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ABSTRACT

The object of this thesis was primarily to determine the effect

of a combination of different types of damping on a !ibrating
system experimentally for comparison with existing'theoretical
predictions. -’

In order to do this comparison effectively it w%s found
necessary to examine individually the three differen? types of
damping that are under consideration in this thesis iie viscous,
viscoelastic and coulomb damping).

Viscous damping has been examined thoroughly throughout the
ages and found %o prbduce theoretic:l results that a%e verifiable
experimentally. loreover because a one degree of fre%dom system

|

with viscous damping results in a linear differentia% equation,

viscous damping has become the standard upon which oﬁher types of

|
t

damping are based.

Similarly viscoelastic damping has been examined by various
researchers in different ways and there exists a vas% literature
on viscoelastic damping. The discrepancies inherent in the various
theories evolved have been discussed and summarised,tand different
formulae suggested for free and forced vibrations. A% in this
thesis forced vibrations were envisaged and there ar% a lot of
puBlications proving the validity of the theory and ﬁormula. used

for forced vibrations, it was deemed reasonable to accept the

formular in use.,
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Coulomb damping however presented a problem, fo? the avail-
able literature is in some cases contradictory. Reseérch Workers
in lubrication have found evidence to support the faet that the
static coefficient of friction is greater than the kinetic coe-
fficient, and also that the kinetic coefficient decreases with
increésing speed. Some researchers in mechanical vibiations have
also observed a decrease in the kinetic coefficient of friction
with frequency. Moreover it is pointed out that theré is a possi-
bility of an increase in the kinetic coefficient of @riction with
speed or frequency at higher speeés .or frequencies.i

A 1ot of the research work on coulomb damping héve been based
on the work of bDen Hartog (5), who used a mean value%for the
Kinetic coefficient of friction over a range of freq%encies and
so assumed that it was a constant. Assuming that the%friction
force is constant results in some contraditions, foriin experi-
mental work a varying phase difference exists betweeﬁ the excita-
tion force and the response which cannot be satisfac%orily explaineu.
Further more some researchers have found evidence suégesting that
the coefficient of friction is drpendent upon the am?litude of
vibrations. These contentions points and some others}made it

necessary that the nature of Coulomb force be invest%gated.

THE NATURE OF COULOMB FORCE

In this thesis a theory has been developed rega;ding Coulomb
force as a retarded force, culminating inthe.ﬁorégtming represented
by a complex force (ie a force having real and quadréture com-

ponents).
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The dependence of coulomb force on frequency and
amplitude have been established theoretically and experimentally.
An attempt has also been made to explain self-excited vibrations
induced by coulomb damping. The importance of the delay time
was investigated and found to be dependent on the elastic
stiffness in the system, the inertia of the moving body, the

friction force and the nature of the surfaces in contact,

The concept of optimum damping has also been examined

and explained, using this theory,

COMBINATION OF DIFFERENT TYPES OF DAMPING

The concept of equivalent viscous damping which is based
on the theory of the energy dissipated per cycle has been
exgmined and found to yield results that are verifiable
experimentally, The normal expression used for coulomb damping
was found to over estimate the equivalent viscous damping
coefficient by a least 28% and therefore a new expression has

been derived,

Viscoelastic damping was found to have no effect on the
resanant frequency whilst viscous damping decreased the resonant
frequency as expected. Coulomb damping however was found to
be able to increase or decrease the resonant frequency depending

on certain conditions,

An addition of viscoelastic damping and or viscous
damping resulted in an advance of the phase before and a
retardation after resonance, With coulomb damping however where
there is a shift, in resonant frequency, a phase of 90o is

obtained at the new resonant frequency.
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When there is no noticeable change in reaonanf

i
frequency an increment of coulomb damping produces the same

effect as viscous or viscoelastic damping.




INTRODUCTION

The simplest natural vibrating systems have ﬁwo
attributes: inertia and stiffness about—an—equilibrfum
position. To a first approximation the force tendiqg to
restore the system to equilibrium is often proportidnal to
" the displacement and then simple harmonic motion océurs.
Since all physical objects have inertia and do possess
elasticity it is therefore understandable that we encounter
vibrations in one form or another in our daily actifities.
Vibrations occur in acoustical, electrical, hydraulic,
mechanical and many other physical systems. The study of
vibrations therefore serves as a useful link betweea those
different branches of physics and also between all ﬁhe
natural sciences. We would be unable to speak and ﬁear
without the vibrations of our larynges and eardrumsl In
fact, the beating of the heart and the oscillations*of the
lungs are forms of vibration; and chemical reactioné would
be impossible without the vibration of the moleculeé. Since
vibration plays such an important role in‘all branches of
science it is inevitable that the applied scientist

encounters vibrations both as a friend and as a foe.

Mechanical Vibrations

]
. . s ]
In this thesis however we are concerned mainly,

with Mechanical Vibrations which involve the vibrations of

2/ ciens



structures, for example, buildings and bridges; of machinéry
such as Lathes and air compressors and of vehicles as

represented by aircrafts, trains and cars, etc. 1In general
vibrations are inherent in all mechanical systems and it has
become an established procedure through experience to

perform theoretical analysis or experimental tests and

sometimes both on these systems to ascertain whether the level

of vibration is important or not. The criterion of acceptability
may be based on the resonant frequency of the system, the

fatigue limit of the structural members or the noisq level of

the system when in use. i
|

1

The Effects of Vibrations

Whilst the phenomenon of mechanical vibrations has been
utilised successfully in many mechanical devices such as
washing machines, drills, mixers, massage machines, -etc. the
objectionable features of vibrations can be devasting. ILocomotives,
turbines, bridges, ships and aircrafts have bowed to the
destructive power of vibration in the form of spectacular
mechanical failures. The catastrophic collapse of the Tacoma
Narrows Bridge in Washington State and the spectacular engine,
failure of the ship, Queen Elizabeth II on its maiden voyage
in 1969 are two well-publicised examples of the numerous

victims of wvibrations.

Control of Vibration Lewels

To avoid these spectacular and sometimes fatal failures,

and also to reduce the 'noise levels' of machines aﬁd vehicles
[ .

3/eees |



to alleviate human suffering, environmental engineeré spend
a lot of effort, time and money in an attempt to con#rol
vibrations. 1In, general, even in a well-designed maéhine,
it is possible only to reduce rather than eliminate %he dynamic
forces that are responsible for shock and vibration.' Then,
even relatively small excifation forces can causé un@esirable
large responses should resonance or near resonance e%ist
in a lightly damped system. A number of techniques are
available for controlling the response: (1) proper c%ntrol
of natural frequencies to prevent resonance Qith the

excitation, (2) application of damping which is a meghanism
by which energy is dissipated from a vibrating syste%. Damping
is inherent in varying quantities in mechanical systﬁms and thus
constitutes a third attribute of vibrating systems, (3) use of
isolators to reduce the transmission of the excitati&n forces
from one part of the machine to another and (4) the ;ddition
of an auxilliary mass neutralizer to reduce the response.

These techniques are discussed in detail in maﬁy
textbooks, see references (20) to (24). Therefore on?y the

. . . [ - [
second method which is the main issue under consideration in

this thesis will be discussed. |
i
|

Shock and Vibration Control by Damping

- — . — T - S —— T — ——— T — . et Tt et g —

Many methods have been used for introducing artificial

damping into systems. It may be done electrically, fpr

!
instance, though there are many purely mechanical devices

available. A few of these are :

1

Viscous friction in a fluid: An example of. this

is a dashpot, in which a piston moves in afcylinder
{

and the friction comes from the rush of fluid through
i

the small gap between the side of the pistbn and the




cylinder wall.

2)., High damping Materials: Examplegar% use of
rubber in structural joints to increase damping,
and fibre re-~-inforced blades in gas=-burbine on
account of their high internal damping.

3)e Coating on Panels: Preparations are available for

increasing the damping of metal panels.,

i4)' Coulomb (dry) friction: In which surfaces are

made to rub together during vibrations, examples
are the use of friction in structural joints and
frictional dampers, Also wads of knitted metal
wire are placed in some springs to augment the

friction.

5). Sandwich Construction: For example, panels made

of thin metal sheets separated by a thin layer

of visco-~elastic material for reducing panel

regonances; also used in engines to reduce noise,

The examples that have just been cited illustrate the
use of%three types of damping. Method (1) involves Viscous
dampiné, methods (2) (3) and (5) use visco-elastic damping and
method k4) involves Coulomb damping.,

%iscous damping force is known to be directly proportional
to the %elocity, especially at low speeds and because of the
generalﬁty of its application and the ease in solving equations
involvibg viscous damping, viscous damping has been given
conside}able attention in all textbooks on vibrations; see

referenées (20) to (25).
‘ 5/ cenns

i
i
|



- 10 .

Visco-elastic damping force is also known by ather
names such as hysteretic damping force and material ;damping
force and is known to be proportional to the amplitéde of
vibrations but independent of the velocity. This has also
been treated competently in the references cited abqve and
the anomalies arising out of those books have been éealt
with in re ference (18). ‘

i

Coulomb damping force has usually been assumed to be

|
constant and independent of both speed and amplitude of

vibfations and most textbooks on vibrations have re%ied upon

this assumption in their presentation. Studies in lubrication
"have however exhibited a dependence of the Coefficiént of Friction
on speed and furthermore evidence can be produced ffom the

b

experimental work of researchers in vibration work ﬁo support
the dependence of friction force on frequency. As J result
of this anomaly the earlier part of the work in this| thesis
is concerned with the examination of Coulomb damping forces on
a simple mass system with and without a spring.
Further experiments involve combined effects:
1). Coulomb with Viscous,
2). Coulomb with Visco-elastic,

~3). Viscous with Visco~elastic, and

4). Coulomb with Viscous and Visco-elastic.,
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LI1ST OFf SYMBOMS

Accekrating force = mass x accekration

Cross sectional area of conduction

Absorption coefficient

Magnetic flux density

Phase angle (w x h)

Constant ¢ = viscous damping coefficient
Constant (mass x (frequency w in rads.))

Example

Loss factor

e.m,f. induced in cylindexr

Friction force

Frequency in Hz

Dynamic Magnification

Out of phase component of viscoelastic (elasticity) force,
Coulomb damping ratio

Magnetic force

delay time t = time in secs,

Current u = velocity of damper cylinder
Magnetising current v = sliding velocity

J1ﬁ” W= frequency in rads/sec.
Constant x = displacement

Stiffness z = Complex parameter = I+ iw

Normal load (friction force)
Mass

frequency ratio

Excitation force

Friction force parameter

radius

R = non-dimensional ratio
k

sliding speed



CHAPTER 1

1.1, THE NATURE OF DRY (COULOMB) FRICTION

The two basic Laws of Friction have been known! and

accepted for a long time,

"Frictional resistance is proportional to the normal
!

load and is independent of the area of contact". Lebnardo

da Vinci ﬂ1519) is credited with the earliesf investggation
of these Laws and Amontons (1699) re-interpreted theﬁ in

more formal scientific terms (1). Iater Coulomb (17?5)
verified the laws experimentally and made a clear di;tinction
between Static and Kinetic frietion, i.e. that the fgrpe
required to mgintain sliding was significantly lowerlthan

the force required to initiate sliding. FurthermoreL he
added a so-called third Law, that kinetic friction i%

nearly independent of the speed of sliding. As a reFult of
Coulomb's contribution this type of dry frietion is sometimes
called "Coulomb" friction. Since then many theories
supported by experimental work have been evolved to %xplaiﬁ
the mechanism of dry friction. The two main theorieb
evolved are:

(1) The "purely molecular theory" which

maintains that the mechanism respongible

for sliding friction is mainly due to thg

"gshearing" of adhesive metal-to-metal juﬁctions

formed by the weldingtogether of the tip? of the

surface irregularities where plastic def%rmation
|

takes place under intense local stressesﬂ giving
!

rise to the frictional force. The deforﬁation

2/ ...
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leads to wear and to metal transfer
between the surfaces.,

(2) The "Ploughing Theory" which advocates
that the mechanism responsible for dry-
friction is mainly due to the resistance
encountered due to the high spots of one
surface plastically ploughing through the
other,

There is no absolute distinction between the two types even
though they are fundamentally different if "shearing" is
understood to mean a discontinuous process of breaking
Junctions whereas "ploughing" is understood to involve
continuous applied pressure and continuous plastic flow whether
or not a furrow be formed.

Bowden, Moore and Tabor have suggested that the two
processes are jointly responsible for sliding friction.
Sampson, Morgan, Reed and Muskat (2) found that this
shearing-ploughing theory fitted in well with their experimental
work and postulated that "shearing" occurs at the beginning of
sliding and is responsible for the excess of static friction
over kinetic friction, whereas "ploughing" contributes to both.,
The following qualitative explanation may then be made, Time
is required for local adhesive junctions to form, probably
because plastic deformation and rearrangement of surface
molecules must first take place., After the junctions are sheared
adhesion forces will be lower while the surface are in motion
so that mainly ploughing takes place and the coefficient of
friction drops to its kinetic value. Rabinowicz (3) emphasised
the importance of the duration of the stationary contact of

the surfaces, on which the strength of the metallic junctions

¢
20 00
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are deemed to depend. The experimental work of references (2)
and (3) show that the metallic junctions are weaker for the times
of stationary contact of the order of milliseconds than for times
of the order of seconds and that as sliding surfaces can be regarded
as similar to surfaces in stationary contact for very short times
(milliseconds) the coefficients of friction will be lower,
It seems that the greater strength of junctions formed after long
contact is due to a process analogous: to creep; as a result of
which the junctions increase in size with time, and the force to
shear these larger junctions is greater than the force which would
have been required initially,

The process of sliding is envisaged as follows:
when the tangential load is applied to one of two surfaces in
contact with another and gradually increasedyat first,elastic
deformation of the asperities and the substrate takes place and
continues until the shear strength of the junctions is reached.
Shearing of the junctions now takes place and the coefficient of
friction falls off as the strong junctions which were formed
during static loading are replaced by weaker ones. The influence
of the strong junctions persists over a distance that is simply
related to the average junction size.

With clean, like metals the junctions are very sirong,
and shearing of the junctions is accompanied by severe
distortions of the surfaces. It seems plausible that, this
distortion of the surfaces brings into contact parts of the
surface which otherwise would have remained separate and thus
by a'snow balling"mechanism, the true area of contact and
therefore the resistance of the surfaces to motion bhecome srenter
cg sliding proceeds., This effect was noted in the coace o copper

by Ernst and Merchant (4).
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Thus the value of the kinetic coefficient of friction
depends upon the velocity, the bulk mechanical properties of
the bodies involved, the plastic deformations and above all the
past history of the motion.

The variation of the coefficient of friction with
the speed. of sliding may be explained using this theory. As
the sliding speed is increased, the time of stationary contact
decreases and as a result the strength of the junctions become
weaker leéding to lower values of the kinetic coefficient of
friction.

Fig. 1.1 shows the variation of the coefficient of

friction with sliding speed.

v
“ = Coefficient of
friction.

kﬁ: Static Coefficient M ‘
of friction !

S = Sliding speed

S

Fig. 1.1 Variation of M with sliding
speed, _
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DRY FRICTION IN A VIBRATING SYSTEM

1.2 The early studies which have been mentioned were
for uni-directional motions (i.e. a drum or wheel
rotating in one direction only or one body sliding on
another in one direction). This is not the case in mechanical
vibrations.
The variation of the friction force with motion in a
forced vibratory situation can be represented in two ways,
In one case it can be assumed thzat the motion is continuous
and since the friction force always opposes the motion, it
must undergo an abrupt sign change every half cycle. In
the second case the motion is assumed to come to a stop
every half cycle; in which case the change in sign of the
friction force is gradual. These two cases are illustrated
in Figs 1.2 to 1l.4. Fig 1.2 shows a simple vibrating system
which consists of a body of
mass M suspended from a spring
& with a stiffness = X and is
acted upon by a periodic excitation

force PeJWt. In moving, the body

had rubs ‘against a solid wall which
0&:. M ‘ exerts a frictional force F on
1R (coswh +]Skh) s
‘ it opposing the motion. J.P.
Pejwt Den Hartog (5) gave in his paper of 1926
Fig.1.2 Diagram of Vibrating ) )
system. solutions for both the non-stop

motion and motion with onc stop in a cycle,hassumed that the
frictional force F was constant. As Den Hartog's work has

become the standard upon which subsequent work on Coulomb

LA B B B )
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(dry-friction) damping is based it is worthwhile to examine
the resulting motions based on this assumption. Figs 1.3
and 1.4 are diagrams of the motion without and with one
stop respectively as presented by Den Hartog. Fig 1.3
illustrates the wave forms for motion without stops

u_(p.,'

FPig. 1.4 Diapram of motion with one stop

feeoncnes
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The excitation force and the motion are almost
sinusoidal whereas the friction force undergoes an abrupt
sign change at half a period at H, when the velocity is
zero, Fig. l.4 illustrates the case when there is one
stop. In this case only the excitation force remains
sinusoidal whereas the friction force remains constant for a
quarter of a cycle (till the velocity is meximum) undergoes
a change during the next quarter of a cycle (QH) and
attains its maximum value but with a sign change at half
period, H (when the velocity is zero). This process is
repeated for the next half cycle. The resulting motion is

clearly not sinusoidal and approximates to a square wave.,

ACCEPTID CASE:

The first case illustrated in Fig 1.3 is not acceptable
for in reciprocatory motions stops do occur. It is highly
improbable that a body with inertia can be made to reverse
its direction of motion without first coming to a momentary
stop. All subsequent work on the system shown in Fig 1.2
have therefore been based on the assumption that there is
a stop in the motion as illustrated in Fig 1.4, This view
is also supported experimentally; for a display of the
response (motion) of the system shown in Fig 1.2 either
on an oscilloscope or by using a pen-~-recorder shows that the
wave form of the motion is similar to that shovm in Fig 1.4
The wave form approximates more and more t0o a square wave
with increments in friction force. The frequency of the
motion is the same as that of the disturbing force and the

two halves of motion cycle follow the same law,

L teses e
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VARIATION OF THE FRICTION FORCE WITH VELOCITY IN A VIBRATING
SYSTEM:

In a vibratory motion the velocity increases from
zero to a maximum at quarter period, then decreases to
zero within the next quarter period; so that at half
period the velocity is zero., The motion is then reversed
and the process is repeated for the next half cycle. The
variation of the coefficient of friction with speed (i.e.
velocity in one direction only) is shown in Fig 1.1 and
using this relationship an analysis can be made for a
whole cycle of vibrations. Fig 1.5 shows this relationship.
00' represents half a cycle of vibrations; Vp and Vn are
the points of maximum velocity, positive and negative

respectively. 0, O' and O" are stationary points.

1

4

M
R
o
0 %: , o Vo o ~ veloeuty
| — M T—

Pig, 1.5 Coefficient of friction as a function of speed

[ 2N BN



SM is a replica of Fig 1.1 during which the
velocity increases from zero to maximum ¥p whilst MR represents
the reverse when the velocity decreases from Vp to zero,.
However, ag there is- insufficient time for the creep
phenomenon to occﬁr the coefficient of friction does not
attain its stati9 value.0'0" represents the case when the
friction force changes sig. 0' O" represents the case
when the velocity is negative and therefore taking note of
this Fig 1.5 can be simplified to Fig 1.6, In TFig 1.6 -
00' represents the half cycle when the velocity is positive

and 00" represents the case when the velocity is negative.

Ms

‘Pig 1.6 Coefficient of Friction as function of Velocity
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This relationship between the coefficient of friction and
velocity as demonstrated in Fig 1.6 has been used by

INOUE, MIYAURA AND MATSUSHITA (6)'with satisfactory results,
The relationship can be modified however if the discontinuity
in the transition period, S0S, is analysed. Owing to
insufficient time for creep to take place the static value

of the coefficient of friction is not attained during the
stop when the change of sign occurs so that SOS may be

reduced to TOT,. Moreover as the friction velocity

. ? .
~Ve. ol ! g #L”JH
/ + e

Fig. 1.7 Coefficient of friction as function of Velocity

relation is not reversible but depends upon the past history
of the motion (2), the path taken during the transition is
better represented by the rectanzle TRT,R,T shown dotted

in Fig. 1.7. The mean path during this transition period can
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therefore be approximately represented by a line joining
RR's. So that the modified coefficient of friction-velocity

relation is as represented by Fig 1.8

H
.4
e "
Ty 0 +;¢ydob&3
D 5
l
M

Pig 1.8 Coefficient of friction - Velocity Relation

A figure for the coefficient of friction-velocity
relation similar to fig 1.8 was also obtained by Stefan
Ziemba (7)., In his analysis he suggested that elastic
recoil takes place as a result of the difference between
the stotic and kinetic coefficients of friction at every
half-cycle. He also pointed out that the shear force had
to decrease from- the positive value, pass through zero and
then attain the negative value. These points are acceptable
as they reinforce the validity of the relationship shown in

Fig. 1.8

e
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FPHYSICAL RSPRESENTATION

Theoretical modeis have been evolved to represent
different r elations between two different variables,
thus there are models for Figs 1.5 to 1.8, Dry friction
defined in the manner according to Fig 1.8 is represented
by a system composed of a slider and a perfect (in the
sense of energy, not necessarily linear) spring connected
in series. Such a model is shown in Fig 1.9 in which the

spring part is represented by Kf and the slider Sf

E
Consider Fig 1.9. If %Kf

a force is applied at

one of the ends denoted

E in the figure with the

M

other énd fixed and the whole

&

model constrained to move

QE

Fig. 1.9 Model for friction
spring, Kf will extend by an amount, say X. force

vertically only, the

The extension will increase proportionally with an increment

in the applied force until the limiting static force is attained,
when sliding begins to take place between the surfaces of thé
slider, The point at which this occurs ié denoted by S in

Fig 1.10. Whilst OS represents the linear part. Once sliding
takes place the force required to maintain the motion is

reduced as the dynamic coefficient of friction is less than

the static one and therefore the curve follows the path SD shown
in the diagram. A comparison of PFigs. 1.8 and 1.10 show that

they are similar and therefore Fig 1.9 is a‘quel for Fig 1.8,

..
[ I A
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0

——ezxlensiom X —————

Fig 1,10, Force-extension curve for the model in Fig 1.9

A characteristic of the system represented by the
model in Fig 1.9 is that when this type of friction force
is used to dempen the vibrations of a system, the

vibrations vanish for t ——> ¢ . When the damping

is weak oscillations are obtained which vanish for t ~——as oo

IMPORTANCE OF THE TRANSITION PERIOD

In deriving the relationship shown in Fig 1.8 use
was made of the transition period within which the friction
force changes from a positive value say R to -R, To
attain this sign change, the force has to decrease f rom
positive R through zero to negative R, Time is required
for this transition to take ploce, so thet if one calls
this transition period the delay time h, this delay time
is seen to be very important. The model shown in Fig 1.9
is therefore very dependent on this delay-time., The
effectiveness of the spring Kf and the slider Sf are
dependent on the extray force produced during this delay-time

as a2 result of the difference between static and linetlie

cocfficient of friction; and as already explained the value

of the coefficient of friction is dependent upon the time of

stationary contact of the surfaces (i.e. upon the delay-time).,
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Therefore a theory which takes this delay=-time into
consideration may produce results that are more realistic,
One theory which involves délay—time is the theory of

retardation which is described in the next chapter,
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CHAPTER 2

VIBRATIONAL COULOMB FORCE REGARDED AS A RETARDING FORCE

Retarded forces (8) are commonly encountered in control
problems such as an Auto balance where a certain control action
is produced artificially. 1In such a case, in view of
inevitable time~lags in a control system, this action does
not relate to the instant at which it is supposed to be
exerted but to a past instant t~h, (that is, appears after
a delay-time, h),

In modern control systems (involving electrontube
circuits) the control action is adjustable and this is
emphasised by attaching the symbol \, a variable parameter
as a coefficient of retarded terms. Retarded actions can
cause self-excited oscillations and to establish the regions
of instability "Difference-differential equations" (d.d &) are
employed. The notations employed in tpis case are exemplified
by the following two typical d.d.es which are encountered
in antirolling stabilisation systems; one with retarded damping
and the other with retarded restoring force.

X+ ayX +2% +ax =0 (2-1)

X+ a,X + a4

X +Ax, =0 (2.2)
The terms ax and a,X represent the usual terms for damping and
restoring forces respectively.,
The termshx; andlk, are used to represent x(t-h)
and %x(t-h) where "t" is the +time under consideration and "h"

is the delay-time. These terms can be expanded and simplified

using Taylor's series. Thus for instance:
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f, = %(6-n) = k() = b X(8) + BE) .een.e
21. 214 , ceea(2 3)
=)'C - X "'oocnooooocoOGQOOOOOOO
R PR ¢

If one tries to satisfy a d.d.e by a solution of the form
zt

X = Xx,€ where z = 0 + Jw
then X =XOZeZt X = }cozzezJG and ¥ = xoz3ez'b eeeere(2as4)
and thus (2+3) becomes
%y = %01 - ng + %?gin) PRI 18-
similarly x, - ye~hz cesesesriennenenecaes(2.6)

Substituting this expression into (2-1) one obtains the
algebraico~transcendental characteristic equation:

f(z) = 22 + a:z + )\ze-hz +8g eeeseeeeses(2.7)
The advantaze in transforming the equation to a d.d.e is that
a d.d.e characteristically is always of an infinite degree
whatever its order may be. This means that a d.d.e (considered
as an ordinary d.e.) may have an infinity of roots of its
positive real parts, which leads to a self-excitation of
oscillations with frequencies corresponding to the imaginary
parts of these roots. It is precisely in this connection that
the interest to these d.d.es. appeared in applied problems, When
the equation is obtained in the form as in (2:7) the problem
then consists in determining the zeros of the entire function
f(z). In considering the application to Coulomb dry-friction
however the important things to note are the expressions for
retarded damping and retarded restoring force.

Retarded damping = X, = ke~hZ

Retarded restoring force = x, = xe B2

/
' 0 e 09



2.1 AN EXAMPTE TN THE USE OF d.d.e.

As an example of a transcendental problem we consider
the d.d.e which may be regarded as a control problem involving
a retarded restoring force.

Thus we have

5&+p:}'{+>\xh=0 -o-.--o-..---Eo1
the characteristic equation with x = xgezt ags the solution
f(z) = 22 4 PZ + g2 S 1

substituting for z = o + jw in this equation and separating

the real and the imaginary parts one has

0? - w4 Pa + Xe"haCosﬂ> = 0

20w + pw - %e—haSin/% = 0 ceresesB3
where/f, = wh |
Cos/b = (w2 - pa - az)/>\e-ha

Sin ﬂ) (pw + 2aw)/ X ¢~he P 1

from these two equations one obtains two derived equations

Cotan /5 = (w‘2 + pa - az)/w (p + 2a) - E.5
2

(w2 - pa - az) + w2(p + 20) = A g™ 2he

If o« = O, one has
2 . _

Cos ﬂ) = wi/N\ , Sin /5 = pw,/\, - E6
Cotan/ﬁ: w,/p = (1/ph)ﬁ, - E7

/5‘} + thzﬂ)’.“ h4 = 0 - B8

The subscriptsy are attached in oruer to indicate that these
quantities correspond to the harmonic values (a = 0)
Equation E7 is solved graphically and the rootS/ﬁvéﬂéﬁl etc
which are infinite determined.
As equation (BE7) does not contain the variable parameter A
!

the roots ﬂ),' ﬂ;”‘ﬁ..,. .... may be regarded as "fixed roots"

(depending only on the fixed parameters p and h). These roots
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4 - - [”
give, therefore, the harmonic fregquencies m‘ , w! , heess of

the transcendental spectrum of the linear problem.
There remains yet the second equation (E8) whose

positive root is:

ol e St e
I 2 4 vereeo(E.9)

This root/%nﬁﬂis a function of )M and increases monotonically

with X starting with,@u(o) = 0. Hence as M increases continuously
from the value A= 0 the rootﬁn@)nmy coincide with one of the

fixed roots, say'@,, for a certain value of A= A . At this
POlnt ﬂ' - /é” (.)\)
......"'.'.(E.10)

Similarly other "fixed roots /6", for other wvalues A:ﬂ may
be encountered.

Whenever such a coincidence (E.10) occurs, the two equations
(E7) and (E8) have a common harmonic root /A, = hw, and

the analytic function f(z) has a purely imaginary root jw, so
that f(z) = 0.

|
Thus by increasing ) other harmonic frequencies w , W y etc

are encountered thus forming a "transcendental spectrum”", the

ratios w , Ed. , being generally incommensurate.
W-l, qu
2e2, DRY FRICTION FORCE CONSIDERED AS A RETARDED RESTORING FORCE

The analysis of dry friction in a vibrating system in the
previous chapter showed that the coefficient of friction-velocity
relationship can be represented as in fig. 1.8; the satisfactory
model for this relationship being the one shown in fig. 1.9.

The importance of the time of stationary contact or "delay-time"
has also been established, and therefore dry friction in a
vibrating system can be represented as a retarded restoring

force provided this representation satisfies the model in
fig. 1.9,
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A retarded restdring force is represented by (N-B-7ﬂ$ is an aﬁﬂmfﬁmv

F= x = xe 7 xe—h(a + w) as z = G + JW o0 (2.8)
Thus
F = R xe 2%(Coswh + 3SinWh)  euveuss (2.9)

where F is the friction force and R' is a constant.

a

it

absorption coefficient, h = delay-time

w

frequency in radians X

amplitude (displacement)

Conventienal Coulomb force F =hﬂN where H’: Coefficient of
friction and
N = Normal force
acting on the
moving body.,

Comparing (2.9) and (2.10) R' has the units 1bf/in,
o = e P%cosmh + jsinkh)

1 1
N o¢ R x .. RocPF
X

VARIATION OF FRICTION FORCE WITH FREQUENCY

-
Friction force is represented as F = xR e 0(‘h(cos'v\d\ + jsinwh)

oh

T
The real pzt of the force is xR e  coswh

eee (2.13)
oh

-
The imaginary part of the force is xR e sinwh
The absolute value of the friction force at all frequencies

is given by F = xR e™°® [ Cos®wh  + Sin®wh)= xR'e™™ ..(2.14)

For a given Normal force N, the absorption or dissipation of
energy must be constant if the amplitude of vibrations and the
excitation force are kept constant.

Phis means that R e~ "0

is approximately a constant,
This is possible only if the product of "a" and "h" is
approximately a constant at all frequencies.

Sinc R' is constant at a particular amplitude

Thus 0h = C eeeeeencsvsccsncsness(2.15)

Thus the delay-time "h" and the absorption or dissipation

coefficient a are inversely proportional to each other,
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This means that when the delay-time is small then the rate
of absorpfion or dissipation of energy must be high and vice
versa for energy to be conserved,
The friction F can therefore be represented as

F = xR (coswh + jsinwh)

where R = R'e_ah

= Constant
As represented the delay-time "h" now assumes great
importance. The Real part xRcoswh represents the "spring"
part of the force and the imaginary part xRsinwh represents
the quadrature part. Depending on its sign it can either be
a damping or an exciting force.

Friction force is thus shown to be a vector rotating
clockwise (as the imaginary part is negative to start with)

around the axes; the rate of rotation being dependent upon

the variation of frequency "w" and the delay~time"h!

¢

A

n

|
¢ R - ‘) »feal R = Real part.

1

I

Imaginary part

I

Absolute value
2521 Comtle suprsentotion of Cuslorb Lorce

As the imaginary part which may constitu%e the damping
part does attain negative wvalues within a certain frequency
range at a particular delay-time, "self-excited" oscillations
occur within this range if no other type of damping is present
in the system. In fact this phenomenon of "stable" and
non-gtable" regions can be repeated as t he frequency is

increased, This fact is clearly demonstrated by and made
use of in "Difference-~differential equations" to determine the

roots of such an equation and hence the stable and non-stable region:
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CHAPTER 3

ANALYSIS OF SOME SYSTEMS WITH COULOMB DAMPING

3.1) Vibrating body in the presence of dry or Coulomb friction

Consider the simple system shown in

J fig. 3.1 where a body of mass M is

| acted upon by a sinusoidal excitation
F4 m tF o . force peth. In moving the mass
! g,c@,,w;,fl-smwh)
; 4 rubs against the solid walls which
. l exert a total frictional force F
X (or Rx(coswh + jsinwh)) on it

opposing its motion. The equation

of motion of this system is:
fig. 3.1 vibrating body ) .
without a spring Mx + R(cos™h 4+ jsinwh) x = pedWl

In order to determine the nature of the solution for this
equation it is essential to examine the solution used for the

gsample of d.d.e. solved in Chapter 2.

The assumed solution was x = xert = xo@ﬁa + jw) ...(3.2)

This solution was used for free vibrations.

In forced vibrations as in this case however, after the system
has been in motion for some time and a "steady state" is
attained, the following conditions must be satisfied:

a). The frequency of the motion must be the same
as that of the excitation force, and

b). The downward half-cycle of the motion must follow
the same law as the upward half-cycle.

In order that equation (3.2) should satisfy these two

at

conditions e must be a constant. As already shown in
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equation (2.15) ah = constant and as the motion is periodic
and has the same frequency as the excitation force, ot must

also be constant.

Therefore equation (3%.,2) becomes:

X = Xoeat GJWt = XGJWt ooo--o(303)

o
where X = xoe K

The effect of ¥

in equation (3.2) therefore is to give the
motion a permanent phase-lag # as shown in figs 1.3 and 1l.4.
As this phase-lag and the nature of the wave shape of the
motion are indirectly.taken into consideration by representing
the friction force as a complex quantity the motion can be
approximately be represented (especially for small amplitudes
of vibrations) by equation (3.3).

Using the solution x = xeth

2

equation (3.1l) becomes
( -Mw“ + RcosWh' +jRsinWh) x = Ped VT ceeeea(3.4)
The absolute value of P is given by

PedVt %/gmwz + Rcoswh)2 + (RsinWh)%} ees(3.5)
The phase angle @ is given by

tan ¢ = RSinwh 00-000(306)

mw2 + Rcoswn

Vibfating body with constant peak acceleration

If the maximum acceleration of the system in fig. 3.1

is kept constant at all frequencies, then

mwzx = C"= constant and

equation (3.1) becomes
Pejwt
Pejwt

¢+ (Rcoswh + jRsinwh)X
(C + Rcoswn + jRsinwpX

2

ees(3.7)

where C = mw*° at any frequency

=C'
X
i.e. C = F(w)
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The absolute value of the excitation force P then becomes

Peth = %/%C + Rcoswh)2 + (RSinWh)%} cereesed(3.8)

and tan¢=RSin.Wh oo e e o [ B NI N Y ) (3-9)
C + Rcoswh

Therefore if in the system shown in fig. 3.1 the body is
made to accelerate at a maximum constant value at all
frequencies a phase difference should be detected between

the excitation force and the response.

3.2 One degree of freedom system with dry friction, viscous and
Visco—elastic damping:

Consider the system in fig. %.2

Peivt in which the mass is subjected to
l periodic vibrations by the excitation
force Peth in the presence of
M ‘_—_1 viscous force (represented by cx)
[;F” * Coulomb force (represented by
¢l ﬁ@mﬁﬂsmwa R(cosynh + jsinwh) and viscoelastic

gu-jg

force. (represented by (k + jg) x).

7IP 7777777777 Te7iile7y

C is the coefficient of wviscous
damping, k and'g'being the in phase
and quadrature components of the

fig. 3.2 Vibrating stiffness of the viscoelastic

system with % types of
damping. _ material.

The equation of motion of the system in fig. 3.2 is

mx + cx + kx +_3éx + xRcoswh + JxRsinwh = pedvt ees(3.10)

assuming the solution x = xoeJWt

2

( - mw" + jew + k + jg + Rcoswh + jRsinwh) x_ = P

0
2 P oee.(3.11)

i.e. (k = mw® + Rcoswh + j(ew + g + Rsinwh)) X,



If substitution is made for various parameters as follows

wg = _}g ’ B: = S, n = w, CO = 2 ml{, C = E()
m k v, o
hence ¢ = zﬁﬂfﬁi, and 1, = 9/k equation (3.11) becomes

(1 - n? + Scos wh+ j(2¢n +;L + Ssinwh)) x, = P/k «.v....(3.12)
The absolute value of P is given by

P/k = x, (1~ n® + Scos wp® + (2¢n + N+ Ssinwh)? oee(3.13)
The phase angle @ is given by |

tan = + -+ SSinWh ooooncoo(3ol4)
1 - n® + Scoswh

3.3. SPECIAL CASES:

- a). One degree of freedom system with visco-elastic

and Coulomb damping only

Peiwt
J Fig. 3.3 shows a simple
m . vibrating system with two types
l of damping only (Coulomb and
(ﬁjjﬂ)¢_____. Lkﬁﬁﬁﬁﬁﬁmwm viscoelastic). The equation
TITT77 77777V 77777777777 Of mOtion is:

m¥% + kx + Rxcoswh + j(gx + Rxsinwh)
fig. 3.3 vibrating system s wt
with 2 types of damping = Ped eessseel(3.15)

The absolute value of the excitation force Peth is
obtained by puttingJ = 0 in equation (3.13) giving:
P = f€1 - n? 4 Scoswh)2 + 01-+ SsinWh)?} .e{(3.16)
Ko
The phase angle @ is obtained from equation (3.14) by putting

r = 0 giving.

tan ¢ =fL+ SSinwh ooctono(3tl7)
1 = n° + Scoswh
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3.4) One degree of freedom system having an external spring
with Coulomb and Viscous damping:

Peivt Fig 3.4 shows a vibrating system
with an external spring that is
subjected to forced periodic

m —__I vibrations in the presence of
x

Coulomb and viscous damping., In

' [ . practice the spring has some
el Sk R fcoswh tjsinwh)

internal damping but this can be

neglected if it is small compared

to the external damping. This

assumption is nearly true for

ii%ﬁ géﬁlgigrggéngizzgggm metallic springs (such as used in

damping

the experiment),

K is the stiffness of the spring. The equation of motion

is: _ Wt
m% + kx + cx + Rxcoswh + jRxsinwn = PeY eeeese(3.18)

making the same substitutions as was done for the general case,
the abgolute value of the force and the phase angle @ are
obtained by putting | = 0 in equations (3.13) and (3.14)
giving

P/kx, ={{(1 = n? + Scoswm)? + (2fn + Ssinwn)®}....(3.19)

end tan @ = 2n + Ssin?P essssssssen(3.20)
1 - n°

+ Scoswh
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3.5) One degree of freedom system having an external
spring with Coulomb damping only:

l PeJwt ,
Fig 3.5 shows a vibrating
m system with Coulomb damping
1 only.

x
‘ﬁ( t R(eoswh +jstnwh)

fig. 3.5 Vibrating system with
Coulomb damping only

The equation of motion of the system in fig. 3.5 is

given by
mx + kx + xR(coswh + jsinwh) = Ped¥?b eeenss3.21
jwt

The absolute value of Pe and the phase angle § are

obtained by puttingcr = 0 in equations (3.19) and (3.20) giving

2 2 . 2
P = |{(1 = n° + Scoswh) + (Ssinwh) eee(3.22)
Exo J{ }
and tan @ = Ssinwh
1 - n2 + SCOSWh 000-100600(3.23)
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3,6 Variation of amplitude of vibrations with friction

forcd for constant excitation force

The equation of motion of a vibrating mass in

the presence of 'dry' friction without an external

spring is ° equation (3.1)
mx* + R(coswh +Jsinwh)x = Pejwt
jwt
Py x = 2 Pe = - ono.no(3l24)
*e -mw" + R(coswh + jsinwh)
At a constant frequency, PeJWt = constant,
mw2 = constant and coswh and sinwh are constant.
Thus the only variable is R
The denominatory . has an absolute value
D = jjﬂmwz + Rcoswh)2 + stinzwh}
Thus,
C
1 i :
X C + R(C2 + jC3) (iaeo. x) 000000(3025)

where, Cl = PeJWt, C = mw2, 02 = coswh, C3 = ginwh,
and C, Cl’ 02, and 03 are constants.

If the friction force is considered constant (5)

then,
mt* 4+ F = ped"?
mwéx = pedWl £ F
= pedWt C, + F
X Pe 2F - _l.(_;_.— ..05000(3026)
W .

(i.e. a straight line)
Equation (3.25) produces a curve asymtotic to the

R axis as the abscissa whereas equation (3.26) produces
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C
a straight line which crosses the x axis at Elw

a——frickon fonee factor R

Fig.(3.6) Curve for equation (3.2%5)

Fruchion forw F N,

/

Fig.(3.7) Curve for equation (3.26) %?
o _ poivt
¢ mw2
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3.7 JYariation of ampliitude with friction force for

constant excitation force and frequency with a

spring in the system

With a spring in the system the equation of

motiom is

mt® + Ex + R(coswh + jsinwh)x = pe Wt

therefore
jwt
X = 2Pe 000000(3027)
k - mw~ + Rcoswh + jRsinwh

which becomes _ ]
?/k eIV

X

2 000000(3.28)
1l - n" 4+ Scoswh + jSsinwh

At constant frequency 1L - n2 is constant as n is constant

. C
Bf L dwt 1/

X = G IR(G, +4¢) = T, ¥R, ¥ 35y *rr3-29)

2

Thug the curve is simiiar to the one obtained tor
equation (3.25) in Fig.(3.6).

The phase £ is given by equation (3.23)
+ Scoswh

jieeos =
l - n2
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CHAPTER 4

41 REVIEW OF PAST PAPERS

Most recent studies of vibrations involving Coulomb
damping have been based on the work of J.P., Den Hartog (5)
done in 1926, In this paper Den Hartog represents the
equation of motion of a one degree of freedom system as

shown in fig. 4.1 as follows:

m& + kx + F =P cos ( t + @) (4.1)

By introducing the "phase angle" @

into the excitation force Den Harto
lﬁwqwhﬁ) g

was acknowledging the fact that there

is some retardation involved in the

2 m ‘
l motion. He however explained this
x

by saying "The "Phase Angle" @ in the

Jﬁg_ﬁ;i_ disturbing force has no meaning in a
differential equation and is only included for the purpose
of subsequently writing the boundary conditions (4.3) in a
simple form.,"
Using the abbreviations: P/k = a, F/k = Xes k/m =
the differential equation for the interval of time can be
written as:

X +V¢i (x - xf) = a Wn cos (Wt + 9) (4.2)
A steady-state solution for one-stop motion has to fulfil
the following boundary conditions:
t =0 x =X p'd

0 (4.3)
t=n/y x=-X x=0

|
o

, @ & 0 6 0o
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A solution is obtained and deriving from it are the

expressions for magnification factor and the phase angle @,

X0 =/ V2 b (F/P)2U2 R EEEEEE] (4-04-)

a

Xo is the "magnification forctor",

a Af

v = oy the "response function"

U ==1§?hﬁﬁl the "Coulomb damping function" and
| + Co3

,6 = %?' the "frequency ratio."

Cos @ = X, 1 and sin § = -Xp U
& v Ta v

411 AS FOURIER SERIES

Den Hartog stated in the same paper that the
results quoted above can be obtained by representing the
Coulomb damping term in the equation by a Fourier series.
Though this was done independently by Den Hartog and
Prof. E.O. Waters it was reproduced in Den Hartog's paper.

Equation (4.1) thus becomes:

mjt + kx - _4-_E l Sin nwt:-“- PCOS(N(:+¢) uo‘c(405)
" : n

The derivation of the results are given in his paper and

the author finds it unnecessary to repeat it here. However,
an examination of the results will be made and compared with
those obtained using the Theory of Retardation.

I’

L feves et s
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<-2. VIBRATING MASS IN THE PRESENCE OF COULOMB DAMPING WITHOUT
A SPRING:

OR
mx - 4F E 1 sinnwt = P cos (Wt + @) derived from (4.5)..(4.7)
T n .
resentin 6) Vectoriall

=

Fig. 4.2 vectorial representation of equation (4,.6)

(4.7) cannot be represented vectorially until the value of

the Sine and Cosine terms have been determined.,

From Retardation Theory:

Equation is:

mk + xRcosthjsinwh =Pel......(4.8)

mx _ xRcoswnh

- <

lstinwh
Fig. 4.% Vectorial representation of equation (4.8).

Examination of the equations:

From Den Hartog's Theory

Magnification factor = X =jv2 - (xD)% T® eeeeno(4.9)

o)
“a a
when there is no springy, = 0O, ﬁs =0 hence V=0
and U = O therefore X, = O
a
Cos @ = EQ o 1 =0 and Sin @ = Eﬁ g = 0
a v a

which is meaningless.
By Retardation theory there is a phase angle as well as a

magnification factor,
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4-2.4{ Forced Vibrations with Coulombd damping:

System represented in fig. 4.1
equation of motion as- presented by Den Hartog is
mg + kx + F =P cos (t+ f)
by Retardation theory equation is (3.6):
i.e. mk + kx + xReoswh + jxRsinwh = Ped¥® ..,

Vectorial Representation

All the forces in the L.H.S. of the equation
(4.1) are real and so can be represented in a straight line

as shown in fig 4.4

- of »
¢ >

kx + mX + F

fig, 4,4 Vectorial representation of equation (4.1)

Retardation Theory: By this theory the vectorial representation

is as shown in fig 4.5

Jkx + mk ,  xRcoswh

xRsinwh
Fig.4.5 vectorial representation of equation (3.6)
From the vectorial representations there is no phase difference
between the motion and the response if the friction force is
congidered as an alternating constant, whereas by the
retardation theory there is a phase difference.
Den Hartog however, obtained an expression for the

Phase angle P which he said had no meaning and proceeded to

plot a graph for this theoretically. As regards the
magnification his theory predicts that Coulomb damping
decreases the resonant frequency whereas many experimenters
hawe found evidence to the contrary. Among these are Jerome
Ruzicka (9), Ruzicka and Derby (10) and E.S. Levitan (11).

t
/oo s e
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4.z THE EFFECT OF COULOMB DAMPING ON THE RESONANT FREQUENCY

Consider the equation of & one~degree of freedom
system with a spring and Coulomb damping. The equation is

represented by (3.6) i.e.

mx + Xkx + xR (coswh + jsinwh) = AL
The effective stiffness, kgff = (k + Rcoswhg + (Rsinwh)2
The damped ?esonant frequency, Wa = keff
m

The damped resonant frequency Wy > W, (the undamped resonant
frequency) if Kepp > k-
Thus:

(k + Rcoswh)2 + (Rsinwh)2 >k
i.e. k% + 2kRcoswh + Rz(coszwh + sinzwh) 7 k

x?® + 2kRcoswh + R® > X°
2kcoswh > =~ R '
il.e.
Coswh' » - R
2k
Conversely w; < w_ if coswh < - R
° 2k
Thus:
Resonant frequency increases if coswh > -~ R
2k
Resonant frequency decreases if cos%h L - %E (4.11)
Resonant frequency is unchanged if cosw,h = =R_
2k

Equation (4.11) shows that the change in resonant frequency is
dependent upon the delay time which in turn depends upon the
magnitude of the friction force constant R and the external
restoring spring stiffness, k., The constant R is also
dependent upon the amplitude of vibrations and therefore the

delay time may change with a variation in stiffness, the

, 0088
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amplitude of vibrations or the magnitude of the friction
force., This means that the change induced by the addition

of Coulomb damping to a particular vibrating system may be .
either an increment or decrement depending upon the magnitude

of the parameters mentioned above,

.+4THE EFFECT OF DRY-FRICTION ON THE PHASE DIFFERENCE

. Comparing equations (3.9); tan § = S sinwh , and (3.12)
1 = n°+ Scoswh

tan § = 2fn + S sinwh one observes that the
1 = n® 4+ Scoswh

denominator is the same but the numerator is increased by
the term '2¥n'. Thus provided sinwh is positive the phase
¢ is advanced. However if sinwh happens to be negative i.e. in
the unstable region then the phase will be retarded. This
means that when viscous damping is added to a system with
dry friction, the phase is advanced before resonance but is
retarded after resonance provided the system was stable in
the first place. This conclusion is in agreement with the
experimental results of (11). This is also true if
Visco-elastic damping is added instead of viscous damping
and the same principle applies when all three are mixed,

The phase ¢v for viscous damping only is given by

¢v= 2’n 2 o-.oooocoo(4~¢12)
1 - n
The phase ¢e for visco-elastic damping only is given by

b = _1 . cessassssensa(Be13)

1 - n
Comparing (4.12) and (3.12) one observes that both the

denominators and numerators are increased, thus whether the
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phase will be advanced or retarded by the addition of dry

friction to the system depends upon whether

2fn < 2fn + S sinwh - OR 2/n 7 2fn + S sinwh
1 - n* 1 = n® + Scoswh 1 - n® 1 - n%+ ScosthT*”

f)
By comparing equations (4.13) and (3.16) one observes that
this condition holds if the system contained visco-elastic

damping before the addition of dry friction. !
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CHAPTER 3

DESCRIPTION AND CALIBRATION OF THE APPARATUS

THE BASIC APPARATUS:

The apparatus was set up as shown in fig. 5.1 on a
lathe bed. The vibrator was a DERITRON VIBRATOR.type 5B,
the table of which was connected through a Force Guage to
the vibrating body. The vibrating body was a rectangular
hollow box 6 x 4" by 4" high (outside dimensions) and
1/4" thick. The choice of this type of vibrating body
was influenced by two factors., Firstly the maximum vector
force of the vibrator was given as TO01lbf; but from practical
experience it was considered safer not to exceed 561bf if
overheating was to be avoided. This means that for a fixed
amplitude and fregquency range the vibrating body must have a
maximum mass. A body of weight 101lbf was considered
adeguate but a solid rectangular mild steel body of 101lbf
welght would be too small because (a) a large side area
was desirable in case it was necessary to increase the size
of the friction pads, and (b) to enable the mass of the body
to ke changed if necessary without altering the dimensions
and set up of the system. At the sides of the vibrating
body are friction pads (described later) to introduce Coulomb
damping into the system. The body was supported by a steel
wire fixed unto a Salters-Spring balance to take off the dead
weight., G, and 03j£ig. 5.1}are guide spigots to whose faces
(a restoring force system) either a metallic spring or a
viscoelastic material which was a green PVC flexible hose
is

are bounded, using two washers W to aid alignment. C,

L, e e v 000
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a connecting rod which screws into C, and passes through C3
and D, and carries the cylinder of the electro magnetic damper
at the end. The end has screw threads fitting the hole in
this cylinder which is held tightly in place with a nut.

D, and D2 are two brackets with holes at the base so
that they can be firmly secured to the lathe-bed. D,
supports a Glacier bearing Bush (08DU06) which is used to
reduce the friction between the bearing and the air tube
which passes through this bearing. The vibrating body, the
guide spigots, the connecting road and the brackets are all
made of mild steel. The brackets are held unto the lathe-bed
with bolts and nuts thus ensuring that the brackets are
adjustable. This means that the distances between the
brackets D, and D, and between the vibrétor and vibrating
mass can all be varied to suit a particular set wp. By using
a spirit-level, engineering squares and feeler guages the
vertical and horizontal alignment can easily be checked.
The lathe bed of length 3 9 had a long slot enablinf the
brackets to be attached onto it with nuts and bolts and also
had holes drilled into the sides to support the pressure guage.
In order to obtain a tighter grip between the brackets and
the lathe-bed a PVC 1/32 sheet material was interposed
between the lathe bed and the brackets. The bracket holding
bolts were done up very tight: thué there was no noticeable
loss in rigidity.

The Friction Pad (fig. 5.2) The friction pads were rectangular

il it ]
solid blocks of mild steel of dimensions 1% % 1% <11 .
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Screwed into the blocks are 578 diameter mild steel tubes
which pass through Glacier (11 DU14) bearing bushes supported

by the brackets B5, labelled pad support. The ends of the tubes
were later closed with mild steel bungs and centre marked so
that the bellows could be held centrally. The bellows were
held rigidly by a 1?16 thick rectangular support fixed to

the brackets B5. Air was supplied to the bellows through a
pressure regulator (Morgreen pressure regulator), then through

2 to

a pressure guage, (two were used; one reading -301bf/in
151bf/in® and the later one reading O to 21bf/in®), and then
into a T junction valve from which both the bellows were

fed through plastic tubes. The air was obtained from the

main supply in the departmental workshop through an air tap in
the laboratory which was connected to the pressure regulator

by a plastic hose. B6 is a mild steel bracket with a mild steel
rod labelled positioning rod, of diameter {>4 which screws

into a threaded hole in the pressure pad. After air has been
introduced into the bellows and stable conditions attained

the nuts are + ightened to hold the friction pad rigidly in
position to prevent movement. The screws labelled 'S‘?

serve the same purpose as the positioning rods.

THE MEASURING EQU IPMENT

For the excitation force: An A.E.I Oscillator type R 2125,

Dawe digital frequency meter (type 7194, serial No.,55) and a
Déritron amplifier E4433, ond  VP5B Vibrator.

Torce measurement: Endevco Corp-~Force Guage Model 2103-100

serial UA12, Fenlow Charge Amplifier and an oscilloscope,
(Minirack) digital voltmeter (solatron IM 1420.2)., 3B and K

sound vibration analyser (1606) and Pre amplifier (B & K,2105).
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Displacement Measurement: Wayne Kerr displacement Guage

(M.E.I 154) magnetic clamp, Wayne Kerr distance meter DNM100B

and a Wayne Kerr filter.

Acceleration Measurement: Environmental equipment accelerometer

AQ 40 resonant frequency 38kHZ. Transverse sensitivity 5%
Frequency Response TOHZ, 0. T7O0HZ, + 1%, TKHZ, + 4% B and X
sounfl and vibration analyser (1606), Fenlow charge amplifier
B and K Pre-amplifer (2105)

Switch box:

Made from an insulated black metal box 6% x 4" x @"
The switches were fixed into chosen positions and the connections
soldcred wherever this was convenient. The object of this was to
insulate the wires and facilitate the change over from méawuring
Jifferent parameters. |

PHASY MEASURLMENT

Dawe transistor phase serial No.2947 B & K Sound and Vibration

Anelyser,

5.1.3 SYSTEE PARALBTERS

SPRING: 3"/16 diamﬁter mild steel coiled into a spring of
length appro~imately 2 E . |
Weisht of vibrating bodg including the guide spigot = 9.331bf.
Weight of cyclinder for.electromagnetic damper = 0.6251bf.
Total mass = 9.9551Dbf.
Taking the washer and the P.V.C. or spring into consideration as

part of the ¥ibrating mass, Total vibrating mass 101bf.
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Tiiw VISCO~-uDASTIC MATERIAL

This was a green P.V.C, flexible industrail hoée.
i
Internal diameter about one inch !

!
|
558.S Softness. B.5. 2571 i

BAXINUM TOLWRANCE EFRICIENCY - 5% on internal and eﬂternal

!
i

dimensions and length - 10¢% on wall thickness .

THE SET UP

The general set-up of the apparatus and details of some

by pictures and '
parts are shown /.. - . block diagrams in Figs. 5.3 to 5.5

5.1.4 |
THEORY OF THE BLECTRO-MAGNETIC DAMPIR

F = Force required to move damper cylinder

!

Velocity of damper |
Magnetic flux density ;
E.it.F. induced in cyligder
Current due to e
Diaﬁeter of Cglinder
Length of conductor in

magnetic field

= D

|
]
|
|
|
|
|
Width of conductor |

Resistivity of cylinder material
|

Thickness of Cylinder

Cross-sectional area of conductor Lt

Resistance of conductox
Fig. 5:9 cross section of ‘

[
the cylinder of the. H = Magnetic force j
electromagnetic o 1

damper I = Magnetising current. !
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For a conductor of length 1, moving at a velocity u %cross a
flux field B, the e.m.f. induced in the conductor is%given by:

e =ulB |

e = Bul = BunD j

Resistance of conductor = [/a = @D
: Lt

i
Since the conductor is a loop, the e.m.f. causes a current i to

flow through the conductor.

i=¢
R Pn
= r°

|
!
= BunD = Bult i

Now, tac push a current carrying conductor through afflux
field at a constant velocity, one must apply a force iF,

given by: |
F =il B |
F = Bil = BinD :
Thus F

B x BuLt x nD

= B%nDLt x uw ‘
Now, B =(§H where g‘is'the permeability of the magnetic material
in the electromagnet.

%
|
also H is proportional to I ;
|
t

e'e B is proportional to I
Hence, for any constant magnetising current I passingfthrough
the coils of the electromagnetic field, the flux B re?ains
constant

[ ]

e e F 1s proportional to u = cu

|
i
|

Hence damping coefficient ¢ = BszLt !
Thus demonstrating that a viscous type of damping is thained
with damping force proportional to velocity.

|
|
i
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CALIBRATION of Yiscous DAMPER = (%

o Force consk at 132Lbf \7[M dé[“/ﬁw;ﬂwj

1'3 Cutrrent -5 ﬁm’s
. 6o o vt 30 fwps
A " 45 /},..fs-

50

40

2-0

Wdz (» /0"9 wehed

o

e s

F3 5.0 4 ‘ ; gy
/wizu.wwy w/bcmie wibh  yscons darn/baﬁg &w% (a«ff::&sm%a'"-(-‘ Execlalion ;fm}

—
ao

4




. hd B

CALIBRATION of VISCONS DpMpeR (b)
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If a rationalised system of units is used (eg. }1.K.S.)
this expression is correct as it stands. However, if b.G.S.

units are used, a modification factor of 10~ 9 is reqhired:

2oi0L? x 10° 2 mechanical ohms (dynes/cm)

C = B
/O

(in C.G.S. Units).




5,2 CALIBRATION:

The transducers requiring calibration are the Force
guage, the Accelerometer and the Displacement Guageé The
general set-up was as shown in the block diagram inéfig.ﬁig
By making use of the relation, P = mX = MWoXe e s seoel5.11)
where P = excitation force in 1bf, m = mass in 1bs, !x =displacement
in inches. Calibrations for two of the transducers!can be
deduced if the third one is calibrated. TFor instanée
if the Force guage is calibrated and the voltage reédings
of the accelerometer and displacement guage are notéd at
a particular frequency the calibrations can be obtained directly

as follows: the voltage reading for the acceleromeﬁer

represents
% = P/m in/Sec® ----(5.2)
and from this, the displacement, x = ¥ =X = P
w?  (2m)2 —o (53
m(2n)“f

The relationships expressed in equations (5.2) and &5.3)

are reversible therefore checks can be made by caliﬁrating
each transducer independently and thus obtaining caﬁibrations
of the others for comparison., The independent caliﬁrations

were done as follows:

. 5.2.1 CALIBRATION OF FORCE MEASURING EQUIPNMUENT

The calibration was done with an Environmental

equipment char .gé calibrator (QMCC). |
The system was set vibrating for some time to!ensure
that all components were working satisfactorily. ﬁhe
oscilloscope and digital Voltmeter were switched toiD.C. and
the lead of the Force guage was disconnected from the Force

guage and connected to the Calibrator. Specified Cﬁarges were

then introduced into the charge amplifier from the dalibrator
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and the corresponding voltage and deflection noted
on the Digital Voltmeter and the Oscilloscope. This was
repeated until sufficient points were obtained to!plot A

%FEJSaAJ5/4
Readings were taken for minimum medium and

graphs
maximum gain positions of the oscilloscope. UsinF the

force guage calibration given by the manufacturer;the
calibrations of the Digital Voltmeter and Oscilloscope

were thus obtained., The lead was reconnected to the force
guage and some dynamic readings were taken bearing in mind that

the reading was a peak t0 peak value as the Digital Voltmeter

and Oscilloscope were reswitched to A.C.

5¢.2.2. CALIBRATION OF THE ACCELEROMETER:
The accelerometer was calibrated with set of B and K

vibration measurement equipment already described and shown

in the block diagram in fig.9 6 . With the set up as shown
in this diagram, the accelerometer was screwed oqto the
"vibrating table" of the vibration pick-up pre-aﬂplifier
with a f78' Whitworth screw, and the pre—amplifiér was

then connected to the mains. The knobs marked 0ﬁ the
pre-amplifier "Attenuation" and "Sensivity Adjustbent"
switched to positions '1' and '0' respectively aﬂd the

inte gration switch was switched to position "Accéleration".

The analyser was then switched to the linear 100 mV range

and the knob marked "Resonance Adjustment" turne% until
maximum deflection was obtained on the instrumeng metér.
A small nut was then placed on the "vibrating taﬁ e" and
the Amplitude Adjustment knob turned until the nut just
started rattling on the table. The acceleration peak value

of the vibrations was now equals that of gravity. The
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manufacturers instructions also include adjustments that

i
i

can be made so that the "Average Value" the "Peak Value" and

the "Root mean square values" could be obtained direcily on

the meter. In this experiment only the peak voltage

equivalent of vibrations equals to that of gravity wad required.

The experiment was therefore repeated three times-and

result was taken, The pre-amplifier was then disconnd

the main

cted

from the mains, and the experiment was continued by fixing

the accelerometer on the vibrating body and running at a

"constant known acceleration" and measuring the force |and

displacement voltages to establish .calibration consta

the force and displacement guages.

CALTIBRATION OI' THE DISPLACEMENT GAUGE

ts for

The displacement guage was calibrated in two di%ferent

wvays. It was calibrated statically with a dial gauge

dynamically with a travelling miscroscope. In the stgtic

calibration the set up was shown in fig..5¢6

and

To SWilth fo
Pngm@e
VIBRATOR Vbraing ) f‘f;ﬁ
/ bo&j N mjé
ﬁuc?wﬁe — mag&mw
;//J ?}& bod displacement Guade

7777 777
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The vibrating body was pulled towards the dial gaugé slowly
until a specific reading, say 0.001" was attained, énd the
reading of the Digital Voltmeter and the Oscilloscoﬁe (which
had both been switched to D.C.) were noted. The displacement
was increased in steps and further readings were taken so that
graphs could be plotted to obtain a mean static calibration.

In the second case where the travelling miscréscope'
was used, the dial gauge was removed and the system?was set
vibrating at a specific frequency. The amplitude o£ vibrations
of the edge of the vibrating body nearest to the diéplacement
gauge was measured and also the voltage readings ongthe Digital
Voltmeter and Oscilloscope were noted. The excitation force
was increased in stages and the measurements were répeated
at a constant frequency. The force was theﬂ%ﬁ%natant and
the frequency varied whilst the parameters under consideration

were measured again. After a mean vaue had been obtained
I
the Excitation force and acceleration voltages were also read

so that calibration constants could be established for the
l

'
i
H

Force guage and the accelerometer. :
. P
{
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5.2.4  Static Calibration of the Friction Block sysici

|

|
In the friction block system, it was necessary'to

calibrate the pressure gauge while the system remained as

%
. set rip. This meant that the brackets, blocks and bgllows

had to be assembled in place before the calibration could be

done. The set-up for the calibration is as shown in| fig.518

|

[

n
L .
gy m——
swifh&
Bllowd T -

'ﬁ%QJg

The dial gauge was set to zero after a little %ressure
had been introduced into the bellows to counterbalan?e the
inertia of the blocks and rods. A pressure of 1/2 libf/in2
was now introduced into the bellows and the reading on the
dial gauge was noted. Load was now put on top of tﬁe friction
block as shown,K in increments until the dial gauge-regd Zero
again. (At each loading the dial gauge wasg tapped ge%tly to
relieve friction). The load was now removed and th% reading
on the dial gauge was noted again. This was found ﬁo be approxi-
mately the same as before. The pressure was now inQreased to

(11b per inchz). 1lbf/in2 and the process was repeaged. This

was done for pressures up to 6lbf/in2.
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CHAPTER 6

[
6, FORCKD VIBRATIONS OF A BUDY WITH COULOMB DAMPING

6.1 INTRODUCTION

|
|
|
|

The object of this work is to examine the Response
‘and Phase of mixed7Qamped systems (Coulomb, fiscous
and viscoelastic), both theoretically and exp;rimentally.
The Apparatus which is described in Chapter 5iis a
single degree of freedom system which can be hade to
vibrate with any of the three types of dampinF mentioned
either singly or together. ;

Viscous damping is well knmown and has b;en tested
thoroughly experimentally and proved to agree;with the
theory. Because most damping mechanisms can b% approx=-
imated to or are of a viscous nature and the gquation
of motion of a single degree of freedoﬁ syste@ with
viscous damping is linear, viscous damping haF become
the main subject of text books on vibration. f |

Viscoelastic damping has also been inveétigated
by many researchers (12 to 19), and various eguations
have been tested and proved to agree with exp;rimental
work. The equation used in the case of forced:vibrations
does produce results that agree with experimeﬁtal
work, however if the same exﬁfessione are used for

free oscillations the solution of the equatioh is

meaningless. Neumark's report (18) makes this| con=sd




tradiction clear and suggests that the equation be

mdpdified for fvee> vibrations.

Very little work however hes been done on Coulomb
damping, therefore it was found necessary to iEvest—

igate this thoroughly and either establish the validity

of the assumptions and hence the expressions produced
by other researchers (5,6,9,10 and 11) for coulombd
damping or endeavour to establiéh an alternatite theory
that can be verified experimentally. As most previous
work has been done based on the assumption that the
coefficient of dry frietion is constant, a test on the
validity of this assumption was deemed to be of primary

importance.

6.2 LEXPERIMENTAL WORK
6.2,1 MEASUREMENT OF FRICIIUN KORCE AT DIFFERENT

FREQUENCILS

As stated earlier the variation of the coefficient
of friction with frequency was to be determined for
a vibratory motion and it therefore meant that|the
apparatus had to be set up to satisfy equation(31).
In this part of the experiment the displacement was
not measured directly and the system was as shown in
Fig.(6.1). Use was made of Newton's Second Law
i.es Poeth= mij cevesses(6.1) to test the linearity
of the equipment and also enable the friction force

to be determined. The fregquency was varied within the

'range 3Hz and 1000Hz, and the acceleration was | kept




constant by adjusting the input force.

(foree. Gaugt)
Wt

R —s % (aceleomnes

Pig., 6.1  Vibrating body with constant acceleration

This was repeated for different wvalues o

accel-

eration. As expected the measured force amplitude Po

remained constant at all frequencies up to abou

when a deviation from liearity was observed as

t 450Hz

shown

in Fig.(6.3) because the mass M being a rectangular

hollow box ceased to behave like a rigid body.
readings showed that there was no phase differe
between the excitation and response forces.

6.2.2. INTRODUCTION OF FRICITIUN FORCES

Friction forces were now added to the abo
This was done by passing air into the bellows a
putting pressurgigads. As the frietion pad syst
been calibrated the Normal Force acting on the

was fixed at a particular value by using the re

Phage

nce

ve system.
nd thus
em had
body

gulator

to produce .the required equivalent pressure. The pressures

at which readings were taken were 1%, 2, 3, 4,

At each pressure setting a few minutes we

and 510f/m°

re
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allowed for the pressure to become stable. The

surface

of contact of the friction blocks and the vibrating

body were cleaned with trichloroethylene and dried before

any contact was allowed to take place. The acce
was kept constant at the same values as before

excitation force, and the phase were measured

variation in frequency.

The system tested is thus represented in
which is a model for equation (3%1).

Without friction the equation of motion is:

m;c. = Poejw.t = Constant TEEXXXE

With friction the equation is

I;D.C.i P = PleJWt

OR mx. + XR(coswh +jjsinwh) = PleJWt

hence from equation (6.1)

b o it
I*le. = Poe,‘ + F

OR Pleth = PoeJWt + XR(coswh +jsinwh)

M

(Frce Goupl

leration
and the
ith

Fig.(6.2)

«(6.1)

cee(6.2)

;‘ 66-2&)
)
)
3

{

(6+2D)

g 6"% —_— M —— X (wcal:womcfih)

s

+f (o Rx(cos

wh +J'smm@

Fig. 6.2. Vibrating body_on the presence of Coulomb

XPorce at constabt acceleration
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Readings revealed that there was a phase |[difference
between the excitation force and the acceleration; results
are shown in PFigs.(6.3) to (6.6).

As can be seen they do not support equation (4.6)

6.2.3 ITLST OF FRICIION BLOCKS

Tocensure that these unexpected results were not
due to the friction block system a thorough test was

made on the blocks separately. The bellows were des=

ignated "A" and "B" and tested statically and dynamically
(Appendix 1). The static test was done by loading the
bellows with known weilghts and measuring deflections
with a dial gauge. .The stiffness of the bellowslwas
found to increase with the air pressure and theLefore
the static tests were repeated for specific casLs with
the same amount of air pressures in the bellows| as
was used in the previous dynamic experiments.
By feeding the results as data into a computer
programme which used the method of least squares to
fit different types of curves, it was found that the
bellows did not have a linear stiffness. The equations
of the best fitting curves were found to be of [the form
F = k(x + ax° + bx3) vecsomessscnssce(Bod)
where ¥ is force (1bf)
k is the spring rate (1lbf/in)

a, b and ¢ are constants

x is the displacement (in)
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The spring rate or restoring force was examined

for stability, since instability would lead to self-

excited vibrations and so feed energy into the main
vibrating systemras a result of frequency entr%inment.
The methods by which the friction pads assemblﬁ were
tested are described in Appendix 1; this includLs the
dynamic tests.
The dynamic test consisted of a forced-vibration
in which the excitation force was kept constant and
the displacement measuredifor one case. For the| second
case the displacement was kept constant.and the, force
measured whilst the frequency was varied. This was

done without and with different pressures of air in

the bellows.

The results of both %ssts showed that the friction
blocks could be unstable at some frequencies but as
the resonant frequencied were so low, in the region of
10Hz as compared to the region of instability between
80Hz and 250Hz obtained in the main experiments the
results obtained could not have been due to frequency

entrainment.

The design of the friction pads was modified to

include brackets carrying (positioning) rods and also
to accomodate screws which when tightened prevent
rolling of the friction blocks and transverse vibration.

. |
The previous experiments were then repea%ed and

l
though there was a slight change in the response at



low frequencies the basic curves remained unchanged,

thus suggesting that the results obtained were|the true
experimental results for the system represented in
Fig.(6.2). As these results clearly do not represent
equation (6.2a) it was decided to fit the curves using
equation (6.2b).

6.2.4 DETRLRMINATION OF PARAMBTIRS "L " AND "np®
|

In equation (6.2b), "h" is an unknown parameter and
. 1

therefore values had to be assigned to "h" to ﬂbtain any

curves. By making use of equation (2.9) where friction
force
F = R'xe-°Lh(coswh + jsinwh) , equation 6.2

can be modified to

mx + R'xe” *B (coswh + jsinwh)x = Plejwt

000(6020)

in which 'ht and ' A' are the unknowns.
These unknown parameters are determined Qy feeding
values of the measured excitation forces at different
frequencies as data into into a special computer programme.
This programme which is a "Non-linear Regression pnogramme"
is usedto determine the best value of a variablle (or
variables) in an equation to give the best fit ito a

set of experimental results.

The use of this programme involves specifﬁing the
number of variable parameters in the assumed eﬁuation
then partially differentiating the equation with respect
to these variables. The theory of the programme can be

sumnmarised as follows:
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Sd + 0( S22....)

Sc +-%—§§d)

Let Y_ = Y ,, S5 §a 2E L 5o+ 2E bF Sc +
E = (Y- cal) - (L %a + 2F 287, +—5o + 2L Sa)
where L is the‘error
2 F r F by
=%; (Y = Yoq,) - (’%E Sa +—%—-5§b +—%—-g
Let F =0
Wsay ° 5
then JF,v _ _ JF OF 2F
-%_Q(Ye Yoal) = Da(aaga ab‘gb

2 dE® DE°

« 55 « 3550

.oT--noooo(A)

Similarly 3(§-b), ——:r—), and ——Erd) give 3 more equations

like A.

Initially the variable parameters are given some

values to enable the computer to obtain a calcﬁlated

value to compare with the experimental value as
!

in (A).

The new values of the parameters are calculate% from the

results obtained and the process is repeated iﬁeratively

|
until the best results are obtained for the particular

equation. As an example let the equation be (2.

‘h' and as the variables-
¥ = H'xééh(coswh + jsinwh)
;%g = =hR'e “n(coswh + Jjsinwh)
= -ni'xe” P (as cos?wh + sinwh =1) .
—%—% = Rre” *By {o((coswh +jsinwh)+ w(sinwh +
—%:.—R'e d"hx( A+ W) sesescecscssvsssncnns
-dh

Simila‘rly \F\ =R.xe 'EEENREENRENEEIENE N B BRI B N N J
Thus equation (6.5) to (6.7) are specified on %

computer programme. The number of data points w

9) with

ceee(6.5)
jcoswh)}

ee(646)

LI ) (607)
he
ith

the data (in which the excitation forcewas the

ordinate

(i.e Y,) and the frequency as the :abscissa) are also
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specified. It is also necessary to give the convergence

criterion so that the iterative process can be|curtailed.

In order to estimate how close the theory fitt?d the
results the convergence criterion of the sum of errors
is specified. In addition the proportion of change of
the parameters used when the change is fluctuating is

specified.

6.2.5. CURVES FOR CONSTANT ACCLLERATION

The equations which are applicable to the tested

system that is represented by Fig.(6.2) are equations
(3.5) and (3.8). However since the acceleratio( was
kept constant it was found more convenient to ﬁse
equation (3.8). In order to test the validity of
equa%ion (2.9), equation (6.2c) was also used. |Thus
the equations used for the computer were
Pejwt = X f?kc + Rcoswh)2 + (Rsinwh)Q} eedes(3.8)
and

ped™h 2 x j%c + Re” *ooswn)? + (Roe-"LhSinwh)%}

where C = mw2

As expected the results obtained by usin% the two
equations above were identical for any set of éxperimental
results; equation (3.8) has been used for all subsequent
work. As the computer output included both the initial

and final values of the variable parameters as weil as

the sum of the errors squared, and the percentﬁge error

in the calculated results good fits for the cufves were

obtained by varying the constants R and C, in gddition
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to h (the delay-time) in the equation. Figs.6.7 to 6.9

show the experimental and fitted curves for co?parison._

Also the values for the parameters R,0C and h are given
|

for each set of curves. The value of C and R wé
!

re

found to be proportional to the peak to peak v%lue of

the acceleration and the magnitude of the Norma

(i.e. the air pressure in the bellows).

1 force

ACCELERATION

6.2.6 VARIATION OF FRICTION FORCE AT CONSTANT
In the experiments already described the
was kept constant, thus x = w2x = k
and displacement x = 53 = ———E—§-§ cesesesn
w (2% )°¢f

P
" g
s

acceleration

«e(6.9)

As the freqiiency range covered in this part of

the experiments was from 3Hz to 1000Hz, it means that

the ratio of the amplitude at the beginning to

amplitude at the experiment was very big.

amplitude at beginning _ 10002 = 1 6

amplitude at end - 32 9

As the amplitude was small, of the order
to start with, it is possible that slip might n
taken place at the higher frequencies (2). But

the

of 0.25"
10t have

as shown

earlier the friction force is dependent on the

amplitude

| .
of vibrations and therefore the friction cannot be

expected to be constant over the.frequency that was

used. In order to determine the variation of the friction

force with frequency it is necessary to keep the amplitude

constant thus ensuring that R is constant. It was therefore
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decided to repeat the experiment keeping the amplitude

constant.

643 VARIATION OF COLFFICIENT OF FRICTION WITH FREQUENCY

AT CONSTANT ANPLIVLUDL

6.3.1 INTRODUCITION OF ©1Hl DI>PLACEMENT GAUGE

A Wayne Kerr displacement gauge was now added to
the set-up. A fixed amplitude of 0.0165" peak Jo peak
was chosen after due consideration had been given to
the limitation of the equipment. The output of {the vibrator
was limited to about 701lbf (with cooling), and as the

mass is constant, measurements could only be made from

3Hz to 60Hz in some cases and to only 50Hz in others;
for with the amplitude constant the inertia force (éi)
increases proportionally as the square of the féequehcy.
Moreover the choice of amplitude ensured that the
motion was approximately harmonic and also that| this
amplitude of vibrations was well within the linear

range of the displacement gauge.

Having selected a suitable constant ampliFude
of vibrations the excitation force, the accelerétion and
the phase difference between them, were measureé at
different frequencies within the range specified above,
without any friction force in the system. These
measurements served as a check on the ealibrati?n of
the force gauge and hence the accelerometer. A iow

pressure gauge reading from zero to 2lbf/in2 pr?ssure

was introduced into the system, replacing the previous
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pressure gauge which read from—301bf/in2 to lSlbf/in2.

With the new pressure gauge in the air supply system
the friction blocks were recalibrated in the sLme way
as before. The low pressure gauge was introduc;d
because the maximum friction force that could ?e in-
troduced at the chosen fixed amplitude of vibr%tions

at frequency range from 3Hz to 60Hz was about éOlbf
(i.e. about 2%lbf/fn2 pressure). It was therefgre

found necessary to take readings at low pressu;es

thus requiring an accurate low pressure gauge.| Pressures
of 0.2, 0.5, 0.8, 1.0, 1.3, 1.5, 1.8 and 2.Olbf/in2
were infroduced into the friction pads and at éach
pressure setting the experiment was repeated. éhe
frietion blocks were always cleaned with trich?oro-
efhylene and dried befdre the surfaces were allowed

to come into contact. About 5 minutes were all%wed

for settling before any measurements were made% As

the excitation force and the acceleration and #he phase
difference between them were measured it was tﬂerefore
possible to calculate the value of the frictio| force
at each frequency (see 6.3.7). In measuring th% phase
difference it'was found necessary o measure tﬁe

phase difference thbetweenLthewexcitation for%e and
the reference (taken from the oscillator) and %lso

the phase difference ¥, between the acceleratién and
the reference. BY subtracting one from the othe%r

{
(ﬂf - ﬂa), the phase difference between the excitation

force and the acceleration was obtained.
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As the normal force was known the coefficient
of friction was determined at each frequency. &he
results obtained from this experimental work w;s used
as data in a computer programme which uses the|method
of least squares to fit polynomial furves, to determine
the best fitting equation for the experimental|curves.

The best fitting equation was found to beée of
the form:

Moo= (L - af’ 4+ bf

where N = Coefficient of friction at any frequency

o iiieees) eensbess(6410)

Mg = Static coefficient of friction,
e and b are constnats and f is the frequency in

Hz.

6.3.2 OTHER DATA

Experimental results of some other researchers,
Earles and Beards (28) was used as data in the same

programme and found to produce similar results.

6.4 NONSLINEAR REGRESSION PROGRAMME

The same date as above was used in the non~linsar
regression programme to determine the paramete;s non
and "h" and also to test the equation (2.16)

i.e. F = XR(coswh + jsinwh)
As shown in equation (6.7) the absolute \;ralue

of F is constant (and therefore a constant value was



obtained); and this clearly did not fit the curve.
The friction force was therefore split into real and
imaginary components as shown in'equation (2.13).

Using the real part

i.e. Fr = XRcoswh = Recoswh as x is conanat eee(6.11)
good correlation was obtained with all the expérimental
curves and also fitting values were obtained for the
parameters, (in“this case ﬁ,and h). The curves|obtained
with this programme were similar to those obtained

using equation (6.4).

6.4.1 EXPANSIUN OF CUSx

Wk
An examination of (6.4) shows that is gimilar to

lexd'

the expansion of cosx which is, cosx = 1 =~ 57 + o
6

-%—“.......'*' .Q....I.l..'.'.....'..I.l(6012)

6.5 RESULTS

The experimental results are shown in Fig.(6.10)
and (6.11) in which the normal force:s acting o+ the
friction blocks is given (i.e 1:71bf %o 6.11bf in
Fig.(6.10) and 7.51bf to 11.101bf in Fig.(6.11)).

The equation used is F = Rcoswh and for each
loading force the values of the delay time "h";and the
friction constant R, are given. Both the theore%ical
and experimental curves are shown. Having obta%ned

the values of h and R, for different Normal loaés



.
E;u.a_b,'on; )‘f = f‘7f coswh
- x* Ex}’efxlmmta[ values
0—— fitted values

7 - - - S e - -

09) —

o8| ) - e

y7uf :

o7 -
>
2 06 =

37lf 5

J oy 7Sl a
. (Szomd — &
:ga‘} 610 tbf)
8 —

o2
JD-I - S - -

0 jo 20 3 Jo 5o - f0

- f%ulﬂw? o dz r

Fig 6.10 VYariation o mﬁm of ihikon mrthh M«wwy 2t constant a,w/pl;ﬂw&.




- 98 -

Ez,mwﬁm "{' % coswh

9 I}?C& L.ﬂ')ﬁﬂ/'-lal VQM
Jc"éi'&a! Vz&o&é

X

8

10
09 - - e - -

08 e

R

(15 and 9-511;})

Of = mm— e o

4——-—-——-006%1,0402,(,’ 4 ficchotv r
pid
1

- - Ezu;wv;ﬁ Bz -

F6-11 Varialbion of coofficiont of frition with fregunsy at consbant  amplbide.




o9

o8

o7

06

05

oefpeint f fior of

o4

0-3

(Al A Y X AL E
A il

i
x Etruimzrvka[, Foint i
V] . Fotted }:’0!:&(‘ l
Equaliond ;
' |

, ¢
N =37 U:j P{= 06295 -0‘0058f1-;‘- 0-00003 |, 5{
N=141lkf !'-f., 0.9465-01;015‘5\{1+0-aool67j

| 4
* N =520lbf ™ a048 -0 Doi92f +00000002Tf

N = 5901 M. 0586 a-aos?ﬁ%"""’"*"”f%

10 30 40 5 60

R0
\-fwl/rw? wn Nz

f?é./z.\/mdm «j @eﬁuw/mf 03 é/uo&:am "f wild. W*M/} |




|
|

x ezfmrnenfa[ Fam&
0 W I ounds |
Equations |

N=530Uf (Wean)  1f = 0526 - aoosgsf‘faaooo4:45f

N=6-tolbf - = 04b -0 ooos?lj +0. oooou,mf*
N < 7-50lbf tf = o0 503~0 DOI?If +D.0000118 f%
N =8 5Dlbf "f = 0:537 -0 004-5/;/ +0 0000272 %

N =i0-00 (bf M =0519- 0010l £+0-00018 1%

of
o6

05

cofeint of frikin +f

03

i 2 30 0 o %0
ju?;«way, it i ‘

FG615 Vowiskion o cucfficint of frickinn




09

of

o7

vp

05

0'1-

3 ﬁ/

03

4

. :*C\f’)
' /ﬁ 61
'

®

WA
fm 4
szdﬁ.w m;i " -

mental {bof/nél‘
fouum

*

N=1-7lf

N= 37Uf

N = 5’9uf ﬁ)lm)
N=s 2l

frickon wih fugiiany
int of i
€'4Vmbtbnogu%w

£i3 6

o
Sv

a4

3o

Fid

to

w o fz
gy




! 4
- 102 -
A
20
—
™
[
= -0
& '
e
0 I-0 2-0 2.0 £0 Y R Zo 7o

“ Nowal Load N o Uhf



- 103 =

60

50

40

30

2"_0

Obsoplion cotfficiint et (5107

to

0 10
2D 2
30 4-0 5o 60 7°0

- NMmMLwJNL}LU:f

v

F3 ode Vaniaki . .. :
3616 Varakion o WWWM A wth npmal Lowd N.




- 104 -

it was easy to do a plot showing the variation|of delay

time with Normal pressure. This curve is shown in

Fig.(6.15). As the constant R = Roe-'*h, the value
|

of o was obtained by substituting Roe-‘*h for R

in the programme and determining the value of % H

the results obtained for F were identical in béth

cases. Fig.(6.16) shows the variation of the aésorption

coefficient with Normal force. Figs.(6.12) and;(6.l3)

show the fitted curves using the non-linear regression
‘

programme. The polynomial equation is of the fqrm

M=M, - 122 4+ cf? .... and those are the first three
' \

terms of the expansion of cosx. i
Fig.(6.15) shows a comparison of the fits obtained
|
using the exact equation and the first three terms of

its expansion.
1

Figs.(6.17) to (6.19) are the curves obtained e
by using the experimental results of Earle and Beards. "
In this case the variation of the coefficient of
friction with speed at constant amplitude is considered
for different cases e.g. cast iron on steel. A least
square programme was used in which the first three
temrs of the expansion of coswh were used and the results
show good agreements with the experimental one%. This
result also demonstrates why electronic engineers in
using oscillators to simulate Coulomb damping ﬁind

|
that better agreement between theoretical and %xperi-

mental work are obtained when the coefficient of
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friction is represented by a term of the form

t(1 - x2

+ o x4)i as demonstrated by Derek Lawden (43).
i

6+6 VARIATION OF COLFFICIENT OF FRICTION WITH

FREQUENCY AT CONSTANT ACCLLERATIUN }

Having obtained<satisfactory correlation between

the‘theoretical analysis and the experimental fesults
for the case when the amplitude was kept constént, it
was decided to make use of the results obtained at
constant acceleration. As stated already the friction
force was calcullated at each frequehcy and theﬁce the
lcoefficient of friction.

Let P = Excitation force (measured)

Accelerating force (measured i.e. mwxz)

A=
# = Angle between P and A
F = Priction force

By use of the cosine rule F was easily obtaineq.

As shown in equation (6.7) the absolute %alue
of F is a constant i.e. F = R'e’“hx = R therefaxre this
force was split up into real and imeginary parﬂs.
The real part is the (resisting) restoring forée and
therefore describes the resisting part of the ériction

force. This is demonstrated in Figs.(6.12) to (6.14)
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%

|

where good fits of the experimental results are obtained

by using the expression F_= Rcoswh. Using the same

expression for the results obtained with constént

acceleration very good agreement is obtained probably
|

because there are more data points. These curveés are

shown in Figs (6.20) to (6.22)

6.7 “POLAR AND CARTESIAN PLOTS

L

C Using the values of R and h obtained fro¢ the
computer programme a theoretical. examination of the
friction fofce was made. The real and imaginar& parts
taken on their own are expressions that are we}l known
however in the contest of the experimental worﬁ carried
out equation (3.5) was used. (

First of all the real part of thezequtfion

2

i.e. P = (mw“ + Rcoswh)x (6.13) was considered -

real
separately, mwx being derived from the value at which

the accelaration was kept constant. Then the imaginary

|
imag imag "
|

part of the friction force was considered. |

part in which F = Rsinwh (6.14) where F Imaginary
The absolute value of the excitation forge was given
by equation (3.5). The results for three diffefent cases

are shown in Figs.6.23 to 6.28, in which mw®

répresented
by C i.e. mwe = G-(6.15). |

Using equation (3.9) the phase angles wer% also
obtained. These calculations were done by the ?omputer

and the range covered was the same (i.e. 3Hz 16 1000H2Z )
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as in the experimental work. Thus polar plots were

made of the three variables represented by equ%tions J

(6.13), (6.14) and (3.5) which was represented as

x [ (¢ + Rooswn)? + (Reinwh)®}= Be'th.;...(G.lG:)'

i
6.8 VARIATION OF AMPLITUDE WITH FRICTION FORCE AT

|
CUNSTANT FREQUENCY |

|

To test equations (3.25)zand (3.26) a series of

experiments were performed. At a chosen frequency the
force required to accelerate the mass at a cerﬁain
amplitude was measured; the acceleration and phase
difference were also recorded. Friction was now introduced
'in stages, keeping the excitation forcé constant énd

the new amplitude of wvibrations, acceleratioh %nd phase
difference wese measured. The readings were takén only
after stable conditions had been attained. The?friction
force was increasea in stages up to about 20lbﬁ and

the readings taken. This procedure was repeated for
different frequencies so that the variation ofiamplitude
of vibrations with friction force at constant frequency
was obtained, and also the friction force was éalculated
as explained above. The coefficient of friction was

thus calculated for the various normal forces (i.e.
friction forces) at various frequencies and th; results

are included in Figs.(6.7) to (6.12) The curves showing

the variation of displacement with friction force are
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gimilar to that in Fig.(3.6). Thedretical results for
equation (3.25) ware obtained for comparison with the
experimental results and these do agree closelj with
the experimentsl results. These are shown in Figs.(6.29)
and (6.30). Moreover, the phase relationshipnwaé
calculeted theoretically and compared with the;measured
phase difference. The results show a reasonablé agreement
considering the limits of the equipment used. Since the
excitation force was kept constant and the masé and
frequency known it was therefore possible to célculate
the value of R using equations (3.9) and (3.25i'as

x and g were measured and therefore known. Thié was

done as a check on the results obtained by thefmethod
described earlier (i.e. 2 forces and included éngle).

i
!
!

6.9 INTRODUCLION UF A SPRING (RLSTURING FORCEX INTO

[

THE SYSTEM

A spring was now introduced thus giving fiée to
a gystem thet is represented by equation (3.21%. The
experiments described in 6.1 were repeated i.e% the
variation of displacement with the friction force
at constant force and frequency were determined for
all the cases considered in the previous experiment.
It was not deemed necessary to calculate the céefficient
of friction from these results as the other two? cal-
culations yielded similar values. The phase waé however

messured at each stage with the other results for
1
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comparison with theoretical results. The results are

shown in Figs.(6.31) and (6.32).

6.10 FREE DECAY

By feeding the displacement into a U.V. récorder

attempts were made to obtain free decay traces for some
!

of the cases considered above. A block diagram for the

set up is shown below:

| / OSoillAfwfe
Excltatin | Vvroking pisplacement| o ‘
——— » . omn Am (% !
force | .$ p
P i
kA ‘ Recorder

1
i

The chart speed and motor speed of the U.V.
recorder. were chosen and tested. When a suitablﬁ
combination had been obtained the vibrating sysﬁem
was allowed to run for some time to obtain stabilify.
The motor of the U.V. recorder was started and,éhe ex—
citation force was cut off immediately after thus
enabling a free decay trace to be obtained. The
results are shown in Figs.(6.33&)to (6.330) though

these have not been analysed.
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CHAPLruR 7

FORCED VIBRATIONS WITH MIXED DAMPING

The experimental and theoretical results in the
previous tests showed good agreement and therefore
experimental work was began. on the forced vibration-
Response tests with the three types of damping discussed
(Coulomb, Viscous and Viscoelastic) taking the phase

relationship into consideration.

7.1 MEASURING TLCHNIwULS

The measurements could be made in four differecnt
ways s
1). Forced resonance tests, keeping the excitation
force constant and measuring the amplitude and
phase angle giving a response curve (from
which the required quantities can be calculated).
2). Forced resonance tests, keeping the emplitude
constant and measuring the excitation force
and phase angle, giving a response curve (from
viel the required quantities can be obtained
by calculation).
3). Forced non-resonance oscillations with measure-
ments of the force, displacement and the phase

angle between then.

4). Forced resonance tests, keeping the amplitude
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cansvant and measuring the excitation and
accelerating forces and the phase angle between
them, giving response curves from which the -
required quantities can be calculated.

Of the methods described above (1) and (3) were
found to be unsuitable. The friction force is somewhat
dependent upon the amplitude of vibrations and therefore
method (1) which involves measuring a variable amplitude
may lead to spurious results. lMoreover, it is more
difficult to measure the displacement near resonance
than it is to measure the force. Method (3) will not
show the effect of damping, whatever type it may be on
the resonant frequency. Methods (2) and (4) are similar
and were found acceptable, but in terms of experimental
work it was found that the magnitude of the acceclerating
and excitation forces were comparable and therefore
liable to give better phase measurements. For this reason
method (4) was used even though the response curves are
obtained by plotting the variation of the excitation Force,
with freguency.

In order to test different combinations the exper-
iments were done in two stages. In the first stage the
metallic spring was used as the restoring force spring
in the system whilst in the second stage the visco-

elastic material provided the restoring force spring.
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7¢2+ DLAGY OWE ..... WITH VISCOUS DAMPING ONLY

Viscous damping wes supplied by an electro-
magnetic dampens However, itwo resonance response-—
tests were made without zany externsl damping to deter-
nine the hysteretic damping in the spring. In all the
tests the amplitude of vibrations was kept constant
at 0.00825" and the force required to maintain this
value of amplitude at each frequency measured. The
accelerstion was also measured and the phase angle
between the force and rcceleration at each frequency
was also determined making use of & Reference Signsl
£s 1in the carlier experimentv. Tron the resulbs obiteined

vithoud oxterned Comping the erount of Lyeloretic

Cenping duo ire rpring ves defermined. Toodinge voro
taken for three velues of current and from the calib-
ration curves the coefficients of viscous damping,
and the damping ratios were obtained by calculation.
These values and other known constants were now

fed as data into a computer programme to obtain theor-

etical curves for each set of data.

7,21 THE COMPUYER PROGRAMME

The programme uses "The Ritz~-Galerkin method" to
solve ordinary second order linear and non-linear
equations with harménic forcing. The non-linearity
is provided by a cubic polynomial in X, with either

viscous or hysteretic damping. The solution is of the
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form ¥ = X0'+ X,3in(wt~-4) and values of X, a2nd frequency

w were computed for a range of values of X,. Since no
higher harmonics are included in the solution, the
solution is a first approximation to the exact solution
for equations with non-linear springs.

For linear springs such as were used in this
experimental work the solution is exact. The equation
in this case is the well Kknown one for a single degree
of freedom system with one mass and one spring.

ax + ok + kx = Ped"F = Psin(wt - #) ..v.(7.1)

from which

1l
P / 2 > cC P2
_ 0 (- (Y +(2 F =)
=% W7 Co ¥
o)
P 2
= £ {(1 - 0%y 4 (3 2n)2'}
2 _k - .
wo = and Co = 2 [ kn f = Co
and tan g =42j'2’
l -n

Since in the experimental work the displacement
was kept constant it was found necessary to obtain the

theoretical solution in terms of P, keeping x constant.

Thus as is constant.

1
\/(3. - nd)?'-i- (an )2
eqn. becomes
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o™

X G where G

(@]
—
3]

— e l
\/(l-.-‘-"n2)2+ (2a ¥ )2

Wl:ﬁ

I
] ke
o ~

Lx¢)
!
vd
O
Lo

= 37 X Xy = G, X, where Gy, = =

tai

The phasc remaias unchanged.

The results are shown in Figs.(7.1) to (7.4).

Pigs.(T7.1) and (7.2) are cxperimental results whilst

Figs.(7.3) 2ad (7.4) arc thecoretical results.

Both the experimental and theoretical respoase
curves show the variation of G, the meagnification

factor with frequency.

7e2:2¢ PURULD VIBRATICNS oITH CUULUKE AND VIoCUUS

DANP LG

bxperiments were now perforamed to verify eouations
(3.22) and (3.23).

With the appourotus set up as described the viscous
damping wos switched off. Coulomb damping wos now
introduced into the system pressurising the bellows
to give a specific normal loading. At this stage the
pressure gauge with low pressure scale was used. Forced
vibrations werc performed as before except that the

alignment of bthe blocks was checked and sufficient



i
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o
!

time was allowed to obtain stable conditions before

the readings were taken. The parametvers measured were
the same as those considered with viscous damping in
the system. The pressure was changed and the experiment
was repeated. It was found necessary to repeat the

experiments if there was sn interuption during the

ct

est for & fairly long time (half an hour). After
(satisfactory results i.e.) repcatable results were
obtained viscous damping was now introduced, the current
being at the same level as was used in the case when ,

there was no coulomb damping.

7¢2.3  THTPRODUCTIUN OF wHi VIsCuUs DAMPING

By introducing viscous damping into a system with
Coulomb damping the model was now that in Fig.(3.4) and
equations (3.19) and (3.20) applied.

To ensure that the level of Coulomb damping was
the same as vefore readings were teken to check with
the previous results obteined and when this showed
zgrecment the viscous demping was then introduced into
the system and the reedings taken. The readings were

token a2t the same frequencies in all cases described.

o 1 PTHuURWTICAL RuoULYS

A special computer programme was written for the
solotion of equations (3.22) and (3.23).

A1l the perameters in these eguations were cither
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known or calculable except the delay time "h".

The data included the mass (m in 1bf), the stiffness
of the spring (k) in 1bf/in, displacement (x) in
inches, the friction force constant (R), the viscous
damping coefficient (c¢) and the viscoclastie coefficicnt
(g2). The value of "h" could be guessed as an initial
velue andvfrom the results obtained better values
could be used until the bestv f£it was obtaincd. The
method was found to be laborious =znd not verifiable.

Instend equation (3.23 ) was used

; sinw
i€ tan @ = BﬁQ;J%Q as k- = 0
Recoswlil B
and § =

Thus g = hWO
and thus '"h" is obtailned.

This experimental value was now fed es data
together with the other parameters and theoretical
solutions for (2.22) and (3.23) were obtained for
comparison with the experimental results.

The cxperimental results are shown in Figs.(T7.5),
(7.6), (7.9) and (7.10). The theoretical results are

' shown in Pigs.(7.7), (7.8), (7.11) and (7.12).

7e3e SPAGE TWO eew. #I0H THe VISCULLASTIC MAT RIAL

The viscoelaostis material was now substitubed for
the metallic spring. It wes bonded to the spigots
with 2VO=3TICIL (an impact adhesive) and when satis-

factory bonding had been obtained forced irequency

responsc Htests were performed as before. The disvplacenent
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was kent constant as before and the excitation force,
tne acccleration and the phose Ciffcrence bhetweoen

them were measured. From the graph obtained, the loss
factor, Q, and the stiffness k ol the viscoelastic
material were determined. The values obioined for *L
end k were now used as daba in the compuver orogr: il.ae
which usoes the "Ritz-Galerkin method® to solve differ-
cntial equations, to obtain theoreticnl results for

comprrison with bthe cxperimeancl rooults.

e

S

Yie caonntion of motion in this case

<tk

. » >
) . v
Lo+ KX o+ 18X o= PeJ

£

which simplifies %o

B/l = /'{(l-nQ)ZNL“] e (T2T)
and TL

tan¢=—-‘-—2 ......-‘.....I'Q'.....‘(7.8)
1l - n
Mhe cguations used were thercfore equetions (7.7)

and (7.3).

VUs DANMPING

7.3.1. VISCUELASTIC ahND Vlo
|

' Viscous damping was now intoduced into the system
so that the experinentzal model was that in FPig.(3.5)
with the friction forece T = O znd the equation is obinincad
from equations (3.13) and (3.14) when § = O. The amount
of viscous damping introduced was the same azs was the
case with the spring in the system. The amount of

current passed in the three different cases were 1.5

- ‘
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Amps, 3.0 Amps and 4.5 Amps, respectively.

From the experimental curves obtained the cquiv-
alent damping ratio,jb?, end the equivoalent loss
factor were calculated and used as data in the Ritz-
Galerlkin method“ computer programme. The results obtained
by using sn equivalent lOSS‘factorqlg’were in general
less agreeable with the experimental results than when an
equivaleﬁt demping ratio 5L% was used. The degree of
agreement depends upon the ratio of the two types of
damping in the system. Better results were obtailned
by using cquations (3.13) and (3.14) directly in the
apecial computer programme. The experimental results
as well as the theoretical ones using equations (3.13)
and (3.14) are shown in Figs.7.13 to 7.16.

Pigs.(7.13) end (7.14) show that the experimental
results end Figs.(7.15) and (7.16) show the theoretical
results. In the results showa the equivalent viscous
domping coefficient ¢ is given #s well as the amount
of current used in Amps. A1l the response curves portray
tho variation of the magnification factor G, «~ith

frequency.

7.3.2. VI3COaLASTIC AND CuULUMEB DAMPING

With the loss factor | of the viscoelastic
materisl and its stiffness known, it was now approp-

rinte to introduce Coulomb demping into the system and

note its effects on the resonant frequency, the phase



and the magnificeation factor G. Coulomb damping was
introduced in three stages by the same amount as before
when the metallic spring was in place of the visco-
elastic material. The same parameters (i.e. the ex-
citciion force, the acceleration and the phase) were
measured at a constant amplitude of vibration. The

model for this experiment was Fig.(3.3) and the equations
were (3.16) and (3.17).

In order to obtaln theoretical solutions for
equations (3.16) and (3.17) the results obtained from
ths experiment were used as data in the Nonrlinear
Regression programme to obtain values for "h" (the
delay-time) Tor the different combinations of visco-
elastic and coulomb damping. As a check the delay time
"hv, was also calculated from the measured phase angle
¢ and compared with the results obtzined from the
non-linear regression programme. Theoretical solutions
for equations (3.16) and (3.17) were thus obtained
and FPigs.(7.17) to (7.20) show the results both
experimental and theoretical.

The experimental results are shown in Figs.(7.17)
and (7.18) and the theoretical results are shown in
Figs.(7.19) and (7.20).

The method by which the delay time "h" was
determined from the measured phase angle 1s described

in Appendix 2.
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7.5 FORCED VIBRACIUNS WIVH WH. QHREL ©YPs OF DAMPING

The experimental work for this case is demonstrated
by Pig.(3.2) and hence eguations (3.13) and (3.14) were
found to be rather tedious. Whilst the amount of
viscous damping could be accurately assessed it was found
that the amount of Coulomb damping introduced was not
s0 readily estimatable owing to the fact that different
results could be obtained if the conditions (i.e. the
alignment of the blocks, the state of the contact
surfaces and the tightness of the positioning rods)
were not the same in all cases.

Tor this reason the experimental work became
rather repetitive. First of all a forced-responsc test
was made with the visco-elastic material only and
neasurements made as before; a specific amount of
Coulomb damping was now added and a force response
test made again and the paraneters remeasured.
Mainsaining this set-up a specified amount of viscous

damping was now added and the test repeated and the

- e,

parameters remeasured.

The proccdurc was repeated for different combin-
ations of Coulombd and viscous damping. The results for
the different cases and combinations are shown in figs7fJP]24
Figs 7.21 and 7.22 show the experimensal results and

Pigs 7.23 and 7.24 show the theoretical results.
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CHAPTER 8

DISCUSSION OF RuSULTS ON TH& NATUAE OF COULOMB FORCE

8.1 EXAMINATION OF COULQOKB FORCE

Figures 6.3 to 6.9 are response curves for fig. 6.2
and clezrly demonstrate that coulomb force is better represented
as a complex force rather than as a constant. These curves are
experimental and theoretical solutions of equation (6.2b) which
is presented in the form

P/x = C + R{coswh + jsinwh)
where C = mw2
In figures 6.7 to 6.9 the acceleration was kept
constant at 5g/16,g and 5g/8 which are in the ratio 1:3.2:2.
The fitting values of the constant C, are 0.87, 2.471 and 2.28
giving a ratio of 1:2.8:2.6, as compared with the ratio of

acceleration levels used just quoted above. While the order of

magnitude of the two set of ratios are compatible there exists
a discrepancy in the exact values obtained. The constant C has
to be multiplied by 4.2 and the amplitude of vibrations, x to
obtain the actual values of the acceleration forces, and therefore
exact agreement of the two set of ratios can only be expected
if the amplitﬁde of vibrations was kept constant too. As the
amplitude was not deliberately kept constant the slight
discrepancy in the two set of ratios is inevitable.

In general the fitted and experimental curves do show

good agreement in all the three cases shown.



8.1.1 RATIONSHIP BUTWEEN h, C and R

Table 8.1 shows the values of acceleration, the constant
C and R, and the ratio C/R corresponding to different values
of delay time, h as obtained from the fitted curves including

two cases that are not shown in the figures.

Acceleration
in o R [¢] h
g. R
5/16 0.87 1,695 0.51 0.00240
5/8 2.28 1.175 1.94 0.00260
g 2,45 2,00 1.23 0.00191
5/4g 3,00 2.75 1.10 0.00220 -
- 25/16¢g 3.50 3,55 0.99 0.00225
Table 8.1

—_——_—mm—m—ea====

VALULS OF CONSTARTS AS OBTAINID FROM CURVES

The relationship between C and h, R and h, and C/R and
h are shown in fig. 8.1. The common feature of the three curves
is that there is a minimum delay time for some values of C,
R or C/Re As C = mw2, it means that for a particular frequency
of oscillations the delaye=time is minimum which is understandable,
The friction force F is a complex quantity and therefore with
the inertia force mw2x, being kept constant it is reasonable
to expect that at a particular frequency and amplitude of
vibrations, there is an optimum value of friction force constant

R that will result in a minimum delay-time. The ratio C/R, must
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be expected to show a minimum value for the delay time in view
of the fact that both C, and R exhibit this phenomenon. For

the particular system used in the experimental work, the delay-
time is minimum when the acceleration is g, and the inertia force
10.31bf, (2,45 x 4.2), the friction force F = 8.41bf and

C/R = 1.23,

* Curves from which these were obtained are not given in the

results.
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8.1.2 EYANINATION OF THE EQUATION

Equation (6.2b) can be represented in the form:

C + RedVR _ P/X ....(8.1) where eI = Coswn + jsinwh

The acceleration mwzx = A/K = constant in this experiment

o.. X=K =K
27

mw
thus ejWh = PC ~ C substituting for x .....(8.2)
RX
Squaring both sides
~weh? = (PG - ggz = (20)% - 280% 4 02
(RK R (RK) R2K R
~w’h? = log (P%c2 - 2pc? 4 gzg = log, EPZOZ - 2PC%K & C%k°)
R°k? RK R? R2K?
~ow’ndh = . 20% - 2c%
dp P02 - 2pc%K + c%°
For max or min dh =0 . 26%P - 2¢%K = 0
dp [ ) *
hence P = K

If equation (8.3) is now differentiated with respect to C one

obtains:
- w?h? = 1log (P%c2 - 2pc%k + ¢%?)
Rk 2
- 2w’hdh = 2P% - 4PK + 2K°

de
o(P% - 2PK + K°)
For max or min dh =0 . P° - 2PK + X2 = O
dce ¢
i.e. (P ~XK)° =0 4i.e. P=XK
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A similar result is obtained when the gquation is
differentiated with respect to R. To obtain corresponding
values for the other variables when P = K, and there is minimum
delay, a substitution is made in equation (3.5)

i.e. P/X = ‘fRC + Rcoswh)2 + (Rsinwh)zj oo
thus
K/X =\H§c + Reoshwh)? + (Rsinwh)?}

02 = 02 + 2CRcoswh + choszwh + stinzwh
as X/X = C.
R = -2CRcoswh

iteo COSVV’h = —B_ 000.0.0.0(8.4)
2C

Thus minimum values of h are obtained when

R = -2Ccoswh

C - —R ¢ e e v 00 .(8.5)
2coswh
h=-1 cos -1R
w 2C

8.1.3 THE CONCEPT OF OPTINMUM COULOMB DAMPING RATIO

Some research workers (5), (9) have shown that for
forced vibrations with Coulomb damping, the Coulomb damping ratio
can be expressed in the form F/P where F is the friction force
and P the excitation force amplitude. They have stressed the
importance of the fact that, for a certain value of Coulomb
damping in a particular system optimum damping is obtained. Some
researchers for example, (9) to (11) however express the damping
retio in the form F/K, where X is the effective stiffmness of the
elastic members in the system. As there is no spring in the
system for the experimental results beine discussed only the
ratio F/P will be examined here using the theory evolved in this

thesis.

P I B
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Equation (8.4)

coswh = ~R gives the relationship between

R and C fogca minimum value of coswh,

As the minimum condition is that P = K = CX

equation (8.4) can be modificd to

coswh = -RX ==F ........(8.6)

2P 2P

when F = 2P no motion is possible and w = 0O
hence infinite delay time i.e. wh = O
Clearly, when coswh is minimum, sinwh must be maximum.,
The friction force F is represented by two parts.
The real part (i.e. the in phase part) = RXoswhn and
the imoginery part (i.e. the damping part) = Risinwh
Thus when conditions for minimum delay time h, are approached the
in-phase part of the friction force approaches a minimum value
whilst the damping part (i.e. out of phase part) approaches

maximum.

8.17.4 WITH A SPRING IN THE SYSTEM

The researchers just quoted in connection with the
concept of damping ratio worked on sgystems having springs in
them. In 4.4 it was ghown that the addition of Coulomb force
to a one degree of freedom system with or without damping, may
increase or Jecrease the resonant frequency dependent on one

factor, thrt is the value of -R (represented by F/K) by the
2K

researchers quotied).

If coswh is minimum then - ? is minimum and this resultis
2K

in a small change of resonant frequency. Sinwh however is maximunm
at this stage and therefore optimum damping is obtained, The
analysis in 8.1.3 shows that optimum damping is obtained for a

certein ratio of F/P when coswh is minitmm thus explaining why
similar results are obtained by expressing the damping ratio in

I 2 0 08
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either of the two forms. The results obtained here do confirm
the results of the quoted researchers, and implies that
opitimum damping can be obtained in a Coulomb-damped system by
simply manipulating the raio's F/P or F/K. This means
changing the value of F or P as in most cases the stiffness X
has a fixed value.

8.2 TFRICTION f04CE 4T CONSTART AMPLITUDE O VIBR.LTIONS

Figures 6.10 and 6.11 show the variation of the coefficient
of friction with frequency. These curves are similar to
those obtained by researchers in lubrication (1) to (4) whose
work was based on frictional force behavior in one direction
only. However, similar results were obtained by vibration
of the coefficient of friction  with sliding velocity in a
vibrating medium.

Figures 6.12 and 6.13 show curves obtained by using
the formalae M = M, -bf% + Cf%, which is the first three
terms of the expansion of coswh, . to fit the experimental
results and wnile the fall in coefficient of friction with
frequency is expected, tvhere is also a decrease in the value
of the coefficient of friction with increasing normal loads
as illustrated by Dokos (33). As the friction blocks get
stiffer with increasing normal loads, the increasing rigidity
of the blocks would reduce the amount of rolling (rocking
of the friction device) taking place il rolling was taking
place at 4l., This implies that the coefficient of friction
as measured could be a combination of the coefficient of sliding
and rolling friction,

Since specific attempts were made to eliminate
rolling of +the blocks and while this might not have been

totally efficient it makes it unlikely that this could be

“ ® ® o a8 @
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the sole cause of this anomaly. A more likely reason for

the results obtained is the dependence of the damping force

on the ratio F/P, As the optimwn damping ratio of F/P is
approached a corresponding minimum real part XRcoswh of the friction
force is obtained, and this results in a decrease in the
coefficient of friction. Fig 6.14 shows a comparison of the
curves obtained using the exact equ: .tion F = Rxcoswh with
that obtained using its expansion together with the experimental
results. The variation of the delay-time with the Noimal force
at constant amplitude shown in fig 6.15 is similar to the one
obtained for vibrations at constant acceleration shown in fig
8.1 and the analysis in 8.1.2 do apply here. The variation of
the absorption coefficient o with the normal pressure shows it
to be inversely proportional to the delay-time as already
established in the theory in chapter 2. The values of the delay
times obtained at constant amplitude (0.007186 secs. to 0.00252
secs.) are compatible with those obtained at constant
acceleration (0.00191 secs to 0,00260 secs).

8.29 CALCUL TION OF TH. LELAY-TIMI. h FROM A GIVEK DATA

In order to ascertain whether thc msgnitude of the
delay-time obtained is consistent, the delay-time was obtained
by using data published by other researchers (28) and (33) in
the non-regressive computer programme to obtain values for h.

Table 8.2 shows the results:

COMBINATION OI" MATERIALS DULAY TIN h
Computed Calculated from
Value (a) (b)mean values
Steel on Steel 0.0025 0.0033
Brass on Steel 0.00335 0.0034
§Casﬁ iron on Steel 0.00262 0.00253

Mild Steel on Mild Steel 0.00199 ,
(Doko's) '
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Table 8,2

The amplitude used by Farles and Beards (28) was 0.0025"
whilst the amplitude used by the author was 6.00825"., In
the calculations for table 8.2 an amplitude of 0.,005" (i.e.
mean of 0025" and 00825") was assumed for the first three
combinations whilst an amplitude of 0,00825" was used for
the last case where the given amplitude of 0,.053" was
considered too big. The choice of amplitude enabled a fair
comparison to be made for two cases involving mild steel on
mild steel. The result s shown in the second column are
obtained by using the quoted static and dynamic coefficient
of friction as given by Earles and Beards (28) and the mean
speed was determincd from the sraphs.

8.2.2 DETJVRMIN.TION OF h TFROM XNOWN VALUES OF M

In order to determine the delay-time h for a particular
combinntion therefore it is necessary that (1) the amplitude of
vibrations be known and (2) the coefficient of static friction
be known and the dynamic coefficient of sliding friction be
knowvn for a m~an speed:

Thus if M; = Static coefficient of sliding friction

L{

1

Dynamic n n " at speed Vv

Then w

v where w = frequency in radians, x = amplitude
X
of vibrations.

Hence f‘f = st coswh
Coswh = J%r hence wh = ¢ radians say
s

Then h = @ 85€C8. ciieevrneaeees(8.7)
W
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8.2.3. COMPATIBLE ORDER OF MAGNITUDE

The order of magnitude of h obtained from other results
are compatible with those obtainecd by the author, all
being of the order of milliseconds. The values obtained
by using only two values of the coefficient of friction
show very good agreement with the computed ones and
therefore good results can be obtained by using the method

shown in 8.2.2.

The value of 0,00199 secs. obtained by using Dokos'
results for mild steel on mild steel falls within the.
range of 0,00186 to 0.0026 secs. as obtained by‘the author

thus proving the consistency of the resulits.
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8.2.4. EXARINATION OF THE IFRICTION FORCE

Pigs 6.20 to 6.28 show the variation of friction lorce with
frequency. Figs. 6.20 to 6.22 are similar and do show a shift
in the frequency at which minimum force is obtained with a
change in normal load. This further illustrates the
dependence of the delay-time on the normal load. Figs 6.23,
6.26 and 6.27 show curves for the variation of the friction
force and its components, Real and Imaginary with frequency
and do show that negative damping 1s possible at some range
of frequencies. The polar plots in figs 6.24, 6.25 and 6.28
confirm that friction force is a vector wnhich rotates with
increasing frequency, as deduced in 2.3, the rate of
rotation beinz governed by the other forces (in this case,
inertia force) in the system as the curves representing P(I)
show.

8.3 VIBRATIONS INDUCED BY COULONB DAMPING

The ability of Coulomb force to induce vibrations
instead of dampen +them has been encountered by many research
workers and as such some experiments have been designed using
Coulomb force to illustrate self-excited vibrations. Most
text books on vibrations (20) to (24) do use some models
involving Coulomb forces as experimental aids to illustrate
self-excited vibrations,.

The discussion in 8,2.4 and also the deduction in 2.3
show that the damping part of friction force can become an
excliting force within certaln ranges of frequency giving rise
to stable and non-stable regions. Researchers (35)
established stablz and non-stable regions for their project
(wnhich involved a disc rotating in contact with the end of a

canti~-lever held by clamps) with the radius of the disc, and
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" and the length and slope of the canti-lever as parameters.

An examination of the three parameters ianvolved shows that

the velocity was dependent upon the radius if the frequency

was constant; the slope of the clamp controlled the magnitude

of the Coulomb force acting on the disc, and the length of

the canti-lever determines the stiffness in the system. As
established in 8.71.1 the delay-time h is dependent upon R and

C and when there is a spring in the system, on the stifiness.
This suggests that vibrations induced by Coulomb force can

be coﬂtrolled by changing the relevant parameters in the system.
The effect of Coulomb force on Frequency entrainment is illustrated
by reference (6).

8.4 DIPENOSNCE OF COLFFICISNT OF FRICTION ON AMPLITUDE

I'ig 6.29 to 6.32 show the relationship between the normal
vressure and the amplitude of vibrations at constant frequency.
Most of the work (1) to (4) on Coulomb damping especially
involving the coefficient of friction has been done at constant
amplitude and on the occasions when the response was measured
more attention was paid to the magnification rather than the
eflfect oi the amplitude of vibrations on the magnitude oi the
friction force. However in Stefan Ziembas (7) analysis, the
dependence of the friction force on the amplitude of vibrations
was implied when he concluded that the system represented by
fig 1.9 in the presence of strong damping would tend asymptotically
to the eguilibrium position for t approaching infinity.

Farles and Beards (28) also encountered this in their research.
Wthilst theoretically, the variation of slip amplitude at constant
fregquency with normal forces across the damper should be a straight

line according to their representation of the damping force, the



experimrntal results were all more of curves, than straight
lincs. IB.rles and Beards concluded from these resulis in
conjuction with others th .t the coefficient of friction |
decreases with increasing slip amplitude. Similarly Dokos
(33) found it necessary to express the slip frequency fs
in the manner

£ = C,eCZL ceerectesnssaanssenss(B.8)
Also s = % where V = velocity in in/sec.

s and fs= fregquency in Hz

Thus s =V
ce¥o®
where S = slip amplitude and C, and 02 are constant and

L = Normal Load.
Equation (8.9) shows :a kind of dependence of the slip
amplitude on the normal Load even though this equation was
evolved to suit a particul.r set of experimental results.
As t he theoretical curves in figs 6.29 to 6.32 show good
acreement with the experimental curves the relationship as

expressed by the equation:

F = Rx(coswh + jsinwh)
is snown to be valid.

The constant R= I +therefore R decreases with

e
b
increasing X, thus confirmin;; the conclusion of EFarles and

.

Beards that the Cocfficient of Friction decreases with

increasing slip amplitude,
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CHPATBER . 9

DISCUSSION ON VIBRATION RESPONSE WITH COMBINED DAMPING

In'practical mechanical gystems there is often more than one
type of damping, even though one type may predominate. It may be
found necessaty to incréase the damping in the system if resonance
conditions are attained in the system or the amplitude of vibrations
ig deemed two large as to be dangerous. The construction of the
system may be such that a particular type of damping can be intro-
duced conveniently to augment the damping.

The quantity of damping that may be introduced depends upon
the effect desired by the vibration engineer., The objective may be
to shift the resonant frequency either up or down to a gafer value,
or simply to derrease the amplitude of vibrations or as is often
the case to do both. In order to do this effectively different
concepts have been developed throughout the years to enable the
engineer to make reasonable substitutions in mathematical equations
and hence predict the effect of a damping combination in a system
saf®iy. among these im the"concept of equivalent viscous damping"
which is used extensively. whis concept is based upon the theory
of the Dissipation of eunergy. In this chapter therefore the energy
dissipated by the different damping forces per cycle will be
determined, so that the "equivalent viscous damping" theory can
be examined.

The effect of the combination of damping on the resonant

frequency and the phase angle will also be examined.
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With friction force I representco as a conslant

V.b/eyele = 4 T ig (9.5)
waere ¥ o= pu
WOy A= . . A =1
Thus (9.4) can we presented as 7F Ko sinwh (9.6)
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1s overcstinated.
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R
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Jed LA QIS T G s 3 VAL YISUCUS DA TG

.

“ne fo.woces applied to vibrating systems by many actual

e

[P S Ve ~ e 37 L -+ - matenatiocnlly
devsglas wcenonisms arc not only di Ticult ©vo veifine nuthematically

out lead 1o non-linear cifferential ecuations of molion.

* —ITL‘,S /z,e/Lth.oﬂS‘lt‘P CLO@S et OLF/j(j w/u/yl M)""'}O



- 179 -

Por these rrasons the da .ping forcecs iu maly systeas are
often represenved in mathematical wodels by a vigcous dauping
Torce ol eguivalent energy dis-ipating capabilities; Viscowns
damwing is easily defined and its ianclusion leads to a linear
ditfercntial equation of motion. Bguations (9.2) (9.3) and (9.4)

arc the expresswons for the encrzy discipated ver cycle for the threec

types of Jdamvin <calt with in this thesis.
9.2.1 TOUTVALTIT JY3C0US DadicTds p04 ¥IoCOWLAOUTY DALY TNG

Let Ceq = cquivalent viscous Gamping coefficient

vien
, 2 2
T Cegw -0 =T Ao 5
Ceg =2 =L (9.7)

v W

9.2.% 5 VAV L N ViSe Us L PTG PO COULOLD DALITHGE

2 i
= 7w X3 sinwva

t

@
@
|

Let  be the equivalent coulomb daiping ratio then ﬁ =

oondmml xowg = i siavh = ¢ sinwh (9.9) v0
woM2k A 2n
whicre 5 = Roand n = 3

i Vig

Usiny the conveuviceal e oression

2 AR
T Ceq VI oo = S U “:0

Coy =44 (9.10)

™ Viio
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As cstablished in the vectorial revrcesentation in fig 4.5 Tae
doanping component of the coulombd Force is in guaurature with the
in-phase component and since the viscoelastic and viscous ua:ing
Torces are alsc in quadrature with the rcel force it means thatlt tne
demping forvces arce additive. Thils implics that the damping rrelo,.
or loss factor or eguivalent caaplng ratios can ve acded to obtain
the resultant ecguivalent daping ratio or loss Lrciorw,

~

In orver to entablislh the validity of {this relationship, the
da.uping watios and Thelr eguivalcniswere obtained Ilrom the exvpcri-
menval respoase cvrves obtained lJor the Individuasl types of

Gomnin . and also those obhtained Tor the Jilfercent combinations of

eter..ined hy direct calcuticn

(@

Canping. These valucs were aivo
vsing couations (2.7) to (w.10) and hence obtained wvalues for the

equivilent demping ceoefiicicnts fox coaparison with thosc derl e

Tom the experiinentsal resulvs.

Sen.1 COULOM Aty JILCOUS wLandTilG (nPIGo

Table 9.1 shows the valucs o the egnivalent dampind ratio
Tor roulomb damping and viscous damdin’, 2¢ for different norwal

~

oads a3z well as the values [lor comvinations of the ftwo types of
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Covlemb only Viscons onl/ voulomb + Viscous Srron

o orl lond Current thcorctical  exn. SCTOT Ll

h ¥ Amps  2¢ ///’ v,

1.72 0.274 1.5 0.142 0,476 0,995 0,051 3.0
5,60 0.372 3.0 0.282 0.658 0.57 0.058 15.4

G.00 0..42 A5 0.425 0.967 1.07 G.107% 3.6
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halved to gve the viscous eguivalent before additions were made.

The resulis obtained by using ecquation (9.8) showun in column
(iii) are .iore conparable with the experimental ones shown in
co.umn (iv) than the resulis obtained by using equation ($.10)
shown in coluan (ii). In general the use of ccuation (.10) results
in on overestimstion of the dewping as a&lresdy predictea in 9.1.4.

The results for the cowbinctions shown in colwans (vii) to (ix)

4=

show a siniler trend to the cases dircussew, excepdt Tor the case
viien the wornal load is ¢.01lbTf. 1n this cuse (9.8) slightly
un crestimates the cquivalent damyping cocffident C ; but this is

srobably due to The Fact that the aelay Time is neal miniaum, (see
“ig 4) at this loading, thus producing optimwan danping. Zven theo
the difference is ecc. otable and egquation (9.8) as shown prouuces

vettcr results.
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yiscous Expected Txrerizzsatal
Sur-ent 2¢ C 2¢ec Ceg 28, - Co
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9.9.3 VISCOUS AND VISCOELASTIC

Table 9.3 shows the results for viscous and viscoelastic
damping. The expected and experimental results for the combined
damping show good agreement and thus confirms the works of other

research workers e.g Neumarks report (18).

9.5.4 VISCOELASTIC AND COULOILB

Table 9.4 shows the results for viscoelastic and coulomb
damping together with combination of the two types of damping. The
parameters unde” consideration are the equivalent loss factors anl
eguivalent daumping coefficients '

The experi.ental and theoretical results compare favourably
with a maximum difference percentage of 8.2. With friction in the
system more heat would be generated, thus resulting in a rise in
temperature, and as the loss factor of a viscoelastic material
decreases with rise in temperature as shown by reference (16), it is
understandable that the measured values are consistently less than

the expecied ones.

2.3.5 COMBINATIONS OF ALL THREL TYPLS OF DANPING

The comparison of eguivalent damping ratios, for a combination
of two different types of damping has been discussed and found %o
be agrecable. Therefore a comparison of all the three types of
damping together is Ehown in table 9.5 in which as before the
expected value is the sum of the three indiviaual damping ratios

and the experimental values are the measured ones.



Types of Coubination Coulomnb Viscous Viscoclastic
_ (&2) iy (iv)
(&) 5 =25 (A
1.5Amps + 1.721bLf + Viscoelasite 0.171 0,089 0.185
3.0 0 %.601bf + n 0.245 T 0.185
4,5 U 6.001bf + n 0.338 1265 0.185
Types of Combination Exvected Experinl. Difference
© o) (Vi) iy (vitg)
1.5Amps + 1.721bf + Viscoe-
lastic 0.445 0.424 0.021 4.7

3.0 Emps + 3.601bf " Viscoe-

lastic 0.5, 0.60 0.007 1.2

4.5 Amps 6.,001bf + Viscoe- 0.788

lastic 0,80 0.012 Ce
J

Table 9.5 Comparison of measuredﬁwith the expected .alues.

The maximum percentage difference between the expected and
necasured equivalent damping ratios is 4.7 and this is expeptionally
good. Thus in practical cases where possible, the equivalent damping
ratvios for different types of dauping can be determined experimentally
separately and the equivalent damping ratio for the combined cases
obtained by simply adding the individual damping -atios. Where it is
impossible ©to do separate tests £ood results can be oktaihed by
calculations based on the equivalent damping coefficient Ce s DY
using the approprite e.uvations. Inthe case of viscous and viscoelasiic
damping the normal expressions yield good results and are rcliable.
WVith coulomb damping however the norimal and accepied expression
overestimates the equivalent damping coefficient and therciore

equation (9.8) which yizlds better results should uyreferably be used.
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9.4 The effect of a Combination of Damping ., n the Resonant freguency

9.4.17 The effect of combined Coulomb + Viscous damping on the

Resonant freguency

Fig 7.7 shows the experimental respanse curves for three differen
amounts of viscous damping while f£ig 7.5 shows the response foxr three
difrerentv amount of coulomb damping. In the case of viscous damping,

v ~ 3 . 3 (,rL d
the resonant frequency is reduced with 1ncrementAdamplng as expected.

With Coulomb damping ithe resonant freguernc increased from 12.5H%
[=] L I

to ;-
12.6 for a normal load of 1.721bf
13.8 for a " " of 3.601bf
12.8 for a u " of 6.001bf.

These results show that the change in resonant fregquency is
not dependent on the normal load only dbut also on other parameters
which as shows in 4.3 are the welay time h, the frequency of vibrae-
tions and the spring stiffness, k. The condition for increment or

decrernent in resonant frequency is given in eqguation (4.11).

Resonant frequency incresses if vosw,h 7 - R
2k
" " decreases ! < -Rr
2k
" " is unchanged " " = -1
2l
Table 9.6 shows the values for coswh and-R
2k
R Cosvh _R
2k
80 0.094 -0.25
122 0.455 -0.38
168 0.0 -0.52

Teble ©+6 FExamination of the conditions for change of resonant

frequency.
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Clearly coswgh >~ R in all the cases counsidered and the largest
2k
change in resonant frequency f, occured as expected in the second
case (ie R=122.0) when the difference between coswyh and_R was
2k

greatest.

The Combined effect

—

The conditions as presented in this system with coulomb damping
favour an increase in the resonant frequency fr whilst viscous
damping results in a decrease in fr‘ The effect of a combination
of viscous and coulomb damping therefore depends upon the relative
magnitude of each type of damping. If coulomb damping predominates
in ©this particular systen then fr will increase, where as 1f viscous
damping predominates fr will decrease in value. The changes ian fr

for viscous damping as well as coulomb damping and some combinations

of the two are showvn in table 9.7. The undamped resonant frezquency
is 12.5 Hsz.

Coulomb only Viscous only Coumbination
Type of Combination fr fr L.
1.721bf + 1.5 Amps 12.6 12.5 12.5
5.601bf + 3.0 " 1.8 12.2 1%.0
6.001bf + 4.5 n 12.8 12.0 12.3

Table 9.7 Comparison of resonant freguencles fr for coulomb and
b———. ——————
viscous damping with a combination of the two.

9.4.2 The effect of combined viscoelastic and viscous damping on fr

Viscoelastic domping has no effect on the resonant fregquency
fr and therefore the combined effect is that due to viscous damping
only and this means that ithe resonant freuuency decreases. The
experimentel results do confirm this; for the resonant freguency
decreased from 20 Hz to 19.8 Hz for (=0.575 and to 19.6 Hz for

G= 0.865 even though it remained constant for 0=0.29.



9.4.3 VISCOELASTIC AND COULOMB DAMPING

The effect on I is totally dependent on the coulomb demping,
for viscoelastic has no effect on ... Thus whether f, increases
or decreases when there is a combination of viscoelastic and
coulomb damping in a particular system depends on equation (4.71)
as already pointed out. Table 9.8 gives the values of coswgh, and

-R  for different normal 1oadsvwith the corresponding damped

Bk
resonant frequencies. The undamped resonant freguency being 20 Hz.

R fr cosvwoh - R
2k
168.0 20,30 0 -0.205

Table 9.8 Examination of the condition for a change in resonant
frequency.

for R = 80 a decrease &n resonant freguency fr is expected as

coswpoh <« - R. In +the other two cases however corwvgh > - R and
2k 2k

therefore an increase in i, is expected. The results confirm this

prediction.

9.4.4 COMBINATIONS OF ALL THREE

The change in frequency depends on the relative magnitude of
coulomb and viscous damping. If conditions are such that an addi-
tion of coulomb damping reduces resonant frequency f then an
addition of viscous damping will reduce it further. Table 9.9
shows a comparison of rcsonant freguencies for different types of

damping and for the combination of the three.



H
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o

o

I

Combination of damping viscoelastic Coulomb Viscous C%Qg%na—

only only only only
1 | i 0

T r T T
viscoelastic+ 1.721bf + 1.54amps 20.0 19.5 20 19.5
" 3.601bf + 3.0 = 20.0 20.10 1.8  20.0
" 6.00 " - 4.5 M 20.0 20,30 19.6 20.0
rtable 9.9 Comparison of resonant frequencies for different amounts

of damping.

VALIDITY OF BOUATION

In general Lguation (4.11) givez a valid condition for the
change in resonant frequency and can be safrly used to predict the

effect on a system when coulomb damping iS added.

9,5 The effect of a Combination of damvning on the rhase

9,51 Viscous and Viscoelastic Damping

In general an increment in the cuanitiiy of damping results in
an acce... .!10f the phase before thernatu... resonant freguency,
but a rotardation afiter the natural resonant frequency. This result
is in agre.ment with both the theorctical representation in test
boolks for example, reference (20) to (24, and the experimental
results obtained by researchers who have investigated viscous (5)
or viscoelastic damping (13) to 17 singly, or a combination of the

Two (13).
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9.5.2 COULOMB DAMPING

Coculomb damping produces the same effect on the phasce
o

as viscous and viscoelastic danping if conditions are such

that the resonant frequency remaias unchangedo LT however

4

there is o shift in the rescnant frequency as a result of

2,

introducing coulomb damping the phase curve is also shifted

in such a way as to obtain 909 phace shiflt at the damped
rosonant frequency. Fig 7.6 shows this clearly where the
phase is 90° at 12,5 Ilz, 12.8Hz and 14 Iz rospectively instcad
ol all being av 12,5 Hz as would be the case foxr viscous ox
viscoelastic damping. The offect on tﬁe phase at freguencics
not too close to the rcsonant frequency is to accelerate the

~

piase before and retard it after resonanca,

9.5.3 COULOMB DAMPING IN TP PRESENCE OF VISCQUS AND OR
VISCOELASTIC DAMPING

Figs 7,10, 7.18 and 7.22 cunow the cffect on the piiacsce
wviten coulomb damping is introduced into & systom containing
viscous, or viscoelastic damnping or a combination of the two,
Mo 7.10 shows that the phase is 90° at frequencics of 12.5 and 14!
reospectively which is indentical with the freguencies at whici:
viis phasc was 90° for coulomb damping only show in {ig. 7.6.

An cxamination of Figs 7.18 and 7.22 slhiow that the phase is 906%

1.

t 20 liz for the cases where the resgsonant frequency did not shiflt

0

but otherwise the phase curve underwent a shift in accordance

vith the shift in frequency.
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CROSS POINTS:

In accordance with the condition established in
equation (4.14), it can be observed in the figuTes discussed
involving phase curves having coulomb damping t?at the
cross points of the curves (i.e. the frequencie% at which the
phase has the same value) for different curves %f coulomb
damping are not the same in all cases. In fig 7.6 the
phase is the same at 103.0o for normal loads of;1,71bf
and 3.61bf at a frequency of 13.3 Hz whilst in fig 7.10

it is 950 at 13 Hz for the same normel loads with differing

amounts of viscous damping added,

With viscoelastic damping in the system fig.7.18

shows that all the three curves cross when the phase is 650
at a frequency of 18Hz for the normal loads of h.?lbf,

3,601bf and 6.01lbf respectively,

Fig 7.22 shows three cross points the curves fof
(a) 1.7 and 3,.61bf cross for a phase of 6b° at 18Hz
(b) 1.7 and 6.01bf cross for a phase of 7?0 at 19.4Hz

(¢) 3.6 and 901bf cross for a phase of 90° at 20Hz,

|

The figures used in this discussion are gll

|

experimental results and the theoretical curves also
confirm the existence of cross points even though the phase
i

angles and frequencies may differ slightly from the

experimental ones,
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CHAPTHR 10

CONCLUSIONS AND OBSERVATIONS

The conclusions shall be made in two parts as follows:-
Conclusions on the nature of coulomb force.

Conclusions on the effect of a combination of Coulomb,
Viscous and Viscoelastic damping in pairs or all together

on a vibrating system.

CONCLUSIONS ON THE NATURE OF COULOMB FORCE

Coulomb force is not a constant at all frequencies as is
normally assumed, but is dependent upon the frequency of
vibratidans or the speed of the motion.

This conclusién is supported by the experimental results of
both lubrication and vibration research workers quoted in

this thesis.

Coulomb force is dependent on the amplitude of vibrations or
the slip amplltude in the case of a unidirectional motion.

This dependence of (oulomb force on amplitude remained
unobserved for a long time because most of the early researchers
performed thelr experiments at constant amplitude of vibrations
or slip amplitude. The research workers (28 and (33) who

varied the slip amplitude or vibration amplitude did

observe this dependence.

Coulomb force is a retarding force and can be represenﬁed in

a vibratory motion in accordance with the theory derived in
this thesis from the Retardation theory by a complex force of

the form F =xR (coswh + jsinwh).
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CHAPTER 10 Continued

This presentation explains the existence of the phase
difference between the excitation force and the response

of a system having only coulomb damping. It also helps to
establish the regions of stability (positive damping) and

non stability (negative damping).

Coulomb force is dependent on the delay time "h" which it-
self is dependent upon the parameters of the vibrating system.
The parameters are the inertia of the moving body, the elastic
stiffness, and the ratio of the friction force, F to the
elastic force, KXo in the system.

In a particular vibrating system, there is a ratio of7g or F
(where P is excitation force), for which at a particuﬁzg ¥

frequency of vibrations optimun damping is obtained.

‘Given the static coefficient and the kinetic coefficient of

friction at a particular frequency or spced, the delay time

"h" can easily be obtained if the amplitude of wvibrations or
slip amplitude is also known. The delay time h, being of the
order of mS e.g 0.0026S, for system without external elastic
systems ( springs) and of the order of 0.015.Seconds for:system?
with springs in them. This compares favourably with the delay-
times of 0.010 to 0.015 Secs that were found to give satis-
factory results by I.Finnie and B.Y. Lim (31) in their paper
dealing with the effect of delay terms on vibration excitation.
Coulomb force may induce vibrations instead of damping them if
the conditions are such that the quadrature component of the

force is negative.

NB.  The conclusens fave been verd /uio[ bj eocpthimend

orn O fuguaney penge § 3- 300z
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Conclusions on Vibration Response With Combined Damping

10.2.,1 IHE CONCEPT OF EQUIVALENT VISCOUS DAMPING

The concept of equivalent viscous damping yields good results
and can be used to predict the effect of a combination of
damping provided the right expressions are used to represent
the energy diddipated by the different types of damping.

The expressions used for viscous and viscoelastic damping
vield results that are verifiable experimentally. ‘he normal
expression used for Coulomb damping (ie hLD=4FX6) overestimates
the equivalent viscous damping coefficient by a minimum of 28%
when sinwh =1, in the new expression in this thesis (ieVQ.D=
nFXe Sinwh), which produced comparable results with those
obtained experimentally.

The Coulomb damping ratio ¥,=2¢ =", where ¢ is the viscous

damping ratio and'm is the viscoelastic loss factor.

10:2- 2 LFFECT ON THE RIESONANT FREQUENCY

Viscoelastic damping has no effect on the resonant frequency,

in the absence of a different elastic medium in the system, but
viscous damping decreases the resonant frequency whilst coulomb
damping may or may not change the resonant frequency dcpending

or this identity.

(decrease). -R Zcosiyh Z - (increase)
2K

R
2K
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In the presence of another elastic medium in the system, an

"addition of viscoelastic damping results in an increase in the

effective stiffness and -thus an increase in the resonant frequency.

4".

"he effect of a combination of viscoelastic and wviscous or
coulomb damping on the resonant frequency{;“ is the same as that

due to the viscous or coulomb damping only .

The effect of a combination of coulomb afid-viscous dasmping
on the resonant frequency is a compromise of the two effects.
Thus if conditions favour an increase in resonant

frequency f,, for coulomb damping only, since viscous damping

tends to decrease fr’ the net effect depends upon the relative

magnitude of the two types of damping.

However if conditions favour a decrease in £, for coulomb
damping only, then since viscous damping tends to decrease fk,
the net effect will be a decrea e in fr,greater than that due

to either of the two types of damping acting alone.

10.2.3 4HE EFFECT ON THE LHASE

For vjscoelastic and viscous damping, an increment in the
amount of damping results in an acéélerationof the DPhase
before resonance but in a retardation of the phase after

resonance,
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An increment in the amount of Coulomb damping in a

system has the same effect as viscous and viscoelasgtic

damping in general. However if there is a shift in £, dug
to the increased damping, then the phase curve is shifted
accordingly to give a phase of 90° at the new f,. It is

of System.
therefore possible that the phaseha particular may decrease

with increment in the amount of damping.
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APPENDIIX 1

A, Determination of the Static Stiffness

The Static Stiffness of the friction block system was
determined in two ways. Block B was tested while the friction
block remained in thc bearings and block A was taken out of the
bearings before testing.,

The set up for block B was as shown:

dial Guuge, —Lad
Beating Support
Nuk
) ﬂ‘/J
1 =
Steed fl;az(l Nl

' ' | — Bellows
. /’/
—
Procedure

| S— —» To AR SUPPLY
The dial gauge was set at zero and readings were taken

as the Load was increased and also when loading was decreased.
This was done for various air pressures acting on the bellows
from ©No Air to 61b/in2 gauge pressure.,

The results are shown in fig.ﬁu%.......

Fitting Curves

By feeding the rcadings obtained as data for a least
Square Computer programme with variable Laws the best fitting
curves were obtained as well as the Laws governing the spring
systgm of the bellows. The experimental curves showed that

Lo ! -
ﬁhé bellows were non-linear.  The results are.shown in;F;g. A2

1 ¢ & F ¢t ¢ L L B O 9 OC T T S QOO O DO e




’4.:(.'; ELOCK 25 e D0
Fig. A.2 y _ - 200 -
0. Mo clp > o fotol curig

8 % ﬁ'x_FWmm»EmzL Fal;‘b{-'
Ouﬂ?# Moclip : F= 77-s+(x~u,-1x‘+157-u}/
olfin? ik [;cu: Fzr22%(x 5 175~ 972%%)

T 1LY n? Fou2f Tz + 1622 -157x3
QLLf/yr'»l jad :214-7{1 -5 3X+ I.zo-éx’)
3 Lpd fo? F =251z -13- 5%+ 183 x3)
4 Lh§/m? F o354(x-206x"r 3bx3)

6

Stflw*  F = 4808(x -39 7 §75.8)
G Lof [ For3824(z -/-4x2+/73-327

 4lbf/u?

. 5!,{,{/“'_:

AT

0 ! H 3 2 5 3 7 g
Load o lhf

Fis. A2, Varcabon o dupbckian wibe Load.

? 4

-




This procedure was repeated for Block A even though in the case
of Block A the result is not directly comparable or applicable
to the main experiment for the test on A was done excluding

the bearings E

The Set up for Block A was as shown  Fig.'A.3.

1-——-——_-Du1»€ gwge !

r— — 7o oux FP}’C '

5““dmb‘\\* § . Bellows |
R 3 !

A
i vd |

y/4

S thing
+——ffanger
Loadl

TPV = Sl SRl el Al
The static deflections were noted with increasing Load as

| E——

well as decreasing load and the mean taken, The pressure

2

range was zero 1o 61b/in“ on the bellows. The results are

Ahu
Shown ln flg..................'.0..............'......'l'.




&ﬂuﬁwﬂ in wnches x ip*

Brock p  ~'206 -

Old/in* No cly F=67.4(x - 21 42+ £67:37°) 3bfl F-1972(x -4902° » 48‘?71_3)
othf/in’ with c&;;; Fan9s6(x - C2784x7 4 gusri0 ™) LUl ¥ ooag6(x-6-81x ¢ 5r-7723)
kS Foorsps(x-26000 s 1228) sWffad F =185 1yfx 48655 ~t40-7503)
2 log fi* F =34 -23(x+&b6x* — 6_9-0315) @uaf_/»h.’ F = l7870 x + 18 box*- 257.4é,tf7
® vcul%l:dl- (25 Y A X
6 x &(ff)urr)cnﬁ@é [Jbtr\»é _ . r/LF) .
U Olef it Ho chip J@J‘» }wa/"‘
20kffe
3lbffal
g oL
lbffa?
Sl
AL
¢ £ >
3
2
A
!
0 1 2 3 4 s 6 8 S

Lowd on b
Fig, &b Varakon of o flrckion with  Lpad -

.
2




A2.

Determination of the Dynamic characteristics of
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FPriction Block System:

This was done by a simple forced vibration freguency

response test,
as

o r . [
Wd%ﬁ?hown‘in figs A.5 below:

r

]

r T i i L T AP A i A VY L e

waﬁ&fﬁ}

EfgzlA.S.
load
reoke
o Beating Suppoté
stul plake

Hub ol

Bondid

pellows

pad

foree Gouge

=<

Each block was tested separztely. : The set up

Vibrafor

e

The measuring system was set up as in the previous cases

(but omitting the analyser after it was determined th.t its

use did not alter the results).

For Block B the set up was as shown in the block diagram

i

force

Gough

/

Charge
amplifs

O
‘ |

C=

LBeK |
{

1

@u&kqu

L4

For Block A a Wayne-Kerr displacement gauge (MD 1-76) was

used

instead

of the accelerometer.

In both cases the force required to keep a constant

acceleration or displacement waS. measured at each freguency.
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The total vibrating mass was weighed, and Fregquency-

Response curves were plotted and the resonant frequenciles

1
estimated for zero air pressure on the friction blocks up

4
to 61b/in2 pressures. f

Since the vibrating mass was known it was posFible
|
to determine the dynamic stiffness of the system atleach

pressure setting.

Graphs of the pressure against dynamic and.spring rate
A9 Ao
are shown in figs Ka & Kh‘
A9
Fig. Kﬁ is clearly non-linear, and by using the least

square method using a computer, the law governing the

stiffness and pressure was determined.

(K = K, + 10.23p = 0.713p%). K, = 10.571b/in
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A.3. GCalculation of the Dynamic Stiffness

If W = frequency in radians per second
K = stiffness in 1b/in
m = mass in 1lb

g = gravitational acceleration.

W= Xg K=W_x m = (en)%f% x'm
m g %86 ,2
For Block A mass = 1.,1051bs
For Block B mass = 0,8201bs
2 2 !
K = 39.% x 1.105 f or 31.2 x £¢ for B
. 38642 386 i
K,= Stiffness of Block A |
|
Kg= Stiffness of Block B. |
K,= Mean stiffness of Blocks A & B together.
PRESSURE BLOCK A BLOCK B . MEAN
Frequency KA 1lb/in Frequency KB ' Km
c/s ¢/S  (1b/in) (1b/in)
0 9.2 9.5 10.6 9.4 9445
1 13.0 19.0 14.4 17.3 18.18
2 15.0 25.1 16.5 23,2 24.15
3 16.6 30.8 18.0 2742 29.0
4 17.0 3245 18,5 28.7 30.6
5 17.6 34,9 19.2 31,0 32.85
6 19.4 421 19.5 32.1 37.10
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Laws ‘were used to determine the one which fitted the

experimental curves best. The Laws were: i

(1) ILinear plus square Law i.e. K(x + bxzf
1
(2) Linear plus cubic Law i.e. K(x + CXBN
(3) Linear plus square + Cubic Law i.e. K(x + bx2 + cx3)
Phe-resulis—are Shown in F£igSeyvieecescscscscessscscsssnssensse

The best fitting Law was Linear plus Square plus Cubic
|
l

A.4, Theoretical Response Curves:

Having obtained the Law governing the non-iinear
spring theoretical response curves were plotted by using a
computer. The programme solves an ordinary second drder
non-linear differential equation with harmonic forcing; the
non-linearity being provided by a cubic polynomial ip X
Damping may bhe viscous or hysteretic. The solution pakes the

form X = Xo + X,sin(wt - §) and values of Xé and frequency W are

computed for a range of values of X,.

Since no higher harmonics nre included in the
solution, the solution is a first approximation to the exact
solution. Two types of non-dimensional X may be obtéined.

Different codes are used for the different spring laws and
I

the appropriate date fed in e.g. for spring Law ‘
F = K(Y + BY2 + UY3) code number is 1003 and the data¥fed in

is M, X, B, U, and F, |

{

|
\
1
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A.5 EXAMINATION OF THE RESTORING FORCES i.e. THE SPRING FORCE

|

restoring force is given by the Law F = K(x + bx2 + cx3)

From the computer results it was determined that the
As the equation is cubic there should be three valPes of
X i.e, displacement which yield zero restoring forbe.
Thus:

0 = K(x + bx° + cx3) = Kx (1 + bx + cx )

for Zero pressure in block A, the equation becomes

l

|
substituting the values for the constants for example

l

1
58.358x (1 - 21.191x + 337.50X2) =0 1

x - 21,001 1 =0 i.e. x° - x|/ 0.63x + 1072 x
337.50~  357.50 770,296 = 0
x = 1/2 (0.063 + [{(0.063)2 - 4 x 1072 0.2963)

1/2(0.063 £[[0.004 - 0.01184])= 1/2 (0,063 #[(-T8.4 x 1074)

= 1/2(0.063 + j 8.86 x 1072) = 0.0315 + j 0.0443
Thus x = Ae(o'o315 + 1 0.0443)% + Be(o‘0315 + §i0.0443)
OR |
x = 97177 (6 c080,0443t_+ Dsin 0.0443t) |

and x = 0

The solutions for the other cases are shown!in the

table.,
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BLUCK A
Pressure Spring Law Solution
(1b/in°)
0 58,358 (x-21.19x° 4o (0:0315450.0443) %
+337.50x°) B (0:0315-30.0443) %
or
00 0315% (6e0s0.0443%
"+ Dsin0.0443t)
L 148,734 (x-7.698x° + pe (0+086+30,121) %
45.088x>) '+ pe(0-086-30.121)%
I or
O 086t(00080 121%
+ Dsin0.121%)
2 65.327 (x=6.111x" + Ae(o'125+jl-6i)t .
23.659%°) 5o (0+125-31.63)%
or
2 129% (0oos1.63t
i + Dsinl.63t)
3 97.252 (x=T.383x>+ A9163145+30-li5ét.0 o
25-368}{3) Y Be(o‘ 4 =JU. 35)
or
0+ 146% (050,135
+ D3in0.135%)
i 130.12 (x~7.349x°+ Ae(0c155+306152)t.0 .
23.874x°) + Be (0-155-30.182)

or
e¥" 155t(CcosO 1821
+ Dsin0.182%)
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BLOCK A (cont.)

Pressure Spring Law Solution
(1b/in°) |
5 145.06(x—4.721x2+3 (X=5.25) (x-0.25)x =
0.855x7) ' 5.25 or 0.25
6 160. 48(x~6.181x°+ £e(0+203430.158)%
15-26)(3) : + Be(0.203—30.158)
. or
eo'2o%t(0coso.158t

{ + Dsin0.158%)
s :
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BLOCK B
Pressu:ge Spring Law Sélution
(1b/in%) ;
0 41.979(x~5.076x° + Ae(0.0595+;jo.142)1.;
42.293x%°) + Be(0-0595-30.142) %
- or
e9°0595% (0co50.142¢
- D5in0.142t)
¥ 60.77(x-5-374x2+3 16(0:11+30.17)%
24.378x”) . Be(0'11‘3°-17)t~
| or
%118 (60650.17%
Dsin0.17%)
2 109.54 (x-8.17x2,4 ho(0-1294J0.128)%
31.61x3) + Be (0-129-30.128)%
or
e 129 (00050.128% +
~ Dsin0.128t)
] 3 138.78(x-8.366x°+ ; he (0+138+30.0558)%
302.56x"7) +‘Be(0,138_jo.o558?t
or
60'138t(CcosO.0558t +
Dsin0.0558%)
4 152.1(x~5.608x%+ 10 (0+0046+30.04) %

628.40x°)

4 Be(0+004640.04)t

or
e0:0046/00050.04% +
Dsin0.04%)
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'BLOCK B
Pressuge Spring Law Solution
(1b/in®)
5 125.7(x=2.304x°+ (x-0.21) (x+0.41)x = O
11.59x°) 0.21 or -0.41
6 143.49(x~1.805x°~ ; e (0:05+j0.176)%
17.969}[ ) +§Be(0005-00176)t
|
f or
eo'ost(CcosO.l76t +
Desin0.176%)
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A6 EXAMINATION. OF THE EXPERIMENTAL CURVES

!

In the experiment the acceleration was kept constaﬁt.

Thus if sz =Koooo.-¢¢o.oo(1)

where W = frequency in radians per second

X

displacement in inches

K

it

constant.

—Mw2=P| oo--ooo---oo--O(Z)

with friction

Gt S > it S Y Gt St S gpm s
—_—— e R R e R e e e e s e N e m e =

At the cross points (a) and (b)

Pz = P| ite‘ F»’—_ 0
from (1) ’
X =K
w2
At (a) and (b)
2 2
WX, =X, =K
Thus
2
W - §E
WS X

L

Examining the solutions the only real values obtained were

at 51b/in® for both blocks

For Block B: x, = 0.21 ; x, = =0.41

e *2 = 20,41 =W,
X| 0.21 g‘v_ g
2 i.e. imaginary

For Block A: X, = 5,25, and x, = 0.25
Thus: 5.25 = Wo = 21

0.25 e

. M = 4.8

Wy |
From Experimental results f, and f, are 52.5c/s and 240c/s.
Ration 240 = 4,57

5245

Thie agrees with the ewxpected valued



APPENDIX 2

A.2
DETERMINATION OF 0ELAY TINE "H" F¥RoM THE liEASURED PHASE ANGLE

WITH ALL 3 TYPES OF DAIFING

In the presence of Coulomb, viscoelastic and viscous damping
the phase angle & is given by equation (3.14).

tan & =2 cn + §sinwh +
1 - n~ +8Y coswh

at frequency w = wo, n = 1
%
tan 8 = 2_¢n + 8 sinwh + = (42,2 in this eguation

5 coswh
|

G, the viscous damping ratio,*Lﬁhe loss factof, ¢ the friction
I

force parameter and W are known, tie only unknown ﬂeing "h",

Squaring both sides of equation (A2.2) one obtains
r

tan2 o (82 0052 wh) = 4g2 + 4S sinwh « 4€"L +32 sirﬁzwh +2 gysinwh +112
52 sin2 wh sec2 8 + 4¢ + 21 ) S sinwh + 4 3? +q? -iéz tan2 8 =0
sinwh = _ 1 {- (4e+2m )5 £ [(166° + 16¢m + 193 s -16% sec? 6
ZS? secge
(4(;2 +412 -5 2 tan? 6)}
5 D )
Sinwh = 1 [- 2¢ +Y? + J];anz 9 (82 seco - 44" -12)+ 4%@ A.2.3
S sec? o ‘
A2.1

WITH COULOWE .MD VISCOUS DAPING ONLY %

By putting?}: 0 in equation (42.3) an expression for ginwh is
obtained for coulomb and viscous damping only.

Thus 2 2

gsinwh = 1 *2¢ + tan ef(s sec 9-4g2)

S sec? © ,

. ‘
= 1 {-2(5 cos’ & % sin & cos @Rsz sec® -Aqg:?}AZ.lt
g /
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A2.2

WITIH COULOMB ALD VISCO-ELASTIC DAMPING ONLY

In this case 5 =

A2.% the expression becomes.

(-7‘ if@ang Y- (sec2 o s° —'LZ)}

ginwh =1
S sec? &

= 1 {-10052 © + sin & cos GJ?SZ seczﬂ—’La}
S

v therefore by putting ¢ =

¥

in equation

|

(2.5)

|
§

From equation (A2.3), (A2.4) and (A2.5) sin wi is evaluated

and then the angle is obtained in radians and "h" Qetrrmined.

If the angle = ¢ radians say ----{A2.6) then hw

3

The value of the delay ti e "h" obtained this

|

-

may was found

Y and h = .

|

to be of the same order as the values obtained by using the Hon-

. 3 - . ‘
linear regredsion programme. witn all the parameters known,

theoretical solutions ofr equations (3.16) and (3.17) wcre

obtained by using the computer.
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As3.3 EXAMPLE

WITH VISCOELASTIC DAWMPING ONLY

K = 408,]= 0.3456 and 5=0.196 : 1 = 5.1
: | S

sinwh = 1 {=m cps7g + s €289 J( 6% 5228~ ) §
5L

5.1{-.0.3456 cos? e + sin e cos %ﬁb.1962 §e02 e - 6.3456%}
= 5.1~ 0.00263 + 0086 0.0382 x 130 - 0.12?.]

= 501

0.00265 + 0.086 x 2.2} = 5.1{0.0026% £0.189 |

!

= 5.1{-— 0.19165 oi' + 0.18635} 0.978 oxr P95

wh = 72° = T2 x t rads.
80

h=17° =0.018 fir 78°
180 x 2f '

and 0.015 for 72°






