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Abstract

The transitional regimes of Rayleigh–Bénard–Poiseuille (RBP) flow and Rayleigh–Bénard convection

are investigated using direct numerical simulations and linear stability analysis. RBP flow is a

canonical configuration in which buoyancy-driven Rayleigh-Bénard convection (RBC) interacts with

shear-driven plane Poiseuille flow (PPF). While the transitional dynamics of each system have been

extensively studied independently, the transitional regime in which shear and buoyancy forces interact

remains largely unexplored, despite its potential engineering implications.

Direct numerical simulations are performed using Nektar++ over Rayleigh numbers, Ra ∈

[0, 10000], and Reynolds numbers, Re ∈ [0, 2000], at a unit Prandtl number in large computational

domains. Five distinct regimes are identified: (1) bistable spiral defect chaos (SDC) and ideal straight

rolls (ISRs), (2) ISRs, (3) wavy rolls, (4) intermittent rolls, and (5) shear-driven turbulence. The

intermittent-roll regime represents a newly identified state characterised by spatio-temporal break-

down and the regeneration of longitudinal rolls. To elucidate the dynamics of the intermittent-roll

regime, unstable manifolds of longitudinal rolls are computed in confined domains. Trajectories

evolving along these unstable manifolds lead to turbulence which, depending on Re, may be transient

and decay into the linearly unstable laminar base state, before returning to rolls. The linearly unstable

laminar state, longitudinal rolls and transient turbulence together form a quasi-cyclic process that

sustains turbulence, referred to as the thermally-assisted sustaining process (TASP).

The second part of the thesis investigates the bistability between SDC and ISRs in large-domain

RBC. Systematic domain reduction reveals that SDC becomes transient and converges to multiple

stable invariant solutions, termed elementary states, resembling spatially-localised SDC structures.

Analysis of the unstable manifolds of ISRs shows that certain ISRs act as edge states on basin

boundaries between ISRs and SDC, while others form heteroclinic connections with stable ISRs,

providing a dynamical-system perspective of the bistable system.
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about unstable ISR q = 4.5/d. (a) Modal energy Ek(t), and temperature snap-

shots θ(x, z)|y=d/2 at the onset of secondary instability at (b) t = 1.25, (c) t = 7,

following a transient SDC behaviour at (d) t = 40, and settling into a elementary state

at (e) t = 100, (f) t = 150 and (g) t = 201.75. . . . . . . . . . . . . . . . . . . . . . 106

4.16 State space trajectories projected onto || 1
V
ũ||2 and || 1

V
RaPrθ̃||2, of SDC, and 14

elementary states with colour schemes based upon figure 4.4 at ε = 0.7, P r = 1.

The trajectories of two linear instabilities (purple) ŝβ=1.25, (brown) ŝβ=1.75 about an
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Chapter 1

Introduction

1.1 Overview

Fluid motions driven by buoyancy and frictional forces belong to a class of flows known as thermo-

convective shear flows. These flows exhibit rich behaviour and are of interest in both engineering and

meteorology applications spanning a broad range of length scales.

(a) Chip cooling (b) Chemical Vapor
Deposition

(c) Cloud Streets

10−2 101 103 L (m)

Figure 1.1: Thermoconvective shear flows driven by shear and bouyancy forces across length scales,
L ∈ [10−2m, 103m]. Examples include (a) chip cooling, (b) chemical vapour deposition and (c) the
formation of cloud streets.

At small scales, around L ∼ 10−2m (figure 1.1(a)), thermoconvective flows are relevant to the

cooling of microprocessing chips. The fluid, serving as a heat-dissipating medium, experiences shear

from the confining walls and buoyancy forces driven by temperature gradients. A key limitation in

increasing transistor density (as described by Moore’s Law, predicting the doubling of transistors on a

single chip approximately every two years) is the challenge of dissipating the excess heat produced by

densely packed transistors. Fluids, such as air, water or refrigerants, are often used to transport heat
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away from the components, yet their transport behaviour under the influence of buoyancy and shear

remains an open topic (Kennedy & Zebib, 1983; Ray & Srinivasan, 1992).

At intermediate length scales, L ∼ 1m (figure 1.1(b)), the interaction between buoyancy and fric-

tional forces is important in the fabrication of uniform thin films in chemical vapour deposition (CVD)

(Evans & Greif, 1991; Jensen, Einset & Fotiadis, 1991). The CVD process involves transporting reac-

tive gases over a heated substrate. Upon heating, the reactant gases chemically react with the substrate,

depositing material and forming thin films, such as silicon layers. A key challenge in the CVD process

is achieving a uniform deposition and maintaining sharp interfaces between layers. The interactions

between shear and buoyancy forces often give rise to boundary layers and thermoconvective rolls,

which can disrupt uniform deposition and degrade film quality.

At larger length scales, L ∼ 103m (figure 1.1(c)), thermoconvective shear flows can be observed in

atmospheric flows such as the cloud streets over the Norwegian Sea. These parallel bands of cumulus

clouds can stretch over hundreds of kilometres. They form when the relatively warmer sea surface

heats up the colder air arriving from the North Pole. As colder air is heated, it rises, carrying water

vapour that condenses into visible clouds. This circulation is organised into parallel rotating columns

of air, forming distinct cloud streets.

The central focus of this thesis is the investigation of fluid behaviour arising from the interaction

between shear and buoyancy forces, a common thread among the physical examples discussed above.

We note that by isolating our analysis to the interaction between shear and buoyancy forces, we

might neglect other physical mechanisms such as phase change, chemical reactions and evaporation,

which may be significant in the context of cooling microprocessors, chemical vapour deposition,

and atmospheric boundary layers, respectively (Vallis, Parker & Tobias, 2019). Nonetheless, the

interaction between shear and buoyancy forces remains an open topic and will be the primary focus of

this thesis, providing a foundation for future investigations that may include additional mechanisms.

To consider this interaction, we consider an idealised setup, known as the Rayleigh-Bénard-

Poiseuille (RBP) flow. This RBP system describes the fluid motion confined between two infinitely

extended parallel plates, heated from below and cooled from the top, with an additional pressure

gradient driving the flow. The RBP configuration combines two paradigmatic flow configurations;

classical Rayleigh-Bénard convection (RBC) and plane Poiseuille flow (PPF), driven by buoyancy and

shear, respectively. While the onset of convection in RBC and the transition to subcritical shear-driven

turbulence in PPF have been extensively studied, the transitional regime in which both forces interact

remains less understood. Understanding their transitional behaviour and transport properties could

have direct implications for the physical examples mentioned above.

The RBP configuration is illustrated in figure 1.1, where z, x, y refer to spatial coordinates denoting

the streamwise, spanwise and wall normal directions. Lz, Lx, d, and h correspond to the length, span,

depth and half-height of the domain, respectively. The RBP system is biperiodic along z and x. The

flow is driven by a pressure difference along the streamwise z direction, ∆P = P |z=Lz
− P |z=0 < 0,

leading to a laminar Poiseuille flow, w(y) = Wc(1− y
2), where Wc is the laminar centerline velocity.

We consider a fully developed flow, where the boundary layer developing from the top and the bottom

wall meets at the midplane y = 0 and entrance effects are therefore neglected. Like the RBC system,
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Lz

d

Lx

h

P |z=0 P |z=Lz

TU

TL

y

z

x

w(y) T (y)

Figure 1.2: The Rayleigh-Bénard Poiseuille (RBP) flow configuration.

the RBP system is unstably stratified. The temperature difference between the lower, TL, and upper

wall, TU , is always positive, ∆T = TL− TU > 0, leading to a stable linear conduction layer along the

wall-normal direction, T (y), if ∆T is kept sufficiently small. The behaviour of RBP flows is governed

by four dimensionless parameters:

Re = Wch/ν, Ra =
ηgd3∆T

νκ
, Pr =

ν

κ
, Γ = L/2d, (1.1)

where Re,Ra, Pr,Γ refer to the Reynolds, Rayleigh, Prandtl numbers and aspect ratio and η, g, ν, κ,

are the thermal expansion coefficient, acceleration due to gravity, kinematic viscosity, and thermal

diffusivity, respectively. The Reynolds number, Re, and the Rayleigh number, Ra, are dimensionless

parameters that characterise the relative influence of shear and buoyancy respectively. For sufficiently

large values ofRe andRa, RBP flows may undergo a transition to shear-driven turbulence or buoyancy-

driven convection. In the absence of shear, Re = 0, the RBP configuration reduces to the classical

buoyancy-driven Rayleigh-Bénard convection, which forms a bistable system between stationary and

chaotic convection rolls slightly above the critical Ra. The influence of Re on bistability remains

unexplored.

In the first part of this thesis, we focus on the transitional regime by investigating whether buoyancy

forces promote the transition to shear-driven turbulence and examining the effect of shear on convection

in large domains. The second part of this thesis explores the state space structure of a bistable system

between a chaotic convection roll state and a stationary convection roll state (see spiral defect chaos

and ideal straight rolls in §1.3) of Rayleigh-Bénard convection.

The structure of this introductory chapter is as follows: We begin our discussion on the development

of hydrodynamic stability theory of wall-bounded shear flows in §1.2. Theoretical frameworks used in

the study of the stability of fluid flow, including linear modal/non-modal stability, nonlinear dynamical

systems and the spatio-temporal dynamics of transitional shear flows will be discussed. Throughout

§1.2, we apply these concepts in the context of plane Poiseuille flows (PPF). This is followed by the
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developments of Rayleigh-Bénard convection (RBC) in §1.3. Finally, we review the developments in

RBP flows §1.4, before concluding this chapter with the objectives of this thesis in §1.5 and an outline

of its structure in §1.6.

1.2 Transitional wall-bounded shear flows

Wall-bounded shear flows concern the motion of the fluid flowing parallel to walls, typically bounded

by one or more walls. At the wall, the fluid comes to rest due to the no-slip boundary condition, resulting

in a velocity gradient perpendicular to the wall, giving rise to shear within the fluid, commonly known

as wall-bounded shear flows. Examples include the pressure-driven plane Poiseuille flow (channel

flow), Hagen-Poiseuille flow (pipe flow), plane Couette flow and flat plate boundary layers. These

geometrically simple configurations provide a convenient framework amenable to the mathematical

analysis of fluid motion under shear. Depending on the degree of shear, the fluid motion can be

either laminar, where the fluid layers move in smooth parallel laminates, or turbulent, characterised

by chaotic eddying motions. We also note a transitional regime in which both states can coexist. A

central question is the prediction of the transition from the laminar regime to turbulence.

The first investigation into this transition was conducted by Reynolds (1883). In his experimental

setup, Reynolds controlled the flow speed through the pipe by regulating the inlet pressure, and injected

dye to visualise the flow, as illustrated in figure 1.3(a). At low speeds, the fluid is laminar, resulting in

a single streak of steady dye shown in figure 1.3(b). As the speed is increased, the dye began to exhibit

irregular ‘sinuous’ motions interspersed with laminar regions shown in figure 1.3(c). This is now

referred to as the transitional regime, which alternates between laminar and turbulent states. Beyond

a critical speed, the dye breaks down entirely into chaotic eddies, mixing with the surrounding fluid

and discolouring the flow with dye downstream, shown in figure 1.3(d). This regime is now identified

as turbulence.

Reynolds proposed that the threshold between the laminar, transitional and turbulent regimes could

be characterised by a non-dimensional parameter, now referred to as the Reynolds number,

Re = UD/ν, (1.2)

where U is the centerline velocity in the pipe, D, the pipe diameter and ν, the kinematic viscosity.

He observed that flow through the pipe remained stable and laminar for Re < 1900, while it became

unstable and turbulent for Re > 2000 (Reynolds, 1895), introducing the notion of flow stability.

1.2.1 Linear Stability Analysis

Following the experiment, interest towards the mathematical analysis of the stability of laminar flows

grew in the early 20th century. The mathematical approach typically begins by decomposing the

velocity field, u(x, t), into a laminar (base) state, U(x) = U(y)ex, and the velocity perturbations,
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Chapter 1. Introduction 1.2. Transitional wall-bounded shear flows

Figure 1.3: (a) Osbourne Reynolds pipe experiment with the dye injection apparatus, illustrating the
(b) laminar flow, (c) transitional regime and (d) turbulent flow as the flow speed is increased, taken
from Reynolds (1883).

u′(x, t), with pressure similarly decomposed as

u(x) = U(x) + u′(x, t), and p(x, t) = P (x) + p′(x, t). (1.3)

Substituting the decomposition into the Navier-Stokes equations and linearising (neglecting nonlinear

terms), we get
∂u′

∂t
+ (U · ∇)u′ + (u′ · ∇)U = −∇p′ +

1

Re
∇2u′, (1.4a)

∇ · u′ = 0, (1.4b)

known as the linearised Navier-Stokes equations. This is commonly followed by introducing a wavelike

ansatz (mode) for the perturbations, and analysed by considering their behaviour independently,

referred to as modal analysis in §1.2.1.1, or their coupled dynamics, referred to as non-modal analysis

in §1.2.1.2.

1.2.1.1 Modal analysis

It is convenient to eliminate the pressure term by reformulating equation (1.4) using the wall-normal

perturbation velocity, v′, and wall-normal vorticity, η′ = ∂u′/∂z − ∂w′/∂x, variables. Using (v, η),

we introduce a modal ansatz:

v′(x, t) = ṽ(y)ei(αx+βz−ωt) + c.c, and η′(x, t) = η̃(y)ei(αx+βz−ωt) + c.c, (1.5)

where α, β, ω and c.c denote the streamwise and spanwise wavenumbers, complex frequency (i.e.

ω = ωr + iωi) and complex conjugate, respectively. Substituting this ansatz into the linearised
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equations leads to the classical Orr-Sommerfeld and Squire equations (Orr, 1907; Sommerfeld, 1908;

Squire, 1933; Schmid & Henningson, 2001),

(

LOS 0

iβU ′ LSQ

)(

ṽ

η̃

)

= iω

(

k2 −D2 0

0 1

)(

ṽ

η̃

)

, (1.6a)

with

LOS = iαU(k2 −D2) + iαU ′′ +
1

Re
(k2 −D2)2, LSQ = iαU +

1

Re
(k2 −D2), (1.6b)

where D = d/dy, k2 = α2 + β2 and U ′′ is the second derivative of U(y). Equation (1.6a) is a

generalised eigenvalue problem with eigenvalue iω, which determines the growth of perturbations.

The goal of modal stability analysis is to determine the critical Reynolds number Rec, defined as

the lowest value of Re, for all α and β in which =[ω] = 0. For Re > Rec, perturbations can grow

exponentially, indicating instability. Squire’s theorem states that for every unstable three-dimensional

perturbation, there exists an unstable two-dimensional perturbation, with a lower Rec (Squire, 1933).

This implies that the most linearly unstable perturbation of wall-bounded flows is two-dimensional.

Calculations by Tollmien (1928) and Schlichting (1933) for a flat-plate boundary layer flow yielded a

critical Reynolds number based on displacement thickness, δ∗, ofReind = U∞δ
∗/ν = 520 1 These two-

dimensional unstable eigenmodes are known as Tollmien-Schlichting (T.S) waves. In plane Poiseuille

flow, the critical Reynolds number is Rec = 5772.2 with a critical wavenumber of αc = 1.02 (Orszag,

1971). However, experiments reveal that transition to turbulence can occur at a lower Reynolds

number, around Re ∼ 1000 − 2000 (Davies & White, 1928; Patel & Head, 1969; Dean, 1978; Iida

& Nagano, 1998; Tsukahara, Iwamoto, et al., 2014), highlighting a key limitation of modal analysis.

Similar discrepancies are observed in plane Couette and pipe flows (Meseguer & Trefethen, 2003),

where the laminar state is linearly stable for all Re, yet transition to turbulence occurs. Despite these

limitations, modal analysis predicts instabilities in other systems such as Rayleigh-Bénard convection

and Taylor-Couette flow (Chandrasekhar, 1968). Further extensions of modal stability, including

spatial instability analysis (Huerre & Monkewitz, 1990), and secondary instability (Orszag & Patera,

1983) are well established and are beyond the scope of this thesis.

1.2.1.2 Non-modal stability

One of the major limitations of modal analysis is that it treats each eigenmode independently. However,

the interaction between decaying eigenmodes can lead to transient growth, in which perturbations

amplify temporarily before decaying asymptotically. To demonstrate an example of transient growth,

1In stability theory, Reind refers to the indifference Reynolds number which is related to, but distinct from, the critical
Reynolds number, Rec (Schlichting & Gersten, 2017). Because boundary layer transition occurs over a finite distance,
the indifference point is introduced to distinguish between the onset of transition and the point at which the flow becomes
fully turbulent.
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Figure 1.4: (a) The phase portrait of the toy model with Re = 15, where red lines are phase lines of
the toy model. The blue trajectory leads to transient growth and the green trajectory does not (b) Time
history of blue and green trajectories.

we consider a two-dimensional toy model governing the time-evolution of q = (v, η)T as

d

dt

(

v

η

)

=

(

− 1
Re

−1

0 − 2
Re

)(

v

η

)

, (1.7)

where Re refers to the Reynolds number. The toy model has negative eigenvalues, (λ1, λ2) =

(−1/Re,−2/Re), indicating a linearly stable system where perturbations decay asymptotically. At

Re = 15, the eigenvectors, x1 = (1, 0), x2 = (1, 1√
Re2+1

), are highly non-orthogonal, becoming

almost parallel, as shown in figure 1.4(a). Notably, they become more linearly dependent asRe→∞.

For a particular initial condition, the norm, ||q||2 =
√

v2 + η2, is amplified approximately four times

before decaying, represented by the blue trajectory shown in figure 1.4(b). Yet for another choice of

initial condition, the trajectory decays asymptotically, as indicated by the green trajectory. Despite the

presence of decaying eigenmodes, the toy model highlights the importance of transient growth, which

depends on the choice of initial conditions.

The aim of non-modal stability analysis is to search for optimal initial conditions, q̃0, that lead to

the maximum amplification, G(τ), over a time horizon τ . This is posed as an optimisation problem:

G(τ) = max
q̃0 6=0

〈q̃(τ), q̃(τ)〉

〈q̃0, q̃0〉
, s.t 〈q̃0, q̃0〉 = 1, (1.8)

where, 〈·, ·〉 denotes the inner-product,

〈q̃, q̃〉 =

∫

Ω

q̃H q̃ dΩ, (1.9)

and q̃H refers to the complex conjugate transpose of q̃. By considering the linearised operator of
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(1.6a), we define a linear operator as follows:

q̃(τ) = A(τ)q̃0, (1.10)

which takes the solution from initial conditions, q̃0, to q̃(τ) at time τ . Substituting the expression

above into equation (1.8),

G(τ) = max
q̃0 6=0

〈A(τ)q̃0,A(τ)q̃0〉

〈q̃0, q̃0〉
= 〈q̃0,A

†(τ)A(τ)q̃0〉 = λmax(A
†(τ)A(τ)), (1.11)

whereA†(τ) is the adjoint2 ofA(τ). The maximum amplification factor,G(τ), is the largest eigenvalue

ofA†(τ)A(τ) and the corresponding eigenvector, q̃0, denotes the eigenvector. The eigenvalue problem

is given as

A†(τ)A(τ)q̃0 = λq̃0. (1.12)

For a detailed derivation of the optimal initial conditions or forcing, the reader is referred to Butler &

Farrell (1992) and Schmid (2007). An alternative method for computing the optimal transient growth

is to analyse the pseudospectra of the linear operators discussed in Trefethen (1997).

Both two-and three-dimensional non-modal analyses reveal mechanisms for transient growth. In

two-dimensions, the optimal initial conditions are in the form of near-wall vortices tilted upstream,

which amplifies transiently via the Orr-mechanism (Orr, 1907; Farrell, 1988; Reddy, Schmid &

Henningson, 1993). In three-dimensions, streamwise vortices are optimal, leading to the amplification

of streamwise streaks via the well-known lift-up effect (Ellingsen & Palm, 1975; Reddy & Henningson,

1993). Notably, the spacing of these streaks analysed using non-modal analysis at higher Reynolds

number has been consistently reported to occur around 100 wall units (Del Álamo & Jiménez, 2006;

Pujals et al., 2009; Hwang & Cossu, 2010), which supports experimental observations of streak

spacing in turbulent boundary layers (Kline et al., 1967; Smith & Metzler, 1983).

The main result of the non-modal analysis is that three-dimensional perturbations can lead to

strong transient growth at subcritical Reynolds numbers. Both modal and non-modal mechanisms

provide important insights into the linear mechanisms that may be responsible for the transition from

laminar to turbulent flow.

1.2.2 Nonlinear dynamical systems

In the previous section, we examined the laminar-to-turbulent transition using linear frameworks.

However, the transition process is ultimately described by the nonlinear Navier-Stokes equations,

which motivates the development and adoption of mathematical frameworks beyond linear methods.

In the context of shear flow turbulence, there has been a growing interest in adopting techniques

from nonlinear dynamical systems, interpreting turbulence as a chaotic trajectory evolving within

phase space. This phase space is the set of all possible states of the flow that satisfy the Navier-Stokes

equations, which Hopf (1948) formulated in an infinite-dimensional function space. Later work

2The adjoint, A†, of operator, A, statisfies the mathematical property of 〈Ax,y〉 = 〈x,A†y〉. By substituting Aq̃0 as
Ax, and Aq̃0 as y, we arrive at 〈A(τ)q̃0,A(τ)q̃0〉 = 〈q̃0,A(τ)

†A(τ)q̃0〉.
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showed that for finite viscosity, the long-term dynamics of the system often lie on a finite-dimensional

manifold, whose properties depend on the fluid viscosity. A manifold is a lower-dimensional subset of

phase space that attracts long-term solution trajectories. For large viscosity (i.e. lowRe), this manifold

reduces to a single point corresponding to the steady laminar state. As viscosity is decreased (i.e. Re

is increased), this point may become linearly unstable, bifurcating to form new invariant solutions.

Examples of invariant solutions (also called exact coherent states) are steady states (equilibria),

travelling waves (or relative equilibria), periodic orbits and relative periodic orbits. An implication of

this is that the transition to turbulence could be viewed as successive bifurcations from the laminar

state, governed by a single control parameter (i.e. the Reynolds number), generalised by the so-called

routes-to-chaos scenarios.

Landau (1944) proposed that the transition to turbulence may occur through a sequence of Hopf

bifurcations, each introducing a new incommensurate frequency, resulting in quasi-periodic motions on

a high-dimensional torus. However, this model did not capture the essential ingredients of turbulence,

such as sensitivity to initial conditions and mixing (John, Gunter & Maria, 1993). Ruelle & Takens

(1971) later shows that a strange attractor exhibits the key features of chaos, can emerge after

three successive Hopf bifurcations from a stationary state, referred to as the Ruelle-Takens route

to chaos. This scenario has been observed in Taylor-Couette flow (Gollub & Swinney, 1975), and

Rayleigh-Bénard convection (Swinney & Gollub, 1978). Other routes-to-chaos scenarios, such as

period-doubling (Feigenbaum, 1979) and intermittency (Manneville & Pomeau, 1979), have been

proposed. For a review of these routes-to-chaos scenarios, the reader is referred to John, Gunter &

Maria (1993). Nonetheless, the transition to turbulence is subcritical in shear flow configurations,

meaning that the route-to-chaos scenarios do not always occur via bifurcations from the laminar state.

A major development came with the identification of a pair of non-trivial, unstable equilibrium

states in plane Couette flow (Nagata, 1990). This pair is referred to as the lower and upper branches,

emerging from a saddle node bifurcation disconnected from the stable laminar state. The lower branch

lies closer to the laminar state, while the upper branch resides further away in state space. Later, a

travelling-wave solution in plane Couette flow was also found by the same author (Nagata, 1997). A

family of equilibrium and travelling-wave solutions for plane Couette and plane Poiseuille flows with

different boundary conditions (i.e., stress-free, slip, and no-slip) was later identified by Waleffe (2001)

and Waleffe (2003). Additional equilibria and travelling-wave solutions were identified by Gibson,

Halcrow & Cvitanović (2008) and Gibson, Halcrow & Cvitanović (2009), along with heteroclinic

connections between them (Halcrow et al., 2009). In the context of pipe flow, multiple travelling-wave

solutions have also been reported (Faisst & Eckhardt, 2003; Wedin & Kerswell, 2004; Kerswell &

Tutty, 2007; Wang, Gibson & Waleffe, 2007; Duguet, Willis & Kerswell, 2008; Pringle, Duguet

& Kerswell, 2009). The statistical quantities (e.g. mean and fluctuations) computed from the set

of equilibria and travelling waves are in good agreement with those obtained from direct numerical

simulations. However, since these solutions are time independent (within a moving reference frame for

travelling waves), they do not capture the temporal dynamics of turbulence such as the self-sustaining

process (SSP) (Hamilton, Kim & Waleffe, 1995) (see §1.2.3).

The next breakthrough was the identification of time-dependent unstable solutions in the form
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Figure 1.5: (a) Chaotic trajectory of turbulence of plane Couette flow at Re = 400 drawn in dark
green. The yellow turbulent trajectory evolves close to an unstable periodic orbit in red, adopted from
Kawahara & Kida (2001). (b) State space organisation of turbulence trajectories (black dots) confined
around equilibria (circles, dots and squares) and their unstable manifolds (solid lines), heteroclinic
connections between them are shown in red. The coordinate system, (e1,2,3), is centered on the laminar
state, using a linear combination of the upper branch invariant state. (c) State space projection of five
periodic orbits (coloured solid lines), embedded within the same space where turbulence evolves in
(b), adopted from Cvitanović & Gibson (2010).

of periodic orbits. Kawahara & Kida (2001) computed a pair of periodic orbits in plane Couette,

with one exhibiting a single regeneration cycle similar to the SSP (see figure 1.5(a)) while the other

exhibits mild modulation of streaks. These periodic orbits are linked by heteroclinic connections. In

plane Poiseuille flow, Toh & Itano (2003) also identified periodic orbits displaying bursting behaviour.

Using a Newton–Krylov iteration with a hook-step modification, Viswanath (2007) computed multiple

relative periodic orbits. These studies conceptualise that the chaotic trajectories of turbulence are

embedded within a set of unstable periodic orbits, evolving along their unstable manifold (Viswanath,

2007; Gibson, Halcrow & Cvitanović, 2008; Gibson, Halcrow & Cvitanović, 2009; Halcrow et al.,

2009; Graham & Floryan, 2021). An example is shown in figure 1.5, where the chaotic trajectories

in figure 1.5(b), reside within the same state space as the periodic orbits, enclosed by equilibria and

their heteroclinic connections shown in figure 1.5(c). Chaotic trajectories of turbulence reside in

the turbulent attractor contains invariant solutions (e.g. equilibria, travelling waves, periodic orbits,

and relative periodic orbits) that provide a building-block description of turbulence. However, they

invariant solutions do not provide insight into the transition process, since these solutions already

reside in the turbulent attractor.
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Chapter 1. Introduction 1.2. Transitional wall-bounded shear flows

Figure 1.6: A graphical representation of the basin boundary (grey surface) that seperate the basins
of attraction of the laminar and turbulent attractor. Along the basin boudary sit attractors, known as
edge states, adapted from Graham & Floryan (2021).

The transition to turbulence in canonical shear flow configurations is typically subcritical, emerging

from the invariant solutions described above, accompanied by an underlying stable laminar state. A

consequence of this is that the laminar and turbulent states form bistable attractors in phase space with

a boundary, separating their respective basins of attraction, known as the basin boundary. Attractors

that sit along this basin boundary were identified as saddles, attracting trajectories along the basin

boundary and repelling them toward either towards the laminar or turbulent state, known as edge

states. The bisection algorithm for edge tracking was first applied to pipe-flow experiments by

Schneider, Eckhardt & Yorke (2007). The edge state was found to be chaotic. It was shown that the

time-averaged edge state is similar to the unstable lower-branch travelling-wave solutions, suggesting

that the basin boundary contains lower branch solutions and their symmetries in pipe flows (Duguet,

Willis & Kerswell, 2008; Pringle, Duguet & Kerswell, 2009). As the Reynolds number increases,

the separation between the edge state and the turbulent attractor moves apart (Schneider & Eckhardt,

2009). A graphical representation of the basin boundary and edge states separating the basin of

attractions of the laminar and turbulent states is shown in figure 1.6.

Near the onset of subcritical turbulence, turbulence appears to be transient, decaying towards the

laminar solution after a finite lifetime (Bottin et al., 1998; Faisst & Eckhardt, 2004; Hof, Westerweel,

et al., 2006). From a dynamical-system perspective, this can be interpreted as the turbulent chaotic

attractor colliding with the lower branch solution known as a boundary crisis (Lai & Tél, 2011),

forming a chaotic saddle where solution trajectories may leak (relaminarise) towards the laminar state

(Mellibovsky & Eckhardt, 2012; Kreilos & Eckhardt, 2012; Zammert & Eckhardt, 2015). The onset

of a boundary crisis (transient turbulence) has also been attributed to the emergence of homoclinic
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tangency in plane Couette flow (Van Veen & Kawahara, 2011; Lustro et al., 2019).

1.2.3 Self-sustaining process

Figure 1.7: The self-sustaining process, consisting of three phases: (1) Streak formation from linear
advection by streamwise vortices, (2) streak breakdown due to streak instability and (3) regeneration
of streamwise vortices via nonlinear mechanisms.

The self-sustaining process (SSP) describes the dynamical interaction between a pair of streaks

and quasi-streamwise vortices, which is considered the fundamental process in wall-bounded turbulent

flows in the near-wall region. It is defined by a quasi-cyclic process, consisting of three distinct phases:

(1) the formation of streamwise streaks due to a linear advection by streamwise vortices, (2) the wavy

breakdown of streaks due to linear instability and (3) the regeneration of streamwise vortices via

nonlinear mechanisms (Waleffe, Kim & Hamilton, 1993; Hamilton, Kim & Waleffe, 1995; Waleffe,

1997). A schematic of the SSP is shown in figure 1.7. While early investigations of the SSP were

confined to the buffer layer (Hamilton, Kim & Waleffe, 1995), evidence that the SSP extends towards

the logarithmic and outer region has been found (Cossu & Hwang, 2017). In parallel to the SSP,

the vortex-wave interaction (VWI) theory developed to describe the sustained interactions between a

general class of vortices and waves for asymptotically large Reynolds number (Hall & Smith, 1988;

Hall & Smith, 1990; Hall & Smith, 1991), was found to be linked to the SSP (Hall & Sherwin, 2010).

In particular, the solutions obtained using VWI theory by Hall & Sherwin (2010) are analogous to the

lower branch solutions from Wang, Gibson & Waleffe (2007).
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Figure 1.8: A snapshot of turbulent-laminar bands at Re = 1400 in a large domain L/h = 16π,
depecting its spatiotemporal intermittent nature. Isovolume renderings are based on the spanwise, u′,
and wall-normal, v′, perturbation kinetic energy, E(u′, v′) = 1/2(u′2 + v′2), where the perturbation
velocities are defined about the laminar state u′(x, t) = u(x, t)− Ulam(y).

1.2.4 Spatiotemporal transitional flows

This section describes the inherent spatiotemporal structure of subcritical turbulence near the onset

commonly reported in large extended domains. In this regime, turbulence is characterised by the

coexistence of turbulent and laminar flow structures. Examples of such are found in canonical shear

flow systems such as plane Couette flows (Prigent, Grégoire, et al., 2003; Barkley & Tuckerman, 2005;

Barkley & Tuckerman, 2007; Tuckerman & Barkley, 2011; Duguet, Schlatter & Henningson, 2010;

Reetz, Kreilos & Schneider, 2019), Taylor-Couette flows (Prigent & Dauchot, 2002; Prigent, Grégoire,

et al., 2003), pipe flows (Avila, Willis & Hof, 2010; Avila, Moxey, et al., 2011; Song et al., 2017;

Avila, Barkley & Hof, 2023) and plane Poiseuille flows (Tsukahara, Iwamoto, et al., 2014; Tsukahara,

Seki, et al., 2014; Tuckerman, Kreilos, et al., 2014; Tsukahara, Kawaguchi & Kawamura, 2014; Gomé,

Tuckerman & Barkley, 2020; Paranjape, 2019; Paranjape, Duguet & Hof, 2020; Paranjape, Yalnız,

et al., 2023).

We will focus on the plane Poiseuille flow configuration, where the spatiotemporal intermittent

patterns are referred to as oblique turbulent-laminar bands illustrated in figure 1.8 at Re = 1400

for L/h = 16π. The bright and dark regions highlight coexisting spatially-localised turbulent and
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laminar regions. These turbulent-laminar bands occur over a range of Reynolds numbers, and their

precise range is dependent on the domain’s aspect ratio (Tsukahara, Kawaguchi & Kawamura, 2014;

Tuckerman, Kreilos, et al., 2014; Paranjape, Yalnız, et al., 2023). Near the upper Re threshold of

this regime, the domain is fully engulfed by uniform, featureless turbulence appearing at Re = 1800

in figure 1.8. As Re decreases towards Re = 1050, spatiotemporal turbulent and laminar structures

known as turbulent-laminar bands persist in between Re ∈ [1050, 1600] shown in figures 1.9(b-f). In

particular, these turbulent-laminar bands appear to have a preferred inclined angle, between 20◦ ∼ 30◦,

with streamwise wavelengths of λx ∼ 60h, and spanwise wavelengths of λz ∼ 20h− 30h (Tsukahara,

Kawaguchi & Kawamura, 2014). Kashyap, Duguet & Dauchot (2022) considered the linear response

of the fluctuating turbulent field, and showed that the preferred band angle emerges near 23.2◦. In

the minimal band unit (MBU) studies of plane Poiseuille flows, the turbulent-laminar bands convect

at about ∼ 1% of the bulk velocity, propagating either upstream or downstream, depending on Re

(Tuckerman, Kreilos, et al., 2014; Gomé, Tuckerman & Barkley, 2020). Notably, the spanwise lengths

of the bands are much wider than the half-heights and depend on Re, appearing at λz ∼ 20h for

Re & 1400 and λz ∼ 40h for Re . 1100. Interestingly, the bands alternate between both spanwise

lengths within 1100 . Re . 1400 , merging and splitting continuously (Tuckerman, Kreilos, et al.,

2014), reminiscent of a puff splitting process in pipe flows (Avila, Moxey, et al., 2011). An example of

this could been observed inRe = 1050, where the band appears to alternate between different spanwise

wavelengths in figure 1.9(f). As Re falls below a certain Re threshold, turbulent bands spontaneously

decay and relaminarise (Tuckerman, Kreilos, et al., 2014; Gomé, Tuckerman & Barkley, 2020). An

example is shown in figure 1.9(g).
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Figure 1.9: Turbulent-laminar bands for t ∈ [0, 3000] in large domains (Lx, Lz) = (16π, 16π) at (a)
Re = 1800, (b) Re = 1600, (c) Re = 1400, (d) Re = 1200, (e) Re = 1100, (f) Re = 1050, (g)
Re = 1000.
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Figure 1.10: The mean decay times (red), τ d, and mean splitting times (black), τ s, as a function of
Reynolds number, leading to a crossover point at Recross ≈ 965, adapted from Gomé, Tuckerman &
Barkley (2020).

Gomé, Tuckerman & Barkley (2020) computed the probability distributions for turbulent-laminar

band decay, P (∆td), where∆td is the time until decay. A key insight is that the probability distribution

of turbulent band decay is a memoryless Poisson process,

P (∆td) = exp(−∆td/τ d(Re)), (1.13)

where τ d(Re) refers to the mean lifetime for decay as a function of Re. Similarly, the band splitting

process also follows a Poisson process,

P (∆ts) = exp(−∆ts/τ s(Re)), (1.14)

while τ s(Re) is the mean splitting lifetime. Both τ d and τ s exhibit superexponential dependence on

Re, shown in figure 1.10 (see inset). The crossover point, Recross ≈ 965, where both band decay and

splitting events become equally probable, is considered the critical Reynolds number for the onset of

turbulent-laminar bands.

While there has been progress made towards our understanding of infinitely bi-periodic turbulent-

laminar bands in MBUs, recent studies of isolated (non-periodic) turbulent bands (ITBs) reveal

different behaviour. Notably, ITBs persist at Reynolds number below Recross at Re = 700 for

durations exceeding t = 10000, exceeding the mean decay lifetime in figure 1.10. The ITBs are

characterised by a streak-generating head and a diffuse upstream tail. (Xiong et al., 2015; Tao,

Eckhardt & Xiong, 2018; Shimizu & Manneville, 2019; Xiao & Song, 2020).
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1.3 Rayleigh-Bénard convection

Figure 1.11: (a) Surface tension driven convection leading to the onset of hexagonal Bénard cells in
a thin layer of silicone oil, heated from below and cooled by ambient air. A diamond defect appears,
likely caused by plate imperfections. (b) Buoyancy driven convection between rigid plates, resulting in
concentric convection rolls at 2.9 times the critical Rayleigh number. Both experiments were performed
by Koschmieder & Pallas (1974), and the convection patterns were illuminated by aluminum powder,
where the dark and bright regions refer to vertical and horizontal motions respectively. These higher
resolution images were taken from Van Dyke & Van Dyke (1982).

Rayleigh-Bénard convection (RBC) is a paradigmatic fluid configuration describing the motion of

the fluid confined between two infinite-parallel plates heated from below and cooled from the top. As

the bottom plate is heated, the bottom-layer fluid becomes more buoyant and tends to rise, whereas

the colder top-layer fluid becomes less buoyant and tends to sink, leading to overturning of the layers.

Viscous forces between neighbouring fluid parcels act to resist the motion. As buoyancy overcomes

these viscous forces, the fluid layers overturn, initiating buoyancy-driven convection, the physical

mechanism underpinning RBC.

One of the earliest experimental studies dedicated to buoyancy-driven convection was conducted

by Henri Bénard (Bénard, 1901), who observed the formation of hexagonal convection cells above a

certain temperature threshold ∆T . These hexagonal patterns are referred to as Bénard cells, illustrated

in figure 1.11(a). Subsequently, Rayleigh (1916) carried out one of the first linear stability analyses

of buoyancy-driven convection, predicting the onset of convection at a critical Rayleigh number of

Rac = 657.5. However, Rayleigh’s analysis assumed idealised free-free boundary conditions, which

differed from the rigid-free setup of Bénard’s experiment. The linear stability analysis for the rigid-

free configuration was later performed by Jeffreys (1928), yielding a higher critical Rayleigh number

of Rac = 1058. In the rigid-rigid configuration, the critical Rayleigh number increases further to

Rac = 1708 (Pellew & Southwell, 1940). The Rayleigh number in Bénard’s original experiment

contradicted results from linear stability analysis as it was found to be 300 to 1500, smaller than Rac

for the free-free and rigid-free cases respectively (Wesfreid, 2017). This contradiction, not recognised

16



Chapter 1. Introduction 1.3. Rayleigh-Bénard convection

by Bénard at the time, lies in the significant role of surface tension in thin fluid layers exposed to air,

now known as Bénard-Maragoni (BM) convection (Block, 1956; Cloot & Lebon, 1984; Manneville,

2006; Wesfreid, 2017). In BM convection, fluid motion is primarily driven by surface tension gradients

due to variations of temperature, forming hexagonal cells, as in figure 1.11(a). The preference for

hexagonal cells in BM convection was later confirmed based on weakly nonlinear stability analysis

(Cloot & Lebon, 1984). As the fluid layer becomes thicker, surface-tension effects diminish and

buoyancy-driven convection becomes dominant. Similarly, placing a rigid lid on top of a thin fluid

layer suppresses surface-tension effects, resulting in buoyancy-driven convection (compare between

1.11(a) and (b)) The preferred convection patterns based on weakly nonlinear stability analysis are

the two-dimensional parallel rolls, now referred to as ideal straight rolls (ISRs) (Schlüter, Lortz &

Busse, 1965; Bodenschatz, Pesch & Ahlers, 2000). In circular containers, the ISRs conform to

the geometry of the boundaries, forming concentric convection rolls illustrated in figure 1.11(b).

Interestingly, hexagonal cells have been observed in buoyancy-driven flows of non-Boussinesq fluids

(Hoard, Robertson & Acrivos, 1970; Bodenschatz, Pesch & Ahlers, 2000). In this thesis, we consider

the RBP setup (and RBC in chapter 4) with rigid-rigid boundary conditions and a critical Rayleigh

number of Rac = 1708. Notably, the corresponding critical wavelength is qc = 3.12/d (or λc ≈ 2d),

suggesting that the distance separating the plates, d, dictates the length of a single roll, lroll = λc/2 ≈ d.

As mentioned earlier, stationary ISRs near qc emerge just above Rac, based on weakly nonlinear

stability analysis (Eckhaus, 1965; Schlüter, Lortz & Busse, 1965). However, this prediction is

contradicted by the emergence of time-dependent oscillatory convection rolls in experiments (Rossby,

1969; Willis & Deardorff, 1970) at Ra = 9200 (or roughly five times Rac), where weakly nonlinear

stability analysis becomes inapplicable far from threshold. To address this, secondary stability analysis

was performed to study the stability of ISRs further from Rac (Busse, 1972). One of the key

results from this analysis is the Busse balloon, which describes the stability boundaries of ISRs as

a function of Rayleigh number (Ra), Prandtl number (Pr), and the roll wavenumber (q) shown in

figure 1.12 (Busse, 1985). The boundaries of the Busse balloon are described by a range of secondary

instabilities, each arising from different physical mechanisms (Busse, 1978). At large Prandtl numbers,

Pr = O(102), the zig-zag (ZZ) and cross-roll (CR) instabilities delimit the balloon for small and large

roll wavenumbers. The zig-zag instabilities cause zig-zag undulations while the CR instabilities

generate rolls orthogonal to the underlying ISR structure, effectively increasing or decreasing the roll

wavenumber, respectively (Busse & Whitehead, 1971). Examples of these instabilities at Pr = 100

are illustrated in figure 1.13(a,b).

At moderate Prandtl numbers, Pr = O(1), the Busse balloon is bounded by the skew-varicose

(SV) for high roll wavenumbers and the oscillatory (OS) instability at large Ra. The skew-varicose

(SV) instability leads to roll-pinching, where pinched rolls merged into a single roll, reducing roll

wavenumber, while the oscillatory instability leads to the onset of an oscillatory convection roll. Ex-

amples of the respective instabilities at Pr = 1 are shown in figure 1.13(c,d). At higher wavenumbers,

the skew-varicose (SV) instability becomes relevant at intermediate Prandtl numbers, characterised

by roll pinching and merging that effectively reduces the roll wavenumber. Finally, the Eckhaus

instability (not shown), which either creates or destroys rolls such that the resultant roll wavenumber
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Figure 1.12: The Busse balloon describes the stability boundaries of ISRs in a Ra − Pr − q space.
For large values of Pr, the instability mechanisms are the cross-roll (CR), knotted (KN) and zig-zag
(ZZ) instabilities. For Pr ≈ 1, the instability mechanisms are the skew-varicose (SV) and oscillatory
(OS) instability. For small values of Pr, the OS instability dominants. This figure was modified from
Busse (1985).

moves closer to the critical wavenumber, appears close to Rac (Lowe & Gollub, 1985). Near Pr = 1,

the Eckhaus instability coincides with the cross-roll instability (figure 6 from Bodenschatz, Pesch &

Ahlers (2000), adapted from Plapp (1997)).

In this thesis, we focus on fluids with Pr = 1, where secondary instabilities such as skew-

varicose, Eckhaus and cross-roll instabilities typically arise. While the stability boundaries of the

Busse balloon have been experimentally verified (Busse & Whitehead, 1971; Croquette, 1989; Plapp,

1997), accurately predicting the wavenumber of ideal straight rolls (ISRs) remains difficult due to

hysteresis and the existence of multiple stable ISRs of different roll wavenumbers. AsRa is increased,

ISRs with wavenumbers outside the Busse Balloon undergo secondary instabilities (described above)

that drive their wavenumbers back towards the stable boundaries. The hysteretic behaviour highlights

that the roll wavenumber of ISRs is strongly dependent on the system’s history (Bodenschatz, Pesch

& Ahlers, 2000).

It is worth noting that the ISRs are the exception rather than the rule in RBC (Croquette, 1989).
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Figure 1.13: ISRs experiencing (a) cross-roll instability at Ra = 3000, P r = 100 and (b) zig-zag
instability at Ra = 3600, P r = 100 (Busse & Whitehead, 1971). (c) Skewed-varicose instability at
Ra = 5568, P r = 1 (Plapp, 1997), and (d) oscillatory instability at Ra = 10384, P r = 1 (Cakmur
et al., 1997).

A range of non-ISR states, such as squares, travelling or stationary target patterns, giant rotating

spirals, and oscillatory convection, have been observed over the years (Le Gal, Pocheau & Croquette,

1985; Croquette, 1989; Plapp, 1997; Hof, Lucas & Mullin, 1999; Rüdiger & Feudel, 2000; Borońska

& Tuckerman, 2010a; Borońska & Tuckerman, 2010b). For example, Hof, Lucas & Mullin (1999)

identified eight stationary and two oscillatory states in cylindrical RBC with small aspect ratios at

the same Rayleigh number. These results were later verified in numerical simulations and bifurcation

analysis, revealing up to twelve stable branches near the onset (Ra ≤ 2500) and the potential for

hundreds more as Ra is increased (Ma, Sun & Yin, 2006; Borońska & Tuckerman, 2010a; Borońska

& Tuckerman, 2010b).

In larger domains (Γ ≥ 28), giant rotating spirals were found and have been investigated (Plapp

& Bodenschatz, 1996; Plapp, Egolf, et al., 1998). Experimental and numerical studies of RBC with

varying sidewall boundary conditions (i.e. thermally insulating, conducting and no-slip) (Tuckerman

& Barkley, 1988; Siggers, 2003; Paul, Chiam, et al., 2003; Boullé, Dallas & Farrell, 2022), non-

Boussinesq convection (Bodenschatz, Cannell, et al., 1992), and rotational effects (Hu, Ecke &

Ahlers, 1997) were investigated, where multiple states were also reported. In inclined RBC, Reetz

& Schneider (2020) and Reetz, Subramanian & Schneider (2020) identified up to sixteen stable and

unstable invariant states, along with heteroclinic orbits connecting them. These findings indicate

that RBC supports a wide variety of coexisting stable states beyond ISRs, resulting in a system with

multiple stable states above the critical Rayleigh number. To further complicate matters, RBC also

exhibits spatiotemporal chaos.

In the 1990s, convection rolls exhibiting spatio-temporal chaotic behaviour known as spiral defect

chaos (SDC) were observed within the same stability boundaries where ISRs were expected (Morris

et al., 1993; Hu, Ecke & Ahlers, 1993; Decker, Pesch & Weber, 1994; Hu, Ecke & Ahlers, 1995;
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Figure 1.14: The coexistence of spiral defect chaos (SDC, top row) and ideal straight rolls (ISRs,
bottom row) at (a,b) Ra = 3279, (c,d) Ra = 6832 and (e,f) Ra = 10384. The domain size is Γ = 50
and Pr = 1, adapted from Cakmur et al. (1997).

Morris et al., 1996; Cakmur et al., 1997; Ahlers, 1998; Egolf, Melnikov & Bodenschatz, 1998; Egolf,

Melnikov, Pesch, et al., 2000; Chiam et al., 2003; Vitral et al., 2020). Notably, ISRs emerge with

carefully prepared initial conditions, while uncontrolled initial conditions lead to SDC. It is now well

established that SDC exists as an intrinsic attractor of RBC, independent of sidewall conditions Morris

et al. (1996), forming a bistable system with ISRs (Cakmur et al., 1997) across a range ofRa at Pr = 1

illustrated in figure 1.14. At Pr = 4, SDC appears to be transient, decaying towards ISRs over long

periods, suggesting that the bistable system is Pr dependent (Bajaj, Cannell & Ahlers, 1997). SDC

has also been replicated in numerical simulations using two-dimensional Swift-Hohenberg equations

(Swift & Hohenberg, 1977; Xi, Gunton & Viñals, 1993; Xi & Gunton, 1995; Schmitz, Pesch &

Zimmermann, 2002; Karimi, Huang & Paul, 2011). The critical Rayleigh number for the onset of

SDC, Ras, depends on the domain’s aspect ratio, and Prandtl number (Hu, Ecke & Ahlers, 1995;

Bajaj, Cannell & Ahlers, 1997; Cakmur et al., 1997; Bodenschatz, Pesch & Ahlers, 2000). SDC has

been primarily reported in large aspect ratio domains (Γ & 20), suggesting that a minimal domain size

is required for SDC to occur (Bodenschatz, Pesch & Ahlers, 2000). This is consistent with the leading

Lyapunov exponents of SDC, which increases with Γ (Egolf, Melnikov, Pesch, et al., 2000; Paul,

Einarsson, et al., 2007). To characterise SDC, several studies have investigated its spatial-temporal

properties, such as the averaged roll-curvature Hu, Ecke & Ahlers (1995), probability distribution

of spirals (Ecke et al., 1995; Liu & Ahlers, 1996) and correlation length-/time-scales (Morris et al.,

1993; Morris et al., 1996; Cakmur et al., 1997). Specifically, the correlation length-scales were found

to grow exponentially (Morris et al., 1993; Morris et al., 1996; Cakmur et al., 1997), suggesting that

the transition from ISRs to SDC is related to phase transitions. Similar SDC-like patterns have been

observed in rotating RBC (Hu, Ecke & Ahlers, 1997), dielectric barrier discharge (Dong et al., 2005)
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and advection diffusion reaction systems (Affan & Friedrich, 2014).

1.4 Rayleigh-Bénard Poiseuille (RBP) flows

Figure 1.15: (a) Neutral stability curves of longitudinal rolls (LR), oblique rolls (OR), transverse rolls
(TR) and Tollmien-Schlicting (TS) waves, adapted from John Soundar Jerome, Chomaz & Huerre
(2012). The shaded area refers to a linearly stable region. Sketch of (b) longitudinal and (c) transverse
rolls, adapted from Kelly (1994).

This section describes the developments of Rayleigh-Bénard Poiseuille (RBP) flows, integrating

key findings from both plane Poiseuille flow (PPF) and Rayleigh-Bénard convection (RBC) systems

discussed in §1.2 and §1.3 respectively. The neutral stability curves in the Rayleigh-Bénard Poiseuille

(RBP), comprising both plane Poiseuille flow (PPF) and Rayleigh-Bénard convection (RBC) systems,

are bounded by the onset of Tollmien-Schlicting waves at Rec = 5772.22 (Orszag, 1971), and by the

onset of convection rolls at Rac = 1708 (Pellew & Southwell, 1940), respectively. In RBP systems,

the imposed mean Poiseuille flow in the RBP system breaks the rotational symmetry of the convection

rolls, categorising them based on their orientation to the mean flow direction, namely: longitudinal,

transverse and oblique rolls. These primary instabilities were first investigated by Gage & Reid (1968)

in an infinitely extended layer. For longitudinal rolls, the linearised system reduces to the classical

RBC problem. Thus, the critical Rayleigh number remains unchanged atRa‖ = Rac = 1708.8 with a

critical wavenumber, α‖ = αc = 3.13, independent of Reynolds number and Prandtl number (Pellew

& Southwell, 1940; Kelly, 1994). In contrast, the critical Rayleigh number for the onset of transverse

rolls increases with Re, and is also dependent on Pr (Gage & Reid, 1968; Müller, Lücke & Kamps,

1992; Nicolas, Mojtabi & Platten, 1997). The critical Rayleigh number for the onset of oblique rolls

can be obtained by applying Squire’s transformation (Squire, 1933) to the transverse roll system. For a

given Ra, the corresponding critical Re for the onset of oblique rolls is higher than that for transverse

rolls (Gage & Reid, 1968). The neutral stability curves for the three different rolls are illustrated in

figure 1.15. We note that we will use different definitions for x, y, z in chapter §3 and §4.
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Experimental studies in channels with large transverse aspect ratios (i.e. span-to-depth) showed

the onset of longitudinal rolls (Akiyama, Hwang & Cheng, 1971; Ostrach & Kamotani, 1975; Fukui,

Nakajima & Ueda, 1983), while transverse rolls are more prevalent in narrower channels (Luijkx,

Platten & Legros, 1981; Ouazzani, Caltagirone, et al., 1989; Ouazzani, Platten & Mojtabi, 1990).

Linear stability analysis of longitudinal rolls for finite channels confirms that Ra‖ remains fairly

independent for transverse aspect ratios greater than five, and increases quickly below that. Hence,

for small Re, the critical Rayleigh number of transverse rolls is smaller than that of longitudinal rolls,

Ra⊥ < Ra‖, giving rise to transverse rolls (Nicolas, Luijkx & Platten, 2000). However, laminar

Poiseuille flow was observed in the same parameter space where transverse rolls were expected from

linear stability analysis Ouazzani, Caltagirone, et al. (1989). This discrepancy was resolved by Müller,

Lücke & Kamps (1992), who showed that transverse rolls may be convectively or absolutely unstable,

with the transition boundary corroborating with experimental data. Later, Carrière & Monkewitz

(1999) demonstrated that longitudinal rolls are always convectively unstable. Nonmodal stability

analysis of subcritical RBP by John Soundar Jerome, Chomaz & Huerre (2012) revealed that the

optimal transient growth is primarily dominated by streamwise rollers similar to those of PPF (Reddy

& Henningson, 1993), with a spanwise wavenumber of βopt ≈ 2.05. The maximum amplification

factor, Gmax, increases modestly with Ra, and the critical wavenumber approaches α‖, indicative of

longitudinal rolls.

For Re > 0 in infinite domains, the longitudinal rolls emerge as the dominant primary instability

(Gage & Reid, 1968), and their secondary stability was analysed by Clever & Busse (1991). They

identified a time-dependent, wavy instability nearRe ∼ 100, giving rise to tertiary solutions in the form

of wavy rolls. These wavy rolls have been observed experimentally and were found to be convectively

unstable (Pabiou, Nicolas, et al., 2003; Pabiou, Mergui & Bénard, 2005; Nicolas, Xin & Zoueidi,

2010). Clever & Busse (1991) also hypothesised that the wavy rolls are less efficient at transporting

heat than longitudinal rolls for the same Ra, which was later confirmed numerically by Nicolas,

Zoueidi & Xin (2012). The influence of finite transverse aspect ratios on the onset of wavy rolls have

also been studied (Xin, Nicolas & Quéré, 2006; Nicolas, Xin & Zoueidi, 2010), where the critical

Ra was found to be approximately 1.5 times higher than in infinite domains Clever & Busse (1991).

Furthermore, the effect of external excitation has been explored, showing that increased excitation

amplitude can reduce the development length required for the formation of wavy roll (Nicolas, Xin &

Zoueidi, 2010; Nicolas, Zoueidi & Xin, 2012). In the turbulent regime, shear-driven turbulence has

been shown to enhance heat transport in RBP flows (Scagliarini, Gylfason & Toschi, 2014; Scagliarini,

Einarsson, et al., 2015; Pirozzoli et al., 2017). Extensions of the RBP configuration, such as flows over

wavy walls or with sinusoidal thermal forcing, have been investigated, potentially offering a reduction

in drag and enhancing heat transport (Hossain, Floryan & Floryan, 2012; Hossain & Floryan, 2016;

Hossain & Floryan, 2020). For a comprehensive overview of RBP flows, the reader is referred to the

reviews by Kelly (1994) and Nicolas (2002).
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1.5 Thesis objectives

While significant progress has been made in understanding the transition processes of Rayleigh-

Bénard convection (see §1.3) and plane Poiseuille flows (see §1.2) independently, their combined

interaction beyond primary linear instabilities (see §1.4) remains largely unexplored. In particular,

the interaction between buoyancy-driven convection and shear-driven instability in Rayleigh-Bénard-

Poiseuille (RBP) flow raises questions about transition mechanisms that may not be inferred from

either system in isolation.

In this thesis, we focus on the transitional behaviour of RBP flow, using direct numerical simulations

and linear stability analysis. Notably, the onset of instabilities does not necessarily lead to fully

developed turbulence. Instead, the system may exhibit flow regimes that are neither purely laminar

nor fully turbulent. For clarity, we collectively refer to such intermediate states as the transitional

regime.

Through a combination of exploratory DBS and linear stability analysis, this work aims to address

the following questions:

1. Do convection rolls promote the transition to shear-driven turbulence?

2. How does shear influence the bistable dynamics between ideal straight rolls (ISRs) and spiral

defect chaos (SDC)?

These questions are examined in chapter 3. The answers to these questions may have implications

for enhancing microprocessing chip-cooling technologies and improving thin-film fabrication using

chemical vapour deposition processes (see §1.1).

In chapter 4, we adopt a dynamical systems perspective to study the bistability between ISRs

and SDC in Rayleigh-Bénard convection. Although the co-existence of ISRs and SDC as bistable

states is well established, the presence of multiple stable states raises further questions about the

underlying state-space structure. We examine this state-space structure and identify several stable

invariant solutions referred to as elementary states that underpin the pattern formation of SDC. This

analysis provides a state-space interpretation of the bistable system between ISRs and SDC.

1.6 Thesis outline

This thesis consists of five chapters and is organised as follows:

1. Chapter 1 provides the introduction and a review of relevant literature.

2. Chapter 2 presents the numerical methods, including the spectral/hp element method, algorithms

for solving the Navier-Stokes equations, linear stability analysis and edge tracking.

3. Chapter 3 introduces the Ra−Re phase space of RBP flows, with a particular focus on the role

of longitudinal rolls in sustaining turbulence. We introduce the thermally-assisted sustaining

process - an alternative route towards turbulence via linearly unstable longitudinal rolls.
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4. Chapter 4 explores the organisation of the state space of spiral defect chaos and ideal straight

rolls Ra = 2903, accompanied by elementary states, edge states and highlights some pathways

towards SDC.

5. Finally, chapter 5 concludes this thesis and suggests possible avenues of future research.

24



Chapter 2

Numerical Methods

In this chapter, we will discuss the fundamentals of numerical methods relevant for solving the

Navier-Stokes equations. We begin the discussion of the method of weighted residuals (§2.1) and the

spatial discretisation using spectral/hp element methods in one dimension (§2.3). This is followed

by techniques for solving the Navier-Stokes equations (§2.4), such as the velocity-correction scheme,

enforcing a constant flow rate and the quasi-3D approach for semi-homogeneous domains. This

chapter concludes with numerical techniques for performing stability analysis of the Navier-Stokes

equations (§2.5), including eigenvalue computation and edge tracking.

2.1 Method of weighted residuals

Spatial discretisation errors, or residuals, arise as one seeks an approximate solution of a partial differ-

ential equation (PDE). The method of weighted residuals provides a general mathematical framework

in which constraints on the residual can be applied flexibly, thereby defining the spatial discretisation

scheme and its convergence properties. We approximate the solution of PDE by considering a finite

expansion of a suitable basis, to which its coefficients are sought by minimising the inner product

between the PDE and a test (or weight) function. To demonstrate this, we consider a linear partial

differential equation as

L[u(x)] = 0, x ∈ Ω, (2.1)

where L refers to a linear spatial differential operator subjected to some boundary conditions within

the domain, Ω, while u(x) refers to the exact solution of L. Examples of PDEs with linear spatial

differential operators include the Laplace equation, ∇2u = 0, the Poisson equation, ∇2u − f = 0,

and the Helmholtz equation, ∇2u − λu + f = 0. We suppose that the exact solution u(x) can be

approximated (discretised) by N finite number of global basis (or expansion) functions, Φ(x):

u(x) ≈ uδ(x) =
N−1∑

i=0

ûiΦi(x), (2.2)

where uδ(x) refers to the approximate solution of u(x), consisting of a linear combination of the

product between the ith basis coefficient, ûi, and the ith global basis expansion, Φi(x), defined within
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Ω. Since uδ(x) is an approximate solution of equation (2.5), we expect a residual (or error) between

the exact solution, u(x), and uδ(x),

L[uδ(x)] = R[uδ(x)], (2.3)

where R[uδ(x)] refers to the residual which depends on the approximate solution uδ(x) and varies

within Ω. In other words, equation (2.3) might not be satisfied everywhere in Ω. Next, we need to

place restrictions on the residual, such that the residual approaches zero, R→ 0, and the approximate

solution approaches the exact solution, uδ(x) → u(x). The method of weighted residuals places a

restriction on the residual by applying an inner product between the governing equation andN test (or

weight) functions, vj(x), and setting it to zero,

(vj(x), R[u
δ(x)]) = 0, j = 0, ..., N − 1. (2.4)

Definition 2.1.1 (Inner product). The inner product between two functions f(x) and g(x) is,

(f, g) =

∫

Ω

f(x)g(x)dx.

By enforcing equation (2.4), the discrete problem becomes a system of N ordinary differential

equations to solve for the N basis coefficients, ûi. The choice of test function defines the projection

methods, and examples of different projection methods are shown in table 2.1. We emphasise that

the method of weighted residuals only describes the projection method, but does not specify the type

of basis expansions, as we will discuss later in §2.3. The choice of projection method, coupled with

appropriate basis expansions, will yield different convergence properties of the solution. Of particular

interest is how quickly the residual vanishes as the number of basis expansions increases. For instance,

by considering the Galerkin method coupled with Fourier expansions, one can expect exponential

convergence for a sufficiently smooth problem, which is desirable for an efficient representation of

turbulent dynamics.

Weight functions Projection method

vj(x) = δ(x− xj) Collocation

vj(x) =







1 if x ∈ Ωj

0 if x /∈ Ωj

Finite-Volume

vj(x) = φj Galerkin

vj(x) =
∂R
∂ûj

Least-squares

Table 2.1: Examples of weight functions and projection methods
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2.2 Galerkin Projection

Galerkin projection remains a standard projection method in the context of finite element methods,

in which the test functions, v(x), are chosen to lie in the same functional space as the global basis

functions, Φ(x). To demonstrate the Galerkin projection method, we consider that the differential

operator earlier in equation (2.1) is a 1D Helmholtz equation,

L[u(x)] ≡
∂2u(x)

∂x2
− λu(x) + f(x) = 0, x ∈ Ω := [0, l] (2.5a)

u(0) = gD,
∂u

∂x

∣
∣
∣
x=l

= gN . (2.5b)

where λ is a real positive constant, f(x) is a forcing function, and Ω refers to the spatial domain

bounded between 0 and l. To ensure that the problem is well posed, Dirichlet and Neumann boundary

conditions, gD and gN , are imposed at x = 0 and x = l, respectively. Equation 2.5 is commonly

referred to as the strong or classical form.

The subsequent step is to take the inner product of the equation (2.5) with a test function, v(x),

that satisfies the homogeneous Dirichlet boundary conditions by definition, i.e. v(0) = 0, and setting

the inner product to zero,

(v(x), L[u(x)]) =

∫ l

0

v(x)

[
∂2u(x)

∂x2
− λu(x) + f(x)

]

dx = 0, (2.6)

akin to applying the method of weighted residuals (§2.1). Next, we perform integration by parts,

∫ l

0

∂v

∂x

∂u

∂x
dx+

∫ l

0

λvu dx

︸ ︷︷ ︸

a(v,u)

=

∫ l

0

vf dx+

[

v
∂u

∂x

]l

0
︸ ︷︷ ︸

f(v)

. (2.7a)

a(v, u) = f(v). (2.7b)

Equation (2.7a) is typically referred to as the weak 1 form of equation (2.5). The weak form can

be represented in compact notation in equation (2.7b), where a(v, u) is bilinear and symmetric. In

structural mechanics, a(u, u) is commonly referred to as the strain energy. To ensure that the strain

energy is finite, we restrict the choice of solutions u(x) to lie in the solution space,

U := {u | u ∈ H1(Ω), u(0) = gD}, (2.8)

where u ∈ H1 refers to functions of u belonging to the Sobolev space of order 1, and satisfying the

Dirichlet condition, u(0) = gD, at x = 0.

1The notions of the weak and strong forms refer to the smoothness (regularity) required of admissible solutions. In the
weak formulation, the highest derivative involved is up to first-order, so the solution space is H1. This space is generally
larger than that of the strong formulation, which required u ∈ H2(Ω). Since H2(Ω) ⊂ H1(Ω), the weak formulation
imposes a less stringent constraint on the solution space of admissible functions.
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Definition 2.2.1 (Sobolev space). We define Sobolev space of order n ≥ 1 on Ω,

Hn(Ω) = {u | u ∈ L2(Ω), D
αu ∈ L2(Ω), ∀α : α ≤ n},

whereDαu refers to derivatives up to order α and L2(Ω) refers to functions that are square integrable.

Definition 2.2.2 (L2 space). The space L2(Ω) refers to functions that are square integrable,

(u, u)L2
=

∫

Ω

|u(x)|2 dΩ <∞. (2.9)

In other words, H1 functions satisfy the condition that the integral of the square of the function

and its first derivative is finite, consistent with the highest order derivative in the weak formulation of

equation (2.6). Similarly, the space of test functions, V , is defined as

V := {v | v ∈ H1, v(0) = 0}, (2.10)

where v ∈ H1 refers to test functions belonging to the Sobolev space of order 1, and is defined to be

zero, v(0) = 0, on the Dirichlet boundary condition, x = 0. The generalised weak form is finding

u(x) ∈ U , such that

a(v, u) = f(v), ∀v ∈ V . (2.11)

At this point, function spaces U and V contain infinitely many possible functions and equation (2.11)

is therefore infinite-dimensional. To obtain an approximate solution, uδ(x), we restrict ourselves to

finite dimensional subspaces, U δ ⊂ U , and Vδ ⊂ V . Then, the problem is to find uδ ∈ U δ, such that

a(vδ, uδ) = f(vδ), vδ ∈ Vδ. (2.12)

The subspaces uδ ∈ U δ and vδ ∈ Vδ are not the same (compare the Dirichlet boundary conditions

of equations (2.8) and (2.10)), necessary for the standard Galerkin projection procedure where they

should lie in the same subspace. To ensure that they belong to the same space, we lift the solution uδ

into two parts,

uδ = uH + uD. (2.13)

where uH ∈ Vδ satisfies the homogeneous Dirichlet condition (e.g. is zero on Dirichlet boundaries),

belonging to the same subsapce as vδ ∈ Vδ, while uD ∈ U δ satisfies the Dirichlet boundary conditions

uD(0) = gD. Finally, the standard Galerkin projection method is to solve

a(vδ, uH) = f(vδ)− a(vδ, uD). (2.14)

This concludes the classical Galerkin formulation, where we have converted a continuous PDE into

a discrete problem amenable to standard direct or iterative linear solvers. Under certain assumptions

of a, a solution is guaranteed under the Lax-Milgram theorem (Lax & Milgram, 1955). The order

in which we perform integration by parts, followed by defining the finite solution space, is crucial.

Reversing this order can introduce jumps in the solution derivatives between the element boundaries.
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2.3 Spectral/hp element method

While the procedure for approximating a solution of a PDE using the classical Galerkin projection

technique has been described, the spatial discretisation scheme, related to the choice of basis (and test)

functions, remains undiscussed.

In this section, we introduce the spectral/hp element method (Patera, 1984), a spatial discretisation

scheme in which the solution domain is partitioned into a set of non-overlapping finite elements of

size h, within which the solution is represented as a linear combination of continuous orthogonal

polynomial functions up to order P . This approach combines the geometric flexibility of classical

finite-element methods (Strang & Fix, 2008), which allow complex geometries to be represented, with

the exponential convergence properties of spectral methods (Gottlieb & Orszag, 1977). For the reasons

above, the spectral/hp element method provides an attractive framework for approximating PDE

solutions at a given cost, as we shall see later. This section is organised as follows: domain partition,

standard elements, assembly process, modal and nodal expansion functions, numerical integration

and differentiation, a 1D example, before concluding with error properties of the spectral/hp element

method.

2.3.1 Domain partition

The first step concerns partitioning the domain into a set of finite elemental regions. We consider an

example in one dimension within Ω, and partition it into a set of Nel elements, where Ωe refers to the

elemental partitions with 1 ≥ e ≥ Nel, such that they meet at their boundaries and do not overlap,

Ω =

Nel⋃

e=1

Ωe, where
Nel⋂

e=1

Ωe = ∅ (2.15)

where the eth element is defined as

Ωe = {x | xe−1 ≥ x ≥ xe}. (2.16)

Each element can be represented by a linear combination of orthogonal basis expansions. The basis

expansions can be either modal or nodal expansions, as we shall see later.

2.3.2 Standard Elements

In general, we expect to work with non-uniform elements that may have arbitrary lengths. To simplify

the formulation, it is convenient to define a standard element,

Ωst = {ξ | − 1 ≥ ξ ≥ 1}, (2.17)

where Ωst refers to the standard element defined in local coordinates, ξ ∈ [−1, 1]. Within this standard

element, the formulation of basis expansions, as well as differential and integration operations, can be

carried out in the local coordinate system ξ, before mapping the solution back to the global domain,
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Figure 2.1: A spectral/hp element representation of u(x), consisting of three non-overlapping finite
elements, each containing a linear combination of local expansion bases of up to P = 2.

x. We can map the standard element into any arbitrary global coordinates based on a linear mapping

χe : Ωst → Ω,

x = χe(ξ) =
1− ξ

2
xe +

1 + ξ

2
xe+1, ξ ∈ Ωst (2.18)

which for this case has an analytical inverse, (χe)−1(x),

ξ = (χe)−1(x) = 2
x− xe−1

xe − xe−1

− 1, x ∈ Ωe. (2.19)

For illustration purposes, we consider that the standard element can be represented by three local basis

expansions of polynomial order of up to P = 2:

φe
0(ξ) =

1− ξ

2
, φe

1(ξ) = (1 + ξ)(1− ξ), φe
2(ξ) =

1 + ξ

2
, (2.20)

where φe
0, φ

e
2 and φe

1 refer to the linear and quadratic local basis expansions of the eth element. These

local basis expansions is illustrated in figure 2.1. The approximate solution is now represented as

uδ(x) =

Nel∑

e=1

P∑

i=0

ûeiφ
e
i (ξ). (2.21)
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where ûei refers to the local expansion basis coefficients. The approximate solution, uδ(x), now lie

within the solution space U δ defined as

U δ :=
{
uδ
∣
∣uδ ∈ H1, uδ(χe(ξ)) ∈ φe

i (ξ), ∀i : 0 ≤ i ≤ P, ∀e : 1 ≤ e ≤ Nel

}
(2.22)

We note that the local basis expansions shown here are not strictly orthogonal polynomials. By

modifying them with Jacobi polynomials, they may become orthogonal as P increases, as shown later.

2.3.3 Global assembly

In this section, we introduce the concept of global assembly (or direct stiffness summation) which

relates the global basis expansions (equation (2.2)), Φi(x), to the local basis expansions (equation

(2.21)), φe
i (x), where the solution can be approximated using either formulation,

uδ(x) =
N−1∑

i=0

ûiΦi(x) =

Nel∑

e=1

P∑

i=0

ûeiφ
e
i (χ

e(ξ)). (2.23)

In general, we can represent the global and local basis coefficients each as a column vector,

ûg =










û0

...

ûN










, ûl =










û0

...

ûNel−1










, (2.24)

where ûe = (ûe0, ..., û
e
P )

T , ûg ∈ RN , ûl ∈ RNloc and Nloc = Nel(P + 1). As there can be more local

degrees of freedom than global degrees of freedom,Nloc > N , we need to impose some conditions on

the local expansion coefficients. One approach is to enforce C0 continuity across element boundaries,

known as the continuous Galerkin projection. Following the definition of local basis expansions in

equation (2.20), we can enforce the solution to be equivalent at the elemental boundary using the

condition

ûe−1
P = ûe0. (2.25)

The graphical representation of this condition enforcingC0 continuity between the element boundaries

for three finite elements with P = 2 local basis expansions, and the relationship between global and

local basis coefficients are shown in figure 2.2. We can relate the global and local basis coefficients

with an assembly matrix, A ∈ RNloc×N ,

ûl = Aûg. (2.26)
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Figure 2.2: A graphical representation ofC0 across elemental boundaries and the relationship between
local basis coefficients, ue0, u

e
P , and global basis expansions, ui.

In the case of P = 2 and three finite elements ,as in the case of figures 2.1and 2.2, the assembly matrix

and the vectors of global and local basis coefficients are given as

ûl =





















û10

û11

û12

û20

û21

û22

û30

û31

û32





















, A =





















1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1





















and ûg














û0

û1

û3

û4

û5

û6














, (2.27)

The assembly matrix A ‘scatters’ the global degrees of freedom to local degrees of freedom, while

the transpose of it, AT , performs the reverse, referred to as global assembly. For example, we wish to

perform integration in the domain Ω,

Ig[j] = (Φj(x), u
δ(x)), (2.28)
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where Ig ∈ RN refers to a vector containing the integral between Φi(x) and uδ(x). This is related to

first performing integration using local expansion basis within standard elements, and then assembling

using AT ,

Ig = AT Il, (2.29a)

where,

Ig =










I0

...

INg−1










, Il =










I0

...

INel−1










, with Ie =










∫ 1

−1
φe
0(ξ)u(χ

e)dχ
e

dξ
dξ

...

∫ 1

−1
φe
P−1(ξ)u(χ

e)dχ
e

dξ
dξ










, (2.29b)

and Il ∈ RNloc refer to the vector of integration operations performed within a standard element. In the

spectral/hp element approach, we perform integration and differentiation using local basis expansions

within a standard element. After doing so, we assemble the local operations from the standard element

to the global domain by using AT , as we shall show later using a 1D example. We note that the

structure of the assembly matrix is generally sparse, where the entries either contain 0, 1 or -1 in

multidimensional formulation. Therefore, the assembly matrix is not constructed in practice, and a

mapping array is used instead.

2.3.4 Local basis expansions

The choice of local basis expansions, φe
i (ξ), concerns the representation of the solution, and the

convergence properties of the numerical solver, in particular, the condition number of the mass and

Laplacian matrices. In general, the local basis expansions can be classified into two groups, either

modal or nodal expansions.

2.3.4.1 Modal expansions

Modal expansions, or hierarchical expansions, describes a set of expansion basis where an expansion

set (X δ
P−1) of order P − 1, is contained within a set (X δ

P ) of order P , e.g. X δ
P−1 ⊂ X

δ
P . An

example of modal expansions is the Jacobi polynomials, Pα,β
p (x), representing a family of solutions

to the Sturm-Liouville problem within x ∈ [−1, 1]. The Jacobi polynomials become symmetric for

α = β, referred to as ultraspherical polynomials. Special cases of ultraspherical polynomials are

the Legendre polynomials, α = β = 1, and the Chebyshev polynomials, α = β = 1/2. Within the

Nektar++ framework, we utilise the modified basis, based on Jacobi polynomials that are modified

(hence the name),

φp(ξ)→ ψp(ξ) =







1−ξ
2

for p = 0

(
1−ξ
2

) (
1+ξ
2

)
P 1,1
p−1(ξ) for 0 < p < P

1+ξ
2

for p = P,

(2.30)
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Figure 2.3: The modified basis for up to P = 5 normalised to −1 ≤ ψp ≤ 1.

We note that φp(ξ) refers to a general local expansion basis while ψp(ξ) refers to the definition of the

modified basis. The one-dimensional expansion modes of the modified basis of up to P = 5 is shown

in figure 2.3. The linear modes, corresponding to p = 0 and p = P , are the only expansions that have

a magnitude at the boundaries, referred to as boundary modes. The modified basis for 0 < p < P is

hierarchical and has non-zero values except at the boundaries, referred to as interior/bubble modes.

Decomposing the local expansions into interior and boundary modes essentially via a partition of

unity ensures that the linear modes, P = 1, support the C0 continuity across element boundaries. So

strictly speaking, the modified basis is only modal for P > 1.

2.3.4.2 Nodal expansions

Nodal expansions are basis expansions that are non-hierchical, X δ
P−1 6⊂ X

δ
P . An example of nodal

expansions is the Lagrange polynomials,

φp(ξ)→ hp(ξ) =

∏P
q=0,q 6=p(ξ − ξq)

∏P
q=0,q 6=p(ξp − ξq)

(2.31)

The Lagrange polynomials, hp(ξ), are particularly attractive as it has a unit value at discrete nodal

values, ξq, and zero everywhere else, hp(ξq) = δpq, which implies that

uδ(ξq) =
P∑

p=0

ûphp(ξq) =
P∑

p=0

ûpδpq = ûq, (2.32)

where the Lagrange coefficient ûq is the same as the value evaluated at the node ξq. The nodal values,

ξq, are based on the Gauss-Lobatto-Legendre (GLL) points, which will be defined later in §2.3.5. The

nodal distribution based on GLL points is crucial for obtaining well-behaved Lagrange polynomials, as

the use of equispaced nodal points leads to oscillations between nodes. Figure 2.4 presents Lagrange
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expansions evaluated along the GLL points.
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Figure 2.4: Lagrange polynomials for P = 5 with nodal values along GLL points.

2.3.4.3 Multi-dimensional expansions

We have introduced modal and nodal expansions in one dimension, and their extension to multi-

dimensional bases can be generalised using a tensorial expansion of the local expansion bases. The

standard element in a two dimensional quadrilateral, Q2, and a three dimensional hexahedral H3, are

given as

Q2 = {−1 ≤ ξ1, ξ2 ≤ 1}, H2 = {−1 ≤ ξ1, ξ2, ξ3 ≤ 1} (2.33)

where ξ1, ξ2, ξ3 refers to the local coordinates in multi-dimensions. Thus, the multi-dimensional

expansion bases for quadrilaterals and hexadrals using modified bases are simply a tensor product of

the one-dimensional modified bases,

φpq(ξ1, ξ2) = ψq(ξ1)ψq(ξ2), and φpqr(ξ1, ξ2, ξ3) = ψq(ξ1)ψq(ξ2)ψr(ξ3). (2.34)

An example of the modal tensorial bases, for p = q = 4 in a standard quadrilateral element in

shown in figure 2.5. While we have discussed the tensorial expansions for regular domains such

as the standard quadrilateral and hexahedral elements, the extensions for simplex domains such as

triangles, tetrahedra, prisms, and pyramids commonly used to represent complex geometries are

less straightforward. The challenge for simplexes is that the local coordinates, ξ1, ξ2, ξ3, become

dependent, where a direct tensorial expansion becomes unwieldy. Instead, a collapsed coordinate

system is introduced, providing a transformation from a standard simplex element to a standard

regular element. In this thesis, we utilise quadrilateral elements. The reader is referred to Karniadakis

& Sherwin (2005) for more details about the multi-dimensional formulation of regular and simplex

elements.
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Figure 2.5: Two dimensional modified basis with p = q = 4 in a standard quadrilateral,−1 ≤ ξ1, ξ2 ≤
1. The modified bases are normalised to −1 ≤ φpq ≤ 1.

2.3.5 Gaussian quadrature

In the Galerkin formulation, we routinely perform integration over the basis functions and therefore

seek an efficient numerical technique. Suppose we want to approximate the integral of a function,

u(ξ), in a standard element numerically given as

∫ 1

−1

u(ξ) dξ =

Q−1
∑

i=0

wiu(ξi) +R(u). (2.35)

The premise is determine the optimal number of quadrature points, Q, integration weights, wi, and

zeros, ξi, in which the integral error, R(u), can be minimised. If u(ξ) is of polynomial order of P ,

we may expect that we require at least P + 1 equipspaced points to represent u(ξ) sufficiently. Using

Gaussian quadrature rules, we can approximate an integral of a function of order P , with far fewer

than P + 1 points, with specific integration weights and zeros. In general, Gaussian quadrature rules

can be grouped into three categories: Gauss, Gauss-Radau and Gauss-Lobatto quadrature. The main
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difference between the three categories is in the inclusion of the endpoints. The Gauss quadrature

rule evaluates the integral without the endpoints ξ = ±1. The Gauss-Radau quadrature rule either

selects one of the endpoints, often at ξ = −1. The Gauss-Lobatto quadrature rule considers both

endpoints. We will only focus on describing the Gauss-Lobatto quadrature rules and the zeros of

Jacobi polynomials, known as the Gauss-Lobatto-Jacobi quadrature rules, given as

ξα,βi =







−1 i = 0,

ξα+1,β+1
i−1,Q−2 i = 1, ..., Q− 2,

1, i = Q− 1,

(2.36a)

wα,β
i =







(β + 1)Cα,β
0,Q−2, i = 0,

Cα,β
i,Q−2, i = 1, ..., Q− 2,

(α + 1)Cα,β
Q−1,Q−2, i = Q− 1,

(2.36b)

Cα,β
i,Q−2 =

2α+β+1Γ(α +Q)Γ(β +Q)

(Q− 1)(Q− 1)!Γ(α + β +Q+ 1)[Pα,β
Q−1(ξi)]

2
(2.36c)

where wα,β
i , ξα,βi are the zeros (or sometimes referred to as quadrature points), and weights of the

Gauss-Lobatto-Jacobi quadrature rules, and Γ refers to the Gamma function. For α = β = 0, the

quadrature points are known as the Gauss-Lobatto-Legendre (GLL) points, typically employed for

Lagrange polynomials to ensure stability. By evaluating the discrete integral (equation (2.35)) using

the zeros and integrations weights (equation (2.36)), we can obtain an exact integral of the function

u(ξ), of polynomial order P , with at least Q ≥ (P + 3)/2 quadrature points.

2.3.6 Numerical differentiation

In the same fashion as Gaussian quadrature rules, we want to evaluate the derivative of a function,

uδ(ξ), numerically. Suppose that we want to differentiate in x using local coordinates given as

duδ(ξ)

dx
=

duδ(ξ)

dξ

dξ

dx
=

P∑

p=0

ûp
dφp(ξ)

dξ

dξ

dx
, (2.37)

where dξ/dx is the jacobian. The primary step involves evaluating the derivative of the local

expansion bases, dφp(ξ)/dξ. By exploiting the Kronecker delta property of Lagrange polynomials,

any polynomial can be conveniently represented by a sum of Lagrange polynomials. Suppose that

the solution has polynomial order P , we can represent it exactly with P + 1 Lagrange polynomials,

φp(ξ)→ hp(ξ). Its derivative through Q ≥ P + 1 discrete nodal points, ξi for all i = 0, 1, . . . , Q− 1,

is expressed as

duδ(ξ)

dξ

∣
∣
∣
ξ=ξi

=
P∑

j=0

ûj
dhj(ξ)

dξ

∣
∣
∣
ξ=ξi

=
P∑

j=0

dijûj, (2.38)
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where D = [dij] ∈ RQ×Q refers to the differential matrix containing values of the derivative of the

Lagrange polynomials at the quadrature points. Since we are evaluating the derivative along nodal

(collocated) points, it is referred to as collocation differentiation. The general form for collocation

differentiation based on Lagrange polynomials can be expressed as

dij =
dhj(ξ)

dξ

∣
∣
∣
ξ=ξi

=







g′Q(ξi)

g′
Q
(ξj)

1
ξi−ξj

, i 6= j,

g′′Q(ξi)

2g′
Q
(ξi)
, i = j,

gQ(ξ) =

Q−1
∏

j=0

(ξ − ξj). (2.39)

Since dij only depends on the choice of zeros, alternative forms of g′q(ξj) and g′′q (ξj) for a choice

of zeros can be found in Appendix C of Karniadakis & Sherwin (2005). To perform collocation

differentiation using a modal basis such as the modified basis, uδ(ξ) =
∑P

j=0 ûiψi(ξ), we need to

represent the solution in nodal coordinates,

duδ(ξ)

dξ

∣
∣
∣
ξ=ξi

=
d

dξ

P∑

j=0

ûjψj(ξ)
∣
∣
∣
ξ=ξi

= DBû, (2.40)

where B ∈ RQ×(P+1) refers to the standard matrix which transforms the solution from coefficient

space, û ∈ RP+1, to nodal space, u ∈ RQ, known as the backwards transform operation, u = Bû.

2.3.7 Example in 1D

We have outlined the basic formulation of spectral/hp element methods in a single dimension. To con-

clude the section on spectral/hp element methods, we will describe its solution procedure, converting

the weak form of the Helmholtz equation into a system of linear equations, and introduce the mass

and Laplacian matrices. Starting from the weak form,

λ

∫

vu dx+

∫
∂v

∂x

∂u

∂x
dx =

∫

vf dx+

[

v
du

dx

]l

0

, x ∈ [0, l], (2.41a)

with boundary conditions,

u(0) = gD,
du

dx

∣
∣
∣
x=l

= gN . (2.41b)

We wish to seek the approximate solution u(x) ≈ uδ(x). Suppose they can be discretised by

spectral/hp elements with Nel elements and P + 1 local expansion basis,

uδ(x) =
N∑

i=0

ûiΦi(x) =

Nel∑

e=1

P∑

i=0

ûeiφ
e
i (ξ), (2.42a)

with test functions similarly defined as

vδ(x) =
N∑

i=0

v̂iΦi(x) =

Nel∑

e=1

P∑

i=0

v̂eiφ
e
i (ξ) (2.42b)

Substituting the expansions of uδ, vδ into the weak form (equation (2.41a)) and evaluating the first
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term on the left-hand side using numerical quadrature over Q quadrature points within a standard

region, the eth elemental contribution becomes

∫ 1

−1

P∑

i=0

v̂eiφ
e
i (ξ)

P∑

j=0

ûejφ
e
j(ξ)

dχe

dξ
dξ =

Nel−1∑

e=0

Q−1
∑

q=0

[
P∑

i=0

v̂eiφ
e
i (ξq)

P∑

j=0

ûejφ
e
j(ξq)

]

Jewe
q (2.43)

= (v̂e)T (Be)TWeBeûe

= v̂TMeûe

where the elemental mass matrix is defined as

Me = (Be)TWBe ∈ R
(P+1)×(P+1). (2.44)

Here, Be ∈ RQ×(P+1) refers to the elemental basis matrix, and We ∈ RQ×Q, the elemental weight

matrix, a diagonal matrix consisting of the product between integration weights, we
q , and the element’s

jacobian, Je = dχe

dξ
, where

Be =










φe
0(ξ0) · · · φe

P (ξ0)

...
. . .

...

φe
0(ξQ) · · · φe

P (ξQ)










and We =










we
0J

e 0

. . .

0 we
Q−1J

e










. (2.45)

Next, we evaluate the eth elemental contribution of the second term on the left-hand side,

∫ 1

−1

P∑

i=0

v̂ei
dφe

i

dξ

P∑

j=0

ûej
dφe

j

dξ

(
dχe

dξ

)−1

dξ =

Nel−1∑

e=0

Q
∑

q=0

[
P∑

i=0

v̂eiD
e
qiφ

e
i (ξq)

P∑

j=0

ûejD
e
qjφ

e
j(ξq)

]

we
q

Je

(2.46)

= (Je)−1v̂T (Be)T (De)TWeDeBeûe

= (Je)−1v̂TLeûe

where the elemental Laplacian matrix is defined as

Le = (Je)−1(Be)T (De)TWDeBe ∈ R
(P+1)×(P+1), (2.47)

and De ∈ RQ×Q refers to the differential matrix defined in equation (2.39). Moving onto the first term

on the right hand side,

∫ 1

−1

P∑

i=0

v̂eiφ
e
i (ξ)f

e(ξ)
dχe

dξ
dξ =

P∑

q=0

P∑

i=0

v̂eiφ
e
i (ξq)f

e(ξq)J
ewe

q, (2.48)

= v̂T (Be)TWef e

= v̂T f̂ e,
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where f̂ e is the elemental forcing vector. By assembling all elemental contributions, 1 ≤ e ≤ Nel, we

obtain the local system of linear equations,











[

λM1 + L1

]

· · · 0

...
. . .

...

0 · · ·

[

λMNel + LNel

]




















û1

...

ûNel










=










f̂1

...

f̂Nel










(2.49a)

or in compact form,

[λMl + Ll]ûl = f̂l. (2.49b)

where Ml ∈ RNel(P+1)×Nel(P+1),Ll ∈ RNel(P+1)×Nel(P+1), ûl ∈ RNel(P+1) and f̂l ∈ RNel(P+1) refers to

the local mass matrix, local laplacian matrix, vector of local expansion coefficients and local forcing

vector. To enforce C0 continuity across elemental boundaries, we pre-multiply equation (2.49) with

the assembly map, AT , and express local coefficients as global coefficients,

AT [λMl + Ll]Aûg = AT f̂ . (2.50)

Finally, we consider the boundary conditions by lifting uδ(x) = uH(x) + uD(x),

AT [λMl + Ll]AûH
g = AT f̂ +AT [λMl − Ll]AûD

g . (2.51)

We then solve this system for the homogeneous coefficients ûH
g .

2.3.8 Error properties

Suppose we consider P +1 orthogonal polynomials spanning the polynomial space of PP , the energy

norm of the error, ||ε||E = ||u(x)− uδ(x)||E 2 for element size of h and polynomial order P , satisfies

the convergence property (Babuška & Suri, 1994),

||ε||E ≤ Chµ−1P−(k−1)||u||k, (2.52)

where µ = min(k, P +1), andC is independent of h, P and u. To illustrate this convergence property,

we consider the exact solution u = sin(πx) of the 1D Helmholtz problem on the domain x ∈ [−1, 1]

with Dirichlet boundary conditions on both ends and λ = 1. This convergence property arising from

the h- and p-type refinements is shown in figure 2.6. To ensure consistency between the two types

of refinement, the number of degrees of freedom, Ndof , is shown on the abscissa, which scales as

O(h) ∼ O(N−1
dof ) and O(p) ∼ O(Ndof ). For h-refinement, the number of elements is doubled on

a mesh with fixed polynomial order P = 1, demonstrating algebraic convergence, ||ε||E ∼ O(h) in

figure 2.6(a). For p-refinement, the polynomial order P is increased on a mesh with two equispaced

elements, showing exponential convergence, ||ε||E ∼ O(cp) where c is a constant, in figure 2.6(b).

2The energy norm is defined as ||u||E =
√

a(u, u), where a(u, u) is the bilinear operator introduced in equation (2.7b).
It is a measure of functions belonging to the energy space which are H1 functions.
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Figure 2.6: Convergence properties of an exact solution u = sin(πx) to a 1D Helmholtz equation
with λ = 1 and Dirichet boundary conditions at x ∈ [−1, 1]. h-type refinement is performed on a
mesh with fixed P = 1 and decreasing h (increasing elements), demonstrating algebraic convergence
in a log-log plot of (a). p-type refinement is performed on a mesh with equi-spaced two elements and
increasing P , demonstrating exponential convergence on a semi-log plot of (b).

2.4 Numerical methods for solving the Navier-Stokes equations

2.4.1 Velocity Correction Scheme

The spatial discretisation of the Helmholtz operator and its numerical solution procedure have been

discussed using the spectral/hp element methods. Here, we describe the numerical methods that are

used to solve the Navier-Stokes equations given as

∂u

∂t
+ (u · ∇)u = −∇p+ ν∇2u+ f (2.53a)

∇ · u = 0, (2.53b)

with boundary conditions,

u = 0, on ∂Ω. (2.53c)

In the above, the primitive variables are velocity and pressure (u, p), and we assumed unit density,

ρ = 1, with the kinematic viscosity appearing as the control parameter. The time evolution of velocity

is explicitly expressed in equation (2.53a), but does not appear for the pressure, which is coupled to

the velocity field, enforcing the incompressibility condition. Several strategies exist for addressing the

coupled velocity-pressure fields by

1. Solving the coupled system, such as the Uzawa algorithm,

2. Splitting methods,

We adopt splitting methods, which decompose the Navier-Stokes equations into subproblems and

solve them sequentially. These methods, which belong to the broader family of projection methods
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introduced by Chorin (1967) and Témam (1969), can be further classified as pressure-correction

or velocity-correction schemes. This thesis employs the use of the high-order velocity-correction

scheme introduced by Karniadakis, Israeli & Orszag (1991) and further explained by Guermond &

Shen (2003). We rewrite the incompressible Navier-Stokes equations in semi-discrete form using

linear and nonlinear operators as

∂u

∂t
= N(u)−∇p+ νL(u), (2.54a)

∇ · u = 0, (2.54b)

with boundary conditions,

u|Ω = 0, u(t = 0) = u0. (2.54c)

The nonlinear, N, linear, L, operators are obtained from a suitable spatial-discretisation method such

as the spectral/hp element method. The nonlinear and linear operators are defined as

N(u) ≡ −(u · ∇)u, L(u) ≡ ∇2u, (2.55)

To minimise aliasing errors in the quadratic nonlinear terms, we perform numerical integration by

increasing the number of quadrature points to Q ≥ (P + 3)/2. To advance the velocity at time step,

un, to the next time step, un+1, we integrate equation (2.54) over a time step ∆t,

un+1 − un =

∫ tn+1

tn

N(u) dt

︸ ︷︷ ︸

∆t
∑Je−1

q=0
βqN(un−q)

−

∫ tn+1

tn

∇p dt

︸ ︷︷ ︸

∆t∇p̄n+1

+ ν

∫ tn+1

tn

L(u) dt

︸ ︷︷ ︸

∆t
∑Ji−1

q=0
γqL(un+1−q)

. (2.56)

The velocity correction scheme ‘splits’ equation (2.54) into three steps shown as underbraces, which

are evaluated successively from left to right. The first step we perform is to extrapolate the advection

velocities, by approximating the nonlinear terms using an explicit scheme such as the Adams-Bashforth

family of Je-th order,
û−

∑Je−1
q=0 αqu

n−q

∆t
=

Je−1∑

q=0

βqN(un−q), (2.57)

where û is denotes the primary intermediate velocity field desired and αe, βe refers to the time

integration coefficients for a prescribed Je-th order, described later. After evaluating û, we move onto

the second term in equation (2.56), which defines the pressure at time step n+ 1 as

ˆ̂u− û

∆t
= −∇pn+1. (2.58)

ˆ̂u denotes as the secondary intermediate velocity. In this single equation, we seek to obtain two

unknown solutions, ˆ̂u and pn+1. The splitting method assumes that the secondary intermediate

velocity is divergence free, ∇ · ˆ̂u = 0, and satisfies the Dirichlet boundary conditions normal to the
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boundary, ˆ̂u · n = u|Ω · n. By considering the assumptions above and the divergence of equation

(2.58), we obtain the pressure Poisson equation with the primary intermediate velocity acting as the

forcing term,

∇2pn+1 = ∇ ·

(
û

∆t

)

(2.59a)

and boundary conditions,

∂pn+1

∂n
= n ·

(
ˆ̂u− û

∆t

)

. (2.59b)

While the pressure boundary condition (2.59b) is straightforward to evaluate, it is sensitive to large

splitting errors (Karniadakis, Israeli & Orszag, 1991). To overcome this, we consider a high-order

boundary condition of pressure, obtained from equation (2.54a),

∂pn+1

∂t
= −

Je−1∑

q=0

βq

[
1

∆t
un−q + ν[∇× (∇× un−q)] + (un−q · ∇)un−q

]

· n. (2.60)

Notably, the linear operator is expressed as L(u) = ∇(∇ · u)−∇× (∇× u), where the divergence

is set to zero, favouring numerical stability (Orszag, Israeli & Deville, 1986; Karniadakis, Israeli &

Orszag, 1991). Je is the order the explicit scheme as in equation (2.57). After solving for the pressure

Poisson equation, the secondary intermediate velocity could be subsequently obtained using equation

(2.58). After which, we can move on to the final substep in equation (2.56), by solving a Helmholtz

equation for un+1,

γ0u
n+1 − ˆ̂u

∆t
= ν

Ji−1∑

q=0

γqL(u
n+1−q), (2.61)

where the linear terms are treated based on a family of Adams-Moulton implicit schemes and Ji, γq

denotes the order of the scheme and time integration coefficients, completing the velocity correction

scheme. The time integration coefficients are determined from stiffly stable schemes shown in table

2.2, an improvement from the Adams-family schemes (Karniadakis, Israeli & Orszag, 1991). The

Coefficients 1st order 2nd order 3rd order
γ0 1 3/2 11/6
α0 1 2 3
α1 0 -1/2 -3/2
α2 0 0 1/3
β0 1 2 3
β1 0 -1 -3
β2 0 0 1

Table 2.2: Integration coefficient of stiffly stable schemes from Karniadakis, Israeli & Orszag (1991).

high-order velocity correction scheme can be summarised in a three-step process of the following:

un N(un)
−−−−−−−→ û

∇2p
−−−−−−→ ˆ̂u

L(ˆ̂u)
−−−−−−→ un+1,

evolving the velocity fields at time step n to n+ 1.
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2.4.2 Fourier spectral/hp modes

Fourier-Chebyshev-Fourier type discretisation has been recognised as the preferred method for per-

forming direct numerical simulations (DNS) of transitional or turbulent incompressible channel flows

(Kim, Moin & Moser, 1987) owing to its efficient representation of the inhomogeneous wall-normal

directions and the homogeneous streamwise and spanwise directions, using Chebyshev and Fourier

expansions, respectively.

The Fourier spectral/hp element method is related to this approach, where the homogeneous

and the inhomogeneous directions are represented by Fourier expansions and spectral/hp elements,

respectively. This approach is commonly referred to as the Quasi-3D (2.5D) approach, which allows the

representation of a single homogeneous direction with two inhomogeneous directions. For example, in

turbulent channel flows with riblets, Fourier expansions are used to represent the periodic streamwise

direction, while the spectral/hp elements are used to discretise the spanwise and wall-normal directions.

In the analysis of three-dimensional wakes of cylinders, the span is treated via Fourier expansions.

In this thesis, we routinely use the Quasi-3D approach, consisting of 2D spectral/hp elements with

1D Fourier expansions, which discretise the cross-stream plane and the streamwise flow, respectively.

The velocity and pressure in the spectral/hp plane are described by two-dimensional modified bases

with Fourier expansions,

[

uδ(x, y, z, t)

pδ(x, y, z, t)

]

=
Nz−1∑

k=0

P∑

p=0

P∑

q=0

ψp(x)ψq(y)e
ikβz

[

ûp,q,k(t)

p̂p,q,k(t)

]

=
N−1∑

k=0

eikβz

[

ũk(x, y, t)

p̃k(x, y, t)

]

(2.62)

where β = 2π
Lz

is the spanwise wavenumber, Lz the spanwise length, Nz the number of Fourier

expansions. Substituting equation 2.62 into the Navier-Stokes equations and taking the Fourier

transform (equivalently to the Galerkin projection with respect to Fourier expansion as a test function)

yields a system of Nz decoupled equations, amenable to parallel processing,

∂ũk

∂t
= −∇̃kp̃k + ν(∇2

x,y − k
2β2)ũk − ̂[(u · ∇)u]k (2.63a)

−kβ∇̃ · ũk = 0, k = 0, ..., Nz − 1 (2.63b)

where ∇̃k = ( ∂
∂x
, ∂
∂y
, ikβ), ∇2

x,y = ( ∂2

∂x2 ,
∂2

∂y2
) and ̂[(u · ∇)u]k refers to the kth Fourier component of

the nonlinear term.

2.4.3 Maintaining fluid flow through a channel

In general, there are two approaches to drive a fluid flow through a channel, either by maintaining a

constant pressure drop or a constant volumetric flux (flow rate). This difference is illustrated in figure

2.7, whereby the flow through the channel is driven by a constant pressure drop from an elevated

reservoir of constant height h in figure 2.7(a), while a piston moves at a constant speed rightwards,

drawing fluid through the channel at a constant volumetric flux in figure 2.7(b).
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Figure 2.7: (a) Flow rate driven by a pressure gradient from a reservoir elevated by h. (b) Flow driven
by a piston at a constant flow rate.

2.4.3.1 Constant pressure gradient via body-forcing

We decompose the pressure as

p(x) = p̃(x)− fxx, (2.64)

where p, p̃, fx refer to the pressure, consisting of a sum of a periodic component of pressure (i.e. p̃(x+

Lx) = p̃(x) where Lx is the streamwise length of the computational domain) and a constant pressure

gradient, respectively. This decomposition is used when p̃ is represented by Fourier expansions in

the homogeneous direction. Substituting this decomposition into the streamwise component of the

Navier-Stokes equations yields

∂u

∂t
+ (u · ∇)u = −

∂p̃

∂x
+ ν∇2u+ fx. (2.65)

The constant pressure gradient fx appears as a body force. The central question then concerns the

magnitude of the body force (or pressure gradient) required to maintain either laminar or turbulent

flow. To proceed, we decompose the streamwise velocity field into mean and fluctuating components,

u(x, y, t) = U(y) + u′(x, y, t), (2.66)

where U(y) = 〈u〉 refers to the averaged velocity and 〈·〉 = 1
TLxLz

∫
· dzdxdt refers to the temporal

and span-averaged operator. The fluctuating component is defined with an average of 0, i.e. 〈u′〉 = 0.

Next, we substitute this decomposition into equation (2.65), and perform the averaging operation,

〈

∂(U + u′)

∂t
+ (U + u′)

∂(U + u′)

∂x
+ (V + v′)

∂(V + v′)

∂y

= −
∂(P + p′)

∂x
+ ν∇2(U + u′) + Fx + f ′

x

〉

.

(2.67)

For a statistically stationary turbulent (or laminar) channel flow with periodic streamwise boundary

conditions, we can make the following assumptions:

1. stationary flow ∂U
∂t

= 0,

2. fully-developed in x, ∂
∂x
→ 0,
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3. ∂V
∂y

= 0, as a consequence of continuity and the no-slip boundary condition.

4. 〈u′, v′, w′, p′〉 = 0, based on the definition of fluctuations,

5. ∂p̃
∂x

= 0 due to the enforced periodicity in x.

Applying the assumptions above, the mean momentum equations simplify into

〈Fx〉 =

〈
∂(u′v′)

∂y

〉

− ν
∂U2

∂y2
, (2.68)

where the body force on the left-hand side balances the sum of Reynolds stresses and viscous diffusion

on the right-hand side. Next, we integrate the expression from y ∈ [−1, 1],

2Fx = [〈u′v′〉]y=1
y=−1 + ν

[

∂U

∂y

∣
∣
∣
∣
y=1

−
∂U

∂y

∣
∣
∣
∣
y=−1

]

. (2.69)

The wall shear stress is defined by τw = ν ∂U
∂y
|y=1 (ρ is assumed to be 1), and it is antisymmetric about

the channel centreline, ν ∂U
∂y
|y=1 = −ν

∂U
∂y
|y=−1. Due to the no-slip condition, the Reynolds shear stress

is zero, i.e. [u′v′]|y=−1,1 = 0. Hence, the expression above simplifies to

τw = Fx. (2.70)

In other words, the body force Fx is balanced by the wall shear stress (drag), τw, along the channel

walls. In the case of laminar flow, τw can be determined analytically, and the body force required for

sustaining a laminar flow for a velocity profile of u(y) = 1− y2, is Fx = −2ν. However, determining

the wall shear stress (and hence the magnitude of the body force) is not a straightforward task for

transitional or turbulent channel flow, as there is no analytical expression for τw and its dependence

on Reynolds number. Instead, we can only rely on the empirical relations of turbulent channel flow

between the skin friction coefficient, cf = τw/
1
2
ρU2

c and Reynolds number Rec from Dean (1978),

cf = 0.00302Re−1/4
c , (2.71)

where Rec is the Reynolds number based on the laminar centerline velocity. Similarly, the skin

friction coefficient for the case of laminar flow is cf = 4/Rec Dean (1978). Figure 2.8 illustrates the

relationship between τw and Rec of channel flow using the empirical relationships from Dean (1978)

(here ρ = Uc = 1) and experimental data from Patel & Head (1969); Kim, Moin & Moser (1987); Iida

& Nagano (1998); Tsukahara, Iwamoto, et al. (2014). While the empirical relationships for laminar

flow, Rec . 1000, and turbulent flow, Rec & 2000, appear reasonably robust, the wall shear stress in

the transitional region is lacking. Since we are investigating flow regimes in the transitional region,

we will not adopt the body forcing approach.

2.4.3.2 Constant volumetric flux

An alternative approach is to enforce a constant volumetric flux, illustrated using the piston method in

figure 2.7(b). We employ the efficient Green’s function approach introduced by Chu & Karniadakis
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Figure 2.8: cf against Rec using data from Dean, 1978 with ρ = Uc = 1. Experimental scatter points
from (Patel & Head, 1969; Kim, Moin & Moser, 1987; Iida & Nagano, 1998; Tsukahara, Iwamoto,
et al., 2014).

(1993), and outline its solution procedure. The volumetric flux is defined as

Q(u) =
1

As

∫

R

u · dR, (2.72)

where Q(·) refers to the flow rate operator through the surface R with surface area of As. The idea

is to add a correction velocity, ucorr, to the velocity field at time step n, un, such that the corrected

solution, ūn = un + ucorr, has the desired volumetric flux Q̄ = Q(ūn). While adding two solutions

is straightforward, the resulting velocity field may not satisfy the Navier-Stokes equations directly.

Fortunately, we can leverage the velocity correction scheme, which (in general) evaluates the nonlinear

advection terms followed by the linear terms (pressure and dissipation). This process is summarised

as 





∂u
∂t

= N(u)

u(x, 0) = un

û(x,∆t)
−−−−−−−−−−−→







∂u
∂t

= −∇p+ νL(u)

u(x, 0) = û(x,∆t),
(2.73)

where u(x, 0) = un and û(x,∆t) refer to the initial condition for the nonlinear advection terms, and

the intermediate velocity, the initial condition for the linear terms, respectively. Since the second

step consists of solving the linear Stokes equation, any solution of the linear Stokes (such as ucorr)

added to the final solution will still satisfy the linear Stokes equations - a property of linear differential

equations. We consider the linear Stokes equation governing the evolution of the correction velocity,

∂ucorr

∂t
= −∇pcorr + νL(ucorr) + αnêx, (2.74)
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where αn is the undetermined magnitude of body force at time step n in the streamwise direction, êx,

required to maintain the desired flow rate Q̄ = Q(un) + Q(ucorr). Since ucorr is to be added to un,

the initial condition for ucorr must be ucorr(x, 0) = 0, so that un remains compatible with the initial

conditions in equation (2.73). Since αn is undetermined, we normalise the equation with respect to

αn, yielding the linear Stokes equations with unit forcing,

∂v

∂t
= −∇p̂+ νL(v) + êx, v(x, 0) = 0, (2.75)

where v = ucorr/α
n and p̂ = pcorr/α

n. The corrected velocity field becomes

ū = u+ αnv1, (2.76)

where v1 is a solution field obtained by solving equation (2.75) in the first time step. To match the

target volumetric flux, Q̄, we need to scale αn such that

Q̄ = Q(ūn) = Q(un) +Q(αnv1). (2.77)

which gives

αn =
Q̄−Q(un)

Q(v1)
, (2.78)

evaluated at every time step n. This Green’s function approach is computationally efficient because

we only need to compute v1 and Q(v1) once in the first time step and reuse them for subsequent time

steps. The process of adding the correction velocity at the end of the velocity correction scheme can

be summarised in the process as follows:

un N(un)
−−−−−−−→ û

∇2p
−−−−−−→ ˆ̂u

L(ˆ̂u)
−−−−−−→ un+1 αn+1v1

−−−−−−−−→ ūn+1.

2.5 Stability analysis of the Navier-Stokes equations

2.5.1 Algorithms for linear stability analysis

In this section, we present a general overview of the numerical procedure for linear stability anal-

ysis. Linear stability analysis examines the stability of a base flow by considering the evolution of

infinitesimal perturbations. In general, these perturbations may grow or decay exponentially, indicat-

ing whether the base flow is linearly unstable or stable, respectively. In §1.2, we introduced linear

stability analysis in the context of wall-bounded shear flows leading to the Orr-Sommerfeld equations,

where the base flows depend on a single inhomogeneous and two homogeneous directions, commonly

referred to as local3 stability analysis. For example, the laminar Poiseuille flow, U(y) = 1 − y2, and

the laminar Couette flow U(y) = y, y ∈ [−1, 1]. For some flows, such as boundary layers, wakes and

jets, their base flows are not strictly parallel. By considering a weak dependence on the stream and

spanwise directions, their stability is described by the parabolised stability equations (Herbert, 1997).

3Referring to being spatially local in the context of ‘real’ flows which are typically inhomogeneous in all directions
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When the base flow depends on two spatially inhomogeneous directions, U(x, y), or three spatially

inhomogeneous directions, U(x, y, z), the analysis of such states is commonly referred to as biglobal

or triglobal stability analysis, respectively (Theofilis, 2003). If the base flow is time-dependent, such as

in the secondary instability of cylinder flows, we use Floquet stability analysis (Henderson & Barkley,

1996).

In this section, we consider a time-independent base flow and consider a generic decomposition

of the velocity field in three spatial dimensions,

u(x, t) = U(x) + u′(x, t), (2.79)

where U(x),u′(x, t) refers to the base flow and perturbations. Substituting this into the Navier-Stokes

equations and linearising,

∂u′

∂t
= −(U · ∇)u′ − (u′ · ∇)U−∇p′ +

1

Re
∇2u′, (2.80a)

∇ · u′ = 0. (2.80b)

This can be rewritten as

∂

∂t
q′ = Lq′, L =

[

−(U · ∇)− (∇U) + 1
Re
∇2 −∇

∇· 0

]

, (2.81)

where L refer to the linearised operator and q′ = (u′, p′)T . Assuming an initial perturbation,

q′(x, t = 0) = q0, its evolution to time T is given by

q(x′, T ) = A(T,Re)q0, where A(T,Re) = exp(LT ). (2.82)

We assume that the perturbation can be represented as a normal mode,

q′(x, t) = q̃(x) exp(λt) + c.c (2.83)

where λj, q̃j(x) refer to the jth eigenvalue and eigenmode, and c.c refers to the complex conjugate.

Substituting the normal mode into equation (2.82), we obtain an eigenvalue problem,

A(T,Re)q̃j = µjq̃j, µj = exp(λjT ). (2.84)

where µj refers to the eigenvalue of A = exp(LT ). We note that the eigenvalues µj of the operator

A(T ) depend on the choice of the time horizon T . However, the corresponding growth rates defined

by λj = T−1 log µj are independent of T . In practice, the time horizon is chosen as T = L/U , where

L and U are the characteristic length and velocity scales of the system. The real component of the

eigenvalues determines the stability of the base flow, which can be either

1. Unstable: <(λ) > 0,
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2. Stable: <(λ) < 0,

3. Neutral: <(λ) = 0.

This concludes the mathematical overview of linear stability analysis, and the challenge lies in com-

puting the eigenpairs of A efficiently. For large matrices, A ∈ RM×M (assuming it is real here for

simplicity), direct eigenvalue solvers such as the QR algorithm costing O(M3) might be computa-

tionally infeasible. Another concern is that we typically focus only on the most dangerous (leading)

eigenvalues with the largest real parts, rather than the full spectrum. Lastly, we do not have access to

A in a time-stepping-based code.

2.5.1.1 Power Iteration Method

A simple method for computing the dominant eigenpair is the power iteration method,

Definition 2.5.1 (Power iteration). Given a diagonalisable matrix A ∈ Rn×n and a non-zero vector

x0, the sequence of matrix vector products between them (we neglect normalisation here),

Ax0,A
2x0,A

3x0, ..A
kx0. (2.85)

approaches the eigenvector of A with the largest magnitude. i.e. x̃1 = limk→∞ Akx0. The dominant

eigenvalue, λ1, can be computed using the Rayleigh quotient, λ1 =
x̃T
1
Ax̃1

x̃T
1
x̃1

.

2.5.1.2 Arnoldi Method

A generalisation of the power method is the Arnoldi method (Arnoldi, 1951), belonging to a class of

Krylov subspace iterative methods, for performing a Hessenberg reduction.

Definition 2.5.2 (Krylov Subspaces). Given a matrix A ∈ Rn×n and a non-zero vector x0 ∈ Rn, the

kth-Krylov subspace, Kn(A,x0, k), is defined by

Kn(A,x0, k) = span{x0,Ax0,A
2x0,A

3x0, ...,A
k−1x0}. (2.86)

Definition 2.5.3 (Hessenberg reduction). The Hessenberg reduction is a matrix decomposition tech-

nique commonly used for computing eigenpairs of matrices. Given a nonsymmetric matrixA ∈ RN×N

(we assume that A is real as it is for physical applications), we seek a decomposition of the form:

A = QHQT , (2.87)

where,

• H ∈ RN×N is an upper Hessenberg matrix (i.e. ai,j = 0 for i > j + 1).

• Q ∈ RN×N is an orthonormal matrix (i.e. Q−1 = QT ), whose columns q1, ...,qN form an

orthonormal basis.
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The Hessenberg reduction shows that A and H are similar matrices, which have the same eigenvalues.

If Ax = λx, using QT = Q−1 and multiplying (2.87) by x,

Ax = QHQ−1x ⇒ λx = QHQ−1x ⇒ λQ−1x = HQ−1x ⇒ λy = Hy. (2.88)

Hence, λ(A) = λ(H), and their eigenvectors are related by x = Qy.

The Arnoldi method generates sequences of vectors [u0,Au0, ..,A
k−1u0] that spans the k-

dimensional Krylov subspace. These vectors, known as Arnoldi vectors (Golub & Van Loan, 2013), are

used to construct an orthogonal matrix via the Gram-Schmidt process, Q = [q1,q2, ...,qk] ∈ RM×K .

This is equivalent to performing a partial Hessenberg reduction ofA = QHQT , where the eigenvalues

of A ∈ RN×N can be approximated by a smaller Hessenberg matrix H ∈ Rk×k, suitable for a direct

eigenvalue computation using the QR algorithm. The k−step Arnoldi factorisation of A is given as

AQk = QkHk + rke
T
k , (2.89)

where H ∈ Rk×k refers to the upper Hessenberg matrix, ek = [0, ..., 0, 1] ∈ Rk, and rk ∈ RN is a

residual vector. If x = Qky and Hy = λy, then,

(A− Iλ)x = (eTk y)rk. (2.90)

In other words, the residual vector difference between the approximation of λ(A), using λ(H). If the

magnitude of the residual vector is zero (i.e. ||rk|| = 0), then λ(H) ⊆ λ(A).

We now present the Arnoldi method by generating k Arnoldi vectors,

Tk = [u0,u1, ....,uk−1] =

[

u0,
A(T,Re)u0

α1

,
A(T,Re)u1

α2

, ...,
A(T,Re)uk−1

αk

]

, (2.91)

where αj is scaled such that ||uj|| = 1. Following Barkley, Blackburn & Sherwin (2008), the

projection of A onto the Krylov subspace is given as

ATk = Tk+1D
(k+1)
k , (2.92)

where D(k+1)
k ∈ R(k+1)×k is a shifted diagonal matrix with entries Dij = αiδi,j+1. We assume that

Tk and Tk+1 admit QR decompositions,

AQkRk = Qk+1Rk+1D
(k+1)
k , (2.93)

where Qk ∈ RN×k, Rk ∈ Rk×k and Qk+1,Rk+1 are similarly defined. The upper Hessenberg matrix

H
(k+1)
k ∈ R(k+1)×k is defined as

H
(k+1)
k = Rk+1D

(k+1)
k R−1

k , (2.94)

in which the last row of H(k+1)
k only contains a single non-zero entry, h∗ = hk,k−1. By substituting
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the definition of the upper Hessenberg matrix and separating the last row of H(k+1)
k we obtain

AQk = QkHk + h∗qke
T
k . (2.95)

Equation (2.95) describes the projection ofA onto the Krylov subspace spanned by orthonormal bases

Qk, yielding a smaller Hk matrix. The accuracy of this approximation is dictated by the magnitude

of the residual term, h∗qke
T
k . Assuming that Hk is diagonalisable as Hk = ΨkΛkΨ

−1
k , we multiply

equation (2.95) by Ψk,

AQkΨk = QkΨkΨ
−1
k HkΨk + h∗qke

T
kΨk. (2.96)

Simplifying the expression above, we get

AVk = VkΛk + h∗qke
T
kΨk, (2.97)

where Λk contains the k eigenvalues and Vk = QkΨk the eigenvectors of A. The error in approxi-

mating the jth eigenpair is given by

εj = ||Avj − λjvj|| = ||h
∗qke

T
kψj|| = |h

∗||vj[k − 1]|, (2.98)

where vj[k − 1] is the last component of the eigenvector vj .

Lastly, we are generally interested in obtaining the eigenpairs with the largest real part. We

introduce the exponential power method (Tuckerman & Barkley, 2000) carried out by time stepping

an initial perturbation q′
0 from t = 0 to T ,

q′(T ) = exp(LT )q′
0 = A(T )q

′
0. (2.99)

The dominant eigenvalues, µ, ofA obtained from the Arnoldi method described above, are the leading

eigenvalues, λ, of L, where λ = log(µ)/T . For further details on this algorithm, the reader is referred

to Tuckerman & Barkley (2000) and Barkley, Blackburn & Sherwin (2008).

In summary, the algorithm described above has been implemented in Nektar++, referred to as the

modified Arnoldi algorithm (not to be confused with the modified Gram-Schmidt procedure). The

modification consists of algorithmic changes to the existing time-stepper routine to (1) integrate the

linearised Navier-Stokes equations to generates Arnoldi vectors, and (2) solve the resulting Hessenberg

matrix using the dgeev subroutine from LAPACK (Linear Algebra PACKage, (Anderson et al., 1999)).

The modified Arnoldi algorithm has been verified against a separate implementation (Rocco, 2014),

which is based on the third-party package ARPACK (ARnoldi PACKage (Lehoucq, Sorensen & Yang,

1998)).

2.5.2 Edge tracking

In this section, we consider the dynamical-systems perspective on subcritical transitional shear flows

where the linearly stable laminar state co-exists with the chaotic attractor of the turbulent dynamics.

The basin boundary is defined as the region that separates the basins of attraction of the laminar and
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turbulent states. Along this boundary sit local attractors, called edge states, which can be travelling-

waves, tori, or high-order invariant sets. A common technique employed for edge tracking is the

bisection method (Skufca, Yorke & Eckhardt, 2006; Schneider, Eckhardt & Yorke, 2007; Khapko

et al., 2016), which is performed by repeatedly bisecting trajectories,

q0(x, 0;χ) = χqL(x) + (1− χ)qT (x) (2.100)

where q0 refers to an initial condition consisting of a weighted sum of the bisection parameter,

χ ∈ [0, 1], between a laminar state, qL, and a turbulent state, qT . For an initial condition given by

q0(x, 0;χ = 0) = qT , or q0(x, 0;χ = 1) = qL, the solution trajectory will evolve along the turbulent

attractor or remain laminar, respectively. Hence, there could be (at least) one intermediate value of

the bisection parameter, χ∗ ∈ [0, 1], where the solution trajectory evolves along the basin boundary,

neither falling towards the turbulent nor laminar attractor. The method of finding χ∗ is based on

bisection, where we perform n successive bisections between χn
L and χn

T , where χn
L and χn

T lead

to relaminarisation and turbulence, respectively. This requires n direct numerical simulations using

initial conditions updated by q0(x, 0;χ
n = 1

2
(χn

L + χn
T )) and having a stopping criterion to determine

if the solution is about to relaminarise or become turbulent. A stopping criterion based on turbulent

kinetic energy and wall shear stress is often used.

This basin boundary is unstable, and we require χ∗ to be sufficiently accurate to evolve along the

edge for a sufficient time, T . After we have determined χ∗ and T , the bisection can be restarted

between by replacing qL(x) = q0(x, T, χL) and qT (x) = q0(x, T ;χT ), which are close to each

other in state space but diverge to the laminar and turbulent states after a long time t > T . After a

certain i number of restarted bisections, the solution trajectory evolving along the basin boundary may

converge towards an edge state, acting as a separatrix between the turbulent and laminar attractor. We

describe the algorithm of the edge tracking in algorithm 2.5.2. To distinguish between the two iterative

processes, we perform i number of iterations to traverse along the basin boundary, each containing n

number of bisections.
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Algorithm 1 Algorithm for edge tracking between a turbulent and laminar state
1: Initialise maxBisects, maxIterations . Maximum bisections and iterations
2: Initialise stopCriteria . Tolerance for stopping criteria (e.g., wall-shear stress)
3: i← 0
4: while i < maxIterations do . Iterating over i to traverse along the boundary
5: if i == 0 then

6: qL,qT ← input() . Initial laminar and turbulent states
7: end if

8: χL ← 0, χT ← 1, χ← 1
2
(χL + χT ) . Initialise bisection coefficients

9: q0 ← χqT + (1− χ)qL . Initialise initial condition
10: n← 0
11: while n < maxBisects do . Iterating over n bisections
12: t← 0, ∆← 10−1

13: while ∆ > stopCriteria do . Assuming that the edge is unstable
14: qt+1 ← TimeIntegrate(qt,∆t) . Perform DNS for a single time-step
15: ∆← |qt+1 − q0| . Measuring the deviation from initial condition
16: t++

17: end while

18: if isTurbulent(qt) then . Check if terminal state is turbulent
19: χL ← χ . qL gets a larger weight
20: if n == maxBisects - 1 then

21: qT ← qt . Save turbulent-leaning initial condition
22: break

23: end if

24: else

25: χT ← χ
26: if n == maxBisects - 1 then

27: qL ← qt . Save laminar-leaning initial condition
28: break

29: end if

30: end if

31: χ← 1
2
(χL + χT )

32: q0 ← χqL + (1− χ)qT . Update initial conditions
33: n++

34: end while

35: i++

36: end while
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Chapter 3

Transitional Rayleigh-Bénard Poiseuille flows

In this chapter, we will investigate the transitional flow regimes arising from the interaction between

buoyancy and shear in Rayleigh-Bénard Poiseuille (RBP) flows within large and small domains. In

particular, the transition boundaries between the bistable system consisting of spiral defect chaos (SDC)

and ideal straight rolls (ISRs) in Rayleigh-Bénard convection (see §1.3), and subcritical turbulence in

plane Poiseuille flows (see §1.2) under the influence of Re and Ra are not known.

Using Nektar++, a spectral/hp element package, we conduct direct numerical simulations over a

range of Rayleigh numbers, Ra ∈ [0, 10000], Reynolds numbers, Re ∈ [0, 2000] and unit Prandtl

number. We identify five distinct regimes: (1) bistable SDC & ISRs, (2) ISRs, (3) wavy rolls,

(4) intermittent rolls, and (5) shear-driven turbulence. The newly identified intermittent roll state

features longitudinal rolls that spontaneously decay towards the laminar state. In the turbulent regime,

longitudinal rolls may coexist with turbulent-laminar bands, highlighting the role of longitudinal rolls

in transitional RBP. To this end, we examine the unstable manifold of longitudinal rolls in a confined

domain, integrating along which leads to turbulence. This turbulence occurs transiently, decaying

towards the unstable laminar state where longitudinal rolls can be excited again, forming a quasi-cyclic

process referred to as the thermally-assisted sustaining process (TASP). Near the intermittent roll

regime, a periodic orbit emerges between the longitudinal rolls and the laminar state within a confined

domain. Above a certainRe threshold, the unstable longitudinal rolls provide an intermediate pathway

for the transition from the laminar state to turbulence. Finally, we provide a state-space sketch of

the dynamical processes, emphasising the role of longitudinal rolls in transitional RBP in confined

domains, and discuss connections to large domains.

3.1 Objectives

While the linear stability characteristics of laminar RBP flows have been well studied (see §1.4),

the transition to shear-driven turbulence remains, and the related nonlinear dynamics remain largely

unexplored.

As the first step towards understanding the transition in RBP flows, the main objective of this

chapter is to perform exploratory direct numerical simulations (DNS) of transitional RBP flows while

investigating the impact of Re on the bistability between SDC and ISRs in RBC, as well as the
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influence of Ra on turbulent-laminar bands in PPF. For this purpose, we consider a relatively wide

range of parameter space given by Ra ∈ [0, 10000] and Re ∈ [0, 2000] at Pr = 1 in both large and

confined domains (Γ = 4π, π/2, in particular). Given that this study is largely exploratory, we will

focus on identifying different flow regimes and providing key insights into their dynamical processes.

Due to the large parameter space, we do not intend to perform an extensive bifurcation analysis that

involves the computation and analysis of the invariant solutions, which could be computationally very

costly, especially in large domains.

The chapter is organised as follows: in §3.2, we describe the problem formulation, governing

equations, the numerical methods and setup. In §3.3, we present the Ra-Re phase space, identifying

five distinct regimes and their coarse-grained transition boundaries. We also show a new ‘intermittent

roll’ regime and discuss the coexistence of longitudinal rolls with turbulent-laminar bands, highlighting

the role of longitudinal rolls in transitional RBP flows. In §3.4, we perform a numerical experiment,

in which simulations are performed along the unstable eigenmodes of longitudinal rolls in a confined

domain, Γ = π/2. We will see that this reveals a quasi-cyclic process between shear-driven turbulence,

longitudinal rolls, and the laminar state referred as the thermally-assisted sustaining process (TASP)

in §3.4.1, and subsequently discuss the relevance of the TASP to larger domains in §3.4.2. Finally, we

provide a summary in §3.5 containing some perspectives for future work.

3.2 Problem formulation

3.2.1 Governing equations

The motion of fluid flow in an RBP system (see §1.1) is governed by the non-dimensionalised Navier-

Stokes equations with the Boussinesq approximation,

∂u

∂t
+ (u · ∇)u = −∇p+

1

Re
∇2u+

Ra

8PrRe2
θj+ fzk, (3.1a)

∂θ

∂t
+ (u · ∇)θ =

1

RePr
∇2θ, (3.1b)

∇ · u = 0, (3.1c)

with the following boundary conditions at the wall,

u|y=±h = 0, θ|y=−h = 1, θ|y=h = 0, (3.2)

and periodic boundary conditions in the planar x and z directions. u(x, t) denotes the non-

dimensionalised velocity scaled by the laminar centreline velocity, Wc, i.e. Wlam(y) = Wc(1 − y
2).

x = (x, y, z) and t denote the non-dimensionalised spatial and temporal coordinates scaled by the

half-height, h and the advective time scale, Wc/h, where x, y, z refer to the spanwise, wall-normal

and streamwise directions, respectively. p refers to the non-dimensionalised pressure scaled by ρW 2
c ,
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and θ(≡ (T − TU)/∆T , see §1.1 for definitions), refers to the non-dimensionalised temperature with

T being the absolute temperature. j,k denote the unit vectors in the y- and z-direction respectively.

We note that the rescaled Ra/8 term in the momentum forcing terms is equivalent to the Rayleigh

number scaled based on the half-depth, h, since Ra is scaled based on depth, d, in classical RBC. The

Rayleigh number,Ra, Reynolds numberRe and Prandtl number,Pr are defined in §1.1. We setPr = 1

in this study. fz denotes the body force required to sustain the flow in the streamwise z-direction.

For the Rayleigh-Bénard convection problem (i.e. Re = 0), we solve the non-dimensionalised

incompressible Navier-Stokes equations based on thermal length, velocity and temporal scales given

in §4.2.

3.2.2 Numerical Methods

The governing equations are solved numerically using Nektar++, an open-source spectral/hp-element

package (Cantwell et al., 2015; Moxey et al., 2020). The computational mesh consists of 2D quadri-

lateral elements in the x − y plane generated using Gmsh (Geuzaine & Remacle, 2009) and then

imported into Nektar++ using Nekmesh (Green et al., 2024). We discretise the spatial domain based

on the quasi-3D approach, employing spectral/hp elements in the x− y plane and Fourier expansions

in z (see §2.4.2). We emphasise that the streamwise direction is in z. The discretised equations are

solved using a velocity correction scheme, based on a second-order stiffly-stable scheme, where the

nonlinear advection and forcing terms are treated explicitly, while the pressure and diffusion terms

are treated implicitly (see §2.4.1). The 3/2 polynomial dealiasing rule for the Fourier expansions and

spectral/hp elements are applied during the evaluation of the nonlinear advection terms. To sustain

the flow for Re > 0, we use a Green’s function approach to impose a constant volumetric flux (see

§2.4.3).

3.2.3 Parametric sweep of Ra-Re space

We consider fifty-two numerical simulations at Re = 0, 0.1, 1, 10, 100, 500, 750, 1000, 1050, 2000,

and Ra = 0, 2000, 3000, 5000, 8000, 10000 at Pr = 1 with a large aspect ratio of Γ = 4π. Their

spatial and temporal numerical resolutions and time-integration horizon, T , are described in the

Appendix A.1. The initial conditions of all cases are sampled from a statistically stationary solution.

Laminar solutions are obtained for Ra = 0, Re ≤ 1000, with the given set of parameters and

are omitted from the analysis. For all the cases considered here, we maintain the same spatial

resolution except forRe = 2000, where the number of Fourier expansions was doubled. The temporal

resolution between the numerical simulations differs due to time scales arising from the different

flow physics, as we shall see later. We have also carried out a mesh independence study for the

end case of Ra = 10000, Re = 2000, where doubling the number of Fourier modes or increasing

the polynomial order by 1 led to a < 1% change in near-wall transport properties defined by the

Nusselt number, Nu = −〈dθ/dyy=−1〉x,zd/∆T , and shear, 〈dw/dy|y=−1〉x,z, on the lower wall,

where 〈·〉x,z = 1/(LxLz)
∫

z,x
· dxdz refer to the plane-averaged operator.
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3.2.4 Linear Stability Analysis

In §3.4, we will perform numerical experiments where small disturbances are added along the unstable

manifold of longitudinal rolls. This is rooted in linear stability methods discussed earlier in §1.2, and

its numerical technique is presented in §2.5.1. To determine the unstable eigenmodes, we consider a

small disturbance about the longitudinal roll state:

u(x, t) = uLR(x) + û(x, t), (3.3a)

θ(x, t) = θLR(x) + θ̂(x, t), (3.3b)

p(x, t) = pLR(x) + p̂(x, t), (3.3c)

where q = [u, θ, p]T , qLR = [uLR, θLR, pLR]
T and q̂ = [û, θ̂, p̂]T refer to the solution vector, the

longitudinal state and the disturbances respectively. We substitute equation (3.3) into (3.1) and neglect

the nonlinear terms, leading to the linearised equations,

∂q̂

∂t
= A(qLR;Re,Ra, Pr)q̂, (3.4a)

where the operator A is given as

A(qLR;Re,Ra, Pr) =






−(uLR · ∇)− (∇uLR ·) + 1/Re∇2 Ra
8Re2Pr

ĵ −∇

−(∇θLR ·) −(uLR · ∇) +∇
2 0

∇· 0 0




 .

(3.4b)

Becasue the longitudinal rolls are invariant along the z-direction, the following form of normal-mode

solution can be considered:

q̂(x, t) = q̆(x, y)eiβz+λt + c.c, (3.5)

where λ and β denote the growth rate and spanwise wavenumber respectively. Substituting equation

(3.5) into (3.4) results in a discretised eigenvalue problem with the eigenvalue λ. The wavenumber β

is restricted to discrete values of β = 2πm/Lz, and m is a positive integer. The resulting eigenvalue

problems are solved using an iterative Arnoldi algorithm based on time-stepping schemes implemented

in Nektar++ (see §2.5.1).

3.3 Ra-Re phase space

3.3.1 Classification

We present the results obtained from the DNS of transitional RBP flows, focusing on the parameter

space defined by Rayleigh numbers in the range Ra ∈ [0, 10000], and Reynolds numbers in the range

of Re ∈ [0, 2000] (see Appendix A.1 for the full details).
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Figure 3.1: A Ra − Re phase space illustrates the midplane temperature snapshots, θ(x, z)|y=0 for
Re ∈ [0, 2000] andRa ∈ [0, 10000], Γ = 4π, classified into five distinct regimes: (1) SDC & ISRs, (2)
ISRs, (3) wavy rolls, (4) intermittent rolls and (5) shear-driven turbulence. The blue solid curves refer
to primary neutral curves of the longitudinal and transverse rolls Ra‖, Ra⊥. The red arrow indicates
the secondary oscillatory instability of ISRs at Re = 0, Ra ∼ 6000 (Bodenschatz, Pesch & Ahlers,
2000). Shades of red, green and blue indicate their dominant mechanism, whether driven by buoyancy
or shear (or mixed). For Re > 0, the mean flow is along the z direction.
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For all numerical simulations, the initial condition consists of a Gaussian white noise with zero

mean and unit variance, superimposed onto the laminar base state (i.e. conduction state at Re = 0).

The RBP system is then time-integrated untila statistically stationary state is reached, which typically

requires a time of t = O(10) to O(102). At the two endpoints of the Re-spectrum considered (i.e.

Re = 0, 2000), SDC and subcritical shear-driven turbulence appear. Figure 3.1 shows snapshots

of the midplane temperature, θ(x, z)|y=0, of different flow regimes in the Ra-Re phase space. The

solid blue curves represent the neutral stability boundaries for the longitudinal and transverse rolls

as Ra‖ = 1708 and Ra⊥ = f(Re), respectively (Gage & Reid, 1968). In the absence of shear

at Re = 0, these curves merge into the classical critical RBC instability at Rac = 1708, as ISRs

become rotationally invariant about the wall-normal axis. ISRs may undergo secondary instability

for Ra > Ra‖, and an approximate boundary of this is indicated by a red arrow, roughly indicating

the secondary neutral stability boundary, marking the onset of oscillatory instabilities of ISRs within

Ra & 5000 (Clever & Busse, 1974). We note that the phase diagram in figure 3.1 is not-to-scale plotted,

serving as a conceptual reference to distinguish between different flow states and their coarse-grained

transition boundaries.

In this Ra-Re phase space, we categorise the flow behaviour into five distinct regimes: (1)

bistability between SDC and ISRs (SDC & ISRs), (2) ideal straight rolls (ISRs), (3) wavy rolls, (4)

intermittent rolls, and (5) shear-driven turbulence. The categories are defined based on common

flow structures (patterns), and/or dynamical characteristics, ranging from equilibrium solutions to

intermittent and chaotic dynamics. Furthermore, we sort out these states based on their first and

second-order statistical properties, where they appear independent of Re in the buoyancy-dominated

regime (shaded in red), and Ra in the shear-dominated regime (shaded in blue), discussed in detail

in Appendices A.2 and A.3 respectively. In the mixed regime shaded in green, both Ra and Re are

important.

Given that the buoyancy-dominated regime is relatively well studied (RBC flow, in particular), we

will only provide a brief description of the simulation results in this regime, with further magnified flow

fields shown in figure 3.2. In the buoyancy-dominated regime, the flow structures are predominantly

organised with convection rolls, such as SDC, transverse, oblique, longitudinal rolls (and ISRs with

no mean flow), or oscillatory rolls. The bistability between SDC and ISRs (refer to figure 3.2(a)) is

preserved for Ra ≥ 3000 at Re = 0.1 and Re = 1 for Ra ≥ 5000 (see also figure 3.3(a,d,g)). There

exists a maximum Re, beyond which SDC disappears, we denote this as Res, and its dependence on

Ra is demarcated by the black dashed lines on the left side of figure 3.1. Notably, an oblique roll with a

hook-like defect is observed atRe = 1,Ra = 3000, shown in figure 3.2(b), reminiscent of the multiple

non-ISR states in RBC (see references in §1.3). AtRe = 10, the SDC disappears and longitudinal rolls

with a spanwise wavenumber of αd = 2.5 emerge, illustrated in figure 3.2(c), suggesting that the roll

wavenumber is within the stability boundaries of the Busse balloon (see also figure 6 in Bodenschatz,

Pesch & Ahlers (2000)). As Re is increased further to 1000, the longitudinal rolls emerge as the

preferred solution at Ra = 2000, 3000. The non-dimensionalised spanwise wavenumber of the

longitudinal rolls observed at Ra = 3000 and Re = 100, 500 (not shown) and Re = 1000, shown in

figure 3.2(d-e) respectively, is approximately αd ≈ 3.3, which lies outside of the stability boundaries
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Figure 3.2: Midplane temperature snapshots at Ra = 3000, (a) Re = 0.1, (b) Re = 1, (c) Re = 10,
(d) Re = 100, (e) Re = 1000, (f) Re = 2000.

of the Busse balloon in RBC (see figure 6 in Bodenschatz, Pesch & Ahlers (2000)). This suggests that

the stability boundaries of the longitudinal rolls may vary with increasing Re. Interestingly, a stable

pinched longitudinal roll pattern emerges at Re = 100 Ra = 3000, reminiscent of a skew-varicose

instability shown in figure 3.2(d). Unlike the secondary skew-varicose instability observed in RBC

(which reduces the wavenumber of an unstable ISR by pinching adjacent rolls together, see figure 7 of

Bodenschatz, Pesch & Ahlers (2000)), a stable pinched tertiary state emerges here. As Re increases

to 2000, shear-driven turbulence emerges, depicted as a featureless temperature field driven by the

underlying turbulent fluctuations in figure 3.2(f).

Figure 3.3 presents a detailed analysis of the coarse-grained transition boundaries between SDC

and ISRs in the range Re ∈ [1, 10], and from ISRs to wavy rolls for Re ∈ [10, 100] across high

Rayleigh numbers considered, Ra ∈ [5000, 10000]. As Re increases from 1 to 10, the SDC regime

(see figure 3.3(a,d,g)) vanishes and longitudinal rolls emerge, as shown in figure 3.3(b,e,h) for Ra =

10000, 8000, 5000, respectively. These longitudinal rolls may undergo short-wavelength modulations,

corresponding to the secondary oscillatory instability of RBC occurring above Ra & 5000 (Clever &

Busse, 1974). This results in the development of oscillatory longitudinal rolls described by a relative

periodic orbit at Ra = 8000, and a chaotic state at Ra = 10000, shown in figure 3.3(e,b) respectively.

The footprint of oscillatory convection rolls is also evident in the SDC regime at Ra = 10000,
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Re = 1, shown in figure 3.3(a). As Re increases from 10 to 100, the longitudinal rolls exhibit longer

wavelength modulations, indicative of the wavy instability (Clever & Busse, 1991; Pabiou, Mergui

& Bénard, 2005). This gives rise to wavy longitudinal rolls, appearing as a travelling wave, quasi-

periodic tori, and a chaotic state at Ra = 5000, 8000, 10000, shown in figure 3.3(i,f,c) respectively.

The wavelengths of the streamwise waviness and the spanwise periodic longitudinal roll appear to be

approximately 1/3 of the streamwise length, and 1/12 of the spanwise length, respectively. Hence, the

ratio between the streamwise waviness wavelength and the spanwise roll is about 4, consistent with

the ratio observed by Clever & Busse (1991).

3.3.2 Spatiotemporal intermittent rolls

As Re approaches Re = 500, the wavy rolls disappear. Instead, a new regime, referred to as

intermittent rolls, is observed. In this regime, the longitudinal rolls remain as the dominant convection

structure, interspersed with a spatio-temporal intermittent breakdown towards the laminar state. This

behaviour is illustrated for (Ra,Re) = (8000, 500) in figure 3.4(a) using the temporal oscillations of

the plane-averaged shear rate on the lower wall, 〈τw〉x,z, and the Nusselt number, Nu. We note that

τw = 2 and Nu = 1 for the laminar solution.

The spatio-temporal intermittent breakdown of the longitudinal rolls towards the laminar state is

observed in figure 3.4(b), where the bright and dark regions in the space-time plot of near-wall spanwise

and wall-normal perturbation kinetic energy (Eu′+v′ = 1/2(u′2+ v′2)) at (y+, z) = (15, 8π), highlight

the co-existence of longitudinal rolls and spatially localised laminar states; here, u′ = u −Wlam(y)

and y+ ≡ (y + 1)/Reτ with Reτ ≡ uτh/ν, where uτ is the friction velocity. A similar observation

is made with the space-time plot of midplane temperature, θ|(y,z)=(0,8π), in figure 3.4(c), where the

elongated red/blue contours correspond to up-/down-welling regions of longitudinal rolls, and the

green regions indicate spatially-localised laminar states. The two near-wall transport properties, the

wall shear rate and the Nusselt number, exhibit strong correlations. For example, at t = 3736, both

peaks reveal a spatially coherent longitudinal roll structure in figure 3.4(d,e). There are also dips

observed at t = 6189 and t = 8680, indicative of the spatially local breakdown towards the laminar

state, as shown in figures 3.4(f,g) and 3.4(h,i), respectively. In summary, the longitudinal rolls enhance

heat and momentum transfer towards the walls, but they appear to be intermittently disrupted by the

breakdown towards the laminar state. To better understand this behaviour, we later consider the

temporal dynamics in a confined domain, Γ = π/2, where the spatial intermittency is artificially

suppressed (see §3.4.1).

3.3.3 Co-existence of convection rolls with turbulent bands

As Re approaches Re = 1050, shear-driven turbulence emerges as spatio-temporal intermittent

turbulent-laminar bands, where turbulent and laminar regions can co-exist (Tuckerman, Chantry &

Barkley, 2020). In the absence of buoyancy (i.e. Ra = 0), these bands emerge clearly shown

in figure 3.5. The space-time plot of the near-wall wall-normal and spanwise perturbation kinetic

energy, Eu′+v′ (here we use wall units to illustrate the near-wall turbulent streaks), at y+ = 15 in
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Figure 3.3: The space-time plots of midplane temperature field, temperature snapshot and phase space
trajectories of the Nusselt number against wall shear rate at (a,b,c) Ra = 10000 for Re = 1, 10, 100;
(d,e,f) Ra = 8000 for Re = 1, 10, 100; and (g,h,i) Ra = 5000 for Re = 1, 10, 100. The flow
patterns are primarily organised into spiral defect chaos, longitudinal rolls, and wavy rolls occurring
at Re = 1, 10, 100, respectively.
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Figure 3.4: The intermittent rolls regime at Ra = 8000, Re = 500, t ∈ [0, 10000]. (a) The time
history of shear on the lower wall and the Nusselt number. Space-time (x-t) plots of (b) near-wall
wall-normal and spanwise perturbation kinetic energy and (c) midplane temperature space-time plot,
with the corresponding near-wall and midplane temporal planar snapshots at (d,e) t = 3736, (f,g)
t = 6189, and (h,i) t = 8680.
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Figure 3.5: Shear-driven turbulence regime at Ra = 0, Re = 1050, t ∈ [0, 8000]. Space-time plots of
(a) near-wall wall-normal and spanwise perturbation kinetic energy, (b) midplane temperature space-
time plot, and near-wall and midplane temporal planar snapshots at (c,d) t = 1100, (e,f) t = 4491,
and (g,h) t = 6171, highlighting a prolonged laminar patch.
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figure 3.5(a) highlights this co-existence, where the turbulent and laminar regions are indicated by

dark and bright areas, respectively. In particular, a period of prolonged laminar state is observed

at t = 1100, 4491, 6171, represented by localised green regions in the space-time plot of midplane

temperature, θ|(y,z)=(0,8π), in figure 3.5(b). The prolonged laminar states are also evident in the near-

wall and midplane temporal snapshots of figures 3.5(c-h), shown as large pockets of dark and green

regions that fill approximately half of the spatial domain.

Next, we consider the influence of buoyancy on the turbulent-laminar bands and compare two

distinctly different cases of buoyancy usingRa = 0 andRa = 10000 atRe = 1050. In the latter case,

the typical features of the turbulent-laminar bands depicted as alternate dark and bright bands are

also seen in the space-time plot of near-wall wall-normal and spanwise perturbation kinetic energy,

Eu′+v′ , in figure 3.6(a). However, some important differences emerge compared to the former case (in

Ra = 0). In particular, the midplane temperature snapshots, θ|(y,z)=(0,8π), at t = 1282, 5077, 6358 in

figures 3.6(d,f,h) reveal some localised regions of streamwise-aligned red and blue contour stripes,

likely indicating the presence of longitudinal rolls. These longitudinal roll regions are typically located

next to neighbouring turbulent (bright) regions in the near-wall perturbation kinetic energy snapshots

in figures 3.6(c,e,g), suggesting that longitudinal rolls co-exist with turbulent patches at Ra = 10000.

However, we caution that although they are relatively weak, similar red and blue contour stripes are

also observed at Ra = 0, where longitudinal rolls are not expected, as shown in figure 3.5(f). In this

case, these weak elongated red and blue contour stripes are likely to be from the near-wall streaks.

Nonetheless, turbulence occurs more spatially intermittently at Ra = 0, containing prolonged

pockets of laminar regions, while turbulent regions at Ra = 10000 appear more visibly consistently

(compare figures 3.5a with 3.6a). In other words, the presence of longitudinal rolls may promote

turbulence locally, and we will investigate this issue further in §3.4.

3.4 The role of longitudinal rolls

3.4.1 The thermally-assisted sustaining process (TASP) in a confined domain

Given the complexities in the spatio-temporal dynamics observed in §3.3, we consider simulations

confined to a domain defined by Γ = π/2, where longitudinal rolls and localised turbulence could be

viewed as spatially isolated. We start from a numerical simulation at Ra = 10000 and Re = 1050

in Γ = π/2, integrated in time for t ∈ [0, 3000]. The initial condition has been sampled from a

statistically stationary turbulent field at Re = 2000 for Ra = 10000, and the Re is then slowly

lowered to Re = 1050. The time history for t ∈ [0, 3000] of the two near-wall transport properties,

the Nusselt number and the shear rate on the lower wall, is presented in figure 3.7, together with

snapshots of the temperature, θ(x), and the near-wall streamwise and spanwise perturbation velocities,

w′|y+=15, v
′|y+=15 at selected times. In this confined domain, the dynamics of the system exhibit

temporal intermittency, where the solution trajectory appears to wander between longitudinal rolls and

highly disorganised chaotic flow fields, characterised by low- and high-near-wall transport properties,

respectively.

Starting from a longitudinal roll state of spanwise wavenumber of αd = 4 at t = 1291.5 in
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Figure 3.6: Shear-driven turbulence regime at Ra = 10000, Re = 1050, t ∈ [0, 8000]. Space-time
plots of (a) near-wall wall-normal and spanwise perturbation kinetic energy, (b) midplane temperature
spacetime plot, and their corresponding near-wall and midplane temporal x − z planar snapshots at
(c,d) t = 1282, (e,f) t = 5077, and (g,h) t = 6358, highlighting the coexistence of longitudinal rolls
and turbulent bands.
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Figure 3.7: Intermittent dynamics in a confined domain at Ra = 10000, Re = 1050, t ∈ [0, 3000],
Γ = π/2. The time history of the (a) Nusselt number and shear. Temporal snapshots of volumetric
temperature, planar near-wall streamwise and spanwise perturbations at (b) t = 1291.5, (c) t = 1480.5,
(d) t = 1564.5, (e) t = 1711.5. Longitudinal rolls and transient turbulence are observed at (b,d) and
(c,e), respectively.
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Figure 3.8: Relaminarisation in a confined domain at Ra = 0, Re = 1050, t ∈ [0, 3000], Γ = π/2.
The time history of the (a) Nusselt number and shear. Temporal snapshots of volumetric temperature
at (b) t = 31.5, (c) t = 63, (d) t = 157.5, (e) t = 672.

figure 3.7(b), the solution erupts into a highly disorganised turbulent state at t = 1480.5, marked by

a disordered temperature field in figure 3.7(c). During this breakdown, the near-wall snapshots of

streamwise perturbation velocity, w′|y+=15, and wall-normal perturbation velocity, v′|y+=15, illustrated

in the bottom panels of figures 3.7(c), reveal three pairs of high- and low-speed streaks, each with an

average spanwise wavelength ofΛ+
x ≈ 339/3 = 113 (whereΛ+

x = uτΛx/ν is the non-dimensionalised

wavelength by wall units), close to the mean streak spacing (Λ+
x ∼ 100) commonly reported in shear

flow turbulence (Kline et al., 1967; Kim, Moin & Moser, 1987; Hamilton, Kim & Waleffe, 1995).

These streaks appear to be meandering, negatively correlated with wall-normal perturbation velocities,

reminiscent of a streak breakdown process (Hamilton, Kim & Waleffe, 1995), or a bursting event (Kim,

Kline & Reynolds, 1971), where high (low)-speed streaks are brought close to (away from) the wall,

enhancing near-wall transport quantities. The enhancement is reflected in large increments in the

Nusselt number and wall shear rate of roughly 40% at t = 1480.5 in figure 3.7(a). Subsequently, the

solution trajectory returns to a longitudinal roll state at t = 1564.5, before erupting into turbulence at

t = 1711.5 (see figures 3.7(d,e) respectively). This suggests that the turbulence has a finite lifetime,

occurring transiently before decaying towards the laminar state at Re = 1050 (Hof, Westerweel,

et al., 2006; Schneider, Eckhardt & Yorke, 2007), which is linearly unstable, leading to the onset of

longitudinal rolls where transient turbulence could be re-excited again.

To test this hypothesis, we consider a numerical simulation at Ra = 0, Re = 1050, in Γ = π/2,

where longitudinal rolls cannot appear. The initial condition is taken from a stationary turbulent

solution at a higherRe ofRe = 2000, which is then slowly lowered toRe = 1050, and then integrated

in time for t ∈ [0, 700]. The time history of the Nusselt number,Nu, and the wall shear rate, 〈τw〉x,z, is
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reported in figure 3.8, with the temperature snapshots, θ(x), at selected time units. An initial turbulent

flow field decays towards the laminar solution in t ∈ [0, 700]. Comparing the results between Ra = 0

and Ra = 10000, we propose that the longitudinal rolls at Ra = 10000 could mediate a transition

mechanism between unstable laminar state and transient turbulence, so that the entire nontrivial flow

dynamics could be sustained indefinitely.

Next, we investigate the impact of longitudinal rolls on this proposed mechanism at different

Ra. We save the flow for Ra = 10000 and Re = 1050 at t = 850.5 (just before the onset of

longitudinal rolls, see figure 3.7), and use the flow as an initial condition to perform four numerical

simulations by lowering Ra instantly to Ra = 8000, 5000, 3000, 2000, respectively, and we then

time-integrated further to t ∈ [850.5, 5000]. The time history of the wall shear rate, 〈τw〉x,z, and

the temperature snapshots, θ(x), of these experiments of Ra-quenching are presented in figure 3.9.

The time history of shear is visibly intermittent for Ra = 8000, 5000, depicted as the orange and

green trajectories in figure 3.9(a), similar to Ra = 10000. At Ra = 8000, 5000, the longitudinal

rolls emerge approximately at t = 1312.5 (see figures 3.9(c,e)), before erupting into turbulence at

t = 1743 and t = 3570 in figures 3.9(d,f), respectively. This is then accompanied by a large spike in

the wall shear rate before dipping briefly, shown as the orange and green trajectories of figure 3.9(a).

As Ra is lowered further to Ra = 3000, 2000, the transients begin to decay into a longitudinal state

from t = 850.5 to t = 1312.5, which remains stable until t = 4200 illustrated by figure 3.9(h,j),

accompanied by the red and purple asymptotic trajectories in figure 3.9(a). This suggests that the

longitudinal rolls are likely to be linearly unstable for Ra = 8000, 5000, leading to turbulence, while

remaining stable forRa = 3000, 2000. In particular, the longitudinal roll state atRa = 5000 remained

saturated for a longer period t ∈ [1500, 3400] (green curve in figure 3.9(a)), indicating that the growth

rate of the linear instability is smaller than forRa = 8000. We note that the longitudinal rolls in figure

3.9 have a spanwise wavenumber of αd = 4, which corresponds to the wavenumber of the dominant

primary instability (see Appendix A.4), indicating that it is the most preferred wavenumber within the

confined domain.

To understand the stability characteristics of the longitudinal rolls, we perform a linear stability

analysis about the longitudinal roll state (αd = 4), atRa = 10000, 8000, 5000, 3000, 2000. The details

of linear stability analysis are described in §3.2.4, where λ and q̆(x, y)eiβz refer to the eigenvalue

and eigenmode. The longitudinal roll (base) states, qLR, are obtained by time integrating an initial

condition consisting of the laminar (conduction) state, superimposed by the primary eigenmode,

αd = 4, at Ra = 10000, 8000, 5000, 3000, 2000, in a two-dimensional x − y plane, suppressing any

three-dimensional perturbations numerically. The growth rates as a function of discrete streamwise

wavenumbers, 2 ≤ βd ≤ 5, are presented in figure 3.10. We note that the admissible streamwise

wavenumbers within Γ = π/2 are βd = m, where m is a positive even integer, m = 2, 4, .., and

βd = 3, 5 are included for completeness. The longitudinal rolls are linearly unstable for Ra ≥ 5000,

while they remain stable for Ra ≤ 3000, which confirms our hypothesis earlier. In particular, the

growth rates between Ra = 5000 and Ra = 10000 differ by an order of magnitude, which could

explain the prolonged period of saturation in the green curve of figure 3.9(a). The dominant secondary

instability of longitudinal rolls in Γ = π/2 has a streamwise wavenumber of βd = 2. Using a standard
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Figure 3.9: Ra-quenching experiments for Ra = 8000, 5000, 3000, 2000, at Re = 1050, Γ =
π/2, t ∈ [850.5, 5000]. The time history of (a) shear and (b) volumetric temperature snapshots
of the flow condition at t = 850.5. Volumetric temperature snapshots for Ra = 8000 at (c,d)
t = 1312.5, 1743, and Ra = 5000 at (e,f) t = 1312.5, 3570, revealing a longitudinal roll and a
turbulent state, respectively. Stable longitudinal rolls emerge forRa = 3000 at (g,h) t = 1312.5, 4200,
and Ra = 2000 at (j,k) t = 1312.5, 4200.
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Figure 3.10: The growth rates of infinitesimal perturbations linearised about longitudinal rolls, qLR,
of spanwise wavenumber of αd = 4, against (a) streamwise wavenumber βd, and (b) Ra for βd = 2.
The hatches in (a) refer to wavenumbers smaller than those admissible in Γ = π/2. The dash-dotted
line in (b) is a standard quadratic regression yielding Ras ≈ 4720.

quadratic regression, the critical Rayleigh number for disturbances with βd = 2 is approximately

Ras ≈ 4720, presented in figure 3.10(b).

Following this, we examine the dominant unstable eigenmode (βd = 2) of the longitudinal rolls

(αd = 4) at Ra = 5000, by considering an initial condition

q0(x, t = 0) = qLR(x, y) + (q̆(x, y)eiβz + c.c). (3.6)

Here, q̆eiβz is an eigenmode for the streamwise wavenumber β, and its amplitude was scaled such that

its total energy is

δ ≡
1

V

∫

Ω

(û(x)T û(x) +
Ra

8Re2Pr
θ̂(x)2) dΩ = 10−3. (3.7)

We have also considered δ = 10−2, 10−4, but δ = 10−3 was found to be small enough to ensure linear

growth while large enough without requiring a large number of time steps.

The initial condition is time-integrated for t ∈ [0, 8000], and the time history of the near-wall

transport properties, the space-time plot of the mid-plane temperature, θ|(y,z)=(0,π), are presented in

figure 3.11, with snapshots of temperature, θ(x), and near-wall streamwise and spanwise perturbation

velocities, w′|y+=15, v
′|y+=15 at some selected times. The intermittent trajectory is visually apparent,

oscillating between longitudinal rolls and transient turbulence over four cycles for t ∈ [0, 8000]: for

example, the regions of low and high near-wall transport quantities in figure 3.11(a) correspond well

to the organised and disorganised longitudinal rolls in figure 3.11(b), respectively. As the solution

emerges from the unstable eigenmode of the longitudinal roll state, (LR1) in figure 3.11(c), the

trajectory erupts into turbulence at t = 1512, marked by a disordered volumetric temperature field

in snapshot (T1) in figure 3.11(d). Turbulence occurs transiently, and the solution decays towards a

longitudinal roll-like state at t = 2446.5, shown by snapshot (LR2) in figure 3.11(e), forming a single
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Figure 3.11: Time integration along the dominant unstable eigenmode, βd = 2, of the longitudinal
rolls at Ra = 5000, Re = 1050,Γ = π/2 for t ∈ [0, 8000]. Time history of the (a) Nusselt number
and wall shear rate, and (b) midplane temperature space-time plot. This system oscillates between the
longitudinal rolls (LR1− 4) and turbulence (T1− 4) over four intervals. Snapshots of temperature at
(c) t = 105, (d) t = 1512, (e) t = 2446.5, (f) t = 2992.5, (g) t = 3727.5, (h) t = 5103, (i) t = 6300,
(j) t = 6993.
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Figure 3.12: State space projection based on the planar averaged centerline velocity and shear,
coloured by the volume normalised perturbation kinetic energy at Ra = 5000, Re = 1050, Γ = π/2,
(a) t ∈ [0, 800], (b) t ∈ [0, 68750]. The open black circles represent the unstable equilibria of
longitudinal rolls and the laminar state. Note that the black-crosses, labelled by (T1-4) and (LR1-4),
refer to temporal snapshots in figure 3.11, not equilibria solutions.

cycle. The intermittent cycle repeats over three subsequent intervals, where the transient turbulent

state and longitudinal rolls emerge at t = 2992.5, 5103, 6993, and t = 3727.5, 6300, as shown in the

snapshots (T2, 3, 4) and (LR3, 4) in figures 3.11(f,h,j) and 3.11(g,i), respectively. Lastly, we show that

the dominant unstable eigenmode of the longitudinal rolls is connected to a transient turbulent state.

Interestingly, a longitudinal roll with αd = 2 sometimes emerges after turbulence decays, shown as

the snapshot (LR3). This suggests that other unstable eigenmodes may well be linked to the transition

to transient turbulence.

To better visualise the temporal dynamics in figure 3.11, we project the solution trajectory onto

the space composed of two state observables: planar averaged centerline velocity, 〈w|y=0〉x,z, the

wall shear rate, 〈τw〉x,z coloured by the volume-averaged perturbation kinetic energy, 1/(2V )||u′||2,

in figure 3.12, where ‖u′‖2 =
∫

Ω
u′Hu′dV with Ω being the flow domain. These observables are

chosen because they are found to distinguish well the regions of turbulent states, longitudinal roll

states, and the laminar state that reside around (0.82, 3.2), (0.90, 2.32), and at (1, 2), respectively.

Indeed, the temporal snapshots of (T1 − 4) appear around the representative location of turbulent

states, (0.82, 3.2), and the snapshots of (LR1− 4) and an equilibrium related to the longitudinal roll

state with the spanwise wavenumber αd = 4 (denoted by qLR,αd=4) are seen around (0.90, 2.32).

The solution trajectory emerges from the unstable manifold of the longitudinal roll state, qLRαd=4
,

evolving towards turbulent states around (0.85, 3.2), characterised by a high wall shear rate. At this

Re, the turbulence is transient in the confined domain, occurring with a finite lifetime, eventually

decaying towards the laminar state (Zammert & Eckhardt, 2014; Tuckerman, Chantry & Barkley,

2020; Paranjape, Yalnız, et al., 2023). As the solution trajectory approaches the laminar solution
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Figure 3.13: The thermally-assisted sustaining process (TASP).

at (1, 2), it abruptly reverses towards the longitudinal roll state near (0.95, 2.15), (LR3) due to the

buoyancy-driven linear instability of the laminar base state in the RBP flow. Subsequently, the solution

trajectory again departs along an unstable eigenmode of the longitudinal rolls, forming a cyclic process.

To see if this cycle could be sustained indefinitely, we consider a longer time horizon, t ∈ [0, 68750],

illustrated in figure 3.12(b). The solution trajectory wanders between the ‘cloud’ of transient turbulence

at the top left corner (in red), and longitudinal roll and laminar states (in blue) in the bottom right,

forming a cycle between the unstable longitudinal rolls, transient turbulence, and the unstable laminar

base state. This cycle is likely established above a criticalRa as the longitudinal rolls become linearly

unstable (i.e. Ra & Ras ≈ 4720, see figure 3.10(b)), and the instability of the longitudinal rolls

provides an intermediate pathway towards transient turbulence, which could be regenerated again -

a self-sustaining dynamical process. We refer to this process as the thermally-assisted sustaining

process (TASP), inspired by the self-sustaining process (SSP) from turbulent shear flows (see §1.2.3).

A schematic of the TASP is illustrated in figure 3.13.

3.4.2 Variation of Ra and Re on the thermally-assisted sustaining process in

Γ = π/2

In this section, we further explore the behaviour of the TASP as Re and Ra are varied. We consider

eight different cases at Ra = 8000, 4000 and Re = 600, 700, 1000, 1400. The results of these eight

cases, where longitudinal rolls are unstable at Ra = 8000 or stable at Ra = 4000, are shown in

figure 3.14, depicting the space-time plots of the midplane temperature, θ|y=0(x, t), the time history

of the Nusselt number, Nu, and the wall shear rate, 〈τw〉x,z and the state space portrait using the

plane-averaged centerline velocity, 〈w|y=0〉x,z, the wall shear rate. For all cases, except Ra = 4000,
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Figure 3.14: The behaviour of the unstable and stable longitudinal rolls at Ra = 8000, 4000 for (a,e)
Re = 600, (b,f) Re = 700, (c,g) Re = 1000 and (d,h) Re = 1400 within Γ = π/2. Each parameter
combination consists of three panels, depicting the (top) midplane temperature space-time plot, (mid)
time history of the Nusselt number and shear, and (bottom) state space projection based on the planar
averaged centerline velocity and shear, coloured by the volume normalised perturbation kinetic energy.
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Re = 1000 and Re = 1400, their initial conditions are prepared from the laminar state, superimposed

by a random noise based on a Gaussian distribution with zero mean and unit variance, scaled to a total

energy of δ = 10−3 (see (3.7) for the definition). For the exceptional cases at Ra = 4000, Re = 1000

and Re = 1400, where subcritical turbulence and stable longitudinal rolls are expected, their initial

conditions are obtained by gradually lowering Re from a statistically stationary turbulent solution at

Ra = 4000, Re = 2000.

We first consider Re = 1000 (figures 3.14(c,g)). At Ra = 8000 (figure 3.14(c)), the trajectory

becomes turbulent near t = 7200, marked by large near-wall transport properties such as Nu and

〈τw〉x,z. The solution trajectory subsequently decays towards the longitudinal roll state, qLR with roll

wavenumber αd = 4, at t = 7400, before regenerating again, consistent with the TASP in §3.4.1. As

Ra is lowered to 4000 (figure 3.14(g)), the solution trajectory decays towards the longitudinal roll

state, qLR. In both cases, turbulence appear to be transient. Sustained turbulence occurs only when

the longitudinal rolls are linearly unstable (i.e. Ra = 8000), and guides the trajectory back toward

turbulence. Otherwise (i.e. Ra = 4000), the solution ultimately relaminarises.

At Re = 1400, Ra = 4000, the solution trajectory remains within the turbulent ‘cloud’ near

(0.8, 3.8) for t ∈ [0, 10000], as illustrated in figure 3.14(h). This suggests that turbulence in this

case might be an attractor sustaining indefinitely, although we have not investigated whether the

turbulent chaotic saddle at Re = 1000 truly transitioned into an attractor at Re = 1400. As Ra is

increased to 8000, the solution trajectory originating from the laminar state evolves towards the unstable

longitudinal roll state, qLR at t = 1550, transitioning into turbulence at t = 1800. Therefore, in this

case, the linearly unstable longitudinal rolls serve as an intermediate transitional pathway between

the laminar base state and subcritical turbulence, whereas at Ra = 4000, a bistability between stable

longitudinal rolls (not shown) and turbulence is expected.

Next, we examine the behaviour of TASP as Re decreases towards the intermittent regime at

Re = 600, 700, where a periodic orbit emerges between the longitudinal roll and the laminar state

(figure 3.14(a,b,e,f)). At Re = 600, Ra = 8000 in figure 3.14(a), the solution trajectory initially

evolves towards the longitudinal roll state, qLR, which is linearly unstable and breaks down towards

the laminar state at t = 2200. This breakdown is evidenced by the trajectory’s proximity to the

laminar state in state space and the presence of a narrow green patch in the midplane temperature

spacetime plot. The longitudinal roll state is regenerated again, forming a periodic orbit with a period

of Tperiod = 8098 − 6108 = 1990, oscillating between the longitudinal roll and laminar state over

five intervals within t ∈ [0, 10000]. As Re increases slightly to 700, the periodic orbit persists over a

shorter period of Tperiod = 3889 − 3386 = 503. A notable difference is observed in the regenerated

longitudinal rolls, which are continuously translated by Lx/2 in the x-direction. Additionally, as Re

increases from 600 to 700, the trajectory moves further away from the laminar state during breakdown,

suggesting an increasing attraction towards the longitudinal roll state, qLR (compare t = 2200 in

figure 3.14(a) and t = 2750 in figure 3.14(b)). When Ra is lowered to Ra = 4000, the periodic orbit

disappears and the trajectory stabilises into the longitudinal roll state, qLR, at Re = 600, 700 (figure

3.14(e,f)).

To summarise the dynamical processes identified in figure 3.14, we present a schematic sketch in
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Figure 3.15: A schematic version of figure 3.14 at Ra = 8000, (a) Re = 600, (b) Re = 700, (c)
Re = 1000, (d)Re = 1400 andRa = 4000 at (e)Re = 600, 700, (f)Re = 1000, (g)Re = 1400. The
longitudinal roll is linearly unstable (saddle) at Ra = 8000, and is stable at Ra = 4000, whereas the
laminar state is always linearly unstable (saddle). The blue and orange solid arrows refer to the unstable
manifold of longitudinal rolls and the laminar state. The red solid lines denote the chaotic trajectories
of turbulence, likely forming a chaotic saddle at Re = 1000 and a chaotic attractor at Re = 1400.
The black-dashed trajectories refer to possible solution trajectories, forming a periodic orbit (P.O) at
Ra = 8000,Re = 600, 700, and a basin of attraction (B.o.A) atRa = 8000, Re = 1000. We note that
invariant states could exist at Ra = 4000, Re = 600, 700, labelled as saddles here (Paranjape, Yalnız,
et al., 2023).
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figure 3.15. At Ra = 8000, Re = 600 and Re = 700, the longitudinal rolls become linearly unstable,

breaking down to the laminar state before being regenerated, forming a periodic orbit enclosed by

black dotted paths in figures 3.15(a,b). ForRe = 700, the regenerated longitudinal roll is continuously

translated by Lx/2, suggesting a possible merger of two periodic orbits into one as sketched in figure

3.14(b). Future bifurcation studies are required to establish this, providing an avenue for future work.

AsRa is lowered toRa = 4000, the laminar state stabilises into the longitudinal rolls in figure 3.15(e).

However, the flow in this regime may contain some invariant solutions (Paranjape, Yalnız, et al., 2023),

denoted as saddle points here. Integrating along the unstable manifold of longitudinal roll states at

Ra = 8000, Re = 1000 leads to transient turbulence, which eventually decays to the laminar state

before regenerating the longitudinal rolls again, forming the TASP in figure 3.15(c). In contrast, at

Ra = 4000, Re = 1000, the longitudinal rolls become linearly stable, eliminating the intermediate

(orange) pathway towards turbulence. Therefore, the transient turbulence stabilises into longitudinal

rolls, as shown with the black-dashed trajectory in figure 3.15(f). For Ra = 8000, Re = 1400,

the linearly unstable longitudinal rolls provide an intermediate pathway towards turbulence from the

laminar state, as sketched in figure 3.15(d), breaking the bistability between the laminar state and

subcritical turbulence seen atRa = 4000 in figure 3.15(g). This difference highlights the contribution

of unstable longitudinal rolls towards the transition to turbulence within Γ = π/2.

We have examined the dynamics of unstable longitudinal rolls, as the Reynolds number, Re, and

the Rayleigh number, Ra, are varied, identifying three key dynamical processes: (1) periodic orbits

between longitudinal rolls and the laminar state (figure 3.15(a,b)), (2) the TASP, where transient

turbulence can be sustained (figure 3.15(c)) and (3) an intermediate transitional pathway towards

sustained turbulence (figure 3.15(d)). To establish a connection between these processes and refine

their transitional boundaries, we conduct a further parametric study over fifteen numerical simulations

atRa = 4000, 6000, 10000 andRe = 600, 800, 900, 1200, 1400 for Γ = π/2. Figure 3.16 presents the

midplane temperature space-time plot along with the time history of the wall shear rate, 〈τw〉x,z and

the Nusselt number,Nu. For all simulations, the initial conditions are prepared from the laminar state,

superimposed with a random noise based on a Gaussian distribution with zero mean and unit variance,

scaled to a total energy of δ = 10−3 (see definition in (3.7)). Due to the subcritical nature of turbulence

and expected stable longitudinal rolls, exceptions are made for Ra = 4000, Re = 900, 1200, 1400,

where initial conditions are taken from gradually lowering Re from a statistically stationary turbulent

state at Ra = 4000, Re = 2000. The thermally-assisted sustaining process is highlighted in green for

Ra ∈ [6000, 10000] and Re ∈ [900, 1200], where temporally intermittent shear and Nusselt number

fluctuations are observed, accompanied by a mixture of organised and disorganised flow structures in

the temperature space-time plots. Here, longitudinal rolls provide an intermediate pathway towards

transient turbulence. For the same Re and as Ra lowers to 4000, transient turbulence eventually

decays into stable longitudinal rolls labelled as ‘transient turbulence’ in figure 3.16. Periodic and quasi-

periodic orbits between longitudinal rolls and the laminar state appear forRa = 10000,Re = 600, 800

and Ra = 6000, Re = 800, establishing threshold values of Ra and Re shaded in yellow. Below

this threshold, solutions stabilise into longitudinal rolls shaded in red. Although longitudinal rolls

are linearly stable at Ra = 4000, Re = 1400, turbulence is sustained at least for a sufficiently long
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time, shaded blue at Re = 1400 and labelled as ‘sustained turbulence’ in figure 3.16. In this case,

a bistable system forms between longitudinal rolls and turbulence at Ra = 4000, while longitudinal

rolls provide an intermediate pathway to turbulence for Ra ≥ 6000.

3.4.3 Extending to large domains, Γ = 4π.

In this section, we return to the simulation results in the large domain Γ = 4π and show that

many important flow features can be well explained by the confined domain Γ = π/2. It should

be mentioned that, by doing so, the discussion in this section does not fully account for the spatial

interactions between the flow structures. However, we will see that many important flow features can

be well explained based on the simulation results from the confined domain. The understanding of the

full spatio-temporal dynamics is deemed to be a formidable task at this point and is beyond the scope

of this study.

Here, we will focus on Re = 500, 750, 1000, 1050 for Ra = 10000 presented in figure 3.17,

illustrating their space-time plots of the midplane temperature, θ|(y,z)=(0,8π), and the near-wall wall-

normal and spanwise perturbation kinetic energy, Eu′+v′ , at y+ = 15. Furthermore, to statistically

characterise the flow structures, we calculate the joint probability distribution function (PDF) using

the velocity and temperature in the midplane, f(w|y=0, θ|y=0).

At Ra = 10000, Re = 500, the breakdown of longitudinal rolls towards the laminar state is

observed, highlighted by spatially-localised green spots in the midplane temperature plots, and dark

regions in the near-wall perturbation kinetic energy spacetime plot near t = 500, 3800 in figure

3.17(a). As Re increases from 500 to 750, the breakdown towards the laminar state remains visually

apparent. The spatio-temporal dynamics between longitudinal rolls and the laminar state observed in

the large domain in this regime are reminiscent of the stable periodic orbits identified between them in

a confined domain, although the dynamics in the large domain is much more complex due to the spatial

interactions between different flow structures. There is a noticeable decrease in the number of green

and dark regions between the space-time figures 3.17(a) and (b), suggesting fewer laminar events at

Re = 750. Indeed, this difference is further reflected in their PDFs, where the probability of laminar

events, at (w|y=0, θ|y=0) = (1, 0), depicted as the head of the arc-shaped PDF, decreasing in intensity

from Re = 500 (figure 3.17(a)) to Re = 750 (figure 3.17(b)). This suggests fewer laminar-state

events and more occurrences of the longitudinal roll state. It is also consistent with the result from

the confined domain case, where the solution trajectory becomes increasingly attracted towards the

longitudinal roll state from Re = 600 and Re = 700 at Ra = 8000 (figures 3.14(a,b)).

At Re = 1000, we observe the coexistence of the laminar state, the longitudinal rolls, and

turbulence, as can be seen from the dark, bright and very bright regions in the near-wall wall-normal

and spanwise perturbation velocities in figure 3.17(c). Starting at t = 2000, the longitudinal rolls

that appear as elongated red/blue contour strips in figure 3.17(c) erupt into turbulence at t = 2500,

appearing as very bright spots in the space-time plot of near-wall perturbation kinetic energy Eu′+v′

of figure 3.17(c). Turbulence is transient, decaying towards the laminar state at t = 3000, as indicated

by the dark patches. By t = 4000, longitudinal rolls are regenerated, appearing as red/blue elongated

contour strips in the space-time midplane temperature plot, θ|(y,z)=(0,8π) of figure 3.17(c). This process
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Figure 3.16: The temperature space-time plots and time history of (τw, Nu), for Ra ∈ [5000, 10000],
Re ∈ [600, 1400] within Γ = π/2. Unstable longitudinal rolls lead to the onset of (1) periodic orbits
(yellow), (2) the thermally-assisted sustaining process (green), and (3) sustained turbulence (blue),
occurring beyond an Ra−Re boundary, below which longitudinal rolls remain stable (red).
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Figure 3.17: The midplane temperature space-time plot, and near-wall wall-normal and spanwise
perturbation kinetic energy normalised by the thermal velocity scale, uκ, and the probability density
functions based on planar-averaged centerline velocity and the midplane temperature for Ra = 10000
at (a) Re = 500, (b) Re = 750, (c) Re = 1000 and (d) Re = 1050 at Γ = 4π.
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resembles TASP in a confined domain (figure 3.15(c)), suggesting that a similar process may be present

in the large domain.

As Re approaches Re = 1050, turbulence appears more uniformly in space and time, as seen in

figure 3.17(d). The increase in turbulent events is reflected by the PDFs, where a D-shaped PDF absent

in Re = 750, gradually increases in intensity from Re = 1000 to Re = 1050. The lack of prolonged

laminar regions, previously identified for Ra = 0 (figure 3.5), highlights the role of longitudinal rolls

in providing an intermediate pathway from laminar to turbulent state, identified in a small domain

(figure 3.14(d)).

3.5 Summary

We conclude by summarising the key findings of the transitional RBP flow in figure 3.1, where we have

identified five distinct regimes and their rough transition boundaries. At low Re, the flow structures

are primarily organised by buoyancy-driven convection rolls, consistent with RBC studies, including

features such as the bistability between ISRs and SDC and the secondary oscillatory instability. We

have shown that SDC disappears between 0.1 < Re < 1, and the critical Re at which this occurs

warrants further investigation. At intermediate Re, we identify a new regime known as intermittent

rolls, marked by the breakdown and regeneration of longitudinal rolls. As Re approaches the onset

of shear-driven turbulence, we observe the co-existence of longitudinal rolls with turbulent-laminar

bands. This highlights the importance of longitudinal rolls in spatially extended RBP flows. Due to

the enforced periodic boundary condition in our simulations, the longitudinal rolls are continuously

excited, rather than convected out as in the case of impulsive disturbances (Carrière & Monkewitz,

1999; Pabiou, Mergui & Bénard, 2005). In finite-length experiments, careful control of system noise

will likely facilitate the occurrence of this intermittent regime.

By considering a confined domain, we showed that the linearly unstable longitudinal rolls could

provide a transition mechanism towards turbulence, referred to as the thermally-assisted sustaining

process (TASP). Finally, we examined how the TASP mechanism evolves as Ra and Re vary and

discussed its implications for spatially extended domains. Further work may include a bifurcation

analysis study of the TASP within confined domains and minimal band unit, establishing dynamical

connections between invariant solutions where large spatial intermittency structures are expected to

be important in the transitional regime (Tuckerman, Chantry & Barkley, 2020).
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Chapter 4

The state space structure of Spiral Defect

Chaos

The co-existence of ideal straight rolls (ISRs) and spiral-defect chaos (SDC) as bistable states in

Rayleigh-Bénard convection above the onset of the linear instability is well established in extended

spatial domains (Γ ≥ 40 where Γ is the aspect ratio of the domain). However, multiple stable states

have also been found independently, raising questions about the precise understanding of this observed

bistability in extended domains. In this study, we isolate the localised structures of SDC by gradually

reducing the spatial domain. By minimising the domain systematically to Γ = 4π, SDC appears

transiently and eventually stabilises into new stable states referred to as elementary states. These

elementary states are visibly and statistically similar to the spatially local patterns of SDC, indicating

that they are invariant solutions underpinning pattern formation in SDC.

To further understand the state-space structure, we examined the edge between ISRs and the

elementary states, identified multiple edge states, and conducted numerical simulations along the

unstable eigenmodes of the ISRs. The unstable ISRs near the Busse balloon are connected to stable

ISRs and the base state through networks of heteroclinic connections, forming a basin of attraction for

each stable ISR. In contrast, the unstable ISRs further from the Busse balloon contain some unstable

eigenmodes, along which the solution trajectory leads to SDC, suggesting that these unstable ISRs sit

on the boundary between stable ISRs and SDC. Finally, we propose a state-space structure centered

on the basic heat-conduction state, stable/unstable ISRs, elementary states, and transient SDC.

4.1 Objectives

The bistability between SDC and ISR is well established, but this also raises the question of how it

is connected with the previous findings of multiple stable states (see §1.3). It is worth noting that a

potential parameter for exploring this connection is the domain size. Bistability has been reported in

domains much larger (Γ = 50) than the multiple states found in small-to-moderate domains (Γ ≤ 10)

(Cakmur et al., 1997). Furthermore, giant rotating spirals have been found in domains comparable to

the horizontal length scale of SDC (Plapp & Bodenschatz, 1996; Plapp, Egolf, et al., 1998). Under

this premise, the scope of this study is to explore how SDC, ISRs, and multiple states are organised
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Chapter 4. The state space structure of SDC 4.2. Problem formulation

within a state space, where stable/unstable equilibria and their unstable eigenmodes can provide useful

physical insights into state-transition dynamics.

Motivated by the observation that SDC consists of several localised structures that resemble

multiple states (i.e. travelling waves, spirals, asymmetric states), we first seek to isolate these states by

minimising the domain systematically. Confined within the minimal domain, SDC is found to appear

only transiently and is not sustained for a long time. The transient SDC state eventually stabilises into

a large number of stable multiple states, which will be referred to as the elementary states of SDC, and

they are subsequently found within the minimal domain. As we shall see later, these elementary states

remarkably resemble local structures of SDC observed in wide computational domains, indicating

that they possibly underpin the formation of SDC. Next, the basin boundaries between SDC and ISRs

are explored by employing the edge-tracking technique (Skufca, Yorke & Eckhardt, 2006; Schneider,

Eckhardt & Yorke, 2007), unveiling the existence of multiple edge states sitting on the boundaries.

Finally, to understand the role of the unstable ISRs outside the Busse balloon, we perform a series

of numerical experiments, in which a small perturbation is added along the unstable eigenmodes of

several ISRs outside of the Busse balloon. We shall see that some of their unstable eigenmodes are

connected to stable ISRs within the Busse balloon, while the others are linked to transient SDC, which

subsequently evolves into an elementary state. This suggests that some of the unstable ISRs act as

edge states for the basin boundary between stable ISRs and SDC (and/or elementary states).

The main contributions of the present chapter can be briefly summarised as follows,

1. Discovery of a number of stable invariant solutions which underpin the localised structures of

SDC by minimising the computational domain for SDC (§4.3);

2. Computation of some of the multiple edge states sitting on the separatrix between SDC and

ISRs (§4.4);

3. Several heteroclinic connections connecting unstable ISRs and stable ISRs near the boundaries

of the Busse balloon (§4.5.1);

4. The role of unstable ISRs far from the Busse balloon acting as edge states between ISRs and

SDC (§4.5.2).

4.2 Problem formulation

4.2.1 Rayleigh-Benard convection (RBC)

The motion of fluid flow in an RBC system (see §1.1) is governed by the non-dimensionalised

Navier-Stokes equations with the Boussinesq approximation,

∂u

∂t
+ (u · ∇)u = −∇p+ Pr∇2u+RaPrθj, (4.1a)

∂θ

∂t
+ (u · ∇)θ = ∇2θ, (4.1b)
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∇ · u = 0, (4.1c)

with the following boundary conditions at the wall,

u|y=0,1 = 0, θ|y=0 = 1, θ|y=1 = 0, (4.2a)

and periodic boundary conditions in the horizontal directions. Here, t denotes the time scaled by the

vertical thermal diffusion time, d2/κ, andx(= (x, y, z)) is the spatial coordinates non-dimensionalised

by d, where x and z are two orthogonal horizontal directions and y is the vertical direction. u(=

(u, v, w)) is the velocity vector scaled with κ/d, p the pressure scaled with ρκ2/d2, θ(≡ (T−TU)/∆T )

(see §1.1 for definitions) the non-dimensional temperature with T being the absolute temperature, and

j denotes the unit vector in y-direction. The Rayleigh number and the Prandtl numbers are defined

as in §1.1: Ra = αgd3∆T/νκ, Prandtl number Pr = ν/κ. In this work, we conduct all numerical

simulations at reduced Rayleigh number ε = 0.7(≡ (Ra− Rac)/Rac) and Pr = 1. We note that the

aspect ratio is redefined as Γ = L/d in this section.

4.2.2 Numerical method

The governing equations are solved numerically using Nektar++, an open-source spectral/hp-element

method framework (Cantwell et al., 2015; Moxey et al., 2020). An initial computational mesh, com-

posed of quadrilateral elements, in the x-y plane is generated using Gmsh (Geuzaine & Remacle,

2009) and then refined by Nekmesh, the mesh generator available in Nektar++. Several computa-

tional domains of different sizes are prepared: (Lx, Ly, Lz) = (16π, 1, 16π), (8π, 1, 8π), (4π, 1, 4π),

(2π, 1, 2π). The spatial domain is discretised using a quasi-3D approach with spectral/hp elements

in x-y domain and Fourier expansions in z-direction. The discretised equations are subsequently

solved using a velocity-correction method based on a second-order implicit-explicit temporal scheme

(see §2.4.1). Since different computational domain sizes were considered, the spatial distribution

of spectral/hp elements in the x-y plane and Fourier expansions along z was kept constant. A spa-

tial resolution of (∆x,∆y|y=0,d,∆y|y=d/2,∆z) = (0.1π, 0.0549, 0.367, 0.25π) with polynomial order

P = 4, and temporal resolution of ∆t = 0.0125 was sufficient to establish numerical independence

– for example, the Nusselt number, Nu(= −
∫

x,z
∂θ
∂y
|y=0 dxdz), varies less than 10−5 when P was

increased to P = 5.

4.2.3 Linear stability analysis of ISRs

As discussed in §4.1, we will perform a set of numerical experiments, in which a small perturbation

about several unstable ISRs is added along their unstable eigenmodes. To obtain the direction of the

unstable eigenmodes, we consider a small perturbation about the ISR (base) state:

u(x, t) = uISR,q(x) + u′(x, t), (4.3a)
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θ(x, t) = θISR,q(x) + θ′(x, t), (4.3b)

p(x, t) = pISR,q(x) + p′(x, t), (4.3c)

where s = [u, θ, p]T , sISR,q = [uISR,q, θISR,q, pISR,q]
T and s′ = [u′, θ′, p′]T refer to the solution vector,

the ISR (base) state of a given wavenumber, q, and the perturbation respectively. The theoretical

background of this section is discussed earlier in §1.2, and its numerical techniques are presented in

§2.5.1. Substitution of (4.3) into (4.1) leads to the following linearised equations,

∂s′

∂t
= A(sISR,q;Ra, Pr)s

′, (4.4a)

where the operator A is given as

A(sISR,q;Ra, Pr) =






−(U · ∇)− (∇U·) + Pr∇2 RaP r̂j −∇

−(∇Θ·) −(U · ∇) +∇2 0

∇· 0 0




 . (4.4b)

Without loss of generality, we will only consider the ISRs invariant along the z-direction. We consider

the following form of a normal-mode solution:

s′(x, t) = s̆(x, y)eiβz+λt + c.c, (4.5)

where λ, β are the growth rate and spanwise wavenumber. Substituting (4.5) into (4.4) leads to a

discretised eigenvalue problem in terms of the eigenvalue λ, where the wavenumber in the z-direction

is restricted to be β = 2πm/Lz, where m is a positive integer, for the given computational domain.

The resulting eigenvalue problems are solved using a time-stepper-based iterative Arnoldi algorithm

(see 2.5.1). The eigenvalues of primary instabilities of RBC computed in Nektar++ are also verified

against those obtained with a Chebyshev-collocation method in Appendix B.1.

4.3 Transient SDC and elementary states in minimal domain

In this section, we seek to capture localised structures of SDC using a minimal domain by systematically

reducing the domain by half in the homogeneous (x-z) directions. A random noise, characterised by

Gaussian white noise (0 mean and 1 variance), generated with a total energy of

δ ≡
1

V

∫

Ω

ũ(x)T ũ(x) +RaPrθ̃(x)2 dΩ ≈ O(10−3), (4.6)

where ũ(x) and θ̃(x) refer to the perturbation velocity and temperature about the base state U(x) = 0

and Θ(y) = 1− y, is introduced as an initial condition to the system. Here, we note that the first term

of the integrand in (4.6) is the kinetic energy of the perturbation velocity and the second one measures

the potential energy from the perturbation temperature.
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Figure 4.1: Midplane temperature snapshots, θ(x, z)|y=d/2, of spiral defect chaos (SDC) at ε =
0.7, P r = 1 for a domain aspect ratio of (a) Γ = 16π and (b) 8π. Elementary states of SDC captured
when Γ = 4π: (c) steady pacman (PM), (d) relative periodic orbit spiral-defect (SD), (e) relative
periodic orbit hooked (HK), and (f) periodic peanut (PN) elementary state. Note that the localised
structures indicated by bounding boxes in (a,b) resemble structures in (c-f).
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Figure 4.2: (a,b) Time history of the volume (V = LxLyLz) normalised L2-norm of velocity pertur-
bations from a random initial condition with δ = 0.001 and (c-g) Mid-plane temperature snapshots at
t = 6, 15, 30, 79, 250. Here, transient chaotic SDC lasts up to t ≈ 70, before stabilising into an SD
state, emerging as a relative periodic orbit with the time period T ≈ 75 propagating diagonally in the
negative x- and z-directions.

The system is time integrated for 300 units of vertical thermal diffusion time t (= d2/κ) at

ε = 0.7. The resulting mid-plane temperature snapshots θ(x, z)|y=d/2 at t = 300 exhibit features of

spiral defect chaos, as shown in figure 4.1. When the domain size is large, for instance, Γ = 16π

shown in figure 4.1(a), SDC consists of many repeating localised spirals, defects and dislocations.

Reducing the domain in half to Γ = 8π, shown in figure 4.1(b), led to a spatially less extensive

chaotic state, revealing a single spiral, with some defects and dislocations. Surprisingly, a further

reduction of the domain in half, Γ = 4π, does not lead to sustained SDC, but rather, a transient SDC

state before settling into stable elementary states. These elementary states are identified as pacman

(PM), spiral-defect (SD), hooked (HK), and peanut (PN) states in figure 4.1 (c-f), which resemble

the localised features of SDC (see the coloured bounding boxes in figures 4.1(a,b)). These states are

stable invariant solutions (see §1.2.2 for definition) of (4.1). Specifically, the PM state represents a

steady equilibrium, the SD and HK states are characterised by relative periodic orbits 1, and the PN

state is a periodic orbit.

An example of a transient SDC state is shown in figure 4.2(a), where spirals, a typical feature of SDC

(Morris et al., 1993), form spontaneously with a chaotic transient (figures 4.2(c-e)), before stabilising

into an SD state with a period ofT ≈ 75 (figures 4.2(f,g)). In addition to the elementary states presented

in figures 4.1(c-f), we have identified ten additional elementary states, each independently preceded

by a transient SDC state, and fourteen stable ISRs of varying wavenumbers (see Appendix B.2). We

note that these states are distinct and are not equivalent under any combination of spatial rotations,

reflections or translations. We intentionally restrict the spatial domain to identify nontrivial invariant

solutions apart from ISRs. This method follows the well-established approach of the minimal flow

unit of plane Couette flow (Jiménez & Moin, 1991), where nontrivial solutions within small domains

1A relative periodic orbit is a type of periodic orbit for which the solution trajectory after a period T returns to its
initial state translated in the directions of symmetry.
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Figure 4.3: (a) State-space projection using || 1
V
ũ||2 and || 1

V
RaPrθ̃||2 for SDC from Γ = 16π, 8π

(figures 4.1(a,b)), four transient SDC state proceeding to stable elementary states at Γ = 4π (figures
4.1(c-f)), B.2), and fourteen stable stationary ISRs of wavenumbers 2.0 ≤ qd ≤ 3.35 at Γ = 4π.
Here, the magnitude of q is denoted by the opacity of the filled symbol (•), increasing from the bottom
left and turning toward the top left shown as arrows; (b) Zoomed-in view of (a). The legend lists the
figures for the respective trajectories preceding the snapshots in figure 4.1. Note that ε = 0.7 and
Pr = 1.

exhibit coherent streak-roll structures that reproduce the statistics of turbulence (Kawahara & Kida,

2001). In total, we have identified 28 states with Γ = 4π. Decreasing the domain further to Γ = 2π

only led to stable ISRs at least for the random initial conditions we have examined in this study. We

therefore consider Γ = 4π as the minimal domain, in which both transient SDC and elementary states

exist. It is worth mentioning that multiple states were obtained in smaller domains with Γ = 4, but in

a cylindrical domain (Ma, Sun & Yin, 2006; Borońska & Tuckerman, 2010a).

To show whether SDC and elementary states are related, we compare their solution trajectories

projected onto a suitable state space and the averaged wall-normal temperature profiles. Since

the full state space is very high-dimensional, with its dimensionality determined by the number of

degrees of freedom dictated by the spatial discretisation scheme, it is therefore very challenging, if

not impossible, to visualise the full state space in its entirety. Here, we choose the volume (V =

LxLzLy) normalised L2-norms of velocity (|| 1
V
ũ||2) and temperature (|| 1

V
RaPrθ̃||2) perturbations as

observables, describing the deviation from the conduction state and providing a consistent depiction

across different domain sizes, as we shall see later. It is also worth highlighting that the perturbation

kinetic/thermal energies are integral quantities and therefore may not distinguish between states that

are spatially symmetric, e.g. translations of one another (i.e., ISRs of the same wavenumber that

differ in phase). Other integral quantities, such as the Nusselt number, do not provide a clear

separation between SDC and ISR. We emphasise that our choice of projection does not capture the
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full dimensionality of the system, and that our use of this projection is intended to provide a qualitative

slice of its high-dimensional dynamics. As in other studies of turbulent shear flow (see references in

§1.2.2), low-dimensional projections are commonly used to visualise an otherwise high-dimensional

state space. We also note that different choices of projection will naturally change the figures.

Figure 4.3 presents the two chaotic trajectories of SDC from Γ = 16π, 8π, four of fourteen

transient SDC trajectories obtained and fourteen stable fixed-points of ISRs from Γ = 4π on a

two-dimensional state portrait based on the L2-norms of velocity and temperature perturbations. The

projected trajectories begin from t = 3; those for t < 3 are omitted for clarity. The state space projected

trajectories of SDC (Γ = 16π, 8π) and the transient SDC states for Γ = 4π appear approximately

between (8.4, 6) .
(

|| 1
V
ũ||2, ||

1
V
RaPrθ̃||2

)

. (8.7, 6.5) shown in figure 4.3(b). This suggests that

they are the same type of SDC emerging in different domains. The closely packed chaotic trajectories

are in contrast to the sparse population of ISs.

The transient SDC trajectories eventually converge into fourteen elementary states in figure 4.4,

where the transient SDC trajectories from figure 4.3 are now omitted. Obscured by the transient SDC

trajectories initially, the elementary states in figure 4.4 emerge as seven steady states (�), two travelling

waves (×), one periodic orbit (dash-dotted line) and four relative periodic orbits (solid line). The SDC

trajectories for Γ = 16π, 8π, 4π appear near the fourteen elementary states, approximately bounded

between (8.5, 6) .
(

|| 1
V
ũ||2, ||

1
V
RaPrθ̃||2

)

. (8.7, 6.5) (figure 4.4), in contrast to the larger region

occupied by ISRs between (8, 5.25) .
(

|| 1
V
ũ||2, ||

1
V
RaPrθ̃||2

)

. (8.8, 7) (figure 4.3(a)). Notably,

the state space trajectories of SDC and the elementary states are close to the ISR of wavenumber

q = 2.5/d (see figures 4.3), which corroborates with the averaged wavenumber of SDC, qavg ≈ 2.5/d

(Decker, Pesch & Weber, 1994; Morris et al., 1993).

The comparison between the time-averaged mean temperature profile, mean-squared temperature

deviation, and mean-squared velocity deviation of SDC (figures 4.1(a,b)) and elementary states (figures

4.1(c-f) and figure B.2) is presented in figure 4.5. In figure 4.5(c), we present the sum of mean-

squared x- and z- velocity deviations due to horizontal isotropy. The mean temperature profiles of the

elementary states closely match those of SDC (figure 4.5(a)). Notably, the mean-squared temperature

and velocity deviations between SDC states (grey and black dashed curves) of figures 4.5(b-d) are

similar. The mean-squared temperature and velocity deviations profiles of elementary states are

comparable to those of SDC but are, in general, slightly larger in magnitude.

The spatial-temporal complexity of SDC is reduced when the domain size is reduced fromΓ = 16π

to Γ = 8π, i.e. less disordered spatial features. Reducing the domain from Γ = 8π to Γ = 4π resulted

in a transient SDC before stabilising into multiple elementary states. In this particular case, the chaotic

state (i.e. SDC) stabilised into stable invariant solutions (elementary states) instead, in contrast to

shear flow turbulence, where invariant solutions are expected to be unstable. Despite this feature of

the state space, each of the elementary states is still seen to emerge in a spatially localised manner of

SDC in an extended domain (figure 4.1), and their spatially-averaged statistics are remarkably similar

to those of SDC in extended domains (figure 4.5). Therefore, we consider the elementary states in the

minimal domain to be the ‘building blocks’ of SDC.
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Figure 4.4: State-space portrait (from figure 4.3) highlighting the transient SDC states for Γ = 4π
converging toward stable elementary states (see figures 4.1(c-f), B.2): steady states (�), travelling
waves (×), periodic orbit (dash-dotted line) and relative periodic orbits (solid lines).
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Figure 4.5: Profiles of (a) averaged temperature, (b) root-mean-squared temperature deviation, (c)
sum of root-mean-squared x-z velocity deviations and (d) root-mean-squared wall-normal velocity
deviation for the SDC and elementary states shown in figures 4.1(a-f) and in Appendix B.2. Note that
〈·〉 = 1

TLxLz

∫

t,x,z
· dtdxdz refers to the time and plane averaged operator, where T was chosen to be

sufficiently long to ensure temporal convergence. Variables with a hat refer to the deviation from the
mean, i.e. θ̂ = θ − 〈θ〉.

93



4.4. Multiplicity of edge states Chapter 4. The state space structure of SDC

sISR,q selementary Edge state Final state
sISR,q=2.06/d sspiral−defect Jagged (Stationary) Transient Chaos
sISR,q=2.06/d spacman Jagged (Stationary) Transient Chaos
sISR,q=2.24/d sspiral−defect Point-defect (Travelling wave) sbubble−defect

sISR,q=2.24/d spacman Forked (Relative Periodic Orbit) Transient Chaos
sISR,q=3.16/d sspiral−defect Skew-varicose (Stationary) Transient Chaos
sISR,q=3.16/d spacman Skew-varicose (Stationary) Transient Chaos

Table 4.1: A summary of the edge states computed. The first two columns denote the pair of initial
conditions considered for edge tracking in Eq. (4.7). The names and classification of the edge states
are described in the third column. The last column describes the final state obtained from sISR,q for
sufficiently large χ in Eq. (4.7).

4.4 Multiplicity of edge states

The stable nature of many ISRs and elementary states underpinning SDC implies the existence of

boundaries between them. In this section, we perform edge tracking between the stable manifolds

of ISRs and elementary states to compute the attractors on the edge (i.e edge states). For the edge

tracking, we use the bisection method (see §2.5.2), with an initial condition given by

s0(x, t = 0) = χsISR,q + (1− χ)selementary, (4.7)

where s0(= [u0, θ0, p0]
T ) refers to an initial condition consisting of a weighted sum, χ ∈ [0, 1],

between a stable ISR state, sISR,q of wavenumber q, and an elementary state, selementary where the

subscript refers to its names in figures 4.1(c-f).

Given the large number of stable ISRs and elementary states, we shall focus on the computation of

the edge states between three of the stable ISRs and two of the elementary states. However, in principle,

edge tracking is technically possible with other stable ISRs and elementary states. In general, multiple

edge states are expected. The three ISRs are related to three different wavenumbers, denoted by

sISR,q=2.06/d, sISR,q=2.24/d, sISR,q=3.16/d (figures B.3(b,d,j)) respectively, and the two elementary states

are SD state, sspiral−defect (figure 4.1(c)), and PM state, spacman (figure 4.1(d)). Using this set of stable

ISRs and elementary states, we aim to track the edge near sISR,q in the direction of selementary by

bisecting the initial condition with χ in (4.7), whereby one of the two trajectories across the edge

decays toward sISR,q and the other is attracted toward transient chaotic state (i.e. SDC), referred to as

the lower and upper trajectories respectively. The bisection of the initial condition is carried out by

monitoring the difference in two trajectories with Nu (i.e. ∆Nu). When the two trajectories reach a

certain time at which ∆Nu > 0.0007, the bisection of the initial condition is repeated using the flow

fields from the two different trajectories by replacing sISR,q and selementary in (4.7) with them. This

process is repeated until the trajectory along the basin boundary converge into an attractor (i.e. an

edge state).

Table 4.1 summarises the edge states and their dynamical properties computed from six combi-

nations of sISR,q and selementary states, and they are visualised with the mid-plane temperature field

in figure 4.6. The convection patterns of edge states are often mildly spatially complex compared to

SDC and the elementary states. In particular, their patterns contain the underlying convection pattern
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Figure 4.6: Mid-plane temperature fields of ISRs and elementary states at ε = 0.7 and Pr = 1 used in
Eq. (4.7), and the resulting edge states. Here, ISRs (green borders): (a) sISR,q=2.06/d, (b) sISR,q=2.24/d,
(c) sISR,q=3.16/d; elementary states: (d) spacman, (e) sspiral−defect; edge states (black borders): (f) jagged,
(g) point-defect, (h) forked and (i) skew-varicose edge state.

of sISR,q with spatially localised defects. We obtained four edge states: specifically, the jagged and

skew-varicose edge states are stationary, and the point-defect and forked edge states are travelling

waves and a relative periodic orbit, respectively. The jagged, skew-varicose and forked edge states

lie on the boundary, separating the basins of attraction of stable sISR,q from transient SDC. In the

case of the point-defect edge state, the solution trajectory is found to bypass the transient SDC state,

directly settling into a stable elementary state characterised by bubble-like convection roll defects,

sbubble−defect (see fig. 4.10(a)). Since the jagged, skew-varicose, and forked edge states are similar in

nature, acting as separatrices between sISR,q states and transient SDC, we will focus our analysis on

the jagged edge state only, alongside the point-defect edge state.

Using Nu as an observable, successive bisections between sISR,q=2.06/d and sspiral−defect reveal

the projected trajectory along the basin boundary, as illustrated in figure 4.7. The trajectory along

the basin boundary spans from t ≈ 0 − 15, and is initially characterised by a speckled defect (figure

4.7(b)). The speckled defect grows into a spatially localised jagged defect as the trajectory is attracted

to the jagged stationary edge state from t ≈ 6.5 onwards (figures 4.7(c-e)). We further examine the

two trajectories in opposite directions along the unstable manifold of the jagged edge state in figure

4.8, where the upper trajectory evolves into a transient SDC and the lower trajectory decays into
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Figure 4.7: (a) Time history ofNu and (b-e) the corresponding mid-plane temperature field snapshots
for ε = 0.7 and Pr = 1 at t = 2.0, 6.5, 31.0, 65.5 along the basin boundary between sISR,q=2.06/d and
sspiral−defect.

the original stable sISR,q=2.06/d state. Starting from the upper trajectory (figure 4.8(a)), the spatially

localised jagged defect grew in the direction normal to the roll orientation at t = 80.5 (figure 4.8(b)),

contaminating the adjacent roll structure and propagating through the domain where transient SDC

emerges from t > 80.5, lasting up to t ≈ 120 (a snapshot of transient chaotic SDC regime at t = 90.5

is shown in figure 4.8(c)). The trajectory subsequently stabilises into a travelling-wave PM elementary

state described by pac-man like patterns, propagating along the −x direction from t = 125.5 to

t = 170.5 (figures 4.8(d,e)). This is reminiscent of a secondary cross-roll instability experienced

by low-wavenumber ISRs (such as sISR,q=2.06/d considered here), where a defect propagates in the

direction perpendicular to the rolls (Bodenschatz, Pesch & Ahlers, 2000). Along the lower trajectory

(figure 4.8(f)), the jagged defects diffuse from t = 70.5 to t = 75.5, converging to the stable

sISR,q=2.06/d state at t = 80.5 (figures 4.8(g-j)).

Next, we analyse the trajectory along the basin boundary between sspiral−defect and sISR,q=2.24

in figure 4.9. The trajectory along the basin boundary from t = 4 (figure 4.9(b)) is described by

time-dependent convection structures. The trajectory began to be converge into the point-defect edge

state from t = 13 onwards (figure 4.9(c)), propagating along the x direction from t = 22.5 (figures

4.9(d,e)). It is characterised by the convection structure of the sISR,q=2.24 state with a pointed defect

structure, hence referred to as the point-defect edge state.

The upper and lower trajectories through two opposite directions of the unstable manifold of the

travelling wave point-defect edge state are subsequently examined in figure 4.10. Integrating along

the upper trajectory (figure 4.10(a)), the spatially localised point-defect structure grew from t = 43

to t = 83 (figures 4.10(b-d)), saturating into a stationary elementary state at t = 163 (figure 4.10(e))

characterised by sISR,q=2.24 with a large bubble defect. Along the lower trajectory (figure 4.10(f)),

the spatially localised point defect merged onto the adjacent convection roll from t = 38 to t = 44.5
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Figure 4.8: Time history ofNu along two opposite directions along the unstable manifold of the jagged

edge state at ε = 0.7, P r = 1: (a) upper trajectory leading to a transient SDC for t ≈ 85 − 120 and
subsequently to PM state for t > 120 and (f) lower trajectory stabilising into sISR,q=2.06/d. Mid-plane
temperature fields are visualised in (b-e) along the upper trajectory at t = 80.5, 90.5, 125.5, 170.5,
and in (g-j) along the lower trajectory at t = 70.5, 75.5, 80.5, 85.5.
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Figure 4.9: (a) Time history ofNu and (b-e) the corresponding mid-plane temperature field snapshots
for ε = 0.7 and Pr = 1 at t = 4, 13, 22.5, 40.5 along the basin boundary between sISR,q=2.24 and
sspiral−defect.

(figures 4.10(g,h,i)), converging to the sISR,q=2.24/d state at t = 53 (figure 4.10(j)). It is worth noting

that, in this particular case, no chaotic transient of the form of SDC has been observed.

Finally, figure 4.11 depicts a state-space projection of stable ISRs, SDC and the edge/elementary

states identified here. As seen previously, SDC and elementary states are seen to be clustered around

the region of || 1
V
ũ||2 ≈ 6.3 and || 1

V
RaPrθ̃||2 ≈ 8.6, whereas stable ISRs are distributed along a

horseshoe-shaped band (green line). The edge states found in this study are located not far from the

(green) horseshoe-shaped band of ISRs, as they presumably lie in a smaller (grey) horseshoe-shaped

band situated between ISRs and SDC or elementary states. While we have identified four edge

states, we expect that there are more edge states, presumably distributed along the (grey) horseshoe-

shaped band. It is also worth mentioning that the edge states we found here contain the underlying

ISR structure (sq=2.06/d,2.24/d,3.16/d) modified by spatially localised defects and pinches between rolls,

supporting its proximity with ISRs in the state space. This feature is also reminiscent of spatially

localised edge states identified in boundary layer flows (Khapko et al., 2016). Lastly, we would like to

emphasise that we have only considered initial conditions from the states between sISR,q and selementary

and not strictly between sISR,q and a transient SDC state. Nevertheless, three of the edge states are

found to lie on the boundary separating the stable ISRs from transient SDC.

4.5 Unstable ideal straight rolls

Thus far, we have studied the edge and edge states between certain stable ISRs and elementary states.

The dynamics of unstable ISRs outside the Busse balloon, however, remain unclear (Busse, 1985).
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Figure 4.10: Time history of Nu along two opposite directions of the unstable manifold of the point-

defect edge state at ε = 0.7, P r = 1: (a) upper trajectory leading a stationary elementary state with
bubble defect from t ≈ 43− 163 and (f) lower trajectory decaying to the stable sISR,q=2.24 state. Mid-
plane temperature fields are visualised in (b-e) along the upper trajectory at t = 43.0, 58.0, 83.0, 163.0,
and in (g-j) along the lower trajectory at t = 38.0, 43.5, 44.5, 53.0.
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Figure 4.11: Phase portrait of the jagged, point-defect, defect and skew-varicose edge states at
ε = 0.7, P r = 1, along with stable ISRs, elementary states and transient SDC. Green and grey
horseshoe lines are the regions where stable ISRs and edge attractors are expected to be distributed
when different sizes of the computational domain are considered.
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Figure 4.12: (a) Primary and secondary (Busse balloon from figure 1 (Decker, Pesch & Weber,
1994)) stability curves and unstable ISRs with q = 3.5/d, 4.0/d, 4.5/d at ε = 0.7, P r = 1; (b)
Variation of the growth rate of instabilities of unstable ISRs as a function of spanwise wavenumber β
at ε = 0.7, P r = 1. (Note that there are a total of 13 unstable eigenmodes.)

Given that the stable ISRs and SDC form a bistable system, it is expected that some of the unstable

ISRs near the Busse balloon would converge into stable ISRs as the difference between the stable and

unstable ISRs would be sufficiently small (Steinberg, Ahlers & Cannell, 1985; Croquette, 1989). On

the other hand, the unstable ISRs, which exist far from the boundary of the Busse balloon, may well

have a sufficiently large deviation from the stable ISRs, implying that they are possibly associated with

a state-space route to the SDC. The purpose of this section is to test this hypothesis by examining the

long-term behaviour of the linear instabilities of the unstable ISRs.

We consider the linear instabilities of 3 unstable ISRs on the right side of the Busse balloon, with

increasing wavenumber of q = 3.5/d, 4.0/d, 4.5/d, as shown in figure 4.12(a). Eigenmodes with

different spanwise wavenumbers β are considered (see (4.5)). Figure 4.12(b) presents the unstable

eigenvalues as a function of β. There are 2, 4 and 7 unstable eigenmodes (<(λ) > 0) for unstable ISRs

of q = 3.5/d, 4.0/d, 4.5/d respectively, forming total 13 unstable eigenmodes. In general, the growth

rate and the number of linear instability modes (i.e. the repelling strength and the number of unstable

eigenmodes) increase as q increases. The unstable ISR solutions of sISR,q(x, y) (required for linear

stability analysis) are obtained by restricting the computational domain to the 2D x-y plane, which

artificially suppresses 3D linear instabilities. We also note that the stability analysis of the unstable

ISR, q = 5.0/d, was not considered as it quickly evolved into an unstable ISR of q = 3.5/d, which

will be discussed in section §4.5.1.

To consider the long-term behaviour in the direction of the unstable eigenmodes, an initial condition

s0(x, t = 0) = sISR,q(x) + ŝβ(x, y)e
iβz, (4.8)
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Cases β = 0.25 β = 0.50 β = 0.75 β = 1.00 β = 1.25 β = 1.50 β = 1.75
q = 3.5/d ISR3.04 (a) ISR2.50 Stable Stable Stable Stable Stable
q = 4.0/d ISR2.50 (b) ISR3.16 ISR3.00 ISR2.83 Stable Stable Stable
q = 4.5/d ISR2.50 ISR2.50 (c) ISR3.00 ISR3.20 (d) Elementary ISR2.50 (e) Elementary

Table 4.2: Long time evolution of secondary linear instabilities of q = 3.5/d, 4.0/d, 4.5/d. Subscripts
in ISR refer to wavenumber q, e.g., ISRq=2.5/d refers to ideal straight rolls with wavenumber of
q = 2.5/d. The long-term evolutions of (a-c) and (d,e) are discussed further in §4.5.1 and §4.5.2
respectively.
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Figure 4.13: The phase-space projected trajectories at ε = 0.7, P r = 1 connecting: (a) unstable base
(conductive) state to 10 unstable roll-pairs (q = 5/d), 7 unstable roll-pairs (q = 3.5/d) and 5 stable
roll-pairs (q = 2.5/d); (b) unstable base (conductive) state to 8 unstable roll-pairs (q = 5/d) and 6
stable roll-pairs (q = 3.16/d); (c) unstable base (conductive) state to 9 unstable roll-pairs (q = 4.5/d)
and 6 stable roll-pairs (q = 3/d). Here, the size of the arrows indicates the speed of the solution
trajectory (or flow).

is prescribed to equation (4.1). Here, ŝβeiβz is the unstable eigenmode, the amplitude of which was

scaled such that its total energy (defined in (4.5)) of δ = 10−5, 10−4, 10−3 were considered. The

total energy, δ = 10−4, of the eigenmode was found to be sufficiently small to ensure linear growth,

while large enough to prevent other eigenmodes from being excited. Next, the initial condition is

time-integrated over an extended period until a state is converged. Table 4.2 shows the final states

time-integrated along 13 linear instabilities, depicted in figure 4.12(b), of which 11 linear instabilities

converge into ISRs states, forming a network of heteroclinic connections which will be discussed in

§4.5.1. Only the remaining 2 instabilities led to a transient SDC state before settling into an elementary

state discussed further in §4.5.2.

4.5.1 Pathways leading to ISRs - heteroclinic connections

In this section, the long-term evolution of the most unstable linear modes of ISRs (table 4.2(a-c))

will be discussed. A number of heteroclinic connections, connecting the base state (•), stable (•) and

102



Chapter 4. The state space structure of SDC 4.5. Unstable ideal straight rolls

unstable (•) ISRs, is shown in figure 4.13. A solution trajectory from one steady state to another that

does not return to the original state is referred to as a heteroclinic connection. Figure 4.13(a) exhibits

several solution trajectories linking the base state, stable and unstable ISRs: three connections from

the base state to all the stable and unstable ISRs shown, one from the ISR of q = 3.5/d to that of

q = 2.5/d, and one from the ISR of q = 5.0/d to that of q = 3.5/d. Here, caution will need to

be taken in interpreting each of the connections as a heteroclinic connections, because there appears

to be an invariant state at which the speed of the solution trajectory nearly vanishes (a sign of the

existence of unstable invariant states or ghost states (Strogatz, 2018)): for example, see the solution

trajectory between the ISR of q = 3.5/d to that of q = 2.5/d (in the inset of figure 4.13(a)), which

will be discussed below with figure 4.14. Ghost states are not unstable steady states, but a region of

space in which there exist steady states at a nearby but different parameter value, most frequently on

the side of a saddle-node bifurcation at which there exist no steady states. Starting from the primary

base state, the system evolves into an ISR of wavenumber q = 5.0/d. Since this ISR is linearly

unstable, it evolves into another unstable ISR of q = 3.5/d, before ultimately stabilising into an ISR of

q = 2.5/d. Next, figure 4.13(b) shows three solution trajectories connecting the base state, an unstable

and stable ISR. Starting from the base state, the system evolves into an unstable ISR of q = 4/d before

converging into an ISR of wavenumber q = 3.16/d. Lastly, figure 4.13(c) presents three solution

trajectories connecting the base state, a stable and unstable ISR. Starting from the base state, the

system evolves into an unstable ISR of q = 4.5/d before settling into a stable ISR of q = 3.0/d.

Figure 4.13 suggests that each of the stable ISRs within the Busse balloon has a basin of attraction,

characterised by a web of heteroclinic connections connecting some of the unstable ISRs to ISRs

inside the Busse balloon. It is worth emphasising that the connections between the solutions presented

here were obtained by time-integrating the dominant unstable eigenmodes of ISRs. In practice, there

are many more unstable eigenmodes (see table 4.2) which have not been presented, potentially leading

to more complex networks of heteroclinic connections for each stable ISR.

Figure 4.14 describes the long-term evolution of the most unstable eigenmode for q = 3.5/d (table

4.2(a)) in detail, corresponding to the connection between the unstable ISR of q = 3.5/d and the stable

ISR of q = 2.5/d in figure 4.13(a). To observe the linear instability, we report the contribution of the

modal energy (figure 4.14(a)) as

Ek(t) =
1

2

∫

Ω

|ûk(t)|
2 dΩ, (4.9)

where ûk refers to the k-th Fourier coefficient in z-direction. Initially, the simulation starts from the

ISR state of a 7-roll pair (t = 33), corresponding to a roll wavenumber of q = 3.5/d. The unstable

eigenmode ŝβ=0.50 grows exponentially before peaking at t = 48.50, forming an ‘S’-like symmetric

state (figure 4.14(c)). Note that, at this point, the time derivative of Ek(t) nearly vanishes, indicating

that the snapshot taken at t = 48.50 is potentially close to an unstable invariant state. Finally, the

modal energy of k = 2 decays and the system settles into an ISR state of q = 2.5/d (5 rolls aligned

in the x-direction), which is within the Busse balloon. The long-term behaviour along the dominant

unstable eigenmode for q = 4.0/d and q = 4.5/d is qualitatively similar to figure 4.14, where an

unstable ISR stabilises into a stable ISR.
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Figure 4.14: Long-term evolution of the linear instability (q̂β=0.50) at ε = 0.7, P r = 1 about unstable
ISR q = 3.5/d. (a) Modal energy Ek(t), and temperature snapshots, θ(x, z)|y=d/2 at (b) t = 33, (c)
t = 48.5, (d) t = 60.

All three cases examined here show that the transition from an unstable ISR to a stable ISR

involves an intermediate state, at which dEk(t)/dt is seen to be relatively small. In the transition

pathway from the unstable to the stable ISR, it is presumed that there exists an unstable equilibrium

(i.e. fixed point/travelling-waves etc.) in the form of the original unstable ISR with its nonlinearly

saturated instability, or ghost states (Strogatz, 2018). The existence of such a stationary solution

can probably be computed with a typical Newton iteration or variational methods (Viswanath, 2007;

Parker & Schneider, 2022), but this is beyond the scope of the present study. In any case, the numerical

experiments here suggest that each of the stable ISRs compose of a network of heteroclinic connections

involving connections between the base state and unstable ISRs.

4.5.2 Pathways leading to elementary states

Now, we discuss the long-term evolution of linear instabilities of ŝβ=1.75 about the unstable ISR of

q = 4.5/d (tab 4.2(e)). Contrary to the transitions presented in the previous section, the final states

did not result in ISRs, but transient SDC before settling into an elementary state for case (e) (table

4.2(e))

The long-term evolution of the unstable ISR q = 4.5/d (table 4.2(e)) is presented in figure 4.15.

Starting from t = 1.25, the unstable ISR state is characterised by 9 convection roll-pairs aligned along

the x-axis. The state experiences the linear instability imposed from t = 1.25 to t = 7, corresponding

to an exponential growth in the grey curve (E7(t) in figure 4.15(a)), marked by cross-convection rolls

in figure 4.15(c). Subsequently, the state exhibits a transient SDC behaviour from t ≈ 7 to t ≈ 80,

characterised by an O-ring and pac-man-like convection pattern illustrated in figure 4.15(d). Following
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this, the system converge into a short-period (T ≈ 1.8) oscillatory behaviour between t = 90 and

t = 110 (figure 4.15(e)), before transitioning into a long-period time-periodic state from t = 110 to

t = 201.75 (figure 4.15(a) cont.), with a period of T = 51.75. The convection pattern appears to

be travelling diagonally in the negative x-z directions (compare figures 4.15(f,g)), indicating that this

state is a relative periodic orbit. Interestingly, the long-term behaviour of ŝβ=1.25 about the unstable

ISR of q = 4.5/d (table 4.2(d)) also led to an elementary state.

Figure 4.16 presents the trajectories of two pathways discussed above, projected onto the L2-

norms of velocity perturbations, temperature perturbations and Nusselt number. These trajectories

are superimposed upon the state space trajectories of SDC and 14 elementary states (figure 4.4). The

purple trajectory represents the one along the linear instability direction (i.e. the unstable manifold)

of q = 4.5/d with β = 1.25. Originating from the unstable ISR (q = 4.5/d), it briefly hovers around

|| 1
V
ũ|| ≈ 6.25 and || 1

V
RaPrθ̃||2 ≈ 8, before converging into a periodic orbit near the spiral-defect

elementary state (see figure 4.1, represented by the orange trajectory in figure 4.4. The case of

q = 4.5/d along the linear instability direction for β = 1.75 is represented by the brown trajectory.

Emanating from the unstable ISR (q = 4.5/d), the trajectory experiences a period of transient SDC

behaviour in the vicinity of elementary states before converging onto a relative periodic orbit, as

expected from figure 4.15. It is evident that the two trajectories arising from linear instabilities about

the unstable ISR (q = 4.5/d) lie within the vicinity of SDC.

4.5.3 A pathway to SDC in an extended domain Γ = 4π

In §4.5.2, we have identified two distinct pathways to elementary states along some unstable eigen-

modes from an unstable ISR. In particular, one trajectory evolved into a transient SDC before stabilising

into an elementary state. This is reminiscent of a chaotic saddle, but with a considerably short lifetime.

The transient SDC behaviour observed within the minimal domain implies that if the same initial con-

dition is added in an extended computational domain, it would trigger a chaotic state at least with a

longer lifetime. This chaotic state is expected to be SDC in an extended domain, given the analysis

in §4.5.2. To examine this hypothesis, we conduct a numerical simulation with an initial condition

from the case of table 4.2(e) (i.e. the unstable ISR q = 4.5/d with the instability mode of ŝβ=1.75) in

a domain twice as large in each horizontal direction (Γ = 4π).

The solution trajectory along the unstable eigenmode, sβ=1.75, of ISR q = 4.5/d in an extended

domain (Γ = 4π) is presented in figure 4.17. The state, characterised by 18 convection roll-pairs

(figure 4.17(b)), experiences the linear instability from t = 1.25 to t = 7, marked by cross-convection

rolls shown in figure 4.17(c). Subsequently, the state exhibits a prolonged period of chaotic behaviour,

starting from t = 7 and lasting beyond t = 200. This is in stark contrast to the transient SDC

behaviour observed in the minimal domain (figure 4.15), confirming the hypothesis above. Finally,

it is interesting to note that the convection patterns of figures 4.17(f,g) contain localised structures

that resemble the stationary pac-man (figure 4.1)(c)) and oscillatory peanut (figure 4.1(f)) elementary

states.
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Figure 4.15: Long-term evolution along the linear instability of ŝβ=1.75 at ε = 0.7, P r = 1 about
unstable ISR q = 4.5/d. (a) Modal energy Ek(t), and temperature snapshots θ(x, z)|y=d/2 at the onset
of secondary instability at (b) t = 1.25, (c) t = 7, following a transient SDC behaviour at (d) t = 40,
and settling into a elementary state at (e) t = 100, (f) t = 150 and (g) t = 201.75.
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ũ||2 and || 1

V
RaPrθ̃||2, of SDC, and 14

elementary states with colour schemes based upon figure 4.4 at ε = 0.7, P r = 1. The trajectories of
two linear instabilities (purple) ŝβ=1.25, (brown) ŝβ=1.75 about an unstable ISR q = 4.5/d leading to
elementary states (see figures 4.15) are shown.

4.6 Summary

Spiral-defect chaos (SDC) has been considered one of the bistable states within a large spatial domain

in Rayleigh-Bénard convection. However, existing studies have also shown the presence of multiple

stable states in small and large domains, which challenges our understanding of bistability in an

extended spatial domain. Starting with numerical simulation in an extended domain (Γ = 16π), we

have systematically reduced the computational domain, such that the fundamental patterns of SDC

can be isolated.

Through numerical experiments confined within a minimal domain of Γ = 4π, we have identified

transient SDC before stabilising in/to stable elementary states of SDC, and 14 different elementary

states have been found in this way. From a dynamical system perspective of turbulence in shear flow,

chaotic trajectories (representing turbulence) are typically envisioned to wander among a set of unstable

invariant solutions and in some cases, may decay towards the base (laminar) state (see references in

§1.2.2). Our results for the chaotic trajectories of SDC in a confined spatial domain reveal a different

scenario, where chaotic trajectories, once tangled into SDC, stabilise into a non-trivial elementary state

instead of returning to the base (ISR) state. This finding is novel and challenges the understanding of the

transition between the conduction state and spiral-defect chaos from a dynamical systems perspective.

Despite this, the elementary states are still situated around the chaotic trajectories of SDC in the state

space (figure 4.4), and their mean, mean-squared deviation (figure 4.5), and localised spatial structures

(figure 4.1) are similar to those of SDC. This suggests that the computed elementary states may serve
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Figure 4.17: Long-term evolution along the linear instability ŝβ=1.75 about unstable ISR q = 4.50/d,
in an extended domain Γ = 4π. (a) Modal energy Ek(t), and temperature snapshots θ(x, z)|y=d/2, at
(b) t = 1.25, (c) t = 7, (d) t = 40, (e) t = 100, (f) t = 125, (g) t = 150.
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Figure 4.18: State space sketch containing the base, stable and unstable ISRs, edge, elementary states
and SDC in a confined domain. Open circles, (◦) and filled circles/squares (•, �) refer to unstable
and stable states. Solid (−) and dashed lines (−−) are the solution trajectories along the primary and
secondary instabilities respectively, λPri,Sec

max refers to the most unstable primary and secondary linear
instability eigemodes. Blue, orange and green trajectories denote heteroclinic connections leading
toward stable ISRs (trajectories labelled (A-G) and colours adapted from figure 4.13). Dashed-dotted
trajectories (− · −) refer to solution trajectories emerging from the edge states (colour-coded from
figure 4.11). The dotted line (· · · ) represents the boundary between ISRs and SDC, consisting of
many stable elementary states.
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as spatially local building blocks of SDC to form SDC across an extended domain. Within the minimal

domain Γ = 4π, we have identified 14 stable elementary states, with a possibility of additional states

yet to be found. Notably, the large number of invariant states seems to be a characteristic feature of

Rayleigh-Bénard fluid systems such as cylindrical RBC (Borońska & Tuckerman, 2010a; Borońska &

Tuckerman, 2010b) and inclined RBC (Zheng, Tuckerman & Schneider, 2024a; Zheng, Tuckerman &

Schneider, 2024b).

To further understand the state space structure of SDC, ISRs and possible gateways toward SDC,

we provide a state space sketch of the solution trajectories connecting the base, stable and unstable

ISRs, edge, elementary states and SDC, shown in figure 4.18. Starting from the base state and

integrating along unstable eigenmodes guided by primary instabilities yields either stable or unstable

ISRs, denoted by solid trajectories. Notably, the most unstable primary instability leads to a 7-roll-

pairs ISR (q = 3.5/d), before saturating into a stable 5-roll-pairs ISR (q = 2.5/d), following the

most unstable secondary instability, depicted by dashed trajectories. These solution trajectories form

a network of heteroclinic connections that connect the base state to the stable (q = 2.5/d) and unstable

(q = 3.5/d, 5/d) ISRs, represented in blue. Further from the boundaries of the Busse balloon, we

have identified two additional heteroclinic connections that form part of the basin boundary between

the base state and the stable and unstable ISRs, labelled as a group of orange and green trajectories.

These heteroclinic connections are expected in experimental settings where initial conditions and

background noise can be controlled precisely. In practice, where precise controls are inaccessible, it is

more likely to observe SDC (Γ = 8π, 16π) or stable elementary states (Γ = 4π), which are embedded

in the chaotic trajectories of SDC (see coloured �), supporting the notion that SDC is underpinned by

elementary states.

We have identified 4 edge states that lie on the boundary between stable ISRs and transient SDC,

where the upper and lower trajectories emerging from their unstable manifold are represented by

dash-dotted trajectories. Further from the Busse balloon, we have identified an unstable eigenmodes

of a 9-roll-pair (q = 4.5/d) ISR, leading to the onset of SDC. Consequently, the unstable base state is

also expected to lie on the boundary, as a controlled initial condition could guide the system toward

the unstable 9-roll-pair ISR and, subsequently, the onset of SDC. Finally, the dotted line represents

the boundary between ISRs and SDC, consisting of the base state, edge states and unstable 9-roll-pair

ISR (q = 4.5/d), illustrating four possible routes toward SDC. Although we have considered the

unstable eigenmodes of ISRs for Γ = 4π, we acknowledge that the number of eigenmodes depends on

the domain size and that spatially subharmonic instabilities may arise as the domain size increases.

Additionally, there may well be other unstable ISRs and edge states along the boundary. However,

investigating the existence of such states is challenging due to the substantial computational efforts

required. Other techniques, such as Floquet analysis or the framework proposed by Schmid, De Pando

& Peake (2017), may help to accelerate linear stability analysis of large-scale instabilities.
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Conclusions

In our concluding chapter, we emphasise the main contributions of this thesis and provide recommen-

dations for possible avenues of future work. We explored the transitional regimes of Rayleigh-Bénard

Poiseuille (RBP) flows arising from the combination of shear and buoyancy forces in §3. The main

findings can be summarised in the following:

1. The existence of the thermally-assisted sustaining process, providing an alternative pathway

towards turbulence via linearly unstable longitudinal rolls in confined domains.

2. At moderate Reynolds number, a new spatio-temporal regime referred to as intermittent rolls

was identified. It is characterised by the quasi-cyclic breakdown and regeneration of longitudinal

rolls for moderate Reynolds numbers in large spatial domains.

3. At low Reynolds number, a buoyancy dominant regime is primarily influenced by the magnitude

of the Rayleigh number and is independent of Reynolds number. In this regime, the convection

structures are consistent regimes in Rayleigh-Bénard convection, such as the bistable system

between spiral-defect chaos (SDC) and ideal-straight rolls (ISRs), and the presence of oscillatory

instabilities. These structures appear to be simply convected along the mean flow.

Next, we provide possible avenues of future work for transitional RBP, which may include:

1. Performing a detailed bifurcation analysis of invariant states arising around the thermally-

assisted sustaining process (see figure 3.16) in confined domains and minimal band units (Tuck-

erman, Chantry & Barkley, 2020), possibly identifying complex global bifurcations.

2. Conducting bifurcation analysis necessitates the implementation of Jacobian-free Newton-

Krylov (JFNK) methods in Nektar++ (Knoll & Keyes, 2004). Variants of the JFNK method

includes a hook-step modification (Viswanath, 2007) or the utilisation of preconditioners (Yan

et al., 2021) may accelerate convergence. Apart from the JFNK method and its variants, a

recent adjoint-based variational method may offer better convergence properties for computing

periodic orbits (Parker & Schneider, 2022).

3. The extension of the thermally-assisted sustaining process to other buoyancy and shear driven

systems such as the Rayleigh-Bénard Couette (RBC) flow, for which the absence of a mean flow

may facilitate experimental verification.

111



Chapter 5. Conclusions

4. It may be worth exploring the influence of Reynolds number on bistability between spiral-

defect chaos (SDC) and ideal straight rolls (ISRs) in detail, and the secondary linear stability

of longitudinal rolls. However, we caution that there may be numerous invariant states in the

buoyancy-driven regime as witnessed in §4.

5. Performing a Floquet analysis to study the behaviour of superharmonic, subharmonic, and

wavenumber-detuned perturbations.

In §4, we examined the state space structure of the bistability between SDC and ISRs in Rayleigh-

Bénard convection in various domain sizes. The main contributions of the study are as follows:

1. By systematically decreasing the spatial domain to a minimal domain, we have identified stable

invariant solutions referred to as elementary states. These elementary states are visibly (see

figure 4.1) and statistically (see figure 4.5) similar to the spatially localised patterns of SDC,

underpinning the pattern formation of SDC.

2. The identification of multiple edge states (and likely many more), forming local attractors along

the edge between the basin boundary of attraction of ISRs and elementary states.

3. Multiple networks of heteroclinic orbits (and likely many more) between stable and unstable

ISRs.

4. The identification of unstable ISRs far from the boundaries of the Busse balloon, which sit on

the boundary between stable ISRs and SDC.

While the newly identified elementary states resemble the localised features of SDC, they remain

stable and time independent and therefore do not capture the temporal dynamics of SDC. Possible

avenues of future research may be dedicated to the following:

1. Computing the unstable invariant solutions of Rayleigh-Bénard convection, such as their equilib-

ria, periodic orbits and heteroclinic connections between them, potentially offering descriptions

of the temporal dynamics of SDC (necessitating the implementation of bifurcation tools in

Nektar++ mentioned above).

2. The onset of sustained spiral defect chaos appears to be linked to a critical domain size, below

which SDC remains transient. Therefore, a bifurcation analysis of elementary states with respect

to the spatial domain size could be performed to determine the critical domain size for the onset

of sustained chaos.

3. By performing bifurcation analysis in the regime of transient SDC, we may draw similar

ideas from transient turbulence (see 1.2.2), perhaps revealing global bifurcations such as crisis

bifurcations where the chaotic attractor becomes leaky or homoclinic tangles in Rayleigh-Bénard

convection.

4. Performing a Floquet analysis to study the behaviour of superharmonic, subharmonic, and

wavenumber-detuned perturbations.
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Appendix A

Transitional Rayleigh-Bénard Poiseuille flows

In Appendix A, we provide additional results and discussion pertaining to our investigation in tran-

sitional Rayleigh-Bénard Poiseuille flows in §3. The mathematical notations and definitions follow

those defined in §3.

A.1 Simulation parameters for Ra-Re sweep

The spectral/hp quadrilateral element width, heights and polynomial order are kept constant for all

simulations, (∆x,∆y|y=±h,∆y|y=0, P ) = (0.1π, 0.0549, 0.367, 4). To resolve the high gradients near

the wall, the quadrilateral element heights are bunched near the wall, ∆y|y=±h, and expanded in the

channel center, ∆y|y=0. The basis type employed here consists of the modified Jacobi polynomials,

known as the modified basis (see §2.3.4.1). Table A.1 describes the number of Fourier expansions,Nz,

and temporal resolution of 52 numerical experiments at Re = 0, 0.1, 1, 10, 100, 500, 750, 1000, 1050,

2000, and Ra = 0, 2000, 3000, 5000, 8000, 10000 with Pr = 1 and a large aspect ratio, Γ = 4π. The

initial conditions of all numerical experiments were sampled from a statistically stationary solution

based on the time history of the Nusselt number and shear. The laminar solution obtained for Ra = 0

, Re ≤ 1000 has been omitted in table A.1.

A.2 Buoyancy-driven regime

We present the first- and second-order statistics of the buoyancy-dominated regime (shaded in red),

consisting of the (1) SDC & ISRs, and (2) ISRs states in figure A.1, illustrating its temporal and

plane-averaged streamwise velocity, 〈w〉x,z,t, temperature, 〈θ〉x,z,t, fluctuating wall-normal velocity

squared normalised by thermal velocity scale, 〈ṽṽ〉x,z,t/u2κ, fluctuating temperature squared, 〈θ̃θ̃〉x,z,t

and fluctuating span- and streamwise velocities squared normalised by thermal velocity scale, 〈ũũ +

w̃w̃〉x,z,t/u
2
κ. We note that the fluctuating components are defined about a temporal-planar averaged

quantity, i.e ũ = u − 〈u〉x,z,t. The mean temperature profiles (figure A.1(b)), and the fluctuating

span- and streamwise velocities (figure A.1(f)) are visually similar for the same Ra, and are nearly

independent of Re. However, we observe the dependence on Re at Ra = 3000 in the fluctuating

temperature squared (figure A.1(d)), and fluctuating wall-normal velocities (figure A.1(c)), likely due
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Ra Re Nz dt T d
κ

0 1050 64 0.1 8000 -
0 2000 128 0.02 3000 -
2000 0 64 0.05 50 25
2000 0.1 64 0.005 5 25
2000 1 64 0.01 50 25
2000 10 64 0.05 50 2.5
2000 100 64 0.1 50 0.25
2000 500 64 0.1 50 0.05
2000 750 64 0.1 50 0.033
2000 1000 64 0.1 50 0.025
2000 1050 64 0.1 8000 3.81
2000 2000 128 0.02 2800 0.75
3000 0 64 0.05 3000 1500
3000 0.1 64 0.005 300 1500
3000 1 64 0.05 100 50
3000 10 64 0.05 50 2.5
3000 100 64 0.1 10000 50
3000 500 64 0.1 50 0.05
3000 750 64 0.1 50 0.033
3000 1000 64 0.1 50 0.025
3000 1050 64 0.1 8000 3.81
3000 2000 128 0.02 2800 0.75
5000 0 64 0.005 1200 600
5000 0.1 64 0.001 800 4000
5000 1 64 0.01 2500 1250
5000 10 64 0.05 500 25
5000 100 64 0.1 1000 5
5000 500 64 0.05 8000 8
5000 750 64 0.05 8000 5.33
5000 1000 64 0.02 8000 4
5000 1050 64 0.02 8000 3.81
5000 2000 128 0.02 2800 0.75
8000 0 64 0.0025 600 300
8000 0.1 64 0.0005 600 3000
8000 1 64 0.005 600 300
8000 10 64 0.05 500 25
8000 100 64 0.1 5000 25
8000 500 64 0.05 10000 10
8000 750 64 0.05 8000 5.33
8000 1000 64 0.02 8000 4
8000 1050 64 0.02 8000 3.81
8000 2000 128 0.02 2800 0.75
10000 0 64 0.0025 1000 500
10000 0.1 64 0.00025 800 4000
10000 1 64 0.0025 600 300
10000 10 64 0.05 12000 600
10000 100 64 0.1 8000 40
10000 500 64 0.05 8000 8
10000 750 64 0.05 8000 5.33
10000 1000 64 0.02 8000 4
10000 1050 64 0.02 8000 3.81
10000 2000 128 0.02 2800 0.75

Table A.1: The summary of the spatial and temporal resolution for a given Re, Ra. Nz denotes the
number of Fourier expansions in the z-direction. dt, T, d/κ denotes the timestep, final time and the
final time scaled by the thermal timescale.
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Figure A.1: The wall-normal distribution of temporal and plane- averaged (a) streamwise velocity, (b)
temperature, (c) fluctuating wall-normal velocity squared normalised by thermal velocity scale, (d)
fluctuating temperature squared and (e) fluctuating span- and streamwise velocities squared normalised
by thermal velocity scale of buoyancy-driven regime shaded in red in figure 3.1.
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to variations in convection structures, particularly in the convection roll wavenumbers. A detailed

analysis of how the statistical properties vary with roll wavenumber is beyond the scope of this work.

We propose that the underlying flow structure, consisting of convection rolls, describes the buoyancy-

driven regime, shaded in red in figure 3.1. In this regime, the strength of the convection is primarily

controlled by Ra, akin to RBC, and remains independent of Re.

A.3 Shear-driven regime

As Re falls within the range of 1050 ≤ Re ≤ 2000, shear-driven turbulence dominates, where

the impact of Ra on the first- and second-order statistics is weakly dependent on Ra in figure A.2.

Figure A.2 describes the temporal and plane-averaged streamwise velocity, 〈w〉x,z,t, temperature,

〈θ〉x,z,t, fluctuating streamwise velocity squared, 〈w̃w̃〉x,z,t, fluctuating wall-normal velocity squared,

〈ṽṽ〉x,z,t, fluctuating spanwise velocities squared, 〈ũũ〉x,z,t, fluctuating Reynolds stresses 〈ṽw̃〉x,z,t, and

fluctuating temperature squared, 〈θ̃θ̃〉x,z,t atRe = 2000, 1050 forRa ∈ [0, 10000]. The flow structures

appear as uniform, featureless turbulence (Tuckerman, Kreilos, et al., 2014) atRe = 2000, independent

of Ra. The spacetime figure of near-wall (y+ = 15), wall-normal and spanwise perturbation kinetic

energy, Eu′+v′ , at Re = 2000, t ∈ [0, 2800], illustrating spatially uniform featureless turbulence,

visually distinguishable withn Ra ∈ [0, 10000], corroborating with their Ra-independent first- and

second-order statistics in figure A.2. In other words, the dominant physical mechanism is shear-driven

turbulence at Re = 2000, independent of Ra.

As Re approaches Re = 1050, the midplane temperature in figure 3.1 shows regions of spatially

localised structures, indicating the presence of turbulent-laminar bands, described in figure 3.5 and

3.6 later. The mean streamwise velocity and temperature gradients at both ends of the wall, and

second-order statistics, are enhanced slightly from Ra = 0 to Ra = 10000. This enhancement could

be due to the coexistence of longitudinal rolls with turbulent bands at Ra = 10000, discussed in

§3.3.3. Notably, we have also included the statistics for a subcritical case (Ra < Ra‖) at Ra = 1000,

indicating the presence of subcritical effects as the statistics are slightly enhanced from Ra = 0 to

Ra = 1000, reported by John Soundar Jerome, Chomaz & Huerre (2012). Nonetheless, there is a

distinct change of state betweenRe = 1000 to 1050 (see figure 3.1), marked by the transition from the

longitudinal/intermittent roll regime to shear-driven turbulence at Re ≥ 1050, thus, shaded in blue in

figure 3.1.

A.4 Growth rates of primary instabilities

Figure A.4 shows the eigenvalues of the primary instabilities as a function of its spanwise wavenumber

αd, leading to the onset of longitudinal rolls atRe = 1050. The results are obtained using a Chebyshev-

collocation method discretised by 51 Chebyshev polynomials (Driscoll, Hale & Trefethen, 2014). The

crosses denote the spanwise wavenumbers admissible within the domain Γ = π/2, where αd = 4

corresponds to the dominant eigenmode.
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Figure A.2: The wall-normal distribution of temporal and plane- averaged (a) streamwise velocity, (b)
temperature, (c) fluctuating streamwise velocity squared, (d) fluctuating wall-normal velocity squared,
(e) fluctuating spanwise velocities squared, (f) fluctuating Reynolds stresses and (g) fluctuating tem-
perature squared in the shear-driven regime shaded in blue in figure 3.1.
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Figure A.3: Spacetime plots of near-wall, wall-normal and spanwise perturbation kinetic energy for
Re = 2000, t ∈ [0, 2800], Γ = 4π at (a)Ra = 10000, (b)Ra = 8000, (c)Ra = 5000, (d)Ra = 3000,
(e) Ra = 2000, (f) Ra = 0.

118



Appendix A. Transitional RBP flows A.4. Growth rates of primary instabilities

0 1 2 3 4 5 6 7 8
d

0.0075

0.0050

0.0025

0.0000

0.0025

0.0050

0.0075

0.0100

Ra=10000
Ra=8000
Ra=5000
Ra=3000
Ra=2000

Figure A.4: Growth rates of primary instabilities at Ra = 10000, 8000, 5000, 3000, 2000 leading to
the onset of longitudinal rolls against spanwise wavenumber of αd at Re = 1050.
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Appendix B

State-space structure of spiral defect chaos

In Appendix B, we provide additional results and discussion pertaining to our investigation in the

state-space structure of spiral defect chaos in Rayleigh-Bénard convection in §4. The mathematical

notations and definitions follow those defined in §4.

B.1 Verification of linear stability analysis

Figure B.1 shows the eigenvalues as a function of spanwise wavenumber β of RBC at ε = 0.7. The

results are obtained using Nektar++ and compared against a Chebyshev-collocation method discretised

by 101 Chebyshev polynomials (Driscoll, Hale & Trefethen, 2014).

B.2 Additional elementary states and ISRs

Figure B.2 presents snapshots of temperature slices (θ(x, z)|d/2), depicting ten distinct elementary

states. These states are obtained within a minimal domain Γ = 4π, consisting of eight stationary states

(figures B.2(a-h)) and two travelling-wave states (figures B.2(i,j)). Figure B.3 features a snapshot of

fourteen ideal straight rolls (ISRs), and they satisfy rotational symmetry about the y-axis and mirror

symmetries about the x- and z-axes due to the horizontal isotropy of the present system. These ISRs

represent stable fixed-points in the state space of figures 4.3, 4.4, 4.11, 4.16.
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Figure B.1: Eigenvalues of primary instabilities of RBC at ε = 0.7 computed in Nektar++ compared
against a Chebyshev-collocation method with 101 Chebyshev expansions.
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Figure B.2: Temperature snapshots, θ(x, z)|y=d/2, of 10 elementary states confined within a minimal
domain Γ = 4π: (a) steady ‘forked-A’ state, (b) steady ‘forked-B’ state, (c) steady ‘forked-c’ state,
(d) steady ‘twin-armed’ state, (e) steady ‘tri-rolls’ state, (f) travelling-wave ‘O-a’ state, (g) travelling-
wave ‘O-b’ state, (h) steady ‘keyhole’ state, (i) relative periodic orbit ‘eye’ state, (j) relative periodic
orbit ‘S’ state. We note that these states are distinct and are not equivalent to each other under any
combination of spatial rotations, translations or reflections. Although elementary states (a-c) and (f-g)
appear visually to be equivalent under certain symmetries, they are in fact distinct, evidenced by their
differing L2-norms in figure 4.4.
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Figure B.3: Temperature snapshots, θ(x, z)|y=d/2, of 14 stable ideal straight rolls (ISRs) con-
fined within a minimal domain, Γ = 4π. Plots (a-n) are ordered in increasing wavenumbers,
q ∈ (2/d, 3.35/d). We note that these states are distinct and are not equivalent to each other un-
der any combinations of spatial rotation, translation or reflection.
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