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Abstract

Neural networks achieve remarkable success across domains, yet their black-box nature poses chal-
lenges in safety-critical applications. Neuro-symbolic approaches address this by integrating symbolic
inference with deep learning to enhance interpretability. Many works follow the principle of differ-
entiable inductive logical programming, but typically require prior knowledge to define or restrict
the search space, thus limiting expressivity and applicability. The neural Disjunctive Normal Form
(DNF') model stands out as a fully end-to-end differentiable model that provides integration with
neural components for predicate invention from raw data and logical interpretation via post-training
rule extraction. Yet, its effoctivencss is only demonstrated in synthetic binary classification tasks.
This thesis proposes a family of neural DNF-based models that perform fully differentiable rule
learning across classification and reinforcement learning (RL) tasks. These models retain the in-
terpretability of the original and are shown to be amenable to behaviour modification via weight
editing.

This thesis presents four main contributions. Firstly, it formalises the behaviour and inter-
pretation of neural DNF-based models, establishing a bidirectional translation with truth-value
equivalence guaranteed between neural and bivalent logic forms at post-training, supporting model
interpretation and intervention.

Secondly and thirdly, the thesis explores the application of neural DNF-based models in classi-
fication and actor-critic RL settings, which impose different behavioural constraints: classification
requires logically deterministic predictions and mutual exclusivity for multi-class problems, while RL
actors should output probabilistic mutually exclusive action distributions. In both setups, the mod-
els perform on par with competing methods while providing compact, interpretable, and intervenable
logical forms.

Finally, the thesis investigates performance degradation when translating trained neural DNE-
based models into logical forms. It identifies a knowledge entanglement problem encoded in models’
weights, and proposes a disentanglement solution that splits nodes encoding nested rules into smaller,
independent ones. Experiments show that this method better preserves models’ representation,

achieving performance closer to pre-translation levels.






So, whether you eat or drink, or whatever you do, do all to the glory of God.
1 Corinthians 10:31
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Notation

The following list only includes the notation that is recurrently used throughout the thesis.

1(A)
E[X]
arg max, f(a)
arg min, f(a)

sign(z)

Functions

indicator function of event A, where 1{A) = 1 if event A occurs and 0 otherwise
expectation of a random variable X

value of a at which f(a) = maximized

value of a at which f(a) is minimized

sign function of =
Logic

truth value false
truth value true

MNeural Networks

the weights of a node iIn a neural network

the input to a node in a neural network

the parameters of a neural network model

the loss function of a neural network with parameters 8

Semi-Symbolic Nodes and Neural DNF-based Models

the raw output of a semi-symbolic node with weights w and input x

the logical bias of a semi-symbolic node, computed as § (mas; [wy| — 3, [wyl)
the parameter controlling conjunction (§ = 1) or disjunction (§ = —1) behaviour
of a semi-symbolic node

the weight matrix for the conjunctive layer of a noural DNF model

the weight matrix for the disjunctive layer of a neural DNF model

the relevant set of indices of non-zero weights in w, 1.e. {j | wy # 0}

the positive-sign relevant set of indices where wy = 0

the negative-sign relevant set of indices where wy; < 0



b

]
EX
X[t]
X[t

the bivalent logical interpretation of a conjunctive node, where b, = T if the
node output > 0 and b, = | otherwise
the bivalent logical interpretation of a disjunctive node

Sets and Sequences

the set of natural numbers

the set of real numbers

the number of elements in a finite set X, or the cardinality of a finite set X
the power set of a finite set X

t-th clement in a sequence X

subsequence of a sequence X starting from the t-th element

IV



Chapter 1

Introduction

Deep learning has achieved remarkable success across diverse domains, demonstrating transformative
impacts in healthcare [48, 104], autonomous systems [83], finance [42], natural language processing
[40, 116], and computer vision [90, 66, 117]. These advances have been driven by the combination
of computational power [153, 120] and data availability [149, 81|, powering deep neural networks
to learn complex patterns from large-scale data and even surpass human-level performance on spe-
cific tasks [145, 19). However, despite their successes, neural networks are black-box models whose
decision-making process remains largely inscrutable to human understanding, due to the high com-
plexity from multiple compositions of non-linear transformations [133]. This opacity hinders these
models’ applicability in high-stakes domains such as medical diagnosis [70] and safety-critical sys-
tems [8], where transparency and accountability are paramount. While numerous post-hoc methods,
such as LIME [130], SHAP [99], and saliency maps [139], have been developed for explaining model
behaviours, these methods fundamentally provide local explanations that describe feature impor-
tance for individual predictions rather than offering a global, mechanism-level understanding of how
the model reasons across the input space. Furthermore, research has revealed significant imitations:
some saliency methods are independent of the model parameters and training data [2] and fail to
provide sufficient information for explaining network accuracy and class relationships [168]; features
identified as eritical by methods like LIME and SHAP often have limited impact on actual network
decisions [96]; and these interpretations can be fragile under small input shifts or perturbations
[85, 61]. In contrast, models that are inherently interpretable are designed to provide transparent
reasoning. They can offer more reliable and trustworthy explanations and are therefore more suitable
for high-stakes applications [133].

Symbolic Al systems, which dominated the field before the deep learning era, offer a compelling
foundation for interpretability: they operate on explicit rules and logical structures that are inher-
ently human-readable, providing a more global explanation of the model’s behaviour than attribution
methods like LIME, SHAP or saliency maps. However, traditional symbolic approaches struggle with
learning from raw data and lack the flesability to handle noisy and real-world inputs. This motivates
a natural question: can we combine the learning power of noural networks with the transparent
reasoning of symbolic systems to achieve models that are both capable and interpretable?

Neuro-symbolic Al emerges as a promising answer to this question. It 1= a paradigm that inte-
grates the pattern recognition capabilities of neural networks with the logical inference and explicit
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knowledge representation of symbolic systems. This hybrid approach aims to overcome the lack
of interpretability of standalone neural methods, while addressing the brittleness, scalability, and
inability to learn from unstructured data of purely symbolic systems [134, 36, 20, 54]. Bridging the
representation gap between the sub-symbolic space of real-valued wector activations or weights in
neural networks and the symbolic space of discrete representations and reasoning lies at the core of
neuro-symbolic approaches [134]. Existing approaches can be broadly grouped by how tightly they
integrate neural and symbolic components.

At one end of the spectrum, modular approaches maintain neural and symbolic components as
separate modules, interpreting neural components’ output as symbols and feeding them to symbolic
reasoners or learners. Approaches like DeepProbLog [101] and NeurASP [165] deploy symbolic rea-
soners and compute training signals for neural networks based on reasoning results and downstream
labels, while NSIL [32] jointly learns a neural perception model and a symbolic rule-based model
from raw data. The success of Large Language Models (LLMs) has inspired many works that con-
nect LLMs with symbolic reasoners: many approaches use LLMs as translators to generate symbolic
representations from unstructured inputs and then use symbolic solvers over such symbolic represen-
tations to solve downstream tasks [119, 75, 114], while others use LLMs to implement interpretation
functions that generate truth valuations, directly embedding LILMs within symbolic reasoners’ se-
mantics [7]. These modular approaches benefit from leveraging mature neural and symbolic systems

but face challenges in seamless end-to-end optimisation.

At the other end of the spectrum, differentiable ILP approaches embed symbolic knowledge and
computation directly within neural architectures, enabling tighter integration and fully differentiable
training. These approaches build upon the framework of inductive logic programming (ILP) [110, 92]
and aim to learn interpretable rules through gradient-based optimisation, often relying on human-
engineered rule templates [50, 140, 64] or mode biases [39] to restrict their search space. In traditional
ILP, background knowledge refers to the set of known concepts available before learning (usually
denoted B). In practice, however, rule templates and mode biases also form part of the prior
knowledge of the task, as both require human enginecring and tuning to ensure that a solution is
included in the hypothesis space and that the search remains tractable for the learning system. This
thesis uses the term background knowledge to refer to this overall prior knowledge. The ability to use
such knowledge is an advantage inherited from ILP, allowing methods to leverage domain expertise
and constrain the search to plausible hypotheses. However, this dependence can also limit structural
flexibility and wider applicability [128]: if prior knowledge is unavailable, the hypothesis space may
be too large; if the injected knowledge is incorrect, an optimal solution may be excluded entirely.
Additionally, these methods typically require predicate-based inputs, or if inputs are unstructured,
they necessitate either manual definition [39] or extraction using pre-trained components [84, 31].
Despite using neural networks as a core component, differentiable ILP methods fail to fully leverage
the capabilitics of these networks. Neural networks' approximation abilities extend naturally to
unstructured data, and their expressivity allows them to cover large hypothesis spaces with minimal
task-specific engineering: even small and shallow architectures demonstrate strong capahilities in
learning complex boolean functions [113]. This limitation motivates the central research question of
this thesis: how to develop a neuro-symbolic approach in an end-to-end differentiable model that fully
cxploits the approximation power and Hexibility of neural networks while preserving interpretability?

This thesis addresses the question with the aim of developing a novel neuro-symholic architecture
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that achieves the following properties:
1. Interpretability: the model's behaviour can be described in a logical form.

2. Adaptability: the model leverages the expressivity of MLPs with simple architectures and
can be easily set up for training with different tasks and input formats, without the need of
encoding task-specific background knowledge into the model.

3. End-to-end differentiability: the model can be trained jointly with other neural compo-
nents, enabling fully end-to-end symbolic induction without relying on manual feature engi-
neering or pre-trained modules. In such a configuration, both the feature extractor and the
neuro-symbolic learner are optimizsed simultancously through gradient-based training, allow-
ing the former to discover relevant high-level representations while the latter induces symbolic
rules from these learned features.

The work presented in this thesis takes inspiration from the neural disjunctive normal form (DNF)
model proposed in pix2rule [28]. With a design nearly identical to that of MLPs, a neural DNF
model is an end-to-end differentiable model which, under appropriate conditions, can be translated
to formal logic programs after training. Unlike previously mentioned neuro-symbolic approaches, the
neural DNF model offers a broader space of possible rules and seamlessly integrates with other neural
components. However, pix2rule evaluates the neural DNF model only on synthetically generated
image classification tasks with a single output class, leaving open the question of how well the model
generalises to real-world datasets and other task settings. Additionally, the conditions under which
the translation from neural weights to logical rules preserves semantic equivalence are not formally
established.

This thesis proposes a family of noural DNF-based models, based on the notion of neural DNF
model, with wide applicability to various tasks and input formats, as well as theoretical guaran-
tees for logical interpretability, thus better fulfilling the three desired properties of interpretability,
adaptability and end-to-end differentiability defined above. Therefore, the thesis statement is as
follows:

Thesis Statement. The family of neural DNF-based models proposed in this thesis can
perform differentiable rule learning for classification and reinforcement learning tasks
without prior knowledge, offering logical interpretability, intervention capabilities, and
end-to-end integration with other neural components to support predicate invention.

The following Section 1.1 summarises the contributions of this thesis in three parts: theoretical
foundations, applications, and model discretization. Section 1.2 lists out the publications this thesis
builds upon and Section 1.3 outlines the structure of this thesis.

1.1 Contributions

1.1.1 Theoretical Foundations

The core computational units of the proposed neural DNF-based approaches are semi-symbolic
nodes, which approximate logical conjunctions or disjunctions. ' The main theoretical contribution of

1The essential background on semi-symbolic nodes is provided in Section 2.3.1.
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this thesis, presented in Chapter 4, is a formal framework that bridges the neural and bivalent logic
forms of these semi-symbolic nodes. Specifically, this thesis:

o formalizes the behaviour and interpretation of semi-symbolic nodes;

o mathematically proves that the translation between neural and bivalent logic forms is bidirec-
tional and preserves truth value equivalence.

These results establish the theoretical guarantees absent in the prior work pix2rule [28]. The neural-
to-bivalent-logic translation enables interpretability by converting learned weights into logical rules,
as demonstrated throughout this thesis. Conversely, the bivalent-logic-to-neural translation enables
intervention on the neural model’s behaviour by modifying learned rules and converting them back
to neural form, as demonstrated in Section 6.3.5.

1.1.2 Neural DNF-based Models for Classification and Reinforcement
Learning

A family of neural DNF-based models i1s proposed in this thesis, which perform differentiable rule
learning for classification and reinforcement learning tasks. Chapter 5 evaluates the neural DNF
model on non-synthetic real-world classification tasks. It discusses the difficulty of enforcing a de-
terministically mutually-ezclusive constraint with the neural DNF model while supporting bivalent
logic interpretation for multi-class classification tasks. Thus, the neural DNF-EOQ model is proposed
to enforce such a constraint in a neural DNF-based architecture. To address the challenge of inter-
pretable and editable policy learning in reinforcement learning, the DNF-MT model is proposed in
Chapter 6, which outputs probability distributed predictions with a stochastically mutually-erclusive
constrainf. The trained model can be interpreted as a probabilistic logic program and under cer-
tain conditions as a bivalent logic program. Chapter 6 reports the experiments where the neural
DNF-MT model is used to learn interpretable and editable policies for reinforcement learning tasks,
and the experiments in Chapter 7 show that the neural DNF-MT model is more stable than the
neural DNF-EOQ model in classification tasks. In both classification and RL settings, the neural

DNF-based models achieve performance comparable to competing approaches while offering concise
and modifiable logical representations.

1.1.3 Model Discretisation: from Continuous Space to Discrete Space

A central challenge in neuro-symbolic Al is the translation from continuous neural representations to
discrete symbolic forms [134]. For a neural DNF-based model, this difficulty occurs during the pro-
cess of translating the model's learned hypothesis encoded in real-valued weights to a set of discrete
values that can be interpreted as logieal rules. This continuous-to-discrete transformation requires
discretely approximating a soft-valued model, which introduces discontinuities into the neural repre-
sentation and may cause catastrophic performance degradation. Figure 1.1 illustrates this problem
with an example of a learned continnous hypothesis and its counterpart after discretisation. The
discretisation process pushes the peaks of the original hypothesis tighter around the discrete targets,
but this transformation also changes the behaviour of the function in unwanted ways. In particular,
discrete targets that were originally covered by the original hypothesis may be missed after discreti-
sation, leading to performance degradation. This problem is persistent across various experiments in
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Chapter 5 and Chapter 6. Chapter T identifies the weights entangloment problem in trained neural
DNF-based models where soft-valued weights of a single node encode multiple discrete rules rather
than learning to represent a single discrete rule. A disentanglement method is thus proposed to split
such an entangled node into multiple independent nodes that jointly encode the same behaviour as
the original node. This method significantly reduces the performance degradation when translating
trained neural DNF-based models into logical forms.

Figure 1.1: An illustration of an original learned continuous hypothesis in blue and a hypothesis
after some degree of discretisation in orange. The discrete targets that the hypothesis 1s expected to
cover are marked with dots (with yellow or red dashed lines connected to them). The discretisation
process shrinks the area of coverage by pushing the peaks tighter around the discrete targets, and
the area of the difference between the original and hypothesis after discretisation is shaded in blue.
However, it also changes the behaviour of the function. If the value is interpreted as true when the
hypothesis 15 above the black dashed line, then there is a discrete target marked in red that was
covered by the original hypothesis in blue but 15 now missed by the new hypothesis in orange.

1.2 Publications

This thesis contains revised and expanded content from the following publications, listed in chrono-
logical order:

o Kevin Gu Baugh, Nuri Cingillioglu, and Alessandra Russo. Neuro-symbolic Bule Learning in
Real-world Classification Tasks. In Andreas Martin, Hans Georg Fill, Aurona Gerber, Knut
Hinkelmann, Doug Lenat, Reinhard Stolle, and Frank van Harmelen, editors, Proceedings of the
AAAT 2023 Spring Symposium on Challenges Requiring the Combination of Machine Learn-
ing and Knowledge Engineering (AAAILMAKE 2023), volume Vol-3433. CEUR Workshop
Proceedings, 2023. The material is used in Chapter 5.

o Keowin Gu Baugh, Luke Dickens, and Alessandra Russo. Neural DNF-MT: A Neuro-symbolic
Approach for Learning Interpretable and Editable Policies. In Proceedings of the 24th Inter-
national Conference on Aufonomous Agents and Multiagent Systems, AAMAS 2025, pages
252-260, Richland, SC, 2025. International Foundation for Autonomous Agents and Multia-
gent Systems. The material is used in Chapter 4 and Chapter 6.


https://ceur-ws.org/Vol-3433/paper12.pdf
https://ceur-ws.org/Vol-3433/paper12.pdf
https://www.ifaamas.org/Proceedings/aamas2025/pdfs/p252.pdf
https://www.ifaamas.org/Proceedings/aamas2025/pdfs/p252.pdf
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o Keowin Gu Baugh, Vincent Perreault, Matthew Baugh, Luke Dickens, Katsumi Inoue and
Alessandra Russo. Disentangling Neural Disjunctive Normal Form Models. In Leilani H.
Gilpin, Eleonora Giunchigha, Pascal Hitzler, and Emile van Krieken, editors, Proceedings of
The 19th International Conference on Neurosymbolic Learning and Reasoning (NeSy 2025),
volume 284 of Proceedings of Machine Learning Research, pages 463-493. PMLR, 08-10 Sep
2025. The material is used in Chapter 4 and Chapter 7.

1.3 Thesis Structure

The remainder of this thesis is organised into seven chapters. The first two chapters establish
the necessary foundations: Chapter 2 introduces the relevant background in symbolic and neural
methods, while Chapter 3 situates this thesis within the broader landscape of neuro-symbolic learning
and nouro-symbolic reinforcement learning.

The technical contributions begin with Chapter 4, which develops the theoretical underpinnings
by formalising the semi-symbolic nodes and proving the bidirectional translation between neural
DNF-based models’ neural and bivalent logic forms. The subsequent two chapters demonstrate
practical applications: Chapter 5 proposes the neural DNF-EO model for multi-class classification
with deterministic mutual exclusivity, while Chapter 6 introduces the neural DNF-MT model for
learning interpretable policies in reinforcement learning with probabilistic logical interpretation.
Chapter T then addresses the challenge of translating continuous representations to discrete rep-
resentations, proposing a disentanglement method to better preserve model behaviour. The thesis
concludes with Chapter 8, summarising the contributions and outlining directions for future work.


https://proceedings.mlr.press/v284/baugh25a.html

Chapter 2

Background

This chapter provides the background knowledge necessary to understand the key advances presented
in this thesis. As this work sits at the intersection of symbolic reasoning and deep learning, it draws
upon concepts from both fields. The chapter begins with Answer Set Programming (Section 2.1),
which introduces the logical formalism used to represent and interpret the rules learned by the
neural DNF-based models. It then covers core concepts of deep learning (Section 2.2), establishing
the neural network foundations upon which the models are built. Following this, the noural DNF
model proposed in pixZrule [28] is presented (Section 2.3), as it serves as the starting point for
the family of neural DNF-based models developed in this thesis. Finally, the chapter introduces
reinforcement learning (Section 2.4), which provides the framework for one of the key application
domains explored in later chapters. Together, these foundations equip the reader with the necessary
tools to follow the technical contributions that follow.

2.1 Answer Set Programming

Answer Set Programming (ASP) [95, 46] is a declarative programming paradigm that represents
knowledge in the form of logical rules based on the stable model semantics [60]. The principle of
ASP is to formulate a problem as a non-monotonic logic program and generate a solution to the
problem by computing the stable model of the program. Stable models of ASP programs are also
called answer sets. This section first introduces the syntax of logic programs before proceeding to
their semantics.

Syntax. The basic syntactic elements of a logic program are built hierarchically. A term can
take three forms: it may be a constant (e.g., a), a variable (e.g., X), or an n-ary function symbaol
applied to n terms (e.g., £(a,X)). When a term contains no variables, it is said to be ground. An
atom consists of a predicate symbol of arity n together with n terms as arguments (e.g., P(X, a)); an
atom 1z ground when all of its argument terms are ground. A literal refers to either an atom or its
negation. ASP distinguishes between classical negation (—) negation and negation as failure (NAF,
written not). NAF underpins non-monotonic reasoning and ASP's stable model semantics: under
the closed-world assumption, if an atom cannot be derived from the program, it is decmed to be
false.
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Definition 2.1.1 (Clause). A clanse (or a rule) r has the following structure:
H + By, Bs,..., By, not Cy,not Cs,... not Oy

where n,m = 0. The atom H is the head of the clause, written head(r). The conjunction By, ..., By,
not Cy,...,not Cp, constitutes the body, written body(r). The set of positive body atoms is referred
to as the positive body, denoted body™ (v) = {B,, ..., B, }, and the set of atoms appearing under NAF
is referred to as the negative body, denoted body™ (r) = {C,...,Cn}. A clause is ground when all
its atoms are ground. A clause is definite if it has an empty negative body.

A clause or a rule can be understood as a conditional statement: if all body literals are satisfied,
then the head follows. A clause such as H + with an empty body 1= called a fact. A logic program
P 15 a finite set of clauses.

Logie formulae can be transformed into standardised representations known as normal forms.
Two widely used normal forms are Conjunctive Normal Form and Disjunctive Normal Form.

Definition 2.1.2 (Conjunctive Normal Form). A formula is in Conjunctive Normal Form (CNF)
if it is a conjunction of one or more disjunctions of literals. A CNF formula has the following

structure:
A (V fﬂ)
=1 \ =1

Definition 2.1.3 (Disjunctive Normal Form). A formula is in Disjunctive Normal Form (DNF) if it
is a disjunction of one or more conjunctions of literals. A DNF formula has the following structure:

v (A)

For example, (a v —b) A (c v d) 1z a CNF formula with two disjunctions, and {a A —=b) v (c A d)
15 a DNF formula with two conjunctions. A DNF formula can be represented as a set of clauses,
where each clause has a conjunction of the DNF formula as its body and the head in all clauses is an
awpcliary literal to represent the whole DNF formula. For example, the DNF formula (aA—b) v (cAd)
can be represented as the set of clauses {h + a,—b. h + ¢,d.}, where h 15 an awdliary literal to
represent the original DNF formula. A neural DNF-based model 1s designed to learn formulae in
DNF form, where the conjunctive layer computes individual conjuncts used in the conjunctions and
the disjunctive layer combines the conjunctions into a disjunction. This allows the fexability of
learning different conditions for the same target, L.e., a sot of rules with the same head (target) but
different bodies (conditions).

where each ly; is a literal.

where each ly; is a literal.

Semantics.

Definition 2.1.4 (Herbrand Universe). Given a logic program P, the Herbrand universe Hl{p
comprises all ground terms constructible using the constants and function symbols that appear in P.
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Note that a Herbrand universe can be infinite with the recursive application of function symbols.
In the absence of function symbols, the Herbrand universe reduces to the set of constants occurring
in P,
Definition 2.1.5 (Herbrand Base). The Herbrand base HBp of a logic program P is the set of
all ground atoms that can be formed by applying the predicates in P to terms from the Herbrand

universe Hld p.

Definition 2.1.6 (Herbrand Interpretation). An Herbrand interpretation I of a logic program P
is a subset of the Herbrand base HBp and is a truth assignment to the atoms in HBp. The atoms
belonging to I are deemed true, while those outside I are deemed false.

Definition 2.1.7 (Grounding). The grounding of a logic program P, written ground(P), is the
program obtained by replacing each clause in P with all of its ground instances. A ground instance
of a clause is obtained by applying a substitution that maps every variable in the clause to a ground
term from Hld p. The resulting program contains only ground clauses.

Once a first-order logic program has been grounded, each ground atom (e.g., P(a,b)) can be
treated as a propositional term, and the grounded clauses become propositional clauses. In this sense,
a grounded first-order program ground(P) is equivalent to a propositional program: it possesses
the same logical structure and can be evaluated using propositional reasoning techniques. This
equivalence is relevant to the present thesis, which operates primarily within propositional logic.

Modern ASP solvers such as Clingo [126] first ground the program and then compute the stable
models of the grounded program. To compute the stable models of a grounded program, ASP solvers
construct the reduct of the program.

Definition 2.1.8 (Reduct). Let P be a ground logic program and I an interpretation. The reduct
of P with respect to I, denoted P!, is constructed through the following two steps:

1. Hemove any rule r for which some atom in its negative body also belongs to I (i.e. a € body™ (7)
and a € T ).

2. Remove any negative body literals from the bodies of the remaining rules.

The resulting reduct can be erpressed as:
P' = {head(r) + body* (r) | r € P and body™ (r) NI = 0}

P! is now a definite ground program. An interpretation I is a stable model (or answer set) of P
if I is the unique minimal Herbrand model of the reduct P'.

Modern ASP systems also include powerful extensions to the basic ASP language, such as choice
rules, constraints, aggregations and more. They allow for more expressive and efficient problem for-
mulations. This thesis focuses solely on representing knowledge in the form of rules (or clanses) using
the basic ASP syntax, as shown in Definition 2.1.1, and does not cover these language extensions.

2.2 Deep Learning

Deep learning [161] has revolutionised Artificial Intelligence (Al) by enabling machines to learn hier-
archical representations from data through multi-layered neural networks. From AlexNet [00] in 2012
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to GPT-5 [116] in 2025, deep learning has achieved remarkable success in various domains including
computer vision [66, 117], natural language processing [40, 116], and reinforcement learning [19, 145].
The core of deep learning is the neural network architecture, which consists of interconnected layers
of artificial neurons that transform input data through a series of non-linear operations. This sec-
tion introduces the foundational concepts and methodologies underpinning this thesis, encompassing
neural network architectures, training procedures, regularisation techniques, and classification tasks.

2.2.1 Neural Networks

Most modern deep learning models are built by stacking multiple computational modules called
layers. A layer is a functional block of mathematical operations that transforms a stack of input
values into an associated stack of output values that are more abstract representations of the input.
Throughout the years, the types of layers used in sophisticated deep learning models have expanded,
including linear layers, convolutional layers, recurrent layers, and attention layers. The most basic
and common type of layer used in deep learning is the linear layer, which computes:

z2=Wx+b

where x € RV is the input to the layer, W € RM*V is the learnable weight matrix, and b € RM
15 the learnable bias vector. Strictly speaking, this is an affine transformation due to the bias
term, but it is conventionally referred to as a linear layer. A single linear layer without activation
can only represent linearly separable functions. By introducing non-linear activation functions and
stacking multiple layers, neural networks become capable of learning complex, non-linear patterns.
Common non-linear activation functions include the sigmoid function (Equation (2.1)) that maps
inputs to the range (0,1}, and tanh (Equation (2.2)) that produces outputs in {—1,1). However,
these two functions suffer from the vanishing gradient problem (Figure 2.1b), where gradients become
exponentially small during back-propagation through deep networks, hindering the learning [18, 65].
The Rectified Linear Unit (ReLU) (Equation (2.3)) is more widely used than sigmoid and tanh
due to its computational efficiency and ability to mitigate the vanishing gradient problem. ReLU
allows gradients to flow unchanged for positive inputs whilst completely blocking negative values,
which enables faster training and better performance in deep architectures. However, RelLU suffers
from the *dying RelLU" problem, where neurons can become permanently inactive. Variants such
as Leaky RelLU, which applics a small slope to negative inputs, and Parametric ReLU (PReLU),
where the slope is learned during training, are used to address this problem. Most neural DNF-based
models in this thesis use the tanh activation function for interpretability requirements, since the tanh
function outputs fixed-range values that can be easily used for logical interpretation (more details in
Section 2.3.1) compared to the unbounded range of ReLU-based activations. And compared to the
sigmoid function, the tanh function is zero-centred and has a bigger range of gradients, malking it
more resilient to the vanishing gradient problem. However, the use of tanh can still lead to vanishing
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gradient problems practically if the network is too deep.

1
o(z) = =7 (2.1)
& — g T
tanh({r) = —— 2.2
@) =57 22)
RelU{z) = max(0, <) (2.3)
F Y F Y
Y ReLU’ Y
1 sigmoid’ [ . 00—
tanh’
..................................... 1 /f_____....,
L/
/ T {5
, e : : o
—6 —4 -2 2 4 G 1
ReLU f,,/f \\‘&_
—— sigmoid i - T
............................... 4 tanh 6 -4 -2 2 4 6
{a) Comparison of the activation functions. (b) Comparison of the derivatives of the activation
functions.

Figure 2.1: Comparison of the activation functions and their derivatives.

As a simple yot powerful baseline model, Multi-Layer Perceptron (MLP) consists of multiple
linear layers and activation functions. The depth of the MLP refors to the number of layers in the
network, and the width of the MLP refers to the number of neurons in each layer. The deeper and the
wider the MLP, the more learnable parameters it has and the more expressive the model becomes.
An MLP with just one hidden layer and non-polynomial activation function can approximate any
continuous function to arbitrary accuracy given a sufficient number of hidden units, a property
known as the universal approximation theorem [93].

2.2.2 Optimisation

Training a neural network involves optimising its parameters # via minimising a loss function that
measures the discrepancy between predictions and ground truth labels. A pointwise loss function
I{#, ) takes in predictions §j computed by the model and ground truth label y and outputs a scalar
loss value. The population loss £(#) 15 defined as the expected pointwise loss over the data distri-
bution T:

L(g) = E[x_,y}m'ﬂ [I{fﬂ{xjayj]

where fp denotes the model with parameters §. And ﬁl:D; 8) iz the empirical loss computed on a
dataset D with parameters 8: .

17|

> Ufa(xe), )

i=1

- 1
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where |‘f’| 1s the number of samples in the dataset. Below are some common pointwise loss functions.

e Squared Error (SE) is commonly used in regression tasks where the output is continuous. It
is defined as I(§,y) = (§ — y)*.

¢ Binary Cross Entropy (BCE) works on binary decisions by penalising mismatches between
predictions and ground truth. It is defined as I(§,y) = —[ylog§ + (1 — y) log(1 — §)].

o Categorical Cross Entropy (CE) extends BCE to multi-class classification tasks, where ¥ and
¥ assoclated with a sample X are interpreted as probability distributions over C' classes. It is

defined as:
[

19,¥) = =D _ yslogdy.
j=1
The loss function optimisation is typically done via gradient-based methods that iteratively
update parameters in the direction of steepest descent. Stochastic Gradient Descent (SGD) is the
most fundamental optimisation algorithm, which updates parameters using gradients computed on
small random subsets (mini-batches) B; of the training data:

Bei1 = 8 — TVaL(By; 6;)

where 1 1s the learning rate controlling the step size. Whilst SGD is simple and computation-
ally efficient, its performance is sensitive to the choice of learning rate, and it can struggle with
ill-conditioned loss surfaces. Adaptive optimisation algorithms address these limitations by auto-
matically adjusting learning rates for individual parameters. Adam (Adaptive Moment Estimation)
[86] is the most popular adaptive optimiser, which maintains exponentially decaying averages of
past gradients (first moment) and squared gradients (second moment) to compute adaptive learning
rates. The Adam update rule is given by:

me = fime_y + (1 — B1)VeL(By; 8;)

ve = Bove—1 + (1 — Bo) (VoL (By; 6:))?
i
Vite

where 5y and [ are decay rates for the moment estimates, and € i1s a small constant for numerical
stability. Adam combines the benefits of momentum, which aceelerates convergence in relevant
directions, with adaptive learning rates that handle sparse gradients effectively. The experiments in
this thesis utilise Adam for optimisation.

Bry1 =0 —

2.2.3 Regularisation

Regularisation techniques are crucial for preventing overfitting, where a model performs well on
training data but fails to generalise to unseen examples. These methods can be seen as additional
constraints to the training process that encourage simpler models or more robust learned representa-
tions. Ly regularisations are based on the p-norm of the parameter vector. These Ly norm penalties
are added with a hyperparameter A as a ‘soft constraint’ to the base loss function £, resulting the
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overall objective function to be £{#) + ALp(#). The regularisation functions are defined as follows:

Lo(8) = [18llo = ) _ 1(16:] > 0)

Ly(8) = 16l =) _ 16

Ly0) =013 =6}
i

Lo(8) 2 1L1(6) \ 1La0) |

[

1 1 1 1 1 1

(a) Ly regularisation. The penalty (b) L, regularisation, using the ab- (c) L; regularisation, using the
is constant at 1 for non-gero pa- solute value to promote sparsity. squared value to encourage even
rameters and (0 for zero parame- weight distribution.

ters.

Figure 2.2: Comparison of Ly regularisation functions.

L, regularisation promotes sparsity by theoretically driving many weights exactly to zero, effec-
tively performing feature selection. La regularisation penalises the squared magnitude of weights
and encourages the network to distribute weights more evenly and prevents individual weights from
becoming excessively large. In contrast to Ly and La, Lj regularisation directly penalises the number
of non-zero parameters, inducing no shrinkage on the values of the parameters and thus yielding the
sparsest solutions. But it is computationally intractable for gradient-based optimisation due to its
non-differentiability and combinatorial nature. Approaches such as [98, 135] have been proposed to
approximate Ly regularization for gradient-based optimisation.

2.2.4 Classification Tasks in Deep Learning

Classification is a supervised learning problem in deep learning where the objective is to assign input
data to predefined categories or labels. Depending on the nature and constraints of the problem,
classification tasks can be categorised into three main types: binary, multi-class, and multi-label
classification. Each type has distinct characteristics, employs specific loss functions for training, and
requires appropriate evaluation metrics.

Binary Classification

Binary classification involves predicting one of two possible classes for each input instance. The task
requires assigning each sample to exactly one of the two classes, either a positive class (typically
labelled 1) or a negative class (typically labelled 0). Mathematically, for an input x, the model learns
a function f: A — {0,1} that maps inputs to one of the two classes. The standard loss function
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for binary classification is the binary cross-entropy (BCE) loss. This loss function penalises confi-
dent incorrect predictions more severely than uncertain ones, as the logarithm approaches negative
infinity when the predicted probability diverges from the true label. Binary classification models
are evaluated using several metrics derived from the confusion matrix (Table 2.1), which tallies true
positives (TP), true negatives (TN), false positives (FP), and false negatives (FIN):

* Accuracy measures the proportion of correct predictions:

A - TP + TN
Y = TP Y TN+ FP + FN*

Whilst intuitive, accuracy can be misleading for imbalanced datasets where one class signifi-
cantly outnumbers the other.

* Precision quantifies the proportion of positive predictions that are correct:

Precision = _TP
- TP+FP’
+ Recall (also called sensitivity or true positive rate) measures the proportion of actual positives

correctly identified:
TP

Recall = 75—

e« F1 Score provides a harmonic mean of precision and recall, offering a balanced metric par-
ticularly useful for imbalanced datasets:

Precision - Recall TP

F1=2. _ _
Procision + Recall  2TP + FP + FN

The F1 score ranges from (0 to 1, with higher values indicating better performance. It penalises
extreme imbalances between precision and recall, making it preferable to accuracy when both
false positives and false negatives carry significant cost.

Predicted condition

Positive Nogative
Actual Positive | True positive | False negative

condition [ Negative | False positive | Lrue negative

Table 2.1: Confusion matrix for binary classification. The rows represent the actual condition
(ground truth), and the columns represent the predicted condition.

Multi-class Classification

Multi-class classification extends binary classification to problems with C' = 2 classes. Each instance
must be assigned to eractly one class from the set {1,2,...,C}. The model learns a function
f:X—={1,2 ...,C} that maps inputs to a single class label. The standard loss function for multi-
class classification is the categorical cross-entropy (CE) loss, and similar metrics extended to handle
multiple classes are computed analogously to binary classification. Accuracy remains the proportion
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of correctly classified instances:

Number of correct predictions

Accuracy = .
Ay Total number of predictions

Precision, Recall, and F1 Score can be computed per class or aggregated across classes using different
averaging strategios:

e Macro-averaging: Calculate the metric for each class independently and take the unweighted
mean, treating all classes equally regardless of their frequency. For class i, precision and recall

are defined as:
TP{ TPI

TP, + FP,’ TP, + FN,

Here, TP, FPy, and FN; denote the true positives, false positives, and false negatives for class
i, respectively, when treating class i as the positive class in a one-ve-rest manner. The per-class
F1 score, F1;, is computed analogously to the binary case. The macro-averaged F1 score is
then:

Recall, =

Precision; =

o
1
Macro F1 = — 3 F1,.
o

Since each class contributes equally to the final score, macro-averaging is particularly sensitive
to performance on minority classes. Poor performance on a rare class will significantly reduce
the macro score, even if the model performs well on frequent classes. This makes macro-
averaging suitable when all classes are equally important, regardless of their prevalence in the
dataset.

e Micro-averaging: Compute the global average by summing the counts for every class to get
the total true positives, true negatives, false positives, and false negatives, and then compute
the precision, recall, and F1 score:

Micro Precision — Total TP
Cro Trecision = qotal TP + Total FP’
, Total TP
Micro Recall = s TN
Miceo FI — 9. Total TP

2. Total TP + Total FP + Total FN'

Here, Total TP = Y7, TP,, Total FP = 3% FP,, and Total FN = 3% FN, are the
sums of per-class counts. In contrast to macro-averaging, micro-averaging is dominated by
performance on majority classes, as frequent classes contribute more to the agsregate counts.
A model that performs well on common classes but poorly on rare ones may still achieve a
high micro seore. This approach 1= appropriate when overall prediction accuracy matters more

than balanced performance across all classes.

» Weighted-averaging: Compute the metric for each class and average them weighted by the
number of true instances for each class. This approach provides a more balanced summary
metric of the model's performance across all classes. It accounts for class imbalance by giving
more welght to frequent classes, whilst still computing per-class metrics that can reveal poor

performance on specific classes.
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{Binary) Multi-label Classification

In multi-label classification, instances may be associated with multiple labels simultaneously. This
thesis considers the binary variant, where each label indicates the presence or absence of an attribute.
Uunlike multi-class classification’s mutual exclusivity constraint, multi-label classification allows any
subset of labels from the label set £ = {1,2, ..., L} to be true for a given instance. The model learns
a function f: X — {0, 1}* that predicts a binary vector indicating the presence or absence of each
label. This formulation 1= particularly relevant for applications such as tagging and categorisation,
where objects naturally belong to multiple categories. Multi-label classification typically employs
BCE loss applied independently to each label. A sigmoid activation function is applied independently
to each label’s logit to produce probabilities, allowing each label to be predicted independently
without the normalisation constraint imposed by softmax in multi-class classification. Multi-label
classification requires metrics that account for partial correctness, as predictions may be partially
accurate. For a dataset with N samples and L labels, the metrics are defined as follows:

* Subset Accuracy (exact match ratio) is a strict metric requiring the entire predicted label
set to exactly match the true label set:

1
Subset Accuracy = +- > Iy =)

=1

Here, 1(-) is the indicator function: 1(a) = 1 if condition « is true and 0 otherwise. y; € {0, 1}*
and ¥, € {0,1}* are the true and predicted label vectors for the i-th sample, respectively.

¢ Hamming Loss measures the fraction of incorrectly predicted labels, averaged over all samples

and labels:
N L

. 1 .
Hamming Loss = A Z Z Dy g # Heg)
=1 j=1

Here, y; 3 and ij; ; are the j-th element of the true and predicted label vectors for the i-th
sample, respectively. Lower values indicate better performance, with 0 representing perfect
classification. Hamming loss 1z more forgiving than exact match accuracy, as it penalises
individual label errors rather than requiring perfect label set prediction.

+ Precision, Recall, and F1 Score can be extended to multi-label settings using various
averaging schemes, similar to multi-class classification.

2.3 Semi-Symbolic Node and Neural DNF Model

This section first summarises the formulation and the training of the semi-symbolic node and the
neural DNF model as introduced in pix2rule [28], which provide the basic ingredients of the neural
DNF-based models proposed in this thesis. This section also recaps the post-training process that
translates a trained neural DNF model to an ASP program, as originally presented in pix2rule [28].
Subsequent chapters of this thesis adapt and refine these processes for the neural DNF-based models
proposed in this thesis.
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2.3.1 Model Formulation

In pix2rule [28], a semi-symbolic node with trainable weights wy, i = 1,..., N and parameter 4, with
input x € [-1,1¥ is given by:

N
fw(X) = (Z wyTy + ,B) (2.4)
1

N N
p=3d (‘E‘f‘ | — g |w1|) (2.5)
§ = tanh (f(x)) (26)

Here the N (semi-symbolic) inputs to the node are constrained such that r, € [—1,1], where the
extreme value 1 (resp. —1) is interpreted as the associated term i taling the logical value T (resp. 1)
with other values representing intermediate strengths of belief (a form of fuzzy logic or generalised
belief). The node activation § € (—1,1) is interpreted similarly, but cannot take specific values 1
or —1. The node’s characteristics are controlled by a hyperparameter 4, which induces behaviour
analogous to a logical conjunction (resp. disjunction) when § = 1 (resp. —1) precisely. The neural
DNF model 1= a feedforward neural network with a layer of conjunctive nodes followed by a layer of
disjunctive nodes to mimic a DNF formula, as shown in Figure 2.3.

- oam o o o o O O O O O O O e

T em == ==
Conjunctive Disjunctive
Layer Layer

Figure 2.3: A neural DNF model with a conjunctive layer followed by a disjunctive layer. Conjunctive
nodes in the conjunctive layer have their § values greater than 0, while disjunctive nodes in the
disjunctive layer have their 4 values loss than 0.



15 CHAFTER 2. BACKGROUND

2.3.2 Training

The training of the neural DNF model remains mostly the same as the trainming of an MLP, relying
on backpropagation and gradient descent to update the weights of the semi-symbolic nodes. The
key difference is that the logical bias § is not a trainable parameter but calculated as Equation (2.5).
# in the bias term is not a trainable parameter but its magnitude is controlled by a scheduler to
increase throughout training such that |§| = 1 at convergence. The reason for scheduling 4 1= to
avold the model failing to learn any rules if the logical bias is at full strength at the beginning of
training. In pixZ2rule, after some delay f4e1ay € M, |8 i updated every fgiaps € M=o steps, increasing
from a small initial magnitude &y € (0,1) to the magnitude of 1 in an exponential growth with rate
r>=1
da ift < tdelay

dey1| = t—tdalay
| o | mi_'n (JD'T'L Eataps J+1,1) iffE tdg]_ay

Figure 2.4 shows an example of the delta scheduling proposed in pix2rule. By adjusting do, 7, taalay,
and #gteps, the neural DNF model can steadily adjust the strength of the logical bias during training
and learn in a stable manner. Most experiments conducted in this thesis use this basic delayed expo-
nential scheduling, as defined in Equation (2.7), to update the magnitude of § throughout training

while maintaining learning stability. However, some experiments in Section 7.5 show mmstabilities in

(2.7)

training when learning from complex datasets, and Section 7.4.2 explores alternative delta scheduling
methods including adaptive scheduling that monitors the model’s performance during training.

DeltaDelayedExponentialDecayScheduler
o = 0.1, tgelay = 5, tsreps = 2,7 = 1.1

1.0 1

0.8 +

et |

0.4 1

0.2 1

t

Figure 2.4: An example of a delayed exponential decay schedule of 4, using the caleulation in
Equation (2.7) with parameters §y = 0.1, ¥ = 1.1, tgaay = 5 and tgaps = 2.
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2.3.3 Post-training Process for Logical Interpretation

After training, the neural DNF model 1= automatically translated to an ASP program for logical
interpretation. As proposed in pix2rule [28], this translation process is composed of three steps:
pruning, thresholding, and translation, as shown in Figure 2.5.

Pruned Thresholded
Moural DNF modal Meoural DNF model Neural DNF modal
R ) cER" . w e {—6,0,6}" ASP rulos
wE | Pruning WE »| Throsholding o Transtation

Figure 2.5: The post-training process to extract ASP rules from a neural DNF model.

Pruning.  This step prunes the weights of the semi-symbolic node to make the model as sparse
as possible without significantly changing model performance. Each edge is checked in turn to see
if its removal changes the model output for any input, and it is removed if it 15 not significantly
degrading the original model behaviour. The change is measured by the difference in the model’s
performance (for example, accuracy in pix2rule) on the training set, and it 1= considered significant
if the difference is greater than a hyperparameter threshold Tprune. Edges are checked in terms of
their accumulated impact on the model output (Le. the model parameters are updated at each
check), and edges connecting conjunctive nodes to disjunctive nodes are checked first and then those
connecting inputs to conjunctive nodes. At each time step t, the pruning process is formalised as
follows:

0 if Jmetriciwtyxtmin} - Jmet.ric(wt,wit.h w; =0 Xtrnjn} < Tprune

'LLI: = Qprune(thpcrunE:' = .
wy otherwise

Wil + Wiwith wi=w!

where Jpetricl-, ) 15 a metric function that measures the model's performance, and the higher the
value the better the performance. This process can be either executed once on the model, or the
weights can be passed in order for multiple passes until no weights are removed. The complexity of
the pruning process depends on both the size of the model and the number of inputs. The pruning
process 1s formalised in Algorithm 1.

Thresholding. This process prepares the semi-symbolic nodes for logical translation, by con-
verting the weights from B to values in {—6,0,6}. £ 6 is chosen in order to saturate tanh. All
weights with absolute values smaller than the threshold Tipresp are filtered out, while the rest are
comverted to £6 according to their sign. The thresholding process is formalised as the following:

Gihreshold (W3 Tehresn ) = W, with di; = 6 - sign(wy) - 1(|wy| > Tinresn)

where 1(-) is the indicator function and 0 < 7y = max |[W|. The best value 13,4, 1s chosen by
trying all possible values in the range (with step size (.01) that maintains the model’s behaviour as
much as possible, subject to the same checks in pruning, and is applied across all conjunctive and
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disjunctive nodes in the neural DNF model:

¥Tihresh € [0, max |w|,0.01].

[Jmetrir: { Genreshola(W; T:]'_ll‘eﬁh}j Xirain) = Jmetric (Gehreshold (W Tehrash) Xtr:ﬁn}]

Jmetric(-, -} 1s the same metric function as before, and the notation [a, b, 5| denotes the set {a,a+s,a+
2s, ...} of values from a to b with step size 5. The complexaty of the thresholding process depends
on the size of the set |[0, max|w|,0.01]| = |max |w|/0.01] + 1, and the dataset size since it needs
to compute the metric function for each threshold value. The thresholding process is formalised in
Algorithm 2.

Translation. This step translates the weights of the semi-symbolic node to logic programs.
Conjunctive nodes are translated to a single rule. Disjunctive nodes are translated to multiple rules
with the same rule head, with each rule having exactly one atom corresponding to its conjunctive
node input. Any weight w, € {—6,6} indicates the presence of an atom in the rule body. This
process 1s formalised and proved later in this thesis (Section 4.2.2).

Example 2.3.1: Post-training Process
Consider a neural DNF model with three inputs xy, 19, T3, three conjunctive nodes ¢y, 2, c3,
and three disjunctive nodes dy,ds,ds. Suppose after tramming the model has learned the
following weight matrices, where W, € B**? denotes the weights from inputs to conjunctive
nodes, and Wy € R**? denotes the weights from conjunctive nodes to disjunctive nodes:

28 -31 02 35 01 00
W.=1]-29 32 27|, Wy=|00 -28 31
0.1 005 -3.0 33 00 -29

Row i of W, contains the weights connecting inputs xp, r9, 3 to conjunctive node ¢, and
row j of W contains the weights connecting conjunctive nodes ¢y, cq, c5 to disjunctive node
dy.

Pruning. Suppose the pruning process with threshold Tprune = 0.01 determines that some
welghts can be removed without significantly affecting performance and they are set to zero,

vielding:

28 -31 0 35 0 0
wemed — | 99 32 27 |, WE™I=| o0 -—28 31
0 0 -30 33 0 0

Thresholding. Suppose the thresholding process determines that the best threshold is
Tihresh = 2-7, and it converts weights to strictly £6 based on their sign and if their absolute
values are greater than 7} .., yielding:

6 —6 0 6 0 0
whet— -6 6 0

c
0 0 -6 6 0 0
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Translation. Conjunctive nodes in W™ are translated to a single rule, while disjunctive
nodes in W™! a1 translated to multiple rules with the same rule head, where each rule has
exactly one atom corresponding to its conjunctive node input. A weight value of 6 indicates
the presence of a positive atom in the rule body, while a weight value of —6 indicates the
presence of a negative atom in the rule body. The detailed translation process is defined in
Section 4.2.2.

dy + c1. €y + aj,not as.
ds + not ca. ca +— not aj,as.
da + c3. c3 + not as.

ds + c1.

Algorithm 1 Pruning of a Semi-symbolic Node
Input: Trained weights w of a semi-symbolic node, training set X5, metric function Jpeerie, and
threshold e
Output: Pruned weights w
1: procedure PRUNEEDGES(W, Xirain, Tprune)
Jhase + Jmetric(W, Xirain)
for ecach edge weight wy in w do
W' +— W with w, set to 0
Jnew = Jmotric (W', Xirain)
if Jhase — Jnew < Tprune then
W w  Accumulate the removal
Jba.se f— Jm
return w

-
=

r Edges into disjunctive nodes are pruned before edges into conjunctive nodes
: Wy + PRUNEEDGES(W4, Xirain, Tprune)
. W, + PRUNEEDGES(We, Xirain, Tprune)
= Optionally repeat until no further weights are removed

e
L

2.4 Reinforcement Learning

Reinforcement Learning (RL) [150] is a paradigm of learning where an agent learns to make decisions
by interacting with an environment and with the objective of maximising the cumulative reward
over time. Unlike supervised learning where a model learns from labelled examples, or unsupervised
learning where a model discovers patterns in data without labels, RL agents learn through trial and
error, receiving feedback in the form of rewards or penalties for their actions.

This section provides a brief overview of the fundamentals of RL (Section 2.4.1) and the actor-
critic methods (Section 2.4.2) used in this thesis.

2.4.1 Fundamentals

RL tasks are commonly modelled as Markov Decision Processes (MDPs) [127] or sometimes Partially
Observable Markov Decision Processes (POMDPs) [171, 80]. A finite MDP is defined by a tuple
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Algorithm 2 Thresholding of Semi-symbolic Nodes

Input: Pruned weights w of all semi-symbolic nodes, training set Xy, metric function Jperic,
step size s = 0.01
Output: Thresholded weights W = {—6,0, 6}
1: procedure THRESHOLD(W, Tiprash )
2 g +— 6 - signiuy) - 1(|wy| > Tihresn) for each wy € w
3: return w
1: procedure FINDBESTTHRESHOLD(W, Xirain)

&: J* = —oo, T — 0

B: for Tipresn € |0, max |wl, s| do

70 W + THRESHOLD(W, Tihresh)

&: J Jmetri.c{ﬁryxtmin:'

o: if J = J* then

10: JE J, T:hreeih +— Tthresh

11: return v, ..

12: 7% o + FINDBESTTHRESHOLD(W, Xirain)

13: W + THRESHOLD(W, T rach ) = Apply across all conjunctive and disjunctive nodes

14: return w

{8, A, p, 7, ), where § is the finite st of states, 4 is the finite st of actions, p: & x 4 — A(S) 18 the
transition probability function (A(X') denotes the probability simplex over a finite set X | 1.e. the sot
of all probability distributions over X), r : § x A — R is the reward function, and + € [0, 1] is the
discount factor. The transition probability function p and reward function r model the environment
dynamics, and are typically unknown, and the agent learns them (implicitly or explicitly) through
interaction with the environment. At each time step ¢, an agent (1) observes the current state s,
of the environment, (i) selects an action a; based on its policy, and (11) receives a reward r; and
transitions to a new state s;q, as illustrated in Figure 2.6. The Markov property states that the
future state depends only on the current state and action, and not on the history of states and
actions:

plses1lse, ae) = p(se4a|se, ae, se-1,80-1,-.)

r(se,ar) = 7(s¢, 00, S—1, 001, -..)

Bp ————

e Ageont —‘
a
Tee1 - }
H Environment

St41

Figure 2.6: The agent-environment interaction in an MDP [150].

The goal of the agent is to learn a policy that maps states to action probabilities, 1e. 7 : 8 —
A(A), that maximises the expected cumulative reward over time, where the expected cumulative

reward for some policy 7 1z defined as:

J(m) = Ex[Y_ 're] (2.8)
t=>0
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where v € [0,1] is a discount factor that determines how much the agent values future rewards
compared to immediate ones. The discount factor ensures convergence of the infinite sum by making
distant rewards contribute less to the total, emphasising immediate rewards as more valuable than
future ones. It also provides mathematical tractability for optimisation algorithms. When  is close
to 0, the agent focuses primarily on immediate rewards and acts short-sightedly. And when ~ is
close to 1, the agent considers long-term consequences more, potentially leading to more strategic
behaviour.

In some cases, where the agent does not have access to the complete state information, the task
15 modelled as a Partially Observable MDP (POMDP), where the agent receives observations that
provide partial information about the true state. Despite POMDPs" Markovian dynamics, since
there is no direct access to the true state, the agent in general needs to keep track of past history
to make optimal decisions.

2.4.2 Actor-Critic Methods

Two fundamental paradigms exist for learning policies in RL: value-based methods learn a value
function that estimates expected returns and derive a policy from it, while policy-based methods
directly parameterise and optimise the policy itself. Actor-eritic algorithms such as Advantage
Actor-Critic (A2C/A3C) [107] and Proximal Policy Optimization (PPO) [138] combine the benefits
of both approaches by maintaining an actor that learns the policy w{a;|s;) = Prid; = a;|5; = s¢, 7)
and a eritic that learns the value function V() for estimating the expected cumulative reward from
cach state. Before diving into the details of the actor-critic methods, it is helpful to understand the
1zsues of purely value-based and purely policy-based methods.

Purely Value-Based Methods

Given a policy w, a value function V™ (s) estimates the expected cumulative reward from a state s
under the policy 7, while a state-action value function )7 (s, a) estimates the expected cumulative
reward from a state s and action a under the policy .

V() = Ex[R¢|s: = s
= wlals) Y p(s'ls, a)[r(s,a,8") + V()]

acA eSS
Q7 (s,a) = Ex[Rils: — s,0c — ]
=Y pls'ls,a)[r(s,a,8) +7 ) w(a'|¢)Q7(s',a")]
sES a4
Value-based methods, such as (}-learning [159] and Deep Q-Networks (DQN) [108], learn the

action-value function )™ (s, a) and derive an implicit policy from the value function (commonly an
e-greedy policy, where a random action is selected with probability € and the action with the highest
value is selected with probability 1 — €). The estimated Q-function ()(s,a) is updated using the
Bellman equation:

ff:"[-!n ag) + ff:'{-!t:ﬂt} + afregr + Tgléudéist+1:ﬂij - ff:"[-!n ag)]
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where « is the learning rate. For finite MDPs, tabular ()-learning is guaranteed to converge asymp-
totically to the optimal action-value function *(s, a) with probability 1 under standard assumptions
[159]. DON extends Q-learning by using deep neural networks to approximate the ()-function, en-
abling RL to handle high-dimensional state spaces. DON also employs two techniques to improve
learning stability and performance:

+ Experience replay: storing and randomly sampling past transitions to break correlations in
sequential data and improve data efficiency.

o Target networks: maintaining a separate target network with a copy of the Q-network’s
parameters to compute the target wvalues, where the target network's parameters are only
updated periodically with the (-network’s parameters. This decouples the target computation
from the Q-network, reducing oscillations and improving training stability.

However, value-based methods struggle in continuous action spaces where computing the maxi-
mum action value iz computationally intractable. Furthermore, because of its assumption of deter-
ministic optimal policy given a known value function, it 1= not suitable to learn stochastic policies
and might struggle in partially observable environments.

Purely Policy-Based Methods

Policy-based methods, such as REINFORCE [160], directly parameterise and optimise the policy
w(a)sy). They have the advantages of natural handling of continuous action spaces, the ability to
learn stochastic policies, and better convergence properties in certain scenarios. The update signal
for REINFORCE relies on the estimated return (or the Monte Carlo return) G, to update the policy
parameters:

Vo J(8) = Er, [G: Vg log ma(az|s:)]

o
k
where G = Z VT rk+1
k=0

Since the Monte Carlo return i1s a sum of rewards over a long horizon, it has high variance due to
(1) the accumulation of variance from stochastic rewards along the trajectory and (2) attributing all
future rewards to a single action despite those rewards depending on subsequent actions and states
leading to unstable learning [137].

T

Actor-critic, A2C and PPO

The actor-critic method [151] directly resolves the flaws of purely value based and purely policy-
based methods, by combining the parameterisation and optimisation of a policy (actor) with a value
function (critic). The actor learns a policy directly, making it suitable for continuous action spaces
and stochastic policies. Simultancously, the eritic learns a value function, which provides a low-
variance feedback signal that replaces the high-variance Monte Carlo return, thus stabilising the
actor’s learning. In practice, actor-critic algorithms perform on-policy updates: they collect data by
following the current policy, then update both the policy and the value estimator using the collected
data. The feedback from the eritic, typically the temporal-difference (TD) error (ry + 4V (s41) —
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V(s)) or an advantage estimate, which quantifies how much better an action 15 compared to the
average actlon in a given state, guides the gradient update direction of the actor. By using the
value estimates as a baseline, the actor’s updates become more stable than pure policy gradient.
The actor and critic often share underlying network layers such as CNNs for state representation,
and the architecture diverges into separate output layers for policy and value predictions after the
shared layers.

A3C [107] and A2C [115] are two popular actor-critic methods that use the advantage function
in their policy gradient update to reduce the variance of the update signal. The advantage function
15 defined as:

A™(s,a) = Q7(s,a) —V7(s)

In practice, actors interact with multiple copies of the environment and collect trajectories. A2C s a
synchronous variant of A3C, where all actors share the same policy and value function, in contrast to
A3C's asynchronous updates where each actor has its own policy and value function. After a cortain
number of time steps or episodes, the experiences from all actors are aggregated. The algorithm then
uses these to perform an update of actors and critics. The policy update uses the policy gradient
with the advantage function A(s;,a;) as a weight:

Vo = Eq, [va log ma(ac]s:)A(st, ﬂt:']

The advantage estimates can be computed in various ways; a common choice is n-step returns or
Generalised Advantage Estimation (GAE) [137] to balance bias and variance. Using GAE, the k-step
advantage 1s computed as: ﬁ{s,aj = E::ﬂl Vrees + YV (se4k) — V(se).

PPO [138] is another actor-critic method with the key innovation of clipping the policy update to
prevent destructively large changes. It builds upon Trust Region Policy Optimisation (TRPO) [136]
but takes a simpler approach. TRPO constrains the policy updates by bounding the KL divergence
hetween the old policy 7g_, and the updated policy g, either as an explicit constraint or as a penalty
term, to ensure stability. Rather than including the KL-divergence term, PPO employs a clipped
objective (LEMF(f) in Equation (2.10)) that discourages the new policy from deviating too far from
the old one. By replacing the KL constraint with clipping, PPO can be optimised using standard
first-order gradient methods, avolding the second-order computations (such as Hessian-vector prod-
ucts) required by TRPO. This makes PPO simpler to implement while achieving comparable or
better performance. Beyond algorithmic simplicity, code-level optimisations have also been shown
to contribute to PPO’s improved performance over TRPO [47].

A typical PPO training iteration alternates between sampling and optimisation. First, the cur-
rent actor 1= used to collect trajectories from the environment (often using parallel copies of the
environment for efficiency, as in A2C). The returns and advantage estimates are then computed
from these trajectories. Finally, PPO constructs the surrogate objective and optimises the param-
ctors over mini-batches for several epochs. The PPO objective function contains three terms: the
difference between the predicted and target value functions (L¥*"%(#)), the difference between the
new and old policies (L°MF(8)), and a bonus term for the entropy of the policy (S[mg)(s:), to en-
courage exploration). The PPO loss function used in this thesis is based on the original PPO paper
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[138] and CleanRL's implementation [72], defined as:

LFPO(8) = E, [L°VF(0) + 5, L"™"*(8) — 125 [mg](sc)] (2.9)
L°YP(g) _E, [man (r;{ﬂ}}ihc]ip{r;l:ﬂ}, 1—e1+ e}ﬁt)] , (2.10)

S[ma](st) = —Eq [Z We{ﬂlss}lﬂgﬂa{ﬂht}] )

Lunc]ip‘ped Yl:gj — (VE{SE} — V},}E,
Vclipp-ed(g:, = Voia(se) + clip(Va(s:) — Vaia(se), —e, €),
[clipped Yl:gj — {Vclippﬂdigj _ “}2,
L (9) = Eg [max (LUeipped(g), Lpeed v (g))]

where:
o 7¢(#) is the probability ratio between the new and old policies at time t;
e #y and kg are hyperparameters and the coefficients of the value loss and the entropy;
e 7y is the policy of the model with parameter #;
e a; 1s the action at time #;
s s; is the state at time ¢;
o A, is the advantage estimate at time ¢, computed with GAE [137);
» clip(z,a,b) is a function that clamps r to the range [a, bj;
® ¢ 1s a hyperparameter, representing the clipping range;
» S[mg|(s¢) is the entropy of the policy in state s;

o Vy(s;) is the value predicted in state s; by the model with parameter #, during the loss
calculation;

e 1} is the value target at time ¢;

o and Vgg(s;) 1s the value predicted in state s; by the model with parameter #, during the
collection of experiences.

In practice, the expectations E,[-| are approximated by taking the sample mean over timesteps from
collected trajectories. Notably, the original PPO paper [138] proposes an alternative to the clipped
probability ratio objective as L% (f) in Equation (2.10). The variant uses a KL-divergence penalty
in the objective and adjusts a penalty coefficient to keep the KL divergence between the new and old
policy below a target. In practice, the clipped version has become more popular due to its simplicity
and empirical success.

With the chpping mechanism, PPO achioves better performance because of the stability it pro-
vides. Furthermore, PP has empirically better sample complexity than traditional policy gradient
methods that perform single pass updates [138]. A2C performs only one update for each batch of
on-policy trajectories. In contrast, PPO updates the policy multiple times per batch of data, giving
it an advantage in how effectively it uses each sample.



Chapter 3

Related Work

This chapter surveys research relevant to neural DNF-based models, covering in particular the
learning of interpretable rules and their applications in reinforcement learning. Section 3.1 examines
neuro-symbolic learning approaches that combine neural networks with symbolic reasoning for rule
learning. Section 3.2 discusses end-to-end neuro-symbolic reinforcement learning for interpretable
policy learning and other RL tasks using hybrid architectures.

3.1 Neuro-symbolic Learning

This section focuses on neuro-symbolic learning approaches. It begins with purely differentiable
methods that enable end-to-end training whilst maintaining symhbolic interpretability in Section 3.1.1.
Section 3.1.2 examines other hybrid architectures that combine separate symbolic and neural com-
ponents where the symbolic components are the core rule learners. Section 3.1.3 reviews predicate
imvention from raw data in the context of hoth purely differentiable and hybrid architectures. Fi-
nally, Section 3.1.4 discusses approaches that enforce logical constraints on neural network outputs,
which show similarities with the design of the neural DNF-EO model proposed in Chapter 5.

3.1.1 End-to-end Rule Learning

Many existing rule learning works take the Inductive Logic Programming (ILP) [110, 29] from
symbolic Al as their core frameworks and realise the ILP tasks with neural networks for end-to-end
differentiable rule learning. Classical ILP systems, such as ALEPH [147], Metagol [30], ILASP [92]
and FastLAS [91], aim to find the best set of rules in a hypothesis space that, when combined with a
given background knowledge, would cover the target examples, 1.e. entail all positive examples but
none of the negative ones. The learned rules are human-readable because of their symbolic structure.
ILP systems are able to generalise well even with a small amount of data, as most systems prefer
to choose the shortest set of rules in the hypothesis space that cover the given examples. It is also
possible for some systems not to choose the shortest rules: FastLAS [91] supports a custom scoring
function that evaluates hypotheses and learns the lowest-scoring hypothesis, making it possible
for the system to choose less general but more relevant domain-specific solutions. Despite these
advancements, ILP systems suffer from scalability when the task has a huge hypothesis space,
requiring a large amount of memory and time to generate and search for optimal solutions. The

27
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scalability issue hinders the ILP systems’ capability in real-world datasets where most tasks have
large hypothesis spaces. FastLAS [91] is designed to be more scalable by computing a subset of
the hypothesis space while guaranteeing to cover the optimal solution, yet it can still suffer from
time-out issues. On the other hand, neural networks are more capable of handling large datasets,
but at the cost of interpretability. Differentiable ILP approaches combine the best of ILP and
neural networks to create systems that are interpretable and sealable. In general, differentiable
ILP approaches approximate discrete operations and input with continuous operations and input,
and create a process of continuous logic reasoning such that the model can be trained via gradient
descent. Some differentiable ILP approaches focus on solving symbolic or knowledge base tasks that
benefit much from having background knowledge in the systems and thus inheriting the merit of ILP
systems, while other methods inject little to no prior knowledge into the models, thus avoiding the
human-engineering overhead. These existing methods can be categorised into two classes: template-
based methods that restrict the forms of the rules to learn and free-form methods that do not require
predefined templates.

Template-based Methods

Many differentiable ILP approaches follow the use of rule templates in classical ILP to restrict the
search space. A rule template (or a meta-rule) 1s a second-order clause, for example:

H(X,Y) + B1(X, Z) A Ba(Z,Y) (3.1)

where H, By and B, are predicate variables. A rule constructed from a rule template has to follow the
number of body atoms and each predicate’s arity specified in the template, but it has the freedom
of choosing which predicate to use. For instance, ((X.Y) + R(X,Z) A 5(Z,Y) 15 an instance of
the rule template in Equation (3.1), where @, R and S are specific binary predicates. Methods that
use rule templates essentially inject a bias into the model of what form of rules to learn, which helps
with scaling and interpretability of the model.

4-ILP [50] serves as the foundation for many differentiable ILP systems. It generates a set of
clauses from rule templates and reduces the inductive learning task to a satisfiability problem by
assigning a Boolean flag to each clanse to indicate whether it should be included in the final rule
sct. To enable differentiable training, the system replaces discrete logic inputs and operations with
continuous counterparts. During inference, rather than using Godel’s or Lukasiowicz's t-norm, which
suppresses the gradient of one conjunct, the product t-norm is used, serving as the fuzzy conjunction
operator, ensuring that forward chaining remains differentiable. Given the initial valuation of a set of
ground atoms, §-ILP performs multiple forward-chaining steps on the generated clanses and predicts
the probability of a label. The objective i1s to match the predicted label with the ground truth by
minimising the negative log-likelihood loss. Each intensional predicate (Le. predicates that appear
in the head of the rules) is assumed to be defined by exactly two clauses. Consequently, a weight
matrix is assigned to each pair of clauses, with dimensions equal to the product of the number of
clauses generated by the pair of rule templates that define the intensional predicate. Different rule
templates yield weight matrices of different dimensions. Each element in the matrix represents the
confidence that the corresponding pair of clauses correctly defines the intensional predicate. These
weights constitute the only trainable components in the system. After training, softmax 1= applied to
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the weights to obtain a probability distribution over clanses, and elauses above a confidence threshold
are selected as solutions to the ILP task. Compared to Metagol [30], a symbolic ILP system, 4-ILP
achieves similar performance on tasks with binary predicates and can learn in circumstances where
Metagol times out, demonstrating the superior scalability of differentiable systems. The limitation
18 its expressivity: the learnable clauses are constrained by the rule templates, which are restricted
to contain no constants and exactly two body atoms with predicates of arity at most two.

LRI [23] introduces a neural forward-chaining theorem prover that learns logical rules by rep-
resenting rule predicates and facts as dense embeddings trained via soft unifieation. The model
encodes each rule as a tuple of predicate embeddings and variable slots, and each fact as a predicate
embedding with subject-ohject constants and a real-valued valuation in [0,1]. Forward chaining
applies all rules to all fact pairs for a fixed number of steps, generating new candidate facts whose
valuations are computed as products of fact values and cosine similarities between rule and fact
predicates. For ILP tasks, predicate embeddings for rules are optimised by binary cross-entropy
on target valuations, while for theory learning tasks the valuations of all candidate facts are also
learned and regularised with an L2-like sparsity penalty on initial facts to encourage compression of
the observation set. Different from 4-ILP, LRI operates at the level of atom embeddings rather than
explicit symbolic rule search: both rules and invented predicates are interpretable by inspecting their
learned embeddings, enabling predicate invention and fact induction within a single differentiable
framework. However, the approach still relies on hand-specified rule templates and suffers from
exponential growth of inferred facts in forward chaining.

HRI [64] proposes a proto-rule, which extends the notion of meta-rule to enable more expressive
representation, while using soft unification for predicate matching. The predicate variable in the
body of a proto-rule can be instantiated with any predicate with arity equal to or lower than
the variable’s arity, and the arguments of the predicate variable can also be optional if the actual
predicate used has lower arity than the variable. The head predicate’s arity must match the variable’s
arity. For example, the proto-rule H(X,Y) « By(X,Z) A B2(Z,Y) can be instantiated with the
predicate Q(X,Y) « R(X) A S(Z,Y), where @ and S are binary predicates and R 1= a unary
predicate. Using proto-rules, HRI proposed a hierarchical model for differentiable ILP, by organising
awpliary predicates generated by proto-rules in a sequence of layers. The amwdaliary predicate can be
defined by predicates from the layers before, and the current layer if recursion iz allowed. The last
layer’s predicates are matched with the target predicate. Before training, the model is instantiated
with a set of proto-rules, and at each iteration, binary cross entropy encourages the final layer's
valuation to be close to the ground truth valuation. Like LRI [23], the learned embeddings of
predicate and atom in the meta-rule are matched via soft unification measured with cosine similarity.
The model performs multiple steps of forward chaining to infer the valuation of the predicates and
computes a loss between the inforred values and the ground truth. To avoid the underestimation
problem due to the multiplication of values in [0, 1], HRI replaces the multiplication for a conjunction
with a min operator and softmaxes the cosine unification score with Gumbel noise across the possible
ground atoms for the same rule atom. After training, the highest unification score predicates are
selected to form the rules at each layer. In comparison with 6-ILP [50] and LRI [23], HRI [64]
achieves similar performance with a smaller and more flexible template set: the same proto-rule set
used by HRI is generic enough for all the experiments carried out in [64], which covers the entire set
of function-free Horn clauses with at most 2 body atoms that involve unary and binary predicates.
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LNN-ILP [140] introduces a differentiable ILP framework that learns both first-order logic rules
and their logical connectives using Logical Neural Network (LNN) with tree-style templates. The
architecture contains individual components of sparsely associating parameters with predicates and
LNN-conjunction/disjunction for fact combination. The LNN parameters are trained end-to-end
under linear inequality constraints. However, the framework still relies on user-specified templates
and full grounding of the knowledge base, which may limit automation and scalability on very large
or perception-heavy tasks.

Neural Theorem Prover (NTP) [132] uses Prolog’s backward chaining as guidance to recursively
construct neural networks, performing multi-hop reasoning over knowledge bases while learning
sub-symbolic embeddings. The method replaces discrete unification with a differentiable similarity
function over predicate and constant embeddings, and decomposes proving into differentiable OR
and AND modules that operate on proof states containing both a substitution set and a continuous
proof success score. NTP uses rule templates to instantiate rule structures and the rules’ param-
oters are updated via gradient descent based on the success signal of proving known or unknown
facts. NTP is limited to relatively small knowledge bases due to the combinatorial explosion of dif
forentiable proof paths and relies on predefined rule templates and function-free logic, constraining
the expressivity of induced programs. [106] addresses the computational complexity by approxi-
mating the proof search with nearest-neighbour retrieval, enabling application to larger knowledge
bases. The new approach, NTP 2.0, prunes the computation graph aggressively at each unifica-
tion step but keeps the same architecture and optimisation setup as NTP. It reduces the problem
of unifying a query with all facts in the knowledge base to a k-nearest neighbours problem in the
embedding space, and replaces exhaustive continuous unification in the OR module with appros
imate nearest neighbour search. Greedy Neural Theorem Prover (GNTP) [105] goes further with
computation optimisation and also extends to natural lanpuage. GNTPs cast fact selection for each
sub-goal as an approximate nearest-neighbour search in embedding space and similarly prune rule
cxpansions by grouping rules into structural templates and only unifying with nearby rule heads in
predicate-embedding space. It introduces an attention mechanism over known predicate embeddings
to parameterise rule templates more compactly, and a simple but effective bag-of-embeddings text
encoder so that logical predicates and textual surface patterns share a common embedding space,
enabling joint reasoning over triples and sentences. Its reliance on approximate nearest-neighbour
heuristics may miss useful proof paths, and the bag-of-embeddings text encoder ignores word order,
potentially losing important information.

In summary, the approaches described above show great performance with interpretability and
scalability using rule templates to help restrict the search space and reduce computation. However,
the choice of rule templates requires careful human engineering to ensure a solution would be included
in the hypothesis space, and thus the templates set is usually task-specific. Although HRI [64]
alleviates the task-specific problem to some extent by using proto-rules, which are more flexable, its
generic proto-rule set still limits the form of rules a model can learn, and still needs to be modified
if applied to a more complex environment with higher-arity predicates or more body atoms.

Another way to constrain the search space is to use mode declarations [109]. oILP [143] proposes
a differentiable ILP system that learns rules from images using mode declarations. The system
combines a pre-trained ohject-centric visual perception module with a facts converter that maps
detected objects and attributes into probabilistic facts via neural predicates, and a differentiable
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forward-chaining engine that performs multi-step inference using weighted clanses. Clause structure
15 learned by a top-k beam search over clanse refinements guided by a differentiable evaluation
score, while clause weights are optimised with gradient descent using a soft program composition
that treats logic programs as smooth combinations of clause functions. The learned models yield
human-readable first-order classification rules, where the weight distributions sharply peak on a
single dominant clanse. However, alLP iz memory-intensive due to the large clavse-fact index
matrices and assumes a pre-trained perception model, plus carefully designed mode declarations
that encode background knowledge, with performance dependent on search depth and beam size.

NEUMANN [144] improves oILP by using bipartite graphs for better memory efficiency. The
method compiles weighted first-order definite clauses into a single bipartite forward reasoning graph
whose nodes represent ground atoms and conjunctions, thus being more memory efficient than
constructing the full clause-grounding matrices. It then performs differentiable forward chaining
via bidirectional message passing that softly implements logical conjunction and disjunction over
probabilistic atom valuations. Clauses are learned through an iterative loop that alternates between
gradient-based optimisation of clause weights via cross-entropy and differentiable sampling using
the Gumbel-max trick and mode declarations. Apart from memory efficiency, NEUMANN al=o
demonstrates that its sampling loop generates and refines clauses faster than beam search over
candidate clauses without sacrificing accuracy. However, it is still bounded by the usage of mode
declarations.

The approaches discussed above demonstrate alternative strategies using mode declarations for
constraining the hypothesis space. However, these methods remain dependent on carefully designed
mode declarations, imiting their generalisability across different tasks the same way rule templates
do.

Free-form Methods

Many approaches do not rely on rule templates to restrict the hypothesis space. Instead, they use
neural operations to approximate logical ones and train generic neural networks without prior bias
on the form of rules. The weights of the networks can be used as indications of atoms’ presence in
the rules, if the method provides any interpretability.

Neural Logic Machine (NLM) [43] learns logic rules in a multi-layer multi-group neural architec-
ture. Grounded function-free predicates are represented as probabilistic matrices with values in the
range [0, 1], and the model uses neural units to approximate boolean logic and logic quantifiers. The
multi-layer multi-group architecture realises the forward chaining by inter-group and intra-group
computations. Inter-group computation takes the previous layer's output and its neighbouring
groups' outputs, and then aligns their dimensions with expansion and reduction operators. Intra-
group computation realises boolean logic with MLPs and sigmoid activations, taking the aligned
outputs from inter-group computation as input. The number of forward chaining steps is imited by
the number of layers the NLM has. In comparison to §-ILP, NLM displays the same performance but
with better scalability: the computational complexity of NLM scales polynomially with respect to
the number of predicates, whereas §-ILP scales exponentially. Furthermore, NLM does not require
rule templates to restrict the form of rules learned. However, NLM is not fully interpretable because
of the use of MLPs.

dNL-ILP [123] is another approach that converts the inductive problem to a SAT problem by
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finding the best membership function, similarly to 4-ILP. In contrast to §-ILP, dNL-ILP assigns a
trainable hoolean flag my; on each individual atom, indicating whether the atom is in the rule or
not. It also introduces conjunctive and disjunctive neurons that implement neural conjunction and
disjunction functions to enable differentiable training. The model consists of a conjunctive layer
followed by a disjunctive layer, representing a neural disjunctive normal form. At each inference
step, a neural conjunctive/disjunctive function is applied to all possible grounded body atoms of
a predicate, and this value is amalgamated with the input value of this predicate to be the new
input at the next timestamp. Such a process is repeated as the forward chaining process, and the
output is interpreted as a probability. dNL-ILP suffers from secaling 1ssues as the complexaty grows
exponentially with the number of atoms in the body. The multiplication of values in [0,1] in its
fuzzy logic operations may also lead to the vanishing gradient problem.

Differentiable Logic Machine (DLM]) [170] builds upon NLM'’s architecture and improves on its
interpretability issue. Logic modules that implement fuzzy logic replace the MLP, and half of the
outputs are defined with fuzzy conjunction while the other half use fuzzy disjunction. Weights are
used to choose predicates to satisfy the constraints, and conjunction and disjunction do not share the
same welghts. The fuzzy logic operations can be replaced by boolean counterparts to extract logic
programs after training. In addition, truth and falsity constants are added to allow a layer to be
preserved for the later layer. DLM shows good performance and better scalability without sacrificing
interpretability, and also does not require rule templates. However, the overall architecture design
15 complicated, with the mamal placement of negation applied to half of the conjunction’s and
disjunction’s outputs.

The work in [142] introduces a differentiable ILP framework that overcomes the structural and
expressivity limits of 4-ILP by enabling learning from noisy, structured data with function sym-
bols and multi-clause programs. The approach constructs its search space with an example-guided
beam search starting from a hand-crafted generic clanse. Its backward-chaining fact-enumeration
algorithm restricts ground atoms to those necessary for inference, thus controlling the size of the
clauses. The method softly composes candidate programs using multiple clause-level weights and a
smooth OR operator, avoiding the quadratic parameter explosion of pairwise clause weighting. Ex
periments show that the approach reduces memory usage and runtime and results in fewer clauses,
but also show the reliance on effective search-space pruning and difficulty scaling to highly expressive
domains.

Several works build upon the Learning from Interpretation Transition (LFIT) framework [74],
which learns logic programs from state-transition data, to propose different differentiable ILP frame-
works. D-LFIT 57| learns interpretable propositional transition rules from noisy or incomplete state-
transition data in a differentiable manner. It transfers symbolic logic programs into differentiable
vector spaces with an immediate vector consequence operator. It then uses a two-stage architecture:
a meta-info learner that learns a sparse normal matrix encoding the rules of the logic program to
reduce the search space, and an interpretation learner that, given the meta-information, optimises
same head variable (SHV) matrices under product t-norm semantics to recover the connections
between variables and logic operators. Once trained, D-LFIT extracts logic programs simply by
thresholding and decoding SHV matrices, yielding linear-time rule extraction. DFORL [56] extends
D-LFIT [57] to learn first-order clauses. The model still focuses on learning same-head programs
and reuses the differentiable immediate-consequence computation of D-LFIT, with the addition of
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awpliary-predicate invention and similarity losses that encourage rule diversity and curriculum learn-
ing by treating prior knowledge as constraints. It also introduces a sampling pre-processing strategy
to select essential facts for better scalability when learning from knowledge graphs. Both works suf
for from scalability issues as the number of body variables increases, causing combinatorial growth
in matrix dimensions. Besides learning transition rules, SLFIT2 [125] also focuses on realising the
symbolic property of variable permutation invariance in a differentiable manner. The model takes
the head of the rule, the body length of the rule and the state transition as input, and outputs
the probabilities of a set of rules with that head and body length. A novel rotating permutation
function reorders the variables to generate variable assignments and their embeddings are then fed
into a set transformer followed by linear layers to produce the probahilities of the rules, and there
15 a dedicated output layer for each body length. The approach scales to larger systems by training
on fixed-size subsets of variables and sliding this window over the Herbrand base, though this still
requires separate models per maximum rule body length and suffers from combinatorial growth in
rule outputs.

Neural Logic Network (NLN) [124] addresses the challenge of learning accurate yet interpretable
rule-based models that can recover the underlying logic programs governing tabular data. The neu-
rons act as probabilistic AND and OR operators, and the biases are used to handle unobserved data.
Each rule is constructed as if-then modules with shared binary, categorical, and continuous input
encodings, enabling parameter-efficient learning while preserving logical structure. NLN is trained
via gradient descent with tricks such as regularisation, rule resets, weight discretisation, pruning,
and bias re-adjustment to yield sparse and human-readable rules. Due to the formulation of the
neurons, NLN can suffer from vanishing gradients, and the weight discretisation becomes compu-
tationally expensive when the number of rules increases. The many training tricks also introduce
many levels of randomness, making it difficult to fully characterise the performance of the model.

Pix2rule 28] addresses the problem of free-form rule learning through a simple formalisation of a
semi-symbolic layer and formulates a neural DNF model. The background of the neural DNF model
is described in Section 2.3. In particular, all experiments in pix2rule [28] are binary classifications
that can be rendered indirectly as ILP tasks with no background knowledge: the model tries to learn
a sot of rules that predict whether the target is true or not.

Table 3.1 summarises the two categories of differentiable ILP approaches mentioned in this section
and their key limitations.

This thesis leverages the semi-symbolic layer proposed in pix2rule (28] but goes beyond syn-
thetic binary classification tasks, proposing a family of neural DNF-based models suitable for multi-
class/multi-label classification and reinforcement learning tasks. Compared to methods that rely on
rule templates (e.g. 4-ILP [50], HRI [64], LNN-ILP [140], NTP variants [132, 106, 105]) or mode
biases (e.g. olLP [143], NEUMANN [144]), the neural DNF-based models developed in this thesis
and the neural DNF meodel from pix2rule [28] are not restricted to learning rules in certain forms,
and can approximate a larger hypothesis search space. The factors affecting the form of learned
rules are the input and the number of outputs from the conjunctive layer: the input directly affects
the types of atoms or grounded predicates and the maximum number of them that can be included
in a conjunct, while the number of conjunctive layer outputs affects the number of disjuncts in a
DNF formula. While having a larger hypothesis space, it 1s still able to learn in a short time through
gradient descent, showing better scalability than symbolic learners like FastLAS [91]. The logical
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Method Bias Key Limitation

&-ILP [50] Rule templates Task-specific templates and restricted to <2 body atoms of arity <2

LRI [23] Rule templates Exponential growth of inferred facts during forward chaining

HRI [64] Proto-rules Expressivity still bounded by proto-rule arity

LNN-ILP [140] Tree templates Requires full grounding of the knowledge base

NTP [132] Rule templates Combinatorial explosion of differentiable proof paths

NTP 2.0 [106] Rule templates Approximate nearest-neighbour search may miss useful proof paths

GNTP [105] Rule templates Bag-of-embeddings encoder ignores word order and heuristic pruning may
miss proofs

alLP [143] Mode declarations Memory-intensive and assumes a pre-trained perception model

NEUMANN [144] Mode declarations  Expressivity bounded by mode declarations

NLM [43] Mone MLPs prevent full interpretability of learned rules

dNL-ILP [123] Mone Exponential complexity in number of body atoms and susceptible to van-
ishing gradients

DLM [170] Mone Complex architecture with manual placement of negation

D-LFIT [57] Mone Combinatorial growth of matric dimensions with body variables and propo-
sitional only

DFORL [56] Mone Combinatorial matric growth and scalability degrades with many body
variables

SLFTIT2 [125] Mone Requires separate models per rule body length

NLN [124] Mone Susceptible to vanishing gradients and weight discretisation is computa-
tionally expensive

Pix2rule [25] None Restricted to binary classification settings

Table 3.1: Comparison of differentiable ILP approaches surveyed in this section. Bias column
represents the type of search-space constraint.

bias in the semi-symbolic layers allows the neural DNF-based model to be interpreted after post-
training process via logical translation. The formulation of the semi-symbolic layer 1= simpler than
the neural conjunctive/disjunctive functions in dNL-ILP [123] and NLN [124] and is able to alleviate
the vanishing gradient problem. Owerall, the proposed neural DNF-based models with semi-symbolic
layers show a high degree of interpretability and scalability as differentiable rule learning models
with simplicity in architecture design.

3.1.2 Rule Learning with Hybrid Architectures

Apart from the category of differentiable inductive logic programming, which focuses on developing
a neural model that enables back-propagation and symbolic rule extraction, there are other neuro-
symbolic learning approaches with separate symbolic and neural components. These methods do
not allow full back-propagation due to their symbolic components, but compute gradients from the
symbolic components’ outputs in various ways to train the neural component.

One foundational work is DeepProbLog [101], which extends ProbLog, a probabilistic logic pro-
gramming language, to interface with deep learning. It introduces Neural Annotated Disjunctions,
which connect neural network outputs via softmax probabilities to logical atoms in a probabilistic
program. By computing gradients through all proof paths of the ground truth label using ProbLog’s
gradient semi-ring, DeepProbLog enables differentiable training, where error signals propagate from
the symbolic reasoning component with handerafted rules back to the neural network. Its im-
provement, DeepProbLogA* [102], uses A* search to find the most likely proof path according to
a heuristic function, thus improving the speed. It also employs an exploration mechanism to avoid
getting stuck in local minima.

Another work, Metaspq [33], learns Datalog rules with an abduction-induction procedure, re-
lying on the Metagol learning system [30] as its symbolic component. The model is trained with
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Expectation Maximisation algorithm, where the maximisation step is a gradient descent algorithm
on the neural network. It shows better performance on MNIST arnthmetic tasks than a fully neural
architecture while providing interpretable logic rules, as well as better scalability than DeepProbLog.
However, the choice of Datalog limits expressiveness to definite logic (no functions, constraints, ete.).

Answer Set Programming [95] is another popular logic programming language with strong ex-
pressiveness. NeurASP [165] interprets network outputs as probabilities over symbolic atoms, and
formalises a semantics that assigns such probabilities to ASP stable models. It derives gradients us-
ing semantic loss [164] for end-to-end training through symbolic constraints. The original Neur ASP
work focuses on neuro-symbolic reasoning; that is, the rules for reasoning are not learned but en-
coded iIn advance, and only the perception network is trained. Nevertheless, it lays the foundation
for other works on rule learning (see NSIL [32] below). However, it has a potential scalability issue
from stable-model enumeration for large or highly combinatorial programs.

FFNSL [31] and NSIL [32] use ILASP [92] or FastLAS [91| as their noise-tolerant symbolic
learner. The FFNSL method converts neural predictions into symbolic features using a Data-to-
Knowledge generator, attaching confidence-weighted facts to each example for the LAS learner. It
relies on a fixed and pre-trained network whose prediction failures can still dominate and increase the
symbolic solve time under high noise. NSIL improves on the neural learning task by jointly learning
a neural perception model and ASP programs from raw data. The system formulates perception as
latent concept classification and uses NeurASP-style semantic loss [165] for training neural outputs
consistent with the symbolic constraints from the symbolic learner. The weights of the examples for
the LAS learner are iteratively updated through corrective examples that balance exploration and
exploitation during symbolic search. The scalability iszue 12 inherited from NeurASP and might be
further exacerbated by the bootstrap stage when generating the imitial hypothesis.

NeuralFastLAS [26] presents another neuro-symbolic learning framework that extends FastLAS
[91] to enable simultaneous learning of symbolic knowledge and neural networks. The network train-
ing uses semantic loss [164] to train the two heads: the perception head that learns latent concepts,
and the rule probability head that learns the posterior distribution on the rules. Nevertheless,
it inherits several constraints from the underlying FastLAS system, including limited support for
non-ohservational predicate learning.

Embed2Rule [13] learns first-order logic programs directly from raw perceptual data by decou-
pling neural perception learning from symbolic rule induction. The neural pipeline first trains an
end-to-end neural perception-and-reasoning model to produce clustered latent embeddings, and then
assigns optimal symbolic labels to these clusters with the Hungarian Algorithm, using weak labels
from a zero-shot vision-language model (VLM). The symbolic component ILASP [92] induces answer
set programs from the noisy symbolic labels. The use of VLM for weak cluster labelling is novel but
it can also be problematic when the VLM struggles with specific visual domains,

Being an ASP-based approach, the work in [49] shows another interesting way of training two sep-
arate components in a pipeline rather than constructing loss functions for gradient back-propagation
on the neural network. It uses a Binary Neural Network (BNN) to translate raw sensory data to
a sequence of disjunctions and an apperception engine [51] to learn symbolic theory to explain the
sequence with strong inductive bias. The theory searching algorithm of the apperception engine is
encoded as ASP itself and solved with an ASP solver, and the training of BNN is encoded as a logic
program as well. So the entire training process is encoded into a single ASP task.
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Method Symbolic Component  Key Limitation

DeepProbLog [101] FrobLog Scalability limited by proof-path enumeration

DeepProbLogA* [102] ProbLog Heuristic search may miss optimal proofs

Metapg [33] Metagol Expressivity limited to definite Datalog (no functions or constraints)

NeurASP [165] ASP solver Sealability limited by stable-model enumeration

FFNSL [31] ILASP [ FastLAS Fixed perception network and prediction errors exacerbate symbolic
solve time

NSIL [32)] FastLAS Inherits NeurASF scalshility issues and bootstrap stage may inflate
hypothesis space

NeuralFastLAS [26] FastLAS Limited support for non-observational predicate learning

Embed2Rule [13] ILASP Weak cluster labelling degrades in specialist visual domains

BNN-AE [49] ASP solver Separate pipeline with no gradient flow

Table 3.2: Comparison of hybrid neuro-symhbolic rule learning approaches surveyed in this section.

3.1.3 Neural-Symbolic Predicate Invention

One challenge of neuro-symbolic systems 1= the need for symbolic predicates. They can either bhe
already awvailable in the task or hand-crafted by experts when the input data is not structured,
for example, images or text. However, hand-crafted predicates can be costly and time-consuming
to create, and may not generalise well to other tasks. Therefore, it is desirable to automatically
imvent predicates from raw data. Approaches with hybrid architectures in Section 3.1.2 address this
with explicit neural components that may or may not be trained, while this section reviews some
additional works that tackle this challenge.

Deep Symbolic Learning (DSL) [34] jointly learns perception functions and symbolic functions
from raw images. It models each perception module as a neural network producing symbol confidence
distributions and injects discrete symbolic choices through a differentiable policy mechanism that
selocts symbols while still enabling gradient-based learning. The symbolic function, stored as a
learnable matrix of weights, maps all possible combinations of symbols to the target concept. DSL
computes the truth value of predictions using Godel t-norm semantics and optimises the minimum
confidence across the selected perception and symbolic choices, ensuring that only the least confident
internal decision is updated.

NeSy-w [141] automatically invents relational concepts from visual scenes. It iteratively gener-
ates clanse candidates from basic neural predicates, evaluates them using differentiable reasoning,
and scores each clause set via necessity and sufficiency metrics computed in a 2D scoring space
derived from positive-negative scone pairs. New predicates are composed by taking disjunctions of
high-scoring clause bodies, and these invented predicates are fed back into a NeSy-ILP solver that
optimises weighted clauses via gradient descent. Experiments show that NeSy-m outperforms oILP
without background using limited primitive predicates.

Predicate invention is equally important in neuro-symbolic RL approaches, where the agent’s
observations are often unstructured inputs rather than symbolic representations. Section 3.2.1 dis-
cusses some RL methods that face this challenge, such as NeSyRL [84], which employs a pre-trained
semantic parser to extract first-order predicates from text observations. The neural DNF-MT model
proposed in this thesis enables end-to-end predicate invention by allowing preceding neural layers
to learn higher-level representations from unstructured observations during training.
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3.1.4 Network Learning with Logical Constraints

Difforent from learning rules as differentiable ILP methods, some approaches focus on enforcing
constraints on the neural network’s outputs. While not directly related, the work in Chapter 5
shows design similarities such as encoding logical constraints as layers.

DL2 [53] introduces a unified way to inject and query logical knowledge into neural networks by
translating first-order style constraints into non-negative, almost-everywhere differentiable losses.
These losses are exactly zero when the constraints are satisfied, enabling both constraint-guided
training and declarative queries over inputs, outputs, and neurons. The method has additional
training overhead and is susceptible to local minima.

Semantic loss [164] is used for the gradient back-propagation from symbolic constraints to the
neural network. It penalises neural outputs that do not match the semantics of the symbolic con-
straints encoded as circuits. However, the loss does not guarantee consistency and often acts as a
regulariser rather than a constraint. An extension to the semantic loss in [4] adds an entropy term
to improve its consistency but still cannot guarantee it.

SPL [3] introduces Semantic Probabilistic Layers (SPLs), a drop-in predictive layer that makes
neural networks’ structured outputs both probabilistic and guaranteed to satisfy rich logical con-
straints. SPL combines an expressive conditional probabilistic cireuit with a compiled constraint
circuit to enforce hard consistency. However, computing the product of two circuits and renormal-
1sing could be wasteful, and its simplification, single-circuit SPLs, may be over-parameterized and
may slow training down.

C-HMCNN(h) [62] addresses hierarchical multi-label classification by enforcing the logical con-
straint of implication between classes from the task to improve predictive performance. The method
wraps a base network h with a mav-constraint module, which takes the network’s output and for
cach class computes the maximum score over its subclasses, punaranteeing no hierarchy violations
by construction. A max-constraint loss modified from standard BCE encourages delegating super-
class decisions to informative subclasses and avoids bad optima, which are common with standard
BCE. Its extension CCN* [63] improves on the constraint that can be encoded and converts arbi-
trary propositional-logic requirements into rules via resolution. A dependency graph is built from
the rules to enable assignment of multiple labels to the same levels, which are then translated to
requirement layers on top of a base network. The requirement layers clamp each label within a
coherence interval derived and the whole model is trained with a tailored requirements loss so gradi-
ents flow to the right labels without inducing wrong supervision. CCN' shows better performance
than neural baselines without violations and its effectivenecss is demonstrated in a safety-critical
autonomous-driving benchmark. However, the approach can be sensitive to label ordering and also
susceptible to size blow-ups from saturation or unfavourable interaction graphs.

3.2 Neuro-symbolic Reinforcement Learning

This section reviews existing neuro-symbolic reinforcement learning approaches. Section 3.2.1 focuses
on neuro-symbolic RL approaches that perform interpretable policy learning, which is closely related
to the neural DNF-MT model introduced in Chapter 6. Section 3.2.2 summarises some wider neuro-
symbolic RL approaches that do not necessarily perform policy learning but other BL tasks such as

reward learning and constraint learning.
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3.2.1 Policy Learning for RL

Several end-to-end neuro-symbolic approaches have been proposed for interpretable policy learning in
reinforcement learning settings, formalising the task as a differentiable ILP task. They are commonly
applied to Relational RL [44, 167] domains, which utilise symbolic representations for states, actions,
and policies. Depending on the differentiable ILP system used for policy learning, some approaches
require rule templates or mode declarations to restrict the search space while others do not.

NLRL [77] combines 4-ILP [50] with the policy gradient method to learn policies in first-order
logic, improving interpretability and cross-task generalisation. NLRL proposes a Differentiable Re-
current Logic Machine (DRLM) that extends §-ILP with clause-lovel softmax weights, resulting
in lower memory use. DRLM performs iterative differentiable deduction and assigns softmax-
normalised welghts to candidate clauses generated from rule templates and composes one-step de-
duction functions to propagate truth values. The actor uses DRLM at its core and wraps it with
a symbolic state encoder that converts state to atoms first and a differentiable action decoder that
maps atom valuations to action probabilities after DRLM's deduction. The overall policy is trained
with vanilla policy gradient and a tailored action decoder normalisation encourages interpretable,
high-confidence action rules rather than brittle relative-score hacks. NLRL shows promising results
on block-manipulation and cliff-walking variants, with near-optimal performance and better robust-
ness to unseen scenarios than MLP baselines. However, the reliance on hand-crafted rule templates
and no raw-perception pipeline for state encoding brings human engineering overhead, and it shows
occasional sub-optimality in induced rules.

NUDGE [39] bridges the gap between interpretability and explainability in RL using the method
proposed in [142]. By distilling a pre-trained neural policy into a differentiable first-order logic pol-
icy where weighted rules describe and justify actions, the policy becomes both readable and state-
contingently explainable while remaining competitive in performance. It converts object-centric
states into probabilistic logical atoms, performs multi-step differentiable forward reasoning over
candidate action rules, and extracts an action distribution with a smooth log-sum-exp aggregator.
Rule candidates are generated from mode declarations efficiently via agreements with the neural
oracle, and rule weights are optimised with a PPO-style actor-critic update. NUDGE shows compa-
rable or better performance, faster convergence, and better robustness to environment variants than
purely neural PPO. However, its dependency on sufficiently expressive predicates and good coverage
of the neural puide constrains the completeness or biases the rule search.

NLM [43] is tested on Blocks World, where the agent takes actions on an initial world such that it
would eventually match a target world. The agent only receives a positive reward when it completes
the task. The NLM outputs relational predicates, and an extra fully connected layer 1= added to
take the concatenated relational representation of object pairs. The model is trained to predict the
offoct of the actions rather than an action probability, with a loss consisting of REINFORCE loss
and a cross-entropy loss to help with exploration. Inherited from the NLM's architecture, the model
itself remains not fully interpretahble.

NeSyRL [84] employs a Logical Neural Network (LNN) for policy learning without rule templates
or mode declarations. An LNN [131] constrains the weights of neurons to mimic logical AND and
OR in the form of a recurrent neural network. Each neuron of an LNN represents an element of a
logical formula, either an atom (concept) or a connective (operator). The LNN outputs probability
bounds for atoms being true after multiple passes, and in addition to the training objective loss, a
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contradiction loss 1= used to penalise contradictions in the system. A pre-trained semantic parser
extracts first-order predicates from observation text, using atom classes to select the appropriate
LNN. The LNN then seclocts actions to generate trajectories that get stored in a replay buffer
for training, similar to DQN [108]. At each time step, actions are computed using class selected
LNNs with converted first-order logic, and the final action is determined by arg max-ing over all
propositional atoms. The method shows significantly faster convergence and the use of LNN makes
it possible to extract symbolic policy, but with the limitation of relying on a pre-trained semantic
parser for predicate invention.

DLM [170] associates weights with predicates rather than rules, thus not relying on rule templates
or mode declarations. DLM builds upon NLM [43] to realise forward chaining, but with logical
computation units to provide interpretability. A DLM actor is trained with actor-critic PPO [138],
with a specially designed critic with GRUs to handle different-arity predicates, such that it can
take predicates as input and estimate the value of the current state. The critic nses r GRU heads
for arity r predicates, where each head processes ohjects at specific positions, and outputs cascade
from higher to lower arities. The final output combines arity 1 GRU results with nullary predicates,
foeding into an MLP for state value prediction. The actor consists of two separate parts of reasoning
and decision-making. The reasoning component provides a vector of actions, and the decision-
making component predicts a probability distribution over the actions; the final action is selected
through softmax. Compared to NLM, DLM is faster and more memory efficient, and can extract
interpretable policies for simple tasks in Blocks World setting due to its logical units. However, no
interpretable policy can be extracted from DLM under complex tasks due to many local minima
when enforeing interpretability, and the specially crafted critic is not generalisable to other tasks.

Method Bias Obs. Type RL Algorithm
NLRL [77] Rule templates Symbolic Policy gradient
NUDGE [39] Mode declarations  Symbolic extracted by pre- PPO
trained networks raw obser-
vatlons
NLM [43] None Symbolic REINFORCE
NeSyRL [84] None Symbolic extracted by pre- DOQN-style
trained networks text
DLM [170] None Symbolic PPO
Neural DNF-MT (this thesis) None Symbolic from environment; PPO

or extracted by trainable
preceding layers from raw
observations

Table 3.3: Comparison of end-to-end neuro-symbolic approaches for interpretable policy learning.
Bias column represents the type of search-space constraint nsed. Obs. Type column represents the
type of observations consumed by the agent.

Different from NLRL [77] and NUDGE [39], the neural DNF-MT model proposed in this thesis
does not use rule templates or mode declarations. Therefore, it does not rely on human engineering
to construct the inductive bias and can learn a wider range of rules. Compared to the works
that either operate on relational-based observations |77, 39, 170] or require pre-trained networks to
extract logical predicates [39, 84, the neural DNF-MT model is shown to be end-to-end trainable
with preceding layers for predicate invention from scratch. Compared to DLM [170], the neural
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DNF-MT model i trained via PPO but with a simple MLP critic, and the learned policy can always
be extracted.

Complementary to the declarative, logic-based approaches discussed above, another family of
neuro-symbolic RL methods represents policies as explicit programs rather than first-order rules.
PROPEL [154] and REVEL [9] learn programmatic control sequences using a lift-update-project
pipeline: the policy is lifted into a continuous neural representation for gradient-based updates
and then projected back onto a discrete program space via imitation learning, subject to strue-
tural constraints from the program grammar. GALOIS [24] takes a different approach, introducing
a skotch-based domain-specific language that combines declarative and imperative programming
paradigms and learning white-hox policies via differentiable ILP. These methods yield interpretable
programmatic policies and support formal verification and cross-task generalisation. However, they
share a key limitation with the logic-based approaches above: they rely on hand-crafted or pre-
processed state representations, such as relational knowledge bases, rather than learning predicates

end-to-end from raw ohservations.

3.2.2 Hybrid Models with Classic ILP for RL

Many existing works utilise classic ILP systems for learning not only policies but also rewards,
constraints, or heuristics.

An example is the body of work based on the induction of reward machines. A reward machine
[73] is a formalisation of reward functions in RL, taking the form of a finitestate machine that
assigns a reward to cach state. It is an effective way to model non-Markovian rewards in RL by
encoding subgoals into edges. HRM [55] learns hierarchies of reward machines that are able to call
ecach other to improve modularity and reusability. Each eall is treated as a subtask and learned
via a curriculum learning approach. PROB-IRM [121] presents a learning method to learn RMs
from noisy traces with a reward shaping technique using posterior Bayesian beliefs, better suited for
real-world scenarios when the labelling function is not perfect. FORM [12] proposes the learning
of RM= with first-order logic formulae that label RM transitions, which improves the compactness
and transferability of RMs. All these works approach the RM learning as ILP tasks and use ILASP
[92] as a learner, and the policy learning is typically done with (deep) Q-learning or some related
methods.

Neuro-symbolic Inverse Constrained Reinforcement Learning (NSICRL) [38] integrates a deep
(J-learner and an ILP system (ALEPH [147]) to learn policies and defeasible constraints simulta-
neously. The system shows the ability to infer weighted, high-level logical constraints that are not
only transferable across different environments but also support lifelong learning by allowing new
information to override previously learned constraints. However, its effectivencss depends on the
quality of expert demonstrations and a pre-existing knowledge base provided as the background
knowledge to the ILP system.

The work in [156] tackles sample inefficiency and lack of interpretability in Q-learning by learning
human-readable heuristies online with ILP and using them to directly guide exploration rather than
reward shaping. Specifically, each training batch's top-return episodes are converted into weighted
examples for FastLAS [91] to learn human-readable policy heuristics. During exploration, the agent
samples suggested actions from the ASP solver with a probability derived from the average return
of saved episodes and otherwise acts uniformly, sceding the very first batch with a greedy heuristic
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from the first episode to avoid cold starts.

Method ILP System NeSy Task RL Algorithm
HRM [55] ILASP Reward machine learning (hierarchical) Q-learning
PROB-IRM [121] ILASP Reward machine learning (noisy) (Q-learning
FORM [12] ILASP Reward machine learning (FOL) (-learning
NSICRL [38] ALEPH Defeasible constraint learning (Q-learning
Veronese et al. [156] FastLAS Online heuristic learning O-learning

Table 3.4: Comparizon of hybrid neuro-symbolic RL. approaches that use classic ILP systems for
structured knowledge induction. NeSy Task column represents the RL task addressed symbolically.

These hybrid approaches demonstrate the versatility of combining elassic ILP systems with neural
RL components for learning structured knowledge such as rewards, constraints, and heuristics, with
the common characteristic of using established ILP systems to induce symbolic knowledge from
interactions and using neural components to handle the underlying policy or value-function learning.
In comparison, the neural DNF-based models proposed in this thesis adopt a fully differentiable
approach that learns policies.
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Chapter 4

Semi-Symbolic Nodes and Neural
DNF Model

The core methodology introduced in this thesis centres on the semi-symbolic node and the newral
disjunctive normal form (DNF) model. Inspired by the foundational formulation In pix2rule [28],
this thesis develops a family of neural DNF-based models with architectures designed similarly to an
MLP, but whose learned knowledge can be translated into logical rules represented in ASP. Instead
of linear nodes, it uses semi-symbolic nodes as basic computation units. These nodes employ an
clegant mathematical formulation to achieve neuro-symbolic conjunctive or disjunctive behaviours
over their inputs and mitigate the vanishing gradient problem introduced by using t-norm fuzzy logic
|68]. By stacking a layer of conjunctive nodes followed by a layer of disjunctive nodes, the architecture
mimics a logical DNF formula. Section 2.3 provides the relevant definitions and an overview of the
semi-symbolic node and the neural DNF model. Pix2rule demonstrates the first application of this
approach for learning rules in synthetic binary classification tasks; however, it does not further
explore the properties of the semi-symbolic node or provide any theoretical guarantees.

This chapter first formalises the semi-symbolic node’s behaviour and interpretation in Section 4.1.
Section 4.2 then mathematieally proves the crucial property of translation from a semi-symbolic node
to a logic program. It also proposes and proves the novel ability to translate a logic program back
to a semi-symbolic node, thus fully closing the bidirectional cyele.

This chapter includes material from our paper [16] and [17].

4.1 Formalisation of Semi-Symbolic Node

This section first introduces terminology for describing the behaviour and interpretation of semi-
symbolic nodes in Section 4.1.1. These concepts are essential for defining the desirable properties
that guide the design of the neural DNF-based models developed in this thesis. Section 4.1.2 then
formalises the discretisation process, which is a key stage in the automatic post-training pipeline
outhned in Section 2.3.3. Discretisation transforms a trained neural DNF model into a form sumitable
for logical translation by converting weights from a continuous range to the discrete set {—6,0,6}V.
This transformation is necessary because real-valued weights merely refloct each input’s relative
contribution to the node’s output; without discretisation, they cannot be mapped to a discrete
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bivalent logical form.

4.1.1 Interpretation and Soft-Valued Truth Table

Recall from Section 2.3.1 that a semi-symbolic node with trainable weights wy, ¢ = 1,..., N and
parameter 8, under input x € [—1,1]" is given by:

N
fw(X) = (Z T + ,ﬂ) (4.1)
1

N N
p=3d (‘1131" | — 2 |w1|) (4.2)
§ = tanh (f(x)) (43)

The parameter § controls the node’s logical behaviour: the node mimics a conjunction when § = 1
and a disjunction when § = —1. Pix2rule [28] restricts the input and output range of the node to
[-1,1] or (—1,1) for the activation, with the intention of extreme values to be interpreted as | and
T. Generalised Belief Logic (GBL) is introduced to formally interpret the semi-symbolic node’s
activation.

Definition 4.1.1 (Generalised Belief Logic). A neuwral DNF-based model that builds upon semi-
symbolic layers represents a logic system. This logic system is referred to as Generalised Belief
Logic (GBL). A semi-symbolic node’s activation 3, € (—1,1) represents its belief in a logical
proposition. For each activation y;, a bivalent interpretation function fi : (—1,1) = {1, T} maps
the activation to its bivalent logical interpretation by € {1, T}:

T ifyy 0
a==fbcya={ Fve >

1 otherwise

Since the behaviour of a semi-symbolic node resembles a logical conjunction or disjunction, it
can be described similarly to a logical formula. Just as a logical truth table describes the behaviour
of a logical formula, the soft-valued truth table is defined for deseribing the behaviour of a
semi-symbolic node, as illustrated in Example 4.1.1.

Definition 4.1.2 (Soft-valued Truth Table of Semi-symbolic Node). A soff-valued truth table cap-
tures the output behaviour of a semi-symbolic node with weights w € BV over all possible biva-
lent inputs X = {—1,1}Y. Each row starts with a possible combination of input values x € X,
followed by the corresponding node’s activation tanh( fi (X)) and bivalent interpretation b = T if
tanh( f (X)) = 0 and L otherwise.

With both the bivalent logical interpretation and the soft-valued truth table, the behaviour of a
semi-symbolic node can now be described more formally.

Example 4.1.1: Soft-valued truth table
Consider a trained conjunctive semi-symbolic node with weights w = [—6, -2, —2,2, —6]. Its
bias is caleulated as 3 = max [w| — ¥ |[w| = —12. The soft-valued truth table of this node is
shown below, with some rows where b= | omitted for brevity.
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Node activation Bivalent Interpretation

Ty Tz Tz T4 Iy tanh{Ef'=1 wezs + B) b
1 1 1 1 1 -1.000 1
-1 1 1 1 1 0.964 T
-1 1 1 1 1 0.964 T
-1 1 1 1 1 1.000 T
-1 1 1 1 -1 0.964 T

4.1.2 Discretisation

To guarantee a bidirectional neural-bivalent-logic translation, which is introduced and proved later
in Section 4.2, the weights of the semi-symbolic nodes must take certain discrete values. A process
such as the thresholding process mentioned in Section 2.3.3 that performs this weight transformation
15 called the discretisation process.

Definition 4.1.3 (Discretisation Process for Semi-symbolic Node). The discretisation process con-
verts the semi-symbolic nodes’ weights from a continuous range BY to a discrete set {—6,0,6}V.

The discretisation process can introduce drastic changes to the neural model when converting
the continuous weights to discrete values, especially when the weights have intermediate magnitudes
(neither close to 0 nor +£6), and thus part of the model’s desired behaviour might be changed or
lost if the discretisation process 13 not well-designed. This problem of model behaviour change
caused by discretisation leading to performance degradation is observed across all experiments in
this thesis. In particular, the intermediate-valued weights represent inputs that contribute to only
some logical rules, not all — a phenomenon termed enfanglement. Chapter T will discuss this
entanglement problem and how it heavily affects the thresholding process in detail, and introduces a
novel discretisation method that better preserves the model’s behaviour. Apart from redesigning the
discretisation process, awdliary loss functions such as |w||6—|w|| (Figure 4.1) can be included during
training to encourage weights towards {—6,0,6}", though this does not guarantee convergence to
these values.

4.1.3 Properties of Discretised Semi-Symbolic Node

Once the discretisation process is applied, the weights of the semi-symbolic node are all in a discrete
sot {—6,0,6}". Some properties can be derived from these discretised semi-symbolic nodes.
Firstly, some definitions are introduced for the semi-symbolic node based on its weights.

Definition 4.1.4 (Relevant Set of Semi-symbolic Node). The relevant set Jw of a semi-symbolic
node with weights w € RV is defined as the set of indices of the weights that are non-zero.

Fw={ili€{l,....N},w, # 0} (4.4)

Note that for a discretised semi-symbolic node, all elements in the relovant set have an absolute
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Figure 4.1: The awdlhary loss function |w||6 — |w|| used to encourage weights to converge to the
discrete set {—6,0,6}. The function reaches zero at the desired discrete values and has a maxdmum
penalty at w = +£3. Compared to Ly regularisation, |w||6 — |w|| also allows +6 to be used, enforcing
more than just sparsity.

value of 6. The notation T can be simplified to J for brevity when the weights are clear from the
context.

The relevant set can be further partitioned based on the signs of its elements. To formalise this,
a general notational convention for sign-based index sets is introduced.

Definition 4.1.5 (Sign-based Index Set). Given an index set J and a vector a € RY | the sign-based
inder set JIP denofes the subset of indices in J whose corresponding elements in a satisfy the sign
condition specified by the superscript op € {4+, —}.

Jof ={i|i€ J,sign(a) = 1} (4.5)
Ja ={i|i€ J,signla,) = -1} (4.6)

Definition 4.1.6 (Positive-sign and Negative-sign Relevant Sets). Applying the sign-based inder
set convention to the relevant set Ty on the weights w of a semi-symbolic node, the positive-sign
relevant set JF and the negative-sign relevant set J, are defined as follows.

T ={i | i € Fuw, sign(wy) = 1} (4.7)
Jw ={ili € Jw,sign(w) = -1} (4.8)

By construction, JF NJ, =0 and JF U T, = TFw.

When analysing the behaviour of a semi-symbolic node with respect to a specific input, it 1= useful
to consider how the signs of the weights relate to the signs of the corresponding input elements. This
motivates the following definitions of sign-matching and sign-mismatching sets, which extend the
sign-based index set notation to capture the relationship between two vectors.

Definition 4.1.7 (Sign-matching Set between Semi-symbolic Node and Input). Given a semi-
symbolic node with weights w € BV and an input x € {—1,1}", the sign-matching set J}_,
contains all indices in the relevant set where the weight and input share the same sign. Equivalently,
it is the positive-sign inder set of the element-wise product W @ X, restricted to the relevant set Ty

Tt = {i | i € T, sign(w; - z;) = 1} (4.9)
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Definition 4.1.8 (Sign-mismatching Set between Semi-symbolic Node and Input). Given a semi-
symbolic node with weights w € BV and an input x € {—1,1}", the sign-mismatching set Jyox
contains all indices in the relevant set where the weight and input have opposite signs. Equivalently,
it is the negative-sign inder set of the element-wise product W @ X, restricted to the relevant set Ty

Twox = {1 |1 € Tw, sign(w, - =) = —1} (4.10)

By construction, for any x € {—1,1}", the sign-matching and mismatching sets are mutually
exclusive and their union is equal to the relevant set, that is, ¥x € {—1,1}" J:@m U Tyax = Jw-

A key property of the raw output of a discretised semi-symbolic node under input x € {—1, 1}V
15 that its value is always a multiple of 6 and cannot be 0. For a conjunctive node, the maximum of
its pre-activation output is exactly 6 (Proposition 4.1.1), and for a disjunctive node, the minimum
of its pre-activation output is exactly —6 (Proposition 4.1.2).

Proposition 4.1.1. Consider a diseretised conjunctive semi-symbolic node ¢ with N inputs and
§ = 1, with weights w, € {—6,0,6}" and at least one non-zero weight element (i.e. |Jw| =
0). Given an input x € {—1,1}V, the node’s raw output will never be 0, specifically, fy_(X) =
6 or fw. (X) < —6.

Proof. Because the node is discretised, all eloments in the relevant set have an absolute value of 6,
that is, ¥i € Jw..|lwe| = 6. From Equation (4.2), the bias and the raw output of this discretised
conjunctive node can be calculated as:

N
B = max |wal =} lwal =6— 3 6=6—6F|
i=1 1E T

N
fw (X) = weez +

=1

> weri + 6 — 6w, |
15 T

Since Vi € Jw,_. [sign(we) # 0, |we| = 6, x| = 1], this gives:

6 if sign(we) =

Wi = J“rz Mpg Ty =
—6 otherwise
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Thus, the raw output can be reformulated using the sign-matching and sign-mismatching sets:

fwo(¥) = Y weers + 6 — 6] Fw|
1E Tog .

> 6+ > (—6) +6—6|Tw.|

€TI0 o 1T o

6] > 1- Y 1415wl

Eﬂzﬁn 1E'j;='31
=6 (1T x| = | Toc| +1— 1T, )
=6(1 - 2cx)) given |7 ol + 1T oxl = .|

Since |y ox| € N, the upper bound of 1 — 2|7, .| is 1, and (1- 2|7, . |) € {1,-1,-3,-5,...}.
Thus, fuw_(x) € {6,—6,—18,-30,...}.
[}

Proposition 4.1.2. Consider a diseretized disjunctive semi-symbolic node d with N inputs and
& = —1, with weights wg € {—6,0,6}" and at least one non-zero weight element (i.e. | Jw,| = 0).
Given an input X € {—1,1}" (which can be the activation output from a conjunctive layer), the
node’s raw output will never be 0, specifically, fw,(X) = —6 or f,(x) = 6.

The disjunctive case follows the same sign-matching analysis as Proposition 4.1.1, but uses the
disjunctive bias from Equation (4.2} (§ = —1); the resulting bound on the raw output is the mirror
image of the conjunctive case. A full proof is given in Appendic A.1.

This property of the raw output value of a discretised semi-symbolic node means that the tanh
activation will be saturated and be in {—1,1}. Having the tanh activation saturated allows the
discretised semi-symbolic nodes to be chained together: the activation output of a discretised node
will always be discrete values {—1,1} and the same property will hold for the next discretised node
taking the previous node’s activation output as input.

4.2 Bidirectional Neural-Bivalent-Logic Translation

Once a semi-symbolic node is discretised, it can be translated to a bivalent logic program, represented
as an ASP program. This section demonstrates that such a neural-bivalent-logic translation is
bidirectional and maintains truth value equivalence between the node's soft-valued truth table and
the ASP program's truth table. More precisely, the bivalent logical interpretation of the node given
an input is the same as the truth value of the rule head evaluated with the ASP program of the
rule and the facts, and vice versa. By establishing this equivalence in both directions, this work
closes the bidirectional cycle between the neural DNF model and logical programs, thereby opening
a new research direction of incorporating logical programs into neural architectures. Specifically,
Chapter 6 illustrates the practical implications of this bidirectionality by showing how the neural
DNF-MT model can be modified without retraining by directly altering its logical program.

To develop this bidirectional translation, this section first introduces the symbolisation function,
then demonstrates how to translate a diseretised semi-symbolic node to an ASP program and proves
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the truth value equivalence. Subsequently, it presents the reverse translation from a restricted form
of ASP programs to discretised semi-symbolic nodes, again with provable equivalence.

4.2.1 Symbolisation and Projection

To establish a correspondence between the numerical representations of a neural DNF model and
the symbolic representations of a logie program, two fundamental functions are required. The first
18 a symbolisation function, which assigns symbolic names to the neural variables, thereby creating a
vocabulary for the logic program. The second is a projection function, which translates the numerical
values or activations of these variables into logical facts. Together, these functions form the bridge
between the neural and symbaolic domains, enabling the bidirectional translation that preserves truth
value equivalence.

Definition 4.2.1 (Symbolisation Function). Consider:

o the set of variables of a newral DNF model, including input variables X; € {—1,1},i €
{l,..., Ninpue}, tanh-activated output variables Y, € (—1,1),i € {1...., Neonjuncriona}, where
¢y is the i-th conjunctive node in the comjunctive layer, and tanh-activated output variables
Ya €(—1,1),i € {1...., Nasjunceions}, where dy is the i-th disjunctive node in the disjunctive
layer;

o a Herbrand universe HU = {a|i € {1...., Ninpue}} U{eli € {1,.... Neonjunersons} } U {di]i €
{1,..., Ngwepuneetona } }-

The symbolisation function o of a neural DNF model is a function that maps the neural variables to

the constants in the Herbrand universe:

a(X¢) = for input variables (4.11)
a(Ye )= for output variables of conjunctive node ¢ (4.12)
oY) =d for output variables of disjunctive node d; (4.13)

The inverse of o is denoted as ¢!, and maps symbolic predicate names hack to the original

1

names of inputs or bivalent interpretations of the nodes.

Definition 4.2.2 (Projection Function). The projection function ¢y of a neural DNF model is a
function that maps the values or the activations of the neural variables to facts.

o (Xa) = o(Xy) if 2 =1 (4.14)
po(Ye,) = a(¥s) if ye, >0 (4.15)
olYy) =a(Yy,) if yg, >0 (4.16)

This function can be used to translate o vector to a set of facts. For input x € {—1,1} Ve,
tanh-activated output of conjunctive node ¢y yo, € (—1,1)Nempmesions  and tanh-activated output of
disjunctive node dy yg. € (—1,1)Nésmssions  the projection function o, applies to each element of the
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vector and generates a set of facts:

wo(X) ={o(Xy) [ i € {1,..., Ninpur}, = = 1} (4.17)
wol¥e) ={o¥e) i€ {1,..., Ncenjlmcuem},yc,- = 0} (4.18)
wol¥a.) ={e(Ye) | i € {1,... , Nawspuncrions}, ya; > 0} (4.19)

4.2.2 Neural-to-Bivalent-Logic Translation with Truth Value Equivalence

This section demonstrates how to translate a discretised semi-symbolic node to an ASP program
with the truth value equivalence. The focus is on solving the combined program of the rule translated
from a discretised semi-symbolic node with weights w € {—6,0,6}", and the facts translated from
an input X € {—1,1}. At a high level, the translation of a semi-symbolic node is done by taking any
positive weight and including the corresponding input element in the rule body; and any negative
weight and including the corresponding input element with either classical negation or negation as
failure (NAF) in the rule body. Similarly, any positive input element 1= mapped to a fact; and any
negative input element is either mapped to a fact with classical negation or not included as part
of the program. The inference result of the rules is the same regardless of whether the classical
negation or NAF translation is chosen. This thesis chooses the NAF style of translation based on
the projection function defined in Definition 4.2.2, so that if a fact 1= not present, it is considered as
false.

The following defines the ASP translation of a discretised semi-symbolic node and proves that
the soft-valued truth table of the node 1= the same as the truth table of the rule head.

Conjunctive Node

Definition 4.2.3 (ASP Translation of Discretised Conjunctive Node). Consider a discretised con-
junctive node with N inputs, weights W, and § = 1. The node should have atf least one non-zero
weight element, i.e. | Jw.| = 0. This discretised conjunctive node is translated fo an ASP rule in the
form:

ce— N @ J\ (oot a) (4.20)

€T, €T,

where Jt is the positive-sign relevant set and J_ is the negative-sign relevant set defined in Def-
inition 4.1.6. The input X € {—1,1}" is trunslated to a set of facts using the projection function
defined in Definition 4.2.2:

'Px,_fncm = wo(X)

(4.21)
={a|ie{l,..., N}z, =1}

Theorem 4.2.1. Given a discretised conjunctive semi-symbolic node with weights w, € {—6,0,6}"
and its translated ASP rule with rule head ¢ based on the translation defined in Equation ({.20), and
an input X € {—1,1}" and its translated facts based on the trunslation defined in Equation ({.21),
the bivalent logical interpretation b, of the conjunctive semi-symbolic node from the input X is the
same as the truth value of the rule head ¢ evaluated with the joint ASP program of the translated
rule and facts.
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Before the proof sketch and the full proof in Appendix A.2, an extension to the sign-based index
notation 1= introduced. The argument requires reasoning about the interaction between the signs
of the weight vector and the signs of the input vector. To facilitate this, a compact notation for
representing the intersection of two sign-based index sets i1s defined.

Definition 4.2.4 (Intersection of Sign-Based Index Sets). Recall the definition of sign-based inder
notation as defined in Definition 4.1.5. Consider two sign-based index sets JI™ and J7* that both

operate on the same inder set [J. The intersection of these two sign-based index sets is represented
as J:’:___l’m. That is:

TR _ gomn 1 g

(4.22)
={i | i€ J,sign(a;) = opy, sign(b;) = opa}

where opy,0p2 € {+, -}

Proof sketch of Theorem {.2.1. The proof proceeds in three steps: (1) characterise the raw output
in terms of sign agreement between W and x; (2) relate the bivalent interpretation to the sign of
that output using discretisation; and (3) show that the translated ASP rule body is satisfied under
the translated facts if and only if the same sign conditions hold.

Step 1 (algebraic characterisation). Split Jw_ into the four mutually exclusive subsets JJ-;.-;J
JJ:;, T2 % and J;;; using Definition 4.2.4. For discretised weights, the raw output simplifies to

Fw (%) =6 (12T 3 - 21T, 74)) (4.23)

so only sign-mismatch indices affect the value.

Step 2 (neural bivalent interpretation). By Proposition 4.1.1, fiy_(x) iz either 6 or at most
—6, hence b, = T when fy_(x) =6 and b. = L otherwise.

Step 3 (ASP equivalence). Facts Py faos contain a; exactly when x; = 1. The rule body in
Equation (4.20) requires every positive-welght index to appear as a fact and every negative-weight
index not to appear. Equation (4.23) gives fi_ (%) = 6 if and only if both mismatch sets are empty, in
which case the body is satisfied and ¢ is in the answer set. If at least one mismatch index exists, then
cither some required fact is missing or some not a; is false, the body fails, and ¢ is not in the answer
set. A complete proof, including the subeases for the latter situation, is given in Appendic A2, W

Disjunctive Node

Definition 4.2.5 (ASP Translation of Discretised Disjunctive Node). Consider a discretised dis-
junctive node with N inputs (potentially from a conjunctive layer), weights wy, and § = —1. The
node should have at least one non-zero weight element, i.e. |Jw,| = 0. This discretised disjunctive
node is translated to a set of ASP rules with the same rule head d:

'warm:{d{_ﬂf‘lieﬂz}u{d{_nnt a"lie'j;i} (424}
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where Jt s the positive-sign relevant set and J | is the negative-sign relevant set defined in Def-
inition 4.1.6. The input X € {—1,1}" is trunslated to a set of facts using the projection function
defined in Definition 4.2.2:

'Px,_fnct.x;:';}:':r{x}
={a|ie{l,..., N}z, =1}

(4.25)

Note that the literals will be ¢, instead of a; in both Pw, rues and Py foees if the inputs to the

disjunctive node are outputs from a conjunctive layer.

Theorem 4.2.2. Given a discretised disjunctive semi-symbolic node with weights wg € {—6,0,6}
and its translated ASP rules with rule head d based on the translation defined in Equation {4.24), and
an input X € {—1,1}" and its translated facts based on the trunslation defined in Equation [{.25),
the bivalent logical interpretation by of the disjunctive semi-symbolic node from the input X is the
same as the truth value of the rule head d evaluated with the joint ASP program of the translated
rules and facts.

Proof sketch of Theorem {.2.2. The same sign-index decomposition as for Theorem 4.2.1 applies,
but with the disjunctive bias from Equation (4.2) (§ = —1). For discretised weights, the raw output
satizfies

Fwa(X) = 6 (2 T4+ 2Tz — 1) (4.26)

By Proposition 4.1.2, by = T when fy,(X) = 6 and by = L when f (%) = —6. The translated
program in Equation (4.24) derives d when at least one rule body holds: either some i € 7} has a,
among the facts, or some i € J, has a; absent. Equation (4.26) shows that fi (x) = 6 if and only
if at least one sign-matching index exists in Ji-% U J5:5, which is exactly when some translated
rule body i1s true. When both matching sets are empty, every rule body fails and d is not in the
answer set, matching fy,(x) = —6. A complete proof is given in Appendix A2, |

Translation of Discretised Neural DNF Model

Having established the translation of individual discretised conjunctive and disjunctive nodes to
ASP rules, this section presents the translation of a complete discretized neural DNF model to an
ASP program. A neural DNF model consists of a layer of conjunctive nodes followed by a layer
of disjunctive nodes. The translation of the full model naturally composes the translations of its
constituent layers, yvielding an ASP program whose inference results correspond to the bivalent
interpretations of the neural model.

Definition 4.2.6 (ASP Translation of Discretised Neural DNF Model). Consider a discretised
neural DNF model with:

® Ninpw input variables;

® Neony conjunctive nodes in the conjunctive layer, where the j-th confunctive node has o weight
vector W, € {—6,0, 6} Vi -

® Nuwy disfunctive nodes in the disjunctive layer, where the k-th disjunctive node has a weight
vector wg, € {—6,0, 6} V=i
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The complete ASP program Pypyr translated from this neural DNF model consists of two sets of
rules:
PnonrF = Peong U Passy (4.27)

where Poopy is the set of rules translated from the conjunctive layer and Py is the set of rules
translated from the disjunctive layer.

Conjunctive Layer Translation. Fach conjunctive node ¢; with at least one non-zero weight
{i.e. |Jw=j| = ) is translated to an ASP rule following Definition {.2.5:

Pemg=3 e+ N\ @ N\ (ot a)|ie{l,...,Neom}, | T, | >0 (4.28)
€, 1€fa,

where a; denotes the i-th input literal and ¢; denotes the rule head corresponding to the j-th con-

junctive node.

Disjunctive Layer Translation. Fach disjunctive node dy. with at least one non-zero weight (i.e.
|Jw¢*| = 0) is translated to a set of ASP rules following Definition {.2.5:

Pt = U ({dkd—cjleJ:dk}U{dﬁ{—ﬂDt cj|jEJ“_,dk}) (4.29)

ke{l,...Nag}
| T, |0

where ¢; denotes the j-th conjunction literal (corresponding to the output of the j-th conjunctive
node) and dy denotes the rule head corresponding to the k-th disjunctive node.

Input Translation. Given an input vector X € {—1,1}Ver=  the set of facts is genernted using
the projection function from Definition 4.2.2:

Px,_fﬂcts =ps(x)={q|ie{l,... ?Nmpuc}:zi =1} (4.30)

The combined ASF program Py _gaces'/ Pwonr forms a stratified logic program, where the conjunc-
tive layer rules depend only on input facts and the disjunctive layer rules depend only on conjunctive
layer atoms. This stratification ensures that the program has a unique answer set, which can he
computed in two stages: first deriving the truth values of the conjunctive atoms from the input
facts, then deriving the truth values of the disjunctive atoms from the conjunctive atoms.

Corollary 4.2.1 (Truth Value Equivalence of Neural DNF Model Translation). Given a discretised
neural DNF model and its translated ASP program Pypyp as defined in Definition {.2.6, and an
input x € {—1,1}Vewr with its translated facts Px facts, the following holds for all disjunctive nodes
di with |Jw, | = 0:

by =T = dp € AS(Px facts U PnDNF) (4.31)

where by, is the bivalent logical interpretation of the k-th disjunctive node and AS(-) denotes the

answer set of the program.



% | CHAFPTER 4. SEMI-SYMBOLIC NODES AND NEURAL DNF MODEL

This corollary follows directly from the compositional application of Theorem 4.2.1 and Theo-
rem 4.2.2. The conjunctive layer translation preserves truth values between the neural activations
and the derived conjunctive atoms, and the disjunctive layer translation preserves truth values be-
tween the neural activations and the derived disjunctive atoms given the intermediate conjunctive
layer outputs. Since the disjunctive layer takes the conjunctive layer's outputs as inputs, the compo-
sition of these two translations preserves the overall truth value equivalence from inputs to outputs.

Example 4.2.1: Translation of a Discretised Neural DINF Model
Consider a discretised neural DNF model for a multi-label classification task with 5 input
variables, 4 conjunctive nodes, and 3 disjunctive nodes (representing three labels). The

welght matrices are:

6 0 0 0 0
’Vﬂ 6 0 ] l:l] 6 0 00 ]
Weonj = Wasi= |0 —6 6 0
“= 1o 0 -6 0 0 = L] N EJ
00 0 6 6 N
where row j of Wgnj corresponds to w;; and row k of Wy corresponds to wa,. And the
hiases are:
—6
.Bnunj = 0 ,Sdisj = |6

]

For input x = [1,1,1, -1, —1|, the output of the neural DNF model is:

1
-1

H

]

d = tanh(Waisjc + faisj) = rJ

c= t'anh{wmnjx + ﬁmnj} =

1

The bivalent interpretations of the activations of the conjunctive and disjunctive nodes in
the neural DNF model are:

[‘5‘:15‘5&5& bﬂa?bf—';] = [TﬁJ—: Il J—]
[bdnbdﬂ: bd:] = [TﬁT: T]
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The translated ASP program of this neural DNF model is Pyong = Pronj Y Paisj, where:

r

cy + aj.

cp +— not as, not ay.
c3 +— not as.

4 + ay,as.

d1 i— C].

ds + mot ca.
Paisj = 4
dﬂ +— C3.

d3 + mot c4.

“

For input x = [1,1,1,—1, —1], the facts are Px facts = {a1, a3, a3}. Computing the answer set
of the combined program Py faces U Prpnr gives:

Asipx,fa.cts U Pnonr) = {a1,a2,a3,¢1,d1,da,d3}

The nodes with true bivalent interpretations (b:,, bg,, bay, ba,) correspond exactly to the
derived atoms in the answer set (cy, dy, da, di), confirming the truth value equivalence
between the neural DNF model and its translated ASP program.
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Algorithm 3 Neural DNF to ASP Translation

Input: Discretised neural DNF model with conjunctive weight matrix Weag S
{—6,0,6}Veeni*Ningar  disjunctive weight matrix Wggy € {—6,0,6}Vs=i*Neni  and input
vector X € {—1, 1} Vinem

Output: ASP program Pypnr and set of facts Py faces

1: procedure TRANSLATECONJLAYER{ W eon;)

2 Peonj —0

3 for j € {1,..., Neog;} do

d: J,,;,"Ej + {i | we; ¢ = 6}, Jw_zj — {i | we; = —6}

B: if |74 UJw_ | >0 then

B: Add rule c; i hte.:f;.."r Ay, hte.:f,;:_ (mot a;) to Peonj
) )

i return Peoy;

8: procedure TRANSLATEDISILAYER(W gisj)
9: 'Pdisj —
10: for k€ {1,..., Naisj } do

o T e U wany =6}, Ja,, U wany — 6}
12: if |.j;;,"dk U Jw,, | =0 then

13: for j € JJ:., do

14: Add rule dy + ¢; to Py

15: for j € Jy, do

16: Add rule di. + not c¢; to Pais

17: return Pdisj

18: Pognj + TRANSLATECONILAYER(W o)

19: Pyisj +— TRANSLATEDISILAYER(W gigj)

20: Pypnr 4+ Peonj Y Puisj

21: Pyaers +— {a: |1 € {1, Nigpm}, 71 =1} = Translate input vector to facts
22: return Puowr, P facts
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4.2.3 Bivalent-Logic-to-Neural Translation with Truth Value Equivalence

This section demonstrates how to translate a stratified ASP program to a discretised neural DNF
model with truth value equivalence. The translation is developed incrementally: the first two sub-
sections establish translations for individual rule forms (a single conjunction rule, and a group of
disjunction rules sharing the same head), before the third subsection combines these into a full trans-
lation for a complete stratified ASP program (Definition 4.2.9). Stratification is the key structural
assumption that makes the compositional translation correct: it ensures a well-defined two-level
evaluation order (input facts — conjunction rules — disjunction rules) with no circular dependen-
cies. Note that constraints, aggregations, or choice rules cannot be translated into a discretised
semi-symbolic node. Furthermore, if the ASP program is first-order, it must be grounded before
translation.

Pure Conjunction Rule

Definition 4.2.7 (Translation of Single Rule to Discretised Conjunctive Semi-Symbolic Node).
There are N different possible facts ay, as, ..., ay. Consider an ASP rule with head h, in the form:

he [\ @ [\ (not a) (4.32)
€T, T

where J& is the set of indices of the positive literals in the rule, and Jg is the set of indices of the
negated literals in the rule. The following conditions hold:

Jo. C{l,... N Je €{1,... . N}Ig | 20,|T5 | =0 (4.33)
T nTe =0 (4.34)

The relevant set is defined as Jy. = Jf U Ty, and | T | # 0.

Note that h, cannot appear in the body of the rule, that is, h, # a; for anyie {1,... N}

This rule can be translated to a conjunctive semi-symbolic node with N inputs and § = 1, and
its weight vector w. € {—6,0,6}Y, where:

6 ifie T
wes =14 —6 ific Ty (4.35)
0 otherunse

A set of facts Px facts C {a | i € {1,...,N}} is translated to an input x € {—1,1}V as:

1 ] e Tl
Vie{l,...,N}. I,={ f as € Prcgaces (4.36)

—1 otherunse

Theorem 4.2.3. Given an ASP rule in the form of (4.32) with head h. that satisfies the conditions
defined in Equation ({.33) and ({.34) and its translated conjunctive semi-symbolic node with weights
based on the translation defined in Equation (4.35), and the sef of facts ASP program and its trans-
lated input vector based on the translation defined in Equation ({.36), the truth value of h. evaluated
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with the joint ASP program of the rule and facts is the same as the bivalent logical interpretation b,
of the translated conjunctive semi-symbolic node computed from the translated input vector.

Proof sketch of Theorem {.2.5. The translated node uses the same weights and input encoding as
the neural-to-logic direction, so Equation (4.23) still characterises fi_(x). If the rule head b, 1= in
the answer set, its body requires £; = 1 for all i € Jf_ and z; = —1 for all 1 € J_, hence both
mismatch sets are empty and fw_(x) = 6, so b = T. If he is not in the answer set, at least one
positive literal is false or one NAF literal is false under the facts, which places at least one index in
Tk or Jg%, giving fi_(x) < —6 and b = L. A complete proof is given in Appendix A.2. |

Multiple Rules with the Same Rule Head

Definition 4.2.8 (Translation of Multiple Rules to Discretised Disjunctive Semi-Symbolic Node).
Consider multiple ASP rules with the same rule head hg, with N different possible facts ay, as, ..., ay
in the body. The set of rules is in the form of:

Pwarutes = {ha + a1 | i € T } U{ha +not as. | i € Ty, } (4.37)

where Jof is the set of indices of the positive literals, and J is the set of indices of the negated
literals. The following conditions hold:

Tt €L N}, Jar, €L, NHIGE 2 0,1 2 0 (438)
TE,NTq, =0 (4.39)

The relevant set is defined as Jw, = Ja, U T, ond | Tw,| # 0.
Note that hy cannot appear in the body of the rules, that is, hg # a; foranyie {1,... N}
This program can be translated to a disgfunetive semi-symbolic node with N inputs and § = —1,
and its weight vector wg € {—6,0,6}1Y, where:

6 ifie g
wgy =4 —6 ifieJ,, (4.40)
0 otherurise

A set of facts Px facts  {a | i € {1,...,N}} is translated to an input vector x € {—1,1}" as:

1 ] e Tl
Vie{l,...,N}. I,={ f as € Prcgaces (4.41)

—1  otheruise
Note that the rules in Pw, rules all have only one body literal. For rules that have more than one

body literal, an awdaliary predicate can be invented to represent the conjunction of the body literals
beforehand to match the form.

Theorem 4.2.4. Given some ASP rules with the same rule head hg in the form of (4.37) that
satisfies the conditions defined in Egquation ({.38) and {{.39) and its translated disjunctive semi-
symbolic node with weights based on the translation defined in Equation ({.4{0), and the set of facts
ASP program and its translated input vector based on the translation defined in Egquation (4.41),
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the truth value of hy evaluated with the joint ASP program of the rules and facts is the same as the
bivalent logical interpretation by of the translated disjunctive semi-symbolic node computed from the
translated input vector.

Proof sketch of Theorem {.2.4. As above, Equation (4.26) applies to the translated disjunctive node.
Head hy i1s in the answer set when at least one rule body is satisfied, which forces at least one index
iuJ:;‘; or Jg: 7, hence fy,(X) = 6 and by = T. If no body is satisfied, every i € Ji has o, = -1
and every i € Ji, has r; = 1, both matching sets are empty, fw,(X) = —6, and by = L. A complete
proof i= given in Appendix A 2. |

Translation of Stratified ASP Program

Having established the translation of individual ASP rules to conjunctive and disjunctive semi-
symbolic nodes, this section presents the translation of a complete stratified ASP program to a
discretised neural DNF model. The ASP program must satisfy certain structural constraints to be
translatable: it must be stratified with two levels (conjunction rules followed by disjunction rules),
and it cannot contain constraints, aggregations, choice rules, or recursive definitions.

Definition 4.2.9 (Translatable Stratified ASP Program). A translatable stratified ASP pro-
gram P consists of:

o A set of Ninpue possible input facts {a1,..., ay

g.,,...}:'

o A set of Negng conjunction rules Peony, where each rule j € {1,..., Neong} has a distinct head
¢y and is in the form of Equation (4.32):

e ’-"'1‘ iy, ’-"'1‘ (not o)
15.1,;."5 15.I;=J_
where the body contains only input liferals ay;
o A set of Nawy groups of disjunction rules Pawy, where each group k € {1,..., Ny} shares the

same head dy. and is in the form of Equation ({.37):

'Pw,,‘,mm={dn—cj|,:-'eJ:,,}U{dw—mt c;rliéJ;g,}

where the body contains only conjunction literals c;.

The program is stratified: stratum 0 contains the input facts, stratum 1 contains the conjunction
rules (whose bodies depend only on stratum ), and stratum 2 contfains the disjunction rules {whose
bodies depend only on stratum 1).

Definition 4.2.10 (Neural DNF Translation of Stratified ASP Program). Given a translatable
stratified ASP program P = Peony U Puaiey as defined in Definition 4.2.9, the program is translated to
a discretised neural DNF model as follows:

Conjunctive Layer Translation. Each conjunction rule with head c; is translated to a conjunc-
tive semi-symbolic node following Definition 4.2.7. The conjunctive layer has N ooy nodes, with each
node j having weight vector w; € {—6,0,6Vers defined by Equation (4.35).
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Disjunctive Layer Translation. FEach group of disjunction rules with head dy. is franslated o

a disjunctive semi-symbolic node following Definition 4.2.8. The disjunctive layer has N g nodes,
with each node k having weight vector wy_ € {—6,0,6}V== defined by Equation ({.40).

Input Translation. A set of input facts Py faeee © {00 | 1 € {1,... ,Nmpu}} is translated to an
input vector X € {—1,1}Ver= following Equation ({.36).

Corollary 4.2.2 (Truth Value Equivalence of Stratified ASP Translation). Given a translatable
stratified ASP program P and its translated discretised newral DNF model as defined in Defini-
tion 4.2.10, and a set of input fucts Py juers with its trunslated input vector X, the following holds
for all disfunction rule heads dy.:

di € AS(Px jacta UP) <= bg, =T (4.42)

where AS(-) denotes the answer set of the program and by, is the bivalent logical interpretation of
the k-th disjunctive node.

This corollary follows directly from the compositional application of Theorem 4.2.3 and Theo-
rem 4.2.4. The stratification ensures that the conjunction rules are evaluated first using only the
input facts, and the disjunction rules are evaluated second using only the derived conjunction atoms.
Since the neural DNF model’s forward pass computes the conjunctive layer outputs before the dis-
Junctive layer outputs, the compositional application of the two theorems preserves the overall truth
value equivalence.

Example 4.2.2: Translation of a Stratified ASP Program
Consider the following stratified ASP program with 4 input facts, 3 conjunction rules, and 2
groups of disjunction rules:

c] + ap,ag.
Pmni = cp +— ag,not ay.
c3 + not aj,not ag.

d1 i— C].
d1 +— C2.
Pdisj =
da + mot cy.

dg +— C3.

The translated neural DNF model has weight matrices:

6 6 0
Wenj= |0 0 6 —6 w“i“:[ﬁual
6 -6 0 D -

where row j of Wpj corresponds to Wi, and row k of Wy corresponds to wy, . The biases
are Buonj = [—6,—6,—6]" and Bag = [6,6] .
For input facts Px facts = {a1,a3}, the translated input vector is x = [1, 1,1, —1]. Comput-
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ing the answer set of the combined program yields:
Ja"-s|:‘-]:}:|r.,l‘.'m:ts UP) = {a;,a3,c9,dy,ds}
The neural DNF model’s forward pass produces:

¢ = tanh(WeaniX + Beonj) = [-1,1,—1]7
d = tanh(Wyigi€ + Baigg) = [1,1]7
The bivalent interpretations are [be,, bey,bes| = [L, T, L] and [by,, ba,| = [T, T]. The nodes

with true bivalent interpretations (be,, ba,, ba,) correspond exactly to the derived atoms in
the answer set (cz, dy, da), confirming the truth value equivalence.

Algorithm 4 ASP to Neural DNF Translation

Input: Translatable stratified ASP program P = Prnj U Paisj with Nippwe possible input facts

{a1,- . :an;, 0 ts Neonj conjunction rules, Ny;y; groups of disjunction rules, and set of input facts
Px,fa.c't.s

Output: Discretised neural DNF model weights Weonj, Waisj, and input vector x

10:
11:
12:
13:

14:
15:
16:
17:
18:
19:
20:
21:
22:

23:

1
2
3
4
B:
i3
T
g
g

: procedure TRANSLATECONJRULES(Peog;)
wcn‘nj — ﬂNm,j % Ninpue
for each rule j with head ¢; in Prop; do
for cach positive literal a; in the rule body do
Wejd — b
for cach negated literal not a; in the rule body do
Wejd — —6
return Weapy;

: procedure TRANSLATEDISIRULES(Payjsj)
wdisj — D Vaing ® Neanj
for each group k of rules with head dg in Pyis; do
for each rule di + ¢; in the group do
W, g 6
for each rule di + not ¢; in the group do
W, g —6
return Wdisj

Weonj +— TRANSLATECONJRULES(Peonj)
Wisj +— TRANSLATEDISIRULES(Pyisj)
- Compute biases from the derived weight matrices
,E.:j {—E—ﬁ|.ﬂr=;_| for each j € {1,..., Neonj}
Ba, + E|dek| — 6 for each k € {1,..., Nuisj}
xy + 1 if a; € Py farts, else ©; +— —1, for each i € {1,..., Ninpu } t Translate facts to input
victor
return Weonj, Waisj, X
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Chapter 5

Neural DNF-based Models for

Classification Tasks

The main criticism of the pix2rule [28] work is that the neural DNF model has only been empirically
ovaluated on binary and synthetic classification tasks. To further explore the capabilities of the
neural DNF model, this chapter experiments on two non-binary real-world classification tasks, the
multi-class dataset CUB-200-2011 [157] and its subsets, and the multi-label dataset TMC2007-500
[148] and its subsets. Furthermore, a novel variation of the neural DNF model called the neural
DNF-EO model is proposed for multi-class classification tasks, to support logical mutually exclusive
rule learning, 1.e. ensuring exactly one class is true at a time. Mutual exclusivity can be enforced
by logical constraints for a symbolic rule learner. However, cross-entropy loss does not strictly
enforce such behaviour for a neural architecture, but rather pushes the output logits to be different
from each other. While the neural DNF-EO model is trained with a cross-entropy loss, it enforces
mutual exclusion in a differentiable fashion with a layer of frozen weights acting as a neuro-symbolic

constraint.

This chapter focuses on exploring (1) the classification performance and scalability of the neural
DNF-based models over an increasing number of discrete attributes, and (i) the interpretability of
the learned rules versus other pure symbolic and classical classification methods such as decision
trees. The experimental results show that the neural DNF-based models perform at levels compet-
itive with pure neural networks, whilst providing symbolic rules through post-training processes.
They scale better than a state-of the-art pure symbolic rule learner FastLAS [91] over large search
spaces. The neural DNF-based models successfully solve all tasks while FastLAS fails to learn in
multi-class classification tasks with 200 classes and in all multi-label settings. Compared to other
differentiable ILP methods (e.g. [50, 43, 170]), the neural DNF-based models do not require human-
engineered rule templates, provide interpretability by enabling the extraction of symbolic rules after
training, and handle logical negation without special treatment.

The rest of this chapter includes material from our paper [15].

63
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5.1 Neural DNF-EO Model

This section first discusses the challenge of multi-class classification and then introduces the neural
DNF-EO model architecture, which is a neural DNF-based model that enforees mutual exclusivity on
the model’s outputs. Finally, the modified post-training process based on the pipeline in Section 2.3.3
1= introduced.

5.1.1 The Challenge of Multi-class Classification

A multi-class classification task requires exactly one class to be true at a time. An MLP handles this
naturally: with a softmax-activated output layer, its outputs are interpreted as class probabilitios
summing to 1, and cross-entropy loss encourages the logits to separate so that one class has a clearly
larger value than the others. At inforence time, the predicted class is obtained by taking the arg max
of the logits without explicitly applying softmax.

In contrast, a neural DNF model encodes a set of independent rules. Each output’s bivalent
interpretation is determined by a threshold at 0 (True if greater than 0, False otherwise) and is inde-
pendent of all other outputs, since the architecture contains no loops. Satisfying mutual exclusivity
therefore requires the training process to push the output logits not only to be different from one
another, but also to be erfreme values lying on opposite sides of the threshold. Cross-entropy loss
does not enforce this: the softmax function merely amplifies relative differences between logits and
does not ensure that each logit crosses the threshold required for a consistent logical interpretation.
This creates a tension between sufficiency (the rules must be sufficient to imply class j) and ne-
cessity (no class other than j must be implied by the rules), as illustrated in Example 5.1.1. The
experiment in Section 5.2.1 empirically confirms this: when trained with cross-entropy loss, plain
neural DNF models may predict multiple classes as true when taking the bivalent interpretation of
the disjunctive layer's outputs.

Example 5.1.1: Cross-entropy loss does not enforce extreme logit values
Suppose the raw output logits of a neural DNF model are § = [—2,1.5, 3] with a target class
of 2 (zero-indexed). Then softmax(y) = [0.006,0.181,0.813), which exhibits clear separation
and yields a cross-entropy loss of only 0.207. However, applying the tanh activation gives
tanh(y) = [—0.964, 0.905, 0.995], which is interpreted as [ L, T, T|. This is a violation of the
‘exactly-one-class’ property.

One could attempt to encode mutual exclusivity directly in the rules by designating a dominant
class and requiring the rules for all other classes to additionally negate that class’s conditions,
as shown in Example 51.2. In practice, however, identifying a dominant class and determining
the required conjunctions is difficult, and the model tends to struggle when learning conjunctions
with highly similar conjuncts (explored further in Chapter 7 as the entanglement problem). Logic
programs avoid this difficulty by expressing the ‘exactly-one’ property as a single integrity constraint:
+— class(X),class(¥), X #Y. This motivates adding an extra layer to the neural DNF model to
mimic such a constraint, yielding the neural DNF-EO architecture, which (i) can be trained with
cross-entropy loss and (1) nonetheless guarantees mutual exclusivity. The architecture of this extra
layer and its interaction with the plain neural DNF are described in the following section.
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Example 5.1.2: Dominant-class rule expansion for mutual exclusivity
If class ky is the dominant class with associated rule dy,, + Iy, 4,..., I, j;, then the rule for

class k/g with DI‘]g;IJlE.l form d;-_g — !E!,].:“ .,I_iﬂhjn becomes d_i,, £— I_iﬂg,h...?fk,,jﬂnbt dkl to
reflect its dependency on the dominant class ky. This rule can be unfolded to remove the
negative loop introduced by the negation:

dp, + fh,h...l'h'j,,nut !h.l

dp, + fh,h...l'h'j,,nut !h.ﬂ

d_iﬂg — Ik,,l:.u-Ii:g,I,:.ﬂDt !hljl

Each rule body is a conjunction learnable by a conjunctive node, so a sufficiently wide neural
DNF model could in principle learn mutually exclusive rules by adding negated atoms from
the dominant class's rule body to every other class's rules.

5.1.2 Model Architecture

The neural DNF-EQO model shown in Figure 5.1 has a constraint layer (layer C2 in the figure) that
reflects the ‘exactly-one’ constraint ‘class; + Aj 2 not class;” which enforces mutual exclusion on
the plain neural DNF (in the dotted yellow box in the fisure). If more than one output is true after
the disjunctive layer C1, no class would be true in the constraint layer C2. This constraint layer C2
is initialised with all connections set to —6', representing negation, and its weights are not updated.
During training, the constraint layer C2’s output logits are pushed to be different and to match the
expected class by the cross-entropy loss, but the output of disjunctive layer C1 of the plain neural
DNF is pushed to have only one value being true and all the rest being false. At inference time,
the constraint layer C2 is removed and inference is performed with the plain neural DNF that is
enforced to output exactly one class as true at a time, thus providing mutual exclusivity.

15etting weights to 6 or —6 saturates tanh (tanh({+6) = +1), so the output is approximately 1 or —1.
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Plain Neural DNF

Figure 5.1: An example of a neural DNF-EQ model.

5.1.3 Post-training Process

For this chapter's experiments, the post-training process in Section 2.3.3 is refined to incorporate
the following four stages: pruning, finetuning, thresholding and extraction, as shown in Figure 5.2,
The procedures of pruning, thresholding and extraction remain the same as in Section 2.3.3, while
finetuning 1= added as a new step to adjust for learning and extracting rules in real-world datasets.
Pruning As described in Section 2.3.3, this step removes edges/weights that do not significantly
degrade model performance. For the neural DNF-EO model, the constraint layer C2 is removed, and
the pruning is only applied to the plain neural DNF. The performance metric chosen is the Jaccard
index score.

Finetuning This now stage adjusts the model's weights by re-training the pruned neural DNE-
based model on the training set without updating the pruned weights. For the neural DNF-EO
model, the constraint layer is added back after the pruned plain neural DNF during the finetuning
process to maintain mutual exclusivity.

Thresholding Following the same procedure as in Section 2.3.3, this step converts the continuous
weights from R to discrete values in {—6,0, 6} to prepare for logical translation. For the neural DNE-
EO model, thresholding is applied to the finetuned plain neural DNF.

Extraction The final step translates the thresholded plain neural DNF model to ASP rules
(Section 2.3.3), where each conjunctive node becomes a rule and weights in {—6,6} indicate the
presence of atoms in the rule body. The bidirectional translation in Section 4.2 still applies here,
since the logical translation is done on the two-layered neural DNF model after removing the exactly-
one constraint.
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Pruned Thresholded
Maoural DNF modal Moural DNF model NNIEI‘_D]:T;J IEJ]:.ldﬂl
E" . [ o . w e {—6,0,6}™
wE Pruning W Thresholding Translation ASP rulos

(a) The post-training process to extract ASP rules from a neural DNF model. This is identical to Figure 2.5
in Section 2.3.3.

Throsholded
Plain newral [INF plain nowmal DNF
{meursl DNF-RBO Pruned plain Fimetuned [neursl DRF-BEOQ
without £ layer) neural DNF neural DNF-EQ 'mfﬁl?F}
n wiE rules
wel? Pruning wel Finetuning w e R Thresholding : Trunalation L

- {w

(b) The post-training process to extract ASP rules from a neural DNF-EQ model. The constraint layer
C2 iz first removed before the pruning stage. It is then added back at the finetuning stage to combine
with the pruned plain neural DNF to form the full neural DNF-EOQO model, in order to maintain mutual
exclusivity. After finetuning, the constraint layer C2 is removed again and only the plain finetuned neural
DNF iz thresholded and translated to ASP rules.

Pruned Finetunad Thresholded
Newral DNF modal meural [¥NF model metursl INF moded neurs] DNF model
a,6)™
we ke Pruning weln Finctuning ek Thresholding we 60,6 Tramslation | ASPrubs

(c) The post-training process to extract ASP rules from a neural DNF model. This is the same as the
pipeline in (a), except for the addition of the finetuning step.

Figure 5.2: The post-training pipelines used in this chapter’s experiments to extract ASP rules from
a neural DNF-EO model (b) and from a neural DNF model (¢), in comparison to the post-training
process (a) in Section 2.3.3.

5.2 Experiments

Two types of neural DNF-based models are trained in this section: the (plain) neural DNF model and
the neural DNF-EQ model, and they are evaluated in terms of classification performance, scalability,
and interpretability. The experiments are organised in three parts according to output structure and
the dataset type. Part I (real-world multi-class classification) evaluates neural DNF-EO on mutually
exclusive class outputs in Section 5.2.1, including whether cross-entropy training of a plain neural
DNF suffices without the EO constraint layer. Part I (real-world multi-label classification) evaluates
plain neural DNF on independently activating labels in Section 5.2.2, where mutual exclusivity is
neither required nor imposed. This part also supports the claim that the neural DNF model itself
15 capable to learn independent rules but requires special adjustment for multi-class classification
where the rules are mutually exclusive.® Part III (synthetic datasets) serves as a sanity check
for the neural DNF-based models’ capabilities of learning rules from datasets with ground truth
logic programs and different secale of input/output. All experiments use the same propositional
inputs, training, rule-extraction pipeline, and sealability-subset methodology. They differ in the loss
function, output semantics, and the model variant under test. A two-layer MLP is selected as the
neural baseline for comparison, since it also does not rely on background knowledge or mode biases
to bootstrap, serving as a representative upper bound for neural classification performance without

2Chapter 7 also includes multi-label experiments on Boolean-network benchmarks with ground-truth logic pro-
grams. Those experiments target faithful rule extraction via disentanglement rather than the large-scale scalability
comparison to FastLAS conducted here.
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symbolic constraints. Since this chapter focuses on scalable and interpretable rule learning from
propositions, models without rule-based interpretations are not meaningful competitors here,® and
the MLP alone is sufficient to contextualise the raw predictive performance of the neural DNF-based
models. For comparison with other learners with rule-based or rule-like interpretability, the baselines
are the stateof the-art symbolic learner FastLAS [91] and decision trees, which both provide rule-
based interpretation. For FastLAS, the classification task is treated as a propositional ILP task with
no background knowledge, and the scoring function is set to use the body length so that FastLAS
learns the most compact rules.

5.2.1 Real-world Multi-class Task: CUB Dataset/Subsets
Dataset Description

CUB-200-2011 [157] is a real-world multi-class bird classification dataset with crowd-worker-annotated
bird attributes as concepts. A sample such as in Figure 5.3 contains an image, a set of 312 attribute
annotations and a class label out of 200 possible classes. Having attribute annotations in the dataset
gives two viable experiment configurations. One is to train two separate models, one for attribute
prediction and one for classification, and at inference time combine the two models to make the final
prediction. The other option is to train an end-to-end model from images to classification and try
to align the latent space to the ground truth attribute annotations, similar to Concept Bottleneck
Models (CBMs) [88]. While the CBM work [28] suggests that CBMs provide both interpretability
at the concept level and intervenability such that humans can alter the concepts before the model
makes any final decision, it is argued that only the combination of an independently trained con-
copts model and an independently trained classification model can satisfy such interpretability and
intervenability [103]. The work in [103] also observes that end-to-end CBMs may not use predicted
concepts as intended: it shows low dependence between concepts and target outputs and also learns
other information apart from concepts to help with its prediction, and thus violates its intended
bottlenecking property. As this chapter solely focuses on scalable and interpretable rule learning
from propositions, the end-to-end learning from images is not considered, avoiding any potential
latent alignment issues. All the experiments in this section take attribute annotations as the ground
truth and train a neural DNF-based model to learn classification rules. The end-to-end learning
capability of the neural DNF-based models 1= explored in the later chapters.

The attribute annotation has two components. The ‘present’ label represents whether the sample
has that attribute, where () means the attribute is not present and 1 means the attribute is present.
The other one is the certainty label which indicates the degree of confidence of the *present’ label
being true. The certainty goes from 1 to 4, where 1 is not visible, 2 is guessing, 3 is probable, and
4 is definite. These attribute annotations are generated by non-expert crowd workers and are not
consistent throughout the dataset. For example, a red colour might be deseribed by one worker but
as rufous by another. This inconsistency results in highly noisy attribute annotations. To de-noise
it, the same pre-processing procedure used in the Concept Bottleneck Models paper [88] is applied:
it removes the certainty labels and unifies the attribute encoding for different samples in the same

3 Approaches such as logistic regression, SVMs, and random forests are omitted as they do not yield directly
readable rules: logistic regression encodes predictions as a linear scoring function over features with conditional
structure; SWMs find & maximal-margin decision boundary, which could be in a high-dimensional kernel space; the
ensemble’s final prediction of & random forest is governed by majority voting across many trees, which cannot be
reduced to a single coherent rule set.
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id 2 has_bill_shape::dagger present 0 certainty 3
id B2 has_upper_tail_color:white present 1 certainty 3

id 312 has_wing_pattermn::multi-colored present 0 certainty 4

Figure 5.3: A sample from the CUB-200-2011 dataset before any data pre-processing. The image is
ignored and the input to the neural DNF-based models contains the attributes only.

class. The pseudo-code for the pre-processing procedure and further discussion are provided in
Appendix B.1.1.

Table 5.1 provides the statistics of the CUB dataset (before and after pre-processing) and the
pre-processed subsets used in the experiments. These subsets are used for scalability checks with
respect to the number of classes and the number of attributes. They are generated by selecting the
first k classes (class 1 to k) in the original dataset, e.g. class 1 to 3 for the CUB-3 subset, and the
different number of classes affects the data pre-processing procedure and yields different numbers
of attributes in the subsets. For simplicity, from now on, this chapter omits the mention of ‘after
pre-processing’ for each CUB dataset /subset.

Diataset /Subset | No. samples No. classes No. attributes
Ornginal CUB-200-2011 11788 200 2
CUB-3 178 3 34
CUB-10 543 10 41
CUB-15 837 15 40
CUB-20 1115 20 48
CUB-25 1402 25 50
CUB-50 2880 50 61
CUB-100 5864 100 82
CUB-200 11788 200 112

Table 5.1: Statistics of different CUB datasets /subsets. Except for *Original CUB-200-2011", all the
other datasets/subsets are pre-processed. The number of samples is the sum of samples from all
train, validation and test sets. For dataset names with a suffix *-k’, the value of k indicates the
number of classes retained in that dataset/subset.

Metrics

Jaceard index score is used to measure both the correctness and the mutual exclusivity of a
neural DNF-based model’s output:

[PNT|

e P 1) = 150

where P is the predicted set of classes and T is the true set of classes. Given a sample, if the model
predicts exactly one class and the correct one, the Jaccard score 1s 1 as the intersection and the
union are identical. If the correct class iz not in the prediction, the intersection is empty, leading
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to a Jaceard score of (. If the correct class is predicted but there are more than one class in the
prediction, the Jaccard score will be less than 1 since the union is larger than the intersection.

Example 5.2.1: Jaccard index score
Consider a sample with the true class T = {Class 3}, and there are three prediction sets:
P1 = {Class 3}, Pa = {Class 1, Class 3}, and P3 = {Class 2, Class 4}. The Jaccard index
scores are caleulated as follows:

[{Class 3}|
Jace(Py, T) = m — !
__ l{Class3y 1
Jace(PaT) = Class 1, Class 3]] 2
Jace(Ps,T) = Ul 0

[{Class 2, Class 4}

Experiments

Settings. Two sets of experiments are conducted, with the first set training a plain neural DNF
model with binary cross entropy (BCE) (Table 5.2) and eross entropy (CE) (Table 5.3) loss functions
on the CUB dataset and subsets, and the second set training a neural DNF-EO model with CE loss
function (Table 5.4). The tables show the accuracy, Jaccard index score of the neural DNF-based
models after training and at different stages of the post-training pipeline. Specifically, at inference
time, the constraint layer (layer C2 in Figure 5.1) is removed from the neural DNF-EQ model and
the plain neural DNF is kept for classification. The accuracy 1= computed by taking the arg max of
the output logits. The models’ bivalent interpretation for each class is determined by a threshold at
0 (True if greater than 0 and False otherwise), and all classes with True interpretations are used as
the predicted classes to compute the Jaccard index score.

Tramn Train Prune Finetune Threshold Rules

Dataset Ace.  Jace. Jacc. Jace. Jace. Jace.
CUB-3 1.000 1.000 1.000 1.000 1.000 1.000
CUB-10 | 0.700 0417 0.433 0.433 0.433 0.395

CUB-200 | 0.005 — — - - -

Table 5.2: Plain neural DNF models trained with binary cross entropy on different dataset fsubsets.
All metries are caleulated by averaging across the validation set, except for the last column (the
extracted rules’ Jaccard score), which is computed on the test set. A plain neural DNF cannot learn
under BCE with 200 classes, and thus the post-training process is not performed.

Results on plain neural DNF. The first experiment confirms that a plain neural DNF model
has trouble learning mutually exclusive rules in multi-class classification. The only successful con-
figuration i1z using BCE with three classes. Using BCE to train the model effectively treats each
rule as independent of the others and tries to push each rule to give discrete predictions (0 and
1). The issue with BCE in multi-class classification is that if there are too many classes, the model
can circumvent the loss by predicting all classes as (0 with a small loss, since only one class is true.
With only three classes it is relatively easy to learn each rule without sacrificing global performance.
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Datasct ‘Tram Train Prune Finetune Threshold Rules

Ace.  Jace. Jacc. Jace. Jace. Jace.

CUB-3 1.000 0.333 0.368 0.368 0.368 0.318

CUB-10 | 1.000 0100 0117 0.117 0.055 0.057
CUB-200 | 1.000 0.005 0.003 0.000 - -

Table 5.3: Plain neural DNF trained with cross entropy in different dataset/subsets. When
using the Jaccard score as the metric during pruning with e = 0.005, all weights are pruned, resulting
in no class being predicted.

Train Tram Jace. Prune Jace. Finetune  Threshold Rules

Dataset | ) e (noC2) (no C2) Jace. Jace. e

(0 C2)  (no C2)

CUB3 | 1.000  1.000 1.000 1.000 1000 1.000
CUB-10 | 1.000  1.000 1.000 1.000 1000  1.000
CUB-15 | 1.000  1.000 1.000 1.000 1.000  1.000
CUB20 | 1.000  1.000 1.000 1.000 1000  1.000
CUB25 | 1.000  1.000 1.000 1.000 0935  0.933
CUB50 | 1.000  1.000 0.082 0.975 0641  0.636
CUB-100 | 1.000  1.000 0.967 0.978 0630  0.632
CUB-200 | 1.000  1.000 0.067 0.048 0295 022

Table 5.4: Neural DNF-EO model trained with cross-entropy loss in different CUB subsets/-
dataset, at different stages of training and post-training pipeline.

However, Table 5.2 shows that the accuracy drops with the increase in the number of classes. With
cross entropy (CE) as the loss function, the model is encouraged to make the correct prediction,
but it does not guarantee that only one output is activated. As shown in Table 5.3, the model can
predict perfectly by picking the maxdmum output as the predicted class, achieving perfect accuracy
after training, but it suffers heavily on mutual exclusivity as the Jaccard index scores are low across
all dataset /subsets. An ideal mutually exclusive output of a disjunctive layer before tanh activation
15 one where only one element is close to 6 and the others are close to -6. For example, if the
output logits are 2,4, —0.5 and the target class is 1 (zero-indexed), the softmax-activated output
becomes 0.12, 0.87, 0.01, which results in a low loss but is not completely mutually exclusive, since
both tanh(2) = 0 and tanh({4) > 0, leading both classes to be interpreted as True. This experiment
shows why using cross entropy alone on plain neural DNF does not guarantee mutual exclusivity,
and why the neural DNF-EO model is needed to enforce mutual exclusivity.

Results on neural DNF-EQ. The second set of experiments shows that the constraint layer
in the neural DNF-EO model can enforce mutual exclusivity when training with CE loss. The
plain neural DNF performs correctly with mutual exclusion enforced on all test sets, as shown in
the ‘Train Jace. (no C2)" column in Table 5.4. It also provides ASP rules as shown in Listing 5.1
after the post-training pipeline. However, after the CUB-20 subset, the performance gap between
a thresholded plain neural DNF (*Threshold Jace. (no C2)' column) and the original after training
{(*Train Jace. (no C2)' column) grows along with the number of classes in the subset. This suggests
1zsues with the thresholding process to maintain the mutual exclusivity in the plain neural DNF
{obtained from a trained neural DNF-EOQ) as the numbers of classes and attributes increase. The
1zsue of the thresholding process will be further discussed in Chapter 7.
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1 black_footed_albatross :- mot has_bill_colour_black,

not has_wing_pattern_solid.

: laysan_albatross :- has_crown_colour_white.

socoty_albatross :-
not has_bill_colour_buff, has_crown_colour_black,

not has_crown_colour_white.

Listing 5.1: ASP rules extracted from a trained neural DNF-EO model on the CUB-3 experiment.

Performance comparison between neural DNF-EO and baselines. The performance
comparison between neural DNF-EQ models and the baselines is separated into two parts: (i)
accuracy comparison among neural models (neural DNF-EQ models and MLPs) and decision trees
{(Table 5.5); and (i) Jaccard index score comparison on the symbolic rules extracted from neural
DNF-EO models or directly learned by FastLAS (Table 5.6).

Table 5.5 shows equal accuracy for all models across all experiments, suggesting that the sub-
sots/datasets are not sufficiently challenging to distingnish among the trained plain neural DNF
(without constraint layer C2) immediately after training, the MLPs, and decision trees.

The bivalent interpretation of a semi-symbolic node’s output takes its tanh output that is greater
than 0 as True. For a plain neural DNF, multiple classes can have their tanh activations greater
than 0, giving the possibility of multiple classes being True at the same time. And its extracted ASP
rules and the rules learned by FastLAS both can give more than one class in an answer set. Thus,
the Jaccard index score is used to measure such a requirement of mutual exclusivity. While the plain
neural DNF model before the post-training process maintains mutual exclusivity, well-performing
rules cannot always be extracted from it, as shown in Table 5.6. On the other hand, the rules learned
by FastLAS perform correctly in all settings where they terminate and maintain mutual exclusivity.

Dataset | MLP Decision Tree (no pruning) Neural DNF-EOQ without C2 (after training)

CUB-3 | 1.000 1.000 1.000
CUB-10 | 1.000 1.000 1.000
CUB-15 | 1.000 1.000 1.000
CUB-20 | 1.000 1.000 1.000
CUB-25 | 1.000 1.000 1.000
CUB-50 | 1.000 1.000 1.000
CUB-100 | 1.000 1.000 1.000
CUB-200 | 1.000 1.000 1.000

Table 5.5: Accuracy comparison among MLP, decision tree (no pruning) and trained neural DNF-EO
model (no constraint layer C2, no post-training processing), across different CUB subsets/dataset.

Scalability comparison. MLPs and decision trees show no scalability issues. However, FastLAS
fails to learn from the full dataset of CUB-200, as shown in Table 5.6, where it runs out of memory
when computing the opt-sufficient search space. The trained plain neural DNF without any post-
training processing learns perfectly in all settings regardless of the number of classes, demonstrating
better scalability of neural models when the hypothesis search space i1s large.

Interpretability compactness comparison. This comparison is only conducted for methods
with rule-based interpretability (FastLAS, rules extracted from the neural DNF-EOQO model and
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Neural DNF-EQ  Rules Extracted from
Dataset | FastLAS without C2 Neural DNF-EOQ
{after training) without C2
CUB-3 1.000 1.000 1.000
CUB-10 1.000 1.000 1.000
CUB-15 1.000 1.000 1.000
CUB-20 1.000 1.000 1.000
CUB-25 1.000 1.000 0.933
CUB-50 1.000 1.000 0.636
CUB-100 1.000 1.000 0.632
CUB-200 N/A 1.000 0.225

Table 5.6: Jaccard index score comparison across different CUB subsets/dataset, for FastLAS,
trained neural DNF-EQ model without the constraint layer C2 (no post-training processing), and
the rules extracted from the post-training processed neural DNF-EQ model without the constraint
layer C2. FastLAS runs out of memory for CUB-200.

decision trees). The compactness of the rules is measured by the average and maximum rule length.
To measure the rule length of a decision tree, each decision path to a leaf node is treated as a rule,
and the number of steps along that path corresponds to the number of body atoms. Figure 5.4
shows the comparizson of average and maximum rule length across FastLAS' rules, rules extracted
from the neural DNF-EQ model (without layer C2), decision trees without pruning, and pruned
decision trees with 80% accuracy on train sets. FastLAS learns the most compact rules but has
scalability issues with a large hypothesis search space, as it fails to learn with 200 classes present.
While the maximum rule length for rules extracted from the plain neural DNF is the highest in
most experiments, the average length increases linearly, compared to the decision trees’ exponential
growth. Rules from the neural DNF-EO model are more compact than the decision tree in half of
the settings, especially in experiments with large numbers of classes.

16 { —— Fastles

Rubss axiractod from
neural DNF-ED without &2

—— Dacision Trea jno pranal
—— Dacision Troa fonunad]

—— Fastlas
Rubss axtradhed from

el DRF-ED wilthout &2
31 — Dacksion Tea {no pranal
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Figure 5.4: Average rule length and maximum rule length comparison across rules learned from
FastLAS, extracted rules from trained neural DNF-EO model and decision tree (both pruned and
without pruning). The pruned decision trees still maintain an accuracy of 80% in training sets.
FastLAS runs out of memory for CUB-200.
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5.2.2 Real-world Multi-label Task: TMC Dataset /Subsets
Dataset Description

TMC2007-500 [148] is a text-based multi-label classification dataset based on space shuttle reports,
and the goal is to identify different types of anomalies from the text. As a multi-label task, one or
more labels can be true at the same time for the same sample, or none of the labels may be true. The
dataset provides 500 discrete attributes along with 22 labels, while the reports and actual anomalies
are not revealed due to their sensitivity. Listing 5.2 shows a sample from the dataset. The attributes
themselves are words, making the input similar to an NLP bag-ofwords encoding where each hit of
the encoding represents whether a word appears in the report. For this reason, data pre-processing
(detailed in Appendix B.2.1) i= applied to filter out attributes with low mutual information (MI)
with respect to the output label combinations (not on individual labels). Only attributes with MI
values greater than or equal to a threshold ¢ are kept. Similar to the CUB dataset, subsets are
created for scalability checks and the pre-processing is applied to each subset. Table 5.7 shows the
statistics of the datasets/subsets after pre-processing. Different MI thresholds are applied during
pre-processing on each subset, resulting in different numbers of attributes used in each suhset.
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"sample_id": "18643",
"present_attributes": [2, 92, ..., 480, 481],
"present_labels": [1, &, T, 12]
"present_attributes_text_mapping": {

"2": "above",

"gan: "climb",

s
TLBO": "we",

"481": "weather"

Listing 5.2: A sample from the TMC2007-500 dataset before any data pre-processing,.

Dataset /Subset No. samples No. labels No. attributes | MI ¢

Original TMC2007-500 28506 22 500 N/A
TMC-3 16947 3 59 0.01
TMC-5 18565 ] 60 0.02
TMC-10 21454 10 34 0.04
TMC-15 24318 15 80 0.04
TMC-22 28538 22 103 0.05

Table 5.7: Statistics of different TMC datasets/subsets. Except for ‘Original TMC2007-500", all
the other datasets/subsets are pre-processed. The number of samples 15 the sum of samples from
all train, validation and test sets. For dataset names with a suffix -k’ the value of k indicates the
number of labels retained in that dataset/subset.

Experiments

Settings. Macro F1 is used as the metric for the performance. Neural DNF models are trained
with binary cross-entropy loss, and the baselines are 2-layer MLPs trained with binary cross-entropy
loss, decision trees without limiting depth and FastLAS.

Results on neural DNF-EO. Table 5.8 shows the performance of neural DNF models and the
extracted rules across different TMC subsets/dataset. The neural DNF model struggles to learn
as the number of attributes and labels increases in the subsets/dataset. However, this may be
attributable to the lack of general patterns or regularities in the TMC dataset /subsets. This issue is
further discussed later when comparing to other baselines. On the other hand, the rules extracted
through the post-training process show very similar performance to the corresponding trained neural
DNF model. Compared to the CUB experiments, the thresholding process does not need to maintain
mutual exclusivity across different outputs and does not caunse a significant performance drop when
discretising the continuous weights.

Comparison between neural DNF models and baselines. There s an increasing perfor-
mance gap between the neural DNF models and MLPs as the numbers of attributes and labels
increase. Figure 5.9 shows the change in macro F1 and the § magnitude in the neural DNF model’s
symbolic layers over 300 epochs of training on TMC-22. The neural DNF model achioves a macro
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Dataser | Train Prune  Finetune Threshold  Rules | MLP + BCE ?;‘f“;ﬂln;‘r;f
macro F1  macro F1  macro F1  macro F1  macro F1 Macro F1
Macro F1
THMC-3 0.745 0.764 0.730 0.754 0.754 0817 0.025
TMC-5 0.615 0.640 0.G645 0.635 0.635 0.746 0.804
THIC-10 0.391 0.380 0.370 0.362 0.362 0.530 0.825
ThMC-15 0177 0.143 0.100 0.097 0.097 0.538 0.863
ThC-22 0.004 0.086 0.003 0.094 0.004 0.545 0.865

Table 5.8: Macro F1 of neural DNF models after training with BCE and at different stages of
the post-tramning pipeline, MLPs trained with BCE, and decision trees without hmiting depth, in
different TMC subsets/dataset.

F1 lower but still in a similar range of values to the MLP’s (around 0.45 compared to MLP's (.545)
when the logical biases are not heavily enforced. But as the § magnitude increases, especially over
0.5, the performance of the model drops and never recovers. This suggests that the logical biases
in the semi-symbolic layers make it more difficult for the neural DNF model to learn. Chapter T
introduces a solution to mitigate the problem of § magnitude and traming difficulty.
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Table 5.9: Macro F1 and the § magnitude of a neural DNF model in TMC-22 dataset over 300
epochs of traiming. The drop in macro F1 occurs around when the § magnitude 15 around 0.5.

The decision tree significantly outperforms both neural DNF models and MLPs across all subset-
s/datasets, as shown in Table 5.8. This superior performance, especially as the numbers of attributes
and labels increase, suggests that the dataset may lack general patterns and requires an architecture
with more parameters; however, both the MLP and the neural DNF models risk overfitting when
the number of parameters becomes too large. An MLP with more and wider hidden layers can
approximate increasingly complex functiona. Similarly, for the neural DNF-based model, an infinite
number of conjunctions (i.e., infinite width of the conjunctive layer) would theoretically allow it to
encode every possible rule for each label. However, this would lead to learming highly specific rules
that activate for only small subsets of data points. By constraming the number of conjunctions or
hidden layer width, these neural models are forced to generalize across larger sample groups. When
datasets lack general patterns that can be captured with low-dimensional features, models require
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wider hidden layers (and maybe more layers as well) to expand the feature space and inevitably
increase the overfitting risk. On the other hand, decision trees split the input space recursively,
and without depth constraints, they can encode every training case through nested conditionals and
overfit the data. Table 5.10 compares the trainable parameters in MLP /neural DNF models against
the number of non-leaf nodes (split nodes) in unconstrained decision trees. Although the number
of non-leaf nodes 1s not directly comparable to the number of learnable parameters in MLP /neural
DNF models, it can be treated as a proxy for the number of parameters since it encodes a split
condition that directs the decision path. The unlimited-depth decision tree has more non-leaf nodes
than the number of learnable parameters in its corresponding MLP /neural DNF counterparts in all
experiments, showing fine-grained decision making to perform well in the subsets/dataset. When
the depth is limited, the decision tree suffers from performance degradation as shown in Figure 5.5.
However, even when the depth is limited, the decision tree still outperforms the MLP /neural DNF
models most of the time (except when the depth is imited to 10). This suggests that the uncon-
strained decision tree’s superior performance might stem from both its greater model capacity and
also some degree of overfitting, and that the dataset’s inherent complexity requires more parameters
for effective learning in neural models.

The last baseline approach, FastLAS, fails in every TMC subset /dataset, suffering from the same
memory 1ssue as the CUB-200 experiment. In a multi-class setting, the mutual exclusivity constraint
can help reduce the hypothesis search space, but without the constraint in the multi-label setting,
the hypothesis search space becomes exponentially larger since every label can be fired at the same
time, causing a memory issue for FastLAS.

MLP/Neural DNF B
Dataset Architecture NE;:'] Z}‘fmf““ E;“““';z Ih‘m No. Non-leaf Nodes
(Input, Hidden, Output)  (Cxcluding bias) | Max. dep

TMC3 (50, 9. 3) 558 54 1461
TMC.5 (60, 15, 5) 975 50 3436
TMC-10 (34, 30, 10) 1390 34 7715
TMC-15 (80, 34, 15) 1975 67 9679
TMC.22 (103, 66, 29) 8250 66 11878

Table 5.10: MLP and neural DNF model's trainable parameters count, comparing to the number
of non-leaf nodes in a decision tree without limiting depth, in different TMC subsets/dataset. A
non-leaf node of a decision tree encodes a split condition that directs the decision path.

5.2.3 Synthetic Dataset

The last set of experiments runs on synthetic multi-class and multi-label datasets to verify the
capabilities of the neural DNF-based models.

Dataset Generation.  For each synthetic dataset, a sot of rules is randomly generated as its
ground truth. With M attributes and N classes/labels, a set of C' conjunctions that can be used by
the classes/labels 1= randomly generated, with each conjunction’s rule bodies containing a random
subset of the attributes (either positive or negative literals). Each class/label is associated with only
one conjunction. This choice is to simplify the generation process for a multi-class setting due to
the mutual exclusivity constraint: by associating each class to only one conjunction, as long as the
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Figure 5.5: Evaluation of the decision tree’s performance on TMC-22 dataset with different masxamum
depths. The red dotted line represents 8000 number of non-leaf nodes that is similar to the number
of parameters in an MLP /neural DNF model. Both the maecro F1 and the onmber of nodes decrease
as the depth decreases. When the decision tree’s maximum depth is limited to 15, it has 2 810
non-leaf nodes and achioves a test macro F1 of 0.565, still better than the MLP’s performance but
close to 1t.

conjunctions are unique and with no intersection between the rule bodies, the mutual exclusivity
constraint is guaranteed to be satisfied. After the ground truth rules are generated, samples are
generated by rejection sampling: for each sample of (X, y) pair, the input X is randomly generated
as pither True or False for each attribute and the output y is the classes/labels in the answer sot
computed by clingo [126] using the ground truth rules and the input X. In a multilabel setting, a
sample will be automatically accepted since there is no constraint on its outputs. Note that no noise
15 added to the samples, that is, the samples’ outputs are never altered and also match the answer
sots computed by clingo. The samples are split into training, validation and test sets in 64 : 16 : 20
ratio. Table 5.11 shows the statistics of the synthetic datasets.

Dataset | No. Attributes No. Classes/Labels - C‘;‘-‘“;“’“i“‘“ Total
Name Ype (M) (N) m (E,j”“ No. Samples
MC-3 | Multiclass 15 3 9 10000
MC-25 | Multi-class 150 25 75 10000
ML-3 | Multilabel a7 3 9 10000
ML-25 | Multilabel 150 25 75 10000

Table 5.11: Statistics of the synthetic datasets.

Settings. Following the same training and post-training process, but without the finetuning stage,
neural DNF-based models are trained and evaluated on each of the synthetic datasets. Neural DNE-
EO models are trained with cross-entropy loss for the multi-class setting and vanilla neural DNF
models are trained with binary cross-entropy loss for the multi-label setting. Since the purpose is to
verify the capabilities of the neural DNF-based models, no baseline models are used for comparison.
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Resulis. The experiments on the synthetic datasets confirm the neural DNF-based models’
capabilities of learning rules from datasets with underlying patterns, as shown in Table 5.12 and
Table 5.13. The neural DNF-based models learn well after training in all experiments, while the
problem of multi-class classification performance dropping after thresholding persists, matching the
same issue in the real-world dataset experiments in Section 5.2.1.

Synthetic Dataset | After train  After prune After threshold Extracted Rules

MC-3 1.000 1.000 0.981 0.974
MC-25 0.995 0.991 0.227 0.226

Table 5.12: Neural DNF-EO models’ Jacecard index score on different synthetic multi-class datasets
at different stages of the pipeline.

Synthetic Dataset | After train  After prune After threshold Extracted Rules

ML-3 1.000 0.995 0.995 0.995
ML-25 1.000 0.967 0.987 0.987

Table 5.13: Newral DNF models’ macro F1 score on different synthetic multi-label datasets at
different stages of the pipeline.

5.3 Discussion

This section analyses the neural DNF-based models in the three areas of classification performance,
interpretability, and scalability to compare against the baseclines of MLPs, decision trees and FastLAS
[91]. To summarise, (1) the neural DNF-based model can perform at a comparable level to an MLP
and a decision tree after training; (1) it provides interpretability as a neural model by allowing the
extraction of ASP rules, and the extracted rules are on average more compact than a decision tree's
decision paths; (111) it also scales better than FastlLAS when the hypothesis search space is large.

5.3.1 Classification Performance

When there exist underlying general patterns in the dataset that can be learned without extreme
fine-grained decision making, such as the CUB dataset /subsets in Section 5.2.1 and the synthetic
datasets in Section 5.2.3, the neural DNF-based models without any post-training processing perform
comparably to MLPs and decision trees. In particular, the EO constraint layer successfully enforees
mutual exclusivity on the trained plain neural DNF model’s output in the multi-class classification
tasks, achieving the design goal of the neural DNF-EO model. In the TMC experiments, both
the neural DNF models and MLPs cannot generalise well, while decision trees without a depth
limit overfit with numerous decision nodes. The TMC experiments also show a larger difference in
performance between the neural DNF models and MLPs, and the training loss plot of the neural
DNF model in Figure 5.9 suggests that the logical biases in the semi-symbolic layers of the neural
DNF model increase the difficulty of training.
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5.3.2 Interpretability

The logically constrained bias in the semi-symbolic layers makes it possible to extract symbolic rules
from trained neural DNF-based models through post-training processes, contrasting with the lack of
interpretability in MLPs. However, as shown in the CUB experiments (Table 5.4), the current process
does not always result in a suecessful rule extraction for multi-class classification. The thresholding
process is the current bottleneck of the pipeline, as it cannot maintain mutual exclusivity across
a large number of classes. The neural DNF-EO model may also rest on an ‘unstable equilibrium’
(Figure 5.6) after training: an arbitrarily small change made to the model during the post-training
process could push it towards a different sub-optimal or poor solution, demonstrating the model’s
brittleness with respect to interpretability. Similar thresholding issues with the neural DNF-EO
model reappear in Section 7.5, which may be related to this instability hypothesis. Verification of
the unstable equilibrium conjecture remains as future work.

Figure 5.6: An example of an unstable equilibrinm.

The extracted rules are also not guaranteed to be in the most compact form compared to FastLAS
(Figure 5.4). FastLAS with a scoring function on body length will gnarantee the most compact
hypothesis, while the neural DNF-based models do not have a strong signal to learn the most compact
rules, which may further restrict gradient-based learning. Although the awxdliary loss |w||6 — |w]| is
included during training and the model is pruned at post-training processes, it does not necessarily
reject hypotheses with longer rules. On the other hand, decision trees show less compactness than
rules extracted from the neural DNF-based models, and also are prone to overfitting.

5.3.3 Scalability

Theoretically, the neural DNF-based models scale better than FastLAS, and this is borne out by
the experiments. The conjunctive and disjunctive layers of the neural DNF-based model create a
continuous hypothesis space that covers rules with any combination of body atoms, and through
gradient descent, the model moves towards an approximated hypothesis. FastLAS first needs to
compute a hypothesis sub-space that gnarantees to contain the optimal solution and may run out of
memory during this computation process, which happens in the CUB-200 experiment and all TMC
experiments. Comparing the neural DNF-based model to MLP and decision tree, all three can he
trained without memory issues and no background knowledge is needed, regardless of the input-
output size. However, training the neural DNF-based model is more difficult than training an MLP
(Figure 5.9). The neural DNF-based model has fower trainable parameters than an MLP under the
same number of neurons, and the logical bias in the semi-symbolic layers imposes strong constraints
on the model. Apart from the learning difficulty, the thresholding process in the post-training
pipeline does not yield perfect rules from trained models with more than 20 classes (Table 5.4).
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5.4 Conclusion

This chapter introduces the neural DNF-EO model that enforces mutual exclusivity on the model’s
outputs using a frozen constraint layer in multi-class classification tasks. The multi-class experiments
demonstrated the insufficiency of using a cross-entropy loss to train a plain neural DNF model for
mutually exclusive outputs, and in contrast demonstrated the capabilities of the neural DNF-EO
model as an improvement. Despite its shorteomings in multi-class classification tasks, the neural
DNF model is still suitable for independent rule learning in multi-label classification tasks. Both the
neural DNF-EO and the neural DNF model are shown to perform at a comparable level to the MLP
in realworld classification tasks. Furthermore, the scalability of the neural DNF-based models is
shown to be better than the state-of-the-art symbolic rule learner FastLAS over large search spaces.
Compared to decision trees, the neural DNF-based models learn more compact rules and provide
end-to-end training capabilities with other differentiable models.
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Chapter 6

Neural DNF-MT Model for

Reinforcement Learning

In addition to classification, another highly relevant domain for neuro-symbolic learning is rein-
forcement learning, where the demand for model interpretability is driven by safety and ethical
considerations. Remarkable progress has been made in deep reinforcement learning (RL) with the
advancement of neural networks. Since the demonstration of impressive performance in complex
games like Go [145] and Dota 2 [19], significant effort has been made to utilise deep RL approaches
for solving reallife problems, such as segmenting surgical gestures [59] and providing treatment
decisions [163]. Reinforcement Learning from Human Feedback (RLHF) [14, 118] has emerged as
a crucial technique for aligning LLM= with human preferences, where models are first fine-tuned
using supervised learning on human demonstrations, then further optimised using RL algorithms to
maximise rewards based on human preference rankings. However, safety and ethical considerations
necessitate interpretable models. In the ET's AT Act, systems used in areas such as healtheare fall
into the high-risk category, requiring both a high level of accuracy and a method to explain and
interpret their output [1|. Therefore, the ‘black-box' nature of neural models becomes a concern
when using them for such high-stakes decisions in healthcare [70)].

Various neuro-symbolic approaches address the lack of interpretability in deep RL. The term
‘symbolic’ in this thesis refers to methods that offer logical rule representations, in contrast to
program synthesis approaches [155, 154, 24| that offer progrummatic representations with forms
of logic. Some of these neuro-symbolic methods [77, 39| rely on manually engineered inductive
bias to restrict the search space and thus limit the rules they can learn. Others [84, 170] without
predefined inductive bias associate weights with predicates but require pre-trained components to
parse observations to predicates [284] or a special critic for training [170].

This chapter proposes a variant of the neural DNF model, called the neural DNF-MT model, for
learning interpretable and editable policies. The neural DNF-MT model still utilises semi-symbolic
nodes but with modifications that support probabilistic representation for poliey learning. The model
15 completely differentiable and supports integration with deep actor-critic algorithms. It can also
be used to distil policies from other neural models. From trained neural DNF-MT actors, bivalent
logic programs for deterministic policies or probabilistic logic programs for stochastic policies can
be extracted. These interpretable logical representations are close approximations of the learned

823
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models. Furthermore, owing to the nature of the bidirectional neural-bivalent-logic translation,
manual policy intervention on the model is possible. By modifying the bivalent logical program
and porting it back to the neural model, the tensor operations and environment parallelism for fast
inference are leveraged. Compared to existing works, the neural DNF-MT model does not rely on
rule templates or mode declarations. Furthermore, the model is trained with a simple MLP critic
and supports trainable preceding layers to extract relevant features from complex observations, such
as multi-dimensional matrices.

The rest of this chapter includes material from our paper [16].

6.1 Issues of Existing Neural DNF-based Models

Unlike multi-class classification, where cach sample has a single deterministic class, an RL actor secks
to approximate the optimal policy with potentially arbitrary action probabilities [150]. It is possible
for a domain to have an optimal deterministic policy and for the RL algorithm to approach it with
an *almost deterministic’ policy, where for cach state the optimal action’s probahility 1= significantly
greater than the others (Le. a single almost-1 value vs all the rest close to 0). In this case, the
actor almost always chooses a single action, similar to a multi-class classification model predicting
a single class. A trained neural DNF-based model representing such a policy should be interpreted
as a bivalent logic program representing the nearest deterministic policy. When preserving the
probabilities encoded within the trained neural DNF-based actor without approximating it with the
nearest deterministic policy, its interpretation should be captured as a probabilistic logic program
that expresses the action distributions. There is no way to achieve both of these objectives with
the neural DNF and neural DNF-EO models, since their interpretation frameworks do not satisfy
two forms of mutual exclusivity: (a) probabilistic mutual exclusivity when interpreted as a stochastic
policy, and (b) logical mutual erclusivity when interpreted as a deterministic policy. This section
first formalises the logic system represented by neural DNF-based models (Definition 4.1.1) and then
defines the two mutual exclusivitios possible in this logic system (Definition 6.1.1 and 6.1.2).

Definition 6.1.1 (Logical mutual exclusivity). Given the final activation of a newral DNF-based
model for N classes y € (—1,1)" and its bivalent logic interpretation b € {1, T}V as in Defini-
tion 4.1.1, the model satisfies logical mutual exclusivity if there is eractly one by that is T:

|=( V bs)n( A ﬂ(bmbﬂ)
1= {1.N} tye{l. N} 1<g

Definition 6.1.2 (Probabilistic mutual exclusivity). A probabilistic interpretation of GBL is a
Junction fp: (—1,1) — (0, 1) that maps each belicf y; to probability p; that by holds as true. Formally,

"= fp{yﬂ = Pr(by = Tlys)

A neural DNF_based model satisfies probabilistic mutual exclusivity if the interpreted probabil
ities p = (p1,....pv )Y € (0,1} associated with its activations ¥y € (—1,1)" under probabilistic
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interpretation fp sum to 1. That is:
N
> folw) =1
1

To be used for interpretable policy learning, a neural DNF-based model must guarantee the
following properties:

P1: The model provides a probabilistic mutually exclusive interpretation (Definition 6.1.2) and can
be interpreted as a probabilistic logic program (such as ProbLog [37], see Listing 6.2 as an

example),

P2: When the optimal policy is sufficiently close to deterministic, the model can also be interpreted
as a bivalent logic program (such as ASP [95|, see Listing 6.1 as an example) that satisfies logical
mutual exclusivity (Definition 6.1.1).

A trained neural DNF model from [28] does not provide probabilistic interpretation or guarantee
logical mutual exclusivity in its bivalent interpretation, and thus fails P1 and P2. A trained neural
DNF-EO model from the previous chapter satisfies P2 via its constraint layer but fails to provide
probabilistic interpretation for P1. To address these requirements, this chapter proposes a new model
called neural DNF-MT and post-training processing steps that translate a trained neural DNE-
MT model into a ProbLog program and, where applicable, into an ASP program. The proposed
model satisfies both properties above. The following section describes how the proposed model
15 constructed and trained, and how logical interpretations that satisfy the properties above are
extracted from the model.

6.2 Methodology

6.2.1 Mutex-tanh Activation and Neural DNF-MT

Let d € BV be the output vector of a disjunctive semi-symbolic layer hefore any activation function
and dj, € R be the output of the k*" disjunctive node. Using the softmax function, the new activation
function mutex-tanh i= defined as:

femax(d Ed’
softmax(d), = m
mutex-tanh(d), = 2 - softmax(d); — 1 (6.1}

With the mutex-tanh activation function, the neural DNF-MT model is constructed with a semi-
symbolic conjunctive layer with a tanh activation function and a disjunctive semi-symbolic layer
with the mutex-tanh activation function:

¢ = tanh(Wex + fc) Output of conj. layer
d=Wyc+ 84 Raw output of disj. layer
¥ = mutex-tanh(d) mutex-tanh output of disj. layer

where W, and Wy are trainable weights, and 5; and 83 are the logical biases calculated as Equa-
tion (4.2). Note that § € (—1,1)" shares the same codomain as the disjunctive layer’s tanh output
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¥ = tanh(d). The disjunctive layer's bivalent interpretation b still follows the GBL interpretation
in Definition 4.1.1 and uses ¥, with by = T when 1y > 0 and | otherwise.
To satisfy P1, the probability p is computed as:

B = (folin)s.-. . JpGw))”  where fy(i) = 231 (62)

By construction, p € (0,1)", and Ei‘rp} = 1 from Equation (6.1) satisfies probabilistic mutual

exclusivity.

T

6.2.2 Architecture and Training of Neural DNF-MT as Actor with PPO

Using the PPO algorithm [138], a neural DNF-MT actor is trained with an MLP critic. The input
to the neural DNF-MT actor must be in [-1,1]!. Any discrete ohservation is converted into a
bivalent vector representation, as shown in Figure 6.1a. If the observation is complex, as shown in
the experiment in Section 6.3.4, an encoder can be added before the neural DNF-MT actor to invent
predicates in GBL form. In this case, the encoder output acts as input to the neural DNF-MT actor
and the MLP eritic, as shown in Figure 6.1h.

This section presents the overall training loss of the actor-critic PPO with a neural DNF-MT
actor, which consists of multiple loss terms. The base training loss component matches that from
PPO [138]:

LFPO(g) = E, [LGL'P{E} + ky L¥alue(g) — ﬁgS[ﬂg]{s;}] (6.3)

where &y, ks € R are hyperparameters, L°UF (8) is the clipped surrogate objective, S[my)(s,) is the
entropy of the actor in training, and LY*"®(#) is the value loss. The detailed explanations for each
term are provided in the background section on PPO in Section 2.4.2. The action probability output
of the neural DNF-MT actor defined in Equation (6.2) is used to caleulate the probability ratio in
LY and the entropy term S[mg)(s,).

The following auwxliary losses are added to facilitate the interpretation of the neural DNF-MT
model into rules:

QL
LM(g) = N—FZ 11— £l (6.4)
LO)(9) = @Z B - (6 — i) (6.5)
1 e
LOO) = =2 el (6.6)
N ~ -
L@ =-%" [ﬁ,lﬂg (y‘;rl) + (1 — pq) log (1— y;;—l)] (6.7)

where f; is the invented predicate and Ng is the number of outputs of an encoder when there is an
encoder. ¢ is the tanh activation of the i*" conjunctive node and Ng is the number of conjunctive
nodes. fi; is the predicted action probability of the i*! disjunctive node and §j; is the tanh output of
the i*" disjunctive node.

Equation (6.4) is used when there is an encoder before the neural DNF-MT actor for predicate
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(b) Neural DNF-MT model as an actor in actor-critic PPO, in an example environment with complex
ohservations, such as an image-like multi-dimensional matrix.

imvention. It enforces the predicates’ activations to be close to £1 so that they are stronger beliefs
of true/false. Equation (6.5) 13 a weight regulariser to encourage the disjunctive weights to be
close to +6 (the choice of +6 is to saturate tanh, as tanh(+6) &~ +1). Equation (6.6) encourages
the tanh output of the conjunctive layer to be close to £1. Equation (6.7) iz the key term to
satisfy P2, pushing for bivalent logical interpretations for deterministic policies. This term mimics
a cross-ontropy loss between each mutex-tanh output and corresponding individual tanh outputs of
the disjunctive layer, pushing the probability interpretations of the tanh outputs (Le. (4; + 1)/2)
towards their action probability p; counterparts. If the optimal policy is deterministic, all p; will be
approximately (0 except for one, which is close to 1. Each g is pushed towards +1, and only one will
be close to 1, thus having exactly one bivalent interpretation b, = T and satisfying logical mutual

exclusivity.

Finally, the overall training loss 1s defined as:

L) =L@+ Y MLY(8) (6.8)
1£{1,2,3,4}
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where Ay € B,i € {1,2,3,4} are hyperparameters. In particular, Ay is set to 0 when there iz no
encoder needed for predicate invention.

Apart from the training objective, the training technique of § delayed exponential scheduling is
also adopted (Equation (2.7) in Section 2.3.1) for neural DNF-MT models, such that the logical bias
15 gradually increased throughout training for smoother learning.

6.2.3 Post-training Processing

The post-training process extracts either a ProbLog program for a stochastic policy or an ASP
program for a close-to-deterministic policy from a trained neural DNF-MT actor, where the logic
program is a close approximation of the model. Following a similar structure to the post-training
process in Section 2.3.3, it consists of multiple stages that include pruning and translation. How-

over, some steps are modified to accommodate policy learning. The full post-training process for
interpreting a trained neural DNF-MT actor is shown in Figure 6.2,

- - . Efteational &) Thresholding A{a) Problog nae (&) Siochasic pollcy:
[ Traimed = cong. only — . 1 ook O B
neural discretisation: H
— L :
| actor L Kr " e 2]} Thresholding ) ASP ke if () DesterminisSc pollcy
- LI+ {-L1} Iboth con. + cis]. 1Ii!-|!'l-l'l'l:||—"| eytracton |_T‘I ASP program
| £, Eikabona
predicate inferpretabion predic
vRIASF ¢ function R ——————
Inferpretahie polcy

Figure 6.2: Post-training processing to extract an interpretable logical policy from a trained neural
DNF-MT actor. There are two branches: one with sub-label (a) for extracting a stochastic policy
in ProbLog and the other with sub-label (b) for extracting a deterministic policy in ASP.

{1) Pruning: This step repeatedly passes over each edge that connects an input to a conjunction or
a conjunction to a disjunction, and removes any edge that can be removed (1) without changing the
learned trajectory (for close-to-deterministic policies) or (i) without shifting any action probability
for any state more than some threshold Tprune from the original learned policy (for stochastic policies).
Any unconnected nodes are also removed. Because the removal of an edge in a later pass may render
previously retained edges redundant, the procedure iterates over the network multiple times rather
than terminating after a single sweep. It concludes once a full pass yields no further removals,
indicating that the model has reached a stable state in which no remaining edge can be deemed
redundant. In practice, conjunctive-node-to-disjunction-node edges are processed first before the
input-to-conjunctive-node edges, and Tprune = le — 3 is set for the removal check. The pruning
process 15 formalised in Algorithm 9.

{2) Thresholding: This is the discretisation process mentioned in Section 4.1.2 that converts a
semi-symbolic layer's weights from B to values in {—6,0,6} and enables the neural to bivalent logic
translation described in Section 4.2. Given some threshold T € Ry, a new weight is computed as
Wiy = 6 L(|wiyy| = 7) - sign(wiey), where k € {c,d} indicates the type of the node (conjunctive or
disjunctive). The selection of v should maintain the model's trajectory/action probability, subject
to the same checks used in pruning. For a thresholded node with at least one non-zero weight, its
tanh activation is replaced with step function h{z) = 2. 1{z > 0) — 1, changing its output’s range
to {—1,1}. The thresholding process is applied differently to the disjunctive layer depending on the
nature of the policy desired. This step is formalised in Algorithm 10.
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{2.a) For stochastic policies: Only the conjunctive layer is thresholded, 1.e. choosing a value of
7, updating only its weights and changing the activation function. The disjunctive layer still
outputs action probabilities.

{2.b) For deterministic policies: Thresholding is applied to both the conjunctive and disjunctive
layers: a single value T is chosen and applied in both layers’ weight update, and both layers
have their tanh activation replaced with the step function. This process is only possible if the
model zatisfies P2,

{3) Re-pruning: The pruning process from Step 1 is repeated.

{4) Logical rules extraction: All nodes (conjunctive and disjunctive) are converted into some form
of logical rules. The thresholding process gnarantees that all conjunctive nodes can be translated into
bivalent logic representations. For a conjunctive node ¢, the set &; = {i € {1..J}|uy,, # 0} is consid-
ered, and || # 0. A} is partitioned into subsets X;‘ = {i € Aj|wy,; = 6} and A = {i € Aj|uy,, =
—6}, and translate c; to an ASP rule of the form conj; +— ﬂtex;" atmm?ﬂiexj_ (not atom,), where
atomy 15 an atom for input x;. The disjunctive nodes are interpreted differently depending on the

desired policy type.

(4.a) Stochastic policy - ProbLog rules: To represent mutually exclusive action probabilities,
ProbLog's annotated disjunction representation is chosen to specify the set of action proba-
bilities for each action. An annotated disjunction of the form py @ fi;...;pn o fo + body
associates a probability p, to each individual ground probabilistic fact f, if body 1s true, and
St p: = 1, and only one of the fys is true. Annotated disjunctions match the require-
ment for probabilistic mutual exclusivity of the neural DNF-MT model and also the actor’s
behaviour of choosing exactly one action when interacting with the environment. To trans-
late the disjunctive layer with the mutex-tanh activation, each unique achievable activation
of the conjunctive layer ¢/™ € {—1,1}%" with 1 < m < 27, where " is the number of
remaining conjunctive nodes after pruning and may differ from the initial choice of O, forms
the body of a unique annotated disjunction of the form py 2 actiong;...; py = actiony +
Asecims €omiss Ayeeim— (\+ conjs), where C+ = {ile(™ = 1}, €™~ = {i|c(™ = —1}, and
ps = (7™ +1)/2 (the probability assigned to the j* action in the disjunctive activation for the
m'™ unique activation). Such annotated disjunctions are computed for all unique conjunctive
activations. A pseudocode for this step is shown in Algorithm 11, and examples of ProbLog
rules extracted from the trained neural DNF-MT actor are shown in the later sections.

(4.b) Deterministic policy - ASP rules: Since the disjunctive layer is also thresholded, each
disjunctive node is translated into a normal clause. For a disjunctive node d;, the set C; =
{i € {1.C"}Hugy,; # 0} is considered, and |G| # 0. C; is partitioned into subsets E’; =
{i € Gjlwgy; = 6} and € = {i € Cjlwg,, = —6}, and translate d; to a formula of the form
disjy + {Viec_;" mji}v{vsec; (not conj;)). In practice, the formula is represented as multiple
rules with the same head in ASP. Listing 6.1 shows an example of ASP rules, and Algorithm 12
shows the pseudocode for this step.

If there 1= an encoder before the neoural DNF-MT actor in the overall architecture, a mandatory
step of invented predicate discretisation (step 0 in Figure 6.2) 1s performed at the beginning of the
post-training process. The sign of the invented predicate tanh activations is taken, converting them
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to £+1 to interpret them as bivalent logical truth values of T or L. Each invented predicate is defined
as a minimal set of raw observations using an ASP optimisation function (step 5 in Figure 6.2).

6.2.4 Neural-bivalent-logic translation for Deterministic Policy Interpre-

tation and Policy Intervention

When the neural DNF-MT model encodes a deterministic policy, the translation between the model
and its ASP program is bidirectional and maintains truth value equivalence. The key observation
15 that the bivalent interpretation of the neural DNF-MT model is defined via the tanh output ¥
of the disjunctive layer, not the mutex-tanh output ¥ used to compute action probabilities during
training. The role of LY in Equation (6.7) in the training loss is precisely to ensure that this
interpretation is sound: by driving the tanh outputs ¥ towards +1 for deterministic policies, it
guarantees a well-defined bivalent interpretation and makes the thresholding in Step (2.b) wvalid.
Consequently, the neural DNF-MT model is logically interpreted as a neural DNF model with tanh
activation in its disjunctive layer, and the bidirectional truth value equivalence established for neural
DNF models in Section 4.2 applies directly. The neural-to-bivalent-logic direction of this translation
provides interpretability for the learned policy, and the bivalent-to-neural-logic direction enables
policy intervention without retraining, as demonstrated in Section 6.3.5.

6.3 Experiments

I bk [ L O Mewrd DT I MG
T ket T MLPT I Newrsl DNFMT I Probloch

LR I i 1]

SC MDOP LIC-5 M LC-11 M0 SC POMDP LC-5 POMDH LC- 11 Psang Rlackjack Tani Daor Camudar

Figure 6.3: Mean episodic return (£ standard error) across all environments for baseline methods,
neural DNF-MT models, and the ProbLog/ASP programs extracted from the trained neural DNE-
MT models. Higher values indicate better performance. )-tables are trained using (-learning, while
MLP and neural DNF-MT actors are trained using actor-critic PPO with MLP critics. In the Tax
environment only, the neural DNF-MT actor 1s distilled from a pre-trained MLP actor (indicated by
dashed borders and faded colouring). Symbols denote action selection methods: * argmax selection,
T e-greedy sampling, § sampling from the actor’s distribution.

This section evaluates the RL performance (measured in episodic return) of neural DNF-MT
actors and their interpreted logical policies in four sets of environments with various forms of ob-
servations. Some tasks require stochastic behaviours, while others can be solved with deterministic
policies. The evaluation compares the proposed method with two baselines: ()-tables trained with
(J-learning where applicable and MLP actors trained with actor-critic PPO. The neural DNF-MT
actors are trained with MLP critics using the PPO algorithm in the Switcheroo Corridor set, Black-
jack and Door Corridor environments. In the Taxi environment, a neural DNF-MT actor is distilled
from a trained MLP actor. The extracted ProbLog policies are not directly evaluated because of
the long ProbLog query time. Instead, the evaluation uses their final neural DNF-MT actors before
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logical rule extraction (1.e. after step 3, re-pruning) as an approximation. This approximation is
close because a ProbLog policy’s action distribution is the same as its corresponding neural DNE-
MT’s action distribution to at least 3 decimal places. A performance evaluation summary is shown
in Figure 6.3. The following sections discuss the details of the experiments in each environment.

6.3.1 Switcheroo Corridor

The experiments adopt an example environment from [150, Chapter 13.1] and create a set of
Switcheroo Corridor environments that support MDP tasks with deterministic policies and POMDP
tasks with stochastic policies. The observation can be either (1) a one-hot encoding of the agent’s
current state number, representing its position (an MDP task), or (i) the wall status of the agent’s
current position (a POMDP task). In most states, going left or right results in moving in the in-
tended direction. However, there are special states that reverse the action effect. Thus, the nature
of the task decides whether the optimal policy is deterministic or stochastic. In the MDP sotting,
the optimal policy is deterministic: identifying the special states based on the state number and
going left in them. In the POMDP seotting, identifying the special states based solely on wall status
observations is impossible without a memory. The optimal policy shows stochastic behaviour so
that the correct action may be sampled when the agent is in the special states.

The start, goal, and special states are customisable. Three corridors are created based on dif
forent configurations: Small Corridor (SC), as shown in Figure 6.4a, Long Corridor-5 (LC-5), and
Long Corridor-11 (LC-11), to test the actor’s learning ahbility when the environment complexity
increases. Table 6.1 shows the configurations of the three corridors. Once created, the corridor
18 fixed throughout training and inference. The reward is set to -1 for each step. The episode is
terminated when the agent reaches the goal state or is truncated after the maximum number of
steps. By default, the truncation step limit is 50.

Start *SIEBI Start Special
L f—

. C_

(a) Small corridor (SC), same as the one from (b) Long Corridor-5 environment, created according to
[150]. The agent starts at state 0 and must reach the configuration shown in Table 6.1.

state 3 (O-indexed). State 2 is the special state

that reverses the action effect.

=5 =5 =7
Special Special Spectal Special

(c) Long Corridor-11 environment, created according to the configuration shown in Table 6.1. Note that S0,
51 and 52 are unreachable states.

Figure 6.4: The three environments in Switcheroo Corridor Environment Set.
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Name Short code Corridor Length  Start State Goal State  Special State(s)
Small Corridor sC 4 0 3 [1]
Long Corridor-5 LC-5 5 0 4 [1]
Long Corridor-11 LC-11 11 T 3 [5,6,7, 8

Table 6.1: Environment configurations for the three environments in the Switcheroo Corridor Envi-
ronment Set, including SC's configuration.

Environment Q-Table MLP Neural DNF-MT NDNF-MT: ASP

5C MDP -3.000 + 0.000 -3.000 £+ 0.000  -3.000 £ 0.000 -3.000 + 0.000
LC-5 MDP -4.000 + 0.000 -4.000 £+ 0.000  -4.000 £ 0.000 -4.000 + 0.000
LC-11 MDP  -4.000 = 0.000 -4.000 £ 0.000  -4.000 £+ 0.000 -4.000 + 0.000

Table 6.2: Performance of the models in the Switcheroo Corridor MDP environment set, together
with the ASP programs extracted from their corresponding neural DNF-MT actors. The episodic

return metric is represented in the form of mean + standard error. Argmax action selection is used
for all models.

Environment Q-Tablef MLP} Neural DNF-MT} NDNF-MT: ProbLog}
SC POMDP 30683 £ 0.006  -9.342 £+ 0.022 -9.336 + 0.019 -9.607 £ 0.129
LC-5 POMDP -31.459 + 0,004  -14.304 £ 0.047 -14.212 £+ 0.031 -15.3568 £+ 0.193
LC-11 POMDP -31.235 £ 0,004 -17.625 £ 0.051 -17.433 £ 0.056 -17.361 £+ 0.183

Table 6.3: Performance of the models in the Switcheroo Corridor environment set, together with the
ProbLog programs extracted from their corresponding neural DNF-MT actors. The episodic return
metric is represented in the form of mean + standard error. Different symbols after the actor’s name
indicate different action selection methods: 1 for e-greedy sampling, and § for actor's distribution
sampling.

The first six groups in Figure 6.3, Table 6.2, and Table 6.3 show the performance of all models in
the environment set. In MDP settings, all methods using argmax action selection perform equally
well, reaching the goal with the minimum number of steps. In POMDP settings, MLP and neural
DNF-MT actors perform better than (-table with e-greedy sampling as expected, with minor perfor-
mance differences. Neural DNF-MT actors provide interpretability via logical programs compared
to MLP actors. Listing 6.1 shows the ASP program for a neural DNF-MT actor in SC MDP, where
state 1 is identified as special. Listing 6.2 shows the ProbLog rules for a neural DNF-MT actor in
SC POMDP. As shown in line 1 in Listing 6.2, the actor favours the action going right when only
the left wall is present, which only happens in state (. Line 2 shows the case when the agent is in
cither state 1 or 2 with no wall on either side, and the actor shows close to 50-50 preference for
both actions. The logical representations for policies learned in LC-5 and LC-11 are provided in
Appendix C.2, and they show similar behaviour as the SC MDP and POMDP policies.

: action(left) :- imn_=_1. action(right) :- not imn_s_1.

Listing 6.1: ASP rules of a neural DNF-MT actor in SC MDP.
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: 0.041::action(left) ; 0.959::action(right) :- left_wall_present, “+
right_wall_present.

2 0.581::action(left) ; 0.419::action(right) :- \+ left_wall_present,
%W+ right_wall_present.

Listing 6.2: ProbLog rules of a neural DNF-MT actor in SC POMDP.

6.3.2 Blackjack

The Blackjack environment! from [150, Chapter 5.1] is a simplified version of the Blackjack card
game, where the goal is to beat the dealer by having a hand closer to 21 without going over. The
agent sees the sum of its hand, the dealer’s face-up card, and whether it has a usable ace. It can
choose to hit or stick. The environment terminates when the agent sticks or its hand exceeds 21,
and truncation never occurs. It receives a reward of +1 for winning, -1 for losing and 0 for drawing.
Instead of using Gymnasium's tuple observation (the player's current sum, the dealer's hand, and
the player’s usable ace), each value in the tuple is converted to a one-hot vector mapped to {—1,1}
encoding and stacked together as the observation. There are 44 bits in total in the final observation
encoding. The observation input to the neural DNF-MT actor is shown in Figure 6.1a.

Model Episodic return Win rate Policy Divergence
S&B optimal policy [150]* —0.050 + 0.001 42.04% £ 0.00%  NA

MLP* —0.045 £+ 0.000 43.24% £+ 0.02% o

MLP: —0.057 £ 0.001 42.84% + 0.02% 15.87% £ 0.30%
NDNF-MT* —0.050 £+ 0.001 42.82% + 0.06%

NDNF-MT% —0.068 £+ 0.001 42.17% + 0.03% 20.66% + 0.56%
ProbLogi —0.099 + 0.007 40.79% £ 0.31%  27.92% + 1.25%

Table 6.4: Blackjack: performance of MLP actors, neural DNF-MT actors, and the extracted
ProbLog programs. Policy divergence measures the proportion of states where the argmax pol-
icy disagrees with the optimal policy from [150].

The performance across the models is shown in the 7" group in Figure 6.3 and Table 6.4. The
baseline optimal policy from [150] only shows a single action per state, so it is only evaluated with
argmax action selection. The MLP and neural DNF-MT actors are evaluated with both argmax
action selection and actor’s distribution sampling. MLP actors with argmax action selection perform
better than their distribution sampling counterparts, with a higher episodic return and win rate.
The same is observed for neural DNF-MT actors. The extracted ProbLog rules? perform worse than
their original neural DNF-MT actors (no post-training processing), with a higher policy divergence
from the optimal policy from [150]. A policy change is also observed from a trained neural DNF-MT
actor to its extracted ProbLog policy. Figure 6.5 shows the policy grids of a neural DNF-MT actor
trained in the Blackjack environment without any post-training processing, and Figure 6.6 shows
its extracted ProbLog policy grid. In both figures, a red square indicates that the argmax action
of the agent is different from the baseline optimal policy from [150]. The extracted ProbLog policy

1The experiments use the Gymnasium’s implementation at https://Gymasium. farama.org/environments/toy_
text/blackjack/.
2An extracted Problog program example is listed in Appendix C.3.
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grid shows more errors (red squares) compared to the original neural DNF-MT actor without any
post-traming proceszsing. This unwanted policy change cansed by thresholding leads to performance

loss and persists in later environments; this issue 1z discussed further in Section 6.4.

Policy with usable ace Policy without usable ace

Dealer showing

12 13 14 15 16 17 18 19 20 Il 12 13 14 15 16 17 18 1% 20 21
Player sum

Figure 6.5: Policy grid of a neural DNF-MT actor in the Blackjack environment without post-
training processing. Each square shows the probability of taking action “Hit’ and the argmax action
in the text. If a square 18 red, it means that its argmax action is different from the baseline optimal
policy from [150]. The redder the square, the larger the probability difference.

Policy with usable ace

Dealer showing

12 13 14 15 16 17 18 19 20 Il 12 13 14 15 16 17 18 1% 20 21
Player sum

Figure 6.6: Extracted ProbLog policy grid of the same neural DNF-MT actor in Figure 6.5.
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6.3.3 Taxi

In the Taxi environment® from [41], shown in Figure 6.7, the agent controls a taxi to pick up a
passenger first and drop them off at the destination hotel. The environment has 4 coloured squares
where a hotel and the passenger will be allocated initially at the start, and the hotel location remains
unchanged throughout the episode. A state number is used as the observation, and it encodes the
taxd, passenger and hotel locations using the formula ((tari_row =5 + taxi_col) =5 + passenger_loc) »
4+ destination. Apart from moving in four directions, the agent can pick up/drop off the passenger,
but llegally picking up/dropping off will be penalised. Each step gives a -1 reward, but illegally
executing ‘pickup’ and ‘drop-off’ gives a -10 reward. If a passenger is successfully delivered to the
hotel, the agent receives a +20 reward.

Figure 6.7: Taxi Environment: the taxi needs to pick up a passenger and drop them off at the
destination hotel to finish the episode.

The environment is designed for hierarchical reinforcoment learning but is solvable with PPO
and without task decomposition. However, for both MLP actors and neural DNF-MT actors, the
performance is found to be more sensitive to PPO’s hyperparameters and fine-tuning the hyper-
parameters 15 more difficult than in other environments. The environment is complex due to its
hierarchical nature, and learning task dependencies based solely on state numbers proves difficult,
as a single-unit change in the taxi’s x or ¥ coordinate results in a state number change of 100 or 10.
On-policy actor-critic methods can be sensitive to the choice of hyperparameters [10, 45], and with
the wrong set of hyperparameters in such a complex environment, the actor easily settles at a local
optimum with a reward of -200: never perform ‘pickup’/*drop-off' and move until the step limt (200
steps). MLP actors were successfully trained with actor-critic PPO after extensive hyperparameter
tuning. However, the combination of the model’s structural constraints, the difficulty of the task
and the sensitivity of deep RL to hyperparameter cholces appears as a barrier to training neural
DNF-MT actors and no working set of hyperparameters could be found to train neural DNF-MT
actors. The neural DNF-MT model 1z more sensitive to hyperparameters than an unconstrained
MLP due to the architectural constraints required to keep the model interpretable in logical form:
the untrainable biases that act as logical biases and the bounded tanh-based activations restrict the

3The experiments use Gymnasium's implementation at https://Gymnasium. farama.org/ enviromments/toy_text/
taxif.
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optimisation landscape compared to a standard MLP. The reinforcement learning setting appears
to amplify this sensitivity relative to supervised learning, as the non-stationary training distribution
and the noisy policy-gradient signal interact poorly with these constraints, and small hyperparam-
oter changes can push the actor into the local optimum of avoiding ‘pickup’ /*drop-off® altogether
described above. Therefore, instead of training a neural DNF-MT actor directly, a neural DNF-MT
actor 1= distilled from a trained MLP actor, taking the same observation as input and aiming to
output the exact action probahilitics as the MLP oracle. The distillation procedure separates pol-
icy learning (handled by an MLP oracle) from interpretable policy representation (handled by the
neural DNF-MT student), sidestepping the optimisation difficulties of training a constrained model
directly with PPO while preserving the interpretability benefits of the neural DNF-MT actor. Other
mitigations such as increasing the model capacity or alternative training regimes are also possible. A
more systematic investigation of these directions, together with antomated hyperparameter tuning
tailored to neural DNF-based actors, is left for future work.

Actor Model Episodic return
Q-table* 7.913 + 0.009
MLP* 7.865 + 0.066
MLP: 7.550 + 0.011
Neural DNF-MT™ 7.926 £ 0.009
Neural DNF-MT3% 7.424 &+ 0.009

NDNF-MT: ProbLogt 7.604 +0.139

Table 6.5: Taxi: performance of Q-tables, MLP actors, neural DNF-MT actors, and the extracted
ProbLog programs from the corresponding neural DNF-MT actors. The episodic return metric is
represented in the form of mean + standard error. Different symbols after the actor’s name indicate
different action selection methods: * for argmax action selection, and i for actor’s distribution
sampling.

The performance is shown in the 28*® group in Figure 6.3 and in Tahle 6.5. Actors using argmax
action selection perform better than their distribution sampling counterparts. Again, a performance
drop is observed in extracted ProbLog rules.? With 300 unique possible starting states, the extracted
ProbLog rules are not guaranteed to finish in 200 steps: 2 out of the 10 ProbLog evaluations with
action probabilities sampling have truncated episodes. Across ten post-training-processed neural
DNF-MT actors with argmax action selection, there are an average of 3.3 unique starting states
where the models cannot finish the environment within 200 steps. Decoding the location information
encoded in the state number seems to be complicated and makes it hard to learn concise conjunctions,
thus increasing the error rate in the post-training processing.

6.3.4 Door Corridor

Inspired by Minigrid [27], a corridor grid with a fixed configuration called Door Corridor is designed,
as shown in Figure 6.8. The goal of the agent is to step into the goal cell within a termination limit
of 270.

The agent ohserves a 3 x 3 grid in front of it with two channels of objects and cell status, and
has a choice of four actions: turn left, turn right, move forward, and toggle. The toggle action only

1An extracted Problog program example is listed in Appendix C.4.
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Figure 6.8: Door Corridor (DC): the agent needs to turn right first, and toggle and go through three
doors to reach the end of the corndor.

changes the status of a door right in front of the agent. Listing 6.3 shows the action and observation
space of the Door Corridor environment.

 # Action space

class DoorCorridorAction(IntEnum):
LEFT = 0
RIGHT = 1
FORWARD = 2
TOGGLE = 3

# Observation space, the twoe channels are object and state

» class Object(IntEnum):

UNSEEN = 0
EMPTY = 1
WALL =
DOOR =
AGENT = 4
GOAL = &

2
3

 class State(IntEnum):

OPEN = 0 # Most objects will be OPEN
CLOSED =1 # A door can be OPEN or CLOSED

Listing 6.3: Door Corridor Environment action space and observation space.

For this environment, the architecture shown in Figure 6.1b is used, where an encoder 1s shared
between the actor and the critic. The encoder uses a 2D convolutional layer followed by a linear
layer to invent predicates in GBL form. The performance of MLP actors, neural DNF-MT actors
and their extracted ASP programs are shown in the last group in Figure 6.3 and Table 6.6. Both of
the neural actors learn the optimal deterministic policy.

To evaluate an extracted ASP program in the environment, the 3 % 3 observation is first passed
to the encoder, invented predicates with bivalent interpretations T are converted to ASP facts, and
then these facts are appended as context to the base policy. The combined ASP program has to
(1) output one stable model with only one action at each step (logically mutually exclusive) and (1)
finish without truncation to be counted as a successful run. These requirements are also reflected in
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Actor Model Episodic return

MLP -5.000 + 0.000
Neural DNF-MT  -2.000 + 0.000
NDNF-MT: ASP -2.000 + 0.000

Table 6.6: Door Corridor: performance of MLP actors, neural DNF-MT actors, and the extracted
ASP programs from the corresponding neural DNF-MT actors. The episodic return metric is rep-
resented in the form of mean + standard error. Argmax action selection is used for all models.

the neural DNF-MT actor: the final tanh activation should only have one value greater than 0, and
taking that only action with greater-than-0 tanh activation at each step finishes the environment
without truncation. The awdliary loss terms in Equations 6.4, 6.6 and 6.7 help the neural DNF-MT
actor to achieve these requirements but make the training less likely to converge on a good solution.
Out of 32 runs, 6 runs cannot finish the environment within the step limit. However, 25 of the 26
remaining runs can be interpreted as ASP policies. For the single failing case, it fails to maintain
logical mutual exclusivity after thresholding. While it is possible to extract a ProbLog program from
it, the environment 1= known to support an optimal deterministic policy. Hence, no logical program
15 extracted for this run. The ASP programs of the 25 runs successfully finish the environment
with minimal steps, as reported in Figure 6.3. Listing 6.4 shows an example of the extracted ASP
program from one of the sucecessful runs and a possible set of definitions for the invented predicates.

: action{turn_right) :- a_6, a_8.
: action(forward) :- a_2.
2 action(toggle) :- a_3.
1+ % Definitions of each invented predicate a_i:
ra_2 :- top_right_corner_wall.
a_3 :- one_step_ahead_closed_door.
ra_b :- mnot curr_locatiom_open_door,

not one_step_ahead_closed_door.

»a_B8 :- two_step_ahead_unseen.

Listing 6.4: An ASP policy for a neural DNF-MT actor in DC, with a possible set of definitions for
the invented predicates.

The invented predicates are extracted via an ASP optimisation algorithm. Given the trace
of an agent that completes the environment without truncation, all experienced observations are
first translated into ASP facts. For example, coordinate (2, 2) (Le. the cell to the right of the
agent) being a closed door i1s represented as obs(2, 2, 3, 1), where the first two elements dencte
the cell coordinates, the third element indicates the object type, and the fourth element specifies
the state, as defined in Listing 6.3. Each ohservation is also associated with its corresponding
timestamp; for instance, fired_obs_at_timestep(0, obs(2, 2, 3, 1)) indicates that obs(2,
2, 3, 1) occurred at timestamp 0. Similarly, each clement of the image encoding vector (or the
imvented predicates), which serves as input to the neural DNF-MT actor, is translated into an ASP
fact, such as img_encoding_id(8) for the 8" element. The activation status of these elements at
cach timestamp is also recorded; for example, fired_img_encoding gt(1, a(8)) indicates that
the 8" clement was activated at timestamp 1. The objective of the ASP optimisation is to, for
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cach element in the image encoding vector (invented predicate), identify a minimal set of positive
or negated observations, possibly empty, that uniquely triggers this element (invented predicate).
This set of observations then forms the body of a rule with the image encoding element as the head,
thereby providing an interpretation of the invented predicates. When the optimisation succeeds,
multiple stable models may east, cach offering a different interpretation. However, a solution is not
guaranteed; if no stable model is found, the invented predicates remain uninterpretable.

6.3.5 Policy Intervention in Door Corridor Variants

Two variations of the base Door Corridor environment are created with only different termination
conditions: Door Corridor-T (DC-T), where the agent must be in front of the goal and toggle it
instead of moving into it; and Door Corridor-OT (DC-OT), where the agent must stand on the goal
and take the action ‘toggle’. Table 6.7 shows the optimal policy’s actions for the Door Corridor

environment and its variants.

Environment Optimal policy’s actions (text) Optimal policy’s actions (int)

[Right, Toggle, Forward, Toggle,

Forward, Toggle, Forward, Forward)

[Right, Toggle, Forward, Toggle,

Forward, Toggle, Forward, Toggle|

[Right, Toggle, Forward, Toggle,

Forward, Toggle, Forward, Forward, Toggle|

DC [1,3,2,3,2 3, 29

DC-T [1,3,2,3,2 3 23

DC-OT [1,3,2,3,23,272 3

Table 6.7: Optimal policy’s actions for the Door Corridor (DC) environment and its variants, with
blue text showing the difference in the variants. The difference in the optimal policy’s actions is
highlighted in blue.

The input observation remains unchanged since only the goal cell’'s mechanism changes. The
encoder can be reused immediately, but the actor and eritic cannot. An MLP actor trained on DC
fails to finish within step limits in DC-T and DC-OT environments without re-training. However,
the ASP policy can be modified to achieve the optimal reward in both DC-T and DC-OT environ-
ments. Listings 6.5 and 6.6 show the modified ASP programs for DC-T and DC-OT environments,
respectively. The modified ASP programs can be ported back to neural DNF-MT actors by virtue of
the bidirectional neural-bivalent-logic translation. The modified neural DNF-MT actors also finish
DC-T and DC-OT environments with minimal steps without any re-training.

: action{turn_right) :- a_6, a_8.
action{forward) :- mot a1, a_2.
2 action(toggle) :- a_3.

action(toggle) :— a1, not a 3, a 12

Listing 6.5: Policy for DC-T | modified from Listing 6.4's policy.

: action{turn_right) :- a_ 6, a_8, ail.

action{forward) :- a_2.

2 action(toggle) :- a_3.

action(toggle) :— not 22, not a3, not a i1
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Listing 6.6: Policy for DC-OT, modified from Listing 6.4°s policy.

6.4 Discussions

This section first analyses the persistent performance loss issue in Blackjack, Taxi, and Door Corridor
environments. The discussion then covers the implications of this work in terms of performance,

interpretability, inference, and policy intervention.

6.4.1 Performance Loss due to Thresholding

The thresholding step converts the target layer(s) from a weighted continuous space to a discrete
space with only 0 and +6 values, saturating the tanh activation at +1 and enabling the translation
to bivalent logic. However, the thresholding step may not maintain the same logical interpretation
of the layer output. This issue i1s shown through an example in Listing 6.7, where a thresholded
neural DNF-MT actor fails to maintain logical mutual exclusivity in the Door Corridor environment.
Note that thresholding is applied on both the conjunctive and disjunctive layers sinece a deterministic
policy 1= desired.

+ % Conjunctive nodes and their learned weights:

»e_0 = 3.03 x_T7 + bias_c0
s c_7T = 0.56 =_13 + bias_c7T
c_9 = -1.66 =_2 + bias_c8

- c_11 = -1.06 x_9% + bias_cll

% Disjunctive nodes and their learned weights:

rd_1 = 4.58 c_0 + bias_di
- d_2 = -3.48 c_9 + bias_d2
»d_3 = 1.29 ¢_7T + 0.76 c_9 + 4.33 c_11 + bias_d3
% Thresholded nodes with tan = 0 (and ASP translation):
ne 0 = 6 =_T (conj_0 :- a_T7.)
2 e 7T = 6 =_13 (conj_7 :- a_13.)
se_9 = -6 x=_2 (conj_9 :- mnot a_2.)
c_11 = -6 =_9 (conj_11 :- mnot a_9.)
-d_1 = 6 c_0 (act (1) :- comnj_0.)
e d_2 = -6 c_9 (act(2) :- mnot comnj_98.)
rd_3 = 6 c_T + 6 c_9 + 6 c_11 + 12
- (act(3) :- conj_T7. act(3) :- conj_9. act(3) :- comnj_11.)

Listing 6.7: A neural DNF-MT actor in the Door Corridor environment that fails at the thresholding
stage. The bias terms are left uncaleulated for hrevity.

The 1* row of values in Table 6.8 are the pre-thresholding tanh output when 5 = —1, 1, = 1,14 =
1,ry3 = —1, with only g interpreted as T and chosen as action. The thresholded conjunctive
nodes in the 2™ row share the same sign as row 1, but 13 becomes positive after thresholding,
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resulting in two actions being T and thus violating logical mutual exclusivity. The disjunctive
nodes’ original weights achieve the balance of importance between o7, og and £y to make g3 negative.
However, the thresholding process ignores the weights and makes them equally important, leading
to a different output and truth value. It shows that the thresholding stage cannot handle volatile
and interdependent weights and maintain the underlying truth table represented by the model. This
1zsue 1s further discussed with a proposed solution in Chapter 7.

oo oy oo c1y w1 2 i

1.00 051 092 078 1.00 -100 -0.86
1.00 -1.00 1.00 -1.00 1.00 -100 1.00

Table 6.8: Conjunctive and disjunctive nodes’ tanh output when s = -1, 77 = 1,19 = 1,193 = —1,
calculated based on the formulation in Listing 6.7. Row 1 is the original output without applying
thresholding, and row 2 is the output after thresholding on value 0.

6.4.2 Implications of Neural DNF-MT Model

Performance

The experiments show that the neural DNF-MT actor can be trained with actor-critic PPO or
distilled from an MLP oracle to learn an optimal policy in the Switcheroo Corndor, Taxi, and
Door Corridor environments. In Blackjack, the performance 1= worse but close to an optimal MLP
actor. Furthermore, the results demonstrate that an encoder for handling complex observations and
realising predicate invention can be end-to-end trained with the neural DNF-MT actor in the Door

Corridor environment.

Interpretability

The logical programs extracted from trained neural DNF-MT actors provide interpretability, which
MLP actors lack. The results also demonstrate through different environments that stochastic and
deterministic policies can be represented in different forms of logic (ProbLog and ASP, respectively).

Inference

Even when the actor has learnt an interpretable policy, running a fully logic-based agent may
not be efficient. Inference in neural DNF-MT actors is significantly faster than in ProbLog or
ASP, thanks to tensor operations and environment parallelism. This claim 1= further supported by
runtime comparison experiments. Table 6.9 shows the runtime comparison between different models
across various environments. All entries are run on a 10-core Apple M1 Pro CPU with 16G RAM.
Experiments with Q-table are implemented in numpy [69], while MLP and neural DNF-MT are
implemented in PyTorch [11]. The clingo solver [126] is used to run ASP programs and the ProbLog
Python API to perform ProbLog inference. The results show that inference with logic-based models
15 significantly slower than with neural models.

An additional experiment approximates the time taken to perform inference in ProbLog when
the program is large. All programs are in the following form:
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Environment Model No. episodes  Owerall runtime (s) Avg. runtime (s) per episode
Q-table 0.416 4.1566—5
MLP 2,983 2.9830—4
) MLP* led 1.157 1.157e—4
Blackjack  ynp oM 5564 5 56404
NDNF-MT* 1.574 1.574e—4
ProbLog 10 21.583 2.158
Q-table 1.202 1.202e—4
MLP 17.338 1.734e—3
T MLP* led 7.279 7.27%9e—4
ad NDNF-MT 40.054 4.0050—3
NDNF-MT* 9.700 0.700e—4
ProbLog 1 Timed out after 30 min
MLP 10.178 1.018:—3
MLP* 0.073 7.258—6
GGD“‘, . NDNEMT ¢4 36.726 36733
rrcor NDNF-MT* 0.111 1.112e—5
ASP 1000 95.206 2.530e—2

Table 6.9: Runtime comparison between different models across various environments. The overall
runtime is the total time to run the model for the specified number of episodes. Models without * are
run in a single environment in a loop for n times. Models with * are run in 8 parallel environments
for a total of n episodes.

 p_0_1 action(0) ; ... ; p_0O_n :: action(m) :- rule(0}.
2 poi_1 :: actiom(0) ; ... ; p_l_n :: action(m) :- rule(i).
s pom_1 :: actiom(0) ; ... ; p_m_n :: action(m) :- rule(m).

The experiment uses n € {2,6},m € {1..18}. The time taken is shown in Figure 6.9, and the
results show the overall trend of exponential growth in time to the number of rules. This is only for
approximation since the actual policy does not resemble the format used here. A Problog program
extracted from a neural DNF-MT actor in a Blackjack environment has 58 annotated disjunctions. It
takes 2652.212= to perform 380 inforence queries, averaging 7s per query. Regardless, the conclusion

remains that inference with ProbLog 1= more expensive than with neural models.

Policy Intervention

The bidirectional neural-bivalent-logic translation allows modification of the ASP program and trans-
lation back to the neural architecture without re-training, as shown in Door Corridor’s variations in
Section 6.3.5. This feature could be helpful in tasks where background knowledge is available. By
pre-encoding the information into logical rules or modifying the logical rules of an actor trained in
a similar environment, the edited logic program can be ported back to the neural model to provide
a hot start in training. This functionality may be explored in future work.

In summary, the neural DNF-MT model learns interpretable and editable policies, with the neural
benefits of end-to-end training and parallelism in inference and the logical benefits of interpretable
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Figure 6.9: Time taken vs the number of annotated disjunctions in ProbLog, using a ProbLog
program in a certain format as an approximation. The overall trend is that the time taken increases
exponentially with the number of rules presented in the ProbLog program. However, this pattern
cannot be confirmed as the same for inference with an actual policy extracted from a neural DNE-
MT actor.

logical program representation.

6.5 Conclusion

This chapter proposes a neuro-symbolic approach named the neural DNF-MT model for learning
interpretable and editable policies in RL. It can be trained with actor-critic PPO or distilled from a
trained MLP actor, and an encoder for predicate invention can also be end-to-end trained together
with it. The trained neural DNF-MT model can be represented as either a ProbLog program for a
stochastic policy or an ASP program for a deterministic policy. The neural-bivalent-logic translation
15 bidirectional, allowing policy intervention by modifying the ASP program and then converting it
back to the neural model for efficient inference in parallel environments. The neural DNF-MT model
15 evaluated in four environments with different forms of observations and stochastic/deterministic
behaviours. The experiments show the neural DNF-MT model's capability to learn the optimal
policy with performance similar to an MLP actor’s. Furthermore, it provides logical representation
and enables policy intervention, neither of which an MLP can easily provide. Compared to existing
neuro-symbolic approaches, such as NLRL [77] and NUDGE [39], the neural DNF-MT model does
not use rule templates or mode declarations. Therefore, it does not rely on human engineering to
construct the inductive bias and can learn a wider range of rules. In contrast to works that either
operate on relational based observations |77, 39, 170] or require pre-trained networks to extract
logical predicates [39, 84|, the experimental results demonstrate that the neural DNF-MT model is
end-to-end trainable with preceding layers for predicate invention.
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Chapter 7

The Entanglement Problem and

Disentanglement

Previous chapters introduced two neural DNF-based models, aiming to solve different types of learn-
ing tasks: neural DNF-EO for deterministic multi-class classification tasks and neural DNF-MT for
probabilistic policy learning in reinforcement learning settings. These chapters demonstrate the
following properties of the neural DNF-based models:

o Versatility: the neural DNF-based framework supports diverse learning settings through
architectural customisation. The semi-symbolic nodes can be configured to create removable
‘constraint’ layers (as in the neural DNF-EOQ model) and their activation functions can be
tailored to enforce domain-specific logical constraints (as in the neural DNF-MT model).

¢ Usability beyond synthetic settings: the experiments involve real-world classification
tasks with large numbers of binary inputs and multi-class or multi-label outputs (Section 5.2),

as well as various reinforcement learning environments (Section 6.3).

o Interpretability: a neural DNF or a neural DNF-EO can be translated into a set of bivalent
logic rules, and a neural DNF-MT can be translated into a set of probabilistic logical rules.
The logical rules can be used to explain the model's behaviour.

* End-to-end trainability and integration: the neural DNF-based models remain to be
trained end-to-end even when they are integrated with other neural components. Section 6.3.3
and Section 6.3.4 demonstrate the integration of the neural DNF-based models with other
neural components such as MLPs and CNNs.

o Flexibility and scalability: the neural DNF-based models’ architectural similarity to the
traditional neural networks makes it easier to bootstrap without the need for background
knowledge of the task and able to approximate a large search space. While the use of back-
ground knowledge in ILP methods is a merit, the hypothesis search space can be too large for
the model to handle when prior knowledge is unavailable, and if the background knowledge is
incorrect the optimal solution may be excluded from the search space.

105
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However, the persistent observation of neural DNF-based models’ performance degradation at
the thresholding step shows that the process fails to fully maintain the models’ behaviour due to
some fundamental yet uninvestigated issues. This chapter (1) first identifies that the exasting thresh-
olding discretisation method fails to faithfully translate some neural units into logical form, causing
a performance drop, characterising such neural units as entangled; (2) and proposes a disentangle-
ment method to address this issue, better preserving model performance in the extracted symbolic
representation. Apart from exploring and solving the entanglement problem, this chapter also (3)
presents a simple threshold-learning method for real-valued features: these learned bounds are of
the form ‘feature > learned threshold value’ and act as interpretable invented predicates, and (4)
proposes an improved delta scheduling method to reduce the destructive effect of the logical bias
on the learning of the neural DNF-bhased models that leads to poor performance. The experiments
demonstrate that the proposed disentanglement method drastically decreases the performance degra-
dation when translating trained neural DNF-based models across binary, multi-class, and multi-label
classification tasks (some of which require predicate invention).

The rest of this chapter includes material from our paper [17].

7.1 The Problem of Entanglement

The thresholding discretisation method prepares the node to be translated into a single rule following
the translation process in Section 4.2.2. To encourage the weights to be in {—6,0, 6}, the awdhary
loss function |w||6 — |w|| = used during training. However, due to the fleability of the neural
architecture, a semi-symbolic node 1s more likely to learn a representation that cannot be translated
into a single logical formula. Rather, the node's behaviour needs to be described by a set of rules
with the same rule head, showing a phenomenon termed enfanglement. Some weights in the nodes
are trained to have absolute values closer to 0 than 6, representing that their corresponding inputs do
not always contribute to the node’s behaviour and do not appear in all rules but only in some rules in
the logical representation. The thresholding method 15 not able to *split’ the weights but only results
in a single rule that cannot fully represent the same behaviour as a set of rules, eventually altering
the node's behaviour. Despite having the auxiliary loss function |w||6 — |w|| during training to aid
the thresholding process, the weights in the semi-symbolic nodes are not guaranteed to be close to
+6 but take non-zero values between -6 and 6. This section demonstrates this phenomenon in two
examples where the thresholding method either underemphasises or overemphasises the entangled
weights with smaller magnitudes.

7.1.1 Underemphasising

Example 7.1.1 shows a case when the thresholding method underemphasises the weights of a conjune-
tive node. The thresholding discretisation that best preserves the node’s behaviour (1L.e. maintaining
the model performance as much as possible) uses any 7 > 1, and the resulting weights are [6,0,0].
The discretised node is translated into ¢ + ap, but this rule over-generalises. To see this, note that
the node 1= not interpreted as true when 1 = 1,15 = —1 and 3 = —1, but the translated rule will
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fire in this case. A set of two rules that can perfectly deseribe the node’s behaviour 1s:

2={ C + ajp,as. }

C 4+ ap,as.

Example 7.1.1: Conjunctive Node with Entangled Representation
Consider a trained conjunctive semi-symbolic node with weights w = [3,1,1]. Its bias is
calculated as 8 = max|w| — ¥ |[w| = —2. After applying thresholding discretisation with
T = 1, the discretised weights are [6,0,0] and 3° = 0. A soft-valued truth table of this node

(before and after thresholding) is shown below, with the difference cansed by thresholding
highlighted in red:

S Nod.e!m:t.imtim:l Bivalent Interpretation Threshokied node activation Thresholded
tanh(¥; , weirs + 8) b tanh{G - T + 0-x3 +0-r3 +0) bivalent interpretation &
1 1 1 0885 e 1 T
1 1 -1 0.TE2 e 1 T
1 -1 1 0.TE2 e 1 T
1 -1 -1 0. 762 AL 1 T
-1 1 1 0005 AL -1 1
-1 1 -1 0.0 AL -1 1
-1 -1 1 0.0 AL -1 1
-1 -1 -1 0.0 AL -1 1

7.1.2 Overemphasising

Example 4.1.1 also shows a conjunctive node with entangled weights. Recall the conjunctive node
has weights [—6,—2, —2,2, —6]. The discretisation that best preserves the node’s behaviour uses
7 = (), resulting in a discretised conjunctive node with weights [—6, —6, —6,6, —6] and is translated
into: ¢ + not ay, not as, not ag, ay, not as. Although this is the best translation, it still alters
the behaviour shightly: rule head ¢ cannot be true when ay is not true, but it is possible for the
original node’s activation to be interpreted as true when xy = —1. This is because the thresholding
method overemphasises the smaller magnitude weights wq, wy, and wy. In fact, the behaviour can
be perfectly described by a set of three rules:

¢+ not a;, not az, a4, not as.
L= ¢+ not a;, not as, not az, not as. . I[?-l}
¢+ not a;, not as, ay, not as.

By the lower-weighted terms only appearing in subsets of the rule bodies, it reflocts the smaller

influence of x5, 13, 4 on the node’s behaviour.

7.2 Exploration of Stronger Logical Bias:
Semi-Symbolic-MinBias Node

As discussed, the weights in a semi-symbolic node encode a form of *importance’, reflecting how
much each input contributes to the node’s belief. This property allows a single semi-symbolic node
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to represent multiple rules with the same head as a soft rule, resulting in entangled representations.
Rather than addressing this entanglement through post-training modifications, an alternative per-
spective i1s to view it as a violation of the node’s intended logical semantics. This section argues
that the root cause of such violations lies in the formulation of the semi-symbolic node’s bias term,
which does not enforce a strict bivalent-logical constraint. It then explores an alternative approach
that modifies the semi-symbolic nodes themselves by introducing a min version of the bias, designed
to produce learned representations that adhere more closely to bivalent logic and therefore require
no post-training adjustments. However, preliminary experiments reveal that training with the min
bias is considerably more difficult than with the max version, rendering this approach impractical
for real-world applications.

7.2.1 Semi-Symbolic-MinBias, a Stricter Logical Constraint

Max bias acts as a soft logical constraint. Consider again the conjunctive node from
Example 7.1.1 with weights w = (3,1, 1]. The raw output of this node for the mput x =[1,-1,1] is

computed as:

fw(X)=3-14+1-(-1)+1.-1+8
=3 —1+4+1+4 (max|w| —Z|W|:'

—3-1+1+(3-(3+1+1))
-1

The positive output indicates that the node evaluates to true. However, under a stricter semi-
symbolic constraint adhering to bivalent logic, the node should instead evaluate to false: one of the
inputs is false, and a bivalent conjunction returns false whenever any conjunct is false. Consequently,
the current semi-symbolic node exhibits behaviour inconsistent with bivalent logic. Sinee the logical
constraint is enforced through the computed bias term rather than the learnable weights, modifying
the bias formulation offers a pathway to impose stricter bivalent constraints on the node’s behaviour.

Derivation of a stricter logical constraint encoded in the bias term. The derivation
of a stricter bias formulation follows a similar approach to that used for the semi-symbolic node in
pix2rule [28]. Consider a conjunctive semi-symbolic node with N inputs, where each z; is strictly
+1. The definition of a conjunction comprises two conditions: (1) if all conjuncts are true, the
conjunction is true; and (2) if any conjunct 1= false, the conjunction is false. These conditions can
be expressed for the semi-symbolic node as follows:

N

Z |lug| + 8 =2 All conjuncts are true (7.2)
1
N
> | — Jwyl + B =—=2 Conjunct j is false (7.3)
oy

where z 1s positive. Equation (7.3) represents the case where exactly one conjunct, indexed by j, is
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false. Combining Equations (7.2) and (7.3) yields:

N N
=28 =" lwil+ Y lwil — |wy
i

LAA]

N
—28 =2 [uwi| — 2wy
i

N

B=lwgl =Y |

i

This result provides a starting point for determining an appropriate value of 5. When multiple
conjuncts are false, the conjunction must remain false, requiring the output to be negative. Letting
B=a— E?r |wrg|, the node’s output is calculated as follows:

N N
> lwl— D7 Juyl+8<0
1 et wyr; =0 J &t wyr; <0
N N N
D hwl= D lwylta=) lwd <0
15t wir; =0 7 st wiz; <0 H

a-2 Y Juyl<0

J et wiz;<0

a<?2 Y fuyl (7.4)

J et wiz;<0

The minimal case satisfying Condition (2) occurs when exactly one conjunct is false. In this
scenario, Inequality (7.4) simplifies to:
a < 2|wy| (7.5)

where j 18 the index of the single false conjunct.

A suitable choice for o satisfying Inequality (7.5) 1s ming w0 [we|. Even if ming y,p [wy| equals
|wy|, the inequality |wy| < 2|w;| remains satisfied. When w; = 0, the situation reduces to Equa-
tion (7.2); since the output takes the form a—2%, w,z; <0 |wy], it remains positive. Substituting
€@ = mifyg ;- [wy| into Inequality (7.4) ensures the inequality holds in general: the base case of a sin-
gle false conjunct has been verified, and additional false conjuncts only increase the right-hand side,
preserving the inequality. In conclusion, a conjunctive node with a stricter bivalent logic constraint
employs the following bias: .

Bmin = Iu-_i;ulwil =Dl (7.6)
1

1,w;

Unlike the max version of the bias, Spae = maxy |wg| — Ef‘r |wg|, which allows intermediate
weight magnitudes to encode varying degrees of importance, the min version disregards the scale of
individual weights. Note that the choice between max and min does not affect the logical semantics
when all weights are strictly +6.

Applying the min bias to the node with weights w = [3,1,1] from Example 7.1.1 produces the
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expected behaviour:

3-14+1-(-1)+1-1+ Bmin
=3-1+1+(1-(3+1+1))
=—1<0

7.2.2 Limitations of Semi-Symbolic-MinBias

Although the min bias offers a stricter constraint more closely aligned with bivalent logic, this
additional rigidity substantially increases training difficulty. A synthetic experiment demonstrates
this challenge. The experiment uses a multi-label classification task with three ground truth ASP
rules: {t0 — c. t1 — a. t2 — a,b.}. Two neural DNF models are trained on this task: one employing
Semi-Symbolic-MinBias nodes and the other using the original semi-symbolic nodes with the max
bias. Both models share an identical architecture comprising 9 conjunctive nodes and 3 disjunctive
nodes, and each configuration is trained 5 times with different random seeds.

Figures 7.1a and 7.1b present the training accuracy and § magnitude for both model variants.
The results reveal that models with Semi-Symbolic-MinBias nodes exhibit performance degradation
as § approaches 1 and ultimately fail to converge to satisfactory solutions. In contrast, models with
the original semi-symbolic nodes ({max bias) consistently converge to good solutions across all runs.
Despite the theoretical appeal of stronger logical constraints, the Semi-Symbolic-MinBias formu-
lation proves impractical due to these training difficulties. Developing an improved training regime
that accommodates the min bias remains an open problem for future investigation, with candidates
such as constrained optimisation and gradient-free learning further discussed in Section 8.2.1

Y Aamrag s A ray
T Aam g Ay

T E] 1] 1] CO ET EL ) T E] 1] 1] CO ET EL )
(e (e

(a) Training accuracy and magnitude of § of a nen- (b) Training accuracy and magnitude of § of a neural

ral DNF model with Semi-8ymbolic-MinBias nodes. DNF model with original semi-symbolic nodes (max

The performance degradation starts around |§) > 0.6. bias). The model converges to a good solution across
all runs.

Given that modifying the semi-symbolic nodes directly through the min bias proves impractical,
an alternative approach to address the entanglement problem warrants consideration. The next
section explores modifications to the post-training process, specifically targeting the thresholding
step.
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7.3 Disentanglement

This section proposes a method that disentangles the weights of semi-symbolic nodes while pre-
serving the nodes’ behaviour. The approach transforms a real-valued conjunctive node into multiple
smaller discretised nodes that jointly represent the same behaviour as the original node’s. The
following proposition formalises this idea:

Proposition 7.3.1. Given a conjunctive node ¢ parameterised by w € B® and taking soft inputs
x € [-1,1]%, s € M., there erists a collection of I € M. conjunctive nodes {c;}]_, with associated
(split) weights {W;}_, = W, where each W, is discretised, i.e. Wy € {—6,0,6}*%, such that under
discrete input X € {—1,1}*® the disjunction of their bivalent interpretations is the same as that of c.

The following subsections prove Proposition 7.3.1 by constructing a valid set of split weights W
for a conjunctive node ¢, based on whether the goal is to preserve node ¢'s positive (Section 7.3.1) or
negative (Section 7.3.2) behaviour. If ¢ is positively used in a disjunctive node (1.e. the connection
weight 1s positive), the split nodes should jointly encode the positive behaviour of the original node.
If ¢ is negatively used in a disjunctive node, (1.e. the connection weight is negative), it means that
the negated behaviour of ¢ is used in the disjunctive node. Thus, the split nodes should jointly
encode the negative behaviour of ¢ and the sign of the connection weight to the disjunctive node is
flipped.

Using Proposition 7.3.1, the full disentanglement discretisation process of a neural DNF-based
model can be constructed, which consists of the following three steps (Figure 7.2): (1) split all
conjunctive nodes into smaller disentangled and discretised conjunctive nodes; (2) replace the original
conjunctive node with the split conjunctive nodes by connecting them to the disjunctive node with
the same weight as the original node; and (3) if the model is not a neural DNF-MT model, apply
the thresholding diseretisation method on the disjunctive layer (either on 0 or sweeping through all
possible values). The method only disentangles conjunctive nodes while still applying thresholding
to discretise the disjunctive layer because:

1. Split conjunctive nodes can be reconnected to the neural DNF-based model without requiring
auxiliary predicates, as the rewiring preserves logical equivalence. Specifically, when a con-
junctive node ¢, connected to a disjunctive node d with a positive weight, splits into ey, . .., cx,
the equivalence (cy V... Vep) = d = (g = d) AL Aok — d) guarantees that each split node
can be independently connected to d while maintaining the original logical semantics.

2. The splitting process based on Proposition 7.3.1 requires binary inputs in {—1,1}Y. While
conjunctive layer inputs are typically binary, disjunctive layer inputs cannot be gnaranteed to
be binary, even with awdliary loss functions. Thus, the sphtting process can only be applied
to conjunctive nodes and not to disjunctive nodes.

7.3.1 Disentangling a Positively Connected Conjunctive Node

This subsection provides some intuition for Proposition 7.3.1 and then gives a proof sketch. The
complete proof is given in Appendix D

Given a single conjunctive node, ¢, parameterised by w € R® with a total of s inputs and
connected to a disjunctive node with a positive weight, the goal is to find a collection of split nodes
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Figure 7.2: The three steps of the disentanglement method. Here w is the weight connecting
conjunctive node ¢ to disjunctive node d.

c¢ that jointly encode the interpreted behaviour of e, such that for each ¢ its associated weights, W,
are discretised, 1e. Wy € {—6,0,6}%. The split weight set W = {W,Wa,...} for ¢ is the collection
of weights associated with the split nodes {ey,e0,.. }.

Recall that the raw output of ¢ for input x £ {—1,1}® can be written as:

fw(x) =) wyry + maxw;| — > lwyl (7.7)
=N JeT
where the relevant set of indices of non-zero weights 7 = {j € {1..a} |wy # 0}.

For any input X for which ¢ gives positive output there must be at least one split node ¢ with
positive output, while the output of all split nodes for any other input must be less than or equal
to zero. More formally:

Definition 7.3.1 (Valid Split Weight Set for Positively Connected Conjunctive Node). A split
weight set for a positively connected conjunctive node ¢, W = {Wy,Wa, ...} and Wy € {—6,0,6}%, is
valid if it jointly encodes the interpreted behaviour of the original conjunctive node. It should satisfy
the following constraints:

Vxt € X+ 3 fe,(xF) >0 and  Vx~ € X~ NEfg,(x) <0 (7.8)

where Xt = {x € {—1,1}%| fw(x) = 0} is the set of positive inputs and X~ = X'\ X7 is the set of
negative inputs. Or equivalently, as follows:

VX e XV 30D dgyry + (ﬁ—zham) = ] (7.9)

| jeT 1T

VX € XT3 D dbgyry + (ﬂ— > ham) > —E] (7.10)

| JET JeTq

The first half of constraint in Equation (7.8) means that for every positive example (x7) at least
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one rule encoded by a split node is activated, and the second half means that for every negative
example (X~) none of the rules encoded by the split nodes are activated. These two parts of the
constraint in Equation (7.8) are expanded into Equation (7.9) and Equation (7.10) respectively using
the property in Proposition 4.1.1 that the discretised conjunctive node output can only be equal to
6 or less than or equal to -6.

Proposition 7.3.2. A valid split weight set W for a positively connected conjunctive node ¢ can be
constructed by associating each positive example X, € Xt to a unique split node c; with weights Wy,

where:

1'u'rj = -[]_ . S]‘.iﬂ{ij =Iyy- 1 {Ii.j = ﬂgﬂ,{wj” 6= {6 R i—-.fII,_T = Ei.?'“(wjj (?.11}

0 otheruise

This valid split weight set W constructed under Proposition 7.3.2 has the cardinality of | X
And W can be translated to a set of rules £, in the form of:

E={c~£— A oa A nutajlf'E{l..|X+|}} (7.12)

1ETS,  1€Ta,
where Jg = {j € Jlwey = 6}, Tg, = {j € Thivey; = —6}.

Proof sketch of Proposition 7.3.2. This proof sketch shows that W constructed under Proposition 7.3.2
satisfies the constraints in Equation (7.8): the positive coverage is straightforward and the negative
coverage 1s proved by contradiction.

Case 1: Positive Coverage — All Positive Examples are Covered (Constraint in Equation (7.9))

For any positive example x; € X', every active index contributes 6 to both the weighted sum and
the bias term in Equation (4.1), so fg,.(x;) = 6 and Equation (7.9) holds for all positive examples.

Case 2: Negative Coverage — No Negative Examples are Covered (Constraint in Equation (7.10))

Suppose Xm € X~ is covered by Wy associated with x; € A", Then fg.(Xm) = 6, which
simplifies to Ej Wy g Tm,y = Ej |y 4| Substituting Equation (7.11) forces X, to agree with x; on
every index where x; ; = sign(w;). Because X; # X, there exists an index with ©m ; = signuwy)
and z;; # sign(w;). Decomposing fw(Xm) and fw(X:) by sign agreement with w then yields
fwiXm) > fw(x;) > 0, contradicting X € . Hence no negative example 1= covered.

A complete proof, including the set-decomposition and inequality steps, 1= given in Appendix D.

|

7.3.2 Disentangling a Negatively Connected Conjunctive Node

This subsection mirrors the structure of Section 7.3.1, providing intuition for Proposition 7.3.3
followed by a proof sketch. The complete proof is in Appendix D.

When the conjunctive node 1= connected to the disjunctive node with a negative weight, the
disjunctive node will fire only when the conjunction is not true. Given a single conjunctive node,
¢, parameterised by w € B*® with a total of s inputs and connected to a disjunctive node with a
negative welght, the goal 1= to find a collection of discretised split nodes oy that jointly encode the
negated interpreted behaviour of ¢, That is, find any input x for which ¢ gives non-positive output
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(the conjunction is not satisfied) and ensure that at least one split node ¢ propagates a positive
signal to the disjunctive node so that this disjunction can fire, while the output of all split nodes for
any positive input must be less than or equal to zero. Again, the split weight set W = {Wy, Wa,...}
for ¢ 18 the collection of discretised weights associated with the split nodes {ey, 09, ...}, Le. for each
cg its associated weights W, € {—6,0,6}%.

Definition 7.3.2 (Valid Sphit Weight Set for Negatively Connected Conjunctive Node). A split
weight set for a negatively connected conjunctive node ¢, W = {W, Wa, ...} and W, € {—6,0,6}%,
is valid if it jointly encodes the negated inferpreted behaviour of the original conjunctive node. It
should satisfy the following constraints:

VXT EXT e, (x7) >0  and  VxT e XTNLfg, (xT) <0 (7.13)

where Xt = {x € {—1,1}%| fw(x) = 0} is the set of positive inputs and X~ = X'\ X7 is the set of
negative inputs. Or equivalently, as follows:

Vx € XT3 gz + (ﬂ— > |ta,,j|) = ] (7.14)

=y 1T

Vx € XY .30 D g yry + (ﬂ -3 |ta,,j|) > —E] (7.15)

| jeT 1T

The two parts of the constraint in Equation (7.13) are expanded into Equation (7.14) and Equa-
tion (7.15) respectively using the property in Proposition 4.1.1 that the discretised conjunctive node
output can only equal 6 or be less than or equal to -6.

Note that the conditions are reversed compared to the positive case in Section 7.3.1. If an input
results in a less-or-equal-to-0 output for conjunctive node with w, the connected disjunctive node
will fire, and a split node that fires under this input is needed to connect it to the same disjunctive
node but positively (Equation (7.14)). Similarly, no split nodes should cover any of the positive
examples so that the disjunctive node will not fire (Equation (7.15)).

Proposition 7.3.3. A valid split weight set W for a negatively connected conjunctive node ¢ can
be constructed by associating each negative example X; € X'~ to a unique split node oy with weights
Wy, where:

) - . 6.3y if Ty # sign(wy)
Vi E{l...shabyy =z - 1 (e # sign(uw;)) -6 = ” " 7 (7.16)
0 otheruise
This valid split weight set W constructed under Proposition 7.3.3 has the cardinality of |X ).
And W can be translated to a set of rules £, in the form of:

E={c{— '-"-,‘ ay, ’-"'1‘ not ag

1eTS, 1eT,,

= {1..|x—|}} (7.17)

where T3, = {j € Tlie; = 6}, T, = {j € Tlive; = ~6}.
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Proof sketch of Proposition 7.3.3. This proof shows that W constructed under Proposition 7.3.3
satisfies the constraints in Equation (7.13): the negative coverage is straightforward and the positive
coverage 1s proved by contradiction.

Case 1: Negative Coverage — All Negative Examples are Covered (Constraint in Equation (7.14))

For any negative example x; € X'~ every active index contributes 6 to both the weighted sum
and the bias term in Equation (4.1}, so fg,(%;) = 6 and Equation (7.14) holds for all negative
cxamples.

Case 2: Positive Coverage — No Positive Examples are Covered (Constraint in Equation (7.15))

Suppose X;m € XY is covered by Wy associated with x; € X~. The same coverage identity
>3 WigTm,y = 2 |wyy| applies; with Equation (7.16) this forces Xm to agree with X; on every
index where x;; # sign(w;). Because X; # Xm, there exists an index with = ; # sign(w;) and
T4,y = sign(w,). Sign-based decomposition of fy (%) and f (%) then yields fy (Xp) < fw(x) =0,
contradicting X, € XY, Hence no positive example is covered.

A complete proof, including the set-decomposition and inequality steps, 1= given in Appendix D.
|

7.3.3 Optimisation

To reduce the size of the split weight set, redundant weight vectors can be identified and removed.
A weight vector in the split weight sot 1s redundant if its corresponding rule is logically subsumed by
the rule of another weight in the same split weight set. A subsumption relation between two weight
vectors in the split weight set can be defined as:

Definition 7.3.3. A conjunctive semi-symbolic node’s split weight Wy, subsumes another split
weight Wy, if all non-zero weights in Wy, match those corresponding weights in Wy, and there are

fewer non-zero weights in Wy, than in Wy:

(Vj € Jbmy € {0, s HAO <|{jET :0my # 0} < |{j €T :tbiny # 0})

Proposition 7.3.4 allows the reduction of W to a smaller yet equally valid split weight set W*
where no pair of weight vectors is subsumed by the other.

Proposition 7.3.4. If a split weight Wy, associated to X, € X" when the original conjunctive node
is positively used or Xp € A~ when the original conjunctive node is negatively used, is subsumed by
another split weight Wo, then Wy, must also cover Xn. That is, fg_(Xn) = 6.

Proof of Proposition 7.5.4. When the original conjunctive node is positively used and Wy, is associ-
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ated to X, € XY, the following holds:

i (Xn) = Y thm T g + (ﬁ = |ﬁam,j|)

JET JET

=6 1(m,y = thny) WnsIny

=N
+ (ﬁ =3 1 (g = ) |1an,j|) by Def. (7.3.3)
1T
=6 Z I (wWm,; = tn ;) L (Tn,y; = sign(w;))
=N
+ (E — 63 1(tim,y = tiny) L (zny = Sigﬂ{wﬂ}) by Eq. (7.11)
JeTq

—6

Thus, Wy, covers Xp.

When the original conjunctive node is negatively used and Wy, is associated to x, € A, the
following holds:

faro(Xa) = thm g7 g + (ﬁ = |ﬁ:m,;|)

JET JET

=6 1(thm,y = thn) Bn,sTn g

b=
+ (ﬁ =3 1 (g = ) |1an,j|) by Def. (7.3.3)
i [=n

=6 Z I (wWm,j = tn ;) L (zn,y # sign(w;)) +
b=
+ (‘3 —6 1 (tm,g =1bng) 1 (Tng # Sigﬂ{wﬂ}) by Eq. (7.16)

=
=6
Thus, Wy, covers X. [ |

While some weights are not essential for example coverage, the naive computation of the minimal
split weight set W* by computing all possible split weights and selecting the most general ones is
not efficient. To optimise the computation, the properties of the conjunctive node's output are first
analysed.

Remark 7.3.1. Given a sample x*) € {—1,1}°, recall the sign-matching and sign-mismatching
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sets defined in Equation (4.9) and Equation ({.10) respectively:

J:Ex.:.‘] e {_? eJ | wjzj.k} e []}
J;mx':*] = {_? eJ ' wjzj.k} < []}
T o U J

L wExlkl
Equation {7.7) can be rewritten as:

fo (x®) =maxius| =2 37 fuy

1€T, ik

Given x'®! | the bivalent interpretation of this node B! = T when fi (x'®)) = 0. In the context
of splitting a positively used conjunctive node, the following property is relevant:

k)
fo (x®) >0 = max uy| > 2 Z gl (7.18)
IET iy

The bivalent interpretation of this node B%) = | when fo(x®) < 0. In the context of splitting
a negatively used conjunctive node, the following property is relevant:

fo (x®) <0 = maxiwgl <2 30yl (7.19)
jE'j:.;;a(*}

Optimisation on Splitting Positively-used Conjunctive Node

Consider the case where the conjunctive node is positively used. Reeall the translated rule set £
that covers the soft-valued truth table of the original conjunctive node, indexed by £, defined in
Equation (7.12). And recall the split sets of the relevant set 7 in Definition 4.1.4, J+ = {j €
Jlwy; = 0} and T~ = {j € J|w; < 0} that separate the positive and negative weights. Following
the splitting method described in Section 7.3.1, at least one of the rules in £ will be triggered for a
positive example x™ | i.e. there exists £ such that fg,(x™) > 0 and Rule £ is triggered by x'™.

The intwtion is that a weight with a ‘large’ absolute value indicates a heavy contribution from
the input to the output bivalent interpretation, and if the input and this weight have opposite signs,
the contribution is negative and makes the output bivalent interpretation false. Therefore, every
large’ positive welght should be present in all rules’ positive sets of body atoms, Le. J;t from
Equation (7.12) for any £. Mathematically, using Remark 7.3.1, for any j € J such that w; =
1/2max;c 7 |wy| (being *large’ and positive), j should not be in any sign-mismatching set Jf:;@ud"!
for any positive example x™ and £, so that the property in Equation (7.18) holds. Thus, j must be
in the sign-matching set J;z@ud“} for any £ and x'™. Because the split weight set W is constructed
by associating each positive example x'™ to a split node with weights W, under the sign-matching
rule in Equation (7.11), wy ; will be positive and thus the j-th atom will be present and positive in all
rules’ positive sets of body atoms. That 1s, ¥j¥E. [wj > 1/ 2maxzey |luy| = JE J‘:","] . Similarly,
for a ‘large’ negative weight w; < —1/2maxjey luy|, j € Jg, for all £. This property can be
formalised as:
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Remark 7.3.2. The following sets of indices are defined based on the absolute values of the weights:

. 1
Jt=JnJg+ small but positive weights
J-=JInJg- small but negative weights

If the conjunctive node is positively used, the indices where the weights " absolute values are greater
than half of the marimum absolute weight should be included in all split weight vectors’ relevant sets
and thus present in all split rules’ body afoms:

Vej[1e(T\NT") = jedg)]
VEG[FE(T\NT7) = j€Tg]

EXCNCY )

\\ N )

1 1
|ars| = 5 maxw lwy = 7 Mmaxw

Figure 7.3: Split elements in the original conjunctive node’s weights W into two sets, based on the
absolute values of the clements. The original sign of the weights is preserved in the figure, where
the purple weights are positive and the welghts are negative. The set on the loft is the small-
magnitude weights where Juy| < max |w|/2, and the set on the right is the large-magnitude weights
where |wy| > max |w|/2. J7 is the set of indices correspond to the purple weights in the set on the
left, and 7~ is the set of indices correspond to the yellow weights in the set on the left. J+\ J+
is the set of indices of the weights in the set on the right that are positive (purple), and 77— %\ J~
18 the seot of indices of the weights in the sot on the right that are negative (yellow). All the weights
in the set on the right should be present in all the split weight vectors in the split weight set W.

Using the properties above, a three-step optimisation process is introduced to compute the op-
timal split weight set W* for a positively used conjunctive node:

1. Compute the set of candidate indices of all small-magnitude weights in the original
node that might not be essential to cover any positive examples. This step is the
execution of Remark 7.3.1 and 7.3.2. Weights with large absolute values contribute more to
the output bivalent interpretation, and thus every large positive weight should be in all rules’
positive sets of atoms J;t and every negative weight with a large absolute value should be in
all rules’ negative sets of atoms J_ . A weight w; is considered as having a large magnitude if
|wy| = max |[w|/2, meaning J = {j € J | |wy| < max|w|/2} contains all the small-magnitude
weights that might not be essential to cover any positive examples.
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2. Identify optimal combinations of candidate indices that can be excluded. An
exclusion set & of a weight vector Wy is defined as the set of indices of the non-zero elements
in the original w which were excluded by the disentangloment process when constructing Wy,
that is, {7 € Jlws; = 0A wy # 0}, By Remark 7.3.1, the definition can be reformulated:
a set £ 1s an exclusion set if and only if E;res |w;| < max|w|/2. Since max|w|/2 is also
the threshold value used to define 7, an exclusion set £ must be a subset of 7, although a
subset of 7 is not necessarily an exclusion set. If Wy subsumes Wy, every zero element in
W must also be zero in Wy, and Wy must have more zero elements than W, thus £ O Ep.
The original optimisation problem over finding W* can therefore be transformed to finding
E* = {&F,... &}, ... E[ } where no pairs of elements are subsets of each other. To find E*,
a search can be performed by considering possible candidate J < 7 and verifying it is an
exclusion set using Eje.:? |w;| < max |[w|/2. Full details of this search are in Algorithm 5.

3. Convert exclusion sets to weight vectors. For each exclusion set £ € E*, a new
weight vector wy € {—6,0,6}* is created where its j-th clement is:

0 otherwise

. {ﬁ~sign{wj} ifjeJ\E&
'H.I,EJ =

Thus, W* = {Ww,....,Wr},L < |X*| is computed for a positively used conjunctive node, where
no pair of weight vectors is subsumed by the other. Below is an example of how the optimisation

process works:

Example 7.3.1: Finding split weight set for a positively used conjunctive node
Recall the conjunctive node in Example 4.1.1 with weights w = [-6,—2,-2,2, 6], and
assume that the original node is positively connected to a disjunctive node. The small-
magnitude weight set J is computed as (using one-indexing):

l1'_r1,zi.1|:|"il'|.r|=3
_ . 1
J =15 €J | lwy| < 5 max|w[} = {2,3,4}

And {1,5} are the indices of the large-magnitude weights that should be included in all rules’
body atoms. In particular, for all £, {1,5} C Jg .
There are three optimal exclusion sets, where each exclusion set is a strict subset of J:

£ = {2} 3wyl =2<3
JEET

& = {3} 3wyl =2<3
JeEs

& ={4 3wyl =2<3

JE£;
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The corresponding split weight vectors are computed as:

JN\EY ={1,3,4,5} w; = [-6,0,—6, 6, —6]
JN\E ={1,2,4,5} Wa = [—ﬁ, —6,0,6, —ﬁ]
JN\EF ={1,2,3,5} W3 = [—ﬁ, —ﬁ?—ﬁ?ﬂ?—ﬂ]

And the translated rules are:

c + not aj,not ag, ay,not as.
Ly = 4 ¢+ not aj,not as, ay,not as.

c + not aj,not as, not ag, not as.

This rule set matches the rule set £ in Equation (7.1) (in a different order of the rules but
the same rules). Both rule sets perfectly describe the node’s behaviour.
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Algorithm 5 The full algorithm on splitting a positively used conjunctive node with optimisation

Input: Weight w of a conjunctive node positively connected to a disjunctive node
Output: List of valid split weights

UU -

T -]

11:
12:
13:
14:
15:

16:
17:
18:
19:

36

BESBHREBERS

: Compute J + {j € {1..s}|w; # 0}
: Compute J + {j € J | [wy| < max |w]|/2} & See Remark 7.3.2
if 7 =@ then

return [sign(w) - 6]
: /* Use breadth-first search to explore subsets of ,J that are valid exclusion
candidates £ while maximising its cardinality, where: E_'IEE |wy| < max |w|/2*/
- valid_splits + {}, queue + empty OrderedDict
: /*Add all j€.7 as a set {j} to gqueue with parent = None */
: for j € J do
gueve.add( {7}, parent = None)
- while gueue is not empty do
Get the head item (removal_indices, parent) from queue
new_hal f_maz + max |w|/2 — ¥ |W{removal_indices]|
Jnew +— {j € J | 7 ¢ removal_indices and |wy| < new_hal f_mazx}
if new_hal f_mazr <0 or T, = 0 then
/* The current removal_indices i= not a wvalid exclusion set or there are no
more elements in J that can be added to the exclusion set *
if new_hal f_mazx > 0 then
valid_splits.add(removal_indices)
else if parent is not None then
valid_splits.add(parent)
continue
/* Keep exploring bigger exclusion sets */
Jnew — Jnew — removal_indices
if Tnew 1= empty then
valid_splits.add(removal_indices)
continue
for j € Thew do
new_removal + sort(removal_indices J {7})
if new removal & queue then
queue.add(new_removal, parent = removal_indices)
. split_tensors + ||
: for each valhd exclusion =et £ do
Create new tensor w where:
-jeEE w=0
-J €T\ E: wy =6 sign(uwy)
Add w to split_tensors
: return split_tensors
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Optimisation on Splitting Negatively-used Conjunctive Node

Consider the case where the conjunctive node is negatively used. Following the splitting method
described in Section 7.3.2, at least one of the rules in £ will be triggered for any negative example
x'™ £ X~ ie. there exists £ such that fg,(x'™) > 0 even though the original node produces
fw (x™) <0, and Rule £ is triggered by x(™).

The intwtion is that a weight with a ‘large’ absolute value indicates a heavy contribution from
the input to the output bivalent interpretation, and if the input and this weight have opposite
signs, this single contribution alone is sufficient to make the output bivalent interpretation false.
Therefore, any ‘large” weight can be the only element to appear in the split weight vector’s relevant
sot but negated, and the split rule’s body contains only the single negated atom corresponding to
that weight. Mathematically, using Remark 7.3.1, for any j € J such that |wy| > 1/2 max;e g [wy]
(being ‘large’), if the sign of I;m) does not match the sign of wy, then I;m) - wy alone exceeds the
threshold in Equation (7.19), causing the original conjunctive node’s output to be non-positive.
Consequently, for such a large positive weight w; > 1/2max;e 7 [wy|, there exists an £ where the
j-th atom appears as a single negated atom, ie. Jg = {j} and J;; = {. Similarly, for a ‘large’
negative weight w; < —1/2max;c 7 |wy|, there exists an £ where J;, = {j} and Jg, = @. This
property can be formalised as:

Remark 7.3.3. If the conjunctive node is negatively used, the indices where the weights” absolute
values are greater than or equal to half of the marimum absolute weight can each form a singleton
rule body, with the atom appearing in its negated form [opposite to the weight’s sign):

Vi [i €(TT\NTY) = 3 Tg, = YA T, = 0]
Vilie (T \T") = 3. JF, = iInTs, =]

where J+ and J— are the same sets as defined in Remark 7.5.2.

Using the properties above, a three-step optimisation process is introduced to compute the op-
timal split weight set W* for a negatively used conjunctive node:

1. Compute the singleton sets and the set of candidate indices of all small-magnitude
weights.  Each weight with a large absolute values (|w;| > max |w|/2)! is enough to make
the original conjunctive node’s behaviour false if its sign does not match with its input, and
thus it can be the only non-zero element in a split weight vector. An inclusion set Oy of a split
welght vector Wy is defined as the set of indices of the non-zero elements in the original weight
vector W which were included by the disentanglement process when constructing Wy, that is,
{7 € Jwey # 0A wy # 0}. By Remark 7.3.3, each weight that satisfies |w;| > max|w|/2
will be the single element in an inclusion set @y, The rest of the weights, which might not be
essential to cover any negative example, belongs to the small-magnitude weight set J = {7 €
7 | Jwy| < max|wl/2}.

2. Identify optimal combinations of candidate indices that can be included. The
minimal set of weights that together can make the original conjunctive node’s behaviour false

While Jwj] = max |w|/2 is enough to make the original conjunctive node’s output to be 0 and thus interpreted as
false under Remark 7.3.1, in practice the output of the conjunctive node should be non-zero so that the disjunctive
layer's input values can be as close to the desirable discrete set of +1 as possible.
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N ) )

1 1
ij|-::5maxw |wj|2?maxw

Figure 7.4: Split elements in the original conjunctive node’s weights W into two sets, based on the
absolute values of the clements. The original sign of the weights is preserved in the figure, where
the purple weights are positive and the welghts are negative. The set on the loft is the small-
magnitude weights where Juy| < max |w|/2, and the set on the right is the large-magnitude weights
where |w;| > max |w|/2. J7 is the set of indices correspond to the purple weights in the set on the
left, and [~ is the set of indices correspond to the yellow weights in the set on the left. J+° J%
is the set of indices of the weights in the set on the right that are positive (purple), and J—\ J~
18 the seot of indices of the weights in the sot on the right that are negative (yellow). All the weights
in the set on the right alone are sufficient to make the original conjunctive node’s behaviour false.
Each weight in the set on the right can be the only element present in a split weight vector in the
split weight set W.

(validity) is found by expanding a candidate inclusion set clement-by-element from the small-
magnitude weight set 7 (optimality).

o Validity: an inclusion set @ is valid if its absolute weights' sum is greater than max |w)|/2,
that iz, when all the weights in this inclusion set have their signs mismatching the signs
of their corresponding input, the output of the original conjunctive node will be negative.
Ounly valid inclusion sets that cover negative examples will be converted to split weights.

o Optimality: by definition, a valid inclusion set contains all the indices of the weights that
will be included in the split weight W, and @, = J‘Z"r't U J5,- The fewer elements in
the inclusion set, the more *general’ its corresponding rule is and its corresponding split
welght subsumes others.

Full details of this expansion process are in Algorithm 6.

3. Convert inclusion sets to weight vectors. For each valid and optimal inclusion set
07 € 0%, a new weight vector wy € {—6,0,6}" is created where its j-th element is:

_ —6.signfw,;) if j € Of
We g =
0 otherwise

Thus, W* = {wq,..., W}, L <|X | 1z computed for a negatively used conjunctive node, where
no pair of weight vectors is subsumed by the other. Below is an example of how the optimisation

process works:
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Example 7.3.2: Finding split weight set for a negatively used conjunctive node
Consider a conjunctive node with weights w = [—1.3, —2.2, §] that is negatively connected to
a disjunctive node. The bias is calculated as § = max |w|-3_ |[w| = 6—(1.3+2.2+6) = —3.5.
The soft-valued truth table of this node 1s:

Node activation Bivalent Interpretation

I] Tz I3 tE.l'I]lI:E:Ll L ,E:I b
1 1 -0.762 4
1 -1 -1.000 4
1 1 1 0.998 T
1 1 1 -1.000 4
-11 1 0.922 T
-1 1 1 -1.000 4
-1 1 1 1.000 T
1 1 1 -1.000 4

The minimal set of rules that perfectly describes the node’s negated behaviour (the biva-
lent interpretation is | and marked in blue), which will positively activate its connected

disjunctive node, is:

C 4+ aj, as.

E={c{—nntaﬂ. } (7.20)

The small-magnitude weight set 7 is computed as (using one-indexing):

11:|:|a.:|c|‘lif\|f|=.’3
1
Jrln.rge = ‘[J eJ I |wj| = ﬁmﬂlwl} = {172}

JNT = {3} is the set of indices of where each index in the set can form a singleton inclusion
sot. So there is one mnclusion set from J \ J, @f = {3}. And from 7, there is only one
optimal inclusion set @F = {1,2}. So the optimal inclusion sets are:

07 = {3} Y gl =6>3
FeOT
o3 = {1,92} Y lwyl=35>3
Jes

The corresponding split weight vectors are computed as:

0f = (3} w1 = [0,0,—6]
03 = (1,2} w3 = [6,6,0]
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And the translated rules are:
Lo ={ c +— not ag. }
C +— a3, as.

This rule set matches the minimal rule set £ in Equation (7.20) above.

Algorithm 6 The full algorithm on splitting a negatively used conjunctive node with optimisation

Input: Weight w of a conjunctive node negatively connected to a disjunctive node
Output: List of valid split weights

1:

-
=

gn—-n—-n—-n—-n—-n—-n—-n—-n—-
FeRIBDEDRBEE

21:

33:

o Do =T O LT & L3 b3

Compute J + {j € {1..s}|w; # 0}

: Compute Jiarge +— {7 € J | |wy| > max [w|/2}
: Compute Jeman + {7 € J | |wy| < max|w|/2}
: if Imurgel =0 then

/* Every element in the original node’s weight vector is needed. */
return [sign(w) - 6]

- overall_valid_splits + {}
: /* Add all large weights as singleton sign-mismatch sets */

: for j € Jiarge do

overall_valid_splits.add({7})

: [* Explore combinations of small weights that exceed threshold */
: accumnulators + [{j} | 7 € Jemau]
- while accumulators is not empty do

Pop the head item candidate_set from accumulators
sum_weights «+ 3 . nadate see 101
if sum_weights > max |w|/2 then
/* This i= now a valid inclusion set. */
/* Check if it is subsumed by any other wvalid inclusion set. */
/¥ If not, then add it to overall_valid splits. */
if candidate_set 1= not subsumed then
overall_valid_splits.add{candidate_set)
else
/* Continue exploring larger combinations */
for j € Toman and j € candidate set do
new_candidate +— sort(candidate_set U {7})
accumulator s.append (new_candidate)

: split_tensors + ||

for each valid sign-mismatch set § € overall valid_splits do
Create new tensor w where:
- j €& wy = —6 - sign(wy)
Add W to split_tensors
return split_fensors
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7.3.4 Model Sparsification

Even with the optimisation process, the computation of candidate indices can still become an ex-
pensive combinatorial problem with the worst-case complexity (2%) when the number of inputs s
to a conjunctive node is large. Note that this s might be different to the original number of inputs
s' from the task since this disentanglement process operates on a pruned neural DNF-based model.
Since the model may not be sparse enough after pruning, further sparsification is required at the
training stage. Top-K is an operation that can be used either as an activation function in sparse
autoencoders [100, 58], where only the k largest latents are kept and the rest are set to 0, or used
as a randomly-initialised weight mask [76] to explore a subset of parameters with large magnitude.
This work takes inspiration from Top-K to further sparsify the model at the model design stage,
by only connecting a conjunctive node to a randomly-selected subset of & inputs, and setting the
connection to the rest of the inputs to 0 throughout training. Different from Top-KAST [76], this
approach does not have an exploration loss to change the weight mask, which could be a future
improvement. Furthermore, Ly approximation-based approaches [98, 135| may also be suitable for
this problem.

7.4 Additional Learning Techniques

This section introduces two additional learning techniques that are not directly related to the dis-
entangloment method but are used in the experiments of this chapter. Specifically, Section 7.4.1
introduces the predicate invention method, and Section 7.4.2 introduces the improved delta schedul-
ing method.

7.4.1 Predicate Invention

Since the inputs of the semi-symbolic nodes are restricted to the range [—1,1] to support neuro-
symbolic interpretation, neural DNF-based models require predicate invention to handle non-
bivalent inputs. Both pix2rule (28] and the work presented in Chapter 6 use CNNs to extract
higher-level features as predicates from low-level unstructured inputs while maintaining the ahbility
to train the whole architecture end-to-end. The architecture design of the predicate inventor is not
limited to CNN=s but can include any neural models such as MLP= or even transformers. However,
these neural predicates are not inherently interpretable, and the attempt in Chapter 6 to improve
the interpretability through an ASP optimisation process does not guarantee a solution. In principle,
the neural-network-based predicate inventor can be distilled into a neural DNF-based model that
can be translated into some form of logical representation. The distillation in the work presented
in Section 6.3.3 1= to train a neural DNF-based model that outputs the same as the MLP under
the same input. This chapter does not use the distillation method as it focuses on an inherently
interpretable threshold-learning predicate invention that will be discussed now.

This section introduces an inherently interpretable approach called threshold-learning predi-
cate invention (Figure 7.5¢). For each real-valued input feature x;, the method learns m threshold
values {t;y,...%; m}, which are each used to create a predicate p; ; = tanh((z; —t, ;)/T) where
T € [0.1,1] is a temperature parameter. The invented predicate p; ; can be interpreted as a bivalent
predicate representing the inequality =; > t; 5 if pr; > 0. The method schedules the temperature
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Bivalent input features Meural DNF/ Mixed Il'pl.t Imverted )
xe{-1,1} Neural DNF-MT predicates Neural DNFY
{-1.1} ey R“’ x€[-1,1] Meural DMF-MT

(a) No predicate invention. (b) Neural-network-based predicate invention. The architecture
is not restricted to MLPs only but can be any neural models
such as CNN=s or even transformers.

Eivalent Input features Identity Blvaant Input features
e {1, 1}% * function omoe {1} ot
Mexed Input — = ":"m't m::" u:':_r
Resl walued Input features Leamatie Semi-bivalent input xe[-1,1) ==
'E{ — Theeshoid — Teatres :
e t £ RS 2y £ {1, 1}

() The novel threshold-learning predicate invention, which can be translated to inequalities and thus provide
interpretability.

Figure 7.5: Architectures for various settings with different types of inputs, where blue rounded
boxes have learnable parameters. 7.5a 1s the basic setup for bivalent inputs. 7.5b and 7.5¢ show how
predicate imvention is performed with MLPs and threshold learning.

T to decrease throughout training in the same way as the exponential delayed decay of 4, in or-
der to push p, ; away from 0, thus amplifying the degree of belief in the invented predicate. This
threshold-learning predicate invention does not need post-training methods to be interpretable and

guarantees a solution.

7.4.2 Improved Delta Scheduling

As mentioned in Section 5.2.2, and possibly Section 7.2.2, the change in the magnitude of § through-
out training can heavily affect the learning result of the neural DNF-based model, since the stricter
the logical bias becomes, the more difficult it is for the model to learn. This section introduces an
improved delta scheduling method that can mitigate the issue.

Delayed Decay Delta Scheduling with Different Update Functions

Recall the exponential decay scheduler defined in Equation 2.7 in Section 2.3.2:

Eﬂ ift < tdela!.r

E — E—igp]
|O¢+1] min (,gu,r[T-p:ZJH,l) if t > taelay

where dy € (0,1} is the initial magnitude of §, r > 1 is the decay rate, tgery € M is the delay epoch
before the magnitude of § starts to increase, and fseps € M=o 1s the number of epochs between
updates. Note that the absolute value is used as the sign of § 1= positive for conjunctive nodes and
negative for disjunctive nodes.

The delayed decay scheduler can be generalised to the following:

do it < i'rl:lEI'.'q.r

min (g(t, tl:lelajr: tsterpm dy,7), 1) ift = td.Elajl'

|5t+1| = fﬁ,d.eln!.red (t, tdela!.ratstepﬁ:‘ﬁth r,.g) = { (7.21)
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where g(t, tgalay. tsteps, S0, 7) 15 an update function that computes the new magmtude of § at time £.
The exponential decay scheduler above uses the following update function:

I—l.d-]EEJ+1

EEl.pcmem.ial{t? tl:lela:ﬁ tst.epn IEIIII:. T} =dg - Tl‘ ftepn (?22}

Apart from the exponential update function, this section introduces the following update fune-

tions:

t—1t
Grinear (t, taelay, tsteps, 00, 7) = B0 + 7+ l?mJ ,r€(0,1) (7.23)
staps
gmonotonic,h; (£ fdelay, tsteps; T) = ::E;
Lt—;du! J
where r > 1, i € {1,2}, £ = min l,l and
i (7.24)
I!TJ3 IE
h - =
10 =5 -3
© ! L

Note that &y 1= not used for the monotonic update functions and thus not included in the theoretical
definition. Howewver, it is kept in the code for implementation consistency and is ignored in the
calculations.

Figure 7.6 shows examples of the new delayed delta scheduling methods with different update
functions. The new update functions show slower growth when |8;+1] is close to 1 compared to the
exponential update function, which is the biggest obstacle for the model to learn as the logical bias
approaches full strength.
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i(a) An example of the delayed linear delta scheduling,
USINE Finear | f: Eaelay: tateps: G0, 7) in Equation (7.23)
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(c) An example of delayed monotonic scheduling us-
INE Fmenotonic,hy (T faelay: fsteps, 7) in Equation (7.24)
with parameters r = 0.1, fau., = 5 and taep. = 2.
The initial value of § 1= always 0 and hyperparameter
dp is not used for this function, but kept for imple-
mentation consistency.

(d) An example of delayed monotonic scheduling us-
INE Tmenotonic,ha (T faelay: fsteps, 7) in Equation (7.24)
with parameters r = 0.1, fau., = 5 and taep. = 2.
The initial value of § 1= always 0 and hyperparameter
dp is not used for this function, but kept for imple-
mentation consistency.

Figure 7.6: Examples of new delayed delta acheduling methods with different update functions and

different settings.
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Delayed Performance-monitoring Delta Scheduling

Apart from using fseps to control the update frequency, the scheduler can replace the waiting steps
with a check on the model's performance every epoch against the train set, and only update the
magnitude of § if the performance reaches a desired target or is close to it within a tolerance. Note
that the magnitude of 4 is not guaranteed to reach 1 under this setting, since if the performance
does not reach the desired target, the magnitude of § will not be updated. However, if the update
does occur, the learning 15 more stable. Using ;44 as an internal counter initialised to 0, the delayed
monitoring exponential and linear schedulers are defined as follows:

.fﬁ,dela:.red monitoring exponential (f: td.Ela!.": *501 T Eparf, ic+1} = min ('ED . r51+11 1} (?25}
J5,delayed monitoring linear (£, Edelay, 80, T, €perfs tr41) = min (dp + 7 - fp41,1) (7.26)
iry1 = computelnternalCounter(t, tyalay, iz, current_perf, order, epars) (7.27)

computeInternal Counter is defined as follows:

Algorithm T Internal step counter for delayed monitoring delta scheduling
1: function COMPUTEINTERNALCOUNTER(E, taelay, i, current_perf, order, eparr)
> Interal target performance tracker internal_target_per f needs to be stored in persistent
memory that can be accessed across each function call

2: if t < fgaay then

8 return 0

d: ift= toelay then

&: internal_target_perf + current_perf = Set target perf. for the first time
B: if order = *ascending” and current_perf — internal_target_perf < —eperr then

e return i; t Perf. below target, return current counter

8: if order = *descending” and current_perf — internal target_perf = —eporr then

g: return i, & Perf. above target, return current counter
10: internal target_perf + current_perf

11: return i, + 1

Figure 7.7 shows an example of the delayed monitoring linear delta scheduling used in training.

7.5 Experiments

7.5.1 Setup

This section trains and evaluates the neural DNF-based models across binary, multi-class and multi-
label classification tasks, including tasks with real-valued features that require predicate inventions:
s Binary: BCC' [122], Monk [162], Mushroom [67] and CDC? [152].
s Multi-class: Car [22] and Covertypet [21].
» Multilabel: ARA [25], Budding [94], Fission [35], and MAM [52].
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Figure 7.T: An example of the delayed monitoring linear delta scheduling using
[ delayed monitoring linear from Equation 7.26. The schedule halts at |4] = 0.6 before continuing to
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The multi-label datasets are derived from Boolean Networks [82], which model the state transitions of
genes from time ¢ to £+1. Learning such dynamic systems is formulated as a multi-label classification
problem, where the target labels correspond to the gene states at time £ + 1. These datasets are
accompanied by ground-truth logic programs, enabling direct evaluation of the extracted rules.
Datascts marked with § and 1 contain real-valued features that necessitate predicate invention for
the neural DNF-based models: threshold-learning predicate invention is employed for the former,
and MLP predicate invention for the latter. Regarding model selection, neural DNF is applied to
binary and multi-label tasks, whereas neural DNF-MT and neural DNF-EO are employed for multi-
class classification. Exponential updates are adopted as the default choice for most experiments, as
they provide a simple yvot effective approach with minimal performance variation across alternative
update functions. Two exceptions are the CDC and Covertype datasets, which employ monotonic
and monitoring linear updates, respectively, to better suit their specific characteristics. Figure 7.8
compares the performance of different delayed delta scheduling methods during training on the CDC
and Covertype datasets.

The experiments consider machine learning models that do not rely on task-specific background
knowledge as basclines, including: Logistic Regression, Random Forest, Decision Tree, Support
Vector Machines (SWVMs) and MLPs. While these models offer varying degrees of interpretability,
decision trees and neural DNF-based models stand out for their high interpretability by providing
conditional prediction in a rule-based decision-making process: decision trees provide decision paths
that can be followed from inputs to decisions; and the neural DNF-based models are designed such
that they provide rule-based interpretations. Logistic regression and random forests are two less
interpretable models with a compositional nature: logistic regression shows the additive contribution
of inputs to the log-odds of the final decision; each tree in a random forest is rule-based but the
overall decision is derived from a weighted voting system of the trees’ decisions. SVMs and MLPs
are typically not considered interpretable due to their complex decision boundaries and lack of
transparency in decision-making processes. Because of the different characteristics, this study focuses
on decision trees as direct competitors to neural DNF-based models for the interpretability study,
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(a) Training of neural DNF model on the CDC
dataset using different delayed monitoring delta
scheduling methods, with

, linear update function and monotonic update
function hy. The exponential update shows more tur-
bulent changes in the accuracy curve compared to the
linear and monotonic updates.
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train accurscy, trainjdelts

(b) Training of neural DNF-MT model on the Cover-
tyvpe dataset using different delayed monitoring delta
scheduling methods, with

, monitoring linear update function and linear up-
date function. The monitoring linear update shows
more a stable training process with little accuracy
degradation compared to the exponential and linear

updates.

Figure 7.8: Comparison of different delayed delta scheduling methods during training on the CDC
and Covertype datasets. The accuracy curves are shown as solid lines and the delta magnitude curves
are shown as dashed lines. The figures show the stability benefits of different update functions over
exponential updates.

and ignores the other models with non-rule-based interpretations. Optimal Sparse Decision Tree
(OSDT) [71] that addresses tree complexity is also included as a better competitor, but OSDT is
limited to binary features and lacks support for multi-class classification.

7.5.2 Results

The first rows in Table 7.1, 7.2 and 7.4 show that neural DNF-based models achiove competitive
F1 scores compared to standard ML approaches that also do not rely on task-specific background
knowledge, with neural DNF-based models performing the best in 7 of the 10 datasets. The neu-
ral DNF-based models match the level of expressiveness while enabling end-to-end training with
predicate invention for real-valued inputs.

The second rows of Table 7.1, 7.2 and 7.4 present the performance of the novel optimised logical
interpretation of the models as logic programs (NDNF: ASP and NDNF-MT: LI resp.), which in
most cases lead to a minor performance drop compared to the neural DNF-based models but at
the benefit of interpretability. Table 7.5 shows that the new interpretation method has a much
smaller reduction in performance (right column) compared with the pre-existing threshold method
(left column) in all but one dataset (Covertype). This exception may relate to the lack of faithfulness
guarantee for conjunctive node disentanglement when using predicate invention, along with a higher
task complexity.

The results also show that the neural DNF-EO models perform worse than the neural DNF-MT
model on the same tasks. Table 7.3 provides the additional Jaccard index scores for the neural
DNF-EO models in multi-class tasks. The use of Jaccard index scores is to measure both the
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correctness and the mutual exclusivity of the model’s output. The closer to 1, the better the model’s
performance. Although the neural DNF-EO model can perform well before any post-training process,
displaying high F1 and Jaccard index scores, the ASP interpretation of the model's output drops
significantly, especially for the Covertype dataset. The neural DNF-EOQ model's constraint layer
(the last layer, see Figure 5.1) enforces the logical mutual exclusivity constraint. The performance
drop after post-training logical interpretation shows that the learned neural representation sets at an
unstable equilibrium that cannot be maintained after modifications on the model during the post-
training process, reaching a similar conclusion to the brief discussion in Section 5.3.2. In comparison,
the neural DNF-MT model enforces the probabilistic mutual exclusivity constraint via its mutesc
tanh activation in the disjunctive layer and the disjunctive layer is thus translated into probabilistic
logic instead of bivalent logic. The mutex-tanh activation allows more flexibility in learning via the
softmax function and the probabilistic interpretation does not modify the disjunctive layer, better
preserving the model’s internal representation.

To assess the compactness of the logical interpretations induced by the disentangled neural DNE-
based models, this section compares the length of the rules of its ASP program (full ASP programs
for binary/multi-label tasks, ASP programs for conjunctive layers in the neural DNF-MT models
in multi-class tasks) with the tree sizes of decision trees and OSDTs trained on the same datasets.
For a decision tree's decision path, each node in the path can be seen as a condition clause of an
if statoment, thus making the decision tree’s depth an equivalent metric to ASP rule length. The
number of branches indicates the number of different decision paths, making it equivalent to the
number of rules in an ASP program. Table 7.6 shows the models’ interpretations are consistently
more compact than those of decision trees, as shown by them having fewer rules and both the
average and maximum rule length being lower. Compared to OSDT, the models have comparable
compactness (they are more compact for the Monk dataset while OSDT is more compact for the
Mushroom dataset) whilst achieving superior performance. Listing 7.1 shows the ASP interpretation
of a neural DNF model in the MONK dataset.

To summarise, the neural DNF-based models demonstrate comparable performance to other
methods that also do not rely on background knowledge and train well together with end-to-end
predicate invention, while also providing compact logical representations at a minimal performance
cost. In particular, the new disentanglement approach reduces such performance loss when discretis-
ing the neural DNF-bhased models compared to the previous thresholding method.

% t is the target class predicate.

2 % a_i is the input feature.

st :— a_1, a_4. t :— a_2, a_b. t :-— a_0, a_3.
+t :— mot a_11, mot a_12, mnot a_13.

Listing 7.1: ASP interpretation of a neural DNF model in the MONK dataset. More examples can
be found in Appendix B 3.

7.6 Discussions

The experimental results demonstrate that the proposed disentanglement method substantially re-
duces performance degradation when translating neural DNF-based models into bivalent logic rep-
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Model Monk BCCt Mushroom coct
NDNF 1.000 4+ 0.000 0.712+0072 1.0004 0.000 0.882 +0.001
NDNE: ASP 0.992 + 0.008 0.765 4+ 0.033 0.971 + 0.016 0.861 + 0.003
MLP 1.000 4+ 0.000 0.725 + 0.025 0.999 + 0.000  0.896 4 0.000
Logistic Regression  0L.707 = 0.006  0.796 & 0.020 1.000 £+ 0.000 0.873 £0.000
SVM 1.000 4+ 0.000 0.762+0020 1.000 4+ 0.000 0.894 + 0.000
Random Forest 0.984 £+ 0.005 0.753 £ 0.012  1.000 & 0.000  0.889 + 0.000
Decision Tree 0.877 £ 0.027 0.766 +0.030  1.000 & 0.000 0.871 + 0.002
Os5DT 1.000 <+ 0.000 NA 0.893 £+ 0.000 NA

Table 7.1: F1 scores (mean + ste) for binary classification tasks. ‘NDNF: ASP® is the logical
interpretation of neural DNF-based models. F1 score is not measured for neural DNF-E('s ASP
interpretation as there might be multiple classes included in the answer set and thus violating the
cxactly-one constraint of multi-class classification.

Model Car Covertypet

NDNF-MT 0.963 £ 0.001  0.859 = 0.003
NDNF-MT: LI 0.935 +£ 0.005  0.823 = 0.003
NDNF-EO 0.973 £ 0.001 0.813 £ 0.005
MLP 0.869 + 0.005  0.828 + 0.001
Logistic Regression  0.891 + 0.003  0.758 £ 0.000
SVM 0937 £ 0.004  0.716 £ 0.001
Random Forest 0.954 + 0.002  0.942 4 0.000
Decision Tree 0.959 + 0.004 0914 = 0.002

Table 7.2: F1 scores (mean + ste) for multi-class tasks. ‘NDNF-MT: LI" is the logical interpretation
of neural DNF-MT models.

Model Car Covertype?

NDNF-EO 0.885 + 0.002 0.630 £ 0.005
NDNF-EO: ASP  0.842 + 0.012 0.362 + 0.043

Table 7.3: Jaccard index scores (mean + ste) for Neural DNF-EO models in multi-class tasks.
‘NDNE-EQ: ASP’ 1z the logical interpretation of neural DNF-EO models.

Model ARA Budding Fission MAM
NDNF 1.000 £ 0.000 1.000 + 0.000 1.0004+0.000 1.000 4 0.000
NDNF: ASP 0.993 + 0.002 0.993 + 0.003 0.987 + 0.003 0.994 + 0.003
MLP 1.000 £ 0.000 1.000 + 0.000 1.0004+0.000 1.000 4 0.000

Random Forest  1.000 £ 0.000  0.996 £ 0.000 0.992 + 0.001 0.998 + 0.001
Decision Tree 1.000 £+ 0.000 0.972 £ 0.001 0.954 + 0.002 0.950 + 0.002

Table 7.4: F1 scores (mean + ste) for multi-label tasks. ‘NDNF: ASP" is the logical interpretation
of neural DNF-based models.
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Dataset flcrr:lin. - .iFlch'r'eah .f]-I-'I"IJ.Iﬂ- - fldiaem
Monk 0.076 + 0.027 0.008 & 0.008
E'i BCCt 0.050 + 0.038 0.003 £ 0.022
i Mushroom 0.316 + 0.099 0.029 4 0.016
cDCt 0.031 + 0.007 0.021 4 0.003
y Car 0.122 +0.012 0.027 4 0.005
= Covertypet 0.036 £+ 0.003 0.043 4+ 0.004
ARA 0.085 + 0.009 0.007 &+ 0.002
i Budd 0.159 + 0.004 0.007 &+ 0.003
E Fission 0.141 + 0.007 0.013 4 0.003
MAM 0.045 £+ 0.004 0.005 £ 0.003

Table 7.5: F1 score drops after thresholding {f1; — flipresn) and disentanglement (f1; — flagsen:)

discretisation.

Mex. Hule Length/Max Depth Avg. Ruole Length/Avg Depth No. Rules/No. Branches
Dataset NDNE/ DT/ NDNF/ DT/ NDNF/ DT/
NDNF-MT: ASP *0sDT NDNF-MT: ASP *0sDT NDNF-MT: ASP *OEDT
Monk 10,000 + 0.283 7.B42 + 0098 49,000 + 7.071
2.7TE L D148 *4. (000 + 01000 2.042 £ 0.053 «1 99 + 0,000 4.000 £ 0.000 7 0000 £ 0,000
E BoCt 3.200 £ 0.179 G.G00 +0.219 2267 £0.121 4 B33+ 0.062 5.000 £ 0.566 18,200 + 0.65T
Mush - 7.400 + 0358 4.907 £ 0.132 18,000 + 1.095
4250+ 0.235 *2.400 1 0.219 208250122 *1.800 +0.128 3750+ 0342 *3.400 £ 0.219
CchDCt 4.800 1+ 0.276 A0.600 + 0607 2.021 £ 0.076 21 804 + 0021 27.600 + 0.851 31304 4+ 357045
U Car E.500 4+ 0.153 13.000 + 0.283 4.432 £+ 0.075 0462 + 0.060 25.688 +0.043 109200 4+ 1.027
2 Covt 4.300 4+ 0.202 25.200 + 0657 L.77T8 £ 0.041 14541 + 0u0dT 38.000 £+ 1.000 263400 + B.0ORZ
ARA 3.000 1+ 0.005 13000 + 0000 2,050 £ 0.024 0.724 + 0.006 26.700 +0.318 5318004+ 2.125
= Bud 4.000 £ 0.000 12000 + 0000 3.126 £ 0.036 100937 + 0.007 AB. 400 £ 1.070 1521 300 + 6406
2 Fis 6.000 1+ 0.000 1000000 £+ 0000 2.852 £ 0.020 0308 + 0.018 21500 £+ 0.276  392.500 4+ 4.401
MAM 4.000 £ 0.000 1000000 £+ 0000 2.645 £ 0.014 0.807 + 0.018 21.500 + 0.212 424200 4+ 5.261

Table 7.6: Comparing compactness of neural DNF-based models' logic interpretations vs. decision
trees’, Le. max. rule length/tree depth, avg. rule length ftree depth, and no. rules/branches. The
lower the number the better the compactness. The cell marked with * refers to OSDT’s performance.
OSDT is only applicable when the input features are boolean and the target is a single class.
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resentations, outperforming the conventional thresholding approach across binary, multi-class, and
multi-label classification tasks. The method suecessfully addresses the entanglement problem at the
conjunctive layer by splitting entangled nodes into multiple smaller discretised nodes that collectively
preserve the original behaviour. However, there remain certain scenarios where the disentanglement
method faces challenges. This section examines two key considerations: the hmitations that arise
when entanglements involve disjunctive layers, and the computational scalability of the disentangle-

ment process.

7.6.1 Limitations when Disentangling Disjunctive Layers

As seen in the experiments, the disentangloment method works well in most cases. However, it
cannot handle certain cases where the entangloments involving both conjunctive and disjunctive
nodes lead to imperfect disentangloment. Example 7.6.1 shows a case where disjunctive nodes
assign weights to utilise small-magnitude activations of conjunctive nodes to match the target. As
discussed in Section 7.3, the disentanglement requires node inputs to be exactly {—1,1}". Despite
using an auxiliary loss to encourage +1 conjunctive activations, this constraint is not guaranteed
for the disjunctive nodes. The activations of conjunctive nodes are not close to +1 and disjunctive
nodes assign weights accordingly to utilise conjunctive nodes’ activations with small magnitude to
match the target training data. Such non-extreme activations in conjunctive nodes prevent applying
the same disentanglement method to the disjunctive layer, and experiments show that splitting
disjunctive nodes performs worse than simply thresholding. Future work can investigate how to
avold these intermediate-valued cases.

Example 7.6.1: Nested Entanglement

Consider two conjunctive nodes with weights W,y = [—1.33,0,0,1.01, -1.44] and W =
[—2.02, —0.79, —0.79,0.71, —1.52] respectively; and two disjunctive nodes connected to those
conjunctive nodes, with weights wg; = [3.43,1.28] and wgo = [0, 3.56] respectively. There is
a nested entangloment among all the nodes here: €1 subsumes 2, and d1 uses a combination
of ¢l and ¢2 to match the target label. The disjunctive nodes’ bivalent interpretations change
depending on whether the input activations from the conjunctive nodes are soft-valued or
strictly +1, even when the interpretations of the conjunctive nodes’ activations are the same
(differences marked in red in the table below).

al a2 a3 ad a5 el 2 d1 d2
1 -1 1 -1 -1 -052/L 054/T 017/T 1.00/T
— /1 1T  070/L 1.00/T

1 -1 1 1 1 -08)L 077/L -099/L 067/T
— /L -1/1 -100/L 0.00/L

7.6.2 Scalability of Disentanglement

The disentanglement method’s runtime grows exponentially with the number of inputs used in a
node, as shown in Figure 7.9, since it may check all possible weight combinations that trigger the
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node to fire for the worst-case scenario. This makes it less scalable than the thresholding discreti-
sation method, which scales hnearly with weight magnitudes. However, this limitation only affects
model interpretation, not learning capability, and can be mitigated through model sparsification
(Section 7.3.4).
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Figure 7.9: Time taken (blue) to disentangle the conjunctive nodes with different numbers of inputs

used, and the number of split conjunctions (red) after disentanglement, in a trained neural DNF
model. A max runtime of 180z is set for disentanglement.

7.7 Conclusion

This chapter proposes a disentanglement discretisation method that enables more faithful transla-
tion of neural DNF-based models into bivalent logic representations. Additionally, it introduces an
interpretable-by-design predicate invention method that learns threshold values end-to-end, effec-
tively converting real-valued features into inequalities as boolean predicates. The delta scheduling
method 15 also improved to reduce the destructive effect of the forced logical bias on the learning
of the neural DNF-based models that leads to poor performance. The experiments across various
real-world classification tasks demonstrate that the disentanglement method provides compact and
interpretable logical representations for the neural DNF-based models without requiring task-specific
background knowledge, while improving performance over the existing thresholding method.
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Chapter 8

Conclusion and Future Work

This thesis has presented a family of neural DNF-based models that can search in large continuous
hypothesis spaces without prior knowledge and provide compact and interpretable decision rules
for human readability and curation. Having examined the theoretical foundations, proposed novel
architectures for classification and reinforcement learning, and addressed the challenge of discreti-
sation, this chapter reflects on the contributions made and outlines promising directions for future

research.

8.1 Summary of Contributions

This thesis provides a number of contributions.

The first fundamental work is the formalisation and proof of key properties of neural DNF-based
models, which support the logical interpretation and intervention on the models. Chapter 4 for-
malises the semi-symbolic node’s behaviour and interpretation, and proves the crucial property that
the bivalent logic-neural translation is hidirectional and maintains the truth value equivalence, given
appropriate constraints. The bivalent-logic-to-neural translation is fundamental for the interpreta-
tion of the trained neural DNF-based models, while the neural-to-bivalent-logic translation provides
a way to intervene on the model.

The main objective of this thesis 13 to propose a family of neural DNF-based models that per-
form differentiable rule learning for classification and reinforcement learning tasks. Inspired by the
semi-symbolic node formulation in pix2rule [28], this thesis develops novel architectures tailored to
the distinet requirements of each domain. Chapter 5 proposes the neural DNF-EO model for deter-
ministic multi-class classification tasks and investigates how to adopt the logical mutual-exclusive
constraint on the outputs from a neural DNF-based architecture. Chapter 6 proposes the neural
DNF-MT model for probabilistic policy learning in reinforcement learning settings. Different from
the logical mutual-exclusive constraint in the neural DNF-EQ model, the neural DNF-MT model
focuses on the probabilistic mutual-exclusive constraint and provides a probabilistic interpretation
of the model's behaviour. Chapter 6 also demonstrates the intervention capability of the model by
policy modification.

The main challenge throughout the thesis is to discretise the weights of a neural DNF-based
model while preserving the model’s behaviour. Chapter 7 investigates the performance degradation

139
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of the neural DNF-based models caused by the conversion of the model’s learned hypothesis from
a continuous space to a discrete space for logical interpretation. It proposes a disentanglement
method that splits the semi-symbolic nodes to multiple nodes in order to preserve the same logical
interpretation, thus preserving the model's behaviour.

8.2 Future Work

The two main directions of future work are (1) to further explore the neural DNF-based model in
its theoretical properties, architecture and training regime, and (1) to apply the neural DNF-based
models to other real-life domains.

5.2.1 Model Extensions

The ability to translate between bivalent logic and neural representations opens further opportu-
nities. In standard practice, a neural network is imtialised with random weights before training.
However, a neural DNF-MT actor can instead be warm-started: an exdsting policy, either already in
neural form or translated from ASP form, can be used as initial network weights. This approach is
particularly useful when deploying the actor in a similar but previously unseen environment. Sup-
pose a neural DNF-MT actor has been trained in environment A; the actor can be retrained in
environment B with some similarities to environment A, thus mimicking the behaviour of transfer-
ring background knowledge from environment A to B. The bivalent-logic-to-neural translation can
also be used as a form of background knowledge injection. A neural DNF-based model may encode
expected partial behaviours of the task, if available before training, to further speed up the training
process.

A second direction is to examine whether the interpretable structure of a neural DNF-based
model propagates to its neural predicate inventor during end-to-end training. Figure 8.2 shows
the CAMs of the CNN encoder connected to an MLP and a neural DNF-MT actor in the Door
Corridor environment. The CAMs are generated using Grad-CAM [139] and EigenCAM [111], and
show the regions of the input that the actor has focused on to make its decision. The CAMs of
the CNN connected to the neural DNF-MT actor show different regions of focus compared to the
MLP actor. For some steps, the CNN's region of focus 1s aligned to the interpreted logical policy.
This preliminary observation raises the hypothesis that the neural DNF-MT actor may improve the
interpretability of the predicate inventor as a by-product of full end-to-end training; however, further
systematic investigation is required to confirm this effect.

A third direction involves building deeper neural DNF-based architectures. All neural DNE-
based models developed in this thesis consist of only two trainable layers: a conjunctive layer and
a disjunctive layer. Adding further trainable layers would increase the expressivity of the model. A
conjunctive layer paired with a disjunctive layer can form a single neural DNF block, and such blocks
can be stacked to form a multi-layer neural DNF-based model, as illustrated in Figure 8.1, thereby
supporting internal auriliary predicate invention. Internal auxiliary predicate invention differs from
the primary predicate invention introduced in Section 7.4.1, which is employed in the tasks of Section
6.3.4 and Section 7.5 to convert unstructured inputs into structured predicates. Instead, the auxiliary
predicates produced by each neural DNF block constitute a form of hierarchical knowledge learning:
together with the task-input predicates, they are made accessible to all subsequent blocks, yielding a
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hierarchical model structure similar to that of HRI [64]. The final neural DNF block then acts as the
‘task-specific’ rule learner, with its output activation set to either tanh or mutex-tanh depending on
the task. The input predicates may originate either from the task itself or from predicates invented
by other neural architectures.

Figure 8.1: A proposal of a multi-layer neural DNF-based model with three neural DNF blocks.
Block By can access all predicates from By to By, as well as the input predicates.

A fourth direction is to investigate applying training tricks or developing new training regimes.
Both the disentanglement approach and the harder logical constraint with the modified bias suggest
that conventional gradient-based training might not be the optimal way to train a neural DNF-based
model with good performance while maintaining a faithful logical interpretation. Further research
into training regimes may help optimise the trade-off between performance and interpretahility for
neural DNF-based models. Below are some potential ways to improve the training process.

Constrained optimisation. One potential improvement is to incorporate constrained opti-
misation techniques in training. Works such as [112, 89] have utilised the Lagrangian function
as their central mathematical tool for handling complex constraints. The Lagrangian combines
the objective and all constraints into a single function using dual variables, defined as:

L(8,A) = f(6) + Ag(8)

where A is called the Lagrangian multiplier, and the optimum is reached when 8L/88 = 0
and 8L/8X = 0. The objective function (Le. the loss function) f(#) is subject to an equality
constraint g(#) = 0. In the case of training a neural DNF-based model, g(#) will be the weight
requirement, where g(wy;) = (wy; — 6)(6 — wyy)wy, for each weight wy; in the model. Other
works such as [166, 158] use projected gradient descent, where parameters are first updated
using standard gradient steps and then projected onto the constraint set. These constrained
optimisation techniques may be more effective to encode the weight requirements of a neural
DNF-based model as a ‘harder’ constraint instead of the current auwxiliary loss function (1.e.
|w||6 — Jaw]]).

Dropouts. The thesis did not explore the widely used dropout technique. Using dropouts
during training, especially in the disjunctive layers, may prevent disjunctive nodes from co-
adapting and force the neural DNF-based model to learn more robust features that do not rely

on the presence of specific conjuncts.
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AdamW. While the thesis does not use Lo regularisation, it remains unclear whether the
auxiliary loss |w||6 — |w|| in the loss function exhibits similar ineffectiveness as Ls in Adam
[87]. AdamW [97] separates weight decay from the gradient-based update and should be
investigated if an adaptation of AdamW can better enforce the weight penalty |w||6 — |w]||.

Gradient-free learning. Gradient-froe learning is another area of optimisation. Unlike
gradient-based optimisation, it does not require the computation of gradients. It is more
suitable for problems that are not differentiable or that have a non-convex loss surface, which
might be the case for the neural DNF-based models. Genetic algorithms are evolutionary
algorithms that are inspired by the process of natural selection [146]. At each generation, the
algorithm creates a population of candidate solutions, and evaluates their fitness. The fittest
solutions are selected for reproduction, and the offspring are created through crossover and
mutation. The process repeats until the termination condition is met. Simulated Annealing
(SA) algorithm [129] is another gradientfree learning algorithm inspired by the process of
annealing in metallurgy, where a material is heated and then slowly cooled to increase its
crystal size and reduce defects. SA starts with a high ‘temperature’ that allows acceptance
of worse solutions to escape local optima, then gradually cools down to converge on a global
optimum. Going from gradient descent to gradient-free learning 1= a significant change in the
training process, which might bring new challenges and opportunities.

8.2.2 Applications in Real-life Domains

Aside from the applications in classification and reinforcement learning, the neural DNF-based
models can also be applied in other reallife domains. One domain with great potential and a
need for interpretability for safety reasons is healtheare. The neural DNF-based models can be used
to learn diagnosis rules from a set of patients with different diagnoses. The binary classification
task on the BCC dataset [122] in Section 7.5 shows the model’s ability to diagnose breast cancer
based on tabular data of patients’ resistin, glucose, age, and BMI. Apart from tabular data, many
healthcare applications involve image based 2D /3D scans [79] or ‘time-series’ patient records [78].
The end-to-end differentiability of the neural DNF-based models allows integration with powerful
neural components such as CNINs, RNNs and transformers for processing such unstructured data,
and the neural DNF-based models can be used to learn the diagnosis rules from high-level features
extracted.

Another domain requiring interpretability is anomaly detection in chemical processing. The work
in [8] shows a prototype of using ILP approaches (ILASP [92] or FastLAS [91]) to learn rules to
detect process anomalies from simulated and structured chemical process data. Again, the end-
to-end differentiability of the neural DNF-hased models can be leveraged to learn from real-valued
time-series data, and the scalability and lack of reliance on background knowledge compared to
traditional ILP approaches mean that little domain knowledge or human engineering is required to
start training the model.

Finally, ensuring the correctness of LLM outputs has become a rising requirement for safety and
reliability reasons, and various neuro-symbolic approaches have been proposed to provide logical
constraints to LLMs. Ctrl-G [169] constrains an LLM with a distillable Hidden Markov Model
(HMM) with logical constraints represented as deterministic finite automata (DFA). At inference
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time, the HMM is conditioned on the DFA and the computed conditional probability i1z used to
guide LLM generation. SEM-CTRL [6] proposes an approach using Answer Set Grammar (ASG) to
encode syntactic and semantic constraints with token-level Monte Carlo Tree Search (MCTS) to
ensure the correctness of LLM outputs. A subsequent study [5| builds on top of SEM-CTRL and
learns context-sensitive constraints with ILASP [92], removing the need for manual engineering of
the constraints. Using the bidirectional neural-bivalent-logic translation property, the neural DNE-
based models can also be used to encode or learn logical constraints at the decoding process, and
the end-to-end differentiability allows potential integration and parallel inference, which the current
approaches lack.
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(a) CAMs of the CNN encoder connected to an MLF (b)) CAMSs of the CNN encoder connected to a neural
actor. DNF-MT actor.

Figure 8.2: Grad-CAMs [139] and EigenCAMs [111] of the CNNs connected to an MLP (2.2a)
and neural DNF-MT (8.2b) actor, at each unique step in the Door Corridor environment from
Section 6.3.4. For each sub-figure, the left-to-right columns show the original inputs to the CNN,
the Grad-CAMs, and the EigenCAMs in order. For each cell in the CAMs, the less groyed-out it is,
the higher the activation it represents.
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Appendix A

Semi-Symbolic Node and Neural
DNF Model: Supplementary
Material

A.1 Properties of Discretised Semi-Symbolic Nodes

Proof of Proposition {.1.2. Because the node is discretised, all elements in the relevant set have an
absolute value of 6, that i1s, ¥i € Ty, .|wa:] = 6. From Equation (4.2), the bias and the raw output
of this discretised disjunctive node can be caleulated as:

N

B=Y" |wal - Jmax [wad = Y 6—6=06[Tw,|—6

i=1 IE..de

fwa(¥) = Y wars +6|Fw,| — 6
1E T

Since Vi € Jw,. [sign(wa;) # 0, jwai| = 6, |x;| = 1], this gives:

6 if sign{wg) =

—6 otherwise

Vi € Ty WagTy = {
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Thus, the raw output can be reformulated using the sign-matching and sign-mismatching sets:
fwaX¥) = > waers +6|Fwy| — 6
1E T

S 6+ Y (—6) + 61Tl — 6

’:E‘T:diin 1Ty

Y o1— Y 14 |Fwal -1

163:&3“ 1'E‘l‘-'r":clﬁiﬁl
6 {|J:r;ax| — |Twox| + | Fwaex| — 1}
= 6(2| T x| — 1) given | T cx| + [T sox] = [ Fwal

I
=

Since | T, ox| € N, the lower bound of 2|7 ox| — 1 is -1, and (2|5F,ox| — 1) € {-1,1,3,5,...}.
Thus, fy,(x) € {-6,6,18,30,...}. -

A.2 Proofs of Neural-Bivalent-Logic Translation

Proof of Theorem 4.2.1. The bias of the discretised conjunctive node is calculated as follows, using
Equation (4.2):

Be= max |weql— Z|w“|—ﬁ— > 6=6—6|Tw,|

i=1 15 Tw,

The output of the conjunctive node is caleulated as follows:

N
fw (X)) = Z We 1Ty + Fe

i=1

=6 Z Ty — 6 Z xy + (6 — 6 Fw.|)

1ETS 1ET e o
where J:=Bx and J -, are the sign-matching and sign-mismatching sets

The relevant set Jw_ can be further split into four mutually exclusive subsets, using the inter-
section of sign-based index sets:

wow =i |1 € Jw,,sign(wey) = 1,sign(z;) = 1}

wox =i |i € JFw.,sign
Jw.x = {i]1 € Jw.,sign(we,) = —1,sign(z,) = -1}

Jw x = {i|i€ Jw..sign wci} = —1,sign(z,) = 1}

(
(weq) = 1,sign(z;) = -1}
(
(
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And by construction, the following equalities hold:

Tkt U ez = T ox  Sign-matching between W and x
o % U Jw % = Jw.ox  Sign-mismatching between W, and x
th; u JJ:; = ._T;','c Positive-sign relevant set
Jwie U Twix = Ju. Negativesign relevant set

Thus, the raw output of the conjunctive node can be caleulated as:

fu.(X)=6 Y m—6 » oz +(6—6Tw.)

€T €Ty o

=ﬁ( D1+ YT 1= 30 1~ Z:1+1—U¢0
eTEh ETeix L iy 4 eSS

=6 (|Tw k| + 1T x| — [Tl — 1T 2] — 1w 4+ 1)

=6 (1 - 2157 % — 21%%I) (A1)

Based on Proposition 4.1.1, the two cases of fi_(X) are considered.

Case 1: fy_(x) =6 > 0. The conjunctive node’s bivalent logical interpretation b, = T. It
must be proven that ¢ from the translation defined in Equation (4.20) i= in the answer set (1e. cis
true).

By fw_(x) = 6 and Equation (A.1), the following equalities hold:

1-2175:50 - 2755 =1
| Tzl + T2kl =0
> T =0AT % =0

= Jak =T NIg'z=Ta.

Using these equalitics and the translation defined in Equation (4.21), the set of ASP facts trans-
lated from nput x is:

Prfaces = {a¢ | i € Tk uie Tk}
={a i€ Tt}

This gives the following implications: the conjunction J""d-E.?.;"= ay 1s true because all the literals
ay where ¢ € ._T',,;,"I: are present as facts in Py facts; and the conjunction hiE.I.T__ (not a;) i1s also true
because none of the literals not a, where i € Jg_ is present as a fact in Py _faers. Thus, the rule body
hie.&'-t ay, AiEJﬂ (not a;) 1= true, and the rule head ¢ is present in the answer set (e, c 15 true) in
the combined program of Py fams and the rule from the translation defined in Equation (4.20).

Case 2: fi (x) < —6 < 0. The conjunctive node’s bivalent logical interpretation b, = L. It
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must be proven that ¢ is not in the answer set (l.e. ¢ is false).
By fw.(x) < —6 and Equation (A.1):

1-2|Jwxl — 210 %] = -1
| T %] + [T %] = 1 (A.2)

Recall the set of translated ASP facts from input X is Py facts as defined in Equation (4.21):
Prfacs = {as | i € TR vie Tt}

The inequality can be split into two cases.

(2.a): If |75 %] = 1. By construction, if i € Jio°%, then i € Jiy . Therefore, regardless of the
value of |J7:%|, there exists at least one literal a, where i € J that is present as a fact in Py facts,
causing the not a; to be false and the conjunction ﬂIE.K,: (not a;) to be false. Thus, the body of
the rule from Equation (4.20) is false, and the combined program of Py facis and this rule does not
have ¢ in its answer set (Le. ¢ is false).

(2.b): If | Tg-5| = 1. Since JI- LU T3 = T, there is a strict subset relationship 7.5 %
Jof . Therefore, there exists at least one literal a, where ¢ € J that is not present as a fact in
Px facts, causing the conjunction -‘I"'ME.?&": a; to be false. Thus, the body of the rule from Equation
(4.20) 1s false, and the combined program of Py faets and this rule does not have c in its answer set
(1.e. ¢ is false).

Together, these two cases establish that the bivalent logical interpretation by of the conjunctive
semi-symbolic node has the same truth value as the rule head ¢ in the combined program of Py facts
and the rule ¢ + hie.ﬁ.‘ ay, A.‘EJ:; (not a;) from Equation (4.20), whether fi_(X) =6 or fi_(X) <
—6. |

Proof of Theorem 4.2.2. The hias of the discretised disjunctive node is caleulated as follows, using
Equation (4.2):

N
Ba=D lwagl = max fwasl = D 666wl —6

=1 1E T

The output of the disjunctive node is calculated as follows:

N
fw d{x:l=zwd,1171+.3d
i=1
3 Z Ty — 6 Z I:+{E|de|_6}

+ -
1E"T""cl ox 163"& ox

where JJan and [J o are the sign-matching and sign-mismatching sets.
The relevant set Jw, can be further split into four mutually exclusive subsets, using the inter-
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section of sign-based index sets:

Tt ={i | i € Jwa,sign(way) = 1,sign(z,) = 1}
T ={i | i € Fwa,sign(wa,) = 1,sign(x;) = —1}
Jwix =i | i € Jwa,sign(wy,) = —1,sign(z,) = -1}
J“_,:;;; = {i |1 € Jwa,sign{wa,) = —1,sign(z,) = 1}

And by construction, the following equalities hold:

._T;,"J:; U e x = JJan Sign-matching between wy and x
JES U J“_,;;; = Jw,ox Sign-mismatching between wy and x

Wy ,X
J:;; u JJ;; = T Positive-sign relevant set

J;;‘,; UJwix = T, Negativesign relevant set
Thus, the raw output of the disjunctive node can be calculated as:

fwaX)=6 > z—6 Dz + (6]Twsl —6)

1EJ¢&E¢! 163‘;&3‘1
=6 Y 1+ Y 1- 31— Y 14 |Fwal -1
t€Tuix  ETwix  E€Twix  EJwik
=6 (1T %] + 1T — ITix] — 1Tk + 1 Fwal — 1)
=6 (21T % + 21T % — 1) (A3)

Based on Proposition 4.1.2, the two cases of fw,(X) are considered.

Case 1: fu,(x) = 6 = 0. The disjunctive node’s bivalent logical interpretation by = T. It
must be proven that d from the translation defined in Equation (4.24) is in the answer set (1.e. d is

true).

By fw.(%x) = 6 and Equation (A.3), the following inequality holds:

2Tkl + ATzl — 121
[ Ta il + 1 Texl =1 (A4)

Recall the set of translated ASP facts from input X is Py facts as defined in Equation (4.25):
Prtacts = {4 | i € T h Ui € Tk}

The inequality can be split into two cases.

(1.a): If |JJJ‘,;| = 1. By construction, if i £ J:;‘;T then i € J.f . Therefore, regardless of the
value of |._T;;I_x|, there exasts at least one literal a; where ¢ £ J:d that is present as a fact in Py facts,
causing the body of rule d + a; to be true. Thus, the combined program of Py faces and the rules
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from Equation (4.24) has d in its answer set (1.e. d is true).

(1.b): If | 75| = 1. By construction, if i € Jg;%, then i € Jg, and 1, = —1, meaning
a; & Py facts. Therefore, regardless of the value of |J:;‘,;|T there exists at least one literal not ay
where i € J that is not present as a fact in Px facts, causing the body of rule d + not a, to be
true. Thus, the combined program of Py faees and the rules from Equation (4.24) has d in its answer

st (Le. d is true).

Case 2: fy,(x) =—6 < 0. The disjunctive node’s bivalent logical interpretation by = L. It
must be proven that d is not in the answer set (1.e. d is false).

By fw.(X) = —6 and Equation (A.3):

2Tkl + 2Tzl —1=—-1
| Tk + [T x| =0
= Jak =0ATex=0

R o —t _ g
= Jwax = '-T-Wd M JWJ.I - J“’a

Using these equalitics and the translation defined in Equation (4.25), the set of ASP facts trans-
lated from nput x is:

Prtacts = {3 | i € T huie Tkl
={as |1 € T}

By Ji% =0, the following holds:
¥ie J:dn [Ii =—1na ¢ Px,fn.cts]

So all rules of the form d + a; ﬁ:lriEJJd have false bodies.
And by Jy i = Ju,, the following holds:

Vi € Tu,- [z = 1 Aay € Px facts]

So for all i € Ji,, not a, is false and thus all rules of the form d + not a; have false bodies.
Therefore, the body of every rule in Py, rules 15 false, and the combined program of Py faees and
Pw, rutes does not have d in its answer set (L.e. d is false).

Together, these two cases establish that the bivalent logical interpretation by of the disjunctive
semi-symbolic node has the same truth value as the rule head d in the combined program of Py facts
and the rules Py, rules from Equation (4.24), whether fu,(x) = 6 or fw,(x) = —6. |

Proof of Theorem 4.2.3. Following the same derivation as in the proof of Theorem 4.2.1, the raw
output of the translated conjunctive node can be expressed in terms of the four mutually exclusive
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subsets as shown in Equation (A.1):
Jw.(x) =6 (1 -21T0%| — 21T %) (A.5)

Two cases are considered.

Case 1: h; is in the answer set (Le. h, 1s true). It must be proven that fi;_(x) =6 > 0 such
that the conjunctive node's bivalent logical interpretation b, = T.
For k. to be in the answer set, the body of the rule must be satisfied. That 1s:

{"I;"'i (S ._T;,":.a.; is truc} M {‘ﬂ"‘i € Jw_mnot ay is true}
Combined with the translation defined in Equation (4.36), this gives:

(Vie Tt i =1)A(Vie Ty .z =-1)
= Jwix =0A T %=1
Substituting the values into Equation (A.5) gives:

fw (X)=6(1-2.0-2.0)=6>0
=b=T

Case 2: h; 1= not in the answer set (Le. ke 1s false). It must be proven that fi,_(x) < —6 <0
such that the conjunctive node's bivalent logical interpretation b, = L.

For k. to be not in the answer set, the body of the rule must not be satisfied. That is, at least
one of the disjuncts in the following disjunction must hold:

{El'i £ ._T-::.a.; is fa.lsc} W {EH € Jy_-mot ay is fa.lse}
In terms of the four mutually exclusive subsets:
e If a; is false for some i € Jf | then =, = —1, meaning i € Jf-3.

» If not a, is false for some i € J , then a, is true and 1, = 1, meaning i € ._T;;;.

Therefore, the following inequality holds:
T | + [Tl 2 1
Substituting into Equation (A.5):

1- 2|J::; - 2|J;:I';| <l-2=-1
= fw (X) < -6 <0

=b.=1
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Together, these two cases establish that the rule head h.'s truth value equals the bivalent logical
interpretation b, of the translated conjunctive semi-symbolic node, whether k. 1= true or false under
some given facts. |

Proof of Theorem 4.2.4. Following the same derivation as in the proof of Theorem 4.2.2, the raw
output of the translated disjunctive node can be expressed in terms of the four mutually exclusive
subsets as shown in Equation (A.3):

fwa (%) = 6 (2TF% ]+ 217515 — 1) (A.6)

Two cases are considered.

Case 1: hg is in the answer set (L.e. hg i1s true). It must be proven that fi (x) = 6 > 0 such
that the disjunctive node's bivalent logical interpretation by = T.
For hy to be in the answer set, at least one rule body must be satisfied. That is:

{El'i £ ._T;','d .ay 18 truc} W {EH € Jw,-not a, is true}
In terms of the four mutually exclusive subsets:
e If a; is true for some @ € Jf | then =, = 1, meaning ¢ € 7%
» If not a, is true for some i € Jg,, then a, is false and r, = —1, meaning i € Jg 5.
Since at least one of the conditions above must hold, the following inequality holds:
| Tl + 1 Tgis = 1
Substituting into Equation (A.6):

AT+ 2Ty 5l —1=2-1=1
= fwd{}i} = 6=0

=by=T

Case 2: hg is not in the answer set (1.e. hq 1s false). It must be proven that fi (%)= —6 <0
such that the disjunctive node’s bivalent logical interpretation by = L.
For hy to be not in the answer set, all rule bodies must not be satisfied. That is:

(Vi € Ff,.aq is false) A (Vi € Jy, .ot ag is false)
Combined with the translation defined in Equation (4.41), this gives:

(Vi € Tyt = —1) A (Vi € T, .11 = 1)
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Using the four mutually exclusive subsets, the following equalities hold:
Tz = Juiy NFuix = T,
= T =0n T =0
Substituting the values into Equation (A.6) gives:

fwa(X)=6(2-0+2-0-1)=-6<0
= byg=1

Together, these two cases establish that the rule head hy's truth value equals the bivalent logical
interpretation by of the translated disjunctive semi-symbolic node, whether by 1s true or false under
some given facts. |
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Appendix B

Classification Experiments

B.1 CUB Dataset /subsets

B.1.1 Data Pre-processing

Algorithm 8 shows the pseudo-code of the data pre-processing procedure used in Chapter 5 and also
in Concept Bottleneck Models [88]. After such pre-processing, all samples of the same class would
have the exact same attribute encoding. In the Concept Bottleneck Models paper, the encoding for
each class is computed from the training set and also used as the encoding for the validation set and
tost set as well. Although it 13 an odd decision to change the validation set and test set using results
from the training set, the data pre-processing does ensure attribute label consistency both within
each class and across samples and in all 3 sets. This decision is followed in the pre-processing for a
fair comparison. The N values chosen for CUB-3, -10, -15, -20, -25, -50, -100, and -200 are 1, 2, 3,
3, 3,5, 7, and 10 respectively.

B.2 TMC Dataset/subsets

B.2.1 Data Pre-processing

The mutual information (MI) of each attribute with respect to the output label combinations is
calculated, and attributes with MI value less than a threshold ¢ are filtered out. The £ values chosen
for TMC-3, -5, -10, -15, and -22 are 0.01, 0.02, 0.04, 0.04 and 0.05 respectively. The following
provides the mathematical formulae to caleulate the mutual information.

Mutual information of two discrete random variables X and ¥ can be defined as:

I[(X;Y)=H(X)-HX|Y) (B.1)
where H(X') and H(Y') are entropies, and H{ X |Y) 1= conditional entropy. H{X') is calculated as:
H(X) = - p(x)log p(x) (B.2)

X

And the conditional entropy H(X |Y) is calculated as:

171
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Algorithm 8 Data pre-processing for CUB dataset.

Input: Dataset I, Total number of classes n., Total number of attributes in CUB n,
Output: N — number of classes an attribute should be present consistently

1

10:
11:

12:
13:
14:

15:
16:
17:
18:
19:

21:

: /* Count for each attribute in each class how many times it is present/mot
present */
class_attribute count + n. ®x ng ® 2 array of all zeros
for d € D do
for Attribute a € d.attributes do
if a.is_present == 0 A a.certainty == 1 then
/* Ignore attribute that is not present because not visible */
continue
class_attribute_count|d.class||a.attribute_id|[a.is_present]+ = 1

/* For each class, for each attribute, which presence label (present or not
present) is less frequent */

class_attribute_min_presence + arg min(class_attribufe_count, aris = 2)

/* For each class, for each attribute, which presence label (present or not
present) is more frequent */

class_attribute_mar_presence + arg max(class_attribute_count, aris = 2)

/* Find where most and least frequent, set most frequent to 1%/
equal_count_index e indices where class_attribute_min_presence =
class_attribute_mar_presence

class_attribute_maz_presence|equal_count_index| « 1

/* Count number of times each attribute is mostly present for a class */
attribute_dass_count + sum(class_attribute_mar_presence, aris = 0)

/* Belect the attributes that are present most of the time on a class level, in
at least N classes */

mask + Indices where attribute_class_count = N

: [* Get the attribute median */

class_attribute_median + class_attribute_maz_presence[:, mask|

Y

aq

H(X[Y)=—>_ p(y) Y _ plzly)logp(zly) (B.3)

yeEY TEX

For each attribute X, the mutual information of it with respect to the output label combination
1s calculated as the following, using Equation B.1, B.2 and B.3:

(XgY)=— Y plz)logp(z) — [ =) ply) Y plzly) log plz:ly) (B.4)
rEX; veY riEX:

Since each attribute only has two outcomes: present (1) or not present (0), Equation (B.4) is
uivalent to:

[(XyY) = —(p{Xs = 1) log p(Xy = 1) + p(X; = 0) log p(X; = ﬂ})

(B.5)
- (— 3" p(y) (p(Xe = 11y) logp(X; = 1ly) + p(X; = Oly) log p(X = nm))
vey
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B.3 Logical Interpretation Examples
Binary Classification

Below 1= an example of the logical interpretation of a neural DNF model in the the dataset Monk
[162].

% t is the target class predicate.

2 % a_i is the input feature.

st :— a_1, a_4. t :- a_2, a_b.
:— a_0, a_3.
:— not a_11, mot a_12, mnot a_13.

a &
b

Below 1s an example of the logical interpretation of a neural DNF model in the dataset BCC
[122], where threshold-learning predicate mvention method is used.

: % Invented predicates defined by the threshold-learning
: % predicate invention method.
+a_2 = feature_0 > -269.B8374328613281

a_3d = feature_0 > 186.82131958007812
-a_f6 = feature_1 > E8.69133377075195
a_6 = feature_1 > 58.69133377075195
ra_B8 = feature_2 > 197.28598022460938
a_14 = feature_3 > -13.131363868713379
a_28 = feature_7 > 4.719961166381836
: % Rules

: % t is the target class predicate.

2 % a_i are invented predicates shown above.
:— a_2, not a_3, not a_6.

:— a_8, a_14.

:— a_2, not a_6, a_28.

[ S = N -

Below 1= an example of the logical interpretation of a neural DNF model in the dataset Mush-
room [67).

% t is the target class predicate.

: % a_i are input features.

st :— a_b0, a_897, a_103.

:— a_46, a_89, not a_10&5, mot a_109.

4 t
st :— mot a_21, mot a_24, not a_26.

Below 1s an example of the logical interpretation of a neural DNF model in the dataset CDC
diabetes [152], where threshold-learning predicate invention method is used.

: % Invented predicates defined by the threshold-learning

: % predicate invention method.

:a_2 = feature_0 > T4.53063201904297
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+a_b = feature_0 > 5B8.61220932006836
- a_B = feature_0 > -33.4T72694396972656
ca_T = feature_0 > 102.41500854492188
ra_B8 = feature_1 > 22.021968841552734
: a_12 = feature_1 > 16.420833587646484
a_15 = feature_1 > 19.272249221801758
a_18 = feature_2 > 45.1081466674804T7
1 a_25 = feature_3 > 51.938621520996094
: % Rules

1 % t is the target class predicate.

=% a_i with i in [0, 63] are invented predicates shown above.
% a_i with i in [63, 91] are binary input features.

+t - a_36.

:— a_38.

:— a_k2.

- a_47.

:— a_43.

:— mot a_37T.

:— a_39.

:— a_4F5.

t— a_T.

:— a_26.

:— a_18.

:— a_2, a_12, not a_32, not a_41.

a_2, a_15, not a_32.

:— mot a_34, a_36, not a_42, not a_59.

:— a_8, a_36, not a_42, not a_5b9.

:— a_36, not a_42, a_BkbE.

:— a_48.

:— not a_41, mnot a_42, not a_E9.

:— mot a_34, a_36, not a_Bb1.

:— mot a_49, a_k3.

:— a_b, not a_42, not a_&0, not a_bl, meot a_&ET.

:— not a_6, mot a_b9.

:— a_40, not a_5b1l.

:— a_36, a_B&3.

& o o o o F o oF oF F F F oFf oF F F oF F F F F o o
|

Multi-class Classification

Below 1= an example of the logical interpretation of a neural DNF-MT model in the dataset Car
(22].

+ % conj_i are the output predicates of the conjunctive layer.
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2 % a_i are the input features.

FoxE o R o=

: conj_0 :- mot a_13, not a_14.
conj_1 :- a_2, not a_b, oot a_12, neot a_1T7, a_20.
= conj_1 :- a_2, not a_12, a_18.
conj_1 :- mot a_7, meot a_12, a_18.
rconj_1 :- a_1, mnot a_12, a_18.
conj_1 :- a_1, net a_b, not a_16, a_20.
conj_3 :- mot a_0, not a_3, a_5, not a_8, a_14, not a_1T,
a_20.
v conj_3 :- a_1, a b, not a_9, not a_12, not a_17, a_20.
: conj_6 :- mot a_9, not a_10, mot a_13, a_1T.
s conj_¥7 :- mot a_2, not a_b, a_9, not a_14, a_16, not a_18.
conj_7 :- mot a_1, not a_6, mot a_11, not a_14, a_16,
not a_18.
conj_8 :- a_2, a_ b, mot a_12, not a_19, not a_20.
rconj_8 :- a_2, a b, a_13, not a_19.
conj_9 :- mot a_7, mot a_17, not a_19.
conj_9 :- mot a_3, mot a_7, mot a_19.
conj_9 :- mot a_0, not a_3, mot a_19, not a_20.
n conj_12 :- meot a_20.
= conj_13 :- a_3, mnot a_b, not a_6.
s conj_14 :- a_1, a_ b, not a_12, not a_19, not a_20.
conj_15 :- a_1, mnot a_7, mnot a_12, meot a_17, a_18.
= conj_16 :- mot a_0.
conj_17 :- a_0, mnot a_7, not a_12, mot a_17, not a_19.
v conj_21 :- a_1, a_6, not a_12, not a_19.
conj_22 :- mot a_0, mot a_3, not a_4, not a_7, not a_8,
not a_12, not a_17, mot a_19, not a_20.
conj_24 :- mot a_b, mot a_ 6, a_17, a_20.
During inferemnce, given an input, the conjunctiocns that
are activated are first computed.
Then the ProblLog rule is generated.
For example:
Input (tensor):
[-4., -1., 1., -1., -1., -1., -1., 1., -1., 1., -1.,
r-1., -1., -1., 1., -1., 1., -1., -1., -1., 1.]

% Input (translated to predicates):
[a_2, a_ T, a_ 9, a_14, a_16, a_20]
% Conjunctions that are activated:

[conj_1, conj_16]

: % ProbLog rule:

1 0.806::class_0 ; 0.020::class_1 ; 0.171::class_2 ;

0.003::class_3 :- conj_1, conj_16.
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: % Final predictiomn:

AFFENDIX B. CLASSIFICATION EXPERIMENTS

class_0, ground truth: class_0

Below 15 an example of the logical interpretation of a neural DNF-MT model in the dataset
Covertype [21], where an MLP is used as a predicate inventor.

+ % conj_i are the output predicates of the conjunctive layer.

2 % a_i are the invented predicates from the MLP predicate

= % inventor.

conj_0

= conj_1

conj_2
conj_3
conj_6
conj_T7

conj_10

 conj_13

: conj_16

= comj_17

conj_18

= conj_19

conj_19
conj_20
conj_21
conj_22
conj_23

n conj_24
= conj_26
i conj_26

conj_27

= conj_28

conj_29
conj_30
conj_32
conj_33
conj_34

1 conj_35

: conj_36

= conj_3T

conj_38

= conj_40

conj_41
conj_42
conj_43
conj_44

not a_1i4.

not a_6, a_27, mnot a_&ET.

a_1.

not a_46,

not a_26.

a_432.
a_24.

a_0.

a_b2.

a_12, a_36, not a_&1.

not a_3.
not a_kO,
not a_18,
a_34.

not a_bT.

a_b2.
a_62.

a_12, a_17.

a_0, not
not a_49,
a_20.
not a_21,
a_63.
not a_5b1,
not a_26,
a_39.
not a_26,
not a_40.
a_44.
a_10.
not a_44.
a_33.
not a_42.
not a_44.
a_29.
not a_GbE.
not a_10,
not a_61,
not a_48.

a_41.
not a_61.

not a_26.

a_b6.
a_39.

a_48.

not a_GE8.
a_62.
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conj_45 :- a_41, not a_GO.
o conj_46 :- a_31.
o conj_47 :- a_43.
: conj_48 :- a_12.
conj_50 :- mot a_G4.
= conj_51 :- a_19, mnot a_E9.
conj_52 :- mot a_1, meot a_2, a_9%, mot a_b1.
conj_53 :- mot a_15, not a_22, not a2_29, not a_38, not a_43.
conj_54 :- a_9, mot a_15, a_3T7.
conj_B5 :- a_49,.
conj_56 :- mot a_49, not a_E3.
=+ conj_BT :- a_36, not a_37.

During inferemnce, given an input, the invented predicates
from the MLP predicate inventor are first computed.

Then the activated conj_i are identified.

%
%
%
% Finally, the ProbLog rule i= generated.
% For example:

% Input:

[ 1.3166, -0.5331, -0.2809, -0.1949, -0.4017, 0.2064, 1.0031,
-0.0667, -0.2774, 1.0000, -1.0000, 1.0000, 1.0000, 1.0000,

-1.0000, -1.0000]

2 % Invented predicates that are true:
s [a_0, a_ 1, a_ 2, a_3, a7, a_8, a_9, a_10, a_11, a_14, a_15, a_17,

a_22, a_26, a_27, a_28, a_29, a_31, a_32, a_33, a_34, a_38, a_39,

-a_41, a_43, a_44, a_ 47, a_48, a_49, a_51, a_&3, a_b4, a_k8, a_Ek9,

a_60, a_61, a_63]

% Conjunctions that are activated:

[conj_1, conj_2, conj_13, conj_19, conj_20, conj_26, conj_29,
conj_32, conj_33, conj_34, conj_36, conj_37, conj_40, conj_41,
conj_45, conj_46, conj_47, conj_55]

: % ProblLog rule:
2 0.005::¢class_0 ; 0.047::class_1 ; 0.000::class_2 ;
» 0.000::class_3 ; 0.128::class_4 ; 0.001::class_§& ;

0.820::class_6 :- conj_1, conj_2, conj_13, conj_19, comj_20,

= conj_26, conj_29, conj_32, conj_33, conj_34, conj_36, conj_3T7,

conj_40, conj_41, conj_45, conj_46, conj_4T7, conj_EE.

% Final prediction: class_6, ground truth: class_6

Multi-label Classification

The datasets in this section are Boolean Network [82] datasets, with ground-truth logic programs.
Boolean Network models the state transitions of genes from time ¢ to £+ 1, and the learning of such
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a dynamic system is treated as a multi-label classification problem: the inputs are gene states at
time t and the labels are the gene states at time ¢ + 1.

Below 1s an example of the logical interpretation of a neural DNF model in the dataset ARA
[25].

+ % 1_i are the target labels.
: % a_i are inputs.
2 1_0 :—- a_1, a_6.

H HHHHFFRFFRRRKFEKFEKFREKFRFR®H

1.0 :-— a_0, a_4, a_13, a_14.
0 :- a0, a_9, a_13, a_14.
1 :- a_1.

_2 :- mot a_4, mot a_12.
_3 :- mot a_bk.

4 :- a_6, not a_9.

4 :- a_3, not a_9.

4 :- mot a_9, mot a_12.
_5 :- mnot a_6.

_6 :- mnot a_12.

_6 :- mot a_b.

_T7T :- mnot a_12.

_8 :- a_8, not a_9.

8 :- a_8, not a_14.

_9 :- mot a_¥7, mot a_12.
_9 :- a_6, a_8.

1.9 :- a_6, not a_11.

1. 9 :- not a_4, a_6.

1.9 :- a_6, not a_10.

a2 1_12 :- not a_4, a_b, not a_6.

1_13 :- a_6, a_9.

e 1_13 :- a_0, a_6.
1 14 :- a_6.

Below 1= an example of the logical interpretation of a neural DNF model in the dataset Budding
(94].

+ % 1_i are the target labels.

: % a_i are inputs.

= 1.1 :—- a_0.
1.2 :- a_2, not a_
= 1.2 :— a_1, mot a_
1.2 :-— a_1, a_2.
1.3 :—- a_3, not a_8.
1.3 :- a_1, a_3.
1.3 :- a_1, not a_8.

1.4 :- a_2.
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1_10

2 1_10
= 1_11

: 1_11

not a_4, not a_8, mnot a_10, a_11.
not a_4, not a_6, not a_8, a_10.
not a_4, not a_6, a_10, a_11.
not a_6, not a_8, a_10, a_11.
a_b, not a_6, not a_8, a_11.
not a_4, a_b, not a_6, not a_8.
not a_4, a_b, not a_8, a_10.
not a_4, a_b, a_10, a_11.

a_b, not a_8, a_10, a_11.
not a_4, a_b, not a_6, a_11.
a_b, not a_6, a_10, a_11.

a_b, not a_6, not a_8, a_10.
not a_4, a_b, not a_6, a_10.
a_3, not a_5, mnot a_10.
not a_5, a_6, not a_10.

a_3d, a_6, not a_10.

a_3, not a_b, a_6.
not a_4, a_7, not a_8, a_10.
not a_4, not a_6, not a_8, a_10.
not a_4, not a_6, a_7, a_10.
not a_4, not a_6, a_T7, not a_8.
not a_6, a_7, not a_8, a_10.
not a_5, a_6, not a_7, a_8.

a_6, not a_7, a_9, mnot a_10.
not a_5, mot a_7, a_9, mnot a_10.
not a_5, a_6, not a_7, a_9.

a_6, not a_7, a_8, a_9.
not a_5, a_6, not a_7, mot a_10.
not a_7, a_8, a_9, not a_10.
not a_5, not a_7, a_8, a_9.

a_6, not a_7, a_8, mnot a_10.
not a_5, mot a_7, a_8, mnot a_10.
not a_5, a_8, a_9, not a_10.
not a_5, a_6, a_9, not a_10.
not a_5, a_6, a_8, not a_10.
not a_5, a_6, a_8, a_9.

a6, a_8, a_9%, not a_10.

a_6.

a_8.

a_8.

a_9.

a_%9, a_10.

not a_8, a_9.



180 AFFENDIX B. CLASSIFICATION EXPERIMENTS

1_11 :- not a_8, a_10.

Below 1= an example of the logical interpretation of a neural DNF model in the dataset Fission
(35]-

+ % 1_i are the target labels.

: % a_i are inputs.

1.1 :- a_0.
1.2 :- a_2, not a_3, a_b, not a_9.
= 1_2 :— mnot a_1, not a_3, a_b, not a_9.
1.2 :- not a_1, a_2, not a_3, a_b.
12 :— not a_1, a_2, not a_3, not a_9.
1.2 :- not a_1, a_2, a_t, not a_9.
1.3 :- not a_2, a_3, not a_4.
1.3 :- a_3, not a_4, mnot a_7.
1 1.3 :—- mnot a_2, a_3, not a_T.
: 1.3 :— not a_2, not a_4, mnot a_7T.
1 4 :- not a_1, a_4, a_t, not a_9.
1 4 :- not a_1, mnot a_3, mot a_9.
= 1_4 :— not a_1, not a_3, not a_4, mot a_b.
1 4 :- not a_3, a_4, a_5, a_9.
7 1.6 - a_T.
1 6 :- a_3, not a_b
16 :- not a_ 6, a_86
1 6 :- a_3, a_»6.
o 1.7 :— a_9.
: 1_ 8 :— not a_3, a_
18 :- not a_3, a_b
1.8 :- a_6, a_=8.
1.9 :— not a_2, not a_4, a_6, not a_¥7, not a_8, a_9.

Below 1= an example of the logical interpretation of a neural DNF model in the dataset MAM
[52].

+ % 1_i are the target labels.

: % a_i are inputs.

1.0 :- a_0.

11 :- mot a_2, a_3.
= 1_2 :— not a_0, a_5, not a_9.

1_2 :- not a_0, mnot a_1, mot a_4, not a_9.
1.3 :— not a_2, a_5, not a_9.

1.3 :- not a_2, not a_4, mot a_9.

1 4 :- not a_2, a_3, not a_6, not a_8.

1 4 :- not a_2, a_3, not a_6, not a_T.
1 1_4 :- not a_2, a_4, not a_6, not a_8.
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1 4 :- not a_2, a_4, not a_6, not a_T.
1.5 :- not a_0, not a_4, a_5, not a_9.
1.5 :- not a_0, mnot a_1, a_5, not a_9.
1.5 :- not a_0, mot a_1, mot a_4, not a_9.
1 6 :- a_9.

1.7 :- not a_8.

1.7 :- a_7, a_9.

1.7 :- a_6, a_T7.

1.7 :— a_4, a_T7.

1.8 :- a_6.

1.8 :- a_6, a_9.

1 8 :- not a_4, mnot a_9.

1 9 :- mnot a_6, mnot a_8
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Appendix C

Neural DNF-MT Model for

Reinforcement Learning

This appendix provides more details on the methodology and experiments in Chapter 6, including

post-training algorithms, the model architectures, training hyperparameters, and more examples of

logical interpretation of neural DNF-MT actors.

C.1 Post-training Algorithms

The algorithms for each stage in the post-training process in Section 6.2.3 are listed below:

Algorithm 9 Pruning of a Trained Neural DNF-MT Actor

Input: Trained neural DNF-MT actor with weights W, set of representative states & (can be all
possible states if enumerable, or the states observed during training if not), threshold mprune,

policy type € {deterministic, stochastic}
Output: Pruned weights w

1: procedure ISREMOVALACCEPTABLE(wW, W', &)

2 if policy type 1= deterministic then

3 return Vs € §. arg max wy(s) = arg max Ty s) & Trajectory preserved
d: else

&: return ¥s € 5, Vj. |my(s); — T (5)4] = Tprune > Action probabilities preserved
6: procedure PRUNEEDGES(Wiayer, &)

T removed +— false

& for each edge weight wy in Wiayer do

9: w' +— W with wy; set to 0
10: if [SREMOVALACCEPTABLE(w, w’,S) then
11: W W = Accumulate the removal
12: removed +— true
13: return removed
14: repeat
18: rq + PRUNEEDCES(w4, &) = Conjunction-to-disjunction edges first
16: re + PRUNEEDCES(W., S) & Then input-to-conjunction edges
17: Remove any unconnected conjunctive or disjunctive nodes from w
18: until —rg A —re = Stop when a full pass yields no removals

19: return w
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Algorithm 10 Thresholding of a Trained Neural DNF-MT Actor

Input: Pruned neural DNF-MT actor with weights W, sot of representative states & (can be all

possible states if enumerable, or the states observed during training if not), threshold mprune,
step size s, policy type € {deterministic, stochastic}

Output: Thresholded weights W € {—6, 0,6}, with tanh activations replaced by the step function

10:
11:
12:
13:
14:
15:
16:

]

1
2
3
4
B:
B
T
&
9

SEREBERREBEES

hiz) =2.1(x > 0) — 1 on thresholded nodes that have at least one non-zero weight
: procedure THRESHOLD(Wiayer, T)
gy +— B - sign(wyey) - 1{|wgy| = 7) for each weight in Wiayer
return Wiayer
: procedure ISTHRESHOLDACCEPTABLE(wW, W, S5) t Same checks as in Algorithm 9
if policy type 1= deterministic then
return s € §. arg max wy(s) = arg max mg(s)
else
: return ¥s € 5,5, |mw(s); — ma(2)7] = Tprune
: procedure FINDBESTTHRESHOLD(Warger, W, &)
T+ 10
for r € [0, max |Wiarget|, s| do
ﬁrtn.l‘g&‘t. f— THRESHDLD{Wtarget,T}
W +— W with Wiarget I'EPIB’DDCI h}f ﬁ't.arg:et
if [STHRESHOLDACCEPTABLE(w, W, S) and 7+ = v* then

T T t= Prefor the largest acceptable threshold
return +*
: if policy type is stochastic then & Threshold the conjunctive layer only (2.a)
7% + FINDBESTTHRESHOLD(W,., W, 5)
W, + THRESHOLD(W., 77 )
else - Threshold both layers with a single + (2.h)
T+ 10
for r € [0, max(max |W.|, max |w4|), s| do
W, +— THRESHOLD(W., 7), Wgq «— THRESHOLD(Wg4,T)
W+ W with both layers replaced
if [STHRESHOLDACCEPTABLE(w, W, S) and 7+ = v* then
T T
W, + THRESHOLD(W.,7*), Wg + THRESHOLD(Wg4,7*)
: Replace tanh with the step function h on every thresholded node having at least one non-zero
welght
: return w
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Algorithm 11 Post-training Process for Stochastic Policy Translation

Input: Trained neural DNF-MT model with conjunctive nodes {ey,...,c00}
Output: ProbLog annotated disjunctions

L - A

e = =
ok R

HEBER

BNEE EE R

. procedure CONDENSELOGICALLY EQUIVALENTNODES
for each pair of conjunctive nodes ¢, ¢; do
if ¢; and c; have identical weight patterns then
Mark ¢; and ¢; as logically equivalent
procedure SIMPLIFYRULESBASEDONOBSERVATIONS
Note: This procedure is optional if input enumeration is infeasible
Compute all possible inputs to conjunctive layer
A + all unique activations of conjunctive layer
for ecach conjunctive node o; do
if ¢ 1s always true or always false across all activations in 4 then
Mark ¢; as redundant and not needed in any rule’s body in the ProbLog program
. procedure GENERATECONJUNCTIVERULES
for ecach conjunctive node o after condensation and simplification do
L {k | wg, #0}
L7 + {k € Is | wiy, = 6}
I, «+ {keL | wy, =6}
Generate rule: conjy + Ngers input, Apez- (\ + inputy)

. procedure GENERATEPROBLOGANNOTATEDDISJUNCTIONS
for each unique conjunctive activation ¢/™ € {—1, l}cr do
Compute mutex-tanh output y™
py + (5™ +1)/2 for each action j
ctm+ o (i]cl™ = 1}
Ctm— o {ilc™ = —1}
Generate rule: p :: actiony;. ..;py = actiony +— N, oot conjs, Njcoimi— (\ + congy)
. CONDENSELOGICALLYEQUIVALENTNODES
: SIMPLIFYRULESBASEDONOBSERVATIONS
: GENERATECONJUNCTIVERULES
: GENERATEPROBLOCANNOTATEDIMSIUNCTIONS
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Algorithm 12 Post-training Process for Deterministic Policy Translation

Input: Trained neural DNF-MT model with pruned and thresholded weights, with conjunctive
nodes {ry,...,cor} and disjunctive nodes {dy, ... dy}

Output: ASP program

1: procedure GENERATECONJUNCTIVERULES

2 for ecach conjunctive node o; do

3 L {k|wl, #0}
d: I} + {k eI, | wy, = 6}
5.
i

I, + {k eI | wy, = —6}
Generate rule: conjy + Apor+ inpute, L7 (not inputy)

. procedure GENERATEDISIUNCTIVERULES
8: for each disjunctive node d; do

=T

o: Cy + {i € {1.C"} | wy,,; # 0}

10: C; + {i €Cy | why,; = 6}

11: C; +{i €C; | wy,; = —6}

12: for each i € C; do

13: Generate rule: disj; + conj;

14: for each i € C; do

18: Generate rule: disj; + not cong,

16: GENERATECONJUNCTIVERULES
17: GENERATEDISIUNCTIVERULES
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C.2 Switcheroo Corridor

The model architectures are listed below:

Model Architecture

(0): Linear(in=N_STATES, out=4, bias=True)
MLP actor

(1): Tanh()
MDP

{2): Linear(in=4, out=2, hias=True)
{0): Linear(in=2, out=4, bias=True)

MLP actor
POMDP (1): Tanh()
{2): Linear(in=4, out=2, hias=True)
NDNE.MT {0): SemiSymbolic{
acto mm=N_STATES, out=4, type=CONI.)
r
MDP (1): SemiSymbolicMutexTanh(
in=4, out=2 type=DIS].)
NDNE.MT (0): ?mlSymhuhc{
acto =2 out=4, type=CONI.)
PGI:;DP (1): SemiSymbolicMutexTanh(
in=4, out=2 type=DIS].)
. {0): Linear(in=N_STATES, out==64, bias=True)
Critic (1): Tanh()
MDP o
{2): Linear(in=>64, out=1, hias=True)
. {0): Linear(in=2, out=>64, hias=True)
Critic 1): Tanh
pompp  (): Tamh0)

{2): Linear(in=>64, out=1, hias=True)

The PPO hyperparameters used for training both the MLP actor and the neural DNF-MT actor
are listed below:
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Hyperparameter  Value

total timesteps led

learning_rate le—2
num_envs 8
num_steps 64
anneal Ir True
gamma 0.99
gae lambda 0.95

num_minibatches 8
update_epochs 4

norm_adv True
clip_coef 0.3
clip_vloss True
ent_coef 0.1
vi_coef 1

max grad norm 0.5

For the neural DNF-MT actor, the hyperparameters of the awdliary losses and 4 delay scheduling
used are listed below:

Hyperparameter Hyperparameter

Value
Group Name
Awliary dis_lweight_reg_lamhda 0
Loes conj_tanh_out_reg lambda 0
mt_lambda le—3
initial_delta 0.1
Delta delta_decay_delay 30
Scheduling delta_decay_steps 5
delta_decay _rate 1.1

More interpretability examples for Long Corridor-5 (LC-5) and Long Corridor-11 (LC-11) envi-
ronments are provided in this section.
LC-5. The special state is also at state 1. Listing C.1 is the ASP program for a neural DNF-MT
actor in LC-5 MDP, with correctly identifying the special state, state 1.

: action(left) :- im_s_1.

: action(right) :- mnot in_s_1.

Listing C.1: ASP rules for a neural DNF-MT actor in LC-5 MDP.

Listing C.2 is the ProbLog rules for one neural DNF-MT actor of the runs in LC-5 POMDP.
Apgain, with wall status observations, the actor needs to be ‘flexible’ when there is no wall on either
side, as shown in line 2 in Listing C.2. The probability of going left and nght differs from the SC
POMDP case, as there is one more state with no walls on either side in LC5.



C.3. BLACKJACK 189

+ 0.139::action(left) ; 0.861::action(right) :- left_wall_present, “+
right_wall_present.
2 0.326::action(left) ; 0.674::action(right) :- \+ left_wall_present,

%+ right_wall_present.

Listing C.2: ProbLog rules for a neural DNF-MT actor in LC-5 POMDP.

LC-11. The special states are 5, 6, 7 and 8, while the agent needs to go from state T to state 3.
The minimal path goes through |7, 6,5, 4| in order, with action [right, right, right, left].
Listing C.3 is the ASP program for a neural DNF-MT actor in LC-11 MDP. It correctly captures

the special states that it will go through in the minimal path in a single conjunction node (*conj_3’
in line 3).

+ action(left) :- conj_3.
: action(right) :- mnot conj_3.
s conj_3 :- mot in_s_5, mot in_s_6, mot in_s_T.

Listing C.3: ASP rules for a neural DNF-MT actor in LC-11 MDP.

Listing C.4 1= the ProbLog program for a neural DNF-MT actor in LC-11 POMDP. The left wall
will never be present since the agent will never see the state ). This is reflocted in the ProbLog rules,
where *left_wall_present’ 1= never considered. The agent prefers to go right when there is no right
wall present. Under action sampling, there is a chance of the agent getting to state 11, where the
right wall is present, as reflected in line 2. The probability distribution in state 11 is not 0%-100%
but 75.6%-24.4% (line 2). This is because the agent is not guaranteed to get to state 11 consistently,
making the training less ‘balanced’ regarding state-visiting frequency.

+ 0.244::action(left) ; 0.756::action{right) :-
2 “+ right_wall_present.

2 0.766::action(left) ; 0.244::action(right) :-
right_wall_present.

Listing C.4: ProbLog rules for a neural DNF-MT actor in LC-11 POMDP.

C.3 Blackjack

The model architectures are listed below:
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Model Architecture

(0): Linear(in=44, out=64, bias=True)
MLP actor (1): Tanh()

(2): Linear(in=>64, out=2, hias=True)

(0): SemiSymbaolic(
NDNF-MT actor in=44, out=64, type=CONJI.)

(1): SemiSymbolicMutexTanh(

in=64, out=2, type=DIS]1.)

(0): Linear(in=44, out=64, bias=True)
Critic (1): Tanh()

(2): Linear(in=>64, out=1, hias=True)

The PPO hyperparameters used for training both the MLP actor and the neural DNF-MT actor

are listed below:

Hyperparameter  Value
total timesteps 3eb
learning_rate le—3
num_envs 32
num_steps 16
anneal Ir True
gamma 0.99
gae lambda 0.95

num_minibatches 16
update_epochs 4

norm_adv True
clip_coef 0.3
clip_vloss True
ent_coef 0.1
vicoef 1
max grad norm 0.5

For the neural DNF-MT actor, the hyperparameters of the awdliary losses and 4 delay scheduling
used are listed below:
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Hyperparameter Hyperparameter

Value
Group Name
Awliary dia_lweight_reg_lamhda le—6
Loss conj_tanh_out_reg lambda 0
mt_lambda le—3
mnitial delta 0.1
Delta delta_decay_delay 100
Schedulng delta_decay_steps 10
delta_decay _rate 1.1

The neural DNEF-MT actor’s ProbLog policy corresponding to Figure 6.6 is shown in Listing
C.5. The entire program contains 37 non-probabilistic rules with ‘conj1’ as the rule head, and 201

annotated disjunctions with action probabilities.

: 0.873::action(=stick) ; 0.127::action(hit) :- M“tconj_3, \+conj_4, =+
conj_5, “\tconj_6, \tconj_7, M\tconj_9, “tconj_10, \+comj_11, %+
conj_12, “\+comj_14, “\+conj_15, M+conj_16, “\+tconj_19, “\+conj_21,
YW+conj_22, “\tconj_25, “\+tconj_29, “\+conj_32, “\tconj_34, \+tconj_3T,

“tconj_40, \tconj_42, \+tconj_44, “\+tconj_45, “\tconj_4T7, “\+tconj_48
., “tconj_49, M\+tconj_50, “\tconj_51, M\+tconj_52, “\+conj_53, \+
conj_54, “\+tconj_55, “\+conj_56, “\+tconj_5T7, “\+tconj_569, \+tcomnj_62.

2 0.907::action(stick) ; 0.093::action(hit) :- \+conj_3, “+tconj_4, \+
conj_5, “\tconj_6, \tconj_7, M\tconj_9, “tconj_10, \+comj_11, %+
conj_12, “\+comj_14, “\+conj_15, M+conj_16, “\+tconj_19, “\+conj_21,
“+conj_22, “\tconj_25, \+conj_29, “+conj_32, \+conj_34, M\+tconj_3T,

“tconj_40, \tconj_42, \+tconj_44, “\+tconj_45, “\tconj_4T7, “\+tconj_48
., “tconj_49, M\+tconj_50, “\tconj_51, M\+tconj_52, “\+conj_53, \+
conj_54, conj_55, M“\tconj_56, \+conj_57, “tconj_569, \+tconj_62.

: 0.900::action(=stick) ; 0.100::action(hit) :- “+tconj_3, \+conj_4, “+
conj_5, “\tconj_6, \tconj_7, M\tconj_9, “tconj_10, \+comj_11, %+
conj_12, “\+comj_14, “\+conj_15, M+conj_16, “\+tconj_19, “\+conj_21,
“+tconj_22, \tconj_25, “\t+tconj_29, “\tconj_32, conj_34, “+comnj_37,
“+tconj_40, “\tconj_42, “\+conj_44, “\+tconj_45, “\+conj_47, “\+tconj_48

“tconj_49, “+tconj_50, “tconj_51, “tconj_52, conj_53, “+conj_54,
“+conj_55, “\tconj_56, \+conj_57, “tconj_569, \+tconj_62.

1+ 0.927::action(stick) ; 0.073::action(hit) :- \+conj_3, “+tconj_4, \+
conj_5, “\tconj_6, \tconj_7, M\tconj_9, “tconj_10, \+comj_11, %+
conj_12, “\+comj_14, “\+conj_15, M+conj_16, “\+tconj_19, “\+conj_21,
“+tconj_22, \tconj_25, “\t+tconj_29, “\tconj_32, conj_34, “+comnj_37,
“+tconj_40, “\tconj_42, “\+conj_44, “\+tconj_45, “\+conj_47, “\+tconj_48

“tconj_49, “+tconj_50, “tconj_51, “tconj_52, conj_53, “+conj_54,
conj_55, M“tconj_56, \+conj_b57, M\+tconj_59, “+tconj_62.

= 0.983::action(=stick) ; 0.017::action(hit) :- M\+tconj_3, \+conj_4, =+
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conj_5, “tconj_6, M\tconj_T7, “tconj_9, “\tconj_10, “+comj_11, N+
conj_12, “+tconj_14, M\+conj_15, “+conj_16, M\+conj_19, “+comj_21,
“+tconj_22, \tconj_25, “\t+tconj_29, “\tconj_32, conj_34, “+comnj_37,
“tconj_40, \t+tconj_42, conj_44, ‘“+conj_45, “+tconj_47, \+conj_48,
“+conj_49, “\tconj_50, “\+conj_b1l, M\tconj_52, conj_53, “+tcomnj_54,
conj_55, “tconj_56, \t+conj_57, “+tconj_59, \tconj_62.

conj_3 :-
hand (18), \+tdealer(9), ‘“t+dealer (10}, “+usable_ace.

» conj_4 :-

\thand (17}, “+hand(18), “+hand (19), “+hand (20}, “+hand(21), \+
hand (22), \+hand(28).

1 conj_b :-

hand (20}, \tdealer (1), ‘“+dealer(9), “+dealer(10), ‘“+tusable_ace.

= conj_6 :-

hand (12}, \+dealer(5), usable_ace.

= conj_T :-

hand (10}, \+tdealer(2), ‘“t+dealer(3), “+dealer(4), “+dealer(6).

Listing C.5: ProbLog rules for the neural DNF-MT actor as shown in Figure 6.6, showing the first
five annotated disjunctions and the first five conjunction rules.

C.4 Taxi

The model architectures are listed below:

Model Architecture

{0): Linear(in=500, out=256, bias=True)
MLP actor (1): Tanh()
(2): Linear(in=256, out=~6, bias=True)
{0): Linear(in=500, out=256, bias=True)
(1): RelU()
Critic {2): Linear(in=256, out=256, bias=True)
(3): RelU()
{4): Linear(in=256, out=1, bias=True)
(0): Linear(in=500, out=256, bias=False)
(1): Tanh()
{2): Linear(in=256, out==6, bias=False)
(0): SemiSymbaolic(
NDNF-MT actor in=500, out=>64, type=CONI.}
(distilled) (1): SemiSymbolicMutexTanh(
in=064, out=>6, type=DIS]1.)

MLP oracle
(for distillation)
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The PPO hyperparameters used for training the MLP actor are listed below:

Hyperparameter Value

total timesteps 3cb
learning rate_actor Z2e—4

learning rate_critic  2e—3

OUIN_envs 64
num_steps 2048
anneal_Ir True
gamma 0.9499
gae_lambda 0.946
num_minibatches 128
update epochs 8
norm_adv True
clip_coef 0.2
clip_vloss True
ent_coef 0.003
vi_coef 0.5

max_grad_norm 0.5

The distillation hyperparameters used for training neural DNF-MT actors are listed below:

Hyperparameter Hyperparameter

Value
Group Name
batch_size 32
Distilaltion epoch 5000
learning rate le—4
. dis_weight_reg lambda le—4
Amxiliary .
Loss conj_tanh_out_reg lambda le—5
mt_lambda le—4
mnitial delta 0.1
Delta delta_decay_delay 1000
Scheduling delta_decay_steps 100
delta_decay _rate 1.1

An example of a noural DNF-MT actor’s ProbLog rules is provided in Listing C.6.

: 0.595::action(down) ; 0.000::action(up) ; 0.000::action(right) ;
0.405::action(left) ; 0.000::action(pickup) ; 0.000::actiomn(
dropoff) :- M\+conj_0, “\+conj_1, “+conj_3, \tconj_4, conj_b,
conj_6, “tconj_7, M\tconj_8, “tconj_9, “\tcomnj_11, “+comj_12, N+
conj_13, “+tconj_14, conj_15, “+conj_16, \+conj_18, “+tconj_19,
conj_20, conj_21, M\+conj_22, conj_23, conj_24, “\+conj_25, \+
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conj_26, conj_27, M\tconj_28, “\+conj_29, conj_30, \+tconj_31, “+
conj_33, \tconj_34, “\+conj_35, M\+tconj_3T7, “\+tconj_38, \+conj_39,
conj_40, ‘\+tcomj_41, “\+conj_42, M\+conj_43, “\tconj_44, “\+conj_45,
“+conj_46, “\tconj_47, \+conj_48, “+conj_50, “\+conj_51, M\+tcomnj_52,
“t+conj_b5, “tconj_56, conj_57, “+tconj_58, conj_60, \tconj_62,
conj_63.

: 0.602::action(down) ; 0.000::action(up) ; 0.000::action(right) ;
0.398::action(left) ; 0.000::action(pickup) ; 0.000::actiomn(
dropoff) :- M\+conj_0, “\+conj_1, “+conj_3, \tconj_4, conj_b,
conj_6, “\tconj_7, “\tconj_8, M\+tconj_9, “tcomnj_11, conj_12, \+
conj_13, \+tcomnj_14, conj_15, “\+conj_16, “+tconj_18, \+conj_19,
conj_20, conj_21, “\tconj_22, conj_23, conj_24, \+tconj_25, \+
conj_26, conj_27, M\tconj_28, “\+conj_29, conj_30, \+tconj_31, “+
conj_33, \tconj_34, “\+conj_35, M\+tconj_3T7, “\+tconj_38, \+conj_39,
conj_40, ‘\+tcomj_41, “\+conj_42, M\+conj_43, “\tconj_44, “\+conj_45,
“W+conj_46, “\tconj_47, “\+conj_48, “\+conj_5B0, “\tconj_5E1, \tconj_E2,

“t+conj_b5, “tconj_56, conj_57, “+tconj_58, conj_60, \tconj_62,
conj_63.

2 0.963::action(down) ; 0.000::action(up) ; 0.000::action(right) ;
0.036::action(left) ; 0.000::action(pickup) ; 0.001::actiomn(
dropoff) :- M\+conj_0, “\+conj_1, “+conj_3, \tconj_4, conj_b,
conj_6, “\tconj_7, “\tconj_8, M\+tconj_9, “tcomnj_11, conj_12, \+
conj_13, \+tcomnj_14, conj_15, “\+conj_16, “+tconj_18, \+conj_19,
conj_20, conj_21, “\tconj_22, conj_23, conj_24, \+tconj_25, \+
conj_26, conj_27, M\tconj_28, “\+conj_29, conj_30, \+tconj_31, “+
conj_33, \tconj_34, “\+conj_35, M\+tconj_3T7, “\+tconj_38, \+conj_39,
conj_40, ‘\+tcomj_41, “\+conj_42, M\+conj_43, “\tconj_44, “\+conj_45,
“tconj_46, \t+tconj_47, conj_48, ‘\+conj_60, “tconj_B1, \+conj_5E2,
“+conj_55, \tconj_56, “\+conj_b7, \tconj_58, conj_60, “+tconj_62,
conj_63.

1+ 0.000::action(down) ; 0.000::action(up) ; 0.000::action(right) ;
0.000::action(left) ; 1.000::action(pickup) ; 0.000::actiomn(
dropoff) :- conj_0, conj_1, conj_3, conj_4, conj_5, conj_6, \+
conj_7, “tconj_8, \tconj_9, conj_1i1, conj_12, \+conj_13, “+
conj_14, conj_15, M\tconj_16, “\+conj_18, conj_19, conj_20, comj_21
., \tconj_22, conj_23, conj_24, “\tconj_25, “+tconj_26, conj_2T,
conj_28, \+tcomnj_29, \+conj_30, M\+tconj_31, “\+tconj_33, \+conj_34,
“+conj_35, \tconj_3T7, “\+conj_38, conj_39, \+tconj_40, “+comnj_41,
“+tconj_42, “\tconj_43, conj_44, “+tconj_45, \+tconj_46, “+tconj_4AT,
conj_48, \+conj_50, “\+conj_51, conj_52, “+tconj_565, \+conj_56,
conj_57, “+tconj_58, conj_60, “\+conj_62, conj_63.

= 0.000::action(down) ; 0.000::action(up) ; 0.000::action(right) ;
0.000::action(left) ; 0.000::action(pickup) ; 1.000::actiomn(
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dropoff) :- M\tconj_0, conj_1, conj_3, “+conj_4, \+conj_5, conj_6,
“tconj_T7, “+tconj_8, \tconj_9, conj_11, conj_12, M\+conj_13, “+
conj_14, “+comnj_15, “\+conj_16, “+conj_18, “\+tconj_19, conj_20, \+
conj_21, \+tconj_22, conj_23, \+conj_24, “+tconj_25, \+tconj_26,
conj_27, \+tconj_28, conj_29, “\+conj_30, “tconj_31, “\+tconj_33, \+
conj_34, “\+tconj_35, \+conj_37, \+tconj_38, conj_39, conj_40, “+
conj_41, \+conj_42, \+conj_43, conj_44, “\tconj_45, “\tconj_46, \+
conj_47, conj_48, M\tconj_50, “\+conj_b1, M\tconj_52, “\tconj_55, \+
conj_56, “+tconj_57, \+conj_58, conj_60, “+tconj_62, conj_63.

+ conj_0 :- “\+tstate(4), \+state(8), “+state(11l), \+state(1d), ‘\+state
(16) , \+state(24), “\+state(26), “t=state(28), \+state(33), \tstate
(52), \+state(b4), “+state(B9), “tstate(61l), “\+state(68), \tstate
(72), \tstate(76), “\+state(78), ‘\t=state(79), \+tstate(81), ‘\tstate
(82), \+state(89), “\+state(94), ‘“t=state(96), “\+state(97), \tstate
(104) , \+=state(107), \+state(112), “+=state(113), ‘+=tate(114), “+
state (128), “\+state(129), “\+state(131), ‘\+state(134), ‘“\+state
(139), \+state(152), \+state(159), “+=state(162), ‘+=tate (1T71), “+
state (176), “\+state(178), “\+state(182), ‘\+state(189), ‘\+state
(191), “\+=state(193), \+state(194), “\+=tate(279), ‘+ts=tate(311), “+
state (379), “\+tstate(394), “\+state(443), “\+state(479), ‘\t+state
(489) .

= conj_1 :- “\+tstate(14), “\+state(21), “+state(28), \tstate(61), \+
state (62), ‘“+t=state(63), \+tstate(68), ‘\tstate(B9), ‘“+t=tate(TE), \+
state (T8), ‘“+=state(B81), \+state(82), ‘\tstate(88), ‘“+t=tate(96), \+
state (101), “+state(121), “\+state(128), ‘\+state(131), ‘\+state
(136), \+state(138), \+state(144), “+=state(162), ‘“+=tate (163), “+
state (166) , “\t+state (168), “\+state(176), \+state(177), \t+state
(178), \+=state(182), \+state(186), “\+=state(187), ‘“+=tate (188), “+
state (189), “+state(191), “\+state(193), ‘\+state(196), ‘\t+state
(238), \tstate(246), \+state(256), “+t=state(266), ‘“+t=tate (267), “+
state (276), \+state (278), \+tstate(281), ‘\+state(286), ‘\t+state
(298), \+=state(303), \+=state(327), “+=state(331), ‘+=tate(332), “+
state (333), “\+state(339), “\+tstate(341), “\+state(342), ‘\t+state
(343), \tstate(344), \+=state(348), “\+=state(349), ‘“+state (351), “+
state (352), “\+state(353), “\+state(354), “\+state(359), ‘\+state
(363), \tstate(366), \+state(367), “\+t=state(382), ‘“+=tate(383), “+
state (384), “\+state(388), “\+state(391), ‘\+state(394), ‘\+state
(396), \+t=state(398), \+state(401), “+=state(402), ‘+=tate (404), “+
state (406) , “\+state (412), “\+state(413), “\+state(414), “\+state
(423), \+t=state(427), \+state(428), “\+state(431), ‘+=tate (434), “+
state (437), “\+state (438), “\+state(439), ‘\+state(441), “\+state
(443), \tstate(448), \+state(449), “\+=state(451), “+=tate (452), “+
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state (454) ,
(462) ,
state (481),
(489) ,
conj_3 :- “\+tstate(6),
(24), \+state(27),
(38), \t+state(51),
(59), \+state(61),
(78), M\+state(79),
(93), \t+state(94),
state (114),
(131),
state (152),
(169) ,
state (182),
(192),
state (293),
(311),
state (394),
(452) .
conj_4 :- ‘\+tstate(4),

(12),

‘\tstate (14),
(24),

‘\tstate (26) ,
(33),

‘\tstate (34),
(42) ,

“tstate (43),
(59),

“tstate (61),
(74),

‘\tstate (T6),
(88),

‘\tstate (91),
(97),

‘\tstate (99),
state (109) ,

“tstate (111),
state (119),

“tstate (121),
state (131),

“tstate (132),

“tstate (457},
“tstate (464) ,
“tstate (483) ,
“tstate (491) ,

“tstate (156} ,
“tstate (171},
“tstate (183) ,
“tstate (193),
“tstate (294) ,
“tstate (318),
“tstate (414) ,

‘\tstate (11),

“tstate(28) ,
“tstate(52),
“tstate (68) ,
“tstate (B1),
“tstate (96) ,
“tstate (117},
“tstate (132),

“tstate (6),

“tstate (16) ,

“tstate (27),

“tstate (37),

“tstate (48) ,

“t+state (68),

“tstate (79),

“tstate (92),

“tstate (101},

\tstate (112)

\tstate (126)

\t=state (133)

“tstate (458) ,
“tstate (466) ,
“tstate (484) ,
“tstate (496) ,

“tstate (8],

“tstate (18],

“tstate (29),

“+state (38),

“t+state (B1),

“tstate (T1),

“+state (B2),

“tstate (93],

Vtstate (104) ,

, Ztstate(113),

, Ztstate (127),

, Ztstate(134),

“tstate (459) ,
“tstate (468) ,
“+state (488) ,
“tstate (498).
“Vtstate (14) ,
“tstate (32),
“tstate (54),
“\tstate (T2),
“tstate (BB) ,
“tstate (104) ,
“tstate (128) ,
“tstate (133),
“tstate (159} ,
“tstate (173),
“+state (189) ,
“tstate (194),
“+state (308),
“\tstate (379),
“tstate (436) ,

“tstate (191),
“tstate (199),
“+state (309),
“tstate (392),
“tstate (439) ,

“tstate (17)

“Vtstate(9),

‘\tstate (19),

“tstate (32),

\tstate (39),

“tstate (56) ,

‘\tstate (73]},

“tstate (83),

‘\tstate (94),

“t+state(33),
“t+state (58]},
\tstate (T6),
‘\tstate (91),
“tstate (107) ,
“tstate (129) ,
“tstate (134),
“tstate (162) ,
‘\tstate (1T6) ,

“tstate (108},

\tstate (117),

\tstate (129),

\tstate (136) ,
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\tstate
“tstate (469) ,
\tstate

W+

“tstate
‘tstate
‘tstate
‘tstate
‘tstate
N+

‘tstate
“tstate (139),
‘tstate
“\tstate (178) ,
‘tstate
“tstate (211),
‘tstate
“tstate (393),
‘tstate

W+

W+

W+

W+

“+state

“tstate

“tstate

“tstate

“tstate

“tstate

“tstate

“tstate

W+

W+

W+

W+
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state (137},
“tstate (139),
state (148),
“tstate (151),
state (169},
“tstate (171),
state (176} ,
“tstate (177),
state (184},
“tstate (186) ,
state (192},
“tstate (193),
state (208),
“tstate (211),
state (267),
“tstate (272),
state (284) ,
“tstate (286) ,
state (299},
“tstate (301),
state (306) ,
“tstate (307),
state (313},
“tstate (314),
state (328),
“tstate (332),
state (341},
“tstate (343),
state (351},
“tstate (352),
state (368),
“tstate (369),
state (382),
“tstate (383),
state (391},
“tstate (392),
state (397},
“tstate (401),
state (406) ,
“tstate (407),
state (421},
“tstate (422),
state (436) ,

“tstate (141),

“tstate (158),

“tstate (172),

“tstate (178),

“tstate (187),

“tstate (194),

“tstate (218),

“tstate (273),

“tstate (203),

“tstate (302),

“tstate (309),

“tstate (321),

“tstate (334),

“tstate (344) ,

“tstate (353),

“tstate (3T1),

“tstate (384),

“tstate (393),

“tstate (402),

“tstate (414) ,

“tstate (427),

“tstate (143),

“tstate (162),

“tstate (173),

“tstate (179),

“tstate (189),

“tstate (201),

“tstate (222),

“tstate (274),

“tstate (204),

“tstate (303),

“tstate (311),

“tstate (322),

“tstate (338),

“tstate (346) ,

“tstate (361),

“tstate (372),

“tstate (386),

“tstate (394),

“tstate (403),

“tstate (418),

“tstate (429),

\tstate (146) ,

\tstate (166) ,

\tstate (174) ,

\tstate (183),

\tstate (191),

\tstate (203),

\tstate (266) ,

\tstate (277),

\tstate (297),

\tstate (304) ,

\tstate (312),

\tstate (323),

\tstate (339),

\tstate (347) ,

\tstate (362),

\tstate (373),

\tstate (389),

\tstate (396) ,

\tstate (404) ,

\tstate (419),

\tstate (433),

W+

W+

W+

W+

W+

W+

W+

W+

W+

W+

W+

W+

W+

W+

W+

W+

W+

W+

W+

W+

W+
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“t=state (438), “+=tate(442), ‘“+t=state (444), “+state (446), \+
state (447) ,

“\tstate (449) , “+=tate (451), ‘“+t=state (453), “+tstate (454), \+
state (456) ,

“tstate (457), “+=tate (458), ‘“+t=state (459), “+state(461), \+
state (462) ,

“tstate (463), “\+=tate (467), “+t=state (468), “+state (471}, \+
state (477},

\t=state (482), “+=tate (486), “+t=tate (48T7), “+tstate (4893), \+
state (491},

\tstate (496) , “\+t=tate (497), “+t=tate (498).

o conj_b :- N\tstate(16), \+state(97), “+=tate(123), “\+tstate(136), ‘+

state (479) .

Listing C.6: ProbLog rules for a distilled neural DNF-MT actor in the Taxi environment, showing
five annotated disjunctions and first five conjunction rules.

C.5 Door Corridor

The model architectures are listed below:

Model Architecture

(0): Conv2d(2, 4, kernel size=(1, 1), stride=(1, 1))
(1): Tanh()
(2): Linear(in=36, out=16, bias=True)
{0): Linear(in=16, out=>64, bias=True)
MLP actor (1): Tanh()

(2): Linear(in=>64, out=4, hias=True)

(0): SemiSymbaolic(
NDNF-MT in=16, out=12, type=CONI.)
Actor (1): SemiSymbolicMutexTanh(

in=12 out=4, type=DIS].)

{0): Linear(in=16, out=>64, bias=True)
Critic (1): Tanh()
(2): Linear(in=>64, out=1, hias=True)

Feature

Encoder

The PPO hyperparameters used for training both the MLP actor and the neural DNF-MT actor
are listed below:



C.5 DOOR CORRIDOR

Hyperparameter  Value
total timesteps 3eb
learning_rate le—2
num_envs 8
num_steps 64
anneal Ir True
gamma 0.99
gae lambda 0.95
num_minibatches 8
update_epochs 4
norm_adv True
clip_coef 0.3
clip_vloss True
ent_coef 0.1
vicoef 1
max grad norm 0.5
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For the neural DNF-MT actor, the hyperparameters of the awdliary losses and 4 delay scheduling

used are listed below:

Hyperparameter Hyperparameter

Value

Group Name

dis_weight_reg lambda 0
Awaliary conj_tanh_out_reg lambda 0
Loss mt_lambda le—3

embedding reg lambda 3e—15

initial delta 0.1
Delta delta decay_delay 50
Scheduling delta decay_steps 10

delta_decay_rate 1.1

The code repo provides a notebook on policy intervention in DC-T and DC-OT. The notebook’s
path is notebooks/Door Corridor PPO NDNF-MT-6731 Intervention.ipynb (link to notebook).


https://github.com/kittykg/neural-dnf-mt-policy-learning/blob/main/notebooks/Door%20Corridor%20PPO%20NDNF-MT-5187-Fix%20Intervention.ipynb
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Appendix D
Proofs of Disentanglement Method

Proof of Proposition 7.5.2. This proof shows that W constructed under Proposition 7.3.2 satisfies
the constraints in Equation (7.8): the positive coverage is straightforward and the negative coverage
15 proved by contradiction.

Case 1: Positive Coverage — All Positive Examples are Covered (Constraint in Equation (7.9))

For any positive example x, € X, take W, associated to x,. By the definition of W, in Equa-
tion (7.11), the following holds:

Ja (%) = Z Wy 3Ty g + (E - Z |‘1E':,j|)

JET JET

=6 1(zy = sign(wy)) + (ﬁ — 6 1 (xy= Sigﬂ(‘w;f]'})

JET 1eT
=6

Thus, the constraint in Equation (7.9) is satisfied and the set {Wy,..., W x+ |} will cover all positive
examples x; € A,
Case 2: Negative Coverage — No Negative Examples are Covered (Constraint in Equation (7.10))

The proof shows by contradiction that the set {Wy,..., W3+ } constructed under Proposi-
tion 7.3.2 does not cover any of the negative examples.

Assume that a negative example X € A~ 18 covered by Wy, which is associated to a positive
example x; € X", Then the raw output of W, over X; should be 6 to cover Xp:

fiwi(Xm) =6
Z ﬁi,jImJ + E - Z |TIJ;J| = E
1T JET
=3 igTmg = Y gl (D.1)
1T JET
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Substitute the definition of w, ; in Equation (7.11) into Equation (D.1), and the following holds:

3 oy 1oy = sign(wy)) - Tmy = Y 1 (zey = sign(wy)) (D.2)
JeT JeT

When =, ; # sign{wy), I (x5 = sign(w;)) = 0, and will not contribute to the summation term
in either the L.H.S. or the R.H.S. of Equation (D.2). Thus, for Equation (D.2) to hold, this has to
hold:

Vi€ J. [ty =sign(wy) = Tmj = Ti4] (D.3)

From Equation (D.3), {j € Jlrs; — sign(wy)} C {j € Jlzmy — sign(wy)}. So {j € Jlzy #
sign{wy)} 2 {j € J|zm ; # sign(w;)}. The subset cannot be equal because X; # Xm. The following
set relations hold:

{7 € Jlzm,y = sign(wy)}

(D.4)
= {j € J|Tmy = sign(wy) A x5 = sign(wy)} U {j € J|Tm s = sign(wy) A 1,5 # sign(w,)}
{j € Jlzey = sign(wy)} = {j € Ttm s = sign(wy) A ys = sign(wy)} (D.5)
{J € Tl # sign(w)} = {j € Tt s # sign(w;) Az, # sign(u,)} B9
{7 € J|z1,5 # sign(wy)} (D.7)

= {j € Jltmy # sign{wy) A x4y # sign(wy)} U {j € J|Tm,y = sign{wy) A xyy # sign(wy)}
{j € Jltmy = sign(uw;) A z,y # sign(wy)} # 0 (D.8)

Figure D.1 helps to demonstrate the relations between the sets.

{j € J|zi; # sign(w;)} {i € J|=ij = sign(w;)}

{7 € T\, # sign(u;)} : {3 € Thoms = sign(w;)}

}

{j € T|zm; = sign(w;) A z;; # sign(w;)}

Figure D.1: Relations between the sign-matching subsets of x; and x5,

Using the definition of the semi-symbolic node in Equation (4.1}, the raw output of the original
conjunctive node with weight w over the negative example X, 15 computed as:

fw(Xm) = wyTmy + 8

JjeT

= > g — > |wyl + 8

JET Tm j=signiw;) JET Tm jFsigniw;]

where the bias term # 1s not expanded. Using the set relations in Equation (D.4) and Equation (D.6),
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fw(Xm) can be rewritten as:

fulxm)= > gl D lwl -} |wy| + B (D.9)
1T JET: JET:
T j=sign{uw;), T j=sign{w;), T, SN W),
g y=signiw;) x; jFsign(w;) x; j#Eigniw;)

Because the relation in Equation (D.8) holds, the second term Eje.?::,.. S O P 4]
in the B.H.S. of Equation (D.9) 1z gnaranteed to be greater than 0. Thus, the following inequality
holds:

fo(Xm) > falXm) -2 > |y (D.10)

JET:
Fen,j=ElEO{W; ),
Ty sFEigniw;)

where the R.H.S. of the inequality is computed as:

fulxm) -2 > Juyl

JET:
zm,jzs_igngwj;,
r; -FEign(w.;
" ! (D.11)
= > wy| — > ws| — > lwy| + 8
JET: JET: JET:
T, j=SIEO(W;], T j=SigO{W;), T jFEED(W;),
T j=sign{w;) T jFEgn{w;) Ty jFEgnw;)
Equation (D.11) can be transformed as:
Yool - Y el - X lwyl +8
JET: JET: JET:
T j =s|g'n(wjj, T j =5|g'n{wjj, T j #Jgn{wjj,
Ti j=sign{uy) T jFEEn{w;) Ty jFEgnw;)
= D> - oo lwl+ Y lwl| +8
JET: JET: JET:
T j=SIEO{W;], Ty j=Sign{w;), T jFEEN{W; ),
Ti j=sign{uy) Ty, jFEign(w;) Ty jFEgniw;)
= > lwl - 3 wy| + B by Eq. (D.7)
JET: JET=; ;#sign{w;)
T j=SIEOW;],
Ty j=sign{w;)
= Y lwyl - 3 lwy| + 8 by Eq. (D.5)
Ti j=sign{w;) JETms j#sign(w;)
=fw (%) by node def. in Eq. (4.1)
=0 x Xt

This gives fw(Xm) > fw(X;) > 0, but this contradicts the assumption that X, € A~ such that
fw(xm) < 0. This proves that no negative examples will be covered by the set {Wy,..., Wxs}
constructed under Equation (7.11).

This shows that the split weight set {Wy,..., Wx+|} constructed under Proposition 7.3.2 will
cover all positive examples and none of the negative examples.
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Proof of Proposition 7.5.5. This proof shows that W constructed under Proposition 7.3.3 satisfies
the constraints in Equation (7.13): the negative coverage is straightforward and the positive coverage
15 proved by contradiction.

Case 1: Negative Coverage — All Negative Examples are Covered (Constraint in Equation (7.14))
For any negative example x; € X'~ take W, associated to x;. By the definition of W; in Equa-
tion (7.16), the following holds:

fa (%) = Z Wy 3Ty g + (E - Z |‘1I':,j|)

JET JET

=6 1(zy #sign(wy)) + (ﬁ —6 Lz # ﬁgﬂ(iﬂﬂ})

JET 1eT
=6

Thus, the constraint in Equation (7.14) is satisfied and the set {Wy, ..., W 3} will cover all negative
cxamples x; € A~
Case 2: Positive Coverage — No Positive Examples are Covered (Constraint in Equation (7.15))

The proof shows by contradiction that the set {Wy,...,Wjx-|} constructed under Proposi-
tion 7.3.3 does not cover any of the positive examples.

Assume that a positive example X, € X" is covered by Wy, which is associated to a negative
cxample ¥X; € X~. Then the raw output of Wy over X, should be 6 to cover Xp,:

fiw(Xm) =6
Z ﬁijzm,j + E - Z |T.-!'J;,j| = E
1T JET
=3 igTmg = Y gl (D.12)
1T JET

Substitute the definition of w, ; in Equation (7.16) into Equation (D.12), and the following holds:

> Tiy -1 (zey # sign(wy)) - Tmyg = Y 1 (x4 # sign(wy)) (D.13)

JET JET

When =, ; = sign{wy), I (x4 7 sign(w;)) = 0, and will not contribute to the summation term
in either the L.H.S. or the R.H.S. of Equation (D.13). Thus, for Equation (D.13) to hold, this has
to hold:

\'i"lj e J. [I'l-,._f ?é Sigﬂ{iﬂj} = Im,j = I":j] {D.lﬂi}

From Equation (D.14), {j € Jlzv; # sign(wy)} C {j € Jlzmy # sign(wy)}. So {j € J|zy =
sign{wy)} 2 {j € J|zm ; = sign(w;)}. The subset cannot be equal because X; # Xm. The following
set relations hold:

{7 € J|zm,; # sign(w;) } (D.15)
={j € Jltmy # sign(wy) Az # sign(wy) } U {j € J|zm 5 # sign(w;) A x5 = sign(w;)}
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{7 € Tlxey # sign(wy)} = {7 € T|zm 4 # sign(wy) A x4 5 # sign(wy)} (D.16)
{j € Jlzm 5 = sign(wy)} = {j € Tlzm, s = sign(wy) A 4,5 = sign(w;)} (D.17)
{7 € Jlzsy = sign(wy)}
={j € Jlzm s = sign(wy) Az y = sign(wy) } U{j € J|zm 4 # sign(w;) A x4y = sign(w;)}
{i € Jlxm 4 # sign(wy) Az, y = sign(w;)} # 0 (D.19)

Figure D.2 helps to demonstrate the relations between the sets.

(D.18)

{5 € Jlzs;5 # signlw;)} {7 € Jl=sy = signfwg)}

(i € Tlem; # sign(wy)} : {3 € Tlam, = siga(uwy)}

-

{i € T|zm; # sign(w;) A ;5 = sign(w;)}

Figure D.2: Relations between the sign-mismatching subsets of x; and xp;.

Using the definition of the semi-symbolic node in Equation (4.1}, the raw output of the original
conjunctive node with weight w over the positive example Xy, is computed as:

fw(Xm) = wyTmy + 8

JjeT

= > g — > |wyl + 8

JET x,,, ;=signiw;) JET T, ;Fsigniwy)

where the bias term A is not expanded. Using the set relations in Equation (D.15) and Equa-
tion (D.17), fw(Xm) can be rewritten as:

foxm)= 3wl - Y oyl - Y lwl +8 (D20)
J1eT: JET: JET:
T j=Sign{Ww;], T, jFsign{w;), T, jFEIEN(W;]),
Ty j=signiw; ) r; j=signiw;) T jEsEn{w;)

Because the relation in Equation (D.19) holds, the second term EIEJZI,..,_f#ﬁimi[tﬂ'_f}.r.-,j=5lm1[tﬂ'j} 4]
in the R.H.5. of Equation (D.20) is guaranteed to be greater than (. Thus, the following inequality
holds:

Jw(Xm) < fw(xm) +2 » fry | (D.21)
JET:
T jFEIEM(W; ),
=i, j=signiw;)
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where the R.H.S. of the inequality is computed as:

fw(xm) +2 > g |
JET:
T, jFEEO(W; ],
Ty j=signiw;)

(D.22)
= > lwgl + ) ws| — > lwy| + 8
1T JET: JET:
T, =SIEO(W;], T FSIEO(W5], T jFEEN(WS),
Ti j=Eign{w;} T j=signiw;) Ty jFEign(w;)
Equation (D.22) can be transformed as:
> wmyl + > wy| — > lwy| + 8
JET: JET: JET:
T, j=signiw;]), T, jFEIENIW; ), T, jFSEIENIWS ),
T j=signiw;) T y=signiw;) T yFEsigniw; )
D D SR " D DI T by Eq. (D.16)
JET: JET: JET 11 j Fsign(w;)
T, j=EignN(W;], T, jFEIER(W; ],
T; j=signiw;) T; j=sign{w;]
= > g — > hwy| + 8 by Eq. (D.18)
JET mi j=signiw;) JEF i j#sign(w;)
= far (%) by node def. in Eq. (4.1)
-c_:: 0 X; £ X~

This gives fw(Xm) < fw(X:) < 0, but this contradicts the assumption that x,; € X% such that
fw(Xm) > 0. This proves that no positive examples will be covered by the set {Wy,... Wz}
constructed under Equation (7.16).

This shows that the split weight set {Wy,... , W x|} constructed under Proposition 7.3.3 will
cover all negative examples and none of the positive examples.



Appendix E
Code Repositories

This appendix provides a comprehensive list of the code repositories that accompany this thesis. All
repositories are publicly available on GitHub.

Core Library of Neural DNF-based Models. The main neural DNF-based models library
15 available at https://github. com/kittykg/neural-dnf. This repository contains the core im-
plementation of the neural DNF-based models framework, including the semi-symbolic layer im-
plementation, the family of neural DNF-based models (neural DNF, neural DNF-EQ, and neural
DNF-MT, delta scheduling methods for training, and the post-training processes for rule extraction.
The library provides the foundational components used across all experimental work in this thesis.

CURB Dataset /subsets Experiments. The experiments on the CUB-200-2011 dataset and its
subsets presented in Chapter 5 are available at https://github. com/kittykg/neural-dnf-cub.
This repository contains the implementation and evaluation scripts for the multi-class classification

experiments using the neural DNF and neural DNF-EOQ models.

TMC Dataset/subsets Experiments. The experiments on the TMC2007-500 datasct and its
subsets presented in Chapter 5 are available at https://github. com/kittykg/neural-dnf-tmec.
This repository contains the implementation and evaluation seripts for the multi-label classification
experiments using the neural DNF model.

Reinforcement Learning Experiments. The RL experiments presented in Chapter 6 are
available at https://github.con/kittykg/neural -dnf-mt-policy-learning. This repository
contains the integration of the neural DNF-MT model with actor-critic algorithms, the transla-
tion between neural DNF-MT models and probabilistic logic programs, and the evaluation scripts

for the RL environments.

Disentanglement Experiments. The experiments presented in Chapter 7 are available at
https://github. com/kittykg/disentangling-ndnf-classification. This repository contains
the implementation of the disentanglement method in the post-training process for neural DINF-based
models, the threshold learning method for predicate invention, and the improved delta scheduling
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https://github.com/kittykg/neural-dnf
https://github.com/kittykg/neural-dnf-cub
https://github.com/kittykg/neural-dnf-tmc
https://github.com/kittykg/neural-dnf-mt-policy-learning
https://github.com/kittykg/disentangling-ndnf-classification
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method. The repository also includes evaluation scripts for the classification tasks used to demon-
strate the effectiveness of the disentanglement approach.
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