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ABSTRACT

A Hele-Shaw model is used to study unsteady flow in two
drainage systems. The first‘system is concerned with unstendy
tile drainage over a horizonfal impermeable bed° Both rising
and falling stages of the unsteady state have been investigated
in the systenm, The drainage factors whose effects on the rate
of the mid-point water table recession and rise have been exanm-
ined are: the initial steady state water table height above the
drain axis; the depth of the impermeable bed below the drain axis;
the drain size; the submergence of the drain outlet below the out-

let channel water level and the steady rate of recharge.

The experimental results are used for checking the validity
of the existing unstendy state drainage solutions for the above
mentioned factors. The experimental and analytical studies
show good agreement over certain ranges of the drainage factors

and thus delineate the limitations of these analytical studies.

The second drainage system covers steady and unsteady
drainage over a moderately sloping impermeable bed. The
specific system that is investigated relates to a case when
the downslope flow due to vertical recharge is dammed by an
underground clay barrier. The system is finité with vertic-1
impermeg£le boundaries at the upper and lower ends and consists

of three tile drains situated 22.9 cms above the impermeable bed
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and 100 cms apart.

M analytical solution based on the Bbussinesq equation is
developed for the steady and unsteady drainage. The solution,
although only an approximate representation of the experimental
set up, shows a remarkable agrecement when compared with the ex-

perimcntal results for the steady and unsteady state conditions.
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PREFACE

Tﬂe experimental study of the moving water table «#w  tile
drain systems described in this thesis was carried out in the
Hydraulics laboratory of the Department of Civil Engineering,
Imperial College of Science and Technology, London. The study
was carried out with two objectives in view, both of which are

implied in the title of the thesis.

The term 'systems' in the title covers, in fact, two systems.
The first system deals with the moving water table (rising and
falling) over a horizontal impermeable bed and the second with
the steady and unsteady (falling water table only) flow over a
moderately sloping impermeablg bed, The latter system, although
of great practical significance; does not seem to have been studied

in great depth,

It is hoped that the study of the first system would improve
the knowledge of some of the existing unsteady state solutions by
delineating their range of validity of which little is known to-dates
The study of the second system advances the present knowledge of the
system by considering the initial steady state water table profile.
A1l the existing studies of such a system assumed an initial water

table profile parallel to the sloping impermeable bed.

Although there is a vast amount of material covering different
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aspects of tile drainage problem, only the relevant and more
important references have been reviewed in the thesis. Where
specific information is cited, the reference is indicated by

subscriptse.

The presentation of the research work in the thesis follows
a systematic pattern. In Chapter 1 is given a description of
drainage problems in general, followed by the introduction of
the present research problem. Chapter 2 describes the nature
and properties of porous media and gives derivation of the basic

flow equations.

The review of the existing steady and unsteady state so0l-
1
utions is given in Chapters 3 and 4. The emphasis en the re-
view has been placed on outlini=wg the assumptions underlying

the analytical solutions.

Chapter 5 gives a detailed description of the present
experimental set up and experimental accuracy, which is
followed by the discussion of the experimental results for

the symmetrical drainage system.

The experimental and analytical studies of flow over a
moderately sloping impermeable bed are described in Chapter 6.

The Summary of the conclusions is presented in Chapter 7.
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NOTATIONS
Symbols ) Description
A = Cross-sectional area
a = slope factor = &C/D
b = width of interspace
C = KD/T
d = depth of drains above the impermeable bed
D = weighted mean depth of the ground water
Y
stream = —g— + d
f = drainable porosity
g = acceleration due to gravity
h = height of water table measured above the impermeable bed
by S = steady state mid-point water table height measured from

the impermeable bed.

Ahg = fall of water table in the upper drain of a Zone in a

certain time t.

Aht, = fall of water table in the lower drain of a Zone in a

certain time t.

H = steady state height of water table at the upper drain

measured from the sloping impermeable bed.

H = steady state height of water table at the lower drain

measured from the sloping impermeable bed.

H, = free surface height of the outlet channel, measured

from the impermeable bed.
=

i = unit of imaginary numbers = y-1

X = hydraulic conductivity of the soil



Symbols

- %
n

Vi

Degeription

intrinsic permeability
half drain spacing
drain spacing = 21
integers O? Ty 29 3 00eo

intensity of pressure

ZRAK

drain discharge/length

drain radius

rate of recharge/area

Reynolds number

independent variable of ILaplace transformé

time since water table recession or rise begins.
seepage velocity

pore velocity

cartesian coordinates

height of water table, at time t, measured from the

drain centre,

steady state water table height, midway between drains,

neasured from the drains centre.

steady state height of water table, over the drains,

measured from the drains centre.
slope of the impermeable bed

absolute viscosity
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Symbols Description
% = kinematic viscosity
p = density of the liquid
gﬁ = potential function
\ = stream function
e = angle which the steady state water table makes with

the horizontal at the point of inflexion.

¥ - % el

LY = vertical displacement
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CHAPTER 1

INTRODUCTION

The objectives of this chaptér are first to outline, very
briefly, the natural causes that give rise to drainage problems;
secondly, to discuss the salient features éf crop growth in rel-
ation to fluctuations in the groundwater table; thirdly, to discuss
qualitatively the physical and ecological principles that determine
the water table depth; and lastly, to introduce the present research
problem., This sequence of description aims at providing the back-
ground against which the research problem can be viewed prior to
a systematic presentation of its experimental and theoretical

solution in the later chapters,

1.1 CAUSES OF DRAINAGE PROBLEMS

Fluctuation of the groundwaﬁer table in response to intermittent
- percolation is a common phenomenon., The occurrence of this phenomenon
and its importance in the evaluation of ground-water resources as well
as in the study of irrigation and drainage problems has occupied the .

attenfion of many investigators in recent decades.

The main sources of percolation giving rise to drainage problems
are: precipitation, surface irrigation and seepage from open waters
such as lakes, streams and canals. The effect of these sources may

not necessarily be confined to the areas of their occurrence, The
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water may seep laterally through the subsoil from lands at higher
elevations to lower lands. Childs (1) has applied the term
'foreign water' to this latter situation, implying that the
water comes from a source not in the area to be drained. In
such cases, it is always the lowlands which suffer most from a

rising water table situation.

Artificial drainage may not be necessary in afeas having
natural subsurface drainage, such as areas underlain by coarse
material like sand and gravel which have lateral drainage routes.
Excessive water in these areas can percolate vertically and then
move laterally through the permeable soll to the natural outlets,
-However, in the absence of any such natural outflow or if there
is no artificial abstraction, the groundwater table will continue
to rise when there is percolation. The rise will depend on the
duratién and rate of percolation, on the size and shape of the
area over which percolation takes place and on the hydraulic

and geometric parameters of the underlying water table aquifer.

A rising water table situation creates problems to crops
when it reaches a shallow depth. The water table must be con~
trolled by artificial drainage to a certain optimum depth depending
on the type of crop and the soil and climatic conditions. In a
drainage design, the optimum depth is governed not only by the
length of time that the plants will be exposed to high water

table or even waterlogging conditions (Section 1.2) but also by
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the salinity of the groundwater, The highest water table must
be kept deeper in the latter case so that harmful salts are not
drawn to the ground surface by capillary flow and deposited there

as the water evaporates.

1.2 WATER TABIE DEPTH IN RELATION TO PIANT GROWTH AND SOIL

It is well recognised that plants need air as well as moisture
in their root zones. The availability of air and moisture to plants
depends on the position of the water table and the moisture holding
capacity of the‘soil, the latter depending on the soil type and

structure.

Every soil has two distinctive amounts of moisture content in
the course of alternate wetting and drying phases. These two
amounts, the so called moisture constants, are the field capacity
and the wilting coefficient. The field capacity is, in broad
terms, the lowest moisture content to which the soil may be brought
by gravity drainage alone in any reasonable time (i.e. in a matter
of days). For example, if an initially high water table, suffic-
ient to maintain the surface layers nearly at saturation (see curve 1
in Fig, 1oi), is much lowered by drainage, water will drain down to
the new water table thus resultingvin a reduction of the moisture
content in the upper soil layers. This causes an increased resis-
tance to water movgment so that in fact, after a reasonable time,

the moisture profile takes a steady form shown by curve 2 in Fig. 1.1,
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in which the moisture content is nowhere less than an amount which
is characteristic of the soil.,  This minimum amount is the field

capacity.

In the absence of any transpiration by plants or vegetation
and if there is-no diffusion of water vapour to the ground surface,
the soil well above tho water table will end up at field capacity
and will stay at this state for an indefinite time until a new
recharge occurse. This state would, however, be disturbed by
plants. The soil moisture would be reduced below the field
capacity by transpirationu As s0il moisture decreases it
becomes harder and harder to extract the soil moisture in
attempting to meet the leaf transpiration. Eventually the
wilting point is reached and plant growth ceases. The soil
moisture content characteristic of the soil at this stage is

called the wilting coefficient.

The direct aim of a drainage operation is to control the
moisture content of the root zone of plants between the field
capacity and the wilting level. This is achieved by controlling
the water table depth. In deciding upon the depth at which the
water table should be kept for a specific drainage problem, one
should bear in mind that the water table should not be lowered
so far below the root zone that water deficiency may be likely
to occur. At the same time, it should not be so shallow that

the moisture content in the root zone is much above the field
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capacity (i.e. almost saturated). This would prevent air pene-
trating into the root zone. Thus, two limiting depths of the

water table need be considered: an upper limit dictated by the
demand that air should have sufficient access to the roots, and

a lower limit set by the water requirements of the crops.

The reaction of crops to fluctuations of the water table
within the above limits at different stages of their growth has
been the subject of much research., It may, however, be pointed
out that despite a great number of experiments on the plant
growth-water table depth relationship, our knowledge of the
required optimum water table depth is still incomplete. It
is very difficult to arriveétadefinite conclusion of a general
validity about the water table depths which would guaranteé

optimum crop growth.

Wesseling (2) has reported optimum water table depths
obtained from field investigations on different crops. Although
this information may serve as a general guide, variation in
climatic conditions from place to place may cause considerable
variation in the optimum water table depth for a particular

Crop.

1.3 TILE DRAINAGE

Once the optimum depth has been decided upon, the control
of the water table within the root zone of crops may be accom-

plished by one of three methods: (a) pumping of ground water,
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(b) open ditches and (c) covered tile drains. The suitability
of any of these methods depends on the topography of the ground
surface and on the characteristics of the aquifer. Discussion

in this thesis will centre on the tile drainage technique.

Before describing the specific tile drainage problems, it
might be appropriate to discuss the classical steady state tile
drainage problem as illustrated in Fig. 1.1A. It consists of
cylindrical porous drains of diameter 2r placed in a permeable
soil layer of hydranlic conductivity XK oﬁerlying a horizontal
impermeable bed. There is a recharge rate R per unit area of
the soil surface. The drains are spaced L apart and their
centres are at a height d above the impefmeable bed. The
water table (the surface over which the soil moisture pressure
is atmospheric) generally lies above the drains but may cusp
downwards into the drains.  In the classical delineation of
the tile drainage problem, the drains repeat indefinitely at
the spacing L. Due to the resulting symmetry, attention can
be confined to that part of the system lying between two verti-
cal sections: one through a drain and the other through the

midpoint between that drain and a neighbouring drain (Fig. 1.2).

The drains may run part-full at atmospheric pressure or may
run full either at atmospheric pressure or at a higher pressure
(back pressure). The latter may be caused either due to resis-

tance to flow along the drains (Fig. 1.2) or because the drain
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outlets are submerged below the free water surface in a collector
ditch (Fig. 1.4). Both causes may also act together. If the
drains run at atmospheric pressure, whether full or part-full,
the water table may intersect the drain periphery at low values
of R/K (Fig. 1.3) or it may stand at the height Y_ above the
drain centres at higher values of R/K. If the drains run under
back pressure, the water table immediately over the‘drains will
stand at a height Y, greater than the back pressure head because
of the resistance to flow between the water table and the drain.
The’differgnce between Y, and.the back pressure head decreases
G Cre G v
wit;g;>k;"“1t may be mentioned here that while the two types
of back pressure, whether due to the resistance to flow in the
~ drain or due to submergence of the drain outlets below the free
Qater surface in the collector ditch, give virtually the same
steady state problem, there is a difference in the ultimate
water table position during the falling water table. The

e Frowa
water table ultimately falls to the centre of the drain in

the former and to the ditch water level in the latter.
O et @g
The present study was based onifhree{flow conditions:

~ P
.

AT

~ Tan

(i)  the drains ran full under pressure due to resistance
to flow in the drain. The water table was standing

at a height Y, above the drain centre (Fig. 1.2);

(ii) the drains ran part—fuli at atmospheric pressure at

low values of R/K, the water table height Y, being
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ZEYOe This flow condition will hereafter be called

'free flow condition' (Fig. 1.3);

(iii) the drains ran fuilﬁunder pressure because their
outlets were submerged below the free water surface
in a collector ditch (Fig. 1.4). There was, however,
no effect of drain resistance because a large drain
was considered and the value of R/K was small. Under
these conditions, the water table in Fig. 1.4, to all
intents and purposes, touched the water surface in the
collector ditch, il.e. Y = Y, . In this case, the
amount of submergence of the drain is defined by the
‘submergence ratio', which is the ratio of the depth
of the drain centres (Y,) to the depth of the imper-

meable bed (H2) below the free water surface in the

collector ditch,

1.4 CENERAL SOLUTION OF DRAINAGE PROBLEMS

The object of the general solution of a drainage problem is
to determine the effect of the geometric parameters of a drainage
system on the shape, location and the rate of movement of the water
table and on the flow of water to the drains, for given gonditions
of percolation and soil hydraulic conductivity. The solution of
this problem is faced with formidable mathematical difficulties.

This is because in the first place the problem is non-linear, but
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what makes it even more difficult is the fact that the shape of
the water table is not known a priori and hence the domain in
which the solution is to be determined is not known in advance.
In addition, the free surface boundary in the unsteady state
varies with time as the water table fluctuates above the tile

drains °

In order to make progress in the development of methods
for the design of tile drainage systems, it has in general bheen
necessary to simplify the theoretical approach by making special
assumptions of one kind or another. These assumptions differ
~in the different methods that are now available. However,
the most common assumptions inherent in these methods are:
the percolation mbves vertically downward in the unsaturated
zone until it joins the water table; there is uniform flux
across all parts of the water table; the mid point water table

O (AT o R P
depthﬁ}s smaller than the depth of the impermeable bed below

the drain; and the flow takes place in a homogeneous, isotropic

unconfined aquifer.

Drainage design, in the early 1930's, was based on the
simplified conditions of assuming drainage to be a steady state
process and ignoring .-any cyclic behaviour of the recharge and
hence of the ground.-water table. This led to the development
of steady state flow methods which allowed the designer to bbtain

answers to the problems of the design of proper spacing of drains
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if the rate of steady recharge was known.

The steady state approéch; although a great step forward in
achieving a design criterion, could not be considered to provide
an adequate answer to the actual unsteady state drainage. This
state is generally observed bqth in arid and huﬁid areas, In
arid areas, the ground-water table rises during the irrigation
season and reaches its highest elevation at the end of the season.
The water fable then recédes during the non-irrigation period and
rises agqin during the irrigation season in the following year.
The s me phenomenon occurs in humid areas due to deep percolation

from rainfall,

In spite of its widgspread practical importance, the unsteady
state drainage problem has been given less attention than the
steady state problen. This is beéause the unsteady state is
intractable analytically with present mathematical knowledge.
However, since the late 1940's, many research workers have
developed approximate methods for studying unsteady subsurface
'drainageg A detailed review of these methods wil} be given in
Chapter 3. It will suffice here to mention thatf%ﬁarier Series
méthod, the electrical analogue technique, the vggcous flow
analogue technique, finite difference methods and perturbation

methods are five distinct methods of attack for the solution of

unsteady state drainage problems.
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1.5 OBJECTS OF THE PRESENT RESEARCH

1¢5.1 Research needs.

The moving water table problem can be considered under two
conditions, viz. the rising water table and the falling water
tables  After a thorough study of the available literature on
tile drainage, it is clear that the rising phase has been given
very little attention when compared with the falling phase.
Except for Childs and O'Donnell's study (3), there does not
appear to be any experimental or analytical study relating to
the rate of rise of water table with drainage parameters
(Section 1.5.2). Drainage design is generally based on the
unrealistic assumption that the water table rises instantaneously
to the steady state. Tor a more reliable design,. therefore, it

is essential that the rising phase should be properly understood.

Contrary to the rising water table, the falling water table
has been the subject of considerable analytical research in the
last two decades. In the development of analytical methods
several research workers have made certain simplifying assump-
tions to obtain workable solutions of the problem. It seems that,
after Childs' analogue study (4), no experimental investigation
was carried out to test the validity of these assumptions until
recently (1967) Maasland (5) used a viscous flow analogue
(Hele-Shaw model) to demonstrate the limitations of Glover's

original equation (6). Moreover, no general solution that is



14,

entirely acceptable for design purposes has so far been found for
problems involving a falllng wgter table. Therefore, to develop
a practicable and useful method of designing a drainage system, it
is essential that the various analytical methods should be eval-
uated critically and compared bofh mutually and with experimental
datae This data can be easily obtained from a Hele-Shaw model,
which may be considered as one of the most versatile tools to

give solutions of unsteady drainage problems.

Apart from the symmetrical drainage problems mentioned above
and illustrated in Fig. 1.14, there are problems of unsymmetrical
drainage systems of which little is knqwnaé:yet. For example, a
symmetrical drainage system may not be feasible in rough terrains.
It may be necessary to misalign some drains (Section 5.8) vertically
in sections of relatively low elevation. No research work on the
moving water table between misaligned drains appears to have been
'reported in the literature and this problem therefore needs to be

examined.

Another interesting unsymmetrical drainaée problem occurs
when a drainage system lies over a sloping impermeable bed. It
may happen that the normal downslope flow of the seepage water
is stopped by an underground ‘'dam'" consisting of a barrier of
impermeable clay adjacent to the drainage area (Fig. 1.5)o The
water, if not drained, may soon approach the ground surface above

the barrier and cause water-logging of the area. This problem,
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(LUTHIN, 1957, PAGE 360)
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although of great practical importance, has not yet received much

attention either analytically or experimentally.

1:5.2 Research objects:

The object of the present reseérch is to provide solutions
to the type of problems discussed in S8ection 1.5.1. For the
symmetrical drainage system, the assumptions underlying a number
of analytical methods for steady and unsteady state problems will
be discussed in detail in Chapters 3 & 4. Hele-Shaw model results
will then be compared with the analytical solutions in Chapter 5.
It iz believed that this evaluation will be useful in determining
the extent to which the symmetrical drainage system solutions

predict actual drainage conditions.

In symmetrical drainage systems, soil water drains most
slowly at the midpoint between drains. Adequate drainage
should remove .the water at this point at a sufficiently high
rate to keep the midpoint water table low enough to prevent
crop damage. 1t is thus necessary for a raotional design to
determine the relationship between the rate of movement of the
midpoint water table and other drainage parameters. Those
considered in this invesfigation are: depgth of impermeable
bed below the drains; midpoint water table depth at the steady
state condition; rate of percolation; hydraulic conductivity

and drainable pore space of soil. Since almost all unsteady
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state theories have been simplified to give the water table
recession at the midpoint, therefore the rate of fall of water
table only at this point is recorded in the experiments. The
shape of water table with respect to time from the beginning
of recession has been obtained from photographs.  The rate of
rige of the water table midway between the drains has also been

investigated (Section 5.7.3).

Water table recession between drains submerged below the
outlet ditch water level has becn studied and the experimental
results compared with analytical solutions wherever possible

(Section 5.7.2).

The above procedure was also adopted for “the unsymmetrical
drainage systems(Section 1.5.1). In these systems, however,
emphasis has been given to the highest point on the water table.
This point may not necessarily be the midnoint as in the symmet-

rical drainage system.

The experimental results are presented in dimensionless form,
the analysis of which is discussed in Chapter 5°. The sloping
drainage system is analysed mathematically and the solution is
compared with experimental results in Chapier 6. A summary of

the experimental results is presented in Chapter 7.
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CHAPTER 2

GROUNDWATER FLOW

This chapter first describes the nature and properties
of porous media. The mechanism of flow in such media, both
on the macroscopic and microscopic scale, are then described
in detail. The equations of motion for anisotropic and iso-~
tropic porous media are derived. A linear partial differ-~
ential equation. for flow over a sloping impermeable bed is
also derived. This equation will later be solved in

Chapter 6 for various boundary conditions.

2.1 POROUS MEDIA

A porous medium may be considered typically as a body of
loose material containing innumerable irregularly shaped voids
comprising ""pore spaces" or interstices. The particlgs in the
material méy have a wide range of assorted shapes and sizes
vhich, in turn, determine the geometry of the pore spaces.

Each pore is conﬁected by constricted channels to other pores,
the whole forming a complex interconnected network of openings

which form the channels through which a fluid may flow.

The term '"porous material" encompasses a wide variety of
materials. Within the context of ground water, for example,

it includes the relatively fine grained soils and unconsolidated
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sands, consolidated sands. such ao the common sandstones, lime

stones and other porous rocks.
b
The most important properties affecting the flow of fluids

et

in porous media are "porosity" and '"hydraulic conductivity".
Porosity is a measure of the pore space of a medium and is defined
as the fraction of pore spé.ce in the medium relative to its total

volume. Hydraulic conductivity is a measure of the ease with which

i~

Do R
a fluid passes through porous media. (A quantitative definition is

given in Section 2.3).

The fluid capacity of a medium may not necessarily be the same
as the total volume of pore space between the particles. A con-
siderable amount of‘capillary and pellicular water may remain in
the pores after drainage by gravity or appiied suction. There
may even be isolated pores that cam never receive or yield water.
The whole pore space may not be replenished during the rising
water table phase because of a certain amount of entrapped air
which remains in the pores. These effects are taken into account
by re-defining porosity as "effective porosity" by which is meant
the ratio of volume of water drained off under gravity to the total
volume of the medium, In this thesis, the term 'porosity’ refers

to 'effective porosity''.

The factors which influence the effective porosity and the
hydraulic conductivity of a medium are: (a) the mean particle

size, (b) the packing of particles, (c) the shape of the individual
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particles, (d) the size distribution of the individual particles

in the material and (e) the orientation of the particles. However,
the actual shape and size of the individual particles and the way
they are distributed are in reality so irregular that, when in-
quiring into thelnature of a porous medium, its porosity and
hydraulic conductivity are only meaningful if determined by

average quantities over a volume of the medium that is much

larger than any one nore. Such average gquantities are used in

the study of flow of fluids in porous media in the later g2.ections.

Finally, it should be noted that all the mathematical dével—
opments in this thesis are based on.the assumption that the porous
medium is undeformable, i.e. there is no change in the flow geometry
of the medium owing either to deformation in the medium itself or to
foreign matter brought in by the fluid, which grows as the time of

flow continues.

2.2 IMECHANISM OF GROUNDWATER I'LOW

The flow of groundwater in a porous medium occurs through its
interconnected pore spaces. The path of individual fluid particles
through the multiplicity of these pore spaces is excessively complex
due to the tortuousity of the capillary channels formed by the inter-—
connected pores, rapid changes in their cross-sectional érea and
possible changes in the flow conditions from laminar to turbulent ,

flow. This complex pattern of fluid flow at the microscopic scale
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would‘béde: i:-ble by the continuum model normally used in Fluid
Mechanics. However, the motion in the microscopié scale is
complicated even in the simplest regular cases such as the flow
through a'set of regularly packed spheres. Moreover, even if such
a solution were possible, it would be of little value in the study

of actual groundwater flow.

In.View of these difficulties, the flow pattern of groundwater
is best considered on a macroscopic scale, i.e. we determine some
average values of velocity, pressufe, rate of-disch&rge etc; over
a_large number of pores and disregard the effect of shape and size
of the individual pores. Thus, at a porosity f, the average 'pore
~velocity® v* due to a discharge Q over a small area A (one consider-

ably larger than a pore cross-section) is

V*=—';Q" #9300 0eEC 0O AIDNA0VC0OE00OODOGECROSSBOS SO (201)

In the study of groundwater flow, the real flow of the fluid
through the»pores is generally replaced by an imaginary seepage
flow which is assumed to fill the volume of both the pores and the
soil skeleton. The veloéity of flow due to the imaginary flow is
termed the "seepage velocity'" v. This velocity due to a discharge

Q over an area A is given by

V:% €08 GPN0G800CeNGeED0C08e000E0COSCsVOEE SO (2.2)
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Equations (2.1) and (2.2) yield the relationship between the pore

velocity and seepage velocity

v: fv* GDOO09000000OUOOHGOOOOU’OOOOOB.DH (203)
Since £ {1, it follows that v{ v* for a given situation. In this
thesis, unless stated otherwise, the velocity will hereafter refer

to the seepage velocity.

2.3 DARCY'S LAW

The first rational analysis of groundwater flow was the work
of Henri Darcy. His report published in 1856 contained a text on
infiltration through sand. From this study, he proposed a formula

for the discharge through a cross-sectional area A:

Q = KIA
in which K is the Darcy coefficient and I is the hydraulic gradient.
From the above eguation it follows that
‘,‘ V=%=KI 8090 0FQEUIDOOOPOEIGEODODOODIBOOD (2o’+)

This equation formed the basis of all subsequent studies of flow

through porous media.

Darcy's investigation was restricted to the empirical formulation
of equation (2.4). He did not explicitly state whether the equation

holds for laminar or turbulent flow, nor did he state specifically the
er oo yrole
properties of the medium/in his empirical coefficient K. However,

A
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subsequent to Darcy's publication, much research has been directed
to an interpretatidn of the individual parameters that determine K.
Sett ol
This coefficient, in fact, involves two[pharacteristics: one related
e T ike
to the pore geometry of the medium and [otheriphysical properties of
the fluid. Historically, the mnalytical evaluation of the first
characteristic was based on the assumption that a relationship
exists between the size of the individuallparticles comprising the

porous medium and the dimensions of the pore channels available for

flow.

The characteristics of K were first analysed by Hazen (7) by the
method of dimensional analysis. According to Hazen, Darcy's coefficient
K for laminar flow through porous media is given by

_ ca’y

K——- "0 00POOCOO0VO00DENOODO0DODONODDOOTOGIO00 (205) :

24
where d is the mean diameter of particles in a homogeneous porous
medium; C is a dimensionless quantity which takes into account the
effect of poroéity, shape of grains and degree of cementation and
7/ is the kinematic viscosity of the fluid. Basically, therefore,
cd® is the geometrical characteristic of the porous medium and 7/

refers to the physical properties of the fluid.

An analytical justification of Darcy's law can also be obtained
from classical hydrodynamics. Thé simplest approach to this justi-
fication applies only to the extremely idealised case of laminar flow
between a network of parallel circular tubes containing a porous medium

consisting of small spheres of equal diameter. Such an idealised
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sphere-type model was used by Rumer and Ralph (8) who deduced

o
analytical results that were compatdble with equation (2.5).

The product Cd2 in equation (2.5) is defined as the intrinsic
permeability ko The Darcy coefficient K is defined as the hydraulic
conductivity., The Darcy law can thus be written in the differentisl

form

o
&

<
1]

3 lL,Q

L=

o)
0

=

008GV O0D0U0O000000EP0ORODV0000E00CS (206)

i
i
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o)
0

where h=2+

g (o]

in which z is the elevation measured as positive abdve an arbitrary
datum plane and p is the pressure in the fluid. The minus sign in
equations (2.6) indicates that h decreases as the distance s increases.
" For a homogeneous anisotropic porous medium, the velocities in the three

coordinate directions are given by

2
_x 2
X X X
dh
= - K e
J vy oy
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-K Oh PO00OOOPNOO0GOCDODYUIAGAOEOODOOBE®SCO (2.?)
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Much research has been carried out on the significance of the
individual parameters of a porous medium and the flow therein to
find the range of validity of the Darcy law. FExperiments showed

that at large hydraulic gradient (and velocity), Darcy's law no
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longer applied. It was to be expected that by analogy with the
laminar and turbulent flow in pipes at low and high hydraulic
gradients, the Darcy flow range might be confined to laminar flow
conditions. This liéd naturally to a consideration of a Reynolds
number (Re) for groundwater flow for use as a criterion for Darcy
and non-Darcy flow regimes. = A convenient Re for groundwater flow
is defined in terms of the seepage velocity and the mean grain size

of the porous medium viz Re = Xi . Many experiments have been per-

formed to establish the critical Re for groundwater flow, below
which Darcy's law applies but above which it does not. The experi-
mental results showed a wide divergence in the range of critical

Re which could not be explained on physical grounds. For example,
Linguist (7) cpnducted some experiments on graiﬁs of uniform size

in the range of 1 to 5 mm. and a porosity of 38%. He observed

that the.Darcy law  holdsfor R_& 4. He also noted that for this
medium, the flow became turbulent at Rej>180. In another experiment
on uniform glass beads, he found the Darcy law to hold up to Reqf12,
whereas for an unconsolidated and heterogeneous medium the limit was

Re<'1o The low value in the latter was attributed to a large

variation in the pore space.

In view of the uncertainties discussed above, Muskat.(?) con~
sidered it reasonable to accept a Reynolds number equal to one as
a safe limit above which deviation from the Darcy law would occur.

Muskat (7) also indicated that in the majority of groundwater flow
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systems laminar flow would occur, except possibly in some localised
parts of the porous medium, as for example, in the immediate vicinii-

of wells and tile drains.

Darcy's law is generally expressed in terms of velocity potential

#  for the convenience in analysis of the groundwater flow either anzl-

ytically or experimentally with models and analogues. Therefore, if
the medium is homogeneous and isotropic and if the fluid is of constont

density and viscosity, equation (2.4) kecomes

v = - 22
= - 22
in which g = Kn

Velocities in the three coordinate directions will then be

> o Yo¥a g
— o i » = e waiam 14 = e e cecowoo0 °
x = ax vy oy ° Ve oz (2.8)

2.4 EQUATION OF MOTION

" The Darcy law does not permit the solution of a problem by
itself. It merely gives information about the local velocity and
its relationship to the local potential gradient. An equaticn
giving the distribution of potential (p) or head h is needed. The
object in this Section, therefore, is to derive the general form
of such an equation and this is done by a consideration of the con-
servation of matter. The particular boundary conditions valid

for any given drainage problem along with the general equation for 96
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form the starting point for the solution of that problem. Boundary

conditions will be discussed in Chapter 3.

Consider an isolated small element of volume dx, dy, dz of a
porous medium in the form of a parallelepiped (Fig. 2.1). Let
the centre of the element be at the peint x, y, z and the velocities
of flow in the coordinate direction at this point be Ve vy and Ve
Further, let the medium be homogeneous but anisotropic with the
values of hydraulic conductivity in the three coordinate directions

Kx’ Ky and Kz' The fluid is assumed to be incompressible

P
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In the x-direction, the rate of inflow is

v - &5 o]
| v, - (-5-;) (%dX)__ dy dz

and the rate of outflow

r 2
| vt (5D Gan)| ay a
|
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Therefore, the rate of storage on account of the inequality between

inflow and outflow is

}\vx
"':'—é"}? dxdy dZ © 8000000 UNA00E0DECO000OOOREROO (2'9)

A similar procedure in respect of the rates of storage in the volume

element due to the flow components in the y and z directions gives

DV
--S% dX dy dZ OP P9 0T 00000 AGO0OOOOO0O00RO0000C0DV0O0Y SO0 (2010)

and
av,
- m——— dy dy dz @000 090000 0P000AE00LO000ODOEON0DST000 (2.11)

Dz

The total rate of storage of fluid in the volume element is therefore

“ } \
vx ”?y DV

x -+ ay + az dX dy dz 0000 0C00OP0O0RG00OEDOD S (2012)

In the absence of sources and sinks in the element volume, con-
servation of matter requires that the sum given by equation (2.12)
must be zero, i.ec.

Tbvxi+‘bvy‘+'avz
VX 0y o=z

=O /aooeooano.'olnonAnouei?.oonovooon.ne_oﬁooo (2013)

This equatioﬁ is'valid'both‘in steady and;unSteady'saturated flow in
a porous medium under the'incompressibility[condition. '

in a homogéneousvanisoffopic medium,'véluéé of Vot vy and vé are
given by equations (2.7). Substituting these values in the above

equation yields

2 2
K &g&+K z‘—€'2-1'+K M =O 2000 RS OODDOOOOOODODDOOS GO (2.14)
X ox Yay 3z
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This equation can be simplified by a change in the scales of the
coordinate system. Let a new rectangular coordinate system X,Y,Z

be related to x,y,z by the equations

X = X
A
Y = (K’/Ky)a. v
7 = (KX/KZ)%.. Z eccceeccecscccccsssscevscescss  (2.15)

The substitution of equations (2.15) in equation (2.14) will result

in
2 2 2
e, =
i‘.{-\"\"—z"aﬁ'l‘lg‘:O 08 0000000000808 00OOBO0TICNO (2516)
X~ Dy 27
If, however,_the medium is homogeneous and isotropic, i.e. Kx = Ky = Kz’

equation (2.14) directly gives rise to

2 2 2
‘b—éb'l'—?z‘b'l""b_hg:o CCOLEONDGAENNOOOROOILOOOD O (2.17)

X Bya 2z
This is the well known Laplace equation for the three-dimensional flow

in an isotropic homogeneous porous medium. For two-dimensional flow

the above equation reduces to

2 w2
M—l- b—zt‘=o PO B OOOUNWODGOOODIDOOEOO0OAOOOBSLAIODOOG O (2.18)
ox Dy

This equation has been used in the solution of the steady state and
unsteady state drainage problems that will be reviewed in Chapters 3

and 4,

It may be seen that the effect of the transformation (2.15) on

the anisotropic problem is to distort the linear dimensions in such
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proporfions as to render the problem isotropic in the transformed
X,Y,Z space. The transformed Laplace equation is first solved
and then the solution is transformed back into the x,y,z space by

an inverse transformation (7).

2.5 DUPUIT'c ASSUMPTIONS

Dupuit's approach to groundwater flow problems was via equations
for pipe and channel flow. He assumed the porous medium to be a
collection of minute channels formed by intercomnected pores in ecach
of which the condition of flow was analogous to that in capillary tubes.
He generalised the concept for the entire volume of the porous medium by
assuming that all capillary tubes intersected in a vertical seétion were
subject to identical conditio. of hydraulic gradient and that the val-
ocity resulting thercefrom was the same. The assumptions involved in

this approximation were:

(1) the velocity across all points on a vertical section is indep-
endent of the depth;
(i1) the hydraulic gradient over a given vertical section is

proportional to the slope of the water table at that section.

The limitations and inconsistencies of the Dupuit assumptions can
best be explained by differentiating equations (2.7) for the isotropic

. case and thereby obtaining the identities

'BVX QVZ ‘av}1 avz

2z  ox' Dz oy

Since the velocity across a vertical section is indepcndent of the
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depth
2V v
X _._J_90
z Dz
D v, 2V,
co that == =0 and = = 0. This means that “ , the
Dx oy z

vertical velocity component, must be constant in the x,y plane of
the flow system. Since v, will be zero at those points where the
flow is horizontal, such as at the inflow surface of a vertical
well, v, must be zero everywhere in such a system. Such a con-
dition is obtained only if the slope of the water table is zero
everyvwhere, and further, according to the Dupuit second assumption,
all velocities must be zero. This suggests the absurd conclusion

that there will be no flow in the system.

A rigorous examination of the Dupuit assumptionsshows that they
lead tai&rreconcileable situation, but it does not invalidate th2z uczz
of these assumptions. It is obvious that the flow, according to theo
second assumption, will essentially be horizontal so that the less of
kead in the vertical direction will be hegligible compared with the loss
in the horizontal direction in many cases, especially those ceses
in which there is little convergence of the streamlines. An
indiscriminate use of the assumptions to cases other than these
would lead to inconsistancies due to their application in solving

problems to which they do not apply.

The Dupuit assumptions have also been applied to a variety of

drainage problems that will be discussed in detail in Chapter 3,
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2.6 UNSTEADY UNCONFINED FLOW OVER A HORIZONTAL AND/SLOPING
IMPERMEABIE BED #~

Consider a two-dimensional flow of an incompressible fluid in g
small isolated element of a homogeneous isotropic porous medium
(Fig. 2.2). Let the flow along the x-axis through the element be
governed by the Dupuit assumptions, i.e. the water table is approx-
imately flat and parallellto the impermeable bed (horizontal or
moderately sloping). Let the eqﬁation of the water table be given

by h = f(x,t).

7 K.
N T B
’“F‘T;‘*“*-*M_\‘“\‘
V;e-h S h e \:Lh ,.‘..%_D__x(h VX \) d ¥
< dx
1Y L s x
Fig. 2.2

Suppose the fluid flows through the left hand face of the
element with a seepage velocity Ve Then the rate of flow per
unit width through the left hand face is vxh. The rate of flow
through the right hand face is |

v_h + ;9-(h v ) dx
X OX x

The rate of storage in the element is equal to the difference be-

tween the inflow and the outflow rates, viz.

.
5% (vxp) dx
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o In addition, suppose vertical percolation from the ground
surface is occurring at a rate R per unit area of the horizontal
surface, The rate of increase in storage in the element will

be R dx.

Summing the above two expressions yields the total volume of

the fluid stored in the element, i.e.

|

. X (V h) - R ‘dx B Ars 04t veetORRSCUCOR 00 (18&)

c)

The rate of rise of water table is >\‘1/8’0 This increases the

volume of the element at the rate

fé_]%.dx 00000000000 0C0NDB0000000C0C0000CO0000ICO (2919)

ot
Bquating (2.18~)and (2.19)

_5£ (v h) + fail R = O C0ODOWUO 00000 O0R0BOOD (2020)

Replacing Ve in the first term of this equation by

will transform equation (2.20) into the form

(k\.a - fah R O A00GCGORO0CA0BOQ@AQACOROC (2&21)

)}c X g Zk

For a moderately sloping impermeable bed, Darcy's law is

v =-K (—— - )
X

"where £ is the slope of the impermeable bed with the horizontal
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and h is the distance measured in the direction perpendicular to
the horizontal. Substitution of the above equation in equation (2.20)

will result in

0 oh f dh R
5-}; h _E-OC’) —-IE-%—-+E=O
or [ -
2,2 -
f
@—LIEE-—)--OC@-%-EQ%+%=O ©ooonDonoveoeeoe (2-22)
ax
Equation (2.22) can be linearised by substituting
h2 =Yy
Sn 12y
ox  gjy ¥X
oh 1 oy
ot 2f7 Bt
with the result that
2 " =
M_ﬁw—i’iﬂ_@ VO 000 0O0GBDAOOOO SO (2023)

If it is now assumed that 'h' deviates only a small amount from
a weighted mean depth D of the groundwater stream, the =~  *+—r-- *™-
above equation is linearised in the form
e o _ A%y
'—%" a—:_l"P #0908 PRCOE RO DDOOGDDOERBOD (2.2‘“’)
X ox C ot
in which a = 4/D
P = 2R/

C = KD/f
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By putting 2y/at = 0 in equation (2o24)%ﬁifferential equation

for_j@éfsteady flow becomes

2
:.3-;?2;" aa—X:-—PJ’ 00 0CeOC00C000ODB00OOGBCRAGR0D (2.25)
oX X

Equations (2.24) and (2.25) will be used in Chapter 6 for the analysis

of flow between drains lying over a sloping impermeable bed.
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CHAPTER 3

REVIEW OF STEADY STATE PROBLEMS

In the last three decafes a number of solutions of steady
state problems have been put forward, In this Chapter, some of
these solutions (both for free flow and submerged flow conditions)
are reviewed, the object being to outline the assumptions which
have been made and, as such, to find out their limitations. The
review of the steady state solutions is also important because
some of the unsteady state solutions to be presented in Chapter 4

are considered as a series of successive momentarily steady states.

Of the many assumptions that are made to make a drainage
problem amenable to amalytical solution, the two most common
aref (a) the Dupuit-Forchheimer assumptions for near-horizontal
flow, and (b) the assumption of radial flow. The former is
applicable to flat water tables where the spacing of drains is
large compared to their depth. The radial flow assumption can
best be visualised as being similar to the flow into a vertical
well in a confined aquifer of uniform thickness and infinite in
lateral extent. A tile drain can be considered as a horizontal
well,

Some solutions are based on a combination of radial flow

near the drain and horizontal flow at some distance away between

drains (Fig. 3.1). Analytical methods based on these assumptions
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are also reviewed in this Chapter.

3.1 THE DTPUIT -FORCHHEIMER METHOD

The Dupuit-Forchheimer method has been used extensively in
the solution of drainage problems even though it is based on
approximate assumptions (Section 2.5).  Van Schilfgaarde (9)
and Kirkham (10) critically evaluated the assumptions underlying
the method and discussed its usefulness as a result of comparison
with other methods based on physically more acceptable assumptions.,
They concluded that if the limitations underlying the method are
well v-derstood and not exceeded, it can, in some cases, lead to
useful simpler solutions than are possible by the use of more

rigorous methods based on the Laplace equation.

From a mathematical point of view, the main advantage of the
D.F. assumptions (Section 2.5) of small water table gradient is
that the average height of the water table (D = K% + d) above the
impermeable bed is used to represent the area available for ground-
water flow. This simplification, as shown in Section 2.6, is
essential to convert a non-linear partial differential equation
to the simpler linear form of the‘equétion of heat conduction.
The latter can be solved easily by any of the conventional methods

applied to the conduction of heat in solids.

Many investigators have carried out research to check the

validity of the D.F. method. Guoyon (11) observed that the
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hethod predicts a correct discharge but not the correct water table
profile, if the method is restricted to ditch drains penetrating to
a shallow impermeable bed, A similar conclusion was arrived at by
Hantush (12) for fully penetrating gravity wells. The method,
however, may not be true for partially penetrating ditches and tile
drains. In such cases, owing to the curvature of the streamlines,
the majority of the flow may be confined to the upper strata of a
system with the lower strata not contributing any appreciable flow.
Therefore, if a system is already of sufficient depth for the full
development of the active region of flow, any increase in the satur-
ated depth below the drain will not result in an increase in the rate
of flow or decrease in the depth of water table. This is in contrast
to the D.F. method in which the flow is required to increase with

depth according to the relation

dh
Q:—KD?‘; nane‘noeooaeeceoa.onaonooeoconoone (3:1)

in which @ is the drain discharge and D is the weighted mean depth

of the saturated medium.

The validity of equation (3.1) can easily be checked with Hammad's
analytical results (13). He showed that the drain discharge is some
asymptotic function of the depth of the impermeable bed. The dis-
charge was found to have essentially reached its maximum value when
the depth from the drains to the bed was one quarter of the drain

spacing, beyond which it remained constant. Equation (%.1), of
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course, holds for small values of D, which indicates that the drain
should lie near the impermeable bed. Therefore, the nature of the
discharge~depth relationship, as given by Hammad's solution, may not

be very surprising at higher values of depth-spacing ratios.
3.1.1 Ellipse Fquation

One of the earliest attempts to find a mathematical solution
of the ditch drainage problem was made by Hooghoudt (14). He
equated equation (3.71) with the continuity equation of flow be-
tween ditch drains to obtain an ellipse equation for the shape of

the water table
h2_ h2=—21%(b(_}{2) DGBOOSOV0O0GOD0O0COODEOSOODO0OD QO (302)

where Q@ is the discharge through the ditch and other symbols are as
shown in Figure 1.2. Equation (3.2) is useful, especially in a
system in which the ditches are either at a small height above the
impermeable bed or they penetrate completely to the impermeable bed.
The validity of the equation near the vertical section midway between
the ditch drains may be questioned because the flow is vertical here.
However, this effect is offset because of the flow being approximatcl;
horizontal in the greater part of the flow region. Another feature
of the ellipse equation is that it neglects the surface of secpage

in the ditch drains. Consequently, its applicatioﬁ is restricted

to a low rate of percolation.

Several investigators have made various assumptions in applying

the ellipse equation to partially pemetrating ditches in the vicinity
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of which the streamlines converge. Hooghoudt (14) considered the
convergence effect by taking into account the longer pz.i™ ¢i the
lower streamlines; Rothe and Kozeny (é, p. 84) suggested the

hypotl. 1s that the flow takes place only in the region above

the horizontal line through the centre of the drains.

Schilfgaarde and Kirkham (2, p. 84) justified the application
of the ellipse equation to tile drains cn the grounds that the
backfill over the drains retains higher permeability than the
disturbed soil. This makes tile drains behave like partially
penetrating ditches. A better ocpproximation was thought to be
obtained if the drains lie near the impermeable bed. In thee
cases of large depth below the drains to the impermecable bed, the
flow is subject to considerable resistance due to the effect of
convergence of the streamlines in the vicinity of the drains.
Hooghoudt proposed a correction faptor by substituting an equiv-
alent depth de in place of the original depth of flow. He
presented the solution of his complicated equation in a graph-
ical form showing the depth of flow against the equivalent depth
for various values of drain spacing. His ;raphs, however, were
of limited use because they were applicable only to a specific

size of drains. Moody (15) simplified Hooghoudt's formula to

d -
-{% t1 +f

the form

d]8 d || -1 0.z
g [_ﬁ In & _él} 04a/LL05 weves (3.3)

in which

N

= 355 = 1.6 (a/L) + 2 (8/1)°  evevoveccee (3ult)

)
!

e
~
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where the symbols are shown in Fig. 1.1A.

Moody showed thatijvaries very slowly in the range considered
in equation (3.3). The variation was calculated to be less than
0.05 in that range. He therefore suggested that for all practical
purposes.’ may be taken as a constant equal to 3.4,  Thus, equation

(3.3) can be re-written as

a .
e ‘a {8 d -1
—a-z% +'i [%Lﬂ;" 3"40]} Oéd/LL‘OOB 600 (3"5)

For a case where the depth d is infinite, Maasland (16) gave a

relation of the form

d . .
e 38 L -1
-‘L_:i-'[? [Ln (;) - 1.15]} 0P COPIOGOO0GRCO00ORO0E (3.6)

The original Hooghoudt equation is to be used for values of 4/L

beyond the range given by the above equations.

3.2 RADIAL FLOW ASSUMPTION

The radial flow aséumption is necessary when the impermeable
bed is either absent or exists onl& at a relatively great depth.
In the earliest methods, radial flow was taken into account by
using the similarity between the radial flow into a well and the
flow into a tile drain. This technique became popular in solving
drainage problems when the land was flooded to the surface. Hooghoudt
(2, p. 85) used this technique to find an approximate solution for the
steady flow towards a tile drain in a system having a very flat water
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table, He postulated an infinite number of line sources on the
horizontal line through the drain axes to identify a steady rate
of rainfall. He then used the method of images to arrive at an

approximate solution.

Hooghoudt's equation is expected to give satisfactory results
if the curvature of the water table between drains is sufficiently
small. This condition can only be obtained if the rate of rainfall
is small compared to the soil permeability so that the height of the
water table midway between drains is small compared to the depth of the
saturated medium below the drains. This simplification, in fact, leads
to the assumption that the head loss above the horizontal plane through
the drains is negli9ible. A solution for such cases can then be
obtained by taking an infinite number of images of the line sources
as discussed previénply. Hooghoudt, however, used a single row of
images which cannot be considered sufficient to get an accurate sol-

ution.

The radial flow assumption breaks down as the impermeable bed
apﬁroaches the drains. For intermediate depths 6f the impermeable
bed, neither the horizontal flow nor the radial flow assumption alone
gives a satisfactory solution. Hooghoudt solved this case by a
judicious combination of the two assumptions as shown in Fig. 3.1.

He assumed radial flow in the region near the drains and horizontal

flow near the midpoint between drains.

The last equipotential in the horizontal flow region or the
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first equipotential in the radial flow region was taken as a
vertical line with the result that the potential drop

(pA - o in Fig. 3.1) was zero. The horizontal distance X,
was so chosen that pA approaches pE. Hooghoudt showed that

X, = (L - a/2)/2 for o<%\<o,25 cscoccosss  (3.7)

Hooghoudt also found that the effect of the depth of the impermeable
bed on the drain discharge is negligible for d; 0.25, so that d can
T

be taken equal to 0.25 L for values greatlr than this ratio.

Although Hooghoudt's analysis was based on may approximations,
it constituted one of the first comprehensive treatments of steady
state tile drainage problems. So long as the assumptions are given
full conrideration, the method gives good results, Later studies
based on more exact physical models showed close agreement with
the appropriate Hooghoudt solution. Van Deemter (17) analysed
the steady state drainage problem using the hodograph method
which is based on the theory of conformal transformations. He
assumed an infinite depth to the impermesble bed and found that
his solution was in good agreement with the Hooghoudt analysis
for the same boundary conditions. Wesseling (18) carried out
extensive recomputations of Kirkham's method (Section 3.3.3) and
compared the results with those from the Hooghoudt model. He
showed that Hooghoudt's results (for the midpoint water table
height) did not differ more than 5% from those of Kirkham's.

Nevertheless, a drawback in Hooghoudt's solution is that it does
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not give the shape of the water table. Also it does not take the

size of the drain into azccount.

3.3 EXACT SOLUTIONS

Fairly exact solutions for the ground-water flow to equally
Spaced tile drains at uniform depth - ove the impermeable bed have
been found by the hodograph method and the use of Fourier Sericsa
Moreover, sufficiently accurate results have also been oﬁtained
by relaxation methods and electric analogues. Solutions of
steady state problems by these methods have been obtained by
assuming that a ditch or a tile drain conforms to a particular
shape of equipotential. For tile drainage problems, the drain
is assumed to ba a point sink of infinite negative potential at
the drain centre. A zero equipotential surrounding the sink is
identified with the tile circumference. This type of assumption
is not true because none of the equipotentials conform exactly
either to the shape of a fully penetrating ditch or to the tile
drain, except, of course, when the impermeable bed is at a large

depth.

3e%.1 Childs' Analogue experiments

A S St S e S e R S S R A M s A B St 4 R e S S

Though many approximate analytical formulae were obtained prior
to 1943, the effect of various parameters (Section 1.6) on tile drainage
was still not well known. Childs. (4a) carried out a series of experi~

ments on a conductive sheet electric analogue to demonstrate the effect
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of some fundamental drainage parameters which otherwise would have
been difficult to examine analytically. He conducted experiments
to study the effects of.the size of a tile drain, the rate of per-
colation and the depth of the impermeable bed on the shape of the
water table. He showed that flow to a tile drain is virtually

unaffected by the depth of the‘impermeable bed for 4/L3 0.25,

Childs also examined the effect of suction in the drain on
the water table profile, He showed that the water table moves
downward but that its shape does not change appreciably. Con-
sequently, everywhere the water table is drawn down by much the

same amount by the suction head in the drain.

Childs' experimental results could be applied only to the
specific boundary conditions he used. These represented only
a limited number of the several boundary conditions which really
exist in steady state drainage problems. However, the results
provided the means to verify the validity of mathematical sol-
utions obtained by several subsequent research workers, for

example, Engelund (19) and Van Deemter (17).

o ] v o o S o s o S S e e B st e S e (A L3 v T S et e S S o

Gustaffson (2, p. 127) gave the first analytically exact
treatment of the tile drainage problem using the hodograph method.
This, however, was a particular case of a more general solution
later obtained by Van Deemter (17) and Engelund (19). A detailed

account of the hodograph method was presented by Luthin, Kirkham



and Schilfgaarde (2). ke,

Van Deemter studied the seepage of steady rainfall through
a saturated homogeneous soil of infinite thickness towards an
array of equidistant parallel drains as shown in Fig. 3.2. He
analysed the stcady state problem by considering that state to have
resulted from fluxes to or from two different regions, The first
one was in the upper region and of magnitude N; the second one in
the lower region was of magnitude M. Tith the origin of coordinates
at the centre of a drain and the positive y-direction upwards, negative
values oer and M indicated rainfall and deep seepage whereas positive
values designated evaporation and artesian flow. Van Deemter
divided his analysis into two sections depending on whether
M;Nf% 0. If the difference M-N is +e the drains will remove
water., If it is -ve infiltration occurs from the tile line into

the subsoil, i.e. sub-irrigation will result.

By using the hodograph method and conformal transformation,
Van Deemter got a solution (for M-N +ve) in the form of two general
equations giving the heights of the water table at the midpoint

and over the drains. These equations are:

2my
m_gp2tB,2q,2+8
L -_ Iln. B + B I_m ZB PN AGCO00OO0UEDODOSN (308)
2ny
0 _p2*tB 21,28 .
== I S+ S In Sohg eecesereveennnes (3.9)
where _ Y
5 =(’I+?5)_tane+‘_’l+(’l+1")2tanze_g o

1
tan e + (1 + tan? )2 e (3.10)
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and

E=I{+N B 000000000000 BOCOECOCCROOVCOLOCOOES (3.11)

B depends on the drain diameter and pressure in the drain. It

decreases if the pressure in the drain increases or if the drain

diameter decreases.

Van Deemter took the drain size into consideration by deter-
mining points around the sink P (Fig. 3.3) so that the potential
at those points is of the same magnitude as at the point E. This

assumption will hold if the drain runs full under back pressure.

The anomoly in Van Deemter's analysis lies in the assumption
that the equipotential defining the boundary of a drain is circular,
so that the distance r (Fig. 3.3) from the axis of the drain
to the point where the equipotential line cuts the vertical
through this axis above the drain is the radius of the drain.

This is justifiable if the size of the drain is very small or the

height of water table above the drain is very large.

Watson (20) made a more precise estimate of drain size by
computing the distancesr and r, (Fig. 3.3) to the poinfs of inter-
section of the equipotential line above and below the centre of the
dfain. He took the drain diameter as the sum of these distances.
He determined the variation of (ru - rf)/ru with R/K for the optimum
condition (6 = 90 deg. in Fig. 3.2) and showed that, in the range

0.001 $R/K £ 0,03, there was only a very small decrease in (ru - rf)/ru
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with increasing R/K. However, as R/K increased beyond 0.10, the
difference increased rapidly until at R/K = 0.255, r, equalled r.;

beyond this the rate of increase of r, over r was found to be very

large,

Theoretically the rapid increase in re indicates that the equi-
potential line (which is considered as the drain circumference in
Van Deemter's solution) is assuming a shape greatly different from
that of a circle because the distance re becomes greater than ru
as R/K increases beyond 0.255. This shows that Van Deemter's
solution will be exact only for R/K = 0.255. Thus the general
behaviour of the equipotential line with increasing R/K emphasises
the care necessary in choosing the range over which the concept
of the replacement of an equipotential line by a drain circum-

ference is applicable.

Watson also studied the effect of the capillary fringe (a
zone just above the water table throughout which the soil is
saturated although under suction) over the difference in the
lengths r, and T oo He concluded that for optimum condition
(ru - rf)/fu increased with the thickness of the capillary
fringe. The increase was observed to be more rapid for high

values of R/K,

Engelund (19) analysed steady state drainage problems in a
way similar to Van Deemter's. In fact, his solution can also

be considered as a special case of a more general solution given
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by Van Deemter. He related water table height and drain diameter

" to the corresponding parameters of an 'optimum drain’'.

%e5%.5 Kirkham's Potential Function_gethod

Kirkham (21)refined Hooghoudt's analysis and derived equations
for water table profiles over tile drains rumming either part-full
at atmospheric pressure (Fig. 1.3) cr submerged below the free water
surface in a collector ditch (Fig. 1.4). He assumed that the curv-
ature and the head loss in the water table arch were very small,

In order to implement these approximations, he used a conceptual
model in which he postulated closely spaced, infinitesimally thin,
parallel strips extending vertically down the soil to the reference
plane passing through the centre of the drains for the free dis-
charging drains and through the free surface in the collector
ditch for the submerged drains. Fige. 3.5 shows such a typical

case for a submerged drain.

The frictionless strips made the flow vertical in the region
of the water table arch. In this region, he imagined a highly
permeable medium such as gravel to be placed so that the head
loss in the water table arch could be ignored. In a sub-
sequent work, Kirkham (22) improved this model by replacing the
gravel with a less permeable soil. However, the assumption

regarding the vertical flow in the frictionless strips was still

retained,

Within the analytical limitations, Kirkham, like Van Deemter,
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gave a general treatment of steady state drainage problems.
The mathematical solution that Kirkham applied to his model
was exact (i.e. granted the model assumptions) provided the
shape of a drain or a ditch conformed to an equipotential

about the line sink as discussed in Section: 3,3.

Using Kirkham's (21) equation for the case of a free
discharging drain and applying the correction factor
developed by him for the head loss in the water table arch
region, would give the water table heiphkt via

: )
Y = LR In Sin (roe/L) + :;>‘-l{%coélmnr/L - coélmﬂx/L)}
K (1-R/K) sin (m/L) =l m

m="1

coth @uH/TY- 1 [ eeeees (3.12)

in which the symbols are shown in Fig. 1.3. Equation (3.12) can be

abbreviated to the form

IR

R —
K(1-R/K)

F1(X,O) 0000000000000V CNADENNEO00ROAGNO0DS (3«13)

where F1(x,0) is equal to i/m multiplied by the bracketed portion

of equation (3.12).

Wesseling (23) made an extensive recomputation of Kirkham's
equations to study the relative advantage of submerged drains
(Fig. 3.5) over free discharging drains (Fig. 1.3). He‘showed
that the effect of submergence (Sectioﬁ 1.3(iii)) is to decrease

the curvature of the streamlines and hence the length of the flow
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path. The decrease in the length of flow path resulits in a
decrease of the loss of head. It means that for the same amount
of flow, the midpoint water table height, relative to a particular
datum plane, wili be smaller over a submerged drain than over a
free discharging drain. Wesseling also gave a simple numerical

solution of Kirkham's equation for submerged drains.

A rearrangement and simplification of Kirkham's equations
for submerged drains can be done to find the shape of the water
table. This is necessary to compare experimental results with
the computed water table profile (Section 5.7.2). vThe height

of all points on an arched shaped water table is given by

YSZ_-—LIRi—'— F2 (X,O) noeoeooaooenoouoouooaa_ﬂnooﬂ.-”(3014)
K(1 - R/K) }

vhere the symbols are shown in Fig. 1.4, and

TR,
F,(x,0) =31-T- / <, (-:H) coth (gmmi,/L) {1 - cosq.mnx/L)]
L 0
- ;>,(-0 (ﬁ - cos(mnY /H.) ]! coeess (3.15)

m="1 |

Kirkkham (21) showed that the algebraic summation of his equations (34)
and (35) is zero for x = O and y = O, but as x and y approach zero,
the summation tends to a limiting value In H2/L° Therefore, there
will be a sudden finite jump of In HZ/L in Ys as x and y both become
zero., Warrick (24) introduced this correction by subtracting

In HZ/L from equation (3.15). Equation (3.15) is accordingly
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modified as

F,(x,0) = Equation (3.15) - -"T;:_m Hy/L ecooesecsococonce (3.76)

For given values of R and K, water table heights for submerged drains

can be obtained by substituting function: FZ(X,O) in equation (3.14).

The major drawback in Kirkham's solution is that he assumed
vertical flow in the layer above the drains. This is not always
true, particularly in those cases where the hydraulic conductivity
of the upper layer is larger than that of the lower layer. Wesseling
showed how Kirkham's solution can be used in cases where the
permeability in the water table arch is different from that of
the rest of the medium. Childs (4a) observed experimentally that
the assumption of vertical motion in the water table arch does not

affect the results very muche.

The assumption of vertical motion above the horizontal line
passing through the drains centre also implies that no lateral flow
occurs in this region. This may be true for low values of R/K when
the water table is very flat.  .The horizontal component of the flow
may be considerable when Ym/d is very large due to high rate of R7K.

Therefore, Kirkham's solution is restricted to low values of R/K or

Ym/d°

3.3.4 Hammad's method

Hammad's approach (13) to the steady state drainage problem
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was obtained via the use of complex variables. The shape of
the water table given by him greatly resembled the one given by
Van Deemter because both assumed that the drains ran full under
some over-drain water table height. By separating the real and
imaginary parts of a complex velocity potential, Hammad got the

potential at any point in the form

@ = gi-Lansin (2mx/L) cosh(2my/L) + cosh (2nd/L);
Ly Je. 5 5 ? -
~ + cos”(2mx/L) sinh®(2nd/L)} + € .ceeee (3.17)

in which Q is the drain discharge per unit length of the draing and

other notations are shown in Fig. 3.k4.

Hammad obtained an equation for the water table by writing
="+ d+ Y ond ¥ =4+ Y. Heneglected ¥y, in the
la#er expression on the assumption that 2n'L/L in the right hand

side of equation (3.17) was very small. Thus

~

- 2
Tl::f%— hnif in(2mx/L) cosh(2n(d + YO)/L) + cosh (2nd/L5] :
T l!:. -

3
(a + Yo)? - (4 + YO) + C

- ‘ (3.18)

2 2n

+ 0082(2nx/L) sinh® £

He solved equation (3.18) for the free surface by putting p = o at

points A,B,C in Fige. 3ake

Assuming that 4/L, YO/L and Ym/L were very small, Hammad found

the following equations for the drain discharge and water table height
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midway between drains:-

21K Ym
Q - - for d/Lé Oo25 buc000000C0OD D (3019)
Ym 12
Inf== +
Lr 2nfd r)
. 2
In[iﬂ + L
_ \r om2dr? ¢
Yo=Y, T for /L § 0.25  ceeccocoscos (3.20)
In ~—~—
r

Hammad observed that the greater part of the variation of Q
takes place in the range d/L & 0.25 for which equations (3.19) and
(3420) were supposed to be better approximations. For values of
d/L > 0.25, when the drain discharge is.unaffected by the depth 4,

he obtained equations

2nKY
m

Q=‘—"""""""_—‘ C00OUPEUDOEOOONUCC0NAEADOOOUVUCDDBOQOOGD (3021)

m L

Ln(Ym/r + L/TD.")
Ym= Y stoc00OeOCOM0CDODOGOPGOROECODA (3022)
° Ln(Yo/r)

List (25) made a numerical comparison between Hammad's method
and those of Engelund and Van Deemter. He showed that Hammad's
approximation of 2w/L being small was not justified for low rates
of rainfall. By appropriate adjustment of equation (3.21) and
comparing it with Engelund's solution, he showed that Hammad's

approximation was comparatively less accurate when the slope at

the point of inflexion of the water table was very high. Similar
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" conclusions can be arrived at from the Van Deemter solution. Van
Schilfgaard, Kirkham and Frevert (26) critically examined Van Deemter's
solution to compare it with Hammad's.  They showed that the differ-

ence in water table height between and over the drains is given by

e _mo % 2 :
T - T, - FaLn(’l +D> 6580000000000 (3523)

where : 5:%-1

Thus an increase in the rate of rainfall R will decrease ¥ and
hence ’“/L in equation (3.23). Since "1/L in Hammad's equation is
supposed to be small, Hammad's solution is valid only for low rates
of rainfall. On the other hand, a decrease in ¥ in Van Deemter’s
solution is associated with a decrease in P in equation (3.10) and
hence the angle © which the water table makes with the horizontal
at the point of inflexion. Therefore, Van Deemter's solution applies
for high rates of rainfall. This statement will be supported by
comparing experimental data with Van Deemter's analytical results
in Section 3.5. Iist also indicated that for © = 20° there was

close agrecment between Engelund's and Hammad's solutions.

323.5 Dagan's Approximation

e i i v e i i T . v s o Bt

Dagan's (27) method of approach was a combination of the methods
of Hooghoudt and Kirkham. Like Hooghoudt, he divided the flow into
two regions as shown in Fig. 3.6. One region was governed by

Dupuit's elliptic equation (Section 3.71.71); in the second region
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he used a linearised solution obtained by assuming that the vertical
velocity of flow is equal to the steady rate of réinfall. Steady
rainfall was arranged along a horizontal plane passing through the
centre of the drains., This assumption implies that the water moves
vertically through the water table arch. It is valid if the midpoint
height of the water table is very small compared to the drain spacing
(Section 3.1.1). Physically this assumption amounted to neglecting
the flow in the water table arch as in Kirkham's model (Section 3.3.3)
and thus to transforming the problem into one of a confined flow for
a simple solution. It was also assumed that the drain is half-full

and the drain radius is relatively small.

By combining the solutions based on the Dupuit assumptions and
the linearization method, Dagan obtained equations for the maximum
water table heightr nidway between drains lying in isotropic and aniso-

tropic soils. Equations (3.24) and (3.25) give the midpoint water

table height for free and submerged drains in isctropic seoils o

ha—dEZ%o_I_J(L_ Ey:‘d_) Ce 00T SDROROND (3021"")

m 2
in which

N"1 = % In{2(cosh w/q - 1)
hm2 — H22 - %E(E — 2:)62}12) 000 D00 DOODODDOBOGEOO0 (3025)
1L

vhere

'

ot _ 00 .
== Ln;2(1 L cos Trd/Ha)
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and other notations are shown in Fig. 3.6.

Since the analyses by Kirkham ond Dagan are based on the same
assumptiéns and both deal with free discharging and submerged draiﬁs,
the two solutions are compared numerically to show the difference as
might be expectéd due to Dagan's linearization approximation. Dagan's
solution for submerged drains takes the size of the drain into account,
whereas Kirkham assumed the drain to be a sink, Therefore, a com-
parison of results for submerged drains may not be expected to give

fair agreement.

Using Wesseling's (23) data for drainage: R = 0.007 m/day,
K = 0,2 m/day, d = 2.0 m, h =25mrs= 0.02 m and by applying
the graphical solution given by Toksoz and Kirkham (28), Wesseling

found that the spacing between the free dischargind drains was 9.4 metres.

From Dagan's Fig. 8, uﬁq = -2.25 for r/d = 0,01 and R/K = 0.035,

Substituting this value of ©C, in equation (3.24) gives a drain spacing
equal to 9°O>metres. This result shows that the spacing calculated

by Dagan's method is in close agreement with the Kirkham value.

3.4 COMPARISON BETWEEN EXPERIMENTAL STUDIES AND RATIONAL METHODS

Collis-George and Young (29) used a sand model to study the
effect'of the depth of the impermeable bed on water table height
With various rainfall intensities.  They observed that their sand
model results agreed remarkably well with the Childs (4a) electric

analogue results. They found that for a given R/K, the midpoint
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woter table height decreased as the depth of the impermeable bed
below the drain level increased, but that it became constant for
/L > 0,15, Their experimental results with deep impermeable

beds corresponding to this critical ratio agreed with Engelund's

analytical solution.

Hammad's conclusion that for d/L = 0.25 the impermeable bed
has no effect on Q/KYm cannot be considered general, because the
conclusions were drawn for a specific value of = L/my, = 100{{« Voziﬁ
Q/KYm will be different for different values of . L/my,in Hammad's
equation.

Q 27

K In(1 + . L/nf,coth 2mdfL)

for Yo> T 00o(3.26)

Dujaili (30 made an extensive study of the steady flow between
equally spaced as well as misaligned tile drains. He compared his
experimental data on the steady state midpoint water table heir™t
with the results obtained from equation (3.Z5) by using L/mYy,= 100.(fot Yb=\’)
This comparison does not seem to be correct because the experimental
value of L/mﬂo.waﬁes,, Table 3.1 shows the correct values of
Q/KYm computed from equation (3.26). It will be observed that there
is a tiese agreement between the observed and computed values of

Q/KYm at high values of d/L.

Dujaili's experimental results show that in most cases the water
table height above the drain was greater than the drain radius

i.eo 'Yo} ro. His experimental results, therefore, conform to the



cc/sec

0.828
0.988
1,066

1.071

TABIE 3,1

K = 28 cms/hr

Experimental values*

134,00

11‘*9030 '

149.00

127.00

Prototype figures.

r = 5,0 cms

L = 3000 cm.

2k 10
46,90
51,40
Lk, 00

a/L

0.0767
0.0933
0.1233

0.1933

Q/KY

0.795
0.850
0,920

1,085

61e

Computed values

v,

Yb:\'

1.03
1,07
1.11

1,16

62/ YK

Yo771
1.39
170

i1.8%
.90

* values token from Dujaili's thesis (30, Table 17, page 121).
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boundary conditions assumed in the solutions by Van Deemter and
Hammad (Sections 3.3.3 & 3.3.4). This suggests that Dujail's
experimental results should agree with the theoretical results

obtained from those solutions.

For the sake of comparison, ¥ in Van Deemter's solution
(equation 3.710) was determined by using Dujaili's experimental
values of permeability and the steady rate of rainfall R. Knowing
YO/L from the experimental results one c-n calculate B from
equation (3.9) and finally Y is computed from equation (3.8).

Y in Hammad's solution can be calculated from equation (3.21).

The computed values for both cases are given in Table 3.2,

Comparison of the values shows that Hammad's and Van Deemter's
solutions overestimate Ym/L° The maximum difference between the
Dujaili experimental data and Van Deemter's values is 82% and that
between the experimental énd Hommad's solution is of the order of
7% Such a big difference may be caused by the fact that whereas
the experimental drain in circular and of constant diameter, the
size of the drain varies with the depth of water table above it in
Hammad's and Van Deemter's solutions (Scction 3.4.1). When the
water table just touches the drain circumference, the drain may
be horse-shoe shaped in the analytical solution rather than
circular. It will also be observed that there ié a large
difference between the Hammad and Van Deemter analytical re-
sults. This may be attributed to Hammad's approximations

discussed in Section 3.3.4.
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cc/secs
6.03
5.10
3.75
2.3k
T.43

1.15

TABIE 3.2
COMPARTSON OFAVAN DEEMTER AND HAMMAD'S SOLUTIONS
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WITH EXPERIMENTAL RESULTS* FOR &/L = 0.30

r = 005 Clle

K/R

2,765
3.270
L"U L"BO

7130

116700

15.000

Y /L

0.083
0.054
0,037
0,023
0,009

0,008

Ym/L

0,160
0.132
0.100
0.070
0.046
0.039

L = 100 cm.

Analytical results

Van Deemter
Ym/L

14765 10350 0.2%8
2.270 1.975  0.206
3,750 3.100 0,166
6.130 | 5.275 0.118
10,700 10,650 0,083

14,000 13.650  ©0:0680

Hammad
Ym/L

0.275
0,230
0.164
;0990
0.065

0~0OL50

* token from Dujaili's thesis (30, page 98).
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Van Schilfgaarde and Kirkham (2, page 137) compared Childs’
«calogue results (4a) with Van Déemter's hodograph solution,
because assumptions underlying both the solutions were identical.
Difference of the order of 15% in YO/L and 4% in Ym/L was found.
This défference was attributed to the error in ascertaining the

proper drain size in the analogue.

3.6 CONCLUSIONS

From the previous discussion it is clear that the steady
state problem has been tackled in two ways. Whereas Kirkham
and Dagnn assumed that the water table over the drains does
not rise above their centres, Hammad, Van Deemter and Engeluﬁd
considered the drains to be running full with the water taoble
a certain height above the drain (Fig. 1.2). Schilfgaarde
and Kirkham(26) criticised Van Deemter's and Hammad's assumption
of "above-drain" water table height. They argued that such a
condition only develops when the soil is of very low permeability,
or the recharge rate is high, conditions which they believed rarely

exist in practice.

The discussion in this Chapter also explains why the available
analjtical methods are not expected to give a general solution in-
corporating all boundary conditions. inch deals with some specific
aspect of the problem, and is based on different assumptions. Con-
siderable experimental investigations are therefore nceded to delineate

the limitations of these assumptions.



CHAPTER 4 65+

REVIEW OF UNSTEADY STATE PROBLEMS

In this chaptér are reviewed several general solutions of
the problem of the falling or rising water table between symm-
etrical tile drains following a sudden ceésation or increase of
surface recharge. The solutions can be generalised into three
"main categories. Those in the first category are based on sim-
plifications such as the Dupuit assumptions. The second category
of solutions Qé;:abeen obtained by solving a non-linear partial
differential equation of unsteady drainage by iterative methods.
The third category depends on the assumption that a time-independent
relationship between a steady water table height Y and the corresp-
onding steady drainage rate R (or rate of recharge) can be integrated
with respect to time. With this assumption, some research workers
have developed & simple technique that can be used to obtain a falling
water table solution from an initial steady state relation between Y
and R, whether this relation be given analytically, graphically or
nunerically. In Chapter 5 these solutions will be compared mutually

as well as with the experimental data obtained during this research.

k.1 GENERAL

Problems infolving moving water tables between equally spaced
tile drains have long defied an exact mathematical analysis. Some

investigators have attempted to find approximate solutions which
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could give an estimate of the water table movement for design.
purposes. These solutions are based on various physical and
mathematical assumptions, some of which are at variance with
the known facts and hence they camnot be relied upon without

an experimental verification.

The most common assumption in all problems of the moving
water table is that the pore space is drained or filled abruptly
as the water table falls or rises. In many solutions the porosity
is also assumed constant, i.e. independent of the water table pos-
ition and time. Childs (31), after evaluating the errors involved,
considered these assumptions to be incorrect. Dumm (32) and Dumm
and Wringer (33), when comparing field data with Glover's solution,
considered drainable porosity as a variable and it was determined
by evaluating the volume of water discharged from a field drain
system, in a given time, in relation to the volume of soil drained.
This technique is useful in comparing mathematical solutions with
given field data. However, it may be difficult in predicting non-
steady water table depths in drainage design, unless field data

under similar soil conditions is available.

The general partial differential equation (2.21), derived in
Chapter 2, can be used to study the flow between tile drains lying
on a horizontal impermeable bed. For a falling water table follow-
ing a sudden cessation of recharge, substitution of R/K = 0 in
equation (2.21) yields

% >
"""(h_(_h‘ —'f':'ll:O CD00PDOOBOVEOOBO00GO0DCEO00 GO (L"oq)

X X K 3t
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in which f is the porosity and the other symbols are as in Fig. 1.2.
If the coordinates are chosen with respect to the horiiontai line
passing through the centre of the drains instead of at the impermeable

bed, then h = ¥ + d and we can write

D o 0Ly £2Y
ax (h?_’)x —Kat._o 600600000000 0600000000060000 (Ll‘ulla)

Equation (4.1a) is non-linear but,if the variation in h is small com-
pared with its magnitude, the equation can be linemrised by an approx-

imation for h in the product term, viz. h=>d + Ym/ZZD. Thus,

2
% -LE’% =o 800 00DOUBOGOOOO0DO0TSPO0GNSODDOCE (402)
DX KD ©

The error due to the linearization approximation in equation
(4.2) will be reduced if Y, is very small compared to the depth of
the impermeable bed. This assumption, therefore, implies that the
water table should be approximately flat in accordance with the Dupuit

assumptions.

The object of the discussion that folleows is to present the
essence of the several mathematical solutions of equations (4.1) and

(4.2) that have been developed and improved by many research workers.

L,2  GLOVER'S SOLUTION

Glover (6) was the first to deal with the falling water table
following the cessation of a uniform instantaneous recharge. He \

assumed that the water table was initially horizontal and that the
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tile drain was of zero radius.

Starting from an initially horizontal water table (Fig: 4:1),
ileee Y = Yh for 0 £ x {L and t = 0, and with an additional boundary
condition Y = O at x = 0 and x = L for t > .0, Glover obtained the

following solution of equation (4.2).

n = o
by TV s
Y = Tm [.’;_" ﬂI}_}({I_l_ﬂ_X_/_Ii G}Cp(-nz T[2 KDt/sz) coo (L|.°3)
n = ’[,3?...

Considering a point midway between two drains and neglecting all terms

but the first, the above equation can be simplified to

2 4y

Kt L 1
Tf—:_-é- Lnﬁ POUGODECO0C0000@AC000000000G00@G0GDL (LI'nLI')
m D

The error involved in the simplification of equation (4.3) into
equation (4.4) becomes very small after a reasonable length of time,
Schilfggarde and Kirkham (2, p.101) showed that when KDt = 0,025 I°f,
the error was of the order of 4%. Considering the approximations on
which Glover's equation was based, this error is not of any great

significance.

Glover also dealt with a limiting case, i.e. when the drain
lies on the impermeable bed. In this case, the initial water table
profile was assumed parabolic. The variation of the height of water

table midway between drains with time for this case was given by

Kt
f

dO® 000000000 00@€00000DEOIOSOA0O0QOO (LI'GS)

Iy
=5 L
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Dumm (6) reported that the difference in spacing calculated
from equations (4.4) and (4.5), for equal values of the other
parameters (d being zero in both cases), was always less than
10%. Subsequently, Schilfgaard (26) contradicted this con-
clusion by showing that, for a drop of the midpoint water table
height by one foot below the steady state height, the ratio of
drain spacings given by equations (4.4) and (4.5) varied from
zero to infinity with inereasing ¥ . Equation (4.4) was,
therefore, found to be invalid when the depth of the impermeable
bed is very small. This is to be expected since the linearization

approximation (Yﬁ<(< d) of equation (4.1) does not hold in this case.

The major point of criticism of Glover's solution was that it was
based on Dupuit's assumptions of horizontal flow. This assumption
cannot be expected to give reliable results unless the depth of thn
impermeable bed is much less than the drain spacing. Besides
this, equation.(4.4) was originally developed for tile drains
under the assumpfion that 4 is large compared with Ym. These
two conditions cannot be satisfied simultaneously. A reasonable
compromise between these assumptions may give an approximate

solution of the falling water table between tile drains.

The range of validity of either of Glover's spacing equations
for intermediate depths of the saturated medium is still unknovm.
Different investigators have expressed different opinions, none

of which is based on any laboratory verification. Bouwer (3%)
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analysed some field data and showed that for d/@%fé 0,1, Glover's

second spacing formula (d = 0) can be used. He also showed that
for 0,1 £ d/Ym < 0.8, the first equation would give satisfactory
results in practice. This,however, seems to be only a speculation

because Bouwer had no field data in this range.

Another rather unrealistic approximation in Glover's solution
was his assumption that the water table over a drain suddenly drops
from an initial height Ym to its theoretical value zero. This con-
dition can be satisfied only if the drain discharge at the beginning
isrinfinite. In fact, it is some finite value with the result
that it takes some time for the water table to drop to zero value
as envisaged in the theory. Glover's theory, therefore, over-

estimates the initial rate of water table recession.

Tapp and Moody (35) developed a new spacing equation using
a fourth‘degree polynomial to represent the initial water table
condition for the case when the drains are above the impermeable
bed, in contrast to Glover's assumption of a horizontal water

table. The initial and boundary conditions were

8y

=—%(LBX—BL2XE+1+LXB—2}:}+) for 0¢ x < Lat t =0

L

a.n»d Y=Oatx=0andx=LfOr t?o $000000000000O0000E (406)

Equatinn (4.6) represents a function which initially passes through
the points x =0, Y=0; x=1/2 , ¥ = Y« Tapp and Moody solved

Glover's problem by satisfying the gbove initial and boundery
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conditions. Their solution was of the form

(4%
S ~ !
Y = 192 In 2 (om + NP2 - 8 - (om + )% ¢ |
2 e 5 2 e
T (2ra + 1) I L |
m=20 o

sin ﬁ-g—m—i-fm veoee (4a7)

They observed that the spacing obtained by using equation (4.,7)

was not greatly different from that obtained from equation (4.3).

L.3  IMPROVEMENT OF GILOVER'S SOTUTION

4.3.1. Brooks' approach:

It has already been menkioned that the assumptions of hori-
zontal flow and linearization cannot hold at the same time in
Glover's solution. Brooks (36), by using Emile Picard's
method (37) of successive approximation, improved Glover's
solution by solving the non-linear partial differential
equation (4.1) and thus avoided Glover's assumption that
d))Yﬁ.

Brooks' original equation is very lengthy. However, he
presented another approximate solution similar to that of
Haushild and Kruse (38) and obtained thé similar results
in the range O,1=1Ym/d4(1°0 to those given by his original

equation. The simpler equation is of the form

i

_ G
Y2 = <D +/

~

+ 2DV + (Ym/2)2 tevencacscncsenscacsecsaas (Hed)
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The symbols in equation (4.8) are shown in Fig. L.2. In

equation (4.8), Y was calculated from Glover's equation (4.3).

Brooks obtained good agreement between his results and
those of Glover's solution for Ym/D £ 0.1. Tor higher values
of Ym/D, however, the rate of recession by Brooks' solution was

comparatively smaller.

In spite of the improvement over Glover's solution, Broocks'
analysis was still restricted to high values of I/D because it
was based on the Dupuit-Forchheimer (DoF.) assumptions. Brooks
compared his theoretical results with those of Isherwood's (39)
computer solution and found close agreement between the two for
L/D »25. A comparative study of Isherwood's and Brooks' methods
can be made for fixed values of Ym/D and L/D. Curves presented by
Brooks (36, Fig. 4) indicated that, with a fixed value of L/D, an
increase in Ym/D gives increasingvdeviation between the two sol-
utions. This is justifiable, because Isherwood’s solution was
sufficiently accurate whereas that of Brooks' was based on the
Dupuit assumptions, thereby restricting it to low values of Ym.
In both the methods, however, it was assumed that the water table

is horizontal initially°

4,3.2. Van Schilfgaarde’s Approach;

- - - Y 173 0 Py o s P S B S D e Y B O e o 20

Van Schilfgaarde (40) solved the non-linear partial differ-

ential equation (4.1) hy assuming that the initial profile of the
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water table was parabolic. He analysed the falling water table
for the same boundary conditions as were used by Glover for the
case when d = O.  Unlike Glover, however, he avoided the assumption
of constant thickness of the saturated medium, Schilfgaarde's

equation (Fig. 4.3) for the water table reccssion is

. 2 Y -~-¥
Kt 4L m (409)

98 (4 + Y) (4 + ¥ ) :

f=
where A is the Incomplete Gamma function, the value of which can

be found from tables. Schilfgaarde also showed that the value of

A can be approximated by

. ~x%
po= - (d/D)E! I (9% o)

with a maximum error of up to 3%. The convergence effect was
taken into account by introducing Hooghoudt's correction, given

by equation (3.4), into equation (4.9).

Schilfgaarde compared his theoretical results with the numerical.
values obtained from Glover's first equatipn (equation 4.4) and showed
that, with a constant thickness of the water bearing stratum, a diffe:
ence of the order of L4O% resulted in spacings calculated from equations
(4olt) and (4.9). Dumm (41) disagreed with this comparison due to the
fact that the two equations were based on two different initial con~
ditions. The difference was attributed to the use of Glover's formula
for d >0 instead of 4 = O, Dumm showed that for & = O, Schilfgaarde's
equation is transformed into Glover's second equation (equation 4.5).

For this case, the tK/f values given by the solutions by Glover and
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Schilfgaarde were shown to be identical.

In the context of the conclusions of Tapp and Moody (325),
the spacing obtained by using a parabolic profile of water table
should not be different from that obtained by assuming a flat
water table. The validity of this conclusion can well be under-
stood by comparing Schilfgaarde's solution with that of Broocks.
Both solutions are based on the samé boundary concitions, except

the difference in the initial conditions.

Brooks (42) made a comparative study of Schilfgaarde's
results with those of his own. He showed that by -assuming
an initial horizontal water tabley; the computed spacings were
generally smaller that those obtained by assuming an initially
curved water table. Contrafy to the conclusions of Tapp and
Moody, therefore, there may be significant difference in the
rate of water table recession due to the difference in the
initial conditions. In order to find out the limitations of
the methods of Brooks and Schilfgaarde, their results will
later be compared with the experimental data obtained from

the Hele~Shaw model.

4,4  ISHERWOOD'S RELAXATION METHOD

Isherwood used a finite difference method (39) after Kirkham
and Gaskel (43) to solve the water table recession problem. He

determined relationships between the rate of recession at the
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midpoint and other variables, i.ec. depth of the impermesble
bed, drain spacing and soil permeability. He assumed that
the medium was initially flooded to the ground surface.
Isherwood's main.conclusion was that the time required for
the midpoint water table to fall unit distance below the
surface was independent ofrthe depth of impermeable bed for
1/d4 8. He also observed that the higher the water table
midway between drains the more rapidly is the water drained
Frem-the—surface below the surface. This generalization
was found to hold in all cases which he studied, regardless

of drain spacing or the depth of the impermeable bed.

The relationships between various drainage para-
.meters presented by Isherwood had the disadvantage that they
were based on insufficient data, with the result that they
could not be considered reliable for design purposes. More-
over, the assumption of flooded initial condition was also
unrealistic. In spite of this, his conclusion that the
impermeable layer deeper than L/8 below the tile ¢rain axin~ had
little influence on drainage characteristics was supported
by Boumans (44) on the basis of practical experience, sincé
he indicated that the hydraulic conductivity must be measured
only to a depth below the tile lines equal to one-eighth the

drain spacing.
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4.5 MOODY'S ITERATION METHOD

Following Isherwood, Moody (15) presented a more comprechensive
analytical treatment of the problem of water table récession. He
also used a digital computer to get a numerical solution by an
iterative method. His analysis was more comprehensive because
he analysed almost all the important aspects of the drainage problem,
including a graphical relationship between the drain discharge versus
time. The only other theorefical equation expressing the latter

is that of Kraijenhoff (45),

Moody used a parabolic profile for the initial water table
as reported by Tapp and Moody(35). He compared his results with
Boussinesq's solution (46) for d = 0, and found that for values

Grervaran wleas
of the[?ime parameter (KDt/sz) greater than 0.1, there was no
significant difference betweéen the two solutions, A small dis-
crepancy occurring for values of the time parameter less than
0.1 was attributed to the difference in the shape of the initial
water table profiles in the two solutions. Boussinessq assumed

a horizontal initial water table profile compared to the parabolic

one in the Moody solutiomn.

Since Moody solved a non-linear partial differential equation

~ based on the Dupuit assumptions, he accounted for the convergence
effect by the introduction of the equivalent depth (equation 3.3),
which together with his graphical results, gave the rate of recession

of the water table.
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Although both Isherwood and Moody have analysed the effect

of the depth of the impermeable bed, their results camnot be
compared because of the difference in the underlying assumptions.
Isherwood's apprﬁach, even though based on unrealistic initial
conditions, is possibly more accurate than that of Moody, because

the latter used the lEgg;gisesfggézgigzlial_equaiion, However, it
may be worth pointing out here that the linear solutions, if inexact,
are particularly useful in the study of the behaviour of the rising
water table in response to intermittent recharge, because they permit

superposition which the more exact non-linear solutions do not permit.

4,6  SOLUTIONS BASED ON EXTENSION OF STEADY STATE TO UNSTEADY STATE

4,6.1 General Theory

In the last few years, several investigators (Hammad, Iuthin,
Kirkham) solved falling water table problems by consiaering the
unsteady state to consist of a series of successive momentary
steady states, The solntion of the problem by this approach was

further simplified by introducing the following assumptions:

(i)  the rate of fall of water fable at all points between
the drains is the same as that at the midpoint;
(ii) the porosity is constant;
(iii) the drainable porespace is emptied.instantaneously.
Based on these assumptions, a general theory for the falling

water table can be derived by the following procedure:
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Iet Q(t) denote the rate of discharge of a drain at time t
after the initial steady state rate of rainfall R has ceased.
Let dY be the fall of the midpoint water table occuring in a
time interval dt. Then, according to assumption (i) above,

f dY¥ L units of water drain from &Y in time dt, thus, giving

dy :
Q(t) = -fL(E)tzt o-ooooaooaooceoaa.ccceouncooaoo.-o.ou (1‘{'011)
the negative sign is necessary because the water table depth decreases

as time increases.

Now imagine that the midpoint water table which has fallen to
a certain height Y in time t, should suddenly cease to fall, because
of the onset, instantaneously, of another suitable steady state rate
of rainfall R(t). This rate R(%), to maintain continuity of flow,

would have to be given by

Q(t) =R(t)°L 0000 0DO000GO00000C0O0C0ONCS00000C000C00IO0COD ¢S (4012)

Bquating (4.11) and (4.12) would give

R(t) = 4y
f - -(dt>t=t P00 0COOO000C0 0000000000 0A000CC0COCRIODO (4013)

It should be noted that since R(t) is the steady state rate of recharge
to obtain a midpoint water table height Y at time t after the initigl
steady state rate of recharge has ceased, it can be determined from

any steady state analytical solution.

The validity of equation (4.13) may be questioned on account of

the assumption (i) above. Childs and O'Donnell (3) and later Kirkbham



80.
and Gaskel(43) ntserved that, following the ponded condition,
the water table falls faster over the drain than in the middle.
After having receded for some time in that manner, the wzter
table falls fairly uniformly 211 o&er the spacing.. In the
last stages of the recession, the water table falls faster in
the middle than over the drains. These studies, therefore,
indicate that equation (4.13) is valid only in the middle

range of the water table recession.

Thé validity of equation (4.13) was extendcd to the whole
water table recession process by Schilfgaarde (34) by introducing
a correction factor Cf to account fgr the non-uniformity in the
beginning and the‘final stages of the water table recession
discussed above., - This factor can be considered o5 the ratio of
the actual volume drained when the water table falls from one
position to another (in a given time interval) to the volume
drained when the distance of fall of the entire water table is
equal to the fall at the midpoint. There are many examples in
the drainage literature suggesting various values of Cf in
relation to other parameters, such as Ym/L and de. Bouwer (36)
has shown that the average value of this ratio is about 0.8
for Ym/L values from 0.02 to 0.08, and low d values. A Ce
value of approximately 1.0 is indicated by Childs' work (i)
for higher water tables with Ym/L exceeding 0.15. Schilfgaarde(34),

however, has indicated that a constant value of Cf equal to unity can
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be taken for all practical purposes.

If the correction is applied in egquation (4.13) then,

R(t) _ _ o (&Y

3 £ at

'
't"'t CO0800Q00CQ00O00V0OO0OO0VOOVODODOQOCOOA (L"o'}"i')

Bouwer and Schilfgaarde (34) solved equation (l4.14) by using Hooghoudt's

analytical equation,

p L MKY(de + V)

CO0C0O0N00O0V000000000C00000R@O 0D (1*'.15)

12
in which de 1ls the equivalent depth of the impermeable bed and other
symbols are as shown in Fig. 1.2. Substituting equation (4.15) into

equation (4.14) and solving for Y = ¥ at t = 0 with C; as a constant,

f
we get a solution (34),

. 2 .

Kt 4ofL . Ym(Y + Zde)

£ T 8 (Y + 24 )
e m e

ObO00O0OVPO0DO®OOBNOOOO O (4016)

The depth d_ in this equation is calculated from equation (3.5).

Equation (4.16) can be used to calculate Kt/f for a selected
water table drop with fixed values of L and de. Multiplication'of
Kt/f with /K will give the time required for the water table to drop

to a selected height.

4.6.2., Kirkham's Analysis

. B8 0 418 s S S o it

Kirkham (47) used his steady state solution to show how the
steady state water table can be extended to an unsteady state to

solve a particular prohlem of flow between parallel ditches. He
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compared his results with the experimental data obtained from a
glass bead Glycerol model (47a) and found satisfactory agreement,

except for a short time after the water table started falling,

Kirkham solved equation (4.13) by using his steady state
solution for the ditch drains. The same procedure can be used
here for Kirkham's solution for tile drainage (equations 3.13 and
3.16) to find the height of the falling water table above any fixed
point. A general expression for the steady rate of rainfall R,
applicable to both equations (3.13) and (3.1€p, was given by

R(t) :‘—"—U 00000 OB0O00000O0O0ONROE00COROOODBD D (4917)

L F(x,0) + Y

where F(x,0) is given either by equation (3.12) or (3.16). He then
combined equation (4.17) with equation (4.14) with Cp = 1.0 and

integrated the resulting equation to get
Kt
LF(X,O) .I_l'rlY‘}‘Y:":E."“'.LD 96RO 00000000 RO00B000OBOC O (4918)

Using the initial condition Y = Ym at t = O he obtained

- - g} y
LB (/15,00 = T Bxp | (¥, - K/E/LFC,0) | eoeens (42719
- i il ; if |
- d
The results obtained from this equation will later be compared with

the experimental results obtained £ -m the Hele-Shaw model.

4o6.3 Hammad's Solution

Hammad (48) combined equation (3.21) with equation (4.14) and

took Cf equal to unity. He then integrated the resulting equation
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to obtain the following relationship for the falling water table

for thin soil layers (d/L £ 0.25)

<
]

Ym Ex-_p(— %t) 000000 DOOOOOOODOODODOCCOCRAODBODO (4020)

in which
P 21K
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The discharge per unit length of the drain was similarly obtained as
£t

q :Qe_}— 90008000 PODODOOOCOOCRPRUITUTDODUOOCO0PDOOODODO (4022)

in which q is the drain discharge at any time t.

L,7 INTERMITTENT RECHARGE:

The methods that have been discussed so far assumed isolated
instantaneous recharge and the water table was assumed to attain
a steady state before the occurrence of the next recharge. In
practiée, the water table may be in a continuous transient state
due to frequent intermittent blocks of rainfall. In operationél
mathematics this is the case of a sequence of square step inputs,
whereas the previous discussion was concerned with a single pulse
inpute.

Werner (49) first gave a mathematical treatment of the inter-

mittent recharge problem. He used equation (2,22) and linearised

it in the manner discussed in Section (2.6). He used the linearised
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equation to find a series of solutions for different boundary
conditions using the Laplace transform method. By the principle
of supei:position, he could apply his solution to any sequence

of square rainfall inputs.

Maasland (50) extended Werner's solution to study recharge
patterns in detail. He analysed the pr;blem of watef table movement
in response to repeated recharges and presented his results in the
form of a combination of periodic and transient functions. The
method was based on the assumption that the drains lie on thev
impermeable bed so that the flow is horizontal. For tile or
ditch drains which do not completely reach the impermeable bed,

he suggested Hooghoudt's correction for convergence,.

Kraijenhoff (45) made a similar analysis to study the effect
of an arbitrary rainfall pattern on the water table. He approxi-
mated the rainfall pattern as a summation of a series of square

pulses.

Schilfgaarde (51) used the Kraijenhoff method to establish
design criteria in terms of a probability distyibution, The_study
was to find the probability of the rise of the water table above a
certain permissible limi’c° He presented a method for the deter;
mination of the frequency distribution of water table heights as

a function of soil and system parameters and of meteorological

records,
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CHAPTER £

DRATNAGE OVER A HORIZONTAL TMPERMEABLE BED

This chapter describes the experimental apparatus and
presents an analysis of the experimental results for the
present investigation. Various model amd analogue
techniques generally used in the solution of drainage
problems are first reviewed with special emphasis on the
Hele-Shaw model. Sealing factors for this model are then
derived to relate model quantities to those of a prototype.
Some salient features of the present model are described and ]
the experimental accuracy that can be obtained from the model
is assessed. _Experimental results both for the symmetrical
and for the misaligned drainage systems are discussed and
compared with the appropriate apalytical solutions. The

summary of these results is given in Chapter 7.

5.1 INTRODUCTION

The review of some of the existing steady and unsteady
state solutions given in the previous chapters indicates that
in view of the complicated nature of tile drainage problems,
solutions of most of them are based on two general assumptions. .
selatite b e dronn

The first assumption is that the height of the water table/midWay A
A

between drains should be small compared with the depth of the
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impermeable bed below the drains; the second implies that the
spacing between drains should be greater than the depth of
the impermeable bed. The range of validity of these
assumptions can be accurately determined experimentally.
Experimental methods are also of considerable importance in
those problems which cannot be solved analytically because

of complex boundary conditions.

Two experimental techniques that are extensively used
in the study of drainage problems are field experiments and
laboratory models., For example, Kirkham, Schilfgaarde and
Frevert (26), and Kirkham (2) and Dumm(32), checked Glover's
solution with field data and obtained good agreement. Such an
agreement is somewhat surprising because the Glover solution
does not allow for intermittent recharge and the resulting
rise and fall of the water table as it usually occurs in
practice, A better check of unsteady state solutions can be
made by comparing the results derived therefreom with the
experimental data obtained from'lnboratory models. The
models are useful because the boundary conditions assumed

in the solutions can be easily simulated on a reduced scale,

Groundwater models are of three main types: sand models,
electrical analogues and viscous flow analogues. Among these,
the rand model is essentially a reproduction of the prototype

conditions on a reduced scale. The other models are analogies
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of groundwater flow in that the equations describing conditions

both in the models and in the prototype are of identical form.

In a sand model, the water table is located by using the
condition that the pressure over the water table is atmospheric.
Also the potential everywhere on the water table is given by
6 = Kz where z is measured relative to a particular datum plane.
The eguipotential lines are drawn by noting the piezometric head, h,
at different points within the medium and joining up points of
equal values of he Donnan(52) and Childs (53) used sand
models to study steady flow between tile and ditch drains.

Youngs and Collis George (29) extecnded its application to study

moving water tables.

Experimental difficulties arc associated with sand models and
arise from non-uniform distribution of rainfall over the sand
surface, the effect of entrapped air on the permeability of
the sahd and the clogging of the screens of drain tubes. Also
difficulty may arise in getting the sand packed isotropically
and homogeneously, and thereafter maintaining these properties.
Despite such difficulties, however, the sand model has the
advantage over other types of models of taking into account the

effect of the capillary fringe.

The conductive sheet electrical znalogue was first used in
the study of unsteady state problems by Childs (4) to study the
problem of the falling water table. Subsequently, Childs and

0'Donnell (3) used the same technique to study the rising water
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table. The latter study concluded with the remark: '"the
technical difficulties of this pérticular experiment were
such that the work described appears to have reached the
limit of usefulness of the analogue method". Iuthin (54)
used a resistance network analogue for the solution of
steady state dfainage problems. In unsteady state problems,
the use of this analogue is associated with similar limit-
ations as those for the conductive sheet analogue. It is
difficult as well as uneconomical to make small enough
grids to account for small changes in the water table

position.

The viscous flow analogue is free from the difficulties
- mentioned above. It gives p» accurate representation of
unsteady two-dimensional groundwater flow. The model is
easy to handle because water table and seepage surfaces

form by themselves and can be conveniently recorded photo=~

graphically,

5.2 VISCOUS FLOW ANALOGY

5¢2.%. Theory of simulation

The viscous flow analogy is based on the fact that
laminar liquid flow between vertical parallel plates and two-
dimensional groundwater flow in porous media are governed by

the same differential equation, viz. the Laplace equation,
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This analogy can be easily proved by using Poiseuilie's-law.
According to this law, the velocity profile in the cross-
section between parallel plates is found to be parabolic for

a laminar flow and the mean velocity is given by

2 -
g o
V T~ 12L’ ‘.,‘JS 00 OPDOROEOOADODO0ODLOOPDORROCVDO0QOERQBOCOR T O (501)
where

h §-+ z, b is the interspace and 7%’is the kinematic

1

viscosity of the fluid.

It is possible to re-write the above equation in the form:

v = ~-K :‘-}-1-
mn o8
or
_ _o¥
Vv = "j“g G0 B 0000000 000000000 0GE00EN000000G00TO0CO (502)
where
d=XK h
m
and ng
Km =',T‘2-z/ EP 0000 L00000C00OANNOD0D0NO0000000600000R000 (503)

The velocity components in the x and z directions will be:

- .28 = - 22
VX = Dx ] VZ = :}Z 0900000V 0OBOOOOBOOPAO0CGPOL (501"')

If equations (5.4) are substituted into the continuity equation
for two-dimensional flow, we obtain the Laplace equation in two

dimensions:

"2%"‘-'"_:0 9$000C00200000000PODO0NIOBARIIOCAOORPSOO (595)
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Eﬁuation (5+5) is of precisely the same form as equation (2.18).
Thus the flow in a viscous flow model simulated groundwater flow.
By proper simulation of prototype boundaries, such a model may

be used to study prototype behaviour.

It must be observed that the above analogy presumes that the
flow in the model must be laminar. This can be achieved with
small b ahd/or large 7/, However, the interspace width b

: cannot,be made too small due to constructional difficulties. The
 Smaller the interspace the more difficult it is to make the

model.

An aquifer consisting of several layers of different
hydraulic conductivities can be simulated in a viscous flow
model by varying the interspace width. This is done by
inserting thin strips into the interspace having the shape of
the simulated layers, thereby having a narrower interspace for

layers of lower hydraulic conductivity.

Beleslo §g§}i§§ laws

(a) Time scale:

Since the flow of a viscous fluid in a Hele-Shaw model
and the groundwater flow in p->cus media show a mathematical
and physical Similarity, the scaling laws for such models can be
obtained by consiéering any appropriate differential equation
governing the flow in the prototype and the model. TFor example,

consider the unsteady flow of an incompressible fluid in a
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homogeneous isotropic aquifer. The continuity equation

(equation 2.29) describing the flow is:

=2 ' b _p.
bx (vX h) + fa‘t R~-O 0000000000000 0C0C00C00CGCQOO0CDH 2.21b

Using the relationship

v == e K—Gl-’l- ...................................... (5.7)
the continuity equation (2.21b) can be put into the non-dimensional
form:-

2 . -
h2h, @y  foh R (
Z)XZ + (.a)c) +K?_lt K"‘O 9G00C0EUOC0COEOCE0000000C (508)

For complete similarity each term in this equation must have the

same value both in the model and in the prototype. Thus

00000000 CGONAETEDOONCODOOOOOBOAELEDO (509)

f oh f ¢h
(I_{- B_t)m = (-f\.’- ?E)P

in which the subscript m and p refer to the model and the prototype.

From equation (5.9), the time scale ratio, t., is given by

tm fm hm ER
tr=':€""=‘f""o 'E'""n K. PGOBOADC00N00000000VA00O0CCD (5910)
b P b m

[t}

writing I% EE , noting that fm = 1 for the model, and substituting

Ky = gb2/12 U(équation 5.3), yields

= o122fp x (5.11)

0O O0PO000DOO0OPIBOIDOACIOBROT

or

K "-L—"I:' noouﬁooonnoooo:aooooonooocooooooonoeooc (5012)
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The interspace can be computed from equation (5.11) after Lr

and tr have been selected,
(b) Drain discharge scale:

The gimilarity criterion mentioned in the previous Section,

(Section 5.2.2¢) requires that in equation (5.8),

R R
By = @

K'p
i.€0
R =K
r r
But
R boL
R =—m=Qm/ = . cecccss (5.13)
r Rp W OPPAB000090000B00000GG covoeoea °

where Q refers to steady state drain discharge. Equation (5.13)

yields

O

T
Rr % L
r

or

Qr=b‘°IIrQRr =b°I"I‘°KI‘ 000 08NAODOONIVAVIO0NIDOOOR DO (5014)

5.3 VISCOUS FILOW MODEL

5:3.1 General

The viscous flow model was first developed by Hele-Shaw in
1897 to demonstrate the potential flow pattern around variously

shaped boundaries and consequently is known as the Hele-Shaw model.

There are two types of the Hele-Shaw model: horizontal and
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vertical. The basic principle of gimulation in both types
is the same. Santing (55) used horizontal flow model#to
study the effect of artificial replenishment of ground water

on well fields.

The vertical flow model was first used by Dachler (56)

- to study steady state ground -water flow problems. This was
followed by Gunther (57) who made extensive use of the model

to investigate seepage flow under different boundary conditions.
Krul and Iiefrink (58) used the model to simulate precipitation,
irrigation and evaporation effects on the ground water table.
Santing (59) discussed its adaptability to sea water intrusion

problems in coastal aguifers.

Todd (60) used a vertical flow model in the study of
unsteady seepage flow due to a sudden rise of water level in
a canal. He recorded water table profiles at various times
by cine photography and obtained water table depths by scaling
directly from projections of the individual frames of the films,
Marino (61) used a similar model to study the problem of the

growth and decay of a ground water ridge.

In tile and ditch drainage, Iuthin (62) used a vertical
flow model to study unsteady flow between ditch drains 1yiné
over a sloping impermeable bed. Dujaili (30) investigated
steady flow between misaligned drains., Maasland (5) investigated

the effect of d/L on the water table recession midway between
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symmetrical drains.
The present model was designed to investigate the
behaviour of unsteady ground-water flow between tile
drains lying in a homogeneous and isotropic unconfined
aquifer. A detailed description of the model follows in

the next Section.

5¢3.2 Description of the model

—— ——

(a) The Model:

Fige 5.1 (Plate I) shows a general layout of the Hele-Shaw
model used in the present investigation. The model consisted
of two Perspex plates 300 x 90 x 0.6 cm. thick. The plates
were bevélled at the top to eliminate any possibility of losing
a part of the incoming rainfall. To facilitate recording of
water table profiles, graph paper ruled in millimetres was

pasted on to the back plate.

Uniformity of the interspace between the plates was maintained
by 2 mm steel spacers (Figh2 2@t each of the clamping bolts holding
the plates together and spaced at 10 cm centres. The 10 cm spacing
was a compromise between too small and too large a spacing; the first
might interfere too much with the flow and the second could allow
bowing of the Perspex'plates. | |

To prevent leskage from the bolt holes, rubber and brass washers

were mounted on the bolts at the outer sides of the Perspex plates

(Fige 5.3). The bottom and both sides of the model were sealed
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with brass strips and rubber O-ring sealing. Emptying butlets,
2.5 cm above the bottom of the plates, were provided to drain

off the oil when the model was not in use.

In order to study the efféct of the depth of the impermeable
bed, three tile drain rows were provided in the front Perspex
plate (Fig. 5.4). The lower row was 22.90 cm , the interhediate
42,90 cm and the top row 57.70 cm above the impermeable bed. A
number of extra tile drains were provided to facilitate the
study of flow between misaligned drains and drains 1ying.over

a sloping impermeable bed.

(b) Rainfall distribution system:

Uniform rates of rainfall were introduced into the interspace
from a horizontal distribution pipe C (Fig. 5.5) via 118 hypodermic
tubes, 1.5 mm diameter and spaced 2.5 cm apart, screwed into the
distribution pipe. The pipe C was 254 cm long and 4 cm in diameter
and was fed in turn from pipes A and B; A being supplied from a
constant head reservoir. All three pipes were mounted on a
common supporting frame. The arrangement of supply pipes
A, B and C, and their size relative to the hypodermic tubes
(diameter ratio 45) ensured a constant pressure at all the
hypodermics and therefofe a uniform '"rainfall" distribution along
the interspace. The oil from the hypodermic tubes fell on a hori-
zontal shelf where it accumulated and then spread uniformly before

dripping into the interspace (Fig. 5.6).
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(c) Rainfall control:

The rainfall was supplied from a constant head reservoir
(Fig. 5.6) having an adjustable overflow tube. Thé rate of
rainfall waé varied by changing the head difference between the
0il level in the constant reservoir and outlet of the hypodermic
tubes., Precise control over the rate of rainfall was obtained
with valves D and E (Fig. 5.1). Valve D was adjusted to get
a desired rate of rainfall and valve E was used for sudden
stopping and starting of the oil in the distribution system

and hence in the model.

The oil discharged from the model and that received as
overflow from the constant head reservoir was collected in a
tank from where it was occasionally pumped back into an over-
head reservoir. The oil from the overhead reservoir was, in

turn, supplied to the constant head reservoir.

(d) Discharge control system:

A discharge control system was provided to study the effect
of submergence of a drain outlet on the water table movement.
It was used to maintain a constant height of water table above
a drain. This height simulated the depth to which a drain was
submerged below the water level in an cutlet channel. It was

also used to create suction in the drain and fhus make the drain

run Y"freet,
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The system consisted of a Perspex cylihder (Fig. 5.6)
15 cm high and 6.5 ¢m diameter, provided with a 1.5 cm dia.
overflow tube and a 1.25 cm diameter tube connected to the
drain. The whole system could siide vertically along a
stand. The water table_height over the drain was controlled
by adjusting the oil level in the cylinder by means of a
threaded stem provided with a lever at the top. A hook
gauge carrying o vernier was used to record the simulated

free surface level in the collector channel.

5.4a, OBJECTIVES OF THE EXPERIMENTS

The main objective of the experiments on the Hele~Shaw
model was to study the water table movement in a symmetrical
drainage system and to obtain experimental data to verify
some of the exisbting solutions of unsteady state drainage
problems. The study was extended to find the effect of
vertical misalignment of one of the drains on the rate of

fall of water table.

The second objective was to study the effect of the
slope of the impermeable bed on the rate of fall of water
table between tile drains. This study will be described

in detail in Chapter 6.

5.4 EXPERIMENTAL PROCEDURE FOR A SYMMETRICAL DRAINAGE SYSTEM

Since in a symmetrical drainage system the flow is symmetrical
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about a vertical line passing midway between drains, only
half of the section Between two adjacent drains was con-
sidered in the experiments (Section 1.3). Experiments
were conducted on a single drain which was 1.0 cm in
diameter and was located 150 cm from the two ends of the
model. This arrangement represented a model drain spacing
of 300 cm, The depth of the drain above the inmpermeable
bed varied from 22,90 cm to 42,90 em. 0il of viscosity

4O centistokes at 70° F was used in the model.

The experiment was started by allowing oil to flow
from the overhead reservoir to the constant head reservoir
and then to the rainfall distribution system. The rainfall
distribution pipe was made free of air through air vents.
From the distribution pipe the oil discharged freely through
the hypodermic tubes on to é horizontal shelf (Fig. 5.6)
attached to the front Przrspex plate, from where it moved
down into the interspace in the form of a continuous film
of 0il. = The free surface of the oil in the model continued
to build up until the rate of discharge of the drain was
equal to the rate of rainfall, i.e. the steady state was
reached. This was ascertaiﬁed by observing the free
surface with a Cathetometer. The discharge of the drain
was then measured and the flow was gdjusted to get any desired
rate of rainfall. The rate of rainfall per unit area was

calculated by dividing the drain discharge by the product of
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the spacing between drains and the interspace.

After the measurément of the steady state discharge,

the flow was suddenly stopped by closing the valve E (Fig. 5.1).

A stop watch was activated when the water table at the right-hand
end (plane of symmetry) of the model started falling. The begin-
ning of a rising water table following a sudden start of rainfall
was similarly observed when it started rising above its initial
horizontal line passing through the centre of the drain. Readings
of the height of water table at the right edge of the model were
taken, in each case, at short intervals in the beginning of the
run and at gradually increased intervals as the movement became

slower.

A 24 mm auto-camer. was used to record the profile of the
water table at regular intervals of time. Recording was begun
when the water table started falling or rising, as the case
might be, photographs being tcoken at a preset time interval.
For greater accuracy, the time for each photograph was also
recorded by a stop watch. A differeﬁce of the order of 3-4
seconds was observed between the interval set on the camera and

that at which the photograph was actually taken.

The developed film was projected on to a horizontal screen
to approximately half the size of the model and the water table

profile was measured to an accuracy of 0.5 mm.
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5.5 FLOW CONDITIONS IN THE DRAINS

A detailed description of flow conditions in tile drains
is given in Section 1.3. The flow conditions in the drains in
the present research were mainly governed by the value of R/K.
The drains were running free (Section 1.3(i)) at low R/K and full
at high R/K (0.02) with the water table standing at a certain
height (Section 1.3(ii)) above the drains due to resistance to
flowe This height reduced to zero immediately after the water

table started falling.

A drain, in general, could be made to run free by applying
suction by means of the discharge control system until the
depth of water table above the drain was zero and the drain
Qas running under atmospheric rressure. Similarly, the drain
could be submerged below the free surface of an outlet channel
by adjusting the oil level in the discharge control cylinder

(Section 5.3 d).

5.6 EXPERIMENTAL ACCURACY

5.6.1 Observational errors

Observational errors occur in noting the temperature of the
0il, measuring the rate of rainfall and in reading the height
of the water table. The temperature was observed to an accuracy
of 0,1° F every time the drain discharge was measured. There was

no change in temperature during each experimental run. The discharge
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was measured to Q.1 cc/min. The height of the water table
midway between drains was read directly from the graph paper
on the rear Perspex plate. Since the rate of movement of
the water table was slow, it was possible to take readings
within 0,5 mm, The time was noted with a stop watch to

an accuracy of 1/10 th of a second.

5.6.2 Measurement of viscosity

Since‘the model permeability depends on the>viscosity
of the o0il used in the model, an experiment was conducted
to find the effect of temperature on the viscosity. The
viscosity was determined by using B.S. U-tube, type D,
Viscometer, and by following the standard procedure given

in B.S.S No. 188.

The temperature-kinematic viscosity relationship is
given in table (5.1) and plotted in Fig. 5.7. The
figure shows that there is a small decrease in the
viscosity of the oil with a large increase in thé
temperature. The temperature of the oil in the model
varied by % 1° F in the whole day. The effect of this
variation on oil viscosity and hence on the model perm-
eability could therefore be considered insignificant.
Fige 5.8 shows the average model permeability for a

temperature range of 55°~ 8° F.



(o))
0
§03099 UT L3TS00STA OTATWOUTY .
1 T _e f
W_ : 8 1t
1
by : 5 B o
¢ . et - ERUN .
U - -t - - - . e RSN [P (S e AN P B I
I . \ 6 ol et
| AT SREEEE SR B 0
: { RIEW . e % I I RS PR SO PV U N




R - R o
f s ..
55 L6 . . : ke 2,
v 00 { f
o 70 75 80 . e~
,5 = T o —
Ly e : 5
I
1
8 8
7 L 7
s - ———— 6
: — Pamal] St b
) s - — s
IO,
‘ 548 4
f— "ib:j_i“‘r““"“"? aSlasmnergonnte—— |
3 3
2 - . 2
- — e - i
, : Ty -
. M I
1 . . T T RN 1
R B T 1 B v, TL o4 1 . T Ly
' v Py v P} i I H HE
* 1 I ' [ T P
' -0 : : . T
) TE E - /
]
L] .
Q
7 Yz
O
- <
PR — 6
5 5
. & 2
3 + 3
T
z 2
. ; 2
1
v . ' i
- T -
H T :
° e . i B s i -
) 1 — ; R : o : -

&0 v 5 10 15 .20 25 " - 30, 35 . 40

. . [ . : Dogeea LT 0 L. Ve = e e
5o~ G 88 in .75 8.



111,
The model} was checked for uniformity of the interspace

as follows,.

A measured volume of o0il was poured inte the interspace
and the resulting static levels of oil above the impermeable
bed were noted at intervals of 10 cm along the length of the
model. This procedure was repeated several times until the
nodel was filled to a depth of 70 cm above the impermeable bed.

The interspace was calculated from the relation

V

.b=-é.i‘- 000DV OORUPEOILOGODIOGOCOOPLOOOOPOAEGR OGO O (5.’]7)
in which V is the measured volume of oil poured into the
" interspace each time, d is the corresponding average height

of static oil level and L is the length of the model.

Table (5.2) shows values of the interspace at various
depths above the impermeable bed. The average value of the

interspace was found to be b = 1.98 + 0.03 mm,

5.6.4 Rainfall distribution

Uniform distribution of rainfall over the whole length
of the model was obtained by using 118 hypodérmic tubes
1.5 mm in diameter and spaced 2.5 c¢m apart.  The discharge
of ecach tube was measured at a constant head and a variation
of the order of 3 % about the mean was observed in sdme tubes.

The effect of this non-uniformity was reduced by allowing the
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0il to accumulate over a horizontal shelf before flowing down
into the interspace (Fig. 5.6). At the start of each experi-
ment, the tubes were also cleaned to avoid the possibility of

any solid matter clogging their openings.

5.6.5 Boundary effect

In the study of the symmetrical drainage system in the
model, the plang of symmetry between drains was represented
- by solid boundaries. Although these boundaries coincide
with the vertical midpoint streamline boundary, they intro-
duced additional reéistance due to the drag effect along the

solid model boundary not present in the prototype.

Since the o0il at the solid boundaries has zero velocity
relative to the boundary, there is some velocity gradient

outwards from the boundary (Fig. 5.9).

Fig. 5.9

The gradient is limited within the thickness of the boundary

layer,

Streeter (63) showed that the thickness of the boundary
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layer in a uwniform flow is given by:

|y
e
L]
(o)
N

- = = (5.18)

in which

and x is the horizontal distance along the boundary from its

leading edge, and v is a uniform velocity of flow of the fluid.

In order to make a rough check on the thickness of the
boundary layer, the rate of fall of water table along the
s0lid boundary was noted. The average speed (v) of fall of
the water table was observed to be 0,125 cms/sec at a distance
X = 2.00 cms when the viscosity of the oil was 0.43 stokes.
From equation (5.18), the approximate thickness of the boundary
layer was found to be 2.65 cms. All observations of the fall
of the midpoint water table were, however, taken at a distance
5.0 cms from the boﬁndary. This was necessary because the
steady state water table profile was observed to be slightly
depressed within 4.0 cms from the édge boundaries. The de-

pression effect might have been caused due to surface tension.

It may be mentioned that the boundary effect can be elim-
inated by using more than one drain so that no solid boundary
exists midway between two ndjacent drains. However, since the
object of the experiments was to check unsteady state solutions,

some of which are based on the Dupuit assumptions requiring
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large spacing length (Section 3.1 ), it was not possible to
use more than one drain in the study of the symmetrical drainage

system.

5.6.6 Effect of temperature on water table height

Let a loss’of head h1 occur in a length l1 of the supply
system between the oil level in the constant head tank and
outlet of the hypodermic tubes. Then the diaclicrge Q of an in-
compressible fluid of viscosity Z‘, through 118 hypodermic

tubes each of diameter dc’ is given by:

'ndc h,]
Q= 1,‘8 8 o @00 O00QCDO0ODNDOOHQOO00S®RDOQ (5019)
1282
h
A 1
—ZJQ 11 O00D0G000C0O00VO0D00COO0UODDOGQQACUODO0 (5.19)

At the steady state condition, the same discharge through the

interspace b of the model is éiven by:

>
_ b dh
Q_' 122/9 dx 000000 QOUNSPOUOONCOODODDOOOOQ (5@20)

It is presumed that the fluid in the model and in the supply
system is subject to the same influence of temperature., A
rise in temperature will simultaneously cause an increase of

flow in the sﬁpply system as well as in the model.

Equation (5.20) can be re-written as

&5

:@. Q:B7JQ 9oocencaowccocceoaone (5°21)
b3
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Substitution of (5.18) into (5.21) yields

(=g

dh 1

'a;{'zc"-- CO0 0DV OVOGOCODRAVOOOCORVCOBVGD (5¢22)
/I

where C = A.B = constant

Equation (5.22) shows that so long as hq/l,I remains constant,

the temperature does not affect the water table position.

5.6.,7 Capillary effect

The free surface of the oil in the model, exposed to
atmospheric pressure, is subject to capillary rise due to
surface tension. Because of the capillary effect, the
free surface of oil, measured at the bottom of the meniscus,
does not represent the actual free surface (p = 0), but the

upper surface of the "capillary fringe'.

Let the angle of éontact (Fig. 5.10) © = 0. Then for
a static equilibrium (i.e. the weight of the fluid held under
surface tension be equal to the surface tension force), the
basic relation between surface tension and capillary height,

for a unit length of the model is approximately given by:
b L‘l vl

)

N~

,\‘4 ‘l,/ ’

;

I

-
= U

Fig. 5.10

) )
2T = Bfo(h_ + b/2) - % 7T (b/2)% ]

2T gi’ m ] ,
hc -—xb ind 2 '-./I - LI-J 80000 0PBOOPOOPOOOOOT (5023)
where T is surface tension.
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It is obvious from equation (5.23) that the capillary

height depends on the width of the interspace and the nature
of the fluid. The height can be greatly reduced by increasing
the interspace and using o0il of high viscosity. It is, of course,

presumed that this combination does not disturb the Darcy flow.

Another péint worth attention is the restraining effect
(delayed oil storage effect) caused by a highly viscous oil
(Fig, 5.10a). The delayed oil storage effect occurs during
rapid fall of water table ° because the oil sticks to the walls
of the model. An increase in interspace in such a case would
augment the rapid fall of water table and thus increase this
errors The aim in the experiments was, therefore, to obtain
laminar flow without introducing large errors due to the delayed
oil storage effect and the capillarity. This was achieved by
using an interspace of 2 mms and oil of low viscosity (40 centi-
stokes at 70° F). The capillary rise was determined experiment-

ally and found to be O.45 cms.

\“*ﬁi~ﬂﬂﬂhy VISC olis o1l

Fig, 5.10a
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5.7 EXPERIMENTAL RESULTS FOR THE SYMMETRICAL DRAINAGE SYSTEM

50771 The falling water table

- —— — D e i —— — T 220 - —

i e e s i e e e s g iy g o e i

Considering the falling water table only at the midpoint
between drains, the variables in the presenf problem can be

written in a functional relation of the form

i
%:F(d—m . ‘g‘ Py % y /K"f’ }oooeaococooooou (5024)
m - NOFLS

containing only dimensionless (normalised) parameters. These
parameters contain only length vériables, except the parameter
J%EE}}E?; which may be considered as a dimensionless time para-
meter. This form of time parameter is preferred over other
forms such as Kt/fL and Kt/fd (though these are used in oﬂe
case later) because it has been used in many analytical sol-
utions, e.g. Glover's, Moody's and Brocks', and it would

therefore be »asy to compare these solutions with experimental

results in the same form.

To verify the similitude between the model and the proto-
type given by equation (5.24), it is only necessary to demon=

strate that, provided the other parameters are constant, Y/Yb

r . .
plotted #s a function of jth/sz is independent of the liquid
used. This was checked by repeating the same experiment at
different temperatures. No measurable variation of Y/Ym was

observed,
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The purpose of normalising the variables is to facilitate
ready comparison of curves illustrating either the effect of
the individual variables on unsteady stafe drainage or testing
the validity of some analytical solutions. There does not seem
to be any hard and fast rule as to the form of the normalised
parameters in analytical solutions. The parameters differ
from one solution to another, all being some combination of
the parameters given in equation (5.24), In some cases
in the thesis, therefore, parameters other than those given
in equation (5.24) are taken to verify a particular analytical
solution, e.g. Y/Ym, Ym/L, Kt/fL and d/L in Isherwood's solution

7T\
(Section 5.4.7.4).

For further convenience in presentation of the experimental
results, a term "recession index" is introduced in the thesis.
The recession index (R.I) is a measure of the speed of fall
of the water table and is defined as the ratio. Y/Ym or h/hm
corresponding to one particular value of the time parameter
for all curves., The smaller the value of the recession index,
the more rapid will be the rate of fall of the water table,

i.c. the lower will be the value of Y/Ymo

5.7.1.2 Effect of initial steady state water table height Ym

The object of this experiment was to test whether the
analytical solutions based on the Dupuit assumptions hold for

small values of ¥ /d.
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The experiment was conducted by keeping d/L constant at
0.0765. The rate of fall of the midpoint water table was
examined for six different values of Ym/d in the range 0.05
to 0.f0. These values were obtained by changing Y ~and keeping

d constant.

The results of experimental runs are given in Table 5.3
and plotted in Fige 5.1, The figure shows that the recession
index decreases with Ym/d (i.e. the water table falls more slowly
as Ym/d decreases). This trend of the experimental results,
in general, -appears to be in agreement with Isherwood's work (39).
Though there are no directly comparable cases, the following
parametric.values obtained from Isherwood's’paper may roughly

show that in the Isherwood solution also the midpoint water table

falls more slowly as Ym/d decreases. The time parameter Jth/sz
corresponds to the situntion when the midpoint water table is one

foot below the ground surface.

Y /a L Jxeasn?
0,67 0,12 ‘ 0.199
0.43 0.1 0,290
0.25 0.16 0.380

The dotted line in Fig. 5.17 represents Glover's solution
based on Tapp and Moody's (32) parabolic initial water table

profile. Only one such curve is shown because Y/Ym in Glover's
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golution is independent of Ym/do Fig. 5.11 shows that the

experimental values of Y/Ym are everywhere higher than those
predicted by Glover's solution. This solution was based on

the assumption that Ym<wid. With this end in view, the

smallest value of Ym/d used in this study was 0.05, Tig. 5.11
indicates that when Ym/d is reduc ¢@ progressively, the differ-
ence in recession index between the experimental curves and

the Glover curve becomes increasingly greater. In each case
Glover's solution predicts smaller value of the recession index.
The.largest difference occurs when Ym/d = 0,05, The experimental
results, thus, contradict the Glover solution and éo cast some

doubt on the basic assumption with which that solution was obtained.

The smaller value of thevrecession index in Glover's solution
(Fig. 5.11) may be due to the assumption implied in the solution
that the whole'of the saturated thickness of the medium contributes
flow to the drain. Bouwer (64) indicated that for small drain
spacing and a deep aquifer (large d/L), little or no flow occurs
in the lower part of the aquifer. He called that part of the
aquifer a "passive region'. It appears that the thickness of
the passive region does not depend only on 4/L but also on Ym/d.
At small value of Ym, the flow may be occuring only in a part of
the depfh d with the result that the thickness of the passive
region may be large. As Ym increases, the thickness of this

region decreases and there is a corresponding increase in the



thickness of the active region-(the region in which all the
flow occurs). Consequently, the flow area between adjacent
streamlines in the flow field becomes larger and also the
length of the streamlines increases. The increase in the
length of the streamlines is associated with an increase in
the head loss. The maximum drainage, due to a conbination
of the effects of the length of flow path and the enlarged
flow area, occurs when Ym/d = 0,60, This, in fact, is the
case when the flow may be occdging over the full depth d.
Any further increase in Ym nay only lead to an increase in
the length of flow path which may offset the advantage of an

increase in the flow area.

Another point worth attention is that in Glover's
equation (equation 4.3), Y/Ym, at a particular time after
the beginning of recession, is constant for fixed values of
‘L, D and K. This conclusion does not hold as can be seen
in Fig. 5,12 which shows that at low values of Ym/d’ Y/¥m
decreases very rapidly and becomes essentially constant at
Ym/d = 0.60, This indicates that Glover's solution can be

expected to hold for Ym/d > 0,60,

Finally, the development of Glover's solution was based
on the assumption that d/L is small. In the present study,
d/L was kept constant at a value of‘O.O765° A question may
arise as to whether or not this value is sufficiently large

to cause the difference in recession index found between the

122.
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experimental results and the Glover solution. In this
connection, reference may be made to Maasland's experi-
mental study (5). The smallest value of D/L used by
Maasland was 0.035. IEven at this value, he observed
that the solution overcstimated the (smaller value)
recession index. He also noted that the divergence
between Glover's solution and his experimenfal results
increased with D/L. Dumm (41) later showed that if
Maﬁsland's experimental results were corrected for a
convergence effect, all the experimenfal curves would
coincide with Glover's curve., It is therefore apparent
that, after the con&ergence correction (Fig. 5.13), the
ratio d/L = 0.0765 used in the present experiments should
not contribute appreciably to the difference between the
experimental and analytical results.

5e77.3 Comparison of experimental results with analytical
solutions.

o dom e e e Rt v A o W R B e 5 e S T U e D D e 48 8 i o 2 e .

The experimental results for Yméi = 0,60 and the
results obtained from the solutions by Hammad, Kirkham,
Glover, Brook and Isherwood are given in Table S.4. The .
data are plotted in Fig. 5.13. The full line with large
dots shows the experimental curve without a convergence
correction., There is a large difference between Hammad's
curve and the experimental curve. Such.a difference may be

due to the many assumptions (Section 3.3.4) inherent in Hommad's
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solution, the major source of difference being the assumption
that the water table falls uniformly by the same amount every-
where as given by the fall midway between drains. In view of
the studies by Childs (4) and Kirkham and Gaskel (43), dis-
cussed in Section 4.6.7, the water table, except in the
beginning of a recession, falls more rapidly in the middle
than elsewhere between the drains. As a result, Hammad's
solution would overestimate (predicts lower value) the re-

cession index.

It can be seen from Fige. 5.13 that values of Y/Ym

obtained by Brooks' solution agree reasonably well for

small values of JKbd/TL° but are too low for high JKtd/fL2
than the experimental results obtained after correction for
convergence., The reason may be that the sclution is based
on the boundary condition that the water table at the drain
drops instantaneously from height Ym to its theoretical value
zero. This requires that the theoretical discharge of the drain
should be infinite in the beginning of the recession process.
In fact, the drain cannot convey the theoretically infinite
discharge; it takes a certain time to establish the above
boundary condition. Since the actual rate of flow is
considerably less than its‘theoretical value, the experi-

mental rate of fall of the water table will be slower than

predicted by the solution.

Kirkham's curve lies between the experimental curves



127,

obtained with and without a convergence correction. Since
Kirkhem's solution is not based on the Dupuit assumptions,
the curve is compared with the actual experimental curve
(withouk a convergence correction). It appears from the
figure that Kirkham's analytical results agree better with
the experimental results than those of the Hammad and Glover

solution.

It was mentioned in Section 3.3%.3 that the Hooghoudt
steady state solution agrees very closely (% 5%) with
Kirkhan's steady state solution. Therefore, if the
Hooghoudt solution is integrated fov the unsteady
state (equation 4.16), it would give approximately the

same results as those of the Kirkham integrated solution

(equation 4.19).

Among the unsteady state solutions, Isherwood's
solution is more accurate because it was obtained by
solving the Iaplace equétion° The solution satisfies
all the essential boundary conditions of tile drainage
problems. It is observed in Fig. 5.14 that Isherwood's
theoretical curve, for d/L 2 0.0805 and Ym/ “ 0.86
‘(36, Fig. 3), fits remarkably well with the experi-
mental curve. It may be noted that d/L in the
experiments and the Isherwood solution is 0.0765 and
0,0805 respectively. This small difference between

the two ratios may not introduce appreciable error.
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A close agreement between Isherwood'é theoretical results
for Ym/D = 0.86 and experimenfal results for Ym/D = Q.46
(Ym/d - O°6Q}further'c§nfirms the conclusion advanced
previously in Section 5.7»1,gnamely, that the recession

W o
qgex is unaffected by Yn/d for Ym/d 2 0.60.

Moody's theoretical curve in Fig. 5.14 is obtained
from Fige 2 of his paper (15). Since Moody's solution
was based on the Dupuit assumptions, the theoretical
curve is compared with the experimental curve which is
corrected for the convergence effect. The theoretical
" curve almost coincides with the experimental curve, thus

showing a remarksble agreement.

It is interesting to compare the experimental results
with Glover's second equation (equation 4.4) because the
ratio 4/L is very small as required. The experimental
and theoretical results are shown in Table 5.5. The
theoretical results compare reasonably well with the
experimental results. At low values of d/L ( & 0.0765),
it is therefore Jjustified to use Glover's second equation
to calculate the rate of falllof,water table rather than

the first equation (equation 4.3).

v

' —...——_-—..—...—__—u--—....m——————_——-—.....—-—_

\ Tﬁé effect of the depth of the impermenble bed on

water table heights for the steady state condition with
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TABIE 5.5

COMPARISON OF EXPERIMENTALVRESULTS

WITH GLOVER'S FIRST AND SECOND EQUATION

Ym/d = 0,60 /L = 0.0765

Time Experimental Glover's Glover's
I (da>0) II (a=0)
: ¥ ¥ Y
secs cms cns cms
0 13470 ‘ 13,70 13.70
20 11,70 9.38 10,60
Lo 8.85 5.51 8.70
60 6,80 3,23 745
80 5+35 1.89 6230
100 k.22 111 5.58
120 Zah2 0.65 4.95
150 2,60 0.3k 4,20

180 2,00 0.21 3,80
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varlous rainfall intensities was investigated by Hooghoudt (23,
Hammad (13) and Collis-George and Young (29). Hooghoudt
observed that the depth has no effect on drainage character-
istics for d4/L; 0.25; Hammad for d/L,0.25; and Collis-George

and Young for &/L 40,15,

For the unsteady state condition, Isherwood showed that
the impermeable bed decper than L/8 below the drain axis has
little influence on the recession index (Section L.4). His
results were based on the condition that the mid-point water
table falls by one foot below the ground surface. He did not
present results for the later stages of water table recession.
Although Isherwood did not specifically mention the parameters
that he kept constant in his analysis, it is noted from Table 2
of his paper thst the above conclusion would hold for all valnes

of Ym/L.,

The object of the present experiments was to check Isherwood's
conclusion with a curved initial water toble (Isherwood assumed
a horizontal initial water table) and present a more elaborate
treatment'of the effect of the depth of the impermeable bed on
drainage characteristics. The functional relationship between
the variables‘considered by Isherwood is obtained by transforwing

equation (5.24) into the form

¥

Y m 4 Kt
'Y"_"“'z F("E Y -i [} fL) AOVOPUDOODCOAINDBSOCEOB DO (5‘25)

m



Ixperiments were conducted with various depths of the
' : X
impermeable bed and for a constant ratio /L= 0,0337.
Values of %:,used in the experiments were 0.0765,. 0.103,.

0,123 and 0.143.

The results of the Hele-Shaw model experiments are
given in Table 5.6 and plotted in Figs. 5.55 and 5.16.
The curves in Fig. 5.16 indicate that the recession index
decreases rapidly as the depth of the impermeable bed in-
creases. When d/L approaches 0.123, the recession index
becomes constant; that is, the rate of fall of the water
table is not affected by the depth of the impermeable bed.
It can be seen from Tablé 5.6 that the recession index is
the same for both 4/L = 0.123 and &/L = 0.143. This amply
substantiates Isherwood's conclusion. In order to check
whether this conclusion holds for all values of Yﬁ/L,

additional experimental data, for Ym/L = 0,008, is pre-

sented in Table 5.7. The data illustrates that the initial

135

water table height does not affect the relationship between the

recession index and the depth of the impermeable bed.

The rapidly decreasing effect of the depth of the im-
permeable bed on the recession index maoy be due to the
reasons discussed in Section 5.7.7.2. An increase in
the depth of the impermeable bed is associated with an

increase in the length of the flow path and the flow arca

between adjacent stream lines. The maximum drainage occurs
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at d/L = 0,123 when, for a given Ym/L, a combined effect of
the flow resistance and the enlarged flow area has reached
a limit after which any further increase in 4/L will simply
lead to an increased flow resistance which offsets the

advantage of the increase in flow area.

5e.701.5 LEffect of drain size

. e e e g Y . g s E e s S e S S

The existing amalytical solutions do not give an exact
answer to the effect of drain size on the rate of drainage.
The assumption of identifying the drain periphery with an
equipotential line (Section: 3.3.2) is trﬁe only if the
drain is running full. As soon as the drain runs partly
full, the theoretical shape of the drain equipotential taokes the
shape of a horse-shoe as against a circular section. It is
therefore clear that, in the unsteady state, especially some
time after the recession begins, all such solutions lose part

of their accuracy.

The solutions based on the Dupuit assumptions take the
drain as a permeable point sink. This simplification is
generally justified by many investigators on the grounds that
the drain is very small in comparison to other geometrical

drainage parameters.

The object of the present experiment was to study the

effect of drain size on the midpoint falling water table.



137,

The steady and unsteady state experimental results are com-
pared with those obtained from the solutions of Hammad and
Kirkham with a view to evaluating the discrepancies resulting

from the assumptions underlying these solutions.

The functlonal relationship between the variables
involved in the experiment is the same as given by equation
(5.24). The initial steady state midpoint water table heitht
was kept constant at 13,70 cms, thus giving Ym/d = 0,32 in
equation (5.24). In addition, 4/I was equal to 0.143 in all
runs. Three drain diameters: 1.25, 1.0 and 0.5 cms were used

giving r/d equal to 0.00580, 0.01160, and 0.0145,

The effect of drain size on the rate of fall of the
nidpoint water table is riainly due fo flow resistance near the
drain. This resistance is relatively higher for the smaller
drains that for the larger ones. It is for this reason that
the same initial steady state midpoint water table height can
be maintained by introducing a lower rate of rainfall in the
case of smaller drains than would be possible in the larger
ones. As a result, the recession index would be comparatively
high for the smaller drains. This effect is apparent in
Fige 5.17 (Table 5.8). The curves indicate that there is
a rapid increase in the recéssion index when r/d increases
from 0.00580 to 0.01160, whereas it is proportionally not as

marked in the range 0.01160 < r/d ¢ 0.0145. This may possibly
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be due to a relatively small petiction in resistance to flow

near the drain as the drain gets larger.

The experimental data is compared with the theoretical
results of Hammad and Kirkham in Fig. 5.18 (Table 5.9).
The Kirkham results were calculated from equation (4.19),

The experimental and Kirkham results differ considerably

o

for r/d 0000585,‘but agree remarkably well for r/d = 0.0116

i

and r/d = 0,0145.

It was explained in Section 4.6.1 that the unsteady
state solutions based on the ifitegrated form of stcady states

overestimnte the recession index. Since Kirkham's equation

that such a close agreement between the solution and the
experiment as above is obtained. This can, however, be
explained by comparing, in Table 5.10, the experimental
steady rainfall in the form R/K with that obtained from
Kirkham's S>lution (equation 3.13). The table shows
that for r/d = 0,0116 and r/d = 0.0145 and for a given
Yﬁ, the theoretical R/K is considerably less than its
experimental value. A lower theoretical value of
steady state R/K will consequently lead to a slow rate
of drainage (higher recession index). This may compen-
sate for the higher rate of drainage (lower recession
index) obtained when the steédy state solution is

integrated (Section 4.6.1) to get an unsteady state
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TABLE 5.

10

COMPARISON BETWEEN COMPUTED AND EXPERIMENTAL RESULTS

Experimental
Din: R/K
cms.

0.50 0,0149
1,00 0,029k
125 00,0340

TO SHOW THE EFFECT OF DRAIN SIZE

a/L

0.143

Y/

d = 0.32

Kirkham

.Fq(x,o)

L, 292
3.851
3,71k

R/K

0,0209
0.,0238

. 00,0242

\

Hammad

R/K

0.0465
0.0525

0,0568

141,
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solution, The opposite is, however, true for r/d = 0.00585
because the steady state solution overestimates the value of

R/K and hence the rate of drainage.

Hammad's theoretical values of R#K in Table 5.10 were

obtained by toking Q = RL in equation (3.44) to convert it

to the form
Y 2
K L n L
":R-—— 21TY Ln.“;"" 2 GDEOO0O6VOEOCOD OO (5026)
m 2m d r

K/R in this equation was then calculated by substituting the
experimental values of L, d, r and Ym° The recession index
was calculated from equation (4.20). This equation is
derived on the same assumptions and is therefore subject

to the same drawbacks as those in Kirkham's equation

(equation 4.19).

It is clear from Table (5.10) that Hammad's Solution
overestimates R/K. Since the theorefical R/K is two to
three times higher than its experimental values, the sol~
ution predicts a recession index which is considerably lower
than the actual one. In fact, there seems tc be no resemblance
between Hammad's theoretical curves and the corresponding experi- ‘

mental curves in Fig. 5.18.

Finally, it may be of some interest to know the functional
relationship bebtween drain size and the rate of steady rainfall
required to obtain a given water table height midway between

drains. Figo 5.19 shows a linear logarithmic relationship

-
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between R/K and r/d. The equation of the straight line is

R 0925
== 1.78 (EJ for Ym/d = 0,32
/L = 0.143
OO0V UPOCOOO0 PSEAOCODOONOCOOBVUAOO (502?)

5.7.1.6 The water table profile

Iigon, Kirkham and Johnson (47) made a comparative study
of the rate of drawdown as determined by Kirkham's (21) analy-
tical sclution with that observed in a glass bead Glycerol
model (47a) of a difch drainage system. They observed that,
except for a short time after the beginning of recession, the
experimental and theoretical water table profiles agreed well.
The error during the initial stages of recession was found to
have occurred near the ditch walls. This was attributed
to the neglect of the surface of seepage in the development

of the theory.

The present study was carried out to compare the experi-
mental water table profile of a tile drainage system with
Kirkham's theoretical water table profile. The experimental
and theoretical data are given in Table (5.11) and plotted in
Figure 5.20, The theoretical results were computed from
equation (3.13) instead of equation (4.19) to see whether
the falling water table obtained from the model adjusts

itself to the theoretical steady state conditions. The

1k,
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theoretical steady state water table profile was obtained
by first matching the midpoint water table height at a
known time and solving'equationl(3o13) for R/K for the
four curves shown in Fig, 5.20. The values qf R/K
thgélbbtéinbd weré then used to calculate the water

table heights at various horizontal distances from

the drain centre.

Except for t = 0, the experimental and theoretical
water table profiles agree favourably. A small error
in the vicinity of the drain (2x/L £{0.1) may be due to the
existance of some height of water table over the drain,
.The results, therefore, indicate that Kirkham's solution
can be safely used to find the water table profile between
tile drains that are slightly submerged below the.water

table due to resistance to flow near the draine.

Normally, tile drains project above the outlet
channel water level. With such a system one expects a
large difference between water table heights midway be-

tween and over the drains, This difference turns out to

be a disadvantage especially in Peaty soils, as for instance,

in Polders in the Nederlands where a rigorous control on
water table depth is required. Wesseling (23) reviewed

Kirkham's steandy state solution and showed that, with the

146,
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same drain discharge, the above difference can be reduced
by laying the drains somewhat deeper and keeping the channel

water level aobove the outlet.

The first experimental study to show the effect of
drain submergence on the differenée between steady state
water tablé height midway between and over tile drains was
carried out by Dujaili (30). He showed that the difference
decreaseé exponentially until it is constant at a submergence
ratio equal to 0.70. This implies that for submergence ratio
greater than 0.70, the steady state water table rises without

change of shape on further increase of the submergence.

The present study was aimed at investigating the effect of
drain submergence on the rate of fall of the nidpoint water table
and to check Kirkham's approximate solution (Section 4.6.2) for
unsteady flow between submerged drains. The experiment was
6onducted by following the procedure described in Sections 5.4 and

5.5. The values of submergence were in the range 0.00 to 0.33k.

The model results are illustrated in Fig. 5;21 (Table 5.12).
The recession index slightly decreases with drain submergence,
although the effect is more pronounced in the latter stages of
the recession than in the beginning. Such a small decrease in
the recession index does not justify the extra cost involved in

laying drains deeper than the normal.

To compare the experimental results with those obtained from
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Kirkham's solution (equation 4.19) for submerged drains, the
function F(x,0) in equation (4,19)7wa8 first determined

from equation (3.16) by evaluating the several infinite

series involved. This along with the known values of

Kt/f, I, ¥ were then substituted in equation (4.19) to

get the theoretical heights of the falling water table.

The experimental and theoretical results are compared in

Fig. 5.22 (Table 5.13),

- It is obvious from Fig. 5.22 that there is a considerable
difference in recession index between the experimental and
theoretical results. This may be due to the ideal assump-
tions inherent in Kirkham's steady state solution (Section 3.3.3)
for submerged drains and in the derivation of equation (4.19).
Iﬁ may be observed that there is a reasonably good agreement
between the curves for zero submergence, the reason for which
has already been explained in Section 5.7.1.5. A general
trend of the effect of submergence on the recession index is
indicated by the theoretical curves. They show that the re-
cegsion index decreases aé submergence increases, the rate

of decrease diminishing with increasing submergence.

5.7.3 RISING WATER TABIE

567231 Effect of rate of rainfall:

This study was conducted for various values of R/K in the
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ronge 0,00286 to 0.023. During the experiment r/d and
d/L were kept constant at 0,00136 and 0.,0765 respectively,

The rise of only the midpoint water table was observed.-

The experimental results for various values of R/K

are illustrated in Fig. 5.23 (Table 5.14). It is clear

in the figure that Y/Ym, for a fixed value of-.f%jbna./me s
increases but at progressively lower rates as R/K increases.
This is shown more clearly in Fige. 5.24, which indicates the
relationship between the dimensionless rate of rainfall R/K

and the dimensionless water table height Y/Ym at a partic-

ular value of the time parameter Jktd/fLZ after the water
table starts rising. The rate of rainfall has appreciable
effect on the rising water table when R/K is low (% 0.01),

This effect, however, gradunlly diminishes. At R/K >0.025,

/
Y/Ym, for fixed 4th/fL2, is practically unaffected by the

rate of rainfall, especially for large\/th/fLZ.

The experimental data for the rising water table and
water table drawdown Ym," Y, for the same steady rainfall,
are plotted in Fig. 5.25. The dotted lines are the draw-
down curves and the full lines represent the rising water

table. The curves show that the water table drawdown is

quicker for low values of‘/th/fL2

and slower for higher values

of JKtd/fL® than for the rising situation.

The model results in Table 5.15 indicate that the rising
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TABLE 5.15

COMPARISON BETWEEN RATE OF RISE AND FALL OF WATER TABLE

R/K = 0,023 /L = 0.0765

Time Rising Drawdown
secs Y(cms) Y -¥ (cms)
0 0.00 0.00
10 0.85 0.75
20 | L 2,00
30 3.25 | 3.60
40 5._,00"' 485
50 6.90 590
60 8450 6.90
70 9.70. . 7.60
80 10,60 8.35
90 11.25 8.95
100 | 11.85 9.50
110 12420 | 9.9
120 | 12.55 10,28
150 13,20 11,10
180 13.55 11070
210 . 13.65 12.15
240 13,70 12,45

270 13.70 12.78



" 156,
water table takes approximdtely 90% as much time to reach
a steady state condition as the falling water table takes
to reach the drain centre. This is in contrast to the
common assumption made in drainage design that the water

table rises to a steady state condition instantaneously.

5¢703.2 Effect of depth of impermeable bed:

This study was based on the same experimental pro-
cedure and the same values of r/d and Ym/L were used as

described in Section 5,79\.ﬂa

Fig, 5.26 (Table 5.16) shows the effect of the depth
of the impermeablevbed on the rising water table. It is
clear from the figure that the rising water table does
not depend on the depth of impermeable bed when d/L3>0.123.
The srme conclusion was previously deduced for the falling

water table.

5.8 EFFECT OF MISALIGNMENT OF TILE DRAINS ON FALLING WATER
TABILEE )

5.8.1 Introduction

- s e ot e s o T

Analytieal tile drainage solutions that have been published
so far usually deal with flow through homogeneous isotropic soil
between equiaistant file drains lying at the same élevation T ew
the ground surface (sy&metrical drainage system), In practice,

the depth of drains below the ground surface is governed by the
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type of crop and the soil conditions. The depth should be
such that, qfter irrigation or rainfall, sufficient water is
drained from the root zone to provide storage space for the
excess water from the following irrigation or rainféll without
cxceeding allownble water table heights. The storage space
can be maintqined evenly distributed in even terrains by laying
the drains at the same depth below the ground surface. This
requirement, however, can hardly be achieved in rough terrains,
where, if the drains are symmetrically aligned, the roots of
crops on low ground will remain flooded for most of the time.
To guard against such flooding, the drains situated below low
grounds are displaced vertically. The omount of displacement
is malnly controlled by the requirement of minimum storage space

above the displaced drains.

Vertical displacement may also prove useful in arid
irrigated areas where a soil condition of high salinity
occurs in conjunction with a drainage problem, In these
areas, the land is first drained with tile drains to a depth
of 2 to 3 metres and then salté are remdved from the soil
by leaching with large quantities of irrigation water.
Kirkham (65) proved analytically that most of the flow of
water through the soil to the tile drain occurs above the
drains whereas the soil midway between the #rains remains

unaffected by the leaching process because of very low
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horizontal velocity of flow at this point.

Greater leaching can be ébtained in the central aren
between tile drains by displacing vertically downwards, éay,
one out of every three or four drains in a symmetrical drainage
system. The vertical displacement of a drain causes a change
in its potentinl relative to the potential of other drains.
There will be an immediate drop of water table over the
displaced drain, thus increasing thg slope ofkthe water
table, This will be associated with an increase in the
horizontal velocity of flow and, consequently, a faster rate
of fall of water table than in the symmetrical drainage

systen.

5.8.2 The problem

An experimental study of the effect of misalignment of a
tile drain on ‘the steady state flow system was carried out
by Dujaili (30). There does not seem to be any published work
on the unsteady state. The purpose of the present investigation
was, therefore, to observe to what extent the vertical displacement
of a tile drain affects the recession index at a critical point,
The critical pqint is defined herein as the highest point on the
water table in the misaligned draihage systems This point in
the present study was the left-hand edge (the edge far away from
the displaced drain) of the model. However, water table recession

at the right-hand edge (the edge near to the displaced drain) was
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also observed and compared with the fall at the left~hand - edge.

A1l water table heights were measured above the impermeable bed.

5.8.3. Experimental procedure

In the present Hele-Shaw model, provision existed for two
drain spacing arrangements, either at 0.50 m or at 1.0 m, with
0.5 or 1.0 cms drain diameters. . Six drains were required in
the first qrrangement and three in the second to cover the whole
length (300 cms) of the model. The first spacing arrangement
was adopted. In this arrangement, the second row of drains
(Fig: S.4) at elevation L42.90 cms. above the impermeable bed
was used. The misaligned drainage system is shown in Fig. 5.27
in which drain IV was displaced, The left-hand edge of the
model is»at a distance of 175 cms from the displaced drain and

the right-hand edge at 125 cms.

Since the edge boundaries of the model represent -a mirror
plane, drains I, ITI, IIT and IV in Fig. 5.27 have their images
on the other side of the left-hand edge plane. Thus the situation
repfesents seven spacings with eight drains of which the two end
drains, drain IV and its image, ore displaced downward. The
corresponding situation on the right-hand side consists of five
spacings with six drains, of which drain IV and its image are
displaced. The whole misaligned drainage system thus represents

an infinite number of drains of which every 7th and 5th drain are
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alternately displaced. Other drains in the system will

hereafter be called "symmetrical drains'.

The edge boundaries in the model represented planes
of symmetry of flow in the misaligned drainage system. The

rate of fall of water table at both the edges was recorded.

The general experimental procedure was the same as
described in Section 5.4. The experiment was first con-
ducted on a symmetrical drainage system (no displacement) and the
initial steady state water table height above the impermeable bed
was noted at the left—hand.edge of the model, The rainfall was
stopped and the rate of fall of water table at the same edge
was recorded. Drain IV was then displaced successively by
7y 117, 16,4 and 21% of the depth of the impermeable bed
below the symmetrical drains (AY/d) and each time the rate
of rainfall was adjusted to obtain the same initial stéady
state water table height. In each case the rate of fall of
the water table at the left-hand edge of the model was recorded.
Water table recession at the right-hand edge was also observed
for displacements of 7% and 21%. The initial steady state water
table height above the impermeable bed was 46,60 cms in all runs,
thus giving hm/d = 1,08,

5.8.4 Analysis of results: Drain rumning under some back pressure
due to resistance to flow near the drain.

o e Al . et s Bl P Al G el S il M S iy St i S P Bl S S i S G WY e Y L it A ) B Sl Y i B g D e s e e G el G A A i U S By B P g

The dimensionless functional relationship between the variables
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involved can be easily shown to be of the form (Fig. 1.2)

h

h m d AY {Ktd .
= F('—g T oy U7 ,4"""" coceopvoooecocee (5-&7)
. hm d' L d T fL2

In the experimental programme, hm/d and d/L were kept constant
and a relationship between h/hm'and AY/d, for various values of

s At s

Jth/fLa, was observed.

The model results are shown in Fig. 5.28 (Table 5.17).
It is obvious that the recessionindex (h/hm) increases with ’dﬂcM&ﬂSIQj‘
displacement. Tt takes a/ktd/f12 value of 0.35 for the vater
table to reach the level of the centre of the symmetrical drains
in the case of a 21% displacement as compared with a value of
0.60 for zero displacement. Since the increase in the rate
of water table recessién'is associated with the increase in
horizontal velocity of flow, the velocity at the left-hand edge
must increase with the amount of displacement. The increased
velocity would not only let the water table drop to a desired
level in a shorter time, but also increase the leaching proceés,

which otherwise would be slow,

Another noticeable feature in Fig. 5928-is the change in
the recession index as the water table falls below the level
of the symmetrical drains (shown by dotted horizontal line).
At this stage, the spacing is increased to 350 cms on the left-
hand side of the displaced drain and 250 cms on the right. The

recession index below the dotted line weulAd therefore, depend on
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the oombined effect of vertical displacement and the increased
spacing. Since the spacing is constent during this stage, the
greater the displacemeﬁt the lower is the recession index (i.e. the

higher the drop of water table in a given time).

A relationship between water table height and vertical
displacement, for a particular time parameter, is shown in
Fige 5029 The curves indicate that up to 60 secs 0%257552 = 0.351)
after the beginning of recession, the midpoint water table height is
linearly related with the displacement. For times longer than
this, however, the water table drop is relatively faster compared
with the increase in displacement. Since the curves for t = 30 scecs
and t = 60 secs are parallel straight lines, the drop in water table
height in this interval is constant irrespective of the amount -f v.
tical displacement. This shows that the rate of recession at the

left-hand edge is affected by the symmetrical drains for the first

60 secs.

Values of the recession index at the left and right-hand edges
of the model are compared in Fig. 5.30 (Table 5.18), Since the
right-hand edge is nearer to the displaced dfain, the water tahlne
falls considerably faster there in comparison with the left-hnnZ
edge, thus showing that the leaching process can be accelerated by
displacing every 5th drain instead of every 7th drain discussed

previously.
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CHAPTER 6

DRAINAGE OVER A SIOPING IMPERMEABLE BED

This Chapter gives a detailed description of drainage problems
over a moderately sloping impermeable bed‘(slope & 10%) e Some of
the exlsting experimental and analytical solutions for the steady
and unsteady state drainage are first reviewed. A new analytical
solution based on the method of Laplace transformslis then obtained
for the steady and unsteady drainage of a sloping land with vertical
impermeable boundaries at the upstream and downstream sides. The
solution is only an approximation to the experimental set up and
holds when tile drains lie near the impermeabie bed, i.e. for

/

literature. In this study, however, a good fit between the

small d/L,a numerical 1imit of which has not been defined in the

experimental and analytical results indicates that d/L = 0.23

could be considered to fulfil the assumption made in the solution.

6.1 INTRODUCTION

Chapter 5 discussed drainage problems the solution to which
can be groupéd into two broed classes: symmetrical drainage
systems, where a relatively high water table over flat areas is
relieved by a network of equally spaced tile drains, and systems

in which one out of a number of equally spaced tile drains is
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misaligned vertically.

Many of the drainage probleﬁs encountered in practice may
not fit into either of the above categories. For example,
problems may arise in the drainage of sloping lands along
the foothills of 2 mountain range. Such problems have
received comparatively little attention both analytically

and experimentally.

A simple problem of drainage of sloping lands is the one
in which excess irrigation water from lands at higher elevations
or seepage water from irrigation canals may move down the slope
along sloping strata to ground at lower elevations. There is
no percolation directly over the region of interest. In such
cases, the down-slope flowing water is best removed by a system

of interceptor tile drains (Fig. 6.1).

A more complex problem of drainage of‘sloping lands arises
due to vertical recharge from rainfall or irrigation at the ground
surface directly over the region of interest. 1In such a case, a
continuous saturated condition of the aquifer is prevented by laying
a number of symmetrically spaced tile drains (Tige 602). This

particular problem of sloping drainage is examined below.

The agquifer may be infinite or it may belong to any one of
the following categories:
(a) semi-infinite aquifer with an impermeable boundary at the

upstream side;
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(b) semi-infinite aquifer with an impermeable boundary at
the downstream side;
Linite .
(c) semi-infimite aquifer with vertical impermeable boundaries

both at the upstream and downstream sides,

These problems of drainage of sloping lands are more difficult
to solve than those of a symmetrical drainage system. Because of
unsymmetrical boundary conditions in the former, a separate analysis
for the zone between each vair of drains has to be made. For
example, in the category C there will be separate analyses for
zones adjacent to the impermeable boundaries and for those remote

from these boundaries.

6.2 REVIEW

Flow nets for interceptor drains were determined with electric
analogue by Childs (1). The investigations showed that, if the
drains are placed above the impermeable bed, some water may seep
downslope along the impefmeable bed under the drains as indicated
at the right-hand end of Fig. 6.1, Interceptor drains placed near
the impermeable bed were found to be more effegtive in intercepting
the downslope flow than those placed at some distance above it.
Childs also carried out an experimental study comparing the
efficiency of tile and ditch drains in intercepting downslope flow
at different bed slopes. The tile and ditch drains went to the

same depths. He observed that the efficiency of either type of

e A
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drain depended on the slope of the bed. On a slope of up to
1:30, both types of drains were found to be equally effective.
However, when the slope increased to 1:3, the tile drain was

observed to be less effective than the ditch drain.

The solutions of the problems arising due to vertical
recharge have to be based on a knowledge of the groundwater
flow pattern between drains. Gustaffson (66) first presented
flow nets for the ponded waéer condition over equally spaced
tile drains in an infinite aquifer overlying a sloping imperm-
eable bed. The drains were considered to discharge freely
under atmospheric pressure by applying a certain amount of
suction. For such a case, the flow nets showed that the

discharge of each drain was equal to R.spacing.

A steady state drainage problem due to vertical recharge
was also solved by Schmid and Iuthin (67). They developed
a mathematical solution for the steady state drainage between
equally spaced ditches penetrating to the impermeable bed of
an infinite aquifer, In order to simplify the problem, they
assumed that the ditches were empty at all times, thus implying
that the water was carried off as soon as it seeped into the
ditchess Their solution was based on the Boussinesq equation
for steady flow.over a sloping impermeable bed, The Dupuit
assumptions inherent in the solution led to errors which were

later checked by an experimental study (68) on a Hele-Shaw modele
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The experimental results indicated that the error due to
the Dupuit assumptions was small for slopes less than 30%.
For slopes greater than this and for higher values of R/K
the solution was found to give ditch spacings that were too
high. The error was attributed to the omission of the
surface of seepage in the analytical treatment of the

problem,

The unsteady flow between the open ditches discussed

above was first analysed by Iuthin and Guitjenp (69). They
noted the maximum height of the water table with respect to
time and showed that the fall of water table in a given time
was independent of the bed slope for slopes up to 30%. This
indicated that for these slopes any of the unsteady symmetrical
drainage solutions could give as good an estimate of the rate
of fall of water table over a sloping bed as that for a hori-

zontal bed.

Chauhan, Schwab and Hamdy (70) obtained computer'solutions
of transient water tables for drainage of sloping land by fully
penetrating ditches. Assuming that the water table was initially
parallel to the sloping impermeable bed, they analysed the falling
water table for zero and time-variable boundary conditions at‘the
ditch drainse. Their main conclusion based on comparison be-
tween analytical and experimental results was that the time-

varizble boundary conditions give better solutions than the
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zero boundary conditions.

6.3 STATEMENT OF THE PRESENT PROBLEM

The most commn drainage problem of a sloping land arising
due to vertical récharge is the one in which the land is effect-
ively semi-infinite and is drained either by fully penetrating
ditches with the free surface some distance above the bed, or by
tile drains located at some distance above the impermeable bed.,
In each case a solution based on a steady state initial water
table profile and on time-variable boundary conditions at the
ditches seem closer to natural conditions than those assumed

in the solutions reviewed in the previous Section.

Since it is difficult to represent a true semi-infinite
~system in a finite laboratory model, the present investigation

was related to a finite system in which the upstream and down-
stream boundaries were impermezble (Section 1.5.2). The system
(Fig. 6.3a) consisted of three drains located 22.90 cm. above the
impermeable bed and spaced 100 ém apart. This sytem was adopted
not because it was of great practical significance, but because

it allowed a comparison of a technique of analysis (Sections 6.4.2
% 6.4.3) with reasonably accurate experimental datn. An approximate
analytical solution for the steady and unsteady draiﬁage t otween
fully penetrating ditch drains is obtained. Although this sol-
ution is only an approximate representation of the present experi-

mental set up of a tile drainage problem, the analytical and
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experimental résults are compared to find the magnitude of

their difference resulting from this approximation.

The study was carried out with two objectives in views
The first objective was to determine analytically the steady
state water table profiles over fully penetrating ditches for
various values of bed slope and R/K. The second objective
was to study the falling water table at the point where the
.steady state water table height was maxdimum. In both cases
the analytical results are compared with the experimental

results for tile drains lying near the impermeable bed,

6.4 MATHEMATICAL ANALYSIS

6401 General

Werner (71) gave a mathematical treatment of some
general problems of unconfined groundwater flow over a
.moderately sloping impermeable bed by solving equation
(20.24) 4 He dealt with two cases. The first referred
to the flow between two reservoirs penetraﬁing to the bed
(Fig. 6.4) and the second to the flow between a water
divide and such a reservoir (Fig. 6.5)s In the first
case, he considered both the downslope flow that would
occeur from the upper reservoir to the lower one and the

vertical recharge from the ground surface.

Werner's Laplace transform technique will be applied
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here to derive an analytical solution in the present study,
This solution is only an approximation of the experimental

set up and is based on the following assumptions:

(1) Werner's reservoir system can be postulated as open
ditches which penetrate to the impermeable bed;

(2) the elevation of the free surface of water in the
open ditches relative to the impermeable bed is
taken equal to the steady state height of water table
above the Led at the location of the tile drains in

the present study.

The applicability of a solution based on the concept of fully
penetrafing ditches to tile drains lying at a certain height

above thé impermeable bed (second assumpfion above) may be
guestioned. In this connection a case reported by Schilfgaarde (2)
is relevant. He was of the view that the application of the ellipse
equation (equation 3.2) to tile drains rather than open ditches in-
troduces little additional error if the drains are placed near the
impermeable bed, He further stated "often the backfilled trenches
retain a higher hydraulic conductivity than undisturbed material,

so that the tile drains act essentially as open ditches". Under
such conditions, therefore, the tile drains would act similarly

to open ditches. In the present study, since the water table

stood at a certain height above the drains, the ditch water

level was taken equal to the steady state height of water
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table at the drains ( second assumption) rather than the hejght

of drains above the imper meable bed,

Similarly, ﬁauschild and Kruse (72) derived an approximate
solution of unsteady groundwater flow into a surface reservoir.
They checked their solution with the d:sta given by Keller and
Robinson (73) for interceptor tile drains lying on the impermeable
bed, They found a close agreement between the solution and the
experimental results, thus further supporting the contention that
a solution based on ditch drains can be applied satisfactorily

to tile drains lying at or near the bed.

For the present study, it would be rather difficult to derive
one mathematical equation which may incorporate all the boundary
conditions shown in Fig. 6.°%¢ The analysis will, therefore,
proceed from zone to zone. In Fig. 6,524 the flow region is
divided into‘four zones, The first zone is the region between
the upstream impermeable boundary and drain IIT. Zones 1T and
ITIT are enclosed between drains II - IIT and drains I —‘II res-
pectively. The boundary condition for both the zones are gimilar.
Zone IV is enclosed betweep the lower impermeable boundary and
drain I, The solutions for steady and ﬁnﬂteady state flow in
these zones are obtained by solving equations (2.25) and (2.24)

for the boundary conditions that are described in Sections (6.4.2)

and (6olte3)s
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6.4.2 BSteady State

The steady state condition corresponds to the situation
obtained after the vertical recharge from the ground surface
has been occurring for a longve'nAo u é fi time so that there is
no change in the water table position. The solutions for'

different zones are obtained by solving the equation (Section 2.6)

'"‘2 Pt ‘
ﬁl - a.§£= "'P QO O0D0CO0OUOODOGCD000QQ (691)
.2 X o
9554
2

in which y = b, P_ = 2R/K and a = /D, This equation was
obtained by linemrising a non-linear partial differential
equation (Section 2.6). Iny = hE, the variable h is the
vertical distance measured to the water table from the im-
permezble bed in a direction perpendicular to a horizontal.
Other symbols like R, K, and D are rate of steady recharge,.
hydraulic conductivity, bed slope and weighted mean depfh

o=

2

+ d) of the saturated medium.

(1) Zone I

The boundary conditions are (Fig. 6.59):

It can now be easily verified by substitution (Appendix I) that

equation (6.1) and the above boundary conditions yield a solution
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i+
y = ha = G,I(a}{) = Z1 4 '—Z. F’I.-(.x) © PeBVO0000C0T00O0 (692)
in which
. -
Z,' = HLE‘. 2D2 l eaL bl eax ; G O00O00OROCADOGODOCODOOD (603)
H ’ ;
and - g
i )
F,I(ax> =x - L + ?1" ieaL - eaxi 00E60DOR00B2000000Q (601"’)
- i

(ii) Zones II and ITI

Fig. 6.5 shows a general layout of zones II and III, The
boundary conditions for these zones aré:

h = Ho at x =0

h:HL at x = L

For these boundary conditions, the solution of equation (6.1) is

as follows: (Appendix I):

P
2 3 - __9. [
y = h = Gg(ax) = Za 4 a ° I‘2(E\X) coeecaocseccoso (6-5)
in which
wd ™ ox ___3
-2 2 2. e =1 i :
Z2 = IJ.O + (HL - HO ) QE =L, ioooonc-anaooooo (606)
pe -1 1
and
—.eax_ A'..
F,I(ax) = X = L -_aL—— PP 000000I00OD00OOEO00O0OCE (698)

e —’I§
f |

(4ii) Zone IV

The boundary conditions are (Fig. 6.52)
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giﬁ = X at x = L

ox

h =H at x=0
o

Equation (6.1) and these boundary conditions yield a solution
P -~ - .
+ =2 ix + 1-e-aL (1 - e™)|... (6.9)
a a i

t

— 2-— __f-
¥y =h" = GB(ax) = 2,

in which

900000000800 0OON000GO (601())

Z3 = Ho - 2D l

-

2 2 -al f; Y

The steady state water table profiles in zones I, II, III
and IV will be obtained in Section (6.7.1.2) by substituting

measured values of Ho and HL for various values of a and Po°

6.4.3 Unsteady state

In order to obtain some approximate solutions for the
unsteady state problems whose initial state is shown in
Fige 6.58, the following equation (Section 296).has - Le
solved in conjunction with the relevant initial and boundary

conditions,

Z,)

[

- P CE R Y RN NN EEEEEEEEEE R R W N NN N (6011)

1
2 .
X o5 X C

Ay

in which
. [ . X
= =5 eing the soil porosity.
When the steady state is reached P in equation (6.11) is

equal to a certain initial value PO,“ay/ét =0 and y =y, so
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2
N 2"‘ a H”‘«X=—P .ooooo_nooooooenoooonofoocoooo ( ab)
OX

With the sudden cessation of rainfall (at time t = 0) P = 0 in

equation (6.11) so that, for t > 0, y is given by

2
Y _ oy _ 1w '
axz a’bx C..,(Dt‘ O 00000000 0G0PPOA0CO000OD0000OQ (6912)

The transformation y =y, - q transforms equation (6.12) into the

form
2y o] (e L el 1 &1 ng
=3 AKX | | 2 *sxio €V at ~ 2t
| % : ox l
~+ L
since
dYq &Yy
vy, /at = 0 and s - ATy s - P (from equation 6.1b)
X oX
therefore
|"2 «i
P - 13_3_&21,:_%‘1@;.
° 53x2 9% 2
or -
w5 aXe 129
PO S = -
\l)xz a?)x-'-Po '—'C—Dt 000G QO VPOIOORIOAIOIROTIOCOOY (6013)

Equation (6.13) can be re-written as

2
2P zP._.l =P
2 a —C (J't 0000 00VOORAADADOGO0000C0COQ (6014)
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in which
P
cq--2x
P q Y
_ Po
=y,1 "Y"‘é"‘x JO00ODOODOODDOO0DO00ODOENOEOO0RO0 (6.15)

The main boundary condition considered in the solution of
equation (6.14) is the time-variable ¢ud condition Ho(t).or
H (t) or both. It is assumed that, following an instantaneous
cessation of recharge, the water level in the ditches falls by a
certain distance in a finite time causing a fall of the water table

all along the spacing between ditches.

In this analysis Hb and HL are the steady state heights of
free surface in the upper and lower reservoirs, and Ho(t) and
HL(t) the same heights at time t after the beginning of the re-

cession,

(1) Zone T

Assume that the ditch water level (Fig. 6.52) falls by a
certain height AhL(t) in time t after the cessation of reéharge.
The numerical value of AhL(t) would be negative for a falling water

table. The initial and boundary conditions are:

hz(x,O) = Gq(ax) 3 G, (ax) is given by equation 6.2

y(x,0) =y,

‘;3\
:Eﬁgiil =W since water table is horizontal here

oy
oX

h(L,t) = H - AhL(t).

~-0
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For the solution of equation (6.14) these initiél and boundary
conditions will change into
P

(1) p(x,0)=- Eg-x (since ¥, = ¥ in equation (6.15)

o) 2200 T

< P
= 2D-El-_ 2D ¢h o .
R X a fusing approximation
I
oh P ' 2 (42)s op 2B
= 2D —t - 2 _ 2 153 (0% 2D =
?X X a i
P
= 2Doh - 2Dt - =2
a
P
- -2
- a
Po
(iii) p(L,t) = q - -~ L
. - 2 P P
[ ! 0 7§ 0
= =4 - : - —— ] = -
Hp - {Hp AhL(t)i > =

By Laplace transformation method equation (6.14) will be

transformed into

d2 ! dp' s Po
_—S - adx=b-p' +E‘x 00RN00080000000E0OR0OR0CLS (6016)
dx
the solution of which is
r oo P
p' = o2X/2 | A sinh (px) + B cosh (px) | - E§~x + —Eg
4 : s

cecesvsccoee (6.17)
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and A, B are arbitrary constants and s is given by

[vid)

femSt gyt

Lee) =
o -
ifter satisfying the boundary conditions ;the . following
solution of equation (6.16) is obtained by using the inverse
of Laplace transform and the transformation given by equation (6.15)
(Appendix II).
e "
y(x,t) = G,](ax) - }\5!1 -2 (xt)i— 2POC T2(>5,t) sooe (6.18)
L. i .

in vhich G, (ax) is given by equation (6.2) and

o0
_malex)/2 N o T 1 -t
T, (%,t) = e Ll'?-n. sin :rn(1 - X/L)i. .e
n=0 - -
and
&0
e—a(L-x)/2 \"‘ — N -3t
T,(x,t) = ¢ / Bye sin irn(’l—x/L)l (1 - 9%
PN - -
3
B = rn
n
o aly . 2
(= 2) . sin (rn)
and
. 2 i
. C al, 2 i
J — | (=) +r,
2L 2 n
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The roots r  can be taken from available tables (7).

(ii) Zones IT and III

Assume that water levels in the upper and lower ditches
fall by Aho(t) and AhL(t) respectively in time .t. Then the

initial and boundary conditions are (Fig. 6.52).

v(x,0) hg(x,O) = Gg(ax) jwhere G (ax) is glVen by
|
equation (6.5)
h(0,t) = H - ah (%)
) o

h(L,t) = H, - Ahg (t)

L
For the solution of equation (6.14) these initial and boundary

conditions change into

p
(1) p(x,O) = - “2'X
a
(i) p0,8) =H? - o - (0)12-0 = N
o] !O (e} i
.2 iy 2 Po Po
(iii) p(L,t) = H - [ Hp - on (t)[ -—=L=¢-—=L

These initial and boundary conditions suggest a final solution

of the form (Appendix II)

. B
y(xt) = 6, (a) - 2%/2 {?‘fe'aL/‘? Acosh (aL/E)Z ;ﬁi Z(ix
K E

+Acosh (ax/2) y~ 2?5 (x,t)

} i sinh (al/2) °
+ t cosh (ax/2) —ECQQ%(Xg )=P,.Ct

.o‘oaoooaooooooo (6019)

{ -al/? - cosh (aL/2)7 sinh (ax/2) £

2)
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" or

- Lo -1
y(x;t) .= Gy(ax) - i;(25_7\) T - A 2T (x, t) } - 2P C T, (x,t)
i -00“-..‘0‘.. (6020)
in which
LR n+1 -qL/2 nn
Ts(x,t) - eax/c > k 1) )‘I r sin (nnx/L) e
n=1
and
W7ol
ax/2 - h
T4(X,t) =€ A)i£_1)n+4 o224 . E?— sin (nme/L) (1 - & V%)
TH= SR L

=
ﬂ

2 C
L E TT,) +(8.L/2)] :-l::é-.rc

(1ii) Zone IV
Assume that water level in the upper ditch (Fig. 6-2%) falls

by height Aho(t),in time t after the beginning of the recession.

The initial and boundary conditions are:

y(x,0) = Vi = GB(ax) [where Gz(ax) is given by equation (6.9)}
h(Lyt) e
T X
h(0,t) =H_ - ah (%)
o o

For the solution of equation (6.14) these initial and boundary con-

ditions will change to the forn

g

(1) p(x,0) = - 52 X
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1) z2t) Do
X a

2 N - 2
Ho“ - (H Tt~ pan (B)] -0
! [¢] [¢] .4

(iii) p(o,t)
~
= A

Equation (6.14) and these boundary conditions yield a solution

(Appendix IT)
-

. i‘ ::
y,(x,t) = Gs(ax) - {j + 2 Ts(g,t) i+ 2P C Ty (x,t) oo (6.21)

!

in which Gj(ax) is given by equation (6.9) and

s F.o2 2,y - B
= N i ] - -
Ts(x,t) e > B sin (mn x/L)Léln (mn) cos (mnzj e
n=0
ax n=-x - I
e O . .2 2 i - Ut
TG(X,t) = Zﬁo ?n>51n(mnx/L) 551n (mn) - Cos (mn)l (1~ e )
n= ("J ad
B = 1
n
. 2 [ a— ,al Tz 2
2 sin (mn) [+ 5 ( S+ 1) f - = sin (mn)

L 4mn X n
in which m denote the roots of the equation

al
m_ cos (mn) =3

These roots can be found from available tables (74).

p=Sim e @S T (&-22)
=] R

Bquations (6.18), (6.19) and (6.21) are solved in Section (6.8.1.2)
to obtain the falling water table profiles in the four zones. The

observed steady state values H_ , H, and Aho(t), AhL(t) at different
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times were fed in as data.

6.5 DESCRIPTION OF THE MODEL

The model described in Chapter 5 was used in this study
also. However, some essential alterations were made in the
manifold holding the rainfall distribution system. The alt-
erations were made with two objectives in view. TFirst of
these objectives was that the rainfall distribution system,
irrespective of the inclination of the model, should remain
horizontal so that there was uniform pressure distribution
all along the length of the distribution pipe. The second
objective was that the manifold should be movable along
its length so that the distribution pipe could come exactly
over the model when the inclination of the model was changea“

This would prevent oil from falling outside the model.

Platell shows a general layout of the‘model° Two
galvanised iron pipes were suspended from an 8 in. water
supply pipe in the laboratory. The upper ends of the
pipes Were screwed into two circular clamps around the
8 in. pipe. Their lower ends were screwed into a
T-junction (Fig. 6.6). Two 1" x 2" long pieces of
flat C.I bar were bolted at each end of the T-junction.
The lower ends of the flat bars held two brass pulleys

through two C.I. round bar pieces, the ends of which were
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separated by 4" from each other. A C.I flat bar 13" x 33 £t
long was fixed on the top angle iron of the manifold supporting
the rainfall distribution system. The manifold was then pushed
over the pulleys. The whole manifold could thus slide along
its length. In order to prevent the distribution system being
disturbed while an experiment was in progress, the manifold was
temporarily clamped to the model. It was released whenever

the slope was changed.

In the symmetrical drainage system, the hypodermic tubes
discharged on to a shelf (Fig. 5.6) on the top of one of the
Perspex plates on which the oil was allowed to accumulate
before flowing down into the interspace. ‘The shelf'thus
permitted a uniform distribution of oiin This arrangement,
however, had a disadvantage for the sloping drainage system.

The accumulation of oil on the shelf could cause a downslope

flow of o0il along the inclined shelf. ,This eventually would
result in a non-uniform flux across the water table. Also,

the 0il could not be allowed to fall directly into the interspace
because of the formation of irregularities on the water table
due to entrapped air. To get rid of these irregularities, a
triangular piece of Perspex (Fig. 6.6) was fitted inté the

whole length of the shelf. The slope of the top of the triéngle
was high enough to permit oil to flow into the interspace

immediately after impact.
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The model was clamped with a 3" by 3" square C.I base
frame (Plate I to give it a Tirm support in the inclined
position. One side of the frame was held against an angle
iron fixed to the ground surface and the other was free.

The free side of the frame projected 18 in from one side of
the model, The free side of the frame wéé réiééd by éi
one~ton capacity crane through wire rope tied to eye bolts
which were screwed into the base frame. To achieve a given
slope, wooden supports of the required heights were placed
below the free end of the base frame and the model was lowered

on to the supports.

6.6 EXPERIMENTAL PROCEDURE

Figure (6.3a) shows an arrangement of drains in the model.
Three drains of 0.5 cms dia: and ﬁOO cns spacing were used in the
study. More drains could not be used because it was difficult
to obtain a reasonable depth (5 to 6 cms) of water table above
the centre of the draiﬁs even for the maximum amount of rainfall

that could be achieved in the model.

Experiments were conducted for moderate slopes ranging from
0-10%. In addition,'the effect of the rate of recharge on the
steady state water table profile was studied at a slope of 6%.
The rate of fall at the highest point on the water table was

considered to be an important parameter in the study. The
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drains in most experiments were running full with the water table
standing at a certain height sbove them. In addition to this,
the steady state water table profile for the maximum rate of
recharge was also observed for free discharging drains lying
over an impermeable bed having a slope of 6%. Thus the
experiments were so conducted that they could show the

effect of all the major drainage parameters on the rate

of fall of water table.

The total steady rate of recharge corresponds to the.
sun of the measured discharge of each of the three drains.
A Znthetometer was used to maké sure that the steady state
existed before the discharge measurements were made. All
vertical distances were measured from the inclined bed of
the model. It may, however, be pointed out that since the
distances were read on a graph paper fixed at the back of
the model, all water table heights were measured normal to
the sloping impermeable bed. These heights were later converted
to heights measured above the inpermeable bed with respect to a
horizontal plane., Since the slopes were small, there was
pfactically no difference between these measurcd and computed

heights of the water table.

In the experiments, the model was first kept horizontal
and a constant rate of rainfall was allowed to drip into it.

After the steady state was reached, the rate of discharge of
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each drain was measured and the water table profile was noted. The
rainfall was then stopped and measurements were made of the
falling wgter table midway between drains lying over a horizontal
impermeable bed. After this, the model was inclined at a
certain slope.

When the model was in the sloping position, the oil from
the rainfall distribution system was allowed to drip into it
again., The discharge of each drain was measured to check that
the total discharge of all drains remained constant. The steady
state water table heights were then noted at 10 cm intervals.

The same procedure was repeated at other slopes.

The falling water table observations over the sloping bed
were taken at two points., The first was at the downstream
impermeable boundary of the model and the second at the highest
point in gone II. It was believed that the results obtained for
the falling water table at the highest point in this zone would
show reasénable similarity to thé case when there are an
infinite number of drains lying over a sloping bed of an infinite
aquifer. The change in water teble depth at the highest point in
zone II was observed experimentally to be one~tenth of the change
at the downstream boundary. The effect of the proximity of the
downstream impermeable boundary therefore had negligible effect

on the water table profile in zone II.
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6.7 RESULTS FOR THE STEADY STATE

6 7.1 Submerged flow due to resistance to flow in the drain

6+7.1.1 Experimental results:

Figo 6.7 (Table 6.1) shows the effect of bed slope on the
steady state water table profile at a constant rate of recharge.
It is observed from the figure that the steady state water table
profile gradually rises on the downstream side (X (150 cms) of the
middle drain, whereas it falls on the upstream side (X $150 cms),
thereby showing that drain IT almost acts as a pivot about which

the water table rotates.

Fig. 6.8 (Table 6.2) shows the variation of the discharge
with the bed slope. There is a slight decrease in the discharge
of the middle drain. The discharge of the lowest drain increases
linearly with the bed slope while there is a cbrresponding decrease

.in the discharge of the highest drain.

Fige 6.9 shows that the difference of the squares of the water
table heights at the downstream (X = O cms in Table 6.2) and
‘upstream (X = 300 ems in Table 6.2) impermeable boundaries is
linearly related with the bed slope. The functional relation

can be represented by

h 2 - hu2 = 1008 ':"\'° ooooooae-ocoooeooooo;.oo (6.23)

in which h g is the height of water table at the downstream im-

permeable boundary and hu at the upstream boundary, and << is
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the bed slope.

The above functional relationship can also be srrived
at analytically, though not erxactly for the system examined
herein., TFor a simple analysis, let it be assumed that there
is a single drain lying above the sloping impermeable bed. In
the steady state, the discharge of this drain would be constant
and independent of the bed slope. This would, therefore,
represent the middle drain in the present three drain systen.
Fquations (6.2) and (6.9) can be used to find the steady
state water table heights at the upstream and downstream
impermeable boundaries. By putting x = O in equation (6.9)

and x = L in equation (6.2) we get.

h2=H2=H2 800000 DOLOVDOOOROGAOOOSODOOVD (6024)

Thus the height of the water table, at the location of the drain,
is independent of the bed slope for the one-drain system. This
is also;essentially true in Fig. 6.7 for the three-drain system.
A slight shift from the middle drain of the point of intersection
of the steady state water table profiles may be attributed to
experimental errors, probably due to differences of resistance in

the three drains.

If we put x = O in equation (6.2) and x = L in (6.9), we

obtain the heights of the steady state water table at the upstream
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and downstream bouﬁéries of the single drain system.,

2000000 0006Q0@ 00 (6025)
and

p
ne=H?- 2D2(eaL— 1) + —% g- L +
.

-
~~
o
=
I
BRN
Nt

u L

i
i
B )

P00 090G OCHONDOO0O (6926)
2

Noting that for'the single drain system Ho2 = HL ; the difference

between (6.25) and (6.26) is given by
2P -~ .
hdZ - hu2 = 4DF sin-h(al) + — | I- L sin-h fa1) !

POBVOOOCO0ORODODO (6027)

For a symmetrical drainage system, U = O and therefore from

equation (6.27)

As expected, hd = huo

For moderate slopes, sinh(al):= al in equation (6.27).

Therefore

h -h = LH-)ZaL C00000PO090000P000D0ROO0VOOPOEGOOBOOC (6928)

2 o
L"Do'ﬁ'oL
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or

- Bty ol
hd hu . Dl Le

This confirms equation (6.23). In equation (6.23) o value of
curve slope higher than unity may be due to the experimental

errors discussed earlier.

6.7.1.2 Theoretical water table profile

Fige 6010 (Table 6.3) shows a comparison between the
experimental and theoretical steady state water table profiles
at different bed slopes. The theoretical results were computed
separately for each Zone discussed in Section 6.4.7. The weighted
mean depth D was taken as the mean of the heights of the water
table at the two ends of each Zone. In cases where the water
table somewhere bstween the drains was higher than at the lower
drain the weighted mean depth was taken as a sum of the water
table height at the upper draiﬁ and a mean of the difference

"of the maximum water table height and the height at the lower
drain in the Zone concerned. P in equation (6.1) is equal to
2R/K. R was calculated by dividing the sum of the measured
discharge of the drains by a. product of the length and
interspace of the model, HO and HL in the steady state
equations are the observed heights of water table at the

drains.,
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It may be noted in Fig. 6.10 (Table 6.3) that there is a
very close agreement between the experimental and theoretical
steady state water table profiles. Maximum error occurs at
the downstream impermeable boundary (i.e. X = O in Table 6'.3)
of the system. This may be attributed to a non-uniform dis-
tribution of rainfall near the downstream edge of the model.
It was observed that at a slope of 0.06 or higher, flow from
the first hypodermic tube was running over the lower edge of
the model. with the result that some o0il from this tube was
flowing out of the model and some splashing into it. A
small rubber tube was fitted on to the needle to allow the
oil to drip just into the inner edge of the model, where oil
was also dropping from the seqond necdle, This gave a non-
uniform distribution of rainfall in regard to the remaining

length of the model.

Table 6.4 shows experimental and theoretical heights
of Water‘tablé at &ifferent rates of rainfall in the range
0,0066 to 0.0345 and for a bed slope of 0,06, The maximum
percentage difference %:(he - ht)/heg between the experimental

and the theoretical results is of the order of 3 to 4k,

6.7.2 Free flow

—— -ty e e

Since the steady state water table profile is flatter in

the submerged flow case than in free flow, the former conforms
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COMPARISON BETWEEN EXPERIMENTAL AND THEQRETICAL STEADY STATE

WATER TABLE PROFILES

Slope = 0.06 4 = 22.90 cms r = 0.25 cms
R/X .0345 .0306

X h, hy % h, h %
cums ciis Cms diff: crig cens diff:
0 38,70 37.60 2.60 37.80 36.50 3.45
10 37065 37900 1"23 36085 35685 2070
20 36,95 36.20 2.04  36.10 35,40 1.95
30 35,95 35.55 1.10 35,25 34,55 2.00
Lo  34.80 3475 0.1% 34,15 33.65 1.45
50 33.75 33.75 0.00 32,90 32.90 0.00
60 33.90 33.85 0.14  33.05 32.74 0,91
70 33,80 33.65 0,45 33.10 32,80 0.91
80 33,70  33.55 0.45 32.95 32.75 0.67
90  33.60 33.35 0.7F 32,80 32.60 0.61
100 33.50 33,05 1.35 32,70 32.20 1.53%
110 33.10  32.70 1.05 32,15 31.80 1.10
120 32,50 32.35 0.46  31.60 31.45 0.47
130 32,05 32.03 0.00 31,00 30.90 0.32
140 30.90 30.95 0.00 30.20 30.40 0.66
150  30.15 30,15 0.00  29.65 29.65 0.00
160 30.65 30,20 1.45 29.95 29.80 0.50
170 30,90 30.40 1.60  30.20 30.00 0.66
180 31,00 30.50 1.60 30.30 29.95 1.15
190 30.80 30,50 0.98  31.20 29.75 1.45
200 30,65 30.25 1,30  29.85 29.45 1.17
210 30,35 30,00 1.15 29.50 29.25 0.85
220 29.85 29.60 0.84%  29.15 28.95 0.60
270 29,30 29.10 0.68 28.60 28.70 1.05
2o 28,60 28,50 0.35 27,90 27.65 0.90
250 27.70 27,70 0,00 27,00 27,00 0,00
260 27,85 27,65 0.72 27.25 27,00 0,92
280 27.30 27.40 0.37  26.70 26.60 0.38
300 26,30 26,55 0.92  26.65 26.60 0.00
* he = Experimental height of water table

= 'Theoretical height of water table

Spacing = 100 cms
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more closely to the Dupuit assumptions implied in the solution
than the latter. This is also evident from Tables 6.4 and 6.5.

It may be observed that at the downstream impermeable boundary
(i.e. at x = O in Tables 6.4 and 6.5) the difference between

the experimental and theoretical heights of water table is 3J50 cms
for the free discharging case (Table 6.5) compareé to 1.10 cms

for the submerged flow (Pable 6.4). The large difference in

the former may be due to the curvature of streamlines.

- 6,8 RESULTS FCR THE UNSTEADY STATE

6.8.1 Submerged flow due to resistance to flow in the drains

. 5 . S A S 4 St S S S TR Al e i e S S . ke S D S S B SO S S S, S i i P S S e S S i S S B S . S A

6.8.1.1 Experimental results:

Fig, 6.11 (Table 6.6) shows a relationship between hd/fL2 at
the highest point on the water table in Zone II and th/fL2
for various values of bed slope. For a given th/fL2, hd/L2
decreases with an increase in bed slope, that is, the water table
falls more quickly in Zone II as =¢ increases. A possible ex-
plaination for the decrease may be the increased hydraulic gradient

due to the increase in bed slope.

Fig. 632 (Table 6.7) shows the rate of fall ofkwater table
at the downstream impermeable boundary (i.e. at X = O in Table 6.7)
of the system. It should be noted that owing to the water table
being.highest at this boundary,vit represents the critical point

for the system examined herein. TFor a given th/fLZ, hd/L2 at
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this critical point also increases with the bed slope (Fig. 6.12).

6.8.1,2 Theoretical water table profile:

The theoretical water table profiles were obtained by
programming (A&ppendix III) the solution derived in Section 6.4.3
for a digital computer, The weighted mean depth D and the
heights H_, H; and Aho(t) and AhL(t) in any Zone, in a given
time were fed in as data to obtain the water table profile in

the whole Zonec.

It moy be noted that the drain spacings during the falling
water table may not remain constant. For example, some time
after the beginning of the récession process, the water table
will fall below drain IIT (Fig. 6.7%)thereby increasing the
length of Zone I from 50 cms to 150 cms. In this case,
equation (6.18), which was previously applicable to Zone I
only, will now apply to Zone I and IT combined together.
Similarly, equation (6.18) would be extended to Zome III as

well, when drain II stops running.

The effect of the increased spacing on the rate of all
of water table con be taken into account by measuring Aho(t)
and AhL(t) with respect to the water table position that was
existing at the time when a particular drain stopped running.
HoWever, since such expefimental values of HO and HL could not

be obtained precisely, the values immediately preceding those
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to be computed due to the increased spacing were considered

instead. This introduced some error as will be seen later.

The experimental and theoretical water table profiles at
a bed slope of 0.06 mre compared in Fig. 6.13 (Table 6.8).
Percentage difference between the experimental and theoretical
results is of the order of less than 5% of the experimental
height of water table, for time less than 80 secs. There
is relatively large percentage'difference (12%) in the distance
150~3%00 cms at times 80 and 170 seconds. This is due to the
fact that thebsteady state water table profile considered in
the computation was the one when the height of water table

was 1.40 cms instead of zero above the bottom of the drain.

6.8.2 Free flow

Fig. 6.14(Tahle 6.9) shows a comparison of the rate of
fall of water table over free discharging and submerged
drains (due to resistance to flow ¥ 1 the drains). It is
apparent in the figure that, for a given R/K, the initial
steady state height of water table is much smaller in the
free flow than in the submerged flow case. This is due to
the fact that the resistance to flow in the drain is smaller

in the former than in the latter case.

It was also observed in the experiment that under free

flow condition, the discharge of drain I increased slightly
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above that for the submerged case and there was corresponding
decrease in the discharge of drain ITII, The discharge of
the middle drain (drain II),lhowever, remained constant.

Table 6.2 shows the discharge of the three drains at different

bed slopes.

6.9 CONCLUSIONS

Drainage of moderately sloping land with impermeable
boundaries at upstream and downstream sides was investigated

for different drain discharge conditions.

The experimental results show that the water table falls
more slowly at the dowmstream imperneable boundary as bed slope
increases. TFurther, the steady die charge of the middle drain
in both the free and submerged flow conditions is found to be

independent of the bed slope.

A mathematical solution based on evenly spaced ditches
A%hat reach to the sloping impermeable bed is proposed. The
~’solution is based on the Boussinesqg equation for unsteady flow
in unconfined aquifers lying over a sloping impermeable bed.
This solution is compared with the experimental data obtained

on tile drains lying near the impermeable bed (d/L = 0.23).

In comparing the model results with the mathematical solution
it is found that the solution based on fully penctrating ditches
does not introduce appreciable error when applied to tile drain

lying near the impermeable bed.
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CHAPTER 7

SUMMARY OF CONCLUSIONS

In this Chapter the summary of conclusions is given in
the sequence in which they have been discussed in the thesis
(Chapters 5 & 6). The numbers in the brackets at the end of
each paragraph refer to the Section in which the respective

results have been discussed.

The term 'recession index' in this Chapter refers to the
ratio Y/Ym or h/hm corresponding to «ne particular value of the

time parameter '/th/fL2 or Kt/fL (Section 5.7.71.1).
v

7.1 SYMMETRICAL DRAINAGE SYSTEM

(i) The recession index decreases at a diminishing rate
with increasing steady state midpoint water table height Ym.
The recession index is practically unaffected by Y for Ym/d?10,60

or Ym/DZ 0.45 (5.76161)0

(ii) There is a considerable difference between the Glover
solution and the experimental results at low Ym/d. The difference,
however, decregses with increasing Ym/d. The closest fit between
Glovef's solution and experiment is obtained when Yh/d = 0.60,

This contradicts Glover's assumption that Yﬁ</d. On the basis
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of the experimental results, the Glover solution holds for

Ym/d 3 060 (57010200

(iii) For &/L = 0.0765 and Ym/d = 0.60, Glover's second
equation (equation 4.5) fits better with the experimental

results than his first equation (equation 4.3) (5.7.1.3).

(iv) At Y /d = 0.60, there is a close agreement between
Kirkham's solution (Section 4.6.2) and the experimental results
whereas Hammad's solution (Section 4.6.3), although based on
the same assumption, bears no resemblance to the experimental
resultss Hammad's solution overestimates (predicts lower value

of) the recession index (5.7.1.3).

(v) At Ym/d = 0,60, Moody's iterative solution fits remark-
ably well with the experimental results after the expefimental
values.are corrected for the effect of convergence. This
solution has not been checked for other values of Ym/d'

Figo 1 in Moody's paper (15), however, shows a similar trend
for the effect of Ym/d on the recession index as is stated in

Section 7.1(i).(5.70103),

(vi) Comparison has also been made of Isherwood's results
for Ym/d:20°86 with the experimental results for Ym/d = 0.60
(d/L+ 0,0765 in both cases). . A good fit supports the con-

clusion previously stated in Section 7.1 (ii). (5.7.1.3).

(vii) Further research is needed to show the effect of the
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ratio of depth of flow to drain spacing (d/L) on the midpoint
water table recession. The mein object would be té check
Gloverfs solution by taking ¥ /d = 0.60 or Y /D = 0.45.

Maasland (5) carried out such a study using Ym/D = 0.25.

In view of the above conclusion, however, it is believed
that this value of Ym/d might have been one of the reasons
for not obtaining any good fit between Glover's solution and
the experimental results even for such a small value of a/L

as 0,035,

(viii) Drainage characteristics are independent of the
depth of the impermeable bed below the drain axis once the
depth 1s 0.125 L or more, The same conclusion was reached
by Isherwood (Section 4.4) on the basis of the results of
computer solutions of the Laplace equation. This conclusion
holds for all values of the initial steady state water table

height Ym, (5.7.1.4),

(ix) The effect of drain size oﬁ the recession index is
studied within the range 0.00585& r/d £ 0.0145, The results
were compared with the solutions by Hammad (Section 4.6.3) and
Kirkham (Section 4.6.2). The experimental results indicate
that the recession index is affected considerably in the
range 0,00585¢ r/d {0.01" ", Kirkham's solution agrees well
with the experimental results in the range 0,0116 & r/dL 0,0145

whereas Hommad's solution overestimates the recession index,.
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For a further confirmation of the close agreement between
Kirkham's solution and the experimental results, the falling
water table profiles Qere compared with thos obtained from
Kirkham's golution (Section 4.(e2). Except at t = 0, the
experimental and the analytical water table profiles almost
coincide, thus suggesting that Kirkham's solution can be
ﬁsed even in those cases where the drains are submerged

due to resistance to flow in the drains. (‘5:7‘ (< & g-?.l\(o)

0 S o T ot QR VT e €0 i i A8 S0 B e e ST S VS % S Y ML S S T W S Vo o SRS o W MMS

(i) Kirkham's solution for unsteady flow between
submerged drains (Section 4.6.2) is critically examined
and checked with the experimental data obtained in the
Hele-Shaw model (Section 5.7.2). The results illustrate
that the Kirkham solution predicts a lower recession index
than the actual. The solution, however, agrees remarkably
well with the experimental results for zero submergence
ratio. This further confirms the conclusions reached in

Section 7.1 jf(ix). (5.7.2)

(ii) The Kirkham analytical results show that the
recession index decreases at a dﬁini}shing rate with

increasing submergence ratioc. (5.7.2)

7«13 Riging water table

(1) Y/Ym, for a fixed value oﬁ!gzé/sz, increases but
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at progressively lower rates as R/K increases.

(ii) The experimentél data for the rising water table were
compared with the watef table drawdown (Ym - Y). The results
indicate that the rising water table takes approximately 90%
as much time to reach a steady state condition as the falling
wate£ table takés to reach the drain centre. This is in con-
trast to the common assumption made in drainage design that the

water table rises to a steady state condition instantaneously.

(iii) A study of the effect of the depth of the impermeable
bed on the midpoint rising water table showed that the conclusions
reached for the falling water table (Section 7.2.1 viii) again

hold, (5.7.3%.2)

7.2 MISALIGNED DRAINAGE SYSTEM: DRAIN RUNNING UNDER BACK PRESSURE
DUE TO RESISTANCE TO FIOW IN THE DRAIN..

(i) The misaligned drainage system used represents a symmetrical
section out of an infinite number of drains of which every 5th and
7th drain is alternately displaced vertically downwvards. It was
found that the displacemenf has a considerable effect on the re-

cession index at a point midway between the displaced drains. (5.8.4)

(ii) By increasing the displacement from zero to 21% of the depth
of the impermeable bed, the water table midway between every 7th
displaced drain reaches the level of the symmetrical drains in half

the time of that it takes in the symmetrical drainage system. (5.8.4)



221,
(iii) There is a change in the recession index as the water

table falls below the level of the symmetrical drains . (5.8.4)

7.5 DRAINAGE OVER A MODERATELY SLOPING IMPERMEABLE BED

7.3.1 Steady state

— T W G i €58 8 sty

(i) Drainage of moderately sloping land with the impermeable
boundaries at the upper and lower ends was investigated. Three
drains were used in the study. The drains ran under some back
pressu¥e due to resistance to flow in the drains. The experi-
mental results show that with the increase in bed slope, the
steady state water table rises at the lower impermeable boundary
and falls at the upper impsrmeable boundary of the system. The
bed slope does not affect the water table position at a distance

15% of the spacing downstream from the middle drain, (6e7e1e1e)

(ii) There is a linear relationship between the discharge
of the two outer drains and the bed slope within the range tested.
The discharge of the lowest drain (Fig. 6.3a) increases linearly
with the bed slope whereas there is a corresponding decrease in
the discharge of the highest drain. The discharge of the middle

drain is almost constant. (6.7.1.1)

(iii) For the boundary conditions examined, there appears
to he a linear relationship between the steady state water table

heights (for different bed slopes) at the upper and lower impermeable
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boundaries. (6.7.1.1)

(iv) Mathematical solutions (both for steady and unsteady
states) based on the Boussineg equation for flow in unconfined
equifers lying over a moderately sloping impefmeable bed is
proposed. The maximum percentage difference between the steady
state experimental and the analytical water table heights was of
the order of 3 to 4&; of the experimental heights. Maximum error

occurs at the lower impermeable boundary. (6.7.1.2)

(v) The difference between the experimental and the analytical
water table heights is greater in the case when the drains run free
than when they are submerged due to resistance to flow in the

drainSo (60702)

7030.2 Unsteady state: Drain running under back pressure due to

resistance to flow in the drain .

s e e e L L T P TP

(1) After cessation of recharge, the water table at the Tower
impermeable boundary ofvtheAsystem falls at a slower rate with in-~
creasing bed slope. (ﬁ:ﬂgﬁ;‘wf)

(ii) The percentage difference between the experimental and
.the analytical water table heights during the recession process
is of the .ovdet 0.{— 5.‘"—3;*:: V29 . (é{?'& h’l_)

(Ea0e2)

Finally, the most importamt conclusions to be drawn from the research

described in this thesis are that the solutions of Hammad, Glover and
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Kirkham do not hold for‘Yﬁ/4~d as generally assumed. . Accurate

results from these solutions can be obtained for Ym/d Y 0.60.

Boussinesq's equation can be used to study the falling
water table over tile drains lying near a moderately sloping

impermeable bed (4/L = 0.23).
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TABLE 5,1
VARTATTION OF VISCOSLITY WITH TEMPEAIATURE

BS/U D-Tyne Viscometer

Coeffecient as per B33/133 =0.1

Temperature Average vime Kinematic visc:
Op secs Centi~Stokes

54.,0 505.5 : 50.35

61.2 475,2 47,52

SR 426.5 42,95

66,2 405.0 40,50

68,0 586471 38.61

69.9 . 362.5 36.25

V56t 239,80 35.95

77,0 505.0 30450

81,9 263.0 26430

4 0 00 8% 000 &0 000
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NABTH 5,2

it i

COMPUTATION OF IIWIGRSPACH

———

Horiz:dist:cms O 100 200 500
Volumne in ces. Static water level in cms.
Initial He 20 o L0 H.4 0 4030 Mean diff: D
cis S
250 8.55 5.60 5,60 G.55 4420 1,90
250 12,90 12,35 12.85 12,385 La DO 1.95
250 17.20 17,20 17.15 17,20 4,55 1,93
250 21.40 21,40 21.40 27,440 4,20 1.9C
250 25.60 25.70 25.70 25,70 4,50 1,95
250 29.95 30,00 29.95 26.565 e 25 1,67
250 34,20 34.20 H4.15 5415 fre 20 1,95
250 5345 38,45 335,40 56440 1,15 1499
250 42.65 42,60 42,60 42,60 4,20 1.93
250 46,80 46,80 46,75 46,75  4.20 1.95
250 50,95 51.00 50,95 50,95 .20 1.98
250 55.00 55,10 55,05 55.05 .15 1.99
250 59.10 59,10 59.10 59.10 4,05 2,04
250 63.25 65.25 63.25 63.25 415 1,99

Vean = 1,98 mms

® 00 B 040 0D &6 0000
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EFJECT OF INTTIAL DEPTH OF WATER TABIE

O THE RATE OF RECESSION

d/L = 0.,0765

Ym/d 0.05 0.10 0.20 0.40 0.50 0.60

Time Y Y Y Y Y Y

SECS. cis CiilsS Ccus cis CllS cnms
0 114 2,30 4.55  9.12 11,45 13,70
10 1,155 2,283 4,30 3.70 10.85 12.95
20 1.13 2,24 4,23 83,00 S.55 11,70
30 1.11  2.15 4,05 7,10 8.45 10.10
40 1,10 2.05  3.78 - 7.50 8.85
50 1,08  1.95  3.56 5.70 - 7.80
60 1.06  1.90 3.32 5.15 5.90 6.30
70 1,03  1.81 %,10 4.65 5,25 6,10
30 1,00 1.72 2,90 4.20 .65 5.35
90 0.96 1.65 2.70 3.75 4,20 4.75
100 0.92  1.55 2,50 3.40 3.75 4,22
110 0.89 1.50 2.33 3.10° 3.40 3.80
120 0.8 1.40 2.21  2.75 3,10  3.42
150  0.77 1.20 1.75 2.22 2.30 2,60
180  0.70  1.02 .44 1.73 1,90 2,00
210  0.635  0.50 1,21 1,40 1.45 1,55
240 0,56 0.77 1,00 1.15  1.20 1.25
290  0.51  0.66  0.84 0.95 0.97 0.92
300 0.46 0.57 0.73 0.8% 0.832 0.80

© 09 06 06 0.0 0 £ 0 8 00 e D O

L
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o
°
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Time

Secs.

0
20
40
60
30
100
120
150
180
210
240

270"

300

TABLE 5.4
COMPARISON OF LXPERIMENTAL RESULTS

WITH UNSTEADY STATE SOLUTIONS

Y /d = 0,60 , d/L = 0.0765

Exopt: Hammad Krikham Glover
Y Y Y Y
cms cns cms  cms
12,70 1%.70 13.70 13.70
11.70 735 10.50 9.38
3.85 5975 7.95 5.51
6.0 2,11 6.10 5425
5.35 1.1% 4,60 1.3
4,22 0.607 5456 1.1
Ba42 0.526 2,74 0.65
2.60 0.175 1.92 0.54
2,00 0.094 137 0.21
1.55 0.050 0,30 -
1.25 0.027 - -
0.92 0.014 - -
0.8 0.008 - -

238

Brooks
Y

Ccs
13.70
10,30

6,90

5.30

3,30

2.60

181

0,61

Oo354

—
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TARIE 5.4 (Continued)

Bxpt: IToody Isherwood

Y /4 = 6/3
d/L =0.05

Time Y Y Y

5208 cms cms cils

0 13,70 13,70 1770

20 11.70 10,60 11.50

40 8.85 7,55 8.75

60 6.80 5.60 6.65

80 5,35 4,10 5.06

100 4,22 2,81

120 3,42 2.26

150 . 2.60 1451

180 2.00 1,10

210 1.55 0.635

240 1.25 0,480

270 0,92 0,342

300 0.80 0.206

@ 0O 0 0P oo 06 © OO0 o 8 06 000 6 0 O
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TABIE 5.6

et et

EFFECT OF THiI UEPTH OF THMPLRIMEABLY BED

ON WATER TABLE RECESSION
Ym/L = 0,0337

a/L 0.0765 0,103 0.12% 0.143
Time Y Y Y Y

secs cms ems cms cms

0 10,05 10.10 10,10 10,10
10 9.35 .35 S.40 .45
20 8. 40 3.25 8.25 8.25
30 745 7.10 7.00 7.00
40 - 6.10 5.85 5.90
50 5.75 5.25 5.10 5.15
60 5.10 4,55 4,45 4 45
70 4,55 4,10 5,95 3.90
80 4,00 3.55 345 3,40
90 3453 3,10 2.95 2.95
100 3,25 2.80 - 2.60 2.55
110 2,95 2.50 2,30 2.30
120 2.60 2.25 2.10 2.05
150 2,02 1.65 1.55 1.57
180 1.62 1430 1.20 1.15
210 1.30 1,05 0,90 0.%0
240 1.07 0.83 0,75 0.7%
270 0.90 0.70 0.64 0.6%
3C0 0.3 0.62 0.57 0,55

e & 9 6 00080 85D ORGSO O



TABIE 5,7
EFFECT OF DEOTH OF IMPERFEABLE BED

ON _WATER TABLE RECESSION
Y /L = 0.008

a/L 0,070 - 0.103 0.12% 0.143
Time Y Y Y Y
SecsS, Clis cms cis Cclis
0 2.38 2,02 2,42 2,42
10 2.35 2.58 2.55 2,35
20 2.5 2,28 2.25 2.25
30 - 2.26 2,20 2.10 2.10
1o 2,18 2,00 2,00 2.00
50 211 1,90 1.85 1.83
60 2.00 1,80 1.73 1,70
70 1,91 1,70 1.62 1,60
a3 1.80 1,62 1.50 1,47
90 1,72 1.52 1,40 1,37
100 1,64 1,42 1.30 1.30
110 1.57 1.33 1.22 1.2
120 1450 1.25 1.15 1,12
150 1,28 1.03 0,82 0.90
180 1.10 0.90 0.75 0.77
210 0.96 0.80 0.65 0.60
240 0.83 0.65 0.56 0.53
270 0.72 0.56 0.50 0.52
300 0.64 0,48 0.45 0.45

$ 0 00 &8 &0 9 00800
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PN ¥ SN

EFFECT OF DRAIN SIZE ON

T

WATER TABLE RECESSTON
ad/L = 0.14%5 Ym/d=O,§2

r/d 0.00585 0.0116 0.0145
fime Y Y T

S5ecCsSe. cus cis cils

0 1%, 70 13,70 1%.70
10 1%.15 12,70 12,40
20 12.35 11.00 10.65
30 11,50 9.30 ' 9.00
40 10,65 8,00 ?2.55
50 9.90 6. 90 6,40
60 9.15 5.95 5.50
20 3,45 ' 5.15 4.80
80 7.75 4,45 4,75
90 7.710 5.90 5.55
100 6.50 %.40 3,10
110 6.05 3,00 2.70
120 5.55 2,70 2.0
150 4,40 1.90 1.70
180 3,60 145 1.25
210 2.80 1,15 0.95
240 2.30 0.95 0.75
270 1.90 0.75 0.60
300 1,60 0.65 0.50

R EEEEEE TR R U
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TABTE 5,9

COMPARISON BETWELN COMPUTED AND BYPERIMENTAL RESULTS

TO SEOW THE BFFECT OF DRALI S1zZLK

e

d/L = 0.14% Y /a = 0.32
r/d ~0.00585 0.0116 0.,0145
Time Y; Yg' Y; Y, T, T 1 A
sec, cus cins c's CIT cns cns cis CHs Culs
0 1%.70 1%,70 15,70 13.70 13,70 13.70 13.70 15,70 13,70
20 12.35 7.82 10,70 11.00 7.27 10.45 10.65 7.08 10.30
4O 10.65 4,46 8.30 38,00 3,86 7.90 7.55 3.66 7.70
60 9.15 2.55 6.50 5,95 2,05 6,00 5.50 1,90 5.30
80 7.75 .45 5.10 4,45 1,10 4,50 4,15 0,93 4.35
100 6.50 0.83 3.90 5.40 0,58 3.35 3.10 0.51 3.30
120 5.55 0.47 3,10 2,70 0.%1 2,60 2.40 0,26 2,45
140 4.80 0.27 2,35 2,20 0.16 1.95 1.92 0.14 1,85
160  4.10 0,15 1.90 1.71 0.09 1.50 1.50 0.07 1.35
180  3.60 0.90 1.50 1.45 0,05 1.10 1.25 0,04 1.00
200 3.02 0.05 1.10 1.17 0,03 0.85 0.99 0.02 0.72
220 2.60 0,03 0,85 1,03 0,02 0,62 0.82 0.01 0,60
240  2.30 0.02 0.70 0,95 0,01 0,50 0.75 0.00 0.42

Ye = Oxperimental watver table height.
Yh = Hammad's vheoretical wabter table height.
Y, = Kirkham's theoretical water table height.

2 U0 0 &0 0O 0O 000000 0O QS0 O
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TABLE 5,717

- emae s e Aats

COMPARTSON BETYELN LXPERTIZHTAT, AND MiiORETICAL

WATER TABLE PROUITE
R/K = 0,023 d/L = 0.0765
Y = Computed value
Ye = Experimental value

x/L 0.500 0,300 0.267
7, (x,0) 1.978 1,458 4,271
Time T, Y, T, Y T, Y
SEeCS e ClsS Cl1s CIlS Cils cus cil
0 15,70 13,70 12.65 12,31 12,20 11,
4% 8,20  3.20 7.37 0 7.35 7.15 7.
5l 7.15  7.15 6.35 6,50 6.15 6.
6 6,10 = 6.10 5.57  5.56 5.33 5.
74 5.45 5,45 4.8 4.85 0,70 4,
85 n,85  4.85 4,25  M.35 1,10 4,
95 4,18 .18 3,80 3.76 3,65 3,
105 3.80 3.80 5,35 3,42 3.25 3.
115 3.45 3,45 %,00 3,10 2.85 2.
126 3,12 D12 2,70  2.73 2.55 2.

0 Q0 0 6 60 06 06Cc 0 060 00 0 2 00

C
5

79
05
10
20
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TABLE 5,11 (Continued)

x/T 0.254 - 0.200 0.167
Fq(X,O> 4,055 .o
Time Ye YC Ye YC Ye Y
SCCS., cms CLls cns Culs cils Cil3
0 11.75 11,20 11.10 10,05 10,45 9.75
473 6,70 6,70 6.5 ©.27 5.96 5.83%
S5 5.8 5.75 5,55 DHeti 5.15 5.02
o4 5.10 4,94 4,80 4.62 4,40 4,29
7L 4,45 ", 40 8,17 415 3,95 3,84
3 3,90 5.96 .75 2.71 3.0 5.45
95 3,40 J.42 3.25 3.20 3.15 2,97
105 5,05 510 2,85 2.90 2.75 2.70
115 2.75 2.82 2,55 2.6% 2.45 2
126 2.25 2.5% - 2.50 2.16 Z.
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TABIE 5,11 (COntinued)

x/L 0.150 0.1%% 0.7
F,I (x,0) 3.375 562704 2.055
Mime T, T, Y, T, 7 T,
SECS.

0 10.05 9,32 9.65 2,88 9.30 8.4%
5 5.70 5.56 5.47  5.30 5.20 5,04
54 4,95 1,80 4,80 4.56 4,55 4,35
Gt o294 4.15 3,90 4,00 3.71
4. 3.80 3.63 3.67 35.50 3.45 3.32
3 3,30 3.29 3,20 B 3.05 2.93
95 3,00 2,84 2.85 2.70 2.70 2,57
105 2,65 2.583 2.50 2.46 2,40 2.33
115 2.35 2.34 2.25 2,24 2.15 2.12
126 2.13 2.1 2,07 2,01 2,00 1N
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TABIE 5,11 (Continued)

x/L 0.100 0.0335 0,0668
7, (x,0) 2.375 2,638 2,431
Time T, T, Y Y_ YT,
SeCSe cuis Clls CHs cms : Cils Clis
0 3.65 7,94 8,05 7.40 7,45 6.82
4% 4,85 4,74 1,90 1,45 1,25 4,10
54 4,25 4,10 4,10 3,8% 3.70 3,50
64 3,75  $.50 3.50 %,27 3,20 3.02
71, 3,25 3.13 3,05 2,92 2,85 2,70
85 2,90 2.87 2,70 2,62 2,45 2,42
95 2.55 2.42 2,40 2,27 2.20 2.C9
105 2,25 2,20 2,10 2,05 2,00 1.87
115 2,00 1.99 1.80 1.85 1.75  1.72
126 1.35 1.30 1.75 1,61 1.65 1.55



Y,I/H2 0,00

Time Y

SeCS, cis

O 12.10
10 11.35
20 10.10
50 3.90
uxe; 7.90
50 -

60 6.55
70 5.50
30 4,90
S0 4,15
100 3.95
110 5,70
120° 3.5

150 2.55
180 2.05
210 1.65
240 1. 40
270 1.20
300 .95

TABIE 5,

ke n e emi g

EF:H0T, OF DRAIN U

2

WATER TABIE RECESSION

a/L = 0,0765 Ym/d=0.52

0.167
)4
cms
12.10
1.5
1C.00
.30
7,50
6.25
5.40
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COMPARISON OF COMPUTED AND EXPI

TABIE 5,15

Ty
SN
=

Y, /H

/l/

Timea
56C3,

100
120
140
160

on
200

2

Y
e
Y,

ry

e

THI, EFFECT OF DRATN SUBMERGENCE

0.00

Y(* Yl:
[N Cils
12,10 12,10
10,70  9.75
7.90  7.90
6.35 6,50
4,90 5.10
3,95 4,10
3,30 3,30
2.78  2.70
2.37  2.15
2.05 1.75
1,80  1.40
1.57  1.15
1,40  0.90

a/L = 0,0765

Yl?l/d = Oe 52

0,167
Ye Yk )
cms cims
12.10 12,10
10.00 5.10
7 .80 6,30
G.25 5.10
- 5,80
5.75 2.35
3.05 2.170
2,54 1,60
2.06 1.20
1.75 0,90
1.55 0,60
1.5 0.50
1.25 0.3%5

= Experimental height of water table
= Iirkham's theoretical water table height
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JINTAL RESULLS TO SHOW

L334
Y,
cus

0 12,10

5 3.70

5 6.30

5 4.50

3.30

5 2.35

0 1.70

3 1.20

2 0.90

5 0,63

5 0.45

5 0.35

5 -



TABLE 5,14
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EFFECT OF RATE OF RAIYFALL ON RISING WATER TADLE

R/K
Ym/d
Time
Secs.
0
10
20
20
40
50
60
70
80
90
100
110
120
150
180
210
240
270
550
- 600

0.00286

0.10
Y

cms

0.00
0,02
0,04
0,07
G.12
0.18
0.25

< O
TN O 4T
O OVl W 2 2 O O

°

- 2 O O O O O
~NJ ~JI Oy \n

.Y
°

T.67
1.80
2.04
2.25

d/L = 0.0765

0.00545 0.0138

0.20
Y

CIiS

0.00
0.02
0.0%
0.12
0.%2
0.60
0.%5
1.22
1.57
1.85
2620
2,48
2.75
3,40
5631
4.10
4,28
4033

I ~
“{‘o Bd

0,40

0.179

0.50
Y
cms

0.00
0.15
0.35
2.10
345
4,70
5,50
6.90
7.90
8.55
9.10
9,60
9,95
10,50
10.95
11,12
11,25
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TABLE 5.16

EFFECT OF DEPTH OF TMPERITIASLE BED ON

RILSING WATER TABLL

a/L 0.,0765 0.10% 0.12% 0.14%
Time Y Y Y b4

sSecs3, CIlS cms cus cims

0 0,00 0,00 0.00 0,00
10 - 0,40 0.60 0.45
20 0.85 0.60 2.25 1.75
30 1.95 2.3 5.85 5,20
u¥e 355 g 4 5.30 2,30
50 4,50 5.65 6.40 6.00
60 5.60 6,70 730 7.10
70 - 750 7.90 7.80
80 740 8.20 3.45 8.0
90 7495 8.70 5.05 8,80
100 8450 9.10 9.20 S.20
110 8.65 S.35 9.45 9.40
120 8,95 9:.55 9.60 9.60
150 9.50 10,00 9.90 9.90
180 .80 10.12 10,02 10,02
210 9,97 10,17 10,10 10.10
240 10,04 - - -

o6 0600 0908 OB OO
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TABIE 5.17
ETFECT OF VERTICAL DISPLACENMENT OF TILE DRATN

ON PALLING WATER TABILL

a/IL = 0.36 b /4 = 1.08

Y 0.00 0.07 0.117 0.16% 0.21
Tine h h h h h

secs. cis cms cns cils CIiiS

0 46,60 46,60 116,60 46.60 16,60
10 45,80 45,30 45,70 15,70 45,70
20 1L, 85 44, 80 a4y, 75 44,65 44,60
50 4, 25 44,10 44,00 413,85 43,70
40 3675 1%, 60 4%, 50 45,40 43,20
50 47,60 43,40 1%, 25 43,00 42.75
60 4% 450 43,25 43,05 42,55 42,10
70 47,140 43,15 42,75 42,15 41,55
80 43,52 4% .00 42,45 41,75 41,00
90 43,25 42,85 42,15 41,25 40,30
100 4%, 20 42,65 1,85 10,85 39,90
1% 43,15 42,50 11455 40,45 39.40
120 43,10 42,35 41,30 40,10 39,00
150 44,90 40,40 35,20 378
160 41,55 40,05 33450 36,95
210 41,30 39,60 37,05 56,55
240 . - .- -
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TABIE 5.13

EFFECT OF VERTICAL DISPLACENENT COF TIIE DRAIN ON THE

FALLING WATER TABLE AT THE IRPT AND

RIGHT HAND EDGES

a/L = 0.86 hm/d = 1,08

&Y /a 0.07 0.21

Time Left Right Teft Right
secs, h(cms) h(cms) h(cms) h(cms)
0 46,60 46,60 46,60 46,60
10 45,80 45.80 45,70 45,40
20 44, 8O 40,70 44,60 42,10
30 14410 43,90 434770 45610
40 475,60 4745 43,20 42,20
50 43,10 43,20 "2.75 41,40
60 43425 4% ,00 42,10 40,60
70 85,15 42,30 41,55 40,00
80 4% ,00 42,60 41,00 29,40
90 42,85 42440 40,30 33.90
100 42,65 42,20 39,90 3340
110 42,50 42,10 39,40 38.00
120 42,35 41,90 39.00 37.65
150 41,90 41.55 37.80 36,60
130 11,55 41,50 %6.95 56,20
210 41,50 11,05 36.35 3%5.70



TABLE 6.1
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EFFECT OF BED SLOPE Cli THE STEADY STATE WATLR TABIL

Bed slope
X
cms

d = 22,90 cms

0,00

(o)
O

!
~

[y

oW
.Y
= o
g1

Tr =
0.C2 0,0
Water

Ccrs
34,00 36.00
53,50 35,20
53,15 34,70
32,70 53.95

2,00 33,20

31,20 32.00
31.55 22.35
%2.00 52,60
52,30 32.75
32.15 32,50
52.15 32.35
31.50 21.55
50,30 30,20
29.80 29.60
30,20 29.95
51,00 30,40
31.00 30,25
30,60 29.60
29,65 28,60
29,00 27.85
29.50 28.25
30,00 25.10
29.50 27.35

@ 60 5 0D

0.25 cms

0.06

table height in
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VARTATLON OF DRATN DISCHARGE

TABTE 6,2

e e e i .

WITH BLED SLO2E

Descrintion

Drein I

Submerged
Q/Kd?
Free

Drain IT

s e e oy

Submerged
.

Q/Kd"~

Free

Drain ITT
Submerged

O/%d°
Hree

d/L =

0.00

Dr

285.0.
0,00127
285,0

280.0
0.00127

280.0
0.00127

285,.0

09229 r = O¢25 cn,

Slone

0,02 0.0% 0,06 0.08 0.10
ain discharge in cc/min

315.0 348.0 382.0 415,0  45%,0
00,0014 0.00152 0.00161 0.00174 0,00191
320.0 365.,0 400.0  463,0 505,0
260.0 277,0 277.0 277.0  2Y7.0

0.00124 0.00121 0,00117 0,00117 0.00117
285,0 285.0 265.0 260,0 280.,0
245.0  215.0 172.0 141.0C 105.0

0,00109 0.0009% 0,000725 0.000595 0044
240,0 190.0  150,0 -106.0 63.0

2 9806 0006005 00 028
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TABIE 6.5

—— e a e i

COMPARISON 3ETYELN EXPERIMGNTAL AND THEORETICAT, STEADY

STATE WATER TABTE ROFITES AT VARTOUS BED SLOPES

R/K = 0,0%] a/L = 0,22

Slope 0.00 0.02 0.0
X h, hy h, h n, hy
Cms [e24185] Cll3 cug Ccilg cms cils

51,80 31,40 34,00 335,37 36,00 55,10
10 31,65 31,30 33,50 33,63 55,20 34,70
20 31,45 31,20 5,15 52,80 34,70 34,15
30 31.30 30.95  32.70 52,37 33,95 353.53
40 30,60 30.60 32,00 31,04 35,20 52,41
50 50,10 30,10 51.20 31,20 32,00 32,00
60 30.60 30.60 51.55 31,57 32.35 32.20
20 31,30 30.95 32,00 31.72 32,60 32,30
30 31,45 31,20 32.30 31.82 52.75 32.30
90 31,65 31,30 32,00 31.03 32,50 32.20
100 31,20 31,40 32,15 31.75 32,35 32.02
120 31.45 31,20 .50 31.2 31,55 31,35
140 30.60 30.60 30.30 50,40 30.20  30.30
150  30.10 30,10 29.80 29.80 29,60 29.60
160 ' 30.20 30.20 22,95 29,90
183 31,00 30,64 30.40 30,17
200 31,00 30.68 30,25 30,03
230 50.20 29.99 29,25 29.05
250 26.00 29.00 27,85 27.05
300 20,50 29.36 27.35 27,34

he = Ixperimental water Lable heights

.. = Analytical water table heights



100
420
440
150
160
130
200
220
230
240
250
260
28

%00

0,06 .05

‘he h, h, ht

cns cis cums cils

33.30 37.23 40,40 39,56
57.35 56,65 35,90 38,54
36,50 35,95 33,00 37.65
35,60 355.15 36,95 56.65
3L d45 34,25 35.55 35.57
5%.25 33.25 B, A 3440
33,25 32.30 34,10 34,30
33,70 33.23 34,15 34,00
33,65 35,03 33,90 33.81
3%.10 - 32,85 55.50 33,45
32,70 32,05 35.15 32,98
31,90 31,56 32,00 31,80
30,20 30.23 30,20 30,24
29,40 29,40 29,30 29,30
29.80 29,64 20,60 29.42
30,20 29,78 29,80 29.35
29,70 29,50 29,20 23,38
28,95 23,33 28,25 27,99
25,50 285,32 27,65 27.39
27,80 27,72 26,65 26,63
27,00 27,00 25,85 25,85
27.20 26,95 25,95 25,64
26,70 26,57 25,00 24.803
25,50 25.62 23.45  25.65

L ©6 006 c o0 0608 0 DODODD OO

0.10

h

e

cms
42,70
41,10
39.65
33,60

36495

35.50
35.00
3,80
34,45
34,05
37470
32,30
30,40
29.50
29.55
29.60
28.30
27.30
27.10
26,35
25,10
25.00
25,65
21,70
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h
cims
44, 41
40,40
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W
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A,
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23

O
352,10
50,355
29,30
29,35
2%.11
2845
27.50
26.77
25.99
25.10
24,73
25, Ok
22.07
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COMPARIZEOH OF STIADY STATE WATSR TABLE PROFITES

UNDER PRES FLOJ CONDIHION
bed Slope=0,06 , R/K = 0.0345 , L/d=0.,229

r=0,25 cm.
Water table hecighiy 1n cms.
% Be hy 7P 00
S e
cis cms cms 4
0 5150 27.S0 11.30
10 ' 30,60 27,20 1110
20 29.65 26,40 10,90
50 28,70 25.40 11,50
40 27.20 24, 40 10,50
50 25.15 2515 0.00
60 26.50 24,00 9.40
70 27.15 24,72 S.00
3 27.20 24,83 8.30
90 27.55 24,60 10,40
100 : 27.45 25.00 8.90
120 26,70 24 .60 7 9
140 25.40 23,62 761
150 23.15 25.15 0.00
160 25,45 27,00 6,50
150 26.25 24,70 5 S0
200 26.25 25,00 o 30
220 25.70 24,60 4.90
250 25,30 24,25 4,15
250 2515 2%.15 0,00
260 24,30 25,40 5.70
280 23,85 25,20 2.70
300 22.80 22,50 2,20
he = Experimental height of the water table.
ht - Theoretical height of the water table.
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TABIE 6.6

ERFECT OF 31D STOPE ON THE RATE OF FALL OF WATER TABLE

AT THY, BIGHBST POTNT IX ZOHE LT

R/K = 0.310 L/d = 0,229 » = 0,25 cil.

Slope

Time Water table height (h) in cms,
oecs.,

0 31.70 31.55  31.10 30,65 50.10 29,85

10 31,10  30.75  50.40 30,00 29.65 29.15
20 29.60 29,35  29.05 5.65 23.35 238,00
30 238,15 27,90 27.50 27.40 27,20 26.830
40 27.00 26,80 26.15 26,40 26,25 25.85
50 26.25 25,95 - 25,65 25,50 25,15
60 25,60 25.35 25,20 25.05 24,8 2, 45
70 25,10 24,85 24,795 24,65 24,35  25.95
3 DU,D0 24,40 24,30 24,20 23.3 2%, 40
90 24,40 24,15 24,00 23.8 2%.,40 25,00
100 24,20 23,95 23.75 25,40 2%,00 22.65
110 24,00  2%.75 23,50 23,15 22,70 22,50
120 23,85 253.65 23,30 22,90 22.4 21.95
150  23.65 23,30 22,80 22.25 21.65 20,85
180 23,45 23,05 22.40 21.70 20.80  19.S0
210 23,35 22,85 22,10 21.15 20,10 19.05
200 23%,30 22,65 21.75 20,70 19.45 18.30
270 23,25  22.55  21.45 20,25 3.8 17.65
300 23,20 22,45 21.20 19.85 18,40 17.1C

© o 000 0© O 069 0 ae¢ v OO SO
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BEFPECT OF BED STLOPE O THE RATE OF FALL OF WATHR TABLE
AT THE DOWISTRIAI TIPERIEABIE BOUNDARY

R/X = 0.03%1 d/L = 0.229 r = 0.25 cm

Slope 0,02 0.0 0.06 0.03 0.10
Time Water table height in cus.

secs '

0 35,25 37,45 39,20 41,20 41.90
10 3425 36475 33.25 40,30 14,20
20 32,75 34,05 36,35 33,30 39,70
30 31430 3%.50 3%.55 37,50 53,20
40 29,95 51,95 34,05 35.95 36.80
50 -~ 29.00 %0.90 52,95 54,30 35,60
60 28.15 30,05 52,15 3%.35 34,75
70 27.50 29.35 3145 33.15 34,00
80 26,95 28,90 30,85  32.50 35 45
90 26,55 28.45 30,4 %2.05 32,90
100 26.30 238.15 30,05 31,65 32.50
110 26.10 27.90 29.75 31.35 32,25
120 25,90 27.70 29.55 31.10 31.95
150 25.55 27.55 29.05 30,50 31,25
180 25,35 27,10 23,70 30.15  30.80
210 25,20 26.85 28,40 29.75 30,45
240 25,10 26.70 28.15 29,40 30,05
270 25,00 26,55 27.90 29,15 29,75
300 24.95 26, 40 27,70 23,90 29,45
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TABTE 6,3

N EXPIRIUMONTATL AND THEORGTICAL UNSLIADY

COMPARLSON BLTHLE
STATE WATER TABLE PROFLIES

R/K= O.09w5 5lopeu0.06 ad/I=0.229 1 = 0.25 cns

Time 0 10 20 30

Secs.

X he ht he ht he ht he h_,G
cins . cms cms cms cms cils cils cins cins
0 38,70 37.85 37.85 56,183 35,25 55.89 34.90 35.58
10 37.65 57,26 36.85 35.57 34.35 33.24 33.90 32.9%
20 36,95 36,52 36.10 34,96 33.60 32.58 3%.20 32.27
30 35.95 35,70 35.25 34.26 32.70 31.89 32.35 31.50
40 34,80 3%.79 3%.15 33.60 57,85 %1.20 317.%40 3%0.89
30 3%.75 33.75 32.90 32.90 30,50 30.50 350.20 20.20
60 33,90 35,35 33,05 32.64 30.65 30,23 50,30 29,90
70 %%,80 3%.35 33,10 32,38 70.80 29,95 30,35 29.60
80 35,70 3%,75 32,95 32,10 30,70 29.68 30.40 29,32
90 33,60 33,54 52.80 31.0 30,50 29,40 30.15 25.03
100 3%.50 33,24 52,70 31.46 30,40 29.07 29.95 28.69
120 32,50 32.3% 3%1.60 30,8 29,50 28,52 29.20 28.16

140 30,90 30,99 30,20 50,05 28,20 27.91 27.85 27.59
150  30.15 30,15 29.65 29.65 27.60 27.60 27.30 27.30
160 30.65 30.42 29.95 29,47 27.85 27.39 27.5C 27.05
180 51,00 3%0.60 30,30 29.10 28.15 26,97 27.30 26.55
200 30,65 30.34 29.85 28.67 27,70 26.52 27.35 26.710
220 29,85 29.64 29,15 23.02 27.00 26.0% 26.75 25.58
2400 28.60 28.47 27.90 27,35 26,10 25.51 25.70 25.10
250 27.70 27.70 27.00 27.00 25.25 25,25 24,85 24,0

260 27.85 27.70 27.25 26,146 25,40 24,508 25,15 24.17
280 27,30 27,16 26,70 25.40 24,75 25.27 2%.40 22.70
300 26.30 26,20 25.65 24,14 25.60 21,85 25,45 21,21

' he = Iixperimental water table height
h

£ = Theoretical water table height



Time
secs

X
" cis

10
20
50

50
60
70

o
&)

90

100
120
140
150
160
150
200
220
240
250
260
230
500

50

he

cms

35.85
52.90
32.20
37 .40
%0.50
29.25
29.55
29.45
29.40
29.20
29,00
2325
27.10
28.50
26,80
26.90
26,0
25.385
25.00
24450
24,40
25,60
22.45

h,
cms
53,92

52,05

2127

30,67
A9.97
29,25
23.96
25,70
28.10
28,12
27.80
27.30
26.76
26,50
26.27
25,81
254357
24,93
211, 51
244 30

23 » 521:’

22,05
20. 51

TABLE 6.8

g

CilS
31.710
20620
29.05
28,95
28.10

h

110

e
cms

20,
29.
28,
28.
27
20,
26,

26.7

c‘_6.
25,
25,
259

20

25

>
>

50
8
1
35
20
30
OO
85
60
05

2%, 25

29,
23

25

21

20,
20,

30 25

75

.35
22,
217,
.10

55
90

70
35

19. 50
18820

0 0000 CO00ODOCOOS®E QGO0 QO

(continued) .

b,
CIrlis
%0.03
29,29

a -
28¢5

27.77
26,99
26,20
25,95
5 25.70
25,46
25,22
24,95
24651
24, 01
.30
25,20
22.05
21.05
20,10
19, 24
13.85
17,75
15.60
13,30
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EFFECT OF BED SLOPLE ON THE RATL OF

T4BIE 6.9

—

TABIE BETWEEN FREE DISCHARGING AND

263

TALL, OF THE WATER

SUBMERGED DRATNS

Slope

Mime
secs.

10
20
30
40
50
60
70
80
90
100
110
120
150
130
210
210
270
300

R/K = 0.0324

0.00

31.50
31.20
30.05
3.70
27,60
26.65
26.00
25,50
25,10
2175
2l 45
2l 45
214,10
23,80
23.65
23,50
23, 4
25,35
23,30

26.90
26.35
25,60
275
2%, 20
23.535
2%.60
23450
2% .40
2%.25

23,30

23.%0
25.20
23,15
25,15

—

/I = 0.229

0.02
Water table height (h) in cas.

51,40
30,80
29,60
28,40
27,25
26,50
25.70
25.20

4,75
24,40
24,05
24,05
2%.80

l
)

P~

V]
O

V]
°

no
BN AS I AP R AC RN AV IR G R O

&

nooIo
L]

n

‘e

ooooooo

26,70
26,05
25.10
24,35
2%+ 90
23,60
23,40
23,25
2315
25.05
22.95
22,95
22,80
22.60
22,50
22,35
22,20
22,05
21.95

0.0t
30.80 26,40
50,10 25.05
28,80 25,00
27,50 24,20
26,45  23.65
25.75  23%.35
25,20  23.15
24,70 22,95
20,30 22.75
24,00  22.55
2%.70  22.%0
23,70 22,10
2%.35 2245
22,65 21.55
22.25  21.30
21.85  20.90
21.50 20,55
21.20  20.25
20,90  20.00

r=0025 Cill o
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TABIE 6.9 (continued)

Slone - 0.06 0,08 0.10
DMine Water table height(h) in cms.,
SeCS.

0 20.30 26,30 29.90  26.05 29.90
“0 23,30  25.75 29.50 25,70 29.30
20 28,40  24.85 28,35 24,85 28,00
%0 27,20 24,05 27.10 24,00 26.35
40 26.50 23,5 26,05 23,30 25.8
50 25.30 23,15 25.30 22,75 25,00
60 26,90  22.85 2,85 22,30 24,25
20 24,35  22,5C 24,05 21,90 2% .60
80 23,95 22,2% 25.50 21.50 2%.05
90 27.55 22,00 2%.05 21,10 22,50
100 23,20 21.75 22,70 20,70 22.15
110  22.90 21,50 22,35 20.30 21.70
120  22.60  21.25 22,00  20.00 21.%5
150 21,05 20,50 21.10  18.85 20,20
180 21.25  16.8 20,15  18.05 19.15
210 20,70  13.%0 19.45 17,35 18.35
240 20,20 “3.85 18.75  16.75 17.50
270  19.65 18,45 13.20 16,25 16.75

300 19.20 1310 17.65 15.30 16.20

€ @ 00900 00 0 e 0

26.05
25.60
24,50
23,70
25,00
22,40
21.95
21.50
20.95
20. 50
20.00
19.50
19.10
17.95
16.95
16,15
15.50
1435
14435
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e

APPENDIX T

At e REPR

[

SCLUTLON OF THII DIFIERENTIAL EUATION

H

N .

<2

This caen be made homogencous in the form

=2
—-."—X ] - a. -9-;-(: = O ® 8000090 00 e (2)
Bx X :
P

o
in which Y =y - - X

Differentiating this equation with respect to x

Y _ o7y . o
X Tex a
But
>y Th
=% - 2 \{’f E5 (rofer Section %.6)

As in Section 7.6 we Lake J—;_r:}.D
so

7. = op 2

5% 3 3 N &)

Mis

(i) Zone i
The boundary conditions (Section &6.-2(i))

for the transformed equation (2) will be

ST _ 3y . L9
® T Oax a
From equation (3)
D
o) 2h -
oY _ op 2R D0

X T dx a

266



s “h R
Since == =2 (e
X
therefore
2Y
o = 2D
and
. 2
Y = HL
Integrating
B
Y = -~ =
a
where B and

_‘ -

boundary condition

Y -
Rt R JONS
DX XD
o
24D
c = 2=

Y

Section 6.%4.2(i))

~-
£

at

differential equation (2)

ax
C e

l)
( 22D . m% )
@ a

For the second boundary condition

ju) Resl

2 P al,
e O N
( 5 ag ) e

]

twice, we

e 0 0o 0@ ¢ 00 0600 O 00 0 C 3

— ‘T‘Q‘Luoe

267

L

will get

4

C are arbitrary constants. For the first

=

(&)

a

Substitution of equation (6) in equation (5) will,after

some simplification, yield

> )
) T > - T 204 L
y = Hi - 2D2(ea”u ™) qg(eaJ - o™y 59 x-L)

RN 2.



or

.
7= 6, @x) =7, ¢ 22 L) L 2 -1 L (@)
where Z,1 = H% - 2D2( al _ o )

(ii) Zones IT and ITT

The transformed boundary conditions (Section 6.:.2 (1i))

anre :
~ — 2 Fod NT e
Y = Ho st x =0
2 Po
Y = HI — == T av x =1L
) a

Substitubting these boundary conditions in equation (4)

and sinplifying, we will get

- P
P A (R A |
Y = y - eewmY = H(“ o ..,u.«.zg.u._,.el:...._.....,....;._._.94..‘ (e S ’1)- ) (
a (8] al, ’
e w7

which aftver further simplification,beccomes

5 |
y = Golax) = Ho: (@5 - HO).5(ax)+ z2(e-Tu2 (ax)). . (10)

in which

(1ii) Zone IV
The transformed boundary conditions are (Section
G, 4, 2(1i1)).

D
i I - (0]
== 2D 5 at

4
1l
=
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N 2 - =
Y = HO at x =0

After substituting these boundary conditions in equation(4),

we will get® . -
- g i
D . 2¢D _To =29
Y = y - :—9 = I—I— -~ _..é ........ a:... 2 .4‘»..§.,.-.“-..§}... ea‘:X
& al, al,
e e
or
P . :
y = 7{2 . 2D2 e"-'aL (/I _ eaX) + 59(}{ ; "aL(]“eaX)
or
J? - /I L LN ] < (/I/I)
¥ = Gylax) = Zo+ 59‘}.— S e - aX)_J ceeee (12)

in vhich
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APPENDTX IT

SOLUTION OF THE DIFYERENTIAL RQUATION

(refer Section 6.4.3)

dgp' dp’ S PO 1
;_é““aax 6-‘-3 = aax 000 0e ()
X
in which o0
p'(s) = | e~SY 5 (%) at
J
0

The general solution of equation (1) has the form

, . ax/2 - A - — f Pc. , Poc
p' = e Asinh(Bx) + B cosh(fx) | = == X+ ===
L d as S2

ceorsons (2)

in which A and B are arbitrary constants and

o .
\l/_‘[ 4 O @ 9 6008 000DO0COGO0C OO0 S QG 00

(1) Zone I

The boundary conditions for the transformed
equation (1) are(the initial condition is already
incorporated in thig equation)..

i ' () - 1

(11) 2LOQE) = _ o
as

AxX
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Substituting the above bouandary counditions in equation(2),

we obtain

' 3 Poc\vwa(L~x)/2 !—% sinh (8x) -%cosh(ﬁx)
P = ( .S.- - ,‘e b e e
: S ' 2 sinh (L) ~ Fcosh(ﬁL) §

PO P C
- e X i e o e o o 'L"\
=2 5 (%
S

a st |1 -
D o (T R(x) e~ b -a (Imx)/2{R(x)e
P = e a(L-x)/2 ./)' is ds J LOC e u_;““u
| 3
} i PG "
- e i et o6 0 L] g
- (5)

where

& sinh(Px) -~ % cosh (fx)

R(X) = s e v e e b e G e & ot g et i B et mana
% sinh (V' - %;cosh(ﬂL)

The poles are determined by equating the denominator of
equation (5) to zero. Thus for the terms in the first

square bracket of equation (5)

E sinh (83L) - Acosh(PL) i =0

[ |
!

i.e. either s = 0 or % sinh (6T.) ~E§cosh(5L) = 0



For % sinh(PL) ~ Pcosh(BL) = O , let L = i »_ , then
_al
T, cot(rn) = 5 coooone cieeccnans (6)
Now, by using
2 .
2 :
'S" = /3 e ?"‘_ 0 # 0 G C 00 0 92 0 N B 0D G W O (7)
the poles of the integrand in equation (5) are
Tor s =0 B= ay/e
and S = = B= 1 r /L

then from equation (7)

. ¢ |2 2] R
J = - iy + (aL/g) P g 9 e 0c¢c oo (8)
Lé n J L?

By Cauchy's theorem (71), the residues of the integrand in

the first square bracket of equation (5) may be writiten as

. t
%sinh(ﬁx) - ﬁCOSh(ﬁX)V(;’

o M 8 Rt Bt A e R A €8 S € S $ o Scd Gy Sy Lo R ik Al Bt BT iy a5 L A s L B €.t Fia ity .73 Sl b b B . emmar e s YR e s v

[% sinh(PL) - ﬁcosh(@L)]—:-- !s %L cosh.(?)L)%hS:_g - f)L sinh (#L) ?f

RO go 3
- cosh (L) %?;‘B]F

Tor s = 0, 3 = a/2 , therefore,

a/2 sinh(ax/2) - a/2 cosh(ax/2)
a/2 sinh(al/2) ~ a/2 cosh(al/2)

aesidues =
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Converting the hyperbolic sine and cosine in exponential
form and simplifying, we will gmget®

Residues = o (IX)/2

For 8 = =J =1 r /I
c Ja@ n’ ™

Wow, from equation (7)

e v = =~ ey £ 3 0o 0o 9 00004@ /IO

o8 2 Cp 2°C¢ i, /L ) (10)
Substituting these values in equation (9) and using equations
(6) and (8) , we will get the residues equal to

ZI"

— e R =5 R A €N (1-x/L))e™d
Q”( T a,J/2) sin (I‘

.o (1)

Therefore the inverse transformation of the terms in the

first square bracket of equation (5) arc

klj;j./l el 2 T/I(X’JL—I)) e 4 @€ © o 0 e ¢ 0 ¢ & ®» © 0 ¢ o e o o (12)
[C Y L ]
in which
e
=7 S U
Tq(x,t) = ewa(L““)/gtiBn sin(rn(ﬂux/L))e JU
iz ()
and
2
n
Bn = e £ v am caa - -"“z . o e o e (\15)

”T T aL/E) sin (L )
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Since 1/s corresponds to inbtegration over t between limits
from zero to t, the inverse transform of the Terms in the

second sqg are bracket of equation (5) will be

D + . m
P _C ft T?_(x,t)] e - (1)
in which ' <0
Tg(X,t) = e“a(IPX)/%:LBn sin (rn(ﬂux/L))(' ,'Jt)
Nz

in which B is given by cquation (1%)

Collecting expressions (12) and (14), we obtain, taking
account of equation (5)

D

= - . .0 = 2\ - | v . e _o +
P =7, y 5 X = ,\_E 2 T/l(X,t)J POC Lu ‘LTQ(X?L’)]
P PCH
- O L L8
a T

or

y(x,t) = Gq(ax) uh[? - P Tq(x,t)}+QPOC Tg(x,t) .. (15)

-l

(11) Zones IL and III

Boundary conditions for the transformed cqual’.u
(1) are (refer Section 6.4.%).

A\

() p'(0,8) = 3

P 1
(i) p'(L,6) = (¥~ =91 ) <

Substituting these boundary conditions in equation (2),we
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will obtain

. ?C . ?C, - Sinh(ﬁx)
p, - ax/2 ](1 - ~--%=—}e”""a/2 ( :\ - ug,’l COSh(ﬂL)\‘ ________
{ S s S ge J 81nh(ﬁL)
] s - o
%ig - ~§~)cosh(ﬁx)%;+ PCt - == . (18)
L s J
|
or
. aX/ED} ~al/2 sinh(Bx) | LA -
p' = /(?e }oosh(ﬂq)ls ulnhTﬂI, HO S cosh(Bx)

L [, 4
"‘l { .aT e 397 ehe

] O .
L L i ~}828inh(ﬁL)

P_" ) POt P
EW 5 Wit cosh(ﬁx), G e ke e X a0 17)
2 t g .
S N

Cosider the integrands in the firsv square bracket of

equation (17). The poles of the first intvegrand are
s =0 and £inh(®BL) = 0 , in which ™ is

ziven by equation (7). Now, when

%Y

. , oo
s =0 , [ =a/2 and wvhen sinh(%) = 0 , ~= inn/L

also, when 8 = «w , w = C/L2 fngng - (aI/E)g = 9; T, oeo (13)
., N LL.

By Cauchy's theorem, residues of Tthe first integrand in

equation (17) are

(30732 Noosn(PL)| simn@x) st
81nh(ﬁL) 4 Lasacosh(ﬁL)

g
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When s = 0 ,B= a/2 , therefore the residucs are

[?fe“aL/‘ —~ Acosh(al/2) 3 sinh(ax,/2) ..... (19)

P e L L T T RSy g, PUIPUIN SR AL ST . PR AU

sinh (al/2)
For s = - w, = inn/L , therefore the residues are
. L, -al/2 ,\cosh\lnu)J S_Ll’lﬂ\ln"‘"‘{/.l_:) -wt
= 2SS TGRS ZERREAIRESL o
+ L (‘“‘W) ( I) éé{ﬁﬁ_
o0
) 2R1>“WK~QD? +X} mwbgsnMnmUI)eﬂm
e | -

@ o © Q e © 0 © (20)
The pole of the second integrand in the first square bracket

of ~-iation (17) 7 only s = O and the residues will be

Acosh (Bx) =t
wvhen s = 0, B= a/2 , therefore residues are

Mcosh (ax,’2) s o s cooaecaacess (@1
Therefore the transformation of the .” terms in the
first square bracket of equation (17) are obtained by
adding equations (19);(20) and (21) i.e.

-

&;{aL/z sinh (ax/2)

o35/2 - Acosh<aL/2>} sinn(al/2)

+ \cosh(ax/2) |- 2 ’]?5 (X,"U). .o (22
in which

qx - N - PR ¥ . W
T, (%) =e’$’}j¢4 R yemal/2 —:—A] 2% gin(anx/L)e™"
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Since 1/4 corresponds to inbtegration over t betwesn limits
frem zero to t, the inverse lLaplace transformation of the

terms in the second square bracket of equation (17) will

be
i~
CU T 51nh(ax/2)
eaX/E oC |§ —al/e cosh(aL/Z)E e +
I L _ , ) sinh 0/2)
) ? ;%c 2
t cosh(ax/2) = ELTAL(X,t) + P 0t - 59 x
® o 9 0 &8 0 0 © &0 (25)
in which
Nzl
' o~ /D ) 2 -3
T, (x,t) = e“A/°_>’f—1)nrq cel/2 1] §§~ sin(anx/L).
n=| ) ¢ (q_e"Wt)

Collecting expressions (22) and (23), we obtaln, taking
account of equation (17)
P - T | sinh (ax/2)
Ll o /2 Sje al/2 )cosh(aL/QZ/ ~~~~~~~~~
L sinh(al/2)

-+

Acosh(ax/2) - 2T7(X,t)

e8%/2 oC f‘"aL/L - cosh(aL/%?fiﬁggzi/gJ
L.

P
-t cosh(ax/E)‘-Eﬁ2T4(x,t) . PoOt _ 59 e

|
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or

_—

y(X;t) = G,(ax) « (¥ N).f(ax) -:«)\‘—izﬂfa(x,t)!»;.
© I

-

-2rC0, (x,t)
voocnooouog(gi}-)
in which -
'} -
f(aX) - R e R kel ] e
Ca‘u - 1

and G, (ax) is given by equation (10) in Apvnendix T,

O St e

Boundary conditions for the transformed

equation (1) are (refer Section 6.4.%).

(j_)g;glﬁ-:@.ﬂ.). = - %g
1) p'(0,8) = 2

By substituting these boundary conditions in

equation(2),we obtain

. P C | 5 sinh (BL). + a/2 cosh(AL)
P eaX/g( ;—‘ - —g~) ,~ ;—-«»-«u-»—m--uwwu----»-wsinﬁ( x)
= s % pcosh@:‘; L) + a/2sinh(BL)
) - P C
‘ ‘ o .o
+ cosh(@Bx)| - Tg X+ —-2~
| s
eoce s (25)

The inverse Laplace transform of equation (25) will be

given by



| [R(x) &5F
pt o= e®X/2 L _ ds +(%
| s
i J/
o) oST
e®X/2 p c'?ﬁéfzufuunuds .
PO
- -a‘.-"wX + POC .t. L] ° 0 ° ° °

in which

R(x) =

The poles

; cosh(@x) e

O

27

dsl

ﬁsvnh(uL) - a/2 coshQ&L)

~ sinh(@x) -

3] coshQJL) +

e i el K RN L e S o d Bl U b G s e R 4 KA G e i ey

/2 51nh(ﬁL)

of the first integrand within vhe first

square bracket of equation (26) are

S

?L:j.mn

=0

a/2 sinh(BL)
, Tthen

or

a/2 i sin(mn) = -ﬁcos(mn)

or m
, n

cot(mn) =

Now, from equation(?)

when s
and when

where

=0 , B = a/
A . '

s = ~\ 3 ﬁ;, = 1w, /L
C ¥

S - 1@2 . .

P = RN (aL/2)

“aL/2 © &0 o

= - ‘F) cosh(pL)

ooooooooooooo (27}
g
= - (28)
;2



By Cauchy's theorem, residues of the integrand can

be written as

_51nhq,x) H31nh(ﬁb) - a/2 couh(BLil 8tg

i o e et s e s 2R s e G e i a o T S b € R g Ty i o} e i Rl Sl s e 7 S e S S e

ﬁcosh(pLJ + a/2 sinh (L) + s

ﬁ.'d‘dh?ﬁb}i
Wow, for s = O, fA= a/2 , therefore wesidues are
equal to

- Sil’lh(aX/E) @ 0006000 00000 Q& (29)

For s = - G ) o= 1 mn/L . therefore, residues

'

are equal to

e (ﬂ A/L) 3Slﬂ (m ) - cos Oﬂ ﬂ' ~Cg

2 sin(2m ) [1 - »ﬁ% ( aT/2 =+ 1ji~ i singmw
n- L~ i myy o
- n
«3«’3 I 2 -t ’\';'-
=2[§n sin m /L; sin (mn) - (m )J~ Y
Y\:O - 990009901“50900090(70)
in which
] 1
_BI1 haninnteadbne - ““‘”“‘ Tl RN S g R e "":-'“' ' "' e ";i
* Psin (2m ) ARy (aL/g + 1 ); . EHlgin
} 2 . . n

The pole of the second integrand in the firsi squarc
bracket of equation (26) is only s = O , therefore

the residues will be

COSh (a}cl/g oso-coooconuonto(:—sjl)



Therefore the transformation of the terms in the
first square bracket of ecquation (27) are obtained

by adding equations (29),(3%0) and (31) viz.

r f :
‘( —~ sinh(ax/2) -+ h\ay/g)g 2 T%(Ist)
or ! -
—A? + 2 TQ(KQt)E 000 00C©0 0006 ¢@@O0 65 0o o o o (52)
in which
fe -
r . - | 5
LB(X,t> = eax/“‘;Bm sin mnX/L ‘Slﬂ (u )ucosg(mﬂ){

Since 1A§ corresponds to integration over t between
limits from zero to ¥, the inverse Iaplace transfor-~
mation of the terms in the second square bracket of

equation(26) will be
=EC(U+2L (..\.’ ) @0 0060304000000 00GcCO0 (:’55)

Collecting expressions (32) and (3%) , we obtain,

taking account of equation (26)

P . ' r
P =y, -7 - 59 x = A1+ 2 T5(X’t)J POCtt +2T (X L)J

N . =0
¥ POC t 5 X

or

-

. N |
y(x,t) = Gq(a x) ~A1 + 27T (A,t)l 2 POC T6(X,t)

4 0000000 60O (51'!_>
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in which G%(ax) is given by equation(12) in Appendix I.
and . o

| x/2\ 4 : f..2 2,
TG(X,t) = &%/ zg%y@381n{mnx/L451n/(mn) ~ CcO8 (mnﬁ.

n=
o Qt

(1 =-e 77 )

(iv) Checking the solutions

By substitution it is easily found thét cquation(2)
satisfies equation(l). Equatiohs (15);(24) and (34) are
obtained by substituting the apnropriate boundary conditions
in equation(2)., It is shown below that these equations
satisfy the boundary condivions.

(1) equation (15)

() When t = 0 , T, x,5) = 0
=0
therefore, y(x,0) = = Gq(ax)

(b) when x = I , sin rp(ﬂwx/L) = 0
S0 . Tq (D?t) = T2(63t> =0

therefore, . i 5
~ Ah .t
y(L,t) ;4_HL Ahﬁ]
Similarly, y(0,%) 2Dt -

(ii) equation (24)
(2) when + = 0O ., ¥=) =0

therefore T5OD,t) =0

|
O

Similarly, T,(@@,%) =
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in which Ga(ax) is given by equation(12) in Appendix I.

and . o0
' ax/2\ . - r.. 2z 2 J
T6(X,t) = e / ZL?HAP 31n(mnx/1%51n (mn) - CcOs (mn>“
w=0 1
(1-e")

(iv) Checking the solutions

By substitution it is easily found that equation(2)
satisfies equation(1). Iquations (15),(24) and (34) are
obtained by substituting the appropriate boundary conditions
in equation(2). It is shown below that these equations
satlisfy the boundary conditions.

(i) equation (15)

(a) When t = 0 TQ(X;t) =0
= 0
therefore, v (x,0) = Gq(ax)
(b) when x = I, ; sin rn(ﬂwx/L) = 0
50 7, (@) = T,@,8) = O
therefore, _ |- 5
7(Ly) = |Hy = b

l
]

Il

Similarly, y(0,%) 2Det B
(ii) equation (24)

(a) when t+ = O , "6=.A =0

0

0

therefore TB(B,t}
Similarly, TQQg,t)
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therefore, v (x,0) = G2(ax)

(b)

(b)

when x = O ) sin(anx/L) - O
therefore, TB(Oﬁt) = T4(O,t) =0
also £ (a0) =0
and 7(0,5) = 6,(a0) - A
-0

= {Ho - Aho(t)gh
when x = L , sin(anx/L) = sin(ax) = O
therefore TB(L;t) = TQ(L;t) =0

f(al) =

and  y(@,t) = G,(Ta) ~ i
- 2
= {HL - ahL(t)

(i1ii) equation (34)

(a)

(b)

when ¥ = O . A= 0 '
and .T6(X,O> =0
therefore v(x,0) = Ga(ax)
when x = 0 , sin(mrx/L) = 0
'5,“;F e N = m 1 =
therefore f5(q,t) *6(0’52 0
and  y(0,%) -_—{LO ~ O (6) ] = Gyian)— A
. .L ‘i. . \

Similerly . for x = L it can be proved that

y(L,t) = 2D

© 0 00 00 060 00606 ¢ 00 00 O 0O
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APPENDIX TIT

COMPUTER PROGRAME

MOVING WATER TABLE OVER A SLOPING BED
DIMENSLON D1(30),D2(30),D3(30),D4(30),H1 (30), "9()0)
PI1 (100) , 204 (100) , R (1,00), 561 (30) , 862 (30),563 (30),
562 (30),21(30),22(30),25(30) , 24 (30),A3730) ,120),X (30),
B(100)

COMMON D1,52,D3%,D4,H01,H02,H03 ,HIA,H12,HI3,H1,H2,H3,
RN, RII2, RN, 8G1, 8G2,8G3 ,8G4, 21, 22,23 , 24 , AT, AT2,, ATPHA
A1,A2,A3, AL, T ,T  AK,T,X,PM

READ THE DATA
READ(5,1) AIN,AL2,ATPHA,F,PM
FORIAT (5X,2 (F6.2,5%),5 (F7.4, X))

READ(5,2) (AK(X),I=1,7)
FORMAT (5X,7 (F6.3,4%X))

WEIGHTED MEAN DEPTHS
READ(59))(D’I(J) D2(J),D3(J),D4(J),J=1 7)

ORMAT (4 (5% ,T7.3))
WATER TABILL DEPTHES OVER U/S DRALNS

READ(5,4) HO1,H02,H03
TORMAT (3 (5% ,F7.3))

WATER TABIE DEPTHS OVER D/S DRAIN

READ(5,5) HIA,HIR,HIS

FORMAT (3 (5X,F7.3))

FALL OF WATER TABIL OVER THE DRAINS
READ(5,6) (H1 (M) ,H2(M),F~ "1),M=1,7)
FORMAT (3 (5X,F7.3))
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READ THE ROOTS COF THE EQUATION R cor(R)= C
AND R COT(R) = - C.

| READ(5,7) (RN (W) ,N=1,5)

7 PORMAT (5X,6 (F9. 4, 2X))

READ(5,8) (R4 (WN),NN=1,6)
FORMAT (5x,6 (F9. 4, 2X) )

o

READ THE TIME INTERVAL
READ (5,50) (T(J),3=1,7)
50 FORMAT(5X,7 (F5.1,5%X))

VALUES OF RN1 WHEN THE THIRD DRAIN IS NOT RUNNING
READ (5,42) (RW2(JK),JK=1,6)
42 FORMAT (5X,6(19.4,2X))

CALL OUT®UT(1)

DO LOOP FOR THE TIME INTERVAL
DO9 T =1,7

DO LOOP FOR THE HORIZONTAL DLSTANCE
IF(I.GE.6) GO TO 40

DO 10 MJ= 1,11

J = M7

X(I)= (3-1) .10

IF(J.EG.1) X(J)=0.0

IF(J.GT.6) GO TO 11

CALT, SECT

CALL SECT4
11 CALL SLECT2

CALL SECT3
10 CONTINUE
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CALL CUTRUT(2)
GO TO 9

DO 43 J=1,16

X(T) = (3-1),10
IF(J.EQ.1) X(J)= 0.0
TF(T.GT.11) GO O 45

CATLL SECTL
CATI, SECT2
CALL SECT3
CALL SECTI
CONTINUE

CALL OUTPUT(2)
CONTINUE

STOP

IEND

SUBROUTLNE SECTM
DIMENSION s

COI,HION eoce oo o

286

COTPUTATION OF WATER TABLE PLOHTIE BETWEEN U/c

IMPERMEABTE BOUNDARY AND DRAIN ITXT

STEADY STATE PART OF TH
I' = 1.00

IF(I.GE.6) AL1 = 150.0

IF(I.GE.6) GO TO 80
AT = ATPHA/DT(1)
A1 = ALPHA/D1(L)

.o
Boo

LUTION
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F2AX = X(J)=AL1 + (¥.)/AT), (BEXP (AL AL )-EXP(AT,X(J)))
Z81 = HIN,,2 -2.0,01(1), .2, BXP (AT ,AIN )~EXP (AL, X(J)))

i

RG1 = Z31+(PM/AT)  F2AX
SG1(J) = RGE1,,0.5
GO TO 81

RG1 = 8G1(T)..2

TRANSIENT PART OF THE SCLUTLON
TERMT = BXP(~41.,. (AT1-X(J))/2.0)

SUM3 = 0,0

SUM = 0.0

DO LOOP FOR THE SOLUTION OF INFINITE SERTES
DO 32 X = 1,6

IT(I.EQ.6) RN (K)=nN2(K)

EQIK = ((A1,AT1)/2.0),..2 + RN1(E) ., .

Z1K = AR(T).D1(T)/F

W o= W,T(I)

IF(WT.GT.80,0) WT=80.0

DENOM = (BQ1X-A1,.AIN/2, o) (1 0-C0S (2.0, RN (X)))
B(K) = (AN1(K)43)/ YK, DENOJ)

TERM2 =B(K)*SIN (RN (X)*(1.0~-X(T)/AIN))*EXP (~WT)
SUM = SUM+TERMZ

TERMB= B(X)/W*SIN (R (K)* (1,0-X(T)/ATN))*(1,0-BX2( T))
SUIM8 = SUM3+TERMS
ITF(T(I).EQ.0.C) GO TO 33
TP ((ABS(TERM2) IE . JFw-l) JAND , (ABS (TERMS ) JLE .1 . E-4)) GO
TO 12

CONTTHUE
JRITE(6,13%) mmnma TRRMA
bORMA&(5OX,6ﬂTEJH2—ﬁﬂO.o,?OX,GHTERMS:FﬂO.G)
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TXT = TERM1*SUM
T2XT = TERMI *SUMS

IF(I.GE.6) GO TO &2

21(J) = RG1 +EI(T)**2-2,0*HIIN*H1(T))* (1,0-2.0*T1LT)
~2., 0*PM* Z1K* 12X T

WRITE(6,104) SUM,SUM3

104 FORMAT (50X ,1H1,10%,F10.6,5X,F10,6)

C

Q

Q. o o .

82

™

AN

Z1(J) = 721(T)**0.5
IF(I.EQ.5) 861(J) = Z21(J)
GO TO 83

FRACT=H2 (I )-H2(I-1)
H2L=ET2 - H2(I-1)

IP(I.BEQ.7) FRACT = H2(I) - H2(I-2)
IF(I.EQ.7) H2L = HI2 - H2(I-2)

PM1 = 00,0132

Z1(J) = RG1 + (FRACT**2 ~ 2,0*H2L*WRACT)* (1,0-11XT )~
2. 0%2PH * ZAK*P2KD

Z1(J) = Z1(J0**0.5

RETURN

&ND

SUBROUTINE SECT2
:DII‘]:EN-SI OI‘-.E' oo o e e

COMMON  cecews

COMPUTATION OF WATER TABLE PROFILE BETWEZIN DRATN IT
AND DRATIN IIX

STEADY STATE PART OF THE SOLUTIOI
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¥ =1,
IF{J.GT.11) GO TO 29
IF(L.GE.5) GO TO 29
AT=ATPHA/D2(1)
A2=ATS HK/D°(I)
FAX= (BXP(AL*X(I))-1,0)/(EXP(AT*ATL2)~1.0)
P1AX= X(J) -~ AL2*FAX :
282 = HO1**2+ (HL2**" ~ HO1*#2)*TAX
RG2=232-- (P ’AI) *FI1AX

SG2(JT) =RGR**)

o

0

TRANSTENT PART OF THE SOLUTTON
POLES OF THE INTEGRANDS

Z2K=AK (1) *D2(1)/F

P2 = (427X(J))/2.0

Q2 = (A2%AL2)/2.0

ATAFB=2,0%HO*H1 (I)~H1 (I)**2

GAM iA+2. O*HI2*H2 (T )-H2 (1) ¥ *2

TERIS = (GAMIA*EXP (~Q2)~ALAMB*COSH (§2) ) * (SINH (P2) /SLHH (Q2))
TERMI=T (1 ) *PI* Z2K* (EXP (~Q2) -~COSH (0Q2))* (SIMI{P2),/S1iH (@2
))

DO LOOP ¥OR THE SOLUTION OF INFINITE SERIES

SUMY=0.0

8UIH = 0,0

CT=1,0 v

DO 33 KK = 1,500

BK=XK

BQ2AK= (A2*AT2/2.,0)*%2,04 (BE*Z 1417 ) #
(EQ2K/AL2**2)*Z£K

PT o= P*1(I) '

IF (PT.GT,50.0) Pr=30.0

C2=BX*3,141*X(J) /AL2
C_) ..J.L\. De LI/'/LIQ2 {
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TERM/= (GAMIIA *EXP (~Q2) *CI+ALAMB) *C3*SIi (C2) “EX2 (-PT)
SUM=SUI-+ TERM

TERMO= (BXP (-Q2)*CJ +1.0)*C3/P*SIN(C2)* (1.0-EXP (~PT))
SUM7=SUM7+TERMG

TP (T(I).5Q.0.0) GO TO 29

IF((ABS(1ERM#).IE.4.E~6).AND.(ABS(TERH9).LE,1,E~6)) G0

TO 14

CJ= ~ 1.0%CT

CONTINUE ,
YRITE(6,13) TERM4, TERNS

5 TORMAT (50X, GATEAN4=T10,6,10% ,6HTERINO=710.56)
L TERIS = ATAMB*COSH (P2) - 2.0%3UM

TERME= DH*ZQK*(COSH(P2)*T(I)~2.O*SUN7}

72(J) = RG2 - B (e2)* (TERMB+TERHS j+1X2 (22) ¥ (TERIT
TERME ) ~FL# 22K+ (1)

72(T) = 22(J)**0.5

YRITE (6,103) SUM,SUI

FORMAT (30X, 112,104 ,F10,6,5X,510.6,

IF(L.20Q.5) 8G1(J+5) = 22(J)

RETURN

END

SUBROUTINE BECT?
DIMENSION socccosoas

COMITION sseocas

COMPUTATTON OF WATHER TABLE PROPILE BuTWIEN DRAYN T AND

DRATN IL
STEADY STATE PART OF THE SOLUTLON
P = 1,00
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Ir(J.GT.11) GO TO 30
AT + ATPHA/DS(1)
L3 = ALPHA/D3 (L)

FPAY= (EXP(AT*X(J))-1.0)/ (EXP (AL *AT2)~1.0)
MAX= X(T) ~ AT2*FAX

782 = HOR#*2 4+ (HIZ**2 — HOR2¥*2)*FAX

RG? = 782 + (PM/AT)*P1AX

863(T) - RG3*40.5

]

m

RANSLENT PART OF THE SOLUTLOH
K = AK(T)*D3(I)/F

= (A5*X(J))/2.0
TAIB=2,0*H02*H2 (L) ~ H2(I)*
GAITA = 2.0*HL3*H3(1)-H3(T)*
Q3= (A3*AL2)/2.C

u

= rg N =]
W

ﬂ U

TERMY = O(L)*PiT*z38* (BXP (- Q%) ~ COSH (Q%) ) * (STNH (P35 >/
SITE(Q3))

TERMY = (GAMHA*EX? (~Q%)--ATAMB*COSH (Q3))* (SINI (25 )/
SINH(93))

B
=
i3

DO LOOP FOR THE SOLUTION OF INPINILTE SR
U7 = 0.0
SUH = 0.0

GT=1.0

DO 15 JT=1,500

BI= JJ

LO3K = (AB*AT2/2,0)%%2 + (BI*3.141)72

; (JL OBX/AL2**2) * LK
P o= D*T(I)
L (P, CT.30,0) PT=30.0

J#3, 815X (3 ) /A2
T#%,141 /EQ5K

v)

B2 =
B>

il
ws
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TERMA = (GAMNA*EX2 (~Q3) *CJ+-ALAMB) * “STH (B2) *BXP (-PT)
SUM = BUIT + THRIT
TERM9 = (EXP(- Q)) ‘CI+1.0)*(B3)/P*SLii(B23% (1, 0-BL2 (~PT) )

15 CONTTHUR
URITE (6,16) TFRLi, TERMO
16 FORMAT (50X ,6HTER4=310,6,10% , GHEERMO=110.6)
17 TERMS = ALANB *COSH (P3) - 2.,0%8UnX
TERME = PHM*Z3%% (COSH (23)*0(I) ~ 2,0%°TNi7)

73 (J) = RG% - BX2(P%)* (TERN3+TERM5) ~FBXPT23)*
(TERNY + TERME) - PM*Z3XT(I)
23(3) = 23(J)**0
WRITE (6,102) SUM,SUH?
102 FPORMAT (30X, 1H%,10X,710.6, %%, 510.6)
RETURN
D

SUBQOQUTIENE SECT4
DIFMEHSION sseoeooo
G()l .lOI\lnlooaooooouo

COMPUTATTON OF WATER TABLE PROMILE BETWESN D/S
THMPERIMEABIE BOUNDARY AND DRATN I

STEADY STATIN PART OF THL SOLUNION
' = 1,00
IF(J.GT.6) GO TO 371
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IP(L.GE.6) AI1 = 50.0

AL = ATLPHA/DA(N)

A% = ATPHA/D4(T)

785 = BO5*¥2-2,0%D (1) % #2¥EK2 (=AL *AT1 ) *91. 0-BE2 (AT*X(J)))
RGL = LSS (PI/AT)* (L(T )+ (1. O/AL) *EXR (~AT #4771 )¥ (1. 0-EX2 (

1AT*3(3)))

86 (T) = RGAE%%0.5

TRANSIELT PARTD OF TUE SOLUTION

708 = AR(I)*Da(3) /T

po = (A4*X(T5))/2.0

TR = H3 (D) *%2 - 2.0¥H03*H5 (1)

DO LOOP FOR THE SOLUTION OF INFINITE SERLES
SUM = 0.0

SUM3 = 0.0,

DO 16 1J=1, 6

SIGHA~PFA(|J) """" - QU2
o= (STGHA/ALA * ﬂ) 7K

PT =21 (L)
TF(PT,ET.80.0) PT = 30.0

BRACK = 1.0+ (SIGMA/ (e ORI (TT)*#2))* (R4+1.0)
TERIES = (ST7MA/RIT(FT) ) %0 5% (1.0-C08 (2. OFRIIL (13 ) ) )
DEINOM = 2,0%871(2,0RN(IJO0*BRACK ~ TERM2

B(LT) = 1.0/DRHON

TERM7 = 3 (LT )*SIH (R (TT )5 (T) /AT ) * (8T (it (LT ) ) #¥2~

4(COS(an(LJ,))**_\*EX (-27)

SUIl = SUM +TERHY

TERNS = B(UT) /25310 (4 ( LT )™ ’(J)/I‘Tfl) ((STE(REL(LT)) ) **
Y#3 , 0=-BK2 (=2T) ) :

SUNMG = SUMG- TEais

IP(T(L).EQ.0,0) GO TO 31
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IF((ABS(TERM?).Iﬂoﬂ,E~4).AND.(ABS(TERMB).IE.?.Eu4) GO
TO 20

8 CONTINUE

o

o

S)

o

WRITE (6 19) TIRMY , THRME
9 ﬂOLMAT(5Ok 6HTERITY=F10,6,10X, GHTLKHS:FqO 6)
74 (F) =RGL+TERITH* (1.0+2.0¥BXP (P4)* “SUM ) -+2 o OFPIT* Z4K* SUMG *
=2 (21
WRITE(6,101) SUIM, SUMS ,
TORMAT (50X ,1H4,10X,810,.6 , 5%, 710.6)

SUBROUTINE OUTPUT (JI1)
D.[ll_‘J’SIO.L\ 68 0000uoDeoo

COMMON voveeesancoos

GO TO (21,22),JM

WRITE THE TITISR

WRITE(6,2%)

FORMAT (47X , 30HFATLING WATER TABLE OVER A SLOPING BED,//)
WRITE ‘5, 24) ALPHA ,PM

PORMAT (53X ,GHSLOZN=15, 3, 6X , WHREPLINLSHIENT=15. 4, /)

WRITE (6,25)
FORMAT (5X , 4HTTME , 7%, 1HX , 11X, SHSGT , 7K, 221, 11X, 51562, 83X,
o7, 1%, 3HSES , 74, 2023, 11K, SHSG4, 83X, 2025, /)
GO TO 27
OUm“UT(”)

RIME(6,26) T(1),X X(15,861(1),21(1),862(1),22(1),865 (1),
z, (1),864(1),24(1) | _
TORMAT (6%, 15,1, 44, ¥5,1,8%,107.5,2X, 17,5, 7K, 87.3, 5%, 7.3,
6X,F7,3,4X,F7.3,6X,F7,3,4%,17.3)
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TF(I.GE,6) GO TO 70 295
WRITE(6,238) (X(J),86¢1 (3),21(3),862(3),22(3),863(3),25(T),
864(T),z4(T),d=2,11) ,
FORMAT (15X, 5.1 ,8X,87.% ,2X ,F7.5,7%,17.5, 3%, 7.5 ,6X,§7.5,
UX,F7.5,6X,57.5,4%,57.53)

GO TO 75 '

WRLTE(6,71) (X(J),861(3),21(3),862(J),22(3),865(7),23(I),
SG4(3),24(J),J=2,16)

FORMAT (15X ,¥5,4 ,8%,77.3,2%,87.5,7X,07.5,3X,I7.3,6X,F7.3,
4K ,F7.5 ,6X,07.5,4%,87.%)

WRITE (6,33)
FORMAT(////)
RETURN

END

TUNCTION COSH (Z)
A=EX2(Z)
B=1.0/A
COSH=(A+B)#0.5
RETURN

END

FUNCTTON SILH(Z)
A=EXP (7)
B=1.0/A

STNH= (A-B)*0,5
RETURN

EHD
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