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1 Introduction

It is a classical problem of submanifold theory to determine when a Riemannian manifold (M", g) can be iso-
metrically immersed into a fixed Riemannian manifold (M"*?, ). The well-known Gauss, Ricci and Codazzi
equations relate the intrinsic and extrinsic curvatures, and any submanifold of any Riemannian manifold
must satisfy them. Conversely, the classical Bonnet theorem [2] states that on a surface, given first and second
fundamental forms satisfying the Gauss and Codazzi equations, this surface is locally isometrically embed-
dable into the Euclidean 3-space IR3. This result can be generalized to higher dimension and codimension,
see [13], and the classical Fundamental Theorem of Submanifolds states that, in fact, the Gauss, Codazzi and
Ricci equations are necessary and sufficient conditions for a Riemannian n-dimensional manifold to admit a
(local) immersion into a space of constant sectional curvature of dimension n + d.

If the ambient space is not of constant sectional curvature, proving fundamental theorems is technically
difficult and there are few results known. Moreover, the Gauss, Codazzi and Ricci equations are in general not
sufficient anymore and other conditions are required in order to produce the immersion. In [4], Daniel gave
such a characterization for surfaces in the three-dimensional Thurston geometries with four-dimensional
isometry groups, by computing the Christoffel symbols explicitly and using the technique of Cartan moving
frames. Using this fundamental theorem, Daniel obtained a generalized Lawson correspondence for surfaces
in homogeneous 3-space, which appears to be a powerful tool to study surfaces in these spaces and to con-
struct new interesting examples. In higher dimensions, he also stated in [5] necessary and sufficient condi-
tions for an n-dimensional Riemannian manifold to be isometrically immersible into the products $"” x R and
H"XIR, also using the moving frame technique. This allowed him to study the existence of associate families in
the case of minimal surfaces. This result was later generalized by the second author [12] in the case where the
ambient space is a Lorentzian product. Very recently, Ortega and the first author [10] proved fundamental the-
orems characterizing immersions of hypersurfaces into (quasi-)Einstein manifolds, specifically Robertson—
Walker warped products. These spaces play an important role in standard models of cosmology, arising as
solutions of the non-vacuum Einstein equations, and have therefore a great importance in Lorentzian geo-
metry. As an application, conditions were obtained for 3-dimensional hypersurfaces in Robertson-Walker
spacetimes to be foliated by surfaces whose mean curvature vector is either lightlike or zero (including maxi-
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2 —— Lawn and Roth, A fundamental theorem for submanifolds of multiproducts of real space forms DE GRUYTER

mal surfaces, marginally outer trapped surfaces (MOTS), and mixed cases), hence providing a helpful tool for
the study of horizons on Robertson-Walker spacetimes with spacelike or timelike causal character, including
marginally outer trapped tubes.

Extending the result of [5], Kowalczyk and Lira-Tojeiro—Vitdrio proved independently in [9] and [11] the
existence and uniqueness of isometric immersions in a product of two spaces forms of constant sectional
curvature. In this paper we generalize their result to immersions into multiproducts P = My x --- x My, of
real space forms of arbitrary dimension and arbitrary sectional curvature. We follow the technique used by
Kowalczyk with the additional key idea to use the projections 7;, i € 1, ..., m into each factor of the product
instead of the so called product structure in the case of a product of two space forms. Each projection induces
then two operators on the tangent bundle and two operators on the normal bundle of the submanifold satisfy-
ing some properties and some compatibility equations which can be deduced from the Gauss and Weingarten
formulas of the immersion. We prove that, conversely, these conditions together with the Gauss, Codazzi and
Ricci equations are necessary and sufficient conditions to immerse a Riemannian manifold isometrically into
such an ambient space. The new class of ambient manifolds we study in this paper is of particular interest
for general relativity: in fact they are particular examples of generalized Kasner spacetime, which are exact
solutions to the vacuum Einstein equations; see for example [8].

As an application we then prove the existence of a one-parameter associate family of isometric immer-
sions for minimal surfaces in multiproducts. Finally we consider the special case where the ambient space is
$2 x $2 and give a complex version of our fundamental theorem in terms of the induced complex structures.
The examples of complex and Lagrangian surfaces are detailed.

Acknowledgements: The authors want to thank F. Torralbo for helpful discussions and the referee for many
valuable comments which make this paper more readable.

2 Multiproducts of space forms and their submanifolds

We consider the product space (P = My X --- X M, & = g1 @ --- ® ) Where (M;, g;) is a simply connected
real space form of dimension n; and constant sectional curvature c;. Moreover, without loss of generality, we
assume that ¢; # O fori € {1,--- , m — 1} and that c,, may possibly be zero. We denote by 71; the projection of
any tangent vector X on TM;. These projections satisfy the following relations

g(miX,Y)=8(X,n;Y) foranyX,Y e I'(TP),
Tj o T; = 1T,
Miomj=0 ifi +j,
) Vr; =0,
rank(7m;) = nj,
Yily i =1dgp.

Moreover, the curvature tensor of P is given by
m
RX,NZ =) ci[(mY, mZ)ymX - (mX, mZ)m;Y). 6)
i=1
We consider a Riemannian manifold (M", g) isometrically immersed by ¢ into P. We denote by T* (M) the
normal bundle, by V* the normal connection and by B : TMx TM — T+ ¢ (M) the second fundamental form.
For any v € T*¢(M) the Weingarten operator A, associated to v is defined by g(A, X, Y) = g(B(X, Y), v), with
X, Y some vectors tangent to M.
Fori e {1,---, m}, the projection 71; induces the existence of the following four operators f; : TM — TM,
hi: TM — T+ (M), s; : T*o(M) — TM and t; : T*o(M) — T+@(M) such that

miX = fiX+hX and v = sV + tiv. 2
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From the symmetry of the m;, we obtain that, for any i € {1,---,m}, f; and t; are symmetric and for any
X eI(TM)andv € F(THp(M))
g(hiX,v) = g(X, s;iv). (3)

m
In addition, from the fact that Z m1; = Id;p we get the following identities
i=1

3

m m m
fi = Idm, Z ti = ldrr o), Z si=0 and Z h; =0. (4)
1 i=1 i=1 i=1

Moreover, we have the following relations between these operators coming from the fact that 71; o 71; = 5]1:7'[1'

fiof;+siohj=8f, )
tiotj+hios; =6t 6)
f,-os,-+siot,-=6’l:si, (7)
hiofi+ti o hj = 8, (8)

where 6{ is the classical Kronecker symbol, that is, 1 if i = j and 0 if i # j. Moreover, from the fact that 7; is
parallel we deduce easily that forany X, Y € TM and v € T*¢@(M) we have

Vx(fi¥) - fi(VxY) = Ap,yX + si(B(X, V), )]
Vy(hiY) - hi(VxY) = ti(B(X, Y)) - B(X, f;Y), (10)
Vx(tiv) = ti(Vxv) = -B(siv, X) - hi(A,X), (11)
Vx(siv) = si(Vgv) = ~fi(AvX) + Ago X. (12)

Finally, from the expression for the curvature tensor R we obtain the following Gauss, Codazzi and Ricci
equations:

RX,V)Z =) ci[{iY, 2)fiX - (fiX, 2)fiY] + Apy,2)X - Apx.2) Y, G)
i=1

(VxB)(Y, 2) - (VyB)(X, Z) = ) ci[(fiY, Z)hiX — (fiX, Z)h;Y], ©
i=1

R*X,Y)w= i ci[(hiY, vyhiX - (hiX, v)h;Y] + B(A,Y, X) - B(A,X, Y). (R)

i=1

3 Main result

Now, conversely, given a Riemannian manifold(M", g) , we want to give some sufficient conditions to have an
isometric immersion of (M", g) into the multiproduct P. In order to get such conditions, we need to introduce
E, a d-dimensional vector bundle over M endowed with a metric g and a compatible connection V, which will
play the role of the normal bundle. We also consider a symmetric (2, 1)-tensor B : TM x TM — E and some
(1,1)-tensors f; : TM — TM, h; : TM — Eand t; : E— Efori e {1,---, m}. We define s; as the dual of h;
with respect to the metric g := g® gon TM @ E, that is, forany X € TyM and v € Ej,

8x(hiX, v) = gx(X, siv).
Finally, for any v € I'(E), we define A, by
(AvX,Y) = (B(X, Y),v)

for any X, Y € I'(TM). Note that B is the candidate to be the second fundamental form and that the tensors
fj» hj, sj, tj will coincide with the maps 7; over M.
Motivated by the discussion in Section 2, we introduce now the following natural definition.
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Definition 3.1. We say that (M, g, E, g, V, B, fi, h;, t;) satisfies the compatibility equations for the multiprod-
uct P = My x - -- x M, where M; is a simply connected Riemannian space form of dimension n; and sectional
curvature c;, if the following hold.

i) The maps f; and t; are symmetric forany i € {1,--- , m}.
ii) Foranyi € {1,--- , m}, the Equations (4)—(11) are satisfied, that is,

m m m m
Y fi=ldry, Y ti=Idg, Y s;=0 and Y hj=0
i=1 i=1 i=1 i=1

fiofi+siohj=08fi, tiotj+hiosj=8iti, fiosj+siotj=0}si, hiofi+tioh;=8h,
Vx(fiY) - fi(VxY) = ApyX + si(B(X, 1)),
Vx(hiY) - hi(VxY) = t;(B(X, Y)) - B(X, f;Y),
Vx(tiv) - ti(Vxv) = -B(siv, X) — hi(A,X).

Themaps i : TM®E — TM®E given by m; X = fiX+ h;j X if X € TM and ;v = s;v + t;jvif v € E satisfy the
equations rank(m;) = n; and Y 1'; n; = n + p, where n is the dimension of M and d the dimension of E.

iii) The Gauss, Ricci and Codazzi equations (G), (C) and (R) are satisfied. Namely for any X, Y, Z € I'(TM) and
any v € I'(E),

RX,V)Z = ) ci[{fiY, 2)fiX - (fiX, DfiY] + Apy, X - Apx,2) Y,
i=1
(VxB)(Y, 2) - (VyB)(X, Z) = ) ci[(fiY, Z)hiX — (fiX, Z)h;Y],
i=1
RX,Y)v =Y ci[(hiY,v)hiX - (hiX,v)h;Y] + B(A,Y, X) - B(A,X, Y),

i=1
where R is the curvature associated with the connection V.
We can now state the main result of the paper.

Theorem 3.2. Let (M", g) be a simply connected Riemannian manifold and E a d-dimensional vector bundle
over M endowed with a metric g and a compatible connection V. Moreover, let B : TMxTM — E be a symmetric
(2,1)-tensorandlet f; : TM — TM, h; : TM — E and t; : E — E be some (1, 1)-tensors fori € {1,--- , m}.
If(M, g,E, g,V, B, fi, hi, t;) satisfies the compatibility equations for the multiproduct P = My x - -- x My, then
there exists an isometric immersion @ : M —s P such that the normal bundle of M for this immersion is isomor-
phic to E and such that the second fundamental form II and the normal connection V* are given by B and V.
More precisely, there exists a vector bundle isometry ¢ : E — T*@(M) so that

II=¢0B,
Vg = V.
Moreover, we have
(@ X) = @ (fiX) + (hiX),
Ti(@v) = @.(siv) + P(tiv),
and this isometric immersion is unique up to an isometry of P.

Our approach to prove this theorem is not based on the moving frame technique, but is in the spirit of
[9] and uses techniques introduced in [6] and [7]. The general strategy is to construct an isometric immer-
sion of (M, g) into an appropriate pseudo-Euclidean space using the classical fact that a simply connected
n-dimensional real space form of constant positive (respectively negative) constant curvature has a canon-
ical isometrical embedding into the (n + 1)-dimensional (pseudo)-Euclidean space of signature (n + 1, 0)
(respectively (n, 1)). After that, we show that this immersion maps in fact into P which is a subset of the
above pseudo-Euclidean space.
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Proof. We give the proof for the case c,, # 0; the case ¢, = 0 can be proved analogously with minor changes.
Fori € {1,..., m} we denote by E; a trivial line bundle over M equipped with the Euclidean metric if ¢; > 0,
and minus the Euclidean metric if ¢; < 0. We consider the vector bundle F over M,

F=TMeE & E,
i=1

defined by the orthogonal Whitney sum of Riemannian vector bundles. We denote by g the metric over F
obtained from g, g and the metrics on each E;. Fori € {1, ..., m} we consider a section &; of E; such that
g(¢&i, &) = 1/c;. We introduce now the following connection on F, denoted by D

m
DxY = VxY +B(X,Y) - ) cig(fiX, V)&,
i=1

Dxv =Vxv-A/X - i cig(hiX, v)éi,
i=1
Dxéi = fiX + hiX,
for any vector fields X, Y tangent to M and any section v of E. O
Lemma 3.3. The connection D is compatible with the metric g.
Proof. This follows easily from the definition. Let X, Y, Z € I'(TM), v, n € I'(E). We have
Xg(Y,Z) = Xg(Y, Z) = g(VxY, Z) + (Y, VxZ) = 8(DxY, Z) + 8(Y, Dx2),
since the tangential parts of DxY and DxZ are VxY and VxZ respectively. Similarly, we have
Xg(v, n) = Xg(v, n) = 8(Vxv, n) + §(v, Vxn) = (Dxv, n) + §(v, Dxn),
since the normal parts of Dxv and Dxn are Vxv and §X’1 respectively. Moreover, we have
Xg(&:, &) = 0 =8(fiX + hiX, &) + (&, fiX + hjX) = 8(Dx¢&;, &) + 8(&i, Dx¢&)).
Finally for mixed terms, we have
Xg(&i, V) = 0 =g(fiX, Y) - cig(&:, §)8(fiX, Y)
= BUX + X, V) + B4, VxY + BK, V) - 3 cigfix, ng)

i=1

=8(Dxé&, Y) +8(&, DxY),

and
Xg(8i,v) = 0 = g(hiX, v) - cig8(&;, §i)g(hiX, v)
= (X + hiX, V) + g(g,-, Vv - AX - i cig(hiX, v){i)
i=1
= 8(Dx&i, v) +8(&i, Dxv).
By bilinearity, we get the property for any sections of F. m|

Now we consider the curvature tensor associated with the connection D, denoted by R” and defined by
RP(X,Y) = DxDy - DyDx - Dix,y)-

Lemma 3.4. The connection D is flat, that is, RP = 0.
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Proof. LetX, Y, Z e I(TM) and v € I'(E). We will prove that RP(X, Y)Z = 0, RP(X, Y)v = 0 and RP(X, Y)¢&; = 0
foranyi € {1,--- , m}. Then by linearity of the curvature R” in its third argument, we infer that R? = 0. First,
we have

m
DxDyZ = VxVyZ + B(X,VyZ) - Z cig(fiX, VyZ2)¢; + VxB(Y, Z) - Apy, 2 X
i1

ci[8B(Y, Z), hiX)é&; + (fiX + hiX) + g(VxfiY, 2)& + g(fiY, Vx2)&].

Mz

i=1

Therefore, we get

RP(X,V)Z =RX,V)Z - ci[g(fiY, 2)fiX - 8(fiX, 2)f;Y]-Apv.X + Apx,2)Y
i=1
+(VxB)(Y, Z2) - (VyB)(X, Z) - Z cilg(fiY, Z)hiX - g(fiX, Z)h; Y]
i=1

ci[g((Vxfi)Y - ApyX + siB(X, Y), Z)] - Z ci[g(Vyfi)X - ApxY +siB(X, Y), Z)]
1 i=

Mz

=

1

=0

by using the Gauss equation (first line), the Codazzi equation (second line) and Equation (9) (third and fourth
lines). Similarly, we have

DxDyZv = VxVyv - VxA,Y - B(X, A,Y) - Ay, Y
+ i ci[s(fiX, AvV&i + 8(v, iV)(fiX + hiX)] - i ci[8(Vyv, hiX) - g(Vxv, hiY)g(v, Vxh;Y)].
i=1 i=1
Hence
RP(X, Y)v = R(X, Y)v - B(X, A,Y) + B(Y, A, X) - i ci[8(hiY, V)X — B(hiX, v)h Y]
i-1

m
+VYAX + Ay, X~ VxA,Y - Ag Y = Y cil8(hiY, vfiX - 8(hiX, v)fiY]
i=1

+ Y ci[g(fiX, AyY) - (v, (Vyhi)X) + 8(t:B(X, Y), V)]
i=1

s

1l
—_

+ Ci[g(fiY’AvX) - §(V, (VXhl)Y) +§(t1B(X: Y)’ V)]'

The first line on the right hand side vanishes due to the Ricci equation. The second line vanishes by the
Codazzi equation and the third and fourth lines vanish by using Equation (10). Finally, for anyi € {1, --- , m}
we have

m m
DxDyéj = VxfiY + BXX, f;Y) = Y cig(fiX, fiV)& + VxhjY — ApyX - ) cig(hiX, hiY)&.

i-1 i-1
Hence
RP(X, Y)§j = (Vxfj)Y — AnyX - siB(X, Y) — (Vyf))X + ApxY + s;B(X, Y)
VxhY + B(X, f;Y) - t;B(X, Y) - VyhjX - B(Y, fiX) - t;B(X, Y) = 0
by Equations (9) and (10). Thus the connection D is flat. O

We define now for everyi € {1,--- , m} themap n; : F — F by
mX =fiX+hX, mv=syv+ty, mié= 5’1:{,-,
forany X € I'(TM) and any v € I'(E). We have the following properties.
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Lemma 3.5. Foranyi ¢ {1,---, m}, the map m; is symmetric with respect to g, parallel with respect to D and
we have
(1) 7 o7 = 8\; forany i, j € {1,--- , m}

2 Zznil i = Idp.
Proof. The symmetry is clear because of the symmetry of f;, t; and the fact that s; is the dual of h;. The fact
that 71; is D-parallel comes from the definition of D and Equations (5) to (12). Indeed, we have for X, Y € I'(TM)
(Dxmi)Y = Dx(m1;Y) — mi(DxY)

= Dx(fiY + hi¥) - mi( Vi Y + B, V) - Y cxg(fiX, V&)

k=1

= Vx(fiY) + B(X, fiY) = ) cx8(fiX, fiV)éx + Vx(hiY) = AnyX = ) cxg(iX, hi¥)éx

l=1 l=1
- fi(VxY) + hi(VxY) - s;B(X, Y) - t;B(X, Y) + cig(fiX, Y)¢;.

Using Equations (9) and (10) we obtain

m

(Dxm)Y = cig(fiX, V)& - ). cklg(fiX, fi¥) + g(iX, hiY)&]
k=1

= cig(fiX, & - Y ci[g(fi o fiX +sio X, V)] =0,
k=1

since by (5) we have f; o fi + S; o hy = 6§‘f,-. The computations are analogous for a section v of E and for one of
the &;. .

The relation 71; o 1 = 51.71,- is obvious from the definition of 71; and relations (5) to (8). Finally, we get
immediately that z;’;l m; = Idp from the definition and assumption (4). m]

We consider the subsets F! of F defined by
Fi={aeF| ma = Séaforeveryj e{l,---,m}}

Note that, since the 7; are symmetric, the subbundles F! are orthogonal with respect to g. We finally need a
last lemma.

Lemma 3.6. Foranyie {1,---, m}, there exists n; + 1 orthonormal parallel sections d', - - , oill_ﬂ of Fi.

Proof. Let p be a point of M. For anyi € {1,---, m} let {vil, e, v;ﬁl} be an orthonormal basis of Ff, which
is of dimension n; + 1 by the assumption on the rank of 77;. Moreover, since ¢; clearly belongs to F;, we can
choose v"1 = \/ﬁfl(p). Thus we have g(v"l, vil) = sign(c;) and g(v;'(, v};) =1fork e {2,---,n;+ 1}. Since the
F! are orthogonal, the set of all vf.‘ forms an orthogonal basis of F},. Now, since the connection D is flat and M
is simply connected, for any i € {1, --- , m} there exists a family of parallel sections 0"1, S, 0;1_ +1 such that
oi(p) = v}'(. Moreover, since D is compatible with the metric g, the sections are orthonormal. Finally, since
the maps 7; are D-parallel, forany i € {1,--- ,m} and any k € {1, -+, n; + 1} we have m;(0}) = o}, that is o}
is a section of F. o

We construct now the isometric immersion from M into P. For this, we consider the following functions.
Forie{l,---,mlandke{1,---,n; + 1}1et<p§(bedeﬁnedby

ol =80k, &).
The candidate for the isometric immersion is

@:M—E;x--xEp,
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where E; is the Euclidean space R™*! if ¢; > 0 and the Minkowski space IL"i*1 if ¢; < 0. We show that ¢ maps
into P ¢ Eq x --- x Ey, and satisfies all the properties stated in Theorem 3.2.
First, we have

ni+1 ni+1 ni+1

1
=5(&.86) = ) 8, 0))78(0}, 0}) = sign(ci)B(&, 0))* + ) &(&, 0})* = sign(ci)(g})” + Z (ph)2.
k=1 k=2
Thus ((pil, s, (p;l_ +1) € M;, the n;-dimensional simply connected space form of curvature c;, and hence ¢ (M)

lies in P.
Moreover, from the definition of ¢, we have clearly

HM§

1 . .
Z g0k, miX)el.

Now we show that ¢ is an immersion. For this, let p ¢ M and v € T, M so that ¢, (v) = 0. From the definition
of ¢, the fact that ¢..(v) = 0 implies

g(at(p), mv) = Vi, mv) = 0

foranyie {1,---,m}and k € {1,--- , n; + 1}. Since {v}'(} is an orthonormal basis of ina for every i, we obtain
;v = 0. Moreover, by Lemma 3.5 we have Z{Zl m; = Idp, hence v = 0. This holds for any p and any v, so ¢ is
an immersion.

Moreover, for v, w € T, M, we have

m ni+1 ) ) m
(9. (), @.(w) = Y (sign(c)g(o}, mv)E(oL, mw) + Y. B(o}, mIE(oL, mw) ) = Y By, mw) = 3, w),
i=1 k=2 i=1

where (-, -) is the (pseudo)-Euclidean metric on [E; x - - - x Ep,,. Hence ¢ is an isometric immersion of M into P.
Now we define the following bundle isomorphism

D:F— T(Eq x---X ]Em)lqo(M)

by @(0}) = e}, where {e, --- , e}, ,}is the canonical frame of TE; restricted to ¢(M). For X € I'(TM) we have
m n;+1 . . m nj+1 . .
DX) =) Y BX,0))el =) Y B(mX,o))e) = p.(X).
i=1 k=1 i=1 k=1
Moreover, foranyi € {1, --- , m}, we have
ni+1 ni+1

o)=Y B ohel. = Y glel.
k=1 k=1

Hence @(¢;) is the normal direction of M; in E;. Since @ is an isometry of the fibers, we deduce that @(E)
is the normal bundle T+ ¢ (M) of @ (M) in P. We denote by @ the restriction of @ to E. It is clear that @ is an
isomorphism of vector bundles between E and T+ ¢ (M).

Since @ sends the orthonormal parallel sections {0}'(} of F onto the orthonormal parallel sections {e}'(} of
Eq x ---x E;, we have

D(DxY) = Vg ) @+(Y), (13)
D(Dxv) = Vo, PV, (14)
(D(DX&') = vg*(x)(p(‘fi), (15)

where VO is the Levi—Civita connection of Eq x - - - X Ep,. _
For anyi e {1,---, m}, we define the map 7i; = @ o 71; - @. From this definition, it is clear that ﬁ,(ek)

6’ . Then it follows that the maps 77; are symmetric, parallel along ¢(M) and satisfy 7; o 7T = & .7 and
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Z?i1 7 = Id7(E, x-xE,,)- Thus it is clear that these maps are the restrictions on ¢ (M) of the projections on each
factor TEE; of T(IE1 X - -+ X Epy).
Moreover, from the definition of 77;, we deduce immediately that

(9. X) = @.(fiX) + D(hiX),
and
i(DPé) = @, (siX) + D(t;¢).
Indeed, we have
(@ X) = O(mi(X)) = O(fiX + hiX) = ¢.(fiX) + (h;X),
and
T (@(v)) = D(mi(v)) = D(siv + hiv) = @.(siv) + P(tv).

Finally, we prove that the second fundamental form is given by B and the normal connection is given by V.
From Equation (13) we have

V9 ) ®+(Y) = @(DxY) = (VXY + B(X, Y) - ¥ cig(fiX, V)&)

i=1

= 0. (VxV) + P(BX, V) - ) cig(fiX, D(&).

i=1

Then the normal part in TP is $(B(X, Y)), which implies that the second fundamental form of the immersion
@ is P o B. Moreover, from Equation (14) we have

m
Vo.PV) = ®(Dxv) = B(Vxv - AyX - ) cig(hiX, v)§&)
i=1

=9(Vxv) + 9. (A X) - ) cighiX, v)D(&).

i=1

Thus the normal part in TP is $(Vxv) and we deduce that V;* x@(v) = @(Vxv). Then we obtain V1§ = @V.
This concludes the proof of the existence in Theorem 3.2.

Now we prove the uniqueness of this isometric immersion up to an isometry of P. This follows directly
from the following proposition.

Proposition 3.7. Let o, @' : M — P be two isometric immersions with respective normal bundles E, E' and
second fundamental forms B, B'. Let f;, h; and fi’ R hlf bethe (1, 1)-tensors defined by (2) for  and @' respectively.
Assume that

i) fiX=fXforanyie{1,---,m}and X € I[(TM),
ii) there exists an isometry of vector bundles ¢ : E — E' so that
¢(hiX) = hiX,
$(B(X,Y)) = B'(X, V),
$(Vxv) = Vxp(v)

foranyie{l,---,m}, X,Y e I(TM)andv € E.
Then there exists an isometry a of P such that ¢' = a o ¢ and a. g = .
Proof. We give the complete proof for ¢, # 0; the case where ¢, = 0 can be proven with a minor modification.

As before we denote by {e;'(}, forie{l,---,m}and k € {1,---, n; + 1}, the canonical frame of E; x - -+ x [Ep,.
Hence we denote by (p;'( and (¢’ )2 the components of ¢ and ¢’ respectively in the frame {e};}. We consider the
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10 —— Lawn and Roth, A fundamental theorem for submanifolds of multiproducts of real space forms DE GRUYTER

map G : M — GL(E; x - -- x E;,) defined by

Gp(@. (X)) = 0L (X),
Gp(v) = ¢(v), (16)
Gp(&) = ¢,

foranyie{1,---,m},X,Y € [(TM) and v € E, where ¢; and .fl.’ are defined by

nj+1

§i=) Piei
k=1

and
nj+1

&= (@)eg.
k=1

We will show that the map G is constant, that is, that it does not depend on the point p. First we remark that
for any i and any X € I'(TM) we have Vg’(.{i = mi(¢. (X)), where 71; is the projection on TE; and V° is the Levi-
Civita connection of E; x - - - x [E,;. Now we show that V°G = 0, or equivalently that V?((G(V)) - G(V?(V) =0
forany X € I'(TM) and V € I'(T(Ey x - -+ X Em)jpm)-

For V € ¢.(TM), thatis, V = ¢.(Y) with Y tangent to M, we have

VYUG(@.(Y) - G(VYp.(Y))

= VL (V) - G(@.(VxY) + B(X, V) + ¥ cig(fi(X), V)¢

i=1
= L (VxV) + B'(X, V) - ) cig(f{(X), V& - G(9.(VxY) + BX, V) + ) cig(fiX), V)&
i=1 i=1
= 0’

since, by assumption, fiX = ﬁX and ¢(B(X, Y)) = B'(X, Y). Now if v € E, then

VUGW)) - G(VRV) = Al ) X + Ty () - Y ciB(dW), hi(X))E' - G(—AVX +Vxv - Y cig(pw), h,~(X))§>
i=1 i=1
=0,

since by assumption, ¢(B(X, Y)) = B'(X, Y), ¢(h;X) = h}X and ¢(Vxv) = ?;(qb(v).
Finally, we have

VY(G(8)) - G(VSE) = mi(pl. (X)) - G(mi(p. (X)) = @l (F|X) + h}X - G(p.(fiX) + hiX) = 0,

since f;X = f{ X and ¢(h;X) = h}X.

These last three identities prove that the linear map G is the same at any point of M; so we can identify
G with an element a € GL(E; x - -- x Ey). First, by (16) and since ¢. and ¢ are isometries, it is obvious that
a belongs in fact to O(E; x - - - x ;). Moreover, by definition again, we have a(¢;) = .{i' foranyie {1,---,m},
which implies that a is an isometry of IE; x- - -xE, for which Pis stable. Hence by a slight abuse of notation, we
can consider a as an isometry of P. Finally, since we have defined G by Gp(@. (X)) = @' (X) and Gp(v) = p(v)
for any X tangent to M and v € E, we get immediately that ¢’ = a o ¢ and a. g = ¢. O

By this proposition, the uniqueness of the isometric immersion up to rigid motion is proved, which con-
cludes the proof of Theorem 3.2. O

Remark 3.8. We point out that Theorem 3.2 can be easily extended for isometric immersions of pseudo-
Riemannian manifolds into multiproducts of pseudo-Riemannian space forms just by changing signs ap-
propriately in the compatibility equations.
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4 Associate families of minimal surfaces

In this section, we use Theorem 3.2 to prove the existence of associate families of minimal surfaces into the
multiproduct P.

Let (2, g) be an oriented Riemannian surface. We denote by J its complex structure, that is, the rotation
by the angle 71/2 on TM. For any 0 € R we set Ry = cos(6)I + sin(6)]. Note that Ry is parallel.

Proposition 4.1. Assume that (2, g, E, g, V, B, fi, hi, t;) satisfies the compatibility equation for P and that B is
trace-free forany v € E. Then (X, g,E, g, V, By, fi,0, hi g, ti,g) also satisfies the compatibility equations for P,
where

Bo(X, Y) = B(X, Rle),
fio=Roofio Ry,
hio = hi o Ry,
tig = ti.

Moreover, By is also trace-free for any v € E.

Proof. We point out that since the immersion is minimal, the complex structure J anti-commutes with the
second fundamental form and hence RgA = AR,". Consequently we have B(RyX, Y) = B(X, R,'Y).
First, from the definition of f; ¢, hi ¢ and ¢; ¢ and the fact that

fiofi+siohy = 8f,
tiotj+hjosj= 8{:&,
fiesj+siotj= b’fsi,
hiofi+ti o hy = 8,
we get immediately that f; g and ¢; ¢ are symmetric and
fioofi0+Ssigehjg= 5],:fi,0,
tigotjg+higeosje= 5],:ti,6,
fi,0°8j0+Sig°tio= 51,:51',9,
hijgeofjo+tigohje= 5],:hi,0-
It is also clear that with this definition, the rank of 7; ¢ is the same as the rank of 77; and that
m m m
Y fio=ldmy, )Y tig=Idg and » hjp=0.
i=1 i=1 i=1

Now we show that the analogues of Equations (5)-(7) are satisfied for (£, g, E, g, V, Bo, fi.0, hi.g, t). For
X, Y tangent to X we have

VxfioY - fi,0(VxY) = Vx(RefiRy'Y) - RofiRy" (VxY) = ReVx(fiRy'Y) — RefiRy' (Vx V),

since Ry is parallel. Moreover, using (5) we get

Vxfi,6Y ~ fi,0(VxY) = RoAp, ;1 1) X + Rosi(BX, Ry' V) + RefiRy" (Vx¥) — Refi(VxRy' V)
= Ap X +51,0(Bo(X, ),

which is the desired equation. The two other equations can be shown in a similar way.
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12 —— Lawn and Roth, A fundamental theorem for submanifolds of multiproducts of real space forms DE GRUYTER

Finally, we prove that the Gauss, Codazzi and Ricci equations are also fulfilled. First we consider the
Gauss equation. We note that for a surface we have

m
Y cil(fioY, 2)fi.0X - (fi,0X, Z)fi.0Y] + Aopyv,20X — Avgyx,2)Y
i-1

m m m
= Y ci[RofiRg' X ARofiR' Y] Z + detAg = ) cidetRofiR,! +detAg = ) cidetf; + detA = R(X, Y)Z,
i=1 i=1 i=1
since determinants are invariant under rotations. Hence the Gauss equation is satisfied.
Let ?XAE = VxAyY - ApVxY - A‘évpy' Using the property of h; we have

(TxADY - (TyADX = Ro[(TxAM)Y - (TyA)X] = Ro Y. ci[ VX, sv) ~ fiX(Y, 5v)
i=1

m m
=Ro Y cifiXAY)siv = ciRofi(X A Y)Ry Rosiv
i=1 i=1
m
ci(RefiRg X A V)siov = ) ci(fi,oX A Y)sipv
i=1

I
Mz

1]
-

m
i fuo Y (X, si0v) ~ FioX (Y, s10v) | = Y cil fioYChioX,v) - fioXChigY, )]
i=1

I
Mz

Il
—_

hence the Codazzi equation is satisfied.
Similarly we obtain for the Ricci equation, using the properties of the wedge product,

m
REKVE = Y i kG X A RRGTY |€ + Bo(AarY, X) - Bo(AeeX, 1)
i=1

m
= Y ci| WX ARY[€ + BALY, X) - BAEX, 1),
i=1

Since the shape operator anti-commutes with J, we have indeed
By(ApsY, X) — By(ApeX, Y) = ([Agy, Aoe]X, V) = (RoAvRoAs — RoA:RpA\)X, Y)
= (AVRy ' RoAs — As Ry RoAV)X, Y) = ([Av, A¢]X, V).
Finally, let (e1, e; = Je1) be a local orthonormal frame of 2. We have
tr(Bg) = Bo(e1, e1) + Bo(e2, €2) = B(Rge1, e1) + B(Rgez, €2) = cos(0)[B(e1, e1) + B(e, €2)] = 0,

since B is trace-free. O
This proposition yields the following theorem on associate families of minimal surfaces in multiproducts.

Theorem 4.2. Let X be a simply connected surface and ¢ : M —s P be a conformal minimal immersion with
normal bundle E, second fundamental form B and normal connection V*. Let f;, h;, s; and t; be the (1, 1)-tensors
induced by the projections m;. Let py € X. Then there exists a unique family (pg)ger Of conformal minimal
immersions @g : £ — P so that

i) @o(po) = p(po) and d(pe)p, = (dP)p,,
ii) the metrics induced by ¢ and @y are the same,
iii) the second fundamental form of ¢(Z) in P is given by Bo(X, Y) = B(R¢X, Y), for any X, Y € I(T%),
iv) foranyie {1, --- ,m}, X € I(TX) and ¢ € I'(E) we have
ni(dpeX) = dpg(fi pX) + higX and m;i(&) = dpg(sieX) + t; X.
Moreover, @y = ¢ and the family (@g)ger is continuous with respect to 6.
Proof. Wejust proved that (2, g, E, g, V, By, fi.0, hie, t ) satisfies the compatibility equations for each 6. The

theorem is then a direct consequence of Theorem 3.2. The continuity is ensured by the construction of Theo-
rem 3.2. m|
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5 Surfaces in $? x §2

Let J be the complex structure on $2. We consider the following complex structures on $2 x $2:

ILwv=U0.D, JT.=0,-D.

Obviously J; and J, commute with each other and the projections 711 and 77, on each of the factors are given
by

3 Id-J1J> _ Id+J1/>
= . ) = .
2 2
From Equation (1) we get
RX,NZ=[(Y,2)X - (X, 2)Y]| + [U1Y, ],2)]1]2X - J1X, ], Z)]1]> Y. (17)

Let X be a surface isometrically immersed into $2 x §2. For i € {1, 2} we define four operators j; : TX — TZ,
ki : TX - NX,l; : N¥ — TX and m; : N¥ — NX such that J; = j; + ki + I; + m;.
From J1J, = J»J1 we get the following equations

juj2 + liko = jaj1 + L ky, (18)
kijz + mika = kaoji + maky, (19)
jil +limy = jrli + lhmy, (20)
k1lz+m1m2 =k211 + moymj;. (21)
The property J? = - Id yields
]12 + liki = - Idrs, (22)
kiji + mik; = 0, (23)
jili + lim; = 0, (24)
kil; + ml2 =-Idys. (25)

Moreover, the fact that the operators J; are antisymmetric implies the antisymmetry of the operators j; and ¢;
as well as the property (k;X, v) = —(X, L;v).
The parallelity of J; gives

Vx(i¥) = ji(VxY) = Ay X + Li(B(X, Y)), (26)
Vi (kiY) - ki(VxY) = mi(B(X, Y)) - B(X, j;Y), (27)
Vx(mi§) - mi(Vx$) = ~B(li&, X) - ki(A¢X), (28)
Vx(li8) = Li(Vxé) = —ji(AeX) + Amie X. 29)

Finally, from (17) we obtain the Gauss equation

1
K= 5[ 1+ (Gren jaea) + (er, koea) ) (Grea jae) + (kaea, kaen) ) (30)

2
. . . . , |BI?
- ((]161,]2€1> +(kieq, k2€1))((11€2,]2€2> —(kiea, kzez))] +2|H|” - -

the Codazzi equation
(VxB)(Y, Z) - (VyB)(X, Z) = %[(Y, (2 + ik2)Z)(kaj2 + miko)X = (X, (jij2 + ik2)Z) (kaja + mlkz)Y] €3]
and the Ricci equation
K* = [(kija + mika)ez, vi){(kij2 + mika)er, va)(kija + mika)er, vi)((kij2 + mika)ea, Vz)] (32)
+([Av,, Av,]e1, e2]).
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Remark 5.1. In [14] the Gauss, Codazzi and Ricci equations are expressed with the help of the two Kéhler
functions C; and C; : ¥ — R defined by ¢*w; = Ciwy fori = 1, 2, where wjy is the area form on X. A tedious
but straightforward computation shows that those two formulations are equivalent.

Now we can reformulate the main theorem in the case of $? x $2 in terms of complex structures instead
of projections on each factor.

Corollary 5.2. Let (32, g) be a Riemannian surface and (E, (-, -)g, VE) a rank 2 vector bundle over X endowed
with a scalar product and a compatible connection. Suppose that there exist a symmetric (2, 1)-tensor field
B : TY x TY — E and eight operators j; : TY — TX, k; : TYX - E,l; : E > TXandm; : E - Efori=1,2
such that j; and t; are antisymmetric and satisfy the conditions (18) to (29) and the Gauss, Codazzi and Ricci
equations (30), (31) and (32). Then there exists a unique (up to isometries of $? x $?) isometric immersion from
Y into $? x $? with E as normal bundle, B as second fundamental form and such that the restrictions of the
complex structures J; over X are given by j;, ki, l; and m;.

Proof. Define the following operators:
1 .. 1 ..
fi= E(IdTZ —jij2 - hka), fo= E(Ide —j1j2 - lika)
1.
hy = —E(kllz +miky) = -hy,
1.
S1 = —5(]112 +1limy) = -5,
1 1
l’1 = E(IdE —kllz — mlmz), l’z = E(IdE +k112 + mlmz).

We can show easily that Equations (18) to (32) imply that these operators satisfy the compatibility equations
for $2 x $? given by Definition 3.1. The conclusion follows from Theorem 3.2. O

Examples 5.1. We finish this paper by considering some particular cases of Corollary 5.2, namely complex and
Lagrangian surfaces, and give some simple examples. The study of such surfaces, especially in the product
of spheres, is a very active topic; see for example [1], [14].

Recall (see for example [14]) that an immersion ¢ : & — $? x §? is called complex if it is complex with
respect to J; or J,. It is called Lagrangian, if it is Lagrangian with respect to J; or J,.

First case: X' is a complex surface with respect to one of the complex structures J;. Then it is automatically
minimal. Moreover k; = [; = 0, j; and m; are parallel complex structures on TX and T+ ¢(X) respectively, and
j1 commutes with j,, as well as m; with m,. Assume without loss of generality that X is complex with respect
to J1; then the Gauss, Codazzi and Ricci equations simplify to

|BJ*

K= 5[1 +(j1e1,j2€2)(j1e2,j2€1) - (]161,]2€1>(}1€2,1262)] -

1 . ..
(VxB)(Y, Z) - (VyB)(X, Z) = E[(Y,]UzZ)”MkzX— (X, j12Zymik, Y |,
K* = [(mlkzez,w)(mﬂqel, v2) — (mikaeq, vi){mikaey, Vz)] +([Ay,, Av,]e1, €2).
Note that the only examples of complex surfaces with respect to both complex structures J; and J, (bi-

complex surfaces) are slices $2 x p = {(x,p) € $2 x$? | x € $?}and p x $2 = {(p, x) € $2 x $? | x € §?}.

Second case: X is Lagrangian with respect to J;; then j; = m; = 0. Assuming again without loss of generality
that X' is Lagrangian with respect to /1, the Gauss, Codazzi and Ricci equations simplify in the following way:

1 BJ?
K= 5[1 —(kier, kaex)(kiez, kaer) + (kier, kaer)(kiea, k2€2>] +2|H|? - %

1 . .
(VxB)(Y, 2) - (VyB)X, 2) = 5[ (Y, Lko2)kujoX - X, ko) kaja Y |,
K*= [(kﬂzez, vi){kijae1, v2) — (kijaeq, vi)(kijaea, Vz)] +([Av,, Ay ]e1, e2).
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Note that X is Lagrangian for both J; and J, (bi-Lagrangian surfaces) if and only if it is the product ¢(s, t) =
(a(s), B(t)) of two curves a, B in $2. The Clifford torus is the only example of a minimal such surface.

Third case: X is Lagrangian with respect to J; (hence j; = m; = 0) and complex with respect to J, (hence
kz = 12 = O). Then

1 |B?
2 2’
(VxB)(Y, Z) - (VyB)(X, Z) = O,

K=

K* = [(kijaea, vi)(kjaer, va) — (kujoer, vi) (kijzea, vZ>] +([Ay,, Ay, Jeq, e2]).

The only example of such a surface is the diagonal D = {(x, x) € $2 x $2 | x € $2}.

We point out that there are no associate families for bi-Lagrangian surfaces, bi-complex surfaces or for
the mixed case. In fact, those surfaces are the only totally geodesic minimal surfaces in $2 x $2; see [3]. Hence
the family is trivial.
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