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Abstract

This thesis adopts a multidisciplinary approach, integrating mathematical modelling, experimental

testing, and numerical simulations, to investigate the complex interactions between soft tissues and

medical devices. The work focuses on two main areas: characterising the contact behaviour of skin

and mouse arterial tissue during indentation, and analysing artery–stent interactions using finite

element simulations.

In Chapter 3, a novel method is developed to determine the Ogden hyperelastic parameters of

soft tissues using indentation experiments on artificial skin. By incrementally applying Hayes’

model under the assumption that soft tissues behave approximately linearly at strain increments

ɣ1%, an equivalent shear modulus is calculated for each increment. Principal stresses are derived

using Hooke’s law, and combined with principal strains to obtain compound stress–strain curves.

The Ogden parameters are then extracted via curve fitting. Total contact force is computed by

summing incremental Hayes forces.

Chapter 4 applies this methodology to mouse arterial tissue and introduces an approach to de-

termine the equivalent thickness for Hayes’ model. The optimal thickness is defined as the one

that minimises the variance of the calculated equivalent shear moduli. Based on 26 indentation

tests from five mouse artery samples, the estimated thickness ranges from 0.05 to 0.5 mm, with an

average shear modulus of 1.22 kPa.

Chapter 5 employs finite element simulations to study artery–stent interactions. The arterial model

includes intima, media, adventitia, and a lipid pool, each assigned anisotropic hyperelastic proper-

ties. Contact is defined using hard contact with friction coefficients from 0.01 to 0.1. Simulations

investigate different stent surface geometries. Results show stress and strain concentration in three

critical areas: the contact interface, the cap’s right shoulder, and around the lipid pool. Larger

friction and high-amplitude stent surfaces increase stresses, while small-amplitude convex surfaces

reduce average shear stress, suggesting their potential to reduce arterial injury during stenting.



ii



Declaration of Originality

I hereby declare that the work presented in this thesis is my own unless otherwise stated. To the

best of my knowledge the work is original and ideas developed in collaboration with others have

been appropriately referenced.



iv



Copyright Declaration

The copyright of this thesis rests with the author. Unless otherwise indicated, its contents are

licensed under a Creative Commons Attribution-Non Commercial-No Derivatives 4.0 International

Licence (CC BY-NC-ND).

Under this licence, you may copy and redistribute the material in any medium or format on the

condition that; you credit the author, do not use it for commercial purposes and do not distribute

modified versions of the work.

When reusing or sharing this work, ensure you make the licence terms clear to others by naming

the licence and linking to the licence text.

Please seek permission from the copyright holder for uses of this work that are not included in this

licence or permitted under UK Copyright Law.



vi



Acknowledgments

I would like to express my heartfelt gratitude to my supervisor, Dr Marc Arthur Masen, for his

invaluable guidance, unwavering support, and constant encouragement throughout my research

journey. His expertise and insightful feedback have been instrumental in shaping this thesis and

enriching my understanding of the subject. I am equally indebted to Dr Alkystis Phinikaridou

and Miss Ling Gao from King’s College London for providing the mouse arterial specimens, which

were crucial to the success of my experiments. Their dedication and collaboration have greatly

contributed to my academic growth.

I am deeply thankful to my friends and colleagues, including Dr Eliane D. Gendreau, Dr Kian

Kun Yap, Dr Tian Yuan, Dr Alexander MacLaren, Dr Ben Collard, Dr Jack Hayes, and Dr Rikeen

D. Jobanputra, for their invaluable feedback on my papers and thesis, as well as their help with

experiments. A special mention goes to my dear friends—Dr Marie-Louise Schlichting, Miss Janet

Zhu, Dr Jie Zhang, Mr Roland Jones, Dr Thomas Kirkby, Mr Yun Zhao, and Mr Tom Briggs

from the Tribology group—as well as Dr Yichang Shen, Dr Jingzi Huang, Dr Jessica Tjandra,

Dr Tristan François Calvet, Mr Xianfeng Ren, and Dr Bo Yuan from Imperial College London.

Your encouragement, support, and shared moments of laughter have brought joy and meaning to

this journey, making the challenges more manageable and the successes more rewarding. Over the

past decade, I have been privileged to be surrounded by an extraordinary group of friends and

colleagues whose unwavering support and camaraderie have been a constant source of strength. I

am profoundly grateful to each of you for helping me grow and persevere through this journey.

Finally, I extend my deepest gratitude to my family. To my mother and father, your unwaver-

ing support, love, and belief in me have been my guiding light and the foundation of all my

achievements. To my boyfriend, Hang Su, your care and encouragement—both in life and in my

career—have been an invaluable source of strength. You have all been my anchor, and for that, I

am eternally grateful. This thesis is dedicated to you, with all my love and appreciation.



viii



Contents

Abstract i

Declaration of Originality iii

Copyright Declaration v

Acknowledgments vii

Nomenclature xi

List of Figures xv

List of Tables xxi

1 Introduction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 The Objective of the Research . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 This Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Background 5
2.1 Histology and Mechanical Behaviour of Skin and Arterial Tissue . . . . . . . . . . 5

2.1.1 Fundamental Structural and Material Properties of Skin . . . . . . . . . . . 6
2.1.2 Fundamental Structural and Material Properties of Arterial Tissue . . . . . 7

2.2 Constitutive Models for Skin and Arterial Tissue . . . . . . . . . . . . . . . . . . . 8
2.2.1 Basic Continuum Mechanics for Isotropic and Anisotropic Hyperelastic Tissue 8
2.2.2 Constitutive Equations for Hyperelasticity . . . . . . . . . . . . . . . . . . . 10

2.3 Contact Modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3.1 Analytical Contact Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3.2 Indentation of Tissue . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.3.3 Friction in Contact Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.3.4 Friction of Tissue . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.4 Finite Element Method for Contact Problem . . . . . . . . . . . . . . . . . . . . . 28
2.4.1 Fundamentals of Finite Element Method . . . . . . . . . . . . . . . . . . . . 29
2.4.2 Finite Element Modelling in ABAQUS . . . . . . . . . . . . . . . . . . . . . 32
2.4.3 Contact Modelling in ABAQUS . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.4.4 Indentation Simulation on Tissue . . . . . . . . . . . . . . . . . . . . . . . . 39

3 Nonlinear Contact 41
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.2 Modelling Non-linear Contact . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
3.3 Application of the Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.3.1 Indentation Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.3.2 Numerical Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.3.3 Determining the Ogden Parameters from the Assembled Curves . . . . . . . 50

3.4 Verification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4 Nonlinear Contact on Mouse Arterial Tissue 55
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
4.2 Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57



x

4.2.1 Determining the Ogden Material Parameters . . . . . . . . . . . . . . . . . 57
4.2.2 Application Window of the Method . . . . . . . . . . . . . . . . . . . . . . 61
4.2.3 Determining Ogden Parameters using Simulation Curves . . . . . . . . . . . 64

4.3 Application of the Method on Mouse Arterial Tissue . . . . . . . . . . . . . . . . . 67
4.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.6 Supplementary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5 Finite Element Simulation of Artery-Stent Interaction 77
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.2 Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.2.1 Finite Element Model of Artery-Stent Interaction . . . . . . . . . . . . . . . 81
5.2.2 Surface Shape Modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.3 Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
5.3.1 Verification of the Finite Element model . . . . . . . . . . . . . . . . . . . . 90
5.3.2 Verification of the Non-uniform Method . . . . . . . . . . . . . . . . . . . . 91
5.3.3 Artery-Stent Interaction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

5.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

6 Discussion and Recommendation 109
6.1 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6.1.1 Contact Modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
6.1.2 Artery-Stent Interaction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

6.2 Recommendations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
6.2.1 Recommendations for Contact Modeling . . . . . . . . . . . . . . . . . . . . 117
6.2.2 Recommendations for Artery-Stent Interaction . . . . . . . . . . . . . . . . 120

Conclusions 123

Bibliography 125



Nomenclature

a contact radius (m)

a0 mean/principal direction of fibres (-)

A amplitude (m)

Ac surface area (m2)

Aijkl material parameters (-)

Areal real contact area (m2)

b parameter of fibres distribution (-)

B material parameter (-)

B left Cauchy-Green tensors (-)

Bi
0 structure tensor (-)

c correction coefficient (-)

cd material wave speed (m/s2)

c, c1, c2, c3, c4, c5 material parameters (-)

C1, C2, Cmn, Cj material parameters (-)

Cijkl stiffness matrix (-)

C right Cauchy-Green tensors (-)

Dlumen smallest diameter of lumen (m)

e Cartesian coordinate axis (-)

E elastic modulus (Pa)

Eeff effective elastic modulus (Pa)

F contact force (N)

f bi , fsi , fαi force (N)

Fi incremental contact force (N)

Fhayes, Fsim contact force (N)

F deformation gradient tensor (-)

Fspring spring force (N)

Fµ friction force (N)

Fµ,adh adhesion friction (N)

Fµ,def deformation friction (N)

g gravitational acceleration (m/s2)

gn gap function (m)

gτ tangential gap (m)
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1.1 Background

Medical devices are crucial in preventing, diagnosing, and treating various diseases and medical

conditions. However, despite their significant benefits, it is important to recognize that these

devices can sometimes cause unintended tissue injuries during deployment and use. For example,

during the COVID-19 pandemic, prolonged use of personal protective equipment by healthcare

workers led to skin injuries ranging from minor irritations to pressure ulcers [1]. Similarly, in

cardiology, in-stent restenosis remains a significant concern, occurring at rates of approximately

30% at six months for bare-metal stents and 10% at four years for drug-eluting stents [2], [3].

Biological tissues maintain their integrity through a delicate balance, known as homeostasis, which

achieved via ongoing processes of growth and remodelling. When this balance is disrupted, tis-

sues can become injured. The introduction of a medical device into the human body can alter

both mechanical and biochemical environments, significantly increasing the likelihood of disrupt-

ing homeostasis. Such disruptions can lead to a range of complications, from localised inflammatory

responses to broader impacts on tissue function and integrity.

Considering the interaction between arterial tissues and medical devices, the arterial layers expe-
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rience tension as they expand with the stent, while the intima comes into contact with the stent

struts. Any material modelling efforts should simultaneously account for both tension and contact.

That material model can then be integrated into finite element simulations to better understand

the response of the artery to the use of stents. However, there are multiple challenges in such a pro-

cedure, both in terms of material modelling and performing the numerical simulations. Therefore,

this research begins by modelling fundamental contact behaviour before progressing to full interac-

tion simulations, with a focus on the hyperelastic effects of soft tissue. The material parameters for

the artery in the numerical simulations are defined based on values from Holzapfel’s studies, while

the modelling and numerical investigations considering both contact-related and tension-related

parameters will be further explored in future research.

To achieve this, a multidisciplinary approach is employed, integrating mathematical modelling,

experimental testing, and numerical simulations. This approach addresses challenges such as non-

linear material responses and large deformations during complex contact and friction interactions.

By leveraging insights from various disciplines, the research aims to develop more robust and

accurate models for studying soft tissue–medical device interactions.

1.2 The Objective of the Research

The objective of this research focuses on modelling the nonlinear contact behaviour of soft tis-

sue, including skin and arterial tissue, and conducting finite element simulations to mimic the

artery-stent interaction. The consideration to begin with skin tissue arises from its ease of access,

measurement, and characterisation, whereas arterial tissue presents greater challenges in terms

of accessibility and modelling. An additional benefit of focusing on skin in the initial stages of

this project is its relevance to ongoing work in our research group on the interaction of skin with

respiratory devices [1], [4]–[7].

Chapter 3 explores the nonlinear contact mechanics of artificial skin tissue and proposes a newly

developed method to account for the hyperelastic properties of thin-layer tissue by combining

indentation testing with numerical simulations. Following validation of this method using artifi-

cial skin tissue, Chapter 4 proceeds to the study of mouse arterial tissue, further developing the

proposed method to account for the material’s roughness and surface irregularities.

Chapter 5 applies computational methods to predict the outcomes of patient-specific angioplasty

treatments. The proposed approach provides insights into the development of mechanical stresses

during stent-artery interactions and offers a computational assessment of the stent surface shape.
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The research objectives are summarized below:

1. Develop a contact model incorporating the hyperelastic properties of thin-layer tissue (Chap-

ter 3);

2. Application of the developed model to mouse arterial tissue (Chapter 4);

3. The finite element simulation for artery-stent interaction, considering the friction and the

surface shape effect of the stent (Chapter 5).

1.3 This Thesis

This thesis begins with a background in Chapter 2, outlining the mathematical framework for

soft tissue interactions. It covers the material properties of soft tissues, constitutive models for

skin and arterial tissue, contact models with and without friction, and the fundamentals of the

finite element method. Chapters 3 and 4 focus on the contact modelling of soft tissue. Specifically,

Chapter 3 develops a method for assessing the hyperelastic properties of thin tissues using artificial

skin tissue. Chapter 4 applies this method to mouse arterial tissue, addressing challenges posed by

the tissue’s rough surface and its effect on thickness determination for model application. Chapter

5 establishes the finite element model for artery-stent interactions, investigating the effects of

friction and the stent’s surface shape during these interactions. Chapter 6 presents the research

findings, compares them with existing literature, and offers recommendations, followed by a concise

conclusion in Chapter Conclusions to wrap up the thesis.
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This chapter provides an overview of two key topics: the contact behaviour of skin and arterial

tissue, and numerical simulations of contact interactions, along with a review of relevant research

in these areas.

2.1 Histology and Mechanical Behaviour of Skin and Arte-

rial Tissue

Skin and arterial tissue, as biological materials, share similar mechanical properties, including

hyperelasticity, viscoelasticity, anisotropy, and a multi-layered structure [8], [9]. These properties
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significantly influence their interactions with medical devices [10], [11]. This section provides a

comprehensive description of the histology and mechanical properties of both skin and arterial

tissue.

2.1.1 Fundamental Structural and Material Properties of Skin

Skin tissue has a complex structure that functions as a protective barrier against harmful microbes

and the external environment.

A B

Figure 2.1: Skin tissue: (A) H & E stained human skin biopsy. The dermal-epidermal junction is
denoted by a red dotted line [12]. (B) Schematic representation of the multi-layer nature of the
skin featuring the epidermis (constituted of the stratum corneum and viable epidermis), dermis,
and hypodermis [13].

Skin tissue consists of two distinct layers: the epidermis and the dermis, as illustrated in Figure 2.1

[13]. The epidermis, the outermost layer of the skin, is approximately 200 µm thick and comprises

the stratum corneum and the living epidermis. The stratum corneum is a tightly bound layer of

corneocytes (dead, flattened keratinocytes) that protects against mechanical stress from abrasion

and penetration. The living epidermis contains other cell types, such as melanocytes [13]–[15] and

living keratinocytes that migrate outwards and eventually replace the cells in the stratum corneum.

Beneath the epidermis lies the dermis, which is roughly 15 to 20 times thicker and is characterised

by a rich extracellular matrix (ECM) composed of collagen, elastin, and fibrillin proteins [13], [16].

These components are intertwined within a continuous, amorphous network, that provides the

epidermis with structural support and elasticity [16]. The interface between the epidermis and the

dermis, known as the dermal-epidermal junction (DEJ), forms a wavy, finger-like boundary.

The complex arrangement of collagen fibres and their mechanical interactions with elastin allow

the dermis to primarily support skin and exhibit hyperelastic and anisotropic behaviour. Nu-
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A B

Figure 2.2: Arterial tissue: (A) A healthy elastic artery composed of three layers: intima, media,
and adventitia. The intima is the innermost layer consisting of a single layer of endothelial cells that
rests on a thin basal membrane and a subendothelial layer whose thickness varies with topography,
age, and disease. The media is composed of smooth muscle cells, a network of elastic and collagen
fibrils, and elastic laminae which separate media into several fibre-reinforced layers. The primary
constituents of adventitia are thick bundles of collagen fibrils arranged in helical structures. The
adventitia is the outermost layer surrounded by loose connective tissue [8]. (B) Orientations of
fibre families of an artery (without intima) and a strip for tension test [28].

merous studies have assessed the hyperelastic and anisotropic properties of skin through various

experiments, including tension [17]–[21], indentation [22], compression [23], and suction [13]. Ad-

ditionally, the skin’s hierarchical structure and fluid phase contribute to its viscoelastic properties,

leading to behaviours such as creep, stress relaxation, hysteresis, and strain rate dependency [13],

[23]–[26]. This research focuses exclusively on the influence of hyperelastic properties on the inter-

actions between biological tissue and medical devices.

2.1.2 Fundamental Structural and Material Properties of Arterial Tissue

Arterial tissue is primarily classified into two categories: elastic arteries and muscular arteries.

Elastic arteries, such as the aorta, carotid arteries, and iliac arteries, are situated closer to the

heart and have larger diameters. In contrast, muscular arteries, including the femoral, celiac, and

cerebral arteries, are located at the periphery of the circulatory system and have relatively smaller

diameters [27]. In this research, the two types of arteries are not differentiated; rather, the focus

is on their shared morphological and general characteristics.

A healthy artery is structured with three distinct layers: intima, media, and adventitia, arranged

from innermost to outermost (Figure 2.2 [8]). The intima consists of a single layer of endothelial

cells, which may be accompanied by a subendothelial layer. Since the endothelial layer contributes

minimally to load-bearing, the intima has a limited effect on the overall mechanical properties of
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a healthy artery [29]–[32]. The media is composed of a complex, three-dimensional network of

smooth muscle cells, elastin, and collagen fibrils [33]. These components work together to form a

continuous fibrous helix that provides structural integrity to the media layer [31]. The adventitia

is primarily composed of fibroblasts and fibrocytes, along with thick bundles of collagen fibres

embedded in a histological ground matrix and surrounded by loose connective tissue. The collagen

fibres within the adventitia are organised into two helical families, showing significant deviations

from their average orientations [30], [31], [34].

Compared to the thin intima, the media and the adventitia contribute far more to load-bearing in

both the longitudinal and circumferential directions due to their embedded fibre structures. These

fibre structures provide considerable strength and resilience under load, while their dispersion

contributes to the anisotropic hyperelastic properties of the arterial wall. Given that arteries are

cylindrical, their anisotropic behaviour can be modelled as cylindrically orthotropic, as proposed

by Patel et al. [35]. This modelling approach has been widely adopted in subsequent research [8],

[31], [33], [36].

However, with ageing and pathological changes, clinical conditions such as atherosclerosis can alter

the structure of arteries. In an atherosclerotic artery, the intima becomes thicker and stiffer [37],

[38], significantly affecting its mechanical properties and transforming it into a more mechanically

resistant layer. These changes reduce the artery’s functional capacity and resilience, impair its

ability to accommodate blood flow effectively and increase the risk of cardiovascular events. Addi-

tionally, while arterial tissue demonstrates viscoelasticity and heterogeneity [39]; these factors are

not addressed in this research.

2.2 Constitutive Models for Skin and Arterial Tissue

While this research focuses on the hyperelastic properties of skin and arterial tissue in modelling

their contact behaviour, this section reviews the constitutive models used to characterise these

properties in both tissue.

2.2.1 Basic Continuum Mechanics for Isotropic and Anisotropic Hyper-

elastic Tissue

Hyperelasticity refers to the near-perfect elasticity exhibited by materials under large deformations.

Unlike linear elasticity, which follows a linear stress-strain relationship defined by Hooke’s Law (Eq.

2.1), hyperelasticity involves strain hardening at large deformations, as illustrated in Figure 2.3.
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σij = Cijklεkl (2.1)

where σij is the stress, εkl is the strain, and Cijkl is the stiffness matrix.

A B

Figure 2.3: Hyperelastic properties of soft tissue: (A) Hyperelastic properties of pig muscular
tissue shown by different hyperelastic models [40]. (B) Schematic diagram of a typical (tensile)
stress-strain curve for skin showing the associated collagen fibre morphology [8].

Instead of directly defining the stress-strain relationship, hyperelastic constitutive models are typi-

cally formulated using a strain-energy function, denoted as ψ. This function describes the material’s

stored energy per unit volume as a function of deformation, ψ(C), and is expressed in terms of

principal stretches λj (j = 1, 2, 3) or strain invariants Ij (j = 1, 2,3, see Eq. 2.2) [8], [13].

I1 = trC = λ21 + λ22 + λ23,

I2 =
1

2
[(trC)2 − trC2],

I3 = det(C),

(2.2)

where ‘tr’ is the trace operator, and ‘det’ is the determinant operator. The right Cauchy-Green

tensors C is given by C = FT F, where F is the deformation gradient tensor, defined as F(X) =

∂χ(X)/∂X. The function χ describes the deformation that maps a material point X ∈ Ω0 to its

new position x = χ(X).

Soft tissue is often treated as an incompressible material [33], [41], [42], which implies the constraint

I3 = det(C) = 1 is maintained. As a result, the strain-energy function ψ depends only on invariants

I1 and I2.

2.2.1.1 Modelling of Fibre Dispersion

To characterise the mechanical contributions of the embedded collagen fibres, a widely accepted
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assumption—consistent with physical observations—is that these fibres are distributed around a

principal orientation, denoted as a0, with a certain probability of deviating within a specified range

of angles from this direction [13]. Two prominent approaches for modelling this distribution are

‘angular integration’ (Eq. 2.3, [43]) and ‘generalised structure tensor’ (Eq. 2.4, [31]).

• Angular integration

ψbundle = n

∫
U2

ρ(v0)ψfibre(λ)dAc (2.3)

where ψfibre(λ) is the strain energy function of a fibre in terms of the fibre stretch λ; ψbundle is

the strain energy function of a bundle of these fibres per unit sphere U2; dAc is the elemental unit

sphere surface area; n is the number of fibres; v0 is the direction of an arbitrary fibre, defined with

respect to a0, and ρ(v0) is the density function describing the relative angular distribution of fibres

around the mean direction. The normalisation condition 1
4π

∫
U2 ρ(v0)dAc = 1 must be satisfied.

• Generalised structure tensor

ψbundle = ψbundle(C,H) (2.4)

where H is a homogenised structure tensor defined by integrating the structure tensor v0 ⊗ v0,

associated with an arbitrary fibre direction v0, over the unit sphere U2 (Eq. 2.5). The normalisation

condition H : I = 1 must be satisfied.

H =
1

4π

∫
U2

ρa0(v0)v0 ⊗ v0dAc (2.5)

where ρ is the density function for the fibre family.

By incorporating fibre dispersion, the anisotropic hyperelastic model is expressed as the sum of the

isotropic potential energy ψg for the non-collagenous ground matrix and the anisotropic potential

energy ψbundle for the embedded collagen fibre families (Eq. 2.6).

ψ = ψg(C) + ψbundle(C,H) (2.6)

2.2.2 Constitutive Equations for Hyperelasticity

Numerous constitutive equations have been developed to describe the isotropic and anisotropic

hyperelastic properties of soft tissue, including skin and arterial tissue. These models can be
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broadly categorised into three main types: phenomenological, structural, and structurally-based

phenomenological models [13], [44]. Phenomenological models, such as Neo-Hookean model (Eq.

2.7, [45]), Mooney–Rivlin model (Eq. 2.8, [46], [47]), Ogden model (Eq. 2.11, [48]) and Yeoh model

(Eq. 2.10, [49]–[51]), capture the macroscopic behaviour of the tissue without accounting for the

specific behaviour of its microstructural constituents and their interactions [13], [52]. However,

the parameters of phenomenological models often lack direct physical interpretation, limiting their

flexibility for studying mechanistic structural effects.

Structural models represent tissue as a composite material composed of defined microstructural

elements, with interactions specified through appropriate equations. Unlike purely phenomenolog-

ical models, structural models often use parameters that have direct physical meanings and can

be experimentally measured. For instance, in models involving collagen fibres, parameters such as

elastic modulus, waviness, and fibre dispersion are explicitly defined and physically interpretable.

A key challenge of these models lies in obtaining precise information about the geometric and ma-

terial properties of microstructural elements, as well as their spatial and interfacial arrangements,

which poses significant experimental difficulties. Advances in technology and new techniques are

gradually addressing these challenges. Additionally, finite element (FE) simulations of structural

models spanning multiple length scales require extremely fine mesh densities to accurately capture

component geometries. Despite improvements in computational power, these simulations can still

be computationally demanding.

A middle ground between these approaches is represented by structurally-based phenomenological

models, which integrate characteristics of both phenomenological and structural models, allowing

for the incorporation of tissue structure into mechanical descriptions. Notable examples include

models developed by Holzapfel et al. [8], Humphrey [53], and Lanir [43], [54].

2.2.2.1 Constitutive Equations for Isotropic Hyperelasticity

• Neo-Hookean model

ψ =
G

2
(I1 − 3) (2.7)

where G is the shear modulus in the ground state.

• Mooney-Rivlin model

ψ = C1(I1 − 3) + C2(I2 − 3) (2.8)
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where C1 and C2 are the material constants, which can be determined experimentally or by fitting

to experimental data.

A strain energy function, as defined in Eq. 2.9 generalises the Mooney-Rivlin model.

ψ =

∞∑
m,n=0

Cmn(I1 − 3)m(I2 − 3)n (C00 = 0) (2.9)

where Cmn are the material constants. When m = 0, the strain energy function reduces to the

Yeoh model.

• Yeoh model

ψ =

3∑
j=1

Cj(Ij − 3)j (2.10)

where Cj (j = 1, 2, 3) are the material constants.

• Ogden model

ψ =

N∑
p=1

µp

αp
(λ

αp

1 + λ
αp

2 + λ
αp

3 − 3) (2.11)

where N is the order of the Ogden model, which depends on the material properties and the

required level of accuracy for the analysis. p is the term number, and µp and αp are material

parameters. The relationship of the shear modulus G with Ogden parameters µp and αp is defined

as 2G =
∑N

p=1 µpαp.

Among isotropic hyperelastic models, the Neo-Hookean model is notable for its simplicity and

effectiveness in capturing hyperelastic behaviour under small to moderate deformations. It has

been widely employed to characterise the material properties of biological tissue, including skin

(see, e.g., [55]–[57]) and arterial tissue (see, e.g., [56], [58]–[60]). However, some studies such as [61]–

[63] note that the Neo-Hookean model is not effective for biological tissue under large deformations

in tensile tests. In contrast, the Mooney-Rivlin model provides a better fit for experimental data

under relatively larger deformations, making it more appropriate for modelling skin [61], [62], [64],

[65] and arterial tissue [66]–[70]. Additionally, the Yeoh model is widely utilised in hyperelastic

modelling of both skin and arterial tissue (e.g., [40], [62], [71]–[73]) due to its simplicity relative to

the more complex polynomial equation (Eq. 2.9).

Unlike Neo-Hookean, Mooney-Rivlin, and Yeoh models, the Ogden model does not rely on invari-
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ants Ij of the deformation tensor but instead utilises the principal stretch ratios λj to characterise

hyperelasticity. This alternative formulation enhances the Ogden model’s versatility, enabling it

to accurately represent nonlinear hyperelastic behaviour, even under quite large deformations. By

adjusting its parameters µp and αp, or by incorporating additional terms, the Ogden model can

capture a wide range of nonlinear properties. It has been effectively applied to both skin (e.g.

[74]–[76]) and arterial tissue (e.g., [77]–[81]).

Table 2.1 lists additional widely used hyperelastic models. The Fung-Demiray model [82], [83]

and the Veronda-Westmann model [52], commonly known as exponential models, are discussed in

studies [53], [84]–[87]. The Arruda-Boyce and the Gent models are both based on non-Gaussian

statistical descriptions of the molecular structure of material. A detailed comparison of these two

models is provided in [88], with further applications in [89]. Bischoff et al. successfully applied

the Arruda-Boyce model to describe the mechanical properties of skin tissue [90], [91]. For more

comprehensive reviews of these and other hyperelastic models, see [13], [92], [93].

Table 2.1: Principal isotropic hyperelastic constitutive equations

Model Equation

Fung-Demiray model[82], [83] ψ = c1
2c2

(exp(c2(I1 − 3))− 1)[1]

Veronda-Westmann model[52] ψ = c1(exp(c3(I1 − 3))− 1)− c2(I2 − 3)

Arruda-Boyce model [94] ψ = G
∑N

i=1
ci

λ
2ci−2
m

(Ii1 − 3i)[2]

Gent model [95] ψ = −GJm
2

ln
(
1− I1−3

Jm

)
, I1 < Jm + 3[3]

[1] c1 > 0 is the infinitesimal shear modulus; c2 > 0 is the stiffening parameter;
[2] λm is a limiting chain extensibility, there are c1 = 1

2
, c2 = 1

20
, c3 = 11

1050
, c4 = 19

7000
, c5 = 519

673750
;

[3] Jm > 0 are material constants.

2.2.2.2 Constitutive Equations for Anisotropic Hyperelasticity

• Gasser-Ogden-Holzapfel model

The Gasser-Ogden-Holzapfel (GOH) model [8], [31], [33], [96] is a widely used constitutive model for

modelling the anisotropic hyperelasticity of soft tissue, especially for arterial tissue. It combines

an isotropic term representing the ground matrix with an anisotropic term that captures the

contribution of the collagen fibre network. This formulation allows for an accurate representation of

the complex mechanical behaviour of arterial tissue, particularly in response to large deformations,

by incorporating both the matrix’s elasticity and the directional stiffness of the embedded fibres.

ψ =
G

2
(I1 − 3) +

2∑
i=1

ki1
ki2

(exp ki2[Hi : C − 1]2 − 1) (2.12)

where G is a shear modulus defining a neo-Hookean model for the ground matrix, and ki1 and
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ki2 (i = 1, 2 represent two fibres) are respectively stress-like and unit-less scaling parameters for

embedded fibres. The structure tensor Hi, given by Eq. 2.5, accounts for fibre dispersion with i

represents fibre family.

The GOH model assumes that the fibres in each fibre family are distributed with rotational sym-

metry around a mean referential (preferred) direction, denoted as ai0 (i = 1, 2), as illustrated in

Figure 2.2B. This assumption leads to a transversely isotropic behaviour of arterial tissue, where

the material exhibits different mechanical properties in the direction of the fibres and the trans-

verse directions. Consequently, the structure tensor Hi, which describes the distribution of the

fibres, can be simplified, as shown in Eq. 2.13.

Hi = κiI + (1− 3κi)ai0 ⊗ ai0 = κiI + (1− 3κi)B
i
0

κ1 =
1

4

∫ π

0

ρ(Θ) sin3 ΘdΘ
(2.13)

where κi is the dispersion parameter representing the distribution of the fibres within the tissue,

Bi
0 = ai0⊗ai0, and ρ(Θ) is the density function for a specific distribution of fibre orientations. Here,

Θ denotes the angle between a10 and the Cartesian coordinate axis e1.

As outlined in [33], the fibre distribution follows a von Mises distribution, described by the density

function as Eq. 2.14.

ρ(Θ) = 4

√
b

2π

exp[b(cos(2Θ) + 1)]

erfi(
√
2b)

(2.14)

where Θ is the angular orientation of the fibres, and b is a parameter controlling the concentration

of the fibres around the mean direction. The von Mises distribution is periodic with period π, and

it characterises how fibres are distributed concerning the preferred orientation, as illustrated in

Figure 2.4A and B.

When κi = 0, the structure tensor Hi simplifies to the classical structure tensor Bi
0, which rep-

resents the case where all fibres are perfectly aligned with the preferred direction, i.e., no fibre

dispersion. On the other hand, when κi reaches its maximum value of 1/3, the fibre network

is isotropically distributed, reflecting a symmetric, non-preferred fibre orientation throughout the

tissue. This flexibility allows the GOH model to capture a wide range of fibre distributions, from

perfectly aligned to fully isotropic.

Holzapfel et al. provided constitutive parameters for the GOH model by fitting tension tests on

each layer of an iliac artery [97]. This established material model was subsequently used for FE
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A B

Figure 2.4: (A) Three-dimensional graphical representation of the orientation of the collagen
fibres based on the transversely isotropic density function [33]. (B) Two-dimensional graphical
representation of the (transversely isotropic) von Mises distribution of the collagen fibres [33].

investigations of artery-stent interactions in their later research [31], [96], [98], [99], where the

geometric model of the artery was derived from high-resolution magnetic resonance images and

reconstructed using non-uniform rational B-splines. The FE model of the artery is also referenced

in Chapter 5 of this research to model the artery-stent interaction. Additionally, the GOH model

has been applied to characterise human skin in studies by Annaidh [17], [100] and Tonge [101],

[102].

For the other anisotropic models listed in Table 2.2, the Fung and Tong model provides a general

form of hyperelastic modelling based on Green–Lagrange strain tensor components, with variations

developed by researchers such as Humphrey [27], [53], Takamizawa [103], and Chuong and Fung

[84]. The applications of these models on skin and arterial tissue are discussed extensively in [33],

[53], [104]–[107]. Flynn et al. [75] highlighted that the Fung and Tong model more accurately

captures the mechanical behaviour of skin compared to the two-term Ogden model.

Table 2.2: Anisotropic hyperelastic models

Model Equation

Fung-Tong model ψ = c(exp(AijklEijEkl)− 1) [1]

Lanir’s model [43] ψ = (1− Vc − Ve)
G
2
(I1 − 3) +

∑
k Vk

∑
k Rk(θ)

k
2
(λ− 1)2 [2]

Limbert-Middleton [108] ψ = 1
4

∑n
k=1 µk

[
1
αk

(
e(I[k]−1)αk

)
+ 1

βk

(
J
βk
[k] − 1

)
+ 1

χk

(
I
−χk
3 − 1

)][3]
I[k] =

∑3
i=1 ω

i
k

(
Bi

0[k] : C
)
, J[k] = I3

∑3
i=1 ω

i
k tr(C−1Bi

0[k])

[1] where c and Aijkl are material parameters.
[2] where G is the shear modulus; Vk, Kk, and Rk represent the volume fraction, fibre stiffness, and fibre
orientation probability density function of collagen fibres (k = c) and elastin fibres (k = e), respectively.
[3] where µk, αk, βk, and χk are the material parameters.

Lanir’s model is based on the ‘angular integration’ approach. Although Lanir did not validate
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it with experimental data, subsequent studies have utilised it, such as those by [109], [110]. The

Bischoff-Arruda-Grosh (BAG) model, an extension of the Arruda-Boyce model, incorporates dif-

ferent characteristic dimensions of the original cuboidal microscopic unit cell. Flynn et al. further

extended the BAG model to explore various skin behaviours, including wrinkling [111], scar tissue

contraction [112], and skin wrinkling/aging [113].

2.3 Contact Modelling

This section discusses contact problems, which describe the interactions between two bodies when

they come into contact. The focus is on analytical modelling methods and experimental approaches

for collecting data to establish a contact model. FE solutions for contact problems will be addressed

in the subsequent section. In this research, viscoelasticity and friction were ignored to simplify

the modelling process. Excluding viscoelastic effects allows us to concentrate on the instantaneous

mechanical response—the hyperelastic behaviour of arterial tissue during short-term interactions

with medical devices. Furthermore, incorporating external forces, such as friction between the

arterial layers and stent struts, introduces significant modelling challenges. Given that existing

approaches also neglect these forces, we opted to simplify our model accordingly. The expected

effects of these assumptions are small, e.g., literature [114] noted that while the human abdominal

aorta exhibits viscoelasticity, its fractional viscoelastic weighting is relatively low, making its be-

haviour closer to that of an elastic material. This simplification facilitates a more straightforward

evaluation of deformation and stress distribution, ultimately providing valuable insights into the

mechanical interactions involved.

2.3.1 Analytical Contact Model

There are numerous contact models tailored to various contact scenarios, such as those proposed

by Hertz [115], [116], Lin [117], and Sneddon [118], each based on specific assumptions. Contact

scenarios involving spherical indenters are illustrated in Figure 2.5, with the corresponding contact

models discussed in the following sections.

These contact models offer valuable insights into the relationship between the contact force F and

material parameters such as the elastic modulus E and Poisson’s ratio ν, while also describing the

geometric relationships among the contact radius a, the indenter radius R, and the indentation

depth ω. As a result, these models are extensively used to determine material properties, analyse

contact stresses, and evaluate performance in engineering design. Their applications span fields

such as medical device development and clinical diagnostics, making them essential tools for both
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Figure 2.5: Contact scenarios: (A) A spherical indenter pressing into a linear elastic material with
an infinite half-space, as described by models developed by Hertz and Sneddon. (B) Scenarios
accounting for finite-thickness effects representing using models such as those developed by Hayes
and Dimitriadis, which incorporate corrections for boundary effects in finite layers. (C) Scenar-
ios incorporating hyperelastic properties but assuming an infinite thickness, as described by Lin’s
model. (D) This research investigates a scenario that incorporates both finite-thickness and hy-
perelastic properties.

research and practical applications.

• Hertz’s model

Hertz’s model (Eq. 2.15 [115]) describes the elastic deformation of two bodies in contact under

the assumptions of a continuous frictionless surface, small deformation, and elastic half-space. The

relationship between contact radius a, the indenter radius R, and the indentation depth ω is given

by Eq. 2.16.

F =
4ER

1
2ω

3
2

3(1− ν2)
(2.15)

where ν is the Poisson’s ratio.

a =
√
Rω (2.16)

• Sneddon’s model

Sneddon developed comprehensive contact models for indenters with various profiles, including

cones, cylindrical punches, and ellipsoidal shapes [118]. These models are based on the assumptions

of small deformations, elastic half-spaces, and frictionless surfaces. For a spherical indenter, the

contact model is given by Eq. 2.17.
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F =
G

1− ν

{(
a2 +R2

)
log

R+ a

R− a
− aR

}
(2.17)

where G is the shear modulus of the indented material.

Hertz’s model and Sneddon’s model are both developed for the scenario illustrated in Figure 2.5A,

which applies to elastic, isotropic materials occupying an infinite half-space. In this scenario, a

rigid indenter is vertically loaded and brought into contact with the upper surface of the material.

Compared to Sneddon’s model and other models, Hertz’s model has been widely applied to obtain

the elastic modulus E of skin tissue [24], [119]–[122] and arterial tissue [123]–[125] in conjunction

with indentation experiments, due to its ease of application. While Sneddon’s model has also been

used to assess the local properties of skin tissue [126], it has not been applied as frequently.

However, the application of Hertz’s and Sneddon’s models requires stringent experimental setups

to meet their assumptions. First, the thickness of the indented material should be significantly

larger than the contact radius a to satisfy the half-space assumption. Second, the indentation

depth must be much smaller than the indenter’s size to ensure that the strains within the material

remain infinitesimal. Third, the indented material is supposed to be elastic. Lastly, adhesion and

friction between the indenter and the material surface can be negligible.

Considering that soft tissue such as skin and arteries have thin thicknesses, consist of multiple

layers, exhibit nonlinear material properties, and often experience large deformations, meeting the

aforementioned requirements can be challenging without introducing errors. Therefore, for accu-

rate characterisation, it is essential to consider factors such as finite thickness, large deformation,

and nonlinear material behaviour. However, providing analytical solutions that incorporate these

factors in contact problems is not straightforward. This process involves solving nonlinear equa-

tions associated with the nonlinear material properties and large deformations, as well as handling

varying mixed boundary conditions imposed by the finite-thickness layers.

Contact models for the finite-thickness layers correspond to the scenario illustrated in Figure 2.5B.

Hayes [127] addressed this scenario, formulating a contact problem in which cartilage, bonded

to the subchondral bone, is indented by a spherical indenter. The problem is formulated using

the Navier-Cauchy equation and solved using Fredholm integral equations to handle the mixed

boundary conditions. This approach has been widely accepted for contact problems involving

finite-thickness layers, as demonstrated in works such as [118], [128]–[131]. This method represents

a complex mathematical procedure that entails extensive calculations, highlighting the analytical

challenges of such problems.
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• Hayes’ model

F =
2κ

√
χER

1
2ω

3
2

(1− ν2)
(2.18)

where E is the elastic modulus, κ and χ are the fixing parameters for the boundary conditions,

given by:

κ =
F (1− ν)

4aGω0
=

∫ 1

0

ω(τ)dτ, χ =
a2

ω0R
(2.19)

where ω0 is the applied the displacement.
∫ 1

0
ω(τ)dτ is a Fredholm integral equation of a second

kind with the symmetric kernel. The values of κ and χ are provided in Table 2 of Hayes [127],

for ν = 0.30, 0.35, 0.40, 0.45, and 0.50. These values of κ and χ may be used to calculate the

relationships between the load F and the displacement ω, and contact region radius a for an

indenter of radius R on a layer of thickness h, shear modulus G, and Poisson’s ratio ν.

Alternative approaches to solving the finite-layer contact problem include the model proposed by

Dimitriadis [132], which employs Green’s functions. Compared to the Hayes model, Dimitriadis’

model provides an explicit expression applicable within the range h/d ≤ 0.1. Nevertheless, most

studies on finite-layer contact rely on correction functions derived from finite element (FE) simula-

tion data [133], as these offer greater flexibility and accuracy across a broader range of conditions.

Compared to Hertz’s model, contact models that consider the finite-thickness effect, such as Hayes’

model and the Dimitriadis’ model, provide a more flexible experimental setup. The half-space

assumption is not necessary, meaning the indented material does not have to be significantly larger

than the contact radius a. Consequently, the indenter radius R can be larger, allowing for greater

indentation depths. This flexibility effectively reduces errors induced by the rough surfaces of

biological tissue. A more detailed demonstration of contact modelling for arterial tissue will be

provided in Chapter 5.

• Lin’s model

The effect of hyperelastic properties is addressed in the model established by Lin et al. [117], which

describes the scenario illustrated in Figure 2.5C. This model assumes that the mean stress σ∗ and

strain ε∗ during the indentation follow the stress and strain relationships defined by uniaxial com-

pression. The contact model for the material, defined by a first-order Ogden model, is represented

by Eq. 2.20.

F =
Bπa2

α

[(
1− 0.2

a

R

)−α/2−1

−
(
1− 0.2

a

R

)α−1
]

(2.20)
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where α is the Ogden parameter, and R is the indenter radius. B is the material parameter given

by Eq. 2.21.

B =
40E

9π(1− ν2)
(2.21)

Lin’s model provides valuable insights into incorporating hyperelastic properties. However, it

shares the same limitations as Hertz’s model, requiring the use of small indenters with shallow

indentation depths in experimental setups. Consequently, it does not address the errors introduced

by the surface roughness of biological tissue.

Among the contact models discussed, except for Hertz’s model, the others are not widely applied

to skin and arterial tissue. Furthermore, numerous models exist for indenters of various shapes,

which will be introduced in the next subsection. In this research, we focus exclusively on the

contact model for spherical indenters and propose a novel method for the scenario illustrated in

Figure 2.5D in Chapter 3. This method incorporates hyperelastic properties defined by the Ogden

model, addresses the challenges posed by finite-space assumptions, accommodates relatively large

deformations, and will be applied to the contact problem of mouse arteries in Chapter 4.

2.3.2 Indentation of Tissue

The indentation tests, illustrated in Figure 2.6, are normally used to collect data of contact force F

versus displacement depth ω. A variety of instruments can be used for indentation tests, ranging

from Atomic Force Microscopes, capable of applying piconewton (pN) loads, to nanoindentation

devices that resolve nanonewton (nN) loads, and larger industrial indenters capable of applying

micro-(µN) to meganewton (mN) loads. In addition to spherical indenters, other types of indenters

such as conical indenters, cylindrical flat punches, and diamond indenters are commonly used in

indentation tests. Detailed information on these indenters can be found in the work of Ebenstein

and Pruitt [134], as well as Gouldstone et al. [135]. The specific research objective and contact

model will determine the most appropriate instrument and indenter. Table 2.3 lists the indenters

used on skin and arterial tissue.

Among the various indenters and indentation tests conducted on skin and arteries, the spherical

indenter and the cylindrical flat punch are the most widely used, as demonstrated in Table. 2.3.

In [132], it was reported that the estimated radius of curvature of the pyramidal tip can induce

significant errors in estimating the elastic modulus, E, particularly for thin samples. A similar

observation was made in [136], where they compared the elastic modulus obtained using a pyramidal

indenter with that from a spherical indenter with radii R = 1 µm and 2.5 µm. The study found
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Figure 2.6: Indentation test: (A) The schematic of the indentation test conducted for mouse
arterial tissue in Chapter 5, where a spherical indenter with a radius of R = 150 µm is used.
The indentation setup consists of several key components: the load transducer, the connections,
the indenter itself, the specimen holder, and the specimen (arterial tissue) to be tested. This
configuration ensures accurate measurement of the contact force and displacement depth during
the test. (B) Biomomentum Mach-1 mechanical tester (Biomomentum, Laval, Canada).

that the pyramidal indenter tends to overestimate the Young’s modulus of pulmonary vessels.

Among all the experiments conducted with spherical indenters, in skin tissue, the indenter radius

R is typically larger than that used for arteries. Since the skin has larger dimensions, a larger

indenter can facilitate deeper indentations without resulting in large strain.

In this research, the indentation tests on the skin (Chapter 3) and arterial tissue (Chapter 4) were

all conducted using a Biomomentum Mach-1 mechanical tester (Biomomentum, Laval, Canada),

as illustrated in Figure 2.6B.

2.3.3 Friction in Contact Problem

In the previous subsection, we discussed the contact problem without considering external forces

such as friction f bi . However, in real-world scenarios, especially for biological tissue, external forces

such as friction and adhesion significantly influence their contact behaviour. Friction forces arise

from the tangential reaction between two contact surfaces and are affected by several factors,

including contact geometry, surface topology, material properties of both the bulk and surface,

physical and chemical conditions of the contact materials, displacement, relative velocity, and the

presence of lubrication, among others [92], [158]–[160]. Incorporating friction force into the contact

problem, commonly referred to as the frictional contact problem, adds non-linearity and introduces

significant complexity to the contact problem, rendering analytical solutions impractical. Conse-

quently, solving such problems necessitates the use of numerical methods. These methods often
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Table 2.3: The indentation test setup used for skin and artery

The Experimental Setup Skin Artery

Spherical Indenter[1] R = 5.9 mm [137] R = 1µm, 2.5µm[136]
R = 6.22 mm [138] R = 4.5µm [125]
R = 2.25, 4.75, 6.35 mm [139] R = 1 mm [59]
R = 4 mm [140] R = 2.5 mm [134]
R = 7.8µm [141] R = 1 mm [142]
R = 50µm [143] R = 0.5 mm [58], [144]
R = 250µm [145]
R = 496µm , 986µm [146]

Cylindrical Flat Punch[2] R = 9 mm [147] R = 2.5 mm [148]
R = 2 mm [149] R = 3.5 mm [60]
R = 2 mm [149]–[151] R = 2.5 mm [152]
R = 4.5 mm, 90 mm [153]
R = 31µm [146]

Conical Indenter[3] H = 10 mm, θ = 45◦ [154] θ = 20◦ [155]

Pyramid Indenter[4] θ = 57.4◦ (Vickers), 29.2◦

(Berkovich) [156]
θ = 18◦ [136]

θ = 70.3◦ (Berkovich) [146]

[1] F = 4ERω3/2

3(1−v2)
, where R is the indenter radius, ω is the indentation depth, and a is the contact radius.

[2] F = 2ERω
1−v2 [118], where R is the indenter radius.

[3] F = 2E tan θ
π(1−v2)

ω2 [118], where θ is the semi-included angle of the indenter.
[4] F = 2E tan θ

π(1−v2)
ω2 [118], where θ is the semi-included angle of the indenter. The Berkovich and Vickers indenters

are the most widely used pyramidal indenters with different shapes; Berkovich has three edges, while Vickers
has four. A detailed comparison between them can be found in [157].

employ advanced mathematical frameworks, such as variational inequality and equality models

[161], or rely on FE simulations [123], [162]. By applying these numerical approaches, it becomes

possible to approximate solutions to the frictional contact problem, which is crucial for achieving

a more realistic analysis of contact behaviours in biological tissue.

In this subsection, we will introduce friction laws that govern the interactions between contact

surfaces, followed by a review of existing research on frictional contact as applied to skin and

arteries.

2.3.3.1 Amontons’ Law

The friction behaviour can broadly be categorized into static, quasi-static, and dynamic problems

[163]. Since the friction in the contact problem addressed in this research is typically treated as

either static or quasi-static [164], we will focus on static friction behaviour. Regardless of the
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specific type of friction, Amontons’ two well-known laws [163] generally apply.

• First Amontons’ Law

The friction force, Fµ, is directly proportional to the normal load, F , as described by Eq. 2.22. In

some research, this is referred to as Coulomb’s law of friction.

µ =
Fµ

F
(2.22)

• Second Amontons’ law

The friction coefficient µ is independent of the contact area and the loading force, i.e., µ is approx-

imately a constant ≤ 1.

These foundational principles of friction provide a basis for understanding friction behaviour in

various scenarios, including those involving biological tissue. However, Derler et al. pointed out

that Amontons’ empirical laws—stating that the friction force is directly proportional to the load

and independent of the contact area and loading force—do not hold for skin friction due to the

nonlinear, viscoelastic properties of skin [92]. In such cases, Bowden and Tabor theory [165], also

known as the two-term friction model, is more appropriate [92].

2.3.3.2 Two-term Friction Model

The two-term friction model expresses the total friction force Fµ as the sum of adhesion friction,

Fµ,adh, and deformation friction, Fµ,def, as shown in Eq. 6.8. While adhesion friction Fµ,adh

corresponds to the breaking of adhesive bonds between the two surfaces (Eq. 2.24), the deformation

friction Fµ,def, accounts for the energy lost due to viscoelastic hysteresis per unit sliding distance

(Eq. 6.10).

Fµ = Fµ,adh + Fµ,def (2.23)

Fµ,adh = τAreal (2.24)

where τ is the shear strength of the interface and Areal is the real contact area.

Fµ,def =
3

16
β
a

R
F (2.25)

where β is a viscoelastic loss fraction.
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It has been demonstrated that the interface shear strength is a linear function of the contact

pressure, p, as shown in Eq. 2.26 [165], [166].

τ = τ0 + ηp (2.26)

where τ0 is the yield stress at zero external pressure, η is the pressure coefficient, and p is the mean

contact pressure [163].

Thus, the adhesion force can be rewritten as Eq. 2.27.

Fµ,adh = τ0Areal + ηF (2.27)

Adhesion friction has been widely recognized as the primary contributor to the friction of human

skin, while deformation mechanisms are generally considered to play a minor role [92], [167].

2.3.4 Friction of Tissue

The experimental friction tests are conducted to study the friction characteristics of materials.

These tests are highly dependent on various factors, including material properties, surface finish,

and tissue conditions such as hydration, age, surface roughness, and chemical environment. Addi-

tionally, the conditions of the friction tests, including the normal force load and the sliding speed

between the interacting surfaces, significantly influence the results.

The experimental apparatus commonly used for testing friction forces is called a tribometer. De-

pending on specific functionalities, examples include the scanning tunneling microscope (STM)

[168], the atomic-force microscope (AFM) [169], and the friction-force microscope (FFM) [170].

The STM is especially effective for studying conducting surfaces, as it utilizes quantum tunneling

to precisely measure surface features at the atomic scale. In contrast, the AFM is ideal for dielec-

tric surfaces, providing high-resolution topographic measurements through interactions between a

probe and the sample surface. Expanding on the AFM’s capabilities, the FFM not only captures

surface topography but also detects transverse forces, making it particularly well-suited for detailed

friction force analysis.

The setup of the tribometer is schematically illustrated in Figure 2.7 [163], [171]. The measured

spring force, Fspring, which is equal to Fµ, and normal force F are used to calculate the coefficient

of friction (COF) according to Coulomb’s law (Eq. 2.22).



2

2.3. CONTACT MODELLING 25

lubricant

track

slider

Fload
vspring

Fspring

A B

kspring

Figure 2.7: Friction test: (A) Tribometer consists of a top solid substrate, referred to as the slider,
placed on a bottom substrate known as the track. The slider and track may be separated by a thin
lubricant film, and they are compressed together by a loading force, F , which is typically due to
the mass m of the top block by F = mg, where g is the acceleration due to gravity. The slider is
connected to the base, which moves at a constant velocity vspring through a spring with an elastic
constant kspring. In practical applications, the elasticity of the top block itself may serve the role of
the spring. The primary output parameter measured in this setup is the spring force, Fspring [163].
(B) Schematic of microtribometer setup for cell friction experiments. This setup includes key
components: DMEM (Dulbecco’s Modified Eagle Medium), FBS (Fetal Bovine Serum), and SMC
(Smooth Muscle Cell). The piezoelectric-controlled stage linearly reciprocates the tissue culture
plate containing the SMC monolayer against a glass pin, which is held under a constant normal
load throughout a series of 10 cycles. Friction loop data is captured using the Anton Paar NTR3.
Following the completion of tribological testing, the SMCs are immediately returned to 37 ◦C to
ensure optimal cell viability [172].

Specific tribometers—including linear sliding or linearly reciprocating tribometers and rotating

tribometers, as illustrated in Figure 2.8 [160]—have been extensively utilized for tribological studies

of in-vivo skin. Compared to tribometers used for skin friction studies, micro-tribometers for

arterial cell friction are generally simpler, focusing solely on linear sliding friction. Figure 2.7

illustrates micro-tribometers are employed for investigating arterial cell friction [172], [173]. The

micro-tribometer features a cylindrical punch that applies both the normal force and the sliding

velocity.

2.3.4.1 Skin Friction

Skin friction has been extensively studied in numerous studies, with comprehensive literature

reviews provided by Derler et al. [92] and Masen et al. [160], [174]. Derler highlighted several

key factors influencing skin friction, including hydration, age, anatomical region, and the type and

direction of loading on the skin layers, with hydration being particularly emphasized. The COFs

for both wet and dry skin have been reported in various studies, indicating the COF for dry skin

is approximately 0.57 ± 0.32 for dry skin, while generally higher COFs are observed for wet skin,

around 1.5 ± 0.6. Masen also underscored the importance of hydration in their reviews [160], [174],
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A B C D

Figure 2.8: Schematic of tribometers based on various contact configurations [160]: (A) Linear
contact: this configuration involves two surfaces sliding against each other in a straight line. (B)
Perpendicular rotating contact: in this setup, one surface rotates perpendicular to the other, allow-
ing for a circular motion that generates friction. (C) Parallel rotating contact: this configuration
features two surfaces rotating parallel to each other, which can affect the contact area and frictional
behaviour. (D) User-controlled motion: this flexible setup allows the user to dictate the motion of
the surfaces, which can include various trajectories and speeds to study their effects on friction.

consistently showing that the COF increases significantly with higher hydration levels. The key

factors identified in these studies are summarized in Table 2.4.

In skin friction studies, a more detailed quantitative analysis of the friction effect has been provided

by numerous researchers. The accepted relationships between the real contact area Areal and the

normal force F , as well as the COF versus normal load, are expressed in given as Eq. 2.28 and 2.29,

respectively. Eq. 2.28 is derived by considering the contact radius according to various contact

models. Eq. 2.29 is derived from Eq. 2.28, where the friction force is considered to be proportional

to the real contact area Areal, which corresponds to the adhesion friction, Fµ,adh.

Areal ∝ Fm (2.28)

where m is the exponent coefficient.

µ ∝ Fm−1 (2.29)

The exponential coefficient m for the skin friction has been reported to range between 0.15 and

1.33, with a specific value of 0.66 associated with Hertz’s contact theory. Several authors have

noted that the COFs decrease with increasing normal load, following a power law characterised

by exponents between -0.68 and -0.24. A more comprehensive quantitative relationship between

contact area, COF, and surface texture parameters can be found in [194], [195].

Furthermore, if adhesion friction is considered separately from the applied normal load, the COF

can be expressed as shown in Eq. 2.30. This relationship has been illustrated in various studies,

including those referenced in [174] (see Figure 2.9).
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Table 2.4: Influencing factors and their effect on friction

Factors Effect on friction

Hydration

Linear relationship (increase) [175], [176]
Power-law relationship (increase) [177]
Exponential relationship (increase) [120]
Bell-shaped relationship [178], [179]
Increase [180]–[182]

Temperature Negative correlation [183]

Ambient temperature Positive correlation [183]

Amount of sebum Increase [184], [185]
Weak or no relation [185]

Skin-surface roughness
No significant correlation [186]
Ra improves predictability of COF [186]
Correlated with the density of primary lines (> 20 µm) [187]

Counter-surface roughness
Low roughness: decrease [177], [182], [188], [189]
High roughness: increase [190], [191]
Decrease then increase [92], [160]

Age
No effect [175], [186], [192]
Has effect, higher in premenopausal females [193]
More sensitive to moisture changes (female skin & textiles) [176]

Body region

Forehead, postauricular > volar forearm, upper back > dorsal
forearm
> ankle, palm > lower back > thigh > abdomen [92]
Finger > edge of hand; volar forearm > cheek; vulva > volar
forearm [92]
Finger pad higher than others, temple lower [183]

µ = µ0

(
1 +

Fµ,adh

F

)
(2.30)

where µ0 is the initial coefficient of friction.

2.3.4.2 Artery Friction

The friction between arteries and various materials is also widely explored in studies [123], [202]–

[206]. Table 2.5 lists the friction experiments conducted on arterial tissue.

In these studies, the COFs between arteries and medical devices or arterial cells were measured

using customized tribometers. Figure 2.8B illustrates the microtribometer setup for cell friction

experiments, as used in Clark et al.’s study [172]. While the two-term friction model is commonly

applied to the skin, Coulomb’s law remains the primary method for calculating arterial COFs.

Among the studies on arterial friction, only Dunn et al. [173] accounted for adhesion friction in

arteries. Braun [163] highlights that Bowden and Tabor’s theory provides a qualitative explanation

for Amontons’ laws, with Amontons’ law serving as a simplified version of Bowden and Tabor’s

theory, excluding adhesive and viscoelastic properties of the contact material. COFs for skin tissue
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Figure 2.9: Coefficient of friction of the index finger as a function of normal load [177], [180], [182],
[189], [196]–[201]. Image adapted from Kuilenburg et al [174].

typically range from 0.1 to 1 for dry skin and exceed 1 for wet skin, whereas arterial COFs are

generally ≤ 0.1.

The impact of friction in artery-stent interactions is further explored in Chapter 5, where the

friction contact problem is addressed through FE simulations. Coulomb’s law is used to define

frictional behaviour, aligning with the study’s focus on the hyperelastic properties of biological

tissue. While some studies report higher COFs for arteries, the interactions in Chapter 5 are

modeled using COFs ≤ 0.1 for artery-stent interactions, with a more detailed discussion provided

later.

2.4 Finite Element Method for Contact Problem

Contact problems, especially those involving friction, pose significant challenges for analytical

solutions. These challenges arise from various factors, including the nonlinearity introduced by

external forces, the complexity of mixed boundary conditions, and the nonlinear behaviour of

materials. Consequently, numerical methods, particularly the FE method, are frequently employed

to address these frictional contact issues.

The FE method achieves approximate solutions by discretising the entire domain V into small,

finite elements and applying the governing equations to these elements. Figure 2.10) illustrates the

discretisation of the domain V into small quadrilateral elements, each defined by nodes located at

their vertices and midpoints. These nodes serve as reference points for constructing the elements

and defining the interpolation functions within each element, enabling an approximation of the

solution across the domain. The FE method is highly valued for its ability to handle complex
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Table 2.5: Arterial friction tests

Research Material COF

Takashima et al. [123] a catheter and porcine aorta 0.015-0.13

Dunn et al. [173] bovine aortic endothelial cells 0.03-0.06

Caldwell et al. [202] untreated LDPE-porcine aorta[1] 0.0384 ± 0.01
polyethylene LDPE-porcine aorta 0.0285 ± 0.0051

Vad et al. [205] PET stent-artificial vascular[2] 0.22-0.46
ePTFE stent-artificial vascular[3] 0.012-0.018

Chen et al. [203]

Zenith stent-porcine aorta 0.0328 ± 0.0019 (axial)
0.04426 ± 0.0036 (circumferential)

Endurant stent-porcine aorta 0.05406 ± 0.0034 (axial)
0.05376 ± 0.0015 (circumferential)

Anaconda stent-porcine aorta 0.04666 ± 0.0036 (axial)
0.04556 ± 0.0022 (circumferential)

Clark et al. [172] SMCs from ND patients [4] 0.107 ± 0.03
SMCs from T2DM patients[5] 0.22 ± 0.01

Kwak et al. [206] stent retrievers-artificial vascular[6] ≈ 0.037 [7]

[1]

LDPE: low-density polyethylene
[2]

PET: polyethylene terephthalate
[3]

ePTFE: expanded polytetrafluoroethylene
[4]

SMC: smooth muscle cells; ND: non-diabetic
[5]

T2DM: Type 2 diabetic.
[6]

artificial vascular made by polydimethylsiloxane
[7]

Fµ = µF +µFµ,adh, where Fµ and F are the friction and normal force, respectively. Fµ,adh is the adhesion
force.

geometries, nonlinear material properties, and mixed boundary conditions. Numerous FE software

packages, such as ABAQUS, ANSYS, and COMSOL, have been developed to streamline these

analyses.

2.4.1 Fundamentals of Finite Element Method

In solid mechanics, the FE method is employed to determine the unknown displacement field u(x)

governed by the momentum equation as described in Eq. 2.31.

σij,j + ρf bi − ρü = 0 on V

σijnj = fsi on Γt

ui = usi on Γu

(2.31)

where σij,j is the divergence of the stress tensor σij , which represents the internal forces within

the material; f bi is the body force; ρ is the density of the material. usi defines the displacement on

the boundary Γu, and fsi represents the traction on the boundary Γt; ü is the acceleration.

Eq. 2.31 gives the strong form of the momentum equation, which requires strict continuity and
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A B

First-order interpolation

Second-order interpolation

Reduced integrationFull integration

Figure 2.10: FE discretisation [207]: the domain V is discretised into small quadrilateral elements
with eight nodes per element, which are used to define the element geometry and perform the
interpolation function across the element.

differentiability of stresses and displacement fields across the domain V . However, these require-

ments are often difficult to meet in practical applications, particularly when the problem involves

discontinuities in material properties (e.g., in composites or layered materials), irregular geome-

tries, or nonlinear material behaviours. To overcome the limitations given by the strong form

of the momentum equation, FE methods employ the weak form of the momentum equation, as

shown in Eq. 2.32). The weak form is derived from the principle of virtual work, which converts

the strong form into an integral equation by integrating it over the domain V . The weak form

provides increased flexibility by reducing the regularity requirements to piecewise differentiability,

rather than continuous differentiability across the entire domain V . This flexibility allows each

element to use independently defined functions, accommodating discontinuities between elements

where necessary. Consequently, the weak form enables the FE method to handle complex material

interfaces and geometries more effectively than the strong form, making it highly adaptable to a

wide range of engineering problems.

∫
v

δui(σij,j + ρf bi − ρüi)dV = 0 (2.32)

where δui is a virtual displacement field.

By discretising the domain V into finite elements and assigning nodes to each element (see Figure.

2.10), the virtual displacement δui(x) can be interpolated using discrete virtual nodal displacements

δUα
i and shape functions Nα(x), as defined in Eq. 2.33.
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δui(x) =
Mn∑
α=1

Na(x)δUα
i (2.33)

where Mn is the node number.

Substituting Eq. 2.33 into Eq. 2.32, the virtual work equation can be expressed as Eq. 2.34.

∫
V

σijNα,jdV −
∫
Γt

Nαf
s
i dΓ = 0 (2.34)

where i ranges from 1 to NDF (the number of spatial degrees of freedom, usually 2 or 3), and α

ranges from 1 to Mn (Mn is the total number of nodes). Γ = Γt + Γu is the boundary.

For linear elasticity with the stress-strain relationship given as σij = Cijklεkl, and strain defined

by displacement as εkl = 1
2 (uk,l + ul,k), the virtual work equation is reformulated in terms of

displacement as Eq. 2.35.

(∫
V

CijklNb,lNα,jdV
)
U b
k =

∫
Γt

Nα,jf
s
i dΓ (2.35)

This leads to the final matrix form as Eq. 2.36.

KiakbU
b
k = fαi

KU = f
(2.36)

where U (U b
k) is the vector of unknown nodal displacement, f (fαi ) is the nodal force vector, and

K (Kiakb) is the FE stiffness matrix, which is often referred to as the ‘global’ stiffness matrix.

For dynamic problems, mass matrix M and acceleration vector U are included, leading to the

governing equation as Eq. 2.37

MU + KU = f (2.37)

The main task in a FE analysis is the calculation and inversion of the global stiffness matrix

K. Each element contributes a ‘local’ stiffness matrix to K, calculated independently using only

information from the element itself. This independence is achieved through the use of the shape

functions, Nα, whereby the value of the variables within an element depends only on the values at

the nodes of that element.

Given the complexities involved in manually coding FE methods, this research utilizes the commer-
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cial software ABAQUS (ABAQUS 2024) to conduct the indentation simulations and the simulations

of artery-stent interactions. In this section, we outline the fundamentals of the FE method, with

a particular emphasis on establishing and modelling contact interactions.

2.4.2 Finite Element Modelling in ABAQUS

To define an FE model in ABAQUS, the following steps are typically followed: create a part,

define material properties, apply boundary conditions, specify interaction constraints, mesh the

model, and run the simulation. Several important considerations are outlined below to enhance

the modelling process.

2.4.2.1 ABAQUS Solver

ABAQUS provides two solvers: ABAQUS/Standard based on the implicit algorithm and ABAQUS/Ex-

plicit based on the explicit algorithm. In both ABAQUS/Standard and ABAQUS/Explicit, the

governing equation is given by Eq. 2.37. The key difference between the two algorithms lies in how

the nodal accelerations are computed. The implicit solver employs the Newton-Raphson method

to iteratively solve for the correction, c, to the incremental displacements, ∆uj . This process seeks

the solution to the dynamic equilibrium at the end of the time increment, t +∆t, while simulta-

neously computing the displacements (see Eq.2.38). In contrast, the explicit algorithm utilizes an

extrapolation approach, where the next state is directly calculated from the current state data (see

Eq.2.39).

Kc = P − If − Mü (2.38)

where P is the external applied forces, and If is the internal element force.

üt = M−1(P(t) − If(t))

u̇(t+∆t
2 ) = u̇(t−∆t

2 ) −
∆tt+∆t +∆t(t)

2

u(t+∆t) = u(t) +∆t(t+∆t)u̇(t+∆t
2 )

(2.39)

The implicit algorithm is unconditionally stable, allowing for larger time increments, ∆t, which

are automatically determined by the solver. In contrast, the explicit solver’s time increment is

constrained by stability considerations. Excessively large time steps can lead to instability and

significant errors in the solution. The maximum allowable time increment, known as the stable

time increment, is governed by the Courant-Friedrichs-Lewy (CFL) condition (see Eq. 2.40). This
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condition links the time-step size to the spatial discretisation and wave propagation characteristics

of the system.

tstable = min(
Le

cd
) cd =

√
λl + 2µl

ρ
(2.40)

where tstable is the stable time increment; Le is the dimension of the mesh element, cd is the

material wave speed, ρ is the material density, and λl and µl is the Lamé coefficients.

In an implicit solver, nonlinear problems typically require multiple iterations per increment to

converge within prescribed tolerances, making the method computationally expensive compared

to the explicit approach. As a result, the explicit solver is often better suited for problems involving

significant nonlinearities. In this research, two types of simulations are conducted: the indentation

simulation, representing a static contact problem, benefits from the implicit method due to its

stability and accuracy (see Chapters 3 and 4). On the other hand, the artery-stent interaction in

Chapter 5 involves substantial nonlinearities arising from friction, nonlinear material behaviour,

complex geometry, and large deformations. Attempts to model these interactions using the implicit

solver often resulted in premature termination due to convergence issues. In contrast, the explicit

solver is more robust in handling strong nonlinearities and is widely used in quasi-static simulations

of stent-artery interactions. Therefore, the explicit solver was chosen for the artery-stent interaction

simulation to ensure both accuracy and stability.

2.4.2.2 Element Selection

In FE analysis, approximations primarily arise from the properties of the chosen elements, including

their shape functions and the mesh distribution within the structure. Shape functions define the

variation of displacement and strain across each element, directly influencing the accuracy of

the results, particularly in regions with high stress or strain gradients. Therefore, both element

selection and mesh distribution must be carefully tailored to the specific problem. In regions with

stress concentrations or complex deformations, a finer mesh and higher-order elements may be

required to accurately capture the behaviour. Conversely, areas with less variation may allow

for the use of lower-order elements or a coarser mesh, optimising computational efficiency without

sacrificing accuracy. Striking the right balance in element selection and mesh distribution is crucial

for obtaining reliable results within practical computational limits.

• Dimensionality

ABAQUS offers a range of two-dimensional (2D) and three-dimensional (3D) elements tailored to
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different modelling requirements, such as shell and surface elements for 2D analysis, and truss and

solid elements for 3D. When possible, 2D elements with fewer degrees of freedom (DoF) and nodes

are preferred over 3D elements to reduce computational costs.

Additionally, ABAQUS supports dimensional reduction through specific element types, such as

axisymmetric, plane stress, and plane strain elements. For instance, axisymmetric elements are

ideal when rotational symmetry is present in the model’s geometry. This allows the simulation to

focus on a cross-sectional slice rather than the entire geometry, ensuring computational efficiency

while preserving essential boundary conditions and geometric features.

In this research, we used axisymmetric 2D solid elements for the indentation simulations, striking

a balance between computational efficiency and model accuracy. However, for the artery-stent

interaction simulations, we opted for 3D solid elements to accurately capture the complex contact

and deformation characteristics inherent to the artery-stent system.

• Element shape

Common shapes for 2D elements include triangles and quadrilaterals. Triangular elements are

advantageous for modelling complex geometries but may be less effective in accurately capturing

bending behaviour. In contrast, quadrilaterals typically offer superior performance in plane stress

and plane strain analyses due to their bilinear shape functions, which facilitate more precise stress

distribution.

For 3D elements, tetrahedral elements are versatile and well-suited for complex geometries but

can introduce inaccuracies in bending problems because of their reliance on linear shape functions.

Hexahedral elements, on the other hand, are more efficient at capturing stress gradients and are

ideal for structured meshes, making them the preferred choice for simulations that demand high

accuracy in stress and deformation responses.

• Degrees of freedom

An element’s DoF represents the independent displacements or rotations that each node within the

element can undergo. In solid stress analysis, these movements typically consist of translations,

with rotational DoF often incorporated for structural and shell elements.

For 2D elements, nodes can translate in the x and y directions, giving each node 2 DoF. In 3D

elements, nodes can translate along the x, y, and z axes, providing 3 DoF per node. For example,

linear rectangular elements have 4 nodes, each with 2 translational DoF in the x and y directions.

Unlike Constant Strain Triangles, which assume constant strain across the element, rectangular
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elements use a bilinear shape function, often referred to as an incomplete quadratic function,

expressed as C1+C2x+C3y+C4xy, where Ci are constants. This formulation allows for a linearly

varying strain across the element, improving accuracy and performance, especially in higher-order

analyses. However, rectangular elements may be less effective in situations involving acute angles,

where their accuracy can diminish.

• Number of nodes (Interpolation)

ABAQUS offers two primary types of elements based on node configurations: first-order (linear)

and second-order (quadratic) elements.

First-order elements have nodes only at the corners of the element, such as 3-node triangles and

4-node quadrilaterals (see first-order interpolation in Figure 2.10B). Linear triangular elements

assume a uniform strain distribution across the element. This assumption limits their ability to

capture complex deformations, particularly bending. These elements are suitable for problems

with relatively simple deformations or when computational efficiency is prioritised over accuracy,

though they may be less effective in representing detailed stress and strain variations.

In contrast, second-order elements have nodes at both the corners and midpoints of each edge, such

as 6-node triangles or 8-node quadrilaterals (see second-order interpolation in Figure 2.10B). These

elements use quadratic interpolation, enabling smoother transitions and more gradual changes in

the element’s behaviour. This allows them to more accurately capture nonlinear deformations,

such as bending and stretching, although they come with higher computational costs.

• Integration

Integration within elements is vital for calculating material behaviour by assessing the element’s

response at specific internal points, known as integration points or Gauss points. At each integra-

tion point, ABAQUS computes the element’s stiffness matrix, which helps approximate the overall

response to applied loads and boundary conditions.

ABAQUS provides two primary integration options: full integration and reduced integration (Fig-

ure 2.10B). Full integration evaluates polynomial terms at all Gauss points within the element,

offering higher accuracy but increasing computational costs. On the other hand, reduced inte-

gration uses fewer integration points, which speeds up calculations and reduces computational

demand. However, this method can introduce numerical issues, such as ’hour-glassing’ or element

locking, especially in cases of low-strain or bending-dominated deformations.

In addition to defining the element section, specifying material properties is crucial in FE modelling.
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ABAQUS offers a variety of material models, including the Ogden and the GOH model, enabling

users to define and customize material behaviours according to their specific needs.

2.4.3 Contact Modelling in ABAQUS

Figure 2.11 illustrates the logical framework of the contact algorithm for both the implicit and

explicit solvers. Compared to the implicit solver, the explicit solver offers an additional contact

algorithm, the general contact algorithm, which is designed to handle multiple contact surfaces

simultaneously. This algorithm is particularly useful for complex interactions involving many

surfaces in a model.

In this research, however, both simulations involve only two contact surfaces: one for the indenta-

tion simulation and one for the artery-stent interaction. As a result, the contact pair algorithm,

which is specifically tailored for modelling interactions between two surfaces, has been selected for

both simulations.

Figure 2.11: The contact algorithm in ABAQUS checks all contact interactions at the start of each
increment, identifying each slave node as either open or closed. For closed nodes, it determines
whether they are sliding or sticking and applies or removes constraints accordingly. ABAQUS then
updates the model configuration and re-evaluates the contact conditions after each iteration. Nodes
where clearance becomes non-positive switch to closed, while nodes with negative contact pressure
switch to open. If contact changes are detected, ABAQUS marks it as a severe discontinuity
iteration. Iterations continue until severe discontinuities are minimal (or absent) and equilibrium
tolerances are met. Alternatively, ABAQUS can be set to iterate until no severe discontinuities
remain before checking equilibrium [208].

2.4.3.1 Contact Properties

The contact properties definition includes the definition of both the normal behaviour, known as

the contact pressure-overclosure relationship, and the friction behaviour during the interaction.

• Contact pressure-overclosure relationship
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ABAQUS provides two methods for pressure-overclosure relationships: ‘hard contact’ and ‘softened

contact’.

‘Hard contact’, represented by Eq. 5.3, minimises the penetration of the slave surface into the mas-

ter surface at the constraint locations and prevents the transfer of tensile stress across the interface.

In contrast, ‘softened contact’ defines the relationship between contact pressure and clearance more

gradually, using linear, tabular piecewise-linear, or exponential laws. Although ‘softened contact’

enhances stability and convergence by mitigating potential slave surface penetration issues, it tends

to be less accurate than ‘hard contact’.

Given the emphasis on accuracy in this research, ‘hard contact’ is chosen for both simulations to

ensure a realistic representation of contact behaviour.

pn = 0 gn > 0; pn > 0 gn = 0; (2.41)

where p is the contact pressure on node n and gn is the gap function.

• Friction behaviour

The Coulomb friction model is used to define the friction behaviour in ABAQUS, with specific

equation provided in Eq. 2.42.

gτ = 0, qτ ≤ µ | pn | on ΓC,st

ġτ 6= 0, qτ = µ | pn | ġτ
‖ ġτ ‖

on ΓC,sl
(2.42)

where µ is the coefficient of friction; gτ is the tangential gap; ġτ is the sliding velocity; qτ is the

tangential reaction, and ΓC,st, ΓC,sl are the stick and sliding region, respectively.

2.4.3.2 Contact Formulation

The contact formulation for modelling surface interactions includes four key components: the con-

straint enforcement method, contact surface weighting, tracking approach, and sliding formulation.

• Constraint enforcement method

In ABAQUS, two algorithms are available for achieving surface-to-surface contact: ‘kinematic

contact’ and ‘penalty contact’. Kinematic contact ensures precise adherence to contact conditions

through a predictor/corrector approach. Penalty contact models the contact force as the product

of a penalty stiffness and the penetration distance, as described by Eq. 2.43. Although penalty

contact can introduce artificial damping effects, it offers superior computational efficiency compared
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to the more computationally demanding kinematic contact. Therefore, in this research, penalty

contact was selected for both simulations, with the penalty stiffness carefully calibrated to minimise

excessive damping and ensure the realistic behaviour of the contact interactions.

pn = εngn (2.43)

where εn is the contact stiffness and gn is the gap function. The penalty stiffness is automatically

determined by the explicit solver.

• Contact surface weighting

In the implicit solver, only the pure master-slave contact algorithm is available, where one surface

is the master and the other the slave, allowing only slave node penetration into master facets.

The explicit solver offers an additional balanced master-slave method, which applies the pure

master-slave technique twice with reversed surfaces. The balanced approach, invoked by a contact

parameter f between 0 and 1.0, enhances stability but is more computationally demanding. It is

typically used when mesh irregularities occur. However, since no such issues were encountered in

this research, the pure master-slave contact was chosen to reduce computational cost.

• Tracking approach

In ABAQUS, the global and local search methods are key for efficient contact tracking in ABAQUS

simulations. The global search method, applied at the start of each analysis step and every 100

increments, identifies the closest master facet for each slave node across the model. While precise,

it can be computationally intensive. In contrast, the local search method is used between global

search steps, focusing only on master facets associated with the previously tracked master node.

This reduces the computational cost by limiting the search to fewer elements, improving efficiency.

• Sliding approach

ABAQUS offers small and finite sliding approaches. Small sliding assumes minimal relative dis-

placements and a constant contact area, suitable for small deformations. Finite sliding, on the

other hand, accommodates large displacements and varying contact areas, requiring more complex

algorithms. Since the simulations in this research involve large deformations, the finite sliding

approach was chosen to accurately capture the interaction dynamics.
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2.4.4 Indentation Simulation on Tissue

Indentation simulations on skin and arterial tissue are widely used in biomechanical research for

various applications. One key application is generating closed-form expressions or correction func-

tions for contact models that involve hyperelastic properties and large deformations. For example,

Zhang et al. [22] conducted finite element simulations to develop contact models correspond-

ing to four hyperelastic materials characterised by the neo-Hookean, Mooney–Rivlin, Fung, and

Arruda–Boyce constitutive models. Dimitriadis et al. [132] formulated correction functions for

Hertz’s contact model, enabling more accurate predictions in cases involving large deformations

during indentation.

Additionally, indentation simulations, when combined with experimental indentation tests, are

commonly employed for inverse analyses to extract material properties of skin and arterial tissue.

Notable studies include those by Tran et al. [55], Delalleau et al. [57], [138], Cox et al. [144], [209],

Chai et al. [59], [60], as well as Fougeron [210] and Akbarzadeh [211]. In inverse analysis, material

parameters are optimised by minimising the error between simulation results and experimental

data, ensuring that the error remains within a predefined tolerance. We have also applied this

technique in our work, with further details provided in Appendix A.

Indentation simulations are also valuable tools for validating theoretical contact models. For

instance, Lin et al. [117] employed indentation simulations to validate their established contact

model that incorporates hyperelastic material properties defined by the linear elastic, Mooney-

Rivlin, and Ogden models. Additional examples can be found in the studies by Dai et al. [212],

Dintwa [213], Wei et al. [214], and Guo et al. [215].

FE models in these studies are typically developed as 2D axisymmetric models due to the symmetric

geometry of both the indenter and the indented material, with the material often represented as

a thin layer. This approach is commonly applied in studies such as those by Zhang et al. [22],

Delalleau et al. [57], [138], and Slaboch et al. [216]. However, some studies, such as those by Cox

et al. [144], [209], Chai et al. [59], [60], and Valero et al. [217], use 3D axisymmetric FE models to

simulate indentation on skin and arterial tissue. These models provide a more detailed and realistic

representation but incur higher computational costs. Tran et al. [55] offer a realistic model based

on MRI images of the human left forearm, which includes three skin layers (epidermis, dermis, and

hypodermis), muscles, and bones. Similarly, [216] provides a three-layer skin model. While these

offer valuable insights, they are computationally demanding. In contrast, for the purposes of this

research, a 2D axisymmetric model was adopted to balance computational efficiency and model
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accuracy, as detailed in Chapters 3 and 4.

Further details on the numerical simulations for artery-stent interactions are presented in Chapter

5.
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The content of this chapter has been published for publication in the Journal of the Mechanical

Behaviour of Biomedical Materials [218].

3.1 Introduction

As previously discussed in Chapter 2, a comprehensive understanding of the hyperelastic charac-

teristics of soft materials is essential for exploring their tribo-mechanical behaviour. One possible

application is the interaction of soft tissue with medical devices, such as a respirator mask on the

skin or a stent with arterial tissue. The hyperelastic material model proposed by Ogden [48] has

been widely used and accurately describes the mechanical behaviour of soft materials, including

skin [13], [75], [219] and arterial tissue [77]–[81]. Determining the Ogden parameters typically

requires tensile experiments [220], [221], which may not be feasible for in-vivo tissue, such as hu-

man skin. Lin et al. [117] proposed a method for determining first-order Ogden parameters using

indentation experiments, assuming the material behaves as an infinite half-space and that defor-

mations are small. However, many studies assume linear elastic behaviour of soft tissue during the
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indentation test [154], [214], [222], [223].

Reviewing the contact models discussed in Chapter 2, Hertz’s model [115] for elastic contact is

the most widely used and describes the contact behaviour between two spherical bodies by as-

suming small deformations, elastic infinite half-spaces, and friction-free surfaces. Although these

assumptions do not hold for most contact cases, Hertz’s model can still be used for many appli-

cations to determine the elastic modulus of the material, and the contact area for a given loading

situation. Sneddon [118] established a general contact model for indenters with arbitrary profiles,

such as cones, cylindrical punches, and ellipsoidal shapes. However, this model is still based on

the assumptions of small deformations, elastic half-spaces, and friction-free surfaces. Hayes [127]

developed a mathematical model to describe the contact behaviour of a finite elastic layer bonded

to a rigid half-space. This model introduces two parameters, κ and χ, that depend on the Pois-

son’s ratio as well as the ratio of contact radius to layer thickness to correct for the effects of the

underlying substrate on the contact force F and the contact radius a, respectively. This model

addresses the contact problem for thin, soft tissue covering a harder tissue, e.g., cartilage bonded

to bone. However, Hayes’ model assumes linear elastic material behaviour, and thus cannot be

used for obtaining hyperelastic parameters. Other methods that are used in literature to deter-

mine Young’s modulus for soft materials include the Bec/Tonck model [224] and the Song/Pharr

model [225], but these are all based on linear elasticity. Lin’s contact model [117] incorporates

non-linear elasticity in the form of a first-order Ogden model, however, this model is still based on

the assumptions of an infinite half-space and small deformations.

Inverse analysis is another widely used method for deriving Ogden parameters from indentation

tests [57], [138], [226], [227]. It is an optimisation process where the unknown material parameters

are iteratively optimized by minimizing the error between simulated and experimentally measured

force. Unlike direct modelling, inverse analysis is heavily dependent on optimisation techniques,

such as the Levenberg-Marquardt algorithm. Throughout each iteration, the simulation model is

required to run at least once to obtain new parameters, rendering this iterative process notably

time-consuming.

In this chapter, a method was proposed to determine the Ogden parameters of artificial soft tis-

sue by combining indentation experiments with numerical simulations. The methodology involves

performing indentation tests to obtain the curves of contact force F versus indentation depth ω

curves, while numerical simulations are used to compute the principal strains εj during indenta-

tion. Assuming that the non-linear material behaviour can be linearised for small deformation

increments, the contact problem during the indentation is discretised into multiple increments. In
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each increment, the material is treated as linearly elastic, characterised by an ‘equivalent shear

modulus’, G∗
i , derived from Hayes’ model. By applying the principal strains εj obtained from

simulations, the principal stresses σj are subsequently calculated using Hooke’s law. By combining

the principal stresses σj of all increments, non-linear stress σj versus strain εj curves are generated,

from which the Ogden parameters, µ and α, are obtained through fitting.

3.2 Modelling Non-linear Contact

The constitutive model of soft materials can be described using an N -order Ogden model [48],

which relates the strain energy potential ψ to the principal stretch ratios λj (j = 1, 2, 3) in three

directions, as shown in Eq. 3.1.

ψ(λ) =

N∑
p=1

µp

αp
(λ

αp

1 + λ
αp

2 + λ
αp

3 − 3) (3.1)

where µp and αp are material parameters with p is the term number.

The relationship of shear modulus G with Ogden parameters µp and αp is defined as Eq. 3.2 [48].

2G =

N∑
p=1

µpαp (3.2)

Ogden’s model is formulated as a linear combination of invariants φ(λ), as given by Eq. 3.3, where

the relationship between strain εj and stretch λj is described by Eq. 3.4 [48].

φ(λ) =

 (λ
αp

1 + λ
αp

2 + λ
αp

3 − 3)/αp αp 6= 0

lnλ1λ2λ3 αp = 0
(3.3)

εj =


1
αp

(λ
αp

j − 1) αp 6= 0

lnλj αp = 0
(3.4)

In [48], the case of αp = 0 is excluded from consideration, and we follow the same approach

here. Eq. 3.4 provides clear evidence that the principal strain depends only on λj and the Ogden

parameter αp, without being influenced by µp.

Considering the principal Cauchy stresses defined by the Ogden model, the principal Cauchy

stresses can be given by Eq. 3.5 [48].
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σj = λj
∂ψ

∂λj
− P =

αp∑
p=1

µpλ
αp

j − P (3.5)

where P is an arbitrary hydrostatic pressure introduced because of the incompressibility constraint.

To establish the relationship between stress and strain during the indentation process, we adopt the

simplification that the stress in uniaxial compression can serve as an analogy for that in spherical

indentation, as given in Eq. 3.6. Based on the works of Tabor [228], [229] and Johnson [230], Lin

[117], [231] and Briscoe [232] showed that the stresses in a material during spherical indentation

may be approximated by those occurring during uniaxial compression. Whilst formally this will

introduce some error in the determination of the stress field, this is not explicitly accounted for.

σj =

N∑
p=1

µp

(
λ
αp

j − λ
− 1

2αp

j

)
(3.6)

Substituting Eq. 3.4 into Eq. 3.6, the principal stress-strain relationship along the z−axis can be

described by Eq. 3.7.

σj =

N∑
p=1

µpαp

[(
εj +

1

αp

)
−

(
1

αp

) 3
2
(
εj +

1

αp

)− 1
2

]
(3.7)

Let Ξ(εj , αp) =
(
εj +

1
αp

)
−
(

1
αp

) 3
2
(
εj +

1
αp

)− 1
2 . It is evident that Ξ(εj , αp) is a nonlinear function

of the principal strain εj and the Ogden parameter αp. Expanding Ξ(εj , αp) using a Taylor series

yields the following expression:

Ξ(εj , αp) =
3

2
εj −

3

8
αpε

2
j + o(ε2j ) (3.8)

where o(ε2j ) higher-order terms beyond the quadratic term.

Since our goal is the determine the Ogden parameters µp and αp, i.e. the shear modulus G (Eq. 3.2)

from measured indentation data, we need to understand the stress field in the indented material.

The strain field during indentation is obtained using a numerical simulation, and is independent

of any underlying material model. The following paragraphs demonstrate how the stresses σj are

determined by approximating the hyperelastic material as a linear material in small increments.

Ξ(εj , αp) can be segmented into i adjoining segments as Ξi(εji, αp). For each segment, Ξ(εji, αp)

can be approximated by the linear function, kiεji, as shown in Eq. 3.9, where ∆ε is the step size

of each small increment.
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A B

Figure 3.1: Illustration of linearisation and segmentation: A) Ξ(εj , αp) for αp = 0.5, 1, 2, 3, 4 within
the range εji ∈ [0,−0.3], showing that Ξ(εj , αp) is independent of the value of αp for strains smaller
than 5%. (B) Ξ(ε1, 2) can be be approximated by three adjoining linear segments of kiεji + bi (i
= 1, 2, 3).

Ξi(εji, αp) ≈

 kiεji i− 1 ≤ εji
∆ε ≤ i

0 otherwise
(3.9)

Then, Ξ(εj , αp) can be given as:

Ξ(εj , αp) ≈
m∑
i=1

Ξi(εji, αp) =

m∑
i=1

kiεji (3.10)

where m is the number of segments.

Figure 3.1A illustrates the Ξ(εj , αp) for αp = 0.5, 1, 2, 3, 4 within the range εji ∈ [0,−0.3]. The

figure shows that at small strain εji ∈ [0,−0.2], Ξ(εj , αp) behaves nearly linearly, especially for

small αp values, such as αp = 0.5 to 2. However, as εj increases (εji ∈ [−0.2,−0.3]), the influence

of αp becomes more pronounced, leading to greater deviations from linearity, particularly for large

αp values, such as αp = 3 to 5.

The Cauchy stress can be written as:

σj ≈ 2G

m∑
i=1

kiεji (3.11)

where εji (j = 1, 2, 3, i = 1, 2, . . . , m) represents the principal strains in small increment i.

As each increment introduces a different value for the tangential slope ki, the equivalent shear

modulus G∗
i = 2Gki/(1 + ν) can be used to approximate the hyperelastic material as a linear
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Figure 3.2: The contact behavior of hyperelastic materials can be modeled as linear materials,
characterized by the equivalent shear modulus G∗

i in the ith increment.

material provided the increments are small. The principal stress-strain relationship can then be

expressed as:

σj ≈
m∑
i=1

2(1 + v)G∗
i εji =

m∑
i=1

σ∗
ji (3.12)

It is important note that the principal Cauchy stresses σj , as defined by Ogden model, can be

expressed as the sum of σ∗
ji over small increments, each corresponding to a linearised material with

an equivalent shear modulus G∗
i .

Eq. 3.12 indicates that the principal Cauchy stresses σj can be obtained by assembling the incre-

mental stresses σ∗
ji using Eq. 3.12. Using Hayes model, Gistar is then obtained from the measured

force-displacement curve, according to y Eq. 3.13 [127].

G∗
i =

Fi(1− ν)

κ
√
χR1/2ω3/2

(3.13)

where Fi is the incremental contact force, ωi is the incremental indentation depth, R is the radius

of the spherical indenter, κ and χ are the numerical coefficients as defined by Hayes’ model, which

depend on the ratio of contact radius with the thickness h, and Poisson’s ratio ν.

Summarising, the overall contact behavior of hyperelastic materials can be described as the combi-

nation of multiple Hayes contact models across different small deformation increments, as defined

by Eq. 3.14 and illustrated in Figure 3.2.

F =

n∑
i=1

Fi =

n∑
i=1

2κ
√
χ
G∗

i

1− ν
R1/2ω

3/2
i (3.14)

where F is the contact force for hyperelastic materials.

The procedure is schematically shown in Figure 3.3.
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3.3 Application of the Method

The developed incremental model is applied to determine the Ogden parameters of a commercially

available tissue mimic (SynTissue Adult Skin Plate 2N, Syndaver, Tampa, FL). The following

procedure is schematically illustrated in Figure 3.3.

Figure 3.3: The procedure of the proposed method: the black block gives the information collected
from the indentation test, while the purple block gives the data collected by the indentation
simulation. The whole procedure was conducted in Matlab (Matlab 2021Ra).

A first-order Ogden model was used for these simulations, and the strain increment was set at

an arbitrary value of 1%. For indentations up to 10 % of the material thickness, the numerically

calculated strain fields are independent of the value of the Ogden parameters used in the simulation.

This will also be discussed in more detail in Figure 3.5.

3.3.1 Indentation Experiments

Indentation tests on specimens of Syndaver tissue mimic were performed employing a Mach-1

mechanical tester (Biomomentum, Laval, Canada) using a spherical indenter with a radius R of

9.5 mm, as depicted in Figure 3.4A. Measurements were performed on 8 random locations on the

specimen, at least 10 mm from the edge. The overall thickness of the tissue mimic is around 1

mm, but before performing the indentation a more accurate assessment of the local thickness h

at each test point was determined by measuring the height difference between two surfaces of the

specimen. After contact detection a downward displacement ω of 10 % of the local thickness h

was applied. Each indentation took 10 s to complete. The measured data was processed to correct

for variations in the detection of the point of initial contact, i.e., the zero-displacement location

([233]) thus ensuring that all curves commence at a similar starting point.
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The eight resulting contact force F versus indentation depth ω curves are depicted in Figure. 3.4B.

The curves show some variations, with the maximum indentation force ranging between 0.44 N

and 0.67 N, which is expected for inhomogeneous materials such as artificial or biological tissue.

I Fmax= 0.67 N

II Fmax= 0.54 N

III Fmax= 0.44 N

IV Fmax= 0.60 N

V Fmax= 0.47 NVI Fmax= 0.49 N

VII Fmax= 0.61 N

VIII Fmax= 0.47 N

Load transducer

Spherical Indenter

Specimen

Specimen holder

A B

Figure 3.4: The indentation tests: (A) Schematic of the indentation setup. (B) 8 measured force-
displacement curves on different locations on the same specimen, where I, II, …, VIII represents
the test number.

3.3.2 Numerical Simulation

A finite element model of the indentation experiments was established (ABAQUS/Standard 2024)

as shown in Figure 3.5A. Similar to the experimental setup, the model comprises a spherical

indenter with radius R = 9.5 mm that indents a specimen with a thickness h = 1 mm. The

steel indenter was treated as a rigid body to simplify the simulation. A total indentation depth

ω = 0.1 mm was modelled, with contact properties set as ‘hard contact’ and ‘frictionless’. The

bottom surface of the indented material was constrained in all directions. The indented material

was modelled using a first-order Ogden model.

To assess the effects of the material parameters on the calculated principal strains and stresses,

three Ogden materials, listed in Table 3.1, were defined and assigned to the indented material in

subsequent simulations.

Table 3.1: Three Ogden materials used to assess differences in calculated stress and strain fields

Ogden Materials Shear Modulus G (MPa) Ogden Parameter αp (-)

Material 1 (G1, α1) 0.256 1.2
Material 2 (G2, α2) 1.000 1.2
Material 3 (G3, α3) 0.256 10.0

Figure 3.5B shows the numerical strain at the centre of the contact (x = y = 0) as a function of

depth z into the material, as calculated for the three simulated materials defined in Table 3.1. The
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Step 100

R = 9.5 mm

h = 1 mm

𝜔max = 0.1 mm

x

z

201

2211

402…

A B

o

Figure 3.5: The FE model and the calculated principal strains: (A) The FE model for indentation
test. (B) Calculated principal strain field along the Z-axis at different indentation depths for the
three simulated materials, the red numbers represent the indentation depth in mm.

various curves refer to indentation depths between 0.01 and 0.12 mm. The curves for the three

materials coincide, meaning that for these indentations the numerical strains are independent of

the value of the shear modulus G and the Ogden parameter αp.

The numerical strain calculated by ABAQUS is Green’s strain, denoted as εGj , which is equal to

Hill strain (Eq. 3.4 [234], [235]) when α = 2. The relationship between the general Hill strain used

in Ogden’s model εj and Green strain εGj is given by Eq. 3.15.

εj =
1

α

[
(2εGj + 1)α/2 − 1

]
(3.15)

Using Taylor’s expansion, this can be expressed as Eq. 3.16.

εj = εGj +
α− 2

2
εGj

2
+ o(εGj

2
) (3.16)

where o(εGj
2
) represents terms of order higher than the second power of εGj . For αp = 2, the higher

order terms equal to 0 and εj = εGj . The relationship between the FE calculated Green strain εGj

and the Hill strain εj is illustrated in Figure 3.6, with the curve for αp = 2 shown in black.

In this chapter, since the true principal strain εj is initially unknown, the numerical strain εGj is

used to compute the principal stresses via Hooke’s law following the procedure outlined in Figure

3.3. Once the parameters αp and µp are identified, the value of αp is applied to the numerical

strain field to estimate εj using Eq. 3.15. By repeating this procedure iteratively, the solution

converges to a consistent value of αp, which can then be used in the Ogden model.
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Figure 3.6: Relationship between the Hill strain εj and the Green strain εGj . For small strains,
εj ≈ εGj .

For larger indentation depths, i.e., when the indentation surpasses 12 to 15% of the specimen

thickness, the value of αp will affect the principal strains and the optimisation problem becomes

more complex. For these conditions, the relationship between indentation depth, principal strains,

and material properties requires further numerical investigations.

3.3.3 Determining the Ogden Parameters from the Assembled Curves

The measured force-displacement curves shown in Figure 3.4B are discretised based on the calcu-

lated principal strains and the maximum strain strep of 1%. Figure 3.7A illustrates the discretisa-

tion, whilst Figure 3.8B shows the equivalent shear moduli G∗
i determined for each discretisation

step using Hayes model (Eq. 3.14). It is important to note that for a linear elastic indentation,

the contact force F scales with indentation depth ωn, with n = 3/2, as shown in Eq. 3.14. This

means that the contact stiffness increases with increasing indentation depth. The measured in-

dentation curves in Figure 3.4B exhibit a slope < 3/2, which may be attributed to a reduction

of the equivalent shear modulus of the material as the indentation depth increases, as illustrated

in Figure 3.7B. The stress σ3 in each increment can then be obtained by multiplying the strains

(Figure 3.7C) with the obtained elastic modulus for each increment, as shown in Figure 3.7D.

To obtain the Ogden material parameters, the relationship between stress and strain is determined

on a grid internally to the indented material. For each point on the grid, local values for µp and

αp can be determined by fitting Eq. 3.12 to this curve. The fitting of the first-order, second-

order, and third-order Ogden models is conducted using a least-squares curve fit. The resulting

shear modulus G for an N th-order Ogden model, defined as Eq. 3.2 is then shown for every point

inside the material, see Figure 3.8A. The obtained shear modulus is fairly constant with depth,



3

3.4. VERIFICATION 51

𝑮𝟏
∗

𝑮𝟐
∗

𝑮𝟏𝟒
∗

A B

𝝎𝟏
𝝎𝟐

𝝎𝟏𝟒

C D

𝜺𝟑𝟏𝟒

𝜺𝟑𝟏
𝜺𝟑𝟐 𝝈𝟑𝟏

𝝈𝟑𝟐
𝝈𝟑𝟏𝟒

Figure 3.7: Determining the Ogden parameters: (A) The discretised force curve and (B) obtained
shear moduli G∗

i . (C) strain fields ε3 obtained by the numerical simulation. (D) stress fields σ3
using Hooke’s law.

at approximately 0.2 MPa, except for the interface of the indented material with the rigid sample

holder. In the finite element model, this point was fully constrained and therefore exhibits an

‘artificial’ stiffness. Consequently, the calculated shear modulus for the interface will be ignored.

There appears to be not much difference between the values obtained for the first, second, and

third-order Ogden models, suggesting that under the prescribed strain conditions, the material

behaviour is sufficiently accurately described using a first-order Ogden model. Figure 3.8B shows

the average shear moduli obtained for the 8 indentation experiments originally shown in Figure

3.4. The shear moduli range between 0.19 and 0.13, indicative of the previously observed local

variations in indentation behaviour.

3.4 Verification

To verify the obtained values, the determined Ogden material parameters were inserted into the

finite element simulation described in Figure 3.5. The resulting calculated force-displacement curve
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A B

Figure 3.8: Shear moduli obtained from the various indentation experiments: (A) the shear moduli
along the Z-axis for one indentation result. (B) the average shear modulus for the 8 indentations
performed on the material, as shown in Figure 3.4.

from the simulation (solid black line) can be compared to the experimentally determined curves

(black dots). For reference, results obtained using Hayes’ model, i.e., assuming linear elasticity

whilst taking into account the indented material being thin and placed on a rigid surface, are also

included (gray solid line). The results for all eight indentation experiments are shown in Figures

3.9.

All graphs in Figure 3.9 show that Hayes’ model does not fully capture the obtained experimental

data, showing a smaller force at the start of the curve and a larger force at the end. The gradient of

the force displacement curve obtained with Hayes’ model differs significantly from the experimental

results, particularly for larger indentation depths. This implies that modulus values obtained

using Hayes’ model may be too stiff at larger deformations. The experimentally obtained curves

can be approximated more accurately using Ogden’s hyperelastic material parameters, and in this

investigation, it is suggested that a 1st order Ogden model is sufficiently accurate.

3.5 Conclusion

This chapter presents a newly developed method that enables determining the Ogden parameters

from experimental indentation tests. The method uses the strain fields ε captured using a numerical

simulation of the indentation process to enable establishing a relationship between deformation and

strain, to replace any analytical equations that do not accurately capture the complex strain field

underneath an indenter ([40]). The method is based on the assumption that the hyperelastic

material behaviour can be linearised in small incremental deformations and that Hayes’ model

for thin, linear elastic contact can be applied within separate increments. It was found that the
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Figure 3.9: Comparison of the experimental data from 8 tests with the simulated data using the
parameters obtained by Hayes’ model and new developed model.
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relationship between contact force and indentation depth as recorded in indentation tests can be

accurately described using the obtained first-order Ogden parameters.
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The content of this chapter has been published for publication in the Journal of the Mechanical

Behaviour of Biomedical Materials [236]. As a result, there may be some repeat content from

previous chapters.

4.1 Introduction

Arterial tissue plays a crucial role in the cardiovascular system and is characterised by unique struc-

tural and mechanical properties that facilitate blood flow. Typically, arterial tissue is thin, small,

and has a narrow cross-section. The hyperelastic properties of arterial tissue allow it to undergo

significant deformation in response to internal pressures and external forces. Characterising these

hyperelastic properties is essential for analysing cardiovascular disease. However, the combination
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of the tissue’s small size, thin and narrow structure, and hyperelastic behaviour present substantial

challenges for mechanical testing.

Indentation tests on arterial tissue have been explored in several studies (e.g., [125], [155], [237],

[238]), typically employing Hertz’s model to characterise the contact behaviour of the tissue.

Hertz’s model [116], [230] describes contact behaviour of materials under assumptions of linear

elasticity, small deformations, and an infinite half-space. [239], [240] report that Hertz’s model can

accurately capture the elastic behaviour of arterial tissue only at very shallow indentations and

when using a relatively large indenter, with a/R ≤ 0.1 and h/R ≥ 20, where R is the radius of

the indenter, a is the radius of the contact patch between the indenter and the indented tissue,

and h is the thickness of the indented tissue. However, arterial tissue has a rough surface, and this

introduces significant noise, particularly at shallow indentation depths. This has the potential to

compromise the accuracy of the measurements and, therefore, the extracted material properties

[240].

To analyse indentation data that is obtained at relatively large depths, a contact model that ac-

counts for the finite thickness of the indented tissue would be more suitable than Hertz’s model.

Both analytical and numerical approaches have been employed to address the effect of finite speci-

men thickness on contact mechanics [127], [132], [241]. Hayes introduced two numerical parameters,

κ and χ, to correct for the effects of finite thickness on the contact force F and the contact radius a,

respectively. However, Hayes’ model is formulated for materials with smooth surfaces and requires

precise knowledge of the thickness of the indented material. The rough surface of arterial tissue

complicates the thickness measurement required for the application of the model, see e.g. [58],

[233], [242], [243], whilst Chandran et al. [244] noted that surface roughness also can obscure the

point of initial contact.

Contact problems involving materials that behave hyperelastically are more challenging to address

than those for linearly elastic materials [245], especially using analytical methods. Assuming small

deformations and an infinite half-space, Lin [117] proposed a method to determine the Ogden

parameters from indentation experiments. However, their model results in significant errors when

applied to thin biological tissue such as arteries. To obtain the hyperelastic properties of a material,

an inverse FE approach may be employed, see e.g. [138], [210], [211]. In such an approach, the

hyperelastic parameters are determined by changing the input material parameters in an FE model

until the error between the calculated force and the measured experimental force falls within a

specified tolerance. Compared to fitting an analytical expression, the inverse FE method entails

significantly higher computational cost [246] and, therefore, research efforts continue to focus on
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interpreting force-displacement curves using approximate formulations, see for instance [241], [247]–

[250].

In this chapter, we use indentation testing to characterise the hyperelastic properties of arterial

tissue. The hyperelastic behaviour of arterial tissues is assumed to be isotropic and modelled us-

ing the Ogden model, with the Ogden parameters µ and α determined to facilitate their use in

numerical modelling efforts. The method is based on our previous work (Chapter 3 and [218]),

which is applicable to thin and smooth tissue, i.e. tissue for which the thickness is unambiguously

defined and known. In this chapter, we aim to quantify the thickness of thin tissue specimens with

substantial surface irregularities. We propose defining an equivalent thickness hhayes as the thick-

ness value that yields the smallest variance of shear modulus for a range of indentation increments.

The method is demonstrated by applying it to numerically simulated force-indentation curves and,

subsequently, applied to 26 experimental contact force versus indentation depth curves that were

obtained on mouse tissue.

4.2 Method

4.2.1 Determining the Ogden Material Parameters

The hyperelastic behaviour of mouse arterial tissue can be characterized using a first-order Ogden

model, as described by Eq. 4.1 [48].

ψ =
µ

α
(λα1 + λα2 + λα3 ) (4.1)

where ψ is the strain-energy function, and λj (j = 1, 2, 3) is the stretch ratio. It should be noted

that, since the first-order Ogden model is used, the Ogden parameters µp and αp used in Chapter

3 are simplified as µ and α here. The shear modulus G is defined in terms of the Ogden parameters

µ and α by Eq. 4.2.

G =
µα

2
(4.2)

Following the assumption made in Chapter 3 and Chapter 4, the overall contact force for a hyper-

elastic material can be described as the sum of multiple Hayes’ contacts on linear material with

the equivalent shear modulus G∗
i over different small deformation increments, as defined by Eq.

4.3. The principal Cauchy stresses can be obtained by assembling the principal Cauchy stresses
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from these linear materials, described as Eq. 4.4.

F =

m∑
i=1

Fi ≈
R1/2

1 + ν

m∑
i=1

κ
√
χG∗

iω
3/2
i (4.3)

where Fi is the incremental contact force, ωi is the incremental indentation depth, R is the radius

of the spherical indenter, and ν is Poisson’s ratio. κ and χ are the numerical coefficients as defined

by Hayes [127], which depend on the ratio of contact radius over the thickness a/h and therefore

have different values for each increment.

σj ≈
m∑
i=1

2(1 + ν)G∗
i εji =

m∑
i=1

σ∗
ij (4.4)

where m is the number of increments and εji represent the principal strain, σ∗
ij is the principal

Cauchy stresses given by linear material with an equivalent shear modulus G∗
i .

Finite element model

A finite element (FE) model simulating the indentation of a thin tissue specimen with a 150 µm-

radius spherical indenter was established in ABAQUS/Standard (ABAQUS 2024). The radius R

= 150 µm was chosen to match the experimental setup used in this study, as discussed later. The

indenter is treated as a rigid body to simplify the simulation. The contact properties are defined

as ‘hard contact’ and ‘frictionless’, and the bottom surface of the indented tissue is constrained

in all degrees of freedom. The FE simulations were conducted to determine the principal strain

for discretising the indentation curve and calculating the principal stress, as well as to verify the

proposed method and define the equivalent thickness and application windows of the approach.

Therefore, the thicknesses and the material properties of the arterial layer may be varied, based

on the requirements of the simulation. Figure 4.3A illustrates the model, where the arterial tissue

is represented as a 100 µm-thick layer.

Equivalent thickness hhayes

The application of Hayes’ model requires the thickness of the indented material to be known.

However, arterial tissue has a rough surface, as schematically illustrated in Figure 4.1A. This

complicates both performing the experiments as well as the determination of material parameters

from the experimental results. To enable the use of Hayes’ model for these rough specimens,

we propose establishing a representative or equivalent thickness hhayes (Figure 4.1C) that can be

inserted into Hayes’ model to analyse the indentation results obtained on rough specimens.

This thickness is established by applying Hayes’ model to the tissue, assuming a range of thickness
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Figure 4.1: Identification of the equivalent thickness hhayes: (A) Diagram of indentation setup.
(B) (a) Arterial tissue exhibits a rough surface, which complicates the determination of thickness
and prevents its direct application in Hayes’ model; (b) A range of possible thickness values hi
are applied to assess the equivalent thickness hhayes for the application of Hayes’ model; (c) The
equivalent thickness hhayes is determined as the value for hi that provides the smallest variation of
material properties for each strain increment.

values hi (Figure 4.1B). In Hayes’ model, the effect of thickness is corrected by κ
√
χ. The specific

values of κ and χ are derived from Fredholm integral equations [127] and fully defined by the ratio

of the radius of contact a and layer thickness h, with the contact radius a given by a =
√
Rω.

κ =
F (1− ν)

4aGω
(4.5)

χ =
a2

ωR
(4.6)

The specific equations are given in [127] and the values for κ and χ is given in Table 4.1.

Table 4.1: Values of κ and χ for the spherical indenter used in this research (ν = 0.5) [127]

κ 0.6855 0.6963 0.7073 0.7187 0.7810 0.8530 0.9355 1.029 1.135 1.252 1.381 1.522 1.674 2.102 2.597 3.161 3.797 4.507 5.296 6.169 7.130

χ 1.031 1.047 1.063 1.080 1.167 1.258 1.348 1.435 1.516 1.592 1.662 1.725 1.784 1.911 2.017 2.109 2.189 2.260 2.325 2.384 2.438

The established procedure is illustrated by applying it to a simulated indentation curve, for a linear

elastic material with a shear modulus G = 4 kPa and a thickness of h = 100 µm, indented by a

sphere with radius R = 150 µm. The procedure to obtain the thickness and material properties

is applied to this data, for specimens with thicknesses ranging from 50 to 150 µm. This should

result in output values similar to those inserted into the simulation: Figure 4.2A illustrates the

relationship between κ
√
χ and the indentation depth ω. The red curve represents the results

obtained for the specimen when the thickness is set to 100 µm, while the purple curves depict the
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values for the other thicknesses, with increments of 10 µm. It can be seen that the values for κ√χ

are similar for small indentations, and gradually disperse with increasing indentation depth.

Figure 4.2B shows the various values for the shear modulus determined using Hayes’ model, for

specimen thicknesses ranging between 50 and 150 µm. For relatively small indentation depths,

the results approximate to the correct input value of 4 kPa independent of the layer thicknesses,

but with increasing indentation depth the values start deviating quite considerably. For small

thickness values, the obtained shear modulus decreases with increasing indentation depth, whilst

for large thickness values the obtained shear modulus increases. For the ’correct’ thickness of h

= 100 µm, the shear modulus is approximately constant with increasing indentation depth. The

equivalent thickness hhayes will be defined as the thickness for which the various shear modulus

values obtained for different increments show the smallest variance (Eq. 4.7).

A B

50 μm

150 μm

50 μm

150 μm

100 μm

100 μm
+ 10 μm

+ 10 μm

Figure 4.2: Hayes’ model in thickness determination: (A) κ√χ versus indentation depth ω. (B)
The calculated shear moduli Gi versus indentation depth ω for different thicknesses: red curve
gives the Gi for hhayes = 100 µm, purple curves represent the values given by other thicknesses.

S2 =
1

m− 1

m∑
i=1

(Gi −G)2 (4.7)

where G is the mean of shear moduli for all deformation increments and m is the number of

deformation increments.

Small principal strains

The procedure involves determining the principal strain during indentation through simulation of

the indentation process. The simulated principal strains are then segmented into small strain in-

crements, and the corresponding principal stress within each increment is calculated using Hooke’s

law.
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The result is a compound stress-strain curve that comprises the linearised segments for each incre-

ment, from which the Ogden parameters µ and α are derived through the fitting. Since the material

properties of the FE arterial layer are homogeneous, the derived values for µ and α should be the

same throughout the tissue. It is therefore important that the segmented stress-strain curves are

independent of the Ogden parameters, meaning the relationship between strain and displacement

should be determined at a location in the tissue where the strains are sufficiently small for α not to

have an influence. However, the use of a small indenter introduces large strains, particularly along

the z-axis. We evaluate the principal strain at the nodes in the FE model along three selected paths

during the indentation for two materials with the same shear modulus G = 4 kPa but different

Ogden parameters α = 1 and α = 10. Path 1 is along the axis of indentation, Path 2 is on the

edge of the indented zone, and Path 3 is further away from the indenter. Figure 4.3C shows the

principal strain in the nodes for the three paths selected, for the two materials with α = 1 and

α = 10. Only for Path 3, the two curves overlap. For Paths 1 and 2, there is a difference in the

curves for the two materials. To ensure that there is no effect of α on strains, the strain values

calculated along Path 3 were selected to calculate the stresses using Hooke’s law. The strain-stress

relationship described by Eq. 4.8 combined with Eq. 4.9 are then used to calculate µ and α.

σ1 − σ3 = µ(λα1 − λα3 ) (4.8)

εj =


1
α (λ

α
j − 1) α 6= 0

lnλj α = 0
(4.9)

4.2.2 Application Window of the Method

The method described above is based on Hayes’ model. The shear moduli for all increments are

derived using Hayes’ model, and the equivalent thickness is subsequently identified based on these

shear moduli. However, the small deformation condition a =
√
Rω < 0.1R may not be met when

using a small indenter in combination with a relatively large indentation depth.

Thus, two key aspects were investigated through numerical simulations: the window in which

Hayes’ model can be used to determine both the shear moduli and the equivalent thickness (see

Figure 4.4B).

Simulations were conducted by assigning arterial layer thicknesses ranging from 50 to 500 µm, with

increments of 50 µm. The material of the arterial layer was defined as a linear elastic material
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Figure 4.3: FE model for indentation: (A) The FE model illustrates a 100 µm-thick arterial layer.
The red line marks the path used to assess the principal strain εj . (B) The contour of strain
distribution for material G = 4 kPa, α = 1, with the indentation depth ω = 20 µm. (C) εj is
evaluated along three paths for two materials with the same shear modulus G = 4 kPa and different
Ogden parameter α = 1 (purple line), α = 10 (grey dotted line). For Path 3, the curves for α =
1 and α = 10 coincide. For Path 2, where the strains are higher, there is a small but noticeable
difference. For path 1, the curves deviate considerably, particularly at higher strain levels.
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Figure 4.4: (Two key aspects investigated through numerical simulations: (A) The hyperelastic
material is linearized in small indentation increments, with the G∗

i characterizing the material
property at each incremental step. (B)Validity window of the newly developed method: (a) To
what indentation depths can the model be applied? (b) Is it possible to obtain an accurate value
for hhayes?
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with a shear modulus G of 4 kPa and a Poisson’s ratio ν of 0.499, meaning an elastic modulus

E = 2G(1 + ν) = 12 kPa. A large relative indentation depth, defined as the indentation depth

over thickness, of 20 % was applied. As a result, 11 simulated curves of force versus indentation

depth corresponding to the 11 thicknesses were collected.

Application windows of Hayes’ model

The forces Fsim obtained from the numerical simulations were compared with the contact forces

Fhayes calculated using Hayes’ model. The difference between Fsim and Fhayes is calculated using

Eq. 4.10.

∆F =| Fhayes − Fsim

Fsim
| (4.10)

Figure 4.5A shows the forces from the simulations Fsim (solid lines) and the contact forces calculated

using Hayes’ model Fhayes (dotted lines) for the 11 simulated thickness values, as a function of the

relative indentation depth, i.e., the indentation depth over the thickness of the material. The

red dots indicate where the difference between the simulated and Hayes’ curves for each thickness

reaches 5%, which was defined as the maximum allowable difference.

Figure 4.5B shows the relative indentation depth at which the difference between the input force

(Fsim) and the output force Fhayes equals 5%.

Identification of the equivalent thickness

Figure 4.5C illustrates the variance of shear moduli for the simulation curve obtained with a

specimen thickness of 100 µm. 11 possible thickness values, hi, are assigned to define the FE

artery layer for simulations. The calculated strains from each simulation are used to discretise

the simulation curve and calculate the shear moduli and the variance. The smallest variance is

achieved at hi = 100 µm, which matches the input value.

Figure 4.5D presents the equivalent thickness obtained for 11 thickness (purple dots) values using

the same procedure. It shows that the method accurately identifies the actual thickness (black

dotted line) using the smallest variance of shear modulus when the thickness is below 300 µm.

However, for thicknesses exceeding 300 µm, errors are introduced. Correcting this error, whether

through numerical or analytical approaches, remains a significant challenge. Nonetheless, since the

arterial thicknesses analysed in this study are predominantly below 300 µm, we address this error

manually during the thickness determination process.

From Figures 4.5A and B it can be concluded that the method may be applied for indentations up
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50 μm

500 μm

A B

C D

Smallest S2

Figure 4.5: Validity of Hayes’ model in case of large relative deformations: (A) Simulation forces
Fsim (purple lines) forces calculated using Hayes’ model (grey lines). (B) The relative indentation
depth where the difference between Fsim and Fhayes equals 5% for different specimen thicknesses.
(C) The variance of shear moduli for different possible thicknesses is used to identify the equivalent
thickness of the artery layer, with a true thickness of 100 µm. The smallest variance is achieved
at hi= 100 µm, confirming the equivalent thickness. (D) The equivalent thickness hhayes (purple
dot) is identified by the smallest variances for different thickness values.

to 20 % of the thickness for specimens with a thickness up to 300 µm, whilst for tissue specimens

with a larger thickness the small size of the indenter limits the maximum indentation depth.

Figure 4.5D confirms this finding, showing that for specimen thickness above 300 µm the obtained

equivalent thickness is larger than the input thickness.

A flowchart of the method is illustrated in Figure 4.6.

4.2.3 Determining Ogden Parameters using Simulation Curves

The functionality of the procedure is verified by evaluating a set of six curves (Figure 4.7A-B)

generated from the indentation simulations of arterial tissue with a thickness h of 100 µm. The

tissue is modelled as a first-order Ogden material, all with the same shear modulus G = 4 kPa,
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Figure 4.6: The procedure to obtain Ogden parameters from an indentation test. The black
blocks outline the procedure for processing experimental curves, whilst the yellow blocks outline
the method used to extract information from numerical simulations. For each indentation curve,
the equivalent thickness hhayes is identified from the possible thickness values first. Subsequently,
the shear moduli and strains corresponding to hhayes are used to fit the Ogden parameters.

but with different values of the Ogden parameters µ and α. Values for α were chosen as 0.5, 1, 2,

3, 4, and 5, which, with Eq. 4.2, give µ = 16, 8, 4, 2.667, 2 and 1.6. Assuming that the material

properties G, µ, α, and tissue thickness h are not known a priori, the proposed method is expected

to accurately recover these values from the six simulated curves.

The equivalent thickness hhayes = 100 µm is identified from the FE artery model shown in Figure

4.7C, into which a range of possible thicknesses, hi, from 50 to 150 µm with increments of 10 µm

was inserted. The resulting equivalent shear moduli for a thickness of hhayes = 100 µm are shown

in Figure 4.7D. The principal strain εj given by Path 3 (in Figure 4.3) was used to calculate the

principal stresses σj with G∗
i using Hooke’s law.

After combining σji for all increments, the first-order Ogden parameters µ and α were determined

by iteratively fitting overall stress-strain curves using Eq. 4.8 and 4.9. As detailed in the sup-

plementary information, initial values for µ = 0.1 kPa and α = 10 were subsequently iteratively

adjusted to minimize the variances of µ and α across all nodes, until the variance reached a thresh-

old of 0.001. The fitted shear modulus G (Eq. 4.2) and α for six simulation curves are plotted in

Figure 4.7E and F, respectively, showing a maximum error of less than 5% for all simulated curves.
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A B

C D

Smallest S2

E F

Figure 4.7: Method verification: (A-B) Six indentation curves. (C) variances of the shear mod-
ulus for different tissue thickness values. The equivalent thickness hhayes can be identified as the
thickness for which G has the smallest variance, in this case hhayes = 100 µm. (D) values for G∗

i for
the six different tissues at hhayes = 100 µm. (E) Average values of G were obtained from different
nodes along Path 3 for the various simulated tissues. (F) Calculated values of α for the various
simulated tissues.
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4.3 Application of the Method on Mouse Arterial Tissue

Tissue Preparation

Female apolipoprotein E gene-deficient (Apoe–/–) mice purchased from Charles Rivers Laborato-

ries (Edinburgh, UK) were bred in the Biological Service Facility at King’s College London. All

animal procedures were performed in accordance with the Animals (Scientific Procedures) Act 1986

and Amendment Regulations 2012, Guidance of Operations of the Animals (Scientific Procedures)

Act 1986 and carried out under licenses from United Kingdom of Great Britain and Northern

Ireland Home Office. Animals were housed in accordance with Code of Practice for the Housing

and Care of Animals Bred, Supplied or Used for Scientific Purposes. Briefly, all animals were

maintained in groups of 2 to 4 individuals, or in rare incidents of home-cage aggression, housed

separately in individually ventilated cages under controlled environmental conditions (12 hours of

light/dark cycle, at approximately 21◦C and humidity 55 ± 10%).

Five fresh aortic specimens were collected from 30-33 weeks old ApoE-/- mice. The aorta, extending

from the aortic root to the iliac bifurcation was excised en block. Any adhering connective tissue

was removed from the arteries, after which specimens were pinned onto a cork base, kept in

refrigerated phosphate-buffered saline (PBS) solution, and transferred to the laboratory the same

day. Six indentation experiments were performed for each tissue specimen, approximately 1 hour

after tissue collection. Before indentation, the arteries were opened longitudinally to expose the

intima layer. The specimen is illustrated in Figure 4.8A.

Aortic arch

Descending 
abdominal aorta 

A B

Figure 4.8: Specimen and indentation test: (A) The image presents the arterial tissue opened
longitudinally, fully prepared for indentation tests. It should be noted that the arterial tissue
consists of an aortic arch and a descending part. In this research, we focus on the mechanical
properties of arterial tissue, without distinguishing between the arch and descending segments.
(B) The indentation equipment and setup.
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Indentation experiments

The indentation experiments were performed on a Mach-1 mechanical tester (Biomomentum, Laval,

Canada, see Figure 4.8B). A force transducer (Biomomentum MA999) with a capacity of 1.5 N was

used to collect contact force F versus indentation depth ω data. A spherical indenter with a radius

R of 150 µm was used in these measurements, to minimise the influence of lateral boundaries, since

the width of arterial specimens averages ≤ 1000 µm. A downward displacement ω was applied at

a velocity of 5 µm/s until the contact force reached 1 mN. The resulting curves of contact force F

versus indentation depth ω were recorded at a rate of 100 Hz.

Data analysis

Data analysis for the 30 experimentally obtained curves was conducted using MATLAB by em-

ploying the ‘smooth’ function with a window size of 1,000 points. The initial contact point was

identified as the point from which the data exhibited a continuously increasing slope, and data

before this point were excluded from the analysis. Some experimental data exhibited abrupt rises

in force towards the end of the indentation, caused by the substrate’s contribution. These data

points were also removed. A total of 4 measurements were excluded from the dataset, as they

contained an abrupt rise in force at the beginning of the curve. The approximate thickness of the

specimen was estimated from the distance between initial contact during indentation and a light

contact between indenter and specimen holder when the tissue specimen was not present. The

26 measurements were then categorized into six brackets: 50-100 µm, 100-150 µm, 150-200 µm,

200-250 µm, 250-350 µm, and ≥ 350 µm. Figure 4.10A illustrates the measured load-displacement

diagrams, after noise removal, for tissue in the 100-150 µm bracket. The measurements for the

five other thickness brackets can be found in Figure 4.9. It is observed that some noise remains

even after noise removal, this can be attributed to the rough surface of the tissue, the use of an

indenter with a small radius, and the relatively small thickness of the specimens. The remaining

noise is inherent to the tissue and the measurement method used. In addition to noise, the various

curves demonstrate significant variation, which is typical for heterogeneous materials with differing

thicknesses.

Indentation tests

Following the method illustrated in Figure 4.6, the equivalent thickness hhayes and the Ogden

parameters α and µ were obtained, see Table 4.2. From α and µ the shear modulus G can

be calculated (Figure 4.10B). The results illustrate that the shear modulus exhibits significant

variance, even within each thickness bracket. This is attributed to the heterogeneous nature of the
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Figure 4.9: The contact force F versus indentation depth ω collected from the indentation tests,
where 1, 2, ..., 29 represents the test number.
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Figure 4.10: Experimental results and obtained shear modulus: (A) Contact force versus inden-
tation depth for various tissues with a thickness between 100 and 150 µm. Numbers represent
the test ID (see table 4.2. The shear modulus G of Ogden material for 26 measurements: (B)
Obtained shear modulus for the six thickness ranges.

arterial tissue. The average shear modulus G for all conducted tests was found to be 1.22 kPa,

with values ranging between 0.27 kPa and 5.02 kPa.

Simulations to verify the results

Numerical simulations were conducted to verify the parameters hhayes, µ, and α obtained from

the proposed method. Since G = µα/2 provides a clearer material’s modulus values, we have

chosen to present G in these results. The numerically generated curves were then compared to the

experimental curve to assess the accuracy of the fitted material parameters.

Figure 4.11 shows the comparison, with the dotted curve the experimental data and the solid

black curve the simulated data using the extracted material properties. The calculated material

parameters for G and α (black) are displayed at the top left corner of each sub-figure. In grey, the

value for E is displayed, as obtained by applying Hayes’ method directly to the measured data.

As a reference, the indentation curve for that value is also shown in the graphs, in grey colour.

Test 27 at the top left of the figure is an example of where the procedure works well. The experimen-

tal data lies on a smooth curve that follows F ∼ ωn, and the simulated result based on the obtained

values for G and alpha aligns with the experimental data. In contrast, the force-displacement curve

calculated using the elastic modulus E derived from Hayes’ model underestimates the force at a

given indentation depth, particularly at large indentation depths. For experiment 7 (top right),

which exhibits some fluctuations, the simulation given by G and α effectively captures the overall

indentation trends. Tests 4, 26, and 28, show fluctuations at the initial 0 to 25 µm of indentation

and the simulation result aligns well with the experimental data, but only at larger indentation
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Table 4.2: The material parameters for mouse arterial tissue obtained from 26 measurements

Thickness bracket Test ID Material Parameters
hhayes (µm) G (kPa) µ (-) α (-)

50-100 µm
12 50 1.9 4.8 0.8
17 90 0.6 0.8 1.2
24 100 1.3 0.9 1.5

100-150 µm

4 110 2.8 5 0.8
7 110 2.4 4.4 1.1
9 110 1.1 2 0.9
26 150 2.0 1.75 1.6
27 150 4.1 4.32 1.9
28 150 5.9 3.8 2.3

150-200 µm

3 200 2.0 4.4 0.9
10 160 2.4 5.3 0.9
11 150 0.9 1.125 1.6
19 200 1.4 1.22 2.3

200-250 µm

8 240 0.5 0.59 1.7
13 250 0.5 0.43 2.3
15 250 0.9 2.57 0.7
16 250 0.8 1.14 1.4
20 250 0.5 0.48 2.1
21 250 1.5 3.75 0.8
22 230 0.4 0.67 1.2

250-300 µm
2 250 0.7 2 0.7
23 260 0.6 1.09 1.1
29 260 0.4 0.44 1.8

≥ 300 µm
1 600 0.1 0.07 2.8
6 350 0.7 0.67 2.1
25 480 0.9 1.38 1.3

depths. The experimental result of Test 9 does not follow a ’normal’ indentation curve F ∼ ωn

and indeed this reduces the accuracy of the obtained Ogden parameters, and the simulated curve

is not representative.

Overall, the results obtained using the Ogden model are significantly closer to the experimental data

than those using the elastic modulus obtained through the use of Hayes’ model. The simulated

data based on Hayes’ model consistently underestimates the experimental data, particularly at

larger indentation depths.

4.4 Discussion

The shear modulus G of mouse arterial tissue obtained in this study averages 1.22 kPa, with values

ranging from 0.27 to 5.02 kPa. The obtained equivalent thicknesses of mouse arterial tissue ranges

from 50 to 500 µm, with the majority of obtained values below 300 µm.

Table 4.3 lists various studies that reported the elastic modulus E = 2G(1 + ν) of arterial tissue.

The elastic modulus values obtained in this study are consistent with those reported by [125], [136],

[237], [251], whereas values aty least an order of magnitude higher are observed in [58]–[60], [252].
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Figure 4.11: Comparison of experimental results conducted on specimens with thicknesses between
100 and 150 µm, with simulated curves calculated using the obtained Ogden parameters α and µ
and, for reference, curves calculated using the elastic modulus E from Hayes’ model.
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Table 4.3: Shear moduli and elastic moduli reported in literature

Reference Tissue Type Thick-
ness (µm)

Material
model

Modulus
(kPa)

Method

Meng et al. [251] Mouse pulmonary vessels 250 Linear elastic 3.29 ± 1.2 Hertz’s model

Liu et al. [237] Rat arterial tissue 50 Linear elastic 1.66 ± 0.49 Hertz’s modelHuman pulmonary vessel 10 5.44 ± 2.96

Peloquin et al. [125] Endothelium (bovine) 10-1000 Linear elastic 2.5 ± 1.9 Hertz’s modelSubendothelium (bovine) 2.77 ± 1.1
Sicard et al. [136] Bovine arteries 10-50 Linear elastic 1.74 ± 0.96 Hertz’s model

Melo et al. [252] Human tunica intima 10 Linear elastic 79.3 ± 7.2 Hertz’s model
Human tunica adventitia - 41.1 ± 8.0 Hertz’s model

Engler et al. [253] Arterial meidal layer - Linear elastic 5-8 Dimitriadis’s model
Barrett et al. [58] Atherothrombotic plaque - Neo-Hookean G = 7–100 Inverse analysis
Chai et al. [59] Human carotid artery 200 Neo-Hookean 6-891 Inverse analysis

The elastic modulus values reported by [125], [136], [237], [251] were measured by micro- or nano-

indentation, with indenter radii ranging from nanometers to tens of micrometers. These studies

limited the maximum indentation depth to 10% of the indenter radius, facilitating the application

of Hertz’s model for elastic modulus calculation. While these works neglected the effects of finite

specimen thickness, Engler et al. [253] accounted for this factor by employing Dimitriadis’ model

[132] to estimate the elastic modulus of the arterial medial layer. The hyperelastic or Neo-Hookean

properties for plaques, were reported by Barrett et al. [58] and Chai [59], [60] using the FE inverse

method.

Sicard et al. [136] emphasized the significant influence of indenter radius and shape on the measured

elastic modulus. They compared results obtained with pyramidal tips with a radius of 20 nm and

spherical tips with radii of 1 and 2.5 µm, attributing the discrepancies to the large strains induced

by sharp tips. Sicard et al. recommend the use of micro-sized spherical indenters for more accurate

measurements. Similar observations of localized strains exceeding the linear elastic regime with

sharp tips were reported in other studies [132], [242].

Harris et al. [242] reported that the rough surfaces of arterial tissue introduced significant errors

in measuring indentation depth and estimating the contact area between the cell and the inden-

ter. To address these issues, they combined atomic force microscopy measurements with confocal

microscopy on epithelial cells expressing a green fluorescent protein-tagged membrane marker, al-

lowing for direct characterization of the indentation geometry and precise measurement of the

indentation depth. Surface roughness challenges in mouse joint cartilage were addressed in Chan-

dran et al. [244] by introducing a virtual contact point as a fitting parameter in Hertz’s model. By

optimizing this parameter for the initial contact point and correcting for finite thickness, they im-

proved the accuracy of the analysis. Similarly, Garcia et al. [233] proposed a method to eliminate

uncertainties regarding the initial contact point by smoothing the measured curve, and fitting the
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first derivative of the applied normal force to the indenter’s position. This approach was later ap-

plied by Johnson et al. [243] to determine the elastic modulus of gradient-density polyacrylamide

hydrogels. Unlike these methods, the method proposed in this study does not depend on a specific

measurement apparatus or assumptions about the initial contact point, offering a more generalized

approach.

In the current research, the equivalent shear modulus G∗
i for each increment was derived using

Hayes’ model to address the effect of finite thickness of the specimen on the contact behavior. While

Hayes’ model is used in this study, the equivalent shear modulus G∗
i can also be derived from other

contact models, for example, Hertz’s model, which may be more appropriate for materials with

larger thickness. Figure 4.12 illustrates the equivalent shear moduli G∗
i versus a/h for specimens

with a finite thickness as predicted by Hertz’s model and Hayes’ model, respectively. In contrast

to the values derived from Hayes’ model, where the equivalent shear modulus is fairly stable

with increasing length scale, the equivalent shear modulus predicted by Hertz’s model consistently

increases with increasing indentation depth.

A B

Figure 4.12: Equivalent shear moduli from Hertz’s model and Hayes’ model: (A) Hertz’s model;
(B) Hayes’ model and newly developed method.

4.5 Conclusion

In this research, we developed a procedure for determining the Ogden parameters µ and α for

arterial tissue, expanding upon previous work. The roughness of the specimen surface plays a

significant role and must be considered when modelling the contact behaviour of arterial tissue

during indentation. This can be addressed by introducing an equivalent thickness, hhayes, which

accounts for surface roughness. Analysis of experimental results shows that the thickness of mouse

arterial tissue ranges from 50 to 500 µm, with the majority of specimens having a thickness
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between 100 and 300 µm. The Ogden parameters, derived from the stress-strain data using the

equivalent shear moduli G∗
i and the equivalent thickness hhayes, provide a reliable representation of

the tissue’s hyperelastic behaviour. The average shear modulus G calculated from 26 measurements

is 1.22 kPa. This approach ensures an accurate characterization of arterial tissue’s mechanical

properties, particularly concerning specimen thickness and material non-linearity. It allows for

precise determination of Ogden parameters from indentation experiments, contributing to a better

understanding of arterial tissue mechanics.

4.6 Supplementary

Ogden parameters fitting

The fitting process is conducted in Matlab. Since the fitting process is sensitive to initial values, the

procedure would be conducted iteratively by adjusting the initial values to minimize the variance

of Ogden parameter µ and α across all nodes until it is below 0.005. The algorithm is illustrated in

Figure 4.13 with by ‘Lsqcurvefit’ fitting the stress-strain curve. Since the fitting process is sensitive

to initial values, the procedure would be conducted iteratively by adjusting the initial values to

minimize the variance of Ogden parameter µ and α across all nodes until it is below 0.005.

Figure 4.13: Ogden parameters fitting

An example

Taking the simulation curve from G = 4 kPa, α = 2 as an example, the fitting procedure is started

at the initial values (0.1, 10) for Ogden parameters (µ, α). The shear modulus G = µα/2. The

obtained values of (µ, α) is listed in in Table, with the variance for standard. Initially, with a shear

modulusG= 4 kPa provided in the first step with a small variance of 3.6 e−09, the Ogden parameter
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α exhibits a large variance of 1.3 across nodes. Finding the minimum fitting error is given by node

100 with the values of (0.0013, 6.1112), put these values as the initial values, giving the variance

S2
c = 0.97, which is smaller than the previous one S2

p . the fitting procedure demonstrates that α

converges to similar values around 1.9 for most nodes, with only slight fluctuations observed for

the bottom nodes.

Table 4.4: Fitting procedure for Ogden model parameters

Step Initial Values (µ, α) S2(G) S2(µ) S2(α) Best Fit (µ, α)

1 (0.1, 10) 3.59× 10−9 8.80× 10−7 1.34 (0.0013, 6.1112)
2 (0.0013, 6.1112) 7.10× 10−9 2.18× 10−7 0.9727 (0.0014, 5.8427)
3 (0.0014, 5.8427) 7.06× 10−9 2.32× 10−7 0.9551 (0.0014, 5.6182)
4 (0.0014, 5.6182) 6.52× 10−9 2.33× 10−7 0.7625 (0.0015, 5.4152)
5 (0.0015, 5.2442) 6.19× 10−9 2.73× 10−7 0.8534 (0.0015, 5.2442)
6 (0.0015, 5.2442) 6.16× 10−9 2.64× 10−7 0.6782 (0.0017, 4.6203)
7 (0.0017, 4.6203) 5.10× 10−9 3.31× 10−7 0.5505 (0.0019, 4.2198)
8 (0.0019, 4.2198) 1.07× 10−8 2.17× 10−7 0.2957 (0.002, 4.1227)
9 (0.002, 4.1227) 1.20× 10−8 6.21× 10−8 0.1061 (0.0021, 3.7161)
10 (0.0021, 3.7161) 3.92× 10−9 4.85× 10−7 0.3659 (0.0023, 3.5254)
11 (0.0023, 3.5254) 9.80× 10−9 1.51× 10−8 0.0133 (0.0028, 2.8748)
12 (0.0028, 2.8748) 6.77× 10−9 1.52× 10−8 0.0048 (0.0028, 2.8336)
13 (0.0028, 2.8336) 7.29× 10−9 1.68× 10−8 0.0032 (0.0031, 2.6067)
14 (0.0031, 2.6067) 5.11× 10−9 1.61× 10−8 0.0042 (0.0034, 2.3651)
15 (0.0034, 2.3651) 4.27× 10−9 1.34× 10−8 0.0023 (0.0035, 2.3152)
16 (0.0035, 2.3152) 2.78× 10−9 1.34× 10−8 0.0027 (0.0039, 2.0694)
17 (0.0039, 2.0694) 2.78× 10−9 1.34× 10−8 0.0016 (0.004, 2.0239)
18 (0.004, 2.0239) 2.9066× 10−9 4.9711× 10−9 1.3121× 10−9 (0.004, 2.009)
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5.1 Introduction

Atherosclerotic stenosis refers to the narrowing of an artery caused by the buildup of plaque along

the arterial walls. The plaque, composed of fatty substances, cholesterol, calcium, and other debris,

causes artery blockages and reduces the supply of oxygen and nutrient to tissues, increasing the

risk of serious cardiovascular diseases such as heart attacks and strokes.

Percutaneous Coronary Intervention (PCI) is a widely adopted procedure to treat atherosclerotic

stenosis by placing a tiny tubular device called a stent at the site of stenosis to open the artery and

restore blood flow. The stent deployment process is illustrated in Figure 5.1A. While PCI effectively
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Stenosis

Deliver to the stenosed part

Expanded by inflating balloon

Pull out the catheter

(a) Platelet aggregation (b) Inflammation

(c) Proliferation (d) Remodelling

A B

Figure 5.1: The stent deployment and ISR procedure: (A) Stent expansion by balloon as described
by Shimizu et al. [266]. (B) A schematic representation of the restenosis process [263]: (a) platelet
aggregation: immediate result of stent placement with endothelial denudation and deposition of
platelets and fibrinogen; (b) inflammatory phase: a variety of white blood cells will gather at the
injury site; (c) proliferation phase: smooth muscle cells migrate and proliferate, creating the neoin-
tima in an attempt to repair the wound; (d) late remodelling phase: the neointima is transitions
from predominantly cellular to a less cellular and more extracellular matrix-rich plaque.

alleviates arterial blockages, complications can arise, with in-stent restenosis (ISR) being the most

common. ISR refers to the re-narrowing of the artery after stent deployment (see Figure 5.1B),

typically caused by excessive tissue growth during the artery’s healing process. Studies [2], [254],

[255] show that within one year of placing a bare-metal stent, the risk of restenosis ranges from

11% to 60%, leading to approximately 10% of patients requiring a repeat PCI to manage recurrent

stenosis. To reduce ISR rates and improve long-term PCI outcomes, significant efforts are focused

on enhancing stent design [8], [256]–[261] and improving deployment techniques [262]–[265].

Drug-eluting stents (DES) were introduced to the clinical in the early 2000s as an advancement over

traditional bare-metal stents. DES are bare-metal stents coated with biocompatible materials and

antiproliferative drugs. By releasing drugs that inhibit excessive tissue growth, DES significantly

reduce the restenosis rate to approximately 8-15% within a year after stenting [3], marking a

substantial improvement compared to bare-metal stents. Following the introduction of drug-eluting

stents, biodegradable stents have also been introduced to the clinical market. These stents are

made from materials that can gradually dissolve or be absorbed by the body within a few months

after implantation. After the early stages of healing, the artery has stabilized and regained normal

function. The breakdown and elimination of the stent material by the body can significantly reduce

long-term risks and complications associated with a permanent stent.

Computational simulations based on the finite element (FE) method have become an adopted ap-

proach for simulating the stenting procedure and analyse the stent-induced stress on arterial walls.
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Numerous studies have evaluated the stent performance by by examining key parameters such as

radial and longitudinal recoil (the stent’s tendency to revert to its original shape), foreshortening

(the reduction in stent length after expansion), dog-boning (the uneven expansion of the stent ends

relative to the center) and the metal-to-artery ratio during stent expansion [267], [268] (see details

in Appendix B). In these studies, stent expansion is typically achieved by applying displacement

or pressure to the stent surface, or by inflating an expanding balloon within the stent. Since the

recent introduction of bioresorbable scaffolds (BRS), most studies have focused on investigating

their mechanical performance by developing new constitutive models for their materials, such as

poly (L-lactic acid) (PLLA), to characterise the complex time-dependent mechanical behavior of

these devices and to improve scaffold designs [258], [269], [270]. These studies provide valuable

insights into stent design by exploring different geometries, material properties, and deployment

techniques.

Regarding the artery model used in FE simulations, earlier studies typically relied on idealised

models that represent the artery as a cylindrical vessel with a parabola-shaped plaque, simplifying

both the artery and plaque as isotropic, homogeneous, and incompressible materials [271], [272].

Cheng et al. [273] introduced one of the earliest patient-specific FE models based on histologi-

cal images of coronary artery lesions. A more detailed patient-specific model was developed by

Holzapfel and Gasser et al. [96], [274], [275] for a diseased iliac artery from a 65-year-old pa-

tient. With clear geometric information of the artery provided by the high-resolution magnetic

resonance images, a three-dimensional (3D) model of the artery was reconstructed, consisting of

eight components: the fibrotic part, fibrotic intima, calcification, lipid pool, non-diseased media,

diseased fibrotic media, and adventitia, as illustrated in Figure 5.2. An anisotropic constitutive

model, the Gasser-Ogden-Holzapfel model, was employed to define the material properties of these

components, using data collected from quasi-static stress-stretch tests. Three stents—Multi-Link,

NIR, and InFlow Gold (Boston Scientific)—were investigated by estimating key indicators: intimal

pressure, stress, and luminal change (the ratio of the smallest inner cross-section before and after

stenting) in relation to stent-artery mismatch (the difference between the smallest lumen diameter

and the diameter of the expanded stent), strut thickness, and cell geometry (details see Appendix

B). Subsequently, more studies have utilized patient-specific models based on real arteries, as seen

in [73], [276]. Meanwhile, many numerical models still rely on idealised representations [81], [267],

[277].

In all FE studies, maximum/minimum principal stresses [73], [96], [98], [99], [267], [277], von Mises

stress [78], [79], [81], [267], [276], [278], and strain field [80], [267], [276], [277], [279], [280] are used
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Figure 5.2: Sections of the analyzed external iliac artery. Section B-B is the region with the smallest
lumen diameter of 1.4 mm. The tissue components are adventitia (A), non-diseased media (M-nos),
non-diseased intima (I-nos), fibrous cap (I-fc), lipid pool (I-lp), calcification (I-c), fibrotic intima
at the medial border (I-fm) and diseased media (M-f). Image adapted from Holzapfel et al [98]

to measure the artery fracture and plaque rupture related to restenosis, with smaller values of these

variables generally being preferable. For instance, [281] reports that a stress of 1720 ± 890 kPa

can cause artery failure, while [282] provides stress thresholds of 600 kPa for non-ulcerated plaques

and 200 kPa for ulcerated plaques. The strain at fracture reported in [282] is 47 ± 23% for non-

ulcerated plaques and 25% for ulcerated plaques. Cheng et al. reported a plaque rupture stress

threshold of 300 kPa [273], which has been widely cited in subsequent studies [72], [283]–[285].

Although the relevance of stress and strain to physiological injury mechanisms remains unclear,

these values can still provide insights that allow us to judge the stent performance and artery

states.

In computational simulations of artery-stent interactions, the friction effects are less reported, with

most studies either considering the coefficient of friction (COF) as a single, constant value [73],
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[81], [123], [276], [277] or assuming a ’frictionless’ interface [78], [79], [98], [267], [278], [286]. In

[287], the effect of friction was examined by setting the COF to 0.05, 0.1, and 0.15, with findings

indicating that variations in COF between the Nitinol stent and artery did not result in significant

changes in both stress and strain. In [288], the friction effect was investigated by setting the COF

between 0.03 and 0.06, revealing that friction between the artery and stent contributed to larger

stress alterations only for the plaque. Although less reported in numerical studies, experimentally

measured COF values between the artery and stent have been widely reported, with most studies

suggesting that the COF should fall within the range of 0.01 to 0.05 [162], [173], [202], [203], [206].

In recent years, surface modification has become an active area of research aimed at enhancing

stent performance. Efforts have focused on developing non-thrombogenic surface modifications

that promote vascular wall healing by altering surface roughness and feature size [289], [290]. This

presents a promising topic for computational modelling, as the effects of stent topography have

not yet been extensively investigated in computational models.

In this study, FE simulations of artery-stent interaction are conducted using ABAQUS/Explicit,

accounting for the effects of friction and stent surface shape. The interaction between the artery and

stent is modelled as ‘hard contact’ with a COF ranging from 0.01 to 0.1. Non-uniform displacements

are applied at the nodal level to reconstruct the concave and convex surface shapes of the stent. The

results indicate elevated von Mises stress S, maximum principal stress σ, and maximum principal

stain ε in the intima, with peak values occurring at the right shoulder of the fibrous cap. The

higher strain is also observed around the lipid pool, indicating a high likelihood of plaque rupture.

An increase in the COF leads to a moderate rise in stress (von Mises stress S and shear stress

τ) at the interface. The surface shape of the stent significantly affects the maximum stress in the

interface, with increased stress observed in the convex surface with large amplitudes and concave

surface. Conversely, convex surfaces with small amplitude result in lower average shear stress,

which suggests that surface modifications with these features may be beneficial.

5.2 Method

5.2.1 Finite Element Model of Artery-Stent Interaction

The FE simulation for artery-stent interaction is conducted in ABAQUS/Explicit (ABAQUS 2024).

The FE model involves a 1 mm-wide segment of an artery interacting with a stent made of platinum-

chromium alloy. The FE model of the artery is based on Gasser and Holzapfel et al.’s research [96],

[275] and consists of four components: the intima, media, adventitia, and pool. The simulation is
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A B

Figure 5.3: The model utilized in Gasser’s research [99] includes: (A) a segmented macroscopic
view of a type V lesion according to the histological classification of Stary (adopted from Holzapfel
et al. [98]). The borderlines represent different tissue components: A = adventitia, M-nos = non-
diseased media, I-nos = non-diseased intima, I-fc = fibrous cap, I-fm = fibrous intima at the medial
border, I-lp = lipid pool, and M-f = fibrous (diseased) media. (B) A 3D discretisation of a slice
of the atherosclerotic lesion composed of four distinct tissue components (labeled as adventitia,
media, intima, and lipid pool) using tetrahedral finite elements. The individual tissues are meshed
separately and linked together employing the interface element method.

carried out as a quasi-static analysis, ensuring that the ratio of kinetic energy to the total strain

energy remains below 5%, as recommended by Kim et al [164]. The details are provided as follows.

5.2.1.1 Artery Model

In the research by Gasser and Holzapfel et al. [96], [98], the geometric and material model of

the artery is based on a diseased iliac artery from a 65-year-old female. The geometric model,

depicted in Figure 5.2, was derived from high-resolution magnetic resonance images (hrMRI) and

reconstructed using non-uniform rational B-splines (NURBS) to represent eight components. The

material properties of these components were defined using the Gasser-Ogden-Holzapfel (GOH)

model, with the material parameters obtained from the tensile experiments [97]. As a simplification,

Gasser [96], [99] combined some of these components, resulting in an artery model with three main

layers: intima, media, adventitia along with a lipid pool, as illustrated in Figure 5.3.

In this research, a geometric model of the artery, as shown in Figure 5.4 is established based on the

FE model provided by Gasser [96]. It consists of three main layers, which are adventitia, media,

intima, and an arbitrarily shaped lipid pool.

The material models for the adventitia, the media, and the intima are defined by the GOH model,

as described in Eq. 5.1. The lipid pool is modelled as an isotropic matrix defined by a linear elastic.

As discussed in Chapter 2, the GOH model characterises the arterial layers as an isotropic ground

matrix embedded with two families of collagen fibres. It assumes that the collagen fibres exhibit a
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Imperial College 
London

Intima

Adventitia

Media

Lipid pool

R = 4.13 mm

t = 0.32 mm

t = 0.34 mm

Dlumen = 0.14 mm
Lumen

Figure 5.4: The geometric model of the artery: the artery consists of four components: adventitia,
media, intima, and lipid pool from outer to inner. The thickness of the adventitia and media is
0.32 and 0.34 mm, respectively. The thickness of the intima varies from 0.1 to 0.5 mm, with an
elliptical lumen and an arbitrarily shaped lipid pool. The elliptical lumen has a smallest diameter
of Dlunem = 0.14 mm

transversely isotropic distribution along a preferred direction a0i, with dispersion characterised by

the parameter κ. The material parameters for each layer are listed in Table. 5.1, which is based

on the tensile test data reported by Holzapfel et al. [98].

ψ =
G

2
(I1 − 3) +

2∑
i=1

ki1
ki2

(exp ki2[Hi : C − 1]2 − 1) (5.1)

κ =
1

4

∫ π

0

ρ(Θ) sin3 ΘdΘ (5.2)

where ψ is the strain energy density; C10, D, k1 and k2 are material parameters κ, ρ(Θ), and

Θ describe the fibre distribution: κ characterises fibre dispersion, where κ = 1/3 indicates an

isotropic distribution of collagen fibres; the function ρ(Θ) represents the orientation density func-

tion associated with the Eulerian angle Θ which denotes the Eulerian angles of the collagen fibres

of the collagen fibres.

Table 5.1: Material properties of artery components

Tissue G (kPa) k1 (kPa) k2 (-) α (-) κ (-)

Intima 78.9 23.7 26.3 0.0 0.0
Media 15.0 4.0 2.3 7.0 0.0
Adventitia 1.75 65.6 61.8 49.0 0.0
Lipid Pool 0.1 0.0 - - -

Note: G is the shear modulus, k1 and k2 are material stiffness constants, α is the fibre orientation
angle, and κ is the fibre dispersion parameter.
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To model the collagen direction ai0, a cylindrical coordinate system ORTZ is defined for the artery,

as illustrated in Figure 5.5A. The local material orientation is specified along the T direction, with

an angle α (indicated by the blue lines) relative to the T axis. This is achieved by modifying the

input file.

R

T

Z

R

T

Z
α

Artery: R,T,Z-coordinate system Stent: r,t,z-coordinate system

t

z
r

R

T

Z

d = -2.63 mm

A B

Figure 5.5: The local coordinate system used in the simulation of the artery and stent is as follows:
(A) ORTZ coordinate system applied to the FE model of the artery. (B) ortz coordinate system
used for the stent.

The artery layers are discretised using C3D8R elements, which widely employed in related studies

[79], [267], [277], [288], [291]. Reduced integration elements were employed to save computation

time while maintaining acceptable accuracy. Meshes of varying densities were generated, with

coarser elements assigned to the media and the adventitia layers, and finer elements for the intima.

As the slave surface in the interaction, the finest mesh is used for the inner surface of the intima. To

balance computational accuracy and efficiency, six different discretisations were created, consisting

of 229,680, 259,050, 441,850, 493,250, 1,616,000, and 1,747,400 elements. These correspond to

combinations of the finest mesh sizes of 0.03 mm3, 0.02 mm3 (used for the inner surface of intima),

and 0.01 mm3 with coarsest mesh sizes of 0.13 mm3 and 0.1 mm3 (used for the outer surface of

adventitia), respectively. Mesh convergence was assessed by ensuring the variation in key results,

such as stress and lumen diameter (defined by the minimum lumen diameter), between successive

refinements was less than 3%.

To avoid rigid-body motions of the artery, the displacements in the T− and Z− directions for the
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nodes on the outer surface of the adventitia are fixed, and all Z− displacements are constrained

at both end faces of the artery. To simulate physiological loading conditions, a uniform pressure p

= 100 mmHg (equivalent to p = 13.3 kPa) is applied to the entire inner surface of the artery. The

lumen is expanded as depicted in Figure 5.5B, reflecting the in-vivo condition of an artery in the

body. To maintain these stress conditions during the artery-stent interaction, a predefined stress

field is applied to the artery model.

5.2.1.2 Stent Model

Due to patent restrictions, we cannot obtain detailed information about the geometric features of

commercial stents. In this research, the stent model is developed based on the SYNERGYTM BP

Everolimus-Eluting Platinum Chromium Coronary Stent, with the information provided in [292].

The FE model of the stent is directly generated in ABAQUS. The mesh part with 16 stent cells,

shown in Figure 5.6A, is wrapped into a cylindrical shell with a radius of 1 mm, where the width of

strut st is 0.09 mm and the wavelength lst of the stent cells is 0.39 mm. A solid stent, as depicted

in Figure 5.6B, is then formed by generating two solid layers from the cylindrical shell by sharing

nodes and removing the base shell. Since the outer surface of the stent serves as the master surface

in the artery-stent interaction, the mesh size of the stent depends on the mesh size of the slave

surface, which uses three mesh scales: 0.03 mm3, 0.02 mm3, and 0.01 mm3.

lst 2 mm

1 mm

St

A B

Figure 5.6: The FE model for stent: (A) The 2D mesh part used for wrapping into a cylindrical
stent. (B) The stent model used for FE simulation, with a diameter of 2 mm and a width of 1
mm.

The material properties of the stent are given as a platinum-chromium alloy (Pt-Cr) [292], see

Table. 5.2.

Table 5.2: Material properties of SYNERGYTM BP Stent [292]

Property Type Property Value

Elastic Young’s modulus (MPa) 203000
Poisson’s ratio 0.3

Plastic Yield stress (MPa) Plastic strain
480.96 0.00
1207.63 0.37
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For assembling the stent into the artery, a cylindrical coordinate system (ortz) for the stent is

defined with the origin o at the center of the artery lumen, as shown in Figure 5.5B. To prevent

rigid-body motions of the stent, the t- and z-displacements are fixed at node A. Additionally, a tie

constraint is applied to the end surfaces of the stent to prevent it from opening during expansion.

5.2.1.3 Artery-Stent Interaction

Figure 5.7 illustrates the interaction between the artery and stent, with a coordinate system (oxyz)

provided for the artery-stent assembly.

Figure 5.7: Artery-stent interaction: S1, S2 and S3 are the outer surfaces of the FE arterial model.
ΓC is the interface, consisting of S4 (artery inner surface) of artery and S5 (stent outer surface)
of stent. Three coordinate systems are employed: the global coordinate system, OXY Z, defines
the overall geometry and external loading of the model. Two local systems cylindrical coordinate
system, OTRZ is used for the artery, capturing its radial, circumferential, and longitudinal direc-
tions, while otrz is applied for the stent, facilitating precise alignment and interaction modelling
with the arterial structure.

The artery-stent interaction is modelled using surface-to-surface contact in ABAQUS/Explicit,

by assigning the inner surface of the intima S4, and the outer surface of stent S5 as the slave

and master surface, respectively. The contact properties are defined as ‘hard contact’ with a

COF set to vary between 0.01 and 0.1 in steps of 0.01. The ‘hard contact’ defines the pressure-

overclosure relationships as Eq. 5.3. ‘Hard contact’ ensures that the contact forces are transmitted

accurately without allowing significant penetration between the stent and artery, which is essential

for capturing the true mechanical interaction.

pn = 0 gn > 0; pn > 0 gn = 0; (5.3)

where pn is the contact pressure on node n, and gn is the gap function.
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Then, the governing functions of the interaction are described by Eq. 5.4, and the boundary

conditions are specified in Eq. 5.6 [293].

gn ≥ 0, pn ≤ 0 gnpn = 0 on ΓC

gn ≤ 0, pn = εngn on ΓC

gτ = 0, ‖ qτ ‖≤ µ | pn | on ΓC

ġτ 6= 0, ‖ qτ ‖= µ | pn | ġτ
‖ ġτ ‖

on ΓC

(5.4)

where ΓC=S4 ∪ S5 represents the contact interface; gn and ġτ are the gap function and the slip

velocity, defined as Eq. 5.5, respectively; pn and qτ represent the contact force and friction force,

respectively.

gn = n ·∆u

ġτ = (I − n ⊗ n) · (u̇τ )
(5.5)

where∆u represents the increment of displacements on the contact surface, and n is the unit normal

vector direction. Since the stent is established based on cylindrical coordinates, the n-direction

corresponds to the r-direction. I is the identity tensor.

u = u on S5

u1 = u2 = 0 on A

u1 = u2 = u3 = 0 on S3

u3 = 0 on S1, S2

(5.6)

where u1, u2, and u3 represent the displacement in r−, t−, and z− direction, respectively.

5.2.2 Surface Shape Modelling

5.2.2.1 Non-uniform Displacement Method

In addition to the friction effect, the surface shape of the stent is also considered. Incorporating

the realistic geometry created by CAD software may result in poor mesh quality. Therefore, we do

not represent the exact geometry of the stent. Instead, we use the same FE stent model, applying

a non-uniform modelling method to account for the surface shape effects. This method, inspired

by Paggi’s approach [293], can also effectively model the surface topographies of the stent.

A simple example illustrated in Figure 5.8A was used to demonstrate the application of this
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method. The realistic model involves contact between a flat surface characterized by Γ1(ξ) = z1

and a rough surface characterized by Γ2(ξ) = z2 + h(ξ), where ξ is the node coordinate, zi (i = 1,

2) is a constant representing the baseline and h(ξ) represents the surface roughness. By applying

a normal displacement un to the grey part to make it contact with the blue part, the gap function

is given as Eq. 5.7.

gn(ξ) =| z1 − z2 | −h(ξ)− un = ∆z + h(ξ)− un ∆z = un + h(ξ)

gn(ξ) = 0 ∆z > un + h(ξ)

(5.7)

where ∆z is the distance between the two baselines.

By replacing the uniform un with a non-uniform displacement unon = un+h(ξ), the realistic model

can be represented using two flat surfaces in contact, as illustrated in 5.8B. This is referred to as

the idealised model, and the displacement is defined by Eq. 5.8.

Realistic model Idealistic modelA B

Figure 5.8: FE model for a different approach: (A) The realistic model, which shows the actual
shape of the contact material. (B) The idealized model does not depict the actual shape but uses
a displacement set for the nodes to represent the shape effect.

gn(ξ) > 0, unon = un + h(ξ)

gn(ξ) < 0, un = 0

(5.8)

The method is verified by implementing the realistic and idealised models in ABAQUS/Explicit

to do the simulation. The shape of a realistic model is defined by Eq. 5.9. Contact is established

for both a realistic model and an idealised model by defining contact pairs with the top surface of

the grey part as the master surface and the bottom surface of the blue part as the slave surface.

The contact properties are specified as ‘hard contact’ with ‘friction-less’ behavior. The material of

the grey part is given by an elastic modulus E of 206,000 MPa and Passion’s ratio ν = 0.3, and

the material of the blue part is given by a Neo-Hookean model with an elastic modulus E of 0.1

MPa. All nodes on the top surface of the blue part are fixed. For the realistic model, a uniform

displacement un = 0.275 mm is applied to the nodes on the top surface of the grey part, whereas

a non-uniform displacement unon, as illustrated in Figure 5.9 is given to the idealised model. The
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simulation is completed in 10 steps.

Γ1 = 0.1 sin(1.5x) + 0.05 sin(2x+ π/4) + 0.03 cos(3x+ π/2) (5.9)

A B

Figure 5.9: Non-uniform displacement was applied to the upper surface nodes: (A) A uniform
displacement (colored line) was applied to the idealized model over 10 steps, with the black dotted
line indicating the baseline. The grey line represents the surface shape, while the black solid line
shows the initial position of the surface. (B) A non-uniform displacement was applied to the
idealized model over 10 steps. When considering the black dotted line as the starting point, the
non-uniform displacement aligns precisely with the surface shape above the baseline.

5.2.2.2 Surface Shape of the Stent

In stent design, the topographies and surface shape are used to enhance stent performance by

improving the mechanical interaction between the stent and the arterial wall, potentially reducing

complications such as restenosis. In this study, two surface shapes—convex (named Convex-1,

Convex-2) and concave (Concave-1)—are investigated, as they represent the simplest and most

commonly used designs in current commercial stents [290]. To accurately capture the surface

shape of the stent, a finer mesh size of 0.01 mm3 is applied to the stent surface. As the mesh size

of master and slave surfaces should remain consistent, the same mesh size of 0.01 mm3 is applied

to the inner wall of the intima. This results in a total of 1,616,000 elements being used for the

artery. A finer mesh size of 0.008 mm3 for the stent and inner surface of the artery was attempted,

however, the simulation terminated automatically, and reported a large mesh distortion problem.

The reasons for this will be discussed further in section Discussion. Given that the width of the

strut is only 0.09 mm, a mesh size of 0.01 mm3 constrains the scale modelling of the more complex

surface shapes and topographies of the stent.

With the outer flat surface defined by R(θ) = 1, where θ represents the angular coordinates, the

convex and concave surfaces are described by Eq. 5.10. To illustrate the effect of the surface shape
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of the stent, a non-uniform displacement ur, as defined in Eq. 5.11, is applied to the nodes on

the outer surface of the stent using a Python script. The COF for the contact surfaces was set

to 0.01, 0.02, and 0.03. Due to the complex contact behavior introduced by the uniform surface

shape, simulations with higher COF values led to automatic termination due to excessive mesh

distortion. In this section, we focus primarily on the effects of the stent’s surface shape; thus, a

COF of 0.01 to 0.03 is considered acceptable.

R(θ) = r +A · sin 64θ (5.10)

where A is the amplitude of the stent surface, with the positive value represented for convex and

the negative represented for concave. 64 is the given since there are 16 stent cells, featuring 32

struts and 32 interval features.

ur = ur +A · sin 64θ, gr(θ) > 0,

ur = 0, gr(θ) < 0,

(5.11)

5.3 Result

5.3.1 Verification of the Finite Element model

5.3.1.1 Mesh Convergence

The maximum von Mises stress S calculated, as well as the distance between the two origin

points, d, and lumen diameter Dlunem, under pressure and inflation are shown in Figure 5.11A.

As illustrated, the mesh discretisations with 441850 elements demonstrate an acceptable variance

(≤ 3%) in S, d, and Dlunem compared to the results from discretisations with 493,250, 1,616,000

and 1,747,400 elements. Consequently, the mesh discretisations with 441850 elements, combining

the finest mesh of 0.02 mm3 and the coarsest mesh size of 0.13 mm3, is selected for the numerical

simulations.

5.3.1.2 Quasi-static Analysis

The kinetic energy and the total strain energy during the interaction are shown in Figure 5.11B.

As illustrated, the ratio of the kinetic energy to the total strain energy is nearly 0 %, which satisfies

the conditions for quasi-static analysis.

5.3.1.3 Finite Element Model Validation
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A B

C

Figure 5.10: The surface shapes of the stent: (A) Three surface shapes of the stent are considered
in this study. (B) The surface shapes were given for the stent in z = 0. (C) Apply the non-uniform
displacement to the stent.

The results of maximum principal stresses, calculated under a lumen diameter Dlumen of 3.51 mm

without friction, are illustrated in Figure 5.12. Compared to the results reported in [31], where

the maximum principal stresses are around 500 kPa, 100 kPa, and 40 kPa for the intima, media,

and adventitia, respectively, our findings of 540.4 kPa, 177.4 kPa, and 32.1 kPa fall within a same

range of the stress values. The observed differences can be attributed to the intima rupture in

[31], which leads to less stretching of the media and adventitia, resulting in lower stress values.

Therefore, the finite element model established in this study is validated and accurate.

5.3.2 Verification of the Non-uniform Method

The stress distribution of nodes on the slave surface for each step is illustrated in Figure 5.13.

Despite slight differences in values at each peak point, the stress distribution in the idealised

model is similar to that in the realistic model. Therefore, we believe the method can effectively

model topography effects.
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A B

Figure 5.11: Model verification: (A) The comparison between different mesh density, whereDlumen

is the lumen diameter and d is the lumen center. (B) Quasi-static analysis

540.4 kPa 540.4 kPa
32.1 kPa

177.4 kPa

Figure 5.12: The maximum principal stress distribution of intima, media, and adventitia, respec-
tively

5.3.3 Artery-Stent Interaction

In this research, five factors are considered to evaluate artery responses during artery-stent inter-

actions: von Mises stress S, maximum principal stress σ, strain energy density SED, shear stress

τ , and maximum principal strain LE. A particular focus is given to von Mises stress S, maximum

principal stress σ, maximum principal strain ε, and shear stress τ at the artery-stent interface ΓC

to better understand the effects of friction and topography.

5.3.3.1 Artery Response

Figure 5.14 shows the results for von Mises stress S, maximum principal stress σ, strain energy

density SED, shear stress τ , and maximum principal strain ε with µ = 0.01. As illustrated in

Figure 5.14A, the intima, with the highest shear modulus µ = 78.9 kPa, exhibits greater von Mises

stress S compared to the media and the adventitia. The maximum von Mises stress of 494.1 kPa

is found at the right shoulder of the fibrous cap, which has been identified as the initial fracture

point in Gasser’s study [96]. The non-uniform stress distribution in the intima is attributed to the



5

5.3. RESULT 93

Figure 5.13: The distribution of von Mises stress S for the idealised model and the realistic model
during the simulation, with S plotted at each 10 increments.

irregular shape of the lipid pool. A larger lipid pool on the left side reduces the material modulus

of the intima, resulting in higher stress on the right side. Unlike the intima, the non-uniform

stress distribution in the media and the adventitia is due to the orientation of the fibres in these

layers. With the fibre oriented at a specific angle α (< 90◦) along the T− direction, the right side

exhibits higher von Mises stress S. These observations are also supported by Figure 5.14B and C,

where the maximum σ of 540.4 kPa and maximum SED of 164.5 kJ/mm3 occur at the same point.

Since the maximum principal stress σ does not account for shear stress, unlike von Mises stress

S, it shows that the stent induces maximum negative stress values, while the surrounding areas

exhibit predominantly positive stress values, except for a small region (Figure 5.14B). A higher

concentration of SED around the lumen is illustrated in Figure 5.14C.

In Figure 5.14D, the maximum shear stress τxy of 82.4 kPa is observed at the artery-stent interface

ΓC (τxy is denoted as S12 in Abaqus, where 12 refers to the xy-plane. Similarly, τxz and τyz

are denoted as S13 and S23, with 13 and 23 referring to the xz- and yz-planes, respectively).

Additionally, two regions, indicated by the red arrows, exhibit relatively higher shear stresses,

exceeding 40 kPa. Similar to the von Mises stress S, the shear stress is higher on the right

side of the media and adventitia, where the presence of fibers enhances the material’s mechanical

properties.

The maximum value of 71% for the maximum principal strain ε is observed at the right shoulder

of the fibrous cap, where the maximum S, σ, and SED are also recorded, as illustrated in Figure

5.14E. However, unlike the other indicators, higher strain values are found in the lower half of the

intima, media, and adventitia, as well as around the outline of the lipid pool. This observation

aligns with reports suggesting that the lipid pool is likely to rupture during stent deployment [294].
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494.11 kPa 

Intima Media Adventitia
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B

C

D

E

540.4 kPa

Intima Media Adventitia

164.50 

kJ/mm3

82.42 kPa 
> 40 kPa 

<- 40 kPa 

0.71

Intima Media Adventitia

Intima Media Adventitia

Intima Media Adventitia

Figure 5.14: The stress distribution of the artery: (A) The von Mises stress S distribution. (B)
Maximum principal stress σ. (C) The shear stress τxy. (D) The strain energy density SED. (E)
The maximum principal strain ε.



5

5.3. RESULT 95

5.3.3.2 Results of Friction Effects

Two cross sections: z = 0.1 (red frame) and y = -3.35 (yellow frame, depicted in Figure 5.15A),

are examined to explore the stress distribution at the interface ΓC . Detailed stress information for

the nodes around the lumen from z = 0.1 (red frame) (Figure 5.15B) is accessed, with the results

plotted in Figure 5.16.

z x

y

o

Nodes 2089: 2550 
Node 24

z = 0.1

x

y

o

A B

Figure 5.15: The stress distribution at interface ΓC : (A) The von Mises stress with a COF
µ = 0.01, where the cross-section z = 0.1 and y = -3.35 are highlighted by the red and yellow
frames, respectively. (B) The von Mises stress of the cross-section z = 0.1 and the nodes used to
obtain detailed information.

The von Mises stresses S, maximum principal stress σ and maximum principal strain ε along with

the shear stresses τxy, τxz, and τyz for the stent from y = -3.35, are shown in Figures 5.16. The stent

cells are numbered from I to XVI, as shown in the upper right corner of Figure 5.14, with each stent

cell containing two struts. Figure 5.14 illustrates the comparison of stress distribution between

the contact and non-contact regions. Both the von Mises stress S and maximum principal strain

ε are higher in the contact region, with noticeable stress concentrations along the stent’s edges.

This effect is even more pronounced for the maximum principal stress σ, where higher negative

values are observed in the contact area, contrasting with the positive values in the surrounding

non-contact area. The maximum absolute value of σ occurs at the cross-section y = −3.35.

The stress concentrations along the stent’s edges are also evident in the shear stresses τxy, τxz,

and τyz, as shown in Figures 5.14D–F, respectively. Additionally, there are substantial differences

in von Mises stress S and maximum principal strain ε across the three arterial layers, as discussed
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earlier. However, unlike the von Mises stress S, the variations in shear stresses, particularly τxz

and τyz, across different arterial layers are less pronounced.

y = -3.35

A B

y = -3.35y = -3.35

y = -3.35

y = -3.35

y = -3.35

C D

E F

Figure 5.16: The stress distribution at interface ΓC : (A) The von Mises stress S. (B) The
maximum principal stress σ. (C) The maximum principal strain ε. (D-F) The the shear stresses
τxy, τxz, and τyz, respectively.

The stress distribution along the nodes is depicted in Figure 5.17. As previously mentioned, the

contact regions exhibit higher stress than the surrounding non-contact regions. Except for stent

cells V and XIII, which do not contact the artery wall, all other struts contribute to two peaks

and one trough, with the two peaks observed at the ends and a trough in the middle. The peaks

represent the stress concentrations caused by the edges of the struts.

For most stent cells, the von Mises stress S generally increases with increasing COF, as indicated

by the upward grey arrow. However, a notable exception is observed in stent cell I and the left

strut of stent cell II, where the von Mises stress decreases with increasing COF, as indicated by

the downward grey arrow.

The shear stresses τxy along the x and y-directions are depicted in Figure 5.17E and F, respectively.

Except for stent cells V and XIII, two distinct fluctuations with opposite peaks on either side are

observed for each strut. It is evident that lower shear stress τxy is observed in the upper half of the

artery where it is in contact with stent cells I, II, III, XIV, XV, and XVI. This can be attributed

to the lipid pool weakening the material properties in the upper regions. Additionally, the shear

stress τxy generally increases with increasing COF, as indicated by the upward red arrow. This
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trend can also be observed in the shear stresses τxz and τyz as depicted in Figure 5.18.

To illustrate the contribution of each stent cell, the maximum von Mises stresses S as well as the

maximum and minimum shear stresses τxy, τxz, τyz for stent cells are provided in Figure 5.19.

Each stent cell, with its two struts (or say contact areas), contributes two sets of data.

From Figure 5.19A, a decrease in von Mises stress with increasing COF is observed in the struts of

stent cells I, II, IV, V, VII, VIII, and IX. In contrast, an increase in von Mises stress with increasing

COF is noted in the struts of stent cells III, XIII, and XIV. The remaining struts show varying

fluctuations in von Mises stress as COF values change. The maximum stresses are observed at the

position of strut V, which corresponds to the right shoulder of the fibrous cap. Since this position

is in a non-contact region, these maximum stresses cannot be attributed to friction effects.

It was found that the lumen diameter, Dlumen, is related to the maximum stress. The plot of

maximum von Mises stress versus the lumen diameter, Dlumen, is shown in Figure 5.20. It is

evident that the maximum von Mises stress, S, increases as Dlumen increases.

From Figure 5.19B-D, the maximum shear stresses τxy, τxz, and τyz show significant fluctuations,

with τxy generally being higher than τxz and τyz. These fluctuations can likely be attributed to the

inherent complexities of the contact simulations. Due to these fluctuations, there is no consistent

pattern regarding the increase in τxy, τxz, and τyz with increasing COF values. Nevertheless,

higher shear stresses are observed in contact regions compared to non-contact regions, with struts

of stent cells V and XIII showing zero shear stresses τxz and τyz. Notably, a high shear stress τxy

of 108 kPa is observed in stent cell XII, while shear stresses of -63 kPa and 54 kPa are observed in

stent cell II, respectively (highlighted in red). With relatively small τxz and τyz, large values of τxz

of -25 kPa, τxz of -30 kPa and 30 kPa are shown in stent cells I, II and X, respectively (highlighted

in yellow). These stress levels indicate potential areas where the artery could sustain injury.

To better understand the effects of friction, additional data were extracted from the nodes at the

interface Γ, ranging from cross-section z = 0 to cross-section z = 0.1. Figure 5.21 presents the

average values of maximum and minimum shear stresses for the stent struts (indicated by dots)

along with their standard deviations (SD) for µ = 0.01 and µ = 0.1. The deep blue color represents

the results for µ = 0.01, while the light blue corresponds to µ = 0.1. The plot indicates that the

average of the maximum and minimum shear stresses, τxy, τxz, and τyz, are considerably higher

at µ = 0.1 compared to a µ = 0.01 except in non-contact stent cells V and XIII. The plot also

illustrates that larger deviations occur at µ = 0.1, indicating that higher COF leads to locally

higher stresses. This suggests that a larger COF is more likely to induce stress concentration,
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Figure 5.17: The stress distribution obtained from the nodes: (A-B) 3D plots of the von Mises
stress and the shear stress τxy, with the x and y coordinates aligned along the nodes, respectively.
(C-D) Von Mises stress, S, along the x- and y-directions, respectively. (E-F) The shear stress τxy
along the x- and y-directions, respectively.
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Figure 5.18: Shear stress along the nodes: (A-B) Shear stress τxz along the x- and y-directions,
respectively. (C-D) show the shear stress τyz along the x- and y-directions, respectively.

contributing to increased instability in numerical simulations.

5.3.3.3 Results of Surface Shape Effects

Figure 5.22 presents the average values of the maximum von Mises stresses S at the nodes on the

contact interface ΓC between cross-section z = 0 and z = 0.1. The results are shown for Convex-1

(grey), Convex-2 (yellow), and Concave-1 (green), with a flat surface (red) as the reference. The

left-side sub-figures (dark colors) correspond to µ = 0.01, while the right-side sub-figures (light

colors) represent µ = 0.03.

Compared to a flat surface, Convex-1 (grey) exhibits lower von Mises stresses for most of the struts,

except for the non-contact stent cell V for both µ = 0.01 and µ = 0.03. In contrast, Convex-

2 (yellow) and Concave-1 (green) demonstrate higher von Mises stresses than the flat surface.

However, the surface shapes improve the stability of the numerical simulations, as evidenced by

the smaller SDs for the average von Mises stresses S.

The average values of maximum and minimum shear stresses τxy with their SD for three surfaces
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Figure 5.19: The stress distribution in struts: (A) The von Mises stress S. (B-D) The shear stress
τxy, τxz and τyz, respectively.

A B

Figure 5.20: The maximum von Mises stress S: (A) S decreases with increasing COF. (B) S
increases with increasing the lumen diameter Dlunem.
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Figure 5.21: The average values of maximum and minimum shear stress, along with the SD, given
by nodes at interface Γ between z = 0 and z = 0.1, with COF of 0.01 (dark) and 0.1 (light): (A-B)
The results of shear stress τxy, where (A) represents the average values of maximum shear stresses
and (B) represents the average values of minimum shear stresses. (C-D) The shear stress τxz.
(E-F) The shear stress τyz.
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and the flat surface are illustrated in Figure 5.23 for µ = 0.01 and Figure 5.24 for µ = 0.03.

Convex-2 (yellow) and Concave-1 (green) exhibit relatively larger shear stresses compared to the

flat surface (red) for both µ = 0.01 and µ = 0.03. Convex-1 (grey) shows slightly lower shear stress

than the flat surface at µ = 0.01; however, this trend is less clear when the COF is increased to

0.03.

Therefore, a convex surface with an appropriate amplitude A, such as A = 0.01 mm for Convex-1,

results in lower stress values—including both von Mises stress S and shear stress τxy—at a lower

COF (µ = 0.01), which is more favorable for the artery-stent interface. In contrast, concave shapes,

like Concave-1, or convex shapes with larger amplitude, like Convex-2, lead to higher von Mises

and shear stresses. From a mechanical perspective, these shapes are not recommended for stent

design.

5.4 Discussion

Compared to the media and adventitia, the intima exhibits higher values for five key indicators:

von Mises stress S, maximum principal stress σ, strain energy density SED, and shear stress τxy

due to its higher shear modulus, as well as maximum principal strain ε due to the largest stretch.

Except for the shear stress τxy, which shows the peak values at the interface ΓC , the maximum

values of S (494.11 kPa), σ (540.4 kPa), SED (164.5 kJ/mm3), and ε (71 at µ = 0.01) are all

located at the right shoulder of the fibrous cap. These elevated values are caused by the stretching

of arterial components in the circumferential (T−) direction as the artery expands during the

artery-stent interaction. The right shoulder of the fibrous cap was identified as the initial fracture

point in the research by Gasser et al. [99], with peak values reported around 500 kPa. Similarly,

Cheng et al. [273] noted this location as the site of highest stress, with rupture stresses ranging

from 300 to 705 kPa. In contrast, studies by Mulvihill et al. [72] and Li et al. [77] observed

even stress distributions around a circular lumen, attributed to their use of circular lumen shapes

expanded by circular stents in their models.

The artery-stent interaction induces higher stresses in the contact region than in the non-contact

region (see Figure 5.16A-C). Similar observations have been widely reported in studies [79], [81],

[267], [277], [288]. Due to differences in material models, geometric models, and boundary condi-

tions, the reported maximum stress values in the contact region vary significantly, typically ranging

from tens to hundreds of kilopascals. Schiavone et al. [81] reported maximum stress values be-

tween 290 and 580 kPa in contact areas with various stents. Zahedmanesh et al. [79] observed
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Figure 5.22: The average values of maximum von Mises stresses presented for Convex-1 (grey),
Convex-2 (yellow), and Concave-1 (green) at COF of 0.01 and 0.03, using a flat surface (red) as
the reference: (A-B) Convex-1 with the flat surface, where (A) represents the results at µ = 0.01
and (B) represents the results at µ = 0.03. (C-D) Convex-2 with flat surface. (E-F): Concave-1
with flat surface.
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A B

C D

E F

Figure 5.23: The average values of maximum and minimum shear stresses for Convex-1 (grey),
Convex-2 (yellow) and Concave-1 (green) at COF of 0.01, using a flat surface (red) as the reference:
(A-B) Results of Convex-1 with the flat surface, where (A) represents the average maximum
values and (B) represents the average minimum values. (C-D) Convex-2 with flat surface. (E-F):
Concave-1 with flat surface.
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Figure 5.24: The average values of maximum and minimum shear stresses for Convex-1 (grey),
Convex-2 (yellow), and Concave-1 (green) at COF of 0.03, using a flat surface (red) as the reference:
(A-B) Results of Convex-1 with the flat surface, where (A) represents the average maximum
values and (B) represents the average minimum values. (C-D) Convex-2 with flat surface. (E-F):
Concave-1 with flat surface.
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a maximum von Mises stress of 950 kPa in the plaque, while Conway et al. [267] reported much

higher values, reaching up to 10,000 kPa—significantly exceeding those typically observed. In these

studies, the attached plaque can be considered analogous to the fibrous cap examined in both our

research and the work conducted by Gasser and Holzapfel’s group [96], [98], [99].

In this research, friction effects are most pronounced in the shear stresses at the contact area,

with higher shear stresses observed as the COF increases (Figures 5.19 and 5.21), which aligns

with Coulomb’s friction theory, as described by Eq. 5.4. Additionally, it is observed that the

von Mises stress in some struts increases with higher COF (Figure 5.21A), although these changes

are not substantial. A smaller COF, in this study, results in a larger lumen diameter Dlumen,

and the resulting stretching effect mitigates the impact of friction in the overall artery FE model.

The combined results demonstrate a notable decrease in von Mises stress, S, with increasing

COFs, whereas S increases with larger lumen diameters, Dlumen. Nematzadeh et al. [287] also

observed a decrease in maximum stress with increasing COF, though they did not discuss the

underlying reasons. They further reported that increasing the COF between the Nitinol stent and

the peripheral artery did not lead to significant changes in stress and strain across the entire artery

model, which is consistent with our findings.

These higher stresses, either at the contact interface or at the right shoulder of the fibrous cap, serve

as critical indicators of vulnerable regions during stent interactions, offering essential guidance for

stent design and placement. Regarding the reported rupture stress of 600 kPa in [282], 1720 ±

890 kPa in [281] and 300 kPa in [273], as well as the rupture strain of 47 ± 23%, the maximum

principal stress of 540 kPa and the maximum principal strain ε of 70% observed in our studies

suggests that rupture is likely. A smaller but effective lumen diameter is expected to mitigate this

risk.

In this research, the topography effect is modelled at the nodal level using a non-uniform method,

as described by Eq. 5.8. The method for modelling the topography effect has been widely reported

in research [293], [295]–[298]. While Yastrebov et al. [295] provided detailed surface topography,

more recent methods have shifted toward approaches that do not show detailed topographical data

for FE models. These newer methods help to reduce the computational complexity associated with

mesh generation and simulation. Our method is inspired by Paggi [293], [298]. They introduced

the eMbedded Profile for Joint Roughness (MPJR) interface FE method, which allows for a nom-

inally flat surface to incorporate arbitrary heights at the nodal level, effectively reconstructing the

displacement field due to contact in the presence of surface roughness. However, implementing the

MPJR interface FE method in ABAQUS/Explicit involves complex scripting to define the field
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variables and contact properties for the interface layers. To simplify this process, we propose an

alternative method by directly applying a non-uniform displacement to represent the surface topog-

raphy instead of defining an interface layer. Given that contact simulations in ABAQUS/Explicit

start with zero initial gaps, the non-uniform displacement is divided into two parts: the contact

region receives a displacement equal to the baseline displacement u plus the topography profile

h(ξ), while the non-contact region is assigned a displacement of zero. This approach is even more

straightforward in ABAQUS/Standard, which uses an implicit method and includes a gap element.

The gap element can handle the non-contact region by setting its value to the maximum gap, and

the displacement can then be directly applied as u + h(ξ).

By investigating convex and concave surfaces, it was found that convex surfaces with an appropriate

amplitude, such as A = 0.01 mm, result in a lower stress distribution, which is more favorable for

the artery-stent interface. However, topographies featuring concave or large amplitude convex lead

to higher von Mises stress and shear stress, making them less suitable for surface modification.

In this research, the minimum mesh size for the stent and the inner surface of the lumen of the

artery is set to 0.01 mm3, which results in a total of 1,616,000 elements for the artery and 66780

elements for the stent. We attempted to refine the mesh further by using a mesh size of 0.008 mm3,

however, the simulation terminated automatically, and reported a large mesh distorted problem.

In ABAQUS/Explicit, particularly for large deformation problems, finer meshes create more con-

tact points, potentially introducing localized stress concentrations and leading to instability in the

contact algorithm. This is more significant in simulations with high friction coefficients. Therefore,

the minimized mesh size is given as 0.01 mm3, which restricts the simulation of topographical fea-

tures at the scale of 0.01 mm. Given the small dimensions of the stent, with a width of only 0.09

mm, there is limited space for detailed topography modelling. Additionally, due to the mesh size

and the finite element algorithm built in ABAQUS/Explicit, higher COFs often result in significant

mesh distortion, causing the simulation to terminate automatically. These issues currently remain

unsolved. Furthermore, while blood flow-induced wall shear stress can significantly influence vas-

cular healing and contribute to restenosis noted in [98], [299]–[301], this aspect is not considered

in our studies.

5.5 Conclusion

In this chapter, the artery-stent interaction was investigated using finite element simulations con-

ducted in ABAQUS/Explicit. The effects of friction were examined by setting the COF as 0.01,
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0.02, . . . 0.1. Additionally, the impact of shapes of stent surfaces, including convex and concave

surfaces, was simulated using a non-uniform displacement.

Our findings reveal that the maximum von Mises stress, maximum strain energy density and

maximum principal logarithmic strain are observed at the shoulders of the fibrous cap, with the

right side exhibiting higher values than the left. These values are positively associated with the

lumen diameter Dlunem, with large Dlunem contributing larger stress values. The shoulders of the

fibrous cap are identified as the initial fracture point for an atherosclerotic artery. Additionally,

a large principal logarithmic strain ε is also observed around the lipid pool, indicating a higher

likelihood of plaque rupture.

The higher COF gives larger shear stress at the interface. Stent surface shape features different

stress distribution at the interface. We recommend using a convex surface with an appropriate

amplitude for stent surface modification, rather than concave or convex surfaces with a large

amplitude, to achieve a more favorable stress distribution.
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This chapter provides a discussion of the results for two key topics: contact modeling and the FE

simulation of artery-stent interactions. It compares these results with relevant literature and offers

recommendations for future work.

6.1 Discussion

6.1.1 Contact Modelling

Chapters 3 and 4 explore the contact behaviour of skin and mouse arterial tissue using indentation

experiments, emphasizing the hyperelastic properties and the thin characteristics of both tissue

types. Table 6.1 and 6.2 summarizes the studies on evaluating the material properties of skin and

arterial tissue using indentations, respectively, with key points discussed below.

• Method developed for material properties of skin and arterial tissue

Among the studies investigating the linear elastic properties of skin tissue, as summarized in Table

6.1, the elastic modulus E is typically determined using contact models such as Hertz’s model,

Sneddon’s model, Hayes’ model, and Oliver-Pharr’s model, with experiments conducted using a
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small indenter (on the order of millimeters) and shallow indentation depths. For arterial tissue,

E is often derived using Hertz’s and Sneddon’s models, with even smaller indenters on the order

of micrometers. Reported values for E range from 0.07 kPa [119] to ≥ 10 kPa [302]. For arterial

tissue, E is often derived using Hertz’s model, with reported values spanning from 0.01 to 0.77

MPa [125], [136], [237], [251], [303].

The inverse FE method is widely adopted in current studies investigating the hyperelastic prop-

erties of both skin and arterial tissues through indentation experiments. Material parameters for

skin tissue have been defined by various hyperelastic models, including the Neo-Hookean model

[227], [304], the Mooney-Rivlin model [227], [304], and the Ogden model [55], [75], [304], [305],

while the arterial tissue was modelled using the Neo-Hookean model [58]–[60]. To balance accu-

racy with computational efficiency, many researchers adopt simplified FE models for skin tissue, as

demonstrated in [75], [138], which significantly reduce computation time and complexity. However,

[55], [305], [306] use more realistic FE models to achieve greater precision in simulating tissue be-

havior. Additionally, studies by Tran et al. [55] and Delalleau [138] investigated initial parameter

values for inverse analysis in the context of in-vivo forearm experiments. Their work provided close

approximations for these values, thereby enhancing the accuracy of the inverse analysis. Similar

studies addressing other soft materials can be found in [137], [307].

Lin’s model was used in [24], [214] to characterize the hyperelastic properties of skin tissue. Com-

pared with the inverse FE model, Lin’s model is computationally efficient. However, since Lin’s

model is established for small deformations and infinite layers with shallow indentation depths,

significant errors are introduced when applied to large deformations and finite layers, such as in

our studies.

Compared to Hertz’s, Lin’s, and Sneddon’s models, the approach combining FE simulation with

Hayes’ model proposed in this research offers a more accurate analysis of thin, deeper indentation

data. Additionally, it is significantly more efficient than the inverse FE method. By demonstrating

the equivalent shear moduli, G∗
i , throughout the indentation process, the proposed method proves

well-suited for comprehensive material characterization.

• Specimens choice

This research primarily focuses on developing methods for exploring the hyperelastic properties of

soft tissues. Therefore, instead of using human tissue, which has been chosen in previous studies

such as [119], [139], [154], [302], [308], we selected commercially available artificial skin with a

smooth surface, a relatively thick profile (approximately 1 mm), and homogeneous material prop-
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Table 6.1: The indentation test on skin and arterial tissue
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erties. This artificial skin serves as an ideal specimen for developing our experimental methodology.

The selection of mouse arterial tissue was mainly due to its structural and mechanical similarities to

human arterial tissue and its ready availability through collaboration with King’s College London.

The mouse arterial model has been widely used as a substitute for human arterial tissue in various

research studies, including [313], [314], particularly in studies focusing on the mechanical properties

of atherosclerotic arteries or plaques, such as [315]–[317].

• Thickness determination

The rough surface of mouse arterial tissue introduces excessive noise during data collection and

complicates the determination of tissue thickness, which is essential for contact model application,

as discussed in Chapter 4. These challenges have also been addressed in previous studies on

indentation of arterial tissue, such as those by [58], [145], as well as in various works related to

other soft tissues, including [22], [233], [240], [242]–[244]

Geerligs et al. [145] used a large indenter with a diameter of 500 µm to create a larger contact

area relative to the tissue cell size. This ensured that the deformation was more homogenized

across the tissue, effectively averaging out surface irregularities and minimizing the influence of

individual cellular features on the measurements. Similarly, Chandran et al. [244] noted that the

initial contact point for applying contact models was located deeper than the physical (or slope-

based) contact point. They identified the initial contact point by finding the optimal fit of Hertz’s

model. Chandran’s approach is similar to the method proposed in our study, as both rely on the

optimal fitting of a contact model. While Chandran et al. used the best fit for Hertz’s model

to locate the initial contact point, our method used the smallest variance (S2) of the equivalent

elastic moduli (E∗
i ) to directly identify the equivalent thickness, hhayes. This approach allows

for thickness determination without the need for apparatus-based measurements, ensuring both

accuracy and the applicability of the Hayes model.

Considering that the thickness of the tissue cannot be measured before the indentation test, the

displacement-controlled approach typically used for indentation tests on skin tissue—where the

indentation depth is set to 10% of the thickness—was not feasible for mouse arterial tissues.

Therefore, a force-controlled approach, with a contact force set to F = 0.001 N, was employed, as

detailed in Chapter 4. This method simplifies the data collection process by eliminating the need to

know the thickness of the initial contact point and allows for deeper indentation depths. However,

this approach also introduces additional challenges in data analysis, particularly in identifying the

starting point of contact.
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6.1.2 Artery-Stent Interaction

Chapter 5 demonstrated the artery-stent interaction using FE simulations conducted in ABAQUS/Ex-

plicit.

6.1.2.1 Finite Element Model

The explicit solver is widely used for modeling artery-stent interactions, see e.g., [73], [78]–[81],

[267], [271], [318], [319], where the stent deployment was treated as a quasi-static process with

a common criterion being to maintain the kinetic energy below 5-10% of the internal energy, as

suggested by [320], While the implicit solver has also been used for artery-stent interaction in some

studies [279], [280], [286], [321], it is generally applied when the stent undergoes relatively small

displacements. Studies such as [80], [320] demonstrate that the explicit solver significantly reduces

computational time and mitigates the convergence issues often encountered with implicit methods.

In this research, the FE model of the artery is developed based on models provided by Gasser and

Holzapfel et al. [96], [275], incorporating essential parameters such as the maximum and minimum

lumen diameters, outer artery diameter, component thicknesses, and the shape of the lipid pool.

Holzapfel et al [98] reconstructed the arterial geometry using non-uniform rational B-splines de-

rived from high-resolution magnetic resonance imaging, allowing for detailed characterisation of

morphological features at various vascular length locations. The results in [275] were tailored to

meet specific arterial and clinical requirements. In this research, we adopt Gasser’s method [31],

[96], [99] and focus on a 1 mm-wide artery segment. By reducing the representation of detailed

morphological sections, the computational efficiency was improved. A similar realistic modelling

approach for artery-stent interaction has been used in studies such as [73], [273], [276], [318].

Compared to idealised models, which represent the artery as a cylindrical vessel with a paraboli-

cally shaped plaque defined by isotropic, homogeneous, and incompressible materials in [81], [267],

[271], [272], [277], a realistic FE model can offer a more accurate and reliable representation of

artery-stent interactions.

In this research, the Gasser-Ogden-Holzapfel (GOH) model was used to define the material proper-

ties of different arterial components. In earlier studies, such as [273], [322], the material properties

of arterial tissue were modeled as linear elastic. More recent FE models typically define the mate-

rial properties of arterial tissues using hyperelastic models, including Ogden model [77]–[81], Yeoh

model [72], [73], Mooney-Rivlin model [271], [278], [280], [287], [288], [323], [324], and GOH model

[31], [98], [99], [318], [325]. Among these material models, the GOH model is particularly effective

in capturing the anisotropic behavior of arterial tissues, and the material parameters provided
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in [97], [98] have been widely accepted and used as a foundation for constructing other material

models, see studies [78], [79].

In this research, ‘hard contact’ is defined as the contact property, with the penalty method employed

to enforce it. ‘Hard contact’ offers a more realistic representation of contact behavior compared to

softened contact. While ‘hard contact’ can be prone to introducing stress concentrations or mesh

distortions—particularly around sharp stent edges, which could potentially lead to simulation

interruptions—these issues did not occur in this study. ‘Hard contact’ is commonly used in similar

studies (e.g., [81], [286], [321], [326]). The choice of contact formulation algorithm, whether the

kinematic method [323] or the penalty method [96], [99], [125], [286], does not significantly impact

the results of this study, but the penalty method significantly improves computational efficiency.

In a clinical scenario, a stent is compressed before insertion to navigate through the tortuous

lumen and is then expanded once correctly positioned. The simulation of the stent compression

process has been widely studied in the literature, e.g., [79], [270], [291], [327], [328]). However, this

process incurs high computational costs, as noted by Filipovic et al. [292], and is therefore not

included in our study, where we directly expand the stent. Several methods have been employed to

simulate stent expansion, including the direct application of uniform pressure [98], [278] or radial

displacement [80], [287], [288], [323] to the stent’s internal surface. Another common approach

involves using a balloon to facilitate expansion [78], [79], [99], [123], [279], [324], [329]–[334]. The

balloon expansion method can be implemented in various ways, such as using a folded balloon or

applying pressure or displacement to the balloon’s interior, which has been detailed in studies by

Gervaso et al. [328] and Martin et al. [258]. Given the focus of this research on the artery behaviour

during the interaction, along with the high computational costs associated with balloon expansion,

we directly apply radial displacement to the internal surface of the stent in our simulations.

6.1.2.2 Finite Element Results

The simulation results reveal that significantly higher stress and strain occur in the intima layer

compared to the media and adventitia layers. The higher stress is attributed to the intima’s greater

shear modulus (G = 78.9 kPa) compared to that of the media (G = 15.0 kPa) and the adventitia

(G = 1.75 kPa). The higher strain in the intima is attributed to its greater stretch, as it is the

innermost layer with a smaller diameter, leading to a more significant relative change in length

compared to the media and adventitia. Additionally, the effects of fibre, defined by the GOH

model, are evident in the asymmetric stress distribution within the media and adventitia, with

higher stress showing along the fibre direction. Except for the shear stress τxy, which shows the

peak values at the interface ΓC , the maximum values of the von Mises stress S, strain energy
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density, and maximum principal strain ε are all found at the right shoulder of the fibrous cap. It

also found that the maximum stress is associated with the lumen diameter. These findings align

with the research conducted by Gasser and Holzapfel group [31], [96], [98], [99] as well as the

studies [72], [77], [273]. The highest principal stress of 540 kPa is given in this research with [99]

reported the peak values around 500 kPa and Cheng et al. [273] reported an average stress of 545

± 160 kPa for ruptured plaques. In contrast, studies by [72], [77] identified the highest stresses

distributed along the circular lumen without localised stress concentrations. This difference can

be attributed to the different shape of the lumen, with the elliptical lumen used in [31], [96], [98],

[99], [273], [72], [77] feature a circular shape of the lumen.

However, for studies using idealised artery FE models with a parabola-shaped plaque attached to

the intima, the highest stresses were observed in the contact region (see [79], [81], [277], [288]).

The maximum stress values vary widely, ranging from hundreds of kilopascals, e.g., 290 kPa to

580 kPa in [81], to 950 kPa [79], and even reaching thousands of kilopascals, e.g., 10,000 kPa in

[267], due to differences in material models, geometric configurations, and boundary conditions of

the FE models. For the realistic models, higher stress is also observed in the contact region, but

it is not the highest stress.

An interesting observation emerged: a smaller coefficient of friction (COF) led to a larger lumen

diameter (LD), and larger LD corresponded to higher stress. Specifically, for µ = 0.01, LD = 3.508

mm and S = 494.11 kPa, whereas for µ = 0.1, LD = 3.500 mm and S = 476.28 kPa. This is

also reported in [287]. Although the reason why a smaller COF results in a larger lumen diameter

remains unclear, the relationship between a larger LD and higher stress is evident, as increased

stretching correlates with elevated stress. This suggests that the stretching effect predominantly

contributes to stress levels. Additionally, elevated maximum principal strains around the lipid pool

indicate an increased likelihood of plaque rupture during stent deployment, a finding supported

by previous studies [273], [281], [282]. At the interface ΓC , shear stresses (τxy) are observed to

increase with higher COF, consistent with Coulomb’s friction theory.

Chapter 5 also introduces a method to model the effect of stent surface shape by applying a

non-uniform displacement to represent the surface geometry. This approach is inspired by the

eMbedded Profile for Joint Roughness (MPJR) interface finite element method proposed by Paggi

[293], but it is easier to implement in ABAQUS/Explicit. However, a notable limitation of this

method is its inability to account for the adhesion effects of normal and friction forces, which will

be discussed further in the recommendations. Another limitation in simulating surface shape arises

from the minimum mesh size for the stent, which is set to 0.01 mm3. This restricts the accurate



6

6.2. RECOMMENDATIONS 117

modeling of surface features at smaller scales. Attempts to use finer mesh sizes result in significantly

higher computational costs and often lead to mesh distortion, causing the simulation to terminate

prematurely. These challenges are likely tied to the finite element algorithm in ABAQUS/Explicit,

which remains difficult to overcome with current capabilities.

6.2 Recommendations

Further research into contact modeling and tissue characterization is needed to improve under-

standing of tissue mechanics and overcome current limitations.

6.2.1 Recommendations for Contact Modeling

6.2.1.1 Multi-layer Model

In this study, skin and arterial tissue are modeled as single-layer homogeneous materials. However,

real soft tissues are multi-layered structures, as discussed in Chapter 2. Investigating the mechan-

ical properties of individual layers can offer deeper insights into the behavior of skin and arterial

tissue during mechanical interactions.

The mechanical properties of distinct skin layers, including the stratum corneum, viable epidermis,

and dermis, have been investigated in prior studies (e.g., [24], [214], [335]). Pailler et al. [154]

introduced a two-layer elastic model to account for the impact of subcutaneous layers, such as

muscles, on the mechanical behavior of human skin during indentation tests. Their findings revealed

that traditional one-layer models fail to adequately capture variations in Young’s modulus at

shallow indentation depths. Expanding on this concept, Van Kuilenburg et al. [336] proposed

a generalized multi-layer model. The effective elastic modulus, Eeff , for a multi-layer system is

described by Eq. 6.1.

1

Eeff
= 2

n−1∑
i=1

ti
fi(a)πaEi

+
1

fn(a)En
(6.1)

where fi is a correction function for each layer i, defined as:

f1(a) = 1 +
2t1
πa

fi(a) =

1 +
2

πa

i−1∑
j=1

tj

(
1 +

2t1
πa

)

f1(a) = 1 +
2t1
πa

(6.2)
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Further research aims to develop a multi-layer model for soft tissues, with each layer characterized

by hyperelastic material properties. This endeavor will require advanced modelling techniques,

supported by a specifically designed set of experiments, potentially combined with sophisticated

computational methods. Additionally, investigating the application of multi-layer models in more

complex geometries or under in-vivo conditions could provide valuable insights into the mechanical

behavior of soft tissues.

6.2.1.2 Adhesion Modelling in Contact

Adhesion forces, while not considered in this study, play a significant role in contact modelling,

particularly for soft tissues or small-scale interactions. These forces arise from attractive surface

forces between contacting bodies and become increasingly relevant as the applied load decreases

toward zero. Two principal theories for modeling adhesion in contact are the Johnson, Kendall,

and Roberts (JKR) theory and the Derjaguin, Muller, and Toporov (DMT) theory. These theories

define the extremes of adhesive contact behavior, depending on material and surface properties.

• JKR theory

The JKR theory applies to compliant, elastic samples with large tip radii and high surface energy,

making it suitable for soft tissue modeling. This theory accounts for the effects of adhesion on the

contact area and pressure distribution, as demonstrated in [337], [338]. The adhesive force Fadh is

defined as:

Fadh = −3

2
πγR (6.3)

where γ represents the energy per unit contact area, and R is the indenter radius. The contact

radius a is given by:

a3 =
3R

4Er

[
P + 3πRγ +

√
6πRPγ + (3πRγ)2

]
(6.4)

where Er is the reduced modulus, discussed below. Studies, such as [139] and [339], have shown

that adhesion significantly influences the contact area and pressure distribution. Dai et al. [339]

demonstrated improved agreement with experimental data by incorporating a modified hyperelastic

adhesion model to account for contact radius variations under different conditions.

• DMT model

The DMT theory applies to stiffer materials with small tip radii and low surface energy, representing
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the opposite limit of adhesive contact behavior. The adhesive force Fadh in the DMT model is

defined as:

Fadh = 4πγR (6.5)

The boundary between the JKR, DMT, and intermediate (transition) models is defined by the

Tabor parameter µ (Eq. 6.6).

µ =

(
Rγ2

E2
rz

3
0

)1/3

(6.6)

where z0 is the equilibrium separation of the surfaces (typically taken to be on the order of 0.3 to

0.5 nm), and Er is the reduced modulus, given by:

1

Er
=

1− ν2i
Ei

1− ν2s
Es

(6.7)

Here, Ei and Es are the elastic moduli of the indenter and sample, respectively, while νi and νs

are their Poisson’s ratios. The Tabor parameter determines the appropriate model:

• µ < 0.1: DMT theory

• µ > 5: JKR theory

• 0.1 < µ < 5: Transition model.

Further research aims to incorporate adhesive forces into the contact model to provide a more

accurate explanation of the collected experimental data.

6.2.1.3 Two-term Friction Model

In this research, friction effects weren’t a consideration in contact modeling of skin and arterial

tissues. The two-term model is proposed by Johnson et al. and Adams et al. As described by Eq.

6.8, the friction force is given by the sum of an adhesion term and a deformation term.

Fµ = Fµ,adh + Fµ,def (6.8)

where Fµ,adh represents the adhesive friction, which is the force required to break the adhesive

bonds between the two surfaces, see Eq. 6.9. Fµ,def refers to the deformation friction, which is the

work lost due to viscoelastic hysteresis per unit sliding distance, see Eq. 6.10.
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Fµ,adh = τAreal (6.9)

where τ is the shear strength of the interface and Areal is real contact area.

Fµ,def =
3

16
β
a

R
F (6.10)

where β is a viscoelastic loss friction.

Further research aims to conduct friction tests on soft tissue, establish a friction model for arterial

tissue with different stent materials, and incorporate it into the FE simulation.

6.2.2 Recommendations for Artery-Stent Interaction

6.2.2.1 Adhesion Modeling in Finite Element Simulation

Paggi and Bonari et al. introduced a method to model adhesion effects for both normal (Eq. 6.11)

and frictional forces (Eq. 6.12) in their proposed approach, known as the MPJR (eMbedded Profile

for Joint Roughness) interface finite element method. The MPJR interface finite element method

utilizes a nominally flat interface element capable of embedding arbitrary surface profiles at the

nodal level, effectively reconstructing the displacement field arising from contact in the presence

of surface roughness. A single layer of interface elements stores contact geometry information as a

corrected gap, as discussed previously.

Ph =
AH

6πg30
[

(
g0
gn

)9

−
(
g0
gn

)3

] (6.11)

where AH is the Amaker’s constant characterizing the strength of adhesion and g0 represents

the equilibrium distance between two approaching half-spaces. This equation is derived from a

Lennard-Jones potential-like relationship define the normal direction.

qr = µ(| pn | −pc)H(gc − gn)
ġτ

‖ ġτ ‖
tanh ‖ ġτ ‖

ε̇
(6.12)

where pc is the value of the normal traction corresponding to a specific cut-off normal gap gc, gp is

the normal gap related to the pull-out normal traction, and H(x) is the Heaviside step function.

While implementing this method in ABAQUS/Explicit would require extensive effort, particularly

in defining the normal and tangential forces, it holds significant potential for accurately representing

contact behavior under adhesion effects. Incorporating this approach could improve the fidelity of
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simulations for applications where adhesion is critical.

Further research aims to incorporate adhesive effects into FE simulations to better capture the

complexities in real artery-stent interaction.

6.2.2.2 Hemodynamic Effect

Computational fluid dynamics (CFD) is increasingly used to simulate and analyze hemodynamic

flow patterns in arteries. Among the key parameters derived from CFD, wall shear stress (WSS)

and wall shear stress gradient (WSSG), generated by blood flow, have been identified as critical

contributors to the development of restenosis, as noted in numerous studies [340], [341]. These

hemodynamic forces influence endothelial function, vascular remodeling, and the healing process

following interventions.

Hemodynamic parameters such as blood flow rate, blood resistance, and blood inertia are also piv-

otal in shaping vascular responses. They interact dynamically with the arterial wall, contributing

to changes in vessel structure and function over time.

Although this research has not addressed hemodynamic factors due to its defined scope, their sig-

nificance in arterial health and disease progression makes them a valuable area for future research.

We highly recommend exploring CFD-based hemodynamic simulations in future studies to gain

deeper insights into vascular mechanics and improve predictive models for restenosis and vascular

healing.
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Conclusions

This thesis examines the contact behavior of artificial skin and mouse arterial tissue in Chapters

3 and 4 through a novel method that integrates indentation experiments with numerical simula-

tions. This approach discretises the contact behavior of hyperelastic tissue into incremental steps,

applying Hayes’ model to approximate the linearised material response within each step. The

incremental equivalent shear moduli, G∗
i , derived from Hayes’ model, effectively represent the hy-

perelastic behavior of both artificial skin and mouse arterial tissue. In Chapter 4, the method is

further developed to address uncertainties in the thickness of mouse arterial tissue. An ‘equivalent

thickness’ parameter is introduced to improve the applicability of Hayes’ model in accounting for

these variations.

The findings reveal that the hyperelastic properties of both artificial skin and arterial tissue can

be effectively characterized using a first-order Ogden model. For artificial skin, the shear modulus

determined by the first-order Ogden model ranges from 0.13 MPa to 0.19 MPa. In the case of

mouse arterial tissue, an average shear modulus of 1.22 kPa is derived from 26 measurements, with

tissue thicknesses ranging from 50 to 500 µm.

Chapter 5 investigates the interaction between arteries and stents using finite element simulations,

considering the effects of friction and stent surface shape. The friction effect is analysed by varying

the coefficient of friction (COF) between 0.01 and 0.1. Additionally, the impact of surface shape

is studied by simulating stents with small- and large-amplitude convex surfaces, as well as small-

amplitude concave surfaces, using non-uniform displacement inputs. Key indicators including von

Mises stress, maximum principal stress, maximum principal strain, strain energy density, and shear

stress are used to evaluate the outcomes.

The results identify three key damage-prone areas: the contact interface, the right shoulder of the

fibrous cap, and the lipid pool within the artery. Among these, the right shoulder of the fibrous

cap exhibits the highest values for von Mises stress, maximum principal stress, maximum principal

strain, and strain energy density, all of which are positively correlated with the lumen diameter.

The friction effects are most significant at the contact interface, where shear stress is highly sensitive

to changes in the coefficient of friction. An increase in the COF significantly amplifies the shear

stress at this interface. Surface shape also influences the stress distributions. Stents with small-
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amplitude convex surfaces (with A = 0.01 mm) lead to more favorable stress distributions, showing

lower values of von Mises and shear stress. On the other hand, concave surfaces or large-amplitude

convex surfaces result in higher von Mises stress and shear stress, making them less suitable for

stent surface modifications. Based on these findings, it is recommended to ensure sufficient stent

expansion to prevent arterial fractures and rupture of the lipid pool. Additionally, stent surfaces

should be designed with appropriately shaped convex profiles to minimize stress concentrations. A

low coefficient of friction should be maintained, and concave or excessively convex surfaces should

be avoided to reduce the risk of arterial damage.
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