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Abstract

Mathematical models based on partial differential equations (PDEs) play a central role in

science and engineering. This thesis aims to present some new perspectives on two different topics

regarding such models.

The first issue is concerned with how mismatch between the model and the real system can

often manifest itself. One way of dealing with such mismatch is to introduce stochasticity to model

any uncertainty present. Concurrently, the increasing prevalence of instrumentation within modern

engineering systems has driven the need for tools to combine sensor data with model predictions

to help mitigate any model misspecification. This has led to an increased interest in uncertainty

quantification (UQ). In the first part of this thesis we provide a review of the statistical finite

element method (StatFEM) which is an emerging probabilistic method that allows observations

of a physical system to be synthesised with the numerical solution of a PDE. We present a new

theoretical analysis of StatFEM demonstrating that it has similar convergence properties to the

finite element method on which it is based. Numerical examples are presented to demonstrate our

theory, including an example which tests the robustness of StatFEM when extended to nonlinear

quantities of interest.

The second issue is concerned with the fact that PDE models often involve a large number of

parameters increasing the computational burden. Thus, the study of methods to perform dimension

reduction are of vital importance. In the second part of this thesis we motivate the idea of localised

active subspaces for dimension reduction, where the dimension reducing subspace varies smoothly

as a function of the input parameters. To estimate localised active subspaces we then present a fully

Bayesian model based on Gaussian Processes, called GrassGP, which can be used to interpolate a

field of subspace-valued response-variables. Numerical experiments are presented to demonstrate

this.
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Chapter 1

Introduction

The work contained in this thesis is separated into two different, albeit related, projects. We now

introduce these two projects separately.

1.1 Theoretical Guarantees for the Statistical Finite Ele-

ment Method

Mathematical models based on partial differential equations (PDEs) play a central role in science

and engineering. Since PDEs do not generally yield closed form solutions, approximate solutions

are typically obtained via numerical methods. The Finite Element Method (FEM) [145] is one

such scheme which approximates the solution by solving a discretised problem over a finite mesh of

the PDE domain. FEM is used for a variety of classes of PDEs, however it is most classically and

commonly applied to elliptic and parabolic PDEs. FEM-based methods have been widely studied,

and as such, rigorous estimates of the error introduced through discretisation have been obtained

for various classes of PDEs. In particular, these results characterise the convergence of the error

to zero as a function of the size of the mesh.

Mismatch between the model and the real system can occur for a variety of reasons, for example,

if the geometry of the domain is not fully resolved, if underlying processes are not completely

understood, or if approximations must be introduced to reduce the model to a closed system of

PDEs. Stochasticity is often introduced in models to reflect the uncertainty arising from this lack

of knowledge. Model mismatch is not the only reason one introduces stochasticity into models. In

particular, stochasticity can be introduced for a myriad of reasons, such as capturing intrinsically

noisy processes, handling incomplete knowledge of model parameters, modelling errors made in

measurements, and exploring sensitivity and robustness of a model to perturbations in the inputs.

In the context of PDEs, stochasticity may appear in various forms, in the initial and/or boundary
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conditions, in the forcing terms, in the coefficients of the PDE or even in the geometry of the domain

on which the PDE is defined. The resulting governing equations, known as Stochastic Partial

Differential Equations (SPDEs) are solved by probability distributions over the space of admissible

solutions to the underlying deterministic PDE. The development and analysis of numerical methods

for SPDEs is a very active area of research, see [164] for a review.

The increasing prevalence of instrumentation within modern engineering systems has driven the

need for tools able to combine sensor data with predictions from PDE models in a manner which

can mitigate any model misspecification. This technology forms an integral part of the modern

notion of a digital twin [111], as a means of providing effective continuous monitoring of complex

engineering assets. In particular, PDEs are often used to model the physical systems which digital

twins aim to virtually represent, and it is thus vital to be able to synthesis observational data with

predictions made from PDE based models.

The recently proposed Statistical Finite Element Method (StatFEM) framework [65] seeks to

address this need through a statistical formulation of FEM, which permits numerical approxima-

tions of a linear PDE to be combined with sensor observations in a principled manner through

the Bayesian formalism. Due to its general applicability and ability to provide quantification of

uncertainty without the necessity of expensive Monte Carlo simulations, it has established itself

as an effective means of assimilating data into the large-scale PDEs which arise in civil, marine

and aerospace engineering. For example, see [56] for an application to digital railway monitoring,

[51] for an application to shallow water equations, and [3] for a fusion of StatFEM with Langevin

samplers.

StatFEM is a method which extends FEM enabling an approximation of the solution of SPDEs.

Any numerical method which is used to approximate solutions to SPDEs will have approximation

errors manifested both in the mean prediction and the quantified uncertainty. The novel contri-

butions of this thesis in relation to StatFEM are two fold:

• We study how errors in the underlying FEM scheme propagate to errors in the approximate

predictive distribution obtained by StatFEM. In particular, we derive error estimates for

a StatFEM approximate solution of a stochastically-forced linear elliptic PDE. This is a

critical gap in the literature that the work of this thesis will seek to address.

• We then apply this error result to obtain error bounds on a posterior predictive distribution

which incorporates observational data.

This error analysis is an example of understanding how errors in the prior propagate to errors

in the posterior. Standard approaches to such stability analysis [142] based on metrics such as

Kullback-Leibler (KL) divergence, Hellinger, and Total Variation (TV) distances are not applicable
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in the context of StatFEM since the underlying priors are mutually singular (as will be justified in

Chapter 3). This leads us to instead consider the Wasserstein-2 distance as a metric to compare

both the priors and posteriors. After analysing the case of spatial elliptic PDEs we then present

some work aiming to analyse StatFEM for spatio-temporal problems.

1.2 Grassmann-valued Gaussian Processes for Probabilistic

Localised Active Subspaces

Of equally vital importance to the modern day fields of data analysis and scientific computing is

the task of dimension reduction. Simulations and mathematical models are increasingly important

tools in the study of complex physical processes in many scientific and engineering disciplines.

Unfortunately, complex mathematical models can often be expensive to simulate, and practitioners

often turn to fitting response surfaces as surrogates for such models. In this context, a response

surface is a simpler and cheaper model which aims to approximate the true complex model. Fitting

such a response surface often entails tuning several parameters of these simpler models. Examples

of such surrogate models include linear regression, random forests, support vector machines [70],

and Gaussian process (GP) regression [125] (often known as kriging). As noted in [36], when the

models involve a large number of parameters the cost of fitting accurate response surfaces via

standard methods increases exponentially, a phenomenon infamously referred to as the curse of

dimensionality. For example, in the context of GP regression a large number of input parameters

is typically associated with requiring more data points (larger N) to achieve suitable accuracy; for

naive implementations of GP regression this leads to an exponential growth in the computation

time, O(N3). This renders the construction of response surfaces intractable for complex high

dimensional models. This naturally leads to the study of methods to perform dimension reduction

for such models.

In particular, many statistical/machine learning tasks boil down to approximating some un-

known function f : Rd → R based on exact or noisy evaluations. When f represents a large

computer model such a task is often referred to as emulation [132]. In many applications the

dimension d of the domain is very large and many popular approaches for estimating f , such as

GP regression, suffer from the aforementioned curse of dimensionality. However, suppose that the

function f is such that not all of the d input variables are significant, and only a subspace M

of the input space, Rd, matters. Learning such a subspace M allows us to perform model order

reduction. This has many practical uses, for instance if the true function f is very expensive to

compute, knowledge of such a dimension-reducing subspace can enable us to cheaply emulate it

by approximating it with a lower-dimensional version. This idea originates in the study of Active
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subspaces (AS) [33], where the active subspace can be thought of as the collection of directions

along which f is most sensitive to perturbations (on average). This concept will be expanded on

in more detail in Section 6.3.

In the original formulation of active subspaces one makes the assumption that there exists a

single global dimension reducing subspace which is assumed to be valid throughout the entire

parameter space and any emulators based on AS approximations are constructed within this single

subspace. In practice, such an assumption does not always hold, especially when dealing with

highly complex models which can exhibit diverse behaviour across different phase transitions.

This observation naturally motivates one to instead consider finding different low dimensional

subspaces which are only valid locally in some sub-region of the original input space. We call such

spaces localised active subspaces, and this will be expanded on in more detail in Section 6.4. In

this thesis we investigate this problem through the lens of differential geometry, by viewing the

active subspaces as elements of a particular Riemannian manifold, the Grassmann manifold. In

particular, taking motivation from the more general field of research which deals with the statistical

analysis of data lying on a Riemannian manifold, we are lead to consider the formal problem of

learning a subspace-valued mapping P : Rd → Gr(d, n). Here Gr(d, n) is the Grassmann manifold

of all n-dimensional (linear) subspaces of Rd. This leads us to the second main contribution of this

thesis: we will investigate a probabilistic model based on GPs which can be used to interpolate

a field of Grassmann-valued response variables, i.e. given a set of N spatially indexed points in

Gr(d, n), {(si, P (si))}Ni=1, we will investigate a probabilistic model capable of making predictions

for P (s̃) at unobserved test points s̃ ∈ Rd. In particular, we will apply this model to illustrate how

one can consider localised active subspaces.

1.3 Contributions and Structure of the Thesis

For clarity we now outline the novel contributions of this thesis. These are separated according to

the two different projects introduced above:

Theoretical Guarantees for the Statistical Finite Element Method

• We provide a detailed review of the recent StatFEM model, deriving it from first principles.

• We study the bias introduced by discretisation error in the StatFEM model, for the case

of spatial elliptic boundary value problems (BVPs), and derive rigorous upper bounds for

the bias introduced in the prior and posterior in terms of the properties of the underlying

finite element mesh.
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• We conduct a thorough simulation study confirming our theoretical results on a number

of illustrative FEM test problems.

• We empirically explore the limits of our theory by studying the bias induced by StatFEM

in a scenario where the assumptions underpinning our theoretical results are no longer

valid.

• We present our work towards deriving discretisation error bounds for spatio-temporal

problems.

The theoretical contributions for this project are presented in Chapter 3, while the numerical

experiments are presented in Chapter 4. The necessary technical background for this project is

contained in Chapter 2.

Grassmann-valued Gaussian Processes for Probabilistic Localised Active Subspaces

• We provide a review of the concepts of optimal ridge approximation and active subspaces.

We then motivate the idea of localised active subspaces where the dimension reducing

subspace smoothly varies as a function of the input parameters.

• We present a fully Bayesian probabilistic model based on GPs, called GrassGP, which can

be used to interpolate a field of Grassmann-valued response variables.

• We present a simple, low dimensional, numerical example allowing us to visualise both the

GrassGP model and its performance.

• We present two higher dimensional numerical examples based on a parameterised ordinary

differential equation (ODE) and PDE which allows us to demonstrate the use of our

GrassGP model to estimate localised active subspaces at novel locations.

The contributions for this project are presented in Chapter 6, while the necessary technical

background for this work is contained in Chapter 5.

Finally, Chapter 7 summarises the contributions and outlines potential future research avenues

arising from the work contained in this thesis. We also include additional supplementary material

for both projects in Appendices A to C.

Remark 1.1. The novel contributions in this thesis have resulted from collaborative work with

various co-authors, including my supervisors and Professor Mark Girolami. In particular, the bulk

of the StatFEM project has been accepted for publication in the SIAM/ASA Journal on Uncer-

tainty Quantification under the title “Theoretical Guarantees for the Statistical Finite Element

Method”. A preprint of this paper can be found online on arXiv1. The dimension reduction

1↑https://arxiv.org/abs/2111.07691
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project is collaborative work with my supervisors, and is currently being prepared to be made into

another paper. ♦
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Chapter 2

Background for StatFEM

In this chapter we will introduce relevant and required background knowledge for the first project

this thesis will present.

The sets of integers, natural numbers, and real numbers will be denoted by Z,N,R, respectively.

We follow the convention that the natural numbers exclude 0. The set of non-negative integers

will be denoted by N0. Unless otherwise stated, we will use boldfaced lower-case Latin letters, e.g.

x, to denote vectors in Rd, and boldfaced upper-case Latin letters, e.g. M, to denote matrices of

arbitrary, but finite, dimension. The symbol ⊗ will denote the outer product for vectors and the

Kroenecker product for matrices.

2.1 Functional Analysis

2.1.1 Basics of Functional Analysis

Given a normed space X denote the associated norm (see Definition A.2) by ∥ · ∥X . Given two

normed spaces X ,Y we denote by L(X ,Y) the set of all bounded linear operators (see Defini-

tion A.3) from X to Y. We denote the dual of X by X ′ = L(X ,R). When X is a Hilbert space

(see Definition A.6) we denote the associated inner product (see Definition A.4) by ⟨·, ·⟩X . We will

sometimes drop the subscript for the norm and inner product when there is no risk of confusion

over which spaces we are referring to.

Let X ,Y be Hilbert spaces. Given an operator A ∈ L(X ,Y) we denote the adjoint of A by

A† ∈ L(Y,X ). Given A ∈ L(X ,X ), we say that A is symmetric if A = A† and positive definite if

it is symmetric and ⟨x,Ax⟩ > 0 for all nonzero x ∈ X . Similarly A is called positive semi-definite

if it is symmetric and ⟨x,Ax⟩ ≥ 0 for all x ∈ X . Recall that the trace of A can be defined as

tr(A) =

∞∑
i=1

⟨Aei, ei⟩, (2.1)
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where {ei}∞i=1 is any orthonormal basis of X . We will say that A ∈ L(X ,X ) is trace-class if

tr(A) <∞.

For a linear operator A : X → Y recall that we can define various norms. The operator norm

is defined to be:

∥A∥X→Y = sup
x∈X\{0}

∥Ax∥Y
∥x∥X

. (2.2)

The trace norm is defined to be:

∥A∥tr = tr([A†A]1/2), (2.3)

while the Hilbert-Schmidt norm is defined to be:

∥A∥HS =
[
tr(A†A)

]1/2
. (2.4)

Recall the well known inequality [105] linking all three:

∥A∥X→Y ≤ ∥A∥HS ≤ ∥A∥tr. (2.5)

For an operator A : X → Y between two vectors spaces X ,Y and for a subset U ⊂ X we will

denote the image of U under A via the notation A(U), i.e.

A(U) :=
{
y ∈ Y

∣∣∃u ∈ U such that A(u) = y
}
. (2.6)

We will denote the image of A via im(A), i.e. im(A) = A(X ), and we will denote the kernel/null-

space of A via:

ker(A) :=
{
x ∈ X

∣∣A(x) = 0
}
. (2.7)

Lp spaces

Let D ⊂ Rd be a connected, bounded, and open domain with boundary ∂D and let D = D ∪ ∂D

be its closure. Denote by Lp(D) the spaces of p-integrable functions on D, i.e. the following spaces:

Lp(D) :=
{
u : D → R

∣∣∥u∥Lp(D) <∞
}
, (2.8)

where ∥ · ∥Lp(D) is the norm on Lp(D) defined via:

∥u∥Lp(D) :=

(∫
D

|u(x)|pdx
) 1

p

. (2.9)
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In the case p =∞, we define,

∥u∥L∞(D) := ess sup
x∈D

|u(x)|, (2.10)

and thus we can identify L∞(D) as the space of all essentially bounded functions on D. Note that

here ess sup denotes the essential supremum and so we can omit sets of measure zero.

Remark 2.1. Occasionally it is useful to consider a version of Eq. (2.8) with respect to a general

measure, µ, on D, i.e. we will consider the following space, with associated norm:

Lp(D,µ) :=
{
u : D → R

∣∣∥u∥Lp(D,µ) <∞
}
, (2.11)

∥u∥Lp(D,µ) :=

(∫
D

|u(x)|pdµ(x)
) 1

p

. (2.12)

♦

Note that in the case p = 2 we have that L2(D) is a Hilbert space with associated inner product:

⟨u, v⟩L2(D) :=

∫
D

u(x)v(x)dx, ∀u, v ∈ L2(D). (2.13)

We have, for u ∈ L2(D), the relation between the norm and inner product, ∥u∥2L2(D) = ⟨u, u⟩L2(D).

Spaces of continuous and differentiable functions

We denote by C(D), C(D) the space of continuous functions on D and D, respectively. Note that

the sup-norm Eq. (2.10) also defines a norm on both C(D), C(D) provided that D is bounded.

Remark 2.2. When D is bounded, we have that D is compact. Thus, any function u ∈ C(D)

is bounded and obtains its maximum at some point in D via the Extreme Value Theorem [130,

Theorem 4.16]. Thus, one can replace the supremum in Eq. (2.10) with the maximum, i.e.

∥u∥L∞(D) = max
x∈D
|u(x)|, ∀u ∈ C(D). (2.14)

♦

In a similar manner Cn(D) denotes the set of all continuous functions which have n continuous

derivatives on D. We will denote by C∞(D) the set of infinitely differentiable functions on D, i.e.

C∞(D) :=

∞⋂
n=1

Cn(D). (2.15)

The set of functions u ∈ C∞(D) with compact support will be denoted by C∞
c (D), i.e.

C∞
c (D) :=

{
u ∈ C∞(D)

∣∣ supp(u) is a compact subset of D
}
, (2.16)
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where here supp(u) is the support of u and is defined as the closure of the set
{
x ∈ D

∣∣u(x) ̸= 0
}
.

We will denote by Cn
b (D) the subset of Cn(D) of functions whose partial derivatives of order

up to n are bounded and uniformly continuous on D. The spaces of Hölder continuous-functions,

Cn,λ
b (D), are important subspaces of Cn

b (D) and can be defined (adopted from Definition 1.49 in

[43]) as the space of functions u ∈ Cn
b (D) such that there exists C > 0 for which the following

holds:

|∂αu(x)− ∂αu(y)| ≤ C∥x− y∥λ, ∀α, |α| = n, ∀x,y ∈ D, (2.17)

where here α ∈ Nd
0 is a multi-index, |α| =

∑d
i=1 αi, and the symbol ∂α denotes the following

partial derivative:

∂α =
∂|α|

∂xα1
1 · · · ∂x

αd

d

. (2.18)

Note that in the case n = 0, λ = 1 this is just the space of Lipschitz continuous functions. The

spaces, Cn
b (D), when equipped with the norm,

∥u∥Cn
b (D) := sup

|α|≤n

(
sup
x∈D
|∂αu(x)|

)
, (2.19)

can be shown [43, see Definition 1.47] to be Banach spaces (see Definition A.5) and we have the

following continuous embeddings which will be useful when discussing the Sobolev Embedding

Theorem (see Theorem 2.1):

Cn,λ
b (D) ↪→ Cn,ν

b (D) ↪→ Cn
b (D), ∀ν, λ such that 0 < ν < λ < 1, (2.20)

where the inclusions are strict.

Remark 2.3. When considering PDEs one typically starts out by interpreting the solutions as

functions in the spaces Cn(D) for appropriate values of n ∈ N. This leads to a limited notion

of solutions, referred to as classical solutions, to PDEs which motivates one to instead consider

solutions belonging in Sobolev spaces where we interpret the derivatives in a distributional manner

as discussed in the following section. ♦

2.1.2 Sobolev Spaces

Central to the analysis of PDEs is the theory of Sobolev spaces. The concept of weak derivatives

is central to discussing such spaces. A weak derivative of a function u : D → R can be defined as

follows (adopted from Definition 1.42 in [101]):

Definition 2.1 (Weak derivative). Let D ⊂ Rd be open, and let α ∈ Nd
0 be a multi-index. Let

u : D → R be a given function. A function v : D → R is called the (α-)weak-derivative of u if it
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satisfies ∫
D

∂αφ(x)u(x)dx = (−1)|α|
∫
D

φ(x)v(x)dx, ∀φ ∈ C∞
c (D). (2.21)

We will denote the weak-derivative with the notation v = Dαu. ♦

We can now introduce Sobolev spaces which are defined as follows (adopted from Definition

1.44 in [101]):

Definition 2.2 (Sobolev spaces). For p ∈ [1,∞), k ∈ N the Sobolev space, W k,p(D), is the space

of functions whose weak derivatives lie in Lp(D) for all orders up to and including order k, i.e.

W k,p(D) :=
{
u : D → R

∣∣Dαu ∈ Lp(D) for all α ∈ Nd
0 such that |α| ≤ k

}
. (2.22)

♦

Sobolev spaces are Banach spaces with the following norms [101, see Proposition 1.45]:

Proposition 2.1. W k,p(D) is a Banach space with the norm

∥u∥Wk,p(D) :=

 ∑
0≤|α|≤k

∥Dαu∥pLp(D)

 1
p

. (2.23)

In the special case p = 2 we use the notation Hk(D) to denote the space W k,2(D). In this case

Hk(D) is a Hilbert space with the inner product

⟨u, v⟩Hk(D) :=
∑

0≤|α|≤k

⟨Dαu,Dαv⟩L2(D). (2.24)

It is also convenient to define the Sobolev semi-norm:

|u|Hk(D) :=

∑
|α|=k

∥Dαu∥2L2(D)

 1
2

. (2.25)

For brevity, we will denote by ∥·∥k, ⟨·, ·⟩k, |·|k the norm, inner product, and semi-norm, respectively,

of Hk(D). ♦

Remark 2.4. Some of the results in this thesis will require analysis of functions of continuously

varying smoothness as opposed to those with an integral order of weak derivatives introduced thus

far in Definition 2.2. This consideration leads one to consider the notion of fractional Sobolev spaces.

A full discussion of such spaces is beyond the scope of this thesis. We instead include, for conve-

nience, a brief discussion of fractional Sobolev spaces, including a definition, in Appendix A.1.2.

For the main purposes of the this thesis it suffices to know that we can consider fractional Sobolev
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spaces, W s,p(D), for s ∈ (0,∞), and for non-integer s one can think of such spaces as sitting

somewhere in-between the integral Sobolev spaces as will be made more precise in Proposition 2.2

below. In what follows in this thesis when we state “Sobolev spaces” we refer to the integral order

and fractional Sobolev spaces as appropriate based on the exponent. ♦

We now introduce an important assumption regarding the regularity of the domain D. This

assumption will be useful for the error analysis of StatFEM in Chapter 3.

Assumption 2.1 (domain regularity). The dimension of the domain is restricted to d ∈

{1, 2, 3}. The domain D is convex polygonal, i.e. it is convex and its boundary ∂D is a poly-

gon. Note that this implies that the domain is bounded. ♦

Under Assumption 2.1 on the domain D we have that the Sobolev spaces form a continuous

hierarchy of functions of increasing smoothness as the following result adopted from Propositions

2.1, 2.2, and Corollary 2.3 in [45] shows:

Proposition 2.2. Let p ∈ [1,∞) and let s, s′ ∈ (0,∞). Suppose D satisfies Assumption 2.1.

Then, if s′ ≥ s, we have:

W s′,p(D) ⊂W s,p(D). (2.26)

♦

Remark 2.5. Note that Proposition 2.2 holds under more general assumptions on the domain

D, as stated in the results in Section 2 of [45]. For the purposes of this thesis we will always be

assuming that Assumption 2.1 holds and so we state the result for this case only. ♦

An important result in the theory of Sobolev spaces is the Sobolev Embedding Theorem. This

result provides various embeddings of Sobolev spaces into Lq and Hölder spaces and is presented

below. This result is adopted from Theorem 4.57 in [43]

Theorem 2.1 (Sobolev Embedding). Let D be a Lipschitz open set. The following statements

hold:

• If sp < d, then W s,p(D) ↪→ Lq(D) for every q ≤ dp/(d− sp).

• If sp = d, then W s,p(D) ↪→ Lq(D) for every q <∞.

• If sp > d, then we have:

– If s− d/p /∈ N, then W s,p(D) ↪→ C
[s−d/p],s−d/p−[s−d/p]
b (D).

– If s− d/p ∈ N, then W s,p(D) ↪→ C
s−d/p−1,λ
b (D) for every λ < 1.

where [·] denotes the integral part of a real number. ♦
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Note that the domains we consider satisfy Assumption 2.1 and so are Lipschitz open. A corollary

of this theorem which will be useful in Theorem 3.2 is the following which states that provided

sp > d the Sobolev space W s,p(D) contains functions which are continuous:

Corollary 2.1. Let D be a Lipschitz open set. If sp > d, then W s,p(D) is contained in C(D). ♦

Proof. We split this into the two cases sp− d /∈ N and sp− d ∈ N.

In the first case, we have via Theorem 2.1 thatW s,p(D) is contained in C
[s−d/p],s−d/p−[s−d/p]
b (D).

Since s− d/p /∈ N and s− d/p > 0 we have that 0 < s− d/p− [s− d/p] < 1 and so by Eq. (2.20)

we have W s,p(D) is contained in C
[s−d/p]
b . On noting that s− d/p > 0 we must have that [s− d/p]

is a non-negative integer and so we get that W s,p(D) is contained in C(D) as required.

In the second case, we have again via Theorem 2.1 that W s,p(D) is contained in C
s−d/p−1,λ
b for

every λ < 1. In particular, we have via Eq. (2.20) that W s,p(D) is contained in C
s−d/p−1
b ⊂ C(D)

since s− d/p− 1 must be a non-negative integer. ■

For further details on Sobolev spaces the reader is directed to [93, 43], while for more details

on fractional Sobolev spaces one can consult [45, 161, 43].

2.2 Partial Differential Equations and the Finite Element

Method

In this section we will introduce and discuss the essential concepts from PDE theory required for

this thesis in Section 2.2.1. Then in Section 2.2.2 we will review the necessary concepts from FEM

theory which will be needed for this thesis.

2.2.1 Partial Differential Equations

In Chapter 3 we provide detailed error analysis for StatFEM, an emerging Bayesian statistical

methodology to perform inference over numerical solutions of physical models based on PDEs.

PDEs model a plethora of processes across several fields in science and engineering; as such pro-

viding an exhaustive list is difficult. For a canonical text on the theoretical analysis of PDEs the

reader is directed to [55]. For a brief history of the development and analysis of PDEs the inter-

ested reader is directed to [20] where the authors Brezis and Browder note that PDEs are used to

model a myriad of physical phenomena from “vibrating strings, elasticity, the Newtonian gravita-

tional field of extended matter, electrostatics,...electricity and magnetism.” This emphasises their

importance and leads to many computer models having PDEs at their core.

In order to gain understanding into the physical processes modelled by PDEs it is necessary to

be able to solve the relevant equations. Only a small subset of PDEs admit closed-form solutions,
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and instead one has to resort to numerical methods to approximate the solution. StatFEM is

based on FEM which is a popular method for approximating solutions of PDEs. Before we can

understand FEM it is important to pin down precisely what one means by a solution of a PDE.

In the remainder of this section we follow the presentations given in [101, 55, 89]. There are three

notions of solutions to PDEs: classical, strong, and weak solutions. We now present these below.

For concreteness we will consider the following linear elliptic BVP:

Lu(x) := −
d∑

i,j=1

∂

∂xi

(
κij(x)

∂u(x)

∂xj

)
= f(x), x ∈ D, (2.27)

u(x) = g(x), x ∈ ∂D, (2.28)

for some symmetric positive definite, spatially-dependent conductivity κ : D → Rd×d with compo-

nents {κij}di,j=1, forcing f : D → R, and boundary term g : ∂D → R. Note that κ is not always a

conductivity, and can be used to represent permeability instead. For brevity we will also express

the differential operator, L, in Eq. (2.27) in vector calculus notation as follows:

Lu(x) = −∇ · (κ(x)∇u(x)) , (2.29)

where ∇ is the gradient operator, i.e. for a given scalar field, v : Rd → R, we have:

∇v(x) :=


∂v(x)
∂x1

...

∂v(x)
∂xd

 , (2.30)

and where for a given vector field, v : Rd → Rd, the notation ∇ · v denotes the divergence of the

vector field, i.e.

(∇ · v) (x) :=
d∑

i=1

∂v(x)

∂xi
. (2.31)

We assume that the domain D satisfies Assumption 2.1. This is assumed for simplicity; we note

that it should be possible to relax some of these assumptions though this is not investigated in this

thesis. Note: For some of our results we will require that the dimension of the domain is further

restricted to d ∈ {1, 2}. This will be explicitly stated when required.

We will consider different further assumptions on the data for the three types of solutions.

Classical solutions

Perhaps the most familiar notion of solution is that of a classical solution where one interprets

the derivatives in Eq. (2.27) in the classical sense and seeks a solution u : D → R which satisfies
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Eqs. (2.27) and (2.28) at every point x ∈ D as defined below:

Definition 2.3 (Classical solution). We call a function u ∈ C2(D)∩C(D) satisfying Eqs. (2.27)

and (2.28) for all x ∈ D a classical solution of the elliptic BVP from Eqs. (2.27) and (2.28). ♦

In order for this definition to make sense we require further assumptions on the data of the

elliptic BVP. For simplicity, we will assume that the data (D,κ, f, g) satisfies Assumption 2.1 as

well as the following assumption:

Assumption 2.2 (classical conductivity and forcing regularity). The conductivity κ is

symmetric, i.e. κ(x)T = κ(x) for all x ∈ D and its components are continuous with at least one

continuous derivative, i.e. κij ∈ C1(D) for all i, j ∈ {1, ..., d}. The forcing f is continuous on D,

i.e. f ∈ C(D). ♦

Under Assumptions 2.1 and 2.2 one can show that there exists a unique classical solution to the

elliptic BVP, which will be a smooth function with 2 continuous derivatives. Note that this notion

of solution coincides with what is first typically studied when introducing PDEs as is discussed in

Remark 2.3. However, in applications we often need to solve problems where the forcing term, f ,

is less smooth, for example we often consider f ∈ L2(D). The notion of a classical solution is too

restrictive in this case and we instead seek a solution which solves Eq. (2.27) almost-everywhere

with respect to the Lebesgue measure on D with the derivatives interpreted in the weak sense. This

leads us to consider strong solutions; before we can present such solutions we must first introduce

the concept of trace spaces.

Trace Spaces

In order to deal with the boundary condition Eq. (2.28) in the elliptic BVP we must introduce

Sobolev spaces which incorporate boundary conditions. This leads us to consider the spaces Hk
0 (D)

for k ∈ N which are defined (see Section 5.2 in [55]) to be the closure of C∞
c (D) in Hk(D). These

spaces are interpreted as the space of functions u ∈ Hk(D) such that,

Dαu = 0 almost everywhere on ∂D for all |α| ≤ k − 1. (2.32)

In particular, the space H1
0 (D), which can be interpreted as

H1
0 (D) :=

{
u ∈ H1(D)

∣∣u(x) = 0 for almost all x ∈ ∂D
}
, (2.33)

will be crucial for the notion of strong and weak solutions. This space of functions consists of those

in H1(D) which are zero on the boundary ∂D. In order to incorporate non-zero g in Eq. (2.28) we
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must consider the following space, H1
g (D), which is defined as follows (see (2.52) in [101]):

H1
g (D) :=

{
w ∈ H1(D)

∣∣γw = g
}
, (2.34)

where γ : H1(D)→ L2(∂D) is the so-called trace operator which maps functions on D to square-

integrable functions on the boundary ∂D. The trace operator has been studied extensively [55, 101]

and for our purposes it suffices to know that such an operator exists and that its image is not the

whole of L2(∂D) but instead a certain subspace which is called the trace space (definition adopted

from Definition 2.38 in [101]):

Definition 2.4 (Trace space). Let D ⊂ Rd be a bounded domain. The trace space, denoted by

H1/2(∂D) is defined as the image of the trace operator γ on H1(D) i.e.

H1/2(∂D) := γ(H1(D)) =
{
γw
∣∣w ∈ H1(D)

}
. (2.35)

♦

Since the trace-space is not all of L2(∂D) we must have that g ∈ H1/2(∂D) in Eq. (2.28).

For the work in this thesis we will also require the dual space of H1
0 (D) which we will denote by

H−1(D).

Strong solutions

Having introduced weak derivatives and Sobolev spaces we are now in a position to introduce the

concept of strong solutions of Eqs. (2.27) and (2.28).

Definition 2.5 (Strong solution). We call a function u ∈ H2(D) ∩H1
g (D) satisfying the gov-

erning equation Eq. (2.27) for almost all x ∈ D with derivatives interpreted in the weak sense (see

Definition 2.1) a strong solution of the elliptic BVP from Eqs. (2.27) and (2.28). ♦

In order for this definition to make sense we again require further assumptions on the data of

the elliptic BVP. For simplicity, we will make the following alternative assumptions on the data of

the elliptic BVP:

Assumption 2.3 (strong conductivity and forcing regularity). The conductivity κ is sym-

metric, i.e. κ(x)T = κ(x) for all x ∈ D and its components are almost surely bounded, i.e.

κij ∈ L∞(D) for all i, j ∈ {1, ..., d}. The forcing f is square integrable, i.e. f ∈ L2(D). ♦

Under Assumptions 2.1 and 2.3, and assuming that g ∈ H1/2(∂D), one can show that there

exists a unique strong solution, which will have 2 weak, square integrable, derivatives, and which

satisfies Eq. (2.27) almost everywhere with respect to the Lebesgue measure on D.
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Even this more relaxed setting of strong solutions is often too restrictive for applications where

we might be interested in rougher forcing terms f /∈ L2(D). For an example of this scenario the

reader is directed to Example 2.6 in [101]. This leads us to consider a further generalisation of the

meaning of a solution to Eqs. (2.27) and (2.28), the so called weak or variational solutions which

we now present.

Weak solutions

We now consider rougher forcing terms f ∈ H−1(D). Instead of considering Eqs. (2.27) and (2.28)

directly we will instead consider its variational formulation which informally can be obtained by

post-multiplying Eq. (2.27) with a test function φ ∈ C∞
c (D) and then using integration by parts

to obtain: ∫
D

∇φ(x) · (κ(x)∇u(x)) dx =

∫
D

f(x)φ(x) dx, ∀φ ∈ C∞
c (D), (2.36)

where the additional boundary term arising from the integration by parts vanishes due to φ being

zero on ∂D. Note that by utilising integration by parts we are able to shift one derivative from u

to the test function φ which allows us to consider less smooth functions u as solutions in the case

where we have rougher forcing terms. Further, since by definition C∞
c (D) is dense in H1

0 (D) we

can replace the φ ∈ C∞
c (D) in Eq. (2.36) with v ∈ H1

0 (D). Thus, any u which satisfies Eq. (2.27)

also satisfies the variational formulation:

∫
D

∇v(x) · (κ(x)∇u(x)) dx =

∫
D

f(x)v(x) dx, ∀v ∈ H1
0 (D). (2.37)

We can reformulate the variational formulation Eq. (2.37) as

a(u, v) = ⟨f, v⟩, ∀v ∈ H1
0 (D), (2.38)

where the bilinear form a : H1
0 (D)×H1

0 (D)→ R is defined by

a(u, v) :=

∫
D

∇v(x) · (κ(x)∇u(x)) dx, (2.39)

and where ⟨f, v⟩ denotes the integral on the right hand side of Eq. (2.37).

Remark 2.6. Technically f ∈ H−1(D) is not a function but instead is a bounded linear functional

on H1
0 (D). Thus, to be more precise ⟨f, v⟩ in Eq. (2.38) actually denotes the application of the

linear functional f to v ∈ H1
0 (D), i.e. ⟨·, ·⟩ is the H−1(D), H1

0 (D) duality pairing. For more details

on making this precise the interested reader is directed to [55]. We will abuse notation in this

thesis and write f ∈ H−1(D) as if it were a function and be careful to only interpret it inside

integrals against test functions in H1
0 (D) where this makes sense. ♦
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We are now ready to define a weak solution as a function solving the variational formulation

Eq. (2.37) of the elliptic BVP, i.e.

Definition 2.6 (Weak solution). We call a function u ∈ H1
g (D) that satisfies Eq. (2.38) a weak

solution of the elliptic BVP from Eqs. (2.27) and (2.28). ♦

In order for this to be well-defined we now make the following assumption on the conductivity

of the elliptic BVP:

Assumption 2.4 (conductivity regularity). The conductivity κ ∈ L∞(D;Rd×d) is symmetric and

uniformly positive definite, i.e. there exists a constant a0 > 0 such that:

ess inf
x∈D

ξTκ(x)ξ ≥ a0|ξ|2, ∀ξ ∈ Rd, (2.40)

Furthermore, the components of κ are Lipschitz continuous on the closure D, i.e. there exists

aLip > 0 such that:

|κij(x)− κij(y)| ≤ aLip|x− y|, ∀x,y ∈ D,∀i, j ∈ {1, ..., d}. (2.41)

Inequality Eq. (2.40) is often referred to as (uniform) ellipticity of the conductivity. ♦

Under Assumptions 2.1 and 2.4, and assuming f ∈ H−1(D), g ∈ H1/2(∂D), it is possible to

show existence and uniqueness of a weak solution of the elliptic BVP. In particular, we can exploit

the (bi-)linearity of Eq. (2.38) and consider the following equivalent formulation of Eq. (2.38): find

u0 ∈ H1
0 (D) such that,

a(u0, v) = ⟨f, v⟩ − a(ug, v), ∀v ∈ H1
0 (D), (2.42)

where ug ∈ H1
g (D) is some fixed function satisfying Eq. (2.28). Assumption 2.4 on κ ensures that

the bilinear form a is symmetric, bounded and coercive (see Definitions A.9 and A.10) [55]. This,

together with the boundedness of the map v 7→ ⟨f, v⟩, allows one to use the Lax-Milgram Lemma

(see Lemma A.1) to establish existence and uniqueness of a weak solution. For details on this the

interested reader is directed to [55].

Setting for discussing the Finite Element Method

FEM seeks an approximation of the weak solution of a PDE. As such, we will be concerned

exclusively with weak solutions in this thesis. For clarity, we now state precisely the assumptions

we will adopt for the remainder of the thesis (unless otherwise stated). Noting the equivalence of

Eq. (2.38) and Eq. (2.42) we will, for simplicity, only consider zero Dirichlet boundary conditions,

i.e. we will take g = 0 in Eq. (2.28). We will also assume that Assumptions 2.1 and 2.4 hold unless
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otherwise stated. Further, we will consider f ∈ L2(D) in what follows unless we explicitly state

otherwise. Note that in some of the results in Section 3.4 we will consider random forcing terms

which are rougher and are not in L2(D). This will be made explicit where appropriate.

Under Assumptions 2.1 and 2.4, we have the following standard regularity results. The first

theorem is adapted from results in Section 6.2.2 of [55] and provides us with an existence and

uniqueness result:

Theorem 2.2. Under Assumptions 2.1 and 2.4 we have, for each f ∈ L2(D), that there exists a

unique weak solution u ∈ H1
0 (D) satisfying Eq. (2.37). ♦

Further, under our assumptions we have the following stronger regularity result [68, Theorem

3.2.1.2]:

Theorem 2.3. Under Assumptions 2.1 and 2.4, and assuming that f ∈ L2(D), we have that the

unique weak solution, u, given by Theorem 2.2, lies in the Sobolev space H2(D), i.e. u ∈ H2(D),

and there exists a constant C̃ > 0, independent of f (but depending on D), such that

∥u∥2 ≤ C̃∥f∥L2(D). (2.43)

Note that this extra regularity can be generalised to elliptic problems in higher dimensions [68]. ♦

2.2.2 The Finite Element Method

Having defined the notion of a weak solution of a PDE in Section 2.2.1 we can now discuss how

one can approximate the solution of the variational formulation Eq. (2.38). By moving to the

variational formulation we have weakened the smoothness requirements on our solution. In spite of

this the variational formulation is still an equation which has to be solved in an infinite dimensional

function space. As such we must turn to a discretisation into a finite dimensional space if we are to

have any hope of approximating our solution in a computationally tractable manner. FEM utilises

the so-called Galerkin approximation of the variational problem (2.38) and seeks an approximate

solution uh ∈ Vh within a finite dimensional subspace Vh of H1
0 (D) which satisfies

a(uh, v) = ⟨f, v⟩, ∀v ∈ Vh. (2.44)

The construction of the finite element method arises from a specific Galerkin approximation, where

we introduce a triangulation of the domain, Th = {ωe}ne

e=1, where the ωe are pairwise disjoint trian-

gular elements with D = ∪ne
e=1ωe, and h is the diameter of the largest element. This triangulation

is usually referred to as the finite element mesh and we will refer to h as the mesh width. The dis-

crete function space Vh is then chosen as a subspace of the space of piecewise polynomial functions
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defined on this mesh. The approximate weak solution uh can be expressed as a linear combination

of basis functions {φi}nu
i=1. In this thesis, we assume that Vh is the space of continuous piece-

wise linear basis functions, and that the {φi}nu
i=1 are chosen to be a nodal basis which satisfies

φi(xj) = δij , where x1, . . . ,xnu
are the internal vertices of the mesh. Both the FEM mesh and

the nodal basis functions are illustrated in Fig. 2.1. Note that the nodal basis function shown in

Fig. 2.1b is not necessarily associated with the mesh shown in Fig. 2.1a.

(a) Triangulation of the unit square [0, 1]2.

xi

φi(x)

(b) Example of a nodal basis function

Figure 2.1: Illustration of the FEM mesh and nodal basis functions.

Remark 2.7. Note that our choice for Vh means that the finite element (FE) method we consider

in this thesis is what is called a conforming method [89, see Section 5.6] in the sense that Vh is

a subset of the true solution space H1
0 (D) and the bilinear and linear forms in the variational

formulation of our elliptic BVP remain the same in the discretised version Eq. (2.44).♦

By exploiting the linearity of both the bilinear form and the inner product in Eq. (2.44) the

FEM discretisation of the variational formulation of our BVP yields the following discrete system

of linear equations:

Au = f , (2.45)

where A ∈ Rnu×nu is the stiffness matrix whose ij-th element is given by:

Aij = a(φj , φi) =

∫
D

∇φi · (κ∇φj) dx. (2.46)

The vector u ∈ Rnu is the vector of degrees of freedom (DOFs) and f ∈ Rnu is the load vector

whose i-th entry is given by:

fi = ⟨f, φi⟩ =
∫
D

fφi dx. (2.47)
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The stiffness matrix, A, is a real symmetric matrix which is invertible by Assumption 2.4 [101, see

Theorem 2.16]. Thus, the system of linear equations Eq. (2.45) can be solved for u, yielding the

finite element approximation uh = ΦTu where Φ := (φ1, · · · , φnu)
T
is the vector of the FE basis

functions. The mass matrix, M ∈ Rnu×nu which is defined by

Mij = ⟨φi, φj⟩ =
∫
D

φiφj dx, (2.48)

will also play an important role in the error analysis of Section 3.4.

It will be important for the analysis in Chapter 3 to have access to a bound on the error

between the true solution and the FEM approximation in terms of h. To this end consider a family

of triangulations {Th}h>0. We will require a further technical assumption on the family of the

finite element meshes:

Assumption 2.5. The meshes under consideration are quasi-uniform, i.e. there exists a constant,

α > 0, independent of h such that for any h > 0, and for all triangles ω ∈ Th we have:

diam(ω) ≥ αh, (2.49)

where diam(ω) is the diameter of the triangle ω and we recall that h is the diameter of the largest

element. ♦

Under the assumptions above we have the following classical H1 error bound [26, see Theorem

3.2.2]:

Theorem 2.4. Let u be the unique weak solution to the BVP from Eqs. (2.27) and (2.28) and

let uh by the FEM approximation. Assume that f ∈ L2(D) and that the Assumptions 2.1, 2.4,

and 2.5 hold. We then have the following H1 error bound, for sufficiently small h:

|u− uh|1 ≤ Ch∥f∥L2(D), (2.50)

where C > 0 is a positive constant independent of h, f , and u. ♦

From this H1 error bound a standard duality argument yields the following L2 error bound

[26, see Theorem 3.2.5], which will play an important role in the error analysis of Section 3.4.

Theorem 2.5. Let u be the unique weak solution to the BVP from Eqs. (2.27) and (2.28) and

let uh by the FEM approximation. Assume that f ∈ L2(D) and that the Assumptions 2.1, 2.4,

and 2.5 hold. We then have the following error bound, for sufficiently small h:

∥u− uh∥L2(D) ≤ Ch2∥f∥L2(D), (2.51)
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where C > 0 is a positive constant independent of h. ♦

2.3 Probability Theory and Inference

2.3.1 Basics of Probability Theory

In this section we introduce and discuss the essential probability-theoretic concepts we will re-

quire for this thesis. Further information can be found in Appendix A.3 and for a more in-depth

treatment of probability (and measure) theory the reader is referred to [30, 11, 49].

For a measurable space E , let B(E) denote the Borel sigma-algebra generated by the open sets

of E . We will denote by P(E) the set of all Borel probability measures on the measurable space

(E ,B(E)). Note that we will typically use lower-case Greek letters to denote probability measures,

i.e. µ, ν ∈ P(E).

Given two probability measures µ, ν on the same measurable space (Ω,F), we say that µ is

absolutely continuous with respect to ν if µ(A) = 0 for all events A ∈ F such that ν(A) = 0. We

denote this by µ ≪ ν. The probability measures are said to be equivalent if µ ≪ ν and ν ≪ µ.

When the probability measures µ and ν are instead concentrated on disjoint sets then we say they

are singular and we will denote this by µ ⊥ ν.

When µ≪ ν then the Radon-Nikodym Theorem [146, Theorem 6.1] gives us that there exists

a ν-measurable function f : Ω→ [0,∞) such that, for all events A ∈ F we have:

µ(A) =

∫
A

f(x)dν(x). (2.52)

The function f is called the Radon-Nikodym derivative of µ with respect to ν and is also denoted

as f = dµ
dν . We will often refer to f as simply the density of µ with respect to ν.

Random variables

An E-valued random variable is a measurable function X : Ω → E . A measurable function f :

Ω→ E is one such that the pre-image of any Borel set E ∈ B(E) belongs to the underlying sigma

algebra F , i.e. f−1(E) ∈ F for all E ∈ B(E). Note that we will typically use upper-case Latin

letters to denote random variables.

Remark 2.8. A random variable X : Ω→ E induces a probability measure µX on the measurable

space (E ,B(E)) via:

µX(E) = µ(X−1(E)) = µ({ω ∈ Ω|X(ω) ∈ E}), ∀E ∈ B(E), (2.53)

yielding a probability space (E ,B(E), µX). The induced probability measure, µX , is referred to as
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the law or distribution of the random variable X and can be expressed as the pushforward of µ by

X, µX := X#µ. More generally we will use the notation Y ∼ ν to denote that a random variable

Y is distributed according to the law ν. ♦

Let X,Y, Z be E-valued random variables. We use the notation X ⊥⊥ Y to denote that X

and Y are independent. Similarly we write X ⊥⊥ Y |Z to denote that X and Y are conditionally

independent given Z.

For a random variable X : Ω → Rd the probability density function (p.d.f.), pX : Rd → [0,∞)

is simply the Radon-Nikodym derivative of the law of X with respect to the Lebesgue measure on

Rd.

2.3.2 The Multivariate Normal Distribution

In this subsection we will introduce and discuss the multivariate normal distribution which will be

useful throughout this thesis.

Definition 2.7 (Multivariate Normal Distribution). A random vector X ∈ Rd is said to

follow amultivariate normal distribution with mean vector µ ∈ Rd and covariance matrixΣ ∈ Rd×d

written

X ∼ N (µ,Σ), (2.54)

if and only if for any arbitrary fixed (deterministic) vector a ∈ Rd we have that the inner product

of a with X follows a normal distribution, i.e.

⟨a,X⟩ = aTX ∼ N (aTµ,aTΣa). (2.55)

In the case where Σ is invertible X has the following p.d.f.:

p(x;µ,Σ) =
1

(2π)d/2|Σ|1/2
exp

(
−1

2
(x− µ)TΣ−1(x− µ)

)
, (2.56)

where |Σ| denotes the determinant of Σ, |Σ| = det(Σ). ♦

Remark 2.9. We also allow the case of singular covariance matrices, Σ, in Definition 2.7. Such

cases correspond to the centred random vector, X − µ, being constrained to lie in the lower-

dimensional subspace corresponding to the orthogonal complement of the eigenspace of Σ with

associated zero eigenvalue(s). Further note that the fully degenerate case of Σ = 0 corresponds to

a point-mass located at the mean, µ, i.e. N (µ,0) is considered to be the same as the probability

measure given by a Dirac-delta measure located at µ, δµ : B(Rd) → [0, 1], defined via δµ(A) =
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1A(µ), for all A ∈ B(Rd), where 1A is the indicator function of the set A defined by:

1A(x) :=

 1, x ∈ A

0, x /∈ A.
(2.57)

In this degenerate case the p.d.f. of X is undefined. However, it is possible to interpret the p.d.f.

here as the Dirac-delta ‘function’, δµ, though this does not technically fit with our definition of

p.d.f.. ♦

Remark 2.10. The relevant dimension, d, should be clear from the sizes of the random variables

and their respective means and covariances. We will occasionally subscript the symbol, N , with an

integer to make explicit the corresponding dimension of the random vector, i.e. we will write X ∼

Nd(µ,Σ) to denote that X is a random vector in Rd following a multivariate normal distribution.

♦

For completeness, we include in Appendix A.3 several well-known properties of the multivariate

normal distribution which will be useful throughout the thesis.

2.3.3 Bayesian Inference

Let (Ω,F ,P) be a probability space. Recall that given events A,B ∈ F with P(A),P(B) > 0 we

can define (see additional background material in Appendix A.3.1) the conditional probability of

A given B and of B given A via:

P(A|B) =
P(A ∩B)

P(B)
, (2.58)

P(B|A) = P(B ∩A)
P(A)

. (2.59)

These two equations can be combined to yield the famous Bayes’ rule:

P(A|B) =
P(B|A)P(A)

P(B)
. (2.60)

This important update rule was derived by Thomas Bayes [7] and is of fundamental significance to

the field of statistical inference. In the Bayesian setting, one often interprets the various components

of Eq. (2.60) in the following manner:

• Prior: P(A) can be viewed as quantifying the prior probability of some event of interest,

A, before any further information has been collected.

• Likelihood: P(B|A) can be viewed as describing the probability of observing some infor-

mation represented by the event B given that A holds/is true. Often the event B has a
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causal, albeit inaccurate or noisy relationship with the event A; the likelihood quantifies

this relationship.

• Marginal Likelihood: P(B) is often referred to as the marginal likelihood of the event

B and this term quantifies how likely it is to observe the event B irregardless if A holds/is

true.

• Posterior: P(A|B) represents the posterior probability of A holding/being true given

that we have observed some information represented by the event B.

Thus, the Bayesian interpretation of probability can be viewed as quantifying one’s belief in whether

some event holds/is true. Bayes’ rule is the mechanism which allows one to combine observa-

tions/data to update one’s a priori belief to yield an a posteriori belief of an event.

Of particular relevance to this thesis is the Bayesian formulation of statistical inference: any

unknown parameter of interest, θ, is treated as random and has an associated prior distribution,

p(θ), placed on it representing our prior beliefs about the parameter before observing any data.

This prior is then combined with a likelihood, p(y|θ), which captures the often noisy relationship

between the unknown parameter and the observed data y. Given this observed data one can then

uses Bayes’ rule to update our belief in the parameter, obtaining the posterior distribution p(θ|y)

which in this scenario can be expressed as:

p(θ|y) = p(θ)p(y|θ)
p(y)

, (2.61)

where p(y) is formally given via:

p(y) =

∫
p(y|θ)p(θ)dθ. (2.62)

Remark 2.11. One key challenge to adopting Bayesian methods is the difficulty in computing the

posterior distribution Eq. (2.61). This difficulty stems from the underlying difficulty in computing

the integral required to obtain the marginal likelihood Eq. (2.62). There are only a handful of

scenarios where it is possible to compute p(y) analytically in closed form, for example when dealing

with multivariate normal distributions (see Proposition A.4). This barrier prevented Bayesian

models from being widely adopted until the mid-1990s [127]1 which saw the advent of Markov

Chain Monte Carlo (MCMC) algorithms. These algorithms generate a sequence of numbers which

are approximately distributed according to the posterior distribution by constructing a Markov

Chain with a stationary distribution which can be shown to coincide with the required posterior

distribution [22, 24, 151]. More recent developments involve the advent of Hamiltonian Monte

1↑See this reference for a short history of MCMC.
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Carlo (HMC) [9, 110] which has risen in popularity and can be used to estimate high-dimensional

posterior distributions with complex geometries when gradients are available. We will utilize an

implementation of the popular No-U-Turn Sampler (NUTS) algorithm [73], which is an extension of

HMC, found in the Python package NumPyro [118, 12] in Chapter 6 for the purposes of estimating

the parameters of a Bayesian model. In Section 5.3 we present a brief overview of the HMC

algorithm. For a more detailed overview of MCMC methods the interested reader is directed to

[128]. ♦

2.3.4 Gaussian Measures on Hilbert Spaces

We now present some results regarding the construction of Gaussian measures on infinite dimen-

sional Hilbert spaces. We start by introducing the concept of a stochastic process, which can

be viewed as the generalisation of random variables to infinite dimensional spaces, adopting the

definition from [112]:

Definition 2.8 (Stochastic process). A stochastic process is an indexed collection of random

variables

{X(t, ω) | t ∈ T, ω ∈ Ω}, (2.63)

defined on a common probability space (Ω,F ,P) where T is the index set. When the context is

clear it is common to suppress the ω argument, shortening X(t, ω) to X(t). For a fixed ω ∈ Ω we

call the function X(·, ω) a sample path of the process. ♦

From a statistical inference perspective it can be useful to view X(·, ω) as a random variable

in some appropriate space of functions. The choice of such a function space is a fundamental

modelling assumption and characterizes the relation between X(t, ω) and X(t′, ω) for different

t, t′ ∈ T . In this thesis we will exclusively be concerned with the case of stochastic processes where

the random functions X(·, ω) lie in a separable Hilbert space E , which we will, in an abuse of

notation, denote by X ∈ E . Typically we will take E = L2(D) for some domain D ⊂ Rd which is

taken to be the index set of the stochastic process.

Two important objects related to stochastic processes are their expectation/mean function and

covariance operator. These are generalisations of the usual expectation and covariance matrix

in finite dimensions to infinite dimensional Hilbert spaces. Due to the infinite dimensional nature

some care is needed in defining these generalisations. There are two common notions of expectation

for stochastic processes given by the following two types of integrals:

• Bochner integral: Similar to the construction of Lebesgue integrals one can start by

defining an appropriate class of “simple functions” consisting of linear combinations of

indicator functions, whose expectations are given by the usual Lebesgue integral, and then
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define the expectation of our stochastic process X via the limit of a sequence of “simple

functions” which approximates our stochastic process. The resulting expectation is known

as the Bochner integral. A stochastic process is Bochner integrable if and only if the

univariate random variable ∥X∥(ω) := ∥X(·, ω)∥ (where ∥ · ∥ is the norm on E) satisfies

E (∥X∥) <∞ [16].

• Pettis integral: Since for each t ∈ T we have that X(t, ·) is a (multivariate) random

variable we know how to compute the expectation E(X(t, ·)). This idea leads to the

important notion of a stochastic process being Pettis integrable or weakly integrable if there

exists some function m ∈ E such that E[ℓ(X)] = ℓ(m) for all bounded linear functionals

ℓ ∈ E ′. It is possible to show that if a function is Bochner integrable that the Pettis

integral coincides with the Bochner integral [14].

For more details on these two notions of expectation the reader is directed to [14]. In this thesis

we will henceforth take the expectation of a stochastic process to be the Pettis integral. We will

say that a stochastic process is centred if E[X] = 0.

The covariance operator of a stochastic process on a Hilbert space E can be defined as follows

[146, Section 6.3]:

Definition 2.9 (Covariance operator). Let X be a stochastic process in the Hilbert space E .

Let m = E(X) ∈ E denote its mean function. A linear operator K : E → E is called the covariance

operator if, for all g, g′ ∈ E one has,

⟨g′,Kg⟩ = E (⟨g′, (X −m)⟩⟨(X −m), g⟩) , (2.64)

where ⟨·, ·⟩ is the inner product on E . Note the above Eq. (2.64) can be written compactly as K =

E [(X −m)⊗ (X −m)] and this is analogous to the finite-dimensional case Eq. (A.26) presented

in Appendix A.3.1. ♦

Having defined both the mean function and the covariance operator for stochastic processes we

can now introduce the concept of a Gaussian measure on E , which can be viewed as a generalisation

of their finite dimensional counterparts on Rd, the multivariate normal distribution (Definition 2.7)

as follows:

Definition 2.10 (Gaussian measure). A measure µ on (E ,B(E)), where E here is an infinite-

dimensional Hilbert space, is aGaussian measure if, for any linear functional ℓ ∈ E ′ the pushforward

measure ℓ#µ is a univariate normal distribution. Due to the Riesz Representation Theorem (see

Theorem A.1), one has E ′ = E , and we can characterise the above as follows: a stochastic process

X ∈ E follows a Gaussian measure, X ∼ µ, if and only if for any fixed (deterministic) g ∈ E one
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has ⟨g,X⟩ ∼ N (mg, σ
2
g) for some mg ∈ R, σ2

g ≥ 0. Note that mg = ⟨g,E[X]⟩ and σ2
g = ⟨g,Kg⟩

where E[X],K are the mean and covariance operator of X respectively, and are well-defined in

this definition. ♦

Note that this closely matches the relationship between the multivariate and univariate normal

distributions since for E = Rd one has that any continuous linear functional on Rd can precisely be

written as ℓ(v) = aTv for some fixed a ∈ Rd. We also note that in Definition 2.10 it is not strictly

necessary to restrict E to a Hilbert space only; the definition can be generalised to Banach spaces

[146, Section 6.3]. We will only consider Gaussian measures on Hilbert spaces in this thesis so we

exclude this generalisation.

The following result, adapted from [41] shows that the mean function and covariance operator

completely characterise a Gaussian measure on a Hilbert space:

Theorem 2.6. A Gaussian measure µ on a Hilbert space E with mean function m and covariance

operator K has the characteristic function:

φ(g) = exp

(
i⟨g,m⟩ − 1

2
⟨g,Kg⟩

)
, ∀g ∈ E . (2.65)

♦

This theorem justifies the use of the notation N (m,K) to denote a Gaussian measure with

mean function m and covariance operator K. Further, note that given any function m ∈ E and

any positive semi-definite, trace-class operatorK : E → E there exists a Gaussian measureN (m,K)

with mean m and covariance operator K [41, Theorem 1.12].

2.3.5 Gaussian Processes

Throughout this thesis we will rely on the concept of GPs which will be related to Gaussian

measures below. Let D ⊂ Rd be a bounded and connected domain. In order to define a GP it will

be helpful to first introduce the notion of a positive-definite kernel function:

Definition 2.11 (Positive definite kernel function). A function c : D × D → R is said

to be a positive (semi-)definite kernel function if it is symmetric, i.e. c(x,y) = c(y,x) for all

x,y ∈ D, and if for any finite number of arbitrary points {x1, ...,xn} ⊂ D the symmetric matrix

C := {c(xi,xj)}ni,j=1 ∈ Rn×n is positive (semi-)definite, i.e.

vTCv > 0, ∀v ∈ Rn \ {0}, (2.66)

where in the positive semi-definite case we replace the strict inequality in Eq. (2.66) by ≥. ♦
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We can now define a GP as follows:

Definition 2.12 (Gaussian Process). Given a positive definite kernel function k : D ×D → R

and a function m : D → R we say that a stochastic process X : D → R is a Gaussian Process

(GP) with mean function m and covariance function k if for any arbitrary finite collection of

distinct points {x1, ...,xn} ⊂ D the resulting random vector X := (X(x1), ..., X(xn))
T follows

a multivariate normal distribution with mean vector m := (m(x1), ...,m(xn))
T and covariance

matrix K := {k(xi,xj)}ni,j=1 ∈ Rn×n:

X ∼ N (m,K). (2.67)

The mean function and kernel/covariance function completely determine the GP. We write:

X ∼ GP(m, k), (2.68)

to denote the Gaussian process with mean function m and covariance function k. ♦

Remark 2.12. Note that it is possible to define GPs on unbounded domains D ⊂ Rd including on

the entirety of Rd; the definition is exactly the same as in Definition 2.12. For the purposes of this

thesis we will be relying solely on GPs defined on bounded domains and so we restrict ourselves

to this setting as this simplifies the presentation of the link between Gaussian measures and GPs

presented below. ♦

Linking the two viewpoints

We now discuss an important connection between Gaussian measures and Gaussian processes. Let

f ∼ GP(m, k) be a Gaussian process which takes values in E = L2(D), i.e. the stochastic process

given by f lies in E (so in particular m ∈ E). Under the assumption that the covariance function, k,

is continuous we have that the GP can be can be associated with the Gaussian measure N (m,K)

on E with mean m and covariance operator K, which is related to the covariance function of the

GP via the equation:

Kg(·) =
∫
D

k(·,y)g(y)dy, g ∈ E , (2.69)

i.e. the covariance operator associated with the GP, GP(m, k), is an integral operator with kernel

given by the corresponding covariance function k. Continuity of k guarantees that the resulting

covariance operator K is trace-class.

Conversely, given a Gaussian measure N (m,K) on E = L2(D) there exists [124, Theorem 2

(b)] an associated Gaussian process with paths in L2(D) which induces the Gaussian measure
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on L2(D). In particular, note that since the covariance operator K is Hilbert-Schmidt it can be

written as an integral operator with some kernel k ∈ L2(D ×D). Since it can then be shown that

the covariance operator K is also trace-class [14, see for example Theorem 2.3.1] it follows that the

kernel k is in fact continuous and can be taken to be the covariance function of the corresponding

GP associated to N (m,K).

Properties of GPs/Gaussian measures

We now briefly discuss some well known results regarding GPs and Gaussian measures. One very

useful property of GPs is the transformation property given in the following proposition

Proposition 2.3 (Transformation property of GPs). Let f ∼ GP(m, k) be a GP associated

with the Gaussian measure N (m,K) on L2(D). Let L : L2(D)→ X be a bounded linear operator

to some other finite/infinite-dimensional Hilbert space X . Assume that m lies in the domain of L

and k lies in the domain of LL†. It follows that the pushforward of f by L is also a GP:

Lf ∼ GP(Lm,LL†k), (2.70)

where the action of LL† on k is equivalent to taking the following:

(LL†k)(x,x′) = LxLx′k(x,x′), (2.71)

where Lx denotes the action of L on the first argument of k and Lx′ its action on the second

argument of k. Eq. (2.70) is equivalent to stating that Lf is distributed according to the following

Gaussian measure on X :

Lf ∼ N (Lm,LKL†). (2.72)

♦

Throughout this thesis we will often be interested in modelling functions in a Bayesian manner

(see Section 2.3.3) and we will typically assign GP priors to model our functions. In order to make

predictions with our GP priors we will need to be able to condition them on observed data points

and obtain the relevant posterior distributions.

In the remainder of this section we briefly outline how we can obtain the posterior distributions

for GPs. To be more precise we are interested in the following scenario: we place a GP prior on a

function of interest,

f ∼ GP(m, k). (2.73)

Here we assume f is a function on D ⊂ Rd for some d ∈ N. We assume that we obtain n ∈ N

44



Bayesian Uncertainty Quantification for PDE Models Chapter 2

noisy observations of f on some grid of of n locations Dn := {x1, ...,xn} ⊂ D, i.e. we observe

y := (y1, ..., yn)
T where:

yi = f(xi) + ϵi, ϵi
i.i.d.∼ N (0, σ2), σ > 0, (2.74)

where the noise term ϵ := (ϵ1, ..., ϵn)
T is assumed to be independent from the GP f . We wish to

condition our GP prior on the noisy observation y to obtain the posterior of f |y. We can then

use this posterior to make predictions for f at new locations. In the case of GPs the resulting

posterior will also define a GP whose mean and covariance can be computed in closed form which

the following well-known result, adopted from Theorem 3.1 in [78] shows:

Proposition 2.4. Let f have the GP prior specified by Eq. (2.73). Suppose n ∈ N noisy observa-

tions, y, of f are made according to Eq. (2.74). It follows that the posterior of f given y is also a

GP, with the following form:

f |y ∼ GP(m̃, k̃), (2.75)

where the posterior mean and covariance functions have the following forms:

m̃(x) := m(x) + k(x)T (K+ σ2In)
−1(y −m), x ∈ D, (2.76)

k̃(x,x′) := k(x,x′)− k(x)T (K+ σ2In)
−1k(x′), x,x′ ∈ D, (2.77)

where here k(x) is the (column) vector in Rn with i-th entry given by

(k(x))i := k(xi,x), (2.78)

m is the vector in Rn with i-th entry given by m(xi), and K := {k(xi,xj)}ni,j=1 ∈ Rn×n, similar

to the notation used in Section 2.3.5. ♦

Thus, the posterior distribution has a form where the mean and covariance functions can be

obtained using simple linear algebra via Eqs. (2.76) and (2.77). The proof of this result is given in

Appendix B.1.

Remark 2.13. In light of Proposition 2.4, we can easily make predictions from GP posteriors by

evaluating the posterior at the required test locations D∗
m := {x∗

1, ...,x
∗
m} ⊂ D for any m ∈ N and

simulating a multivariate normal random vector with mean and covariance given by evaluating

Eqs. (2.76) and (2.77) on the grid of test locations. That is to say, we can make predictions for

(f(x∗
1), ..., f(x

∗
m))T from the posterior Eq. (2.75) by drawing a random vector w∗ ∼ Nm(m∗,Σ∗)

where m∗ ∈ Rm has i-th entry given by m̃(x∗
i ) and Σ∗ := {k̃(x∗

i ,x
∗
j )}mi,j=1. ♦

It is also possible to obtain the conditional distribution of a Gaussian measure on a Hilbert
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space in a similar manner to Proposition 2.4 for GPs. This is presented in Theorem A.2 in

Appendix A.3.1.

For a more comprehensive overview of Gaussian measures/processes we refer the reader to the

works [14, 123, 125, 97]. [125] deals with GPs in a more practical manner than [14, 123, 97] where

the treatments are more measure-theoretic in flavour. The Gaussian measure/process view is also

closely connected to the random field perspective which is discussed in great detail in the works

[146, 42].

2.3.6 Divergences on Spaces of Probability Measures

Central to the analysis in this thesis is a means of measuring the divergence between probability

distributions, i.e. being able to quantify how different two probability distributions are. Perhaps

one of the most popular discrepancies between probability measures is the KL divergence which

we define below:

Definition 2.13 (Kullback-Leibler divergence). Let µ, ν be two probability measures where

µ≪ ν. The Kullback-Leibler (KL) divergence from µ to ν is given as follows:

KL(µ ∥ ν) := Eµ

[
log

(
dµ

dν

)]
, (2.79)

where dµ
dν is the Radon-Nikodym derivative of µ with respect to ν. In the common case where µ, ν

are probability measures on Rd with densities, p, q, respectively we can express the KL divergence

as:

KL(µ ∥ ν) :=
∫
Rd

log

(
p(x)

q(x)

)
p(x)dx, (2.80)

and in this scenario we often refer to Eq. (2.80) in terms of the densities as the KL divergence from

p to q. ♦

Remark 2.14. Note that the KL divergence is not a metric (see Definition A.1) on the space of

probability measures due to the lack of symmetry of Definition 2.13. ♦

The KL divergence is a key ingredient in Stochastic Variational Inference (SVI), a popular

approach to performing Bayesian inference.

We now introduce the Procrustes distance, as a divergence between centred Gaussians, which

will be useful when discussing the Wasserstein distance below. The definition below is adopted

from [119].

Definition 2.14 (Procrustes Distance). Let Ci : E → E be covariance operators for i = 1, 2.

Let Si each be (not necessarily symmetric) square roots of Ci, i.e. Ci = S†
i Si for i = 1, 2. The
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Procrustes distance between C1, C2, denoted by dP (C1, C2), is defined as:

dP (C1, C2) := inf
R:R†R=I

∥S1 − S2R∥HS, (2.81)

where I is the identity operator on E and R : E → E is thus a unitary operator. ♦

As noted in Definition 2.13 a key requirement is that the two probability measures being

compared are absolutely continuous; the KL divergence cannot be used to compare two mutually

singular distributions. For the purposes of studying the error in StatFEM in Chapter 3 we will

need to introduce a metric on the space of probability distributions which is able to handle the

mutually singular distributions involved in this setting as will be justified in Section 3.4. The

probability metric we will work with in Chapter 3 is the Wasserstein distance. Here we introduce

the Wasserstein distance and outline some of its key properties which we will require.

Definition 2.15 (Wasserstein-2 distance). The Wasserstein-2 distance between two probabil-

ity measures µ, ν on a normed space E , having the first two moments finite, denoted by W2(µ, ν),

is defined as:

W 2
2 (µ, ν) = inf

π∈Γ(µ,ν)

∫
E×E
∥x− y∥2Edπ(x, y), (2.82)

where Γ(µ, ν) is the set of couplings of µ and ν, i.e.

Γ(µ, ν) = {π ∈ P(E × E)|π(A× E) = µ(A) and π(E ×B) = ν(B) for all A,B ∈ B(E)}. (2.83)

♦

Throughout the thesis we will abbreviate W2(µ, ν) =W (µ, ν).

Remark 2.15. Note that the integral in Eq. (2.82) can be written as Eπ(∥X − Y ∥2E) where the

random variables X and Y have joint distribution (X,Y ) ∼ π. Equation (2.83) says that a coupling

π ∈ Γ(µ, ν) is a probability measure on the product space E × E whose marginals in the first and

second arguments are µ and ν respectively. This is illustrated in Fig. 2.2. Just as with Lp norms

one can consider a Wasserstein-p distance where the squares in Eq. (2.82) are replaced by powers

of p for p ∈ [1,∞). Note that in the literature the Wasserstein-1 distance is often referred to as

the Earth-Mover’s distance, especially in applied fields, since if one intuitively views one of the

probability measures, say µ, as a pile of sand and the other, say ν, as a hole in the ground then

the Wasserstein-1 distance can be thought of as the minimum “cost”, when measured according

to ∥x− y∥E , required to transport the pile of sand to the hole. ♦

Henceforth, when we refer to the Wasserstein distance we mean the Wasserstein-2 distance

unless otherwise stated.
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Figure 2.2: Coupling between two distributions.

It will be useful in this thesis to note that the Wasserstein distance between two probability

measures µ, ν can be linked to the Wasserstein distance between the centered measures. Let m

denote the expectation of µ; then the centered measure µ∗ is defined by,

µ∗(E) = µ({x−m|x ∈ E}), ∀E ∈ B(E). (2.84)

Denoting the means of µ, ν by m1,m2 respectively we have from [40],

W 2(µ, ν) = ∥m1 −m2∥2E +W 2(µ∗, ν∗). (2.85)

We will require an explicit expression for the Wasserstein distance between two Gaussian. Let

µi = N (mi,Σi), i = 1, 2 be two Gaussian measures on a separable Hilbert space E . Then from

[105], we have

W 2(µ1, µ2) = ∥m1 −m2∥2E + tr(Σ1) + tr(Σ2)− 2 tr

√
Σ

1/2
1 Σ2Σ

1/2
1 . (2.86)

Remark 2.16. Note that combining Eq. (2.85) and Eq. (2.86) one obtains:

W 2(N (0,Σ1),N (0,Σ2)) = tr(Σ1) + tr(Σ2)− 2 tr

√
Σ

1/2
1 Σ2Σ

1/2
1 , (2.87)
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as the Wasserstein distance between two mean-zero Gaussian measures. ♦

The following bound found in [27, see Lemma S2] will be very important in the error analysis

in Chapter 3,

Lemma 2.1. Let µi = N (ai, Ci), i = 1, 2 each be Gaussian measures on a Hilbert space E . Let Si

each be square roots of Ci such that Ci = S†
i Si. Then we have that,

W 2(µ1, µ2) ≤ ∥a1 − a2∥2E + ∥S1 − S2∥2HS. (2.88)

♦

For completeness we include a proof of this key result, adapted from the proof of Lemma S2 in

[27]:

Proof of Lemma 2.1.

We have, using Eq. (2.85), that the Wasserstein distance between µ1 and µ2 can be written as:

W 2(µ1, µ2) = ∥a1 − a2∥2E +W 2(N (0, C1),N (0, C2)), (2.89)

transferring our problem to the Wasserstein-2 distance between two centred Gaussians. We can

now utilise an important connection between the Wasserstein distance between centred Gaussian

measures and the Procrustes metric between the respective covariance operators found in [105, see

Proposition 3], namely that:

W (N (0, C1),N (0, C2)) = inf
R:R†R=I

∥S1 − S2R∥HS = dP (C1, C2), (2.90)

i.e. the Wasserstein-2 distance between the centered Gaussians is equal to the Procrustes distance

between their respective covariance operators. We note here that in Proposition 3 of [105] the

authors consider symmetric square roots of the covariance operators in their definition of the

Procrustes distance. In the proof here we note that, as is discussed in the proof of Lemma S2 in

[27], we need not express the Procrustes distance in terms of symmetric square roots [119]. This

justifies Eq. (2.90) above. We can now finally take R in this equation to be the identity operator,

R = I, which yields the following inequality:

W 2(N (0, C1),N (0, C2)) ≤ ∥S1 − S2∥2HS, (2.91)

which yields Eq. (2.88) as required. ■

For a more detailed treatment of Wasserstein distances the reader is directed to [156, 134, 117].
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[156, 134] are more theoretical in nature, while [117] focuses more on numerical methods for solving

optimal transport problems (the solutions being related to Wasserstein distances).
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Chapter 3

Theoretical Guarantees for the

Statistical Finite Element Method

3.1 Introduction

This chapter contains the theoretical contributions for the first project of this thesis which were

outlined in Chapter 1. In particular, this chapter is structured as follows. In Section 3.2 we provide

a literature review of related work to that presented in this chapter. In Section 3.3 we present

StatFEM, deriving it from first principles. Section 3.4 contains our main theoretical contributions,

error bounds for the StatFEM prior and the posterior when this prior is conditioned on sensor

observations. Our preliminary attempts to adapt these results to time-dependent problems are

described in Section 3.5. Any additional details required for the proofs of the main results of this

chapter are included in Appendix B.2.

3.2 Related Work

This chapter is focused on providing detailed error analysis for the StatFEM method first intro-

duced in [65]. For clarity of ideas we start by limiting our attention to linear elliptic problems.

More recently [81] have derived error rates, in terms of the expected L2 norm, for the StatFEM

posterior distribution both with and without discretisation when used to model some deterministic

true system response function.

The error analysis for the StatFEM method is an example of analysing the effects of perturba-

tions of the posterior distribution resulting from a perturbation of the underlying prior distribution.

In the literature surrounding well-posedness theory of Bayesian inverse problems such perturba-

tion results are commonplace. These however tend to focus on analysing posterior perturbations
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resulting from likelihood perturbations [42, 146, 75, 76, 90, 149, 115, 142] as opposed to prior

perturbations which have been studied more recently, see for instance [142, 61]. An important

reason for fewer results being available for prior perturbations is the choice of metric/divergence

for the distance used to compare the posteriors; typically the Hellinger distance or Total Variation

distance are used which require the posteriors and hence the priors to be absolutely continuous

with respect to a common reference probability measure (i.e. one of the measures has to be ab-

solutely continuous with respect to the other). As will be discussed in Section 3.4 the priors and

posteriors considered in the analysis of StatFEM are mutually singular which prohibits the use of

these metrics.

There has been extensive research on deriving numerical methods for solving various classes of

SPDEs. For detailed reviews of such methods the reader is referred to [101, 106, 147, 143, 160, 4].

Some of these methods, for example the Stochastic Galerkin Finite Element method (SG-FEM),

introduced in Section 3.1, and its many variants, also find their roots in the classical finite element

method, but differ fundamentally from StatFEM. More specifically, SG-FEM methods reformulate

the SPDE as a deterministic PDE on a higher dimensional domain, where additional variables

are introduced to characterise the underlying noise process. For example, if the underlying noise

process is given by a truncated Karhunen-Loéve expansion (see Theorem A.4) consisting of m

random basis functions then SG-FEM methods reformulate the problem to a weak formulation

on a space of functions with d +m variables. On the other hand, in the StatFEM approach, the

approximation is itself intrinsically stochastic as will be expanded on in Section 3.3. While SG-

FEM methods are applicable to a wider class of SPDEs, their scalability is limited by the curse of

dimensionality resulting from the augmented noise dimensions. Additionally, while the StatFEM

formulation permits fast assimilation of measurement data, this is not straightforward for SG-FEM

and related methods.

In the area of spatial statistics, Gaussian random fields are constructed as the solution of

appropriately chosen SPDEs [98]. The solution is approximated through a finite element discreti-

sation of the weak form of the underlying SPDE. The resulting discretised solution is subsequently

employed as a prior within a Bayesian inference problem for a spatial or spatio-temporal model

[140]. For non-Gaussian likelihoods, fast approximate Bayesian Inference for the resulting latent

Gaussian model is possible using an Integrated Nested Laplace Approximation (INLA) [104]. The

construction of the StatFEM model is strongly connected to this statistical viewpoint of SPDEs.

Indeed, in both cases, the spatial priors are Gaussian Markov Random Fields (GMRFs). In the

case of StatFEM the mean and covariance of the GMRF reflect the behaviour of the underlying

deterministic PDE, while in the SPDE case the covariance is tailored to ensure a specific degree of

spatial decorrelation of the underlying latent Gaussian random field.

52



Bayesian Uncertainty Quantification for PDE Models Chapter 3

Conceptually, StatFEM also bears some similarity to Probabilistic Numerical Methods [72],

both being statistical reformulations of numerical methods. Indeed, such methods have also been

developed for approximating solutions of ODEs [152] as well as PDEs [31, 25, 28]. The two

methodologies share common foundations, particularly Bayesian Probabilistic Numerical Methods

[29] which are formulated as conditioning a prior distribution of potential solutions on partial eval-

uations of the underlying equations. StatFEM also builds on the Bayesian formalism, employing

conditioning to incorporate new information, specifically noisy sensor observations, starting from a

prior which characterises the distribution of approximate PDE solutions. However, these methods

fundamentally differ in what they seek to achieve: Bayesian Probabilistic Numerical methods seek

to recast numerical discretisation error as uncertainty, whereas the uncertainty arising in StatFEM

primarily seeks to account for model error.

3.3 The Statistical Finite Element Method

In this section we will present the StatFEM model. We reviewed FEM in Section 2.2.2. In

Section 3.3.1 we will derive the prior distribution over the solution to the PDE that is used in

StatFEM. Finally, in Section 3.3.2 we will condition this prior distribution on sensor observations

to obtain the StatFEM posterior distribution.

3.3.1 The StatFEM Model

In this section we present the StatFEM approximation for the solution of a stochastically-forced

elliptic PDE. The resulting probability distribution will subsequently be employed as a prior to

be combined with sensor data through Bayesian updates. To this end, we consider the BVP from

Eqs. (2.27) and (2.28) where f is chosen to be a GP, f ∼ GP(f̄ , kf ), where f̄ ∈ L2(D) and where

we make the following assumption on the covariance function kf and its associated covariance

operator K.

Assumption 3.1. The eigenvalues, {µj}∞j=1, of K behave asymptotically like j−λ for some λ ≥ 0,

i.e. there exists constants C1, C2 > 0 such that C1j
−λ ≤ µj ≤ C2j

−λ for all j ∈ N. Further, in the

case of λ ∈ [0, 1], we will assume K shares the same eigenfunctions as L. ♦

Note also that we take the boundary value to be zero, i.e. g = 0, as discussed in Section 2.2.

Remark 3.1. As part of our error analysis we will consider the two distinct cases: λ ∈ [0, 1]

and λ ∈ (1,∞). Note that in the case λ = 0 we instead consider f to be white noise, i.e. K is

the identity on L2(D). The convergence of FEM for white-noise forcing has been established in

the literature, e.g. [39, 135]. In the case λ > 1 we have that the covariance operator K is trace-

class on L2(D) which is equivalent to the covariance kf being regular enough so that realisations
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of f lie almost surely in L2(D). To guarantee this it is sufficient to take kf (x,y) = ψ(x − y)

where ψ : D → R is continuous [136, see Corollary 1]. This is a mild requirement satisfied by

many commonly used kernels, for example by the Squared Exponential kernel or any kernel in the

Matérn family. Another alternative sufficient condition would be to choose the kernel so that the

associated covariance operator is an appropriate negative power of the Laplacian. This is outlined

in detail in [146, see section 6]. ♦

In our analysis we shall assume that the conductivity coefficient κ is deterministic, unlike [65]

where this is assumed to be stochastic. Since Eqs. (2.27) and (2.28) are well-posed, the solution

can be expressed as u = L−1f , where L−1 is the inverse of the differential operator L. The

pushforward of the probability measure for f through L−1 induces a probability distribution of

solutions supported on H1
0 (D). Since the inverse operator is linear, the resulting distribution

for u will also be a Gaussian measure supported on L2(D), with mean L−1f and covariance

operator L−1KL−†. Indeed, u can be expressed as a Gaussian process [114, Proposition 3.1] (see

Proposition 2.3),

u ∼ GP(L−1f̄ , kL), (3.1)

where

kL(x,y) = L−1
x L−1

y kf (x,y). (3.2)

Here L−1
x denotes the action of the operator L−1 on the first argument of the kernel and L−1

y its

action on the second argument.

We intend to use Eq. (3.1) as a prior, which will later be combined with sensor observations

through sequential Bayesian updates. An important observation is that the mean and covariance

of the GP defined in Eq. (3.1) cannot be computed exactly for general problems, which precludes

the calculation of marginal distributions or realisations of the GP. To overcome this issue, another

GP, which employs a finite element approximation of the mean and covariance functions will be

introduced.

As discussed in Section 2.2.2 FEM approximates the solution to our elliptic BVP as a linear

combination of the FE basis functions. In particular, the FEM approximation to the solution of

our elliptic BVP can be expressed as follows:

uh = ΦTA−1f =: L̂−1
h f, (3.3)

where the operator L̂−1
h : L2(D) → L2(D) is defined as L̂−1

h := ΦTA−1Fh. Here the operator

Fh : L2(D) → Rnu takes a function f to the load vector f , defined in Eq. (2.47), and A is the

stiffness matrix defined in Eq. (2.46). Note that we have denoted by Φ := (φ1, ..., φnu)
T the vector
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of FE basis functions. The StatFEM approximation to (3.1) is obtained by formally replacing the

solution operator L−1 with L̂−1
h in the mean and covariance terms. Due to the linearity of the

approximation solution map, the resulting process is still a Gaussian process, with transformed

mean and covariance.

Proposition 3.1. The StatFEM model from [65] is a GP of the form

uh ∼ GP(ūh, kh), (3.4)

where the mean and covariance function are defined by:

ūh(x) := Φ(x)TA−1f̄ , (3.5)

kh(x,y) := Φ(x)TA−1KFh
A−1Φ(y), (3.6)

where KFh
:= FhKF†

h ∈ Rnu×nu and f̄ := Fhf̄ ∈ Rnu . ♦

Proof of Proposition 3.1.

This follows trivially from the fact that the approximate solution operator is a bounded linear

operator together with the well known transformation results of a Gaussian measure by linear

maps, see Proposition 2.3. ■

Remark 3.2. Note that both the true and approximate FEM solution operators can be uniquely

extend to operators on H−1(D). This fact will be useful when considering rougher forcing terms.

♦

Next we quantify how much error is introduced by replacing u with uh by bounding the distance

between their laws. To this end, we define ν⋆ and νh to be the Gaussian probability measures

supported on L2(D) which are associated with the GPs (3.1) and (3.4), respectively. We can write

ν⋆ = N (m⋆,Σ⋆) and νh = N (mh,Σh) where

m⋆ = L−1f̄ ,

Σ⋆ = L−1KL−†,

and

mh = L̂−1
h f̄ ,

Σh = L̂−1
h KL̂−†

h .

The next theorem shows that ν⋆, νh are mutually singular, justifying our use of Wasserstein as
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a distance measure.

Theorem 3.1. The measures ν⋆ and νh are mutually singular. ♦

Proof. Let V⋆, Vh be the supports of ν⋆, νh respectively. Since the image of the approximate solution

operator L̂−1
h is the span of the FE basis functions {φi}nu

i=1 it follows that, for all h > 0, Vh is a

finite dimensional subspace of H1
0 (D) ⊆ L2(D). Further, under Assumptions 2.1 and 2.4 we have

that V⋆ is an infinite dimensional subspace of H1
0 (D) ⊆ L2(D). In the case that Vh and V⋆ are

disjoint we clearly have that ν⋆ and νh are mutually singular. Consider now the case that Vh and

V⋆ are not disjoint and Vh ̸⊆ V⋆. This means that Vh and V⋆ have a non-empty intersection, and

that there exists a subset Ṽ ⊆ V⋆ not in the intersection. Further, νh gives 0 measure to Ṽ , while

Ṽ has positive measure under ν⋆. This implies that ν⋆ and νh are mutually singular. Finally, in

the case that Vh ⊂ V⋆ we can write V⋆ as the orthogonal direct sum of Vh and its complement.

Since νh gives full measure to Vh it must give measure 0 to the orthogonal complement of Vh,

which has positive measure under ν⋆. Hence, we again have that ν⋆ and νh are mutually singular.

In all cases, the mutual singularity follows from the Feldman-Hájek theorem (see Theorem A.3)

[123, Theorem 2.25]. ■

3.3.2 Posterior Updates of the StatFEM approximation

We now consider the problem of inferring the solution u of the BVP from Eqs. (2.27) and (2.28)

for an unknown forcing term f based on noisy observations of the form

v = Su+ ξ, ξ ∼ N (0, ϵ2I), (3.7)

where S is a linear observation map. Following the Bayesian formalism [146], the solution of this

inverse problem is characterised by the posterior distribution ν̃⋆(du) of u given the observations v,

ν̃⋆(du) ∝ e−L(v;u)ν⋆(du), (3.8)

where L(v;u) = 1
2ϵ2s ∥Su− v∥2, is the negative log-likelihood, often referred to as the potential in

the literature on Bayesian inverse problems, and ϵ is the observational noise standard deviation.

In practice, we would work with an alternative posterior distribution, where the prior distribution

ν⋆ is replaced with a prior obtained from a finite element approximation. To understand the

consequences of making this approximation, we must quantify the distance (in an appropriate

sense) between the posterior probability measures (3.8) and

ν̃h(du) ∝ e−L(v;u)νh(du). (3.9)
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We shall make the following assumption, on the observation map S.

Assumption 3.2. The observation map S : C(D) → Rs is a bounded linear operator with full

range. ♦

The choice of C(D) as the domain of the observation map S in Assumption 3.2 is justified by

the following theorem:

Theorem 3.2. The supports of ν⋆ and νh are subsets of C(D). Note that for this to be true in

the case of λ ∈ [0, 1] in Assumption 3.1 we must restrict further to λ ∈ (0, 1] when d = 2 and

λ ∈ (2/3, 1] when d = 3. ♦

Proof. Note that restricting λ ∈ (1,∞) in Assumption 3.1 guarantees that solutions to our noisy

elliptic BVP lie in H2(D) almost surely. By the Sobolev Embedding Theorem (see Theorem 2.1)

for d = 1, 2, 3 one has that H2(D) ⊂ C(D) and thus draws from the true prior are almost surely

continuous. In the case λ ∈ [0, 1] it can be shown (see discussion following the proof of Lemma B.1

in Appendix B.2) that solutions from the true prior lie almost surely in the fractional Sobolev

Space H2−(1−λ) d
2−ϵ′ for all ϵ′ > 0. Using the Embedding Theorem for fractional Sobolev spaces

(see Theorem 2.1) one can again show that draws from the true prior are almost surely continuous.

Note that in the fractional case when d = 2 we must restrict λ ∈ (0, 1] and when d = 3 we must

restrict λ ∈ (2/3, 1]. For further details please see Appendix B.2. Draws from the StatFEM prior

are trivially in C(D). ■

Thus, S is well-defined for functions drawn from the true and StatFEM priors. Note that the

condition on the range of S will always be true for some s > 0.

A property which will be very important for the subsequent error analysis of Section 3.4 is that

the posterior distributions ν̃⋆ and ν̃h remain Gaussian measures. This can be viewed as the infinite

dimensional version of the analogous result for multivariate Gaussians based on “completing the

square”.

Proposition 3.2. Suppose that the observation map satisfies Assumption 3.2, kf satisfies As-

sumption 3.1, and let v ∈ Rs. Then ν̃⋆ and ν̃h are Gaussian measures with mean and covariance

given by

m
(a)
u|v := ma +ΣaS

†(ϵ2I+ SΣaS
†)−1(v − Sma), (3.10)

Σ
(a)
u|v := Σa − ΣaS

†(ϵ2I+ SΣaS
†)−1SΣa, (3.11)

respectively, for a ∈ {⋆, h}. ♦

Proof of Proposition 3.2.

We first note that so far we have assumed that the priors u ∼ νi = N (mi,Σi) are Gaussian
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measures on L2(D). However, both priors are actually supported on subspaces Vi ⊆ L2(D). For

the purposes of the proof we will be viewing the priors as measures on the respective subspaces Vi.

We will then trivially extend the resulting posteriors onto all of L2(D). When viewed as Gaussian

measures on Vi the covariance operators Σi are both positive definite.

In order to obtain the posterior ν̃i we will first derive the joint distribution of (u,v)T when

the prior on u is νi. Since the observational noise ξ is independent of u we have that the joint

distribution of (u, ξ)T is: u
ξ

 ∼ N

mi

0

 ,

Σi 0

0 ϵ2I


 . (3.12)

Using the definition Eq. (3.7) of v we now note that (u,v)T can be expressed as:

u
v

 =

I 0

S I


u
ξ

 . (3.13)

Since this is a linear transformation of (u, ξ)T we have that the joint distribution of (u,v)T is given

by: u
v

 ∼ N

 mi

Smi

 ,

 Σi ΣiS
†

SΣi ϵ2I+ SΣiS
†


 . (3.14)

From this it is simply a matter of conditioning to obtain the posterior distribution of u|v specified

by Eqs. (3.10) and (3.11). This conditioning step is justified under Theorem A.2, in particular,

we apply this theorem with H1 = Vi and H2 = Rs. The corresponding covariance operator C is

given by the covariance operator in Eq. (3.14). The only thing which remains to show is that this

covariance operator is positive definite. To that end, note that we can rewrite this operator as:

C =

 Σi ΣiS
†

SΣi ϵ2I+ SΣiS
†

 =

 Σi ΣiS
†

SΣi SΣiS
†

+

0 0

0 ϵ2I


=

I
S

Σi

(
I S†

)
︸ ︷︷ ︸

(a)

+

0 0

0 ϵ2I


︸ ︷︷ ︸

(b)

. (3.15)

Written in this form it is clear that C is positive definite. This is because operator (a) above is

positive definite while operator (b) is positive semi-definite. Positive definiteness of (a) follows

from the positive definiteness of Σi together with the fact that S satisfies Assumption 3.2. ■
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3.4 Discretisation Error Analysis

Intuitively we expect that νh → ν⋆ as h → 0 in an appropriate sense because of the convergence

properties of the finite element discretisation. Similarly, we expect that the approximate posterior,

ν̃h, will converge to the true posterior, ν̃⋆, in an appropriate sense, as h→ 0.

To establish these properties we must select an appropriate metric for the distance between the

priors and posteriors. A challenge with selecting this metric is that, as explained in Theorem 3.1,

the measures {νh, ν⋆} and {ν̃h, ν̃⋆} are generally mutually singular. As noted in [142, 61] this

complicates the typical stability analysis that arises when studying Bayesian inverse problems,

based on Kullback-Leibler divergence or Hellinger distance [38]. In this thesis we shall adopt an

alternative approach, employing the Wasserstein-2 metric (see Definition 2.15) to quantify the

influence of discretisation error on the posterior distribution. This is advantageous in this context

for several reasons: firstly it is not dependent on the use of a common dominating measure.

Secondly, unlike other divergences, it is robust under vanishing noise: in this limit, the Wasserstein

distance between the two probability measures will converge to the deterministic L2 discretisation

error between the respective two means. Finally, while computing the Wasserstein distance is

intractable for general measures, there exists a closed form for the Wasserstein-2 distance between

Gaussian measures (see Eq. (2.86)), valid in both finite and infinite dimensions. See [105] for a

statement of this and see [47, 113] for proofs in the finite dimensional case, and [40] for a proof in

the infinite dimensional case.

The results in this section will focus on bounding the Wasserstein distance between the priors

ν⋆ and νh, and the posteriors ν̃⋆ and ν̃h as a function of h. The strategy employed to obtain

these bounds involves exploiting an important connection between Wasserstein distance between

Gaussian measures on Hilbert spaces and the Procrustes Metric between the respective covariance

operators, as detailed in [105]. We now present these results in the following two theorems. The

proofs will be given after stating both theorems.

Theorem 3.3 (Prior Error Analysis). Assuming that f̄ ∈ L2(D), kf satisfies Assumption 3.1,

and that the domain, D, and parameter, κ, satisfy Assumptions 2.1, 2.4, and 2.5 there exists a

constant γ > 0, independent of h, such that, for sufficiently small h, and for any ϵ′ > 0 we have:

W (ν⋆, νh) ≤ γ

 h2−
d
2−ϵ′ , if λ ∈ [0, 1] and d ∈ {1, 2},

h2, if λ ∈ (1,∞).
(3.16)

♦

The next theorem describes how this error in the prior propagates forward to the error between

arbitrary linear functionals of the true and StatFEM posterior, again as a function of the mesh

59



Bayesian Uncertainty Quantification for PDE Models Chapter 3

width h.

Theorem 3.4 (Posterior Error Analysis). Let ℓ : L2(D) → R be a bounded linear functional.

Assuming that f̄ ∈ L2(D), kf satisfies Assumption 3.1 with the additional restriction that λ ∈ (0, 1]

when d = 2 and λ ∈ (2/3, 1] when d = 3, and that the domain, D, parameter, κ, and the observation

map S, satisfy Assumptions 2.1, 2.4, 2.5, and 3.2 there exists a constant γ′(ℓ) > 0, independent

of h, such that, for sufficiently small h we have:

W (ℓ#ν̃⋆, ℓ#ν̃h) ≤ γ′(ℓ)h2 +O(h4) as h→ 0. (3.17)

♦

Remark 3.3. Theorem 3.4 provides a bound on W (ℓ#ν̃⋆, ℓ#ν̃h), for arbitrary ℓ, rather than on

W (ν̃⋆, ν̃h). Naturally a bound on the latter quantity is stronger and more of interest, but deriving

such a bound is technically challenging. Nevertheless the empirical results in Chapter 4 suggest

that the stronger result may hold, and as a result this will be the focus of future research. ♦

Theorem 3.3 shows that we have control over the Wasserstein distance between the full priors

while Theorem 3.4 shows that, in the posterior case, we have control over linear quantities of

interest. Nonlinear quantities of interest are also interesting and we will explore whether they are

controlled empirically in the numerical experiments in Chapter 4.

Before we provide proofs for Theorems 3.3 and 3.4 we first present a lemma which will be

required in the proofs. This lemma is a simple corollary to Theorem 2.5 which places a bound on

the operator norm of the difference of the solution operators L−1 and L̂−1
h .

Lemma 3.1. Under the assumptions of Theorem 2.5 we have the following bound for sufficiently

small h:

∥L−1 − L̂−1
h ∥L2 ≤ Ch2, (3.18)

where we have used the notation ∥ · ∥L2 to denote the operator norm for operators from L2(D)→

L2(D). ♦

Proof of Lemma 3.1.

This bound on the operator norm of L−1−L̂−1
h follows from noting that the error bound Eq. (2.51)

given in Theorem 2.5 can be re-expressed as:

∥L−1f − L̂−1
h f∥L2(D) = ∥(L−1 − L̂−1

h )f∥L2(D) ≤ Ch2∥f∥L2(D).

Since the above inequality holds for all f ∈ L2(D) we deduce that Eq. (3.18) holds as required. ■

We are now in a position to prove Theorems 3.3 and 3.4. We start by proving Theorem 3.3.
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Proof of Theorem 3.3.

Both of the priors ν⋆, νh are Gaussian measures on the Hilbert space L2(D). Further, noting that

K is a covariance operator, we have that it possesses a symmetric square root K1/2, i.e. we have

K = K1/2K1/2 and (K1/2)† = K1/2. Using this fact, we see that we can express the covariance

operators of the priors as follows:

Σ⋆ = L−1KL−†

= L−1K1/2K1/2L−†

= (K1/2L−†)†(K1/2L−†) = S†
⋆S⋆, (3.19)

Σh = L̂−1
h KL̂−†

h

= L̂−1
h K1/2K1/2L̂−†

h

= (K1/2L̂−†
h )†(K1/2L̂−†

h ) = S†
hSh, (3.20)

where S⋆ := K1/2L−† and Sh := K1/2L̂−†
h . Thus, our priors ν⋆, νh satisfy the assumptions of

Lemma 2.1 and so utilising this lemma we obtain the following bound on the Wasserstein distance:

W 2(ν⋆, νh) ≤ ∥m⋆ −mh∥2L2(D) + ∥S⋆ − Sh∥2HS. (3.21)

We now proceed to bound each of the terms in Eq. (3.21). Starting with the first term we have,

for sufficiently small h, the following:

∥m⋆ −mh∥L2(D) = ∥L−1f̄ − L̂−1
h f̄∥L2(D) ≤ Ch2∥f̄∥L2(D), (3.22)

where we have utilised the error bound from Theorem 2.5, which holds since f̄ ∈ L2(D) and since

all of the Assumptions 2.1, 2.4, and 2.5 hold. For the second term in Eq. (3.21) we will consider

the two cases presented in the statement of Theorem 3.3 separately. We start with the second case

where λ ∈ (1,∞) and d is not restricted (i.e. d ∈ {1, 2, 3}). In this case we can compute:

∥S⋆ − Sh∥HS = ∥K1/2L−† −K1/2L̂−†
h ∥HS (3.23)

= ∥K1/2(L−† − L̂−†
h )∥HS (3.24)

≤ ∥K1/2∥HS∥L−† − L̂−†
h ∥L2 (3.25)

= ∥K1/2∥HS∥L−1 − L̂−1
h ∥L2 (3.26)

≤ Ch2∥K1/2∥HS. (3.27)

We have utilised several facts in the above which we now detail. In going from Eq. (3.24) to
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Eq. (3.25) we have utilised the facts that L−1− L̂−1
h , and hence its adjoint L−†− L̂−†

h , is a bounded

operator and thatK1/2 is Hilbert-Schmidt. This second fact follows from the facts thatK andK1/2

are symmetric and that K is positive and trace-class (which follows since λ > 1) and computing

∥K1/2∥HS =
[
tr(K1/2K1/2)

]1/2
= [tr(K)]

1/2
=
[
tr((K2)1/2)

]1/2
= ∥K∥1/2tr < ∞. Finally, in going

from Eq. (3.26) to Eq. (3.27) we used the bound Eq. (3.18) from Lemma 3.1.

We can now combine the bounds on these two terms to obtain for sufficiently small h, the

following:

W 2(ν⋆, νh) ≤ C2h4∥f̄∥2L2(D) + C2h4∥K1/2∥2HS (3.28)

= C2h4
(
∥f̄∥2L2(D) + ∥K

1/2∥2HS

)
. (3.29)

which implies,

W (ν⋆, νh) ≤ C
√
∥f̄∥2L2(D) + ∥K1/2∥2HSh

2 = γh2, (3.30)

where γ := C
√
∥f̄∥2L2(D) + ∥K1/2∥2HS > 0 is a positive constant, independent of h, as required.

We now consider the first case where λ ∈ [0, 1] and where d is restricted to d ∈ {1, 2}. In this

case, since λ ∈ [0, 1], K is no longer trace-class and so we cannot follow the strategy above. In

particular, the step going from (3.24) to (3.25) is no longer valid. We instead need to bound the

HS norm of the difference in solution operators, i.e.

∥S⋆ − Sh∥HS = ∥K1/2L−† −K1/2L̂−†
h ∥HS

≤ ∥K1/2∥L2∥L−† − L̂−†
h ∥HS

= ∥K1/2∥L2∥L−1 − L̂−1
h ∥HS.

Bounds on the HS norm of the difference in solution operators have already been investigated in

[39]. In particular, note that the term ∥L−1 − L̂−1
h ∥HS corresponds with the following term from

the proof of Proposition 4 in [39]:

AZ :=
(
E
[
∥Z 1 −Z 1

h ∥2L2(D)

])1/2
, (3.31)

(where we have set β = 1, σ = 0, q = 2 in the original term AZ from [39]). Here Z 1 denotes

a Gaussian random field (GRF) which, in the parlance of [39], is coloured by the operator L−1,

and Z 1
h is a GRF coloured by the operator L̂−1

h . Note that the covariance operator of a Gaussian

random field coloured by an operator T is C = TT †. Thus, Z 1,Z 1
h correspond to the centred true

and StatFEM priors respectively in the case of white noise forcing. It can be shown that Z 1−Z 1
h

is also a GRF which is coloured by L−1 − L̂−1
h , as stated in the proof of Proposition 3 from [39].
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To see the correspondence between the term AZ and ∥L−1 − L̂−1
h ∥HS we can now use equation

(36) from Proposition 3 in [39] with the GRF Z 1 −Z 1
h to compute:

E
[
∥Z 1 −Z 1

h ∥2L2(D)

]
= tr((L−1 − L̂−1

h )(L−1 − L̂−1
h )†) (3.32)

= tr((L−1 − L̂−1
h )†(L−1 − L̂−1

h )) (3.33)

= ∥L−1 − L̂−1
h ∥

2
HS, (3.34)

as required. Owing to the similarity in the analysis with the proofs of Proposition 4 and Section 8

in [39] we only include the resulting bound for ∥L−1 − L̂−1
h ∥HS in the proof here. This is justified

since the form of the differential operator L together with the choice of FE basis function and

Assumptions 2.1, 2.4, and 2.5 satisfy all the assumptions required by Proposition 4 in [39]. For

completeness we include further details verifying this statement in Appendix B.2. Thus, we can

conclude, as in the proof of Proposition 4 in [39] that we can bound ∥L−1−L̂−1
h ∥HS by O(h2−d/2−ϵ′)

(since in our setting α = 1 in Proposition 4 of [39] this is the rate we obtain) for any ϵ′ > 0 as

required. (Note: the restriction to d ∈ {1, 2} is necessary since we have β = 1 for the PDE

Eq. (2.27) and we are not in the setting β > 1 as required in Proposition 4 for the bound on (AZ )

to hold when d = 3.) ■

Remark 3.4. Note that the bound presented in Theorem 3.3 is in fact sharp. This can be seen by

noting from Eq. (2.86) that the squared Wasserstein distance between the two priors ν⋆, νh contains

the term ∥L−1f̄−L̂−1
h f̄∥2L2(D). Since this term expresses the deterministic FEM discretisation error

the bound for the Wasserstein distance for the priors cannot be tighter than the rate obtained by

the FEM method applied to the deterministic version of our elliptic BVP Eqs. (2.27) and (2.28).

♦

We now prove Theorem 3.4.

Proof of Theorem 3.4.

To start we note that the restriction of λ to the interval (0, 1] when d = 2 and (2/3, 1] when d = 3

is required as outlined in Theorem 3.2. Since both of the posteriors ν̃⋆, ν̃h are Gaussians we have

that ℓ#ν̃⋆ ∼ N
(
ℓm

(⋆)
u|v, ℓΣ

(⋆)
u|vℓ

†
)
and ℓ#ν̃h ∼ N

(
ℓm

(h)
u|v, ℓΣ

(h)
u|vℓ

†
)
are univariate Gaussians. Thus,

we have via Eq. (2.86),

W 2(ℓ#ν̃⋆, ℓ#ν̃h) =
∣∣∣ℓm(⋆)

u|v − ℓm
(h)
u|v

∣∣∣2 + ∣∣∣∣√ℓΣ(⋆)
u|vℓ

† −
√
ℓΣ

(h)
u|vℓ

†
∣∣∣∣2 . (3.35)

We proceed to bound the two terms in the equation above. The following remark will be very

useful throughout this proof.

63



Bayesian Uncertainty Quantification for PDE Models Chapter 3

Remark 3.5. Let (X , ∥ · ∥) be a normed vector space. Let a, ah ∈ X , where ah depends on some

discretisation parameter h. Suppose there are constants M̃, p > 0 such that we have

∥a− ah∥ ≤ M̃hp +O(hp+1) (3.36)

as h→ 0. Then we can bound ∥ah∥ as follows:

∥ah∥ = ∥a+ (ah − a)∥

≤ ∥a∥+ ∥ah − a∥

≤ ∥a∥+ M̃hp +O(hp+1) (3.37)

≤ ∥a∥+O(hp). (3.38)

Both of the forms Eq. (3.37) and Eq. (3.38) will be useful in what follows. ♦

It will be helpful to first derive a bound on ∥Σ⋆ − Σh∥L2 . We proceed as follows:

∥Σ⋆ − Σh∥L2 = ∥L−1KL−† − L̂−1
h KL̂−†

h ∥L2

≤ ∥L−1K(L−1 − L̂−1
h )†∥L2 + ∥(L−1 − L̂−1

h )KL̂−†
h ∥L2

≤ ∥L−1∥L2∥K∥L2∥(L−1 − L̂−1
h )†∥L2 + ∥L−1 − L̂−1

h ∥L2∥K∥L2∥L̂−†
h ∥L2

= (∥L−1∥L2 + ∥L̂−1
h ∥L2︸ ︷︷ ︸
(a)

)∥K∥L2 ∥L−1 − L̂−1
h ∥L2︸ ︷︷ ︸

(b)

≤ (2∥L−1∥L2 + Ch2 +O(h3))∥K∥L2Ch2

≤ C1h
2 +O(h4), (3.39)

where C1 := 2∥L−1∥L2∥K∥L2C > 0 is a constant independent of h. Note we have utilised Re-

mark 3.5 to bound (a) and Lemma 3.1 to bound (b). We have also made use of the fact that

∥L∥X→Y = ∥L†∥Y→X for a bounded linear operator between two Hilbert spaces. With this result

we can now begin to bound the two terms in Eq. (3.35). Starting with the mean term we have,

∣∣∣ℓm(⋆)
u|v − ℓm

(h)
u|v

∣∣∣ = ∣∣∣ℓ(m(⋆)
u|v −m

(h)
u|v)

∣∣∣
≤ ∥ℓ∥L2(D)→R∥m

(⋆)
u|v −m

(h)
u|v∥L2(D).
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Using the definitions of the posterior means we can bound,

∥m(⋆)
u|v −m

(h)
u|v∥L2(D) = ∥m⋆ −mh +Σ⋆S

†B−1
ϵ,⋆(v − Sm⋆)− ΣhS

†B−1
ϵ,h(v − Smh)∥L2(D)

≤ ∥m⋆ −mh∥L2(D)︸ ︷︷ ︸
(c)

+ ∥Σ⋆S
†B−1

ϵ,⋆ − ΣhS
†B−1

ϵ,h∥Rs→L2(D)︸ ︷︷ ︸
(d)

∥v∥

+ ∥Σ⋆S
†B−1

ϵ,⋆Sm⋆ − ΣhS
†B−1

ϵ,hSmh∥L2(D)︸ ︷︷ ︸
(e)

, (3.40)

where we have definedBϵ,i := (ϵ2I+SΣiS
†), i ∈ {⋆, h}. The term (c) was bounded by Ch2∥f̄∥L2(D)

in the proof of Theorem 3.3. We now bound terms (d) and (e). For (d) we have:

∥Σ⋆S
†B−1

ϵ,⋆ − ΣhS
†B−1

ϵ,h∥Rs→L2(D) ≤ ∥(Σ⋆ − Σh)S
†B−1

ϵ,⋆∥Rs→L2(D)

+ ∥ΣhS
†(B−1

ϵ,⋆ −B−1
ϵ,h)∥Rs→L2(D)

≤ ∥Σ⋆ − Σh∥L2∥S∥C(D)→Rs∥B−1
ϵ,⋆∥Rs→Rs

∥Σh∥L2︸ ︷︷ ︸
(f)

∥S∥C(D)→Rs ∥B−1
ϵ,⋆ −B−1

ϵ,h∥Rs→Rs︸ ︷︷ ︸
(g)

. (3.41)

Using Remark 3.5 we can bound (f) by ∥Σ⋆∥L2 +O(h2). In order to obtain a bound for (g) we

first compute:

∥Bϵ,⋆ −Bϵ,h∥Rs→Rs = ∥S(Σ⋆ − Σh)S
†∥Rs→Rs

≤ ∥S∥2C(D)→Rs∥Σ⋆ − Σh∥L2

≤ C1∥S∥2C(D)→Rsh2 +O(h4). (3.42)

Since Bϵ,⋆ and Bϵ,h are invertible we have for sufficiently small h that ∥Bϵ,⋆ − Bϵ,h∥Rs→Rs <

1/∥B−1
ϵ,⋆∥Rs→Rs since Eq. (3.42) gives us that ∥Bϵ,⋆ − Bϵ,h∥Rs→Rs ≤ O(h2). Thus, we can utilise

[66, Corollary 8.2] to deduce that:

∥B−1
ϵ,⋆ −B−1

ϵ,h∥Rs→Rs ≤
∥B−1

ϵ,⋆∥2Rs→Rs∥Bϵ,⋆ −Bϵ,h∥Rs→Rs

1− ∥B−1
ϵ,⋆∥Rs→Rs∥Bϵ,⋆ −Bϵ,h∥Rs→Rs

≤ C2h
2 +O(h4), (3.43)

where C2 := ∥B−1
ϵ,⋆∥2Rs→RsC1∥S∥2C(D)→Rs > 0 is a constant independent of h.

Returning to Eq. (3.41),

∥Σ⋆S
†B−1

ϵ,⋆ − ΣhS
†B−1

ϵ,h∥Rs→L2(D) ≤ (C1h
2 +O(h4))∥S∥C(D)→Rs∥B−1

ϵ,⋆∥Rs→Rs

+ (∥Σ⋆∥L2 +O(h2))∥S∥C(D)→Rs(C2h
2 +O(h4))

≤ C3h
2 +O(h4), (3.44)

65



Bayesian Uncertainty Quantification for PDE Models Chapter 3

where C3 := C1∥S∥C(D)→Rs∥B−1
ϵ,⋆∥Rs→Rs + C2∥S∥C(D)→Rs∥Σ⋆∥L2 > 0 is a constant independent

of h. Now returning to Eq. (3.40), for (e) we have:

∥Σ⋆S
†B−1

ϵ,⋆Sm⋆ − ΣhS
†B−1

ϵ,hSmh∥L2(D)

≤ ∥Σ⋆S
†B−1

ϵ,⋆Sm⋆ − Σ⋆S
†B−1

ϵ,⋆Smh∥L2(D) + ∥Σ⋆S
†B−1

ϵ,⋆Smh − ΣhS
†B−1

ϵ,hSmh∥L2(D)

= ∥Σ⋆S
†B−1

ϵ,⋆S(m⋆ −mh)∥L2(D) + ∥(Σ⋆S
†B−1

ϵ,⋆ − ΣhS
†B−1

ϵ,h)Smh∥L2(D)

≤ ∥Σ⋆∥L2∥S∥2C(D)→Rs∥B−1
ϵ,⋆∥Rs→Rs∥m⋆ −mh∥L2(D)

+ ∥Σ⋆S
†B−1

ϵ,⋆ − ΣhS
†B−1

ϵ,h∥Rs→L2(D)︸ ︷︷ ︸
bound using Eq. (3.44)

∥S∥C(D)→Rs ∥mh∥L2(D)︸ ︷︷ ︸
Remark 3.5

≤ ∥Σ⋆∥L2∥S∥2C(D)→Rs∥B−1
ϵ,⋆∥Rs→RsCh2∥f̄∥L2(D)

+ (C3h
2 +O(h4))∥S∥C(D)→Rs(Ch2∥f̄∥L2(D) + ∥m⋆∥L2(D))

≤ C4h
2 +O(h4), (3.45)

where C4 := C∥Σ⋆∥L2∥S∥2C(D)→Rs∥B−1
ϵ,⋆∥Rs→Rs∥f̄∥L2(D) + C3∥S∥C(D)→Rs∥m⋆∥L2(D) > 0 is a con-

stant independent of h. Putting the three bounds together we obtain:

∥m(⋆)
u|v −m

(h)
u|v∥L2(D) ≤ C∥f̄∥L2(D)h

2 + C3∥v∥h2 + C4h
2 +O(h4)

= C5h
2 +O(h4),

where C5 := C∥f̄∥L2(D) + C3∥v∥ + C4 > 0 is a constant independent of h. Thus, the mean term

in Eq. (3.35) can be bounded, for sufficiently small h, as:

∣∣∣ℓm(⋆)
u|v − ℓm

(h)
u|v

∣∣∣ ≤ C5∥ℓ∥L2(D)→Rh
2 +O(h4). (3.46)

For the covariance term in Eq. (3.35) it will be useful to make use of the following identity which

holds for all x, y > 0:

|
√
x−√y| = |x− y|√

x+
√
y
. (3.47)

This identity follows from writing x− y = (
√
x−√y)(

√
x+
√
y).
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Using identity Eq. (3.47) we have:

∣∣∣∣√ℓΣ(⋆)
u|vℓ

† −
√
ℓΣ

(h)
u|vℓ

†
∣∣∣∣ =

∣∣∣ℓΣ(⋆)
u|vℓ

† − ℓΣ(h)
u|vℓ

†
∣∣∣√

ℓΣ
(⋆)
u|vℓ

† +
√
ℓΣ

(h)
u|vℓ

†

=

∣∣∣ℓ(Σ(⋆)
u|v − Σ

(h)
u|v)ℓ

†
∣∣∣√

ℓΣ
(⋆)
u|vℓ

† +
√
ℓΣ

(h)
u|vℓ

†

≤
∥ℓ∥2L2(D)→R∥Σ

(⋆)
u|v − Σ

(h)
u|v∥L2√

ℓΣ
(⋆)
u|vℓ

† +
√
ℓΣ

(h)
u|vℓ

†
.

In order to proceed with bounding the above we first bound the term involving the difference in

posterior covariances as follows:

∥Σ(⋆)
u|v − Σ

(h)
u|v∥L2 = ∥Σ⋆ − Σh − Σ⋆S

†B−1
ϵ,⋆SΣ⋆ +ΣhS

†B−1
ϵ,hSΣh∥L2

≤ ∥Σ⋆ − Σh∥L2 + ∥Σ⋆S
†B−1

ϵ,⋆SΣ⋆ − ΣhS
†B−1

ϵ,hSΣh∥L2 . (3.48)

The first term above has already been bounded so we focus on the second term and compute:

∥Σ⋆S
†B−1

ϵ,⋆SΣ⋆ − ΣhS
†B−1

ϵ,hSΣh∥L2

≤ ∥Σ⋆S
†B−1

ϵ,⋆SΣ⋆ − ΣhS
†B−1

ϵ,hSΣ⋆∥L2 + ∥ΣhS
†B−1

ϵ,hSΣ⋆ − ΣhS
†B−1

ϵ,hSΣh∥L2

≤ ∥Σ⋆S
†B−1

ϵ,⋆ − ΣhS
†B−1

ϵ,h∥Rs→L2(D)︸ ︷︷ ︸
bound using Eq. (3.44)

∥S∥C(D)→Rs∥Σ⋆∥L2

+ ∥Σh∥L2︸ ︷︷ ︸
Remark 3.5

∥S∥2C(D)→Rs ∥B−1
ϵ,h∥Rs→Rs︸ ︷︷ ︸

Remark 3.5

∥Σ⋆ − Σh∥L2

≤ C3∥S∥C(D)→Rs∥Σ⋆∥L2h2

+ ∥S∥2C(D)→Rs(∥Σ⋆∥L2 +O(h2))(∥B−1
ϵ,⋆∥Rs→Rs +O(h2))(C1h

2 +O(h2)) +O(h4)

≤ C6h
2 +O(h4), (3.49)

where C6 := C3∥S∥C(D)→Rs∥Σ⋆∥L2 + ∥S∥2C(D)→Rs∥Σ⋆∥L2∥B−1
ϵ,⋆∥Rs→RsC1 > 0 is a constant inde-

pendent of h. We can now bound Eq. (3.48) as follows:

∥Σ(⋆)
u|v − Σ

(h)
u|v∥L2 ≤ C7h

2 +O(h4), (3.50)
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where C7 := C1 + C6 > 0 is a constant independent of h. Returning to Eq. (3.35):

∣∣∣∣√ℓΣ(⋆)
u|vℓ

† −
√
ℓΣ

(h)
u|vℓ

†
∣∣∣∣ ≤ ∥ℓ∥2L2(D)→R∥Σ

(⋆)
u|v − Σ

(h)
u|v∥L2√

ℓΣ
(⋆)
u|vℓ

† +
√
ℓΣ

(h)
u|vℓ

†

≤
∥ℓ∥2L2(D)→R√

ℓΣ
(⋆)
u|vℓ

†
· C7h

2 +O(h4)

1 +
√
ℓΣ

(h)
u|vℓ

†/
√
ℓΣ

(⋆)
u|vℓ

†

≤
C7∥ℓ∥2L2(D)→R√

ℓΣ
(⋆)
u|vℓ

†
· h2 +O(h4)

= C8(ℓ)h
2 +O(h4), (3.51)

where C8(ℓ) := C7∥ℓ∥2L2(D)→R/
√
ℓΣ

(⋆)
u|vℓ

† > 0 is a constant independent of h (but dependent on

ℓ). Note that we have used the fact that both of the posterior variance terms ℓΣ
(⋆)
u|vℓ

† and ℓΣ
(h)
u|vℓ

†

are strictly greater than zero, to arrive at the penultimate line above, since this implies that the

denominator is greater than 1. The positivity of the posterior variances follows since both of the

posterior covariances are positive definite due to the sensor noise ϵ being strictly positive. Thus,

putting the mean and variance bounds together we obtain:

W 2(ℓ#ν̃⋆, ℓ#ν̃⋆) ≤ C2
5∥ℓ∥2L2(D)→Rh

4 + C8(ℓ)
2h4 +O(h6)

≤ (C2
5∥ℓ∥2L2(D)→R + C8(ℓ)

2)h4 +O(h6), (3.52)

from which it follows that for sufficiently small h we have W (ℓ#ν̃⋆, ℓ#ν̃⋆) ≤ γ′(ℓ)h2+O(h4), where

γ′(ℓ) :=
√
C2

5∥ℓ∥2L2(D)→R + C8(ℓ)2 > 0 is a constant independent of h as claimed. ■

3.5 Extension to time-dependent problems

In this section we detail our work in extending the error estimates above to the case of parabolic

(spatio-temporal) PDEs.

3.5.1 StatFEM for time-dependent problems

In this section we will present the StatFEM model for linear parabolic PDEs. We begin by

reviewing FEM for parabolic PDEs. Then we will derive the StatFEM model over the solution of

our parabolic PDE. In Section 3.5.2 we detail some results towards deriving rigorous error bounds.

FEM for parabolic PDEs

In this section we will briefly review the additional necessary concepts from FEM which we will

require in order to be able to apply StatFEM to parabolic PDEs. To this end consider the following
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linear parabolic PDE:

∂u(x, t)

∂t
+ (Lu)(x, t) = f(x, t), (x, t) ∈ D × (0, T ],

u(x, t) = 0, (x, t) ∈ ∂D × (0, T ],

u(x, 0) = u(0)(x), x ∈ D,

(3.53)

where L is the elliptic differential operator associated with the elliptic PDE Eq. (2.27) from Sec-

tion 2.2 but now applied to a function of both space and time, i.e.

(Lu)(x, t) := −∇x · (κ(x)∇xu(x, t)) . (3.54)

Note that we have added an x-subscript to the gradient operator, ∇x, to denote that this is

the gradient with respect to the spatial coordinates only. We also note that the conductivity

parameter, κ : D → Rd×d, is the same as in Eq. (2.27) while in contrast the forcing f is now

allowed to be a function of time as well, f ∈ L2(D × (0, T ]). The initial condition is specified by

the function u(0)(x). We call, following [55], the differential operator, ∂
∂t +L, uniformly parabolic if

the conductivity parameter κ in L satisfies Assumption 2.4. We assume this is the case throughout

this section.

We will write u(t) for u(·, t) and f(t) for f(·, t). Just as in the elliptic case in Section 2.2.2

we consider the variational formulation of the parabolic PDE (3.53), namely we seek, for each

t ∈ (0, T ], u(t) ∈ H1
0 (D) satisfying:

〈
∂u

∂t
, v

〉
+ a(u, v) = ⟨f, v⟩, ∀v ∈ H1

0 (D),

u(0) = u(0),

(3.55)

where ⟨·, ·⟩ denotes the inner product on L2(D).

Standard results [55, see Theorems 3, 4 in section 7.1] show that there is a unique weak solution

solving Eq. (3.55). We will now present the Galerkin approximation of the variational problem

(3.55). This approximation can be done either in a semidiscrete or in a completely discrete manner.

These two approaches will be discussed below.

Semidiscrete Galerkin FEM

The semidiscrete Galerkin approximation to the variational problem (3.55) is to seek, for each

t ∈ (0, T ], an approximate solution uh(t) ∈ Vh, where Vh is a finite dimensional subspace of

H1
0 (D). Here Vh is again taken to be a subspace of the space of piecewise polynomial functions

defined on the mesh associated with a triangulation Th of D as discussed in Section 2.2.2. Thus,
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the semidiscrete Galerkin problem is to find for, t ∈ (0, T ], a solution to:

〈
∂uh
∂t

, v

〉
+ a(uh, v) = ⟨f, v⟩, ∀v ∈ Vh,

uh(0) = u
(0)
h ,

(3.56)

where u
(0)
h ∈ Vh is some approximation of the initial condition u(0). Since we have only discretised

in space we refer to this as the spatially semidiscrete problem. We can now use the nodal basis

{φi}nu

i=1, defined in Section 2.2.2, to express the approximate solution as uh(t) = ΦTu(t) where Φ

is the vector of the FE nodal basis functions and u(t) is the time-dependent vector of degrees of

freedom (DOFs). By utilising the linearity of (3.56) we have that u(t) satisfies the following vector

initial value problem (IVP):

Mu′(t) +Au(t) = f(t), t ∈ (0, T ],

u(0) = γ,

(3.57)

where A,M are the stiffness and mass matrices Eqs. (2.46) and (2.48) from Section 2.2.2 respec-

tively, f(t) is the time-dependent load vector whose i-th entry is given by fi(t) = ⟨f(t), φi⟩ and γ

denotes the nodal values of u
(0)
h .

Recall from Section 2.2.2 that the stiffness matrix is invertible; in fact it is also positive definite

[89, see Section 5.2]. Similarly the mass matrix is also positive definite (and so invertible) [89, see

Section 10.1]. We can thus rewrite the above IVP as follows:

u′(t) +M−1Au(t) = M−1f(t), t ∈ (0, T ],

u(0) = γ.

(3.58)

This IVP has a unique solution for t ∈ (0, T ] as the following theorem, following the presentation

in [89, Section 7.1], shows.

Theorem 3.5. There exists a unique solution to the following IVP associated with the linear,

constant coefficient, system of ODEs:

x′(t) +Bx(t) = g(t), t > 0, (3.59)

x(0) = x0, (3.60)

where here x : [0,∞)→ Rd, B ∈ Rd×d, g : [0,∞)→ Rd, and x0 ∈ Rd. ♦

Proof. To solve this equation we must first introduce the exponential of a matrix via the following
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power series:

eB :=

∞∑
n=0

1

n!
Bn, (3.61)

where B0 = Id is the d× d identity matrix. This definition is based on the Maclaurin series of the

regular exponential function and the series in Eq. (3.61) can easily be shown to converge for any

d× d matrix B. We will require the following three properties of this matrix exponential, adopted

from [89, Section 7.1]:

• If B1,B2 ∈ Rd×d commute, i.e. B1B2 = B2B1, then we have:

eB1+B2 = eB1eB2 = eB2eB1 . (3.62)

• The time derivative of the matrix e−tB is given by the following:

d

dt
e−Bt =

d

dt

( ∞∑
n=0

1

n!
tn(−B)n

)
=

∞∑
n=1

1

(n− 1)!
tn−1(−B)n = −Be−tB. (3.63)

• Since any matrix commutes with itself we have the following result for any t ∈ R:

BetB = etBB. (3.64)

We can now make progress towards solving the IVP Eqs. (3.59) and (3.60). We start by premulti-

plying both sides of Eq. (3.59) by the matrix etB:

etB (x′(t) +Bx(t)) = etBg(t) (3.65)

etBx′(t) + etBBx(t) = etBg(t). (3.66)

We can now use Eq. (3.64) to rewrite the above as follows:

etBx′(t) +BetBx(t) = etBg(t). (3.67)

Using Eq. (3.63) together with product rule of differentiation allows us to further rewrite the above

as: (
etBx(t)

)′
= etBg(t). (3.68)

We can now integrate yielding the following:

etBx(t) = x0 +

∫ t

0

esBg(s)ds, (3.69)
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from which the solution finally follows as:

x(t) = e−tBx0 +

∫ t

0

e−(t−s)Bg(s)ds, (3.70)

where we have used Eq. (3.62) to simplify the expression above. We thus have established existence

of a solution to the IVP Eqs. (3.59) and (3.60). To establish uniqueness suppose x1,x2 are two

solutions to the IVP Eqs. (3.59) and (3.60). Let w(t) := x1(t) − x2(t) denote their difference.

Since both x1,x2 are solutions to our IVP we have that w satisfies

w′(t) +Bw(t) = 0, t > 0, (3.71)

w(0) = 0. (3.72)

This can be converted into the corresponding integral equation:

w(t) = −
∫ t

0

Bw(s)ds, (3.73)

which implies that the following holds for all t > 0:

|w(t)| ≤ ∥B∥
∫ t

0

|w(s)|ds, (3.74)

where ∥B∥ is the operator norm of the matrix B. Note that this inequality is of the form

|w(t)| ≤ a+ ∥B∥
∫ t

0

|w(s)|ds, (3.75)

with a = 0 and so it follows via Grönwall’s inequality [69] that |w(t)| ≤ ae∥B∥t = 0 for all t > 0

which implies that w(t) = 0 and so x1(t) = x2(t) establishing uniqueness as required. ■

The above theorem can be applied to the IVP Eq. (3.58) to establish the existence of a unique

solution as claimed. We thus obtain the semidiscrete Galerkin FEM approximation as uh(t) =

ΦTu(t) where u(t) is the unique solution to Eq. (3.58).

Completely discrete schemes

We now move on to discuss some simple schemes for discretising our parabolic problem with respect

to time as well as space. We follow the presentation in [89, Chapter 10]. Most such schemes start

off with the semidiscrete Galerkin problem (3.56). To this end we now introduce a discretisation

0 = t0 < t1 < ... < tN = T of the time interval (0, T ], where tn := n∆t (with ∆t = T/N). We

assume that T and ∆t are such that N is an integer, though this assumption is not necessary.
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Denote by u
(n)
h the approximation of uh(t) at time tn. Similarly, denote f (n) := f(tn). We can

now obtain completely discrete schemes by discretising the time derivative in (3.56) with different

difference quotients. For example, we can utilise a forward difference quotient,

∂uh(tn)

∂t
≈ ∂tu(n)h := (∆t)−1(u

(n+1)
h − u(n)h ), (3.76)

to obtain the so called forward Euler-Galerkin method:

⟨∂tu(n)h , v⟩+ a(u
(n)
h , v) = ⟨f (n), v⟩, ∀v ∈ Vh,

u
(0)
h = u

(0)
h .

(3.77)

In terms of our nodal basis this can be expressed in the following matrix form as:

Mu(n+1) = (M− (∆t)A)u(n) + (∆t)f (n) n = 0, 1, ..., N − 1

u(0) = γ,

(3.78)

where u(n) ≈ u(tn) and f (n) := f(tn). If we instead utilise a backward difference quotient

∂uh(tn)

∂t
≈ ∂̄tu(n)h := (∆t)−1(u

(n)
h − u(n−1)

h ), (3.79)

we instead obtain the so-called backward Euler-Galerkin method, which can be written in

matrix notation as:

(M+ (∆t)A)u(n) = Mu(n−1) + (∆t)f (n), n = 0, 1, ..., N − 1,

u(0) = γ.

(3.80)

Other completely discrete schemes are possible, such as the popular Crank-Nicolson-Galerkin

method. In this section we will focus our attention on the forward Euler-Galerkin method

though nothing prevents us from utilising another completely discrete scheme.

StatFEM model for time-dependent problems

In this section we will present the StatFEM approximation for the solution of a stochastic version

of our parabolic PDE. We follow the approach taken in [50, see the supplementary material]. To

this end, consider a stochastically-forced version of the parabolic PDE (3.53) where now the forcing

f is taken to be random. In particular, let f = f̄ + ξ where f̄ is the mean of f and ξ is taken to

be a zero-mean Gaussian process,

ξ ∼ GP(0, kξ). (3.81)
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We will assume, for mathematical simplicity that ξ has a separable covariance function of the form

kξ((x, t), (x
′, t′)) = δ(t− t′)k(x,x′), (3.82)

i.e. the noise ξ is white in time and spatially regular via k(·, ·). We now present the StatFEM

model for the forward Euler-Galerkin method.

StatFEM model for Forward Euler-Galerkin Method

Since the forcing f is random, our solution u will also be random. In general, we do not have

expressions for how the solution depends on the forcing and as such it is impossible to explicitly

compute the resulting distribution of our solution. We will thus turn to an approximate distribution

based on a FEM discretisation of the solution as was done for elliptic PDEs in Section 3.3.1. This

procedure will now be outlined.

Denote by f̄(t) the mean of the time-dependent load vector, i.e. the vector with i-th entry given

by f̄i(t) = ⟨f̄ , φi⟩. Similarly, denote by ξ(t) the (random) vector with i-th entry ξi(t) = ⟨ξ(t), φi⟩.

Our assumptions on the covariance structure of ξ yield the following covariance structure for the

mean zero vector ξ(t):

cov(ξ(t)) = E
[
ξ(t)ξ(t′)T

]
= δ(t− t′)G, (3.83)

where G ∈ Rnu×nu is the matrix with ij-th entry given by:

Gij =

∫
D

∫
D

φi(x)k(x,x
′)φj(x

′)dxdx′. (3.84)

If we apply the completely discrete Forward Euler-Galerkin method Eq. (3.78) to our stochas-

tically forced parabolic PDE we obtain the following recursion:

u(n+1) = (Inu − (∆t)M−1A)u(n) + (∆t)M−1f̄ (n) + (∆t)M−1ξ(n), n = 0, 1, ..., N − 1,

u(0) = γ,

(3.85)

where f̄ (n) := f̄(tn) and ξ(n) := ξ(tn). Observe that due to the covariance structure of ξ(t) we

have that the collection of random vectors {ξ(n)}N−1
n=0 are independent and identically distributed

(i.i.d.) multivariate normal, ξ(n) ∼ N (0,G).

This update rule allows us to write down the StatFEM model associated with the forward

Euler-Galerkin method, as the following conditional measure at time tn:

u(n)|u(n−1) ∼ N ((Inu
− (∆t)M−1A)u(n−1) + (∆t)M−1f̄ (n−1), (∆t)2M−1GM−T ). (3.86)
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Since our approximate FEM solutions at time tn are given by u
(n)
h = ΦTu(n) we see that the

means of the conditional distributions (3.86) correspond to applying the forward Euler-Galerkin

method to our parabolic PDE with the forcing taken to be just the mean f̄ . This observation will

allow us to start working on proving some error estimates for the time-dependent case.

3.5.2 Discretisation Error Analysis

We can now present a result towards deriving error estimates for the time-dependent case. To

this end let us suppose that we have the following bounds for the L2 error of a general completely

discrete scheme for our deterministic parabolic PDE:

Assumption 3.3. Let u be the unique weak solution to the parabolic PDE (3.53) and let u
(n)
h

by the FEM approximation at time tn resulting from a completely discrete scheme. Assume that

f ∈ L2(D × (0, T ]) and that our domain D is sufficiently regular. We then assume we have the

following error bound, for sufficiently small h,∆t:

∥u(n) − u(n)h ∥L2(D) ≤ C1h
α + C2(∆t)

β , (3.87)

where C1, C2 > 0 are positive constants independent of h,∆t which depend on the true solution u

in general and α, β > 0. ♦

If Assumption 3.3 holds for the Forward Euler-Galerkin scheme then we have that the StatFEM

prior mean has the same h,∆t error dependence, i.e. the following theorem also holds:

Theorem 3.6. (Prior mean error analysis) Let m(n),m
(n)
h be the true and StatFEM mean func-

tions at time tn. We have the following error bound for sufficiently small h,∆t:

∥m(n) −m(n)
h ∥L2(D) ≤ C3h

α + C4(∆t)
β , (3.88)

where now the constants C3, C4 > 0 depend on the true solution of the deterministic parabolic PDE

with forcing taken to be f̄ . ♦

Proof. This result follows from our observation that the means for the StatFEM prior correspond

to applying the completely discrete scheme to the parabolic PDE with forcing taken to be f̄ . This

allows us to utilise the bound in Assumption 3.3 with constants specific to the solution of our

parabolic PDE with forcing taken to be f̄ as required which yields:

∥m(n) −m(n)
h ∥L2(D) ≤ C3h

α + C2(∆t)
β , (3.89)

as required. ■
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3.5.3 Future work for the time-dependent case

We now comment on potential avenues for future work in light of the result Theorem 3.6:

• We need to establish that a bound of the form given in Assumption 3.3 holds for the

Forward Euler-Galerkin scheme. Such an error bound holds for the Backward Euler-

Galerkin and Crank-Nicolson-Galerkin schemes [89, see section 10.2]. We have also been

deliberately vague about the required regularity for these results to hold. Tying this down

is one potential avenue for future research.

• It would be desirable to find error bounds for the time-dependent case which do not depend

on the true solution.

• We are also interested in extending this analysis to the error between the covariance terms.

This was something we attempted but which proved to be more challenging.

• If bounds on the covariance terms can be established it will be interesting to see if we

can prove an analogue of Theorem 3.3 for the time-dependent case for the Wasserstein-2

distance or other distances e.g. the Wasserstein-1 distance.

• If the error analysis above is not possible another potential avenue would be to investigate

numerical simulations detailing that such results hold.

• Once we investigate the error for the StatFEM prior we can also consider incorporating

noisy solution observations and deriving error bounds for a Kalman filter like scheme as

detailed in [50].

3.6 Discussion

In this chapter we have provided detailed error analysis for the StatFEM method first intro-

duced in [65] for the case of spatial elliptic BVPs. In particular, we have proven that the Stat-

FEM prior converges, with respect to the Wasserstein-2 distance, to the true prior at a rate of

O(h2)/O(h2− d
2−ϵ′) in the distinct cases where the forcing covariance kf satisfies Assumption 3.1

with λ ∈ (1,∞)/λ ∈ [0, 1]. We also showed that given noisy observations of linear quantities of in-

terest, the resulting posterior approximation is also controlled at a rate of O(h2). In both settings,

the choice of the Wasserstein distance provides a convenient metric in which to quantify the error

introduced through discretisation. We also presented some work towards detailed error analysis for

the StatFEM method for parabolic PDEs. This work, while still at an early stage, is one potential

avenue for future work as detailed in Section 3.5.3. Several other possible avenues for future work

present themselves. The first would be to prove error bounds for the full posterior distributions,
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extending Theorem 3.4. In a similar vein, it would be interesting to look into generalising these

error bounds to non-linear problems or problems driven by non-Gaussian noise. Another avenue

which would be interesting is to see if similar error bounds can be proven for distributions utilising

approximations other than FEM. Generalising the results to utilise Wasserstein-p distance, for

p > 2, would also be an interesting goal, as this will allow one to have even more control over

other aspects of the distribution such as quantiles and extrema, which is especially important for

risk-assessment applications.

In the next chapter we present the numerical experiments illustrating the theoretical results

for the case of spatial elliptic BVPs.
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Chapter 4

StatFEM Error Analysis

Numerical Experiments

4.1 Introduction

In this chapter we will present some numerical experiments demonstrating the theoretical results

from Section 3.4 for the case of spatial elliptic BVPs. In Section 4.2 we will consider a one-

dimensional example in which we have access to an explicit formula for the Green’s function, while

in Section 4.3 we will consider a more challenging two-dimensional problem in which the solution

operator is not available. In both scenarios we will aim to demonstrate the StatFEM prior and

posterior bounds. Note that while Theorem 3.4 shows only that W (ℓ#ν̃⋆, ℓ#ν̃h) is O(h2) our

experiments suggest that for the problems examined here it also holds that W (ν̃⋆, ν̃h) is O(h2).

Finally, in Section 4.4 we explore whether our convergence results extend beyond the linear setting

by calculating the Wasserstein distance between the prior and posterior distributions of a nonlinear

quantity of interest, given by maxx∈D u(x). The code for these numerical experiments is available

online1. Additional implementation details for the experiments are provided in Appendix C.1.

Remark 4.1. Note that in the prior case we will only demonstrate the bounds for the case when

K is trace-class, i.e. the case that λ ∈ (1,∞) in Assumption 3.1. ♦
1↑https://github.com/YanniPapandreou/statFEM_analysis
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4.2 One-dimensional Poisson Equation

In this section we will present a numerical experiment involving the following one-dimensional

Poisson equation:

−d
2u

dx2
(x) = f(x), x ∈ [0, 1],

u(0) = u(1) = 0,

(4.1)

where the forcing f is distributed as, f ∼ GP(f̄ , kf ), with mean and covariance function given by:

f̄(x) = 1, (4.2)

kf (x, y) = σ2
f exp (−ℓf |x− y|) . (4.3)

We take σf = 0.1 and ℓf = 4. Note that the BVP from Eq. (4.1) is an instance of the general

problem Eqs. (2.27) and (2.28) with d = 1, D = [0, 1], and κ(x) ≡ 1. The Green’s function, G(x, y),

for the BVP from Eq. (4.1) is easily computed to be:

G(x, y) = x(1− y)Θ(y − x) + (1− x)yΘ(x− y), ∀x, y ∈ [0, 1], (4.4)

where Θ(x) is the Heaviside Step function. As discussed in Section 3.3.1 the solution u to problem

Eq. (4.1) will be the Gaussian process defined by Eq. (3.1). Since we readily have the Green’s

function available for our 1D problem we can explicitly write down this distribution as:

u ∼ N (µ⋆, k⋆), (4.5)

where the mean and covariance functions are given by:

µ⋆(x) =

∫ 1

0

G(x,w)f̄(w) dw =
1

2
x(1− x), (4.6)

k⋆(x, y) =

∫ 1

0

∫ 1

0

G(x,w)kf (w, t)G(t, y) dtdw. (4.7)

Note that we have explicitly computed the integral for the mean µ⋆, but not for the covariance k⋆.

The double integral for the covariance is approximated numerically using quadrature to accurately

compute this on a reference grid.

4.2.1 Prior results for 1-D example

Since we can straightforwardly evaluate the true prior numerically, we can now demonstrate the

error bound for the StatFEM prior given in Theorem 3.3. In order to do this the following remark,

taken from [131], will be useful.
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Remark 4.2. When we have access to the true distributions we can estimate the rate of conver-

gence of the StatFEM priors and posteriors as follows. Let η⋆, ηh denote the true and StatFEM

prior (or posterior) respectively. If we assume that we have a rate of convergence p, i.e.

W (η⋆, ηh) ≤ O(hp) as h→ 0, (4.8)

then we have that there is a constant C > 0, independent of h, such that,

W (η⋆, ηh) = Chp +O(hp+1), (4.9)

from which it follows that,

logW (η⋆, ηh) = p log h+ log |C|+O(h). (4.10)

From this we can see that we can estimate the rate of convergence, p, when we know the true

distributions by computing the Wasserstein distance for a range of sufficiently small h-values,

plotting a log-log plot of these values, and estimating the slope of the line of best fit. ♦

As outlined in Remark 4.2 above we compute, for a range of sufficiently small h-values, an

approximation of the Wasserstein distance between the two priors and then plot these results on

a log-log scale. We take a reference grid of N = 51 equally spaced points in [0, 1] to compare the

covariances, and we take 30 h-values in [0.02, 0.25]. With these choices we obtain the plot shown

in Fig. 4.1a. From this plot we can see that the results indeed lie along a straight line with a slope

estimated to be p = 1.99 (to 2 decimal places) using scipy’s built in linear regression function.

4.2.2 Posterior results for 1-D example

For this example we will consider a specific case of the general Bayesian inverse problem outlined

in Section 3.3.2 which will correspond to taking the observation operator S to be a pointwise

evaluation operator. More specifically, we suppose that we have sensor data which correspond to

noisy observations of the value of the solution u at some points {xi}si=1 ⊂ D. We thus take S to be

the operator which maps a function g to the vector Sg := (g(x1), . . . , g(xs))
T ∈ Rs. For this choice

of S the update equations for the posterior means and covariances given in Eqs. (3.10) and (3.11)

respectively can be simplified to a form which is more amenable to computation. These forms, for
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i being either the symbol ⋆ or h, are:

m
(i)
u|v(x) = mi(x)− k(i)(x)TB−1

ϵ,i (m
(i) − v), (4.11)

k
(i)
u|v(x, y) = ki(x, y)− k(i)(x)TB−1

ϵ,i k
(i)(y), (4.12)

Bϵ,i := ϵ2I + SΣiS
† = ϵ2I + CY,i, (4.13)

k(i)(x) := (ki(x, x1), . . . , ki(x, xs))
T , (4.14)

where k
(i)
u|v is the covariance function associated with Σ

(i)
u|v and where the matrix CY,i := SΣiS

† ∈

Rs×s has pq-th entry ki(xp, xq). The specific sensor observations used in the experiments were

obtained by simulating a trajectory from ν⋆ evaluated at the locations x1, . . . , xs.

Since we have the true posterior in an explicit form we can now demonstrate that the error

bound for the full StatFEM posterior agrees with the error bound for linear quantities of interest

from the posterior given in Theorem 3.4. We demonstrate this error bound for 4 different levels

of sensor noise, ϵ = 0.00005, 0.0001, 0.01, 0.1. These levels are chosen so that the lower values

are comparable to the prior variances. We take s = 10 sensor readings equally spaced in the

interval [0.01, 0.99] ⊂ D. For each level of sensor noise we again follow the argument outlined

in Remark 4.2 and compute, for a range of sufficiently small h-values, an approximation of the

Wasserstein distance between the two posteriors, and plot these results on a log-log scale. We take

a reference grid of N = 41 equally spaced points in [0, 1] to compare the covariances, and we take

28 h-values in [0.025, 0.25]. With these choices we obtain the plot shown in Fig. 4.1b. We also

present the estimates for the slopes and intercepts of the lines of best fit in Table 4.1.

(a) Prior case (b) Posterior case

Figure 4.1: 1-D prior and posterior results. Fig. 4.1a shows a log-log plot of Wasserstein distance
against h for the priors. The slope of the fitted line is estimated to be p = 1.99, in agreement
visually with the reference line. Fig. 4.1b shows a log-log plot of Wasserstein distance against h
for the posteriors for varying levels of sensor noise. In both sub-figures, the reference line has a
slope of 2. Notice how the best fit lines are all parallel to the reference line.

We can see from Fig. 4.1b and Table 4.1 that we obtain lines of best-fit which are all parallel to

each other, each with a slope of around p = 2. The intercepts are slightly different for each level of

sensor noise, as is to be expected since the constant in Theorem 3.4 depends upon ϵ. These results
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Table 4.1: Estimate of slopes and intercepts for the different levels of sensor noise ϵ. All of the
slopes are around 2.

ϵ slope intercept

0.00005 1.9903 -2.9681
0.00010 1.9976 -2.9178
0.01000 1.9796 -2.7523
0.10000 1.9859 -2.3126

show that the error bound for the full posterior distributions is also of order p = 2, suggesting

that it is possible to extend Theorem 3.4 to the Wasserstein distance between the full posteriors.

Proving this is left to future research.

4.3 Two-dimensional Poisson Equation

In this section we will present a numerical example involving the following two-dimensional Poisson

equation:

−∆u(x) = f(x), x ∈ D := [0, 1]2,

u(x) = 0, x ∈ ∂D,
(4.15)

where the forcing f is distributed as, f ∼ GP(f̄ , kf ), with mean and covariance given by

f̄(x) = 1, (4.16)

kf (x,y) = σ2
f exp (−ℓf∥x− y∥) . (4.17)

Again we take σf = 0.1 and lf = 4. Note that the BVP from Eq. (4.15) is an instance of the

general problem Eqs. (2.27) and (2.28) with d = 2, D = [0, 1]2, and κ(x) ≡ 1. For this problem we

use the approach outlined in Remark 4.3 below to demonstrate the error bounds. We present the

error estimates for the prior and posterior separately in the following sections.

4.3.1 Prior results for 2-D example

Following the notation of Theorem 3.3 we denote the StatFEM prior by νh. Since we do not have

access to the true distributions here we will need an alternative approach to that of Remark 4.2.

This approach is outlined in the remark, taken from [131], below:

Remark 4.3. When we do not have access to the true distributions we can proceed as follows.

Again assuming that we have a rate of convergence, p, as given by Eq. (4.8), we can obtain an

estimate as follows. First we utilise the triangle inequality to obtain,

W (ηh, ηh/2) ≤W (ηh, η⋆) +W (η⋆, ηh/2). (4.18)
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Together with Eq. (4.9) this yields,

W (ηh, ηh/2) = Chp + C(h/2)p +O(hp+1). (4.19)

Similarly we have,

W (ηh/2, ηh/4) = C(h/2)p + C(h/4)p +O(hp+1). (4.20)

Dividing the two equations above yields,

W (ηh, ηh/2)

W (ηh/2, ηh/4)
=

Chp + C(h/2)p +O(hp+1)

C(h/2)p + C(h/4)p +O(hp+1)

=
1 + 2−p +O(h)

2−p + 2−2p +O(h)

= 2p +O(h), (4.21)

from which it follows that,

LR(h) := log2
W (ηh, ηh/2)

W (ηh/2, ηh/4)
= p+O(h). (4.22)

From the above equation we can see that we can obtain an estimate of the rate of conver-

gence by computing, for a range of sufficiently small h-values, the base-2 logarithm of the ratio

W (ηh, ηh/2)/W (ηh/2, ηh/4) and estimating the limit as h gets very small. ♦

We take a reference grid of M = 412 = 1681 equally spaced points in [0, 1]2 to compare the

covariances. We compute the logarithms for 59 h-values in the interval [0.0275, 0.315]. Note that

these h-values are not equally spaced; instead they are arranged according to a refinement strategy

which was utilised for efficient use of memory. With these choices we obtain the plot shown in

Fig. 4.2a.

(a) Plot of LR(h) against h. (b) Plot of smoothed LR(h) for h ≤ 0.15.

Figure 4.2: 2-D prior results. Figure 4.2a shows a plot of LR(h) against h. Figure 4.2b show a
plot of smoothed LR(h) for h ≤ 0.15. The horizontal axis indicates the smallest h value taken in
the cumulative averages.
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From this plot we can see that the logarithms seem to be approaching p = 2 as h→ 0, as our

theory suggests. Note that the points are somewhat oscillatory, though they seem to be oscillating

around 2. To illustrate this more we smooth the above results by first discarding the results for

larger h-values and then computing a cumulative average of the ratios before applying the base-2

logarithm. Note that this cumulative average is taken by starting with the results for large h first.

We take our cutoff point to be h = 0.15. These smoothed results are shown in Fig. 4.2b.

From Fig. 4.2b we can see that by discarding the values corresponding to h > 0.15 the base-2

logarithms of the rolling averages converge to a value slightly greater than 2. The final logarithm

for these rolling averages is p = 2.01 (to 2 decimal places). Thus, we obtain results in close

agreement with Theorem 3.3.

4.3.2 Posterior results for 2-D example

For this example we will consider the same specific case of the general Bayesian inverse problem

which we chose in Section 4.2.2. That is, we will again take the observation operator S to be

an evaluation operator. Since we do not have the true prior in an explicit form, we also do not

have the true posterior and as such we will utilise the argument in Remark 4.3 to demonstrate the

StatFEM posterior error bound. To generate sensor readings, since we do not have access to the

true prior, we instead simulated trajectories from the StatFEM prior with a very fine grid of mesh

size h = 1/120.

We take a reference grid of M = 412 = 1681 equally spaced points in [0, 1]2 to compare the co-

variances. We set the sensor noise level to ϵ = 0.001 and take s = 25 sensor readings equally spaced

in [0.01, 0.99]2 ⊂ D. The level of sensor noise is chosen to be comparable to the prior variances.

We follow the notation of Theorem 3.4 and denote the StatFEM posterior by ν̃h. We compute the

logarithms log2
(
W (ν̃h, ν̃h/2)/W (ν̃h/2, ν̃h/4)

)
for 53 h-values in the interval [0.03125, 0.315], which

are spread out according to the refinement strategy mentioned in Section 4.3.1. With these choices

we obtain the plot shown in Fig. 4.3a.

From this plot we can see that the logarithms seem to be approaching p = 2 as h gets small.

However, just as in Section 4.3.1, the results are oscillatory but seem to be oscillating around p = 2.

We will thus smooth the results as explained in Section 4.3.1. We again take the cutoff point to

be h = 0.15. These smoothed results are shown in Fig. 4.3b. From this figure we can see that

by discarding the values corresponding to h > 0.15 the base-2 logarithms of the rolling averages

converge to a value slightly less than 2. The final logarithm of these rolling averages is p = 1.99 (to

2 decimal places). Thus, just as in the 1D example we see results which suggest that it is possible

to extend Theorem 3.4 to the case of the full posteriors.
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(a) Plot of LR(h) against h. (b) Plot of smoothed LR(h) for h ≤ 0.15.

Figure 4.3: 2-D posterior results. Figure 4.3a shows a plot of LR(h) against h. Figure 4.3b show
a plot of smoothed LR(h) for h ≤ 0.15. The horizontal axis indicates the smallest h value taken
in the cumulative averages.

4.4 Distribution of the maximum

In this section we will present a numerical experiment involving the same one-dimensional Poisson

equation Eq. (4.1). The forcing f will follow the same distribution as given in Section 4.2. Since

the solution, u, is random the maximum, maxx∈[0,1] u(x), is a univariate random variable. Since

taking the maximum is not a linear functional we have no guarantees that the distribution of the

maximum will be Gaussian. More importantly our results from Theorem 3.4 will not necessarily

hold for this example.

We will investigate the errors for the true and StatFEM prior/posterior distributions for the

maximum via a Monte Carlo approach as we now outline in the following remark.

Remark 4.4. Let η⋆, ηh denote the true and StatFEM prior (or posterior) for the maximum of

u respectively. We are interested in investigating the rate of convergence of W (η⋆, ηh) as h → 0.

This is done as follows: in both the prior and posterior case we will first fix a reference grid {x̃i}Ni=1

and obtain samples of trajectories of the solution on this grid from the true distribution. We then

take the maximum values of these trajectories to obtain an (approximate) sample from the true

distribution for maxx∈[0,1] u(x). For a range of h-values we will then simulate trajectories of the

solution on the same reference grid from the StatFEM distribution and then take the maximum

values of these to obtain an (approximate) sample for the StatFEM case. We will then compute

an approximation of the Wasserstein distance W (η⋆, ηh) by computing the Wasserstein distance

between these two empirical distributions for each h-value by utilising the Python package POT

[57]. We then investigate the rate of convergence as outlined previously in Remark 4.2. ♦

The results for the StatFEM priors and posteriors will be presented separately in the following

sections.

85



Bayesian Uncertainty Quantification for PDE Models Chapter 4

4.4.1 Prior results for maximum example

As outlined in Remarks 4.2 and 4.4, we compute, for a range of sufficiently small h-values, a Monte

Carlo approximation to the Wasserstein distance between the two priors for the maximum. We

take a reference grid of N = 100 equally spaced points in [0, 1] and 30 h-values in [0.02, 0.25]. We

simulate 1000 trajectories from both priors to obtain approximate samples of the maximum. With

these choices we obtain the plot shown in Fig. 4.4a. From this plot we can see that the we indeed

have convergence of the Wasserstein distance for this non-linear quantity of interest to 0, but at a

different rate than that given in Theorem 3.3. The slope is estimated to be p = 0.42 (to 2 decimal

places).

(a) Prior case for maximum (b) Posterior case for maximum

Figure 4.4: 1-D prior and posterior results for the maximum. Figure 4.4a shows a log-log plot of
Wasserstein distance against h for the priors for the maximum. The reference line has a slope of
0.415. The slope of the fitted line is estimated to be p = 0.415, in agreement visually with the
reference line. Figure 4.4b shows a log-log plot of Wasserstein distance against h for the posteriors
for the maximum for different levels of sensor noise.

4.4.2 Posterior results for maximum example

For the posterior case we take a reference grid of N = 41 equally spaced points in [0, 1] to sim-

ulate 1000 trajectories and 30 h-values in [0.02, 0.25]. We take s = 10 sensor readings equally

spaced in the interval [0.01, 0.99]. This is repeated for 4 different levels of sensor noise, ϵ =

0.0001, 0.0005, 0.001, 0.01, again chosen so that the lower noise levels are comparable to the prior

variances. For each level of noise we follow the argument outlined in Remarks 4.2 and 4.4. With

these choices we obtain the plot shown in Fig. 4.4b. We also present the estimates for the slopes

and intercepts of the lines of best fit in Table 4.2.

From Fig. 4.4b and Table 4.2 we can see that for each level of sensor noise we do indeed have

convergence to 0 as h goes to 0. However, we observe that the rate is not always the same as that

given in Theorem 3.4. From Table 4.2 it is particularly clear that as the sensor noise level decreases

the rate of convergence increases. In particular, for ϵ = 0.0001, 0.0005 we have rates around p = 2,

similar to the case of linear quantities of interest. We hypothesise that this is because as the sensor
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Table 4.2: Estimate of slopes and intercepts for the different levels of sensor noise ϵ.

ϵ slope intercept

0.00010 2.2008 -2.4444
0.00050 1.8764 -3.3165
0.00100 1.5844 -4.0858
0.01000 0.7999 -5.2773

noise decreases the posterior distribution concentrates more as the solution is better identified and

this, combined with the fact that we take sensor readings close to the where the true prior mean

Eq. (4.6) has a maximum, forces the maximum of the simulated trajectories to always be at the

argmax of the prior mean in the exact case, i.e. at x = 0.5. Thus, for very low levels of sensor

noise taking the maximum of the posterior draws is almost identical to evaluating the solution at

x = 0.5; such an evaluation is a linear quantity of interest and so one would expect the results

from Theorem 3.4 to hold.

4.5 Discussion

In this chapter numerical experiments demonstrating the theoretical results for the case of spatial

elliptic BVPs from Section 3.4 on standard FEM test problems were presented. These demonstrated

the rates for the prior theory, while also showing that it may be possible to extend the posterior

results to the full distribution as opposed to just linear quantities of interest. Note also that the

numerical experiments presented in this chapter demonstrate the sharpness of the error bounds

presented in Theorems 3.3 and 3.4 as was noted in Remark 3.4. An example involving a non-linear

quantity of interest was also presented, showcasing an example which lies out of the remit of our

theory and showing that the rates proved may be limited to linear quantities of interest. One

possible avenue for future work would be to perform numerical simulations investigating if any of

these results carry over to the case of spatio-temporal problems.
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Chapter 5

Background for Probabilistic

Modelling of Localised Active

Subspaces

In this chapter we will introduce additional relevant and required background knowledge for the

second project this thesis will present. We will follow the notation from Chapter 2 unless otherwise

stated.

5.1 The Matrix Normal Distribution

Having introduced the multivariate normal distribution in Section 2.3.2 we can now define the

Matrix Normal Distribution which will be useful in Chapter 6. Before presenting this definition

we first introduce the vectorisation operator, which we will denote by vec. This operator takes a

matrix M ∈ Rd×n and returns a vector in Rdn by stacking the columns of M on top of each other,

i.e. if M = [m1, ...,mn] where mi ∈ Rd for i = 1, ..., n then,

vec(M) :=


m1

...

mn

 . (5.1)

We will denote the inverse of the vectorisation operator by v 7→ unvec(v; d, n). Note that in order

for this to be well-defined we have specified the dimensions of the matrices involved, though we

will typically suppress the dimensions from unvec when they are clear from the context. We can

now present the definition of the Matrix Normal Distribution as follows:
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Definition 5.1 (Matrix Normal Distribution). A random matrix X ∈ Rd×n is said to follow

a matrix normal distribution with parameters M ∈ Rd×n,U ∈ Rd×d,V ∈ Rn×n written

X ∼MN (M,U,V), (5.2)

if and only if the vectorisation of X has the following multivariate normal distribution:

vec(X) ∼ N (vec(M),V ⊗U). (5.3)

In the case where both U and V are invertible X has the following p.d.f.:

p(X;M,U,V) =
1

(2π)dn/2|V|d/2|U|n/2
exp

(
−1

2
tr
[
V−1(X−M)TU−1(X−M)

])
. (5.4)

♦

Remark 5.1. As in Remark 2.10 we will occasionally subscript the matrix normal distribution sym-

bol to make explicit the dimension of the random matrix, i.e. we will write X ∼MN d,n(M,U,V)

to denote that X is a random matrix in Rd×n following a matrix normal distribution. ♦

Remark 5.2. As in Remark 2.9 we allow the degenerate cases of U and/or V to be singular

in Definition 5.1. This will imply that the covariance matrix of vec(X), V ⊗U, is singular and

hence the centred random vector, vec(X)−vec(M), is constrained to lie in some lower-dimensional

subspace as discussed in Remark 2.9. ♦

Since the matrix normal distribution is defined in terms of the multivariate normal distribution

a similar transformation result analogous to Proposition A.1 holds for it:

Proposition 5.1. If X ∼ MN d,n(M,U,V) and A ∈ Rm×d,B ∈ Rn,k,C ∈ Rm×k are fixed

deterministic matrices then,

Y = AXB+C ∼MNm,k(AMB+C,AUAT ,BTVB). (5.5)

♦

For a proof of this please consult Appendix B.3.

The LKJ distribution

In Chapter 6 we will have need of a distribution which can model correlation matrices. The

Lewandowski-Kurowicka-Joe (LKJ) distribution [94, 63] is one such distribution, and is a popular

choice as a hierarchical prior for correlation matrices in Bayesian modelling. This distribution is

defined below:
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Definition 5.2 (LKJ Distribution). A randommatrix L ∈ Rd×d is said to follow a Lewandowski-

Kurowicka-Joe (LKJ) distribution with shape parameter η > 0 if and only if it has the following

p.d.f.:

p(L; η) = C (det(L))
η−1

, (5.6)

where C is a normalising constant given by the following expression:

C = 2
∑d

k=1(2η−2+d−k)(d−k)
d−1∏
k=1

[B(η + (d− k − 1)/2, η + (d− k − 2)/2)]d−k, (5.7)

where B(a, b) is the Beta function. For η = 1, the distribution coincides with the uniform distri-

bution over the space of all correlation matrices. ♦

5.2 Matrix-Valued Gaussian Processes

In this section we will describe a particular class of matrix-valued GPs which will be very useful

for the work presented in Chapter 6. Matrix-valued GPs have been studied before, see for example

[23, 46], and are sometimes referred to as multivariate Gaussian processes, though this term is

usually reserved for vector-valued GPs [18, 107, 6, 141, 116, 155]. We will be concerned here with

a specific class of matrix-valued GPs which we define below:

Definition 5.3 (Matrix-valued Gaussian Process). Let D ⊂ Rk be an open subset. For a

given positive definite kernel function k : D×D → R, a positive semi-definite parameter covariance

matrix Ω ∈ Rdn×dn, and a function µ : D → Rd×n we say that a random matrix-valued function

X : D → Rd×n is a Matrix-valued Gaussian Process (MatGP) with mean function µ, kernel

function k, and parameter covariance matrix Ω if the vectorisation of any arbitrary finite collection

of evaluations of X at given locations has a joint multivariate normal distribution, i.e. if for any

N ∈ N and for any S := {si}Ni=1 ⊂ D we have:

vec(XS) ∼ N (vec(MS),KSS ⊗Ω), (5.8)

where,

XS := [X(s1), ...,X(sN )] ∈ Rd×nN ,

MS := [µ(s1), ...,µ(sN )] ∈ Rd×nN ,

KSS ∈ RN×N , (KSS)ij := k(si, sj).

(5.9)

Note that this is equivalent to stating that the random matrix XS has the following matrix normal
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distribution (see Definition 5.1):

XS ∼MN (MS ,Ω,KSS). (5.10)

The functions µ, k and matrix Ω completely determine the matrix-valued GP. We write:

X ∼ MatGP(µ, k,Ω), (5.11)

to denote the matrix-valued Gaussian Process with mean function µ, kernel function k, and pa-

rameter covariance matrix Ω. ♦

We now present some key properties of matrix-valued GPs in the following remark:

Remark 5.3. Let X ∼ MatGP(µ, k,Ω) be a matrix-valued GP. Consider N evaluation locations

{si}Ni=1 and the corresponding kernel matrix KSS ∈ RN×N with entries (KSS)ij = k(si, sj). One

can show that the covariance matrix of the random vector vec(X(si)) is given by:

cov (vec(X(si))) = (KSS)iiΩ = k(si, si)Ω, (5.12)

while the covariance between the two random vectors vec(X(si)), vec(X(sj)) for i ̸= j is given by:

cov (vec(X(si)), vec(X(sj))) = (KSS)ijΩ = k(si, sj)Ω. (5.13)

Thus, we can view Ω as determining the correlation structure between the d×n entries of X while

the kernel function k determines the correlation structure across the inputs s ∈ D.

Similarly the mean of the random matrix X(si) is given by:

E(X(si)) = µ(si). (5.14)

♦

Predictions for matrix-valued GPs

In Section 6.6.3 we will need to be able to make predictions from matrix-valued GPs. This can be

done in a very similar manner as described in Section 2.3.5 for regular GPs. We now outline this

procedure.

Suppose we have a matrix-valued function X : D → Rd×n upon which we place a matrix-valued

GP prior:

X ∼ MatGP(µ, k,Ω). (5.15)
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We assume we make N ∈ N potentially noisy observations of X, i.e. we observe:

Yi = X(si) + ϵi, ϵi
i.i.d.∼ MN (0, Id, σ

2In), σ ≥ 0, (5.16)

for i = 1, ..., N and where the {ϵi}Ni=1 are independent of the prior Eq. (5.15). Note we allow σ = 0

here to denote the case where we make noiseless observations ϵi ≡ 0 which will be the case in some

of the experiments in Section 6.7. We will denote the observation locations by S := {si}Ni=1 ⊂ D,

and denote the observations and the noise terms by:

YS := [Y1, ...,YN ], (5.17)

ϵ := [ϵ1, ..., ϵN ]. (5.18)

We wish to make predictions from the posterior X|YS for the values of our function of interest on

a grid of m ∈ N new test points, S∗ := {s∗i }mi=1 ⊂ D. Utilising Definitions 5.1 and 5.3 together with

standard properties of the multivariate normal distributions and the independence of the {ϵi}Ni=1

both between themselves and with the matrix-valued GP prior, Eq. (5.15), we can deduce:

vec(XS∗)

vec(YS)

 ∼ N

vec(MS∗)

vec(MS)

 ,

KS∗S∗ ⊗Ω KS∗S ⊗Ω

KSS∗ ⊗Ω KSS ⊗Ω+ σ2INnd


 , (5.19)

where we use the notation MS∗ ,KS∗S∗ ,KSS∗ ,KS∗S similarly as in Eq. (5.9). We can now use

Proposition A.4 to deduce that the conditional distribution of vec(XS∗)| vec(YS) is:

vec(XS∗)| vec(YS) ∼ N (M̃, Σ̃), (5.20)

where,

M̃ := vec(M∗
S) + (KS∗S ⊗Ω)(KSS ⊗Ω+ σ2INnd)

−(vec(YS −MS)), (5.21)

Σ̃ =: KS∗S∗ ⊗Ω− (KS∗S ⊗Ω)(KSS ⊗Ω+ σ2INnd)
−(KSS∗ ⊗Ω), (5.22)

where we have kept the pseudo-inverse in the expressions above instead of the regular inverse to

allow for the case of σ = 0 and degenerate kernel matrices. Thus, in order to make predictions for

XS∗ from the posterior X|YS we can sample from the multivariate normal Eq. (5.20) and then

undo the vectorisation with the unvec operator.

Remark 5.4. Note that for matrix-valued GPs we have not gone down the route of deriving

the functional posterior X|YS in closed form, instead concentrating on deriving the conditional

distributions for point evaluations since we are ultimately interested in simulating predictions from

92



Bayesian Uncertainty Quantification for PDE Models Chapter 5

the posterior. In principle this should be possible albeit with more complicated expressions than

in the case of predictions for regular GPs, Proposition 2.4. This will be suitable for our purposes

in Chapter 6. ♦

Remark 5.5. Note that the formulae for the posterior mean and covariance, Eqs. (5.21) and (5.22),

simplify in the case of noiseless observations, i.e. when σ = 0. In particular, one obtains:

M̃ := vec(M∗
S) + (KS∗SK

−
SS ⊗ΩΩ−)(vec(YS −MS)), (5.23)

Σ̃ := (KS∗S∗ −KS∗SK
−
SSKSS∗)⊗Ω. (5.24)

This follows from the distributive property of the Kroenecker product together with the property

that (A⊗B)− = A−⊗B−. These simplified formulae allow us to more efficiently sample predictions

since we can work with matrices of smaller dimension. In particular, we can form the Cholesky

decomposition of Σ̃ more efficiently for Eq. (5.24) by using the property

chol(A⊗B) = chol(A)⊗ chol(B), (5.25)

where chol(A) denotes the Cholesky factor of the matrix A, i.e. A = chol(A) chol(A)T . Note

that even in the case of noisy observations we can make some efficiency gains in computing the

inverse (since σ ̸= 0 in this case the pseudo-inverse becomes an inverse) in Eqs. (5.21) and (5.22) by

utilising the following result from [144] which exploits the compatibility of a Kroenecker product

plus a constant diagonal term with the eigenvalue decomposition:

A⊗B+ σ2I = (UA ⊗UB)(ΛA ⊗ΛB + σ2I)(UT
A ⊗UT

B), (5.26)

whereA = UAΛAUT
A is the eigenvalue decomposition of the symmetric matrixA, and similarly for

B. Note that since A,B are assumed to be symmetric the matrices UA,UB are both orthogonal.

This, together with the fact that the term ΛA ⊗ ΛB + σ2I is diagonal allows us to easily and

efficiently form the inverse of Eq. (5.26) provided we first compute the eigendecompositions of A

and B. ♦

5.3 Hamiltonian Monte Carlo

As discussed in Remark 2.11 the HMC algorithm, originally introduced as Hybrid Monte Carlo [48],

is a popular and effective method for estimating complex, high-dimensional posterior distributions.

In this section we will briefly introduce the HMC algorithm, which we will utilise in Chapter 6.

We follow the presentations given in [63, 129, 110].
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Metropolis-Hastings Algorithm

To start with we first recall the well-known Metropolis-Hastings (MH) algorithm [108, 71]; the

HMC algorithm being a particular variant of the MH algorithm. The MH algorithm, as with any

MCMC method, constructs a Markov Chain with a unique stationary distribution which coincides

with the required posterior. To be more specific, suppose that we which to estimate the posterior

distribution Eq. (2.61) by obtaining samples from it. The MH algorithm constructs a Markov

Chain {θn}∞n=1 for which as n → ∞ we have θn ∼ p(θ|y). We can thus obtain samples from

p(θ|y) by running the chain for a sufficiently long time and then taking the required number of

samples. Note that we often run the chain for a pre-specified burn-in time to ensure that we have

reached the stationary distribution. For brevity, we will drop y and denote by π†(θ) = p(θ)p(y|θ).

Thus, the posterior p(θ|y) ∝ π†(θ).

Let Q(θn, ·) be a proposal distribution, which we assume we can sample from, with its own

(potentially unnormalised) density Q(θn,dθm) ∝ q(θn,θm)dθm. The MH algorithm constructs

this Markov chain as follows:

1. choose some initialisation θ0.

2. For n = 0, ..., N do the following:

(a) given θn, sample a proposal θ′ ∼ Q(θn, ·).

(b) Compute the acceptance ratio, α(θn,θ
′), given by the following equation:

α(θ, θ̃) = min

[
1,
π†(θ̃)q(θ̃,θ)

π†(θ)q(θ, θ̃)

]
. (5.27)

(c) Generate a number uniformly in [0, 1], i.e. draw V ∼ U(0, 1).

(d) If V ≤ α(θn,θ
′) then accept θ′, i.e. set θn+1 ← θ′, else reject and set θn+1 ← θn.

For completeness, these steps are described in pseudo-code in Algorithm 8 in Appendix A.3.2.

Notice that π†(θ̃)/π†(θ) = p(θ̃|y)/p(θ|y) justifying why we do not need the normalising constant

for the posterior distribution. The transition kernel of the chain formed above follows as,

P (θn,dθm) = q(θn,θm)α(θn,θm)dθm, (5.28)

since in order to move from state θn to state θm we must first propose θm, corresponding to the

term q(θn,θm) above, and then accept this proposal, corresponding to the term α(θn,θm) above.

Using this transition kernel, together with the form of the acceptance ratio one can show that

the chain formed is reversible which is sufficient for π†(·) to be an invariant distribution of the
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chain. For more theoretical details on proving this, together with convergence issues, the reader is

directed to [129].

Remark 5.6. We have yet to specify how to choose the proposals in the MH algorithm above.

There are several well-known classes of proposals [129]; we detail some of these below:

• Symmetric Metropolis Algorithm: Choosing any symmetric proposal density,

q(θ, θ̃) = q(θ̃,θ), (5.29)

results in the following simplification of the acceptance probability Eq. (5.27):

α(θ, θ̃) = min

[
1,
π†(θ̃)

π†(θ)

]
. (5.30)

• Random Walk Metropolis-Hastings (RWMH): Choosing a proposal density which

is a function of the difference between points, i.e.

q(θ, θ̃) = g(θ̃ − θ), (5.31)

yields what is known as a Random Walk Metropolis-Hastings algorithm. Perhaps one of

the most common choices for such a proposal density is a Gaussian, Q(θ, ·) = N (θ, σ2I)

for some σ > 0. Another commonly used choice, in the case of a Markov Chain with a

scalar state space, is the uniform distribution, Q(θ, ·) = U(θ − 1, θ + 1).

• Independence Sampler: Choosing a proposal density which does not depend on the

current state, q(θ, θ̃) = g(θ̃) yields the so called Independence Sampler.

• Metropolis Adjusted Langevin Algorithm (MALA): Consider the following over-

damped Langevin Itô diffusion process:

dθt =
1

2
∇ log π†(θt)dt+ dWt, (5.32)

where here Wt is a standard multi-dimensional Brownian motion. The stationary distri-

bution of this diffusion process can be shown to be the posterior p(θ|y). By discretising the

dynamics via an Euler-Maruyama method we obtain the following proposal distribution

which yields the Metropolis Adjusted Langevin Algorithm (MALA):

Q(θ, ·) = N
(
θ +

δ

2
∇ log π†(θ), δI

)
, (5.33)

for some (small) step-size δ > 0.
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♦

Remark 5.7. The MH algorithm with step-sized based proposals suffers from a trade-off between

the diversity of samples and the acceptance ratio; larger moves are rejected more frequently, while

smaller moves lead to more autocorrelation of the chain. The HMC algorithm also suffers from

this, though this is somewhat mitigated by allowing one to move much more rapidly through the

target posterior distribution, with distant proposals being much more likely to be accepted than

in the MH algorithm. ♦

Hamiltonian Monte Carlo Algorithm

We now briefly motivate and detail the HMC algorithm which is a variation on the MH algorithm

where proposals are made via computing a trajectory specified by Hamiltonian dynamics. By

following such dynamics we are able to propose more distant states, while retaining high acceptance

probabilities (see the trade-offs of MH in Remark 5.7), leading to more efficient exploration of the

so-called typical set [9] where the majority of the probability mass is concentrated.

HMC starts off by introducing an auxiliary “momentum” variable, φ, which is paired with the

original variable of interest, θ, now viewed as a “position” variable. HMC then proceeds by trans-

lating the problem of sampling from the required posterior distribution to a physical system which

evolves with respect to a Hamiltonian given by the required posterior. Thus, the key ingredient to

being able to utilise Hamiltonian dynamics for MCMC is a way of translating a distribution into

a potential energy function. Once the problem is translated to this physical representation we can

simulate a Markov chain where each iteration involves a randomly sampled momentum followed

by a Metropolis style update using the proposal from the Hamiltonian dynamics.

This translation is achieved by borrowing a concept from statistical mechanics; given a potential

energy function E(x), for the state, x, of our physical system, one has that the associated canonical

distribution [110] over states has the following p.d.f.:

P (x) =
1

W
exp

(
−E(x)

T

)
, (5.34)

where T is the temperature of the physical system and W is a normalizing constant. By inverting

this relationship we can obtain, for a given p.d.f., the corresponding description of a physical system

by choosing the energy to be given as:

E(x) = − logP (x)− logW, (5.35)

where we have set T = 1.

The Hamiltonian is then introduced as the energy function of the joint state of position and
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momentum, x := (θ,φ), as follows:

H(θ,φ) := U(θ) +K(φ), (5.36)

with the associated joint distribution being:

π̃(θ,φ) ∝ exp (−H(θ,φ)) . (5.37)

The function U(θ) in Eq. (5.36) corresponds to the potential energy of our system and in the

Bayesian context is taken to be

U(θ) = − log(π†(θ)), (5.38)

while the kinetic energy term K(φ) is typically chosen to correspond to an independent Gaussian

distribution, π(φ), for φ:

K(φ) = − log(π(φ)) =
1

2
φTM−1φ, (5.39)

where M is commonly referred to as the “mass matrix” and is usually taken to be diagonal.

Remark 5.8. Note that the choice of Hamiltonian Eq. (5.36) implies that the position and mo-

mentum variables are independent from each other. This is not the only possible choice; for more

details see section 4.2 of [9]. Also note that the marginal distribution of θ in Eq. (5.37) is by

construction the posterior distribution we require. Thus, HMC samples the joint state, (θ,φ), and

by keeping only the position variables we obtain the required posterior samples of interest. ♦

The time evolution of the joint state (θ,φ) is then given by Hamilton’s equations:

dθ

dt
=
∂H

∂φ
,

dφ

dt
= −∂H

∂θ
,

(5.40)

which for the choices of potential and kinetic energies Eqs. (5.38) and (5.39) above yields:

dθ

dt
= M−1φ,

dφ

dt
=
∂ log

(
π†(θ)

)
∂θ

.

(5.41)

In the proposal step of HMC we start from the current joint state, (θ,φ), and propose a new

state by integrating Hamilton’s equations Eq. (5.40) for a fixed amount of time to move along a

trajectory in phase space. Since in general this coupled system of differential equations cannot be

solved analytically HMC instead discretises the system using a leapfrog scheme [110]. This leapfrog

integrator, also known as the Verlet integrator, defines Hamiltonian dynamics with respect to an
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approximation of the original Hamiltonian. As a result, it has the important property of being a

symplectic integrator, i.e. it preserves volumes in phase space. A single step of the leapfrog scheme

is given by the following equations:

φ(t+ ϵ/2) = φ(t)− ϵ

2

∂

∂θ
U(θ(t)), (5.42)

θ(t+ ϵ) = θ(t) + ϵ
∂

∂φ
K(φ(t+ ϵ/2)), (5.43)

φ(t+ ϵ) = φ(t+ ϵ/2)− ϵ

2

∂

∂θ
U(θ(t+ ϵ)). (5.44)

Having laid the foundations for HMC we can now detail the main steps of the algorithm:

1. choose some initialisation for position θ0.

2. For n = 0, ..., N do the following:

(a) sample a new momentum from the momentum distribution, φn+1 ∼ π(·).

(b) Update the current joint state to (θn,φn+1).

(c) Starting from the current joint state, (θn,φn+1), propose a new state, (θ′,φ′),

by evolving via Hamilton’s equations Eq. (5.40). This is done by performing

L leapfrog steps, each of size ϵ, according Eqs. (5.42) to (5.44) resulting in an

evolution for time ϵL.

(d) Negate the resulting momentum φ′ ← (−φ′).

(e) Compute the acceptance ratio, α((θn,φn+1), (θ
′,φ′)) given by the corresponding

version of Eq. (5.27):

α((θ,φ), (θ̃, φ̃)) = min

[
1,
π̃(θ̃, φ̃)

π̃(θ,φ)

]

= min
[
1, exp

(
H(θ,φ)−H(θ̃, φ̃)

)]
,

(5.45)

where we note that the negation of the resulting momentum from the leapfrog

steps together with the time-reversibility of the leapfrog scheme means the terms

corresponding to the proposal in Eq. (5.27) cancel out.

(f) Generate a number uniformly in [0, 1], i.e. draw V ∼ U(0, 1).

(g) If V ≤ α((θn,φn+1), (θ
′,φ′)) then accept the proposal, i.e. set θn+1 ← θ′, else

reject and set θn+1 ← θn. Technically we should also set φn+1 ← φ′ but this will

just be replaced by a random draw of momentum in step (a) above.

For completeness, these steps are given in pseudo-code in Algorithm 9 in Appendix A.3.2.

There are three routes to tuning the performance of the resulting algorithm:
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• The choice of distribution corresponding to the kinetic energy, i.e. the choice of π(φ). In

the case of an independent Gaussian discussed above this involves tuning the mass matrix

M with an ideal choice being to set the mass matrix to the posterior covariance matrix.

Since this is assumed to be inaccessible, as otherwise we would not need MCMC methods,

[9] suggests computing an empirical estimate of the posterior covariance matrix using an

initial warm-up run of the HMC algorithm with some other mass matrix.

• Tuning the leapfrog step size, ϵ.

• Tuning the number of leapfrog steps L.

In [63] the authors argue that it is optimal and efficient to set ϵ and L so that ϵL = 1 and then

tuning these two parameters to achieve an approximate acceptance rate of around 65%. A recent

and increasingly popular alternative to manually tuning the leapfrog parameters is to utilise the

NUTS algorithm which adaptively determines L by utilising a recursive algorithm which is able

to stop early by detecting when the trajectory is about to double back on itself (i.e. when a “U-

turn” is about to happen). In the experiments in Chapter 6 we will utilise the NUTS algorithm

implemented in NumPyro. It is also possible to incorporate posterior geometry into the proposal

to yield further gains in efficiency [64].

Remark 5.9. Note that we require the derivatives of the logarithms of both the prior and likelihood

in Hamilton’s equations Eq. (5.41) in order to compute the derivative of log
(
π†(θ)

)
. These can

be computed analytically for simple models, however for more complex models we will have to

resort to techniques such as auto-diff to compute these gradients. For the work in Chapter 6 we

utilise a HMC implementation found in the Python package NumPyro which uses the popular JAX

framework [19] to provide auto-diff capabilities as well as efficient linear algebra routines. ♦

For more details on HMC the interested reader is directed to the works [63, 129, 110, 9, 10]. In

particular, [9] provides a very accessible and intuitive discussion of the motivation for the use of

Hamiltonian dynamics for MCMC.

5.4 Differential Geometry and Manifolds

5.4.1 Basics of Differential Geometry

In this section we introduce and discuss the essential concepts from differential geometry which we

will require for this thesis. We follow the presentations given in [165, 17].
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Differentiable Manifolds

The focus of differential geometry is the study of differentiable manifolds, which are generalisa-

tions of the concept of curves and surfaces (one and two dimensional objects respectively) to higher

dimensions. An n-dimensional differentiable manifoldM can intuitively be thought of as a topo-

logical space which locally resembles Rn and which satisfies certain smoothness properties. In

this thesis, we will especially be concerned with numerical applications; the concept of embedded

submanifolds in a Euclidean space is of special relevance for such applications. In particular, the

Stiefel manifold, which we will introduce in Section 5.4.3 is an example of an embedded submanifold

which will be vital for this thesis.

For the purposes of this thesis we assume the reader is familiar with the definitions of differ-

entiable manifolds and embedded submanifolds. A precise treatment of these concepts is beyond

the scope of this thesis; the interested reader is directed to [17, 153, 92, 77] for a more in-depth

treatment of differential geometry. The reader is also directed towards [2] for a treatment of dif-

ferential geometry specialised to matrix manifold applications. For convenience we include some

additional details regarding these concepts in Appendix A.4, including a definition of n-dimensional

embedded submanifolds of Rn+d in Definition A.14.

Tangent spaces

We will require the concept of a tangent space of a differentiable manifold. In particular, we will

require this concept for embedded submanifolds and for quotient manifolds which we will soon

define. We start with the definition of tangent spaces for differentiable submanifolds, which we

adopt from Definition 2.3 in [165]:

Definition 5.4 (Tangent space of a differentiable submanifold). Let M ⊂ Rn+d be an

n-dimensional submanifold of Rn+d. The tangent space ofM at a point p ∈M, denoted by TpM,

is the space of velocity vectors of differentiable curves passing through p, i.e.

TpM = {ċ(t0)|c : I →M, c(t0) = p}. (5.46)

In the above, I ⊂ R is an arbitrarily small open interval with t0 ∈ I. ♦

Note that it is possible to define tangent spaces for general differentiable manifolds, though we

will not require this concept for the thesis. One can easily show that the tangent space is actually

a vector space with dimension equal to the dimension of the manifold, i.e.

dimTpM = dimM = n, (5.47)
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for all p ∈M. For different characterisations of tangent spaces and a justification of the dimension

of the tangent space being equal to that of the manifold please see Appendix A.4 and Remark A.14

respectively. Definition 5.4 is illustrated in Fig. 5.1 which is taken from [165, Figure 2.1].

Figure 5.1: Visualization of the tangent space TpM of a manifold (shown here as a curved surface)
at a point p ∈ M. Note that the tangent vector v = ċ(0) ∈ TpM is the velocity vector of a curve
on the manifold c : I →M. This image is taken from [165].

Tangent spaces for quotient manifolds will be discussed later when we introduce Riemannian

quotient manifolds.

Riemannian Manifolds

Having defined tangent spaces we are now in a position to introduce the concept of a Riemannian

metric on an embedded submanifold, adopting Definition 2.6 from [165]:

Definition 5.5 (Riemannian Metric on a submanifold). Let M be a differentiable sub-

manifold of Rn+d. A Riemannian metric on M is a family (⟨·, ·⟩p)p∈M of inner products ⟨·, ·⟩p :

TpM× TpM→ R that is smooth in variations of the base point p. ♦

A manifoldM equipped with a Riemannian metric is called a Riemannian manifold. One can

define the concept of length on a Riemannian manifold as follows: the length of a tangent vector

v ∈ TpM is given by ∥v∥p :=
√
⟨v, v⟩p. Similarly, the length of a curve onM, c : [a, b]→M, can

be defined as:

L(c) =

∫ b

a

∥ċ(t)∥c(t)dt =
∫ b

a

√
⟨ċ(t), ċ(t)⟩c(t)dt. (5.48)

Having introduced the length of curves on a Riemannian manifold, we are now in a position to

define the important concept of Riemannian distance between two points p, q ∈M:

Definition 5.6 (Riemannian distance). LetM be a Riemannian manifold. The Riemannian

distance between two points p, q ∈ M with respect to the given Riemannian metric is defined as
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follows:

dM(p, q) = inf{L(c)|c : [a, b]→M piecewise smooth, c(a) = p, c(b) = q}, (5.49)

where we adopt the convention that inf{∅} =∞. ♦

We will refer to the shortest path between two points p, q ∈ M as a geodesic. Note that the

actual definition of a geodesic is slightly more technical than is required for this thesis. As is

remarked in [165, see Remark 1] geodesics can be defined via an IVP of second order. The local

uniqueness and existence of geodesics for any points in a connected component of a manifold then

follows from the well-known existence and uniqueness theorem for IVPs. The interested reader is

directed to [17, sections 5.8, 10.1], and [2, Section 5.4] for more details.

Central to the work in Chapter 6 are the concepts of the Riemannian exponential and the

Riemannian logarithm which we define below, adopting the notation from Section 2.4 in [165]:

Definition 5.7 (Riemannian Exponential). The Riemannian Exponential is a map which

intuitively maps a given tangent vector v ∈ TpM to the endpoints of a geodesic (which is always

possible due to the local uniqueness and existence of geodesics) that starts from p ∈M with velocity

v. More formally, let Bϵ(0) ⊂ TpM be the open ball of radius ϵ > 0 centered at 0 ∈ TpM. The

Riemannian exponential is the map expMp : Bϵ(0)→M which maps v to q := expMp (v) := cp,v(1),

where cp,v : [0, 1] → M is the geodesic which starts from p with velocity v, i.e. cp,v(0) = p and

ċp,v(0) = v. ♦

Provided that ϵ > 0 is small enough one can show that the Riemannian exponential is in fact a

smooth diffeomorphism between Bϵ(0) and an open domain Dp ⊂M around p. The Riemannian

exponential is thus invertible and its smooth inverse map is called the Riemannian logarithm:

Definition 5.8 (Riemannian Logarithm). The Riemannian logarithm is the inverse of the Rie-

mannian exponential map. Using the same notation as in Definition 5.7 the Riemannian logarithm

is the map logMp : Dp → Bϵ(0) which maps q ∈ Dp ⊂ M to v := (expMp )−1(q), where v satisfies

cp,v(1) = q. ♦

The Riemannian logarithm is concerned with the so-called geodesic endpoint problem: given

p, q ∈M find a geodesic connecting p and q.

Remark 5.10. It is important to remember that the definition of both the Riemannian exponential

and Riemannian logarithm maps are dependent on the definition of geodesics which, in turn, are

determined by the choice of Riemannian metric; a different choice of metric can yield different

exponential and logarithm mappings. ♦

Remark 5.11. To help illustrate the Riemannian exponential and logarithm consider the following

two examples taken from [17, see Section 10.2]:
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• In the Euclidean space, Rd, with the standard inner product, the Riemannian exponential

is given by:

expR
d

x (v) = x+ v, (5.50)

since geodesics in Rd are given by straight lines. Thus, the Riemannian logarithm is given

by:

logR
d

x (y) = y − x. (5.51)

• On the unit sphere, Sd−1, in Rd (equipped the standard inner product of Rd) the Rieman-

nian exponential is given by:

expS
d−1

x (v) = cos (∥v∥)x+
sin (∥v∥)
∥v∥

v. (5.52)

Provided we restrict the domain of expS
d−1

x to contain only those tangent vectors v ∈

TxS
d−1 with norm strictly less than π then we have that the Riemannian logarithm is

given by:

logS
d−1

x (y) = arccos
(
xTy

) y − (xTy)x

∥y − (xTy)x∥
, (5.53)

Note that this formula depends on the choice of domain for the Riemannian exponen-

tial and choosing other domains would yield different expressions. For a more detailed

discussion of this example the interested reader is directed to Example 10.21 of [17].

♦

Quotient manifolds

The Grassmann manifold, which will be introduced in Section 5.4.3 and which will play a central

role in Chapter 6, is an example of a quotient manifold. A quotient manifold is a manifold formed

by considering certain points on another manifold to be equivalent, as will be made clear below.

In order to properly define quotient manifolds we will first require several concepts which we

now outline. We call a differentiable manifold G a Lie group when it also has a group structure

which is smooth in the sense that the group operations of ‘multiplication’ and ‘inversion’ are both

smooth, i.e. the maps (g, h) 7→ g · h and g 7→ g−1 are smooth maps from G × G → G and G → G

respectively.

Let G be a Lie group, letM be a differentiable manifold, and consider a left action of G onM

given by the mapping (g, p) 7→ g · p ∈ M for all (g, p) ∈ G ×M. Note that one can also consider

right actions. In this thesis we will always takeM to be a matrix manifold and so the operation

“·” in the group action can be considered to be the standard matrix product. This left action gives
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rise to an equivalence relation onM defined via,

p ∼ q ⇐⇒ ∃g ∈ G such that g · p = q, (5.54)

i.e. two points p, q ∈ M are equivalent if and only if there is some g ∈ G which left acts on p to

yield q. The equivalence classes of this equivalence relation are called G-orbits and are denoted by

[p] := Gp := {g · p|g ∈ G}. We denote by M/G := {[p]|p ∈ M} the orbit space, i.e. the quotient

space of M by the (left) action of G. The map Π : M → M/G which sends a point p ∈ M

to its G-orbit [p] is called the quotient map. We say the action is free, if every isotropy group

Gp := {g ∈ G|g · p = p} is the trivial group, i.e. Gp = {e}, where e is the identity element of the

group G. Quotient manifolds are manifolds formed from the quotient spaces of such actions, and

can be thought of as the manifold resulting from bundling/quotienting all points in a G-orbit into

one. This is made precise by the Quotient Manifold Theorem from [165, see Theorem 2.9]:

Theorem 5.1 (Quotient Manifold Theorem). Suppose G is a Lie group acting smoothly, freely,

and properly on a smooth manifoldM. Then the orbit spaceM/G is itself a manifold of dimension

dim(M/G) = dim(M) − dim(G), and has a unique smooth structure such that the quotient map

Π : M → M/G is a smooth submersion, i.e. it is a smooth surjective mapping with surjective

differential at every point. We callM the total space andM/G is called the quotient space. ♦

Given any point q in a quotient manifold we call the preimage of q by the quotient map,

Π−1(q) ⊂ M, a fiber and denote it by Mq := Π−1(q). Recalling that Π is a smooth submersion

one has that each fiber Mq is a closed embedded submanifold of M, which follows via the well

known Implicit Function Theorem.

Riemannian Quotient Manifolds

In this thesis we will be concerned exclusively with quotient manifolds in which the total spaceM

is a Riemannian manifold. This extra structure on the total space transfers over to the resulting

quotient manifold allowing us to nicely characterise the tangent spaces of the quotient manifold

and to even define a Riemannian metric on the quotient manifold yielding a Riemannian quotient

manifold. This will now be elaborated on. Let M be a Riemannian manifold equipped with a

Riemannian metric ⟨·, ·⟩Mp . Consider a quotient manifold ofM given by Theorem 5.1, N :=M/G.

Consider a point p ∈ M and its associated tangent space TpM. Since the fiberMΠ(p) is a closed

embedded submanifold of M and since we have an inner product on TpM via the Riemannian

metric we can decompose the tangent space TpM as an orthogonal direct sum:

TpM = TpMΠ(p) ⊕
(
TpMΠ(p)

)⊥
. (5.55)
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We call the tangent space of the fiber the vertical space, Vp := TpMΠ(p) and we call its orthogonal

complement the horizontal space, Hp := V ⊥
p . Recalling that the quotient map Π is a smooth

submersion, we have that the differential of Π at p is surjective, i.e. dΠp : TpM → TΠ(p)N is

surjective. We can thus identify the vertical space with the kernel of the differential, i.e. Vp =

ker(dΠp), while the horizontal space is isomorphic to the tangent space TΠ(p)N , i.e. Hp
∼= TΠ(p)N .

The quotient map is thus a local diffeomorphism and its differential can be used to represent

a tangent vector ξ ∈ TΠ(p)N by a concrete vector in the horizontal space given uniquely by(
dΠ(p)|Hp

)−1
[ξ]. This representation is called the horizontal lift of ξ at p and is denoted by

liftp(ξ) :=
(
dΠ(p)|Hp

)−1
[ξ]. For more details the reader is referred to [17, Section 9.4]. Provided

that the equivalence relation and the Riemannian metric satisfy the following relation,

p ∼ q =⇒ ⟨liftp(ξ), liftp(ζ)⟩p = ⟨liftq(ξ), liftq(ζ)⟩q ∀ξ, ζ ∈ TΠ(p)N , (5.56)

one can define a Riemannian metric on the quotient manifold N via:

⟨ξ, ζ⟩Π(p) := ⟨liftp(ξ), liftp(ζ)⟩p ∀ξ, ζ ∈ TΠ(p)N . (5.57)

For a more detailed discussion of this the reader is referred to [17, Section 9.7].

5.4.2 Statistics on Riemannian Manifolds

Since we will be dealing with manifold-valued random variables in Chapter 6 we now briefly

discuss the basics of statistics for data on Riemannian manifolds. In particular, we will discuss

how moments can be generalised from Euclidean spaces to Riemannian manifolds. We follow the

presentation in [58].

We start with the first moment. In the Euclidean setting the sample mean is the standard

point estimate for the “centre of mass” of a set of points. This statistic is perhaps the simplest to

define; for a set of points {xi}Ni=1 ⊂ Rd the sample mean is given by:

xN :=
1

N

N∑
i=1

xi. (5.58)

Note that defining the sample mean via Eq. (5.58) relies on the vector space operation of addition

in Euclidean space. Since Riemannian manifolds are not vector spaces in general, this definition

cannot be directly used for data on a manifold.

Upon first glance it might seem possible to remedy this issue for manifolds embedded in Eu-

clidean space,M⊂ Rd, since we can just utilise the vector addition operator of the ambient space

Rd. This however also fails since the resulting point often lies outside the manifoldM. To see this
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consider Example 1 from [58]: take the unit sphere in R3, S2 ⊂ R3, and consider the two points

x1 := (1, 0, 0)T ,x2 := (0, 1, 0)T ∈ S2. If we average these two points, viewing them as vectors in

R3, we obtain the point x2 = (1/2, 1/2, 0)T which has norm ∥x2∥ =
√
2/2 and thus falls out of S2.

To make progress towards generalising the sample mean to Riemannian manifolds we can

consider alternative characterisations of the sample mean in Euclidean space in the hopes that some

of these might be more amenable to generalisation. There are several such alternative definitions

for the sample mean of points {xi}Ni=1 ⊂ Rd, and we now outline two of these:

1. Algebraic definition: The sample mean can be defined algebraically as the unique point

for which the sum of residuals is zero, i.e. the unique point x̃ such that:

N∑
i=1

(xi − x̃) = 0, (5.59)

is x̃ = xN .

2. Geometric definition: The sample mean can be defined as the least squares centroid of

the data points, i.e. it minimizes the following sum of squares:

ℓ(x) :=

N∑
i=1

∥xi − x∥2, (5.60)

over all points x ∈ Rd.

Notice that the algebraic definition still relies on the vector space structure of Rd while the geo-

metric definition only involves a notion of distance between points in Rd. Since on Riemannian

manifolds we have a concept of distance between points (see Definition 5.6) we can generalise the

sample mean via this geometric characterisation. This leads to the following generalisation, called

the Karcher mean [79, 83], which is defined as follows:

Definition 5.9. The Karcher mean or Riemannian centre of mass of a collection {xi}Ni=1 of points

on a Riemannian manifoldM, if it exists, is defined as follows:

µN := argmin
p∈M

N∑
i=1

dM(xi, p)
2. (5.61)

♦

Note that the Karcher mean defined above is an example of a Fréchet mean [60] which is a

generalisation of the expectation of probability measures to metric spaces.

The Karcher mean will be very useful in the work presented in Chapter 6. As such we now

detail one possible method for estimating it (see Algorithm 1). Since the Karcher mean is a solution
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of a Riemannian optimization problem it is possible to utilize a gradient-descent based approach

for estimating it. For an accessible discussion of Riemannian optimization the reader is directed to

[17]. The key fact such an approach relies on is the fact [79, 165] that the (Riemannian) gradient

of the sum in Eq. (5.61) is given by:

−2
N∑
i=1

logMp (xi). (5.62)

This leads to Algorithm 1 for estimating the Karcher mean which is adapted from [165, 126].

Algorithm 1: Riemannian Karcher Mean via gradient descent

Input: set of points {xi}Ni=1 ⊂M on a Riemannian manifoldM, initial guess for the
Karcher mean µ0, max number of iterations M , tolerance ϵ

Output: Estimate of the Karcher mean µ′

1 Set µ′ = µ0 ;
2 for n← 1 to M do

3 Compute δµ = 1
N

∑N
i=1 log

M
µ′ (xi) ;

4 Compute α := ∥δµ∥µ′ ;

5 µ′ ← expMµ′ (δµ) ; // geodesic step

6 if α < ϵ then
7 return µ′ ; // terminate early

8 end

9 end
10 return µ′

Remark 5.12. Note that in Algorithm 1 we have chosen to use a step size inversely proportional

to the number of points N . It is possible to instead consider a sequence of variable step-sizes. Also

note that one can adjust the algorithm presented to store all the intermediate points for µ′ together

with the corresponding value of the sum in Eq. (5.61). Doing so allows one to use the point which

achieves the lowest value for this sum. As discussed further in Section 6.7 it is often advisable,

as with any gradient-descent algorithm, to run Algorithm 1 for several different initializations and

take the Karcher mean to be the one which achieves the smallest value for the sum. ♦

We can now discuss the second moment. Recall that the sample covariance of a collection of

points x1, ...,xN ∈ Rd is given by:

Σ̂N :=
1

N − 1

N∑
i=1

(xi − xN )(xi − xN )T . (5.63)

On first glance this definition does not seem to be amenable to generalisation to Riemannian

manifolds as it relies on the vector space operations of Rd, in particular on vector subtraction,

transpose, and matrix multiplication. However, recall from Remark 5.11 that the Riemannian
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logarithm in Euclidean space is given by

logR
d

x (x̃) = x̃− x. (5.64)

Thus, we can generalise the sample covariance to Riemannian manifolds by utilising the vector-

space structure of the tangent space, the Riemannian logarithm, and the Karcher mean to define

the Karcher sample covariance of a collection of points {xi}Ni=1 on a Riemannian manifoldM via:

Σ̂N :=
1

N − 1

N∑
i=1

logMµN
(xi) log

M
µN

(xi)
T . (5.65)

5.4.3 The Stiefel and Grassmann Manifolds

In this section we introduce the Stiefel and Grassmann manifolds which are essential ingredients to

the work which will be presented in Chapter 6. There are countless references detailing properties

of these manifolds; we refer the interested reader to [8, 1, 88, 53, 165, 17] for further details. We

again follow the flavour of presentation given in [165, 17].

Stiefel Manifold

We start our discussion with the definition of the Stiefel manifold :

Definition 5.10 (Stiefel Manifold). For n ≤ d, the (compact) Stiefel manifold, St(d, n), is the

manifold consisting of d× n orthonormal matrices, i.e.

St(d, n) = {X ∈ Rd×n|XTX = In}, (5.66)

where In is the n× n identity matrix. ♦

Remark 5.13. There is also a non-compact Stiefel manifold consisting of the open subset of

matrices of rank n in Rd×n. In this thesis when we say the Stiefel manifold we will always refer to

the compact manifold defined here unless stated otherwise. ♦

The Stiefel manifold St(d, n) can be shown to be an embedded submanifold of Rd×n of dimen-

sion:

dimSt(d, n) = dn− n(n+ 1)

2
. (5.67)

For a justification of this please see Appendix A.4.

Note that points X ∈ St(d, n) can be interpreted as orthonormal bases of cardinality n by

taking the columns of X = [x1, ...,xn] where the {xi}ni=1 are each vectors in Rd satisfying

⟨xi,xj⟩ = xT
i xj = δij . (5.68)
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Remark 5.14. The Stiefel manifold yields two edge cases which can be recognized as other familiar

mathematical objects:

• Case n = 1: St(d, 1) is the unit-sphere in Rd, Sd−1. This establishes the unit-sphere as

an embedded submanifold in Rd of dimension d− 1.

• Case d = n: St(d, d) = {X ∈ Rd×d|XTX = Id} can be recognized as the set of d × d

orthogonal matrices. This matrix manifold is an important example of a Lie group, the

orthogonal group, O(d).

♦

We now collate several important properties/facts regarding the Stiefel manifold. For further

discussion and more detailed proofs establishing these facts the interested reader is directed to

[17, 165].

• Tangent spaces: The tangent spaces of St(d, n) are the following subspaces of Rd×n:

TX St(d, n) = {U ∈ Rd×n|XTU+UTX = 0}. (5.69)

• Riemannian metric structure: Endowing Rd×n with the standard Frobenius inner

product ⟨U,V⟩ := tr(UTV) allows us to conveniently make St(d, n) into a Riemannian

manifold as a Riemannian submanifold of Rd×n, where we take the Riemannian metric for

the Stiefel manifold to be the restriction of the Frobenius inner product to St(d, n).

• Riemannian exponential: The Riemannian Stiefel exponential at a base point X ∈

St(d, n), expStX , sends a Stiefel tangent vector U ∈ TX St(d, n) to the endpoint X̃ ∈ St(d, n)

of a geodesic on the Stiefel manifold starting from X with velocity vector U. It thus also

provides an expression for geodesic curves on the Stiefel manifold.

• Riemannian logarithm: The Riemannian Stiefel logarithm at a base point X ∈ St(d, n),

logStX , takes another point X̃ ∈ St(d, n) and finds a Stiefel tangent vector U ∈ TX St(d, n)

such that the geodesic starting fromX with velocityU hits X̃ after moving an arc length of

∥U∥X. The Riemannian Stiefel logarithm thus provides two useful pieces of information:

the solution to the geodesic endpoint problem of finding a geodesic starting at X and

ending at X̃ and the Riemannian distance between the two given points X, X̃.

Grassmann Manifold

We can now move on to defining the Grassmann manifold:
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Definition 5.11 (Grassmann Manifold). For n ≤ d, the Grassmann manifold, Gr(d, n), is the

manifold consisting of all n-dimensional (linear) subspaces of Rd, i.e.

Gr(d, n) = {X ≤ Rd|dimX = n}, (5.70)

where the notation A ≤ B denotes that A is a linear subspace of the vector space B. ♦

Since each point X ∈ Gr(d, n) is a subspace of dimension n we can represent each point X in

the Grassmann manifold by an orthonormal basis {xi}ni=1 satisfying span({xi}ni=1) = X . That is

to say, each point X ∈ Gr(d, n) can be represented by a d × n matrix X := [x1, ...,xn] which is

precisely a point on the Stiefel manifold, X ∈ St(d, n). In fact, the Grassmann manifold can be

identified as a quotient manifold of the Stiefel manifold by applying Theorem 5.1 withM = St(d, n)

and G = O(n), i.e.

Gr(d, n) = St(d, n)/O(n) = {[X]|X ∈ St(d, n)}, (5.71)

where the O(n)-orbits are [X] = {XR|R ∈ O(n)}. We are thus bundling all points X,Y ∈ St(d, n)

which are related by Y = XR for some R ∈ O(n) into a single equivalence class [X]. If the

representative X has columns which span a subspace X = span(X) then right acting on X via some

orthogonal matrix R ∈ O(n) preserves the subspace represented, i.e. span(XR) = span(X) = X ;

the application of R on the right simply rotates/reflects the orthonormal basis vectors within the

subspace X onto some other orthonormal basis for the subspace.

Just as for the Stiefel manifold earlier we now collate several important properties/facts regard-

ing the Grassmann manifold. For further discussion and more detailed proofs establishing these

facts the interested reader is again directed to [17, 165].

• Dimension: The dimension of the Grassmann manifold is:

dimGr(d, n) = dimSt(d, n)− dimO(n) = n(d− n), (5.72)

which follows from its quotient structure and Theorem 5.1.

• Tangent spaces: Let X ∈ St(d, n) be a point in the Stiefel manifold. The tangent space

based at X to the Stiefel manifold can be decomposed into the vertical and horizontal

spaces from Section 5.4.1 for the Riemannian metric on St(d, n) given by ⟨A,B⟩X =

tr(ATB):

TX St(d, n) = VX +HX. (5.73)

The vertical space is:

VX = {XΩ|Ω ∈ Skew(n)}, (5.74)
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where Skew(n) = {A ∈ Rn×n|AT = −A} is the set of skew-symmetric n × n matrices.

The horizontal space is:

HX = {U ∈ Rd×n|XTU = 0}. (5.75)

The vertical space VX is the tangent space to the fiber Π−1(X ) where X = Π(X) = [X] and

Π : St(d, n) → Gr(d, n) is the quotient map discussed in Section 5.4.1 for the Grassmann

manifold as a quotient of the Stiefel by O(n). Recalling that the horizontal space at X

is isomorphic to the tangent space based at [X] to the Grassmann manifold allows us to

identify T[X] Gr(d, n) concretely as follows:

T[X] Gr(d, n) = {U ∈ Rd×n|XTU = 0}, (5.76)

with the understanding that this actually means T[X] Gr(d, n) ∼= HX where the mapping

between tangent vectors to the Grassmann and vectors in the horizontal space is given by

the horizontal lift map, liftX = (DΠ(X)|HX
)
−1

.

Remark 5.15. It is important to point out that it is possible to write every tangent vector

U ∈ T[X] Gr(d, n) as U = (Id −XXT )V where V ∈ Rd×n is arbitrary; this fact will be

very useful in Chapter 6. This is simply orthogonal projection to the tangent space which

is possible once we have a Riemannian structure on the Grassmann manifold. The matrix

(Id −XXT ) is precisely this orthogonal projector. For more details on this please consult

[17]. ♦

• Riemannian metric structure: Gr(d, n) can be turned into a Riemannian manifold

by utilising the quotient structure described above to push the metric from St(d, n) to

Gr(d, n) via the quotient map Π. Explicitly this means that for all ξ, ζ ∈ T[X] Gr(d, n) we

have a Riemannian metric via ⟨ξ, ζ⟩[X] = ⟨U,V⟩X = tr(UTV), where U = liftX(ξ) and

V = liftX(ζ). We will abuse notation in the rest of the thesis and use the identification

between the horizontal spaces and the tangents spaces of the Grassmann manifold to simply

write: ⟨U,V⟩[X] = tr(UTV) for all U,V ∈ T[X] Gr(d, n) represented via Eq. (5.76).

• Riemannian exponential: The Riemannian Grassmann exponential at a base point

X ∈ Gr(d, n), expGr
X , sends a Grassmann tangent vector U ∈ TX Gr(d, n) to the endpoint

X̃ ∈ Gr(d, n) of a geodesic on the Grassmann manifold starting from X with velocity vector

U. It thus also provides an expression for geodesic curves on the Grassmann manifold. For

an algorithm to compute the Riemannian Grassmann Exponential please see Algorithm 2

which is adopted from [165, Algorithm 9].

• Riemannian logarithm: The Riemannian Grassmann logarithm at a base point X ∈
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Gr(d, n), logGr
X , takes another point X̃ ∈ Gr(d, n) and finds a Grassmann tangent vector

U ∈ TX Gr(d, n) such that the geodesic starting from X with velocity U hits X̃ after

moving an arc length of ∥U∥X . The Riemannian Grassmann logarithm thus provides two

useful pieces of information: the solution to the geodesic endpoint problem of finding a

geodesic starting at X and ending at X̃ and the Riemannian distance between the two

given points X , X̃ . For an algorithm to compute the Riemannian Grassmann logarithm

please see Algorithm 3 which is adopted from [165, Algorithm 11].

• Riemannian distance: We will have need for computing the Riemannian distance

(see Definition 5.6) between points on the Grassmann manifold. Algorithm 4 provides

a straight-forward method for computing this distance. The algorithm is derived from the

discussion following Algorithm 11 in [165].
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Algorithm 2: Riemannian Grassmann Exponential

Input: Base point X = [X] ∈ Gr(d, n), where X ∈ St(d, n), tangent vector
∆ ∈ T[X] Gr(d, n)

Output: X̃ := expGr
X (∆) = [X̃] ∈ Gr(d, n)

1 USVT SVD
:= ∆, with U ∈ St(d, n) ; // (thin) SVD of tangent vector

2 X̃ := XV cos(S)VT +U sin(S)VT ; // cos and sin act only on diagonal entries.

3 return X̃

Algorithm 3: Riemannian Grassmann Logarithm

Input: Base point X = [X] ∈ Gr(d, n), where X ∈ St(d, n), Y = [Y] ∈ Gr(d, n), where
Y ∈ St(d, n)

Output: ∆ := logGr
X (Y) ∈ TX Gr(d, n)

1 ΨSRT SVD
:= YTX ;

2 Y∗ := Y(ΨRT ) ; // ‘Transition to Procrustes representative’

3 L := (Id −XXT )Y∗ ;

4 QΣVT SVD
:= L ; // (thin) SVD

5 ∆ := Q arcsin(Σ)VT ; // arcsin acts only on diagonal entries

6 return ∆

Algorithm 4: Riemannian Grassmann Distance

Input: Points X = [X],Y = [Y] ∈ Gr(d, n), where X,Y ∈ St(d, n)
Output: The Riemannian distance between X ,Y: dGr(X ,Y)

1 USVT SVD
:= XTY ; // (thin) SVD

2 dGr(X ,Y) =
(∑n

k=1 arccos(sk)
2
)1/2

; // here sk are the singular values of XTY, i.e. the

diagonal entries of S

3 return dGr(X ,Y)
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Chapter 6

Grassmann-valued Gaussian

Processes for Probabilistic

Localised Active Subspaces

6.1 Introduction

This chapter contains the contributions for the second project of this thesis which were outlined

in Chapter 1. To help guide the exposition which follows it is useful to keep the following example

in mind: consider a parameterised elliptic PDE:

−∇ · (κ(x;p)∇u(x;p)) = f(x), x ∈ D := [0, 1]2, (6.1)

u(x;p) = 0, x ∈ ∂D. (6.2)

Note that in this problem the coefficient κ = κ(x,p), and hence the solution u = u(x,p), depends

on a set of parameters p = (p1, ..., pdp
)T ∈ Rdp . When the number of parameters dp is very large it

would be interesting to see if some sort of dimension reduction is possible for this parameter space.

For complicated parameter to solution maps it is conceivable that such a dimension reduction will

depend on the spatial location x ∈ D. This leads us to consider what we call a localised active

subspace,M(x) ∈ Gr(dp, n), which can be thought of as the collection of directions in Rdp along

which u(x,p) is most sensitive to perturbations (on average) in p. This concept will be expand on

in more detail in this chapter.

In particular, this chapter is structured as follows. In Section 6.2 we provide a literature

review of related work to that presented in this chapter. In Section 6.3 we provide a review of the
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concepts of optimal ridge approximation and active subspaces. Then in Section 6.4 we motivate

the idea of localised active subspaces. Section 6.5 contains the presentation of our GrassGP model.

We then conduct several numerical examples in Section 6.7 demonstrating the use of our GrassGP

model, including two numerical experiments related to the example problem above in Sections 6.7.2

and 6.7.3.

6.2 Related Work

The main motivation of this chapter stems from the literature surrounding active subspaces. The

early development of active subspaces can be attributed to the work of Samarov [133], while more

recent developments are due to the works of Constantine et al. [33, 35, 34]. There are also several

works which lie at the intersection of the study of ridge functions [121] (see Section 6.3 below) and

active subspaces. Such works include [138, 158, 137, 36].

Ideas of dimension reduction and variable selection are commonplace within the field of statis-

tics. One example which aims to perform dimension reduction via subspace-based methods is the

field of sufficient dimension reduction. This field aims to replace the input vector with their projec-

tion onto a subspace formed from the inputs themselves [37]. In the construction of this dimension

reducing subspace it is vital that no information regarding either the conditional mean, conditional

variance, or in general the conditional distribution of the outputs with respect to the inputs, is

lost. Several methods exist in the literature to estimate these subspaces including sliced inverse

regression (SIR) [96], sliced average variance estimation (SAVE) [44], and contour regression (CR)

[95], among others. For a detailed review of the field of sufficient dimension reduction the reader

is directed to [102].

The idea of considering several different low dimensional subspaces instead of one global active

subspace is not new and has been investigated in [159] where the authors develop a clustered active

subspace method which first locates the “clusters” and then utilises local GP emulators to discover

the localised low dimensional structure. The model we consider in this work sidesteps the need to

consider an additional clustering step at the loss of only being able to consider the same dimension

for the dimension reduction in different parameter regimes.

In [137] the authors introduce the idea of using spatially correlated polynomial ridge functions

for quick estimation of flowfields in computational fluid dynamics applications. A key idea in this

paper is to only compute the ridge functions at a small number of subsampled locations and then

upsample these to new locations by utilising spatial correlations between the full dimensional data.

However, this approach is not always applicable as correlations in the full dimensional data need

not imply correlations after performing the dimension reduction. In this work we side step this
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issue by only exploiting correlations between the projectors themselves.

There has been extensive research into the problem of learning a manifold-valued mapping.

These works include non-parametric methods [162, see also references therein] as well as semi-

parametric methods [139]. The approach we investigate in this chapter is motivated by that taken

in [120] where we utilise a GP instead of a simple linear regression to allow us to more flexibly

discover the spatial dependence of our manifold-valued field. The linear model approach taken in

[120] builds on the work of [150] where the author generalises linear regression to manifold-valued

responses with real covariates via geodesic regression. This work was later expanded to include

multiple covariates in [84].

Other GP based methods for modelling manifold-valued responses have been considered in the

literature. Wrapped Gaussian Processes (WGP) were introduced in [103] to approximate mappings

to Riemannian manifolds via wrapped Gaussian distributions which are defined in terms of normal

distributions on tangent spaces of the manifold. The model we consider in this work is motivated

by WGPs though as the authors of [103, 163] mention the method proposed in [103] is analytically

intractable for manifolds with finite injectivity radius, as is the case here for Grassmann manifolds.

In [163] the authors introduce Gaussian Process Subspace Regression, a Bayesian non-parametric

model for subspace-valued mappings which is at the same time both extrinsic and intrinsic.

There has also been proposals for sampling from distributions on manifolds in other works.

For example in [21] the authors propose a geodesic based HMC approach which can be used to

sample from probability distributions defined on a manifold. In [86, 157] the authors investigate

posteriors for cointegration estimation arising from placing priors defined on spaces related to the

Grassmann manifold.

6.3 Ridge Approximation and Active Subspaces

In this section we provide details for Optimal ridge approximation of a function f : Rd → R as well

as for dimension reduction using the so-called active subspace. Our presentation here follows those

in [36, 138]. We start by first introducing the concept of a ridge function, adopting the definition

from [121]:

Definition 6.1 (Ridge function). A function f : Rd → R is called a ridge function if there

exists a matrix M ∈ Rd×n, with n ≤ d, and a function g : Rn → R such that:

f(x) = g(MTx), ∀x ∈ Rd. (6.3)

We call the subspace associated with the span of the columns of M its ridge subspace. ♦
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Remark 6.1. As noted in [36] the term ridge function is more commonly used in the situation

where M is a single vector (i.e. the case n = 1). In [121] our definition Definition 6.1 is called a

generalized ridge function, while the term generalized is reserved for models where M depends on

the particular x in [82]. ♦

Remark 6.2. If f : Rd → R is a ridge function for some M ∈ Rd×n and g : Rn → R then it

is constant along directions which are orthogonal to its ridge subspace, span(M). To see this let

v ∈ (span(M))
⊥ ⊂ Rd. One then has MTv = 0 and so we can compute for α ∈ R and any x ∈ Rd:

f(x+ αv) = g(MT (x+ αv)) (6.4)

= g(MTx+ αMTv) (6.5)

= g(MTx) (6.6)

= f(x). (6.7)

Thus, f only varies along the n directions contained in its ridge subspace, where we have assumed,

without loss of generality, that M is of full column-rank. In particular, we can assume that M has

orthonormal columns, i.e. M ∈ St(d, n) and take N ∈ St(d, d − n) to be a matrix whose columns

are an orthonormal basis for (span(M))
⊥
. By concatenating the columns of M and N into a

single matrix G := [M,N] ∈ Rd×d we have that G ∈ O(d) i.e. G is an orthogonal matrix. Thus,

GGT = Id and so we have MMT +NNT = Id allowing us to decompose f as follows:

f(x) = f(GGTx) = f(MMTx+NNTx) = f(My +Nz), (6.8)

where y := MTx ∈ Rn and z := NTx ∈ Rd−n. Thus, we can view the pair (y, z) as a space

decomposition and there is no redundancy or degeneracy in replacing x with (y, z). ♦

Optimal Ridge Approximation

Having introduced ridge functions we can now introduce the (optimal) ridge approximation problem

as follows. Let f : Rd → R be a function we are interested in approximating by a ridge function

and equip its domain with a probability measure encoded by a p.d.f. ρ : Rd → [0,∞). The p.d.f.

serves the role of modelling any uncertainty we might have in the inputs to f (which typically

represents some simulation model) which is a common modelling decision in the field of uncertainty

quantification [148].

Remark 6.3. To illustrate the role of ρ more clearly, one can recall the example introduced in

Section 6.1: we might be interested in estimating the parameter vector p based on noisy observa-

tions of the solution u. To capture our uncertainty in the parameter vector p we can model it as
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being random with some associated density ρ. ♦

Given this function f and p.d.f. ρ the ridge approximation problem is to find a ridge function

which minimizes the L2(Rd, ρ) (see Remark 2.1) approximation error, i.e. the problem is to find

g : Rn → R and a full rank M ∈ Rd×n which minimizes the following error:

∥f(·)− g(MT ·)∥L2(Rd,ρ) :=

(∫
Rd

(f(x)− g(MTx))2ρ(x)dx

) 1
2

. (6.9)

As noted in [36] we can now restrict our attention to matrices M ∈ St(d, n) since if M ∈ Rd×n is of

full column-rank we can utilise a thin QR factorization with the triangular R factor representing

some invertible change of coordinates in the domain of g. We now let N ∈ St(d, d − n) be an

orthogonal basis for the complement of span(M) and introduce the coordinates y := MTx and

z := NTx as in Remark 6.2. The p.d.f. now yields joint, marginal, and conditional densities on

the coordinates y, z of the subspaces span(M) and span(N) respectively. Following the notation

in [36] we denote these densities as follows:

• π(y, z) := ρ(My +Nz) (joint density),

• π(y) :=
∫
Rd π(y, z)dz (marginal density),

• π(z|y) := π(y, z)/π(y) (conditional density).

Using the conditional density above allows us to write the conditional expectation of f given active

coordinates y as [36] follows:

g̃(y;M) := E(f |y,M) =

∫
Rd−n

f(My +Nz)π(z|y)dz. (6.10)

As noted in [36] the ridge function g̃(MTx;M) satisfies, by construction:

∫
Rd−n

(g̃(y;M)− f(My +Nz))π(z|y)dz = 0, (6.11)

for all y for which π(y) > 0. From this it follows as a consequence of Pinkus’ Theorem 8.3 [121]

that g̃(MTx;M) is the unique optimal ridge approximation for the norm Eq. (6.9).

Remark 6.4. A key point which is emphasized in both [138, 36] is the orthogonal invariance

associated with M, i.e. we are only interested in the particular subspace M represents and not in

the particular choice of basis represented by a given M ∈ St(d, n). To see this Constantine et al.
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first note that the conditional density is invariant upon replacing M with MQ for any Q ∈ O(n):

π(z|y = QTMTx) =
ρ(MQQTMTx+Nz)∫
ρ(MQQTMTx+Nz)dz

(6.12)

=
ρ(MMTx+Nz)∫
ρ(MMTx+Nz)dz

(6.13)

= π(z|y = MTx). (6.14)

In a similar manner it is then shown that:

g̃(QTMTx;MQ) = g̃(MTx;M). (6.15)

From these we finally get that the optimal ridge function g̃ depends only on the subspace span(M)

as remarked. This can be encapsulated by searching for a subspace in the Grassmann manifold

(see Definition 5.11), M ∈ Gr(d, n), as opposed to searching for a particular basis representation

M ∈ St(d, n). ♦

Active Subspaces

It is important to note that so far all we have established is that g̃ is the optimal ridge approximation

for f given a particular choice of ridge subspaceM = [M] ∈ Gr(d, n). An important question

is how one can estimate a good choice for this subspace given a limited computational budget for

evaluating f and perhaps its gradients. This leads us to consider the so-called active subspace

[33, 36] derived from gradient information of f as a particular choice for the subspaceM. We note

that in this thesis we will be exclusively concerned with the active subspace as opposed to ridge

approximation.

We now present a brief discussion of the active subspace following the presentations in [33, 138].

Suppose the function f is now assumed to be differentiable and Lipschitz continuous, and consider

its gradient:

∇f(x) :=


∂f
∂x1

(x)

...

∂f
∂xd

(x)

 . (6.16)

Note that Lipschitz continuity of f implies that ∥∇f(x)∥ ≤ L for all x ∈ Rd for some L > 0, where

∥ · ∥ is the standard Euclidean norm on Rd. This allows us to define the expectation of the outer

product of the gradient of f with itself as the following matrix C ∈ Rd×d:

C := EX∼ρ

[
(∇f(X))(∇f(X))T

]
=

∫
Rd

(∇f(x))(∇f(x))T ρ(x)dx. (6.17)
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The matrix C is symmetric and positive semi-definite since:

vTCv =

∫
Rd

(vT∇f(x))2ρ(x)dx ≥ 0, ∀v ∈ Rd. (6.18)

It thus has a real eigenvalue decomposition with non-negative eigenvalues:

C = WΛWT , (6.19)

where Λ := diag({λi}di=1) contains the eigenvalues, λ1 ≥ · · · ≥ λd ≥ 0, and W ∈ O(d) contains

the corresponding normalised eigenvectors as its columns.

The following result adopted from [33, Lemma 3.1] quantitatively describes the relationship

between the gradient of f and the eigendecomposition of C:

Lemma 6.1. The expected squared directional derivative of f with respect to the eigenvector wi

is equal to the corresponding eigenvalue, i.e.

EX∼ρ

[
((∇f(X))Twi)

2
]
=

∫
Rd

((∇f(x))Twi)
2ρ(x)dx = λi, i = 1, ..., d. (6.20)

♦

Note that Lemma 6.1 implies that if any of the eigenvalues are zero then the directional deriva-

tive of f with respect to the corresponding eigenvector is zero almost everywhere in the support of

ρ. Since f is continuous it follows that f is constant along the direction specified by the eigenvector

for the parameter values of interest (specified by the support of ρ). This is precisely the information

which we can utilise to find a suitable subspace M where most of the variation in the function

occurs. This observation leads us to the following idea from [33]: split the eigendecomposition of

C into two groups as follows:

Λ =

Λ1

Λ2

 , W =

(
M N

)
, (6.21)

where Λ1 = diag({λi}ni=1) with n < d, and M contains the corresponding first n eigenvectors

associated with Λ1. Due to the ordering of the eigenvalues of C the subspaces represented by M

and N split the domain of f into two sets span(M) and span(N): perturbations of the inputs of

f in span(M) change f more than perturbations in span(N) on average. The subspace span(M)

is called the active subspace while span(N) is called the inactive subspace. Let y := mTx ∈

Rn and z := NTx ∈ Rd−n, as in Remark 6.2, be the coordinates in the active and inactive

subspaces respectively. We will refer to y and z as the active and inactive coordinates respectively.
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The theorem below, adopted from [138, 33], links the active subspace with the optimal ridge

approximation g̃ given in Eq. (6.10):

Theorem 6.1. Assuming C has the eigendecomposition Eq. (6.19) which is partitioned according

to Eq. (6.21) we have that the optimal ridge approximation error on choosing the ridge subspace

M = [M] where M is as in Eq. (6.21) can be bounded as follows:

∥f(·)− g̃(MT ·)∥L2(Rd,ρ) ≤ C(tr(Λ2))
1
2 , (6.22)

where C > 0 is a constant that depends on ρ. ♦

Thus, a criterion for choosing n in the partition to determine the active subspace can be

based off the decay of the eigenvalues of C. As is noted in [33] each element of the matrix

C involves d-dimensional integrals. When we are in the scenario where d is large and we wish

to perform dimension reduction using the active subspace it is thus infeasible and/or costly to

assemble C via, for example numerical integration, due to the infamous curse of dimensionality.

The approach adopted in [33, Algorithm 3.1] is a Monte Carlo method for approximating C and

its eigendecomposition which we present in Algorithm 5. This algorithm assumes that we have a

means to compute the gradient of f .

Algorithm 5: Active subspace estimation via Monte Carlo

Input: Number of Monte Carlo samples N , function f , p.d.f. ρ
Output: Approximate eigendecomposition containing information on the active subspace

1 Sample N i.i.d. samples {xi}Ni=1 from the p.d.f. ρ ;
2 Compute ∇f(xi) for i = 1, ..., N ;
3 Form the following Monte Carlo approximation to C:
4

C ≈ Ĉ :=
1

N

N∑
i=1

(∇f(xi))(∇f(xi))
T (6.23)

;

5 Compute the eigendecomposition Ĉ = ŴΛ̂ŴT .

6 return Ŵ, Λ̂

Remark 6.5. As noted above Algorithm 5 assumes we have a means of computing the gradient of f .

The active subspace can be estimated even when we do not have a means of computing gradients.

For example Algorithms 1.2 and 1.3 in [33] use local and global linear models respectively to

perform this estimation. For ridge approximation methods have also been proposed which do

not require the ability to compute gradients. These include methods based on finite differences

[32, 54], as well as methods performing finite differencing via compressed sensing [59] and low-rank

recovery [154]. Other methods utilise variable projection (VP) [67] to form a polynomial ridge

approximation [74]. In this thesis we will assume that we always can compute gradients either
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analytically, via automatic-differentiation or via some adjoint method. ♦

Remark 6.6. A useful heuristic when working with Algorithm 5 is to look for spectral gaps; a

gap between successive eigenvalues indicates that the estimated active subspace is accurate. For a

more detailed discussion on this the interested reader is directed to Chapter 3 of [33]. ♦

For further details on active subspaces the interested reader is directed to [33] and the references

contained therein. More recently, in [62] the authors proposed a fully Bayesian gradient-free

supervised dimension reduction method based on GPs which draws inspiration from the AS method

described in this section.

6.4 Localised Active Subspaces

In the discussion in Section 6.3 it was assumed throughout that there is a single global active

subspace of the input space of the simulation model, f , responsible for most of the variability in

the outputs. As noted in Chapter 1 this assumption does not always hold in practice, especially

when dealing with highly complex models which can exhibit diverse behaviour across different

parameter regimes; a key example of such behaviour includes phase transitions. This observation

leads us to instead consider localised active subspaces where we allow the subspace to vary as

a function of some (or all) of the inputs to our simulation model. In this section we outline a

possible approach for estimating localised active subspaces based on the approach outlined above

in Section 6.3.

Suppose we decompose the original input space Rd into a Cartesian product Rd = Rm × Rdp

where m, dp ∈ N are such that m + dp = d, i.e. we consider decomposing the original mapping f

as f : Rm × Rdp → R. The input to the function f will now be the pair (s,x) where s ∈ Rm and

x ∈ Rdp . We will view s as the parameters upon which our localised active subspace depends on,

i.e. we are interested in studying how the active subspace for the remaining Rdp variables varies

as a function of s. As was assumed in the discussion of active subspaces in Section 6.3 we now

assume f is differentiable and Lipschitz continuous with respect to the second argument x ∈ Rdp

and we assume that we have some p.d.f. ρ : Rdp → [0,∞) for these inputs. Denote the gradient

with respect to the second argument as follows:

∇xf(s,x) :=


∂f
∂x1

(s,x)

...

∂f
∂xdp

(s,x)

 . (6.24)

We can similarly define the s-dependent expectation of the outer product of the gradient of f (with
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respect to x) with itself as the following parametrised matrix C(s) ∈ Rdp×dp :

C(s) := EX∼ρ

[
(∇xf(s,X))(∇xf(s,X))T

]
=

∫
Rdp

(∇xf(s,x))(∇xf(s,x))
T ρ(x)dx. (6.25)

Similarly as in Section 6.3 this matrix admits an eigendecomposition:

C(s) = W(s)Λ(s)W(s)T , (6.26)

where Λ(s) := diag({λi(s)}
dp

i=1) contains the s-dependent eigenvalues, λ1(s) ≥ · · · ≥ λdp(s) ≥ 0,

and W(s) ∈ O(d) contains the corresponding normalised s-dependent eigenvectors as its columns.

We can again partition the eigendecomposition of C(s) into two groups:

Λ(s) =

Λ1(s)

Λ2(s)

 , W(s) =

(
M(s) N(s)

)
, (6.27)

where Λ1(s) = diag({λi(s)}ni=1 with n < dp, and M(s) contains the corresponding first n eigen-

vectors associated with Λ1(s). We call the subspace span(M(s)) the localised active subspace

associated to f . The cut-off for the active subspace dimension n can again be chosen based off

the decay of the eigenvalues of C(s). Note that in principle this dimension can be s-dependent

however for the purposes of this thesis we will make the assumption that it remains constant for

all s values of interest.

When we are in the regime of a large number of parameters dp upon which we wish to perform

dimension reduction we again cannot directly compute the matrix C(s). We can again turn to

a Monte Carlo approach to estimate this matrix, and hence the localised active subspace. This

analogue of Algorithm 5 is presented in Algorithm 6.

Algorithm 6: Localised active subspace estimation via Monte Carlo

Input: Number of Monte Carlo samples N , function f , p.d.f. ρ, location s
Output: Approximate eigendecomposition containing information on the localised active

subspace at s
1 Sample N i.i.d. samples {xi}Ni=1 from the p.d.f. ρ ;
2 Compute ∇xf(s,xi) for i = 1, ..., N ;
3 Form the following Monte Carlo approximation to C(s):
4

C(s) ≈ Ĉ(s) :=
1

N

N∑
i=1

(∇xf(s,xi))(∇xf(s,xi))
T (6.28)

;

5 Compute the eigendecomposition Ĉ(s) = Ŵ(s)Λ̂(s)Ŵ(s)T .

6 return Ŵ(s), Λ̂(s)

We can thus utilise Algorithm 6 to approximate the localised active subspace at any points
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{sj}kj=1 of interest. However, when we are in the scenario of a limited computational budget

Algorithm 6 will only be able to compute this localised active subspace at a small number of

locations (small k). This motivates the following idea which underlies the work in this chapter:

given our limited computational budget we first estimate the localised active subspace at a small

number of locations yielding the collection {M(sj)}kj=1 of representatives of these subspaces, i.e.

M(sj) represents a subspace, [M(sj)], which is a point on the Grassmann manifold Gr(dp, n). If

we now want to obtain an estimate for the localised active subspace at some new point s̃ we can fit

a probabilistic model to approximate the mapping from s to the localised active subspace, i.e. we

can view the computed pairs {(sj , [M(sj)])}kj=1 as evaluations of some subspace-valued mapping

P : Rm → Gr(dp, n) and fit a probabilistic model using these observed evaluations to allow us to

predict the value at the new location s̃. For this purpose we develop a probabilistic model based on

GPs which we can use to interpolate a field of Grassmann-valued response variables. This model

is presented in Section 6.5 and we then present two numerical examples illustrating the model’s

use in approximating localised active subspaces in Sections 6.7.2 and 6.7.3.

6.5 Grassmann Valued Gaussian Processes

In this section we will derive a probabilistic model based on GPs which can be used to interpolate

a field of Grassmann-valued response variables. To be more specific we will develop a probabilistic

model capable of approximating a subspace-valued mapping, P : D → Gr(d, n) where D is a subset

D ⊂ Rk for some k ∈ N. Since Gr(d, n) is not a Euclidean space we cannot directly apply GPs

to model the mapping P . We instead exploit the Riemannian geometry of Gr(d, n) to allow us

to apply a GP based model to a linear tangent space of the manifold. In particular, under the

assumption that the dispersion of the response variable on the manifold is not too large, we can

map the response via the Grassmann logarithm, logGr
X , to the tangent space TX Gr(d, n), perform

interpolation on the linear tangent space via a GP model and then map back to the manifold via

the Grassmann exponential map, expGr
X . One important question which remains is which point on

the manifold X ∈ Gr(d, n) shall we choose to anchor the tangent space at? In this thesis we will

take X to be the Karcher mean of the observed response variables. This will be motivated in the

derivation below.
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6.5.1 Problem Formulation

We assume we have a dataset consisting of N ∈ N observations of a Gr(d, n)-valued mapping, i.e.

we assume we are given a dataset:

DN := {(si,Wi)}Ni=1, (6.29)

where {si}Ni=1 ⊂ D are our N input points and the {Wi}Ni=1 ⊂ Gr(d, n) are the corresponding

observations of {P (si)}Ni=1, i.e. Wi = P (si). Each of the Grassmann-valued observations can be

represented using a matrix in the Stiefel manifold via Wi = [Wi], Wi ∈ St(d, n) as is explained in

Section 5.4.3. Thus, the dataset can be represented more concretely as:

DN := {(si, [Wi])}Ni=1. (6.30)

Our problem is now to learn a probabilistic model for the unobserved map P from the dataset DN .

We now outline in detail the steps we take to obtain our probabilistic model.

Remark 6.7. To help link this statistical problem to an application it is again useful to recall

the example introduced in Section 6.1. The dataset DN for this example will be the set of tu-

ples {(xi,Mi)}Ni=1 where Mi is the lower-dimensional subspace representing the localised active

subspace for the p-dependence of the solution u of the parametrised elliptic PDE at the spatial

location xi. ♦

6.5.2 Lifting of the Dataset to the Tangent Space

We will utilise the Riemannian geometry of the Grassmann manifold described in Section 5.4.3 to

lift the dataset DN to a tangent space to the manifold.

We start by computing the Karcher mean (see Definition 5.9), WN , of our observed response

variables:

WN = argmin
[X]∈Gr(d,n)

N∑
i=1

dGr([Wi], [X])2, (6.31)

where dGr : Gr(d, n)×Gr(d, n)→ R is the Riemannian distance on the Grassmann manifold (see

Definition 5.6). We will utilise the Karcher mean as our anchor point X = WN to anchor our

chosen tangent space. This is a sensible choice for the anchor point under the assumption that the

dispersion of the observed response variables on the manifold is not too large. In what follows we

will assume X =WN unless otherwise stated.

We now utilise the Riemannian Grassmann logarithm to lift the response variables to the
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tangent space TX Gr(d, n) via:

Ui := logGr
X ([Wi]), i = 1, ..., N. (6.32)

This yields our lifted dataset:

D̃N := {(si,Ui)}Ni=1. (6.33)

6.5.3 Gaussian Process Model on the Tangent Space

Having lifted our dataset to the linear tangent space TX Gr(d, n) we can now start building our

GP model on this space. As discussed in Section 5.4.3 we can concretely represent tangent vectors

to the Grassmann manifold via matrices in the horizontal space associated to the tangent space.

Thus, we can view each Ui as a d× n matrix, Ui ∈ Rd×n, which satisfies the constraint:

XTUi = 0, (6.34)

where here X ∈ St(d, n) is an element of the Stiefel manifold which represents our anchor point’s

equivalence class, i.e. X = [X].

In order to build a GP model for the lifted dataset D̃N in Eq. (6.33) we are thus faced with

two problems:

1. The lifted response variables, {Ui}Ni=1, are matrix-valued.

2. The lifted response variables are not free to vary in Rd×n, but are instead required to

satisfy the constraint given by Eq. (6.34).

The first problem above can be solved by working with matrix-valued GPs, which we described in

Section 5.2. The second problem is more nefarious since it is can be difficult to utilise GP models

for data constrained to lie in a closed subspace of a vector space. Luckily, we can again exploit the

geometry of the Grassmann manifold and parametrise the tangent vectors Ui using Remark 5.15

which allows us to write:

Ui = (Id −XXT )Vi, Vi ∈ Rd×n, (6.35)

where each Vi is arbitrary and is thus allowed to vary freely in Rd×n. We will thus build a GP

model for the {Vi}Ni=1 and then simply project them to the tangent space using the projector

(Id −XXT ) via Eq. (6.35), i.e. we introduce the random matrix-valued function V : D → Rd×n

and stipulate that it follows the matrix-valued GP,

V ∼ MatGP(µ, k,Ω). (6.36)
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We can then transfer this random function to the tangent space TX Gr(d, n) via:

U(s) := (Id −XXT )V(s), (6.37)

yielding a random function U : D → TX Gr(d, n). Note that this is simply an instance of the

well-known reparametrisation trick [85].

6.5.4 GrassGP Model

We are now in a position to introduce and define what we call a Grassmann-valued Gaussian

Process:

Definition 6.2 (Grassmann-valued Gaussian Process). Let D ⊂ Rk be an subset. For a

given positive definite kernel function k : D×D → R, a positive semi-definite parameter covariance

matrix Ω ∈ Rdn×dn, and a function µ : D → Rd×n we say that a random Grassmann-valued

function P : D → Gr(d, n) is a Grassmann-valued Gaussian Process (GrassGP), if it has the

following form:

P (s) = expGr
[X] (U(s)) , ∀s ∈ D, (6.38)

where X ∈ St(d, n) is a representative of the anchor point X = [X] ∈ Gr(d, n) and the random

function U : D → T[x] Gr(d, n) has the form:

U(s) = (Id −XXT )V(s), ∀s ∈ D, (6.39)

where the random function V : D → Rd×n follows the matrix-valued GP distribution:

V ∼ MatGP(µ, k,Ω). (6.40)

We write:

P ∼ GrGP(µ, k,Ω,X), (6.41)

to denote the Grassmann-valued Gaussian Process with mean function µ, kernel function k, pa-

rameter covariance matrix Ω and anchor point [X]. ♦

The GrassGP model will be used as our prior model for the dataset DN as will be expanded

on in Section 6.6 below. Due to the GP structure on the fixed tangent space we expect this prior

to be able to flexibly capture a wide range of input-output dependency structures.
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6.6 Inference using GrassGP model

In this section we describe how to utilise the GrassGP model as a prior to perform Bayesian

inference to learn the unknown function P from the dataset DN . Any Bayesian inference requires

the specification of the following two ingredients:

• A prior distribution - this will be our GrassGP model.

• A likelihood - this will be detailed in Section 6.6.1 below.

6.6.1 Choice of Likelihood

A crucial ingredient in any Bayesian inference is the choice of likelihood. Our GrassGP model

essentially specifies a prior over the tangent vectors {Ui}Ni=1 where each Ui is specified in terms

of the corresponding Wi via Eq. (6.32). Since each Ui lies in a Euclidean space it is sensible to

specify a likelihood stipulating that we observe each tangent vector with i.i.d. Gaussian noise, i.e.

the likelihood has the following form:

p(W1, ...,WN |U1, ...,UN , σ) =

N∏
i=1

p(Wi|Ui, σ), (6.42)

where each p(Wi|Ui, σ) is as follows:

p(Wi|Ui) ∝ exp

(
−
∥Ui − logGr

[X ](Wi)∥2X
2σ2

)
, (6.43)

and where σ > 0 is a parameter specifying the noise level.

Note that the Riemannian norm ∥·∥X on the tangent space TX Gr(d, n) is simply the Frobenius

norm and is given by:

∥∆∥2X = tr(∆T∆), ∀∆ ∈ TX Gr(d, n),∀X ∈ Gr(d, n). (6.44)

Remark 6.8. Note that the likelihood specified by Eqs. (6.42) and (6.43) is equivalent to stipu-

lating:

logGr
X (Wi)

i.i.d.∼ MN (Ui, Id, σ
2In), i = 1, ..., N, (6.45)

i.e. that each tangent vector is distributed as i.i.d. matrix normal random variables located at the

observed Ui with noise level given by σ. ♦

Remark 6.9. Note that a naive approach to performing inference for subspace-valued response

variables would be to simply consider Stiefel representatives of the subspace as elements of the

ambient Euclidean space of real-valued matrices and simply introduce a likelihood in this space.
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However, this would not guarantee that we produce valid projectors on the Grassmann manifold.

As such we adopt the approach described here of introducing the likelihood on the tangent space

of the Grassmann manifold and then transferring the tangent vectors to the manifold via the

Riemannian exponential map. ♦

We also note that the introduction of stochasticity into our problem is justified for the following

reasons:

• The computation of our dataset of localised active subspaces via Algorithm 6 relies on a

Monte Carlo approach introducing uncertainty into the dataset.

• When we lift the dataset to the tangent space we choose one particular anchor point

X ∈ Gr(d, n), in this thesis we take this to be the Karcher mean. Due to the fixed

choice of tangent space it is possible that we introduce some model-misspecification via

distortions for points which are not close enough to the Karcher mean. This introduces

further uncertainty into our model which can be captured via a Gaussian likelihood.

6.6.2 The Full Bayesian Model

In this section we will specify the full Bayesian model which we will use to learn the unknown

Grassmann-valued function, P , from the dataset DN . Before we can present this model we must

first clearly list all the unknown parameters which are required to fully specify both the prior and

likelihood:

• Prior mean function, µ: in this work we will always take µ = 0 identically. This is a

sensible choice when working with GP based priors.

• Prior kernel function, k: in this work we will take the kernel function to be from a fixed

parametric family, {kℓ}ℓ, parametrised by the vector ℓ. We will specify the particular

family used for each example in Section 6.7. Thus, the unknown parameters related to the

kernel function are specified by the vector ℓ and will be modelled via a hierarchical prior

which will be specified for each example presented in Section 6.7.

• Prior parameter covariance matrix, Ω: this matrix parameter will be modelled via

some parametric form; usually as a diagonal matrix. The particular form, together with

its hierarchical prior, will be specified for each example presented in Section 6.7.

• Prior anchor point, X = [X]: as described in Section 6.5.2 this will be taken to be

the Karcher mean of the observed response variables X =WN , where WN is specified by

Eq. (6.31).
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• Likelihood noise level, σ: this will either be fixed to a constant or will be modelled

directly by specifying a hierarchical prior on σ. The particular value or prior will be

specified for each example in Section 6.7.

We can now describe the full Bayesian model we are proposing:

σ,Ω, ℓ ∼ p(σ)p(Ω)p(ℓ), (6.46)

P = expGr
[X](U)|{ℓ,Ω} ∼ GrGP(0, kℓ,Ω,X), (6.47)

logGr
[X](Wi)|{Ui, σ}

i.i.d.∼ MN (Ui, Id, σ
2In), i = 1, ..., N, (6.48)

where the {Ui}Ni=1 are defined via Ui = logGr
[X](P (si)) for i = 1, ..., N and p(σ), p(Ω), p(ℓ) are

specified hierarchical priors for the unknown parameters, i.e. we are postulating that the observed

response variables {Wi}Ni=1 in Eq. (6.29) are modelled as being drawn from the Bayesian model

specified by Eqs. (6.46) to (6.48).

Thus, given the dataset DN we wish to obtain the posterior {σ,Ω, ℓ}|DN corresponding to

the Bayesian model Eqs. (6.46) to (6.48) and using this posterior distribution we wish to make

predictions for P (s̃) at unobserved test points s̃ ∈ D. The procedure for making predictions will

be explained in Section 6.6.3 below.

6.6.3 Prediction

In this section we will describe how to make predictions with our probabilistic model for new

unobserved test points. Let s̃ be a new input point in D. We wish to make a prediction for

P (s̃). Provided we can sample from the marginal posterior distribution {Ω, ℓ}|DN we can make a

prediction for P (s̃) as follows:

1. Sample hyper-parameters, Ω, ℓ, from the marginal posterior distribution, {Ω, ℓ}|DN .

2. Make a prediction for P (s̃) from the Grassmann-valued GP, GrGP(0, kℓ,Ω,X), with the

sampled values of Ω, ℓ, conditioned on the dataset DN .

We will utilise HMC to obtain samples from the hyper-parameter posterior distributions needed

for step 1 above. Generating predictions from the Grassmann-valued GP in step 2 proceeds as

follows. Since P has the form given by Eq. (6.38) where U is specified by Eqs. (6.39) and (6.40)

with µ = 0 and k = kℓ we can view U itself as a matrix-valued GP as the following result states:

Proposition 6.1. If U : D → T[X] Gr(d, n) is given by Eq. (6.39) where

V ∼ MatGP(0, kℓ,Ω,X), (6.49)
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then U is itself a matrix-valued GP:

U ∼ MatGP(0, kℓ,ΩX), (6.50)

where ΩX is the following matrix:

ΩX = (Id −XXT )Ω(Id −XXT )T . (6.51)

♦

Proof of Proposition 6.1.

This follows from Definition 5.3 together with properties of the Matrix Normal distribution pre-

sented in Section 2.3.1. In order to show that U follows the matrix-valued GP given by Eq. (6.50)

we must show, via Definition 5.3, that for any N ∈ N and for any S := {si}Ni=1 ⊂ D we have:

vec(US) ∼ N (0,KSS ⊗ΩX), (6.52)

where US ,KSS are defined similarly as in Eq. (5.9), with the kernel function k = kℓ. Since U(s)

is given by an affine transformation of the matrix-valued GP, V, via Eq. (6.39) we have, again by

Definition 5.3, that:

VS ∼MN (0,Ω,KSS). (6.53)

Noting that US = (Id −XXT )VS we have, via Proposition 5.1,

US ∼MN
(
0, (Id −XXT )Ω(Id −XXT )T ,KSS

)
, (6.54)

i.e. US ∼MN (0,ΩX,KSS) and so Eq. (6.52) holds as required. ■

We can thus make predictions from the Grassmann-valued GP by first making predictions for

U(s̃) from the matrix-valued GP Eq. (6.50) as outlined in Section 5.2. This prediction can then be

pushed onto the Grassmann manifold to yield a prediction for P (s̃) via the Grassmann Riemannian

exponential map, P (s̃) = expGr
[X](U(s̃)).

Remark 6.10. Note that the parameter covariance matrix ΩX in the distribution of U, Eq. (6.50)

is singular since the matrix (Id − XXT ) is an orthogonal projection onto the tangent space

T[X] Gr(d, n). Thus, we are in the special case of a positive semi-definite covariance matrix for

the resulting multivariate normal distribution and so we must used the pseudo-inverse in the con-

ditioning formula as detailed in Section 5.2. ♦
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6.7 Numerical Experiments

In this section we will present some numerical experiments demonstrating the use of our GrassGP

model. In Section 6.7.1 we will consider a low-dimensional example which we will use to both

demonstrate and visualise the performance of our GrassGP model. Then in Sections 6.7.2 and 6.7.3

we will present two high-dimensional examples which illustrate the use of our GrassGP model for

studying localised active subspaces as described in Section 6.4 for a parametrised ODE and PDE

respectively.

The code for these numerical experiments is available online1.

6.7.1 Visualisation of GrassGP Model

Dataset Description

In this section we will present a numerical experiment which will be used to both demonstrate

and visualise our GrassGP model. This example is adopted from an example presented in [163,

(see Section 6.1)] which was used to visualise the GP based subspace regression model the authors

Zhang et al. considered. This example involves learning perhaps the simplest case of a subspace-

valued mapping, P : D → Gr(2, 1), where D is a subset of R. As the authors Zhang et al. note,

such a mapping is the simplest type of Grassmann-valued function mapping a real number to a

1-dimensional linear subspace of the plane, R2. Note that a 1-d linear subspace of the plane, i.e. a

line, can be uniquely identified by the angle made with the positive x-axis, θ ∈ [0, π). We can thus

identify Gr(2, 1) with the unit circle in the plane, S1, by treating antipodal points as equivalent.

This equivalence is illustrated in Fig. 6.1. The low dimensions involved allow us to easily plot such

a mapping which will allow us to visualise the performance of our Bayesian model more easily.

In particular, we will apply our GrassGP model to learn the following function:

P : [0, 1]→ Gr(2, 1),

s 7→ P (s) := [v(s)],

(6.55)

where the unit vector v(s) is defined via,

v(s) :=

cos(2πs)

sin(2πs)

 . (6.56)

Note that P (s) indeed lies in Gr(2, 1), since the vector v(s) lies on the unit circle in R2 for all

s ∈ [0, 1].

1↑https://github.com/YanniPapandreou/grassgp
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θ

X ∈ Gr(2, 1)R2

S1

Figure 6.1: Illustration of equivalence of Gr(2, 1) with the unit circle in the plane S1. The red ray
denotes an element, X , of Gr(2, 1), i.e. a 1 dimensional subspace of the plane. This subspace can
be uniquely identified with two antipodal points on the unit circle S1. By treating these antipodal
points as equivalent we get a unique representation of X via an angle θ ∈ [0, π).

Remark 6.11. Note that the mapping Eq. (6.55) can be equivalently viewed as the following

mapping:

α : [0, 1]→ [0, π),

s 7→ α(s) := (2πs)modπ,

(6.57)

where we represent the point P (s) ∈ Gr(2, 1) by the angle the subspace makes with the positive

x-axis in the plane, α(s) ∈ [0, π), where we treat antipodal points as equivalent. Thus, this function

corresponds to a line in the plane which is being rotated about the origin with an angular velocity

of 2π. ♦

We will use our GrassGP model to learn this function given N = 14 observations of P (s) at

equally spaced locations, {si}14i=1, between 0 and 1 inclusive, i.e. our dataset is:

D14 = {(si, P (si))}14i=1 = {(si, [v(si)])}14i=1, (6.58)

where s1 = 0, s14 = 1. We augment the observed dataset D14 with an additional 26 points to yield

a test dataset,

D∗
40 = {(s∗i , P (s∗i ))}40i=1 = {(s∗i , [v(s∗i )])}40i=1, (6.59)

which will be compared with predictions made from the model. Note that we first generate the test
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dataset Eq. (6.59) and then take every other 3rd point to obtain our training dataset Eq. (6.58).

Thus, the testing dataset also contains training points where we expect the prediction errors to

be smaller. Figure 6.2 shows the training and test datasets Eqs. (6.58) and (6.59) in various

representations.

Figure 6.2: Plots of train and test datasets in various representations. Top row : plots of the
components of P (s). Bottom row : (left) plot of α(s), where α(s) is the angle the subspace P (s)
makes with positive x-axis, (right) plot of datasets on the unit circle representation of Gr(2, 1)
together with the anchor point.

Experiment Parameters

We now detail the various choice we make for the unknown parameters described in Section 6.6.2

for this experiment. Note that anything not specified explicitly is assumed to be the same as

described in Section 6.6.2.

• Prior kernel function: We choose to work with the family of Squared Exponential (SE)

kernels:

kℓ(x, y) := exp

(
− 1

2ℓ2
|x− y|2

)
, (6.60)

parameterised by the length scale, ℓ > 0. We place a log-normal hierarchical prior on the
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length scale:

ℓ ∼ LogN (0, 0.52). (6.61)

• Prior parameter covariance matrix: We will use the following parametric form for

Ω ∈ R2×2:

Ω := (σσT )⊙ L, (6.62)

where σ ∈ R2, L ∈ R2×2 and ⊙ denotes the Hadamard product between matrices, i.e.

the element-wise product. The vector σ = (σ1, σ2)
T can be interpreted as controlling the

overall variance of the components of the 2 × 1 random matrix-valued GP, V, specified

in Eq. (6.40), while L can be viewed as determining the correlation structure between the

components of V. We place i.i.d. log-normal hierarchical priors on the components of σ

and we place a LKJ distribution (see Definition 5.2) on L, i.e.

σ1, σ2
i.i.d.∼ LogN (0, 1),

L ∼ LKJ(2, 1).

(6.63)

Note that, as mentioned in Definition 5.2, modelling L ∼ LKJ(2, 1) is equivalent to placing

a uniform prior for the correlation matrix L.

• Prior anchor point: As described in Section 6.6.2 the anchor point will be taken to

be the Karcher mean of the observed data. Due to the low dimensions involved we can

adopt a “brute-force” approach to computing the Karcher mean. This approach will be

described below and pseudo-code for it is presented in Algorithm 7.

• Likelihood noise level: Since this example is intended for visualisation purposes and the

observed dataset will be simulated exactly we fix the likelihood noise level to be σ = 0.01,

a non-zero, albeit small value, chosen for numerical stability.

Brute-force computation of the Karcher mean

Since we can identify Gr(2, 1) with the interval [0, π), representing the angle a given subspace,

W ∈ Gr(2, 1), makes with the positive x-axis we can express the Karcher mean (see Eq. (6.31))

as a minimisation problem over this angle θ ∈ [0, π). To be more precise, if we denote by x(θ) :=

(cos(θ), sin(θ))T we have:

WN = argmin
θ∈[0,π)

(S(θ)), (6.64)
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where S(θ) is defined as follows,

S(θ) :=

N∑
j=1

dGr(P (sj), [x(θ)])
2. (6.65)

We can thus compute the Karcher mean via a “brute-force” approach as follows: we discretise

the interval [0, π) using m ∈ N equally spaced points, {θi}mi=1 ⊂ [0, π). For each θ = θi we compute

the sum, S(θ), in Eq. (6.64) and store the resulting value. The Karcher mean is then given by

WN = [x(θk)] where k ∈ {1, ...,m} is the index which achieves the lowest result for the sum in

Eq. (6.64). Note that we compute the Riemannian Grassmann distance using Algorithm 4. The

algorithm is presented in Algorithm 7 in pseudo-code.

Algorithm 7: Brute-force computation of the Karcher mean for points on Gr(2, 1)

Input: Points {Wi}Ni=1 ⊂ Gr(2, 1) and number of grid points, m ∈ N, to discretise [0, π)
Output: Karcher mean WN of the points {Wi}Ni=1

1 S = {} ;
2 for i← 1 to m do
3 Si := 0 ;

4 θi :=
i−1
m π ; // Grid point in [0, π)

5 for j ← 1 to N do
6 dj := dGr (P (sj), [x(θi)]) ; // Compute Grassmann distance via Algorithm 4

7 Si ← Si + d2j
8 end
9 S ← S ∪ {Si}

10 end
11 k := argmin

i=1,...,m
(S) ;

12 return [x(θk)]

Using Algorithm 7 for large enough m allows us to obtain the following plot of θ vs S(θ) shown

in Fig. 6.3.

Figure 6.3 allows us to identify the anchor point for our observed data with the point in Gr(2, 1)

with θ = 0, i.e. we have:

WN = [e1], (6.66)

where e1 = (1, 0)T is the first standard basis vector of R2.

It is helpful to view this on the unit-circle representation of Gr(2, 1) which we include in Fig. 6.4.

This plot shows clearly that the Karcher mean represents a midpoint subject to the constraint that

the observed data points lie on the unit circle.

Remark 6.12. The brute force approach taken to compute the Karcher mean here cannot be

applied to Gr(d, n) for general d, n ∈ N. Instead one can use a gradient descent algorithm to

attempt to solve the minimisation problem Eq. (6.31). One version of this algorithm is presented

in Algorithm 1 in Section 5.4. Noting that the loss surface S(θ) shown in Fig. 6.3 contains several
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Figure 6.3: Plot of θ vs S(θ) showing the location of the minimum, and hence the location of the
anchor point, in red.

Figure 6.4: Plot of observed points with the Karcher mean on the circle representation of Gr(2, 1)

local minima indicates that any gradient based procedure for solving Eq. (6.31) can easily get

stuck; it is thus advisable to run the algorithm for several different random initialisation points

and choose the one which obtains the lowest value. ♦
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Fitting the model

In order to fit the model we utilise HMC, as described in Section 5.3, to obtain samples from

the hyper-parameter posterior distribution corresponding to the training dataset Eq. (6.58). We

initialise the HMC sampler with the Maximum a Posteriori (MAP) estimate which is obtained

using NumPyro’s built-in SVI support. The HMC sampler is then run for I = 7000 iterations with

an additional burn-in period of Ib = 2000 iterations. We thin the resulting chain by 2 to obtain

Ĩ = 3500 samples from the hyper-parameter posterior distribution. Figure 6.5 shows traceplots

and autocorrelation plots for the resulting samples for ℓ, σ1, σ2, and the off-diagonal components of

L, i.e. L12, L21. Note that the diagonal components have been omitted since they are constrained

to be 1 as L is a correlation matrix. From the traceplots in Fig. 6.5 we observe good mixing of the

chains while the autocorrelation plots show a drop to acceptable levels of autocorrelation after a

lag of at most 20. The split Gelman-Rubin diagnostic [63] was also computed to be 1.0 for these

five hyper-parameters, giving us further evidence for convergence of the HMC.

In-sample performance

To assess the in-sample performance of our model we took the resulting values for the in-sample

subspace angles, {α(si)}14i=1, obtained from each sampled hyper-parameter values from the HMC

and plotted a density plot of them together with the training and test values of α(s). Figure 6.6

shows the resulting plot. We can see from this plot that we obtain acceptable in-sample performance

for our model with the HMC samples clustering closely around the training data.

Remark 6.13. Notice that at the endpoints s = 0, 1 in Fig. 6.6 the density plot reveals the presence

of some samples which seem to completely miss the true data. However, these two clusters at each

endpoint have a separation of around π, which is consistent with the fact that the true signal

should have α(0) = α(1) = 0. These points are equivalent in terms of subspace angle and so the

edges of Fig. 6.6 should be thought of as being “glued” together. ♦

To get a more quantitative assessment of the in-sample performance we then compute, for each

training point, the Karcher mean, Mi, of the resulting points in Gr(2, 1) corresponding to the

sampled hyper-parameters from the HMC:

Mi := argmin
[X]∈Gr(2,1)

Ĩ∑
j=1

dGr(P̂
(j)(si), [X]), i = 1, ..., 14, (6.67)

where here {P̂ j(si)}Ĩj=1 are the points on Gr(2, 1) generated from the model during the training

phase corresponding to P (si). We then compute the Riemannian Grassmann distance between Mi

and P (si):

Ei := dGr(Mi, P (si)), (6.68)
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Figure 6.5: Diagnostic plots for HMC sampler (Section 6.7.1). Left column: Traceplots for the sam-
pled hyper-parameters. Right column: Autocorrelation plots for the sampled hyper-parameters.
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Figure 6.6: Plot of s vs α(s) showing the in-sample results from the HMC sampler (Section 6.7.1).
The training points are plotted in red, while the test data is plotted as the dashed black line.

as a measure of the in-sample accuracy of our model. Table 6.1 presents summary statistics of the

resulting in-sample errors {Ei}14i=1. From this table we can see that we achieve low errors overall

indicating a high in-sample accuracy.

Table 6.1: Statistics for in-sample errors (Section 6.7.1).

Errors

mean 0.000726
std 0.000502
min 0.000000
25% 0.000302
50% 0.000726
75% 0.001149
max 0.001451

Predictive performance

We now use our model to make predictions for the test dataset Eq. (6.59) as described in Sec-

tion 6.6.3. To assess the resulting predictive performance of our model we include a plot of the

predictions for the tangent vectors {U(s∗i )}40i=1 in Fig. 6.7. From this plot we can see that our

model accurately tracks the tangent vectors for the test dataset Eq. (6.59). Notice that the first

component of the tangent vector is constant and the model predicts this with very small uncer-

tainty overall. For the varying second component we can see from the figure that the uncertainty

drops near the train data points, {si}14i=1, as is to be expected. We also include in Fig. 6.8 a den-

sity plot of the corresponding predictions for the subspace angles, {α(s∗i )}40i=1, obtained from each

sampled hyper-parameter value from the HMC. This plot is analogous to Fig. 6.6 but now for the
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test dataset Eq. (6.59) and using the GP predictions from the model. We can see from this plot

that we obtain acceptable predictive performance for our model with the predictions clustering

closely around the test data.

For a more quantitative assessment of the predictive performance we compute, for each test

point, the Karcher mean, M̃i, of the predictions made by the model for P (s∗i ) for each sampled

hyper-parameter from the HMC. Since for each sampled hyper-parameter we use a GP-based model

to make predictions we have two versions of errors:

• Errors between the Karcher mean using the mean GP predictions (i.e. the mean of the GP

posterior for each sampled hyper-parameter).

• Errors between the Karcher mean using the actual predictions from the GP.

To indicate the level of uncertainty in the predictions we also compute a proxy for the standard

deviation of our predictions via the following formula:

√√√√√1

Ĩ

Ĩ∑
j=1

dGr(P̃ (j)(s∗i ), M̃j), i = 1, ..., 40, (6.69)

where P̃ (j)(s∗i ) denotes the predictions (either the mean GP prediction or the actual prediction

as appropriate). We illustrate these errors together with the associated uncertainties in Fig. 6.9.

From this plot we can see that the error remains small overall with spikes at around s = 0.3, 0.7.

These spikes of inaccuracy can be seen to correspond to the sharp jumps in the second component

of the true tangent vectors at the same locations in Fig. 6.7. This is perhaps due to the fact that

we are using the squared-exponential family of kernels in our model which cannot deal with such

sharp jumps. Also note that the uncertainty depicted by the shaded regions drops to practically

zero at the training points which are depicted with the vertical dashed green lines. We also include

in Table 6.2 a table of summary statistics for these two types of errors.

Table 6.2: Statistics for predictive errors (Section 6.7.1).

Errors (using mean) Errors (using predictions)

mean 0.192035 0.193057
std 0.288104 0.288085
min 0.000000 0.000000
25% 0.001149 0.001149
50% 0.074869 0.076441
75% 0.264218 0.266577
max 0.969547 0.972691
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Figure 6.7: Predictions for tangent vectors U(s) for the dataset Eq. (6.59). The solid red curves
show the averaged mean prediction, i.e. the average of the mean GP predictions for each sampled
posterior hyper-parameter. The shaded blue region gives a 95% credible region over the GP
predictions for each sampled posterior hyper-parameter.
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Figure 6.8: Plot of s vs α(s) showing the resulting predictions for the test dataset Eq. (6.59). The
training points are plotted in red, while the test data is plotted as the dashed black line.

Figure 6.9: Plot of errors against s using both the GP predictive mean and predictions (Sec-
tion 6.7.1). The shaded regions depict a measure of uncertainty given by the error plus 1 standard
deviation computed via Eq. (6.69) for both the predictive mean and predictions respectively. The
vertical dashed green lines indicate the locations of the training data.
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6.7.2 Localised active subspaces for a parametrised ODE

Dataset Description

In this section we will present a numerical experiment which will be used to demonstrate the

methodology for analysing localised active subspaces presented in Section 6.4. This example is

motivated by Example 5.1 in [34]. We consider the following parametrised second-order ODE:

− d

dx

(
κ(x;p)

d

dx
u(x;p)

)
= f(x), x ∈ [0, 1], (6.70)

u(0;p) = u(1;p) = 0. (6.71)

The logarithm of the coefficient κ = κ(x;p) of the differential operator in Eq. (6.70) is given by

the following truncated Karhunen-Loéve (KL) (see Theorem A.4) type expansion:

log κ(x;p) :=

dp∑
k=1

pkγkφk(x), (6.72)

where p = (p1, ..., pdp)
T ∈ Rdp and the pairs {(γk, φk(x))}∞k=1 are the eigenpairs associated with

the correlation operator corresponding to the Matérn-1/2 covariance function:

c(x, y) := exp
(
β−1|x− y|

)
. (6.73)

We take the length scale in Eq. (6.73) to be β = 1. We choose to truncate the KL expansion of the

field at dp = 100 terms, which implies that our parameter space is R100 with associated p.d.f. ρ

being a standard multivariate normal density function, i.e. the parameter vector p ∼ N100(0, I100).

The function of interest for which we want to apply the localised active subspace methodology

described in Section 6.4 is u(x;p), i.e. we are interested in investigating if we can perform localised

dimension reduction for the p-dependence of u(x;p) as a function of the location x in the ODE’s

domain. In particular, we are interested in the leading eigenvector of the x-dependent matrix

C(x) ∈ R100×100:

C(x) :=

∫
R100

(∇pu(x;p))(∇pu(x;p))
T ρ(x)dp, (6.74)

which corresponds to the matrix given by Eq. (6.25). Thus, we are interested in learning the

mapping P : [0, 1] → Gr(100, 1) which maps x ∈ [0, 1] to the localised active subspace P (x) ∈

Gr(100, 1) given by the leading eigenspace of Eq. (6.74). We will utilise our GrassGP model to

learn this function given N = 10 observations of P (x) at equally spaced locations, {xi}10i=1, between

0 and 1, i.e. our training dataset is:

D10 = {(xi, P (xi))}10i=1. (6.75)
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We augment the observed dataset D10 with an additional 30 points to yield a test dataset,

D∗
40 = {(x∗i , P (x∗i ))}40i=1, (6.76)

which will be compared with predictions made from the model. Note that we first generate the test

dataset Eq. (6.76) and then take every other 4th point to obtain our training dataset Eq. (6.75).

Remark 6.14. In order to compute P (x) to obtain the training and test datasets we will approx-

imate this matrix and its leading eigenspace via the Monte Carlo approach given in Algorithm 6

with 300 Monte Carlo samples from the p.d.f. ρ. We compute the gradient ∇pu(x;p) by solving

an adjoint problem associated to the BVP from Eqs. (6.70) and (6.71). ♦

Figure 6.10 shows a plot illustrating how the localised active subspace drifts from P (x∗0) as we

move along the ODE’s domain [0, 1]. This plot show the Riemannian Grassmann distance (see

Definition 5.6) between the first test (and train) point P (x∗0) and the rest of the train and test

points respectively. We can see that there is a substantial, yet smooth, change in the localised

active subspace as we move from one end of [0, 1] to the other.
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Figure 6.10: Plot illustrating the evolving localised active subspace by plotting the Riemannian
Grassmann distance between P (x∗0) and the train and test datasets Eqs. (6.75) and (6.76) respec-
tively against x.

Remark 6.15. In Example 5.1 of [34] the authors apply the global active subspace methodology to

study a linear function of the solution of a parametrised elliptic PDE. In our example we have, for

simplicity, restricted the dimension of the PDE to 1 dimension, i.e. we consider an ODE instead,

noting that our model can be easily extended to PDEs, as we will see in Section 6.7.3. Further,

instead of studying a linear function of the solution we instead investigate the parameter depen-

dence at different points in the ODE’s domain. We also consider Dirichlet boundary conditions
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instead of the mixed Dirichlet and Neumann conditions considered in the example from [34]. ♦

Experiment Parameters

We now detail the various choices we make for the unknown parameters described in Section 6.6.2

for this experiment. Note that, as in Section 6.7.1, anything not specified explicitly is assumed to

be the same as described in Section 6.6.2.

• Prior kernel function: As in Section 6.7.1 we again choose to work with the family of

Squared Exponential (SE) kernels Eq. (6.60) parametrised by the length scale, ℓ > 0. We

again place a log-normal hierarchical prior on the length scale:

ℓ ∼ LogN (0, 0.52). (6.77)

• Prior parameter covariance matrix: We depart from the choice in Section 6.7.1 and

use the following parametric form for Ω ∈ R100×100:

Ω := diag
(
{ω2

i }100i=1

)
, (6.78)

i.e. we model Ω as a diagonal matrix where the diagonal entries control the overall variance

of the components of the 100×1 matrix-valued GP. We place i.i.d. log-normal hierarchical

priors on the {ωi}100i=1, i.e.

ω1, ..., ω100
i.i.d.∼ LogN (0, 1). (6.79)

The choice of a diagonal matrix for Ω reduces the computational burden in the HMC

sampler which helps speed up the inference, which is vital due to the high dimensions

involved in this example.

• Prior anchor point: We will again take the anchor point to be the Karcher mean of

the observed data. Due to the higher dimensions involved we can no longer adopt the

“brute-force” approach taken in Section 6.7.1. We instead use the gradient descent based

approach given by Algorithm 1 to estimate the Karcher mean. This algorithm was run for

several random initialisations which had little effect on the resulting anchor point.

• Likelihood noise level: We again decide to fix the likelihood noise level to a small, albeit

non-zero value, σ = 0.001. We use a smaller value than in Section 6.7.1 since the scale in

the resulting tangent vectors of our dataset are now smaller due to the larger dimensions

involved.
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Fitting the model

In order to fit the model we again utilise HMC to obtain samples from the hyper-parameter

posterior distribution corresponding to the training dataset Eq. (6.75). We again initialise the

HMC sampler with the MAP estimate which is obtained using NumPyro’s built-in SVI support.

The HMC sampler is then run for I = 7000 iterations with an additional burn-in period of Ib =

5000 iterations. We note that we had to use a longer burn-in period than in Section 6.7.1 in

order to achieve convergence of the sampler. We again thin the resulting chain by 2 to obtain

Ĩ = 3500 samples from the hyper-parameter posterior distribution. Figure 6.11 shows traceplots

and autocorrelation plots for the resulting sample for ℓ, ω1, ω2, ω3, and ω4. We exclude the plots

for {ωi}100i=5 as they exhibited similar behaviour as the first four parameters. From the traceplots

in Fig. 6.11 we observe good mixing of the chains while the autocorrelation plots show a drop to

acceptable levels of autocorrelation after a lag of at most 20. The split Gelman-Rubin diagnostic

was also computed to be 1.0 for all the hyper-parameters, except for the kernel length, ℓ, which

had a value of 1.01. These values give us further evidence for convergence of the HMC.

In-sample performance

To assess the in-sample performance of our model we again compute the Riemannian Grassmann

distance between the training points and the Karcher mean of the resulting points in Gr(100, 1)

corresponding to the sampled hyper-parameters from the HMC as was computed for the example

in Section 6.7.1. Table 6.3 presents summary statistics for the resulting in-sample errors (this is

analogous to Table 6.1 for the previous example). From this table we can see that we achieve low

errors overall indicating a high in-sample accuracy.

Table 6.3: Statistics for in-sample errors (Section 6.7.2).

Errors

mean 0.001124
std 0.001175
min 0.000401
25% 0.000493
50% 0.000711
75% 0.001068
max 0.004300

Predictive performance

We now use our model to make predictions for the localised active subspaces contained in the test

dataset Eq. (6.76) as described in Section 6.6.3. As in Section 6.7.1 we again use the Riemannian

Grassmann distance as a measure of predictive performance. As was done previously we compute

147



Bayesian Uncertainty Quantification for PDE Models Chapter 6

0 500 1000 1500 2000 2500 3000 3500
n

40

60

80

100

120

Traceplot for 

0 20 40 60 80 100
lag

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00
Autocorrelation for 

0 500 1000 1500 2000 2500 3000 3500
n

0.0

0.5

1.0

1.5

2.0

2.5

Traceplot for 1

0 20 40 60 80 100
lag

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00
Autocorrelation for 1

0 500 1000 1500 2000 2500 3000 3500
n

4

6

8

10

12

Traceplot for 2

0 20 40 60 80 100
lag

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00
Autocorrelation for 2

0 500 1000 1500 2000 2500 3000 3500
n

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0
Traceplot for 3

0 20 40 60 80 100
lag

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00
Autocorrelation for 3

0 500 1000 1500 2000 2500 3000 3500
n

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

Traceplot for 4

0 20 40 60 80 100
lag

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00
Autocorrelation for 4

Figure 6.11: Diagnostic plots for HMC sampler (Section 6.7.2). Left column: Traceplots for
the sampled hyper-parameters. Right column: Autocorrelation plots for the sampled hyper-
parameters.
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this distance for both the GP posterior predictive mean and the posterior predictions. Table 6.4

contains summary statistics for these two types of errors. From this table we again see that we

achieve low errors overall indicating a high predictive accuracy.

Table 6.4: Statistics for predictive errors (Section 6.7.2).

Errors (using mean) Errors (using predictions)

mean 0.026329 0.026338
std 0.009333 0.009321
min 0.014288 0.014143
25% 0.018784 0.018884
50% 0.025607 0.025556
75% 0.030288 0.030296
max 0.054694 0.054689

6.7.3 Localised active subspaces for a parametrised PDE

Dataset Description

In this section we present a numerical experiment similar to the one in Section 6.7.2 but for the

following parametrised elliptic PDE:

−∇ · (κ(x;p)∇u(x;p)) = f(x), x ∈ D := [0, 1]2, (6.80)

u(x;p) = 0, x ∈ ∂D. (6.81)

Note that this is simply a 2-dimensional version of the parametrised second-order ODE Eq. (6.70).

Here the logarithm of the coefficient κ = κ(x;p) of the differential operator in Eq. (6.80) is again

given by the following truncated Karhunen-Loéve (KL) type expansion:

log κ(x;p) :=

dp∑
k=1

pkγkφk(x), (6.82)

where p = (p1, ..., pdp
)T ∈ Rdp and the pairs {(γk, φk(x))}∞k=1 are the eigenpairs associated with

the correlation operator corresponding to the 2-dimensional Matérn-1/2 covariance function:

c(x,y) := exp
(
β−1∥x− y∥

)
. (6.83)

We take the length scale in Eq. (6.83) to be β = 1. We choose to truncate the KL expansion of

the field at dp = 100 terms, which implies that our parameter space is again R100 with associated

p.d.f. ρ being a standard multivariate normal density function, i.e. the parameter vector p ∼

N100(0, I100).

As in the experiment in Section 6.7.2 the function of interest for which we want to apply the
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localised active subspace methodology is u(x;p). Thus, the experimental setup is almost identical

to that in Section 6.7.2 but now we are interested in learning a mapping from the unit-square to

Gr(100, 1), i.e. we wish to learn a mapping P : [0, 1]2 → Gr(100, 1). Owing to the strong similarities

between this experiment and the one in Section 6.7.2 we will simply highlight any differences in

the modelling choices and then present the results.

Our GrassGP model will be utilised to learn this function given N = 25 observations of P , i.e.

our training dataset is:

D25 = {(xi, P (xi))}25i=1. (6.84)

We augment the observed dataset D25 with an additional 75 points to yield a test dataset,

D∗
100 = {(x∗

i , P (x
∗
i ))}100i=1. (6.85)

We note that we use the same Monte Carlo approach given in Algorithm 6 to compute these

datasets as outlined in Remark 6.14. These train and test locations are illustrated in Fig. 6.12.

Figure 6.13 illustrates how the localised active subspace drifts from the value at the bottom-left-
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Figure 6.12: Plot illustrating the train and test locations for the numerical experiment in Sec-
tion 6.7.3.

most test point x∗
0 as we move along the PDE’s domain [0, 1]2. This plot shows the Riemannian
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Grassmann distance between P (x∗
0) and the rest of the test data points as a contour plot. This

plot corresponds to Fig. 6.10 for our 2-dimensional PDE. We again see that there is a substantial,

yet smooth, change in the localised active subspace as we move along the unit square.
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Figure 6.13: Plot illustrating the evolving localised active subspace by plotting the Riemannian
Grassmann distance between P (x∗

0) and the test dataset.

Experiment Parameters

Due to the similarity with the experiment in Section 6.7.2 we make the same choices for the

unknown parameters required for our GrassGP model. The only difference is that we use a larger

likelihood noise level of σ = 0.01 for this example to help with numerical stability and convergence

of the HMC chain.

Fitting the model

In order to fit the model we again utilise HMC to obtain samples from the hyper-parameter

posterior distribution corresponding to the training dataset Eq. (6.84). We again initialise the

HMC sampler with the MAP estimate which is obtained using NumPyro’s built-in SVI support.

The HMC sampler is then run for I = 7000 iterations with an additional burn-in period of Ib = 5000

iterations. We again thin the resulting chain by 2 to obtain Ĩ = 3500 samples from the hyper-

parameter posterior distribution. Figure 6.14 shows traceplots and autocorrelation plots for the

resulting sample for ℓ, ω1, ω2, ω3, and ω4. We exclude the plots for {ωi}100i=5 as they exhibited similar

behaviour as the first four parameters. From the traceplots in Fig. 6.14 we observe good mixing

of the chains while the autocorrelation plots show a drop to acceptable levels of autocorrelation
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after a lag of around 10. The split Gelman-Rubin diagnostic was also computed to be 1.0 for all

the hyper-parameters. These values give us further evidence for convergence of the HMC.

In-sample performance

To assess the in-sample performance of our model we again compute the Riemannian Grassmann

distance between the training points and the Karcher mean of the resulting points in Gr(100, 1)

corresponding to the sampled hyper-parameters from the HMC as was computed for the examples

in Sections 6.7.1 and 6.7.2. Table 6.5 presents summary statistics for the resulting in-sample errors

(this is analogous to Tables 6.1 and 6.3 for the previous examples). From this table we can see

that we achieve low errors overall indicating a high in-sample accuracy.

Table 6.5: Statistics for in-sample errors (Section 6.7.3).

Errors

mean 0.020501
std 0.006538
min 0.012895
25% 0.015060
50% 0.017789
75% 0.024757
max 0.038437

Predictive performance

We now use our model to make predictions for the localised active subspaces contained in the test

dataset Eq. (6.85) as described in Section 6.6.3. As in Sections 6.7.1 and 6.7.2 we again use the

Riemannian Grassmann distance as a measure of predictive performance. As was done previously

we compute this distance for both the GP posterior predictive mean and the posterior predictions.

Table 6.6 contains summary statistics for these two types of errors. From this table we again see

that we achieve low errors overall indicating a high predictive accuracy.

Table 6.6: Statistics for predictive errors (Section 6.7.3).

Errors (using mean) Errors (using predictions)

mean 0.055704 0.055698
std 0.016808 0.016811
min 0.037917 0.038006
25% 0.044399 0.044290
50% 0.049517 0.049505
75% 0.063978 0.064007
max 0.118090 0.118115
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6.8 Discussion

In this chapter we have provided a review of the concepts of optimal ridge approximation and active

subspaces and then motivated the idea of localised active subspaces where the dimension reducing

subspace smoothly varies as a function of some of the input parameters. We then presented a

probabilistic model based on GPs which can be used to interpolate a field of Grassmann-valued

response variables and hence can be used to efficiently approximate the localised active subspace

at novel locations. This model was then demonstrated using a simple numerical example involving

low dimensions, while two higher-dimensional examples involving a parameterised ODE and PDE

demonstrated the model’s utility in estimating localised active subspaces.

Several possible avenues for future work present themselves. The first would be to consider

other models for modelling Grassmann-valued response variables than the model considered here

and apply these models to the estimation of localised active subspaces. Another avenue would

be to extend this model to also be able to perform localised optimal ridge approximation, i.e. to

estimate a function f : Rm × Rdp → R by a ridge function with a parameter dependent ridge

subspace, f(s,x) ≈ g(M(s)Tx).
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Figure 6.14: Diagnostic plots for HMC sampler (Section 6.7.3). Left column: Traceplots for
the sampled hyper-parameters. Right column: Autocorrelation plots for the sampled hyper-
parameters.
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Chapter 7

Conclusion and Future Work

In this final chapter we summarize the contributions made in this thesis and also discuss potential

avenues for future work.

7.1 Contributions

The novel contributions of this thesis can be separated into two areas which we now summarise.

In Chapters 3 and 4 we investigated the recently proposed StatFEM model and analysed its

associated discretisation error yielding new perspectives on inference in the context of Bayesian

UQ for PDE models. In particular, in the case of spatial elliptic BVPs we were able to prove in

Section 3.4 that the StatFEM prior converges to the true prior as a function of the mesh width, with

respect to the Wasserstein-2 distance, at a rate which matches the underlying deterministic FEM

method. We were then able to extend this to show that given noisy observations of linear quantities

of interest, the resulting posterior approximation is also controlled at the same rate. In both

scenarios, the choice of the Wasserstein distance was vital in allowing us to compare the mutually

singular true and StatFEM priors/posteriors respectively. As outlined both in Sections 2.3.6 and 3.4

this mutual singularity prohibits the use of the more commonly used probability discrepancies such

as the KL divergence or Hellinger distance. We then presented our work towards extending the

error analysis for the StatFEM method from elliptic to parabolic PDEs. This work, while still

at an early stage, presents several avenues for future work which will be summarized below. We

finally presented several numerical experiments on a number of illustrative FEM test problems

demonstrating both the theoretical results for the spatial case, as well as possible extensions and

scenarios which explore the limits of our theory where some of our assumptions no longer hold.

In Chapter 6 we reviewed the concepts of optimal ridge approximation and active subspaces

which motivated the idea of localised active subspaces. We then introduced a fully Bayesian prob-
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abilistic model based on GPs, called GrassGP, which can be used to estimate localised active

subspaces by interpolating a field of Grassmann-valued random variables. The idea of lifting the

response variables to a particular tangent space was crucial to the derivation of this model and

is applicable to problems beyond the GrassGP framework where one might be interested in inter-

polating response variables on some other Riemannian manifold. Several numerical experiments

were then presented, the first of which allows us to easily visualise the GrassGP model, while the

others demonstrated its potential in estimating localised active subspaces.

7.2 Potential Future Research Directions

The work presented in this thesis suggests several avenues for potential future work which we now

outline.

In Section 3.4 we proved in Theorem 3.4 that in the posterior case linear quantities of interest

are also controlled at a rate of O(h2), i.e. W (ℓ#ν̃⋆, ℓ#ν̃h) ≤ O(h2), where we recall that ν̃⋆, ν̃h are

the true and StatFEM posteriors respectively, and ℓ is a bounded linear functional on L2(D). It

will be interesting to see if this theorem can be extended to the full posterior, something which the

numerical experiments in Chapter 4 seem to suggest is possible. Another interesting avenue would

be to see if similar error bounds can be proven for approximations other than FEM. This seems

likely since much of the analysis in Section 3.4 relied on the existence of bounds on the underlying

deterministic numerical method. In a similar vein, the generalisation of these results to other prob-

ability divergences such as Wasserstein-p distances, for p > 2, would have interesting implications

such as allowing even more control over other features of the distribution such as quantiles and

extrema. This would be especially important for applications involving risk-assessment.

Our efforts to extend the error analysis of the StatFEM method from elliptic to parabolic PDEs

also yields several avenues for future work as outlined in Section 3.5.3. Chief among these potential

directions would be extending the analysis to the error between the covariance terms which might

allow an analogue of Theorem 3.3 to be proven for the time-dependent case. Further, in light of

the increasing trend of incorporating noisy observational data into our statistical pipeline, it will

be interesting to investigate if it is possible to derive error bounds for a Kalman-filter like scheme

for the StatFEM framework as outlined in [50].

In Chapter 6 we motivated the concept of localised active subspaces and then suggested one

methodology for estimating such subspaces via a Bayesian probabilistic model based on GPs. One

important avenue of future work would be to extend this model to be able to perform localised

optimal ridge approximation as well, i.e. to be able to approximate a function f : Rm × Rdp → R

by a ridge function with a parameter dependent ridge subspace, f(s,x) ≈ g(M(s)Tx). Further, as
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noted in our literature review for this project in Section 6.2, other models exist in the literature for

modelling Grassmann-valued response variables. It will be interesting to consider the use of such

models for the estimation of localised active subspaces and to compare their performance for this

task. We also note that while the two projects presented in this thesis were separate in their focus

it will be interesting to investigate the use of localised active subspaces in the context of StatFEM

for PDEs with large numbers of parameters of interest.

7.3 Closing Remarks

Studying the effects of numerical discretisation error on inference as well as new methodologies

for performing dimension reduction remain areas of great importance in the field of Bayesian

Uncertainty Quantification, especially in relation to PDE-based models. This thesis has attempted

to provide new perspectives on these two areas. Despite the focus on PDE/ODE-based models

in this thesis it should be noted that the analysis used, and the methodologies presented in this

thesis can extend well beyond such models and can help in the study of complex models from other

domains.
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Annales de l’Institut Henri Poincaré, Probabilités et Statistiques, 58(4):2216 – 2249, 2022.

doi: 10.1214/21-AIHP1238. URL https://doi.org/10.1214/21-AIHP1238.
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List of Notation

Calculus

∂α Classical partial derivative written in multi-index notation

Dα Weak derivative written in multi-index notation

∇ Gradient operator

∇ · v Divergence of a vector field v : Rd → Rd

∂D Boundary of a bounded, connected, and open domain D

Differential Geometry

TpM Tangent space of a differentiable manifoldM at a point p ∈M

(⟨·, ·⟩p)p∈M Riemannian metric for a manifoldM

dM(·, ·) Riemannian distance for a Riemannian manifoldM

expMp Riemannian Exponential map

logMp Riemannian Logarithm map

liftp(ξ) Horizontal lift of ξ at p

St(d, n) (compact) Stiefel manifold of d× n orthonormal matrices

expStX Riemannian Stiefel Exponential map

logStX Riemannian Stiefel Logarithm map

Gr(d, n) Grassmann manifold of all n-dimensional (linear) subspaces of Rd

expGr
X Riemannian Grassmann Exponential map

logGr
X Riemannian Grassmann Logarithm map

Functional Analysis
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⟨·, ·⟩X Inner product on a vector space X

X ,Y, E Calligraphic upper-case Latin letters denoting normed spaces and/or Hilbert spaces

L(X ,Y) Set of all bounded linear operators from X to Y

X ′ (Topological) dual of the normed space X

A† Adjoint of a linear operator A ∈ L(X ,Y)

tr(A) Trace of a linear operator A

Lp(D) Space of p-integrable measurable functions on D

L∞(D) Space of (essentially) bounded functions on D

C(D) Space of continuous functions on D

Cn(D) Space of continuous functions on D with n continuous derivatives

C∞(D) Space of infinitely differentiable functions on D

C∞
c (D) Set of functions u ∈ C∞(D) with compact support

Cn
b (D) Subset of Cn(D) containing functions with bounded and uniformly continuous partial

derivatives up to order n

W k,p(D) Sobolev space of integral or fractional order k

Hk(D) Sobolev space W k,2(D) of integral or fractional order k (with p = 2)

H1
0 (D) Space of function in H1(D) which are zero on the boundary ∂D

H1/2(∂D) Trace space

H1
g (D) Space of functions in H1(D) whose trace on the boundary ∂D is the function g in the trace

space

H−1(D) Dual space of H1
0 (D)

Linear Algebra

x,y Boldfaced lower-case Latin letters denoting vectors in Rd

A,M Boldfaced upper-case Latin letters denoting matrices of arbitrary, but finite, dimension

A− Generalized (pseudo) inverse of a matrix A

det(A) Determinant of a square matrix A
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tr(A) Trace of a square matrix A

A(U) Image of a subset U ⊂ X under an operator A : X → Y

im(A) Image of a linear operator A : X → Y between two vector spaces

ker(A) Kernel/null-space of a linear operator A : X → Y between two vector spaces

⊗ Outer product for vectors/Kroenecker product for matrices

vec Vectorisation operator

unvec Inverse of the vectorisation operator

O(d) Orthogonal group of d× d orthogonal matrices

Sets of Numbers

N The set of natural numbers, N = {1, 2, ...}

Z The set of integers

N0 The set of non-negative integers, N0 = N ∪ {0}

R The set of real numbers

Probability

1A Indicator function of a set A

µ, ν Lower-case Greek letters denoting (probability) measures

B(E) Borel sigma-algebra of E

P(E) Set of Borel probability measures on (E ,B(E))

X#µ Pushforward of the measure µ by the measurable function X

X,Y Upper-case Latin letters denoting random variables

dµ
dν Radon-Nikodym derivative of µ w.r.t. ν

E Expectation

Eµ Expectation with respect to a measure µ

V Variance

Vµ Variance of a random variable with respect to a measure µ

Γ(µ, ν) Set of couplings between two probability measures µ, ν
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µ∗ Centered measure associated with a probability measure µ

N (µ, σ2) Univariate normal distribution with mean µ and variance σ2

N (µ,Σ) Multivariate normal distribution with mean vector µ and covariance matrix Σ

MN (M,U,V) Matrix Normal Distribution with parameters M,U,V

GP(m, k) Gaussian process with mean function m and covariance function k

MatGP(µ, k,Ω) Matrix-valued Gaussian Process with mean function µ, kernel function k, and

parameter covariance matrix Ω

KL(µ ∥ ν) Kullback-Leibler divergence from the probability measure µ to ν

W2(µ, ν),W (µ, ν) Wasserstein-2 distance between two probability measures µ, ν

dP (·, ·) Procrustes distance between covariance operators
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Appendix A

Additional Background Material

A.1 Analysis

In this section we introduce and discuss any additional concepts in functional analysis which will

be helpful for this thesis. We will focus on concepts which are especially relevant for the field

of Functional Data Analysis (FDA) and for the study of PDEs and FEM. For a more in-depth

treatment of functional analysis the reader is referred to [87, 43, 13].

A.1.1 Basics of Functional Analysis

Recall that a metric on a set V can be defined as follows:

Definition A.1 (Metric/Metric Space). A metric on a set V is a function d : V × V → R

satisfying the following properties for all x, y, z ∈ V :

1. Positivity: d(x, y) ≥ 0.

2. Symmetry: d(x, y) = d(y, x).

3. Triangle Inequality: d(x, z) ≤ d(x, y) + d(y, z).

4. Separating: d(x, y) = 0 ⇐⇒ x = y.

If d is a metric we call the pair (V, d) a metric space. A function d is called a pseudometric if it

satisfies all of the above properties except Item 4. ♦

Recall that a norm on a (real) vector space V can be defined as follows:

Definition A.2 (Norm/Normed Vector Space). A norm on a (real) vector space V is a

function ∥ · ∥ : V → R satisfying the following properties for all x, y ∈ V and for all scalars α ∈ R:

1. Triangle Inequality: ∥x+ y∥ ≤ ∥x∥+ ∥y∥.

177



Bayesian Uncertainty Quantification for PDE Models Chapter A

2. Absolute Homogeneity: ∥αx∥ = |α|∥x∥.

3. Positive Definiteness/Separating: ∥x∥ = 0 =⇒ x = 0.

A vector space equipped with a norm, (V, ∥ · ∥), is called a normed vector space. ♦

Remark A.1. A norm provides a notion of distance turning the vector space V into a metric

space. In particular, the function d : V ×V → R defined via d(x, y) := ∥x− y∥ can be shown to be

a metric. ♦

Recall that a bounded linear operator A : X → Y between two normed spaces X ,Y can be

defined as follows:

Definition A.3 (Bounded linear operator). A linear operator A : X → Y between two normed

spaces X ,Y is said to be bounded if there is some constant C > 0 such that for all x ∈ X we have:

∥Ax∥Y ≤ C∥x∥X . (A.1)

♦

Recall that an inner product on a (real) vector space V can be defined as follows:

Definition A.4 (Inner Product/Inner Product Space). An inner product on a (real) vector

space V is a function ⟨·, ·⟩ : V × V → R satisfying the following properties for all x, y, w ∈ V and

for all scalars α, β ∈ R:

1. Symmetry: ⟨x, y⟩ = ⟨y, x⟩.

2. Linearity: ⟨αx+ βy,w⟩ = α⟨x,w⟩+ β⟨y, w⟩.

3. Positive Definiteness: ⟨x, x⟩ ≥ 0 with equality if and only if x = 0 ∈ V .

A vector space equipped with an inner product is called an inner product space. ♦

Note that the definition of norms and inner products can be generalised to a vector space over

a general field F; a commonly used generalization being for complex vector spaces (F = C). In this

thesis we will exclusively be concerned with the case of real vector spaces.

Remark A.2. An inner product defines a norm on V via ∥x∥ :=
√
⟨x, x⟩. Thus, any inner product

space can be trivially made into a normed space. A norm defined via an inner product in this way

satisfies the important and well-known Cauchy-Schwarz Inequality:

|⟨x, y⟩| ≤ ∥x∥∥y∥, ∀x, y ∈ V, (A.2)

with equality if and only if x and y are linearly dependent. ♦
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Remark A.3. It is important to note that not every normed space is an inner product space. A

simple way to see this is to recall that the parallelogram law holds in any inner product space,

(V, ⟨·, ·⟩), with the associated norm ∥x∥ =
√
⟨x, x⟩, i.e. the following holds for all x, y ∈ V :

2∥x∥2 + 2∥y∥2 = ∥x+ y∥2 + ∥x− y∥2. (A.3)

We can use this fact to find a normed space which is not an inner product space. For example,

consider the plane, R2, equipped with the 1-norm:

∥x∥1 :=

2∑
i=1

|xi|. (A.4)

This is not an inner product space since the parallelogram law does not hold: take x = (−1,−1)T

and y = (−1, 1)T in Eq. (A.3). We obtain:

2∥x∥21 + 2∥y∥21 = 16, (A.5)

∥x+ y∥21 + ∥x− y∥21 = 8, (A.6)

and so the parallelogram law does not hold for the normed space (R2, ∥ · ∥1). Thus, no inner

product gives rise to the ∥ · ∥1 norm. ♦

Two important definitions are those of Banach and Hilbert spaces. These can be defined as

follows:

Definition A.5 (Banach Space). A normed vector space (X , ∥ · ∥) is called a Banach space if

it is complete with respect to its norm, i.e. if every Cauchy sequence in X converges to some point

in X . ♦

Definition A.6 (Hilbert Space). An inner product space (H, ⟨·, ·⟩) is called a Hilbert space if it

is complete with respect to the norm induced by its inner product. ♦

Note that any Hilbert space is automatically a Banach space.

A.1.2 Fractional Sobolev Spaces

In this section we define fractional Sobolev spaces. We follow the presentation in [45].

We start off by defining the fractional Sobolev spaces, W s,p(D), for fractional exponents, s,

restricted to the interval s ∈ (0, 1). We then extend the definition to all exponents s > 1.

Definition A.7 (Fractional Sobolev Space, case s ∈ (0,1)). For any p ∈ [1,∞) and for
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s ∈ (0, 1), we define the fractional Sobolev space, W s,p(D), as follows:

W s,p(D) :=

{
u ∈ Lp(D)

∣∣∣∣∣
(
(x,y) 7→ |u(x)− u(y)|

∥x− y∥
d
p+s

)
∈ Lp(D ×D)

}
, (A.7)

i.e. W s,p(D) is an interpolated Banach space “between” the spaces Lp(D) and W 1,p(D), endowed

with the following natural norm:

∥u∥W s,p(D) :=

(
∥u∥pLp(D) +

∫
D

∫
D

|u(x)− u(y)|p

∥x− y∥d+sp
dxdy

) 1
p

, (A.8)

where the term,

[u]W s,p(D) :=

(∫
D

∫
D

|u(x)− u(y)|p

∥x− y∥d+sp
dxdy

) 1
p

, (A.9)

is the so-called Gagliardo semi-norm of u.♦

This definition cannot be extended to the case s > 1 (for details on this see the discussion

following Proposition 2.2 in [45]) and we instead have to consider the following modification to

define fractional Sobolev spaces for exponents s > 1:

Definition A.8 (Fractional Sobolev Space, case s > 1). Let p ∈ [1,∞) and s > 1 with s /∈ N.

We write s = m+σ, where m ∈ N and σ ∈ (0, 1). We define the fractional Sobolev space, W s,p(D),

as the space consisting of equivalence classes of functions in the integral order Sobolev space (see

Definition 2.2), u ∈Wm,p(D), whose weak derivatives, Dαu, with |α| = m, belong to the fractional

Sobolev space Wσ,p(D) defined in Definition A.7, i.e.

W s,p(D) := {u ∈Wm,p(D) |Dαu ∈Wσ,p(D) for any multi-index α such that |α| = m} . (A.10)

This space is also a Banach space equipped with the following norm:

∥u∥W s,p(D) :=

∥u∥pWm,p(D) +
∑

|α|=m

∥Dαu∥pWσ,p(D)

 1
p

. (A.11)

Note that if s = m is an integer then the space W s,p(D) coincides with the usual integral order

Sobolev space Wm,p(D) (see Definition 2.2). ♦

Note that Definitions A.7 and A.8 were both adopted from Section 2 of [45]. As with integral

order Sobolev spaces, in the special case of p = 2 the fractional Sobolev spaces turn out to also be

Hilbert spaces and we denote them via the notation Hs(D) := W s,2(D). We will also abbreviate

the norms and Gagliardo semi-norm of the spaces Hs(D) to ∥ · ∥s, [·]s respectively.

Remark A.4. There is an alternative formulation of fractional Sobolev spaces via Fourier trans-

forms. The two notions can be shown to be equivalent. For more details see Section 3 of [45] and
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Sections 1.11.3-1.11.5 of [161]. ♦

A.2 PDEs and FEM

In this section we include any additional relevant concepts from PDE and FEM theory which are

helpful for this thesis.

A.2.1 Additional Concepts from PDE Theory

The Riesz Representation Theorem

The Riesz Representation Theorem is an important theoretical tool in functional analysis and for

completeness we include the theorem below (adopted from Theorem 1.57 in [101]).

Theorem A.1 (Riesz Representation). Let H be a Hilbert space with inner product ⟨·, ·⟩ and

let ℓ ∈ H ′ be a bounded linear functional on H. There exists a unique uℓ ∈ H which represents ℓ,

i.e.

⟨uℓ, x⟩ = ℓ(x), ∀x ∈ H. (A.12)

♦

The Lax-Milgram Lemma

The Lax-Milgram Lemma [91] is an important theoretical tool in the existence and uniqueness

theory for PDEs. Before presenting the lemma we will first include, for completeness, definitions

of the terms bounded and coercive for a bilinear form. These definitions are adopted from Definition

1.58 in [101].

Definition A.9 (Bounded bilinear form). Let X,Y, Z be three real vector spaces. A bilinear

form a : X × Y → Z is said to be bounded if there exists some α > 0 such that,

∥a(x, y)∥Z ≤ α∥x∥X∥y∥Y , ∀x ∈ X, y ∈ Y. (A.13)

♦

Definition A.10 (Coercive bilinear form). Let X be a real vector space. A bilinear form

a : X ×X → R is said to be coercive if there exists some β > 0 such that,

a(x, x) ≥ β∥x∥2X , ∀x ∈ X. (A.14)

♦
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We can now present the Lax-Milgram Lemma (adopted from Lemma 1.59 in [101]):

Lemma A.1 (Lax-Milgram). Let H be a real Hilbert space with norm ∥ · ∥ and let ℓ : H → R

be a bounded linear functional on H. Let a : H ×H → R be a bilinear form that is bounded and

coercive. There exists a unique uℓ ∈ H such that a(uℓ, x) = ℓ(x) for all x ∈ H.♦

Weyl’s Law

A well known-result regarding the asymptotic properties of the eigenvalues of the elliptic differential

operator L given in Eq. (2.27) is Weyl’s law which is presented below (adopted from Lemma 1 in

[39]):

Lemma A.2 (Weyl’s Law). Assuming Assumptions 2.1 and 2.4 hold we have that the eigenvalues

{λi}∞i=1 (in non-decreasing order) satisfy,

Cli
2/d ≤ λi ≤ Cui

2/d, ∀i ∈ N, (A.15)

where Cl, Cu > 0 are constants (which depend on κ and D).♦

Fractional powers of elliptic differential operators

In the additional details for the proof of Theorem 3.3 we will require the notion of fractional powers

of the elliptic differential operator, L, given in Eq. (2.27). We follow the presentation in [39].

Denoting by {ei}∞i=1 the set of orthonormal eigenfunctions of the operator L with corresponding

(in nondecreasing order) eigenvalues {λi}∞i=1 we can define the fractional power operator Ls for

s > 0 via the spectral representation:

Lsφ :=

∞∑
i=1

λsi ⟨φ, ei⟩L2(D)ei, ∀φ ∈ D(Ls), (A.16)

where D(Ls) is the domain of Ls defined as:

D(Ls) :=

{
φ ∈ L2(D)

∣∣∣∣∣
∞∑
i=1

λ2si ⟨φ, ei⟩2L2(D) <∞

}
. (A.17)

We will denote by Ḣs
L := D(Ls/2) ⊂ L2(D). This is itself a Hilbert space with inner product

given by ⟨φ,ψ⟩s,L := ⟨Ls/2φ,Ls/2ψ⟩L2(D) [15, 39]. We denote the corresponding norm by ∥ · ∥s,L.

Note that due to the spectral representation Eq. (A.16) we have:

⟨φ,ψ⟩s,L =

∞∑
i=1

λsi ⟨φ, ei⟩L2(D)⟨ψ, ei⟩L2(D), ∀φ,ψ ∈ Ḣs
L. (A.18)

We will further denote by Ḣ0
L := L2(D) and for s > 0, we will denote the dual space of Ḣs

L by
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Ḣ−s
L := (Ḣs

L)
′ after identification via the inner product on L2(D) which is continuously extended

to a duality pairing, yielding the following norm on Ḣ−s
L :

∥φ∥−s,L :=

( ∞∑
i=1

λ−s
i ⟨φ, ei⟩

2
L2(D)

) 1
2

. (A.19)

An important fact regarding these Hilbert spaces is that under our Assumptions 2.1 and 2.4

we have that Ḣ1
L = H1

0 (D) and Ḣs
L ⊂ Hs(D) for all s ≥ 0 [39, Lemma 2].

H1+α(D)-regular

In the additional details for the proof of Theorem 3.3 we will require the notion of H1+α(D)-

regularity of the differential operator, L, associated with the elliptic BVP from Eqs. (2.27) and (2.28),

where we recall that we are considering g = 0 for the boundary condition. This definition is adopted

from Definition 4 in [39]:

Definition A.11 (H1+α(D)-regular). Assume that Assumption 2.4 holds and that D has a

Lipschitz continuous boundary ∂D. Let 0 < α ≤ 1 and L be the second order differential operator

in Eq. (2.27). The elliptic problem associated with L is said to beH1+α(D)-regular if the restriction

of L : H1
0 (D) → H1

0 (D)′ to H1
0 (D) ∩H1+α(D) is a continuous map to Ḣ−1+α

L = (Ḣ1−α
L )′, and if

further the data-to-solution map L−1 : f 7→ L−1f is a bounded linear operator as a mapping from

Ḣ−1+α
L to H1

0 (D) ∩H1+α(D). ♦

A.2.2 Additional Concepts from FEM Theory

Orthogonal projection onto Vh

We will have need for the L2(D)-orthogonal projection onto the finite dimensional space Vh from

Section 2.2.2. Following the notation in [39] we denote this by

Πh : L2(D)→ Vh. (A.20)

As the authors Cox and Kirchner note we can uniquely extend this orthogonal projection to a

bounded linear operator Πh : H−1 → Vh.

Galerkin discretisation of L

Following the notation in [39] we denote by Lh : Vh → Vh the Galerkin discretisation of the elliptic

differential operator L given in Eq. (2.27). This is defined as follows:
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Definition A.12 (Galerkin discretisation of L). The Galerkin discretisation of L is the

operator Lh : Vh → Vh defined via the following equation:

⟨Lhφh, ψh⟩L2(D) = ⟨Lφh, ψh⟩H−1(D)×H1
0 (D), ∀φh, ψh ∈ Vh, (A.21)

where ⟨·, ·⟩H−1(D)×H1
0 (D) is the duality pairing between H1

0 (D) and H−1(D). ♦

Remark A.5. Note that one can also define fractional powers of Lh via a spectral approach

similar to the case for L (see Eq. (A.16)). Since Lh is a self-adjoint linear operator between finite

dimensional vector spaces this is done in the same way as defining fractional powers of symmetric

matrices: there exists an orthonormal eigenbasis of Vh consisting of eigenvectors {ei,h}nu
i=1 of Lh

together with their corresponding eigenvalues {λi,h}nu
i=1. We can then define Ls

h for s ∈ (0,∞) via:

Ls
hφh :=

nu∑
i=1

λsi,h⟨φh, ei,h⟩L2(D)ei,h, ∀φh ∈ Vh, (A.22)

where we note that due to the finite-dimensional nature of Vh there is no restriction on the domain

of Ls
h as opposed to the case of Ls. ♦

H1(D)-stable

The following definition (adopted from [39]) will be useful in Appendix B.2:

Definition A.13 (H1(D)-stable). We say that Πh is H1(D)-stable if there exists a constant

CΠ > 0 such that,

∥Πh∥H1(D)→H1(D) ≤ CΠ, (A.23)

for all h > 0 sufficiently small. ♦

A.3 Probability Theory

In this section we include any additional relevant concepts from probability theory and inference

which are helpful for this thesis and not included in the main text.

A.3.1 Additional Background Material

Probability space

A probability space is a triplet (Ω,F , µ) consisting of:

• a sample space, Ω, which is the set of all possible outcomes,

• a sigma algebra, F , which is the set of all allowable events (subsets of Ω),
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• a probability measure, µ : F → [0, 1], which quantifies the probability (measure) of events

E ∈ F .

An event E ∈ F will also be referred to as a measurable set.

Conditional probability

Given a probability space (Ω,F , µ) and an event B ∈ F with µ(B) > 0 we define the conditional

probability measure given the event B, µ(·|B), as follows:

µ(A|B) :=
µ(A ∩B)

µ(B)
, ∀A ∈ F . (A.24)

This function, µ(·|B) : F → [0, 1], is itself a probability measure and it can be thought of as

quantifying how the probability of events change once we know the event B has happened. This

definition, and its consequences will be expanded on in Section 2.3.3.

Mean and Covariance of Random Variables

The expectation of X with respect to the probability measure µ, assuming it exists, will be denoted

by Eµ(X) and is given by:

Eµ(X) :=

∫
Ω

X(ω)dµ(ω), (A.25)

where the integral above is to be interpreted appropriately according to the nature of the space E

in which the random variable takes values (see the discussion on Bochner and Pettis integrals in

Section 2.3.4).

When the probability measure with which we are taking the expectation with respect to is clear

we will drop the µ and just write E(X).

The mean of a random variable, assuming it exists, is the expectation of the random variable

with respect to its law, i.e. the mean of an E-valued random variable, X, is the element m ∈ E

such that m = E(X), where the expectation is with respect to the law µX (see Remark 2.8).

When E is a finite dimensional vector space the covariance of an E-valued random variable X,

assuming it exists, is the matrix cov(X) ∈ E ⊗ E given by:

cov(X) := E [(X − E(X))⊗ (X − E(X))] . (A.26)

If Y is another E-valued random variable then we denote the covariance between X and Y by the

following matrix:

cov(X,Y ) := E [(X − E(X))⊗ (Y − E(Y ))] . (A.27)
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Remark A.6. In the common case where E = Rd, for some d ∈ N, it is common to denote the

random variables above as random vectors, X,Y ∈ Rd. In this common scenario the mean of X

is the vector m ∈ Rd whose i-th entry is the mean of the i-th component of X, i.e. mi := E(Xi).

Further, the covariance between X,Y, corresponding to Eq. (A.27) is the d× d matrix given by:

cov(X,Y) := E
[
(X− E(X))(Y − E(Y)T )

]
(A.28)

and thus the ij-th entry of cov(X,Y) is simply the covariance between the i-th entry of X, and

the j-th entry of Y, i.e. cov(X,Y)ij = cov(Xi, Yj). Similarly the covariance of X is simply

cov(X) = cov(X,X). ♦

Remark A.7. If X,Y are two independent random vectors then cov(X,Y) = 0. The reverse

implication is not true in general. ♦

We will sometimes also refer to the moments (both centered and uncentered) of a probabil-

ity measure ν. This is to be interpreted as the corresponding moment of a random variable X

distributed according to the law ν, i.e. X ∼ ν.

Properties of the multivariate normal distribution

We now collate several useful properties of the multivariate normal distribution which will be useful

throughout the thesis.

Proposition A.1 (Adopted from Theorem 1.2.6 from [109]). If X ∼ Nd(µ,Σ), A ∈ Rm×d is a

fixed deterministic matrix, and b ∈ Rm is a fixed deterministic vector then,

Y = AX+ b ∼ Nm(Aµ+ b,AΣAT ), (A.29)

i.e. an affine transformation of a multivariate normal random vector remains multivariate normal.

♦

Proof of Proposition A.1.

The fact that Y is multivariate normal follows directly from Definition 2.7 and the following

computation of the inner product of Y with an arbitrary fixed deterministic vector a ∈ Rm:

⟨a,Y⟩ = ⟨a,AX+ b⟩ (A.30)

= ⟨a,AX⟩+ ⟨a,b⟩ (A.31)

= ⟨ATa,X⟩+ ⟨a,b⟩. (A.32)

Since X is a multivariate normal random vector and A is deterministic it follows that ⟨ATa,X⟩ is
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a univariate normal random variable with mean aTAµ and variance aTAΣATa. Thus, using the

well known transformation properties of the univariate normal distribution we have:

⟨a,Y⟩ ∼ N (aT (Aµ+ b),aTAΣATa). (A.33)

Since a is arbitrary we have Y ∼ Nm(Aµ+ b,ATΣA) as required. ■

Proposition A.2 (Adopted from Theorem 1.2.7 from [109]). If X ∼ Nd(µ,Σ) then the marginal

distribution of any subset of k < d elements of X is itself a k-dimensional multivariate normal

distribution. In particular, if X,µ,Ω are partitioned as follows:

X =

X1

X2

 , µ =

µ1

µ2

 , Σ =

Σ11 Σ12

Σ21 Σ22

 , (A.34)

where X1,µ1 ∈ Rk, and Σ11 ∈ Rk×k then X1 ∼ Nk(µ1,Σ11). ♦

Proof of Proposition A.2.

Follows directly from Definition 2.7. For more details see proof in [109, Theorem 1.2.7]. ■

Remark A.8. Note that Proposition A.2 implies that if X ∼ Nd(µ,Σ) then Xi ∼ N (µi,Σii)

for i = 1, ..., d, i.e. the components of a multivariate normal random vector are each marginally

normally distributed with mean and variance given by the appropriate entries of µ,Σ. Note: the

reverse implication is not true in general. For a counter example please see below. ♦

Counter example for Remark A.8.

We now present a counter example adopted from [122] which demonstrates that the reverse im-

plication in Remark A.8 is not true in general, i.e. that a collection of univariate normal random

variables need not be jointly multivariate normal. Let X ∼ N (0, 1) and W ∼ Bernoulli
(
1
2

)
be

independent random variables. Let Y be a random variable defined as follows:

Y :=

 X, if W = 0,

−X, if W = 1.
(A.35)

Due to the symmetry of the standard normal distribution we have that −X ∼ N (0, 1). This allows
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us to compute the cumulative distribution function of Y as follows:

P(Y ≤ y) = P(Y ≤ y |W = 0)P(W = 0) + P(Y ≤ y |W = 1)P(W = 1) (A.36)

=
1

2
P(X ≤ y |W = 0) +

1

2
P(−X ≤ y |W = 1) (A.37)

=
1

2
P(X ≤ y) + 1

2
P(−X ≤ y) (since X ⊥⊥W ) (A.38)

=
1

2
Φ(y) +

1

2
Φ(y) (A.39)

= Φ(y), (A.40)

where Φ(·) is the cumulative distribution function of the standard normal distribution. Thus,

Y ∼ N (0, 1). Now note that V = X + Y has the following form:

V :=

 2X, if W = 0,

0, if W = 1,
(A.41)

i.e. V is an equal mixture of a point mass at 0 and aN (0, 4) random variable. Thus, the vectorX :=

(X,Y )T has components which are both normally distributed while the vector is not multivariate-

normal. ■

As is discussed in Remark A.7 if two random variables are independent then the covariance

between them, provided it exists, is zero and the converse is not generally true. The converse

however holds for multivariate-normal random vectors as the following proposition (adopted from

[109]) shows:

Proposition A.3. If X ∼ Nd(µ,Σ) and X,µ,Σ are again partitioned as in Eq. (A.34) then the

subvectors X1,X2 are independent if and only if the off-diagonal term in the covariance of X is

zero, i.e. Σ12 = 0. Note that Σ12 = cov(X1,X2) so this is equivalent to saying that the subvectors

are independent if and only if the covariance between them is zero. ♦

Proof of Proposition A.3.

This is a well known result and one can consult the proof of Theorem 1.2.8 in [109]. ■

A key property of the multivariate normal distribution which will be of great use in this thesis

is the existence of closed-form expressions for its conditional distributions. This is presented in the

following classical result, which can be found in [109, Theorem 1.2.11] as well as in [52, Proposition

3.13]:

Proposition A.4. Let X ∼ Nd(µ,Σ) and partition X,µ,Σ as in Eq. (A.34). Let Σ−
22 be a

188



Bayesian Uncertainty Quantification for PDE Models Chapter A

generalized (pseudo) inverse of Σ22, i.e. a matrix satisfying

Σ22Σ
−
22Σ22 = Σ22. (A.42)

Then the conditional distribution of X1 given X2 is:

X1|X2 ∼ Nk(µ1·2,Σ11·2), (A.43)

where,

µ1·2 := µ1 +Σ12Σ
−
22(X2 − µ2), (A.44)

Σ11·2 := Σ11 −Σ12Σ
−
22Σ21. (A.45)

♦

The proof of this result is presented below after a few remarks.

Remark A.9. In the special case of the submatrix Σ22 being non-singular, i.e. Σ−
22 = Σ−1

22 one

can replace the pseudo-inverse in Eqs. (A.44) and (A.45) with the regular inverse. This special

case is more widely known, and its proof is slightly more straightforward. In Chapter 6 we will

have need for the more general result presented in Proposition A.4 since we will be dealing with

the case of degenerate multivariate and matrix normal distributions (see Section 5.1). ♦

Remark A.10. Since the matrix normal distribution (Definition 5.1) is defined in terms of the

multivariate normal distribution we can utilise Proposition A.4 to condition normally distributed

matrices on their sub-matrices. This observation will be useful in Chapter 6. ♦

Proposition A.4 will allow us to discuss how we can condition GPs (see Section 2.3.5) on

observational data as well as make predictions with GPs, both of which will be essential tools in

Chapters 3 and 6 and Section 3.5.

The proof of Proposition A.4 will require the following supporting result adopted from [109,

Lemma 1.2.10] and [52, Proposition 2.16]:

Proposition A.5. Let the d×d covariance matrix, Σ, which is non-negative definite, be partitioned

as in Eq. (A.34), then the following holds:

(a) ker(Σ22) ⊂ ker(Σ12), (A.46)

(b) im(Σ21) ⊂ im(Σ22). (A.47)

♦
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Proof of Proposition A.5.

The following proof is adopted from the proof of Lemma 1.2.10 in [109]. We start with showing

(a). Let z ∈ ker(Σ22). Since Σ is non-negative definite we have, for all y ∈ Rk and for all α ∈ R

that wTΣw ≥ 0 where w ∈ Rd is defined as follows:

w :=

 y

αz

 . (A.48)

Expanding this into the partitions yields:

(
yT αzT

)Σ11 Σ12

Σ21 Σ22


 y

αz

 = yTΣ11y + 2αyTΣ12z+ α2zTΣ22z (A.49)

= yTΣ11y + 2αyTΣ12z (since Σ22z = 0) (A.50)

≥ 0. (A.51)

Since this holds for all y ∈ Rk we can choose to take y = Σ12z which yields:

zTΣ21Σ11Σ12z+ 2α(Σ12z)
T (Σ12z) ≥ 0 (A.52)

(Σ12z)
TΣ11(Σ12z) + 2α(Σ12z)

T (Σ12z) ≥ 0 (A.53)

(Σ12z)
T (Σ11 + 2αIk)(Σ12z) ≥ 0. (A.54)

Note that we have utilized the fact that Σ21 = ΣT
12 in the above. As this holds for all α ∈ R we

can deduce that Σ12z = 0, i.e. z ∈ ker(Σ12). Thus, (a) holds as required.

Part (b) follows from noting that ker(Σ12)
⊥ ⊂ ker(Σ22)

⊥, where W⊥ denotes the orthogonal

complement of W , together with the well known fact:

ker(M)⊥ = im(MT ), (A.55)

where we have also used the fact that Σ and hence Σ22 are symmetric. ■

We can now prove Proposition A.4.

Proof of Proposition A.4.

The following proof is adopted from the proof of Theorem 1.2.11 in [109]. From Proposition A.5

we have im(Σ21) ⊂ im(Σ22) and so there exists a matrix B ∈ R(d−k)×k such that:

Σ21 = Σ22B, (A.56)
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i.e. we have Σ12 = BTΣ22. Thus, we can compute:

Σ12Σ
−
22Σ22 = BTΣ22Σ

−
22Σ22 = BTΣ22 = Σ12. (A.57)

If we now let,

A =

Ik −Σ12Σ
−
22

0 Id−k,

 (A.58)

we have from Proposition A.1 that Y = AX is distributed as follows:

Y = AX ∼ Nd(Aµ,AΣAT ). (A.59)

We now simplify the mean and covariance terms above:

Aµ =

µ1 −Σ12Σ
−
22µ2

µ2

 , (A.60)

AΣAT =

Ik −Σ12Σ
−
22

0 Id−k


Σ11 Σ12

Σ21 Σ22

AT (A.61)

=

Σ11·2 Σ12 −Σ12Σ
−
22Σ22

Σ21 Σ22

AT (A.62)

=

Σ11·2 0

Σ21 Σ22


 Ik 0

−Σ−
22Σ21 Id−k

 (A.63)

=

 Σ11·2 0

Σ21 −Σ22Σ
−
22Σ21 Σ22

 (A.64)

=

Σ11·2 0

0 Σ22

 , (A.65)

where in the covariance computation we have used Eq. (A.57) together with its transpose to simplify

the off-diagonal terms in the intermediate steps to zero. Noting that AX is equal to

AX =

X1 −Σ12Σ
−
22X2

X2,

 (A.66)

and utilising Proposition A.3 we can deduce that X1 −Σ12Σ
−
22X2 is independent from X2. Thus,

the conditional distribution of X1 −Σ12Σ
−
22X2 given X2 is the same as that of X1 −Σ12Σ

−
22X2
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which implies, using Proposition A.2, that we have:

(
X1 −Σ12Σ

−
22X2

)
|X2 ∼ Nk(µ1 −Σ12Σ

−
22µ2,Σ11·2), (A.67)

rearranging yields:

X1|X2 ∼ Nk(µ+Σ12Σ
−
22(X2 − µ2),Σ11·2), (A.68)

i.e.

X1|X2 ∼ Nk(µ1·2,Σ11·2), (A.69)

as required. ■

Conditioning of Gaussian Measures

As mentioned in Section 2.3.5 it is possible to obtain the conditional distribution of a Gaussian

measure on a Hilbert space in a similar manner to Proposition 2.4 for GPs. This is presented in

the following result taken from [146, see Theorem 6.20].

Theorem A.2 (Conditioning of Gaussian measures). Let H = H1 ⊕ H2 be a separable Hilbert

space with projectors Πi : H → Hi. Let (x1, x2) ∈ H1 ⊕ H2 be an H-valued Gaussian random

variable with mean m = (m1,m2) and positive definite covariance operator C. Define

Cij = E(xi −mi)⊗ (xj −mj). (A.70)

Then the conditional distribution of x1 given x2 is Gaussian with mean

m′ = m1 + C12C−1
22 (x2 −m2), (A.71)

and covariance operator

C′ = C11 − C12C−1
22 C21. (A.72)

♦

Note that the posterior mean and covariance operator Eqs. (A.71) and (A.72) are the analogues

of the posterior mean and covariance function Eqs. (2.76) and (2.77) respectively, and they share a

similar structure due to the link between GPs and Gaussian measures discussed in Section 2.3.5.
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A.3.2 Additional Concepts from Probability Theory and Inference

The Feldman-Hájek Theorem

An important result in the theory of Gaussian measures is the Feldman-Hájek Theorem. For

completeness we include this theorem below (adopted from Theorem 5.25 in [123]):

Theorem A.3 (Feldman-Hájek). Let µ = N (µ1,Σ1), ν = N (µ2,Σ2) be two Gaussian measures

on a Hilbert space H. The following statements hold:

1. The Gaussian measures µ and ν are either singular or equivalent.

2. They are equivalent if and only if the following conditions hold:

(a) im(Σ1)
1/2 = im(Σ

1/2
2 ) = H0,

(b) µ1 − µ2 ∈ H0,

(c) The operator T :=
(
Σ

−1/2
1 Σ

1/2
2

)(
Σ

−1/2
1 Σ

1/2
2

)†
− I, where I is the identity on H,

is a Hilbert-Schmidt operator on H0.

♦

Remark A.11. Note that the spaces im(Σ
1/2
i ) in Theorem A.3 are the Cameron-Martin spaces

associated with the Gaussian measures N (µi,Σi) on the Hilbert space H. The Cameron-Martin

space is an object of deep significance to the theory of Gaussian measures. For more details on

such spaces the interested reader is directed to [146, 123]. ♦

The Karhunen-Loéve Theorem

One very useful representation of stochastic processes is the so-called Karhunen-Loéve expansion

which is given by the theorem of the same name. This theorem allows certain stochastic processes

to be expanded via an eigendecomposition of their covariance function and was independently

discovered in [80, 99]. For completeness, we include the theorem below adopting the presentation

from [148, Theorem 11.4]:

Theorem A.4 (Karhunen-Loéve). Let U : D → R be a zero-mean, square-integrable stochastic

process with a continuous and square-integrable covariance function, k(x,y) := cov(U(x), U(y)).

Then we have the following expansion in L2(D),

U =

∞∑
n=1

Znψn, (A.73)

where the {ψn}∞n=1 are a set of orthonormal eigenfunctions for the covariance operator KU as-

sociated with the covariance function via the relation Eq. (2.69), while the {Zn}∞n=1 are random
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variables given by the equation,

Zn :=

∫
D

U(x)ψn(x)dx. (A.74)

Furthermore, the random variable {Zn}∞n=1 are mean zero and have the following covariance struc-

ture,

E(ZmZn) = λmδmn, (A.75)

where {λn}∞n=1 are the corresponding non-negative eigenvalues associated with the eigenfunctions

{ψn}∞n=1 and δmn is the Kronecker delta. ♦

MCMC algorithms

For completeness we include here in Algorithms 8 and 9 pseudo-code for the MH and HMC algo-

rithms described in Section 5.3.

Algorithm 8: Metropolis-Hastings

Input: unnormalised target density π†(θ), proposal density q(θ, θ̃), initialisation for θ0,
number of MCMC iterations N

Output: samples {θn}Nn=1

1 for n← 0 to N do
2 Sample θ′ ∼ q(θn, ·) ; // proposal

3 Sample V ∼ U(0, 1) ;

4 if V ≤ min
[
1, π†(θ′)q(θ′,θn)

π†(θn)q(θn,θ′)

]
then

5 θn+1 ← θ′ ; // accept

6 else
7 θn+1 ← θn ; // reject

8 end

9 end

10 return {θn}Nn=1
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Algorithm 9: Hamiltonian Monte Carlo

Input: unnormalised target density π†(θ), together with its gradients (either analytically
or via auto-diff), momentum density π(φ), number of leapfrog steps L, leapfrog
step-size ϵ, initialisation for θ0, number of MCMC iterations N

Output: samples {θn}Nn=1

1 for n← 0 to N do
2 Sample momentum φn+1 ∼ π(·) ; // random momentum

3 (θ′,φ′)← (θn,φn+1) ;
4 for ℓ← 1 to L do
5 φ′ ← φ′ + ϵ

2
∂
∂θ log π†(θ′) ;

6 θ′ ← θ′ + ϵ ∂
∂φK(φ′) ;

7 φ′ ← φ′ + ϵ
2

∂
∂θ log π†(θ′) ;

8 end
9 φ′ ← (−φ′) ;

10 Sample V ∼ U(0, 1) ;

11 if V ≤ min
[
1, π†(θ′)π(φ′)

π†(θn)π(φn+1)

]
then

12 θn+1 ← θ′ ; // accept

13 else
14 θn+1 ← θn ; // reject

15 end

16 end

17 return {θn}Nn=1
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A.4 Differential Geometry and Manifolds

In this section we include any additional relevant concepts from differential geometry which are

helpful for this thesis and not included in the main text.

A.4.1 Additional Background Material

As mentioned in Section 5.4 an n-dimensional differentiable manifoldM can intuitively be thought

of as a topological space which locally resembles Rn and which satisfies certain smoothness prop-

erties. This intuition is made precise by stipulating that for every point p ∈ M, there exists a

coordinate chart, x : Dp → Rn, which bijectively maps an open neighbourhood around p, Dp ⊂M,

to an open neighbourhood around x(p), Dx(p), together with the important extra property that

charts are compatible in the sense that the coordinate change between two charts x, x̃,

x ◦ x̃−1 : x̃(Dp ∩ D̃p)→ x(Dp ∩ D̃p), (A.76)

is a diffeomorphism provided their domains of definition overlap.

Remark A.12. Standard concepts of multivariable calculus apply to the coordinate change map-

ping, x ◦ x̃−1, since it maps between open domains of Rn. The reader is referred to [2, Section

3.1.1] for further details. ♦

Embedded Submanifolds

For completeness we include a definition of n-dimensional embedded submanifolds of Rn+d, adopt-

ing Definition 2.1 from [165]:

Definition A.14 (Embedded Submanifolds of Rn+d). Let D ⊂ Rn be an open domain in Rn.

A parameterisation is a bijective differentiable function f : D → f(D) ⊂ Rn+d with continuous

inverse such that its Jacobi matrix Dfx ∈ R(n+d)×n has full rank n at every point x ∈ D. A

subsetM⊂ Rn+d is called an n-dimensional embedded submanifold of Rn+d, if for every p ∈ M,

there exists an open neighbourhood Ω ⊂ Rn+d such that Dp :=M∩ Ω ⊂ Rn+d is the image of a

parametrisation from some open domain Dx ⊂ Rn,

f : Dx → f(Dx) = Dp. (A.77)

♦

Remark A.13. If f : D → M∩ Ω and f̃ : D̃ → M∩ Ω̃ are two parametrisations with f(x0) =

f̃(x̃0) = p ∈ M ∩ Ω ∩ Ω̃ then one can show that
(
f−1 ◦ f̃

)
: f̃−1(Ω ∩ Ω̃) → f−1(Ω ∩ Ω̃) is a
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diffeomorphism between open sets in Rn. Thus, one can view parametrisations f as the inverses

of coordinate charts x. ♦

Embedded submanifolds can alternatively be characterised via equality constraints as the fol-

lowing theorem from [165, see Theorem 2.2] describes:

Theorem A.5 (Embedded submanifolds via equality constraints). Let Ω be an open subset

of Rn+d. Let h : Ω→ Rd be a differentiable map and let c0 ∈ Rd be defined such that the differential

Dhp ∈ Rd×(n+d) has full rank d at every point p ∈ Ω with h(p) = c0. Then, the preimage,

h−1(c0) = {p ∈ Ω|h(p) = c0}, (A.78)

is an n-dimensional submanifold of Rn+d. ♦

Note that this fact follows from the well known Inverse Function Theorem from classical mul-

tivariate calculus. A simple application of the above theorem is to apply it with the function

h : R3 → R, given by h(x) = ∥x∥22−1, to show that the unit sphere S2 = h−1(0) is a 2-dimensional

embedded submanifold of R3 = R2+1. Here ∥ · ∥2 is the standard Euclidean norm in R3. We will

see a further use of this theorem in Section 5.4.3.

Tangent spaces

The tangent space of an embedded submanifold can also be characterised with respect to both in-

trinsic and extrinsic coordinates on the manifold as the following two theorems from [165, Theorems

2.4, 2.5] describe:

Theorem A.6 (Intrinsic Characterisation of Tangent Space). Let M ⊂ Rn+d be an n-

dimensional submanifold of Rn+d, D ⊂ Rn be an open domain and f : D → f(D) ⊆ M be a

parametrisation ofM. Then, for x ∈ D with p = f(x) ∈M one has that the tangent space at p is

given by the image of the differential of f at x i.e.

TpM = im(Dfx). (A.79)

♦

Theorem A.7 (Extrinsic Characterisation of Tangent Space). Let Ω ⊂ Rn+d, h : Ω→ Rd

and c0 ∈ Rd be as in Theorem A.5, and let M := h−1(c0) ⊂ Rn+d. Then, the tangent space at a

point p ∈M is given by the kernel/null space of the differential of h at p i.e.

TpM = ker(Dhp). (A.80)
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♦

Remark A.14. It is an immediate consequence of Theorems A.6 and A.7 that the dimension of

the tangent space TpM as a vector space is equal to the dimension of the manifold, i.e.

dimTpM = dimM = n, (A.81)

for all p ∈M. ♦

Stiefel Manifold

As mentioned in Section 5.4 the Stiefel manifold is an embedded submanifold of Rn×d. This can

be shown by applying Theorem A.5 with the function h : Rd×n → Sym(n) defined via h(X) =

XTX− In, where Sym(n) = {A ∈ Rn×n|AT = A} is the linear space of symmetric n×n matrices.

This theorem also justifies the dimension of St(d, n) given in Eq. (5.67).
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Appendix B

Proofs and Additional Details

In this chapter we include any proofs not included in the main thesis body together with any

additional details required for the proofs of the thesis.

B.1 Additional Proofs for Chapter 2

In this section we include any proofs of results from Section 2.3 not included in the main body of

the thesis.

Proof of Proposition 2.4.

This proof is adopted from the proof of Theorem 3.1 in [78]. The fact that the posterior is

given by Eq. (2.75) can be established by first working out the distribution of a finite-dimensional

approximation of the posterior via evaluating the posterior on a set of m ∈ N test locations D∗
m :=

{x∗
1, ...,x

∗
m} ⊂ D. This can be obtained by first noting that based on Definition 2.12 the vector of

function evaluations at the test and observation locations, (f(x∗
1), ..., f(x

∗
m), f(x1), ..., f(xn))

T ∈

Rm+n has the following multivariate normal distribution under the GP prior Eq. (2.73):

Nm+n


m∗

m

 ,

 K∗∗ K∗

(K∗)T K


 , (B.1)
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where,

m := (m(x1), ...,m(xn))
T ∈ Rn, (B.2)

m∗ := (m(x∗
1), ...,m(x∗

m))T ∈ Rm, (B.3)

K := {k(xi,xj)}ni,j=1 ∈ Rn×n, (B.4)

K∗ := {k(x∗
i ,xj)}i=m,j=n

i,j=1 ∈ Rm×n, (B.5)

K∗∗ := {k(x∗
i ,x

∗
j )}mi,j=1 ∈ Rm×m. (B.6)

Since the observational noise, ϵ, is independent from the GP prior we have that the joint distri-

bution of the observations, y, with the function evaluations at the test locations has the following

multivariate normal distribution:

Nm+n


m∗

m

 ,

 K∗∗ K∗

(K∗)T K+ σ2In


 . (B.7)

We can now utilize Proposition A.4 to deduce that the conditional distribution of (f(x∗
1), ..., f(x

∗
m))

given y is:

Nm(m̃, Σ̃), (B.8)

where the posterior mean vector and covariance matrix are given by:

m̃ := m∗ +K∗(K+ σ2In)
−1(y −m), (B.9)

Σ̃ := K∗∗ −K∗(K+ σ2In)
−1(K∗)T . (B.10)

Note that since σ > 0 the matrix K+ σ2In is non-singular so we can replace the pseudo-inverse in

Proposition A.4 with the regular inverse.

Since Eq. (B.8) holds for any arbitrary number of test locations it follows from the Kolmogorov

Extension Theorem [49, Theorem 12.1.2] together with Definition 2.12 that the full posterior

distribution of f |y is indeed given by Eq. (2.75) as required. ■

B.2 Additional Proof Details for Chapter 3

In this section we include additional details for the proofs of the main theoretical results of Chap-

ter 3 not included in the main thesis body.

We will require the following additional notation, adopted from [39], for the proofs below. Let

Θ be a parameter set and consider mappings A,B : Θ→ R. We will write A(θ) ≲ B(θ) to denote

the relation that there exists some constant C > 0, independent of θ ∈ Θ, such that A(θ) ≤ CB(θ)
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for all θ ∈ Θ. Given another parameter set Φ and mappings A,B : Θ× Φ→ R we will denote by

A(θ, φ) ≲φ B(θ, φ) the relation that for all φ ∈ Φ there exists a constant Cφ > 0, independent of

θ ∈ Θ, such that A(θ, φ) ≤ CφB(θ, φ) for all θ ∈ Θ and φ ∈ Φ. Finally, we will use the notation

A(θ) ≂ B(θ) when both A(θ) ≲ B(θ) and B(θ) ≲ A(θ) hold. The notation A(θ, φ) ≂φ B(θ, φ) is

similarly defined.

Additional details for proof of Theorem 3.3.

We rewrite the FEM solution operator L̂−1
h following the notation in [39] as L̂−1

h := L−1
h Πh,

where Lh : Vh → Vh is the Galerkin discretisation of the differential operator L with respect

to Vh (see Definition A.12), and Πh : H−1(D) → Vh is the unique extension to H−1(D) of the

L2(D)-orthogonal projection onto Vh (see Eq. (A.20)).

We start by verifying the statement given in the proof of Theorem 3.3 in the main thesis body

that our setting and assumptions satisfy the assumptions required for the use of part of Proposition

4 in [39].

• The form of the differential operator L, together with Assumption 2.4 satisfy Assumptions

1.I-II from [39].

• Assumption 2.1 implies Assumption 2.I from [39] (see comment following Assumption 2 in

[39]).

• Assumption 2.5 guarantees Assumptions 3.II-III from [39] (see comment after Assumption

4 in [39]).

• That Πh is H1(D)-stable (see Definition A.13) follows from Assumption 2.5 (see comment

in proof of Theorem 3 from [39]).

• We have that Assumption 3.I from [39] holds with θ0 = 1/2, θ1 = 2. This follows from

Assumptions 2.1, 2.4, and 2.5 together with the choice of FE basis functions (using Lemma

11 from [39]).

• Finally, Assumptions 2.1 and 2.4 show that L−1 is continuous as a mapping from L2(D)

to H2(D) ∩ H1
0 (D). This means that L is H2(D)-regular, see Definition A.11 (i.e. with

α = 1). Thus, we can take α as in (62) from [39] to be α = 1 (this follows from using

Lemma 10 from [39])

For completeness, we will now provide additional, explicit, details of how to obtain theO(h2−d/2−ϵ′)

bound for the covariance contribution here. These steps closely follow the steps taken in the proof

of Proposition 4 from [39].
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Let E := L−1 − L̂−1
h = L−1 −L−1

h Πh be the difference of solution operators. Thus, we need to

bound ∥E∥HS . To this end, let η ∈ (0, 1) and rewrite E as follows (as is done in the proof of [39,

Proposition 4]):

E = L−1 − L−1
h Πh

=
(
L−(1−η) − L−(1−η)

h Πh

)
L−η
h Πh + L−(1−η)

(
L−η − L−η

h Πh

)
.

In rewriting E as above we have used the property that ΠhL
−β
h = L−β

h for all β ≥ 0 which

holds since L−β
h maps into Vh.

Thus, we can bound ∥E∥HS as:

∥E∥HS ≤
∥∥∥(L−(1−η) − L−(1−η)

h Πh

)
L−η
h Πh

∥∥∥
HS

+
∥∥∥L−(1−η)

(
L−η − L−η

h Πh

)∥∥∥
HS

:= E1 + E2.

We bound each of E1, E2 separately, starting with E1. To this end, let ϵ0 > 0 be chosen to be

sufficiently small so that 2− d/2 > 4ϵ0.

E1 =
∥∥∥(L−(1−η) − L−(1−η)

h Πh

)
L−η
h Πh

∥∥∥
HS

≤ ∥L−(1−η) − L−(1−η)
h Πh∥L2∥L−η

h Πh∥HS .

We start with bounding ∥L−η
h Πh∥HS . Now, Assumptions 2.1 and 2.4, together with the fact that

we are using a conforming FE method (see Remark 2.7) allow us to use (81) from [39] to obtain:

∥L−η
h Πh∥HS ≲(η,κ,D) max{h2η−d/2, 1}, (B.11)

provided that η ̸= d/4. Note: since we are interested in obtaining bounds for sufficiently small h

it would be ideal if 2η − d/2 > 0 =⇒ η > d/4. Since η ̸= d/4 is required we can set η = d/4 + ϵ0,

where ϵ0 is as above. (Note: since 4ϵ0 < 2 − d/2 we have d < 4η < 2 + d/2. This, together with

d ∈ {1, 2}, implies that η ∈ (1/4, 3/4) ⊆ (0, 1) as required.)

Remark B.1. In order to use (81) from [39] we need to check that all the assumptions of Remark 6,

Lemma 1 and Assumption 3.II from that paper are satisfied. The use of a conforming FE method

deals with Remark 6, Assumptions 2.1 and 2.4 deal with Assumptions 1.I-II, and Assumption 2.5

implies Assumption 3.III holds (see comments after Assumption 4 from [39]). ♦

We now bound the term ∥L−(1−η)−L−(1−η)
h Πh∥L2 . To bound this term we will use Theorem 1

from [39]. In order to use this theorem we must check various assumptions and requirements from
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that paper are satisfied. For completeness and clarity we do that here:

• Assumptions 1.I-II are covered by the form of the differential operator L together with

Assumption 2.4.

• Assumption 2.I is covered by Assumption 2.1 (comments after Assumption 2 in [39]).

• Assumption 3.II is covered by Assumption 2.5 (comments after Assumption 4 in [39]).

• Πh is H1(D)-stable follows from Assumption 2.5 (comment in proof of Theorem 3 in [39])

• That Assumption 3.I holds with θ0 = 1/2, θ1 = 2 follows from Assumptions 2.1, 2.4,

and 2.5 together with the chose of FE basis functions (using Lemma 11 from [39]).

• Finally, Assumptions 2.1 and 2.4 gives us L−1 is continuous as a mapping from L2(D) to

H2(D) ∩ H1
0 (D). This means that L is H2(D)-regular as in Definition 4 from [39] (i.e.

with α = 1). Thus, we can take α as in (62) from [39] to be α = 1 (this follows using

Lemma 10 from [39]).

We thus obtain:

∥L−(1−η) − L−(1−η)
h Πh∥L2 = ∥L−(1−d/4−ϵ0) − L−(1−d/4−ϵ0)

h Πh∥L2

= ∥L−β′
− L−β′

h Πh∥L2 ,

where β′ := 1− d/4− ϵ0. We can now use Theorem 1 from [39] with parameters β = β′, σ = σ′ :=

0, δ = δ′ := 0 (note: since β′ = 1 − η and η ∈ (0, 1) we have β′ > 0 and so all the inequalities on

the parameters are satisfied) to obtain:

∥L−β′
− L−β′

h Πh∥L2 ≲(ϵ′,ϵ0,κ,D) h
min{2β′−ϵ′,2}, (B.12)

for arbitrary ϵ′ > 0 and all h > 0 sufficiently small.

Thus, for sufficiently small h > 0, we can combine Eqs. (B.11) and (B.12) to obtain:

E1 ≲(ϵ′,ϵ0,κ,D) h
min{2−d/2−2ϵ0−ϵ′,2}, (B.13)

for arbitrary ϵ′ > 0.

We now move on to bounding E2. After rewriting E2 (as is done in the proof of Proposition 4

from [39]) we have:

E2 =
∥∥∥L−(1−η)

(
L−η − L−η

h Πh

)∥∥∥
HS

≤
∥∥∥(L−η − L−η

h Πh

)
L−(1−2η)

∥∥∥
L2
∥L−η∥HS .
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Note that, due to the spectral properties of L, we have that ∥L−m∥HS < ∞ for any m > d/4.

Since η = d/4 + ϵ0 > d/4 we thus have that ∥L−η∥HS <∞ (and is independent of h).

We can now again use Theorem 1 from [39] with parameters β = β′′ := η, σ = σ′′ := 0,

δ = δ′′ := min{2 − 4η, 1 + α} in order to bound the remaining term. We must check that these

parameters satisfy the requirements of Theorem 1. We check only the non-trivial ones, i.e. that

δ′′ ≥ −1, and 2β′′ + δ′′ > 0.

To start, note that d < 4η < 2 + d/2 =⇒ −d/2 < 2 − 4η < 2 − d. Since d ∈ {1, 2} we thus

have 2− 4η < 2− d ≤ 1 < 1 + α = 2 and so δ′′ = 2− 4η. This immediately shows that δ′′ ≥ −1.

We now move on and compute:

2β′′ + δ′′ = 2η + 2− 4η

= 2− 2η > 0,

since η ∈ (0, 1). The parameters thus satisfy all the requirements and so we have, for arbitrary

ϵ′′ > 0 that:

E2 ≲(ϵ′′,ϵ0,κ,D) h
min{2β′′+δ′′−ϵ′′,2,2+δ′′}. (B.14)

Now note that since δ′′ = 2− 4η we can compute:

1 + α+ δ′′ = 4− 4η

= 4− d− 4ϵ0

> 4− d+ d

2
− 2

= 2− d

2

> 2− d

2
− 4ϵ0

= min{2− d/2− 4ϵ0, 1 + α}. (B.15)

Recalling the definitions of β′′, δ′′, η we have:

E2 ≲(ϵ′′,ϵ0,κ,D) h
min{2−d/2−2ϵ0−ϵ′′,2,2+δ′′}. (B.16)

Recalling Eq. (B.13) and using Eq. (B.15) we can conclude that:

∥E∥HS ≲(ϵ,α,κ,D) h
min{2−d/2−ϵ,2} = h2−d/2−ϵ, (B.17)

for sufficiently small h > 0 and any ϵ > 0 (by adjusting ϵ0, ϵ
′, ϵ′′ > 0).

The mean contribution to the Wasserstein-2 distance will still be bounded by O(h2) and so
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we conclude that the bound on the Wasserstein-2 distance is of order O(h2−d/2−ϵ) for sufficiently

small h > 0 and any ϵ > 0. Relabelling the dummy variable ϵ with ϵ′ gives us what we require. ■

Additional details for Theorem 3.2. We now provide additional details regarding Theorem 3.2. To

start we will show that in the case of λ ∈ [0, 1] solutions drawn from the true prior lie almost

surely in the fractional Sobolev Space H2−(1−λ) d
2−ϵ′ for all ϵ′ > 0. We will require the following

supporting lemma:

Lemma B.1. If f ∼ N (0,K), whereK satisfies Assumption 3.1, then it holds that f ∈ Ḣ−(1−λ) d
2−ϵ′

L ,

P-a.s., for all ϵ′ > 0. (Note: we are assuming that λ ∈ [0, 1] and so K is also assumed to share the

same eigenfunctions as L as described in Assumption 3.1.) ♦

Proof. The proof of this is similar to the proof of Proposition 2.3 in [15]. Under Assumption 3.1

we can use the Karhunen-Loéve theorem (see Theorem A.4) to formally represent f as follows:

f =
∑
j∈N

ζjej , (B.18)

where the {ζj}j∈N are mean-zero, uncorrelated random variables with covariance structure given

by E[ζiζj ] = µjδij .

Remark B.2. Note that this implicitly uses the fact that the eigenfunctions of K are the same as

those of L and that Kej = µjej . ♦

We now introduce, for any N ∈ N, the truncated random forcing:

fN :=

N∑
j=1

ζjej . (B.19)

We can now compute, for any s ≥ 0:

E
[
∥fN∥2−s,L

]
= E

∑
j∈N

λ−s
j ⟨fN , ej⟩

2
L2(D)


= E

 N∑
j=1

λ−s
j ζ2j


=

N∑
j=1

λ−s
j µj .

Now, using the spectral properties of the eigenvalues of L, (see Weyl’s Law Lemma A.2) together
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with Assumption 3.1 we have:

E
[
∥fN∥2−s,L

]
=

N∑
j=1

λ−s
j µj

≲ C̃

N∑
j=1

j−λ− 2s
d

≤ C̃

(
1 +

∫ N

1

x−λ− 2s
d dx

)
.

If we now let s = d
2 (1− λ) + ϵ′, for ϵ′ > 0, we can compute:

E
[
∥fN∥2−s,L

]
≲

(
1 +

∫ N

1

x−λ− 2s
d dx

)

=

(
1 +

∫ N

1

x−1− 2ϵ′
d dx

)

=

(
1 +

d

2ϵ′
− d

2ϵ′
N− 2ϵ′

d

)
.

By taking N → ∞, we can conclude that, for all ϵ′ > 0 we have f ∈ L2
(
Ω; Ḣ

−(1−λ) d
2−ϵ′

L

)
and so

f ∈ Ḣ−(1−λ) d
2−ϵ′

L , P-a.s., as required. ■

Using this lemma gives us that draws from the true prior, which can be expressed as L−1f , lie

almost surely in Ḣ
2−(1−λ) d

2−ϵ′

L for all ϵ′ > 0. We now note that under Assumptions 2.1 and 2.4

we have that the Hilbert space Ḣ
2−(1−λ) d

2−ϵ′

L is actually a subset of the fractional Sobolev space

H2−(1−λ) d
2−ϵ′ as discussed in Appendix A.2. Thus, solutions drawn from the true prior lie almost

surely in H2−(1−λ) d
2−ϵ′ as required.

We now outline how the Embedding Theorem for fractional Sobolev spaces (see Theorem 2.1)

together with Corollary 2.1 can be used to argue that H2−(1−λ) d
2−ϵ′ is a subset of C(D) for an

appropriate choice of ϵ′ in the three cases:

• d = 1 and λ ∈ [0, 1],

• d = 2 and λ ∈ (0, 1],

• d = 3 and λ ∈ (2/3, 1].

Corollary 2.1 gives us that H2−(1−λ) d
2−ϵ′ is a subset of C(D) provided 2s > d where s := 2− (1−
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λ)d2 − ϵ
′. This is equivalent to:

2s > d

4− (1− λ)d− 2ϵ′ > d

2ϵ′ < 4− (1− λ)d− d

2ϵ′ < 4− (2− λ)d.

We now consider the cases d = 1, 2, 3 separately. In the first case of d = 1 note that for any

λ ∈ [0, 1] it is possible to choice ϵ′ > 0 such that 2ϵ′ < 2 + λ and so no further restriction on λ is

required.

In the second case of d = 2 we will show that it is necessary to restrict λ to the interval (0, 1].

To see this note that:

2s > d
d=2⇐⇒ 2ϵ′ < 2λ.

Thus, in order to be able to choose ϵ′ > 0 such that 2ϵ′ < 2λ we will require that 2λ > 0 and so

we must exclude λ = 0.

In the third case of d = 3 we will show that it is necessary to restrict λ to (2/3, 1]. To see this

note that:

2s > d
d=3⇐⇒ 2ϵ′ < 3λ− 2.

Thus, in order to be able to choose ϵ′ > 0 such that 2ϵ < 3λ − 2 we will require that 3λ − 2 > 0

i.e. λ > 2/3. Thus, we must restrict λ to the interval (2/3, 1] in order to insure that draws from

the true prior lie almost-surely in C(D). ■

B.3 Additional Proofs for Chapter 5

In this section we include any proofs of results from Chapter 5 not included in the main body of

the thesis.

Proof of Proposition 5.1.

This follows from Definitions 2.7 and 5.1. We can compute:

vec(Y) = vec(AXB+C) (B.20)

= vec(AXB) + vec(C) (B.21)

= (BT ⊗A) vec(X) + vec(C), (B.22)

where we have used standard properties of the vectorisation operator, vec, and the Kroenecker
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product, ⊗. Since X ∼MN d,n(M,U,V) we have via Definition 5.1 that

vec(X) ∼ Ndn(vec(M),V ⊗U). (B.23)

Thus, using Proposition A.1 together with the above computation yields:

vec(Y) ∼ Nmk((B
T ⊗A) vec(M) + vec(C), (BT ⊗A)(V ⊗U)(BT ⊗A)T ) (B.24)

≡ Nmk(vec(AMB+C), (BTVB)⊗ (AUAT )), (B.25)

where we have simplified the mean and covariance terms using standard properties of the vec-

torisation operator and Kroenecker product. Thus, Y ∼MNm,k(AMB+C,AUAT ,BTVB) as

required. ■
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Appendix C

Additional Implementation Details

for Experiments

In this chapter any additional implementation details for the numerical experiments in this thesis

which are not included in the main thesis body are presented.

C.1 Additional Details for Experiments in Chapter 4

Remark C.1. In both the StatFEM prior and posterior the nu × nu matrix KFh
= FhKF†

h

appears. This is the covariance matrix for the random load vector f = Fhf . The ij-th element of

this covariance matrix is given by:

(KFh
)ij =

∫
D

∫
D

φi(x)kf (x,y)φj(y)dxdy. (C.1)

For a covariance function kf which is globally supported, the covariance matrix, KFh
, is dense

as can be seen from expression Eq. (C.1) above. As such, it can be very difficult to efficiently

compute and assemble the entries of this matrix. We thus employ an approximation of this matrix,

by interpolating the covariance function kf with the finite element basis functions, as suggested

by [65], i.e. denoting the non-boundary nodes of the FE triangulation by {xi}nu

i=1, we approximate

kf by,

kf (x,y) ≈
nu∑

k,l=1

φk(x)kf (xk,xl)φl(y). (C.2)
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Using this interpolation of kf we can approximate the entries of KFh
by,

(KFh
)ij ≈

nu∑
k,l=1

kf (xk,xl)

∫
D

∫
D

φi(x)φk(x)φj(y)φl(y)dxdy

=

nu∑
k,l=1

kf (xk,xl)

∫
D

φi(x)φk(x)dx

∫
D

φj(y)φl(y)dy

=

nu∑
k,l=1

kf (xk,xl)MikMjl

= (MCfM
T )ij ,

i.e. we can approximate:

KFh
≈MCfM

T , (C.3)

where Cf ∈ Rnu×nu is the covariance matrix corresponding to evaluating kf on the non-boundary

nodes, {xi}nu

i=1, of the FEM triangulation, and M is the mass matrix introduced in Section 2.2.2.

This approximation will improve as h gets smaller. ♦

Remark C.2. Since all of the true and StatFEM priors and posteriors are Gaussian measures,

and since we are interested in demonstrating a bound on the error between the respective priors

and posteriors for the Wasserstein-2 distance the expression Eq. (2.86) will be useful. Focussing

on the covariance contribution in Eq. (2.86), note that this is difficult to compute explicitly for

the measures in this thesis. For two GPs νi ∼ N (0,Σi), i ∈ {1, 2} we approximate the covariance

contribution by fixing a fine reference grid {x̃i}Ni=1, computing the covariance matrices, Ci =

{ki(x̃k, x̃l)}Nk,l=1, corresponding to the covariance operators, Σi, evaluated on this reference grid,

where ki is the covariance function associated with Σi respectively, and finally approximating the

Wasserstein distance as follows:

W 2(N (0,Σ1),N (0,Σ2)) = tr(Σ1) + tr(Σ2)− 2 tr

√
Σ

1/2
1 Σ2Σ

1/2
1

≈ tr(C1) + tr(C2)− 2 tr

√
C

1/2
1 C2C

1/2
1 . (C.4)

♦

Remark C.3. Let m⋆,mh denote the means of the true and StatFEM prior (or posterior) respec-

tively. The mean contribution to the Wasserstein-2 distance is ∥m⋆−mh∥L2(D). This contribution

can be easily approximated by utilising a modern FEM package such as FEniCS [5, 100], which we

use in this thesis. ♦
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