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Topological insulators host protected electronic states at their surface. These states show little
sensitivity to disorder. For miniaturisation one wants to exploit their robustness at the smallest sizes
possible. This is also beneficial for optical applications and catalysis which favour large surface-to-
volume ratios. However, it is not known whether discrete states in particles share the protection of
their continuous counterparts in large crystals. Here we study the protection of the states hosted
by topological insulator nanoparticles. Using both analytical and tight-binding simulations we show
that the states benefit from the same level of protection as those on a planar surface. The results
hold for many shapes and sustain surface roughness which may be useful in photonics, spectroscopy
and chemistry. They complement past studies of large crystals – at the other end of possible length
scales. The protection of the nanoparticles suggests that samples of all intermediate sizes also
possess protected states.

The interest in topological phenomena was triggered
by the discovery of previously unknown topological
phases – the Quantum Spin Hall effect in 2D and topo-
logical insulators (TIs) in 3D [1]. These phases preserve
the time-reversal symmetry and occur in some materials
with strong spin-orbit coupling. They have been found
experimentally [2, 3] which triggered the investigation
of analogous phenomena in photonic [4, 5] and acoustic
crystals [6] as well as optical lattices [7]. Electronic TIs
host protected surface states at their boundaries. These
states are not spin-degenerate so electrons with oppo-
site momenta have opposite spins – see Fig. 1(a). As
a result the two backscattering paths (Fig. 1(b)) inter-
fere destructively [3, 8]. The backscattering is a precur-
sor for localization so its absence means that the states
are more robust against localization by non-magnetic
impurities and point defects [9] as observed in STM
experiments [10]. More generally, the states are pro-
tected because the Dirac cone is guaranteed to exist
on a TI surface even in the presence of disorder pro-
vided the latter is sufficiently smooth. The associated
states have non-zero in-plane group velocity and hence
cannot be localized. This holds as long as the perturba-
tions (non-magnetic) are weak and do not open a gap
in the Dirac cone. The surface states have been previ-
ously found to give rise to a number of unusual optical
effects [11–13]. They have also been founed to inter-
act with organic molecules [14] and predicted facilitate
catalysis [15, 16]. These occur effects on a planar TI
surface [17–19]. They can be magnified in nanoparticles
where both optical and catalytic properties are usually
enhanced. The nanoparticles are also favoured by the
need for miniaturisation and it is unfortunate that un-
like nanowires [9, 20] they have been largely overlooked
so far.

Metallic nanoparticles differ strongly from bulk met-
als [21]. Their large surface-to-volume ratio also has
consequences for TI nanoparticles. Previously clean TI
nanoparticles were predicted to possess surface states
with non-isotropic spin and charge distributions [22].
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Figure 1. Properties of topologically protected surface
states. (a) Momentum (blue arrow) and spin (orange ar-
row) are locked. (b) The locking protects them from elastic
backscattering because the two possible paths interfere de-
structively. (c) Dirac cone of a planar surface (green) turns
into discrete states in nanoparticles (red dots). (d) Illus-
tration of the main result: the discrete states also cannot
backscatter elastically and have the same level of protection
from disorder as their continuous counterparts.

Moreover, these states give rise to an extra excitation
due to coupling of electrons, phonons and light [23]. The
latter can be tuned with Fermi level providing an addi-
tional degree of freedom when making a metamaterial
from such nanoparticles. The delocalised states should
also support covalent interaction over long ranges which
may be useful in chemistry. The above applications rely
on the surface states of TI nanoparticles being robust
against disorder. For continuous spectrum on a pla-
nar surface the surface states were found to be robust
for disorder potentials with amplitudes smaller than the
bulk band gap [24, 25]. This is to be contrasted with
the nanoparticles where the surface Dirac cone is no
longer continuous but discrete as seen in Fig. 1(c). Our
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main finding is that these discrete states benefit from
the same level of protection as in the case of an infinite
plane. To show this we first use an analytical model
[22] to argue that the states on a clean surface are also
protected from elastic backscattering as summarized in
Fig. 1(d). Then we add disorder to the surface and
study its effects. This can be done using the analytical
model [26] or electronic structure simulations. We use
the latter route as it allows to resolve details at atom-
istic level, is not restriected to an ideal sphere and allows
to consider all bulk and surface states - not just a few
surface ones. Here we use the tight-binding model of
Fu-Kane-Mele [8] to study the localization of the sur-
face states in TI nanoparticles for the first time. Previ-
ous tight-binding studies of TI nanostructures employed
coarse graining based on the slowly-varying envelope ap-
proximation [22, 27, 28] and did not touch upon disor-
der. Our main finding is that the surface states in TI
nanoparticles only become localized when the disorder
potential amplitude exceeds the bulk gap. The poten-
tials of this strength can couple the surface with the
bulk whereas weaker disorder hardly affects the states.
TI planar surface. Time-reversal symmetry is present

when there are no magnetic impurities in the system. In
this case the topologically protected states are robust
against a certain degree of disorder. To see this it is in-
structive to study a planar surface first. In this case the
topologically protected states appear as an odd number
of Dirac cones in the surface bandstructure. Impor-
tantly, each cone is not spin-degenerate. Moreover, the
corresponding states are spin-momentum locked mean-
ing that the states with opposite momenta have oppo-
site spins. As a result a non-magnetic disorder poten-
tial which cannot flip the spin couples different surface
states within a cone much less than in spin-degenerate
bands. In particular, any state originating from such
a Dirac cone cannot be backscattered. The latter fol-
lows from the π Berry phase acquired by an electron as
when going around the cone. To illustrate this we con-
sider here an analytical solution. Such solutions exist for
a number of TIs but for concreteness here we consider
Bi2Se3 which possesses a single Dirac cone. To obtain
the surface wavefunctions one can solve the four-band
k · p Hamiltonian valid close to E = 0, the Dirac point
[29]. The solution takes the form |ψ〉 = c+ |+〉+ c− |−〉
where |±〉 are the two basis states with opposite an-
gular momenta and the coefficients which depend on
the in-plane momentum k, c = (c+(k), c−(k))T . The
absence of elastic backscattering follows from the fact
that |+〉 and |−〉 are related by the time-reversal oper-
ation Θ. Namely, Θ |+〉 = eiα |−〉 and Θ |−〉 = eiβ |+〉
where α− β = ±π due to the fundamental requirement
that Θ2 = −1 for fermions. Furthermore, the following
relation holds for the two basis states [30]:

〈a|Θ |b〉 = −〈b|Θ |a〉 (1)

where a, b = ±. Let us now consider a general potential,

V due to non-magnetic impurities or defects. Being non-
magnetic this potential is time-reversal symmetric and
satisfies

ΘVΘ−1 = V, V † = V (2)

Using Eqns. 1 and 2 it is then easy to show that

〈+|V |−〉 = −〈+|V |−〉 = 0 (3)

Note that we made no assumptions about the spatial
form of V . For such a generic case elastic backscatter-
ing between two surface states is only strictly forbidden,
i.e. 〈ψ|V |ψ′〉 = 0, when their coefficients are orthog-
onal c†c′ = 0. For the surface states below the Dirac
point c = (1, ieiχ)T /

√
2 where χ = arg(kx + iky). The

scattering probability is then proportional to |c†c′|2 =
[1+cos(χ−χ′)]/2 which is shown in Fig. 1(d). It implies
that disorder potentials with small amplitudes have dif-
ficulty localizing the surface states which couple weakly
to each other. The localization only occurs when the
amplitudes are large enough to couple the surface states
to the bulk ones. The same happens in TI particles.

Quantum confinement in all three directions makes
the energy spectrum of a TI particle discrete. The sur-
face states for a spherical Bi2Se3 particle were derived by
Imura et al. [22] and confirmed with the tight-binding
simulations specific for this material [22, 23]. The states
are delocalised over the surface of the particle with en-
ergies given by

E = ±Λsoc

rP
(n+ |m|+ 1/2) (4)

where Λsoc is represents the spin-orbit coupling strength
within the model and rP is the particle’s radius. The two
quantum numbers: n = 0, 1, ... and m = ±1/2,±3/2...
imply the degeneracy of the states grows as 2, 4, 6...
away from E = 0 (Fig. 1(c)). From the analytical wave-
functions of the states it follows that they are also pro-
tected against backscattering. For example, the doubly-
degenerate states below E = 0 with n = 0,m = ±1/2
have coefficients, cm=1/2 = (cos θ/2, sin θ/2)T /

√
4π

and cm=−1/2 = (sin θ/2,− cos θ/2)T /
√

4π which give

c†m=−1/2cm=1/2 = 0 as shown in Fig. 1(d). Thus while

considering only first order scattering events (known
as the Born approximation) the states in the spher-
ical particle behave similarly to those on the planar
surface. Thus we would expect the discrete states to
be robust against disorder potentials with amplitudes
smaller than the bulk gap. This conclusion agrees with
the tight-binding calculations for disordered TIs below.
Tight-Binding simulation of a TI slab. We employ the
Fu-Kane-Mele model [8] which was previously used to
study topological insulator slabs [8, 31] and nanowires
[27, 28]. It is not restricted like other tight-binding mod-
els used to date [24, 25]. Unlike those, the Fu-Kane-Mele
model does not rely on low-energy (slow spatial varia-
tion) approximation. This is a prototypical microscopic
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Figure 2. Surface states of a disordered TI slab (a) Unit cell
of the Fu-Kane-Mele model TI for the diamond structure.
The dashed line stands for sublattice vector for one of four
the nearest-neighbor hoppings. Second nearest-neighbor
hoppings between atoms separated by a lattice vector are
due to spin-orbit coupling. (b) Surface state of a TI slab
obtained with the tight-binding model. The surface state at
the Γ-point is shown. (c) It is weakly affected for disorder
potentials with amplitudes below the bulk gap and (d) be-
comes localized for stronger ones. The wavefunction is nor-
malized to the supercell shown. The slab is perpendicular
to the [111] direction.

model that displays generic properties of TIs. It con-
sists of atoms on a diamond lattice each carrying one
spin-degenerate s-orbital. The Hamiltonian for this ele-
mental TI is given by

H = t
∑
〈i,j〉

c†i cj +
λsoc
4a2

∑
〈〈i,j〉〉

c†i cjσ · (d1 × d2) (5)

where the first term corresponds to nearest-neighbor
hoppings of strength t which occur between the two sub-
lattices in a diamond lattice shown in Fig. 2(a). The
other term is due to spin-orbit coupling and includes
second-nearest-neighbor hoppings. This term is direc-
tion dependent via d1 and d2 which are the two bonds
an electron passes on its way from atom i to atom j. λsoc
is the spin-orbit coupling constant and

√
2|ai| = a = 1 is

the size of the cubic cell. The topological gap is opened
via shortening the nearest-neighbor bond along [111] –
for this bond t→ t+ δt. We use t = λsoc and δt = 0.4t.
With these parameters there is a bulk gap, EG = 2δt
and the material is a strong TI [8]. The tight-binding
Hamiltonian in Eq. 5 does not describe a particular TI.
Nevertheless, it serves as a useful prototypical micro-
scopic model. It was also successfully used in the past

to simulate energy dispersion in nanowires made of ex-
isting TIs [27, 28]. In addition, we find many similarities
with the analytical model predictions for the spherical
particles [22] as will be seen below.

We consider a slab supercell of size 6×6 primitive cells
in the plane of the slab and 8 cells in the non-periodic,
[111], direction (converged w.r.t. size). We terminate
it in such a way that atoms at the bottom are all posi-
tioned at lattice points while those at the top surface are
shifted by a sublattice vector shown in Fig. 2(a) – see
Fig. S1(a) in [32]. As a result one Dirac cone centered at
the Γ point occurs (on each surface). The surface state
seen in Fig. 2(b) decays exponentially into the bulk. The
surface can become disordered due to adsorbates and
point defects. We model the disorder by confining it to
one unit cell below each surface. Disorder of strength
VD enters the Hamiltonian (5) as a random on-site po-
tential drawn from the uniform distribution [−VD : VD]
which is an established procedure to study localization
[33, 34]. The states become localized only when the
disorder reaches VD = EG as seen in Fig. 2(c-d). This
is representative of the statistically averaged results by
Soriano et al. over many disorder realizations. Similar
findings have been reported previously with other tight-
binding models of TI slabs [24, 25]. The protection is
strongest for the states at the Γ-point (shown) as they
lie deepest in the bulk gap. The same occurs for a TI
nanoparticle as shown below.

Figure 3. Surface states of a clean TI particle obtained with
tight-binding. (a) The energy spectrum near the centre of
the bulk gap. Larger spacing between the states close to
E = 0 (marked with an arrow) agrees with the analytical
model (see text). (b) Radial wavefunction of the encircled
state decays exponentially into the bulk. (d) Probability
density of the encircled state. (c) The energy of the state
encircled in (a) is proportional to λsoc/rp also agreeing with
the model. (e) Probability density of the first state above
E = 0 when the shorter bond is along [1̄1̄1] direction (see
main text).

Tight-Binding simulation of a TI particle. Topolog-
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ical surface states are a consequence of the bulk band-
structure. Therefore there needs to be enough bulk
material to support them. The decay length of topo-
logical surface states is about of 1 nm [23]. As a re-
sult, in TI slabs with thickness below 5 nm the edge
states from opposite surface start overlapping and are
said to become gapped out [35]. Analogously, a very
small particle will have no states in the gap as predicted
by Eq. 4. We consider a spherical particle consisting of
2500 atoms. The particle considered is large enough
to display topological properties. This follows from the
fact there are many surface states within the bulk gap
as seen in Fig. 3(a). In addition, surface states decay ex-
ponentially and have very little probability density close
to the middle of the particles as shown in Fig. 3(b). Be-
sides, we also checked that the results hold for a smaller
particle (1500 atoms). We carve the particle out of bulk
in such a way that the primitive unit cells remain in-
tact allowing us to retain the inversion symmetry (Fig.
S1(b) in [32]). Close to the Dirac point, E = 0, the sim-
ulated spectrum of the clean particle consists of doubly
degenerate states as shown in Fig. 3(a). The spin-orbit
coupling term breaks the sublattice symmetry of the
spectrum about E = 0. The energies of the surface
states obtained with the Fu-Kane-Mele model used scale
as λsoc/rp as seen in Fig. 3(c). This has been predicted
by the analytical model for spherical particles in Eq . 4
[22]. This suggests that such scaling of the energies is
a generic property of TI nanoparticles. Moreover, we
calculated the radial wavefunction in Fig. 3(b) by sum-
ming |ψ|2 over all atoms at a given radius from the par-
ticle. The surface states are confined to the boundary
and decay exponentially into the bulk – see Fig. 3(b),
which also agrees with the analytical model [17, 22].
The states themselves are delocalised over the poles as
seen in Fig. 3(d). For smaller particles the states cover a
larger fraction of the surface [32]. Apart from size there
are two factors which affect the surface wavefunctions
through anisotropy. Firstly, there is anisotropy intro-
duced because we cannot carve out a perfect sphere.
Secondly, the four nearest-neighbor bonds are not all
equivalent – as mentioned earlier, the hopping along
[111] direction is stronger. This effect is illustrated in
Fig. 3(e) where another bond, along [1̄1̄1], was chosen
to be shorter instead (for particles of other shapes see
Fig. S2 in [32]). The surface states now occur across
two opposite sides. They are modified but still present
which highlights their topological nature.

We proceed to study the effects of disorder by adding
a random on-site potential to the atoms on the surface
as we did for the slab above. Interestingly, even for
VD = EG the spectrum retains much of its structure
close to E = 0 in Fig. 4(a) (for a representative disorder
realization – ensemble results can be found in Fig. S3
of [32]). This is surprising given that we add the disor-
der potential to all atoms outside radius rD in Fig. 4(b)

(700 of the total 2500). In the clean case a state close to
the Dirac point has enhanced probability density at the
poles which lie on the [111] direction. The large energy
difference between the states is rather robust as shown
in Fig. 4(c). It stays almost constant and shows very
small spread up to VD = EG which may be interesting
for applications in optics. This energy difference dis-
appears for larger VD that can couple bulk and surface
states localizing the latter – just as in the slab case.

Figure 4. Surface states of a TI particle obtained with tight-
binding. All surface atoms are disordered (see text). (a) The
energy spectrum near the centre of the bulk gap. (b) The
radial wavefunction of the state encircled in (a) for disorder
strength VD = EG. All atoms with r > rD carry the disorder
potential. (c) Difference in energy for the states marked with
an arrow in (a). A mean over 25 disorder realisations for
each value of VD is shown; error bars denote the standard
deviation of the sample.

It is interesting to compare how disorder affects par-
ticles of different shapes. Localization is difficult to
quantify using conventional measures, such as the in-
verse participation ratio, designed for infinite systems
[25, 31] (it also requires imposition of an arbitrary cut
off away from the surface) because the eigenstates of the
undisordered particles also have non-uniform probabil-
ity densities. To circumvent this we define a function,
sD, that measures the deviation from inversion symme-
try due to disorder. For a given state, ψ, it is given
by

sD =

∣∣∣∣∣ ∑
i∈atoms

|ψi|2r̂i

∣∣∣∣∣ (6)

where r̂i is the unit vector towards the position of an
atom i. With the origin at the particle’s centre, we have
sD = 0 in the clean case. In the strong disorder case it
may reach the value sD = 1 meaning that the state is
localized on one atom or several of them in the same
radial direction. Any pathological charge distributions
are taken care of by statistically averaging over many
realizations with a given disorder strength, VD. The
results for the sphere with surface disorder discussed
earlier are presented in Fig. 5(a). They show that sD
increases with VD and saturates close to VD = EG. For
stronger disorder the wavefunction becomes localized on
one of the poles – see Fig. 5(b). Also, the large energy
difference between the states immediately above and be-
low E = 0 disappears as seen in Fig. 4(c). We have also
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checked that sD increases more rapidly with VD as we
decrease λsoc approaching trivial insulator (topological
transition is driven by large λsoc – see Fig. S4 in [32]).
In addition, we have studied the bulk disorder (pick only
the atoms with r < rD in Fig. 4(b) and add disorder to
them). Because the states are confined to the surface
they are practically unaffected for VD values considered
as seen from Fig. 5(b). Stronger bulk disorder of the or-
der of the band width localizes the states by destroying
the bulk bandstructure that supports them. This was
also found in the previous studies on TI slabs [24, 31].
The protection described here also holds for particles of
other shapes considered below.

(a)

(b)

Sphere,
small λsoc

Sphere,
bulk VD

Sphere

Effect of disorder on a spherical TI particle

VD/EG

sD

Figure 5. Symmetry deviation, sD, as a function of disor-
der strength, VD (see text) for the first state above E = 0
(a) Solid blue lines with empty circle (square) correspond to
sphere (cube) with the surface fully disordered, green line
– to a sphere with smaller spin-orbit coupling (λsoc = 0.5)
which is closer to a trivial insulator, dashed line with solid
circles – to a sphere with bulk disorder. Each data point
represents an average over 25 disorder realizations; errors
are smaller than the marker sizes. (b) Probability distribu-
tion of the first surface state above E = 0 on the spherical
topological nanoparticle; [111] direction is upwards.

The Fu-Kane-Mele model employed allows us to
model structural disorder by making the surface more
rough. To do this we position more atoms on the oth-
erwise smooth surface. We take a clean spherical par-
ticle (1500 atoms) and add additional atoms (400) to
it randomly. The atoms are added in pairs (unit cells)
as discussed in the Figs. S5-7 of [32]. Adding atoms
weakly affects the states slightly decreasing the spacing
between them as the effective particle’s radius grows (see
Fig. S5). Next we add on-site disorder potential to the

atoms furthest from the centre of the particle (700 out
of the total 1900). The only difference from the smooth
sphere is that the states become slightly more prone to
disorder as shown in Fig. 6(a). Still the states remain
extended unti VD = EG as can be seen in Fig. 6(b).

VD/EG

sD

Figure 6. Symmetry deviation, sD, as a function of disor-
der potential strength, VD (see text) for the first state above
E = 0 (a) Dotted line with empty circles corresponds to a
sphere with rough surface, solid line with squares – to a cu-
bic particle, dashed line with diamonds – to a parallelepiped.
The latter is the most natural shape for the tight-binding
model employed. Each data point represents an average over
25 disorder realizations; errors are smaller than the marker
sizes. (b) Probability distribution of a surface state on the
nanoparticles mentioned above for different disorder poten-
tial strengths; [111] direction is upwards.

Like surface roughness the particle’s shape has also
little effect on the protection of the states. This can
be seen in Fig. 6(a) where the disorder function, sD is
calculated for a cubic particle (600 atoms disordered
out of 1300 total). The results are similar to those
for the spherical particle in Fig. 5, although sD now
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plateaus at VD = 1.5EG. Furthermore, this behavior is
closely followed by a parallelepiped particle. The latter
is the most natural shape for the model employed. As
can be seen from Fig. 6(a) it shows the strongest pro-
tection against localization by disorder (all 2000 atoms
are disordered). The probability densities for the cubic
and parallelepiped case and their reaction to disorder
are shown in Fig. 6(b). These cases also illustrate how
the shape of the particle modifies the surface states de-
pending on which closed packed planes (perpendicular
to nearest-neighbor bonds) are present.

Conclusions We have shown that the surface states
in TI nanoparticles possess the same level of protection
as in the case of an infinite surface. These states sur-
vive disorder with extensive coverage (affecting all sur-
face atoms) and disorder potential strength spanning
two bulk band gaps. This has been shown using tight-
binding simulations for particles of spherical, cubic and
parallelepipedal shapes. Moreover, we have shown that
these results also hold in the case of rough surface. The
protection of the small particles studied here draws a
bridge to the protection in bulk samples with planar sur-
faces. It suggests that all TI particles with intermediate
sizes also have protected states. Such protected delo-
calized states may find use in chemical catalysis. More-
over, the robust spectrum of the nanoparticles made of
currently available TIs has appropriate energy [23] for
applications in THz spectroscopy and nanophotonics.
Finally, the discretization of the states should reduce
scattering by phonons. This “phonon bottleneck” effect
was never observed in quantum dots [36] due to scatter-
ing via surface channels [37] so topological nanoparticles
provide a new avenue to explore it.
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