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The US Space Catalog is the primary source of public ephemeris data on Resident Space
Objects. Catalog ephemerides are published as Two-Line Elements (TLEs) which were origi-
nally defined as singly-averaged elements according to the Simplified General Perturbations 4
(SGP4) theory. Recently, TLEs have been derived through numerical fits to underlying special
perturbations solutions. We conjecture that the numerical fit results in short-periodic terms
being embedded in TLEs, and analyse the amplitude spectrum of piecewise continuous oscu-
lating solutions derived from TLE sequences for the LAGEOS-1 satellite. The orbital elements
spectra contain short-periodic terms at frequencies larger than those reconstructed by the
SGP4 theory, which supports the conjecture. For LAGEOS-1, short-periodic terms in addition
to those already considered by SGP4 should not be added to TLEs in an effort to improve their
accuracy, as they are likely to have been already partially embedded in the TLEs.

I. Introduction

The accurate and complete knowledge of ephemerides of the increasing population of Resident Space Objects (RSOs)
is the basic requirement underpinning future developments in Space Situational Awareness (SSA). To this date, the

US Space Catalog is still the most complete public source of RSO ephemerides, and is an important source of data
both for satellite operators and commercial SSA service providers. The characterization of the accuracy of the US
Space Catalog is therefore still a crucial matter.∗ Ephemerides in the US Space Catalog are distributed publicly as
singly-averaged elements compatible with the SGP4 (Simplified General Perturbations 4) general perturbations theory.
The particular heritage format in which these element sets have these been distributed leads to their designation as
Two-Line Elements (TLEs). Therefore, in the rest of this paper we will take ”TLE” as a shorthand for SGP4 mean
elements, although as of now (2021) the preferred format for the distribution of these elements is JSON.

The SGP4 theory ultimately traces its lineage to the solutions of the main satellite problem by Brouwer [1] and Kozai
[2]. The 1959 Brouwer solution was extended by Brouwer and Hori [3] to include dissipative effects from drag from an
exponential atmosphere. Another important contribution within the body of work descended from Brouwer’s theory is
that of Lyddane [4], who modified Brouwer’s theory to remove singularities for small eccentricities and inclinations.
Subsequently, Lane [5] and Lane and Cranford [6] replaced the exponential density law in the theory by Brouwer and
Hori with a power law, which removed the need for the series expansion of the density function, and further removed
limitations for small eccentricities and inclinations. The works by Lane and Cranford were used to formulate the AFGP4
general perturbation theory, which included effects from the first five zonal harmonics of the geopotential. SGP4 is
obtained from the AFGP4 theory after retaining only certain periodic terms due to drag and by simplifying geopotential
terms by making the assumption of small eccentricity [7]; in fact, only terms that do not contain the eccentricity as a
factor and are of first order in �2 are retained in SGP4 [8]. At the end of the 1970s, SGP4 was extended to model more
accurately ”deep-space” orbits with periods larger than 225min; this was achieved through the analytical modelling of
long-periodic lunisolar effects and a semi-analytical solution for orbits within 12h and 24h resonances. The complete
equations for SGP4 were disseminated by Hoots and Roehrich [9]. In 2006, Vallado et al. [10] released a revised SGP4
code that clarified a few differences in implementations that arose between different users; this is also the SGP4 code
that we use in the present work. Recently, a new general perturbations theory designated as SGP4-XP (SGP4 - extended
perturbations) has been developed to improve the performance of SGP4 across all orbital regimes [11].

An often overlooked aspect of SGP4 is its treatment of short-periodic terms, which are exclusively due to the Earth’s
oblateness. As with the long-periodic terms, only first-order terms in �2 not containing the eccentricity are retained
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Fig. 1 Historical evolution of SGP4 with main references.

in SGP4. Unlike the original theory by Brouwer, short-periodic terms are directly added to the position and velocity
vectors directly, likely to avoid singularities for small eccentricity [12, 13]. This is done by updating the inclination
and right ascension of ascending node, which lead to the osculating angular momentum unit vector. Short-periodic
terms are also added to the magnitudes of radius, radial velocity, angular velocity, and to the eccentric argument of
latitude D = � +s.† Finally, the osculating position and velocity vectors are computed in an Earth-centred frame using
classical two-body relations. An important consequence for the purposes of the present work is that the short-periodic
terms retained in SGP4 have frequencies that do not exceed 2 ¤D = 2( ¤s + ¤a), which is approximately equal to 2= for
quasi-circular orbits.

It is well known that the US Space Force has been maintaining the catalog through special perturbations (SP) since
at least May 2005 [14], following the successful implementation of SP methods on distributed computing platforms
[15]. This high-accuracy catalog is also used to issue conjunction warnings to spacecraft operators [16]. Nevertheless,
spacecraft ephemerides are still disseminated to the public as mean elements. At the moment, it is likely that TLEs
are obtained through a numerical fit to the SP solutions, in which each TLE is adjusted in order to minimise the
error between the respective osculating state (after adding SGP4 short-period terms) and the SP solution stored in the
high-accuracy catalog. Effectively, SP vectors are treated as observations in a differential correction process [17–20].
The advantage of this method is that the TLE accuracy can be increased without any need of changing SGP4-based
code on the end-user side. The consequence of this process is that (discounting noise) the corrections applied to TLEs
in order to fit them to SP vectors correspond by definition to the short-periodic terms neglected by the SGP4 theory.
Therefore, although historically related to the SGP4 theory, we conjecture that modern TLEs should be regarded as a
form of osculating elements, as they contain short-periodic terms that have been reconstructed numerically. The goal of
this paper is to take a first step towards experimentally proving this conjecture by analysing the amplitude spectrum of
TLE series. To simplify the analysis, we focus on the trajectory of LAGEOS-1, which travels on a medium Earth orbit
that is not affected by either drag or solar radiation pressure, and for which third-body perturbations are relatively small.

We highlight that spectral analysis methods have been applied in Solar System dynamics to prove that the dynamics
of the major planets are chaotic [21, 22]. Spectral processing techniques have also been devised by Knežević and Milani
[23] to compute asteroid synthetic proper elements, which have allowed generating catalogs of asteroid families deriving
from individual parent bodies [24]. In the realm of Earth satellite dynamics, Ely [25] and Dell’Elce and others [26]
devised mean-osculating transformations based on the discrete Fourier transform (DFT). Rosengren and others also
proposed using DFTs to derive synthetic proper elements for RSOs [27, 28]. These could be eventually employed to
associate breakup debris to their parent body [29], and for manoeuvre detection.

†We use the non-standard notation s for the argument of perigee to avoid confusion with the frequency variable l.

2



0 1 2 3 4 5 6

Update interval

0

500

1000

1500

2000

2500

N
u
m

b
er

of
u
p
d
a
te

s

Fig. 2 Histogram of update frequencies for LAGEOS-1 TLEs between 24th February 1996 and 24th February
2021.

II. Generation of osculating solutions from Two-Line Elements series
The classical discrete Fourier transform requires samples to be uniformly spaced; however, TLE sequences are

updated at irregular intervals. As shown in the histogram in fig. 2, typical TLE update intervals range from hours up to a
few days. Even if TLEs were spaced at uniform intervals of a few hours, such a low updating frequency would prevent
the accurate reconstruction of short-periodic terms in the amplitude spectrum as a consequence of the Nyquist-Shannon
sampling theorem [30]. The theorem states that if the Nyquist frequency lc is the maximum frequency of the harmonics
contained in a band-limited time series, the sampling interval must satisfy

ΔC ≤ 1
2lc

(1)

for the discrete Fourier transform to exactly represent the original time series. If the signal is not band-limited, or if the
condition above is not satisfied, then the energy content of frequencies higher than the sampling frequency 1/ΔC will
shift to lower frequencies. The phenomenon is called aliasing, and results in spurious peaks being introduced in the
amplitude spectrum. The maximum frequency of the short-periodic terms reconstructed by SGP4 is approximately 2=;
therefore, the requirement on the sampling interval becomes ΔC < =/4 ≈ 1 h, which is much shorter than the typical
TLE update interval.‡

To circumvent the Nyquist limit and generate a uniformly spaced time series of orbital elements on which to perform
a spectral analysis, we synthesise a piecewise continuous osculating solution from the SGP4 solution in mean elements.
Such a ”synthetic” solution effectively underlies pseudo-orbit determination techniques that have been proposed to
enhance TLE accuracy [31, 32]. The process is sketched in fig. 3, and takes place according to the following steps:

1) We retrieve a time series of TLEs x(g8), 8 = 0, 1, . . . ,. The time series is not uniformly spaced.
2) We generate a uniformly spaced discretization of the time interval of interest, C< ∈ [C0, C0 + )], C<+1 − C< = ΔC,

< = 0, 1, . . . , " .
3) The mean solution x [C< |x(g8−1)] at time g8−1 ≤ C< < g8 is obtained by propagating forward the TLE x(g8−1)

immediately preceding C< with SGP4 until reaching C<. This is done for all C< ∈ [g8−1 ≤ C< < g8].
4) The osculating solution at time C< is obtained by adding the short-periodic terms to the SGP4 mean solution at

time C<,
x(C<) = x (C<) + Xx [x (C<)] .

In the above equation, Xx are the short-periodic terms detailed in appendix B.B.7 of Ref. [8].
5) Steps 3 and 4 are repeated for all C< ∈ [C0, C0 + )].

The synthesised solution is not continuous, as small jump discontinuities are introduced after each TLE.
The generation of a synthetic solution valid for arbitrary time spans and intervals allows us to investigate its

consistency during the last two decades. For this purpose, we compare the synthetic solution obtained built with the
procedure outlined above to an osculating solution obtained from the Horizons system.§ At each epoch, the Horizons

‡Here and in the rest of the paper, we consider frequencies to be expressed in cycles per interval, which is equivalent to 2c radians per interval.
§URL: https://ssd.jpl.nasa.gov/horizons/. Last visited: 30th November 2021.
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Fig. 3 Generation of a piecewise osculating solution from a mean SGP4 solution. Jump discontinuities in the
osculating solution are shown in green.

solution is obtained a weighted interpolation of backward and forward SGP4 propagations from adjacent TLEs,¶ and is
thus conceptually similar to the synthetic solution. Both solutions cover a 25-year time span, from 24th February 1996
until 24th February 2021, and the synthetic solution is rotated from the TEME frame to the ICRF frame for comparison
[10].

Three-month moving averages of the radial, in-track, and cross-track components of the position and velocity
differences between the two solutions are shown in fig. 4, where we excluded a few outliers with very large differences.
Note that the error magnitudes do not reflect the accuracy of the TLEs over this time span and can only serve as a proxy,
as both solutions are ultimately derived from TLEs. However, as the synthetic and Horizons solutions are obtained
following different procedures, the error trends hint towards the intrinsic consistency of the TLEs, which is affected by
their accuracy. In particular, a change in the error trend is observed between March 2013 and March 2015, followed
by a sudden reduction by a factor of 5 after March 2015. This may be due to the implementation of the numerical
extrapolation of TLEs from special perturbations, and is in accordance both with published timelines for the system [19]
and with other recent studies on TLE accuracy; in particular, Racelis and Joerger [33] note similar changes in error
behaviour for GPS and WAAS satellites in October 2015.

III. LAGEOS-1 trajectory in time and frequency domains
In this section, we first perform a qualitative study of the dynamics of LAGEOS-1 in the time domain. The main

dynamical features of the trajectory in the time domain are used to inform the analysis in the frequency domain, which
relies on the estimation of the amplitude spectra of the time series of orbital elements.

¶Jon D. Giorgini (JPL), personal communication, 2021.
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Fig. 4 Three-monthmoving averages of position and velocity errors of LAGEOS-1 piecewise osculating solution
with respect to a solution from the Horizons system.

A. Time domain
The osculating orbital elements for LAGEOS-1 from February 24th 1996 to February 24th 2021 are shown in

fig. 5. We omit showing the behaviour of the argument of perigee and of the fast variable as they would not give any
useful information over the time span of interest. The solution is retrieved from the Horizons system, The osculating
semi-major axis oscillates around the mean value 0 = 12 270 km due to oblateness perturbations with an amplitude of
about 5 km. The mean semi-major axis is constant, as the satellite is subject to no dissipative forces and is well inside
the Earth’s sphere of influence. The eccentricity and inclination show both short- and long-periodic trends. The main
long-period harmonic of the eccentricity has a period of about 4.6 years and is consistent with the rotation rate of the
free eccentricity [34, Ch. 7] as given by Cook [35]. Both the right ascension of ascending node and the argument of
perigee have linear secular behaviours that are due to first order perturbations from �2.

B. Amplitude spectra
To assess the presence of short-periodic terms in the time series of orbital elements for LAGEOS-1, we build an

amplitude spectrum through the discrete Fourier transform (DFT).
To improve the quality of the amplitude spectrum and remove a peak at zero frequency, the transformed time series

must have zero mean and no secular behaviour. We first remove the mean from the semi-major axis, eccentricity, and
inclination,

G0 = 0(C) − 0, G4 = 4(C) − 4, G8 = 8(C) − 8, (2)

where 0(C), 4(C), 8(C) are defined over the interval C ∈ [C0, C0 + )], and 0, 4, 8 are the means of the respective elements
over the considered time span. As both the RAAN and argument of perigee grow secularly, we remove the linear
behaviour by considering

GΩ = Ω(C) −
[
Ωu (C0 + )) −Ω(C0)

)
(C − C0) +Ω(C0)

]
Gs = s(C) −

[
su (C0 + )) −s(C0)

)
(C − C0) +s(C0)

]
,

where Ωu, su are the ”unwrapped” RAAN and argument of perigee, obtained by adding 360° to the respective angle
value at each zero crossing.

We compute the DFT of the zero-mean time series of orbital elements,

- (l: ) =
"−1∑
<=0

G (C<) 4− 92c<ΔCl: , (3)
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Fig. 5 Slow orbital elements derived as a function of time for LAGEOS-1 from 24-Feb-1996 to 24-Feb-2021.
The mean semi-major axis is 0 = 12 270 km.
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where " is the number of samples, C< = C0 + <ΔC, G is any of G0, G4, G8 , GΩ, and l: is the :th Fourier frequency,

l: =
:

"ΔC
, (4)

with : ranging from −(" + 1)/2 + 1 to (" + 1)/2. The DFT in eq. (3) is a complex sequence defined over the primary
frequency domain l: ∈ [−lc + 1/(2"ΔC), lc] and is periodic with period 1/ΔC. It is straightforward to show that,
because the sequence G(C=) is real,

-∗ (l: ) = - (−l: ), (5)

where -∗ denotes the complex conjugate [30, Ch. 3]. For the two-sided DFT introduced in eq. (3) the amplitude
spectrum �(l) of the time series will be equally distributed over negative and positive frequencies. However, as we are
interested exclusively in positive frequencies, we consider the one-sided amplitude spectrum

�(l: ) =
1
#
|- (−l: ) + - (l: ) | =

2
#
|- (l: ) | , l: > 0 (6)

in virtue of eq. (5). The amplitude spectrum is a useful tool for the discovery of periodic behaviour in time series, as
harmonic components at frequency l in a time series will appear as Dirac deltas in the amplitude spectrum that are
centred on their respective frequencies.

We analyse time series of the orbital elements for the time interval [C0, C0 + )], where C0 = 24 Jul 2015 05:28:18
UTC and ) = 5.0102 years. We use the fft function in MATLAB R2021b to compute the DFTs of the zero-mean time
series of orbital elements. The time series of the slow orbital elements 0(C), 4(C), 8(C),Ω(C) are obtained by building a
piecewise continuous osculating solution from TLEs through the procedure detailed in section II for a uniform sampling
interval ΔC = 36min. The total number of samples is " = 73 200. As the period of LAGEOS-1 is about 225min, this
choice of sampling interval implies a Nyquist frequency lc = 1/(2ΔC) ≈ 3=, where = is the mean motion of the satellite.
The Nyquist frequency thus corresponds to the highest frequency of the short-periodic terms given in Brouwer’s solution
of the main problem [1].

Figure 6 displays the amplitude spectra of the time series orbital elements; we show frequencies as multiples of
the mean motion =, 2= to aid the interpretation. All the orbital elements have short-periodic harmonics at frequencies
=, 2=, 3=, which are consistent with Brouwer’s solution. However, SGP4 only retains short-periodic terms in Brouwer’s
solution that do not include the eccentricity as a factor [8], whose maximum frequency for a satellite on a quasi-circular
orbit is 2=. Because of the presence of harmonics at l > 2= in all orbital elements, we deduce that the piecewise
osculating solution obtained from TLEs contains additional short-periodic terms that are inconsistent with the SGP4
theory. We speculate two origins for such periodic terms. The first is the presence of jumps in the piecewise continuous
solution due to the introduction of new TLEs, which correspond to the introduction of new information in the time
series. The second is due to the TLEs themselves: as the TLEs are nowadays obtained as a numerical fit to a special
perturbations solution, it seems reasonable that such fit introduces effectively short-periodic terms. Effectively, the
numerical fit introduces short-periodic terms in the TLEs.

Further analysis of figs. 5 and 6, shows that the eccentricity and inclination, along with the non-secular part of the
right ascension of ascending node, are dominated by long-periodic terms. These are hard to glean in fig. 6, as we
selected the frequency range and resolution to focus on high frequencies. Nevertheless, larger amplitude densities close
to l ≈ 0 are clearly visible in fig. 6.

The amplitude spectral estimator defined through eq. (6) is sufficiently accurate for the present analysis, as the
amplitudes are consistent with the behaviour of the orbital elements in the time domain in fig. 5. However, the high
dynamic range in the frequency domain leads to leakage of amplitudes into adjacent frequencies, which degrades
the accuracy of the amplitude spectrum. More accurate spectral estimators can be obtained by adopting appropriate
windows, as explained in Ref. [30].

IV. Conclusions
During the last decade, TLEs have been obtained by fitting the corresponding osculating elements (derived after

applying SGP4 short-periodic terms) to SP solutions. We conjecture that this process effectively results in the embedding
of short-periodic terms into TLEs, which should thus be considered as a type of osculating elements. To verify this
conjecture, we analyse the amplitude spectrum of time series of osculating orbital elements derived from TLEs for the
LAGEOS-1 satellite. However, the time interval between TLE updates is generally larger than the orbital period and
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Fig. 6 Amplitude spectra of the slow orbital elements for the piecewise osculating solution obtained from TLEs
for LAGEOS-1. Frequencies are expressed as multiples of the mean motion.
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not uniform, which prevents the straightforward application of spectral analysis methods based on the DFT to TLE
sequences. Therefore, we perform the spectral analysis on a dense piecewise continuous osculating solution generated
with a uniform timestep by propagating TLEs with SGP4. The amplitude spectrum of the slow orbital elements contains
high-frequency terms at frequencies larger than 3=, which are in addition to those reconstructed analytically by SGP4.
The additional high-frequency components may also be engendered by the jump discontinuities arising at TLE epochs
in the piecewise osculating solution. These results are particularly relevant for pseudo-orbit determination schemes for
the improvement of TLE accuracy, which are also based on piecewise osculating solutions. In fact, it would be prudent
to avoid trying to improve the accuracy of such solutions by adding short-periodic terms not reconstructed by SGP4, as
this would result in ”double-counting”.

We propose extending the spectral analysis in time by employing time-frequency analysis methods such as
spectrograms, which would be particularly helpful to understand the frequency content of orbits affected by significant
dissipative and third-body perturbations. Moreover, the study should be extended to several objects across different
orbital regimes in order to draw more general conclusions.
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