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ABSTRACT  

The object of this thesis was primarily to detek.mine the effect 

of a combination of different types of damping on a Ivibrating 

system experimentally for comparison with existing theoretical 

predictions. 

In order to do this comparison effectively it was found 

necessary to examine individually the three different types of 

damping that are under Consideration in this thesis (ie viscous, 

viscoelastic and coulomb damping). 

Viscous damping has been examined thoroughly throughout the 

ages and found to produce theoretic:d results that are verifiable 

experimentally. Moreover because a one degree of freedom system 

with viscous damping results in a linear differential equation, 

viscous damping has become the standard upon which other types of 

damping are based. 

Similarly viscoelastic damping has been examined by various 

researchers in different ways and there exists a vast literature 

on viscoelastic damping. The discrepancies inherent in the various 

theories evolved have been discussed and summarised, and different 

formula:e suggested for free and forced vibrations. As in this 

thesis forced vibrations were envisaged and there are a lot of 

publications proving the validity of the theory and formula used 

for forced vibrations, it was deemed reasonable to ac 

formular in use. 

cept the 
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Coulomb damping however presented a problem, for the avail-

able literature is in some cases contradictory. Research Workers 

in lubrication have found evidence to support the fact that the 

static coefficient of friction is greater than the kinetic coe-

fficient, and also that the kinetic coefficient decreases with 

increasing speed. Some researchers in mechanical vibrations have 

also observed a decrease in the kinetic coefficient of friction 

with frequency. Moreover it is pointed out that there is a possi-

bility of an increase in the kinetic coefficient of friction with 

speed or frequency at higher speeds :or frequencies. 

A lot of the research work on coulomb damping have been based 

on the work of net Hartog (5), who used a mean value;for the 

kinetic coefficient of friction over a range of frequencies and 

so assumed that it was a constant. Assuming that the friction 

force is constant results in some contraditions, forlin experi-

mental work a varying phase difference exists between the excita-

tion force and the response which cannot be satisfactorily explaineu. 

Further more some researchers have found evidence suggesting that 

the coefficient of friction is dependent upon the amplitude of 

vibrations. These contentions points and some others made it 

necessary that the nature of Coulomb force be investigated. 

THE NATURE OF COULOMB FORCE 

In this thesis a theory has been developed regarding Coulomb 

force as a retarded force, culminating intho.tor'Cebeing represented 

by a complex force (ie a force having real and quadrature com-

ponents). 
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The dependence of coulomb force on frequency and 

amplitude have been established theoretically and experimentally. 

An attempt has also been made to explain self-excited vibrations 

induced by coulomb damping. The importance of the delay time 

was investigated and found to be dependent on the elastic 

stiffness in the system, the inertia of the moving body, the 

friction force and the nature of the surfaces in contact. 

The concept of optimum damping has also been examined 

and explained, using this theory. 

COMBINATION OF DIFFERENT TYPES OF DAMPING 

The concept of equivalent viscous damping which is based 

on the theory of the energy dissipated per cycle has been 

examined and found to yield results that are verifiable 

experimentally. The normal expression used for coulomb damping 

was found to over estimate the equivalent viscous damping 

coefficient by a least 28% and therefore a new expression has 

been derived. 

Viscoelastic damping was found to have no effect on the 

resonant frequency whilst viscous damping decreased the resonant 

frequency as expected. Coulomb damping however was found to 

be able to increase or decrease the resonant frequency depending 

on certain conditions. 

An addition of viscoelastic damping and or viscous 

damping resulted in an advance of the phase before and a 

retardation after resonance. With coulomb damping however where 

there is a shift, in resonant frequency, a phase of 90°  is 

obtained at the new resonant frequency. 
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When there is no noticeable change in resonant 

frequency an increment of coulomb damping produces the same 

effect as viscous or viscoelastic damping, 



INTRODUCTION 

Vibration at Large 

The simplest natural vibrating systems have two 

attributes: inertia and stiffness about-an-equilibrium 

position. To a first approximation the force tending to 

restore the system to equilibrium is often proportional to 

the displacement and then simple harmonic motion occurs. 

Since all physical objects have inertia and do possess 

elasticity it is therefore understandable that we encounter 

vibrations in one form or another in our daily activities. 

Vibrations occur in acoustical, electrical, hydraulic, 

mechanical and many other physical systems. The study of 

vibrations therefore serves as a useful link between those 

different branches of physics and also between all the 

natural sciences.' We would be unable to speak and hear 

without the vibrations of our larynges and eardrums. In 

fact, the beating of the heart and the oscillations.of the 

lungs are forms of vibration; and chemical reactions would 

be impossible without the vibration of the molecules'. Since 

vibration plays such an important role in all branches of 

science it is inevitable that the applied scientist 

encounters vibrations both as a friend and as a foe. 

Mechanical Vibrations 

In this thesis however we are concerned mainly 

with Mechanical Vibrations which involve the vibrations of 

2/ 



structures, for example, buildings and bridges; of machinery 

such as Lathes and air compressors and of vehicles. as 

represented by aircrafts, trains and cars, etc. In general 

vibrations are inherent in all mechanical systems and it has 

become an established procedure through experience to 

perform theoretical analysis or experimental tests and 

sometimes both on these systems to ascertain whether the level 

of vibration is important or not. The criterion of acceptability 

may be based on the resonant frequency of the system, the 

fatigue limit of the structural members or the noise level of 

the system when in use. 

The Effects of Vibrations 

Whilst the phenomenon of mechanical vibrations has been 

utilised successfully in many mechanical devices such as 

washing machines, drills, mixers, massage machines, etc. the 

objectionable features of vibrations can be devasting. Locomotives, 

turbines, bridges, ships and aircrafts have bowed to the 

destructive power of vibration in the form of spectacular 

mechanical failures. The catastrophic collapse of the Tacoma 

Narrows Bridge in Washington State and the spectacular engine, 

failure of the ship, Queen Elizabeth -II- on its maiden voyage 

in 1969 are two well—publicised examples of the numerous 

victims of vibrations. 

Control of Vibration Levels 

To avoid these spectacular and sometimes fatal failures, 

and also to reduce the 'noise levels' of machines and vehicles 

3/ 	 
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to alleviate human suffering, environmental engineers spend 

a lot of effort, time and money in an attempt to control 

vibrations. In, general, even in a well-designed machine, 

it is possible only to reduce rather than eliminate the dynamic 

forces that are responsible for shock and vibration. Then, 

even relatively small excitation forces can cause undesirable 

large responses should resonance or near resonance e)ast 

in a lightly damped system. A number of techniques are 

available for controlling the response: (1) proper control 

of natural frequencies to prevent resonance with the 

excitation, (2) application of damping which is a mechanism 

by which energy is dissipated from a vibrating system. Damping 

is inherent in varying quantities in mechanical systems and thus 

constitutes a third attribute of vibrating systems, (3) use of 

isolators to reduce the transmission of the excitation forces 

from one part of the machine to another and (4) the addition 

of an auxilliary mass neutralizer to reduce the response. 

These techniques are discussed in detail in many 

textbooks, see references (20) to (24). Therefore only the 

second method which is the main issue under consideration in 

this thesis will be discussed. 

Shock and Vibration Control by Damning 

Many methods have been used for introducing artificial 

damping into systems. It may be done electrically, for 

instance, though there are many purely mechanical devices 

available. A few of these are : 

Viscous friction in a fluid: An example of this 

is a dashpot, in which a piston moves in al cylinder 

and the friction comes from the rush of fluid through 

the small gap between the side of the pistOn and the 
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cylinder wall. 

2). High damping Materials: Examples,arel  use of 

rubber in structural joints to increase damping, 

and fibre re-inforced blades in gas-turbine on 

account of their high internal damping. 

13). Coating on Panels: Preparations are available for 

increasing the damping of metal panels. 

Coulomb (dry) friction: In which surfaces are 

made to rub together during vibrations, examples 

are the use of friction in structural joints and 

frictional dampers. Also wads of knitted metal 

wire are placed in some springs to augment the 

friction. 

5). Sandwich Construction: For example, panels made 

of thin metal sheets separated by a thin layer 

of visco-elastic material for reducing panel 

resonances; also used in engines to reduce noise. 

The Nature of the Damping Forces 

The examples that have just been cited illustrate the 

use of "three types of damping. Method (1) involves Viscous 

damping, methods (2) (3) and (5) use visco-elastic damping and 

method k4) involves Coulomb damping. 

Viscous damping force is known to be directly proportional 

to the velocity, especially at low speeds and because of the 

generality of its application and the ease in solving equations 

involving viscous damping, viscous damping has been given 

conside
Ir
able attention in all textbooks on vibrations; see 

referenCes (20) to (25). 

5/ 



Visco-elastic damping force is also known by other 

names such as hysteretic damping force and material damping 

force and is known to be proportional to the amplitude of 

vibrations but independent of the velocity. This has also 

been treated competently in the references cited above and 

the anomalies arising out of those books have been dealt 

with in reference (18). 

Coulomb damping force has usually been assumed to be 

constant and independent of both speed and amplitude of 

vibrations and most textbooks on vibrations have relied upon 

this assumption in their presentation. Studies in lubrication 

have however exhibited a dependence of the Coefficient of Friction 

on speed and furthermore evidence can be produced from the 

experimental work of researchers in vibration work to support 

the dependence of friction force on frequency. As a result 

of this anomaly the earlier part of the work in this thesis 

is concerned with the examination of Coulomb damping forces on 

a simple mass system with and without a spring. 

Further experiments involve combined effects: 

I). Coulomb with Viscous, 

2). Coulomb with Visco-elastic, 

3). Viscous with Visco-elastic, and 

4). Coulomb with Viscous and Visco-elastic. 
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LIST OFv !BO NIS 

A = Accelerating force = mass x acceteration 

a = Cross sectional area of conduction 

JL = Absorption coefficient 

B = Magnetic flux density 

t9  = Phase angle (w x h) 
C = Constant 	C = viscous damping coefficient 

C = Constant (mass x (frequency w in rads.)) 

E = Example  

,= Loss factor 

e = e.m.f. induced in cylinder 

F = Friction force 

f = Frequency in Hz 

G = Dynamic Magnification 

g = Out of phase component of viscoelastic (elasticity) force. 

lc= Coulomb damping ratio 

H = Magnetic force 

h = delay time 	 t = time in secs. 

= Current 	 u = velocity of damper cylinder 

Magnetising current 	v = sliding velocity 

= 
K = Constant 

k = Stiffness 

L = Normal load (friction force) 

M = Mass 

11= frequency ratio 

P = Excitation force 

R = Friction force parameter 

r = radius 

S = R - non-dimensional ratio 
k 

s = sliding speed 

(00 = frequency in rads/sec. 

x = displacement 

z = Complex parameter = 44- + iw 
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CHAPTER 	1 

11.4. THE NATURE OF DRY (COULOMB) FRICTION  

The two basic Laws of Friction have been known 

accepted for a long time. 

"Frictional resistance is proportional to the ilormal 

load and is independent of the area of contact". Leonardo 

da Vinci (1519) is credited with the earliest investigation 

of these Laws and Amontons (1699) re-interpreted them in 

more formal scientific terms (1). Later Coulomb (1785) 

verified the laws experimentally and made a clear distinction 

between Static and Kinetic friction, i.e. that the fbrce 

required to maintain sliding was significantly lower than 

the force required to initiate sliding. Furthermore', he 

added a so-called third Law, that kinetic friction is 

nearly independent of the speed of sliding. As a result of 

Coulomb's contribution this type of dry friction is sometimes 

called "Coulomb" friction. Since then many theories; 

supported by experimental work have been evolved to explain 

the mechanism of dry friction. The two main theorieb 

evolved are: 

(1) The "purely molecular theory" which 

maintains that the mechanism responsible 

for sliding friction is mainly due to the 

"shearing" of adhesive metal-to-metal junctions 

formed by the weldingtogether of the tips of the 

surface irregularities where plastic defbrmation 

takes place under intense local stresses, giving 

rise to the frictional force. The deformation 

and 
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leads to wear and to metal transfer 

between the surfaces. 

(2) 	The "Ploughing Theory" which advocates 

that the mechanism responsible for dry-

friction is mainly due to the resistance 

encountered due to the high spots of one 

surface plastically ploughing through the 

other. 

There is no absolute distinction between the two types even 

though they are fundamentally different if "shearing" is 

understood to mean a discontinuous process of breaking 

junctions whereas "ploughing" is understood to involve 

continuous applied pressure and continuous plastic flow whether 

or not a furrow be formed. 

Bowden, Moore and Tabor have suggested that the two 

processes are jointly responsible for sliding friction. 

Sampson, Morgan, Reed and Muskat (2) found that this 

shearing-ploughing theory fitted in well with their experimental 

work and postulated that "shearing" occurs at the beginning of 

sliding and is responsible for the excess of static friction 

over kinetic friction, whereas "ploughing" contributes to both. 

The following qualitative explanation may then be made. Time 

is required for local adhesive junctions to form, probably 

because plastic deformation and rearrangement of surface 

molecules must first take place. After the junctions are sheared 

adhesion forces will be lower while the surface are in motion 

so that mainly ploughing takes place and the coefficient of 

friction drops to its kinetic value. Rabinowitz (3) emphasised 

the importance of the duration of the stationary contact of 

the surfaces, on which the strength of the metallic junctions 

- 	• • • • 
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are deemed to depend. The experimental work of references (2) 

and (3) show that the metallic junctions are weaker for the times 

of stationary contact of the order of milliseconds than for times 

of the order of seconds and that as sliding surfaces can be regarded 

as similar to surfaces in stationary contact for very short times 

(milliseconds) the coefficients of friction will be lower. 

It seems that the greater strength of junctions formed after long 

contact is due to a process analogous: to creep; as a result of 

which the junctions increase in size with time, and the force to 

shear these larger junctions is greater than the force which would 

have been required initially. 

The process of sliding is envisaged as follows: 

when the tangential load is applied to one of two surfaces in 

contact with another and gradually increased fat firstlelastic 

deformation of the asperities and the substrate takes place and 

continues until the shear strength of the junctions is reached. 

Shearing of the junctions now takes place and the coefficient of 

friction falls off as the strong junctions which were formed 

during static loading are replaced by weaker ones. The influence 

of the strong, junctions persists over a distance that is simply 

related to the average junction size. 

With clean, like metals the junctions are very strong, 

and shearing of the junctions is accompanied by severe 

distortions of the surfaces. It seems plausible that, this 

distortion of the surfaces brings into contact parts of the 

surface which otherwise would have remained separate and thus 

by ausnow balling"mechanism, the true area of contact and 

therefore the resistance of the surfaces to motion become (7renl,er 

as sliding proceeds. This effect was noted in the cnse or copi)01,  

by )!f:nst and Eerchant 



iqs = Static Coefficient 
of friction 

= Coefficient of 
friction. 

S = Sliding speed 
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Thus the value of the kinetic coefficient of friction 

depends upon the velocity, the bulk mechanical properties of 

the bodies involved, the plastic deformations and above all the 

past history of the motion. 

The variation of the coefficient of friction with 

the speed. of sliding may be explained using this theory. As 

the sliding speed is increased, the time of stationary contact 

decreases and as a result the strength of the junctions become 

weaker leading to lower values of the kinetic coefficient of 

friction. 

Fig. 1.1 shows the variation of the coefficient of 

friction with sliding speed. 

Fig. 1.1 Variation of 1,1 with sliding 
speed. 



DRY FRICTION IN A VIBRATING SYSTEM 

1.2 	The early studies which have been mentioned were 

for uni-directional motions (i.e. a drum or wheel 

rotating in one direction only or one body sliding on 

another in one direction). This is not the case in mechanical 

vibrations. 

The variation of the friction force with motion in a 

forced vibratory situation can be represented in two ways. 

In one case it can be assumed that the motion is continuous 

and since the friction force always opposes the motion, it 

must undergo an abrupt sign change every half cycle. In 

the second case the motion is assumed to come to a stop 

every half cycle; in which case the change in sign of the 

friction force is gradual. These two cases .are illustrated 

in Figs 1.2 to 1.4. Fig 1.2 shows a simple vibrating system 

which consists of a body of 

mass M suspended from a spring 

with a stiffness 	K and is 

acted upon by a periodic excitation 

force Peiwt. In moving, the body 

rubs against a solid wall which 

xR(cAstohtis).4) 
it opposing the motion. J.P. 

Pe) 	 Den Hartog (5) gave in his paper of 1926 
Fig.1..2,  Diagram of Vibrating 

system. 	solutions for both the non-stop 
6u4 

motion and motion with one stop in a cycle,l,asnumed that the 

frictional force F was constant. As Den Hartog's work has 

become the standard upon which subsequent work on Coulomb 

• • • • 

04 
exerts a frictional force F on 
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(dry—friction) damping is based it is worthwhile to examine 

the resulting motions based on this assumption. Figs 1.3 

and 1.4 are diagrams of the motion without and with one 
stop respectively as presented by Den Hartog. Fig 1.3 

illustrates the wave forms for motion without stops 

Fi 	1.3 Diagram of motion.without stops  

Pig. 1.4 Diagram of motion with one stop 
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The excitation force and the motion are almost 

sinusoidal whereas the friction force undergoes an abrupt 

sign change at half a period at H, when the velocity is 

zero. Fig. 1.4 illustrates the case when there is one 

stop. In this case only the excitation force remains 

sinusoidal whereas the friction force remains constant for a 

quarter of a cycle (till the velocity is maximum) undergoes 

a change during the next quarter of a cycle (QH) and 

attains its maximum value but with a sign change at half 

period, H (when the velocity is zero). This process is 

repeated for the next half cycle. The resulting motion is 

clearly not sinusoidal and approximates to a square wave. 

1.2.1 	ACCEPTED CASE:  

The first case illustrated in Fig 1.3 is not acceptable 

for in reciprocatory motions stops do occur. It is highly 

improbable that a body with inertia can be made to reverse 

its direction of motion without first coming to a momentary 

stop. All subsequent work on the system shown in Fig 1.2 

have therefore been based on the assumption that there is 

a stop in the motion as illustrated in Fig 1.4. This view 

is also supported experimentally; for a display of the 

response (motion) of the system shown in Fig 1.2 either 

on an oscilloscope or by using a pen-recorder shows that the 

wave form of the motion is similar to that shown in Fig 1.4 
The wave form approximates more and more to a square wave 

with increments in friction force. The frequency of the 

motion is the same a8 that of the disturbing force and the 

two halves of motion cycle follow the same law. 
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1.3 VARIATION OF THE FRICTION FORCE WITH VELOCITY IN A VIBRATING  
SYSTEM: 

In a vibratory motion the velocity increases from 

zero to a maximum at quarter period, then decreases to 

zero within the next quarter period; so that at half 

period the velocity is zero. The motion is then reversed 

and the process is repeated for the next half cycle. The 

variation of , the coefficient of friction with speed (i.e. 

velocity in one direction only) is shown in Fig 1.1 and 

using this relationship an analysis can be made for a 

whole cycle of vibrations. Fig 1.5 shows this relationship. 

00' represents half a cycle of vibrations; Vp and Vn are 

the points of maximum velocity positive and negative 

respectively. 0, 0' and 0" are stationary points. 

0 veloct.t: 
V 0' 	vn 	 oil 

Mt 

Fig. 1.5 Coefficient of friction as a function of speed  

• • • 
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SM is a replica of Fig 1.1 during which the 

velocity increases from zero to maximum Vp whilst MR represents 

the reverse when the velocity decreases from Vp to zero. 

However, as there is insufficient time for the creep 

phenomenon to occur the coefficient of friction does not 

attain its static value.010" represents the case when the 

friction force changes sig. 0' 0" represents the case 

when the velocity is negative and therefore taking note of 

this Fig 1.5 can be simplified to Fig 1.6. In Fig 1.6 

00' represents the half cycle when the velocity is positive 

and 00" represents the case when the velocity is negative. 

.Fig 1.6 Coefficient of Friction as function of Velocity 
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This relationship between the coefficient of friction and 

velocity as demonstrated in Fig 1.6 has been used by 

INOUE, MIYAURA AND MATSUSHITA (6) with satisfactory results. 

The relationship can be modified however if the discontinuity 

in the transition period, SOS, is analysed. Owing to 

insufficient time for creep to take place the static value 

of the coefficient of friction is not attained during the 

stop when the change of sign occurs so that SOS may be 

reduced to TOT,. 	Moreover as the friction velocity 

• • • 

.11  
	 Veloci,t1 

4%.4.1c 

ro 

fv  
- 

Fig. 1.7 Coefficient of friction as function of Velocity  

relation is not reversible but depends upon the past history 

of the motion (2), the path taken during the transition is 

better represented by the rectangle TRT,R,T shown dotted 

in Fig. 1.7. The mean path during this transition period can 

; 	• • 
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therefore be approximately represented by a line joining 

RR'. So that the modified coefficient of friction-velocity 

relation is as represented by Fig 1.8 

	 lftlocA 
4-141. 

NI( 

Fig 1.8 Coefficient of friction - Velocity Relation 

A figure for the coefficient of friction-velocity 

relation similar to fig 1.8 was also obtained by Stefan 

Ziemba (7). In his analysis he suggested that elastic 

recoil takes place as a result of the difference between 

the stz,tic and kinetic coefficients of friction at every 

half-cycle. He also pointed out that the shear force had 

to decrease from the positive value, pass through zero and 

then attain the negative value. These points are acceptable 

as they reinforce the validity of the relationship shown in 

Fig. 1.8 

./14111100 
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.PHYSICAL REPRESENTATION 

Theoretical models have been evolved to represent 

different r elations between two different variables, 

thus there are models for Figs 1.5 to 1.8. Dry friction 

defined in the manner according to Fig 1.8 is represented 

by a system composed of a slider and a perfect (in the 

sense of energy, not necessarily linear) spring connected 

in series. Such a model is shown in Fig 1.9 in which the 

spring part is represented by Kf  and the slider Sf.  

Consider Fig 1.9. If 

a force is applied at 

one of the ends denoted 

E in the figure with the 

other and fixed and the whole 

model constrained to move 

vertically only, the 
Fig. 1.9 Model for friction 

spring, Kf  will extend by an amount, say X. 	force 

The extension will increase proportionally with an increment 

in the applied force until the limiting static force is attained, 

when sliding begins to take place between the surfaces of the 

slider. The point at wnich this occurs is denoted by S in 

Fig 1.10. Whilst OS represents the linear part. Once sliding 

takes place the force required to maintain the motion is 

reduced as the dynamic coefficient of friction is less than 

the static one and therefore the curve follows the path SD shown 

in the diagram. 	A comparison of Figs. 1.8 and 1.10 show that 

they are similar and therefore Fig 1.9 is amodel for Pig 1.8, 
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Fig 1.10. Force-extension curve for the model in Fig 1.9  

A characteristic of the system represented by the 

model in Fig 1.9 is that when this type of friction force 

is used to dampen the vibrations of a system, the 

vibrations vanish for t ---,P. O.°. When the damping 

is weak oscillations are obtained which vanish for t 

1.5 	IMPORTANCE OF THE TRANSITION PERIOD  

In deriving the relationship shown in Fig 1.8 use 

was made of the transition period within which the friction 

force changes from a positive value say R to -R. To 

attain this sign change, the force has to decrease f rom 

positive R through zero to negative R. Time is required 

for this transition to take place, so th;2t if one calls 

this transition period the delay time h, this delay time 

is seen to be very important. The model shown in Fig 1.9 

is therefore very dependent on this delay-time. The 

effectiveness of the springI!f and the slider Sf are 

dependent on the extrayi force produced during this delay-time 

as a result of the difference between static and kino-Lio 

coefficient of friction; and as already explained the value 

of the coefficient of friction is dependent upon the time of 

stationary contact of the surfaces (i.e. upon the delay-time). 
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Therefore a theory which takes this delay—time into 

consideration may produce results that are more realistic. 

One theory which involves delay—time is the theory of 

retardation which is described in the next chapter. 
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CHAPTER 	2 

VIBRATIONAL COULOMB FORCE REGARDED AS A RETARDING FORCE 

Retarded forces (8) are commonly encountered in control 

problems such as an Auto balance where a certain control action 

is produced artificially. In such a case, in view of 

inevitable time-lags in a control system, this action does 

not relate to the instant at which it is supposed to be 

exerted but to a past instant t-h, (that is, appears after 

a delay-time, h). 

In modern control systemS(involving electron-tube 

circuits) the control action is adjustable and this is 

emphasised by attaching the symbol k, a variable parameter 

as a coefficient of retarded terms. Retarded actions can 

cause self-excited oscillations and to establish the regions 

of instability "Difference-differential equations" (d.d4 are 

employed. The notations employed in this case are exemplified 

by the following two typical d.d.es which are encountered 

in antirolling stabilisation systems; one with retarded damping 

and the other with retarded restoring force. 

+ a,* + 	+ aox = 0 (2-1) 

+ a,x + aox + Xx.k = 0 (2.2) 

The terms ax and aox represent the usual terms for damping and 

restoring forces respectively. 

The termsXxk andX54,  are used to represent x(t-h) 

and k(t-h) where "t" is the time under consideration and mh" 

is the delay-time. These terms can be expanded and simplified 

using Taylor's series. Thus for instance: 
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*h = *(t-h) = i(t) - h x(t) + h2K(t) 	 
1: 	21 

= *(1 	h 
11 00 2:67) 

If one tries to satisfy a d.d.e by a solution of the form 

x = xoezt 	where z = a + jw 

* =x zt  ze then 	X = xoz
2ezt and Y = xodezt 	(2.4 ) 

and thus (2..3) becomes 

*h = ic(1 - hz + h
2z2-) 	= *e-hz 	(2.5) 

21 

= xe-hz 	(2.6) similarly xh  

Substituting this expression into (2-1) one obtains the 

algebraico-transcendental characteristic equation: 

f(z) = z2 + al z + )■ze-z + a0 	(2.7) 

The advanta,Ig in transforming the equation to a d.d.e is that 

a d.d.e characteristically is always of an infinite degree 

whatever its order may be. This means that a d.d.e (considered 

as an ordinary d.e.) may have an infinity of roots of its 

positive real parts, which leads to a self-excitation of 

oscillations with frequencies corresponding to the imaginary 

parts of these roots. It is precisely in this connection that 

the interest to these d.d.es. appeared in applied problems. When 

the equation is obtained in the form as in (2.7) the problem 

then consists in determining the zeros of the entire function 

f(z). In considering the application to Coulomb dry-friction 

however the important things to note are the expressions for 

retarded damping and retarded restoring force. 

Retarded damping = *h = ke-hz 

Retarded restoring force = xh  = xe-hz 

. 	....(2 3) 
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2.1 	AN RYAMPT,F, TN THE USE OF d.d.e. 

As an example of a transcendental problem we consider 

the d.d.e which may be regarded as a control problem involving 

a retarded restoring force. 

Thus we have 

+ pk + \xh  = 0 	E1 

the characteristic equation with x = xpezt  as the solution 

f(z) = z2 + pz + e
-hz 	E  2 

substituting for z = a + jw in this equation and separating 

the real and the imaginary parts one has 

a2 - w2 + pa +Xe-haCos 	= 0 

2aw + pw - Xe-haSin 	= 0 	F  3 

where = wh 

Cos fij 	(w2 - pa  - a2)/ e-ha 

Sin 	= (pw + 2aw)/>, e-ha 	E  4 
from these two equations one obtains two derived equations 

Ootan 	= (w2  + Pa - a2)/w (p  + 2a) 
	— E.5 

(w2 - pa - a2) 	( w2-p + 2a) = >2\.  e-211a  

If a = 0, one has 

Cos /j = 1/4/\ 	, Sin A = Pwini 	- E6 

CotanA= w,/p = (1/ph)A 
	

E7 

/64 h2p2 	h4  =0 	- E8 

The subscripts,' are attached in or.ler to indicate that these 

quantities correspond to the harmonic values (a = 0) 
A 

Equation E7 is solved graphically and the roots/4/6,p
w
, etc 

which are infinite determined. 

As equation (E7) does not contain the variable parameter A 

the roots • 	may be regarded as "fixed roots" 

(depending only on the fixed parameters p and h). These roots 
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.1 give, therefore, the harmonic frequencies w,/  , 	v. w./1  , 	.11/ • • . • of 

the transcendental spectrum of the linear problem. 

There remains yet the second equation (E8) whose 

positive root is: 

2 2 
2_11. + p

4h4 + h4 

2 	4 	(E.9) 

This root /O is a function of X and increases monotonically 
with X starting with 'WO) = O. Hence as )1/4 increases continuously 
from the value X= 0 the rootiggii(A) may coincide with one of the 

fixed roots, say 	, for a certain value of 	/" 	At this 

point 
CA) 

 

(E.10) 

   

II I 
Similarly other "fixed roots 

2u, 
 for other values A 	may 

be encountered. 

Whenever such a coincidence (E.10) occurs, the two equations 

(E7) and (E8) have a common harmonic root4, = hw, 	and 

the analytic function f(z) has a purely imaginary root jw, so 

that f(z) = 0. 

Thus by increasing ), other harmonic frequencies mr: w0  , etc 

are encountered thus forming a "transcendental spectrum", the 

ratios w, , 	, being generally incommensurate. 
[ 

w. 

	

	wr • 

2.2. 	DRY FRICTION FORCE CONSIDERED AS A RETARDED RESTORING FORCE 

The analysis of dry friction in a vibrating system in the 

previous chapter showed that the coefficient of friction-velocity 

relationship can be represented as in fig. 1.8; the satisfactory 

model for this relationship being the one shown in fig. 1.9. 

The importance of the time of stationary contact or "delay-time" 

has also been established, and therefore dry friction in a 

vibrating system can be represented as a retarded restoring 

force provided this representation satisfies the model in 

fig. 1.9. 
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A retarded restoring force is represented by (N.6- Itus is an  aSS(11411) 
F = x = xe-hz  = xe

-h(a + jw) as z = a + jw ... (2.8) 

Thus 

F = Rxe-ha(Coswh + jsinwk) 

  

(2.9) 

  

where F is the friction force and R is a constant. 

 

a = absorption coefficient, h = delay-time 

w = frequency in radians 	x = amplitude (displacement) 

Conventianal Coulomb force F =tap where 1= Coefficient of 
friction and 
N = Normal force 

acting on the 
moving body. 

Comparing (2.9) and (2.10) R t  has the units lbf/in, 

-h &,,f= e a(cosith + jsinWh) 

N 0c R x 	.*. R 00 F 
x 

2.3 	VARIATION OF FRICTION FORCE WITH FREQUENCY  

Friction force is represented as F = xR' e-ah  (cosM + jsinA) 

The real put of the force is xR1 e_ ahcoswh ... (2.13) 
The imaginary part of the force is xR t e-ahsinA 

The absolute value of the friction force at all frequencies 

is given by F = xR i  e-ah  ( Cosh 	+ Sin2)= xR'  e 	..(2.14) 

For a given Normal force N, the absorption or dissipation of 

energy must be constant if the amplitude of vibrations and the 

excitation force are kept constant. 

This means that R ah  i e 	is approximately a constant. 

This is possible only if the product of "a" and "h" is 

approximately a constant at all frequencies. 

Sinc R is constant at a particular amplitude 

Thus ah = C 	 (2.15) 
Thus the delay-time "h" and the absorption or dissipation 

coefficient a are inversely proportional to each other. 
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This means that when the delay-time is small then the rate 

of absorption or dissipation of energy must be high and vice 

versa for energy to be conserved. 

The friction F can therefore be represented as 

F = xR (cosWh+ jsinoh) 

where R = R t e-ah = Constant 

As represented the delay-time "h" now assumes great 

importance. The Real part xRcosNh represents the "spring" 

part of the force and the imaginary part xRsinWh represents 

the quadrature part. Depending on its sign it can either be 

a damping or an exciting force. 

Friction force is thus shown to be a vector rotating 

clockwise (as the imaginary part is negative to start with) 

around the axes; the rate of rotation being dependent upon 

the variation of frequency "w" and the delay-timehU 

   

R = Real part. 

I = Imaginary part 

F = Absolute value 

As the imaginary part which may constitute the damping 

part does attain negative values within a certain frequency 

range at a particular delay-time, "self-excited" oscillations 

occur within this range if no other type of damping is present 

in the system. In fact this phenomenon of "stable" and 

non-stable" regions can be repeated as t he frequency is 

increased. This fact is clearly demonstrated by and made 

use of in "Difference-differential equations" to determine the 

roots of such an equation and hence the stable and non-stable regionE 



Consider the simple system shown in 

fig. 3.1 where a body of mass M is 

acted upon by a sinusoidal excitation 

F A 	force pejwt. In moving the mass 
Rx(a8106.0L:n141)) 

rubs against the solid walls which 
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CHAPTER 

ANALYSIS OF SOME SYSTEMS WITH COULOMB DAMPING  

3.1) Vibrating body in the presence of dry or Coulomb friction 

exert a total frictional force F 

(or Rx(coswh + jsin.wh)) on it 

opposing its motion. The equation 

of motion of this system is: 

Mx + R.(cos.i'h + jsinlvvh) x = Pejwt  

In order to determine the nature of the solution for this 

equation it is essential to examine the solution used for the 

sample of d.d.e. solved in Chapter 2. 

The assumed solution was x = xoezt = xo.dm + jw) t 

This solution was used for free vibrations. 

In forced vibrations as in this case however, after the system 

has been in motion for some time and a "steady state" is 

attained, the following conditions must be satisfied: 

a). The frequency of the motion must be the same 

as that of the excitation force, and 

b). The downward half-cycle of the motion must follow 

the same law as the upward half-cycle. 

In order that equation (3.2) should satisfy these two 

conditions eat must be a constant. As already shown in 

fig. 3.1 vibrating body 
without a spring  
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equation (2.15) ah = constant and as the motion is periodic 

and has the same frequency as the excitation force, at must 

also be constant. 

Therefore equation (3.2) becomes: 

x = xoeat ejwt 	Xejwt 

where X = x0 e
at 

 

(3.3) 

 

The effect of eat  in equation (3.2) therefore is to give the 

motion a permanent phase-lag 0 as shown in figs 1.3 and 1.4. 

As this phase-lag and the nature of the wave shape of the 

motion are indirectly taken into consideration by representing 

the friction force as a complex quantity the motion can be 

approximately be represented (especially for small amplitudes.  

of vibrations) by equation (3.3). 

Using the solution x = xejwt  equation (3.1) becomes 

( -Mw2  + Rcoswh' +jRsinWh) x = Pejwt 	(3.4) 

The absolute value of P is given by 
pejwt 	34,11w2 + Rcoswh)2  + (Rsinwh)2j .„(3,5) 

The phase angle 0 is given by 

tan 0 = Rsinwh  	(3.6) 
mw2 + Rcoawh 

Vibrating body with constant peak acceleration 

If the maximum acceleration of the system in fig. 3.1 

is kept constant at all frequencies, then 

mw2x = C = constant and . 

equation (3.1) becomes 

0 + (Rcoavat+ jRsinwia)X=Peiwt  
(0 + Rcos'wh + jRsin.wii)X = Pejwt  

where C 	= C' = mw2 at any frequency 7 
i.e. C = F(w) 

...(3.7) 
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The absolute value of the excitation force P then becomes 

Pejwt  = 	+ Rcoswh)2  + (Rsinwh)2J 	(3.8) 

and tan 0 = Rsin.wh 	 (3.9) 
C + Rcoswh 

Therefore if in the system shown in fig. 3.1 the body is 

made to accelerate at a maximum constant value at all 

frequencies a phase difference should be detected between 

the excitation force and the response. 

3.2 0ne degree of freedom system with dry friction, viscous and 
Visco-elastic damping: 

Consider the system in fig. 3.2 

fitjc3 

in which the mass is subjected to 

periodic vibrations by the excitation 

force Pejwt  in the presence of 

viscous force (represented by cx) 

Coulomb force (represented by 

R(cosnh + jsinwh) and viscoelastic 

force. (represented by (k + jg) x). 

C is the coefficient of viscous 

damping, k and ,:being the in phase 

and quadrature components of the 

fig. 3.2 Vibrating 	stiffness of the viscoelastic 
system with 3 types of 
damping. 	material. 

The equation of motion of the system in fig. 3.2 is 

mX + cx + kx + jgx + xRcoswh + JxRsinwh = Pejwt 	...(3.10) 

assuming the solution .x = xoe
jwt 

( - mw2  + jcw + k + 	Rcoswh + jRsinwh) 0 
 = P 

i.e. (k - mw2 + Rcoswh + j (cw + g, + Rsinwh) ) x0 	= P  •..(3.11) 



R.x(costailst:ntal) 

fig. 3.3 vibrating system 
with 2 types of damping 
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If substitution is made for various parameters as follows 

w2 = k , R = S, n = w , C
o = 2 sria,c= c o 	E  

0 	 '() 

hence •t = 2:2J-Trik, 	and /1, = ,,l/k equation (3.11) becomes 

(1 - n2  + Scoswh+ j(2cn +IL + Ssinwh)) xo  = P/k 	(3.12) 

The absolute value of P is given by 

P/k = xo  (1 - n2 + Scosw1)2 + (2cn + /it Ssinwh)2 ...(3.13) 

The phase angle 0 is given by 

tan = 2fn 	+ Ssinwh 	(3.14) 
1 - n2 + Scos:wh 

3.3. SPECIAL CASES: 

a). One degree of freedom system with visco-elastic 

and Coulomb damping only  
pej 

of motion is: 

mk + kx + Rxcosmh + j(x + Rxsinwh) 

= Pejwt  	(3.15) 

Fig. 3.3 shows a simple 

vibrating system with two types 

of damping only (Coulomb and 

viscoelastie). The equation 

The absolute value of the excitation force Pejwt  is 

obtained by putting = 0 in equation (3.13) giving: 

kxo 
	= 	- n2  + Scoswh)2  + 	+ SsinWh)21 ..(3.16) 

The phase angle 0 is obtained from equation (3.14) by putting 

r = 0 giving .  

tan 0 = it + Ssinwh 	(3.17) 
n2 + Scoswh 
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3.4) 	One degree of freedom system having an external spring 
with Coulomb and Viscous damping:  

Fig 3.4 shows a vibrating system 

with an external spring that is 

subjected to forced periodic 

vibrations in the presence of 

Coulomb and viscous damping. In 

practice the spring has some 
kx.osioh-tISCnik,A) 

internal damping but this can be 

neglected if it is small compared 

fig. 3.4 vibrating system 
with Coulomb and viscous 
damping 

to the external damping. This 

assumption is nearly true for 

metallic springs (such as used in 

the experiment). 

  

K is the stiffness of the spring. The equation of motion 

is: 	
m5t + kx + ci + RxcosWh + jRxsinwh = Pejwt 	(3.18) 

making the same substitutions as was done for the general case, 

the absolute value of the force and the phase angle 0 are 

obtained by putting 11, = 0 in equations (3.13) and (3.14) 

giving 

P/kxo  =j(1 - n2  + ScosWli)2  + (an + Ssinwh)23....(3.19) • 

and tan 0 = gn + Ssinwh 	(3.20) 

1 	n2 + Scoswh 

Re:46  

rii 
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3.5) One degree of freedom system having an external 
spring with Coulomb damping only: 

peiwe 

fig. 3.5 Vibrating system with 
Coulomb damping only  

Fig 3.5 shows a vibrating 

system with Coulomb damping 

only. 

The equation of motion of the system in fig. 3.5 is 

given by 

mx + kx + xR(coswh+ jsinwh) = Peiwt 	3  21 

The absolute value of Pejwt  and the phase angle 0 are 

obtained by putting = 0 in equations (3.19) and (3.20) giving 

P 	=1-1:(1 - n2  + Scoswie + (Ssinwej ...(3.22) 
7x0  

and 	tan 0 = Ssinwh 

1 - n2  + Scoawh 	4..(3.23) 
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306 Variation of amplitude of vibrations with friction 

Tiikdd for constant excitation force  

The equation of motion of a vibratiAg mass in 

the presence of 'Au' friction without an external 

spring is ' equation (3.1) 

mi* + R(coswh +jsinwh)x = Pejwt 

Pejwt  x = 	(3.24) 
-mw2 + R(coswh + jsinwh) 

At a constant frequency, Pejwt = constant, 

mw2 = constant and coswh and sinwh are constant. 

Thus the only variable is R 

The denominate r, has an absolute value 

D = [((mw2  + Rcoswh)2  + R2sin2whl 

Thus, 
Ci 	1% 	 (3.25) x -  	(i.e. 	_.1 

C + R(C + je3
) 	x 

where, C1  = Peiwt,2 C = mw2, C2  = coswh, C3  = sinwh, 

and C, Ci, C2, and C3  are constants. 

If the friction force is considered constant (5) 

then, 

mar + F = Pe cwt 

mw2x = Pejwt + F 

x = Pejwt  = C F 

 

(3.26) 

   

 

mw 2  

  

(i.e. a straight line) 

Equation (3.25) produces a curve asymtotic to the 

R axis as the abscissa whereas equation (3.26) produces 



Fig.(3.7) Curve for equation  (3.26) 
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C  a straight line which crosses the x axis at 

R 

Fig.(3.6) Curve for equation  (1.25) 

01 Pejwt 
0 	2 mw 
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3.7 Variation of amplitude with friction force for 

constant excitation force and frequency with a 

spring in the system 

With a spring in the system the equation of 

MO t i0211 is 

mi* 	kx + R(coswh + jainwh)x = Pejwt 

therefore 
Pejwt  x = 	(3.27) 

k mw2 + Rcoswh + jRsinwh 

which becomes 
/k ejwt x - 	(3.28) 

1 - n2 + Scoswh + jSsinwh 

At constant frequency I - n2  is constant as n is constant 

. 
• • x 

P4 ejwt 	1/k  • 

C4 + R(C2 
+ j03) 4 

4. R(C
2 

4. jC3) ...(3.29) 

where 	04 = 1 - n
2 

Thus the curve is similar to the one obtained for 

equation (3.25) in Fig.(3.6). 

The phase 0 is given by equation (3.23) 

i.e. 	tan 0 = 	Ssinwh  
1 -n2 + Scoswh 
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CHAPTER 4  

,Pf 	REVIEW OF PAST_PAPERS  

Most recent studies of vibrations involving Coulomb 

damping have been based on the work of J.P. Den Hartog (5) 

done in 1926. In this paper Den Hartog represents the 

equation of motion of a one degree of freedom system as 

shown in fig. 4.1 as follows: 

4. 

ink + kx + F = P cos ( t+ 	(4.1) 

By introducing the "phase angle" 0 

into the excitation force Den Hartog 

was acknowledging the fact that there 

is some retardation involved in the 

motion. He however explained this 

by saying "The "Phase Angle" 0 in the 

disturbing force has no meaning in a 

differential equation and is only included for the purpose 

of subsequently writing the boundary conditions (4.3) in a 

simple form." 

Using the abbreviations: P/k = a, F/k = If, k/m = 

the differential equation for the interval of time can be 

written as: 

x +14,a (x 	xf) = a 1/V: cos (Wt + 0) 	(4.2) 

A steady-state solution for one-stop motion has to fulfil 

the following boundary conditions: 

t = 0 	x = X 	5c = 0 
(4.3) 

t = Tcki 	x = -X x=O 
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A solution is obtained and deriving from it are the 

expressions for magnification factor and the phase angle 0. 

X0 	=/ v2 - (p/p)2u2 	(4.4) 
a 

Xo 	is the "magnification forctor", 
a 

V 	- 4_ i 	the "response function" 

U 	= Z"f1131T  the "Coulomb damping function" and 
i tco-W 

= {A)ri. 	the "frequency ratio." 
(A) 

Cos 0 = Xo . 1 and sin 0 = -Xf 	U 
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i.41 AS FOURIER SERIES  

Den Hartog stated in the same paper that the 

results quoted above can be obtained by representing the 

Coulomb damping term in the equation by a Fourier series. 

Though this was done independently by Den Hartog and 

Prof. E.O. Waters it was reproduced in Den Hartog's paper. 

Equation (4.1) thus becomes: 

mk + kx - 	
Z 

4F 	7-- 1
ii 

sin nwt = Pcosfrib +0) ....(4.5) 

	

It 	  

The derivation of the results are given in his paper and 

the author finds it unnecessary to repeat it here. However, 

an examination of the results will be made and compared with 

those obtained using the Theory of Retardation. 

A 



— Z3 — 
1-2, VIBRATING MASS IN THE PRESENCE OF COULOMB DAMPING WITHOUT  

A SPRING: 

Equation of motion according to Den Hartog 

mX + F = P cos ( yq + 0) 	 

OR 
mX - 4F N1 sin nwt = P cos (Nt + 0) derived from (4.5)—(4.7) 

n 
Representing (4.6) Vectorially  

mx 	 F 

Fig. 412_vectorial representation of equation (4.6)  

(4.7) cannot be represented vectorially until the value of 

the Sine and Cosine terms have been determined. 

From Retardation Theory: 

Equation is: 

mit + xRc o stsk.+isi,n.wh Pej"/ 	(4.8) 

mi
•4 

xRcosigh 

 IxRsinmh 

Fig. 4.3 Vectorial representation of equation (4.8), 

Examination of the equations: 

From Den Hartog's Theory 

Magnification factor = X0  =iV2 	(xb)2  U2 	(4.9) 
a 

when there is no springpjn  = 0, 	/5 = 0 hence V = 0 

and U = 0 therefore Xo = 0 
a 

Cos 0 = Xo 	1 	= 0 and Sin 0 = Xf 	= 0 

a 	V 	a 
which is meaningless. 

By Retardation theory there is a phase angle as well as a 

magnification factor. 

derived from (4.1) ..(4.6) 
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4.4.1 Forced Vibrations with Coulomb damping: 

System represented in fig. 4.1 

equation of motion as presented by Den Hartog is 

mx + kx + F = P cos ( t + 0) 

by Retardation theory equation iS (3.6): 

i.e. mit + kx + xRcosWh + jxRsinwh = Pejwt 	 

Vectorial Representation  

All the forces in the L.H.S. of the equation 

(4.1 ) are real and so can be represented in a straight line 

as shown in fig 4.4 

kx + mit 	+ F 

fig. 4.4 Vectorial representation  

Retardation Theory: By this theory the vectorial representation 

is as shown in fig 4.5 

kx + mit 94 xRcoswh  

 xRsinWil 

F i g 	veC to rialre.lmesaatation—g-t_es 
From the vectorial representations there is no phase difference 

between the motion and the response if the friction force is 

considered as an alternating constant, whereas by the 

retardation theory there is a phase difference. 

Den Hartog however, obtained an expression for the 

phase angle 0 which he said had no meaning and proceeded to 

plot a graph for this theoretically. As regards the 

magnification his theory predicts that Coulomb damping 

decreases the resonant frequency whereas many experimenters 

have found evidence to the contrary. Among these are Jerome 

Ruzicka (9), Ruzicka and Derby (10) and E.S. Levitan (11). 
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4,3 THE EFFECT OF COULOMB DAMPING ON THE RESONANT FREQUENCY 

Consider the equation of a one-degree of freedom 

system with a spring and Coulomb damping. The equation is 

represented by (3.6) i.e. 

mk + kx + xR (coswh + jsinwh) = Pejwt  

The effective stiffness, e IJff = (k + Rcoswh5 + (Rsinwh)2 

The damped resonant frequency, wd  = keff  

m 

The damped resonant frequency wd  > wo  (the undamped resonant 

frequency) if keff  > k. 

Thus° 	  

i.e. k2  + 2kRcosiqh + R2(cos201 + sin2wh) 	7 k2  

k2  + 2kRcoswh + R2 	7 k2  

2kcoswh 7 - R 

i.e. 

Coswh 7 - R 
7R 

Conversely wd  < wo  if cosV < - R 
2k 

Thus: 

Resonant frequency increases if cosi3O 	- R 
2k 

Resonant frequency decreases if cosqh 4 - R 
27 

Resonant frequency is unchanged if cosvvot)  = 
2k 

(4.11) 

Equation (4.11) shows that the change in resonant frequency is 

dependent'upon the delay time which in turn depends upon the 

magnitude of the friction force constant R and the external 

restoring spring stiffness, k. The constant R is also 

dependent upon the amplitude of vibrations and therefore the 

delay time may chanep with a variation in stiffness, the 

j
(k 	+ Rcosrlh )2  + (Rsinwh )2  >k 



Oe  = 	 
1 - n2 
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amplitude of vibrations or the magnitude of the friction 

force. This means that the change induced by the addition 

of Coulomb damping to a particular vibrating system may be 

either an increment or decrement depending upon the magnitude 

of the parameters mentioned above. 

1..4,THE  EFFECT OF DRY-FRICTION ON THE PHASE DIFFERENCE  

,Comparing equations (3.9); tan 0 = S sinwh 	, and (3.12).  

1 - n2+ Scoswh.  

tan 0 = jn + S sinWh 	one observes that the 

1 - n2  + ScosWil 

denominator is the same but the numerator is increased by 

the term 'grit. Thus provided smith is positive the phase 

0 is advanced. However if siniqh happens to be negative i.e. in 

the unstable region then the phase will be retarded. This 

means that when viscous damping is added to a system with 

dry friction, the phase is advanced before resonance but is 

retarded after resonance provided the system was stable in 

the first place. This conclusion is in agreement with the 

experimental results of (11). This is also true if 

Visco-elastic damping is added instead of viscous damping 

and the same principle applies when all three are mixed. 

The phase Ov  for viscous damping only is given by 

0v = 2 n 	(4.12) 

1 - n2 

The phase 0e  for visco-elastic damping only is given by 

(4.13 ) 

Comparing (4.12) and (3.12) one observes that both the 

denominators and numerators are increased, thus whether the 



phase will be advanced or retarded by the addition of dry 

friction to the system depends upon whether 

2yn 	‹ 2J"n + S siiiwh - OR 2,7n 	7 2yn S sinwh  
1 - n2' 	1 - n2 + Scoswh 	1 - .n2 	1 - n2+ ScosWh 

By comparing equations (4.13) and (3.16) one observes that 

this condition holds if the system contained visco-elastic 

damping before the addition of dry friction. 
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CHAPTER 5 

DESCRIPTION AND CALIBRATION OF THE APPARATUS  

5.1 	THE BASIC APPARATUS: 

The apparatus was set up as shown in fig. 5.1 on a 

lathe bed. The vibrator was a DERITRON VIBRATOR type 5B, 

the table of which was connected through a Force Guage to 

the vibrating body. The vibrating body was a rectangular 

hollow box 6" x 4" by 4 high (outside dimensions) and 

1/4" thick. The choice of this type of vibrating body 

was influenced by two factors. Firstly the maximum vector 

force of the vibrator was given as 701bf; but from practical 

experience it was considered safer not to exceed 561bf if 

overheating was to be avoided. This means that for a fixed 

amplitude and frequency range the vibrating body must have ,a 

maximum mass. A body of weight 101bf was considered 

adequate but a solid rectangular mild steel body of 101bf 

weiplIt would be too small because (a) a large side area 

was desirable in case it was necessary to increase the size 

of the friction pads, and (b) to enable the mass of the body 

to be changed if necessary without altering the dimensions 

and set up of the system. At the sides of the vibrating 

body are friction pads (described later) to introduce Coulomb 

damping into the system. The body was supported by a steel 

wire fixed unto a Salters-Spring balance to take off the dead 

weight. C, and C3,(fig. 5.1)are guide spigots to whose faces 

(a restoring force system) either a metallic spring or a 

viscoelas.6ic material which was a green PVC flexible hose 

are bounded, using two washers IN to aid alignment. C2  is 
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a connecting rod which screws into C, and passes through C3  

and D, and carries the cylinder of the electro magnetic damper 

at the end. The end has screw threads fitting the hole in 

this cylinder which is held tightly in place with a nut. 

D, and D2  are two brackets with holes at the base so 

that they can be firmly secured to the lathe-bed. D, 

supports a Glacier bearing Bush (08DU06) which is used to 

reduce the friction between the bearing and the air tube 

which passes through this bearing. The vibrating body, the 

guide spigots, the connecting road and the brackets are all 

made of mild steel. The brackets are held unto the lathe-bed 

with bolts and nuts thus ensuring that the brackets are 

adjustable. This means that the distances between the 

brackets D, and D2  and between the vibrator and vibrating 

mass can all be varied to suit a particular set up. By using 

a spirit-level, engineering; squares and feeler guages the 

vertical and horizontal alignment can easily be checked. 

The lathe bed of length 3 9"  had a long slot enabling the 

brackets to be attached onto it with nuts and bolts and also 

had holes drilled into the sides to support the pressure guage. 

In order to obtain a tighter grip between the brackets and 

the lathe-bed a PVC *32 sheet material was interposed 

between the lathe bed and the brackets. The bracket holding 

bolts were done up very tight: thus there was no noticeable 

loss in rigidity. 

5.1.1 The Friction Pad (fig. 5.2)  The friction padswere rectangular 
1" 	111 	111 

solid blocks of mild steel of dimensions 12 x 	x 1 • 
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Screwed into the blocks are 3/8 diameter mild steel tubes 

which pass through Glacier (11 DU14) bearing bushes supported 

by the brackets B5, labelled pad support. The ends of the tubes 

were later closed with mild steel bungs and centre marked so 

that the bellows could be held centrally. The bellows were 

held rigidly by a 1/16 thick rectangular support fixed to 

the brackets B5. Air was supplied to the bellows through a 

pressure regulator (Morgreen pressure regulator), then through 

a pressure guage, (two were used; one reading -301bf/in2  to 

151bf/in2  and the later one reading 0 to 21bf/in2), and then 

into a T junction valve from which both the bellows were 

fed through plastic tubes. The air was obtained from the 

main supply in the departmental workshop through an air tap in 

the laboratory which was connected to the pressure regulator 

by a plastic hose. B6 is a mild steel bracket with a mild steel 

rod labelled positioning rod, of diameter 1/4 which screws 

into a threaded hole in the pressure pad. After air has been 

introduced into the bellows and stable conditions attained 

the nuts are t ightened to hold the friction pad rigidly in 

position to prevent movement. The screws labelled 'S' 

_ serve the same purpose as the positioning rods. 

5.12 	THE MEASURING EQUIPMENT  

For the excitation force: An A.E.I Oscillator type R 2125, 

Dawe digital frequency meter (type 719A, serial No.55) and a 

Deritron amplifier E44337 °"."41-- 	VP5B Vibrator. 

Force measurement: Endevco Corp-Force Guage Model 2103-100 

serial UA12, Fenlow Charge Amplifier and an oscilloscope, 

(Minirack) digital voltmeter (solatron LM 1420.2). B and K 

sound vibration analyser (1606) and Pre amplifier (B & K,2105). 
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Displacement Measurement: 	Wayne Kerr displacement uuage 

(M.E.I 154) magnetic clamp, Wayne Kerr distance meter DM100B 

and a Wayne Kerr filter. 

Acceleration Measurement: 	Environmental equipment accelerometer 

AQ 40 Aesonant frequency 38xHZ. Transverse sensitivity 5L 

Frequency Response 70HZ, 	700hZ, + 1%, 7KHZ, + 4/0 B and K 

sound and vibration analyser (1606), Fenlow charge amplifier 

B and K Pre-amplifer (2105) 

Switch box: 

Made from an insulated black metal box 6" x 4" x 4" 

The _switches were fixed into chosen positions and the connections 

soldered wherever this was convenient. The object of this was to 

insulate the wires and facilitate the change over from meam,ring 

different parameters. 

PHA:3E MEASUREMENT  

Dawe transistor phase serial No.2947 B & K Sound and Vibration 

Analyser. 

5.1.3 SY3TEM PARA:aTERS  

3H/16 diameter mild steel coiled into a spring of 

length approy 	2 _imately 2 	. 
3 

Weight of vibrating body including the guide spigot = 9.331bf. 

Weight of cyclinder for. electromagnetic damper = 0.6251bf. 

Total mass = 9.9551bf. 

Taking the washer and the P.V.O. or spring into consideration as 

part of the vibrating mass, Total vibrating mass 	101bf. 
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THE VISCO--LASTIC MATERIAL 

This was a green P.V.C. flexible industrail hose. 

Intc=al diameter about one inch 

55B.S Softness. B.S. 2571 

MAXIMUM TOL6RANCE EFFICIENCY - 5,10 on internal and eXternal 

dimensions and length - 10;; on will thickness . 

THE SET UP  

The general set-up of the apparatus and details of some 

parts are shown L. 	; block diagrams in Figs. 5.3 to 5.S 

5.1.4 

THEORY OF THE ELECTRO-MAjNETIC DAMPER  

F = Force required to move damper cylinder 

U = Velocity of damper 

B = Magnetic flux density 

e = E.M.F. induced in cylinder 

i = Current due to e 

D = Diameter of Cjlinder 

1 = Length of conductor in magnetic field 

= 7D 

L = Width of conductor 

= Resistivity of cylinder material 

t = Thickness of Cylinder 

a = Cross-sectional area of conductor Lt 

R = Resistance of conducto 
Fig. 5:9 cross section of 

the cylinder of the 
electromagnetic 

damper 

H= Magnetic force 

I = Magnetising current. 

by pictures and 
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For a conductor of length 1, moving at a velocity u across a 

flux field B, the e.m.f. induced in the conductor is given by: 

e = ulB 

e = Bul = BunD 

Resistance of conductor = 	= (OnD  
Lt 

Since the conductor is a loop, the e.m.f. causes a current i to 

flow through the conductor. 

i = e 	= BunD = Bult 
PIE 

Now, too push a current carrying conductor through a 'flux 

field at a constant velocity, one must'apply a forceT, 

given by: 

F =i1B 

= Bil = BinD F . • 
Thus F = B x BuLt x nD 

= B2nDlit x u 

Now, B =6"11 where Cis the permeability of the magnetic material 

in the electromagnet. 

also H is proportional to 

0.0 B is proportional to 

Hence, for any constant magnetising current I passing through 

the coils of the electromagnetic field, the flux B retrains 

constant 

F is proportional to u = cu 

Hence damping coefficient c = B2nDLt  

Thus demonstrating that a viscous
(p  
 type of damping is Obtained 

with damping force proportional to velocity. 
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If a rationalised system of units is used (eg. 2.K.S. 
this expression is correct as it stands. However, if b.G.S. 

 units are used, a. 	 9 i modification factor of 10 	s reqrred: 

0 	= B2nDla  x 10- 9  mechanical ohms (dynes/cm) 

(in C.G.S. Units). 
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Force 

5.2 CALIBRATION: 

The transducers requiring calibration are the 

guagp, the Accelerometer and the Displacement Guagei The 

general set-up was as shown in the block diagram in ifig.6 

By making use of the relation, P = mx = mw2g 	6.11) 

where P = excitation force in lbf, m = mass in lbs, x =displacement 

in inches. Calibrations for two of the transducers can be 

deduced if the third one is calibrated. For instance 

if the Force guagp is calibrated and the voltage readings 

of the accelerometer and displacement guage are noted at 

a particular frequency the calibrations can be obtained directly 

as follows: the voltage reading for the accelerometer 

represents 

= P/m in/Sect  ----(5.2) 

and from this, the displacement, x = x = 

w2 (2n)2f2 
=  P  

m(270 2f2  

The relationships expressed in equations (5.2) and (5.3) 

are reversible therefore checks can be made by calibrating 

each transducer independently and thus obtaining calibrations 

of the others for comparison. The independent calibrations 

were done as follows: 

5.2.1 CALIBRATION OF FORCE MEASURING EQUIPMENT  

The calibration was done with an Environmental 

equipment char ge calibrator (QMCC). 

The system was set vibrating for some time to ensure 

that all components were working satisfactorily. 	The 

oscilloscope and digital Voltmeter were switched to D.C. and 

the lead of the Force guagp was disconnected from the Force 

guapp and connected to the Calibrator. Specified Charges were 

then introduced into the charge amplifier from the Calibrator 
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d 

5.2.2. 

and the corresponding voltage and deflection note 

on the Digital Voltmeter and the Oscilloscope. This was 

repeated until sufficient points were obtained to plot A 
dap s-I3wwl 

uaphS, Readings were taken for minimum medium and 

maximum gain positions of the oscilloscope. Using the 

force guage calibration given by the manufacturer the 

calibrations of the Digital Voltmeter and Oscilloscope 

were thus obtained. The lead was reconnected to the force 

guage and some dynamic readings were taken bearing in mind that 

the reading was a peak to peak value as the Digital Voltmeter 

and Oscilloscope were reswitched to A.C. 

CALIBRATION OF THE ACCELEROMETER: 

The accelerometer was calibrated with set of B and K 

vibration measurement equipment already described and shown 

in the block diagram in fig.-6-6 . With the set up as shown 

in this diagram, the accelerometer was screwed onto the 

"vibrating table" of the vibration pick-up pre-amplifier 

with a 11/8 Whitworth screw, and the pre-amplifier was 

then connected to the mains. The knobs marked on the 

pre-amplifier "Attenuation" and "Sensivity Adjustment" 

switched to positions '1' and '0' respectively and the 

integration switch was switched to position "Acceleration". 

The analyser was then switched to the linear 100 mV range 

and the knob marked "Resonance Adjustment" turned) until 

maximum deflection was obtained on the instrument' meter. 

A small nut was then placed on the "vibrating table" and 

the Amplitude Adjustment knob turned until the nut just 

started rattling on the table. The acceleration peak value 

of the vibrations was now equals that of gravity. The 
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manufacturers instructions also include adjustments that 

can be made so that the "Average Value" the "Peak Value" and 

the "Root mean square values" could be obtained directly on 

the meter. In this experiment only the peak voltage 

equivalent of vibrations equals to that of gravity wad required. 

The experiment was therefore repeated three times-and i the main 

result was taken. The pre-amplifier was then disconn€cted 

from the mains, and the experiment was continued by fixing 

the accelerometer on the vibrating body and running al a 

"constant known acceleration" and measuring the force and 

displacement voltages to establish, calibration constants for 

the force and displacement guages. 

5.2.3 CALIBRATION OF THE DISPLACEMENT GAUGE  

The displacement guage was calibrated in two dii'ferent 

ways. It was calibrated statically with a dial gauge and 

dynamically with a travelling miscroscope. In the static 

calibration the set up was shown in fig. ,5116 
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The vibrating body was pulled towards the dial gauge slowly 

until a specific reading, say 0.001" was attained, And the 

reading of the Digital Voltmeter and the Oscilloscope (which 

had both been switched to D.C.) were noted. The displacement 

was increased in steps and further readings were taken so that 

graphs could be plotted to obtain a mean Static calibration. 

In the second case where the travelling miscrOscope 

was used, the dial gauge was removed and the system was set 

vibrating at a specific frequency. The amplitude of vibrations 

of the edge of the vibrating body nearest to the displacement 

gauge was measured and also the voltage readings on the Digital 

Voltmeter and Oscilloscope were noted. The excitation force 

was increased in stages and the measurements were repeated 

at a constant frequency. The force was thentonstant and 
A 

the frequency varied whilst the parameters under consideration 

were measured again. After a mean vane had been obtained 

the Excitation force and acceleration voltages were also read 

so that calibration constants could be established for the 

Force glace and the accelerometer. 

1 
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.5.2.4 	Static Calibration of the Friction Block system 

In the friction block system, it was necessary to 

calibrate the pressure gauge while the system remained as 

set rl. This meant that the brackets, blocks and bellows 

had to be assembled in place before the calibration could be 

done. The set-up for the calibration is as shown in fig.549 

• sulipott 

U 

Vat plat 

Witge$ 

-reg 5. 19 

The dial gauge was set to zero after a little pressure 

had been introduced into the bellows to counterbalance the 

inertia of the blocks and rods. A pressure of 1/2 lbf/in2 

was now introduced into the bellows and the reading On the 

dial gauge was noted. Load was now put on top of the friction 

block as snown,in increments until the dial gauge read zero 

again. (At each loading the dial gauge was tapped gently to 

relieve friction). The load was now removed and the reading 

on the dial gauge was noted again. This was found to be approxi-

mately the same as before. The pressure was now increased to 

(11b per inch2). 11bf/in2 and the process was repeated. This 

was done for pressures up to 61bf/in2. 

L.  

  

4I 
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CHAPTER 6 

6, FORCED VIBRATIONS OF A BODY WITH COULOMB DAMFIING 

6.1 INTRODUCTION  

The object of,this work is to examine the Response 

and Phase of mixed damped systems (Coulomb, Viscous 

and viscoelastic), both theoretically and experimentally. 

The Apparatus which is described in Chapter 51 is a 

single degree of freedom system which can be made to 

vibrate with any of the three types of damping mentioned 

either singly or together. 

Viscous damping is well known and has been tested 

thoroughly experimentally and proved to agree' with the 

theory. Because most damping mechanisms can be approx-

imated imated to or are .of. a viscous nature, and the equation 

of motion of a single degree of freedom system with 

viscous damping is linear, viscous damping has become 

the main subject of text books on vibration. 

Viscoelastic damping has also been investigated 

by many researchers (12 to 19),. and various equations 

have been tested and proved to agree with experimental 

work. The equation used in the case of forced vibrations 

does produce results that agree with experimental 

work,, however if the same expressions are used for 

free oscillations the solution of the equatio 

meaningless. Neumark.'s report (18) makes this 

is 

cofoq. 

• 
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• 

• 

tradiction clear and suggests that the equation be 

mbdified for free vibrations. 

Very little work however has been done on Coul mb 

: damping, therefore it was found necessary to i vest-

igate this thoroughly and either establish the validity 

of the assumptions and hence the expressions produced 

by other researchers (5,6,9,10 and 11) for codomb 

damping or endeavour to establish an alternatilre theory 

that can be verified experimentally. As most previous 

work has been done based on the assumption thap the 

coefficient of dry. friction is constant, a test on the 

validity of this assumption was deemed to be o primary 

importance. 

6.2 EXPERIMENTAL WORK 

6.2.1 MEASUREMENT OF FRICTION FORCE AT DIFFER 'NT 

FREQUENCIES  

As stated earlier the variation of the coefficient 

of friction with frequency was to be determine 

a vibratory motion and it therefore meant that 

apparatus had to be set up to satisfy equation (31). 

In this part of the experiment the displacemen
t 
 was 

not measured directly and the system was as shown in 

Fig.(6.1). Use was made of Newton's Second Law 

i.e. Poejwt= mx
-)  	(6.1) to test the linearity 

of the equipment and also enable the friction orce 

to be determined. The frequency was varied within the 

range 3Hz and 1000Hz, and the acceleration was kept 

for 

the 

• 
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constant by adjusting the input force. 

	• 	ar,celao 
650,14t P.14110 

po  ejta 

• 

• 

Fig. 6.1 Vibrating body with constant acceleration 

This was repeated for different values of accel-

eration. As expected the measured force amplitUde Po  

remained constant at all frequencies up to about 450Hz 

when a deviation from liearity was observed as shown 

in Fig.(6.3) because the mass M being a rectan tar 

hollow box ceased to behave like a rigid body. Phase 

readings showed that there was no phase difference 

between the excitation and response forces. 

6.2.2. INTRODUCTION OF FRICTION FORCES  

Friction forces were now added to the above system. 

This was done by passing air into the bellows and thus 
orri4v, 

putting pressureAtyads. As the friction pad system had 

been calibrated the Normal Force acting on the body 

was fixed at a particular value by using the regulator 

to produce the required equivalent pressure. The pressures 

at which readings were taken were 1, 2, 3, 4, 

At each pressure setting a few minutes we 

nd 5114/le 

  

• 
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allowed for the pressure to become stable. The surface 

of contact of the friction blocks and the vibr ting 

body were cleaned with trichloroethylene and dried before 

any contact was allowed to take place. The acceleration 

• 
was kept constant at the same values as before and the 

   

excitation force, and the phase were measured with 

variation in frequency. 

The system tested is thus represented in Fig.(6.2) 

which is a model for equation (3.1). 

Without friction the equation of motion is: 

(6.1) 
• . 

With friction the equation is 
pea 

MX F = pleiwt  

OR 
	mx + xR(coswh +ijsinwh) = Pie

jwt 

hence from equation (6.1) 

...(6.2) 

OR 

131
ejwt 

= Poet  4. F 

P
1 
e
jwt 

= Poe
jwt 

+ xR 

(6.2a) 

coswh +jsinwh) ) (6.2b) 

CF°Il'Ut  ictmAIA) 
ej 

    

ulomb 

• 

F1E1_6.2. Vibrating,bodyonthe presence 

;Itorce at constant acceleration 
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Readings revealed that there was a phase difference 

between the excitation force and the acceleration: results 

are shown in Figs.(6.3) to (6.6). 

As can be seen they do not support equation ( .6) 

6.2.3 TEST OF FRICTION BLOCKS 

Vac:ensure that these unexpected results we 

due to the friction block system; a thorough tes 

made on the blocks separately. The bellows were 

 

re not 

t was 

des- 

ignated "A" and "B" and tested statically and dynamically 

(Appendix 1). The static test was done by loading the 

bellows with known weights and measuring deflections 

with a dial gauge..The stiffness of the bellows 

found to increase with the air pressure and therefore 

the static tests were repeated for specific cases with 

the same amount of air pressures in the bellows as 

was used in the previous dynamic experiments. 

By feeding the results as data into a computer 

programme which usee the method of least squares to 

fit different types of curves, it was found that the 

bellows did not have a linear stiffness. The equations 

was 

of the best fitting curves were found to be of 

F= k.(x + ax2 + bx3) 	 

where 	F is force (lbf) 

k is the spring rate (lbf/in) 

a, b and c are constants 

x is the displacement (in) 

the form 

(6.4) 
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The spring rate or restoring force was ekamined 

for stability, since instability would lead to self-

excited vibrations and so feed energy into the main 

vibrating systemas a result of frequency entrainment. 

The methods by which the friction pads assembly were 

tested are described in Appendix 1; this includes the 

dynamic tests. 

The dynamic test consisted of a forced-vibration 

in which the excitation force was kept constant 

the displacement measuredifor one case. For the 

case the displacement was kept constant and the 

and 

second 

force 

measured whilst the frequency was varied. This Was 

done without and with different pressures of air in 

the bellows. 

The results of both' Lasts showed that the friction 

blocks could be unstable at some frequencies but as 

the resonant frequencied were so low, in the region of 

10Hz as compared to the region of instability between 

80Hz and 250Hz obtained in the main experiments the 

results obtained could not have been due to frequency 

entrainment. 

The design of the friction pads was modified to 

include brackets carrying (positioning) rods and also 

to accomodate screws which when tightened prevent 

rolling of the friction blocks and transverse Vibration. 

The previous experiments were then repeated and 

though there was a slight change in the response at 
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low frequencies the basic curves remained unchanged, 

thus suggesting that the results obtained were the true 

  

experimental results for the system represented in 

Fig.(6.2). As these results clearly do not represent 

equation (6.2a) it was decided to fit the curves using 

equation (6.2b). 

6.2.4 DETERMINATIoN OF PARAMETERS uoc" AND  "h!' 

In equation (6.2b), "h" is an unknown parameter and 

therefore values had to be assigned to "h" to obtain any 

curves. By making use of equation (2.9) where friction 

force 

F = Rixe- r4h(coswh + jsinwh) , equation 6.2 

can be modified to 

- mx + R'xe -h  (coswh + jsinwh)x = Pie
jWt 

...(6.20) 

in which '11‘ and 	are the unknowns. 

These unknown parameters are determined by feeding 

values of the measured excitation forces at difYerent 

frequencies as data into into a special computer programme. 

This programme which is a "Non-linear Regression programme" 

is useifto determine the best value of a variable (or 

variables) in an equation to give the best fit Ito a 

set of experimental results. 

The use of this programme involves specifying the 

number of variable parameters in the assumed equation 

then partially differentiating the equation with respect 

to these variables. The theory of the programme can be 

summarised as follows: 
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( Let Ye = Ycal + -D Oa Oa + F  Sb + 
30 

 gc + 	+ 0( da2  ....) 
c, 	

'D 	
-11 ("A 

E  = (Ye-  Ycal' 	 C
Ct.  
". 	o'' 

where E is the error 

	

_ 	 t V 	 f.)- 	n 	-L 	 F g,
‘
"̀ 

	

" — 	"e-  'cal' 	+ b 
E b + 	+ 

	' 
Let F = 0 

a 	
4. then t 

- " 	

,c a 	c'10 + (ye- 	 Elk .6 e- Y ea 
cc 	,c aN  

(A) 
2 )E2  Similarly liti7b), 757-cr7), and nd)  give 3 more equations 

like A. 

Initially the variable parameters are given some 

values to enable the computer to obtain a calculated 

value to compare with the experimental value as in (A). 

The new values of the parameters are calculated from the 

results obtained and the process is repeated iteratively 

until the best results are obtained for the particular 

equation. As an example let the equation be (2. 9) with 

ana as the variables, 

F = R'xe4h  (coswh + jsinwh) 

= -hR'e-0(.11 

	

Doc 	
(coswh + jsinwh) 

= 	xe 	(as cos2wh + sin2wh = 1) - och 	 (6.5) 
F h  = R' e-  d'Ilx (G.( (coswh +jsinwh)+ w(sinwh + jcoswh)3,  

- och 
	

(6.6) 

	

h 	R'e 	x( oc+ w) 	 

	

Similarly 1`1 = R'xe- GC h 	(6.7) 

Thus equation (6.5) to (6.7) are specified on the 

computer programme. The number of data points with 

the data (in which the excitation forcewas the ordinate 

(i.e Ye) and the frequency as the :abscissa) are also 
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specified. It is also necessary to give the convergence 

criterion so that the iterative process can be curtailed. 

• 

In order to estimate how close the theory fitted the 

results the convergence criterion of the sum of errors 

is specified. In addition the proportion of chInge of 

the parameters used when the change is fluctuating is 

specified. 

6.2.5. CURVES FUR CONSTANT ACCELERATION  

The equations which are applicable to the tested 

system that is represented by Fig.(6.2) are equations 

(3.5) and (3.8). However since the acceleratiol was 

kept constant it was found more convenient to use 

equation (3.8). In order to test the validity of 

equation (2.9), equation (6.2c) was also used. Thus 

the equations used for the computer were 

pejwt  = X jy(C + Rcoswh)2  + (Rsinwh)2] 	(3.8) 

and 

peg"''..;: X jr:((C + Roe  (A hcoswh)2  + (Roe-ch
sinwh)1 

where C = mw2 

As expected the results obtained by using the two 

equations above were identical for any set of experimental 

results; equation (3.8) has been used for all subsequent 

work. As the computer output included both the initial 

and final values of the variable parameters as well as 

the sum of the errors squared, and the percentage error 

in the calculated results good fits for the cul‘ves were 

obtained by varying the constants R and C, in addition 
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to h (the delay—time) in the equation. Figs.6. 7 to 6.9 

show the 

Also the 

for each 

found to 

experimental and fitted curves for comparison. 

values for the parameters 11,0 and h are given 

set of curves. The value of C and R were 
1 ; 

be proportional to the peak to peak value of 

the acceleration and the magnitude of the Normal force 

(i.e. the air pressure in the bellows). 

6.2.6 VARIATION OF FRICTION FORCE AT CONSTANT ACCELERATION  

In the experiments already described the 

was kept constant, thus x = w2x = k 

and displacement x = 	— 	 w' (2%)2f2  

 

acceleration 

  

(6.9) 

  

    

As the frequency range covered in this part of 

the experiments was from 3Hz to 1000Hz, it means that 

the ratio of the amplitude at the beginning to 

amplitude at the experiment was very big. 

amplitude at end 32 9 

As the amplitude was small, of the order of 0.125" 

to start with, it is possible that slip might not have 

taken place at the higher frequencies (2). But 

earlier the friction force is dependent on the 

as shown 

amplitude 

  

of vibrations and therefore the friction cannot be 

expected to be constant over the frequency that was 

used. In order to determine the variation of the friction 

force with frequency it is necessary to keep the amplitude 

constant thus ensuring that R is constant. It Was therefore 

amplitude at beginning = 10002 = 106  

the 
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decided to repeat the experiment keeping the amplitude 

constant. 

643 VARIATION OF COEFFICIENT OF FRICTION WITH LFREQUENCY, 

AT CONSTANT AMPLITUDE  

6.3.1 INTRODUCTION OF THE DISPLACEMENT GAUGE  

A Wayne Kerr displacement gauge was now added to 

the set—up. A fixed amplitude of 0.0165" peak to peak 

was chosen after due consideration had been given to 

the limitation of the equipment. The output of 

was limited to about 701bf (with cooling), and 

the vibrator 

as the 

mass is constant, measurements could only be made from 

3Hz to 60Hz in some cases and to only 50Hz in others; 

for with the amplitude constant the inertia force (mx) 

increases proportionally as the square of the frequency. 

Moreover the choice of amplitude ensured that the 

motion was approximately harmonic and also that this 

  

amplitude of vibrations was well within the linear 

range of the displacement gauge. 

Having selected a suitable constant amplitude 

of vibrations the excitation force, the acceleration and 

the phase difference between them, were measured at 

different frequencies within the range specified above, 

without any friction force in the system. These 

measurements served as a check on the calibration of 

the force gauge and hence the accelerometer. A low 

pressure gauge reading from zero to 21bf/in2  pressure 

was introduced into the system, replacing the previous 
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pressure gauge which read from-301bf/in2  to 151bf/in2. 

With the new pressure gauge in the air supply system 

the friction blocks were recalibrated in the same way 

as before. The low pressure gauge was introduced 

because the maximum friction force that could be in-

troduced at the chosen fixed amplitude of vibrations 

at frequency range from 3Hz to 60Hz was about 301bf 

(i.e. about 2ilbf/in2  pressure). It was therefore 

found necessary to take readings at low pressures 

thus requiring an accurate low pressure gauge. Pressures 

of 0.2, 0.5, 0.8, 1.0, 1.3, 1.5, 1.8 and 2.01bf/in2 

were introduced into the friction pads and at each 

pressure setting the experiment was repeated. The 

friction blocks were always cleaned with trichloro-

ethylene and dried before the surfaces were allowed 

to come into contact. About 5 minutes were allowed 

for settling before any measurements were madei As 

the excitation force and the acceleration and the phase 

difference between them were measured it was therefore 

possible to calculate the value of the frictions force 

at each frequency (see 6.3.7). In measuring the phase 

difference it was found necessary to measure tke 

phase difference f f.-between,theexcitation force and 

the reference (taken from the oscillator) and aaso 

the phase difference '0a  between the acceleration and 

the reference. By subtracting one from the other 

(6f  — 0a
), the phase difference between the excitation 

force and the acceleration was obtained. 
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As the normal force was known the coefficient 

of friction was determined at each frequency. The 

results obtained from this experimental work was used 

as data in a computer programme which uses the method 

  

of least squares to fit polynomial furves, to determine 

the best fitting equation for the experimental curves. 

  

The best fitting equation was found to be of 

the form: 

= qs(1 - af2 + bf4 

    

• fki 

  

(6.10) 

  

where A-4 = Coefficient of friction at any frequency 

tars  = Static coefficient of friction, 

a and b are constnats and f is the frequency in 

Hz. 

6.3.2 OTHER DATA  

Experimental results of some other researchers, 

Earles and Beards (28) was used as data in the same 

programme and found to produce similar results 

6.4 NONLINEAR REGRESSION PROGRAMME 

The same data as above was used in the thin-linear 

regression programme to determine the parametei's " 11 

and "h" and also to test the equation (2.16) 

i.e. F = XR(coswh + jsinwh) 

As shown in equation (6.7) the absolute value 

of F is constant (and therefore a constant value was 
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obtained); and this clearly did not fit the curve. 

The friction force was therefore split into real and 

imaginary components as shown in equation (2.1). 

Using the real part 

i.e. Fr = XRcoswh = Rposwh as x is constnat 006 (6.11) 

good correlation was obtained with all the experimental 

curves and also fitting values were obtained for the 

parameters, (inlithis case R;  and h). The curves obtained 

  

with this programme were similar to those obtained 

using equation (6.4). 

6.4.1 EXPANSIO OF COSx .th  

An examination of (6.4) shows that is similar to 
A  X2 X4 

the expansion of coax which is, coax = 1 - 	+ 

x
6 

6' 
	.(6.12) 

6.5 RESULTS  

The experimental results are shown in Fig.(6.10) 

and (6.11) in which the normal force acting °III the 
, 

friction blocks is given (i.e 1.7113,f:to 6.11bfin 

Fig.(6.10) and 7.51bf to 11.101bf in Fig.(6.11)). 

The equation used is F = Rcoswh and for each 

loading force the values of the delay time "h" and the 

friction constant Mare given. Both the theoretical 

and experimental curves are shown. Having obtained 

the values of h and R/ for different Normal loads 
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of delay 

in 

it was easy to do a plot showing the variation 

time with Normal pressure. This curve is shown 

Fig.(6.15). As the constant R = Roe .4h, the value 

of c(- was obtained by substituting Ro
e-0 1  for R 

in the programme and determining the value of d. 

the results obtained for F were identical in both 

cases. Fig.(6.16) shows the variation of the absorption 

coefficient with Normal force. Figs.(6.12) and (6.13) 

show the fitted curves using the non—linear regression 

programme. The polynomial equation is of the form 

q=k48 — bf2  + cf4  and those are the fir'st three 

terms of the expansion of cosx. 	1 

Fig.(6.15) shows a comparison of the fits obtained 

using the exact equation and the first three terms of 

its expansion. 

Figs.(6.17) to (6.19) are the curves obtT.ned 

by using the experimental results of Earle and Beards. 

In this case the variation of the coefficient o.f 

friction with speed at constant amplitude is considered 

for different cases e.g. cast iron on steel. A least 

square programme was used in which the first three 

temrs of the expansion of coswh were used and the results 

show good agreements with the experimental ones. This 

result also demonstrates why electronic engineers in 

using oscillators to simulate Coulomb damping find 

that better agreement between theoretical and experi-

mental work are obtained when the coefficient of 
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friction is represented by a term of the form 

t(1 - x2 + 	x4)31 as demonstrated by Derek ',Emden (43). 

.E.6 VARIATION OF COEFFICIENT OF FRICTION 	WITH 

FREQUENCY AT CONSTANT ACCELERATION 

Having obtaineth,satisfactory correlation between 

the theoretical analysis and the experimental results 

for the case when the amplitude was kept constant, it 

was decided to make use of the results obtained at 

constant acceleration. As stated already the friction 

force was calculated at each frequehcy and thehce the 

coefficient of friction. 

Let P = Excitation force (measured) 

A = Accelerating force (measured i.e. mwx2) 

0 = Angle between P and A 

F = Friction force 

By use of the cosine rule F was easily obtained. 

As shown in equation (6.7) the absolute value 

of F is a constant i.e. F = Rie-"x = R therefore this 

force was split up into real and imaginary parts. 

The real part is the (resisting) restoring force and 

therefore describes the resisting part of the friction 

force. This is demonstrated in Figs.(6.12) to (6.14) 
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where good fits of the experimental results a7 obtained 

by using the expression F = RcoswI. Using the same 

expression for the results obtained with constant 

acceleration very good agreement is obtained probably 

because there are more data points. These curves are 

shown in Figs (6.20) to (6.22) 

6.7 J-'POLAR AND CARTESIAN  PLOTS 

Using the values of R and h obtained from the 

computer programme a theoretical, examination of the 

friction force was made. The real and imaginary parts 

taken on their own are expressions that are well known 

however in the contest of the experimental work carried 

out equation (3.5) was used. 

First of all the real part of thescquation , 

i.e. Freal = (mw
2 + Rcoswh)x (6.13) was considered • 

separately, mw2x being derived from the value at which 

the acceleration was kept constant. Then the imaginary 

part in which Fimag = Rsinwh (6.14) where Fimag'=  Imaginary 

part of the friction force was considered. 

The absolute value of the excitation forde was given 

by equation (3.5). The results for three different cases 
0 

are shown in Figs.6.23 to 6.28, in which mw' represented 

by C i.e. mw2 = C--(6.15). 
1 

Using equation (3.9) the phase angles were also 

obtained. These calculations were done by the computer 

and the range covered was the same (i.e. 3Hz to 1000Hz) 
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as in the experimental work. Thus polar plots were 

made of the three variables represented by equations 
1 

(6.13), (6.14) and (3.5) which was represented as 

XTI(0 + Rcoswh)2  + (Rsinwh)2J= ?eiwt:...(6.16) 

6.8 VARIATION OF AMPLITUDE WITH FRICTION FORCE AT  

CONSTANT FREQUENCY 

To test equations (3.25 )=and (3.26) a series of 

experiments were performed. At a chosen frequency the 

force required to accelerate the mass at a certain 

amplitude was measured; the acceleration and phase 

difference were also recorded. Friction was no introduced 

in stages, keeping the excitation force constant and 

the new amplitude of vibrations, acceleration and phase 

difference wea measured. The readings were taken only 

after stable conditions had been attained. The friction 

force was increased in stages up to about 201bf and 

the readings taken. This procedure was repeated for 

different frequencies so that the variation of amplitude 

of vibrations with friction force at constant frequency 

was obtained, and also the friction force was calculated 

as explained above. The coefficient Of friction was 

thus calculatdd for the various normal forces (i.e. 
1 

friction forces) at various frequencies and the results 

are included in Figs.(6.7) to (6.12) The curves showing 

the variation of displacement with friction force are 

r 
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similar to that in Fig.(3.6). Thearetical results for 

equation (3.25) were obtained for comparison with the 

experimental results and these do agree closely with 

the experimental results. These are shown in Figa.(6.29) 

and (6.30). Moreover, the phase relationship. was 

calculated theoretically and compared with the measured 

phase difference. The results show a reasonable agreement 

considering the limits of the equipment used. Since the 

excitation force was kept constant and the mass and 

frequency known it was therefore possible to calculate 

the value of R using equations (3.9) and (3.25) as 

x and 0 were measured and therefore known. This was 

done as a check on the results obtained by the method 

described earlier (i.e. 2 forces and included angle). 

6.9 INTRODUCTION uF A SPRING (RESTuRING FORCE), INTO  

THE SYSTEM 

A spring was now introduced thus giving rise to 

a system that is represented by equation (3.21),. The 

experiments described in 6.1 were repeated i.e.l the 

variation of displacement with the friction force 

at constant force and frequency were determined for 

all the cases considered in the previous experiment. 

It was not deemed necessary to calculate the coefficient 

of friction from these results as the other two cal-

culations yielded similar values. The phase was, however 

measured at each stage with the other results for 
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are comparison with theoretical results. The result 

shown in Figs.(6.31) and (6.32). 

6.10 FREE DECAY 

By feeding the displacement into a U.V. recorder 

attempts were made to obtain free decay traces for some 
1 

of the cases considered above. A block diagram for the 

set up is shown below: 

The chart speed and motor speed of the Ui.V. 

recorder. were chosen and tested. When a suitable 

combination had been obtained the vibrating system 

was allowed to run for some time to obtain stability. 

The motor of the U.V. recorder was started and the ex-

citation force was cut off immediately after thus 

enabling a free decay trace to be obtained. The 

results are shown in Figs.(6.33)to (6.330)though 

these have not been analysed. 
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CHAPTER 7 

FORCED VIBRATIoNJ WITH MIXED DAMPING 

The experimental and theoretical results in' the 

previous tests showed good agreement and therefore 

experimental work was began, on the forced vibration—

Response tests with the three types of damping discussed 

(Coulomb, Viscous and Viscoelastic) taking the phase 

relationship into consideration. 

7.1 MEAJURING TEOHNI,,;UL6  

The measurements could be made in four different 

ways: 

1). Forced resonance tests keeping the excitation 

force constant and measuring the amplitude and 

phase angle giving a response curve (from 

which the reqaired quantities can be calculated). 

2). Forced resonance tests, keeping the amplitude 

constant and measuring the excitation force 

and phase angle, giving a response curve (from 

,-77:fr; the required quantities can be obtained 

by calculation). 

3). Forced non—resonance oscillations with measure-

ments of the force, displacement and the phase 

angle between them. 

4). Forced resonance tests, keeping the amplitude 
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constant and measuring the excitation and 

accelerating forces and the phase angle between 

them, giving response curves from which the 

required quantities can be calculated. 

Of the methods described above (1) and (3) were 

found to be unsuitable. The friction force is somewhat 

dependent upon the amplitude of vibrations and therefore 

method (1) which involves measuring a variable amplitude 

may lead to spurious results. Moreover, it is more 

difficult to measure the displacement near resonance 

than it is to measure the force. Method (3) will not 

show the effect of damping, whatever type it may be,on 

the resonant frequency. Methods (2) and (4) are similar 

and were found acceptable, but in terms of experimental 

work it was found that the magnitude of the accelerating 

and excitation forces were comparable and therefore 

liable to give better phase measurements. For this reason 

method (4) was used even though the response curves are 

obtained by plotting the variation of the excitation fo4ve, 

with frequency. 

In order to test different combinations the exper- 

iments were done in two stages. In the first stage the 

metallic spring was used as the restoring force spring 

in the system whilst in the second stage the visco-

elastic material provided the restoring force spring. 
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7.2. :TAG E ONE  	WITH VI6C0U6 DAMPING  ONLY 

Viscous damping was supplied by an electro-

magnetic damperw However, two resonance response-

tests were made without any extern*l damping to deter-

mine the hysteretic damping in the spring. In all the 

tests the amplitude of vibrations was kept constant 

at 0.00825" and the force required to maintain this 

value of amplitude at each frequency measured. The 

acceleration was also measured and the phase angle 

between the force and acceleration at each frequency 

wc:s also determined makin& use of a Reference Signal 

in the oEtrlier 	'Pola the resultE) obtc,.inc10_ 

1,1101)1, c; 	u-na < 0: 	the t'iliount ( , 3f' 11,TL' 	a.e tic  

taken for three values of current and from the calib-

ration curves the coefficients of viscous damping, 

and the damping ratios were obtained by calculation. 

These values and other known constants were now 

fed as data into a computer programme to obtain theor-

etical curves for each set of data. 

' THE COMPUTER PROGRAMME  

The programme uses "The Ritz-Galerkin method" to 

solve ordinary second order linear and non-linear 

equations with harmonic forcing. The non-linearity 

is provided by a cubic polynomial in X, with either 

viscous or hysteretic damping. The solution is of the 
• 
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form X = o-+ X,Sin(wt-0) and values of Xo and frequency 

w were computed for a range of values of X,. Since no 

higher harmonics are included in the solution, the 

solution is a first approximation to the exact solution 

for equations with non-linear springs. 

For linear springs such as were used in this 

experimental work the solution is exact. The equation 

in this case is the well known one for a single degree 

of freedom system with one mass and one spring. 

jwt  = ax + cf. + kx = Pe 	psin(wt - 	....(7.1) 

from which 

1 
(2 	C 	

) 

Wo 
	

P)2 Po 	(1 - (47-  + x = 
o 

IN' ' 

= kohl - n2?s + (5 2n)2  

W2 	= m - and Co = . 
km 

_ 	 and tan 0 - 
1 - n2 

Since in the experimental work the displacement 

was kept constant it was found necessary to obtain the 

theoretical solution in terms of P, keeping x constant. 

eqn. becomes 

• 
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Xo k = — 	X G 	where G -
V(1  
/ 	 

1 

 

 

(2n.5 )2  

e 
X g = 	G 

. 
• • 

x, 	pt  

Xo 	
11c 

= Tes—  xgo 

P = x
o 
 x X, = G. X, 

Po  
where G, = -- Xo 

The phase remains unchanged. 

The results are shown in Figs.(7.1) to (7.4). 

Figs.(7.1) and (7.2) are experimental results whilst 

Pigs.(7.3) and (7.4) are theoretical results. 

Both the experimental and theoretical response 

curves show the variation of G, the magnification 

factor with frequency. 

7.2.2. FURCLD 	.ITH OuUd,01:113 AND VIoC1/4)-J3  

DAPLIIG 

Experiments were now performed to verify equations 

(3.22) and (3.23). 

With the appar2tus set up as described the viscous 

damping was switched off. Coulomb damping was now 

introduced into the system pressurising the bellows 

to give a specific normal loading. At this stage the 

pressure gauge with low pressure scale was used. Forced 

vibrations were performed as before except thnt the 

alignment of the blocks was checked and sufficient 
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time was allowed to obtain stable conditions before 

the readings were taken. The parameters measured were 

the same as those considered with viscous demping in 

the system. The pressure was changed and the experiment 

was repeated. It was found necessary to repeat the 

experiments if there was en interuption during the 

test for a fairly long time (half en holAr). After 

(satisfactory results i.e.) repeatable results were 

obtained viscous damping was now introduced, the current 

being at the same level as was used in the case when 

there was no coulomb damping. 

7.2.3 IiToRODUCTIuN OF L!!kik, VIjCuU6 Wd.IPII'TG 

By introducing viscous damping into a system with 

Coulomb damping the model was now that in Fig.(3.4) and 

equations (3.19) and (3.20) applied. 

To ensure that the level of Coulomb damping was 

the same as before readings were taken to check with 

the previous results obtained and when this showed 

agreement the viscous damping was then introduced into 

the system and the readings taken. The readings were 

taken at the same frequencies in all cases described. 

iix;oU.LiT6 

A special computer programme was written for the 

soliztion of equations (3.22) and (3.23). 

All the parameters in these equations were either 
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known or calculable except the delay time "h". 

The data included the mass (m in lbf), the stiffness 

of the spring (k) in lbf/in, displacement (x) in 

inches, the friction force constant (R), the viscous 

damping coefficient (c) and the viscoclastic coefficient 

(g). The value of "h" could be guessed as en initial 

value and"from the result, obtained better values 

could be used until the best fit was obtained. The 

method was found to be laborious end not verifiable. 

i•e • 

Insten:1 equation (3.23 ) was used 

tan Rsinwh 	as k - mw2  0 0 - RcoswT1-  
and S = 7c  

Thus 	0 = hW 
0 

and thus "h" is obtained. 

This experimental value was now fed es data 

together with the other parameters and theoretical 

solutions for (3.22) and (3.23) were obtained for 

comparison with the experimental results. 

The experimental results are shown in Figs.(7.5), 

(7.6), (7.9) and (7.10). The theoretical results are 

shown in Figs.(7.7), (7.8), (7.11) and (7.12). 

7.3. 	6TAG.b,  T40 	ilITh THE V160LA6TIU MAT,22,IhL 

• 

The viscoelaT,ti material was now substituted for 

the metallic spring. It was bonded to the spigots 

with EVO-jTICI: (an impact adhesive) and when satis-

factory bonding had been obtained forced frequency 

response te:ts were performed c,s before. The displacement 
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was kept constant as before and the excitAion force, 

the acceleration and the phase C,ifference between 

them were measured. From the graph obtained, the loss 

factor, 	and the stiffness k of the viseoelastie 

::Iterial were determined. The values obtained for 11 

p.nd k were now used as data in the computer pree 

which uses the "Ritz-Galerkin method" to solve differ-

ential equations, to obtain theoretic:11 results for 

comp-rison with the experimentil 

t:g11-,tion of motion in this cane is 

kx 	igx = Jfe 
jwt  

which simplifies to 

P/kXo 
 = if(1n2)2 

2  

 

(7.7) 

 

and 

tan 0 = 

   

(7.3) 

    

 

1 - n2 

 

The equations used were therefore equations (7.7) 

:and (7.3). 

7.3.1. VI6U0ELA6TIC AND V1L)UOUD DAMPING 

Viscous damping was now intoducod into the system 

so that the experimental model was that in Fig.(3.5) 

with the friction force F = 0 and the equation is obtained 

from equations (3.13) and (3.14) when S = 0. The amount 

of viscous damping introduced was the same as was the 

case with the spring in the system. The amount of 

current passed in the three different cases were 1.5 

• 
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Amps, 3.0 Amps and 4.5 Amps, respectively. 

From the experimental curves obtained the eqniv- 

alent damping ratio,j 	end the equivalent loss 

factor were calculated and used as data in the Ritz- 

Galerkin method" computer programme. The results obtained 

by using an equivalent loss factor 	were in general 

less agreeable with the experimental results than when an 

equivalent damping ratio 	was used. The degree of 

agreement depends upon the ratio of the two types of 

damping in the system. Better results were obtained 

by using equations (3.13) and (3.14) directly in the 

special computer programme. The experimental results 

as well as the theoretical ones using equations (3.13) 

and (3.14) are shown in Figs.7.13 to 7.16. 

Figs.(7.13) and (7.14) show that the experimental 

results end Figs.(7.15) and (7.16) show the theoretical 

results. In the results shown the equivalent viscous 

damping coefficient c is given a:s well as the amount 

of current used in Amps. All the response curves portray 

the variation of the magnification factor G, ij_th 

frequency. 

7.3.2. 1,TLiCOSTIC AND CoULOMB DAMPING 

With the loss factor 1 of the viscoelastic 

material and its stiffness known, it was now approp-

riate to introduce Coulomb damping into the system and 

note its effects on the resonant frequency, the phase 



and the magnification factor G. Coulomb damping was 

introduced in three stages by the same amount as before 

when the metallic spring was in place of the visco-

elastic material. The same parameters (i.e. the ex-

citation force, the acceleration and the phase) were 

measured at a constant amplitude of vibration. The 

model for this experiment was Fig.(3.3) and the equations 

were (3.16) and (3.17). 

In order to obtain theoretical solutions for 

equations (3.16) and (3.17) the results obtained from 

the experiment were used as data in the None-linear 

Regression programme to obtain values for "h" (the 

delay—time) for the different combinations of visco-

elastic and coulomb damping. As a check the delay time 

"h", was also calculated from the measured phase angle 

and compared with the results obtained from the 

non—linear regression programme. Theoretical solutions 

for equations (3.16) and (3.17) were thus obtained 

and Figs.(7.17) to (7.20) show the results both 

experimental and theoretical. 

The experimental results are shown in Figs.(7.17) 

and (7.1 and the theoretical results are shown in 

Figs.(7.19) and (7.20). 

The method by which the delay time "h" was 

determined from the measured phase angle is described 

in Appendix 2. 
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7.5 FORCED V1BRATIuN6  WITH 	THREE TYPE6 OF DAMPING 

The experimental work for this case is demonstrated 

by Fig.(3.2) and hence equations (3.13) and (3.14) were 

found to be rather tedious. Whilst the amount of 

viscous damping could be accurately assessed it was found 

that the amount of Coulomb damping introduced was not 

so readily estimatable owing to the fact that different 

results could be obtained if the conditions (i.e. the 

alignment of the blocks, the state of the contact 

surfaces and the tightness of the positioning rods) 

were not the same in all cases. 

For this reason the experimental work became 

rather repetitive. First of all a forced-response test 

was made with the visco-elastic material only and 

measurements made as before; a specific amount of 

Coulomb damping was now added and a force response 

test made again and the parameters remeasured. 

Mailkaining this set-up a specified amount of viscous 

damping was now added and the test repeated and the 

parameters remeasured. 

The procedure was repeated for different combin- 

ations of Coulomb and viscous damping. The results for 

tha different cases and combinations are shown in figs T AI t°.724  

Figs 7.21 and 7.22 show the experimental results and 

Figs 7.23 and 7.24 show the theoretical results. 
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CHAPTER8 

DISCUSSION OF RESULTS ON THE NATUAE OF COULOMB FORCE 

8.1 	EXAMINATION OF COULOMB FORCE 

Figures 6.3 to 6.9 are response curves for fig. 6.2 

and clearly demonstrate that coulomb force is better represented 

as a complex force rather than as a constant. These curves are 

experimental and theoretical solutions of equation (6.2b) which 

is presented in the form 

P/x = C + R(coswh + jsinwh) 

where C 	= mw2  

In figures 6.7 to 6.9 the acceleration was kept 

constant at 5g/16,g and 5g/8 which are in the ratio 1:3.2:2. 

The fitting values of the constant C, are 0.87, 2.41 and 2.28 

giving a ratio of 1:2.8:2.6, as compared with the ratio of 

acceleration levels used just quoted above. While the order of 

magnitude of the two set of ratios are compatible there exists 

a discrepancy in the exact values obtained. The constant C has 

to be multiplied by 4.2 and the amplitude of vibrations, x to 

obtain the actual values of the acceleration forces, and therefore 

exact agreement of the two set of ratios can only be expected 

if the amplitude of vibrations was kept constant too. As the 

amplitude was not deliberately kept constant the slight 

discrepancy in the two set of ratios is inevitable. 

In general the fitted and experimental curves do show 

good agreement in all the three cases shown. 

4 
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8.1.1 	RATIONSHIP BETWEEN h, C and R  

Table 8.1 shows the values of acceleration, the constant 

C and R, and the ratio C/R corresponding to different values 

of delay time, h as obtained from the fitted curves including 

two cases that are not shown in the figures. 

Acceleration 

in 
g. 

R C 
R 

h 

5/16 0.87 1.695 0.51 0.00240 

5/8 2.28 1.175 1.94 0.00260 

g 2.45 2.00 1.23 0.00191 

5/4g 3.00 2.75 1.10 0.00220 

25/16g 3.50 3.55 0.99 0.00225 

Table 8.1 

VALUFS OF CONSTANTS AS OBTAINED FROM CURVES  

The relationship between C and h, R and h, and C/R and 

h are shown in fig. 8.1. The common feature of the three curves 

is that there is a minimum delay time for some values of C, 

R or C/R. As C = mw2, it means that for a particular frequency 

of oscillations the delay time is minimum which is understandable. 

The friction force F is a complex quantity and therefore with 

the inertia force mw2x, being kept constant it is reasonable 

to expect that at a particular frequency and amplitude of 

vibrations, there is an optimum value of friction force constant 

R that will result in a minimum delay-time. The ratio C/R, must 
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be expected to show a minimum value for the delay time in view 

of the fact that both C, and R exhibit this phenomenon. For 

the particular system used in the experimental work, the delay-

time is minimum when the acceleration is g, and the inertia force 

10.31bf, (2,45 x 4.21, the friction force F = 8.41bf and 

C/R = 1.23. 

* Curves from which these were obtained are not given in the 

results. 

6 

• 

• 
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8.1.2 EXMNATION OF THE EQUATION 

Equation (6.2b) can be represented in the form: 

C + Rejwh  = P/X ....(8.1) where ejwh  = coswh + jsinwh 

The acceleration mw2x = A/K = constant in this experiment 

.'. X = K 2= K mw C 

thus ejwh  = PC 	- C substituting for x 	(8.2) 
RK 

Squaring both sides 

e-w2h2 = (PC - 0)2 = (PC)2 - 2PC2 + C2 2  
(R N.) 	(RK) R2K 

-w2h2 = log (P2C2 - 2P02  + C2  = loge 
r2c2 	2 2PCK C  ) 

R2K2 R2K R2 
2_2. 

R2K2 

-2w2hdh = 	 2C2P - 2C2Kx  

For max or min dh = 0 	. 	2C2P 202K = 0 
dp 

hence P = K 

If equation (8.3) is now differentiated with respect to C one 

obtains: 

- w2h2 = log (P2C2 - 2PC2K + C2K2) 
R2K2 

- 2w2hdh = 2P2 - 41a + 2K2 
dc 	

C(P2  - 2PK + K2) 

For max or min dh = 0 . P2 - 2PK + 2 = 0 
dc 	• • 

i.e. (P 	K)2  = 0 i.e. P = K 

dp P2C2 - 2PC2K + C2K2 

• • 

• 
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A similar result is obtained when the qquation is 

differentiated with respect to R. To obtain corresponding 

values for the other variables when P = K, and there is minimum 

delay, a substitution is made in equation (3.5) 

i.e. P/X = 	+ Rcoswh)2  + (Rsinwh)2] 

thus 

K/X = f{(C + Rcoshwh)2  + (Rsinwh)2J 

C2 = C2  + 2CRcoswh + R2cos2wh + R2sin2wh 

as K/X = C. 

R2 	—2CRcoswh 

i.e. coswh = —R 	(8.4) 
7c 

Thus minimum values of h are obtained when 

R = —2Ccoswh 

C = —R 
2coswh 

h = — 1 cos —1R 
iv 	2C 

 

(8.5) 

 

8.1.3 THE CONCEPT OF OPTIMUM COULOMB DAMPING RATIO 

Some research workers (5), (9) have shown that for 

forced vibrations with Coulomb damping, the Coulomb damping ratio 

can be expressed in the form P/P where F is the friction force 

and P the excitation force amplitude. They have stressed the 

importance of the fact that, for a certain value  of Coulomb 

damping in a particular system optimum damping is obtained. Some 

researchers for example, (9) to (11) however express the damping 

ratio in the form F/K, where K is the effective stiffness of the 

elastic members in the system. As there is no spring in the 

system for the experimental results bein7 discussed only the 

ratio-WP will be examined here using the theory evolved in this 

thesis. 
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Equation (8.4) 

coswh = -R gives the relationship between 

R and C for a minimum value of coswh. 

As the minimum condition is that P = K = CX 

equation (8.4) can be modified to 

	

coswh = -RX 	= -F 	(8.6) 

	

2P 	2P 

when F = 2P no motion is possible and w = 0 

hence infinite delay time i.e. wh = 0 

Clearly, when coswh is minimum, sinwh must be maximum. 

The friction force F is represented by two parts. 

The real part (i.e. the in phase part) = RX0rfsvti and 

the imaginary part (i.e. the damping part) = RXsinwh 

Thus when conditions for minimum delay time h, are approached the 

in-phase part of the friction force approaches a minimum value 

whilst the damping part (i.e. out of phase part) approaches 

maximum. 

8.1.4 WITH A SPRING IN THE SYSTEM  

The researchers just quoted in connection with the 

concept of damping ratio worked on systems having sprinL;s in 

them. In 4.4 it was shown that the addition of Coulomb force 

to a one degree of freedom system with or without damping, may 

increase or decrease the resonant frequency dependent on one 

factor, th.t is the value of -R (represented by F/K) by the 
2K 

researchers quoted). 

If coswh is minimum then - x is minimum and this results 

in a small change of resonant frequency. Sinwh however is maximum 

at this stage and therefore optimum damping is obtained. The 

analysis in 8.1.3 shows that optimum damping is obtained for a 

certain ratio of F/P when coswh is mintatun thus explaining why 

similar results are obtained by expressing the damping ratio in 

• 

I 	 11, 



— 169 

either of the two forms. The results obtained here do confirm 

the results of the quoted researchers, and implies that 

opitimum damping can be obtained in a Coulomb-damped system by 

simply manipulating the raio's F/P or F/K. This means 

changing the value of F or P as in most cases the stiffness K 

has a fixed value. 

8.2 FRICTION VOACE LT CONSTANT AMPLITUDE 0 VIBRTIONS  

Figures 6.10 and 6.11 show the variation of the coefficient 

of friction with frequency. These curves are similar to 

those obtained by researchers in lubrication (1) to (4) whose 

work was based on frictional force behavior in one direction 

only. However, similar results were obtained by vibration 

of the coefficient of friction, with sliding velocity in a 

vibrating medium. 

Figures 6.12 and 6.13 show curves obtained by using 

the formalae A-( = 	-b1.2 	cf4,  which is the first three 

terms of the expansion of coswh,. to fit the experimental 

results and while the fall in coefficient of friction with 

frequency is expected, there is also a decrease in the value 

of the coefficient of friction with increasing normal loads 

as illustrated by Dokos (33). As the friction blocks get 

stiffer with increasing normal loads, the increasing rigidity 

of the blocks would reduce the amount of rolling (rocking 

of the friction device) taking place if rolling was taking 

place at al. This implies that the coefficient of friction 

as measured could be a combination of the coefficient of sliding 

and rolling friction. 

Since specific attempts were made to eliminate 

rolling of the blocks and while this might not have been 

totally efficient it makes it unlikely that this could be 
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the sole cause of this anomaly. A more likely reason for 

the results obtained is the dependence of the damping force 

on the ratio F/P. As the optimum damping ratio of F/P is 

approached a corresponding minimum real part XRcoswh of the friction 

force is obtained, and this results in a decrease in the 

coefficient of friction. Fig 6.14 shows a comparison of the 

curves obtained using the exact equ;.tion 	ggcoswh with 

that obtained using its expansion together with the experimental 

results. The variation of the delay-time with the Normal force 

at constant amplitude shown in fig 6.15 is similes to the one 

obtained for vibrations at constant acceleration shown in fig 

8.1 and the analysis in 8.1.2 do apply here. The variation of 

the absorption coefficient a with the normal pressure shows it 

to be inversely proportional to the delay-time as already 

established in the theory in chapter 2. The values of the delay 

times obtained at constant amplitude (0.00186 secs. to 0.00252 

secs.) are compatible with those obtained at constant 

acceleration (0.00191 secs to 0.00260 secs). 

8.21 CALCUL LTION OF 	JELAY-TIME h FROM A GIVEN DATA  

In order to ascertain whether thc magnitude of the 

delay-time obtained is consistent, the delay-time was obtained 

by using data published by other researchers (28) and (33) in 

the non-regressive computer programme to obtain values for h. 

Table 8.2 shows the results: 

COMBINATION OF MATERIALS aKJAY 	h 

  

Computed 	Calculated from 
Value 	a 	b mean values 

Ref on Steel 0.0025 0.0033 

(9) 
(Brass  Brass on Steel 0.00335 0.0034 

Cast iron on Steel 0.00262 0.00253 

(`3) Mild Steel on Mild Steel 0.00199 

(Doko's) 
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Table 8.2  

The amplitude used by Earles and Beards (28) was 0.0025" 

whilst the amplitude used by the author was 0.00825". In 

the calculations for table 8.2 an amplitude of 0.005" (i.e. 

mean of 0025" and 00825") was assumed for the first three 

combinations whilst an amplitude of 0.00825" was used for 

the last case where the given amplitude of 0.053" was 

considered too big. The choice of amplitude enabled a fair 

comparison to be made for two cases involving mild steel on 

mild steel. The result s shown in the second column are 

obtained by using the quoted static and dynamic coefficient 

of friction as given by Earles and Beards (28) and the mean 

speed was determined from the graphs. 

8.2.2 DETZRMINiTION OF h FROT'J KZOWN VALUES OFki  

In order to determine the delay-time h for a particular 

combination therefore it is necessary that (1) the amplitude of 

vibrations be known and (2) the coefficient of static friction 

be known and the dynamic coefficient of sliding friction be 

known for a mean speed: 

Thus if '"is = Static coefficient of sliding friction 

= Dynamic 
	

I I 	 t I 
	

" at speed v 

Then w 	= v where w = frequency in radians, x = amplitude 
x 

of vibrations. 

Hence 	1\-1 = qs coswh 

Coswh 	hence wh = V radians say 

Then h 	= 0 secs. 	(8.7) 
W 
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8.2.3. 	COMPATIBLE ORDER OF MAGNITUDE  

The order of magnitude of h obtained from other results 

are compatible with those obtained by the author, all 

bejn of the order of milliseconds. The values obtained 

by using only two values of the coefficient of friction 

show very good agreement with the computed ones and 

therefore good results can be obtained by using the method 

shown in 8.2.2. 

The value of 0.00199 secs. obtained by using Dokos' 

results for mild steel on mild steel falls within the_. 

range of 0.00186 to 0.0026 secs. as obtained by the author 

thus proving the consistency of the results. 
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8.2.4. 	EAA:'IN TION 01? THE FRICTION FORCE  

Figs 6.20 to 6.28 show the variation of friction force with 

frequency. Figs. 6.20 to 6.22 are similar and do show a shift 

in the frequency at which minimum force is obtained with a 

change in normal load. This further illustrates the 

dependence of the delay-time on the normal load. Figs 6.23, 

6.26 and 6.27 show curves for the variation of the friction 

force and its components, Real and Imaginary with frequency 

and do show that negative damping is possible at some range 

of frequencies. The polcix plots in figs 6.24, 6.25 and 6.28 

confirm that friction force is a vector which rotates with 

increasing frequency, as deduced in 2.3, the rate of 

rotation being governed by the other forces (in this case, 

inertia force) in the system as the curves representing P(I) 

show. 

8.3 	VIBRATIONS INDUCED BY COULOMB DAMPING 

The ability of Coulomb force to induce vibrations 

instead of dampen them has been encountered by many research 

workers and as such some experiments have been designed using 

Coulomb force to illustrate self-excited vibrations. Most 

text books on vibrations (20) to (24) do use some models 

involving Coulomb forces as experimental aids to illustrate 

self-excited vibrations. 

The discussion in 8.2.4 and also the deduction in 2.3 

show that the damping part of friction force can become an 

exciting force within certain ranges of frequency giving rise 

to stable and non-stable regions. Researchers (35) 

established stabl3 and non-stable regions for their project 

(which involved a disc rotating in contact with the end of a 

canti-lever held by clamps) with the radius of the disc, and 



and the length and slope of the canti-lever as parameters. 

An examination of the three parameters involved shows that 

the velocity was dependent upon the radius if the frequency 

was constant; the slope of the clamp controlled the magnitude 

of the Coulomb force acting on the disc, and the length of 

the canti-lever determines the stiffness in the system. As 

established in 8.1.1 the delay-time h is dependent upon R and 

C and when there is a spring in the system, on the stiffness. 

This suggests that vibrations induced by Coulomb force can 

be controlled by changing the relevant parameters in the system. 

The effect of Coulomb force on Frequency entrainment is illustrated 

by reference (6). 

8.4 DEPENDENCE OF COEFFICIENT OF FRICTION ON AMPLITUDE  

Fig 6.29 to 6.32 show the relationship between the normal 

pressure and the amplitude of vibrations at constant frequency. 

Most of the work (1) to (4) on Coulomb damping especially 

involvin.rr the coefficient of friction has been done at constant 

amplitude and on the occasions when the response was measured 

more attention was paid to the magnification rather than the 

effect of the amplitude of vibrations on the magnitude of the 

friction force. However in Stefan Ziembas (7) analysis, the 

dependence of the friction force on the amplitude of vibrations 

was implied when he concluded that the system represented by 

fig 1.9 in the presence of strong damping would tend asymptotically 

to the equilibrium position for t approaching infinity. 

Earles and Beards (28) also encountered this in their research. 

Whilst theoretically, the variation of slip amplitude at constant 

frequency with normal forces across the damper should be a straight 

line according; to their representation of the damping force, the 

• , • • • • 



175 

experimrntal results were all more of curves, than straight 

linrs. Erles and Beards concluded from these results in 

conjuction with others th .t the coefficient of friction 

decreases with increasing slip amplitude. Similarly Dokos 

(33) found it necessary to express the slip frequency fs  

in the manner 

f = OleC2L  

 

(8.8) 

 

Also 	s = V where V = velocity in in/sec. 
Ts 	and fs= frequency in Hz 

Thus 	s = V 

CeC2L  

where S = slip amplitude and 0, and C2  are constant and 

L = Normal Load. 

Equation (8.9) shows .a kind of dependence of the slip 

amplitude on the normal Load even though this equation was 

evolved to suit a prticul.a. set of experimental results. 

As t he theoretical curves in figs 6.29 to 6.32 show good 

agreement with the experimental curves the relationship as 

expressed by the equation: 

F = Rx(coswh + jsinwh) 

is snown to be valid. 

The constant 11.1-- F therefore R decreases with 

increasing X, thus confirming the conclusion of Earles and 

Beards that the Coefficient of Friction decreases with 

increasing slip amplitude. 
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uHPATER . 9  

DISCUSSION ON VIBRATION RESPONSE WITH COMBINED DAMPING 

In practical mechanical pystems there is often more than one 

type of damping, even though one type may predominate. It may be 

found necessaty to increase the damping in the system if resonance 

conditions are attained in the system or the amplitude of vibrations 

is deemed two large as to be dangerous. The construction of the 

system may be such that a particular type of damping can be intro-

duced conveniently to augment the damping. 

The quantity of damping that may be introduced depends upon 

the effect desired by the vibration engineer. The objective may be 

to shift the resonant frequency either up or down to a safer value, 

or simply to decrease the amplitude of vibrations or as is often 

the case to do both. In order to do this effectively different 

concepts have been developed throughout the years to enable the 

engineer to make reasonable substitutions in mathematical equations 

and hence predict the effect of a damping combination in a system 

safely. Among these is the"concept of equivalent viscous damping" 

which is used extensively. This concept is based upon the theory 

of the Dissipation of energy. In this chapter therefore the energy 

dissipated by the different damping forces per cycle will be 

determined, so that the "equivalent viscous clamping" theory can 

be examined. 

The effect of the combination of damping on the resonant 

frequency and the phase angle will also be examined. 

• 
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9.1 In  General  
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o 	cw2 cos wt at .,,, 	(1-:,  co;:-.2wt)a,t 
...... 0 	

Pl." 	
2 

. lic_v/2  I (l+cos2wt)It 
J 0 	9. 20 

= 2C4ov''(-6 4- sin2wt) 
0 

• 9 	;ft 	27c w- ( = 	.,,.L. 	( Z W-1-  • S .L 1 	\ J....  W 1 
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ro 

J.1.2 Viscociatic (0)1n  

	

For viscoclur,tic da.,;„)in„;, W.D./cycle =7-4: g 	(9.3) 
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9.1.5 	Jou:omb 	 

Couloiab da _pine force = jrt x sinwh 

= X0  COSWt 
_9 

	

/cycle = 	2,-,v 	cos2 wt dt 

_2 sinwh (1 

t + sin w 2 t 
2w 

_2 
= 2/.0 iw sinwh x 7 

2w 

. 
= 	S inwh 

00-:Z.LLESOI'J  WITH 	 

c9.4) 

-2 = 	Rw sinwh 

+ coswt)dt 

tato 

With friction force F represented as a constant 

W.D/cycle 
	

4 
	

(9.5) 

how 	= 	 = F -^- 

	

Thus (9.4) can be 9res:,ented as 7-2 	sinwh 	(9.6) 

ioparison ectuations (9.5) and (9.6) sow that by assunainc; 

that the friction force is constant the energy dissipated per cycle 

is o,rsrestLiated. 

Tne overestimatim is ,inimum when sinwh = 1 and even t -hen the 

=tic) of the as uffied v,lue to the act-Jai one is 4:7t is 1.2 : 1 

T' 	 0T 02 IIS'ien DA: PI,:G  

The fozces anL iieJ to vibratin, !=,yseils by iilany actual 

da in; hicchr2.nisms arc not only di ficult to of iris ilatheinaticalLy 

but lead to non-linear 6ifferential err,:iations of notion. 

-fiti:5, LCO SI1LP doeS Ilk 016 krils-vi 	0 
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2or these rrasons the da,pinF; forces in many systeias are 

often represented in mathematical ,Iodels by a viscous damping 

fo2ce of equivalent energy disipating capabilities; Viscous 

dam»ing is easily defined and its inclusion leads to a linear 

differential equation of motion. Equations (9.2) (9.3) and (9.4) 

are the expressions for the energy dissipated per cycle for the tree 

type of lam-oin Hcalt with in this thesis. 

9.2.1 	E-111:V=F 11.2iUOUS 	)l\;;lF  A- 

Let Ceq = equivalent viscous da pin,s coefficient 

, 
Oec 2 -o = 2  

-eq 	= 1,1 = 	(9.7) 

9.2.1 :_blV,11J 	ViSJ.IJS 	20A j0J1J01.13  

	

.= iad L 	-02 	X0  sfnwa eq .  

01 	= j 
	

(9.8) 

het'‘ be the equivalent coulomb damping ratio / then -6= C e,±  = 

	

ainw x wo = 	sinwh = 	.inwh 	(9.9) 	
Jo 

w x2k 	?ka 	2n 

where 	= a and n = w 
Jo  

Us in' the  convevitioal e i)ression 

Ceq 
,2 

C 	= cq 
it ti KID 

(9.10) 
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AF,D TH..,CnETICAL COTIPAtLISOK 

As established in the vectorial representation in fig z,.5 the 

6ampinig component of the coulomb force is in clurature with the 

in-hase co,liponent and since the viscoelastic and viscous tjainc 

forces are also in quadrature with the real force it means that t:)e 

dar,loin,?; forces arc additive. this ii plies that the dam ping rntio,. 

or loss factor or equivalent C:ampinE ratios can be aded to obtain 

the resultant equivalent damping ratio or loss frctor. 

In orner to etablish the validity of this relationship, the 

daping ratios 	their equivalentsw,,re obtained from the experi- 

mental response curves obtained for the individual types of 

ac in and also those obtained for the C.fferont combinations of 

da;lpin. These values were ai_no deter :Hied by direct calcution 

using e:_ivations (9.7) to (9.10) and hence obtained values for t-,-Le 

eqnivLlent dampin:: coefficients for comparison with those deri , c,J 

from the experinaentsi results. 

9.3.1 	COULOLii 	II6COUJ 

Table 9.1 shows the value. of the equivalent d amnpind ratio 
for ,'oulomb damping and viscous dalling, 2g for different normal 

loads a., well as the vaLues for combinations of the two types of 

dainpinj. 
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Coulomb only 	V;.scous onl: 

loa(1 	Current 

Amps 2g  

:o-alo,cb 4- Viscous 	rrc 

IH.oretical 
	

r-rror 

1.72 0.274 1.5 0.1,12 n.416 0.3(35 0.01 3.0 

).60 0.572 5.0 0.282 0.658 0.57 0.008 15.4 

6.00 0.2 /1.5 0.425 0.967 1.07 0.10.f. 9.6 

Table 9.1 COFAtJSON THEORTIOL 

IU 

As can be observed the Dercentae error betwe n the exieri,c.en-

tal and theoreticel results ranes from 8 to 15.4. The theoretical 

results were obtaineC. byassulainz :net the conditions wcr. the see 

Io(: all the cases but as already ooi-rtLee out, a slight (tifforchce 

in olinTi:Put. in ;,he, cleanlines or the sufaccs of: contf. 

th: ratio 2, coulo .c...sult in iffer.:nt values of ..0e j'i.,.ient of 

friction beinI obtained for a c,articular set of conditions. Ta - 1_11:,, 

this into consideration, the 1)ercentao differene is en ex)c.ctcd. 

C 0; 	 I '1 	 C •
-------- 

The equlvalent dat)in:; Coefficient Cei  was caL(!ulLtcO usi 

equations cJ.8) and ( J.10) for oom:oaPision with The values obtainc6 

from the exi)(ri,liental resuts. Table J.2 shows the comiJable 

va—ues for the two tyoes of da,fin,=.  and some combinations of the two. 

4 



	

2 	(■v) 

	

X0 	vJ:x•',.). 
/ 

(v) 
,,'ar(-,nt 

Ciii) 
Ti". 	,liawh 

/ 
1.0 1.12 1.5 

1.36 1.54 3.0 

2.24 2.22 4.5 

( V Z) 	MO 
1.:2,;ptli. . 01) 4 0 

(via) 
A, . \ ,( ,/) Lou ,1/4., J 

0 . 2 ) (j.'..)/i 0.',0 

0.575 1.525 1.2.-,5 

0.865 2.2..5 1.935 

Ci.) 	( ) 
normal ii 

1.... 	4 FX0 

	

.72 	1.:,0 

5.60 1.9 

	

6.0 	2.,34 

1.18 

2.20 

iscons onl 	,;()- Coinations 

coulrAnIsoi,:,  Cl{ TEr, ,AL,CUTE,) E, ,111,2ALEZT  

TfOSE  (1,LTED 

As 	2c, Coo  obtained for columns (ii) and (iii) had to be 

!salved to ',Eve the viscous equivalent before additions were made. 

The results obtained by using ecivation (9.8) shown in column 

(iii) are : ,c)re comparable with the experimental ones shown in 

COLUMR 0.16 tban the results obtained by using equation (9.10) 

shown in column (ii). In general the use of ecuation (0.10)  results 

in an overestimation of the damoing as already predicte6 in 9.1.4. 

'the results for the combinations shown in column5(vii) to (ix) 

show a similar trend to the cases dicussed, except for the case 

when the noral load is e.01bf. in thiu case (9.8) slightly 

erestimates the cquivalent dampin coefficient C 	but this is 

Jrobably due to the fact that the delay time is nea3: minimum, (see 

ig I)) a'G this loading, thus producingoptimum damoin,,,,. _1,]v•en thee 

the difference is acc,otable and equation (9.8) as shown produces 

better results. 



Viscoelastic 

Lo _,s factor 
(0 It 

0.185 

0.185 

0.185 

0e0, 
(*CL 

0.636 

0.636 

0.636 

viscous 

Cur_ent 	2c 
(.■v) 

1.5Amps 	0.089 

3.0 	0.177 

4.5 	0.265 

C 

0.29 

0.575 

0.865 

Expected 

	

2Sec 	0ec  

	

0.284 	0.94 

	

0.362 	1.21 

	

0.450 	1.50 

6.98 

0.39 

0.47 

ea 

0.91 

1.23 

1.57 

..,;iference 

2C,_ 	%.,-e  
(YO 

	

0.004 	0.03 

3.028 	0.02 
 4  

	

1
0.020 	0.03 

Pe7-ccaltase 

LX710 
, C 

3.2 

	

7.7 
	1.7 

	

4.4 
	

2.0 

2Ce, 

1.4 

1 5`3 --  

Tdrie, 9.3 c,.„,f,a),.;z94, 	cattatah,4 anui e7xi, 	 .expwiii.  /A/Litt cl-anni  

Combination 
Coulomb 	Expected 	Experimental 	Difference viscoelautic 

(0 

0.185 

(0 

0.636 

LEO 

f 
0.171 

(i..0 
Cel 
0.59 

N ) 
Yea 

0.356 

0.185 0.636 0.245 0.845 0.420 

0.185 0.636 0.338 1.17 0.523 

	

1.15 	0.350 	1.14 	0.006 

	

1.36 	0.415 	1.34 	0.005 

	

1.70 	0.48 	1.56 	0.043 

(2c-a (0 
(v0 	04 	--- W i) 	P) 	60 	f&v-Lra-a-3-Q- 
C',:l 	

71, 
:_eT r,  

1,11 
61/ 

Cel  Leg, Ce, 
0.01 1.7 1.0-1  

0.02 1.2 1.5 

0.14 8.2 8.2 

Taige. 9 ./ C6-n-tvLA.4-0--ru AL zst,11.0.At Y.9  4)-2-64 /6A. 	eol valta . 
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9.3.3 	VISCOUS AND VISCOELASTIC  

Table 9.3 shows the results for viscous and viscoelastic 

damping. The expected and experimental results for the combined 

damping show good agreement and thus confirms the works of other 

research workers e.g Neumarks report (18). 

	

9.3.4 	VISCOELASTIC AND COUIOMB 

Table 9.4 shows the results for viscoelastic and coulomb 

damping together with combination of the two types of damping. The 

parameters under' consideration are the equivalent loss factors afca 

equivalent damping coefficient% 

The experidental and theoretical results compare favourably 

with a maximum difference percentage of 8.2. With friction in the 

system more heat would be generated, thus resulting in a rise in 

temperature, and as the loss factor of a viscoelastic material 

decreases with rise in temperature as shown by reference (16), it is 

understandable that the measured values are consistently less than 

the expected ones. 

	

9.3.5 	COMBINATIONS OF ALL THREE TYPES OF DAMPING  

The comparison of equivalent damping ratios, for a combination 

of two different types of damping has been discussed and found to 

be agreeable. Therefore a comparison of all the three types of 

damping together is hhown in table 9.5 in which as before the 

expected value is the sum of the three indiviaual damping ratios 

and the experirneircal values are the measured ones. 



• 

ti 

• 

- 16f) - 

Types of Combination 	Coulomb 

“i) 
Viscous 

Cci. 
Viscoela:5tic 

(''V) 
U,) 6.  =2Y 21 

1.5Amps + 1.721bf + Viscoelasitc 0.171 0.089 0.185 

3.0 	" 	3.601bf + 	it 0.245 '.177 0.185 

4.5 	1. 	6.001bf + 	n 0.338 9.265 0.185 

Types of Combination 

1.5Amps + 1.721bf + Viscoe- 

Expected 

(q) 

Experiml. 
(VI) 

Difference 

(/i) 	
(Vat) 

lastic 0.445 0.424 0.021 4.7 

3.0 Imps + 3.601bf " Viscoe- 

lastic 0.60 0.007 1.2 

4.5 Amps 6.001bf + Viscoe- 0.788 
lastic 0.80 0.012 • 

Table 9.5 Comparison of measured with the expected alues.  

The maximum percentage difference between the expected and 

measured equivalent damping ratios is 4.7 and this is expeptionally 

good. Thus in practical cases where possible, the equivalent damping 

ratios for different types of damping can be determined experimentally 

separately and the equivalent damping ratio for the combined cases 

obtained by simply adding the individual damping _,:atios. Where it is 

impossible to do separate tests good results can be ohtaihed by 

calculations based on the equivalent damping coefficient Cep, by 

using the approprite e.,uations. Inthe case of viscous and viscoelastic 

damping the normal expressions yield good results and are reliable. 

With coulomb damping however the normal and accepted expression 

overestimates the equivalent damping coefficient and therufore 

equation (9.8) which yields better results should 2referably be used. 

• 



9.4 The effect of a Combination of Damning ,n the Resonant frequency 

9.4.1 The effect of combined Coulomb Viscous damping on the  

Resonant frequency 

Fig 7.1 shows the experimental response curves for three differen 

amounts of viscous damping while fig 7.5 shows the response for three 

different amounts of coulomb damping. In the case of viscous damping, 

the resonant frequency is reduced with incrementAdamping as expected. 

With Coulomb damping the resonant frequency fr  increased from 12.511Z 

to ;- 

	

12.6 
	

for a normal load of 1.721bf 

	

. 13.8 
	

for a 	of 3.601bf 

	

12.8 
	

for a 	" of 6.001bf. 

These results show that the change in resonant frequency is 

• not dependent on the normal load only but also on other parameters 

which as shows in 4.3 are the aelay time h, the frequency of vibra-

tions and the spring stiffness, k. The condition for increment or 

decreent in resonant frequency is given in equation (4.11). 

	

Resonant frequency increases if uoswoh 	R 
2k 

decreases " 	< -R 
2k 

is unchanged " 	= R 
2k 

Table 9.6 shows the values for coswh and-E. 
2k 

R 	Coswh 	R 
2k 

80 0.094 -0.25 

122 0.455 -0.38 

168 0.0 -0.52 

Table 0176 Examination  of the conditions for change of resonant 

frequency. 

• 



Clearly coswoh 	R in all the cases considered and the largest 
2k 

change in resonant frequency fr  occured as expected in the second 

case (ie R=122.0) when the difference between coswoh and_R was 
2k 

greatest. 

The Combined effect 

The conditions as presented in this system with coulomb damping 

favour an increase in the resonant frequency fr  whilst viscous 

damping results in a decrease in fr. The effect of a combination 

of viscous and coulomb damping therefore depends upon the relative 

magnitude of each type of damping. If coulomb damping predominates 

in this particular system then fr will increase, where as if viscous 

damping predominates f_ will decrease in value. The changes in fr 

for viscous damping as well as coulomb damping and some combinations 

of the two are shown in table 9.7. The undamped resonant frequency 

is 	12.5 Hz. 

Coulomb only Viscous only Combination 

Type of Combination fr fr 42r 

1.721bf + 1.5 Amps 12.6 12.5 12.5 

3.601bf + 3.0 	" 13.8 12.2 13.0 

6.001bf + 4.5 	ti 12.8 12.0 12.3 

Table 9.7  Comparison of resonant frequences fr  for coulomb and 

viscous damping with a combination of the two. 

9.4.2 The effect of combined viscoelastic and viscous damping, on  

Viscoelastic damping has no effect on the resonant frequency 

f and therefore the combined effect is that due to viscous damping 

only and this means that the resonant frequency decreases. The 

experimental results do confirm this; for the resonant frequency 

decreased from 20 Hz to 19.8 Hz for C=0.575 and to 19.6 Hz for 

0= 0.865 even though it remained constant for C=0.29. 
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9.4.3 	VISCOELASTIC AND COULOMB DAMPING  

The effect on fr  is totally dependent on the coulomb damping, 

for viscoelastic has no effect on fr. Thus whether fr  increases 

or decreases when there is a combination of viscoelastic and 

coulomb damping in a particular system depends on equation (4.11) 

as already pointed out. Table 9.8 gives the values of coswoh, and 

-R for different normal loads with the corresponding damped 
Ck 
resonant frequencies. The undamped resonant frequency being 20 Hz. 

R fr  coswoh ,. P- 
2k 

80.0 19.50 -0.31 -0.0980 

122.0 20.10 0 -0.149 

168.0 20.30 0 -0.205 

Table 9.8 Examination of the condition for a change in resonant 

frequency. 

For R = 80 a decrease can, resonant frequency fr is expected as 

coswoh 	R. In the other two cases however coPwoh 7- R and 
2k 	 2k 

therefore an increase in fr  is expected. The results confirm this 

prediction. 

9.4.4 	COMBINATIONS OF ALL THREE  

The change in frequency depends on the relative magnitude of 

coulomb and viscous damping. If conditions are such that an addi-

tion of coulomb damping reduces resonant frequency fr  then an 

addition of viscous damping will reduce it further. Table 9.9 

shows a comparison of resonant frequencies for different types of 

damping and for the combination of the three. 
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Combination of damping viscoelastic 

only 

Uoulomb Viscous 

only 	only 
., 

Oombina-Ion 
only 

r J  
r -r 

viscoelastic+ 1.721bf + i.5Amps 20.0 19.5 20 19.5 

3.601bf 	-,- 3.0 20.0 20.10 19.8 20.0 

6.00 	u 4.5 " 20.0 20.30 19.6 20.0 

Table  9.9 Comparison of resonant frequencies for different amounts 

of damping. 

VALIDITY OF EQUATION 

In general 'Equation (4.11) gives a valid condition for the 

change in resonant frequency and can be safray used to predict the 

effect on a system when coulomb damping iS. added. 

9.5 r2he effect of a Combination of damping on the _chase  

9.5i Viscous and Viscoelastic Damping 

In general an increment in the liantifGy of damping results in 

an acce!-- „2_1 of the phase before thenatul,i resonant frequency, 

but a r.-utardation after the natural resonant frequency. This result 

is in agre.ment with both the theoretical representation in test 

books for example, reference (20) to (24) and the experimental 

results obtained by researchers who have investigated viscous (5) 

or viscoelastic damping (13) to 17 singly, or a combination of the 

two (16). 
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9.5.2 	COULOMB DAMPING 

Coulomb damping produces the same effect on the phase 

as viscous and viscoelastic damping if conditions are such 

that the resonant frequency remains unchange4. If however 

there is a shift in the resonant frequency as a result of 

introducing coulomb damping the phase curve is also shifted 

in such a way as to obtain 90(3  phase shift at the damped 

resonant frequency. Fig 7.6 shows this clearly where the 

phase is 90° at 12.5 Hz, 12.8Hz and 14 Hz respectively instead 

of all being at 12.5 Hz as would be the case for viscous or 

viscoelastic damping. The effect on the phase at frequencies 

not too close to the resonant frequency is to accelerate the 

phase before and retard it after resonance. 

9.5.3 COULOMB DAMPING IN THE PRESNCE 07 VISCOUS AND OR 
VISCOELASTIC DAN?ING  

Pigs 7.10, 7.18 and 7.22 show the effect on the phase 

when coulomb damping is introduced into a system containing 

viscous, or viscoelastic damping or a combination of the two, 

Fig 7.10 shows that the phase is 90° at frequencies of 12.5 and 1/:Hz 

respectively which is indentical with the frequencies at which 

tha phase was 900  for coulomb damping only show in fig. 7.6. 

An examination of Figs 7.18 and 7.22 show that the phase is 90c 

at 20 Hz for the cases where the resonant frequency did not shift 

but otherwise the phase curve underwent a shift in accordance 

with the shift in frequency. 
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In accordance with the condition established in 

equation (4.14), it can be observed in the figures discussed 

involving phase curves having coulomb damping that the 

cross points of the curves (i.e. the frequencies at which the 

phase has the same value) for different curves Of coulomb 

damping are not the same in all cases. In fig the 

phase is the same at 103.0°  for'normal loads of 1.71bf 

and 3.61bf at a frequency of 13.3 Hz whilst in fig 7.10 

it is95o at 13 Hz for the same normal loads with differing 

amounts of viscous damping added. 

With viscoelastic damping in the system fig.7.18 

shows that all the three curves cross when the phase is 65°  

at a frequency of 18Hz for the normal loads of k.7lbf, 

30601bf and 6,01bf respectively. 

Fig 7.22 shows three cross points the curves for 

(a) 1.7 and 3.61bf cross for a phase of 60°  at 18Hz 

(b) 1.7 and 6.Olbf cross for a phase of 750  at 19.4Hz 

(c) 3.6 and 901bf cross for a phase of 90,°  at 20Hz. 

The figures used in this discussion are all 

experimental results and the theoretical curves also 

confirm the existence of cross points even though the phase 

angles and frequencies may differ slightly from the 

experimental ones. 
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CHAPTER 	10 

CONCLUSIONS AND OBSERVATIONS  

The conclusions shall be made in two parts as follows:- 

1. Conclusions on the nature of coulomb force. 

2. Conclusions on the effect of a combination of Coulomb, 

Viscous and Viscoelastic damping, in pairs or all together 

on a vibrating system. 

10.1 	CONCLUSIONS ON THE NATURE OF COULOMB FORCE 

1. Coulomb force is not a constant at all frequencies as is 

normally assumed, but is dependent upon the frequency of 

vibrations or the speed of the motion. 

This conclusichn is supported by the experimental results of 

both lubrication and vibration research workers quoted in 

this thesis. 

2. Coulomb force is dependent on the amplitude of vibrations or 

the slip amplitude in the case of a unidirectional motion. 

This dependence of CoUlomb force on amplitude remained 

unobserved for a long time because most of the early researchers 

performed their experiments at constant amplitude of vibrations 

or slip amplitude. The research workers (28)and (33) who 

varied the slip amplitude or 	vibration amplitude did 

observe this dependence. 

3. Coulomb force is a retarding force and can be represented in 

a vibratory motion in accordance with the theory derived in 

this thesis from the Retardation theory by a complex force of 

the form F =xR (coswh + jsinwh). 

4 

s 
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CHAPTER 10 Continued 

This presentation explains the existence of the phase 

difference between the excitation force and the response 

of a system having only coulomb damping. It also helps to 

establish the regions of stability (positive damping) and 

non stability (negative damping). 

4. Coulomb force is dependent on the delay time "h" which it-

self is dependent upon the parameters of the vibrating system. 

The parameters are the inertia of the moving body, the elastic 

stiffness, and the ratio of the friction force, F to the 

elastic force, KXo in the system. 

5. In a particular vibrating system, there is a ratio of F or F 
KX0  P 

(where P is excitation force), for which at a particular 

frequency of vibrations optimun damping is obtained. 

6. 'Given the static coefficient and the kinetic coefficient of 

friction at a particular frequency or speed, the delay time 

"h" can easily be obtained if the amplitude of vibrations or 

slip amplitude is also known. The delay time h, being of the 

order of mS e.g 0.0026S, for system without external elastic 

system“ springs) and of the order of 0.015.Seconds for:syttemS 

with springs in them. This compares favourably with the delay-

times of 0.010 to 0.015 Secs that were found to give satis-

factory results by I.Finnie and B.Y. Lim (31) in their paper 

dealing with the effect of delay terms on vibration excitation. 

7. Coulomb force may induce vibrations instead of damping them if 

the conditions are such that the quadrature component of the 

force is negative. 

1413' 	c-o (Lc Lt,s -as li-cutre, 	e- 	voL,L cc of 1. 	tine n 

• 0 V i'?"I 	Pce7 tit-e-n-cy 	% 3 -- 30 Hz • 
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10.2 	Conclusions on Vibration Response With Combined Damping 

10.2.1 THE CONCEPT OF EQUIVALENT VISCOUS DAMPING 

1. The concept of equivalent viscous damping yields good results 

and can be used to predict the effect of a combination of 

damping provided the right expressions are used to represent 

the energy diddipated by the different types of damping. 

The expressions used for viscous and viscoelastic damping 

yield results that are verifiable experimentally. The normal 

expression used for Coulomb damping (ie N.D=4FX6) overestimates 

the equivalent viscous damping coefficient by a minimum of 28% 

when sinwh =1, in the new expression in this thesis (ieloq.D= 

7uFX0  Sinwh), which produced comparable results with those 

obtained experimentally. 

2. The Coulomb damping ratio lt,=25 =1 where g is the viscous 

damping ratio and 	is the viscoelastic loss factor. 

IQz 	EFFECT ON THE RESONANT FREQUENCY  

3. Viscoelastic damping has no effect on the resonant frequency, 

in the absence of a different elastic medium in the system, but 

viscous damping decreases the resonant frequency whilst coulomb 

damping may or may not change the resonant frequency depending 

or this identity. 

(decrease). —R %PcosWo h 	R 	(increase) 
2K 

• 

• 
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In the presence of another elastic medium in the system, an 

addition of viscoelastic damping results in an increase in the 

effective stiffness and thus an increase in the resonant frequency. 

4. 	The effect of a combination of viscoelastic and viscous or 

coulomb damping on the resonant frequencyt is the same as that 

due to the viscous or coulomb damping only. 

The effect of a combination of coulomb atd -:viscous damping 

on the resonant frequency is a compromise of the two effects. 

Thils if conditions favour an increase in resonant 

frequency fr, for coulomb damping only, since viscous damping 

tends to decrease fr' the net effect depends upon the relative 

magnitude of the two types of damping. 

However if conditions favour a decrease in f r for coulomb 

damping only, then since viscous damping tends to decrease A, 

the net effect will be a decrease in f r greater than that due 

to either of the two types of damping acting alone. 

10.2.3 THE EFFECT ON THE IHASE 

6. 	For viscoelastic and viscous damping, an increment in the 

amount of damping results in an acce'leratiomf the. Phase 

before resonance but in a retardation of the phase after 

resonance. 

• 
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7. 	An increment in the amount of Coulomb damping in a 

.system has the. same effect as viscous and viscoelastic 

damping in general. However if there is a shift in fr  due 

to the increased damping, then the phase curve is shifted 

accordingly to give a phase of 90 at the new 	It It is 
oS 	SIstern, 

therefore possible that the phaseAa particulart,may decrease 

with increment in the amount of damping. 
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APPENDIX 1 

A1. 	Determination of the Static Stiffness  

The Static Stiffness of the friction block system was 

determined in two ways. Block B was tested while the friction 

block remained in the bearings and block A was taken out of the 

bearings before testing. 

The set up for block B was as shown: 

Procedure 	 c.  

II  	 fo Ale soPALy 

The dial gauge was set at zero and readings were taken 

as the Load was increased and also when loading was decreased. 

This was done for various air pressures acting on the bellows 

from No Air to 61b/in2  gauge pressure. 

The results are shown in fig.11•1,' 

Fitting Curves  

By feeding the readings obtained as data for a least 

Square Computer programme with variable Laws the best fitting 

curves were obtained as well as the Laws governing the spring 

system of the bellows. 	The experimental curves showed that 
, 	•-• 

the bellows were non-linear.- The results are  shown in'Fig. A.2 

plAtt 

.D.01 gale, 

p  

• 

• 
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This pi.ocedure was repeated for Block A even though in the case 

of Block A the result is not directly comparable or applicable 

to the main experiment;for the test on A was done excluding 

the bearings 

The Set up for Block A was as shown 	Fig.i1A.3. 

eimitizeb 11 	 

t 	 

qaie 

01)1. pti7e 

	glows 

LI 

The static deflections were noted with increasing Load as 

well as decreasing load and the mean taken. The pressure 

range was zero to 61b/in2 on the bellows. The results are 

shown in fig  A1.4.  

4 



	 CAt cA.; rri cmtat 19;irt..6- 
c4f tkil)^2  

°W `^ 	075/1;-v  

3(44..1  

0041,;-1   

-c 
BLOC- t-< 	- 206 - 

otg1,62  no 
ottfA? w 	ce,q, 

GiojiL.,-,?-  

f = b7.4(x. - 	1.01- 44.T 3x3) 
f it 9 s 	- 74qx2  gq.cqux9 
F 	(x -2- x 2 	2 x  ) 
F = 13't ..23(c -1'4-46x 1  - 69-03 X 3) 

197-2(x -4 ,7ozz  48. 2x.3 ) 
.-231-6(x-6-57Zi 67- 77 x3) 

F = 185. 76(X 4 0 .6 5 x2  - /4 o-75-X3 ) 

F = 167-87( x ttg-boxi - 2-57-gx_5 ) 

schfk: 

3 

6 

I 	2_ 	3 	i- 	s 	6 	7 	8 	9 

Zo-ad, 4:n, Vof 

Fig, 	 Voott-ctLG-0_ q c0c43,f1 fAlta re.,-a-d 

4- 
	 • 



— 207 — 

A2. Determination of the Dynamic characteristics of 
Friction Block System: 

This was done by a simple forced vibration frequency 

response test. Each block was tested separately. The set up 

4 

as 
was shown Am  t 

A.5'belows 

buLtial 	 (1.1,AA 
vym tv) 

6,0,6k 

• A.5. 

Beiva:45 541)641-  

-mut gauge 

130-6t 

v c4kettoi 

• 

15,,,U4/ 

Btliot9S 

To ai4 

The measuring system was set up as in the previous cases 

(but omitting the analyser after it was determined th.tt its 

use did not alter the results). 

For Block B the set up was as shown in the block diagram 

0.0a/till mail 

edleatth2 

For Block A a Wayne-Kerr displacement gauge (MD 1-76) was 

used instead of the accelerometer. 

In both cases the force required to keep a constant 

acceleration or displacement waS_; measured at each frequency. 
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The total vibrating mass was weighed, and Frequency-

Response curves were plotted and the resonant frequencies 

estimated for zero air pressure on the friction blocks up 

to 61b/in2  pressures.  

Since the vibrating mass was known it was possible 

to determine the dynamic stiffness of the system at
I
each 

pressure setting. 

Graphs of the pressure against dynamic and spring rate 
A-9 	A ID 

are shown in figs 	& & Y. 
kg 

Fig. 	is clearly non-linear, and by using the least 

square method using a computer, the law governing the 

stiffness and pressure was determined. 

(K = Ko  + 10.23p - 0.713p2): 	Ko = 10.571b/in 
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A.3. Calculation of the Dynamic Stiffness  

If W = frequency in radians per second 

K = stiffness in lb/in 

m = mass in lb 

g = gravitational acceleration. 

w
2
= EE 	K =Wxm 

m 	 g 

For Block A mass = 1.1051bs 

For Block B mass = 0.8201bs 

= (2102f2 x m  

386.2 

• 

K = 39.3 x 1.105 f2 or 31.2 
386.2 	387 

x f2 for B 

• 

KA= Stiffness of Block A 

KB= Stiffness of Block B. 

Km= Mean stiffness of Blocks A & B together. 

PRESSURE BLOCK A BLOCK B 	, MEAN 
Frequency 

c/S 
KA  lb/in Frequency 

c/s  
KB 	Km 

(lb/in) 	(lb/in) 

0 9.2 9.5 16.6 9.4 9.45 
1 13.0 19.0 14.4 17.3 18.18 

2 15.0 25.1 16.5 23.2 24.15 

3 16.6 30.8 18.0 27.2 29.0 

4 17.0 32.5 18.5 28.7 30.6 

5 17.6 34.7 19.2 31.0 32.85 
6 19.4 42.1 19.5 32.1 37.10 
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Laws -were used to determine the one which fitted the 

experimental curves best. The Laws were: 

(1) Linear plus square Law i.e. K(x + 

(2) Linear plus cubic Law i.e. 	K(x + cx3)  

(3) Linear plus square + Cubic Law i.e. K(xHi. bx2  + cx3) 

The rcoulto aro shown in figs 	  

The best fitting Law was Linear plus Square plus Cubic 

A.4. Theoretical Response Curves: 

Having obtained the Law governing the non-linear 

spring theoretical response curves were plotted by using a 

computer. The programme solves an ordinary second order 

non-linear differential equation with harmonic forcing; the 

non-linearity being provided by a cubic polynomial in x. 

Damping may be viscous or hysteretic. The solution takes the 

form X = Xo + X,sin(wt - 0) and values of X 6 and frequency W are 

computed for a range of values of X t. 

Since no higher harmonics ..ire included in the 

solution, the solution is a first approximation to the exact 

solution. Two types of non-dimensional X may be obtained. 

Different codes are used for the different spring laws and 

the appropriate date fed in e.g. for spring Law 

F = K(Y + BY2  + UY3) code number is 1003 and the data l fed in 

is M, K, B, U, and F. 



and x = 0 

The solutions for the other cases are shown 

table. 

in the 
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A.5 EXAMINATION OF THE RESTORING FORCES i.e. THE; SPRING FORCE 

From the computer results it was determined that the 

restoring force is given by the Law F = K(x + bx2 + cx3). 

As the equation is cubic there should be three values of 

x i.e. displacement wnich yield zero restoring force. 

Thus: 

0 = K(x + bx2  + cx3) 	= Kx (1 + bx + cx2) 

substituting the values for the constants for example 

for Zero pressure in block A, the equation becomes 

58.358x (1 — 21.191x + 337.50x2) = 0 

x2 — 21.191, 	1 	= 0 i.e. x2 — 10-1  x 0.63x + 10-2 x 
337.50' 337.50 	 0.296 = 0 

x = 1/2 (0.063 + R(0.063)2  - 4 x 10-2  x 0.2963) 

= 1/2(0.063 +ft0.004 - 0.01184] 	1/2 (0.063 +1i-78.4 x 10-4j) 

= 1/2(0.063 + j 8.86 x 10-2) 	= 0.0315 + j 0.0443 

Thus x = Ae(0.0315 + j 0.0443)t 	Be(0.0315 + j0.0443) t  

OR 

x = e0.315t (e cos0.0A4t + Dsin 0.044I-1) 

4 
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• 

BLOCK A 

Pressure 
(1b/in2) 

Spring Law Solution 

0 58.358(x-21.19x2 

+337.50x3) 
Ae(0'0315+j0.0443)t 

+ Be
(0.0315—j0.0443)t 

or 
e0.0315t (Ccos0.0443t 

i + Dsin0.0443t) 
. , 

al 48.734(x-7.698x2+ (0.086+j0.121)t Ae 
45.088x3) i- Be(0.086—j0.121, 

' 	or 
e0.086t(Coos0.121t 

+ Dsin0.121t) 

2 65.327(x-6.111x2+ Ae(0.125+31.63)t  
23.659x3) 4 Be(0.125—j1.63)1  

o2' 

e0.125t(Ccos1.63t 
: 	+ Dsinl.63t) 

3 97.252(x-7.383x2+ 
.14 +j0.135 t Ae 

25.368x3) 4. Be(0.146—j0.135' 

or 
e0.146t(Ccos0.135t 

+ Dsin0.135t' 

W 130.12(x-7.349x2+ Ae(0.155+j9.182)t  
23.874x3)  ,+ Be  (0.155—j0.182'' 

or 
e0.155t(Ccos0.182t 

+ Dsin0.182.  

t 
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BLOCK A (cont.) 

Pressure 
(lb/in2) 

Spring Law Solution 

5 

. 	. 

145.06(x-4.721x2+ 
0.855x3) 

(x-5.25)(x-0.25)x = 

5.25 or 0.25 

6 160.48(x-6.181x2+ 
15.26x3) 

1►e (0.203+j0.158)t 

: 	+ Be(0.203-J0.158 

or 
e0.203t (Ccos0.158t 

+ Dsin0.158t) 
* 

• 

v 

4 
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BLoCK B  

Pressure 
(lb/in2) 

Spring Law  Solution 

0 41.979(x-5.076x2 + 
42.293x3) 

Ae(0.0595+j0.142)t 

+ Be(0.0595-j0.142) 

or 
e0.0595t(Ccos0.142t 

- Dsin0.142t) 

. 

60.77(x-5.374x2+ 
24.378x3) 

Ae(0'11+j0.17)t  

+ Be(0.11-j0.17)t 

1 
or 

0.11t e 	(Ccos0.17t + 
Dsin0.17t) 

Ae(0.129+j0.128)t 

+ Be(0.129-j0.128)t 

or 
e0.129t(Ccos0.128t + 

Dsin0.128t) 

2 109.54(x-8.17x2.1. 
31.61x3) 

3 138.78(x-8.366x2+ 
302.56x3) 

Ae(0.138+j0.0558)t  

Be(0.138-j0.055Mt 

or 
e0.138t(Ccos0.0558t + 

Dsin0.0558t) 

4 152.1(x-5.608x2+ 
628.40x3) 

Ae(0.0046+30.04)t  

+ Be
(0.0046+0.04)t 

or 
0.0046: e 	(Ccos0.04t + 
• Dsin0.04t) 
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BLOCK B 

Pressure 
(1b/in2) 

Spring Law Solution 

5 125.7(x-2.304x2+ 
11.59x3) 

(x-0.21) (x+0.41,)x = 0 
0.21 or -0.41 

6 143.49(x-1.805x2- 
17.969x3) 

0.05+j0.176)t Ae •  

+:Be(0.05-0.176)t 
1  

or 
0.05t e 	(Ccos0.176t + 

Dsin0.176t) 

• 

4 

4 
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A.6 EXAMINATION. OF. THE tXPERIMENTAL CURVES  

In the experiment the acceleration was kept constant. 

Thus if W2x = K 	(1) 

where W = frequency in radians per second 

x = displacement in inches 

K = constant. 

-MW2 = P, 	(2) 

with friction 

MW2X +1F1= P2 	(3) Au, 1E1= FZ x (cosio4 	t/ta4) 

At the cross points (a) and (b) 

P2  = PI  i.e.1F\= 0 

from (1) 

X = K 
W2 

At (a) and (b)  
2 	_ WI2  X, 	= WX2  - 

Thus 

W I2  X2 

2 	KT W2 

Examining the solutions the only real values obtaiiied were 

at 51b/in2  for both blocks  

For Block B: x, = 0.21 ; x2  = -0.41 
• 

• . x2 = -0.41 	= W, 
x, 	0.21 	(cc 

i.e. imaginary 

For Block A: 	x, 	= 5.25, and x, = 0.25 

Thus: 	5.25 	= W2 = 21 

	

0.25 	W, 

= 4.6 

• • 

Wi 

4 
	From Experimental results f, and f2  are 52.5c/s and 240c/s. 

Ration 240 	= 4.57 

K 

52.5 p is serrees with the ex ected 



252  sec2{ 
(452 +12 - s  2 tang  44)1 

= 	1 _ 	2c +TO + 5an2 43 (92  sec 24 - 	-1- /+ 4(11  A.2.3 i2 	21 

S sec2 
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• 

APPENDIX 	2 
A.2 

DETERMINATION OF JJELAY TIME "H" PROM THE MEASURED PHASE ANGLE 

WITH ALL 3 TYPES OF DAMPING  

In the presence of Coulomb, viscoelastic and viscous damping 

the phase angle G. is given by equation (3.14). 

tan 4 = 2 gn  + s sinwh + 

1 - n2 +S' coswh 
at frequency w = wo, n = 1 

- tan 4 = 2 gn + S  sinwh  + - (A2.2) in this equation 

S coswh 

S, the viscous damping ratio, lithe loss facto', G the friction 
force parameter and W are known, ti- e only unknown being "h". 

Squaring both sides of equation kA2.2) one obtains 

tan2 4 2  cos:  wh) = 4g2 + 4S sinwh * 4S1 	2 +S 	2wh +2sysinwh +12
ss2 sing  wh sec2 4 + 4s + 21 ) S sinwh + 4 32 	2 - S-9  tan?  4 = 0 

sinwh = 	1 	(45+2% )5 f J-(1652  + 16c+ 4-f e.  S  - 4S2  sec2  4 

A2.1 
WITH COUJJOME, _LAD VISCOUS DA,IPING ON1JY  

By puttingll= 0 in equation (A2.3) an expression for sinwh is 

obtained for coulomb and viscous damping only. 

2g + tan 41-(s2  sec2  4-4(,2) 
S sec2 4  

= 1 	cos' 4 * sin 4 cos 42  sec2  4 - 3.A2.4 

t 
Thus 

sinwh =  1  
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A2.2 

WITH COULOMB AND VISCO-ELASTIC DAMPING ONLY  

In this case c. = u therefore by putting c = u 

A2.3 the expression becomes. 

sinwh =  1 	k I (an-  4z)- (sec2  43 S2 - r 2) 

S sec G,  

in equation 

rf =  1 f-tcos2 	+ sin 	cos 8-4(S2  sec2  B-1241 -(A2.5) 

From equation (A2.3), (A2.4) and (A2.5) sin wIi is evaluated 

and then the angle is obtained in radians and "h" detrrmined. 

If the angle = 0 radians say ----•(A2.6) then hw 

• 

= 0 and h = 0 

The value of the delay ti 	"h" obtained this may was found 

to be of the same order as the values obtained by Using the Non-

'linear regredsion programme. witn all the parameters known, 

theoretical solutions ofr equations 0.16) and (3.17) wore 

obtained by using the computer. 

4 
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A 2'4 3 EXAMPLE 

WITH VISCOELASTIC DAMPING ONLY 

IC = 408,1= 0.3456 and 5=0.196 : 1 = 5.1 

sinwh = 1 {1,c0.521) :-11.5-t)vi9CA,39 
5 

= 	5.1{-.0.3456 cost  e ± sin e cos 9/(0.1962  5ec2  e 	0.34562)] 
= 	5.1i.- 0.00263 ± 0086x 0.0382 x 130 - 0.1120] 

= 	5.1 - 0.00265 + 0.086 x 2.2.1 = 5.1 0.00265 ±.0.189 

= 	5.1c- 0.19165 or + 0.18635 	= 0.978 or 	95 

= 78° 	72°  

	

wh = 72° 	= 72 x n  rads. 
80 

	

h = 72° 	= 0.018 Fa. 78°  
180 x 2f 

and 0.015 for 72° 




