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Limit theorems for non-Markovian

and fractional processes

Abstract

This thesis examines various non-Markovian and fractional processes—rough volatility

models, stochastic Volterra equations, Wiener chaos expansions—through the prism of

asymptotic analysis.

Stochastic Volterra systems serve as a conducive framework encompassing most rough

volatility models used in mathematical finance. In Chapter 22, we provide a unified

treatment of pathwise large and moderate deviations principles for a general class of

multidimensional stochastic Volterra equations with singular kernels, not necessarily of

convolution form. Our methodology is based on the weak convergence approach by

Budhiraja, Dupuis and Ellis [4646, 8888].

This powerful approach also enables us to investigate the pathwise large deviations

of families of white noise functionals characterised by their Wiener chaos expansion

as Xε =
∑∞

n=0 ε
nIn
(
f εn
)
. In Chapter 33, we provide sufficient conditions for the large de-

viations principle to hold in path space, thereby refreshing a problem left open in [213213].

Hinging on analysis on Wiener space, the proof involves describing, controlling and

identifying the limit of perturbed multiple stochastic integrals.

In Chapter 44, we come back to mathematical finance via the route of Malliavin calculus.

We present explicit small-time formulae for the at-the-money implied volatility, skew

and curvature in a large class of models, including rough volatility models and their

multi-factor versions. Our general setup encompasses both European options on a stock

and VIX options. In particular, we develop a detailed analysis of the two-factor rough

Bergomi model.

Finally, in Chapter 55, we consider the large-time behaviour of affine stochastic Volterra

equations, an under-developed area in the absence of Markovianity. We leverage on

a measure-valued Markovian lift introduced by Cuchiero and Teichmann [7373] and the

associated notion of generalised Feller property. This setting allows us to prove the

existence of an invariant measure for the lift and hence of a stationary distribution for

the affine Volterra process, featuring in the rough Heston model.
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1
Introduction

What better place than the first sentence to remind the reader that a piece of work

is never finished? A thesis, once submitted, may seem permanent. A theorem, once

proven, can appear as eternal. Yet, a creation of any sort always depends on the ob-

server, the roots from which it stems, and the further sprouts it gives rise to. In such a

dynamic and relational world, if it is set in stone then it is dead, claimed Pablo Picasso:

To finish a work? To finish a painting? What nonsense! To finish it means to be through

with it, to kill it, to rid it of its soul.

That being said, let us go for a gentle walk across the landscape relevant to this thesis.

1.1 Laplace, Markov, and Mandelbrot walk into a pub

According to Pierre-Simon de Laplace, a computer vast enough to know all the infor-

mation about the present state of the universe and to analyse it could deduce with

absolute certainty everything there is to know about the past and the future [174174].
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This thought experiment served as an argument in favour of determinism and remained

influential over the centuries. The caveat is that such a hypothetical algorithm—later

dubbed “Laplace’s demon”—lies far beyond the limits of human abilities. The chaotic

behaviour of dynamical systems uncovered by Poincaré bears witness to it [216216, 217217].

Nevertheless, scientists and mathematicians have not given up on their dream to de-

scribe reality; they just take a more pragmatic approach and consider ‘models’ which

are skilful simplifications of Laplace’s demon.

Skilful here means finding the right balance between consistency—with the features of

reality one wants to capture, and tractability—the capacity to analyse and get outputs.

The demon is at the far end of the spectrum: perfect representation of reality but not a

clue how it works. It should also be noted that the notion of right balance itself varies

with the problem at hand and the tools one possesses to tackle it.

When observing the evolution of natural phenomena, a widely accepted simplification

consists in accounting for the apparent randomness, and in incorporating this aspect in

the model. Such a random dynamical model is called a stochastic process [8585]. This is

a slap in the face of Laplace’s determinism, but it allows to abstract away a huge chunk

of the necessary data and it is also consistent with our point of view: we may have

beliefs about future events but we cannot know for sure. A famous historical example

is due to the botanist Robert Brown who described the fluctuations of pollen in water

in a random fashion, giving rise to the Brownian motion (BM) [4242]. It is today central

in the theory of continuous stochastic processes [166166]—where it is also known as the

Wiener process, and in mathematical finance [226226]—where Louis Bachelier introduced

it to model equity prices [1212].

A more subtle feature of Laplace’s demon is the supposed independence between the

past and the future. In other words, the probability of a future event depends only

on the present state; in probability theory such a model is called a Markovian process,

after Andrey Markov. Because of their tractability and elegant properties, Markovian

models have become omnipresent in virtually every field of applied mathematics, from

thermodynamics to finance, passing through statistical mechanics, chemistry, biology,

computer science, and queuing theory [209209, 237237]. However, unless one is a goldfish or

has spent too much time at the pub, memory has a crucial influence on one’s present

behaviour, and we observe in many systems that past causes and conditions participate

in determining their future evolution. A further, less widely accepted, modification

thus consists in incorporating memory in the dynamics of a model. Once again, it is a
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pragmatic choice for two reasons. As we just discussed, it coincides with our perception

of reality. And even though it complicates the dynamics, it actually reduces the amount

of information necessary at a given instant for the model to be consistent.

Inspired by the interdependence between distant samples and the fractal behaviour

measured in natural phenomena, Mandelbrot and Van Ness introduced a generalisation

of the Brownian motion which they named fractional Brownian motion (fBM) [185185].

With this example, one shifts the balance towards consistency as the ever-growing width

of applications testifies [3434, Preface]. It was proved by Decreusefond and Üstünel [8080]

that, if (Wt)t≥0 is a BM, there exists a deterministic kernel K : R2
+ → R+ such

that (WH)t≥0 is an fBM with Hurst exponent H ∈ (0, 1) where

WH
t :=

∫ t

0
KH(t, s) dWs. (1.1.1)

If H = 1/2 then KH ≡ 1 and one recovers the standard BM. The realisations of the fBM

have almost sure Hölder regularity of H−ε for all ε > 0, hence the lower H is the more

erratic the paths look like, as Figure 1.11.1 displays.

Figure 1.1: Simulated paths of standard and fractional Brownian motions

When H 6= 1/2, it is not difficult to prove that WH is neither Markovian nor a semi-

martingale [221221]. The cost to pay in tractability for these more realistic dynamics is

quite high since many tools were developed to suit the previous generation of models.

The lack of Markovianity implies the loss of Feynman-Kac type formulas, which describe

expectations of functionals of Markovian processes as the solution to a Partial Differen-

tial Equation (PDE). It also greatly increases the computational time of Euler schemes,

and therefore restricts the efficiency of Monte-Carlo methods. In quantitative finance,
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these two approaches prevail when one is concerned with pricing options [238238]. On the

other hand, semimartingality is a requirement for Itô’s calculus which itself lies at the

core of classical stochastic analysis [222222].

Therefore, challenging the Markovian paradigm allows for more accurate representa-

tions of the reality and is also an impetus for the development of new mathematical

theories and techniques. In particular, asymptotic methods provide efficient ways to un-

derstand the behaviour of these processes. Explicit expressions often become available

when passing to the limit, and they can be used to compute quick approximations of

the quantities of interest, gain insights on the impact of the model parameters, improve

numerical schemes, or compare the asymptotic behaviour with Markovian models. In

option pricing, these can lead to a more efficient model choice and faster calibration to

the data. Recently, limit theorems describing the short-time behaviour of option prices

in equity markets were essential in the shift from traditional stochastic volatility models

to non-Markovian fractional models, and in understanding how to fit the model param-

eters (especially the Hurst exponent H) with observed data [88, 112112, 113113].

The stochastic calculus of variations initiated by Paul Malliavin [181181] played a funda-

mental role in the proofs of [88] to represent the processes of interest in a conducive form

for studying their convergence. This infinite-dimensional calculus (called Malliavin cal-

culus) is suited to the analysis of random variables defined on Gaussian probability

spaces [201201]; like many asymptotic methods, it does not weaken when Markovianity is

absent. In this thesis, we will combine the powerful insights of asymptotic analysis with

the universal representations of Malliavin calculus to study non-Markovian processes.

The Wiener chaos expansion, an abstract representation of a large classes of processes,

is the object of Chapter 33, while in Chapter 44 we extend the framework of [88] to volatil-

ity options.

1.2 Three V’s for motivations

1.2.1 V for Volatility

The quantitative finance industry supplies interesting problems to academics and they

in turn contribute with practical tools and insights. This back and forth relationship acts

as a safeguard against dogmatic approaches. Mathematical modelling in particular is
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often justified by one of two concrete motivations: (i) predicting future trends, or (ii)

understanding and managing risks.

The former application requires to study historical prices with statistical tools. Option

pricing is concerned with the latter; in this situation one does not make assumptions

about the “true probability” of the future dynamics of the price of an asset, but rather

proposes a model that is consistent with the other traded assets, such that no opportu-

nity of arbitrage exists—discounted prices of traded assets are martingales, and risk can

be virtually eliminated—a hedging strategy is available. In this probability world, called

“risk-neutral”, Black, Scholes, and Merton [3636, 190190] introduced a model where the price

of the underlying asset (St)t≥0 satisfies the stochastic differential equation (SDE)

dSt/St = σ dWt, S0 > 0. (1.2.1)

Without loss of generality, we consider the interest rates to be zero and S0 = 1. This

model, where the positive constant σ represents the volatility, remains the universal

benchmark. Indeed, today’s option prices are quoted in terms of the implied volatility,

a quantity defined as the number σ one has to input in equation (1.2.11.2.1) such that the

model and market prices coincide. For time to maturity T and log-strike price k, we

denote the Black-Scholes Call option price by BS(T, k, σ) and consider a market with

observed prices C(T, k). The implied volatility is therefore the unique non-negative

solution σBS(T, k) to

BS(T, k, σBS(T, k)) = C(T, k). (1.2.2)

The solution map induced from quoted prices—the volatility surface—is clearly not

constant across different values of T and k, hence it calls for more accurate models

which capture the fluctuations of the implied volatility [121121]. The local volatility model

introduced by Dupire [8787] replaces σ in (1.2.11.2.1) by a function σ(t, S) of time and spot

price. It is designed to calibrate perfectly the observed Call prices of all strikes and

maturities at a fixed date, and therefore allows to price other derivatives consistently.

The idea is reminiscent of Laplace’s demon: an algorithm which takes as input all the

available data and outputs a flawless representation of reality. In practice however, the

necessary data is delicate to recover and the model needs re-calibration as time passes.

Paralleling the previous section, a natural evolution consists in integrating a new source

of randomness and upgrading σ to a (Markovian) stochastic process (σt)t≥0, often

driven by a standard BM (although this progression fits nicely into our story, let us
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emphasise that it is not chronologically accurate). The aforementioned stochastic

volatility models take different names for different dynamics of the volatility (SABR,

Heston, Bergomi), but they all equally manage to fit the implied volatility smile at

one given date—the map k 7→ σBS(T, k) for a fixed T > 0. Hence, looking at

a single smile does not give much information on the dynamics of the underlying.

Instead, the term-structure of the at-the-money (ATM) implied volatility skew—the

map T 7→
∣∣ ∂
∂kσBS(T, k)

∣∣ evaluated at k = 0, is very sensitive to the dynamics. It obeys

a power-law proportional to T−α for some α > 0, as Figure 1.21.2 illustrates, and is no-

toriously hard to reproduce under traditional stochastic volatility models, especially for

small T [121121, Chapter 3]. Additionally, many sources (e.g. [6363, 6666, 9696]) argued that

a consistent model should exhibit memory of the past. The time is ripe to let go of the

Markovian assumption.

Figure 1.2: Term-structure of ATM implied volatility skew as of January 28, 2020 (black
dots), plotted against the power-law fit ψ(T ) = 0.45T−0.44 (red curve).

Certainly inspired by the fBM’s momentum in mathematical finance, the statistical anal-

ysis performed by [123123] on high-frequency data can be considered as the last nail

in the coffin of Markovian stochastic volatility models. With its provocative and self-

explanatory title “Volatility is rough”, the study shows that instantaneous log-volatility

across a wide range of asset prices (complemented by [2626]) exhibits a low Hölder reg-

ularity and is well modelled by an fBM with H ≈ 0.1, as depicted in Figure 1.11.1. Other

nails were hit by earlier analyses [6363, 6464, 6565, 6666], modelling the volatility as a function

of an fBM with H > 0.5, a process with long memory. As alluded to in the previous

section, the term-structure was investigated through asymptotic methods; the implied

volatility is in general not available in closed form hence novel techniques were nec-

essary. The short-time results of [88, 112112, 113113] demonstrated that fBM-driven models
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generated a term-structure proportional to TH−
1
2 as T goes to zero and were able to

mimic the observed power-law with H ≈ 0.1.

Before moving forward, we must give credit to Mandelbrot (and his co-authors) who

was the first to predict the role the fBM could play in financial modelling [182182, 183183].

There is of course an emotional bias involved as the author of this thesis discovered the

link between fractals and finance in one of his books [184184].

In summary, this new class of rough volatility models improves the consistency with the

data via (at least) three aspects:

1. The roughness of the time-series / historical prices / motivation (i) / Figure 1.11.1;

2. The short-time implied volatility skew / risk-neutral world / motivation (ii) /

Figure 1.21.2;

3. The memory of the past.

Rough volatility models also have the potential to be consistent with other traded assets,

thereby eliminating arbitrage opportunities. Traders appreciate volatility derivatives

both for market insights—as a measure of market risk, and for hedging purposes—

because of their negative correlation with equity prices. VIX derivatives in particular,

which are designed to represent the volatility of the S&P index, became so liquid that

they took a life of their own. The question of their joint modelling will be addressed in

Chapter 44.

Arbitrage is however possible in a market with power-law volatility skew if the volatil-

ity model is not rough [114114]. Building on the insights of [123123], Bayer, Friz, and

Gatheral [1919] attempted to bridge the gap between historical and risk-neutral worlds

by proposing a model consistent in both; they gave birth to the rough Bergomi model.

At the core of [9393, 165165] lied the motivation of reconciling high- and low-frequency:

El Euch, Fukasawa, Jaisson, and Rosenbaum built an asset price model based on mar-

ket microstructure features and made the transition to longer term. A rough volatility

model appeared in the long-time limit, which they dubbed the rough Heston model,

providing a microstructural justification.
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1.2.2 V for Volterra

The variance process (σ2
t )t≥0 in the rough Heston model satisfies an equation which can

be seen as an extension of (1.1.11.1.1) with state-dependent drift and diffusion coefficients.

We shall be chiefly interested in the class of (multidimensional) Stochastic Volterra

Equations (SVEs) of the form

Xt = X0 +

∫ t

0
K(t, s)b(Xs) ds+

∫ t

0
K(t, s)σ(Xs) dWs, t ≥ 0, (1.2.3)

which is a conducive framework to study rough volatility models. The key difference

with Itô SDEs is the inclusion of a singular kernel K which blows up as s tends to t, just

like the fBM’s. Recall that, through the fBM case, we brought to light several aspects of

non-Markovian and fractional processes—richer structure and loss of tractability, which

extend beyond this particular example to SVEs, and serve as a motivation for this thesis.

Figure 1.31.3 summarises the interplay between the different models we have presented so

far. The processes in the second and third columns have strong rigorous mathematical

links and sometimes overlap, while we insist that the first column only represents an

informal analogy. The double arrows highlight a deep interdependence: new techniques

allow for the emergence of new models, while the necessity for new models motivate

the development of new techniques. It is often futile to try to determine which came

first.

Interestingly enough, the original (deterministic) Volterra equations do not fit easily in

this picture. The motivation came from population dynamics, where ordinary differen-

tial equations were used to model the evolution of the number of individuals alive. The

observation that the latter depends on the state of the environment, which is itself a

consequence of the past history of the population, led Vito Volterra to consider equa-

tions of the type (1.2.31.2.3), with σ ≡ 0 [180180, Chapter 2]. While our story line suggests to

include first randomness and then memory, he jumped directly to the latter.

The question of well-posedness of SVEs appeared rather early with [2828, 2929, 7171, 210210,

218218] for Lipschitz coefficients, while pathwise uniqueness with non-Lipschitz coeffi-

cients turned out to be highly intricate without the support of Itô’s calculus [195195].

Abi Jaber, Larsson and Pulido [33] established powerful methods for SVEs with con-

volutional kernels, leveraging on deterministic resolvent analysis. The rough Heston

model belongs to this class of affine Volterra processes, granting it weak existence and
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Figure 1.3: Informal summary of presented models

uniqueness, and a semi-closed form characteristic function. Like the classical Heston

model in its time, the rough version proved to be a fertile soil for theoretical pro-

gresses [11, 22, 9494, 9595, 125125, 131131, 167167].

An SVE-friendly fractional stochastic calculus has not emerged (yet?) to compensate

the loss of semimartingality, but path-dependent PDEs now exist as an extension of the

Feynman-Kac theory to SVEs [232232]. We already mentioned that numerical methods

suffer from the lack of Markovianity, hence a myriad of new techniques came to life, in-

cluding but not limited to hybrid Monte-Carlo schemes [2525, 188188], Fourier methods [9595],

Donsker schemes [152152], neural networks applications [2323, 154154, 160160], multi-factor ap-

proximations [22, 5959, 241241], weak error rates [2121], and quantization [3737]. The rough

volatility literature is expanding at a tremendous speed both to hasten their industrial

use and to explore uncharted mathematical territories. The rough volatility network

keeps an account of all the papers in the field [150150].

As advertised in Figure 1.31.3, asymptotic analysis of rough volatility is particularly

prolific and insightful. In addition to the aforementioned papers, this subfield in-

cludes vol-of-vol expansions [55], H ↓ 0 convergences [2222, 9999, 100100], small-time

formulas based on Malliavin calculus methods [66], a rough SABR formula [115115],

Edgeworth expansions [9292, 102102], and in overwhelming majority large deviations re-
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sults. Large Deviations Principles (LDPs) were first derived in finite-dimensional set-

tings [1818, 100100, 103103, 130130, 136136, 138138, 139139, 173173], establishing the ground for higher-order

approximations of the short-time implied volatility [2020, 108108, 109109]. They provide in-

sights on the role of the parameters and their accuracy competes with exact numerical

methods, albeit with an almost instantaneous computation.

LDPs on path space are valuable when one is interested in the probability that the whole

path of a stochastic process hits a given set. Such results grant a greater flexibility on

the asymptotic regime, providing small-time, small-noise, or large-strike expressions,

and yield the finite-dimensional version by a simple projection argument [5656, 151151, 161161,

162162]. They shall also lead to variance reduction methods for Monte-Carlo schemes, as

in the Markovian case [9090, 128128, 133133, 135135, 194194, 215215, 220220, 227227]. The fractional processes

we have been discussing are not remote from former Markovian models but generalise

them, hence these limit theorems also allow for an efficient comparison between the two

and for a measurement of the impact of the Hurst exponent (H = 0.5 versus H < 0.5).

Let us now present a number of reasons for the popularity of large deviations techniques

in mathematical finance.

1.2.3 V for Varadhan

The naked eye suffices to recognise that deviations from the mean are more abrupt in

the second graph of Figure 1.11.1 than in the first. Furthermore, instantaneous volatility

consistently features fatter tails than the Gaussian distribution, in other words the prob-

ability of an event with high impact is much higher than in Gaussian models. Classical

limit theorems such as the Law of Large Numbers or the Central Limit Theorem, being

focused on the most likely value or path, often miss these crucial aspects of modelling.

Large deviations theory offers subtler insights by characterising the decay of the prob-

ability of rare events, hence assigning a quantitative interpretation to these unlikely

scenarios.

Pinned by Varadhan in 1966 [229229], the LDP is a universal property which describes the

asymptotic behaviour of a family of random variables on an exponential scale through

only two functions—the speed and the rate function. For the proper definition we refer

to (2.1.22.1.2); in an informal way a family of X -valued random variables (Xε)ε>0 satisfies
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an LDP with speed ε−1 and rate function I : X → R+ if, for all Borel subsets A ⊂ X ,

P(Xε ∈ A)
ε↓0∼ exp

(
− inf
x∈A

I(x)/ε

)
. (1.2.4)

To illustrate our earlier observation, let us notice that the family of standard and frac-

tional Brownian motions (Wε)ε>0 and (WH
ε )ε>0 satisfy an LDP with speed ε−1 and ε−2H

respectively, meaning that in short-time the fBM with H < 0.5 allocates larger probabil-

ities to large values.

The importance of large deviations is best explained by Varadhan himself [230230]:

In computing expectations of random variables that can assume large values with small

probabilities, contributions from such values cannot be ignored.

This resonates nicely with option pricing theory where one is concerned with computing

expectations of the type E[(ST − ek)+], for time to maturity T , log-strike k, and (x)+ =

max(x, 0). Out-of-the-money options, where S0 is much smaller than ek, require an

important divergence from the mean to be exercised, with the small probability P(ST >

ek). Nevertheless, the price of the option cannot be overlooked because multiplying a

large value with a small probability can still yield a large expectation. For a concrete

example, let SM and SR represent the spot prices in Markovian and rough volatility

models, and satisfy a small-time LDP with rate functions IM and IR, respectively. Then

one can extend the heuristic (1.2.41.2.4) and the remark underneath to option prices:

E
[
(SMε − ek)+

]
ε↓0∼ exp

(
−IM (k)/ε

)
, for all k > log(SM0 );

E
[
(SRε − ekε)+

]
ε↓0∼ exp

(
−IR(k)/ε2H

)
, for all k > log(SR0 ), kε := kε1/2−H .

We note the necessary rescaling of the log-strike in the rough case, but more on that

later. We refer to [215215] for an overview of large deviations theory in finance.

This thesis is mainly concerned with pathwise large deviations, where the state space X

is a path space, and therefore deals with continuous stochastic processes. We owe

the traditional theory to Friedlin and Wentzell [106106] who decided to regard stochastic

systems (Xε)ε>0 on C([0, T ],R), for some fixed T > 0, as perturbations of deterministic

ones X, such as

Xε
t = x0 +

∫ t

0
b(Xε

s ) ds+ ε

∫ t

0
σ(Xε

s ) dWs, Xt = x0 +

∫ t

0
b(Xs) ds,
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for all ε > 0, x0 ∈ R, t ∈ [0, T ], and with some regularity conditions on b and σ.

From this perspective, the LDP is a way to measure the distance between the rescaled

SDEs satisfied by (Xε)ε>0 and their deterministic limit X. One may draw satisfaction

from the universal form of the rate function in this pathwise setting. It always displays

the infimum of an energy function over a range of functions which act as controls,

or perturbations, of the limit equation. Typically, for all continuous paths φ, the rate

function associated to (Xε)ε>0 reads

IX(φ) = inf

{
1

2

∫ T

0
v2
t dt : v ∈ L2([0, T ],R), φt = x0 +

∫ t

0

(
b(φs) + σ(φs)vs

)
ds

}
.

(1.2.5)

In the same paper, Varadhan [229229] proved a central result in large deviations theory.

If (Xε)ε>0 satisfies an LDP with rate function IX then for all continuous bounded func-

tions F the following limit holds

lim
ε↓0
−ε logE

[
exp

{
−F (Xε)

ε

}]
= inf

x∈X

{
IX(x) + F (x)

}
. (1.2.6)

We say in that case that (Xε)ε>0 satisfies the Laplace principle (yes, the same fellow

who summoned a demon a few pages back). The reverse statement was later proved

by Bryc [4343]. Inspired by this equivalence, Dupuis and Ellis introduced a route to de-

rive the Laplace principle directly [8888]. As far as we are concerned, their fundamental

argument is the variational representation proved by Boué and Dupuis [3838]. Equipped

with this tool, Budhiraja and Dupuis [4545, 4646] showed that the Laplace principle imme-

diately follows from the convergence in law of a perturbed version of (Xε)ε>0, thereby

trading the methods of Freidlin and Wentzell for the established theory of weak conver-

gence [3535].

Simply stated, they representedXε as the functional of the Brownian motion Gε(W ) and

then studied the convergence of the perturbed processesXε,vε := Gε
(
W + ε−1

∫ ·
0 v

ε
s ds

)
,

for some convergent sequence of processes (vε)ε>0. The choice of scaling ε−1 is crucial

and suggests the speed of the LDP. Heuristically, the form of the rate function can often

be guessed early on, it resembles (1.2.51.2.5) where the limit equation corresponds to the

original stochastic one with εdWt replaced by vt dt. The universality of this approach

made it incredibly successful, as the monograph [4646] and the references therein indi-

cate. Chapters 22 and 33 present new applications of this method, to SVEs and Wiener

chaos expansions respectively.
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1.3 Outline of the contributions

This thesis lies in an interconnected web made of all the ideas presented above and of

an enormous number of people. We think not only of the many mathematicians cited

in this introduction, giants whose names are forever tied to their theorems, but also of

the many who contributed and whose names are too often forgotten. This thesis could

not have existed without them. Before we present our contributions in more details,

the following picture (Figure 1.41.4) helps to put them into context. It highlights how

the insights gathered in the first project are stretched into various directions, following

curiosity and opportunities rather than linearity.

Figure 1.4: Relationships between the chapters

Each chapter corresponds to one project and one paper, and can therefore be read

independently of the others. Respectively, Chapters 22, 33, 44, and 55 coincide with the

papers [162162, 206206, 159159, 163163].

1.3.1 Large and moderate deviations for stochastic Volterra systems

This first chapter, based on the preprint [162162], is the central piece of the thesis as

it combines the three main aspects of rough volatility, SVEs, and large deviations.

It aims at proving pathwise large and moderate deviations principles on the state

space C([0, T ],Rd) for a broad class of rescaled SVEs that encompasses the most popular

rough volatility models, where T > 0 is a fixed time horizon and d ∈ N. We consider
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the family of processes (Xε)ε>0 defined as the solutions to the d-dimensional SVEs

Xε
t = Xε

0 +

∫ t

0
K(t, s)bε(s,X

ε
s ) ds+ ϑε

∫ t

0
K(t, s)σε(s,X

ε
s ) dWs, t ∈ [0, T ],

where ϑε > 0 tends to zero as ε goes to zero, and W is an m-dimensional Brownian

motion. Moreover, K is a kernel that may be singular, not necessarily of convolution

type, and the coefficients are such that a unique pathwise solution exists.

Moderate deviations are tightly connected to large deviations. If Xε converges to X,

we say that (Xε)ε>0 satisfies a Moderate Deviations Principle (MDP) if (ηε)ε>0 satisfies

an LDP with speed h2
ε, where

ηε :=
Xε −X
ϑεhε

, for all ε > 0,

with limε↓0 hε = +∞ and limε↓0 ϑεhε = 0. By choosing hε appropriately, the MDP inter-

polates between the LDP regime (with hε = ϑε) and the central limit theorem regime

(with hε = 1). Hence, moderate deviations are relevant to study less unlikely events

than large deviations. Interestingly enough, the MDP rate function is often—if not

always—much more tractable than the LDP one, paving the way for explicit asymptotic

results and effective numerical methods.

The proof of the LDP, based on the weak convergence approach [4646], consists in show-

ing the convergence of the perturbed family (Xε,vε)ε>0. Recall that if Xε = Gε(W )

then Xε,vε := Gε
(
W + ϑ−1

ε

∫ ·
0 v

ε
s ds

)
for all ε > 0, where (vε)ε>0 is a convergent se-

quence of adapted processes taking values in L2([0, T ],Rm). They turn out to be the

unique solutions to the following controlled SVEs

Xε,vε

t = Xε
0+

∫ t

0
K(t, s)

(
bε(s,X

ε,vε

s )+σε(s,X
ε,vε

s )vεs

)
ds+ϑε

∫ t

0
K(t, s)σε(s,X

ε,vε

s ) dWs.

The tightness of this family in C[0, T ],Rd) is a consequence of Kolmogorov continu-

ity theorem combined with Arzelá-Ascoli theorem. Keeping in mind our objective we

slightly relax the linear growth assumption on the coefficients, traditionally used to ap-

ply Grönwall’s lemma and obtain the moment bounds. This is necessary to include the

rough Bergomi model which features exponential coefficients. Frameworks for deriving

the Hölder continuity of SVEs can be found in [7979] for non-convolution kernels and

in [33] for convolution kernels. Leveraging on their insights, we obtain the tightness and

then need to identify the limit in law.
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As in the Freidlin-Wentzell theory (1.2.51.2.5), the latter turns out to be the solution to

some deterministic equation. However, if uniqueness of this equation fails, then the

proof of the LDP cannot go through. Since we do not impose Lipschitz continuity of

the coefficients to accommodate for the rough Heston model, we end up facing this

pitfall in the LDP regime. To circumvent it, we devise in Section 2.3.12.3.1 a modification

of the original proof of [4545, Theorem 4.4] which only requires the solutions of the limit

equation to be asymptotically close to a class of equations with a unique solution—this

is possible because the right-hand-side of the Laplace principle (1.2.61.2.6) is an infimum

and thus allows for “an ε of a room”. This relaxation applies in particular to equations

with locally Lipschitz coefficients such as the square root function present in the rough

Heston model. Passed these hurdles, we reach our first main result, combination of

Theorems 2.3.112.3.11 and 2.3.292.3.29.

LDP for SVEs

Under mild assumptions on the coefficients, strong existence and uniqueness

of (1.3.11.3.1), and an “almost-uniqueness” condition for the limit equation, the fam-

ily (Xε)ε>0 satisfies an LDP with speed ϑ−2
ε and rate function I : C([0, T ],Rd) →

R+ given by

I(φ) = inf

{
1

2

∫ T

0
|vs|2 ds : v ∈ L2([0, T ],Rm),

φt = x0 +

∫ t

0
K(t, s)

(
b(s, φs) + σ(s, φs)vs

)
ds

}
.

Let us recall that pathwise uniqueness with non-Lipschitz coefficients was achieved

in [195195], hence this result extends [240240] by lifting two important assumptions: Lip-

schitz continuity and linear growth.

The proof of the MDP unfolds in an analogous way albeit with a different speed. Because

of the rescaling of ηε, the shifted BM now reads W + hε
∫ ·

0 vs ds. A more intricate SVE

emerges which requires additional care since the rescaling may induce a blow-up as ε

goes to zero, such as the following term which shall give ∇b in the limit

bε
(
s,X + ϑεhεη

ε,vε
s

)
− b(s,Xs)

ϑεhε
.

This gives an insight on our second main result, which corresponds to Theorems 2.3.202.3.20

and 2.3.292.3.29.

28



MDP for SVEs

Under strong existence and uniqueness of (1.3.11.3.1) and slightly stronger assump-

tions on the coefficients, the family (Xε)ε>0 satisfies an MDP with speed h2
ε and

rate function Λ : C([0, T ],Rd)→ R+ given by

Λ(ψ) = inf

{
1

2

∫ T

0
|vs|2 ds : v ∈ L2([0, T ],Rm),

ψt =

∫ t

0
K(t, s)

(
∇b(s,Xs)ψs + σ(s,Xs)vs

)
ds

}
.

Crucially, the limit equation is here linear and therefore uniqueness is granted. This

simpler form also makes it more amenable for further computations, as advertised ear-

lier.

Let us now consider a general rough volatility model of the form
Xt = −1

2

∫ t

0
Σ(Ys) ds+

∫ t

0

√
Σ(Ys)dBs,

Yt = y0 +

∫ t

0
K(t− s)b(Ys) ds+

∫ t

0
(t− s)H−

1
2 ζ(Ys)dWs,

where B and W are two Brownian motions with correlation ρ ∈ [−1, 1], the Hurst

exponent H ∈ (0, 1) corresponds to the almost Hölder regularity of the variance Y , and

the convolution kernel satisfies K(λt) = λ$t (we think of $ = 1
2 to recover a smooth

kernel or $ = H to have a singular kernel in the drift as well). We need this property

for the rescaled processes Xε
t = εH−

1
2Xεt and Y ε

t = Yεt to fit in the setting of (1.3.11.3.1)

with ϑε = εH . The LDPs, gathered in Proposition 2.4.32.4.3, are then a corollary of our first

main result.

LDPs for small-time rough volatility

Under mild assumptions on the coefficients, LDPs with speed ε−2H hold

for (Xε, Y ε), Xε, and Y ε in a pathwise sense, and for εH−
1
2Xε and Yε on the

real line.

The rate function associated to (Xε, Y ε) has an explicit integral form but the others

involve infima over infinite-dimensional spaces and are thus not available in closed

form, unlike in the MDP case, where ηε = εβ−H
(
Xε, Y ε − y0

)
for any β ∈ (0, H). This

is the content of Proposition 2.4.62.4.6.

29



MDPs for small-time rough volatility

Under slightly stronger assumptions on the coefficients, MDPs with speed ε−2β

hold for (Xε, Y ε), Xε, and Y ε in a pathwise sense, and for εH−
1
2Xε and Yε on

the real line.

All the rate functions are explicit, in particular for φ absolutely continuous and x ∈ R,

ΛX(φ) =
1

2Σ(y0)

∫ T

0
φ̇2
t dt and ΛX1 (x) =

x2

2Σ(y0)
,

associated to Xε and εH−
1
2Xε respectively, are independent of H and coincide with

Markovian LDP rate functions. Nevertheless, the roughness (read H) still appears in

the scaling of the process and the speed of the MDP.

These small-time asymptotic results apply in Section 2.3.22.3.2 to the rough Stein-Stein,

(multi-factor) rough Bergomi, and rough Heston models (under the assumption that

pathwise uniqueness holds for the latter).

We also propose to study tail asymptotics in Corollaries 2.4.152.4.15 and 2.4.172.4.17, which gen-

erally have the form Xε = εX, such that an LDP provides asymptotic estimates on

P(Xε ≥ 1) = P(X ≥ ε−1).

Tail LDPs for rough volatility

In the rough Stein-Stein model, LDPs with speed ε−2 hold for the fami-

lies (ε2X, εY ), ε2X in a pathwise sense and ε2Xt on the real line (for a fixed t ∈

[0, T ]).

In the rough Heston model, LDPs with speed ε−2 hold for the fami-

lies (ε2X, ε2Y ), ε2X in a pathwise sense and ε2Xt on the real line (for a

fixed t ∈ [0, T ]).

The small-time LDPs (respectively MDPs) for rough volatility models translate into im-

plied volatility asymptotics for σBS(t, ktH−
1
2 ) (respectively σBS(t, ktβ−

1
2 )) as t goes to

zero, see Section 2.4.1.32.4.1.3. In the LDP case, the limit is cumbersome to compute while

it is simply equal to Σ(y0)2 in the MDP case. Meanwhile, Corollary 2.4.182.4.18 shows the

large-tail LDP yields a limit for σBS(t, k)2t/k as k goes to infinity.

We mentioned previously that one outlook of this project lies in variance reduction tech-

niques for Monte-Carlo schemes. Importance sampling consists in simulating an unbi-
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ased estimator under a different probability measure and finding the optimal change of

probability measure that minimises its variance, which is equivalent to the optimisation

problem

inf
Q∼P

EP
[
G(X)2 dP

dQ

]
. (1.3.1)

Simulating under this new measure can yield a significant gain when confronted to rare

events with big impacts by increasing the probability of the paths which contribute the

most to the expectation. However, the raw problem (1.3.11.3.1) cannot be solved explicitly in

practice. Large and moderate deviations, by design, provide insight on events with low

probability and were found useful to derive asymptotically optimal change of measure.

Restricting the range of equivalent measures to the Cameron-Martin space, (1.3.11.3.1) can

be approximated by the following proxy featured in the Laplace principle (1.2.61.2.6)

E
[
exp

{
1

ε

(
2 log(G(Xε))−

√
ε

∫ T

0
ḣtdWt +

1

2

∫ T

0
|ḣt|2 dt

)}]
.

The minimisation problem then boils down to a simpler variational one, but unfortu-

nately the gains of this approach are often mitigated by the cost of computing the in-

tricate LDP rate function. This challenge encourages to use moderate deviations where

the rate functions are explicit, as in [194194].

1.3.2 Pathwise large deviations for white noise chaos expansions

The second chapter corresponds to the preprint [206206] and takes a different angle to

tackle non-Markovian systems. It exploits the same methods as the first chapter but

applies them to a universal object that comes up in Malliavin calculus. Any Gaussian

functional F ∈ L2(Ω) can be represented via its Wiener chaos expansion

F = EF +
∞∑
n=1

In(fn), (1.3.2)

where the terms of this (orthogonal) decomposition are multiple Wiener–Itô integrals

and the kernels (fn)n≥1 are deterministic and uniquely determined by F , see [201201,

Chapter 1]. A variety of limit theorems related to the Wiener chaos exist [202202, 199199, 204204]

but very few relate to large deviations. Pathwise large deviations were derived for the

family (εnIn(fn))ε>0 in [8383, 175175, 187187]. However only one LDP deals with the whole
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expansion

Xε =
∞∑
n=0

εnIn(f εn)

and it is limited both to the state space R and to the Brownian motion case [214214]. We

extend this result to path space and to a larger class of Gaussian processes by leveraging

on the weak convergence approach to large deviations. Notice that chaos expansions

are a universal representation, aloof from Markovianity considerations.

For tightness criteria to be available, we need to consider the space of continuous func-

tions C(K,R) where K is a compact subset of Rd. As the name of this chapter suggests,

we are interested in a white noise measure Ẇ , an L2(Ω)-Gaussian measure on (T, T )

based on the (atomless) product measure µ̂ := λ ⊗ µ. Here λ is the Lebesgue measure

on R+, µ is a sigma-finite measure on a measurable space (E, E) and the parameter

space is T := R+ ×E with σ-algebra T .

The white noise measure Ẇ has zero mean and takes independent values on any family

of disjoint subsets of T. It is more precisely characterised by its covariance structure.

For all A1, A2 ∈ T ,

E
[
Ẇ
(
A1

)
Ẇ
(
A2

)]
= µ̂

(
A1 ∩A2

)
.

Interestingly enough, one can recover well-known Gaussian processes as functionals of

this white noise measure such as space-time white noise, isonormal processes, fractional

Brownian motion, multidimensional and infinite-dimensional Brownian motions, and

Q-Wiener processes.

Having defined our Gaussian measure, we can identify the multiple Itô integrals In :

L2(Tn)→ L2(Ω) as

In(fn) =

∫
Tn
fn(tn,xn)W (dt1 dx1) · · ·W (dtn dxn).

Since the weak convergence approach requires to shift the Gaussian process we need to

study such multiple integrals where W (dtdx) is replaced by W v/ε(dt dx) := W (dt dx)+

1
ε

∫
v(t, x)µ̂(dt dx). The multiple integrals are not independent any longer and devel-

oping one in full generates no less than 2n integrals. Section 3.4.23.4.2 provides a rigorous

account; let us illustrate this informally here. First, notice that there is a combinato-

rial flavour in this development and it can be helpful to think of the binomial formula

for (x + y)n. Heuristically, if we suppose that all the integrals are well-defined, this
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translates as

Iε,v
ε

n (f) :=

∫
Tn
f(tn,xn) εW vε/ε(dt1 dx1) · · · εW vε/ε(dtn dxn) =

n∑
k=0

(
n

k

)
mε
k(f),

where mε
k is a multiple integral which integrates k times against vε dµ̂ and n− k times

against εW :

mε
k(f) =

∫
Tn
f(tn,xn)

(
vε(t1, x1) µ̂(dt1 dx1)

)
· · ·
(
vε(tk, xk) µ̂(dtk dxk)

)
εW (dtk+1 dxk+1) · · · εW (dtn dxn).

Suppose that vε converges weakly to v. One would then expect that, as ε ↓ 0, if k < n

then mε
k goes to zero, and if k = n then mε

k converges towards

Jvn(fn) :=

∫
Tn
fn(tn,xn)

(
v(t1, x1) µ̂(dt1 dx1)

)
· · ·
(
v(tn, xn) µ̂(dtn dxn)

)
.

Hence, it boils down to one multiple integral for each n ≥ 0.

We suppose that Xε is a stochastic process with chaos expansion of the form

Xε(z) = Gε(W )(z) =
∞∑
n=0

In(f ε,zn ), for each z ∈ K,

where f ε,zn tends to fzn for each n ≥ 0. Therefore, Gε(W vε/ε)(z) =
∑∞

n=0 I
ε,vε
n (f ε,zn ) shall

naturally converge to
∑∞

n=0 J
v
n(fzn) as ε goes to zero. Although this series of arguments

lack rigour, this is precisely what happens. It leads to our main result, Theorem 3.3.33.3.3.

LDP chaos expansion

Under deterministic assumptions on the coefficients {f ε,zn : n ≥ 0, ε > 0, z ∈ K},

an LDP holds for (Xε)ε>0 with speed ε−2 and rate function Λ : C(K)→ R+ given

by

Λ(ψ) := inf

{
1

2
‖v‖2L2(T) : v ∈ L2(T), ψ =

∞∑
n=0

Jvn(fn)

}
.

The rigorous proof unfolds in three steps, presented in Sections 3.4.23.4.2 and 3.4.33.4.3. First,

one needs to give a proper meaning to the integrals mε
k which mix integration against

white noise and Lebesgue measures; this is achieved from elementary functions and by

passing to the limit. Then we derive proper moment bounds for these integrals, using
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that ‖vε‖L2(T) ≤ M almost surely for some M > 0. The argument can be summarised

as follows, for all z ∈ K and p ≥ 2,

‖mε
k(f

ε,z
n )‖Lp(Ω) ≤M

k/2 εn−k
∥∥∥In−k( ‖f ε,zn ‖L2(Tk)

)∥∥∥
Lp(Ω)

(Cauchy-Schwarz)

≤Mk/2 εn−k(p− 1)
n−k

2

∥∥∥In−k( ‖f ε,zn ‖L2(Tk)

)∥∥∥
L2(Ω)

(hypercontractivity)

= Mk/2 εn−k(p− 1)
n−k

2

√
(n− k)! ‖f ε,zn ‖L2(Tn) (isometry).

Our assumptions ensure that this estimate and its analogue for ‖mε
k(f

ε,z
n − f ε,yn )‖Lp(Ω)

grant tightness of (Xε,vε)ε>0. Finally, we take the limit ε to zero and identify the limit

properly.

To illustrate our main result and show how our abstract assumptions can be satisfied,

we propose a variety of applications in Section 3.53.5. The first one deals with processes

that are infinitely Malliavin differentiable and for which the kernels can be computed

explicitly. Then we turn our attention to Skorohod integrals, and apply the LDP to mul-

tiple Skorohod integrals and linear Skorohod equations. We note that these processes

are not necessarily adapted and that LDPs for anticipative processes are very scarce. As

a typical example of non-Markovian processes we propose an application to stochas-

tic integrals driven by a fractional Brownian motion in the Wick-Itô sense. Finally, we

consider a class of processes inspired from and generalising closed martingales in R+.

1.3.3 Smile asymptotics in multi-factor rough volatility models

In Chapter 44, based on [159159], we study VIX options under rough volatility models and

derive small-time explicit formulas which can be helpful for model selection and cali-

bration procedures. This contributes to exhibiting the consistency of this class of models

across various traded assets.

In continuous volatility models, the VIX can be defined as the forward price of a log-

contract on the SPX with ∆ equal to one month

VIXT :=

√
E
[
− 2

∆
ln

(
ST+∆

ST

) ∣∣∣FT],
which also turns out to be equal to the implied volatility of the same log-contract. In a
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stochastic volatility model dSt/St = σt dWt, this boils down to

VIXT =

√
1

∆
E
[∫ T+∆

T
σ2
t dt

∣∣∣FT],
hence it measures the 30-day forward looking volatility of the SPX. One thus needs to

choose the variance process v appropriately to model both SPX and VIX derivatives.

This joint calibration problem is famously challenging and has attracted a lot of atten-

tion [1414, 6868, 101101, 104104, 124124, 132132, 140140, 153153, 158158]. Despite the large number of innova-

tions, the spread of VIX options (options on VIX futures to be precise) remains pretty

high, betraying the lack of a convincing answer. To capture the shape of the smile, we

would like to focus on two important stylised facts depicted in Figure 1.51.5: its positive

skew and negative curvature.

Figure 1.5: VIX implied volatilities with respect to strike as of March 23, 2016.

Combining methods from asymptotic analysis and Malliavin calculus originating

from [88], Alós, Garćıa-Lorite, and Muguruza [66] showed that the mixed rough Bergomi

model

σ2
t = σ2

0

[
χE
(
νWH

t

)
+ (1− χ)E

(
ηWH

t

)]
, (1.3.3)

where WH
t :=

∫ t
0 (t − s)H−

1
2 dWs is a Riemann-Liouville fBM and E(X) :=

exp
(
X − 1

2E[X2]
)
, produces a positive at-the-money (ATM) skew consistent with the

observations. More generally, their framework allows to dismiss other models and pa-

rameter choices.

We integrate their insights with those of Bergomi [3030, 3131] and Gatheral [122122] and de-

cide to extend their framework to multi-factor models (driven by anN -dimensional BM)

and to compute an asymptotic formula for both the skew and the curvature. Consider-

ing a generic FT -measurable random variable AT , we apply the Clark-Ocone formula
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to the martingale Mt := Et[AT ] := E[AT |Ft], for 0 ≤ t ≤ T .

Mt = E(AT ) +
N∑
i=1

∫ t

0
φisMs dW i

s , where φis =
Es[Di

sAT ]

Ms
.

This stochastic volatility representation allows to define the ATM skew ST :=

∂kσBS(T, k)
∣∣
k=ln(M0)

and curvature CT := ∂2
kσBS(T, k)

∣∣
k=ln(M0)

in this general setting. It

also yields a price decomposition formula for the ATM option price Vt := Et[(AT−Mt)
+],

which is instrumental in obtaining implied volatility representations and short-time

asymptotics. The main results are gathered in Theorems 4.3.14.3.1, 4.3.24.3.2, and 4.3.34.3.3.

Main asymptotic results

Under technical assumptions, there exists λ ∈ (−1
2 , 0] and γ ∈ (−1, 0] such that



lim
T↓0

σBS(T, 0) = lim
T↓0

E[u0];

lim
T↓0

ST
T λ

= lim
T↓0

1

T λ
E

[∫ T
0 |Θs| ds
2u3

0T
2

]
;

lim
T↓0

CT
T γ

= lim
T↓0

1

T γ

{
ST (0)− 15

2
E
[

1

u7
0T

4

∫ T

0
|Θr|

(∫ T

r
|Θy| dy

)
dr

]

+
3

2
E

 1

u5
0T

3

∫ T

0

N∑
j=1

{
φjsD

j
s

(∫ T

s
|Θy|dy

)}
ds

},
where ut :=

√
1

T−t
∫ T
t ‖φs‖

2 ds and |Θs| :=
∑N

i=1

(∫ T

s
Di
s ‖φr‖

2 dr

)
φis.

The assumptions involve multiple integrals of Malliavin derivatives of φ and are left as

general as possible. We can then apply this to the VIX case with assumptions that are

easier to verify. This is the content of Proposition 4.4.14.4.1. The regime H ∈ (0, 1/6) is the

most relevant to rough volatility modelling. Thanks to the nice rescaling T
1
2
−3H only

the third term of the curvature formula contributes here.
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Asymptotic results for the VIX

Let AT = VIXT . Under four sufficient conditions, for H ∈ (0, 1/6) we have

lim
T↓0

σBS(T, 0) =
‖J‖

2∆VIX2
0

,

lim
T↓0
ST =

∑N
i,j=1 JiJj

(
Gij − JiJj

∆VIX2
0

)
2 ‖J‖3

,

lim
T↓0

CT
T 3H− 1

2

=
2∆VIX2

0

3 ‖J‖5
N∑

i,j,k=1

J iJ jJk lim
T↓0

∫ T+∆
T ET

[
Dk
tD

j
sDi

yσ
2
r

]
dr

T 3H− 1
2

,

where for all i, j = 1, · · · , N , ‖J‖ :=
(∑N

i=1 J
2
i

) 1
2 and

Ji :=

∫ ∆

0
Di

0 σ
2
r dr, Gij :=

∫ ∆

0
Dj

0Di
0 σ

2
r dr.

Finally, we define the two-factor rough Bergomi model, extension of (1.3.31.3.3) with two

independent fBMs W 1,H and W 2,H

σ2
t = σ2

0

[
χE
(
νW 1,H

t

)
+ (1− χ)E

(
η
(
ρW 1,H

t + ρW 2,H
t

))]
,

and show in Proposition 4.4.34.4.3 that the limits can be computed explicitly and only in-

volve the parameters of the model.

Asymptotic results for the VIX in the two-factor rough Bergomi model

Let ψ(ρ, ν, η, χ) :=
√

(χν + (1− χ)ηρ)2 + (1− χ)2η2ρ2. For H ∈ (0, 1/6), as T

tends to zero, we have the following limits

lim
T↓0

σBS(T, 0) =
∆H− 1

2

2(H + 1
2 )
ψ(ρ, ν, η, χ),

lim
T↓0
ST =

(H + 1
2 )∆H− 1

2

2ψ(ρ, ν, η, χ)3

{
(1− χ)3η4ρ4

(
1

2H
− 1

(H + 1
2 )2

)
+(χν + (1− χ)ηρ)2

[
χν2+(1−χ)η2ρ2

2H −
(
χν+(1−χ)ηρ

H+ 1
2

)2]
+2(χν + (1− χ)ηρ)(1− χ)2η2ρ2

[
ηρ

2H
− ν + ηρ

(H + 1
2 )2

]}
,

lim
T↓0

CT
T 3H− 1

2

=
128∆−2H(H + 1

2 )2

3ψ(ρ, ν, η, χ)5(1− 6H)

{
(χν + (1− χ)ηρ)3(χν3 + (1− χ)η3ρ3)

+3(χν + (1− χ)ηρ)2(1− χ)2η4ρ2ρ2 + 3(χν + (1− χ)ηρ)(1− χ)3η5ρ4ρ+ (1− χ)4η6ρ6
}
.
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These closed-form expressions, combined with the skew short-time limit of the spot

implied volatility

lim
T↓0

T
1
2
−HSspot

T =
ρ1χν + η(1− χ)(ρ1ρ+ ρ2ρ)

(2H + 1)(H + 3
2)

,

bring new insights on the behaviour of these models and how they should be used for

pricing options.

1.3.4 On the large-time behaviour of affine Volterra processes

In this last chapter, we present preliminary results on the large-time behaviour of a class

of affine SVEs represented by

Vt = V0 +

∫ t

0
K(t− s)β(θ − Vs) ds+

∫ t

0
K(t− s)σ

√
Vs dWs, (1.3.4)

where the kernel is the Laplace transform of some signed measure on R+. If large-time

asymptotic methods for non-Markovian processes are rare, in the case of SVEs this is

completely uncharted territory. An overwhelming section of ergodic theory is concerned

with Markovian processes, hence parting with this framework requires innovative tech-

niques.

We rely upon a Markovian lift introduced by Cuchiero and Teichmann in [7373] which

takes the form of a Stochastic Partial Differential Equation (SPDE). More precisely,

let Y := Cb(R+), such that its dual Y ? is the space of signed measures on R+. We

consider the (well-posed) Y ∗-valued SPDE

dλt(dx) = −xλt(dx) dt+ ν(dx)dXt, (1.3.5)

where ν is a signed measure and X is an Itô semimartingale of the form

Xt =

∫ t

0
β(θ − 〈1, λs〉) ds+

∫ t

0
σ
√
〈1, λs〉dWs,

where 〈g, λ〉 :=
∫∞

0 g(x)λ(dx) for all g ∈ Cb(R+). The total mass 〈1, λ〉 thus solves the

affine SVE (1.3.41.3.4), withK(t) =
∫∞

0 e−tx ν(dx). We note that, passing to the multivariate

case, the rough Heston model is also included in this framework.

The Feller property, a crucial component of traditional Markovian ergodic theory, is ex-
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tended to a class of weighted spaces conducive for the study of the Markovian processes

satisfying (1.3.51.3.5). This generalised Feller property, introduced in [8686], plays a central

role in our analysis. Leveraging on it, we first obtain a version of Krylov-Bogoliubov

theorem on these weighted spaces. Combined with a tightness criterion on measure

space, it entails that a generalised Feller process λ has an invariant measure provided

the condition supt≥0 E[‖λt‖Y ∗ ] <∞ holds.

We prove that the solution to the SPDE (1.3.51.3.5) is indeed a generalised Feller process

(only the case θ = 0 was treated in [7373]) and that it satisfies the condition above where

the kernel is of Riemann-Liouville type K(t) = tα−1/Γ(α), with α ∈ (1/2, 3/2). This

yields our main result, Theorem 5.1.45.1.4.

Existence of an invariant measure

Let λ0(dx) = V0 δ0(dx) for some V0 > 0 and ν(dx) = c x−α, where α ∈ (1/2, 3/2)

and c > 0. Then the solution of the SPDE (1.3.51.3.5) has an invariant measure.

Furthermore, the solution of the SVE (1.3.41.3.4) has a stationary distribution, for

any V0 > 0, K(t) = C tα−1, with α ∈ (1/2, 3/2) and C > 0.

The natural continuation of this work consists in extending our framework to the multi-

dimensional case, determining whether the invariant measure is unique and then iden-

tifying it. This would be the first result of this type for an SVE and a rough volatility

model.
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2
Large and moderate deviations

for stochastic Volterra systems

This chapter, based on [162162], is a joint work with Antoine Jacquier, submitted

to Stochastic Processes and their Applications.

2.1 Introduction

This chapter sheds new light on the asymptotic behaviour of the class of stochastic

Volterra equations (SVEs)

Xt = X0 +

∫ t

0
K(t, s)b(s,Xs)ds+

∫ t

0
K(t, s)σ(s,Xs)dWs, t ∈ [0, T ], (2.1.1)

for some fixed time horizon T > 0, where X0 ∈ Rd, d ∈ N, W is a multidimensional

Brownian motion, K is a kernel that may be singular, and the coefficients are such

that a unique pathwise solution exists. This class of models has been investigated in
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many fields, including nonlinear filtering [7070] using fractional Brownian motion ker-

nels, pharmacokinetic models [186186] (Langevin equation driven by fractional Brownian

motion), fluid turbulence [6060], and turbulence modelling in atmospheric winds or en-

ergy prices [1616, 6969] using Brownian Semistationary processes.

As the literature review of Section 1.21.2 testifies, mathematical finance has however been

the most dynamic area by far in terms of applications of SVEs, where they are a natural

framework for rough volatility models. We already explained how the latter reconcile

the stylised facts of the markets from both the statistical and the option pricing view-

points and that, due to the loss of tractability, asymptotic methods have flourished, both

to provide clearer understanding of models in extreme parameter configurations and to

act as proxies to numerical schemes.

Large Deviations Principles (LDP), in particular, have been widely explored in mathe-

matical finance, and we refer the interested reader to [110110] for an overview. Let (Xε)ε>0

be a sequence of random variables in some Polish space X , converging in probability to

a deterministic limit X as ε goes to zero. This sequence is said to satisfy an LDP with

speed ε−1 and rate function I : X → R+ if for all Borel subsets B ⊂ X , the inequalities

− inf
x∈B◦

I(x) ≤ lim inf
ε↓0

ε logP
(
Xε ∈ B

)
≤ lim sup

ε↓0
ε logP

(
Xε ∈ B

)
≤ − inf

x∈B
I(x) (2.1.2)

hold, and the level sets {x ∈ X : I(x) ≤ M} of I are compact for all M > 0. This rate

function encompasses in a (relatively) concise formula first-order information about

the asymptotic behaviour of complex dynamical systems. If X satisfies (2.1.12.1.1) and

X = Rd, one can consider finite-dimensional LDP for (Xt)t≥0 (also called small-time

LDP if the limit takes place as t goes to zero), or pathwise LDP for some rescaling of X

with X = C([0, T ],Rd). The former is easily recovered from the latter by a projection

argument. Moderate deviations on the other hand are concerned with deviations of a

lower order than large deviations, and thus apply to ‘less rare events’. We recall that

(Xε)ε>0 satisfies a moderate deviations principle (MDP) if (ηε)ε>0 satisfies an LDP with

speed h2
ε, where

ηε :=
Xε −X√

εhε
, for all ε > 0,

with limε↓0 hε = +∞ and limε↓0
√
εhε = 0. Since the speed of convergence of hε is

not fixed, an MDP essentially bridges the gap between the central limit regime where

hε = 1 and the LDP regime where hε = ε−1/2. An edifying example of the relevance of

moderate deviations appears in [111111] where, interested in option pricing asymptotics,
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the authors judiciously rescale the strikes with respect to time to expiry. Indeed, as

time to expiry becomes smaller, the range of pertinent strikes naturally shrinks, and this

‘moderately-out-of-the-money’ regime becomes more realistic.

Large deviations for SVEs were originally studied in [203203, 224224] with regular kernels.

In the context of rough volatility, Forde and Zhang [103103] introduced the first finite-

dimensional LDP where the log-volatility is modelled by a fractional Brownian motion,

and refined versions followed in [1818, 2020, 109109], while pathwise LDP for similar models

were studied in [5656, 137137]. Departing from regular conditions on the behaviour of the

coefficients led to specific requirements, and finite-dimensional large deviations for the

fractional Heston model were carried out in [100100, 136136], while pathwise LDPs were

derived for the rough Stein-Stein model with random starting point [151151], for the rough

Bergomi model [161161], and small-time LDPs for the multi-factor rough Bergomi appeared

in [173173]. We emphasise at this point that no pathwise MDP was previously known in

the context of rough volatility.

The Gärtner-Ellis theorem [8282, Theorem 2.3.6] is the main ingredient of a finite-

dimensional LDP and depends on explicit computations of certain limits of the Laplace

transform. This is only available though, when the process is either Gaussian [103103]

or affine [100100]. Pathwise LDP on the other hand, have mainly been derived using the

Freidlin-Wentzell approach [106106]: starting from known large deviations for the driving

(Gaussian) process [8383, Theorem 3.4.5], they follow from a combination of approxima-

tions and continuous mapping, keeping track of the rate function. While this methodol-

ogy is clear, it requires a case-by-case tailored path for each model, and in general leads

to a cumbersome rate function. Furthermore, pathwise moderate deviations are so far

out of reach in this approach, partially explaining the small number of related results

compared to LDP.

The weak convergence approach, presented in Section 1.21.2, was introduced by Dupuis

and Ellis in the monograph [8888] and developed further by Budhiraja and Dupuis [4646].

We recall that this alternative consists in proving a Laplace principle (1.2.61.2.6) where the

left-hand side pre-limit of can be represented as a variational principle for expectations

of functionals of Brownian motion [3838, Theorem 3.1].

Lemma 2.1.1 (Boué-Dupuis). Let W be an Rm-Brownian motion and F be a bounded
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Borel-measurable function mapping C([0, T ],Rm) into R. Then

− logE
[
e−F (W )

]
= inf

v∈A
E
[

1

2

∫ T

0
|vs|2 ds+ F

(
W +

∫ ·
0
vs ds

)]
, (2.1.3)

where

A :=

{
v : [0, T ]→ Rm progressively measurable, E

[∫ T

0
|vt|2 dt

]
< +∞

}
. (2.1.4)

The representation (2.1.32.1.3) contains in a single formula the usual tools used in the proof

of an LDP. The first term on the right-hand side comes from the relative entropy between

the Wiener measure and the measure shifted by
∫ ·

0 vs ds via Girsanov’s theorem, under

which W +
∫ ·

0 vs ds is a Brownian motion. It can be interpreted as the cost of deviating

from the original path and clearly indicates where the form of the rate function comes

from. In essence, this representation replaces the non-linear analysis of the Freidlin-

Wentzell approach with the linear theory of weak convergence. Instead of exponential

estimates, only qualitative properties of the shifted process need to be established, such

as strong existence and uniqueness and tightness.

The extensive literature on the topic, summarised in [4646] and the references therein,

demonstrates the strength of this generic approach which can be applied to a variety

of models without appealing to their particular features. It has been used to derive

LDPs, in the continuous-time case, for diffusions [6262], multiscale systems [4848, 8989, 227227],

SVEs with singular kernels and Lipschitz continuous coefficients [240240], SDEs driven

by infinite-dimensional Brownian motions [4949], by Poisson random measures [4444] or

both [5050], including stochastic PDEs. Contrary to the Freidlin-Wentzell approach, this

method has also proved efficient to obtain MDPs. SVEs with Lipschitz continuous ker-

nels [177177], SDEs with jumps [4747] and slow-fast systems [193193] are a few relevant exam-

ples. The latter were then tailored to the setting of stochastic volatility models in [164164],

developing the first application of the weak convergence approach in mathematical

finance, and extending the MDP results in [111111] to a pathwise setting. A further ap-

pealing feature of moderate deviations is the simple form, often quadratic, of the rate

function, as opposed to that provided by large deviations, thereby opening the gates to

the use of importance sampling and variance reduction techniques [9090, 194194, 220220].

Building on this powerful approach, we provide a unified treatment of (finite-

dimensional and pathwise) large and moderate deviations in the general frame-
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work (2.1.12.1.1) by showing the weak convergence of a perturbed system. We relax the

uniqueness requirement for the limiting Volterra equation, as in [6767, 8484] for the diffu-

sion case, allowing us to consider coefficients that are not Lipschitz continuous and do

not necessarily have sublinear growth.

The chapter is organised in the following way. Section 2.22.2 introduces the framework

and useful definitions. In Section 2.32.3, we present abstract criteria for the validity of

an LDP, extending the results by Budhiraja and Dupuis [4545, Theorem 4.1]. Our main

results, Theorem 2.3.112.3.11 for LDP and Theorem 2.3.202.3.20 for MDP, are then stated in the

case of convolution kernels and extended to non-convolution kernels in Theorem 2.3.292.3.29.

In Section 2.42.4, we show how these results apply to rough volatility models, and give

precise formulae for the rough Stein-Stein, the (multi-factor) rough Bergomi and the

rough Heston models. We finally gather technical proofs in the final section.

2.2 General framework

2.2.1 Notations

We consider a fixed time horizon T > 0, and denote T := [0, T ], R+ := [0,+∞)

and R+ := [0,+∞]. For d1 ≥ 1, d2 ≥ 1, |·| denotes the Euclidean norm in Rd1 and

the Frobenius norm in Rd1×d2 . For p ≥ 1, Lp stands short for Lp(T), and ‖·‖2 is the

usual L2 norm. Furthermore, for d ≥ 1, Wd := C(T : Rd) represents the space of con-

tinuous functions from T to Rd, equipped with the supremum norm ‖ϕ‖T := supt∈T |ϕt|

for any ϕ ∈ Wd. Finally, for any d1 ≥ 1, d2 ≥ 1, M > 0, f : Rd1 → Rd2 , we write

‖f‖R := sup{|f(x)| : |x| ≤ R}. Unless stated otherwise, constants will be denoted by C

(with possible subscript) and may be different from one proof to another. Every state-

ment involving ε stands for all ε > 0 small enough. A family of random variables will

be called tight if the corresponding measures are tight [8888, Appendix A]. We also use

the classical convention that the infimum over an empty set is equal to infinity. Finally,

we recall the following definitions for clarity and notations:

Definition 2.2.1. Let g be a function from Rd to Rn.

• It has linear growth if there exists CL > 0 such that |g(x)| ≤ CL(1 + |x|), for

all x ∈ Rd;
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• if it is uniformly continuous, it admits a continuous and increasing modulus of

continuity ρg : R+ → R+, with ρg(0) = 0 and |g(x)− g(y)| ≤ ρg(|x− y|), for all

x, y ∈ Rd;

• it is locally δ-Hölder continuous with δ ∈ (0, 1) if, for allR > 0, there exists CR > 0

such that |g(x)− g(y)| ≤ CR |x− y|δ, for all |x| ∨ |y| ≤ R.

2.2.2 Framework

We consider small-noise convolution stochastic Volterra equations (SVE)

Xε
t = Xε

0 +

∫ t

0
K(t− s)bε(s,Xε

s )ds+ ϑε

∫ t

0
K(t− s)σε(s,Xε

s )dWs, t ∈ T, (2.2.1)

taking values in Rd with d ≥ 1, where ε > 0, and ϑε > 0 tends to zero as ε goes

to zero. For each ε > 0, Xε
0 ∈ Rd, bε : T × Rd → Rd and σε : T × Rd → Rd×m

are Borel-measurable functions, and W is an m-dimensional Brownian motion on the

filtered probability space (Ω,F , {Ft}t∈T,P) satisfying the usual conditions. The ker-

nel function K : T → Rd × Rd, of convolution type, is allowed to be singular, thus

encompassing fractional processes, in particular the recent literature on rough volatil-

ity [88, 1919, 9393, 123123]. Components of the system are in general correlated, the correlation

matrix being implicitly encoded in the diffusion coefficient σε. General existence and

uniqueness results for such stochastic Volterra equations are so far out of reach, and our

conditions below are sufficient and general enough for most applications. In order to

state them precisely, we first introduce several definitions and concepts:

Definition 2.2.2. For any ε > 0, a solution to (2.2.12.2.1) is an Rd-valued progressively

measurable stochastic process Xε satisfying (2.2.12.2.1) almost surely and such that

P
(∫ t

0

{
|K(t− s)bε(s,Xε

s )|+ |K(t− s)σε(s,Xε
s )|2

}
ds <∞, for all t ∈ T

)
= 1.

(2.2.2)

We shall assume that the (singular) convolution kernel satisfies the following condition,

which is essentially a multivariate version of the one given in [33, Condition (2.5)]:

Assumption 2.2.3. The kernel K : T → Rd×d is an upper triangular matrix satisfying

the following conditions: K ∈ L2(T : Rd×d) and there exists γ ∈ (0, 2] such that, for h
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small enough,

∫ h

0
|K(t)|2 dt+

∫ T

0
|K(t+ h)−K(t)|2 dt = O(hγ).

We refer to [33, Example 2.3] for a broad range of kernels that satisfy this assumption.

Of particular interest in mathematical finance is the Riemann-Liouville kernel K(t) =

tH−
1
2 , for H ∈ (0, 1

2) implying γ = 2H. Moreover if K̃ is locally Lipschitz and K satisfies

Assumption 2.2.32.2.3 then so does the product KK̃; this includes the gamma and power-

law kernels which are related to the class of Brownian semistationary processes [1717].

Remark 2.2.4. This setup covers in particular the following two useful forms for the

kernel:

• K = Diag(k1, · · · , kd) is a diagonal matrix, where each ki : T → R satisfies

Assumption 2.2.32.2.3.

• The drift and diffusion coefficients of any sub-system of (2.2.12.2.1) can be convoluted

with different kernels. As an example, the one-dimensional SVE

Y ε
t = Y ε

0 +

∫ t

0
K1(t− s)bYε (s, Y ε

s ) ds+

∫ t

0
K2(t− s)σYε (s, Y ε

s ) dW (1)
s

is the first component of (2.2.12.2.1) with d = 2 and

K =

K1 K2

0 0

 , bε =

bYε
0

 , σε =

 0 0

σYε 0

 .

One could in fact use general matrices to eliminate the auxiliary state, such as K =

(K1 K2) : T→ R1,2 in the example above. We stick to square matrices for consistency.

Volterra systems appearing in the literature, and in particular in the mathematical fi-

nance one, have a specific structure in the sense that only one component satisfies an

SVE with (singular) kernel, and can be dealt with independently of the other compo-

nent. This particular structure allows us to relax some conditions on the coefficients,

and we shall leverage on it whenever needed. We make this more specific through the

following two definitions:
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Definition 2.2.5. Let Υ ⊂ J1, dK and Γ : R|Υ| → [0,∞). We define SΓ
Υ as the set of

functions f for which there exists a strictly positive constant CΥ such that, for all x ∈ Rd,

|f(x)| ≤ CΥ

(
1 + |x|Υc + Γ

(
x(Υ)

))
, (2.2.3)

where |x|Υc :=
∑

i∈Υc

∣∣x(i)
∣∣ and x(Υ) := (x(i))i∈Υ.

Definition 2.2.6. The process Xε admits an autonomous SΓ
Υ-subsystem {Xε,(l)}l∈Υ if

for all 1 ≤ i, j ≤ d such thatKij 6= 0, b(j)ε (t, ·) and all the components of the row σ
(j)
ε (t, ·)

satisfy the following for small enough ε and uniformly in t ∈ T:

• if i ∈ Υ, they have linear growth and do not depend on Xε,(k) for k ∈ Υc;

• if i ∈ Υc, they belong to SΓ
Υ.

Example 2.2.7. The motivation for Definition 2.2.62.2.6 is to be able to handle (rough)

stochastic volatility models, ubiquitous in mathematical finance, where linear growth of

all the coefficients may not hold. Consider for example the rough Bergomi model [1919]
X

(1)
t = −1

2

∫ t

0
exp

(
X(2)
s

)
ds+

∫ t

0
exp

(
1

2
X(2)
s

)
dBs,

X
(2)
t = y0 − at2H +

∫ t

0
(t− s)H−

1
2 dWs,

where B and W are Brownian motions with correlation ρ ∈ (−1, 1). After dropping

the dependence in ε, this fits into the setup of (2.2.12.2.1) with d = 3, y0 ∈ R, a > 0,

H ∈ (0, 1
2), ρ =

√
1− ρ2 and

K(t) =


1 0 0

0 t2H−1 tH−
1
2

0 0 0


, b

(
t, (x1, x2)

)
=


−ex2/2

−a/(2H)

0


, σ

(
t, (x1, x2)

)
=


ρ ex2/2 ρ ex2/2 0

0 0 0

1 0 0


,

where the third component is meaningless but allows us to handle the two different kernels.

Here X admits X(2) as autonomous subsystem with Υ = {2} and Γ(x2) = 1 + ex2 .

The following set of assumptions, inspired by [6262], completes our framework:

H1. Xε
0 converges to x0 ∈ Rd as ε tends to zero.

47



H2. For all ε > 0 small enough, the coefficients bε and σε are measurable maps on

T × Rd and converge pointwise to b and σ as ε goes to zero. Moreover, b(t, ·)

and σ(t, ·) are continuous on Rd, uniformly in t ∈ T.

H3. Either a) or b) holds:

a) For all ε > 0 small enough, bε and σε have linear growth uniformly in ε and

in t ∈ T.

b) The process Xε admits an autonomous SΓ
Υ-subsystem.

H4. The SVE (2.2.12.2.1) is pathwise unique for small enough ε > 0.

H2 ensures that, on compact subsets of T×Rd, the convergence of bε and σε is uniform

and that b and σ are uniformly continuous. H1, H2, H3a are standard and easily

verifiable. H3b is unusual but includes a large number of functions; Assumption 2.3.92.3.9

will complete it to indicate the role of Γ such as to include Example 2.2.72.2.7. Moreover, the

growth conditions from H3 are uniform in ε and therefore apply to the limits b and σ.

The main restrictions arise from H4, although the latter is satisfied if, for instance, the

coefficients bε and σε are locally Lipschitz continuous for small enough ε > 0. This

condition was relaxed in [195195] to the one-dimensional case where K(t) = t−α, for

α ∈ (0, 1
2) and σ(x) = xγ , for γ ∈ ( 1

2(1−α) , 1], which is clearly not Lispchitz continuous.

Furthermore, to the best of our knowledge there currently exists no pathwise LDP for

stochastic equations where pathwise uniqueness fails.

One can compare our setup with the SVE considered by Zhang in [240240], where a path-

wise LDP was derived under the assumptions of Lipschitz continuity and linear growth

of the coefficients. We relax both these assumptions. Indeed, our framework covers

Hölder-continuous diffusion coefficients, as mentioned in the previous paragraph, and

functions with non-linear growth through the concept of autonomous SΓ
Υ-subsystem, as

in Example 2.2.72.2.7.

2.3 Large and moderate deviations

As discussed in the introduction, our goal is to provide pathwise large and moderate

deviations for the general convolution stochastic Volterra system (2.2.12.2.1), and then ex-

tend these to non-convolution kernels. The classical Freidlin-Wentzell approach, used
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in [106106], has limitations regarding the behaviour of the coefficients, and the rate func-

tion is often rather cumbersome to write. We follow here instead the weak convergence

approach developed by Dupuis and Ellis [8888]. We first introduce the reader to their

abstract setting, and refine the large deviations result by Budhiraja and Dupuis [4545] to

our general setup. We then show how this abstract framework applies to the small-noise

stochastic Volterra system (2.2.12.2.1), first proving pathwise large deviations, and then the

moderate deviations counterpart.

2.3.1 Weak convergence approach: the abstract setting

Given a family of Borel-measurable functions {Gε}ε>0 from Wm to Wd, we enquire

about the large deviations behaviour of the family of random variables {Gε(W )}ε>0 as ε

tends to zero, where W is a standard Brownian motion on the filtered probability space

above. For each M > 0, the spaces of bounded deterministic and stochastic controls

SM :=
{
v ∈ L2 :

∫ T

0
|vs|2 ds ≤M

}
and AM :=

{
v ∈ A : v ∈ SM almost surely

}
,

(2.3.1)

with A introduced in (2.1.42.1.4), are equipped with the weak topology on L2(T× Ω) such

that they are closed and even compact (by Banach-Alaoglu-Bourbaki theorem). Bud-

hiraja and Dupuis [4545] assume, for any sequence {vε}ε>0 in AM converging weakly

to v ∈ AM , the existence of a limit in distribution of Gε
(
W + 1

ε

∫ ·
0 v

ε
s ds

)
which is

uniquely characterised by v. However, such uniqueness may fail when the coefficients

of the system (2.1.12.1.1) (in particular the diffusion coefficient σ) are not locally Lipschitz,

as is the case for the Feller diffusion for example (in this case without singular kernel,

a dedicated analysis was carried out in [6767, 8484] using the Freidlin-Wentzell approach).

We relax here this uniqueness assumption by replacing the limiting trajectory by a per-

turbed version.

Definition 2.3.1. For all M ∈ N and v ∈ AM we define

G0
v,M :=

{
φ : Ω→Wd

∣∣∣ there exist {εn}n∈N ⊂ R+ with lim
n↑∞

εn = 0

and a sequence {vεn}n∈N ⊂ AM with lim
n↑∞

vεn = v in distribution such that

φ = lim
n↑∞
Gεn

(
W + ε−1

n

∫ ·
0
vεns ds

)
in distribution

}
,
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and G0
v,M is empty if v is not in AM . For all v ∈ A, we also denote G0

v :=
⋃
M∈N

G0
v,M .

Then we define the functional I :Wd → R+ given by

I(φ) := inf

{
1

2

∫ T

0
|vs|2 ds : v ∈ L2 such that φ ∈ G0

v

}
. (2.3.2)

Definition 2.3.2. We say that φ ∈ Wd is uniquely characterised if there exists a sequence

{vn}n∈N ⊂ L2 such that

G0
vn = {φ} and

1

2

∫ T

0
|vns |

2 ds ≤ I(φ) +
1

n
, for all n ∈ N. (2.3.3)

In particular, if there exists ṽ ∈ L2 which attains the infimum in (2.3.22.3.2) and G0
ṽ = {φ}

then φ is uniquely characterised, because one can choose vn = ṽ for all n ∈ N.

In the display (2.3.22.3.2) and Definition 2.3.22.3.2, φ, v, vn and ṽ are all deterministic.

Assumption 2.3.3. For any δ > 0 and any φ ∈ Wd such that I(φ) < +∞, there exists φδ

uniquely characterised such that
∥∥φ− φδ∥∥T ≤ δ and

∣∣I(φ)− I(φδ)
∣∣ ≤ δ.

Remark 2.3.4. This assumption is reminiscent of [8484, Proposition 3.3], where the au-

thors resolve the non-uniqueness issue in the diffusion case. A similar problem is also

at the core of [5151, Lemma 5.1] in an infinite-dimensional setting.

Our abstract large deviations result is the following, extending [4545, Theorem 4.4], at

least when the underlying Hilbert space is L2(T : Rm), to the non-uniqueness case.

Theorem 2.3.5. Assume that

(i) For all M > 0, all v ∈ AM and all families {vε}ε>0 in AM converging in distribution

to v as ε tends to zero,
{
Gε
(
W + ε−1

∫ ·
0 v

ε
s ds

) }
ε>0

is tight.

(ii) The functional I defined by (2.3.22.3.2) has compact level sets.

(iii) Assumption 2.3.32.3.3 holds.

Then the family {Gε(W )}ε>0 satisfies the Laplace principle and, by equivalence, the Large

Deviations Principle with rate function I and speed ε−2.

Remark 2.3.6. Item (i) entails that, for all M > 0, all v ∈ AM and all fami-

lies {vε}ε>0 in AM converging in distribution to v, there exists a subsequence such

that limn Gεn
(
W + ε−1

n

∫ ·
0 v

εn
s ds

)
exists and by definition belongs to G0

v,M .
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Remark 2.3.7. In the large deviations literature, a rate function is sometimes called

‘good’ if it has compact level sets. All the rate functions in the present paper satisfy this

requirement (item (ii) above takes care of that) therefore we drop the adjective ‘good’.

We defer the proof to Section 2.5.12.5.1; the lower bound can be tackled as in [4545], and we

therefore concentrate on the upper bound. The idea is that the Laplace principle (1.2.61.2.6)

upper bound involves an infimum so deriving it only requires a δ-optimal path. Hence

a perturbation will also do the trick, provided one knows how to handle the control

associated to it. In [4545, Theorem 4.4], unique characterisation of the limiting element

in (i) is granted, and the set G0
v is a singleton that takes the form G0(

∫ ·
0 vs ds), where

they view G0 as a map. In that case Assumption 2.3.32.3.3 is clearly satisfied since φδ can be

taken as φ itself.

2.3.2 Application to stochastic Volterra systems

We now show how the abstract setting developed above in Section 2.3.12.3.1 applies to the

small-noise stochastic Volterra system (2.2.12.2.1) and why pathwise uniqueness is so funda-

mental. If H4 holds, define the functional Gε as the Borel-measurable map associating

the multidimensional Brownian motion W to the solution of the stochastic Volterra

equation (2.2.12.2.1), that is: Gε(W ) = Xε. For any control v ∈ AM , M > 0 (introduced

in (2.3.12.3.1)) and any ε > 0, the process W̃ := W + ϑ−1
ε

∫ ·
0 vs ds is a P̃-Brownian motion

by Girsanov’s theorem, where

dP̃
dP

:= exp

{
− 1

ϑε

m∑
i=1

∫ T

0
v(i)
s dW (i)

s −
1

2ϑ2
ε

∫ T

0
|vs|2 ds

}
.

Hence the shifted version Xε,v := Gε(W̃ ) appearing in Theorem 2.3.52.3.5(i) is the strong

unique solution of (2.2.12.2.1) under P̃, with Xε and W replaced by Xε,v and W̃ . Because P

and P̃ are equivalent, Xε,v is also the unique strong solution, under P, of the controlled

equation

Xε,v
t = Xε

0 +

∫ t

0
K(t− s)

[
bε(s,X

ε,v
s ) +σε(s,X

ε,v
s )vs

]
ds+ϑε

∫ t

0
K(t− s)σε(s,Xε,v

s )dWs.

(2.3.4)

Under appropriate conditions, and using the notations set in H1, H2, we heuristically

observe that taking ε to zero, the system (2.3.42.3.4) reduces to the deterministic Volterra
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equation

φt = x0 +

∫ t

0
K(t− s)

[
b(s, φs) + σ(s, φs)vs

]
ds. (2.3.5)

We will show later that the set G0
v corresponds to the set of solutions of (2.3.52.3.5).

Example 2.3.8. To illustrate the need for a set G0
v rather than a singleton, consider the

Feller diffusion

Xt = x0 + κ

∫ t

0
(θ −Xs) ds+

∫ t

0

√
XsdWs,

for t ∈ T, with x0, κ, θ > 0. Letting t 7→ εt and denoting Xε
t := Xεt yields, by scaling,

Xε
t = x0 + κε

∫ t

0
(θ −Xε

s ) ds+
√
ε

∫ t

0

√
Xε
sdWs,

which is exactly (2.2.12.2.1) with d = 1, K ≡ 1 , ϑε =
√
ε , bε(x) = κε(θ−x), σε(x) =

√
x. For

v ∈ L2, taking limits as ε tends to zero in the corresponding controlled equation (2.3.42.3.4)

yields (2.3.52.3.5), or

φt = x0 +

∫ t

0

√
φsvs ds, t ∈ T.

Uniqueness of this Volterra equation does not hold in general because of the non-Lipschitz

coefficient, and thus G0
v corresponds to the set of non-negative solutions. Consider for

example x0 = 1, T = [0, 4] and the control

vt :=

−1, if t ∈ [0, 2)

1, if t ∈ [2, 4].

The function φt := (t−2)2

4 is clearly a solution, but so is ϕ equal to φ on [0, 2] and null on

[2, 4]. The square root function is indeed locally Lipschitz away from zero, and uniqueness

can thus be guaranteed as long as the solution remains positive. The perturbation φδ :=

φ+ δt is now the unique solution to

φδt = 1 +

∫ t

0

√
φδsv

δ
s ds,

for all t ∈ [0, 4], where vδ := φ̇δ/
√
φδ. The infimum in (2.3.22.3.2) is attained by vδ and

G0
vδ

= {φδ}, thus φδ is uniquely characterised. Furthermore, [8484, Proposition 3.3] shows

that φδ satisfies Assumption 2.3.32.3.3.

In [3333], the authors were also confronted to a limiting equation with multiple solutions.

Instead of perturbing the path φ, they perturb the control in a way that the resulting
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equation has a unique solution which is precisely φ, i.e. G0
vδ

= {φ}. This approach

may seem more natural; however, it is not always obvious how to perturb the control

ensuring uniqueness of the ODE, while our formulation makes it more straightforward.

Before stating the main large and moderate deviations results for small-noise stochastic

Volterra equations, we introduce the following assumption, monitoring the moments of

the controlled equation:

Assumption 2.3.9. Let Xε,v be the pathwise unique solution to (2.3.42.3.4). If H3a holds

then the present assumption is satisfied. If instead H3b holds, then there exists ε0 > 0

such that, for any p ≥ 1 and M > 0,

sup
{
E
[∣∣Γ((Xε,v

t )(Υ)
)∣∣p] : t ∈ T, v ∈ AM , ε ∈ (0, ε0)

}
<∞, (2.3.6)

sup
{∣∣Γ((φt)(Υ)

)∣∣ : t ∈ T, v ∈ SM , φ ∈ G0
v

}
<∞. (2.3.7)

Remark 2.3.10. In the following, H3b will always be complemented by Assump-

tion 2.3.92.3.9.

2.3.3 Large Deviations

Armed with the abstract setting in Section 2.3.12.3.1, and its application to the stochastic

Volterra system (2.2.12.2.1) in Section 2.3.22.3.2, we can at last show large deviations for the

latter:

Theorem 2.3.11 (Large Deviations). Under H1 - H4, Assumptions 2.2.32.2.3, 2.3.32.3.3 and 2.3.92.3.9,

the family {Xε}ε>0, unique solution of (2.2.12.2.1), satisfies a Large Deviations Principle with

rate function (2.3.22.3.2) and speed ϑ−2
ε , where G0

v is the set of solutions of the limiting equa-

tion (2.3.52.3.5).

Remark 2.3.12. We recall that Assumption 2.3.32.3.3 is automatically satisfied if the limit-

ing equation (2.3.52.3.5) has a unique solution. Also, it is only necessary to check Assump-

tion 2.3.92.3.9 if H3a does not hold.

2.3.3.1 Technical preliminary results

The proof will rely on the following results: Lemma 2.3.132.3.13 (proved in Section 2.5.22.5.2)

shows the moment bound of the controlled process defined by (2.3.42.3.4), Lemma 2.3.152.3.15
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(proved in Section 2.5.32.5.3) demonstrates the tightness and Lemma 2.3.182.3.18 (proved in

Section 2.5.42.5.4) deals with the compactness of the level sets of the rate function. They

will then allow the use of Theorem 2.3.52.3.5.

Lemma 2.3.13 (LDP Moment bound). Under H1 - H4, Assumptions 2.2.32.2.3 and 2.3.92.3.9,

for all p ≥ 2, M > 0, v ∈ AM and ε > 0 small enough, there exists a constant c > 0

independent of ε, v, t such that

sup
t∈T

E
[
|Xε,v

t |
p] ≤ c. (2.3.8)

Remark 2.3.14. This bound also holds for any solution φ of (2.3.52.3.5) under the same as-

sumptions, therefore there also exists c0 > 0 such that sup{‖φ‖T : v ∈ SM such that φ ∈

G0
v} ≤ c0.

The following lemma deals with 2.3.112.3.11(i) by showing tightness of Xε,vε =

Gε
(
W + ϑ−1

ε

∫ ·
0 v

ε
s ds

)
.

Lemma 2.3.15 (LDP Tightness). Consider H1 - H4, Assumptions 2.2.32.2.3 and 2.3.92.3.9. If p >

2∨2/γ, M > 0 and {vε}ε>0 is a family inAM , then Xε,vε admits a version which is Hölder

continuous on T of any order α < γ/2− 1/p, uniformly for all ε > 0. Denoting again this

version by Xε,vε , one has for all ε > 0 small enough

E

 sup
0≤s<t≤T

∣∣∣Xε,vε

t −Xε,vε
s

∣∣∣
|t− s|α

p ≤ C, (2.3.9)

for all α ∈ [0, γ/2 − 1/p), where C is a constant independent of ε, vε, t. Moreover, the

family of random variables {Xε,vε}ε>0 is tight inWd.

Remark 2.3.16. This lemma entails that for all M > 0, v ∈ SM , any solution to (2.3.52.3.5)

also has Hölder continuous paths of the same order.

Lemma 2.3.17. The set G0
v from Definition 2.3.12.3.1 is characterised by

G0
v =

{
φ : Ω→Wd

∣∣∣φt = x0 +

∫ t

0
K(t− s)

[
b(s, φs) + σ(s, φs)vs

]
ds, for all t ∈ T

}
.

The following lemma proves Theorem 2.3.52.3.5(ii) and its proof can be found in Sec-

tion 2.5.42.5.4.
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Lemma 2.3.18 (LDP Compactness). Under H2, H3, Assumptions 2.2.32.2.3 and 2.3.92.3.9, the

functional I in (2.3.22.3.2) has compact level sets.

Leveraging on the above lemmas, the Large Deviations Principle (Theorem 2.3.112.3.11) is a

direct consequence of Theorem 2.3.52.3.5.

2.3.3.2 Proof of Lemma 2.3.172.3.17

For M ∈ N and v ∈ AM , we first need to identify G0
v,M , defined in (2.3.12.3.1). Consider a

subsequence {εn}n∈N ⊂ R+ with limn↑∞ εn = 0 and a sequence {vεn}n∈N ⊂ AM such

that limn↑∞ v
εn = v in distribution, and assume that Xn := Xεn,vεn converges in distri-

bution to some random variable φ with values inWd. We also denote vn, εn, Xn
0 , bn, σn

along this subsequence.

By Skorohod representation theorem we can work with almost sure convergence for

the purpose of identifying the limit. Hence
{
Xn, vn

}
n≥0

converges almost surely in

the product topology on Wd × SM , and the limit is the Wd × SM -valued random vari-

able (φ, v). The convergence of the couple also takes place in distribution, so that we can

follow the technique in [6262] to identify the limit. For t ∈ T, define Φt : SM ×Wd → R

as

Φt(f, ω) :=

∣∣∣∣ωt − x0 −
∫ t

0
K(t− s)

[
b(s, ωs) + σ(s, ωs)fs

]
ds

∣∣∣∣ ∧ 1.

Clearly, Φt is bounded and we show that it is also continuous. Indeed, let ωn → ω

in Wd and fn → f in SM with respect to the weak topology. H2 implies the existence

of continuous moduli of continuity ρb and ρσ for both coefficients on compact subsets

(see Definition 2.2.12.2.1). Since the paths ωn, n ≥ 1 and ω are continuous, they are also

uniformly bounded and hence these moduli are available. Then, using Cauchy-Schwarz

inequality and the fact that |x ∧ 1− y ∧ 1| ≤ |x− y| for all x, y > 0,

|Φt(f, ω)− Φt(f
n, ωn)| ≤ |ωt − ωnt |+

∫ t

0
|K(t− s)| |b(s, ωs)− b(s, ωns )| ds

+

∫ t

0
|K(t− s)|

∣∣(σ(s, ωs)− σ(s, ωns )
)
fns + σ(s, ωs)

(
fs − fns

)∣∣ds
≤ ‖ω − ωn‖T + ‖ρb(|ω − ωn|)‖T ‖K‖1 + ‖ρσ(|ω − ωn|)‖T ‖K‖2 ‖f

n‖2

+ ‖σ(·, ω)‖T
∫ t

0
|K(t− s)| |fs − fns | ds.

Since K(t − ·) ∈ L2 and fn tends to f weakly in L2 then the last integral converges to
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zero as n goes to infinity. Moreover limn↑∞ ‖ω − ωn‖T = 0, ‖fn‖2 ≤
√
M for all n ≥ 0

and ‖K‖2 + ‖σ(·, ω)‖T <∞, which proves that Φt is continuous, and therefore

lim
n↑∞

E [Φt(v
n, Xn)] = E [Φt(v, φ)] .

We now prove that the left-hand side is actually equal to zero. We start with the obser-

vation that, using BDG inequality,

E [Φt(v
n, Xn)] ≤ |Xn

0 − x0|+
∫ t

0
|K(t− s)|E

[
|bn(s,Xn

s )− b(s,Xn
s )|
]

ds

+

∫ t

0
|K(t− s)|E [|σn(s,Xn

s )− σ(s,Xn
s )| |vns |] ds

+ ϑεnE
[∫ t

0
|K(t− s)σn(s,Xn

s )|2 ds

] 1
2

. (2.3.10)

The bounds (2.5.32.5.3) and (2.5.52.5.5) show how to control the last term under H3a and

H3b respectively, hence there exists C1 > 0 independent of t and n such that

E
[∫ t

0 |K(t− s)σn(s,Xn
s )|2 ds

] 1
2 ≤ C1.

However the convergence of bn, σn only occurs on compact subsets so we use a locali-

sation argument. For all n ≥ 0, R > 0 we introduce

ARn :=
{
ω ∈ Ω : ‖Xn(ω)‖T > R

}
. (2.3.11)

The uniform (in n ∈ N) Hölder regularity of Xn, encompassed by (2.3.92.3.9), entails the

existence, for all p > 2 ∨ 2/γ, of C2(p), C3(p) > 0 independent of n such that

E
[
sup
t∈T
|Xn

t |
p

]
≤ C2(p)

(
|Xn

0 |
p + T pα

)
≤ C3(p),

for some 0 < α < γ/2 − 1/p and where Xn
0 is uniformly bounded by 2 |x0| for n large

enough. Markov’s inequality then implies that

lim
R↑∞

sup
n∈N

P
(
ARn
)
≤ lim

R↑∞
sup
n∈N

C3(p)

Rp
= 0. (2.3.12)

Moreover, for all n ∈ N, ω ∈ Ω \ARn , and t ∈ T, |Xn
t (ω)| is bounded by R, which means

|bn(t,Xn
t (ω))− b(t,Xn

t (ω))| ≤ ‖bn(t, ·)− b(t, ·)‖R ,

which tends to zero uniformly on T as n goes to infinity (and likewise for σn) from H2.
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Define now

In :=

∫ t

0
|K(t− s)|

(
|bn(s,Xn

s )− b(s,Xn
s )|+ |σn(s,Xn

s )− σ(s,Xn
s )| |vns |

)
ds

and observe that, using Jensen and Cauchy-Schwarz inequalities, the growth condition

on the coefficients from H3 and the moment bounds on Xn from (2.3.82.3.8), there exists

C4 > 0 independent of n such that

E
[
|In|2

]
≤ 2t

∫ t

0
|K(t− s)|2 E

[
|bn(s,Xn

s )− b(s,Xn
s )|2

]
ds

+ 2M

∫ t

0
|K(t− s)|2 E

[
|σn(s,Xn

s )− σ(s,Xn
s )|2

]
ds

≤ 2 ‖K‖22 sup
s≤t

{
tE
[
|bn(s,Xn

s )− b(s,Xn
s )|2

]
+ME

[
|σn(s,Xn

s )− σ(s,Xn
s )|2

]}
≤ C4. (2.3.13)

Let us fix ε > 0 and choose Rε > 0 large enough such that supn∈N P
(
ARεn

)
≤ ε2/C4;

this choice is possible because of (2.3.122.3.12). Therefore, using the bound (2.3.132.3.13) and

Cauchy-Schwarz inequality to separate In and 1
ARεn

, one obtains

lim sup
n↑∞

E[In] = lim sup
n↑∞

E
[
In
(
1
ARεn

+ 1
Ω\ARεn

)]
≤ lim sup

n↑∞

{√
C4P

(
ARεn

)
+ ‖K‖1

∥∥‖bn − b‖Rε∥∥T +
√
M ‖K‖2

∥∥‖σn − σ‖Rε∥∥T } ≤ ε.
It follows from (2.3.102.3.10) that

lim
n↑∞

E
[
Φt(v

n, Xn)
]
≤ lim

n↑∞

{
|Xn

0 − x0|+ E[In] + ϑεnC1

}
≤ ε,

hence limn↑∞ E [Φt(v
n, Xn)] = 0 since ε > 0 was chosen arbitrarily. The equal-

ity E [Φt(v, φ)] = 0 implies that φ satisfies (2.3.52.3.5) almost surely, for all t ∈ T. Since φ

has continuous paths, it satisfies (2.3.52.3.5) for all t ∈ T, almost surely, which means G0
v,M

consists of all the solutions of (2.3.52.3.5). Since this definition is independent of M , it

extends to G0
v , which yields the claim.

2.3.4 Moderate Deviations

Let hε tend to infinity such that ϑεhε tends to zero as ε goes to zero and define X to be

the limit in law of Xε, which we identified in the previous subsection as a solution of
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the Volterra equation

Xt = x0 +

∫ t

0
K(t− s)b(s,Xs)ds. (2.3.14)

Then the MDP for {Xε}ε>0 is equivalent to the LDP for the family {ηε}ε>0 defined as

ηε :=
Xε −X
ϑεhε

=
Gε(W )−X

ϑεhε
=: T ε(W ),

where T ε :Wm →Wd is a Borel-measurable map for each ε > 0. Therefore ηε satisfies

the following SVE for all ε > 0, and is its unique solution if H4 holds.

ηεt =
Xε

0 − x0

ϑεhε
+

∫ t

0
K(t−s)

bε
(
s,Xs + ϑεhεη

ε
s

)
− b(s,Xs)

ϑεhε
ds+

∫ t

0
K(t−s)

σε
(
s,Xs + ϑεhεη

ε
s

)
hε

dWs.

(2.3.15)

Similarly to the LDP case we are interested in a certain shift of the driving Brownian

motion, controlled by v ∈ A. For all ε > 0, let

ηε,v := T ε
(
W + hε

∫ ·
0
vs ds

)
=
Gε
(
W + hε

∫ ·
0 vs ds

)
−X

ϑεhε
. (2.3.16)

For convenience we introduce the sequence {Θε,v}ε>0 defined, for all ε > 0, v ∈ A,

t ∈ T, by

Θε,v
t :=Gε

(
W + hε

∫ ·
0
vs ds

)
(t)

=Xε
0 +

∫ t

0
K(t− s)

[
bε(s,Θ

ε,v
s ) + ϑεhεσε(s,Θ

ε,v
s )vs

]
ds+ ϑε

∫ t

0
K(t− s)σε(s,Θε,v

s )dWs.

This sequence satisfies the bound (2.3.82.3.8) and converges weakly towards X since ϑεhεσε

tends to zero as ε tends to zero. Finally the process defined by (2.3.162.3.16) satisfies

ηε,vt =
Xε

0 − x0

ϑεhε
+

∫ t

0
K(t− s)

bε
(
s,Θε,v

s

)
− b(s,Xs)

ϑεhε
ds

+

∫ t

0
K(t− s)σε

(
s,Θε,v

s

)
vsds+

1

hε

∫ t

0
K(t− s)σε

(
s,Θε,v

s

)
dWs.

(2.3.17)

For all v ∈ A, we define T 0
v to be the solution of the limiting equation

ψt =

∫ t

0
K(t− s)

[
∇b(s,Xs)ψs + σ(s,Xs)vs

]
ds. (2.3.18)
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The form of the limit equation is dramatically simpler than for the LDP and much easier

to compute. Moreover T 0
v is well defined because the linearity of the equation and

Assumption 2.2.32.2.3 grant uniqueness for free, provided∇b exists. Hence we will need the

following assumptions:

H5. For each t ∈ T, the function b(t, ·) is continuously differentiable and b is Lipschitz

continuous.

H6. There exists δ > 0 such that σ(t, ·) is locally δ-Hölder continuous, uniformly for

all t ∈ T.

H7. limε↓0
(
ϑεhε

)−1 |Xε
0 − x0| = 0.

H8. There exist ε0 > 0, a sequence {νε}ε>0 with limε↓0 νε(ϑεhε)
−1 = 0 and a func-

tion Ξ : Rd → R such that |bε(t, x)− b(t, x)| ≤ νεΞ(x) for all t ∈ T, ε ∈ (0, ε0),

where for all p ≥ 1, M > 0,

sup

{
E
[ ∣∣Ξ(Θε,v

t

)∣∣p ], ε ∈ (0, ε0), v ∈ AM , t ∈ T
}
<∞. (2.3.19)

Remark 2.3.19. H5 entails that (2.3.142.3.14) has a unique solution and yields the bound∥∥∇b(·, X)
∥∥
T < ∞ by continuity. H7 implies H1. We have already proved in

Lemma 2.3.82.3.8 that the moments of all orders of Θε,v are bounded hence (2.3.192.3.19) is

automatically satisfied if Ξ is of polynomial growth. This is however not sufficient for

the applications we have in mind where Ξ is of exponential growth.

The main theorem of this section is the following.

Theorem 2.3.20 (Moderate Deviations). Under H2 - H8, Assumptions 2.2.32.2.3 and 2.3.92.3.9,

the family {ηε}ε>0 satisfies a Large Deviations Principle (equivalently {Xε}ε>0 satisfies a

Moderate Deviations Principle) with speed h2
ε and rate function

Λ(ψ) := inf

{
1

2

∫ T

0
|vt|2 dt : v ∈ L2, ψ = T 0

v

}
, (2.3.20)

and Λ(ψ) = +∞ if this set is empty.

The proof of the moderate deviations theorem follows a similar structure to that of

Theorem 2.3.112.3.11, making use of Theorem 2.3.52.3.5. It will rely on moment bounds in

Lemma 2.3.212.3.21 (proved in Section 2.6.12.6.1), tightness in Lemma 2.3.222.3.22 (proved in Sec-
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tion 2.6.22.6.2), weak convergence in Lemma 2.3.232.3.23 (proved in Section 2.6.32.6.3), and finally

compactness of the level sets in Lemma 2.3.242.3.24.

Lemma 2.3.21 (MDP Moment bound). Under H2 - H5, H7, H8, Assumptions 2.2.32.2.3

and 2.3.92.3.9, for all p ≥ 2, M > 0, v ∈ AM and ε > 0 small enough, there exists ĉ > 0

independent of ε, v, t such that

sup
t∈T

E
[
|ηε,vt |

p] ≤ ĉ. (2.3.21)

Lemma 2.3.22 (MDP tightness). Let p > 2 ∨ 2/γ, M > 0 and a family {vε}ε>0 in AM .

Under H2 - H5, H7, H8, Assumptions 2.2.32.2.3 and 2.3.92.3.9, ηε,v
ε

admits a version which is

Hölder continuous on T of any order α < γ/2 − 1/p, uniformly for all ε > 0. Denoting

again this version by ηε,v
ε
, one has for all ε > 0 small enough,

E

[(
sup

0≤s<t≤T

∣∣ηε,vεt − ηε,v
ε

s

∣∣
|t− s|α

)p]
≤ Ĉ, (2.3.22)

for all α ∈ [0, γ/2 − 1/p), where Ĉ is a constant independent of ε, vε, s, t. Moreover, the

family {ηε,vε}ε>0 is tight inWd.

We recall that ηε,v
ε

= T ε
(
W + hε

∫ ·
0 vs ds

)
and ψ = T 0

v , hence the lemma above deals

with Theorem 2.3.52.3.5 (i). The following one identifies the limit set as the unique solution

to (2.3.182.3.18). It is thus more precise than in the LDP case, and justifies the form of the

rate function (2.3.202.3.20).

Lemma 2.3.23 (MDP weak convergence). Let M > 0, a family {vε}ε>0 such that, for

all ε > 0, vε ∈ AM and vε converges in distribution to v ∈ AM , and ψ the unique solution

of (2.3.182.3.18). Under H2 - H8, Assumptions 2.2.32.2.3 and 2.3.92.3.9, ηε,v
ε

converges in distribution

to ψ as ε goes to zero.

Item (ii) is dealt with in the following lemma.

Lemma 2.3.24 (MDP compactness). Under H2, H3, H5, Assumptions 2.2.32.2.3 and 2.3.92.3.9,

the functional Λ defined by (2.3.202.3.20) has compact level sets.

Proof. Noticing that ∇b(t,Xt) and σ(t,Xt) are uniformly bounded on T by continuity,

this lemma boils down to a particular case of Lemma 2.3.182.3.18.

Theorem 2.3.52.3.5(iii) is immediate by uniqueness of (2.3.182.3.18), therefore all the conditions

are met and Theorem 2.3.202.3.20 follows as a direct application of Theorem 2.3.52.3.5.
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2.3.5 Extension to non-convolution kernels

The analysis undertaken in this paper is based, both for notational convenience and

with a view towards application, on convolution kernels. Different assumptions were

studied in the literature, in particular Decreusefond [7979] considered the properties of

the map f 7→
∫ ·

0 K(·, s)f(s) ds in order to include the fractional Brownian motion in his

setting.

2.3.5.1 Setting

We call a kernel a map K : T2 → R for which both
∫ t

0 K(t, s)2ds and K(t, s) are finite

for all t ∈ T and s 6= t. The associated space is defined as

K :=
{
u : T→ R, {Ft}-progressively measurable, such that E

∫ t

0

[
K(t, s)u(s)

]2
ds <∞, for all t ∈ T

}
.

Hence, for all u ∈ K the stochastic integral

M̃K
t (u) :=

∫ t

0
K(t, s)u(s)dWs

is well defined for all t ∈ T in the Itô sense. For any α ∈ (0, 1), we denote the Riemann-

Liouville integral Iα and derivative Dα as

(Iαf)(t) :=
1

Γ(α)

∫ t

0
(t−s)α−1f(s)ds, (Dαf)(t) :=

d

dt
(I1−αf)(t), for f ∈ L1, t ∈ T.

(2.3.23)

Define Iα,p := Iα(Lp) equipped with the norm ‖f‖Iα,p := ‖Dαf‖Lp . If α > 1
p , then

Iα,p ⊂ C
α− 1

p

0 , the space of (α − 1
p)-Hölder continuous functions null at time 0. Let K

denote the linear map associated to K(t, s) by

Kf(t) :=

∫ t

0
K(t, s)f(s)ds, (2.3.24)

and introduce, for x ∈ (0,∞) \ {2},

θ(x) :=
2x

2− x
. (2.3.25)

Given the space inclusions above, the following assumption implies precise Hölder reg-

ularity for the integral (2.3.242.3.24):
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Assumption 2.3.25. There exist χ ∈ (1, 2) and γ > 1/θ(χ) for which K is continuous

from L2 to Iγ+ 1
2
,2 and from Lχ to Iγ,θ(χ).

Example 2.3.26. The operators associated to the following kernels satisfy Assump-

tion 2.3.252.3.25:

• The Riemann-Liouville kernel

JH(t, s) =
(t− s)H−

1
2

+

Γ(H + 1
2)
, with H ∈ (0, 1),

satisfies this assumption with γ = H and any χ < 2 [7979, Theorem 4.1].

• The fractional Brownian motion kernel

KH(t, s) =
(t− s)H−

1
2

+

Γ(H + 1
2)
F

(
H − 1

2
,
1

2
−H,H +

1

2
, 1− t

s

)
,

where F is the Gauss hypergeometric function, also satisfies this assumption with the

same parameters as above [7979, Theorem 4.2].

Decreusefond’s main result yields the Hölder regularity of the stochastic Volterra inte-

gral [7979, Theorem 3.1]:

Theorem 2.3.27. Let Assumption 2.3.252.3.25 hold and u ∈ K ∩ Lθ(χ)(Ω × T). Then M̃K(u)

has a measurable version MK(u) which is α-Hölder continuous for all α < γ − 1/θ(χ).

From now on, we only consider the measurable version of the stochastic integral. Al-

though this theorem was proved in a one-dimensional setting, it also covers multi-

dimensional stochastic Volterra integrals by considering their components individually

and summing them.

2.3.5.2 Large and moderate deviations

For each ε > 0 consider the stochastic Volterra equation

Xε
t = Xε

0 +

∫ t

0
K(t, s)bε(s,X

ε
s ) ds+ ϑε

∫ t

0
K(t, s)σε(s,X

ε
s )dWs, t ∈ T, (2.3.26)
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which was studied in [7171] without the ε-dependence, and where the coefficients live in

the same spaces as those from (2.2.12.2.1). To complete the non-convolution setup we also

need the following condition.

Assumption 2.3.28. There exists q > 2 such that

sup
t∈T

{∫ t

0
|K(t, s)|−θ(q) ds

}
<∞, (2.3.27)

with θ(q) introduced in (2.3.252.3.25).

Let p > q > 2, then 2 < −θ(p) < −θ(q) and Hölder’s and Jensen’s inequalities yield

[∫ t

0
|K(t, s)f(s)|2 ds

] p
2

≤
[∫ t

0
|K(t, s)|−θ(p) ds

] p−2
2
∫ t

0
|f(s)|p ds

≤ t
p−q
q

[∫ t

0
|K(t, s)|−θ(q) ds

] p
−θ(q)

∫ t

0
|f(s)|p ds.

This replaces the Gronwall-type inequality derived for convolution kernels in

Lemma 2.5.12.5.1. Hence replacing Assumption 2.2.32.2.3 by the condition (2.3.272.3.27) one re-

covers the moments bounds of Lemmata 2.3.132.3.13 and 2.3.212.3.21 for the processes {Xε,v}ε>0

and {ηε,v}ε>0 and for any p ≥ 1. Setting in particular p = θ(χ) from Theorem 2.3.272.3.27,

then for any v ∈ AM , M > 0 and ξ ∈ {bε, σε} we have ξ(Xε,v) ∈ K∩Lp(Ω×T) thanks to

the growth conditions H3. Therefore Assumption 2.3.252.3.25, Theorem 2.3.272.3.27 and Assump-

tion 2.3.282.3.28 yield the almost sure Hölder regularity of the following processes defined

on T: ∫ ·
0
K(·, s)ξ(Xε,v

s ) ds and
∫ ·

0
K(·, s)ξ(Xε,v

s ) dWs.

Hence we recover the tightness of Lemmata 2.3.152.3.15 and 2.3.222.3.22 under this new set of

assumptions. Notice that we can consider kernels consisting of both convolution and

non-convolution components. Finally we can extend the LDP and MDP results without

further modifications:

Theorem 2.3.29. The conclusions of Theorems 2.3.112.3.11 and 2.3.202.3.20 stand for {Xε}ε>0 de-

fined by (2.3.262.3.26) when each component of the kernel K satisfies either Assumption 2.2.32.2.3

or Assumptions 2.3.252.3.25 and 2.3.282.3.28.
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2.4 Application to rough volatility

We now show how our results (Theorems 2.3.112.3.11, 2.3.202.3.20 and 2.3.292.3.29) apply to a large

class of models recently developed in mathematical finance. Originally proposed by

Comte and Renault [6666] with financial econometrics applications in mind, rough volatil-

ity models were rediscovered later in the context of option pricing in [88, 1919, 112112, 123123],

developed and extended widely, and have now become the new standards of volatility

modelling. They usually take the following form:
Xt = −1

2

∫ t

0
Σ(Ys) ds+

∫ t

0

√
Σ(Ys)dBs,

Yt = y0 +

∫ t

0
K1(t− s)b(Ys) ds+

∫ t

0
K2(t− s)ζ(Ys)dWs,

(2.4.1)

where both X and Y are one-dimensional, K1,K2 ∈ L2(T : R+) and B and W are

two standard Brownian motions with d〈B,W 〉t = ρdt, for some correlation parameter

ρ ∈ (−1, 1). We further define ρ :=
√

1− ρ2, and set X0 = 0 without loss of generality.

Here X denotes the logarithm of a stock price process, and
√

Σ(Y ) its instantaneous

volatility. We adopt a slight abuse of notation, as X previously denoted the multi-

dimensional system, but writing now X as the log-stock price is consistent with the

mathematical finance literature and should not create any confusion. We summarise

in Table 2.12.1 the most common rough volatility models used in mathematical finance,

indicating where their asymptotic behaviours were covered, and where our framework

not only encompasses those, but fills the gaps so far missing. As discussed below, our

application to the rough Heston model is conditional on the latter to have a unique

pathwise solution, a problem that remains open so far. The detailed analysis of these

cases is then provided in Section 2.4.22.4.2 in the small-time case, and in Section 2.4.32.4.3 for

their tail behaviours.

2.4.1 Small-time rescaling (general)

In the small-time case, we need to assume some scaling behaviour for the kernel

functions. We say that a function f : R → R is homogeneous of degree α ∈ R if

f(λx) = λαf(x) holds for all x, λ ∈ R.

Assumption 2.4.1. K1 and K2 are homogeneous of degrees $ ∈ (−1
2 ,

1
2 ] and H − 1

2 ∈

(−1
2 ,

1
2 ].
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Models

Rough multi-factor

Rough Stein-Stein Bergomi rough Bergomi Rough Heston

Small-time Tail Small-time Small-time
Small-time

[100100]
Tail

LDP
[151151]

MDP
LDP

[151151]
MDP

LDP
[161161]

MDP
LDP

[173173]
MDP LDP MDP LDP

(Xε, Y ε) IF IF IF - IF IF IF IF IF IF IF

Xε OP IF OP - OP IF OP OP OP IF OP

Xε OP CF OP - OP CF OP OP OP CF OP

σ̂ OP CF OP - OP CF OP OP OP CF OP

Y ε IF IF IF IF IF IF IF IF IF IF IF

Yε CF CF IF IF CF CF CF CF IF CF IF

Table 2.1: Summary of rough volatility results and form of the rate functions
(CF=closed-form; IF=integral form; OP=optimisation problem; shadowed cells are
new contributions from this paper). σ̂ corresponds to the implied volatility, defined
precisely in Section 2.4.1.32.4.1.3.

Since K1 is homogeneous of degree $, then

∫ h

0
K1(t)2 dt =

∫ h

0
K1(1)2t2$ dt ≤ K1(1)2

1 + 2$
h1+2$, for any h > 0,∫ T

0

(
K1(t+ h)−K1(t)

)2
dt = K1(1)2

∫ T

0

(
(t+ h)$ − t$

)2
dt = O

(
h1+2$

)
, for h small enough,

and so Assumption 2.2.32.2.3 is satisfied with γ = 1 + 2$ ∈ (0, 2], and likewise for K2

with γ = 2H. Under this assumption, the rescalings Xε
t := εH−

1
2Xεt and Y ε

t := Yεt

turn (2.4.12.4.1) into
Xε
t = −ε

H+ 1
2

2

∫ t

0
Σ(Y ε

s ) ds+ εH
∫ t

0

√
Σ(Y ε

s )dBs,

Y ε
t = y0 + ε1+$

∫ t

0
K1(t− s)b(Y ε

s ) ds+ εH
∫ t

0
K2(t− s)ζ(Y ε

s )dWs,

(2.4.2)
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so that we are precisely in the framework of (2.2.12.2.1) with d = 3, ϑε = εH ,

K(t) =


1 0 0

0 K1(t) K2(t)

0 0 0


, bε(t, (x, y)) =


−1

2ε
H+ 1

2 Σ(y)

ε1+$b(y)

0


, σε(t, (x, y)) =


ρ
√

Σ(y) ρ
√

Σ(y) 0

0 0 0

ζ(y) 0 0


,

where, similarly to Example 2.2.72.2.7, the additional dimension allows to handle the two

different kernels. Note that σε does not depend on ε but encodes the correlation. The

controlled equation (2.3.42.3.4) for the second component reads

Y ε,v
t = y0+ε1+$

∫ t

0
K1(t−s)b(Y ε,v

s ) ds+εH
∫ t

0
K2(t−s)ζ(Y ε,v

s )dWs+

∫ t

0
K2(t−s)ζ(Y ε,v

s )vs ds,

for each t ∈ T, ε > 0 and v ∈ A. Note that the dynamics of Xε do not feed back into Y ε

and that Σ ∈ S |Σ|{2} in the sense of Definition 2.2.52.2.5. The following assumption stands

throughout this section:

Assumption 2.4.2 (Small-time assumptions).

• K2(t) := tH−
1
2 /Γ(H + 1

2);

• Σ, ζ and b are continuous on R;

• b and ζ are of linear growth;

• Σ is either of linear growth or such that for all p ≥ 1, M > 0 and ε > 0 small

enough,

sup
t∈T,v∈AM

E
[ ∣∣Σ(Y ε,v

t

)∣∣p ] <∞; (2.4.3)

• the equation for Y ε in (2.4.22.4.2) is pathwise unique for small enough ε > 0.

The choice of kernel K2 is a common setup in rough volatility models and allow for

more explicit results. These conditions ensure that H2 holds with limit coefficients

b ≡ (0, 0, 0)> and σ = σε. Furthermore, Y ε is an autonomous subsystem in the sense

of Definition 2.2.62.2.6 and H3 and the bound (2.3.62.3.6) hold. An pathwise unique solution of

the system (2.4.12.4.1) exists since Xε is explicit from Y ε, and H4 is satisfied.
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2.4.1.1 Large deviations

For each control v ∈ SM with M > 0, the limit equation (2.3.52.3.5) of the volatility in the

large deviations regime reads

ϕt = y0 +

∫ t

0

(t− s)H−
1
2

Γ(H + 1
2)
ζ(ϕs)vs ds, for t ∈ T. (2.4.4)

From the uniform bound on ϕ derived in Remark 2.3.142.3.14 and the continuity of Σ, we

obtain that |Σ(ϕt)| is uniformly bounded in t ∈ T and in v ∈ SM , hence (2.3.72.3.7) holds.

Therefore Assumption 2.3.92.3.9 and H1 - H4 follow from Assumption 2.4.22.4.2. Mimicking

the fractional integral notation from Section 2.3.52.3.5, we introduce for convenience the

notations

I
H+ 1

2
x (f) := x+

∫ t

0

(t− s)H−
1
2

Γ(H + 1
2)
fs ds and I

H+ 1
2

x (L1) :=

{
I
H+ 1

2
x (f), f ∈ L1

}
,

and the fractional derivative D is defined in (2.3.232.3.23). From now on, to simplify the

statements, we write Zε ∼ LDP(I, ε−1) to express that the family of random vari-

ables {Zε}ε>0 satisfies an LDP with rate function I and speed ε−1, as ε tends to zero.

Proposition 2.4.3 (Large deviations). Under Assumptions 2.3.32.3.3, 2.4.12.4.1 and 2.4.22.4.2, the

following hold:

(L1) (Xε, Y ε) ∼ LDP
(
I, ε−2H

)
, where I :W2 → R+ is given by

I(φ, ϕ) = inf

{
1

2

∫ T

0

(
u2
t + v2

t

)
dt : u, v ∈ L2, φt =

∫ t

0

√
Σ(ϕs)

(
ρus + ρvs

)
ds, ϕ = I

H+ 1
2

y0 (ζ(ϕ)v)

}
;

(L2) Xε ∼ LDP
(
IX , ε−2H

)
, where

IX(φ) = inf
{
I(φ, ϕ) : ϕ ∈ I

H+ 1
2

y0 (L1)
}
,

if φ ∈ AC0 and infinity otherwise;

(L3) εH−
1
2Xε ∼ LDP

(
IX1 , ε

−2H
)

where IX1 (x) = inf
{
IX(φ) : φ1 = x

}
for all x ∈ R;

(L4) Y ε ∼ LDP
(
IY , ε−2H

)
, where

IY (ϕ) =
1

2

∫ T

0

(
DH+ 1

2 (ϕ− y0)(t)

ζ(ϕt)

)2

1ζ(ϕt)6=0 dt,

67



if ϕ ∈ I
H+ 1

2
y0 (L1) and infinity otherwise;

(L5) Yε ∼ LDP
(
IY1 , ε

−2H
)
, with IY1 (y) = inf

{
IY (ϕ) : ϕ1 = y

}
for y ∈ R.

While (L1), (L2) and (L4) deal with pathwise large deviations, (L3) and (L5) are one-

dimensional large deviations statements, about the marginal distributions of X and Y .

In this small-time behaviour case, we recover the same scaling as in [100100, 103103].

Proof.

(L1) As discussed above, the assumptions of Theorem 2.3.112.3.11 are satisfied, so that the

three-dimensional process (Xε, Y ε, Zε), where Zε ≡ 0 for all ε > 0, satisfies an

LDP with rate function

J(φ, ϕ, ψ) = inf

{
1

2

∫ T

0

(
u2
t + v2

t + w2
t

)
dt : u, v, w ∈ L2,

φt =

∫ t

0

√
Σ(ϕs)

(
ρus + ρvs

)
ds, ϕ = I

H+ 1
2

y0

(
ζ(ϕ)v

)
, ψ ≡ 0

}
.

The map (Xε, Y ε, Zε) 7→ (Xε, Y ε) is continuous so that the contraction prin-

ciple [8282, Theorem 4.2.1] yields an LDP for (Xε, Y ε) with rate function

inf
{
J(φ, ϕ, ψ) : ψ ≡ 0

}
= J(φ, ϕ, 0), which corresponds to I.

(L2) Since the map (Xε, Y ε) 7→ Xε is continuous, the claim follows from the contrac-

tion principle.

(L3) Projecting the pathwise large deviations (L2) onto the last coordinate point t = 1

is equivalent to applying the contraction principle, and the claim follows immedi-

ately.

(L4) A direct application of Theorem 2.3.112.3.11 yields an LDP with rate function

IY (ϕ) = inf

{
1

2

∫ T

0
v2
t dt : v ∈ L2, ϕ = I

H+ 1
2

y0 (ζ(ϕ)v)

}
;

Inverting it as above ends the proof and (L5) follows from the contraction princi-

ple.

We observe that in some special cases one can reach a more explicit expression for I.
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Corollary 2.4.4. Under the same assumptions as Proposition 2.4.32.4.3, if ρ = 0 or ζ(ϕt) 6= 0

almost everywhere, the rate function I can be written

I(φ, ϕ) =
1

2ρ2

∫ T

0

 φ̇2
t

Σ(ϕt)
1Σ(ϕt)6=0 −

2ρφ̇tD
H+ 1

2 (ϕ− y0)(t)

ζ(ϕt)
√

Σ(ϕt)
1ζ(ϕt)Σ(ϕt)6=0 +

(
DH+ 1

2 (ϕ− y0)(t)

ζ(ϕt)

)2

1ζ(ϕt)6=0

 dt,

if φ ∈ AC0 and ϕ ∈ I
H+ 1

2
y0 (L1), and infinity otherwise.

Proof. We start from the definition of I given in Proposition 2.4.32.4.3(L1). For each φ ∈ AC0

and ϕ ∈ I
H+ 1

2
y0 (L1), reverting the integral which defines φ gives

ut =
1

ρ

(
φ̇t√

Σ(ϕt)
− ρvt

)
1Σ(ϕt) 6=0, for all t ∈ T,

because whenever Σ(ϕt) = 0, although u is not uniquely determined by φ, the optimal

choice of control (the one minimising the cost) is ut = 0, see [6767, Remark 2.3] for more

details. In the uncorrelated case ρ = 0, the same reasoning for the equation that ϕ

solves yields for all t ∈ T

vt =
1

ζ(ϕt)
DH+ 1

2 (ϕ− y0)(t)1ζ(ϕt)6=0.

Furthermore, in the special case where ζ(ϕt) 6= 0 almost everywhere the equality above

holds almost everywhere, which is sufficient for the optimisation problem (because of

the correlation, v may not be equal to zero even if ζ(ϕ) is). Plugging these into the rate

function yields the claim. The last condition stands because if φ /∈ AC0 or ϕ /∈ I
H+ 1

2
y0 (L1)

then they cannot satisfy the equations and therefore the infimum takes place over an

empty set.

2.4.1.2 Moderate deviations

We now show how our moderate deviations results apply to the rough volatility

model (2.4.12.4.1). Let hε = ε−β for any β ∈ (0, H), and define the two-dimensional process

ηε :=
1

ϑεhε

(
Xε, Y ε − y0

)
=

1

εH−β
(
Xε, Y ε − y0

)
.

The case β = 0 corresponds to the Central Limit Theorem, whereas β = H is the

LDP regime, so that MDP precisely corresponds to some interpolation between the two.
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Regarding the assumptions note that yε0 = y0 and bε clearly tends to zero as ε goes to

zero, hence it is trivial that b ≡ 0 is continuously differentiable and Lipschitz continuous,

and thus H5 and H7 hold.

Now let Assumption 2.4.22.4.2 hold. Denoting the i-th component of b with b(i), one notices

that
∣∣b(1)
ε (t, (x, y)) − b(1)(t, (x, y))

∣∣ ≤ εH+ 1
2 |Σ(y)| and

∣∣b(2)
ε (t, (x, y)) − b(2)(t, (x, y))

∣∣ ≤
ε1+$CL(1+|y|) by linear growth of b. For H8 to hold, one then requires that ε1+$−(H−β)

and εH+ 1
2
−(H−β) both tend to zero as ε goes to zero. Moreover the bound (2.4.32.4.3)

implies (2.3.192.3.19).

Assumption 2.4.5 (Moderate deviations assumptions).

• The parameters H,$ and β are such that (1 +$) ∧ (H + 1
2) > H − β;

• There exists δ > 0 such that Σ and ζ are locally δ-Hölder continuous.

Notice that the first inequality is always satisfied if H ≤ 1
2 . Therefore, Assump-

tions 2.4.12.4.1, 2.4.22.4.2, 2.4.52.4.5 imply H1 - H8 and Assumptions 2.2.32.2.3 and 2.3.92.3.9. Similarly

to the LDP case, and recalling the definition of MDP from the introduction, we write

Zε ∼ MDP(Λ, lε) if in fact εβ−H(Zε − Z) ∼ LDP(Λ, lε), for any lε > 0 converging to

zero as ε tends to zero, where Z is the limit in distribution of Zε. We also denote the

subset of Wd of absolutely continuous functions by AC, and AC0 := {φ ∈ AC, φ0 = 0},

and refer to (2.3.232.3.23) for the definition of the Riemann-Liouville fractional derivative.

Proposition 2.4.6. Under Assumptions 2.4.12.4.1, 2.4.22.4.2, 2.4.52.4.5 and the condi-

tion ζ(y0)Σ(y0) 6= 0, the following moderate deviations hold:

(M1) (Xε, Y ε) ∼ MDP
(
Λ, ε−2β

)
, where Λ :W2 → R+ is given by

Λ(φ, ϕ) =
1

2ρ2

∫ T

0

 φ̇2
t

Σ(y0)
− 2ρφ̇tD

H+ 1
2 (ϕ− y0)(t)

ζ(y0)
√

Σ(y0)
+

(
DH+ 1

2 (ϕ− y0)(t)

ζ(y0)

)2
 dt,

(2.4.5)

if φ ∈ AC0 and ϕ ∈ I
H+ 1

2
y0 (L1), and infinity otherwise;

(M2) Xε ∼ MDP
(
ΛX , ε−2β

)
, where ΛX(φ) =

1

2Σ(y0)

∫ T

0
φ̇2
t dt, if φ ∈ AC0 and infinity

otherwise;

(M3) εH−
1
2Xε ∼ MDP

(
ΛX1 , ε

−2β
)
, with ΛX1 (x) =

x2

2Σ(y0)
, for x ∈ R;
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(M4) Y ε ∼ MDP
(
ΛY , ε−2β

)
, where ΛY :W → R+ is given by

ΛY (ϕ) =
1

2

∫ T

0

(
DH+ 1

2 (ϕ− y0)(t)

ζ(y0)

)2

1ζ(y0)6=0 dt, if ϕ ∈ I
H+ 1

2
y0 (L1) and infinity otherwise;

(M5) Yε ∼ MDP(ΛY1 , ε
−2β), where ΛY1 (y) = 1

2y
2 for y ∈ R.

Proof.

(M1) As discussed above, the assumptions of Theorem 2.3.202.3.20 are satisfied, thus it yields

an MDP with rate function

Λ(φ, ϕ) =

{
1

2

∫ T

0

(
u2
t + v2

t

)
dt : u, v ∈ L2, φt =

∫ t

0

√
Σ(y0)

(
ρus + ρvs

)
ds, ϕ = I

H+ 1
2

y0 (ζ(y0)v)

}
,

and inverting it as in the LDP case gives the claim.

(M2) The contraction principle implies that an MDP for Xε holds with rate function

ΛX(φ) = inf
{

Λ(φ, ϕ) : ϕ ∈ I
H+ 1

2
y0 (L1)

}
. Let ψ ∈ AC0 such that ψ̇ := DH+ 1

2 (ϕ−y0)
ζ(y0) ,

then the rate function translates to

ΛX(φ) = inf

{
1

2ρ2

∫ T

0

(
φ̇2
t

Σ(y0)
− 2ρφ̇tψ̇t√

Σ(y0)
+ ψ̇2

t

)
dt, ψ ∈ AC

}
,

which can be solved as a variational problem as in [164164, Corollary 2.4]. The

corresponding Euler-Lagrange equation reads ψ̈ = ρφ̈/
√

Σ(y0) hence ψ̇ =

ρφ̇/
√

Σ(y0) because ψ̇0 = 0 by definition. Plugging into the above equation

finishes the proof.

(M3) The rate function is given by contraction principle as

ΛX1 (x) = inf
{

ΛX(φ) : φ ∈ AC0, φ1 = x
}

= inf

{
1

2Σ(y0)

∫ T

0
φ̇2
t dt : φ ∈ AC0, φ1 = x

}
.

Setting T = 1 the optimal path under the constraint φ1 = x is φt = xt by the

Euler-Lagrange equation. Again, plugging it into the rate function ends the proof.

(M4) Theorem 2.3.202.3.20 gives an MDP for Y ε with rate function

ΛY (ϕ) = inf

{
1

2

∫ T

0
v2
t dt : v ∈ L2, ϕ = I

H+ 1
2

y0 (ζ(y0)v)

}
.

Inverting it yields (M4).
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(M5) By contraction principle one obtains ΛY1 (y) = inf
{

ΛY (ϕ), ϕ1 = y
}

. Then setting

ψ as in (M2) it boils down to the same optimisation problem as for (M3).

As in the large deviations results, (M1), (M2) and (M4) correspond to pathwise state-

ments, whereas (M3) and (M5) are finite-dimensional results about the marginal dis-

tributions. For the log-stock price, (M3) corresponds precisely to the moderately-out-

of-the-money regime presented and justified in [111111] (for diffusion volatility models),

based on the observation that the range of observable strikes grows with maturity. Fur-

thermore, one can always apply Theorem 2.3.202.3.20 in the degenerate case Σ(y0)ζ(y0) = 0

although the rate functions take slightly different forms.

2.4.1.3 Implied volatility asymptotics

We can easily deduce from the above results the asymptotic behaviour of the implied

volatility, a standard norm for quoting option prices. For each maturity t ≥ 0 and

log-moneyness k ∈ R, the implied volatility σ̂(t, k) is the unique non-negative solution

to CBS

(
t, k, σ̂(t, k)

)
= C(t, k), where CBS corresponds to the price of a European Call

option under the Black-Scholes model, and C a given Call option price (for example in

a rough volatility model). This notion is only well defined if the underlying stock price

is a true martingale, which we have not assumed so far, and may require additional

conditions on the coefficients. This will be the case though in all our examples below,

but for now, with the current level of generality, we assume it:

Assumption 2.4.7. The process exp(Xε) in (2.4.22.4.2) is a true martingale for all small

enough ε > 0.

Small-time implied volatility asymptotics can be derived from Properties 2.4.32.4.3 and 2.4.62.4.6

in a similar fashion. The explicit form of the MDP rate function allows a closed form

expression.

Corollary 2.4.8. Let Assumption 2.4.72.4.7 hold.

(LDP) Under the same assumptions as Proposition 2.4.32.4.3,

lim
t↓0

σ̂
(
t, kt

1
2
−H)2 =


k2

2 infx≥k I
X
1 (x)

, if k > 0,

k2

2 infx≤k I
X
1 (x)

, if k < 0.

(2.4.6)
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(MDP) Under the same assumptions as Proposition 2.4.62.4.6 and for any β ∈ (0, H), k 6= 0,

lim
t↓0

σ̂
(
t, kt

1
2
−β)2 = Σ(y0). (2.4.7)

Proof.

(LDP) Consider the case k > 0. Proposition 2.4.32.4.3(L3) translates into

lim
t↓0

t2H logP(tH−
1
2Xt ≥ k) = − inf

x≥k
IX1 (x).

Meanwhile in the Black-Scholes model with constant volatility σ > 0 the log-price pro-

cess satisfies Xt = −σ2t
2 +σBt for all t ∈ T, and simple Gaussian computations yield the

large deviations behaviour

lim
t↓0

t2H logP(Xt ≥ kt
1
2
−H) = − k2

2σ2
.

The claim then follows directly from [117117, Corollary 7.1], and by symmetry for the case

k < 0.

(MDP) Following the same arguments as above, we obtain

lim
t↓0

σ̂
(
t, kt

1
2
−β)2 =


k2

2 infx≥k ΛX1 (x)
, if k > 0,

k2

2 infx≤k ΛX1 (x)
, if k < 0.

Plugging in the expression of ΛX1 from (M3) finishes the proof.

This concludes the presentation of the general results for rough volatility models. The

next sections display the diversity of the models found in the literature and how large

and moderate deviations principles apply to them.

2.4.2 Small-time rescaling (examples)

2.4.2.1 Rough Stein-Stein

The rough Stein-Stein, suggested in [151151] is an extension of the classical Stein-Stein

volatility model [228228] to the fractional setting. It corresponds to (2.4.12.4.1) with K1 ≡ 1

(hence $ = 0), K2(t) = tH−
1
2 /Γ(H + 1

2), H ∈ (0, 1
2), y0 > 0, Σ(y) = y2, b(y) =
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κ(θ − y), κ, θ > 0 and ζ(y) ≡ ξ > 0. The coefficients are Lipschitz continuous and

well-behaved, hence Assumptions 2.4.22.4.2 and 2.4.52.4.5 are easily checkable and the limit

equation (2.4.42.4.4) has a unique solution, hence Propositions 2.4.32.4.3 and 2.4.62.4.6 apply. Note

that because ζ is a positive constant, Corollary 2.4.42.4.4 gives the rate function I in integral

form and one can solve (L5) in closed-form using the Euler-Lagrange equation in a

similar way as in the proof of Proposition 2.4.62.4.6. Furthermore, since Y is Gaussian its

exponential moments are finite and Novikov’s condition [166166, Section 3.5.D] ensures

that Assumption 2.4.72.4.7 holds. Therefore, Corollary 2.4.82.4.8 yields the small-time behaviour

of the implied volatility. Notice that the LDP and MDP for this model still hold when

replacing the Riemann-Liouville kernel with the standard fractional Brownian motion

by virtue of Theorem 2.3.292.3.29. The pathwise LDP for this model was first derived in [151151]

albeit with the different scaling Xε
t := εH−

1
2

+2βXεt and Y ε
t := εβYεt, for β > 0.

2.4.2.2 Rough Bergomi

The rough Bergomi model as presented in [1919] reads


Xt = −1

2

∫ t

0
Vs ds+

∫ t

0

√
VsdBs,

Vt = V0 exp

(∫ t

0

(t− s)H−
1
2

Γ(H + 1
2)

dWs − at2H
)
,

with V0 > 0 and a ∈ R. A pathwise LDP for this model first appeared in [161161] using

the Freidlin-Wentzell approach and a tailored proof. This case is quite intricate because

the exponential does not satisfy the linear growth bound but we circumvented this

issue by introducing the notion of autonomous system, illustrated in Example 2.2.72.2.7 and

completed by Assumption 2.3.92.3.9 and H3b. Not only does this framework unifies the

result of [161161] with other rough volatility models, but it also leads to a pathwise MDP.

With Y := log(V ), the system (X,Y ) fits into (2.4.12.4.1) where K1(t) = t2H−1, K2(t) =

tH−
1
2 /Γ(H + 1

2), for H ∈ (0, 1
2), Σ(y) = exp(y), b(y) = −a/(2H), a > 0, ζ(y) ≡ 1 and

y0 = log(V0). The bound (2.4.32.4.3) is then satisfied since
∫ t

0 (t − s)H−
1
2 dWs is a Gaussian

process with exponentional moments bounded uniformly in t ∈ T, and for each v ∈ AM ,

M > 0: ∫ t

0
(t− s)H−

1
2 vs ds ≤M t2H

2H
,

almost surely, by Cauchy-Schwarz inequality. Therefore supt∈T E
[

exp
(
Y ε,v
t

)]
is finite,
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yielding the claim. Moreover, the volatility equation is explicit so we shall not be

concerned with uniqueness and the rest of Assumptions 2.4.22.4.2 and 2.4.52.4.5 is straight-

forward to check. This implies that Propositions 2.4.32.4.3 and 2.4.62.4.6 apply, and so does

Corollary 2.4.42.4.4. Again, Theorem 2.3.292.3.29 guarantees that the LDP and MDP still hold

when K2 is replaced with the non-convolution fractional Brownian motion kernel. Gas-

siat [120120] showed that, if ρ ≤ 0, then the stock price process is a true martingale,

ensuring that Assumption 2.4.72.4.7 holds, and implied volatility asymptotics thus follow

from Corollary 2.4.82.4.8.

2.4.2.3 Rough Heston

As introduced in [9595] the rough Heston model fits into the framework of (2.4.12.4.1) with

K1(t) = K2(t) = tH−
1
2 /Γ(H + 1

2), for H ∈ (0, 1
2), y0 > 0, Σ(y) = y, b(y) = κ

(
θ − y

)
,

κ > 0, θ ≥ 0 and ζ(y) = ξ
√
y, ξ ∈ Rd. Linear growth and local Hölder continuity of

the coefficients clearly hold. The weak existence and uniqueness was proved in [33],

however the square-root coefficient brings an issue for pathwise uniqueness of the SVE.

We assume here that there exists a set U of coefficients (H,κ, θ, ξ, ρ, y0) such that path-

wise uniqueness indeed stands. The only known result so far is due to [239239] in the

smooth case H = 1
2 . We also recall that pathwise uniqueness was proved for ζ(y) = yγ

where γ > 1
2H+1 in [195195], but does not encompass the square root case. Therefore

Assumption 2.4.22.4.2 holds in those two cases. On a heuristic note remark that, even if

pathwise uniqueness fails, there is a unique candidate for Gε since there exists a unique

strong solution until the first hitting time of zero. The issue is it may not satisfy the SVE

anymore after that time, but should be consistent for small-time LDP.

Moreover, uniqueness of the limit equation (2.4.42.4.4) only holds up to first hitting time of

zero. Hence we will make use of the uniqueness relaxation presented in Section 2.3.12.3.1

and similar arguments as in Example 2.3.82.3.8 to prove that Assumption 2.3.32.3.3 holds. The

suggested rate function (2.3.22.3.2) reads now

I(φ, ϕ) = inf

{
1

2

∫ t

0

(
u2
t + v2

t

)
dt : u, v ∈ L2, φt =

∫ t

0

√
ϕs
(
ρus + ρvs

)
ds, ϕt = I

H+ 1
2

y0 (ξ
√
ϕv)

}
.

(2.4.8)
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We emphasise that ϕ above solves the Volterra equation

ϕt = y0 + ξ

∫ t

0

(t− s)H−
1
2

Γ(H + 1
2)

√
ϕsvs ds, for all t ∈ T. (2.4.9)

Lemma 2.4.9. Let v ∈ L2 and ϕ satisfying the Volterra equation (2.4.92.4.9) with H ∈ (0, 1
2).

Then the set D := {t ∈ [0, T ] : ϕt > 0} has Lebesgue measure T .

Proof. We follow some arguments in the proof of [33, Theorem 3.6]. Let us drop the

subscript in the kernel and write it K for clarity, and introduce its resolvent of the

first kind L( dt) := t−H−
1
2

Γ( 1
2
−H)

dt [134134, Definition 5.5.1]. Moreover, for h > 0, define

∆hK(t) := K(t+ h) and for every measurable function f on R+ and measure g on R+,

(f ∗ g)(t) :=
∫ t

0 f(t − s)dg(s). It is proved, in [33, Equation (3.9)], that ∆hK ∗ L is

non-decreasing but in fact in this special (rough) case, it is strictly increasing. Indeed,

the authors show that in the general case, for all 0 ≤ s ≤ t ≤ T ,

(∆hK ∗ L)(t)− (∆hK ∗ L)(s) =

∫ h

0
K(h− u)

(
L(s+ du)− L(t+ du)

)
,

which is positive because K > 0 and L is decreasing. Furthermore K is decreasing

and L > 0 thus

0 < (∆hK ∗ L)(t) < (K ∗ L)(t) = 1,

where the equality holds by definition. Let ϕt = y0 +
∫ t

0 K(t− s)ξ√ϕsvs ds =: y0 + (K ∗

z)(t), where z is trivially a semimartingale, hence from [33, Equation (2.15)]:

y0 + (∆hK ∗ dz)(t) =
(

1− (∆hK ∗ L)(t)
)
y0 +

(
∆hK ∗ L

)
(0)ϕt +

(
d(∆hK ∗ L) ∗ ϕ

)
(t),

which is strictly positive because because y0, ϕ ≥ 0 and the two lines before. Now let us

suppose there exists an interval [t, t+ h] ⊂ T on which ϕ = 0. Then

ϕt+h = y0 +

∫ t

0
K(t+ h− s)√ϕsvs ds = y0 + (∆hK ∗ dz)(t) > 0,

which is a contradiction. Hence no such interval exists and the claim follows.

Remark 2.4.10. This argument works for any rough kernel but not for the diffusion

case H = 1
2 . We refer to [8484, Proposition 3.3] for the latter.

The previous lemma allows to invert the integrals as showed in the proof of Corol-
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lary 2.4.42.4.4 and yields a more explicit form for I:

I(φ, ϕ) =

∫ T

0

1ϕt>0

2ρ2ϕt

φ̇2
t − 2ρφ̇t

DH+ 1
2 (ϕ− y0)(t)

ξ
+

(
DH+ 1

2 (ϕ− y0)(t)

ξ

)2
 dt,

(2.4.10)

if the integral is well defined, φ ∈ AC0, ϕ ∈ I
H+ 1

2
y0 (L1), and I = +∞ otherwise. We can

now prove the following:

Lemma 2.4.11. Let H ∈ (0, 1
2), then the functional I satisfies Assumption 2.3.32.3.3.

Proof. Note that any solution ϕ of (2.4.92.4.9) is non-negative. Let (φ, ϕ) be such that I(φ, ϕ)

is finite. Then, for each δ > 0, define ϕδt := ϕt + δtH+ 1
2 such that ϕδ is strictly positive.

Therefore from definition (2.3.232.3.23) we have:

DH+ 1
2 (ϕδ − y0)(t)−DH+ 1

2 (ϕ− y0)(t) =
1

Γ(1
2 −H)

d

dt

∫ t

0
(t− s)−H−

1
2 (ϕδs − ϕs) ds

=
δ

Γ(1
2 −H)

d

dt

∫ t

0
(t− s)−H−

1
2 sH+ 1

2 ds = δ
π
(
H + 1

2

)
Γ(1

2 −H) cos(πH)
,

which entails convergence as δ goes to zero, uniformly on T. Now define the control

vt :=
DH+ 1

2 (ϕ− y0)(t)
√
ϕt

1ϕt>0,

and v belongs to L2 since I(φ, ϕ) is finite. Then for each δ > 0 the control vδ defined as

vδt :=
DH+ 1

2 (ϕδ − y0)(t)√
ϕδt

≤ DH+ 1
2 (ϕδ − y0)(t)
√
ϕt

is also in L2 because 1ϕt>0 = 1 almost everywhere. Furthermore, for all t ∈ D,

limδ↓0
(
ϕδt
)−1

= (ϕt)
−1 and therefore limδ↓0 v

δ
t = vt. Let P (ϕ) denote the term be-

tween brackets in (2.4.102.4.10) divided by 2ρ2, which is non-negative by design since it

corresponds to ϕ(u2 + v2). Therefore, by Lemma 2.4.92.4.9,

I(φ, ϕ)− I(φ, ϕδ) =

∫
D

(
1

ϕt
− 1

ϕδt

)
P (ϕ)t dt+

∫
D

1

ϕδt

(
P (ϕ)t − P (ϕδ)t

)
dt,

where the first integrand is smaller than P (ϕ)t/ϕt for all t ∈ D and this upper bound

belongs to L1 by assumptions. Hence the dominated convergence theorem implies that

the first integral goes to zero. From the calculations above we deduce that P (ϕ)t −

P (ϕδ)t tends to zero uniformly as δ goes to zero, hence the second integrand converges
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pointwise and, for δ small enough, is dominated by P (ϕ)/ϕ. A second application of

DCT yields convergence of the integral, and the claim follows.

Therefore the large and moderate deviations from Propositions 2.4.32.4.3 and 2.4.62.4.6 apply

if the coefficients belong to U and H ∈ (0, 1
2). Observe that Proposition 2.4.62.4.6(M3)

agrees with [100100, Section 3.5], although the routes taken differ significantly. El Euch

and Rosenbaum [9494, Appendix B] showed that Assumption 2.4.72.4.7 is satisfied, and the

implied volatility behaviour thus follows from Corollary 2.4.82.4.8.

2.4.2.4 Multi-factor rough Bergomi

Let W be an Rm+1-Brownian motion, Z :=
(
Z(1), · · · , Z(m)

)†
where

Z
(j)
t :=

∫ t

0
K(j)(t− s)dW (j)

s ,

and we allow K(j) ∈ L2(T,R+), j ∈ J1,mK, to be homogeneous of different de-

grees Hj − 1
2 with Hj ∈ (0, 1]. Therefore, the variance of Z is proportional to At :=(

t2H1/(2H1), . . . , t2Hm/(2Hm)
)†, for all t ∈ T. Assume without loss of generality that

the Hj are ordered by increasing values, then we will design the rescaling at the

speed ε−2H1 . Denote m? := max{j ∈ J1,mK : Hj = H1}. Let U and V be m-dimensional

square matrices, and Y an m-dimensional process defined for all t ∈ T by

Yt := y0 + UZt −
1

2
VAt, y0 ∈ Rm.

The log-price reads

Xt = − 1

2m

∫ t

0

m∑
i=1

exp
(
Y (i)
s

)
ds+

∫ t

0

√√√√ 1

m

m∑
i=1

exp
(
Y

(i)
s

)
dBs,

where B = ρW (m+1) +
∑m

j=1 ρjW
(j), ρ2 +

∑m
i=1 ρ

2
i = 1. The rescaling Xε

t =

εH1− 1
2Xεt,Y

ε
t := Yεt yields


Xε
t = −ε

H1+ 1
2

2m

∫ t

0

m∑
i=1

exp
(
Y ε,(i)
s

)
ds+ εH1

∫ t

0

√√√√ 1

m

m∑
i=1

exp
(
Y
ε,(i)
s

)
dBs,

Y
ε,(i)
t = y

(i)
0 +

m∑
j=1

(
εHjUijZ(j)

t − Vij
(εt)2Hj

2Hj

)
, for all i ∈ J1,mK.
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As we will shift each BM by ε−H1
∫
v(j), we notice that εHj−H1Uij goes to zero if Hj >

H1, i.e. if j > m?. It means that the roughest component(s) (the one(s) with H1) will

outweigh the others, and only the former will make a contribution to the rate function.

Although similar to its one-dimensional counterpart, this model does not fit into the

framework of (2.4.12.4.1). Regarding the assumptions of Theorems 2.3.112.3.11, we only check

H3b and Assumption 2.3.92.3.9 because the others are standard and similar to the one-

dimensional case. Clearly (Y ε,(1), · · · , Y ε,(m)) is an autonomous subsystem. As a Gaus-

sian process, UZ has exponential moments of all orders and for all M > 0, j ∈ J1,mK

and v(j) ∈ AM : ∫ t

0
K(j)(t− s)v(j)

s ds ≤
√
M‖K(j)‖2 almost surely,

thus exp
(
Y ε,(i),v

)
∈ Lp(Ω) for all p ≥ 1. Therefore the bound (2.3.62.3.6) and Assump-

tion 2.3.92.3.9 are satisfied. This estimate also checks that (2.3.192.3.19) and thus H8 stand.

Since ϑε = εH1 , we define for the moderate deviations regime hε = εβ, β ∈ (0, H1).

Corollary 2.4.12. The pathwise LDP and MDP hold.

• (Xε, Y ε) ∼ LDP
(
I, ε−2H1

)
where for all φ ∈ W and ϕ ∈ Wm:

I(φ, ϕ) = inf

{
1

2

∫ T

0

(
u2
t + |vt|2

)
dt : u ∈ L2(T,R), v ∈ L2(T,Rm),

φt =

∫ t

0

(
1

m

m∑
i=1

eϕ
(i)
s

) 1
2

ρus +
m∑
j=1

ρjv
(j)
s

 ds, ϕ
(i)
t = y

(i)
0 +

m?∑
j=1

Uij
∫ t

0
K(j)(t− s)v(j)

s ds

}
.

• (Xε, Y ε) ∼ MDP
(
Λ, ε−2β

)
where for all φ ∈ W and ϕ ∈ Wm:

Λ(φ, ϕ) = inf

{
1

2

∫ T

0

(
u2
t + |vt|2

)
dt : u ∈ L2(T,R), v ∈ L2(T,Rm), (2.4.11)

φt =

∫ t

0

(
1

m

m∑
i=1

ey
(i)
0

) 1
2

ρus +

m∑
j=1

ρjv
(j)
s

 ds, ϕ
(i)
t =

m?∑
j=1

Uij
∫ t

0
K(j)(t− s)v(j)

s ds

}
.

Proof. The LDP is a direct application of Theorem 2.3.112.3.11 and the MDP of Theo-

rem 2.3.202.3.20.

One can also recover the LDP and MDP for (Xε)ε>0 as well as the small-time LDP and

MDP by contraction principle, as in Propositions 2.4.32.4.3 and 2.4.62.4.6.
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If U is lower triangular (i.e. Uij = 0 for all i < j), for instance if it arises from the

Cholesky decomposition of a covariance matrix, then for all φ ∈ W, ϕ ∈ Wm, one can

derive the vector v recursively, followed by u. Note that if m? < m, ϕ may not be

attainable by the restrained number of controls {v(j), j ∈ J1,m?K}.

Example 2.4.13. Consider the case m = 2. Let K(1)(t) = K(2)(t) = tH−
1
2 /Γ(H + 1

2) for

H ∈ (0, 1
2), hence m? = 2, and U be lower triangular (i.e. U12 = 0). Then in the moderate

deviations setting v and u are explicit from (2.4.112.4.11):

v(1) =
1

U11
DH+ 1

2

(
ϕ(1)

)
, v(2) =

1

U22
DH+ 1

2

(
ϕ(2)

)
− U21

U22
v(1),

u =
1

ρ

[√
2 φ̇
{

exp
(
y

(1)
0

)
+ exp

(
y

(2)
0

)}− 1
2 − ρ1v

(1) − ρ2v
(2)

]
.

Remark 2.4.14. We can similarly consider multidimensional versions of the other mod-

els presented in this chapter and derive large and moderate deviation principles. We

only work out the computations for the multi-factor rough Bergomi model because it is

the most relevant in the literature.

2.4.3 Tail rescaling

We now investigate tail rescalings, which generally have the form Xε = εX, such that

an LDP provides asymptotic estimates on P(Xε ≥ 1) = P(X ≥ ε−1). The MDP for

the whole system is not available in this case because Y := limε↓0 Y
ε ≡ 0 hence the

limit equation for Xε, arising from (2.3.182.3.18), would be independent of the control. Note

that the theory does not break down but the rate function is trivial (equals zero at zero

and +∞ everywhere else). Furthermore, the exponential function prevents the study of

such a rescaling in the rough Bergomi model.

2.4.3.1 Rough Stein-Stein

This model was defined in Section 2.4.2.12.4.2.1, but with the rescaling Y ε
t := εYt and Xε

t :=

ε2Xt, the system becomes
Xε
t = −1

2

∫ t

0
(Y ε
s )2 ds+ ε

∫ t

0
Y ε
s dBs,

Y ε
t = εy0 +

∫ t

0
κ (εθ − Y ε

s ) ds+ ε

∫ t

0
ξ

(t− s)H−
1
2

Γ(H + 1
2)

dWs,

(2.4.12)
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where the coefficients are identical to the small-time case. Although the rescaling is

different, Assumption 2.2.32.2.3 and H1 - H4 are easily satisfied in a similar way, the limit

equation (2.3.52.3.5) has a unique solution, and therefore Theorem 2.3.112.3.11 applies.

Corollary 2.4.15. The following hold:

(L1) (Xε, Y ε) ∼ LDP
(
I, ε−2

)
with

I(φ, ϕ) =
1

2

∫ T

0

(
u2
t + v2

t

)
dt, where


u =

1

ρ

(
φ̇

ϕ
+

1

2
ϕ− ρv

)
1ϕ6=0,

v =
1

ξ

(
DH+ 1

2 (ϕ) + κI
1
2
−H(ϕ)

)
,

if φ ∈ AC0, ϕ ∈ I
H+ 1

2
0 and infinity otherwise.

(L2) Xε ∼ LDP
(
IX , ε−2

)
with IX(φ) = inf

{
I(φ, ϕ) : ϕ ∈ I

H+ 1
2

0

}
if φ ∈ AC0 and

infinity otherwise.

(L3) For each t ∈ T, ε2Xt ∼ LDP
(
IXt , ε

−2
)
, where IXt (x) = inf

{
IX(φ) : φt = x

}
.

Proof. For (L1), Theorem 2.3.112.3.11 entails that the rate function is

I(φ, ϕ) = inf

{
1

2

∫ T

0

(
u2
t + v2

t

)
dt : u, v ∈ L2,

φt = −1

2

∫ t

0
ϕ2
s ds+

∫ t

0
ϕs
(
ρus + ρvs

)
ds, ϕt = −

∫ t

0
κϕs ds+

∫ t

0
ξ

(t− s)H−
1
2

Γ(H + 1
2)
vs ds

}
.

Inverting the integrals as in Corollary 2.4.42.4.4 to obtain the unique controls and us-

ing DH+ 1
2 I1 = I

1
2
−H yields the claim. Similarly to the small-time case, (L2) follows

from the contraction principle, and one only needs to fix t ∈ T to prove (L3).

One can prove an LDP for Y ε in a similar way; a more interesting problem is the moder-

ate deviations setting. Recall that an MDP for the couple (Xε, Y ε) would have a trivial

rate function because the limit equation of Xε is independent of the control. However,

since the diffusion coefficient of Y ε is constant equal to ξ, one can obtain an MDP for

Y ε. More surprisingly, the limit equations in the large deviations (2.3.52.3.5) and moderate

deviations (2.3.182.3.18) regimes coincide, which leads to identical rate functions. Notice

that ϑε = ε in this example, and therefore let hε = ε−β where β ∈ (0, 1).
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Corollary 2.4.16. Y ε ∼ MDP
(
ΛY , ε−2β

)
where

ΛY (ϕ) =
1

2ξ2

∫ T

0

(
DH+ 1

2 (ϕ)(t) + κI
1
2
−H(ϕ)(t)

)2
dt,

if ϕ ∈ I
H+ 1

2
0 and infinity otherwise.

Proof. From (2.4.122.4.12), bε(y) = κ(εθ − y) converges to b(y) = −κy and the diffusion

coefficient is constant, hence H2 - H6 are easily satisfied. Moreover, bε − b ≡ εκθ and

ε1−(H−β) tends to zero therefore H7 and H8 also hold. Theorem 2.3.202.3.20 thus yields an

MDP with rate function

ΛY (ϕ) = inf

{
1

2

∫ T

0
v2
t dt : v ∈ L2, ϕt = −

∫ t

0
κϕs ds+ ξ

∫ t

0

(t− s)H−
1
2

Γ(H + 1
2)
vs ds

}
.

Inverting the integral yields the claim.

2.4.3.2 Rough Heston

After the rescaling Y ε
t := ε2Yt and Xε

t := ε2Xt, this model introduced in Section 2.4.2.32.4.2.3

takes the form
Xε
t = −1

2

∫ t

0
Y ε
s ds+ ε

∫ t

0

√
Y ε
s dBs,

Y ε
t = ε2y0 +

∫ t

0
κ

(t− s)H−
1
2

Γ(H + 1
2)

(
ε2θ − Y ε

s

)
ds+ ε

∫ t

0
ξ

(t− s)H−
1
2

Γ(H + 1
2)

√
Y ε
s dWs.

Clearly H1 - H3 hold and we recall that U is the set of coefficients such that pathwise

uniqueness, and hence H4, hold. We appeal to the uniqueness relaxation in the same

way as the small-time case to prove the following result, which extends [6767, Theorem

1.1] to the rough case.

Corollary 2.4.17. If the rough Heston coefficients belong to U and H ∈ (0, 1
2), then the

following hold

(L1) (Xε, Y ε) ∼ LDP
(
I, ε−2

)
where

I(φ, ϕ) =
1

2

∫ T

0

(
u2
t + v2

t

)
dt, where


u =

1

ρ

(
φ̇
√
ϕ

+
1

2

√
ϕ− ρv

)
1ϕ>0,

v =
1

ξ
√
ϕ

(
DH+ 1

2 (ϕ) + κϕ
)
1ϕ>0,
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where φ ∈ AC0 and ϕ ∈ I
H+ 1

2
0 (L1) and infinity otherwise.

(L2) Xε ∼ LDP
(
IX , ε−2

)
with IX(φ) = inf

{
I(φ, ϕ) : ϕ ∈ I

H+ 1
2

0

}
if φ ∈ AC0 and

infinity otherwise.

(L3) For each t ∈ T, ε2Xt ∼ LDP
(
IXt , ε

−2
)
, where IXt (x) = inf

{
IX(φ) : φt = x

}
.

Proof. The proof is similar to the small-time case. The potential rate function for the

couple is

I(φ, ϕ) = inf

{
1

2

∫ T

0

(
u2
t + v2

t

)
dt : u, v ∈ L2,

φt = −1

2

∫ t

0
ϕs ds+

∫ t

0

√
ϕs
(
ρus + ρvs

)
ds, ϕt =

∫ t

0

(t− s)H−
1
2

Γ(H + 1
2)

(
− κϕs + ξ

√
ϕsvs

)
ds

}
.

The same arguments that were used to prove Lemmata 2.4.92.4.9 and 2.4.112.4.11 in the small-

time case can be applied again here. They entail that Assumption 2.3.32.3.3 holds and hence

Theorem 2.3.112.3.11 applies, and the form of the rate function in (L1) follows by inverting

the relationships between (u, v) and (φ, ϕ). (L2) and (L3) follow from the same steps

as in Corollary 2.4.152.4.15.

2.4.3.3 Implied volatility asymptotics

We can also obtain implied volatility asymptotics since, by the same arguments as be-

fore, exp(Xε) is a martingale in both the rough Stein-Stein and rough Heston models.

Corollary 2.4.18. In both the rough Stein-Stein and rough Heston models, for each t ∈ T,

the implied volatility σ̂ satisfies

lim
k↑∞

σ̂(t, k)2t

k
=

1

2

(
inf
y≥1

IXt (y)

)−1

,

where IXt is the respective rate function, given in Corollaries 2.4.152.4.15(L3) and 2.4.172.4.17(L3).

Proof. Mapping ε2 to 1/k we have from Corollaries 2.4.152.4.15 and 2.4.172.4.17 respectively that,

for each t ∈ T,

lim
k↑∞

1

k
logP(Xt ≥ k) = − inf

y≥1
IXt (y).
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In the Black-Scholes model with constant volatility σ > 0, we can directly compute

lim
k↑∞

1

k2
logP(Xt ≥ k) = − 1

2σ2t
,

and, similarly to the small-time case, the proof follows from [117117, Corollary 7.1].

2.5 Technical large deviations proofs

2.5.1 Abstract relaxation: Proof of Theorem 2.3.52.3.5

The proof follows [4545, Theorem 4.4]. The lower bound proof stands as it is until

the last series of inequalities. For any sequence {vε}ε>0 in AM ,M > 0 converging

weakly to v and any F ∈ Cb(Wd : R), define the function x : R+ → R by x(ε) :=

E
[
F ◦ Gε

(
W + ε−1

∫ ·
0 v

ε
t dt
)]

. Theorem 2.3.52.3.5(i) entails the existence of φ ∈ G0
v,M such

that the subsequence y : R+ → R defined as y(ε) := infα<ε x(α) has a subsequence

converging to E [F (φ)]. By definition lim infε↓0 xε = limε↓0 yε, which implies that y has a

limit in [−∞,+∞] and by uniqueness this limit must be E [F (φ)]. Therefore we deduce:

lim inf
ε↓0

E
[

1

2

∫ T

0
|vεt |

2 dt+ F ◦ Gε
(
W + ε−1

∫ ·
0
vεt dt

)]
≥ E

[
1

2

∫ T

0
|vt|2 dt+ F (φ)

]
≥ inf

{
1

2

∫ T

0
|vt|2 dt+ F (φ) : v ∈ L2 such that φ ∈ G0

v ∩Wd

}
,

which suggests the potential rate function I defined in (2.3.22.3.2) and concludes the proof

of the lower bound.

Then we prove the Laplace principle upper bound, for all F ∈ Cb(Wd : R):

lim sup
ε↓0

−ε2 logE
[
e−F◦G

ε(W )/ε2
]
≤ inf

ψ∈Wd
{I(ψ) + F (ψ)}.

Assume that the right-hand side is finite otherwise there is nothing to prove. Fix ε > 0

and let φ ∈ Wd such that

I(φ) + F (φ) ≤ inf
ψ∈Wd

{I(ψ) + F (ψ)}+ ε.

Since F is continuous at φ, there exists δ ∈ (0, ε) such that |F (φ)− F (ϕ)| ≤ ε

for all ϕ ∈ Wd such that ‖φ− ϕ‖T ≤ δ. If φ is uniquely characterised then the
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proof is the same as in [4545]. Otherwise, by Theorem 2.3.52.3.5(iii), we can choose φδ

uniquely characterised such that
∥∥φ− φδ∥∥T ≤ δ and

∣∣I(φ)− I(φδ)
∣∣ ≤ δ, which implies∣∣I(φ) + F (φ)− I(φδ)− F (φδ)

∣∣ ≤ 2ε. Hence, combining inequalities we obtain

I(φδ) + F (φδ) ≤ inf
ψ∈Wd

{I(ψ) + F (ψ)}+ 3ε.

Moreover, there exist {vn}n∈N in L2 such that (2.3.32.3.3) is satisfied with φδ and m ≥ 1/ε

such that

G0
vm = {φδ} and

1

2

∫ T

0
|vmt |

2 dt ≤ I(φδ) +
1

m
≤ I(φδ) + ε,

and therefore the remainder of the upper bound proof unfolds identically.

Along the subsequence {εn}n≥0, Gεn(W + ε−1
n

∫ ·
0 v

m
t dt) converges in distribution to φδ

by item (i). Using the variational representation formula (2.1.32.1.3) and the convergence

we obtain

lim sup
n↑∞

−ε2
n logE

[
exp

{
−F ◦ G

εn(W )

ε2
n

}]
= lim sup

n↑∞
inf
v∈A

E
[

1

2

∫ T

0
|vt|2 dt+ F ◦ Gεn

(
W + ε−1

n

∫ ·
0
vt dt

)]
≤ lim sup

n↑∞
E
[

1

2

∫ T

0
|vmt |

2 dt+ F ◦ Gεn
(
W + ε−1

n

∫ ·
0
vmt dt

)]
=

1

2

∫ T

0
|vmt |

2 dt+ F (φδ)

≤ I(φδ) + F (φδ) + ε ≤ inf
ψ∈Ω
{I(ψ) + F (ψ)}+ 4ε.

Since ε > 0 is arbitrary this concludes the proof.

2.5.2 LDP moment bounds: Proof of Lemma 2.3.132.3.13

Let us fix p ≥ 2, M > 0, v ∈ AM , ε > 0 and t ∈ T. Let τn := inf{t ≥ 0 : |Xε,v
t | ≥ n} ∧ T

for all n ∈ N. For clarity we write bns := bε(s,X
ε,v
s 1s≤τn) and σns := σε(s,X

ε,v
s 1s≤τn). We

start by assuming that all the coefficients satisfy the linear growth condition H3a. We

fix n ∈ N and observe that, almost surely:

|Xε,v
t |

p
1t≤τn ≤4p−1

[
|Xε

0 |
p +

∣∣∣∣∫ t

0
K(t− s)bns ds

∣∣∣∣p +

∣∣∣∣∫ t

0
K(t− s)σns vs ds

∣∣∣∣p + ϑpε

∣∣∣∣∫ t

0
K(t− s)σns dWs

∣∣∣∣p ]
=:4p−1

[
|Xε

0 |
p + In + IIn + IIIn

]
, (2.5.1)
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because if t > τn then the left-hand side is zero while the right-hand side is non-

negative, and if t ≤ τn then s ≤ τn for all s ∈ [0, t] and the τn dependence vanishes

on both sides of the inequality. For ε small enough we can bound |Xε
0 | by 2 |X0| and ϑε

by 1 and we will do so repetitively in the sequel. Using Hölder’s and Jensen’s inequali-

ties, we obtain the following estimates almost surely:

In ≤
[∫ t

0
|K(t− s)|

4
p |bns |

2 ds

] p
2
[∫ t

0
|K(t− s)|2−

4
p ds

] p
2

≤ t
p2+4

2(p−2) ‖K‖p−2
2

∫ t

0
|K(t− s)|2 |bns |

p ds,

(2.5.2)

and

IIn ≤M
p
2

[∫ t

0
|K(t− s)|2−4/p |K(t− s)|

4
p |σns |

2 ds

] p
2

≤M
p
2 ‖K‖p−2

2

∫ t

0
|K(t− s)|2 |σns |

p ds,

(2.5.3)

where we also used that
∫ T

0 |vs|
2 ds ≤ M almost surely. Notice that for fixed t ∈ T,

{
∫ u

0 K(t − s)σns dWs : u ∈ [0, t]} is a continuous local martingale and is bounded

in L2(Ω). Hence, using Burkholder-Davis-Gundy (BDG) inequality and similar calcu-

lations as (2.5.32.5.3) there exists Cp > 0 such that

E[IIIn] ≤ Cp ‖K‖p−2
2

∫ t

0
|K(t− s)|2 E |σns |

p ds.

From the linear growth condition on bε and σε (uniform in ε > 0) we deduce that there

exists C1 > 0 independent of ε, v, n, t such that, for all n ∈ N, fnt := E
[
|Xε,v

t |
p
1t≤τn

]
satisfies the inequality

fnt ≤ C1 + C1

∫ t

0
|K(t− s)|2 fns ds. (2.5.4)

The following lemma (Lemma 2.5.12.5.1) yields a uniform bound in both n ∈ N and t ∈ T

for fnt . Taking the limit as n goes to infinity and using Fatou’s lemma concludes the first

part of the proof.

Lemma 2.5.1. Let f : T → R+ and K a kernel satisfying Assumption 2.2.32.2.3. If there

exists c1, c2 ≥ 0 such that

f(t) ≤ c1 + c2

∫ t

0
|K(t− s)|2 f(s) ds, for all t ∈ T,

then f is uniformly bounded on T by a constant depending only on c1, c2, ‖K‖2 , T . If c1 =

0 then f = 0.
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Proof of Lemma 2.5.12.5.1. By definition |K(t− s)|2 =
∑d

i,j=1 |Kij(t− s)|2, and K̃(t, s) :=

c2 |K(t− s)|2 1s≤t is a Volterra kernel in the sense of [134134, Definition 9.2.1]. Follow-

ing similar arguments as in the proof of [33, Lemma 3.1], the generalised Gronwall

lemma [134134, Theorem 9.8.2] yields the bound

f(t) ≤ c1 − c1

∫ t

0
R̃(s) ds ≤ c1 − c1

∫ T

0
R̃(s) ds,

where R̃ is the (non-positive) resolvent of second kind of −K̃ [33, Equation (2.11)],

proving the lemma.

If only H3b and Assumption 2.3.92.3.9 hold with an autonomous sub-system Υ (see Defi-

nition 2.2.62.2.6), then by the previous calculations for all l ∈ Υ, the components (Xε,v)(l)

satisfy the bound (2.3.82.3.8) because their coefficients have linear growth. Then we turn

our attention to the components (Xε,v)(i), i /∈ Υ. Using (2.3.62.3.6) and Hölder’s inequality

as in (2.5.32.5.3), we obtain that for all 1 ≤ j ≤ d such that Kij 6= 0 and for all 1 ≤ k ≤ m:

E

[(∫ t

0

∣∣∣Kij(t− s)σ(jk)
ε

(
s,Xε,v

s 1s≤τn
)∣∣∣2 ds

)p/2]

≤ CpΥE

[(∫ t

0
|Kij(t− s)|2

(
1 +

∣∣∣Xε,v
s 1s≤τn

∣∣∣
Υc

+
∣∣∣Γ((Xε,v

s 1s≤τn)(Υ)
)∣∣∣ )2

ds

)p/2]

≤ CpΥE
[∫ t

0
|Kij(t− s)|2

(
1 + |Xε,v

s 1s≤τn |Υc +
∣∣∣Γ((Xε,v

s 1s≤τn)(Υ)
)∣∣∣ )p ds

](∫ t

0
|Kij(t− s)|2 ds

)p/2−1

≤ 3p−1CpΥ ‖K‖
p−2
2

∫ t

0
|Kij(t− s)|2 E

[
1 +

∣∣∣Xε,v
s 1s≤τn

∣∣∣p
Υc

+
∣∣∣Γ((Xε,v

s 1s≤τn)(Υ)
)∣∣∣p ]ds

≤ C2 + C2

∫ t

0
|Kij(t− s)|2 E

[
|Xε,v

s 1s≤τn |
p
Υc

]
ds, (2.5.5)

for some C2 > 0. Applying the same calculations to the other terms and summing all

the coefficients we fall back on (2.5.42.5.4). Taking the limit and applying Fatou’s lemma

again conclude the proof.

2.5.3 LDP tightness: Proof of Lemma 2.3.152.3.15

Let us fix p > 2 ∨ 2/γ, M > 0, a family {vε}ε>0 in AM and ε > 0. For clarity we will

write bu := bε(u,X
ε,v
u ) and σu := σε(u,X

ε,v
u ) for all u ∈ T. Then, for all 0 ≤ s < t ≤ T ,
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using Cauchy-Schwarz and BDG inequalities as in the previous proof we obtain:

E
[∣∣∣Xε,vε

t −Xε,vε

s

∣∣∣p] ≤ 6p−1E
[∣∣∣∣∫ s

0

(
K(t− u)−K(s− u)

)
bu du

∣∣∣∣p]
+ 6p−1E

[∣∣∣∣∫ t

s
K(t− u)bu du

∣∣∣∣p]
+ 6p−1Mp/2E

[(∫ s

0

∣∣(K(t− u)−K(s− u)
)
σu
∣∣2 du

)p/2]

+ 6p−1Mp/2E

[(∫ t

s
|K(t− u)σu|2 du

)p/2]

+ 6p−1ϑpεCpE

[(∫ s

0

∣∣(K(t− u)−K(s− u)
)
σu
∣∣2 du

)p/2]

+ 6p−1ϑpεCpE

[(∫ t

s
|K(t− u)σu|2 du

)p/2]
.

In a first step we assume that all the coefficients satisfy the linear growth condition H3a.

Analogous calculations to the proof of Lemma 2.3.132.3.13, bounds on sup
t∈T,ε>0

E
[∣∣Xε,vε

t

∣∣p],
linear growth from H3a and Assumption 2.2.32.2.3 lead to

E
[∣∣∣Xε,vε

t −Xε,vε

s

∣∣∣p] ≤C1

(∣∣∣∣∫ s

0

(
K(t− u)−K(s− u)

)2
du

∣∣∣∣p/2 +

∣∣∣∣∫ t

s
K(t− u)2 du

∣∣∣∣p/2
)

=C1

(∣∣∣∣∫ s

0

(
K(u+ t− s)−K(u)

)2
du

∣∣∣∣p/2 +

∣∣∣∣∫ t−s

0
K(u)2 du

∣∣∣∣p/2
)

≤C2(t− s)γp/2,

for some C1, C2 > 0 independent of ε, vε, s, t. Again, if there are components such that

only H3b holds with Assumption 2.3.92.3.9 then following the example of (2.5.52.5.5) yields the

same result. Then Kolmogorov continuity theorem asserts that Xε,vε admits a version

which is Hölder continuous on T of any order α < γ/2 − 1/p, uniformly in ε > 0

because C2 does not depend on ε, and which satisfies (2.3.92.3.9). Furthermore, Aldous

theorem [3535, Theorem 16.10] states that the sequence {Xε,vε}ε>0 is tight.

2.5.4 LDP compactness: Proof of Lemma 2.3.182.3.18

We prove that for all M > 0, the sublevel sets

LM := {φ ∈ Wd : I(φ) ≤M}
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of the map I :Wd → R given by (2.3.22.3.2) or more precisely by

I(φ) = inf

{
1

2

∫ T

0
|vs|2 ds : v ∈ L2, φt = x0 +

∫ t

0
K(t− s)

[
b(s, φs) + σ(s, φs)vs

]
ds

}
(2.5.6)

are compact. Fix M > 0 and consider an arbitrary sequence J := {φn}n∈N ⊂ LM ;

we will show that there exists a converging subsequence the limit of which belongs

to LM . Interestingly enough, the proof parallels, in a deterministic context, the proofs

of bound, Hölder continuity and convergence of Xε,v.

Relative compactness. According to Arzelà-Ascoli’s theorem, the family J is relatively

compact in Wd if and only if {φnt } is bounded uniformly in n ∈ N and in t ∈ T and J

is equicontinuous. Moreover, for all n ∈ N and all t ∈ T, there exists vn ∈ L2 such

that 1
2

∫ T
0 |v

n
t |

2 dt ≤M and φn ∈ G0
vn , which means vn ∈ S2M and

φnt = x0 +

∫ t

0
K(t− s)

[
b(s, φns ) + σ(s, φns )vns

]
ds.

Hence Remarks 2.3.142.3.14 and 2.3.162.3.16 grant the uniform bound and equicontinuity respec-

tively. Therefore J is relatively compact which entails that LM is relatively compact for

any M > 0.

Closure. Let {φn}n∈N be a converging sequence of LM and denote its limit by φ ∈ Wd.

The controls vn associated to φn through (2.5.62.5.6) belong to S2M which is a compact

space with respect to the weak topology. Hence there exists a subsequence {nk}k∈N
such that vnk converges weakly in L2 to a limit v ∈ S2M and limk↑∞ φ

nk = φ. Now let

us prove that φ ∈ LM . For clarity we replace nk by n from now on. The convergence

as n goes to +∞ and the continuity of the paths entail

sup
n∈N

sup
t∈T

(
|φnt |+ |φt|

)
< +∞,

such that the paths lie in compact subsets of Rd and H2 asserts that uniform continuity

of the coefficients b and σ hold. Therefore they admit continuous moduli of continuity

that we respectively name ρb and ρσ. Using Cauchy-Schwarz inequality and H3 we get
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that for all t ∈ T:∣∣∣∣∫ t

0
K(t− s)b(s, φns )ds−

∫ t

0
K(t− s)b(s, φs)ds

∣∣∣∣ ≤ ‖K‖L1

∥∥ρb( |φn· − φ·| )∥∥T ,∣∣∣∣∫ t

0
K(t− s)σ(s, φns )vns ds−

∫ t

0
K(t− s)σ(s, φs)vsds

∣∣∣∣
≤
∫ t

0

∣∣K(t− s)
(
σ(s, φns )− σ(s, φs)

)
vns
∣∣ ds+

∫ t

0
|K(t− s)σ(s, φs)(v

n
s − vs)| ds

≤ ‖K‖2 ‖v
n‖2 ‖ρσ(|φn· − φ·|)‖T + ‖σ(φ)‖T

∫ t

0
|K(t− s)(vns − vs)|ds,

and both estimates converge towards zero as n tends to infinity. Therefore, for all t ∈ T

φt = lim
n↑∞

φnt = lim
n↑∞

(
x0 +

∫ t

0
K(t− s)

[
b(s, φns ) + σ(s, φns )vns

]
ds

)
= x0 +

∫ t

0
K(t− s)

[
b(s, φs) + σ(s, φs)vs

]
ds,

so that φ ∈ LM since v ∈ S2M , which concludes the proof of the closure and therefore

of the compactness of LM .

2.6 Technical moderate deviations proofs

2.6.1 MDP moment bounds: Proof of Lemma 2.3.212.3.21

Let p ≥ 2, M > 0, v ∈ AM , ε > 0 and t ∈ T. Starting from (2.3.172.3.17), we use Cauchy-

Schwarz and BDG inequalities to obtain

E
[
|ηε,vt |

p] ≤ 5p−1 |Xε
0 − x0|p(
ϑεhε

)p (2.6.1)

+ 5p−1E

∣∣∣∣∣
∫ t

0
K(t− s)

bε
(
s,Θε,v

s

)
− b
(
s,Θε,v

s

)
ϑεhε

ds

∣∣∣∣∣
p

+ 5p−1E

∣∣∣∣∣
∫ t

0
K(t− s)

b
(
s,Θε,v

s

)
− b(s,Xs)

ϑεhε
ds

∣∣∣∣∣
p

+ 5p−1Mp/2E

[(∫ t

0

∣∣K(t− s)σε
(
s,Θε,v

s

)∣∣2 ds

)p/2]

+
5p−1Cp
hpε

E

[(∫ t

0

∣∣K(t− s)σε
(
s,Θε,v

s

)∣∣2 ds

)p/2]
.
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The first term converges by H7 and is thus bounded. Notice that H8 entails

E

∣∣∣∣∣
∫ t

0
K(t− s)

bε
(
s,Θε,v

s

)
− b
(
s,Θε,v

s

)
ϑεhε

ds

∣∣∣∣∣
p

≤
(

νε
ϑεhε

)p
E
∣∣∣∣∫ t

0
K(t− s)Ξ

(
Θε,v
s

)
ds

∣∣∣∣p ,
which is bounded because νε(ϑεhε)

−1 tends to zero and, using Cauchy-Schwarz and

Jensen’s inequalities in the same way as (2.5.22.5.2) and the bound (2.3.192.3.19),

E
∣∣∣∣∫ t

0
K(t− s)Ξ

(
Θε,v
s

)
ds

∣∣∣∣p ≤ ‖K‖p2 tp/2−1 sup
s≤T

E
[ ∣∣Ξ(Θε,v

s

)∣∣p ] ≤ C1,

where C1 is a positive constant that does not depend on ε. Since b is globally Lipschitz

continuous, there exists Cb > 0 such that for all s ∈ T:

∣∣b(s,Xs + ϑεhεη
ε,v
s

)
− b(s,Xs)

∣∣ ≤ Cb ϑεhε |ηε,vs | . (2.6.2)

Therefore, using Cauchy-Schwarz and Jensen’s inequalities again

E

∣∣∣∣∣
∫ t

0
K(t− s)

b
(
s,Θε,v

s

)
− b(s,Xs)

ϑεhε
ds

∣∣∣∣∣
p

≤ E
∣∣∣∣∫ t

0
K(t− s)Cb |ηε,vs | ds

∣∣∣∣p
≤ Cpb t

p2+4
2(p−2) ‖K‖p−2

2

∫ t

0
|K(t− s)|2 E

[
|ηε,vs |

p ]ds.

The last two terms of (2.6.12.6.1) are also uniformly bounded in n and ε because, similarly

to (2.5.32.5.3),

E

[(∫ t

0

∣∣K(t− s)σε
(
s,Θε,v

s

)∣∣2 ds

)p/2]

≤ E

(∫ t

0
|K(t− s)|2

∣∣σε(s,Θε,v
s

)∣∣p ds

)(∫ t

0
|K(t− s)|2 ds

) p−2
2


≤ ‖K‖p2 CL

(
1 + sup

t∈T
E
[
|Θε,v

t |
p] )

, (2.6.3)

by Hölder’s inequality and the linear growth condition H3a. If the latter fails we rely

on H3b, Assumption 2.3.92.3.9 and the same calculations as in (2.5.52.5.5) to obtain a similar

bound.

Overall this results in the existence of a constant C2 > 0 independent of ε, v, t such that

E
[
|ηε,vt |

p] ≤ C2 + C2

∫ t

0
|K(t− s)|2 E [|ηε,vs |

p] ds, for all t ∈ T,
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and Lemma 2.5.12.5.1 yields the bound uniform in ε and t.

2.6.2 MDP tightness: Proof of Lemma 2.3.222.3.22

Let p > 2 ∨ 2/γ, M > 0, a sequence {vε}ε>0 in AM , ε > 0, and 0 ≤ s < t ≤ T .

We proceed as in Lemma 2.3.152.3.15; starting from (2.3.172.3.17), applying consecutively H8,

then (2.6.22.6.2), Cauchy-Schwarz and BDG inequalities we obtain

E
[∣∣∣ηε,vεt − ηε,vεs

∣∣∣p]
≤8p−1E

∣∣∣∣ νεϑεhε

∫ s

0

(
K(t− u)−K(s− u)

)
Ξ
(
Θε,vε

u

)
du

∣∣∣∣p
+ 8p−1E

∣∣∣∣ νεϑεhε

∫ t

s
K(t− u)Ξ

(
Θε,vε

u

)
du

∣∣∣∣p
+ 8p−1E

∣∣∣∣∫ s

0

(
K(t− u)−K(s− u)

)
Cb
∣∣ηε,vεu

∣∣ du

∣∣∣∣p
+ 8p−1E

∣∣∣∣∫ t

s
K(t− u)Cb

∣∣ηε,vεu

∣∣ du

∣∣∣∣p
+ 8p−1Mp/2E

[(∫ s

0

∣∣(K(t− u)−K(s− u)
)
σε
(
u,Θε,vε

u

)∣∣2 du

)p/2]

+ 8p−1Mp/2E

[(∫ t

s

∣∣K(t− u)σε
(
u,Θε,vε

u

)∣∣2 du

)p/2]

+
8p−1Cp
hpε

E

[(∫ s

0

∣∣(K(t− u)−K(s− u)
)
σε
(
u,Θε,vε

u

)∣∣2 du

)p/2]

+
8p−1Cp
hpε

E

[(∫ t

s

∣∣K(t− u)σε
(
u,Θε,vε

u

)∣∣2 du

)p/2]
.

In the first four terms, Cauchy-Schwarz inequality allows to separate the kernels from

the random variables. For the last four terms, analogous calculations to (2.5.32.5.3) achieve

a similar separation of kernels and random variables. Then linear growth or (2.3.92.3.9) and

bounds on supt∈T,ε>0 E
[∣∣Ξ(Θε,vε

t

)∣∣p] and supt∈T,ε>0 E
[∣∣ηε,vεt

∣∣p] lead to the existence of

C1 > 0 independent of t and ε such that

E
[∣∣∣ηε,vεt − ηε,vεs

∣∣∣p] ≤ C1

(∣∣∣∣∫ s

0

(
K(t− u)−K(s− u)

)2
du

∣∣∣∣p/2 +

∣∣∣∣∫ t

s
K(t− u)2 du

∣∣∣∣p/2
)

= C1

(∣∣∣∣∫ s

0

(
K(u+ t− s)−K(u)

)2
du

∣∣∣∣p/2 +

∣∣∣∣∫ t−s

0
K(u)2 du

∣∣∣∣p/2
)
.
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Hence Assumption 2.2.32.2.3 yields the existence of a constant C2 > 0 such that

E
[∣∣∣ηε,vεt − ηε,vεs

∣∣∣p] ≤ C2(t− s)γp/2.

Then Kolmogorov continuity theorem asserts that ηε,v
ε

admits a version which is Hölder

continuous on T of any order α < γ/2 − 1/p, uniformly in ε > 0 and which satis-

fies (2.3.222.3.22). Furthermore, Aldous theorem [3535, Theorem 16.10] states that the se-

quence {ηε,vε}ε>0 is tight.

2.6.3 MDP weak convergence: Proof of Lemma 2.3.232.3.23

We have shown in Lemma 2.3.222.3.22 that for any subsequence {εk}k∈N, {ηεk,vεk}k∈N and

{vεk}k∈N are tight as families of random variables with values in Wd and SM respec-

tively. By Skorohod representation theorem we can work with almost sure convergence

for the purpose of identifying the limit. Hence there exists a subsubsequence, denoted

hereafter
{
ηk, vk

}
, that converges almost surely in the product topology onWd×SM to

someWd ×SM -valued limit (η0, v) in a possibly different probability space (Ω0,F0,P0)

as n tends to +∞. We also denote εk, bk, σk, Xk
0 ,Θ

k along this subsequence.

The convergence of the couple also takes place in distribution, and we follow the same

method as in the LDP case which comes from [6262]. For all t ∈ [0, T ], let Ψt : SM×Wd →

R such that

Ψt(f, ω) :=

∣∣∣∣ωt − ∫ t

0
K(t− s)

[
∇b(s,Xs)ωs + σ(s,Xs)fs

]
ds

∣∣∣∣ ∧ 1.

Clearly, Ψt is bounded and one can show its continuity along the same lines as in the

LDP proof but in a simpler way because of the linearity. Therefore

lim
k↑∞

E
[
Ψt(v

k, ηk)
]

= E0
[
Ψt(v, η

0)
]
,

and we prove that the left-hand side is actually equal to zero. By H5 and Taylor’s

formula there exists a sequence of Rd-valued stochastic processes {Rε}ε>0 such that

b
(
s,Xs + ϑεhεη

ε,v
s

)
− b(s,Xs)

ϑεhε
= ∇b

(
s,Xs

)
ηε,vs +Rε(s), (2.6.4)
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and a constant CR > 0 such that

|Rε(s)| ≤ CRϑεhε |ηε,vs |
2 .

We recall that
∥∥∇b(·, X)

∥∥
T is finite by H5 and observe that, by (2.3.212.3.21):

E
[
|Rε(u)|p

]
≤
(
CRϑεhε

)pE [∣∣ηε,vεs

∣∣2p] <∞. (2.6.5)

Again starting from (2.3.172.3.17), we use H8, the Taylor estimate (2.6.42.6.4) and Itô isometry

to get

E
[
Ψt(η

k, vk)2
]
≤

5
∣∣Xk

0 − x0

∣∣2
ϑ2
εk
h2
εk

+ 5

(
νεk

ϑεkhεk

)2

E
∣∣∣∣∫ t

0
K(t− s)Ξ

(
Θk
s

)
ds

∣∣∣∣2
+ 5E

∣∣∣∣∫ t

0
K(t− s)Rε(s) ds

∣∣∣∣2
+ 5E

∣∣∣∣∫ t

0
K(t− s)

[
σk
(
s,Θk

s

)
− σ

(
s,Xs

)]
vks ds

∣∣∣∣2
+

5

h2
εk

E
[∫ t

0

∣∣∣K(t− s)σk
(
s,Θk

s

)∣∣∣2 ds

]
=:5
(
Ik + IIk + IIIk + IVk + h−2

εk
Vk
)
.

H7 and H8 tell us that Ik + IIk tends to zero as ε goes to zero while an application of

Cauchy-Schwarz inequality and the bound (2.6.52.6.5) yields the same conclusion for IIIk.

To deal with IVk, recall that Θk converges in distribution towards X as k tends to infin-

ity. Since X is deterministic, the convergence actually takes place in probability, with

respect to the topology of uniform convergence. Moreover Θk is uniformly bounded

in Lr(Ω) for all r > p, thus the family {
∣∣Θk
∣∣p}k≥0 is uniformly integrable. Therefore the

convergence also occurs with respect to the Lp(Ω)-norm.

The modulus of continuity of σ is only available on compact sets of T×Rd so we define

a constant N >
∥∥X∥∥T and introduce the following sets, for each k ∈ N:

Ek :=

{
ω ∈ Ω :

∥∥∥Θk(ω)−X
∥∥∥
T
≤ N

}
,

with the observation that limk↑∞ P(Ek) = 1 thanks to the previous argument. Since X

is uniformly bounded,
∣∣Θk

t (ω)
∣∣ ≤ 2N for all t ∈ T, ω ∈ Ek, k ≥ 0. Therefore using
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Cauchy-Schwarz inequality,

E [IVk] ≤ 2NE
[∫ t

0
|K(t− s)|2

∣∣∣σk(s,Θk
s

)
− σ

(
s,Θk

s

)∣∣∣2 ds(1Ek + 1Eck
)

]
+ 2NE

[∫ t

0
|K(t− s)|2

∣∣∣σ(s,Θk
s

)
− σ(s,Xs)

∣∣∣2 ds(1Ek + 1Eck
)

]
,

where we will use the localisation to obtain convergence in the first term and Hölder

continuity in the second. Let us assume for the moment that linear growth H3a holds.

We use that Θk is uniformly bounded by 2N in Ek and linear growth for both σk and σ

to obtain

sup
s∈T

E
[∣∣∣σk(s,Θk

s

)
− σ(s,Θk

s)
∣∣∣2]

= sup
s∈T

E
[∣∣∣σk(s,Θk

s

)
− σ(s,Θk

s)
∣∣∣2 1Ek]+ sup

s∈T
E
[∣∣∣σk(s,Θk

s

)
− σ(s,Θk

s)
∣∣∣2 1Eck]

≤‖‖σk − σ‖2N‖
2
T + sup

s∈T
E
[
1Eck

C2
L

(
2 + 2|Θk

s |
)2]

, (2.6.6)

which tends to zero as k goes to infinity because of H2 for the first term and because
P(Ω \ Ek) tends to zero for the second. Moreover, by H6, there exists δ > 0 such that σ

is locally δ-Hölder continuous thus there exist C2N > 0 such that

sup
s∈T

E
[
1Ek

∣∣∣σ(s,Θk
s

)
− σ(s,Xs)

∣∣∣2] ≤ sup
s∈T

E
[
1EkC2N

∣∣∣Θk
s −Xs

∣∣∣2δ] ,
which tends to zero. Finally, linear growth leads to

sup
s∈T

E
[
1Eck

∣∣∣σ(s,Θk
s

)
− σ(s,Xs)

∣∣∣2] ≤ E
[
1Eck

C2
L

(
2 + |Θk

s |+
∣∣Xs

∣∣ )2] , (2.6.7)

which also tends to zero because P(Ω \ Ek) tends to zero. If only H3b with As-
sumption 2.3.92.3.9 hold then a different bound depending on (2.2.32.2.3) would replace those

in (2.6.62.6.6) and (2.6.72.6.7), by noticing that X = G0(0). In both cases the above estimates

tend to zero as k tends to infinity, hence E [IVk] converges towards zero. Finally, {Vk}k∈N
is uniformly bounded across k ≥ 0 as (2.6.32.6.3) shows, thus h−pεk Vk tends to zero. We have

proved that
lim
k↑∞

E
[
Ψt(v

k, ηk)
]

= 0,

and this entails that the limit η0 satisfies (2.3.182.3.18) P0-almost surely, for all t ∈ T. Since η0

has continuous paths, this holds for all t ∈ T, P0-almost surely and the solution is unique

therefore we conclude that η0 = ψ. Every subsequence has a subsequence for which this

convergence holds therefore ηε,v
ε

converges weakly towards ψ as ε goes to zero.
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3
Pathwise large deviations

for Wiener chaos expansions

This chapter is based on the paper [206206], accepted for publication in Bernoulli.

3.1 Introduction

This chapter contributes to the large body of work dedicated to limit theorems in re-

lation with the Wiener chaos. In a probability space (Ω,F ,P), any Gaussian func-

tional F ∈ L2(Ω) can be represented via its Wiener chaos expansion

F = EF +

∞∑
n=1

In(fn), (3.1.1)

where, in the setup we are interested in, the terms of this (orthogonal) decomposition

are multiple Wiener–Itô integrals and the kernels (fn)n∈N are deterministic and uniquely

determined by F . We refer to the monograph [201201] for more details. By exposing
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the inner structure of Gaussian functionals in a systematic way, this route generated

a fruitful field of asymptotic methods. In particular, the Fourth Moment Theorem of

Nourdin and Peccati [202202], later combined with Stein’s method [9191, 199199, 200200], is an

active field of research which studies the convergence of elements of a fixed Wiener

chaos, i.e. multiple Wiener–Itô integrals. In the same line of research, the Breuer–Major

theorem [4141] was recently revisited by means of Malliavin calculus and Wiener chaos

in infinite-dimensional spaces [5454, 204204]. These results and the related limit theorems

from [1111, 1313, 198198] fall, for the most part, into the scope of central and noncentral

limit theorems on Wiener chaos, and were successfully applied to stochastic partial

differential equations [8181, 155155, 204204].

However, to the best of our knowledge, the literature on large deviations for such ex-

pansions has not evolved since the nineties. The LDP definition was given in (2.1.22.1.2).

The LDP for families of a fixed Wiener chaos, even Banach space-valued, is well-known

from [8383, 175175] and was derived again in [187187] in the space of continuous functions.

Around the same time, an LDP for a whole, real-valued, Wiener chaos expansion was

obtained in [214214] in the Brownian motion case. Our main contribution, Theorem 3.3.33.3.3,

reconciles the best of both worlds: we establish an LDP in the space of continuous func-

tions and for the whole Wiener chaos expansion. Moreover, we consider the case of a

general white noise measure.

Among the many limit theorems on Wiener space cited above, very few are concerned

with random variables on path space. The lift from the real-valued LDP of [214214] to our

sample-path version parallels the transition from the Gärtner-Ellis theorem for finite-

dimensional LDPs to the theory of Friedlin and Wentzell [106106]: both aim at studying

the probability that the whole path of a stochastic process hits a given set. Furthermore,

the pathwise LDP is stronger in the sense that an application of the contraction principle

suffices to recover the finite-dimensional one.

The proof of [214214] relied on a type of exponentially good approximation theorem, which

preserves the LDP with a change of the rate function. Although these techniques are

nowadays ubiquitous in sample-path large deviations for e.g. solutions of stochastic

equations, applying this approximation to a Wiener chaos expansion in the space of

continuous functions is challenging since it requires a good estimate of

P
(

sup
t∈[0,1]

∣∣In(f tn)
∣∣ > δ

)
, for all n ∈ N.
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This highlights the difficulty of deriving bounds for such objects, in contrast with

stochastic equations where one can exploit the local martingale structure of the stochas-

tic integrals. It also exposes the limits of the standard approach based on exponential

approximations, especially in infinite-dimensional spaces.

Deviating from this approach, we will instead follow the methods presented in the

monographs [4646, 8888] which rely upon the equivalence between the LDP (2.1.22.1.2) and the

Laplace principle (1.2.61.2.6). As mentioned in the main Introduction, this route introduced

by Dupuis and Ellis was dubbed the weak convergence approach because it essentially

boils down to proving the convergence in distribution of a family of processes related

to (Xε)ε>0. On top of the applications cited in the introduction of Chapter 22, it enabled

to prove LDPs for infinite-dimensional Gaussian processes [3232, 4545, 4949, 225225]. Our choice

of setup therefore lies at the intersection between the domains of application of the

Wiener chaos expansion and the weak convergence approach. A conducive integrator is

the white noise measure displayed in [201201, Section 1.1.2], which, as we will see in the

next section, covers a wide range of infinite-dimensional Gaussian processes. We note

at this point that spatially homogeneous coloured noise and Poisson random measures

also offer potential research directions.

Regarding the choice of state space, we are only limited by the tightness criteria avail-

able to us. We consider the space of continuous functions C(K,R), where K is a compact

subset of Rd. To the best of our knowledge, the latter condition is necessary to obtain a

type of Kolmogorov continuity criterion; in this chapter we will rely upon the multidi-

mensional version derived by Ibragimov in [156156]. There is no apparent reason why the

theory should not also apply to C(K,RN ) for N ≥ 2 but tracking the indices becomes

cumbersome so we restrict to the one-dimensional case for clarity. Nevertheless, our

state space covers infinite-dimensional processes living in C
(
[0, 1], C([0, 1],R)

)
for in-

stance. Relatively to the classical discretisation and approximation argument, the weak

convergence approach has proved efficient in deriving LDPs in such spaces.

In the framework of stochastic (partial differential) equations, pathwise uniqueness is a

necessary and sometimes tricky condition, while in this chapter the difficulty lies else-

where. Here, we must consider the convergence in distribution of a family of processes

where the stochastic integration takes place with respect to a shifted white noise, such

as W v(dx) = W (dx) +
∫
v(x) dx. Hence, after replacing W (dx) by W v(dx) in the mul-

tiple stochastic integrals, the terms of the decomposition (3.1.13.1.1) are not independent

any longer, and developing W v(dx1) · · ·W v(dxn) generates 2n multiple integrals. We
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then classify and analyse these new integrals in order to obtain the necessary estimates.

We stress that the assumptions laid down in this chapter only involve the kernels of

the chaos expansion and are therefore purely deterministic. Moreover, in the context

of pathwise large deviations, the chaos expansion is more agnostic than the stochastic

equations paradigm, and hence this representation opens the LDP gates to uncommon

continuous models. In particular, we provide applications to (multiple) Skorohod inte-

grals and linear Skorohod equations driven by space-time white noise, and to Wick–Itô

integrals driven by fractional Brownian motion (fBm). So far, LDPs for anticipating

integrals have only been considered in the context of anticipating SDEs driven by a

standard Brownian motion [189189, 191191, 192192]. Related asymptotic results include central

limit theorems for multiple [197197] and fBm-driven [2424, 149149] Skorohod integrals. For

completeness, we also mention the LDPs for stochastic integrals derived in [116116, 118118].

The outline of the chapter is the following. Section 3.23.2 introduces the white noise and

the chaos expansion. In Section 3.33.3, we describe our model, assumptions, and main

result. The proof is presented in Section 3.43.4: first we adapt sufficient conditions for

the LDP of Gaussian functionals to our framework, then we lay down the foundations

of the integrals under consideration, and finally we split the proof of the conditions in

different lemmas. Section 3.53.5 gathers our applications and we make some concluding

remarks in Section 3.63.6.

3.2 Definitions and notations

3.2.1 The white noise measure

Let us fix a probability space (Ω,F ,P), a convex set T ⊆ R+ that includes 0, and a

sigma-finite measure µ on a measurable space (E, E). Then we define the parameter

space T := T×E and its σ-algebra T := B(T)⊗ E . Following [201201], we define a white

noise measure Ẇ as an L2(Ω)-Gaussian measure on (T, T ) based on the (atomless)

product measure µ̂ := λ⊗µ, where λ is the Lebesgue measure on T. This means Ẇ has

zero mean and the following covariance structure for all A1, A2 ∈ T ,

E
[
Ẇ
(
A1

)
Ẇ
(
A2

)]
= µ̂

(
A1 ∩A2

)
.
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This exhibits the main feature of the white noise measure, namely that it takes indepen-

dent values on any family of disjoint subsets of T. The following examples demonstrate

how one can recover well-known Gaussian processes from the white noise measure. For

all n ∈ N, we will henceforth write L2(Tn) to denote the Hilbert space L2
(
Tn, µ̂⊗n

)
of

real-valued functions.

Example 3.2.1 (Space-time white noise). In the case where (E, E) =
(
Rm,B(Rm)

)
,

m ≥ 1, and µ is the Lebesgue measure on Rm, Ẇ is called space-time white noise. When µ

is not the Lebesgue measure one speaks of spatially inhomogeneous white noise [196196]. A

similar setup with E = Tm also gives rise to the Brownian sheet [7676, Example 3.10].

Example 3.2.2 (Isonormal process). The theory of integration presented in [201201] allows

to define an isonormal process X over L2(T) as the stochastic integral

X(h) :=

∫
T
h(t, x)W (dtdx), h ∈ L2(T),

where, following standard notations, we drop the dot when integrating. This generates the

covariance structure E
[
X(h)X(g)

]
= 〈h, g〉L2(T), for h, g ∈ L2(T).

We can recover the cylindrical Brownian motion B defined in [4646, Definition 11.3] by

setting Bt(φ) := X
(
1[0,t] φ

)
, for all φ ∈ L2(E) and t ≥ 0. Another variant consists in

picking φ ∈ C∞c (T).

Example 3.2.3 (Multidimensional Brownian motion). We reproduce Example 1.1.2

in [201201]: let E = J1, NK for some N ∈ N and µ be the uniform measure which gives

mass one to each point 1, 2, · · · , N . Then W i(t) := Ẇ ([0, t] × {i}) is a standard Brow-

nian motion for all t ∈ T, i ∈ E, with covariance E[W i(t)W j(s)] = (s ∧ t)1i=j . For

any h ∈ L2(T), one can also define its stochastic integral, which coincides with the Itô

integral:

W (h) =
N∑
i=1

∫
T
hi(t) dW i(t).

Example 3.2.4 (Fractional Brownian motion). For this example, we refer to [201201, Section

5.1] and set T = T. The process W defined as Wt := Ẇ ([0, t]) is a standard Brownian

motion, and there exists a deterministic function KH : T2 → T such that (WH
t )t∈T defined

as

WH
t :=

∫ t

0
KH(t, s) dWs (3.2.1)
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is a fractional Brownian motion with Hurst exponent H ∈ (0, 1) and covariance function

RH(t, s) =
1

2

(
t2H + s2H − |t− s|2H

)
.

3.2.2 The Wiener chaos

Let FW := σ
({
Ẇ (A) : A ∈ T

})
denote the σ-field generated by Ẇ—it is then

clear that FW coincides with the σ-fields generated by the examples presented above.

From now on, we will write L2(Ω) as short for L2
(
Ω,FW ,P

)
. It is well-known that

any random variable F ∈ L2(Ω) has the Wiener chaos expansion (3.1.13.1.1), where

the convergence takes place in L2(Ω), see for instance [201201, Theorem 1.1.2]. For

all n ∈ N, and for the remainder of the chapter, fn ∈ L2(Tn) are symmetric func-

tions and In : L2(Tn) → L2(Ω) is a continuous linear map that can be interpreted as a

multiple integral:

In(fn) :=

∫
Tn
fn(tn,xn)W (dt1 dx1) · · ·W (dtn dxn), (3.2.2)

with tn = (t1, · · · , tn) and xn = (x1, · · · , xn), where (ti, xi) ∈ T for all i ∈ J1, nK.

The nth Wiener chaos Hn is the subset of L2(Ω) made of all the elements with the

representation (3.2.23.2.2). The notion of integration is recalled in subsection 3.4.23.4.2, but we

already highlight the important identity

‖In(fn)‖L2(Ω) =
√
n! ‖fn‖L2(Tn) . (3.2.3)

In the next section we specify our framework and the main large deviations result.

3.3 Statement of the main result

We aim at proving a large deviations principle for a family (Xε)ε>0 of processes taking

values in C(K,R), where K ⊂ Rd is a compact subspace equipped with the Euclidean

norm denoted ‖·‖, and d ≥ 1. For all ε > 0 and z ∈ K, we define these processes as

Xε(z) :=
∞∑
n=0

εnIn(f ε,zn ). (3.3.1)
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For all n ∈ N, ε > 0 and z ∈ K, the kernels f ε,zn are symmetric functions belonging

to L2(Tn), f ε,z0 = E[Xε(z)] and I0 denotes the identity mapping on constants. Since

the (In)n≥0 are independent, it is clear that Xε(z) ∈ L2(Ω) for all z ∈ K. We consider

the following sufficient conditions, which in particular ensure the continuity of Xε, as

pointed out in Remark 3.4.123.4.12.

Assumption 3.3.1.

(A) There exist (fzn)n≥0,z∈K, where fzn ∈ L2(Tn), such that limε↓0 f
ε,z
0 = fz0 for all z ∈ K

and

lim
ε↓0

sup
z∈K

sup
n∈N
‖f ε,zn − fzn‖L2(Tn) = 0.

(B) For all ε > 0 small enough, z ∈ K and κ > 0 the following holds

∞∑
n=0

√
n!κn

(
‖fzn‖L2(Tn) + ‖f ε,zn ‖L2(Tn)

)
<∞. (3.3.2)

(C) There exists a concave modulus of continuity ω : R+ → R+ satisfying, for

some α0 > 0, ∫ 1

0

ω(s)

s1+α0
ds <∞ and lim

s↓0

ω(s)

s
=∞,

such that, for all ε > 0 small enough, y, z ∈ K and κ > 0,

∞∑
n=0

√
n!κn

(
‖fzn − fyn‖L2(Tn) + ‖f ε,zn − f ε,yn ‖L2(Tn)

)
≤ ω(‖z − y‖). (3.3.3)

Remark 3.3.2.

(A) The first assumption is satisfied in the case where E[Xε(z)] converges as ε goes to

zero and (f ε,zn ) is independent of ε, which correspond to a purely small-noise prob-

lem. Example 3.3.63.3.6 clarifies the need (or not) for the kernels to be ε-dependent.

(B) The bound (3.3.23.3.2) holds in particular in the case where (fzn) and (f ε,zn ) are of

exponential type, as defined in [214214, Equation (3.2)]: there exists ∆ > 0 such that

for all z ∈ K and all n ≥ 0 large enough,

‖fzn‖L2(Tn) + ‖f ε,zn ‖L2(Tn) ≤
∆n

n!
. (3.3.4)
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(C) The condition (3.3.33.3.3) allows us to recover the equicontinuity necessary in Kol-

mogorov’s continuity theorem and therefore the tightness of a family of processes

related to (Xε). The assumption can be satisfied with the modulus of continu-

ity ω : s → sγ , γ ∈ (0, 1), and is also related to the “slow-growth” assumption

in [187187], which yields the continuity of the map z 7→ In(fzn).

(D) Various examples of processes satisfying all three assumptions are given in Sec-

tion 3.53.5.

For convenience, and despite a mild but common abuse of notations, we define the

white noise process (Wt)t∈T by Wt(E) := Ẇ ([0, t] × E) for all E ∈ E , along with its

filtration Ft := σ
(
{Ws(E) : 0 ≤ s ≤ t, E ∈ E}

)
. We think of W as a process when we

need the concept of filtration but both points of view are equivalent. This allows us to

introduce the set of stochastic controls

A :=

{
v : Ω×T→ R, {Ft}−progressively measurable, E

[∫
T
v(t, x)2 µ̂(dtdx)

]
<∞

}
,

(3.3.5)

and, for all v ∈ A, z ∈ K:

Xv(z) :=

∞∑
n=0

Jvn(fzn), where (3.3.6)

Jvn(fzn) :=

∫
Tn
fzn(tn,xn)

(
v(t1, x1) µ̂(dt1 dx1)

)
· · ·
(
v(tn, xn) µ̂(dtn dxn)

)
. (3.3.7)

We recall that infimum over empty spaces are equal to +∞. The main result of the

chapter is the following.

Theorem 3.3.3. Under Assumption 3.3.13.3.1, the family (Xε)ε>0 defined in (3.3.13.3.1) satisfies

an LDP in C(K) with rate function Λ: C(K)→ R+ given by

Λ(ψ) := inf

{
1

2
‖v‖2L2(T) : v ∈ L2(T), ψ = Xv

}
. (3.3.8)

Remark 3.3.4. The form of the rate function (3.3.83.3.8) is reminiscent of the rate function

of the finite-dimensional LDP proved by Pérez–Abreu and Tudor in [214214, Theorem 3.1].

In fact, for a fixed z ∈ K, Assumption 3.3.13.3.1 (A) and (B) alone are sufficient to derive an

LDP for (Xε(z))ε>0 on R, with rate function ΛR : R→ R+ given by

ΛR(r) := inf

{
1

2
‖v‖2L2(T) : v ∈ L2(T), r = Xv(z)

}
.
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Remark 3.3.5. A variety of Gaussian processes can be expressed as g(W ) where g is a

linear and measurable map. As examples, we already mentioned the fractional Brow-

nian motion (Example 3.2.43.2.4) and will soon introduce a infinite collection of Brownian

motions β = (βi)i∈N (subsection 3.4.13.4.1). Furthermore, β is itself connected through a

measurable map to other infinite-dimensional Gaussian processes such asQ-Wiener pro-

cesses and cylindrical Brownian motions [4646, Section 11.1]. Hence the process G(εB),

where B is one of the aforementioned Gaussian processes, can be written as (G◦g)(εW )

and be covered by our framework.

The following example demonstrates the interest of the ε-dependence in the kernels.

Example 3.3.6. We take as an example the Brownian motion case with K = T = [0, 1].

For any ε > 0, x ∈ R and t ∈ K, we consider the following small-noise SDE

Xε(t) = x+

∫ t

0
b(Xε(s)) ds+ ε

∫ t

0
σ(Xε(s)) dWs, (3.3.9)

where b and σ are real-valued functions such that (3.3.93.3.9) has a unique strong solution.

Therefore, there exists a measurable map Gε : C[0, 1] → C[0, 1] such that Gε(εW ) := Xε.

This yields an expansion for Xε in the form of (3.3.13.3.1), where εn arises from εW . We notice

that, for ε1 6= ε2, the distributions of Xε1 and Xε2 are mutually singular, which means the

map Gε can depend explicitly on ε, hence so do the kernels (f ε,tn ).

3.4 Proof of the main result

The proof of Theorem 3.3.33.3.3 consists of three parts. In the first one, we adapt the

sufficient conditions for an LDP of Gaussian functionals, originally derived in [4545], to

our setup. In the second, we give meaning to some multiple stochastic integrals arising

from the first part and finally, we verify said conditions. The game is afoot.

3.4.1 The weak convergence approach

As mentioned in the introduction, we rely upon the weak convergence approach to large

deviations which is conducive for proving LDPs of functionals of infinite-dimensional

Brownian motions [4545, 4646]. In order to deduce abstract sufficient conditions for the

LDP as in [4646, Theorem 11.13], we need to cast our white noise process in this frame-
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work. This entails first expressing W = (Wt(E))t∈T,E∈E as a functional of an infinite

sequence of standard Brownian motions. Building on this connection, we then recover

the variational representation formula for functionals of white noise, analogue of [4646,

Theorem 11.11] as cornerstone of the proof.

We start by observing that Ẇ (and W ) is a random variable taking values in the space

of signed measures on T, which we denote by M(T). Now, consider the Hilbert

space L2(E) := {f : E → R :
∫
E f(x)2µ(dx) < ∞} equipped with the usual inner

product, and let (φi)i∈N be a complete orthonormal sequence. Let β := (βi)i∈N de-

fined for all t ∈ T by βi(t) :=
∫

[0,t]×E φi(x)W (ds dx), and note that it is a sequence of

independent standard Brownian motions. Furthermore, for all E ∈ E , we have

Wt(E) =
∞∑
i=1

βi(t)

∫
E
φi(x)µ(dx),

where the series converges in L2(Ω). The sequence β can be regarded as a random

variable with values in C([0, T ],R∞), where R∞ denotes the product space of countably

infinite copies of R. Therefore the σ-fields generated by β and W (and Ẇ ) coincide and

there exists a measurable function g : C(T,R∞) → M(T) such that Ẇ = g(β) almost

surely.

We introduce the following spaces of deterministic and stochastic controls, and recall

that A was defined by (3.3.53.3.5)

SM :=

{
v : T→ R :

∫
T
v(t, x)2 µ̂(dtdx) ≤M

}
,

AM :=

{
v ∈ A : v ∈ SM , P−almost surely

}
, and Ab :=

⋃
M∈N

AM ,

where SM is endowed with the weak topology on L2(T), not to be confused with the

weak convergence of measures. For all v ∈ Ab, let us define W v =
(
W v
t (E)

)
t∈T,E∈E by

W v
t (E) := Wt(E) +

∫
[0,t]×E

v(s, x) µ̂(ds dx). (3.4.1)

We can now state the corresponding variational representation formula.

Lemma 3.4.1. For any bounded measurable map G : M(T)→ R, the following holds:

− logE
[
e−G(W )

]
= inf

v∈Ab
E
[

1

2

∫
T
v(t, x)2 µ̂(dt dx) +G(W v)

]
. (3.4.2)
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Proof. The proof, based on the corresponding formula for β and its relationship withW ,

is identical to the proof of [4646, Theorem 11.11] after replacing the Brownian sheet with

the present white noise.

From this lemma arise abstract sufficient conditions yielding an LDP for functionals

of white noise. The functionals take the form Gε(εW ), where Gε : M(T) → X is a

measurable map and X is a Polish space (X = C(K) in the case we are interested

in). With the tools that we just described, one can translate [4646, Condition 11.12 and

Theorem 11.13] into the white noise framework, as follows.

Assumption 3.4.2. There exists a measurable map G0 : L2(T) → X such that the fol-

lowing hold.

(a) Consider M > 0 and a family (vε)ε>0 ⊂ AM such that vε converges in distribution

to v as ε goes to zero. Then the following convergence also holds in distribution

lim
ε↓0
Gε
(
εW vε/ε

)
= G0(v).

(b) For every M > 0, the following sets are compact subsets of X :

ΓM :=
(
G0(v) : v ∈ SM

)
.

Remark 3.4.3. Since SM is compact for every M > 0 in the weak topology, Assump-

tion 3.4.23.4.2(b) is satisfied as soon as G0 is continuous.

Theorem 3.4.4. Let Assumption 3.4.23.4.2 hold. Then
(
Gε (εW )

)
ε>0

satisfies an LDP with

rate function Λ: X → R+ given by

Λ(ψ) = inf

{
1

2
‖v‖2L2(T) : v ∈ L2(T), ψ = G0(v)

}
.

3.4.2 Perturbing the chaos expansion

We observe that, for each ε > 0, there exist a measurable map Gε : M(T)→ C(K) such

that, for all z ∈ K,

Gε(W )(z) =
∞∑
n=0

In(f ε,zn ),
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where the kernels come from (3.3.13.3.1), and therefore we have Xε = Gε(εW ) by linearity

of In. Our objective is to apply the abstract Theorem 3.4.43.4.4 to the map Gε defined

above, hence we must study the controlled processes Xε,v := Gε
(
εW v/ε

)
, for v ∈ Ab.

Perturbing the chaos expansion leads us to revisit some notions of integration with

respect to white noise.

Let n ∈ N. We recall how the multiple integral operator In is defined, following [201201,

Section 1.1.2]. Let us call f ∈ L2(Tn) an elementary function if it has the form

f(tn,xn) =
N∑

i1,··· ,in=1

ai1···in1Ai1×···×Ain (tn,xn), (3.4.3)

where N ≥ n, A1, · · · , AN ∈ T are pairwise disjoint sets with finite measure, and the

real coefficients ai1,··· ,in are zero if and only if two of the indices i1, · · · , in are equal.

For such a function, the integral is defined as

In(f) =

N∑
i1,··· ,in=1

ai1···inẆ (Ai1)× · · · × Ẇ (Ain).

Let v ∈ Ab, and let the shifted integral read

Ivn(f) :=

N∑
i1,··· ,in=1

ai1···inẆ
v(Ai1)× · · · × Ẇ v(Ain), (3.4.4)

where, similarly to (3.4.13.4.1), Ẇ v(A) := Ẇ (A) +
∫
A v(t, x) µ̂(dt dx) for all A ∈ T , and

such that Ẇ v is alsoM(T)-valued.

Let us define the random measure ν : A →
∫
A v(t, x) µ̂(dtdx), for A ∈ T . In order to

study (3.4.43.4.4) and extend it to the whole space L2(Tn), we develop Ẇ v(Ai1) × · · · ×

Ẇ v(Ain) in full, which is suggestive of the binomial formula for (x+ y)n. We obtain the

sum of 2n terms, each of them being the product of all the elements of an n-tuple. We

can regard these n-tuples as words of length n over an alphabet made of two distinct

elements: the measures ν and Ẇ . Moreover the order of these letters, encoded by the

sets (Aij )
n
j=1, matters. Nevertheless, the 2n n-tuples can be classified in the following

way. For each k ∈ J0, nK there are
(
n
k

)
terms made of exactly k times ν and n − k

times Ẇ ; therefore let Θ(k, n) be the set of such n-tuples. An element θ of Θ(k, n) is
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thus a sequence made of ν and Ẇ and we can write, for a fixed sequence (i1, · · · , in):

n∏
j=1

Ẇ v(Aij ) =

n∑
k=0

∑
θ∈Θ(k,n)

n∏
j=1

θj(Aij ).

For an elementary function f of the form (3.4.33.4.3) and a given n-tuple θ ∈ Θ(k, n), we

define

mθ(f) :=

N∑
i1,··· ,in=1

ai1···in

n∏
j=1

θj(Aij ).

It is well-known that In can be extended to a linear map from L2(Tn) to L2(Ω). The

purpose of the following lemma is to extend the maps mθ and Ivn in a similar way and

to identify this extension as a multiple integral.

Lemma 3.4.5. For all p ≥ 2, M > 0, v ∈ AM and n ≥ 0, the following hold.

1. For all k ∈ J0, nK and θ ∈ Θ(k, n), the map mθ can be extended to a linear and

continuous map from L2(Tn) to Lp(Ω) with

‖mθ(f)‖Lp(Ω) ≤
√

(n− k)!Mk/2(p− 1)
n−k

2 ‖f‖L2(Tn) . (3.4.5)

2. The same extension holds for Ivn with the bound

‖Ivn(f)‖Lp(Ω) ≤
√
n!
(

4(M + 1)(p− 1)
)n/2

‖f‖L2(Tn) . (3.4.6)

3. If θ ∈ Θ(n, n) and f ∈ L2(Tn), then mθ(f) is also a multiple stochastic integral

over Tn where integration against ν takes place in the Lebesgue sense, almost surely.

Furthermore, we have mθ(f) = Jvn(f), almost surely, where Jvn is defined in (3.3.73.3.7).

Remark 3.4.6. The bound (3.4.53.4.5) does not depend on θ but only on k and n.

Remark 3.4.7. Like In in (3.2.23.2.2), we can interpret mθ as an L2(Ω)-multiple integral in

the following sense:

mθ(f) =

∫
Tn
f(tn,xn) ν(dt1 dx1) · · · ν(dtk dxk)W (dtk+1 dxk+1) · · ·W (dtn dxn).

(3.4.7)

Likewise, we can interpret Ivn as an L2(Ω)-multiple integral in the following sense:

Ivn(f) =

∫
Tn
fn(tn,xn)W v(dt1 dx1) · · ·W v(dtn dxn).
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Proof. Let us fix p ≥ 2, M > 0, v ∈ AM and n ≥ 0.

1. Let k ∈ J0, nK and θ ∈ Θ(k, n). The map In is linear for elementary functions and

therefore so is mθ since they are designed in an identical way.

Notice that for all A ∈ T with finite measure, one has ν(A) =
∫
T 1A ν(dtdx) =∫

T 1A v(t, x) µ̂(dtdx). Without loss of generality, and for more clarity, assume θj =

ν for all l ∈ J1, kK and θj = Ẇ for all l ∈ Jk + 1, nK. Otherwise, just split the ij ’s

in a different way in the computation below. Let f be an elementary function

in L2(Tn), then we have:

mθ(f) =

N∑
ik+1,··· ,in=1

N∑
i1,··· ,ik=1

ai1···in

 k∏
j=1

∫
T
1Aij

(t, x)ν(dt dx)

 n∏
j=k+1

Ẇ (Aij )


=

N∑
ik+1,··· ,in=1

∫
Tk

N∑
i1,··· ,ik=1

ai1···in

 k∏
j=1

1Aij
(tj , xj)

 ν⊗k(dtkdxk)

 n∏
j=k+1

Ẇ (Aij )



≤
N∑

ik+1,··· ,in=1

Mk/2

∫
Tk

 N∑
i1,··· ,ik=1

ai1···in

k∏
j=1

1Aij
(tj , xj)

2

µ̂⊗k(dtkdxk)


1
2
 n∏
j=k+1

Ẇ (Aij )

 ,

almost surely, where we used the linearity of the integral, Cauchy–Schwarz in-

equality k times and the fact that v ∈ AM , which yields an almost sure bound for

its L2(T)-norm. Now we observe that, since the Aij ’s are disjoint, the cross terms

vanish

Ψ :=

∫
Tk

 N∑
i1,··· ,ik=1

ai1···in

k∏
j=1

1Aij
(tj , xj)

2

µ̂⊗k(dxkdtk)

=

∫
Tk

N∑
i1,··· ,ik=1

(ai1···in)2

 k∏
j=1

1Aij
(tj , xj)

 µ̂⊗k(dxkdtk)

=
N∑

i1,··· ,ik=1

(ai1···in)2
k∏
j=1

µ̂(Aij ).

We observe that, for any fixed (i1, · · · , ik),

h :=
N∑

ik+1,··· ,in=1

√
Ψ

n∏
j=k+1

1Aij
(3.4.8)

is an elementary function in L2(Tn−k), and therefore mθ(f) ≤ Mk/2In−k(h), al-

most surely. We then recover an element of the (n−k)th Wiener chaos and appeal
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to the hypercontractivity property [201201, Theorem 1.4.1]. It implies that Lp(Ω)

norms are equivalent in a given Wiener chaos for all p ≥ 2 and, in particular, that

for all p ≥ 2

‖In−k(h)‖Lp(Ω) ≤ (p− 1)
n−k

2 ‖In−k(h)‖L2(Ω) = (p− 1)
n−k

2

√
(n− k)! ‖h‖L2(Tn−k) ,

where we also used (3.2.33.2.3). Once more, the cross terms vanish to give

‖h‖2L2(Tn−k) =

N∑
i1,··· ,in=1

(ai1···in)2
n∏
j=1

µ̂(Aij ) = ‖f‖2L2(Tn) ,

which yields the desired bound and thus the continuity of mθ for elementary func-

tions. Moreover, the space of elementary functions is dense in L2(Tn) and there-

fore mθ and its bound extend as claimed [201201, Section 1.1.2].

2. Let f be an elementary function. This is a corollary of the previous item which

follows by noticing that

Ivn(f) =
n∑
k=0

∑
θ∈Θ(k,n)

mθ(f).

Then, bounding k and n − k by n and and using the identity
∑n

k=0

(
n
k

)
= 2n, this

yields

‖Ivn(f)‖Lp(Ω) ≤
n∑
k=0

(
n

k

)√
(n− k)!Mk/2(p−1)

n−k
2 ‖f‖L2(Tn) ≤

√
n!
(

4(M+1)(p−1)
)n/2

‖f‖L2(Tn) ,

as desired.

3. Let f ∈ L2(Tn) and a sequence of elementary functions (f l)l∈N tending to f

in L2(Tn). Let θ ∈ Θ(n, n), from (3.4.53.4.5), we know that mθ(f − f l) converges to

zero in L2(Ω). Moreover, for every subsequence of (mθ(f − f l))l∈N, there exists

a further subsubsequence that tends to zero almost surely. Therefore, the original

sequence converges to zero almost surely, which implies that integration against ν

takes place in the Lebesgue sense, almost surely.
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Therefore, it is clear that, almost surely, we have

mθ(f) =

∫
Tn
f(tn,xn) ν(dt1 dx1) · · · ν(dtn dxn)

=

∫
Tn
f(tn,xn)

(
v(t1, x1) µ̂(dt1 dx1)

)
· · ·
(
v(tn, xn) µ̂(dtn dxn)

)
= Jvn(f).

Remark 3.4.8. We observe that h, defined in (3.4.83.4.8), is equal

to ‖f(tn−k,xn−k, • )‖L2(Tk).

Remark 3.4.9. It is natural to wonder whether representing mθ in the sense of

Walsh [7676, 233233] would yield similar bounds. Because of the necessity of adaptedness,

we would have to write (3.4.73.4.7) as

mθ(fn) = n!

∫
T

∫
[0,tn]×E

· · ·
∫

[0,t2]×E
f(tn,xn) ν(dt1 dx1) · · · ν(dtk dxk)W (dtk+1 dxk+1) · · ·W (dtn dxn),

with θ ∈ Θ(k, n) and f ∈ L2(Tn). Applying Cauchy–Schwarz inequality k times yields

E
[
mθ(f)2

]
≤ (n!)2MkE

(∫
T

∫
[0,tn]×E

· · ·
∫

[0,tk+1]×E
‖f‖L2(Tn−k)W (dtk+1 dxk+1) · · ·W (dtn dxn)

)2


=

(
n!

(n− k)!

)2

Mk ‖f‖L2(Tn) ,

which is not as sharp as (3.4.53.4.5).

3.4.3 Proof of convergence

Now that we have set the stage, the game consists in verifying that Assumption 3.4.23.4.2

holds and then applying Theorem 3.4.43.4.4. In this subsection we will then study, for

all z ∈ K,

Xε,v(z) =

∞∑
n=0

Iε,vn (f ε,zn ),

where Iε,v0 = I0 and for all n ∈ N, fn ∈ L2(Tn),

Iε,vn (fn) =

∫
Tn
fn(tn,xn) εW v/ε(dt1 dx1) · · · εW v/ε(dtn dxn), (3.4.9)

which meaning flows from Lemma 3.4.53.4.5 and Remark 3.4.73.4.7. Note that in this subsection,

the n-tuples θ are sequences made of the measures εẆ (instead of Ẇ ) and ν, but we

retain the same notations for simplicity. Hence, for f ∈ L2(Tn), θ ∈ Θ(k, n) and v ∈
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AM , the linearity of mθ entails that the moment bound (3.4.53.4.5) becomes

‖mθ(f)‖Lp(Ω) ≤ ε
n−k√(n− k)!Mk/2(p− 1)

n−k
2 ‖f‖L2(Tn) . (3.4.10)

We start by deriving a moment bound for Xε,v(z) in Lemma 3.4.103.4.10, then the tightness

of (Xε,vε)ε>0 in C(K) in Lemma 3.4.113.4.11, which, combined with the convergence of the

marginals proved in Lemma 3.4.133.4.13, yields the weak convergence in C(K). Finally we

show the compactness of the sets ΓM , for all M > 0, in Lemma 3.4.143.4.14.

Lemma 3.4.10 (Moment bound). Let Assumption 3.3.13.3.1(B) hold. For all p ≥ 2, v ∈

AM ,M > 0 and ε > 0 small enough, we have supz∈K ‖Xε,v(z)‖Lp(Ω) <∞.

Proof. Let us fix ε > 0, v ∈ AM , M > 0 and z ∈ K, and recall the sequence of ker-

nels (f ε,zn )n≥0 from (3.3.13.3.1). As in the proof of Lemma 3.4.53.4.5, the representation

Iε,vn (f ε,zn ) =
n∑
k=0

∑
θ∈Θ(k,n)

mθ(f
ε,z
n ),

combined with (3.4.103.4.10), yields

‖Iε,vn (f ε,zn )‖Lp(Ω) ≤
n∑
k=0

∑
θ∈Θ(k,n)

‖mθ(f
ε,z
n )‖Lp(Ω)

≤
n∑
k=0

(
n

k

)
εn−k

√
(n− k)!Mk/2(p− 1)

n−k
2 ‖f ε,zn ‖L2(Tn) .

Hence, bounding k and n − k by n, ε by one and using the identity
∑n

k=0

(
n
k

)
= 2n, we

conclude that

‖Xε,v(z)‖Lp(Ω) ≤
∞∑
n=0

‖Iε,vn (f ε,zn )‖Lp(Ω) ≤
∞∑
n=0

√
n!
(

4(M + 1)(p− 1)
)n/2

‖f ε,zn ‖L2(Tn) ,

which is finite by Assumption 3.3.13.3.1(B).

Lemma 3.4.11 (Tightness). Assume that Assumption 3.3.13.3.1 (B) and (C) hold, let M > 0

and a family (vε)ε>0 ⊂ AM , then the family (Xε,vε)ε>0 is tight in C(K).

Proof. Let y, z ∈ K and ε > 0. Using the same computations as in the proof of
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Lemma 3.4.103.4.10 and Assumption 3.3.13.3.1(C), one obtains that, for all p > 2,

∥∥Xε,vε(z)−Xε,vε(y)
∥∥
Lp(Ω)

≤
∞∑
n=0

√
n!
(

4(M+1)(p−1)
)n/2

‖f ε,zn − f ε,yn ‖L2(Tn) ≤ ω
(
‖z − y‖

)
.

We appeal to [156156, Theorem 6], a multidimensional version of Kolmogorov’s continuity

theorem, which then states that for all α > 0 and some constant C > 0,

E

[
sup

‖z−y‖≤1

∣∣Xε,vε(z)−Xε,vε(y)
∣∣

‖z − y‖α

]
≤ C

∫ 1

0

ω(u)

u1+α+d/p
du.

The latter is finite by choosing α and p such that α+d/p < α0, where we recall that α0 >

0 comes from Assumption 3.3.13.3.1(C) and d is such that K ⊂ Rd. This is possible because

we can choose α > 0 as small and p as large as we want, for instance α < α0 and p =

1 + d/(α0−α). Combining this with Lemma 3.4.103.4.10, Aldous theorem [3535, Theorem 7.3]

yields the tightness of (Xε,vε)ε>0 in C(K).

Remark 3.4.12. Suppose there exists a family of kernels (fzn)n≥0,z∈K such that fzn ∈

L2(Tn) for all n ≥ 0, and which satisfy conditions (3.3.23.3.2) and (3.3.33.3.3). Define the

real-valued process Z via the Wiener chaos expansion

Z(z) :=

∞∑
n=0

In(fzn), z ∈ K.

Then the version of the Kolmogorov’s continuity theorem used above entails that Z

admits a version which is Hölder continuous of any order α < α0.

Lemma 3.4.13 (Convergence). Let Assumption 3.3.13.3.1 (A) and (B) hold. Consider M > 0

and a family (vε)ε>0 ⊂ AM such that vε converges in distribution to v as ε goes to zero.

Then, for all z ∈ K, Xε,vε(z) converges in distribution to Xv(z), defined in (3.3.63.3.6), as ε

goes to zero.

Proof. We start by recalling, as Lemma 3.4.53.4.5(3) shows, that the multiple integral Jvn
defined in (3.3.73.3.7) arises from the unique n-tuple belonging to Θ(n, n), made exclusively

of ν. On the other hand, all the n-tuples containing one or more εẆ will converge to

zero.

Let us fix z ∈ K. We decompose the quantity of interest in the following way:

Xε,vε(z)−Xv(z) = Sε1 + Sε2,
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where

Sε1 :=

∞∑
n=0

n−1∑
k=0

∑
θ∈Θ(k,n)

mθ(f
ε,z
n ) and Sε2 :=

∞∑
n=0

∑
θ∈Θ(n,n)

mθ(f
ε,z
n )−Xv(z).

Similarly to the proof of Lemma 3.4.103.4.10, the bound (3.4.103.4.10) and the identity
∑n

k=0

(
n
k

)
=

2n yield

‖Sε1‖L2(Ω) ≤
∞∑
n=0

n−1∑
k=0

∑
θ∈Θ(k,n)

‖mθ(f
ε,z
n )‖L2(Ω) ≤

∞∑
n=0

n−1∑
k=0

(
n

k

)
Mk/2εn−k

√
(n− k)! ‖f ε,zn ‖L2(Tn)

≤ ε
∞∑
n=0

√
n!
(
4(M + 1)

)n/2 ‖f ε,zn ‖L2(Tn) ,

for all ε < 1. Assumption 3.3.13.3.1(B) entails that the series is finite and therefore ‖Sε1‖L2(Ω)

tends to zero as ε goes to zero.

For all n ∈ N, let us define

Jε,zn := Jv
ε

n (f ε,zn )− Jvn(fzn), such that Sε2 = f ε,z0 − fz0 +
∞∑
n=1

Jε,zn .

According to the Skorohod representation theorem [8888, Theorem A.3.9], there exists a

probability space on which are defined (ṽε)ε>0 and ṽ having the same law as (vε)ε>0

and v on the original probability space, and such that ṽε converges towards ṽ in an

almost sure sense. This is a standard trick in the weak convergence literature; we retain

the original labels and continue with almost sure convergence. However, we recall that

this convergence takes place in the weak topology in L2(T), and therefore we need to

work out the convergence of Jε,zn by induction.

Let us fix n ∈ N for the moment and recall that Jvn, defined in (3.3.73.3.7), maps L2(Tn)

to R. We claim that for all k ∈ J1, n− 1K, the following function, mapping T to R, tends

to zero in L2(T), almost surely and for almost all (tn−k−1,xn−k−1) ∈ Tn−k−1:

Jv
ε

k

(
f ε,zn (tn−k−1,xn−k−1, • )

)
− Jvk

(
fzn(tn−k−1,xn−k−1, • )

)
. (3.4.11)

We name this claim C(k).

With this in mind, we start by pointing out a uniform bound. Assumption (3.3.13.3.1)(A)

entails that, for ε > 0 small enough, ‖f ε,zn ‖L2(Tn) ≤ 2 ‖fzn‖L2(Tn) for all n ≥ 0 and z ∈ K.
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Hence, by using Cauchy–Schwarz inequality k times, the following bound stands almost

surely, for all k ≤ n and all (tn−k,xn−k) ∈ Tn−k:

∣∣Jvεk (f ε,zn (tn−k,xn−k, • )
)
− Jvk

(
fzn(tn−k,xn−k, • )

)∣∣ ≤ 3Mk/2 ‖fzn(tn−k,xn−k, • )‖L2(Tk) .

(3.4.12)

We recall that if (aε) and (bε) are sequences in a Hilbert space (H, 〈·, ·〉) such that

aε → a (strongly) and bε ⇀ b (weakly) as ε goes to zero, then 〈aε, bε〉 → 〈a, b〉; we call

this property P(⇀) for further reference.

Starting with k = 1, we know that limε↓0 ‖f ε,zn − fzn‖L2(Tn) = 0, which implies that for

almost every (tn−1,xn−1) ∈ Tn−1,

lim
ε↓0
‖f ε,zn (tn−1,xn−1, • )− fzn(tn−1,xn−1, • )‖L2(T) = 0,

and we also know that vε ⇀ v, almost surely. Property P(⇀) entails that, almost surely

and for almost every (tn−1,xn−1) ∈ Tn−1, the following goes to zero as ε goes to zero:

Jv
ε

1

(
f ε,zn (tn−1,xn−1, • )

)
− Jv1

(
fzn(tn−1,xn−1, • )

)
(3.4.13)

=
〈
f ε,zn (tn−1,xn−1, • ), vε

〉
L2(T)

−
〈
fzn(tn−1,xn−1, • ), v

〉
L2(T)

.

Therefore, dominated convergence, induced by (3.4.123.4.12), yields that C(1) holds.

Now suppose that C(k − 1) holds, for some k ∈ J2, n− 1K. We observe that, for any f ∈

L2(Tk),

Jvk (f) =

∫
T
Jvk−1

(
f(t1, x1, • )

)
v(t1, x1) µ̂(dt1 dx1) = 〈Jvk−1(f), v〉L2(T),

which helps us see the following equality:

Jv
ε

k

(
f ε,zn (tn−k,xn−k, • )

)
− Jvk

(
fzn(tn−k,xn−k, • )

)
=
〈
Jv

ε

k−1

(
f ε,zn (tn−k,xn−k, • )

)
, vε
〉
L2(T)

−
〈
Jvk−1

(
fzn(tn−k,xn−k, • )

)
, v
〉
L2(T)

.

From P(⇀) and the induction hypothesis C(k − 1), the quantity above tends to

zero almost surely and for almost every (tn−k−1,xn−k−1) ∈ Tn−k−1. By domi-

nated convergence (from (3.4.123.4.12)), we deduce that C(k) holds, and therefore the

claim is proved for all k ∈ J1, n − 1K. Combining C(n − 1) with P(⇀) again yields
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that Jε,zn = Jv
ε

n (f ε,zn )− Jvn(fzn) tends to zero almost surely as ε goes to zero.

To conclude this proof we observe that, from (3.4.123.4.12), Jε,zn is dominated in the following

sense

|Jε,zn | ≤ 3Mn/2 ‖fzn‖L2(Tn) =: Jzn,

and that
∑∞

n=1 |Jzn| < ∞, by Assumption 3.3.13.3.1(B). This entails, by dominated conver-

gence, the almost sure convergence:

lim
ε↓0
Sε2 = lim

ε↓0

(
f ε,z0 − fz0 +

∞∑
n=1

Jε,zn

)
=
∞∑
n=1

lim
ε↓0

Jε,zn = 0.

Coming back from Skorohod’s world, we in fact proved that, as ε goes to zero,∑∞
n=0mθ(f

ε,z
n ) converges towardsXv(z) in distribution in the original probability space,

where θ ∈ Θ(n, n). We also showed that Sε1 tends to zero in probability. Put to-

gether, they imply that Sε1 +
∑∞

n=0mθ(f
ε,z
n ) converges towards Xv(z) in distribution,

as claimed.

Lemma 3.4.14 (Compactness). Under Assumption 3.3.13.3.1, the following sets are compact

subsets of C(K) for all M > 0:

ΓM =
{
Xv : v ∈ SM

}
.

Proof. The proofs of relative compactness and closure parallel the proofs of tightness

and convergence of the marginals, only in a deterministic and therefore simpler setting.

Let us fix M > 0 and consider a sequence (Xvn)n∈N ⊂ ΓM . Similar calculations as in

the proof of Lemma 3.4.103.4.10 yield

sup
z∈K, n∈N

∣∣Xvn(z)
∣∣ <∞.

Furthermore, the equicontinuity follows as in the proof of Lemma 3.4.113.4.11:

∣∣Xvn(z)−Xvn(y)
∣∣ ≤ ω( ‖z − y‖ ).

Therefore an application of Arzelá–Ascoli’s theorem yields the relative compactness

of ΓM .

Consider a converging sequence (Xvn)n∈N ⊂ ΓM and denote its limit by X∞.

Since SM is compact with respect to the weak topology, there exists a converging subse-
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quence (vnk)k≥1 of (vn), with limit v ∈ SM . Then using the arguments of convergence

of Sε2 in the proof of Lemma 3.4.133.4.13, one can prove that for all z ∈ K,

lim
k↑∞

∣∣Xvnk (z)−Xv(z)
∣∣ = 0.

Hence, we deduce that X∞ = Xv, which implies X∞ ∈ ΓM . This entails that ΓM is

closed and thus compact.

Proof of Theorem 3.3.33.3.3. Lemmas 3.4.113.4.11 and 3.4.133.4.13 respectively show the tightness

of (Xε,vε)ε>0 in C(K) and the convergence of its finite-dimensional distributions to those

of Xv. Together they yield the weak convergence condition of Assumption 3.4.23.4.2(a).

Lemma 3.4.143.4.14 takes care of the other condition that needs to be satisfied for The-

orem 3.4.43.4.4 to hold. Therefore a direct application of the latter yields the desired

claim.

3.5 Applications

The kernels of a random variable’s chaos expansion are sometimes delicate to compute

explicitly, making Assumption 3.3.13.3.1 difficult to verify, but there exist interesting cases

meeting this requirement. In this section, we exhibit families of processes which are

covered by our framework along with the sufficient conditions for the pathwise LDP to

hold.

We start by displaying in subsection 3.5.13.5.1 a formula to compute the kernels of infinitely

Malliavin differentiable processes. The following two subsections introduce a route

to apply our main result (Theorem 3.3.33.3.3) to multiple Skorohod integrals and linear

Skorohod equations driven by a white noise measure. Large deviations for anticipating

equations were derived by exploiting their flow property in [189189, 192192] and [191191], for

Stratonovich and Skorohod integrals respectively. However we note that these results

are limited to the case of Brownian motion and single integral.

The Wick–Itô integral is a conducive way of defining stochastic integrals driven by a

fractional Brownian motion; we present a way of computing the kernels of such an

integral in subsection 3.5.43.5.4. This also leads to sufficient conditions for an LDP to hold.

Integrating against the fractional Brownian motion is a tricky business: large deviations

were studied recently in the case H > 1
2 [5252], while our approach covers the whole
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range H ∈ (0, 1). Finally, subsection 3.5.53.5.5 introduces a class of processes inspired

from closed martingales in R+ where the continuity criterion (Assumption 3.3.13.3.1(C)) is

simplified.

For clarity of exposition, we will replace (t, x) by t, even where T represents time-space.

3.5.1 Malliavin derivatives

Adopting notations and definitions from [201201, Section 1.2], we denote by D the Malli-

avin derivative operator and by D1,2 its domain of application in L2(Ω). For all n ∈ N,

we also consider the iterated derivatives Dn and their domain of application Dn,2, which

are dense in L2(Ω). If F ∈ D∞,2 :=
⋂
n∈NDn,2, then the kernels of its chaos expansion

are given explicitly by (see for instance [201201, Exercise 1.2.6 ]):

fn =
1

n!
E[DnF ]. (3.5.1)

This yields a verifiable condition for Assumption 3.3.13.3.1 to hold, provided one can com-

pute the L2(Tn)-norm of the kernels. We note that in the white noise case, the Malliavin

derivative DF is a stochastic process denoted {DtF : t ∈ T}, and similarly DnF can be

written {Dn
tnF : tn ∈ Tn}.

Example 3.5.1. Let K and T be as general as possible and consider for all ε > 0 and

z ∈ K the small-noise process

Xε(z) = exp

(
ε

∫
T
hz(t)W (dt)− 1

2
ε2 ‖hz‖2L2(T)

)
,

where hz ∈ L2(T) for all z ∈ K and supz∈K ‖hz‖L2(T) < ∞. Notice that T is not

necessarily equal to K, hence the question of adaptation to a filtration is here meaningless.

Straightforward computations yield E[Xε(z)] = 1 and Dn
tnX

ε(z) = εnXε(z)
∏n
i=1 h

z(ti)

for any tn ∈ Tn. These give us the form of the kernels of the chaos expansion of Xε

by (3.5.13.5.1):

f ε,zn (tn) =
εn

n!

n∏
i=1

hz(ti), for all n ∈ N, ε > 0, z ∈ K, tn ∈ Tn,

which shows that f ε,z0 is independent of ε and hence Assumption 3.3.13.3.1(A) holds. So does
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Assumption 3.3.13.3.1(B) since we have

‖f ε,zn ‖L2(Tn) =
εn

n!
‖hz‖nL2(T) .

From the observation that
∏n
i=1 ai−

∏n
i=1 bi =

∑n
i=1

(
(ai−bi)

∏
j 6=i cj

)
, where cj is either

aj or bj , we can derive

‖f ε,zn − f ε,yn ‖L2(Tn) ≤
εn

n!
n ‖hz − hy‖L2(T) max

{
‖hz‖L2(T) , ‖h

y‖L2(T)

}n−1
.

This entails Assumption 3.3.13.3.1(C) holds as soon as ‖hz − hy‖L2(T) ≤ ω(‖z − y‖) for an

appropriate modulus of continuity ω.

Example 3.5.2. Let K = T = [0, 1] such that we recover the Freidlin-Wentzell setting of

Example 3.3.63.3.6, and consider the small-noise SDE

Xε(t) = x+ ε

∫ t

0
σ(Xε(s)) dWs, for all t ∈ T, ε > 0,

where x ∈ R, σ ∈ C∞(R) has linear growth and W is a standard Brownian motion. We

ignore the drift for simplicity.

Let us consider the following induction hypothesis: for a given n ≥ 0 and for all p ≥ 1,

there exists Cp < ∞ such that supt∈T E
[∣∣Dk

tk
Xε(t)

∣∣p] ≤ Ckp for all k ≤ n. This is

clearly true for n = 0 by a standard argument based on Grönwall and Burkholder-Davis-

Gundy inequalities. Using the chain rule Dσ(X) = DXσ′(X), Hölder’s inequality and σ ∈

C∞(R), one can conclude that a similar uniform bound holds for Dn
tnσ(Xε(t)), with a

possibly different constant than Cp. Then one can show that

Dn+1
tn+1

Xε(t) = ε

∫ t

0
Dn+1

tn+1
σ(Xε(s)) dWs + ε

n+1∑
i=1

Dn
t̂n(i)

σ(Xε(ti))1ti≤t (3.5.2)

where t̂n(i) := (t1, · · · , ti−1, ti+1, · · · , tn+1) for all n ≥ 0. The terms in the sum are clearly

bounded in Lp(Ω) and sinceXε is adapted they are non zero only if ti ≥ tk for all k ≤ n+1.

Then using the chain rule again, Hölder’s inequality and σ ∈ C∞(R) we deduce that there

exists yet another constant Cp such that

E
[∣∣∣ ∫ t

0
Dn+1

tn+1
σ(Xε(s)) dWs

∣∣∣p] ≤ Cnp (1 +

∫ t

0
Dn+1

tn+1
Xε(s) ds

)
Grönwall’s inequality thus entails that the induction hypothesis holds at n + 1, with
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a possibly different constant. Therefore the kernels (f ε,tn ) are well-defined by (3.5.13.5.1).

Clearly f ε,t0 = x, and moreover, for 0 ≤ s ≤ t ≤ 1, some constant C and all n ∈ N,

we have by (3.5.23.5.2)

∥∥E[Dn
tnX

ε(t)
]∥∥2

L2(Tn)
≤ n

n∑
i=1

∫
Tn

E
[∣∣∣Dn−1̂tn−1(i)

σ(Xε(ti))
∣∣∣2] dtn ≤ Cn;

∥∥E[Dn
tn

(
Xε(t)−Xε(s)

)]∥∥2

L2(Tn)
≤ n

n∑
i=1

∫ t

s

∫
Tn−1

E
[∣∣∣Dn−1̂tn−1(i)

σ(Xε(ti))
∣∣∣2] dt̂n(i) dti ≤ Cn(t− s).

These estimate prove that Assumption 3.3.13.3.1 (B) and (C) are satisfied and thus the LDP

from Theorem 3.3.33.3.3 holds in C(K). Of course, this was already known since Freidlin and

Wentzell [105105] with the seemingly different rate function

I(ψ) = inf

{
1

2

∫ 1

0
v2
t dt : v ∈ L2([0, 1]), ψ(t) = x+

∫ t

0
σ(ψ(s))vs ds

}
.

Yet, Lemma 4.1.4 in [8282] certifies that these two rate functions must be equal. While the

representation above depends on an implicit ODE, (3.3.83.3.8) enforces an explicit expansion

for ψ. This provides an alternative viewpoint on families of processes which LDP can be

derived from both approaches.

3.5.2 Skorohod integrals

We introduce the divergence operator δ as the adjoint of the Malliavin derivative D, and

refer to [201201, Section 1.3] for the details. In the white noise case, the domain of δ is a

subset of L2(Ω, L2(T)) and for Y ∈ Dom(δ), δ(Y ) is called the Skorohod integral. If, for

all t ∈ T, Yt has the chaos expansion Yt =
∑∞

n=0 In(f tn), then the following expansion

holds [201201, Proposition 1.3.7]

δ(Y ) =
∞∑
n=1

In
(
f̃n−1

)
,

where f̃n is the symmetrisation of f ·n

f̃n(tn, t) :=
1

n+ 1

(
f tn(tn) +

n∑
i=1

f tin (t1, · · · , ti−1, t, ti+1, · · · , tn)

)
.

The symmetrisation allows us to recover our initial setting from subsection 3.2.23.2.2.

Naturally, we can also consider multiple integrals of the form δk(Y ), for some k ∈ N
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and Y ∈ Dom(δk) ⊂ L2(Ω, L2(Tk)), where we define by iteration δk(Y ) := δ(δk−1(Y )).

We introduce (X(z))z∈K as X(z) := δk(Y z(W )), for some process Y z
tk

(W ) :=∑∞
n=0 In(fz,tkn ) such that Y z(W ) ∈ Dom(δk), for all z ∈ K.

For simplicity, we restrict this example to “small-noise” large deviations, that means

processes that can be written as G(εW ) where G is a measurable map from M(T)

to C(K), as the kernels of their expansion does not depend on ε and they easily meet

Assumption 3.3.13.3.1(A). One could of course study processes of the type Gε(εW ) with

kernels depending on ε.

Let us define the measurable map G : M(T) → C(K) such that X = G(W ), and the

small-noise perturbation given by

Xε(z) := G(εW )(z) = εkIk
(
f̃ ε,z0

)
+

∞∑
n=k+1

εnIn
(
f̃zn−k

)
, (3.5.3)

where f ε,z0 (tk) := E
[
Y z
tk

(εW )
]

and the kernels require k successive symmetrisations.

The kernels of the white noise chaos expansion of Xε are thus explicit functions of the

kernels of Y . Therefore Theorem 3.3.33.3.3 ensures that if f̃ ε,z0 converges to some f̃z0 and

the family (fzn)z∈K,n∈N satisfies Assumption 3.3.13.3.1(B,C) as functions of L2(Tn+k), then a

pathwise LDP for (Xε)ε>0 holds with rate function

Λ(ψ) := inf

{
1

2
‖v‖2L2(T) : v ∈ L2(T), ψ(z) =

∞∑
n=k

Jvn(f̃zn−k)

}

= inf

{
1

2
‖v‖2L2(T) : v ∈ L2(T), ψ(z) = Jvk

( ∞∑
n=0

Jvn(f̃zn)

)}
. (3.5.4)

Let us consider the case where Tk = K, fzn are already symmetric functions of L2(Tn+k)

and fz,tkn satisfy Assumption 3.3.13.3.1(B,C) as functions of L2(Tn). Then for each z ∈ K,

(Y z(εW ))ε>0 satisfies an LDP in C(Tk) with rate function

Λ̂(φz) := inf

{
1

2
‖v‖2L2(T) : v ∈ L2(T), φz(tk) =

∞∑
n=0

Jvn(fz,tkn )

}
.

The display (3.5.43.5.4) leads to the new representation

Λ(ψ) = inf
{

Λ̂(φz) : φz ∈ C(K), ψ(z) = Jvk (φz)
}
,

which is reminiscent of the contraction principle and of [118118, Theorem 2.1] where
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conditions on the integrand yield an LDP for the stochastic integral.

3.5.3 Linear Skorohod equations

We let K = T = [0, 1]d and consider for all ε > 0 the small-noise equation

Xε(t) = xt0 + εδ(atXε), (3.5.5)

where xt0 ∈ R and at : T → R for all t ∈ T. Plugging in the putative chaos expansion

of X, the equation becomes

∞∑
n=0

εnIn(f tn) = xt0 +
∞∑
n=1

εnIn(gtn−1), (3.5.6)

where gtn−1(tn) := at(tn)f tnn−1(tn−1) for all n ∈ N. Ignoring the symmetrisation for

now, we identify the Wiener chaos on both sides and deduce that f t0 = xt0 and f tn(tn) =

gtn−1(tn) for all n ∈ N. Hence by induction we obtain

f tn(tn) = at(tn)atn(tn−1) · · · at2(t1)xt10 , (3.5.7)

which we can symmetrise in the following way:

f̃ tn(tn) =
1

n!

∑
σ

f tn(tσ(1), · · · , tσ(n)), (3.5.8)

with σ running over all permutations of {1, · · · , n}. This allows to recover the chaos

expansion of our framework and give a proper meaning to the solution of (3.5.53.5.5). We

note that the kernels are independent of ε so that we can define the map G as

Xε := G(εW ) = E[G(εW )] +

∞∑
n=1

εnIn(f̃ tn),

Theorem 3.3.33.3.3 yields explicit criteria for the LDP of (Xε)ε>0 to hold with rate func-

tion (3.3.83.3.8).

Example 3.5.3. To illustrate this, let us look at the special case K = T = [0, 1] and at(s) =

at1s≤t for some at ∈ R. Then (3.5.73.5.7) yields f tn(tn) = 1t1≤t2≤···≤tn≤t a
tatn · · · at2xt10 . We
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first notice that for almost all tn ∈ Tn

∣∣∣∑
σ

1tσ(1)≤tσ(2)≤···≤tσ(n)≤t a
tatσ(n) · · · atσ(2)x

tσ(1)

0

∣∣∣2 =
∑
σ

1tσ(1)≤tσ(2)≤···≤tσ(n)≤t

∣∣∣atatσ(n) · · · atσ(2)x
tσ(1)

0

∣∣∣2
because the cross terms vanish whenever t1, · · · , tn are distinct. Hence from the symmetri-

sation (3.5.83.5.8) we can compute explicitly

∥∥∥f̃ tn∥∥∥2

L2(Tn)
=

1

(n!)2

∫
Tn

∣∣∣∑
σ

1tσ(1)≤tσ(2)≤···≤tσ(n)≤t a
tatσ(n) · · · atσ(2)x

tσ(1)

0

∣∣∣2dtn

=

(
at

n!

)2∑
σ

∫ t

0

∫ tσ(n)

0
· · ·
∫ tσ(2)

0

∣∣∣atσ(n) · · · atσ(2)x
tσ(1)

0

∣∣∣2 dtn

=

(
at

n!

)2∑
σ

1

n!

∫
[0,t]n

∣∣∣atσ(n) · · · atσ(2)x
tσ(1)

0

∣∣∣2 dtn

=

(
at

n!

)2

‖a‖2(n−1)
L2[0,t]

‖x0‖2L2[0,t] ,

which yields Assumption 3.3.13.3.1(B) as the kernels are of exponential type (3.3.43.3.4). Analo-

gously we see that

∥∥∥f̃ tn − f̃sn∥∥∥
L2(Tn)

≤
∣∣at − as∣∣ ‖a‖n−1

L2(T) ‖x0‖L2(T)

n!
,

which shows that the continuity criterion depends explicitly on the regularity of the

map t 7→ at. For instance, if the latter is Hölder continuous then Assumption 3.3.13.3.1(C)

is automatically satisfied.

One could generalise (3.5.53.5.5) by considering multiple Skorohod integrals or taking at to

belong to a given Wiener chaos and applying [201201, Proposition 1.1.3].

3.5.4 Fractional integrals in the Wick–Itô sense

Let K = T = [0, 1] and µ̂ be the Lebesgue measure, such that W is a standard

Brownian motion. We will use the Hida space (S) of stochastic test functions and

its dual (S)∗ the Hida space of stochastic distributions; we refer to [3434, Definition

A.1.4] for the definitions. Consider the Hermite functions (ξk)k≥1 [3434, Equation

(A.6)] and the operator M [3434, Equation (4.2)] which, in particular, has the prop-

erty
∫
R M1[0,t](x)M1[0,s](x) dx = RH(t, s), the covariance function of the fractional

Brownian motion. The latter was introduced in Example 3.2.43.2.4 and we denote it by WH .
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The fractional white noise W̃H , not to be confused with the white noise measure, is seen

as the derivative of WH in (S)∗ and is defined in [3434, Equation (4.16)]:

W̃H(t) :=
∞∑
k=1

Mξk(t)I1(ξk).

Let Y : T → L2(Ω) ⊂ (S)∗ have the Wiener chaos expansion Yt =
∑∞

n=0 In(f tn) with

respect to the standard Brownian motion. Then the Wick–Itô integral with respect to

the fractional Brownian motion WH is defined as [3434, Definition 4.2.2]∫
T
Yt dWH

t :=

∫
T
Yt � W̃H(t) dt,

where � denotes the Wick product. We then notice by [3434, Theorem A.3.7] and [201201,

Proposition 1.1.2] that for all f ∈ L2(Tn) and g ∈ L2(T)

In(f)�I1(g) = In(f)I1(g)−
∫
T
g(t)DtIn(f) dt = In+1(f⊗g)+nIn−1(f⊗1g)−

∫
T
g(t)nIn−1

(
f(·, t)

)
dt,

where (f ⊗1 g)(tn−1) :=
∫
T f(tn−1, t)g(t) dt. Therefore we obtain In(f) � I1(g) =

In+1(f ⊗ g). By linearity this yields, if the series are convergent,

∫
T
Ys � W̃H(s) dt =

∫
T

∞∑
k=1
n=0

(
In+1

(
fsn ⊗ ξk

)
Mξk(s)

)
ds =

∞∑
n=1

In(gn), (3.5.9)

where gn :=
∫
T

∑∞
k=1

(
fsn−1 ⊗ ξk

)
Mξk(s) ds. One can symmetrise the kernels as

in (3.5.83.5.8) to recover the white noise chaos expansion.

For all ε > 0, t ∈ T, let us introduce the family of processes Xε(t) = ε
∫
T Y

t
s (εW ) dWH

s ,

where the integral is taken in the Wick–Itô sense and Y t
s (W ) :=

∑∞
n=0 In(fs,tn ). There

exists a measurable map G :M(T)→ R such that G(εW ) := Xε and similarly to (3.5.93.5.9)

we find that

Xε(t) = εI1

(
gε,t1

)
+

∞∑
n=2

εnIn
(
gtn
)
,

where gε,t1 :=
∫
T

∑∞
k=1

(
E[Y t

s (εW )] ⊗ ξk
)
Mξk(s) ds, and gtn :=

∫
T

∑∞
k=1

(
fs,tn−1 ⊗

ξk
)
Mξk(s) ds for all n ≥ 2. After symmetrisation of the kernels, sufficient conditions

for the large deviations of (Xε)ε>0 follow from Theorem 3.3.33.3.3 and can be reduced to

estimates on ‖fs,tn−1 ⊗ ξk‖L2(Tn) and ‖(fs,t1n−1 − f
s,t2
n−1)⊗ ξk‖L2(Tn). These conditions imply

in particular that the series are convergent and that Xε has continuous paths.
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Similarly to the previous section we can consider fractional equations of the type

Xε(t) = xt0 + ε

∫
T
at(s)Xε(s) dWH

s ,

where a is deterministic, and identify the kernels of the chaos expansion as in (3.5.63.5.6).

They satisfy f t0 = xt0 and

f tn(tn) =

∫
T
at(s)fsn−1(tn−1)

∞∑
k=1

ξk(tn)Mξk(s) ds, for all n ∈ N.

Even though the expression is more intricate than in the white noise case (3.5.73.5.7), after

symmetrisation this also yields sufficient conditions for the pathwise LDP of the small-

noise version of X.

3.5.5 Martingales

We come back to the general case for K,T and µ̂ and illustrate the regularity condi-

tion (3.3.33.3.3) through an example where the z-dependence of the kernels is more explicit,

and show the connection with closed martingales. Consider the case where the kernels

have the form f ε,zn = fεn f
z
n, for some functions fεn, f

z
n : Tn → R and for all ε > 0, z ∈ K

and n ≥ 0. Then, for all q > 2, we can write by Hölder’s inequality

‖f ε,zn − f ε,yn ‖L2(Tn) ≤ ‖f
ε
n‖Lq(Tn) ‖f

z
n − fyn‖

L
2q
q−2 (Tn)

,

which allows to split the responsibilities of Assumption 3.3.13.3.1 (B) and (C). Indeed, both

are satisfied if there exist q > 2 and ∆ > 0 such that, for all n large enough, all ε small

enough and all y, z ∈ K,

‖fεn‖Lq(Tn) ≤
∆n

n!
and ‖fzn − fyn‖

L
2q
q−2 (Tn)

≤ ω(‖z − y‖). (3.5.10)

For all A ∈ T , let FA be the σ-field generated by {Ẇ (B) : B ⊂ A, B ∈ T }. Moreover,

assume there exists an L2(Ω)-random variable X̃ε =
∑∞

n=0 ε
nIn(fεn) such that, for all z ∈

K, there exists Az ∈ T such that Xε(z) = E
[
X̃ε|FAz

]
. Then, Lemma 1.2.5 in [201201]

entails that

Xε(z) =
∞∑
n=0

εnIn
(
fεn 1

⊗n
Az

)
.

An LDP for (Xε)ε>0 thus holds if (3.5.103.5.10) is satisfied with fzn = 1
⊗n
Az

.
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Example 3.5.4. Let K = T = [0, 1]d and Az = [0, z] := {y ∈ T : y(i) ≤ z(i) for all i}.

Then, for ‖z − y‖ ≤ 1, we have

‖fzn − fyn‖
L

2q
q−2 (Tn)

=
∥∥∥1⊗nAz − 1⊗nAy ∥∥∥L 2q

q−2 (Tn)
=

(
d∏
i=1

|z(i)− y(i)|

)n q−2
2q

≤ ‖z − y‖n
q−2
2q ≤ ‖z − y‖

q−2
2q .

If d = 1, Xε is a closed martingale and this type of kernel corresponds to the “adapted case”

in [187187].

3.6 Conclusion

This chapter provides a pathwise large deviations principle for Wiener chaos expansions,

and thus establishes an intermediate level of generality between the abstract machinery

of Budhiraja and Dupuis [4545] and specific models such as stochastic equations. We also

show that this approach embraces and sheds new light on the asymptotic behaviour of

Gaussian functionals that can be examined through the chaos expansion lens. Finally,

we believe it opens up room for future research both horizontally—for different types

of driving noise, and vertically—for exploring the scope of applications.
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4
Smile asymptotics

in multi-factor rough volatility models

The results presented in this chapter correspond to a working paper written jointly with

Antoine Jacquier and Aitor Muguruza [159159].

4.1 Introduction

Exposure to the uncertain dynamics of volatility is a desirable feature of most current

trading strategies, and has naturally generated a growing interest in volatility deriva-

tives. From a theoretical viewpoint, an adequate financial model should reproduce the

volatility dynamics accurately and consistently with those of the asset price; any dicrep-

ancy may otherwise lead to an arbitrage opportunity. Despite the extensive academic

literature, options on VIX and S&P 500 index still display different volatility surfaces,

betraying the lack of a proper modelling framework. This issue is well-known as a the

SPX-VIX joint calibration problem and has motivated a number of creative modelling

127



innovations in the past 15 years.

Reconciling both implied volatilities requires additional factors to enrich the variance

curve dynamics, argued Bergomi in [3030, 3131] where he proposed what we now call the

two-factor Bergomi model. In forward variance form and with W 1,W 2 two correlated

Brownian motions, it reads

dξt(T )

ξt(T )
= c1e−κ1(T−t)dW 1

t + c2e−κ2(T−t)dW 2
t , (4.1.1)

where T ≥ t and c1, c2, κ1, κ2 > 0. Gatheral [122122], seduced by the additional factor that

allows to disentangle different aspects of implied volatility and allows humps in the

variance curve, introduced a mean-reverting volatility model, the double CEV model,

where the mean of the variance follows a CEV model itself. Although promising, these

attempts fall short of reproducing jointly the short-time behaviour of the SPX and VIX

implied volatilities. A variety of new models were suggested to tackle this issue, both

with continuous paths [1515, 104104, 132132] and with jumps [1414, 5555, 6868, 170170, 205205, 208208],

incorporating novel ideas and increased complexity such as regime switching volatility

dynamics. We note that model-free bounds and requirements were also obtained in [7878,

141141, 140140, 207207], shedding light on the links between VIX and SPX and the difficulty of

capturing them both simultaneously.

As we have seen in Section 1.21.2, getting rid of the restraining Markovian assumption that

burdens classical stochastic volatility models has permitted the emergence of rough

volatility models, which consistency with stylised facts under both the historical and

pricing measures remains unmatched [88, 1919, 2626, 112112, 123123]. A large portion of the

toolbox developed for Markovian diffusion models is not available any longer hence

asymptotic methods play a prominent role in the literature [136136, 151151, 161161, 162162]. Since

the fit of the spot implied volatility skew is extremely accurate under this class of mod-

els, it seems reasonable to expect good results when calibrating VIX options. Moreover,

the newly established hedging formula of Viens and Zhang [232232] shows that a rough

volatility market is complete if it also contains a proxy of the volatility of the asset; this

acts as an additional motivation for our work.

Still, [158158] demonstrates that the rough Bergomi model is too close to lognormal to

jointly calibrate both markets. Its younger sister, born in [153153] with a stochastic vol-of-

vol component, generates a smile sandwiched between the bid-ask prices when calibrat-

ing VIX, but the joint calibration is not provided. By incorporating a Zumbach effect, the
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quadratic rough Heston model of [124124] achieves good results for the joint calibration at

one given date. Further numerical methods were developed in [3737, 3939, 223223]. However,

the lack of analytical tractability of rough volatility models is holding back the progress

of theoretical results on the VIX, with the notable exception of the LDPs from [101101, 173173]

and the small-time asymptotics of [66].

In the latter, FT -measurable random variables (with volatility derivatives in mind) are

written in the form of exponential martingales thanks to the Clark-Ocone formula, al-

lowing the application of the established asymptotic methods from [88]. An expres-

sion for short-time limit at-the-money (ATM) implied volatility skew is derived, yielding

an analytical criterion that a model should satisfy to reproduce the correct short-time

behaviour. The proposed mixed rough Bergomi model does meet the requirement of

positive skew of the VIX implied volatility, backing its implementation with theoretical

evidence. And indeed, the fits are rather satisfying. This model is built by replacing

the exponential kernels of Bergomi (4.1.14.1.1) (t 7→ e−κt) with fractional kernels of the

type t 7→ tH−
1
2 where H ∈ (0, 1

2), but is limited to a single factor, i.e. W 1 = W 2. As a

result, numerical computations under this model induce a linear smile, or equivalently

a null curvature, which is inconsistent with market observations.

To remedy this, we remind ourselves of the early insights of Bergomi and Gatheral in

favour of multi-factor models, and integrated by [7777, 173173] to rough volatility models.

We therefore extend the results of [66] to the multi-factor case and also compute the

short-time ATM curvature of the implied volatility, deriving a second criterion for a

more accurate model choice. The main results of this chapter, the short-time limits

of the implied volatility level, skew, and curvature are gathered in Section 4.34.3. Our

framework covers a wide range of underlying assets; we apply these asymptotic results

to VIX and stock options in Propositions 4.4.14.4.1 and 4.5.14.5.1 respectively. We further analyse

in details the two-factor rough Bergomi model; under this model, the variance process

reads

vt = v0

[
χE
(
νW 1,H

t

)
+ (1− χ)E

(
η
(
ρW 1,H

t +
√

1− ρ2W 2,H
t

))]
, t ≥ 0,

where χ ∈ [0, 1], W i,H
t :=

∫ t
0 (t − s)H−

1
2 dW i

s , W
1,W 2 are independent Brownian mo-

tions, the Wick exponential is defined as E(X) := exp
(
X − 1

2E[X2]
)
, and ρ ∈ (−1, 1)

encodes the correlation. Unlike in the main introduction, the variance will be denoted

by v in this chapter. Closed-form expressions that depend explicitly on the parameters
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of the model are provided in Proposition 4.4.34.4.3 for the VIX and Corollary 4.5.44.5.4 for the

stock. They give insights on the interplay between the different parameters, and make

the calibration task easier by allowing to fit some stylised facts prior to performing

numerical computations. For instance, different combinations of parameters can yield

positive or negative curvature.

The outline of the chapter is as follows. Section 4.24.2 presents our abstract framework and

assumptions. The main results are displayed in Section 4.34.3; they are applied to the VIX

case in Section 4.44.4 and the stock case in Section 4.54.5. All the proofs are gathered in the

appendices, starting with useful lemmas and then following the order of the sections.

Notations We set an integer N ∈ N. For a vector x ∈ RN , we denote |x| :=
∑N

i=1 xi

and ‖x‖2 :=
∑N

i=1 x
2
i . We fix a finite time horizon T > 0 and denote T := [0, T ]. For

all p ≥ 1, Lp stand for Lp(Ω).

4.2 Framework

We consider a square-integrable process (At)t∈T, adapted to the natural filtra-

tion (Ft)t∈T of an N -dimensional Brownian motion W = (W 1, ...,WN ) defined on a

probability space (Ω,F ,P). We further introduce the true (Ft)t∈T-martingale condi-

tional expectation process

Mt := Et[AT ] := E[AT |Ft], for all t ∈ T.

The set D1,2 will denote the domain of the Malliavin derivative operator D with respect

to the Brownian motion W, while Di indicates the Malliavin derivative operator with

respect to W i. It is well-known that D1,2 is a dense subset of L2(Ω) and that D is a

closed and unbounded operator from L2(Ω) into L2(T × Ω). We will also consider the

iterated derivatives Dn, for n ∈ N, whose domains will be denoted by Dn,2. Analogously

we define the sets of Malliavin differentiable processes Ln,2 := L2(T;Dn,2). We refer

to [201201] for more details on Malliavin calculus. Assuming AT ∈ D1,2, the Clark-Ocone

formula [201201, Theorem 1.3.14] reads, for each t ∈ T,

Mt = E[Mt] + (m •W)t := E[Mt] +

N∑
i=1

∫ t

0
mi
sdW

i
s , (4.2.1)
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where each component of m is mi
s := E

[
Di
sAT |Fs

]
. Since M is a martingale, we may

rewrite (4.2.14.2.1) as

Mt = M0 + (Mφ •W)t, (4.2.2)

where φs := ms/Ms is defined whenever Ms 6= 0 almost surely.

Furthermore, under the condition that φ = (φ1, ..., φN ) belongs to Ln,2, the following

processes are well-defined for all t < T :

Yt :=

∫ T

t
‖φr‖2 dr, ut :=

√
Yt, ut :=

ut√
T − t

; (4.2.3)

Θi
t :=

(∫ T

t
Di
t ‖φr‖

2 dr

)
φit, and |Θ| :=

n∑
i=1

Θi. (4.2.4)

Note that all the processes we introduced depend implicitly on T ; this will be crucial

when we study the short-time limit as T tends to zero.

4.2.1 Level, Skew and Curvature

Since M is a martingale process, we can use it as an underlying to introduce op-

tions. A standard practice is to work with its logarithm M := log(M), so that

MT = logET [AT ] = log(AT ) and M0 = logE[AT ]. Under no-arbitrage arguments,

the price Vt at time t of a European Call option with maturity T and log-strike k ≥ 0 is

equal to

Vt(k) := Et
[(
MT − ek

)+
]

= Et
[(
AT − ek

)+
]
, (4.2.5)

and the at-the-money value is denoted by Vt := Vt(M0) = Et[(AT−Mt)
+]. We adapt the

usual definitions of at-the-money implied volatility Level, Skew and Curvature for the

case where the underlying is a general process (later we will analyse VIX options and

S&P options). Denote by BS(t, x, k, σ) the Black-Scholes price of a European Call option

at time t ∈ T, with maturity T , log-stock x, log-strike k and volatility σ. Its closed-form

expression reads

BS(t, x, k, σ) = exN (d+(k, σ))−ekN (d−(k, σ)), with d± (k, σ) :=
x− k

σ
√
T − t

±σ
2

√
T − t,

where N denotes the cumulative distribution function of the standard Normal distribu-

tion.

Definition 4.2.1. For any k ∈ R, the implied volatility σBS(T, k) is the unique
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non-negative solution to V0(k) = BS
(
0,M0, k, σBS(T, k)

)
, and we will omit the k-

dependence when considering it at-the-money (i.e. k = M0).

Remark 4.2.2. In the first two chapters, the first argument of BS was the time to ma-

turity. In this chapter, it corresponds to the time at which the option is evaluated, with

the maturity T being implicit.

Definition 4.2.3. The at-the-money implied skew S and curvature C at time zero are

defined as

ST := |∂kσBS(T, k)|k=M0
and CT :=

∣∣∂2
kσBS(T, k)

∣∣
k=M0

,

where ∂k and ∂2
k stand for ∂/∂k and ∂2/∂k2 respectively.

4.2.2 Examples of underlyings covered by the framework

The general framework (4.2.24.2.2) encompasses a large class of models, in particular

stochastic volatility models ubiquitous in quantitative finance. Consider the setup

dSt
St

=
√
vt dBt =

√
vt

N∑
i=1

ρi dW i
t ,

for a stock price process (St)t∈T, where v is a stochastic process adapted to (Ft)t∈T,

ρ := (ρ1, · · · , ρN ) ∈ [−1, 1]N and ρ>ρ = 1.

4.2.2.1 Asset price

For N = 2, the model (4.2.24.2.2) corresponds to a one-dimensional stochastic volatility

model by identifying A = M = S, φ1 = ρ1
√
v and φ2 = ρ2

√
v, and v is a stochastic

process generated by W 1. Our analysis here generalises the approach in [88, Equation

(2.1)] to the multi-factor case (in the continuous-path case). We refer to Section 4.54.5 for

the details in the multi-factor setting and the analysis of the implied volatility.
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4.2.2.2 VIX

The VIX process is defined as VIXT =
√

1
∆

∫ T+∆
T ET [vt] dt. The representation (4.2.14.2.1)

yields that the underlying is the VIX future

MVIX
t := Et[VIXT ] = E[VIXT ] + (m •W)t

where

mi
s =

1

2∆
Es
[

1

VIXT

∫ T+∆

T
Di
svr dr

]
.

4.2.2.3 Average process

The average process is defined as AVT = 1
T

∫ T
0 St dt. Using (4.2.14.2.1) we find

MAV
t := Et[AVT ] = E[AVT ] + (m •W)T ,

where mi
s = 1

T

∫ T
s Es[Di

sSr] dr.

4.2.2.4 Multi-factor rough Bergomi model

Rough volatility models can be written as vt = f(WH
t ), where WH is a multidimen-

sional fractional Brownian motion with correlated components and f : RN → R. For

instance in the two-factor rough Bergomi model,

vt = v0

(
χ exp

{
νW 1,H

t − ν2

2
E
[(
W 1,H
t

)2
]}

+ (1− χ) exp

{
ηW 2,H

t − η2

2
E
[(
W 2,H
t

)2
]})

,

with χ ∈ (0, 1), ν, η, v0 > 0. In Example 4.2.2.24.2.2.2 we set A = VIX and hence N = 2, but

in the asset price case we set A = S and therefore N = 3 even though the variance only

depends on two factors.

4.2.3 General assumptions

We introduce the following broad assumptions, key for the whole analysis, and provide

in Section 4.44.4 sufficient conditions to simplify them in the VIX case.
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(H1) A ∈ L4,p.

(H2)
1

Mt
∈ Lp, for all p > 1, and all t ∈ T.

(H3) The term Et
[∫ T

t

|Θs|
u2
s

ds

]
is well-defined for all t ∈ T.

(H4) The term
1√
T
E
[∫ T

0

|Θs|
u2
s

ds

]
tends to zero as T tends to zero.

(H5) There exists p ≥ 1 such that supT∈[0,1] u
p
0 < ∞ almost surely and, for all random

variables Z ∈ Lp and all i ∈ J1, NK, the terms

∫ T

0
E

[
Z

(
Es
[

1

u0

∫ T

0
Di
s ‖φr‖

2 dr

])2
]

ds

are well defined and tend to zero as T tends to zero.

There exists λ ∈ (−1
2 , 0] such that:

(Hλ
6) These expressions converge to zero as T tends to zero

1

T
1
2

+λ
E

[∫ T

0

|Θs|
∫ T
s |Θr|dr
u6
s

ds

]
and

1

T
1
2

+λ
E

[∫ T

0

1

u4
s

N∑
k=1

{
φksD

k
s

(∫ T

s
|Θr|dr

)}
ds

]
.

(Hλ
7) The process KT :=

∫ T
0 |Θs|ds
T

1
2

+λu3
0

is such that E[u2
0KT ] tends to zero and E[KT ] has a

finite limit, as T tends to zero.

There exists γ ∈ (−1, 0] such that:

(Hγ
8) The following expressions converge to zero as T tends to zero

1

T
1
2

+γ
E
[∫ T

0
u−10
s |Θs|

(∫ T

s
|Θr|

(∫ T

r
|Θy| dy

)
dr

)
ds

]
,

1

T
1
2

+γ
E

∫ T

0
u−8
s

N∑
j=1

(
φjsD

j
s

(∫ T

s
|Θr|

(∫ T

r
|Θy|dy

)
dr

)
ds

)
ds

 ,
1

T
1
2

+γ
E

∫ T

0
u−8
s |Θs|

∫ T

s

N∑
j=1

{
φjrD

j
r

(∫ T

r
|Θy| dy

)}
dr ds

 ,
1

T
1
2

+γ
E

∫ T

0
u−6
s

N∑
k=1

φksDk
s

∫ T

s

N∑
j=1

{
φjr Dj

r

(∫ T

r
|Θy|dy

)}
dr

 ds

 .
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(Hγ
9) The processes

H1
T :=

1

T
1
2

+γu7
0

∫ T

0
|Θs|

(∫ T

s
|Θr| dr

)
ds and H2

T :=
1

T
1
2

+γu5
0

∫ T

0

N∑
j=1

{
φjsD

j
s

(∫ T

s
|Θr| dr

)}
ds,

are such that E
[
(u6

0 + u4
0 + u2

0)H1
T + (u4

0 + u2
0)H2

T

]
tend to zero and both E[H1

T ]

and E[H2
T ] have a finite limit, as T tends to zero.

Remark 4.2.4. (H1) requires A to be four times Malliavin differentiable. This is neces-

sary because we apply the Clark-Ocone formula (4.2.14.2.1) and three times the anticipative

Itô’s formula for the proof of the short-time curvature.

Remark 4.2.5. These assumptions can be replaced by direct conditions on φ when only

considering the stock price as underlying martingale price process, as in [77, 88, 99].

4.3 Main results

We gather here our main asymptotic results for the general framework described above.

The proofs are postponed to Appendix 4.6.24.6.2 in an attempt to ease the flow of the chap-

ter. The first theorem states that the small-time limit of the implied volatility is equal to

the limit of the forward volatility. This is a rather well-known result which was proved

for Markovian stochastic volatility models in [99, 2727] and in a one-factor setting in [66].

In order to streamline the call to the assumptions, we shall group them using mixed sub-

script notations, for example (H123) corresponds to (H1)-(H2)-(H3) and we further

write (H
λ
) to mean (H12345)-(Hλ

67) and (H
λγ

) as short for (H12345)-(Hλ
67)-(Hγ

89).

Theorem 4.3.1. If (H12345) hold, then

lim
T↓0

(
σBS(T )− E[u0]

)
= 0.

Note that we did not assume the limit of E[u0] to be finite. The proof, in Ap-

pendix 4.6.2.14.6.2.1, builds on arguments from [99, Proposition 3.1].

We then turn our attention to the ATM skew, defined in 4.2.34.2.3. This short-time asymptotic

is reminiscent of [88, Proposition 6.2] and [66, Theorem 8].
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Theorem 4.3.2. If there exist λ ∈ (−1
2 , 0] such that (H

λ
) are satisfied, then

lim
T↓0

ST
T λ

=
1

2
lim
T↓0

E

[
1

T
1
2

+λ

∫ T
0 |Θs| ds

u3
0

]
. (4.3.1)

Note that (4.3.14.3.1) still holds without (Hλ
7), but in that case both sides are infinite. In

the stochastic volatility setting of Section 4.2.2.14.2.2.1 with vt = f(WH
t ), λ corresponds

to H−1/2 such that (4.3.14.3.1) matches the slope of the observed ATM skew of SPX implied

volatility, displayed in Figure 1.21.2. We prove this theorem in Appendix 4.6.2.24.6.2.2.

We also provide the short-term curvature, proved in Appendix 4.6.2.34.6.2.3.

Theorem 4.3.3. If there exist λ ∈ (−1
2 , 0] and γ ∈ (−1, λ] ensuring (H

λγ
), then

lim
T↓0

CT
T γ

= lim
T↓0

1

T γ

{
ST −

15

2
√
T
E
[

1

u7
0

∫ T

0
|Θr|

(∫ T

r
|Θy| dy

)
dr

]

+
3

2
√
T
E

 1

u5
0

∫ T

0

N∑
j=1

{
φjsD

j
s

(∫ T

s
|Θy| dy

)}
ds

}. (4.3.2)

The limit still holds without (Hγ
9) but in that case the second and third term are infi-

nite. Similarly, (Hλ
7) with λ ≥ γ guarantees that the first term T−γST converges. By

Theorem 4.3.24.3.2,

lim
T↓0

T−γST =



0, if λ > γ,

1

2
lim
T↓0

E

[
1

T
1
2

+λ

∫ T
0 |Θs| ds

u3
0

]
, if λ = γ,

+∞, if λ < γ.

4.4 Asymptotic results in the VIX case

As advertised, our framework includes the case where

AT = VIXT =

√
1

∆

∫ T+∆

T
ET [vr] dr,

for vr ∈ D3,2 for all r ∈ [0, T +∆], and we provide simple sufficient conditions for (H
λγ

)

to be satisfied in this case.
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4.4.1 A generic volatility model

Let us consider the following four conditions which we will gather under the nota-

tion (C). There exists X ∈ Lp for all p > 1 such that for any T > 0:

(C1) For all t ≥ 0, 1
Mt
≤ X almost surely;

(C2) For all i, j, k ∈ J1, NK and t ≤ s ≤ y ≤ T ≤ r, we have, almost surely

• vr ≤ X,

• Di
yvr ≤ X(r − y)H−

1
2 ,

• Dj
sDi

yvr ≤ X(r − s)H−
1
2 (r − y)H−

1
2 ,

• Dk
tD

j
sDi

yvr ≤ X(r − t)H−
1
2 (r − s)H−

1
2 (r − y)H−

1
2 ;

(C3) For all p > 1, E[u−ps ] is uniformly bounded in s and T , with s ≤ T .

(C4) For all i, j, k ∈ J1, NK and r ≥ 0, the mappings y 7→ Di
yvr, s 7→ Dj

sDi
yvr, and t 7→

Dk
tD

j
sDi

yvr are almost surely continuous in a neighbourhood zero.

We compute level, skew, and curvature of the VIX implied volatility in a model which

satisfies the sufficient conditions. Let us define the following limits

Ji :=

∫ ∆

0
E[Di

0vr] dr, Gij :=

∫ ∆

0
E
[
Dj

0Di
0vr
]

dr, for all i, j ∈ J1, NK. (4.4.1)

Proposition 4.4.1. Let (C) hold. For H ∈ (0, 1
6), the following limits hold

lim
T↓0

σBS(T ) =
‖J‖

2∆VIX2
0

,

lim
T↓0
ST =

∑N
i,j=1 JiJj

(
Gij − JiJj

∆VIX2
0

)
2 ‖J‖3

,

lim
T↓0

CT
T 3H− 1

2

=
2∆VIX2

0

3 ‖J‖5
N∑

i,j,k=1

J iJ jJk lim
T↓0

∫ T+∆
T E

[
Dk

0Dj
0Di

0vr

]
dr

T 3H− 1
2

. (4.4.2)

The first two limits still hold for any H ∈ (0, 1
2).

We split the proof in two steps, collected in Appendix 4.6.34.6.3. In the first one, we show

that (C1), (C2), (C3) are sufficient conditions to apply our main theorems because

they imply (H
λγ

) for any λ ∈ (−1/2, 0] and γ ∈ (−1, 3H − 1/2]. Thanks to (C4) we
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can also compute the limits—after a rigorous statement of convergence results—starting

with σBS and the skew with λ = 0. Restricting H to the range (0, 1/6), which is the most

relevant regime for rough volatility models, we can set γ = 3H − 1/2 < λ and compute

the short-time curvature, with only the second term in (Hγ
9) contributing to the limit. A

different choice of H would lead to another γ and therefore different quantities would

appear in the curvature formula. The limit in (4.4.24.4.2) is finite by the last point of (C2).

4.4.2 The two-factor rough Bergomi model

We consider the following two-factor exponential model

vt = v0

[
χE
(
νW 1,H

t

)
+ χE

(
η
(
ρW 1,H

t + ρW 2,H
t

))]
=: v0

(
χE1

t + χE2
t

)
, (4.4.3)

where H ∈ (0, 1
2 ], W i,H

t =
∫ t

0 (t − s)H−
1
2 dW i

s , W
1,W 2 are independent Brownian mo-

tions, the Wick exponential is defined as E(X) := exp
(
X − 1

2E[X2]
)
, for any random

variable X, and χ ∈ [0, 1], χ = 1 − χ, v0, ν, η > 0, ρ ∈ [−1, 1], ρ =
√

1− ρ2. This

model is an extension of the Bergomi model [3131], where we replace the exponential

kernel with a fractional one and an extension of the rough Bergomi model [1919] to the

two-factor case. It combines Bergomi’s insights on the need for several factors with the

benefits of rough volatility.

Proposition 4.4.2. The model (4.4.34.4.3) satisfies conditions (C).

Proof. See Appendix 4.6.4.14.6.4.1.

We can therefore apply Proposition 4.4.14.4.1 to this model and obtain the following closed-

form limits. The proof is postponed to Appendix 4.6.4.24.6.4.2.

Proposition 4.4.3. Let ψ(ρ, ν, η, χ) :=
√

(χν + χηρ)2 + χ2η2ρ2. For H ∈ (0, 1/6), we

have the following limits:

lim
T↓0

σBS(T ) =
∆H− 1

2

2H + 1
ψ(ρ, ν, η, χ),

lim
T↓0
ST =

(H + 1
2)∆H− 1

2

2ψ(ρ, ν, η, χ)3

{
(χν + χηρ)2

χν2 + χη2ρ2

2H
−

(
χν + χηρ

H + 1
2

)2


+ 2(χν + χηρ)χ2η2ρ2

[
ηρ

2H
− ν + ηρ

(H + 1
2)2

]
+ χ3η4ρ4

(
1

2H
− 1

(H + 1
2)2

)}
,
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lim
T↓0

CT
T 3H− 1

2

=
128∆−2H(H + 1

2)2

3ψ(ρ, ν, η, χ)5(1− 6H)

{
(χν + χηρ)3(χν3 + χη3ρ3)

+ 3(χν + χηρ)2χ2η4ρ2ρ2 + 3(χν + χηρ)χ3η5ρ4ρ+ χ4η6ρ6
}
.

The limits depend explicitly on the parameters of the model (H,χ, ν, η, ρ) and can be

used to gain insight on their impact over the quantities of interest.

Remark 4.4.4. In the case ρ = 1 (hence ρ = 0) we have the following simplifications:

lim
T↓0

σBS(T ) =
∆H− 1

2

2H + 1
|χν + χη| , lim

T↓0
T

1
2
−3HCT =

128∆−2H(H + 1
2)2

3− 24H

χν3 + χη3

(χν + χη)2
,

lim
T↓0
ST =

1

2

(H + 1
2)∆H− 1

2

χν + χη

χν2 + χη2

2H
−

(
χν + χη

H + 1
2

)2
 .

The case ρ = −1 follows by replacing η with −η. If we set ρ = 1 (hence ρ = 0) we get

lim
T↓0

σBS(T ) =
∆H− 1

2

2H + 1

√
χ2ν2 + χ2η2, lim

T↓0
T

1
2
−3HCT =

128∆−2H(H + 1
2)2

3− 24H

χ4ν6 + χ4η6

(χ2ν2 + χ2η2)5/2
.

4.5 The stock smile under multi-factor models

We use the setting of Section 4.2.2.14.2.2.1 to apply our results to an asset price of the form

St = S0 +

∫ t

0
Sr
√
vr dBr,

where B is correlated with the other N Brownian motions as B =
∑N

i=1 ρiW
i

with
∑N

i=1 ρ
2
i = 1, ρi ∈ [−1, 1] for all i ∈ J1, NK. The volatility is a function of (N − 1)

Brownian motions, such that the stock price features one additional and independent

source of randomness.

To fit this model into the framework of (4.2.24.2.2) we set A = S and identify φi with ρi
√
v.

We modify slightly the notations to differentiate from the VIX framework; the implied

volatility is denoted σ̂BS(T ) and the skew ŜT . We do not consider the curvature in this

setting, by lack of an explicit formula. The proof of this Proposition and the following

Corollary are postponed to Appendix 4.6.54.6.5.

Proposition 4.5.1. Assume that there exists H ∈ (0, 1
2) and X ∈ Lp for all p ≥ 1 such

that, for all 0 ≤ s ≤ y, j ∈ J1, NK, and p > 1,
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(i) vs ≤ X ;

(ii) Dj
svy ≤ X(y − s)H−

1
2 ;

(iii) sups≤T E[u−ps ] <∞;

(iv) lim supT↓0 E
[
(
√
vT /v0 − 1)2

]
= 0.

Then the short-time limits of the implied volatility and skew are


lim
T↓0

σ̂BS(T ) =
√
v0;

lim
T↓0

ŜT
TH−

1
2

=

N∑
j=1

ρj
2v0

lim
T↓0

∫ T
0

∫ T
s E

[
Dj
svy

]
dy ds

TH+ 1
2

.

Remark 4.5.2. The second limit is finite because of condition (ii).

Remark 4.5.3. The one-dimensional version (N = 2) agrees with [88, Theorem 6.3] up

to the sign because they derive with respect to the spot x and not the log-strike k.

In the two-factor rough Bergomi model (4.4.34.4.3) we can compute the short-time skew

more explicitly. We recall from Example 4.2.2.44.2.2.4 that, for all t ≥ 0, it entails setting

N = 3 and defining
St = S0 +

∫ t

0
Sr
√
vr dBr,

vt = v0

[
χE(νW 1,H

t ) + χE
(
η(ρW 1,H

t + ρW 2,H
t )

)]
,

where W i,H
t =

∫ t
0 (t − s)H−

1
2 dW i

s , for i = 1, 2 and B =
∑3

i=1 ρiW
i, with W 1,W 2,W 3

being independent Brownian motions. Hence W 3 only influences the asset price but not

the variance.

Corollary 4.5.4. In the two-factor rough Bergomi model we have the short-time skew limit

lim
T↓0

T
1
2
−H ŜT =

ρ1χν + ηχ(ρ1ρ+ ρ2ρ)

(2H + 1)(H + 3
2)

. (4.5.1)

4.5.1 Tips for joint calibration in the two-factor rough Bergomi model

Assuming we can observe the short-time limits of the spot ATM implied volatility, it

grants us v0 for free, while the slope of its skew gives us H by (4.5.14.5.1).
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Next, we simplify the expressions from Proposition 4.4.34.4.3 in the case χ = 1
2 . Call I0, S0

and C0 the three limits of Proposition 4.4.34.4.3 and denote H± := H ± 1
2 , α := ηρ, β := ηρ.

Introduce further the normalised parameters

α̃ :=
α

ν
, β̃ :=

β

ν
,

so that, denoting ψ̃(α̃, β̃) :=

√
(1 + α̃)2 + β̃2, we have

I0 =
∆H−

4H+

√
(ν + α)2 + β2 =

ν∆H−

4H+

√
(1 + α̃)2 + β̃2 =: νCI ψ̃(α̃, β̃),

S0 =
H+∆H−

2

(ν + α)2

[
ν2+α2

2H −
(
ν+α
H+

)2
]

+ 2(ν + α)β2
[
α

2H −
ν+α
H+

]
+ α4

[
1

2H −
1
H2

+

]
(
(ν + α)2 + β2

)3/2
=
νH+∆H−

2

(1 + α̃)2

[
1+α̃2

2H −
(

1+α̃
H+

)2
]

+ 2(1 + α̃)β̃2
[
α̃

2H −
1+α̃
H+

]
+ α̃4

[
1

2H −
1
H2

+

]
(
(1 + α̃)2 + β̃2

)3/2
=: νCS

ΦS(α̃, β̃)

ψ̃(α̃, β̃)3
,

C0 =
128∆−2HH2

+

3
(
(ν + α)2 + β2

)5/2
(1− 6H)

{
(ν + α)3(ν3 + α3) + 3(ν + α)2α2β2 + 3(ν + α)αβ4 + β6

}
=

128ν∆−2HH2
+

3
(
(1 + α̃)2 + β̃2

)5/2
(1− 6H)

{
(1 + α̃)3(1 + α̃3) + 3(1 + α̃)2α̃2β̃2 + 3(1 + α̃)α̃β̃4 + β̃6

}
=: νCC

ΦC(α̃, β̃)

ψ̃(α̃, β̃)5
,

where the constants CI , CS , CC only depend on ∆ and H. Provided one can observe

an approximation of these three limits, one can numerically solve for ν, α̃, β̃ in a sys-

tem with three equations. Alternatively, since the three quantities have a factor ν, any

quotient of two of them is a function of only α̃, β̃, which we can plot and match to the

observed number.

Both methods allow us to deduce ν, α̃, β̃ which also entail the values of η and ρ. Finally,

we are left with ρ1 and ρ2 to play with such that the right-hand-side of (4.5.14.5.1) matches

the market observations.
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4.6 Proofs

4.6.1 Useful results

We start by adapting to the multivariate case a well-known decomposition formula and

then prove a lemma which will be used extensively in the rest of the proofs. Both proofs

build on the multidimensional anticipative Itô formula [201201, Theorem 3.2.4].

Proposition 4.6.1 (Price decomposition). Under (H123), the following decomposition

formula holds, for all t ∈ T, for the at-the-money price (4.2.54.2.5), with ut defined in (4.2.34.2.3)

and G := (∂2
x − ∂x)BS,

Vt = Et [BS(t,Mt,M0, ut)] +
1

2
Et
[∫ T

t
∂xG(s,Ms,M0, us)|Θs| ds

]
.

Proof. Note that VT = BS(T,MT ,M0, uT ), hence Vt = Et [BS(T,MT ,M0, uT )] by no-

arbitrage arguments. Define B̂S(t, x, k, θ2(T − t)) := BS(t, x, k, θ) and write for simplic-

ity B̂St := B̂S (t,Mt,M0, Yt) = BS (t,Mt,M0, ut), where we recall that Yt = u2
t (T − t).

Thanks to (H1) and (H2), we then apply a multidimensional anticipative Itô’s for-

mula [201201, Theorem 3.2.4] with respect to (t,M, Y ):

BS(T,MT ,M0, uT ) = B̂ST = B̂St +

∫ T

t
∂sB̂Ss ds+

∫ T

t
∂xB̂Ss

(
d(φ •W)s −

1

2
‖φs‖2 ds

)
−
∫ T

t
∂yB̂Ss ‖φs‖2 ds+

1

2

∫ T

t
∂2
xB̂Ss ‖φs‖2 ds+

∫ T

t
∂xyB̂Ss|Θs|ds.

with Θ in (4.2.34.2.3). Derivatives of the Black-Scholes price (omitting the argument for

simplicity) yield

∂sB̂Ss = ∂sBSs +
us∂uBS

2(T − s)
, ∂yB̂Ss =

∂uBS

2us(T − s)
, and G =

∂uBS

us(T − s)
.

Putting everything together, using the Gamma-Vega-Delta relation

∂σBS(t, x, k, σ)

σ(T − t)
= (∂2

x − ∂x)BS(t, x, k, σ), (4.6.1)

and applying the conditional expectation, one obtains

Vt = Et [BS(t,Mt,M0, ut)]+Et
[∫ T

t
LBS(s, us) ds

]
+Et

[∫ T

t

∂xuBS(s,Ms,M0, us)

2us(T − s)
|Θs|ds

]
,

(4.6.2)
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where LBS(s, us) :=
[
u2
s

2

(
∂2
x − ∂x

)
+ ∂s

]
BS(s,Ms,M0, us) is the Black-Scholes operator

applied to the Black-Scholes function. Since LBS(s, us) = 0 by construction and

∂xG(s, x, k, σ) =
exN ′(d+(k, σ))

σ
√
T − s

(
1− d+(k, σ)

σ
√
T − s

)
,

the last term in (4.6.24.6.2) is well defined by (H3), and the proposition follows.

Lemma 4.6.2. For all t ∈ T, let Jt :=
∫ T
t as ds, for some adapted process a ∈ L1,2, and

L :=
∑n

i=1 ci∂
i
x be a linear combination of partial derivatives, with weights ci ∈ R. Then,

writing for clarity BSt := BS(t,Mt,M0, ut), we have

E
[∫ T

0
LBSsas ds

]
= E

[
LBS0J0 +

∫ T

0

(
∂3
x − ∂2

x

)
LBSs|Θs|Js ds+

∫ T

0
∂xLBSs

N∑
k=1

(
φksD

k
sJs

)
ds

]
.

(4.6.3)

Remark 4.6.3. We will use this lemma freely in the proofs with the justification that

the condition a ∈ L1,2 will always be satisfied thanks to (H1).

Proof. As in the proof of Proposition 4.6.14.6.1, we define B̂S(t, x, k, θ2(T − t)) :=

BS(t, x, k, θ) and write for simplicity B̂St := B̂S (t,Mt,M0, Yt) = BS (t,Mt,M0, ut).

Let us define P̂(t, x, k, y, j) := LB̂S(t, x, k, u)j, and denote P̂ (t,Ms,M0, us, Js) by P̂t for

simplicity. We then apply the multidimensional anticipative Itô’s formula [201201, Theorem

3.2.4] with respect to (t,M, Y, J):

P̂T = P̂0 +

∫ T

0
∂sP̂s ds+

∫ T

0
∂xP̂s

(
d(φ •W)s −

1

2
‖φs‖2 ds

)
−
∫ T

t
∂yP̂s ‖φs‖2 ds

+
1

2

∫ T

t
∂2
xP̂s ‖φs‖2 ds+

∫ T

t
∂xyP̂s|Θs|ds+

∫ T

0
∂jP̂s dJs +

∫ T

0
∂xjP̂s

N∑
k=1

(
φksD

k
sJs

)
ds.

One first notices that P̂0 = LB̂S0J0 and P̂T = 0. Moreover we observe

that
∫ T

0 ∂jP̂s dJs = −
∫ T

0 LB̂Ssas ds, which corresponds to the left-hand-side of (4.6.34.6.3),

and ∫ T

0
∂xjP̂s

N∑
k=1

(
φksD

k
sJs

)
ds =

∫ T

0
∂xLB̂Ss

N∑
k=1

(
φks Dk

sJs

)
ds.

Since L is a linear operator the partial derivatives in s, x and u cancel as in the proof of
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Proposition 4.6.14.6.1. That means we are left with

∫ T

0
LB̂Ssas ds =LB̂S0J0 +

∫ T

0

(
∂3
x − ∂2

x

)
LB̂Ss|Θs|Js ds+

∫ T

0
∂xP̂sd(φ •W)s

+

∫ T

0
∂xLB̂Ss

N∑
k=1

(
φks Dk

sJs

)
ds.

Since ∂nxBS(s, x, u) = ∂nx B̂S(s, x, u2(T − s)) for any n ∈ N, summing everything and

taking expectations yields the claim.

We also adapt and clarify [88, Lemma 4.1] to our purposes, yielding a convenient bound

for the partial derivatives of G.

Proposition 4.6.4. Let us fix t ∈ T (we will omit this argument for clarity), and write σ

instead of σ
√
T − t. For any n ∈ N and p ∈ R, there exists a strictly positive constant Cn,p

independent of x and σ such that, for all σ > 0 and x ∈ R \
{

0, σ
2

2

}
,

∂nxG(x, k, σ) ≤ Cn,p ek

σp+1
. (4.6.4)

If x = 0, then for any n ∈ N the bound (4.6.44.6.4) holds with p = n.

If x = σ2

2 , there exists a strictly positive constant Cn independent of σ such that

∂nxG

(
σ2

2
, k, σ

)
=


Cn ek

σn+1
, if n is even,

0, if n is odd.

Furthermore, taking derivatives with respect to k instead of x does not alter the form of the

right-hand-side bounds.

One could simplify and extend the statement as follows.

Corollary 4.6.5. For any n ∈ N, there exists a non-negative Cn,k independent of x and σ

such that, for all σ > 0 and x ∈ R,

|∂nxG(x, k, σ)| ≤
Cn,k
σn+1

; |∂k∂nxG(x, k, σ)| ≤
Cn,k
σn+2

;
∣∣∂2
k∂

n
xG(x, k, σ)

∣∣ ≤ Cn,k
σn+3

.

Proof of Proposition 4.6.44.6.4. We start by proving the proposition with k = 0 (omitting this
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argument in G). We start from the expression for the function G.

G(x, σ) := (∂xx − ∂x)BS(x, σ) =
1

σ
√

2π
exp

{
x− 1

2
d+(x, σ)2

}
,

where d+(x, σ) := x
σ + σ

2 . Direct computation (proof by recursion) yields, for any n ∈ N,

∂nxG(x, σ) = exp

{
−(σ2 − 2x)2

8σ2

} n∑
j=0

αj
Pj(x)

σ2j+1
, (4.6.5)

where, for each j, Pj is a polynomial of degree j independent of σ.

In the case x = σ2/2, we see that d+(x, σ)|
x=σ2

2

= ∂xd+(x, σ)|
x=σ2

2

= 0,

and ∂2
xd+(x, σ)|

x=σ2

2

= −σ−2, hence the induction simplifies to

∂nxG(x, σ)|
x=σ2

2

=


Cn
σn+1

, if n is even,

0, if n is odd,

for some constant Cn > 0 independent of σ, proving the third statement in the proposi-

tion.

Similarly, if x = 0, simplifications occur which yield for any n ∈ N,

∂nxG(x, σ)|x=0 = exp

{
−σ

2

8

} n∑
j=0

αj
σj+1

=
1

σn+1
exp

{
−σ

2

8

} n∑
j=0

αjσ
n−j ,

and the second statement in the proposition follows.

Finally, in the general case x ∈ R \
{

0, σ
2

2

}
, we can rewrite (4.6.54.6.5) for any p ∈ R as

∂nxG(x, σ) =
1

σp+1
exp

{
−(σ2 − 2x)2

8σ2

} n∑
j=0

αkPj(x)σp−2j

=:
1

σp+1
exp

{
−(σ2 − 2x)2

8σ2

}
Hn,p(x, σ).

For each n ∈ N, p ∈ N, Hn,p is a two-dimensional function only consisting of powers of

σ2 and x2/σ2. Since the exponential factor contains these very same terms, there exists

then a strictly positive constant Cn,p, independent of x and σ, such that

exp

{
−(σ2 − 2x)2

8σ2

}
Hn,p(x, σ) ≤ Cn,p,
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proving the proposition in the case k = 0.

The case k ∈ R follows directly by noticing that G(x, k, σ) = G(x − k, 0, σ)ek. Finally,

since ∂kd+ = −∂xd+ and ∂2
kd+ = −∂2

xd+, the same simplifications occur when taking a

partial derivative with respect to k instead of x.

4.6.2 Proofs of the main results

4.6.2.1 Proof of Theorem 4.3.14.3.1: Level

To prove this result, we draw insights from the proofs of [66, Theorem 8] and [99, Propo-

sition 3.1].

By definition

σBS(T ) = BS←(0,M0,M0, V0) =:
←−
BS(V0),

and we write B̃S(x) := BS(0, x, x, u0). Using Proposition 4.6.14.6.1 at time 0 we see that

V0 = ΓT where

Γt := E
[
B̃S(M0) +

1

2

∫ t

0
∂xG(s,Ms,M0, us)|Θs| ds

]
, for t ∈ T,

which is a deterministic path. The fundamental theorem of integration reads

σBS(T ) =
←−
BS(ΓT ) =

←−
BS(Γ0) +

∫ T

0
∂t
←−
BS(Γt) dt =

←−
BS(Γ0) +

∫ T

0

←−
BS′(Γt)∂tΓt dt

=
←−
BS(Γ0) +

1

2

∫ T

0

←−
BS′(Γt)E

[
|Θt|∂xGt

]
dt,

where we note Gt := G(t,Mt,M0, ut) for clarity. We can deal with the integral by

computing
←−
BS′ and ∂xG explicitly

←−
BS′(Γt) =

(
eM0N ′

(
d+

(
M0,
←−
BS(Γt)

))√
T
)−1

,

∂xG(s, x, k, σ) =
exN ′

(
d+(k, σ)

)
σ
√
T − s

(
1− d+(k, σ)

σ
√
T − s

)
.

Since Γ : R+ → R and
←−
BS : R→ R are continuous, the following is uniformly bounded

for all T ≤ 1

N ′
(
d+(M0, u0)

)
N ′
(
d+

(
M0,
←−
BS(Γs)

)) = exp

(
1

8

(
(T − s)

←−
BS(Γs)

2 − u2
0

))
.
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Therefore, we obtain by (H4)

lim
T↓0

E
[∫ T

0

←−
BS′(Γt)|Θt|∂xGt dt

]
= lim

T↓0
E

∫ T

0

N ′ (d+ (,M0, ut))

N ′
(
d+

(
,M0,

←−
BS(Γt)

)) |Θt|
2u2

t

√
T

dt

 = 0.

Since Γ0 = E
[
B̃S(M0)

]
and u0 =

←−
BS
(

B̃S(M0)
)

, we have

←−
BS(Γ0) =

←−
BS
(
E
[
B̃S(M0)

])
−E[u0−u0] = E

[←−
BS
(
E
[
B̃S(M0)

] )
−
←−
BS
(

B̃S(M0)
)]

+E[u0].

(4.6.6)

By Clark-Ocone’s formula we get B̃S(M0) = E
[
B̃S(M0)

]
+

N∑
i=1

∫ T

0
Es
[
Di
sB̃S(M0)

]
dW i

s .

By the Gamma-Vega-Delta relation (4.6.14.6.1) we have

∂σBS(0, x, x, σ) = exp

(
x− σ2

8
T

)√
T

2π
, (4.6.7)

which yields in turn

U is := Es
[
Di
sB̃S(M0)

]
= Es

[
∂σB̃S(M0)

2u0

√
T

∫ T

0
Di
s ‖φr‖

2 dr

]

= Es

[
eM0−u2

0/8

2
√

2πu0

∫ T

0
Di
s ‖φr‖

2 dr

]
. (4.6.8)

Define Λr := Er
[
B̃S(M0)

]
so that the difference we are interested in from (4.6.64.6.6) reads,

after applying the standard Itô’s formula,

←−
BS(Γ0)−E[u0] = E

[←−
BS(Λ0)−

←−
BS(ΛT )

]
=

N∑
i=1

E
[
−
∫ T

0

←−
BS′(Λs)U

i
sdW

i
s −

1

2

∫ T

0

←−
BS′′(Λs)(U

i
s)

2 ds

]
.

(4.6.9)

The stochastic integral above has zero expectation by the same argument as [99, Propo-

sition 3.1]. Moreover, (H5) states that u0 is dominated almost surely by Z ∈ Lp, and

therefore so are Λ and

←−
BS′′(Λs) =

←−
BS(Λs)

4e2xN ′
(
d+

(
x,
←−
BS(Λs)

))2 ,

by continuity. Plugging in the expression of U i from (4.6.84.6.8), we apply (H5) to conclude

that the second integral of (4.6.94.6.9) tends to zero.
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4.6.2.2 Proof of Theorem 4.3.24.3.2: Skew

This proof follows similar arguments as [88, Proposition 5.1]. We recall that V0(k) =

BS
(
0,M0, k, σBS(T, k)

)
. On the one hand, by the chain rule we have

∂kV0(k) = ∂kBS
(
0,M0, k, σBS(T, k)

)
+ ∂σBS

(
0,M0, k, σBS(T, k)

)
∂kσBS(T, k). (4.6.10)

On the other hand, the decomposition obtained in Proposition 4.6.14.6.1 yields

∂kV0(k) = E
[
∂kBS(0,MT , k, u0)

]
+ E

[∫ T

0

1

2
∂xkG(s,Ms,M0, us)|Θs| ds

]
, (4.6.11)

where ∂xk stands for ∂x∂k. Equating (4.6.104.6.10) and (4.6.114.6.11) gives

∂kσBS(T, k) =
E [∂kBS(0,MT , k, u0)]− ∂kBS(0,M0, k, σBS(T, k))

∂σBS(0,M0, k, σBS(T, k))

+
E
[∫ T

0
1
2∂xkG(s,Ms,M0, us)|Θs| ds

]
∂σBS(0,M0, k, σBS(T, k))

, (4.6.12)

which in particular also holds for k = M0. Performing simple algebraic manipulations

and using the derivatives of the Black-Scholes function ATM as in [88, Proposition 5.1]

we obtain that the difference (remember we drop the k-dependence in σBS(T ) when

ATM)

E
[
∂kBS(0,M0,M0, u0)

]
−∂kBS(0,M0,M0, σBS(T )) =

1

2
E
[∫ T

0

1

2
∂xG(s,Ms,M0, us)|Θs| ds

]
,

which in turn using (4.6.124.6.12) yields

∂kσBS(T ) =
E
[∫ T

0 L(s,Ms,M0, us)|Θs|ds
]

∂σBS
(

0,M0,M0, σBS(T )
) , (4.6.13)

where L := (1
2 + ∂k)

1
2∂xG. We denote Ls = L(s,Ms,M0, us) for simplicity and apply

Lemma 4.6.24.6.2 to Ls
∫ T
s |Θr| dr, which yields

E
[∫ T

0
Ls|Θs| ds

]
= E

[
L0

∫ T

0
|Θs|ds

]
+ E

[∫ T

0
(∂3
x − ∂2

x)Ls|Θs|
(∫ T

s
|Θr|dr

)
ds

]

+ E

∫ T

0
∂xLs

N∑
j=1

{
φjs Dj

s

(∫ T

s
|Θr| dr

)}
ds

 =: R1 +R2 +R3.
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We combine (4.6.74.6.7) with the bound ∂k∂
n
xG(t, x, k, σ) ≤ C

(
σ
√
T − t

)−n−2 derived in

Corollary 4.6.54.6.5 to obtain

R2

T λ∂σBS(0,M0,M0, σBS(T ))
≤ C

T
1
2

+λ
E
∫ T

0
u−6
s |Θs|

(∫ T

s
|Θr|dr

)
ds,

R3

T λ∂σBS(0,M0,M0, σBS(T ))
≤ C

T
1
2

+λ
E
∫ T

0
u−4
s

N∑
j=1

{
φjsD

j
s

(∫ T

s
|Θr|dr

)}
ds,

and both converge to zero by (Hλ
6). We are left with R1. From Appendix 4.6.64.6.6, we have

L(0, x, x, u) =
exp(x− u2

8 T )

u
√

2πT

(
1

4
+

1

2u2T

)
,

and therefore by (4.6.74.6.7)

L0

T λ∂σBS(0,M0,M0, σBS(T ))
= T−λ

(
1

4
+

1

2u2
0T

)
1

u0T
exp

{
−T

8

(
u2

0 − σBS(T )2
)}

.

This yields

R1

T λ∂σBS(0,M0,M0, σBS(T ))
= E

[(
u2

0

2
+ 1

)
exp

{
−T

8

(
u2

0 − σBS(T )2
)}

KT

]
,

where KT :=

∫ T
0 |Θs|ds
2T

1
2

+λu3
0

. Furthermore,

sup
ω∈Ω

∣∣∣∣exp

{
−T

8

(
u2

0 − σBS(T )2
)}
− 1

∣∣∣∣ = sup
ω∈Ω

∣∣∣∣exp

{
1

8

(
TσBS(T )2 − u2

0

)}
− 1

∣∣∣∣
not only is finite but converges to zero as T goes to zero. Hence,

lim
T↓0

E
[(

u2
0

2
+ 1

)
exp

{
−T

8

(
u2

0 − σBS(T )2
)}

KT

]
= lim

T↓0
E
[(

u2
0

2
+ 1

)
KT

]
.

We can finally conclude by (Hλ
7) that

lim
T↓0

R1

T λ∂σBS(0,M0,M0, σBS(T ))
= lim

T↓0
E[KT ],

which has a finite limit.
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4.6.2.3 Proof of Theorem 4.3.34.3.3: Curvature

Step 1. Let us start by simply taking a second derivative with respect to k. We

write BS(M0, σBS(T, k)) as short for BS(0,M0,M0, σBS(T, k)).

∂k

(
∂σBS

(
M0, σBS(T, k)

)
∂kσBS(T, k)

)
= ∂σBS

(
M0, σBS(T, k)

)
∂2
kσBS(T, k)

+
[
∂kσBS

(
M0, σBS(T, k)

)
+ ∂2

σBS
(
M0, σBS(T, k)

)
∂kσBS(T, k)

]
∂kσBS(T, k).

Taking the derivative with respect to k in (4.6.134.6.13) and equating with the above formula

yields

∂2
kσBS(T, k)∂σBS(M0, σBS(T )) =− ∂2

σBS
(
M0, σBS(T, k)

)
∂kσBS(T, k)2

− ∂kσBS
(
M0, σBS(T, k)

)
∂kσBS(T, k)

+ E
[∫ T

0
∂kL(s,Ms,M0, us)|Θs| ds

]
= : T1 + T2 + T3.

A similar expression is presented in [77] and we notice that T1 and T2 in the expression

above are, after multiplying them by T−λ, identical to those from [77, Equation (25)]

and can therefore be dealt with in the same way. Step 1 shows that T−λT1 tends to zero

as T ↓ 0 and step 2 yields T2 = −1
2∂kσBS(T, k).

Step 2. We recall that L = 1
2

(
1
2 + ∂k

)
∂xG. We will need to use the anticipating Itô’s

formula (Lemma 4.6.24.6.2) twice on T3. Indeed, even though the bound on ∂nxG worsens

as n increases, it is more than compensated by the additional integrations. The terms

with the more integrals, i.e. the more regularity, will tend to zero as T geos to zero by

(Hγ
8) and we will compute the others in closed-form.

For clarity we write Ls = L(s,Ms,M0, us) for all s ≥ 0. By a first application of

Lemma 4.6.24.6.2 on ∂kLs
∫ T
s |Θs|ds we get

T3 =E
[
∂kL0

∫ T

0
|Θs|ds

]
+ E

[∫ T

0
(∂3
x − ∂2

x)∂kLs|Θs|
(∫ T

s
|Θr| dr

)
ds

]

+ E

∫ T

0
∂xkLs

N∑
j=1

{
φjs Dj

s

(∫ T

s
|Θr|dr

)}
ds

 =: S1 + S2 + S3.
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To deal with S2, we apply Lemma 4.6.24.6.2 again on

(∂3
x − ∂2

x)∂kLs

∫ T

s
|Θr|

(∫ T

r
|Θy|dy

)
dr =: HsZs,

and this yields

S2 = E

H0Z0 +

∫ T

0
(∂3
x − ∂2

x)Hs|Θs|Zs ds+

∫ T

0
∂xHs

N∑
j=1

(
φjsD

j
sZs
)

ds

 =: Sa2 +Sb2+Sc2.

We will deal with those three terms in the last step. Regarding S3, similarly, we apply

Lemma 4.6.24.6.2 once more to

∂xkLs

∫ T

s

N∑
j=1

{
φjr Dj

r

(∫ T

r
|Θy| dy

)}
dr =: H̃sZ̃s,

and similarly we obtain

S3 = E

H̃0Z̃0 +

∫ T

0
(∂3
x − ∂2

x)H̃s|Θs|Z̃s ds+

∫ T

0
∂xH̃s

N∑
j=1

(
φjsD

j
sZ̃s

)
ds

 =: Sa3 +Sb3+Sc3.

Step 3. We now evaluate the derivative at k = M0 and therefore drop the k dependence.

To summarise we have

∂2
kσBS(T ) =

T1 + T2 + S1 + Sa2 + Sb2 + Sc2 + Sa3 + Sb3 + Sc3
∂σBS

(
0,M0,M0, σBS(T )

) ,

where

S1 = E
[
∂kL0

∫ T

0
|Θs|ds

]
, Sa2 = EH0

∫ T

0
|Θr|

(∫ T

r
|Θy|dy

)
dr

Sa3 = EH̃0

∫ T

0

N∑
j=1

{
φjr Dj

r

(∫ T

r
|Θy| dy

)}
dr

Sb2 = E
∫ T

0
(∂3
x − ∂2

x)Hs|Θs|
(∫ T

s
|Θr|

(∫ T

r
|Θy|dy

)
dr

)
ds

Sc2 = E
∫ T

0
∂xHs

N∑
j=1

(
φjsD

j
s

(∫ T

s
|Θr|

(∫ T

r
|Θy|dy

)
dr

)
ds

)
ds
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Sb3 = E
∫ T

0
(∂3
x − ∂2

x)H̃s|Θs|
∫ T

s

N∑
j=1

{
φjr Dj

r

(∫ T

r
|Θy| dy

)}
dr ds

Sc3 = E
∫ T

0
∂xH̃s

N∑
k=1

φksDk
s

∫ T

s

N∑
j=1

{
φjr Dj

r

(∫ T

r
|Θy|dy

)}
dr

 ds.

We recall once again the bound ∂nxG(t, x, k, σ) ≤ C
(
σ
√
T − t

)−n−1 as T goes to zero. We

observe thatH and H̃ consist of derivatives ofG up to the 6th and 4th order respectively,

therefore Sb2, S
c
2, S

b
3, S

c
3 tend to zero by (Hγ

8). In order to deal with S1, Sa2 and Sa3 , we use

the explicit partial derivatives from Appendix 4.6.64.6.6 and (4.6.74.6.7) and, as in the proof of

Theorem 4.3.24.3.2, (Hγ
9) entails that only the higher derivatives of u0 remain in the limit.

lim
T↓0

S1

T λ∂σBS
(
0,M0,M0, σBS(T )

) = lim
T↓0

1

T λ

E
[
∂kL0

∫ T
0 |Θs| ds

]
∂σBS

(
0,M0,M0, σBS(T )

)
= lim

T↓0

1

T λ
E
[

1

u0T

(
1

8
+

1

2u2
0T

)∫ T

0
|Θs| ds

]

= lim
T↓0

E

[
1

2u3
0 T

1
2

+λ

∫ T

0
|Θs|ds

]
= lim

T↓0

ST
T λ

.

lim
T↓0

Sa2
T λ∂σBS

(
(0,M0,M0, σBS(T )

)
)

= lim
T↓0

1

T λ
E
[

Z0

u0

√
T

(
− 15

2u6
0

− 3

2u4
0

− 5

32u2
0

− 1

64

)]

= lim
T↓0

E

[
−15

2u7
0T

1
2

+λ

∫ T

0
|Θr|

(∫ T

r
|Θy| dy

)
dr

]
.

lim
T↓0

Sa3
T λ∂σBS

(
0,M0,M0, σBS(T )

) = lim
T↓0

1

T λ
E

[
Z̃0

u0

√
T

(
3

2u4
0

+
3

8u2
0

+
1

16

)]

= lim
T↓0

3

2
E

 1

u5
0T

1
2

+λ

∫ T

0

N∑
j=1

{
φjr Dj

r

(∫ T

r
|Θy| dy

)}
dr

 .
Hence to conclude we have

lim
T↓0

CT
T λ

= lim
T↓0

T2 + S1 + Sa2 + Sa3
T λ∂σBS(M0, σBS(T ))

,

and this yields the claim.
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4.6.3 Proof of Proposition 4.4.14.4.1: VIX asymptotics

In this section, we will repeatedly interchange Malliavin derivative and conditional ex-

pectation, for which a justification can be found in [201201, Proposition 1.2.8].

Proposition 4.6.6. In the case where A = VIX, the conditions in (C) imply assumptions

(H
λγ

) for any λ ∈ (−1/2, 0] and γ ∈ (−1, 3H − 1/2].

Proof. We will use a . b when there exists X ∈ Lp such that a ≤ Xb almost surely,

and a ≈ b if a . b and b . a. (H1) is granted by the first point of (C2) and (H2)

corresponds to (C1). Since 1/M is dominated, then so is 1/VIX. We then have, for i =

1, 2 and by Cauchy-Schwarz:

mi
y = Ey

[∫ T+∆
T Di

yvr dr

2∆VIXT

]
.
∫ T+∆

T
(r − y)H−

1
2 dr =

(T + ∆− y)H+ 1
2 − (T − y)H+ 1

2

H + 1
2

.

If H < 1
2 then the incremental function x 7→ (x + ∆)H+ 1

2 − xH+ 1
2 is decreasing by

concavity. For j = 1, 2 and t ≤ s, this implies by domination of 1/M that φi ≈ mi is also

dominated and

Dj
sφ
i
y =

Dj
smi

y

My
−
mi
yD

j
sMy

M2
y

(4.6.14)

.
∫ T+∆

T
(r − y)H−

1
2 (r − s)H−

1
2 dr +

∫ T+∆

T
(r − y)H−

1
2 dr

∫ T+∆

T
(r − s)H−

1
2 dr

≤ ∆2H

2H
+

∆H+1

(H + 1
2)2

.

Combining these two estimates we obtain

Θj
s = 2φjs

∫ T

s

(
N∑
i=1

φiyD
j
sφ
i
y

)
dy . T − s.

It is clear by now that indices and sums do not influence the estimates, hence we infor-

mally drop them for more clarity and continue with the higher derivatives:

DtΘs = Dtφs

∫ T

s
φrDsφr dr + φs

∫ T

s
DtφrDsφr dr + φs

∫ T

s
φrDtDsφr dr,

where the first and second terms behave like (T−s). For t ≤ s ≤ y ≤ T , we deduce from

(4.6.144.6.14) that DtDsφy consists of the sum of five terms; four of them behave like (T −s),
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and only one features three derivatives, it is

DtDsmy .
∫ T+∆

T
(r − s)H−

1
2 (r − t)H−

1
2 (r − y)H−

1
2 dr ≤

∫ T+∆

T
(r − y)3H−3/2 dy

≈ (T + ∆− y)3H− 1
2 − (T − y)3H− 1

2 .

If H ≥ 1/6 we have by concavity DtΘs . (T − s). Otherwise, if H ≤ 1/6 the following

holds

DtΘs . (T − s) +
[
(T + ∆− s)3H+ 1

2 −∆3H+ 1
2

]
+ (T − s)3H+ 1

2 ≤ (T − s) + 2(T − s)3H+ 1
2 .

When looking at the second derivative of Θ, the first and second terms behave as (T−s)

and DtΘs . (T − s) + (T − s)(3H+ 1
2

)∧1 respectively, hence we focus on the inte-

gral
∫ T
s DwDtDsφy dy, where the new term is

DwDtDsmy ≈
∫ T+∆

T
(r−w)H−

1
2 (r−s)H−

1
2 (r−t)H−

1
2 (r−y)H−

1
2 dr . (T+∆−y)4H−1−(T−y)4H−1.

If H ≥ 1/4 we have by concavity DtΘs . (T − s). Otherwise, if H ≤ 1/4 the following

holds

DwDtΘs . (T − s) + (T − s)(3H+ 1
2

)∧1 +
[
(T + ∆− s)4H −∆4H

]
+ (T − s)4H

≤ (T − s) + (T − s)(3H+ 1
2

)∧1 + 2(T − s)4H ,

where the last inequality holds by yet again the same concavity argument if H ≤ 1/4.

This yields a rule for checking that the quantities in our assumptions indeed converge.

We summarise the above estimates in the case H ≤ 1
2 : there exists Z ∈ Lp such that

for s ≤ T and T small enough the following hold almost surely

Θs ≤ Z(T − s)

DΘs ≤ Z(T − s)(3H+ 1
2

)∧1

DDΘs ≤ Z(T − s)(4H)∧1.

Thanks to Cauchy-Schwarz inequality we can disentangle the numerators (integrals and

derivatives of Θ) and denominators (powers of u) of the assumptions, which are both

uniformly bounded in Lp. We can easily deduce that (H3), (H4), (H5), (Hλ
6), (Hγ

8)

are satisfied (convergence to zero). In (Hλ
7), E[KT ] behaves as T−λ, hence it converges
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for any λ ∈ (−1
2 , 0], and the uniform L2 bound is satisfied thanks to (C3). Moreover,

in the limit the first term in (Hγ
9) behaves as T−γ and the second behaves as T 3H− 1

2
−γ ,

therefore both assumptions are satisfied for any λ ∈ (−1/2, 0] and γ ∈ (−1, 3H − 1/2].

Similarly, (C3) ensures the uniform L2 bounds.

4.6.3.1 Convergence Lemmas

We require some preliminaries before diving into the computations. We tailor three

versions of integral convergence fitted for our purposes, and essential to compute the

limits appearing in our main Theorems 4.3.14.3.1, 4.3.24.3.2 and 4.3.34.3.3. The conditions they

require will hold thanks to the continuity of (C4).

Recall the local Taylor theorem: if a function g(·) is continuous on [0, δ] for some δ > 0,

then there exists a continuous function ε on [0, δ] satisfying limx↓0 ε(x) = 0 such that,

for any x ∈ [0, δ],

g(x) = g(0) + ε(x).

Lemma 4.6.7. Let f : R2
+ → R such that f(T, ·) is continuous on [0, δ0] and

limT↓0 f(T, 0) = f(0, 0). Then we have

lim
T↓0

1

T

∫ T

0
f(T, y) dy = f(0, 0). (4.6.15)

Proof. For T < δ0, we can write

1

T

∫ T

0
f(T, y) dy =

1

T

∫ T

0
[f(T, 0) + ε0(y)] dy = f(T, 0) +

1

T

∫ T

0
ε0(y) dy,

where the function ε0 is continuous on [0, δ0] and converges to zero at the origin. Hence,

for any η0 > 0, there exists δ̃0 > 0 such that, for any y ≤ δ̃0, |ε0(y)| < η0. For all T <

δ̃0 ∧ δ0, ∣∣∣∣ 1

T

∫ T

0
ε0(y) dy

∣∣∣∣ ≤ η0.

Since η0 can be taken as small as desired, the fact that limT↓0 f(T, 0) = f(0, 0) concludes

the proof.

Lemma 4.6.8. Let f : R3
+ → R be such that, for each y ≤ T , f(T, y, ·) is continuous

on [0, δ0], f(T, ·, 0) is continuous on [0, δ1] and limT↓0 f(T, 0, 0) = f(0, 0, 0). Then the
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following limit holds

lim
T↓0

1

T 2

∫ T

0

∫ y

0
f(T, y, s) ds dy =

f(0, 0, 0)

2
. (4.6.16)

Proof. For T < δ0 ∧ δ1, we can write

1

T 2

∫ T

0

{∫ y

0
f(T, y, s)ds

}
dy =

1

T 2

∫ T

0

{∫ y

0
[f(T, y, 0) + ε0(s)] ds

}
dy

=
1

T 2

∫ T

0

{
f(T, y, 0)y +

∫ y

0
ε0(s)ds

}
dy

=
1

T 2

∫ T

0

{(
f(T, 0, 0) + ε1(y)

)
y +

∫ y

0
ε0(s)ds

}
dy

=
f(T, 0, 0)

2
+

1

T 2

∫ T

0

{
ε1(y)y +

∫ y

0
ε0(s)ds

}
dy,

where the function ε1 is continuous on [0, δ1] and the function ε0 is continuous on [0, δ0],

both converging to zero at the origin.

Since ε1(·) tends to zero at the origin, then for any η1 > 0, there exists δ̃1 > 0 such

that, for any y ≤ 0, δ̃1, |ε1(y)| < η1. Therefore, for the first integral, we have, for

T < δ̃1 ∧ δ0 ∧ δ1,∣∣∣∣ 1

T 2

∫ T

0
ε1(y)ydy

∣∣∣∣ ≤ 1

T 2

∫ T

0
|ε1(y)| ydy ≤ 1

T 2

∫ T

0
η1ydy ≤ η1

2
.

Likewise, since ε0(·) tends to zero at the origin, then for any η0 > 0, there exists δ̃0 > 0

such that, for any y ∈ [0, δ̃0], |ε0(y)| < η0. Therefore, for the second integral, we have,

for T < δ̃0 ∧ δ0 ∧ δ1,∣∣∣∣ 1

T 2

∫ T

0

∫ y

0
ε0(s)dsdy

∣∣∣∣ ≤ 1

T 2

∫ T

0

∫ y

0
|ε0(s)| dsdy ≤ 1

T 2

∫ T

0

∫ y

0
η0dsdy ≤ η0

2
.

Since η1 and η0 can be taken as small as desired, taking the limit of f(T, 0, 0) as T goes

to zero concludes the proof.

Lemma 4.6.9. Let f : R4
+ → R be such that, for all 0 ≤ s ≤ y ≤ T , f(T, y, s, ·),

f(T, y, ·, 0), and f(T, ·, 0, 0) are continuous on [0, δ0], [0, δ1], and [0, δ2] respectively,

and limT↓0 f(T, 0, 0, 0) = f(0, 0, 0, 0). Then the following limit holds

lim
T↓0

1

T 3

∫ T

0

∫ y

0

∫ s

0
f(T, y, s, t) dtds dy =

f(0, 0, 0, 0)

6
. (4.6.17)
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Proof. For T < δ0 ∧ δ1 ∧ δ2, we can write

1

T 3

∫ T

0

{∫ y

0

(∫ s

0
f(T, y, s, t) dt

)
ds

}
dy

=
1

T 3

∫ T

0

{∫ y

0

(∫ s

0
[f(T, y, s, 0) + ε0(t)] dt

)
ds

}
dy

=
1

T 3

∫ T

0

{∫ y

0

(
f(T, y, s, 0)s+

∫ s

0
ε0(t) dt

)
ds

}
dy

=
1

T 3

∫ T

0

{∫ y

0

([
f(T, y, 0, 0) + ε1(s)

]
s+

∫ s

0
ε0(t) dt

)
ds

}
dy

=
1

T 3

∫ T

0

{
f(T, y, 0, 0)

y2

2
+

∫ y

0

(
ε1(s)s+

∫ s

0
ε0(t) dt

)
ds

}
dy

=
1

T 3

∫ T

0

{[
f(T, 0, 0, 0) + ε2(y)

]y2

2
+

∫ y

0

(
ε1(s)s+

∫ s

0
ε0(t) dt

)
ds

}
dy

=
f(T, 0, 0, 0)

6
+

1

T 3

∫ T

0

{
ε2(y)

y2

2
+

∫ y

0

(
ε1(s)s+

∫ s

0
ε0(t) dt

)
ds

}
dy,

where the function ε2 is continuous on [0, δ2], the function ε1 is continuous on [0, δ1]

and the function ε0 is continuous on [0, δ0], all converging to zero at the origin. By the

same argument as in the previous proof, for any η0, η1, η2 > 0, there exists δ̃ > 0 such

that for all T ≤ δ̃, |ε0(T )| ≤ η0, |ε1(T )| ≤ η1, and |ε2(T )| ≤ η2. This entails

∣∣∣∣ 1

T 3

∫ T

0

{
ε2(y)

y2

2
+

∫ y

0

(
ε1(s)s+

∫ s

0
ε0(t) dt

)
ds

}
dy

∣∣∣∣ ≤ η2 + η1 + η0

6
.

Since η2, η1 and η0 can be taken as small as desired, taking the limit of f(T, 0, 0, 0) as T

goes to zero concludes the proof.

To apply these lemmas, we will use a modified version of the martingale convergence

theorem. It holds in our setting thanks to domination provided by (C1) and (C2) and

the continuity of (C4).

Lemma 4.6.10. Let (Xt)t≥0 be almost surely continuous in a neighbourhood of zero, with

supt≤1 |Xt| ≤ Z ∈ L1. Then the conditional expectation process (Et[Xt])t≥0 is also almost

surely continuous in a neighbourhood of zero. In particular,

lim
t↓0

Et[Xt] = E[X0].

Remark 4.6.11. The process (Xt)t≥0 is not necessarily adapted.

Proof. All the limits are taken in the almost sure sense. Let δ > 0 be such that X is
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continuous on [0, δ], and fix t < δ. We set a sequence {tn}n∈N on [0, δ] which converges

to t as n goes infinity.

Assume in the first step that tn is monotone. Since Ftn tends monotonically

to Ft and X is dominated, the classical martingale convergence theorem (MCT) as-

serts limn↑∞ Etn [Xt] = Et[Xt]. Let us fix n ∈ N, then for any q ≥ |tn − t|,

|Xtn −Xt| ≤ sup
|p−t|≤q

|Xp −Xt| . (4.6.18)

Let us fix ε > 0, by MCT, there exists n0 ∈ N such that, if n ≥ n0 then∣∣∣∣Etn[ sup
|p−t|≤q

|Xp −Xt|
]
− Et

[
sup
|p−t|≤q

|Xp −Xt|
]∣∣∣∣ < ε,

and by the dominated convergence theorem (DCT) there exists δ′ > 0 such that

Et
[

sup|p−t|≤δ′ |Xp −Xt|
]
< ε. There exists n1 ∈ N such that for all n ≥ n1, |tn − t| ≤ δ′,

hence if n ≥ n0 ∨ n1, (4.6.184.6.18) yields Etn [|Xtn −Xt|] < 2ε. Therefore,

lim
n↑∞

Etn [Xtn ] = Et[Xt]. (4.6.19)

Now we consider the general case where {tn}n∈N is not monotone. From every sub-

sequence of {tn}n∈N, one can extract a further subsequence which is monotone. Let

us call this subsubsequence {tnk}k∈N. Therefore, (4.6.194.6.19) holds with tnk instead of tn.

Since every subsequence of (Etn [Xtn ])n∈N has a further subsequence that converges to

the same limit, the original sequence also converges to this limit.

For convenience, we will use the following definition.

Definition 4.6.12. Let k, n ∈ N with k ≤ n. For a function f : Rn+ → R, we denote

lim
x1≤x2≤···≤xk↓0

f(x1, · · · , xn) := lim
xk↓0
· · · lim

x2↓0
lim
x1↓0

f(x1, · · · , xn).

Notice that the right-hand sides of (4.6.154.6.15), (4.6.164.6.16), and (4.6.174.6.17) correspond

to limy≤T↓0 f(T, y), lims≤y≤T↓0 f(T, y, s)/2, and limt≤s≤y≤T↓0 f(T, y, s, t)/6 respectively.
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4.6.3.2 Proof of Proposition 4.4.14.4.1

Let us recall some important quantities:

My = Ey [VIXT ] = Ey

√ 1

∆

∫ T+∆

T
ET vr dr

 ,
mi
y = Ey[Di

yMy] = Ey

[∫ T+∆
T Di

yET vr dr

2∆VIXT

]
= Ey

[∫ T+∆
T Di

yvr dr

2∆VIXT

]
,

φiy =
mi
y

My
=

Ey
[(∫ T+∆

T Di
yvr dr

)
/(2∆VIXT )

]
Ey[VIXT ]

. (4.6.20)

We also recall that Ji and Gij , i, j ∈ J1, NK were defined in (4.4.14.4.1). In this proof we will

define f(0) := limx↓0 f(x), for every f : R+ → R, as soon as the limit exists and even if

f is not actually continuous around zero. This way we make it continuous and it allows

us to apply the convergence lemmas.

Level. By (C1) and the martingale convergence theorem, limy↓0 Ey[VIXT ] = E[VIXT ]

and (My)y≥0 is continuous around zero, almost surely. By (C4) and the dominated con-

vergence theorem (DCT), limy↓0
∫ T+∆
T Di

yvr dr =
∫ T+∆
T Di

0vr dr and
( ∫ T+∆

T Di
yvr dr)y≥0

is continuous around zero, almost surely. Let i ∈ J1, NK, from (C1) and (C2) we also

obtain that almost surely

1

VIXT

∫ T+∆

T
Di
yvr dr ≤ X2

[
(T + ∆− y)H+ 1

2 − (T − y)H+ 1
2

]
,

for some X ∈ L2. Therefore it is dominated and by Lemma 4.6.104.6.10 , almost surely mi
y is

continuous around zero and limy↓0m
i
y = E

[∫ T+∆
T Di0vr dr

2∆VIXT

]
. Since My > 0 for all y ≤ T ,

φi is also continuous around zero and

lim
y≤T↓0

φiy =
Ji

2∆VIX2
0

.

By virtue of Theorem 4.3.14.3.1 and Lemma 4.6.74.6.7, we obtain

lim
T↓0

σBS(T ) = lim
T↓0

E[u0] = lim
y≤T↓0

‖φy‖ =
‖J‖

2∆VIX2
0

.

Skew. In order to obtain the skew limit we will need to compute a few Malliavin
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derivatives. For all i, j ∈ J1, NK,

Dj
sm

i
y = Ey

[∫ T+∆
T Dj

sDi
yvr drVIXT −

∫ T+∆
T Di

yvr drDj
sVIXT

2∆VIX2
T

]

= Ey

[∫ T+∆
T Dj

sDi
yvr dr

2∆VIXT
−
∫ T+∆
T Di

yvr dr
∫ T+∆
T Dj

svr dr

4∆2VIX3
T

]
,

which yields

Dj
sφ
i
y =

Dj
smi

y

My
−
mi
yD

j
sMy

M2
y

= Ey

[∫ T+∆
T Dj

sDi
yvr dr

2∆VIXTMy
−
∫ T+∆
T Di

yvr dr
∫ T+∆
T Dj

svr dr

4∆2VIX3
TMy

−
mi
y

∫ T+∆
T Dj

svr dr

2∆VIXTM2
y

]
=: Ey

[
AijT (y, s) +Bij

T (y, s) + CijT (y, s)
]
.

Based on (C1), (C2) and (C4), for each T ≥ 0, AijT , Bij
T and CijT are dominated and

almost surely continuous in both arguments. For each s ≥ 0, Lemma 4.6.104.6.10 and DCT

yield, almost surely, that (Dj
sφiy)y≥0 and (Dj

sφi0)s≥0 are continuous around zero. In

particular,

lim
s↓0

Ey
[
AijT (y, s) +Bij

T (y, s) + CijT (y, s)
]

= E
[
AijT (y, 0) +Bij

T (y, 0) + CijT (y, 0)
]
,

lim
y↓0

Ey
[
AijT (y, 0) +Bij

T (y, 0) + CijT (y, 0)
]

= E
[
AijT (0, 0) +Bij

T (0, 0) + CijT (0, 0)
]
.

By DCT again this yields

lim
T↓0

E[AijT (0, 0)] =
Gij

2∆VIX2
0

, and lim
T↓0

E[Bij
T (0, 0)] = lim

T↓0
E[CijT (0, 0)] = − JiJj

4∆2VIX4
0

.

Therefore, φjsD
j
s(φiy)

2 satisfies the continuity requirements of f(T, y, s) in Lemma 4.6.84.6.8.

We combine this Lemma with the limits above to see that, almost surely,

lim
T↓0

1

T 2

∫ T

0
φjs

∫ T

s
Dj
s(φ

i
y)

2 dy ds = lim
T↓0

1

T 2

∫ T

0

∫ y

0
φjsD

j
s(φ

i
y)

2 ds dy

=
1

2
lim

s≤y≤T↓0
φjsD

j
s(φ

i
y)

2

=
Jj

4∆VIX2
0

[
JiGij

2∆2VIX4
0

− J2
i Jj

2∆3VIX6
0

]
.

We also recall that limT↓0 u0 = ‖J‖
2∆VIX2

0
almost surely, hence thanks to (C2) and (C3),
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the dominated convergence theorem entails

lim
T↓0
ST =

N∑
i,j=1

lim
T↓0

1

2
E

[∫ T
0 φjs

∫ T
s Dj

s(φiy)
2 dy ds

u3
0T

2

]
=

∑N
i,j=1 JiJj

(
Gij − JiJj

∆VIX2
0

)
2 ‖J‖3

.

(4.6.21)

Curvature. We now turn our attention to the curvature. By the same arguments as

above we have

lim
T↓0

E


(∑N

i,j=1

∫ T
0 φis

∫ T
s Dj

s(φiy)
2 dy ds

)2

u7
0T

4

 = 2∆VIX2
0

(∑N
i,j=1 JiJj

(
Gij − JiJj

∆VIX2
0

))2

‖J‖7
.

For the last term of (4.3.24.3.2) we need to go one step further and compute more Malliavin

derivatives since

Dk
tΘ

j
s =

N∑
i=1

(
Dk
t φ

j
s

∫ T

s
Dj
s(φ

i
y)

2 dy + 2φjs

∫ T

s
Dk
t φ

i
yD

j
sφ
i
y dy + 2φjs

∫ T

s
φiyD

k
tD

j
sφ
i
y dy

)

=:
N∑
i=1

∫ T

s
Υijk(t, s, y, T ) dy.

Thus we zoom in on the last term of the display above,

Dk
tD

j
sφ
i
y =

Dk
tD

j
smi

yMy −Dj
smi

yD
k
tMy

M2
y

−
Dk
tm

i
yD

j
sMy +mi

yD
k
tD

j
sMy

M2
y

+
2mi

yD
j
sMyD

k
tMy

M3
y

=:
5∑

n=1

Qijkn (t, s, y, T ),

and zoom in again on Qijk1 (t, s, y, T ),

Dk
tD

j
sm

i
y = Dk

tD
j
sD

i
yMy = Dk

tEy

[∫ T+∆
T Dj

sDi
yvr dr

2∆VIXT
−
∫ T+∆
T Di

yvr dr
∫ T+∆
T Dj

svr dr

4∆2VIX3
T

]
=: Ey

[
αijkT + βijkT

]
.

Some tedious computations lead to

αijkT =
VIXT

∫ T+∆
T Dk

tD
j
sDi

yvr dr −Dk
tVIXT

∫ T+∆
T Dj

sDi
yvr dr

2∆VIX2
T

=

∫ T+∆
T Dk

tD
j
sDi

yvr dr

2∆VIXT
−
∫ T+∆
T Dk

t vr dr
∫ T+∆
T Dj

sDi
yvr dr

4∆2VIX3
T

;
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βijkT = −
∫ T+∆
T Dk

tD
i
yvr dr

∫ T+∆
T Dj

svr dr +
∫ T+∆
T Di

yvr dr
∫ T+∆
T Dk

tD
j
svr dr

4∆2VIX3
T

+
Dk
tVIX3

T

∫ T+∆
T Di

yvr dr
∫ T+∆
T Dj

svr dr

4∆2VIX6
T

= −
∫ T+∆
T Dk

tD
i
yvr dr

∫ T+∆
T Dj

svr dr +
∫ T+∆
T Di

yvr dr
∫ T+∆
T Dk

tD
j
svr dr

4∆2VIX3
T

+
3
∫ T+∆
T Dk

t vr dr
∫ T+∆
T Di

yvr dr
∫ T+∆
T Dj

svr dr

8∆3VIX5
T

.

We notice, crucially, that we have already justified the continuity of φ and Dφ around

zero in the proofs of level and skew respectively. Furthermore, by Lemma 4.6.104.6.10 the

first two terms in Υijk as well as Q2, Q3, Q4, Q5 all converge to some finite limit as t ≤

s ≤ y ↓ 0 and are continuous around zero, almost surely. Similarly, βT and the second

term in αT are almost surely continuous around zero, and their conditional expectation

converges almost surely to some finite limit as t ≤ s ≤ y ↓ 0 by DCT and Lemma 4.6.104.6.10.

Taking the limit T to zero afterwards, all the aforementioned terms tend to a finite limit.

On the other hand, by (C4), DCT, and Lemma 4.6.104.6.10 we know that the conditional

expectation of the first term in αT is almost surely continuous around zero, and its limit

lim
t≤s≤y↓0

Ey

[∫ T+∆
T Dk

tD
j
sDi

yvr dr

2∆VIXT

]
= E

[∫ T+∆
T Dk

0Dj
0Di

0vr dr

2∆VIXT

]
.

Since γ < 0, only this term contributes in the limit

lim
t≤s≤y≤T↓0

φkt Υijk(t, s, y, T )

T γ
= lim

t≤s≤y≤T↓0
2φkt φ

j
sφ
i
yEy

[∫ T+∆
T Dk

tD
j
sDi

yvr dr

2T γ∆VIXTMy

]

=
JiJjJk

8∆4VIX8
0

lim
T↓0

E
[∫ T+∆
T Dk

0Dj
0Di

0vr dr
]

T γ
,

where we applied DCT at the end. Moreover, we know by (C2) that this limit is finite

for γ = 3H − 1
2 , hence the conditions of Lemma 4.6.94.6.9 are satisfied. We also recall

that limT↓0 u0 = ‖J‖
2∆VIX2

0
almost surely, hence Lemma 4.6.94.6.9 yields the almost sure limit

lim
T↓0

1

u5
0T

3+γ

∫ T

0

N∑
k=1

{
φktD

k
t

(∫ T

t
|Θs|ds

)}
dt =

N∑
i,j,k=1

lim
T↓0

1

u5
0T

3

∫ T

0

∫ y

0

∫ s

0

φkt Υijk(t, s, y, T )

T 3H− 1
2

dy dsdt

=
2∆VIX2

0

3 ‖J‖5
N∑

i,j,k=1

JiJjJk lim
T↓0

E
[∫ T+∆
T Dk

0Dj
0Di

0vr dr
]

T 3H− 1
2

.
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The first two terms in (4.3.24.3.2) tend to zero too because γ < 0, hence Theorem 4.3.34.3.3 and

DCT yield the final result

lim
T↓0

T
1
2
−3HCT =

2∆VIX2
0

3 ‖J‖5
N∑

i,j,k=1

JiJjJk lim
T↓0

∫ T+∆
T E

[
Dk

0Dj
0Di

0vr

]
dr

T 3H− 1
2

.

4.6.4 Proofs in the two-factor rough Bergomi model

4.6.4.1 Proof of Proposition 4.4.24.4.2

We start with a useful Lemma for Gaussian processes.

Lemma 4.6.13. For a Gaussian process B on [0, T ] with ‖B‖T := supt≤T |Bt|, E
[
ep‖B‖T

]
is finite for any p ∈ R.

Proof. The Borell-TIS inequality asserts that E[‖B‖T ] < ∞ and P(‖B‖T − E ‖B‖T >

x) ≤ exp
(
− x2

2σ2
T

)
, where σ2

T := supt≤T E[B2
t ], see [44, Theorem 2.1.1]. We then follow

the proof of [44, Theorem 2.1.2].

E
[
ep‖B‖T

]
=

∫ ∞
0

P
(

ep‖B‖T > x
)

dx ≤ ep + E[‖B‖T ] +

∫ ∞
ep∨E[‖B‖T ]

P
(
‖B‖T >

log(x)

p

)
dx.

The Borell-TIS inequality in particular reads

P
(
‖B‖T > log(x1/p)

)
≤ exp

(
−
(
log(x1/p)− E[‖B‖T ]

)2
2σ2

T

)
, for all u > E[‖B‖T ].

After a change of variable this yields

∫ ∞
ep∨E[‖B‖T ]

P
(
‖B‖T >

log(x)

p

)
dx ≤

∫ ∞
log(ep∨E[‖B‖T ])

p

exp

(
−

(x− E[‖B‖T ])2

2σ2
T

)
pepx dx <∞,

as desired.

By the above lemma ‖v‖T ∈ Lp. We can compute its Malliavin derivatives

D1
yvr = v0(r − y)H−

1
2

(
χνE1

r + χηρE2
r

)
, D2

yvr = v0χηρ(r − y)H−
1
2E2

r . (4.6.22)

Without computing explicitly further derivatives, one notices that (C4) holds and that

there exist a constant C > 0 and a random variable X = C
∥∥E1

r + E2
r

∥∥
T
∈ Lp for
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all p > 1 such that Di
yvr ≤ X(r − y)H−

1
2 , Dj

sDi
yvr ≤ X(r − s)H−

1
2 (r − y)H−

1
2 and

Dk
tD

j
sDi

yvr ≤ X(r − t)H−
1
2 (r − s)H−

1
2 (r − y)H−

1
2 , implying (C2).

The following lemma grants (C1).

Lemma 4.6.14. In the two factor rough Bergomi model (4.4.34.4.3) with 0 ≤ T1 < T2, we

have

E

[
sup
y≤T1

(
Ey
[

1

T2 − T1

∫ T2

T1

vr dr

])−p]
<∞,

for all p > 1. In particular, 1/M is dominated in Lp.

Proof. We first apply an exp− log identity, and from the concave property of the loga-

rithm function we may use Jensen’s inequality, to get that

(
Ey
[

1

T2 − T1

∫ T2

T1

vr dr

])−p
= exp

{
−p log

(
1

T2 − T1

∫ T2

T1

vr dr

)}
≤ exp

{
− p

T2 − T1

∫ T2

T1

log(Ey[vr]) dr

}
.

We further bound log(Ey[vr]) by the concavity of the logarithm and (4.4.34.4.3)

− log(Ey[vr]) ≤ −
1

2

(
log
(
2χv0Ey[E1

r ]
)

+ log
(
2χv0Ey[E2

r ]
))
, (4.6.23)

which we now compute

Ey[E1
r ] = exp

(
−ν

2r2H

4H
+ ν

∫ y

0
(r − s)H−

1
2 dW 1

s

)
Ey
[
exp

(
ν

∫ r

y
(r − s)H−

1
2 dW 1

s

)]
= exp

(
ν2

4H

[
(r − u)2H − r2H

]
+ ν

∫ u

0
(r − s)H−

1
2 dW 1

s

)
;

Ey[E2
r ] = exp

(
η2

4H

[
(r − y)2H − r2H

]
+ η

∫ u

0
(r − s)H−

1
2 d(ρW 1

s + ρW 2
s )

)
. (4.6.24)

Let us deal with the first term of (4.6.234.6.23), as the second one is analogous. We have

∫ T2

T1

[
(r − y)2H − r2H

]
dr =

(T2 − u)2H+1 − (T1 − y)2H+1 − T 2H+1
2 + T 2H+1

1

2H + 1

is clearly bounded below for all 0 ≤ u ≤ T1. Moreover by Fubini’s theorem

∫ T2

T1

∫ y

0
(r − t)H−

1
2 dW 1

t dr =

∫ y

0

∫ T2

T1

(r − t)H−
1
2 drdW 1

t

=

∫ y

0

(T2 − t)H+ 1
2 − (T1 − t)H+ 1

2

H + 1
2

dW 1
t =: Bt
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is a Gaussian process. Since the exponential function is increasing, supt exp(Bt) =

exp(suptBt) holds, and thus Lemma 4.6.134.6.13 entails

E

[
sup
y≤T1

exp

(
− p

T2 − T1

∫ T2

T1

∫ y

0
(r − s)H−

1
2 dW 1

s dr

)]
≤ E

[
exp

(
p

T2 − T1

∥∥B∥∥
T

)]
<∞,

which concludes the proof.

Combining (4.6.224.6.22), (4.6.244.6.24) we obtain Ey[Di
yvr], i = 1, 2. The following lemma proves

that (C3) is satisfied.

Lemma 4.6.15. For any p > 1, E[u−ps ] is uniformly bounded in s and T , with s ≤ T .

Proof. We start by observing that, since VIX and 1/VIX are dominated by some X ∈ Lp

for all p > 1, then almost surely and independently of the sign of the numerator we

obtain

mi
y = Ey

[∫ T+∆
T Di

yvr dr

2∆VIXT

]
≥ Ey

[∫ T+∆
T Di

yvr dr

2∆X

]
,

and therefore, using that 1/M is dominated by X and Jensen’s inequality we get

1

u2
s

=
T − s∫ T

s

∑N
i=1(φiy)

2 dy
≤ X2(T − s)∫ T

s

∑N
i=1(mi

y)
2 dy

≤ X2N(T − s)∫ T
s

(∑N
i=1m

i
y

)2 ≤ X
2N

(
T − s∫ T

s

∑N
i=1m

i
y dy

)2

≤ 4X2N

(∫ T
s

∫ T+∆
T

∑N
i=1 Ey

[
Di
yvr/X

]
dr dy

∆(T − s)

)−2

. (4.6.25)

Hence we turn our attention to

E

[(
1

∆(T − s)

∫ T

s

∫ T+∆

T
Ey

[
D1
yvr + D2

yvr

X

]
dr dy

)−p]

= E

[
exp

{
−p log

(
1

∆(T − s)

∫ T

s

∫ T+∆

T
Ey

[
D1
yvr + D2

yvr

X

]
dr dy

)}]

≤ E
[
exp

{
− p

∆(T − s)

∫ T

s

∫ T+∆

T
Ey
[
log
(
D1
yvr + D2

yvr
)
− log(X)

]
dr dy

}]
≤
(
E
[
exp

{
− 2p

∆(T − s)

∫ T

s

∫ T+∆

T
Ey
[
log
(
D1
yvr + D2

yvr
)]

dr dy

}]) 1
2 (

E[X2p]
) 1

2 ,

(4.6.26)

where we applied Jensen’s and Cauchy-Schwarz inequalities and exp
(
pEy log(X)

)
≤
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Ey[Xp]. Then by convexity we get

− log
(
D1
yvr + D2

yvr
)
≤− 1

2

(
log(2D1

yvr) + log(2D2
yvr)

)
≤− 1

4

{
log
(

4v0χν(r − y)H−
1
2E1

r

)
+ log

(
4v0χηρ(r − y)H−

1
2E2

r

)}
− 1

2
log
(

2v0χηρ(r − y)H−
1
2E2

r

)
.

We focus on the first term and the others can be treated identically. From (4.6.244.6.24) we

get

Ey
[
log
(

4v0χν(r − y)H−
1
2E1

r

)]
= log

(
4v0χν(r − y)H−

1
2

)
− ν2r2H

4H
+ ν

∫ y

0
(r − t)H−

1
2 dW 1

t .

(4.6.27)

Let us start with∫ T

s

∫ T+∆

T
log
(

4v0χν(r − y)H−
1
2

)
dr dy

= (T − s)∆4v0χν +

(
H − 1

2

)∫ T

s

∫ T+∆

T
log(r − y) dr dy

= (T − s)∆4v0χν +

(
H − 1

2

)∫ T

s

(
(T + ∆− y) log(T + ∆− y)− (T + ∆− y)

− (T − y) log(T − y) + (T − y)
)

dy

= (T − s)∆4v0χν +

(
H − 1

2

){
−∆(T − s)−

∫ T+∆−s

∆
x log(x) dx+

∫ T−s

0
x log(x) dx

}
= (T − s)∆4v0χν +

(
H − 1

2

){
−∆(T − s) +

(
(T − s)2 log(T − s)

2
− (T − s)2

4

)

−
(

(T + ∆− s)2 log(T + ∆− s)
2

− (T + ∆− s)2

4

∆2 log(∆)

2
+

∆2

4

)}

= (T − s)∆4v0χν + (T − s)
(
H − 1

2

){
−∆ +

(
(T − s) log(T − s)

2
− (T − s)

4

)
+

2∆ + (T − s)
4

−∆ log(T + ∆− s)− (T − s) log(T + ∆− s)
2

}
− ∆2

2

(
log(T + ∆− s)− log(∆)

)
.

By Taylor’s theorem log(T + ∆− s)− log(∆) = T−s
∆ + ε(T − s), where ε : R+ → R+ is

such that ε(x)/x tends to zero at the origin. We conclude that

− p

2∆(T − s)

∫ T

s

∫ T+∆

T
log
(

4v0χν(r − y)H−
1
2

)
dr dy
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is uniformly bounded. Now we study the second term of (4.6.274.6.27)

−
∫ T

s

∫ T+∆

T
r2H dr dy = (T − s)T

2H+1 − (T + ∆)2H+1

2H + 1
.

Therefore the following is uniformly bounded

p

2∆(T − s)

∫ T

s

∫ T+∆

T

ν2r2H

4H
dr dy.

And for the last term we get by stochastic Fubini’s theorem [219219, Theorem 65]

∫ T

s

∫ T+∆

T

∫ y

0
(r − t)H−

1
2 dW 1

t dr dy =

∫ T

s

∫ y

0

∫ T+∆

T
(r − t)H−

1
2 drdW 1

t dy

=

∫ T

0

∫ T

s∨t

(T + ∆− t)H+ 1
2 − (T − t)H+ 1

2

H + 1
2

dydW 1
t .

Standard Gaussian computations then yield

E
[
exp

{
− p

4∆(T − s)

∫ T

s

∫ T+∆

T
ν

∫ y

0
(r − t)H−

1
2 dW 1

t dr dy

}]

= exp

1

2

(
pν

4∆(T − s)

)2 ∫ T

0

(∫ T

s∨t

(T + ∆− t)H+ 1
2 − (T − t)H+ 1

2

H + 1
2

dy

)2

dt

 .

(4.6.28)

The incremental function x 7→ (x+∆)H+ 1
2−xH+ 1

2 is decreasing by concavity, hence (T+

∆− t)H+ 1
2 − (T − t)H+ 1

2 ≤ ∆H+ 1
2 and we obtain

∫ T

0
(T − s ∨ t)2 dt =

∫ s

0
(T − s)2 dt+

∫ T

s
(T − t)2 dt = s(T − s)2 +

(T − s)3

3
,

which entails that (4.6.284.6.28) is uniformly bounded. We thus showed that (4.6.264.6.26) is

uniformly bounded in s, T .

Coming back to (4.6.254.6.25) we have by Cauchy-Schwarz inequality

E[u−ps ]2 ≤ 2pE[Xp]E

( T − s∫ T
s (m1

y +m2
y) dy

)2p
 ,

which is uniformly bounded for all s ≤ T , and this concludes the proof.
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4.6.4.2 Proof of Proposition 4.4.34.4.3

Level. We start with the following derivatives:

D1
svt = v0

[
χν(t− s)H−

1
2E1

t + χηρ(t− s)H−
1
2E2

t

]
, D2

svt = v0χηρ(t− s)H−
1
2E2

t .

and recall the definitions (4.4.14.4.1)

J1 =

∫ ∆

0
v0E

[
χνrH−

1
2E1

r + χηρrH−
1
2E2

r

]
dr = v0(χν + χηρ)

∆H+ 1
2

H + 1
2

;

J2 = v0χηρ
∆H+ 1

2

H + 1
2

.

We also note that E[E it ] = 1. This yields the norm

‖J‖ =
[
(J1)2 + (J2)2

] 1
2 =

v0∆H+ 1
2

H + 1
2

√
(χν + χηρ)2 + χ2η2ρ2 =

v0∆H+ 1
2

H + 1
2

ψ(ρ, ν, η, χ),

with the function ψ defined in the proposition, which grants us the first limit by Propo-

sition 4.4.14.4.1. To simplify the notations below, we introduce w := χν + χηρ.

Skew. We compute the further derivatives:

D1
0D1

0vt = v0

(
χν2t2H−1E1

t + χη2ρ2t2H−1E2
t

)
;

D1
0D2

0vt = v0χη
2ρρt2H−1E2

t ;

D2
0D2

0vt = v0χη
2ρ2t2H−1E2

t ;

Similarly to J , we recall that Gij =
∫ ∆

0 E
[
Dj

0Di
0vr
]

dr, such that

G11 =
∆2H

2H
v0(χν2 + χη2ρ2), G12 =

∆2H

2H
v0χη

2ρρ, G22 =
∆2H

2H
v0χη

2ρ2.

Notice that VIX2
0 = v0, thus we have

(J1)2

(
G11 −

(J1)2

∆VIX2
0

)
=

v3
0∆4H+1

2H(H + 1
2)2

w2(χν2 + χη2ρ2)− v3
0∆4H+1

(H + 1
2)4

w4

= v3
0

∆4H+1

(H + 1
2)2

w2

χν2 + χη2ρ2

2H
−

(
w

H + 1
2

)2
 ;
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J1J2

(
G12 −

J1J2

∆VIX2
0

)
=

v3
0∆4H+1

2H(H + 1
2)2

wχ2η3ρρ2 − v3
0∆4H+1

(H + 1
2)4

w2χ2η2ρ2

= v3
0

∆4H+1

(H + 1
2)2

wχ2η2ρ2

[
ηρ

2H
− w

(H + 1
2)2

]
;

(J2)2

(
G22 −

(J2)2

∆VIX2
0

)
= v3

0

∆4H+1

2H(H + 1
2)2

χ3η4ρ4 − v3
0χ

4 ∆4H+1

(H + 1
2)4

η4ρ4

= v3
0

∆4H+1

(H + 1
2)2

χ3η4ρ4

(
1

2H
− 1− χ

(H + 1
2)2

)
.

Finally by Proposition 4.4.14.4.1 we obtain

lim
T↓0
ST =

(H + 1
2)∆H− 1

2

2ψ(ρ, ν, η, χ)3

{
w2

χν2 + χη2ρ2

2H
−

(
w

H + 1
2

)2


+ 2wχ2η2ρ2

[
ηρ

2H
− ν + ηρ

(H + 1
2)2

]
+ χ3η4ρ4

(
1

2H
− 1

(H + 1
2)2

)}
.

Curvature. For the last step we go one step further:

D1
0D1

0D1
0vt = v0

(
χν3t3H−3/2E1

t + χη3ρ3t3H−3/2E2
t

)
; D2

0D1
0D1

0vt = v0χη
3ρ2ρt3H−3/2E2

t ;

D2
0D2

0D1
0vt = v0χη

3ρρ2t3H−3/2E2
t ; D2

0D2
0D2

0vt = v0χη
3ρ3t3H−3/2E2

t .

We notice that

lim
T↓0

∫ T+∆
T r3H−3/2 dr

T 3H− 1
2

= lim
T↓0

(T + ∆)3H− 1
2 − T 3H− 1

2

T 3H− 1
2 (3H − 1

2)
=

2

1− 6H
.

By (4.4.24.4.2) this entails the following limit

lim
T↓0

CT
T 3H− 1

2

=
2∆v0

3

(
v0∆H+ 1

2

2(H+ 1
2

)

)5

ψ(ρ, ν, η, χ)5

{
v3

0

∆3H+3/2

(H + 1
2)3

w3v0
χν3 + χη3ρ3

1
2 − 3H

+ 3v3
0

∆3H+3/2

(H + 1
2)3

w2χηρv0
χη3ρ2ρ
1
2 − 3H

+ 3v3
0

∆3H+3/2

(H + 1
2)3

wχ2η2ρ2v0
χη3ρρ2

1
2 − 3H

+ v0
∆3H+3/2

(H + 1
2)3

χ3η3ρ3v0
χη3ρ3

1
2 − 3H

}

=
128∆−2H(H + 1

2)2

3ψ(ρ, ν, η, χ)5(1− 6H)

{
w3(χν3 + χη3ρ3) + 3w2χ2η4ρ2ρ2 + 3wχ3η5ρ4ρ+ χ4η6ρ6

}
,

which yields the claim.
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4.6.5 Proofs in the stock price case

4.6.5.1 Proof of Proposition 4.5.14.5.1

Since φ and u−p are dominated by conditions (i) and (iii) respectively, with the same

notations as in the proof of Proposition 4.6.64.6.6, we obtain by (ii), as T goes to zero,

Dφs . (T − s)H−
1
2 ; Θs . (T − s)H+ 1

2 ; DΘs . (T − s)2H ; DDΘs . (T − s)3H− 1
2 .

Under our three assumptions it is straightforward to see that (H12345) are satisfied.

Moreover, the terms in (Hλ
6) behave as T 2H−λ and the one (Hλ

7) behaves as TH−
1
2
−λ,

which means that by setting λ = H − 1
2 the former vanishes and the second yields a

non-trivial behaviour.

Let us have a look at the short-time implied volatility. By Lemma 4.6.74.6.7 and the continu-

ity of v we have limT↓0 u0 =
√∑N

i=1 v0ρ2
i =
√
v0 almost surely, hence by Theorem 4.3.14.3.1

and dominated convergence

lim
T↓0

σ̂BS(T ) = lim
T↓0

E[u0] =
√
v0.

We then turn our attention to the short-time skew. Setting λ = H − 1
2 we have by

Theorem 4.3.24.3.2 and dominated convergence

lim
T↓0

T
1
2
−H ŜT =

N∑
i,j=1

lim
T↓0

1

2
E

[∫ T
0 φjs

∫ T
s Dj

s(φiy)
2 dy ds

u3
0T

3
2

+H

]
=

N∑
j=1

ρj

2v
3/2
0

E

[
lim
T↓0

∫ T
0

∫ T
s

√
vs Dj

svy dy ds

T
3
2

+H

]
,

where we used
∑N

i=1 ρ
2
i = 1. For any j ∈ J1, NK, Cauchy-Schwarz inequality yields

E
[(√

vs
v0
− 1

)
Dj
svy

]
≤ E

[(√
vs
v0
− 1

)2
] 1

2

E
[
(Dj

svy)
2
] 1

2 ,

where E
[
(Dj

svy)
2
] 1

2 ≤ C(y − s)H−
1
2 for some finite constant C by (ii). Therefore,

lim
T↓0

(∫ T
0

∫ T
s E[
√
vs Dj

svy] dy ds
√
v0 T

3
2

+H
−
∫ T

0

∫ T
s E[Dj

svy] dy ds

T
3
2

+H

)

≤ C lim
T↓0

sup
t≤T

E

[(√
vt
v0
− 1

)2
] 1

2
∫ T

0

∫ T
s (y − s)H−

1
2 dy ds

T
3
2

+H

 .
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Since the fraction is equal to ((H + 1
2)(H + 3

2))−1 and lim supT↓0 E
[
(
√
vt/v0 − 1)2

]
is

equal to zero by (iv), we obtain

lim
T↓0

T
1
2
−H ŜT =

N∑
j=1

ρj
2v0

E

[
lim
T↓0

∫ T
0

∫ T
s Dj

svy dy ds

T
3
2

+H

]
.

4.6.5.2 Proof of Corollary 4.5.44.5.4

Noting that E[u−ps ] = E
[(

1
T−s

∫ T
s vr dr

)−p/2]
, Lemmas 4.6.134.6.13 and 4.6.144.6.14 show that

assumptions (i)-(iii) of Proposition 4.5.14.5.1 are satisfied under this model. Moreover, v

has almost sure continuous paths, hence
√
vt/v0 tends to one almost surely, and (iv)

holds by reverse Fatou’s lemma.

Let 0 ≤ s ≤ y. From (4.6.224.6.22) we know that

E[D1
svy] = v0(y − s)H−

1
2
(
χν + χηρ

)
, E[D2

svy] = v0(y − s)H−
1
2χηρ,

and clearly E[D3
svy] = 0. Therefore, Proposition 4.5.14.5.1 entails

lim
T↓0

T
1
2
−H ŜT =

ρ1

2v0

v0(χν + χηρ)

(H + 1
2)(H + 3

2)
+

ρ2

2v0

v0χηρ

(H + 1
2)(H + 3

2)
=
ρ1χν + ηχ(ρ1ρ+ ρ2ρ)

(2H + 1)(H + 3
2)

.

4.6.6 Partial derivatives of the Black-Scholes function

We recall the Black-Scholes formula

BS(t, x, k, σ) = exN (d+)− ekN (d−),

where N ′(x) = e−x
2/2/
√

2π and d± = x−k
σ
√
T−t ±

σ
2

√
T − t. The first partial derivatives

are

∂xBS = exN (d+) and ∂2
xBS = ex

{
N (d+) +

N ′(d+)

σ
√
T − t

}
,

such that

G := (∂2
x − ∂x)BS =

ex−d
2
+/2

√
2πσ
√
T − t

=
ek−d

2
−/2

√
2πσ
√
T − t

.

Now let us define β := (
√

2πσ
√
T − t)−1 and

f(x, k) := x−
d2

+

2
= k −

d2
−
2

=
x+ k

2
− (x− k)2

2σ2(T − t)
− σ2(T − t)

8
.
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We then have

∂xf =
1

2
− x− k
σ2(T − t)

; ∂kf =
1

2
+

x− k
σ2(T − t)

; ∂2
xf = ∂2

kf = −∂2
xkf = − 1

σ2(T − t)
.

For the partial derivatives, noting that ∂xG = β ∂xf ef implies the ATM formula

∂xG(x, x) =
1

2
β exp

(
x− σ2

8
(T − t)

)
.

Furthermore, we have

∂xkG = βef
(
∂xkf + ∂xf∂kf

)
,

∂xkG(x, x) = βef
( 1

σ2(T − t)
+

1

4

)
.

We further define the partial derivatives appearing in the proof of Theorem 4.3.24.3.2

L :=

(
1

4
∂x +

1

2
∂xk

)
G = βef

(
1

4
+

1

4
∂kf −

1

2
(∂kf)2 − 1

2
∂kkf

)
,

L(x, x) = βef
(

1

4
+

1

2σ2(T − t)

)
.

Using ∂kf = 1− ∂xf and ∂xkf = −∂xxf = −∂kkf we compute

∂kL = βef
[

3

4
∂xf −

5

4
(∂xf)2 +

1

2
(∂xf)3 − 5

4
∂xxf +

3

2
∂xf∂xxf

]
,

∂kL(x, x) = βef
(

1

8
+

1

2σ2(T − t)

)
.

Finally, we need the derivatives featuring in the proof of Theorem 4.3.34.3.3

H̃ = ∂xkL = βef
[

3

4
(∂xf)2 − 5

4
(∂xf)3 +

1

2
(∂xf)4 +

3

4
∂xxf −

15

4
∂xf∂xxf + 3(∂xf)2∂xxf +

3

2
(∂xxf)2

]
∂xkL(x, x) = βef

(
1

16
+

3

8

1

σ2(T − t)
+

3

2

1

σ4(T − t)2

)
We need to compute

∂xxkL = βef
[

3

4
(∂xf)3 − 5

4
(∂xf)4 +

1

2
(∂xf)5 +

9

4
∂xxf∂xf −

15

2
∂xxf(∂xf)2

−15

4
(∂xxf)2 + 5∂xxf(∂xf)3 +

15

2
(∂xxf)2∂xf

]
,

∂xxkL(x, x) = βef
(

1

32
+

1

8

1

σ2(T − t)

)
,
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and one more

∂xxxkL = βef
[

3

4
(∂xf)4 − 5

4
(∂xf)5 +

1

2
(∂xf)6 +

9

2
∂xxf(∂xf)2 − 25

2
∂xxf(∂xf)3 − 75

4
(∂xxf)2∂xf,

+
15

2
∂xxf(∂xf)4 +

45

2
(∂xxf)2(∂xf)2 +

9

4
(∂xxf)2 +

15

2
(∂xxf)3

]
∂xxxkL(x, x) = βef

(
1

64
− 1

32

1

σ2(T − t)
− 3

2

1

σ4(T − t)2
− 15

2

1

σ6(T − t)3

)
.

We conclude with

H(x, x) = (∂xxxk − ∂xxk)L(x, x) = βef
(
− 1

64
− 5

32

1

σ2(T − t)
− 3

2

1

σ4(T − t)2
− 15

2

1

σ6(T − t)3

)
.
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5
On the large-time behaviour of

affine Volterra processes

This chapter is based on a work in progress with Antoine Jacquier and Konstantinos

Spiliopoulos [163163].

5.1 Introduction

5.1.1 The problem

We are interested in the large-time behaviour of Stochastic Volterra Equations (SVEs)

of affine type which take the form

Vt = V0 +

∫ t

0
K(t− s)β(θ − Vs) ds+

∫ t

0
K(t− s)σ

√
Vs dWs, t ≥ 0, (5.1.1)

where the kernel is the Laplace transform of some signed measure on R+, such as the

Riemann-Liouville kernel K(t) = tα−1, α ∈ (1/2, 1). The main result of this chapter
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is the existence of an invariant measure for the Markovian lift of (5.1.15.1.1) introduced by

Cuchiero and Teichmann [7373]; it entails the existence of a stationary measure for V . The

renewed interest in SVEs stems from the emergence of a new class of stochastic volatility

models which surrender the comfort of Markovianity for the sake of consistency with the

data. We refer to the main introduction for more information on these rough volatility

models, and stress that (5.1.15.1.1) represents the variance of the rough Heston model [9393].

We note here however that despite the large number of asymptotic results, very little is

known about the ergodic behaviour of rough volatility models.

In fact, to the best of our knowledge only two results exist on their large-time be-

haviour. The first one is a large deviation principle for the rescaled log-price under the

rough Heston model [100100]; it is derived from computing the limit of its characteristic

function, which is known in semi-closed form. Meanwhile in [129129], the authors proved

the existence of an invariant measure for the asset price under the assumption that the

non-Markovian variance process has a stationary distribution.

5.1.2 Literature

When the process is Markovian, one gains access to transition semigroups which in turn

allow to study the ergodic behaviour. A multitude of tools have been developed to prove

existence and uniqueness of invariant measures, as well as asymptotic stability and rates

of convergence. The most prominent in the literature are based either on showing that

the transition semigroup has the (strong) Feller property or on dissipativity methods,

which are related to Lyapunov function techniques. We refer to [7474, 7575] for an overview

of these approaches.

A radically different point of view is given by the theory of Random Dynamical Sys-

tems where Markovianity is replaced by a cocycle property for the driving noise, e.g.

(fractional) Brownian motion [1010, 119119]. Furthermore, in this context one analyses

the asymptotic behaviour by taking the starting time to −∞ and looking at the system

at t = 0, instead of starting at t = 0 and looking at t goes to +∞.

This inspired Hairer’s theory of Stochastic Dynamical Systems, which aimed at studying

the large-time behaviour of an SDE driven by additive fractional noise [142142]. To recon-

cile the Markovian ergodic theory with non-Markovian processes, his main idea was to

augment the state space with all the past of the fractional noise, and to define a Feller
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semigroup on this augmented space. This led to further advances with multiplicative

noise in the case H > 1/3 [147147, 148148], and for the discretised version of the SDE [231231].

The more recent literature on large-time behaviour of fractional processes has flour-

ished under the umbrella of rough paths theory, in particular regarding multiscale sys-

tems [6161, 126126, 127127, 176176, 211211, 212212]. Their asymptotic properties were also investigated

thanks to Malliavin calculus [4040] and the stochastic sewing lemma [145145]. As usual with

fractional stochastic integrals however, these frameworks do not accomodate for the

highly irregular paths found in rough volatility models.

Hairer’s idea of augmenting the state space to recover Markovianity made its way to

rough volatility modelling, albeit with a mild adaptation. Motivated by hedging appli-

cations in the rough Heston model, El Euch and Rosenbaum [9494] showed that since

the variance process is non-Markovian one needs to include the whole forward vari-

ance curve; this suggests to consider the system (St, (E[Vs+t|Ft])s≥0). The forward

variance even satisfies a Stochastic Partial Differential Equation (SPDE) [22], and this

allowed to further characterise the Markovian structure of the model. A similar SPDE

lift for another singular SVE was in fact derived in an earlier work [195195]. The anal-

ysis of the rough Heston model is facilitated by its affine structure, unlike the rough

Bergomi model, its main competitor. Yet, the forward variance curve of the latter also

satisfies an SPDE as it belongs to the realm of polynomial processes [7272]. The most con-

ducive SPDE lift for our purposes, though, was introduced by Cuchiero and Teichmann

in [7373]. Unlike the previous approaches, they argue it is more sensible to start from the

Markovian lift before solving the SVE. More precisely, they consider the (well-posed)

measure-valued SPDE

dλt(dx) = −xλt(dx) dt+ ν(dx)dXt, (5.1.2)

where ν is a signed measure and X is an Itô semimartingale of the form

Xt =

∫ t

0
β(θ − 〈1, λs〉) ds+

∫ t

0
σ
√
〈1, λs〉dWs,

where 〈y, λ〉 :=
∫∞

0 y(x)λ(dx) for all y ∈ Cb(R+). In fact, one should interpret the

SPDE (5.1.25.1.2) in the mild sense such that

〈y, λt〉 =

∫ ∞
0

e−txy(x)λ0(dx) +

∫ ∞
0

∫ t

0
e−(t−s)xy(x) dXs ν(dx).
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Applying the stochastic Fubini theorem, the total mass 〈1, λ〉 thus solves the affine

SVE (5.1.15.1.1), with K(t) =
∫∞

0 e−tx ν(dx) and λ0 being the Dirac mass at zero multi-

plied by V0.

This setting is not limited to the univariate case and, recalling our initial motivation, we

observe that the rough Heston model implies the following lift


dλ1

t (dx) = −xλ1
t (dx) dt+ δ0(dx)

(
1
2〈1, λ

2
t 〉dt+

√
〈1, λ2

t 〉dW 1
t

)
,

dλ2
t (dx) = −xλ2

t (dx) dt+ ν(dx)
(
β(θ − 〈1, λ2

t 〉) dt+ σ
√
〈1, λ2

t 〉dW 2
t

)
,

where W 1 and W 2 are correlated Brownian motions, the log asset price is 〈1, λ1
t 〉 and

the variance 〈1, λ2
t 〉.

The added value of this approach lies in the generalised Feller property, a notion in-

troduced in [8686], which is satisfied by the solution to (5.1.25.1.2) (albeit with θ = 0) and

opens the gates to many parallels with Markovian ergodic theory. Indeed, it is an exten-

sion of the standard Feller property to spaces that are not locally compact. Interestingly

enough, the authors also prove weak existence and uniqueness of the mild solution

of (5.1.25.1.2) by computing its Laplace transform

E[exp(〈y0, λt〉)] = exp(〈yt, λ0〉),

where y is the unique solution of a non-linear PDE.

The ergodic theory of space-time SPDEs is classical by now, with the monographs [7474,

7575], and in particular the wide literature on the 2D stochastic Navier-Stokes equation

which was the stage of several profound advances such as the asymptotic coupling

technique and the asymptotic Feller property [9898, 143143, 144144, 146146, 236236, 235235]. More

recent results include [5353, 5757, 169169].

As one can expect, the literature on measure-valued SPDEs is much less developed.

However, there exist connections with measure-valued branching processes (aka su-

perprocesses) which are also Markovian processes characterised by their Laplace trans-

form, only the PDE satisfied by y takes a different form [178178]. We note that the er-

godic behaviour of superprocesses has been studied extensively thanks to their Laplace

transform [5858, 9797, 107107, 157157, 171171], which is a hopeful message for us. Furthermore,

the analogy with our SPDE lift does not stop there: the density field of some of these
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superprocesses also satisfies an SPDE with an affine structure [172172, 179179], and in the

continuous-state case branching processes share properties with affine SDEs [168168].

However, superprocesses take values in spaces of non-negative measures, which can

be locally compact, in which case the standard Feller property makes sense.

5.1.3 Framework and main results

We recall some of the notations introduced in [7373]. Let X be a completely regular

Hausdorff topological space. We say that % : X → (0,∞) is an admissible weight func-

tion if the sets KR := {x ∈ X : %(x) ≤ R} are compact for all R > 0 [7373, Definition

2.1]. The supremum norm on R is denoted ‖·‖∞. The vector space

B%(X) :=

{
f : X → R : sup

x∈X
%(x)−1 ‖f(x)‖∞ <∞

}
,

equipped with the norm

‖f‖% := sup
x∈X

%(x)−1 ‖f(x)‖∞ , (5.1.3)

is a Banach space, and Cb(X) ⊂ B%(X). Moreover, the space B%(X) is defined as

the closure of Cb(X) in B%(X) [7373, Definition 2.3], and is also a Banach space when

equipped with the norm (5.1.35.1.3). Generalised Feller semigroups are the analogue of

standard Feller semigroups on the space of continuous functions vanishing at infinity

on locally compact spaces. They are bounded, positive, linear, strongly continuous

operators.

Definition 5.1.1 (Definition 2.5 of [7373]). A family of bounded linear operator Pt :

B%(X)→ B%(X) for t ≥ 0 is called generalised Feller semigroup if

(i) P0 = I, the identity on B%(X),

(ii) Pt+s = PtPs, for all t, s ≥ 0,

(iii) For all f ∈ B%(X) and x ∈X, limt↓0 Ptf(x) = f(x),

(iv) There exist C ∈ R and ε > 0 such that for all t ∈ [0, ε], ‖Pt‖L(B%(X)) ≤ C,

(v) Pt is positive for all t ≥ 0, that is, for f ∈ B%(X), f ≥ 0, we have Ptf ≥ 0.

Let P(X) be the space of probability measures on X.
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Definition 5.1.2. For all t ≥ 0, we define P ∗t as the adjoint of Pt, that is, for all ϕ ∈

B%(X) and µ ∈ P(X), they satisfy∫
X
Ptϕ(x)µ(dx) = 〈Ptϕ, µ〉 = 〈ϕ, P ∗t µ〉.

We will call (λt)t≥0 the process associated to the semigroup (Pt)t≥0 (and reciprocally)

if, for all t ≥ 0, P ?t γ is the law of λt whenever γ is the law of λ0. From the display above,

one deduces that in that case Ptϕ(λ0) = Eγ [ϕ(λt)].

Definition 5.1.3. We say that µ is an invariant measure if P ∗t µ = µ for all t ≥ 0.

Cuchiero and Teichmann provide two types of lifts for the SVE (5.1.15.1.1) in [7373, Section 5].

The forward curve lift (Section 5.2) lies in C(R2
+) where a tightness criterion depends on

Arzelá-Ascoli theorem, as for the original SVE. However, the Kolmogorov criterion seems

unsuitable for large time, see e.g. [33, Lemma 2.4] or [162162, Lemma 3.12]. The second

type of lift, introduced in Section 5.1 and displayed in (5.1.25.1.2), takes value in Y ? :=

M(R+), the space of signed measures on R+, which is the dual space of Y := Cb(R+),

and for which there exists a nice tightness criterion. Note that in this setting X is a

subspace of Y ?.

This chapter aims at proving the following theorem.

Theorem 5.1.4. Let λ0(dx) = V0 δ0(dx), for some V0 > 0, and ν(dx) = c x−α dx,

where α ∈ (1/2, 3/2) and c > 0. Then, there is a unique analytically mild and proba-

bilistically weak solution to (5.1.25.1.2), and it has an invariant measure.

Remark 5.1.5. Existence and uniqueness of (5.1.25.1.2) was only established by [7373] in the

case θ = 0.

Proof. The proof is a combination of Propositions 5.2.15.2.1, 5.3.15.3.1 and 5.4.15.4.1. More precisely,

Proposition 5.2.15.2.1 states that, for a generalised Feller process (λt)t≥0, the bound (5.2.15.2.1)

is a sufficient condition for the existence of an invariant measure. Proposition 5.3.15.3.1

shows that there exists a unique solution (λt)t≥0 to (5.1.25.1.2) and that it is indeed a gen-

eralised Feller process. Finally, Proposition 5.4.15.4.1 ensures the condition holds.

Theorem 5.1.45.1.4 delivers a stationary distribution for the SVE (5.1.15.1.1) even though it

is not Markovian. Note that this choice of ν with c =
(
Γ(1 − α)Γ(α)

)−1 yields the
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Riemann-Liouville kernel K(t) = tα−1/Γ(α), and that weak existence and uniqueness

were derived in [33].

Corollary 5.1.6. If K is the Riemann-Liouville kernel, then the unique weak solution

of (5.1.15.1.1) has a stationary distribution.

Proof. Let us call µ? the invariant measure of λ. If the law of λt is µ? for some t ≥ 0,

then Vt+s = 〈1, λt+s〉 is equal in distribution to 〈1, λt〉 = Vt.

The rest of the chapter consists of the proof of Theorem 5.1.45.1.4. Naturally, in Section 5.25.2

we show that Proposition 5.2.15.2.1 holds, in Section 5.35.3 we prove Proposition 5.3.15.3.1, and

Section 5.45.4 deals with Proposition 5.4.15.4.1.

5.2 A condition for existence

Prior to examining the SVE itself, we devise a simple condition for the existence of

an invariant measure for the lift. On the dual space Y ? we will use the strong

norm ‖λ‖Y ? := supy∈Y, ‖y‖≤1〈y, λ〉.

Proposition 5.2.1. If (λt)t≥0 is a generalised Feller process taking values in Y ? and

sup
t≥0

E[‖λt‖Y ? ] <∞, (5.2.1)

then it has an invariant measure.

Remark 5.2.2. Equation (5.2.15.2.1) corresponds to supt≥0 E[%(λt)] < ∞ for the choice of

weight function %(λ) := 1 + ‖λ‖Y ? .

We start by stating and proving an extension of Krylov-Bogoliubov theorem (see e.g.

[7474, Theorem 11.7]) to the setting of generalised Feller processes on B%(X), for any

completely regular Hausdorff topological space X.

Lemma 5.2.3. Let (Pt)t≥0 be a generalised Feller semigroup. Suppose that there exists γ ∈

P(X) and a sequence Tn going to +∞ as n goes to +∞ such that

(i) The sequence of measures P ∗Tnγ converges weakly to some µ ∈ P(X),

(ii) For any X-valued random variable λ with distribution γ, supt≥0 Pt%(λ) <∞.

Then µ is an invariant measure for (Pt)t≥0.
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Remark 5.2.4. By Prokhorov’s theorem [7474, Theorem 2.3], condition (i) is equivalent

to tightness of (P ?t γ)t≥0. The original Krylov-Bogoliubov theorem for standard Feller

semigroups does not require condition (ii).

Proof. Fix t > 0 and ϕ ∈ B%(X), then by definition Ptϕ ∈ B%(X). Let R > 0, since f ∈

B%(X) if and only if f |KR∈ C(KR) (see [7373, Equation (2.3)]), we need to work on KR

to apply the weak convergence of (i).

〈ϕ, P ∗t µ〉 = 〈Ptϕ, µ〉 =

∫
X\KR

Ptϕdµ+

∫
KR

Ptϕdµ =

∫
X\KR

Ptϕdµ+lim
n↑∞

∫
KR

PtϕdP ∗Tnγ.

Then we go back to X to apply the adjoint property∫
KR

PtϕdP ∗Tnγ = 〈Ptϕ, P ∗Tnγ〉 −
∫
X\KR

PtϕdP ∗Tnγ = 〈ϕ, P ∗Tn+tγ〉 −
∫
X\KR

PtϕdP ∗Tnγ,

and back to KR for the weak convergence

lim
n↑∞
〈ϕ, P ∗Tn+tγ〉 = lim

n↑∞

(∫
KR

ϕdP ∗Tn+tγ +

∫
X\KR

ϕdP ∗Tn+tγ

)
=

∫
KR

ϕdµ+lim
n↑∞

∫
X\KR

ϕdP ∗Tn+tγ.

Overall, this yields our objective plus a remainder

〈ϕ, P ∗t µ〉 = 〈ϕ, µ〉 −
∫
X\KR

ϕdµ+

∫
X\KR

Ptϕdµ+ lim
n↑+∞

(∫
X\KR

ϕdP ∗Tn+tγ −
∫
X\KR

PtϕdP ∗Tnγ

)
=: 〈ϕ, µ〉+ ε(R).

To deal with ε(R), we apply a Fatou-type lemma for measures [8888, Theorem A.3.12].

For any f ∈ B%(X),

∣∣∣ ∫
X\KR

f dµ
∣∣∣ ≤ sup

x∈X\KR

|f(x)|
%(x)

∫
X
%dµ ≤ sup

x∈X\KR

|f(x)|
%(x)

lim inf
n↑+∞

∫
X
% dP ∗Tnγ

= sup
x∈X\KR

|f(x)|
%(x)

lim inf
n↑+∞

PTn%(λ),

where λ is a X-valued random variable with distribution γ. Therefore,

ε(R) ≤ 2

(
sup

x∈X\KR

|ϕ(x)|+ |Ptϕ(x)|
%(x)

)(
sup
t≥0

Pt%(λ)

)
.
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By Equation (2.3) in [7373] we have for any f ∈ B%(X),

lim
R↑∞

sup
X\KR

|f(x)|
%(x)

= 0.

The uniform bound supt≥0 Pt%(λ) < ∞ thus ensures that ε(R) vanishes as R goes to

+∞.

Proof of Proposition 5.2.15.2.1. Let (Pt)t≥0 be the generalised Feller semigroup associated

to (λt)t≥0. Hence, for any X-valued random variable λ0, Pt%(λ0) = E[%(λt)].

In [7373], the analysis is performed with the weight function %(λ) = 1 + ‖λ‖2Y ? . The

only necessary estimate is E[%(λt)] ≤ C%(λ0), for some finite constant C, and we note

that the inequality E[1 + ‖λt‖2Y ? ] ≤ C(1 + ‖λ0‖2Y ?) implies E[1 + ‖λt‖Y ? ] ≤
√

2C(1 +

‖λ0‖Y ?). Therefore, the weight function %(λ) = 1 + ‖λ‖Y ? is also admissible, and the

assumption (5.2.15.2.1) implies

sup
t≥0

E[%(λt)] <∞. (5.2.2)

This yields condition (ii) of Lemma 5.2.35.2.3.

Furthermore, by [4646, Lemma 2.9], (λt)t≥0 is tight if and only if there exists a tightness

function G : Y ? → R+ such that supt≥0 E[G(λt)] <∞. We observe that an admissible

weight function is also a tightness function by design, hence proving tightness of a gen-

eralised Feller process (λt)t≥0 boils down to showing (5.2.25.2.2). Therefore, both conditions

of Lemma 5.2.35.2.3 are satisfied as soon as (5.2.15.2.1) holds.

5.3 The generalised Feller condition holds

Let us recall the measure-valued SPDE introduced in [7373, Section 5.1]

dλt(dx) = −xλt(dx) dt+ ν(dx)dXt, (5.3.1)

where, ignoring jumps and denoting λ = 〈1, λ〉, X is an Itô semimartingale of the form

Xt =

∫ t

0
β(θ − λs) ds+

∫ t

0
σ

√
λsdBs. (5.3.2)

The initial condition λ0 belongs to E ⊂ Y ?, a closed cone left invariant by the solution

of (5.3.15.3.1) with θ = 0, see [7373, Definition 4.12], and ν is a signed measure on R+. Recall

182



that this SPDE should be understood in the (analytically) mild sense

〈y, λt〉 = 〈e−t·y, λ0〉+

∫ t

0
〈e−(t−s)·y, ν〉 dXs, for any y ∈ Y.

The SPDE (5.3.15.3.1) with θ = 0 has a unique probabilistically weak and analytically mild

solution and is a generalised Feller process [7373, Theorem 5.7]. However, it generates

an SVE reverting to zero, so we would like to consider θ > 0 by perturbing its generator,

and hence showing that (5.3.15.3.1) is also a generalised Feller process.

5.3.1 On summing generators

We want to perturb the generator A of the SPDE (5.3.15.3.1) (with mean-reversion parame-

ter θ = 0) by applying one of the theorems in Section 3 of [7373], which all unfold from

their Theorem 2.10 for bounded perturbations. Theorem 3.1 of [7373] requires a Cauchy-

type convergence with respect to the norm of a dense subset D of B%. In the paper, it

is applied with D = B
√
% but does not work here because it leads to an estimate of the

type

‖Anf −Amf‖% ≤ anm ‖f‖√%
λ√
‖λ‖%

,

and we picked %(x) = 1 + ‖x‖ instead of 1 + ‖x‖2, hence this is unbounded. Theorem

3.3 of [7373] is tailored for jumps perturbations. Theorem 3.2 of [7373] is promising: one

needs a subset D such that its span is dense in B%. In the paper, the set D is defined as

the Fourier basis elements of the form

fy : E → [0, 1]; λ 7→ exp(〈y, λ〉). (5.3.3)

Moreover, span(D) is equipped with the uniform norm, such that heuristically at least

we can expect

‖Anfy −Amfy‖% ≤ anm ‖fy‖∞
λ

‖λ‖%
≤ anm ‖fy‖∞ ,

for some sequence anm going to zero as n,m go to +∞. With some rigour, we attain

our objective.

Proposition 5.3.1. For every λ0 ∈ E , the SPDE (5.3.15.3.1) has a unique probabilistically

weak and analytically mild solution in E , and its semigroup satisfies the generalised Feller

property.

183



Remark 5.3.2. For clarity, we work with the lift of the SVE directly (the SPDE (5.3.15.3.1)),

but notice that one could replace it by the more general SPDE displayed in (4.19)

of [7373]. The proof would still hold with 〈y, λ〉 and S?t λ instead of λ and e−t·λ, re-

spectively.

Proof. For all y ∈ Y and x ∈ R+, define Ay(x) := −xy(x). Let us start from the

generator of the (θ = 0)-SPDE (5.3.15.3.1),

Afy(λ) = fy(λ)

(
〈Ay, λ〉 − β〈y, ν〉λ+

σ2

2
〈y, ν〉2λ

)
,

where fy is defined in (5.3.35.3.3) and λ ∈ E . The corresponding generalised Feller semi-

group is defined on B%(E). The generator we aim at (with θ > 0) is

Aθfy(λ) := fy(λ)

(
〈Ay, λ〉 − β(〈y, ν〉 − θ)λ+

σ2

2
〈y, ν〉2λ

)
=: (A+B)fy(λ).

Inspired by the proof of [7373, Proposition 3.3], we define for all n ∈ N the approximate

sequence of generators Bnfy(λ) := βθfy(λ)λ n
%(λ)∨n , which is bounded by n |βθ| ‖fy‖∞

because %(λ) = 1 + supy∈Y 〈y, λ〉. Hence, for all n ∈ N, Theorem 2.10 of [7373] declares

that An := A + Bn is the generator of a generalised Feller semigroup on B%(E). We

call λn and Pn the associated process and semigroup, respectively.

This paragraph borrows elements from the proof of [7373, Proposition 4.14]. Let us

fix n ∈ N, λ ∈ E and λn0 = λ. Define E? := {y ∈ Y : 〈y, λ〉 ≤ 0 for all λ ∈ E}, the polar

cone of E , and set y0 ∈ E?. Then E[exp(〈y0, λ
n
t 〉)] solves uniquely the Kolmogorov PDE

∂tu(t, λ) = Anu(t, λ), u(0, λ) = exp(〈y0, λ〉). (5.3.4)

We introduce the function yn, which is such that ynt ∈ Y for all t ≥ 0, yn0 = y0, and

follows the dynamics

∂ty
n
t = Rn(ynt ), where Rn(y)(x) :=

(
Ay(x)− β〈y, ν〉+

σ2

2
〈y, ν〉2

)
λ+ βθλ

n

%(λ) ∨ n
.

Hence u(t, λ) := fynt (λ) = exp(〈ynt , λ〉) solves (5.3.45.3.4) since ∂tu(t, λ) = 〈∂tynt , λ〉u(t, λ) =

Anu(t, λ). We just showed that exp(〈ynt , λ〉) = E[exp(〈y0, λ
n
t 〉)] ≤ 1, hence ynt ∈ E?

for all t ≥ 0. Recall that D is the set of the Fourier elements (5.3.35.3.3) equipped with

the supremum norm ‖·‖∞. Therefore Pn leaves D invariant, and span(D) is dense

in
⋂
n∈N dom(An) = B%(E). This grants condition (i) of [7373, Theorem 3.2].

184



We conclude the proof with an argument from the proof of [7373, Proposition 4.15]. For

any m ∈ N, t ≥ 0, y ∈ E? and λ ∈ E , we showed that

Pmt fy(λ) = E[exp(〈y, λmt 〉)] = exp(〈ymt , λ〉) = fymt (λ),

with ym0 = y and λm0 = λ. Since ymt ∈ E? it is clear that
∥∥fymt ∥∥∞ ≤ 1, and therefore we

can compute

|AnPmt fy(λ)−AmPmt fy(λ)|
%(λ)

≤ βθ
∥∥fymt ∥∥∞

∣∣λ∣∣
%(λ)

∣∣∣∣ n

%(λ) ∨ n
− m

%(λ) ∨m

∣∣∣∣ ≤ aynm ‖fy‖∞ ,
where aynm tends to zero as n,m ↑ +∞. Hence, condition (ii) of Theorem 3.2 holds and

we conclude that Aθ = limn↑∞A
n is the generator of a generalised Feller semigroup

on B%(E).

5.4 Verifying the condition for existence

We proved in the previous section that the solution of (5.3.15.3.1) is indeed a generalised

Feller process, hence all that is left to apply Proposition 5.2.15.2.1 is to show that the bound

sup
t≥0

E[‖λt‖Y ?] <∞ (5.4.1)

holds. A simple application of Proposition 5.2.15.2.1 then yields Theorem 5.1.45.1.4. Recall

that Vt = 〈1, λt〉 for all t ≥ 0. The main result of this section is the following.

Proposition 5.4.1. Let λ0(dx) = V0 δ0(dx) and ν(dx) =
(
xαΓ(1 − α)Γ(α)

)−1
dx for

some V0 > 0, α ∈ (1/2, 3/2), so that K(t) = tα−1/Γ(α) is the Riemann-Liouville kernel.

Then the solution (λt)t≥0 to (5.3.15.3.1) satisfies (5.4.15.4.1).

Remark 5.4.2. We make some comments on the possible choices of initial condition λ0;

recall that λ0 is admissible if it belongs to E . By Assumption 5.2 and Remark 5.3

in [7373], e−r·ν ∈ E for all r > 0. By Remark 5.4 in [7373] and Example 2.2 in [11],

are allowed λ0 ∈ Y ? such that t 7→
∫∞

0 e−txλ0(dx) ∈ GK , where GK includes in partic-

ular Hölder continuous, non-decreasing functions g with g(0) ≥ 0, and functions of the

form g = V0 +K ∗θ such that θ(s) ds+V0L(ds) is a non-negative measure, where V0 > 0

and L is the resolvent of first kind of K. This yields at least two options:

• λ0(dx) = V0 δ0(dx), with V0 > 0;
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• λ0(dx) = V0 δ0(dx) + x−α−µ dx where 0 < µ < 1− α, such that

∫ ∞
0

e−xtλ0(dx) = V0+Γ(1−α−µ)tα+µ−1 = V0+
Γ(1− α− µ)Γ(α+ µ)

Γ(α)Γ(µ)

∫ t

0
(t−s)α−1sµ−1 ds,

which is equal to V0 + (K ∗ θ)(t) with θ and L non-negative.

Proposition 5.4.15.4.1 unfolds directly from the two following lemmas.

Lemma 5.4.3. Suppose λ0 ∈ E and ν ∈ Y ? are such that ν and λ0 are non-negative and

the function t 7→ E[Vt] − θ keeps the same sign for all t ≥ 0. Then the solution (λt)t≥0

to (5.3.15.3.1) satisfies (5.4.15.4.1).

Lemma 5.4.4. Let λ0(dx) = V0 δ0(dx) and ν(dx) =
(
xαΓ(1 − α)Γ(α)

)−1
dx for

some V0 > 0, α ∈ (1/2, 3/2), so that K(t) = tα−1/Γ(α) is the Riemann-Liouville ker-

nel. The function t 7→ E[Vt]− θ keeps the same sign for all t ≥ 0.

Proof. Denoting v(t) =
∫∞

0 e−txλ0(dx) and following [33, Lemma 4.2], we have

E[Vt] = v(t)−
∫ t

0
v(t− s)fα,β(s) ds, (5.4.2)

where fα,β(s) = βsα−1Eα,α(−βsα), and Eα,ζ(z) =
∑∞

n=0
zn

Γ(αn+ζ) is the Mittag-Leffler

function. In our setting this yields

E[Vt] = V0 − (V0 − θ)
∫ t

0
fα,β(s) ds,

and∫ t

0
fα,β(s) ds = β

∞∑
n=0

(−β)n

Γ(α(n+ 1))

∫ t

0
sα(n+1)−1 ds = β

∞∑
n=0

(−β)n tα(n+1)

Γ(α(n+ 1))α(n+ 1)

= βtαEα,α+1(−βtα).

We write f(z) ∼ g(z) if f(z)/g(z) tends to one as z goes to some limit. From Lemma

1.1 in [234234] we know that, as z goes to −∞

Eα,β(z) ∼ − z−1

Γ(β − α)
.

Hence, as t goes to +∞, this entails

βtαEα,α+1(−βtα) ∼ βtα
(
−(−βtα)−1

Γ(1)

)
= 1.
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Therefore E[Vt] goes from V0 to θ, and we wonder whether E[Vt] passes on the other

side of θ. Notice that E[Vt] satisfies the Volterra equation

xt = x0 +

∫ t

0
K(t− s)β(θ − xs) ds. (5.4.3)

Let x0 < θ and τ1 := inf{t > 0 : xt > θ} and suppose there exists a non-empty

interval (τ1, τ1 + h] where xt > θ. Then

xτ1+h =

[
x0 +

∫ τ1

0
K(τ1 + h− s)β(θ − xs) ds

]
+

∫ τ1+h

τ1

K(τ1 + h− s)β(θ − xs) ds,

(5.4.4)

where the first term is smaller than xτ1 = θ because K is decreasing and θ − xs > 0,

and the second term is negative because xs > θ by assumption. Hence xτ1+h < θ which

is a contradiction.

Now let x0 > θ, τ2 := inf{t > 0 : xt < θ} and suppose there exists a non-empty

interval (τ2, τ2 + h] where xt < θ. The signs are reversed compared to the previous

situation. Consider (5.4.45.4.4) with τ2 instead of τ1: the first term is greater than xτ2 = θ,

and the second term is positive. Again, this yields a contradiction. Overall this entails

that θ − xs has a constant sign for all s ≥ 0.

Proof of Lemma 5.4.35.4.3. Let B(R+) denote the Borel subsets of R+. For a signed mea-

sure λ on R+, define the upper variation U (resp. lower variation L) as U(λ) :=

sup{λ(A) : A ∈ B(R+)} (resp. inf), and such that the total variation corresponds

to ‖λ‖Y ? = U(λ)− L(λ).

Let us fix t > 0, then there exist two increasing sequences of sets (Un)n≥1 and (Ln)n≥1,

both in B(R+), such that λt(Un) is non-negative for all n ∈ N and increases to-

wards U(λt) as n goes to +∞, and analogously, λt(Ln) is non-positive and decreases

to L(λt). We will use the representation

‖λt‖Y ? = lim
n↑∞

(
λt(Un)− λt(Ln)

)
= lim

n↑∞

(∫
Un

λt(dx)−
∫
Ln

λt(dx)

)
. (5.4.5)

Intuitively, one should think of the limit of Un (resp. Ln) as the subset of R+ on which

λt is positive (resp. negative). This way, the function maximising sup‖y‖∞≤1〈y, λt〉 (if it

exists) corresponds to the limit of 1Un − 1Ln .

We did not assume that ‖λt‖Y ? should be finite. Yet, we can apply the monotone con-
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vergence theorem on the representation (5.4.55.4.5)

E[‖λt‖Y ? ] = lim
n↑+∞

E
[∫

Un

λt(dx)−
∫
Ln

λt(dx)

]
= lim

n↑+∞
E
[∫ ∞

0
(1Un − 1Ln)

(
e−xtλ0(dx) +

∫ t

0
e−x(t−s) dXs ν(dx)

)]
.

Let Yt :=
∫ t

0 K(t−s)σ
√
Vs dWs. Recalling the SVE (5.1.15.1.1), variation of constants on Vt−θ

yields

Vt − θ = (V0 − θ + Yt)−Rβ ∗ (V0 − θ + Yt) =
(
E[Vt]− θ

)
+

(
Yt −

∫ t

0
Rβ(t− s)Ys ds

)
,

where Rβ is the resolvent of the second kind of −βK. This implies

E
[
(1Un − 1Ln)(θ − Vt)

]
= E[1Un − 1Ln ](θ − E[Vt])− E

[∫ t

0
(1Un − 1Ln)K(t− s)σ

√
Vs dWs

]
+

∫ t

0
Rβ(t− s)E

[∫ s

0
(1Un − 1Ln)K(s− r)σ

√
Vr dWr

]
ds, (5.4.6)

where the second and third terms are equal to zero by the property of the local martin-

gale. Similarly, we note that

E
[∫ t

0
e−x(t−s)(1Un − 1Ln)σ

√
Vs dWs

]
= 0. (5.4.7)

By (5.4.65.4.6) and (5.4.75.4.7) we deduce

E
[∫ ∞

0
(1Un − 1Ln)

∫ t

0
e−x(t−s) dXs ν(dx)

]
=

∫ ∞
0

∫ t

0
e−x(t−s)E

[
(1Un − 1Ln)β(θ − Vs)

]
ds

= E
[(∫

Un

−
∫
Ln

)∫ t

0
e−x(t−s)(θ − E[Vs]) ds

]
.

We want to recover
∫
Un

+
∫
Ln

which tends to
∫∞

0 . In the case θ < V0 (thus θ < E[Vs] for

all s ≥ 0) we have∫
Un

∫ t

0
e−x(t−s)β(θ − E[Vs]) ds ν(dx) ≤

∫
Un

∫ t

0
e−x(t−s)β(E[Vs]− θ) ds ν(dx),
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and since λ0 is non-negative this yields(∫
Un

−
∫
Ln

)(
e−xtλ0(dx) +

∫ t

0
e−x(t−s)β(θ − E[Vs]) ds ν(dx)

)
≤
(∫

Un

+

∫
Ln

)(
e−xtλ0(dx) +

∫ t

0
e−x(t−s)β(E[Vs]− θ) ds ν(dx)

)
,

Recalling that 1Un + 1Ln converges increasingly to one, the monotone convergence

theorem gives us

lim
n↑∞

E
[(∫

Un

+

∫
Ln

)(
e−xtλ0(dx) +

∫ t

0
e−x(t−s)β(E[Vs]− θ) ds ν(dx)

)]
=

∫ ∞
0

e−xtλ0(dx) +

∫ t

0
K(t− s)β(E[Vs]− θ) ds = 2

∫ ∞
0

e−xtλ0(dx)− E[Vt].

The case θ ≥ V0 (hence θ > E[Vs] for all s ≥ 0) is very similar. First notice that

−
∫
Ln

∫ t

0
e−x(t−s)β(θ − E[Vs]) ds ν(dx) ≤

∫
Ln

∫ t

0
e−x(t−s)β(θ − E[Vs]) ds ν(dx),

which yields

lim
n↑+∞

E
[(∫

Un

−
∫
Ln

)(
e−xtλ0(dx) +

∫ t

0
e−x(t−s)β(θ − E[Vs]) ds ν(dx)

)]
≤
∫ ∞

0
e−xtλ0(dx) +

∫ t

0
K(t− s)β(θ − E[Vs]) ds = E[Vt].

Since E[Vt] is uniformly bounded over all t ≥ 0, this proves that condition (5.4.15.4.1)

holds.

Remark 5.4.5. In the case where λ0 is non-negative and θ ≥ V0, the only possible source

of negative variation comes from the local martingale part, which has zero expectation.

This explains the rather counter-intuitive conclusion E[‖λt‖Y ? ] ≤ E[〈1, λt〉].

5.5 Outlook

Extending our results to the rough Heston model will require to cast our analysis into a

multidimensional framework with Y = Cb(R2
+).

Building on the generalised Feller property, we aim at showing the uniqueness of the

invariant measure. The analogue of the strong Feller property is granted in our setting

since B%(X) already includes the space of bounded functions; uniqueness shall follow
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if (λt)t≥0 satisfies a sort of recurrence property. One can also hope to characterise

the unique invariant measure using tools from Malliavin calculus or the form of the

Laplace transform. Once ergodicity is established, it is interesting to identify the rate of

convergence and how it varies with α, thereby linking roughness of the volatility and

convergence to the stationary measure.
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processes. Stochastic Processes and their Applications, 130 (2020).

doi:10.1016/j.spa.2018.12.019doi:10.1016/j.spa.2018.12.019.
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