sales cascade converges correspond to equilib-
rium states within the model. As such our model allows for multiple
types of equilibria (illiquidity, insolvency and survival) for each bank,
and furthermore multiple equilibria within the illiquidity and survival
categories. By specifying the reaction functions of the banks, we are in
essence specifying how banks seek to return to the equilibrium state of

survival. Contagion occurs in this process through negative spillovers

4 Although the efficiency of swing pricing remains to be tested in pracitce, as it is limited
to 2 %: https://www.sec.gov/rules/final/2016/33-10234.pdf


https://www.sec.gov/rules/final/2016/33-10234.pdf
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(price impact) to other banks.

This leads us to the second consideration on time and dynamics: A
key notion in this process is the speed at which banks deleverage their
portfolios: If a bank delevers its portfolio very slowly, the price impact
of this action will be negligible; in contrast, if the bank liquidates its
portfolio by dumping its assets on the market within a very short time
frame, the price dislocation will be significant. Therefore, the speed
at (or equivalently the time horizon over) which the liquidation takes
place, has an effect on what equilibrium point(s) the bank(s) will reach.
This concept, to the best of my knowledge, is not captured by classical
general equilibrium models, which often put a stronger emphasis on
describing the equilibrium state itself, than the manner in which the
agents get there. Consequently, although general equilibrium models
provide an elegant framework to study welfare effects, the fact that
in our model fire sales losses (and hence contagion) depend on how

agents get to an equilibrium complicates such an approach.

However, this opens the door for new research, which we shall illus-
trate by discussing the market clearing condition: Shleifer and Vishny
(1992) study the equilibrium price under fire sales as a function of the
availability (“debt capacity”) of potential buyers. In this respect, we
note that our model departs from key features of equilibrium mod-
els as it does not feature a market clearing condition. Indeed, the
price is not derived endogenously by matching supply and demand,
but by calibrating an exogenous market depth that enters the market
impact function and thereby creates an inverse demand function that

quantifies the new price, given a certain liquidation size.

Chen et al. (2014) analyse contagion between banks in an equilibrium
setting enforcing a market clearing condition between the banks in

their model. However, as Figure 3.4.6 shows, assuming the market to



CHAPTER 5. CONCLUSION AND THE ROAD AHEAD 194

clear between banks is clearly not realistic in general. In particular,
when a particular institutional sector is under stress and liquidates
assets, it will in all likelihood be another institutional sector stepping

in as buyer.

Hence, in order to derive the equilibrium price from supply and de-
mand, it seems that a conditio sine qua non involves the modelling
of all relevant other institutional sectors: large asset managers, in-
surance companies, pension funds, the central bank, and mutual- or
hedge funds to the extent pertinent. This brings us back to agent
based models, as I believe that this type of model currently present
the best shot at developing an operational methodology that allows
to quantify contagion from fire sales and similar feedback effects. In-
deed, the considerable heterogeneity in institutional constraints and
portfolios (which we showed to be relevant even when only focussing
on heterogeneity within the banking sector) will in all likelihood be
quite difficult to square with the stylised format of classical general
equilibrium models. A successful breakthrough in this direction would
however pave the way towards a more general cost-benefit analysis of
macroprudential policies. Indeed, by requiring higher capital ratios to
mitigate the risk from fire sales, we ignored the fact that banks may
reduce lending during this period, leading to potentially slower eco-
nomic growth. In our current model, we cannot quantify this effect
and weigh it against the benefit of an increased resilience to fire sales.
At the same time, when including such effects from reduced lending, 1
believe that a more precise estimation bankruptcy costs also needs to

be included in order for the cost-benefit analysis to remain balanced.
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Part 11

A SENSITIVITY ANALYSIS OF
THE EISENBERG & NOE

CLEARING VECTOR

196



In the end, a theory is accepted not because it is con-
firmed by conventional empirical tests, but because
researchers persuade one another that the theory is

correct and relevant.

Fischer Black (1986)

ON THE ROBUSTNESS OF THE
EISENBERG & NOE CLEARING

VECTOR

This Chapter is based on the working paper “Sensitivity of the Eisenberg €
Noe clearing vector to individual interbank liabilities”, which is joint work
with Zachary Feinstein, Weijie Pang, Birgit Rudloff, Stephan Sturm and
Mackenzie Wildman. This material is the result of an AMS workshop on
financial mathematics in Utah in June 2015, and is based on work supported

by the National Science Foundation under Grant No.1321794.

197



CHAPTER 6. ON THE ROBUSTNESS OF THE EISENBERG & NOE CLEARING VECTOR 198

6.1 INTRODUCTION

In the second Part of the thesis, we turn to a commonly used model of direct

contagion in the systemic risk literature by Eisenberg & Noe.

LITERATURE REVIEW. An important stream of the network contagion lit-
erature has focused on interbank contagion, building on the network model
of Eisenberg and Noe (2001). Extensions of this model have been developed
to include effects such as fire sales or cross-ownership, different maturities
or bankruptcy costs (Kusnetsov and Veraart (2016), Awiszus and Weber
(2015), Elliott et al. (2014), Cifuentes et al. (2005), Feinstein (2015), Fe-
instein and El-Masri (2016), Rogers and Veraart (2013), Di Gangi et al.
(2015)). Furthermore, central banks have applied the model to study de-
fault cascades in the banking systems in their jurisdiction (Anand et al.
(2014), Halaj and Kok (2015), Boss et al. (2004), Elsinger et al. (2013), Up-
per (2011), Gai et al. (2011)). See Hiiser (2016) for a comprehensive review

of the interbank contagion literature.

A key ingredient required to estimate contagion in these models is the so-
called liabilities matrix L, where L;; is the nominal liability of bank i to
bank j. Often, the exact bilateral exposures are not known and thus need
to be estimated (Halaj and Kok (2013), Anand et al. (2015), Elsinger et al.
(2013), Halaj and Kok (2015)). Despite considerable efforts after the crisis
to improve data collection, data gaps have not been closed yet and the esti-
mation of specific bilateral exposures remains an important issue (Langfield
et al. (2014), Anand et al. (2015), Anand (2015), Financial Stability Board
and International Monetary Fund (2015)). Beyond logistical issues such as
the standardization of reporting formats and the creation of unique institu-
tion identifiers, legal hurdles, which restrict regulators’ access only to data

pertinent to their respective jurisdictions, remain. In such cases, bilateral
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exposures between home and foreign institutions still need to be estimated
or collected from the home institutions. The early literature often used en-
tropy maximizing techniques to “fill in the blanks” in the liabilities matrix
given the total assets and liabilities of banks (viz. the row and column sums
of L). However, a growing empirical literature has shown that real-world
interbank networks look quite different from the homogeneous networks that
are obtained with such techniques (Bech and Atalay (2010), Mistrulli (2011),
Cont et al. (2013), Soraméki et al. (2007)). A recent Bayesian method to
estimate the bilateral liabilities, given the total liabilities, is proposed in
Gandy and Veraart (2016). In particular, Mistrulli (2011) and Gandy and
Veraart (2016) show how wide estimates of systemic risk may fluctuate when
estimating contagion on real world and heterogeneous networks versus uni-
form networks. This highlights the pivotal role that the matrix of bilateral
exposures plays in quantifying the extent of contagion when computing de-
fault cascades. To the best of our knowledge, Liu and Staum (2010) is so far
the only paper that performs a sensitivity analysis of the Eisenberg & Noe
model. Their analysis is however limited to the sensitivity of the clearing

vector with respect to the initial net worth of each bank.

MAIN CONTRIBUTIONS. The main contribution of this project is to per-
form a detailed sensitivity analysis of the clearing vector with respect to the

relative liability matrix in the standard Eisenberg and Noe framework.

To this end, we define directional derivatives of order n of the clearing vector
with respect to “perturbation matrices”, which quantify the estimation er-
rors in the relative liability matrix. This allows us to derive an exact Taylor
series for the clearing vector. Moreover, we introduce a set of “basis ma-
trices”, which specify a notion of fundamental directions for the directional
derivative, and it turns out that the directional derivative of the clearing

vector can be written as a linear combination of these basis matrices. We
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proceed to use this result to study two optimisation problems that quan-
tify deviations of the clearing vector given estimation errors in the liabilities

matrix, and obtain explicit solutions for both problems.

Finally, we illustrate our results in two example cases. First in a small four
bank network, and second in a the case of European banks using the same
dataset as in Part I. Our results suggest that even though the clearing vector
can deviate by as much as 15% for moderate estimation errors, when there
is large heterogeneity in bilateral interbank liabilities, these deviations seem
to be small. For this reason it is difficult to say ex-ante whether the errors
will be large or not and it underlines the importance of feeding systemic risk

models with accurate data.

More importantly, we find that for the same shock scenario, the intensity
and extent of price-mediated contagion in the European banking network

dominates the direct contagion from the Eisenberg and Noe model.

6.2 SENSITIVITY ANALYSIS OF EISENBERG & NOE CLEARING VEC-

TOR

We consider a financial system consisting of n banks, N' = {1,...,n}. For
i,j € N, Ljj > 0 is the nominal liability of bank ¢ to bank j. Equiv-
alently, L;; is the exposure of bank j to bank i. L € R" " is called the
liabilities matrix of the financial network, and we assume that no bank
has an exposure to itself, i.e. L;; = 0 for all i € /. The total liability of
bank i is given by p; = Z;LZI L;;j. The relative liability of bank 7 to bank
Jj is denoted II;; € [0, 1], where II;; = %—Zj when p; > 0. We allow II;; € [0, 1]
to be arbitrary when p; = 0 and only require 2?21 IL;; = 1.1 We denote the

relative liability matrix IT € R™*™. Any relative liability matrix IT must

'Note that the arbitrary choice of IT;; in the case p; = 0 has no impact on the outcome of
the Eisenberg-Noe model since the transpose of the relative liability matrix II is multiplied
by the incoming payment vector p(II), whose 5" entry is 0 when p; =0 (cf. (6.2)).
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Assets ‘ variable H Liabilities ‘ variable
Interbank alP = > i1 Lii Interbank 11 = > i1 Lij
External assets T External liabilities l?
(a? in Section 6.3) Capital Ci

Table 6.2.1: Stylised bank balance sheet.

belong to the set of admissible matrices A, defined as the set of all right

stochastic matrices with entries in [0, 1] and all diagonal entries O:
n
A={TIe (0,1 "|\Vi: ; =0, Mjj=1,. (6.1)
j=1

Finally, denote the net assets of bank ¢ from outside the banking system
by x;. A bank balance sheet then takes the simplified form of Table 6.2.1

and a financial system is given by the triplet (II,z,p) € A x R} x R%.

A bank is solvent when it has positive capital, i.e. when the sum of its net
external assets and performing interbank assets exceeds its total liabilities.
In this case, the bank honours all of its obligations. However, if the value of
its obligations is greater than the bank’s net assets plus performing interbank
assets, then the bank will default? and repay its obligations pro-rata.? These

rules yield a clearing vector as the solution of the fixed point problem
p(I) =D A (2 + 11T p(I0)). (6.2)

Let p: AxRY xR} — R%; (IL o, p) + p(II) be the fixed point function. As
proved in (Eisenberg and Noe, 2001, Thm. 2), the clearing vector is unique
if a system of banks is regular, which is defined as follows: A surplus set

S C N is a set of banks in which no bank in the set has any obligations

2In this variant of the model the bank defaults due to insolvency. There is no direct
concept of default due to illiquidity.

3This corresponds to assuming that all interbank claims can be aggregated to a single
figure per bank and that all creditors of a defaulting bank are paid pari passu.
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to a bank outside of the set and the sum over all banks’ external net asset
values in the set is positive, i.e. V(i,5) € S x §¢:Il;; =0 and } ;. g x; > 0.
Next, consider the financial system as a directed graph in which there is a
directed link from bank 7 to bank j if L;; > 0. Denote the risk orbit of
bank i as o(i) = {j € N | there exists a directed path from i to j}. This
means that the risk orbit of bank ¢ is the set of all banks which may be
affected by the default of bank i. A system is regular if every o(i) is a
surplus set. Uniqueness of the clearing vector has important consequences
in terms of the continuity of the function p, which in turn is important for
our sensitivity analysis. For this reason we will assume our financial network

to be regular in the sequel.

Proposition 6.2.1. Consider a regular financial network (I1, z, p) in which
x and P are fized. The function p, defined in (6.2), is continuous with respect

to Il € A.

Proof. This proof follows the logic of (Feinstein et al., 2015, Lem. 5.2)
and Ren et al. (2014). Fix the net assets z and total obligation p. Let
¢ :10,p] x A — [0,p] be the function defined by ¢(p,II) = (¢1,--- ,qbn)T,
where

n

Gi(p, ) =P A | i+ > Tyip |, i €N.

j=1
The function ¢ is continuous and non-decreasing with respect to p and II;;
for 7,5 € N. Because the network is regular and has a unique fixed point,

it follows from (Feinstein et al., 2015, Prop. A.2) that the graph

graph(p) = { (TL,p) € A x [0,7]|6(p, TD) = p}

is closed. Define the projection ¥ : A x [0,p] — A as U(II,p) = II. By
(Feinstein et al., 2015, Prop. A.3), ¥ is a closed mapping in the product

topology. Then, in order to show that p is continuous, take U C [0, p| closed.
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Then
p7 U] = {1 € Alp(D) € U} = W(graph(p) N (A x ).

The graph of p is closed and A is closed by definition. Hence p~1[U] is closed

and the function p is continuous with respect to II. ]

6.2.1 QUANTIFYING ESTIMATION ERRORS IN (RELATIVE) LIABILITIES MA-

TRICES

We assume that some estimation error is included in the entries of the rela-
tive liability matrix, which leads to a deviation of the clearing vector from
the “true” clearing vector p(IT). Denote the “true” relative liabilities matrix
by II and let II 4+ A B denote the liabilities matrix that includes some esti-
mation error, for a perturbation matrix B and h € R. We define two classes
of perturbation matrices: In the first class, B, we assume that the existence
or non-existence of a link between two banks is known to the regulator and
hence, the error is limited to a misspecification of the size of that link. This

set is defined as follows:

Definition 6.2.2. For a fived p € R,

B"(IT) = {B € R

Jj=1 Jj=1

(6.3)

The summation conditions ensure that the total liabilities and total assets
respectively of each bank are left unchanged by the perturbation. Of course
it is not possible to have II + hB € A for any h € R. We merely require
that there exists an h* > 0 such that for all h < h*, we have Il + hB € A.
A possible choice is for instance given by

' ‘ L. . 1 =1L,
h* = min min @ —2, min ——2%.
b;<0,;>0 bjj  b;;>0p,>0  bjj

Viibi =0, Y by =0, Y bjp; =0, and (Il; = 0) = (bs; = 0)Vj

} |
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We exclude from this calculation of A* any ¢ where p, = 0 since this has no
impact on the results. We will consider in particular a bounded set of of

perturbations

B(ID) :=B"(I) N {B € R""| |B||lp < 1} . (6.4)

AN ORTHONORMAL BASIS FOR PERTURBATION MATRICES. We will now
construct an orthonormal basis for the matrices in B. For example, in the
case n = 4, the general form of a matrix B € B" for a fully connected

network Il can be written as

0 Z1 Z2 —21 — 22
z 0 z —23— 2
B* (I ) = { diag(p)~! K . ! o ZERS
Z5 = i1 Zi 0 di1 %
—23 — 25 Z?:z Zi  —29— 24 0

from which it is clear that there are 5 degrees of freedom. It is easy to see
that in general one has df = n? — 3n + 1. In the case n = 4, the first two

basis elements F; and Fy are given by

1 —1 1 -1

0 5 0 % 0 0 5 7

. .41 0 0 0 O . .40 0 0 0

E, = diag(p) and E, = diag(p)

0 =% 0 &+ 0o =% o =X

3 Ps D3 D3

0O 0 0 O 0o £ = o

Py Py

In general we note that B™(II) is a closed, convex polyhedral set; we will take
advantage of this fact in order to generate a general method for constructing

basis matrices for B"(II).
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1. Define

B (IT) := {b eRrR"”

> bicais 1 =0 Y B 114 = 0
j=1 J=1

]l{Hij:O}bi—‘rn(j—l) =0 VZ,]},

to be a vectorised version of B"™(II).

2. Construct a matrix A(II) € R(*+2m)x("*) such that
B"(I1) = {b € R"" | A(II)b = 0}. (The total degrees of freedom for
B"(I1) (and therefore also for B"(II)) is given by the rank of the matrix
A(II).)

3. An orthonormal basis of E"(H) can be found by generating the or-

thonormal basis {e1, ...,eqr} of the null space of A(II).

4. Finally our basis matrices {1, ..., E4r} can be generated by reshaping
the basis of the null space of A(IT) by setting Ej;; j := €p;iqn(j—1) for
any k= 1..df and 4,5 = 1l..n.

Definition 6.2.3. The set
O(II) :={E\,...,Eq} (6.5)

is an orthonormal basis of perturbation matrices (batrices) for the

relative liability matriz 11.

We define two matrices to be orthogonal when their vectorised forms are
orthogonal in R”Q, and note that, by construction, the batrices £} have unit

Frobenius norm.

REMARK. A more general case can be considered in which we allow for

errors that create links where there are none, or remove links that do exist.
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This set is defined as follows: For a fixed p € R7,

{B € R™*"

For simplicity, we will mainly focus on the first case B"(II).

Vi:b; = 0, Zbij =0, Zbﬂpﬂ =0, and (H” = 0) = (b” > O)Vj} .
j=1 =1

(6.6)

6.2.2 DIRECTIONAL DERIVATIVES OF THE EISENBERG & NOE CLEARING

VECTOR

Next, we analyse the error between the clearing vector of a perturbed liabil-
ity matrix, p(II4+hB), and the clearing vector of the original liability matrix,
p(II) for small perturbations hB, with B in B"(II). Let B € B"(II). In the
case that the following limit exists, we define the directional derivative of

the clearing vector p(IT) in the direction of a perturbation matrix B as
Definition 6.2.4.

Dp(p(1T)) = Jim P AELZ P (6.7)

The first-order Taylor expansion of p about II gives
p(I1+ hB) — p(I1) = KDy (p(I1)) + O(h?).

The following theorem provides an explicit formula for the directional deriva-

tive of the clearing vector for a fixed financial network.

Theorem 6.2.5. Let (I, z,p) be a reqular financial network. The direc-
tional derivative of the clearing vector p(I1) in the direction of a perturbation

matriz B € B"(II) is given almost everywhere by

Dis(p(11)) = (1~ diag(3)11") " diag(s) BT p(11), (6.8)
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where diag(d) is the diagonal matriz defined as diag(d) = diag(d1,...,d,),

where
0i = Loty Wyup; (<pi}-

Here, (6.8) holds outside of the measure-zero set {x € R" | Ji € N s.t. x;+
(IT"p(ID)); =73}

Proof. We assume that the net external assets lie in the set
{zeR} |PieN st. x;+ (T p(II)); = i }. Denote o) =z + TTp(l) =
(agl), e ,04511))T and a® =z + (I + hB) "p(Il + hB) = (ozgz), e ,ag))T.

By continuity of p with respect to II, (Prop. 6.2.1), we have for all i € N,

) (1)

2
ag —

<pi}n{a;” >P;
0 and l{{a§1><ﬁi}m{a§2)<@}} — ]l{%(-l)<17i}' To prove the existence of D (p(I1)),

we will show that the following two limits,

and

(m)z = lim sup pi(Il + hB) — pi(1I)
h—0 h

(IT+ hB) — pi(IT)
h )

(Dp(p(I1))); = limint &

h—

are equal for each component. Consider the upper limit

; as h — 0 and thus ]l{{ozz(.l) _ (2)— }} — 0, ]l{{az(-l)>ﬁi}ﬂ{az(-2)<ﬁi}} —
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pi(IL+ hB) — p;(1I)

(Dp(p(I1))); = limsup

h—0 h
) 1 _ n _ n
= hr}Ill S})lp E ( (pi A (l‘z + Z(Hﬂ + hbji)pj (H + hB))) - (pi A (l‘l + Z Hjipj (H))) )
- j=1 j=1
, P — (@ + 300 Wyip; (IT))
= limsup (0 A amspanta®sp) h L pina® >}
x; + Z;‘lzl IL;ip; (H +hB)+h Z?:l bjipj(H + hB) -D 1
+ 0 {{a>53n(a® <5,}}
251 Wi (p; (I + hB) — p; (1)) + A 377, bjip; (11 + hB)
+ 1
h {{oi<pInfa® <.} }

(Z IL;(Dp(p(ID))); + Zbﬂp] ) Lot o)
=4 Znﬂ (Dp(p(Il))); + & Zbﬂpj

Similarly, we get
(Dp(p(IL))); = 6; Znﬂ Dp(p(1))); + 0; Zbﬂp]

Hence, each component (Dp(p(11))); is again a fixed point problem. Assum-

ing that this fixed point problem has a unique solution it follows

(Dp(p(1l))); = (Dp(p(I1)));,

for all i =1,--- ,n. Therefore, under such an assumption, Dg(p(Il)) is well

defined and it is the solution to the fixed point equation
Dp(p(1)) = diag(§)TT" Dp(p(1T)) + diag(d) B p(IT).

Next, we proceed to show that (I — diag(6)II") is invertible, which estab-

lishes uniqueness of the fixed point and the directional derivative (6.8) to
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conclude the proof.

First, assume that diag(6)IT" is irreducible. Then by the Perron-Frobenius
Theorem, diag(6)II" has an eigenvector 5 > 0 with ||j]|; = 1 corresponding
to the eigenvalue r = p(diag(6)II"), where p is the spectral radius of a
matrix. Under the assumption of a regular network, at least one bank must
be solvent, i.e. there exists i so that diag(d);; = 0. This implies that the i-th
column sum of diag(§)II" is strictly less than 1. Thus there is some matrix

M >0, M # 0 so that each column sum of diag(§)II" 4 M is 1, i.e.
17 (diag(a)HT + M) 1.

Note that the column sums of diag(6)II" are at most 1 since each row
sum of IT is 1. Therefore the spectral radius of diag(8)IIT must satisfy
p(diag(8)IIT) < ||diag(6)ITT ||; < 1. Moreover, we must have p(diag(d)IT") <
1. Otherwise, r = p(diag(6)IT") = 1, which implies

1=1T5=17 (diag(é)rﬂ n M) F=1T (F+Mp) =1+1 Mp> 1.

Therefore, we can conclude that in the case diag(6)IT" is irreducible,

p(diag(O)ITT) < 1.

Now suppose that diag(§)IIT is reducible, i.e. diag(§)II" is similar to a block
upper triangular matrix D, with irreducible diagonal blocks D;, i =1,...,m
for some m < n. Under the assumption of a regular network, each D; has
at least one column whose sum is strictly less than 1. As in the preceding

case, this implies that p(D;) < 1 for each i and therefore
p(diag(8)I1") = p(D) < 1.

Since the maximum eigenvalue of diag(d)IT" is strictly less than 1 it fol-

lows immediately from the characteristic polynomial that 0 must not be an
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eigenvalue of I — diag(§)IT". This suffices to show that I — diag(6)ITT is

invertible.

6.2.3 A TAYLOR SERIES FOR THE EISENBERG & NOE FIXED POINT

In the same manner, we can define higher order directional derivatives.

Definition 6.2.6. Forn > 1, we define the nt" order directional derivative

of the clearing vector with respect to a perturbation matriz B as

DI V(T + hB) — DI Vp(1I)

(n) _ T
Dy ’'p(Il) = ’lbm%) " , (6.9)

when the limit exists, and
DO (1) = p(TI 6.10

Remarkably, as Theorem 6.2.7 shows, all higher order derivatives also have
an explicit formula, which allows us to obtain an exact Taylor series for the
clearing vector. We impose an additional assumption on allowable pertur-
bations hB so that the matrix diag(d) (as defined in Theorem 6.2.5) as a
function of IT + hB is fixed with respect to h, i.e. we require h sufficiently
small so that the same subset of banks is in default when the liability matrix
is I + hB as when the liability matrix is II. Let

h** =sup{h> 0

T +anipj(n) < pi <:>l’i+Z(Hji + hb;i)p;(IL+ hB) < p; for i = 1,...,n}.

j=1 j=1

We necessarily have h** > 0 because we exclude the measure-zero set {z €
R”? | 3i € N st 2; + (IITp(Il)); = p;} in which a bank is exactly at the
brink of default.

Theorem 6.2.7. Let (I, x,p) be a regular financial network. Then, for
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B e B™(II), and for all n > 1:

DI p(IT) = n(I — diag(§)T1" )~ diag(5) BT DIV p(ID) (6.11)
—1 n
S ((I - dmg(a)nT) dz’ag(&)BT> p(I0), (6.12)
) _ : k1 kk 1
where D’ p(I1) = p(IT). Moreover, for h < min {h ,h* (= diag O )T diag(@)BT) },

where h* and h** are defined as in (6.2.1) and (6.2.3), respectively, we have

the representation
-1
p(Il + hB) = <I — (I - diag(é)HT)’ldiag(é)BT> p(I).  (6.13)

This representation holds outside of the measure-zero set {x € R’ | Ji €

N s.t. x; + (ITTp(10)); = p;}-

Proof. We prove the result by induction. Theorem 6.2.5 shows the result
for n = 1. We now assume that equation (6.11) holds for n = k and we
proceed to show that it holds for n = k + 1. We show the existence of (6.9)

by computing the two limits:

. (W1 + nB)); — (DFp(I1));
1)), =1
5 p(I)) Hgljgp o

(k) (k)
(k1) . (D p(IT+ hB))i — (D p(Il));
(D~ p(ll)); = lim inf 7 :

(D(k—H)

The first-order Taylor approximation for matrix inverses gives for X,Y €
RV*N and e small enough: (X 4+¢Y) '~ X! — X1V X! (Gentle, 2007,
p. 152). We thus have that

(I—diag(6)(TT+hB) ")~ ~ (I-diag(§)I1") ' 4-h(I—diag(6)1") " diag(6) B " (I—diag(s)II") .
(6.14)
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This allows us to compute

ADj) = D p(I1 + hB) — Dy p(11)

k(I — diag(6) (T + hB) ") 'diag(§) BT DY Vp(IT + hB) —

(
k(I — diag(0)I1T) " diag(6) BT DY~V p(10)
k(I — diag(5)IT) — hdiag(6)BT )~ diag(s) BT DYV p(11 + hB) —
k(I — diag(6)I1T) " diag(6) BT DY~ p(11)
~k [(I — diag(6)IT)~! + (I — diag(6)I")~hdiag(6)B" (I — diag(é)HT)} T
diag(8)BT DY Vp(I1 + hB) — k(I — diag(8)I1") ' diag(s)BT DY Vp(11)
= k(I — diag(®)117) ' diag() BT (DY~ Vp(Il + nB) - D Vp(I)) + ..

k(I — diag(5)IT") ' hdiag(§)BT (I — diag(6)I1") ' diag(6)BT DY Vp(II + hB).

_ k
Next, we note that since Dg)p(ﬂ) = k! ((I — diag(0)IT") ! diag(é)BT> p(1I),
where p(II) and (I — diag(é)l_l—r)_1 are both continuous with respect to II,

Dg)p(ﬂ) is also continuous with respect to II. Consider now the upper limit

I () ()
D¥ (I + hB)) — (DWp(11
DI 10) — pimsup (DB 24 RB) — (D p(10)
h—0 h
k(I — diag(8)IIT)~"diag(s)BT (ng’“‘”p(n +hB) — Dg“‘”p(n))

= lim sup + ...
h—0 h
, k(I — diag(5)I1T )~ hdiag(8)BT (I — diag(6)I1T )~ diag(5) BT DY~ Vp(II + hB)
lim sup N
h—0

= k(I — diag(8)IT") ' diag(6)BT DWp(1) + . .
k(I — diag(5)IT") ' diag(8)BT (I — diag(6)TI )~ diag(s) B DY p(1)
= k(I — diag(8)IT") ' diag(8)BT DWp(I1) + (I — diag(6)11") " diag(s)BT DY p(11)

= (k+1)(I — diag(6)I1") ' diag(6)BT DY p(11).

Similarly, we obtain D(k+1)p(H) = (k—l—l)(I—diag(é)HT)’ldiag(é)BTDgﬂ)p(H).

The existence of the limit and the result follow.
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Within the neighbourhood

1
=<h h i h* h**
= { >0‘ <mm{ ’ ’p((f—diagw)m)ldiagw)BT)}}’

it further immediately follows that

p(I+hB) =" Z—ih" ((1 - diag(a)HT)—ldiag(é)BT)np(H)-

n=0

Since p (h(I — diag(6)II")~'diag(6)B") = hp ((I — diag(6)I1")~'diag(6)B")

1
(I—diag(8)I1T)~1diag(6)BT

h(I — diag(6)IT"T)~'diag(6)B" is strictly less than 1. Therefore, its Leontief

and by assumption, h < o ) the spectral radius of

inverse exists (see, for example (Meyer, 2000, p. 618)) and the Taylor series

evaluates to

p(Il + hB) = (I - diag(a)HT)*ldiag(é)BT) ),

To see that this Taylor series representation for p(IT + hB) is exact, we use
the condition that diag(d) is fixed for h < h**, for h** defined as in (6.2.3).
By the definition of p (6.2) and diag(d) (defined in Theorem 6.2.5), along
with the fact that I — diag(6)II" is invertible, as shown in the proof of

Theorem 6.2.5, we have
-1
p(Il + hB) = (I — diag(8)(I1 + hB)T) [diag(8)z + (I — diag(6))p] .

Then since p (h (I- diaug(é)HT)_1 diag(é)BT) < 1 by assumption, we have

n

lim [(I — diag(8)(II + hB)T> o hdiag(é)BT] =0,

n—oo

using a property of the spectral radius (see (Meyer, 2000, p. 617)). Now

we can apply the following fact about Neumann Series (see (Meyer, 2000, p.
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126)): (X4Y) ™1 =320 (= X 1Y)P X 1if XL exists and limy, o0 (X 1Y) =

0. Thus we have

P+ hB) = (I~ ding(3)(IL+ hB)" ) ding(8)z + (I — diag(5))p]

> (i1 - diag(a)HT)*ldiag(a)BT)k (I — diag(0)TTT) " [diag(6)z + (I — diag(5))]

e
Il
o

(h(I - diag(é)HT)_ldiag(é)BT)k (1),

ot

=
Il
o

which is equal to (I — k(I — diag(d)HT)_ldiag(é)BT)_lp(H), as above. [

As the terms in B are no longer linear, we cannot express the Taylor series

as a linear combination of basis matrices.

6.2.4 CLEARING VECTOR DEVIATION FOR LIABILITIES ESTIMATION ER-

RORS

We return to the first order directional derivative to quantify the error in
the clearing vector given estimation errors of the relative liability matrix
in a particular case. Let B € B"(II) and assume that for a given h € R :

II + hB € A. We consider the estimation error

i I+ hB) — p(II)||2.
Berﬁ}}(ln)llp( + hB) — p(I1)|2

In order to remove the dependence on h and the magnitude of B, we consider

instead

: _|lp( + AB) — p(ID) |2 :
m lim = m D [1))]|2- 6.15
BEIBTI;%H) B0 h BEIBTI;%H) 15 ()2 (6.15)

Because B appears via a linear term in (6.8), this allows us to use the

batrices in an elegant way to quantify the estimation error in the Eisenberg
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and Noe clearing vector.

Proposition 6.2.8. Let (Ily, z,p) be a reqular banking network. The esti-

mation error is given by

Dpp(ID)||s = [|Dap(ID)]|S.
BéI]lB?;}((H)” sp(0)|l2 = | Dgp(I1)||3

where Dgp(Il) := (Dg,p(Il), ..., Dg,p(l)) € R4 and (Ey, ..., Eg) is an
orthonormal basis, O(II) of the space B™(II), and || - ||$ denotes the spectral
norm of a matrixz. Furthermore, the clearing vector deviation corresponding

to the solution of the maximisation problem is achieved by
B*(I) := Y zEy, (6.16)
k

where zy, are the components of the (normalised) eigenvector corresponding

to the mazimum eigenvalue of Dﬁp(H)TDE*p(H).

Proof. Note first that for any perturbation matrix B € B"(II) with formu-
lation B =Y, ziEj:

1Pep()5 = 1Y 2 Prp(I)|3 = 2T D zp(I1) " Dpp(0)=. (6.17)
k
Immediately this implies:

Dpp(ID|12 = TDop(I1) "D 2p(1T
BéIIlB%%)((H)H sp(ID2 = max 2 Dgp(Il) Dp(Il)2
= Amax(Dﬁp(H)TDEP(H))

= (IPgp()3)°
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6.2.5 A MODEL WITH SOCIETY

In this section, we assume that in addition to their interbank liabilities,
banks also have a liability to society. From a modelling perspective, one can
view this as moving a subset of the external liabilities included in x; into
a zero-node of the interbank liability matrix. Hence, the set of institutions
becomes Ny = {0}UN. Without loss of generality, we assume that all banks
1 € N owe money to at least one counterparty 7 € A within the system.
Otherwise, a bank who owes no money can be absorbed by the society node
as it plays the same role within the model structure. The question of interest
is then how the payout to society may be mis-estimated given estimation

errors in the relative liabilities matrix.

The interbank liability matrix L of the previous section is expanded to

Lo € RADx(+1) given by

0 Ly | Lo
L [
LO - = ’ )
Lnl 0 LnO
0 oo ] |o - o0fo]
where lp = (l10,- - ,1no) " is the society liability vector. We require that

at least one bank have an obligation to society, i.e. Ly > 0 for some 1 <
i < n. The total liability of bank ¢ is now given by p;, = Z?:o L;; and the

relative liability matrix Il is transformed accordingly, i.e. II;; € [0, 1] and

in particular when p; > 0, II;; = %” As in Section 6.2, we allow II,; € [0, 1]

to be arbitrary when p; = 0. An admissible relative liability matrix IIy thus

belongs to the set of all right stochastic matrices with entries in [0, 1], all
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diagonal entries 0, and at least one IL;g > O:

Ag=<1Ilp € [0, 1](n+1)><(n+1) Vi Il = O’ZHU =1 and Ji s.t. IL;g > 0
=0
(6.18)

An admissible interbank relative liability matrix IT thus belongs to the set

n n
Ap=<{TIIe€0,1]"Vi: ;= OaZHij <1 and i s.t. ZHU <13,
j=1 Jj=1
(6.19)

which has the same properties as the original interbank relative liability
matrix A defined in (6.1), except that at least one bank has a liability to

society.

6.2.6 OVERESTIMATION IN THE PAYOUT TO SOCIETY

Next, we use the directional derivative in order to quantify how the payout
to society could be overestimated due to errors in the estimated interbank
relative liability matrix. As it turns out, this problem also has an elegant
solution using the batrices introduced above. As before, we assume that
(ITp, z,p) is a regular network and that the relative liabilities to society

7o = (1, ..., II,0)7 and the total liabilities p are exactly known.

Definition 6.2.9. Let (Ilp,z,p) be a regular banking network. The payout
to society is defined as the quantity mj p(IT).

To study this optimization problem, we assume that at least one bank, but
not all banks default. The following remark shows that this assumption is

meaningful to exclude trivial cases.

REMARK. Let (IIp,z,p) be a regular system with the interbank relative

liability matrix IT € Ay and B € B"(II). If all banks default, or if no bank
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defaults, then the payout to society remains unchanged for an arbitrary

admissible perturbation B.

Proof. Let B be an arbitrary perturbation matrix. We show that in both
cases my Dp(p(IT)) = 0.

1. Assume that no bank defaults. Then diag(d) = 0, and the result holds
trivially as Dp(p(Il)) = 0.

2. Assume all banks default. Then diag(d) = I. Hence, 7 Dp(p(I)) =
T (I — HT)f1 BTp(II). Note that m; (I — HT)f1 =17, because by defini-
tion 7§ = 1" (I —II"). Using this and the definitions of Dg(p(II)) and B,
it follows ) Dp(p(I)) = S0, =1 bjip; (IT) = 0. O

Let B € B"(II) and assume that for a given h € R : I+ hB € A;. Then the

minimum payout to society is

. T
I + hB).
i o p(Il +hB)

In order to remove the dependence on h and the magnitude of B, we subtract

the constant term p(IT) and consider instead

in_ i = mi D (p(1D)). 2
Be%flgr(ln)h%% h BEI{B%};%H) T Dp(p(1)) (6.20)

Use this with the basis elements to get:

Proposition 6.2.10. Let (Ily, z,p) be a regular banking network. The short-

fall to society due to estimation errors in the liability matriz is given by

: T T
D ) = - D zp(11
pomin 7 Py (p() = —|ln] Dgp(iD)z

where Dgp(Il) := (Dg,p(Il), ..., Dg,p(Il)) € R and (Er, ..., Eg) is an
orthonormal basis, O(II) of the space B™(II). Furthermore, the shortfall is
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achieved by

D
E WO 7o D) (6.21)
DEp )HQ

Proof. Since the problem
min 7, DEp(H)z st |z)l2 <1,

has is a linear objective it is equivalent to

T

max 7, DEp(H)z st. z z=1

By KKT conditions we know that

(DEP(H))TTF() —2pz =0

z z=1.

(Dgp(ID)) "o

om . Plugging this into the second

The first condition implies z* =

.
implies u € {iw}. With two possible solutions we plug these

back into the original objective to find that the minimum is attained at

TD.
W= —w for an optimal value of:
T T T
«_ (m Dgp(ID)) (mg Dyp(11))
o Dpp(I)z* = — EIIWJDW(H)HEz = —|mg Dgp(ID)|2. (6.22)
E
Therefore, the solution is
il 7, D p(11
=S zE, = 0 Z B EL. (6.23)
24 Z”ﬂngp ()5
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6.3 EMPIRICAL APPLICATION: ASSESSING THE ROBUSTNESS OF

SYSTEMIC RISK ANALYSES

In this section we assess the robustness of conclusions drawn from systemic
risk studies that use the Eisenberg & Noe algorithm to model direct conta-
gion. Before performing a larger study on a dataset of European banks, we

present an illustrative example in a small network of four banks.

6.3.1 SMALL NETWORK EXAMPLE

Let the liabilities matrix and the net worth be given by respectively

0711 0
3 0 3 3 2
L: s xTr =
1101 2
1 110 2

The total liabilities vector is consequently given by 7 = (9,9,3,3)". With
0 net worth, Bank 1 defaults initially. The clearing vector can be easily
computed to be p = (4.5,7.5,3,3)", showing that Bank 2 also defaults
through contagion. The left panel in Figure 6.3.1 shows the network of four
banks, with edge widths proportional to liability size; defaulting banks are

coloured in red. The right panel illustrates the matrix

0 0.3230 —0.1615 -—0.1615
| —0.0381 0 0.0190  0.0190
N 0.0571  —0.4845 0 0.4274

0.0571 —0.4845 0.4274 0

which is the solution to the maximisation problem maxpepn (1) [[Dpp(1)]|2.

Edge widths are proportional to the absolute value of the entries in B, red
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colouring denote negative entries, the green colour denotes a positive entry.

0 9 O 0
I — 2.76 0 3.12 3.12
1.12 0 0 1.88

112 0 1.88 0

which has the clearing vector
P~ (4.11,6.11,3,3)".

One can immediately verify that L* has indeed the same total interbank
assets and liabilities for each bank, but they are distributed in a different
manner. Hence, in this example, there can be a deviation of up to 15% in
the relative norm of the clearing vector for a network that is still consistent

with the total assets and total liabilities.

6.3.2 ROBUSTNESS ANALYSIS OF DIRECT CONTAGION IN THE EUROPEAN

BANKING SYSTEM

As empirical application, we use the same dataset of European banks from
the EBA that has been used in previous studies using the Eisenberg & Noe
framework (Gandy and Veraart (2016), Chen et al. (2016)) as well as in
Part I of this thesis. As in these papers, given the heuristic approach to the
dataset, our exercise should be considered to be an illustration of our results
and methodology, rather than a realistic full fledged empirical analysis. We
will comment further on the use of the Eisenberg & Noe model in systemic

risk analyses and supervisory stress tests in the Discussion 6.4.
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Figure 6.3.1: Top-left: Initial network. Top-right: Perturbation corresponding to the solution
of the optimisation problem. Bottom: Relative error as a function of the perturbation size h.
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Figure 6.3.2: Top-left: Liabilities network. Top-right: Perturbation corresponding to the
solution of the optimisation problem. Middle-left: Clearing payments under I1. Middle-right:
Clearing payments under II 4+ hmaxB. Bottom: Percentage reduction to society for h €
[0, Pmax]-
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6.3.3 DATA, BANK BALANCE SHEETS, INTERBANK LIABILITIES AND INI-

TIAL STRESS.

BANK BALANCE SHEETS. With respect to this model’s data requirements,
the EBA dataset only provides information on some of the asset side quan-
tities of Table 6.2.1. To be precise, information is only available on the total
assets T'A;, the capital ¢; and a proxy for interbank exposures, aZ-I B To
populate the remaining key variables of the Eisenberg Noe model, we there-
fore first assume, as in Chen et al. (2016), that for each bank the interbank
liabilities are equal to the interbank assets. Furthermore, we assume that
all non-interbank assets are external assets, and the non-interbank liabilities

are liabilities to a society sink-node. Hence,

IB ._ IB
;7 =a;

l? = TAZ' —lZ-IB — C;

al :=TA; — al-[B,
and the Eisenberg-Noe model variables are

Total liabilities: p; = 19 4 1/

0

Total external assets: x; = a; .

Note that the net worth hence exactly corresponds to the book value of
equity, or the banks’ capitals: TA; —p; = af + alB — 118 — 10 =¢; .

GENERATING THE INTERBANK LIABILITY MATRIX. The final key ingredi-
ent to the model is the (relative) liabilities matrix. This is usually highly
confidential data, and is not provided in the EBA data set. Gandy and Ver-

aart (2016) propose an elegant Bayesian sampling methodology to generate

individual interbank liabilities, given information on the total interbank lia-
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bilities and total interbank assets of each bank. The authors have developed
an R-package called “systemicrisk” that implements a Gibbs sampler to gen-
erate samples from this conditional distribution. As our analysis requires
an initial liability matrix, we use the European Banking Authority (EBA)
data as input to their code in order to generate such a liability matrix. As
suggested by the authors, from the starting point of having assumed the
total interbank assets and liabilities to be the equal for each bank, we per-
turb these slightly to fulfil the condition that L be connected along rows
and columns Gandy and Veraart (2016). We then run the Gandy & Veraart

algorithm, with parameters p = 0.5, thinning = 10%, npurn_in = 10°, A =

pn(n—1)
Zﬁil afB

banks from the data?. The estimated interbank network, as generated via

~ 1.21781073, to create one realisation of a 87 x 87 network of

the Gandy & Veraart algorithm, is depicted in Figure 6.3.3. Node sizes
are proportional to balance sheet size, edge widths are proportional to the

logarithm of the liabilities L;;.

STRESS SCENARIO. For simplicity and to compare the magnitudes of di-
rect and indirect contagion, we use Scenario 1 from Part I. We assume the
initial shock size to be 15% (for small shock sizes there is no contagion in
the Eisenberg & Noe model). This causes three initial defaults and one
contagious default. In Figure 6.3.3, the banks that default initially are de-
picted by black squares, the contagious failure is depicted as a red square.
For comparison, we also show the final failures as estimated in the fire sales
model of Part I for the same scenario and initial shock size, with the maxi-
mal market depth multiplier that we considered. It is striking that the fire
sales model estimates additional 13 failures due to insolvency and five fail-

ures due to illiquidity to occur. For smaller shock sizes (between 5% - 15%)

4We needed to exclude banks DE029, LU45 and SI058 because the mapping of the data
to the model as described above created violations of the conditions for the algorithm and
resulted in an error message.
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Figure 6.3.3: The EBA interbank network as estimated using the Gandy & Veraart algo-
rithm. The black squares are the initial failures, the red square is the contagious failure. For
comparison, we have included the insolvency defaults (orange circles) and illiquidity defaults
(turquoise circles) as estimated in the fire sales model of Part | for the same stress scenario,
initial shock size and largest market depth scaling factor.
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the number of insolvency defaults decreases while the number of illiquidity
defaults increases, leading to roughly the same number of additional total

failures, see Figures 3.2.5 and 3.2.6.

6.3.4 CLEARING VECTOR DEVIATIONS

Figure 6.3.4 depicts the relative difference Hﬁ"

;HA , where p is the clearing
vector of I = I + hB. The large difference in magnitude in the entries
of the liability matrix from the EBA data compared to our previous toy
example of four banks, restricts the maximal h to be very small. Over the

entire range of possible h, the difference in the clearing vectors computed

from IT and II + hB is negligible (10~131).

For this reason, we refrain from presenting the results on the shortfall to

society for the EBA data.

%1071

PPy IV 1Pl
- &

[
3

0 2 4 6 8
h %107

Figure 6.3.4: Relative error of the clearing vector as a function of the perturbation size h.

6.4 DISCUSSION

We conclude this Part by discussing our findings, as well as the Eisenberg

& Noe model in a broader context.
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RoBUSTNESs. Even though we saw in our simple four bank example that
clearing vectors may change significantly (up to 15%), when there are esti-
mation errors in the relative liabilities matrix, our analysis of the EBA data
suggests that this is not necessarily the case for larger networks. Indeed,
in this case the difference in magnitude (factor 10 - 20) between different
banks and their interbank exposures, constrains the network quite heavily,
and this also severely constrains the range over which we can conduct our

sensitivity analysis, II + hB.

A priori it is therefore not clear how sensitive the clearing vector estimate
is to estimation errors of the relative liability matrix. An option for future
research may be to “change” directional derivative, once hyax is reached,
such that larger perturbations may be considered. A further alternative may
be to relax the problem, and investigate “bad” directions for the directional

derivative rather than the one we considered.

MAGNITUDE OF CONTAGION. From Figure 6.3.3, it sticks out that even
with optimistic estimates of market depth, the indirect contagion via fire
sales cleary dominates the direct contagion, as estimated via the Eisenberg
& Noe model. Indeed, the number of contagious failures jumps from 1 to 19

in the same scenario!

This stark difference in contagion can be retraced to three important mech-
anisms. First, in the fire sales model banks react before they default, hence
price-mediated contagion already occurs before any bank has gone bankrupt.
Second, in the fire sales model banks can default both due to illiquidity and
to insolvency. Finally, the “incoming liabilities” in the Eisenberg & Noe
model “reduce” losses to some extent - we will comment on this in more
detail in the next paragraph when we discuss the Eisenberg & Noe model

in a broader context.
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An interesting exercise for the future may be to compare the indirect con-
tagion in the fire sales model to the direct contagion in a “default cascade”
model as in Cont et al. (2013), Amini et al. (2016), or in other extensions
of the classical Eisenberg & Noe model such as the extensions incorporating
bankruptcy costs Rogers and Veraart (2013), or different maturities Kus-
netsov and Veraart (2016).

EISENBERG & NOE MODELS OF SYSTEMIC RISK. It is worth noting that
the original paper, Eisenberg and Noe (2001), studies systemic risk in a
payment system or clearing network. In this setting, a bank defaults through
illiquidity when it has insufficient cash to settle its total payment obligation
with counterparties. The variables in the original framework are specifically
given as the exogeneous operating cash flow, x, the total payment obligation
P, and the relative liability matrix II of incoming and out-going payments. In
case of such a default, it is assumed that the bank makes pro-rata payments

to all of its creditors, and that all payments are pari-passu.

Since then, the model has been used quite extensively in systemic risk mod-
els to model a different type of mechanism, default by insolvency. In this
setting, the variable z is usually identified as “net external worth” of the
bank, or sometimes the “capital”, and the liabilities matrix captures the net
present value of all liabilities between institutions in the network. The work
presented in this part of the thesis is equally applicable to the payment sys-
tems interpretation as the capital variant of the model. In general though,
we believe that a deeper analysis on the actual applicability of the Eisenberg
& Noe algorithm to “classical” systemic risk studies is warranted. The most
important aspects that need to be addressed are balance sheet structure,

maturity and seniority of claims:
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BALANCE SHEETS. In the payment systems version, x is the net cash that
institutions have at their disposal, this is an asset of a bank. In the systemic
risk version, x often denotes capital®. This item is however located on the
liability side of the balance sheet. From this point of view the identification

of x as net external assets of the bank seems the most convincing to us.

TIMING AND THE NATURE OF LIABILITIES. In my view, the most impor-
tant restrictive feature of the Eisenberg & Noe model for applications in
systemic risk studies is the model’s one period nature. While this is a natu-
ral assumption in a payment system, it certainly is not so when considering
networks of general financial liabilities. On the one hand, during market tur-
bulence, a large derivatives portfolio may face a sudden payment obligation
in the form of a margin call.® On the other hand, an issuer of zero-coupon
bonds faces no payment obligation until maturity, which may lie several
decades into the future. As discussed in the introduction and Part I of the
thesis, the difference between insolvency and illiquidity is crucial for modes
of failures of large banks. Citigroup is commonly said to have been effec-
tively insolvent in November 2008. However, due to government support,
and because financial markets were still willing to provide funding because
they believed the bank would not be allowed to fail, Citi never defaulted on

any pa,yments.7

An important extension of the model in this direction has been recently made
by Kusnetsov and Veraart (2016). Importantly, their contribution shows

that by ignoring the maturity of liabilities systemic risk may be significantly

5There is no discussion of capital in the original setting. In fact, the only use of the
word “capital” in the original paper occurs in the name of LTCM.

5 As a matter of fact, AIG got distressed during the financial crisis because of large mar-
gin calls by its derivatives counterparties, Goldman Sachs and Société Générale; the differ-
ence between its collateral posted and collateral called peaked at 12.4 bn USD on Septem-
ber 15th 2008. See: https://www.chicagofed.org/publications/working-papers/
2014/wp-07.

"https://en.wikipedia.org/wiki/Citigroup#November_2008.2C_Collapse_.26_
US_Government_Intervention_.28part_of_the_Global_Financial_Crisis.29


https://www.chicagofed.org/publications/working-papers/2014/wp-07
https://www.chicagofed.org/publications/working-papers/2014/wp-07
https://en.wikipedia.org/wiki/Citigroup#November_2008.2C_Collapse_.26_US_Government_Intervention_.28part_of_the_Global_Financial_Crisis.29
https://en.wikipedia.org/wiki/Citigroup#November_2008.2C_Collapse_.26_US_Government_Intervention_.28part_of_the_Global_Financial_Crisis.29
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underestimated: If A owes to B today, B owes to C' tomorrow and C' owes
to A the day after tomorrow, then if A is unable to pay today, it will default,
weakening the position of B which may default as well, and in turn weaken
the position of C', which also may end up defaulting. If however all maturities
are collapsed into a single point of time, the payment that A receives from
C in three days may be sufficient to “cover” its payment to B, in which case

no defaults occur.

Furthermore, how a default of Bank A will affect Bank B and B’s liabilities
towards Bank C' depend on the type of liability: If Bank B holds bonds of
Bank A, a default of Bank A will reduce the value of these assets of Bank
B to the bonds’ recovery value if any. This affects the solvency position of
Bank B, but if these bonds were zero coupon bonds, say, with a remaining
maturity of more than a year, the impact on Bank B’s liquidity position will
be negligible. On the other hand, if B was expecting a large variation margin
payment on derivatives, which itself will need to pass on to C' in a very short
interval of time, not receiving the cash due, may have a severe impact on
B’s liquidity position and its ability to perform on its contractual obligations
towards C. Adding to the point we made on balance sheets above, this again
highlights the importance of being specific and differentiating liquidity and

solvency channels for contagion analysis.

Finally, another important feature that is usually not incorporated in Eisen-
berg & Noe models of bank contagion are netting agreements. When com-
paring the top-left and middle-left panels of Figure 6.3.2, we see that initially
both parties have a liability of 1 to each other. After the default of Banks
1 and 2, bank 3 still pays 1 unit to Bank 4, but Bank 4 only returns 0.78.
This follows the legal framework that non-defaulting banks need to fulfil
their obligations to defaulting banks, but the defaulting banks repay their

creditors pro-rata pari passu. However, in case of derivatives contracts for
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instance, it is standard market practice to use “ISDA Master Agreements”®,
which enclose sections on “close-out netting”. Concretely, if Banks 3 and
4 had signed such a master agreement, and these exposures in our exam-
ple were all covered by the agreement, the close-out netting would result
in a net 0 exposure, and no bank would pay the other anything. In this
case, Bank 3 would no lose the 0.22 units of money, and Bank 4 would not
“obtain” them for pro-rata distribution among all other creditors, thereby

diminishing their recovery values.

INTERACTION WITH OTHER MODELS. The final point I wish to make is on

the interaction with other models of systemic risk.

Currently, the academic literature on systemic risk offers an array of models
that focus on different channels of contagion: direct exposures, fire sales,
funding squeezes through liquidity hoarding... In reality, during a crisis all
of these channels will be at work simultaneously and interact. In order to
move closer towards a genuine systemic stress testing framework it will be
important to develop models in a modular fashion such that they can be

combined in a consistent manner.

For instance, to allow a consistent combination of models, it is impor-
tant that the timing ¢ = 0,1,2..T is consistent between modules. Agent
Based Models as in Bookstaber et al. (2014) present a natural candidate
for combining different institutions, asset markets, contagion channels and

constraints/optimising behaviours in a unified framework.

8See:https://en.wikipedia.org/wiki/ISDA_Master_Agreement#Close_out_and_
netting.


https://en.wikipedia.org/wiki/ISDA_Master_Agreement#Close_out_and_netting
https://en.wikipedia.org/wiki/ISDA_Master_Agreement#Close_out_and_netting
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I don’t like novels that end happily. They depress me
so much.

Oscar Wilde

APPENDIX

A.1 SOURCES FOR MARKET DATA

US treasuries: http://www.sifma.org/uploadedFiles/Research/Statistics/
StatisticsFiles/SF-US-SF-Trading-Volume-SIFMA.x1s

US corporate bonds: http://www.sifma.org/uploadedFiles/Research/
Statistics/StatisticsFiles/Corporate-US-Corporate-Trading-Volume-SIFMA.
xls

DE treasuries: http://www.deutsche-finanzagentur.de/en/institutional-investors/
secondary-market/

UK treasuries: http://www.dmo.gov.uk/index.aspx?page=Gilts/Turnover

ES treasuries: http://www.tesoro.es/sites/default/files/estadisticas/
18.pdf

FR treasuries: http://www.aft.gouv.fr/rubriques/trading-volume_109.

html

IT treasuries: http://www.dt.tesoro.it/export/sites/sitodt/modules/
documenti_en/debito_pubblico/presentazioni_studi_relazioni/3_3_
2000_13_43_The-Italian-Treasury-.pdf BE treasuries: http://www.debtagency.
be/fr_products_olo_volume.htm

SE treasuries: http://www.riksbank.se/Documents/Rapporter/Finansmarknaden/
2014/rap_finansm_140829_eng.pdf

PT treasuries: http://www.igcp.pt/fotos/editor2/2015/Estatisticas/
12_Transacies_medias_diarias_0T_e_BT_Dez15_1.pdf

GR treasuries: http://www.bankofgreece.gr/Pages/en/Markets/HDAT/
statistics.aspx
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A.2 ADDITIONAL TABLES

’ Balance sheet item EBA dataset identifier

Assets

1lliquid assets ©

Residential mortgage exposures (e, > 0) 33013
Commercial real estate exposures (e, > 0) 33018

Retail: Revolving exposures (e, = 0) 33015

Retail: SME exposures (€, = 0) 33016

Retail: other exposures (e, = 0) 33017

Indirect sovereign exp. in the trading book 34017

(ex =0)

Defaulted exposures (e, = 0) 33020
Remaining exposures* (e, = 0) -

Securities 11

Institutional client exposures 33010
Corporate exposures 33011
Sovereign exposures 34013 , 34014 , 34015
Direct sovereign exposures in derivatives 34016
Liabilities

Tier 1 capital 30014

Debt -

Table A.2.1: Variables mapping: EBA data identifiers to model balance sheets.

THRESHOLD CALIBRATION: BASEL 3 LEVERAGE RATIO At the time the
data was collected, banks were following Basel II guidelines, which corre-
sponds to 8% ratio of capital to risk-weighted assets (RWA), and the Basel
3 leverage constraint was not yet in place. At the time, some banks had a
significantly higher leverage than the cap of 33 to be introduced by Basel
3. In order to avoid spurious fire sales that would occur in absence of an
exogenous shock, we therefore scale these banks’ capital levels linearly to
a buffer slightly below 33, as shown in Figure A.2.1. Similarly, Greenwood
et al. (2015) cap the leverage at 30 in their analysis.

CORRECTING FOR DATA INCONSISTENCIES. The EBA data provides in-
formation on notional exposures of each bank to 148 asset classes.! Bank

!For more details on the regulatory definition of “exposure” cf. the EBA methodologi-
cal note:
https://www.eba.europa.eu/documents/10180/15932/EBA-ST-2011-004-Detailed-Methodological-Note_
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Figure A.2.1: Leverage of banks in the EBA dataset and adjusted leverage used as model
input: By adding capital to the banks with leverage above 33, the leverage of these banks is
brought slightly below 33.

BEO005 records a zero value for total exposures despite positive exposures in
the individual asset classes. As a proxy for this bank, we use information
from the “Total assets after the effects of mandatory restructuring plans”?,
which is usually quite close to the values of “total exposures”across the

dataset.

Another consistency issue is that the individual exposures in the dataset do
not always sum up to the total exposure figure. Indeed, EBA explains in
a footnote of the “total exposure” data that: “Total exposures is the total
EAD according to the CRD definition based on which the bank computes
RWA for credit risk. Total exposures, in addition to the exposures broken
down by regulatory portfolios in this table[ “this table” corresponds to the
four asset classes in the portfolio IT above], include EAD for securitisa-
tion transactions, counterparty credit risk, sovereigns, guaranteed
by sovereigns, public sector entities and central banks.” (emphasis
added). Due to this, the sum over the individual balance sheet items devi-
ates in our model(both positively and negatively) from the “total exposures”
information recorded in the dataset. In order to correct for this deviation
and enforce that the sum of our individual balance sheet items is equal to
the “total exposure” in the data, we add/subtract a “remaining exposures”
term to the illiquid assets category. The average size of the negative correc-
tion terms is 5.9% of the corresponding balance sheet sizes. Double counting
is thus a minor issue. The average size of the positive correction terms is

1.pdf as well as the identifier 33021 in the dataset.
2This information is recorded under identifier 30029 in the EBA dataset.
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13.4%. This average is inflated by five small banks that are outliers and
have correction terms above 50%. Excluding these outliers, the average of
the correction terms reduces to 9%. The average size of the correction term
over the entire data set is 8.9%. On average, we thus underestimate the
balance sheet sizes of the banks. This may only bias results in the sense of
underestimating the impact of fire sales.

An alternative approach to achieve a consistent matching of our model bal-
ance sheets with the “total exposure” data would have been to scale all
assets on each balance sheet up / down by the adequate factor. However,
we preferred adding/subtracting an amount to the “other illiquid assets”
category, as they play no role in the fire sale cascade and we thereby avoid
distorting individual exposures in the dataset by scaling them.
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