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ABSTRACT 

This study investigates the vibration characteristics of spinning annular disks 

with various boundary conditions aiming to investigate the effect of radius ratio 

parameter and the rotation speed on natural frequencies of a spinning disk 

analytically for nine different types of boundary conditions. The stress 

distributions on the disks are obtained for all boundary conditions. The Galerkin 

method is employed with polynomial functions as approximate displacement 

functions. Analytical results are presented and compared to the results of the 

finite element analyses as well as experimental ones. 
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1. INTRODUCTION 

Since being utilised by the vast majority of machinery, rotating plates are one of the 

ongoing research fields in engineering. Aero-engines, turbines and fans in power plants, 

flywheels, grinding wheels, cutting tool types of equipment, gears in machinery 

automotive and train wheels in transportation and as a more modern instance, hard disks 

in informatics are among the most common examples (Kirkhope and Wilson 1976, Sun 

et al. 2020, Tufekci et al. 2020, Tuzzi et al. 2020). The engineers must understand the 

dynamics of these structures to prevent any failure. Especially, since these structures 

perform critical duties at high speeds, hard disk drives draw the attention of engineers. 

The contact forces between the disk and read-write head can overload the system due to 

excessive vibrations hindering the performance of the system (Huang and Lin 2008, 

Tufekci et al. 2019). Therefore, the dynamical characteristics of rotating plates should 



be accurately considered. 

There are plenty of works about vibrations of spinning annular plates. Lamb and 

Southwell (Lamb and Southwell 1921) present the first analytical study that the 

spinning disk is modelled by using linear elastic theory without any bending stiffness.  

The majority of the analytical research, that concentrates on obtaining natural 

frequencies and mode shapes, uses Rayleigh-Ritz (Southwell 1922, Mote 1965, 

Ramaiah 1981, Koo 2006, Kang 2017) and Galerkin methods (Luo and Mote 2000, Pei 

and Tan 2009), perturbation techniques (Mignolet et al. 1996), the method of multiple 

scales (Nayfeh et al. 2001), the Frobenius method (Maretic et al. 2015). Most of the 

recent studies on the topic are focused on functionally graded materials (FGMs) (Güven 

and Çelik 2001, Yıldırım 2018). 

There are also studies about non-classical boundary conditions in the literature. 

Lyu et al. (Lyu et al. 2019) present an analytical study on free in-plane vibrations of 

spinning circular panels under elastic boundary constraints. Yano and Kotera (Yano and 

Kotera 1991) study the unstable vibrations of rotating disks with elastic supports. Parker 

and Sathe (Parker and Sathe 1999a, 1999b) handle the effect of the presence of an 

elastic spindle on the mechanics of rotating disks. Amabili et al. (Amabili et al. 1997) 

investigate the effect of non-uniform boundary conditions focusing on the applications 

of bolted plates. Another remarkable study conducted by Shafei et al. (Shafei et al. 

2021) explores the nonlinear transient vibrations of viscoelastic plates.  

Besides these analytical studies, there are numerous works that are interested in 

fields other than stability considerations (Kutug et al. 2003, Oldac et al. 2017, Tufekci 

et al. 2018), numerical (Barasch and Chen 1972,  Kim and Lee 1988, Nguyen-Thanh et 

al. 2009) and experimental approaches in the literature (Xu and Guo 2003, Kajiwara 

and Hosoya 2013, Bashmal et al. 2016, Tufekci et al. 2017). 



There are also new generation and novel methods developed to investigate the 

mechanics of various systems. Deep collocation is among those recently emerged 

methods which is used by Gue et al. (Guo et al. 2019) to model Kirchoff plates. 

Machine learning can also be used for similar purposes. Samaniego et al. (Samaniego et 

al. 2020) employ machine learning to solve partial differential equations taking 

advantage of an energy-based methodology. Alongside machine learning, probabilistic 

and statistical modelling methods recently become popular. Vu-Bac et al. (Vu-Bac et al. 

2016) develop a workflow using statistical approach to explore the sensitivity of large 

systems that are computationally costly. Such methods can be used to analyse 

uncertainties in mechanical systems (Cicirello and Langley 2013, 2014, Panunzio et al. 

2017).  

Yıldırım (Yıldırım 2020) describe the best material distribution for pressurised 

annular disks. Some studies investigate free vibration analysis of annular plates by using 

the finite element method (FEM) (Mattikalli and Kurahatti 2018, Qin et al. 2018, 

Jaiman and Singh 2019). 

The Galerkin method usually yields good results by using approximate functions 

with a limited number of unknowns. In the literature, the clamped-free boundary 

condition is often preferred in studies such as the one by Luo and Mote (Luo and Mote 

2000). However, none of the present studies investigates all the classical boundary 

conditions using the same generalised Galerkin formulation. It is aimed to fill the gap in 

the literature with this study. 

In this study, transverse free vibration problems of spinning disks are solved 

analytically under various boundary conditions. To obtain analytical results, the 

Galerkin method is utilised and as approximate displacement functions, polynomials are 

used by Tufekci et al. (Tufekci et al. 2018). The effect of the variation of radius ratio 



(𝑅𝑅𝑖𝑖 𝑅𝑅𝑜𝑜⁄ ) and the rotation speed on the dimensionless natural frequencies are investigated 

and obtained results are presented in 3D surface plots. Besides, the influence of the 

boundary conditions on the dynamics of the rotating disks is discussed. Also, the results 

are compared with those obtained by a finite element analysis. To the best of the 

authors' knowledge, no study investigating the disk vibrations with all classical 

boundary conditions using analytical approaches has hitherto been published. Even 

though, the analytical solutions are individually valid under certain assumptions and 

therefore they are not always generalisable as the numerical methods. This does not 

make analytical solutions less applicable. Besides, usage of analytical solutions is 

computationally cheaper and much more reliable without the necessity of validation 

compared to numerical methods which usually require strict validation studies. The 

main contribution of this study, therefore, is to develop an analytical formulation for 

rotating disks with several boundary conditions and to investigate the effects of various 

parameters on the dynamics of rotating disks.  

2. FORMULATION AND ANALYSIS 

2.1 General formulation of the problem 

The equation of motion of a spinning annular disk can be ascribed in a frame of 

reference, which is stationary in space, by the utilization of the polar coordinates (𝑟𝑟,𝜑𝜑) 

attached to the disk. 𝑅𝑅𝑜𝑜 and 𝑅𝑅𝑖𝑖 are the outer and inner radii, respectively, h is the 

thickness, Ω is the rotational speed. The well-known governing equation of motion can 

be pointed out as in Equation (1) which is only valid when the disk is thin, undergoing 

very small deflections and made of linearly elastic and isotropic material; 



 

Figure 1. Schematic view of the spinning disk. 
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where 𝐷𝐷 is the flexural rigidity, 𝑤𝑤(𝑟𝑟,𝜑𝜑, 𝑡𝑡) is the lateral deflection of the disk, h is the 

thickness, 𝜌𝜌 is the mass density of the material,  𝑡𝑡 is the time, 𝜎𝜎𝑟𝑟 and 𝜎𝜎𝜑𝜑 are the radial 

and tangential stresses. 

In order to obtain the nondimensionalised form of Equation (1), the following 

relations are defined: 

 𝜏𝜏 = 𝑇𝑇 𝑡𝑡     𝑅𝑅 = 𝑟𝑟
𝑅𝑅𝑜𝑜

     𝑊𝑊 = 𝑤𝑤
𝑅𝑅𝑜𝑜

     𝜔𝜔∗ = 𝜔𝜔
𝑇𝑇

     Ω∗ = Ω
𝑇𝑇

 (2) 

Here, 𝜏𝜏,𝑅𝑅,𝑊𝑊, 𝜔𝜔∗ 𝑎𝑎𝑎𝑎𝑎𝑎 Ω∗ are dimensionless coefficients, 𝜔𝜔 is the natural 

frequency and 𝑇𝑇 is defined as given in Equation (3); 

 𝑇𝑇 = � 𝐷𝐷
𝜌𝜌ℎ𝑅𝑅𝑜𝑜4

 (3) 

By substituting these dimensionless parameters into Equation (1), Equation (4) 



is obtained: 
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𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝐶𝐶𝜑𝜑𝜑𝜑
𝜕𝜕2𝑊𝑊
𝜕𝜕𝜑𝜑2

� = 0 (4) 

Here, 𝐶𝐶𝑟𝑟𝑟𝑟, 𝐶𝐶𝑟𝑟𝑟𝑟, and 𝐶𝐶𝜑𝜑𝜑𝜑 are unknown coefficients related to the boundary 

conditions. These coefficients in the radial and tangential stress expressions are 

obtained using the Airy stress function for the axis-symmetric stress state depending on 

the boundary conditions. These can be formulated as shown in section 2.3. 

The dimensionless transverse displacement function is defined in Equation (5); 

 𝑊𝑊 = ∑ ∑ 𝑎𝑎𝑚𝑚𝑚𝑚𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅) sin[𝑛𝑛𝑛𝑛 + (𝑛𝑛Ω∗ − 𝜔𝜔∗)𝜏𝜏]𝑀𝑀
𝑚𝑚=0

𝑁𝑁
𝑛𝑛=0  (5) 

where, 𝑎𝑎𝑚𝑚𝑚𝑚 are the constants, 𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅) are the shape functions, 𝑚𝑚 and 𝑛𝑛 are the nodal 

circle and nodal diameter in the mode shape. The presumed five-term polynomial is 

written in the form given in Equation (6); 

 𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅 ) = 𝑋𝑋𝑚𝑚𝑚𝑚
1 𝑅𝑅𝑚𝑚 + 𝑋𝑋𝑚𝑚𝑚𝑚

2 𝑅𝑅𝑚𝑚+1 + 𝑋𝑋𝑚𝑚𝑚𝑚
3 𝑅𝑅𝑚𝑚+2 + 𝑋𝑋𝑚𝑚𝑚𝑚

4 𝑅𝑅𝑚𝑚+3 + 𝑋𝑋𝑚𝑚𝑚𝑚
5 𝑅𝑅𝑚𝑚+4 (6) 

Making use of boundary conditions and the normalization condition, parameters 

of the approximate function are found. If 𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅) is replaced into Equation (5) and 

Equation (4), Equation (7) is obtained; 

 ∑ ∑ ��𝜕𝜕
4𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅)
𝜕𝜕𝑅𝑅4

+ 2
𝑅𝑅 
𝜕𝜕3𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅 )
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𝑅𝑅2
𝜕𝜕2𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅 )

𝜕𝜕𝑅𝑅2
+ 1+2𝑛𝑛2

𝑅𝑅3 
𝜕𝜕𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅)

𝜕𝜕𝜕𝜕
+𝑀𝑀

𝑚𝑚=0
𝑁𝑁
𝑛𝑛=0

𝑛𝑛4−4𝑛𝑛2

𝑅𝑅4 
𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅)� − 𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅 )(𝑛𝑛𝛺𝛺∗ − 𝜔𝜔∗)2 − (𝛺𝛺∗)2

𝑅𝑅𝑜𝑜2
�𝐶𝐶𝑟𝑟𝑟𝑟

𝜕𝜕2𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅)
𝜕𝜕𝑅𝑅2

+ 𝐶𝐶𝑟𝑟𝑟𝑟
𝜕𝜕𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅 )

𝜕𝜕𝜕𝜕
−

𝐶𝐶𝜑𝜑𝜑𝜑𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅) 𝑛𝑛2�� 𝑎𝑎𝑚𝑚𝑚𝑚 sin[𝑛𝑛𝑛𝑛 + (𝑛𝑛𝛺𝛺∗ − 𝜔𝜔∗)𝜏𝜏] = 0 (7) 

The term in the parenthesis has to be equal to zero since sin[𝑛𝑛𝑛𝑛 + (𝑛𝑛𝛺𝛺∗ − 𝜔𝜔∗)𝜏𝜏] 



cannot be equal to zero. Therefore, the following equation is obtained; 

 ∑ ∑ ��𝜕𝜕
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+𝑀𝑀

𝑚𝑚=0
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𝑛𝑛=0

𝑛𝑛4−4𝑛𝑛2

𝑅𝑅4 
𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅)� − 𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅 )(𝑛𝑛𝛺𝛺∗ − 𝜔𝜔∗)2 − (𝛺𝛺∗)2

𝑅𝑅𝑜𝑜2
�𝐶𝐶𝑟𝑟𝑟𝑟

𝜕𝜕2𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅)
𝜕𝜕𝑅𝑅2

+ 𝐶𝐶𝑟𝑟𝑟𝑟
𝜕𝜕𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅 )

𝜕𝜕𝜕𝜕
−

𝐶𝐶𝜑𝜑𝜑𝜑𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅) 𝑛𝑛2�� 𝑎𝑎𝑚𝑚𝑚𝑚 = 0  (8) 

For the solution of this equation, the Galerkin method is used. The weighted 

residual is expressed as in Equation (9); 

 ∫ ∫ ∑ ∑ ��𝜕𝜕
4𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅)
𝜕𝜕𝑅𝑅4

+ 2
𝑅𝑅 
𝜕𝜕3𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅 )

𝜕𝜕𝑅𝑅3
− 1+2𝑛𝑛2
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𝜕𝜕𝑅𝑅2
+ 1+2𝑛𝑛2

𝑅𝑅3 
𝜕𝜕𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅)

𝜕𝜕𝜕𝜕
+𝑀𝑀

𝑚𝑚=0
𝑁𝑁
𝑛𝑛=0

1
𝑅𝑅𝑖𝑖
𝑅𝑅𝑜𝑜

2𝜋𝜋
0

𝑛𝑛4−4𝑛𝑛2

𝑅𝑅4 
𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅)� − 𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅 )(𝑛𝑛𝛺𝛺∗ − 𝜔𝜔∗)2 − (𝛺𝛺∗)2

𝑅𝑅𝑜𝑜2
�𝐶𝐶𝑟𝑟𝑟𝑟

𝜕𝜕2𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅)
𝜕𝜕𝑅𝑅2

+ 𝐶𝐶𝑟𝑟𝑟𝑟
𝜕𝜕𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅 )

𝜕𝜕𝜕𝜕
−

𝐶𝐶𝜑𝜑𝜑𝜑𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅) 𝑛𝑛2�� 𝑎𝑎𝑚𝑚𝑚𝑚𝑎𝑎𝑠𝑠𝑠𝑠 𝑅𝑅𝑠𝑠𝑠𝑠(𝑅𝑅 ) 𝑠𝑠𝑠𝑠𝑠𝑠[𝑛𝑛𝑛𝑛 + (𝑛𝑛𝛺𝛺∗ − 𝜔𝜔∗)𝜏𝜏]𝑅𝑅 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (9) 

𝑠𝑠 = 0,1,2, … ,𝑀𝑀 

The only part of the function that depends on the angular coordinate, 𝜑𝜑, is 

∫ 𝑠𝑠𝑠𝑠𝑠𝑠[𝑛𝑛𝑛𝑛 + (𝑛𝑛𝛺𝛺∗ − 𝜔𝜔∗)𝜏𝜏]𝑑𝑑𝑑𝑑2𝜋𝜋
0 . This integral does not have to be equal to zero. So, 

Equation (9) can be rewritten in the following form; 

 ∑ ∑ ∫ ��𝜕𝜕
4𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅)
𝜕𝜕𝑅𝑅4

+ 2
𝑅𝑅 
𝜕𝜕3𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅 )

𝜕𝜕𝑅𝑅3
− 1+2𝑛𝑛2

𝑅𝑅2
𝜕𝜕2𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅 )

𝜕𝜕𝑅𝑅2
+ 1+2𝑛𝑛2

𝑅𝑅3 
𝜕𝜕𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅)

𝜕𝜕𝜕𝜕
+1

𝑅𝑅𝑖𝑖
𝑅𝑅𝑜𝑜

𝑀𝑀
𝑚𝑚=0

𝑁𝑁
𝑛𝑛=0

𝑛𝑛4−4𝑛𝑛2

𝑅𝑅4 
𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅)� − 𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅)(𝑛𝑛𝛺𝛺∗ − 𝜔𝜔∗)2 − (𝛺𝛺∗)2

𝑅𝑅𝑜𝑜2
�𝐶𝐶𝑟𝑟𝑟𝑟

𝜕𝜕2𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅)
𝜕𝜕𝑅𝑅2

+ 𝐶𝐶𝑟𝑟𝑟𝑟
𝜕𝜕𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅 )

𝜕𝜕𝜕𝜕
−

𝐶𝐶𝜑𝜑𝜑𝜑𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅) 𝑛𝑛2�� 𝑎𝑎𝑚𝑚𝑚𝑚𝑎𝑎𝑠𝑠𝑠𝑠 𝑅𝑅𝑠𝑠𝑠𝑠(𝑅𝑅)𝑅𝑅 𝑑𝑑𝑑𝑑 = 0  (10) 

For simplicity, 𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠
∗ , Γ𝑠𝑠𝑠𝑠𝑠𝑠

∗ , λ𝑚𝑚𝑚𝑚
∗  and Α𝑠𝑠𝑠𝑠𝑠𝑠∗  are described as follows; 



 𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠
∗ = ∫ � 𝜕𝜕4

𝜕𝜕𝑅𝑅4
+ 2

𝑅𝑅 
𝜕𝜕3

𝜕𝜕𝑅𝑅3
− 1+2𝑛𝑛2 

𝑅𝑅2
𝜕𝜕2

𝜕𝜕𝑅𝑅2
+ 1+2𝑛𝑛2

𝑅𝑅3 
 𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑛𝑛4−4𝑛𝑛2

𝑅𝑅4 
�𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅) 𝑅𝑅𝑠𝑠𝑠𝑠(𝑅𝑅 )𝑅𝑅 𝑑𝑑𝑑𝑑 −1

𝑅𝑅𝑖𝑖
𝑅𝑅𝑜𝑜

∫ (𝛺𝛺∗)2

𝑅𝑅𝑜𝑜2
�𝐶𝐶𝑟𝑟𝑟𝑟

𝜕𝜕2

𝜕𝜕𝑅𝑅2
+ 𝐶𝐶𝑟𝑟𝑟𝑟

𝜕𝜕
𝜕𝜕𝜕𝜕
− 𝐶𝐶𝜑𝜑𝜑𝜑 𝑛𝑛2�1

𝑅𝑅𝑖𝑖
𝑅𝑅𝑜𝑜

𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅) 𝑅𝑅𝑠𝑠𝑠𝑠(𝑅𝑅)𝑅𝑅 𝑑𝑑𝑑𝑑 (11) 

 Γ𝑠𝑠𝑠𝑠𝑠𝑠
∗ = ∫  𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅) 𝑅𝑅𝑠𝑠𝑠𝑠(𝑅𝑅) 𝑅𝑅 𝑑𝑑𝑑𝑑1

𝑅𝑅𝑖𝑖
𝑅𝑅𝑜𝑜

 (12) 

 λ𝑚𝑚𝑚𝑚
∗ = (𝑛𝑛Ω∗ − 𝜔𝜔∗)2 (13) 

 Α𝑠𝑠𝑠𝑠𝑠𝑠
∗ = 𝑎𝑎𝑚𝑚𝑚𝑚𝑎𝑎𝑠𝑠𝑠𝑠 (14) 

By using these abbreviations, Equation (10) can be rewritten as in Equation (15); 

 ∑ ∑ [𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠
∗ − λ𝑚𝑚𝑚𝑚

∗ Γ𝑠𝑠𝑠𝑠𝑠𝑠
∗ ]𝑀𝑀

𝑚𝑚=0 Α𝑠𝑠𝑠𝑠𝑠𝑠
∗𝑁𝑁

𝑛𝑛=0 = 0 (15) 

To solve the unknown coefficients Α𝑠𝑠𝑠𝑠𝑠𝑠∗ , the determinant of the coefficient 

matrix in Equation (15) must be zero. This will give the natural frequencies. Natural 

frequencies of spinning disks are expressed in Equation (16); 

 𝜔𝜔∗
𝑚𝑚𝑚𝑚1,2 = 𝑛𝑛Ω∗ ± λ𝑚𝑚𝑚𝑚

∗  (16) 

As can be seen from Equation (16), the frequency has two varied values which 

are called forward and backward travelling waves except for 𝑛𝑛 = 0 modes during 

rotation. The subscripts 1 and 2 correspond to the forward and backward travelling 

waves. Approximate function 𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅) must be designated to get the frequency. To 

acquire 𝑅𝑅𝑚𝑚𝑚𝑚(𝑅𝑅), five unknown constants, 𝑋𝑋𝑚𝑚𝑚𝑚
1 ,𝑋𝑋𝑚𝑚𝑚𝑚

2 ,𝑋𝑋𝑚𝑚𝑚𝑚
3 ,𝑋𝑋𝑚𝑚𝑚𝑚

4 and 𝑋𝑋𝑚𝑚𝑚𝑚
5  are determined 

by using boundary and the normalization conditions. 

Only uniform/axis-symmetric boundary conditions are considered in this study. 

It must be noted that there are also elastic, non-uniform and non-symmetric boundary 

conditions. 



2.4 Analysed system 

The effects of variations of radius ratio and rotational speeds on dimensionless 

frequencies are investigated. During the calculations, the values of nodal circles and 

nodal diameters are taken from 0 to 7 for nine different sets of boundary conditions and 

the behaviour of the disk is analysed under different rotational speeds varying from 2.29 

to 34.30 and radius ratio changing from 0.1 to 0.5. 

3. NUMERICAL AND EXPERIMENTAL ANALYSIS 

In order to be able to validate the formulation, computational and experimental 

studies are performed. In the numerical approach, disks are modelled using S4R shell 

elements in ABAQUS environment and as a first step, the general static procedure is 

executed to model the influence of the rotational speed on the structure. Then, the 

frequency extraction procedure is executed to obtain the natural frequencies of the disk.  

The stress and normalisation conditions considered can be described in Table 1. 

Table 1. The stress and normalisation conditions for different boundary 

conditions. 

Boundary 
Conditions 

The stress coefficients Normalization Conditions 

C-C 

S-C 

C-S 

S-S 

𝐶𝐶𝑟𝑟𝑟𝑟 =
1

8𝑅𝑅2 �
(1 + 𝜈𝜈)�𝑅𝑅𝑖𝑖2 + 𝑅𝑅𝑜𝑜2�𝑅𝑅2 + (1 − 𝜈𝜈)𝑅𝑅𝑖𝑖2 − (3 + 𝜈𝜈)𝑅𝑅4𝑅𝑅𝑜𝑜2� 

𝐶𝐶𝑟𝑟𝑟𝑟 =
1

8𝑅𝑅3 �
(1 + 𝜈𝜈)�𝑅𝑅𝑖𝑖2 + 𝑅𝑅𝑜𝑜2� 𝑅𝑅2 − (1 − 𝜈𝜈)𝑅𝑅𝑖𝑖2 − 3(3 + 𝜈𝜈)𝑅𝑅4 𝑅𝑅𝑜𝑜2� 

𝐶𝐶𝜑𝜑𝜑𝜑 =
1

8𝑅𝑅4
�(1 + 𝜈𝜈)�𝑅𝑅𝑖𝑖2 + 𝑅𝑅𝑜𝑜2� 𝑅𝑅2 − (1 − 𝜈𝜈)𝑅𝑅𝑖𝑖2 − (1 + 3𝜈𝜈) 𝑅𝑅4𝑅𝑅𝑜𝑜

2� 

𝑅𝑅𝑚𝑚𝑚𝑚 �
𝑅𝑅𝑖𝑖
𝑅𝑅𝑜𝑜

+
𝑅𝑅𝑜𝑜 − 𝑅𝑅𝑖𝑖

2𝑅𝑅𝑜𝑜(𝑚𝑚 + 1) (2𝑚𝑚 + 1)�

= 1 

C-F 
 
S-F” 

𝐶𝐶𝑟𝑟𝑟𝑟

=
(1 − 𝜈𝜈2)(𝑅𝑅2 − 1)𝑅𝑅𝑖𝑖4 + (3 + 𝜈𝜈) �(1 + 𝜈𝜈)𝑅𝑅2 𝑅𝑅𝑜𝑜

2 + (1 − 𝜈𝜈)𝑅𝑅𝑖𝑖2� 𝑅𝑅𝑜𝑜2

8�(1 + 𝜈𝜈)𝑅𝑅𝑜𝑜2 + (1 − 𝜈𝜈)𝑅𝑅𝑖𝑖2�𝑅𝑅2

−
3 + 𝜈𝜈

8
𝑅𝑅2 𝑅𝑅𝑜𝑜

2 

𝐶𝐶𝑟𝑟𝑟𝑟

=
(1 − 𝜈𝜈2)(𝑅𝑅2 + 1)𝑅𝑅𝑖𝑖

4 + (3 + 𝜈𝜈) �(1 + 𝜈𝜈)𝑅𝑅2𝑅𝑅𝑜𝑜
2 + (𝜈𝜈 − 1)𝑅𝑅𝑖𝑖2� 𝑅𝑅𝑜𝑜2

8�(1 + 𝜈𝜈)𝑅𝑅𝑜𝑜2 + (1 − 𝜈𝜈)𝑅𝑅𝑖𝑖2�𝑅𝑅3

−
3(3 + 𝜈𝜈)𝑅𝑅 𝑅𝑅𝑜𝑜2

8  

𝑅𝑅𝑚𝑚𝑚𝑚(1) = 1 



𝐶𝐶𝜑𝜑𝜑𝜑 =
1

8𝑅𝑅4 �
(1 + 𝜈𝜈)�𝑅𝑅𝑖𝑖2 + 𝑅𝑅𝑜𝑜2� 𝑅𝑅2 − (1 − 𝜈𝜈)𝑅𝑅𝑖𝑖2 − (1 + 3𝜈𝜈) 𝑅𝑅4𝑅𝑅𝑜𝑜

2� 

(F-C) 

(F-S)” 
𝐶𝐶𝑟𝑟𝑟𝑟 = �

(1 − 𝜈𝜈) �(3 + 𝜈𝜈)𝑅𝑅𝑖𝑖2 − (1 + 𝜈𝜈)𝑅𝑅𝑜𝑜2�

8𝑅𝑅2�(1 + 𝜈𝜈)𝑅𝑅𝑖𝑖2 + (1 − 𝜈𝜈)𝑅𝑅𝑜𝑜2�
+

3 + 𝜈𝜈
8 � �𝑅𝑅𝑖𝑖2 − 𝑅𝑅2 𝑅𝑅𝑜𝑜2� 

𝐶𝐶𝑟𝑟𝑟𝑟 =
3 + 𝜈𝜈
8 𝑅𝑅  �𝑅𝑅𝑖𝑖

2 − 3𝑅𝑅2 𝑅𝑅𝑜𝑜2�

−
(1 − 𝜈𝜈)�(3 + 𝜈𝜈)𝑅𝑅𝑖𝑖2 − (1 + 𝜈𝜈)𝑅𝑅𝑜𝑜2�

8𝑅𝑅3�(1 + 𝜈𝜈)𝑅𝑅𝑖𝑖2 + (1 − 𝜈𝜈)𝑅𝑅𝑜𝑜2�  
�𝑅𝑅2𝑅𝑅𝑜𝑜

2

+ 𝑅𝑅𝑖𝑖2� 

𝐶𝐶𝜑𝜑𝜑𝜑 =
1

8 𝑅𝑅 2 �
(3 + 𝜈𝜈)𝑅𝑅𝑖𝑖2 − (1 + 3𝜈𝜈)𝑅𝑅 2𝑅𝑅𝑜𝑜�

−
(1 − 𝜈𝜈)�(3 + 𝜈𝜈)𝑅𝑅𝑖𝑖2 − (1 + 𝜈𝜈)𝑅𝑅𝑜𝑜2�

8 𝑅𝑅4�(1 + 𝜈𝜈)𝑅𝑅𝑖𝑖2 + (1 − 𝜈𝜈)𝑅𝑅𝑜𝑜2� 
�𝑅𝑅 2𝑅𝑅𝑜𝑜

2

+ 𝑅𝑅𝑖𝑖2� 

𝑅𝑅𝑚𝑚𝑚𝑚 �
𝑅𝑅𝑖𝑖
𝑅𝑅𝑜𝑜
� = 1 

F-F 𝐶𝐶𝑟𝑟𝑟𝑟 =
3 + 𝜈𝜈
8𝑅𝑅2 �(𝑅𝑅2 − 1) �𝑅𝑅𝑖𝑖2 −  𝑅𝑅2𝑅𝑅𝑜𝑜

2�� 

𝐶𝐶𝑟𝑟𝑟𝑟 =
3 + 𝜈𝜈
8𝑅𝑅3 �(𝑅𝑅2 − 1) �𝑅𝑅𝑖𝑖2 − 𝑅𝑅2𝑅𝑅𝑜𝑜

2� − 2𝑅𝑅4𝑅𝑅𝑜𝑜
2� 

𝐶𝐶𝜑𝜑𝜑𝜑 =
1

8 𝑅𝑅4 �
(3 + 𝜈𝜈)(𝑅𝑅2 − 1)𝑅𝑅𝑖𝑖2 + 𝑅𝑅𝑜𝑜

2𝑅𝑅2 − (1 + 3𝜈𝜈) 𝑅𝑅4𝑅𝑅𝑜𝑜
2� 

𝑅𝑅𝑚𝑚𝑚𝑚 �
𝑅𝑅𝑖𝑖
𝑅𝑅𝑜𝑜
� = 1 

 

As experimental validation, the rotating disk of the Seagate Barracuda 

ST2000DM001 hard disk driver is analysed. The outer and inner diameters of the disk 

are 95 mm and 32.5 mm, respectively and the thickness is 1.3 mm. Although the 

standard operating speed of the concerned HDD is 7200 rpm, using an electronic speed 

controller, variable rotational speed values can be obtained. In here, the disk is rotated at 

0-2500-5000-7500 rpms. The speed of the disk is controlled via an accelerometer which 

is glued onto the casing. Due to the rotating nature of the structure, the vibration 

response is obtained using Polytec CLV- 2534 Compact Laser Doppler Vibrometer. 

4. RESULTS AND DISCUSSION 

Although both the nodal circle m and nodal diameter n values are taken from 0 

to 7 in the analyses, the results of only four modes for each set of boundary conditions 

are presented in this study. For the mode shapes (m,n) notation is used.  



For each boundary condition, the dimensionless frequencies obtained by the 

analytical method are compared with those of the FEM in Tables 2-10 for various 

dimensionless rotational speeds and the radius ratio. 

The results of the clamped-clamped disk are given in Table 2 and Figure 2. 

Here, the abbreviations FTW and BTW refer to the forward travelling wave and the 

backward travelling wave, respectively. For clamped-clamped boundary condition, the 

first thing to be pointed out is the insensitivity of the rotational speed, in other words, 

the natural frequencies do not change noticeably with varying rotational speed (Figure 

2). This can be explained by the existence of both tensile and compressive stresses in 

the disk. As it is well known, tensile stress usually stiffens the structures whereas the 

compressive one softens. The co-existing stresses reduce the effects of each other in 

total so the insensitivity is observed.  

Table 2. FEM and analytical solution comparisons for C-C boundary condition. 

Radius 
Ratio 

Dimensionless 
Rotational 

Speed 

Wave 
Type 

Dimensionless Frequency 

(0,0) (0,1) (1,0) (1,1) 

FEM This 
work FEM This 

work FEM This 
work FEM This 

work 

0.1 

2.29 
FTW 4.30 4.34 4.59 4.64 11.78 11.99 12.31 12.55 

BTW 4.30 4.34 4.51 4.56 11.78 11.99 12.23 12.47 

34.30 
FTW 4.30 4.33 5.13 5.18 11.79 12.01 12.86 13.10 

BTW 4.30 4.33 3.99 4.03 11.79 12.01 11.72 11.96 

0.2 

2.29 
FTW 5.45 5.51 5.72 5.78 14.91 15.23 15.33 15.67 

BTW 5.45 5.51 5.64 5.71 14.91 15.23 15.26 15.60 

34.30 
FTW 5.45 5.50 6.26 6.32 14.92 15.24 15.88 16.22 

BTW 5.45 5.50 5.11 5.17 14.92 15.24 14.74 15.08 



0.3 

2.29 
FTW 7.13 7.21 7.36 7.46 19.42 19.95 19.76 20.30 

BTW 7.13 7.21 7.29 7.38 19.42 19.95 19.68 20.23 

34.30 
FTW 7.12 7.21 7.90 7.99 19.43 19.95 20.30 20.85 

BTW 7.12 7.21 6.75 6.85 19.43 19.95 19.16 19.70 

0.4 

2.29 
FTW 9.68 9.84 9.89 10.06 26.25 27.19 26.54 27.49 

BTW 9.68 9.84 9.82 9.98 26.25 27.19 26.46 27.42 

34.30 
FTW 9.68 9.84 10.43 10.59 26.26 27.20 27.08 28.03 

BTW 9.68 9.84 9.28 9.45 26.26 27.20 25.93 26.89 

0.5 

2.29 
FTW 13.88 14.20 14.07 14.39 37.41 39.19 37.65 39.45 

BTW 13.88 14.20 13.99 14.32 37.41 39.19 37.57 39.38 

34.30 
FTW 13.88 14.20 14.60 14.93 37.41 39.20 38.19 39.99 

BTW 13.88 14.20 13.46 13.78 37.41 39.20 37.04 38.85 

While 𝑛𝑛 increases and radius ratio increases, the dimensionless frequency 

increases as well.  

  

  



  

  

Figure 2. Variation of dimensionless frequencies for C-C. 

The clamped-free disk, are presented in Table 3 and Figure 3. The frequency of 

a clamped-free disk is affected considerably by both the radius ratio and the rotational 

speed (Figure 3). If nodal circle 𝑚𝑚 and the nodal diameter 𝑛𝑛 increase, the effects of the 

rotational speed and the radius ratio on the frequency becomes more significant as it is 

expected. 

Table 3. FEM and analytical solution comparisons for C-F boundary condition. 

Radius 
Ratio 

Dimensionless 
Rotational 
Speed 

Wave 
Type 

Dimensionless Frequency 

(0,0) (0,1) (1,0) (1,1) 

FEM This 
work FEM This 

work FEM This 
work FEM This 

work 

0.1 

2.29 
FTW 0.68 0.68 0.59 0.59 4.00 4.03 4.41 4.45 

BTW 0.68 0.68 0.51 0.52 4.00 4.03 4.33 4.37 

34.30 
FTW 0.83 0.83 1.39 1.39 4.22 4.25 5.19 5.23 

BTW 0.83 0.83 0.24 0.25 4.22 4.25 4.04 4.08 



0.2 

2.29 
FTW 0.83 0.83 0.80 0.81 5.11 5.15 5.49 5.54 

BTW 0.83 0.83 0.73 0.73 5.11 5.15 5.41 5.47 

34.30 
FTW 0.99 0.99 1.57 1.57 5.33 5.37 6.25 6.30 

BTW 0.99 0.99 0.43 0.43 5.33 5.37 5.11 5.16 

0.3 

2.29 
FTW 1.07 1.07 1.08 1.08 6.73 6.80 7.07 7.15 

BTW 1.07 1.07 1.00 1.01 6.73 6.80 7.00 7.08 

34.30 
FTW 1.24 1.24 1.83 1.83 6.94 7.01 7.82 7.90 

BTW 1.24 1.24 0.68 0.69 6.94 7.01 6.67 6.75 

0.4 

2.29 
FTW 1.44 1.44 1.49 1.49 9.22 9.34 9.53 9.66 

BTW 1.44 1.44 1.41 1.42 9.22 9.34 9.45 9.58 

34.30 
FTW 1.62 1.62 2.22 2.22 9.41 9.53 10.25 10.39 

BTW 1.62 1.62 1.07 1.08 9.41 9.53 9.11 9.24 

0.5 

2.29 
FTW 2.08 2.08 2.15 2.16 13.31 13.55 13.60 13.85 

BTW 2.08 2.08 2.07 2.08 13.31 13.55 13.52 13.78 

34.30 
FTW 2.24 2.25 2.86 2.87 13.48 13.72 14.30 14.56 

BTW 2.24 2.25 1.71 1.72 13.48 13.72 13.16 13.41 

 

  



  

  

  
Figure 3. Variation of dimensionless frequencies for C-F. 

For 𝑚𝑚=0, with an increasing radius ratio, if 𝑛𝑛 increases, the growth rate in 

frequency diminishes. For higher 𝑛𝑛 values, while the radius ratio increases, the 

frequency grows slowly first, then the growth takes up. Due to the dominant tensile 

stresses in the disk, the structure shows stiffening behaviour. The results of the disk 

with F-F boundary condition are given in Table 4 and Figure 4 and. 

Table 4. FEM and analytical solution comparisons for F-F boundary condition. 



Radius 
Ratio 

Dimensionless 
Rotational 

Speed 

Wave 
Type 

Dimensionless Frequency 
(0,2) (0,3) (1,0) (1,1) 

FEM This 
work FEM This 

work FEM This 
work FEM This 

work 

0.1 

2.29 
FTW 0.90 0.91 2.05 2.06 1.40 1.41 3.28 3.31 

BTW 0.75 0.75 1.82 1.83 1.40 1.41 3.20 3.23 

34.30 
FTW 2.35 2.36 3.97 3.98 1.76 1.76 4.11 4.14 

BTW 0.07 0.07 0.54 0.55 1.76 1.76 2.97 3.00 

0.2 

2.29 
FTW 0.88 0.88 2.05 2.05 1.34 1.35 3.14 3.17 

BTW 0.73 0.73 1.82 1.83 1.34 1.35 3.07 3.10 

34.30 
FTW 2.36 2.36 4.00 4.00 1.72 1.72 3.98 4.01 

BTW 0.07 0.08 0.57 0.57 1.72 1.72 2.84 2.87 

0.3 

2.29 
FTW 0.84 0.85 2.02 2.03 1.32 1.33 2.89 2.93 

BTW 0.69 0.69 1.80 1.81 1.32 1.33 2.81 2.85 

34.30 
FTW 2.37 2.37 4.02 4.03 1.70 1.70 3.74 3.78 

BTW 0.08 0.09 0.59 0.60 1.70 1.70 2.60 2.63 

0.4 

2.29 
FTW 0.80 0.80 1.98 1.99 1.36 1.36 2.71 2.75 

BTW 0.64 0.65 1.75 1.76 1.36 1.36 2.63 2.67 

34.30 
FTW 2.38 2.38 4.04 4.05 1.72 1.73 3.55 3.59 

BTW 0.09 0.10 0.61 0.62 1.72 1.73 2.41 2.45 

0.5 

2.29 
FTW 0.75 0.75 1.90 1.91 1.47 1.47 2.69 2.73 

BTW 0.59 0.60 1.67 1.68 1.47 1.47 2.61 2.66 

34.30 
FTW 2.39 2.39 4.04 4.05 1.81 1.81 3.51 3.56 

BTW 0.10 0.10 0.61 0.62 1.81 1.81 2.37 2.41 

  



  

  

  
Figure 4. Variation of dimensionless frequencies for F-F. 

The modes (0,0) and (0,1) of the free-free disk are rigid body modes due to 

having no motion constraints (Figure 4). So, in Table 4, the results of (0,2) and (0,3) are 

given. The effect of the rotational speed on the frequency is more significant than it is in 

the other boundary conditions. All modes of the free disk are affected considerably by 

the rotational speed. The dependence of the natural frequencies on rotational speed is 

not linear unlike most of the other sets of boundary conditions. The stiffening behaviour 



is as obvious as the clamped-free disk. The underlying reason is the dominant tensile 

stresses that are caused by the centrifugal body forces. While the radius ratio increases, 

the frequency decreases (except mode (1,0)) unlike most of the other sets of boundary 

conditions. The modes where 𝑚𝑚=0 are insensitive to changes in radius ratio, whereas 

the modes where 𝑚𝑚>0 are affected significantly by the radius ratio. In mode (1,0), a 

local minimum exists for each curve fibre extracted from this surface for a fixed value 

of rotational speed. This is also valid for curves for a fixed radius ratio as well. While 

the radius ratio increases, the change in the frequency becomes less for each rotational 

speed. 

For the disk with F-C boundary condition, the change of the frequency with the 

radius ratio and rotation speed is given in Table 5 and Figure 5. The disk displays a 

significant softening due to the compressive stresses that influence the behaviour of the 

disk. The frequency decreases slightly when the rotational speed increases. The radius 

ratio also has a significant impact on the dynamics of the free-clamped disk. For the 

mode with 𝑚𝑚=0 and 𝑛𝑛=1, the frequency has a minimum value for each rotational speed. 

The minimum is between the radius ratio of 0.3 and 0.4. The dimensionless frequency 

values keep decreasing until this value of radius ratio, then, it increases monotonically 

towards the radius ratio of 0.5. Similar behaviour can be observed in the mode (0,2), 

but, for all other modes with 𝑚𝑚=0, all dimensionless frequency values decrease while 

the radius ratio increases. For higher 𝑚𝑚 and 𝑛𝑛 values, the decrease in the frequency 

increases by increasing the rotational speed.  

Table 5. FEM and analytical solution comparisons for F-C boundary condition. 

Radius 
Ratio 

Dimensionless 
Rotational 

Speed 

Wave 
Type 

Dimensionless Frequency 

(0,0) (0,1) (1,0) (1,1) 

FEM This 
work FEM This 

work FEM This 
work FEM This 

work 



0.1 

2.29 
FTW 1.61 1.61 3.39 3.41 6.22 6.27 9.45 9.59 

BTW 1.61 1.61 3.32 3.33 6.22 6.27 9.37 9.51 

34.30 
FTW 1.62 1.62 3.95 3.97 6.26 6.31 10.02 10.16 

BTW 1.62 1.62 2.81 2.83 6.26 6.31 8.88 9.01 

0.2 

2.29 
FTW 1.64 1.65 3.27 3.30 6.76 6.81 8.86 9.04 

BTW 1.64 1.65 3.19 3.22 6.76 6.81 8.78 8.96 

34.30 
FTW 1.63 1.63 3.82 3.85 6.76 6.82 9.42 9.59 

BTW 1.63 1.63 2.68 2.71 6.76 6.82 8.27 8.45 

0.3 

2.29 
FTW 1.80 1.80 3.09 3.12 8.12 8.20 9.31 9.48 

BTW 1.80 1.80 3.01 3.05 8.12 8.20 9.24 9.41 

34.30 
FTW 1.76 1.76 3.62 3.66 8.08 8.16 9.83 10.00 

BTW 1.76 1.76 2.48 2.52 8.08 8.16 8.69 8.85 

0.4 

2.29 
FTW 2.14 2.15 3.08 3.12 10.51 10.65 11.27 11.47 

BTW 2.14 2.15 3.01 3.05 10.51 10.65 11.19 11.39 

34.30 
FTW 2.07 2.07 3.59 3.62 10.44 10.58 11.74 11.94 

BTW 2.07 2.07 2.44 2.48 10.44 10.58 10.60 10.80 

0.5 

2.29 
FTW 2.79 2.80 3.47 3.50 14.62 14.89 15.16 15.48 

BTW 2.79 2.80 3.39 3.43 14.62 14.89 15.08 15.40 

34.30 
FTW 2.69 2.70 3.93 3.97 14.54 14.81 15.61 15.93 

BTW 2.69 2.70 2.79 2.83 14.54 14.81 14.47 14.78 

 

  



  

  

  
Figure 5. Variation of dimensionless frequencies for F-C. 

On one hand, considering that the stress distributions are exactly the same for simple 

supports and clamps, on the other hand, as described, the simple supports impose less 

restriction to the system than clamps do. Therefore, one can predict that the mechanical 

behaviour of a rotating disk with simple supports is more compliant compared to a 

clamped disk and consequently the natural frequencies are slightly lower than the cases 

where simple support is replaced with a clamp. So, it is obtained as predicted. 



Table 6. FEM and analytical solution comparisons for S-S boundary condition. 

Radius 
Ratio 

Dimensionless 
Rotational 

Speed 

Wave 
Type 

Dimensionless Frequency 
(0,0) (0,1) (1,0) (1,1) 

FEM This 
work FEM This 

work FEM This 
work FEM This 

work 

0.1 

2.29 
FTW 2.29 2.30 2.66 2.70 8.15 8.22 8.87 9.02 

BTW 2.29 2.30 2.58 2.63 8.15 8.22 8.80 8.94 

34.30 
FTW 2.23 2.23 3.15 3.20 8.15 8.21 9.41 9.55 

BTW 2.23 2.23 2.01 2.05 8.15 8.21 8.26 8.41 

0.2 

2.29 
FTW 2.65 2.66 3.06 3.09 9.98 10.07 10.57 10.70 

BTW 2.65 2.66 2.98 3.02 9.98 10.07 10.49 10.63 

34.30 
FTW 2.61 2.61 3.56 3.59 9.98 10.07 11.10 11.24 

BTW 2.61 2.61 2.41 2.45 9.98 10.07 9.96 10.09 

0.3 

2.29 
FTW 3.34 3.35 3.71 3.74 12.85 12.99 13.31 13.49 

BTW 3.34 3.35 3.64 3.67 12.85 12.99 13.24 13.41 

34.30 
FTW 3.30 3.31 4.22 4.25 12.85 12.99 13.85 14.03 

BTW 3.30 3.31 3.07 3.10 12.85 12.99 12.71 12.88 

0.4 

2.29 
FTW 4.45 4.47 4.79 4.82 17.32 17.58 17.70 17.99 

BTW 4.45 4.47 4.71 4.75 17.32 17.58 17.63 17.91 

34.30 
FTW 4.43 4.44 5.30 5.33 17.33 17.58 18.24 18.52 

BTW 4.43 4.44 4.15 4.19 17.33 17.58 17.09 17.38 

0.5 

2.29 
FTW 6.33 6.36 6.63 6.68 24.74 25.23 25.06 25.57 

BTW 6.33 6.36 6.55 6.61 24.74 25.23 24.98 25.50 

34.30 
FTW 6.31 6.35 7.15 7.20 24.74 25.23 25.59 26.11 

BTW 6.31 6.35 6.00 6.05 24.74 25.23 24.45 24.97 
 



  

  

  

  
Figure 6. Variation of dimensionless frequencies for S-S. 



Compared to the C-C disk, the S-S, S-C and C-S disks have lower natural 

frequency values but a similar variation trend of the natural frequency with changing 

rotational speed and radius ratio as presented in Tables 6-8 and Figures 6-8. 

Table 7. Results of FE and analytical methods for S-C boundary condition. 

Radius 
Ratio 

Dimensionless 
Rotational 

Speed 

Wave 
Type 

Dimensionless Frequency 
(0,0) (0,1) (1,0) (1,1) 

FEM This 
work FEM This 

work FEM This 
work FEM This 

work 

0.1 

2.29 
FTW 3.57 3.59 3.98 4.05 10.29 10.41 11.05 11.26 

BTW 3.57 3.59 3.91 3.97 10.29 10.41 10.97 11.19 

34.30 
FTW 3.58 3.60 4.54 4.60 10.32 10.44 11.61 11.83 

BTW 3.58 3.60 3.39 3.46 10.32 10.44 10.47 10.68 

0.2 

2.29 
FTW 4.21 4.23 4.62 4.68 12.64 12.82 13.22 13.46 

BTW 4.21 4.23 4.55 4.60 12.64 12.82 13.15 13.38 

34.30 
FTW 4.23 4.25 5.18 5.23 12.67 12.85 13.79 14.02 

BTW 4.23 4.25 4.04 4.09 12.67 12.85 12.65 12.88 

0.3 

2.29 
FTW 5.32 5.35 5.68 5.73 16.26 16.56 16.71 17.05 

BTW 5.32 5.35 5.60 5.66 16.26 16.56 16.64 16.97 

34.30 
FTW 5.34 5.38 6.24 6.29 16.30 16.59 17.28 17.61 

BTW 5.34 5.38 5.09 5.15 16.30 16.59 16.14 16.47 

0.4 

2.29 
FTW 7.08 7.15 7.39 7.47 21.88 22.40 22.23 22.79 

BTW 7.08 7.15 7.31 7.40 21.88 22.40 22.16 22.71 

34.30 
FTW 7.11 7.17 7.95 8.03 21.90 22.43 22.79 23.35 

BTW 7.11 7.17 6.81 6.89 21.90 22.43 21.65 22.21 

0.5 

2.29 
FTW 10.03 10.16 10.29 10.44 31.12 32.13 31.41 32.45 

BTW 10.03 10.16 10.22 10.36 31.12 32.13 31.33 32.37 

34.30 
FTW 10.06 10.19 10.85 11.00 31.14 32.15 31.97 33.00 

BTW 10.06 10.19 9.71 9.85 31.14 32.15 30.82 31.86 



  

  

  

  
Figure 7. Variation of dimensionless frequencies for S-C. 



Increasing rotational speed increases the dominant compressive stresses in the 

disk and that leads to a softening effect. For the C-S disk, dimensionless frequency 

values decrease for the increasing rotational speed in modes (0,0) and (0,1) in Table 8.  

Table 8. FEM and analytical solution comparisons for C-S boundary condition. 

Radius 
Ratio 

Dimensionless 
Rotational 

Speed 

Wave 
Type 

Dimensionless Frequency 
(0,0) (0,1) (1,0) (1,1) 

FEM This 
work FEM This 

work FEM This 
work FEM This 

work 

0.1 

2.29 
FTW 2.82 2.84 3.11 3.13 9.46 9.57 9.97 10.11 

BTW 2.82 2.84 3.03 3.05 9.46 9.57 9.89 10.03 

34.30 
FTW 2.75 2.77 3.59 3.61 9.44 9.55 10.49 10.63 

BTW 2.75 2.77 2.44 2.47 9.44 9.55 9.34 9.48 

0.2 

2.29 
FTW 3.60 3.62 3.88 3.91 12.01 12.18 12.43 12.62 

BTW 3.60 3.62 3.70 3.83 12.01 12.18 12.35 12.55 

34.30 
FTW 3.54 3.56 4.36 4.39 11.99 12.16 12.95 13.14 

BTW 3.54 3.56 3.21 3.24 11.99 12.16 11.80 11.99 

0.3 

2.29 
FTW 4.74 4.78 5.00 5.04 15.69 15.98 16.04 16.35 

BTW 4.74 4.78 4.93 4.97 15.69 15.98 15.97 16.27 

34.30 
FTW 4.69 4.72 5.48 5.52 15.67 15.96 16.56 16.86 

BTW 4.69 4.72 4.34 4.38 15.67 15.96 15.41 15.72 

0.4 

2.29 
FTW 6.50 6.56 6.74 6.81 21.31 21.83 21.61 22.14 

BTW 6.50 6.56 6.66 6.73 21.31 21.83 21.53 22.07 

34.30 
FTW 6.45 6.51 7.22 7.29 21.29 21.81 22.12 22.66 

BTW 6.45 6.51 6.08 6.15 21.29 21.81 20.98 21.51 

0.5 

2.29 
FTW 9.40 9.53 9.62 9.75 30.52 31.52 30.78 31.79 

BTW 9.40 9.53 9.54 9.68 30.52 31.52 30.70 31.72 

34.30 
FTW 9.36 9.49 10.11 10.24 30.50 31.50 31.29 32.31 

BTW 9.36 9.49 8.97 9.10 30.50 31.50 30.15 31.16 

 



  

  

  

  
Figure 8. Variation of dimensionless frequencies for C-S. 



Table 9. FEM and analytical solution comparisons for F-S boundary condition. 

Radius 
Ratio 

Dimensionless 
Rotational 

Speed 

Wave 
Type 

Dimensionless Frequency 
(0,0) (0,1) (1,0) (1,1) 

FEM This 
work FEM This 

work FEM This 
work FEM This 

work 

0.1 

2.29 
FTW 0.78 0.78 2.24 2.25 4.66 4.67 7.60 7.68 

BTW 0.78 0.78 2.17 2.17 4.66 4.67 7.53 7.60 

34.30 
FTW 0.66 0.66 2.74 2.75 4.66 4.68 8.14 8.22 

BTW 0.66 0.66 1.60 1.61 4.66 4.68 7.00 7.07 

0.2 

2.29 
FTW 0.75 0.75 2.19 2.20 4.95 4.97 7.11 7.23 

BTW 0.75 0.75 2.11 2.12 4.95 4.97 7.04 7.15 

34.30 
FTW 0.60 0.60 2.67 2.68 4.92 4.94 7.64 7.75 

BTW 0.60 0.60 1.53 1.54 4.92 4.94 6.50 6.61 

0.3 

2.29 
FTW 0.74 0.74 2.05 2.07 5.84 5.87 7.17 7.28 

BTW 0.74 0.74 1.97 1.99 5.84 5.87 7.10 7.20 

34.30 
FTW 0.50 0.50 2.52 2.54 5.76 5.78 7.66 7.76 

BTW 0.50 0.50 1.38 1.39 5.76 5.78 6.51 6.62 

0.4 

2.29 
FTW 0.75 0.75 1.91 1.93 7.48 7.52 8.35 8.45 

BTW 0.75 0.75 1.83 1.85 7.48 7.52 8.27 8.37 

34.30 
FTW 0.37 0.37 2.34 2.36 7.36 7.40 8.78 8.88 

BTW 0.37 0.37 1.19 1.22 7.36 7.40 7.64 7.74 

0.5 

2.29 
FTW 0.80 0.80 1.83 1.86 10.36 10.45 10.98 11.11 

BTW 0.80 0.80 1.76 1.78 10.36 10.45 10.91 11.04 

34.30 
FTW 0.15 0.15 2.20 2.23 10.22 10.30 11.38 11.51 

BTW 0.15 0.15 1.05 1.08 10.22 10.30 10.24 10.37 

F-S and S-F boundary condition combinations exhibit softer behaviour than the 

combinations where simple supports are replaced with clamps. These results are 

displayed in Figures 9, 10, and Tables 9 and 10. For example, while the maximum 

dimensionless frequency value is 15.93 for the mode (1,1) of the F-C disk given in 

Table 5, this value is 11.51 in the same mode of the F-S disk as shown in Table 9.  



  

  

  

  
Figure 9. Variation of dimensionless frequencies for F-S. 



The characteristics of the frequencies of F-C and F-S disks are almost the same 

except for the mode (0,0) (Figures 5 and 9). The same also is observed for C-F and S-F 

disks from Figures 3 and 10. For the mode (0,0), the rotational speed affects 

considerably the frequency for each radius ratio. In Figure 9, this effect is noticeably 

large for small radius ratios but it is significantly large for larger radius ratios. If the 

radius ratio increases, the frequency decreases remarkably for higher rotational speeds. 

Table 10. FEM and analytical solution comparisons for S-F boundary condition. 

Radius 
Ratio 

Dimensionless 
Rotational 

Speed 

Wave 
Type 

Dimensionless Frequency 
(0,0) (0,1) (1,0) (1,1) 

FEM This 
work FEM This 

work FEM This 
work FEM This 

work 

0.1 

2.29 
FTW 0.55 0.55 0.40 0.42 3.31 3.32 3.83 3.89 

BTW 0.55 0.55 0.33 0.35 3.31 3.32 3.76 3.82 

34.30 
FTW 0.69 0.69 1.26 1.27 3.56 3.57 4.65 4.70 

BTW 0.69 0.69 0.12 0.13 3.56 3.57 3.50 3.56 

0.2 

2.29 
FTW 0.53 0.53 0.48 0.49 3.93 3.94 4.45 4.49 

BTW 0.53 0.53 0.40 0.41 3.93 3.94 4.37 4.42 

34.30 
FTW 0.72 0.72 1.33 1.34 4.21 4.22 5.26 5.30 

BTW 0.72 0.72 0.18 0.19 4.21 4.22 4.12 4.16 

0.3 

2.29 
FTW 0.54 0.54 0.56 0.57 5.01 5.03 5.47 5.52 

BTW 0.54 0.54 0.48 0.49 5.01 5.03 5.40 5.44 

34.30 
FTW 0.79 0.79 1.41 1.42 5.29 5.31 6.28 6.33 

BTW 0.79 0.79 0.27 0.28 5.29 5.31 5.14 5.18 

0.4 

2.29 
FTW 0.58 0.58 0.65 0.66 6.74 6.77 7.14 7.20 

BTW 0.58 0.58 0.58 0.59 6.74 6.77 7.07 7.13 

34.30 
FTW 0.90 0.90 1.53 1.54 7.01 7.04 7.94 8.00 

BTW 0.90 0.90 0.39 0.39 7.01 7.04 6.80 6.86 

0.5 

2.29 
FTW 0.65 0.65 0.78 0.80 9.64 9.71 10.00 10.10 

BTW 0.65 0.65 0.71 0.72 9.64 9.71 9.92 10.02 

34.30 
FTW 1.03 1.03 1.69 1.70 9.88 9.96 10.78 10.87 

BTW 1.03 1.03 0.55 0.56 9.88 9.96 9.63 9.73 



  

  

  

  
Figure 10. Variation of dimensionless frequencies for S-F. 



For the stationary F-S disk, the frequency has a minimum around the radius ratio 

of 0.3-0.4. This minimum is preserved after the rotational speed increases. 

For an S-F disk, the results of FEM and analytical methods are given in Table 10 

and Figures 10. The characteristics of the frequency change against the rotational speed 

and the radius ratio is very similar to those of the C-F disk except for the mode (0,0), as 

can be seen easily from Figures 3 and 10. For the stationary S-F disk, the frequency has 

a minimum around the radius ratio of 0.2-0.3. This minimum moves to the radius ratio 

of 0.1 by increasing rotational speed. For smaller radius ratios, a minimum of the 

frequency is observed for specific rotational speed, but this disappears after higher 

radius ratios. When the rotational speed increases, the frequency slightly decreases first, 

then increases after a minimum for smaller radius ratios, and it increases gradually for 

higher radius ratios. 

In practice, it should be stated that all the abovementioned explanations are 

valuable and can be helpful for those who study rotating annular disks. With the help of 

the detailed parametric study given above, one can select the “optimal” rotational speed-

radius ratio pair for the need under certain boundary conditions. In addition, the role of 

boundary conditions on modal behaviour is explained through stress distributions. By 

considering stress distributions, it is believed that causes of hardening or softening of 

the structure and behavioural similarities between certain modes belong to different 

boundary conditions can be more understandable on a physical basis.  

As it can be seen from all tables and figures, the results of the FEM and the 

analytical methods for all boundary conditions are in good agreement in both values and 

changes depending on the radius ratio and the rotational speed. 

Apart from these, to show the advantages of the selected approximation 

function, a comparative study is conducted using the three-term polynomial by Huang 



and Hsu (Huang and Hsu 1992). The 3-term approximate solution, only convenient for 

C-F boundary condition, assumption is taken and adapted into the formulation presented 

within this study. The rest of the sets of boundary conditions are not naturally satisfied 

and therefore, they cannot be handled using this approximate solution. Obtained results 

are compared with this study in Table 11. 

Table 11. Analytical solution comparisons by using approximate function having three 

and 5-term for C-F boundary condition. 

Radius 
Ratio 

Dimensionless 
Rotational 
Speed 

Wave 
Type 

Dimensionless Frequency 

(0,2) (0,3) (1,2) (1,3) 

3 
terms 

This 
work 

3 
terms 

This 
work 

3 
terms 

This 
work 

3 
terms 

This 
work 

0.2 

2.29 
FTW 1.09 1.09 2.09 2.09 6.75 6.75 8.91 8.91 

BTW 0.93 0.93 1.86 1.86 6.60 6.60 8.69 8.69 

34.30 
FTW 2.47 2.47 3.98 3.98 8.06 8.06 10.76 10.76 

BTW 0.19 0.19 0.55 0.55 5.77 5.77 7.33 7.33 

0.4 

2.29 
FTW 1.73 1.73 2.46 2.46 10.57 10.57 12.10 12.10 

BTW 1.57 1.57 2.23 2.23 10.42 10.42 11.87 11.87 

34.30 
FTW 3.02 3.02 4.29 4.29 11.83 11.83 13.90 13.90 

BTW 0.73 0.73 0.86 0.86 9.54 9.54 10.47 10.47 

When compared to approximate functions having three and five terms used, it is 

seen that obtained results are almost the same in Table 11. Therefore, the questions 

regarding the convergence of this formulation are also clarified. To emphasise, the 

strength of the formulation is the generalisability for all the classical, axisymmetric 

boundary conditions while their convergences are ensured.  



Moreover, the data acquired from the experimental study conducted on the hard 

disk set-up is compiled in Table 12. The values in brackets are the dimensional values 

whereas the rest is nondimensionalised for the sake of consistency. The error margins 

are presented in percentage. 

Table 12. Comparison study between analytical and experimental study for C-F 

boundary condition. 

Rotational 
Speed Studies Wave 

type 

Dimensionless Frequency 

(0,0) (0,1) (0,2) (0,3) (0,4) (0,5) 

0 
(0) 

This Study 

- 

1.203 1.195 1.394 2.162 3.495 5.275 

Experimental 1.299 
(1136) 

1.092 
(955) 

1.409 
(1232) 

2.092 
(1830) 

3.441 
(3009) 

5.214 
(4560) 

Error % 7.380 9.400 1.072 3.303 1.568 1.178 

2.86 
(2500) 

This Study 

FTW 

1.204 1.244 1.491 2.306 3.687 5.515 

Experimental 1.307 
(1143) 

1.123 
(982) 

1.504 
(1315) 

2.239 
(1958) 

3.625 
(3170) 

5.447 
(4764) 

Error % 7.846 10.774 0.850 3.017 1.714 1.247 
This Study 

BTW 

1.204 1.149 1.300 2.021 3.306 5.039 

Experimental 1.307 
(1143) 

1.030 
(901) 

1.307 
(1143) 

1.952 
(1707) 

3.237 
(2831) 

4.951 
(4330) 

Error % 7.846 11.483 0.512 3.520 2.119 1.772 

5.72 
(5000) 

This Study 

FTW 

1.208 1.296 1.592 2.455 3.882 5.758 

Experimental 1.317 
(1152) 

1.173 
(1026) 

1.581 
(1383) 

2.385 
(2086) 

3.824 
(3344) 

5.694 
(4980) 

Error % 8.267 10.481 0.666 2.924 1.537 1.119 
This Study 

BTW 

1.208 1.106 1.211 1.883 3.120 4.805 

Experimental 1.317 
(1152) 

0.988 
(864) 

1.243 
(1087) 

1.817 
(1589) 

3.070 
(2685) 

4.748 
(4152) 

Error % 8.267 11.906 2.588 3.649 1.628 1.214 

8.58 
(7500) 

This Study 

FTW 

1.215 1.351 1.697 2.607 4.081 6.004 

Experimental 1.325 
(1159) 

1.229 
(1075) 

1.669 
(1460) 

2.534 
(2216) 

4.026 
(3521) 

5.934 
(5190) 

Error % 8.328 9.950 1.638 2.894 1.374 1.170 
This Study 

BTW 

1.215 1.066 1.125 1.750 2.938 4.575 

Experimental 1.325 
(1159) 

0.949 
(830) 

1.131 
(989) 

1.688 
(1476) 

2.896 
(2533) 

4.526 
(3958) 

Error % 8.328 12.284 0.515 3.667 1.436 1.079 
The minimum error is 0.512% in the mode (0,2) for the dimensionless rotational 

speed of 2.86 which corresponds to 2500 rpm and the maximum error is 11.906% in the 



mode (0,1) for the dimensionless rotational speed of 5.72 which corresponds to 5000 

rpm. Overall, the results show significant consistency. 

5. CONCLUSION 

The principal goal of this study is to investigate the transverse vibrations of a 

spinning disk under various boundary conditions and the effects of the rotational speed 

and the radius ratio on the frequency. To determine the free vibration behaviour of 

spinning disks, a five-term polynomial function is chosen as the approximate solution 

and the Galerkin method is applied. The unknown parameters are procured from the 

boundary and normalization circumstances then the natural frequencies are calculated. 

For the comparison purpose, the results of the FE analysis is presented. Furthermore, 

the effects of different rotational speeds and radius ratios on dimensionless frequency is 

studied. Obtained results are visualised with 3D surfaces. 

The variation of the natural frequencies of a spinning disk strongly depends on 

the boundary conditions. Another important parameter is the radius ratio of the inner 

and outer circumferences. In most of the modes where tension is dominant throughout 

the disk, the increasing radius ratio stiffens the structure and leads to a consistent 

increase in the natural frequencies of the disk. The only exception to this is the free 

disk. Most of the modes of the free disk are insensitive to the change of radius ratio and 

some of the modes slightly shift upward with decreasing radius ratio. In the 

compression dominant disks, this softening is visible as well. However, this softening 

can stop and the disk can start to behave stiffer due to changes in stresses in the disk 

after some radius ratios, in other words, an extremum is observed for a specific radius 

ratio value.  

The results show that both the Galerkin, the FEM and the experimental methods 

produce consistent results. The maximum error between the FEM and the analytical 



method is around 10% and the majority of the results fall within a margin of 2%. More 

important than the errors, the trends of the results match very well in both methods. 
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