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ABSTRACT

The purpose of this thesis is to develop and discuss
autonatic procedures for finding optinum conditions when the

response is subject to random error,

Consider a systen, which consists of k quantitative
factors each of which may be controlled and nmeasured at any
given lovel within a continuous range., In this systen
the observed response at each combination of factor levels
is subject to random variation, The particular ain is to
estinate the factor combination at which the true response

is optinum,

In Chapter 1 the problen is defined and the
principles underlying a good sequential search procedure

are discussed,

The literature of existing single factor procedures
is reviewed in Chapter 2, New procedures are then discussed
and a comparison is nmade with an existing procedure. The
difficulty encountered in deternining the behaviour of the
procedures analytically ls explained and results are ohtained

by computer sinulation,



The merits of existing nulti~factor procedures
are discussed in Chapter 3, and these ideas are extended
to develop two new nulti-factor procedures, These new

procedures are conpared by sinulation,

No attenpt is made to give elaborate tables fronm
which one can precisely deterpine the nerits of a given
procedure for a particular situation, Instead, the
procedures are conmpared for a few simple cases and their

potential usefulness discussed,

The description of the new procedures is aided by
diagrans, TFlow diagrans for all the procedures discusscd are

given in the Appendixe.
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CHAPTER 1

INTRODUCTION
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1.1 The Response Surface,

In the field of design and analysis of experiments,
one problem sometimes of interest is to determine the set of
treatments which yield optimum conditions., It is with this

that we shall be concerned,

We consider k quantitative variables (or factors)

Xys xz, saey xk,each capable of exact measurement and con-

trol at any given level over a continuous range of values,
th N th
The u  combination of factor levels (or the U  experimental

unit) is denoted by (x esey Xku) and the k dimensional

1u? *au?

space of all the experimental units of potential interest is

called the experimental region, A finite group of points in

the experimental region is called a design,

Associated with the experimental region is a mathematical
function 7 » Where § = 7m (xl, Xy3 veey xk), called the

response surface and its value for amny (xlu, x2u, seny xku) gives

t . .
the corresponding true response um at the 1111comb1natlon

of factor levels,

Suppose that it is desired to investigate the nature of
an unknown response surface over the experimental region and in
particular to locate the optimal factor combination (OFC), i.c.
the combination of factor levels which maximizes (or sometimes

minimizes) the response function, For this purpose we make
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independent observations of the response at points in the
experimental region, We may also wish to determine the behaviour

of the function in the neighbourhood of the OFC,.

We shall assume that these observations are subject

to random variation such that for any given (Xlu’ x2u, eony Xku)

the observed response, yu will be represented by
Yo % Tu * ®u
= ’rL (xlu, x?_u, ceny Xku) + eu

th

where eu is the experimental error of the u~ observation, We

assume that yu is normally distributed with expected value Nu and
variance 0‘2 ; independent of u, This is called the stochastie
model and is to be distinguished from the purely deterministic

model when there 1is no experimental error, i.e. 0" = O,

The function m depends, of course, also on &a number
of parameters which determine the shape of the surface and may be
a complicated function of these parameters. One way to
investigate the shape of the surface in a region of interest
and hence to find an estimate of the OFC, is to assume a para=-
metric form and to estimate the parameters, If 7] 1s assumed
to be continuous with continuous derivatives over a restricted
region then it is possible, over this region, to approximate M

by a polynomial thus:

2
il = ,60 + /@lxl + ﬁ?_x?_ + ene +/311xl + oo +ﬁ12xlx2 + e
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including terms up to the dth degree, say, where the notation

is that of Box and Wilson (1951). Qur problem is then reduced

to estimating the ﬁ?'s, in this linear function of the parameters,
to which problem we can apply standard least squares techniques.
There are some cases where prior information may suggest the use
of a non-polynomial approximation to the response surface. In
such cases it is usually necessary to use iterative techniques to

estimate the parameters.

1.2 The Problen.

Most examples in the literature, concerning response
surface methodology, are taken from the chemical industry, but
the discussion and references in Hill and Hunter (1966) give
examples over a wider field, In general the experimenter wants
to know the form of the surface near the OFC, to find whether a
small change in the optimum level of a factor will seriously
affect the optimum true response or to find to what extent the
factors affect the response independently. We assume that the
experimenter observes only 6ne response per experiment. Box
(1954) discusses factor dependence and some of the types of
surface which occur im practice. Hill and Hunter (1966) discuss

the multiple response problenm,

Once the factors to be included in the investigation,
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and the experimental region have been decided, it isg then wise
to make use of any other relevant information which may have

accunulated from past experience. Examples of such information

are:

(i) A rough estimate of the position of the OFC
which will indicate where the search should
begin »

(ii) The expected nature of the surface in the
experimental region, which will be a warning
if peculiar behaviour is expecteds

(ii1) The magnitude of the experimental crror.

The problem is now treated as a statistical one
based on the mathematical model described in Section l.1 and
our aim is to obtain an approximation to 71 in the region of
the OFC. We shall assume throughout, without loss of
generality, that the OFC maximizes (not minimizes) the res-
ponse function. We assume also that the function is smooth

and has a unique turning value in the experimental region.

There are two main strategies that can be adopted;
either the whole of the experimental region can be explored
systematically or, starting at some initial estimate of the OFC,

the region can be explored sequentially, using a sequence of
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designs, basing the current design on information obtained

from responses previously observed, Extensive exploration of
the whole of the experimental region can be very uneconomical,
particularly when the number of factors is large, In general,

therefore, sequential exploration is preferable.

The scarch for optimum conditions can be thought of
as taking place in two stages. Particular attention will be

given to seguential procedures suitable for the initial stage,

In the initial stage the reglon of the starting
position is explored in search of a direction of ascent., The
sequence of designs then moves towards the OFC and finally
settles over a region around the OFC. The procedure should
be such that it is expected that a low degree polynomial is a
good approximation to the unknown function over this region,
Ve shall call such a region a necar-stationary region (NSR).

An estimate of the OFC is made in the NSR.

In the final stage of the search the NSR is
thoroughly investigated using second order dcsigns. With the
aid of canonical analysis (Davies, 1963, p. 522), the important
features of the surface in the region of the OFC can be
presented in a mecaningful, easily understood way if a good
sccond degree polynomial approximation has been obtalned,

This technique is particularly useful if k 2 3, If the sccond
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degree polynomial approximation is unsatisfactory then a
third degree polynoaial is fitted. References which discuss
second and third order dcsigns can be found in Hill and Hunter
(1966), However, thc increase in the number of paramctors

to be estinated as d is increased from p to p+l

say, is

k+p+l kp ) _ k+p

() - (%) - (G3)
which increases rapidly as k increases. Transformations on
Xys %55 eeey X Box and Tidwell (1961) or on the observed
responscs, Box and Cox (1964), can be applied. These
transformations may simplify thce response function and hence
enable us to work with a lower degree polynonial in the
transforned variables rather than a higher degrec polynonial
in the original variables. Alternatively, non-polynomial
forns for the surface nay be assumed or we may consider a
region closer to the estimate of the QOFC, over which a good

second degree approximation may be obtained,

1.3 The Principles underlying an Initial Stage

Sequential Procedure,

In this section the general principles and inherent

difficulties involved in developing sequential search
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procedures designed for investigation in the initial stage,

are discussed,

In cases where the response surface is complox,
perhaps partly due to a bad choice of scale of the factors,
and even in some sinpler cases, constant supervision is
required to guide the sequence of designs to the optinum
region, It would often be advantageous, therefore, if the
procedure could be operated automatically and if it allowed
for autonmatic adaptation of the design as changes in the
response surface became evident. Such a feature would
minimize the supecrvision required fron step to step and
reduce the need to review the procedure in mid-streanm to
make any changes in the scale of the factors., A procedurc
capable of doing this is called an automatic procedure,

With the computer industry in the process of rapid

development, there should soon be readily available the
facility for an automatic procedure to be used on time sharing
conputers., This would require only an operator to read in data

and give the necessary output information from step to step.

It is the aim of this work to define such an autonatic
procedure, Chapter 2 deals with existing and new procedures
in the single factor case and Ghapter 3 with the nore

interesting nulti-factor case,
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To give a detailed account of what owy procedure
is expected to achieve consider a starting position,i.e.

a point (xl, X, geey xk) in the experimental region, which

23
has been chosen by the experimenter usually on the basis of
previous information or from an initial broad survey of the
region, This starting point may in general lie in one of three
types of region:
(i) A region, distant from the OFC, over which the
true response increascs slowly,
(ii) A region over which the true response increases
rapidly. (Rapidity of increase is conveniently
neasured by the ratio to o~ of the average

incrcase in response for the step size contemplated).

(1ii) A region in the neighbourhood of the OFC,

If we relax the assunption of uninodality we admit other types

of region.

In any case the function of the procedure at this
stage should be to explore the region of the starting point in
an attempt to detect regions over which the response is higher.
For this purpose it is nccessary to cstimate a direction of
ascent over a region where a first degree polynomial is a good
approximation to the respons¢ surface. It nay not be known over

what region, in the vicinity of the starting point, a first
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degree polynoaial adequately represents the surface, if

the initial design is so big that a higher degree polynomial is
required to obtain an adequate fit then the procecdure should be
eble to detect this, and correct it,as it should if the design

is so small that real effects are confounded with the experinental
error and no progress can be made. On relaxing the uniumodslity
asswiption, exploration in a NSR might lead to regions of

higher response, e.g. i1f the NSR has a saddle point,

Once we have obtained a direction of ascent our aim is
to move in this direction and to choose our next design to search
for a further region over which there is higher response, Since
it was assumed that the linear approxiuation to the response
surface was valid over the region of the design then it must be
assuried that the estinate of the direction of ascent is valid
only over the region of the design., Therefore, the next design
should be placed adjacent to the first to lessen the risk of
making an error in assumning that the direction of ascent is
valid over a region larger than it really is. The requirenent
that the procedure should be operated automatically and should
allow for automatic adaptation of the design as changes in the
response surface become evident, suggests that the size and
location of the next design should be dependent on the

information contained in the responses and the design points of the
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current deslgn. This requiremnent lmplies that, 1n goneral,

the efficlency of the procedure in achieving optimum conditions
is not critically dependent on the initial design and on its
scale. In cases where little prior inforpmation 1s available
about factor dependence, the property of scale invariance 1s

thus important,

Experinmental error, if large, will retard the progress
of the sequence of designs and sometinmes it nay make
convergence to the optinmua virtually impossible., The
procedure should be designed to give the sequence of designs
every chance to progress towards the optinmwas region, in the face
of large experimental error, aiming at convergence before

considering efficiency.

The procedure should include a stopping rule which
would be effective when there is evidence that a NSR has been
reached, It is often difficult to give an explicit rule which
will stop the sequence of designs at the right time, and it
may be necessary after stopping and reviewing the position, to

restart and continue the search towards the optimum region.

On reaching a NSR the next step is to choose a sub-
region over which a sccond degree polynomial adequately

represents the response surface. In making this choice as
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sluch of the existing information as possible should be used

thus reducing the need for further experimentation.

It may often be the case that on its path to the
optimun the sequence of designs encounters a boundary of the
experimental region, i.e. a constraint on the factor space.
Rules for continuing the search on encountering constraints

should be considered.

To summarize the important features of an initial
stage procedure, We have:
(i) Automatic operation.
(ii) Autonatic adaptation to the local nature of the
surface.,
(iii) Scale invariance.
(iv) Non-sensitivity to large experimental error,
(v) Stopping rule,
(vi) Choice of & region where a second degree polynonial
is an adequate fit.

(vii) Behaviour of the procedure on encountering constraints,

1.4 Deterministic Procedures.

In Section 1.1 the distinction was made between the

stochastic case and the deterministic case, In this thesis
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we deal primarily with Sequentizl stochastic secarch procedures.
Deterninistic procedures, however, will not be completely
ignored, because in designing stochastic procedures much can

be learnt by first considering the problem in deterministic

terns and then making the ncecessary modifications to adapt

the procedure for stochastic search, In designing deterninistic
search procedures the ainm is to converge strictly to the OFC

but in stochastic search, because of the experimental error,
convergence in the strict sense is not possible and the ainm is

to 'converge! on to a NSR centred about an estimate of the OFC.

In discussing sequential stochastic search
procedures comparisons will be nade of the perfornance of the
procedurc for different values of ¢~ , including oo = 0 ,
and 'convergence' will be expected to be faster the snaller o~
becomnes. In general, however, stochastic procedures should not
be used in the deterministic case as there will usually be nore

efficient specially designed deterministic procedures available,

An exanple of a purely deterministic system, as
distinct from a stochastic systerm with negligible experinental
error, is a known but complicated mathematical function which
cannot be optinized by the standard nethods of the differential
calculus and hence a search technique has to be developed.

Wilde (1964) describes and conmpares several suitable search
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procedures, Another notivation for work in this field is

found in statistical cstinmation problems where one is often
concerned with finding the naxinun of the likelihood function
when it assumes a complicated forn. Nelder and Mead (1965)
have developed a procedure with this application in nind. This
procedure will be described in Section 3,1.6 and will be useful
in developing stochastic procedures in Section 3.2. Further
references may be obtained from BOX, M.Jd. (1966) who conpares

a nunber of procedures designed for function ninimization,
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CHAPTER 2

SINGLE FACTOR PROCEDURES
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2.1 Existing Procedures.

In desigming optimum seeking procedures it is
instructive to begin with the single factor case, i.es £k =1 ,
although single factor problems are not very common in practice
nor the difficulties encountered typical of what we expect to

find for higher values of k.
2.1,1 The Hotelling Procedure,

Hotelling (1941) was among the first to consider the
problem of the experimental determination of the maximun of a
response function, Discussing the problen in the single factor
case he proposed that experimentation should proceed in three

phases:

(i) A speculative and unsystematic phase,
(ii) An intermediate type of exploration.

(1i1) A full scale investigation,

A survey of the experimental region is made in phase (i) and

a range, within which the optim.l factor level [ofL) ino cxpected to
lie, is chosen. In phase (ii) a fifth degree polynomial is

fitted over this range and ¢ , [31, ﬁgll’ soes ﬁglllll are
estimated. Design points, depending on these estimates, are used
in phase (1ii), to fit a second degree polynomial, The design

is such that in fitting the second degree polynomial the cubic
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bias 1s zero and the quariic bias is minimized,
2.1.2 The Box-Vilson Procedure,

Box and Wilson (1951) devised a procedure for the
multi-factor case, but Duncan (1959, p. 768) nodified this
procedure for a single factor. Duncan proposed that
observations be made at four levels of the factor, about some
starting value, and that a line be fitted to the corresponding
responses, Further observations should then be made in the
direction indicated by the slope of the fitted line. This
process should be repeated until there is evidence that a NSR
has been reached, i.,e. when the slope becomes close to zero,
and then in the final step a second degree polynomial should

be fitted to the responses at points in the NSR,
2.,1.3 The Kiefer-Wolfowlitz (K-W) Procedure,

Kiefer and Wolfowitz (1952) described the following
sequential search procedure, If X is an estimate of the

OFL after n stcps then xn is determined by the relation

+1

a1 T ¥ 7 (an/cn) (yZn - yZn-l) '
where x1 is an arbitrary starting level, y2n and y2n—l are
the observed responses at x + ¢ and x - ¢
n n n n

respectively gnd (an) and (Cn) are infinite sequences of
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positive numbers, The authors proved that X, converges

to [, the OFL, in probability under the conditions

sumniarized below:
(A) cr‘2 is bounded,
(B 1M is strictly increasing for x< O and strictly

decreasing for x > e »

() ¢, =3 O y2 8, =00 , Zancn< (> o Zanz/cBZ(OO.
(D) 7L is reasonably flat in the neighbourhood of e .
(E) ”q’ is not too flat outside the neighbourhood of & .

(F) Tt must not rise too steeply in places.

Under these conditions functions like ’Q = exp(—xz) and
‘rl = -x2 are excluded, because of their behaviocur as x
tends to + Q¥ , However these functions are included if for
some reason experimentation is confined to a finite interval

containing the naxinum,

Blum (1954%) proved convergence with probability one
under weaker conditions, since he found (D) and Zancn<°oin
(C) to be unnecessary. Derman (1956) proved convergence in
probability under quite restrictive conditions but which allow
'r[ = -x2 . Under some additional conditions he proved that
Xn is asynptotically norual. Dvoretsky (1956) proved

convergence both in mean square and with probability one, and

the regularity conditions are weaker than those previously
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used, The conditions arc such that 71 = exp(-xz) and
ql = -x2 are allowed. Burkholder (1956) gives an
alternative proof to Dvoretshkhy's for convergence with probability
one and also proves asynptotic nornality, Sacks (1958) obtained
more general and conplete results than hitherto because of his
nethod of proof. It is shown that in general the sequences

(an )and(cn ) can be chosen so that X, is arbitrarily closc to

3

Op(nﬁ ) without ever attaining it., The strongest conclusion

obtained, under certain assumptions with restrictions only on
two noments of y(x) , is that for a = An-l )
- L]
¢ = (n.l/6 log n) 1 and 2 = - ’V’L (8) then
n
n% cn (xn - &) is asyaptotically normal with mean zero and
-1

variance sz G (gcla = 1) . This variance is mininized

when A = 1/(404) o

Fabian (1967a) shows that the K-W procedure can be
modified to increase the speed of convergence, by naking more
observations at each step. He points out that there are
several designs which will achieve this, FPabian (1967b) obtains
the conditions for the existence of the best design but gives

no practical method of selecting it.

2.1e4 The Normalized Kiefer-Wolfowitz Procedure,

¥Wilde (1964, p. 178) illustrates some undesirable



behaviour of the K-W procedure, nauaely the overshooting of the
OFL which retards its speed of convergence, when there is
asymmetry in the response function near the OFL. C€Consider the
following nodification of the K-W procedure. If x, is an

estinate of the OFL after n steps then x is deterwuined by

n+l

the relation

Xn+l = Xn + (an/cn) sen (y2n - yZn—l) 4

where sgn (u) = u/jul and sgn (0) = 0 , Under the
conditions of Dvoretsky (1956) this normalized procedure
converges and eapirical tests show that is free fron the

undesirable behaviour discussed above,

2.1.5 The Accelerated Kiefer-Wolfowitz Procedure.

Wilde (1964, p. 179) points out that an ideal
stochastic approximation scheme would be such that the step
size is large when one is far away from the OFL, shortening the
steps as it approached the .OFL. The K-W procedure does this for

suitably behaved functions,

Kesten (1958) proposed accelerating the K-W procedure
by using the number of past reversals in the direction of the
search, to indicate whether one 1is near to the OFL, Kesten

shortens the step size only if a change in the direction of the
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search is indicated. This procedure converges with probability
one under slightly more restrictive assumptions than the
rd

original K-W procedure., Kcsten requires that a 1< a, and

that c = ¢ is constant, n = 1, 2, ...

Wilde describes the normalized version of this

procedure, as follows:

1t Xn is an estimate of the OFL after n steps then

xn+l is determined by the relation

X1 © %07 (am/c) sen (yZn - y2n-l) !

where am+l<: a ym= 1, 2, ees, € 1is constant and where m
is increased by one whenever the sequence {sgn (yZn - y2n~l)} s
=1, 2, «eey changes sign. This procedure behaves in the

required way for more gecncral response functlons.

2.1,6 Discussion,

Hotelling concentrates on a procedure for the final
stage of the search; sce Section 2.1,1. This contributes

little to finding a suitable initial stage scquential procedure.

For comments on the Box-Wilson procedure see Section

3.1.7.

As stated in Section 2,1.3, a nuaber of proofs of

convergence accoapanied the development of the K~W procedure,
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While the study of the limiting behaviour of a procedure is
sonte gulde to its practical behaviour we shall be nainly

concerned with performance in finite sanples.

The K~=W procedure and the modified versions of this
proccdurc all require a predetermined choice of the seqguences
(an) and (cn) y Which fix the step size and design size
at each step. Possibly, if the step size and design size were
deterained at cach step as functions of the observations, the
procedure would be more efficient., For example, if the step
size was continually incrcased over a region where the response
was incrcasing or if the deslgn size was not docreased until
no further progress could be made, then the speed of convergence
to the optimum region would be improved. To preserve the
automatic property of the procedure such a method of choosing
(an) and (cn) should be built into the procedure. If <.
tends to zero too quickly there is a danger that the real
differences between the pairs of responses used to estimate
the gradient at a point, may be confounded with the experinmental
error, hence retarding the speed of convergence. The
accelerated procedure takes account of this by keeping cn
constant, but the speed of convergence might be further

improved if cn is allowed to vary but not get too small,
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2,2 New Procedures.

In the procedures to be described in the following
sections, nodifications to the basic K-W procedures are
considered, The choice of step size is altered and the number
of observations to be made at each step is reduced from two to

One.

2.2,1 The Up~Down Procedure,

In this procedure observations are nade at equally

spaced levels, Let Xy be the starting value., We then nake

observations y(xl + d) and y(xl ~-d) ,d> 0 , one at each

of the levels xl + d and Xl - d respectively. The initial

design size 24 4is chosen by the experinenter. If
y(xl + d) > y(xl - d) we noke the next observation at

X, + 34 (= X, + d) , Figure la, If y(x2 + d) > y(xl + 4)

we rake the next observation at x2 + 3d (= x3 + d) and so on

until, for t 22 , yix, + Q) < y(xg - d) , where

x, - d (= +d ) , Figure 1b. If, initially,

t Fpa1
y(xl + a) < y(xl - d) then we make the next observation
at X - 3d and proceed similerly. In this case the sequence
moves in the direction of the negative x - axils, Throughout

this thesis we regard the event Yo =9, = 0 as occurring

with a very snall probability,
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FIGURE 1. THE UP-DOWN PROCEDURE .
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FIGURE 1 (cont'd). THE UP-DOWN PROCEDURE,
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When y(xt + 4d) £ y(xt - d) 4 Figure lb, we say

Al

that a frun' has been concluded and estimate the OFL by 6& to

be described below. Before beginning the next run we nake a
repeat observation at xt - d , the point corresponding to

the highest response in the previous run. This guards against
a spurious observation at xt - d dindicating a falsc optimum
regione. We begin the next run by comparing the new response

at X, = d with the old response at xt + d and continue as

before with X, now equal to Xy e We observe that

n o
COV(ei, @j) = 0,(J # 1+ 1). After R runs we

estimate the OFL by

~

A R
BR)= w3 e,
i=1

Suppose we label the last three levels of a run

xL, xm and x such that the corresponding responses

h’

y}) < Iy < yh , Figure 1lc ., We note that cither

i &
Xy, < X, < X s Figure 1lc, or x < X, <‘ xt, nay
Py
occur. Consider the following three estimators for E)i :

Estimator (A) xh

Estinator (B) xh + d sgn(xm - XL)

Estimator (€) x, + dsgn(x - x) (¥ = vy)/(@2y, =7, -5 =

Estimator (A) is the factor level, Xy corresponding to the
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highest observed response in the ith run, Estimator (B)
is a refinement of Estimator (A) in that it takes into account

the sign of the difference between the observed responscs at

the neighbouring levels of X Estimator (C) is the

h *
factor level corresponding to the maxinum of the unique
parabola which passes through the points (X{f yL) N

(x } and (Xm’ ym) s Figure 1¢ , Estimator (C) is the

n* Yn
paxwnun likelihood estimator of € given the three

observations yb, yh and ym, vhere
yNN(/S x2+5x + 3 0—2) (i = & hand n)
i 1171 11 o? ’ ¢
We shall call thie Up-Down procedure, Routine 1A.

In the r'® run of Routinelf, r > 2, an observation
nay be nade at a level which was observed in the (r - l)th run.
Our procedure could be modified so that, for any given pair
of adjacent levels observed in the rth run, we could compare
the average of the current response and that response observed
(if any) in the (r - l)th run at each level, in choosing the
next design point. If, at a given level, there was no
observation made in the (r - l)th run, then only the current
response 1s used in the rth run, However, as shown in
Section 2.2.3, sinulation results suggest that there is nothing
to be gained by nodifying the procedure in this way, Ve shall

call this modified version of the Up-Down procedure, Routine 1B.
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Two stopping rules are considered for Routine 1.,
The first requires that the procedure be continued for 1 or 2
runs and then an estiinate of the OFL made, This can then be
followed by phase (ii) and phase (iii) of the Hotelling
procedure, For the second, we consider the following
sequential stopping rule, If the standard error of é;(R) can
be estimated from the dispersion of é§i (1 =1, 2, eaey R)
then we continue until the estimate of the standard error of

N
éé (R) is less than sone preassigned value, We shall consider

A
Estinator (C) for E;i since it 1s shown to be the most
efficient in Section 2.2.3. It is possible to obtain an
TAS

estinate of the standard error of f}(R) under the following

assuaptions:

(1) The final levels x., x_ and % of the first run of
i

v “h
Routineldh (Figure lc) are such that J %, - al<a.

(1i) Subscquent runs are confined to these levels.

(1ii) The response function ’q“ is parabolic in the region

of the final designs, i.e.

2 - 2 .
vy~ N ﬁzllxi +[5‘lxi oo o) (i = by m and h) ,

where ﬁ'll (<o) &

Without loss of generality, we let x =0, Xy, = -1, X, = 1 and

h
d=0.5 .
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Suppose, as in kigure 1b, the sequence of designs
noves jin the direction of the positive x - axis, for the first
run, then x = 1 will be the last point in that run. Let the

observations at x = =1, O and 1 be and yl3

Y13 0 Y12
N
respectively. € 1 is then calculated, At the end of the
PAS

second we calculate 92 from the observations Yoru 3 Ypp

and Y03 (= yla) at x = «1, 0O and 1 respectivelye. The
-~ FAY
correlation between e 1 and 5 arises because the same
response yla at Xx = 1 appears in cach estinmate, Let
D a
Cov(@l ’ @ 2) = C . At the end of the third run we find 95

fron the observations y31(=y21) y ¥ and 333 at

32
4N ”~N
x = <=1, 0 and 1 respectively, Let 00v(92 ’ @3)

c' o

~ ~

In general, (;ov(@:.L ’91+1’ (1 = 1, 25 seey R) will be
N FA)

either ¢ or c¢' and Cov( 61 ,93)

0 ,(3i>i+1) .

Consider the function

R A 2
Sz = Ll}( @i - 8 (R) } »
i=1"
Now N ~
’ E(Sz) = R { var B - Var B (R)}
since ~ ~
E(B) = E{@ m)} ,
where ~ o ;,}
5(B) = EB)=..= BT,
and ”n ~ N
Var(e) = Var(el) = ees = Var(eR) .
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Now, A ~ R=1 A ~
Var{e (R)} = (l/Rz) {R var@+ 2 z Cov( Gis 91+1)} .
i=1
It R-1 ~ ~
K = 2 g;l cov( O, 0, )
then we get n
E(s?) = R(R-1) Var{e (R)} - K .
A P
It can be shown that ¢ = Cov( 91, 92) and
o~ N
¢! = Cov( 9 9 @3) as defined above are given by
¢ : (/168 2y (5202 + 2003 + 1)
. 11
and o o 2
etz (0-7/163,1)(5280" + 208 + 1) ,

where terms of higher degree than 0*2 are neglected, From
these we obtain
. 2 2 2

K = (R-1)(c /8/311)(529 + 268 +1) ,
it R (> 1) 4is edd, and

2 2 2 24R~20
(R-1(o~/8B3,1) (528" + =220 + 1)

2

if R is even, where terms of higher degree than o are

K

neglected.

For large R we get

5 ~
(s = R(R-1) Var{e (R)f
PAY
which is the corresponding result for uncorrelated 91 's o
Put B K then
R(rR-1) °?

2

V l@ l wit a
i —— A b -
( l) estlmates ar (R)} h ilas B .
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TALBLE 1

AR
The values of the bias for estimates of Varka(R)j (Routine 14).

R\ 8 0.5 0.0 0.5
VL 5./
~Fi M/ 0 Was
po— PR e W o ettty
1 5 1 5 1 5
2 0.0000 0.0000  0.0625  0,0025  1,7500  0,0700
3 0.0833 0.0033  0.0417  0.0017  1.0833  0.0433
4 0.0424 ©0.0017  0.0313  0.0013  0.8326  0.0333
5 0.0500 0.0020  0.0250  0.0010  0.6500  0.0260
10 0.0223 0.,0009  0.0125  0.0005  0.3277  0,0132
11 0.0227 0.0009  0.0ll4  0.0005  0.2057  0,0118
21 0.0119  0.0005  0.0059  0.0002  0.1548  0.0062

Table 1 indicates how the bias is reduced as R is

increased for given e and -/311/0".

If in a given run & design point X + d, Figure 14,
falls outside the experimental region, for some n , then we
allocate a fictitious response to X + d , which is small
conpared with any response at X, - d , and hence the run
is terminated, The factor level, XD s at the boundary is

taken as ths run estimate. Ve continue as usual by making a

repeat observation at X, = d and then at Xn-l -d .
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J2 the sequence of designs continually encounters the sanme
boundary, then there is evidence that the OFL is in the
neighbourhood of the boundary if not at the boundary itself.
In this case further observations should be made in the

neighbourhocod of the boundary.

It an estinate of the ratio, to @, of the slops of
the curve in the region of the initial design is available,

then d should be chosen such that the probability that

yix, +4)  y(x) - d)

is high, thenever the estimate of the slope indicates that

‘q_(xl +d) 2 Tl(xl - d)
respectively, In the absence of any initial knowledge
Routine 14 or Routine 1B could be operated for a few runs from
difforent starting points and with different values of ¢ to

gain some information about the nature of the response function,

Routines 1A and 1B are automatic procedures designed
to meet practical needs, however, they do not allow any
floxibility in design size. In Section 2.,2.2 we shall describe
a modified version of Routine 14 which does allow a change in

design size depending on the nature of the response function.

Quantitative results for Routines 1A and 1B are

given in Section 2,2.3.
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2,242 The Generalized Up-Down Procedure.
Let X be the starting wvalue. We then make
observations, one at each of the levels x. - d. and

1 1

x, + dl , Where dl( > 0) is chosen by the experimenter,

The two levels X are denoted by

1" d1 and xl + dl

L and x, 8o that the corresponding observed responses

satisfy the inequality Y < Y, o The level e

X

corresponding to the lower response yL is now replaced by
a new point which together with xh forms the next design.
Rules for finding the new point are given below, An
observation is made at the new point and this is compared
with the observation at xh ;3 then, the design points of
this new design are labelled xL and xh appropriately, and
the process 1ls repeated.

Let X, be the estimate of the OFL after n-1l steps

then xn+l is determined by the relation

Xpep = Xyt (4440 ssn.{y(xn +d) - ylx - dn)} ’

where y(xn + dn) and y(xn - dn) are the observed responses

at x +4d and x - d respectively, d > 0 , and



f dn/z if the new point is a contracted point,
d = 4 dn if the new point is a reflected point,

n+l
2dn if the new point is an expanded point.

The ideas of contraction, rellection and expansion are

explained below,

If we consider the nth design and assume that

y(x, +d) D> ¥z, -a) ,

then

xn + dn = xh and xn - dn = xL .

The new point for the (n+1)th design may be chosen

according to the following rules,

Given xL and xh the next observation is made at
xn + Sdn which may be regarded as the reflection of xL

!
ahout xh . We denote X + adn by xr end the

observed response at Xy by yi g for any i .,

(a) 1t Y, > Yy o then the next observation is made at
the level xn + 5dn « This level nmay
be regarded as the expansion of X,

and is denoted by xe ’



(1)

(11)

(b)

(e)

(1)

LY, > Y,

If Ye< yr 3

If Yr< o o

1t yc> yr
and }’c >yh ]

then Xy, and X, form the (n+l)th

design (Figure 2a) and are relabelled
X and X, respectively ( a successful
expansion).

then x, and X form the (n+1)th

h
design (Figures 2b and 2c¢) and are

relabelled x| and x, respectively

h
EXPaNELO N
(a failed oction).

then x, and x forn the (n+l)th
iesagn (Figure 2d) and are relabelled
X, and x_ respectively (a failed
reflection).

then the next observation is made at
th? level x, ¢+ 2dn « This level nay

be regarded as the contraction of X,

and is denoted by X,

then Xy and X, form the (n+l)th
design (Figure 2¢), and are relabelled
X and X respectively (a successful

contraction).
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FIGURE 2. THE GENERALIZED UP-DOWN
PROCEDURE - The n® and (r\+1)md681@hs.
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FIGURE 2 (contd). THE GENERALIZED
UP- DOWN PROCEDURE.
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FIGURE 2 (cont'd). THE GENERALI2ZED
( UP-DOWN PROCEDURE .
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(11) 1f ¥, > ¥,

and y_{ ¥y, , then x and x_ forn the (n+1) PP

design (Figure 2{f), and are

relabelled xh

(a successful contraction).

and x respectively

(#i1) If y € y. , then x_ and x_ form the (n+l)th
c r h r
design (Flgure 2g) and are
relabelled x, and x; respectively

{a failed contraction),

If, on the other hand, for the nth design
yx o+ d)  ylx, =-a) ,

then the next observation ls made at xn - sdn and we

proceed similarly.

If the level x, i1s in two consecutive designs

h

and is not then due to be replaced, we unake a repeat observation

at X, before continuing, This rule applies in cases (b) ,

h
(c)(ii) and (c)(iii) above, It guards against a spurious

observation at x, indicating a false optimuu region,

h

We shall refer to this procedure as Routine 24,

We may also consider the following modified

t
procedure, Given X, and Xy (Figure 2a) for the n h design,
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the next observation is amade at x + Sdn (Eixr) and the

new point for the (n+1)th design may be chosen according

to the following alternative rules,

(a*)

(1)

(11)

(bt)

(ct)

(1)

(i)

If

ye> yh 4

If ye <yh ?

If .vh> yr> Y o

If

Y.< %
Y2 ¥y s
yc < Yh ’

then the next observation is made
at the level xn o+ Sdn s denoted by

X .
e

then xh and X, fornm the (n+1)th

design (a successful expansion,
Figures 2a and 2b)

th
then X, and x, form the (n+l)

design (a failed expansion, Figure 2¢),.

then X, and xr forn the (n+l)th

design (a falled reflection, Figure 2d).

then the next obsgervation is made at

the level x, + Zdn , denoted by X, *

then x, and xc forn the (n+l)th

deslign (a successful contraction,
Figure 2¢).

th
then X and xr form the (n+l)
design (a failed contraction, Figures

2f and 2g)e.
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If for the nth design
y(xn * dn) { y(Xn - dn) !

then the next observation is made at X, - adn and we

proceed similarly.

If the level Xy is in two consecutive designs
and is not then due to be replaced, we nake a repeat
observation at x, before continuing. This rule applies
in cases (b') and (ec¢')(ii) above., It guards against a

spurious observation at x, indicating a false optinun

h
region.
We shall refer to this alternative procedure as

Routine 2B.

Unlike Routines 14 and 1B the feature of Routines
24 and 2B to allow an increase in step size and design size
makes then suitable as search procedures when the starting
level is far from the optinum region. For Routine 2B,
case (a') , the probability of an expanded point being
chosen in the next d@sign is greater than for Routine 24,
case (a). Also, for Routinec 2B, case (c'), the probability
of a contracted point being chosen is less than for Routine

2A, case (¢c) . Thus, Routine 2B will on the average give
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rise to a sequence of designs which will climb faster to the
optimum than that for Routine 24. However, since on reaching
an optimuu region the design size for Routines 24 and 2B will
in general be large conpared with the initial design size,
the design size will have to be contracted to obtain a nore
precise estimate of the OFL. This contraction will on the

average be slower for Routine 2B than for Routine 24,

In the next section after discussing the guantitative
results of Routines 14, 1B, 24 and 2B, we shall consider
analgamating the best features of these procedures to
produce an overall more satisfactory procedure. Discussion
of stopping rules and rules for constraints on the experimental
region for Routines 2A and 2B is postponed until the next

section.

22,3 Results and Discussion.

Analytical results for the Up-Down Procedure.

It is in general difficult to obtain analytical
results for Routine 1A or Routine 1B, However, sonme
analytical results may be obtained in rather extreme cases and
nay then be compared with the corresponding results from

sinulation, Incidentally the agreement found below between
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these two sets of results gives some check of the simulation
methods used including the subroutine for generating randon

nornal deviates.

Consider a single run of Routine 1lA where the levels

of the initial design are denoted by xj and xj+l and

for all i, Let x be the level at

where H

Ve
S %
which the highest response in the run is observed, Then,

we denote the probability that Xy =X, S8, given
xj 2 xj"l ] by
+ .
ij 2 l N
Pielk if k{41,
Now,

+
Pyg = Prob ¥y D Tgseess B D ey Vi 2 Vo) s
which after some manipulation reduces to
oo o0
* o ¢(t V) d
Pje e Tpe X)) 9%,
"854 i S S |

where

ar = (er- Ll‘-l)/(d” E)

and 7lr is the true response at xr » The function



gﬁ(t ' XP) is the p(=k+l-j) variate normal density

with zero means, unit variances and covariance matrix

= (v.) 4 where Vv = v and
=p mn nn nn
v = 1 if m=n ,
mn
= "’1/2 if in = n"'l for n= 1,2,.01, p—2 'y
= 1/2 if m=npn+l and m = p-1 ,
= 0 otherwise .
Also, Pj+1J: is similarly defined,

For p=2 , can be calculated from tables

ij
of the bivariate normal distribution (National Bureau of
Standards, 1959). For p » 2 , Plackett (1954) gives
reduction formulae which, however, rapidly become more
tedious to calculate as the nunber of variates increases., It
is thus in general difficult to obtain the transition
probabilitles ka .

Consider approximating ij by pk s Where

oo OO

B, = J Pz, 1) at, .

e "I "5 1

With the aid of bivariate normal tables, can easily be

Py
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calculated, This approximation is equivalent to saying that
Prob (xH = xk) depends only on what happens at the levels
i dent th
xk-l’ xk. xk+l and is thus in general independent of 2]
starting levels of the run. For what type of response

function is this approximation plausible?

Consider a parabolic response curve,

n =/611"2 Bn<o

where O s the OFL, is equal to zero., Then

o
!

zd(/ill/crff)czxr - 2d) ,

where 24 = xr - xr 1 for all r . In Routine 1A

observations are made at a number of equally spaced levelsa

Denote the level among these which is nearest to 6 by Xy o
Then ]xN- 8} £ a .

Now Pk > pjk for all J and k and hence

};pk>f£'_pjk = 1 for all j .

As -/@ll/a" increases ]ar} increases, faster for
larger ]N-r’ than for smaller lN—r} . Hence P Nad

is

tends to for all 1 and for 1 ZI, say,

Pret Prsd
arbitrarily close to zero and may be ignored, Also,as =~ ﬁll/ o~
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increases jz:p tends to EE:p. = 1 for all j . Therefore
K PR
for the approximation to be reasonable -/Sll/cr' must be large
enough that
-

ka"l<é’»

=
where 5 (> 0) 1is chosen to be small, If possible, we must
choose 5 large enough so that Prai for 1 =1 at
least, is not too small compared with pN » For example,
from a plot of = ﬁ?ll/cr' against Z;:pk -1, it can be

= 0,25, O =0,0, d=0.5
5

shown, for S = 5(10-4) y Xy

and WGuﬂr= 3.1 , that %ﬂ<(m' for 122,

= 0,13670 , Py = 0.86320 , = 0.,00051

Pre1 Pre1

and jz:pk = 1.00041 correct to five decimal places. We
k

SSupe .
shall sune that the approximation is reasonable under these

conditions,

Consider Estimator (A) for Routine 1 4 1.c¢.

A
E?i b 4 « Now

H

{
E’le(z)} =5 ¥ { (x, + xm)/z} Pin Py

L n

il

where xH = xm for the first run and XH = xL for the second

run and where

P, if the last two levels of the first run are x , Xa41

n

Pl
oL P if the last two levels of the first run are x

m=1( =1’

X
ju)
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Under the above conditions we can replace p and pn'1

Jm L
by pm and pL respectively, Then, it can be shown that

l

n
(Py_q + Py + Pyyq) E I M

E{é(z)}

and by induction that
”~ ~
. R-1
E { B (R)} = (P * Py + Pyyp) E{@(l)} .
It can also be shown that
A R-1 a
MSE{@(R)@ = (1/R) [ (pN_.l + Pyt Ppgy) MSE { B(1)] +

. -
(R=1)(py_, *+ Py * PN+1)R—2 E{e(l)} 2 J .

Substituting the above values for pN—l s pN and pN+l we get

E{@(l)} = 0.11395 ,
~
E{Q(lo)} = 0.11438 ,
N
MSE{ e (1)} = 0.13160
and ~
iﬂSE{@(lo)} = 0.02493 .,

Routine 1 was sinulated and three samples of 2000
trials and two samples of 3000 trials were nade of é (1) and
@ (10) . Estimates of the above approxinate expectations

and mean squared errors were obtained together with their

standard errors as follows:
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~ N
E{B(l)} = 0.118327 + 0.003111 ,
~pA l
E{ (10)j = 0.113466 + 0.000991
~ ~
MSE{B(l)} = 0.108611 + 0.071784
”~ 0o
and MSE{e(lO)} = 0.020703 + 0,013784

From these results there is no reason to reject the hypothesis

that the sinmulation methods are satisfactory.

More results may be obhtained if we assume a uniform
response function, i.e. Wl = constant for all x + The
resulds obtained under this assumption will be an approxinmation
to the behaviour of the procedure in regions of slowly
increasing response. In this case, ar = O for all r

and hence

+ (o]
. = v
Py @p(_p> ,
where @g(y_p) is the p(=k-j+1) variate normal probability

integral with integrand ¢5(§p, Ep) » integrated over the

positive donmain, Kp is defined as before and

- 0
Pisix ~ @p(y-p) '
where p = j+l-k+l1 . The transition probabilities are only

affected by O~ through the term ar « Thercfore, since

a = 0O , for all r , the behaviour of the procedure is
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independent of o~ (#0) .

Now,

Gotry) = boaw, ) - §owy

where _V\_’p = (v,,) is the covariance matrix such that

Wmn differs fron vx:m only for n = p=1 , n = p,where
w = =1/2. It can be shown (Kendall and Stuart,
p-1p

Vol., I, 1963, p. 367, Excs. 15.9, 15,10) that

Oy |
W = 1 +1)t
@pc_p) /(p+1)
and hence that

0 oy o {.
@p@p’ (1/pl ) = 1/CL+p)l

p/ (p+1)! .

If we assune that d = 0.5 and that x, , X
J j+1
are equal to 0,5 and 0,5 respectively then, for Estimator

(A) of Routine 1A on this uniform response function,

E{é(R)} = 0 , for allR,

by synnetry. Now
L.
J S 2+ 2 _ -
var | 8 (l)} = X p.. + Z X" p
{ a5 n - jn o {3+l n Ts+lm

This can be evaluated directly to give

Var { é(l)j = 1,376872 .
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~
It is not easy to evaluate Var{ 8 (2)} directly, but an

approxination can be obtained if we consider a finite nuaber

of levels, say xj_15 to xj+16 « Then,

E § Pen Plf'lt = 1.,000004
- L u

and
ray
Var{e(z)} = 2,251967 .

These two examples, then, illustrate the
difficulties which arise in attempting to find nore general
analytical results for Routine 1A and hence for the nore

conplicated Routine 1B.

Analytical results for the Generalized Up-Down Procedure,

Routines 2A and 2B, see Section 2.2.2 4, can be

written in the form

where an, given X is a discrete random variable which

nay assurie the values
Sdn/z s Zdn [ 3dn [} -3dn [ —Zdn and -Sdn/z
with probabilities

pl.pz’pa,p4’p5 andpﬁ

respectively. If we assune a uniform response function,
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i.e. 11 = constant, then

Py = Pg » P, = Pg and Py =P,

by symmetry, and the probabilities are independent of n .

For Routine 2A we have

P, = Prob(yh> N > Y, 4 yc) (Figures 2e and 2f) ,
P, = pro]o{(yL Ly, .09 Uy Ly, {7y
U (v, L. L7, (yh)}
(Figures 2b, 2¢, 2d and 2g)
and
P, = Prob(yL 4 ¥, { Y, { v,)  (Figure 2a) .
For the uniform response function,
O
p, =3 Qo) = s ,
_ 0 0 0
b, = oy + Pou, Py
= (1/6-1/24) + 1/6 + 1/24
= 1/3
and
—— O v —
Py = @3(3!3) = 1/24 .

We can now determine the expected behaviour of the
procedure, over a uniform response function., This behaviour

is independent of o~ (#0) .
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Now,
E(an( Xn) = 0,

by symnetry, and therefore ,

E(xn+l' X)) = X .
Hence
E(xn+l) = E(xn) = vee = Xl -
Also,
2 2 2
E(xn+l' xn) = X, ¢ E(an' xn) ’
where
2 2
E(anlxn) = (191/48)d .
Therefore,
2 2 2
E(xn+1) = E(xn) + (191/48) E(dn) .
But
2 2
E(dn+l| x) = (17/16)a  ,
therefore,
2 2 n.2
E(dn+l) = (17/16) E(dn) = eee = (17/16) dl .
Ve now have
2 2 n_2
E(xml) = E(xn) + (191/48)(17/16) 4,
2 n 2
= X4 + (191/3) {(17/16) -1 gdl .
We can also show that
n
E(dn+l) = (23/24) dl ’
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where dn+l> 0O 4 for alln .
For Routine 2B the probabilities can be shown to be

= 1/24 P2 = 3/8 and »p = 1/12 .

Py 3

Using these values we can obtain

E(x ) = x

n+l 1!
E(xiﬂ) = xi + (75/7){(28/16)n-l}d§ R
E(d_,,) = (9/8)7a,
and
B(aZ, ) = (2/18)% .
e observe that the expected design size, d s

n+l

decreases with n for Routine 2A but increases with n for

Routine 2B, Also, the dispersion of X041 increases with n
but more rapidly for Routine 2B than for Routine 2A., We thus
conclude that Routine 2B is more suitable than Routine 24,

as an exploratory procedure over a very slowly varying

response function,

The work involved to obtain general analytical
results for Routine 2 is unjustified with computer simulation
so readily available, To give an example of the work involved
consider a linear response function 01 = /glx . For

Routine 2A’
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o0
Py = J( f ( ¢(33’ By) dty

-yl -a -3

where

&

23,4 /(0J2) = a, = a, .

For fixed values of ﬁgl/cr and dn’ p3 can be evaluated
by a reduction formula (Placketts 1954 ) , which involves

the numerical integration of a single integral, For p2

and pl nunerical integration is also necessary; similarly
for Routine 2B, If we consider a parabolic response function

the a 's depend on X as well as 4 o
r r n

Enpirical results for the Up-Down Procedure.

Consider a parabolic response curve

m = /311Xz » Bp<o .

The ratio, ﬁgll/a” , dis inmportant in controlling the speed
of convergence to the optimum region, The dimensions of
ﬁgljf'c" are independent of the dimensions of 71 « A value
of /311/0” = }t has the interpretation that for a unit

increase in x the rate of change of Tl decreases by Z/Lcr .

A simulation study was made for Routine 1A and for

Routine 1B and the Estimators (A), (B) and (C) are conpareds.
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The OFL is set at 0.0, the level spacing, 2d,
at 1,0, the level nearest the OFL at 0.25 and the starting
levels are set at «5.75 and =4,75. For each simulation
500 trials of 20 runs each were made, giving an average
sanple size between 26 and 28, The mean squared errors of
the estimate of the OFL were obtained for a range of A?ll/cr. .
A plot of loge(MSE) against -}911/'0“ is given in Figure
3,and in Table 2 the mean, variance, mean squared error

together with their standard errors are given for - /311/0— = 5,0 .

In couparing Routines 1A and 1B and Estimators (4),
(B) and (C) we shall judge two quantities to be significantly
different if their intervals of three standard errors on either
side of the estimate of the mean squared error do not overlap,
oo

The standard errors of the mean squared,were calculated under

the assumption of normality,

Of the three estimators, Estimator (C) is the best
for = /311/(7" in the range 1.5 to 5.0 « In the range 0.5
to 1.0 there is no difference between Estimators (B) and (C)
but both are better than Estimator (A). For = f3,,/0°= 0.0l
(not shown in Figure 3) and = /SIl/cr' = 0.25 , there is no

real difference between the estimators.

For the estimators which do better Routine 1B does
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not give an improved performance over Routine 1A, We nay
thus conclude that there is nothing to be gained by

modifying Routine 1A in the particular way given by Routine 1B.

Of the six combinations Routine 1A, Estimator (C)
appears to be uniformly the nost satisféctory, over the range

of = ﬁll/o* considered.

Empirical Results for the Generalized Up-Down Procedure.

A simulation study was made for Routine 2A and for
Routine 2B under basically the same conditions as for Routines
1A and 1B . The starting levels were at =5.5 and =4,5 ,
and 500 trials, giving an average sample size between 25 and
26, were made. The mean squared errors of the OFL were

obtained for a range of ,’311/0'“.

These mean squared errors decrease as - /311/<T'
increases from 0,01 to 5.0 but were very much larger than
the corresponding values for Routines 1A and 1B, even for small
values of = /Sll/tT“. The mean, variance and mean squared
error, together with their standard errors, for = /3ll/cr‘= 5.0 ,

are given in Table 2,

We should note that because Routine 2B has a high
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probability of a failed contraction (Figures 2f and 2g), the
sequence of designs gets stuck on approaching the optimum
region, for large = fgll/'d’. In this case no contraction
occurs and the sequence of designs oscillates over three
levels in the neighbourhood of the OFL. The mean squared
error then tends to the square of the olas as = /3ll/<j‘
increases, Table 2 . Routine 2A has a smaller probability
of a failed contraction and the mean sguared error decreases

slowly as = /9ll/cr~increases.

From qualitative considerations which led to the design
of these procedures and from the quantitative results given
in this section we may conclude that, for exploration and
rapid movement to the regions of higher responsc, fron regions
distant from the optimum region, Routine 2B is more successful
than either Routine 2A or Routine 14, However, for rapid
convergence to a smaller neighbourhood of the OFL, given a
starting point in the optimum region, Routine 1A is much nmore
successful than either Routine 24 or Routine 2B. Therefore, it
seems reasonable to consider the following automatic procedure
which is a combination of Routine 2B and Routine 1A (using

Estimator (C)) .
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Let xl be the starting value, Then proceed as
for Routine 2B, Section 2,2.2, by making two observations at
X - dl énd xl + d1 s Where d1 is chosen by the experimenter.
Routine 2B is stopped when a failed contraction occurs (Figures
2f and 2g), as this is some indication that we are near to the
optimum region., Routine 2B is also stopped if a design point
falls outside the experimental region, Let XH be the level
corresponding to the highest response for the step when
Routine 2B is stopped. Then proceed as for Routine 1A,

Section 2.2.1, by making two observations at XH - dS and

may be taken equal to d. to preserve

x. + dS s Where d 1

H ]
the automatic property of thc procedure or where ds nay be
chosen to be consistent with any gain in information by the
experimenter since the start of the procedure. We shall

refer to this combination of Routine 14 and Routine 2B, as

Routine 3, A flow diagram for it is given in the Appendix.

In Bection 2,1l.5 we described the normalized version
of the accelerated K-W procedure, which we shall refer to as
Routine 4, A flow diagraam for it is given in 1. #;iu.ax.
With Routine 4 as a nucleus, Routine 3 was designed as a
consequence of qualitative argunents supported by quantitative

results. We shall now show to what extent Routine 3 is an
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improvenent over Routine 4, apart from its automatic property,
by couparing their performances for different simulated
experimental conditions. This comparison is not intended as
an exhaustive test of the two procedures but should serve as

a guide to their relative merits.
Consider the response curve
2 .
W1 =  exp({-x") (Figure 4) .
The OFL is at 0.0 . Three starting levels (xl)

Sl = —216 . Sz = "'l.l and Sa = O.l ’

two initial level spacings (Zdl)

Dl = 0.2 N D = 005

and three error standard deviations (O )

0'"1=o.001, O"Z= 0,05 and O‘é: 0.2

are used for both procedures; thus giving 18 sets of results
for comparison. The estimate of the OFL and its standard

error are obtained after 500 trlals for each procedure, Table 4.

Routine 3 is stopped after R1(=2) and R2(=lo) runs
of Routine 1A and the mean and the variance of the number of

observations used, are recorded.

For Routine 4 a sequence (an) is considered such that
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fpe1 T (l/2)an '

where two initial step sizes (al) O.4 and 0.8 are used.

Routine 4 is stopped after a fixed numbor of observations to

facilitate comparison with Routine 3,

If the responses yl and y2 , at xl - dl and

X + d1 , are nornally distributed with means 711 and le
respectively, 7l2 > Tll s, and variance O~ 2 ; then, if

h = 712 -n, > 2,30~ the probability that vy > y, is
less that 5% + Figure 4 indicates whether the sequence of
designs is given a good chance of progressing for a particular
combination of Xl ’ d1 and ¢~ . TFor example, given

Sl s Dl and CVB then

h(=0,0012) £ 2.30 (=0.46) ,

and the probability that ¥y > ¥y is not very small. Then,
the sequence of designs experiences great difficulty in moving
away from the starting region (Table 4). On the other hand,

given 52 ’ Dl and O , ‘then

h(=0.1310) > 2.3 ¢~ (=0,0023) ,

and the probability that y1> ¥, is very small, Then the

sequence of designs casily progresses to the optimun region (Table 4).



FIGURE 4 . The vesponse function 7 = exp (~*).
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The quantity h/g— for all the combinations of

xl ’ dl and O~ which appear in Table

Table 3.

TABLE 3

4 , are given in

Values of h/g~ associated with the response function exp(—x%).

G'i Cré
sl Dl 1.20 0,024
D 3.70 0,074
SZ Dl 131.00 2,620
D2 324,10 6.482
33 Dl 39,20 0,784
D2 93.00 1.860

For Routine 3, Table 4 shows how the

is improved as R is increased from 2

T3
0,006
0.019

0.655
1.621

0.196
0.465

estimate of the bias

to 10. There is

little improvement for small ¢~ or small {xli . The

increase in the initial design size in general reduces the

mean and variance of the number of observations and hence

improves the speed of convergence to the

it also results in reducing the estimate

For Routine 4, given S, , the

1

observations in general fails to produce

optinum region;

of the bias,.

larger number of

a decrease of the bias,
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This is perhaps due to the basic design of Routine 4 where

the step size is reduced whenever the search changes direction,
and will not necessarily be remedied by choosing a sequence
which decreases less rapidly, Also, given sl s there is

nothing to be gained by using the larger initial step size.

On the basis of Table 4, given 53 s there is no real
difference in the performances of Routine 3 and Routine 4,
Given S2 y Routine 3 is uniformly better particularly so as

0~ dincreases. Given Sl, Routine 3 performs nuch better
than Routine 4., We therefore conclude that Routine 3 is an
automatic procedure which, overall, is more successful in

inproving the initial estimate of the OFL than is Routine 4.

Routine 3 and Routine 4 are both based on the sign,
and not on the magnitude, of the difference between a pair of
responses; hence, even when there is asymnetry in the response
curve in the optimunm reffion, we do not expect the behaviour
of these procedures to differ very nmuch from that described

above.

We have not included in our simulation study the
autonatic stopping rule or the rules for dealing with constraints

on the experimental. region.
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CHAPIER 3

MULT I-FACTOR FROCEDURES
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3.1 Existing Procedures.

As the nuuber of factors increases one is faced
with the prospect of more conmplicated response surfacess
The uninmodality assumption becomes less plausibles The choice
of a starting point for the procedure becomes more important,
In addition to the previous requirements for a good procedure,
enphasis should be placed on procedures which allow the
sequence of designs to continue exploration. Then, inportant
changes in the surface may be detected as soon as possible.
This requirement was not so important in the single factor
case because of the limited nature of the response curves,
We shall now review existing uulti-factor procedures,
criticizing any shortcomiﬂés ané indicating directions in

which improvernients should be considered,

3.1,.1 Non~-gequential Procedures.

As we have already mentioned in Section 1,2,
sequential procedures are preferable to non-sequential
procedures, However, two non-sequential procedures, the random
nethod and the factorial method, have been discussed in the
literature, (Brooks, 1959). We shall describe them only

briefly here,
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In the random method the experimental region is
sampled randomly cither by sinple randon saapling or by
stratified sampling, and the factor coubination corresponding
to the highest observed response is taken as the estimate of
the OFC. In the simple random sanpling method it is possible
that important regions of high response will not be discovered.
Stratified random sanpling limits this but as the factor
space incrcases, only dense stratification or good fortune
can guarantee the successful use of the random method,.
However, the nethod aay be suitable for a preliminary survey
of the experimental region to deteraine a starting point for

an initial stage procedure,

In the factorial nmethod a grid of points in the fornm
of a factorial design 1s considered over the experimental
reglon. If this grid is sufficiently dense, this method
gives an overall picture of the response surface, However,
since our objective is to estimate the OFC, this method =
although more systematic than the random method = will expend
experinental effort in regions which contribute little

relevant information and so is unsatisfactory.
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3.1.2 The Qne-at-a-time Procedure,

This is one of the oldest optinum seeking procedures,
proposed formally by Friedman and Savage (1947), and is simple
to operate, One factor is varied, the others remaining constant
at their starting values, until a conditional maximun is
achicved, The second factor is then varied, the others
renaining constant at their values for the first conditional
naximum, until a second conditional maxinmum is achieved. This
process is continued until the last factor has been varied
when the whole operation is repeated starting again with the
first factor, When no further progress can be made the OFC
is estimated by the factor combination corresponding to the
final conditional maximum, A disadvantage of this
one=atea-tize procedurc is that a point on a rigin, ridge is often

chosen as the estimate of the OFL.

If all the factors affecting the response are
considered sinmultaneously then a smaller number of observations
will in general be required to achieve optimum conditions than
if the factors were considered one at a time, Procedures
considering several factors simultaneously are described

in the following sections,
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3.1.3 The Box-Wilson Procedure,

Box and Wilson (1951) paved the way for the
developnent of response surface methodology. In particular

they developed the following steepest ascent procedure.

From a starting point S, say, it is desired to
proceed to another point, P, a spccified distance from S,
where the gain in response is maxinum, Box and Wilson prove
that to do this one should imove in the direction perpendicular
to the local contours at S, i.c. in the direction of steepest
ascent, To estimate the direction of steepest ascent, a first
order design is used in & region about S, over which a first
degree polynomial is assumed to be an adequate representation
of the surface., Experiments are made in the direction of
steepest ascent until P is found, From P the process is
repeated and another direction of steepest ascent is found,
The process 1s continued until the first order effects of the
factors, estimated from the current design, are so reduced
that they are considered snall in comparison with higher order
effects., At this stage it is assumed that a NSR has been
reached. A second degree polynomial is fitted and an

estinate of the OFC is obtained.
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3ele4 Extensions of the Kiefer-Wolfowitz Procedure.

(1) Blun (1954) proposed an extension of the K-W
procedure which generates a sequence of designs each consisting
of (k+l) points. The nth design consists of the base point

z 4, and one point a distance cy from 2, parallel to

each of the k axes representing the k factors, thus forming
an asymmetric design. For k = 2 +the design points are at

the vertices of a right-angléd triangle., The procedure is then

defined by

2y ¢ By + (an/cn) &

where G 1is an estimateod thle gradient vector at Z, .

The seguences (an) and (cn) satisfy the sane conditions as
in Section 2,1,3. This secquence of designs can be shown to
converge to the OFC both in mean square and with probability
one under no etiffer restrictions than for the K-W procedure

described in Section 2,1,.3.

Sacks (1958), however, has pointed out that the
asymmetry of the design points forces the Scquonco of designs to
concentrate around the wrong value and hence retards the speed

of convergence,
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(2) sacks (1958) proposed a symmetric extension of

the K-W procedure in which each design consists of 2k points
symmetrically placed about the base point En e The nth
design consists of two points, .a distance Cn from En s One
on either side of Zos parallel to ech of the k axes
representing the k factors., For k = 2 the design points are

at the vertices of a square centred about 2, e The

procedure is then defined by

*
= + (a
Zp+l z,* (B /e &

*
where & is an estimate of the gradient vector at En *

Under the same conditions as in (1) this procedure converges

in mean square and with probability one.

3el.5 The Spendley-HexteHimsworth Simplex Procedure,

Spendley, Hext and Himsworth (1962) proposcd an
automatic ﬁrocedure based on a simplex design which has (k+1)
points. There is no loss in generality in assuaing the sinplex
design to be regular, For k = 2 the design points for a
regular siuplex design are at the vertices of an equilateral
triangle and for k = 3 they arec at the vertices of a regular
tetrahedron, The initial simplex is centred about the

starting point and responses are observed. The design point
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corresponding to the lowest observed response is then replaced
by its mirror image in the hyperplane containing the
renaining pointsg, thus forming a new simplex design. This

operation is then repeated and two additional rules are given:

&9 If the airror image, i.e. the new point for the
next design, gives the lowest response in the new design,
the point with the gecond lowest response is deteriined and
is replaced by its wmifror image in the hyperplace containing
the remaining pointsi This rule is designed to allow the
sequence of designs to explore in the search of higher

response instead of oscillating over a limited region,

(i1) If a point has occurred in (k+l) successive simplex
designs and is not then eiiminated, a repeat observation
should be uwade at this point, This rule is designed to
prevent the sequence of designs from being anchored to a
point with a spuriously high response. This procedure will
eventually cause the sequence of designs to circle
continuously around the point corresponding to the highest

observed response which can be taken as an estimate of the

OFC.
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3.1.6 The Nelder-Mead Simplex Procedure.

Nelder and Mead (1965) extended the ideas of
Spendley, Hext and Himsworth (1962) and produced a less rigid
procedure for use in the deteraministic case. A brief
description of this procedure is given here and will be
followed by a modified version, suitable for stochastic

search, in Section 3.2.1.

The initial siaplex desifgn is chosen and the
suffices h and [ are associated with the highest and
lowest observed responses respectively, The point PL is
replaced at each stage by a new point which forms a now
sipplex design with the remaining points. Three operations -
reflection, expansion and contraction - which allow the
sinplex design to adapt itself to the local landscape, are

used.

Let Pm be the centroid of all the points not

including P « Then form P by the relation
L r

P = (1+&)P - &P
r jul

L s
where A (> 0) is the reflection coefficient, The design

points are chosen as follows:
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(a) 1If yL < y. 4 ¥y, s then take Pr as the new design point.

: .
(b) 1If Y. > Yy 0 hen expand Pr to Pe by the relation

P = D/Pr + (=P

e
where ¥ (>1) is the expansion coefficient.
(1) 1f Y, > Yy s then take Pe as the new deslgn point,

- / o . Py
(ii) 1If vy, £ Yy then take Pr as the new design point,

(¢) 1If Y. L Y, for all u(u#l) , then

1}
lav]
.
La)
~d
\/
ed

let P or
let P = P if v, < Y. and

contract P to Pc by the relation
o< e
where ﬂ (o € /_’: < 1) is the contraction coefficient.

(1) 1If Y, > ¥y , then take Pc as the new design point.

-

(11) 1If v, £ v, s then replace the points P, for all u,

by (Pu + Ph)/2 to form the new design.

Nelder and Mead (1965) show that the siaple strategy A= 1 ,

ﬁ = 0.5 and 3’ = 2 was clearly the best among those tried,
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3.1.7 Discussion.

For the Box-Wilson procedure, which has been
extensively used in the chemical industry, the general knowledge
and judgencnt of the experimenter are invaluable for its
success, It is thus not an automatic procedure but it nay
be argued that this is on the whole an advantage. However,
it is of interest to consider morc automatic procedures. The
direction of steepest ascent differs depending on the choice
of scale of the factors. Hence, the procedure is not scalc
invariant, The authors adnit that this method is only

suitable in cases where the experimental error is fairly small.

The Sacks cxtension of the K-W procedure has an
autouatically deter:ained step size and aesign size but there
is s£ill the difficulty of choosing beforechand suitable
sequences (an) and (cn) » This procedure is not scale

invariant,

The Spendley-Hext-Himsworth procedure conforns
more td the features of a good procedure, outlined in Section
1.3, than the other procedurcs. This procedurc is operated
by a set of automatic rules, is scale invariant but is rather
rigid in design and hence does not adapt itself to changes

in the response surface. Nelder and Mead remedied this by
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introducing rules which change the éhape and size of the
siaplex design depending on the responses observed., In
Section 3.2 these ideas are extended in an attenpt to
describe an automatic procedure suitable for amulti-factor

stochastic search.

a

Brooks (1959) gives a comparison of the randon
method, the factorial method, the one-at-a-time procedure
and the Box=Wilson steepest ascent procedure. A few trials
were made for two factors over four different response
surfaces and the average perfornances of the procedures
were conmpared. He concludes that ghe steepest ascent
procedure is the best. However, to operate the steepest
ascent procedure, one has to choose the step size thus
introducing a subjective element into the procedure.

It is this lack of objectivity in a procedure that weakens

the conclusion in a comparison such as this.

It is of interest therefore to define procedures
possessing this objectivity and then couparing them over
several surfaces and for a greater nunber of factors, Two

such procedures are described in Sections 3.2.1 and 3.2.2.
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3.2 New Procedures.

In describing and conparing the procedures in
Sections 3.2.1 and 3.2.2 it will be necessary to consider
the 'size' of a design. Box and Wilson (1951) considered

the quantity

N
2 - 2
5, = (1/m) ji: (xy, = xt.)
u=1
for a design with N points, where
- N
Xt. - (l/N) é Xtu .
u=l
2 , . 2 th
Here S is called the spread associated with the t

t

factor. If all the spreads Si for one design are equal to

the corresponding 52 for another design then the two designs

t
are sald to be of the sane 'size'!. Other measures are

certainly possible, for instance

M%X(Xtu) - lI]ﬁn(xtu) *

3.2.1 The Generalized Sinplex Procedure,

The procedure now to be described is based on the

Spendley-HexteHimsworth and the Nelder=Mead sinplex procedures.
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Here, we consider the initial sinmplex design to
be regular., This facilitates the conparison of this
probedure with other procedures. The co-ordinates of the
(k+1) vertices of a regular- simplex design for k factors,

having one vertex at the origin, are given in nmatrix form

by a (k+l) x k mnatrix

k+l a a q .se P

where

p o= {va/ml (ELrk-
and -

e = {yedd} (E-n

Here the cdges of the simplex are unity and the

centroid of the design is the point (&a,3,e..,2) , Where

1/ /2(k+1) .

a =

For k = 2
v = (/D] (Fe,
e = {veD] (F-1
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and the centroid is at (l/vfg; 1/./53 N

The experience of the experimenter is used in
choosing the size of the initial simplex designe At each
step of the procedure the point corresponding to the lowest
observed response is replaced by & new point to form a new
simplex design. The new point is chosen according to the

following rules:

Denote the response at the vertex, Pu s of a

sinplex by Yu Let

y, = M%x(yu) ’

yt. = M-;lin(yu)
and s

y, = Mln(yu) ’

u£l
and let P_ be the centroid of the points for which u ZL .
Forn Pr by the relation
PI" = ZPU - PL °
(a) If y.)O Y, expand Pr to Pe by the relavion
Pé = (3Pr - Pm)/z .
(1) If ¥y, > Y, o then take P as the new point (Figure 5a).

(ii) If ye<:.yh . then take P as the new point (Figure 5b).

(b) 1If ys( yr<yh » then take P as the new point (Figure 5c).
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(e) If y, < Yo o contract P. to P_ by the relation

Pc = (PD + Pr)/2 .

(i) If yc‘> Yy o then take Pc as the new point (Figure 5d4),

(ii) If v, £ Y, o then take P; as the new point (Figure Se).

There are thus five ways in which the replacement for PL nay
be obtaineds Three of these lead to the choice of Pr and
one each to the choice of Pe and Pc.' This procedure as

we have described it so far differs fron the Nelder=Mead
procedure in the treatnent of a failed contraction, (c)(ii)
above. In the presence of error, step size should not be
continually reduced as sooner or later real effects will
beconme confounded with error, thus halting the pregress of

the sequence of designs,.
The following special rules are also necessary:

Rule A:

If the design point P, in the current sinplex

h
design has occurred in (k+2) successive sinplex designs and
is not then replaced, a repeat observation should be uade at
that point and the procedure continued, This guards against

the procedure beconing anchored at a point with a spuriously

high response.
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FIGURE 4. THE GENERALIZED SIMPLEYX
PROCEDURE (K=2)

X  denotes a pount he  curvent desugn. .
denctes a pomt at wheh a Subseq,wav\t

obsetvation (s made . ‘
© denotes [Re pownt chosen as The rew pouit for IRe next desgn,

----- Jouas The \Dom{—s which .form The new d.ESl'%r\.

30

(@) Y > % and Yy Dy
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FIGURE 5§ (cont'd). THE GENERALIZED SIMPLEY
PROCEDURE ( k=12).

(b)  Yn D> Yn 7 Ye .
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FIGURE 5 (cont'd). THE GENERALIZED SIMPLEX
PRoCEDURE (K=2).

Lp

) Ye < Ys  and Y > Y,
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Rule B (Stopping Rule):

If the point at which the repeat observation was
nade occurs in the next (k+1) designs, including the omne
containing the repeat observation, and is not then replaced,
the procedure is stopped, as this is evidence that the
optinum region has been found,. We nay cstimate the OFC by
the point corresponding to the highest observed response in
the final design. We shall refer to this as the highest
observation estimate (HOE). Alternatively, we may take as
an estinate of the OFC a weighted average, W, of the points

in the final design given by

k+1
{yu—(y -R)E' P
W o= L i ’
k+1
E {yu—(y -R)}
u=1

where R = yh_- y . Ve shall refer to this as the

weighted observations estinate (WOE).

Rule C:

At any stage of the procedure if the response at
the new point of a new design 1is the lowest for the new design
(this is usually an indication that the sequence of designs

has reached the vicinity of a NSR), then neasure the spreads,
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Si s t=1,2,4403k, for the current design., If any Si for

the current design is greater than ({(chosen by the
experinenter) tiumes the corresponding Si for the initial
sinplex design, then the procedure is restarted. To restart
the procedure consider a2 new sinplex design, the sane size
and orientation as the initial sinplex design and centred

about the point P_ in the current design, thus preserving

h
the automatic property of the procedure, However, the size

of this new sinplex design nay be chosen to be consistent with
any gain in inforamation by the experimenter since the start

of the procedures. This rule helps to accelerate the search

if the design size becones too large., In choosing X the
experinenter nay be guided by the fact that, if oL is too
small the procedurc will be restarted continually and hence
the action of the stopping rule will be delayed; also, if

o is too large then the procedure may not be restarted when
it should be and further design points will be chosen which
contribute little information about the NSR., Either case

may result in an unneccessarily large number of observations

being made,
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Rule D:

If, however, all the Si of the current design are
less than or equal to the corresponding SE of the initial
design, then the procedure is continued by reflecting the
point corresponding to the second lowest response in the
hyperplane containing the remaining points, to obtain a new
Pr + This rule prevents the sequence of designs fron

oscillating over a linited region and allows further cxplgration,

Rule E:

If Pr falls outside the experinental region then
choose Pr as the new point for the new design and allocate to
it (since ne observation can be nade) the lowest response in
the new design. The procedure is then continued as in rule D,

This rule eventually forces the sequence of designs to return

to the experinental region.

If Pe falls oﬁtside the experimental regior then
Pr is taken as the new point for the new design and the
procedure is continued, We assume that the boundary of the
experincntal region is such that there is no question of Pc

falling outside.

lie shall refer to this generalized sinplex procedure
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as Routine 5, It is automatic, scale invariant and because
of the rules to change the size and shape of the siuplex
design, the sequencc of designs is adapted to local changes
in the response surface. Contraction occurs with small
probability and this reduces the risk of the sequence of

designs getting stuck because of large experinental error.

Now, in Routinc 5 the secarch for higher responsc
takes place in only one new direction at each step, This
limited power to explore may increase the nunber of steps
necessary to attain a given goal, In the next section
we describe a procedure which is designed to give greater

exploration at each step,

3.2.,2 The Duplex Procedure.

Consider a design in k dincnsions consisting of 2k
points, where the points are divided into k pairs., The two
rmembers of each pair are called nmates and the pairs are choscn
such that the lines joining pairs of nates are concurrent at 0 ,
say, and that O lies in between each pair of nates., This design
can be divided into two parts - k points in each part - by a

(k-1) dincnsional hyperplanc passing through O but not through
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any of the design peints. It is from this feature of the
design that it derives the name, duplex design. The

duplex procedure consists of a sequence of duplex designs

forned by rules to be described below,

Here, we consider the initial duplex design to
be regular. This facilitates the coaparison of this
procedure with other procedures., The coordinates of a
regular duplex design centred at the origin and such that
the line joining a pair of mates is parallel to an axis,

are given by the (2k x k) mnatrix

st .
1 pair of mates
“d O O ene O

D = 0] d O ose O » 1 nd
2 pair of nates
O -d O sew o j
O 0 o cee d

} kth pair of nates

O O O te e "d §.

[, e

where the k pairs of nates are nutually orthogonal and
2d is the distance between the mates of each pair., For

k=2, the four points of a regular duplex are at the
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vertices of a square, and for k = 3 , the six points of

a regular duplex are at the mid~points of the faces of a

cube, The experience of the experinenter is used in

choosing the size of the initial duplex design. However, 1
the procedure is designed so that the behaviour of the

scquence of designs does not depend critically on the

initial design size.

Let Phu . PLu (U = 152,4003k) represent the k
pairs of mates such that yhu> Yiu (u =1,2,0003k) « The
next duplex design is forned by replacing the k points
P{u (U = 1,25400,k) Dy k new points, which nust all lie
on the other side of the (k1) dinensional hyperplane
containing P (U = 142,4e03k) « This new duplex design
will not in general be regular,

Fron the following rules k new points can be
chosen which, together with P u (u = 1,2,004,k) conforn

h

tc the requirements for a duplex design, Let

e
{]

nax M%x(yhu)

and

e
ft

nin Mﬁn(yLu) *
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Then, wh and wL can be formed by the relations

(Ypu = Yain’ P

k
; _ =i ain hu
h - k
Ez: (yhu - ymin)
u=1
and
k
Z (ymax - ‘Y[.u) PLu
w, = 2=k .
L k
jz: (ymax - 3Lu)

=}
11
[

The point Wh is a weighted average biased towards the

Phu with the higher responses, while the point WL is a

weighted average biased towards the Pfu with the lower

responses, The line joining WL to W thus gives a

h

good indication of the direction of ascent,
Fow, form the point € by the relation
C = (W _-W)2 |, Figuee ba .
The point C will be the centre of the new design, Reflect

Ph about ¢ and obtain P by the relation
u ¢ Tru

( -
k
where
c - v=1 - V]
Qu
kP C P C

hu hu
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and AB means the distance from A to B. Thus 811>>O and

E-ISru =¥ , where V is constant for all u , We define

511 in this way to prevent the duplex design fron beconing
degenerate after a few steps of the procedure. The new

points are chosen as follows:

t by t t
(a) If yru;> Ypu expand Pru o) Peu y the relation

Peu = (SPru - C)/2 ) (u = ljzgio.’k) .

X . i b
(1)If yeu:> Yyu then take Peu to be the new point (Figure 6).

(ii)1rf Yeu < Ypu then take Pru to be the new point (Figure ®b),

(b) 1If yru'<.yhu , contract Pru to Pcu by the relation

Pcu = (C + Pru)/2 ’ (u = 1,2,.-0,k) .

(1)If You D> ¥pu ° then take Pcu to be the new point (Figure 6c),

c
(ii) I You 4 Ypu then take Pru to be the new point (Figure €4).

The following additional rules are necessary for the

successful operation of the procedure.

Rule A:

If the point Pmax in the current cduplex design has
occurred in (k+l) successive duplex designs and is not then
replaced, make a repeat observation at that point., This guards

against the sequence of designs beconing anchored at a false optinum.
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FIGURE 6. THE DUPLEX PROCEDURE. (K=2),

x  denotes a pont n The cunrent design.

denotes a pownt at whidh a Su.bsequ.&nt observation
s nade.
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FIGURE b (cont'd). THE DUPLEX PROCEDURE, (K=2).
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Rule B (Stopping rule):

If the point at which the repeat observation was
taken occurs in the next k designs, including the one
containing the repeat observation, and is not then replaced,
stop the procedure, as this is evidencce that the optinun
region has becen found. Ve may estima@e the OFC by the
point corresponding to the highest observed response in the
final design, Altcrnatively, we uay take as an estimate of
the OFC a weighted average, W, of the points in the final

design given by

2k }
P { ¥, = g4, =R ] P,
W = u:l []
2k .
%l { Yo = Gup - ® }
where R = Yoax = Ymin® We shall refer to this as the

weighted observatioms estinate,

Rule C:

At any stage of the procedure if the responses at
all the new points in the new design are lower than the
responses of their respective pnates in the new design

(which can occur only if (b)(ii) above is satisfied for all u ,
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and which is an indication that the sequence of designs has
reached the vicinity of a NSR) , then measure the spreads, Si s
t = 1,25404,k , of the current design. If any Si of the
current design is greater than O (chosen by the experimenter)
times the corresponding si of the initial regular duplex
design, then the procedure is restarted by umaking observations
at the design points of a new duplex design. This design
should have the same size and orientation as the initial

duplex design and should be centyed at Pmax in the current
design, thus preserving the autonatic property of the procedure.
However, the size of this new duplex design nay be chosen to

be consistent with any gain in information by the experimenter
since the start of the procedure. This rule helps to accelerate
the search if the design size becomes too large. In choosing X
the experimenter may be guided by the fact that, ifolis too
small the procedure will be restarted continually and hence

the action of the stupping rule will be delayed; also, if 4
is too iargc then the procedure nay not be restarted when

it should be and further design points will be chosen which
contribute 1ittle information about the NSR. Either case

1y result in an unnecessarily large nunber of observations

being wmade.



- 115 -

Rule D:

If, however, all the Si of the current design are lcss

than or equal to the eorresponding 82 of the initial design

t

then CL apd C arc forned by the relations

h

= ( Z Phu + PLS)/k ’

C
b ugs

where = Mﬁn(yhu) s and

yhs

CL = ( E P{_u + Phs)/k .

The line joining CL to Ch is thus an indication of the
direction in which the next design is formed. This ruls
prevents the sequence of designs fron oscillating over a

linited region and allows continual exploration.

Rule E:

If for a given u, Pru falls outside the experimental
region then choose Pru to be the new point and allocate to
P the response ¥y . where yruf< Yyu ¢ If for all u,
yruf< Yu ‘and at least one Pru falls outside the experinental

region, then the procedurc is continued by applying rule D,

Otherwise, continue the procedure in the normal nanner,

If Peu falls outside the experimental region then
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Pru is chosen as the new point and the procedure is
continued, We assuue that the boundary of the experimental
region is such that there is no question of Pc falling

outside,

We shall refer to this duplex procedure as
Routine 6. It is automatic, scale invariant and the sequence
of designs is adapted to changes in the response surface,
The rules are such that the design is not allowed to get
very small, The new feature of this procedure is that
a search for regions of higher response is made in several

directions at one step of the procedure,

For Routines 5 and 6, on reaching an optimum
region, the sequence of designs will tend to ‘'circle!
around it, Thus, in general, at the end of the sequence of
designs there will be a number of design points, scattered
about the optinmum region, These points arise in the unatural
operation of the procedure whose primary ain is to produce
a sequence bt designs which will converge to an optimum region.
The information obtained in the responses at these points
can then be used to fit a polynomial and thus to obtain a
more comprehensive estinate of the optimum conditions,

Therefore, in general, no experimentation additional to that
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involved in the natural running of the procedure is necessary
for the final stage of the search for optinum conditions,

A more orthodox procedure for the final stage of the search
is to use a conventional response surface design in the
region of the estimate of the OFC. For this, further

experimentation will be necessary,

3e2¢3 Results and Discussion.

The difficulties expcrienced in obtaining
analytical results for the single factor case, are amplified
in the multi~-factor case; consequently, no analytical results
have been obtained. The quantitative results presented in
this section arise fromn the sinulation of Routine 5 and

Routine 6,

First, we compare the basic behaviour of Routines
5 and 6 for a few siuple cases in the absence of experimental
error (o = 0) + Then, we investigate the performance of the
procedures on a linear gradient as ¢ varies. Finally,
Routines 5 and 6 are conmpared on uninodal surfaces as ¢

varies,

e assume that k =2, ¢ =0 and that the
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response surface has the forn of a linear gradicnt. The
contours of such a responsc function and the realization
of the sequencds of designs for Routines 5 and 6, for a
given orientation of the initial designs, are gi&en in
Figure 7a. The initial designs are of the sane size (see
Section 3,2). The orientation of the initial designs nay
have a slight effect on the direction in which the ensuing
sequence clinbs up the slope, but not on the characteristic

pattern of the sequence of designs,

It is evident, fron Figure 7a, that Routine 5
gencrates a sequence of sinplex designs, for which the search
for higher response is made in one direction for one design and
in another direction for the following design. In contrast,
for Routine 6 the search for higher response is made in two
directions simultaneously. (For k> 2 , the search is made
in Xk directions sinultancously for Routinc 6 but still only
in one direction at a time for Routine 5.)., Routine 6 gives
rise to a more balanced search and the size of the duplex
designs éxpands wore rapidly as the sequences of designs
progress, than for Routine 5., Because the designs expand as
the sequences progress, the gain in response per observation

increases as the nunber of observations nade increases.
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FIGURE 7 THE PATTERN OF DESIGNS FOR
ROUTINES & AND & . (K=2).
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FIGURE 7. (cont'd). THE PATTERN OF DESIGNS FOR
ROUTINES & AND 6, (K=2),
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For the particular realizations in Figure 7a,
after 8 designs and 17 observations, Routine § achieves a
gain in response approximately equal to the gain in response

for Routine 6, after 6 designs and 24 observations,

We now assume that k = 2, ¢ =0 and that
the response functions are represented by the contours in
Figurc 7b., The sequences of designs follow the ridge to
the optimunm region, nore closely for Routine 5 than fop
Routine 6, The greater scatter of points for Routine 6
indicates that some effort is spent in searching for other

possible regions of higher response,

We shall now considér the relative perfornance

of Routines 5 and 6 on the linear gradient

=ﬁlxl + g%y + eee + Bix

~
o~

in the presence of error. The behaviour of the sequence

of designs on this linear gradient will indicate their
relative abilities to c¢lint more general response surfaces,
over which the response is increasing reasonably unifornly.
Later, we shall consider the ability of a sequence of designs

to converge to the optimum of a response surface,
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Routines 5 and 6 are coupared under the following

conditions:

(i) The values of k are 2, 3, 4 and 3,
(ii) For each k, the sets ﬁgi (1 = 1,25ee0,k) were

chosen arbitrarily, but subject to the constraint

P HE

and are
k < B, R A, B
2 0.5000  0.8660
3 0.2774  0.4804  0.8321
4 0.1581  0.2739  0.4743  0.8216
50,0909  0.1575  0.2727  0.4724  0.8182

(iii) The initial designs for the two procedures are
chosen to be of the same size (sece Section 3.2).
It can be shown that by this criterion the initial
design points for the procedures all lie on a k
dinensional sphere of radius r. The
initial designs are regular and are centred at the

centrec of this sphere, which is at the origin,
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(iv) For each k , r is equal to O.1l. Since ﬁ3 =1,
the maxinun difference in true response between
two points on the sphere is 0.2. These two points
lie at the extreaities of the diameter in the

direction of steepest ascent,

(v) The values of O, chosen relative to this
nmaxinun difference, are

0.001, 0.025, 0.050, 0.075, 0.100, 0.200 and 0.250..

(vi) The orientations of the initial designs are as
presented in Sections 3.2.1 and 3.2.2. It is
assuned that the orientation of the initial
design has little effect on the 'long-run'

behaviour of the sequence of designs.

(vil) For each k and ¢~ Routine 6 is run until 5

designs are conpleted; thus 10k observations

are made, For k = 2,3,4 and 5, Routine 5 is

run until 9, 14, 18 and 23 designs, respectively,
are conpleted. These nunbers were thought to be
such that the number of observations nade would be
approximately the same as for Routine 6, at least
for small U~ , However, as O~ increases, for a

given k, and as k increases, the nunber of observations
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observed from the sinulation were less than
expected, The discrepancy was as much as 20%

of the nunber expected, for k = 5 and G~ = 0,25,
This is due to one of the rules for choosing a new
design point in Routine 5. This rule is
illustrated in Figure 5c¢ and requires only one
observation, instead of two, to be nade btefore
choosing a new design. The choice of the new
point by this rule occurred nore frequently than

was cxpected,

A sinulation study of 500 trials is done for each
rrocedure and the expected gain in response was estimated.
The cxpected gain in response per observation is plotted
against g~ in Figures 8a and 8b, for Routines 5 and ©
respectively. The expected gain per observation, for large
k and o~ , for Routine 5 in Figure 8a, should be inflated
slightly before comparing Routine 5 with Routine 6, but it

is clear that the following general pattern exists.

For the higher values of k and ¢— there is not
guch difference in performance between the two procedures, but

otherwise Routine 5 is superlor. The expected gain per
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$§°  FIGURE 9 (cont'd ) THE PERFORMANCES OF ROUTINES § AND 6
5 ON A LINEAR GRADIENT
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FIGURE 8 (comt'd} THE PERFORMANCES OF ROUTINES 5 AND &
ON A LINEAR GRADIENT .
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FIGURE 8 (cont'd) THE PERFBRMANCES OF ROUTINES & AND 6
ON A LINEAR GRADIENT.
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observation decreases at the rate of 1/0~ , approxinately,
for both procedures. This relationship does not hold for
small O~ , especially for Routine 6., Under the given
conditions the expected gain per observation decreases

approximnately at the rate l/k.

In Figure 8c the ratio of the expected galn per
observation for Routine 5 to the expected gain per observation
for Routine 6, is plotted against O~ o This ratio tends to
£all off nore rapidly, as ¢~ increases, the larger k
becones. This indicates that as k increases in the range of
k considercd the superiority of Routine 5 diminishes rapidly,

as O~ increases, settling around unity for the larger o .

Over the range of k and < considered above, the
results, based on the criterion of expected gain per
observation, indicate that Routine 5 is generally to be
preferred to Routine 6 for a response surface which
approximates to a linear gradient. However, the conparison
of these procedures, judged by somc other criterion, may be

of interest.,

Routines 5 and 6 are automnatic procedures which

both have the same sequential pattern, i.e. design points

are chosen (stage 1), responses are observed (stage 2) and
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then stage 1 is repeated and so on, For Routine 5, after the
initial design, only one point is chosen at stage 1 and one
response observed at stage 2 for each ks For Routine 6, however,
after the initial design, k points are chosen at stage 1 and

the k corresponding responses are observed at stage 2,

Now, suppose there is a cost associated with each
combination of stage 1 and stage 2 in addition to the cost
per observation, and this cost is M( > 0) times the cost
per observation., Then, it may bec more econonical to use a
procedure which chooses several points than to use a
procedure which chooses one point, at each stage 1, because
fewer stages will be required for the same total number of
observations, Under these circumstances, Routine 6 is to
be preferred to Reoutine S for large k and ¢~ , if the
conparison is based on the expected gain per unit cost. As
M increases Routine 6 is better even for smaller k and o,
In Figure 8d the ratio of the expected gain per unit cost
for Routine 5 to the expected gain per unit cost for Routine

6 is given for M = 6,

As an exanple of a situation in which Routine 6 nay
be preferable to Routine 5, consider an experimenter who has

easy access to a telephone link with a time sharing conputer,
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He is exploring a response surface in search of optinun
conditions. His technique is to observe the responses fron
an initial design and then to telephone the conputer to feed
in this infornation, whereupon the computer gives him the
next set of points at which observations are to be made,
This process is then repeated until a stopping rule comes into
action. Now, every time contact is made with the conputer

a basic cost is incurred which is distinct from the cost of
processing the responses which are fed in., Because of this
basic cost and also because of any difficulty in setting up
his experinent, it will generally, cxpecially if k is large,
be nore econonical to make k observations instead of one

observation at cach stage.

We now go on to consider the performances of Routine
5 and Routine 6 over unimodal surfaces, Here we can observe
the effect of the supplementary rules for Routines 5 and 6
which are given in Sections 3.2.1 and 3,2.2 respectively,
Particularly we observe the effects of Rules B(Stopping Rule)
and C. Rule E which deals with constraints on the

experimental region is not included in the simulation,

To test the ability of the sequences of designs to

converge to the optinum region, we consider the following
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uninodal response surface::

k

o= - 2. (1-x)?

i=1

which has an optinum true response of unity at
X, = 1 (i=1l,2,4ee9k) « In addition, for k = 2, the procedures
arc tested on a more complicated surface, a sharp rising

ridge (Brooks, 1959), which is given by

2 2 2
Qz = xl exp {l - xl - 20.25(xl - x2) }

and which has an optimum true response of unity at
xl = x2 = 1, No atteupt has yet been made to test the
procedures on riore complicated surfacés.
Routines 5 and 6 are compared under the following
conditions:
(i) The values of k are 2,3,4 and 5,
(ii) For the first surface and for each k, a starting
point is chosen such that the true response at that

point is 0.,5. The gradient,/g , at that point is

J 2 for all ke The starting values

Xs = Xi (i = 1’2,.‘.,1{) are
k 2 3 4 5
X 0.5000 0,.5918 0.6465 0.6838

S
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For the second surface two starting values are
used. The one (0.5, 0.5) is along the ridge and
the other (1.00, 0.75) is nearer to the OFC but
is away from the ridge and the gradient there is
greater, Thc true response at both points is
approxinately 0,5.

(iii) The initial designs for the two procedures are
chosen to be of the sane size (see Section 3.2),
The initial spreads 82 = si (t = 1,2,4e.k) are

k 2 3 4 5

52 0.0050 0,0033 0.0025 0,0020 .

The initial design points for the two procedures
all lie on a k dimensional sphere of radius r.
The initial designs are regular and are centred at

the centre of this sphere, which is at xs .

(iv) For each k, r is ecqual to 0.l. Since ﬁ% = 4CE, the
raxinwy difference in true response between two
pointg on the sphere is 0.2828, These two points lie

at the extremeties of the diameter in the direction

of steepest ascent,
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(v) The values of O chosen relative to this maximun
difference are

0,050 , 0,125 and 0,200 .

{(vi) The orientations of the initial designs are as
presented in Sections’S.Z.l and 3.,2.2., The
orientation of the initial design has little or
no cifect on the performancc of the procedures,
as the shape of the design is altered to be

consistent with changes in the surface,

(vii) For each k and ¢ Routines 5 and 6 are run until
the stopping rule acts. However, the effcctiveness
of the stop,.ing rule depends to sone extent on the
cholce of { (Rule C, Sections 3.2.1 and 3.2.2) .
If O4 is too small the action of the stopplng rule
is delayed and the procedure may even continue
indefinitely. In this case, if the above stopping
rule fails to act after a reasonable nuiber of

observations, the procedure is stopped.

A sinulation study of 500 trials was nade for

Routines 5 and 6 and the OFC is cstiuated by the WOE and the HOE.
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The criterion of effectiveness is the true response at the
estinate of the OFC, In general, the value of & is
increased until the nunber of 'failures' in the 500 trials,
l.es the nunber of times the stopping rule fails to act
before 200 observations have been expended, is less than 10%
of the number of trials. This criterion for choosing

is relaxed for the larger values of k because of the large
anount of computer time involved. The neans and standard
crrors of the true responses at the estinates of the OFC

and of the nunber of observations expended are calculated

only from those trials for which the stopping rule acted.

The results of the sinulations are given in Table 5
and are discussed below., In general the true response at
the WOE differs little from the true responsc at the HOE. Only
the results for the true response at the HOE are presented

in Table 5.

Routines 5 and 6 for o = 0,05 are in general
successful in achieving the gain in response necessary to
attain optimum conditions. For larger o this gain
dininishes and possibly further modifications to the procedures
nay improve this gain in response. We note that although the

gain in response is less as ¢~ increascs the number of
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observations does not have a similar trend,

Fewer observations are roquired for Routine 5
than for Routine 6, However, the designs for Routine 6
expand rore than those for Routine 5 and in general a larger
value of X will be required for Routine 6 to achieve the

sarte small proportion of 'failures' as for Routine 5.

If the simplex designs in Routine 5 get badly
positioned on a ridge the sequconce of designs nay get stuck,
This happens on the sharp rising ridge for the starting
value (0.5, 0.5), Table 5, Routine 6, however, because of its
greater power to search is unlikcly to get stuck, This
indeed suggests that for nmore complicated surfaces than we
have considered and for larger k, Routine 6 may have some

real advantages over Routine S,

These procedures, then, illustrate the ideas which
are useful in designing an automatic sequential procedure and

the liuited results presented, indicate their potential use,



__OF PER_ TRIAL _ AL HIE
—FRR._FATTURES: —MEAN—S-FRR. _MEAN—SSFRR-——

= S0 15 0-6201— = = 55————— (g 9s519——

J— l j- 05{) 0 1_5- 6 0.3 O.ﬁs Oé 0- G;L — 5 33_‘_3_0_3_31___0.-_83&1___0. 0_1___
’\ e = ——

Mm___—__.ﬂ. ZD_OA,___Z___ZL.&_Q-.&___‘O .5_7_9_7~_Q-_0_1_____22_~_‘3515_Q._8___Q._651L~0 OL_

1

K=2. RESPONSE SURFMMI,SJQQJIBGEJ.

STARTING POINT =1.0000, 0.7500. __
o _ROUTINE 5(%=_6) 7 _ __ROUTINE 614 =15)

w_,_jM,_uuuﬁj&S._ﬂuL,ﬂESE. _ NUM. NUN.J.!ILQBS. RUE-_ RESP_.
— —FERROR=——0 %Pﬁgm&"ﬁlfAr;zﬁaﬁ—t*““ =0F=———"PER —IRY =

0 ’ ‘ 26 0.95 579 29 _0.9111

: — & ] 00 ————0——=——26:2—022=—028T 19;10.130;::
o 0.125 2__ 18.9 0.3 _ 0.8600_ 0.00 1 25_.3__0_.&___&.3361)  0.01_

——90.3="03s5—028217-—-0.01——— ——0,8136=0.,01=—




—— _TABLE- 5 (CONI'D)—— —

= = COMPARTSON=OF—ROUTINE_5-_AND ROUTINE=6——— ———

——————— —  K=7. RESPONSE=SUREACE-WITH-SPHERICALCONTOURS:————————

— : STARTING=POINT=0.50003-0.5000.———— —————

RDUTINESIX=-10)——— " QOULINEGI = 12— —

— .hiﬁﬂiﬁifiiiﬂBQ?EEiENﬁﬂiEﬂEéﬁgﬁiéiRUE§§Rf§?. -------- —=NUN—NUIM =008 =TRUE=RESP=—=
ERROR o] PER - TRIAL AT _HOE ____OF PER __TRIAL AT HOE ,
e S DE Ve FATL UR ES =—MEAN =S ERRS = MEAN=STERR=FATLURES—MEAN=—SSERR &—MEAN=S.ERR—

e I =3 09946 ———————— == ——

——0:9416————

2422 0.5 0.9617 0.00 1 36.0 0.6 0.9541 0,00

|
5
d
¥
LN
ed [Pg| [N

307 0.1 0:.8886—0s01—— 26— &3.1 0.9 —0.8652= 0:01—

_ % 0. 200 31.1 0.8 0.7825 0.01 41 42.1 0.9 0.7708 0.01

"""" ‘J:m P g e

- B K=3. RESPONSE SURFACE WITH SPHERICAL CONVTDURS. .

i — — STARTING PDINT =0.5918, 0.5918, 0.5918.

o L ROUTINE 5{%X = _8) _ ROUTINE 6( & = 10)
EXPTL. NUMe ' NUM. DF 0OBS. TRUE RESP. NUM. NUM. OF 0BS. TRUE RESP.

—=—— " FRROR=————0F————PER—FRIAL—— AT —HOE— — (0F—— PER—TRIAL —AT——HOE-——
S.DEV. FAILURES MEAN S.ERR. MEAN S.ERR. FAILURES _ MEAN S.ERR. MEAN _S.ERR.

0 21 0.9808 79 0.9914

=0050———60————&1 .4 0.9 —0.9639—-0.00—— —306=——T0s4—1-1—0.9592—0,00-_

0.125 93 4l.5 1.1 0.8275 0.00 350 61.3 2.3 0. 7527 0.02

= = —0:200———109———40-9 -1 0. 7057 —0.01——325— 68513 0.7592—0-01—




TABLE S {CONTEDS

EAMDARTISON—DF RO INE S AND-ROOTINE=6

ERROR
S‘?ri.&;“‘f"—? MNP AN —SaERRT—FA
, 0.050 56 61.9 1.9 0.9593  0.00
=— =t = er——=<0 v o5 rFe 05— 3¢
o 0,200 85 62.1 2.2  0.6577 0.01 295 154.4 4.4 0.7360 0.0l
|
K=5. RESPONSE_SURFACE WITH SPHERICAL CONTOURS.
STARTING POINT =0.6838, 0.6838; 0.6838,; 0.6838, 0.6838.
ROUTINE 5{o = 30) ROUT INE_61 ok =150)
EXPTL. NUM. NUM. OF DBS. TRUE RESP. NUM, NUM. OF 0BS. TRUE RESP.
— 2 R s E——jm

g.DEV. FAILURES MEAN S.ERR. MEAN S.ERR. FAILURES MEAN SJERR. MEAN S.ERR.

0 41 0. 9793 261 0.9998
ﬂ—;}:—ﬂW Ot .l —aan—— Il 7 Bt O, I3b3 D07 ——
0.125 174 486 % -2 D.7093 0.01 385 176.3 11.9 D.6657 0,03

U200 S ESEs] —i’mjﬁ—i =3 58563 Ot —— 30— X .7 —h b — D b0 —Das 04—




CHAPTER 4

CONCILUSION
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The aiu of the thesis is to design initial stage
procecdures to meet the requirenents of Chapter 1, Three new
procedures have been developed. Routine 3 for the single
factor case in Chapter 2 and Routines 5 and 6 for the nulti-
factor case in Chapter 3, These procedures possess most of
the important features discussed in Section 1.3, They are
all automatically operated. They generate sequences of designs
which adapt to the local nature of the surface and hence a bad
choice of scale of the factors is less likely to retard the
convergence of the sequence of designs to the optinmum region
(this is more important in the multi-factor case)., They all
have automatically operated stopping rules which are good for
small error, Further nodifications to the procedures are
necessary to inmprove thelr performance for large error. No
attenpt has yet been nade to choose a region where a second
degree polynonial is a good fit. This could be incorporated
in a final stage procedure., No quantitative results have
been obtained concerning the rules for the procedures on

encountering constraints,

Much further work necds to be done, in particular,
on the extension of an automatic initial stage procedure

Yo include an automatic final stage procedure, In the final
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stage a sccond degree polynomial could be fitted to the
observations arising from a run of an initial stage
procedure., It nay be argued that it is nore efficient

for estimating the rcgression coefficients, to use a
conventienal response surface design, But, an advantage of
an automatic initial and final stage procedure is that an
estinate of the OFC is obtained sinultaneously with a set
of design points (a trandon' design) to which the surfacec
can be fitted, Also, if the object is not so much to
estinate precisely certain individual regression coefficients
as to estinate the OFC, the response at the OFC or the
differencc in the respomses at two points, then any slight
loss in the precision of these estimates, due to this
'randon' design could probably be tolerated if the

elinination of further experimentation were a great saving,

Autonatic procedures will be most useful in situations
where the response is quickly obtained, As an exanple of this
consider a statistical problen where it is not possible to
deternine the distribution of an estimator of some quantity
analytically. It may not even be possible to determine the
expected value of this distribution asynmptotically. In such

a situation one nmay consider simulating the problem on a
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conputer, estinating the expected value by taking a large
nunber of sauples. This estimate we nay regard as the response
and it will be subject to error. Now suppose in addition

the expected value depends on a nunber of paraneters and one

is interested in optimizing this cxpected value over the
paraneter space. We may regard these parancters as our factors.

This is an ideal case for an autonatic sequential procedure,

Another use of an autonatic procedure is in
evolutionary operation where it is desired to detcrnine continually
optinun conditions as tinme varies. The procedures developed
in the thesis have not been designed with this particular
application in nind and it is conceivable that slight

wnodifications nay be necessary,
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APPENDIX

FLOW DIAGRAMS
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