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ABSTRACT

The local quantum field theory of electric charges and magnetic
monopoles is considered. To arrive at the quantum field theory, we
first review the relativistic classical particle theory of electric
charges and magnetic monopoles, the introduction of magnetic charge
into quantum mechanics, and the classical theory of electrically and
magnetically charged fields. The Lorentz invariance of the bare quan-
tum field theory is discussed. We then investigate the existence of a
renormalized finite and Lorentz invariant quantum field theory. The
abstract discussion of the general case is illustrated by the explicit
application of the renormalization scheme that we propose to the quan-
tum electromagnetodynamics of a single dyon field. We also investigate
the possibility of incorporating point monopoles into the unified the-
ory of electroweak interactions. Finally we give a supersymmetric exten-

sion of Zwanziger's quantum field theory.
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I INTRODUCTION

In a historic paper, in 1931, Dirac [1], attempting to deter-
mine the fine structure constant, introduced magnetic monopoles
into quantum mechanics. It turned out that the consistency of ihe
quantum theory required, instead of a complete determination of the
fundamental electric charge, only a certain relation between the
electric and magnetic charges. This relation implied that, if a
single monopole of strength g existed, all electric charges should
be integral multiples of a unit charge é%; . However, in spite of
numerous searches, no physical monopoles have been observed. It has
been known for a long time that both the classical relativistic
particle theory [2] and the nonrelativistic quantum mechanical the-
ory [l] were consistent. It could be, however, that it is impossi-
ble to formulate a consistent relativistic quantum field theory of
point-like electric and magnetic charges and therefore to explain,
in this way, the absence of physical magnetic monopoles.

In 1947, Dirac [2] presented a relativistic quantum field
theory of electric charges and magnetic monopoles with dynamical
variables describing the motion of the "strings'". In 1966 Schwinger
[3] developed a non-local Hamiltonian density for the interaction
of charges and monopoles with the electromagnetic field, free of
string variables. Finally, a few years later, Zwanziger [4] pre-
sented his local Lagraugian field theory of charges and monopoles
involving a pair of electric and magnetic potentials, interacting

with matter fields, and depending on a fixed direction n This

last dependence has been the source of many difficulties, because
it violates explicitly Lorentz invariance, at the Lagrangian level

at least, and complicates enormously any discussion concerning the

renormalizability of Zwanziger's theory.
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The next important development has been the formal demonstra-
tion, by Brandt, Neri and Zwanziger [5], of the restoration of Lo-
rentz invariance in the full Green functions of the gauge invariant
electric and magnetic currents. Based on this work the present au-
thor initiated a programme of regularization [6] and renormaliza-
tion [7] of Zwanziger's theory, with emphasis on the Lorentz inva-
riance of the renormalized theory. This is the subject of the pres-
ent thesis. The discussion of the renormalization assumes the re-
storation of Lorentz invariance which does not occur perturbatively
and therefore the theory is not expected to be renormalizable in
the conventional purturbative sense. This unfortunate situation be-
comes less disturbing if one remembers that the theory necessarily
contains large coupling constants due to the quantization condition
imposed on the electric and magnetic charges.

Chapter 1I is a review whose purpose is to bring the reader
to the point of knowledge at which the author's rescarch started.
It contains the classical relativistic particle theory of electric
charges and magnetic monopoles, the introduction of magnetic mono-
poles in quantum mechanics, a brief description of the (inconsis-
tent) classical field theory of electric and magnetic charges, and
their local relativistic quantum field theory. Just beforé the fun-
damental formal proof of Lorentz invariance of the full Green func-
tions of the electric and magnetic currents we give the derivation
of some useful path integral representations of matrix elements of
certain unitary operators.

Chapter 111 contains the regulators invented by the author
[6] whose useful property is to regularize the quantum field the-
ory of electric and magnetic charges in such a way that the proof
of Lorentz invariance given in chapter 11 goes through in their

presence.
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Chapter 1V contains an abstract discussion of the renormaliza-
tion of Zwanziger's theory.

Chapter V illustrates the discussion of the renormalization in
the context of a special and simple case, where Lorentz invariance and
renormalizability can be established purturbatively. This is the case
of a single dyon field (i.e. a field carrying ;lectric and magnetic
charge) [8].

Chapter VI discusses the introduction of magnetic charge into the
unified theory of electroweak interactions.

Finally, in chapter VII, we present a supersymmetric field theory
of charges and monopolesc:gl.

The notation, often, suppresses Lorentz indices, i.e. the scalar
product of two 4-vectors ap and b, is denoted as a-b, a/\Ab means arb;

Vi
avb and for a second rank tensor F ythe symbol F:F means Fer LI

v
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I1 A REVIEW

l.Classical monopole theorv

The generalized Maxwell equations describing'the classical

theory of electric and magnetic charges are
a3 F=J (11 1.1)
d .
3F =K (11 1.2)

. . . d .
where F is the electromagnetic field strength tensor, F  its dual,

defined by

ps‘

Fm:ﬁewpak‘ ( 11 1.3)

and J and K the electric and magnetic current 4-vectors respective-

ly, defined by
¢

dzcs-(x-z) (I1 1.4)
ﬂ,

dz-S'(x—zJ (11 1.5)

Here b“def is the Levi-Civita tensor, E

=[ZL (s):-oaﬁsfcf} is the
IQ

one dimensional trajectory of the i-th particle corresponding to
point-particle position vector z;(s), s being a proper-time scalar

variable, and eL(gL) is the electric(magnetic) charge of the i-th
particle, having mass m; .

The classical particle theory is completed with the general-

ized Lorentz force laws

h d /
mz.=le F(z)+a F (z) ] 2 ( 11 1.6)

2
v Sz
<7 J:L'

This classical theory of electric charges and magnetic mono-

2:
/ — \./\'
where ZL(S)— e and Z

poles is complete by itself. Nevertheless, since we have in mind to

quantize it eventually, we need an action involving some sort of
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vector potentials, which will yield these equations upon variation
of the defferent independent quantities entering it.

Following Zwanziger [4] we observe that eq.( 1l 1.2 ) has a
particular solution of the form Fd=(n'))_l(n/\K), where n is an
arbitrary fixed 4-vector and (n-g)-1 is an integral operator with
kernel “1(x- isfyi fon n-3(n:d) "L (x)= 81

nel (n:3)” '(x-y) satisfying the relation n-3(n:9d)” "(x)=0(x).

The general solution to eq.( 1L 1.2 ) may be written

d d ~1
F =(dAA) +(n*d) (nAK) (11 1.7)
—.\ d
or F =(dAA) =(n:3) (n/\AK) (I11.8)

where Awis a 4-potential which depends on the choice of gauge, the
choice of n, and the specific form of the operator (n-b)—l. Similar-

ly, the general solution to eq.( 11 1.1 ) is

F=-(3AB) +(n'b;\(nAJ) ( IT 1.9)
A -\ d
or F=QN3) +(n) (nl\) ( 11 1.10)

where BV is another 4-potential. We will choose (n'a)'-l to be the

integral kernel
-\ 4 4 (7 4
(ny) (x)=§[jods 3 (x—ns)—/dsg (x+ns) ] (I1 1.11)
[¢]

We may express F locally in terms of the potentials alone.

Observe that any antisymmetric tensor G satisfies the identity
WA d dy)
G:-‘-\I[n/\(n-(])]—[n/\(n-(’-)]}, (11 1.12)

since both left- and right—hénd sides give the same value for n-Gd)n,G,

From eqs.( 11 1.8 ) and ( 11 1.10 ), we have
n-F =n-(A/\N) (11 1.13)

n'Fd=n’(B/\B) ( I1 1.14)
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which yield the desired expression for F:

F=i2({nA[n-(3AA)]s - {ﬂﬂ[n'()AB)JYI) ( 11 1.15)

I &~

d
F= L4nAln QAR T + { naln- (0AB) 13 ) ( 11 1.16)

n?.
We substitute eqs.( II 1.15 ) and ( 11 1.16 ) into eqs.( LI 1.1 )

and ( I1 1.2 ) to obtain Maxwell's equations in terms of the poten-

tials:

-E\-L(m)n-b Ar‘-n-B bvn-A-npn-b b-A+nrazn-A-n-3 E"y,.;,\nvahl;\) = Jr,

(I 1.17)
#anQBtnéémJ%#n%deJa%dﬂméelMxéwﬁ)=Kﬂ

( 1T 1.18)

Therefore corresponding to any solution F to Maxwell's equations
there exist potentials A and b related to F by ( IL 1.15 ) and sat-
isfying ( 11 1.17 ) and ( 11 1.18 ). Conversely, any pair of poten-
tials satisfying ( L1 1.17 ) and ( 11 1.18 ) defines a unique solu-
tion F to Maxwell's equations given by ( Il 1.15 ). This correspon-
dence is not one-to-one however.

The equations of motion ( I1I 1.17 ) and ( I1 1.18 ) follow

frgm the local classical action
S =85 + S% + S3 ( 11 1.19)
Sy = —énltfr'ds ( 11 1.20)
[N L
S-‘L = —'/d?(zl“L{!x1~ (é/\t\) ] [n-(a/\B)dl
d

-{n-QAB) ]+ [n- (3AA) ]

+{n-(JAA)]2+[n-(3AB)]2} ( IL 1.21)

[ 4
s, = —\/dx ( J-A+K.B) (11 1.22)
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upon independent variation of A and B. This manifestly local action
is due to Zwanziger [4]. S, can be written in a slightly different

form

2 2 ¢
S, = -Jdi{é[(;/m) + (NB) 7] +4;—“<{n'[(3/\/\)+(9/\}5)]}

d 2
+qln‘_j{1'[()/\B)-—(J/\A) 1t JL ' ( 11 1.23)

with use of the identity

v 2 Z J{,
c* = cr“(;‘ =(;)1@6) = (6] ( 11 1.24)

If this local classical action is the correct one, it should
better give also, upon variation of the particle trajectories, the
correct generalized Lorentz force laws ( 1I 1.6 ). However, as we
will see immediately, this is not the case. Independent variation
of the particle trajectories gives

20
Z < !
SS\ = +£n16_/dsd__l‘gz w ( IT 1.25)
t FL' dsa

and

»

Usy -3 le,

"‘.dz;‘ A

L ll.

=-2/ds§z€~leL BN (z) + g.(é/\B)(zL)]i;—?. ( 11 1.26)
¢r v

(zl) + gLJ-dz}Brkzc)) =

Requiring that SE/SZ\=0 we obtain the equations of motion
! ’ I 1.27)
mez. = [eLQAA(zL) + gchB(z;)] z; ( .

instead of ( 11 1.6 ).

We observe that we would have obtained the correct generalized
Lorentz force laws ( I1 1.6 ) if in eq.( 11 1.26 ), instead of JNA
and QN B, we had )J\A-(n-a)_l(n/\K)d and 3/\B+(n-3)—l(nAJ)d respec-
tively. We will attempt therefore to find the modified form of 54

whose variation will give the desired result. The replacement of 3NA
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by aj\A—(n-a)_l(nAK)d in ( II 1.26 ) is equivalent to the replace-
ment of A by A+d» where \ is a singular scalar function satisfying

the constraint

-l 4 .. /0 4
3 AJAz;)==(n+3) (nAK) =w:_25.{_és /r('n/\dz\).)dg(zi—ns—zj)

+op 4
-553lds yd . -NS—2Z .
‘?zjédb%g(nAd{j) 5 (z1 ns zJ) ( 11 1.28)

Similarly the replacement of JAB by bAB+(n-2)—l(nAJ)d in (II 1.26)
is equivalent to the replacement of B by B+oX with & a singular

scalar function satisfying the constraint

_ o 4 <o 0 65—4
N Mz )=(nd) (nAJ) =+é-“/ds](1v\dz- ) (z. -ns-z.)
J 2% ‘,: J t J

J
9 e 4
385 Jonazy &z —ns-z) (11 1.29)
$Z g cTT
d ~ob G.

It is evident that DAAA(QABS) has its support on ''strings" x=zjtns
emanating from the magnetically(electrically) charged particles.
Dirac [Z], in order to obtain in his formulation the correct equa-
tions of motion, imposed the "veto'" that a charged-particle trajec-
tory must never pass through a "string”. In the following, instead
of imposing the Dirac "veto", we will try to appropriately modify
S5 in order to get the correct equations of motion.

In Sy we replace A by A+d) and B by B+63 . Let us denote the
change in S4 by AS3. We have

as,= -Ze, j‘dzL-JJ\(zc)+?3L(dz¢';}\—(z£) ( 11 1.30)
R e

If Njj is the number of times the i-th particle hits the string
emanating from the j-th particle, using the information councerning
the discontinuity of D and N provided by egs.(I1 1.28) and (11 1.29)

and assuming a closed trajectory, we can evaluate ASB. The answer is

AS3 =§ ea%;‘ef‘é; NL. (11 1.31)
4 2 J
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This answer suggests the remedy to our problem. 1If we want to get
from our action, upon variation of the particle trajectories, the
correct generalized Lorentz force laws, we must make sure that the
addition of¢AS3, as given by eq. (Ll 1.31), to the action leads to
the same physics no matter what the values of the integers Nij are.
This is equivalent to declaring that our action is defined only mo-

dulo V- where

Q. o e- *
V= minimum 16“3\1_._,___"-—9—"! i

11 1.32)
o 3 ( 4
If we choose (n-A)'1 to be the integral kernel
' @
-1 4
(n+3) (x)=/ds O (x-ns) ( 11 1.33)
2

instead of the definition in eq.(IL 1.11}, and no dyons are consid-
ered, the formula (Il 1.32) is replaced by
vz min\il_num \3\3\\\ (Il 1.34)
Sl

This way the action maps into the circle of circumference V instead
of into the real line.

The observation that Sq should be defined only modulo V is
due to Wu and Yang [10) who pointed out that this is the only way
to make the action a continuous functional of the charged particle
trajectories. In the framework of Dirac formulation it has been ex-
ploited by Brandt and Primack [\l] in order to obtain the correct
equations of motion variationally. Their prescription is to replace
in S5 the particle trajectories which intersect the string by a new
trajectory which is the same as the old one except that it makes$ an
infinitesimal contour around the string. The fact that such contours
are equivalent modulo V necessitates the definition of 53 modulo V.,

A final remark concerning the classical local Zwanziger action

is in order; it possesses the "duality" symmetry:
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d d
(F,Fd)~9 (Fcos%—FsinS,Fsin3+Fcosg) (IT 1.39)
(J,K) = (Jcos%—Ksing,Jsin%+Kcosa) . (I1 1.36)

Besides the classical local Zwanziger action we will describe
another classical action which, although non local, it will be of
use later. This action is due to Yan and is based on Schwinger's
first-order non-local formulation of monopole theory [I{].

The Schwinger-Yan action is essentially

I =1+ II+I3 (IT 1.37)
1=s, (11 1.38)
q 2

I == Jax[4F+ QAA)-1F ] (11 1.39)
1 =-Jd‘i<|J°A+K»E] (I1 1.40)

, :

- 41() yi ']

where B(x)= Jixk °) £ (x5 (11 1.41)

with ﬁfx) any vector function satisfying
84
df(x) = 0 (x) (11 1.42)
We will make the choice
~1{
fr(x) = n”(n-a) (x) (L1 1.43)

In this action A and F are independent variables. Variation of A

gives (II 1.1) and variation of F gives

. :
F(><)=)/\/\(><)—fdxllf’(x—xl)/\K(xl)]d (LL 1.44)

With the choice (IL 1.43) for f(x) this equation is immediately
seen to agree with equation (11 1.8). Using the form (II 1.44) for
F and the conservation of K that follows from its definition, we
readily derive eq.(II 1.2). However the independent variation of

the particle trajectories, instead of giving the generalized



17

Lorentz force laws (eq.(ll 1.6)) gives the equation
t - /
mz. =le; QAN +5; OAB) .z, (11 1.45)

which differs from eq. (Il 1.6) when a particle hits a string. The
situation is similar to the one in the Zwanziger case and the solu-
tion is the same. Redefining the Schwinger-Yan action in such a way
that it maps into a circumference of length V, we get the correct
generalized Lorentz force laws

The two actions given above are completely equivalent, at thé
classical level at least, since they lead to the same Maxwell equa-
tions and generalized Lorentz force laws, which provide a complete
description of the classical system. The equi&alence between them
can be made more explicit [13] by giving the transformation that
takes the one into the other, with the specific choice of the ope-
rator (n'é)_](x) and the function {(x) made above. Substituting the

expression for F given in (Il l.1l5) into Iy we have
— _/d"- } INA Alns (2AB ]}d}' dAA
I, -/dx[34nAln- (3N\A) J={nA[n» (2AB) @Aa)
d\2
—i{n/\[n- (aAz\)]-(lu\[n-(Q/\B) ]} _JL ] (1L 1.46)

- . 2 . . .
We 'will evaluate this expression taking n“=1. The first term in the

integrand.is equal to
2 d
-[ns QAA)] +[n. @AB) ]+ [n« (3AA) " ] (L1 1.47)

The second term, with the use of the identity (1I 1.24) can be eas-

ily seen to be equal to

bne QAA) ] = ne AB) 1 (11 1.48)

Consider now the integral

d
jdﬂ'[m(}/\li)].ln- (QAA) ] (1T 1.49)
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e have
/‘4 d 4
dx[n ONBY - [n- QAR ) = JdidEpvpong [n, OAB)y T GAA) =
G 4
= deitﬂvpsnP(n-Q)B,{QAA)pv =i/hxiér,PUnPBr(n-a)(3AA)H¢=
=-JJ§§& n B.(n:J)9d,A =/é§}€- n,d.B_(nQ)A =
pypTpTe pev pYpe PP v

4
=/dxiE\.,\,Vd,ni,al,lﬂrn‘.‘()&Ar—QVAK) =

=_Jh1§npEP’VT()rBw’chr)“K(%‘Av-JVAx)=
4 d
- -/dx[n-(aAA)]-[n-(r)AB) ] (11 1.50)

Combining eqs. (1T 1.47),(I1 1.48) and (II 1.50) we get

d
-/d'i‘;[ H{nA[1(AL) ]-§ nA[nAB) }}-(MA)E

4%
—2{n/\[n-(9/\A) )—{n/\[n(al\lﬁ) 1}‘ j ]=

9 2 2 J
=-3jdx {[n(.;/\A) 1+ QA B) [+[n(3AA) 1-{n<az\u)d 1={n BAB) I n(8AA) ]}
(11 1.51)

which is exactly SZ in eq.(IIl 1.21). Also substituting the expres-

sion for F given in (I1 1.15) in eq.(II 1.41) we get
—_ -1 _J ~i -1 3
Br=(n-3) (nF )l,=(n~3) 11'(3/\B)r=(n9) [ (o )Bﬁ- Jr(nli)]=

-1
=Br- ar(n-a) (n.B) (1L 1.52)

which is equal to Brup to a gauge transformation.

An interesting property of the Schwinger-Yan action, for
closed trajectories, is its invariance under a combined string ro-

tation and a singular gauge transformation [\3]. More specifically

consider the transformation
~ = d .
ARMN, BB =hy) 0k, P, [T (11 1.53)

with the function h(x) satisfying the condition
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T -\ d
IAIA=11(n"d) n-(n-Q3) n]AK}' (1L 1.54)
The change in I, induced by this transformation is
51, = [fear. o — fikir¥ a3 ald y ank -
5 == Jdx3F. ) =— Jdx [[(n ) n-(nd) nJAK =
9 -t d 2 d
=jdx{{(n13) alF 1eR-[(nd) neF 1~1<}=
= jdiﬁyg_ A (LT 1.55)
The change in 13 with the choice (Il 1.11) for hrs)_l is

.5 B3-&9 Vol il i
813—% *-‘——i—""‘/\{.d,—fd)\ﬁ'}\'t/d}\b K (II 1.56)

with Nij integers, by an argument analogous to the one employed in
the evaluation of'AS3 in eq. (11 1.30), using the condition (I1 1.54).

Therefore

§1=2 e‘a’;%’gcwé. (11 1.57)
4 J

which proves the invariance of the action under the transformation

(II 1.53), since 1 is defined only modulo V. The transformation

(I1 1.54) is equivalent to a singular gauge transformation combined

with a Lorentz transformation, namely the inverse of the transfor-

mation that moves the "string" Dy
For historical reasons we will also give the classical action

introduced by Dirac [§]. It involves the electromagnetic vector po-

tential AP and s'trings y:; (5,T) (-0%5%0 ,0<Tse0) extending from

each monopole trajectory (T=0) to infinity (T ==0). The electro~

magnetic field is given as a sum of two terms
3 di 11 1.58
FNV—(AI\A)*‘(*’J G MV ( . )

The first term which is the curl of the vector potential, effective-
ly describes the electromagnetic field of the electric charges to-

gether with a number of infinitely thin solenoids, lying along the



strings. The second term, given in terms of

‘ b4
3 IR
Gy = gdjjdsdté(x*)' )(;S/\a% dov

removes the solenoids.
Dirac's action is given by

W= N‘+ w1+ W3

W‘ =-?m;_jr.ds
%

)
wf-ijdx F

w3=-/d<>'< JoA

20

(11 1.59)

(IL 1.60)
(11 1.61)
(I1 1.62)

(11 1.63)

Variation of the trajectories and the vector potential gives

d%} .
. (%
Q W,=?mi L{dsor&_{‘gz

I "J J
3\2 =—jdx)v I-WXA"—JE g Ldz‘f,kwszr,
4
Y ¢
§w3=-§eijridz:[(ArAv—a,A )3z 434,

The principle of least action with respect to these
gether with eqs.(II1 1.58) and (II 1.59),lead to all
of.§otion except the generalized Lorentz force law.
be obtained if the action is redefined such that it
circle of circumference V.

A direct connection between the Schwinger-Yan

(11 L.64)

(11 1.65)

(IL 1.66)

variations, to-
the equations
This can only

maps into the

form of the ac-

tion and the Dirac action can be established. Choose for the opera-

tor (n-0)"} the form (II 1.33) instead of (LI 1.11), and for the

string the specific form

Yy (s,T) = zJ-(s) +T .

With these choices

X -1
Z¢ = (n:d) KAn
J

(11 1.67)

(11 1.68)
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Substitute for F in the Schwinger-Yan action the form (Il 1.44) which

is exactly the same with (I1 1.58) given eq.(l1 1.68). We have
— 14 - d
- Jd Box = - fdki@d) ot = 1dkEmd) (mak)
Next observe that
4 4. 4 ~) J
—_/dxiF-()/\A)—jdel@-&deF[éf\A-(n)) (nAK) 1=
4
3 Jaxr® (11 1.69)

Therefore

94, 2 (9
> - ) S c =W \ i
IZ+ 13 “/dqu de.}A hz-i- 1\3 (I1 1.70)

which means that, with the choice (II 1.33) for (n‘é)"l and (II 1.67)

for the Dirac string, the transformation
"| (71 —_ r‘
F-»dAA-(n)) (nAK) , A=A, ;=\ (11 1.71)

maps the Schwinger-Yan action into the Dirac action [J3].

For reasons completely obscure for the moment, we can consider
a generalization of these classical particle theories in which there
is a contribution from magnetic and electric moments to the classi-

cal currents:
+4

. ) ¢
Jr‘(x)=%!is[eczép(s) + Gi-pv(s)‘;v] é’(x—z‘-‘(s)) (I1 1.72)

to 4
K (x)=fjds[g.z. (s) +h. v (s)ay] ) (x=z,(s)) (IL 1.73)
r P R <p ¢

Now let us apply the combined string rotation and singular gauge
transformation (1I 1.53), (LI 1.54) to the modified classical par-
ticle action. The additional change in the action, due to this trans-

formation, is

2 [ fas @ (o) AN+ 1 fis D () MDY, 1=
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ol -1 - o ;oL =) ~1
=é[}jhs q:kjs)[nknk) -n(ny) ]AK+§}bsﬁch,(s)[BA(n(n g ) -n(ng) )Fd]]
¢
(11 1.74)

which vanishes if particle trajectories do not intersect strings.

2.Monopoles in quantum mechanics

Dirac [1], in 1931, introduced for the first time monopoles
in quantum mechanics. His motivation was to understand the reason
for the existence of a smallest electric charge e, given approximate-

-

ly, in Ti=c=1 units, by
40/e*=137. (I1 2.1)

His theory did not finally explain the relation (IL 2.1) but
only established avconnection between the smallest electric charge
and the smallest magnetic one.

Following Dirac [l], we consider a particle whose motién is

described by a wave function \P(x). This can be represented as

W - el (11 2.2)

where A and J are real functions of the coordinates, denoting the am-
plitude and the phase of the wave function respectively. For a given
state of motion of the particle, \P is determined only up to an arbi-
trary phase, if \p is normalized. This means that X has no physical
meaning at a particular point but only differences between its value
at two different points are important.

This suggests a gencralization of the formalism. We are free
to assume that ¥ has no definite value at a particular point but on-
ly a definite difference in values for any two points. We can further
assume that this difference is only definite if the two points
are neighboring. For two distant points the phase difference is a

function of the curve joining them, which has as a consequence a non
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zero, in general, change in phase as one goes round a closed curve.
It turns out that this generalized formalism, involving non
integrable phases for the wave functions, gives rise to no ambiguity
in the physical applications of the theory if the change in phase of
a wave function along any curve is the same for all wave functions.
This becomes evident if we notice that observables have always the

form of the square of the modulus of objects like

/x5 |
\H Lﬁdx (11 2.3)
where 9{, \yLare two different wave functions. In order that (11 2.3)
has an unambiguously defined modulus, the integranﬁ(must have a well
defined phase difference between any two points no matter if they

are neighboring or not. This is guaranteed if all wave functions have
the same phase difference between two points along any curve joining
them.

The result that the change in phase round a closed curve must
be the same for all wave functiéns, means that this change must be
determined by the dynamical system itself and must be independent of
the state of the system considered. For a single particle, the non-
inpegrability of phase must be connected with the field of force in
which the particle moves.

lt is convenient to express \P as a product

W = \V'e”@ (11 2.4)

|
where \P is any ordinary wave function, with a definite phase at
each point, whose modulus is equal to the modulus of %J . The uncer-

0 T .
tainty of phase is put in the factor e . This requires that 6 shall

not be a definite function of position and time but its derivatives

_28 ‘
Iy = Sy (1T 2.5)
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will be. Moreover these derivatives will not, in general, satisfy
the integrability conditions. The change in phase round a closed

curve will now be according to Stokes' theorem

Jl-ds =j(3/\1)-ds (11 2.6)

where ds is an element of arc of the closed curve and dS is an ele-
ment of a surface whose boundary is the closed curve. This change of
phase does not depend on ﬂfl. |

The form (II 2.4) makes it clear that the non-integrability of
phase is consistent with the principle of superposition of wave func-
tions, since all wave functions are expressible in this form with the
same 8 . In fact, we are not even obliged to consider a common e and
1, since only JAL is fixed by the requirement that the change of
phase around any closed curve shall be common to all wave functions.
1's differing only by the gradient of a scalar function are allowed.

From (Il 2.4) we obtain
. 8 ! ,
—13\4\))=e (_131“+1T')\V (11 2.7)

It follows that, if QI satisfies any wave equation, \V/satisfies a
coyresponding wave equation in which i)r is replaced by j)P_l“.

If we assume that qj satisfies the wave equation for a free par-
ticle, then \vlsatisfies the wave equation for a particle with charge

-e moving in an electromagnetic field with 4-potential

AM = lp/e (Ir 2.8)

We thus see that we can describe the motion of a charged particle in
an electromagnetic field, either in terms of a generalized wave func-
tion with a non-integrable phase satisfying the frce wave equation,
or in terms of an ordinary wave function with definite phase but
satisfying the wave equation for a particle in an electromagnetic

field. In the description in terms of a generalized wave function the
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whole effect of the field is to make the phase non-integrable.
With the identification (Il 2.8) the components of 3A 1 in Max-
well's theory are, apart from numerical coefficients,equal to thc'com—

ponents of the electric and magnetic fields:

- -y -y
curll = eH , gradl,- %l

= oE 2.9)

The connection between non—-integrability of phase and the electromag-
netic field is another way of expressing the gauge invariance of elec-
trodynamics.

The immediate interpretation of the non-integrable derivatives
of the phase of the wave function in terms of the electromagnetic
field, has only been possible under the tacit assumption that they
are not singular. This is however not always true. We did not take
into account the fact that a phase is always undetermined to the ex-
tent of an arbitrary integral multiple of 2MN. We therefore need to re-
consider the connection between the 1's and the electromagnetic field.

We saw that the condition for an unambiguous physical interpre-
tation of the theory was that the change in phase round a closed curve
should be the same for all wave functions. This change was then inter-
preted as propotional to the total flux through the closed curve of
the 6-vector E,H describing the electromagnetic field. If this change
however may be different for differenf wave functions, by arbitrary
multiples of 21, it is not sufficiently well defined to be interpret-
ed in terms of the electromagnetic field.

Let us consider first a very small closed curve. Since the wave
equation requires, in general, the wave function to be continuous,
the change in phase around a small closed curve must be small, and
therefore cannot be different by multiples of 20N for different wave
functions. It must have one definite value and may therefore be in-
terpreted without ambignity in terms of the electric and magnetic

flux through the small closed curve.
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These considerations do not apply however when the wave func-
tion vanishes. As the wave function is complex, its vanishing will
require two conditions, so that it will vanish along a Line (two-di-
mensional surface) which we call nodal line. For a wave function
having a nodal line passing through our small closed curve, continu-
ity arguments will not enable us tco draw the conclusion that the
change in phase round the small closed curve must be small. We will
only be able to infer that this change is close to ZHQ for n integer.
This integer will be a characteristic of the nodal line, and its sign
can be associated with a direction along the nodal line.

The difference between the change in phase round the small
closed curve and the nearest 2fA must be the same as the chancr in
phase round the closed curve for a wave function with no nodal line
through it. This difference must be interpreted in terms of the flux

] -
of E and H through the closed curve. For a closed curve in three-di-

mensional space we get for the chauge in phase
A -~
20n + e jH+dS (11 2.10)

A large closed curve can be treated by dividing it up into a
ne;work of small closed curves lying in a surface bounded by the
large closed curve. The total change in phase round the large closed
curve will equal the sum of all the changes round the small closed

curves and will be equal to
ﬁ
2ﬂ2$‘+cjn.ds (11 2.11)

the integration being taken over the surface and the summation over
all nodal lines that pass through it. The integral is common to all
wave functions but the sum may be different.

The expression (11 2.11) applied to a closed surface gives

A e [—') .
ﬁ n = -=JH.dS (It 2.12)
<n
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A . . . 3

If $n does not vanish, some nodal lines must have end points inside
the closed surface and its value will equal the sum of the values of
A . . 3
n for these nodal lines. This sum must be the same for all wave.func-
tions. Since this result applies to any closed surface, the end
points of nodal lines must be the same for all wave functions and
they correspond to points of singularity of the electromagnetic fiecld.
The total magnetic flux crossing a small closed surface surrounding

one of these points is
. A
4ng = 2an/e (11 2.13)

A . . 3 .
where n is associated with the nodal line that ends there, or is the
sum of the characteristics of the nodal lines ending there. This end

point corresponds to a magnetic monopole of strengh
po= n/2e (Il 2.14)

Magnetic monopoles can therefore be introduced in quantum me-
chanics, provided the value of their charge is quantized and related
to the value of the smallest electric charge.

Another formulation of quantum mechanics, equivalent to the
Schroedinger and Heisenberg one, is the path integral formula-
tion, sugpested by Dirac [i4] and further developed by Feynman [1§}.

It is instructive to discuss the quantum mechanics of monopoles and
electric charges in this language since the path integral formulation
is particularly suited for the discussion of the quantum field theory
of electric and magnetic charges in interaction with photons.

In the‘path integral formulation of quantum mcchanfcs the wave
function q}(x) of a particle, can be expressed as an integral over
all the classical particle paths ending at x, of the exponential of

i times the classical action, i.e.

¢S (I
\‘,’ (x) =de;eg( )

(1T 2.15)
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For an electric charge e in the {ield of a monopole g, S is any of
the classical actions discussed in section 1. We choose for example
the Schwinger-Yan action with the choice (11 1.33) for (n‘))_l.

As an application of this formulation we propose to discuss the
problem of the string dependence of the quantum mechanics of an elec-
trically charged particle in the field of a fixed magnetic monopdle.
Dirac's arguments show that the theory is consistent if the condition
(IT 2.14) is satisfied. lt is interesting to confirm this from an-
other point of view.

Let us exhibit explicitly the n-dependence of \Y and the action.
(I ()
\\)ﬂ(x)=}ﬂ;c (11 2.16)

We now remember the invariance of the Schwinger-Yan action under the
combined string rotation and singular gauge transformation (II 1.53)
for closed trajectories. We emphasize that this invariance is only
present in the redefined classical Schwinger-Yan action that maps in-
to a circle of circumference V. This definition modulo V, of the clas-
sical action cannot be retained in quantum mechanics. In quantum me-
chanics the action appears in the exponent (see (Il 2.15)) and be-
comes automatically defined only modulo 271. Dirac's quantization con-

dition is the imposition of the agreement between those two periods
. A B
V = 20n (LL 2.17)

Quantum mechanics quantizes the radia of the circles into which the
action maps.

The statement that the Schwinger-Yan action with the further
condition (II 2.17) is invariant under the transformation (II 1.53)
for closed trajectories is equivalent to the statement that its
change for open trajectories is independent of the path. Therefore
[\3}, the wave function changes only by a multiplicative phase when

we move the string. This phase cancels out of observables.
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3.Classical field theory of charges and monopoles

The classical field theory of electrically and magnetically

charged fields is described by the Maxwell equations

3-F =17 (1T 3.1)

K (11 3.2)

together with the equations of motion of the charged fields. Here
the point-like currents (11 1.4), (II 1.5), are substituted by the

continuous distributions

L —+
)
f:ﬁ%[ie-tdkbr‘b;- ZCL(‘-’{.A:?»L[})d)L'd{'] (11 3.3)
)\ ) + +
K;%[lg;\b:.s;‘ﬁg- ZgL(eLA:gLIBr}fl)a“f’c] (11 3.4)

for the complex spin-0-fields ¢k,0r by
Q) - . .
8 s —
hr=igL\\)Lbr\P; (11 3.6)
for the spin-i-fields Q% . The equations of motion are
Z 2
[ (id-e; A-g, B) —m;]k’b-L =0 (11 3.7)
for the complex spin-0-fields d% , and
(i¥ -n —e; g Y, =0 (11 3.8)

for the spin—i—fields‘wi . In these equations (A,B) is a pair of po-
tentials describing the electromagnetic field.

These equations can be derived variationally from the action

ol (0)
Sy = Syt S (I1 3.9)

for the spin-0-field case, or from the action

S = 68,+ 85 (L1 3.10)
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for the spin-}-field case. Here Sy is the Zwanziger action given in

()
(IL 1.21), S 1is given by

0) q + ;
S =§del(’ia‘ec‘\‘8;3)‘bc(ﬁ'etA-ch)dt—mf%d{'J (11 3.11)
VB .
and S 1is given by
o) 4 —
: =§de V(i) -e A ) e (L 3.12)

The theory has an exact U(])xU(l) local gauge symmetry.

This classical field theory is never consistent. With D' de-

rl
fined by
< . . .
DV = %,+ 1e(Av+ 1g£BP (IT 3.13)
we can show that the Jacobi identity
s [I)K,[D)‘,Dr]] =0 (LI 3.14)
is violated. Indeed, using the relation
D; DL] = i Foo+p F(l ) (1T 3.15)
{ ooy = 1(0¢ pv }1‘: pv .

we have

g - - d
L L » \' - -~ — . r y
f[DK,[D;,DP]] = 1%[DP,QL!})V 9oy 1= 1K i dy) (11 3.16)
‘/f:h,))r

with use of Maxwell's equations.
In the following the possibility will be examined, that quanti-
zation of this inconsistent classical field theory may lead to a con-

sistent quantum field theory.

4.Quantum field theoryv of charges and wmonopoles

We will consider quantum field theories with spin 0 or } fields
carrying electric and magnetic charge, in general, and interacting

with the electromagnetic field.
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The quantum field theory action is obtained from the correspond-
ing classical field theory one, by adding a gauge fixing term, plus
possible self-interaction terms in the spin 0 matter field case, e.g.

terms like
+ t
-Zj}g(d% d{-)(‘i’d'fg) (I1 4.1)
L
Jd

For example, the manifestly local Zwanziger quantum field theory ac-

tion with the inclusion of Zwanziger's gauge fixing term

/5[}(:1.1\)12%[3(n-3)]Z (11 4.2)

and matter fields (with the choice n2=l) is
§ =S+ 8 (Il 4.3)
with

2
§q=—-/d§{;n(3AA)}[n(éAB)dJ+[n(éAA)]L—[B(WA)] +(A¢H,B*—A)_}
(I1 4.4)

and

(e + -+ 41 2
S 22}&( (-id-e A-g; B) (ié—e[:\—gdli)(b,-mz(b‘-dl -J\-L(d{-i{- )]
. L (% L
) (11 4.5)

foF_the spin O matter field case, and
S,=85+S (11 4.6)
with S  given by (II 4.4) and Slugiven by
g =g}d?<q)-,(i)—m,—ei1-g-)1/) \p: (11 4.7)
L L ¢ ¢

for the spin } matter field case.
Variation of A and B gives the correct Maxwell equations (IL 3.1)
(IT 3.2) with the continuous distribution currents of the corresponding

classical field theories and also the gauge fixing equations

2 T
3 nA = B nB =0 (11 4.8)



32
Variation of the charged flelds gives the correct equations (11 3.7),
(I1 3.8), if );=0.
As already mentioned in section 2, field theory quantization is
much more conveniently carried out in the path integral formulation of
quantum mechanics. Green functions of local operators are given by

functional integrals over the classical fields of the form
(b}T q.... QAO) = &/[]d(gauge fields) [ ]d(matter fields)x
x@l.... ekexp[i action] (11 4.9)

where r]d(gauge fields) and [Md(matter fields) indicate collectively
the measure of the integration over the different fields and the ac-
tion includes a gauge fixing term, for gauge theories. These Green

functions are conveniently obtained from a generating functional

Z[J'%QM%Q"J Mq(rterJ=NJﬂd(gauge)ﬂd(matter)x

x expli action + i]Jgauge(gauge fields) +
+ 1)dnacrer (atter fields)] (11 4.10)

of Green functions (a functional of external sources for the different
fields) by functionally differentiating with respect to the sources
and subsequently setting them to zero.

At the classical level the existence of a transformation bring-
ing the Zwanziger action into the Schwinger-Yan action and vice-versa
is sufficient to guarantee their equivalence. At the quantum level,
in turn, it is the generating functional of Green functions that de-
termines the quantum theory. It is not obvious, only from the exis-
tence of this transformation, that the corresponding generating func-
tionals are equal. If Zwanziger's form of the action is used, the
functional integration is over all the classical A and B field con-

figurations with a gauge fixing condition for both of them, due to the
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huge U(1)xU(}) local gauge symmetry of the action. In contrast, if the
Schwinger-Yan action is used, the functional integration is over the A
and F variables of which only A needs a gauge fixing. Nevertheless we
will show that expressions like (I1 4.9) in both formulations .are equi-
. ) . I3
valent if G s are gauge invariant operators.

Indeed [I3] let
3G
wzv dAdBd(matter)exp[i§n+sources]SkG)det(iB ) (IT 4.11)

be the generating functional of Green functions in the Zwanziger case

and

83,
wsﬁjhAdFd(matter)exp[iIn+sourceslg(g|)dct(gzg) (I1 4.12)

the generating functional of Green functions in the Schwinger-Yan
case. llere the source terms are assumed gaupge invariant and equal in
the two cases, G(A,B)=0 is a (two component) gauge fixing condition
for A and B, uJ=(\,6) are gauge parameters, and gl(A)=O is a pauge
fixing condition for A. We will show that W, and W, are transformed

into one another, up to a constant factor, under the transformation

L»{nanww)&-@Am-QAmJ}i (11 4.13)

Given our discussion in section I, it suffices to show that the inte-
gration measure in WZ and WS is the same (up to a constant factor).

To see this, we write (11 4.13) as
F(ALB) =1, QAN+, QAB) (11 4.14)
so that
dAdF=dadf, . (L1 4.15)

The function fl determines dAB and therefore B only up to a gauge

transformation. 1f £ is a gauge parameter

B=b,([,) + b, (B) (31 4.16)
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where bl and b2 are linear and b4 is local. Now

dfa=dfzd€g(g—h) (1T 4.17)

for any function h, provided the integrand is gauge invariant. The
measure on the right-hand-side of the last equation is proportional
to dB, since dB/dﬁadQ is a constant, and the S function can be writ-

ten as

d9
X(g%)det(a—e}) (11 4.18)

if €=h is the only solution to ga=0. Therefore

e, doe (02
(Hi*JdB (gz)det(ae ) (1L 4.19)

and substitution of this expression into W, gives W, up to a constant
factor. This proves the equivalence of the two actions in the quantum
field theory as long as we limit ourselves to gauge invariant Green
functions.

We should here make a remark conCerning the doubling of varia-
bles describing the electromagnetic field [4]. In the usual quantum
electrodynamics there is only one potential satisfying a second order
differential equation. Since Zwanziger's action contains two of them
they should satisfy a first order equation. The equations of motion
given in (II 1.17),(I1 1.18) (before gauge fixing), with the terms

2 i

3 n+A and bn.B excluded, are second order trivially, since the second
order differential operator which appears there factorizes into (n.Q)
and another first order differential operator. Without gauge fixing

the Lagrangian has the huge gauge symmetry:
A=A +dXe (1T 4.20)
B=7B + g (LI 4.21)

d};‘)exp[—ie}(t-ig?(%] d)a, (11 4.22)
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. — by -1 e —'3‘. . B '
U:{\ exp| uJJ(Q uJXS]\ﬂJ (11 4.23)

where XQ_and‘X% are arbitrary scalar functions. This symmetry has to

be reduced by a gauge fixing condition. We previously introduced the

Zwanziger gauge fixing term

[2 2
P (noA)] + (3 (n.B)] (L1 4.24)

in the Lagran%iun.lmposing instead the axial gauge condition

n-A=n.B=0 (L1 4.25)

we get rid of the unwanted terms in the equations of motion and the
potentials satisfy a first order differential equation. If n has zero
time component and T is a time-like vector orthogonal to n, contract-

ing eqs. (IL 1.17), (II 1.18) with T, we get

I
(@]

0 d
Kl(né)[n'étﬁ\—t'(9/\13)-11]—C'J (11 4.26)

]
c

-‘::-z(n-h)[n} “(_~[3+‘C-(3AA)‘JL.11]—‘C'K (1T 4.27)

These equations constitute another pair of constraints, since they con-
tain no time derivatives. Thus they reduce the four degrees of freedom
of{phe pair of potentials A and B to the two degrees of freedom of the
photon.

Finally, let us turn to the Feynman rules. With the notation

AR 2 1 2\ .
V},= Ar, Vp = BP and € =1, & =-1, the free (eL=B¢=0) gauge field pro-
pagator can be written compactly in momentum space, with Zwanziger's

gauge fixing as [{]
ab /4 thX o b
D, (k)= [dxe <0\T\vr(x)\7v(0)\0>

={(-g

Kp 0k Qb !
W 55 —1/(nk)6 neke€ T, (11 4.28)

teps p

Here the prescription for 1/(n-k) (in the mixed propagator) is the
principal value one. The rest of the Feynman rules are the usual ones.

For our abelian theory no Faddeev-lPopov ghosts are present.
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5.Path integral representations

In the present section we will derive path integral representa-
tions of matrix elements of cevrtain unitary operators. These represen-
tations will be extremely useful in the next section where the Lo-
rentz invariance of the theory will be discussed.

Consider the operators XV and i%, satisfying the canonical com-

mutation relations

(X001 = -1, (11 5.1)

Introduce formal states [x% and |p) such that

X x> = xx) (I1 5.2)
Pixy = -id)x> (IL 5.3)
Xipy = ibpjp) (11 5.4)
PIp> = plp) (1L 5.5)
with
—LPx

xlpy = e (11 5.6)

Thé.normalizations are

) ‘g\ i ' 454 /

lxy = 0 (x-x) {plpy = (2M) 6 (p-p) (11 5.7)

and the completeness relations

jdi x>é| = 1 /d‘{,»/(znf' Il = 1 (I1 5.8)
The matrix element of interest for bosons is
/
W(T,x,x) = <><\exl)(£it{[1’»-°{(x)]a—mz}) x5 (IT 5.9)

where ™X(x) is an arbitrary function. Following Feynman [|§] we will

derive a path integral representation for it.
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We divide the interval (0,T) into 2N segments of length 4T

—

L°= O, tl-’ -Cz e oy tzN—t M At= t/_Z/\/.
With these T-values we associate the variables

sy X = X

PIY

[] / /
Xo— X , P.L’ Xa,.-o; XZN-%’ P{N"l

We write the exp(iit{[?—x(X)]z—n}}) as

N
lim(exp{iAt{[P—X(X)]z—mz}]) (IT 5.10)
N0

Now we substitute (I1 5.10) in (11 5.9) and insert complete sets of

states
Crlexp(hit{ P 1 -m ) |y =

=1lim FLLK <\\ekp(1A“{[P %(\)] -m })]x

IN-Q7 "
N—a‘p"l‘

<x2]exp(ibt{ll’—-°(()()]L—ml\S) x> (11 5.11)

Let us consider each factor individually. Assume N large enough and

insert a complete set of states:
<‘(‘b\\u\e\P(1&t{[P °((X)J =m J) ‘)\z\x (\\YJ“Z\ (1+l/,3t{[]) 0((‘\)] _mJ+ )\Yzl

- T2
J\Pz e‘-{p(—ZiATplQﬂ(xzsﬂ —XZS)/ZAZ)GXp(iAL{[ plzj*\ '°((X13Q+X2.J)/Z)l"“ k)

21
¢ ? (11 5.12)
We introduce the notation
XQ*Z -xq =Axu+\ (ijf& + xq)/z = X&jﬂ (11 5.13)
We then change variables
[ ] .\
pv?..jﬂ - e{(x?_\jﬂ) = p'{j\’l (1T 5.14)

In terms of pz'._H eq. (II 5.12) reads
IAYARRES!
(xzfﬂewp(lﬂt{[P %(\)] m))]\ } j~_—- pr[—létgiiZACK(x;hl > ( EIE?")

2 x.L‘
x exp[2iATip ~2i0Tp, . o ( At (1T 5.15
pl Pt Paer C Zag )] )
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We can perform the p8j+\ integration to get

. 2
2 -LATmM AX
<Xas+a\e><p<mt{[r’—o<<x>J—m‘})|x6jwe exp (-2t]  ( ;Jw%,)( ey
(1T 5.16)

Substituting back into (II 5.11) we obtain

W(C,x xsfv lim r\,({x exp(-iit —2_ [i(——ﬁL—)JrN( )] (LT 5.17)
Novon i5t 4 P T L Y
from which
‘t"/ 2/ ’ ’ .
W(t,x,x)=NJdTTt;x,x6exp(—iin%fﬁédtlié(t)+q(z(t5)é(6)l) (I1 5.18)

/
where the integration is over all x-space paths rkt;x,x) between the
/
points x=z(0) and x=z(T). This is the desired result.

In the case of fermions we are interested in the matrix element
!
V(Tsx,x) = G| exp iTlf- OO0 -m} (x> (1T 5.19)

We will derive also for it a formal path integral representation.

We begin by using the Trotter formula

LAY _ppIA/N IB/R)N (11 5.20)

N->0
in order to write
ATLY- A -m] 1y 1 ((AT/NP=m] = iT/NA(X) )N (11 5.21)
N-oo

We substitute (Il 5.21) in (11 5.1Y) and insert complete sets of

states
N'4 . - C ,%’v
V(T;x, >) limN\ hp@jelt/N[y-mle—l /N (x))x ...
Ny} 4 W=
.<&Jeit/N[%-m]e-it/N4(x)‘xl> (11 5.22)

We again deal with each factor individually

\Lt/ L? “'\) -"-‘C/N’?( \I

X, =
N J
4
=Jd? "l(t/N)P “/—N_l(r/’q)m 1(t/N)[f’( J((X )] (11 5.23)

@n 1‘*
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where

Ax, = x. - x. (1T 5.24)

We now perform the change of variables

%,-D((xd-) = pJ. (IT 5.25)

in (II 5.23). The result is

it} oA
cﬂ*JeitVN[#-m —1t/n¢(x) \JJP ~LT/NAC () -1 TN mg LN 1 T/ ()

(1
€n) (IL 5.26)

Using (II 5.26) we can represent V{ ;x,x) as

V(T;x, x) jdrYu,x x{/dﬂTLl}dt ﬂ(ca P(t)z(t)] [-L/dcd(?(t))7(t) iTtm]
(II 5.27)

in which the integrations are over all x-space paths rkt;x,x) from
xl=z(0) to x=z2(T) and all p-space puths.Q between unrestricted points
p(0) and p(T), and T denotes t/ordering.

To emphasize the similarity of the expression for V to the one

for W we rewrite (II 5.27) as

/ / . 1 t / /. !
V(T;x,x)= drzt;x,x)F(l(C;x,x))cxp[*i£§tﬁ( (Tt))z(T)-itm} (1l 5.28)
with
T / o { /
F(l')EdeTeXP(ifdtly‘(t)-p(t)-z(t)J) (11 5.29)
e

independent of @ and m. This expression seems to exist only formally.
This is analogous to the formal existence of 9 (x+1T¥) [§]. We therefore
will use it only for plausibility arguments. We now turn to a represen-—
tation of another matrix element which will be used for the discussion
of spin } fields in the next section.

We start by giving a functional integral representation for
T

Uth(T)=[Texp(—iL§fh(£))]q 1,471, ... ,M (i1 5.30)

where h(T).. is an arbitrary MxM matrix function of T . This can be
4



40

represented as [5]

u.(0)=/I1 n [ds, (©)d5, (€)/(2ni) ] s (D)5, (0) x

J DSTLT Kz
- T, A { / / / /
X exp(—sc(r)ﬁ(t)+idjt[—isc(t)sc(f)—si(c)hg(t)sj(C)]) (I1 5.31)

Using this formula we turn to a path integral representation for

the matrix element

v
W(Tx, x) =<x| [ exp(iit{lp—o((m]z-nf'-sia’yJEFV(X)})]L-J- ]x') (II 5.32)

where NP(X) and frjx) are arbitrary functions, and i,j are Dirac

spinor indices. The procedure used previously gives

[ 2 v
W), - Jalcrs s, Texp{ -3 ik 1) gl 42 (42 @ e @)+ Ttz @) 1y

(IT 5.33)
Using (11 5.31) we get finally
W(t;x,xs =Jdrkt;x,§)exp{—£1m 1] C[i/(C)+X(z(u))é(C3]}x
o
( _ — 1 T I v i
x}dz(k)bt(t)SJ(())cxp[—ll. 4T, (2(2)8 (7)) (11 5.34)
where
T / i {
dg(v)=I] (d8ds/ (2n1))exp(-3; (T)s;(t)—jodtsl'c(l‘)sé )] (IL 5.35)
-cl
and
v - . by .
G (T)=s(u)id[§', ¥ Js(T) (IT 5.36)

This formula is the desired one and was derived by Brandt, Neri and

Zwanziger (§].

6.Lorentz invariance of the quantum field theory

The classical particle theory of charges and monopoles in inter-
action with the electromagnetic field is Lorentz invariant, in spite
of the fact that the actions used involve the "string'". This is ob-

vious, given that the equations of motion are Lorentz invariant and
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string independent, and the classical theory is completely specified
by the equations of motion. We also have seen that the quantized par-
ticle theory is Lorentz invariant as well, if the Dirac quantization
condition between the electric and magnetic charges is satisfied. Ob-
servables. turned out to be independent of n. This is equivalent to
the statement of Lorentz invariance given that invariance under a Lo-
rentz transformation, with the string kept fixed, is equivalent to
invariance under a movement of the string with the inverse of this Lo-
rentz transformation. In the present section we will describe the
proof [5] that Green functions of the electric and magnetic currents
with a given number of closed particle loops (matter loops) and all
photon corrections are n independent.

Let us consider the generating functional of CGreen functions of

the electric and magnetic currents

W

a,b)=(6|Texp[—%JJ§(J-a + K-b)]J0> (1‘-6.1)

w!

where ar(x) and bP(X) are arbitrary functions. The current Green func-
tions are obtained from (II 6.1) by functional differentiation with
respect to a and b, followed by setting a and b to zero. In the nota-
tion Wy(a,b) the n refers to the n dependence through the rest of the
action with exclusion of the gauge fixing term (since another gauge
fixing is as good as the one chosen). As we already discussed, the Lo-
rentz invariance of Wj(a,b) is equivalent to its n independence. Hence
we must show that Wp(a,b)=W (a,b).

We will deal with the spin O and spin § cases separately.

a) The spin O theory: This is specified by the action S%L
(IT 4.3)-(11 4.5). The functional integral representation of (II 6.1)
is

t +
wn(a,b)=NJdAdB Nadad'exp{i15a. 8, b0 b ark) | (11 6.2)
L
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We can, without loss of geuncrality, omit the self-interaction term
of the matter fields since this term can be created by functional dif-
ferentiation with respect to a position dependent mass, whose inclu-
sion does not affect the arguments at all.
We first carry out the integrations over the charged scalar

fields in (II1 6.2). The result is well-known to be

wn(a,b)=N/dAdueisnexP(-1§Tr1n{[(1»-c;)z-m‘1/(p3n?)b , (1L 6.3)
L .

where

=@ + y
C‘.}i e(’(Ar dl“) + b'.-(Blﬁ- br) (11 6.4)
Using the formula
L
InG = -} dt/w expliltac] : (1] 6.9)
o

the expression in the second exponent in (IL 6.3) can be represented

as

]

dt . P . K
Trln/L[(p_c)l.mﬁ/([in}) - fdxé{l{elﬁr[(l-t)—m] _ elicu-nﬁ} x>

[}

(IL 6.6)

We now observe that we have at our disposal a path integral represen-
tation for the expression on the right-hand side of (II 6.6). It is

the formula (II 5.18) derived in the previous section. We use it to get
L 5 1 oQ ¢ z
[ I /a
Trln{[ (P—C)-nﬁ/(P—m)j =—j‘%e 5"t“‘/c1r(z)f(r(c) ) 1exp(-1/dcz.(:)—1 ]
[0} v

(LI 6.7)

where the integration drkt) is over all closed pathsiﬂ(c), and
T (.2
f(r)=exp[—iij dtz(t)] (IL 6.8)
0
Using (11 6.7) we can write W,(a,b) as

. oo 2 y L
wn(a,b)=NJdAdBelb“ exp{éjdt/c e'““"'iﬁr(f)f(t)[—HUXP(I-i)di?f'({_)U
¢t o (o)

(I1 6.9)
Finally expanding exp(é:) in a power series, we get
v
& (K
Wv\(n,b)=é W, b) (11 6.10)

KIlo
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with
(k) Lo [
W =N/\<!/dAdB eSu[T] [‘{f’d L@ ey ix
= =7
. 2 ¢
}(ék)exp(—xifm-’t)exp{;i/&x[J'(A+a)+K'(B+b)]} (1I 6.11)
,o P Le T r [4

where F represents a particular assignment of the indices i =1, -, ¥,
for r=1,...,%, CP is a combinatorial factor, and JF and KP are the
corresponding classical currents associated with the charges e, and g/

and (closed) trajectories ﬁjg):

4
J(f‘(x){ecjr 1279 (x-2) (I1 6.12)
KP(K)=5’ §’17sz ~-2)
p (0)=2g; P dzd (x-z (11 6.13)

We see that apart from integrations over some real variables
r (%)
and some other factors depending on classical paths 1V, ecach W4 is just
a sum of generating functionals for classical currents, i.e. of func-
tional integrals over classical fields A and B and (closed) trajecto-

ries r'weighted with a classical action Sn(A,B)-JiJ'(A+a)+K|(B+b)]:

LK)
W, (a,b)r éjdr'fmd}s exp[iS, (A,B)] exp[-if [J« (A+a)+Ke (B+b)]]

(1T 6.14)

One way of verifying the n independence of W , given the Dirac
quantization condition, is to exploit the invariance, modulo V (given
by (II 1.34)), of the classical action under a combined string rota-
tion and singular gauge transformation, and the gauge invariance of
the functional measure. We make, to be specific, a change of variables
from the set (A,B,I) to the set (A,F,U). This means that we get an
action of the Schwinger-Yan type. We emphasize that this change of
variables at the quantum level leads to a Schwinger-Yan type of action
if we consider gauge invariant quantities only. Now, instead of
[Je(A+a)+K+(B+b)] we have [J'(A+u)+K-(E+b)] in (11 6.14), withi E.given

in terms of F by (IIL 1.41). The only n dependence in each term of the
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sum (IT 6.10) in the transformed version of (II 6.14) lies in the K°*B
term. This transformed classical action has, if the Dirac condition is
satisfied, the invariance property under the string rotation and sin-
gular gauge transformation given in (ITI 1.53), (11 1.54). Since the
combined transformation is a symmetry that leaves W, invariant,show-
ing that W,=W,’/under n—>n’on1y, is equivalent to showing that the gau-
ge transformation alone leaves W, invariant. But this is true since
the invariance of the measure dA under A= A+dA=A /makes possible the
absorption of this change in the form of a change of variables. Thi;
completes the proof of the relation W,=W,. We shall refer to this ver-
sion of the proof as the "indirect" one.

A wore "direct" proof involves an explicit integration of the A

and B variables in (11 6.14). Each term then reduces to something pro-

potional to
_]dre_i/(J'a+K'b)eXP[—BiJ\J(J-DAA‘J'FJ-DAB-K“”KoDBA-J“P‘K-DBB-K] (11 6.15)

where DAA=Dll,DBB=D22,DBA=D21 are the propagators of the A and B fields.
By current conservation, only the mixed propagators in (I1 6.15) con-
tribute to the possible n dependence. Using the form of the mixed pro-
pagator, the n dependent part of the exponent in (IT 6.15) is readily
seen to have the form of sum of terms like

t
ii(eigj—gie:i)§dx,‘iédx\jievuenc&%n-é)_l -—t(xi—){j) (IT 6.16)
q rs 3

This last expression, with use of Stokes' theorem, becomes (up to signs

which are irrelevant)
Cerngmsie a5t e Gpbmag ~36um@) €303 L i) (IT 6.1
SACIBITEIC ARLEARN Epvg ~9pEpragdno(n- A .
B J
This expression is equal (up to a sign) to

. K> v -1}
1E(eigj—g18j)‘fd$? QK»W¢(1Xj}?(Tl1JO(Q r?‘ée(nb) lg'z(xi—xi) =
2, o ‘
d AL
= - i(eigj—giej)J—dSiVK}¢Mx; n o n-a)—ljl(xi-xj)
2, q d
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PR |
+ i(eigj-giej)fdsik,‘idxj 3 e (xi-xy) (11 6.18)
c J

In this last expression only the first term is n dependent. Using the
form of (n-b)—l given in (IT l.11), the n dependent term becomes (up

to a sign)
J)w L 4 ¢ .
ii(eigj—giej)éidsi‘éQXjranhs[g(xi—Xj—ns)—S(xi—Xj+ns)] (11 6.19)
v J. 0

Because of the g-functions, the integrations in (IT 6.19) simply count
the number of times the loop‘j intersects the oriented three-surface
éC xtns (0{s¢»2). This is an integer Njj for almost all paths. It is
only ill defined on a set of measure zero in the space of paths. These

paths cannot change the answer. Thus all the n dependence in (Il 6.11)

lies in factors of the form

exp[i}(e; gs—g‘eJ)N‘J] (11 6.20)

which are equal to 1, if the stronger

/,\ /\'
e.g. -g.e. = 4qgn n integer (IT 6.21)
LJ t\;

Schwinger-type quantization condition is assumed. If the form of

(nob)_1 given in (IT 1.33) is used the Dirac type of quantization

e.g =2ﬂ€ (1T 6.22)

is sufficient.
\
b) The spin } theoty: This is specified by the action Sé)

(IT 4.6). The functional integral representation of (II 6.1) is
- () = 9
Wn(a,b)=Nj%AdB([1d@MQé)exp{i[Sn(A,BJP,W)—jdx(J-a+K-b)i} (IT 6.23)
(A v
Performing explicitly the spinor integrations we get
wn(a,b)=N/dAdBeisﬂ exp{iTrln[(%y-mi—ci)/(yy-mi)]} (1T 6.24)
L

where again

C. =e. : )
- e (AI‘+ GH) + g.._(Blj br‘) (IT 6.25)
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For a formal argument we can proceed as in the scalar case., We

represent the second exponent in (11 6.24) as
i . .
Trln[(f—¢-m)/gf-m)]=-:LQiﬁx(kjtr(elTULﬁﬁm)-eltL?im))\x7 (11 6.26)

where the trace in the right-hand-side is only over the spinor indices.
Substitution of the path integral representation (II 5.28), (II 5.29)

giQes
) T .
Trin{ (F-g-m) / (F-m)]=- %re‘i‘“‘/drmg(r(t))[L-e‘iLd‘?'CJ , (11 6.27)
o

where

g(r) = trfF() , (11 6.28)

with F({) given in (11 5.29). This expression is completely analogous
to the one in the scalar case, and the whole proof goes through with-
out any change. However due to the only formal existence of the path
integral representation (1[I 6.27) we will follow a different line for
the spin } case.

Note that

Trln(f—%Lm+it) - Trln(?im+i&) =
L

- Tr/ APl (ofepeti®) = 1/ (Poprie) ]

= lr] dr\ ()/-¢+l")(y, ¢)Z - (;/‘f‘}‘)pt_—;"‘m ]

w
- Ir dy[ll((?—fé)l-plﬂt) - FEEY)]
m

)
R
= iT{/ dP[l/(gf—ﬁ)L—Q}+it) - 1/(fl~rf+i£)]
™
= ATrIn[ (T nig]-btela(f ik +ig]) (1L 6.29)
We now proceed as in the scalar case

_Tranﬁ—yLm+i2) + Trln(VLm+i%) =
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o

47ef ¥ [exp(dizl (-0 -mt 1) —exp(SiT[Ant])]

o T

o

=4Tr o_"_f[exp(iit[(P—C)Z—Eifd’v(BAC)W—mz])—exp(iit(};:mz))] (11 6.30)
o

2

The exponential in the last expression is of the form (II 5.32) and

therefore we can use the representation (II 5.34) for it to obtain
-Trln(yLQLm)+Trln(#—m)=

Pt 2
=glf§éxp(-5imc)/;T(t)f(th){/hé(‘)si(17si(o)
T

xlexp(-1) dZlZ:C + LOAC) -1 (IL 6.31)
where f£(I) and d&€(T) are given by (II 6.8), (1l 5.35) and
o = 5@l tyls o (11 6.32)
The generating functional now gets the form
wn(a,b)=deAdseiSn exp ?}D%cexp(-iimzitydr(t)f(r)jdé(c) 51(T)s1(0)

T v
X [—exp(—ﬁLdt%i-Ci+i(aACi)ﬂfH‘]) + 1} (IT 6.33)

v
which differs from the spin O expression only by the GJﬂcontribution

to the exponential. Now we expand in a power series

b

(w)
W (a,b) = € W _(a,b) - (11 6.34)
" w30
with
()
wn(a,b)—— JdAdBelSn I d‘“dfktpf(r)]
A gl l"
xfé C exp{ ilgm j&x J. (A+1)+K (L+b)f\ (IT 6.35)
. P
where the currents are
Fe=ge, [;c'[“ké ) X?n- ) (11 6.36)
p X elz ) . ) J X=Z, .
k! 5(
Ko (=28, dz[z M)+ 408 (x ) (11 6.37)
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The only additional feature, relative to the scalar case, is the exis-
tence of first-moment contributions to the classical currents. Remem-
bering the discussion at the end of section 1|, we immediately realize
that the "indirect" version of the proof goes through, except from a
problem that avises if a particle trajectory hits a string. If we be-
lieve that such a collision corresponds to a set of measure zero in
the space of paths, string independence follows.

The "direct" version of the proof also goes through, using again
the "set of measure zero" argument.

In conclusion we should emphasize the assumptions that go into
the proof:
1) It is assumed that the generating functional may be expressed as a
sum over the number of charged particle loops. This assumption is weak-
er than the assumption of convergence of the perturbation series, since
each term contains an infinite number of perturbation terms.
2) It is assumed that, although the Feynman measure is not really a
measure, some exceptional configurations, like the ones corresponding
to intersection of particle trajectories with the string, do not con-
tribute to the final answer.
3) It is assumed that renormalization will not affect the result. This

question is going to be the main topic in the following chapters.
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111 REGULARIZATLON

l.Introduction

We saw in the previous chapter that the quantum theory of elec-
tric charges and magnetic monopoles is not automatically Lorentz inva-
riant, in contrast to the classical particle theory whose Lorentz in-
variance is apparent in the Lorentz invariant form of the equations of
motion. At the quantum level the particle theory was shown to be con-
sistent and Lorentz invariant provided the Dirac. quantization condi-
tion between the electric and magnetic charges is satisfied. At the
quantum field theory level Brandt, Neri and Zwanziger [5] gave a proof
of the statement that Green functions of the gauge invariant electric
and magnetic currents with a given number of charged particle loops
and all photon corrections are Lorentz invariant, provided, again,
the Dirac quantization condition is satisfied. We remind the recader
that the statement of Lorentz invariance, in the Zwanziger local for-
mulation, is equivalent to the statement of independence from the 4-
vector n which is the direction of the Dirac "string'".

Several assumptions went into the proof of this rather unbeliev-
able result. These assumptions were listed at the end of the previous
chapter. In the present and later chapters we will be mainly concerned
with the last assumption, namely the assumption that renormalization
will not affect this result.

It is, by now, well known that all quantum field theories in
four dimensions, in perturbation theory at least, are full of ultra-
violet divergences. As a result, it is necessary to find first a suit-
able regularization procedure that gives an unambiguous meaning to the
divergent quantities by making them temporarily finite and then to re-
move, in a well defined way the regulator. The procedure of removal of

the regulator in a way that the resulting theory is finite and has all
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the properties of a well defined physical theory, is called renorma-
lization. In order to show that the resulting theory satisfies all the
requirements of a physical theory it is convenient that the regulari-
zation satisfies certain conditions. For example it should keep as ma-
ny of the symmetries of the original (bare) theory as possible. Find-
ing a gauge invariant regulator is an important step towards a proof
of the unitarity of a gauge field theory.

The proof of n independence of the Green functions of the gauge
invariant electric and magnetic currents, given in the previous chap—.
ter, obviously refers to the bare theory. The proof is using the path
integral formulation of quantum field theory, without any explicit re-
ference to Feynman diagrams.However the path integral can be expanded in
terms, corresponding to Feynman graphs, most of which are ultraviolet
divergent. From this point of view this prool can be considered as on-
ly formal. One could, of course ;argue that simply the fact that each
term in the expansion of the path integral, corresponding to the per-
turbation series, is ultraviolet divergent does not necessarily imply
the divergence of the path integral, if the path integral represents
their sum in any sense. Although a cancellation of the infinities is
very attractive and not in principle impossible, it is al least highly
improbable. Perturbation theory has taught us that infinities in higher
orders become only worse. So, unless a regularization is provided which
will give a meaning to these divergent quantities, statements like
their n independence are not unambiguous. The danger of working for-
mally with these infinite quantities was first realized by the authors
of the original paper who stated as an open question the examination
of the possibility that renormalization invalidates their conclusion.
We believe that a regularization of the bare theory in a way that their
proof can be repeated, is a good proof that the renormalized theory,
in the sense of any reasonable subtraction on individual graphs or on

their sum, is n independent, although it would not give a definite ne-
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gative answer if this program were unsuccessful. Here by a.reasonable
subtraction is meant any subtraction that subtracts something that is
present (i.e. an infinite term) and does not introduce something not
present in the first place (in the unsubtracted theory in the presence
of the regulators). If the full, bare, regularized theory does not
have n anywhere, any subtraction should not introduce it. Of course

it has to be found a subtraction satisfying these requirements.

In this chapter therefore we are looking for a regularization
procedure that renders all graphs finite, that preserves the U(l)xU(l)l
gauge symmetry of Zwanziger's action and that can be incorporated into
the proof of n independence given by Brandt, Neri and Zwanziger. Un-
fortunately, the best regularization up to now which would leave the
proof untouched by inspection, dimensional regularization [I6], cannot
be used since the theory contains the Levi-Civita tensor which has no
dimensional continuation. From the rest of the regulators none is sat-
isfactory by itself. That is why we will employ a combination of dif-
ferent regularization procedures.

"In section 2 we describe the regularization scheme. In section
3 we show that the regularization described in section 2 satisfies the
conéition that it regularizes the theory in a way that the proof of n
independence of the Green functions of the gauge invariant electric
and magnetic currents goes through. In section 4 we describe another
slightly different regularization, which applies to the spin } matter
field case only. This regularization has the advantage that it pro-
vides, as a by-product, regularized propagators of the gauge fields
which are easier to work with in all cases. Section 5 contains some
conclusions drawn from the discussions of this chapter. Throughout

2
the choice n“=1 for the "string" is made.
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Z.Regularization

The lagrangian density of the Zwanziger action without matter
fields (II 4.4), denoted from now on Lep, can be written (after some

trivial algebra) as
Lem==3[ (n-QAAY]-[n- OABYY] + 3[n. QAB) ]+ [n. @A) 9]

() A2=2(mYA)-Qn-A) + (0:IB)2=2(n-JB) - Qn-B)]
(111 2.1)

We shall add to this lagrangian density a regularizing part, in order

to modify the free propagators (e;=gi=0) of the gauge fields:

d

o
Ly=-} _/%_[ 3 [nAln. (QAd) ]- {n/\ln B 1Y 1]

J
([, [nALn - OAN) 1= fnAn QAB) IS 1]
. d
—ij%[ d [n/\[n+QAA) l—{n/\ln' (QAB) ]X I
l
[Bz[n/\[n-(3/\1\)]—{n/\[n-(&/\li)]}e]] (111 2.2)

In LR, X and @ are arbitrary constants andJA.is a cut-off parameter
with dimensions of mass introduced to maintain the correct dimensional-
ity of the Lagrangian. Letting /A go to infinity removes the regulators
(LR4~6 0). Regulators of that form have been introduced for the first
time by Slavnov [I7] in connection with problems associated with non-
linear chiral Lagrangians and used by Slavnov and Lee and Zinu-Justin
[W] to provide a regularization for non-abelian gauge theories. This
possibility was also known to K.Johnson.

The propagator obtained from eqs. (111 2.1) and (LTI 2.2) has
a rather large expression and its presentation is not very illuminat-
ing; therefore, its explicit form will not be given here. Its only
interesting property is its leading behavior for large kz which, except

: . £ .
for terms proportional to k is 1/k? due to an inverse power of I,

Mo

with
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o= X2y €9 (I11 2.3)
AP NS
Let us examine the various cases, according to the spin of the
matter fields, one by one.
(i) Spin } case: Let us first consider graphs with any number
of closed particle loops and all kinds of corrections inside the par-
ticle loops and between particle loops. A graph of this form is shown
in fig 1. Graphs containing closed particle loops without any correc-
tions inside the closed particle loop will be considered later (fig 2).
The modified propagator for the gauge fields would be enocugh to regu-
larize graphs like those in fig. 1, if the terms containing a kp were
absent. Fortunately, it is possible to eliminate these terms and no
longer consider them, by current conservation. In fact, this is true
only if there is a gauge invariant regularization that makes possible
the shift of the origin of integration in expressions of the ampli-
tudes of the diagrams to which they contribute [19]. A satisfactory re-
gularization is the analytic continuation RQ, in which we modify the
propagators essentially by elevating their denominators to some power
A that can be fixed such that the amplitude is finite. This regulari-
zation is known not to be gauge invariant in QED [20], when the propa-
gatbrs of the fermion fields around a closed particle loop are modi-
fied and not the vertices, e.g. in the computation of the vacuum pola-
rization at the one loop level. Graphs like that fall into the catego-
ry of fig.2 and are irrelevant for this discussion, since in these
graphs there is no gauge field propagator in the loops and it is this
propagator that contains the terms that we want to drop. For the rele-
vant graphs analytic continuation is good, provided we modify only the
gauge field propagators. This is sufficient. After we eliminate the kﬂ
terms, analytic continuation is no longer neceded. Its existence only
is sufficient to decide that kF terms really give zero contribution.
From now on we completely forget the kP terms and the analytic conti-

nuation.
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Let us now turn to the subgraphs of the form shown in fig. 2
(and graphs containing them). For the spin } case that we are consid-
ering there is in fact only one divergent graph of that form, the one
shown in fig.2. The graphs with a closed particle loop, no photon cor-
rections inside the particle loop and 1 or 3 external legs are zero
because of Furry's theorem [2|], and the one with no corrections and 4
external gauge boson legs is finite, although by power counting infi-
nite, because of gauge invariance. If the number of external legs is
greater than four, the graphs of this form are finite. The divergent
graphs of this category can be regularized by means of Gupta regula-
tors [32], i.e. by including in the Lagrangian auxiliary spinor fields
coupled minimally to the gauge fields with some of them obeying the
wrong statistics. They have arbitrarily large masses which prevent
them from appearing as final particles. Gupta has explicitly calcu-
lated the graph of fig.2, and shown that it is regularized in a gauge
invariant way. Putting the mass equal to infinity decouples the regu-
lators.

"(ii) Spin O case: The discussion of the previous case concerning
graphs with closed matter field loops with corrections (like the ones
in fig.l) applies to the spin 0 case too.

The graphs of the second category that diverge (in this case all
graphs with up to four external gauge boson legs) (fig.2) can also be
regularized using auxiliary massive boson fields minimally coupled to
the gauge fields and some of them obeying the wrong statistics. The
only difference is that in this case some of them appear with a Lagran-
gian having an overall minus sign. Calculations with this kind of Gup-
ta regulators have been performed by Lee [23].

As already discussed, the propagator that we get after adding to
the Zwanziger Lagrangian the regularizing Lagrangian Lp in (LII 2.2),

behaves, for large momentum k as k™0 except for the gauge dependent
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terms proportional to kﬂwhich remain unregularized. The reason is the
gauge invariance of the regularizing part Lp. If we break this gauge
invariance, the resulting gauge propagator will behave for large mo-
mentum k as k_b, including the gauge dependent terms. This is accom-
plished by replacing Zwanziger's gauge fixing term, by the following

ghost-free [34] cutoff-dependent one:

Lip= lsf [(n- A) + 5 (ne A)é (neA) +1\ (n-A)Q(n A)

el \ z | 4 .
+ (n«B) -E(n.s)A(n-B) -@(n-B)A(n-B)] (111 2.4)

where § and A are parameters with dimensions of mass, /X being the
cutoff. Therefore, if Ly is the Zwanziger Lagrangian without gauge
fixing, the Lagrangian

11 = L + L + L + L \N’\O\.'L‘er (III 2.5)

3 6F  Gupla

gives rise to a regularized field theory of charges and monopoles.

3.Proof of Lorentz imvariance in the presence of regulators

With the modified Lagrangian

Lem + L v (II1 3.1)

\

for the gauge field action, the "indirect" version of the proof of n
independence given in the previous chapter goes through trivially. It
suffices to note that, under the change of variables that takes us
from the functional integral weighted with the exponential of the
Zwanziger action to the functional integral weighted with the exponen-
tial of the Schwinger-Yan action, after integrating out the matter
fields, Ly goes to an expression containing only derivatives of F and

no n dependence:

L .- —zl(a"'F)-(ar) —ie l) (a F) (111 3.2)
R AL - N
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The singular gauge transformation

A=A +dN , FT-»F , - (111 3.2)

L

with the scalar function A(x) satisfying the condition
! ~) J ~1 d
2= {1(43) 0’ (@:3) niAk} (111 3.4)

which is equivalent to a string rotation n —’nl, leaves Ly invariant
and the proof remains exactly the same.

The Gupta regulators do not cause any trouble, since they can be
treated like the rest of the matter fields. The fact that some of them
obey the wrong statistics changes only a sign in front of a trln term
that we get when we integrate them out. The minus sign of the overall
Lagrangian of the regulator field in the spin 0 case simply gives an n
independent factor in front of the path integral over the gauge fields

and can be absorbed in the normalization constant.

4.An alternative regularization for the spin } case

' Let us try instead of the LR in (III 2.2) the following combi-

nation, denoted LR':

L =—£°(l[né°-(3/\A)]'[ 3(3/\B)d]+£i,{ S OAB) Hn-3.0 A)d]
Rl 2@ n-a jf ne nd.(dA
/ /
2
—l(%[n'Bl()/\A)]'[nj@/\B)J]Hj%[n'a (a/\s)]-[mal(aAA)O{]

6' ¢ {j) g
—ij—\i[n.é(a/\A) Hn-%@AA) 1-175 [n-3 BAB) }0-9;0NB) ]

_5_" R 2 S'oa 2
—iAﬁ\[n'Q(é/\A) F{nd (QAA) ]-iﬁ[n-) EAB) 0> (QAB) |

I e b3 cp d
—i]\;[n-)a(A/\A) ]‘[nDcBF(B/\B) R ALY (alxxa)].[n-gé_ga/\zx) ]
9’ S\P gf o
_i&[n->9(3A1\) ].[n-)abf(é/\,\) |- 4 [ng JE)}\B) ].[n.%%@/\ B) ]

(ITI 4.1)



57
! /
where d,@,ﬁ,g;l O are arbitrary constants. For arbitrary values of
these constants the resulting gauge propagator is very complicated and

r v
of no use. The combination ()'=°<, J=g, 6-3 yields the much more tracta-

/ / .
ble propagator (W= 3'49°):

l I
O.h - { )K"} )k
D _=(nk) (1 K 4 71-1) AR RHAS IR Kk *\.5
,(n)<+(A)+< )k){ B A sl S ey
-1/ €pvpat’ R (111 4.2)

We see in this case too that for large momenta the modified gauge
propagator behaves like k_6 except for the gauge dependent terms which
can be neglected, as we have already discussed.

What is different now is that the proof of Lorentz invariance
does not go through. In fact it is the "direct" version of the proof
that is better applicable in this case. The diagonal elements of the
gauge propagator do not contribute again to the n dependence because
of current conservation. However if we repeat the arguments given in
the "direct'" proof in the previous chapter for the mixed propagator
(offfdiagonal elements) we still find two terms, after the use of
Stokes' theorem. Out of these terms, the first is again n independent
but the second, the n dependent one, is not an integer times i(%%r%ﬁe/Z
for arbitrary values of the regulator parameter. Therefore we see that
we can repeat the proof of Lorentz invariance only if we remove the
cutoff from the mixed propagator. This means that all graphs containing
mixed preopagators are not, in general, regularized. Nevertheless we can
remove the cutoff from the mixed propagators and still leave the theory
regularized in the spin % case. The spin % limitation is due to the
fact that only in theories with spin i matter fields are the "box"
graphs of fig.5 that serve as bridges between electric cﬁarxe and mono-
pole loops (fig.6) finite.

We still have to answer a question: does the removal of the cut-

off from the mixed propagator only violate the abelian gauge symmetry?
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The answer to this question is "no", or better "not the Ward identities"
It is easy to see it in QFD. There, we can regularize the photon propa-

gator in the same way by introducing in the lLagragian the term

¢

0< Cad uwv $ a? a}. lq\l
;{J”tw) QF )+ (IR (I FD) (I11 4.3)

Now, if in any graph we vary the cut-off independently in two photon

lines, this does not violate any symmetry. The photon 1ines do not com-
municate directly by a vertex. The fermion lines in between are not af-
fected at all by the regulator and all vertices belong to a theory with

the same gauge symmetry. The Ward identities are based on the identity

t b
218 (Fmm) = = G () (111 4.4)

saying that differentiation of a free fermion propagator with respect
to momentum is equivalent to the insertion of a zero momentum photon.
If the regulator parameters in the different photon lines are different,
the Ward identity does not care, since we can always label the momenta
in the photon lines by independent parameters and leave the dependence
on the external momenta only in the fermion lines. The identity
(111 4.4) also shows some things that are not allowed in a gauge inva-
riapt regularization. We cannot introduce, for instance, regulators
that give different masses to particle lines coupled through a common
vertex to a gauge boson line. This violates the leocal gauge symmetry.

Throughout the discussion of this section it is assumed the in-
troduction of Gupta regulators that take care of the graphs of fig.2.
The proof of Lorentz invariance is not affected by their presence in
any essential way, as discussed in section 3.

Finally we may remark that although the propagator (IT1 4.2) is
not good for the proof of n independence in all cases, once we know
that such a proof exists, it can be used for calculations in all cases.

In fact, when the terms containing a k,are neglected, because of cur-

H

rent conservation, the rest is a rather simple expression to work with.
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5.Conclusions

In this chapter we gave a gauge invariant regularization for the
quantum field theory of electric charges and magnetic monopoles, in
the presence of which the proof of Lorentz invariance for the Green
functions of the gauge invariant clectric and magnetic currents can
be repeated. The existence of these regulators renders the proof of
n independence given by Brandt, Neri and Zwanziger much less formal,as
far as the bare theory is concerned, sinee the ultraviolet divergences
of the theory, present in the unregularized version, are not present
any more. However, in order that we are able to conclude that the the-
ory after renormalization will be Lorentz invariant, a scheme of re-
moval of the divergences has to be exhibited which, on top of making
the theory finite, will keep its n independence (in the closed parti-

cle loop sector). This leads to the next chapter.
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IV RENORMALLZATION

l.Introduction

We saw in the previous chapterSthat there exists a local Lagran-
gian for the quantum field theory of charges and monopoles, due to
Zwanziger, which, although manifestly local, it still retains an ele-
ment reminiscent of older non local theories, namely the dependence on

an arbitrary but fixed four-vector, say n the remnant of the old

P
Dirac "string'" [2]. Brandt, Neri and Zwanziger [5] gave a proof that
full Green functions of the gauge invariant electric and magnetic cur-
rents are n independent, if Dirac's quantization condition

sy A N
e; %j/qn—nLJ/Z nLA—O,tl,tZ,... (IV 1.1)

or the (stronger) Schwinger one

R .
(e; 8, —gced)/l;ﬂ:l?;\l' nei T0, 51,22, (IV 1.2)

depending on the definition of (nta)_l, among the electric and magne-

tic charges e;,g; is satisfied. There exists also a gauge invariant

i
regularization of this quantum field theory in the presence of which
the proof of n independence can be repeated.

As emphasized in the previocus chapter, the existence of these
regulators guarantees the n independenée of the finite Green functions
that might result after any reasonable subtraction, provided that such
a subtraction scﬁeme can be found. By reasonable subtraction we mean
any subtraction that does not introduce an n dependence in the subtrac-
ted Green functions which are n independent in the bare theory. Our
purpose in the present chapter is to investigate the existence of such
a subtraction scheme.

It should be emphasized that the result of n independence is not

extendable to Green functions of the gauge non invariant matter fields.
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For the S-matrix, in the context of a coherent state treatment with-
out renormalization, it is known [25] that it depends, in general, on

ﬁ but this dependence is at most through a phase factor (e.g. in elec-
tron-monopole scattering) which cancels out when we multiply the ampli-
tude with its complex conjugate to compute probabilities.

The whole discussion is carried out in the context of the stan-
dard LSZ reduction formula which has been used as a guide to the cor-
rect renormalization of the parameters of the theory. Also, in this
context, we will prove the n independence of the renormalized S-matrix.
This result is only valid if the standard reduction is used. However,
it should be stressed that the LSZ formulation does not take into ac-
count the long range nature of the electromagnetic interaction. This
long range nature, if not taken care of préperly, manifests itself in
infrared divergences. The long range monopole-electron interaction
gives also rise to the n dependent phase, as we mentioned before, which
reflects the non-scalar nature of the S-matrix in this theory. At this
stage we can only hope that our treatment of the ultraviolet problem
will not be invalidated by a complete treatment of the infrared one.
For a treatment of the infrared problem see reference [2¢].

In the use of the 1L.SZ formulation the assumption of the exis-
tence of asymptotic states is inherent. This means that we assume the
existence of an n independent pole (branch point) in the full matter
field propagators. [Indecd, if such a pole does not exist; the theory
would contain onl} confined states and therefore the study of scatter-
ing amplitudes would not make sense and our discussion would be fu-
tile.]

We will confine ourselves to the case of a spin § electrically
charged particle with charge e and a spin } monopole with magnetic
charge g. We will see (as mentioned already) that for the non gauge
invariant fields it is the on shell S-matrix only that is n independ-

ent (Lorentz invariant). After that we will discuss the vacuum pola-
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rization and charge, wave function and vertex renormalization in the
full theory. Then a subtraction to all orders is described and the fi-
niteness and Lorentz invariance of the resulting theory is discussed.

We also comment on the complications that arise when we renormalize

the charges, because of the quantization condition. Afterwards the for-

mal expansion in closed charged particle loops is described and its sub-
traction along the same lines is discussed. Finally, before the conclu-

sions we make some remarks stressing the assumptions made and the cases

not covered. Throughout the Dirac (weaker) quantization condition is

assumed.

2.Definition of the theory

The theory we are considering is defined by the action

S = §L+ S2 (1v 2.1)

with

q
Sl=—§/dx {[w@/\A) ] [m(r)/\B)A ]+ [0GM) ]7'—[3 () ]'t+ (A=Dp,B *—A)} (1V 2.2)

and

SL=?ﬁQ[}i(i}-ml.—-eio(-g()()kpt i=1,2 (1IV 2.3)

where AF and BW are independent vector potentials, n)4 an arbitrary
but fixed four-vector with n2=], and qﬂ(Vi) is an electrically(magne-
tically) charged spin } matter field with electric(magnetic) charge
e1=e(g2=g), magnetic(electric) charge g;=0(e,=0) and mass m(m,). The
notation supresses Lorentz indices like in the previous chapters.
Again

_ b o
FHV—}G”VFeF is the dual of F,,.

With the notation

2
‘V=A,V =8B (IV 2.4)
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and
€ =-€=1 (Iv 2.5)

the free gauge field propagators are (4]

Dab dXElkX(O)TV?(x)VE(O)]0}=[(-8w+ K,mv K55 __.em,, ke ]‘n

(IV 2.6)

The remaining Feynman rules can be correctly read-of[ directly from
the Lagrangian. They are the usual ones for spinor fields with mini-

mal coupling to a gauge field.

3.The n independence of the S-matrix

It was shown in a previous chapter that full Green functions
of the gauge invariant electric and magnetic currents, are n independ-
ent. The same is not true for the full Green functions of the gauge
non invariant fields %éand q% . ln discussing the renormalization of
the theory we need to make statements about all physical processes.
Knowledge of the n independence of tﬁe bare theory in the closed
charged matter loop sector is not sufficient. In this section we will
extend the Brandt-Neri-Zwanziger proof of Lorentz invariance to the
(on:shell) S-matrix. Unfortunately, as already discussed in the intro-
duction, we will use crude means in order to obtain the result. We will
slaughter the Green functions of the spinor fields through the LSZ re-
duction formula, ignoring infrared problems which might be severe. We
hope that the infrared problem caun be treated independently of the
ultraviolet one and a formal proof of renormalizability will not be
invalidated by the infrared complications. Details concerning the steps
of the proof that are common to the one for the Green functions of the
currents can be found in the rcview of the paper of Brandt, Neri and
Zwanziger given before. Here we will only stress differencies.

We introduce into the generating functional of Green functions
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source terms for the spinor fields. 1t is essential for the proof that
these source terms be gauge invariant. Such a gauge invariant source

is the path dependent source [¢7], with coupling to the fermions
¥ ¥
- ¥ Gei 0
J(x)[expiaij&xvl(x)]\Pc(x) (a1=e,az=g) (1v 3.1)
2ot H

where the ‘integration is taken along a line from - <0 to the point x.
This source emits single particles in lowest order and additicnal pho-
tons in higher order. These new couplings of the source contribute on-
ly to external line renormalizations and not to the S-matrix.

We integrate out the spinor {lields in the generating functional
Wn(J j and we express the result as a functional integral over classi-
cal particle paths. This is weighted with the classical particle Zwan-
ziger action. We perform a change of variables from the Zwanziger clas-
sical particle action to the Schwinger-Yan non local classical particle
action. 1t is at this stage that the gauge invariance of the spinor
source terms is needed. We should remember from our discussion in sec-
tion 4 of chapter II, that this change of variables can only be done
without complications if the path integral is over gauge invariant
quantities. After this change of variables, we perform the change of

integration variable
A=A+ ) (IvV 3.2)

where A is a singular n dependent function satisfying the condition

- - d
3/\3)={[(n/:4})lnl—(n-3) n ]/\K} (Iv 3.3)

and such that the gauge transformation (1V 3.2) in the Schwinger-Yan

action is equivalent to the change
n—>n (IV 3.4)

/
Then we move the "string" from n to n. Using the invariance of the dA
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measure under the change of variables (1V 3.2) we see that wa(ij dif-
UN . . . W

fers from Wn(J Y only in effective couplings of the source J ‘with the
gauge and spinor fields, depending on n. To get the (on shell) S-mat-
rix we apply to these string dependent Creen functions the LSZ reduc-
tion formula. When we cut the external legs according to the standard
reduction procedure, from the graphs that these new couplings give ri-
se to, only the contributions of those survive which have a pole in
the physical mass of the %Q. So, in general, the wave function renor-

malization constant of qt depends on n but not the S-matrix. This, in

particular, has as a consequence that when

/[-4 m - (physical) (IV 3.5)
the full propagator has the form
Zz(nk /(yﬁmc) + regular terms , (1v 3.6)

where the wave function renormalization Z3 . depends, in general, on n.
The situation is parallel to the gauge dependence of the matter field
wave function renormalization constant in ordinary gauge theories.

The imposition of an n independent mass is nacessary if we want
to have a unitary theory. The thresholds in gauge invariant Creen func-
tions/that are also n independent, cannot depend on n. 1f these thresh-
olds correspond to the creation of real particles, their mass is cer-
tainly n independent.

The proof on n indepeudence of the S-matrix goes through without

any change in the presence of the regulators of the previous chapter.

4.Vacuum polarization

Let us first use the theorem of n independence of the full Green

functions of the electric and magnetic currents (J, and Kfarcspective—

‘-l

ly) in order to find the form of the full gauge boson propagators. The
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full Green function of two electric currents <ﬁ(JPJV)> represented by

K
XANONK
rl
is of the form
i(g k- k.k,)C(D v 4
ilg ) LK, (Iv 4.1)

using the gauge invariance and n independence to all orders. The full

Green function of two magnetic currents <’T(§‘Kv)> represented by
% ~5-0--—x
r
is of the form
? 2
i(gﬁk - k kD (k) (IV 4.2)
v

for the same reasons. The same holds for the full Green function of one

electric and one magnetic current (’T({ﬁKv)> represented by

NN o - - — X
[4 v

and having the form

kA 2
i(gr’ k - k, k,)F(k) (IV 4.3)

k
r’
The scalar functions C, D and F do not depend on n. The external legs

are amputated everywhere.

1

The full (AA) propagator, denoted D'NV‘

takes the following con-

tributions

vl = - AU+ SN U T2V, VS, N VS
D a = ;ﬁVQD‘“; ?rr\/\g v v

" v

+ NG ?M-—O'\N'\:V {1V 4.4)
e

where the external legs are not amputated. Because of current conser-
vation, the terms proportional to kH in the expressions of the blobs
can be dropped. The last two terms cancel ecach other since the mixed

propagator is antisymmetric in its dual space indices and even in mo-
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mentum. The three first terms give

44 v 2 2 2
th = i—-z[l + C(k) + D(k)] - (nr‘nv-grv)/(nk) DK =
- %i_vl(l £ Cd +DUOT + T/ (k) DOH (1V 4.5)
where
TPV: By, Ty (v 4-6?

Terms proportional to k” have been dropped.

The same steps give

pre

O g /KLU OO+ DAY T+ T/ (k) €O (1V 4.7)

We see that the full (AA) and (BB) propagators are string depen-
dent and not multiplicatively renormalizable. This makes obvious the
fact, that the theory cannot be renormalizable in the strict sense,
namely all Green functions cannot be made finite without introduction
of counter terms of different form than the terms originally present
in the Lagrangian. The trouble in this case is that, if we introduce
even a finite number of counterterms of different form than the ori-
ginal terms, the theory stops being Lorentz invariant (in the closed
chafged loop sector). So, unless the string dependent terms effective-
ly disappear, the theory cannot be made finite.

A problem related to the string dependence of the full (AA) and
(BB) propagators, is the definition of the screening of electric and
magnetic charges due to vacuum palarization. This screening is a phys-
ical process and should not be string dependent. The best candidate
for the object corresponding to the usual Zy of QED, is the 14+C+D mul-
tiplying the By term of both propagators at k2=0. It is the residue
of the pole of the photon propagator on shell and determines the scale
of the photon field. This scale, in turn, determines the contribution

of the vacuum polarization to charge renormalization. In the following
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we will argue that the string dependent terms will effectively be ab-
sent in all physical processes and therefore there is no ambiguity in
the definition of Zy. But even if the string dependent terms do not
cancel completely, which would be fatal for the finiteness of the re-
normalized theory, the correct definition of the contribution of vacu-
um polarization to charge renormalization can be unambiguously ob-
tained by studing Compton-like phenomena, as we will do at the end of
this section. After we make these points more clear and justify our
choice of the definition of Z3, we will have proved in a new, probably
much easier, way the result obtained by Schwinger [R¥] in 1966, that the
electric and magnetic charges acquire the same renormalization due to
vacuum polarization. In fact Schwinger proved this under the assump-
tion of the stronger quantization condition for the charges (which
would allow the change of the position of the string) and assuming that
the string is not parallel to the line connecting the charges. Here, in
contrast, we make use of the string independence of the theory.

Consider the sum of all graphs to all orders contributing to a
physical process. for example e-e scattering, with all external legs
amputated according to the reduction formula, and on shell. According
to.phe theorem proved in section 3, this sum is n independent. Since we
consider the sum of graphs to all orders, we can replace every gauge
boson propagator by a full propagator. Then, each (AA) and (BB) pro-
pagator has the form given above. We assume that the string dependent
bit will cancel according to the theorem and the full propagator will
be effectively proportional to gﬁv, If this is true, then the (AA) and
(BB) full propagators look effectively the same, which means that they
are multiplicatively renormalizable when embedded in a sum of graphs
which is n independent.

We define Z3=1+C(O)+D(U). We also define renormalized (AA) and

(BB) propagators by
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11 141
Daw = Dr'v /74 (1V 4.8)
122 142 7
[ﬁw =Dpy /73 (1V 4.9)
and renormalized charges by
(Z3e = e (IV 4.10)
/ZSg = 8R (IV 4.11)
This amounts to defining a renormalized photon field by
&~ ™
{25 8y = & (IV 4.12)
(z, B}f= Bl (IV 4.13)

We see that the renormalization of these propagators can be absorbed
into a renormalization of the charges at the vertices connected
through these propagatoers. Both charges are renormalized in the same
way due to vacuum polarization.

Once the contribution of vacuum polarization to charge renorma-
lization has been defined in such a way as to absorb the photon field
renormalization, the renormalization of the mixed propagator is also
bound to be the same as that of the (AA) and (BB) propagators if we do
not want to introduce counterterms that would spoil Lorentz invariance.
This is so since the A and B fields are essentially one field, the pho-
ton field. We turn now to the computation of the full mixed propagator
in order to see whether this renormalization is sufficient to remove

2
the infinity of the residue of the pole at k=0

pr'?

rNinc:ludes the follow-

The full mixed propagator (AB), denoted

ing contributions

D"Z‘; '\fv‘@"‘“v = Ve s - L A NVNO- - -+ AN D= -

Pv n I v v v
~ t

+ ANO--- + NSOV (IV 4.14)

P vooop
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The three first terms give a contribution proportional to the tree

mixed propagator

_ &HupsVrK

-
(1 + C(K) + D] (IV 4.15)
KE(n-K) »

The last two terms are identically zero. The reason for that is that

. . L
all graphs contributing to F(k) have, because of Furry's theorem [21],
an odd number of mixed propagators and therefore an odd number of €H¢a-
terms. An odd number of ér«Frcannot be contracted completely. One of
them, at least, should survive the contractions. But by the n independ-
ence theormn,éwrw cannot appear in the final answer for (T(JrKu)>.

Hence
F(H=0 (IV 4.16)

This argument is essentially due to J.Strathdee. Since F(ﬁ% is zero the
mixed propagator is multiplicatively renormalizable and has the exact
correction in order to have a finite residue at E=O after renormaliza-
tion. We see that (technically) we could have defined the photon field
(and charge) renormalization starting from the mixed propagator. We
also see that, as it happens with the (AA) and (BB) propagators, the
miged propagator renormalization can be absorbed into equal renormali-
zation of the electric and magnetic charges at the vertices connected
by the mixed propagator.

If F(g) were not zero (for iunstance in the presence of dyons) a

new term

2 2,
JHW/(nk)l%k) (IV 4.17)

would contribute to the full mixed propagator. To this term would ap-
ply the same discussion given previously for the corresponding terms
in the (AA) and (BB) propagators.

We can check now that this definition of 23 is the correct one
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and consistent with the reduction formula for cutting external photon
légs of Green functions in order to obtain S-matrix elements. We con-
sider a process in which, among other things happening, an external

photon line is attached to a charged particle line. The reduction for-

mula, as far as the photon leg is concerned, takes the form:

op =i bv
\Y Wy T 1 .
where V =A ,V =B ﬁ—hbis the inverse propagator as a 2x2 matrix and VCL
pooRTe T b propas 5 ext
is the wave function for the Vd'field, satisfying the equation
=) bv
ab
\Y =0 IV 4.1
Hv eal ( 2
The solution can be taken in the form
e~ikx paV (IV 4.20)

with quorthogonnl to nt and k™ and fl'orchogonal to fz. f'Land f{
are not zero only if kgO so that A and B really describe photons. Be-
cause the action of V:ibon the inverse propagator creates a zero at
gtO, only corrections to (AA) and (BB) propagators having a pole at
§;0 can contribute to 23. This guarantees that the string dependent
terms proportional to Tnv(nk;z. in the full (AA) and (BB) propagators

do not contribute to vacuum polarization, consistently with the defini-

tion we gave before.

5.Proper vertices and fermion propagators

We consider first the sum of proper vertex parts with an A field
external leg and two electrically charged external matter field legs.
We regard it as embedded in a sum of larger graphs with all kinds of
corrections to all orders and with their external legs cut and on
shell. According to the theorem of n independence, all string depend-

ence from the latter sum of graphs drops. Since the sum of proper ver-



tex parts contains all graphs to all
boson propagators with full ones. We

full vertex will disappear as a part

that take place in the larger graph.
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orders we can replace all gauge
know that all n dependence of this
of the extensive cancellations

For example, some n dependence

in the vertex under consideration might cancel some n dependence in

another part of the larger graph. Now, after neglecting terms that

should cancel, the vertex, when
/
p—=p
with
A 2
P =m

(Iv 5.1)

(Iv 5.2

(p is the momentum of the fermion line and m the fermion mass) will

have the form
~1
G Kr

where G is a constant.

(IV 5.3)

Analogous things happen in connection with the full fermion pro-

pagator.

In fact there is a correspondence between graphs contributing

to the fermion proper self energy and the proper vertex part. This cor-

respondence 1s the usual Ward identity. When the fermion line is on

shéil the full propagator behaves, neglecting n dependence that will

cancel, like

H/ (g-m)

(IV 5.4)

The Ward identity, if it is respected by the cancellations, guarantees

that

G=H

So, in a sense,

(1IV 5.5)

the infinity of the vertex that survives the n

cancellation will be cancelled by the infinities in the overall scale

of the full nearby propagators that survive the n cancellations. In
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any on shell sum of graphs to all orders and amputated according to the
reduction formula, the fermion propagators and the A-fermion-fermion

vertices "renormalize"

each other and the infinities of the full gauge
boson propagators are absorbed into charge renormalization. This is
exactly the situation in ordinary QFD if we forget the lack of compli-
cations due to the string.

Of course, we should remember that we have already deflined the
wave function renormalization of the full fermion propagator. It is an
n dependent (in general) 22 that we have used in order to cut the n de-
pendent external fermion legs, according to the reduction formula. Af-
ter these legs are cut, the S-matrix becomes n independent and the rest
of the arguments are applicable. The two pictures, in external legs and
inside the graph, that we have described, approach each other if we
adopt the following formal renormalization definitions. The renorma-

lized full‘ﬁ propagator Sl@ is defined by

S;R =5} /22 (LV 5.6)

with Si the unrenormalized full %{ propagator, and the renormalized
i . .
full proper A—Q{—\H vertex C;ﬂ is related to the unrenormalized one

)
Fb by the relation
4
2
rf‘R:Z‘f N (1v 5.7)

The charges do not get any new renormalization beyond the one coming
from vacuum polarization.

With these definitions we cut the external legs correctly, we do
not introduce any additional charge fenormnlization as we saw happening
inside the graphs and we do not destroy the balance of infinities be-
tween the vertex and the propagators.

These results could have been cbtained formally by applying the

Ward identity relating the proper vertex and the fermion proper self-
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energy, while ignoring the n dependence. The result would be the old
Z|=Zz rélation of QED (Z' is the vertex renormalization) which seems
to be effectively correct.

The B—Qé—ﬂé vertex and Vi propagator can be treated in exactly
the same way.

Fermion mass renormalization presents no problem. A renormalized

mass can be defined by
mK=m +Sh (1IV 5.8)

and éflcan be fixed in such a way that the n independent pole of the
full fermion propagator is found in the right place.

A new complication that arises in this theory is the A—fé—‘Jiand
B—\H-LH vertices. These vertices do not exist at the tree level, but
are created in higher orders. 1f these proper vertices are overall di-
vergent and need an overall subtraction, the theory is in trouble since
we have no counterterms for them. Fortunately, these graphs are finite.
We see this as follows. Graphs contributing to the B-‘ﬁ—\ﬂ proper ver-
tex parts are like the ones in fig.l. The Ward identity relates the
sum of these graphs with a zero momentum photon, to the derivative of

the graph of fig.2 which is zero by Furry's theorem [R1]. This means

that we do not make an overall subtraction of these proper vertices.

6. Subtraction and finiteness

We consider the sum of all graphs to all orders contributing to
a given physical process, with all the external legs cut and replaced
with wave functions according to the reduction formula. We know that
at this stage the strings cancel. We contemplate the renormalizations
described in the previous sections at the same time to all orders. The
renormalization constants are now multiple infinite power series in

the coupling constants. In QED we get something like that to all or-
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ders but with the important difference that we can start from lower
orders and construct the whole series in steps. Here we cannot say
the same since at this stage we only know that the n cancellation
occurs only when we sum an infinite series of graphs. Also in QED each
graph either is primitively divergent and needs an overall subtraction
or is not and is finite given that in both cases all self-energy and
proper vertex part insertions are made finite in a previous step. Here
the difference is that there is no previous step. All steps have to be
taken at the same time.

If we have a look at the Feynman rules of Zwanziger's theory we
can see that they give rise to graphs with the same structure as the
graphs in QED and with the same kind of infinities. In this theory we
also have Ward identities of the same form as in QED. These two facts
guarantee that one subtraction, as described, is enough to make the
theory finite. The complication of this theory is due to the fact that
we have in finite orders infinities that need counter terms with dif-
ferent teusor structure than the terms present in the Lagrangian, be-
cause of the n dependence, and not to the presence of worse (let us
say quadratic) divergenceS . After the n cancellation counterterms of

this kind are not needed anvmore.

7.Lorentz invariance of the renormalized theory

According to the renormalization program discussed in the previ-
ous sections, we renormalize each vector boson propagator by dividing
with an n independent constant Zy, and both charges by multiplying
the bare ones with (23. Each fermion propagator is renormalized by di-
viding with a (possibly n dependent) constant Zy. Multiplication with
the same constant renormalizes the vertex of two fermion lines and one
line of the vector field coupling to the fermion. There is also a mass

counter term.
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Among all these renormalization constants, only the wave function
renormalization of the fermions is (in general) n dependent. This.
should be so in order to remove the n dependent external leg correc-’
tions and leave the S-matrix n independent. By renormalizing the cor-
responding vertices by multiplying them with the inverse of this n de-
pendent constant, we make sure that the whole subtraction scheme does
lead to a Lorentz invariant theory.

Formally the Lorentz invariance of the renormalized theory can
be checked directly. Expressing the Lagrangian in terms of the renorma-
lized quantities, we sce that Zy does not appear in the coupling of the
fermions to the gauge fields. The appearence of Zy in the fermionic
Lagrangian does not affect the closed particle loop sector. With re-
scaling of the photon field the proof of n independence of Green func-
tions of the currents can be trivially repeated. For the S-matrix we

need again, of course, the LSZ reduction.

8.Charge renormalization and Dirac's quantization condition

With the definitions

[ed = !
[z,e = cq (IV 8.1)
and

l28 = &g (IV 8.2)

~if we keep eg and gp finite and fixed, the whole cuttof dependence goes
to the bare charges e and g. But the bare charges satisfy Dirac's quan-

tization condition
A A .
eg=2fn n=0,%1,*2,... (IV 8.3)

For our program the Dirac quantization condition is needed for the bare

charges, given that the proof of n independence of the S-matrix uses
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this condition in an unavoidable way, and the whole subtraction scheme
is based on this n independence. However, as argued by Schwinger [28],
the theory should be consistent at the level of fields ‘as well as at
the level of particles. The ordinary quantum mechanics argument of Di-
rac applies to the renormalized charges and necessitates the quantiza-
tion condition for them in order that the quantum particle theory be
consistent. Both requirements can be satisfied if the bare charges di-
verge as the cutoff goes to infinity. We believe that this is not ab-
surd given our experience with QED. In this case we require that the
renormalized charges satisfy the condition and we also leave the bare
ones to go to infinity in such a way that they also satisfy the condi-
tion. This can be done if we introduce a discrete cutoff, which is al-
lowed to take only those values for which eg(Zl‘[)_l is an integer. In
a sense we renormalize the integer present in Dirac's condition and
let the bare M go to infinity through integer values. If it should hap-
pen, for some reason, that the bare charges remain {inite the theory

would still make sense if Z3 is a ratio of appropriate integers.

9.The expansion in closed fermion loops

Up to this point we have been considering sums of graphs to all
orders, because our renormalization scheme is based on the n cancella-
tion. It is true nevertheless, as we already have scen many times, that
the n cancellation theorem asserts something even stronger, namely that
this cancellation takes place even if we do not sum all graphs contri-
buting to a given process, but only the graphs with a given number of
closed charged particle loops and all radiative corrections.

Everything we have said using the sum of all graphs carries
through if we consider the sum of graphs with a fixed number of closed
fermion loops and all radiative corrections. The only reason we did not

do it from the beginning is that, in our opinion, the argument to all
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orders can be presented with less effort. Of course now the contribu-
tions to the renormalization constants will be restricted.

Perhaps the use of the closed fermion loop expansion can make the
discussion of section 6 a little bit less academic. Using this expan-
sion the necessary renormalization constants can be computed, in prin-
ciple. This expansion defines a sequence of steps. Lach step still re-
quires a summation of an infinite number of graphs, but, at least, this
way a "previous step'" exists. Taking the next step involves an infinite
amount of labor which now is well defined. An infinite number of such
steps should reproduce the renormalization constants of the full theory
as a multiple power series in the coupling constants.

It should be noted that the expansion in closed fermion loops is
not a reasonable one, since the number of closed fermion loops does
not have much to do with the size of the contribution. However it is
technically satisfying that each sector of the theory which is Lorentz

invariant can be made finite (wodulo our assumptions).

10.Remarks

a) In order to avoid misunderstandings we would like again to
stress the assumptions we have made, which we believe are very reason-
able : 1) The infinite summation and the removal of the regulators are
interchangeable. 2) The string dependent terms proportional to Tﬂu(nkil
in the full (AA) and (BB) gauge boson propagators will cancel complete-
ly. 3) The Ward identities are respected by the string cancellations.

b) Whether or not the string dependent terms in the full diagonal
gauge boson propagators cancel, the equal renormalization of the two
charges, due to vacuum polarization, remains true. Only the finiteness
of the theory depends on this cancellation.

c¢) It dees not look obvious that the renormalized charges will be

the experimentally measurable ones at large distances. This will be on-
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ly true if a low energy theorem holds stating that at zero momentum
transfer the full S-matrix element in charge-charge and monopole scat-
tering gets contribution ouly from the single gauge boson graph with
all gauge boson propagator corrections and the string terms absent.

We believe that such a theorem should be true if the assumption of
exact cancellation of the string dependent terms is correct.

d) The infinite constant H in (IV 5.4) is not equal to 22. Since
it gets cancelled everywhere we do not need to know how much it is.

The only renormalization constants whose knowledge is necessary for

the closed fermion loop sector of the theory are Z5 and gnn Z, is on-
ly needed in external fermion lines. These constants are, in principle,
determinable unambiguously. No assumptions about the way in which the
strings cancel enter their determination.

e) The fact that the Zwanziger Lagrangian (without matter fields)
gets a counterterm proportional to itself (the proportionality constant
being 23—1) guarantees that in the renormalized theory there is just
one photon, like in the bare theory.

f) Lf the Ward identities happen not to be respected by the
string cancellation, an extra renormalization of the two charges will
be peedcd. This does not violate Lorentz invariance if the new renor-
malization constant is string independent and a consistent way of com-
puting it is found.

g) We have covered explicitly only the case of spin § matter
fields with only one type of charge. The only difference, as far as we
can see, that the inclusion of dyons might give rise to is the F term
in the full mixed gauge propagator. This F would still be zero, if in-
dependent electric and magnetic charge conjugation is a symmetry. We

have not dealt with the spin 0 matter field case.
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11.Conclusions

In this chapter we exhibited a scheme of renormalization of the
local quantum field theory of spin } charges and spin } monopoles in
interaction with the electromagnetic field. The two tybes of charge
are equally renormalized. The resulting thecory is finite if our assump-
tions are correct. The result of Brandt, Neri and Zwanziger concerning
the Lorentz invariance of the closed matter loop sector of the theory
remains intact after renormalization. The Lorentz non invariant S-mat-
rix of the bare theory is rendered finite and Lorentz invariant after
renormalization only if the LSZ reduction is used in spite of infrared
divergences . Although the discussion is rather academic it shows that
the independent constants of the Lagrangian are sufficient to absorb,in
principle, the ultraviolet divergences . One naturally wonders whether
there is an example that can be worked out explicitly, following these

lines. The answer to this question is to be found in the next chapter.



82



83

V RENORMALTZATION OF THE QEMD OF A DYON FIELD

1.Introduction

The local quantum field theory of electric charges and magnetic
monopoles, proposed by Zwanziger, depends on a fixed direction n , the
direction of the old Dirac string. This last dependence, a remnant of
the string, has been the source of many difficulties. It violates ex-
plicitly Lorentz invariance, at the Lagrangian level at least, and
spoils the renormalizability of Zwanziger's theory, in the conventional
sense of the word.

Brandt, Neri and Zwanziger [5] using the language of path inte-
grals, presented a formal proof of the restoration of Lorentz invari-
ance in the full Green functions of the gauge invariant electric and
magnetic currents. Based on this work, we presented in the last two
chapters a program of regularization and subsequently subtraction of
the ultraviolet infinities of Zwanziger's theory. This subtraction
scheme assumes the cancellation of the string dependence (n dependence)
which is expected to occur only after a summntion.of an infinite number
of Feynman diagrams, provided the Dirac quantization condition between
thg electric and magnetic charges of the matter fields is satisfied.
Consequently, this subtraction scheme cannot be implemented order by
order in perturbation theory, before the Brandt-Neri-Zwanziger cancel-
lation occurs. Besides that, perturbation theory does not make much
sense in the strong coupling charge-monopole quantum eclectromagneto-
dynamics (QEMD).

There is however a special case in which this cancellation does
happen in finite orders of perturbation theory, and perturbation theory
can be made applicable by an appropriate choice of the values of the
coupling constants. This is the case of a dyon field carrying elec-

tric charge e and magnetic charge £ and interacting with the electro-
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magnetic field described by the pair of electric and magnetic vector
potentials ArABHd Bu. In this case the "dual invariant” form of Dirac'

s condition
g-g.e.= 40n n.. i teger (v 1.1)
e.g-g.e. = ., nh..ointege .
¢ T Y Y

is trivially satisfied and the electric and magnetic charges are un-
restricted. The same is true for all cases where QJ=O.

Our purpose in this chapter is to examine the renormalizability
of the QEMD of a dyon field. The discussion will be limited to the one
loop level, but we cannot forsee any problems in extending it to higher
orders. We will try to be as explicit as possible in order to illustra-
te the program of renormalization of monopole theories as discussed in
abstract terms in chapter 1V. The present discussion by no means sub-
stitutes the one given in the previous chapter since the case of a sin-
gle dyon field is much simpler than the general one. Nevertheless, in
this context a very clear description can be given of the problems in-
volved in the general case.

We will see that for the specific case at hand, finite answers
can be obtained (when the program of the previous chapter is followed)
on%y when a given process is considered. Even in the exceptional case
of a single dyon field in which the n cancellation occurs in each order
of the loop expansion, Zwanziger's theory is not conventionally renor-
malizable in the sense that all infinities of the primitively divergent
graphs cannot be absorbed into a redefinition of the coupling constants
and field renormalizations in the original Lagrangian. Only when the
graphs contributing to a given process are summed and some string de-
pendent terms cancel between different graphs, a finite expression is
obtained. In the particular case considered, the on shell condition on
Green functions is not strictly neccessary for finiteness.

We believe that QFMD of a dyon is a unique example of a theory
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which is not conventionally renormalizable, is not only on shell fi-
nite (as conjectured for some supergravity theories) but can be made
finite at the Green function level (except of the two point function
of the vector potentials) in each order of the loop expansion. In chap-
ter IV it has been argued that the same is true of the general charge-
monopole theory but only after a summation of an infinite number of
graphs corresponding to the Brandt-Neri-Zwanziger Lorentz invariance
restoration and at the level of the renormalized S-matrix (assuming
that such an object can be given a meaning, in spite of infrared di-
vergenc¢€s ). The present example demonstrates that the infinite graph
summation and the on shell condition are not strictly necessary, but
only non-minimal requirements due to the complexity of the problem in

its generality.

2.Definition of the theory

The action that we consider here is (without gauge fixing)
5=5,+5, (v 2.1
with
4 d rd
-'si-Q/dx{ ne (QAA) Jne QAB)  J+[n+(IAA) ]+(A—>B,B->-—A)} (Vv 2.2)

and

52_= jdi \p(i)y—nﬁe)/%-g}{)q_f (Vv 2.3)

where Ar|and B, are independent vector potentials, n , an arbitrary

r{

but fixed 4-vector with n2=l, and %)a dyon spin % matter field with

"1

electric charge e, magnetic charge g and mass m. Our notation is the
one used in the previous chapters which suppresses Lorentz indices as

much as possible.

We choose to work in Landau gauge @:As3-B=0) which shows better
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the similarity of the theory with ordinary QED. In this gauge with

the notation

1 2 1z 2
V=A,V =B and € =- € =] (V 2.4)
t | e

the propagators of the gauge fields can be written compactly in momen-

tum space as

od)_ 4 CheX o (e & b K ab | ¢ e .ap |
D\w= xe (0] I\P(x)vv (0) ]O>=[(—-;i;:; %)S —;&r,‘,a.tfkt ]bn_‘ch (Vv 2.5)

Due to the antisymmetry in its a,b indices the mixed (W?Vf)(a%b)
propagator, for the case of a dyon field (or whenever Skj=o) does not
contribute between two matter field lines and this accounts for the
special characteristics of the example under study. For example. for
each graph like the one in fig.l there is one which is exactly opposite
given in fig.2. This means that, with the cxclusion of the processes
involving external photon lines, the mixed propagators, in which the
whole n dependence resides, can be omitted from the Feynman rules.
Omitting them however, instead of being a simplification, leads to
enormous difficulties in renormalizing the theory. Higher order correc-

tions induce a coupling between the A, and BH vector fields. The infi-

P
ni?ies of the thus created (APBV) propagator cannot be removed in an
obvious way. This means that although for the processes in question
the string is absent, the construction of appropriate counterterms is
not trivial. We will return to this point later.

Wavy lines correspond to the A field, broken lines to the B

field, continuous lines to the dyon.

3.Vacuum polarization

We start our discussion of the: renormalization of the QEMD of a
dvon field with the vacuum polarization, following, as clos@ly as pos-

sible, the program set up in the previous chapter.
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The one loop Green function of two electric currents, represen-

ted by
K
A
)A v
is of the form
( k?k k) (QB (v 3.1)
i - C . .
1 El;qv ,w v

The one loop Green function of two magnetic currents, represented by

o O

s v

is of the form

ig vk-krkv)n(é (v 3.2)

M

The one loop Green function of one electric and one magnetic current,

represented by

t

AN - -
}4 v

is of the form

ki
i(g k-k_k )F(kl). (V 3.3)
pv IV

The crosses in these graphs mean that the external legs are amputated.

The scalar functions C,D and F do not depend on n and are given by

CK) =e2 1 (k) (V 3.4)

D(K) =21 (1) (v 3.5)
k2 YA

F(K)=egl (10 , v 3.6)

where

|
- < 2
I(§)=—(12§)'ln(pynﬁ—6/;zz(l—z)ln[l—-—z(l-z)] (v 3.7)
Q0

K
e
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In (V 3.7)4\ is a regulator mass. In this simple case we can use Pauli-
Villars regulators. The more sophisticated regularization of chapter

III does not seem to be necessary.

Dvii

My has the follow-

The (AA) propagator, up to one loop, denoted

ing contributions:

D'LLE’\A/é}\f\ = f\/\/\.+’\f\’“c}\f¥ +‘“J\/'"‘C)B"\f\+
]4\/ r‘ v P v rl [V [\4 A\

-+r\/\()~--mxx+-f\/\J"'C)‘f"ﬁ; (V 3.8)
4 l" \ )‘4
The result is
4 T
D'Lv ) /k LG (D) +D () |+ —*‘—“D(ﬁ (v 3.9)
H (he k)
where

¥h1=ghv_nrnv' (v 3.10)

Terms proportional to k  have been dropped because they do not contri-

bute by current conservation to gauge invariant quantities.

Similarly
22 Tov
D' =- g /k [1+c<k)+D(k)] +— C(k) (Vv 3.11)
v (K}
. P v
D" % == Sy VK[ 14+C (k) +D (k) ] TL~F(k) (V 3.12)
P (K1t
1 e \'1 U'le\a- . T v Z
D' =—LYRT 140 (k)+D (k)] - Y F (k) (Vv 3.13)
KKy kn"’-\z'

We see that the one loop corrected gauge propagators are string
dependent and not multiplicatively renormalizable. They cont#in a piece
proportional to the tree gauge boson propagator plus string dependent
pieces with different infinite coefficients. This makes obvious the
fact that the theory cannot be perturbatively renormalizable in the
strict sense, i.e. without the introduction of counterterms of a dif-
ferent form than the terms originally present in the Lagran-ian, un-

less the string dependent terms cancel exactly in all physical proc-
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esses. The introduction of new types of counterterms is dangerous for
the Lorentz invariance of the theory and following the program of chap-
ter IV we will not take this approach.

It will be shown below that the string dependent pieces in'the
corrected propagators of eqs. (V.3.11) to (V.3.13) will actually cancel
in the computation of Green functions corresponding to different pro-
cesses. Given this, it is clear that the photon wave function renor-
malization should be defined in terms of the string independent common

'
coefficient of the pieces of the gauge propagators having the same

structure as the tree ones.

We define
22 2, lc~z
23 =14+C(0)4D(0)=1-(eFg) (121) 1In( /m) (Vv 3.14)

In terms of Zs we define renormalized gauge boson propagators by

,C(L 'ub -}
) = .
IR iy D w3 (Vv 3.15)
and renormalized charges by
ﬂ23e=eQ ,'lz3g=gQ (V 3.16)

We see that both charges are renormalized in the same way due to vacuum
polarization. Definition (V 3.15) is equivalent to the following defi-

nition of a renormalized photon field
["‘_ M - ]’4_ e
F?BAR—A , {2 Bg=n (V 3.17)
These definitions amount to rewriting the Lagrangian in the form
) ALY 40 0N T > oS
L=- (0 QAR 1n- OAB) J+[ns OAA) 1+(Z-1) [n QAR Hn- @Ay ]
+(z=1)[n+ (JNA )]ﬁ(A—;B B-> -A )\ @(i&’—me A+g 1/) (V 3.18)
3 R R7R'R° R RRR'R Y .

We now turn to a discussion of specific processes in order to de-

monstrate the cancellation of the extra string dependent pieces in the
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corrected gauge propagators whose infinities we were unable to subtract.
First we consider a process in which, among other things, an ex-
ternal photon is attached to a dyon line. The one loop graphs contribu-
ting to the process in question, as far as the external photon line is
concerned (vertex corrections are irrelevant for this discussion) are
shown in fig.3 in terms of the corrected bare propagators. Summing the
contributions of graphs a and ¢ we get
fr[l+c<1§)+1)(kL)] +—3*T&f’y‘—K[1+C(k)+D(k)]g—T D(IZ“)+-V—- F(k) (Vv 3.19)
w2 K (n-k) (nK)z V)K)i.

Now egs.(V 3.5) and (V 3.6) give

2 2 .
eD(k)-gF(k)=0 AV 3.20)

This means that the last two terms in eq (V 3.19) cancel. Similarly,

the sum of graphs b and d is
\
P e
2 r) 2
e e () Jg- Enver IR Lo (Ban (D) Te (v 3.21)
k? K{(V\'K)
using the identity
2 2
gC(k)-eF(k)=0 (V 3.22)

We see, as promised, that the string dependent ﬁieces which have not
been taken care of by our renormalization definitions actually exactly
cancel without need for extra counterterms and without causing any
trouble. Now eq. (V 3.19) in terms of the renormalized charges takes

the form

Cedy4 DK e
={-Z-3 I+ lx)-&}(x[i (—I \,Eflfm(g |

Sum of [a and c¢]=G
[ ] Z_5 K2 R Kz(V\-K) R

A+

—§Tl+-€-—i%ézz(l z)ln(l—-—z(l z)][gP e —g%f%ﬁ;FgR] (Vv 3.23)

Similarly eq.(V 3.21) takes the form

= 145+ 1, Ewgo-?ferK: ]

S f [b and d]=G = Z
um of [b a ] h+dL =z, LgR <in. W °R
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2 2 | v
51, CRef K % Epvpalric™
—@l+ -anézz(l z)In(l m.‘z(l z))][_i:zga -Ei-%\.—mea] (V 3.24)

We can now define renormalized Green functions by

%R -
2 2
& ¢ Zys G =G Zj (Vv 3.25)
Ot e bedd bl

which are perfectly finite. This last renormalization corresponds to

a renormalization of the photon wave function that will be attached to
the photon line when the propagators of external photon legs will be
amputated according to the standard reduction formula,

Here we should make two remarks. First we need not renormalize
at ﬁio and consequently the off-shell Green functions can be made fini-
te. Second the Green functions in question are not gauge invariant. It
is therefore natural that they are not string indepéndent. Nevertheless
the renormalized S-matrix is,due to the removal of the string dependent
external legs by the LSZ reduction formula.

Now let us examine the validity of these two remarks for the same
process in the more general case in which electric and magnetic charges
may not be carried by the same field. The computation of ﬁ:fhnd the de-
finition of Z3 (in terms of C, D and F but not in terms of their spe-
cific values of the present example) hold for this case too at the one
lodb level (wﬂere no gauge propagators contribute to the_electric and
magnetic current Green functions) and to all orders (where C, D and F
are string independent) as discussed in chapter IV. However the cancel-
lations of the string dependent dangerous terms, as discussed in the
context of the studied process, do not take place. The reason is that
in general (V 3.20) and (V 3.22) are not satisfied. For example in the
absence of dyons F(£)=O at the one loop level (since the corresponding
graphs are absent) and in fact to all orders (as a consequence of Fur-
ry's theorem and the results of [5] as shown in chapter 1V). This mecans

that in this case the off-shell Green functions cannot be made finite.
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It is also true that they are not string independent, as expected. At
this point the LSZ reduction formula is needed for two purposes. First
it removes the dangerous string dependent terms whose infinities have
not been absorbed by renormalization, given that these terms have no
pole at ﬁQO. Second it renders the theory string independent by ampu-
tating the external photon legs. This irrelevance of the terms propor-
oub

“propagators to the wave function renor-
PVP p

malization of the gauge fields proves that, even in the most general

tional to T, in the full D'

case and in the exact theory, the two charges are renormalized in the
same way due to vacuum polarization. This was first proved by Schwinger
in the context of his first order formulation, and in chapter IV was
shown to be true in the context of Zwanziger's local Lagrangian formu-
lation.

We now go on to discuss processes in which one photon is ex-
changed between two fermion lines. Vertex corrections will be discussed
in a later section. As explained in section 2 for processes like this,
in which the photon line has both ends landing on a fermion line, mixed
string dependent propagators do not contribute. Nevertheless we believe
that if we do not draw the corresponding graphs the discussion of renor-
malization becomes very difficult. This, of course, is true on the con-
dition that we have not evaluated the necessary counterterms from an-
other process. For example in our case by simply rescaling quantities
in the same way as before, on the condition that the introduced counter-
terms are sufficient to remove all infinities in the theory (up to one
loop), we should have no problem. Let us pretend for a moment that we
do not know the necessary counterterms. We omit the mixed propagators
and we draw all the graphs that involve only D;t and Dii,. The relevant
graphs are shown in fig.4. These graphs rather suggest a different wave
function renormalization for Ar1 and BN but this is still not sufficient

given that there is nothing left to subtract the infinities of the last
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two graphs. On the other hand, without omitting the mixed propagators
the graphs contributing to the process in question can be classified
using the corrected gauge boson propagators as in fig.5. The calcu-

lation of these graphs gives
2 2 2 - g
1+ g /K (1 + c(k) + D(k)]u(g){‘u(%)u(g)(f'u(e) (V 3.26)

In terms of the renormalized charges this result reads

. eR +2R 1+ Q)+ D(6)

u(pwu(p)u(p)a u(p)=

K 23
i 6'2*5"{1522 dzz(l 7)ln(1—-z(l—z))]u(p)l)’u(p)u(p)a/u(p) (V 3.27)

We see once more that although we did not take care of the string de-
pendent terms proportional to Tﬁv(containing potentially'dangerous in-
finities) we were able to get a finite answer. We therefore conclude
that in discussing vacuum polarization the mixed propagators should be
kept before the evaluation of the counterterms., This is rather relevant
for higher orders. Also note that the answer is n independent.

The moral drawn from this last exercise is that we should not
worry about the string dependent terms of the corrected gauge propaga-
tors provided we consider the contribution of these propagators to a
set of n independent graphs (a set whose sum is n independent). We al-
so learn that once we consider a set of n independent graphs in the bare
theory (like the set of figs 4 and 5) and we renormalize, rescaling
quantities by string independent constants (e.g.fiée=%K), the renorma-
lized contribution of these graphs will also be n independent. This is
a "reasonable subtraction that does not introduce an n dependence" in
the language of chapter 111. These two remarks are at the heart of the
abstract renormalization scheme of the previous chapter.

It is also worth noting that string dependent counterterms, the
ones exhibited in (V 3.18) are employed in order to guarantee that the

completely n independent set of graphs of fig.4 is subtracted in a way
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that maintains its n independence.

We can ask again what happens in the more general case in which
the electric and magnetic charges may be carried by different fields.
In this case the blobs of fig.5 can represent one loop contributions
or contributions to all orders (which are n independent) as discussed
before. In the absence of dyons the last two sets of graphs in fig.5
are absent and the answer comes out to be neither finite nor n inde-
pendent. The dangerous string dependent pieces of the corrected gauge
boson propagators do not cancel. This happens simply because we did
not consider an n independent set of graphs. For theories more general
than the one of a single dyon field, the set of graphs of fig.5 is not
n independent. The smallest known set of n independent graphs in the
general case contains an infinite number of them; for example the Green
function of four currents with a given number of fermion loops and all
photon corrections. It has been argued in chapter IV that once the full
gauge boson propagators are considered embedded in a set of n indepen-
dent graphs, the string dependent pieces for which no counterterms are
introduced will cancel without creating any problems. However, due to
the fact that in the general case the known sets of such n independent
graphs contain an infinite number of them, the assumption was made that
the cancellation of these pieces is exact and no infinite remainder of
them is left. This is the main assumption of the program of chapter IV.
1t should also be noted that although the set of graphs of fig.3 in the
general case is not n independent, and although the cancellation of in-
finities does not happen, we still managed to get finite answers by go-
ing to the S-matrix and noting that the dangerous terms have no pole at
ﬁ¥0 and therefore could not survive. This indicates that in computing
S-matrix elements we have an extra weapon to "kill" unwanted terms.

The conclusion of this section is that the counterterms of eq.

(V 3.18) are sufficient for the subtraction of all infinities due to
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vacuum polarization effects in the specific case discussed in this
chapter, but analogous counterterms for the general case are only suf-

ficient when an n independent process is discussed.

4.Fermion self energy and proper vertex parts

The graphs contributing to the fermion self energy and proper ver-
tex (up to one loop) are shown in fig.6 and 7, respectively. They form
n independent sets of graphs due to the antisymmetry of the mixed gauge
propagator in its a,b indices (the last two graphs in each of the two
sets cancel each other). Therefore their discussion is analogous to the
one of ordinary QED. Due to the usual Ward identity the charges do not
get any additional renormalization on top of the one they already re-
ceived from vacuum polarization. So in the interior of each graph each
vertex ''renormalizes'" the adjacent propagators and no counterterms are
needed except for a mass counterterm and a renormalization of the ex-
ternal fermion lines which are taken care of by the defiﬁition of a re~
normalized Green function. Alternatively, this renormalization can be
viewed as a renormalization of the spinor wave function that substi-
tutes the external propagators according to the LSZ reduction formula.
This wave function renormalization (usually denoted Ze) is gauge depen-
dent and string independent in the particular case examined. It should
be noted that in the case of QEMD of one dyon we do not need to go to
the S-matrix (as far as the fermion external lines are concerned) in
order to get a finite and string independent answer.

In the general case self energy and proper vertex parts are not
known to be n independent. They are therefore expected to need counter-
terms of a different form than the terms existing in the Lagrangian.
The situation is analogous to the discussion of the corrected gauge
boson propagators of section 3. There we saw that string dependent

terms were created, having different tensor structure from the tree
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propagators and infinite coefficients whose infinities we were unable
to absorb into the parameters of the Lagrangian. When considering an
n independent set of graphs, following our discussion of chapter 1V,
we need not worry about these extra complications as we saw explicitly
in section 3. The Ward identity will guarantee that effectively verti-
ces "renormalize" the adjacent propagators except for external fermion
lines. In the general case there is no reason for ZZ to be n indepen-
dent and nor for it to be sufficient to remove the infinities of Green
functions involving external fermion lines. The extra n dependent
pieces with string dependent singularities (like (nk)”? in section 3)
will generally have different coelficients. In this case only after go-
ing to the S-matrix and therefore killing the extra terms (as we did
in section 3 for the process of fig.3 in the general case) we can get
finite answers. Green functions with external fermion lines are not
gauge invariant mglike the ones with external photon lines, and there-
fore not generally n independent. In chapter IV we argued, using the
gauge invariant path dependent source, that the full renormalized S-
matrix is n independent. The argument was analogous to the one given
for the gauge invariance of ordinary gauge theories. Also the fermion
wave function renormalization was predicted to depend on n like it de-
pends on the gauge in ordinary gauge theories. Classifying the S-matrix
among the n independent objects, together with our diséussion of the ex-
ternal legs, allows wus to conclude that the renormalized S-matrix is
finite and n independent. However the proof of n independence of the
S-matrix relies on the LSZ reduction and therefore neglects infrared
problems which might be very serious. The result of chapter IV there-

fore should perhaps be regarded as rather formal.
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5.Prescription for higher orders

1) Draw all graphs contributing to a given process without omit-
ting any mixed propagators.

2) Treat vacuum polarization insertions according to the method
followed for the process of fig.5. The blobs of fig.5 will of course
include higher order graphs but will be n independent due to the anti-
symmetry of the mixed gauge propagator in its a,b indices. The cancel-
lations that occurred for the process of fig.5 will occur again.

3) Treat external photon lines according to the method followed
for the process of fig,3. The blobs will contain again higher order
terms but no n dependence due to the cancellations between mixed gauge
boson propagators. The cancellation of the dangerous terms will take
place again. String independent answers will be obtained after amputa-
ting the external photon lines according to the LSZ reduction formula.

4) Omit mixed gauge propagators in the graphs not falling in the
cases covered in rules 2 and 3.

5) Define renormalized quantities according to the definitions

adopted in the previous sections.

6.Concluding remarks

1) The renormalization procedure of the QEMD of the single dyon
field, demonstrated explicitly here up to one loop, can be obviously
continued to higher orders. The method should be extendable to all ca-
ses in which the dual form of Dirac's condition is trivially satisfied.

2) The Lorentz invariance of the renormalized theory follows
from the fact that n cancellations in the bare theory are not affected
once the rescaling by n independent constants is made. In the more ge-
neral case in which we might need an n dependent Zg the program does
not violate this rule given that 22 cancels inside the graphs (it is

compensated for by the vertices) and in external legs it is needed in
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order to remove an existing n dependence. Even if the Dirac condition
is satisfied, the unrenormalized Green functions are not n independent.
They become so, once we divide by Za (through the LSZ).

3) The dual invariance of the classical theory is preserved by
renormalization due to the fact that the same constant, [Z , renormali-

zes both gauge potentials and its inverse the two charges.
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VI AN ELECTROWEAK MODEL WITH POINT MONOPOLES

l.Introduction

We saw in the previous chapters that Zwanziger's local quantum
field theory consists of an appropriate generalization of QED capable
of describing the interaction of photons with point electric and mag-
netic charges. It involves two vector poteuntials AH and Aé (notice
a change in notation) which couple minimally the one to the electri-

cally and the other to the magnetically charged matter fields.

Zwanziger's Lagrangian, without matter, is given by

~ /\J
=- F F' F' - F ! o 'T 1.1
ﬁnr an v énr‘ F‘P y VP inPPPnVP"P inrlm) vFrp (VI )
where
A, 3 A (VI 1.2)
o I
Fb = ‘/'\}A (VI 1.3)
and

A

= ; ] .
F v ‘Eﬂ$f€r (VI 1.4)
with n a fixed time-like unit 4-vector which violates lLorentz invari-
ance at the Lagrangian level. Lorentz invariance is restored in the
full quantum field theor Although it has a U(1) Xu(l) local

: v 8 eleckeic "“”‘8"“&

gauge symmetry it describes one photon.

Since the time that Zwanziger presented this local Lagrangian our
understanding of elementary particle physics has changed considerably.
The success of the electroweak unification and of QCD indicates that
electromagnetism is not independent of the rest of elementary particle

physics but the electromagnetic U(l) comes from the spontaneous break-

ing of a larger non-abelian gauge group. Therefore it seems natural to
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ask what is the generalization of Zwanziger's theory that will take
into account the progress made in the rest of physics during the Dot de-
cade and discuss the problems that this generalization would give rise
to. This is the purpose of the present chapter.

In section 2 we present an extension of the S0(3) model of Ge-
orgi and Glashow [9] with point monopoles. The extension of the proof
of n independence is given and renormalizability is discussed briefly.
In section 3 we present an extension of the standard electroweak

SU(2)XU(1l) theory. Section 4 contains some conclusions.

2.An S0(3) extended model

The most natural way to extend Zwanziger's theory would be to re-

place the U(l)q,, that comes from the spontaneous breaking of a non-abe-
. . T e [
lian gauge theory with Zwanziger's U(l%ug%a§u(llma%ndu-T° be specific
let us choose to talk in terms of the $0(3) electroweak model of Ge-
orgi and Glashow. The model consists of an S0(3) gauge group with two
+ —

charged (electrically) gauge bosons W ,W and a neutral one A. It is
spontaneously broken down to U(l),, with A as a photon. The breaking
. . . - 40 ° -
is done via a triplet of scalars s ,s ,q),w1th ¢ acquiring a vacuum

expectation value. The gauge coupling constant is denoted e. The gauge

field Lagrangian is

e I T G T @ acga R
Lgm%o\— FEF =100, ;vwr,)f W -3 G W b4 c)f\,. WA

.~V M b Y el $ PV Mgy TV H v
+A»[1e(wva W -WW +wvbw —wvabf )-ez(wvw A=W W A)]

+-pt v + H- v
-iez[wl“w NVW —wﬁw W, W ] (VI 2.1)

in terms of the electric charge eigenstates. The scalar Lagrangian is

-4 + - —
L =daftie(W st -w sy e lie s s h ] +
Scalar t & H

+ O - e
+Qs -ie,s +Tebu)) O's +ied § —iepi ) (VI 2.2)
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Consider now another U(}) commuting with SO(3) with coupling
muann&-‘c

constant g. We connect the two U(1)'s (the kinetic terms) via the

"Zwanziger mechanism', namely we replace the

ki
E =-1Q,A,-3A04, (VI 2.3)

term in (VI 2.1) by Zwanziger's Lagrangian (VI 1.1). Monopoles can be
introduced via a minimal coupling to A;. This way the model has all the
characteristics of a theory of electric and magnetic charge in which
the photon comes from a breaking of a non-abelian symmetry. In contrast
to the usual case however, the non abelian gauge symmetry SO(3)XU(1LQ%“J;¢

seems to be explicitly broken down to U(l)’ 4XU(1)
Clec m

ne

. We propose to
m%qthn y P P
investigate the Lorentz invariance (n independence) and the renormali-
zability of this theory.

For the discussion of n independence, no matter fields except the
Higgs will be introduced. We think that no new problems will show up if
extra fermions are coupled to the gauge system. Because of the compli-
cated self coupling of the different fields (quartic interactions of W'
s and scalars) and interactions between them, it is not possible to in-
tegrate out all the fields. It seems to be sufficient to keep only the
quadratic terms in the neutral fields, to introduce the source terms

vt ~ H L - ’ . 3
f‘wrw,, J wvs , Js's" and leave unintegrated the neutral fields. The
full generating functional is then obtained by using an exponential of
appropriately combined functional derivatives with respect to the
source terms. So if we show that the simplified action leads to an n
independent generating functional, this will have as a consequence that
full Green functions of the U(1)XU(l) invariant electric and magnetic
currents will be n independent. The functional derivatives with respect
MYt ) ;

to the sources J ,J ,J do not introduce an n dependence unless an expli-

cit n is introduced in the interactions that we will create using these

derivatives,
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The result of the path integration over the electrically charged

fields is
o
exp[-}trinD ) : (VI 2.4)
where
Zp I LS
o Vg v-\7 VV+JI“Y 1e¢VV'+1e(3v¢°)
DL = (VI 2.5)
ied ¥+ JF —g? 4
with
a,b=0,1,2,3,4 p,v=0,1,2,3 (VI 2.6)
and
vr=br+ie/\r4 (VI 2.7)

o
We will now derive for D in (VI 2.5) a formal path integral re-

presentation. Define Gu; through
L \b ' C!,é'q ]
DG _(x,x")=g < (x-x") (VI 2.8)

where

o™
&y gpv for a=W, b=V
(VI 2.9)
=1 f b=t
=-1= ‘or a,b=
ER S Bk
Introduce formal states {x a} and |p ad such that
<x a[ x'a'y = nggii—%') (VI 2.10)
x'a e ; 2.
4 T¢
{p a)p'a'y = gqqf(Zﬂ) J'(x—x') (VI 2.11)
(xalpa'y = gfvcxp(—ipx) (VI 2.12)

corresponding to operators X and P defined through



<X{Xf‘= xﬁ{xf
<><l1;4= iJr<xl
<P1Xr=-1})h<p[
(plﬁﬁ . <Pl

and
[Xr’ypy ]z_igﬁv
Now define G such that
e
(x a\Glx' a'> —L.a‘x,x')
Using (VI 2.18), eq (VI 2.8) becomes
DCZ<X bl G lx'c¥ =(x blx'c)

Introduce now a spin matrix f5 such that

P
9
Py M P PP 5_ '
= 4+ Y -
(x t»l/\J\)X w=ie" g 8y )0 (x-x")
and
qq:O
Also introduce spin matrices M and M such that
<x &{bl;{x'\l>= Shqgf)v and all other elements zero
<x H‘Y})x'v>=§ gP and all othar elements zero
P _/\ §“ .A < <
Then with

A
k = (0,0,0,0,1)

we have
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(VI 2.13)

(VI

(V1

(VI

(VI

(VI

(VI

(V1

(VI

(V1

(V1

.14)

.15)

.16)

.17)

.18)

.19)

.20)

.21)

.22)

.23)



15" el (%‘ZA:) [P, —eiyf) ]_APglp(X)+J(X)+e¢EX)Q‘;hf’

oAb P e Coed A —=Ff A A
+iek HMh (%,¢(X)+e¢(}() (P -eA(X) ]1‘1‘ k}+J(}\)ll] k}l'(,——l

or
~J
D(P -eA ,X )G=-1
PP

from which

Formally
ro ~)
1n(-C)7/g§exp[i§‘u]
o
We have now
4
lndet(—G)=Trln(—G)§?ﬁb¢(x allnG}a x>
o
which, with use of (VI 2.28) becomes
e o (4
-
Indet (-G)= %Z{dx(x a]exp(ié‘qE D) la x>
) > 8
Divide the interval (0,T) into 2N segments of length AT
To =0, T, Ty, ...,G =T 4T=T/2N
With these X-values associate the variables
1

X TX0P,

p! X, =X

'
X eoas X
’ sP S ’ QN-{’ -1 X w

73

We know that

~ ~ A
exp(iE'D)=1im[exp(idCD)]
Z
N30

Inserting complete sets of states we get

" v J

(D " carD carD
(x a‘e"‘ [x a)=limﬂ
N

J

-1
‘gz.died'(x a]e Jva a PN xza e x a)
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{ [%,-eq§X)]

(VI 2.25)

(VI 2.27)

(VI 2.28)

(VI 2.29)

(VI 2.30)

(VI 2.31)

(VI 2.32)
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Consider each factor in (VI 2.32) separately:

( } L,ACB‘ ( ) 5 ‘ )
X a Je X a |[(1+i ID+ Dla.x )=
UR Wt PzJ 4 Zdu 3h 44
g / q - dT sz-H (:( va 2j) Ktz ll./..\‘c D(Qﬂeq )%)
dp&“(Zrl) ‘E’L"z st & Loy Ga'ff' A4
(VI 2.33)
Changing variables
=p' -eA | VI 2.34
pl\\'ﬂp’KH\e ( )
we get
(eLATD /dpﬁrb-&'dc 2+ (xgj42” 2j) 20T
lu{khz Q Q ay @m“
BB X0 o To A (ggea~ X )/20T
X 8 CEYp ¢a ‘ef.bl 3, z_yla )ezi.a € VI 2.35)
Laer L+ 4
Define
aT D(Pe,, X
11m1g 4«!“ “?.J*l e (<J+U<J(a >=[d?»(r)] (VI 2.36)
N‘)-Ad(u (Zn)q *\z‘n zd
2+
lin(] S dx, =ld@)]  with x_(0)=x_(2) =X}, (VI 2.37)
W"oO‘l:( Qaj Q I f‘

Then (VI 2.30) becomes

Indet (~6)= jdfg% Jiak [1dbo texp(- /du Ip, (@) +en, (x(©) )5 (<)
(VI 2.38)

Consider the exponential

e‘(p{ /dteA (*{(t))xr(t)} L*{p{ 1e9gdz A (z)} (_xp{ /(le (x)J"(x)}

(VL 2.39)

where [ is a closed path satisfying zﬂ(0)=zﬁ(t)=zﬂ and
7 59 1 2.41
Jﬁ(x)—ejédzﬁ (x-2) (VI 2.41)

r

a
is a classical current. We choose for -trlnD b the notation
[ —L/olx/) (x)J‘ (X)
-trlnD = E—ﬁlr('!‘_)f(r(’c))e (VI 2.41)
o

The result of the path integral over the monopole field is



/ -l:jd)( BH(X)K‘“()‘)}_

. /
exp@dtrlnD')=exp{wjg:/sjhr(s)f'(r(s))e (V1 2.42)
(S

where W is a numerical factor depending on the spin of the monopole
~

and P(Wx) a classical magnetic current. So the generating functional

becomes
a .-S-'°4-<..S eo —‘:/o‘()’(Ar(XJJ~‘(dx)
Z[J]=N [dA][dB][qu]eL b ZeXp{QJd{ Mo ())e
O ~
-4 / /A% B DK
+w49‘;‘fdﬁs)f'(r(s))e Jd B (VI 2.43)

From now on the proof is the same as in chapter 1I1. It seems that the
complicated self interactions of vector and scalar charged fields and
the couplings between them do not affect the proof. The only thing
needed is the occurence of AP and A%, in the result of the path inte-
gration over the charged fields, in abelian covariant derivatives which
stems from the U(1)XU(l) gauge symmetry being exact.

The main problem that arises.is the one of renormalizability.
Coupling monopoles to A' without non-abelian quantum numbers breaks
the non-abelian symmetry explicitly. This can be seen by replacing the
monopole by an electric charge, in which case L2 is equivalent to %fv.
On top of that, L, explicitly breaks the non-abelian symmetry as well.
Therefore the way of magnetically extending electroweak models followed

in this section, although it leads to no new Lorentz invariance viola-

tions it should be abandoned due to renormalizability difficulties.

3.A magnetically extended SU(2)} XU(1)y electroweak model

In this section we will use the criterion that the replacement of
the monopoles by electric charges should lead to a renormalizable the-
ory as a guide to the choice of the correct extension of Zwanziger's
theory. Therefore we are after a theory in which the U(])ew‘comes from
the spontaneous breaking of a non abelian gauge symmetry and at the same

time charged particles can couple to the photon without having any non-
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abelian quantum numbers.

A model like this is the standard SU(Z)LXU(I)Y model of electro-
weak interactions where right-handed electrons can couple to the photon
if given weak hypercharge. This leads to the following solution to the
posed problem.

We start with the SU(Z%_XU(I)Y model and we replace U(I)>,by the

Zwanziger U(I)YXU(I)rnuaheh(, i.e.

2 = - -—
F),W Q(QPBV QVBF)%‘ B, (VI 3.1)

is replaced by

~

/ / ~/
= ~inF Ol b > 0 4 .
Lz h;.F)‘,‘anF)’vp ‘nrlrrnvlvr ﬁrllyrrnvlvp-%inrl}?nvaVP (VI 3.2)
where
/ / / .
Frv—%liv—;Jir (VI 3.3)

Monopoles are coupled minimally to B/. The usual Higgs doublet
t +
gives masses to the W~ and Z bosons, where W™ are the (electrically)

charged SU(2)L vector bosons and
z=cos§ w3-sin3 B (VI 3.4)
w w .

with W3 the neutral SU(2)_ vector boson. The orthogonal combination, the
photon, remains massless.

In this model the SU(2)XU(l) symmetry instead of being explicitly
broken, due to the coupling of monopoles, (like in the SO(3) case) is
enlarged but the number of gauge degrees of freedom remains the same.
After sponteneous symmetry breaking the exact symmetry is U(1)XU(1) but
these U(l)'s are not the ones connected through the Zwanziger mechanism.
Instead the broken U(l)y is connected to the U(IL“%“JH:The monopole
charges are related to the hypercharges of the charged particles through

Dirac's quantization condition in order to ensure Lorentz invariance.
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As far as renormalizability is concerned the discussion of chapter 1V
applies.

The replacement of monopoles by electric charges leads to a con-
ventionally renormalizable theory and therefore our criterion is satis-

fied.
-’.o

-—

In the limit of sin%fo the W and Z vector boson masses and SU(Z)L
coupling constant tend to infinity with Gg (the Fermi coupling constant)
kept fixed, so that the weak interactions decouple from the electromag-
netic ones and reduce to the Fermi theory. Also U(l)em coincides with
U(l)y and Zwanziger's electromagnetodynamics is recovered.

The sianO limit which makes the gauge bosons infinitely heavy can
be compared with Scherk's zero slope limit of the dual theory. Thus
we can say that as supersymmetry is obtained when we take the zero slope
limit of the dual theory, in much the same way the duality between elec-
tricity and magnetism is recovered when we take the zero mixing limif of
the proposed extended SU(2)XU(1)XU(1) model.

Due to its strong magnetic coupling to the U(l)y which is parti-
ally in a Higgs phase, the monopole introduced here is presumably con-

fined.

4.Conclusions

In conclusion our model, which does not suffer from worse Lorentz
invariance and renormalizability problems than Zwanziger's original the-
ory, gives an explanation for the need for the U(l) factor in the stan-
dard electroweak model, explains electric charge quantization (because
of hypercharge quantization) without grand unification and predicts
strong coupling of monopoles to the Z gauge boson. Due to this coupling,
these monopoles, if they exist at all, should be produced as heavy mo-

nopole-antimonopole pairs in the new accelerators.
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VII A SUPERSYMMETRIC FIELD THEQRY OF MONOPOLES

l.Introduction

In this chapter we are going to briefly describe a supersymmetric
field theory of charges and monopoles. This theory can be regarded as
the supersymmetrization of Zwanziger's theory in the sense that, in the
absence of matter, the pure gauge Lagrangian can be shown to be identi-
cal to Zwanziger's Lagrangian.

The notation follows the one of reference [3], where the reader

can find an introduction to supersymmetry.

2.The supersvmmetric Lagrangian

We consider free fields first. The construction of a supersym-
metric extension of Zwanziger's Lagrangian proceeds by introducing the

following chiral spinor superfield

v 2V

—_ -2 .
W == (172120 v_(e e ) (VIT 2.1)

where V is a general real superfield containing the gauge field AP’

while D=(3495-§yxé). In the Wess-Zumino gauge in which V takes the form
- - = b —
V=£615V&9Aj(i/2ﬁ)9993;(\+12(89)262(1) (VII 2.2)
q)becomes
D =exp(~1BIEH) (A, +(1/ () (Wb, 06, +18 8, (=100 (VII 2.3)

(the conventional notation for B%ﬁ is D). We also introduce a primed
/
chiral spinor superfield\P with corresponding components.
The supersymmetric extension of Zwanziger's Lagrangian is given

by

L0 o 13 s o 13 1y
A D 15 PG LD R 1T (VI 2.4)
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where D signifies the coefficient of [1/32 (§8)2].
First examine its bosonic sector. Given that the gauge fields en-
ter the Lagrangian thfough gauge invariant combinations, the resulting
theory is gauge invariant. In order to fix the gauge we choose the condikion
3-A=3'A’=O or its supersymmetric version 5_D+V=5lD+V;0. Using the trans-

[
versality of AF and Ar'the bosonic sector reduces to the local form

2 roow2al Ph T/ Py G o
i[Ar(ng) AyitA () 2 (:.”.ft\n(rré)) A +EU_PP_::\n,(‘n§)§ A
/ { /
+¢(n-9)232¢+¢(ng)23%'-2()!(1@)32(nA)+2¢(na)5Z(nA)] (VIL 2.5)

/
For the free case, the‘$ and\i are easily eliminated using the equa-
tions of motion. We obtain the Zwanziger Lagrangian (up to surface

terms) in the equivalent form

_ / / v, ) ‘
LZ-_EHVEWHVETTinﬂ?PnVQP_&nPﬁwnth+§nP$PnVFVP (V11 2.6)

In momentum space the various propagators are

= ——p /K2 &
(AA)VV (AA)W B /K" He kIR
(AA') =—(AlA) =—¢ nfk"/k2(nk) (VIT 2.8)
b My pe
! .
=) =1/¥ (VII 2.9)
(f,'bA{)V =-(<1S’A)v —=i] (nk) /K 1n, -1 (nk) /K2 1k, ) (VII 2.10)

1 / i
The (@%), (¢¢), GbA) and (¢A) propagators are a new feature, arising on
account of supersymmetry.

The Lagrangian for the "photinos" reads
D231 N LN /32 1140 L (o) /32 T (Y - YA
@D/ - (VIL 2.11)

The propagator matrix it leads to is given by
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AN NN 1 i-if/ (np)

1
Y. - 4
AN AL -i+iyfp/ (np) 1

[

(VIT 2.12)

il

There is just one pole at p2=0, which has as residue an 8X8 matrix in

/ /
Dirac and 2, A space. This has rank two, which garantees that the (A4,3)
pair of fermions describes only two states, as it should from supersym-
metry.

We now turn to the interacting fields and couple matter to the
"electromagnetic'" field. This coupling is conventional through the su-
. / . d)
perfields V and V , and presents no new problems. Thus if A ¢L
" . " . . { d)/u ”n
electrically” charged chiral superfields and dl, ) magnetically charged

chiral superfields, the matter ficld coupling takes the form

¥ 2V )’ /}-&
(fb ++¢e eng; d)) (VIT 2.13)
V -2V- ZV
[For dyons, )= é <ﬁ and the coupling is 2()dL”z€Vf2 ,¢l2 D]

We expect the field theory to be Lorentz invariant when the Dirac
condition is satisfied in the same sense as Zwanziger's, since it repre-
sents a supersymmetrization of Zwanziger's theory. This however has not
been proved.

It should be emphasized that supersymmetrization has dynamical
consequences. The ultraviolet divergences become less severe and in
particular mass counterterms are finite. From this point of view our
theory resembles the solitonic non-abelian monopole 3] and may be con-
sidered as its field-theoretic representation, in the energy region
below its mass, where the non abelian monopole can be considered as an

elementary entity.
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