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Limit theorems for non-Markovian

and fractional processes

Abstract

This thesis examines various non-Markovian and fractional processes—rough volatility
models, stochastic Volterra equations, Wiener chaos expansions—through the prism of

asymptotic analysis.

Stochastic Volterra systems serve as a conducive framework encompassing most rough
volatility models used in mathematical finance. In Chapter 2, we provide a unified
treatment of pathwise large and moderate deviations principles for a general class of
multidimensional stochastic Volterra equations with singular kernels, not necessarily of
convolution form. Our methodology is based on the weak convergence approach by

Budhiraja, Dupuis and Ellis [46, 88].

This powerful approach also enables us to investigate the pathwise large deviations
of families of white noise functionals characterised by their Wiener chaos expansion
as X¢ =32 e"I,(f5). In Chapter 3, we provide sufficient conditions for the large de-
viations principle to hold in path space, thereby refreshing a problem left open in [213].
Hinging on analysis on Wiener space, the proof involves describing, controlling and

identifying the limit of perturbed multiple stochastic integrals.

In Chapter 4, we come back to mathematical finance via the route of Malliavin calculus.
We present explicit small-time formulae for the at-the-money implied volatility, skew
and curvature in a large class of models, including rough volatility models and their
multi-factor versions. Our general setup encompasses both European options on a stock
and VIX options. In particular, we develop a detailed analysis of the two-factor rough

Bergomi model.

Finally, in Chapter 5, we consider the large-time behaviour of affine stochastic Volterra
equations, an under-developed area in the absence of Markovianity. We leverage on
a measure-valued Markovian lift introduced by Cuchiero and Teichmann [73] and the
associated notion of generalised Feller property. This setting allows us to prove the
existence of an invariant measure for the lift and hence of a stationary distribution for

the affine Volterra process, featuring in the rough Heston model.
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Introduction

What better place than the first sentence to remind the reader that a piece of work
is never finished? A thesis, once submitted, may seem permanent. A theorem, once
proven, can appear as eternal. Yet, a creation of any sort always depends on the ob-
server, the roots from which it stems, and the further sprouts it gives rise to. In such a

dynamic and relational world, if it is set in stone then it is dead, claimed Pablo Picasso:

To finish a work? To finish a painting? What nonsense! To finish it means to be through

with it, to kill it, to rid it of its soul.

That being said, let us go for a gentle walk across the landscape relevant to this thesis.
1.1 Laplace, Markov, and Mandelbrot walk into a pub
According to Pierre-Simon de Laplace, a computer vast enough to know all the infor-

mation about the present state of the universe and to analyse it could deduce with

absolute certainty everything there is to know about the past and the future [174].
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This thought experiment served as an argument in favour of determinism and remained
influential over the centuries. The caveat is that such a hypothetical algorithm—Ilater
dubbed “Laplace’s demon”—Ilies far beyond the limits of human abilities. The chaotic
behaviour of dynamical systems uncovered by Poincaré bears witness to it [216, 217].
Nevertheless, scientists and mathematicians have not given up on their dream to de-
scribe reality; they just take a more pragmatic approach and consider ‘models’ which

are skilful simplifications of Laplace’s demon.

Skilful here means finding the right balance between consistency—with the features of
reality one wants to capture, and tractability—the capacity to analyse and get outputs.
The demon is at the far end of the spectrum: perfect representation of reality but not a
clue how it works. It should also be noted that the notion of right balance itself varies

with the problem at hand and the tools one possesses to tackle it.

When observing the evolution of natural phenomena, a widely accepted simplification
consists in accounting for the apparent randomness, and in incorporating this aspect in
the model. Such a random dynamical model is called a stochastic process [85]. This is
a slap in the face of Laplace’s determinism, but it allows to abstract away a huge chunk
of the necessary data and it is also consistent with our point of view: we may have
beliefs about future events but we cannot know for sure. A famous historical example
is due to the botanist Robert Brown who described the fluctuations of pollen in water
in a random fashion, giving rise to the Brownian motion (BM) [42]. It is today central
in the theory of continuous stochastic processes [166]—where it is also known as the
Wiener process, and in mathematical finance [226]—where Louis Bachelier introduced

it to model equity prices [12].

A more subtle feature of Laplace’s demon is the supposed independence between the
past and the future. In other words, the probability of a future event depends only
on the present state; in probability theory such a model is called a Markovian process,
after Andrey Markov. Because of their tractability and elegant properties, Markovian
models have become omnipresent in virtually every field of applied mathematics, from
thermodynamics to finance, passing through statistical mechanics, chemistry, biology,
computer science, and queuing theory [209, 237]. However, unless one is a goldfish or
has spent too much time at the pub, memory has a crucial influence on one’s present
behaviour, and we observe in many systems that past causes and conditions participate
in determining their future evolution. A further, less widely accepted, modification

thus consists in incorporating memory in the dynamics of a model. Once again, it is a
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pragmatic choice for two reasons. As we just discussed, it coincides with our perception
of reality. And even though it complicates the dynamics, it actually reduces the amount

of information necessary at a given instant for the model to be consistent.

Inspired by the interdependence between distant samples and the fractal behaviour
measured in natural phenomena, Mandelbrot and Van Ness introduced a generalisation
of the Brownian motion which they named fractional Brownian motion (fBM) [185].
With this example, one shifts the balance towards consistency as the ever-growing width
of applications testifies [34, Preface]. It was proved by Decreusefond and Ustiinel [80]
that, if (W;);>0 is a BM, there exists a deterministic kernel K : ]Ri — Ry such

that (W1),>( is an fBM with Hurst exponent H € (0, 1) where

t
H :/ KY(1, 5)dW,. 1.1.1)
0

If H=1/2 then K” = 1 and one recovers the standard BM. The realisations of the fBM
have almost sure Holder regularity of H — ¢ for all € > 0, hence the lower H is the more

erratic the paths look like, as Figure 1.1 displays.

Standard Brownian motion H=0.5

Fractional Brownian motion H=0.1

I . il |I1
\ .“‘u'mu'H \Flllltkrnx “"“H;’ >":|"'--|J“'|1'1'*w" Pflm”h"h“u"\""'

Figure 1.1: Simulated paths of standard and fractional Brownian motions

When H # 1/2, it is not difficult to prove that W is neither Markovian nor a semi-
martingale [221]. The cost to pay in tractability for these more realistic dynamics is
quite high since many tools were developed to suit the previous generation of models.
The lack of Markovianity implies the loss of Feynman-Kac type formulas, which describe
expectations of functionals of Markovian processes as the solution to a Partial Differen-
tial Equation (PDE). It also greatly increases the computational time of Euler schemes,

and therefore restricts the efficiency of Monte-Carlo methods. In quantitative finance,

16



these two approaches prevail when one is concerned with pricing options [238]. On the
other hand, semimartingality is a requirement for It0’s calculus which itself lies at the

core of classical stochastic analysis [222].

Therefore, challenging the Markovian paradigm allows for more accurate representa-
tions of the reality and is also an impetus for the development of new mathematical
theories and techniques. In particular, asymptotic methods provide efficient ways to un-
derstand the behaviour of these processes. Explicit expressions often become available
when passing to the limit, and they can be used to compute quick approximations of
the quantities of interest, gain insights on the impact of the model parameters, improve
numerical schemes, or compare the asymptotic behaviour with Markovian models. In
option pricing, these can lead to a more efficient model choice and faster calibration to
the data. Recently, limit theorems describing the short-time behaviour of option prices
in equity markets were essential in the shift from traditional stochastic volatility models
to non-Markovian fractional models, and in understanding how to fit the model param-

eters (especially the Hurst exponent H) with observed data [8, 112, 113].

The stochastic calculus of variations initiated by Paul Malliavin [181] played a funda-
mental role in the proofs of [8] to represent the processes of interest in a conducive form
for studying their convergence. This infinite-dimensional calculus (called Malliavin cal-
culus) is suited to the analysis of random variables defined on Gaussian probability
spaces [201]; like many asymptotic methods, it does not weaken when Markovianity is
absent. In this thesis, we will combine the powerful insights of asymptotic analysis with
the universal representations of Malliavin calculus to study non-Markovian processes.
The Wiener chaos expansion, an abstract representation of a large classes of processes,
is the object of Chapter 3, while in Chapter 4 we extend the framework of [8] to volatil-

ity options.

1.2 Three V’s for motivations

1.2.1 V for Volatility

The quantitative finance industry supplies interesting problems to academics and they
in turn contribute with practical tools and insights. This back and forth relationship acts

as a safeguard against dogmatic approaches. Mathematical modelling in particular is
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often justified by one of two concrete motivations: (i) predicting future trends, or (ii)

understanding and managing risks.

The former application requires to study historical prices with statistical tools. Option
pricing is concerned with the latter; in this situation one does not make assumptions
about the “true probability” of the future dynamics of the price of an asset, but rather
proposes a model that is consistent with the other traded assets, such that no opportu-
nity of arbitrage exists—discounted prices of traded assets are martingales, and risk can
be virtually eliminated—a hedging strategy is available. In this probability world, called
“risk-neutral”, Black, Scholes, and Merton [36, 190] introduced a model where the price

of the underlying asset (S;):>o satisfies the stochastic differential equation (SDE)

dSt/St = O'th, S() > 0. (121)

Without loss of generality, we consider the interest rates to be zero and Sy = 1. This
model, where the positive constant o represents the volatility, remains the universal
benchmark. Indeed, today’s option prices are quoted in terms of the implied volatility,
a quantity defined as the number o one has to input in equation (1.2.1) such that the
model and market prices coincide. For time to maturity 7" and log-strike price k, we
denote the Black-Scholes Call option price by BS(T, k, o) and consider a market with
observed prices C(T, k). The implied volatility is therefore the unique non-negative
solution opg(T, k) to

BS(T, k, ops(T, k) = C(T, k). (1.2.2)

The solution map induced from quoted prices—the volatility surface—is clearly not
constant across different values of T and k, hence it calls for more accurate models
which capture the fluctuations of the implied volatility [121]. The local volatility model
introduced by Dupire [87] replaces ¢ in (1.2.1) by a function (¢, S) of time and spot
price. It is designed to calibrate perfectly the observed Call prices of all strikes and
maturities at a fixed date, and therefore allows to price other derivatives consistently.
The idea is reminiscent of Laplace’s demon: an algorithm which takes as input all the
available data and outputs a flawless representation of reality. In practice however, the

necessary data is delicate to recover and the model needs re-calibration as time passes.

Paralleling the previous section, a natural evolution consists in integrating a new source
of randomness and upgrading o to a (Markovian) stochastic process (o:);>0, often

driven by a standard BM (although this progression fits nicely into our story, let us
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emphasise that it is not chronologically accurate). The aforementioned stochastic
volatility models take different names for different dynamics of the volatility (SABR,
Heston, Bergomi), but they all equally manage to fit the implied volatility smile at
one given date—the map k£ — ops(7,k) for a fixed 7" > 0. Hence, looking at
a single smile does not give much information on the dynamics of the underlying.
Instead, the term-structure of the at-the-money (ATM) implied volatility skew—the
map T + | &ops(T, k)| evaluated at k = 0, is very sensitive to the dynamics. It obeys
a power-law proportional to 7~% for some « > 0, as Figure 1.2 illustrates, and is no-
toriously hard to reproduce under traditional stochastic volatility models, especially for
small 7" [121, Chapter 3]. Additionally, many sources (e.g. [63, 66, 96]) argued that
a consistent model should exhibit memory of the past. The time is ripe to let go of the

Markovian assumption.

0 1 2 3

Time to maturity

Figure 1.2: Term-structure of ATM implied volatility skew as of January 28, 2020 (black
dots), plotted against the power-law fit ¢(T) = 0.45 T~%4* (red curve).

Certainly inspired by the fBM’s momentum in mathematical finance, the statistical anal-
ysis performed by [123] on high-frequency data can be considered as the last nail
in the coffin of Markovian stochastic volatility models. With its provocative and self-
explanatory title “Volatility is rough”, the study shows that instantaneous log-volatility
across a wide range of asset prices (complemented by [26]) exhibits a low Holder reg-
ularity and is well modelled by an fBM with H ~ 0.1, as depicted in Figure 1.1. Other
nails were hit by earlier analyses [63, 64, 65, 66], modelling the volatility as a function
of an fBM with H > 0.5, a process with long memory. As alluded to in the previous
section, the term-structure was investigated through asymptotic methods; the implied
volatility is in general not available in closed form hence novel techniques were nec-

essary. The short-time results of [8, 112, 113] demonstrated that fBM-driven models
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. _1
generated a term-structure proportional to 772 as T goes to zero and were able to

mimic the observed power-law with H ~ 0.1.

Before moving forward, we must give credit to Mandelbrot (and his co-authors) who
was the first to predict the role the fBM could play in financial modelling [182, 183].
There is of course an emotional bias involved as the author of this thesis discovered the

link between fractals and finance in one of his books [184].

In summary, this new class of rough volatility models improves the consistency with the

data via (at least) three aspects:

1. The roughness of the time-series / historical prices / motivation (i) / Figure 1.1;

2. The short-time implied volatility skew / risk-neutral world / motivation (ii) /

Figure 1.2;

3. The memory of the past.

Rough volatility models also have the potential to be consistent with other traded assets,
thereby eliminating arbitrage opportunities. Traders appreciate volatility derivatives
both for market insights—as a measure of market risk, and for hedging purposes—
because of their negative correlation with equity prices. VIX derivatives in particular,
which are designed to represent the volatility of the S&P index, became so liquid that
they took a life of their own. The question of their joint modelling will be addressed in

Chapter 4.

Arbitrage is however possible in a market with power-law volatility skew if the volatil-
ity model is not rough [114]. Building on the insights of [123], Bayer, Friz, and
Gatheral [19] attempted to bridge the gap between historical and risk-neutral worlds
by proposing a model consistent in both; they gave birth to the rough Bergomi model.
At the core of [93, 165] lied the motivation of reconciling high- and low-frequency:
El Euch, Fukasawa, Jaisson, and Rosenbaum built an asset price model based on mar-
ket microstructure features and made the transition to longer term. A rough volatility
model appeared in the long-time limit, which they dubbed the rough Heston model,

providing a microstructural justification.
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1.2.2 V for Volterra

The variance process (07 );>¢ in the rough Heston model satisfies an equation which can
be seen as an extension of (1.1.1) with state-dependent drift and diffusion coefficients.
We shall be chiefly interested in the class of (multidimensional) Stochastic Volterra

Equations (SVEs) of the form
t t
X; = Xo +/ K(t, s)b(X,)ds +/ K(t, s)o(Xs)dWs, t>0, (1.2.3)
0 0

which is a conducive framework to study rough volatility models. The key difference
with It6 SDEs is the inclusion of a singular kernel K which blows up as s tends to ¢, just
like the fBM’s. Recall that, through the fBM case, we brought to light several aspects of
non-Markovian and fractional processes—richer structure and loss of tractability, which
extend beyond this particular example to SVEs, and serve as a motivation for this thesis.
Figure 1.3 summarises the interplay between the different models we have presented so
far. The processes in the second and third columns have strong rigorous mathematical
links and sometimes overlap, while we insist that the first column only represents an
informal analogy. The double arrows highlight a deep interdependence: new techniques
allow for the emergence of new models, while the necessity for new models motivate
the development of new techniques. It is often futile to try to determine which came

first.

Interestingly enough, the original (deterministic) Volterra equations do not fit easily in
this picture. The motivation came from population dynamics, where ordinary differen-
tial equations were used to model the evolution of the number of individuals alive. The
observation that the latter depends on the state of the environment, which is itself a
consequence of the past history of the population, led Vito Volterra to consider equa-
tions of the type (1.2.3), with o = 0 [180, Chapter 2]. While our story line suggests to

include first randomness and then memory, he jumped directly to the latter.

The question of well-posedness of SVEs appeared rather early with [28, 29, 71, 210,
218] for Lipschitz coefficients, while pathwise uniqueness with non-Lipschitz coeffi-
cients turned out to be highly intricate without the support of It&’s calculus [195].
Abi Jaber, Larsson and Pulido [3] established powerful methods for SVEs with con-
volutional kernels, leveraging on deterministic resolvent analysis. The rough Heston

model belongs to this class of affine Volterra processes, granting it weak existence and
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Figure 1.3: Informal summary of presented models

uniqueness, and a semi-closed form characteristic function. Like the classical Heston
model in its time, the rough version proved to be a fertile soil for theoretical pro-
gresses [1, 2, 94, 95, 125, 131, 1671].

An SVE-friendly fractional stochastic calculus has not emerged (yet?) to compensate
the loss of semimartingality, but path-dependent PDEs now exist as an extension of the
Feynman-Kac theory to SVEs [232]. We already mentioned that numerical methods
suffer from the lack of Markovianity, hence a myriad of new techniques came to life, in-
cluding but not limited to hybrid Monte-Carlo schemes [25, 188], Fourier methods [95],
Donsker schemes [152], neural networks applications [23, 154, 160], multi-factor ap-
proximations [2, 59, 241], weak error rates [21], and quantization [37]. The rough
volatility literature is expanding at a tremendous speed both to hasten their industrial
use and to explore uncharted mathematical territories. The rough volatility network

keeps an account of all the papers in the field [150].

As advertised in Figure 1.3, asymptotic analysis of rough volatility is particularly
prolific and insightful. In addition to the aforementioned papers, this subfield in-
cludes vol-of-vol expansions [5], H | 0 convergences [22, 99, 100], small-time
formulas based on Malliavin calculus methods [6], a rough SABR formula [115],

Edgeworth expansions [92, 102], and in overwhelming majority large deviations re-
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sults. Large Deviations Principles (LDPs) were first derived in finite-dimensional set-
tings [18, 100, 103, 130, 136, 138, 139, 173], establishing the ground for higher-order
approximations of the short-time implied volatility [20, 108, 109]. They provide in-
sights on the role of the parameters and their accuracy competes with exact numerical

methods, albeit with an almost instantaneous computation.

LDPs on path space are valuable when one is interested in the probability that the whole
path of a stochastic process hits a given set. Such results grant a greater flexibility on
the asymptotic regime, providing small-time, small-noise, or large-strike expressions,
and yield the finite-dimensional version by a simple projection argument [56, 151, 161,
162]. They shall also lead to variance reduction methods for Monte-Carlo schemes, as
in the Markovian case [90, 128, 133, 135, 194, 215, 220, 227]. The fractional processes
we have been discussing are not remote from former Markovian models but generalise
them, hence these limit theorems also allow for an efficient comparison between the two
and for a measurement of the impact of the Hurst exponent (H = 0.5 versus H < 0.5).
Let us now present a number of reasons for the popularity of large deviations techniques

in mathematical finance.

1.2.3 V for Varadhan

The naked eye suffices to recognise that deviations from the mean are more abrupt in
the second graph of Figure 1.1 than in the first. Furthermore, instantaneous volatility
consistently features fatter tails than the Gaussian distribution, in other words the prob-
ability of an event with high impact is much higher than in Gaussian models. Classical
limit theorems such as the Law of Large Numbers or the Central Limit Theorem, being
focused on the most likely value or path, often miss these crucial aspects of modelling.
Large deviations theory offers subtler insights by characterising the decay of the prob-
ability of rare events, hence assigning a quantitative interpretation to these unlikely

scenarios.

Pinned by Varadhan in 1966 [229], the LDP is a universal property which describes the
asymptotic behaviour of a family of random variables on an exponential scale through
only two functions—the speed and the rate function. For the proper definition we refer

to (2.1.2); in an informal way a family of X-valued random variables (X*¢).~ satisfies
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an LDP with speed ¢! and rate function I : X — R, if, for all Borel subsets A C X,
P(x° e A) X exp (- inf I(a) /e) . (1.2.4)
BAS

To illustrate our earlier observation, let us notice that the family of standard and frac-
tional Brownian motions (W; ).~ and (WEH )eso satisfy an LDP with speed ¢! and ¢ 2/

respectively, meaning that in short-time the fBM with H < 0.5 allocates larger probabil-

ities to large values.
The importance of large deviations is best explained by Varadhan himself [230]:

In computing expectations of random variables that can assume large values with small

probabilities, contributions from such values cannot be ignored.

This resonates nicely with option pricing theory where one is concerned with computing
expectations of the type E[(S7 — e¥)T], for time to maturity T, log-strike k, and ()" =
max(z,0). Out-of-the-money options, where Sy is much smaller than e*, require an
important divergence from the mean to be exercised, with the small probability P(S >
ek). Nevertheless, the price of the option cannot be overlooked because multiplying a
large value with a small probability can still yield a large expectation. For a concrete
example, let SM and S* represent the spot prices in Markovian and rough volatility
models, and satisfy a small-time LDP with rate functions ™ and 7, respectively. Then

one can extend the heuristic (1.2.4) and the remark underneath to option prices:

E [(SEM - e’f)+] L exp (—1M (k) Je) for all k > log(SM);

E [(Sf — eka>+] 0 exp (—IR(k)/€2H) ’ forall k > log(Sé%), ko = kel/2H

We note the necessary rescaling of the log-strike in the rough case, but more on that

later. We refer to [215] for an overview of large deviations theory in finance.

This thesis is mainly concerned with pathwise large deviations, where the state space X’
is a path space, and therefore deals with continuous stochastic processes. We owe
the traditional theory to Friedlin and Wentzell [106] who decided to regard stochastic
systems (X¢).~0 on C([0,T],R), for some fixed T' > 0, as perturbations of deterministic

ones X, such as

t t t
X[ =z + / b(X:)ds + 8/ o(XZ)dWy, X, =m0 —i—/ b(Xs) ds,
0 0 0
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foralle > 0,29 € R, ¢t € [0,7], and with some regularity conditions on b and o.
From this perspective, the LDP is a way to measure the distance between the rescaled
SDEs satisfied by (X¢).~¢ and their deterministic limit X. One may draw satisfaction
from the universal form of the rate function in this pathwise setting. It always displays
the infimum of an energy function over a range of functions which act as controls,
or perturbations, of the limit equation. Typically, for all continuous paths ¢, the rate

function associated to (X¢).~ reads

IX((;S) = inf {; /OT 11252 dt:ve L2([0,T],]R), or = xo + /Ot (b(cbs) + U(d)s)vs) ds}.
(1.2.5)
In the same paper, Varadhan [229] proved a central result in large deviations theory.
If (X¢).>0 satisfies an LDP with rate function IX then for all continuous bounded func-

tions F' the following limit holds

12{8 —clogE [exp{—F(fa) H = gggz{lx(:c) + F(z)}. (1.2.6)

We say in that case that (X¢).-( satisfies the Laplace principle (yes, the same fellow
who summoned a demon a few pages back). The reverse statement was later proved
by Bryc [43]. Inspired by this equivalence, Dupuis and Ellis introduced a route to de-
rive the Laplace principle directly [88]. As far as we are concerned, their fundamental
argument is the variational representation proved by Boué and Dupuis [38]. Equipped
with this tool, Budhiraja and Dupuis [45, 46] showed that the Laplace principle imme-
diately follows from the convergence in law of a perturbed version of (X¢).-¢, thereby
trading the methods of Freidlin and Wentzell for the established theory of weak conver-

gence [35].

Simply stated, they represented X¢ as the functional of the Brownian motion G*(W) and
then studied the convergence of the perturbed processes X" := G= (W +¢7! [/ vSds),
for some convergent sequence of processes (v°).~q. The choice of scaling ¢! is crucial
and suggests the speed of the LDP. Heuristically, the form of the rate function can often
be guessed early on, it resembles (1.2.5) where the limit equation corresponds to the
original stochastic one with edWW; replaced by v; d¢. The universality of this approach
made it incredibly successful, as the monograph [46] and the references therein indi-
cate. Chapters 2 and 3 present new applications of this method, to SVEs and Wiener

chaos expansions respectively.
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1.3 Outline of the contributions

This thesis lies in an interconnected web made of all the ideas presented above and of
an enormous number of people. We think not only of the many mathematicians cited
in this introduction, giants whose names are forever tied to their theorems, but also of
the many who contributed and whose names are too often forgotten. This thesis could
not have existed without them. Before we present our contributions in more details,
the following picture (Figure 1.4) helps to put them into context. It highlights how
the insights gathered in the first project are stretched into various directions, following

curiosity and opportunities rather than linearity.

Weak convergence

approach ( Chapter Il

Chaos expansion LDP

Chapter IV SVEs Chapter|
Ergodic behaviour Large and Moderate
of SVEs Deviations for SVEs

Chapter Ill
L VIX implied volatility

Rough volatility asymptotics

Figure 1.4: Relationships between the chapters

Each chapter corresponds to one project and one paper, and can therefore be read
independently of the others. Respectively, Chapters 2, 3, 4, and 5 coincide with the
papers [162, 206, 159, 163].

1.3.1 Large and moderate deviations for stochastic Volterra systems

This first chapter, based on the preprint [162], is the central piece of the thesis as
it combines the three main aspects of rough volatility, SVEs, and large deviations.
It aims at proving pathwise large and moderate deviations principles on the state
space C([0,T],R%) for a broad class of rescaled SVEs that encompasses the most popular

rough volatility models, where 7" > 0 is a fixed time horizon and d € N. We consider
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the family of processes (X¢).~( defined as the solutions to the d-dimensional SVEs
t t
XE = Xt 4 / K(t, s)b(s, X°) ds + 0. / K(t, s)o.(s, X5)dW,, € [0,T],
0 0

where . > 0 tends to zero as ¢ goes to zero, and W is an m-dimensional Brownian
motion. Moreover, K is a kernel that may be singular, not necessarily of convolution

type, and the coefficients are such that a unique pathwise solution exists.

Moderate deviations are tightly connected to large deviations. If X¢ converges to X,
we say that (X¢).> satisfies a Moderate Deviations Principle (MDP) if (7°).~¢ satisfies

an LDP with speed h?2, where

Xe-X
n° = S forall e > 0,

with lim, o he = +00 and lim. | ¥.h. = 0. By choosing h. appropriately, the MDP inter-
polates between the LDP regime (with h. = 1J.) and the central limit theorem regime
(with h. = 1). Hence, moderate deviations are relevant to study less unlikely events
than large deviations. Interestingly enough, the MDP rate function is often—if not
always—much more tractable than the LDP one, paving the way for explicit asymptotic

results and effective numerical methods.

The proof of the LDP, based on the weak convergence approach [46], consists in show-
ing the convergence of the perturbed family (X%*").~o. Recall that if X¢ = G5(W)
then X=U° := G (W + 97! [jvds) for all e > 0, where (v°).5¢ is a convergent se-
quence of adapted processes taking values in L?([0,7],R™). They turn out to be the

unique solutions to the following controlled SVEs
. t . e t €
XU = X§+/ K(t,s) (bg(s,X?v )+oe(s, XY )7}2) ds—i—ﬂa/ K(t,s)o:(s, X2 ) dWs.
0 0

The tightness of this family in C[0,7],R?) is a consequence of Kolmogorov continu-
ity theorem combined with Arzeld-Ascoli theorem. Keeping in mind our objective we
slightly relax the linear growth assumption on the coefficients, traditionally used to ap-
ply Gronwall’s lemma and obtain the moment bounds. This is necessary to include the
rough Bergomi model which features exponential coefficients. Frameworks for deriving
the Holder continuity of SVEs can be found in [79] for non-convolution kernels and
in [3] for convolution kernels. Leveraging on their insights, we obtain the tightness and

then need to identify the limit in law.
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As in the Freidlin-Wentzell theory (1.2.5), the latter turns out to be the solution to
some deterministic equation. However, if uniqueness of this equation fails, then the
proof of the LDP cannot go through. Since we do not impose Lipschitz continuity of
the coefficients to accommodate for the rough Heston model, we end up facing this
pitfall in the LDP regime. To circumvent it, we devise in Section 2.3.1 a modification
of the original proof of [45, Theorem 4.4] which only requires the solutions of the limit
equation to be asymptotically close to a class of equations with a unique solution—this
is possible because the right-hand-side of the Laplace principle (1.2.6) is an infimum
and thus allows for “an ¢ of a room”. This relaxation applies in particular to equations
with locally Lipschitz coefficients such as the square root function present in the rough
Heston model. Passed these hurdles, we reach our first main result, combination of

Theorems 2.3.11 and 2.3.29.

LDP for SVEs

Under mild assumptions on the coefficients, strong existence and uniqueness
of (1.3.1), and an “almost-uniqueness” condition for the limit equation, the fam-
ily (X¢).¢ satisfies an LDP with speed 922 and rate function I : C([0,T],R%) —
R, given by

T
I(¢) = inf {;/ lvs|? ds : v € L2([0, T],R™),

0

o = xo + /Ot K(t,s) (b(s, ¢s) + (s, qbs)vs) ds}.

Let us recall that pathwise uniqueness with non-Lipschitz coefficients was achieved
in [195], hence this result extends [240] by lifting two important assumptions: Lip-

schitz continuity and linear growth.

The proof of the MDP unfolds in an analogous way albeit with a different speed. Because
of the rescaling of 77, the shifted BM now reads W + h. [, vs ds. A more intricate SVE
emerges which requires additional care since the rescaling may induce a blow-up as ¢

goes to zero, such as the following term which shall give Vb in the limit

be (5, X + 0cheny”") — b(s, X )
Ozhe '

This gives an insight on our second main result, which corresponds to Theorems 2.3.20
and 2.3.29.
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MDP for SVEs

Under strong existence and uniqueness of (1.3.1) and slightly stronger assump-
tions on the coefficients, the family (X*¢).-( satisfies an MDP with speed h? and
rate function A : C([0, 7], R?) — R, given by

@) = inf {2 [ o2 ds 0 € 220, 7], R
) =int {5 [ lo dssve 220,118,

Y = /Ot K(t,s) (Vb(s,)?s)ws + o(s, Xs)vs> ds}.

Crucially, the limit equation is here linear and therefore uniqueness is granted. This
simpler form also makes it more amenable for further computations, as advertised ear-

lier.

Let us now consider a general rough volatility model of the form

S S Y
t

Y —yo+/ K(t—s)b )ds—{—/(t—s)H_ég(Ys)dWS’
0

where B and W are two Brownian motions with correlation p € [—1,1], the Hurst
exponent H € (0, 1) corresponds to the almost Holder regularity of the variance Y, and
the convolution kernel satisfies K (A\t) = At (we think of @ = 3 to recover a smooth
kernel or w = H to have a singular kernel in the drift as well). We need this property
for the rescaled processes X; = cH=3 <+ and Y7 = Y, to fit in the setting of (1.3.1)
with 9, = . The LDPs, gathered in Proposition 2.4.3, are then a corollary of our first

main result.

Under mild assumptions on the coefficients, LDPs with speed ¢~ 2/ hold
for (X¢,Y®), X%, and Y°© in a pathwise sense, and for eH*%Xa and Y; on the

real line.

The rate function associated to (X¢,Y*) has an explicit integral form but the others
involve infima over infinite-dimensional spaces and are thus not available in closed
form, unlike in the MDP case, where 7° = ¢#~H (X¢,Y* — y) for any 3 € (0, H). This

is the content of Proposition 2.4.6.

29



MDPs for small-time rough volatility

Under slightly stronger assumptions on the coefficients, MDPs with speed ¢~2/
hold for (X¢,Y®), X¢, and Y* in a pathwise sense, and for £/ _%XE and Y; on

the real line.

All the rate functions are explicit, in particular for ¢ absolutely continuous and x € R,

1'2

2% (o)’

AX(¢)—;/T¢2dt and  Af(z) =
_22(3/0) 0 ! ! B

associated to X¢ and &/ _%XE respectively, are independent of H and coincide with
Markovian LDP rate functions. Nevertheless, the roughness (read H) still appears in

the scaling of the process and the speed of the MDP.

These small-time asymptotic results apply in Section 2.3.2 to the rough Stein-Stein,
(multi-factor) rough Bergomi, and rough Heston models (under the assumption that

pathwise uniqueness holds for the latter).

We also propose to study tail asymptotics in Corollaries 2.4.15 and 2.4.17, which gen-
erally have the form X°¢ = X, such that an LDP provides asymptotic estimates on
P(Xc>1)=P(X >¢e1).

Tail LDPs for rough volatility

In the rough Stein-Stein model, LDPs with speed ¢~2 hold for the fami-
lies (¢2X,£Y), €2X in a pathwise sense and £2X, on the real line (for a fixed ¢ €
[0,7)).

In the rough Heston model, LDPs with speed 2 hold for the fami-
lies (2X,€2Y), €2X in a pathwise sense and ¢2X; on the real line (for a
fixed ¢t € [0,T]).

The small-time LDPs (respectively MDPs) for rough volatility models translate into im-
plied volatility asymptotics for opg(t, kt *%) (respectively ops(t, ktﬁ*%)) as t goes to
zero, see Section 2.4.1.3. In the LDP case, the limit is cumbersome to compute while
it is simply equal to ¥(yo)? in the MDP case. Meanwhile, Corollary 2.4.18 shows the
large-tail LDP yields a limit for ops(t, k)t /k as k goes to infinity.

We mentioned previously that one outlook of this project lies in variance reduction tech-

niques for Monte-Carlo schemes. Importance sampling consists in simulating an unbi-
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ased estimator under a different probability measure and finding the optimal change of
probability measure that minimises its variance, which is equivalent to the optimisation

problem

Q~P dQ

Simulating under this new measure can yield a significant gain when confronted to rare

inf EX [G(X)de] : (1.3.1)

events with big impacts by increasing the probability of the paths which contribute the
most to the expectation. However, the raw problem (1.3.1) cannot be solved explicitly in
practice. Large and moderate deviations, by design, provide insight on events with low
probability and were found useful to derive asymptotically optimal change of measure.
Restricting the range of equivalent measures to the Cameron-Martin space, (1.3.1) can

be approximated by the following proxy featured in the Laplace principle (1.2.6)

E [exp {2(2 log(G(X?)) — \@/OT hedW; + ;/OTW dt) H .

The minimisation problem then boils down to a simpler variational one, but unfortu-
nately the gains of this approach are often mitigated by the cost of computing the in-
tricate LDP rate function. This challenge encourages to use moderate deviations where

the rate functions are explicit, as in [194].

1.3.2 Pathwise large deviations for white noise chaos expansions

The second chapter corresponds to the preprint [206] and takes a different angle to
tackle non-Markovian systems. It exploits the same methods as the first chapter but
applies them to a universal object that comes up in Malliavin calculus. Any Gaussian

functional F € L?(Q) can be represented via its Wiener chaos expansion

F=FEF + i I,(fn), (1.3.2)

n=1
where the terms of this (orthogonal) decomposition are multiple Wiener-It6 integrals
and the kernels (f,),>1 are deterministic and uniquely determined by F, see [201,
Chapter 1]. A variety of limit theorems related to the Wiener chaos exist [202, 199, 204]
but very few relate to large deviations. Pathwise large deviations were derived for the

family ("1, (fn))e>0 in [83, 175, 187]. However only one LDP deals with the whole
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expansion

XT= 3 ()
n=0

and it is limited both to the state space R and to the Brownian motion case [214]. We
extend this result to path space and to a larger class of Gaussian processes by leveraging
on the weak convergence approach to large deviations. Notice that chaos expansions

are a universal representation, aloof from Markovianity considerations.

For tightness criteria to be available, we need to consider the space of continuous func-
tions C(K, R) where K is a compact subset of R?. As the name of this chapter suggests,
we are interested in a white noise measure ¥/, an L?(Q)-Gaussian measure on (T, 7))
based on the (atomless) product measure i := A ® u. Here ) is the Lebesgue measure
on Ry, u is a sigma-finite measure on a measurable space (E,£) and the parameter

space is T := R, x FE with o-algebra 7.

The white noise measure 1 has zero mean and takes independent values on any family
of disjoint subsets of T. It is more precisely characterised by its covariance structure.
Forall Aj,As € T,

E[W (A1) W (42) | = (A1 1 42).

Interestingly enough, one can recover well-known Gaussian processes as functionals of
this white noise measure such as space-time white noise, isonormal processes, fractional
Brownian motion, multidimensional and infinite-dimensional Brownian motions, and

(Q-Wiener processes.

Having defined our Gaussian measure, we can identify the multiple It6 integrals I,, :
L*(T™) — L%(Q) as

In(fn) = o frn(tn, @n) W(dty dzy) - - - W(dt,, dzy,).

Since the weak convergence approach requires to shift the Gaussian process we need to
study such multiple integrals where W (dt dz) is replaced by W/ (dt dz) := W (dt dz) +
% [ v(t,z)(dt dx). The multiple integrals are not independent any longer and devel-
oping one in full generates no less than 2" integrals. Section 3.4.2 provides a rigorous
account; let us illustrate this informally here. First, notice that there is a combinato-
rial flavour in this development and it can be helpful to think of the binomial formula

for (z + y)™. Heuristically, if we suppose that all the integrals are well-defined, this
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translates as

€ 5 5 - n
L) = | F(tn@n) eWE(dbrdan) W (dbdaa) = 3 (k,)mw),
k=0
where mj, is a multiple integral which integrates k times against v djz and n — k times

against W

(D)= [ e ma) (0 (1,20) At )

ce (Us(tk, xk) ﬁ(dtk dxk)) €W(dtk+1 d:ck_,_l) ce EW(dtn d:En).

Suppose that v* converges weakly to v. One would then expect that, ase¢ | 0, if k < n

then mj, goes to zero, and if £ = n then mj, converges towards
I (fn) = frn(tn, xn) (v(tl,xl) w(dty dxl)) e (v(tn,mn) p(dty, dxn))
Tn

Hence, it boils down to one multiple integral for each n > 0.

We suppose that X¢ is a stochastic process with chaos expansion of the form
X(2) =G (W)(2) = > _I.(f77), foreachz €K,
n=0

where f5° tends to fZ for each n > 0. Therefore, G=(W"/¢)(z) = 2°° , I5"" (f5*) shall
naturally converge to Y ° , J¥(f7) as € goes to zero. Although this series of arguments

lack rigour, this is precisely what happens. It leads to our main result, Theorem 3.3.3.

LDP chaos expansion

Under deterministic assumptions on the coefficients {f;,* : n > 0, > 0,z € K},
an LDP holds for (X¢).~q with speed £~2 and rate function A : C(K) — R, given
by
1 =
Aw) = int {5 Iolfaery v € (D), 0= 3220 |
n=0

The rigorous proof unfolds in three steps, presented in Sections 3.4.2 and 3.4.3. First,
one needs to give a proper meaning to the integrals m; which mix integration against
white noise and Lebesgue measures; this is achieved from elementary functions and by

passing to the limit. Then we derive proper moment bounds for these integrals, using
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that [|v%([ j2(py < M almost surely for some M > 0. The argument can be summarised

as follows, for all z € K and p > 2,

(Cauchy-Schwarz)

z k/2 .n—k %1
() ey < M2 | Eak (185 2w )|

In,k( 1757 L2 ey ) ’ £2(Q)

= M*/2 5"""’(]9 -1) R \/m ”ffz’zHH(T") (isometry).

< MFZenR(p — 1)"77]“ (hypercontractivity)

Our assumptions ensure that this estimate and its analogue for ||m(fn” — fu)ll (g

grant tightness of (X%%").-. Finally, we take the limit ¢ to zero and identify the limit

properly.

To illustrate our main result and show how our abstract assumptions can be satisfied,
we propose a variety of applications in Section 3.5. The first one deals with processes
that are infinitely Malliavin differentiable and for which the kernels can be computed
explicitly. Then we turn our attention to Skorohod integrals, and apply the LDP to mul-
tiple Skorohod integrals and linear Skorohod equations. We note that these processes
are not necessarily adapted and that LDPs for anticipative processes are very scarce. As
a typical example of non-Markovian processes we propose an application to stochas-
tic integrals driven by a fractional Brownian motion in the Wick-It0 sense. Finally, we

consider a class of processes inspired from and generalising closed martingales in R .

1.3.3 Smile asymptotics in multi-factor rough volatility models

In Chapter 4, based on [159], we study VIX options under rough volatility models and
derive small-time explicit formulas which can be helpful for model selection and cali-
bration procedures. This contributes to exhibiting the consistency of this class of models

across various traded assets.

In continuous volatility models, the VIX can be defined as the forward price of a log-

contract on the SPX with A equal to one month

o 2 STiA
VIXT._\/E[ A1n< & >(fT],

which also turns out to be equal to the implied volatility of the same log-contract. In a
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stochastic volatility model dS;/S; = o, dW;, this boils down to

1 T+A
VIXy = ZIE [/ a,?dt’fcr],
T

hence it measures the 30-day forward looking volatility of the SPX. One thus needs to

choose the variance process v appropriately to model both SPX and VIX derivatives.
This joint calibration problem is famously challenging and has attracted a lot of atten-
tion [14, 68, 101, 104, 124, 132, 140, 153, 158]. Despite the large number of innova-
tions, the spread of VIX options (options on VIX futures to be precise) remains pretty
high, betraying the lack of a convincing answer. To capture the shape of the smile, we
would like to focus on two important stylised facts depicted in Figure 1.5: its positive

skew and negative curvature.

VIX options maturity T=0.08

VIX options maturity T=0.16

VIX options maturity T=0.23
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Figure 1.5: VIX implied volatilities with respect to strike as of March 23, 2016.

Combining methods from asymptotic analysis and Malliavin calculus originating
from [8], Alos, Garcia-Lorite, and Muguruza [6] showed that the mixed rough Bergomi
model

ol =o? [xE (I/WtH) +(1—-x)€& (nWtH)] , (1.3.3)

where WH = fot(t - s)H*%dWs is a Riemann-Liouville fBM and &(X)

exp (X — $E[X?]), produces a positive at-the-money (ATM) skew consistent with the
observations. More generally, their framework allows to dismiss other models and pa-

rameter choices.

We integrate their insights with those of Bergomi [30, 31] and Gatheral [122] and de-
cide to extend their framework to multi-factor models (driven by an N-dimensional BM)
and to compute an asymptotic formula for both the skew and the curvature. Consider-

ing a generic Fp-measurable random variable Ay, we apply the Clark-Ocone formula
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to the martingale M, := E;[Ay] := E[Ap|F], for 0 <t < T.

E, [DéAT]

=E(Ar) + Z/o Py Mg AW, where ¢} = i
i=1 N

This stochastic volatility representation allows to define the ATM skew Sp :=
Okops(T, k) | k—In(Mo) and curvature Cp := 02 LoBs(T, k) | k=In(Mo) in this general setting. It
also yields a price decomposition formula for the ATM option price V; := E;[(Ar— M) ],
which is instrumental in obtaining implied volatility representations and short-time

asymptotics. The main results are gathered in Theorems 4.3.1, 4.3.2, and 4.3.3.

Main asymptotic results

Under technical assumptions, there exists A € (—3,0] and v € (—1,0] such that

li T.0) =limE
Tnfgass( ,0) lim [uol;

fo [CHKE
2u3T2

lim T = lim - Sp(0) - OF 1/Ty@| /T|®|d d
ror T |77 2 Tt Jy T\, )

3 1 (& T
—E | +——= DY e,ld d
+2 u8T3/0 JZ;{QZ)S S</; | y| y)} S y

T
whete uyi= /7 7 oo dsand (@1 == 2, ([ D4 o ar) o1

lim 2L = lim
710 T ﬁoTA

I

The assumptions involve multiple integrals of Malliavin derivatives of ¢ and are left as
general as possible. We can then apply this to the VIX case with assumptions that are
easier to verify. This is the content of Proposition 4.4.1. The regime H € (0,1/6) is the
most relevant to rough volatility modelling. Thanks to the nice rescaling 7330 only

the third term of the curvature formula contributes here.
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Asymptotic results for the VIX

Let Ap = VIXp. Under four sufficient conditions, for H € (0,1/6) we have

,
. ||
1 7,00 =
Hmoes(T.0) 2AVIXZ

JiJ;
Zz] 1Jij (Giﬂ' - AVI)J(()E)

limSr = ,

o™ 2] » B

o eavixd &, Ji CEr [DIDIDIe?| dr
lim = ¢y JPJR lim i ,
TL0 T3H—5 3J° Byl T10 T3H-}

\
1
where forallé,j =1,--- | N, ||J| := (Zij\; JZ2)2 and

A A
Ji = / Lotdr, Gyji= / D}D{ o2 dr.
0 0

Finally, we define the two-factor rough Bergomi model, extension of (1.3.3) with two

independent fBMs W1 and W2

2= of [xe (v ) + (=0 (n (e o)) ]

Oy
and show in Proposition 4.4.3 that the limits can be computed explicitly and only in-
volve the parameters of the model.

Asymptotic results for the VIX in the two-factor rough Bergomi model
Let ¢(p, vy, x) == v/ (xv + (1 = x)1p)? + (1 — x)*?p*. For H € (0,1/6), as T
tends to zero, we have the following limits

AH—3

li T,O = T 1\ s Uty )
lim o5(7', 0) 2(H+%)¢(pvnx)

1

_ (H+LHAH—2 (1
mS, — 2 1 — v)3p45
ST = 20t vmoor (VP e T 3)?
2
XV+(1—X)77P) ]

L2 N2 2
+ow + (1= x)np)? {" s (2l
22—2[77P V+77P]}

20w+ (L =)n0) (L =)"0°P" | 5 e
C 128020 (H + 12
3 T3f_, 30 1,71, X)°(1 — 6H) {(XV + (1 =m0 (v’ + (1 = x)n’p°)

Ppte+ (1 - x)4776p6}

J

+3(xv + (1= x)np)*(1 — X)*n*p°p* + 3(xv + (1 — x)np)(1 — x)
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These closed-form expressions, combined with the skew short-time limit of the spot

implied volatility

lj 75— H 5Pt _ PLXY F n(1 = x)(p1p + p2p)
710 (2H +1)(H + 3)

)

bring new insights on the behaviour of these models and how they should be used for

pricing options.

1.3.4 On the large-time behaviour of affine Volterra processes

In this last chapter, we present preliminary results on the large-time behaviour of a class

of affine SVEs represented by

t t
%:V()+/ K(t—s)ﬂ(Q—VS)ds+/ K(t — s)oy/V, dWy, (1.3.4)
0 0

where the kernel is the Laplace transform of some signed measure on R . If large-time
asymptotic methods for non-Markovian processes are rare, in the case of SVEs this is
completely uncharted territory. An overwhelming section of ergodic theory is concerned
with Markovian processes, hence parting with this framework requires innovative tech-

niques.

We rely upon a Markovian lift introduced by Cuchiero and Teichmann in [73] which
takes the form of a Stochastic Partial Differential Equation (SPDE). More precisely,
let Y := Cy(Ry), such that its dual Y* is the space of signed measures on R,. We
consider the (well-posed) Y *-valued SPDE

d\(dz) = —zA\¢(dx) dt + v(dx)d Xy, (1.3.5)
where v is a signed measure and X is an It6 semimartingale of the form

X, = /tﬁ(a — (1, A\))ds + /t o/ (L, Ay d W,
0 0

where (g, A) := [;° g(z) A(dz) for all g € Cy(R4). The total mass (1, \) thus solves the
affine SVE (1.3.4), W1th K(t) = [;° e ™ v(dz). We note that, passing to the multivariate

case, the rough Heston model is also included in this framework.

The Feller property, a crucial component of traditional Markovian ergodic theory, is ex-
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tended to a class of weighted spaces conducive for the study of the Markovian processes
satisfying (1.3.5). This generalised Feller property, introduced in [86], plays a central
role in our analysis. Leveraging on it, we first obtain a version of Krylov-Bogoliubov
theorem on these weighted spaces. Combined with a tightness criterion on measure
space, it entails that a generalised Feller process \ has an invariant measure provided

the condition sup, E[||A¢[|y--] < co holds.

We prove that the solution to the SPDE (1.3.5) is indeed a generalised Feller process
(only the case # = 0 was treated in [73]) and that it satisfies the condition above where
the kernel is of Riemann-Liouville type K (t) = t*~!/I'(a), with a € (1/2,3/2). This

yields our main result, Theorem 5.1.4.

Existence of an invariant measure

Let Ao(dx) = Vjy 0p(dx) for some V) > 0 and v(dx) = cx~%, where o € (1/2,3/2)
and ¢ > 0. Then the solution of the SPDE (1.3.5) has an invariant measure.
Furthermore, the solution of the SVE (1.3.4) has a stationary distribution, for
any Vo > 0, K(t) = Ct* !, with a € (1/2,3/2) and C > 0.

The natural continuation of this work consists in extending our framework to the multi-
dimensional case, determining whether the invariant measure is unique and then iden-
tifying it. This would be the first result of this type for an SVE and a rough volatility

model.
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Large and moderate deviations

for stochastic Volterra systems

This chapter, based on [162], is a joint work with Antoine Jacquier, submitted

to Stochastic Processes and their Applications.

2.1 Introduction

This chapter sheds new light on the asymptotic behaviour of the class of stochastic
Volterra equations (SVESs)

t t
X = Xo +/ K(t,s)b(s, Xs)ds +/ K(t,s)o(s,Xs)dWs, te[0,T], (2.1.1)
0 0

for some fixed time horizon 7' > 0, where X, € R? d € N, W is a multidimensional
Brownian motion, K is a kernel that may be singular, and the coefficients are such

that a unique pathwise solution exists. This class of models has been investigated in
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many fields, including nonlinear filtering [70] using fractional Brownian motion ker-
nels, pharmacokinetic models [186] (Langevin equation driven by fractional Brownian
motion), fluid turbulence [60], and turbulence modelling in atmospheric winds or en-

ergy prices [16, 69] using Brownian Semistationary processes.

As the literature review of Section 1.2 testifies, mathematical finance has however been
the most dynamic area by far in terms of applications of SVEs, where they are a natural
framework for rough volatility models. We already explained how the latter reconcile
the stylised facts of the markets from both the statistical and the option pricing view-
points and that, due to the loss of tractability, asymptotic methods have flourished, both
to provide clearer understanding of models in extreme parameter configurations and to

act as proxies to numerical schemes.

Large Deviations Principles (LDP), in particular, have been widely explored in mathe-
matical finance, and we refer the interested reader to [110] for an overview. Let (X¢).¢
be a sequence of random variables in some Polish space X', converging in probability to
a deterministic limit X as e goes to zero. This sequence is said to satisfy an LDP with

speed ¢! and rate function I : X — R_ if for all Borel subsets B C X, the inequalities

_mienéo I(z) < hr?i ionfslogP(XE €B) < lin;isoupslogP(Xe €B)<-— ;161% I(z) (2.1.2)
hold, and the level sets {z € X : I(x) < M} of I are compact for all M > 0. This rate
function encompasses in a (relatively) concise formula first-order information about
the asymptotic behaviour of complex dynamical systems. If X satisfies (2.1.1) and
X = R? one can consider finite-dimensional LDP for (Xt)t>0 (also called small-time
LDP if the limit takes place as ¢ goes to zero), or pathwise LDP for some rescaling of X
with X = C([0,7],RY). The former is easily recovered from the latter by a projection
argument. Moderate deviations on the other hand are concerned with deviations of a
lower order than large deviations, and thus apply to ‘less rare events’. We recall that
(X¢).>0 satisfies a moderate deviations principle (MDP) if (1°).~¢ satisfies an LDP with
speed h2, where B
N = XX for all e > 0,

Vehe

with lim. g h. = 400 and lim.|g /eh. = 0. Since the speed of convergence of h. is

not fixed, an MDP essentially bridges the gap between the central limit regime where
h. = 1 and the LDP regime where h, = ¢~ /2. An edifying example of the relevance of

moderate deviations appears in [111] where, interested in option pricing asymptotics,
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the authors judiciously rescale the strikes with respect to time to expiry. Indeed, as
time to expiry becomes smaller, the range of pertinent strikes naturally shrinks, and this

‘moderately-out-of-the-money’ regime becomes more realistic.

Large deviations for SVEs were originally studied in [203, 224] with regular kernels.
In the context of rough volatility, Forde and Zhang [103] introduced the first finite-
dimensional LDP where the log-volatility is modelled by a fractional Brownian motion,
and refined versions followed in [18, 20, 109], while pathwise LDP for similar models
were studied in [56, 137]. Departing from regular conditions on the behaviour of the
coefficients led to specific requirements, and finite-dimensional large deviations for the
fractional Heston model were carried out in [100, 136], while pathwise LDPs were
derived for the rough Stein-Stein model with random starting point [151], for the rough
Bergomi model [161], and small-time LDPs for the multi-factor rough Bergomi appeared
in [173]. We emphasise at this point that no pathwise MDP was previously known in

the context of rough volatility.

The Gaértner-Ellis theorem [82, Theorem 2.3.6] is the main ingredient of a finite-
dimensional LDP and depends on explicit computations of certain limits of the Laplace
transform. This is only available though, when the process is either Gaussian [103]
or affine [100]. Pathwise LDP on the other hand, have mainly been derived using the
Freidlin-Wentzell approach [106]: starting from known large deviations for the driving
(Gaussian) process [83, Theorem 3.4.5], they follow from a combination of approxima-
tions and continuous mapping, keeping track of the rate function. While this methodol-
ogy is clear, it requires a case-by-case tailored path for each model, and in general leads
to a cumbersome rate function. Furthermore, pathwise moderate deviations are so far
out of reach in this approach, partially explaining the small number of related results

compared to LDP.

The weak convergence approach, presented in Section 1.2, was introduced by Dupuis
and Ellis in the monograph [88] and developed further by Budhiraja and Dupuis [46].
We recall that this alternative consists in proving a Laplace principle (1.2.6) where the
left-hand side pre-limit of can be represented as a variational principle for expectations

of functionals of Brownian motion [38, Theorem 3.1].

Lemma 2.1.1 (Boué-Dupuis). Let W be an R™-Brownian motion and F be a bounded
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Borel-measurable function mapping C([0,T],R™) into R. Then

T .
_IogE{e*F(W)] — inf E B/ 0,2 ds+F<W+/ vsds>], (2.1.3)
0 0

vEA

where

T
A= {v : [0, T] — R™ progressively measurable, E [/ |vg | dt} < —|—oo}. (2.1.4)
0

The representation (2.1.3) contains in a single formula the usual tools used in the proof
of an LDP. The first term on the right-hand side comes from the relative entropy between
the Wiener measure and the measure shifted by fo vs ds via Girsanov’s theorem, under
which W + fo vs ds is a Brownian motion. It can be interpreted as the cost of deviating
from the original path and clearly indicates where the form of the rate function comes
from. In essence, this representation replaces the non-linear analysis of the Freidlin-
Wentzell approach with the linear theory of weak convergence. Instead of exponential
estimates, only qualitative properties of the shifted process need to be established, such

as strong existence and uniqueness and tightness.

The extensive literature on the topic, summarised in [46] and the references therein,
demonstrates the strength of this generic approach which can be applied to a variety
of models without appealing to their particular features. It has been used to derive
LDPs, in the continuous-time case, for diffusions [62], multiscale systems [48, 89, 227],
SVEs with singular kernels and Lipschitz continuous coefficients [240], SDEs driven
by infinite-dimensional Brownian motions [49], by Poisson random measures [44] or
both [50], including stochastic PDEs. Contrary to the Freidlin-Wentzell approach, this
method has also proved efficient to obtain MDPs. SVEs with Lipschitz continuous ker-
nels [177], SDEs with jumps [47] and slow-fast systems [193] are a few relevant exam-
ples. The latter were then tailored to the setting of stochastic volatility models in [164],
developing the first application of the weak convergence approach in mathematical
finance, and extending the MDP results in [111] to a pathwise setting. A further ap-
pealing feature of moderate deviations is the simple form, often quadratic, of the rate
function, as opposed to that provided by large deviations, thereby opening the gates to

the use of importance sampling and variance reduction techniques [90, 194, 220].

Building on this powerful approach, we provide a unified treatment of (finite-

dimensional and pathwise) large and moderate deviations in the general frame-
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work (2.1.1) by showing the weak convergence of a perturbed system. We relax the
uniqueness requirement for the limiting Volterra equation, as in [67, 84] for the diffu-
sion case, allowing us to consider coefficients that are not Lipschitz continuous and do

not necessarily have sublinear growth.

The chapter is organised in the following way. Section 2.2 introduces the framework
and useful definitions. In Section 2.3, we present abstract criteria for the validity of
an LDP, extending the results by Budhiraja and Dupuis [45, Theorem 4.1]. Our main
results, Theorem 2.3.11 for LDP and Theorem 2.3.20 for MDP, are then stated in the
case of convolution kernels and extended to non-convolution kernels in Theorem 2.3.29.
In Section 2.4, we show how these results apply to rough volatility models, and give
precise formulae for the rough Stein-Stein, the (multi-factor) rough Bergomi and the

rough Heston models. We finally gather technical proofs in the final section.

2.2 General framework

2.2.1 Notations

We consider a fixed time horizon 7' > 0, and denote T := [0,7], Ry := [0,+0c0)
and R, := [0,4+0oc]. Ford; > 1, dy > 1, |-| denotes the Euclidean norm in R% and
the Frobenius norm in R%*42, For p > 1, LP stands short for LP(T), and ||-||, is the
usual L? norm. Furthermore, for d > 1, W := C(T : RY) represents the space of con-
tinuous functions from T to R, equipped with the supremum norm |[|¢||; := super ||
for any ¢ € W?. Finally, for any d; > 1, do > 1, M > 0, f : RM — R%, we write
| fllg = sup{|f(x)| : |z| < R}. Unless stated otherwise, constants will be denoted by C'
(with possible subscript) and may be different from one proof to another. Every state-
ment involving e stands for all ¢ > 0 small enough. A family of random variables will
be called tight if the corresponding measures are tight [88, Appendix A]. We also use
the classical convention that the infimum over an empty set is equal to infinity. Finally,

we recall the following definitions for clarity and notations:

Definition 2.2.1. Let g be a function from R¢ to R".

* It has linear growth if there exists C, > 0 such that |g(z)| < CL(1 + |z|), for
all z € R
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e if it is uniformly continuous, it admits a continuous and increasing modulus of
continuity p, : Ry — R4, with p,(0) = 0 and |g(z) — g(y)| < pg(Jx — y|), for all
z,y € RY

* itislocally 6-Holder continuous with 6 € (0, 1) if, for all R > 0, there exists Cr > 0
such that |g(z) — g(y)| < Cg |z — y|°, for all |z| V |y| < R.

2.2.2 Framework
We consider small-noise convolution stochastic Volterra equations (SVE)
t t
X; =X +/ K(t — s)be(s, X5)ds + 195/ K(t—s)os(s, X)dW,, teT, (2.2.1)
0 0

taking values in R? with d > 1, where ¢ > 0, and 9. > 0 tends to zero as ¢ goes
to zero. For each e > 0, X§ € R%, b. : T x R? — R% and 0. : T x R? — RIx™
are Borel-measurable functions, and W is an m-dimensional Brownian motion on the
filtered probability space (2, F, {F:}ier, P) satisfying the usual conditions. The ker-
nel function K : T — R? x R?, of convolution type, is allowed to be singular, thus
encompassing fractional processes, in particular the recent literature on rough volatil-
ity [8, 19, 93, 123]. Components of the system are in general correlated, the correlation
matrix being implicitly encoded in the diffusion coefficient o.. General existence and
uniqueness results for such stochastic Volterra equations are so far out of reach, and our
conditions below are sufficient and general enough for most applications. In order to

state them precisely, we first introduce several definitions and concepts:

Definition 2.2.2. For any ¢ > 0, a solution to (2.2.1) is an R%valued progressively

measurable stochastic process X¢ satisfying (2.2.1) almost surely and such that

t
P </ { K (t — 8)be(s, X5)| + | K (t — 8)oo(s, X2 }ds < oo, forallteT) = 1.
0
(2.2.2)

We shall assume that the (singular) convolution kernel satisfies the following condition,

which is essentially a multivariate version of the one given in [3, Condition (2.5)]:

Assumption 2.2.3. The kernel K : T — R%*? is an upper triangular matrix satisfying

the following conditions: K € L?(T : R%*?) and there exists v € (0, 2] such that, for h
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small enough,

h T
/ |K ()] dt+/ K (t+h) — K@) dt = O(hY).
0 0

We refer to [3, Example 2.3] for a broad range of kernels that satisfy this assumption.
Of particular interest in mathematical finance is the Riemann-Liouville kernel K (¢) =
tH _%, for H € (0, %) implying v = 2H. Moreover if K is locally Lipschitz and K satisfies
Assumption 2.2.3 then so does the product K K; this includes the gamma and power-

law kernels which are related to the class of Brownian semistationary processes [17].
Remark 2.2.4. This setup covers in particular the following two useful forms for the
kernel:

* K = Diag(ky, - ,kq) is a diagonal matrix, where each k; : T — R satisfies

Assumption 2.2.3.

* The drift and diffusion coefficients of any sub-system of (2.2.1) can be convoluted

with different kernels. As an example, the one-dimensional SVE
t t
YF=Yy +/ Ki(t—s)bY (s,YE) ds +/ Ko(t — s)o) (s, YE)dw V)
0 0

is the first component of (2.2.1) with d = 2 and

K, K by 0 0

One could in fact use general matrices to eliminate the auxiliary state, such as K =

(K1 Ks) : T — RY? in the example above. We stick to square matrices for consistency.

Volterra systems appearing in the literature, and in particular in the mathematical fi-
nance one, have a specific structure in the sense that only one component satisfies an
SVE with (singular) kernel, and can be dealt with independently of the other compo-
nent. This particular structure allows us to relax some conditions on the coefficients,
and we shall leverage on it whenever needed. We make this more specific through the

following two definitions:
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Definition 2.2.5. Let T C [1,d] and T' : Rl — [0,00). We define S¥ as the set of

functions f for which there exists a strictly positive constant Cy such that, for all z € R?,

f(z)] < C’T<1 + |)ye + F(x(T))>, (2.2.3)

(™) — ().

where |z]yc == 3 ;cre [2] and x

Definition 2.2.6. The process X° admits an autonomous Sk-subsystem { X}, if
forall1 <4, j < dsuch that K;; # 0, bt (t,-) and all the components of the row o) (t,)

satisfy the following for small enough ¢ and uniformly in ¢ € T:
s if i € T, they have linear growth and do not depend on X=(¥ for k € Y¢;

* if i € T¢, they belong to Sk.

Example 2.2.7. The motivation for Definition 2.2.6 is to be able to handle (rough)
stochastic volatility models, ubiquitous in mathematical finance, where linear growth of

all the coefficients may not hold. Consider for example the rough Bergomi model [19]

t t
m _ 1 ) / %0
XY =-= X =X B,
A 2/Oexp( N )ds—l— 0exp 5%s d
2) t 1
X! :yo—at2H+/ (t —s)H2dW,,
0

where B and W are Brownian motions with correlation p € (—1,1). After dropping

the dependence in ¢, this fits into the setup of (2.2.1) with d = 3, yo € R, a > 0,

He(0,3),p=+/1-p*and

1 0 0 —e™2 /2 per2/2  per2/2
KE(t)=10 @H-1 i3 |, b(t(z1,22) = | —g2m) |, o(t(z22)) = o 0 0
0 0 0 0 1 0 0

where the third component is meaningless but allows us to handle the two different kernels.

Here X admits X?) as autonomous subsystem with Y = {2} and T'(z3) = 1 + "2,
The following set of assumptions, inspired by [62], completes our framework:

H1. X§ converges to zo € R? as ¢ tends to zero.
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H2. For all € > 0 small enough, the coefficients b. and 0. are measurable maps on
T x R? and converge pointwise to b and o as ¢ goes to zero. Moreover, b(t, -)

and o(t,-) are continuous on R, uniformly in ¢ € T.
H3. Either a) or b) holds:

a) For all £ > 0 small enough, b. and 0. have linear growth uniformly in ¢ and

inteT.

b) The process X¢ admits an autonomous Si.-subsystem.

H4. The SVE (2.2.1) is pathwise unique for small enough ¢ > 0.

H2 ensures that, on compact subsets of T x R?, the convergence of b. and o, is uniform
and that b and o are uniformly continuous. H1, H2, H3a are standard and easily
verifiable. H3b is unusual but includes a large number of functions; Assumption 2.3.9
will complete it to indicate the role of I such as to include Example 2.2.7. Moreover, the
growth conditions from H3 are uniform in ¢ and therefore apply to the limits b and o.
The main restrictions arise from H4, although the latter is satisfied if, for instance, the
coefficients b. and o. are locally Lipschitz continuous for small enough ¢ > 0. This
condition was relaxed in [195] to the one-dimensional case where K(t) = t~¢, for
a € (0,1) and o(z) = 27, for y € (ﬁ, 1], which is clearly not Lispchitz continuous.
Furthermore, to the best of our knowledge there currently exists no pathwise LDP for

stochastic equations where pathwise uniqueness fails.

One can compare our setup with the SVE considered by Zhang in [240], where a path-
wise LDP was derived under the assumptions of Lipschitz continuity and linear growth
of the coefficients. We relax both these assumptions. Indeed, our framework covers
Holder-continuous diffusion coefficients, as mentioned in the previous paragraph, and
functions with non-linear growth through the concept of autonomous Sk-subsystem, as

in Example 2.2.7.

2.3 Large and moderate deviations
As discussed in the introduction, our goal is to provide pathwise large and moderate
deviations for the general convolution stochastic Volterra system (2.2.1), and then ex-

tend these to non-convolution kernels. The classical Freidlin-Wentzell approach, used
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in [106], has limitations regarding the behaviour of the coefficients, and the rate func-
tion is often rather cumbersome to write. We follow here instead the weak convergence
approach developed by Dupuis and Ellis [88]. We first introduce the reader to their
abstract setting, and refine the large deviations result by Budhiraja and Dupuis [45] to
our general setup. We then show how this abstract framework applies to the small-noise
stochastic Volterra system (2.2.1), first proving pathwise large deviations, and then the

moderate deviations counterpart.

2.3.1 Weak convergence approach: the abstract setting

Given a family of Borel-measurable functions {G°}.~o from W™ to W%, we enquire
about the large deviations behaviour of the family of random variables {G*(W)}.~o as e
tends to zero, where W is a standard Brownian motion on the filtered probability space

above. For each M > 0, the spaces of bounded deterministic and stochastic controls

T
Sy = {v eL?: / lvg|? ds < M} and Ay = {v € A:v e Sy almost surely},
0

(2.3.1)

with A introduced in (2.1.4), are equipped with the weak topology on L?(T x ) such
that they are closed and even compact (by Banach-Alaoglu-Bourbaki theorem). Bud-
hiraja and Dupuis [45] assume, for any sequence {v°}.~( in A); converging weakly
to v € Ay, the existence of a limit in distribution of G° (W + 1 [/ vSds) which is
uniquely characterised by v. However, such uniqueness may fail when the coefficients
of the system (2.1.1) (in particular the diffusion coefficient o) are not locally Lipschitz,
as is the case for the Feller diffusion for example (in this case without singular kernel,
a dedicated analysis was carried out in [67, 84] using the Freidlin-Wentzell approach).
We relax here this uniqueness assumption by replacing the limiting trajectory by a per-

turbed version.

Definition 2.3.1. For all M € N and v € A,; we define

ggM = {d) (0= W ‘ there exist {e,, }neny C R4 with liTm en=0

and a sequence {v°" },en C Ay with liTm v*" = v in distribution such that
nioo

¢ = hTm Gger <W +e,! / v ds) in distribution},
niyoo 0
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and G° ,, is empty if v is not in Ay;. For all v € A, we also denote GO := U 987 M-
MeN

Then we define the functional I : W¢ — R given by
. 1T, 2 0
I(¢) := inf 5 |vs|® ds:v e L such that ¢ € G, ;. (2.3.2)
0

Definition 2.3.2. We say that ¢ € W< is uniquely characterised if there exists a sequence

{v"}nen C L? such that

T
@ = {4} and % / W2 ds < I(¢) + ~, forallp €N, (2.3.3)
0 n

In particular, if there exists 7 € L? which attains the infimum in (2.3.2) and gg = {¢}

then ¢ is uniquely characterised, because one can choose v = v for all n € N.

In the display (2.3.2) and Definition 2.3.2, ¢, v, v™ and v are all deterministic.

Assumption 2.3.3. For any § > 0 and any ¢ € W% such that I(¢) < +oo, there exists ¢’
uniquely characterised such that ||¢ — ¢°||, < & and |I(¢) — I(¢°)| < 6.

Remark 2.3.4. This assumption is reminiscent of [84, Proposition 3.3], where the au-
thors resolve the non-uniqueness issue in the diffusion case. A similar problem is also

at the core of [51, Lemma 5.1] in an infinite-dimensional setting.
Our abstract large deviations result is the following, extending [45, Theorem 4.4], at
least when the underlying Hilbert space is L?(T : R™), to the non-uniqueness case.
Theorem 2.3.5. Assume that
() Forall M > 0, all v € Ay and all families {v°}.~¢ in Ajps converging in distribution
to v as ¢ tends to zero, {G° (W +¢e~! [jvids) }__ is tight.
(ii) The functional I defined by (2.3.2) has compact level sets.

(iii) Assumption 2.3.3 holds.

Then the family {G%(W)}.>¢ satisfies the Laplace principle and, by equivalence, the Large

Deviations Principle with rate function I and speed 2.

Remark 2.3.6. Item (i) entails that, for all M > 0, all v € A, and all fami-
lies {v°}.~0 in Aj; converging in distribution to v, there exists a subsequence such

that lim,, G (W + ¢, " [jvs" ds) exists and by definition belongs to Gy ).

50



Remark 2.3.7. In the large deviations literature, a rate function is sometimes called
‘good’ if it has compact level sets. All the rate functions in the present paper satisfy this

requirement (item (ii) above takes care of that) therefore we drop the adjective ‘good’.

We defer the proof to Section 2.5.1; the lower bound can be tackled as in [45], and we
therefore concentrate on the upper bound. The idea is that the Laplace principle (1.2.6)
upper bound involves an infimum so deriving it only requires a J-optimal path. Hence
a perturbation will also do the trick, provided one knows how to handle the control
associated to it. In [45, Theorem 4.4], unique characterisation of the limiting element
in (i) is granted, and the set G is a singleton that takes the form G%( Jo vs ds), where
they view GY as a map. In that case Assumption 2.3.3 is clearly satisfied since ¢’ can be

taken as ¢ itself.

2.3.2 Application to stochastic Volterra systems

We now show how the abstract setting developed above in Section 2.3.1 applies to the
small-noise stochastic Volterra system (2.2.1) and why pathwise uniqueness is so funda-
mental. If H4 holds, define the functional G¢ as the Borel-measurable map associating
the multidimensional Brownian motion W to the solution of the stochastic Volterra
equation (2.2.1), that is: G5(W) = X¢. For any control v € A, M > 0 (introduced
in (2.3.1)) and any ¢ > 0, the process W =W+ o1 fo vgds is a P-Brownian motion

by Girsanov’s theorem, where

dP 1 & T . 1 /T
P _ 1 ) gy () — / 2 4s b
d]P) eXp { 195 ;A ,US S 2193 0 ‘US’ §

Hence the shifted version X" := ga(W) appearing in Theorem 2.3.5(i) is the strong
unique solution of (2.2.1) under P, with X¢ and W replaced by X< and W. Because P
and P are equivalent, X" is also the unique strong solution, under P, of the controlled

equation

t t

X5 = XE 4 / K (1= 8) [bo(s, X5%) 05, X5 )] ds 0. / K(t— 8)o.(s, X=)dW,.
0 0

(2.3.4)

Under appropriate conditions, and using the notations set in H1, H2, we heuristically

observe that taking ¢ to zero, the system (2.3.4) reduces to the deterministic Volterra
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equation

t
oy = x0 + / K(t—s) [b(s, ¢s) + o(s, qbs)vs] ds. (2.3.5)
0
We will show later that the set G? corresponds to the set of solutions of (2.3.5).

Example 2.3.8. To illustrate the need for a set GO rather than a singleton, consider the
Feller diffusion

¢ ¢
Xt:$0+1€/ (HXs)ds+/ v/ X dWs,
0 0

for t € T, with xzg, k,0 > 0. Letting t — et and denoting X; := X, yields, by scaling,

t t
X; =x0+ /@5/ (0 —X2)ds+ \@/ Vv XEdWs,
0 0
which is exactly (2.2.1) withd =1, K =1, 9. = /e, be(z) = ke(0 —x), o-(x) = \/x. For
v € L2, taking limits as ¢ tends to zero in the corresponding controlled equation (2.3.4)
yields (2.3.5), or

t
¢t—$o+/ \Vosvsds, teT.
0

Uniqueness of this Volterra equation does not hold in general because of the non-Lipschitz
coefficient, and thus GO corresponds to the set of non-negative solutions. Consider for

example xy = 1, T = [0, 4] and the control

-1, ifte|0,2)

Ve =

1, ifte[2,4).

The function ¢; := (t_42)2 is clearly a solution, but so is ¢ equal to ¢ on [0, 2] and null on
[2,4]. The square root function is indeed locally Lipschitz away from zero, and uniqueness
can thus be guaranteed as long as the solution remains positive. The perturbation ¢° :=

¢ + 0t is now the unique solution to

¢
i 1+/ \/#50 ds,
¢ 0

for all t € [0,4], where v0 := ¢°/\/#°. The infimum in (2.3.2) is attained by v’ and
935 = {¢%}, thus ¢° is uniquely characterised. Furthermore, [84, Proposition 3.3] shows
that ¢° satisfies Assumption 2.3.3.

In [33], the authors were also confronted to a limiting equation with multiple solutions.

Instead of perturbing the path ¢, they perturb the control in a way that the resulting
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equation has a unique solution which is precisely ¢, i.e. 925 = {¢}. This approach
may seem more natural; however, it is not always obvious how to perturb the control
ensuring uniqueness of the ODE, while our formulation makes it more straightforward.
Before stating the main large and moderate deviations results for small-noise stochastic
Volterra equations, we introduce the following assumption, monitoring the moments of

the controlled equation:

Assumption 2.3.9. Let X% be the pathwise unique solution to (2.3.4). If H3a holds
then the present assumption is satisfied. If instead H3b holds, then there exists ¢y > 0

such that, for any p > 1 and M > 0,
sup {IE [‘F((Xf’”)(r))‘p] cteT,ve Ay,e € (0,60)} < 00, (2.3.6)

sup {}F((qﬁt)(T))‘ :teT,veSy,¢c QS} < o0. (2.3.7)

Remark 2.3.10. In the following, H3b will always be complemented by Assump-
tion 2.3.9.

2.3.3 Large Deviations

Armed with the abstract setting in Section 2.3.1, and its application to the stochastic
Volterra system (2.2.1) in Section 2.3.2, we can at last show large deviations for the

latter:

Theorem 2.3.11 (Large Deviations). Under H1 - H4, Assumptions 2.2.3, 2.3.3 and 2.3.9,
the family { X¢}.~o, unique solution of (2.2.1), satisfies a Large Deviations Principle with
rate function (2.3.2) and speed 92, where G is the set of solutions of the limiting equa-
tion (2.3.5).

Remark 2.3.12. We recall that Assumption 2.3.3 is automatically satisfied if the limit-
ing equation (2.3.5) has a unique solution. Also, it is only necessary to check Assump-

tion 2.3.9 if H3a does not hold.

2.3.3.1 Technical preliminary results

The proof will rely on the following results: Lemma 2.3.13 (proved in Section 2.5.2)

shows the moment bound of the controlled process defined by (2.3.4), Lemma 2.3.15
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(proved in Section 2.5.3) demonstrates the tightness and Lemma 2.3.18 (proved in
Section 2.5.4) deals with the compactness of the level sets of the rate function. They

will then allow the use of Theorem 2.3.5.

Lemma 2.3.13 (LDP Moment bound). Under H1 - H4, Assumptions 2.2.3 and 2.3.9,
forallp > 2, M >0, v € Ay and € > 0 small enough, there exists a constant ¢ > 0

independent of €, v, t such that

supE [|Xf’v |p] <e. (2.3.8)
teT

Remark 2.3.14. This bound also holds for any solution ¢ of (2.3.5) under the same as-
sumptions, therefore there also exists ¢y > 0 such that sup{||¢||; : v € Sas such that ¢ €

G} <.

The following lemma deals with 2.3.11(i) by showing tightness of X&v°
ge (W+19€_1 fo v ds).

Lemma 2.3.15 (LDP Tightness). Consider H1 - H4, Assumptions 2.2.3 and 2.3.9. If p >
2V2/y, M > 0and {v¢}.~q is a family in Ayy, then XV admits a version which is Holder
continuous on T of any order a < /2 — 1/p, uniformly for all € > 0. Denoting again this

version by X", one has for all ¢ > 0 small enough

€,v° €,v° p
Xt’ _X87

INA
Q

E sup (2.3.9)

o<s<t<T |t —s|%
for all a € [0,v/2 — 1/p), where C is a constant independent of ¢,v¢,t. Moreover, the
family of random variables { X"}, is tight in W1,

Remark 2.3.16. This lemma entails that for all M > 0,v € Sy, any solution to (2.3.5)

also has Holder continuous paths of the same order.

Lemma 2.3.17. The set G° from Definition 2.3.1 is characterised by

t
g3:{¢:9_>wd}¢t:$0+/K(t—s)[b(s,qﬁs)—l—a(s,qﬁs)vs ds,forallte’]l‘}.
0

The following lemma proves Theorem 2.3.5(ii) and its proof can be found in Sec-

tion 2.5.4.
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Lemma 2.3.18 (LDP Compactness). Under H2, H3, Assumptions 2.2.3 and 2.3.9, the
functional I in (2.3.2) has compact level sets.

Leveraging on the above lemmas, the Large Deviations Principle (Theorem 2.3.11) is a

direct consequence of Theorem 2.3.5.

2.3.3.2 Proof of Lemma 2.3.17

For M € N and v € Aj, we first need to identify QS’ > defined in (2.3.1). Consider a
subsequence {e,, }peny C Ry with lim,1o £, = 0 and a sequence {v°" },en C A such
that lim,,1o v** = v in distribution, and assume that X" := X eV converges in distri-
bution to some random variable ¢ with values in W?. We also denote v", ¢,,, X§,bp,on

along this subsequence.

By Skorohod representation theorem we can work with almost sure convergence for
the purpose of identifying the limit. Hence {X ”,v"}n>0 converges almost surely in
the product topology on W? x Sy, and the limit is the 1;Vd x Sps-valued random vari-
able (¢, v). The convergence of the couple also takes place in distribution, so that we can
follow the technique in [62] to identify the limit. For ¢ € T, define ®; : Spy x W¢ — R
as

Dy (f,w) := |wy —x0 — /Ot K(t—s) [b(s,ws) + a(s,ws)fs}ds AL

Clearly, @, is bounded and we show that it is also continuous. Indeed, let w" — w
in W? and f* — f in Sy, with respect to the weak topology. H2 implies the existence
of continuous moduli of continuity p;, and p, for both coefficients on compact subsets
(see Definition 2.2.1). Since the paths w™,n > 1 and w are continuous, they are also
uniformly bounded and hence these moduli are available. Then, using Cauchy-Schwarz

inequality and the fact that [zt A1 —y A 1| < |z —y| for all z,y > 0,

00(720) = " < o= ][ TR )]s, 0) = s )] s
[ V= 91 (0(5.00) = s, 0) 1+ ) (1 — 57 s
< o — ™l + w0 — "Dl I + oo (o — "Dl 1Kl 171
ol [ 1K= s)117 - 2] ds.
Since K(t —-) € L? and f, tends to f weakly in L? then the last integral converges to
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zero as n goes to infinity. Moreover limy o ||w — w" || = 0, || f*]]; < VM for alln > 0

and | K|y + ||o(-,w)||g < oo, which proves that ®; is continuous, and therefore
Jin 2 [@:(v", X™)] = E[®4(v, 9)] .

We now prove that the left-hand side is actually equal to zero. We start with the obser-

vation that, using BDG inequality;,

E[®;(v", X")] S\Xg—x0|+/0 K (t = 8)|E[ |bn(s, XT) — (s, X{)|] ds
+/ [K(t = 8)[E[lon(s, Xg) — o(s, X)|[vg]] ds
0

1
2

t
+9.,E [/ K (t— s)on(s, XT)|* ds| . (2.3.10)
0

The bounds (2.5.3) and (2.5.5) show how to control the last term under H3a and
H3b respectively, hence thercle exists C; > 0 independent of ¢ and n such that
E[f3 IK(t = $)ou(s, X0 ds|* < Cu.

However the convergence of b,, o,, only occurs on compact subsets so we use a locali-

sation argument. For all n > 0, R > 0 we introduce
AR .= {w €Q: XMWy > R}. (2.3.11)

The uniform (in n € N) Holder regularity of X", encompassed by (2.3.9), entails the
existence, for all p > 2V 2/, of C2(p), C3(p) > 0 independent of n such that

Ehﬁ@ﬂg@@@%%ﬁ%g@@,
te

for some 0 < a < 7/2 — 1/p and where X is uniformly bounded by 2 |x| for n large

enough. Markov’s inequality then implies that

lim sup ]P’(Aff) < lim sup Cs(p) =0. (2.3.12)

Rtoo peN Rtoopen RP
Moreover, for alln € N, w € Q\ A%, and t € T, | X](w)| is bounded by R, which means
b (8, X{"(w)) = (8, Xi' (@) < [|bn(t, ) = 0(t, )| »

which tends to zero uniformly on T as n goes to infinity (and likewise for o,,) from H2.

56



Define now
t
i [ (= 9] (bl X2) = b5, XD+ o5, X7) = o5, X7 7] ) di
0

and observe that, using Jensen and Cauchy-Schwarz inequalities, the growth condition
on the coefficients from H3 and the moment bounds on X" from (2.3.8), there exists

C4 > 0 independent of n such that

E[|L,|*] < Qt/o K (t— 8)]*E[ |bn(s, X2) — b(s, X)[*] ds
t — )7 on(s. X" — o(s. X™)?| ds
21 [ K= 9B [Jou(s, X7) = o5, XD @
< 2K sup {6B[ (s, X3) — b5, XI ] 4+ ME o (5. X2) = (s, X)) |

< Cy. (2.3.13)

Let us fix ¢ > 0 and choose R, > 0 large enough such that sup, cyP(Af<) < €2/Cy;
this choice is possible because of (2.3.12). Therefore, using the bound (2.3.13) and

Cauchy-Schwarz inequality to separate I,, and 1 AR=» One obtains

lim sup E[1,] = lim sup E [ I (1 4. + Loy 4r-) |

ntoo ntoo
< timsup {3/ CP(45) + 1Ky o0~ bl + VAT IK] [llon — ol

It follows from (2.3.10) that
lim E[#(u", X")] < lim {18 = wol + B[] +9.,01} <,

hence lim, o E[®;(v", X™)] = 0 since ¢ > 0 was chosen arbitrarily. The equal-
ity E [®+(v, ¢)] = 0 implies that ¢ satisfies (2.3.5) almost surely, for all ¢ € T. Since ¢
has continuous paths, it satisfies (2.3.5) for all ¢ € T, almost surely, which means QS’ M
consists of all the solutions of (2.3.5). Since this definition is independent of M, it

extends to G0, which yields the claim. O

2.3.4 Moderate Deviations

Let h. tend to infinity such that 9. h. tends to zero as ¢ goes to zero and define X to be

the limit in law of X¢, which we identified in the previous subsection as a solution of
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the Volterra equation

t
X, =z0+ / K(t — s)b(s, Xs)ds. (2.3.14)
0
Then the MDP for { X¢}.-( is equivalent to the LDP for the family {7°}.~( defined as

Xe-X  G(W)-X
g .__ _ . €
T e T 9.h. = T=(W),

where 7¢ : W™ — W is a Borel-measurable map for each ¢ > 0. Therefore 7)° satisfies

the following SVE for all € > 0, and is its unique solution if H4 holds.

— X +9:h —b(s, Xs) Xs+9:h
v XO xo / K(t—s) (5 X + 3 sh775) (s, ds+/ K(t— S) oe (s, h+ Ens)dWS.
glve

(2.3.15)

Similarly to the LDP case we are interested in a certain shift of the driving Brownian

Tt

motion, controlled by v € A. For all € > 0, let

: S(W + he [fvsds) — X
not =T (W+hg/ Usds) _gw+ ;fzv ) : (2.3.16)
0 elle

For convenience we introduce the sequence {©%"}.-( defined, for all ¢ > 0, v € A,

t € T, by

o5 .= g* (W +he / v, ds> )
0

t t
— X5+ / K(t— s) {ba(s,G)i’”)+195h805(5,@§’”)v8]ds+195 / K(t — s)o.(s, @5)dW,.
0 0

This sequence satisfies the bound (2.3.8) and converges weakly towards X since 9. h.o.

tends to zero as ¢ tends to zero. Finally the process defined by (2.3.16) satisfies

X5 — 5,02") — b(s, X s
= S0 /Kt—s ) Z b Xy,

Vehe
1 t
+ / K(t—s)o:(s,05")veds + h/ K(t—s)o:(s,05")dW;.
0 € JO

(2.3.17)

For all v € A, we define T, to be the solution of the limiting equation

1/175 = /Ot K(t - 5) |:Vb(8, Xs)%bs + 0(57 XS)/US] ds. (2318)
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The form of the limit equation is dramatically simpler than for the LDP and much easier
to compute. Moreover 70 is well defined because the linearity of the equation and
Assumption 2.2.3 grant uniqueness for free, provided Vb exists. Hence we will need the

following assumptions:
H5. For each ¢ € T, the function b(¢, -) is continuously differentiable and b is Lipschitz
continuous.

H6. There exists § > 0 such that o(t,-) is locally -Holder continuous, uniformly for
allt € T.

H7. lim, o (9.he) " |X§ — 0| = 0.

H8. There exist g > 0, a sequence {v;}.~o with lim.jov.(J:h:)"! = 0 and a func-
tion = : RY — R such that |b.(t,z) — b(t,z)| < v.E(z) forallt € T, e € (0,5),
where forallp > 1, M > 0,

sup {E[ ‘E(@f’”) ‘p},a € (0,e0),v € Apy,t € T} < 00. (2.3.19)

Remark 2.3.19. H5 entails that (2.3.14) has a unique solution and yields the bound
[ Vb(-, X )HT < oo by continuity. H7 implies H1. We have already proved in
Lemma 2.3.8 that the moments of all orders of ©%" are bounded hence (2.3.19) is
automatically satisfied if = is of polynomial growth. This is however not sufficient for

the applications we have in mind where = is of exponential growth.

The main theorem of this section is the following.

Theorem 2.3.20 (Moderate Deviations). Under H2 - H8, Assumptions 2.2.3 and 2.3.9,
the family {n®}.>o satisfies a Large Deviations Principle (equivalently {X°¢}.~¢ satisfies a

Moderate Deviations Principle) with speed h? and rate function
LT 2
A@W):=inf o [ ful*dtive L%y = T, (2.3.20)
0
and A(vY) = +oo if this set is empty.

The proof of the moderate deviations theorem follows a similar structure to that of
Theorem 2.3.11, making use of Theorem 2.3.5. It will rely on moment bounds in

Lemma 2.3.21 (proved in Section 2.6.1), tightness in Lemma 2.3.22 (proved in Sec-
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tion 2.6.2), weak convergence in Lemma 2.3.23 (proved in Section 2.6.3), and finally

compactness of the level sets in Lemma 2.3.24.

Lemma 2.3.21 (MDP Moment bound). Under H2 - H5, H7, H8, Assumptions 2.2.3
and 2.3.9, forall p > 2, M > 0, v € Ay and € > 0 small enough, there exists ¢ > 0
independent of €, v, t such that

supE [|n "] <@ (2.3.21)
teT

Lemma 2.3.22 (MDP tightness). Let p > 2V 2/, M > 0 and a family {v®}.s0 in Ap.
Under H2 - H5, H7, HS8, Assumptions 2.2.3 and 2.3.9, n®¥" admits a version which is
Hoélder continuous on T of any order o < ~y/2 — 1/p, uniformly for all € > 0. Denoting

again this version by 1", one has for all ¢ > 0 small enough,

ns,vE _ ns,vE p R
E sup ———0 1| | <C, (2.3.22)
o<s<t<T |t — S|

for dll o € [0,7/2 — 1/p), where C is a constant independent of ¢, v*, s,t. Moreover, the

family {n®" }. is tight in W,

We recall that n°*" = T(W + he [, vsds) and ¢ = T2, hence the lemma above deals
with Theorem 2.3.5 (i). The following one identifies the limit set as the unique solution
to (2.3.18). It is thus more precise than in the LDP case, and justifies the form of the

rate function (2.3.20).

Lemma 2.3.23 (MDP weak convergence). Let M > 0, a family {v®}.~ such that, for
alle > 0, v¢ € Ay and v® converges in distribution to v € Ay, and v the unique solution
of (2.3.18). Under H2 - H8, Assumptions 2.2.3 and 2.3.9, n®¥" converges in distribution

to 1) as € goes to zero.
Item (ii) is dealt with in the following lemma.
Lemma 2.3.24 (MDP compactness). Under H2, H3, H5, Assumptions 2.2.3 and 2.3.9,

the functional A defined by (2.3.20) has compact level sets.

Proof. Noticing that Vb(¢, X;) and o(t, X;) are uniformly bounded on T by continuity,

this lemma boils down to a particular case of Lemma 2.3.18. O

Theorem 2.3.5(iii) is immediate by uniqueness of (2.3.18), therefore all the conditions

are met and Theorem 2.3.20 follows as a direct application of Theorem 2.3.5.
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2.3.5 Extension to non-convolution kernels

The analysis undertaken in this paper is based, both for notational convenience and
with a view towards application, on convolution kernels. Different assumptions were
studied in the literature, in particular Decreusefond [79] considered the properties of
the map f — [, K(-,s)f(s)ds in order to include the fractional Brownian motion in his

setting.

2.3.5.1 Setting

We call a kernel a map K : T? — R for which both fot K (t,s)?ds and K(t, s) are finite

forall t € T and s # t. The associated space is defined as
t
K= {u : T — R, {F;}-progressively measurable, such that IE/ [K(t, s)u(s)fds < oo, forallt e T}.
0
Hence, for all u € K the stochastic integral
__ t
ME(u) = / K(t, s)u(s)dWs
0
is well defined for all ¢ € T in the It6 sense. For any a € (0, 1), we denote the Riemann-
Liouville integral I* and derivative D* as
(e} 1 ! a—1 « d l1—o 1
(D) = Fray [ 97 S )ds, U0 = GO, forfeLlieT

I'(a)
(2.3.23)

Define Zp := 1*(L?) equipped with the norm ||f{lz =~ := [[D*f|. If o > 119, then

1
a—1
Tap C Cy 7, the space of (o — %)—Hélder continuous functions null at time 0. Let K

denote the linear map associated to K (¢, s) by
t
Kf(t) / K(t,5)f(s)ds, (2.3.24)
0
and introduce, for = € (0,00) \ {2},

0(z) = . (2.3.25)

Given the space inclusions above, the following assumption implies precise Holder reg-

ularity for the integral (2.3.24):
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Assumption 2.3.25. There exist x € (1,2) and v > 1/6(x) for which K is continuous

from L? to Z, and from LX to T, o(,)-

+3.2
Example 2.3.26. The operators associated to the following kernels satisfy Assump-
tion 2.3.25:

e The Riemann-Liouville kernel

_1
(t—s)s ®

NH+1)’

Ju(t,s) = with H € (0,1),

satisfies this assumption with v = H and any x < 2 [79, Theorem 4.1].

e The fractional Brownian motion kernel

(t— )z 11 1.t
Ku(t,s)= 2% p(H-~ - HH+-1-"°

where F' is the Gauss hypergeometric function, also satisfies this assumption with the

same parameters as above [79, Theorem 4.2].

Decreusefond’s main result yields the Holder regularity of the stochastic Volterra inte-
gral [79, Theorem 3.1]:

Theorem 2.3.27. Let Assumption 2.3.25 hold and u € K N LPO)(Q x T). Then MX (u)

has a measurable version M’ (u) which is a-Hélder continuous for all o < v — 1/0(x).

From now on, we only consider the measurable version of the stochastic integral. Al-
though this theorem was proved in a one-dimensional setting, it also covers multi-
dimensional stochastic Volterra integrals by considering their components individually

and summing them.

2.3.5.2 Large and moderate deviations
For each € > 0 consider the stochastic Volterra equation

¢ ¢
X; =X§ +/ K(t,s)b:(s, X5)ds + 295/ K(t,s)oe(s, X5)dWs, te€T, (2.3.26)
0 0
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which was studied in [71] without the e-dependence, and where the coefficients live in
the same spaces as those from (2.2.1). To complete the non-convolution setup we also

need the following condition.

Assumption 2.3.28. There exists ¢ > 2 such that

t
sup {/ |K (¢, s)|_€(Q) ds} < 00, (2.3.27)
0

teT

with 6(q) introduced in (2.3.25).

Let p > g > 2, then 2 < —0(p) < —0(q) and Holder’s and Jensen’s inequalities yield

[ s ] < [[ o) [ iora

_ t @t
< U K (ts)| " ds} ' / F(s)IP ds.
0 0

This replaces the Gronwall-type inequality derived for convolution kernels in
Lemma 2.5.1. Hence replacing Assumption 2.2.3 by the condition (2.3.27) one re-
covers the moments bounds of Lemmata 2.3.13 and 2.3.21 for the processes { X" }.~
and {n®"}.>0 and for any p > 1. Setting in particular p = 6(x) from Theorem 2.3.27,
then for any v € Ay, M > 0and £ € {b., 0.} we have {(X*¥) € KNLP(Q x T) thanks to
the growth conditions H3. Therefore Assumption 2.3.25, Theorem 2.3.27 and Assump-
tion 2.3.28 yield the almost sure Holder regularity of the following processes defined

onT:

/' K(,$)6(X")ds  and / K (-, $)E(X50) dIW,.
0 0

Hence we recover the tightness of Lemmata 2.3.15 and 2.3.22 under this new set of
assumptions. Notice that we can consider kernels consisting of both convolution and
non-convolution components. Finally we can extend the LDP and MDP results without

further modifications:

Theorem 2.3.29. The conclusions of Theorems 2.3.11 and 2.3.20 stand for {X¢}.~¢ de-
fined by (2.3.26) when each component of the kernel K satisfies either Assumption 2.2.3
or Assumptions 2.3.25 and 2.3.28.
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2.4 Application to rough volatility

We now show how our results (Theorems 2.3.11, 2.3.20 and 2.3.29) apply to a large
class of models recently developed in mathematical finance. Originally proposed by
Comte and Renault [66] with financial econometrics applications in mind, rough volatil-
ity models were rediscovered later in the context of option pricing in [8, 19, 112, 123],
developed and extended widely, and have now become the new standards of volatility

modelling. They usually take the following form:

1 t t
Xo = [ 2M)ds+ [ VETas,
0 0

. : (2.4.1)
Y =0+ / Ky(t — )b(Y) ds + / Kot — )C(Ya)dW,
0 0

where both X and Y are one-dimensional, K1, K, € L*(T : R,) and B and W are
two standard Brownian motions with d(B, W), = pdt, for some correlation parameter
p € (—1,1). We further define p := ﬂ: and set Xy = 0 without loss of generality.
Here X denotes the logarithm of a stock price process, and /%(Y) its instantaneous
volatility. We adopt a slight abuse of notation, as X previously denoted the multi-
dimensional system, but writing now X as the log-stock price is consistent with the
mathematical finance literature and should not create any confusion. We summarise
in Table 2.1 the most common rough volatility models used in mathematical finance,
indicating where their asymptotic behaviours were covered, and where our framework
not only encompasses those, but fills the gaps so far missing. As discussed below, our
application to the rough Heston model is conditional on the latter to have a unique
pathwise solution, a problem that remains open so far. The detailed analysis of these
cases is then provided in Section 2.4.2 in the small-time case, and in Section 2.4.3 for

their tail behaviours.

2.4.1 Small-time rescaling (general)

In the small-time case, we need to assume some scaling behaviour for the kernel
functions. We say that a function f : R — R is homogeneous of degree a € R if
f(Ax) = X\*f(z) holds for all z, A € R.

Assumption 2.4.1. K; and K, are homogeneous of degrees w € (—%, %] and H — % €
(_%7 %]
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Rough multi-factor

Models Rough Stein-Stein Bergomi rough Bergomi Rougl.l Heston
Small-time Tail Small-time Small-time Sm[eilcl)-(t)l]me Tail
[31;113] MDP [i];l;] MDP [3163)113] MDP [ﬁ];BP] MDP | LDP | MDP | LDP

(X&,Y¢) IF IF IF - IF IF IF IF IF IF IF
Xe OP IF 0] - 0] IF OP OP OP IF OP

X, OP CF OP - )% CF OP OP OP CF OP

o OP CF OP - OP CF OP OP OP CF OP

Ye IF IF IF IF IF IF IF IF IF IF IF

Ye CF CF IF IF CF CF CF CF IF CF IF

Table 2.1: Summary of rough volatility results and form of the rate functions
(CF=closed-form; IF=integral form; OP=optimisation problem; shadowed cells are
new contributions from this paper). & corresponds to the implied volatility, defined
precisely in Section 2.4.1.3.

Since K is homogeneous of degree o, then

h h K1(1)2
/ Ki(t)’dt = / K (1)*#*7 dt < ————p!T?%, for any h > 0,

0 0 1 —+ 2o
T

T
/ (Ki(t+h)— Kl(t))2 dt = K1(1)2/ ((t+h)= — tw)2 dt = O (h'*?%) | for h small enough,
0 0

and so Assumption 2.2.3 is satisfied with v = 1 + 2w € (0,2], and likewise for K»
with v = 2H. Under this assumption, the rescalings X7 := ¢ -3 « and Yy = Y

turn (2.4.1) into

1
SHAS

t t
Xi = /E(Y;)ds—i-eH/ VE(YE)dB,,
0 0

t t
Ve =t e [ K- b ds e [ Kalt - ()
0 0

(2.4.2)
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so that we are precisely in the framework of (2.2.1) with d = 3, ¥, = &%/,

where, similarly to Example 2.2.7, the additional dimension allows to handle the two
different kernels. Note that 0. does not depend on ¢ but encodes the correlation. The

controlled equation (2.3.4) for the second component reads

t t t
vt = 2/0+51+w/ Kl(t—S)b(ﬁ’”)dS#H/ Kz(t—S)C(Yf’”)dWSJF/ Ka(t—s)C(Ys")vs ds,
0 0 0

foreacht € T,e > 0 and v € A. Note that the dynamics of X* do not feed back into Y*
and that ¥ € Sg‘} in the sense of Definition 2.2.5. The following assumption stands

throughout this section:

Assumption 2.4.2 (Small-time assumptions).

o« Ko(t) =t 2 /T(H + 1);
* ¥, ¢ and b are continuous on R;
* b and ¢ are of linear growth;

* ¥ is either of linear growth or such that for all p > 1, M > 0 and £ > 0 small
enough,

sup IE“Z(Y;E’”HP} < 005 (2.4.3)
teT veAns

* the equation for Y¢ in (2.4.2) is pathwise unique for small enough ¢ > 0.

The choice of kernel K5 is a common setup in rough volatility models and allow for
more explicit results. These conditions ensure that H2 holds with limit coefficients
b = (0,0,0)" and ¢ = o.. Furthermore, Y¢ is an autonomous subsystem in the sense
of Definition 2.2.6 and H3 and the bound (2.3.6) hold. An pathwise unique solution of

the system (2.4.1) exists since X°¢ is explicit from Y¢, and H4 is satisfied.
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2.4.1.1 Large deviations

For each control v € Sy; with M > 0, the limit equation (2.3.5) of the volatility in the

large deviations regime reads

+/t(t_s)H_
Yt = Yo
o T(H+1)

N

C(ps)vs ds, fort e T. (2.4.4)

From the uniform bound on ¢ derived in Remark 2.3.14 and the continuity of X, we
obtain that | (¢;)| is uniformly bounded in ¢t € T and in v € Sy, hence (2.3.7) holds.
Therefore Assumption 2.3.9 and H1 - H4 follow from Assumption 2.4.2. Mimicking
the fractional integral notation from Section 2.3.5, we introduce for convenience the

notations
1
H+l bt —s)=2 H+1 H+l

L 2(f) :—a:—i-/o 11(Hi_’_%)fsds and I, 2(LY) := {Iw (f),fELl},

and the fractional derivative D is defined in (2.3.23). From now on, to simplify the
statements, we write Z° ~ LDP(I,e7!) to express that the family of random vari-

ables {Z¢}.- satisfies an LDP with rate function I and speed ¢, as ¢ tends to zero.

Proposition 2.4.3 (Large deviations). Under Assumptions 2.3.3, 2.4.1 and 2.4.2, the
following hold:

(L1) (X°,Y¢) ~LDP (I,e*7), where I : W? — R is given by
T 2 ! _ Htl
I(¢, ) = inf 9 0 (ut + vt) dt :u,v € L%, ¢y = ) V Z(@S)(pus + pUS) ds, ¢ =1y, (C(p)v) ¢
(L2) X° ~ LDP (I*,e72H), where

X (9) = inf {I(¢,0) - p € IT2(L1)),

if ¢ € ACy and infinity otherwise;
(L3) /"2 X. ~ LDP (I}, e2H) where I} (z) = inf {IX($) : ¢ = «} for all z € R;

(L4) Y° ~ LDP (IY,e~2), where

T H+le 2
IY(tp):;/O (D éipt)y(’)(t)> Le(poyz0 dt,
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1
ifoe Iiﬂ (L) and infinity otherwise;
(L5) Y. ~ LDP (I}, e ), with I (y) = inf {I¥ (¢) : o1 = y} fory e R.
While (L1), (L2) and (L4) deal with pathwise large deviations, (L3) and (L5) are one-

dimensional large deviations statements, about the marginal distributions of X and Y.

In this small-time behaviour case, we recover the same scaling as in [100, 103].
Proof.

(L1) As discussed above, the assumptions of Theorem 2.3.11 are satisfied, so that the
three-dimensional process (X<, Y*¢, Z¢), where Z¢ = 0 for all ¢ > 0, satisfies an

LDP with rate function

1 T
J(¢,<p,z/;):inf{2/ (uf—i—vtz—i—wtz) dt: w,v,we L?
0

o= [ VI ) s o= g, v =0}

The map (X¢,Y®, Z°) — (X¢,Y¢) is continuous so that the contraction prin-
ciple [82, Theorem 4.2.1] yields an LDP for (X¢,Y*¢) with rate function
inf {J(¢, w0, ) = 0} = J(¢,p,0), which corresponds to I.

(L2) Since the map (X*¢,Y*¢) — X°¢ is continuous, the claim follows from the contrac-

tion principle.

(L3) Projecting the pathwise large deviations (L2) onto the last coordinate point ¢ = 1
is equivalent to applying the contraction principle, and the claim follows immedi-

ately.

(L4) A direct application of Theorem 2.3.11 yields an LDP with rate function

1T H+3
Mgy =int{; [ arve o=t |

Inverting it as above ends the proof and (L5) follows from the contraction princi-
ple. O

We observe that in some special cases one can reach a more explicit expression for I.
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Corollary 2.4.4. Under the same assumptions as Proposition 2.4.3, if p = 0 or ((¢¢) # 0

almost everywhere, the rate function I can be written

1% >:1/T ﬁﬂ _2p¢tDH+%(¢_y0)(t)]l + DH+%(<P—?JO)(75) 2]1 dt¢
TS \ Sl Clon)/Slor) 070 (o) Seoo | dt,

1
if p € ACp and ¢ € I;Jr? (L), and infinity otherwise.

Proof. We start from the definition of I given in Proposition 2.4.3(L1). For each ¢ € ACy

1
and ¢ € Iz{,j([,Jr2 (L'), reverting the integral which defines ¢ gives

1( &
Ut = — — PUt ]]'Z 05 forallt ¢ T,
p ( E(@t) > (@t)#

because whenever X(p;) = 0, although u is not uniquely determined by ¢, the optimal
choice of control (the one minimising the cost) is u; = 0, see [67, Remark 2.3] for more
details. In the uncorrelated case p = 0, the same reasoning for the equation that ¢

solves yields for all t € T

1
Clet)

1
vy = D2 (p — Y0) (1) Le(p,)0-

Furthermore, in the special case where ((y;) # 0 almost everywhere the equality above
holds almost everywhere, which is sufficient for the optimisation problem (because of
the correlation, v may not be equal to zero even if ((y) is). Plugging these into the rate
function yields the claim. The last condition stands because if ¢ ¢ ACj or ¢ ¢ Iﬁ% (LY)
then they cannot satisfy the equations and therefore the infimum takes place over an

empty set. O

2.4.1.2 Moderate deviations

We now show how our moderate deviations results apply to the rough volatility

model (2.4.1). Let h, = ¢ P forany 3 € (0, H), and define the two-dimensional process

1 1
W= o XY —w0) = s

XaaYE - yO)

The case 8 = 0 corresponds to the Central Limit Theorem, whereas § = H is the

LDP regime, so that MDP precisely corresponds to some interpolation between the two.
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Regarding the assumptions note that y§ = yo and b, clearly tends to zero as ¢ goes to
zero, hence it is trivial that b = 0 is continuously differentiable and Lipschitz continuous,
and thus H5 and H7 hold.

Now let Assumption 2.4.2 hold. Denoting the i-th component of b with b(*), one notices
that [b{(t, (z,)) — bV (t, (z,9))| < 743 [S(y)] and b2 (¢, (2,1)) — b (L, (2,9))] <
e ®Cy (1+|y|) by linear growth of b. For H8 to hold, one then requires that ¢!+ ~(#-5)
and £#+2=(H=5) both tend to zero as e goes to zero. Moreover the bound (2.4.3)
implies (2.3.19).

Assumption 2.4.5 (Moderate deviations assumptions).

* The parameters H, w and f3 are such that (1 + w) A (H + 3) > H — 3;

* There exists § > 0 such that 3 and ¢ are locally §-Holder continuous.

Notice that the first inequality is always satisfied if H < % Therefore, Assump-
tions 2.4.1, 2.4.2, 2.4.5 imply H1 - H8 and Assumptions 2.2.3 and 2.3.9. Similarly
to the LDP case, and recalling the definition of MDP from the introduction, we write
7Z¢ ~ MDP(A, L) if in fact e#~H(Z° — Z) ~ LDP(A,1.), for any I. > 0 converging to
zero as ¢ tends to zero, where Z is the limit in distribution of Z¢. We also denote the
subset of WY of absolutely continuous functions by AC, and ACy := {¢ € AC, ¢g = 0},

and refer to (2.3.23) for the definition of the Riemann-Liouville fractional derivative.

Proposition 2.4.6. Under Assumptions 2.4.1, 2.4.2, 2.4.5 and the condi-
tion ((y0)X(yo) # 0, the following moderate deviations hold:

(M1) (X°,Y®) ~MDP (A,e=%%), where A : W? — R, is given by

. . i N )
Ao, ) 1 /OT Eﬂﬁ _ 2P¢tDH+2(90 — o) (t) " (DH+2(90 - yo)(t)> dt,

T2 (v0) C(y0)v/=(w0)

if o€ ACoand ¢ € I;;Jr§ (LY), and infinity otherwise;

T
(M2) X¢ ~ MDP (AX,e25), where A (¢) = QEZy ) / $7dt, if ¢ € ACy and infinity
0) Jo
otherwise;
2
_1 _ . T
(M3) 772X, ~ MDP (A, e7%%), with A{' (z) = 50 for x € R;
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(M4)

(M5)

Proof.

(M1)

(M2)

(M3)

(M4)

Ve ~ MDP (AY,e725), where AY : W — R is given by

1 2
1 (T (DT (p—yo)(t . H+3 o :
AY (o) = 2/0 ( Q(ffyo) yo)( )> L ()20 2, if p € I, 2(L") and infinity otherwise;

Y. ~ MDP(AY,e725), where AY (y) = 3y? fory € R.

As discussed above, the assumptions of Theorem 2.3.20 are satisfied, thus it yields

an MDP with rate function

T t 1
Moo = {3 [t + o) atsuve o= [ VSl (e + pue) dsco = 1 Clanlo) .

and inverting it as in the LDP case gives the claim.

The contraction principle implies that an MDP for X¢ holds with rate function

AX(¢) = inf {A(¢, ) : @ € Ty 2(LY)}. Let ) € AC, such that v := %

then the rate function translates to

XN s 1 T< ¢? _ 2P¢t1/}t ‘2) }
A (¢)—1nf{2p2/0 S0 E(yo)+¢t dt, ¢ e ACy,

which can be solved as a variational problem as in [164, Corollary 2.4]. The
corresponding Euler-Lagrange equation reads ¢y = p¢/ v/2(yo) hence ) =
pd/ V2 (yo) because Yo = 0 by definition. Plugging into the above equation
finishes the proof.

The rate function is given by contraction principle as

1
2%(yo)

T
A (z) = inf {AY(®) : ¢ € ACo, 1 =z} :inf{ / P2 dt - ¢ € ACo, b1 :x}.
0

Setting 7' = 1 the optimal path under the constraint ¢; = = is ¢; = xt by the

Euler-Lagrange equation. Again, plugging it into the rate function ends the proof.

Theorem 2.3.20 gives an MDP for Y¢ with rate function

1 [T 1
AY (¢) = inf {2/ vidt:ve L2 o= Ii+2(C(yo)v)}.
0
Inverting it yields (M4).
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(M5) By contraction principle one obtains A} (y) = inf {AY (), ¢1 = y}. Then setting

1 as in (M2) it boils down to the same optimisation problem as for (M3). O

As in the large deviations results, (M1), (M2) and (M4) correspond to pathwise state-
ments, whereas (M3) and (M5) are finite-dimensional results about the marginal dis-
tributions. For the log-stock price, (M3) corresponds precisely to the moderately-out-
of-the-money regime presented and justified in [111] (for diffusion volatility models),
based on the observation that the range of observable strikes grows with maturity. Fur-
thermore, one can always apply Theorem 2.3.20 in the degenerate case ¥(yo)((yo) =0

although the rate functions take slightly different forms.

2.4.1.3 Implied volatility asymptotics

We can easily deduce from the above results the asymptotic behaviour of the implied
volatility, a standard norm for quoting option prices. For each maturity ¢ > 0 and
log-moneyness k € R, the implied volatility o (¢, k) is the unique non-negative solution
to Cps (¢, k,0(t,k)) = C(t, k), where Cgg corresponds to the price of a European Call
option under the Black-Scholes model, and C' a given Call option price (for example in
a rough volatility model). This notion is only well defined if the underlying stock price
is a true martingale, which we have not assumed so far, and may require additional
conditions on the coefficients. This will be the case though in all our examples below,

but for now, with the current level of generality, we assume it:
Assumption 2.4.7. The process exp(X¢) in (2.4.2) is a true martingale for all small

enough ¢ > 0.

Small-time implied volatility asymptotics can be derived from Properties 2.4.3 and 2.4.6
in a similar fashion. The explicit form of the MDP rate function allows a closed form

expression.

Corollary 2.4.8. Let Assumption 2.4.7 hold.

(LDP) Under the same assumptions as Proposition 2.4.3,

2 .
. Uk>0,
lim (¢ k32 = 2mfw>kk211 () (2.4.6)
if k <O.

2inf <k I{X (z)’
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(MDP) Under the same assumptions as Proposition 2.4.6 and for any § € (0, H), k # 0,
lim (1 kt2=8)? = S(yo). (2.4.7)

Proof.

(LDP) Consider the case k > 0. Proposition 2.4.3(L3) translates into
lim 22 log P(t1 3 X, > k) = — inf IX(2).
tlf([)l ogP(t" "2 X; > k) ;gk i(z)

Meanwhile in the Black-Scholes model with constant volatility o > 0 the log-price pro-
cess satisfies X; = —”TQt + 0By for all t € T, and simple Gaussian computations yield the
large deviations behaviour

]CQ

o 42H i-my _
ltlJI})lt logP(X; > kt2™) = 552"

The claim then follows directly from [117, Corollary 7.1], and by symmetry for the case
k <0.

(MDP) Following the same arguments as above, we obtain

]{,‘2
——— ifk >0,
lima (¢ kts—9)2 = { 2infezs A (2)
o K if k<0
_— <0.
2inf, <) A (2) '
Plugging in the expression of A{ from (M3) finishes the proof. O

This concludes the presentation of the general results for rough volatility models. The
next sections display the diversity of the models found in the literature and how large

and moderate deviations principles apply to them.

2.4.2 Small-time rescaling (examples)
2.4.2.1 Rough Stein-Stein

The rough Stein-Stein, suggested in [151] is an extension of the classical Stein-Stein
volatility model [228] to the fractional setting. It corresponds to (2.4.1) with K; = 1
(hence w = 0), Ko(t) = t"~2/T(H + %), H € (0,1), yo > 0, £(y) = ¢ bly) =
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k(0 —y), k,0 > 0 and ((y) = £ > 0. The coefficients are Lipschitz continuous and
well-behaved, hence Assumptions 2.4.2 and 2.4.5 are easily checkable and the limit
equation (2.4.4) has a unique solution, hence Propositions 2.4.3 and 2.4.6 apply. Note
that because ( is a positive constant, Corollary 2.4.4 gives the rate function / in integral
form and one can solve (L5) in closed-form using the Euler-Lagrange equation in a
similar way as in the proof of Proposition 2.4.6. Furthermore, since Y is Gaussian its
exponential moments are finite and Novikov’s condition [166, Section 3.5.D] ensures
that Assumption 2.4.7 holds. Therefore, Corollary 2.4.8 yields the small-time behaviour
of the implied volatility. Notice that the LDP and MDP for this model still hold when
replacing the Riemann-Liouville kernel with the standard fractional Brownian motion
by virtue of Theorem 2.3.29. The pathwise LDP for this model was first derived in [151]
albeit with the different scaling X} := cH—3+28 X and Y7 := ePYy, for B > 0.

2.4.2.2 Rough Bergomi

The rough Bergomi model as presented in [19] reads

1 t t
X, :—2/ X/;ds+/ VVadB,,
0 0

t(4_ H-1
Vi =VWVyexp /(S)ldeS—atQH ,
o T'(H+3)

with V5 > 0 and a € R. A pathwise LDP for this model first appeared in [161] using
the Freidlin-Wentzell approach and a tailored proof. This case is quite intricate because
the exponential does not satisfy the linear growth bound but we circumvented this
issue by introducing the notion of autonomous system, illustrated in Example 2.2.7 and
completed by Assumption 2.3.9 and H3b. Not only does this framework unifies the

result of [161] with other rough volatility models, but it also leads to a pathwise MDP.

With Y := log(V), the system (X,Y) fits into (2.4.1) where K (t) = t*#~1, Ky(t) =
13 JT(H + 1), for H € (0,3), £(y) = exp(y), bly) = —a/(2H), a > 0, ((y) = 1 and
yo = log(Vp). The bound (2.4.3) is then satisfied since fg (t—s)H ~2dW, is a Gaussian
process with exponentional moments bounded uniformly in ¢ € T, and for each v € Ay,
M > 0: . o o

/0 (t—s)"2v5ds < Mﬁ,

almost surely, by Cauchy-Schwarz inequality. Therefore sup,cr E[exp (V)] is finite,
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yielding the claim. Moreover, the volatility equation is explicit so we shall not be
concerned with uniqueness and the rest of Assumptions 2.4.2 and 2.4.5 is straight-
forward to check. This implies that Propositions 2.4.3 and 2.4.6 apply, and so does
Corollary 2.4.4. Again, Theorem 2.3.29 guarantees that the LDP and MDP still hold
when K is replaced with the non-convolution fractional Brownian motion kernel. Gas-
siat [120] showed that, if p < 0, then the stock price process is a true martingale,
ensuring that Assumption 2.4.7 holds, and implied volatility asymptotics thus follow

from Corollary 2.4.8.

2.4.2.3 Rough Heston

As introduced in [95] the rough Heston model fits into the framework of (2.4.1) with
Ki(t) = Ka(t) = t"72 /D(H + 1), for H € (0,), yo > 0, B(y) = v, b(y) = (0 — v),
k>0,0>0and ((y) =&Y, € € R?. Linear growth and local Hélder continuity of
the coefficients clearly hold. The weak existence and uniqueness was proved in [3],
however the square-root coefficient brings an issue for pathwise uniqueness of the SVE.
We assume here that there exists a set U of coefficients (H, k, 6, &, p, yo) such that path-
wise uniqueness indeed stands. The only known result so far is due to [239] in the

smooth case H = % We also recall that pathwise uniqueness was proved for ((y) = y”

1

where v > 57—

in [195], but does not encompass the square root case. Therefore
Assumption 2.4.2 holds in those two cases. On a heuristic note remark that, even if
pathwise uniqueness fails, there is a unique candidate for G since there exists a unique
strong solution until the first hitting time of zero. The issue is it may not satisfy the SVE

anymore after that time, but should be consistent for small-time LDP.

Moreover, uniqueness of the limit equation (2.4.4) only holds up to first hitting time of
zero. Hence we will make use of the uniqueness relaxation presented in Section 2.3.1
and similar arguments as in Example 2.3.8 to prove that Assumption 2.3.3 holds. The

suggested rate function (2.3.2) reads now

1 t t 1
I(¢, ) = inf{2/0 (uf —|—vt2) dt s u,v e L?, ¢y = /0 \/@(pus —|—pvs) ds, ¢r = I;I,{)Jr?(f\/@})}'
(2.4.8)
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We emphasise that ¢ above solves the Volterra equation

H 1

©r = Yo —|—§/ HS 1)2 Vpsvsds, forallte T. (2.4.9)
+3

Lemma 2.4.9. Let v € L? and ¢ satisfying the Volterra equation (2.4.9) with H € (0, %).

Then the set D := {t € [0,T] : @1 > 0} has Lebesgue measure T.

Proof. We follow some arguments in the proof of [3, Theorem 3.6]. Let us drop the
subscript in the kernel and write it K for clarity, and introduce its resolvent of the
first kind L(dt) := r(l i dt [134, Definition 5.5.1]. Moreover, for h > 0, define
ApK ( ) = K(t+ h) and for every measurable function f on R; and measure g on R,

(f * = fo f(t — s)dg(s). It is proved, in [3, Equation (3.9)], that A, K * L is

non-decreasmg but in fact in this special (rough) case, it is strictly increasing. Indeed,

the authors show that in the general case, forall 0 < s <t < T,
(ARK x« L)(t) — (AR K « L)( / K(h—u)(L(s+ du) — L(t + du)),

which is positive because KX > 0 and L is decreasing. Furthermore K is decreasing
and L > 0 thus
0 < (ApRK*L)(t) < (K=xL)(t) =1,

where the equality holds by definition. Let ¢; = yo + fot K(t—s)\/psvsds =: yo + (K *

z)(t), where z is trivially a semimartingale, hence from [3, Equation (2.15)]:
o + (A d2)(t) = (1= (AnK + L)1) o + (A L) (0)r + (A(AWK = L) + ) (1),

which is strictly positive because because yg, ¢ > 0 and the two lines before. Now let us

suppose there exists an interval [¢,¢ + h] C T on which ¢ = 0. Then

t
pron =t [ K+ 5)yEoads = g0+ (MK xd2)(t) >0,
0

which is a contradiction. Hence no such interval exists and the claim follows. O

Remark 2.4.10. This argument works for any rough kernel but not for the diffusion

case H = % We refer to [84, Proposition 3.3] for the latter.

The previous lemma allows to invert the integrals as showed in the proof of Corol-
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lary 2.4.4 and yields a more explicit form for I:

T eso [ DFFR o=yt | (DFHEp—y)®)
Hovp) = [ g2 | i = 2> —F I g at,

(2.4.10)
1
if the integral is well defined, ¢ € ACy, ¢ € Igf? (L'), and I = 400 otherwise. We can

now prove the following:
Lemma 2.4.11. Let H € (0, %), then the functional I satisfies Assumption 2.3.3.
Proof. Note that any solution ¢ of (2.4.9) is non-negative. Let (¢, @) be such that (¢, )

is finite. Then, for each § > 0, define 0 := ¢, + 6t 2 such that 9 is strictly positive.

Therefore from definition (2.3.23) we have:

1 d [t 1
qu-l-l o t _])If—i-l . t) = / t— —-H—5/0 _ s d
(¢ = yo) () 2(¢ = yo)(t) (L — ) 0( s)7 T2 (g — ps) ds
t
:5d/ (t—s)_H_%sH+% ds=14
L@ —H)dt J

which entails convergence as § goes to zero, uniformly on T. Now define the control

~ DTHi(p — o)1)
- \/@ ]lcpt>07

Ut ©

and v belongs to L? since I(¢, o) is finite. Then for each § > 0 the control v° defined as

1 1
o = D2 —w)(t)  DITE(” — yo)()
¥ - vt

is also in L? because 1,50 = 1 almost everywhere. Furthermore, for all t € D,

lims)o (#§) "' = (¢1)! and therefore limsyov! = v;. Let P(y) denote the term be-
tween brackets in (2.4.10) divided by 2p?, which is non-negative by design since it

corresponds to ¢(u? + v?). Therefore, by Lemma 2.4.9,

16.0) = 16,6 = [ (2= =) Plowat+ [ (Ploh— Pt ar

t

where the first integrand is smaller than P(y);/¢; for all ¢ € D and this upper bound
belongs to L' by assumptions. Hence the dominated convergence theorem implies that
the first integral goes to zero. From the calculations above we deduce that P(y); —

P(¢%); tends to zero uniformly as § goes to zero, hence the second integrand converges
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pointwise and, for ¢ small enough, is dominated by P(¢)/¢. A second application of

DCT yields convergence of the integral, and the claim follows. O

Therefore the large and moderate deviations from Propositions 2.4.3 and 2.4.6 apply
if the coefficients belong to &/ and H € (0, %) Observe that Proposition 2.4.6(M3)
agrees with [100, Section 3.5], although the routes taken differ significantly. El Euch
and Rosenbaum [94, Appendix B] showed that Assumption 2.4.7 is satisfied, and the

implied volatility behaviour thus follows from Corollary 2.4.8.

2.4.2.4 Multi-factor rough Bergomi

Let W be an R™+!-Brownian motion, Z := (Z(W),. .., Z(’"))Jr where
/ KWt dW(J)

and we allow K ¢ L*(T,R,),j € [1,m], to be homogeneous of different de-
grees H; — 1 with H; € (0,1]. Therefore, the variance of Z is proportional to A; :=
(21 /(2Hy), . .. ,tQHm/(2Hm))T, for all t € T. Assume without loss of generality that
the H; are ordered by increasing values, then we will design the rescaling at the
speed e 211, Denote m* := max{j € [1,m] : H; = H; }. Let/{ and V be m-dimensional

square matrices, and Y an m-dimensional process defined for all ¢ € T by
1 m
Y, =y +UZt—§VAt, o € R™.

The log-price reads

0 =1 i=1

X, = —% tzm:exp (ys(i)) ds + /Ot \l % iexp (Ys(z'))st,

where B = pW ) 4 37 oW, 52 + 37", p2 = 1. The rescaling X; =
€H17%th,Y;€ = Yt y1€ldS

XtE:_EHﬁ-% ti@(p( ()) d5+€H1/J ZGXp< a(l>

2m 0 im1

(Et)QHj> .
Hiy,; Z —Vij , forallie [1,m].
Z < J J 2Hj
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As we will shift each BM by e~ 71 [v(), we notice that eli~H14;; goes to zero if H; >
Hy, i.e. if j > m*. It means that the roughest component(s) (the one(s) with H;) will

outweigh the others, and only the former will make a contribution to the rate function.

Although similar to its one-dimensional counterpart, this model does not fit into the
framework of (2.4.1). Regarding the assumptions of Theorems 2.3.11, we only check
H3b and Assumption 2.3.9 because the others are standard and similar to the one-
dimensional case. Clearly (Y=, ... y=(™)) is an autonomous subsystem. As a Gaus-
sian process, U Z has exponential moments of all orders and for all M > 0, j € [1,m]

and v\ € Ay
t
/ K9t —s)oW ds < vVM||KY |, almost surely,
0

thus exp (Y=0?) € LP(Q) for all p > 1. Therefore the bound (2.3.6) and Assump-
tion 2.3.9 are satisfied. This estimate also checks that (2.3.19) and thus H8 stand.

Since . = 1, we define for the moderate deviations regime h. = %, 3 € (0, Hy).

Corollary 2.4.12. The pathwise LDP and MDP hold.

* (X°,Y¢) ~ LDP (I,e~ 1) where for all € W and p € W™:
S B 2 2 2 m
1(6,¢) = inf { 5 (ut+|vtl>dt: u e L(T,R),v € L2(T,R™),
0
1 .
tfq1 ™ ; m ' ) ) m t ' '
o :/ (Ze%)) ﬁus—l—ij’Ug]) ds, (pgz) = y(()z) —I-Zuij/ K(])(t—s)vy)ds}.
o \"™io j=1 j=1 0
* (X%,Y#) ~ MDP (A,e27) where for all ¢ € W and p € W™:
1T 2 2 2 m
AG,p) =inf 5 | (ut + vl ) dt: we L(T,R),v e LAT,R™), (2.4.11)
L1 &~ 0 : e . L t .
qﬁt:/ EZeyO ﬁus—l—ijvg]) ds, @EZ) :Zl/lij/ KWt —s)o) ds 3.
0 i=1 j=1 j=1 0

Proof. The LDP is a direct application of Theorem 2.3.11 and the MDP of Theo-
rem 2.3.20. m

One can also recover the LDP and MDP for (X¢).>o as well as the small-time LDP and

MDP by contraction principle, as in Propositions 2.4.3 and 2.4.6.
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If U is lower triangular (i.e. U;; = 0 for all ¢ < j), for instance if it arises from the
Cholesky decomposition of a covariance matrix, then for all ¢ € W, ¢ € W™, one can
derive the vector v recursively, followed by u. Note that if m* < m, ¢ may not be

attainable by the restrained number of controls {v\/), j € [1, m*]}.

Example 2.4.13. Consider the case m = 2. Let KV (t) = K@ (t) = t#~2 /T (H + ) for
H € (0, %), hence m* = 2, and U be lower triangular (i.e. U2 = 0). Then in the moderate
deviations setting v and u are explicit from (2.4.11):

1 1 1 1 U
W _ 1 patl (L0 @ _ L pE+d (@) Y o
T (‘p ) U T U (‘p ) Uy

U = ;') [\@(ﬁ {exp (y(()l)) + exp (y((f)) }_é - plv(l) - pgfu(ﬂ .

Remark 2.4.14. We can similarly consider multidimensional versions of the other mod-
els presented in this chapter and derive large and moderate deviation principles. We
only work out the computations for the multi-factor rough Bergomi model because it is

the most relevant in the literature.

2.4.3 Tail rescaling

We now investigate tail rescalings, which generally have the form X¢ = X, such that
an LDP provides asymptotic estimates on P(X¢ > 1) = P(X > ¢~ !). The MDP for
the whole system is not available in this case because Y := lim. o Y® = 0 hence the
limit equation for X¢, arising from (2.3.18), would be independent of the control. Note
that the theory does not break down but the rate function is trivial (equals zero at zero
and +oo everywhere else). Furthermore, the exponential function prevents the study of

such a rescaling in the rough Bergomi model.

2.4.3.1 Rough Stein-Stein

This model was defined in Section 2.4.2.1, but with the rescaling Y;® := ¢Y; and X} :=

£2X;, the system becomes

1 t t
X :_2/ (1/;)2ds+e/ Y:dB;,
0 0 2.4.12
Yf =e +/tn(59—Y€)ds+s/t§(t_S)H_édW ( )
t Yo o s 0 F(H—I—%) ED
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where the coefficients are identical to the small-time case. Although the rescaling is
different, Assumption 2.2.3 and H1 - H4 are easily satisfied in a similar way, the limit

equation (2.3.5) has a unique solution, and therefore Theorem 2.3.11 applies.

Corollary 2.4.15. The following hold:

(L1) (X°,Y®) ~LDP (I,e2) with

b 1
<(‘0+2<P—PU Tp20,

1 T
I(¢, ) = 2/0 (uf +v7) dt, where
1 1
(D3 (p) + rIEH ()

v =

M= D

1
ifpe ACy, v € Ié{+2 and infinity otherwise.

(L2) X° ~ LDP (I*,e7%) with IX(¢) = inf {I(¢, ) : ¢ € Ié”%} if $ € ACy and

infinity otherwise.

(L3) Foreacht €T, Xy ~ LDP (I;*,e72), where I;¥ (z) = inf {I%(¢) : ¢ = z}.

Proof. For (L1), Theorem 2.3.11 entails that the rate function is

1 T
I(qﬁ,gp):inf{z/ (u?—i—v?) dt: w,veL?
0

1 [t ) t t t (t—s)H*%
o ——/ gosds—i-/ ws(pus + pvs) ds, ¢ ——/ HsostJr/ €Usd3}-
=72, 0 ( ) ds, 0 o T(H+3)

Inverting the integrals as in Corollary 2.4.4 to obtain the unique controls and us-
ing DF+21! = 12~ yields the claim. Similarly to the small-time case, (L2) follows

from the contraction principle, and one only needs to fix ¢t € T to prove (L3). ]

One can prove an LDP for Y¢ in a similar way; a more interesting problem is the moder-
ate deviations setting. Recall that an MDP for the couple (X°¢, Y¢) would have a trivial
rate function because the limit equation of X¢ is independent of the control. However,
since the diffusion coefficient of Y¢ is constant equal to &, one can obtain an MDP for
Y¢. More surprisingly, the limit equations in the large deviations (2.3.5) and moderate
deviations (2.3.18) regimes coincide, which leads to identical rate functions. Notice

that . = ¢ in this example, and therefore let h. = =% where 8 € (0,1).
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Corollary 2.4.16. Y ~ MDP (AY,e727) where

1

=5 [ (P o) ar

AY ()
1
ifoe Ié{+2 and infinity otherwise.

Proof. From (2.4.12), b.(y) = k(ef — y) converges to b(y) = —ky and the diffusion
coefficient is constant, hence H2 - H6 are easily satisfied. Moreover, b. — b = exf and
g1=(H=5) tends to zero therefore H7 and H8 also hold. Theorem 2.3.20 thus yields an

MDP with rate function

AY (p) =i f{l/T 24t v € L2 /t d +§/t(t_S)H5 d}
@) =inf ¢ = v cve L or=— | Kkpsds ~— —w.ds .
2 0 t 0 0 F(H+%)

Inverting the integral yields the claim. O

2.4.3.2 Rough Heston

After the rescaling Yy := £2Y; and X; := £2X,, this model introduced in Section 2.4.2.3

takes the form

1 t t
X5 ——Q/OYSEds—i—a/O VYEAB;,

t (t _ S)H—%
Y =¢2 —l—/ K
t T T+ )

t 1

2 € (t — S 2
e0—YS)ds+e / e
( ) o T(H+1)
Clearly H1 - H3 hold and we recall that ¢/ is the set of coefficients such that pathwise
uniqueness, and hence H4, hold. We appeal to the uniqueness relaxation in the same
way as the small-time case to prove the following result, which extends [67, Theorem

1.1] to the rough case.

Corollary 2.4.17. If the rough Heston coefficients belong to U and H € (0, 3), then the
following hold

(L1) (X°,Y¢) ~LDP (I,e~2) where

S

1{ ¢ 1
==|—=+3zVe—pv]ly,o,
p(ﬁ p V¥ )”
1

vo= % (DHJF%(SO) + 590) Ly>0,

1 (T
I(¢p,p) = 2/0 (uf + v?) dt, where
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1
where ¢ € ACy and ¢ € Ié{ T2 (L') and infinity otherwise.

(L2) X° ~ LDP (I*,e72) with I*(¢) = inf {I(¢, ) : ¢ € If)”%} if ¢ € ACo and

infinity otherwise.
(L3) Foreacht € T, Xy ~ LDP (I;*,e72), where I;¥ (z) = inf {I¥(¢) : ¢ = z}.
Proof. The proof is similar to the small-time case. The potential rate function for the
couple is

1 T
1(6,¢) =inf{/ (w2 402) dt: wvel?,
0

[\)

L(t—s)f3

1 t t
= -3 sd s{pus + s d7 = peepass— . s+ sUs d .
on 2/0 ¥ S+/O VP (PU Pv) S, Yt /0 I‘(H—l—%) ( 112 5\/801)> s}

The same arguments that were used to prove Lemmata 2.4.9 and 2.4.11 in the small-
time case can be applied again here. They entail that Assumption 2.3.3 holds and hence
Theorem 2.3.11 applies, and the form of the rate function in (L1) follows by inverting
the relationships between (u,v) and (¢, ¢). (L2) and (L3) follow from the same steps
as in Corollary 2.4.15. O

2.4.3.3 Implied volatility asymptotics

We can also obtain implied volatility asymptotics since, by the same arguments as be-

fore, exp(X¢) is a martingale in both the rough Stein-Stein and rough Heston models.

Corollary 2.4.18. In both the rough Stein-Stein and rough Heston models, for each t € T,

the implied volatility & satisfies

(A R A TN
G T2 Wi e)

where ItX is the respective rate function, given in Corollaries 2.4.15(L3) and 2.4.17(L3).
Proof. Mapping ¢ to 1/k we have from Corollaries 2.4.15 and 2.4.17 respectively that,

foreacht € T,

1 e X
_ > = —
fim log P(X; > k) = — inf I;" (y).
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In the Black-Scholes model with constant volatility o > 0, we can directly compute

.1 1
pm o logP(Xy 2 k) = =55
and, similarly to the small-time case, the proof follows from [117, Corollary 7.1]. O

2.5 Technical large deviations proofs

2.5.1 Abstract relaxation: Proof of Theorem 2.3.5

The proof follows [45, Theorem 4.4]. The lower bound proof stands as it is until
the last series of inequalities. For any sequence {v°}.-o in Ap;, M > 0 converging
weakly to v and any F € C,(W? : R), define the function = : R, — R by z(¢) :=
E[FoG® (W +¢e! [;vfdt)]. Theorem 2.3.5(i) entails the existence of ¢ € gng such
that the subsequence y : R, — R defined as y(¢) := inf,<. () has a subsequence
converging to [E [F'(¢)]. By definition lim inf, |y 2. = lim. o y., which implies that y has a

limit in [—o0, +00] and by uniqueness this limit must be E [F'(¢)]. Therefore we deduce:

1T '
liminfE[/ Wi|> dt + F 0 G° (W+z—:_1/ vfdtﬂ
el0 2 0 0

e 1T
>E {2/ o2 dt +F(¢)] > inf {2/ lue|* dt + F(¢) : v € L? such that ¢ € GO N Wd},
0 0
which suggests the potential rate function I defined in (2.3.2) and concludes the proof
of the lower bound.

Then we prove the Laplace principle upper bound, for all F € C,(W¢? : R):

limsup —e2logE [e 79" W)/* | < inf {I(y)) + F(¢)}.
€10 Ppewd

Assume that the right-hand side is finite otherwise there is nothing to prove. Fix ¢ > 0

and let ¢ € W such that

I(¢)+ F(¢) < inf {I(4)+F(W)} +e.

T pewd

Since F' is continuous at ¢, there exists 6 € (0,¢) such that |F(¢) — F(¢)| < €
for all ¢ € W9 such that ||¢ — | < 6. If ¢ is uniquely characterised then the
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proof is the same as in [45]. Otherwise, by Theorem 2.3.5(iii), we can choose #°

uniquely characterised such that ||¢ — ¢°||, < 6 and |I(¢) — I(¢°)

[1(¢) + F(¢) — 1(¢°) — F(¢°)| < 2¢. Hence, combining inequalities we obtain

< 6, which implies

o é :
1(¢°) + F(¢°) Swlenyfvd{f(i/))JrF(@b)}Jr%-

Moreover, there exist {v"},cy in L? such that (2.3.3) is satisfied with ¢ and m > 1 /e

such that
0 5 1T e N 5
6o ={#"} and 5 [ PP dt< I8N+ < I(6) +e,
0

and therefore the remainder of the upper bound proof unfolds identically.

Along the subsequence {e, }n>0, G=* (W + ¢, [, v dt) converges in distribution to ¢°

by item (i). Using the variational representation formula (2.1.3) and the convergence

we obtain
F En 1 T .
limsup —2 log E [exp {—OQQ(VV)H = limsup inf E { / lve|? dt + F o G=n (W +e;! / vt dt)]
nToo €n ntoo V€ 2 0 0
I '
<limsupE [/ " dt + F o Gn (W—I—s;l/ v{"dtﬂ
ntoo 2 0 0
LT e 5
=3 " dt + F(¢°)
2 Jo
SI(@) + F(¢") + e < inf {I(4) + F(1)} + 4.
Since € > 0 is arbitrary this concludes the proof. O

2.5.2 LDP moment bounds: Proof of Lemma 2.3.13

Letus fixp>2, M >0,v € Ay, e >0and t € T. Let 7, := inf{t > 0: | X"

>n} AT

for all n € N. For clarity we write b” := b.(s, X5 15<,,) and o” := o-(s, X5 15<,, ). We

start by assuming that all the coefficients satisfy the linear growth condition H3a. We

fix n € N and observe that, almost surely:

p
+

t p
IXUP Ny, <4P71 [\XSV’ + ‘/0 K(t—s)b}ds + 02

|

t t
/ K(t — s)ortvsds / K(t — s)ordWs
0 0

—gp-! [ IXEIP + 1, + 11, + IIIH} : (2.5.1)
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because if ¢ > 7, then the left-hand side is zero while the right-hand side is non-
negative, and if ¢ < 7, then s < 7, for all s € [0,¢] and the 7,, dependence vanishes
on both sides of the inequality. For ¢ small enough we can bound | X§| by 2 | Xy| and 9.
by 1 and we will do so repetitively in the sequel. Using Holder’s and Jensen’s inequali-

ties, we obtain the following estimates almost surely:

t 4 2 % ¢ 2_& % @ _92 t 2
L < / K (£ — 5)|F b0 ds / K(t =) 5 ds| < 0 K| / K (t— )50 ds,
0 0 0
(2.5.2)

and

)

I, < M% [ / K= )P K (= ) o2 ds} S ME K| / K= )P o2 ds.
" ’ (2.5.3)

where we also used that fOT lus|* ds < M almost surely. Notice that for fixed ¢ € T,

{Jo K(t — s)o?dW : u € [0,{]} is a continuous local martingale and is bounded

in L?(Q). Hence, using Burkholder-Davis-Gundy (BDG) inequality and similar calcu-

lations as (2.5.3) there exists C), > 0 such that

t
E[llI,] < C, HK||§—2/O |K(t—s)[PE|o[” ds.

From the linear growth condition on b. and o. (uniform in ¢ > 0) we deduce that there
exists C; > 0 independent of ¢,v,n,¢ such that, for all n € N, f7* := E [| X"’ 1i<r, ]

satisfies the inequality
t
<o+ cl/ Kt — 9)|? f* ds. 2.5.4)
0

The following lemma (Lemma 2.5.1) yields a uniform bound in bothn € Nand ¢t € T
for f;*. Taking the limit as n goes to infinity and using Fatou’s lemma concludes the first

part of the proof.

Lemma 2.5.1. Let f : T — R and K a kernel satisfying Assumption 2.2.3. If there

exists c1,co > 0 such that

) < e+ e /Ot IK(t—s)> f(s)ds, forallt €T,

then f is uniformly bounded on T by a constant depending only on ci, ¢, | K|y, T. If ¢ =
0 then f =0.
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Proof of Lemma 2.5.1. By definition |K(t — s)]* = 3¢, |K;(t — s)|”, and K(t,s) =
o |K(t — s)|* 1,<; is a Volterra kernel in the sense of [134, Definition 9.2.1]. Follow-
ing similar arguments as in the proof of [3, Lemma 3.1], the generalised Gronwall

lemma [134, Theorem 9.8.2] yields the bound

T
f(t)§cl—cl/0t}§(s)ds§cl—cl/o R(s)ds,

where R is the (non-positive) resolvent of second kind of K [3, Equation (2.11)],

proving the lemma. O

If only H3b and Assumption 2.3.9 hold with an autonomous sub-system Y (see Defi-
nition 2.2.6), then by the previous calculations for all | € Y, the components (X=?)®
satisfy the bound (2.3.8) because their coefficients have linear growth. Then we turn
our attention to the components (X°v)®, i ¢ Y. Using (2.3.6) and Hélder’s inequality
as in (2.5.3), we obtain that for all 1 < j < d such that K;; # 0 and for all 1 <k < m:

2 p/2

[(/‘ i(t—s) (Jk)(s,XS’“]lngn) ds> ]
t 2 p/2
([ st = (14 e tcn |+ [P0 1)) ) ) ]

0 Te

t t p/2—1
< C4E [ PRl <1+|X§’”]lsgrn|yc+’T((X?U]lsgm)(n)‘)pds} ( IS ds)

< CYE

o [t p P
<3 IOL K]S / Kyt — sw[l X5 Lo, ||+ [D((XE Lir,)D)| } ds
0 :
t
<Cy+ 02/ Kt — 8)PE [| XSV Lo<r, [ ] ds, (2.5.5)
0

for some Cy > 0. Applying the same calculations to the other terms and summing all
the coefficients we fall back on (2.5.4). Taking the limit and applying Fatou’s lemma

again conclude the proof. O

2.5.3 LDP tightness: Proof of Lemma 2.3.15

Letus fix p > 2V 2/y, M > 0, a family {v°}.~0 in Ap; and € > 0. For clarity we will
write b, := b-(u, Xi"") and o, := o-(u, X;") for all u € T. Then, forall0 < s <t < T,
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using Cauchy-Schwarz and BDG inequalities as in the previous proof we obtain:
/ (K(t—u) — K(s—u))b,du
0

|
/Kt—u)b dup]

(/ (K (t—u) — K(s — w))ou|’ du)p/2]
(/ K (t = u)oul® du)p/2]

( K(t —u) — K(s —u))o|” du)p/2]

(/: K (t — u)o,|? du)p/2] .

In a first step we assume that all the coefficients satisfy the linear growth condition H3a.

B[ - xg

p} <6 IE {

+ 6P~ IE{

+ 6P MP’R

+ 6P PR

+ 6P 19rC,E

+ 6P 19LCLE

Analogous calculations to the proof of Lemma 2.3.13, bounds on sup E [\Xf’”g \p } ,

teT,e>0
p/2
/ K(t—u) 2 du )
p/2>

for some C1,Cy > 0 independent of ¢, v, s, t. Again, if there are components such that

linear growth from H3a and Assumption 2.2.3 lead to

. SCI(
:Cl<

<Oyt — S)'yp/27

E[|x5 - xe

/OS(K(t—u)—K(s—u

p/2

+ K()du

/(]S(K(u+t—s)—K( )) du

0

only H3b holds with Assumption 2.3.9 then following the example of (2.5.5) yields the
same result. Then Kolmogorov continuity theorem asserts that X*" admits a version
which is Holder continuous on T of any order @« < ~/2 — 1/p, uniformly in ¢ > 0
because 5 does not depend on ¢, and which satisfies (2.3.9). Furthermore, Aldous

theorem [35, Theorem 16.10] states that the sequence { X% }.. is tight. O

2.5.4 LDP compactness: Proof of Lemma 2.3.18
We prove that for all M > 0, the sublevel sets

Ly ={peW?: I(¢) < M}
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of the map I : W? — R given by (2.3.2) or more precisely by

I(¢) = inf {; /OT lvs|* ds 1 v € L2, ¢y = 0 + /Ot K(t—s) [b(s, ¢s) + J(s,¢s)vs]ds}
(2.5.6)
are compact. Fix M > 0 and consider an arbitrary sequence J := {¢"},en C Las;
we will show that there exists a converging subsequence the limit of which belongs
to Ljs. Interestingly enough, the proof parallels, in a deterministic context, the proofs

of bound, Holder continuity and convergence of X,

Relative compactness. According to Arzela-Ascoli’s theorem, the family 7 is relatively
compact in W if and only if {¢?'} is bounded uniformly inn € Nandint € T and J
is equicontinuous. Moreover, for all n € N and all t € T, there exists v" € L? such

that 3 [\ [o|* dt < M and ¢" € GJ., which means v € Soar and

t
ot = w0+ [ K= [bs.0) + o5, 000 s

Hence Remarks 2.3.14 and 2.3.16 grant the uniform bound and equicontinuity respec-
tively. Therefore 7 is relatively compact which entails that L, is relatively compact for

any M > 0.

Closure. Let {¢"},<n be a converging sequence of L, and denote its limit by ¢ € W<,
The controls v™ associated to ¢"™ through (2.5.6) belong to Ss); which is a compact
space with respect to the weak topology. Hence there exists a subsequence {nj}ren
such that v converges weakly in L? to a limit v € Syps and limgrao 9™ = ¢. Now let
us prove that ¢ € L),. For clarity we replace n; by n from now on. The convergence

as n goes to +o0o and the continuity of the paths entail

sup sup ( CAES ]qﬁt\) < 400,
neN teT

such that the paths lie in compact subsets of R? and H2 asserts that uniform continuity
of the coefficients b and o hold. Therefore they admit continuous moduli of continuity

that we respectively name p, and p,. Using Cauchy-Schwarz inequality and H3 we get
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that for all ¢t € T:

/ K(t—s)b(s, ¢y)ds — / K(t — s)b(s, ¢s)ds
0 0

<Kz floo(le" = ¢.1)]

T )

t t
/ K(t—s)o(s, o) )vids — / K(t—s)o(s,¢s)vsds
0 0

t t
< / |K(t —s)(o(s,d5) — o(s, ¢s)) v | ds + / |K(t — s)o(s, ¢s)(vy —vs)|ds
0 0
t
< 1K1z 10" M2 llpe (16 = @Dl + H0(¢)HT/O [K(t = s)(vg —vs)[ ds,
and both estimates converge towards zero as n tends to infinity. Therefore, for all ¢t € T
t
o= tim of = i (s [ (e 9)[pls,02) + s, 2] s
nyroo nyoo 0
t
a0t [ Kl =) [b(s,00) + o5, 00)0.ds,
0

so that ¢ € L, since v € Sy, which concludes the proof of the closure and therefore

of the compactness of L. O

2.6 Technical moderate deviations proofs

2.6.1 MDP moment bounds: Proof of Lemma 2.3.21

Letp >2, M >0,v € Ay, e > 0and ¢t € T. Starting from (2.3.17), we use Cauchy-

Schwarz and BDG inequalities to obtain

v B X¢ — p
E [|n; "] <5 lw (2.6.1)
t RCAN e,v p
+ 50 1E / K(tfs)b‘f(s’@S ) —b(057)
0 Vehe
t RANE X- p
+ 57K / K(t—s)b(s’@S ) — bl S)ds
0 /&€h€
t ) p/2
+ 5P MPI2E (/ |K(t — s)o.(s,05")] ds) ]
0

5r-1C,

E
he

+

(/ot Kt — 5)oe (s, 057) ds)m] |
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The first term converges by H7 and is thus bounded. Notice that H8 entails
t b-(s,05") —b(s,05" P
/K(t—s) £(5,057) = b(5,057) | (e V'

0 ﬁSh&‘

Vehe
which is bounded because v.(9.h.)~! tends to zero and, using Cauchy-Schwarz and

p P

E

t
/ K(t—s)Z(05") ds
0

)

Jensen’s inequalities in the same way as (2.5.2) and the bound (2.3.19),

t P
E / K(t—s)Z(05")ds| < ||K]|} p/2-1 supE[ |=(65") |p] < (,
0 s<T

where (' is a positive constant that does not depend on ¢. Since b is globally Lipschitz

continuous, there exists C, > 0 such that for all s € T:

‘b(s, X+ vﬂghgni’“) — b(s,)?s)‘ < Cp¥ehe IN2Y| .

(2.6.2)

Therefore, using Cauchy-Schwarz and Jensen’s inequalities again

t b(s,05") — b(s, Xs)
K(t—s ds
R

p
<E

P
E

t
/ K(t - $)Cy "] ds
0

P 2’(’::3) p—2 ! a2 e, |p
< Cyt | K5 ; [K(t—s)["E[ 75" ] ds.

E

The last two terms of (2.6.1) are also uniformly bounded in n and ¢ because, similarly
p—2

to (2.5.3),
t p/2
</ |K(t — s)o.(s,07") ‘2 ds> ]
0

<E </Ot|K(t—s)|2 02 (5, 02) 7 ds> (/Ot|K(t—s)|2 ds> 2

< |K|5CL(1+ squT)IE e7°1]). (2.6.3)
te

by Holder’s inequality and the linear growth condition H3a. If the latter fails we rely
on H3b, Assumption 2.3.9 and the same calculations as in (2.5.5) to obtain a similar

bound.

Overall this results in the existence of a constant C; > 0 independent of ¢, v, ¢ such that

t
E[|n;"P] < Co+ C’z/ |K(t—s)|*E[|n5°|P] ds, forallt e T,
0
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and Lemma 2.5.1 yields the bound uniform in ¢ and ¢. O]

2.6.2 MDP tightness: Proof of Lemma 2.3.22

Let p > 2V 2/y, M > 0, a sequence {v°}.~0 in Ay, € > 0,and 0 < s < t < T.
We proceed as in Lemma 2.3.15; starting from (2.3.17), applying consecutively H8,
then (2.6.2), Cauchy-Schwarz and BDG inequalities we obtain

e e e p
E { U }
s p
<8P~ E v / (K(t—u)— K(s— u))E(@Z’”E) du
ﬁEhE 0

Ve P

t
rerE| /K(t—u)E(@f;”e)du
glte S

s p
—|—8p_1]E/0 (K(t—u) — K(s—u))Cy |ni’”e‘ du

p

¢
+ 8P71E / K(t —u)Cy ’ni’”e‘ du
S

s p/2
+ 8P~ PR (/ [(K(t—u) — K(s —u))o.(u, 05"") ‘2 du> ]
0
t s p/2
+ 8P~ PR (/ |K(t —u)oe(u, 07" du)
sp—1¢y s . p/2
+ 7 PR (/0 }(K(t—u)—K(S—u))aa(u,@i’v)‘2 du) ]
8p—1C t i p/2
fr B ( / [K(t — o (u, 63") d“)

In the first four terms, Cauchy-Schwarz inequality allows to separate the kernels from
the random variables. For the last four terms, analogous calculations to (2.5.3) achieve
a similar separation of kernels and random variables. Then linear growth or (2.3.9) and

bounds on supcy .o E [‘E(@?”e) \p] and supser oo E Unf’vs |p} lead to the existence of

t p/2
/ K(t —u)*du )
t—s p/2>

Cy > 0 independent of ¢ and ¢ such that
e [l - <

:Cl(

e . p/2
U g,V
yr — s +

/Os (K(t —u) — K(s — u))* du

p/2

+ K(u)? du

/08 (K(u+t—s)—K(u))2du

0
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Hence Assumption 2.2.3 yields the existence of a constant Cy > 0 such that

E || —ng

p} < Co(t — 5P/,

Then Kolmogorov continuity theorem asserts that n**" admits a version which is Holder
continuous on T of any order a < /2 — 1/p, uniformly in ¢ > 0 and which satis-
fies (2.3.22). Furthermore, Aldous theorem [35, Theorem 16.10] states that the se-
quence {n°¥" }.~¢ is tight. O

2.6.3 MDP weak convergence: Proof of Lemma 2.3.23

We have shown in Lemma 2.3.22 that for any subsequence {ej }ren, {77 }ren and
{v®* }pen are tight as families of random variables with values in W? and Sy respec-
tively. By Skorohod representation theorem we can work with almost sure convergence
for the purpose of identifying the limit. Hence there exists a subsubsequence, denoted
hereafter {nk, vk}, that converges almost surely in the product topology on W9 x Sy, to
some W? x Sys-valued limit (n°,v) in a possibly different probability space (Q°, 79, P?)

as n tends to +oco. We also denote ¢y, by, o, Xé“, ©F along this subsequence.

The convergence of the couple also takes place in distribution, and we follow the same
method as in the LDP case which comes from [62]. For all ¢ € [0, T], let ¥; : Sy x W¢ —
R such that

Uy (f,w) = wt/o K(t—s) [Vb(s, X s)ws + o (s, Xs) fs] ds| A 1.

Clearly, ¥, is bounded and one can show its continuity along the same lines as in the

LDP proof but in a simpler way because of the linearity. Therefore
I E{qx k,k}:EO\y 1,
Em E |¥e(v®, 7") [Di(v,n°)]

and we prove that the left-hand side is actually equal to zero. By H5 and Taylor’s

formula there exists a sequence of R?-valued stochastic processes { R}~ such that

b(s, X+ ﬁghgni’y) —b(s, Xs)
Yehe

= Vb(s, Xs)n3" + R°(s), (2.6.4)
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and a constant Cr > 0 such that
|R(s)| < Criche n5)? .
We recall that || Vb(-, X) HT is finite by H5 and observe that, by (2.3.21):

E[|R* )] < (Crihe) B |75

2”] < 0. (2.6.5)

Again starting from (2.3.17), we use HS8, the Taylor estimate (2.6.4) and It6 isometry
to get

5| Xk — o
92 h2

+5 /Kt—sE@k ds
<ﬁ5kh€k> )

(t — s)R°(s)ds

E [\Ift(nk,vk)ﬂ <

+ 5E

+ 5K

/Kt_s>[ak( o) — o (s,

[/ ‘Kt—saksé)

:;5(1k + 10 + 1L + IVy, + B2 ° Vi)

)}U ds

]

H7 and HS8 tell us that I, + II; tends to zero as € goes to zero while an application of

Cauchy-Schwarz inequality and the bound (2.6.5) yields the same conclusion for III.

To deal with IV}, recall that ©F converges in distribution towards X as k tends to infin-
ity. Since X is deterministic, the convergence actually takes place in probability, with
respect to the topology of uniform convergence. Moreover ©F is uniformly bounded
in L"(Q) for all 7 > p, thus the family {|©¥|"};>¢ is uniformly integrable. Therefore the

convergence also occurs with respect to the LP(2)-norm.

The modulus of continuity of ¢ is only available on compact sets of T x R¢ so we define

a constant N > || X||, and introduce the following sets, for each k € N:
Ey = {w €Q: H@k(w) —)?HT < N},

with the observation that limgto, P(E)) = 1 thanks to the previous argument. Since X

t(w)‘ < 2N forall t € T,w € Ej, k > 0. Therefore using
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Cauchy-Schwarz inequality,

E[IV,] < 2NE [/0 K (t = 5)? |on (s, 08) = o(5,0%)

2
dS(ﬂEk + ILE,@):|

t 2
#2VE | [ )R [o(5.08) — ot X[ dslin, + 157
0

where we will use the localisation to obtain convergence in the first term and Hoélder
continuity in the second. Let us assume for the moment that linear growth H3a holds.

We use that ©F is uniformly bounded by 2N in Ej, and linear growth for both o, and o

|

to obtain

supE Uak (s, @’;) —o(s, @’;)

seT
2 2
=supE Uok(s,@’;) — (5,08 ILEk] +supE Dak(s,@]g) — (s, 08 ]lEg}
seT seT
< lllow o loyli3 + supE [ 1502 (2 + 210%)7] (2.6.6)
se

which tends to zero as k goes to infinity because of H2 for the first term and because
P(Q2\ E)) tends to zero for the second. Moreover, by H6, there exists § > 0 such that o

20
)

2 —
} gE[ﬂEgcz(Qﬂ@’;H\Xs\)ﬂ, (2.6.7)

is locally §-Holder continuous thus there exist Cyy > 0 such that

o (s, @5) —o(s,X5s)

2
] < supE [nEkCQN ‘@’; ~ X,

supE []lEk P
se

seT

which tends to zero. Finally, linear growth leads to

supE [HEE 0’(8,@];) —o(s, Xs)

seT

which also tends to zero because P(f2 \ Ej) tends to zero. If only H3b with As-
sumption 2.3.9 hold then a different bound depending on (2.2.3) would replace those

in (2.6.6) and (2.6.7), by noticing that X = G°(0). In both cases the above estimates
tend to zero as k tends to infinity, hence E [IVy]| converges towards zero. Finally, {Vy }ren
is uniformly bounded across k > 0 as (2.6.3) shows, thus h;"Vy, tends to zero. We have
proved that

fimE [ ] =0
and this entails that the limit n° satisfies (2.3.18) P’-almost surely, for all ¢ € T. Since 1°
has continuous paths, this holds for all ¢ € T, PY-almost surely and the solution is unique

therefore we conclude that n° = 1. Every subsequence has a subsequence for which this

convergence holds therefore 1*¥" converges weakly towards 1/ as ¢ goes to zero. O
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Pathwise large deviations

for Wiener chaos expansions

This chapter is based on the paper [206], accepted for publication in Bernoulli.

3.1 Introduction

This chapter contributes to the large body of work dedicated to limit theorems in re-
lation with the Wiener chaos. In a probability space (2, F,P), any Gaussian func-

tional F' € L?(12) can be represented via its Wiener chaos expansion
[e.e]
F=EF+)Y IL(fa), (3.1.1)
n=1
where, in the setup we are interested in, the terms of this (orthogonal) decomposition

are multiple Wiener-It6 integrals and the kernels ( f,,),cn are deterministic and uniquely

determined by F. We refer to the monograph [201] for more details. By exposing
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the inner structure of Gaussian functionals in a systematic way, this route generated
a fruitful field of asymptotic methods. In particular, the Fourth Moment Theorem of
Nourdin and Peccati [202], later combined with Stein’s method [91, 199, 200], is an
active field of research which studies the convergence of elements of a fixed Wiener
chaos, i.e. multiple Wiener-Ito integrals. In the same line of research, the Breuer-Major
theorem [41] was recently revisited by means of Malliavin calculus and Wiener chaos
in infinite-dimensional spaces [54, 204]. These results and the related limit theorems
from [11, 13, 198] fall, for the most part, into the scope of central and noncentral
limit theorems on Wiener chaos, and were successfully applied to stochastic partial

differential equations [81, 155, 204].

However, to the best of our knowledge, the literature on large deviations for such ex-
pansions has not evolved since the nineties. The LDP definition was given in (2.1.2).
The LDP for families of a fixed Wiener chaos, even Banach space-valued, is well-known
from [83, 175] and was derived again in [187] in the space of continuous functions.
Around the same time, an LDP for a whole, real-valued, Wiener chaos expansion was
obtained in [214] in the Brownian motion case. Our main contribution, Theorem 3.3.3,
reconciles the best of both worlds: we establish an LDP in the space of continuous func-
tions and for the whole Wiener chaos expansion. Moreover, we consider the case of a

general white noise measure.

Among the many limit theorems on Wiener space cited above, very few are concerned
with random variables on path space. The lift from the real-valued LDP of [214] to our
sample-path version parallels the transition from the Gartner-Ellis theorem for finite-
dimensional LDPs to the theory of Friedlin and Wentzell [106]: both aim at studying
the probability that the whole path of a stochastic process hits a given set. Furthermore,
the pathwise LDP is stronger in the sense that an application of the contraction principle

suffices to recover the finite-dimensional one.

The proof of [214] relied on a type of exponentially good approximation theorem, which
preserves the LDP with a change of the rate function. Although these techniques are
nowadays ubiquitous in sample-path large deviations for e.g. solutions of stochastic
equations, applying this approximation to a Wiener chaos expansion in the space of

continuous functions is challenging since it requires a good estimate of

P( sup ‘In(fﬁ)‘ > 5>, for all n € N.
te€[0,1]
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This highlights the difficulty of deriving bounds for such objects, in contrast with
stochastic equations where one can exploit the local martingale structure of the stochas-
tic integrals. It also exposes the limits of the standard approach based on exponential

approximations, especially in infinite-dimensional spaces.

Deviating from this approach, we will instead follow the methods presented in the
monographs [46, 88] which rely upon the equivalence between the LDP (2.1.2) and the
Laplace principle (1.2.6). As mentioned in the main Introduction, this route introduced
by Dupuis and Ellis was dubbed the weak convergence approach because it essentially
boils down to proving the convergence in distribution of a family of processes related
to (X¢)<>0. On top of the applications cited in the introduction of Chapter 2, it enabled
to prove LDPs for infinite-dimensional Gaussian processes [32, 45, 49, 225]. Our choice
of setup therefore lies at the intersection between the domains of application of the
Wiener chaos expansion and the weak convergence approach. A conducive integrator is
the white noise measure displayed in [201, Section 1.1.2], which, as we will see in the
next section, covers a wide range of infinite-dimensional Gaussian processes. We note
at this point that spatially homogeneous coloured noise and Poisson random measures

also offer potential research directions.

Regarding the choice of state space, we are only limited by the tightness criteria avail-
able to us. We consider the space of continuous functions C(K, R), where K is a compact
subset of R%. To the best of our knowledge, the latter condition is necessary to obtain a
type of Kolmogorov continuity criterion; in this chapter we will rely upon the multidi-
mensional version derived by Ibragimov in [156]. There is no apparent reason why the
theory should not also apply to C(K,R") for N > 2 but tracking the indices becomes
cumbersome so we restrict to the one-dimensional case for clarity. Nevertheless, our
state space covers infinite-dimensional processes living in C([O, 1],C(]o, 1],R)) for in-
stance. Relatively to the classical discretisation and approximation argument, the weak

convergence approach has proved efficient in deriving LDPs in such spaces.

In the framework of stochastic (partial differential) equations, pathwise uniqueness is a
necessary and sometimes tricky condition, while in this chapter the difficulty lies else-
where. Here, we must consider the convergence in distribution of a family of processes
where the stochastic integration takes place with respect to a shifted white noise, such
as W¥(dz) = W(dx) + [ v(x)dz. Hence, after replacing W (dz) by W*(dz) in the mul-
tiple stochastic integrals, the terms of the decomposition (3.1.1) are not independent

any longer, and developing W"(dx;) - -- W"(dx,) generates 2" multiple integrals. We
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then classify and analyse these new integrals in order to obtain the necessary estimates.

We stress that the assumptions laid down in this chapter only involve the kernels of
the chaos expansion and are therefore purely deterministic. Moreover, in the context
of pathwise large deviations, the chaos expansion is more agnostic than the stochastic
equations paradigm, and hence this representation opens the LDP gates to uncommon
continuous models. In particular, we provide applications to (multiple) Skorohod inte-
grals and linear Skorohod equations driven by space-time white noise, and to Wick-Ito
integrals driven by fractional Brownian motion (fBm). So far, LDPs for anticipating
integrals have only been considered in the context of anticipating SDEs driven by a
standard Brownian motion [189, 191, 192]. Related asymptotic results include central
limit theorems for multiple [197] and fBm-driven [24, 149] Skorohod integrals. For

completeness, we also mention the LDPs for stochastic integrals derived in [116, 118].

The outline of the chapter is the following. Section 3.2 introduces the white noise and
the chaos expansion. In Section 3.3, we describe our model, assumptions, and main
result. The proof is presented in Section 3.4: first we adapt sufficient conditions for
the LDP of Gaussian functionals to our framework, then we lay down the foundations
of the integrals under consideration, and finally we split the proof of the conditions in
different lemmas. Section 3.5 gathers our applications and we make some concluding

remarks in Section 3.6.

3.2 Definitions and notations

3.2.1 The white noise measure

Let us fix a probability space (2, F,P), a convex set T C R that includes 0, and a
sigma-finite measure p on a measurable space (E,£). Then we define the parameter
space T := T x E and its o-algebra 7 := B(T) ® £. Following [201], we define a white
noise measure W as an L?(Q)-Gaussian measure on (T,7) based on the (atomless)
product measure [i :== A ® u, where ) is the Lebesgue measure on T. This means W has

zero mean and the following covariance structure for all A1, As € T,

E[W (A1) W (42) | = (A1 0 42).
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This exhibits the main feature of the white noise measure, namely that it takes indepen-
dent values on any family of disjoint subsets of T. The following examples demonstrate
how one can recover well-known Gaussian processes from the white noise measure. For
all n € N, we will henceforth write L?(T™) to denote the Hilbert space L*(T™, i®") of

real-valued functions.

Example 3.2.1 (Space-time white noise). In the case where (E,&) = (R™,B(R™)),
m > 1, and p is the Lebesgue measure on R™, W is called space-time white noise. When u
is not the Lebesgue measure one speaks of spatially inhomogeneous white noise [196]. A

similar setup with E = T™ also gives rise to the Brownian sheet [76, Example 3.10].

Example 3.2.2 (Isonormal process). The theory of integration presented in [201] allows

to define an isonormal process X over L?(T) as the stochastic integral
X(h) = / h(t,z)W(dtdz), he L*(T),
T

where, following standard notations, we drop the dot when integrating. This generates the

covariance structure B[ X (h) X (9)] = (h, g) r2(1), for h,g € L*(T).

We can recover the cylindrical Brownian motion B defined in [46, Definition 11.3] by
setting By(¢) := X (L4 ¢), for all ¢ € L*(E) and t > 0. Another variant consists in
picking ¢ € C°(T).

Example 3.2.3 (Multidimensional Brownian motion). We reproduce Example 1.1.2
in [201]: let E = [1,N] for some N € N and p be the uniform measure which gives
mass one to each point 1,2,--- ,N. Then W'(t) := W([0,] x {i}) is a standard Brow-
nian motion for all t € T, i € E, with covariance E[W*(t)W7(s)] = (s A t)1,—;. For
any h € L?(T), one can also define its stochastic integral, which coincides with the Itd

integral:
N . .
W(h) = Z/Thl(t) dW'(t).

Example 3.2.4 (Fractional Brownian motion). For this example, we refer to [201, Section
5.1] and set T = T. The process W defined as W, := W ([0,t]) is a standard Brownian
motion, and there exists a deterministic function K : T? — T such that (W} )cr defined
as

t
wi :_/ Ku(t,s)dW, (3.2.1)
0
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is a fractional Brownian motion with Hurst exponent H € (0,1) and covariance function

1
Ry(t,s) = 5(Wf + 52— 5T,

3.2.2 The Wiener chaos

Let FV = o({W(A) : A € T}) denote the o-field generated by W—it is then
clear that 7" coincides with the o-fields generated by the examples presented above.
From now on, we will write L*(2) as short for L*(Q, FV,P). It is well-known that
any random variable F' € L?(Q) has the Wiener chaos expansion (3.1.1), where
the convergence takes place in L?(Q2), see for instance [201, Theorem 1.1.2]. For
all n € N, and for the remainder of the chapter, f, € L?(T") are symmetric func-
tions and I,,: L?>(T") — L?(1) is a continuous linear map that can be interpreted as a

multiple integral:

InF) = [ alts ) Wty dag) W (dn da), (3.2.2)

with ¢, = (¢4, ,t,) and @, = (21, -+ ,zy), Where (t;,2;) € T for all i € [1,n].
The nth Wiener chaos #,, is the subset of L?(f2) made of all the elements with the
representation (3.2.2). The notion of integration is recalled in subsection 3.4.2, but we

already highlight the important identity
V() Lz = VL full ey - (3.2.3)

In the next section we specify our framework and the main large deviations result.

3.3 Statement of the main result

We aim at proving a large deviations principle for a family (X¢).~( of processes taking

values in C(K,R), where K C RY is a compact subspace equipped with the Euclidean

norm denoted ||-||, and d > 1. For all e > 0 and z € K, we define these processes as
Xo(z) =Y "I (f57). (3.3.1)
n=0
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For alln € N, ¢ > 0 and 2z € K, the kernels f,* are symmetric functions belonging
to L?(T"), fy* = E[X®(z)] and I, denotes the identity mapping on constants. Since
the (I,,)n>0 are independent, it is clear that X¢(z) € L?() for all z € K. We consider
the following sufficient conditions, which in particular ensure the continuity of X<, as

pointed out in Remark 3.4.12.

Assumption 3.3.1.

(A) There exist (fZ)n>0,.ck, Where fZ € L?(T"), such that lim. | f;** = f§ forall z € K

and
lim sup sup || f5% — fnzHL2(T") =0.

el0 zeK neN

(B) For all ¢ > 0 small enough, z € K and s > 0 the following holds
SV (1l + 1657 ey ) < oo (33.2)
n=0

(C) There exists a concave modulus of continuity w: R, — R, satisfying, for

some «qg > 0,

Y

1
/ Ql)_(j) ds < o and lim w(s) =00
o ST sl0 s

such that, for all ¢ > 0 small enough, y,z € K and x > 0,

SVt w (17 = fllparny + 152 = Fi¥lageny ) Sw(lz—ol). (3.33)
n=0

Remark 3.3.2.

(A) The first assumption is satisfied in the case where E[X¢(z)] converges as ¢ goes to
zero and (f;,°) is independent of ¢, which correspond to a purely small-noise prob-

lem. Example 3.3.6 clarifies the need (or not) for the kernels to be e-dependent.

(B) The bound (3.3.2) holds in particular in the case where (f?) and (f;,*) are of
exponential type, as defined in [214, Equation (3.2)]: there exists A > 0 such that
for all z € K and all n > 0 large enough,

A'ﬂ

H.

”fnZHLQ(T") + Hff{ZHL?(T") < (3.3.4)
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(C) The condition (3.3.3) allows us to recover the equicontinuity necessary in Kol-
mogorov’s continuity theorem and therefore the tightness of a family of processes
related to (X¢). The assumption can be satisfied with the modulus of continu-
ityw : s — s7, v € (0,1), and is also related to the “slow-growth” assumption

in [187], which yields the continuity of the map z — I,,(f7).

(D) Various examples of processes satisfying all three assumptions are given in Sec-

tion 3.5.

For convenience, and despite a mild but common abuse of notations, we define the
white noise process (W;);cr by Wi(E) := W([0,t] x E) for all E € &, along with its
filtration F; := o ({W(E) : 0 < s < ¢, E € £}). We think of W as a process when we
need the concept of filtration but both points of view are equivalent. This allows us to

introduce the set of stochastic controls

A= {v: Q x T — R, {F;}—progressively measurable, E [/ o(t, z)? f(dt dx)} < oo},
T

(3.3.5)
and, forallv € A, z € K:
X"(2) =Y _Ju(f7), where (3.3.6)
n=0
JUfD) = filtn.zn) (v(t,21) fi(dty dz)) - (v(tn, 20) B(dt, dzy)).  (3.3.7)

Tn

We recall that infimum over empty spaces are equal to +oo. The main result of the

chapter is the following.

Theorem 3.3.3. Under Assumption 3.3.1, the family (X¢).~( defined in (3.3.1) satisfies
an LDP in C(K) with rate function A: C(K) — R given by

A®) := inf {; Jolf3seg v € LA(T), & = Xv}, (3.3.8)

Remark 3.3.4. The form of the rate function (3.3.8) is reminiscent of the rate function

of the finite-dimensional LDP proved by Pérez—Abreu and Tudor in [214, Theorem 3.1].

In fact, for a fixed z € K, Assumption 3.3.1 (A) and (B) alone are sufficient to derive an

LDP for (X¢(z)).>0 on R, with rate function Az: R — R, given by

. 1 —v
Ag(r) :=inf {2 Hv||%2(T) ve LA(T),r=X (z)}
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Remark 3.3.5. A variety of Gaussian processes can be expressed as g(WW) where g is a
linear and measurable map. As examples, we already mentioned the fractional Brow-
nian motion (Example 3.2.4) and will soon introduce a infinite collection of Brownian
motions S = (f;)ien (subsection 3.4.1). Furthermore, § is itself connected through a
measurable map to other infinite-dimensional Gaussian processes such as Q-Wiener pro-
cesses and cylindrical Brownian motions [46, Section 11.1]. Hence the process G(¢B),
where B is one of the aforementioned Gaussian processes, can be written as (Gog)(¢W)

and be covered by our framework.

The following example demonstrates the interest of the e-dependence in the kernels.

Example 3.3.6. We take as an example the Brownian motion case with K = T = [0, 1].

For any ¢ > 0, x € R and t € K, we consider the following small-noise SDE

X(t) =2+ /Ot b(X=(s)) ds + 5/OtJ(X€(s)) dws, (3.3.9)

where b and o are real-valued functions such that (3.3.9) has a unique strong solution.
Therefore, there exists a measurable map G¢: C[0, 1] — C[0, 1] such that G*(cW) := X*.
This yields an expansion for X¢ in the form of (3.3.1), where ™ arises from cW. We notice
that, for €1 # €9, the distributions of X! and X2 are mutually singular, which means the

map G° can depend explicitly on e, hence so do the kernels (f3").

3.4 Proof of the main result

The proof of Theorem 3.3.3 consists of three parts. In the first one, we adapt the
sufficient conditions for an LDP of Gaussian functionals, originally derived in [45], to
our setup. In the second, we give meaning to some multiple stochastic integrals arising

from the first part and finally, we verify said conditions. The game is afoot.

3.4.1 The weak convergence approach

As mentioned in the introduction, we rely upon the weak convergence approach to large
deviations which is conducive for proving LDPs of functionals of infinite-dimensional
Brownian motions [45, 46]. In order to deduce abstract sufficient conditions for the

LDP as in [46, Theorem 11.13], we need to cast our white noise process in this frame-
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work. This entails first expressing W = (W,(E))tcT,Ece as a functional of an infinite
sequence of standard Brownian motions. Building on this connection, we then recover
the variational representation formula for functionals of white noise, analogue of [46,

Theorem 11.11] as cornerstone of the proof.

We start by observing that 7 (and W) is a random variable taking values in the space
of signed measures on T, which we denote by M(T). Now, consider the Hilbert
space L*(E) := {f: E — R : [, f(z)?u(dz) < oo} equipped with the usual inner
product, and let (¢;);cy be a complete orthonormal sequence. Let 5 := (3;);en de-
fined for all t € T by ;(t) := f[U,t]XE ¢i(z)W (dsdx), and note that it is a sequence of

independent standard Brownian motions. Furthermore, for all £ € £, we have
Wil) = 30 60) [ oeua),
i=1

where the series converges in L?(f2). The sequence 3 can be regarded as a random
variable with values in C([0, 7], R*), where R> denotes the product space of countably
infinite copies of R. Therefore the o-fields generated by § and W (and W) coincide and
there exists a measurable function g : C(T,R>®) — M(T) such that W = ¢(3) almost

surely.

We introduce the following spaces of deterministic and stochastic controls, and recall
that A was defined by (3.3.5)

Sy o= {v: T—-R: / v(t,z)? f(dt dz) < M},
T

Ay = {v € A:v e Sy, P—almost surely}, and Ap = U A,

where Sy, is endowed with the weak topology on L?(T), not to be confused with the

weak convergence of measures. For all v € Ay, let us define W* = (W/(E)) teT pee DY
W/ (E) .= Wy(E) —|—/ v(s,z) p(dsde). (3.4.1)
0,]xE

We can now state the corresponding variational representation formula.

Lemma 3.4.1. For any bounded measurable map G: M(T) — R, the following holds:

~logE [e_G(W)} = inf E B / o(t, 2)? fi(dt dz) + G(WY)]| . (3.4.2)
VEAp T
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Proof. The proof, based on the corresponding formula for § and its relationship with W,
is identical to the proof of [46, Theorem 11.11] after replacing the Brownian sheet with

the present white noise. O

From this lemma arise abstract sufficient conditions yielding an LDP for functionals
of white noise. The functionals take the form G*(¢W), where G°: M(T) — X is a
measurable map and X is a Polish space (¥ = C(K) in the case we are interested
in). With the tools that we just described, one can translate [46, Condition 11.12 and

Theorem 11.13] into the white noise framework, as follows.

Assumption 3.4.2. There exists a measurable map G": L?(T) — X such that the fol-
lowing hold.

(a) Consider M > 0 and a family (v°).~o C Ay such that v® converges in distribution

to v as e goes to zero. Then the following convergence also holds in distribution

lim G° <5W”E/E> = G%v).

el0

(b) For every M > 0, the following sets are compact subsets of X':
Ly = (QO(U) NS SM).

Remark 3.4.3. Since S); is compact for every M > 0 in the weak topology, Assump-

tion 3.4.2(b) is satisfied as soon as G is continuous.

Theorem 3.4.4. Let Assumption 3.4.2 hold. Then (G° (eW))__, satisfies an LDP with
rate function A: X — R, given by

A(i/}) = inf {; HUH%Q(T) TV E LQ(T), w = go('l))}

3.4.2 Perturbing the chaos expansion

We observe that, for each ¢ > 0, there exist a measurable map G°: M(T) — C(K) such
that, for all 2z € K,

G*(W)(z) = Y In(f77),
n=0
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where the kernels come from (3.3.1), and therefore we have X¢ = G*(¢W) by linearity
of I,,. Our objective is to apply the abstract Theorem 3.4.4 to the map G° defined
above, hence we must study the controlled processes XV := G° (EW”/ 6), for v € A,.
Perturbing the chaos expansion leads us to revisit some notions of integration with

respect to white noise.

Let n € N. We recall how the multiple integral operator I,, is defined, following [201,

Section 1.1.2]. Let us call f € L?(T") an elementary function if it has the form

N
fln®n) = D iyein1a, xoxay, (tn, Tn), (3.4.3)

i1, yin=1
where N > n, A1,---, Ay € T are pairwise disjoint sets with finite measure, and the
real coefficients a;, ... ;, are zero if and only if two of the indices 41, - - - , 14, are equal.

For such a function, the integral is defined as

N
L(f)= > ay.i,W(Ay) x - x W(4;,).

i1, in=1
Let v € Ay, and let the shifted integral read

N
L) = Y @i, WI(Ay) x - x WY(4A;,), (3.4.9)

ilv"' 7in:1

where, similarly to (3.4.1), WY(A) := W(A) + Jyv(t,z)a(dtdz) for all A € T, and
such that W is also M(T)-valued.

Let us define the random measure v: A — [, v(t,z) fi(dtdz), for A € T. In order to
study (3.4.4) and extend it to the whole space L?*(T"), we develop W"(4;,) x --- x
W¥(A;, ) in full, which is suggestive of the binomial formula for (z +y)". We obtain the
sum of 2" terms, each of them being the product of all the elements of an n-tuple. We
can regard these n-tuples as words of length n over an alphabet made of two distinct
elements: the measures v and 1. Moreover the order of these letters, encoded by the
sets (Az‘]-)?:p matters. Nevertheless, the 2" n-tuples can be classified in the following
way. For each k € [0,n] there are (}) terms made of exactly k times v and n — k

times W; therefore let ©(k,n) be the set of such n-tuples. An element 6 of ©(k,n) is
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thus a sequence made of v and W and we can write, for a fixed sequence (i1, - ,iy):

HW -y Y o

k=0 0€0(k,n) j=1

For an elementary function f of the form (3.4.3) and a given n-tuple 6§ € ©(k,n), we

define
N

me(f) = Z QAiy-ip H 0;(Ai;)
7;17"'77:'”:1 ]:1

It is well-known that I,, can be extended to a linear map from L?(T") to L?(f2). The

purpose of the following lemma is to extend the maps my and I? in a similar way and

to identify this extension as a multiple integral.

Lemma 3.4.5. Forallp > 2, M > 0, v € Ay and n > 0, the following hold.

1. For all k € [0,n] and 6 € ©(k,n), the map my can be extended to a linear and

continuous map from L?(T™) to LP () with
I MF2(p - 1) 3.4.5
Imo () oy < v/ — R M2(p = 1) | fl] 2y - (3.4.5)
2. The same extension holds for I} with the bound
v n/2
1Dl < VA (A + D)= 1D)) " I fllzezny.  (B3.46)

3. If0 € ©(n,n) and f € L*(T™), then my(f) is also a multiple stochastic integral
over T™ where integration against v takes place in the Lebesgue sense, almost surely.

Furthermore, we have my(f) = JY(f), almost surely, where J" is defined in (3.3.7).
Remark 3.4.6. The bound (3.4.5) does not depend on # but only on % and n.

Remark 3.4.7. Like I, in (3.2.2), we can interpret my as an L?(2)-multiple integral in

the following sense:

my(f) = - [(tn, xpn) v(dty day) - - - v(dtg dag) W (dtgsy doggy) - - - W(dt, day,).
(3.4.7)

Likewise, we can interpret I? as an L?(Q)-multiple integral in the following sense:

D)= [ [faltn,@n) WO(dt; day) - - - WY(dty, day,).
Tn
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Proof. Letusfixp>2, M >0,v € Ay and n > 0.

1. Let k € [0,n] and 0 € ©(k,n). The map I, is linear for elementary functions and

therefore so is my since they are designed in an identical way.

Notice that for all A € 7 with finite measure, one has v(A) = [ 14 v(dtdz) =
Jp Lawv(t, z) fi(dt dz). Without loss of generality, and for more clarity, assume 0; =
v forall | € [1,k] and 6; = W for all [ € [k + 1,n]. Otherwise, just split the i;’s
in a different way in the computation below. Let f be an elementary function

in L?(T"), then we have:

N N k n )
mo(f) = > > i, H / Jv(dt de) T W)

b1y yin=1 i1, ig=1 j=k+1
k n

N / Z aiyin | ] 14y, (8,25) | v¥*(dtday) 1T W)

i1y znfl T o=l j=1 j=k+1

1
N N k 2 2 n
k ~Qk :

< Z M*? /I‘k Z iy i, H :H'Aij (t]'7 xj) /‘® (dtgdxs) H W(AZ]) )

Gog 1y yin=1 i1, =1 j=1 j=k+1

almost surely, where we used the linearity of the integral, Cauchy-Schwarz in-
equality k times and the fact that v € A);, which yields an almost sure bound for

its L?(T)-norm. Now we observe that, since the A; ’s are disjoint, the cross terms

vanish
N k 2
— ~ @k
U= /Tk | Z ail---z’nHﬂAij(thxj) " (dagdtr,)
11, =1 7=1
k
=/ Z (@iin)? | TT Las, (85, 25) | B (daodty,)
Tk - ’
i1, =1 7j=1
N k
2 ~
= Y (a-a)? ][4
i1, =1 j=1
We observe that, for any fixed (iy, - -- , i),

N n
hi= ) VU] 1a, (3.4.8)

Tet1,5tn=1 j=k+1

is an elementary function in L?(T™*), and therefore my(f) < M*/2I,_;(h), al-

most surely. We then recover an element of the (n — k)th Wiener chaos and appeal
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to the hypercontractivity property [201, Theorem 1.4.1]. It implies that LP(Q)
norms are equivalent in a given Wiener chaos for all p > 2 and, in particular, that

forallp > 2

n—k n—k
k(M) o) < (0= 1) 2 [ n—k(P)ll o) = (P = 1) 2 V(= E)V || 2 pnsy

where we also used (3.2.3). Once more, the cross terms vanish to give

N n

Iy = S0 (@iei)® T AA) = 1122000

i1, 5t =1 Jj=1

which yields the desired bound and thus the continuity of my for elementary func-
tions. Moreover, the space of elementary functions is dense in L?(T") and there-

fore my and its bound extend as claimed [201, Section 1.1.2].

2. Let f be an elementary function. This is a corollary of the previous item which

follows by noticing that

Then, bounding k£ and n — k by n and and using the identity >, ( ) 2™, this

yields
12D 2oy Z() V= B0 £l ey < Vol (0240 0-1) " 1l 2oy
k=0
as desired.

3. Let f € L?(T") and a sequence of elementary functions (f!);cy tending to f
in L2(T"). Let § € ©(n,n), from (3.4.5), we know that my(f — f') converges to
zero in L?(f2). Moreover, for every subsequence of (mg(f — f!))en, there exists
a further subsubsequence that tends to zero almost surely. Therefore, the original
sequence converges to zero almost surely, which implies that integration against v

takes place in the Lebesgue sense, almost surely.
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Therefore, it is clear that, almost surely, we have

mo(f) = - fn, xpn) v(dt; dzy) - - - v(dt, dzy,)

= o f(tn, zyn) (’U(tl,ml)ﬁ(dtl d:):l)) e (v(tn,xn) w(dty, dxn)) =Jy(f).0

Remark 3.4.8. We observe that h, defined in (3.4.8), is equal

to Hf(tn—kaxn—ka .)HLQ(Tk)‘

Remark 3.4.9. It is natural to wonder whether representing my in the sense of
Walsh [76, 233] would yield similar bounds. Because of the necessity of adaptedness,

we would have to write (3.4.7) as
mof) =t [ [ [ ) vt de) vl e W g o) TV ),
T J[0,tn]x E [0,t2]x E

with 6 € ©(k,n) and f € L?(T"). Applying Cauchy—Schwarz inequality k times yields

2
E[mo(f)’] < (n!)’M*E [(/T/M P /[Ot T W(dtk+1dzk+1>~-W<dtndxn>> ]

n! 2
() MUl

which is not as sharp as (3.4.5).

3.4.3 Proof of convergence

Now that we have set the stage, the game consists in verifying that Assumption 3.4.2
holds and then applying Theorem 3.4.4. In this subsection we will then study, for
allz e K,

o0
Xo(z) = > I7(f57),
n=0
where I5” = Iy and for all n € N, f,, € L*(T"),

IEV(f) = | faltn,@n) eW5(dty day) - - - eWY/5(dty, dy,), (3.4.9)
Tn

which meaning flows from Lemma 3.4.5 and Remark 3.4.7. Note that in this subsection,
the n-tuples 6 are sequences made of the measures eW (instead of W) and v, but we

retain the same notations for simplicity. Hence, for f € L?(T"), § € O(k,n) and v €
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A, the linearity of my entails that the moment bound (3.4.5) becomes

Imo(F)lzagey < "V =B MM2(p = 1) || 2 my - (3.4.10)

We start by deriving a moment bound for X*"(z) in Lemma 3.4.10, then the tightness
of (X)), in C(K) in Lemma 3.4.11, which, combined with the convergence of the
marginals proved in Lemma 3.4.13, yields the weak convergence in C(K). Finally we

show the compactness of the sets I"y;, for all M > 0, in Lemma 3.4.14.

Lemma 3.4.10 (Moment bound). Let Assumption 3.3.1(B) hold. For all p > 2,v €

Ay, M > 0and e > 0 small enough, we have sup,ck || X" (2)]| (o) < o0

Proof. Let us fixe > 0,v € Ay, M > 0 and 2z € K, and recall the sequence of ker-

nels (f5*)n>o from (3.3.1). As in the proof of Lemma 3.4.5, the representation

Iav fsz Z Z m& faz

k=0 6€O(k,n)

combined with (3.4.10), yields

”Ifz’v(fyi’z)HLp(Q)SZ Z ng(f,i’z)HLp(Q)

k=0 0cO(k,n)

. ny n— n-k z
<3 (1) VI - ) 1 e
k=0

Hence, bounding & and n — k by n, ¢ by one and using the identity >, (}) = 2", we

conclude that
g, ’U g,v n/2 E,2
= mp<2w MP<ZJXAHM<>)Hmmmw

which is finite by Assumption 3.3.1(B). O

Lemma 3.4.11 (Tightness). Assume that Assumption 3.3.1 (B) and (C) hold, let M > 0
and a family (v).»o C A, then the family (X&°").~¢ is tight in C(K).

Proof. Let y,z € K and ¢ > 0. Using the same computations as in the proof of

112



Lemma 3.4.10 and Assumption 3.3.1(C), one obtains that, for all p > 2,
€,0° €,°¢ - | n/2 €,2 £,y
X5 (2) = X2 ()| oy < Vil (AM+1)0=1)" 1557 = a2l 2oy < (12 = 0l]).
n=0

We appeal to [156, Theorem 6], a multidimensional version of Kolmogorov’s continuity

theorem, which then states that for all « > 0 and some constant C > 0,

bow(u)
S O/O wl+a+d/p du.

The latter is finite by choosing « and p such that a+d/p < ap, where we recall that oy >

& sup ‘Xs,vf (Z) _ XE,UE (y)‘
la—yl<1 |2 = ylI*

0 comes from Assumption 3.3.1(C) and d is such that K c R?. This is possible because
we can choose o > 0 as small and p as large as we want, for instance o < «p and p =
1+ d/(ap — o). Combining this with Lemma 3.4.10, Aldous theorem [35, Theorem 7.3]
yields the tightness of (X*").5¢ in C(K). O

Remark 3.4.12. Suppose there exists a family of kernels (f?),>o0.cx such that f? €
L?(T™) for all n > 0, and which satisfy conditions (3.3.2) and (3.3.3). Define the

real-valued process Z via the Wiener chaos expansion
oo
Z(z) =Y I(f7), z€K
n=0

Then the version of the Kolmogorov’s continuity theorem used above entails that 7

admits a version which is Hélder continuous of any order a < «.

Lemma 3.4.13 (Convergence). Let Assumption 3.3.1 (A) and (B) hold. Consider M > 0
and a family (v¥).>0 C Ajps such that v° converges in distribution to v as e goes to zero.
Then, for all z € K, X" (z) converges in distribution to X" (z), defined in (3.3.6), as ¢

goes to zero.

Proof. We start by recalling, as Lemma 3.4.5(3) shows, that the multiple integral J;
defined in (3.3.7) arises from the unique n-tuple belonging to ©(n, n), made exclusively
of v. On the other hand, all the n-tuples containing one or more ¢ will converge to

Z€ro.

Let us fix z € K. We decompose the quantity of interest in the following way:
X7 (2) = X¥(2) = Sf + 85,

113



where

oo n—1 o)
=Y N Y me(fy7) and S5e=D 0 > mg(fiF) — XU(2).
n=0 k=0 0€O (k,n) n=00€0(n,n)

Similarly to the proof of Lemma 3.4.10, the bound (3.4.10) and the identity " _, (}) =
2" yield

co n—1 oo n—1

1580 <3 S Ime(f5) e XEX)W%“wwwwmmm

n=0 k=0 0O (k,n) =0k=0
> n/2 z
<e SVl (4 + 1) 175 2gm) -
n=0

foralle < 1. Assumption 3.3.1(B) entails that the series is finite and therefore || S| ;2 ¢

tends to zero as e goes to zero.

For all n € N, let us define
357 = JV(fo7) — JU(f7), suchthat S5=f5% — fi+ Z%Z'

According to the Skorohod representation theorem [88, Theorem A.3.9], there exists a
probability space on which are defined (v°).~¢ and v having the same law as (v°).¢
and v on the original probability space, and such that v* converges towards v in an
almost sure sense. This is a standard trick in the weak convergence literature; we retain
the original labels and continue with almost sure convergence. However, we recall that
this convergence takes place in the weak topology in L?(T), and therefore we need to

work out the convergence of J;;* by induction.

Let us fix n € N for the moment and recall that J?, defined in (3.3.7), maps L?(T")
to R. We claim that for all k£ € [1,n — 1], the following function, mapping T to R, tends

to zero in L?(T), almost surely and for almost all (t,_gx_1, Tp_g_1) € T F71:

T (F (bnmtom1, Tr—k—1, ®)) — T2 (FZ (bn—k—1, Tn—k—1, ®)). (3.4.11)

We name this claim €(k).

With this in mind, we start by pointing out a uniform bound. Assumption (3.3.1)(A)

entails that, for ¢ > 0 small enough, || fn*|| p2(pny < 2| £l p2(pn foralln > 0 and 2 € K.
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Hence, by using Cauchy-Schwarz inequality & times, the following bound stands almost

surely, for all k < n and all (t,,_g, Tp_r) € T

|JIZE( 57Z(tn—k7wn—k7 .)) - Jlg(fé(tn—kawn—ka .))‘ < 3Mk/2 Hfﬁ(tn—kna:n—ka .)HL2(T’€) .

(3.4.12)

We recall that if (a.) and (b.) are sequences in a Hilbert space (H, (-,-)) such that
a: — a (strongly) and b. — b (weakly) as € goes to zero, then (a.,b.) — (a,b); we call

this property (—) for further reference.

Starting with k£ = 1, we know that lim. o || fn* — fZ]| r2(rny = 0, which implies that for

almost every (tn_1,@n_1) € T" 1,

lgﬁ)l HfrEL7Z(tn—17$n—17 .) - fg(tn—lvw"—l’ .)HLQ(T) =0,

and we also know that v* — v, almost surely. Property B(—) entails that, almost surely

and for almost every (t,,_1, Tn_1) € T" !, the following goes to zero as ¢ goes to zero:
st (fg’z(tn—h Ln—1, ® )) - Jf (fﬁ(tn—b Ln—1, ® )) (3413)
= <f7€1,7z(tn—17 LTn—1, ® )a U€>L2(T) - <f72;(tn—17 Tn—1, ® )7 U>L2(T)'

Therefore, dominated convergence, induced by (3.4.12), yields that €(1) holds.

Now suppose that €(k — 1) holds, for some k € [2,n — 1]. We observe that, for any f €
L?(TH),

Ji(f) = /T T (f(tr, 21, @) vty ) A(dty dan) = (Jg_y (f), v) 2 (n),
which helps us see the following equality:
(o (bt T—ks @) — JE (fi(tnek, Tr—is @)
= (I (fo* (tnks Tn—t, ©)),0%) oery — (Ter (f by Br—ies #)),0) 1o py-

From B(—) and the induction hypothesis €(k — 1), the quantity above tends to
zero almost surely and for almost every (tp_g—1,Tn—k—1) € T?*~1. By domi-
nated convergence (from (3.4.12)), we deduce that €(k) holds, and therefore the

claim is proved for all k¥ € [1,n — 1]. Combining €(n — 1) with B(—) again yields
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that 35,° = JU (f7%) — JU(f?) tends to zero almost surely as e goes to zero.

To conclude this proof we observe that, from (3.4.12), J5;° is dominated in the following

sense

13571 < 3M™2 || £l 2y == 3

and that 7 | |JZ| < oo, by Assumption 3.3.1(B). This entails, by dominated conver-

gence, the almost sure convergence:

[ee]

o0
1- Ss — 1 E2 £z ~E,Z — 1 NEZE — 0.
lim S5 = lim ( R +;1Jn 2 lmd;

Coming back from Skorohod’s world, we in fact proved that, as ¢ goes to zero,
S0 o mo(fr®) converges towards X ?(z) in distribution in the original probability space,
where § € O(n,n). We also showed that S§ tends to zero in probability. Put to-
gether, they imply that S5 + > o0 my(fn®) converges towards X"(z) in distribution,

as claimed. O
Lemma 3.4.14 (Compactness). Under Assumption 3.3.1, the following sets are compact
subsets of C(K) for all M > 0:

FM:{X”:UESM}.

Proof. The proofs of relative compactness and closure parallel the proofs of tightness
and convergence of the marginals, only in a deterministic and therefore simpler setting.
Let us fix M > 0 and consider a sequence (X"),cy C I'j;. Similar calculations as in

the proof of Lemma 3.4.10 yield

sup !X””(z)‘ < 0.
z€K,neN

Furthermore, the equicontinuity follows as in the proof of Lemma 3.4.11:
X0 (2) = X ()] < w( 12— ll).

Therefore an application of Arzeld—Ascoli’s theorem yields the relative compactness
of T M-
Consider a converging sequence (X""),ecy C Ty and denote its limit by X°°.

Since S); is compact with respect to the weak topology, there exists a converging subse-
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quence (v, )r>1 of (vy), with limit v € Sy Then using the arguments of convergence
of S5 in the proof of Lemma 3.4.13, one can prove that for all z € K,

lim | X" — XV =0.

Jim [ X" (2) - X(2)| = 0

Hence, we deduce that X*° = X", which implies X*° ¢ T'j;. This entails that I';; is

closed and thus compact. O

Proof of Theorem 3.3.3. Lemmas 3.4.11 and 3.4.13 respectively show the tightness
of (X**%).~¢ in C(K) and the convergence of its finite-dimensional distributions to those
of XV. Together they yield the weak convergence condition of Assumption 3.4.2(a).
Lemma 3.4.14 takes care of the other condition that needs to be satisfied for The-
orem 3.4.4 to hold. Therefore a direct application of the latter yields the desired

claim. O

3.5 Applications

The kernels of a random variable’s chaos expansion are sometimes delicate to compute
explicitly, making Assumption 3.3.1 difficult to verify, but there exist interesting cases
meeting this requirement. In this section, we exhibit families of processes which are
covered by our framework along with the sufficient conditions for the pathwise LDP to
hold.

We start by displaying in subsection 3.5.1 a formula to compute the kernels of infinitely
Malliavin differentiable processes. The following two subsections introduce a route
to apply our main result (Theorem 3.3.3) to multiple Skorohod integrals and linear
Skorohod equations driven by a white noise measure. Large deviations for anticipating
equations were derived by exploiting their flow property in [189, 192] and [191], for
Stratonovich and Skorohod integrals respectively. However we note that these results

are limited to the case of Brownian motion and single integral.

The Wick-It6 integral is a conducive way of defining stochastic integrals driven by a
fractional Brownian motion; we present a way of computing the kernels of such an
integral in subsection 3.5.4. This also leads to sufficient conditions for an LDP to hold.
Integrating against the fractional Brownian motion is a tricky business: large deviations

were studied recently in the case H > % [52], while our approach covers the whole
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range H € (0,1). Finally, subsection 3.5.5 introduces a class of processes inspired
from closed martingales in R, where the continuity criterion (Assumption 3.3.1(C)) is

simplified.

For clarity of exposition, we will replace (¢, x) by ¢, even where T represents time-space.

3.5.1 Malliavin derivatives

Adopting notations and definitions from [201, Section 1.2], we denote by D the Malli-
avin derivative operator and by D'? its domain of application in L?(f2). For all n € N,
we also consider the iterated derivatives D" and their domain of application D™?2, which
are dense in L?(Q). If F € D>? :=

are given explicitly by (see for instance [201, Exercise 1.2.6 ]):

»en D2, then the kernels of its chaos expansion

fn = i, E[D"F]. (3.5.1)
n:

This yields a verifiable condition for Assumption 3.3.1 to hold, provided one can com-
pute the L?(T")-norm of the kernels. We note that in the white noise case, the Malliavin
derivative DF is a stochastic process denoted {D,F' : ¢t € T}, and similarly D" F' can be
written {D¢ F :t, € T"}.

Example 3.5.1. Let K and T be as general as possible and consider for all ¢ > 0 and

z € K the small-noise process
1
X?(z) = exp (6/ WA () W(dt) — e !!hz\i%T)) :
T

where h* € L?*(T) for all = € K and sup,ck [h*|| 2y < oo. Notice that T is not
necessarily equal to K, hence the question of adaptation to a filtration is here meaningless.
Straightforward computations yield E[X®(z)] = 1 and D} X°(z) = £"X°(2) [[;_, h*(t:)
for any t,, € T". These give us the form of the kernels of the chaos expansion of X¢
by (3.5.1):

n n
for(tn) = % th(ti), forallneN,e >0, ze K, t, € T",
Ti=1

which shows that f* is independent of ¢ and hence Assumption 3.3.1(A) holds. So does
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Assumption 3.3.1(B) since we have

1/

em n
= n HhZHm(T)

From the observation that [[;"; a; —[[;— 1 bi = > iy ((ai —bi) [T Cj), where c; is either

a; or bj, we can derive

n

z € z z n—1
17" = ol 2 eomy < L 1% = h¥| 2 my max { [|h 20y 1Al L2 () o

This entails Assumption 3.3.1(C) holds as soon as ||h* — hV|| ;2(py < w(|[z —yl|) for an

appropriate modulus of continuity w.

Example 3.5.2. Let K = T = [0, 1] such that we recover the Freidlin-Wentzell setting of
Example 3.3.6, and consider the small-noise SDE

t
Xs(t)::c—ks/ o(X(s))dWs, forallt € T, e >0,
0

where © € R, 0 € C*°(R) has linear growth and W is a standard Brownian motion. We

ignore the drift for simplicity.

Let us consider the following induction hypothesis: for a given n > 0 and for all p > 1,
there exists C,, < oo such that sup,cpE [|Df X°(t)|"] < CF for all k < n. This is
clearly true for n = 0 by a standard argument based on Gronwall and Burkholder-Davis-
Gundy inequalities. Using the chain rule Do(X) = DX o' (X), Holder’s inequality and o €
C>(R), one can conclude that a similar uniform bound holds for D} o(X*(t)), with a

possibly different constant than C),. Then one can show that

n+1
D":ilXE( )=¢ /0 D§++11 o(X5(s))dW, + ¢ Z} Dt o (X°(t:) Le<t (3.5.2)
i
where tAn(z) = (t1, -+ ytic1,tiv1,++ ,tny1) for allm > 0. The terms in the sum are clearly

bounded in LP(2) and since X*¢ is adapted they are non zero only if t; > t, for all k < n+1.

Then using the chain rule again, Holder’s inequality and o € C*°(R) we deduce that there
exists yet another constant C, such that

U/ Dy o(X5(s)) ] <cy (1 / Dyt X5(s) ds >

Gronwall’s inequality thus entails that the induction hypothesis holds at n + 1, with
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a possibly different constant. Therefore the kernels ( f£7t) are well-defined by (3.5.1).
Clearly fg’t = z, and moreover, for 0 < s < t < 1, some constant C and all n € N,

we have by (3.5.2)

[E[Dg, x(t) HL2<Tn<nZ [ ]| eoean|] ata < o

EIDE, (5(6) — X*(5)] [Zamn gnz / [ {Dnl <X€<m>\2] a6y dt; < C™(t — 5).

nl)

These estimate prove that Assumption 3.3.1 (B) and (C) are satisfied and thus the LDP
from Theorem 3.3.3 holds in C(K). Of course, this was already known since Freidlin and
Wentzell [105] with the seemingly different rate function

() = inf{;/olvf dt v e L2([0,1]), w(t) = x—l—/oto(l/J(s))vs ds}.

Yet, Lemma 4.1.4 in [82] certifies that these two rate functions must be equal. While the
representation above depends on an implicit ODE, (3.3.8) enforces an explicit expansion
for 1. This provides an alternative viewpoint on families of processes which LDP can be

derived from both approaches.

3.5.2 Skorohod integrals

We introduce the divergence operator ¢ as the adjoint of the Malliavin derivative D, and
refer to [201, Section 1.3] for the details. In the white noise case, the domain of § is a
subset of L2(Q2, L?(T)) and for Y € Dom(d), 6(Y) is called the Skorohod integral. If, for
all t € T, Y, has the chaos expansion Y; = Y > I,,(f!), then the following expansion
holds [201, Proposition 1.3.7]

Z fnl

n=1

where ﬁl is the symmetrisation of f;,

ﬁL(tn?t): 1’L+1< +th i1, 7ti—17t7ti+1a"'atn)>'

The symmetrisation allows us to recover our initial setting from subsection 3.2.2.
Naturally, we can also consider multiple integrals of the form 6*(Y), for some k € N
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and Y € Dom(6%) c L%(Q, L?(T*)), where we define by iteration §*(Y) := 6(6¥~1(Y)).
We introduce (X (2)).ex as X(z) := dF(Y*(W)), for some process YE(W) =
S, In(f7™) such that Y*(W) € Dom(5%), for all z € K.

For simplicity, we restrict this example to “small-noise” large deviations, that means
processes that can be written as G(¢W) where G is a measurable map from M(T)
to C(K), as the kernels of their expansion does not depend on ¢ and they easily meet
Assumption 3.3.1(A). One could of course study processes of the type G*(¢W) with

kernels depending on €.

Let us define the measurable map G: M(T) — C(K) such that X = G(W), and the

small-noise perturbation given by

X2(2) = G(eW)(2) = I (f57) + D eI (fip). (3.5.3)

n=k+1

where f57°(tg) = ]E[Ytjc (eW)] and the kernels require k successive symmetrisations.
The kernels of the white noise chaos expansion of X¢ are thus explicit functions of the
kernels of Y. Therefore Theorem 3.3.3 ensures that if f;** converges to some fZ and
the family (f7).ck nen satisfies Assumption 3.3.1(B,C) as functions of L?(T™tk), then a

pathwise LDP for (X¢).~o holds with rate function
. 1 v Z
A(¢)) := inf {2 H’UH%Q(T ve LXT Z Jo( }
: 1 1} Z
:mf{zuvuig( v e L*(T) Jk<ZJ (f? )} (3.5.4)

Let us consider the case where T* = K, fZ are already symmetric functions of L?(T"**)
and f2% satisfy Assumption 3.3.1(B,C) as functions of L?(T™). Then for each z € K,
(Y#(eW))eso satisfies an LDP in C(T*) with rate function

NP : 1 z v z
A(¢ ) ;= inf {2 HU”%Q(T) v E L2 ¢ tk Z J tk: }
The display (3.5.4) leads to the new representation

A(w) = inf {A(¢%) : ¢ € C(K), v(2) = Ji(6°) },

which is reminiscent of the contraction principle and of [118, Theorem 2.1] where
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conditions on the integrand yield an LDP for the stochastic integral.

3.5.3 Linear Skorohod equations
We let K = T = [0, 1]¢ and consider for all ¢ > 0 the small-noise equation
Xe(t) = ) + ed(a X°), (3.5.5)

where z{, € Rand o' : T — R for all ¢ € T. Plugging in the putative chaos expansion

of X, the equation becomes

N () =ab+ > gk ), (3.5.6)
n=0 n=1
where g!,_,(tn) = a'(t,)fi" | (tn—1) for all n € N. Ignoring the symmetrisation for

now, we identify the Wiener chaos on both sides and deduce that f} = z}, and f! (t,) =

gt _(tn) for all n € N. Hence by induction we obtain
fh(tn) = a'(tp)a™ (ty—1) - - a'2(t1)zl, (3.5.7)

which we can symmetrise in the following way:
~ 1
faltn) = — > Faltoqy s toqm), (3.5.8)

with ¢ running over all permutations of {1,--- ,n}. This allows to recover the chaos
expansion of our framework and give a proper meaning to the solution of (3.5.5). We

note that the kernels are independent of ¢ so that we can define the map G as

X®:=G(eW) = E[G(eW)] + i "I (fh),

n=1

Theorem 3.3.3 yields explicit criteria for the LDP of (X*¢).-o to hold with rate func-
tion (3.3.8).

Example 3.5.3. To illustrate this, let us look at the special case K = T = [0, 1] and a'(s) =
a'ls<; for some a* € R. Then (3.5.7) yields f!(tn) = i <ty<..<t, <t a’al™ ---al2zll. We

122



first notice that for almost all t,, € T"

0(1

t t
E o(n) ... 0(2)
‘ :H'td(l)gto'(Q)S"'Sto'(n)St aa .'17
e

because the cross terms vanish whenever ty, - - - ,t, are distinct. Hence from the symmetri-

sation (3.5.8) we can compute explicitly

- tor |2
‘ L2(T™) (n') /n ‘ ZU: Lt (1) Sto ) St <t a‘alet - ate @z dty,
t o t,
<CL'> Z/ / ™ .. / @ ato(n) . at0(2)1‘87(1) 2 dtn
n 0o Jo 0
a 2 1
<'> Z ] / et ate |ty
n mn. [O,t]"

‘ SN

2
~ (£) 1l ool

which yields Assumption 3.3.1(B) as the kernels are of exponential type (3.3.4). Analo-

gously we see that

~1
< ‘at _ as‘ HC’JHZ%T) HxOHLQ(T)

=1

|

which shows that the continuity criterion depends explicitly on the regularity of the

L2(T") n!

t

map t — a'. For instance, if the latter is Holder continuous then Assumption 3.3.1(C)

is automatically satisfied.

One could generalise (3.5.5) by considering multiple Skorohod integrals or taking a' to

belong to a given Wiener chaos and applying [201, Proposition 1.1.3].

3.5.4 Fractional integrals in the Wick-It6 sense

Let K = T = [0,1] and i be the Lebesgue measure, such that W is a standard
Brownian motion. We will use the Hida space (S) of stochastic test functions and
its dual (S)* the Hida space of stochastic distributions; we refer to [34, Definition
A.1.4] for the definitions. Consider the Hermite functions ()r>1 [34, Equation
(A.6)] and the operator M [34, Equation (4.2)] which, in particular, has the prop-
erty [p Mg ()Ml (x)dz = Rg(t,s), the covariance function of the fractional

Brownian motion. The latter was introduced in Example 3.2.4 and we denote it by W%,
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The fractional white noise WH , not to be confused with the white noise measure, is seen

as the derivative of W in (S§)* and is defined in [34, Equation (4.16)]:
= > M&) (&)
k=1

Let Y : T — L%*(Q) C (S)* have the Wiener chaos expansion Y; = Y >°  I,,(f%) with
respect to the standard Brownian motion. Then the Wick-It6 integral with respect to

the fractional Brownian motion W is defined as [34, Definition 4.2.2]

/YtthH ;:/Ytof/T/H(t)dt
T T

where ¢ denotes the Wick product. We then notice by [34, Theorem A.3.7] and [201,
Proposition 1.1.2] that for all f € L?(T") and g € L*(T)

1(f)oh(9) = In(f) 11 (g)— /

T

(DL (F) dt = Lnss (f@g)+nIns (f@19)— / g(t)nL_y (f(- 1)) dt,

T

where (f ®;1 g)( = [p f(tn—1,t)g(t) dt. Therefore we obtain I,(f) o I (g9) =

In+1(f ®g). By hnearlty this yields, if the series are convergent,

o0

Z Lt (£ © €6)M(s )ds—ZIn m), (359

/Y<>VVH )dt =
Tkl

where g, = [p 200, (fi_; ® &)M&(s)ds. One can symmetrise the kernels as

in (3.5.8) to recover the white noise chaos expansion.

Foralle > 0, ¢t € T, let us introduce the family of processes X(t) = ¢ [ Y/ (eW) dwi,
where the integral is taken in the Wick-It6 sense and Y!(W) := ZZO:() L.(f3"). There
exists a measurable map G : M(T) — R such that G(¢W) := X¢ and similarly to (3.5.9)
we find that

Xe(t)=¢li(g —1—25"1 9h)

where 7" = [1370%, (EV{(eW)] @ &)Mér(s)ds, and g}, = [p3532 (fily @
&)M&(s) ds for all n > 2. After symmetrisation of the kernels, sufficient conditions
for the large deviations of (X¢).~( follow from Theorem 3.3.3 and can be reduced to
estimates on || £, ® &l 2 ¢y and || (f;) foh ety ® &l 2(Tn)- These conditions imply

in particular that the series are convergent and that X¢ has continuous paths.
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Similarly to the previous section we can consider fractional equations of the type

Xe(t) =ab+¢ /T a'(s) X (s)dWH,

where a is deterministic, and identify the kernels of the chaos expansion as in (3.5.6).

They satisfy f} = z} and
ft(tn) = / a'(s)fi_1(tn—1) Z§k(tn)M§k(s) ds, forallneN.
T k=1

Even though the expression is more intricate than in the white noise case (3.5.7), after
symmetrisation this also yields sufficient conditions for the pathwise LDP of the small-

noise version of X.

3.5.5 Martingales

We come back to the general case for K, T and jz and illustrate the regularity condi-
tion (3.3.3) through an example where the z-dependence of the kernels is more explicit,
and show the connection with closed martingales. Consider the case where the kernels
have the form f;* = f¢ 2, for some functions f, 2: T" — R and for alle > 0, z € K

and n > 0. Then, for all ¢ > 2, we can write by Holder’s inequality

e o PSR L P L 11 .

which allows to split the responsibilities of Assumption 3.3.1 (B) and (C). Indeed, both
are satisfied if there exist ¢ > 2 and A > 0 such that, for all n large enough, all £ small

enough and all y, z € K,

n

A ¥4
lEnlloqpny < 5 and I — f%IIL;TqQ(Tn) <w(llz =yl (3.5.10)

For all A € T, let F4 be the o-field generated by {IW(B) : B ¢ A, B € T}. Moreover,

assume there exists an L2(Q2)-random variable X¢ = $°°  ¢"1,,(f¢) such that, for all z €

K, there exists A, € T such that X°(2) = E[X¢|F,.]. Then, Lemma 1.2.5 in [201]

entails that -
Xo(z) = "I (f515").
n=0

An LDP for (X¢).-¢ thus holds if (3.5.10) is satisfied with f; = 1%".
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Example 3.5.4. Let K = T = [0,1]?and A, = [0,2] := {y € T : y(i) < z(i) for all 7}.
Then, for ||z — y|| < 1, we have

: nig?
15 = #2020 = 257~ 05 L;%(Tn)—<ir[1|z<z> ymr) < syl <z -yl .

Ifd = 1, X°¢ is a closed martingale and this type of kernel corresponds to the “adapted case”
in [187].

3.6 Conclusion

This chapter provides a pathwise large deviations principle for Wiener chaos expansions,
and thus establishes an intermediate level of generality between the abstract machinery
of Budhiraja and Dupuis [45] and specific models such as stochastic equations. We also
show that this approach embraces and sheds new light on the asymptotic behaviour of
Gaussian functionals that can be examined through the chaos expansion lens. Finally,
we believe it opens up room for future research both horizontally—for different types

of driving noise, and vertically—for exploring the scope of applications.
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Smile asymptotics

in multi-factor rough volatility models

The results presented in this chapter correspond to a working paper written jointly with

Antoine Jacquier and Aitor Muguruza [159].

4.1 Introduction

Exposure to the uncertain dynamics of volatility is a desirable feature of most current
trading strategies, and has naturally generated a growing interest in volatility deriva-
tives. From a theoretical viewpoint, an adequate financial model should reproduce the
volatility dynamics accurately and consistently with those of the asset price; any dicrep-
ancy may otherwise lead to an arbitrage opportunity. Despite the extensive academic
literature, options on VIX and S&P 500 index still display different volatility surfaces,
betraying the lack of a proper modelling framework. This issue is well-known as a the

SPX-VIX joint calibration problem and has motivated a number of creative modelling
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innovations in the past 15 years.

Reconciling both implied volatilities requires additional factors to enrich the variance
curve dynamics, argued Bergomi in [30, 31] where he proposed what we now call the
two-factor Bergomi model. In forward variance form and with W', W? two correlated

Brownian motions, it reads

d&(T)

e = cre M T=DaWl 4 ey (T=qw?, (4.1.1)

where T' > ¢ and ¢q, ¢o, k1, ko > 0. Gatheral [122], seduced by the additional factor that
allows to disentangle different aspects of implied volatility and allows humps in the
variance curve, introduced a mean-reverting volatility model, the double CEV model,
where the mean of the variance follows a CEV model itself. Although promising, these
attempts fall short of reproducing jointly the short-time behaviour of the SPX and VIX
implied volatilities. A variety of new models were suggested to tackle this issue, both
with continuous paths [15, 104, 132] and with jumps [14, 55, 68, 170, 205, 208],
incorporating novel ideas and increased complexity such as regime switching volatility
dynamics. We note that model-free bounds and requirements were also obtained in [78,
141, 140, 207], shedding light on the links between VIX and SPX and the difficulty of

capturing them both simultaneously.

As we have seen in Section 1.2, getting rid of the restraining Markovian assumption that
burdens classical stochastic volatility models has permitted the emergence of rough
volatility models, which consistency with stylised facts under both the historical and
pricing measures remains unmatched [8, 19, 26, 112, 123]. A large portion of the
toolbox developed for Markovian diffusion models is not available any longer hence
asymptotic methods play a prominent role in the literature [136, 151, 161, 162]. Since
the fit of the spot implied volatility skew is extremely accurate under this class of mod-
els, it seems reasonable to expect good results when calibrating VIX options. Moreovet,
the newly established hedging formula of Viens and Zhang [232] shows that a rough
volatility market is complete if it also contains a proxy of the volatility of the asset; this

acts as an additional motivation for our work.

Still, [158] demonstrates that the rough Bergomi model is too close to lognormal to
jointly calibrate both markets. Its younger sister, born in [153] with a stochastic vol-of-
vol component, generates a smile sandwiched between the bid-ask prices when calibrat-

ing VIX, but the joint calibration is not provided. By incorporating a Zumbach effect, the
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quadratic rough Heston model of [124] achieves good results for the joint calibration at
one given date. Further numerical methods were developed in [37, 39, 223]. However,
the lack of analytical tractability of rough volatility models is holding back the progress
of theoretical results on the VIX, with the notable exception of the LDPs from [101, 173]

and the small-time asymptotics of [6].

In the latter, 7p-measurable random variables (with volatility derivatives in mind) are
written in the form of exponential martingales thanks to the Clark-Ocone formula, al-
lowing the application of the established asymptotic methods from [8]. An expres-
sion for short-time limit at-the-money (ATM) implied volatility skew is derived, yielding
an analytical criterion that a model should satisfy to reproduce the correct short-time
behaviour. The proposed mixed rough Bergomi model does meet the requirement of
positive skew of the VIX implied volatility, backing its implementation with theoretical
evidence. And indeed, the fits are rather satisfying. This model is built by replacing
the exponential kernels of Bergomi (4.1.1) (¢ — e *!) with fractional kernels of the
type t > t1~2 where H € (0, 1), but is limited to a single factor, i.e. W' = W2, Asa
result, numerical computations under this model induce a linear smile, or equivalently

a null curvature, which is inconsistent with market observations.

To remedy this, we remind ourselves of the early insights of Bergomi and Gatheral in
favour of multi-factor models, and integrated by [77, 173] to rough volatility models.
We therefore extend the results of [6] to the multi-factor case and also compute the
short-time ATM curvature of the implied volatility, deriving a second criterion for a
more accurate model choice. The main results of this chapter, the short-time limits
of the implied volatility level, skew, and curvature are gathered in Section 4.3. Our
framework covers a wide range of underlying assets; we apply these asymptotic results
to VIX and stock options in Propositions 4.4.1 and 4.5.1 respectively. We further analyse
in details the two-factor rough Bergomi model; under this model, the variance process

reads

vy = g [XE (Vth’H) +(1—-x)& (n (thl’H +v1- p2Wt2’H>)} , t>0,

where y € [0,1], W/ = Jot — s)f=2dWi, W', W? are independent Brownian mo-
tions, the Wick exponential is defined as £(X) := exp (X — 2E[X?]), and p € (—1,1)
encodes the correlation. Unlike in the main introduction, the variance will be denoted

by v in this chapter. Closed-form expressions that depend explicitly on the parameters
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of the model are provided in Proposition 4.4.3 for the VIX and Corollary 4.5.4 for the
stock. They give insights on the interplay between the different parameters, and make
the calibration task easier by allowing to fit some stylised facts prior to performing
numerical computations. For instance, different combinations of parameters can yield

positive or negative curvature.

The outline of the chapter is as follows. Section 4.2 presents our abstract framework and
assumptions. The main results are displayed in Section 4.3; they are applied to the VIX
case in Section 4.4 and the stock case in Section 4.5. All the proofs are gathered in the
appendices, starting with useful lemmas and then following the order of the sections.
Notations We set an integer N € N. For a vector = € RY, we denote || := 2N  z;
and |z||* := 22N, 22. We fix a finite time horizon T' > 0 and denote T := [0,T]. For
all p > 1, LP stand for LP(Q).

4.2 Framework

We consider a square-integrable process (A;):cr, adapted to the natural filtra-
tion (F;)ier of an N-dimensional Brownian motion W = (W1 ... W¥) defined on a
probability space (2, F,P). We further introduce the true (F;);er-martingale condi-

tional expectation process

M, == E[Ar] .= E[Ar|F], forallt e T.

The set D2 will denote the domain of the Malliavin derivative operator D with respect
to the Brownian motion W, while D? indicates the Malliavin derivative operator with
respect to W'. It is well-known that D!? is a dense subset of L?({2) and that D is a
closed and unbounded operator from L?(Q) into L?(T x €2). We will also consider the
iterated derivatives D", for n € N, whose domains will be denoted by D™2. Analogously
we define the sets of Malliavin differentiable processes "2 := L?(T;D™2). We refer
to [201] for more details on Malliavin calculus. Assuming A7 € D'2, the Clark-Ocone

formula [201, Theorem 1.3.14] reads, for each t € T,

N ot
M, = E[M;] + (m ¢ W), := E[M,] + Z/ midWw, (4.2.1)
=170
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where each component of m is m} := E [D}Ap|F]. Since M is a martingale, we may
rewrite (4.2.1) as

Mt = Mo + (M¢ L] W)t, (422)
where ¢, := m,/Mj is defined whenever M, # 0 almost surely.

Furthermore, under the condition that ¢ = (¢, ..., ") belongs to L™2, the following

processes are well-defined for all ¢t < T':

T
u
Y, = / ||(]57«||2 dr, u = /Y, up = ¢ ; (4.2.3)
t T—t
Q! = (/ D! ||, || dr> ¢, and  |©®]:=) O (4.2.4)
t i=1

Note that all the processes we introduced depend implicitly on T'; this will be crucial

when we study the short-time limit as 7" tends to zero.

4.2.1 Level, Skew and Curvature

Since M is a martingale process, we can use it as an underlying to introduce op-
tions. A standard practice is to work with its logarithm 9t := log(M), so that
My = logEr[Ar] = log(Ar) and My = logE[Ar]. Under no-arbitrage arguments,
the price V; at time ¢ of a European Call option with maturity 7" and log-strike k£ > 0 is

equal to

Vi(k) = E, [(MT - ek) +] — K [(AT - ek) +] : (4.2.5)

and the at-the-money value is denoted by V; := V;(9My) = E4[(Ar — M;)"]. We adapt the
usual definitions of at-the-money implied volatility Level, Skew and Curvature for the
case where the underlying is a general process (later we will analyse VIX options and
S&P options). Denote by BS(¢, z, k, o) the Black-Scholes price of a European Call option
at time ¢ € T, with maturity 7', log-stock x, log-strike £ and volatility o. Its closed-form

expression reads

—k
T +7VT —1,

BS(t,z,k,0) = e*N(dy (k,0))—e* N (d_(k,0)), with di(k,0):= ﬁ 5

where A denotes the cumulative distribution function of the standard Normal distribu-
tion.
Definition 4.2.1. For any k£ € R, the implied volatility ops(7, k) is the unique
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non-negative solution to Vy(k) = BS(0,9Mo,k,ops(T,k)), and we will omit the -

dependence when considering it at-the-money (i.e. £ = 9My).

Remark 4.2.2. In the first two chapters, the first argument of BS was the time to ma-
turity. In this chapter, it corresponds to the time at which the option is evaluated, with

the maturity 7" being implicit.

Definition 4.2.3. The at-the-money implied skew S and curvature C at time zero are
defined as
ST = |8kUBs(T, k)’k:mo and CT = ‘agags(T,k

)‘szmo )

where 9, and 87 stand for §/0k and 9% /9k? respectively.

4.2.2 Examples of underlyings covered by the framework

The general framework (4.2.2) encompasses a large class of models, in particular

stochastic volatility models ubiquitous in quantitative finance. Consider the setup

ds ZN
t 7
?t = /Ut dBt = VUt £ Pi th,

for a stock price process (S;):cT, where v is a stochastic process adapted to (F;)cr,

p = (pla"' 7PN) S [—1,1]N and pr = 1.

4.2.2.1 Asset price

For N = 2, the model (4.2.2) corresponds to a one-dimensional stochastic volatility
model by identifying A = M = S, ¢! = p1/v and ¢*> = p2y/v, and v is a stochastic
process generated by W!. Our analysis here generalises the approach in [8, Equation
(2.1)] to the multi-factor case (in the continuous-path case). We refer to Section 4.5 for

the details in the multi-factor setting and the analysis of the implied volatility.
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4.2.2.2 VIX

The VIX process is defined as VIXy = \/ % 77: +A Er[v] dt. The representation (4.2.1)
yields that the underlying is the VIX future

MY = B, [VIX7] = E[VIX7] + (m e« W),
where
) 1 1 T+A
= — Ry | —— Div,.dr| .
s T oA [VIXT /T s r}
4.2.2.3 Average process
The average process is defined as AVy = % fOT Sy dt. Using (4.2.1) we find
MM = E[AVy] = E[AV7] + (m e W),

where mi = L [T E,[DiS,] dr.

4.2.2.4 Multi-factor rough Bergomi model

Rough volatility models can be written as v; = f(W}?), where W# is a multidimen-
sional fractional Brownian motion with correlated components and f : RV — R. For

instance in the two-factor rough Bergomi model,

o = 1o (X exp {VW}H - V;E {(WQ’H)Q} } +(1—x)exp {an’H - 1722“’3 [(W;’H)Q] }) ’

with x € (0,1), v,n,v9 > 0. In Example 4.2.2.2 we set A = VIX and hence N = 2, but
in the asset price case we set A = S and therefore N = 3 even though the variance only

depends on two factors.

4.2.3 General assumptions

We introduce the following broad assumptions, key for the whole analysis, and provide

in Section 4.4 sufficient conditions to simplify them in the VIX case.
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(Hp) AelLbr.
(H2) ML € LP, forallp > 1,and allt € T.
t

T
(H3) The term E, [ / K:?;‘ ds} is well-defined for all ¢ € T.
t

S

1 e,
(H4) The term ﬁE [ / | 5 | ds} tends to zero as T tends to zero.
0

S
(Hs) There exists p > 1 such that supy¢[o ;) uf < oo almost surely and, for all random

variables Z € L? and all i € [1, N], the terms

T 1 Ti ) 2
/0 E Z(ES [UO/O D? ||b, | er ] s

are well defined and tend to zero as T tends to zero.

There exists A € (—3,0] such that:

(H3) These expressions converge to zero as T tends to zero

1 710, [T1©,]d 1 T T
17_‘_/\153 [/ stl and 1+>\E [/ MZ{(bI;D]; </ @T]dr>} ds| .
T2 0 s T2 0 s

S k=1

T
Q,|d
(H?) The process A := M is such that E[u2f7| tends to zero and E[f7] has a
T2 ud
finite limit, as 7" tends to zero.

There exists v € (—1, 0] such that:

(H}) The following expressions converge to zero as T tends to zero

1 T T T
B / us_10®s|(/ \@ry</ |(~)y|dy> dr) ds},
T2 0 s r

1 T N o T T
e[ [ (o ([ o ([ o) ) ) o
2 = s r

1 T TN o T
e | e [ {omi ([ iesan) faras|.
s =1 r

1 T N T N o T
AHE / us_GZ ¢fDY / Z{#Di (/ |@y|dy>} dr ds
Tz 0 1 s 51 r
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(HJ) The processes

) 1 T T ) 1 T N o T
N o= / O, (/ o, dr) ds and 9% := / { D] (/ O, dr)} ds,
b e ) 10 ([ e b areg [, 2ot ([ e

are such that E[(u§ + u§ + ud)H} + (uf + u2)$H3] tend to zero and both E[H}]

and E[$Z] have a finite limit, as T tends to zero.

Remark 4.2.4. (H;) requires A to be four times Malliavin differentiable. This is neces-
sary because we apply the Clark-Ocone formula (4.2.1) and three times the anticipative

It6’s formula for the proof of the short-time curvature.

Remark 4.2.5. These assumptions can be replaced by direct conditions on ¢ when only

considering the stock price as underlying martingale price process, as in [7, 8, 9].

4.3 Main results

We gather here our main asymptotic results for the general framework described above.
The proofs are postponed to Appendix 4.6.2 in an attempt to ease the flow of the chap-
ter. The first theorem states that the small-time limit of the implied volatility is equal to
the limit of the forward volatility. This is a rather well-known result which was proved

for Markovian stochastic volatility models in [9, 27] and in a one-factor setting in [6].

In order to streamline the call to the assumptions, we shall group them using mixed sub-
script notations, for example (Hj23) corresponds to (H;)-(Hz2)-(Hs) and we further
write (ﬁ’\) to mean (Hya345)-(Hgy) and (ﬁ/\w) as short for (Hy2345)-(Hgy)-(Hgg)-

Theorem 4.3.1. If (H12345) hold, then

lim (UBS(T) - E[uo]) = 0.

Note that we did not assume the limit of E[ug] to be finite. The proof, in Ap-
pendix 4.6.2.1, builds on arguments from [9, Proposition 3.1].

We then turn our attention to the ATM skew, defined in 4.2.3. This short-time asymptotic

is reminiscent of [8, Proposition 6.2] and [6, Theorem 8].
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Theorem 4.3.2. If there exist A € (—1,0] such that (ﬁ’\) are satisfied, then

Sy 1
lim 2L = ZlimE
TTY 270

(4.3.1)
T3+ ul

1 ff@sms]

Note that (4.3.1) still holds without (H?), but in that case both sides are infinite. In
the stochastic volatility setting of Section 4.2.2.1 with v; = f(W£), X\ corresponds
to H —1/2 such that (4.3.1) matches the slope of the observed ATM skew of SPX implied
volatility, displayed in Figure 1.2. We prove this theorem in Appendix 4.6.2.2.

We also provide the short-term curvature, proved in Appendix 4.6.2.3.

Theorem 4.3.3. If there exist A € (—%,0] and v € (-1, A] ensuring (ﬁ/\v)7 then
Cr 1 15 1 (7 T
1' _— = 1 _ _ 7E _ -
0 TY 10 T {ST /T [ug/o O] </T |©,|dy | dr

1 (TS (T
il jzl{‘m (/ ®ydy)}ds] } (432)

The limit still holds without (H{) but in that case the second and third term are infi-

3
+—F
T

nite. Similarly, (H3) with A\ > ~ guarantees that the first term TSy converges. By
Theorem 4.3.2,

.
0, fA>,
T
. 1 1 O;|d .
limT 'Sy =< —limE | — Jo | 35| °1, if A =1,
710 2 Tlo Ta+A ug
+00, if A <.

4.4 Asymptotic results in the VIX case

As advertised, our framework includes the case where

1 T+A
AT = VIXT = A/ ET[UT] dT,
T

for v, € D2 for all r € [0, T+ A], and we provide simple sufficient conditions for (")

to be satisfied in this case.
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4.4.1 A generic volatility model

Let us consider the following four conditions which we will gather under the nota-
tion (C). There exists X € L? for all p > 1 such that for any T > 0:

(Cy) Forallt >0, % < X almost surely;

(C2) Foralli,j,ke[1,N]and t < s <y <T <r,we have, almost surely

* v < X,

* Djv, < X(r—y)"72,

DID}v, < X(r — s)H=3(r —y)f -3,

* DEDIDiv, < X (r — )15 (r — )3 (r — )35
(Cs) Forallp > 1, E[us?] is uniformly bounded in s and 7', with s < T'.

(C4) Foralli,j,k € [1,N] and r > 0, the mappings y — D} v,, 5 — DgD;vr, and t —

DfDiD;vr are almost surely continuous in a neighbourhood zero.

We compute level, skew, and curvature of the VIX implied volatility in a model which

satisfies the sufficient conditions. Let us define the following limits
Ji = / E[D{v,] dr, Gij = / E[D{Dyv,|dr, foralli,je[1,N]. (4.4.1)
0 0

Proposition 4.4.1. Let (C) hold. For H € (0, %), the following limits hold

: 1]
1 v o
i oes(T) = JAvixe:
N JiJ;

. 2 i j=1Jidj (Gij - AVDJ(Z)

lim S = 3 oL,

70 2|

) N J# T2 E [D§DiDyw, | dr

lim T = 28VIXG S i gk g 2T o (4.4.2)
o=z 3|J|I° 710 T3~

The first two limits still hold for any H € (0, %)

We split the proof in two steps, collected in Appendix 4.6.3. In the first one, we show
that (Cy), (C2), (C3) are sufficient conditions to apply our main theorems because

they imply (ﬁM) for any A € (—1/2,0] and v € (—1,3H — 1/2]. Thanks to (C4) we
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can also compute the limits—after a rigorous statement of convergence results—starting
with opg and the skew with A = 0. Restricting H to the range (0, 1/6), which is the most
relevant regime for rough volatility models, we can set v = 3H — 1/2 < A and compute
the short-time curvature, with only the second term in (H) contributing to the limit. A
different choice of H would lead to another ~ and therefore different quantities would

appear in the curvature formula. The limit in (4.4.2) is finite by the last point of (Cz).

4.4.2 The two-factor rough Bergomi model

We consider the following two-factor exponential model
v = Vg [Xé‘ <th1’H ) +XE (77 (thl’H + oWt ))} = vo(XE +XE),  (4.4.3)

where H € (0,1], Wi = [!(t — s)"~2aw, W', W? are independent Brownian mo-
tions, the Wick exponential is defined as £(X) := exp (X — JE[X?]), for any random
variable X, and x € [0,1], x = 1 — x, vo,v,n > 0, p € [-1,1], p = /1 — p?. This
model is an extension of the Bergomi model [31], where we replace the exponential
kernel with a fractional one and an extension of the rough Bergomi model [19] to the
two-factor case. It combines Bergomi’s insights on the need for several factors with the

benefits of rough volatility.

Proposition 4.4.2. The model (4.4.3) satisfies conditions (C).
Proof. See Appendix 4.6.4.1. O

We can therefore apply Proposition 4.4.1 to this model and obtain the following closed-

form limits. The proof is postponed to Appendix 4.6.4.2.

Proposition 4.4.3. Let (p,v,n,x) = \/(xv +xnp)? + X°12p> For H € (0,1/6), we

have the following limits:

2
li T) =
TI%UBS( ) 2H+1w(p,v,n,><)7
2
s _(H+ Al (o np)? | X E X [t
Ti0 T 2¢(p,v,m, x)3 XV XTP 2H H—i—%

e vnp

2H (H+3)?

+2(xv + Xnp)X*n*p>

1 1
3 44 L
+X°n'p <2H (H+%)2> }
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o CT 128A2H(H + 1)?
710 735 39(p,v, 0. x)°(1 - 6H

14 0 Xm0’ 00+ 300°")

+3(xv + xXnp)*X°n* 7% + 3(xv + Xnp)X°n°p'p + Y4n6ﬁ6}-

The limits depend explicitly on the parameters of the model (H, x,v,n, p) and can be

used to gain insight on their impact over the quantities of interest.

Remark 4.4.4. In the case p = 1 (hence p = 0) we have the following simplifications:

A : 128A72H (H + 1) yu3 4y

I T) = Y, limT2 e, = :

i ops(T) = 5 v £l lim T 3—24H  (xv+xn)?
_1 — ~ 2

s, — LH DA Dt +xm® - o+

T10 2 xv+Xm 2H H+ %

The case p = —1 follows by replacing n with —. If we set p = 1 (hence p = 0) we get

1

Af=3
2H +1

128A72H(H+l)2 X4V6 +X4 6
V202 £ 322, lim T2 3He, — 2 Ui
X2+ X7, :rl’If(% T

lTHfS ops(T) = 3_ 940 (2 + 3252

4.5 The stock smile under multi-factor models

We use the setting of Section 4.2.2.1 to apply our results to an asset price of the form

t
Si= S+ [ S/ dy,
0

where B is correlated with the other N Brownian motions as B = Y N, p;W’
with Zf\il p? =1, p; € [-1,1] for all 5 € [1, N]. The volatility is a function of (N — 1)
Brownian motions, such that the stock price features one additional and independent

source of randomness.

To fit this model into the framework of (4.2.2) we set A = S and identify ¢’ with p;\/v.
We modify slightly the notations to differentiate from the VIX framework; the implied
volatility is denoted 5pg(T)) and the skew Sp. We do not consider the curvature in this
setting, by lack of an explicit formula. The proof of this Proposition and the following

Corollary are postponed to Appendix 4.6.5.

Proposition 4.5.1. Assume that there exists H € (0,3) and X € L? for all p > 1 such
that, forall 0 < s <y, j € [1,N], andp > 1,
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D vs <X;
(i) Dlv, < X(y — s)7z;
(iii) supy<p Elus”] < oo;

(iv) limsupy o E[(y/vr/vo —1)%] =0.

Then the short-time limits of the implied volatility and skew are

lTi% ogs(T) = /vo;
~ T (T j
5 N, Jy JTE [Divy | dyas
lim —— = ——lim - .
T10 TH—3 = 2v0 T10 TH+3

Remark 4.5.2. The second limit is finite because of condition (ii).
Remark 4.5.3. The one-dimensional version (/N = 2) agrees with [8, Theorem 6.3] up

to the sign because they derive with respect to the spot 2 and not the log-strike k.

In the two-factor rough Bergomi model (4.4.3) we can compute the short-time skew
more explicitly,. We recall from Example 4.2.2.4 that, for all ¢ > 0, it entails setting
N = 3 and defining

t
5. =So+ [ Sy dB,
0

v = v }E@WH) +XE MW + W),

where W = [I(t — )73 AW}, for i = 1,2 and B = 3.3 p;W', with W, W2 W?
being independent Brownian motions. Hence W? only influences the asset price but not

the variance.

Corollary 4.5.4. In the two-factor rough Bergomi model we have the short-time skew limit

lim T3—-HG, = PV T nx(p1p + pap)

710 (2H +1)(H + 3) >

4.5.1 Tips for joint calibration in the two-factor rough Bergomi model

Assuming we can observe the short-time limits of the spot ATM implied volatility, it

grants us v for free, while the slope of its skew gives us H by (4.5.1).
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Next, we simplify the expressions from Proposition 4.4.3 in the case x = 3. Call Iy, Sy
and Cy the three limits of Proposition 4.4.3 and denote Hy := H + %, a:=np, B :=np.

Introduce further the normalised parameters

so that, denoting ¥(@, 8) := 1/(1 4+ &)2 + (2, we have

" - -
VZSLLF \/m = vCryY(a, B),

AH,
_ 2 2 _
Iy = 4H+\/(1/+a) + 8

2.2 2
H, AH- (v +a)? [”ﬂ? —(”Jf) +2(v 4 ) B2 [%—%}Jm‘* [ﬁ‘%ﬂ
So = ]
b (v + )2+ 82)*?
5 -\ 2] o~ T~ _ ~
Rl it 9 B B R
-2 (1 +a)2+ 52>
= CSM
W(@, B
B 128A~2H 2 s 3 g Yy L
O a0 s P st )

1280 A~ 2H {2 3 ~3 ~\2~273) 4 6
= = L+a)’(1+a°) +3(1+ +3(1+ +
3((1+&)2+52)5/2(1—6H){( @)’ (1+a%) +3(1+a)ya’f +3(1+a)af’ + 5 }

CCL@? )
Y(a, )5

9

where the constants C,Cgs, Ce only depend on A and H. Provided one can observe
an approximation of these three limits, one can numerically solve for v, @&, 3 in a sys-
tem with three equations. Alternatively, since the three quantities have a factor v, any
quotient of two of them is a function of only &, E, which we can plot and match to the

observed number.

Both methods allow us to deduce v, &, 3 which also entail the values of  and p. Finally,
we are left with p; and p, to play with such that the right-hand-side of (4.5.1) matches

the market observations.

141



4.6 Proofs

4.6.1 Useful results

We start by adapting to the multivariate case a well-known decomposition formula and
then prove a lemma which will be used extensively in the rest of the proofs. Both proofs

build on the multidimensional anticipative It6 formula [201, Theorem 3.2.4].

Proposition 4.6.1 (Price decomposition). Under (Hiz23), the following decomposition
formula holds, for all t € T, for the at-the-money price (4.2.5), with u; defined in (4.2.3)
and G := (02 — 9,)BS,

1 T
Vi = E; [BS(¢, M, Mo, ue)] + 5Et [/ 0:G (s, Mg, Moy, us)|Os| ds| .
¢

Proof. Note that Vi = BS(T, My, My, ur), hence V; = E, [BS(T, My, My, ur)] by no-
arbitrage arguments. Define ]§\S(t, z,k,0%(T —t)) := BS(t, z, k, ) and write for simplic-
ity BS; := BS (¢, M, Mo, V) = BS (¢, My, Mo, ug), where we recall that ¥; = u2(T — ¢).
Thanks to (Hy) and (Hz), we then apply a multidimensional anticipative It0’s for-

mula [201, Theorem 3.2.4] with respect to (¢,90,Y):

- - T T 1
BS(T, SmTﬂ)TO,uT) = BSt = BS; +/ 0,BS; ds —l—/ 0,BS; (d(¢ ° W)S — 5 H¢8H2 dS)
t t
T 1 /T T —
_ / 0,88, |lbs |7 ds + 2/ 283, |s|? ds +/ 0,,5,]0.| ds.

t t t
with © in (4.2.3). Derivatives of the Black-Scholes price (omitting the argument for
simplicity) yield

. 10, BS —~
8SBSS = 83BSS + m, (9yBSs =

9, BS _ 0,BS
2us(T — 5)’ and ¢= us(T — s)

Putting everything together, using the Gamma-Vega-Delta relation

0,BS(t,z, k,0) o
B (07 — 02)BS(t, 2, k, 0), (4.6.1)
and applying the conditional expectation, one obtains

T 5quS(37 m& S)ﬁ(), us)
2ug(T — s)

T
‘/t - ]Et [BS(t, mt, mo, Ut)]+]Et |:/ EBS(Sv us) d5:| _HEt |:/ ‘®s| d5:| )
t t

(4.6.2)
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where L5 (s, us) := [”72 (02— 08,) + 83] BS(s, M, My, us) is the Black-Scholes operator

applied to the Black-Scholes function. Since £ps(s, us) = 0 by construction and

0,G(s. 7.k, 0) = SN di (K, 0)) <1 dy (k. o) ) |

oI —s B oV — s

the last term in (4.6.2) is well defined by (H3), and the proposition follows. O

Lemma 4.6.2. Forallt € T, let J; := ftT as ds, for some adapted process a € .2, and
L:=>", c; 0% be a linear combination of partial derivatives, with weights c¢; € R. Then,

writing for clarity BS; := BS(t, M, Mo, uy ), we have

T
E [/ £LBSaq ds] =E
0

T T N

£BSyJo + / (93 — 92) £BS,|©,]J, ds + / 8x£BSsZ<¢’§D’§JS) ds].
0 0 k=1

(4.6.3)

Remark 4.6.3. We will use this lemma freely in the proofs with the justification that

the condition a € %2 will always be satisfied thanks to (Hy).
Proof. As in the proof of Proposition 4.6.1, we define E/{‘%(t, k02T — t)) =
BS(¢, z, k, 0) and write for simplicity ]?St .= BS (t, My, Mo, Yy) = BS (¢, My, Mo, uy).

Let us define ?(a x, k,y,j) = £I§\S(t, x,k,u)j, and denote P (t, M5, Mo, us, Js) by E for
simplicity. We then apply the multidimensional anticipative It0’s formula [201, Theorem
3.2.4] with respect to (t,9,Y, J):

. N T N T . 1 T R
PT—P0+/O 6SP5ds+/0 9., (d(¢oW)s—2H¢SH2 ds) —/t 9,D, [l I? ds

1 /T T R T T N
+2/ 2B, || bs |2 ds+/ azyPs\(asyder/ 8szdJs+/ 6ijsZ<qﬁ’§D’§Js> ds.
t t 0 0 P

One first notices that 130 = £1§\SOJ0 and Pr = 0. Moreover we observe
that fOT 6j§s dJ, = — fOT £BS,a; ds, which corresponds to the left-hand-side of (4.6.3),

and N . o
/0 aijSkZ;( ’;D’;Js) ds = /0 a,stss; (¢’; D’;JS) ds.

Since £ is a linear operator the partial derivatives in s, = and u cancel as in the proof of
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Proposition 4.6.1. That means we are left with

T

T T
/ £BS,a,ds =£BSgJy + / (92 — 02) £BS,|©,]J;ds + / 0,Pd(p e W),
0 0 0

T . N
+/ 0,885, 3" (¢’; D’;JS> ds.
0 k=1

Since 9}BS(s,x,u) = 8§]§§(s,x,u2(T —s)) for any n € N, summing everything and

taking expectations yields the claim. O

We also adapt and clarify [8, Lemma 4.1] to our purposes, yielding a convenient bound

for the partial derivatives of G.

Proposition 4.6.4. Let us fix t € T (we will omit this argument for clarity), and write o
instead of o/ —t. For any n € N and p € R, there exists a strictly positive constant Cy, ,,
independent of x and o such that, for all o > 0 and x € R\ {O, %2},

Cnp ek

ob+1 ’

0y G(x, k,0) < (4.6.4)

If x = 0, then for any n € N the bound (4.6.4) holds with p = n.

Ifx = %2, there exists a strictly positive constant C,, independent of o such that

2 Cniek if n is even
O;LG <27k'70'> _ O-n-‘rl’ )
0, if n is odd.

Furthermore, taking derivatives with respect to k instead of x does not alter the form of the

right-hand-side bounds.

One could simplify and extend the statement as follows.

Corollary 4.6.5. For any n € N, there exists a non-negative C,, ;, independent of x and o

such that, forall 0 > 0 and = € R,

G, ko) < S 1000 e ko) < Rk

Cn
0F0r G, k,o)| < 5

Proof of Proposition 4.6.4. We start by proving the proposition with £ = 0 (omitting this
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argument in G). We start from the expression for the function G.

G(x,0) := (0 — 0,)BS(z,0) =

1 1
e z— =dy(z,0)*},
oo Xp{ B +(x,0) }

where dy (z,0) := 7 + . Direct computation (proof by recursion) yields, for any n € N,

— 2
0;G(z,0) = eXP{ i “) } Z @ U2J+1’ (4.6.5)

where, for each j, P; is a polynomial of degree j independent of o.

In the case * = o02/2, we see that de(z,0)| _,2 = Owdi(w,0)| _,» = 0,
- -2
and 9%d, (x, o)l _o2 = —0~2, hence the induction simplifies to
-2
Cn .. .
i1 if n is even,
0;G(2,0)],_2 =4 ©
2
0, if n is odd,

for some constant C),, > 0 independent of o, proving the third statement in the proposi-

tion.
Similarly, if x = 0, simplifications occur which yield for any n € N,

2

o "o 1 o? "

; iy

07 G(z,0)|,— :exp{— 3 } § :O.j+1 = gntl exp{— 3 } § :O‘jgn 7
j=0 Jj=0

and the second statement in the proposition follows.

Finally, in the general case z € R \ {O, "—22}, we can rewrite (4.6.5) for any p € R as

1 —2 ,
9, G(z,0) = Up+1€Xp{_ 0"~ 21) }ZakP YoP~ 2

1 (0% —2x)
= m exp {&._2} Hn,p(l'a U)

For eachn € N,p € N, H,, ,, is a two-dimensional function only consisting of powers of
o2 and 22 /0. Since the exponential factor contains these very same terms, there exists

then a strictly positive constant C,, ,,, independent of = and o, such that

o2 — 21)?
exp {_(802)} Hyp(x,0) < Cpyp,
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proving the proposition in the case k = 0.

The case k € R follows directly by noticing that G(x, k,0) = G(z — k,0,0)e*. Finally,
since Ody = —0,d and 93d, = —92d.., the same simplifications occur when taking a

partial derivative with respect to k instead of z. O

4.6.2 Proofs of the main results
4.6.2.1 Proof of Theorem 4.3.1: Level

To prove this result, we draw insights from the proofs of [6, Theorem 8] and [9, Propo-
sition 3.1].
By definition

ops(T) = BS™ (0,90, Mo, Vo) =: BS(Vp),

and we write ]/3\5(33) := BS(0, z,x,up). Using Proposition 4.6.1 at time 0 we see that

Vo = I'r where
— 1 [t
I, =E [BS(SDTO) + 2/ 0:G(8,Ms, Moy, us)| O] ds} ) fort e T,
0
which is a deterministic path. The fundamental theorem of integration reads

ops(T) = BS(I'r) = BS(Ty) + /T 0,BS(T',) dt = BS(Ty) + /OT BS' (U)o, dt

0

— B3(Ty) + + /T BS/(I) E[|©4]0,G4] dt,
2 Jo

where we note G; := G(t, 9, My, us) for clarity. We can deal with the integral by
computing BS’ and 0, G explicitly

BS/(r) = (oA (d, (w0, BS() ) vT)

e N'(dy(k,0)) (1 dy (ko) ) _

oI —s B

0.G(s,x,k,0) = T s
oVT —s

SinceI' : Ry — R and gS : R — R are continuous, the following is uniformly bounded
forall T <1

N’(d+(93?0,u0)) 1

o (o)
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Therefore, we obtain by (Hy)

=0.

. r , T N (dy (Mo, ur)) 1O
imE | [ BS/(T @&Gdt}:l E / + 4, dt
i) [/0 (I't)|©¢]0: Gy 10 { 0 N7 <d+ (,9)10,?8(1}))) /T

SinceT'g = E {E?é(imo)} and ug = ﬁS (E?é(i)ﬁo)), we have

BS(ro) = BS (E ( [BS(S)JTO)D Euo— o] [<B_s( [BS Mo } ) - ‘B_S(BVS(%))]HE[UO].
(4.6.6)
By Clark-Ocone’s formula we get ]§§(£mo) [BS M) +Z / D BS mo)} dwi.

By the Gamma-Vega-Delta relation (4.6.1) we have

o? T
B = — 7T —_— 0.
9,BS(0,z,z,0) = exp (a: S > 5 (4.6.7)

which yields in turn

Ui :=E, [D@ﬁé(ﬁﬁo)} —E,

S

9,BS(My) /T - )
_ D -l|°d
2uT Jo D° lr]|” dr

[eimoug/S

T
s |——— | Do, dr| . 4.6.8
ozman Jo s llorll r] ( )

Define A, := E, [1?8(9310)] so that the difference we are interested in from (4.6.6) reads,

after applying the standard It6’s formula,

BS(Iy)-E [gS Ao) §SAT = [ / Bs(a U’dW’—/ BS”(A,)(U)

(4.6.9)
The stochastic integral above has zero expectation by the same argument as [9, Propo-
sition 3.1]. Moreover, (Hjs) states that uj is dominated almost surely by Z € LP, and

therefore so are A and

ﬁS”(As) = gS(AS) 29
4e2r N <d+ (z, gS(AQ))

by continuity. Plugging in the expression of U? from (4.6.8), we apply (Hs) to conclude
that the second integral of (4.6.9) tends to zero. O
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4.6.2.2 Proof of Theorem 4.3.2: Skew

This proof follows similar arguments as [8, Proposition 5.1]. We recall that Vj(k) =

BS(0, M, k, ops(T, k)). On the one hand, by the chain rule we have
nVo(k) = 0,BS(0,9MM0, k, o8s(T, k) + 0,BS(0, Mo, k, ops (T, k)) Okops (T, k). (4.6.10)
On the other hand, the decomposition obtained in Proposition 4.6.1 yields
1
Vo(k) = E[&kBS(O,SﬁT, k, UO)] +E |:/ B kG (s, Mg, Mo, us) | O ds] , (4.6.11)
0

where 0, stands for 0,.0;. Equating (4.6.10) and (4.6.11) gives

akBS(O, mtTa ka UO)] - akBS(()? mt[)a ka OBS (Ta k))
0,BS(0, My, k,ops(T, k))

E [fOT %8xk;G(5, ms, mo, us)|®s| ds
8UBS(07m07k7UBs(T, k)) ’

E
Orxops(T, k) = [

(4.6.12)

which in particular also holds for k = 9,. Performing simple algebraic manipulations
and using the derivatives of the Black-Scholes function ATM as in [8, Proposition 5.1]
we obtain that the difference (remember we drop the k-dependence in opg(7') when

ATM)

T
E[akBS(O,mo,mo,uO)] —akBS(O,mo,gﬁo,UBs(T)) = %E [/ %8$G<S,ms,9ﬁo,us)’@5‘ ds s
0

which in turn using (4.6.12) yields

E [fOT L(s,i))?s,mo,us)|®3|ds}

Oops(T) = : (4.6.13)

d,BS (0, Smo,fmo,UBS(T)>

where L := (% + 8k)%6xG. We denote Ly = L(s, M5, My, us) for simplicity and apply
Lemma 4.6.2 to L, fsT |©,.| dr, which yields

E [/OTLS\G)SMS] = [L0/0T|G)8]ds] +E U()T(ag—ag)LS@S </STye,,|dr> ds]
+E {/OTastjZN;{@Dg (/ST|G)T\dr>} ds

=: R1 + Ry + Rj3.
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We combine (4.6.7) with the bound 9,07G(t,z,k,0) < C(oVT —1t) "2 derived in
Corollary 4.6.5 to obtain

e < ¢ E/Tu_6]®\ /T(a]dr ds
Tr0,BS(0, Mo, Mo, os(T)) ~ 73t> Jo ° " \Jy ' 7

R C r ., N o T
< E [ u iDJ \ ,
TA9,BS(0, Mo, Mo, ops(T)) ~ T2+ /0 " ;{% ’ </s © |dr)} @

and both converge to zero by (Hg). We are left with R;. From Appendix 4.6.6, we have

L(0,z,z,u) =

exp(:n—%T) 1+ 1
4 22T )’

u/2nT 4

and therefore by (4.6.7)

Lo e 1 1 T/ 5 )
=T (2t ) —=exp{ — = (u2 — ops(T)?) }.
T20,BS(0, Mo, Mo, ops (7)) (4 * 2u3T> uoT eXp{ 8 (“0 ons(T) )

This yields

Ry u T/ 2
—E|(% 41 2 (2 = ops(T
T20,BS(0, Mo, Mo, ops(T)) {(2 + >eXp{ 8(“0 oBs( )) R,

T
O;|ds

where R7 := f0|178|. Furthermore,
272 P

sup
we

exp {; (Tos(T)* — ug)} — 1|

T/ 2 .
exp {8(% —ops(T) )} - 1’ = sup
not only is finite but converges to zero as T' goes to zero. Hence,

, u? T , u?

lim B K; + 1) exp {—S(ug - UBS(T>2) } RT] = limE [(20 + 1) RT] .
We can finally conclude by (Hz) that

. Ry .
1 = limE[&
710 T29,BS(0, Mo, Mo, ops(T)) _ T10 (],

which has a finite limit. O
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4.6.2.3 Proof of Theorem 4.3.3: Curvature

Step 1. Let us start by simply taking a second derivative with respect to k. We
write BS(9My, ops(T, k)) as short for BS(0, My, Mo, ops (T, k)).
Ok (0,8 (Mo, s (T )) Dyris (T, k) ) = 0,BS (Mo, ops (T k) OEorps (T, k)
+ [3kaBS(9ﬁo, ops(T, k)) + 02BS (Mo, ops (T, k)) Opops(T, k)]akO'BS(Ta k).
Taking the derivative with respect to & in (4.6.13) and equating with the above formula
yields
Otons (T, k)0,BS(Mo, ops(T)) = — 9;BS (Mo, ops(T, k) Opoes (T k)

— ke BS (Mo, o8s(T, k) Opos (T, k)
T
+E [/ 0L (s, My, Mo, us)| Oy ds
0
=:T1+Tr+Ts.

A similar expression is presented in [7] and we notice that 7 and 75 in the expression
above are, after multiplying them by 7", identical to those from [7, Equation (25)]
and can therefore be dealt with in the same way. Step 1 shows that 7~*7} tends to zero

as T | 0 and step 2 yields Tb = —%akUBs(T, k).

Step 2. We recall that L = (3 + ;) 9,G. We will need to use the anticipating 1td’s
formula (Lemma 4.6.2) twice on 73. Indeed, even though the bound on 9]'G worsens
as n increases, it is more than compensated by the additional integrations. The terms
with the more integrals, i.e. the more regularity, will tend to zero as T' geos to zero by

(H}) and we will compute the others in closed-form.

For clarity we write Ly = L(s,9Ms, My, us) for all s > 0. By a first application of
Lemma 4.6.2 on 0L, fST |©;| ds we get

T T T
T3 =E [8kLo/ ]®5|ds} +E [/ (02 — 02)0k Ls| O] </ ]G)r|dr> ds]
0 0 s

T N T
+E / 8szSZ{¢)gDZ</ \@Tydr>}ds =: 81 + Sy + S;.
0 j=1 s
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To deal with Sy, we apply Lemma 4.6.2 again on

T T
(ag—ag)akLs/ o, </ |@y|dy> dr — H,Z,,

and this yields

Sy =E

T
H0Z0+/ (ag—ag)Hs|®s|sts+/ O, H, Z ¢ID!Z,) ] =: S$+S5+55.
0 0

We will deal with those three terms in the last step. Regarding S, similarly, we apply

Lemma 4.6.2 once more to

T N . . T ~ o~
akas/ > {@Z D/ (/ y(ayydy)} dr =: H,Z,,
s j=1 r

and similarly we obtain

S3=E

HoZo + / (03 — 92)H,]©,]Z, ds + / astZ@ngzs) ds] —: S94+S0+5¢.
0 0 -
7=1

Step 3. We now evaluate the derivative at k = 91, and therefore drop the k£ dependence.

To summarise we have

T1+T2+Sl+52 +Sb+52+53 +S3+53

) T
rops(T) = aBs(o,zmo,imo,JBs( >) 7

where

T T T
S =E [6kL0/ |®3|ds], sg:EHO/ O, </ |(~)y|dy) dr
0 0 r
sg:EHO/ Z{qj;D; (/ \(ay\dy)} dr
0 r
J=1
T T T
53:1&/ (ag—ag)Hs|@s</ |@T\</ |@y|dy> dr) ds
0 s T
T N o T T
:IE/ 0H, Y <¢;Dg (/ 10, </ y@yydy> dr) ds> ds
0 j=1 s r
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T B T N o T
si=k [ @-odije. Z{#Di (/ |ey|dy)}drds
0 s =1 r

T _ N T
S§:E/0 6xH5; PrDF /SZ{WDJ </ |®y|dy>}dr ds.

We recall once again the bound 97G(t, z, k,0) < C(oV/T —t) ~"!as T goes to zero. We
observe that H and H consist of derivatives of G up to the 6th and 4th order respectively,
therefore S5, S5, S, S tend to zero by (Hg). In order to deal with S;, S§ and S§, we use
the explicit partial derivatives from Appendix 4.6.6 and (4.6.7) and, as in the proof of

Theorem 4.3.2, (HJ) entails that only the higher derivatives of u, remain in the limit.

T
‘ st ., E [akLo 1Te,l ds}
lim =lim —
T10 TA&,BS(O, mo, mo, OBS (T)) T40 TA 8JBS (O, gﬁo, f)ﬁ(), OBS (T))

1 1 /1 1 T
— lim R 0,|d
700 TA [UOT (8 * 2ugT> /0 €| S]

1
=lmE 1/ O] ds| = lim Sf
o | 2ul T3tA 0T
lim 55 _hmlE[ Zo <_15_3_5_1>]
710 TA9,BS((0, Mo, Mo, ops(T))) T T~ |ugy/T \ 2u§ 2ui  32u3 64

_15 T T
= \@A(/ r@yrdy) ar
2UST§+)\ 0 r

ZO 3 3 + 1

3 1 T N o T
—1im °E | ——— i DJ ©,ldy) ¢ dr| .
lim 5 ugT%“/o ;{% 7«(/7 0, y)} .

li = —E
710 T79,BS (0, Mo, Mo, ops (1)) 720 T

Hence to conclude we have

lim ST — Jigy L2+ 514 55 + 5%
700 T> _ 710 T2 >BS(Mo, ops(T))’

and this yields the claim. O
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4.6.3 Proof of Proposition 4.4.1: VIX asymptotics

In this section, we will repeatedly interchange Malliavin derivative and conditional ex-

pectation, for which a justification can be found in [201, Proposition 1.2.8].

Proposition 4.6.6. In the case where A = VIX, the conditions in (C) imply assumptions
(H) for any A € (—1/2,0] and v € (~1,3H — 1/2].

Proof. We will use a < b when there exists X € LP such that a < Xb almost surely,
and a = bif a < band b < a. (Hy) is granted by the first point of (C2) and (Hz2)
corresponds to (Cy). Since 1/M is dominated, then so is 1/VIX. We then have, for i =

1,2 and by Cauchy-Schwarz:

TH+A i
Jr Dj v, dr

2AVIX 7

i
my—Ey

T =

~r H+3

If H < L then the incremental function = — (z + A)#*2 — zH+2 is decreasing by
concavity. For j = 1,2 and t < s, this implies by domination of 1/M that ¢’ ~ m’ is also

dominated and

J o i iJ
Dsmy B mstMy

Dy =, M2 (4.6.14)
T+A 1 i T+A N T+A )
T T T
A2H AH+1

< + .
T 2H  (H+1)
Combining these two estimates we obtain
ol =2 | (Z ¢;D@¢;> dy ST —s.
$ i=1

It is clear by now that indices and sums do not influence the estimates, hence we infor-

mally drop them for more clarity and continue with the higher derivatives:

T T T
D;O; = Dy, / GrDspy dr + ¢ / Di¢rDsor dr + @5 / ¢r DDy dr,

where the first and second terms behave like (7'—s). Fort < s <y < T, we deduce from

(4.6.14) that D;D,¢, consists of the sum of five terms; four of them behave like (7" — s),
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and only one features three derivatives, it is

T+A T+A

(r—s)3(r )1 3(r—y)2dr < / (r —y)?H =32 dy

DtDsmy S /
T

T
~ (T4 A -y — (T -y,

If H > 1/6 we have by concavity D,y < (T — s). Otherwise, if H < 1/6 the following
holds

D;6; S (T'—s)+ [(T+A—s)3H+% — A | (T — )33 < (T —s)+2(T—s)* 3,

When looking at the second derivative of ©, the first and second terms behave as (7'— s)
and D,;0, < (T — s) + (T — s)3H+2)AL respectively, hence we focus on the inte-

gral fST D, D¢Ds¢, dy, where the new term is

T+A
D,D:Dsymy =~ / (T—@U)Hﬁ%(r—s)Hﬁ%(r—t)Hfé(r—y)Hfé dr < (T+A—y)4H71—(T—y)4H71.
T

If H > 1/4 we have by concavity D;O; < (17" — s). Otherwise, if H < 1/4 the following
holds

DDiO, S (T — 5) + (T — )3+ 4 (T 4 A — s — AY| (T — 5)*

< (T =) + (T — 5)CHTDM 4 o(T — 5)1H,
where the last inequality holds by yet again the same concavity argument if H < 1/4.

This yields a rule for checking that the quantities in our assumptions indeed converge.
We summarise the above estimates in the case H < %: there exists Z € LP such that

for s < T and T small enough the following hold almost surely

O, < Z(T-s)
D®S < Z(T— 8)(3H+%)/\1
DDO, < Z(T — s)4NL

Thanks to Cauchy-Schwarz inequality we can disentangle the numerators (integrals and
derivatives of ®) and denominators (powers of u) of the assumptions, which are both
uniformly bounded in LP. We can easily deduce that (H3), (Hy), (Hs), (Hg), (H3)

are satisfied (convergence to zero). In (H3), E[f7] behaves as T~*, hence it converges
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for any A € (—1,0], and the uniform L? bound is satisfied thanks to (Cs). Moreover,
in the limit the first term in (HJ) behaves as 7~7 and the second behaves as T3/ —377,
therefore both assumptions are satisfied for any A\ € (—1/2,0] and v € (—1,3H — 1/2].

Similarly, (C3) ensures the uniform L? bounds. O

4.6.3.1 Convergence Lemmas

We require some preliminaries before diving into the computations. We tailor three
versions of integral convergence fitted for our purposes, and essential to compute the
limits appearing in our main Theorems 4.3.1, 4.3.2 and 4.3.3. The conditions they

require will hold thanks to the continuity of (Cy).

Recall the local Taylor theorem: if a function g(-) is continuous on [0, §] for some ¢ > 0,
then there exists a continuous function ¢ on [0, 6] satisfying lim, o e(z) = 0 such that,
for any z € [0, 4],

9(x) = g(0) + ().

Lemma 4.6.7. Let f : R — R such that f(T,-) is continuous on [0,8)] and
limz,o f(T,0) = f(0,0). Then we have

. 1T
lim = /0 F(T,y) dy = £(0,0). (4.6.15)

Proof. For T' < éy, we can write

T T T
7| ramay= [+ awld = @0+ 4 [

where the function ¢ is continuous on [0, §y] and converges to zero at the origin. Hence,
for any ny > 0, there exists g() > 0 such that, for any y < 50, leo(y)| < mo. Forall T <
5o A S0,
1 (T
‘T/o eo(y) dy‘ < no.
Since 7 can be taken as small as desired, the fact that limr o f(7,0) = f(0,0) concludes
the proof. O

Lemma 4.6.8. Let f : R} — R be such that, for each y < T, f(T,y,-) is continuous
on [0,0o], f(T,-,0) is continuous on [0,d1] and limg o f(7',0,0) = f(0,0,0). Then the
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following limit holds

f(O 0,0)
171’% T2/ / f(T,y,s)dsdy = ————= (4.6.16)

Proof. For T' < §y A 61, we can write

{/ F(T,y,s ds}dy_ /(]T{/Oy F(T,y,0) + eo(s )]ds}dy
/OT {f(T Y, 0 Oy o(S)dS}dy
/OT{<fT0 0) —i—sl(y))y—i-/oyso(s)ds}dy

f(T,0,0) / { (y)y+/0 50(8)d8}dy;

where the function ¢, is continuous on [0, 41] and the function ¢ is continuous on [0, d¢],

%\H E\H E\H

both converging to zero at the origin.

Since ¢;(+) tends to zero at the origin, then for any n; > 0, there exists 51 > (0 such
that, for any y < 0,6, le1(y)| < m. Therefore, for the first integral, we have, for
T < gl A dg N d1,

1 [T 1 /7 I Ul
7 ), e1(yydy| < 75 |€1(y)|ydy_T2 mydy < o

Likewise, since £¢(-) tends to zero at the origin, then for any 7y > 0, there exists go >0
such that, for any y € [0, 5~0], leo(y)| < mo. Therefore, for the second integral, we have,
forT < 5~0/\(50/\61,

’T2/ /50 dsdy’ //]50 |dsdy<T2/ /nodsdy<

Since n; and 7y can be taken as small as desired, taking the limit of f(7',0,0) as T" goes

to zero concludes the proof. O

Lemma 4.6.9. Let f : RY — R be such that, for all 0 < s < y < T, f(T,y,s,"),
f(T,y,-,0), and f(T,-,0,0) are continuous on [0,dp], [0,61], and [0, 2] respectively,
and limyo f(7,0,0,0) = f(0,0,0,0). Then the following limit holds

hm/ / / f(T,y,s,t dtdsdy—M (4.6.17)
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Proof. For T < g A 61 A 69, We can write

L (Lol
F(T,y.5,0) + eo(t)] dt ) ds
AL -
L (ot [ans)ofa
- {remo0 /< o o de
13/0T0{fT000+52 i [ (2 [Caatmar) as o

_f(T,(ém L T{EQ(y)y;+/o ( (>s+/0 ()dt) ds} dy,

where the function ¢5 is continuous on [0, d2], the function £, is continuous on |0, d1]
and the function ¢, is continuous on [0, dy], all converging to zero at the origin. By the
same argument as in the previous proof, for any 7y, 71,72 > 0, there exists 6 > 0 such

that for all T < 8, |eo(T))| < 10, |e1(T)| < m1, and |eo(T))| < 15. This entails

1 T 2 Yy s
3/ 52(3/)y+/ 81(s)s+/ eo(t)dt ) ds b dy| < PEILED
° Jo 2 0 0 5

Since 72, 1 and np can be taken as small as desired, taking the limit of f(7,0,0,0) as T’

goes to zero concludes the proof. O

To apply these lemmas, we will use a modified version of the martingale convergence
theorem. It holds in our setting thanks to domination provided by (C;) and (C2) and
the continuity of (Cy).

Lemma 4.6.10. Let (X;);>0 be almost surely continuous in a neighbourhood of zero, with
sup;<; | X¢| < Z € L'. Then the conditional expectation process (E;[X;])¢>o is also almost

surely continuous in a neighbourhood of zero. In particular,

10

Remark 4.6.11. The process (X;);> is not necessarily adapted.

Proof. All the limits are taken in the almost sure sense. Let 6 > 0 be such that X is
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continuous on [0, 4], and fix ¢t < §. We set a sequence {¢, },en on [0, ] which converges

to t as n goes infinity.

Assume in the first step that ¢, is monotone. Since F; tends monotonically
to F; and X is dominated, the classical martingale convergence theorem (MCT) as-

serts lim+oo B¢, [X¢] = E¢[X;]. Let us fix n € N, then for any q > |¢,, — |,

| Xy, — Xy < sup | Xp — Xy, (4.6.18)
[p—t|<q

Let us fix € > 0, by MCT, there exists ng € N such that, if n > ng then

Etn[ sup |X, —Xt]} —Et[ sup | X, — Xt|” <,
[p—t|<q [p—t|<q

and by the dominated convergence theorem (DCT) there exists 6’ > 0 such that
E¢ [sup‘p_ﬂgaz | X, — Xt\} < e. There exists n; € N such that for all n > ny, [t, —t| < ¢,
hence if n > ng vV n1, (4.6.18) yields E;, [| X, — Xi|] < 2e. Therefore,

Now we consider the general case where {¢, },cn is not monotone. From every sub-
sequence of {t,},en, One can extract a further subsequence which is monotone. Let
us call this subsubsequence {t¢,, }ren. Therefore, (4.6.19) holds with ¢, instead of ¢,,.
Since every subsequence of (E;, [X;,])nen has a further subsequence that converges to

the same limit, the original sequence also converges to this limit. O

For convenience, we will use the following definition.

Definition 4.6.12. Let k,n € N with k£ < n. For a function f : R} — R, we denote

lim T1, - ,Ly) = lim ---lim lim f(z1, - ,2,).
1oy o @ @) = L e e fla, - )

Notice that the right-hand sides of (4.6.15), (4.6.16), and (4.6.17) correspond
to limy<70 f(T,y), ims<y<710 f(T,y,5)/2, and limy<s<y<r)0 f(T'y, 5, t)/6 respectively.
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4.6.3.2 Proof of Proposition 4.4.1

Let us recall some important quantities:

i 1 T+A
M, =E, [VIX7] = E, |\/ % / Epv,dr| |
T

-fTT—FA DZIETUT dr
2AVIX

TH+A i
fT Dyvr dr

i —E,[DIM,) =
my = By Dy M,] = Ey 2AVIX7

Y

Y

9

y mi, Ey [( THA iy, dr) /(QAVIXT)] 4620
v M, E,[VIX7] ' e

We also recall that J; and G, 4, j € [1, N] were defined in (4.4.1). In this proof we will
define f(0) := lim, o f(x), for every f : Ry — R, as soon as the limit exists and even if
f is not actually continuous around zero. This way we make it continuous and it allows

us to apply the convergence lemmas.

Level. By (C;) and the martingale convergence theorem, lim, o E,[VIX7] = E[VIX7]
and (M,),>0 is continuous around zero, almost surely. By (C4) and the dominated con-

TH+A i TH+A i
Dijv, dr and ( D} v, dr)y>0

vergence theorem (DCT), lim, ¢ fTT +a D;vr dr = |, T

is continuous around zero, almost surely. Let ¢ € [1, N], from (C;) and (C2) we also

obtain that almost surely

1
VIXT

™+ 2 H+1L H+1
/T D;deTSX [(T—i—A—y) 2 — (T —y) 2}7

for some X € L?. Therefore it is dominated and by Lemma 4.6.10 , almost surely m; is

. . i ;{+A Dévr dr
continuous around zero and limy, o m;, = E

QAVIXT]. Since M, > Oforally < T,

¢' is also continuous around zero and

lim ¢! = —"—.
y<Tl0 ¥ 2AVIX3

By virtue of Theorem 4.3.1 and Lemma 4.6.7, we obtain
limopg(T) = limE[ug] = lim ||¢y,| = M
T10 .10 y<Tl0 2AVIX3

Skew. In order to obtain the skew limit we will need to compute a few Malliavin
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derivatives. For all 7, j € [1, N],

bii g JE A DIDiw, dr VIXy — /2 Div, dr DIVIXy
sty Y QAVIXT
E ngrA DgD;UT dr T+A DZ - dr fTJrA DZv, dr
Y 2AVIX 7 4A2VIXE, ’
which yields
Dimi  miDIM,
Dj¢i _ 8y Ty sty
VM, M2
. TADIDivdr [P Do dr [LTA Dl dr mi [T Dlvsdr
Y| 2AVIX7 M, 4A2VIX3 M, 2AVIX7 My

— B, [A%(y,9) + By, 9) + CH(.9)]

Based on (C1), (C2) and (C,), for each T' > 0, AiTj, B}j and C%j are dominated and
almost surely continuous in both arguments. For each s > 0, Lemma 4.6.10 and DCT
yield, almost surely, that (Dﬁd)é)yzo and (Dggﬁ%)szo are continuous around zero. In

particular,

limE, [A%(y. 5) + B (y, 5) + C{ (y, 5)] = E[A%(y,0) + B (y,0) + C{ (y,0)],

lim 5, [A%(y,0) + Bi(y,0) + C(y,0)] = E[A%Z(0,0) + B(0,0) + C(0,0)].
Y

By DCT again this yields
lim E[A4%(0,0)] = Gij and limE[BY(0,0)] = lim E[C? (0,0)] = __Jidi
710 2AVIX2’ Tio TN Tio -~ TV 4N2VIX{

Therefore, ¢§Dg§(¢;)2 satisfies the continuity requirements of f(7’,y, s) in Lemma 4.6.8.

We combine this Lemma with the limits above to see that, almost surely,

I (gt) — I(g1)
ITI%TQ/ W/ DI(¢y) 2dyds = hm //(Z)JD (0y) 2dsdy

1 7
5 s<%/12“¢0 (¢ )
_ [ JiGij _ JE;
T 4AVIXZ [2A2VIXE  2A3VIXS
We also recall that limy o ug = 5 AH\‘/I&Q almost surely, hence thanks to (Cz) and (Cs),
0
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the dominated convergence theorem entails

N

lim St = lim E
T10 ] T10 2

JiJs
ST [T Di(gi)? dyds| iy i (G — 5l
ug T ] 27T '

(4.6.21)

Curvature. We now turn our attention to the curvature. By the same arguments as

above we have

: P 2 9
Xiyr Jy @, DA} dyds SN gy (G — 2
limE ( J=1 0 Y ) —2AVIX3( ij=1 ( J AVIX?))) .
" ol 917

For the last term of (4.3.2) we need to go one step further and compute more Malliavin
derivatives since
N

T T T
Df@zzz(DM | Dityray+20] [ Dkoypis,ay+ 20l [ ¢;D5Dg¢;dy)

i=1
=: Z/ 'I‘”k(t, s,y,T) dy.
i=1"%
Thus we zoom in on the last term of the display above,

DEDIg — DyDymy, My — Dymy DM, DfmgDiM, + miDiDi M, N 2m! DIM,Df M,
57y

M2 M2 M3

5
=Y Qi (t,5,y,T),
n=1

and zoom in again on Qijk(t, s,y,T),

Jr S DDy, dr [ Div,dr 774 Div, dr
2AVIXy ANVIXE,

DyDim! = DfDID} M, = D{E,

= Ey [ ij + B’L]k] .
Some tedious computations lead to

gk VIXr JE T2 DEFDIDi v, dr — DFVIXy [ 72 DIDiw, dr

r 2AVIXZ

JE A DfDIDi v, dr [l Dfu,dr [ T2 DIDiv, dr
SAVIXy 1AV !
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e Ji S DiDyv.dr [[4Dlv, dr+ [ 4 Dyv, dr [; 2 DfDlv, dr

r 4A2VIXH,
D’“VIX A Dl dr [7 T4 Dlv,
4A2VIX6
S ADEDiv, dr [ Dlvydr + [} T2 Divedr [ DEDlv, dr
B 4A2VIX,
L3 S A Dfvpdr [LADivedr [F7 Dlvsdr
8A3VIXT '

We notice, crucially, that we have already justified the continuity of ¢ and D¢ around
zero in the proofs of level and skew respectively. Furthermore, by Lemma 4.6.10 the
first two terms in YT%* as well as Q2, Q3, Q4, Qs all converge to some finite limit as ¢ <
s < y J 0 and are continuous around zero, almost surely. Similarly, 5 and the second
term in o are almost surely continuous around zero, and their conditional expectation
converges almost surely to some finite limit as ¢ < s <y | 0 by DCT and Lemma 4.6.10.
Taking the limit T" to zero afterwards, all the aforementioned terms tend to a finite limit.
On the other hand, by (C4), DCT, and Lemma 4.6.10 we know that the conditional

expectation of the first term in a is almost surely continuous around zero, and its limit

t<s<yl0

y e DDIDiv,dr| [ [F2 DEDI Do, dr
2 29AVIX - 29AVIX

Since v < 0, only this term contributes in the limit

kpidk (¢ T o T+A DEDIDI v, drr
hm ¢t ( 787 y? ) — llm 2¢f¢‘;¢2 Ey fT t sy tr
t<s<y<T10 T t<s<y<T0 4 277 AVIXy M,
J J Jk . E [ ,1?+A D’SD%DB’UT d?“]
8A4VIX8 70 v ’

where we applied DCT at the end. Moreover, we know by (Cz) that this limit is finite

for v = 3H — %, hence the conditions of Lemma 4.6.9 are satisfied. We also recall

that limy g up = 5 AH\{IHXQ almost surely, hence Lemma 4.6.9 yields the almost sure limit
0
T k yijk
kK o Y95(t, s,y,T)
gt | o ([ ) - 3% e [ [ 47
THA eI TV
 2AVIX3 i B hmE S DEDY Do, dr
- )
31J1° 4=, 9]
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The first two terms in (4.3.2) tend to zero too because v < 0, hence Theorem 4.3.3 and
DCT yield the final result
{4 E [DED{Dher | dar

N
X2 J
lim T3t ey — 28VIXG N g Jilim T
it 3P 2,

1
T3Hf§

4.6.4 Proofs in the two-factor rough Bergomi model
4.6.4.1 Proof of Proposition 4.4.2

We start with a useful Lemma for Gaussian processes.
Lemma 4.6.13. For a Gaussian process B on [0, T] with || B, := sup,<p | Bi|, E [ePIIBl7]

is finite for any p € R.

Proof. The Borell-TIS inequality asserts that E[||B||;] < oo and P(||B||; — E||B|l; >
x) < exp (— z ) where 07, := sup,r E[B?], see [4, Theorem 2.1.1]. We then follow
the proof of [4, Theorem 2.1.2].

E [epHBHT} _ / P (epHBHT > x) dz < e” +E[||B| 1] +/ P <”B||T > log(x)> dz.
i erVE|Bll7] P

The Borell-TIS inequality in particular reads

log(z'/7) — E[||B|+])*
IP’<||BHT>log(a:1/p)>§exp <—(Og<m )20% [1217) ) for all u > E[|| B ).

After a change of variable this yields

- ! > — E[||Bll4])
/ P (HBHT S og(x)) dz < / ) exp 7(95 [H2 I7]) PP Az < oo,
ePVE[|| Bl 7] p log(eP VEL| BllT]) 202

P

as desired. O

By the above lemma ||v|| € LP. We can compute its Malliavin derivatives
1 _ _ 1
Dzllvr = vp(r —y)H2 (XVE,} + ané’f), ngr = voxnp(r —y)H 282 (4.6.22)

Without computing explicitly further derivatives, one notices that (C4) holds and that

there exist a constant C' > 0 and a random variable X = C||&} + &2||, € L for

I
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all p > 1 such that Djv, < X(r — y)H_%, DgD;vT < X(r — S)H_%(T — y)H_% and
DFDIDi v, < X(r — )72 (r — )73 (r — y)" 3, implying (Cs).

The following lemma grants (C).

Lemma 4.6.14. In the two factor rough Bergomi model (4.4.3) with 0 < T1 < Ty, we

1 T P
E|sup | E / v dr]) < 00,
yﬂ% ( Y [T2 -1 Jn "

for all p > 1. In particular, 1/M is dominated in LP.

have

Proof. We first apply an exp — log identity, and from the concave property of the loga-

rithm function we may use Jensen’s inequality, to get that

1 T —-p 1 T
Ey | 75— vp dr =exp< —plo / vrdr>}
(y[T2_T1/T1 ]) p{ P g<T2—T1 e
Ts
<ep{-r L [Cosm ) ar).
o—1T1 Jn,

We further bound log(E,[v,]) by the concavity of the logarithm and (4.4.3)

—= (log (2xvoE,[£']) + log (2XvoEy[£7])) . (4.6.23)

l\D\H

— log(Ey[vr]) <

which we now compute

v2p2H Y o1 r o1
E,[E}] = exp <— 1 + 1// (r—s) _2dW81> E, [exp (1// (r—s) _deSl>}
0 Yy
_ v 2H 2H “ H—ld 1.
= exp E[(r—u) —r ]—i—y O(T‘—S) 2dWy ) ;

2 u
E,[E?] = exp (77 [(r —y)* —r2H] 4 77/ (r— s)H_%d(pVVS1 + pr)) . (4.6.24)
0

Let us deal with the first term of (4.6.23), as the second one is analogous. We have

/T2 [(r - y)* - TZH] dr = (Tp — u)HHL — (T — y)2H+L il ppHd
" 2H +1

is clearly bounded below for all 0 < v < T;. Moreover by Fubini’s theorem

//'r—t 2thdr—// (r — )72 drdW}!

(T — )3 — (T — ) +2 _
:/ 2 ) 2 (11 ) QthI — Bt
0 H+ 3
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is a Gaussian process. Since the exponential function is increasing, sup; exp(B;) =

exp(sup,; B;) holds, and thus Lemma 4.6.13 entails

E[ysgqglexp( T2_T1/ / r—s) 2dW1dr>] <E[exp(T2_ B, >]<oo,

which concludes the proof. O

Combining (4.6.22), (4.6.24) we obtain E, [D;vr], i = 1, 2. The following lemma proves
that (Cg) is satisfied.

Lemma 4.6.15. For any p > 1, E[us "] is uniformly bounded in s and T, with s < T.

Proof. We start by observing that, since VIX and 1/VIX are dominated by some X € LP

for all p > 1, then almost surely and independently of the sign of the numerator we

T+A
Div,d
>E, [T”T] 7

obtain TiA
g Jr Dj v, dr
Y Y 2AVIXp 2AX

and therefore, using that 1/M is dominated by X and Jensen’s inequality we get

1 T—s L XAT-s)  _ XN(T-s) o (T—s>2
@ TSN TR T (e )\ Sy
T T+A N ; -2
27y Jo Jr T X Ey [DZUT/X] drdy
< 4X2N ( N . (4.6.25)

Hence we turn our attention to

( _ S / /T+A

{ —plog (A(Tl—s)/s /TT+AIEy drdy) }]

E [exp{_A(Tp_s) / ' /T e E, [log (D, v, + D2v,) — log(X)] drdy}]
E

< |

2" T flog (Dley 4 D26)] drayb] ) (x>}
od-sm [ Bl 0 g ] ) e,
where we applied Jensen’s and Cauchy-Schwarz inequalities and exp (pE, log(X)) <

Dlvr + D2 yUr

X

-p
dr dy)

Dévr + Dzvr
X

=E

IN

(4.6.26)
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E,[XP]. Then by convexity we get

—log (D, v, + D2v,) < — = (log(2D,vy) + log(2Dv,))

{10% (4”0XV(7" - y)H’%é’ﬁ) +log (%@m(r -y ’%53> }

_1
log (2on77?(7“ —y) =&l ) -

IN

DN — |~ DN —

We focus on the first term and the others can be treated identically. From (4.6.24) we
get

2,.2H

ver Y _1
10 —1-1//0 (r —t)yf—zaw}l.

E, [log (41}0)(1/(7" - y)H_%&})] = log (4voxu(r — y)H_%) -

(4.6.27)

Let us start with

T+A
= (T — s)Advoxv + <H - / log(r —y)drdy

)
— (T — 5)Aduoxv + <H— >/ST<(T+A—y)log(T+A—y)—(T+A—y)
)

— (T —y)log(T —y) + (T — y)) dy
T+A—s

= (T — s)Advgxv + (H - % {—A(T —5) — /A xlog(z)dz + /OTsxlog(a:) dx}

— (T — ) Advoyw + <H— 1) { AT —s)+ <(T_5)210g(T_5) _ (T‘S)2>

2 2 4

((T+A- 5)2log(T +A —5) (T+A—5)2A%log(A) A2
( 2 a 4 y T 4>

= (T — s)Advoxv + (T — s) (H—;>{—A+ ((T—S)lgg(T—S) B (T;s)) +2A+51T_8)

— Alog(T+ A —s) — 5 — —(log(T + A — 5) — log(A)).

(Ts)log(T+As)} A2
2

By Taylor’s theorem log(7 + A — s) — log(A) = £52 +&(T — s), where e : Ry — R is

such that e(z)/x tends to zero at the origin. We conclude that

» T [ T+A .
_M_S)/s /T log (4onu(r ) 2) drdy

166



is uniformly bounded. Now we study the second term of (4.6.27)

T [T+A 2H+1 2H+1
—/ / rszrdy:(T—s)T —(T+4) .
.y 9H + 1

Therefore the following is uniformly bounded

P T T+A 1/27“2H
£ dr dy.
AT —s) )y Jr iH

And for the last term we get by stochastic Fubini’s theorem [219, Theorem 65]

T rTH+A py L T ry pT+A L
/ / / (r— t)H_ithl drdy = / / / (r— t)H_5 drthl dy
s T 0 S 0 T

T T (T+A—t)Tts — (T — )itz
0 sVt H+§

Standard Gaussian computations then yield

E [exp{—zm(;j_s)/ST/TT—FAZ//Oy(T‘—t)H_éthI drdyH
= oxp { ; <4A(§“V— s>>2 /OT </jt s t);ig -y dy> 2 dt} .

(4.6.28)

. . 1 1, . .
The incremental function z — (z+A)”*2 —z%*3 is decreasing by concavity, hence (T+

A — )73 — (T — )2 < Af+3 and we obtain

T 2_8_2 T_Q_S_SQ(T_3)3
/O(T—s\/t)dt—/o(T 5) dt+/S(T 0 de = s(T — 52+

which entails that (4.6.28) is uniformly bounded. We thus showed that (4.6.26) is

uniformly bounded in s, 7.

Coming back to (4.6.25) we have by Cauchy-Schwarz inequality

E[u )2 < 2PE[X?]| E s ' :
SR !(f?<m;+mz>dy>]

which is uniformly bounded for all s < T', and this concludes the proof. O
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4.6.4.2 Proof of Proposition 4.4.3
Level. We start with the following derivatives:
Dlve = vo [w(t — )5} + xmp(t — )" 3EE|, D2y = vonp(t — )13 €7,

and recall the definitions (4.4.1)

A s : AF+3
J1 :/ vE [XV’I“H_ig,,} +Y7]er_553} dr = vo(xv + xXnp) 5
0 H+ 3
AH+S
Jo = voXnp———.
2 UOXW)H_'_%
We also note that E[£}] = 1. This yields the norm
1 1
1 poAHT3 — — ., vAfTz2
J:J2+J22=7\/ + 220202 = ————(p, v, 1, X),
11 = [(J1)* + (J2)?] ol (xv + Xnp)* + X*n?p H+%w(pvn><)

with the function ¢ defined in the proposition, which grants us the first limit by Propo-

sition 4.4.1. To simplify the notations below, we introduce 1 := xv + Xnp.

Skew. We compute the further derivatives:

2t2H715t1 + Yn2p2t2H715t2) :

t2H—1th;

D%)D(l)vt = (XV
D{D§v, = voXn’pp

DiDJve = voxn*p*t*1 1€

Similarly to J, we recall that G;; = fOA E [D%ngr] dr, such that

A 2 2 2 A 2 A 22
G = 5H vo(xv* +Xn°p°), G2 = oH Vo XN PP, G2 = 5H Vo X" P
Notice that VIX3 = v, thus we have
(Jl)Q U8A4H+1 2/ 2 | — 2 2 US’A4H+1
J1)? <G1 - = - (xv® + - 0=
(1) VT AVIXS) T aH(H + 1P (xv™ +Xxn°p7) (H+ 1y
2
™ | \we) |
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J1J2 <G12 B J1J2 > B U8A4H+1 ,USA4H+1 95 99

—2 3 =2 0
= 1o -
AVIXZ) ~2H(H + L2 M TP T g it X

A4H+1

3 N W

:voﬁ X77P [2H m

J2 2 A4H+1 - A4H+1
(J2)? <G22 ) ) =X NP — X g P

9

AVIXZ)  "2H(H +1)? (H+3)
B Tl et Sy
"(H +3)? 2H  (H + 3)?

Finally by Proposition 4.4.1 we obtain

1 _ 2
lim s, =1+ DA [ o |ty [ w
710 20 (p,v,m,x)* 2H H+ 3

1 1
344 L
+X°N°p <2H (H+§)2> }

Curvature. For the last step we go one step further:

np v4np

20
+ X"p[ﬂ{ (H+1)2

DiD{DYv: = o (XygtgH_?’/zStl + Xn3p3t3H_3/28,52) ; D3DDivy = voyn3p2ﬁt3H_3/25t2;

D2DED{v; = voxn® it =312} DZD3DEv; = voxn’ o3 —3/2E2.

We notice that

T+A 3H-3/2
r dr
lim Jr - T = .
T10 T3H—3 T10 TSH—§(3H_ l) 1-6H

By (4.4.2) this entails the following limit

. Cr 2Avg . A3H+3/2 s xS+ X8
lim - = 5 vy T30 0=
TN 3= AT+ s | (HA+3) 5 —3H
3 2(H+l) "‘p(Pa V? 777X)
A3H+3/2 X0 0P A3H+3/2 X 72 A3H+3/2 7
+3U37m V) + 3v 7m222v + v 733 0
O(H+2) X77P01 —3H 0(H—|—2) X mp 7—3H O(H+ )3X77P %—3H

128A QH(H+%)2 { 3,3 3 3 2 492 2
= w? (xv® + x0°p%) + 32 52 p% + 3’05y + X 77%6},
30(p v 0P = 6 U™ ¢ )

which yields the claim. O
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4.6.5 Proofs in the stock price case
4.6.5.1 Proof of Proposition 4.5.1

Since ¢ and u P are dominated by conditions (i) and (iii) respectively, with the same

notations as in the proof of Proposition 4.6.6, we obtain by (ii), as 7" goes to zero,
Doy < (T — )72, ©,< (T -2, DO, < (T-s)2"; DDO, < (T — s)3 3.

Under our three assumptions it is straightforward to see that (Hj2345) are satisfied.
1

Moreover, the terms in (Hg) behave as 727~ and the one (H3) behaves as 71 ~27%,

which means that by setting A\ = H — 5 the former vanishes and the second yields a

non-trivial behaviour.

Let us have a look at the short-time implied volatility. By Lemma 4.6.7 and the continu-
ity of v we have limp g ug = Zfi L Vop? = /vo almost surely, hence by Theorem 4.3.1
and dominated convergence

limope(T) = im E = .
T%UBS() i [uo] = \/vo

We then turn our attention to the short-time skew. Setting A\ = H — % we have by

Theorem 4.3.2 and dominated convergence

I [T DI(¢)2 dy ds N Div, dyd
lim 72— H Zh f0¢f (9)"dy =y Pi g |lim Jo Ji v/ Dl dyds ,
T10 5o T10 2 3T2+H st 2@3/2 T10 T5+H

where we used Zf\i L p? = 1. For any j € [1, N], Cauchy-Schwarz inequality yields

o[V =[5 )

where E[(DJv,)?]

1
2

E[(Div,)?]?,

N

<Cly— s)H ~3% for some finite constant C by (ii). Therefore,

i (Jo S ELe Dl dyds  f [ DIy, dyds
T10 \/%T%-i-H T%-ﬁ-H

< Clim | supE
Ti0 \ t<T

Vo T§+H

(w )T’fofs y—s) 2 dyds
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Since the fraction is equal to ((H + 3)(H + 3))~* and limsupy o E[(\/vt/vo — 1)?] is

equal to zero by (iv), we obtain

N T (T j
~ - Dlv, dy ds
imT: 785 =Y Pig lim JoJs e e
T10 o 2v9 T10 T3+H

4.6.5.2 Proof of Corollary 4.5.4

—p/2
Noting that E[us?] = E [(Tl_s fST Uy dr) v ], Lemmas 4.6.13 and 4.6.14 show that

assumptions (i)-(iii) of Proposition 4.5.1 are satisfied under this model. Moreover, v
has almost sure continuous paths, hence /v;/vy tends to one almost surely, and (iv)

holds by reverse Fatou’s lemma.

Let 0 < s < y. From (4.6.22) we know that

_1 _ _ 1
E[D!v,] = vo(y — 8)" "2 (xv +xnp), E[DZv,] =vo(y — )" 2xmp,

and clearly E[D2v,] = 0. Therefore, Proposition 4.5.1 entails

. iige P volxv+Xnp) P2 VOXTP _ pixv +nxX(p1p + p2p)
UmT2""Sp = o= 1 3 T o 1 3N 3
T10 200(H+35)(H+35) 2vo(H+35)(H+3) (2H +1)(H + 3)

4.6.6 Partial derivatives of the Black-Scholes function

We recall the Black-Scholes formula

BS(t,z,k,0) = "N (dy) — "N (d-),

where V/(z) = e **/2/\/27 and ds = 225 + VT —t. The first partial derivatives

ovT—t
are
N'(dy)
0,BS = e N (d d &°BS= x{/\/d + —=,
€ ( +) an T € ( +) O_m
such that
ex—diﬂ ek—d2_/2

G = (92 — 0,)BS

- V2roT —t - V2o T — t
Now let us define 8 := (v27mo/T —t)~! and

d2 x4k (x — k)2 o?(T —t)

k)= == P D
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We then have

1 z—k 1 T —k

O f = i—m; Ohf = §+m;

20 _ 92 _ 92 p__ _ _

For the partial derivatives, noting that 9,G = 30, f e/ implies the ATM formula

2
0,G(x,x) = %ﬁ exp <m — %(T - t)) .

Furthermore, we have

Ok = Bel (Dunf + 0210 f ),
DG, 7) = Bef<02(;_t) + %)

We further define the partial derivatives appearing in the proof of Theorem 4.3.2

1. 1 11 1 1
L= (485,; + 28$k> G = el < + Zakf - 5(3kf)2 - 28kkf> )

4
Lz, z) = Be’ (le + 202(;_t)> .

Using Orf =1 — 0, f and O f = —0prf = —Orif We compute

oL = pef | 20,1 - 3017 + 300 - §

1 1
OnL(x,x) = e’ (8 + 202(T—t)> .

3

Finally, we need the derivatives featuring in the proof of Theorem 4.3.3

113
16  802(T—t) 204T —1t)?

OprL(z, ) = Be’ (

We need to compute

Ol = ! |3(00)° = 5(0u)" 5001 + 5000 0F ~ 00 ] (01
15
T

1 1 1
= f -
aac;rkL(xvx) Be <32 + 80’2(T— t)) )

15
2

(Ounf)? + 50 f(Ou )P + (0mf)28x4 ,
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and one more

3 5 1 9 25 75
Osaar L = e’ [4<a$f>4 = 700 f) + 5000 ) + 500 f (02 f)* = 5000 f (00 f)* = 7 (Or )" 0r f,

D0 f0uf) + 2 (Dea 2 (0uf) + § (Oeaf) + f’(amfﬂ

11 1 3 1 15 1
64 3202(T —t) 204T—t)2 2 05T —1t)3)

aa:a:ka(xv :L') = Bef (

We conclude with

1 ) 1

_ _ gl (LD 231 b 1
H(x,2) = (Ozsat = Ouar) Lz, @) = B < 61 32T 1) 20T — 1) 206(T—t)3)'
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On the large-time behaviour of

affine Volterra processes

This chapter is based on a work in progress with Antoine Jacquier and Konstantinos

Spiliopoulos [163].

5.1 Introduction

5.1.1 The problem

We are interested in the large-time behaviour of Stochastic Volterra Equations (SVEs)

of affine type which take the form

t t
vt:vo+/ K(t—s)ﬁ(@—vs)ds—k/ K(t—s)o/VodW,, t>0, (5.1.1)
0 0

where the kernel is the Laplace transform of some signed measure on R, such as the

Riemann-Liouville kernel K(t) = t*~! o € (1/2,1). The main result of this chapter
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is the existence of an invariant measure for the Markovian lift of (5.1.1) introduced by
Cuchiero and Teichmann [73]; it entails the existence of a stationary measure for V. The
renewed interest in SVEs stems from the emergence of a new class of stochastic volatility
models which surrender the comfort of Markovianity for the sake of consistency with the
data. We refer to the main introduction for more information on these rough volatility
models, and stress that (5.1.1) represents the variance of the rough Heston model [93].
We note here however that despite the large number of asymptotic results, very little is

known about the ergodic behaviour of rough volatility models.

In fact, to the best of our knowledge only two results exist on their large-time be-
haviour. The first one is a large deviation principle for the rescaled log-price under the
rough Heston model [100]; it is derived from computing the limit of its characteristic
function, which is known in semi-closed form. Meanwhile in [129], the authors proved
the existence of an invariant measure for the asset price under the assumption that the

non-Markovian variance process has a stationary distribution.

5.1.2 Literature

When the process is Markovian, one gains access to transition semigroups which in turn
allow to study the ergodic behaviour. A multitude of tools have been developed to prove
existence and uniqueness of invariant measures, as well as asymptotic stability and rates
of convergence. The most prominent in the literature are based either on showing that
the transition semigroup has the (strong) Feller property or on dissipativity methods,
which are related to Lyapunov function techniques. We refer to [74, 75] for an overview

of these approaches.

A radically different point of view is given by the theory of Random Dynamical Sys-
tems where Markovianity is replaced by a cocycle property for the driving noise, e.g.
(fractional) Brownian motion [10, 119]. Furthermore, in this context one analyses
the asymptotic behaviour by taking the starting time to —oco and looking at the system

at t = 0, instead of starting at ¢ = 0 and looking at ¢ goes to -+oo.

This inspired Hairer’s theory of Stochastic Dynamical Systems, which aimed at studying
the large-time behaviour of an SDE driven by additive fractional noise [142]. To recon-
cile the Markovian ergodic theory with non-Markovian processes, his main idea was to

augment the state space with all the past of the fractional noise, and to define a Feller
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semigroup on this augmented space. This led to further advances with multiplicative

noise in the case H > 1/3 [147, 148], and for the discretised version of the SDE [231].

The more recent literature on large-time behaviour of fractional processes has flour-
ished under the umbrella of rough paths theory, in particular regarding multiscale sys-
tems [61, 126, 127, 176, 211, 212]. Their asymptotic properties were also investigated
thanks to Malliavin calculus [40] and the stochastic sewing lemma [145]. As usual with
fractional stochastic integrals however, these frameworks do not accomodate for the

highly irregular paths found in rough volatility models.

Hairer’s idea of augmenting the state space to recover Markovianity made its way to
rough volatility modelling, albeit with a mild adaptation. Motivated by hedging appli-
cations in the rough Heston model, El Euch and Rosenbaum [94] showed that since
the variance process is non-Markovian one needs to include the whole forward vari-
ance curve; this suggests to consider the system (S, (E[Vs4¢|Ft])s>0). The forward
variance even satisfies a Stochastic Partial Differential Equation (SPDE) [2], and this
allowed to further characterise the Markovian structure of the model. A similar SPDE
lift for another singular SVE was in fact derived in an earlier work [195]. The anal-
ysis of the rough Heston model is facilitated by its affine structure, unlike the rough
Bergomi model, its main competitor. Yet, the forward variance curve of the latter also
satisfies an SPDE as it belongs to the realm of polynomial processes [72]. The most con-
ducive SPDE lift for our purposes, though, was introduced by Cuchiero and Teichmann
in [73]. Unlike the previous approaches, they argue it is more sensible to start from the
Markovian lift before solving the SVE. More precisely, they consider the (well-posed)

measure-valued SPDE
d\(dz) = —xM(dx) dt + v(dx)d Xy, (5.1.2)
where v is a signed measure and X is an It6 semimartingale of the form

X, = /Be—u ds+/ o/ (1, \y)dWs,

where (y, A fo A(dz) for all y € Cp(Ry). In fact, one should interpret the
SPDE (5.1.2) in the mild sense such that

<y,At>=/0 z)Mo(dz) + / / ~=9)2y (1) d X, v(dx).
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Applying the stochastic Fubini theorem, the total mass (1,\) thus solves the affine
SVE (5.1.1), with K(t) = [;" e ™ v(dz) and )\ being the Dirac mass at zero multi-
plied by V.

This setting is not limited to the univariate case and, recalling our initial motivation, we

observe that the rough Heston model implies the following lift

A\ (de) = —aAl(de) dt + do(dz) (%(1, AZ)dt + /{1, A§>dwg),

A2 (de) = —aA2(de)dt + v(dz) (5(9 (LA At + o/, A§>th2),

where W and W? are correlated Brownian motions, the log asset price is (1, \}) and

the variance (1, \?).

The added value of this approach lies in the generalised Feller property, a notion in-
troduced in [86], which is satisfied by the solution to (5.1.2) (albeit with # = 0) and
opens the gates to many parallels with Markovian ergodic theory. Indeed, it is an exten-
sion of the standard Feller property to spaces that are not locally compact. Interestingly
enough, the authors also prove weak existence and uniqueness of the mild solution

of (5.1.2) by computing its Laplace transform

Elexp({yo, A))] = exp({ye, 2o)),

where y is the unique solution of a non-linear PDE.

The ergodic theory of space-time SPDEs is classical by now, with the monographs [74,
75], and in particular the wide literature on the 2D stochastic Navier-Stokes equation
which was the stage of several profound advances such as the asymptotic coupling
technique and the asymptotic Feller property [98, 143, 144, 146, 236, 235]. More
recent results include [53, 57, 169].

As one can expect, the literature on measure-valued SPDEs is much less developed.
However, there exist connections with measure-valued branching processes (aka su-
perprocesses) which are also Markovian processes characterised by their Laplace trans-
form, only the PDE satisfied by y takes a different form [178]. We note that the er-
godic behaviour of superprocesses has been studied extensively thanks to their Laplace
transform [58, 97, 107, 157, 171], which is a hopeful message for us. Furthermore,
the analogy with our SPDE lift does not stop there: the density field of some of these
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superprocesses also satisfies an SPDE with an affine structure [172, 179], and in the
continuous-state case branching processes share properties with affine SDEs [168].
However, superprocesses take values in spaces of non-negative measures, which can

be locally compact, in which case the standard Feller property makes sense.

5.1.3 Framework and main results

We recall some of the notations introduced in [73]. Let X be a completely regular
Hausdorff topological space. We say that ¢: X — (0, 00) is an admissible weight func-
tion if the sets Kr := {x € X : o(x) < R} are compact for all R > 0 [73, Definition

2.1]. The supremum norm on R is denoted ||-|| .. The vector space

B¢(X) := {f X —>R: Su§ Q(CL‘)_l I|f(2)]o < oo} ,
fAS
equipped with the norm

171, = sup o)™ [ f (@)l » (5.1.3)
zeX

is a Banach space, and C(X) C B¢(X). Moreover, the space B¢(X) is defined as
the closure of Cy(X) in B¢(X) [73, Definition 2.3], and is also a Banach space when
equipped with the norm (5.1.3). Generalised Feller semigroups are the analogue of
standard Feller semigroups on the space of continuous functions vanishing at infinity
on locally compact spaces. They are bounded, positive, linear, strongly continuous

operators.

Definition 5.1.1 (Definition 2.5 of [73]). A family of bounded linear operator P; :
B2(X) — B2(X) for t > 0 is called generalised Feller semigroup if

(i) Py = I, the identity on B¢(X),
(i) P s = PP, forallt,s >0,
(iii) For all f € B¢(X) and = € X, limyjo P, f(z) = f(x),
(iv) There exist C' € R and € > 0 such that for all ¢ € [0,¢], |||, (5o(x)) < C,

(v) P, is positive for all ¢ > 0, that is, for f € B¢(X), f > 0, we have P,f > 0.

Let P(X) be the space of probability measures on X.
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Definition 5.1.2. For all ¢ > 0, we define P as the adjoint of P, that is, for all ¢ €
B¢(X) and p € P(X), they satisfy

/X Pip()p(dz) = (Pup, 1) = (0, PYp).

We will call (\¢)¢>0 the process associated to the semigroup (F;):>o (and reciprocally)
if, for all ¢t > 0, P/ is the law of \; whenever + is the law of \y. From the display above,
one deduces that in that case P;p(A\g) = E, [p(A)].

Definition 5.1.3. We say that p is an invariant measure if Py = p for all ¢t > 0.

Cuchiero and Teichmann provide two types of lifts for the SVE (5.1.1) in [73, Section 5].
The forward curve lift (Section 5.2) lies in C(R? ) where a tightness criterion depends on
Arzela-Ascoli theorem, as for the original SVE. However, the Kolmogorov criterion seems
unsuitable for large time, see e.g. [3, Lemma 2.4] or [162, Lemma 3.12]. The second
type of lift, introduced in Section 5.1 and displayed in (5.1.2), takes value in Y* :=
M(R,), the space of signed measures on R, which is the dual space of Y := C,(R.),
and for which there exists a nice tightness criterion. Note that in this setting X is a

subspace of Y*.
This chapter aims at proving the following theorem.

Theorem 5.1.4. Let \o(dx) = Vpdo(dx), for some Vy > 0, and v(dz) = czx™“dz,
where o € (1/2,3/2) and ¢ > 0. Then, there is a unique analytically mild and proba-

bilistically weak solution to (5.1.2), and it has an invariant measure.

Remark 5.1.5. Existence and uniqueness of (5.1.2) was only established by [73] in the

case 0 = 0.

Proof. The proof is a combination of Propositions 5.2.1, 5.3.1 and 5.4.1. More precisely,
Proposition 5.2.1 states that, for a generalised Feller process (\:):>0, the bound (5.2.1)
is a sufficient condition for the existence of an invariant measure. Proposition 5.3.1
shows that there exists a unique solution (\¢):>o to (5.1.2) and that it is indeed a gen-

eralised Feller process. Finally, Proposition 5.4.1 ensures the condition holds. O

Theorem 5.1.4 delivers a stationary distribution for the SVE (5.1.1) even though it

is not Markovian. Note that this choice of v with ¢ = (T'(1 — &)T'(a)) ! yields the
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Riemann-Liouville kernel K (t) = t*~!/T'(a), and that weak existence and uniqueness

were derived in [3].

Corollary 5.1.6. If K is the Riemann-Liouville kernel, then the unique weak solution

of (5.1.1) has a stationary distribution.

Proof. Let us call p* the invariant measure of \. If the law of )\; is p* for some ¢ > 0,

then Vi1 5 = (1, \its) is equal in distribution to (1, \;) = V. O

The rest of the chapter consists of the proof of Theorem 5.1.4. Naturally, in Section 5.2
we show that Proposition 5.2.1 holds, in Section 5.3 we prove Proposition 5.3.1, and

Section 5.4 deals with Proposition 5.4.1.

5.2 A condition for existence

Prior to examining the SVE itself, we devise a simple condition for the existence of

an invariant measure for the lift. On the dual space Y* we will use the strong

norm ||Ally« := supyey, y)<1 (¥ A)-

Proposition 5.2.1. If (\)+>0 is a generalised Feller process taking values in Y* and
sup E[||A¢]ly+«] < o0, (5.2.1)
>0

then it has an invariant measure.

Remark 5.2.2. Equation (5.2.1) corresponds to sup;~, E[o()\¢)] < oo for the choice of
weight function o(\) := 1+ [|A||y.

We start by stating and proving an extension of Krylov-Bogoliubov theorem (see e.g.
[74, Theorem 11.7]) to the setting of generalised Feller processes on B¢(X), for any

completely regular Hausdorff topological space X.

Lemma 5.2.3. Let (P;);>0 be a generalised Feller semigroup. Suppose that there exists ~y €

P(X) and a sequence T,, going to +0c as n goes to +oc such that

(i) The sequence of measures Py, -y converges weakly to some p € P(X),

(ii) For any X-valued random variable A with distribution v, sup;>q P;o(\) < oo.

Then p is an invariant measure for (P;)¢>o.
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Remark 5.2.4. By Prokhorov’s theorem [74, Theorem 2.3], condition (i) is equivalent
to tightness of (P/v):>0. The original Krylov-Bogoliubov theorem for standard Feller

semigroups does not require condition (ii).

Proof. Fixt > 0 and ¢ € B%(X), then by definition P;p € B¢(X). Let R > 0, since f €
B¢(X) if and only if f|x,€ C(KR) (see [73, Equation (2.3)]), we need to work on Kpr

to apply the weak convergence of (i).

(2 P 1) = (Pup, ) = /

Pip d,lH—/ Pypdp = / Pyp dp+lim PupdPr, .
X\Kgr Kgr X\Kr

ntoo Kr

Then we go back to X to apply the adjoint property

PiodPr v = (¢, Pr, 7)) — / PypdPr, 7,

Pup Py = (Pup, PhA) / .
R

Kpr X\Kr

and back to Ky for the weak convergence

lim (¢, Pr, ) = lim / edPr, v+ / pdPr, 7| = / ¢ dp+lim edPr, .
ntoo ntoo \ JKg X\Kr Kr oo J X\ K

Overall, this yields our objective plus a remainder

(o, Pip) = <<p,u>—/ sodwr/ Pipdp+ lim (/ sodPﬂ+ﬂ—/ thdP%n)
X\Kr X\Kr nt+oo \ JX\Kr X\KRr

= () + £(R).

To deal with ¢(R), we apply a Fatou-type lemma for measures [88, Theorem A.3.12].
For any f € B9(X),

‘/ fd,u‘ <  sup \f(x)/ odu < sup |f(x)|liminf odPr v
X\Kpr TeX\Kpg o(z) Jx zeX\Kg o(w) nttoo Jx
(z)|

= sup lfixlimianTng()\),

zeX\Kg o(z) ntoo

where ) is a X -valued random variable with distribution ~. Therefore,

“(R) < 2 ( wp 2@+ IPt@(ﬂf)|> (Sup wa) |

z€X\Kg o(z) t>0
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By Equation (2.3) in [73] we have for any f € B2(X),

lim su /()] =
p =
Rtoo x\Kp o(z)

The uniform bound sup,- P;0(A\) < oo thus ensures that ¢(R) vanishes as R goes to

+00. OJ

Proof of Proposition 5.2.1. Let (P;):>0 be the generalised Feller semigroup associated

to (A\¢)¢>0. Hence, for any X-valued random variable Ay, P;o(A\o) = E[o(\¢)].

In [73], the analysis is performed with the weight function p(\) = 1 + ||)\||§/* . The
only necessary estimate is E[o(\;)] < Co(Xo), for some finite constant C, and we note
that the inequality E[1 + [|\;]3.] < C(1 + ||Aol3-») implies E[1 + || Ae]ly.] < vV2C(1 +
| Xolly ). Therefore, the weight function o(A) = 1 + ||Al|y. is also admissible, and the
assumption (5.2.1) implies

sup E[o(A¢)] < o0, (5.2.2)
>0

This yields condition (ii) of Lemma 5.2.3.

Furthermore, by [46, Lemma 2.9], (\):>0 is tight if and only if there exists a tightness
function G : Y* — R, such that sup,>( E[G(A¢)] < oco. We observe that an admissible
weight function is also a tightness function by design, hence proving tightness of a gen-
eralised Feller process (\;):>o boils down to showing (5.2.2). Therefore, both conditions

of Lemma 5.2.3 are satisfied as soon as (5.2.1) holds. O

5.3 The generalised Feller condition holds

Let us recall the measure-valued SPDE introduced in [73, Section 5.1]
d\(dz) = —x M\ (dx) dt + v(dx)d Xy, (5.3.1)

where, ignoring jumps and denoting A = (1, \), X is an It6 semimartingale of the form

t t
Xt—/ 5(0—/\5)ds+/ a\/ist. (5.3.2)
0 0

The initial condition A\ belongs to £ C Y*, a closed cone left invariant by the solution

of (5.3.1) with # = 0, see [73, Definition 4.12], and v is a signed measure on R . Recall
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that this SPDE should be understood in the (analytically) mild sense

t
(y, \e) = (e 7"y, Ao) +/ (== y vy dX,, foranyycY.
0

The SPDE (5.3.1) with § = 0 has a unique probabilistically weak and analytically mild
solution and is a generalised Feller process [73, Theorem 5.7]. However, it generates
an SVE reverting to zero, so we would like to consider # > 0 by perturbing its generator,

and hence showing that (5.3.1) is also a generalised Feller process.

5.3.1 On summing generators

We want to perturb the generator A of the SPDE (5.3.1) (with mean-reversion parame-
ter # = 0) by applying one of the theorems in Section 3 of [73], which all unfold from
their Theorem 2.10 for bounded perturbations. Theorem 3.1 of [73] requires a Cauchy-
type convergence with respect to the norm of a dense subset D of B¢. In the paper, it
is applied with D = Bv? but does not work here because it leads to an estimate of the
type _
JA™f = AP ), < G 1 ]g — e
i,
and we picked o(x) = 1 + ||z|| instead of 1 + ||l’”2, hence this is unbounded. Theorem
3.3 of [73] is tailored for jumps perturbations. Theorem 3.2 of [73] is promising: one
needs a subset D such that its span is dense in 2. In the paper, the set D is defined as

the Fourier basis elements of the form

fy:€=10,1]; A= exp((y, A)). (5.3.3)

Moreover, span(D) is equipped with the uniform norm, such that heuristically at least

we can expect

n m A
HA fy_A fyHggaanfyHoo ”)\H éanm”fyuooa
4

for some sequence a,,, going to zero as n,m go to +oco. With some rigour, we attain

our objective.

Proposition 5.3.1. For every \g € &, the SPDE (5.3.1) has a unique probabilistically

weak and analytically mild solution in &, and its semigroup satisfies the generalised Feller

property.
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Remark 5.3.2. For clarity, we work with the lift of the SVE directly (the SPDE (5.3.1)),
but notice that one could replace it by the more general SPDE displayed in (4.19)
of [73]. The proof would still hold with (y,\) and S;\ instead of X\ and e~*), re-

spectively.

Proof. For all y € Y and =z € R, define Ay(z) := —zy(z). Let us start from the
generator of the (§ = 0)-SPDE (5.3.1),

2
AR) = 5,00 (A3 = B3+ G (1007

where f, is defined in (5.3.3) and A € £. The corresponding generalised Feller semi-

group is defined on B¢(€). The generator we aim at (with § > 0) is

2

A5, (0 = £, (0 (<Ay, N = Bl v) — 0%+ &

5 <y,u>2)\> =: (A+ B)fy(N).

Inspired by the proof of [73, Proposition 3.3], we define for all n € N the approximate
A)V , which is bounded by n 36| || f, ||,
because o(\) = 1 + sup,ey (y, A). Hence, for all n € N, Theorem 2.10 of [73] declares

sequence of generators B" f,(\) := B0 f,(A\)A

that A" := A + B" is the generator of a generalised Feller semigroup on B2(£). We

call \" and P" the associated process and semigroup, respectively.

This paragraph borrows elements from the proof of [73, Proposition 4.14]. Let us
fixn e N, A€ £and A\j = \. Define &, :={y € Y : (y,\) < O0forall A\ € £}, the polar
cone of £, and set yp € &,. Then Elexp((yo, A}"))] solves uniquely the Kolmogorov PDE

Ou(t, \) = Au(t, N), u(0,\) = exp((yo,\)). (5.3.4)

We introduce the function y", which is such that yi* € Y for all ¢ > 0, y' = yo, and

follows the dynamics

02

i = (), where 1'()(e) = (Ay(o) = Blov) + 0 ) 3+ 805

Hence u(t, \) := fy»(A\) = exp((yf', A)) solves (5.3.4) since dyu(t, \) = (Owyi’', Nu(t,\) =
A™u(t, \). We just showed that exp((y;’, A)) = Elexp((yo, A}))] < 1, hence yj* € &,
for all ¢ > 0. Recall that D is the set of the Fourier elements (5.3.3) equipped with
the supremum norm ||-|| .. Therefore P" leaves D invariant, and span(D) is dense
in (), dom(A™) = B¢(€). This grants condition (i) of [73, Theorem 3.2].
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We conclude the proof with an argument from the proof of [73, Proposition 4.15]. For

anym e N, t >0,y € & and A € £, we showed that

B fy(N) = Elexp({y, )] = exp({g", A)) = Sy (V),

with yf* = y and A" = . Since y;" € &, it is clear that || fym || _ <1, and therefore we

can compute

|A" P fy(A) — AT P fy ()
o(A)

| AL |_n m
< B0 loe o037 Loy v~ 2y v | < @ Ml

where a},,, tends to zero as n, m 1 +o0o. Hence, condition (ii) of Theorem 3.2 holds and
we conclude that A% = lim,;,, A" is the generator of a generalised Feller semigroup
on B4(€). O

5.4 Verifying the condition for existence

We proved in the previous section that the solution of (5.3.1) is indeed a generalised

Feller process, hence all that is left to apply Proposition 5.2.1 is to show that the bound
sup E[|| A¢lly,] < o0 5.4.1)
>0

holds. A simple application of Proposition 5.2.1 then yields Theorem 5.1.4. Recall

that V; = (1, \;) for all ¢ > 0. The main result of this section is the following.

Proposition 5.4.1. Let A\o(dz) = Vjdo(dz) and v(dz) = (2°T(1 — a)[(a)) " dz for
some Vo > 0, a € (1/2,3/2), so that K(t) = t*~1/T'(a) is the Riemann-Liouville kernel.
Then the solution (A):>o to (5.3.1) satisfies (5.4.1).

Remark 5.4.2. We make some comments on the possible choices of initial condition Ag;
recall that )y is admissible if it belongs to £. By Assumption 5.2 and Remark 5.3
in [73], e "v € & for all r > 0. By Remark 5.4 in [73] and Example 2.2 in [1],
are allowed \g € Y* such that ¢ — f0°° et \o(dr) € Gk, where Gy includes in partic-
ular Holder continuous, non-decreasing functions g with g(0) > 0, and functions of the
form g = Vp+ K %6 such that 6(s) ds+ VL(ds) is a non-negative measure, where V5 > 0
and L is the resolvent of first kind of K. This yields at least two options:

* Ao(dz) = Vy 6o(dz), with Vg > 0;
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* No(dz) = Wy do(dx) + 27 #dz where 0 < u < 1 — a, such that

< - I(1—a—p)(a+p) [ 1
e U \g(dz) = Vp+T (1—a—p)t* ™1 = Vo+ / (t—s)21sH™ 1 ds,
/0 L)' (1) 0

which is equal to Vj + (K * 6)(t) with 6 and L non-negative.

Proposition 5.4.1 unfolds directly from the two following lemmas.

Lemma 5.4.3. Suppose A\g € £ and v € Y* are such that v and A\ are non-negative and
the function t — E[V;] — 0 keeps the same sign for all t > 0. Then the solution (\)+>0
to (5.3.1) satisfies (5.4.1).

Lemma 5.4.4. Let \o(dz) = Vpdo(dz) and v(dz) = (2z°T(1 — a)T(a)) " dz for
some Vo > 0, a € (1/2,3/2), so that K(t) = t*~1/T'(a) is the Riemann-Liouville ker-
nel. The function t — E[V;] — 0 keeps the same sign for all t > 0.

Proof. Denoting v(t) = [;° ¢ **Xo(dz) and following [3, Lemma 4.2], we have

E[Vi] = v(t) — /Ot v(t — 8)f4P(s)ds, (5.4.2)

n

where f*9(s) = Bs* 1Eqo(—B5%), and E,¢(2) = .00 = is the Mittag-Leffler

n=0 I'(an+()
function. In our setting this yields

E[Vi] = Vo — (Vo — 0) /0 s (s) ds,

and

t a,B s)ds = 0 i tsa(n+1)_1 o 3] (_6)nta(n+1)
/O n B”Z%P(O‘(nﬂ))/o ’ ﬁ,;r(a@-l-l))a(n—i-l)

= ﬁtanc,a-i-l (_Bta)-

We write f(z) ~ g(z) if f(z)/g(z) tends to one as z goes to some limit. From Lemma

1.1 in [234] we know that, as z goes to —oco

Fe TGy

Hence, as ¢ goes to +oo, this entails

_ aeo—1
B E 1 (—B1°) ~ 1 <—(f§1))> —1
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Therefore E[V;] goes from V| to §, and we wonder whether E[V}] passes on the other

side of 6. Notice that E[V}] satisfies the Volterra equation

t
T = xo + / K(t—s)B(0 —xs)ds. (5.4.3)
0

Let x0 < 0 and 7 := inf{t > 0 : z; > 0} and suppose there exists a non-empty

interval (71,7 + h] where z; > 6. Then

Ty +h = [mo + /T1 K(mi+h—35)B(0 — x) ds} + /TlJrh K(mi+h—39)B(0 —z5)ds,
’ k (5.4.4)
where the first term is smaller than z,, = 0 because K is decreasing and 6 — zs > 0,
and the second term is negative because =, > 6 by assumption. Hence x,, 1, < § which

is a contradiction.

Now let g > 6, 7 := inf{t > 0 : 2 < 0} and suppose there exists a non-empty
interval (79,72 + h| where x; < . The signs are reversed compared to the previous
situation. Consider (5.4.4) with 7 instead of 7: the first term is greater than z,, = 0,
and the second term is positive. Again, this yields a contradiction. Overall this entails

that # — x, has a constant sign for all s > 0. O

Proof of Lemma 5.4.3. Let B(R,) denote the Borel subsets of R,. For a signed mea-
sure A on R, define the upper variation 4 (resp. lower variation £) as $(\) :=
sup{A\(A) : A € B(R,;)} (resp. inf), and such that the total variation corresponds
to [[Ally« = H(A) — £(N).

Let us fix ¢ > 0, then there exist two increasing sequences of sets (Uy,)n>1 and (L )n>1,
both in B(R,), such that \(U,) is non-negative for all n € N and increases to-
wards () as n goes to +oo, and analogously, A\;(L,) is non-positive and decreases
to £(\:). We will use the representation

dllys = lim ((Un) = A(Ln)) = lim (/ A(dz) — / At(dx)> . (5.4.5)

ntoo

Intuitively, one should think of the limit of U,, (resp. L,) as the subset of R, on which
At is positive (resp. negative). This way, the function maximising supy, < (y, A¢) (if it

exists) corresponds to the limit of 1y, — 1y, .

We did not assume that ||\;||y-. should be finite. Yet, we can apply the monotone con-
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vergence theorem on the representation (5.4.5)

Elldy-] = i B | [ nn) - [ ()|
= lim E { /0 Oo(nUn —15,) (eﬂAo(dx) + /0 R dX, V(dx))] .

LetY; := fo (t—s)o/Vs dWs. Recalling the SVE (5.1.1), variation of constants on V;—0
yields

t
Vim0 = (Vo0 Yi) ~ Ry s (Vo -0+ i) = (B ~0) + (¥~ [ Ro(t—s)¥aas)
0
where Rp is the resolvent of the second kind of — K. This implies
t
B[(Lu, - 126~ V] = Blty, ~ 12,)6 - BV ~ & | [ (s, - 1)K - 9)ov/Toaw.
0
t s
+/ Rp(t — s)E U (1y, —11,)K(s r)a\/ﬁdWr} ds, (5.4.6)
0 0

where the second and third terms are equal to zero by the property of the local martin-

gale. Similarly, we note that

t
E[/e 2(t=9)(1y,, — a\fdw] (5.4.7)
0

By (5.4.6) and (5.4.7) we deduce

E [/Ooo(nUn —an)/O 2= 41X, v dx] / / E[(1y, — 11,)8(0 — V)] ds
_ [( [ / ) / e~ (0 — E[V]) ds

We want to recover [, + [; which tends to [. In the case § < V; (thus § < E[V;] for

all s > 0) we have

// —2(t=9)3(9 — E[V4]) ds v(dz) // 2(t=9) B(E[V4] — 0) ds v(dz),
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and since )\ is non-negative this yields

(/n /n> ( —7t\o(dz) + /Ote‘w(t‘S)B(H—E[Vs])dsu(dx)>
(/ />( ~o(de) + /Ote‘””“‘s)ﬁ(E[V;}—e)dsy(dx)>,

Recalling that 1, + 17, converges increasingly to one, the monotone convergence

theorem gives us

e[ (f ) (o [ o= o)

:/O e Ao(d) + / K(t — 5)B(E[V] — 0)ds = 2/0 e " Ao(dz) — E[VA].

The case 6 > V; (hence 6 > E[Vj] for all s > 0) is very similar. First notice that

_/n/ot =9 8(9 — E[V,]) ds v(dz) < / /Ote“(t3)6(9—E[VS])dsy(dx),

which yields

smal([ ) (e oo

g/o e~ Ao (dz) + /Kt—s)ﬁ(@ E[V,]) ds = E[Vi].

Since E[V;] is uniformly bounded over all ¢ > 0, this proves that condition (5.4.1)
holds. O

Remark 5.4.5. In the case where )\ is non-negative and § > V}, the only possible source
of negative variation comes from the local martingale part, which has zero expectation.

This explains the rather counter-intuitive conclusion E[|| A¢||y.] < E[(1, A)].

5.5 Outlook

Extending our results to the rough Heston model will require to cast our analysis into a

multidimensional framework with Y = C,(R?).

Building on the generalised Feller property, we aim at showing the uniqueness of the
invariant measure. The analogue of the strong Feller property is granted in our setting

since B2(X) already includes the space of bounded functions; uniqueness shall follow
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if (A\t)s>0 satisfies a sort of recurrence property. One can also hope to characterise
the unique invariant measure using tools from Malliavin calculus or the form of the
Laplace transform. Once ergodicity is established, it is interesting to identify the rate of
convergence and how it varies with «, thereby linking roughness of the volatility and

convergence to the stationary measure.
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