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Abstract

This thesis proposes innovative methodologies for modelling financial markets using agent-based models

(ABMs). It addresses key challenges including price formation analysis, optimal hedging strategy, and

flash crash analysis.

The first contribution is the XGB-Chiarella method, which integrates the Extended Chiarella model

with an XGBoost-based calibration technique for realistic financial market simulations. This method,

tested across different stock exchanges, effectively replicates market dynamics. The analysis of the price

formation process highlights agent-based models’ capability to capture universal phenomena in financial

markets. The XGB-Chiarella method establishes a new standard for financial market simulations and

provides a robust workflow for calibrating ABMs.

The second contribution is the creation of the Chiarella-Heston model. This model combines the

Extended Chiarella model with the Heston stochastic volatility model. It is calibrated to reproduce

empirical stylised facts and is utilised to train a deep hedging agent. Tested against empirical data,

the trained agent demonstrates superior performance in optimising hedging strategies compared to

traditional models. The Chiarella-Heston model provides financial institutions with a robust tool to

enhance risk management strategies.

The third contribution is a simulator for simulating high-frequency trading environments and risk

scenarios, such as flash crashes. Building on the XGB-Chiarella method, this simulator operates at

sub-second intervals with full exchange protocols. It offers a comprehensive tool for analysing the

dynamics and conditions leading to flash crashes. The simulator also provides insights into factors that

influence the severity of such risk scenarios, including the market maker inventory limits and trading

frequency for different types of traders. The simulator also examines mini-flash crash events, enhancing

our understanding of high-frequency trading risks.

Overall, this thesis demonstrates the effectiveness of an agent-based approach in modelling financial

markets, bridging the gap between theory and practice. It provides a foundation for future applications

in risk management and policy evaluation.
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Chapter 1

Introduction

1.1 Motivation

Modelling is widely used across various fields to understand system behaviours, focusing on essential

factors and eliminating unnecessary details. These models can range from simple thought experiments

to complex mathematical simulations, particularly in quantitative disciplines. They help researchers

predict outcomes in hypothetical scenarios, especially when real-world data is limited or experiments

are impractical. Effective models must accurately replicate real-world observations, be user-friendly,

and provide simple explanations.

Most financial market models aim to identify the fundamental causes behind market behaviours,

ignoring irrelevant details and concentrating on the factors crucial to the hypothesis, question, or policy

[SH97]. While some models are basic thought experiments, those in finance often involve sophisticated

mathematical techniques and simulations. Creating a simplified and artificial representation of financial

markets enables researchers and policymakers to explore potential outcomes under different scenarios. In

financial markets, data can be limited, and real-world experiments are rarely feasible. This characteristic

makes financial market models especially valuable. Different financial market models are designed

to address specific questions. All those models should be able to replicate real-world phenomena as

accurately as possible. It is also beneficial if models are easily interpretable and capable of explaining

the underlying causes of these phenomena.

In recent years, agent-based models (ABMs) have gained significant popularity in modelling financial

markets. These models simulate the actions of individual traders as well as interactions between different
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kinds of traders, aiming to explain system-level market behaviours. The strength of ABMs lies in their

ability to demonstrate how simple, individual behaviours can combine to produce the complex behaviours

observed in real-world systems [Jan05]. ABMs offer a more granular and dynamic understanding of

market behaviours than traditional equilibrium-based models, capturing the complexities and emergent

phenomena that arise from the diverse strategies and decisions of market participants. Unlike traditional

models that often rely on aggregate equations and assumptions of rational behaviour, agent-based

models can incorporate heterogeneous behaviours, adaptive learning, and influence between different

traders. This makes them particularly useful for exploring financial market dynamics, assessing the

impact of regulations, and predicting potential market crises. The increasing use of ABMs reflects a

shift towards more realistic and detailed representations of financial systems.

Various agent-based models have been developed to simulate financial markets, including the Zero-

Intelligence Model [GS93], the Extended Chiarella Model [MCB20], and the Low- and High-frequency

Trading Model [JLNRF16]. Despite these advances, creating highly realistic agent-based simulations of

financial markets that can address practical issues remains challenging. First, there is a significant gap

between the current models in the literature and the ideal high-fidelity agent-based models for financial

market simulation. Second, effectively calibrating and validating these models continues to be a focus

of active research. Third, addressing practical challenges in financial markets with an agent-based

modelling approach is a relatively new research area. This thesis contributes to the above fields by

utilising agent-based models to address three practical problems in financial markets. The challenges

and corresponding contributions in this thesis are presented below.

1.2 Challenges and Contributions

Building on the motivations outlined above, this thesis aims to model financial markets using agent-based

models and address the practical problems in an agent-based modelling framework. This process involves

developing, calibrating, and validating agent-based models. These models are utilised to address three

specific challenges. First, we examine the intraday price formation process within agent-based models

to better understand market dynamics at intraday time scales. Second, we employ deep reinforcement

learning to tackle the optimal hedging problem, utilising agent-based models to optimise hedging

strategies. Third, we construct a realistic high-frequency financial market simulation using agent-based

models to analyze risk scenarios such as flash crashes. The following three subsections elaborate on the
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challenges faced and the contributions made in each topic.

1.2.1 First Challenge and Contribution: Price Formation Process Investigation

The first topic in this thesis involves the price formation process. Over the past decade, algorithmic

trading has significantly expanded across the world, becoming the predominant method for trading in

financial markets [NMTY11]. This growth has been driven by continuous advancements in computing

technology and the evolution of market micro-structures, which have automated many aspects of trading

such as price quotation and order execution. Consequently, intraday price formation, which represents

the dynamics of how prices are set through the interactions between buyers and sellers, has attracted

increased attention. Exploring these dynamics has become a popular research area aimed at enhancing

trading strategies and improving overall market efficiency.

Research on intraday price formation is increasingly conducted through agent-based simulations, which

provide a dynamic representation of financial markets by incorporating heterogeneous traders and

realistic trading mechanisms. Unlike traditional economic models, these simulations do not assume

equilibrium or rational behaviour, offering a more detailed view of financial market behaviours [Jan05].

High-frequency data is essential for capturing the rapid fluctuations of intraday trading, and the models

must be carefully calibrated to closely mimic real-world data. The realism is reflected by reproducing

universally observed market behaviours known as stylised facts, such as volatility clustering and fat

tails in return distributions [Con01]. Achieving the ideal simulation that effectively reproduces these

complex market dynamics remains challenging, especially due to the vast parameter space and the

complexity involved in designing an effective calibration strategy. Specifically, there are two challenges

involved:

• C1.1: How to implement an agent-based financial market simulator which allows for the

investigation of the intraday price formation process in financial markets.

• C1.2: How to calibrate the agent-based financial market simulator to ensure realism and reproduce

common stylised facts.

To address these challenges, the XGB-Chiarella method has been developed. This method integrates

the Extended Chiarella model [MCB20] with a novel calibration approach that utilises the XGBoost

algorithm and surrogate modelling approach. This innovative method enables the generation of
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realistic intraday financial market data. Our extensive testing across a broad spectrum of stocks from

major global exchanges—including the Nasdaq, London Stock Exchange (LSE), and Hong Kong Stock

Exchange (HKEX) has demonstrated its effectiveness. In addition, we demonstrate the existence of

a universal process of intraday price formation, characterized by trends and value effects. The main

contributions are:

• Addressing challenge C1.1: Originally validated with monthly data, the Extended Chiarella model

has now been extended and rigorously tested using minute-by-minute intraday data to analyze

the intraday price formation process. This extensive testing covered more than 75 stocks from

three of the world’s major stock exchanges: Nasdaq, LSE, and HKEX. The consistent results

across different markets indicate that trends and value effects in price formation are universal

phenomena, irrespective of the exchange. Details of this contribution can be found in Section 3.2

and Section 3.4.

• Addressing challenge C1.2: Moving beyond the traditional Expectation-Maximization algorithm,

we have adopted a novel machine learning surrogate modelling method to calibrate the Extended

Chiarella model, addressing challenge C1.2. This approach uses an XGBoost regressor, which

innovatively predicts the difference between the simulated stylised facts and their historical

counterparts. This prediction process not only considers the distribution of returns but also the

autocorrelations between returns and squared returns. Additionally, an exploration-exploitation

mechanism is employed during the iterative parameter space selection, significantly enhancing

the calibration performance. Compared to the Expectation-Maximisation baseline, the proposed

approach reduces stylised facts distance by 10%, demonstrating superior performance in replicating

empirical stylised facts. Details of this contribution are presented in Section 3.3.

The novelty of our approach lies in several aspects. First, we adapt the Extended Chiarella model

to generate intraday financial time series. Second, the model is extensively tested on different stocks

across three major stock exchanges around the world. Third, the exploration-exploitation mechanism is

innovatively introduced to the model calibration process, enhancing the calibration performance.

1.2.2 Second Challenge and Contribution: Optimal Hedging Strategy Development

Addressing the first challenge yields an agent-based model for financial market simulation, as well as a

calibration methodology. A natural next step is how to utilise and extend this methodology to solve
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real-world problems. The second part of this thesis proposes an extension of the previous model and

applies the extension to the optimal hedging problem.

In recent years, the quantitative finance industry has significantly embraced data science, utilising vast

data volumes and increased computing power to deploy complex algorithms for practical applications

like hedging derivatives [HLJB19]. The Black-Scholes model is widely recognised as the standard

framework for pricing and hedging derivatives. However, it relies on several strict assumptions that

are inconsistent with real-world financial markets, such as the absence of transaction costs and market

slippage [Jan18]. Consequently, financial institutions are increasingly turning to deep learning techniques

for hedging derivative portfolios instead of traditional methods based on the Black-Scholes model.

Deep Hedging [HLJB19] has been a popular research topic for the past few years. This approach uses

deep reinforcement learning methods for optimising hedging strategies. Specific risk measures are

integrated into the reward function for the reinforcement learning agent. However, the deep hedging

approach relies heavily on synthetic data from models like the Heston stochastic volatility model and

Geometric Brownian Motion, which often fail to reflect real-world market dynamics. Agent-based

models can be utilised to address these shortcomings and improve the efficacy of deep hedging in

practical environments. Specifically, the main challenge to be addressed is:

• C2: How to develop and calibrate an agent-based model to generate realistic financial time series

data, specifically tailored for optimising the performance of a deep hedging agent in real-world

market conditions.

We tackle this challenge by proposing an innovative agent-based model called the Chiarella-Heston

model. This model is calibrated to reproduce stylised facts exhibited by empirical data. It generates

realistic financial time series data that are utilised to train a deep hedging agent. To demonstrate the

practical utility of our approach, we conduct tests on the trained deep hedging agent using empirical

data. The main contributions of the second part of this thesis are as follows:

• We propose a novel agent-based model named the Chiarella-Heston model, which includes

momentum traders, fundamental traders, and volatility traders. This model is an extension of

both the Extended Chiarella model in [MCB20] and the Heston stochastic volatility model in

[Hes93]. It is calibrated to reflect empirical stylised facts such as the fat tails of returns and the

autocorrelation patterns of returns. Compared to baseline models such as the extended Chiarella
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model and the Heston stochastic volatility model, the Chiarella-Heston model reduces the stylised

facts distance by more than 50%, demonstrating its ability to generate more realistic financial

time series. This conclusion is further supported by established validation metrics. Details of this

contribution are presented in Section 4.2.

• Utilising the calibrated agent-based financial market simulator, a training dataset is generated to

train a deep hedging agent for optimal hedging strategies under different transaction cost levels.

The deep hedging agent employs the Deep Deterministic Policy Gradient algorithm [LHP+15]

and is trained to maximize profits and minimize risks. At realistic levels of transaction costs,

the deep hedging agent, trained with data from the Chiarella-Heston model, outperforms the

baseline, where the agent is trained with data generated by Geometric Brownian Motion. In

terms of risk management, the proposed approach reduces the average expected shortfall from

-3.93% to -2.74%, representing a 30% improvement. Additionally, our testing process is carried

out using empirical data, showing that the trained deep hedging agent is able to perform well in

realistic trading environments. Details of this contribution are presented in Section 4.3.

The novelty of this methodology lies in the following aspects. First, the Chiarella-Heston model is a

novel extension of two classic models: the Extended Chiarella model and the Heston stochastic volatility

model. Second, for the first time in literature, an agent-based model is employed for enhancing the

performance of deep hedging practice. Third, unlike most works in literature that test the hedging

performance with synthetic data, real-world data are used in our testing experiments. We have made

the code for the Chiarella-Heston model and the associated hedging methodology publicly available as

open-source.1.

1.2.3 Third Challenge and Contribution: High-frequency Financial Market Simulation

and Flash Crash Scenario Analysis

The first and second parts of this thesis introduce methodologies for agent-based financial market

simulation and explore the optimal hedging problem. A common feature of these contributions is their

focus on the low- to mid-frequency spectra of financial markets. The third part of this thesis advances

the study of high-frequency market dynamics, addressing issues specific to high-frequency trading.

The rapid evolution of electronic financial markets and the standardisation of the centralised limit
1https://github.com/Ferrari1996gk/Deeper_Hedging

https://github.com/Ferrari1996gk/Deeper_Hedging
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order book have greatly enhanced liquidity, narrowed bid-ask spreads, and accelerated transaction

times [TD20]. Alongside these advancements, algorithmic trading, particularly high-frequency trading

(HFT), has seen substantial growth. This shift has underscored the importance of speed in trading,

as evidenced by events like the 2010 Flash Crash [KKST17]. The 2010 Flash crash caused dramatic

disruption in global financial markets, highlighting the systemic vulnerabilities associated with HFT.

Additionally, the occurrence of smaller, yet frequent, "mini flash crashes" further emphasises the need

for deeper understanding and improved monitoring of these rapid market movements [GKP12].

In light of these developments, agent-based models have become an essential tool for analysing such

swift market dynamics, especially the interactions between traders during the short duration of these

events. ABMs enable the simulation of complex trader interactions and provide valuable insights into

the conditions that lead to risk scenarios such as flash crashes. Nevertheless, existing simulations lack

the frequency and realism necessary to accurately represent high-frequency trading environments. Given

the above context, there are two challenges to be addressed:

• C3.1: How to develop and refine a high-frequency agent-based financial market simulator that

fully integrates exchange protocols and includes a rigorous calibration and validation process to

realistically replicate high-frequency financial market dynamics.

• C3.2: Using the proposed agent-based financial market simulator, investigate the market dynamics

during flash crashes (including both large flash crashes and mini flash crashes) and identify the

conditions that influence the characteristics of flash crashes.

To address the above challenges, we developed a novel high-frequency financial market simulator to

bridge the existing gaps. The simulator is employed to explore the dynamics during flash crashes and

the conditions that affect flash crashes. We have the following contributions:

• A high-frequency simulation capable of sub-second (100 milliseconds) time steps is developed,

incorporating various types of traders and full exchange protocols to mimic real-world order

matching processes. The step size of 100 milliseconds is selected to sufficiently capture the dynamics

of empirical price time series without significantly compromising computational efficiency2. This

setup is validated through statistical tests and proves effective in replicating realistic stylised

2Detailed explanation of this choice is presented in Section 5.1.
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facts in financial markets, highlighting the simulator’s capacity to capture high-frequency market

dynamics accurately. Details of this contribution are presented in Section 5.2 and Section 5.3.

• Using this simulator, the 2010 Flash Crash is realistically reproduced by simulating an institutional

trader based on the real-world Sell Algorithm used during the actual event. Detailed analysis

of this simulation revealed how different factors, such as the percentage of volume of the Sell

Algorithm, market maker inventory limits, and the trading frequency of different traders, influence

the amplitude of flash crashes. The analysis provides insights into the complex dynamics of such

market events. Details of this contribution are presented in Section 5.4.

• The simulator is also adapted to study mini flash crash events by introducing a "Spiking Trader"

to trigger these crashes, allowing for the analysis of conditions affecting their characteristics.

Findings indicate that the market maker inventory limit significantly impacts the frequency and

amplitude of mini flash crash events. In contrast, the trading frequency of certain types of traders

does not have notable effects on the outcome. These findings highlight specific factors that drive

market instability during mini flash crashes. We also present a comparison between large and

mini flash crash events, specifying the difference between these two types of risk scenarios. Details

of this contribution are presented in Section 5.5.

Three key aspects highlight the novelty of the proposed high-frequency simulator and flash crash

analysis. First, this research is among the very few that address the challenge of simulating high-

frequency financial markets, achieving simulations at the sub-second level. Second, to the best of

our knowledge, this work is the only one that simulates the 2010 Flash Crash event with sub-second

granularity, providing a detailed phase-by-phase analysis of market dynamics. Third, we simulate and

analyse mini flash crashes, a phenomenon that is rarely explored in the literature.

1.3 Connections Between the Three Main Contributions

The three contributions of this thesis are closely related.

In Chapter 3, the first challenge is addressed through the introduction of the XGB-Chiarella method,

which is a versatile agent-based model for generating synthetic financial time series data, coupled with

a robust calibration technique. In Chapter 4, the Chiarella-Heston model is proposed, which is based on
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the same underlying model of the XGB-Chiarella method in Chapter 3. Furthermore, the calibration

methodology from Chapter 3 is applied to the calibration of the Chiarella-Heston model in Chapter 4.

Both agent-based models in Chapters 3 and 4 are designed to realistically simulate financial markets,

addressing challenges related to price formation processes and optimal hedging strategies. The model in

Chapter 3 operates on a minute-level timescale, while the model in Chapter 4 simulates daily price time

series. However, modern financial markets now operate at sub-second intervals, with high-frequency

trading occurring in microseconds or even nanoseconds. To encompass the entire spectrum of trading

activities in financial markets, Chapter 5 explores the domain of high-frequency trading. Building on

the model from Chapter 3, an extended model is proposed that operates at sub-second intervals and

incorporates comprehensive exchange protocols, including limit order books for transaction matching.

The agent-based model in Chapter 5 is again calibrated using the calibration method proposed in

Chapter 3.

1.4 Publications

The following publication contributes to Chapter 3:

• Kang Gao, Perukrishnen Vytelingum, Stephen Weston, Wayne Luk and Ce Guo. 2022

Understanding intraday price formation process by agent-based financial market simulation:

calibrating the extended chiarella model. Wilmott, vol. 2022, iss. 119, p. 22–38, 2022.

http://dx.doi.org/10.54946/wilm.11014

The following publication contributes to Chapter 4:

• Kang Gao, Stephen Weston, Perukrishnen Vytelingum, Namid Stillman, Wayne Luk, and Ce Guo.

2023. Deeper Hedging: A New Agent-based Model for Effective Deep Hedging. In Proceedings

of the Fourth ACM International Conference on AI in Finance (ICAIF ’23). Association for

Computing Machinery, New York, NY, USA, 270–278. https://doi.org/10.1145/3604237.3626913

The following publication contributes to Chapter 5:

• Kang Gao, Perukrishnen Vytelingum, Stephen Weston, Wayne Luk and Ce Guo. 2024.

High-Frequency Financial Market Simulation and Flash Crash Scenarios Analysis: An Agent-

http://dx.doi.org/10.54946/wilm.11014
https://doi.org/10.1145/3604237.3626913
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Based Modelling Approach. Journal of Artificial Societies and Social Simulation 27 (2) 8

https://www.jasss.org/27/2/8.html

1.5 Thesis Organisation

The remaining chapters of this thesis are organised as follows:

• Chapter 2 provides the basic background knowledge of the mechanisms of the modern financial

market, agent-based modelling and reinforcement learning techniques. A comprehensive review of

existing literature relevant to this thesis is also presented in this chapter.

• Chapter 3 details the development and implementation of the XGB-Chiarella methodology,

including the model architecture, calibration techniques, and evaluation metrics. The intraday

price formation process is investigated in this chapter.

• Chapter 4 proposes the Chiarella-Heston model for more realistic financial market simulation,

and explores the integration of the Chiarella-Heston model with deep reinforcement learning

algorithms to optimise hedging strategies.

• Chapter 5 develops a high-frequency agent-based financial market simulator and presents in-depth

simulations of flash crash scenarios, revealing key factors that significantly impact flash crash

scenarios and high-frequency market dynamics.

• Chapter 6 summarises the key contributions of the research and outlines directions for future

work.

1.6 About this journey

In this subsection, I briefly describe my research journey and how my PhD was shaped. My interest in

financial markets was inspired by my father. He works in a bank, and also invests in the stock market.

He often listened to financial news at home. Over time, I became increasingly fascinated by financial

markets and dreamed of studying them one day.

During my undergraduate studies, I was introduced to quantitative finance, which uses computational

methods to find patterns in financial data. It reminded me of my younger days when I recorded the

http://jasss.soc.surrey.ac.uk/27/2/8.html
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historical prices of a stock with pen and paper, hoping to predict future movements. I quickly became

convinced that quantitative methods were the key to understanding financial markets.

When I started this PhD journey, my supervisors suggested exploring agent-based models. After an

extensive review, I believe agent-based models offer a more suitable framework than traditional models

for capturing dynamics in financial markets. This is because modern financial markets are complex

systems, with millions of heterogeneous participants. It is impossible to model such a complex system

with a set of closed-form equations. However, agent-based models offer a promising alternative in

modelling financial markets by explicitly modelling these diverse agents. This led to the work presented

in Chapter 3.

Before starting my PhD, I spent a year working in a market-making team, where we provided liquidity

in derivative markets. At that time, One of our core challenges was hedging. Although the Black-Scholes

model is a foundational tool, it has many practical limitations. Motivated by these experiences, I began

exploring more adaptive approaches to hedging after building the agent-based simulator. Deep hedging

caught my attention. I believe that by utilising deep learning techniques, we could train an intelligent

agent to achieve more efficient hedging. The research resulting from this direction is presented in

Chapter 4.

I still recall my second supervisor, Stephen, remarking, "It is easy to make money for a while, but

the real challenge is keeping your profits in the long run." Risk management is very important for

success in financial markets. There are many examples of once-successful financial institutions that

collapsed overnight. One typical risk scenario is flash crashes, which are extreme events that expose the

vulnerabilities of high-frequency markets. With my developed agent-based financial market simulator, I

started working on simulating flash crash events, aiming to understand their causes and investigate

how to mitigate the effects of such risk scenarios. This work is presented in Chapter 5.



Chapter 2

Background and Related Work

2.1 Introduction

In this chapter, we introduce the foundational concepts and existing research related to this thesis. We

begin by exploring agent-based models, which provide a powerful tool for simulating and analysing

complex financial systems. Then we introduce the related works that align with the three main chapters

in this thesis. Essential concepts such as limit order books, hedging and reinforcement learning are

introduced along the way.

2.2 Agent-based Financial Market Simulation

2.2.1 Agent-based Models

An agent-based model (ABM) is a computational simulation that operates based on the individual

decisions made by programmed agents [TBSY16]. Each agent in an ABM operates based on a set

of predefined rules and can represent individuals, groups, or entities with distinct behaviours and

decision-making processes [CH11]. These models are particularly useful for studying complex systems

where the interactions between agents lead to emergent phenomena that are not easily predictable from

the properties of individual agents alone.

ABMs are widely used across various disciplines, including ecology, sociology, economics, and finance.

They offer a bottom-up approach to modelling, where the behaviour of the entire system emerges from the

36
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interactions of its components [CH11]. This contrasts with traditional top-down modelling approaches,

which often rely on aggregate equations and assumptions. ABMs can incorporate heterogeneous agents,

adaptive behaviours, and localised interactions, making them well-suited for exploring dynamic and

non-linear systems.

In financial markets, agent-based models are valuable for understanding market dynamics, price

formation, and the impact of various trading strategies [LeB06]. They can simulate market microstructure

by modelling interactions between different types of traders, such as liquidity providers and liquidity

takers, to explain phenomena like market impact, price volatility, and the formation of bubbles and

crashes. ABMs also study price formation and discovery, analysing how information dissemination, order

execution, and trading strategies affect price movements, particularly in the context of high-frequency

and algorithmic trading.

2.2.2 XGBoost Algorithm for Agent-based Model Calibration

Agent-based models require calibration to replicate real-world dynamics. Various agent-based model

calibration methods are developed, such as the Methods of Moments [FW12] and Machine Learning

Surrogate Modelling Method [LRS18]. Throughout the thesis, we calibrate the agent-based models with

a surrogate modelling method based on XGBoost algorithm [CG16]. Here we introduce the XGBoost

algorithm, which is the core component of the model calibration process.

Extreme Gradient Boosting (XGBoost) is a scalable and efficient implementation of the gradient

boosting framework introduced by [CG16]. It has become one of the most widely used machine learning

algorithms for structured data because of its accuracy, efficiency, and flexibility [FF12]. At its core,

XGBoost builds a strong predictive model by combining multiple weak learners, usually decision trees.

The algorithm proceeds sequentially, and each new tree is trained to correct the residual errors of the

previous trees [CG16]. The guidance of the XGBoost algorithm is to minimise a regularised objective

function that balances model complexity with training loss. For more details about the algorithm, refer

to [CG16].

One distinguishing feature of the XGBoost algorithm is the use of a second-order Taylor expansion as

the loss function, enabling more precise gradient-based updates during training [FF12]. In addition, the

algorithm also includes both L1 and L2 regularisation to further enhance generalisation performance.

The XGBoost algorithm is also designed to handle sparse data efficiently by learning default directions
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for missing values. Furthermore, XGBoost is highly efficient for large-scale datasets because of its

support for parallelised tree construction.

In this thesis, XGBoost is employed as a surrogate model to approximate the mapping between ABM

parameters and observed market dynamics. As ABM simulations typically involves repeatedly running

stochastic simulations and comparing their outputs to real market dynamics, ABM calibration process

is often computationally intensive. By training an XGBoost surrogate model, we obtain a fast and

flexible approximation of this parameter-to-feature relationship. This surrogate can then be used to

efficiently explore the ABM parameter space. In this way, the efficiency of the calibration process is

significantly improved. The ability of XGBoost to handle nonlinear dependencies, high-dimensional

inputs, and noisy outputs makes it particularly suitable for this role.

2.2.3 Agent-based Financial Market Simulation

ABMs find widespread application in simulating financial markets. In agent-based simulated financial

markets, each agent aims to process the vast amounts of time series information generated during the

market simulation and translate it into trading decisions [LeB01]. The model aggregates these trading

decisions from all agents to build market snapshots (e.g. limit order book states) for each step and

generate transactions. With the advantage of capturing the heterogeneity of agents and diversity of the

underlying economic system, ABMs provide a promising alternative to traditional equilibrium-based

economic models.

[GS93] build an agent-based model with only zero-intelligence traders to simulate financial markets.

Those zero-intelligence traders are not able to think strategically or do any advanced learning, or

statistical modelling of the financial market. Surprisingly, results show that zero-intelligence traders can

trade very effectively in the simulated market. The prices tend to converge to the standard equilibrium

price and market efficiency tends to reach a very high level. According to their experimental results,

they argue that some stylised facts in financial markets may rely more on institutional design rather

than actual agent behaviours. Agent-based models are also proposed to model the "Trend" and "Value"

effects in financial markets. Chiarella designed an agent-based model composed of two types of traders:

fundamentalists and chartists [Chi92]. With only two types of traders, lots of dynamic regimes that are

compatible with empirical evidence can be generated in the simulated artificial financial market. An

extension of the Chiarella model is proposed in [MCB20]. The extended model adds a new type of trader
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called noise trader and allows the fundamental asset value to have a long-term drift. The extended

Chiarella model is capable of reproducing more realistic price dynamics. This extended Chiarella model

in [MCB20] forms the basis of the proposed agent-based financial market simulation in Chapter 3 of this

thesis, while the other two models proposed in this thesis can be regarded as extensions of this basic

model. A more complex agent-based model for financial market simulation is proposed in [MBGC19].

Five different types of traders are present in this simulated market: market makers, liquidity consumers,

momentum traders, mean reversion traders, and noise traders. Their model is capable of replicating

most of the existing stylised facts of limit order books, such as autocorrelation of returns, volatility

clustering, concave price impact, long memory in order flow, and the presence of extreme price events.

Those stylised facts have been observed across different asset classes and exchanges in real financial

markets. The successful replication of these stylised facts indicates the validity of their agent-based

simulation model. It is shown that agent-based financial market simulation is capable of generating

artificial financial markets with realistic macro behaviours.

The prevalence of electronic order books and automated trading permanently changed the way the

market works. It is virtually impossible to infer meaningful relationships between market participants

using traditional mathematical methods because of the complexity of electronic financial markets.

Instead, agent-based financial market simulation has been gradually gaining popularity in the market

microstructure literature. An agent-based simulated financial market offers an experimental environment

for examining market features and characteristics. It also provides plenty of artificial financial market

data for analysis. [HTC+14] develop an agent-based model for use by researchers, which offers the

capability of capturing the organisation of exchanges, the heterogeneity of market participants, and the

intricacies of the trading process. Agent-based models can also provide regulators with an experimental

environment that helps to improve comprehension of complex system outcomes. In other words, it

allows for a clearer examination of the relationship between micro-level behaviour and macro outcomes.

For example, [DO07] test the regulatory changes that came with decimalisation in the NASDAQ market

using agent-based financial market simulation. The agent-based models of the NASDAQ market shed

light on how these changes would impact market function.

Given an agent-based model, how to effectively calibrate the model to real data is still an open challenge.

Successful calibration of an agent-based model enables the model to generate qualitative or quantitative

properties that are observed consistently in empirical data. Such properties are difficult to reproduce

using traditional equilibrium based approaches [LeB06]. Many calibration methods for agent-based
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models have been proposed in the literature. For some simple models such as the CATS model in

[BCGV07], model parameters can be read directly from the data. There are also various analytical

calibration methods for agent-based models. For example, [MCB20] apply the Expectation-Maximisation

method to get the maximum likelihood estimation of the parameters of the Extended Chiarella model.

However, for most complex models, model parameters are not directly observable. In addition, most

agent-based models that are of interest are incompatible with calibration methods that require analytical

solutions. In those cases, the only choice for model calibration is the simulation-based method. The

most common simulation-based calibration method is the simulated minimum distance method and its

variations [JM15]. The simulated minimum distance method involves the construction of an objective

function that measures the distance between real data and simulated data for a given set of model

parameters. Optimisation methods are subsequently applied to minimise the distance to get an optimal

set of model parameters. In the context of economic agent-based models, popular distance measures

include weighted sums of the squared errors between empirical moments and simulated moments.

[Fra09] applies the method of simulated moments to estimate the parameters of an agent-based asset

pricing model. Their moment selection emphasises the reflection of certain stylised facts in financial

markets, such as the fat tails and autocorrelation patterns of the daily returns in stock price time

series. To explore structural stochastic volatility, [FW12] employ the method of simulated moments

to estimate parameters of different candidate agent-based asset pricing models. They also take into

consideration the proportion of Monte Carlo simulation runs that yield moments within the empirical

confidence intervals for the moments involved.

One obstacle in the development of robust and widely applicable agent-based model calibration strategies

is computational complexity. Most agent-based models of interest are computationally costly to simulate

and the situation is even worse when it comes to large-scale agent-based models. One possible solution

to address this challenge is the use of surrogate modelling to help guide parameter space exploration and

thus avoid a large amount of intensive agent-based model simulations. Examples of surrogate modelling

include the Kriging [Ras03] and the machine learning surrogate approach [LRS18]. [DPV18] apply the

Kriging method to enable a global exploration of the parameters space for a multi-firm evolutionary

simulation model. Sensitivity analysis is also carried out in this Kriging framework. [LRS18] build

machine learning surrogate models to approximate two agent-based models. Experimental results show

that their XGBoost-based machine learning surrogate achieves high accuracy in approximating the

relationship between model parameters and model outputs.
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2.2.4 Agent-based Models and Simulation in This Thesis

As introduced above, agent-based financial market simulation simplifies complex financial system

simulation by including a set of individual agents, a topology and an environment. Different agent-based

models in the literature focus on different practical problems in financial markets. In this thesis, three

challenges are addressed by utilising agent-based financial market simulation. The agent-based financial

market simulation presented in this thesis is built upon the Extended Chiarella model in [MCB20].

Different modifications and generalisations of this model are proposed for addressing different challenges.

Specifically, the price formation process is investigated in Chapter 3, with Chapter 4 investigating the

optimal hedging problem with deep reinforcement learning method in the environment of agent-based

financial market simulation. In Chapter 5, we focus on agent-based models applied to high-frequency

financial market simulation and flash crash analysis. All three topics are investigated in an agent-based

financial market simulation framework. The model calibration process for all agent-based models

proposed in this thesis follows the same approach proposed in Chapter 3, which utilises a surrogate

modelling approach based on the XGBoost algorithm. In the following section, we provide related work

corresponding to the three topics.

2.3 Price Formation Process

With the rapid development of modern financial markets, the price formation process in financial

markets has been of great interest to both researchers and practitioners. To investigate the price

formation process, we first introduce basic concepts related to financial markets.

2.3.1 Financial Markets

Financial markets refer to marketplaces where the trading of financial instruments, such as stocks,

bonds, currencies, and derivatives, takes place. These markets are essential for the functioning of

modern economies as they facilitate the allocation of resources, distribution of risk, and creation of

liquidity [BEG12]. The concept of financial markets dates back to ancient times when basic forms of

trade and barter systems were invented. Over time, financial markets have evolved significantly, driven

by advancements in information technology, regulatory changes, and globalisation [GS97]. There are

two key components of modern financial markets that are relevant to this work: limit order books and
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Figure 2.1 Adapted from [GPW+13], an illustration of a limit order book.

algorithmic trading.

Limit Order Book

Limit order books (LOBs) are among the most widely used mechanisms in financial markets globally

[GPW+13]. In these systems, market participants place buy or sell limit orders, specifying the highest

price they are willing to pay or the lowest price they are willing to accept, as well as the size of the

order. The LOB tracks and aggregates unfilled limit orders on both the buy side (bids) and the sell

side (asks). If a new order can be immediately matched with existing orders on the opposing side at

acceptable prices, it is executed right away, thus removing liquidity from the book. The most common

matching prioritisation method is price-time priority. In the price-time priority mechanism, orders are

matched first based on the best price for the incoming order, and then by arrival time, with the oldest

limit orders at each price level being matched first.

Figure 2.1 provides a snapshot of an imaginary limit order book status. The figure displays the top 3

price levels on both the bid and ask sides, along with the aggregated available volume at each price. In

this instance, the highest bid is $3 for 4 shares, which is the highest price a seller could instantly trade at

using a market order. Conversely, a buyer could acquire up to 3 shares at a price of $6. Trading larger

quantities on either side would deplete the volume at the best price and require additional liquidity

from deeper levels. Placing a buy limit order below the best ask price would not result in an immediate

transaction but would instead add new volume to the bid side of the LOB. For a more detailed review

of limit order book dynamics and related models, we refer readers to [GPW+13].
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Algorithmic Trading

Algorithmic trading, often referred to as algo trading or automated trading, involves using computer

algorithms to execute trades based on predetermined rules and instructions [NMTY11]. These algorithms

follow a set of predetermined instructions or rules to trade financial instruments, including stocks, bonds,

currencies, and derivatives. The primary goals of algorithmic trading are to increase efficiency, reduce

costs, and improve the accuracy of trading operations. It has evolved significantly since the late 20th

century, driven by advancements in electronic trading platforms and the development of high-frequency

trading (HFT). The process typically includes strategy development, coding, backtesting, and execution,

allowing trades to be executed at high speeds and frequencies without human intervention.

Common strategies in algorithmic trading include market making, arbitrage, trend following, statistical

arbitrage, and mean reversion [TGL13]. These strategies leverage mathematical models and statistical

analysis to identify and exploit market opportunities. The primary benefits of algorithmic trading are

speed, accuracy, cost efficiency, and consistency, which enhance the overall efficiency and performance

of trading operations. By minimising human errors and emotional decision-making, algorithmic systems

can maintain consistent performance and execute trades at optimal prices.

However, algorithmic trading also presents challenges and risks such as market volatility, technical

failures, regulatory concerns, and data quality issues [TGL13]. High-frequency trading can contribute

to market instability, and system bugs can lead to significant financial losses. Regulatory scrutiny is

increasing to ensure market fairness and stability, requiring compliance with regulations such as SEC

rules. The future of algorithmic trading is likely to be shaped by artificial intelligence and machine

learning, which can enhance the predictive power and adaptability of trading algorithms, further

transforming the financial markets.

2.3.2 Existing Price Formation Process Research

One group of price formation process literature is based on the equilibrium state of financial markets.

[FHBMG11] propose a pure exchange economy with a finite number of types of agents and commodities.

They analyse the equilibrium price formation in a differential information market, where traders have

incomplete and asymmetric information. [Jac91] shows that it is possible to have an equilibrium with

fully revealing prices and costly information acquisition if the price formation process is modelled

explicitly and traders are not price-takers. The price formation process is also extensively investigated
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from the perspective of the double auction market. [CF96] present 14 laboratory experiments that

examine the price formation process in the continuous double auction. It is shown that participants in

their double auction market experiments succeed in discovering prices that would achieve most of the

exchange surplus. The same is true even with no auctioneer and with traders possessing various private

information. [GM94] examine the relationships between market structure and stock price formation. It

is shown that trading mechanisms and price formation provide different explanations for the greater

volatility at the opening of trading.

An alternative perspective for analysing the price formation process in financial markets focuses on the

trend and value effects. Trend and value effects are indispensable in the price formation process within

financial markets. The two interactive effects pervade all financial markets. Trend refers to the price

behaviour that positive (negative) returns are more likely to be followed by positive (negative) returns.

Value means that the asset price will converge to the intrinsic value of the asset, which indicates that

assets with prices higher (lower) than their fundamental value tend to achieve negative (positive) future

returns. The trend and value effects correspond to two types of market participants: fundamental

traders and momentum traders. Fundamental traders react to the difference between fundamental value

and market price, while momentum traders react to price trends. Lots of models investigating trend

and value effects are analysed in the literature.

[BG80] build a model which proves that the so-called "speculation on the price trend" plays an important

role in the formation of dynamic price behaviours. It is shown that speculative trading can accelerate

the convergence to the equilibrium state, but it can also lead to price oscillations and market instability.

[FF86] present a model containing fundamentalist and chartist to explain the dollar price in the early

1980s. Not constrained by the assumption of rational behaviours, in this model, each type of trader

performs the specific task in a reasonable and realistic way. Their model provides a framework for

explaining the price formation process in a variety of asset markets. [Zee74] shows that the unstable

behaviours in various financial markets can be credited to the interactions between fundamental traders

and momentum traders. In one famous paper, [Chi92] proposes the so-called Chiarella model which

consists of fundamentalists and chartists in the artificial financial market. It is shown that the Chiarella

model is capable of generating a number of dynamic regimes in financial markets which are consistent

with empirical evidence. Based on the Chiarella model, [MCB20] propose the Extended Chiarella model

by adding noise traders and changing the demand function of fundamentalists. The Extended Chiarella

model investigates the co-existence and interaction between trend and value effects in the framework
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of agent-based models. The model parameters are estimated using an Expectation-Maximisation

algorithm.

2.3.3 Existing Gaps and Our Contributions

Though numerous agent-based models are proposed in the literature to analyse the price formation

process, many of these models exhibit common drawbacks. Firstly, the models in the literature primarily

rely on mathematical derivation for estimation. Consequently, these models produce theoretical rather

than simulated results. Secondly, existing models primarily explain price time series over longer time

frames such as daily or monthly price behaviours. A notable gap remains in effectively explaining the

intra-day price formation process concerning trend and value effects. Thirdly, a considerable challenge

persists in efficiently calibrating agent-based models.

In Chapter 3, we address these gaps by examining the intra-day price formation process using agent-

based models, incorporating trend and value effects through heterogeneous traders. Firstly, the proposed

model comprises momentum traders, fundamental traders and noise traders. These traders interact

with each other within the simulation model, influencing price dynamics. Secondly, the XGB-Chiarella

method is proposed to analyse the intra-day price formation process, offering a significant improvement

over daily or monthly simulations. Thirdly, we propose an enhanced version of the calibration method

based on machine learning surrogate modelling. This calibration method is employed throughout this

thesis.

2.4 Deep Reinforcement Learning and Deep Hedging

2.4.1 Reinforcement Learning

Reinforcement Learning (RL) is a machine learning framework aimed at optimising a numerical quantity

called a reward through iterative decision-making [SB+99]. An agent, the algorithm responsible for

learning the decision rules, receives the current state St from the environment and maps states to

actions using a policy function. When the agent performs an action at, the environment updates the

reward rt and transitions to a new state St+1. Unlike supervised learning, RL involves the agent’s

actions influencing future states, creating interaction within the system [KLM96]. Figure 2.2 provides

an illustration of the RL framework.
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Figure 2.2 Components and flows of the RL framework. Adapted from [PAD22].

Formally, RL is modelled as a Markov Decision Process (MDP), characterised by the agent-environment

interaction through actions (at), states (St), and rewards (rt) [PAD22]. An MDP is defined by discrete

time steps t0, t1, ..., T and a tuple {S,A(S),P(St+1|St, at), R, γ}, where:

• S represents the set of states such that St ∈ S.

• A(S) is the set of possible actions at ∈ A(S) that can be taken when in state St = S.

• P(St+1|St, at) describes the probabilities of transitioning to state St+1 ∈ S given that action at is

taken in state St.

• R and γ represent the reward function and the discount factor, which prioritises immediate

rewards over future rewards.

The transition probabilities (P) is supposed to fulfill the Markov Property:

P(St+1|S0:t) = P(St+1|St) (2.1)

which asserts that the future state St+1 depends only on the current state St, not on the sequence of

states that preceded it. As for the agent, the objective is to discover a policy π that maximises the

expected cumulative reward, discounted over time:

argmax
π

Eπ[

T∑
t=0

γtRt(St, at)] (2.2)

Various reinforcement learning algorithms are proposed to solve this optimisation problem: DQN

[MKS+13], DDPG [LHP+15], A2C [MBM+16], PPO [SWD+17], etc.
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2.4.2 Hedging

Hedging is a risk management strategy used by investors and companies to protect themselves against

potential losses from adverse price movements in financial markets [Bar19]. By taking an offsetting

position in a related security, derivative, or asset, hedgers can mitigate the risk of price fluctuations that

might negatively impact their holdings. The primary goal of hedging is not to eliminate risk entirely

but to reduce it to a manageable level, thereby stabilising returns and preserving capital [RS11].

The concept of hedging dates back to the origins of trade and finance, where merchants and farmers

sought to protect themselves against the risks associated with price volatility in goods and commodities.

In modern financial markets, hedging is widely used across various asset classes, including equities,

bonds, currencies, commodities, and interest rates. Common instruments used for hedging include

futures contracts, options, swaps, and forwards, each providing different mechanisms and degrees of

protection [HB16].

Financial hedges utilise these financial instruments to offset potential losses from market movements. For

example, a company that relies heavily on oil might hedge against rising oil prices by purchasing futures

contracts. Investors might use options to hedge against potential declines in stock prices. While hedging

can effectively manage risk, it often involves costs such as premiums for options or margin requirements

for futures [RS11]. Additionally, hedging strategies require careful planning and execution to ensure

they align with the overall financial goals and risk tolerance of the entity. Properly implemented,

financial hedging can help achieve greater financial stability and predictability in investment portfolios

and business operations.

2.4.3 Combining Reinforcement Learning and Hedging with Deep Learning Techniques

Deep Reinforcement Learning (DRL) is a type of machine learning that combines deep neural networks

and reinforcement learning techniques to learn complex decision-making processes. Compared with

traditional Reinforcement Learning (RL), one of the significant advantages of DRL is its ability to learn

directly from high-dimensional input data, such as images or speech signals. DRL has been widely

applied in various fields such as robotics, gaming, natural language processing, and computer vision.

[MKS+13] introduces Deep Q-Network, which demonstrates how deep neural networks could be used

to learn control policies for playing Atari games directly from the game screen. DQN is one of the first

successful applications of DRL to high-dimensional visual inputs. Later in [MKS+15], they further
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improved the algorithm and achieved human-level performance on various Atari games, showcasing

the potential of DRL for complex control tasks. [LHP+15] introduces the Deep Deterministic Policy

Gradient (DDPG) algorithm, extending DRL to continuous action spaces. DDPG has been widely

used in robotics and control tasks. [HHLS15] modify the DDPG algorithm to use recurrent networks

trained with backpropagation through time. They demonstrate that the resulting algorithms, Recurrent

DPG (RDPG) can be applied to a number of partially observed physical control problems with diverse

memory requirements.

The idea of using deep reinforcement learning in finance is not new, but the application of these

techniques in hedging has gained attention recently due to the need to hedge complex financial

instruments, such as options on baskets of stocks or bonds, where traditional linear or non-linear

models are not effective. Deep hedging [HLJB19] is a recent development that aims to create hedging

strategies for complex financial instruments using deep reinforcement learning techniques. [HLJB19]

introduces the concept of deep hedging and demonstrates how deep learning techniques, such as neural

networks, can be used to optimise hedging strategies for financial derivatives. That work provides a

theoretical framework for deep hedging and explores its applications in various financial settings. Later

in [BGT+20], the deep hedging framework is extended to address the risk management problem of

illiquid derivatives in a non-frictionless market, using a reinforcement learning approach. [HTZ21] train

the deep hedging agent with synthetic data generated from a rough volatility model, which provides

a more accurate representation of market volatility dynamics compared to traditional models. The

authors analyse the hedging performance of the original architecture under rough volatility models.

[CCHP21] propose a revised DDPG algorithm with two different Q-functions to derive optimal hedging

strategies for derivatives when transaction costs exist. Their results showed that deep hedging can

outperform traditional methods, such as delta hedging, in terms of hedging performance and hedging

accuracy.

2.4.4 Existing Gaps and Our Contributions

The most significant gap identified in the literature on deep hedging concerns the availability of data.

Deep hedging inherently requires large volumes of data to train the reinforcement learning agent. Since

historical data alone is insufficient, synthetic data becomes essential. However, as shown in the above

review, most research focuses on reinforcement learning algorithms, with little attention given to the

data challenges.
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To our knowledge, no existing work integrates agent-based models within the deep hedging framework.

In Chapter 4, we address this gap by combining an agent-based model with the deep hedging framework.

For the deep reinforcement learning method, we adopt the revised DDPG algorithm from [CCHP21].

Two separate Q-functions are used to track the expected value of both the hedging cost and the square

of the hedging cost. The deep hedging agent’s learning objective is to minimise a function that combines

the mean hedging cost and a constant multiplied by the standard deviation of the hedging cost. Though

there is no inherent distributional assumption, this setup allows the standard deviation of the hedging

cost to be incorporated into the objective function.

2.5 Flash Crash Analysis

2.5.1 Review of Existing Flash Crash Research

During the 2010 Flash Crash, over a trillion dollars were wiped off the value of US equity markets in

an event that has been largely attributed to the rapid rise of algorithmic trading and high-frequency

trading [KKST17]. The base indices in both the futures and securities market experienced a rapid price

fall of more than 5% in just several minutes, after which the bulk of the price drop was recovered nearly

as fast as it fell. The staff from CFTC and SEC present a thorough report on what happened during

the 2010 Flash Crash event [SC10]. They identified an automated execution algorithm that sold a large

number of contracts as the main catalyst for the flash crash. The Sell Algorithm, which was activated

on the E-mini S&P 500 futures market, kept pace with the market aiming at selling around 9% of the

previous minute’s trading volume [SC10]. Even though no negative impact was known previously, this

process triggered a cascade of panic selling by market participants who employ high-speed automated

trading systems. The consequent "hot-potato" effect, where those market participants rapidly acquired

and then liquidated positions among themselves, resulted in rapid and extreme price decline.

Flash crash episodes have attracted attention after the 2010 Flash Crash event. Several months after

the crash, the staff from regulatory authorities released a report that highlighted the important role

of a large seller in initiating the flash crash event [SC10]. This seller employed a sell algorithm that

focused solely on market volume to determine the order size. It is reported that although high-frequency

traders appear to have exacerbated the magnitude of the crash, they did not actually trigger the flash

crash. Though high-frequency traders played a role in creating the so-called "hot-potato" effect, the

flash crash would very likely have been avoided without the overly simplistic sell algorithm based on
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volume alone. There is also a lot of academic research on flash crash episodes. For example, [KKST17]

apply purely empirical approaches to understanding the causes of the 2010 Flash Crash. They use

regression analysis on a unique dataset that is labelled with the identities of all market participants. It

is demonstrated that in response to the activity of the Sell Algorithm, high-frequency traders caused the

"hot-potato" effect that exacerbated the price drop. This is consistent with the official report [SC10].

[BCP13] apply a simulation approach to studying the consequences of different regulatory interventions

that aim to stabilise the limit order book market after a flash crash event. They trigger a flash crash

by simulating the submission of an extremely large order. In this way, they explore the conditions

under which the influence of a flash crash could be substantial and the mechanisms that could mitigate

the influence. Their simulation results indicate that three mechanisms could potentially mitigate the

detrimental effects of flash crashes: introducing minimum testing times, switching to a call auction

market mechanism and shutting off trading for a period of time.

An important stream of flash crash research is simulating flash crashes in agent-based models, which

usually involves investigating how high-frequency traders contribute to the emergence of flash crash

events. [PHT+12] develop an agent-based model of the E-mini S&P futures applied to flash crash

analysis. A general flash crash in price is replicated in their model. However, they only reproduce a

rough shape of the flash crash price behaviour, and detailed analyses of trader behaviours and market

depth are absent. [KNWB18] develop an agent-based model to analyse the flash crash episodes in

the sterling-dollar Forex market. They emphasise the important role of high-frequency traders in the

emergence of flash crash episodes. The proposed approach in Chapter 5 is partly inspired by their work.

[JLNRF16] develop an agent-based model to study how the interplay between low-frequency traders

and high-frequency traders impacts asset price dynamics. Their experimental results indicate that

high-frequency trading exacerbates market volatility and plays a fundamental role in the emergence

of flash crashes. They also show that flash crashes are associated with two salient characteristics of

high-frequency traders, namely their capability of generating high bid-ask spreads and synchronising

on the sell side of the limit order book. The most similar model to our proposed one in literature is

the agent-based model proposed in [VW14]. They build an agent-based simulation framework that

reproduces key characteristics of the 2010 Flash Crash. Consistent with [SC10], they argue that

high-frequency traders play an important role in creating a vicious feedback loop system, which is

triggered by a large institutional sell. Their results imply that policymakers should pay more attention

to the number of high-frequency traders in the market, the inventory sizes of these traders, and the

regulated tick size. [LN19] test the effects of a set of regulatory policies with regard to high-frequency
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trading by developing an agent-based model that is able to generate flash crashes. It is shown that

there is a trade-off between market stability and resilience when determining policies directed towards

high-frequency trading. Their experimental results indicate that possible policies to prevent flash crash

events include the imposition of minimum order resting times, circuit breakers, cancellation fees and

transaction taxes.

There are also different angles of view for flash crash episodes in literature. [PCW19] design and

implement a hybrid microscopic and macroscopic agent-based approach to investigate the conditions

that give rise to the "electronic contagion"1 of flash crash events. Their results demonstrate that the

flash crash contagion between different assets is dependent on portfolio diversification, behaviours of

algorithmic traders, and network topology. It is also emphasised that regulatory interventions are

important during the propagation of flash crash distress. [MY19] look at the flash crash event from

the perspective of cross-arbitrage. They find that the breakdown of cross-arbitrage activities between

related markets plays an important role in exacerbating the flash crash event. [KO20] analyse price

impact during flash crash events in their market microstructure invariance model. It is shown that the

actual price declines in flash crash events are larger than the predicted price impact. [Mad12] argues

that the flash crash episodes are linked directly to the current market structure, mostly the pattern

of volume and market fragmentation. It is suggested that a lack of liquidity is the critical issue that

requires the greatest policy attention to prevent future flash crash events. Similarly, [BDSY10] explicitly

owe the flash crash in ETFs to an extreme deterioration in liquidity. Their results are consistent with

the liquidity provision behaviour in financial markets. [PHSB17] explore how the levels of information

can be used to predict the occurrence of flash crash events. Their findings suggest that some stability

indicators derived from limit order book information are capable of signalling a high likelihood of an

imminent flash crash event. [GKP12] analyse mini flash crashes, which are the scaled-down versions

of the 2010 Flash Crash. It is shown that mini flash crashes also have an adverse impact on market

liquidity and are associated with the fleeting liquidity phenomenon [CT11].

2.5.2 Existing Gaps and Our Contributions

The review highlights a significant gap in the literature regarding the analysis of high-frequency dynamics

during flash crashes in agent-based financial market simulations. Most existing studies focus solely on

1Electronic contagion refers to the contagion phenomenon in financial markets that results from interactions between
trading algorithms, instead of human traders.
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analysing historical flash crash events, neglecting the potential variations between different flash crashes.

A simulator capable of generating diverse flash crash scenarios would be highly beneficial. While some

flash crash simulators exist, they typically do not operate at high-frequency levels. For instance, the

simulation in [PHT+12] reproduces only a rough approximation of flash crash price behaviour, lacking

detailed analysis of trader interactions.

In Chapter 5, we address this gap by proposing a high-frequency financial market simulator capable of

operating at the millisecond level to simulate flash crash events. This simulator is used to reproduce

the 2010 Flash Crash, providing detailed insights into the dynamics and interactions of traders during

the event. The analysis reveals key factors influencing the characteristics of flash crashes. Additionally,

the simulator is applied to study mini flash crashes, uncovering critical drivers of market instability.

These contributions offer valuable insights into the mechanisms underlying flash crashes.

2.6 Summary

This chapter provides a detailed overview of the background and related work necessary to understand the

subsequent chapters of this thesis. We began by discussing financial markets, focusing on key elements

such as limit order books, algorithmic trading, and hedging strategies. These discussions highlighted the

mechanisms that drive trading activities and risk management in modern financial markets. We then

explore agent-based models, emphasising their utility in simulating market dynamics and investigating

the interactions between different market participants. The application of reinforcement learning in

financial markets is examined, in particular, its role in optimising trading and hedging strategies. Finally,

we reviewed the existing literature on agent-based financial market simulations, the price formation

process, deep reinforcement learning, and flash crash analysis. These topics are closely related to the

main contributions of this thesis. This comprehensive review provides baselines for the contributions

presented in the following chapters.



Chapter 3

Price formation process investigation with

agent-based financial market simulation

3.1 Introduction

This is the first main chapter of this thesis, where we introduce XGB-Chiarella, a method to generate

realistic intra-day financial price data using agent-based models. Despite its simplicity, the model

effectively captures the intra-day trend and value effects, providing support for the existence of a

universal intra-day price formation mechanism. The proposed XGB-Chiarella method also integrates

a novel calibration process for agent-based models, which is based on the XGBoost machine learning

algorithm.

3.1.1 Motivation

In the past decade, algorithmic trading has grown rapidly across the world and has become the dominant

way securities are traded in financial markets, currently generating more than half of the volume of

U.S. equity markets. Constantly improving computer technology and its application by both traders

and exchanges, together with the evolution of market micro-structure, automation of price quotation

and trade execution have together enabled faster trading. Consequently, intra-day price formation

underpinning this trading process has become the focus of intense research attention in recent years as

market participants attempt to gain greater insight into how prices are determined and hence improve

trading performance.

53
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Price formation determines the price of an asset through interactions between buyers and sellers. It is

at the core of the efficient and transparent operation of markets for goods and services. The balance

between buyers and sellers provides an effective indicator of demand and supply in a market, where

demand and supply are generally significant but not the only driving factors behind price movements.

This is because the mechanisms of price discovery indicate what sellers are willing to accept and what

buyers are willing to pay, so the price discovery process is concerned with finding an equilibrium (or near

equilibrium) price that enables the greatest liquidity for that asset at a given point in time. Beyond

supply and demand, attitudes to risk, volatility, available information and market micro-structure all

exert varying levels of influence on the price discovery process.

[Lo17] explains the process of price formation in properly functioning markets as generally involving

market participants engaging in cause and effect reasoning along the lines of “if my strategy is x, then

the market will respond with y, in which case I will respond with z. . . ”. Even this simple process

requires that the algorithms of buyers and sellers have some understanding of the other’s motives and

incentives. Theoretically, this approach would imply that such chain reasoning could infinitely recurse.

However, [SC19] define a "price formation mechanism" as a high-level map representing the relationship

between asset price and variables such as order flow and market price history. Modelling such a

mechanism using stochastic differential equation models, machine learning prediction models and

market micro-structure, all provide different ways to represent this map. However, an issue central

to the price formation mechanism is the degree to which such a high-level map is universal. That is,

whether the price formation mechanism is independent of the particular asset being considered. The

universal existence of certain empirical stylised facts seems to be evidence supporting this universality

traded. In this chapter, we present evidence for the existence of such a universal price formation

mechanism by proposing the XGB-Chiarella method, which is able to reproduce realistic synthetic data

for various stocks from different exchanges. The fact that the XGB-Chiarella method is based on the

same underlying agent-based model backs the existence of a universal price formation mechanism.

Our investigation of the intra-day price formation process is through financial market simulation using

agent-based models. Financial markets are obviously one of the most dynamic systems in existence.

With huge potential academic and industrial value, financial market simulation in agent-based models

is an exciting new field for exploring behaviours of financial markets. In an agent-based artificial

financial market, heterogeneous agents (traders) trade a financial instrument through a realistic trading

mechanism for price formation. Unlike traditional economic theories, there is no equilibrium assumption
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in agent-based financial markets. In addition, traders are no longer assumed to have rational behaviours

as in traditional economic theories. The removal of these assumptions makes agent-based financial

market simulation more realistic than traditional equilibrium-based economic and financial theories.

Various agent-based simulators have been developed in the literature. However, there are still gaps in

creating ideal agent-based financial market simulators that are capable of generating realistic synthetic

market data and shedding light on the intra-day price formation process. Specifically, most existing

agent-based financial markets are of lower frequency such as daily or monthly. To investigate the

intra-day price formation process, a higher simulation frequency is needed.

A realistic, intra-day financial time series data generation process requires that the parameters of

the agent-based model must be calibrated to be as close to real market data as possible. Realistic

simulated market data are supposed to exhibit certain characteristics known as stylised facts, which are

universally observed in historical financial market data. Some stylised facts originate from behaviours of

market participants, while others could be natural consequences of market structure design. Examples

of stylised facts include fat tails of returns, volatility clustering, etc. Parameter calibration with respect

to certain stylised facts can be extremely challenging due to the huge parameter space and complexity

in designing explicit optimization objective functions.

To sum up, there are still two challenges of great interest in this field:

• C1.1: How to implement an agent-based financial market simulator which allows for the

investigation of intra-day price formation process in financial market.

• C1.2: How to calibrate the agent-based financial market simulator to ensure realism and reproduce

common stylised facts.

To address the two challenges, we developed XGB-Chiarella, which is a novel approach to developing

and calibrating an intra-day financial market simulator to narrow the existing gaps. The XGB-Chiarella

methodology has two essential components: the underlying mathematical model for simulation and

the calibration workflow with surrogate modelling. For the underlying model, the simple but powerful

Extended Chiarella model [MCB20], which consists of fundamental traders, momentum traders and

noise traders, is used as the underlying model for the XGB-Chiarella method. For the calibration

workflow, the method utilises XGBoost1 algorithm to build a machine learning surrogate for the

1XGBoost [CG16] is a highly flexible and efficient machine learning algorithm based on an ensemble of decision trees.
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purpose of model calibration. We will show that even with only one agent for each type of trader,

the XGB-Chiarella method is able to generate realistic price series simulations after a proper model

parameter calibration process. The setup of one agent representing each type of trader is consistent

with the modelling choice commonly found in the literature, particularly from a mean-field theory

perspective [LLLL16].

3.1.2 Our Contributions

In this chapter, we propose XGB-Chiarella - a method for developing and calibrating an agent-based

market simulator to generate realistic intra-day financial market data. The underlying model is the

Extended Chiarella model [MCB20]. We adapt the machine learning surrogate modelling approach

in [LRS18] to calibrate the agent-based financial market simulator. By reproducing realistic synthetic

data for various stocks, we show that there is a universal intra-day price formation process capable of

reproducing observed trends and value effects. The main contributions are:

• Addressing challenge C1.1: The Extended Chiarella model is originally tested on monthly data.

To address Challenge C1, we further tested the Extended Chiarella model in intra-day minute

data to explain the intra-day price formation process. The model is tested extensively in more

than 75 stocks from three major exchanges in the world: Nasdaq, London Stock Exchange, and

Hong Kong Stock Exchange. For all stocks of different exchanges, the experimental results are

similar and the simulator can all produce realistic simulated financial time series. This shows that

trend and value effects exist universally in the stock market price formation process, regardless of

the exchanges.

• Addressing challenge C1.2: Instead of the Expectation-Maximisation algorithm, we propose a

novel application of a recent machine learning surrogate modelling approach [LRS18] to calibrate

the Extended Chiarella model, which addresses challenge C2. The foundation for this calibration

method is the surrogate modelling approach in [LRS18]. Instead of building an XGBoost classifier

to predict positive calibration and negative calibration, we train an XGBoost regressor to

innovatively predict the actual distance between simulated stylised facts and historical stylised

facts. The distance involves not only the return distribution but also the autocorrelations between

returns and squared returns. In addition, exploration-exploitation mechanism is introduced in the

iterative process of selecting new points in parameter space. In terms of stylised facts distance,
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results show that the proposed method performs much better than the baseline Expectation-

Maximisation estimation algorithm.

3.2 Model Architecture

This section presents the set-up and components of the agent-based financial market simulator.

3.2.1 Model Set-up

We denote the price of a stock at time t as Pt. The total signed volume traded on the market from t

to t+∆ constitutes the cumulative demand imbalance in the same period. This quantity is denoted

as D(t, t+∆). This aggregated demand depends on the trading strategies of various types of market

participants. Following [MCB20] and [Kyl85], the price dynamics is assumed to be governed by a linear

price impact mechanism:

Pt+∆ − Pt = λD(t, t+∆) (3.1)

where λ is called "Kyle’s lambda", which is related to the liquidity of the market and is a first-order

approximation of market price sensitivity to market demand and supply. The market participants

are assumed to be heterogeneous in their trading decisions. Following the Extended Chiarella model

[MCB20], we populate our model with fundamental traders, momentum traders, and noise traders. In

alignment with the mean-field theory, and because traders of the same type exhibit the same behaviours,

we only use one agent for each type of trader. This single agent represents the corresponding type

of traders in the market. With only three agents in the model, the simulation process is significantly

accelerated. Each trader is associated with some parameters that control the trading behaviours and

the amount of demand generated by the corresponding trader group. We will show the calibration of

these parameters in later sections.

3.2.2 Fundamental Trader

Fundamental traders make their trading decisions based on the perceived fundamental value of the

stock. The fundamental value is denoted as Vt. A fundamentalist will tend to buy a stock if the stock is

under-priced (Vt − Pt > 0), otherwise it will tend to sell the stock. Following the convention in [Chi92],
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we assume the aggregated demand of fundamental traders is proportional to the level of mispricing.

In other words, the aggregated demand of fundamentalists is κ(Vt − Pt), where κ controls the overall

demand generated by fundamental traders. The fundamental value Vt is an exogenous signal that is

input to the model.

3.2.3 Momentum Trader

Momentum traders are also called "Chartists". This group of traders buy and sell financial assets after

being influenced by recent price trends. The assumption is to take advantage of upward or downward

trend of the stock prices until the trend starts to fade. Instead of looking at the fundamental value of

the stock, momentum traders focus more on recent price action and price movement. If the stock price

has been recently rising, a long position is established; otherwise momentum traders will enter a short

position.

There are lots of methods to estimate the momentum of stock prices. A common trend signal is the

exponentially weighted moving average of past returns with decay rate α. This trend signal is denoted

by Mt:

Mt = (1− α)Mt−1 + α(pt − pt−1) (3.2)

where α is the decay rate. Given the trend signal Mt, the demand function of momentum traders is

denoted as f(Mt). The demand function f(Mt) must satisfy two conditions:

• f(Mt) is increasing.

• f ′′(Mt) ∗Mt < 0

where the first condition is consistent with the nature of momentum trading and the second condition

imposes the risk-averse assumption to momentum traders. Consistent with [Chi92], here we choose

f(Mt) = β tanh(γMt) with the requirement that γ > 0. γ represents the saturation of momentum

traders’ demand when momentum signals are very large. This phenomenon is partly due to for example

budget constraints and risk aversion, which is prevalent in real chartists. β controls the overall demand

generated by momentum traders. β is also assumed to be positive, i.e. the demand of momentum

traders is positive when the momentum signal (Mt) is positive, otherwise the demand is negative. The

choice of this demand function for momentum traders strictly satisfies the two requirements.
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3.2.4 Noise Trader

Another group of market participants is noise traders. They are designed so as to capture other market

activities that are not reflected by trend-following and value investing. As a result, the cumulative

demand of noise traders can be described by a random walk. The random walk is also multiplied by a

parameter σN , which controls the overall demand level from noise traders. Mathematically, for each

step the demand from noise traders is sampled from a normal distribution with zero mean and standard

deviation σN .

3.2.5 Model Dynamics

Simulation Process

Using mathematical formulas to approximate the supply and demand generated by all the participating

traders, the resulting model dynamics for ∆t→ 0 can be described by the following dynamical system.

Note that here the fundamental value Vt is an exogenous signal that is input to the model, which is a

major adaption from the original Extended Chiarella model. In addition, there are only three agents

in our simulation, namely the fundamental trader, momentum trader, and noise trader. Each trader

creates a demand corresponding to one term in Equation 3.3. Our simulation results will show that

this model is able to generate very realistic artificial financial price time series, even though there are

only three agents included in the model.

D(t, t+∆t) = κ′(Vt − Pt)∆t︸ ︷︷ ︸
Fundamental

+β′ tanh(γMt)∆t︸ ︷︷ ︸
Momentum

+σ′
N ϵt
√
∆t︸ ︷︷ ︸

Noise

dMt = −αMt∆t+ αdPt

(3.3)

where ϵt follows standard normal distribution. Substitute Equation 3.1 into the above equations, we

can get:

dPt = κ(Vt − Pt)∆t+ β tanh(γMt)∆t+ σN ϵt
√
∆t

dMt = −αMt∆t+ αdPt

(3.4)

where κ, β, σN equal to λκ′, λβ′, λσ′
N , respectively. Furthermore, the simulator runs according to a
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discrete-time version of model 3.4, in which ∆t is 1, corresponding to 1 unit of the smallest simulation

time interval:

Pt − Pt−1 = κ(Vt − Pt) + β tanh(γMt) + σN ϵt

Mt = (1− α)Mt−1 + α(Pt − Pt−1)

(3.5)

The whole simulation runs according to Equation 3.5. For each step, each trader collects and processes

market information. Internal variables associated with each trader are calculated. According to agent

types and values of internal variables, demands are generated by the traders. The price evolves according

to Equation 3.1.

Fundamental Value from Kalman Smoother

The only remaining unknown variable is the fundamental value of the stock. According to Equation 3.5,

the simulation can proceed only if fundamental value is known and is exogenously input to the model.

One difficulty is the non-observability of the fundamental value. According to [MM61], the fundamental

value of a stock equals to the expected value of discounted dividends that the company will pay to

the shareholders in the future. However, this methodology requires extremely strong assumptions on

the future dynamics of the stock dividends. Furthermore, this approach can never reflect the intra-day

change of fundamental value, while the consensus fundamental value can indeed vary during the trading

day due to the continuous feed of events and news.

In this chapter, we propose a novel method which is to apply Kalman Smoother [RdB05] directly to

the stock price time series to get the hidden fundamental value. Note that Equation 3.5 is a linear

dynamical system in Vt, which is treated as a hidden variable of the system. Here the observations are

the actual prices traded in the real market. The specific Kalman Smoothing algorithm used here can

be found in [BSS04]. The algorithm is already implemented in the Python package "pykalman".

3.3 Model Calibration

In this section, we present the methodology for calibrating the agent-based financial market simulator.

Calibration means finding an optimal set of model parameters to make the model generate most realistic

simulated financial market. First, we describe the real data and the associated stylised facts in financial



3.3. Model Calibration 61

Exchange Stocks

Nasdaq
AAPL, HUT, AMD, AAL, MSFT, INTC, UBER, NVDA, SOFI, DKNG, WISH,
HON, FB, TSLA, MRNA, AFRM, LCID, CMCSA, HBAN, TLRY, MU, CSX,

CSCO, JD, UAL

LSE
LLOY.L, VOD.L, RR.L, GLEN.L, IAG.L, HSBA.L, BP.L, PRU.L, DGE.L, LGEN.L,
AAL.L, AV.L, RDSA.L, STAN.L, ULVR.L, BHP.L, BATS.L, RIO.L, GSK.L, NG.L,

REL.L, EZJ.L, JET.L, SMT.L, BRBY.L

HKEX

0700.HK, 3690.HK, 9988.HK, 1299.HK, 1211.HK, 2020.HK, 2269.HK, 0175.HK,
2331.HK, 1024.HK, 0916.HK, 2318.HK, 1918.HK, 9618.HK, 9999.HK, 2333.HK,
9888.HK, 0836.HK, 1919.HK, 0388.HK, 3968.HK, 1772.HK, 1171.HK, 0005.HK,

0027.HK

Table 3.1 Specific stocks from three exchanges in the dataset.

markets. Second, we define the distance between historical and simulated stylised facts, which acts

as the loss function in the calibration process. Finally, the machine learning surrogate modelling for

parameter space exploration is presented in detail.

3.3.1 Data

In the model calibration process, real financial market data is essential to set up the calibration target.

We collected stock price data of 75 stocks from three major exchanges in the world - Nasdaq, London

Stock Exchange, and Hong Kong Stock Exchange. The stocks are selected from three major market

indices corresponding to the three exchanges: Nasdaq-100 index, FTSE 100 index, and Hang Seng index.

Our dataset comprises intra-day minute price data for those 75 stocks, spanning the entire trading

period from September 20th, 2021 to November 30th, 2021. Detailed stocks from each exchange are

shown in Table 3.1.

3.3.2 Stylised Facts and Loss Function

Financial price time series data display some interesting statistical characteristics that are commonly

called stylised facts. According to [Sew11], stylised facts refer to empirical findings that are so consistent

(for example, across a wide range of financial instruments and different time periods) that they are

accepted as truth. A stylised fact is a simplified presentation of an empirical finding in financial markets.

A successful and realistic financial market simulation is capable of reproducing various stylised facts.

These stylised facts include fat-tailed distribution of returns, autocorrelation of returns, and volatility

clustering. The loss function used in the calibration process is constructed by measuring the distance

between historical and simulated stylised facts.
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Stock FB AAPL VOD.L JET.L 9999.HK 0700.HK
Excess Kurtosis 5.51 5.64 16.20 9.60 9.49 4.66

Table 3.2 Average excess kurtosis for return distributions of five stocks.

Fat-tailed distribution of returns

The distributions of price returns have been found to be fat-tailed across all timescales. In other words,

the return distributions exhibit positive excess kurtosis. Understanding positively kurtotic return

distributions is important for risk management since large price movements are much more likely to

occur than in commonly assumed normal distributions. In this chapter, we focus on intra-day minute

price returns. Excess kurtosis of the distribution of minute-level returns is calculated for each stock on

each trading day. Table 3.2 presents the average excess kurtosis for the intra-day minute-level return

distributions of six randomly chosen stocks. For each stock, the return distribution has significantly

positive excess kurtosis, proving the fat-tail characteristic of return distributions. Figure 3.1 also shows

a comparison between the cumulative distribution function of historical returns in two stocks for one

trading day and that of a normal distribution with identical mean and standard deviation. Similar

results are found in all other stocks from the three exchanges.

Figure 3.1 Cumulative distribution function of historical returns in two stocks (FB, RIO.L) for one
trading day, in comparison with a normal distribution reference.

Autocorrelation of returns

Autocorrelation is defined to be a mathematical representation of the degree of similarity between a time

series and a lagged version of the same time series. It measures the relationship between a variable’s

past values and its current value. Take first-order autocorrelation for example. A positive first-order

autocorrelation of returns indicates that a positive (negative) return in one period is prone to be followed
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by a positive (negative) return in the subsequent period. Instead, if the first-order autocorrelation of

returns is negative, a positive (negative) return will usually be followed by a negative (positive) return

in the next period. It is observed that the return series lacks significant autocorrelation, except for weak,

negative autocorrelation on very short timescales. [MBGC19] show that the negative autocorrelation

of returns is significantly stronger at a smaller time horizon and disappears at a longer time horizon.

Examination of our data supports this stylised fact. Figure 3.2 shows the autocorrelation function of

minute-level return time series for several stocks up to lag 30. We can see that the autocorrelation is

significantly negative for small lags, and the negative autocorrelation gradually disappears for larger

lags.

Figure 3.2 Autocorrelation patterns for returns of three stocks from the three exchanges.

Volatility clustering

Financial price returns often exhibit the volatility clustering property: large changes in prices tend to

be followed by large changes, while small changes in prices tend to be followed by small changes. This

property results in the persistence of the amplitudes of price changes [Con07]. It is found that the

volatility clustering property exists on timescales varying from minutes to weeks and months. Volatility

clustering also refers to the long memory of square price returns [MBGC19]. Consequently, volatility

clustering can be manifested by the slow decaying pattern in the autocorrelations of squared returns.

Specifically, for short lags the autocorrelation function of squared returns is significantly positive, and

the autocorrelation slowly decays with the lags increasing. Figure 3.3 shows the autocorrelation patterns

for squared returns of several randomly chosen stocks from the three exchanges. Autocorrelation for

squared returns of other stocks also exhibit similar patterns. It is shown that the volatility clustering

stylised fact exists universally in financial markets.
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Figure 3.3 Autocorrelation patterns for squared returns of three stocks from the three exchanges.

Stylised Facts Distance as Loss Function

The target for agent-based model calibration is to find an optimal set of model parameters to make the

model generate realistic simulated financial market. To solve this optimization problem, it is essential

to have a metric that is able to quantify the "realism" of a simulated financial market. First of all, a

realistic simulated financial market must exhibit similar characteristics to real financial markets, such

as the return distribution and volatility level. In addition, realistic simulated financial data are also

required to reproduce other stylised facts such as the autocorrelation patterns in returns and squared

returns. Here we design a stylised facts distance to quantify the similarities between simulated and

historical financial data. The stylised facts distance is the weighted sum of four quantities: K-S statistic

of return distributions, volatility difference, autocorrelation difference of returns and autocorrelation

difference of squared returns:

D = w1 ∗KS + w2 ∗∆V + w3 ∗∆ACF 1 + w4 ∗∆ACF 2 (3.6)

Detailed calculations of the four quantities in the stylised facts distance are introduced below.

Kolmogorov-Smirnov (K-S) statistic is a quantity from K-S test in statistics. K-S test is a non-parametric

test of the equality of probability distributions that can be used to compare two samples. Here the

two samples are simulated returns and historical returns, respectively. The K-S statistic quantifies the

distance between the distribution functions of simulated returns and historical returns. Recall that the

empirical distribution function is an estimate of the cumulative distribution function that generated

the points in the sample. Let Fs(x) and Fh(x) denote the empirical distribution functions of simulated

returns and historical returns, respectively. Then the K-S statistic is calculated as follows:
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KS = sup
x
|Fs(x)− Fh(x)| (3.7)

where supx is the supremum of the set of differences. Intuitively, the statistic represents the largest

absolute difference between the two distribution functions across all x values. The smaller the statistic

is, the more similar the simulated and historical returns are. The inclusion of K-S statistic in the stylised

facts distance addresses the requirements that the simulated data have a similar return distribution to

historical data and exhibit fat tails of returns.

The second part of the stylised facts distance is the absolute volatility difference between simulated

returns and historical returns:

∆V = |Vs − Vh| (3.8)

where Vs and Vh denote simulated volatility and historical volatility, respectively. This part addresses

the requirement that simulated financial markets should be similar to real markets in terms of volatility.

The third part of the stylised facts distance is the difference between simulated and historical

autocorrelations of returns. This part of the stylised facts distance measures the model’s ability

to reproduce autocorrelation patterns commonly found in historical returns. It is shown that financial

price return time series lack significant autocorrelation, except for short time scales, where significantly

negative autocorrelations exist. This phenomenon is backed by our historical minute-level returns data.

For very small lags the autocorrelations are negative, while for larger lags the autocorrelations become

insignificant. To measure the distance in autocorrelation patterns between simulated data and historical

data, we invoke the autocorrelation function of returns and calculate the average absolute difference

between autocorrelations of simulated return time series and historical return time series for various

lags:

∆ACF 1 =

∑
l in lags

|ACFs(l, r)−ACFh(l, r)|

|lags |
(3.9)

where ACFs(l, r), ACFh(l, r) are the autocorrelation function of lag l for simulated returns and historical

returns, respectively. |lags| denotes the number of lags used in the calculation. Because the empirical

autocorrelations are negative for very small lags and close to zero for larger lags, it is not necessary to

consider all of the autocorrelation coefficients. Empirical evidence suggests that the autocorrelation

pattern is well represented by the coefficients for three lags: 1, 10, 20. Also, to reduce the effects of

accidental outliers, the autocorrelation function is smoothed by calculating the three-lag average. That
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is, the lag 1 autocorrelation is calculated as the average autocorrelation of lag 1, 2, 3, and so as the

calculation for lag 10 and lag 20. In total, autocorrelations of 9 lags (1, 2, 3, 10, 11, 12, 20, 21, 22) are

considered and included in the calculation.

The last part of the stylised facts distance is the difference between simulated and historical autocorrelations

of squared returns. The replication of autocorrelation patterns in squared returns indicates the model’s

capability to reproduce the volatility clustering stylised fact. It is shown empirically that large price

changes tend to be followed by other large price changes, known as the volatility clustering phenomenon.

Consequently, though there is generally no significant patterns in autocorrelations of returns, the

autocorrelations of squared returns are significantly positive, especially for small time lags. Also, as time

lag increases, the autocorrelation of squared returns displays a slowly decaying pattern, as shown in

Figure 3.3. Similar to the difference between autocorrelations of returns ∆ACF 1 , the difference between

autocorrelations of squared returns is calculated as follows:

∆ACF 2 =

∑
l in lags

|ACFs(l, r
2)−ACFh(l, r

2)|

|lags|
(3.10)

where ACFs(l, r
2), ACFh(l, r

2) are the autocorrelation function of lag l for simulated squared returns

and historical squared returns, respectively. |lags| denotes the number of lags used in the calculation.

Unlike the case for autocorrelations of returns calculation, here we use a different lags. Because

empirical autocorrelations of squared returns are significantly positive and slowly decaying, we consider

the autocorrelations of squared returns from a minimal lag length of 1 minute up to a maximal lag

length of 20 minutes. In total, the autocorrelations of 20 lags (1, 2, 3, ..., 18, 19, 20) are considered and

included in the calculation.

The above four parts, along with the corresponding weights, constitute the stylised facts distance in

Equation 3.6. In our experiments, there is no preference for any one of the four stylised facts. Thus

all the weights are equal to 1. Since it happens that the four quantities are of the same orders of

magnitude, there is no need to adjust weights either. Also note that the stylised facts distance is a

function of model parameters. In other words, given a set of model parameters, there is a unique

stylised facts distance calculated from the simulated time series, which corresponds to that particular

set of model parameters. Let θ denote the vector of model parameters to be estimated, Equation 3.6
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can be rewritten as:

D(θ) = w1 ∗KS(θ) + w2 ∗∆V (θ) + w3 ∗∆ACF 1(θ) + w4 ∗∆ACF 2(θ) (3.11)

The smaller D(θ) is, the more realistic the simulation is. Thus D(θ) serves as the loss function that the

calibration method aims to minimise by finding an optimal set of model parameters. Let Θ denote

the admissible set for model parameter vector θ, the calibration target is to find the optimal model

parameter vector θ̂ that minimises the stylised facts distance:

θ̂ = arg min
θ∈Θ

D(θ) (3.12)

The calibration method is presented in detail in subsequent sections.

3.3.3 Surrogate Modelling Calibration Method

Specification

We propose a novel surrogate modelling approach to calibrate the model parameters. That is, to

find an optimal set of model parameters to minimise the loss function - stylised facts distance. The

approach is adapted from the machine learning surrogate modelling methodology in [LRS18]. The

original methodology mainly trains an XGBoost classifier to classify a positive calibration or negative

calibration [LRS18], while in our approach we train an XGBoost regressor to directly approximate

the mapping from model parameters to stylised facts distance. Another novelty in our approach is

the introduction of an exploration-exploitation mechanism in selecting new points in parameter space.

The advantage of the surrogate modelling approach is that it significantly reduces the computational

cost of calibrating an ABM with several model parameters. Using only a limited budget (N) of ABM

evaluations, the XGBoost surrogate model is proved to be a fairly good approximation of the mapping

from model parameters to the target stylised facts distance. The surrogate provides a costless way to

predict the model’s response and allows for efficiently finding the optimal point in the model parameter

space that minimises the loss function.

With regard to the Extended Chiarella simulation model, during calibration the model can be represented

as a mapping M: θ → D(θ) from a vector of model parameters θ into the stylised facts distance D(θ).

Generally the number of parameters ranges from several to dozens. In our case, we have three
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parameters to calibrate: κ, β, and σN . The values for parameters γ and α are fixed in advance.

Parameter α indicates the typical horizon of trend computation for momentum traders. Following

the original Extended Chiarella model [MCB20], α is relatively small to represent a relatively low

frequency momentum trader. Here we take the value 0.1 for α. Other values of α are also tested, and

similar results are obtained as long as α is smaller than 0.4. For larger α value, the low frequency

momentum traders will become high frequency momentum traders, which would be an extension of the

Extended Chiarella model. For γ, the value is fixed to be 10. Since γ appears in the same term as β in

Equation 3.5, the model calibration will have difficulties pinning down the value of parameters γ and β

if both parameters are to be estimated. As a result, fixing γ significantly improves the robustness of

the model calibration process. We have also tested other values of γ and the results are similar.

Instead of classifying a positive calibration or negative calibration as in the original method [LRS18],

here our calibration objective is obvious: finding an optimal set of values for κ, β, and σN to minimise

the stylised facts distance. Our calibration measure is a real-valued number providing a quantitative

assessment of the realism of the simulated market. An XGBoost machine learning surrogate model is

trained to approximate the mapping from model parameters to stylised facts distance, and help to find

the optimal parameters. Detailed implementations are presented below.

Implementation

The whole calibration methodology proceeds with the following steps.

Step 1. Initialisation

The process starts with drawing a relatively large pool of parameter combinations. Each combination

is a vector containing a value for each parameter: κ, β, and σN . The requirement is that the pool should

be a good approximation of the whole parameter space. In our experiments, we use Sobol sampling

[MC94] to implement the sampling routine. Sobol sampling is capable of guaranteeing uniformity of

distribution even though the sampled set has a small number of points. It is shown that in terms of

uniformity properties, Sobol sequences outperform the sequences generated by other sampling techniques

such as Latin Hypercube sampling [KAS15]. Other advantages of Sobol sampling include efficient

implementation and faster sampling speed. The sampling number and quality of the pool of parameter

combinations dominate the ability of the whole process to learn a good surrogate model. As a result, a
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faster sampler is preferred so that more samples can be obtained in limited computational time. In our

experiments, we use Sobol sampling to sample 16384 (214) points as the pool of parameter combinations.

After the pool of parameter combinations is obtained, an initial set of samples is chosen randomly from

the pool as the initial training set. Each point in the set of initialization samples is evaluated by actually

running the agent-based model with the corresponding parameter combination. The corresponding

stylised facts distance is calculated, which will act as the true label associated with that point in

the training set. After this step we obtain an initial training set of parameter combinations with

corresponding stylised facts distances as labels. The size of the initial training set in our experiments is

2000.

Step 2. Surrogate Model Training

Given a training set of evaluated parameter combinations and corresponding stylised facts distances,

an XGBoost regressor is learned over the training set in order to build the surrogate model. The input is

the vector of model parameters to be calibrated, which in our experiments has dimension 3. The output

is the stylised facts distance, which is a scalar. The XGBoost regressor is trained to fit the mapping

from model parameters to stylised facts distance. Implemented under the Gradient Boosting framework,

XGBoost is a machine learning algorithm designed to be highly flexible, efficient and portable [CG16].

The XGBoost algorithm builds an ensemble of simple decision trees, which are subsequently aggregated

to improve the prediction performance. Details about the XGBoost algorithm can be found in [CG16].

Remark 1. One difficulty in training the XGBoost regressor is how to tune the hyper-parameters of

the XGBoost algorithm. Here we employ the Bayesian Optimisation method based on Gaussian Process

[SLA12] to fine-tune the hyper-parameters of XGBoost. In the framework of Bayesian Optimization,

the performance of the XGBoost regressor is modelled as a sample from a Gaussian Process. The

Gaussian Process then guides the exploration of the hyper-parameter space and helps to find an optimal

set of hyper-parameters of XGBoost. Note that here the focus is the exploration of the hyper-parameter

space of the XGBoost machine learning algorithm, which is different from the parameter space of

the agent-based model. Details about Bayesian Optimisation with Gaussian Process can be found in

[SLA12].
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Remark 2. Another technique we have applied during the training process is to clip the values of

training labels into a relatively small range. Specifically, for any training point, if the calculated stylised

facts distance is too large, the distance value will be replaced with a relatively smaller value. The logic

for this operation is that our calibration focus is the area of the model parameter space where stylised

facts distances are small. In other words, parameter combinations with large stylised facts distances

are of no interest and it is not important to have precise surrogate model approximations of stylised

facts distances in those areas. If the range of distance value is not restricted, some large input labels

would utterly bias the learning process of the XGBoost surrogate model. In this circumstance, the

XGBoost surrogate model would wrongly try to fit those large outlier values. Consequently, the model

is no longer a good approximation of the mapping from agent-based model parameters to stylised facts

distance. By restricting the values of training labels to a relatively smaller range, the bias is successfully

corrected and experimental results show that the surrogate model predicts the stylised facts distances

quite precisely. Since optimal stylised facts distances in our experiments are generally smaller than 0.8,

we restrict the training labels to the range of (0, 1].

Step 3. Surrogate Model Prediction

Once the surrogate XGBoost model is trained, it is used to predict the stylised facts distances over the

set of remaining unlabelled parameter combinations. That is, the stylised facts distances that would be

generated if those unlabelled parameter combinations were to be used in agent-based model simulation.

The surrogate model predictions are used to guide further exploration of the model parameter space, as

specified in the next step.

Step 4. Supplement Training Set

Given the XGBoost surrogate model predictions, a subset of the unlabelled parameter combinations is

drawn from the pool sampled in the first step. These unlabelled parameter combinations are evaluated in

the agent-based model simulation, and the true stylised facts distances are calculated and subsequently

assigned as the true labels of these samples. This set of newly labelled points is then added to the

training set of labelled parameter combinations. There are two critical issues in this process: how many

new points are to be drawn into the subset of the unlabelled parameter combinations and how to select

the points. For the first issue, the original method recommends that the number of new points to be

drawn in this stage is the logarithm of the computational budget [LRS18]. However, in our experiments,

it turns out that this rule would draw too few samples. Consequently, more iterations are required,
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which significantly reduces the computational efficiency. After lots of testing, in our method around

2% of total samples are drawn at each iteration, which in our case is 300 points. As for how to choose

those unlabelled parameter combinations, we utilise the predictions made by the XGBoost surrogate

model. The unlabelled points are sorted according to the predicted stylised facts distances. The points

with smaller predicted stylised facts distances are selected, as the optimal parameter combination is

more likely to exist among or near those points. However, not all points are selected according to

predicted stylised facts distances. We also randomly choose some points from the unlabelled parameter

combinations to avoid occasional bias induced by the XGBoost surrogate model. Specifically, 200 points

are selected according to the "small predicted stylised facts distance" principle and 100 points are

selected randomly.

Remark 3. The way of selecting the subset of unlabelled points implements an exploration-exploitation

mechanism, which is a novel aspect of our methodology compared to the original method. Two-thirds

of the points are selected according to the predicted stylised facts distances. In this way, we exploit

the information given by the XGBoost surrogate model and the model intelligently helps to direct

the selection of new samples. The reason is that the optimal parameter combination is more likely

to exist among the points with smaller predicted distances. This is true as long as the surrogate is

a good approximation of the real mapping from parameter combinations to stylised facts distances.

However, exploration is also essential if the aim is to find a global minimum. There might be multiple

local minimums inside the model parameter space. Completely exploiting the information given by the

surrogate model may get the method stuck in a local minimum. Randomly sampling some unlabelled

points helps to avoid this problem and contributes to a better exploration of the whole model parameter

space.

Step 5. Iterations

After the training set is supplemented by the newly drawn samples and the corresponding labels,

a new XGBoost surrogate model is trained using the new training set. The procedure is identical to

previous steps. In other words, the previous "training - predicting - supplement"(step 2 to step 4)

process is repeated until the budget of computational time is reached. In our experimental settings, we

find that generally less than 5 iterations are required to build a fairly good surrogate model, whose

stylised facts distance prediction error is less than 5% at the predicted optimal point.
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3.4 Results and Evaluation

The whole methodology is run on 75 stocks from three exchanges: NASDAQ, LSE, and HKEX. The

main results are the stylised facts distances of the calibrated model, compared with the baseline stylised

facts distances where model parameters are estimated by the Expectation-Maximisation algorithm.

We also present the error rate of XGBoost surrogate model prediction for stylised facts distance at

the predicted optimal point to evaluate the surrogate model prediction accuracy. Finally, we show the

methodology’s capability of reproducing autocorrelation patterns in return series, which is an advantage

of XGB-Chiarella methodology over other traditional models.

3.4.1 Stylised Facts Distance

Table 3.3 shows the stylised facts distances of the calibrated model for all stocks, averaged by trading

days. The corresponding standard deviations are also presented. For stocks in HKEX, the XGB-

Chiarella method outperforms the Expectation-Maximisation estimation algorithm for all 25 stocks.

As for stocks in NASDAQ, in 22 out of 25 stocks the performance of the XGB-Chiarella method is

better than the Expectation-Maximisation estimation method. On average, the XGB-Chiarella method

achieves around 10% smaller stylised distances than the Expectation-Maximisation baseline in these

two exchanges, showing that the simulated market is calibrated to be more realistic. The standard

deviations of the stylised facts distance are also generally a bit smaller for the proposed XGB-Chiarella

method in NASDAQ and HKEX. For stocks in LSE, the performance of the XGB-Chiarella method is

not as good as the performance in the other two markets, with a smaller advantage over the Expectation-

Maximisation baseline estimation algorithm. However, it is still valid to say that the XGB-Chiarella

methodology outperforms the baseline since smaller stylised facts distance is achieved in more than half

of the stocks. Overall, the results show that the proposed XGB-Chiarella methodology outperforms the

Expectation-Maximisation baseline in terms of stylised facts distance and the realism of the market

simulation.

Results in Table 3.3 are the mean and standard deviation of stylised facts distances across all trading

days in our data span. To scrutinise each trading day for individual stock, Table 3.4 shows the number

of trading days when the XGB-Chiarella methodology outperforms the Expectation-Maximisation

baseline in terms of stylised facts distance, and the percentage of these trading days out of all trading

days. In Table 3.4, column "Better" represents the number of trading days when the performance of
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NASDAQ XGB-Chiarella EM-algorithm LSE XGB-Chiarella EM-algorithm HKEX XGB-Chiarella EM-algorithm
AAL 0.32 (0.07) 0.36 (0.09) AAL.L 0.26 (0.17) 0.26 (0.09) 0005.HK 0.4 (0.04) 0.42 (0.05)

AAPL 0.25 (0.07) 0.28 (0.08) AV.L 0.27 (0.05) 0.28 (0.07) 0027.HK 0.43 (0.07) 0.45 (0.07)
AFRM 0.28 (0.08) 0.34 (0.09) BATS.L 0.24 (0.04) 0.25 (0.05) 0175.HK 0.43 (0.05) 0.45 (0.06)
AMD 0.29 (0.08) 0.32 (0.08) BHP.L 0.27 (0.26) 0.26 (0.13) 0388.HK 0.35 (0.07) 0.37 (0.07)

CMCSA 0.32 (0.08) 0.36 (0.09) BP.L 0.21 (0.06) 0.22 (0.05) 0700.HK 0.32 (0.06) 0.35 (0.06)
CSCO 0.28 (0.07) 0.3 (0.09) BRBY.L 0.31 (0.07) 0.32 (0.07) 0836.HK 0.39 (0.07) 0.43 (0.09)
CSX 0.32 (0.07) 0.35 (0.08) DGE.L 0.24 (0.06) 0.24 (0.07) 0916.HK 0.42 (0.08) 0.45 (0.08)

DKNG 0.31 (0.09) 0.36 (0.09) EZJ.L 25.5 (182.0) 25.2 (179.6) 1024.HK 0.35 (0.08) 0.39 (0.08)
FB 0.28 (0.08) 0.31 (0.08) GLEN.L 0.24 (0.07) 0.25 (0.1) 1171.HK 0.42 (0.07) 0.44 (0.08)

HBAN 0.39 (0.09) 0.36 (0.08) GSK.L 0.24 (0.06) 0.25 (0.08) 1211.HK 0.37 (0.08) 0.41 (0.08)
HON 0.28 (0.09) 0.3 (0.1) HSBA.L 0.23 (0.09) 0.27 (0.36) 1299.HK 0.4 (0.07) 0.43 (0.08)
HUT 0.27 (0.07) 29.5 (206.5) IAG.L 26.7 (191.0) 25.7 (183.4) 1772.HK 0.39 (0.09) 0.44 (0.09)
INTC 0.28 (0.07) 0.31 (0.08) JET.L 0.35 (0.27) 0.32 (0.08) 1918.HK 0.44 (0.08) 0.49 (0.1)
JD 0.34 (0.09) 0.38 (0.09) LGEN.L 0.28 (0.05) 0.29 (0.08) 1919.HK 0.44 (0.07) 0.46 (0.08)

LCID 0.29 (0.07) 6.35 (42.4) LLOY.L 0.23 (0.06) 0.24 (0.07) 2020.HK 0.35 (0.09) 0.39 (0.08)
MRNA 0.32 (0.09) 0.35 (0.09) NG.L 0.25 (0.06) 0.25 (0.07) 2269.HK 0.37 (0.08) 0.41 (0.09)
MSFT 0.26 (0.07) 0.29 (0.08) PRU.L 0.31 (0.07) 0.33 (0.06) 2318.HK 0.37 (0.07) 0.4 (0.07)
MU 0.34 (0.09) 0.39 (0.1) RDSA.L 0.3 (0.57) 0.27 (0.23) 2331.HK 0.38 (0.07) 0.42 (0.09)

NVDA 0.27 (0.08) 0.3 (0.07) REL.L 0.35 (0.05) 0.37 (0.05) 2333.HK 0.4 (0.07) 0.44 (0.08)
SOFI 0.3 (0.08) 0.36 (0.1) RIO.L 0.27 (0.24) 0.26 (0.11) 3690.HK 0.34 (0.08) 0.38 (0.07)
TLRY 0.29 (0.08) 0.34 (0.09) RR.L 0.25 (0.08) 0.28 (0.09) 3968.HK 0.39 (0.06) 0.42 (0.07)
TSLA 0.36 (0.2) 0.28 (0.08) SMT.L 0.23 (0.05) 0.26 (0.05) 9618.HK 0.35 (0.07) 0.38 (0.07)
UAL 0.33 (0.07) 0.37 (0.09) STAN.L 0.27 (0.05) 0.27 (0.06) 9888.HK 0.38 (0.09) 0.4 (0.07)

UBER 0.29 (0.07) 0.33 (0.08) ULVR.L 0.23 (0.08) 0.23 (0.07) 9988.HK 0.33 (0.06) 0.36 (0.07)
WISH 0.38 (0.14) 0.29 (0.07) VOD.L 0.24 (0.07) 0.25 (0.12) 9999.HK 0.36 (0.07) 0.4 (0.07)

Table 3.3 Average stylised facts distance comparison between XGB-Chiarella calibration and
Expectation-Maximisation method. The stylised facts distance is the average across all trading
days for each stock; values in parentheses are corresponding standard deviations. There are several rare
cases where distances are much larger, showing algorithms fail to obtain a reasonable set of parameters
during the parameter estimation process.

the XGB-Chiarella method is better than baseline Expectation-Maximisation estimation, while column

"Total" represents the number of all trading days in our experiments. For the performance in different

exchanges, results here are similar to the results in Table 3.3. For most stocks in NASDAQ and HKEX,

the XGB-Chiarella method performs better than the Expectation-Maximisation baseline for more than

85% of total trading days. As for stocks listed in LSE, this percentage is slightly lower but is still on

average more than 70%. On the whole, for most trading days the XGB-Chiarella method is capable of

creating a simulated financial market with smaller stylised facts distance, indicating that the proposed

XGB-Chiarella method is able to generate more realistic artificial financial markets.

3.4.2 Surrogate Model Performance

To evaluate the performance of the surrogate model approximation, we present the prediction error

rate when the surrogate model is used to predict the real stylised facts distance. Table 3.5 shows a

comparison between the surrogate model predicted and actual stylised facts distance at the surrogate

predicted optimal point in model parameter space for one trading day. Very similar results are achieved
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NASDAQ Better Total Percentage LSE Better Total Percentage HKEX Better Total Percentage
AAL 46 50 92.00% AAL.L 43 52 82.69% 0005.HK 37 47 78.72%

AAPL 41 50 82.00% AV.L 37 52 71.15% 0027.HK 37 47 78.72%
AFRM 46 50 92.00% BATS.L 38 52 73.08% 0175.HK 34 47 72.34%
AMD 39 50 78.00% BHP.L 39 52 75.00% 0388.HK 39 47 82.98%

CMCSA 46 50 92.00% BP.L 40 52 76.92% 0700.HK 46 47 97.87%
CSCO 42 50 84.00% BRBY.L 48 51 94.12% 0836.HK 45 47 95.74%
CSX 44 50 88.00% DGE.L 33 52 63.46% 0916.HK 41 47 87.23%

DKNG 47 50 94.00% EZJ.L 49 52 94.23% 1024.HK 45 47 95.74%
FB 41 50 82.00% GLEN.L 34 52 65.38% 1171.HK 38 47 80.85%

HBAN 14 50 28.00% GSK.L 30 52 57.69% 1211.HK 45 47 95.74%
HON 44 50 88.00% HSBA.L 31 52 59.62% 1299.HK 42 47 89.36%
HUT 44 50 88.00% IAG.L 39 52 75.00% 1772.HK 45 47 95.74%
INTC 44 50 88.00% JET.L 37 52 71.15% 1918.HK 39 47 82.98%
JD 44 50 88.00% LGEN.L 37 52 71.15% 1919.HK 40 47 85.11%

LCID 47 50 94.00% LLOY.L 33 52 63.46% 2020.HK 42 47 89.36%
MRNA 47 50 94.00% NG.L 31 52 59.62% 2269.HK 42 47 89.36%
MSFT 42 50 84.00% PRU.L 45 52 86.54% 2318.HK 43 47 91.49%
MU 45 50 90.00% RDSA.L 36 52 69.23% 2331.HK 46 47 97.87%

NVDA 43 50 86.00% REL.L 44 51 86.27% 2333.HK 42 47 89.36%
SOFI 44 50 88.00% RIO.L 38 52 73.08% 3690.HK 45 47 95.74%
TLRY 45 50 90.00% RR.L 40 52 76.92% 3968.HK 43 47 91.49%
TSLA 19 50 38.00% SMT.L 45 52 86.54% 9618.HK 44 47 93.62%
UAL 46 50 92.00% STAN.L 38 52 73.08% 9888.HK 43 47 91.49%

UBER 47 50 94.00% ULVR.L 29 52 55.77% 9988.HK 44 47 93.62%
WISH 14 50 28.00% VOD.L 29 52 55.77% 9999.HK 44 47 93.62%

Table 3.4 Percentage of trading days when XGB-Chiarella calibration outperforms Expectation-
Maximisation method.

for other trading days. The results show that the XGBoost surrogate model is a very accurate proxy of

the true model around the predicted optimal point for each stock on each trading day, with predicted

stylised facts distance very close to the actual stylised facts distance generated in the agent-based model

simulation. For most stocks, errors between predicted distance and actual distance are less than 10%.

It is also shown that the accuracy of XGBoost surrogate model prediction is similar across the three

exchanges, which indicates the robustness of the XGB-Chiarella methodology.

Apart from the prediction accuracy at the predicted optimal point, we also examine the prediction

accuracy around the optimal point as a sensitivity analysis. Figure 3.4 shows the comparison between

XGBoost surrogate model prediction and actual simulated stylised facts value. For each sub-graph, one

model parameter is assigned a series of values across the given range during calibration. Other model

parameters are fixed to the optimal value. In this way, a set of parameter combinations is obtained,

with different values for that particular model parameter. Then predicted and actual stylised facts

distance are calculated and compared, as shown in Figure 3.4. The gray lines are the actual stylised

facts distances while blue lines represent the XGBoost surrogate model prediction for the stylised facts

distances. It is shown that the XGBoost prediction line fits the actual simulated stylised facts distance

line very well, especially for parameter "sigma_N". For each parameter, there is a unique minimal
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NASDAQ Predict Actual Error LSE Predict Actual Error HKEX Predict Actual Error
AAL 0.33 0.37 10.81% AAL.L 0.28 0.27 3.70% 0005.HK 0.39 0.42 7.14%

AAPL 0.25 0.27 7.41% AV.L 0.35 0.36 2.78% 0027.HK 0.42 0.43 2.33%
AFRM 0.48 0.49 2.04% BATS.L 0.25 0.24 4.17% 0175.HK 0.37 0.4 7.50%
AMD 0.39 0.4 2.50% BHP.L 0.26 0.26 0.00% 0388.HK 0.36 0.36 0.00%

CMCSA 0.45 0.46 2.17% BP.L 0.16 0.16 0.00% 0700.HK 0.27 0.26 3.85%
CSCO 0.39 0.4 2.50% BRBY.L 0.3 0.29 3.45% 0836.HK 0.29 0.31 6.45%
CSX 0.31 0.31 0.00% DGE.L 0.17 0.18 5.56% 0916.HK 0.53 0.55 3.64%

DKNG 0.26 0.27 3.70% EZJ.L 0.22 0.21 4.76% 1024.HK 0.28 0.26 7.69%
FB 0.27 0.27 0.00% GLEN.L 0.27 0.27 0.00% 1171.HK 0.37 0.36 2.78%

HBAN 0.4 0.38 5.26% GSK.L 0.4 0.39 2.56% 1211.HK 0.26 0.26 0.00%
HON 0.25 0.25 0.00% HSBA.L 0.18 0.19 5.26% 1299.HK 0.33 0.35 5.71%
HUT 0.3 0.31 3.23% IAG.L 0.26 0.27 3.70% 1772.HK 0.35 0.35 0.00%
INTC 0.36 0.35 2.86% JET.L 0.37 0.37 0.00% 1918.HK 0.3 0.34 11.76%
JD 0.33 0.33 0.00% LGEN.L 0.25 0.25 0.00% 1919.HK 0.33 0.36 8.33%

LCID 0.28 0.26 7.69% LLOY.L 0.25 0.27 7.41% 2020.HK 0.35 0.35 0.00%
MRNA 0.32 0.33 3.03% NG.L 0.2 0.2 0.00% 2269.HK 0.32 0.34 5.88%
MSFT 0.29 0.29 0.00% PRU.L 0.33 0.35 5.71% 2318.HK 0.31 0.31 0.00%
MU 0.42 0.43 2.33% RDSA.L 0.23 0.23 0.00% 2331.HK 0.29 0.28 3.57%

NVDA 0.2 0.2 0.00% REL.L 0.3 0.29 3.45% 2333.HK 0.32 0.35 8.57%
SOFI 0.32 0.32 0.00% RIO.L 0.25 0.25 0.00% 3690.HK 0.25 0.23 8.70%
TLRY 0.27 0.28 3.57% RR.L 0.27 0.32 15.63% 3968.HK 0.29 0.31 6.45%
TSLA 0.44 0.44 0.00% SMT.L 0.21 0.2 5.00% 9618.HK 0.25 0.24 4.17%
UAL 0.24 0.24 0.00% STAN.L 0.23 0.23 0.00% 9888.HK 0.34 0.33 3.03%

UBER 0.27 0.27 0.00% ULVR.L 0.21 0.21 0.00% 9988.HK 0.28 0.28 0.00%
WISH 0.52 0.48 8.33% VOD.L 0.15 0.21 28.57% 9999.HK 0.37 0.37 0.00%

Table 3.5 Comparison between surrogate model predicted and actual stylised facts distance at the
surrogate predicted optimal point. The results shown here are for one trading day (2nd of November,
2021), while results for other trading days are very similar.

Figure 3.4 Sensitivity analysis around the optimal point predicted by the XGBoost surrogate model.
This surrogate model corresponds to the trading day on the 29th of September, 2021 for stock FB. For
each sub-graph, model parameters are fixed to the optimal value except for the parameter in x-axis.
Gray lines represent the actual stylised facts distances while blue lines represent the XGBoost surrogate
model prediction for the stylised facts distances.

value in the graph, which corresponds to the optimal point predicted by the surrogate model. The

results here indicate that the surrogate model approximates the real stylised facts distance accurately

and is capable of finding the true optimal model parameter combination that is able to generate realistic

financial market simulations.
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(a) GBM (b) XGB-Chiarella (c) Historical

Figure 3.5 (a): Autocorrelation of squared returns generated by a GBM for CMCSA on Sept 28th,
2021. (b): Autocorrelation of squared returns generated by XGB-Chiarella method for CMCSA on
Sept 28th, 2021. (c): Historical autocorrelation of squared returns for CMCSA on Sept 28th, 2021.

3.4.3 Autocorrelations

One unique advantage of agent-based financial market simulation is the capability of reproducing

autocorrelation patterns of returns. Currently, most literature in financial econometrics model financial

price series as Geometric Brownian Motion (GBM). For example, the Black-Scholes model for option

pricing explicitly assumes the stock price follows a GBM. However, this case is not true in real financial

markets. One obvious anomaly is the autocorrelation patterns in return series, such as the volatility

clustering phenomenon shown in Figure 3.3. Our XGB-Chiarella method has an advantage over the

GBM model in that it can successfully reproduce the autocorrelation patterns in financial return

time series. Figure 3.5 shows autocorrelations of squared returns of a GBM model and that of a

simulation under XGB-Chiarella methodology for one stock. The real historical autocorrelation of

squared returns on the same day for that stock is also presented. It is obvious that our XGB-Chiarella

method outperforms the traditional GBM model in terms of the replication of realistic autocorrelation

patterns, especially for small time lags. For small time lags, significant positive autocorrelations of

squared returns exist in historical financial market data. This stylised fact is successfully reproduced in

the XGB-Chiarella simulation, while the autocorrelations of squared returns generated by a GBM are

basically close to zero regardless of time lags. In fact, there are no specific patterns in autocorrelations

generated by the GBM model. Our experiments show that simulated results in other stocks for other

trading days are similar to what is shown here.

Successful reproduction of autocorrelation patterns gives the XGB-Chiarella method an advantage

in the realistic simulation of multiple price series, which can be used in scenario simulations for risk

management. When calculating simulation-based risk metrics such as value at risk (VaR), lots of

institutions are still using GBM to simulate future scenarios. As shown in Figure 3.5, the return series
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Figure 3.6 Simulated price scenarios generated by GBM and XGB-Chiarella, respectively.

simulated by the GBM model lacks a realistic autocorrelation pattern, which would undermine the

credibility of the risk metric calculation. Our proposed method is a better alternative. The proposed

XGB-Chiarella method extracts fundamental values and calibrates the model parameters using historical

data. With the same set of calibrated model parameters, the agent-based model is capable of generating

multiple different scenarios by changing the input fundamental value series. For example, if GBM

scenarios are used as fundamental value, the agent-based model is able to reproduce similar price

series as the GBM model, but with realistic autocorrelation patterns of returns. Figure 3.6 shows the

price scenarios generated by GBM and XGB-Chiarella method, respectively. Here the fundamental

values in the XGB-Chiarella model are the price scenarios generated by the GBM. Figure 3.7 shows

the corresponding average autocorrelation of squared returns for the two cases. It is shown that the

two models can generate similar price scenarios, but the XGB-Chiarella model is able to reproduce

much more realistic autocorrelation patterns. Specifically, for small time lags the XGB-Chiarella model

reproduces significant positive autocorrelation of squared returns, which is consistent with empirical

data. In contrast, there are no significant autocorrelation patterns for GBM scenarios. It is believed

that such agent-based price series simulation could provide a richer environment than GBM model for

risk management practices such as VaR calculation. This topic is addressed in later chapters in this

thesis, where we use agent-based models to simulate flash crashes and explore better practices for risk

management.

3.5 Summary

In this chapter, an innovative approach called XGB-Chiarella is proposed to generate realistic intra-day

artificial financial price data to provide insight into the intra-day price formation process. To the best
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Figure 3.7 Average autocorrelation of squared returns associated with the simulated price scenarios
in Figure 3.6. Blue line represents the GBM simulated scenarios while red dashed line represents the
XGB-Chiarella simulated scenarios.

of our knowledge, this is the first extension of the Chiarella model to generate minute-level intra-day

financial market simulation. The approach utilises agent-based modelling techniques. The underlying

simulation model has only three agents: one for the fundamental trader, one for the momentum trader,

and one for the noise trader. The model is simulated and model parameters are calibrated by an

XGBoost machine learning surrogate. A novel exploration-exploitation mechanism is included in the

model calibration process. The proposed methodology is tested on 75 stocks from three exchanges:

NASDAQ, LSE, and HKEX. In terms of stylised facts distance, the proposed XGB-Chiarella method is

able to generate more realistic financial market simulations than the original Expectation-Maximisation

estimation algorithm. This is true in nearly all the stocks from three exchanges. Despite the fact

that the methodology is based on a model with only three agents, the XGB-Chiarella methodology

successfully generates very realistic financial market simulations. This indicates that one agent per

category seems to be sufficient to capture the intra-day price formation process for the time scale

(minutes) chosen in this chapter. The very simple model structure not only accelerates the simulation

process in terms of computational cost, but also enables us to scrutinise the intra-day price formation

process, such as the trend and value effects. The results provide support for the existence of a universal

intra-day price formation mechanism. The realistic simulated intra-day financial market indicates that

trend and value effects, as well as noise trading, are indispensable to the intra-day price formation

process.

We also show that in the process of calibration, the XGBoost surrogate model is an accurate

approximation of the true model. At the predicted optimal point for each stock on each trading

day, the surrogate model prediction error is mostly smaller than 10%. The machine learning surrogate is

capable of intelligently directing the exploration of model parameter space. The exploration-exploitation
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mechanism is also introduced in the model calibration process. A practical application of the proposed

methodology is also presented.

With the introduction of the XGB-Chiarella method, we have developed a versatile agent-based model

for generating synthetic financial time series data, along with a robust calibration technique. The next

logical step is to explore how this method can be extended to address related challenges. In this thesis,

the optimal hedging problem is chosen as the next challenge to be addressed, utilising the power of

agent-based models. Chapter 4 introduces the Chiarella-Heston model, an extension of the Extended

Chiarella model that underlies the XGB-Chiarella method discussed in this chapter. Integrated with

deep reinforcement learning algorithms, the Chiarella-Heston model proposed in the next chapter is

employed to tackle the optimal hedging problem.



Chapter 4

Chiarella-Heston model for optimal deep

hedging

4.1 Introduction

This is the second main chapter of this thesis, where we propose the Chiarella-Heston model to address

the optimal hedging problem. The proposed Chiarella-Heston model is a generalisation of both the

Extended Chiarella model and the Heston stochastic volatility model. In this way, the methodology in

this chapter is also an extension of the XGB-Chiarella method in Chapter 3. We validate the model

using solid statistical metrics and demonstrate that a deep hedging agent, trained with the DDPG

algorithm on data from the proposed model, outperforms baseline models across various transaction

cost levels and succeeds in real trading scenarios. Overall, the innovative approach in this chapter offers

a promising strategy for improving risk management and hedging in quantitative finance.

4.1.1 Motivation

In recent years, the quantitative finance industry has emerged as a leading field in the application of

data science. With a rapidly growing volume of data and increased computing power, algorithms with

high time complexity can now be applied to a range of practical applications. In terms of hedging

derivatives, financial institutions have begun to explore deep learning algorithms as a replacement for

traditional sensitivity-based approaches. In an idealised world with a complete market, perfect hedging

80
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is accessible based on the Black-Scholes model [BS73]. However, the real market always involves various

frictions, such as transaction costs and slippage, making hedging optimisation a much more challenging

problem. Since the analytic formulas are not available in such a market, it may be necessary to hedge

derivatives based on non-closed-form computational procedures or human expertise.

Deep hedging [HLJB19] presents an innovative approach to enhance hedging operations. Within this

framework, a neural network is employed to hedge derivatives effectively by minimising a suitable

risk measure. Deep hedging utilises deep reinforcement learning agents to derive hedging strategies.

Leveraging the powerful representational capabilities of neural networks and advanced optimisation

algorithms, training a neural network is likely to achieve an optimal hedge. As a data-driven methodology,

deep hedging requires a large amount of data input for training the deep reinforcement learning agent.

The majority of the literature has mainly been training and testing deep reinforcement learning agents

using synthetic data. For example, [HLJB19] uses a dataset generated by the Heston stochastic volatility

model, while [CCHP21] utilises Geometric Brownian Motion and SABR stochastic volatility model.

The underlying assumption is that an agent trained by synthetic data can be transferred to the real

environment successfully. This assumption requires that the synthetic data used for training the agents

are able to closely mimic real financial market dynamics. However, this is rarely true in practice. For

example, the commonly used Geometric Brownian Motion assumes fixed volatility of the underlying

stock, while in reality the volatility constantly changes and exhibits a volatility clustering stylised fact.

To enhance the performance of deep hedging agents in real financial markets, advanced financial market

simulators are essential to generate a realistic training dataset.

Surprisingly, the literature on deep hedging barely uses synthetic data generated by agent-based models.

Agent-based models (ABMs) are computational models used to simulate the actions and interactions

of autonomous agents in a network or environment to analyze complex systems. In the context of

financial markets, agents could represent traders, investors, or financial institutions, each with their own

behaviours, strategies, and decision-making processes. With huge potential academic and industrial

value, agent-based financial market simulation has gained extensive research attention in recent years.

Agent-based models are particularly useful for generating synthetic financial market data that closely

resemble real market dynamics. Empirical financial time series data exhibit various stylised facts

[Con01]. Calibrated to reproduce these stylised facts, agent-based models present a clear advantage

over traditional equilibrium-based mathematical models when it comes to simulating financial markets.

As mentioned in Section 1.2, the primary challenge that we address in the chapter is:
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• C2: How to develop and calibrate an agent-based model to produce realistic financial time series

data, and then effectively utilise this model to optimise the performance of a deep hedging agent

in real-world market conditions.

4.1.2 Our Contributions

We address the above challenge by proposing the Chiarella-Heston model, a novel agent-based model.

The model is calibrated to reproduce stylised facts exhibited by empirical data. Realistic financial time

series data are generated by the model and used for training a deep hedging agent. To demonstrate the

practical value of our methodology, we test the trained deep hedging agent on empirical data. The

main contributions of our work are the following:

• An innovative agent-based model called Chiarella-Heston model is proposed, comprising momentum

traders, fundamental traders, and volatility traders. The model is a generalisation of both the

Extended Chiarella model in [MCB20] and the Heston stochastic volatility model in [Hes93]. In

particular, the volatility trader in the model is an innovative type of trader whose behaviour is

inspired by the Heston stochastic volatility model. The proposed model is calibrated to reproduce

empirical stylised facts including fat tails of returns and autocorrelation patterns of returns. Using

popular validation metrics we show that our agent-based model is capable of producing more

realistic financial time series than baseline models including the Extended Chiarella model and

the Heston stochastic volatility model.

• With the calibrated agent-based financial market simulator, a training dataset is generated to

train the deep hedging agent for optimal hedging strategies under different transaction cost levels.

Empirical results show that at most transaction cost levels, the deep hedging agent trained by

data generated by the proposed Chiarella-Heston model outperforms the baseline, where the deep

hedging agent is trained by data generated by Geometric Brownian Motion. The deep hedging

agent utilises an improved version of the Deep Deterministic Policy Gradient algorithm [LHP+15]

and is trained towards maximising profits and minimising risks. In addition, our testing process is

carried out using empirical data, showing that the trained deep hedging agent is able to perform

well in realistic trading environments.

We provide a literature review of applications of deep reinforcement learning in developing hedging

strategies in Section 2.4. However, we are aware of no existing work involving agent-based models in the
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deep hedging framework, which we aim to address in this chapter. In terms of the deep reinforcement

learning method, we adopt the revised DDPG algorithm in [CCHP21]. The expected value of the

hedging cost and the expected value of the square of the hedging cost are tracked by two different

Q-functions. In this way, the standard deviation of the hedging cost can be included in the objective

function. The learning objective of the deep hedging agent is to minimise a function equal to the mean

hedging cost plus a constant times the standard deviation of the hedging cost.

The code for the Chiarella-Heston model and the associated hedging methodology are open-sourced1.

4.2 Proposed Chiarella-Heston Model

We propose an innovative agent-based model called Chiarella-Heston model. The model is inspired by

both the Extended Chiarella model in [MCB20] and the Heston stochastic volatility model in [Hes93].

It can also be considered a generalisation of both models. The model is proposed to address the

shortcomings of the Extended Chiarella model and the Heston model in generating realistic financial

market simulations. For example, the Extended Chiarella model is able to reproduce the "trend" and

"value" effect in financial markets but is difficult to replicate the volatility clustering stylised fact. On

the other hand, the Heston volatility model is capable of reproducing the volatility clustering stylised

fact, but it assumes a constant drift of asset price which is not the case in real financial markets. The

proposed model overcomes these shortcomings by extending and combining the two models. Specifically,

we replace the noise traders in the Extended Chiarella model with volatility traders, whose demand

level adapts according to the volatility signal level. From another perspective, we also replace the

unrealistic constant drift in asset price in the Heston model with the demand from fundamental traders

and momentum traders. In this way, a novel stochastic dynamic system is derived.

4.2.1 Model Setup

We denote the price of a stock at time t as Pt. The total signed volume traded on the market from t

to t+∆ constitutes the cumulative demand imbalance in the same period. This quantity is denoted

as D(t, t+∆). This aggregated demand depends on the trading strategies of various types of market

participants. Following [MCB20] and [Kyl85], the price dynamics are assumed to be governed by a

1https://github.com/Ferrari1996gk/Deeper_Hedging

https://github.com/Ferrari1996gk/Deeper_Hedging
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linear price impact mechanism:

Pt+∆ − Pt = λD(t, t+∆) (4.1)

where λ is called "Kyle’s lambda", which is related to the liquidity of the market and is a first-order

approximation of market price sensitivity to market demand and supply. While a linear price impact

mechanism does not reflect real-world market behaviour, the assumption is sufficient to generate

realistic price time series that reproduce key stylised facts. The market participants are assumed to be

heterogeneous in their trading decisions.

Following the Chiarella model [Chi92], we first populate our model with fundamental traders and

momentum traders. Innovative volatility traders are then added to the model. Since traders of the

same type exhibit the same behaviours, we only use one agent for each type of trader. This single

agent represents the corresponding type of traders in the market and generates the aggregate demand

and supply of that group of traders. With only three agents in the model, the simulation process is

computationally efficient. Each trader is associated with some parameters that control the trading

behaviours and the amount of demand and supply generated by the corresponding trader group. We

will show the calibration of these parameters in later sections.

Fundamental Trader

Fundamental traders base their trading decisions on the perceived fundamental value of a stock, which

is denoted as Ft. If a stock’s price is less than its fundamental value (Ft − Pt > 0), these traders are

inclined to purchase it, and conversely, they are likely to sell it if it is overpriced. As per the standard

set in [Chi92], it is assumed that the aggregated demand from fundamental traders is proportional to

the degree of mispricing. Hence, the total demand from these fundamental traders is represented as

κ(Ft − Pt), with κ controlling the overall demand generated by these traders. The fundamental value

Ft is an exogenous signal fed into the model.

Momentum Trader

Momentum traders, often referred to as "Chartists," engage in buying and selling financial assets based

on recent price trends. Their strategy aims to capitalise on upward or downward movements in stock

prices until the trend starts to fade. Unlike investors who consider the fundamental value of a stock,

momentum traders primarily concentrate on analyzing recent price action and movement. They take
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long positions when the stock price has been on an upward trajectory and opt for short positions when

the price shows a recent decline.

Numerous techniques exist for estimating the momentum of stock prices. One widely used approach is

the exponentially weighted moving average of previous returns, where the decay rate is denoted as α.

As stated in [MCB20], this trend signal is represented as Mt:

dMt = −αMtdt+ αdPt (4.2)

where α is the decay rate. Given the trend signal Mt, the demand function of momentum traders is

represented as f(Mt). According to [MCB20], the demand function f(Mt) must satisfy two conditions:

• f(Mt) is increasing.

• f ′′(Mt) ∗Mt < 0

where the first condition aligns with the principles of momentum trading, while the second condition

incorporates the risk-averse assumption applied to momentum traders. As described in [Chi92], we

opt for the function f(Mt) = β tanh(γMt) with the constraint that γ > 0. In this context, γ reflects

the level of saturation in momentum traders’ demand when momentum signals are exceptionally high.

This saturation phenomenon can be attributed, in part, to factors like budget constraints and risk

aversion, which are commonly observed among real chartists. Meanwhile, β governs the overall demand

generated by momentum traders and is assumed to be positive. This means that momentum traders

exhibit positive demand when the momentum signal (Mt) is positive and negative demand when the

momentum signal is negative. The selection of this demand function for momentum traders precisely

fulfils the two specified requirements.

Volatility trader

We have incorporated a novel element into our agent-based model by introducing volatility traders.

In addition to fundamental traders and momentum traders, a real financial market involves a diverse

range of participants, each following distinct trading strategies. In our simplified model, volatility

traders serve as a collective representation of all market participants influencing the dynamics of market

volatility. Note that the trading activity of the volatility trader is different from the volatility trading
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in the derivative trading literature. In terms of trading logic, the volatility trader adjusts trading

behaviour according to a volatility signal that mimics the real volatility dynamics. Heston model

[Hes93] is a popular stochastic volatility model used in finance to describe the dynamics of an asset’s

volatility over time. We choose the Heston model here because of nice features of the model such as the

mean reversion of volatility and the correlation between an asset price and its volatility. Inspired by

the Heston model, we introduce a volatility signal
√
Σt:

dΣt = ϕ(θ − Σt)dt+ σ
√

ΣtdW
V
t

where θ is the long-term mean of the variance of the asset returns, ϕ is the rate of mean reversion of the

volatility process, and σ is the volatility of the volatility process. These parameters can be estimated

from empirical data, or be estimated globally to fit the stylised facts. The specific calibration process is

presented in later sections. W V
t is a Wiener Process.

√
Σ0 is the initial volatility level.

With the volatility signal
√
Σt on hand, the demand function of the volatility trader is proportional to

the volatility signal, with another Wiener Process included in the term:

Dvol(t, t+∆) = ω
√
ΣtdW

S
t

where ω is a hyper-parameter that controls the overall demand level for volatility traders. WS
t is a

Wiener Process that is correlated with W V
t :

dWS
t dW

V
t = ρdt

where ρ is the correlation coefficient. As is in the Heston model, the correlation here aims to create a

correlation between the asset price and its volatility, which is a key feature of many financial markets

and is known as the "leverage effect". The leverage effect refers to the observed phenomenon that

asset returns and volatility are often negatively correlated. In other words, when the price of an asset

decreases, its volatility tends to increase, and vice versa. By including a correlation between the demand

from volatility traders and the volatility signal, the proposed model contributes to a correlation between

the asset price and its volatility, making it a more realistic model of financial markets. The correlation

is typically negative, reflecting the negative correlation between asset returns and volatility observed in

many markets.
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Overall, the demand function for the volatility trader is:

Dvol(t, t+∆) = ω
√
ΣtdW

S
t

dΣt = ϕ(θ − Σt)dt+ σ
√
ΣtdW

V
t

dWS
t dW

V
t = ρdt

(4.3)

Model Dynamics

Taking into account the demand of all three types of traders, the total demand is then given by

D(t, t+∆) = κ̂

∫ t+∆

t
(Vr − Pr)dr + β̂

∫ t+∆

t
tanh(γMr)dr

+ ω̂

∫ t+∆

t

√
ΣrdW

S
r .

(4.4)

In addition, it is assumed that the fundamental value (F ) is driven by a Geometric Brownian Motion

with volatility σF and drift µ. We use g to represent the volatility-adjusted average growth (µ− 1
2σ

2
F )

at log level. Combined with Equation 4.1, the price dynamics for ∆→ 0 is represented by the following

stochastic dynamic system:

dPt = κ(Ft − Pt)dt+ β tanh(γMt)dt+ ω
√
ΣtdW

S
t

dFt = gdt+ σFdW
F
t

dMt = −αMtdt+ αdPt

dΣt = ϕ(θ − Σt)dt+ σ
√

ΣtdW
V
t

dWS
t dW

V
t = ρdt

(4.5)

where κ, β, ω are equal to λκ̂, λβ̂, λω̂, respectively. Note that Pt and Ft are logarithms of prices and

fundamental values, respectively.
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Discrete-time Simulation

Equation 4.5 is the continuous version of our proposed model. A discrete-time version of the model

is required to simulate and estimate the parameters of the model. Here we present the discrete-time

version of the proposed model, where one time step is equal to one day:

pt+1 − pt = κ(ft − pt) + β tanh(γmt) + ω
√
Σtϵ

S
t+1

mt+1 = (1− α)mt + α(pt+1 − pt)

ft+1 = ft + g + ηt+1

Σt+1 = Σt + ϕ(θ − Σt) + σ
√
Σtϵ

V
t+1

Corr(ϵSt+1, ϵVt+1) = ρ

(4.6)

where ηt+1 is i.i.d. with normal distribution with zero mean and standard deviation σF . ϵSt+1 and ϵVt+1

both follow a normal distribution with zero mean and unit standard deviation. The correlation between

ϵSt+1 and ϵVt+1 is ρ, which is generally negative. We remind again that pt and ft are logarithms of prices

and fundamental values, respectively.

4.2.2 Relationship with Existing Models

Our proposed Chiarella-Heston model is a generalisation of the Extended Chiarella model [MCB20].

Observe that in Equation 4.5 for ϕ = 0 and σ = 0 we recover the Extended Chiarella model in [MCB20],

with σN = ω
√
Σ0. The noise traders in the Extended Chiarella model is described by Brownian Motion

and have a constant parameter σN describing the size of total demand from noise traders. Instead,

the proposed Chiarella-Heston model replaces the noise traders with volatility traders, whose demand

level adapts according to the volatility level. Intuitively, the volatility traders create a larger demand

(supply) level when the volatility signal is large, and vice versa. The volatility traders also contribute

to reproducing the phenomenon that asset returns and volatility usually have a negative correlation.

Both features increase the realism of the proposed model and enable an advantage over the Extended

Chiarella model. In this sense, our proposed model can also be called an Extended Chiarella Model

with Stochastic Volatility.

On the other hand, the proposed Chiarella-Heston model can also be considered a generalisation of the
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Heston stochastic volatility model [Hes93]. Observe that in Equation 4.5 for κ = 0, α = 0 and ω = 1

we recover the Heston stochastic volatility model in [Hes93], with µ = β tanh(γM0). The Heston model

comprises one deterministic part and one non-deterministic part. The proposed Chiarella-Heston model

converts the Heston model into an agent-based model by replacing the deterministic part. Specifically,

the drift part in the Heston model is replaced by the aggregate demand from fundamental traders and

momentum traders. The Heston model assumes a constant drift in asset price, while in reality, the

asset price dynamic is not stationary. The proposed model drops the constant drift assumption. The

interactions between fundamental traders and momentum traders contribute to the price dynamics in

the model, making the model a more realistic replication of real financial markets.

4.2.3 Model Calibration

This section outlines the methodology for calibrating the proposed Chiarella-Heston model. Recall that

in Chapter 3, we have emphasised that the calibration process is an indispensable part of developing an

agent-based modelling framework. The calibration process involves identifying the best set of model

parameters that allow the model to create the most accurate simulation of the financial market. In

this section, we discuss the actual data used and the corresponding stylised facts prevalent in financial

markets. The workflow for calibrating parameters is then presented.

Data and Stylised Facts

During the model calibration process, acquiring real financial market data is imperative to establish

an accurate calibration target. To achieve this, we collected daily price data for the S&P 500 index

spanning a total of 6000 trading days, encompassing the entire trading period from August 26th, 1999,

to July 1st, 2023. The dataset is divided into two equal halves, each comprising 3000 trading days. The

first 3000-day price data are employed for calibrating the model parameters, while the second 3000-day

price data is reserved exclusively for testing purposes in the subsequent deep hedging experiments.

As presented in Chapter 3, financial price time series data display some interesting statistical characteristics

that are commonly called stylised facts. According to [Sew11], stylised facts in financial markets refer

to empirical findings that are so consistently present in asset returns across different markets and time

periods that these findings are accepted as fundamental truths or "facts". A stylised fact is a simplified

presentation of an empirical finding in financial markets. A successful and realistic financial market
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Figure 4.1 Historical stylised facts

simulation is capable of reproducing various stylised facts. As presented in Chapter 3, major stylised

facts found in financial markets include fat-tailed distribution of returns, autocorrelation of returns,

and volatility clustering. For a thorough review of financial stylised facts, refer to [Con01].

Calibration Workflow

Similar to the calibration process in the XGB-Chiarella method in Chapter 3, we mainly focus on

three stylised facts in our calibration process: fat-tailed distribution of returns, autocorrelation of

returns, and volatility clustering. The first stylised fact refers to the fact that price return distributions

have been consistently observed to be fat-tailed across all timescales, indicating a higher likelihood of

large price movements than what is predicted by standard normal distributions. Instead of the K-S

statistic used in Chapter 3, here we use the Hill Estimator of the tail index [Hil10] as the primary

metric for evaluating the fat-tail characteristic, with a lower value indicating a fatter tail in the return

distribution. The K-S statistics is dropped because the Hill Estimator of the tail index is better at

capturing global characteristics of a distribution. Details about the Hill Estimator of the tail index

will be given in the next Chapter in Section 5.3.1. The second stylised fact refers to the fact that

financial returns lack significant autocorrelation, except for small lags in high-frequency. Consequently,

our daily simulation is required not to create significant autocorrelation patterns in returns. The third

stylised fact, volatility clustering, refers to the phenomenon where periods of high volatility tend to be

followed by periods of high volatility, and periods of low volatility tend to be followed by periods of low

volatility. This stylised fact is reflected by the significantly positive autocorrelation of squared returns,

slowly decaying with lags increasing. Figure 4.1 presents the historical autocorrelation of returns and

historical autocorrelation of squared returns.
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The calibration target is to make the proposed model reproduce realistic stylised facts. A loss function

is needed so that minimising the loss function improves the "realism" of a simulated financial market.

Consistent with [GVL+22] and [GVW+24], the loss function, called stylised facts distance, is constructed

by measuring the discrepancy between the stylised facts from historical and simulated data. The stylised

facts distance involves the above three stylised facts as well as the overall volatility level:

D(ϑ) = w1 ∗∆Hill(ϑ) + w2 ∗∆V (ϑ) + w3 ∗∆ACF 1(ϑ) + w4 ∗∆ACF 2(ϑ) (4.7)

where ϑ is the model parameter vector to be estimated, ∆Hill(ϑ) is the distance between simulated

Hill estimator and historical Hill estimator, ∆V (ϑ) is the difference between simulated volatility and

historical volatility, ∆ACF 1(ϑ) is the distance between simulated autocorrelation of returns and historical

autocorrelation of returns, ∆ACF 2(ϑ) is the distance between simulated autocorrelation of squared

returns and historical autocorrelation of squared returns. w1, w2, w3 and w4 are corresponding weights.

For detailed calculations of all terms in Equation 4.7, refer to [GVW+24]. Finally, the calibration target

is:

ϑ̂ = arg min
ϑ∈Θ

D(ϑ) (4.8)

There are in total 11 model parameters to be estimated: κ, β, γ, ω, g, σF , α, ϕ, θ, σ and ρ. Theoretically,

we could estimate all 11 parameters by minimising the stylised facts distance. However, some of the

parameters have economic representations and we could estimate these parameters directly from

historical data. In this way, we also reduce computational costs during calibration. Following [MCB20],

we fix parameter α. We assume the typical horizon of trend computation for a low-frequency trend-

following strategy is one week (five days), which gives α = 1/(1+5) = 1/6. We assume the fundamental

value to be a Geometric Brownian Motion with drift (µ) equals average historical return and standard

deviation (σF ) equals the average volatility of historical data. Recall that g = µ− 1
2σ

2
F . σ takes the

value of the volatility of the historical volatility, with window size 30 in our calculation. ρ takes the

value of the historical correlation between asset price returns and volatility. According to [MCB20],

we also fix γ and let γ take the value of 10. The remaining model parameters, κ, β, ω, θ and ϕ are

calibrated via grid search by minimising D(ϑ). Figure 4.2 shows the simulated stylised facts after

calibration, which resemble the historical stylised facts.

We also calibrated the Geometric Brownian Motion, the Heston model, and the Extended Chiarella

model to match the stylised facts. The minimised stylised facts distances for all four models are
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Figure 4.2 Chiarella-Heston model simulated stylised facts after calibration

Model GBM Heston Extended
Chiarella

Chiarella-
Heston

∆V 0.002 0.229 0.003 0.028
∆Hill 0.172 0.116 0.177 0.048
∆ACF 1 0.067 0.064 0.069 0.066
∆ACF 2 0.273 0.145 0.271 0.082

Total Stylised
Facts Distance 0.514 0.554 0.520 0.224

Table 4.1 Comparison of stylised facts distance among different models after calibration

shown in Table 4.1. It is illustrated that the proposed Chiarella-Heston model achieves minimum

stylised facts distance among the four models. Specifically, the Geometric Brownian Motion and the

Extended Chiarella model are good at reproducing realistic volatility level, but are not able to capture

the volatility clustering stylised fact (reflected by large ∆ACF 2). The Heston model could in a way

replicate the volatility clustering stylised fact but is not good at reproducing realistic volatility level. In

contrast, the proposed Chiarella-Heston model can reproduce realistic volatility level as well as the

volatility clustering stylised fact. In addition, the proposed model has another advantage over the other

three models in that it replicates the fat-tails of returns in the financial market, shown by the much

smaller ∆Hill. Overall, the Chiarella-Heston model reduces the stylised facts distance by more than

50%, indicating that it provides a more realistic representation compared to other models.

4.2.4 Model Validation

To confirm the advantage of the Chiarella-Heston model over the baseline model, validation of the

proposed model is carried out. Agent-based model validation in finance is the process of ensuring that

an agent-based model accurately represents the real-world financial system. This involves comparing
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mean GSL-div
(Chiarella-Heston)

mean GSL-div
(GBM) t-statistic p-value

0.183 0.199 4.968 2.8e-6

Table 4.2 Statistical test between two sets of GSL-div values

the outputs of the model under various scenarios to actual financial data. The main metric we use here

is the Generalised Subtracted L-divergence (GSL-div), which is proposed in [Lam18].

We compare the GSL-div between the Chiarella-Heston model-generated time series and historical time

series with the GSL-div between the GBM-generated time series and historical time series. Specifically,

the calibrated Chiarella-Heston model is utilised to generate M price scenarios. For each price scenario,

a GSL-div value is calculated using the generated time series and historical time series. The same

process is carried out for the Geometric Brownian Motion model. In this way, we obtain two sets

of GSL-div values. A statistical test is carried out to compare the two sets. Results are shown in

Table 4.2. The p-value is smaller than 0.05, showing that the GSL-div between the Chiarella-Heston

model-generated time series and historical time series is significantly smaller than the GSL-div between

the GBM-generated time series and historical time series. This result backs the conclusion that the

Chiarella-Heston model is able to generate more realistic simulated financial data.

4.3 Deep Hedging Experiments

Deep hedging is a technique utilising deep reinforcement learning to derive optimal hedging strategies for

derivatives when there are transaction costs. Most existing methods apply Geometric Brownian Motion

or the Heston model to generate simulated data to train and test deep hedging agents [CCHP21]. As

an application of the proposed Chiarella-Heston model, we use the Chiarella-Heston model to generate

simulated data for training a deep hedging agent. Instead of testing with simulated data, we test the

performance of the deep hedging agent with real historical data. This same process is also carried out

with the baseline model, where training data are generated by a calibrated Geometric Brownian Motion.

We show that the deep hedging agent trained by artificial data generated by the Chiarella-Heston model

achieves better performance than the agent trained by data based on Geometric Brownian Motion.
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4.3.1 Problem Setting

We consider a scenario where a trader is hedging a short position in a call option, where one option

contract represents 100 underlying shares of the underlying asset. The trader hedges her option position

solely by buying or selling the underlying asset. We make the assumption that the trader adjusts

position at time intervals of 1 day and incurs trading costs. The option’s lifespan is N days, which is set

to 30 in our experiments. In our model, the cost of a transaction in the underlying asset is proportional

to the value of the asset being traded, although the model can be readily modified to suit different

assumptions. Following [CCHP21], the state at time t comprises three values:

• Current position of the underlying asset, which is determined by action from the previous time

period (t− 1 to t)

• Underlying asset price at time t

• Time to maturity at time t

At time t = 0 the initial underlying asset position is 0. The action at time t is to determine the amount

of the underlying asset to be held for the next period; i.e., from time t to time t+ 1. The action space

in our experiments is a continuous interval between 0 and 100. As for reward calculation, we opt for the

accounting P&L formulation, where the reward for each time step is the profit and loss of the combined

portfolio including both the option position and the underlying asset position:

Rt+1 = −(Vt+1 − Vt) +Ht(St+1 − St)− π|St+1(Ht+1 −Ht)| (4.9)

for 0 ≤ t ≤ N , where Vt is the price of the option at time t, St is the underlying asset price at time t, Ht

is the holding between time t and t+ 1, π represents the trading cost as a proportion of the transaction

value. The −1 factor before (Vt+1 − Vt) in Equation 4.9 is because of the negative option position.

The target of the problem is to train a deep reinforcement learning agent to drive an optimal trading

strategy carried out in the span of N days, which ideally minimises the accumulated hedging cost.

Training and Testing Data

We mentioned in Section 4.2.3 that we collected daily price data for the S&P 500 index spanning a total

of 6000 days. The dataset is divided into two equal halves with the first half used for calibrating the
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proposed Chiarella-Heston model. The training data in our deep hedging experiments are generated by

the calibrated Chiarella-Heston model. The calibrated Chiarella-Heston model is simulated according

to Equations 4.6 for M times (M = 50000 in our experiments), generating M scenarios. Each scenario

comprises a trajectory of the underlying asset price, with N time steps. Option prices are calculated by

the Black-Scholes model. The simulated training data constitute the training environment where the

deep hedging agent learns to minimise the accumulated hedging cost.

The testing process utilises the second half of the collected S&P 500 index daily price data to avoid

any form of overlap between training data and testing data. The testing data consist of 3000 daily

price observations. Using a rolling window with length N = 30, we obtain 2970 price trajectories.

Calculating the returns of each price trajectory and providing an initial price, we obtain 2970 new price

scenarios for testing the performance of the trained deep hedging agent. In this way, even though we

change the scale of the price level, the testing price scenarios still have exactly the same returns as

the historical price returns. The option price is again calculated by the Black-Scholes model. The

justification for using the Black-Scholes model is that in reality, the prices of vanilla options are very

close to the theoretical Black-Scholes price.

4.3.2 Reinforcement Learning Algorithm

The deep hedging agent in our experiments uses a revised form of the Deep Deterministic Policy

Gradient (DDPG) algorithm [LHP+15] for learning the optimal hedging strategy. The algorithm here

follows the set-up in [CCHP21] and works with hedging costs (negative rewards). The state space and

action space are presented in Section 4.3.1. The objective function to minimise is the expected hedging

cost plus a constant multiplied by the standard deviation of the hedging cost. As in [CCHP21], two

Q-functions are introduced to implement the objective function. One Q-function estimates the expected

cost for state-action combinations while the other one estimates the expected value of the squared cost

for state-action combinations. Since the detailed reinforcement learning algorithm is not the focus of

this chapter, please refer to [LHP+15] and [CCHP21] for detailed learning and updating rules of the

DDPG algorithm.

The actor and critic neural network architectures in our experiments, though, are different from

[CCHP21]. The actor and critic networks all have three hidden layers, with sizes 32, 64, and 32 neurons.

The ReLU activation function is applied to each hidden layer. Batch normalisation layers are also
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included between the input layer and the first hidden layer, as well as between adjacent hidden layers.

For the actor-network, the output layer is followed by a Sigmoid function, mapping output to position

levels. The training is carried out on two NVIDIA GeForce RTX 3090 cards. Training for 15000 epochs

costs approximately 5 hours.

4.3.3 Deep Hedging Experimental Results

We train the deep hedging agent with the training dataset and test the performance of the learned

hedging strategy on the testing dataset. The experiment is carried out under various transaction cost

levels. In addition, we also obtain two baseline strategies for comparison. The first baseline is the

traditional delta hedging strategy, which always keeps delta neutral at the end of the day. The second

baseline is the hedging strategy learned by the same deep hedging agent, but the training process is

carried out on GBM-simulated data. The chosen performance metrics are the P&L and the expected

shortfall. Table 4.3 and Table 4.4 present the hedging performance (P&L and expected shortfall)

comparison between the deep hedging strategy trained on Chiarella-Heston model generated data and

the two baselines - GBM-driven deep hedging strategy and traditional delta hedging strategy. The

results show that the Chiarella-Heston model-driven deep hedging strategy clearly outperforms the

other two strategies. In terms of P&L, the two deep hedging strategies outperform the traditional delta

hedging strategy in all transaction cost levels except 0.1%. This is consistent with the literature that

deep hedging generally performs better than delta hedging when transaction costs exist. According to

Table 4.3, the two deep hedging strategies perform similarly in terms of P&L. However in Table 4.4, the

strategy trained by Chiarella-Heston model consistently performs better than the strategy trained by

Geometric Brownian Motion data, achieving smaller expected shortfall. In terms of risk management,

the Chiarella-Heston model reduces the average expected shortfall from -3.93% to -2.74%, representing

a 30% improvement. These results demonstrate that the Chiarella-Heston model effectively captures

risky patterns observed in real financial markets, which is learned by the deep hedging agent to minimise

losses in adverse scenarios. This highlights a successful and practical application of the proposed

Chiarella-Heston model. Figure 4.3 shows a histogram of the P&L distribution of the three strategies.

It is shown clearly that the deep hedging strategy trained on data generated by the Chiarella-Heston

model significantly outperforms the other two strategies.
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Transaction Cost 0.01% 0.1% 0.2% 0.4% 0.6% 1.0%
Deep Hedging

Chiarella-Heston 54.45 -43.68 -22.62 -80.64 -185.26 -136.37

Deep Hedging
GBM 39.23 -69.19 39.36 -90.29 -99.99 -165.33

Delta Hedging 8.62 -17.93 -47.44 -106.45 -165.46 -283.48

Table 4.3 Hedging performance - P&L ($)

Transaction Cost 0.01% 0.1% 0.2% 0.4% 0.6% 1.0%

Deep Hedging
Chiarella-Heston -0.83% -3.33% -2.32% -2.94% -3.63% -3.36%

Deep Hedging
GBM -2.08% -4.83% -2.47% -3.89% -4.81% -5.52%

Table 4.4 Hedging performance - Expected Shortfall (%)

Figure 4.3 P&L distribution of three hedging strategies

4.4 Summary

The quantitative finance industry has seen a surge in data science applications, utilising powerful

algorithms with extensive data and computing capabilities. Deep learning algorithms are now being

explored as replacements for traditional Greek-based methods in hedging derivatives, taking into account

factors like transaction costs. Deep hedging, a data-driven approach that minimises risk using neural

networks, shows promise in optimising hedge strategies. However, deep hedging demands substantial

training data, often generated synthetically from stochastic models, which may not fully replicate real

market dynamics. This research addresses this challenge by proposing an innovative Chiarella-Heston

model, combining momentum, fundamental, and volatility traders. Calibrated to replicate empirical

stylised facts, this model produces more realistic financial time series data, outperforming baseline
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mathematical models. The key contributions of this work are the Chiarella-Heston model and the

enhanced performance of deep hedging agents in practical environments. The model’s ability to generate

accurate financial data and the trained agents’ effectiveness in real trading situations highlight the

potential of this methodology. The proposed model is validated using the Generalised Subtracted

L-divergence metric. It generates a training dataset for a deep hedging agent, trained with the DDPG

algorithm, to optimise hedging strategies under different transaction cost levels. The reinforcement

learning agent, trained with data from the proposed model, outperforms the baseline in most cost

levels and performs well in real trading using empirical data. By applying an agent-based approach to

enhance deep hedging, this research provides a valuable strategy for improving risk management and

hedging operations in the finance industry.

The model proposed in this chapter simulates price time series on a daily timescale, while the model in

the previous Chapter operates on a minute-level timescale. However, with advancements in computing

technology, modern financial markets now operate at sub-second levels, with high-frequency trading

occurring in microseconds or even nanoseconds. In the following chapter, we will explore the domain of

high-frequency trading. Building on the model from Chapter 3, we will propose an extended model

that operates at sub-second intervals, incorporating comprehensive exchange protocols such as limit

order books for transaction matching. The high-frequency market simulator will be used to simulate

risk scenarios and analyse high-frequency market dynamics.



Chapter 5

High-frequency financial market simulation

and flash crash analysis

5.1 Introduction

In this chapter, we delve into the high-frequency aspect of financial markets. A novel high-frequency

agent-based financial market simulator is developed to replicate realistic market conditions. The model

incorporates full exchange protocols, including limit order books, and is calibrated using the same

machine learning surrogate modelling approach proposed in Chapter 3. It successfully reproduces

stylised facts in financial markets, as confirmed by statistical tests. The proposed simulator is employed

to simulate risk scenarios such as flash crash events. Detailed analysis of high-frequency market

dynamics during those risk scenarios are also presented in this chapter.

5.1.1 Motivation

With the advent of electronic financial markets for the exchange of securities, the electronic centralised

limit order book has become the standard market mechanism for transaction matching and price

discovery. This form of order book offers market participants a more liquid market system with a small

bid-ask price spread, increased market depth and decreased transaction times.

Algorithmic trading is commonly defined as the use of computer algorithms to automatically make

trading decisions, submit orders, and carry out post-submission order management. In the past decade,

99
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algorithmic trading has grown rapidly across the world and has become the dominant way securities

are traded in financial markets. Constantly improving computer technology and its application by

both traders and exchanges, together with the evolution of market micro-structure, automation of

price quotation and trade execution have together enabled faster trading. Nowadays the speed of order

submission has become a principal characteristic for distinguishing trading agents. Market participants

known as high-frequency traders are capable of trading hundreds of times in a second, using fast

algorithms and specialised network connections with exchanges. High-frequency traders are often orders

of magnitude faster in order submission than other traders and even other trading algorithms.

The rise of algorithmic trading and high-frequency trading has had broad impacts on financial markets,

especially on the price discovery process and market price stability. One conspicuous impact is the

increasingly frequent "flash crash" in major financial markets. The flash crashes comprise large and

rapid changes in the price of an asset that do not coincide with changes in economic fundamental value

for the asset. The flash crash events have occurred in markets that are among the largest and most

liquid exchanges in the world. One representative flash crash event is the famous 2010 Flash Crash,

which happened in the U.S. stock market on May 6th, 2010. During this flash crash event, one market

participant’s algorithm caused a sharp price drop in the E-mini S&P futures market. The flash crash

soon spread to other futures markets and equity markets. The market price fell almost 6% in just

several minutes, while the bulk of losses was recovered nearly as quickly. The 2010 Flash Crash led to

turmoil market conditions and caused huge market value loss. As for the cause of the 2010 Flash Crash,

[KKST17] show that the key events in the 2010 Flash Crash have clear relationships with regard to

algorithmic trading.

The 2010 Flash Crash seems to be singular because of the fact that no following events have rivalled its

depth, breadth, and speed of price movement. Nevertheless, flash crashes on a smaller scale happen

frequently. These events are termed mini flash crashes [JZH+12]. According to [JZH+12], there are

more than 18,000 mini flash crashes that are identified in the U.S. equity market between 2006 and

2011. As scaled-down versions of the 2010 Flash Crash, mini flash crashes are abrupt and severe price

changes that occur in an extremely short period of time [GKP12]. Mini flash crashes are attracting

great research interest because their frequent occurrence could destabilise the financial market and

undermine investor confidence [GKP12].

The flash crash episodes1, including large flash crashes and mini flash crash events, are of significant

1We use "flash crashes", "flash crash episodes" and "flash crash scenarios" interchangeably in this thesis.
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concern to researchers, practitioners, and policymakers. Financial markets in which price changes are

orderly and reflect proper changes in valuation factors are desirable. However, flash crash episodes could

potentially disorganise such a desirable market and cause adverse consequences for financial stability if

they were to impede investment by undermining investor confidence in the price at which securities

could be transacted [KNWB18]. To prevent flash crash episodes from becoming more frequent and

longer-lasting, it is important to understand how such episodes arise. In this chapter, we explore the

dynamics during both large flash crashes and mini flash crashes. The major objectives are understanding

what happens during these events and identifying conditions that would affect the characteristics of

these flash crash scenarios. The main methodology employed here is financial market simulation with

agent-based models. The agent-based financial market simulation provides realistic synthetic financial

market data and a testbed for exploring dynamics during flash crash episodes and conditions that

influence the characteristics of flash crash episodes.

Various agent-based simulators have been developed in the literature. However, there are still gaps

in creating ideal agent-based financial market simulators that are capable of generating synthetic

high-frequency market data that are realistic. Specifically, most existing agent-based financial markets

are of lower frequency such as daily or minutely. To explore market dynamics that involve high-frequency

trading, a higher simulation frequency at sub-second level is needed. In addition, instead of using

limit order books, many simulators make assumptions about the price formation process and use

mathematical formulae to approximate the matching engine. This significantly undermines the realism

of the simulator. Last but not least, the proper calibration and validation of agent-based financial

market simulation are still an open problem.

To sum up, there are two challenges that this chapter aims to address:

• C3.1: How to develop and refine a high-frequency agent-based financial market simulator that

fully integrates exchange protocols and includes a rigorous calibration and validation process to

realistically replicate financial market dynamics.

• C3.2: Under the proposed agent-based financial market simulator, investigate the market dynamics

during flash crashes (including both large flash crashes and mini flash crashes) and identify the

conditions that influence the characteristics of flash crashes.



102 Chapter 5. High-frequency financial market simulation and flash crash analysis

Trading Day May 3rd, 2010 May 4th, 2010 May 5th, 2010 May 6th, 2010
Average gap between

transactions (in
milliseconds)

242.9 122.8 125.7 69.5

Table 5.1 Average gap between transactions for ESM0 from May 3rd, 2010 to May 6th, 20102.

5.1.2 Our Contributions

Motivated by the above challenges, we developed a novel high-frequency financial market simulator to

bridge the existing gaps. The simulator is then employed to explore the dynamics during flash crashes

and the conditions that affect flash crashes. Broadly speaking, our contributions in this chapter are

threefold:

• It is known that sub-second level simulation is needed to replicate high-frequency dynamics in

financial markets, which is rarely implemented in previous work. In this work, a high-frequency

agent-based financial market simulator that comprises various types of traders is implemented,

with each simulation step corresponding to 100 milliseconds. The 100 milliseconds step interval

is chosen because the average interval between two transaction messages from the exchange is

around 100 milliseconds, as shown in Table 5.1. A shorter step interval is not chosen because

of the huge increase in computational expenses, though higher frequency is realisable in our

simulation. In addition, our experimental results show that a step interval of 100 milliseconds is

sufficient to capture high-frequency dynamics in financial markets, as demonstrated in Section 5.3.

Full exchange protocols (limit order books) are implemented to simulate the order matching

process, which acts exactly the same as the match engine in real-world exchanges. In this way, we

provide a microstructure model of a single security traded on a central limit order book in which

market participants follow fixed behavioural rules. The model is calibrated using the machine

learning surrogate modelling approach. As for model validation, statistical test and moment

coverage ratio results show that the simulation is capable of reproducing realistic stylised facts in

financial markets.

• Under the framework of the proposed high-frequency agent-based financial market simulator, the

2010 Flash Crash is realistically simulated by introducing an institutional trader that mimics the

real-world Sell Algorithm3 on May 6th, 2010, which is generally believed to have precipitated
2The results represent the average gaps between transactions throughout the entire trading day. These gaps tend to

be smaller during busier trading hours and larger during quieter periods.
3See [SC10] for detailed description.
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the flash crash event. We investigate the market dynamics during the simulated flash crash and

show that the simulated dynamics are consistent with what happened in historical flash crash

scenarios. We then explore the conditions that could have influenced the characteristics of the

2010 Flash Crash. According to our Monte Carlo simulation, three conditions significantly affect

the amplitude of the 2010 Flash Crash: the percentage of volume (POV) of the Sell Algorithm,

the market maker inventory limit, and the trading frequency of fundamental traders. In particular,

we found that the relationship between the amplitude of the simulated 2010 Flash Crash and the

POV of the Sell Algorithm is not monotonous, and so is the relationship between the amplitude

and the market maker inventory limit. For the trading frequency of fundamental traders, the

higher the frequency, the smaller the amplitude of the simulated 2010 Flash Crash.

• Similar analysis is carried out for mini flash crash events. An innovative type of trader called

"Spiking Trader" is introduced to the agent-based financial market simulator, mimicking real-world

price shocks to precipitate more mini flash crash events. Market dynamics for a typical simulated

mini flash crash event are analysed. We also explore the conditions that could influence the

characteristics of mini flash crash events. Experimental results show that the market maker

inventory limit significantly affects both the frequency and amplitude of mini flash crash events.

However, the trading frequency of fundamental traders shows no obvious influence on mini flash

crash events in our experiments. A comparison between large and mini flash crash events is

presented in Section 5.5.4, specifying the difference between these two types of events.

The novelty of our approach lies in several aspects. First, the proposed agent-based financial market

simulator has a higher frequency than most other simulators in the literature. Our simulation step is

at milliseconds level, which allows for the investigation of high-frequency dynamics in the simulated

financial market, while most simulation models in literature adopt larger simulation steps of 1 second

or 1 minute. Second, we explore the influence of different market configurations on the amplitude of

the 2010 Flash Crash. To the best of our knowledge, there are few similar experiments in the existing

literature. Third, an innovative type of trader named "Spiking Trader" is proposed to precipitate more

mini flash crash events. Furthermore, the experiments that explore the conditions that influence the

frequency and amplitude of mini flash crash events are also a novelty of this work.

The remainder of this chapter is organised as follows. Section 5.2 shows the structure and details for

the proposed agent-based model, while Section 5.3 presents the model calibration process and model

validation results. Section 5.4 and Section 5.5 provide simulation and analysis for the 2010 Flash Crash
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scenario and mini flash crash scenarios, respectively, in the framework of the proposed agent-based

financial market simulation.

5.2 Model Structure

This section presents the setup and components of the proposed agent-based high-frequency financial

market simulator.

5.2.1 Model Set-up

The proposed model consists of various traders who submit limit orders or market orders to a central

limit order book, which functions according to a continuous double auction mechanism. All the

orders submitted by these traders in one simulation period, including limit orders and market orders,

constitute the aggregated virtual "demand" and "supply" in that period. The aggregated virtual

"demand" and "supply" depend on the trading strategies of various types of market participants. The

market participants are assumed to be heterogeneous in their trading decisions. According to the

Extended Chiarella model [MCB20], a popular set of traders in an artificial financial market includes

momentum traders, fundamental traders, and noise traders. This composition of traders is capable of

capturing the trend and value effects in financial markets. We further extend the model by dividing

momentum traders into two groups: short-term momentum traders and long-term momentum traders.

In this way, heterogeneity is introduced not only between groups of traders, but also inside a specific

group of traders. In addition, in an artificial financial market with full exchange protocols, market

maker is an indispensable component to create realistic limit order book behaviours. To sum up,

five types of traders are included in our model: fundamental traders, short-term momentum traders,

long-term momentum traders, noise traders, and market makers. Each type of trader is associated with

several parameters which control the trading behaviours. Trading heuristics, specific parameters and

the parameter calibration process will be presented in subsequent sections.

5.2.2 Price Formation Process

As mentioned above, we use a continuous double auction mechanism to form the price in our model,

which has been adopted by most popular electronic exchanges around the world. The key element in
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continuous double auction is the limit order book, which is a record of all outstanding limit orders

maintained by the exchange. The price dynamics in our proposed model are exactly the same as the

price dynamics in a real-world stock exchange - a limit order book is built to accept all limit orders and

market orders. A trade occurs when a market order is entered or a limit order whose price crosses the

spread of best bid and best ask. This marketable order transacts against the best opposing orders using

a price-time priority, removing them from the order book until this order is either fully or partially

filled, leaving the rest of the quantity of the order to become the new best bid or offer. All normal limit

orders will join the limit order book according to price-time priority. For a complete description of how

continuous double auction works, refer to [SFGK03].

We denote the price of a stock at time t as Pt. The simulated price in this work refers to mid-price,

which is the mean value of the best bid price and the best ask price from the limit order book at time t:

Pt := 0.5 ∗ b0t + 0.5 ∗ a0t

where b0t and a0t denote best bid and best ask price at time t, respectively.

5.2.3 Common Trader Behaviours

Traders in our simulation model have some behaviours in common, for example submitting and cancelling

orders. We can assume that there is a certain type of agent called "Base Agent", and all traders in our

model inherit the functionalities of this base agent. Specifically, all traders in the model have common

behaviours as follows.

• Each trader has a parameter θ, which controls the probability of submitting a limit order. The

value of θ depends on the type of traders and also varies during simulation, but the behaviour given

a θ value is common for all types of traders. That is, for each simulation step, if p ∈ U(0, 1) < θ,

the trader will place a limit order, otherwise, no action is taken4. Note that the specific side of

the order (buy or sell) depends on the trader type and market conditions. The value of θ could

be zero for some traders, which means that the corresponding traders do not submit limit orders.

• Each trader has a parameter µ. The function of µ is identical to parameter θ, except that

µ controls the probability of sending a market order. Similar to θ, the value of µ is different
4The expression p ∈ U(0, 1) denotes that p is a random variable uniformly distributed between 0 and 1.
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for different types of traders and varies for different timestamps. For each simulation step, if

p ∈ U(0, 1) < µ, the trader will place a market order, otherwise no action is taken. The specific

side of the market order also depends on the trader type and market conditions. Similar to θ, the

value of µ can also be zero for some particular types of traders.

• The side for all limit orders and market orders is determined by corresponding trader types

and market conditions. A market order is submitted directly to the exchange after the side is

determined. For a limit order, the price information is required. Given the order side, a buy limit

order will have a price lower than the market mid-price at the corresponding timestamp, while a

sell limit order will have a price higher than the market mid-price. The distance between the limit

order price and the market mid-price follows a particular distribution, whose type is determined

by the trader types. Specifically, the price distance for limit orders from market makers is sampled

from a uniform distribution with parameters 0 and pMM
edge , and the price distance for limit orders

from other types of traders is sampled from a common log-normal distribution with parameters

µℓ and Σℓ. The parameters of these distributions are calibrated to historical price time series

stylised facts. The price for a limit order is calculated after the price distance is sampled from

the corresponding distribution.

• Each type of trader has a parameter δ. Regardless of the order price and side, each limit order has

a cancellation probability of δ at each simulation step. The value of δ is dependent on the type

of trader who places the order, and is calibrated using historical market data to create realistic

limit order book behaviours. In the presented model, all traders share the same value for δ except

market makers, who have a higher value of δ. This reflects the fact that orders submitted by

market makers tend to have a much higher cancellation/replacement rate.

• In the proposed model, short-term momentum traders, long-term momentum traders and noise

traders all have a parameter called ρ, which controls the ratio between the number of market

orders and limit orders placed by the same trader. That is, for each trader of these three types,

there is a fixed relationship between θ and µ: µ = θ ∗ ρ. This relationship enables a realistic ratio

between the number of market orders and limit orders in the simulated financial market and the

value of ρ is selected according to historical orders data.

• The volume V for each order is 100, regardless of limit order or market order.

Despite the common trader behaviours, each type of trader follows different trading heuristics and has
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different values for the associated parameters. For example, fundamental traders only submit market

orders. Market makers submit limit orders in normal trading time. Only after the inventory limit is hit

will market makers submit market orders to reduce their inventory risk. The remaining types of traders

submit both limit orders and market orders during trading hours, aiming to maintain a fixed ratio

between the number of limit orders and the number of market orders. The remainder of the section

describes the trading behaviour heuristics for each type of trader in more detail. Descriptions for all

the parameters involved in the proposed model are summarised in Appendix A.

5.2.4 Fundamental Trader (FT)

Fundamental traders make their trading decisions based on the perceived fundamental value of the

stock. The fundamental value is denoted as Vt. A fundamentalist tends to buy a stock if the stock

is under-priced(Vt − Pt > 0), otherwise he will sell the stock. Following the convention in [MCB20],

in this work we assume the aggregated demand of fundamental traders is polynomial to the level of

mispricing. Specifically, the aggregated demand of fundamentalists is:

DFT = κ1(Vt − Pt) + κ2(Vt − Pt)
3 (5.1)

where κ1 and κ2 controls the overall demand generated by fundamental traders. Since we have NFT

fundamental traders, each fundamental trader will contribute κ1|Vt−Pt|+κ2|Vt−Pt|3
NFT

to the aggregated

demand. In our setup, fundamental traders exclusively use market orders. This choice stems from

their strategy of capitalising on significant disparities between market price and fundamental value.

As predominantly low-frequency traders, they show little concern for the marginal price distinctions

between limit and market orders. Their primary focus lies in promptly executing transactions when

identifying distortions between market price and fundamental value. Since the fundamental traders

only submit market orders, the value of θ for each fundamental trader is set to 0, while the value of µ

for each fundamental trader is set to κ1|Vt−Pt|+κ2|Vt−Pt|3
NFT

. The fundamental value Vt is an exogenous

signal that is input to the model. Each fundamental trader is also associated with a parameter SFT
interval.

A fundamental trader only attempts to submit a market order once in every SFT
interval simulation steps.

A detailed description of the fundamental trader’s logic is given in Algorithm 1.
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Algorithm 1 Fundamental Trader Logic
1: for each simulation step do
2: θ ← 0
3: µ← κ1|Vt−Pt|+κ2|Vt−Pt|3

NFT

4: if (simulation_steps mod SFT
interval == 0) and (p ∈ U(0, 1) < µ) then

5: if Vt − Pt > 0 then Place a buy market order
6: else if Vt − Pt < 0 then Place a sell market order
7: end if
8: else No market order submitted
9: end if

10: end for

5.2.5 Momentum Trader (MT)

Momentum traders are also called "Chartists". This group of traders buy and sell financial assets

after being influenced by recent price trends. The assumption is to take advantage of an upward or

downward trend in the stock prices until the trend starts to fade. Instead of looking at the fundamental

value of the stock, momentum traders focus more on recent price action and price movement. If the

stock price has been recently rising, a long position is established; otherwise, momentum traders will

enter a short position if the price has been decreasing. In the proposed model, momentum traders can

submit both limit orders and market orders. The ratio between the number of limit orders and market

orders is fixed, which is denoted as ρ. The price information for a limit order is determined as follows.

A buy limit order will have a price lower than the market mid-price at the corresponding timestamp,

while a sell limit order will have a price higher than the market mid-price. The distance between the

limit order price and the market mid-price follows a log-normal distribution with parameters µℓ and Σℓ.

The parameters of the log-normal distribution are calibrated to historical price time series stylised facts.

Price information for the limit order is subsequently calculated after the price distance is sampled from

the corresponding distribution.

There are lots of methods to estimate the momentum of stock prices. A common trend signal is the

exponentially weighted moving average of past returns with decay rate α. This trend signal is denoted

by Mt:

Mt = (1− α)Mt−1 + α(pt − pt−1) (5.2)

where α is the decay rate. Given the trend signal Mt, the demand function of momentum traders is

denoted as f(Mt). The demand function f(Mt) must satisfy two conditions:

• f(Mt) is increasing.



5.2. Model Structure 109

• f ′′(Mt) ∗Mt < 0

where the first condition is consistent with the nature of momentum trading and the second condition

imposes the risk-averse assumption to momentum traders. Consistent with [MCB20], here we choose

f(Mt) = β tanh(γMt) with the requirement that γ > 0. γ represents the saturation of momentum

traders’ demand when momentum signals are very large. This phenomenon is partly due to for example

budget constraints and risk aversion, which are prevalent in real momentum traders. β controls the

overall demand generated by momentum traders. β is also assumed to be positive, i.e. the demand

of momentum traders is positive when the momentum signal (Mt) is positive, otherwise the demand

is negative. The choice of this demand function for momentum traders strictly satisfies the two

requirements.

According to the value of α, we further divide the group of momentum traders into two sub-groups:

long-term momentum traders (small α) and short-term momentum traders (large α). The two types of

momentum traders also have different values for β; however, they share the same γ value. The proposed

model includes NLMT long-term momentum traders and NSMT short-term momentum traders.

Long-term Momentum Trader (LMT)

Long-term momentum traders are associated with a small value for α. According to equation 5.2, a

small α corresponds to slow changes in the momentum signal. Consequently, the momentum signal is

smooth and reflects the trend on a longer time scale. In our intra-day simulation, we choose an α value

of 0.01 for long-term momentum traders. This would approximately correspond to an intra-day hourly

trend. The group of long-term momentum traders will focus on the relatively long-time price trend

and calculate their demand function. For limit orders, the virtual aggregated demand from long-term

momentum traders is βL tanh(γML
t ), while for market orders the virtual aggregated demand from

long-term momentum traders is ρβL tanh(γML
t ). As there are NLMT long-term momentum traders,

the θ and µ for each trader are corresponding quantities divided by NLMT . Trading decisions are made

according to the common order submission rules. A full description of long-term momentum traders’

logic is shown in Algorithm 2.
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Algorithm 2 Long-term and Short-term Momentum Trader Logic*
1: for each simulation step do
2: for each outstanding limit orders submitted by this trader do
3: if p ∈ U(0, 1) < δ then Cancel this limit order
4: end if
5: end for
6: Mt = (1− α)Mt−1 + α(pt − pt−1)

7: θ ← β tanh(γMt)
N

8: µ← θ ∗ ρ
9: if p ∈ U(0, 1) < θ then

10: if Mt > 0 then Place a buy limit order with calculated price
11: else if Mt < 0 then Place a sell limit order with calculated price
12: end if
13: else No limit order submitted
14: end if
15: if p ∈ U(0, 1) < µ then
16: if Mt > 0 then Place a buy market order
17: else if Mt < 0 then Place a sell market order
18: end if
19: else No market order submitted
20: end if
21: end for
22:
23: *α : αL, β : βL, N : NLMT for Long-term Momentum Trader
24: *α : αS , β : βS , N : NSMT for Short-term Momentum Trader

Short-term Momentum Trader (SMT)

Compared to the long-term momentum traders, short-term momentum traders are associated with a

much larger α. Typically, α for a short-term momentum trader would be a value close to 1. Following

equation 5.2, the momentum signal is updated very fast when α has a large value. In this circumstance,

Mt represents the trend in an extremely short time scale, in particular, only several ticks in our intra-day

simulation. The group of short-term momentum traders aim to exploit the price trend in a very short

time scale, which mimics the behaviour of some real-world high-frequency traders. There are NSMT

short-term momentum traders in our agent-based financial market simulation. We assign a value of 0.9

to α of short-term momentum traders.5 The trading heuristics for short-term momentum traders are

exactly the same as that for long-term momentum traders, except that αL and βL are replaced by αS

and βS , respectively. A full description of short-term momentum traders’ logic is shown in Algorithm 2.

5We also run simulation experiments with α having values 0.95 and 0.99. Similar experimental results are obtained in
these settings, showing that minor changes in α value will not significantly affect the results.
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Algorithm 3 Noise Trader Logic
1: θ ← σNT

NNT

2: µ← θ ∗ ρ
3: for each simulation step do
4: for each outstanding limit orders submitted by this trader do
5: if p ∈ U(0, 1) < δ then Cancel this limit order
6: end if
7: end for
8: if p ∈ U(0, 1) < θ then
9: if p ∈ U(0, 1) < 0.5 then Place a buy limit order with calculated price

10: else if p ∈ U(0, 1) > 0.5 then Place a sell limit order with calculated price
11: end if
12: else No limit order submitted
13: end if
14: if p ∈ U(0, 1) < µ then
15: if p ∈ U(0, 1) < 0.5 then Place a buy market order
16: else if p ∈ U(0, 1) > 0.5 then Place a sell market order
17: end if
18: else No market order submitted
19: end if
20: end for

5.2.6 Noise Trader (NT)

Another group of market participants are noise traders. They are designed so as to capture other market

activities that are not reflected by trend-following and value investing. As a result, the cumulative

demand of noise traders can be described by a random walk, with each step having an equal probability

of placing buy/sell orders. Parameter σNT controls the aggregated demand level from noise traders.

There are NNT noise traders in the model, with each noise trader having value σNT
NNT

for θ. Similar

to momentum traders, noise traders are also associated with a parameter ρ, which controls the ratio

between the number of limit and market orders. Note that unlike other traders whose θ and µ vary

according to simulated market conditions, θ and µ for noise traders are determined prior to simulation

and remain fixed during the simulation process. When noise traders place limit orders, the price

determination process is identical to the process used by momentum traders - both involve sampling

a distance from an empirically calibrated log-normal distribution. Algorithm 3 gives a description of

noise traders’ logic in the simulated financial market.
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Trading
condition Normal trading Stressed trading (after

inventory limit reached) Trading suspension

Order type Limit order Market order None

Table 5.2 Order types submitted by market makers under different trading conditions

5.2.7 Market Maker (MM)

The market makers are another group of traders in the model. The introduction of market makers in

the proposed model is aimed at creating realistic limit order book dynamics. Market makers in the

proposed model are more complex than previous traders. During normal trading time, market makers

only submit quotes to the market. A quote includes one buy limit order and one sell limit order. The

simplification that market makers only submit limit orders is motivated by [Men13], which finds that

around 80% of market makers’ orders are passive. The price of the sell (buy) order is calculated by

adding (subtracting) a distance from the mid-price at the corresponding timestamp, where the distance

is sampled from a uniform distribution. (The price is rounded to the closest multiple of tick size before

being submitted to the exchange.) In alignment with the market making behaviours during the 2010

Flash Crash event [SC10], market makers in the proposed model are associated with a position limit.

Specifically, once the inventory of a market maker reaches the position limit, the market maker will stop

all active quoting and actively submit market orders to reduce the inventory level. This will continue

until the inventory reduces to a certain safe level, which is also a parameter of the model. At this

stage, the market maker suspends trading for a certain period of time. This resembles the real-world

scenarios that market makers tend to suspend trading to check their own trading systems and observe

market conditions after some unusual scenarios happen. After this period of time, the market maker

will restart the normal trading heuristics. Table 5.2 presents the corresponding order types that market

makers will submit in different trading conditions.

Since market makers only submit limit orders during the normal trading time, the µ for each market

maker is set to 0. Similar to the case in previous traders, δ and θ control the probability of order

cancellation and limit order submission respectively, whose values are calibrated to historical price

time series. Note that one difference is that θ controls the probability of submitting a quote (buy and

sell limit orders) for market makers. In addition to δ, θ and µ, market makers are associated with

several extra parameters that correspond to the trading behaviours presented above. As mentioned,

the price information of the sell (buy) limit order is calculated by adding (subtracting) a distance from

the mid-price. This distance is the trading edge of market makers. The trading edge is sampled from a
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Algorithm 4 Market Maker Logic
1: Before simulation starts:
2: θ ← θMM

3: µ← 0
4: δ ← δMM

5: Flag ← 0
6: Restart_step← 0
7:
8: for each simulation step do
9: Get current simulation step current_step

10: if |position| >= εMM
limit then

11: Flag ← 1
12: Restart_step = Current_step+ εMM

rest

13: end if
14:
15: if (Flag == 1) ∧ (|position| <= εMM

safe ) then Flag ← 0
16: end if
17:
18: if Flag == 1 then
19: Cancel all active limit orders
20: if |position| < 0 then
21: Submit a buy market order
22: else
23: Submit a sell market order
24: end if
25:
26: else if Current_step > Restart_step then
27: if p ∈ U(0, 1) < δ then
28: Cancel existing quotes by this market maker
29: end if
30:
31: if p ∈ U(0, 1) < θ then
32: Submit a quote(one limit buy order and one limit sell order, with sampled trading edge.)
33: else
34: No limit order submitted
35: end if
36:
37: end if
38: end for

uniform distribution, which controls the spread of the quotes submitted by market makers. Specifically,

the uniform distribution from which the price distance is sampled has a minimum value of 0 and a

maximum value of pMM
edge . εMM

limit represents the position limit for each market maker, while εMM
safe denotes

the safe position level. That is, market makers will actively reduce inventory once εMM
limit is reached

until the position is reduced to εMM
safe level. εMM

rest represent the time length for the trading suspension.

Algorithm 4 presents a full description of market makers’ trading heuristics in the proposed model.
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5.2.8 Experimental Setup for Simulation

The above are the five types of agents included in the proposed model. A fully functioning limit order

book is implemented, as is the case in most electronic financial markets. The simulation is run in

pseudo-continuous time. Specifically, each simulation step represents 100 milliseconds of trading time.

Each trading day is divided into T = 324, 000 steps, corresponding to 9 hours of trading (8:00 to 17:00).

The minimum time for execution of transactions is 100 milliseconds, showing that the simulated financial

market represents a high-frequency trading environment. We remind here that the fundamental value

Vt, which is extracted from the historical price time series, is an exogenous signal that is input to the

model.

The whole simulation runs as follows. For each step, each trader collects and processes market

information. Internal variables associated with each trader are calculated. Traders take actions based

on agent type and values of internal variables. These actions include limit order submission, market

order submission, and order cancellation. The programmed matching engine matches these orders

and updates the state of the limit order book. Finally, transactions and limit order book status are

published to all traders. Market dynamics are analysed after simulated price time series and order flow

are generated. The whole simulation procedure is shown in Algorithm 5.

We suggest that the proposed five types of traders reflect a sufficiently realistic and diverse market

environment. According to [O’H95], there are three major market-microstructure trader types:

uninformed traders, informed traders and market makers. The noise traders in our model correspond

to uninformed traders, while market makers in the proposed model obviously correspond to the market

makers in literature. The remaining three types of traders represent informed traders in our model.

Specifically, fundamental traders utilise exogenous information implied by the fundamental value, while

the two types of momentum traders exploit endogenous technical indicator information. In addition,

among the informed traders some perceived trading opportunities are based only on an analysis of

short-horizon returns, while others focus on market information revealed by long-term return horizons.

This is reflected by the division of momentum traders into long-term and short-term momentum traders.

Overall, a sea of different informed and uninformed traders in the proposed model compete with each

other, with market makers providing liquidity and ensuring realistic limit order book behaviours. Note

that in our model, traders’ strategies are fixed and traders cannot switch their strategy according to

market conditions. One may argue that in real-world financial markets, traders usually choose and
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Algorithm 5 Simulation Procedure
1: Simulation Parameter Initialization
2: while timestamp < market close do
3: timestamp += ∆t
4:
5: for each trader do
6: Collect latest market information and update internal states
7: if fundamental trader then
8: Fundamental trader logic(Algorithm 1)
9: end if

10: if long-term momentum trader then
11: Long-term momentum trader logic(Algorithm 2)
12: end if
13: if short-term momentum trader then
14: Short-term momentum trader logic(Algorithm 2)
15: end if
16: if noise trader then
17: Noise trader logic(Algorithm 3)
18: end if
19: if market maker then
20: Market maker logic(Algorithm 4)
21: end if
22: end for
23:
24: for each limit order, market order, or order cancellation) do
25: Update limit order book and publish transactions
26: end for
27:
28: Publish latest limit order book status
29: end while

switch trading strategies according to market conditions. However, we can still argue that our model

captures this type of behaviour. Different types of traders in our model capture different types of

real-world trading strategies. A real trader’s strategy is captured by one type of agent under one

condition, and by another type of agent under a different condition, should the real trader pick another

trading strategy under the new market condition. This is another strength of our approach: with

the simplest model and the least number of assumptions, complex financial market situations can be

analysed. In conclusion, the proposed model with five types of traders represents a complete range of

micro-behaviours of real financial markets.

Fundamental Value from Kalman Smoother

The only remaining unknown variable is the fundamental value of the stock. The simulation can

proceed only if the fundamental value is known and is exogenously input to the model. One difficulty
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is the non-observability of the fundamental value. According to [MM61], the fundamental value of a

stock equals the expected value of discounted dividends that the company will pay to the shareholders

in the future. However, this methodology requires extremely strong assumptions about the future

dynamics of the stock dividends. Furthermore, this approach can never reflect the intra-day change of

fundamental value, while the consensus fundamental value can indeed vary during the trading day due

to the continuous feed of events and news.

The fundamental value is derived using the same methodology as outlined in Chapter 3. A Kalman

Smoother [RdB05] is applied directly to the stock price time series to get the hidden fundamental

value. In accordance with [MCB20], we assume the fundamental value Vt is a hidden variable of a linear

dynamical system. The observations are the actual prices traded in real markets. The specific Kalman

Smoothing algorithm used here can be found in [BSS04]. The algorithm is applied to the price time

series for each trading day to extract the corresponding fundamental value time series for that day.6

5.3 Model Calibration and Validation

In this section, we present the methodology for calibrating and validating the agent-based financial

market. Calibration means finding an optimal set of model parameters to make the model generate

the most realistic simulated financial market. In Chapter 3 a model calibration method based on the

XGBoost machine learning algorithm is proposed; In this chapter, we employ the same methodology,

with subtle changes implemented. The model validation is carried out via various statistical methods.

5.3.1 Calibration Target: Data and Stylised Facts for Realistic Simulation

In the model calibration process, real financial market data is essential for setting up the calibration

target. We collected high-frequency limit order book data of E-mini S&P 500 futures, from May 3rd,

2010 to May 6th, 20107. The data are purchased from the official CME DataMine platform8. We select

the most liquid contract as the calibration target, which is the contract expires in June 2010. Our

dataset comprises high-frequency information for 10 levels of limit order book updates, both the buy

side and sell side.
6The algorithm is already implemented in Python package "pykalman".
7Evening trading sessions are excluded. That is, the data span from 8:00 in the morning to 5:00 in the afternoon for

each day.
8https://datamine.cmegroup.com

https://datamine.cmegroup.com
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Date 20100503 20100504 20100505 20100506
Hill Estimator 0.019 0.046 0.061 0.095

Table 5.3 Hill Estimator values for all trading days

Financial price time series data display some interesting statistical characteristics that are commonly

called stylised facts. As is the case in Chapter 3, we choose three major stylised facts for detailed

analysis: fat-tailed distribution of returns, autocorrelation of returns, and volatility clustering. The

major difference from the analysis in Chapter 3 is that the analysis in this Chapter is carried out in

financial time series of higher frequency. Additionally, a different metric called "Hill Estimator of the

tail index" replaces the K-S statistic to measure the fat-tailed distribution of returns, which provides

more robust results.

Fat-tailed distribution of returns

The distributions of price returns have been found to be fat-tailed across all timescales. In other words,

the return distributions exhibit positive excess kurtosis. Understanding positively kurtotic return

distributions is important for risk management since large price movements are much more likely to

occur than in commonly assumed normal distributions.

Following the convention in literature, we investigate the stylised fact of fat-tailed returns by examining

second-level intra-day price returns. Both millisecond-level historical and simulated mid-price time

series are resampled into second-level frequency and we examine the mid-price returns for each second.

Specifically, the last price snapshot is taken as the price for that specific second. Second-level price

returns are calculated accordingly. Our experiments show that different time scales have no significant

influence on the final results. The main metric used for evaluating the fat-tail characteristic is the

Hill Estimator of the tail index [Hil10]. A lower value of the Hill Estimator implies that the return

distribution has a fatter tail. Table 5.3 illustrates the Hill Estimator values for all trading days in our

dataset9.

9To mitigate the impact of the flash crash event and prevent overfitting, the Hill Estimator for May 6th is computed
exclusively using morning trading data (8:00 - 12:30).
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Figure 5.1 Autocorrelation function of second-level returns for E-mini S&P 500 futures on two days

Figure 5.2 Autocorrelation function of squared second-level returns for E-mini S&P 500 futures on
two days

Autocorrelation of returns

The specific definition of autocorrelation of returns stylised facts is already presented in Section 3.3.2 of

Chapter 3. Examination of our data also reveals this stylised fact. Figure 5.1 shows the autocorrelation

function of the second-level return time series for E-mini S&P 500 futures on two days. We can

see that the autocorrelation is significantly negative for very small lags (1 and 2), and the negative

autocorrelation disappears for larger lags. This reflects the "bid-ask bounce" phenomenon in the market

microstructure.

Volatility clustering

The specific definition of volatility clustering stylised facts is already presented in Section 3.3.2 of

Chapter 3. Figure 5.2 shows the autocorrelation patterns for squared second-level returns for E-mini

S&P 500 futures on two days. It is shown that the volatility clustering stylised fact clearly exists in our

collected E-mini S&P 500 futures price dataset.
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Stylised Facts Distance as Loss Function

The method for constructing the loss function using the stylised facts distance is the same as the

approach in Section 3.3.2 of Chapter 3, except that the K-S statistic metric is replaced by the Hill

Estimator of tail index. All other parts are kept the same. For the convenience of readers, we

repeat the description of the loss function construction process here; readers who are

already familiar with this process are encouraged to skip this section and jump to the

calibration results (Section 5.3.2).

The target for agent-based model calibration is to find an optimal set of model parameters to make

the model generate a realistic simulated financial market. To solve this optimisation problem, it is

essential to have a metric that is able to quantify the "realism" of a simulated financial market. First of

all, a realistic simulated financial market must exhibit similar characteristics to real financial markets,

such as the fat-tailed return distribution and volatility level. In addition, realistic simulated financial

data are also required to reproduce other stylised facts such as the autocorrelation patterns in returns

and squared returns. Here we design a stylised facts distance to quantify the similarities between

simulated and historical financial data. Four metrics are considered in the stylised facts distance: Hill

Estimator of the tail index for absolute return distributions, volatility, autocorrelation of returns and

autocorrelation of squared returns. For each metric, the differential quantity between simulated value

and historical value is calculated. The stylised facts distance is then calculated as the weighted sum of

the four differential quantities:

D = w1 ∗∆Hill + w2 ∗∆V + w3 ∗∆ACF 1 + w4 ∗∆ACF 2 (5.3)

Detailed calculations of the four quantities in the stylised facts distance are presented below.

The Hill Estimator is famous for inferring the power behaviour in the tails of experimental distribution

functions. Following [FW12], we use the Hill Estimator of the tail index to estimate the degree of fat-tail

in the distribution of absolute returns on the mid-price. Note that the absolute return distribution

is considered since there is no need to distinguish between extreme positive and negative returns. In

our experiments, the Hill Estimator for simulated absolute returns and historical absolute returns are

calculated, respectively. The absolute difference between the two Hill Estimators constitutes the first

part of the stylised facts distance:
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∆Hill = |Hills −Hillh| (5.4)

where Hills and Hillh are the Hill Estimator for simulated absolute return distribution and historical

absolute return distribution, respectively. Intuitively, this part of the stylised facts distance quantifies

the distance between simulated and historical return distribution, in terms of the heavy-tailedness. It

addresses the requirement that the simulated return distribution exhibits the fat tail property, as is the

case in historical return distribution.

The second part of the stylised facts distance is the absolute volatility difference between simulated

returns and historical returns:

∆V = |Vs − Vh| (5.5)

where Vs and Vh denote simulated volatility and historical volatility, respectively. The volatility measure

is annualised after being computed from intra-day returns. This part addresses the requirement that a

simulated financial market should be similar to real markets in terms of volatility.

The third part of the stylised facts distance is the difference between simulated and historical

autocorrelations of returns. This part of the stylised distance measures the model’s ability to reproduce

autocorrelation patterns commonly found in historical returns. It is shown that financial price return

time series lack significant autocorrelation, except for short time scales, where significantly negative

autocorrelations exist. This phenomenon is backed by our empirical data. For very small lags the

autocorrelations are negative, while for larger lags the autocorrelations become insignificant. To measure

the distance in autocorrelation patterns between simulated data and historical data, we invoke the

autocorrelation function of returns and calculate the average absolute difference between autocorrelations

of simulated return time series and historical return time series for various lags:

∆ACF 1 =

∑
l in lags

|ACFs(l, r)−ACFh(l, r)|

|lags|
(5.6)

where ACFs(l, r), ACFh(l, r) are the autocorrelation function of lag l for simulated returns and historical

returns, respectively. |lags| denotes the number of lags used in the calculation. Because the empirical

autocorrelations are negative for very small lags and close to zero for larger lags, it is not necessary to

consider all of the autocorrelation coefficients. Empirical evidence suggests that the autocorrelation

pattern is well represented by the coefficients for three lags: 30, 60, and 90. Also, to reduce the effects
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of accidental outliers, the autocorrelation function is smoothed by calculating the three-lag average.

That is, the lag 30 autocorrelation is calculated as the average autocorrelation of lag 30, 31, 32, and so

is the calculation for lag 60 and lag 90. In total, autocorrelations of 9 lags (30, 31, 32, 60, 61, 62, 90,

91, 92) are considered and included in the calculation.

The last part of the stylised facts distance is the difference between simulated and historical autocorrelations

of squared returns. The replication of autocorrelation patterns in squared returns indicates the model’s

capability to reproduce the volatility clustering stylised fact. It is shown empirically that large price

changes tend to be followed by other large price changes, known as the volatility clustering phenomenon.

Consequently, though there are generally no significant patterns in autocorrelations of returns, the

autocorrelations of squared returns are significantly positive, especially for small time lags. Also, as time

lag increases, the autocorrelation of squared returns displays a slowly decaying pattern, as shown in

Figure 5.2. Similar to the difference between autocorrelations of returns ∆ACF 1 , the difference between

autocorrelations of squared returns is calculated as follows:

∆ACF 2 =

∑
l in lags

|ACFs(l, r
2)−ACFh(l, r

2)|

|lags|
(5.7)

where ACFs(l, r
2), ACFh(l, r

2) are the autocorrelation function of lag l for simulated squared returns

and historical squared returns, respectively. |lags| denotes the number of lags used in the calculation.

Here we use a slightly different lags from the case for autocorrelations of returns calculation. Since

empirical autocorrelations of squared returns are significantly positive and slowly decaying, we consider

the autocorrelations of squared returns for four lags: 1, 30, 60, and 90. The three-lag average smoothing

is also applied in the calculation. In total, the autocorrelations of 12 lags (1, 2, 3, 30, 31, 32, 60, 61, 62,

90, 91, 92) are considered and included in the calculation.

The above four parts, along with the corresponding weights, constitute the stylised facts distance in

Equation 5.3. The next question is how to determine the associated weight for each part of the stylised

facts distance. The basic guiding idea is that the higher the sampling variability of a given part in

historical data, the larger the difference between simulated value and historical value that can still be

deemed insignificant. A natural candidate for each weight is the inverse of the sampling variance for

the corresponding part in the stylised facts distance:
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wi =
1

σ2
i

(5.8)

Following [FW12], the sampling variance σ2
i for each part in the stylised facts distance is estimated

by applying the block bootstrap method on the historical return time series. The choice of weighting

is inspired by the Method of Moments estimation, where the inverse of the covariance matrix is used.

Interested readers are referred to [Woo01] and [FMS95].

Note that the stylised facts distance is a function of model parameters. In other words, given a set

of model parameters, there is a unique stylised facts distance calculated from the simulated time

series, which corresponds to that particular set of model parameters. Let θ denote the vector of model

parameters to be estimated, Equation 5.3 can be rewritten as:

D(θ) = w1 ∗∆Hill(θ) + w2 ∗∆V (θ) + w3 ∗∆ACF 1(θ) + w4 ∗∆ACF 2(θ) (5.9)

The smaller D(θ) is, the more realistic the simulation is. Thus D(θ) serves as the loss function that

the calibration method aims to minimise by finding an optimal set of model parameters. Let Θ denote

the admissible set for model parameter vector θ, the calibration target is to find the optimal model

parameter vector θ̂ that minimises the stylised facts distance:

θ̂ = arg min
θ∈Θ

D(θ) (5.10)

5.3.2 Calibration Workflow and Results

The model is calibrated by choosing values for the model parameters so that the dynamics of the

simulated price time series match those observed empirical price time series. Specifically, the aim of the

calibration process is to find θ̂ that minimises the stylised facts distance, as specified in Equation 5.10.

As mentioned, the data used in the calibration are the price time series data of the most liquid contract

of E-mini S&P 500 futures, from May 3rd, 2010 to May 6th, 2010. The model parameters are calibrated

for every trading day10. After a large-scale trial and error, seven model parameters are selected to

be calibrated. The seven parameters are: µℓ, σNT , κ1, κ2, βL, βS , θMM . Specific meanings of these

seven parameters are presented in the previous section. In terms of the replication of stylised facts,

10Due to the flash crash event in the afternoon trading session on May 6th, 2010, only the first half of the trading data
(8:00-12:30) is used to calibrate the model parameters for this trading day.
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Date µℓ σNT κ1 κ2 βL βS θMM D(θ̂)

20100503 0.9093 0.7895 0.1632 0.0235 0.0924 0.0252 0.7805 0.2259
20100504 1.2717 0.6732 0.0933 0.3402 0.6964 0.681 0.8998 0.2269
20100505 1.7396 0.6176 0.2844 0.2098 0.5935 0.055 0.8291 0.2191
20100506 1.0098 0.0107 0.3697 0.1649 0.7494 0.9877 0.3265 0.1666

Table 5.4 Calibrated values for the seven model parameters and the yielded stylised facts distances

our experiments show that the simulation results are less sensitive to the values for other parameters.

As a result, it is reasonable to keep other parameters fixed. This choice significantly reduces the

computational complexity of the calibration process. These parameters and corresponding descriptions,

as well as specific values, are presented in Appendix A and Appendix B.

The calibration workflow in our experiments consists of two stages. The first stage follows exactly the

same calibration approach outlined in Chapter 3. Refer to Section 3.3.3 for a detailed description of

this process. After the first stage of the calibration, quasi-optimal parameters are given by the machine

learning surrogate. Even though global optimum is not guaranteed, it is shown in our experiments that

the obtained parameter combination yields small stylised facts distance and is capable of reproducing

realistic price dynamics. It is likely that the global optimal parameters are located close to the

parameters generated by the first stage. Taking this into consideration, a numerical grid search over

a feasible bounded set of parameters is carried out. The feasible set of parameters is centred around

the optimal parameters given by the surrogate modelling approach in stage one. The parameter

combination that yields the smallest stylised facts distance is selected as the final calibrated model

parameter combination. Calibrated model parameter values for each trading day, as well as the yielded

stylised facts distance, are presented in Table 5.4.

Figure 5.3 compares the empirical time series of mid-price on May 5th to the simulated mid-price time

series. Visual inspection shows that the model produces price time series whose dynamics are very

similar to those in empirical data. Nevertheless, a quantitative assessment is required to validate the

proposed simulation model, which is presented in the subsequent section.

5.3.3 Model Validation

Table 5.4 shows the stylised facts distance of the calibrated model. However, the value itself does not

present an intuitive description of how well the simulated data fit empirical data. A cross-check on the

validity of our model topology and calibration strategy is needed. Following [FW12], two metrics are
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Figure 5.3 Comparison between empirical mid-price time series on May 5th and simulated mid-price
time series on May 5th

used for assessing the quality of the moment matching and the validity of the model simulation: the

moment-specific p-value and the moment coverage ratio.

Statistical Hypothesis Testing: Moment-specific p-value

The stylised facts distance provides us with numerical values for the realism of the simulation. However,

one more elementary question needs to be addressed: whether the data generated by model calibration

and simulation would be rejected by the empirical data. The question is answered by calculating a

moment-specific p-value as a statistical hypothesis test.

Recall that in previous sections, the weights are calculated by the block bootstrapping method proposed

in [FW12]. While the variance of block bootstrapping samples is the corresponding weight for each part

of the loss function, the large number of samples obtained in this procedure can also be used to apply

the loss function D to them. In this way, an entire frequency distribution of values of D is available,

which can subsequently be contrasted with the simulated distribution of values of D. The fundamental

idea is that the set of bootstrapped samples of return time series is a proxy of the set of different return

time series samples that could be produced if the hypothetical real-world data generation process exists.

Accordingly, if a simulated return time series yields a value of D within the range of the bootstrapped

values of D, this simulated return time series is difficult to distinguish from a real-world series.

Note that a Monte Carlo experiment is undertaken and the simulation is repeated many times to

create a distribution of model-generated D values. In total, two distributions of D values are obtained:

bootstrapped distribution and Monte Carlo simulated distribution. Let N denote the number of

bootstrapped samples. For consistency, we also select N Monte Carlo samples to create the simulated
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Date 20100503 20100504 20100505 20100506
p-value 0.1833 0.4167 0.0833 0.6167

Table 5.5 P-values for the calibrated model for all trading days

distribution. Let Db and Dm(θ̂) denote the bootstrapped sample and Monte Carlo sample, respectively11.

The distributions of the following two sets of D-values are then compared:

Bootstrap : {Db}Nb=1

Simulated : {Dm(θ̂)}Nm=1

(5.11)

The p-value is obtained as follows. A critical value of D is established from the bootstrapped distribution

of values of D. Taking account of the rare extreme events with a significance level of 5%, the critical

value is defined to be the 95% percentile D0.95 of the bootstrapped D. In this way, a simulated return

time series will be considered to be inconsistent with the real-world data, and therefore be rejected, if

the corresponding D-value is larger than D0.95. Take the May 3rd trading day as an example. Here

D = 0.2114 is obtained as the critical value of the bootstrapped distance function. As for the Monte

Carlo simulation, the model-generated distribution of D is prominently wider to the right. The detailed

calculation yields that D0.95 corresponds to the 18.33% percentile of the simulated distribution of

values of D. Following the general moment matching convention in [FW12], the model is said to have a

p-value of 0.1833, with respect to the estimated parameter vector θ̂, the historical data for May 3rd,

and the specific moments that we have chosen. According to the conventional significance criteria,

for this trading day the model will not be rejected as being obviously inconsistent with the empirical

data. Following [FW12], a p-value of 0.1833 is actually believed to be a fairly good performance for an

agent-based financial market simulator. The p-values for the calibrated model for all trading days are

shown in Table 5.5.

From Table 5.5 we can see that for all trading days in the collected dataset, the moment-specific p-values

are greater than 0.05. Consequently, we cannot reject the null hypothesis which specifies that the

simulated return time series belongs to the same distribution as the empirical return time series. This

statistical hypothesis testing gives further evidence that the calibrated model is capable of generating

realistic financial price time series.

11The Monte Carlo simulated distance value D is dependent on the estimated set of parameters θ̂.
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Moment Coverage Ratio

The previous evaluation of the model is based on the values of the stylised facts distance function

D. While statistical testing enables us to evaluate the validity of the model simulation, the quality

of moment matching for each specific moment is still unknown. Another potential issue is that the

stylised facts distance function D is the optimisation target during the calibration process. Thus the

evaluation metric involving the distance D may be biased because of the potential overfitting problem.

To address the above problems, the "moment coverage ratio" (MCR) metric is adopted to assess the

degree of moment matching, taking into account each specific moment. The moment coverage ratio

is originally proposed in [FW12]. The basis for moment coverage ratio calculation is the concept of a

confidence interval of the empirical moments. Consistent with [FW12], the 95% confidence interval of a

moment is considered, which is defined to be the interval with boundaries ±1.96 times the standard

deviation around the empirical value of this moment. The next step is to determine the standard

deviation for each empirical moment. [FW12] apply the delta method to the autocorrelation coefficients

to calculate the standard deviation. In this work, we use a more direct way to obtain the empirical

standard deviation, which is based on the block bootstrapping method. Recall that large quantities

of return time series are obtained by the block bootstrapping method. For each specific moment, a

moment value can be calculated out of every sampled return series. In total, there will be B values for

each moment, where B is the bootstrapping sample number. The standard deviation of those values is

considered to be the standard deviation for the corresponding empirical moment. One may feel uneasy

about the bootstrapping of the autocorrelation functions at longer lags since the method alters the

temporal order of the return series. However, the block size in our block bootstrapping method is 1800,

which is significantly larger than the longest lag (90) in the autocorrelation functions. Consequently,

the impact of bootstrapped block re-ordering on the autocorrelation functions is negligible.

With the standard deviation on hand, the corresponding confidence interval for each specific moment

is immediately available. In this way an intuitive criterion for assessing a simulated return series is

obtained: if all of its moments are contained in the confidence intervals, the simulated return series

cannot be rejected as being incompatible with empirical data. Nonetheless, one single simulation is not

sufficient to evaluate a model as a whole due to the sample variability. In addition, it is likely that

some moments are contained in the confidence interval while others are not for one simulated return

series. Consequently, considering multiple simulation runs of the model will provide a more exhaustive

assessment of the model’s performance. Specifically, for each simulation run the confidence interval
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Moment
Date 20100503 20100504 20100505 20100506

Hill estimator (inverse) 98.3% 66.7% 98.3% 100.0%
Volatility 0.0% 85.0% 100.0% 56.7%

Return autocorrelation (30 lags) 85.0% 78.3% 50.0% 90.0%
Return autocorrelation (60 lags) 100.0% 98.3% 96.7% 96.7%
Return autocorrelation (90 lags) 98.3% 60.0% 100.0% 58.3%

Squared return autocorrelation (1 lag) 100.0% 98.3% 95.0% 93.3%
Squared return autocorrelation (30 lags) 78.3% 51.7% 71.7% 98.3%
Squared return autocorrelation (60 lags) 88.3% 10.0% 80.0% 73.3%
Squared return autocorrelation (90 lags) 91.7% 46.7% 76.7% 51.7%

Table 5.6 Moment coverage ratios of the calibrated model

check is repeated. We count the number of Monte Carlo simulation runs in which the single moments

are contained in the corresponding confidence intervals. The corresponding percentage numbers out of

all Monte Carlo runs are defined as the moment coverage ratio.

Since the model is calibrated by each trading day, a Monte Carlo simulation is run for each trading

day and the corresponding moment coverage ratios are calculated to evaluate the calibrated model.

Table 5.6 presents the results of the moment coverage ratios calculation. Except for the volatility

moment on May 3rd and the 90-lag squared return autocorrelation moment on May 4th, all other

moment coverage ratios are higher than 50%. According to the analysis in [FW12], the higher than

50% moment coverage ratio represents a terrific performance of the model. In addition, almost half of

the moment coverage ratios are even higher than 90%, which indicates that our calibrated model has an

excellent ability to reproduce realistic stylised facts. Overall, with respect to the selected moments, the

calibrated model’s capability of matching empirical moments and reproducing realistic stylised facts is

highly remarkable.

5.4 2010 Flash Crash Scenario

As a real-world application, the proposed model is used to investigate market dynamics during flash

crash events and the conditions for the occurrence of flash crash scenarios. This section will present the

reproduction and investigation of a famous historical flash crash event - the flash crash on May 6th,

2010. In the next section, we will investigate conditions for the occurrence of mini flash crash events.
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5.4.1 Simulating Historical Flash Crash

We simulate the 2010 Flash Crash within the framework of our high-frequency financial market simulator.

The flash crash happened in the afternoon trading session on May 6th, 2010, starting at around 14:30.

As mentioned before, the model parameters are calibrated to the data in the morning trading session

(8:00-12:30) to avoid overfitting12. According to the CFTC-SEC staff report, an automated execution

algorithm, which aimed at selling a large number of contracts, is identified as one important trigger

for the flash crash. Consistent with this report, an institutional trader is introduced in the simulator

to mimic the automatic Sell Algorithm. The institutional trader will initiate a Sell Algorithm that

intends to sell a large quantity of contracts at 14:30 in our simulator. The parameters associated with

the institutional traders are tuned to reproduce realistic flash crash behaviours as in historical data.

We present the trading configuration of the institutional trader in the subsequent session, followed by a

detailed analysis of the market dynamics during the simulated flash crash event.

Introduction of Institutional Trader (INS)

The institutional trader is specially designed to replicate the behaviour of the large institutional trader

who initiated the sell program to sell a large quantity of E-mini contracts on May 6th, 2010. In the

beginning, the institutional trader has a large inventory of Q E-mini contracts. The institutional trader

will start a sell program to sell the inventory at 14:30 in the simulation. Consistent with the historical

scenarios, the sell program in the simulation is executed via an automated execution algorithm that is

programmed to submit orders into the market to target a certain execution rate, which is a percentage

of the market trading volume calculated over the previous minute. The execution rate is denoted

as r, which is set to 9% in our simulation according to [SC10]. Note that the Sell Algorithm only

considers the total trading volume in the market, taking no account of the market price or time. This

procyclical behaviour is potentially one causal factor in the occurrence of flash crash events. As for

specific trading behaviours, the institutional trader always keeps count of the total trading volume V of

the last minute, and submits a market sell order every n seconds. For each market order, the volume

would be V ∗ r ∗ n
60 , where n

60 is a scaling factor ensuring the target execution rate r is achieved by the

sell program. The institutional trader continues trading until all the inventory is cleared. Algorithm 6

describes the trading behaviours of the institutional trader in detail.

12Except for market maker inventory limit and fundamental trader trading frequency, which are key to generating
realistic flash crashes.
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Algorithm 6 Institutional Trader Logic
1: Initialise n, r, Q
2: for each simulation step do
3: V ← total trading volume in the market for the last minute
4: if (simulation timestamp > 14 : 30 ) ∧(Q > 0) then
5: vol← V ∗ r ∗ n

60 ;
6: if (step_seconds† mod n) == 0 then
7: Submit a market sell order with volume vol
8: Q← Q− vol
9: else

10: No action taken
11: end if
12: else
13: No action taken
14: end if
15: end for
16:
17: †step_seconds is the number of seconds since the beginning of the simulation

Market Behaviours during Flash Crash

To generate a realistic flash crash event, we fine-tune the parameters of the newly introduced institutional

trader. According to [SC10], the flash crash event is potentially caused by the "hot-potato" effect

among high-frequency market makers and the mismatch of the trading frequency between different

types of traders. Consequently, we also tune the market maker inventory limit and the trading frequency

of fundamental traders. The effect of these parameters on the flash crash event will be presented in

subsequent sessions. All other model parameters are fixed and are given exactly the same values that are

calibrated to the morning trading session data on May 6th, 2010. This configuration helps to reduce the

degree of freedom. In addition, the potential problem of overfitting is avoided since the morning trading

session data used for calibration is not included in simulating the flash crash event. The resulting

simulation of the price time series mimics the real-world flash crash event. Figure 5.4 presents such

a single simulation of the price trajectory that undergoes a flash crash scenario. The corresponding

parameter configuration is shown in Appendix C. Figure 5.5 presents a comparison between simulated

trading volume and historical trading volume during the whole day. Carefully examining such a single

simulation provides useful insights into how the trading behaviour of different types of traders interact

to bring about a flash crash scenario.

By visual inspection, the simulation accurately replicated the defining characteristics of a flash crash.

Figure 5.6 presents the total inventory level for each type of trader around the simulated flash crash

event, and the market sell order volume of the institutional trader. To assist with detailed inventory
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Figure 5.4 One single simulation of the 2010 Flash Crash event. Red line is the historical price; green
line is the simulated price; blue line is the fundamental value extracted by Kalman Smoother

Figure 5.5 Comparison between simulated volume and historical volume on May 6th, 2010

analysis during the flash crash event, Figure 5.7 presents the inventory level for each type of trader

against simulated price during the time interval from 14:30 to 14:50. Figure 5.8 displays the market

depth for both sides of the simulated limit order book, and the comparison between simulated bid-ask

spread and historical bid-ask spread. Detailed examination shows that the simulated flash crash

accurately matches the market dynamics during the historical 2010 Flash Crash. The dynamics around

the simulated flash crash event are as follows.

• The overall market sentiment in the simulation is negative, as we can see that the fundamental

value is broadly decreasing before 14:00. At 14:00, according to Figure 5.6 the fundamental

traders accumulate a negative inventory due to continuously decreasing fundamental value, while

market makers accumulate a positive inventory. Before the flash crash event, the market depth

for both sides of the limit order book is relatively stable, while the simulated bid-ask spread is at

a relatively low level.
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• At 14:30 in the simulated market, the market price has already dropped by 2.63% compared

to the opening price level. Regardless of the downward market trend, the institutional trader

initiates a sell program to sell a large number of inventories, which is 120,000 in our simulation.

The institutional trader decides to execute the sell program via an automated execution algorithm,

which is set to feed market selling orders into the market to target an execution rate of 9%. That

is, for each minute the institutional traders aim to sell 9% of the market trading volume calculated

over the previous minute. Neither price nor time is considered by the Sell Algorithm. Refer to

Algorithm 6 for the specific trading logic of the institutional trader.

• In our simulation, market makers correspond to the high-frequency traders in the real market.

The above selling pressure is initially absorbed by market makers in our simulated market, which

is consistent with the dynamics in the historical market [SC10]. This is shown by the inventory

change for each type of trader in Figure 5.7. From 14:30:00 to 14:40:50, the total inventory for

market makers rapidly increased, while the total inventory for low-frequency fundamental traders

barely changed. During this approximately 11-minute period, the price undergoes a further 2.61%

drop. At 14:40:50, the market depth in the limit order book has slightly decreased and the bid-ask

spread has slightly increased. The scale of change for the market depth and bid-ask spread is

restricted because of the existence of market makers.

• In addition to the above observations, the market transacted volume is continuously increasing

during the above 11-minute time interval due to the trading activities of the Sell Algorithm, as

shown in Figure 5.5. Because of its procyclical nature, the Sell Algorithm used by the institutional

trader responds to the increased volume by increasing the volume of sell orders that it is feeding

into the market, even though the orders that it already submitted to the market were not yet

fully absorbed and have caused non-trivial market turbulence. The increasing order volume of

the institutional trader is shown in panel (b) of Figure 5.6.

• As market makers are the buyers of the initial batch of orders sent by the institutional trader,

they have accumulated massive temporary long positions of the contracts. Nevertheless, the

inventory of market makers cannot accumulate infinitely. At 14:40:50, the inventory limits for

many market makers are exceeded. At this point, a dramatic and significant market crash starts.

Those market makers, who have accumulated excessive positions than their inventory limits,

stop providing liquidity and begin to aggressively sell their inventories in order to reduce their

temporary long positions. This is consistent with the typical trading practice that a market maker
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tends to maintain a relatively small aggregate inventory for the purpose of risk management.

Consequently, these market makers contribute further selling pressure to the market in addition

to the Sell Algorithm. Still lacking sufficient demand from fundamental traders, the aggregate

sell volume is consumed by remaining market makers who are still quoting in the market. As

a result, more market makers accumulate excessive positions than their inventory limits, which

in turn forces them to sell their long positions to the market. The same positions rapidly pass

among all market makers. Such a so-called "hot-potato" effect quickly sweeps almost all market

makers in the market, resulting in a dramatic price drop and quoting suspension of almost all

market makers.

• The combined selling pressure from the Sell Algorithm and market makers drove the price down

by more than 4.16% in less than two minutes from 14:40:50 to 14:42:20, with the price reaching its

intra-day low of 1053.5. Along with the price plunge, the market suffers from great liquidity loss.

The liquidity loss can be reflected by the sharp decrease in market depth during the simulated

flash crash event. In the simulated morning trading session, the average market depth for both

bid and ask sides is around 5000. In contrast, during the simulated large price plunge that starts

at around 14:40, the market depth for both the bid and ask sides is less than 1000, even reaching

0 on the bid side for more than 1 minute. The significant liquidity loss in our simulation is mostly

because of the withdrawal of market makers from the market. The withdrawal of market makers

in our simulation is consistent with empirical findings in [SC10], which states that real market

makers did stop trading during the 2010 Flash Crash event. According to Figure 5.8, the market

depth for both sides of the limit order book dropped dramatically during this period. There is

less than 1% of bid-side market depth observed during normal trading hours, with even zero

bid-side market depth for around 30 seconds in the middle of 14:41. The bid-ask spread widens

dramatically, reaching more than 20 ticks at this short time interval.

• As the price drops quickly, the demand from fundamental traders gradually increases according

to Equation 5.1. Figure 5.7 shows that fundamental traders do absorb a portion of selling volume

during the sharpest price drop. However, the sudden decline in both price and liquidity indicates

that the price was moving so fast that fundamental traders were incapable of providing enough

buying support.

• After the price hits the intra-day low level, the demand from fundamental traders finally increases

to a level that is able to counteract the selling pressure from the institutional trader. Starting
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Figure 5.6 (a): Total inventory level for each type of trader, around the simulated flash crash event
(14:00 - 15:15). (b): The volume change for the selling orders of the institutional trader, during the
time when the institutional trader is active

at 14:42:20, the price hovers at the lower level for approximately one minute and then starts to

bounce back quickly towards the fundamental value. The Sell Algorithm continues to feed sell

orders to the market until about 14:47, at which point the inventory of the institutional trader

has been emptied.

The above is a detailed analysis of the market dynamics of a simulated flash crash event. The simulated

dynamics accurately match the dynamics of the historical 2010 Flash Crash event. Both simulated

flash crash and historical flash crash have an amplitude of around 7% (starting from 14:30:00), and

both prices undergo a similar "flash crash" shape. A large Sell Algorithm is replicated to trigger the

simulated flash crash, and is executed for around 17 minutes, which is close to the 20-minute execution

time of the historical Sell Algorithm. The overall liquidity loss during the flash crash is replicated

accurately, with decreased market depth and enlarged bid-ask spread as emergent properties of the

simulation. We also reproduce realistic patterns in the simulated market trading volume. The detailed

progress of the simulated flash crash also matches the empirical analysis of the historical flash crash

event.

In the subsequent section, we will explore the conditions that influence the severity of the flash crash

event.

5.4.2 Flash Crash Under Different Conditions

The above presents an analysis of the market dynamics during the simulated flash crash event. A natural

question to follow is what factors contribute to the sharp price drop. One significant advantage of the
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Figure 5.7 Detailed simulated mid-price against the inventories of each category of trader from 14:30
to 14:50. (a): Simulated and historical price from 14:30 to 14:50. (b): Total inventory level for each
type of trader during period of time from 14:30 to 14:50

agent-based model is the ability to be simulated multiple times under different conditions to reproduce

realistic market events, while the historical event only happens once. This makes the agent-based model

a perfect testbed for exploring the conditions that lead to various rare market events, such as the flash

crash. In this section, we explore the conditions that would influence the severity of flash crash events.

To measure the severity of flash crash events, we define the amplitude of the flash crash event in our

simulation as the maximum percentage price drop after 14:00. Specifically, the flash crash amplitude

Amp is calculated as below:

Amp = |TWAP14:00−14:05 − Pmin

TWAP14:00−14:05
| (5.12)

where TWAP14:00−14:05 is the time-weighted average price of the time interval between 14:00 and 14:05,

while Pmin is the lowest price during the flash crash simulation.

The main methodology applied here is Monte Carlo simulation experiments under controlled conditions.

The conditions are represented by model parameters. Each combination of model parameters corresponds

to a specific market condition configuration. For each combination of model parameters, multiple

simulations are carried out. For each simulation, the amplitude of the simulated flash crash is calculated.

In this way, a distribution of flash crash amplitudes is obtained. To reduce the influence of extreme

values, the 50% quantile of all the Monte Carlo simulated amplitudes is defined as the flash crash

amplitude associated with the condition that is represented by the specific combination of model
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Figure 5.8 (a): Simulated market depth (total resting volume) of bid-side limit order book. (b):
Simulated market depth (total resting volume) of ask-side limit order book. (c): Bid-ask spread in
the simulated limit order book. (d): Bid-ask spread in the historical limit order book. All four panels
display period of time spanning from 12:30 to 16:15

parameters. The 40% and 60% quantiles of the simulated flash crash amplitudes are also recorded.

The 40% and 60% quantiles are chosen to reflect the rough variation of the mean simulated flash crash

amplitudes.

To explore how one specific condition affects the severity of flash crash events, we change the

corresponding model parameter and repeat the above Monte Carlo simulation to get the associated

flash crash amplitude. The other model parameters are given the previous calibrated values and are

kept fixed during this experimental process. This allows us to observe how the flash crash amplitude

changes when only one specific model parameter changes. In particular, we are interested in three

model parameters that relate closely to the flash crash amplitude: the percentage of volume for the

Sell Algorithm (r), the inventory limit for each market maker (εMM
limit), and the trading frequency for



136 Chapter 5. High-frequency financial market simulation and flash crash analysis

Figure 5.9 (a): Relationship between the amplitude of simulated flash crashes and the inventory
limit of market makers. (b): Relationship between the amplitude of simulated flash crashes and the
percentage of volume r for the Sell Algorithm (Institutional Trader). (c): Relationship between the
amplitude of simulated flash crashes and the trading frequency of fundamental traders.

fundamental traders (FTfreq). Figure 5.9 presents the relationships between these model parameters

and the simulated flash crash amplitude. Detailed analysis is as follows.

Percentage of Volume for the Sell Algorithm

One important parameter that characterises the Sell Algorithm is the percentage of volume r, which

determines the target execution rate of the Sell Algorithm. Specifically, r is the percentage of the

market trading volume calculated over the previous minute that the Sell Algorithm aims to execute.

Monte Carlo simulation is carried out with different values for r, while other model parameters are

given the previous calibrated values and are strictly kept constant. Panel (a) in Figure 5.9 shows the

relationship between the simulated flash crash amplitude and the percentage of volume r.

It is shown that when r is small, the amplitude of the flash crash is limited. When r is increased, the

flash crash amplitude is also enlarged. Within a certain range, the more aggressive the Sell Algorithm

(larger r), the more severe the flash crash event (larger amplitude). This phenomenon is consistent

with our intuition. One interesting phenomenon is that after r exceeds 5%, the flash crash amplitude

barely changes even though we continue to increase the value of r. The reason is that as long as the

price reaches a certain lower level, the demand generated from fundamental traders is large enough to

digest the inventory of the institutional trader. Since the total inventory of the institutional trader is

fixed, the lowest price that could be reached during the simulation barely changed. Consequently, the

flash crash amplitude stops increasing despite larger values for r.

The lessons learned from this experiment mainly involve the choice of algorithmic trading strategies for

large institutional traders. The market impact of an algorithmic trading strategy may contradict our

intuition, as is the case here when r is larger than 5%. Instead, the complex interaction between an
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algorithmic trading strategy and other market participants is likely to cause unexpected consequences.

It is strongly recommended that institutional traders deploy agent-based financial market simulation to

explore potential consequences before choosing a specific algorithmic trading strategy.

Inventory limit for market makers

Both empirical and simulation analyses indicate that high-frequency market makers play an important

role in the flash crash event. Though market makers initially absorb lots of selling pressure from the

institutional trader, they quickly turn into aggressive sellers after their inventory limits are exceeded,

creating the "hot-potato" effect that exacerbates the crash. The inventory limit εMM
limit plays an important

role in controlling the significance of the "hot-potato" effect. Consequently, the value of εMM
limit also

influences the flash crash amplitude. We run Monte Carlo simulations with different values for εMM
limit .

Other parameters are given the previous calibrated values and are kept constant. Panel (b) in Figure 5.9

presents the relationship between the simulated flash crash amplitude and the inventory limit for each

market maker εMM
limit .

It is shown that the functional relationship between flash crash amplitude and market maker inventory

limit is not monotonous. When the εMM
limit is relatively small (smaller than 8000 in our simulation), the

flash crash amplitude is an increasing function with regard to εMM
limit . This is because the larger the

εMM
limit , the more inventory that the market makers will accumulate. With more accumulated inventory,

the market makers will create much more selling pressure at the point when their inventory limits are

exceeded, resulting in a more severe crash. However, the flash crash amplitude decreases on increasing

the value of εMM
limit if the εMM

limit is larger than a certain level (around 8000 in our simulation). This is

because the large enough εMM
limit makes it possible for market makers to absorb a larger portion of selling

pressure from the Sell Algorithm. As a result, there are fewer market makers whose inventory limits

are reached, curtailing the "hot-potato" effect during the flash crash. In extreme cases when inventory

limits for market makers are infinite, the market makers will absorb all selling pressure in the market

and there will be no flash crash event.

The analysis here emphasises the importance of risk management for high-frequency market makers.

Given that all market makers implement some form of inventory control, the decreasing part of panel

(b) in Figure 5.9 is unlikely to occur in a real-world trading environment. Instead, most real-world

market makers have inventory limits that lie on the increasing part of the curve. An individual market
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maker may consider his own inventory limit to be proper; however, multiple "proper" inventory limits

combined may lead to a significant crash under stressed scenarios due to the "hot-potato" effect. In

order to foster a smooth and stable market, experimental results suggest that policymakers could

impose certain inventory limits on all high-frequency market makers.

Trading frequency for fundamental traders

According to [KNWB18], the mismatch of trading frequency between different types of traders is an

important factor that leads to flash crash scenarios. The flash crash happens when the market is

dominated by the procyclical behaviours of high-frequency market participants. The price moves so

fast that lower frequency fundamental traders are unable to supply enough buy-side liquidity. So what

will happen if we change the relative frequency between the market makers and fundamental traders

in our simulation? Experiments are carried out with different trading frequencies for fundamental

traders. The trading frequency of fundamental traders is changed by changing SFT
interval, which is the

interval between actions from the same fundamental traders. Specifically, once a fundamental trader

submits an order to the market, the same fundamental trader is not able to participate in the simulated

market within the subsequent SFT
interval steps. Only after SFT

interval step can this fundamental trader

submit another order to the market. In the default calibrated simulation SFT
interval is 100, while the same

interval for market makers is 1. In other words, market makers can act in every simulation step, while

a fundamental trader can only act once in every 100 steps. The smaller the SFT
interval is, the higher the

trading frequency for fundamental traders. If SFT
interval has value 1, the fundamental traders would have

the same trading frequency as market makers, creating the imaginary "high-frequency fundamental

traders". Panel (c) in Figure 5.9 presents how the flash crash amplitude changes when the trading

frequency of fundamental traders changes.

The figure indicates that there is a monotonous relationship between flash crash amplitude and the

trading frequency of fundamental traders. Note that the larger the interval is, the lower the trading

frequency is. Thus the flash crash amplitude decreases when we increase the trading frequency of

fundamental traders. If the fundamental traders have the same trading frequency as the market makers,

the flash crash amplitude becomes small enough that the flash crash turns into a small shock in the

market.

The analysis here supports the argument that the mismatch of trading frequency between different
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types of traders potentially leads to flash crash events. There is hardly an imaginary "high-frequency

fundamental trader" in the real-world trading environment. Thus practical trading environment

corresponds to the right-hand part of the functional relationship in Panel (c) of Figure 5.9, where

fundamental traders act at a lower frequency. The results indirectly show that high-frequency trader is

an important factor in the occurrence of flash crash scenarios.

5.4.3 Simulating Other Flash Crash Events

The proposed model effectively simulates the 2010 Flash Crash, demonstrating its realistic representation.

Furthermore, its adaptability allows for extensive application in simulating various flash crash events.

By fine-tuning model parameters, we successfully extend its capabilities to replicate other notable

instances, such as the 2013 Flash Crash in American markets and the 2016 Flash Crash of the British

Pound. While constrained by the absence of order book level data, our simulations are able to capture

the specific shapes of these flash crash events. The results are not presented here as they are not

the primary focus of this thesis. Nevertheless, these simulations showcase the generalisability of the

proposed high-frequency agent-based financial market simulator.

5.4.4 Alternative Explanations for Flash Crash Events

The above section focuses on flash crashes caused by internal market dynamics. These include liquidity

imbalances, inventory constraints, and the interactions between different types of traders. But flash

crashes may also be triggered by external or manipulative actions.

One well-known example is spoofing [FGG21]. Spoofing refers to placing a large number of orders

without the intention for them to be executed [CJW20]. These orders are quickly cancelled before they

are executed. The primary goal of this behaviour is to deceive other market participants by creating a

false supply or demand.

Spoofing can move prices and cause panic in the order book, leading to sudden liquidity withdrawal

or price swings. Recent evidence shows that during the 2010 Flash Crash, a trader used spoofing

techniques in the E-mini S&P 500 futures market [AGL17]. As a result, a large volume of spoofing

orders was submitted to the market and then quickly cancelled. It is believed that this activity also

contributed to the flash crash event. While spoofing may not be the main reason for the crash, it

contributes to the crash by creating stress in an already fragile market.
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This shows that flash crashes can also be the result of market manipulation. Future research could

build on this. Our agent-based models could be extended to simulate spoofing behaviour, similar to the

work in [WW17]. It would be interesting to test how manipulative strategies impact market stability in

our agent-based financial market simulation framework.

5.5 Mini Flash Crash Scenarios

The above section provides an analysis of the occurrence of flash crash events. The 2010 Flash Crash

is so large that no following events have rivalled its depth, breadth, and speed of price movement

[PHSB17]. However, flash crashes on a smaller scale do occur more frequently. [JZH+12] identify

more than 18000 mini flash crash incidents between 2006 and 2011 in US equity markets. Those mini

flash crashes are characterised by abrupt and severe price changes over a short period of time. One

natural question is how those mini flash crashes happened. As a second application for the proposed

agent-based model, we investigate and analyse the causes of mini flash crashes in the framework of our

agent-based financial market simulation. An innovative "Spiking Trader" is introduced to the market

to mimic the trigger of mini flash crash events. A typical mini flash crash event in our simulation is

analysed in detail, followed by experiments for exploring the conditions for mini flash crash events.

5.5.1 Introduction of Spiking Trader (ST)

In the current literature, there is a growing consensus that mini flash crashes result from interactions

between various trading algorithms that operate at or beyond the limits of human response times, such

as the procyclical behaviours of high-frequency market participants. However, there are various triggers

for mini flash crash events. According to [KNWB18], one specific trigger could be orders that are large

relative to the supply of available limit orders, which bring price shocks to the market. To mimic the

occasional price shock in the market, a type of trader agent called "Spiking Trader" is introduced to

our agent-based artificial financial market.

The proposed spiking trader mainly creates price shocks to the market, either upward or downward.

Initially, the spiking trader is inactive. For each simulation step, there is a small probability that a

spiking trader is activated. Once activated, the spiking trader will submit market orders of the same

direction for several consecutive simulation steps, creating price shocks in one direction. A spiking
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Algorithm 7 Spiking Trader Logic
1: Initialise Nspike, µspike, Vspike

2: Status← 0; D ← Sell
3: for each simulation step do
4: if Status > 0 then
5: Submit a market order with volume Vspike, direction D
6: Status← Status− 1
7: else
8: if p ∈ U(0, 1) < µspike then
9: if p ∈ U(0, 1) < 0.5 then D ← Sell else D ← Buy end if

10: Status← Nspike

11: else
12: No action taken
13: end if
14: end if
15: end for

trader is associated with three parameters: Nspike, µspike, and Vspike. Nspike represents the number of

consecutive orders to be submitted after the spiking trader is activated. µspike is the probability of

being activated in a certain simulation step. Vspike is the volume of the orders from spiking traders.

Detailed trading logic for spiking traders is shown in Algorithm 7. Note that NST spiking traders are

introduced to the agent-based simulation model. In our experiments, NST has a value of 2.

5.5.2 Mini Flash Crash Analysis

To investigate mini flash crash events, there are some modifications to the simulation configuration.

The number of market makers in the simulation is reduced. Our experiments show that this increases

the probability of the occurrence of mini flash crash events. The reason is that fewer market makers will

lead to thinner market depth, generating more mini flash crash events for scrutiny. The institutional

trader is removed from the market; while two spiking traders are introduced to the market simulation.

Other model parameters are the same as the simulation for the 2010 Flash Crash. Detailed model

parameters for mini flash crash simulation are shown in Appendix D.

Figure 5.10 presents a typical mini flash crash scenario in our simulation. The price drops nearly 80

basis points in just several seconds, and then bounces back towards the fundamental value. Figure 5.11

shows the inventory level for each type of trader against simulated price during the mini flash crash

scenario. According to Figure 5.11, the trigger and dynamics for that specific simulated mini flash

crash are very straightforward:
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• At 12:08:38, a spiking trader is activated to bring downward shocks to the market. The spiking

trader submits sell orders to the market in the next 2 seconds. The sell pressure in the 2-second

interval is mainly absorbed by market makers.

• Having absorbed the sell orders from spiking traders, one market maker accumulates a relatively

large inventory at 12:08:40 and the inventory limit is reached. For risk management purposes, the

market maker decides to reduce the position and then temporarily withdraw from the market.

The sell orders from this market maker are digested by other market makers.

• The same high-frequency dynamic happens between 12:08:40 and 12:08:42. During this small

period of time, the same positions transfer between different market makers, creating the "hot-

potato" effect on a smaller scale. Several market makers withdraw from the market temporarily

after emptying their inventory.

• At 12:08:42, only 4 seconds after the spiking trader is activated, the market suffers from liquidity

loss because of the withdrawal of some market makers. The sell orders from the remaining market

makers create dramatic market impacts due to thin liquidity, dragging the price down for more

than 60 basis points in 5 seconds.

• At 12:08:47, the price has dropped 80 basis points compared to the price level at 12:08:38. The

price then stops dropping and gradually bounces back to the original level.

Note that in the above simulation, the fundamental traders are configured to have a trading interval of

100 steps, which is the calibrated value from Section 4. The specific simulated mini flash crash event

happens in a time horizon that is shorter than the horizon over which lower frequency fundamental

traders observe the market. This is shown in Figure 5.11, where the inventory for fundamental traders

hardly changed during the mini flash crash event. The analysis shows that the mini flash crash events

result from the procyclical behaviours among high-frequency market makers, precipitated by price

shocks that are created by spiking traders or other market participants.

5.5.3 Conditions for Mini Flash Crash Scenarios

In previous sections, we explore how different conditions influence the amplitude of large flash crash

events. Here we address the question of how those conditions influence the characteristics of mini flash

crash events. Since the institutional trader is removed from the simulation, two conditions that are
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Figure 5.10 One typical simulated mini flash crash event. Red line is the historical price; green line is
the simulated price; blue line is the fundamental value

Figure 5.11 Detailed simulated price against the inventories of each type of trader during the simulated
mini flash crash event. (a): Simulated and historical price from 12:08:30 to 12:09:00. (b): Total
inventory level for each type of trader during period of time from 12:08:30 to 12:09:00

unrelated to the institutional trader are considered: the inventory limit of market makers and the

trading frequency of fundamental traders. Unlike the colossal flash crashes that happen extremely

rarely, mini flash crashes occur more frequently in modern financial markets where high-frequency

trading contributes to a vast portion of transactions. Consequently, the characteristics of mini flash

crash events are twofold: the frequency of the occurrence of mini flash crash events and the crash

severity once a mini flash crash occurs.

To explore the characteristics of mini flash crashes under different conditions, a Monte Carlo simulation

experiment is carried out. For the purpose of consistency, the simulation also mimics the E-mini futures

market on May 6th. The simulation spans from 8:00 to 12:30 on May 6th, 2010, excluding the afternoon

trading session to reduce the influence of the large historical flash crash event. Except for the two model

parameters that represent the two conditions that are of interest, other model parameters are assigned
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the same value as the calibration results and are strictly kept fixed13. For each parameter combination,

which represents a specific condition, we run 60 simulations and calculate the average frequency for the

occurrence of mini flash crash events and the average amplitude for the mini flash crash events.

The remaining questions to solve are how to count the mini flash crashes and how to measure the

amplitude of a mini flash crash. Following [KNWB18], a mini flash crash is classified as a k standard

deviation move in price, which reverses over a horizon that is less than certain periods of time. The k

has values 2, 3, and 4 in our experiments. Note that because the spiking trader can create both upward

and downward price shock, we also consider the upward "flare up" event as another form of mini flash

crash14. Specifically, in our experiments, a k-sd mini flash crash is defined to be the peak or trough

price behaviour inside a 10-minute interval, where the price moves more than k standard deviations

and then bounces back. The k standard deviation is calculated by reference to the minute-level return.

Inspired by topography, the amplitude of the mini flash crash event is then defined to be the prominence

of the peak or trough price trajectory. A specific method to calculate the prominence can be found in

[VGO+20].

We calculate the average number of occurrences of mini flash crash events and the average amplitude

for the mini flash crash events under different conditions. The results are shown in Figure 5.12 and

Figure 5.13.

Figure 5.12 presents how the average number of mini flash crashes per simulation changes when the

inventory limit of market makers and trading frequency of fundamental traders vary. As shown in

panel (a), increasing the inventory limit will decrease the average number of mini flash crashes in our

simulation, indicating a lower frequency for the occurrence of mini flash crash events. This result

is consistent with our intuition. The larger the inventory limit for market makers, the more selling

pressure market makers are able to absorb. Thus the "hot-potato" effect is less likely to appear with

a larger inventory limit for market makers, resulting in fewer mini flash crashes. As for the trading

frequency of fundamental traders, however, the frequency of the occurrence of mini flash crash events

barely changes when we vary the trading frequency parameter of fundamental traders. This is presented

in panel (b) of Figure 5.12. One possible explanation is that mini flash crash events happen in an

extremely short time scale and the amplitude is relatively small. Consequently, fundamental traders

13Due to no calibration results, the model parameters for the newly introduced spiking trader are given values
heuristically.

14The definition for "flare up" and "flash crash" are symmetrical: "flare up" is a rapid price rise followed by a price
drop.
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Figure 5.12 (a): Relationship between the average number of mini flash crashes per simulation and
the inventory limit of market maker. (b): Relationship between the average number of mini flash
crashes per simulation and the trading frequency of fundamental traders.

are hardly able to nor willing to participate during the course of the mini flash crash events.

Figure 5.13 presents how the average amplitude of mini flash crashes changes when the inventory limit

of market makers and trading frequency of fundamental traders vary. As demonstrated by Panel (a) in

Figure 5.13, the functional relationship between mini flash crash amplitude and market maker inventory

limit is not monotonous. The average mini flash crash amplitude is an increasing function with regard

to the market maker inventory limit when the inventory limit is small, while it turns into a decreasing

function when the market maker inventory limit is large enough. The logic here is very similar to

the previous analysis. While the inventory limit of market maker is small, increasing the inventory

limit will result in more selling pressure when the inventory limit is hit, leading to a larger crash

amplitude. However, a large enough market maker inventory limit would absorb most shocks in the

market, restricting the scale of the mini flash crash events. Moving on to panel (b) in Figure 5.13, we

observe no obvious influence of fundamental traders’ trading frequency on the amplitude of mini flash

crash events. This phenomenon once again demonstrates that fundamental traders hardly participate

in the course of mini flash crash events.

5.5.4 Comparison Between Large and Mini Flash Crash Events

Generally speaking, mini flash crash scenarios can be viewed as scaled-down versions of larger flash

crash events, with the latter occurring less frequently than the former. In our simulation, both scenarios

share a similar underlying mechanism. In both cases, the initiation involves relatively large orders,
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Figure 5.13 (a): Relationship between the average amplitude of simulated mini flash crashes and the
inventory limit of market maker. (b): Relationship between the average amplitude of simulated mini
flash crashes and the trading frequency of fundamental traders.

followed by exacerbation from high-frequency market makers.

The primary distinction between a large flash crash event and mini flash crash scenarios lies in the scale

and magnitude of the market disruption. A "large flash crash event" typically refers to a significant

and abrupt decline in asset prices across various markets, often involving major financial instruments.

These events are characterised by a rapid and substantial market downturn, resulting in a sharp drop in

prices and high volatility. Large flash crashes can have widespread implications for the financial system

and are often associated with systemic risks.

On the other hand, "mini flash crash scenarios" refer to smaller-scale disruptions that share similarities

with large flash crashes but are less extensive in their impact. These events may involve specific stocks,

sectors, or asset classes rather than affecting the entire market. While still characterised by sudden and

sharp price movements, mini flash crashes tend to have a more localised effect and may not pose the

same level of systemic risk as their larger counterparts.

5.6 Summary

A novel high-frequency agent-based financial market simulator is implemented to generate a realistic

high-frequency simulated financial market. Each simulation step corresponds to 100 milliseconds in

the real-world trading environment. Full exchange protocols (limit order books) are implemented to

simulate the order matching process. In this way, we provide a microstructure model of a single security

traded on a central limit order book in which market participants follow fixed behavioural rules. The
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model is calibrated using the machine learning surrogate modelling approach. Statistical test and

moment coverage ratio results show that the simulation is capable of reproducing realistic stylised facts

in financial markets.

The simulator is then employed to explore the dynamics during flash crash episodes and the conditions

that affect flash crash episodes. Under the framework of the proposed high-frequency agent-based

financial market simulator, the 2010 Flash Crash is realistically simulated by introducing an institutional

trader that mimics the real-world Sell Algorithm on May 6th, 2010. We investigate the market dynamics

during the simulated flash crash and show that the simulated dynamics are consistent with what

happened in historical flash crash scenarios. We then explore the conditions that could influence

the characteristics of the 2010 Flash Crash. It is found that three conditions significantly affected

the amplitude of the 2010 Flash Crash: the percentage of volume of the Sell Algorithm, the market

maker inventory limit, and the trading frequency of fundamental traders. In particular, we found that

the relationship between the amplitude of the simulated 2010 Flash Crash and the POV of the Sell

Algorithm is not monotonous, and so is the relationship between the amplitude and the market maker

inventory limit. For the trading frequency of fundamental traders, the higher the frequency, the smaller

the amplitude of the simulated 2010 Flash Crash.

A similar analysis is carried out for mini flash crash events. An innovative type of trader called "Spiking

Trader" is introduced to the agent-based financial market simulator, creating more price shock and

precipitating more mini flash crash events. Market dynamics for a typical simulated mini flash crash

event are analysed. We also explore the conditions that could influence the characteristics of mini flash

crash events. Experimental results show that market maker inventory limit significantly affects both

the frequency and amplitude of mini flash crash events. However, the trading frequency of fundamental

traders shows no obvious influence on mini flash crash events in our experiments.
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Conclusion

6.1 Summary of Thesis Achievements

This thesis explores the modelling of financial markets through an agent-based approach. It covers

the design, calibration, and validation of various agent-based models aimed at replicating realistic

financial time series. Our research contributes significantly to three key areas using this methodology:

(a) We refine the calibration of agent-based models and provide a detailed analysis of the intra-day price

formation process. (b) We combine agent-based financial market simulation with deep reinforcement

learning algorithms to optimise hedging strategies in financial markets. (c) We develop a high-frequency

financial market simulator and conduct comprehensive studies on flash crash scenarios. The following

elaborates on these contributions in more detail.

Chapter 3 (Contribution 1) introduces the XGB-Chiarella method, an innovative adaptation of the

Extended Chiarella model to generate minute-level intra-day financial price data. The approach

employs the XGBoost machine learning algorithm for efficient calibration of the model. An innovative

exploration-exploitation mechanism is introduced in this process. This approach, tested on 75 stocks

across NASDAQ, LSE, and HKEX, uses a simple model structure with three agent types—fundamental,

momentum, and noise traders. Compared to the Expectation-Maximisation baseline, the XGB-Chiarella

method reduces stylised facts distance by 10%, demonstrating superior performance in replicating

empirical stylised facts. The proposed approach also demonstrates that the agent choice in the model

effectively captures the intra-day price formation process. With prediction errors under 10%, the

surrogate model validates the efficiency of the calibration process, which intelligently explores the

148
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parameter space. Furthermore, this approach highlights the crucial roles of trend and value effects, as

well as noise trading, in intra-day price dynamics. This suggests a potentially universal mechanism

for intra-day price formation and illustrates the practical applications of this methodology in financial

market simulations.

Chapter 4 (Contribution 2) introduces the Chiarella-Heston model, an innovative agent-based approach

designed to enhance deep hedging strategies in quantitative finance. The model integrates momentum,

fundamental, and volatility traders, drawing on elements from both the Extended Chiarella model

and the Heston stochastic volatility model to closely mimic empirical market behaviours like fat tails

and autocorrelation patterns of returns. Compared to baseline models, the Chiarella-Heston model

reduces the stylised facts distance by more than 50%, demonstrating its ability to generate more realistic

financial time series. The model is validated using the Generalized Subtracted L-divergence metric. Data

generated from the Chiarella-Heston model is utilised to train a deep hedging agent with an improved

version of the Deep Deterministic Policy Gradient algorithm, aiming to optimise hedging strategies

across varying transaction cost levels. Empirical tests demonstrate that the reinforcement learning

agent, trained on data from the Chiarella-Heston model, outperforms the agent trained on traditional

models like Geometric Brownian Motion. In terms of risk management, the proposed approach reduces

the average expected shortfall from -3.93% to -2.74%, representing a 30% improvement. In particular,

our testing experiment is carried out in real-world time series data, showcasing the application of the

proposed method in practical trading environments. This methodology provides robust tools for risk

management and optimal hedging in financial markets.

Chapter 5 (Contribution 3) presents a novel high-frequency agent-based financial market simulator that

addresses challenges in replicating realistic high-frequency financial market dynamics and analysing

flash crash events. The simulator operates at sub-second intervals to mirror high-frequency trading. The

simulator incorporates full exchange protocols and uses a machine learning surrogate modelling approach

for calibration, successfully reproducing various stylised facts in financial markets. We successfully

simulate the 2010 Flash Crash and present a detailed analysis of high-frequency market dynamics during

the flash crash event. This simulation revealed that the percentage of volume of the Sell Algorithm,

market maker inventory limits, and the trading frequency of fundamental traders significantly influence

the amplitude of flash crash scenarios. Additionally, the introduction of a "Spiking Trader" in the

simulator allows for the exploration of mini flash crash dynamics. Experiments show that the market

maker inventory limit affects both the frequency and amplitude of these events, whereas the trading
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frequency of fundamental traders does not significantly impact mini flash crashes. These insights

underline the simulator’s capability to provide valuable analysis of the conditions affecting major and

minor market disruptions. The proposed simulator offers a robust tool for understanding risk scenarios

and potentially mitigating such risk events in real-world scenarios.

6.2 Future Work

Agent-based modelling is a promising approach that has many applications in financial services. In

this thesis, we propose various agent-based models for simulating financial markets. We address three

practical challenges, focusing on risk management practices. There are several areas where further

research could be conducted to improve the performance of our proposed models and advance the field

of agent-based modelling for finance. Some are short-term improvements while others are part of a

long-term plan that we expect to explore in the future.

6.2.1 Robust calibration and validation techniques

Future research in the calibration and validation of agent-based models should prioritise improving the

robustness and applicability of these models in financial analysis. The promising results of the XGB-

Chiarella method highlight the potential benefits of integrating advanced machine learning algorithms

to refine the calibration process. This suggests a shift towards utilising newer, more capable algorithms

that are suitable for handling complex calibrations beyond the current mainstream Method of Simulated

Moments (MSM). Additionally, there is a critical need to address and mitigate biases inherent in

MSM, with an emphasis on conducting extensive computational experiments to better evaluate their

effectiveness and limitations. Following the foundational work of [GRT17], one interesting direction

is exploring ways to incorporate temporal dependencies into the calibration process. In this way, the

dynamics of financial markets will be replicated more accurately. This comprehensive approach will

significantly enhance the precision and utility of agent-based models in financial services.

The validation methods used in this thesis for agent-based models primarily involve statistical tests and

moment coverage ratios. Future work could focus on enhancing these validation methods by leveraging

advancements in machine learning and big data. The integration of machine learning offers a more

flexible approach, reducing the number of assumptions needed in econometric models. Additionally,
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utilising big data enables more detailed comparisons of models with real-world scenarios, especially

at the micro-level. These improvements could significantly refine ABM validation techniques, helping

researchers determine more effectively whether a model inaccurately represents the underlying data.

This approach will improve the applicability of ABMs in analysing financial markets.

6.2.2 More effective deep hedging strategy

A possible next step in optimising deep hedging strategies involves a deeper integration of real-time data

analytics and the refinement of existing neural network architectures. Future research could explore the

use of real-time data feeds to dynamically adjust hedging positions based on current market conditions,

potentially integrating elements of unsupervised learning to detect new market patterns as they emerge.

This approach aims to make deep hedging more responsive and adaptive to sudden market changes,

thereby increasing the robustness of hedging strategies.

Additionally, experimenting with different neural network structures, such as recurrent neural networks

(RNNs) or transformers, may yield improvements in predicting risks associated with volatile market

conditions. Transformers, in particular, excel at identifying patterns in historical time series data, making

them valuable for forecasting future risk events. Accurate prediction could lead to the development of

more adaptive and resilient hedging strategies that maintain efficacy across diverse market environments.

Enhancing these computational models with advanced machine learning and deep learning techniques

could significantly improve the effectiveness of hedging practices.

6.2.3 Prediction of flash crash events

In this thesis, the market dynamics during flash crash events are scrutinised, raising the question of

whether it is possible to predict the occurrence of such events. Existing research, such as [PHSB17],

suggests that stability indicators derived from limit order book information can signal a high likelihood

of an imminent flash crash. Based on our proposed model, one promising direction is to explore whether

there are specific patterns in the simulated limit order books that could indicate an imminent flash

crash. As an example, [PHSB17] demonstrates that the Volume-Synchronized Probability of Informed

Trading (VPIN) measure [EdPO19] provides a predictive signal for the 2010 Flash Crash. We apply

the VPIN measure in our simulation of the 2010 Flash Crash, as depicted in Figure 6.1. Consistent

with [PHSB17], there is a significant surge in the VPIN measure between 13:30 and 14:30, and the
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Figure 6.1 The VPIN measure before the simulated 2010 Flash Crash

measure reaches a peak just before the simulated flash crash. at a very high level just before the

happening of the simulated flash crash event. This further validates the realism of our simulation and

indicates that the simulator can be utilised to identify early warning signs of flash crashes or other

extreme market events. Exploration of these emerging patterns could enhance our understanding of the

mechanisms underlying flash crashes. Such insights could be instrumental in developing pre-emptive

risk management strategies.

In addition, future studies could develop predictive analytics tools that utilise machine learning to

analyse patterns in simulated limit order books. For example, [ZZR19] proposes DeepLOB, which is

a large-scale deep learning model aimed at predicting price movements from limit order book data.

By integrating these machine learning methods with real-time market data, researchers could refine

predictive models to offer timely warnings about potential market disruptions. For instance, [WCGW24]

designs a risk monitoring system based on real-time data, which utilises machine learning algorithms

including the Long Short-Term Memory (LSTM) networks, Random Forest and Gradient Boosting Trees.

Such systems enable market participants to take precautionary measures and implement downside

protections against potential risk scenarios.

6.2.4 Multi-agent reinforcement learning and multi-agent simulation

Multi-agent reinforcement learning (MARL) examines the interactions and behaviours of multiple

learning agents within a shared environment, where each agent independently pursues its own rewards,

often resulting in complex group dynamics due to conflicting interests. MARL represents a natural
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evolution from agent-based models and multi-agent simulations, particularly in real-world dynamic

systems where participants continuously learn and adapt to changes. Multiple intelligent agents are

essential to effectively simulate such a system. For example, there is an interesting framework called

"Phantom" [AVG+23] that combines MARL with multi-agent simulation to model these complex

systems.

While MARL is beyond the primary scope of this thesis, the research presented here suggests several

potential avenues for future exploration. In this thesis, the models primarily consist of agents following

fixed rules, with their behaviours adapting accordingly. In terms of intelligent agents, the models in this

thesis only allow one intelligent agent such as the deep reinforcement learning agent in the Chiarella-

Heston framework in Chapter 4. One promising direction for further research involves investigating the

interactions between multiple deep hedging agents within the Chiarella-Heston framework. It is well-

established that the proliferation of identical trading strategies can lead to performance degradation;

thus, there is massive research interest in exploring whether multiple deep hedging agents would

cooperate or compete for profits when placed in the same system. Additionally, examining whether

interactions between intelligent agents might exacerbate risk scenarios, such as flash crashes, presents

another compelling research direction.

6.3 Final Thoughts

The exploration undertaken in this thesis represents a significant step in modelling financial markets

through an agent-based approach. The proposed models elucidate both the complexities and the

dynamic nature of financial systems. The development of the XGB-Chiarella method, the enhancement

of deep hedging strategies using the Chiarella-Heston model, and the insightful simulation of flash crash

scenarios exemplify the robust application of agent-based models in financial services.

Reflecting on the achievements, it is evident that agent-based models have substantial utility in financial

analysis, providing insights into the price formation process and offering robust tools for risk management.

These models serve as powerful instruments to interpret the often turbulent financial markets. The

application of sophisticated machine learning techniques to refine these models highlights a pivotal

shift towards more predictive and responsive financial modelling, essential for both understanding and

anticipating market movements.
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Looking ahead, the research on multi-agent simulation systems evolves naturally toward multi-agent

reinforcement learning (MARL) due to its capacity to enable agents to learn and adapt dynamically

within complex environments. Agent-based models traditionally rely on predefined rules and behaviours,

which can limit their ability to respond to novel scenarios. MARL, on the other hand, allows agents to

learn optimal strategies through interactions, which makes the models more flexible and capable of

handling complex market conditions. For example, [HZCL24] use MARL to simulate trading strategies

that adapt to changes in volatility or liquidity, thereby enhancing the robustness of such trading

strategies. Such integration of MARL can extend the capabilities of ABMs by incorporating more

realistic behavioural patterns, as agents learn not only from their own experiences but also from the

actions and feedback of other agents in the system. This progression will require a continuous interplay

between theoretical innovation and empirical validation, ensuring that these models remain both relevant

and effective in a rapidly changing financial landscape.

The journey of this thesis has established a solid foundation for further research and innovation

in financial modelling. As agent-based models continue to develop, they offer not only a deeper

comprehension of market dynamics but also equip financial practitioners with more accurate simulation,

forecasting and risk management. The long-term aim of this work is to develop a dynamic, intelligent

system capable of simulating, analysing, and monitoring financial markets. One example of a similar

system is the Nasdaq SMARTS Market Surveillance system1. This system is a comprehensive suite

of tools designed for monitoring and analysing trading activity across financial markets, used by

regulators, exchanges, brokers, and other market participants. The contributions of this thesis are able

to supplement the functionality and enhance the intelligence of such systems, advancing their ability to

adapt to the evolving complexities of financial markets.

1https://www.nasdaq.com/solutions/fintech/nasdaq-trade-surveillance

https://www.nasdaq.com/solutions/fintech/nasdaq-trade-surveillance
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Appendix A

Parameter Description Parameter Description

κ1 FT: Coefficient for linear demand component κ2
FT: Coefficient for polynomial demand

component

NFT FT: Number of FT SFT
interval

FT: Interval between fundamental trading

activities.

βL LMT: Coefficient for demand calculation αL LMT: Coefficient for demand calculation

NLMT LMT: Number of LMT βS SMT: Coefficient for demand calculation

NSMT SMT: Number of SMT αS SMT: Coefficient for demand calculation

σNT NT: Coefficient for demand calculation NNT NT: Number of NT

γ LMT & SMT: Coefficient for demand calculation δ NT, LMT & SMT: Limit order cancellation rate

ρ

NT, LMT & SMT: Ratio between probability of

submitting a market order and probability of

submitting a limit order

V NT, FT, LMT, SMT, MM: Order volume

µℓ

NT, LMT & SMT: Mean of the log-normal

distribution from which limit order price

distance is sampled

Σℓ

NT, LMT & SMT: Standard deviation of the

log-normal distribution from which limit order

price distance is sampled

NMM MM: Number of MM δMM MM: Limit order cancellation rate

θMM MM: Probability of submitting a quote pMM
edge

MM: Maximum price distance of submitted

order

εMM
limit MM: Position limit εMM

safe MM: Safe position level

εMM
rest MM: Time length for the trading suspension NST ST: Number of ST

Nspike

ST: Number of consecutive orders to be

submitted after ST is activated
µspike

ST: Probability of being activated in a certain

simulation step

Vspike ST: Order volume r INS: Target execution rate

Q INS: Number of initial inventory n
INS: Number of seconds between consecutive

market sell orders

Table 6.1 Descriptions for all parameters involved in the proposed agent-based model in Chapter 5.
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Appendix B

Parameter κ1 κ2 NFT SFT
interval

Value N.A. N.A. 30 100

Parameter βL αL NLMT βS

Value N.A. 0.001 30 N.A.

Parameter NSMT αS σNT NNT

Value 30 0.9 N.A. 30

Parameter γ δ ρ V

Value 10 0.005 0.2 100

Parameter µℓ Σℓ NMM δMM

Value N.A. 0.3 20 0.05

Parameter θMM pMM
edge εMM

limit εMM
safe

Value N.A. 4 5000 101

Parameter εMM
rest NST Nspike µspike

Value 12000 N.A. N.A. N.A.

Parameter Vspike r Q n

Value N.A. N.A. N.A. N.A.

Table 6.2 Values for fixed model parameters in the calibration process in Chapter 5.
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Appendix C

Parameter κ1 κ2 NFT SFT
interval

Value 0.1390 0.4562 30 100

Parameter βL αL NLMT βS

Value 0.3017 0.001 30 0.1273

Parameter NSMT αS σNT NNT

Value 30 0.9 0.3403 30

Parameter γ δ ρ V

Value 10 0.005 0.2 100

Parameter µℓ Σℓ NMM δMM

Value 1.9349 0.3 20 0.05

Parameter θMM pMM
edge εMM

limit εMM
safe

Value 0.6624 4 7000 101

Parameter εMM
rest NST Nspike µspike

Value 12000 N.A. N.A. N.A.

Parameter Vspike r Q n

Value N.A. 9% 120,000 12

Table 6.3 Values for model parameters in simulating the 2010 Flash Crash in Chapter 5.

167



Appendix D

Parameter κ1 κ2 NFT SFT
interval

Value 0.1390 0.4562 30 100

Parameter βL αL NLMT βS

Value 0.3017 0.001 30 0.1273

Parameter NSMT αS σNT NNT

Value 30 0.9 0.3403 30

Parameter γ δ ρ V

Value 10 0.005 0.2 100

Parameter µℓ Σℓ NMM δMM

Value 1.9349 0.3 5 0.05

Parameter θMM pMM
edge εMM

limit εMM
safe

Value 0.6624 4 4000 101

Parameter εMM
rest NST Nspike µspike

Value 12000 2 4 0.005

Parameter Vspike r Q n

Value 100 N.A. N.A. N.A.

Table 6.4 Values for model parameters in simulating the example Mini Flash Crash in Chapter 5.
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