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Abstract

This thesis is concerned with the numerical solution of
boundary-layer problems arising in  high-Reynolds—-number laminar
flows.

We first consider impulsively started flow down a curved pipe
of circular cross-section and constant curvature. At high Dean
numbers this flow includes boundary layers around the pipe’s
surface. The dominance of the pressure gradient over the outward
centrifugal force in the boundary layer sweeps fluid particles
towards the inner, more curved wall, causing a boundary-layer
collision there. The time-dependent boundary-layer flow is examined
numerically using a Lagrangian coordinate system. Solutions are
obtained up to the time when the normal velocity in the boundary
layer becomes singular. The singularity may be interpreted as the
genesis of unsteady boundary-layer separation. An  asymptotic
structure for the singularity is proposed and is shown to be
consistent with the numerical resuilts.

The second problem studied is a classical example of a
two-dimensional, incompressible flow with 1lift. A circular cylinder
of radius a is rotated with constant angular velocity Q and
translated with uniform wvelocity U. Given a circulation K = 4nUae,
such that 0 = £ = 1 inviscid theory predicts a stagnation point in
the middle of the flow, and a unidirectional slip~velocity at the
cylinder’s surface. For non-zero viscosity a periodic boundary
layer exists on the cylinder’s surface, for which solutions have

been obtained for order one values of g, so relating K to Q and U.



A critical value of g, denoted by £ has been found for which a
second stagnation point develops in the middle of the boundary
layer. For € > €, no classical boundary-layer solution could be
found, suggesting that there will be a qualitative change in the
fluid flow structure. This is borne out in a comparison with
Prandtl et al.’s (1934) experiments.

The aforementioned periodic boundary-layer problem also arises
in a high-Reynolds—number, interactive formulation for
high-frequency nonlinear  Tollmien—-Schlichting waves in a plane
channel. In this case the solution provides a relationship between

the wave speed and amplitude.
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Chapter 0 General Introduction

Boundary-layer Separation

Under many conditions, but not all, a good mathematical model
of fluid motion can be based on the Navier-Stokes equations.
Solutions to these equations depend on the Reynolds number, defined
as the multiple of a typical velocity and a typical length scale
divided by the Newtonian kinematic viscosity. At high Reynolds
numbers, fluid flows  typically consist of extensive inviscid
regions separated by thin viscous Jlayers. Viscous layers next to a
rigid body are known as boundary layers (Prandtl, 13904).

The equations governing flow in a boundary layer are derived
from the Navier-Stokes equations by assuming that the boundary
layer is very thin in comparison with the typical length scales of
the inviscid flow. Obviously, then the boundary-layer equations are
no longer valid when the boundary layer is not ‘thin’ (if indeed
the boundary layer can be said to exist at all). Such a thickening
of the boundary layer can result from the ‘breakaway’ of a thin
layer of vorticity from the surface of the rigid body. This
phenomenon is usually referred to boundary-layer  separation
(although certain authors use the term ’‘separation’ to refer to the
occurrence of any reversed flow in a boundary layer; this can be
misleading in unsteady flow). This definition of separation is
close to that of both Prandtl (1904), and Sears and Telionis
(1975). In particular, Sears and Telionis speak only of separation

when the penetration of the boundary-layer vorticity away from the
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wall becomes too large to be described on the wusual scale of

o(R™1%)

Unsteady boundary-layer separation is often associated
with  singularities in the boundary-layer solution, and these
singularities will be referred to as separation singularities.

Moore (1958), Rott (1956) and Sears (1956) independentely

proposed conditions for a steady flow to separate, i.e.

which often reduces to the onset of flow reversal. However,
unsteady separation is more difficult to characterise. It has been
hypothesised as a generalisation of steady separation with the
inclusion of time dependence (Sears and Telionis, 1975), however
according to Van Dommelen and Shen (1981), the singularities
associated with steady and unsteady separation are fundamentally
different.

This thesis studies the steady and unsteady boundary-layer
separation that occurs in two laminar, incompressible  high-
Reynolds-number flows. In both problems, numerical solutions have
been obtained up the time/parameter values where separation occurs.
Where possible, an asymptotic solution has been sought to describe
the structure of the flows close to separation.

In chapter 1 we consider impulsively started flow down a
curved pipe with constant curvature L and a circular cross-section
of radius a. In the limit of high Dean number this flow generates a
boundary layer around the surface of the pipe. Physical arguments
predict that the dominance of the pressure gradient over the

outward centrifugal force in the boundary layer sweeps fluid
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particles towards the inner, more curved wall, eventually causing
boundary-layer separation there. The time-dependent boundary-layer
flow is examined numerically in a Lagrangian coordinate system. A
solution is obtained up to the time when the normal velocity in the
boundary layer becomes singular. This may be interpreted as the
genesis of unsteady boundary-layer separation. At this point our
calculation terminates due to the invalidity of the classical
boundary-layer approximation. A structure of the singularity is
proposed and is shown to be consistent with the numerical results.
This boundary-layer separation is probably the source of the jet
which in steady flow originates at the inner wall and crosses to
the outer wall.

Section 1 of chapter 1 is an introduction and a review of
relevent work on the problem. Sections 2, 3 and 4 discuss the
Lagrangian formulation of an axially-independent flow and the
numerical techniques wused to solve the unsteady Lagrangian
boundary-layer equations. A separation singularity structure s
proposed in section 5 which is then compared with the numerical
solutions in section 6; other results are also given in section 6.
Next the time-dependent flow due to impulsive rotation of a curved
pipe is examined in section 7. This problem is similar to that for
impulsively started flow down a fixed pipe, but is possibly more
amenable to experiment. Again, unsteady boundary-layer separation

occurs within a finite time, but at the symmetry line of the outer

wall. The structure of the separalion singularity is shown to be
qualitatively similar to that of an impulsively started flow down a

curved pipe.
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Chapter 2 examines the linear stablity of flows down a loosely
coiled pipe. A local stability analysis is performed both away from
and close to the inner wall. Linear instablity is found in the
flow, although this is apparently not related to the unsteady
boundary-layer separation at the inner wall (cf. Cowley, Hocking

and Tutty, 1985).

Chapter 3 studies a classical example of a two-dimensional,
incompressible flow with 1ift. A circular cylinder of radius a is
rotated with constant angular velocity Q and translated with

uniform velocity U. Given a circulation K, such that 0 =g =1,

4nUa
K ’

middle of the flow, together with a unidirectional slip-velocity at

where € = inviscid theory predicts a stagnation point in the
the cylinder’s surface. With the introduction of viscosity, the
slip-velocity generates a boundary layer around the cylinder. The
solution of the resulting periodic boundary layer has been found
for order one values of g€, so relating K to Q and U. A critical
value of g, denoted by es, has been identified for which a second
stagnation point develops in the middle of the boundary layer. For
€ > e, no classical boundary-layer solution could be found. This
suggests that there will be a qualitative change in the fluid flow
structure depending on whether £ is greater or less than €_. This
appears to be borne out in a comparison with Prandtl et al.’s
(1934) experiments. Moreover, the mathematical boundary-layer
problem is <closely analogous to a problem which arises in a

high-Reynolds-number, interactive formulation for high frequency

Tollmien-Schlichting waves in a plane channel. In this case the
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boundary-layer solution provides a relationship between the wave
speed and amplitude.

Sections 1 and 2 of chapter 3 contain an introduction and a
formulation, respectively, of the rotating cylinder problem. Then
in sections 3 and 4 we give a description of numerical methods used
to solve the relevant equations, and the results. Section 5
demonstrates that an interactive formulation of slowly-varying high
frequency Tollmien-Schlichting waves in plane channel flow results

in the same mathematical problem (cf. Smith and Burggraf, 1985).

Finally, we note how the chapters, sections, equations and
figures are numbered in this thesis. Each problem is described in
one chapter, and each chapter is divided into a number of sections,
each devoted to one aspect of the problem (note that section 2 of
chapter 1 is referred as section 1.2. etc.). Within each section we
number the equations, figures and tables afresh from 1, hence
equation/figure/table (1.2:3) refers to the third
equation/figure/table in section 2 of chapter 1. Related
equations/figures/tables are labelled with the same number, but
distinguished by a following letter. Appendices are included at the
end of each chapter; they are labelled by the chapter number
followed by a letter, e.g. appendix 1.A. Equations/figures/tables
in an appendix are labelled in much the same manner to those in a
section, e.g. (1.A:2) refers to the second equation in appendix A

of chapter 1.
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CHAPTER 1

Unsteady Flow Through Curved Pipes

§ 1.1 Introduction

Flows through curved pipes are of interest because of their
many physical applications. For example, in engineering problems it
is often important to know the pressure drop in coiled pipes, so
that enough pumping power is available to maintain a specified
flow. Moreover, an understanding of the flow through curved pipes
is a necessary preliminary to finding the heat transfer rates which
are required, for instance, in the design of efficient cooling
systems and other heat exchangers (e.g. steam generators and
superheaters in power plants, and continuous chemical reactors in
the chemical industry). Curved pipes which are rotated about an
axis through the centre of curvature are also wused for
fractionating fine particles (e.g. Papanu, Alder, Gorensek and
Menon, 1986).

The flow pattern in curved tubes is also of physiological
importance because the largest artery in the system, the thoracic
aorta, is highly curved as it leaves the heart. The actual flow
there is particularly difficult to understand because of the
elastic structure of the artery wall, and the fact that the
ascending artery branches to the brachio cephalic and the left
subclavian (for example ’see p.10, Pedley 1980). It has been

observed that fatty streaks, which are possibly the cause of
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atherogenesis, are distributed preferentially at certain locations
on this and other artery walls. Experimental results for animals
(particularly rabbits and dogs) which have been fed a concentrated
high-cholesterol diet for a few weeks, suggest that fatty streaks
develop on the outside wall of the aortic arch (Fry 1868, Cornhill
and Roach, 1976). On the other hand, Caro, Fitz-Gerald and Schroter
(1971) found that a normal, or a slightly higher than normal,
cholesterol diet leads to fatty streaks occurring at the inside
wall of, for example, the aortic arch. It therefore appears that in
normal human beings atherosclerotic lesions develop at those
locations where the wall shear is known to be low in steady flow.
Of course, blood flow is unsteady, with the result that there is a
need to understand time-dependent flow through curved pipes, and in
particular the unsteady behaviour of the wall shear, if a definite
correlation is to be made between wall shear and atherosclerotic

lesions.

The study of fluid flows through ducts with curvature dates
back to Thomson’s (1876) qualitative observation of secondary
motion in open channel flow and Grindley and Gibson’s (1908)
experiments on curvature effects. Since then, much research has
been devoted to many aspects of flows through curved pipes.
Extensive analytical, numerical and experimental work has been
undertaken to understand such flows - for example see the survey
articles by Berger, Talbot and Yao (1983) and Ito (1987).

In this study we consider a Newtonian, incompressible laminar

fluid with viscosity un and density p (kinematic viscosity v)
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flowing through a curved pipe. The pipe is assumed to have a
circular cross-section with radius a, and a constant radius of
curvature L (although this is admittedly a very idealised model of,
for example, the aorta); see figure 1.1:1. The ratio of curvature &

will be defined as
(1.1:1a)

and we denote by s the distance along the centre-line of the pipe
from some r*efer‘enc.e point. We refer to the surface of pipe
closest/furthest to the centre of curvature as the inner/outer
wall. Also the line on the inner/outer wall closest/furthest to the
centre of the curvature is referred to as the symmetry line of the
inner/outer wall. The plane intersecting both the inner and the
outer symmetry lines is referred to as the symmetry plane.

Much of the previous analytical and numerical work has been
based on the assumption that flows through curved non-helical pipes
of constant curvature are symmetrical about the symmetry plane.
Winters (1987) points out that for steady, axially-independent
flows, asymmetrical solutions can be found even with symmetrical
boundary conditions. However, he found that these solutions were
unstable, hence we too will assume that the solutions of interest
are symmetrical.

Some of the first theoretical investigations of flow through
curved pipes are those by Dean (1927, 1928). He studied the
fundamental problem of steady, axially-independent flow, and showed
that the flow driven by a constant axial pressure gradient of -G

down a loosely «curved pipe, 1i.e. 8 << 1, could be completely
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characterised by a dimensionless number, later known as the Dean
number. Many definitions of the Dean number have used in subsequent
works, for a detailed survey see Berger, Talbot and Yao (1983). For
convenience, we will only refer to two here, K and D:

3 Q 172
K=\/2;ﬁ%, p=.° 3 (1.1: 1b)

2 v
ma

where Qc is the volume flux in the curved pipe.1 Note that in
boundary-layer instability theory the Gortler number is equivalent
to the Dean number.

For small curvature ratibs and Dean numbers, i.e. &8 « 1,
K « 1, Dean obtained an asymptotic solution by a double
perturbation expansion about Hagen-Poiseuille pipe flow in terms of
the small parameters K and &8 (this analysis has been extended to a
helical pipe by Germano (1982) and Kao (1887)). Dean’s
axially-independent  solution, which can only be applicable in
regions where any entrance effects are negligible, seems to be

valid for values of K up to approximately 100. For asymptotically

For steady axially-independent flows, the dependence of Q on G
(o}

is part of the solution. Also, from (1.1:1b)

7/2

QK=2""QD,
C s
Ga'n
where Qs = Em is the volume flux driven through a straight pipe

by a pressure gradient -G. Hence the functional dependence of D on
K is also part of the solution. This relationship is known
analytically for asymptotically small Dean numbers, but has to be

calculated numerically for larger Dean numbers.
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small 8, McConalogue and Srivastava (1968) solved Dean’s equations
numerically via a spectral method for K up to 600, and Collins and
Dennis (1975) and Dennis (1980) improved upon this by finding
numerical solutions for K up to 5000 (see the reviews by Berger et
al. (1983) and Ito (1987) for references to other calculations in a
torus, and Kao (1987) for calculations in a helical pipe). To
illustrate the effects of increasing the Dean number in steady,
fully developed flow, the numerical results obtained by McConalogue
et al. (1968) and Collins et al. (1975) for small 8 are shown in
figure 1.1:2 for K = 96, 606 and 5000 respectively. The letters 1
and O label the inner and outer walls respectively; we refer to the

flow within a cross-section as the secondary flow.

Austin and Seader (1973) have also obtained solutions for Dean
numbers, D, up to 504 for 0.01 = &8 = 0.2. A grid refinment from
11x11 points to 21x21 points was was claimed to give ‘excellent
agreement’ between the two numerical results for K =~ 6000. However,
results were also presented for K =« 223002, and at such large Dean
numbers boundary layers exist which would require very fine grids
if they were to be resolved adequately. Thus, the accuracy of these
numerical results is doubtful.

Van Dyke (1978) extended Dean’s perturbation solution for
8 « 1 to higher orders than previous authors, and then used series

extension techniques to obtain solutions at large Dean numbers. The

2 This value of K was estimated using the relationship between K

and D in Footnote 1.
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ratio of the flow resistence coe\"f‘icent3 of a curved pipe to that
of a straight pipe was found to grow asymptotically as D1/4,
whereas fully numerical calculations based on the same assumptions
of steady, axially-independent flow suggest p!“2. The reason for
the difference is unresolved.

Dennis and Ng (1982) demonstrated non-uniqueness in the
numerical solution of a steady, axially-independent flow for
K > 956. For K < 956 only one solution could be found in which the
secondary flow consists of a symmetrical pair of counter-rotating
vortices. The same type of solution could be found for K > 856, but
in addition there was a second family of soluticns in which the
secondary flow has two symmetrical vortex pairs. Multiple solutions
in curved-pipe flows with different cross-sectional geometries have
been found by Nandakumar and Masliyah (1982), Yang and Keller
(1986) and Winters (1987) (note that Winters’ (1987) paper includes
one of the few stability analyses of curved pipe flow).

In the limit of 1large Dean number, the one-vortex flow
solution is thought to consist of a largely inviscid core and a

viscous boundary layer generated by the non-zero, axial, inviscid,

slip velocity at the pipe wall. VWithin the boundary layer a strong

The flow resistence coefficient is defined as

[F%]I/Z

where F is the skin friction integrated over the circumference of a

cross-section and W is the mean axial velocity.
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secondary flow sweeps fluid particles toward the inner wall. The
physical reason for this follows from the fact that fluid particles
travelling in the core with typical axial velocity W experience an

outward lateral acceleration of order ﬁ as a result of curvature
L

effects. This 1is balanced by an inward pressure gradient of the
same magnitude. However, the axia] velocity decreases to zero
rapidly in the boundary layer because of the no-slip boundary
requirement at the pipe wall, whereas the pressure gradient is
essentially unchanged throughout the Jlayer. So within the boundary
layer, this excess pressure gradient sweeps fluid toward the inner
wall of the pipe. The accumulation of fluid particles there results
in a thickening of the boundary layer. This is observed in
numerical computations together with a drift in the position of the
maximum axial velocity (which occurs in the core) towards the outer
wall.

At very large Dean numbers the complex flow structure should
be resolved by a close examination of the boundary Tlayer, and a
boundary-layer approach has been wused by many authors for
asymptotically large K and small §, e.g. Ito (1969)» and Smith
(1976a). They assume a flow structure with a primarily inviscid
core and viscous effects confined to thin boundary Ilayers around
the pipe. The secondary flow is taken to be strongest in the
boundary layer, and it is assumed that the secondary motion in the
core is driven by ejection of fluid from the boundary layer. The
governing equations in both the core and the boundary layer are
coupled at leading order. For a loosely coiled pipe with a circular

cross-section Ito (1969) attempted to find a solution using a
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Pohlhausen technique. His solution broke down in the vicinity of
the symmetry line of the inner wall because the boundary-layer
thickness increased rapidly, thus invalidating one assumption in
his calculation. Further, unpublished calculations of Prof. N.
Riley and Prof. S. Dennis, based on a finite-difference scheme
which marches from the outer wall towards the inner one, encounter
difficulties well before the inner wall is reached. This is due to
the onset of weak backflow in the secondary flow at the outer edge
of the boundary layer. As yet no complete numerical solution has
been found, which possibly brings into question the proposed
asymptotic structure.

In an attempt to circumvent these numerical difficulties Smith
(1976a) examined flow down a loosely coiled pipe with a triangular
cross-section consisting of a ‘pitched’ inner wall and a vertical
‘flat’ outer wall. He used an extended version of Ito’s (1969)
interactive theory for the flow in the core, and boundary layers
around the pipe as shown below.

J’ -1/3

viscous K173 }@_K

-2 Figure 1.1:3
viscous K

PR ——Y

~—_viscous K 17%
inviscid K-Vs.f

~

Similarity solutions of the leading-order equations were obtained
on the walls, however, due to technical difficulties, the flow

structure in the corners was not examined in detail. More
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specifically, Smith (1976a) proposed a possible flow structure in
which the flow from the invisicid core enters the inviscid K °
boundary layer and travels up to the corner (*), where it turns
sharply in an anti-clockwise direction to enter the viscous K0
layer. The flow in this layer empties into a viscous K-Z/'7 corner,
which it Tleaves in form of a jet. Smith also considered a
rectangular cross-section, and proposed that no attached
boundary-layer solution could be found in that case.

Collins and Dennis (1976a,b) have obtained numerical
Navier-Stokes solutions for steady, axially-independent flow
through loosely coiled pipes of triangular cross-section with a 45°
acute angle (where the lengthscale a is taken here to be the
distance between the ‘pitched’ inner corner and ‘flat’ outer wall).
They found that as K increases from 100 to 12000 there is evidence
that the axial velocity becomes independent of the distance from
the symmetry plane, as Smith (1976a) assumed in his analysis.
Further, the numerical results for the axial velocity on the

5/6.,2/3 .
x K as Smith

symmetry plane appear to be proportional to
(1976a) predicted, although the constant of proportionality is not
accurate (x is the distance from the ’‘pitched’ wall). A comparison
between Smith’'s (1976a) theory and the numerical solution for the
skin friction on the pitched wall is also not conclusively either
in agreement or at variance.

In summary, while accurate numerical solutions for steady flow
through uniformly curved pipes can be found for moderately large

Dean numbers, there is no conclusive proof that the favoured

high-Dean—-number asymptotic structure is correct. In our
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high-Dean-number calculations we side-step this probiem by
considering starting, rather than fully developed, flows (see

section 1.2 and following).

Another aspect of curved pipe flow which has been studied is
the flow near the entrance of a pipe. Here dependence on the
distance down the pipe must be‘ allowed for. Most work has
concentrated on the steady transition of the flow from its inlet
conditions to a fully developed state.

Singh (1974) examined steady, entrance flow down a curved pipe
for asymptotically large Reynolds numbers and small & (note that
this scaling does not rule out order one Dean numbers). Near the
entrance he assumed that the flow consists of an inviscid
unidirectional core and a viscous boundary layer. A core flow
consisting of the irrotational line-vortex solution was studied
inter alia; this solution has been used as the starting velocity
profile at the inlet by much of the subsequenent work (but see
Smith 1976b). Singh (1974) showed that the shear maximum on the
inner wall crosses over to the outer wall of the pipe at an 0(a)
distance downstream; the precise Jlocation depends on the inlet

conditions. This asymptotic solution breaks down at a distance

-1/2 1/2
a

s . 0(s8 ), i.e. at an angle 0(8°7), from the entrance to the
pipe. For order one Dean numbers the boundary layer then ‘fills’
the pipe, while at large Dean numbers extra terms must be included
in the boundary layer equations due to curvature effects.

For 8 « 1 Stewartson, Cebeci and Chang (1980) have numerically

examined the boundary-layer flow arising from the line-vortex core
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“1720) from the entrance (Yao and

velocity for distances s . 0(¢8
Berger (1988) have relaxed the & « 1 assumption). No numerical
difficulty was experienced at the outer wall, but they found that
the axial wall shear stress decreased to zero on the symmetry line
of the inner wall at a distance s = 0.9438-1/2a, i.e. at an angle
¢ = 0.94361/2, from the entrance. This zero in the wall stress
appears to be associated with boundary-layer separation since the
axial boundary-layer displacement thickness increases to
"infinity’. To examine experimentally the behaviour of the flow
near this point, Talbot and Wong (1982) measured the wall shear
along the symmetry 1line of the inner wall in a curved pipe of

S = They found that the wall shear dips to a minimum at a

Z
7
distance s = 0.968 '"%a. Stewartson and Simpson (1982) extended the
earlier numerical study and examined the flow in the neighbourhood
of the separation point.  They produced a detailed analysis of the
singularity structure causing the boundary-layer separation and
concluded that it has a global effect on the flow. They conjectured
that the forward integration of the <classical boundary-layer
equations terminates at the point of zero wall shear. However,
another possibility is that the assumed core flow is incorrect, and
a grossly separated core flow must be assumed from the outset (but
note the excellent agreement between Talbot and Wong’s (1982)
experiments and Yao and Burger’'s (1988) boundary-layer calculations

for & = ).

ES N

An alternative approach to entrance flow 1is that of Smith
(1976b) who considered flow through a pipe that starts bending

uniformly after an initial straight section. The Dean number Iis
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assumed to be finite, but the Reynolds number and curvature are
assumed to be large and small respectively (cf. Singh 1974). The
solution is valid an O(a) distance up- and down-stream of the start
of the bend, and demonstrates upstream influence. The secondary
motion within the boundary layer is comparable with that in the
core. Bovendeerd, van Steenhoven, van de Vosse and Vossers (1987)
report that their experiments are in fair agreement with this

-1/2 .
), and results in

theory. The analysis breaks down when s = 0(as
a Tfull numerical problem. The modifications necessary to Smith’'s
(1976b) analysis at Jlarge Dean number have been considered by
Bennett (1987).

In addition to the boundary-layer approach for entrance flow,
numerical solutions to the Navier-Stokes equations at finite Dean

number have been sought. Soh and Berger (1984) studied steady,

developing flow in a loosely <coiled pipe for D = 340 and

8 = é—o- They wused the line-vortex solution as the inlet

’

8-

condition. The developing flow was found to have a more complex
structure than the fully developed flow, see figures 1.1:4 for a
typical flow with D =~ 340. Figure 1.1:4a shows the development of
the axial velocity on the symmetry plane. The position of the
maximum axial velocity shifts towards the outer wall as the flow
proceeds downstream, thus increasing the axial wall shear at the

outer wall. Figures 1.1:4b,c illustrate the contours of constant

Far downstream, this value of D corresponds to K = 14500.
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axial velocity on circular cross-sections in the developing and
fully developed regions. The contours double back on themselves,
thus indicating the development of double peaks in the velocity
profile. Far downstream the solution is similar to the fully
developed solutions obtained by Collins and Dennis for K = 5000
(D = 185). Figure 1.1:4d displays a direction plot of the secondary
flow at a downstream distance of 3.658 "%a for D =~ 340 which
illustrates a recycling eddy near the inner wall. This may be
evidence of a boundary-layer separation (cf. Stewartson, Cebeci and
Chang (1980)). The eddy disappears further downstream. For D = 340,
the axial wall shear attains a non-zero minimum at approximately a
downstream distance 2.226_1/2a where the eddy first occurs.

However, this position is greater than 0.9438_1/23\, the postion of

zero axial wall shear calculated by Stewartson et al. (1980).

Humphrey, Iacovides and Launder  (1985) later  reported
qualitatively similar numerical results on entry flows down a
curved pipe with & = ;—0 or 8 = _l, for D up to 1350. For large Dean
numbers, the wall shear at the symmetry 1line of the inner wall
attained a non-zero minimum, the position of which decreased as the
Dean number increased; for D = 1350, the minimum occured
approximately a distance 1.85""%a  downstream - again not that
close to the figure reported by Stewartson et al. (1980). Moreover,
experimental results obtained by Kluwick and Wohifahrt (1986) using
a hot-wire-anemometer technique showed that although the trend of
axial velocity agrees qualitatively with Stewartson et al. (1980),

the axial wall shear is not very close to =zero even for Dean

numbers D as large as 2530. Further experimental results have been
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reported by Agrawal, Talbot and Gong (1978), and Snyder, Hammersley
and Olson (1985), while other numerical results include those by
Pratap Vanka (1985) and Shirayama and Kuwahara (1986). Kitoh (1987)
has examined inviscid swirling motions at the entrance to circular
curved pipes, while entrance effects in pipes with non-circular
cross-sections have also been studied (for details see the

aforementioned reviews).

Although steady flow through curved pipes is of interest,
blood flow in the aorta is of course pulsatile. Hence a complete
understanding of the flow pattern in blood vessels can be gained
only by studying unsteady flows (although insights can sometimes be
obtained by making a loose analogy between axially developing flows
and unsteady axially independent flows).

Much of the work on time dependent flows has concentrated on
unsteady flows through loosely curved pipes driven by oscillatory
axial pressure gradients. To simplify the problem, it is often
assumed that the flows are independent of the distance down the
pipe, and that the pipes are of circular cross-section.

Under these assumptions Lyne (1971) studied the flow driven by
a sinusoidal axial pressure gradient with frequency ®w and =zero

mean. He showed that the flow <c¢an be characterised by two

1/2
parameters: the Womersley parameter o = a[ :‘)—)] , and the
-2
secondary-streaming Reynolds number RS = %, where W is a typical

axial velocity. Rs plays the role of a Reynolds number for the
secondary flow. In the limit of high frequency oscillations, o« > o,

a Stokes layer of 0[ /% ] in thickness develops next to the wall,
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together with a secondary core flow which is comparable in
magnitude to the secondary flow in the Stokes layers. For both
large and small RS Lyne found that the secondary-streaming in the
core flow was from the outer to the inner wall, i.e. in the
opposite direction to that for steady flow. Figure 1.1:5a
illustrates the flow structure for large secondary-streaming
Reynolds numbers, while the flow pattern is schematically
represented in Figure 1.1:5b. This theoretical prediction has been
experimentally verified by Lyne (1970). The stability of this flow
has been examined by Papageorgiou (1987).

In a complementary approach based upon a small
secondary-streaming number Zalosh and Nelson (1973), and Mullin and
Greated (1980a), studied an unsteady flow driven by an oscillatory,
zero mean, axial pressure gradient for small, intermediate and
large frequencies. For asymptotically high frequencies Lyne’s
(1970) small secondary-streaming-number solution is recovered. For
lower frequencies the secondary motion is in the same direction as
that for low-Dean-number, steady, fully developed flows obtained by
Dean (1927, 1928). Muson (1975) and Mullin and Greated (1980a)
obtained experimental results consistent with these results.

Smith (1975) studied flows down a loosely curved pipe driven
by an oscillatory axial pressure gradient with a non-zero mean. He
examined axial-independent flows in a number of asymptotic limits
of the Dean number K, the Womersley parameter &, and the
secondary-streaming number Rs, e.g. K« 1, K«I1, o ~ K_1/3,

R ~1 K~1, a«1, R ~1; K~1 ac<«1, Rs&2~1; K~1, a>1,
S

S
R ~1 K»1, a~1 R ~1 K>»1, a~K” R ~1, K>»1,

s S S
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1/3

’

«~K? R ~1 Kk>»1, x~K° R ~-K K»1, a-~K
R's ~ K /3, and prosposed various flow structures. Blennerhassett
(1976) studied the flow for K ~ 1, o« > 1, R's ~ 1, performing the
necessary numerical calculations.

Numerical solutions have been obtained for the unsteady,
axially-independent Navier-Stokes equations by Rabadi, Simon and
Chow (1980) and Chang and Tarbell (1985). In both studies the
numerical integrations were started from some simple initial
conditions and continued wuntil a periodic solution was recovered.
Rabadi et. al. (1980) examined an unsteady flow down a curved pipe
driven by an oscillatory axial pressure gradient with a non-zero
mean; the ratio of the amplitude of the oscillatory component of
the pressure gradient to the steady component was denoted by k.
Solutions were obtained for K approximately up to 212, 1 = a =15
and k = 0.5 or 1.0. Chang and Tarbell (1985) concentrated on
parameter ranges more relevent to physiological flows such as blood
flow in the aortic arch. Parameters were chosen to be compatible
with the experiments by Talbot and Gong (1983)5, Chandran and
Yearwood (1981), and Yearwood and Chandran (1982)6. Numerical

solutions were obtained for a range of parameters, e.g. K = 300,

S These results are in qualitative agreement with Smith’s (1975)
theory.
6

Note that these experiments all included entrance effects, as did
those by Mullin and Greated (1980b). Lin and Tarbell (1980)

reported experiments where entry effects are negligible.
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8 <0.26, «a= 21, R_ =950 and k = 52. Particularly for the flows
with  physiological parametric values a wide variety of flow
phenomenon were observed (e.g. secondary flows consisting up to
seven vortices). Qualitative agreement was observed between the
numerical results and those regions in the experiments where the
flow is fully developed.

Little research has been undertaken on unsteady
axially-dependent curved pipe flows. Singh, Sinha and Aggarwal
(1978) examined unsteady flow within an 0(a) distance of the
entrance of a curved pipe by similar boundary-layer techniques to
those of Singh (1974). Shirayama and Kuwahara (1986) have reported
numerical Navier-Stokes solutions for flows down an U-shaped pipe
of circular cross-section. The flows consist of a Poiseuille
velocity profile at the entry/exit in the straight inlet/outlet
sections respectively. Steady solutions were obtained for small and
medium Dean numbers, and unsteady solutions for high Dean numbers;
the exaét values of Dean numbers are unclear since no precise

definition is given in the paper.

As indicated in the above review, one fundamental problem on
which little work has been done is starting flow driven by an axial
pressure gradient, although a number of the above Navier-Stokes
solvers could be adapted to study this problem. Inter alia, such
flows occur at the start of systole in humans, etc.. The only work
we are aware of is Farthing’s (1977) boundary-layer approach for
unsteady, axially-independent, high-Dean—number, flows down a

loosely curved pipe. Such flows consist of an inviscid core and a
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viscous boundary layer adjacent to the pipe wall. In this chapter
we will concentrate on the development of the secondary flow in the
boundary layer. The analysis is based on classical boundary layer
theory in which the only effect of the core flow is to impose a
non-zero slip velocity at the edge of the boundary layer. However,
rather than using the more conventional Eulerian co-ordinates (cf.
Farthing 1977), we formulate and solve the boundary-layer prob\ém
in Lagrangian coordinates.

The Lagrangian approach was first used by Van Dommelen and
Shen (1980) in the numerical solution of the classical,
two-dimensional, unsteady boundary-layer problem for wuniform flow
past a horizontal circular cylinder. Unsteady separation of the
boundary layer occurs after a finite time when the boundary layer
next to the body thickens to ‘infinity’. Van Dommelen and Shen
showed that the two—-dimensional Lagrangian boundary-layer
formulation has the advantage of resulting in a momentum equation
which both determines the motion and is independent of variables

that become singular at the onset of unsteady boundary-layer

separation. The analysis has been generalised to a
three-dimensional study (van Dommelen and Cowley, private
communication). In general, Lagrangian numerical solutions will be

more accurate than their Eulerian counterparts.

Similar finite-time boundary-layer separation also occurs in
other unsteady problems, in particular, at the apex of a suddenly
heated two-dimensional circular cylinder and at the equator of an
jmpulsively rotated sphere (Van Dommelen, 1986). Both these

unsteady boundary-layer problems have been examined on their
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respective symmetry lines by Simpson and Stewartson (1982a, b) in
Eulerian coordinates. The singularity structure due to unsteady
boundary-layer separation in both problems are closely analogous to
that occurring in the boundary layer driven by unsteady flow down a

curved pipe. This will be discussed in detail in Section 1.5.
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Figure 1.1l:1a

Figure 1.1:1b
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Figure 1.1:2b K = 606

Figures 1.1:2a,b McConalogue and Srivastava 1968

----------- Contours of the secondary streamlines

Contours of the axial velocity

300.0

2300 2700
400 [150.0

I 0

Figure 1.1:2c secondary Figure 1.1:2d axial velocity
streamlines

Figures 1.1:2c,d Collins and Dennis 1975, K= 5000
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Figure 1.1l:4a The development of the axial velocity

on the symmetry plane.
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s = 12.335
Figures 1.1:4b,c Contour of constant axial velocity at

at different s for D = 340, § = ;

Figures 1.1:4 Soh and Berger, 1984
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Figure 1.1:4d Direction plot of the secondary flow at

. -1
a downstream distance of s = 3.656 124
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R /2 Secondary streaming boundary layer
S
Figure 1.1:5a
I

Figure 1.1:5b Velocity direction.

Figure 1.1:5 Lyne’'s (1970) result for large w and large R .
s
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§ 1.2 Formulation

In this section we consider the mathematical formulation of
laminar flows down curved pipes. The fluid 1is assumed to be
Newtonian and incompressible with kinematic viscosity v and density
p respectively. For simplicity, the pipe is assumed to have a
circular cross-section with radius a and centre 0, and to circle an
axis C with constant radius of curvature L, see figure 1.1:1. We
refer to the plane which contains 0, and which is perpendicular to
the axis, as the symmetry plane. The ratio of curvature & is

defined as

(1.2:1a)

Mo

The flow down the pipe is best described within a toroidal

-1/2 -1/2
z) z)

coordinate system (ar, aB, ad (i.e. s = ad as

iMlustrated in figure 1.1:1 (Dean 1927). Here ar measures the

distance from the centreline of the pipe, aB the angle from the

intersection of the symmetry plane and the outer wall, and as %

the distance down the pipe from some reference point. We suppose a

typical axial velocity is W, and let the velocities in the

-1/2 1/2-

(ar, ad, ad z) directions be (8" °Wv, 61/2WU, WW), and the time

and pressure be and szp respectively. For small curvature

51/2\7’
and low Reynolds numbers, Dean (1927) showed that flows down a
curved pipe could be characterised by a dimensionless number, later
known as the Dean number. Many versions of the Dean number have

been defined and used in subsequent works, for a detailed survey

see Berger, Talbot and Yao (1983). Here we follow the convention
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used by Stewartson, Cebeci and Chang (1980) and define the Dean

number D associated with the typical axial velocity as

1/2-
p=29 ;E (1.2:1b)

The continuity equation for unsteady three-dimensional flow

down the pipe is (e.g. Dean, 1927)

8U _ dUsine 1 oW _

aVv + 1+28rcos8 V + _ =0,

1
8r 1+ drcos@ r r 86 1+3rcos@  1+drcosb dz

(1.2:2a)
and the momentum equations in the r, 06 and 2z directions are

respectively

8V , Vav _ uav W av _U®  Wwlcose _ 1 4p
at dr  rde 1+drcosB 8z r 1+3rcos6 = & ar
1 [16__ 8sino ][!+?£_1_fﬂ]_ s a%
D r 86 1+8rcoso r ar r 80 (1+6rcose)2 82?
1 Scos® 8w 8w
N [ cos oW ] ,
1+3rcoso 1+3rcosO 9z ardz
(1.2:2b)
8y , Vau , uav W 8U W . Wsine_ _1 3
at 3r  rde 1+ércoso oz r 1+8rcos6  or 80
I 9%y _ 1 3%, _sine oW
D - (1+6rcose)2 8z r(1+8rcosB) 8638z (1+8rcose)2 az
Lo, scose )[u,au _1av) |
| or 1+3rcoso r d rd
(1.2:2¢)
and
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ﬁ . VB_W + U B_W + W a_w + 8VWcosB _ dUWsin®

at 8r  r 80 1+ércos6 az 1+8rcos@  1+drcos@
.1 8 1 [9_1][@_811_6_]1_6_?\_4

(1+3rcosB) 8z D ar r dr  1+3rcos6 ~ a6”

_ 190 dWsino _ 6_+1_ 8 6i
r 86| 1+drcos6 ar r 1+8rcos0 dz

(s}

1 & aU
r 80| 1+drcos6 dz

(1.2:2d)
The boundary conditions on the surface of the pipe are the no-slip

conditions,
U= V= W=0 on r =1 (1.2:2e)

in addition there is the requirement that the flow be regular at
r = 0 on the centreline of the pipe.:l

One approach would be to solve the unsteady three-dimensional
Navier-Stokes equations (1.2:2a-d) subject to boundary conditions
(1.2:2e) and some initial velocity profile at t = 0, for various
values of the Dean number., However, this can require significant

computational effort, with possible limitations due to the

Experiments are often performed on helical pipes, and the
governing equations (1.2:2) must then be modified (e.g. Moore and
Saffman (1972), Germano (1982)). However if the limit & « 1 is
taken, in which case (1.2:2) simplify, the Ileading-order equations
in 8 are correct for a helical pipe if T « 61/2, where T is the
torsion of the centre line. We also require mt 2 8 if the pipe is

not to intersect itself.
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availability of computer time and storage. This  problem is
particularly acute for large Dean numbers because of the boundary
layers that develop and which require fine grids if they are to be
adequately resolved.

One way forward is to simpify the Navier-Stokes equations
(1.2:2a~d) by concentrating on different aspects of the flow. A
number of these simplifications (e.g. axial independence, time
independence) have been reviewed in the introduction. One of our
aims is to gain a better understanding of aortic flow, so we will
study high-Dean-number starting flows. In order to make the problem

computationally more tractable, we will also assume

8

axial-independence, (i.e. 33

= 0), although this makes our solution
less directly applicable to flow through the aorta. We note that
this is the same approach adopted by Farthing (1977).

L’ne (1977/) showed that in the absence of viscosity, i.e.

D = o, an exact solution of (1.2:2a-d) subject to the condition

0 in (1.2:2e), is (also Set &"']/‘* 1974)

<
n

W (t)
Vv=uU-=o, We — =, (1.2:3)
1 +3rcos 0
Here wo can be any function of t. This solution, which is that for
a line vortex, has been used in a number of high-Dean-number
problems mentioned previously, e.g. Stewartson, Cebeci and Chang
(1980), Stewartson and Simpson (1982) etc.. It has a non-zero slip
velocity at the wall of the pipe, r =1, so generating a thin
viscous boundary layer close to the wall. The boundary-layer

solution satisfies the no-slip condition (1.2:2e) on the wall and

matches to the inviscid slip velocity (1.2:3) at the edge of the
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boundary layer.
Within the boundary layer the inertia terms must balance the

viscous terms. A comparison of orders of magnitude of these terms

suggests the thickness of the boundary layer is of order D—l/z.
Therefore, we define local boundary-layer co-ordinates (x, y) by
X =0, y = %1 - 1) . (1.2:4a)

Here x measures the non-dimensional distance along the surface of
the pipe from the symmetry line of the outer wall and lies in the
range -t to m. The coordinate y is the inward distance normal to
the wall scaled by the conventional factor of Dl/z, and ranges from
0O to w. We define (u, v, ;J), the scaled velocities in the boundary

layer in the (x, y, z) directions respectively, as

u=(1+ 8cos x )U, v = -D"%, w = W(1 + 3cos x )

(1.2:4b)
Note that the normal velocity v has also been scaled by the factor
of D'? to balance the normal variable y in the continuity
equation. The classical boundary-layer hypothesis is that within
the boundary layer the scaled y remains 0(1) for large D. On taking
the limit D 5 o, (1.2:2a-d) are reduced to the unsteady
boundary-layer equations (e.g. Farthing, 1977). The continuity

equation is

( 1+ 8cos x )vy +u =0, (1.2:5a)

X

and the momentum equations in the x, y and 2z directions are

respectively
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uu sin x 2

u + vu o+ % + ( 8u =y ,
t y 2 o yy
(1 + 8cos x) (1 + 8cos x)
(1.2:5b)
%% _ g, (1.2:5¢)
ay
and
-— — uw 1 -
W o+ VW o+ — X =W (t) +w
t Y (1 + 8cos x) ° Yy
(1.2:5d)
Equations (1.2:5a-d) are subject to the boundary conditions
Uu=sv=w=0 ony =0,
u -0, »7—>w°(t) as y > o,
(1.2:5e)

At the starting time t = 0, vorticity will not have had time to

diffuse away from the wall, and hence, from (1.2:3),
u=v =0, C«=wo(0), at t = 0. (1.2:5f)

Equations (1.2:5) specify an initial value problem in time. The
flow is periodic in x, and symmetrical about the plane where x =0
and x = m; hence without Jloss of generality the problem can be
restricted to the upper half of the pipe, i.e. 0 = x = m.

As indicated in section 1.1, we expect a secondary motion to
be generated in which fluid particles drift towards the inner wall.
The continuous motion of fluid particles towards the inner wall
means that the particles there are squashed azimuthally, and hence
they elongate in the direction normal to the wall to conserve mass.
This procedure forces fluid above the ‘squashed’ particles out of

the boundary layer, thus increasing the thickness of the boundary
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layer. This process is very similar to that generated when a sphere
is impulsively rotated and a cylinder impulsively heated (Banks and
Zaturska 1979, Simpson and Stewartson 1982a,b). In both these cases
an equatorial particle collision occurs in which the boundary layer
thickens to an ‘infinite’ thickness within a finite time, i.e. a
"separation singularity’ develops.

As shown later, a similar singularity develops in the curved
pipe problem. We interpret this as the genesis of an unsteady
boundary-layer separation and refer to the particle squashed to
infinitesimal thickness causing the separation as the ’‘separating’
particle. In order to expel fluid particles out of the boundary
layer within a finite time, the normal velocity at the edge of the
boundary layer must become infinite. Therefore it is preferable to
work in a coordinate system in which the governing equations are
independent of both y and v.

Van Dommelen and Shen (1980) and Van Dommelen (1986) have
successfully used Lagrangian coordinates to solve similar problems
with unsteady boundary-layer separation. The approach was first
applied to the classical two-dimensional problem of an unsteady,
laminar flow over a stationary circular cylinder (Van Dommelen et
al., 1980). The flow was shown to develop an unsteady
boundary-layer separation singularity after a finite time at about
111° from the front stagnation point. The same method has also been
used on the impulsively rotated sphere (Van Dommelen, 19886). The
most important advantage of the approach is that the momentum
equations in Lagrangian coordinates are independent of y and v in

each case. It has been shown that the resulting governing equations
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can be integrated numerically up to (and sometimes even past) the
separation time, predicting the position and the time of separation
accurately.

Following Van Dommelen and Shen, the governing equations
(1.2:5) are expressed in Lagrangian coordinates (&, 7). We label a
fluid particle by its position (&, 7), at some fixed time, which we

take to be t = 0 for convenience, i.e.
£ = x, n=y at t = 0. (1.2:6)

Applying the chain rule of differentiation, the tangential particle
acceleration in the Lagrangian coordinates is related to Eulerian
particle derivatives by
au _ 0u ., Ou ox du ay
Tl =gt | l I | 3% |
&,n X,y y,t £, n x,t £,n

From here onward we denote differentiation in Lagrangian

coordinates by a subscript comma, so that

M=
at Tt
4

)N

whereas in Eulerian coordinates,

From the definition of the toroidal coordinate system, the
velocities (V, U, W) are related to their respective direction
variables (r, 8, z) by

SI/ZWV = ar , 61/ZWU = ab

ot b

WW = (1 + Scos 6)61/22 .

Using equation (1.2:4) we may express these in terms of the Ilocal
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boundary-layer velocities u, v, w, and the Eulerian boundary-layer

variables (x, y, z) by

u=(1+ 8cos x)}) x . (1.2:7a)
VEY, (1.2:7b)
W= (1+ 8os x)°z .- (1.2:7¢)

Therefore the tangential particle acceleration in Lagrangian
coordinates is
du du u du du
at | at | +1+<Scos><§I Ve

£,n X,y y,t x,t
Similar expressions apply to the acceleration components in the
other directions. Also we write

w=WI(t) -w.

o

Then the governing boundary-layer equations (1.2:5b,d) become, in

Lagrangian coordinates,

u = sin x . C wl Zwo -w) - a8d2) + D (1.2:8a)

'Y (1 + Scos x)

w = D% . (1.2:8b)

where the derivative operator D is given by

s,

D = .
y 61

_ d
“faEtT

Q]
<l

The purpose of the transformation is to obtain a system of
governing equations independent of y and v. To achieve this, we
seek an alternative expression for the operator D. First, we recall
that the Eulerian spatial variables x(&,7m,t) and y(&,n,t) are
functions of the Lagrangian independent variables & and 7. Hence,

differentiation of x and y with respect to x gives
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ToEx Lo 0 =y g +ym , (1.2:3)
and similarly for x and y with respect to y

= = + . .2
° x,tgy * Koy ! y,tgy Y, aly (1.2:8b)

Equations (1.2:9) can be combined to give

ny ﬂnx
x =02 = * (1.2:10a)
¢ MmE - € Yr TmE -£En
y X Yy X Yy

-€ €
Y , y = (1.2:10b)

) 1 nyEx - Eynx ) nyEx - €ynx

X

The continuity equation (1.2:5a) can be expressed in Lagrangian

coordinates as

( 1 + 8cos x) (gyv,:+nyv,n)+(€xu,z+nxu,n)=0-
(1.2:11)
Also we define
al x, ¥y ) _ _ ‘
a( Er n ) - X,Ey’n x,ny’g 4 (1.2.128)

and J, the Jacobian modified with curvature, as

_ 1+8cos x 8( x, y ) )
= Trdcos £ 5CE 3T - (1.2:12b)

From the definitions of u and v in (1.2:7a,b), the time derivative

of [(‘I+6cos E)J] is

[(1+6cosE)J] =uy -u.y

t yE 41 AR 4
’

+ (1 +68cosx )Jx v =-x v )
y€ 47 4

Then by substitution of x , x Y . and y . from (1.2:10) into

the above, and using equation (1.2:11), we obtain
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[(1+5cosE)J]=0. (1.2:12¢)
. )

Hence (1+3cos £)J is constant in time. The constant is obtained by

applying the definition of €& and n at t = 0 in (1.2:6); therefore

and from (1.2:12a,b)

6(xvy)_ _1+6COS§

3(E, n) XY, XY «T T+ dcos x (1.2:13a)

or alternatively,

e & 7n ) _ _ _ 1+ 8cos x . )
Sy " &M T EN T T seeet (1.2:13b)

y X

+

Using (1.2:13b), we may express (1.2:10) as

€x= y’n 1—;%:——222, §y= —x’nl—:—%%‘:—g-, (1.2:13¢)
Therefore the differentiation operator D can be rewritten as
= [H%——ZZ] [-x,ng—g—+x’<g—n-] : (1.2:14)

The boundary-layer problem for x(&€,n,t), u(g&,n,t) and w(&,n,t)
is specified completely in Lagrangian coordinates by equations
(1.2:7a) and (1.2:8) with the operator D defined in (1.2:14). The

boundary conditions are

u=w=0, for t =0,
u =0, w=wo(t) onn=0 for t = O, (1.2:15)
u -0, w->0 as N > o for t =2 0,
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and the initial condition (1.2:8). Note that the equations for the
velocities u and w are simplified because they include no curvature
inertia terms, although the diffusive term expressed by the
operator D® s complicated when expressed in full. However, the
great advantage of working in the Lagrangian coordinate system is
that the governing equations are independent of y and v. As shown
below these are the quantities which become singular at the
occurrence of the boundary-layer collision. Because the solutions
for X, u and w remain regular up to the time of the collision, they
can be calculated numerically with great accuracy.

With the problem specified in Lagrangian coordinates, we can
now drop the subscript comma indicating Lagrangian differentiation,
and assume all derivatives are with respect to the independent
Lagrangian variables.

The Eulerian variable y and the normal velocity v can be
calculated independently of the governing equations (1.2:6a, 8). An

expression for the variable y follows from the identity

y(&€,n,t)
y(&, m, t) = f dy . (1.2:16)
(o]

This integral is to be evaluated on the path of constant x, which

means
0= dx = x:dE + xndn , (1.2:17a)
X
dg = - ;ﬁ dn : (1.2:17b)
4
Since dy is given by
dy = y,dg + y dn , (1.2:18a)
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dy on constant x is given by (see (1.2:13a))
dy = ( - Y X, * Y%, ) —

1 + Scos £ dn .
m;;. (1-2-18b)

Therefore y can be expressed as

4]

_ 1 + dcos & dn .
y(i, n, t) = J T—*’_S_(X)S—XZ . (1.2:19a)

o
constant x

We define s, the arc length along any path of constant x, by

d32 = d€2+ dn2
2
2 xn
= dn~ ( 3 + 1)
x

14

The function y from (1.2:18a) can then be expressed in terms of

Lagrangian variables €, m and s as

S
y(&,m,t)= J 1+ Scos § ds . (1.2:19b)

o 1 + 8cos x /(x52+ xnz)

constant x

Similarly the velocity normal to the wall can be expressed in

terms of the arc length s along a path of constant x. From the

continuity equation (1.2:5a) the velocity v normal to the wall is

y u
V(E) n, t) = - I '—_-—:i——_- dy .
o 1 + 3cos x
constant x

(1.2:20a)

Now u_can be rewritten using (1.2:13) as

u = u + U
X tgx nnx
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= ( _ ) 1+8cos X
= WY, T YUY Tisces €

and dy is Jjust as defined in (1.2:18b). Therefore, v can be

expressed as

n
1 u -uy
V(E, n, t) = - fyﬂ x mE dT) . (1.2220b)
1+3cos X €

constant x

Alternatively, using &€, = and s as before, we obtain

s
(uy -uy)
v(g, m ,t) = - [ £ re ds . (1.2:20¢)
1+8cos X 2 2
X “+ %
£ n

constant x

Let us define the Lagrangian gradient, grad x, as

grad x = ( X,s X ). (1.2:21)

n
It can be shown, see section 1.4, that the integrals in (1.2:19b)
and (1.2:20c) become unbounded if at some time ts, and some point
xs(gs, n,» ts),
| grad x |2 = [ (x,)2+ (xn):] =0, (1.2:22)

where (><lf)2 is (><,:)2 evaluated at (Es, n_, ts) and similarly for

S
(xn):. Hence the boundary-layer displacement thickness becomes
infinite if a zero develops in grad x, and we interpret this as

boundary-layer separationz. The critical time of the singularity ts

is easily Jlocated since it is associated with the zero of a

2 Note that the Goldstein (1948) steady singularity has finite

displacement thickness.
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function in Lagrangian coordinates (cf. the singular quantity in

Eulerian coordinates).
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§ 1.3 Numerical Method

In this section we discuss the numerical schemes used to
obtain the solution of the boundary-layer equations (1.2:7a, 8).

The flow is assumed symmetrical, so that the governing
equations (1.2:7a, 8) need to be solved only for 0 =& =mw In
addition the axial independence means that it is only necessary to
use a two-dimensional finite computational domain. Here we
distribute, by means of ‘stretch’ functions, a total of N points
over 0 = £ = w, and M points over 0 = 7 < w.

The choice for the stretch function in the tangential
direction was based on the physical reasoning presented in
section 1.1, which suggests that boundary-layer separation may
occur at the symmetry line of the inner wall; therefore a more
refined grid is needed there. A stretch (cf. Van Dommelen and Shen,
1980) in the £ direction was implemented by introducing the

variable o such that
_ 1 - .
E( o) = Alar-ctan(hztan 21toc) A, (1.3:1a)

where Al, Az and A3 are constants to be chosen by test runs.

The matching conditions in (1.2:15) have to be applied at the
edge of the boundary layer. Since we were limited to a finite
computational domain, two ways were considered to impose the
boundary conditions as 7 » ®. Either

i) the boundary conditions might be applied at a large
but finite value of 7,

or,
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ii) a new variable could be introduced to map infinity to
a finite value.
The second choice was that adopted, and a new coordinate B was
introduced, defined by (cf. Van Dommelen and Shen, 1980)

4t
1+4t

— 1 -
n(B, t)= h4 tangnB . (1.3:1b)

The function Vv 4t in (1.3:1b) was included in order to obtain
accurate answers for impulsively started flows. This is because

when a flow is impulsively started, the boundary layer adjacent to

the wall behaves like a Rayleigh layer with an O(tl/z) thickness
for small times, i.e.

y .t n . t'? for t « 1.
Consequently, in order to maintain accuracy it is necessary to

stretch 7 with a factor of t'”2, The denominator \AT% in (1.3:1b)
is included to ensure that for fixed B, the function of 7 remains
finite as t » o (although the integrations did not in general
extend to large times).

In the new coordinates («, B) the computational domain is

, A, A

O=a=1 0=pR=1 The choice for the constants 7\1, A 3

2 4

will be discussed later in section 1.5.

The equations (1.2:7a,8) are parabolic in t and 7, and
elliptic in &€ and 7. This initial value problem is only fully
specified given an initial velocity profile at t = 0 and conditions
at the boundaries of the domain. They have been fixed as follows.

We first consider the initial velocity profile in the boundary

layer for small but positive time, t =0+. When a core flow
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consisting only of an axial velocity is started impulsively, very
close to the start-up time the secondary transverse velocity will

not have had time to develop; therefore
u=2~0 at t = 0+ , (1.3:2a)

and the spatial position x remains as given in equation (1.2:8). As
indicated above, we would expect the axial velocity to have a
Rayleigh layer solution. To see this in terms of Lagrangian

coordinates, we note, from (1.2:6),
x =1, x =0 at t = 0+ .
The above equations and (1.3:2a) simplify (1.2:8b) to
W, =W at t = 0+ ,

which, when written in terms of the stretched variable B, is

3 2
n LS 2 L
w cos 3 +ftw ( —cos =B + A )sin =B = 0 .
B8 2!3 /3( 2B 4 ) 23

This equation has a similarity solution,
w =W (0) erf [A tan @] ‘ (1.3:2b)
o 4 2
where erf is the error function, namely
2 g 52
erf (L) = J e do .
S J',ﬂ’ o

As a check on our numerical scheme, we also solved the above
second-order, linear, ordinary differentiatl equation for w
numerically by second-order finite differences. This equation is
independent of &, thus it needed to be discretized in the

direction only. At any column & = Eji (1 =i=N), this yielded M-2
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implicit difference equations subject to two boundary conditions at
B =0 and 1. The difference equations were then represented in

matrix form,
Af =b.

The M x M matrix A was a tridiagonal matrix. The vector f consisted
of w at (Ei, nj) for 1= j =M, and b was a known vector. Since A
was not in general diagonally dominant, to minimize numerically
induced instability it was inverted by Gaussian elimination with
pivoting (Fox and Mayers, 1968). The differences between the
analytical and numerical solutions were confirmed to be within the
expected O(hz) truncation error, where h was the step size.

With the initial velocity profiles determined, we now describe
how the boundary conditions were imposed. From (1.2:15) the

boundary conditions for 8 = 0 and 1 are

u=sv =0, w=w°(t), on 3=0 for t = 0,
u=20, w =0, on B =1 for t = 0.
One boundary condition for the full problem, - = & = m, would be

periodicity of the flow. However, since the problem was reduced to

0 = £ = 1, boundary conditions are needed on € = 0 and £ = m.

The conditions for u and x on these planes follow directly
from consideration of the geometry of the pipe. In particular,
fluid particles on the symmetry planes must remain there, and the

transverse velocity, u, must be zero
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0 and £

n for all t , (1.3:3a)

c
1}
(@)
[0}
3
fas
n

x =0 on €£€=0 and x=mm on &=mn for all t.

(1.3:3b)

The condition on the axial velocity w requires more consideration.

The flow on the symmetry plane of the inner wall has been
studied by Stewartson and Simpson (1982) for steady entry flow into
a loosely coiled pipe. They examined the flow there by making an
expansion in a neighbourhood <close to x = m, and solved the
simplified boundary-layer equations numerically. A similar approach
for the flow in the symmetry planes can be used for our unsteady
problem (note that we use Lagrangian coordinates where Stewartson
and Simpson used Eulerian coordinates). Let us define new variables

* L
x and u as

» *
X = x = ( &€ - Ef ) %, u-u = ( &€ - gf) u,
where X = X, u=u at € = &f.
Hence,
x =0, u =0, at g€ =0,
£ £ £
and X = T, u =0, at £ =m.
£ £ £

Then substitution into the governing equations (1.2:7a, 8) gives
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u =(1%+38) X, {1.3:4a)
* x* *2 * ¥* % % *2 * % *
ut=i—————w(2wo—w)+x u”—><><nu"+(><17 —xxnn)u
(1%8) ’
{(1.3:4b)
w = x*zw + x*x*w , (1.3:4¢)
t nn n n

subject to the conditions,

* *

x =1, u =0, w=wo(t) at n =0,
* *
x =1, u =0, w=0 as N o> o, (1.3:4d)
* *
x =1, u =0, w=20 at t =0+, n =0,
In the above, wherever there is a choice of sign, the - sign

corresponds to the equation at the inner wall, and the + sign to
that at the outer. Note that because of the difference in
definitions of u"E and w, the derivative operator D applied on u and
w results in extra terms on the right-hand side of equation
(1.3:4b). Also, it turns out that 8 can be scaled out of equations
(1.3:4) altogether (see section 1.5).

Let us concentrate on one wall, for example €f= 0; the
solution procedure applies equally to the other wall §f= . In
order to evaluate the velocity w at each time value t = nAt,
equations (1.3:4) were discretised by second-order finite
differences in both t and m at points (& = O, nj, (n-%)At), for
1= j=M and n = 1. Since the difference equations were nonlinear,
they could be solved only by an iterative procedure, for example a
Newton-Raphson procedure. Let f be a vector of length 3M,

consisting of the true solution for x*, u“E and w at points
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(¢ = 0, 'nj, nAt), and T;k be the k™™ terate of f in the

Newton-Raphson procedure and related to ikd by

£k=£k—1 v of |

where &f is a small correction vector. The iterate f ¥ was
substituted to replace f in the nonlinear difference equations
which were then linearised with respect to &f to give a system of
3(M-2) linear difference equations. These, when combined with the

boundary conditions at n =0 and 7 > ®», could be represented in

matrix form as

L&f =b .

The 3Mx3M matrix L was a banded matrix with a band width of 9 and b
was a known vector of length 3M. The equations were solved by
Gaussian elimination with partial pivoting. The solution for the
axial velocity was then updated, and the process repeated until the
absolute value of the update was less than a small tolerance at
each grid point. The solution for the axial velocity was then used
as the boundary condition at the appropriate symmetry plane.

With the initial velocity profiles and the boundary conditions
at the four boundaries of the computational domain determined, we
now describe the procedure used to solve the governing equations
for the full boundary-layer problem.

First, we introduce some notation. Let

X gm = x(ﬁi, LY nAt) ,

and similarly for u and w. We also define the vectors f

’
y 1 —J,n

and f as
N
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= 1=i=<
-i,n ( xi’j’n, i’jan, wi)j»n’ for J M ) ’

= <i=
By = U Mg Mg TR RN

= =is| =j=M).
in ( xi’j’n, ui,j’n, wi’J’n, for 1=i=N and 1=j=M)

Thus the vector i o consists of elements of x, u and w at the

column & = 51 at time t = nAt and is of length 3M. The vector f n
consists of elements of x, u and w at the row 7 = nj at time
t = nAt and is of length 3N. The vector T;n consists of elements of
X, u and w at all points in the full computational domain

(&'1, nj, nAt) and is of length 3MN.

Let the superscript k denote the k*® iterate in an iterative

k

procedure. Hence the kP iterate to x is x
i,j,n i,J,n

, and similarly
for ii’n, ij’n and in.

ANl the equations were discretised using second-order central
differences. The solution procedure for these nonlinear difference
equations is illustrated in the flow chart in figure 1.3:1. Note
that since equations (1.2:7a, 8) are parabolic, it is possible to
march forward in time given the velocity profiles at an earlier
time. At t = 0, the velocity profiles are determined by the initial
conditions as discussed above. To march forward to t = At, the
time-dependent boundary conditions at £ =0, 1 and 7 =0, = are
first calculated. Then the interior points are updated using an
iterative scheme, which is essentially an Alternating Direction
Implicit (ADI) method. The procedure at subsequent time steps is

similar, but to improve convergence of the ADI iteration, an

explicit leap-frog scheme is applied to yield an initial guess E:
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for the solution at t = nAt, n = 2. Note that for n = 2 the
numerical solutions in_ and tn-z are known. The procedure is

repeated until a boundary-layer singularity is encountered in the

form of a zero in grad x.

The lLeap-Frog Scheme

The partial differential equations (1.2:7a,8) were discretized
by second-order finite differences at points (Ei, n (n-1)At) for
2 =i s N-1 and 2 = j = M-1. The resulting finite difference
equations are given in appendix 1.B. These equations relate the
quantities x, u and w at the three time 1levels, t = (n-2)At,

(n-1)At and nAt as denoted by the 11 marked points below.

t
A
I
| |
: ! I
| A1
L1 >3
:/;“—'//"* /
- — |
,4/ /

The dots denote the points at which the solution is known and
the cross where it is to be calculated. The difference equations
can be rearranged to express the unknown quantities x, u and w at
(i;'i, s nAt) explicitly in terms of the solutions f  and f .
The solution io can therefore be obtained point by point on the

entire computational domain. This simple leap-frog scheme is

unstable, for example test runs on a grid domain of 33x17 points
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showed that as At was decreased, the time, t, at which |grad x|

decreased to zero also decreased (see table 1.3:1).

At t
b
1
= 0.175
1
= 0.0875
1 0.05
120
Table 1.3:1

The variablity of these results suggests a numerical instability.
In order to overcome this problem, an implicit scheme was therefore
implemented. The solution io served as an initial guess to the
iterative solution f_'n at t = nAt.

The implicit scheme selected was a second-order Crank-Nicolson
s:cheme1 in which the equations were discretised about the points
(Ei,’nj,(n—%)At) for 2=j=M1, 2si=N-1 and n=z=1. The
resulting difference equations are given in appendix 1.B. These
equations provide an implicit relationship between 18 neighbouring
points, (.Ep, n rat) for i-1 s p = i+, Jj-1 = q = j#M and
n-1 =pr = n. This discretisation yielded a system of difference

equations which were nonlinear and could only be solved by an

iterative procedure.

A comparison of this discretisation with that used by Van
Dommelen and Shen in a two-dimensional problem is given in appendix

1. A.
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One approach would be a complete Newton-Raphson iteration,
which would require linearization of the equations in the entire
computational domain. This would be similar to the solution
procedure for the flow in the symmetry planes with f replaced by f N

so that the linearised equation for the update would be
L of =b . (1.3:5)
-n

The (:3MN)2 matrix L would be a banded matrix with a band width of
8+min(6M, BN), with Sf_n the unknown vector, and b the known vector
of residuals defined on the complete computational domain. To
perform a Newton-Raphson iteration, the matrix L would have to be
inverted and the solution for Bi,, updated - a task which would
require large amounts of computer memory. An alternative iterative
scheme which involved less storage was therefore chosen.

Instead of performing a complete Newton-Raphson iterative
procedure, a similar Alternating Direction Implicit iteration was
used. This procedure consisted of applying a Newton-Raphson
iteration along a line of unknowns within the computational domain,
(e.g. for j=J, and 1=i=N), assuming that the variables in the rest
of the domain were fixed, (i.e. j®J). This line iteration was
performed for each j, and then a similar iteration was applied in
the other direction for each i. We can illustrate the order of the
applications of these line iterations by figure 1.3:2 below,
assuming that the two-dimensional computational domain can be
represented by 16 points, numbered 1 to 16. For example, when the
iterations were applied on rows of constant 7, the difference

equations were first solved simultaneously on the row with points
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13, 14, 15 and 16. Then we moved on to the next row containing the
points 98, 10, 1 and 12, and so forth in the direction of
increasing 7M. The 1line iterations in the other direction involved
solving the difference equations for the column containing points
1, 5, 9 and 13 first, then for the column containing the points 2,
B, 10 and 14 etc. until all the points in the computational domain

had been iterated.

oy 2 3 4
45 6 7 8
19 10 11 12
J 13 14 15 16

3

To describe the linearisation in greater detail, we return to
the full nonlinear governing equations (1.2:7a, 8). Let point 6 in
figure 1.3:2 denote (EI, n, nAt). Then discretisation of the
governing equations at a point (EI, n, (n—%)At) involved points 1,
2, 3, 5, 6, 7, 9, 10 and 11, and the known solution at the
corresponding points for t = (n-1)At. Application of an ‘&-line’
iteration at the row 7 = n involved solving for all points in the
row, and was equivalent to writing the (k+%)th iterate of ij,n at

n = as

IS R (1.3:6a)

=J,n =J,n -=J,n

where Sjj , was a small correction vector and the &f for j=#J
’ -]

were assumed to be zero. The iterate f?i/z was substituted into
the full difference equations in place of f , the equations

-
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linearised with respect to afJ’n, and then solved with partial
pivoting as discussed before when obtaining the solution on the
symmetry  line. Line iterations were  applied over the full
computational domain at all rows, 7 = 'nJ, for 2 = J = M-1.

To complete the Alternating Direction Implicit procedure,
‘m-line’ iterations were then applied on a column & = EI. This time

fk+1 = 1,k+1/2 + S | (1.3:6b)

-I,n ~I,n -I,n’

where afI was a small correction vector, and 811 =0 for i=1.

’ y

As before, this was substituted into the full difference equations
which were then linearised with respect to 61‘_‘1,“. Again the linear
equations were solved with partial pivoting. Line iterations were
applied at all columns, & = &I, for 2 = I = N-1.

After each complete iteration of the Alternating Direction
Implicit procedure the solution was tested against a convergence
criterion which required that the update at each point was less
than a specified small tolerance. If the test was unsuccessful,
further complete iterations were performed.

At each time step a new set of boundary conditions for w at
€=0 and € =7 was calculated and the iteration procedure
repeated. The calculation proceeded in time until a zero developed
in grad x (thus indicating the development of a singularity in y).

After a few test runs the constants for the stretchings in
(1.3:1) were chosen as: A =3, Aa_ = 2.5, 7L3=1r(7tl - 2) and

1 2

h4 = 1.5. The convergence criterion was that the quantities x, u
and w at each point in the domain changed by less than a tolerance

of Bx10 ° at each point. The tolerance has been decreased to 5x10”°
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with no significant change in results, and no convergence

difficulties have been experienced at times less than the

singularity time. Grid sizes of 37x17, 73x33 and 145x65, and
X X 1 1 1

uniform time steps of i’ @ and Teo have been used. The accuracy

of the scheme has been confirmed to be second-order. The program

implementing these numerical schemes was run on a Cray 15

supercomputer and was fully vectorized.
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Figure 1.3:1

(=)

Stretch &, 7

t = 0, set initial velocity profile

set boundary conditions

Obtain solution for w
at £ = 0, m by line iteration

€-line iterations for x, u, w
at 7 = nJ, for 1 =J =M

n line iterations for x, u, w
at € = 51, for 1 =1 =N

min |grad x| = 5x10°
£, n

Yes
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§ 1.4 The Calculation of y and v

The most important advantage of the Lagrangian formulation is
that both the variable y and the normal velocity v do not occur in
the governing equations (1.2:7a, 8). Therefore, they can be
calculated separately after the solutions for x, u and w have been
obtained. In this section, we discuss various attempts to calculate
y and v accurately.

There are two equivalent expressions for the Eulerian variable
Y, one written in the form of a partial differential equation in

terms of € and m, i.e. from equation (1.2:13a)

1 + Scos &

T+ 3cos x ° (1.4:1a)

XY T XY T
together with the initial/boundary condition
y=20 at n = 0,

and one, from equation (1.2:13a), in the form of an integral along

characteristics of constant x, i.e.

n
_ 1
y(g, n, t') - J/ ;(_

4

1 + 8cos &

T+ Scos x (1.4:16)

0
constant x

The calculation for y can be conveniently divided into two
parts, (a) one for early times of the boundary-layer development
when the function is varying relatively slowly everywhere and
(b) one after a finite time when the boundary layer is rapidly
increasing in a small neighbourhood of the symmetry line on the

inner wall due to the thickening associated with the convergence of
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fluid particles there.

We first describe the relatively simple calculation of y for
the early times when no difficulty has been experienced in
obtaining numerically accurate results for either y or v. The
calculation of the function y can beé subdivided into two parts,
that on the symmetry lines and that away from them.

On the symmetry Jlines where x =€ =0 or m, the path of
constant x is also a path of constant &. The integral (1.4:1b) can
thus be approximated by a simple application of the trapezium rule

for x = £ =0 and n, i.e. for i =1 and N:

Yi,5 = Y1, 511
1 An 1 + 8cos € An 1 + S8cos &
+ - —_ e = + —_ > >
X 1 + 8cos x x 1+ 8cos x
2 1 i, J-1 4 i,j

(1.4:23a)

Away from the symmetry lines, a number of methods to calculate

y were tried. One was based on a discretization of equation
(1.4:1a) using a second-order Crank-Nicolson approximation at

(Ei, ) for 2 = i = N~-1 yielding a difference equation, namely

T'j-1/2

1 [ 01,5~ Tie1, . X141, 5-1 xi-i,j-l][ 1,5 7Y%, 51 ]
21 2AE 2A€ A

%55 7 %y, g1 ] [ Yie1,53 ~ Vi1, . Yat, 5.1 ~ Yi-1, -1 ]
L An 2A8 2AE

=

—

+3 cos &

-

+6¢osl(x + X )
2 i, i,j-1

(1.4:2b)

This equation can then be rearranged with y, ; on the left-hand
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side and y, on the right. Since the solution for x is available

5-1
at all discrete grid points, this linear implicit equation can be

represented as a matrix equation

Ly=>b.

The vector y consists of y at (El, nj) for 1=i=N, and b is a
known vector of length N. The NxN matrix L is a banded matrix with
a band width of 3. The boundary conditions for (1.4:2b) are the
values of y on the symmetry lines from equation (1.4:2a), and y = 0
on 1 = 0. Equation (1.4:2b) is solved by Gaussian elimination with
partial pivoting. This can be repeated for the complete
computational domain 2 = j = M. Assuming that the step length An is
small, this method 1is suitable for a ‘well-behaved’ function
y(&, mn, t). However, it must be stressed that this method can only
be used for early times when the boundary layer remains thin (i.e.
grad x # 0).

An alternative for an early-time calculation is to evaluate
the integral expression (1.4:1b) for y directly over
characteristics of constant x. This approach approximates the
integral by a finite summation; therefore to give y at *nj along a

path of constant x we have

J

_ An 1 + 8cos £
y(x, T)j) = Z [ )E—;.‘—;——SES—X—] i on constant x.

k=2 =Ny 12
(1.4:2¢)
The summation requires the values of the integrand on

characteristics of x at various level of 1. The interpolation

method used to obtain these is discussed in appendix 1.C.
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Close to the onset of the boundary-layer separation fluid
particles near the inner wall are ’‘squeezed’, resulting in small
values of X, there. The squashed particles can only elongate in the
direction normal to the wall, and thus as t tends to ts there are
increasingly large increases in y for moderate increases in m. The
methods mentioned above have accuracy difficulties under such
circumstances (essentially because the characteristics begin to
develop a cusp point).

The first method by which we tried to overcome this probiem
used Padé approximants. Initially we restricted our attention to
the flow at the symmetry line of the inner wall x = 7. A plot of xe
against m suggested that here xz was a regular function of =7 near
its minimum, and that its minimum tended to zero monotonically as t
tended to ts. This suggested an approximation for its reciprocal

(necessary in (1.4:1b)) of the form

A B(n-n )
o 2 + ° > + C
£ e+(n—n°) e+(n-no)

, (1.4:3a)

x|

where A, B, C, £ and n_are constants to be determined; in which

case, to integrate )1(— from n = n to N, we have
¢

Ty A (n-n ) ) R
= dn = arctan ——— + B In ( s+('n—no) ) + Cy
7'1. £ v ¢ v € TIL
(1.4:3b)

In the neigbourhood of a point 7 = n, the five constants were

determined by the data values of l— at the five neighbouring
¢

points, 7 = N, "J-1’ ng nJHand L. The expressions for the
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five constants are given in appendix 1.D.
We tried this approximation on a model problem with a known
anaytical solution, i.e.

(4
dz =ﬁn (1.4:4)
L £(2) y(y+1)

where (L) = 7y + coszc. The function f(g) is quadratic in ¢ near
the minimum ¥ at ¢ = g The range 0 = £ = was divided into a
number of uniform intervals. The approximation (1.4:3b) was found
to work well for small ¥, giving a truncation error of within 0.67%
with B65-grid points for ¥ = 0.002203 (this value of ¥ was specially
chosen to correspond to the minimum of X, at t = 2.8 for a uniform
core velocity of wo(t) = 1).

This method was then applied to the symmetry line problem over
that range of % for which xt was approximately quadratic. The
improvement over the other methods is not as good as expected from
the model problem, probably because le can only be approximated by
(1.4:3a) for a small region of m (plus the fact that the model
problem is symmetric about the minimum of xE). However, given
enough grid points, this approximation is reasonably effective e.g.
with 129 grid points, the answer appears to be within approximately
4%. While this is acceptable for the symmetry line problem, the
greater complexity of the full problem prevents the use of such
fine grids. A new approach was therefore required.

The next method is a characteristic method. In this approach a
local Taylor expansion for x is formed about a grid point (Ei, nj)
and is used both to trace the path of constant x back to n =1

j-1
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(see figure 1.4:1) and to approximate X, in (1.4:1b).

(8 _ym)) (€,.m,)

M

;

JY
Nl
EoY €Y ¢

Vo

o QO —O O

(si_z,nj_l) (EH,nJ_l) (E*,nj_l) (£.m, ) (€i+1,nj_1)
Figure 1.4:1

Specifically, the method is based on the Taylor expansion of

x(&€, m) about a grid point xo(El, nj):

X=X xo,:ag * xo,nan * % xo,ttagz+ xo,tnagan * % xo,nn&n2 T

(1.4:5a)
where &£ = £ - gi, m =1 - n, and |[3£] << 1, [8n] << 1 (note that
the subscript comma has been reintroduced to indicate
differentiation). The coefficients in (1.4:5a) are evaluated by
central differences about the point (61, ’nj). The characteristic

passing through (gl, nj) is given to second order in 8§ and &n by

solving the equation

0= ><o 26&: * >(o nan * % ><o 4 682+ ><o tnagan * % xo,nnsn2

(1.4:5b)
At a specified value of &n there exist two roots for 8&; the root
chosen is that of smallest magnitude since we are considering
points close to x . The value of X, is then obtained by

o

substituting into

= + + e NN
X X X uag X e n + . (1.4:5¢)



To approximate y accurately where xt is small, it is necessary
to make small steps in 87, since a small change in 8n could amount
to a large change in y for t close to ts. Therefore the step from

nj X to nj was divided into m smaller steps of length h, as shown
in figure 1.4:1. With g = nj_l-!- %h for example, the procedure is to

solve first (1.4:5b) for 651, in order to find the position of the
characteristic of constant x which passes through (Ei, nj). Then X,
at (gi-agl, n _1+%h) is evaluated from equation (1.4:5¢). A similar

J

proedure is followed at 7 = nj_i + (p-%)h for p =z 2. The increment

in y along the characteristic x between nj_l and nj is then

Suppose also the characteristic x intersects 7 = nj_l at the point

[h—l + Scos £ (1.4:8)

) ><E + 8cos X ] n=nj_1+(p-1/2)h

j 1 , the value of y there is obtained by a cubic interpolant

using the known values of y at four neighbouring horizontal points.

(&, m

Once y(§,, nj_l) has been calculated, y(&jl, nj) follows from the
addition of (1.4:8) to it. This method works well for small X, -
Finally among other attempted methods, the most successful and

robust one was that obtained by rewriting equation (1.4:1b) as

1 + 8cos x

ny = T+ 5c0s £ X, on constant x . (1.4:7)

This is a first order ordinary differential equation for m(y). The
equation is well-behaved and can be integrated by a standard
integration scheme along characteristics of x. In the region of
small X, a large increment in y results in a small change in 7.

The scheme chosen for the integration was a fourth-order

76



Runge-Kutta method from the NAG subroutine Ilibrary. The right-hand
side of equation (1.4:7) was required at various values of 7 on the
characteristic of x; it was obtained by interpolation as described
in appendix 1.C.

With y known at discrete values of x and 71, y could then be
approximated at the grid points (&’i, *nJ) by cubic interpolation.
This was required for the calculation of the normal velocity v.

The calculation for the function v is similar to that
undertaken for y. For early times of the boundary-layer
development, there are no difficulties in finding v. Therefore,

from equation (1.2:20b),

n
u -uy
v(g, m, t) = —{ 1 &n oy dn (1.4:8a)

1 + 8cos x xt
o

constant x

is discretised by a second-order finite difference approximation,
and the integrand summed by the trapezium rule on the symmetry
lines. Away from the symmetry Jlines, v is calculated by a
Crank—-Nicolson approximation to the continuity equation as

expressed in (1.2:12¢)

(uy -uy )+ (1+380sx)(xv -xv )=0,
(1.4:8b)

using the values of v at the symmetry lines as boundary conditions.
Equation (1.4:8b) is discretized by the standard second-order

finite difference at grid points (Ei, ) for 2 =1 = N-1,

7)j—l/z
2

IA

J = M. The difference equation can be represented in matrix
form. The matrix is solved by Guassian elimination with pivoting.

For later times when the boundary layer is rapidly increasing
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near the inner wall, the calculation of v is slightly more
complicated. Since the characteristics method works well for the
calculation of y, it seems reasonable to try to apply the same
technique to calculate v. As before, we express equation (1.2:20b)
as an ordinary equation for 7,

X
n =-——t——(1+6cosx) on constant x .
M utyn— unyz

(1.4:8¢c)

However, this proves to be more difficult to integrate, the reason
being that v is not monotonic throughout the computational domain
(e.g. for intermediate values of =7 fluid particles are sucked into
the boundary layer at the outer edge of the boundary layer, but are
moving away from the wall for smaller values of 7). This means it
is difficult to decide on a v increment for the integration
procedure.

Attempts have been made to combine the standard Crank-Nicolson
scheme with the characteristic method. The characteristic method is
used over the region in which the right-hand side in (1.4:8c) is
close to zero. The integration proceeds as described before with a
positive increment of v at every step. Once the solution has been
found, cubic interpolation is used to approximate v at grid points
x(Ei, ’nj) within the region where xt is small. In the rest of the
domain where v is nonsingular, the Crank-Nicolson scheme described
above is used.

We conclude that both y and v, i.e. the variables which become
singular as separation is approached, can be determined at times

close to, but strictly less than, the time at which separation
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occurs. However we emphasise that any inacuracy in the y and v does
not affect the regular solutions x, u and w. The singularity
structure for y and the results are presented in sections 1.5 and

1.6 respectively.
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§ 1.5 The Separation Singularity

The unsteady axially-independent flow down a curved pipe of
uniform curvature develops a boundary-layer singularity after a
finite time ts. This is caused by fluid particles trying to occupy
the same tangential position at one part of the symmetry line of
the inner wall, thus resulting in a stationary point in x, i.e. a
point where grad x = 0. Due to conservation of mass, as fluid is
swept towards the inner wall the particles there can only elongate
in the direction normal to the boundary of the pipe, thus
thickening the boundary layer and increasing both y and the normal
velocity v, eventually without bound. We refer to the process by
which fluid particles try to occupy the same tangential position,
as a boundary-layer collision and interpret the formation of a
singularity as the genesis of unsteady boundary-layer separation.
It has been indicated, in section 1.2 equations (1.2:18-22), that
the boundary layer separates in the sense that y and v can increase
to infinity at a stationary point (Es,ns,ts). This has been
confirmed by our numerical results; graphs ilMlustrating this
phenomenon are presented and discussed in section 1.6. In this
section, we are concerned with the analytical structure of the flow
at time close to, but before, the time at which the singularity
forms.

Van Dommelen and Cowley (private communication) showed that it
is possible to examine the structure of a three-dimensional
unsteady boundary-layer separation via a Taylor expansion in a

small neighbourhood of the separating fluid particle (Es,ns,ts).
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The stationary point occurs along the symmetry line of the inner

wall, i.e. £s = w. Therefore, we define
X=x-x, w=§—§s, N=n—ns, T=1t-1t,

and denote x(Es,ns, ts) by X (in fact §S = qw). It is hypothesised
that the solution for x, u and w remains regular up to the
separation time ts; therefore for t = ts we seek a Taylor expansion

for x in a close neighbourhood of (Es,ns,ts), i.e. for
| X | << 1, | ¥ | <« 1, | ¥ | <<, 0 < T << 1.

Note that the Taylor expansion is valid for all small values of X,
Y and ¥, and for small and positive values of T (i.e. times before
the singularity forms).

The boundary layer around the complete circular cross-section
is specified by -w =€ =m; if a particle in the upper half is
labelled as (&, m), the corresponding particle in the lower half is
(-€, m). The flow is symmetrical over the plane of symmetry, & = O,

therefore

X (g,'n,t) = =X ("E,n;t) ) u (E,'ﬂ,t) = -u (_E’Tl,t)

Hence the Eulerian tangential variable x is an odd function of &,
and therefore all the even derivatives of x with respect to £ are

zero. Similarly using the symmetry about € = w, we have

- x (n-€, 7, t) m+x (n+€, 7, t) ,

u (TI—E, n, t) - u (n+€) n, t)

From the definition of the singularity point, we have
Xz(Es,ns,ts) = x"(Es,ns,tS) =0 .

Thus the Taylor expansion for x in a close neighbourhood of
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(E » N )t )’ X << 1’ is
s s s

1 3 1 2
X = x YN+ =x Yo o+ = x 1177,
s12 6 s111 2 "s122 (1.5:1a)
- T u_y o+ usm'M o, ) + ...,

The subscripts 1 and 2 denote derivatives with respect to &€ and 7
respectively, and x is x evaluated at (£ ,n ,t ), etc.. Hence
s12 £n s s s

»

all the quantities x u and u512 are constants.
s

X , X ,
12 s111 s122 s1

Differentiation of (1.5:1a) with respect to £ and m respectively

gives

(1.5:1b)

(1.5:1¢)

As x approaches the singularity point X > 0, ¢y >0, ¥ 50, T > O+

thus xt > 0 and xn > 0 (note that xn = 0 on X

L1}

0).

From (1.5:1) we see that Xt = 0 and Xn = 0 at

u
.'V%TXSl ) w0 . (1.5:2a,b)
sl2

Hence, from equation (1.5:2a), unless X 1o = 0 a stationary point

exists for T > 0, which contradicts the assumption that T =0 is

the first time that a singularity develops. On assuming x 12 = o,
S
it follows that when Yy and ¥ are small, XE = Xn = 0 when
Xs111 2 X122 2
+ ® T, N = . Lol
53 ] T ¥ T 1] 0 (1.5:3a,b)

s1 sl

Since tS is the first time at which a stationary point develops in
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the flow, equation (1.5:3) must have no roots for T > 0. To exclude

this possibility it follows that

s s122

u u
s1 s1

< 0. (1.5:4)

To describe the singularity structure in full, there should be
variations in X etc. as both Y and ¥ change. To obtain this, the

appropriate distinguished scaling must be, from (1.5:3),

|//~ N~ T ’ (1.5:53)

X.1 > (1.5:5b)

and hence

| grad x | MR AT (1.5:5¢)

The scaling (1.5:5¢) is confirmed by our numerical results which
are discussed in section 1.6.

The variable y(x, 7m) becomes singular at the stationary point
(§S, ns,ts). To examine the nature of the singularity as the flow
approaches separation for times close to, but before ts, an

asymptotic approximation of vy,

n

v, m, t) = J‘ 1 + 8cos & E{ﬂ

m Xt (from (1.2219&)) ’

constant x

is required. Now, if we assume that § << 1,

1 + 8cos &

T+ 3cos % ~ 1 for all values of x and &,

and therefore, from equation (1.5:5),
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Y ~ T . T R (1.5:6)

as T > 0+. The scalings prosposed in equations (1.5:5,6) have been
checked with our numerical results. Good agreement is observed.
This is explained in detail in section 1.6.

From scaling (1.5:5b), we deduce

1/2

u.-tT (1.5:7)
and from (1.5:86),
u u® u
- — >> — (15'8)
2
T X Yy

Therefore the unsteady term is of the same order of magnitude as
the inertia term, both of which dominate the viscous diffusion. The

singularity is thus primarily inviscid in a region which is seen

from equations (1.5:5b, 6) to be of width 7272 in the X direction

and height T '’ in the y direction - see figure 1.5:1.

Figure 1.5:1

\ 2/
0(r™)

7

Two ‘sandwich’ Jlayers exist at the bottom and on the top of
this ‘central’ inviscid region. The transition layers are those

regions where |grad x| is not small, and hence, from (1.2:19b), y
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will vary by an 0(1) distance across them. In these zones X = 0(¥),

u=0(), hence from (1.5:5b) u = 0(z>"?)

, i.e. the velocities in
these zones are very much less than the velocity in the central
region.

To obtain a more precise description of y as 7T > 0+, the

quantities X, ¥, ¥ and y are rescaled as follows:

3/2" 1727 1727 -1/2
T “x = X, T TE =y, T % =N, T Y=y

(1.5:9)

Substitution of equations (1.5:9a,b,c) into (1.5:1), and evaluation

3/2
)

of the resulting expressions correct to O0O(t , 0(t) and 0O(7)

respectively, yields (note that X 12 is assumed zero)

o 1 <3 1 -2 .
x = = xslng &( S Xo10a" u_, ) (1.5:10a)
Yo pe- 1 - .
5 2 ><s111€ ( 2 Xs122" s1 ) (1.5:100)
and
X = xslzagn . (1.5:10¢)
For simplicity, we set 8 to zero, then Y is given by
n - ~
Y - Y0 = J ﬁ on constant x (1.5:11)
0 %
where Y0 is Y evaluated at nn =0, i.e. 70 = ns. We consider a

particle above n_ (a similar argument applies to that below) such

that m = 0. From the numerical calculations we expect Y = Yo’ and

this can be so if and only if

~

x;>0 . (1.5:12a)
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From equation (1.5:10b) this condition can be expressed as

~

x 1m°-u_)>0, (1.5:12b)

2+ (l
2 s122 s1

X_11iE

1
2 Ts111
which implies

u_ <0, (1.5:13a)
s1

(by taking € = n = 0 in equation (1.5:12b)) and

X 111 > 0 and X oo ” o, (1.5:13b)

(by taking é > o, % > «).

To wevaluate y it is necessary to identify the paths of
characteristics of constant x in (é, :1] space. For given ; and :;,
equation (1.5:10a) is a cubic equation for %, indicating that three
roots exist. From (1.5:12b) (or equivalently (1.5:4)) it follows
that the right-hand side of (1.5:10a) is a strictly monotonic
function of E, and hence there is one unique real root for % given
; and :) For convenience, we denote §0 as the solution for E at

7n = 0 on a characteristic x.

An alternative expression for Y is then

Y(&) - Y, =~ - on constant x (1.5:15a)
€ 7
X - J —igm on constant ;, (1.5:15b)
Eo xs122€n

from equation (1.5:10c). Substitution of =7 from equation (1.5:10a)

into (1.5:15b) and algebraic manipulation yields
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w(€)
Y(E, m - Y, = =1 J dg (1.5:16a)

/1 / 2,2
2/ —x X 1 - msin'¢
12" s111 s122 0

where the upper limit p(€) is

n(g) = 2 arctan 0

and the constants q, p and m are

~ ~ 2 2
Bx E - ( p_q)

_ = _ 0
, p= /q2+2€°2 , m

Equation (1.5:16a) is an elliptical integral and can be expressed

q=

Xs111§0 4pq

as

1

2/1>< X
12 s111 s122

where F is an elliptic integral of the first kind. To fix the

YE m - Y = F(p(€) |m)  (1.5:16b)

position, Yo’ of the ‘separating’ particle (Es,ns,ts), note that as
;)—> -o the position Y(é, ;) of the particles must match onto the
position of the particles in the lower sandwich layer. Because of
the scaling (1.5:8) this means that as :)e—m, we require

Y- Y, >0. Also from (1.5:10a), 7 > -« implies & » O; hence from

(1.5:16b)

Y L FOZS|m). (1.5:17a)

0
1
—X X
12 s111 s122

In terms of y, the position of the separating particle as the

separation time is approached, T - 0+, is thus
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t—1/2 -

0
1
—X X
12 s111 s122

This singularity structure is shown to be

numerical results in section 1.6.
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consistent with our



§ 1.6 Results

The governing equations (1.2:7a,8) for unsteady, axially-
independent boundary-layer flow through a circula~r curved pipe of
constant ratio of curvature & have been successfully integrated in
Lagrangian coordinates (&, m) for a number of inviscid core
velocities wo(t), the choice of which is discussed later. We note
that regular solutions for x, u and w can be obtained at times
larger than that when |grad x| first becomes zero, i.e. the
separation time ts, however, the validity of the solution at such
times is unclear.

Singh (1974) showed that the slip velocity wo(t) can be any
analytical function of t. To study different starting conditions a

number of different time variations of the general form
W (t) = A + Bsin wt, (1.6:1a)
(o]

have been used. A =1 and B =0 corresponds to an impulsively
started uniform flow, while A =0 and B = 1 corresponds to an
oscillating flow (cf. Lyne’s (1970) 1large time analysis for the
case when w > 1). Numerical solutions have been obtained for a
range of A, B and w. In addition, we have tried a more

physiologically relevant flow

W=%£[1—1t—.:—] 1’or‘0$t.<.t1

° 1 1 (1.6:1b)
=0 fort <t =1t
2
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where t ~ 11.926, t = 35.777 and & = 0.2%.

This is a crude model
for blood flow in the ascending aorta (e.g. see Pedley (1980)).
However, unless specified otherwise, the numerical results
presented here were obtained with wo(t) =1 and 8 = 0.

As indicated in earlier sections, one aspect of the flow which
is of primary interest is whether there is a finite time, ts, at

which a zero develops in grad x. To determine the value of any

separation time ts we plot min Igrad ><| of the solution against t.
t,n

For example, figure 1.6:1 is for the case Wo = 1. Note that a
singularity time exists, and relatively close to it lgrad x| has
the linear behaviour of (1.5:5c). Because of numerical difficulties
in obtaining accurate values of grad x very close to zero, the
separation time ts is found by extending the portion of the curve
which is straight through to its intersection with |grad x| = O.
The position of the ’separating’ fluid particle is denoted by
(Es, "f)s) where Es = t from our numerical results; however, n_ has
to be approximated by applying a similar linear relationship to the

n position at which min |grad x| occurs.
£,

Standard numerical checks were performed. For example, the
criterion for the convergence of the 1line iteration was varied

between 0.5x10°F and 0.5x10"°. This variation produced no

Pedley (1980) examined a boundary-layer flow with this core

1/2 . .
(t « 1). His series

velocity using an expansion in powers of t
solution is valid for t = 4.025, beyond which neglected

higher-order terms appear to become important.
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significiant convergence problems, and did not significantly change
the results. The solution with Wo(t) = 1 has been obtained with
three different grid sizes 37x17, 73x33 and 145x65 with At = —, =
and i% respectively (for the other choices of Wo(t) only the first
two grid sizes were used because of the lengthy computational time
required). In addijtion the solutions were shown to be second-order
accurate, thus allowing Richardson extrapolation to be applied to
give improved results. With Wo(t) = 1 extrapolation was performed
on the pairs of grids 37x17, 73x33 and 73x33, 145x65. Sample

results are given in table 1.6:1a.

Table 1.6:1a Wo(t) =1, =0

grid ts Extrapolated tS
37x17 2.828

2.813
73x33 2.817

2.813
145x65 2.814

The position of the fluid particle (gs oM ) at which

grad x(Es,nS,ts) =0, is ES = n and n, = 1.133. By the time the

flow separates at t = —w—, this particle has travelled
61/2W

approximately a dimensional distance 1.70131:;\6_1/2 down the pipe
along the inner wall.

The extrapolated values of ts from grid sizes 37x17 and 73x33
for other core velocities Wo(t) with 8 =0 are listed in table

1.6:1b.
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Table 1.6:1b

wo(t) Extrapolated t
1 + sin 2t 1.618
1+ sin t 1.768
1+ sin %t 2.0457
1 -sin t 4.646

As might be expected from the physical arguments given earlier, all
the boundary-layer collisions/singularities occur at the inner
wall, x_ =T Note that the addition of ‘positive’ pulsation to a
non-zero mean leads to an earlier singularity time because in the
period before the singularity forms the core flow velocity is
effectively increased. For the same reason, a decreased core flow,
e.d. wo =1 - sin t, leads to a later separation time.

More detailed results have been obtained for the core velocity
profile (1.6:1b) with & = 0.2 which Pedley (1980) used to model
blood flow in the aorta. Solutions on three different grid sizes
have been obtained: 37x17, 73x33 and 145x65 with At = ia, éa and

1%5 respectively, yielding the results listed in table 1.6: 1c.

Table 1.6:1c
grid ts Extrapolated ts
37x17 4.1796
4,1789
73x33 4,1791
4.,1787
145x65 4.1788
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4.17%a

61/2W

estimate that the series solution is only valid for t = 4.025).

This gives a dimensional separation time of (cf. Pedley’s

Detailed results for wo(t) =1and d =0

Figures 1.6:2-6 plot the flow resulting from the impulsively
started motion, Wo(t) =1, for t close to t ~ 2.813. The left
boundary represents the outer wall § = x = 0 and the right, the
inner wall £ = x = n. The bottom boundary similarly represents the
surface of the pipe, y =7n =0, while the top boundary, y = 10,
n =5, is near the edge of the boundary 1layer. To produce the
contour plots, the graphics package ‘Tile, Solid and Conicon’ was
used to interpolate quantities (e.g. w) from the irregular mesh
(xi’J, yi’J) to a regular grid. Contour plots were then produced
from the regular grid. Each contour is labelled with a number, with
the corresponding value being displayed in the key to the right of
the plot for t = 2.0.

Figure 1.6:2 illustrates the characteristics of constant x in
Lagrangian coordinates (&€,m). As a rough guide, the greater
distance between two characteristics, the smaller grad x, and hence
the harder the fluid particles are being ‘squashed’. The drift of
the characteristics to the left between the boundaries indicates
that fluid particles are being swept toward the inner wall by the

excess pressure gradient.

Figure 1.6:3 displays lines of constant axial velocity

w

———— in the flow field (x, y) at different times. With
1+8cos X

W (t) = 1, the axial velocity ranges from 0O at y =0 and to 1 as
o
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Yy > . Contour 7, i.e. w = 0.9, gives a rough indication of the
position of the ‘top’ of the boundary layer. As t increases, there
is an increase of the thickness of the boundary layer near the
inner wall, indicated by the Ilifting-up of the contour lines there.
Note that the anticipated thinning of the layer at the outer wall
is not so obvious from the plots.

A streamfunction, ¥, can be introduced for the secondary
motion, where
Y = u, ¥ = =-(1+8cos x v . (1.6:2a)
In Lagrangian coordinates (&, 7), we obtain

_ 1+ dcos £ u
n 1+6cosxxz

Y

on constant x . (1.6:2b)

Therefore Yy can be obtained by integrating 'nw,

1 + &cos X xZ
n = — on constant x , (1.6:2¢)

Y 1+ 8cos £ u
in a similar way to the calculation of y using a characteristic
method last discussed in section 1.4. Figure 1.6:4 illustrates the
contour plots of the instantaneous streamfunction Y in the (x, y)
flow field at different times (the arrows point in the direction of
fluid motion). These graphs indicate the same phenomenon of fluid
particles drifting from the outer wall to the inner. The increase
in  ‘blowing vglocity’ onA the inner wall as ts ijs approached is
indicated by the convergence of the streamlines near the inner

wall.

Figures 1.6:5 are ’'scatter’ plots of fluid particles (&, n),

illustrating their motion through (x, y) space. The data required

for these plots was obtained by cubic interpolation from the
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solutions of x(«,B,t) and y(«,B,t). Figure 1.6:5a gives the initial
positions of the fluid particles at t = 0. Fluid particles starting
at the same height, i.e. at the same y values, are joined by a
solid line, and different markers are used to distinguish fluid
particles at diffierent x positions. The boundary layer becomes
thinner near the outer wall as time increases (e.g. the fluid
particle at x = 0, y=8.7 at t =0 ends up at x =0, y « 7.0, at
t = 2.8), and thicker near the inner wall, this is indicated by the
lifting up of the solid lines there. Note that a ‘separating’
particle must exist on the symmetry line of inner wall below which
particles remain close to the boundary of the pipe, and above which
particles shoot off to infinity. The first  phenomonon is
illustrated by the Jlowest solid line remaining completely within
the boundary layer at t = 2.8, the second by all the lines above it
disappearing out of the graphics window near the inner wall.

In a wide number of applications heat and mass transfer
between the wall and the core flow is important. Clearly the
ejection of fluid which has been relatively close to the boundary
out into the core flow, as occurs in unsteady separation, will help
this mixing process. However, we note that the unsteady separation
phenomenon here, in which only the upper half of the boundary layer
is ejected into the core, is possibly not as efficient as steady
spearation in which the whole boundary layer, including particles
which have been arbitrarily close to the wall, is lifted up and
expelled into the core flow.

Figure 1.6:6 shows the direction and magnitute of the velocity

u
1+Scos x’

( v) of the fluid particles shown in Figure 1.6:5.
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Initially, there 1is no secondary motion at t = 0 (Figure 1.6:6a).
As secondary motion develops, we note that in agreement with the
other graphs, the secondary velocity is from the outer wall to the
inner. Fluid particles travel towards the boundary of the pipe near
the outer wall, and away from it near the inner wall. We also note
that the magnitude of the velocity at the inner wall increases
significantly as it approaches separation.

In section 1.5 an asymptotic singularity structure was
proposed for the times close to the separation time ts. It was
concluded that the singularity lengthscales behave like

)3/2 -1/2

(x =x) . (¢t -t , y . (t =1t) (1.6:3a,b)
S s s

(see equations (1.5:5b, B)). If this singularity structure is

correct, and if the numerical results have adequate resolution,

1/2 -3/2

then a plot of [y—y(t=0)](ts—t) against (xs—x)(t -t) for
S

suitable fixed 7m = m_ and different t should tend to a single curve

as (t_-t) 0. In figures (1.6:7a, b), graphs of (y—n+c)(ts-—t)1/2

against (xs—x)(ts-t)_3/2 have been plotted for =5 and 1 = 10 at
times t = 2.7, 2.75 and 2.8. The value of ts used was that given
earlier, i.e. ts = 2.813 and the constant ¢ = 5.5 is included in an
attempt to take into account the higher-order corrections in y
(cf. equation (1.5:8)). The graphs collapse onto each other and the
relationship seems independent of the position of =7 > n_. The
singularity structure thus appears to be confirmed. Note that other
authors (e.g. Simpson and Stewartson (1982a,b)) who have worked on

the similar problems of the impulsively rotated sphere and the

impulsively heated circular cylinder, have previously obtained the
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numerical behaviour of y . (ts -t)

-1/2

, however the confirmation

of relevent (xs— x) scale appears to be new.

The axial displacement thickness B is defined as

o

w
w—dy.
o

o

Since y can

in section 1.5 (see figure

be expressed as

J (1—x—)dy

be approximately divided

1.5:1),

(1.6:4a)

(1.6:4b)

into three layers as discussed

the displacement thickness can

A 2y T 2 ®
1 1 o 2
fB:W_[J wdy+J wdy+J wdy]
° L, A 2y T %A
1 ° 2
where
1 << A, A << L (1.6:5)
1 2
T = ts - t, and Ya'r'l/2 is the y position of the ‘separating’ fluid
particle (cf. equation (1.5:17a)). Throughout the central o(z~ %)
region, including y ~ A, and y ~ 2Y 2 y W.ow =wl& ,m). In
1 [} 2 s s s
the two 0(1) Tlayers,
w .. 0(1)

The leading order contribution of the first, second and third
integrals are respectively,
(i) o(n + wshl (1.6:8a)
Gi) 2w YT 72w (A +2A) (1.6:6b)

s o s 2 1
(iii) 0(1) + w A_ . (1.6:6¢)

s 2
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Therefore, the main contribution is from the second integral and

2w -1/72
Sy 1 + 0(1) . (1.6:7a)
W o

o

8 ~
From our numerical results for Wo = 1,
3. 0.983Y v %+ 0(1) . (1.6:7b)

We note that both y and B have the same singularity structure at
T > 0, in particular,

W

B . w—s y + 0(1) (1.6:8)

o
at the top of the boundary Jlayer. Therefore, figure 1.6:7
quantitatively represents the relationship between axial
displacement thickness and x.

As discussed in secion 1.1, there may exist a correlation
between the positions of distribution of atherosclerotic lesions
and wall shear. Therefore, it 1is important to wunderstand the
development of wall shear with time. In figures 1.6:8 and 1.6:9 the
circumferential and axial wall shear,

1 ébu 1 ow
1 + 3cos x 8y and T+ 8cos x 3y (1.6:9a,b)

respectively, are plotted against x for different wvalues of t < ts.
Figures 1.6:8a and 1.6:8b correspond to Wo(t) = 1 with 8 = 0, while
figures 1.6:9a and 1.6:8b are for the more physiologically relevent
flow, as expressed in equation (1.6:1b) with 8 = 0.2. The secondary
wall shear in both figures is qualitively similar. The steeper
slopes near the inner wall in figiure 1.6:9a are due to the

non-zero &. Note that in figure 1.6:9b the axial wall shear has a
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minimum at the outer wall and a maximum at the inner wall for small
t, t =2, whereas for larger times, the maximum wall shear is away
from the symmetry lines, and the wall shear near the inner wall is
less than that at the outer wall.

Both the physical reasoning and the numerical results suggest
that the boundary-layer separation occurs at the inner wall, x = m.
Therefore, if we assume that the separation occurs at the symmetry
line at a finite time, we can restrict our attention to this line,
where, as mentioned before in section 1.3, the flow can be examined
by making a Taylor expansion.

To examine the precise dependence of the flow on &, a
parameter £ = (1-8) is defined, and all the quantities defined in

(1.3:4) are rescaled in terms of £. New variables t, 7, %X, u and w

are introduced

= 32 £ n = 3/4 ’
(1.6:10)
* - * 172" LI
X = X, us= ¢ u, W=w,
and then substituted into equations (1.3:9), yielding
u = x (1.6:11a)
t
U + x wi2W = w ) = x“ u*~ - x x*u~ + ( %2 = x x*+ )u (1.6:11b)
t (o] nn nn n nn
W= XD WA+ X XAW (1.6:11c)
t nn nn

83



with boundary conditions,

x =1, u =0, w=Wo(t) at n =0,
x > 1, u -0, w0 at 1 > o, (1.6:11d)
x =1, u =0, w =0 at t = 0+, >0

Equations (1.6:11) are the same as (1.3:4) with 8 equal to zero.
This implies that the boundary-layer flow at the symmetry 1line of
the inner wall is self similar. The solution obtained with one
value of &, say 8 =0, can easily be scaled to account for a
different curvature effect. In particular the separation time ts is
modified with curvature by a factor of (1—6)3/2, i.e. the larger
the curvature, the earlier the singularity develops on the symmetry
line.

Note that not all high-Dean—-number flows down a curved pipe
necessarily develop a boundary-layer separation at the inner wall,

cf. Lyne’s (1970) fast frequency analysis. Let us restrict our

attention to
Wo(t) = sin wt.

If flow down a curved pipe fs started with a slow frequency core
velocity, i,e. w<< 1, the flow is similar to an impulsively
started flow, and therefore, boundary-layer  separation most
probably occurs after a finite time. However with a fast frequency
w > 1, this need not be the case. In fact our calculations on the
symmetry line of the inner wall, show that for small w < 1.1,
unsteady boundary-layer separation occurs; for example as w is

increased from 0.001 to 1.1, 1:S decreases from approximately 80.5
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to 4.95. However, for © > 1.2 no boundary-layer separation was
found at the symmetry line of the inner wall. For such values of w,
separation may occur off the symmetry line or at the outer wall,
alternatively no separation may 4:>ccur*.2 Indeed, in preliminary runs
with larger values of w there was evidence suggesting that unsteady
boundary-layer separation might occur at the symmetry line of the
outer wall at some large time, e.gd. for w= 1.2, ts was
approximately 26. However, the accuracy of these results at such
large time requires further investigation. An alternative for large
w s to seek a solution consisting of a Stokes layer at leading
order. However we note that this cannot equal Lyne’s (19714)
high-frequency solution since with our scaling the secondary flow
in the core is much less than in the boundary layer, whereas in
Lyne’s solution they are comparable. A high-frequency solution of
our equations is therefore likely to include a ‘diffusive wave’,
consisting of a non-zero secondary velocity, which slowly diffuses
towards the core.

The mathematical formulation of our problem is applicable for
0(1) values of &8, though an experiment is only possible for a
loosely coiled pipe, i.e. 8 << 1. A more realistic model would be a

pipe with variable curvature, but then the simplifying z-dependence

In a test case with w = 1.2, a full calculation using a 145x65
grid suggested that no unsteady boundary-layer separation occurs
for t up to 13.20 although this does not rule out separation at a

later time.
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could be lost. Alternatively a helical pipe might be considered
(see e.g. Truesdell and Alder (1970), Snyder, Hammersley and Olson
(1985), and Kao (19871}). However the simplifying symmetry
assumptions could then be lost, and the separation singularity
would most 1likely have the form studied by Van Dommelen and Shen

(1982) as extended to three dimensions by Van Dommelen and Cowley

(private communciation).
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Summary

The unsteady boundary-layer problem of a starting flow down a
curved pipe has been formulated in Lagrangian coordinates. Stable
numerical solutions have been obtained wusing an  Alternating
Direction Implicit method which appears to be robust with no
significant convergence difficulties. When the core flows are of
slow frequency unsteady boundary-layer separation occurs at the
symmetry line of the inner wall at finite times. A number of core
flows have been studied. In particular, a crude model of blood flow
in the aorta, suggested by Pedley (1980), has been used, and the
resulting boundary-layer has been shown to develop unsteady
boundary-layer separation at the inner wall relatively early in
systole.

An asymptotic separation singularity structure has been
proposed. Using numerical solutions for Wo =1 as an example, this
structure has been confirmed both on and off the symmetry line of
the inner wall. This confirmation was possible since in Lagrangian
coordinates the boundary layer momentum equations are independent
of the variables y and v, that become singular at separation. These
singular quantities can be calculated independently, and with good
accuracy, once the solution for x, u and w has been obtained.

Although the governing equations can be integrated beyond
separation times in Lagrangian coordinates, the validity of the
solutions remain unclear since a singularity exists which
contradicts the basic assumption that the boundary-layer thickness

is 0(1). Therefore, a new interactive theory is most probably
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needed for flows at times greater than the separation time.
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Figure 1.6:3a
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Figure 1.6:3b
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Figure 1.6:3¢
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Figure 1.6:3e
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Figure 1.6:5a
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Figure 1.6:5b
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Figure 1.6:5¢
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Figure 1.6:5d
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Figure 1.6:5e
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Figure 1.6:5f
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Figure 1.6:7a W =1, ¢ = 0, n=>5
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Figure 1.6:7b W =1, § =0, n = 10
o

(y =y, +5.5(t_ - o

2]
17
i 1 i 1 i l 1 1 | \ I 1 1 1 1 l i | T 1 ‘ 1 I 1 1 ‘10
0 2 4 6 8
T - X
(t - t)3/2

121



1 3u Figure 1.6:8a Wo =1, 6§ =0
1 + §cos x 3y

-

1.2 4
i t=2.8

~

10 { t=2.5

g t =2
0.8

0.6 -

1 ow
1 + cos x 3y

0.6 t=1

122



t
Figure 1.6:9a W = [1-t—]05t5t,6=0.2
1 du o "

T + 6cos x dy t = 11998
1.0 = 1
0.8 1
0.6 1

-

Il

©
>
1

1

o
N
TR B!

ox

L 3w . _ a4t t _
1+5cosxa—y' Figure 1.6:9b Wo—-t—[1—£_]05t._=t,5_0_2

0.3

lIlIIlllLlllll

o
o
O
—_—
o
&
N
o
N
&
o~
o



§ 1.7 Flow inside an Impulsively Rotated Curved Pipe

Experimental results for axially-independent, impulsively
started flow through a torus, or part of one, are difficult to
obtain because of entrance effects, etc.. For a comparison of our
numerical results with experimental data, calculations for a more
easily experimentally implemented problem éeem appropriate. Here we
choose to study starting flow inside a curved pipe which is
impulsively rotated. This is possibly an easier experiment to carry
out, and we can readily adopt our previous work to perform
calculations.

As in previous sections in the chapter, we consider a
Newtonian, incompressible laminar fluid inside a loosely curved
pipe, which is of the same geometry as that considered before (see
figure 1.1:1). The pipe is assumed to rotate wuni-directionally
about the axis of symmetry through the point C and perpendicular to
the symmetry plane of the pipe. In the limit of high Dean number, a
boundary layer develops next to the pipe wall, in which the
secondary motion forces fluid particles to the outer wall for the
following reason. A typical axial velocity W results in an outward

centrifugal/coriolis force of order E In the core both the inward
L

centrifugal/coriolis force and the outward pressure gradient are
zero. However in the boundary layer, as a consequence of the
no-slip condition on the wall of the pipe, the centrifugal/coriolis
force is non-zero whereas the pressure gradient is essentially

zero. As a result of this inbalance, the excess
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centrifugal/coriolis force pushes fluid particles in the boundary
layer toward the outer wall. As a result of this effect, unsteady
boundary-layer separation occurs at the symmetry line of the outer
wall.

We next consider the mathematical formulation of this problem
which is similar to that in section 1.2. As before, we concentrate
on high-Dean—number flow inside a Jloosely curved pipe. For
simplicity, we use the same variables as in section 1.2 unless
otherwise defined explicitly. The pipe is impulsively rotated from
rest with angular velocity

WWR(t)

L
i.e. with axial velocity
WWR(t)U + S8rcos 0) , (1.7:1)

and the rotation is confined to planes parallel to the symmetry
plane. The governing Navier-Stokes equations are again (1.2:2a-d),

but now subject to the boundary conditions

U=V =0, W = WR(1 + 8rcos 8) on r =1 (1.7:2)
Defining the local boundary-layer variables x, y and scaled
velocites u, v, W as in equation (1.2:4), we obtain the

boundary-layer equations in Eulerian coordinates
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( 1+ 8cos x)v +u =0,
y x

(1.7:3a)
u + vu + uu, + sin X ( 8u% + w2 )
t y >
(1 + 8cos x) (1 + Scos x)
ap
= - = +
(1 + Seosx)ge +u (1.7:3b)
8p _ .
3y = o, (1.7:3c)
and
o uw o
W o+ VW b = (1 4 Scosx)gg + W (1.7:3d)
t Y (1 + Scos x) 4
subject to the boundary conditions
Uu=v=0 w= WR(t)(‘I + Scosx)? ony =0,
u - 0, w0 as y - o. (1.7:3e)

Since the pipe is impulsively rotated from rest, there is

no
driving pressure gradient, and we can take

% _ 9 _ g

ax 0z

We now examine the flow in Lagrangian coordinates by Ilabelling

a fluid particle by its position (&, 1) at a fixed time, e.g.
t =0,

£ = x, n=y at t=0.
After similar algebraic manipulations to those in (1.2:7-15), we
obtain the governing boundary-layer equations in Lagrangian
coordinates
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u=(1+ 8cos x) X, (1.7:4a)

u = sin x ( _wi + wl( 2WR -w ) - 5u2 ) + D2u (1.7:4b)

Y (1 + 8cos x)

’

w=W_ +D% . (1.7: 4c)
t R

subject to the boundary conditions:

x = &, u =0, W = WR(t)[1—(1 + 6008&)2] onm=20 for t = 0,
x = &, u -0, w—>WR(t) as n > o for t = O,
(1.7:4d)

where, for consistency with section 1.2

and the derivative operator D is given by

_ [ 1 + 8cos x ., 0 8 .
D_[1+6cos§‘][ nf+xt<9_1)—]' (1.7:8)

Equations (1.7:4) need only to be solved for O and

1A
at

A

A

0 =7 < o,
To examine the flow at the symmetry lines in detail, we write

*

*
X-Xf=(€-§f)x, u-u =(&€-€)u,
where X =X, u=ug at € = Ef.
Hence
x =0, u_ = 0, at £ =0,
£ f £
and X, = T, uf =0, at gf = 1.

Then substitution into the governing equations (1.7:4) yields
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u =(1+8 )x: (1.7:6a)

¥
Ye =t = 2[ _W’; * W(ZWR' W )] + X2y - ><m><mu“E + (><“E2 - XX )L;‘E
(1£38) an non n nn
(1.7:6b)
/ *2
WS W Wy X % W (1.7:6¢)
nn n n

subject to the conditions,

* »*

x =1, u =0, w=W()[1-(128)%] at n =0,
* *

x =1, u =0, w=WR as n > o, (1.7:6d)
»* »*

x =1, u =0, w=WR at t =0+, mn=0.

Where there is a choice in sign, the + sign corresponds to the
outer wall and the - sign the inner wall.

The numerical procedure to solve equations (1.7:4) and (1.7:8)
is similar to that described in section 1.3. Because we are
interested in the flow near the outer wall, a stretch function for
& was used to give refined grid resolution there; the constants 7\1
and 7\2 have been chosen to be 3 and 0.5 respectively by trial runs.
The stretch function for 7 and the convergence criterion were also
similar to those in section 1.3. Second-order accuracy has been
confirmed.

A full calculation (i.e. yielding solutions for 0 = § = m,
0 = 9 < w) was undertaken for WR =1, 8 =0 using three different
grid sizes N =37 M= 17 At=;—0, N=73 M= 33 At=1—0, and
N =145 M =65 At = %5’ The boundary-layer flow develops a zero

grad x at the symmetry line of the outer wall after a finite time
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ts‘ This indicates that unsteady boundary-layer separation occurs
after a finite time ts.

Figure 1.7:1 shows min |grad ><| against t for t close to ts,
¢, n

the linear relationship of which agrees well with  equation
(1.5:5c). The separation time ts was approximated by extending this
linear relationship down to |grad x| = 0. The results of t_ using
different grids are displayed in table 1.7:1a.

Table 1.7:1a WR= 1, =0

grid t Extrapolated tS
S
;—0 4.585
4.576
l—o 4.578
4.575
;—o 4.576

Richardson’s  extrapolation was first applied to the results
obtained from grids 37x17 and 73x33, 73x33 and 165x65; these are
listed in column 3, yielding ts = 4,575,

With this WR, the fluid particle (Es, ns) where Es = 0 and

n, = 0.9718, has travelled approximately a dimensional distance

2.5214a8 % down the pipe along the outer wall by the time that
the boundary layer separates after a dimensional time 4—'?3——2?—_.
8 W

Figure 1.7:2 illustrates the circumferential and axial walil

shear,
1 du 1 ow
(1 + Scos x)3y ’ (1 + Scos x)dy '’
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for t =1.0, 2.0, 3.0, 4.0 and 4.5. Contour plots analogous to
figures 1.6:2-6 are not given here since they are qualitatively
similar after a refection at x = 3.

Finally, to see whether the singularity structure (1.5:5,8) is
correct and if our numerical results have adequate resolution, we

372

) against x/(t_ - ) for t = 4.4,

plot (y - y, + c)(ts -t
4.45 and 4.5 at a constant value of 7, e.g. 1 = 5 (the behaviour is
jndependent of m for 7 = ns). Here y, = y(t=0) and the constant
c =5 is included to take into account the higher-order corrections
in y (cf. (1.5:6)). The overlaping lines suggest that the
analytical structure and our numerical results agree well.

Having adjusted for the difference in position where unsteady
separation occurs, impulsively started flow and the flow due to the
impulsive rotation of a pipe are qualitatively similar. Certainly,
the separation singularity in section 1.4 applies here since it

only assumes that separation occurs on the symmetry line. Hence, as

before, the separation singularity is primarily inviscid in a

region of width (t - t)%72 in the x direction and height
s

(t_ - £)"'2 in the y direction.
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A number of other functions have been tried for WR with 8 = 0.
Again the boundary-layer flows develop a zero in grad x at the
symmetry line of the outer wall after some finite time.
Richardson’s extrapolation was used on the M = 33, At = z grid and

80

the M = 165, At = 1_;6 grid to give improved accuracy. The resultsl

are listed in table 1.7:1b.

Table 1.7:1b 8 = O

WR Extrapolated ts
1+2sint 2.034
1+ sint 2.683
1+ >sin t 3.343
1+ sin2t 2.818
1+ sinZt 3.066

These are obtained by doing only the symmetry-line calculations.
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Figure 1.7.3 WR =1, §=0

1/2

(y - Yy, 5)(ts - t)

10
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Appendix 1.A The Unsteady Flow over a Circular Cylinder

High-Reynolds-number impulsively started flow past a two-
dimensional circular cylinder has been solved in Lagrangian
coordinates (&, %) by Van Dommelen and Shen (1980). This
two—dimensional boundary-layer problem can be specified by two
coupled partial differential equations (see Van Dommelen et al.

1980)

X =u (1.A:1a)

c
]

1. 2 2
—sin 2x + X U = 2xX U + X U
2 g m £En & n &g

moxX U+ ( XU+ x U )xtn XX U (1.A:1b)
subject to the appropriate boundary conditions
x = &, u = sin x, t =0, n # 0,
x = 0, u=0, on & =0,
X = T, u =0, on & = m,
x = &, u =0, on 7m = 0,
x = 2 arctan(e®tan %E) , u > sin x as Mo o .

The quantity x is the local Eulerian tangential variable and u the
velocity in that direction.

In their calculations Van Dommelen et al. used a second-
order, central-difference, Crank-Nicolson scheme, with a special
‘forward and backward’ treatment for the first-order u derivatives
u, and u . The choice of the difference approximations for these
derivatives depended on the sign of their coefficients and was such
as to maintain diagonal dominance of the resulting difference

equations. For example, if the coefficient of u . at
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(El, g (n—%)At) is positive, the ‘forward and backward’ treatment
approximates u, by a forward difference at t = nAt and a backward

difference at t = (n-1)At, i.e.

n n n-1 n-1

u u u
i+1,] 4,3, 1) i-1,]

Ag Ag

(u )n—1/2 _

1
e 1,3 5 (1.A.2a)

where u';j denotes u at the grid point (El, 'nj, nAt). When the

b

coefficient is negative the wuse of the forward and backward

approximations is interchanged, i.e.

n n n-1 n=-1
u -u u - u
(u )n-1/2 _ 1 i,] -1, , _i+1,] i,

21,5 2 (1.A:2b)
’ Ag AE

Similar approximations apply to u . We note that the choice of the
approximations is precisely opposite to that of the ‘upwind and

downwind’ difference approximations for first order equations such

as
u +cu =0.
t 4
Van Dommelen and Shen (13980) solved the implicit difference
equations (A.1:1a,b) using point iteration. The iterations

proceeded first in the positive 7 direction towards decreasing &£,
and then in the negative m direction and towards increasing £. Also
it appears that they completed one iteration sweeping through the
whole grid for u, before performing one sweep of x.

As a preliminary exercise to the curved pipe problem, the
above calculation for the circular cylinder was repeated using an
identical ‘forward and backward’ treatment for u15 and u and point

jteration. Similar results to those of Van Dommelen et al. were
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obtained. Various other iterative procedures were then tried to
find the one with the fastest convergence.

The first attempt used the ‘forward and backward’ treatment
based on that of Van Dommelen et al.. However, rather than using
point iteration, a line iteration technique (cf. section 1.3) was
applied to the coupled difference equations for both x and u. The
line iterations first proceeded in the direction of decreasing £
for whole compuational domain, and then in the direction of
increasing €. This resulted in an increased rate of convergence.
However it was found that alternating the directions between & and
7N resulted in even faster convergence.

In addition, as a second method, straight forward second-order
central differences were used throughout the discretisation of the
coupled partial differential equations. As above a liﬁ iteration
technique, in which both x and u were updated at the end of each
iteration, was used, and the line iterations were alternated
between the directions & and 7. No convergence problems were
encountered as the iteration tolerance criterion was reduced (Van
Dommelen and Shen reported difficulties with their iteration scheme
and central differences). Therefore, it was decided to implement
the relatively simpler  second-order central difference

approximations for the flow through a curved pipe.
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Appendix 1.B The Finite Difference Equations

(i) The Leap-frog scheme applied to equations (1.2:7a,8) at (Ei, n,, (n-1)At)

-1 n n
SR S Xo T X u;
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Appendix 1.C The Evaluation of a Function on a Characteristic in a

Two-dimensional Computational Domain

Suppose we want to evaluate a function F along a
characteristic of constant x given a two-dimensional computational
domain of N points in the &€ direction by M points in the 7
direction. In general, the paths of constant x(&, 1) do not pass
through these discrete points. Suppose we require the value of
F(x,, m,) and that the characteristic x(§, m) = x_ goes through the
position (£€,, m,). At times before the separation singularity
develops, the value of E* is uniquely determined by x, and n,. For
simplicity we consider the case where the neighbouring two grid
points in any direction lie in the computational domain, i.e. i and
J exist such that (a) £, lies between Ei and EH—l and n_ between n,

and njﬂ, and (b) i and j satisfy the following inequalities
1 = i1, i+2 = N, 1= j-1, and jt2 = M.

When the conditions are not satisfied a slightly modified approach

is necessary.

The position (£,, m,), marked by ‘*’, then lies in the grid as

shown in figure 1.C:1.

n

+20 Q

31 c-——J: ————

Figure 1.C:1

i-1 i i+1 i+2
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On the assumption that the function F and the values of x(&, m) are
known at all the discrete grid points (&, m) marked by ‘o, it is
possible to evaluate the function F(x, n) at (§,, n,) by two
one-dimensional, cubic Lagrangian interpolations.

Firstly, cubic interpolations are applied in the vertical
direction to obtain the values of x(Ek, n,) and F(Ek, n,) for
i-1 = k = i+2, 1i.e. interpolated values of x and F are found at all
points marked ‘x’. Given the values of F at four distinct values of
x, it is now possible to interpolate directly for the value of
F(x*, n*) using an interpolation formula for a non-uniform grid.

Note that the value of £ is not needed and is not calculated.
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Appendix 1.D Constants for a Padé Approximant Integration Method

Suppose we approximate a function f(7n) by

A B(n—m )
f = S+ °2 +C
e+(n—no) s+(n-n°)

» (1D.1)

where A, B, C, € and n are unknown constants. For convenience, the
[+]

value of the function at 'nj is denoted by fj, i.e.

A B(n -n)

f,= 2 ' . 2
i e+(n -n ) e+(n -1 )
j o j o

+C, (1.D: 2a)

and the difference between nj and n by gj, i.e.
g. =7, -0 . (1.D:2b)

Then using the five neighbouring points, = = n)-z’ nj_l, n,

nj+1 and nj+2, and defining new constants Vo Yy Yy and v, by
¥, = 2(1"j+1 - fj_l) - (fj+2 - fj-z ), (1.D:3a)
v, = ’f‘j+1 + fj—l - (fj+2 + fj—2 ), (1.D:3b)
¥y = f'j“ —1"1_1 _2(f1+z +fj_2 ), (1.D:3c)
¥, = 4(f'j+1 + fj_l) - (fj+2 i ) - 8, > (1.D:3d)

we may express the required constants in terms of Vo Yoo Y, and Y,

as

(1.D:4a)
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gy, +Any
1 2 2
-4 An[ - ] -9, (1.D: 4b)

2
ICRE R R

2(An) 2 j*1 J h
oA _ 2 _ 2
+ 247 gj( fj“ fj_1 )+ (An)°( fj+1 f‘j_l ) ],
(1.D:4c)
1—[ (e+gz) (f -f )
An J j+1 J
(1.D:4d)
+ An( 29J+AI3) (fj+1—c)],
(fj—C)(s:+ng)—ng. (1.D: 4e)
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Chapter 2

Stability of Flow through Curved Pipes

§ 2.1 Introduction

Laminar flows tend to be unstable at sufficiently large
Reynolds numbers, and therefore, boundary-layer theory, like other
large-Reynolds-number asymptotic analysis, often results in
unstable solutions (although at moderately large Reynolds numbers
the instabilities may not be readily observable). In this chapter
we examine the linear stability of unsteady boundary-layer flow
down a loosely curved pipe. We concentrate on disturbances with
relatively large frequencies, and show that the unsteady, classical
boundary-layer formulation includes a linear instability when a
skewed velocity profile includes a point of zero shear (i.e. =zero
vorticity) at some point above the boundary.

In the notation of the previous chapter, the Eulerian
boundary-layer equations for unsteady flow through a curved pipe of
constant curvature ratio 8 are (e.g. see Farthing 1977, Pedley

1980)

u : W
X + vy - z = 0, (2.1:1a)

(1 + Scos x ) (1+6cosx)2
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u, + vuy + ud + sin x (8u2—w(2wo—w))
(1 + Scos x) (1 + Scos x)2
(2.1:1b)
(W - w)u
[o] z
+ =u R
(1 + 8cos x)2 vy
uw (W - ww
wt+vw + X + ° 22=w , (2.1:1c)
Y {1 + 8cos x) (1 + 8cos x) vy
subject to the boundary conditions
u=v =0, w=W(t) on y =0,
° (2.1:1d)
u-> 0, w->0 as y > o.

As in Chapter 1, the Jlocal Eulerian boundary-layer coordinates are

(x, y, z) and the corresponding velocity components are
4 \% w° " respectivel
1+8cos x’ '’ 1+8cos X P Y

In section 2.2, we examine the stability of a flow satisfying
these equations to high-frequency disturbances similar to those
considered by Cowley, Hocking and Tutty (1985) in two-dimensional
boundary layers. By focusing attention on disturbances away from
the symmetry line the three-dimensional problem is shown to be
similar to the previous two-dimensional study. Then, in section 2.3
a stability analysis for flow near (but not on) a symmetry line is

given for axially-independent disturbances.
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§ 2.2 Instability Analysis for Flow away from a Symmetry Line

In this section we examine the stability of flow away from a
symmetry line. As in Cowley, Hocking and Tutty (1985), we denote an
exact solution of equations (2.1:1) by (uo, 0 wo) and consider
its stability to disturbances of amplitude €, where € << 1, by
writing

~ ~

(u, v, w) = (uo, Vs wo) + S(G, vV, W) . (2.2:1)

Substitution of the above into the equations (2.1:1) and

linearisation with respect to ¢ yields

~ ~

u . w
x + v - z 5 =0, (2.2:2a)
( 1+ 8cos x ) y (1 + 8cos x )
u + (vu + vu ) + 1 (uu +uu )
t oy oy _— o X ox
(1 + S8cos x)
8sin x ~ 2sin x ~
+ 2(2uou) 5 W(Wo wo) (2.2:2b)
(1 + 8cos x) (1 + 8cos x)
+ 1 2( (wo - wo)uz - wuoz ) =u ,
(1 + 8cos x) yy
w +(vw + vw ) + 1 {uw +uw )
t oy oy _— o X ox
(1 + 8cos x)
1 (W —wlw_ —w ) _~ (2.2:2¢)
+ > o o z oz =W s
(1 + Scos x) i

subject to the boundary conditions
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u=v=w=20 ony=90,
(2.2:2d)

~ ~

u->0, w >0 as y > o .
We restrict our attention to short wavelength and high frequency
disturbances, and introduce ‘fast’ length and time scales

(X, 2, T), where

(X, 2, T) = a(x, z, t) and a >> 1.
For convenience, we write

hix) = (1 + Scos x) ,

which is constant to leading order on the fast X scale. Similarly

the slip velocity Wo(t) is constant to leading order on the fast T

~

scale. A solution for (u, v, w) is sought of the form

~ ~ ~

(u, v, w)

exp [1«9(x, Z, T)] (u, av, w) , (2.2:3)

where L_.I, ;, and w are functions of y and the slow variables x, =z

and t, and
9 = Kix,z,t) ,
X
61' = -w(x,z,t) , (2.2:4)
192 = L(x,z,t)

Here aw, oK and oL are the local complex frequency, and real
wavenumbers in the x and z directions respectively. For consistency

of the mixed partial derivatives of ¢

K +w =0,
t X

K -L =0, (2.2:5)
z X

L +w =0
t z
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We now further expand in powers of the small parameter PR

(u, v, w, K, o, L) =(u, v, w, K, o, L)
o o o o [o] [e]

(2.2:86)
-1/2,~ -

+ o u v w, K w L)+ ...
(1’ 17 71 1T 1T

Substituting equations (2.2:3-6) into (2.2:2) and equating terms to

the leading order we find

Lw =20, (2.2:7a)

uKu +3:(W-w)Lu =0, (2.2:7b)
h20000

UKw +2(W-w)Lw = 0. (2.2:7c)
h2 ] ] o o

Note that these equations are inviscid, which is a direct result of
studying high-frequency disturbances. Because of the
three-dimensionality it is convenient to follow Gregory, Stuart and
Walker (1955) and introduce skewed velocity components in the
direction of the local wavenumber. We therefore define for the

basic flow

L L
f =Ku +~(W-w), f =Ku +-=2(W-w), (2.2:8)
[+ o h o O 00 o O h o o0

and for the disturbance f

f = exp [w(x, Z, T)] o, (2.2:9a)

F=Ki-—-w=rt +a'1’2F1+... . (2.2:9b)

Then, after some manipulation, equations (2.2:7) can be simplified

to a single equation for v:
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v f -v ( f -ho ) =0. (2.2:10)

o ooy oy o o
Following Cowley et al. (1985), we now suppose that there is a
point of zero shear in the leading-order, skewed, basic velocity
s

profile foo at y=y >0, i.e. fooy(ys) = 0. We then take for the

solution of (2.2:10)

v =0, for y < Y, (2.2:11a)

<
1}

f (y) - ho , fory >y . (2.2:11b)
o [o] S

The leading-order frequency wo is now fixed by requiring that \70 is
continuous at \ (note that ;o satisfies the appropriate inviscid

wall boundary condition of zero normal velocity), i.e.
f (y) =ho . (2.2:11¢)
o S o

Substitution of the solution (2.2:11) into equation (2.2:7) gives

wi(f -hw)+2(f —ho)w =0, (2.2:12a)
o oo o oy

o [eXo]

T |k

where 7y = 0 for y < Y, and ¥ =1 for y > R A similar equation is

satisfied by Go. These equations yield

u =0 , w =0 f‘or‘y<ys , (2.2:12b)

[¢] o

u = ihu , w = ihw for y > y, - (2.2:12c)

o oy o oy

Note that Go and \TJO are discontinuous at ys, although their
combination FO is continuous. Substituting (2.2:3-8) into (2.2:2),

and equating terms at the next order, we find that

KU +Ku )+hv -2X(Lw +Lw )=0, (2.2:13a)
o1 1 o0 1y h
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-i(lwu +wu)+vu +IZu(Ku +Kua)
o1 1o 1 oy
(2.2:13b)
+ i1 (Ww-w)(Lu +Lu )=0
hz o o o 1 1 o

The equation for ;/1 is similar to (2.2:13b) with uoy, Go and G1

replaced by w , ;/0 and \711, etc.. The solution to (2.2:13) is
o]

y
v1=u1=w1=0 for'y<ys,
- L (2.2:14)
v =B(f -hw ) - hw, +Ku + — (W-w), ’
1 oo o 1 1 o o o
h for y > Y,
u1 = 1{3hu0y , w1 = 1Bhwoy

where B is a function of x, z and t which is determined at higher
order.

The discontinuities in Voyy, Go, \710, 71’ etc. at y_ indicate
the presence of an asymptotically small critical layer there. As
Cowley et al. (1985) show, matching the solutions (2.2:11, 14)
across this viscous critical layer effectively determines the
eigenvalue w, .

To find the disturbance solution within the critical layer we

introduce a scaled y coordinate

~-1/4

y - ys(x,z,t) = @ Y, (2.2:15)
and expand the basic flow
= VZ -1/2 " Y?
u = u + u Y + « u — + ..., (2.2:16a)
o s s S
2!
-1/ ' -1/2 " Y?
W =W O+ w Y+« w o — + ..., (2.2:16b)
(o] S S s
2!
—1/2." Y?
f = ho + 0 + o f —+ ..., (2.2:16¢)
o0 o] s 2|
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4

where u =u (y), u =u (y ), etc.. Analogous to (2.2:3) the
s o s s oy s

disturbance inside the critical layer is assumed to be of the form

xp | i9(X, Z, T) F(x, Y, z, t) , (2.2.17a)

-1/4
=« e
~ 1/2 . A
V= exp | i8(X, Z, T) Vix, Y, z, t), (2.2:17b)
W= exp | iM{X, Z, T) | Wix, Y, z, t) . (2.2:17¢)

Substituting (2.2:17) into (2.2:2) we obtain, after  some

manipulation,

iF + th =0, (2.2:183a)
” " Y2 Ll(w -W )
f YV - [f — - hw + Ku +————°—S]V = ihV , (2.2:18b)
] s 1 1s Y YYY
2 h
’ " Y2 Ll(w _wS)
th+1‘[f‘ — -hw +Ku + —2 % |y = RW_ , (2.2:18¢c)
s s ) 1 1 s h YY

subject to the boundary conditions,

7

V, W 50 a Y > -o, w->1'hws as Y>> o, (2.2:1%9a)
n Y2 Ll(w "W)

Vof —-—hw +Ku + —2 %  asvYs o, (2.2:19b)
s2 1 1 s h

Equations (2.2:18a,b) are similar to those solved in Cowley et al.
(1985), and a tranformation analogous to theirs can be used to

simplify them: 1

”

For simplicity we assume that fs > 0. An analogous transformation

”

exists when fs < 0.
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if V4 thw -w ) w y172
g = i Y, ho-Ku - —2F = qu h] G, (2.2:20a)
1 1 s h s

'ad

s a172( .2 ,
2V = [—if h] -G+ , 2w ihws(1+w) . (2.2:20b)
S

On substituting into (2.2:18, 19) we obtain

Ny

2
ity - [E -G]m + =0 |, (2.2:21a)
£5 5 ¢

c2
w o - [ -G]w=—49, (2.2:21b)
subject to the boundary conditions

2
uei[c—G], w > 1 as € > o . (2.2:21¢)

2
The above problem for & effectively reduces to finding

appropriate eigenvalues G. Cowley et al. (1985) sought solutions

for 8 of the form

A

2 n
N = [ - G]er‘f(uC) + exp (—pzf)z ar<°‘”1 (2.2:22)
r=0

N |

where p = 2772

For each n =z 0 they found solutions with
eigenvalues

G = (4n+7)2717% | (2.2:23a)

together with two further eigensolutions for n = 0 with eigenvalues
1/2

G = (4N+7)2" for N = =2, -1 . (2.2:23b)

Substitution of (2.2:23) into (2.2:20) yields one eigenvalue, that

for N = -2, with Im(wl) > 0 (recall that we are assuming that the
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wavenumbers are real). This corresponds to an unstable mode with a
. 1/2

growth rate proportional to a " .

It remains to check that a solution for w can be found, but it

follows from equation (2.2:21) that a solution for w which

satisfies the boundary conditions as { » *w, is
8,
144
Comments

The above analysis demonstrates that the work of Cowley et al.
(1985) can be extended from two dimensions to three, in that a
high-frequency instability can be found in three-dimensional
boundary layers if some skewed velocity profile has a point of =zero
shear away from the waﬂ.2 For flow through a pipe this is almost
always the case. For example, if axially-independent disturbances
are examined, the condition reduces to the requirement that the
secondary azimuthal velocity, u, has a point of zero shear; but
this condition is always satisfied wunless u is identically =zero
because u is zero both at the wall and at the edge of the boundary
layer.

As in the case of the two-dimensional instability, the growth
rate Im(ocllzwl) monotonically increases with wavenumber «, and on
the boundary-layer scaling has no upper bound. In two-dimensions

this led Cowley et al. (1985) to tentatively suggest that the

2 Note that the above analysis can be easily extended to almost any

other three-dimensional boundary layer, i.e. the curved pipe

boundary layer is not a special case.
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instability may be connected with the appearance of the unsteady
separation singularity (cf. Moore 1979). However, this connection
is harder to make for the curved pipe since the separation
singularity develops on the symmetry line, and the above
instability analysis is not valid there. To be precise the above

analysis is based on the assumption that
1

— << d
oK

) (2.2:24)

where d is the distance to the nearest symmetry line, i.e. it is
assumed that a typical wavelength is very much less than a typical
length scale in the boundary layer. For given large o« this
condition is not met sufficiently close to the symmetry lines.

In an attempt to relate the instability to the separation
singularity, in the next section we modify the above analysis to
relax condition (2.2:24). For simplicity, we will study
axially-independent disturbances since (a) the separation
singularity can form in an axially-independent formulation, and (b)
this assumption simplifies the analysis without losing the
essential ingredients (whereas an assumption of azimuthally
independent disturbances would be more restrictive since the axial
velocity is less likely to have a point of zero shear).

As a preliminary we note that close to a symmetry line

(e.g. x = 0) it follows from (2.2:8, 11c) that, since u « x,
o
w ~xKk Q (t) . (2.2:25)
[o] o o
Using (2.2:4) we find that

5 - ocF(]og(x)—J. Qdt) , (2.2:26)
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where ['(s) is an undetermined function, and we have assumed x > O.

As far as the solution near the symmetry line is concerned,
the asymptotic behaviour of T(s) as s » -» is required. If
exponential temporal growth is anticipated, as is the case far from
the symmetry line, then I'(s) ~ As, and

u o~ xo exp[ —ioclJ.Qodt] u , etc.. (2.2:27)

This form of disturbance for flow near a stagnation point has been
suggested previously by Prof. S.H. Davis (private communication).
It is the form adopted in the following section because the
temporal growth factor is consistent with the solution away from
the symmetry line. The disadvantage of this choice is that as
X > 0+, G oscillates increasingly rapidly for real a, and the
disturbance cannot be continued into x < 0. However, (i) the
continuation into x < 0 may be via a Navier-Stokes region, i.e. a
region where x ~ p 12 and the boundary-layer approximation is no
longer valid (Prof. S.H. Davis, private communication), and (ii)
alternative choices for the asymptotic behaviour of TI'(s) appear to
have significant drawbacks (e.g. T(s) ~ exp(As) forces wus to
consider complex wavenumbers and complex frequencies

simultaneously, with possible matching difficulties with the

disturbances away from the symmetry line).
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§ 2.3 Instability Analysis for Flow near a Symmetry Line

As indicated above, we will assume that both the basic flow
and the disturbance are axially-independent. For further
convenience we will assume that 8§ = 0 and wo = 1.

The simplified governing equations in Eulerian coordinates are

then
u +v =0 , (2.3:1a)
x y
u +uu +vu - (2 - wlw sin(x) =u , (2.3:1b)
t x y yy
w o+ uw + vw =w . (2.3:1c)
t x y yy

Close to the inner wall symmetry 1line we assume that an exact
solution to (2.3:1) has the form (cf. (1.3:4))
u ~ (n—x)uo(y,t) , vV o~ vo(y,t) . W o~ wo(y,t) , (2.3:2)

and introduce a disturbance of small amplitude, € << 1, so that
(u, v, w) = ( (n—x)uo, Voo W) o+ e, v, W) + ... . (2.3:3a)

On the basis of the discussion at the end of section 2.2 we

study high frequency disturbances of the form

(4,v,w) = ((m-x)u, av, w) (n—x)—iaexp[—ioc fQ(t)dt] + ..., (2.3:3b)

with o« >> 1, where G, \7, w are functions of y, t and oc.1

1 The following analysis is unchanged to the order that it is taken

if the right hand side of (2.3:3b) is slightly generalised by the
inclusion of an additional factor of (n—x)a, where a is an order

one number and Re(a) z O.
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Substitution of (2.3:3) into (2.3:1) yields, at leading order in

(TI—X),
(ic-1)u + aVy =0, (2.3:4a)
jaclu -Q)Uu + avu  + U -2uu +vu -2 -w)lw=u , (2.3:4b)
o oy t o oy o Yy
jalu -Q)w + aVW  + W + VW =W . (2.3:4c)
[ oy t oy Yy

NI 1172
As before we now expand in inverse powers of « ,

-1/2,— — =—

(U,v,w,Q) = (U ,v ,Ww,0) + « (U ,v.,w,Q) + ..., (2.3:5)
o o o o 1 1 1 1
and substitute into (2.3:4) to obtain
iu +v =0, (2.3:6a)
o oy
-(u-Q)v +vu =0, (2.3:6b)
o o oy o oy
ilu-Q)w +vw =20, (2.3:6¢)
o o o o oy
and
iy +v. =0, (2.3:7a)
1 ly
-(u-Q)v. +vu =-9v |, (2.3:7b)
o o 1y 1 oy 1 oy
ilu-Q)w. +vw =10w . (2.3:7c)
o o 1 1 oy 1 o

Paralleling the theory of the previous section we suppose that

there exists a point y =y > 0 where u is zero, i.e.
S o]
u =u (y)=20, (2.3:8)
s oy “s

and take as the solutions to (2.3:6, 7)
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U=V =w =u =V =w =0 for y < y_

o o o 1 1 1
u = iu , Vv =(u-Q), W = iw (2.3:9)
[ oy o o o o oy
u = v = - - >
u, iB uoy y Y, 91 + Bl(uo Qo) for y Y,
wl = lBlwoy
where
Q =ul(y), (2.3:10)
o o S

and Bl(t) is determined at higher order.

The discontinuities in the solutions (2.3:9) at y=y
indicate the presence of a critical layer, where a scaled
coordinate

y -y (t) = o Mty (2.3:11)

is appropriate. The above solution suggests that within the

critical layer the relevant scalings are

(u, v, w)= (a0, « 3, W + ... . (2.3.12)

Substituting into equation (2.3:4) we find, at leading order,

v + VY =0, (2.3:13a)
1 ”n 2 n _ . .
(§usY - Ql)VY + uSYV = lVYYY , (2.3:13b)
. 1 n 2 ” _ .
1(§uSY - 91)w + wSYV = WYY . (2.3:13¢c)

Equations (2.3:13b, ¢) are essentially the same as (2.2:18b, c),
and can be shown to have equivalent boundary conditions. They are
solved as explained in section 2.2, so yielding one eigenvalue 91
representing a growing mode. We therefore conclude that a similar

instability exists to that described in section 2.2. In fact the
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discussion at the end of section 2.2 indicates that the
instabilities of both this and the previous section can be matched
together in the region where they overlap (i.e. @b« (m=x) « 1).

From (2.3:3b) we note that because the (m-x)'® factor has a
wavelength  proportional to (m-x), the disturbance oscillates
increasingly fast as x - m. Despite this, the asymptotic solution
appears to be  uniformly valid, with a rescaling only becoming
necessary when a Navier-Stokes region is entered where
(m-x) ~ D—l/z. The correctness of the above description of the
disturbance will depend on whether, within the Navier-Stokes
region, a solution can be found which matches both with the above
boundary-layer solution and with its equivalent form for (m-x) < O.
We do not pursue the resultant linear, two-dimensional,
Navier-Stokes, eigenvalue problem here, although we note that for
simple two-dimensional stagnation point flow an analogous
eigenvalue problem has been formulated by Prof. S.H. Davis (private
communication). However, if our analysis 1is correct, it appears
that the generalisation of the instability identified by Cowley et
al. (1985) does not exist on the symmetry line in a boundary-layer

(as opposed to Navier-Stokes) formulation. This in turn suggests

that there may be no link between this type of instability and the
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2
separation singularity.

2 We have also looked for instabilities in the unsteady symmetry

line formulation (1.3:4) without success. This supports the view
that there is no connection between the instability and the

singularity.
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CHAPTER 3

Periodic Boundary-Layer Flous

§3.1 Introduction

For the second problem, we study a circular cylinder of radius
a, rotating anticlockwise with angular velocity Q and translating
with uniform velocity U to the left through an incompressible
Newtonian fluid of denisty p and kinematic viscosity v. This motion
is a classical example of a two-dimensional laminar flow with Ilift.
The flow can be characterised by two non-dimensional numbers: (i)
the ratio of the uniform flow velocity to the rotational velocity
of the cylinder’s surface,
8=U/aQ , (3.1:1a)
and (ii) the rotational Reynolds number,
R=a’Q/v . (3.1:1b)
A number of authors have worked on this problem
experimentally, analytically and numerically. For example, Prandtl
and Tietjens (1934) visualised the flow at large Reynolds numbers
for a range of values of &, i.e. 8 =1/6, 1/4, 1/3, 1/2, 1 and o
(e.g. see Goldstein 1938 plate 17, Batchelor 1967 plate 12). Their
results suggest that for & less than 1/4 the viscous boundary layer
which exists on the surface of the cylinder at
high-Reynolds—-numbers remains smoothly attached. However, for &
greater than 1/3 an attached boundary layer solution does not

appear experimentally possible, and eddies develop behind the
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cylinder.

while the boundary layer remains attached, inviscid theory
should describe the fluid motion away from the cylinder’s surface
at large Reynolds numbers. If it is assumed that a steady
circulation of strength K is generated, then the cylinder will
experience a lift of magnitude pKU perpendicular to the direction
of the uniform stream (Kutta 1910). However, the precise dependence
of the circulation K on the uniform flow U and the angular velocity
Q can only be determined by the inclusion of viscous effects (these
are necessarily present because the inviscid solution predicts a
non-zero slip velocity on the cylinder surface).

The boundary-layer equations describing the fluid motion close
to the cylinder surface at high Reynolds numbers have been solved
by Wood (1957) and Glauert (1957) using a perturbation series
expansion for relatively fast angular velocities, i.e. &8 « 1. The
latter author calculated the first three terms of the solution in
powers of 62, obtaining for the circulation

K
2nQa2

=1-352-3.248"+ ..., R> 1 6<«1. (3.1:2)

In an alternative approach, Moore (1957) obtained a solution based
upon a perturbation series expansion for small &, but without
assuming R » 1. For R greater than \/—E, he obtained the first two
terms for the circulation K. In the limit R » » his result agrees
with the boundary-layer solutions of Wood (1957) and Glauert
(1957).

Numerical solutions of the full Navier-Stokes equations have

been obtained by Ta Phoc Loc (1975), Shkadova (1982) and Ingham
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(1983). In terms of a Reynolds number based on the uniform
velocity, ®R=2Ua/v, the latter two authors solved the problem for
moderate Reynolds numbers up to 100 and 20 respectively. For
example, the streamline plots for & = 0.2, R=40 (Shkadova, 1982)
and &8=0.2, R=20 (Ingham, 1983) are qualitatively similar, although
a direct comparison between the two sets of results is not
possible.

The material in this chapter is an extension of the earlier
high-Reynolds-number boundary-layer calulations of Wood (1957) and
Glauert (1957) to order one values of 8. For 8 « 1, it was possible
to make analytic progress because the fluid in the boundary layer
is dragged around by the cylinder at approximately the speed of the
cylinder’s surface. However as & increases, the effect of the
adverse pressure gradient generated by the uniform flow
significantly slows the boundary-layer flow over half the surface;
as a result a stagnation point starts to develop in the boundary
layer. One of our aims is to identify the critical value of &, say
65, at which a stagnation point first occurs in the boundary layer.

The significance of the stagnation point is that the
boundary-layer solution appears to become singular at this point,
suggesting that no attached classical boundary-layer solution will
exist for larger 8. Hence for & > Bs separation eddies, etc. are
likely to be observed experimentally.

The central mathematical task consists of solving the
classical boundary-layer equations with periodic boundary
conditions. Similar boundary-Tlayer problems occur in steady

streaming flows (e.g. Riley 1978), driven cavity flows (e.g. Riley
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1981), flows over wavy surfaces (Bordner 1978), and flows in a
rotating annulus with bottom topography (e.g. Page 1982). The
boundary-layers associated with the moderate amplitude
Tollmien-Schlicting waves identified by Ryzhov and 2Zhuk (1982),
Stephanoff, Pedley, Lawrence and Secomb (1983), Smith and Burggraf
(1985) and Rothmayer and Smith (1987) are also closely analogous

(see section 3.5).
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§3.2 Formulation

According to inviscid flow theory, a circular cylinder moving
with uniform velocity U through a flow with circulation K generates
a slip-velocity Ue(x) at its boundary, where

4nlUa
K

Ue(x) =1 - cos(x) , (3.2:1a)

and x is measured anticlockwise along the surface of the cylinder
from its ‘highest’ point (see figure 3.2:1). Here x and Ue(x) have
been non-dimensionalised by the radius a and scaled circulation %

respectively, and for future convenience we define

4niUa
T

(3.2:1b)

At large but Tfinite Reynolds numbers, the slip-velocity Ue(x)
generates a boundary layer, within which the flow is described by

the steady boundary-layer equations (e.g. Schlichting, 1968)

uu +vu =UU +u ,
x y

e ex yy
(3.2:2a)
u + v =0,
x y
subject to the boundary conditions
21tQa2
u=UuU = , v =0, ony =0, (3.2:2b)
W K
u > U (x), as y - o, (3.2:2¢)
e

Here the Jlocal normal, y, measured from the cylinder surface, is

non-dimensionalised by aRe—Uz, where the Reynolds number,

_ K
Re = 2mw

is based on the circulatory component of the slip-velocity. The
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velocity  components (u,v) in the (x,y) directions are

K KRe~ 172
non-dimensionalised by 5ma and ~ma respectively, and Uw is
just the scaled velocity of the cylinder’s surface.

There are many equivalent formulations of system (3.2:2), a
number of which are used in this work. One alternative is to

introduce the streamfunction Y as a dependent variable, where

Equation (3.2:2a) then becomes

lllyl‘hxy-- wxwyy = UeUex + Kl’yyy (3.2:3a)

subject to the boundary conditions

v =0, v, =Y, ony=0 (3.2:3b)

gl/y > Ue(x), as y - o. (3.2:3c)

The advantage of this formulation is that there 1is only one
governing equation to be solved.

Another formulation uses the streamfunction as an independent

variable. Applying a Von Mises transformation, i.e. (x,y) > (x,y),

to equation (3.2:2) yields (Wood, 1957)

uu = U U + u(uuv)'p, (3.2:4a)

X e €eXx
subject to the boundary conditions

u=uUU , on Yy = 0, (3.2:4b)

W

u - Ue(x) , as Y > o. (3.2:4c)

The above governing equations are parabolic which means that
for a given positive slip velocity Ue(x), the equations may be.
integrated downstream for positive values of the scaled wall

velocity Uw. However, for a specified uniform flow and circulation,
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there exists an unique angular velocity which generates a periodic

flow; i.e. given an oncoming flow of relative strength ¢ = 4;Ua’

the periodicity requirement determines a steady, perliodic
2nQa2

eigenvalue problem for the scaled wall velocity Uw =—x

Wood (1957) and Glauert (1957) assumed that £ was small and
sought a series expansion solution, finding Uw correct to order ez
and et respectively (note that an expansion in terms of & is
essentially equivalent to one in terms of & since from (3.1:1a),
(3.2:1b) and (3.2:2b) € = 2Uw6). One method to extend their results
to larger values of € would be to find higher order terms, and then
use series extension techniques (e.g. Van Dyke 1984). An attempt to
obtain these terms using the algebraic manipulators REDUCE, MACSYMA
and CAMAL was unsuccessful, e.g. after 30 minutes execution time on
an AMDAHL 470 mainframe, the REDUCE program had not obtained the
solution to the highest order that Glauert (1957) examined!
Alternatively, ihe higher order governing equations could have been
solved numerically (cf. Cowley 1983). However, Riley (1978, 1981)
has been successful with a purely numerical technique in similar

problems, and this is the approach adopted for the most part here.
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§3.3 Numerical Methods

In this section, we discuss the different numerical methods
used to solve this problem. The first method is similar to that of
Riley (1978, 1981) and will be referred to as the FD method. It
consists of integrating the boundary-layer equations with a finite
difference method through repeated periods of 2m until the solution
settles down to a steady, periodic state. The other approaches
involve spectral schemes based upon the substitution of truncated
Fourier series for the dependent variables into the governing
equations, and then numerical solution of the resulting systems of
coupled ordinary differential equations by finite-difference
methods.

For all the methods, the problem was solved numerically in a
finite computational domain, where the asymptotic condition
(3.2:2¢c) was applied in the form u = Ue(x) at y = y_ where y was
at the upper edge of the computational domain. Riley (1981) shows
that this means that periodic solutions can apparently be found for
a range of Uw, although only one of these truly satisfies the
condition (3.2:2c) in the limit as Yo 2 @ In order to identify
this solution it is necessary to examine the solution towards the

edge of the boundary layer. We write
ulx,y) = Ue(x) + ulx,y) , (3.3:1a)

substitute into (3.2:4a), and retain only linear terms in u on the
assumption that |u| is small for ¥ >> 1. The resulting equation for

~

u has a separable solution that is periodic in x, (cf. Riley 1981)
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Ue(x)
2 U (x)
+Z [Aexp[inje—dx—(1+i) /Lw]+c.c.]
n=1 . Ue 2~e

(3.3:1b)
where Ue is the mean value of Ue(x) and c.c. denotes the complex
conjugate. The imposition of u = Ue(x) at g >> 1 (or equivalently
Yo >> 1) leads for most choices of Uw to non-zero values of Ao and
B (although Ao + Bwa; = 0). Only by applying an additional condition

which forces B, and hence Ao, to zero as lﬂm > o, e.d.

U(x)u =0 at ¢y, (3.3:2a)
(] p (o]
or u =20 at Yy (3.3:2b)

for 0 =x =2n, do we obtain the correct exponentially decaying
behaviour at the edge of the boundary layer and a unique solution
for Uw.

With the first numerical method, as summarised in the flow
diagram in figure 3.3:1, it proved fastest and most convenient to
work in Von Mises coordinates using equation (3.2:4).

A computational domain of NX x NY grid points was used with NX
intervals distributed over the period 2m in the x direction (grid
points xi, 1 =1i=NX) and NY points distributed over 0 to lllm in
the ¢y direction (grid points :,bj, 1= j=NY). A non-uniform
distribution was implemented using stretch functions - see below,
equation (3.3:4). The following procedure was adopted to converge

to the unique value of U from an initial guess.
W
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To march the parabolic boundary-layer equation (3.2:4a)
forward from x _ to X, an implicit Crank-Nicolson scheme (e.g.
Roache, 1972) was applied in which the equation was discretized by
a second-order, centred, finite-difference approximation at

(

x1-1/2’ wj) for 2 = j = NY-1. The resulting implicit nonlinear
difference equations were solved by Newton-Raphson iteration as
follows.

Let u, denote the solution vector consisting of u(xi, lllj)‘ for

1= J=NY, and up the k™" iterate of u . The initial guess uj was

calculated by linear interpolation from u, 1and U, o We write

l:l_l;+1 = lil: + 8u , (3.3:3a)
and substitute 9_1”1 in place of u, in the difference equations and

linearise with respect to 631. The resulting linear equations can

be represented in matrix form,
L du = E , (3.3:3b)

where L is an NY x NY banded matrix of band width 3, and b is a
known function vector of length NY. The matrix L is not necessarily
diagonally dominant, so agx was solved for using partial pivoting.
The solution was then updated and the procedure repeated until each
element in 631 was reduced to less than a specified small
tolerance.

Using this procedure the equation was integrated over a number
of periods of 2m until the difference in solutions a period 2=n
apart was within a given tolerance. This FD method of integrating

the governing equations over many periods of 2mn has also been

applied to equations (3.2:3,4) wusing a Keller-box scheme. See
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appendix 3.A for details.

As mentioned above, the upper boundary condition u = Ue(x) was
applied at a finite y = ![Im. Once the periodic solution has been
obtained the value of B in (3.3:1b) was estimated by obtaining the
mean of Ue(x)uw(x, ww) over 2m assuming the exponental terms were
negligible. A better approximation for the eigenvalue Uw was then
calculated by a secant iteration with the aim of forcing B to zero.
The procedure was repeated with the new U , until |B] was less than
a specified small tolerance. As a check, the Fourier series of
Ue(x)uv(x, l/loo) was then evaluated. It was confirmed that when
rounding and truncation errors were negligible, and when l[lm was
large enough, the amplitudes of the harmonics were 0(82), as might
be expected from nonlinear interactions.

To initialise the solution procedure, a velocity profile was
needed at the starting position, taken to be the position of
minimum external velocity, x = 0. Such a profile should model the
correct oscillatory exponential decay and satisfy the boundary
conditions both at Yy =0 and as Y > . For example, a velocity

profile loosely based on Glauert’s (1957) solution was used for

€ <0.4
u=U_+(U -U Jexp (=27 Pyp)cos(y + 27" %y) /cos ()
L U -u
where ¥ = - sin [ ° "] and U was evaluated at x = 0. The
2 e
2UW—Ue

constant ¥ allowed for a slight phase shift. For € = 0.4, the
periodic velocity profile u(0, y) for a smaller value of £ was
saved, and used as the velocity profile for a next larger e. With

this method, the increment of £ was Ilimited to a maximum of 0.1
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when € was relatively small, and to 0.005 when € was close to €
(see below for definition of ss).

In addition, on changing Uw a careful updating of the velocity
profile u was necessary in order to avoid introducing thin viscous
shear layers at the wall which took many periods to diffuse out of
the flow. Specifically, the velocity profile at x = 0 for the new
U‘N was obtained by linear interpolation from the velocity profiles
at x = 0 for two previous values of U“.

As explained in the next section, there is a maximum value of
€ above which solutions could not be obtained. This value of e,
denoted by € s corresponds to the development of a singularity
associated with a stagnation point in the boundary layer at x = X
Y = l/ls. For € close to but less than €, we tried to improve
convergence by replacing the convective term uux in (3.2:4a) with
max(0.001, [u[)u . This coped with the difficulties associated with
negative flow velocities introduced by inappropriately small values
of Uw resuiting from the secant iteration. This approach is
acceptable because by definition of €, the velocity u is

s

necessarily positive for € < €, and for all the calculated

solutions, u in min(u) has been shown to be positive for £ < ¢ .
min s
X, ¥

Also, to help resolve the velocity profile near this stagnation
point, we refined the mesh there by means of the stretching
functions

><=X—[1—(£:c—e)1/2] sin X (3.3:4a)

*

and W= - 1;—5 [ tanh (A(g-¢ )) + tanh(A¢ ) ] . (3.3:4b)
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These were introduced in the x- and yY-directions respectively and
an equi-spaced grid in )N( and ¢ adopted. The constants € > A, 6*E and
¢° were chosen to give fine grid resolution near the position of
minumum velocity. In particular, we chose ¢° to be close to that
value of ¢ at which the velocity has a minimum umin(xo,lpo), and set
A = 0.25, 6* = 0.005, e = 0.656 (ec is slightly greater than e as
calculated later). |

A number of different values of l/lw were tried, and_‘_ for most of
the results presented here I[lw was taken to be 28, with. grid domains
of 40x91, 80x181 and 160x361 points. The solution at each point,

u(xi, t,[/j), was converged to an accuracy of 10712 by Newton-Raphson

iteration, and |B| was typically forced down to 10713 by the
secant iteration. The number of periods over which the discretized
form of (3.2:4) had to be integrated to obtain a periodic solution
for a given value of Uw increased with € and the size of the grid;
e.g. it was in the range of 10 for € = 0.1 and the 40x31 grid, and
70 for € = 0.655 and the 160x361 grid.

Discretizing equation (3.2:4) directly proved to be
approximately 10 times faster than a Keller-box scheme for the
primitive variable equation (3.2:2). Test runs confirmed that the
scheme is second-order accurate in step size, and improved accuracy
was obtained by Richardson extrapolation. The FD method requires
little computer storage e.g. typically 15,000 words, but it is
sensitive to the velocity profile at x = 0 for larger values of e.
For € = 0.653, the Jargest grid attempted was 360x721 points which

required 3400s CPU time on a Cray 1S.

As an alternative to the above scheme, which required careful
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tuning and checking, a spectral method using the streamfunction ¥
was adopted. This, referred to as the NRK method, expressed the

streamfunction Y as a Fourier series in x:

o0

PEEROE Z [ £ (y) cos(rx) + £ (y) Sin(nx)] . (3.3:5)
n=1

Note that the superscipt n is used to associate the coefficient
. th . : n . th
with the n mode of the Fourier series (i.e. f‘c is not the n
power of fc nor is it the nth derivative). This series was
substituted into the boundary-layer equation (3.2:3a) and the
quadratic terms reordered. An example of this reordering is given
in appendix 3.B. The series was then truncated after a finite
number of N terms, so yielding 2N+1 third-order, coupled, nonlinear
ordinary differential equations for the functions fo(y), f:(y) and
f:(y), 1=n =N (these are given in appendix 3.B).

The functions fo etc. were approximated using NY points in the

normal direction. Let the vector
_ n n
fj(yj) = [ fo(yj), fc(yj) and f‘s(yj) for 1 = n = N}

correspond to the solution at each point yj, 1= j=NY. As a
consequence of the linear term l/lyyy in (3.2:3a), it was possible to
express the third derivative of f explicitly as a nonlinear
function of its lower derivatives. This means that at each point yj

for 2 = j = NY-1 the coupled ordinary differential equations, given

in appendix 3.B, could be written as
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LI (3.3:6a)

J ay

¢ o= 8(E) (3.3:6b)

J ay

"ir ’ Vi ) (33 6 )
= G , f , f . 3:06C

=] ( tj =3 =]

where G is a nonlinear function (cf. equation (3.B:4)). The

relevant boundary conditions from (3.2:3b,c) are

= n = f" = = = N, 3.3:7
f‘o(yl) o, fc(yl) fs(yl) 0 for1=n=N ( a)
‘ = n’ = = =n =N, 3.3:7b

foy)=u , f(y)=f (y)=0for1=n=N_( )
! _ 1’ _ 1’ -

fo (ym) =1, fc (ym) = -g, fs (ym) 0,

P (y)=f (y) =0 for 2 =n =N, (3.3:7¢)
[} oe] s [22]

where, as before the asymptotic boundary condition l,by > Ue has been
applied at a finite Yo To obtain a unique Uw the correct behaviour
at infinity must be imposed, i.e. both Ao and B in (3.3:1b) must be
forced to zero. On assuming Y is large enough so that the
exponentially small terms are negligible, this is achieved by

applying (cf. equation (3.3:2b))
f (y)=0. (3.3:7d)
o [o¢]

This system of equations was solved by Newton-Raphson
iteration using a fourth-order boundary-value package (Cash and
Moore 1980). The Jacobian required for the iteration was calculated
analytically and is given in appendix 3.B.

A uniform grid in y was used, and because the y position at
which umin occurred, say yo, increased as ¢ tended to es, Y, was

increased with & (e.g. yw=36 for € < 0.6 and ym=45 for
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€ =2 0.6). The test criterion for convergence was that the update

for 1:], denoted by Sf_j, must satisfy

max |8f | + max |&f I| + max |&f ”| = 1078,
B ] —J Jj —J J =J

Both the fourth-order accuracy and the quadratic convergence have

7 ”

been confirmed. For each &£, the solution EJ, f. and ij for
1= j=NY was saved and used as an initial guess for the
Newton-Raphson iteration at the next larger value of €. The
increment of £ using this method was allowed to be much larger than
for the FD method, although an increment of 0.001 was used when ¢
was close to € due to the need for detailed solutions.

Trial runs showed that accurate results could be obtained with
8 modes for smaller values of g, but as ¢ ->es successively more
modes were needed (e.g. for € close to € we used up to 20 modes,
the maximum that was allowed by our computer storage capacity, i.e.
750,000 words). The results obtained with this method compare well
with those from the FD method; see table 3.4:1. This approach
requires large computer memory but is moderate in CPU time, for
example, with NY=91, N=20, €=0.655, 600s of Cray 1S CPU were
required.

In an attempt to decrease the size of the computational
domain, and therefore the storage required, a spectral approach
using Von Mises coordinates was tried. The advantage of using ¥ as
the independent variable over using y is that l[lo (i.e. the value of
Yy at which umin occurs) appears to tend to a finite value as
€ >e. In this approach, referred to as the VM method, the

s

velocity u was expressed as a Fourier series in x, with
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coefficients which are functions of y:

[o¢]

u = go(l,ll) + z gZ(\b) cos(nx) + 9:(!/1) sin(nx) . (3.3:8)

n=1
This series was substituted into (3.2:4), the quadratic and cubic
terms reordered and the series then truncated after N terms. This
process yielded  2N+1 coupled nonlinear ordinary  differential
equations for go(lll), g:(\ll) and g:(lll), 1=n =N (these are given in
appendix 3.B).

The disadvantage of using Von Mises coordinates is that the
highest y-derivatives of go(t[/), g:(l[l) and g:(tll), 1=n=N are
involved in a double summation with the consequence that the
equations cannot easily be rewritten in a schematic form similar to
that expressed in (3.3:6). The nonlinear equations are therefore
not amenable to solution by the Cash and Moore (1980) package, and
a tailor-made program had to be written.

Again, NY points were used to represent Y over the boundary
layer, and the stretch (3.3:4b) was used in Y. The equations were
discretized at l/lj, 2 = j = NY-1 by second-order finite-differences.
Let the vector G consist of Uw and the (2N+1) x NY variables

n n N
go(tﬁj), gc(‘/’j) and gs(wj) for 1=n=N, 1=j=NY, let G be the

th

second-order accurate solution of G, and let 9_: be the k
Newton-Raphson iterate to the solution 92. From now on, we denote
the vectors derived from a second- and fourth-order-accurate

approximation by the subscripts 2 and 4 respectively. We write

k1 26X + 56, (3.3:9a)
—2 -2 —2
and substitute G°'!' in place of G in the coupled difference
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equations, and linearise them with respect to 8§2, so obtaining
A 8G2 = b_. (3.3:9b)

The Jacobian A, which is a banded matrix of band width 8N+3 (see
below) and length of 1+(2N+1)NY, was decomposed and inverted by NAG
routines FOILBF and FO4LDF. Once a second-order—accurate solution
had been obtained, a fourth-order-accurate solution was found by
defect correction. The fourth-order solution was obtained by
Newton-Raphson iteration using the same Jacobian. For details on
this scheme see appendix 3.C.

It has been confirmed that the Newton-Raphson iteration
converged quadratically, and that the uncorrected solution was
second-order accurate. However the quartic accuracy of the defect
corrected solution could not be verified for the relatively coarse
grid-sizes which we could use. Therefore the method was tested on a
similar, but simpler, model problem. It was found that quartic
behaviour was recovered only for more refined grids. Nevertheless,
in this model problem the corrected solution was more accuate than
the uncorrected solution for all grid-sizes, and therefore we
believe that the defect correction yielded a more accurate solution
in the full problem.

In order to reduce computation time and storage, many attempts
were made to model the correct exponentially decaying behaviour at
a relatively small value of !/lw by using the expression (3.3:1b).
Each x-dependent term of (3.3:1b) was expressed as an infinite

Fourier series, i.e.
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[oe]

u-= go(w) + Z g:(l[l) cos(nx) + g:(tll) sin(nx) , (3.3:10a)
n=1
1 o
=p, * Z p_ cos(mx) , (3.3:10b)
U (x) m=1
e
X
cos [nf U (x)dx]
e o]
° =c z ¢ cos(mx) , (3.3:10¢)
U (X) n m=1 nm
e
X
sin [ nj Ue(x)dx] °
2 = Z d sin(mx) (3.3:10d)
U (X) m=1 nm
e
where the constants p, ¢ , p, ¢ and d for 1=m= o and
[0} n0 m nm nm

1sn s o could be calculated. Substituting equations (3.3:10) into

(3.3:1b), and equating coefficients for cos(nx), etc., we find

go(dl) = (Ao + B'/’)Po

+§1 [ amcos/_—'::gli + bmsin‘/jnz‘-‘w] ?noexp[—/ —'—nz—lll]

m=

(3.3:11a)

~ B
gc(w) = (A0 + Bz//)pn

+§1 [ amcos‘/%'—-lll + bmSin/Z—_W] ?nneXP[T/ %’ '/’]

m=

(3.3:11b)
~ [o0]
g:(l//) = Zl [ amsin / % T/ bmcos /_r_;__ 'I’] dmnexp[—/ _2__¢]
m:
(3.3:11c)

where a = Re(A ) and bm = Im(Am) are constants to be determined.
m m

To obtain managable boundary conditions at Wm we truncated the
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series in (3.3:11¢c) after one term, i.e. we assumed that

exp [—/%t‘[/w]»exp[-/%‘—-%] form =2 .

This left two unknown constants a, and b1 to be determined and two
constants, A0 and B to be forced to zero. To do this we used the
expressions for ;o, ;i and their first derivatives (these two
Fourier coefficients were chosen since 9, and gi are forced

directly by the boundary condition). Then Ao and B can be forced to

zero by imposing the boundary conditions

=0 . (3.3:12a)

~_ 7 ~ ~ ~ 7 ~ ~
vag. g g9 va2gl 9. g

[ c d d c d

in in in in in in

(3.3:12b)
for 1 = n s N. Equations (3.3:12) specify 2N+2 boundary conditions,
which are sufficient both to resolve the exponentially decaying
behaviour at infinity (2N+1 of them are required for this) and to
fix Uw.

These boundary conditions were applied midway between the grid
points NY - 1 and NY. Test runs showed that they gave more accurate
results than just imposing u = Ue(x) at the same value of x/;w,
although the improvement was not dramatic. This is because the
neglected terms An, n =z 2, appear to be significant.

In implementing both the modification of the upper boundary
conditions and the fourth-order defect correction, care was taken

not to increase the band width of the Jacobian matrix, e.g. only
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the two points closest to the top and bottom boundaries were used
for the boundary conditions. As in the FD method, a stretch
(3.3:4b) was used. A number of test runs were tried with different
values of the various parameters. For the results presented in the
following section, we wused NY = 91, !/Iw= 19.69, and A, 8* as
before; the Newton-Raphson iteration convergence criterion was that
successive iterates should change by less than 107° at each point.
The parameters required to give consistent results were N = 10 for
€ < 0.6, N=18 for 0.6 =€ < 0.66 and N =25 for € = 0.65. See
table 3.4:1.

For each € = 0.4, the solution go(lllj), g:(lllj) and g:(l/lj), for
1=n=Nand 1= j=NY was saved and used as the initial solution
for the next larger value of e. The increment of € wusing this
method was similar to the NRK method. This method is very
efficient, but requires significant programming effort and large
computer memory (eg. for NY=91, N=18, £=0.65, 800,000 words and
100s CPU time were required on Cray 1S).

In the hope of a further Iimprovement on the boundary
conditions, we introduced a transformation of co-ordinates (X, y)

where

*U (x)
X = J ° dx, (3.3:13a)
0

(] e

as suggested by equation (3.3:1b). We also defined a velocity-like

quantity,
U(X, ) = ulx, YU (x) - ue(x)2 (3.3:13b)

as the dependent variable. u(X, ¥) was then expanded as Fourier
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series in X and the resulting equations solved in a similar manner
to that for the VM method. However, in these coordinates, the

Fourier coefficients of the pressure gradient, %(Ue2

) , decay
X
slowly with wavenumber, with the result that a large value of N is

required for accuracy. Consequently, due to computer storage

limitations, it was difficult to obtain accurate solutions for ¢
greater 0.65. This method is discussed in more detail in
appendix 3.D.
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Figure 3.3:1
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§3.4 Results

Inviscid theory predicts that a solution exists for all values
of €. For 0 < g <1 closed streamline exist immediately around the
cylinder, and a stagnation point occurs in the inviscid flow
somewhere on the line x = 0. The stagnation point approaches the
surface of the cylinder as € > 1. When viscous effects are included
the slip velocity generates a thin boundary layer. As £ increases
from zero, the flow within the boundary layer is slowed down by the
increasingly strong adverse pressure gradient on the rear of the
cylinder, and a second stagnation point starts to develop within
the boundary layer. Our numerical results show that at a critical
value of &g, €_ % 0.656 < 1, the boundary-layer flow develops a
stagnation point away from the wall close to x = 0, i.e. where the
minimum external velocity occurs. Beyond this value of es no
solution could be obtained using classical boundary-layer theory.

Solutions have been obtained for 0 = € = 0.655. A comparison
of the three successful methods applied to this problem is given in
table 3.4:1. The results are given for the eigenvalue Uw and
l)rcljl;)(u) =u for £ = 0.6 to 0.655; note that umin(e) is difficult
to calculate accurately. To increase the accuracy of the results
obtained by the FD scheme, Richardson extrapolation has been
applied to the 40x91, 80x181 and the 80x181, 160x361 grids; the
results are given only to the number of significant figures to
which both extrapolations agree.

In the graphs that follow our numerical results are denoted by

solid lines; they are compared with Glauert’s (1957) analytical
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solutions, represented by broken lines, wherever possible.
Figure 3.4:1 illustrates the dependence of the circulation on

the free stream velocity; specifically we plot the nondimensional

circulation, K > = 1— versus the nondimensional free stream
2nQa U
W
velocity & = = = £ where both are scaled by the rotation Q. The
Qa 2U

w

agreement between the numerical solutions and Glauert’s (1957)
expansion is very good for & < 0.15, although as & increases the
numerical results have a steeper gradient than that predicted by
{3.1:2). As a consequence of the development of a stagnation point
in the boundary-layer flow, no classical boundary-layer solution
can be obtained for & > SS. The same data is replotted in
figure 3.4:2 in the form of a graph of the reciprocal of the Ilift

(1:— = z—n, versus the scaled free stream velocity 8.
L

coefficient,

Figure 3.4:3 illustrates the minimum of u over the whole flow
field against 8. There is good graphical agreement for small &
between our numerical results and Glauert’s analytical solutions;
however for & > 0.1, Glauert’s expansion overestimates uo

We denote by (xo(B), l/lo(B)) the position where umin(s) occurs.
Figure 3.4:4 shows the velocity profile u at x = X against ¢ for ¢
close to € . As € increases, u appears almost linear in |x/1 - a/1°|
for Y close to l/lo (especially for ¥ < wo). Both figures (3.4:3) and
(3.4:4) suggest that uoin is tending to zero at a finite value of
e=e_. This in turn suggests that the solutions may become
singular at € = es, because the steady classical boundary-layer

equation is parabolic with the result that stagnation points are

generally associated with singularities (e.g. Goldstein (1948),
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Elliott, Smith and Cowley (1983), Williams and Stewartson (1983)).
In an attempt to understand the asymptotic structure of the
velocity profile for £ close to € (or equivalently 8 close to 6s),

the asymptotic form

u = ¢( € - € ° (3.4:1)

min

is assumed, with unknown constants c, e and n. Equation (3.4:1) is
fitted over data for £ close to es; the results of es and n are
listed in table 3.4:2. The power n seems to be close to 0.5 and
e_ = 0.656 (8 = 0.256). This relationship is supported by figure

)12 although there may

3.4:5 where u is plotted against (¢ - ¢
min s
of course be log(s:s - g) terms etc. in the relationship.
Further evidence of a singularity comes from examining the
displacement thickness f,
o0

B=J (1-Y) ay, (3.4:2)
o U

(=3

and the blowing velocity V!

v =1lim(v+U y), (3.4:3)
© ex
y->®

which usually become singular when a stagnation point develops in a
classical boundary layer. Note that the blowing velocity can be

alternatively expressed as

vm=f [Gi] dy , (3.4:4)

which has the advantage over other equivalent forms of being
numerically well behaved as Yy - o.
Figures 3.4:6a,b illustrate B and Vo 25 functions of x for

representative values of € close to €_. Evidence of a singularity
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is given in figures (3.4:7a,b). In figure 3.4:7a we plot the

maximum of the displacement thickness of the boundary layer against

1
max (v )-min(v )
X, P X,9 ®

—]n(i:S - ¢g), and in figure 3.4:7b we plot against

8)4,1/2. Both of the curves are reasonably straight for ¢

(e -
s
greater than 0.63 (although figure 3.4:7b is less so). This
suggests that both the quantities tend to infinity rather 1like the

respective functions of e.

The numerical solutions of (3.2:2-4) thus seem to predict that
at large Reynolds numbers a singularity develops in the classical
boundary-layer formulation for & = 65, making it likely that
solutions with attached boundary layers can only be found for
u '

oa < 0.266. This result is in fair agreement with Prandtl et. al.’s

4

(1934) experiments which ‘for values Qa/U greater than 4’ show ‘a
ring of fluid around the cylinder rotating about it permanently’
(Prandtl and Tietjens, 1934).

Direct  quantitative comparison between our results and
experiment is not possible, mainly due to a lack of experiments.
For reference we include a table and three more plots. Table 3.3:3
displays the quantitive result of Uw for £ = 0.655 (8 = 0.256) and
the minimum of u over the resulting flow field.

Figure 3.4:8 shows the wall shear uy]yzo over the period of 2n
for various values of &, namely £ = 0.1, 0.4, 0.5, 0.6 and 0.655.
The torque exerted by this wall shear is given in non-dimensional
form by

27

T = .L.J uy(x, 0) dx . (3.4:5)

21

o
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In an experiment this should be a measurable quantity. It has been
plotted in figure 3.4:9. Our numerical results are not very
different from Glauert’s small £ analysis. Therefore the comparison
between Glauert’s (1957) solution and Reid’s (1924) experimental
results is similar to that of ours with Reid'sl. Moreover, our
solution  terminates at & = 0.256, wherease Reid’s result is
displayed for & = 0.28 in Glauert’s (1957) paper.

Finally in figure 3.4:10 the streamlines over the whole flow
field for € = 0.4, 0.6 and 0.655 have been plotted. As expected, as
y > o the distance Dbetween streémlines at constant x is

proportional to the change in streamfunction.

Discussion

The boundary-layer flow over a rotating and translating
circular cylinder has been solved numerically up to a finite value
of the ratio £. A number of different methods have been used, all
of which give consistent results. These codes can be easily adapted
to solve general two-dimensional, steady, classical boundary-layer
problems for periodic slip velocities (e.g. see section 3.5).

Inviscid theory predicts that a stagnation point develops in

the flow for O < e < 1. However, the introduction of viscosity

Our copy of Reid’s (1924} paper does not display any quantitive
results for a rotating and translating cylinder. This makes a

direct comparison between our results and his impossible.
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shows that at € = es a second stagnation point develops within the
boundary Tlayer near the minimum of the external velocity. Our
calculation terminates at this value of € due to steady
boundary-layer separation as a result of the second stagnation
point in the boundary layer. With e_ = 0.656 determined, Bs ~ 0.256
can be calculated which agrees well with Prandtl et al.’s (1934)
experiments in which the flow is separation free for & less than
0.25.

For € greater than but close to €.» i,e. 0 <¢g - es « 1 an
interactive theory is required to examine the flow structure.
Therefore, it is necessary to find the asymptotic structure of the
separation singularity. Although many attempts have been tried (for
details, see appendix 3.E), the exact structure is not clear. Thus,
more  work is required to fully understand the singularity
structure, and to formulate an interactive problem. Anyhow, the
inviscid flow is expected to be significantly influenced by the
boundary-layer separation.

The mathematical problem resulting for this flow is similar to
that of an interactive formulation of high-frequency Tollmien-
Schlicting waves generated in the viscous boundary layers of a

plane channel. This is discussed in detail in section 3.5.
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Table 3.4:1

W min

0.6 1.237 6 0.238
1.237 5 0.237
1.237 6 0.238
0.65 1.276 3 0.076
1.276 2 0.076
1.276 3 0.076

0.653 1.278 8 0.05
1.278 8 0.052

1.278 9 0. 051

0.654 1.279 7 0.04
1.279 7 0.041

1.279 7 0.040

0.655 1.280 6 0.02
1.280 b 0.027

1.280 5 0.023

A comparison between the three successful methods
for various £€. The result for each € are given in

the order of FD, NRK, VM.

FD = the finite-difference scheme
NRK = the spectral method in the primary variables
VM = the spectral method in the Von Mises coordinates
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Table 3.4:2

€ € n

S
0.600 0.630 0.650 0.655 6 0.492 6
0.630 0.650 0.653 0.655 3 0.477 O
0.650 0.653 0.654 0.655 5 0.512 4
0.653 0.654 0.655 0.655 5 0.502 8

The approximated values of e and n are obtained by assuming, close

to €,
S

u =c (e -¢e)"
min s
with unknown constants c, ssand n. The first column lists the 3

values of € used to predict the constants, of which only € and n

are shown.
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Table 3.4:3 A summary of results

€ S Y, Ynin

0.1 0.049 63 1.007 46 0.892 05

0.2 0.097 14 1.029 45 0.781 47

0.3 0. 140 87 1.064 84 0.666 80

0.4 0.179 83 1.112 14 0.545 2

0.5 0.213 69 1.169 91 0.410 1

0.55 0.228 70 1.202 46 0.332 O

0.6 0.242 41 1.237 57 0.238

0.63 0.249 97 1.260 16 0. 161

0.65 0.254 65 1.276 28 0.076

0.653 0.255 31 1.278 85 0.051

0.654 0.255 52 1.279 73 0.040

0.655 0.255 73 1.280 63 0.023
For each value of 0.1 = g = 41[%3 = 0.655, the eigenvalue Uw = 2nga2
and U (¢) from the resulting flow field are shown; the

min

corresponding 8 = %E is thus calculated.
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Figure 3.4:1
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Figure 3.4:5
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Figure 3.4:7a
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Figure 3.4:10c
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§3.5 Nonlinear Tollmien—-Schlichting Waves

In this section we describe how our numerical calculations for
the circular cylinder also relate to progressive (or at least
"almost’ progressive) Tollmien-Schlichting waves in channels and
boundary layers.

We begin by considering flow driven through a channel of
width a by a mean pressure gradient of strength -G. The fluid is

assumed to have density p and viscosity v, and we define a Reynolds
3
number, R = E;_a_é_, which is assumed to be large. Lengths, velocities,

pv

pressure and time are non-dimensionalised by a, Gaz/(pv), Ga and

pv/(Ga) respectively. 2  and 9 are used to denote the
(non-dimensional) distances along and across the channel

respectively (see figure 3.5:1), 0 and ¥ denote the corresponding

velocity components, and 6 and £ are the pressure and time
respectively. The solution for Poiseuille flow through such a
channel is given by
d=0 =90-hra.
Waves can be generated in such channels by, for example,
distorting the walls of the channel. Smith (1976d,e, 1979a,b) and
Secomb (1979) showed that there was a distinguished scaling for

asymmetric disturbances, given by the wavelength and frequency of

“lower-branch’, Tollmien-Schlichting  (T-S) waves, viz. Q~RV7,
8R¥7. Zhuk and Ryzhov (1982), Stephanoff, Pedley, Lawrence and

Secomb (1983), Smith and Burggraf (1985), and Rothmayer and Smith
(1987) then indicated how the governing equations for this

distinguished scaling could themselves be rescaled to yield
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equations which describe nonlinear, high-frequency, T-S waves.

Below, we outline the scalings and arguments leading to the
governing equations for nonlinear T-S waves (see the above papers
for more details); to fix ideas we allow for the walls to be

slightly distorted by an O(R™%7)

amplitude. At the end of this
derivation we show that the periodic, classical boundary-layer
problem which was solved for the rotating cylinder problem plays an
important role in this theory.

Wall distortions of typical length R’ and amplitude R 27,

generate cross-channel velocity disturbances of amplitude R in

the centre of the channel. Here, the flow is expected to be

approximately inviscid at high Reynolds numbers, and the
, X X -1/7
appropriate scaling is then (a=R )
X = ocQ, t = ocsﬁ,
b = [GO(S‘/) R CR AR ] , (3.5:1a)
0 = [ oV 0+ L ] , (3.5: 1b)
P = o [ Slcx,Q,t) + .. ] . (3.5:1c)

: A A A
The solutions for u, v, and p, are:

b= w0 + A, 005 . 0 =A b (), (3.5:1e)
Yy
Sl(x,’&,t) = Si(x,O,t) + A”(x,t) J Gj(y)dy i (3.5:1f)

o

Here A(x,t) is known as the displacement function, and allows for
an interaction between the boundary-layers on either channel wall

(see below). For an isolated distortion, the condition of no
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disturbance far upstream fixes W=0, and A0 as x--w. However, for
periodic flow W cannot be determined at leading order, although
without loss of generality we impose <A>=0, where <A> is the
average of A over a period.

The inviscid solution in general leads to slip velocities at
the walls, and hence boundary layers. The flow within the boundary

layer on the lower wall, §/=oc2f(x,t), is specified by the scaling,

§ =%y + fix, 1)), A= o plx,y,t) + ...,

0 = oczﬁ(x,§,t) + ..., 0 = ocs(g(x,§,t)+ﬁfx+ft) + ...,

the boundary-layer equations

U +V~=0, U +U0Uu + Vi~=-p + U~, p~=0, (3.5:2a,b,c)
x y t X y X yy y

and the boundary conditions,

~

U=v=0ony=0, U. %(SV/ + Alx,t) + f(x,t)) + W(O,t) as ¥ > «.
(3.5:2d,e)

On the upper wall, 9=1+o¢2g(><,t), the corresponding equations are

1—9/ = ocz(? - g(x,t)) , 6 = Ot-sg(x,;t) oo,
0= x50 + ..., {=-"CNx¥t - Ug - g,) ..,
U + yx=0 U +Uu + vux=-p +uxx, px=0, (3.5:3a,b,
N = , U, *uu o+ Vs P, + uxe pe ( a,b,c)

U=V=0ony=0, U.ZLYy-Axt -glxt) +Wit) asy e
(3.5:3d,e)
From (3.5:1) the pressure in the two layers is related by:

~ 1 .
P = 1—5— Axx . (3.5.4)

TR

The mathematical problem we wish to solve is specified by

(3.5:2-4). Following Zhuk and Ryzhov (1982), Stephanoff et al.

218



(1983), Smith and Burggraf (1985) and Rothmayer and Smith (1987) we
seek short-wavelength nonlinear T-S wave solutions to  these
equations when there are no wall distortions (i.e. we now assume
that f=g=0). The assumption of high frequency divides each of the
two boundary layers into two asymptotic regions, namely viscous
layers immediately adjacent to the walls and inviscid layers lying
between the viscous layers and the original inviscid core flow.

Let us assume that A«1 is a typical wavelength of the waves,
and introduce the scaled coordinate A£=x. We also assume that T-S
waves have a slowly varying form of solution, with a fast time
scale T=A—3t, and a slow time scale T=7\1/2t. Then as has been shown
by previous authors, the appropriate scalings, etc. are:

Lower inviscid layer

4

» A=
2

, (3.5:5a)

U+V =0, U +27% +UU +W =-P +2a°U, (3.5:5b)
4 n v T 14 n 13 m

V=0 on 7 =0, UN%(n+s!1(€,‘r,T))+W(0,T,T), as M > ow;

(3.5:5¢)
Upper inviscid layer
§=n_2,5=95,5=v_5,g='°_4, (3.5:5d)
A A A A
U +V-=0, U +2™%0 + 00 + V0- = -P_+ A’0U--, (3.5:5e)
4 n T T 4 n 4 nn
V=0 on n=0, GN%(?;—&(E,T,T)) + W(,T,T) , as 7o ;

(3.5:5f)
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Pressure-displacement law

P -P= (S-S:SQ)

I%E ﬂtt )
Before giving the equations for the viscous layers we find
that it is convenient to simplify these equations. We will assume
that to 1leading order in A the solutions are progressive waves,
j.e. the variables & and T are assumed to occur only in the
combination
T T
o=~ [ctDar = £ - N[ e(miar (3.5:6a)
) 0
where c¢ is the local wave speed, and for this definition T and T
are not regarded as independent variables. Note that if the
solution depends only on o, then W must be independent of <.

We now seek a solution to (3.5:5) as a series in A%
(u,v,P,U,V,P,4,W,c) = (U,Vv ,P U,V ,P 4 ,W,c) (3.5:6b)
(o] o o [o] o] [ o] (o] (o]
+ 2772

(V,v,P, U,V ,P 4 ,W,c) +..
1 1 1 1 1 1 1 1 1

Subsituting into (3.5:5) we obtain:

U +V =0, (U-c)U +VU =-p (3.5:7a,b)
oo on o o Qo o on (o1
U0 +V-=0, (U-c)U +VU-=-P |, (3.5:7¢c,d)
oo on o o oo o o7 00
u,+v, =0T + V- =0, (3.5:7e,T)
Ur+ (uo-co)ula + (U1‘°1)Uoo + V1Uon +VU =-P -, (3.5:7g)

UoT + (Uo—co)Ulo + (Ul--cl)Uo + VIUO; Jir = _Pla . (3.5:7h)

g
The leading-order problem (3.5:7a-d) is nonlinear, but fortunately
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there are simple solutions which satisfy boundary conditions

(3.5:5¢,f):
U =%Xn+4)+W (T, V ==24 9, (3.5:8a)
o 2 o o 0 2 oo
P =1y [‘—sa + W (0,T) —c] , (3.5:8b)
oo 2 o0 20 o [
U =n-4)+w(1,m), V=243, (3.5:8¢)
o 2 o o o} 2 oo
- =1y [1-34 - ¥ (1,T) +c] . (3.5:8d)
oo 2 o0 2 o o o
The solutions to (3.5:7e-h) are then
=1 = -1 )
U =34 + WI(O,T) A zsdlan + 'Vl(o-,T) , (3.5:8e)

-P = 154 + W (0,T) + 1;4 [1—34 +W (O,T)-c]
2 oT oT 2 10|2 o o o

1o

X X L (3.5:8f)
* EV1(G’T) * —sdoa[2-941+W1(O,T)-c1] ’
g = -1 V = +34 7 + 7 .
U1 = 2541 + W1(1,T) R V1 +2s410'n + Vl(cr,T) , (3.5:8g)
P ==k +w 1)+ L |fe-w T+
10 2 oT orT ’ 2 10|20 o co
(3.5:8h)

1 1 1
+ EVI(O',T) + Eﬂod[z_sal W1(1,T)+Cl] N

where Vl(O‘,T) and 1_/1(0',T) are the values of V1 and V1 on m=0 and
n=0 respectively. Note that there is no guarantee that these
solutions are unique, and hence there may be other progressive wave
solutions which we do not identify by this approach. Also, from

averaging (3.5:8f,h) over a period, and using <#£>=0, we find that

< =<~ P >=<-
P10> < WoT(O,T)> s <P10> < WoT(1,T)>

bl

i.e. over the slow time scale the mean pressure gradient changes if

WOT:EO. (Dr. P. A. Stewart points out that this pressure gradient is
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much larger than the original pressure gradient. However it can be
forced to zero if another slow time scale, and another asymptotic
layer, are introduced.)

Combining (3.5:5g) and (3.5:8b,d,f,h) we conclude that sdo and

sdl satisfy the equations

1 1 - .
Edooaa - (5(W0(1,T)+WO(O,T)) - Co)‘doo =0, (3.5:9a)
1 1 — -
—120.941000 - (5(W°(1,T)+WO(O,T)) - Co)sdla = sdoT + WoT(O,T) WoT(‘I,T)

1 1 —
+ (§(W1(1,T)+W1(0,T)) - 01)4400 + E(VI(O',T) - Vl(O',T))

(3.5:9b)
Equation (3.5:9a) has the zero-mean solution
sdo = 2a°(T) cos(Ao(T)(O'-'-d)o(T))) R (3.5:10a)
AT
Co = W + E(W°(1,T)+W°(O,T)) . (3.5:10b)
Here a, AO and ¢o are slowly varying functions which are

determined at higher order. From the arbitrariness in defining the
typical lengthscale A, we may take Ao(0)=1 without loss of
generality, and from a translation of coordinates at T=0 we can
assume ¢(0)=0.

Before finding the solution for séll, it is convenient to
determine Vl and 1_/1 by obtaining solutions in the boundary layers
which are driven by the inviscid slip velocity specified by

(3.5:8e,g). As previous authors have shown, the relevant governing

equations, etc. in these layers are:
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Lower viscous layer:

v = 2372
(3.5:11a)
A2, A¥F, A%) = (u,v,P) +A"%(u,v.,P) + ...
o o o 1 1 1
u +v =0, (u-c)u +vu =-P +u , P =0, (3.5:11b)
00 oy o 0o 00 o0 oy 00 oyy oy
u =v =0 on y=20,
° ° (3.5:11c)
u . acos(A (o+¢ )) + W (0,T) as y » w ,
o o [¢] o o
Uo ¥ Vvy,0 P =0, (3.5:11d)
- - + = - +
(uo c:o)u1 + (u cl)uoa +u_+ vou1y vluoy Ph7 ulyy,
u1=v =0 on y=20,
L (3.5:11e)
u1 » E(y+sd1) + Wl(O,T) as y 5> o ;
Upper viscous layer:
3:/_ Ly
(3.5:12a)
A%, A%, A%) = (G ,v,P) + AW, v.,P) + ...
o o o 1 1 1
u +v -=0, (u-c)u +vu-=—-P +4--, P -=0, (3.5:12b)
00 oy o o0 09 o oy 00 oyy oy
u =v =0 on 5/ =0,
_ e ° (3.5:12¢)
u . -acos(A (o+¢ )) + W (1,T) as y > o,
[o] o (o] [o] [o]
Yo ¥ V570 Py =0, (3.5:12d)
(u-c)u +(U-c)Ju +u _ +Vu-+vu-=-P +u—,
o o 1o 1 1 oo oT o 1ly 1 oy 1o lyy
Gl=\71=0 on y=20,
(3.5:12e)

— 1 -— —
u . E(y—sdi) + W1(1,T) as y 5> o .

By comparison with our equation (3.2:2) for the rotating
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cylinder problem (see also below), we see that if a periodic
solution is sought (3.5:11b,c) specify an eigenvalue problem for
W0 (0,T) given a, AO , ¢° and c.. Using the transformation

o> 0+ 'rt/Ao we see also that (3.5:12b,c) specifies the same

problem for W°(1,T), and hence, since the solution is unique (see

section 3.4),
u (o,y) = u (e+n/A ,y), W (O,T) =W (1,T) = W (T) . (3.5:13a)
o [+ o o] [} o

It follows from matching with the inviscid layer that

v = )1{_1;01‘1, (v°+u°oy) = 'Vl(o*,T) = V1(0'+n/Ao,T) . (3.5:13b)

000
Further, using the transformation (see also (3.5:10b))

x = -A(o+¢ ) , z= (A3/1200*3y , u = 120(c -u )/A®,
[o] [o] o o] o] (4]

172
v

v = (120/A%) , p=(1200% /A* , e = 120a /A%, (3.5:14)
(o] (o] (o] [o] (o] o

w = 1200 /A% = 120c /A%-1
[+] [+] o [o]

we note that equation (3.5:11b,c) can be rewritten as

Uu +v. =0, uu +vu =-UU + U , (3.5:15a)
X z X z e ex zZ

u=t+w, v=0 on z=0, u > Ue=1—ecos(x) as z > o . (3.5:15b)

This is the same problem as specified by (3.2:2), the solution of
which is given in section 3.4. Thus w is a known function of ¢,
i.e. from (3.5:14) c is a known function of a and Ao.
In section 3.4, v (x;e) = lim (v +u z) was calculated, which
© bar ] o ox
for convenience we express as a Fourier series (note that <v>=0):

o0
v =z (¢ cos(nx) + B sin(nx)) . (3.5:186)
[»4] n n

n=1
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Then from (3.5:9b, 13, 15, 16) we obtain

1 2 _
1—5(5411000 + Aosdlo) = 2aOTcos(A°(0'+¢°))

1 .
- 2ao{A°T(<7‘+¢o)+l\o[<[>oT + E(W1(1,T)+W1(0,T)) - 01]} S1n(A°(0'+¢°))

A1z o o cos((2m+1) (A (o+¢ )))
] 2m+1 ° ° X (3.5:17)
X -

s [—2
120 -

B, ,,SinC(2m+1) (A _(o+¢ )))

If the asymptotic series (3.5:6b) is to remain valid as |o| » o,
then (3.5:17) must yield solutions sdl which are bounded as |o| » o
(this is Jjust the statement of a secularity condition). Hence we

conclude from (3.5:17) that

A =0 > A =1, (3.5:18a)
oT o]
2a (L (1,T)+W (0, T))+¢ -c ) + (1200?88 =0 (3.5:18b)
eyttt 1 oT 1 1 ’ £
2a_ + (12003 =o0. (3.5:18¢c)
oT 1

Equation (3.5:18a) implies that the wavelength is invariant as
time evolves on the slow scale. Also for given a, and hence B1’
(3.5:18b) relates W1 to (c1—¢°T) - cf. (3.5:10b) which relates WO
to c - Further, for fixed W1 we see that an increase in c must be
balanced by an increase in ¢°T. From (3.5:6a, 13a) it follows that
this makes no physical difference to the answer, because the only
physical quantity is (c1-¢°T), or its integral. Thus without Tloss
of generality we can take ¢°=0.

Equation (3.5:18¢c) determines the evolution of the Ileading
order amplitude, a (recall that o« is a function of g = 120ao). A
graph of o, against a is given in figure 3.5:2. As can be seen, @,

is negative for a = es/120, and hence the amplitude increases
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monotonically until a finite time TS when a = 85/120. At this time
the boundary-layer solution breaks down due to the formulation of a
singularity. For small a, the relationship between a, and @ is
approximately linear, therefore for small initial amplitudes
a0 = ;o << 1 at t =0, the finite time TS has the form (cf.
(3.5:18b))

Tszyo n |ao| -

Numerical solutions of equation (3.5:18c) with small a_, and

Glauert’s small a solution (i.e. small £ solution), yield

_ 1 1 0.656
¥y = - , ¥, = In |

’ v 15 R 120

How the T-S wave evolves after this time requires further
investigation; however we note that at no point does the T-S wave
equilibriate at a finite amplitude, i.e. no ‘nonlinear’ neutral
curve is encountered.

The above solution is only valid if higher order terms to the
solution can be found. Clearly we cannot do this to arbitrarily
high order, and it will have to be assumed that such solutions can
be found. However, we note that the solution to (3.5:17) is (i.e.

<d > = 0)
1

sal = 2a1(T) cos(0'+¢1(T)) (3.5:19)

© B. .cos((2m+1)o)
- (120)172 1 2m+1 ’

m=1 (2m+1)4m(m+1) + sin((2m+1)o)
2m+1

where a, and ¢1 are functions of T determined at higher order; thus
s!ll(0‘+1t) = ".941(0’) . (3.5:20)
For given a, a, c1 and ¢1, the next order boundary-layer

problems (3.5:11d,e) and (3.5:12d,e) can be viewed as eigenvalue
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problems for Wl(O,T) and W1(1,T) respectively. By again considering
the transformation o > o+m, we conclude, using (3.5:8) and
(3.5:20), that

u(ovy) = u(e+my), W (0,T) =W (1,T) = W (T), (3.5:21)
and so from (3.5:18¢c) the second order boundary-layer problem fixes
c, as a function of a and a, (cf. the leading-order boundary-layer
problem which fixes c, as a function of ao). We do not solve this
linear, but numerical, boundary~layer problem here, although it
appears reasonable to expect a solution to exist.

We conclude that nonlinear T-S waves with an ‘almost’
progressive-wave form do exist in a channel, and that their
amplitude slowly increases in time, until boundary-layer separation
disrupts their simple harmonic structure.

With the above formulation, an interesting aspect of the
solution is that both the mean pressure gradient and mass flux must
change slowly in time in a specified manner. However this is a
rather artificial restriction and it is more natural to fix one or
the other. This can be done by introducing another slow time scale
and a further asymptotic layer (Dr. P. A. Stewart, private

communication, 1988).
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Appendix 3.A Keller-box Schemes

Our first attempt to solve the rotating cylinder problem used
a Keller-box scheme. This is based on splitting a k*®  order
differential equation into k first order equations. We therefore

write

o
N
=
m
i
<
n
c
"
o
o
I
=
i
c
n

Ey . (3.A.1a,b,c)

On expressing equation (3.2:3) in the wvariables G, E and C, we
obtain three first-order partial differential equations. These
equations are  discretised using second-order finite-difference

approximations about (x N ) where x_, ¥y 1 =i = NX,

i-172" Y3-1/2 i j

1= =NY are the grid points. Given the solution at X4 the
resulting nonlinear equations are solved simultaneously for Gi 3

EI’J, Cl,j (1 = j = NY) by Newton-Raphson iteration in a similar
manner as in the FD method. The Jacobian matrix L is a 9 x NY x NY
banded matrix with a band width of 9 (cf. (3.3:3b)). This scheme is
more time-consumming than the FD code, because of the increased
size of the matrix.

In addition to using the Keller-box scheme on the

boundary-layer equation in primitive variable, we also wrote a

Keller-box code for equation (3.2:4). Here we wrote
C =u, E=u =C ,

and substituted into (3.2:4) to obtain two first-order partial
differential equations. These were discretised as above, and the
resulting equations again solved by Newton-Raphson iteration. The

computational time of this method was intermediate between that for
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the Keller-box method for (3.2:3) ‘and the FD method. This reflects
the size of the Jacobian matrix. The answers for all three codes
were consistent, but the FD code was approximately an order of

magnitude faster.
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Appendix 3.B Spectral Methods

In this appendix we give more details of the spectral method

schemes used in section 3. 3.

The quadratic multiplication of two Fourier series

At a number of points in secion 3.3 there is a need to

multiply two finite Fourier series to form quadratic terms, viz.

[q”cos nx + q" sin nx] ][r +z [rm cos mx + r. sin mx]]
c < Q C )
(3.B:1a)
On expanding out the above two series and using the trigonometric

multiple-angle formulae, we obtain for the multiple shown in

equation (3.B:1a), after truncating the result to N terms,

IN»
n n n n
r +—z r + r
c‘oo 2 qc c qs s]
n=1%“
N
i n-1
n 1 m n-m n-m
+Zcosnx q r +q r + — [qr - q ]
o ¢ o 2 c c s
m=1
n=1 -
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. n n
+ sinnx | g r +qr +
o s s

=
i [\/] =
[+]
l [
=}
1
[y
—
O'QB
n g
!
+
Qg
o—’:ls
E]
—t

+
N~
=
i
0
g
[]
o]
+
0
g
[}
=]
| W

(3.B:1b)

The governing equations for the NRK method

In deriving the governing equations for the NRK method we
express the streamfunction ¢ and the square of the external

. 2 . . :
velocity, U =, in terms of Fourier series as
e

N
Wix, y) = f (y) + z [ 2 (y) cos(nx) + . (y) sin(nx)] ,
n=1
(3.B:2a)
and
N
Ue(x)2= u + 2 [ ucn cos(nx) + u: sin(nx)] X (3.B:2b)
n=1

Note that the superscript n denotes the coefficients associated
with the nt" mode of the Fourier series and not the power n

or the nth derivative. Equations (3.B:2) are substituted into
- = + 3.B:3
by, - Y v (3.8:3)

1
X' yy 2 e X yyy

to give the following system of coupled ordinary differential
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equations; a prime denotes differentiation with respect to y, and
(3.B:1) has been used repeatedly. The equation for the

x—independent term is

N
"y
f B Z
o
m=

the equations for the cos(nx) coefficients for 1 = n = N are

N3

[ R ] , (3.8: 4a)

1

-nf> f +nf'f +
s o

s c c s c s s ¢
m=n+1 L -
N-n [- -

4 4 7 4 ” ”
m m m+n m m+n m _m+n m +n
+ — |1 f ff + i f A ;
2 s c c s c s s ¢
m=1 o -

(3.B:4b)

the equations for the sin(nx) coefficients for 1 = n = N are

234



”n
n n n 1 n
f +nf f -nf f - =nUuU
s c o c o 2 c
n-1 - -
m m’ -m’ m’ n-m’ m .n-m” m -m”
= }; - | -f f + 0 f + -0 f
2 c c s s c c s s
m=1 - E
N - -
m m’ m-n’ m’ m-n’ m .m-n” m m-n"
+ }; — | -f f -f f +f f + ff
2 c c s s c c s ]
m=n+1 - -
N-n - -
m m’ _.m+n’ m’ _m+n’ m . m+n” m _.m+n”
- — | -f f - f0 f + f° f + ff
2 c c s s c ¢ s s
m=1 L -

(3.B:4c)

To solve this system of 2N+1 coupled nonlinear, third-order,

ordinary differential equations, they are rewritten as (B6N+3)
first-order equations as explained in section 3.3 - see equation
(3.3:7).

Let the solution vector s be

s=(U, f, f5, f5 ..., Ff ,fS,f3, ...
W 1 1 o 1 1

©

Then the governing equations can be written as

’

s = H(s)
where H is a nonlinear vector function. The Cash and Moore (1980)
8H
NRK code requires the Jacobian a—s—i- . The non-zero elements of
J

the Jacobian matrix associated with (3.3:6a,b) are straightforward,
and are all unity. Those associated with the third derivatives are

more complex. From equation (3.B:4a), we have, for 1 = n = N,
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= 0 N 7 = 0 ’ 77 = 0 ,
a( fo ) al fo ) a( fo )
a( fo ) n " a( ‘I"o ) a( 'Fo ) n on
= =T ’ 7 =0 ’ 7”7 = = = f ’
a( f ) 2% S al £ ) al > ) 2 s
(o] [+ [~
al( fo ) n o a( fo ) a( fo ) n o
n =T E fc ? n' = 0 ’ “ = E fc ?
a( £ ) a( f ) a( f )
s S s

(3.B:7)
while differentiating (3.B:4b) and (3.B:4c) with respect to the

4 4

derivatives of fo, fo , fo yields, for 1 = n = N,

"is n7 "
n

a( " ) al f* ) , at £ )
__c—_——=0’ ——_7c_"_—=nfn’ ———/‘i—=‘nfn,
a £ ) alt ) s a( f ) s
o] o o
and
a(f;‘ ) a(f: ) , 6(1“: ) .
— =0, —-——,——=-nfc, -—”——nfc
a( f ) a( f ) ac f )
] o o
(3.8:8)
"t
a(f™ )
The matrix elements of the general form —:—;—- , etc., are more
arf” )

(o}

complicated. They are listed in tables (3.B:1,2) below in the

following manner. Column 1 shows the elements of the Jacobian, for

i

ar £ )
example —;——, for 1 =n, m = N. The entries in column 2, 3 and
ac £ )

[}

4 should be included in this element if the inequalities
1=ms=np-1, 1=<m= N-n, and ntl =m =N are satisfied
respectively. Table (3.B:1) is calculated from equation (3.B:4b)

and Table (3.B:2) from equation (3.B:4c). & is the delta

n,m
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function. The Jacobian entries associated with the boundary

conditions are straightforward and are omitted.
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Table 3.B:1

=m =n-1 1T =m= N-n ntl =m=N
m _.n-m” m .m+n” m .m-n”
= f = f = f
2 s 2 s 2 s
m f.n—m” _m fm+n" _m fm—n”
2 c 2 c 2 c

”

-nf &

o n,m
E fn—m' n 1_.m+n’ _ n f.m-n'
2 s 2 s 2 s
n fn—m' _ n _Fm+n' n f,m—n'
2 c 2 c 2 c

’

+nf &

) n,m

(n-m) cn-m _ (m+n) cmen _ (m-n) cm-n
2 s 2 s 2 ]
(n-m) Fn-m (m+n) gm+n (m-n) Fn-n
2 c 2 c 2 c
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Table 3.B:2

=m = n-1 1 =m= N-n n+l =m=N
m n-m" m m+n” m m-n’/
= f - = f = f
2 c 2 c 2 c
”
+nf &
o n,m

m _n-n” m m+n” m m-n”
~f - =f = f
2 s 2 s 2 s
n fn-m' _n fm+n' _n fm—n'
2 c 2 c 2 c
1
-nf &
o n,m
n fn—m' _ n fm+n' _n fm—n'
2 s 2 s 2 s
(n-m) _n-m (m+n) _m+n (m-n) _m-n
f f - f
2 c 2 c 2 c
(n-m) _n-m (m+n) m+n (m-n) _.m-n
f f - f
2 s 2 s 2 s
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The governing equations for the VM method

The derivation of the governing equations for the VM method is

similar to that for the NRK method. First, u, u2 and Ue2 are

expressed in terms of Fourier series in x as

N
ulx, y) = go(t//) + Z [ g:(l[l) cos(nx) + g:(l/l) sin(nx)] ,
n=1
(3.B:9a)
N
uz(x, Y) = Go(lll) + Z [ d:(lll) cos(nx) + G:(w] sin(nx)] ,
n=1
(3.B:9b)
and
N
Ue(x)2= Uo + z [ U: cos(nx) + Lf; Sin(nx)] . (3.B:9c)
n=1

From (3.B:1), G, G' and G" are related to g, g  and g° for
o (o3 s o [od S

1=n =N by

N
_ 1 m m n n .
G, =99, *3 z [gc 9 *9 9 ] ' (3.B:10a)
m=1
n-1
n _ n 1 m n-m _ m n-m
Gc = 2 gogc + > [ gc gc gs .gs ]
m=1
N
LTS
2 c ¢ s s
m=n+1
N-n
1 m m+n m m+n
t 3 [ g9 *d9 9 ] , (3.B:10b)
m=1

and
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Gl =2gg"+ > [ g d " +d g'm]
s o”s 2
m=1
N
1 m m- m-n
* 5 E: [ Q: Q; 9 c ]
m=n+1
N-n
1 m m+n m m+n
Ez [ 9 9 +g 9 ] (3.B:10c)
m=1

Equations (3.B:9) are substituted into

2y o+ uu® (3.B: 1)
X vy

to give the following system of coupled ordinary differential
equations. A prime now denotes differentiation with respect to .

The equation for the x-independent coefficient is

g G +
[e] o

[

N

Z[gme +gme]=0. (3.B:12a)
(o] [+ S S

m=

1

s o Cc [o] c s
n-1
1 m -m” m -m”
+ L e g
2 }: [ Q: c %; s
m=1
N
+ 1 m Gm-n” + m dn-—n”
2 Q: c %; s
m=n+1
N-n
1 +n m +n”
+ - [ " dﬂ + g d“ ] ’
2 c c s s
m=1

(3.B:12b)
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and the equations for the sin(nx) coefficients, for 1 = n =< N, are

-nG =g G + G gn—nUn
[o] [o] S o s C
n-1
1 m _mll m m”
i) | g g e
m=1
N
+1 —md"l_nll+mdn_nll
2 gc s gsc
m=n+1
N-n
_12 [_gmen +mdn+n]
c s s c
m=1

(3.B:12c)

Newton-Raphson iteration was used to solve this system of
coupled ordinary differential equations, and therefore the
appropriate Jacobian was required. For a solution vector g

consisting of Uw, g, g: and g: for 1= n =N, we denote the kth

Newton iterate by gk,

On substituting into the governing equations, and linearising with

respect to 8g, we obtain (cf. (3.3:9))

A g = b.

The derivatives of &g were approximated by second-order finite-
differences. To minimize the band width of A, the elements, 692 It

1=n=N, and 6g° 5 for 1 = j =NY, of the vector &g are

S

n,j

Sle]

arranged as follows,

242



4]
—
A
3

IA
=2

L o,NY J

We now proceed to describe how the matrix elements for the
Jacobian matrix are stored. For convenience, we will concentrate on
the governing equations in the interior of the computational domain
since the lower and upper boundary conditions are relatively
straightforward. For each j, 2 = j = NY-1, there are 2N+1 rows in
the Jacobian matrix corresponding to the 2N+1 equations (3.B:12) -
the cos(nx) equations occupy the first N rows, the sin(nx)
equations the next N rows and finally the cos(0x) equation the
oN+1tP row. Each group of 2N+1 rows is placed one below the other
in the direction of increasing Jj, 1= j = NY. Therefore, the
cos(nx) equation at the point j is in row (2N+1)(j-1)+n+1 (the
extra 1 being the boundary condition for the constant eigenvalue

Uw). The coefficients of &g°

n,j’

69: 5 1=n=N, and 6goj are
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tabulated in a similar way to above. Each column of the matrix A is
identified by the corresponding row in the vector dg, hence the
(2N+1) (j-1)+n+1 column is identified by Bg‘:1 K This arrangment is

illustrated for part of the matrix A in figure 3.B:1. Therefore a

s

typical equation involving 69;:1 " 6gnk

, 1=n=N, and 6go,k for
Jj=1 = k = j+1 has BN+3 non-zero elements in the associated Powl.

The entries in tables (3.B:3), (3.B:4) and (3.B:5) correspond
to the contributions from the cos(0Ox) equation (3.B:12a), the
cos(nx) equations (3.B:12b) and the sin(nx) equations (3.B:12¢c)
respectively. In tables (3.B:4) and (3.B:5) the integer n can take
any value between 1 and N thus corresponding to the different
cos(nx) and sin(nx) equations. The entries in the first column of
all the tables indicate the &g element; the remaining columns list
the contributions to those elements. Note that a table entry with a
superscript other than n, e.g. Sg':’j or Sg:d, is valid for a range
of m or k which is stated at the top of the relevant table or

column.

The functions A1’ A  and A3 are defined as

2
’

A(g):g_—g_’
1 h? h

A2(g)=g —29-,
h

A3(g)=—g—2--g—,
h h

We note that the band width of A is 8N+3 because the band width
is the sum of two maximum distances from the principle diagonal in

the two opposite directions.
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where h is the step size in ¥, and the derivatives are approximated

using second- or fourth-order centred finite-differences.

Figure 3.B:1

J-1 J J+1
F—J\ﬁ ( . -\ K—_A.-\
cos(nx) sin(nx) cos(0x)

n=1,...,N n=1,...,N
[
J"‘J
\
r n=1
n=2
- cos(nx)
U n=N
r n=1
R n=2
sin(nx) 1
| =
L cos(0x)
J+1
L
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Table

3.B:3a

Sle]

3g

0, j+1

2g A (g )
o1 o

N
<) [ LA

1

2g°A2(g°) + Go

N
+ Z [g';’Az(g’;')

m m
+ gsAl (gs) ]

m m
* gsAZ(gs) ]

+gmA (gm)]
s 3 s
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Table 3.B:3b

89:,j+1 goAl(g:) * g:Al(go)

5" | g A (g") + g"A_(g ) + %G"
Z,j—l goA3(g:) * g:As(go)

A, * 524 (5,)

o, 4,60 g (a,) + 6

o, 2,000+ 97A,)
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c, j+1

ng
C

c, j-1

s, j+1

s, J

s, j-1

+ + IS
] 5
HMI
- -

+-

+

+

+

gnA (gn—m)
c 1 c

n n-m
gsAl(gs )

n n-m
gcAz(gc )

n n-m
gsAz(gs )

n n-m
gcA3(g )

[

n n-m
gsAS(gs )

n n-m
gcAl(gs )

n n-m
gsA1 ( 9, )

n n-m
gcAz(gs )

n n-m
gsAz(gc )

n n-m
gcAS(gs )

n n-m
gsA3(gc )

Table 3.B:3c¢c

n m-n
gsAz(gs.)

n m-n
gcAS(gc )

n m-n
gsAB(gs )

n m-n
gcAl(gs )

n m-n
gsAl(gc )
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+

+

<+

MIH
= [~

=
1
=]

n ( m+n)

gcAl

gnA ( m+n)
s 1

n m+n
gcAz( )

n m+n
gsAz( )

n m+n
gCAB( g )

c

n m+n
gsAB( )

n m+n
gcAI(g )

s

n m+n
gsAl(gc )

n m+n
gcAz(g )

S

m+n
)

n
gsA (gc

n m+n
gcAa( 9, )

n m+n
gsA3(g )
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8g

o, j+1

Table 3.B:4a

2goA1(g:) * Zngl(go)

n-1
n-m m n-m m
* E: [ QL ﬁ.(QD) Eé ﬁ.(%;)]
m=1
N
m-n m m-n m
* E: [ Q: Ai(Q:) * %; Ai(%:)‘
m=n+1
N-n
\
+ Z [ m+nA(m) +gm+nA (gm)
1 ] 1 s J
m=

n n n n
2g0A2(gc) + 2gcA2(go) + Gc - 2ngS

L 2 2
m=1
N
m-n m m-n m
+Z Lg Az()+g A2(g)]
m=n+1
N-n
m+n m m+n m
+ E: [ g @z(c) + @Z(S)]
m=1
2g A_(g") + 2g"A_(g)
o 3 c c 3 o
n-1
n-m m n-m m
. Z [gc A - g As(gs)]
m=1
N
m-n m m-n m
* }z [ %: QB(Q:) * %; 63(%;)]
m=n+1
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Table 3.B:4b

6gc,5+1 2goA1(go)

n "
6gc'j 2goA2(go) + Go
Sg:’j_l 2g A (g )
692’j 2ng°

Table 3.B:4¢ for 1 = m = N
3¢, o1 9cA, (g0
897 goA,(g])
Bg:, » g:As(g:)
%9, yo1 9ch, (g
692’j g:Aa(g:)
Bg:,j_1 g:AS(QZJ
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Table 3.B:4d

c, j+1

ng

c, j-1

s, j+1

S,

s, j-1

+

+

+

n-m

n—m)

Ag(go)

+
«Q
o B
5
>
-
«Q
o

m=-n
* gc Az(go)
-n
+ ng
+ i Gm_ ”
2 c
m-n
goA3(g )
+ g nA3(g )
g A (gm—n)
o1
m-n
* gs Al(go)
m-n
goAz(g )
EEANCR
m—n
- ngc
+ l Gm_nll
2 s
m-n
goAS(g )
+g ~nAs(g )

+

+

+

-+

+
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c, j+1

Sgk

c, j-1

s, j+1

6gk

s, j-1

N

n-1
m=1

n-m

n-m

Table 3.B:4e

m-k
Al(gc

A (g:_k)

n-m A ( gm—k)

2

-m m-k
)

- gs A(gs

n-m

n-m

n-m

2

n-m m-k
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Appendix 3.C Fourth-order Defect Correction

In this appendix we will outline how defect correction was
implemented to increase the accuracy of our solutions from second
order to fourth order.

We suppose that the nonlinear differential equations of
interest can be discretised by a second-order-accurate finite-
difference scheme to obtain a vector of nonlinear algebraic

equations
b,(x) =0, (3.C: 1)

where the subscript 2 indicates a second-order-accurate
approximation. We suppose that the solution, x, to this system of
equations can be obtained by Newton-Raphson iteration. Specifically
we write, (cf (3.3:9))

5‘“1 = >$k + 3x , (3.c:2)

substitute >ik into the discretised equaitons, and linearise with
respect to 8x to obtain,

k
)

A (x5)8x = b, (x (3.C:3)

where A is a Jacobian matrix. By repeated iteration, the second-
order—accurate solution x, can be obtained within a given error.
To obtain a fourth-order-accurate solution, a fourth-order

discretisation could be employed, and the resulting equation
9_4(5) =0 (3.C:4)

could be solved directly. However this method has the disadvantage

that the Jacobian matrix will in genreal involve more non-zero
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elements, and the inversion of the Jacobian matrix is the most
time-consuming part of the solution process.
As an alternative we write the fourth-order-accurate

discretisations in the form
b,(x) *+ hzg‘l(&) =0 . (3.C:5)

Once a second—-order—accurate solution, 3_2, has been found, a
consistent  fourth-order-accurate solution <can be obtained by

solving
2 _ .
92(5) + h _q4(§2) =0 . (3.C:B)

The advantage of this two stage process is that a Newton-Raphson

jteration to solve (3.C:8), i.e.
k _ Kk 2 .
A (x )8x = l_a_z(& )+ h 94(52) , (3.C:7)

uses the same Jacobian matrix A, and hence the Newton-Raphson
scheme needs only to be programmed once. Once the fourth-order-
accurate solution X, is obtained, a slight improvement in accuracy

was achieved by solving

b, (x) + h2g4(>i4) =0. (3.C:8)
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Appentix 3.D The (X, y) coordinate Method

In a further attempt to reduce the value of l,llm, at which the
correct exponential decaying behaviour can be maintained, we tried
a new coordinate system. An inspection of equation (3.2:3)

suggested X as an independent variable,

*U (x)
X = [ e dx ,

U

[o] e
where U_ is the mean of Ue(x), and u as the dependent variable,

where

Transforming (x, ¥) to (X, ¢), the governing equations (3.2:2)

become,
2 -2 4- 4 -2
Ue ( u )X * 2Ue ux - ( Ue ) u (3.D:1a)
=20% +20%(0) -20% u )+ a )
e vy e by e p by
with boundary conditions
u=UU -uU?Z on ¥ = 0, (3.D: 1b)
W e e
u - uu_(x) as ¥ > o, (3.D: 1¢c)

~

with u as defined in (3.3:1). A spectral method was adopted by

writing
[o4]
u= ho(lll) + Z h:(l,[l) cos(nX) + h:(lll) sin(nX) . (3.D:2)
n=0

The series (3.D:2) was substituted into (3.D:1), the quadratic
terms reordered and the series truncated to N terms. The resulting

coupled differential equations were solved by the VM method
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described in section 3.3.

The governing equations were more complicated than before but
the simplicity of application of the wupper boundary conditions
introducing the proper exponential decaying behaviour made the
approach appear attractive. Using equations (3.D:2), (3.D:1c) and

(3.3:1b), we obtain

ho({ll) = Ao + By , (3.D:3a)

h:(!ll) = [ a cos / % Y o+ bnsin / —E- 1/;] exp [:/-%_ 'l’] ,
(3.D:3b)

h:(t/l) = [ a cos / -2~ v - bnsin /% l/!] exp [—/ -2-- ll’] ,
(3.D:3c)

for 1 = n = N. The constants Ao and B were forced to zero by using

the conditions
ho( Y ) = ho'( Y ) =0, (3.D:4a)

and the a, b’n were eliminated by differentiating (3.D:3b,c) and

then substituting back, so to obtain the 2N boundary conditions:

h'= /= ( -h° - ), and h= /2 K -h),
c 2 n n s 2 n n

(3.D:4b,c)

for 1 = n = N. These boundary conditions were applied at l/lny_x.

Again, defect correction was applied to the second-order-

accurate solutions to yield a fourth-order-accuate results. The
*

same stretch (3.3:2b) was employed in ¢ with A = 0.25, 8 = 0.05 as

before. With NY = 91 and HY = 0.2, l/J00 was reduced to 10.7 - this

gave consistent results for € = 0.6. However, for £ = 0.6, the
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forcing term U‘3 could not be accurately resolved in the X
coordinate system with the limited number of Fourier modes, e.g.
N = 18, which were available to us before computer memory
requirements became a critical factor. With the boundary condition

inadequately modeled, there was no point in finding solutions for

€ = 0.6.
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Appendix 3.E Attempts to find the Separation Singularity Structure

This appendix describes a number of unsuccessful attempts to
find an asymptotic description for the separation singularity that
our numerical results suggest develops at € = €. An analytic
singularity structure for the classical boundary-layer equations is
a necessary preliminary to developing an interactive theory for the

marginally separated flow which is likely to exist for

O0<Ke-¢g «1.
S

Attempted Inviscid Structure with u ¥ X~ ¥

The numerical results of section 3.4 suggest that as € » es a
stagnation point develops away from the wall, close to the location
where the pressure gradient is zero, i.e. where (Uez)x~ 0. Other
types of separation singularities that develop away from the wall
are known to be inviscid. For example, the MRS singularity caused
by a stagnation point above a downstream moving wall at a point
with a non-zero pressure gradient has been shown to be an inviscid
singularity (Sychev (1980), Elliott, Cowley and Smith (1983), van
Dommelen and Shen (1983), Williams and Stewartson (1983)).

The singularity of section 3.4 does not appear to be a
standard MRS singularity because the numerical results suggest that
it develops at a point where the pressure gradient is zero.
Further, when the minimum velocity is small but positive, i.e. when

0 < € € « 1, it should be possible to derive an asymptotic

solution which describes the flow in the region where the velocity
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is small, i.e. where Ix-xsl « 1. Attempts to derive such a
description based on the MRS singularity structure at a point of
non-zero pressure gradient were even less successful than the
following conjectures.

As a first attempt, we therefore seek an inviscid singularity
structure close to a point of zero pressure gradient. For
convenience, we denote the stagnation point by the subscript s, and

write
X=><—><S, \Il=w—ws, Y=y—ys, (3.E:1a)

and for X « 1, we write the pressure gradient as

1 2 - 1 .
5[ u ]x o+ X +27ua><2 ... . (3.E:1b)

In Von Mises coordinates, the inviscid boundary-layer equation is

2

(u™) = (@ *°) , (3.E:2)
X e X
which has a solution
u = [ Uez(x) + g(y) ]“2 , (3.E:3)

where g is an undetermined function of Y. At the stagnation point,
4 n

u must have a minimum in ¥; hence ¢ (llls) =0, ¢ (ws) > 0, and we

are assuming that the pressure gradient is zero there, i.e. M= 0.

Hence a Taylor expansion of (3.E:3) about the stagnation point

yields
” 72 1/2
U=[71+H2X2+9('I's);+~~] , (3.E:4)

where ¥, = Uez(xs) + g(l/JS). When € = e a singularity structure of
this form would have 'yl= 0, while for 0O < es—e « 1, arl should be

small, positive and some function of e£-¢ .
S
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Solution (3.E:4) suggests that in the neighbourhood of the

stagnation point, the appropriate asymptotic scaling is
u~Xa~19v, (3.E:5)

However the viscous term, u(uuw)w ~ X, is then found to be of the
same order of magnitude as the inertia terms, uux ~ X. Hence the
proposed inviscid singularity structure is incorrect, and for the
scaling (3.E:5) viscous terms must be retained.

We note at this point that, rather than working in Von Mises
coordinates (x,y), we could have used the primitive variables (x,y)
and come to the same conclusion. Specifically, for |X| « 1, the
leading-order, inviscid, boundary-layer equation in primitive

variables is
uux+Vuy=X , u +V =0 (3.E:6a)

where, y = g(X) +Y, v = ug, + V, g(X) is any function of X, and

for simplicity we have assumed u2 = 1. The solution is

u=/ X% + ¥_cosh (BY) , (3.E:6b)
2—' 2

where B and 72 are undetermined constants, and 72 >0 as € > es.
This solution suggests that in the vicinity of the stagnation point

u~X, Y~1and y ~ -log(X)/B, which agrees with (3.E:5).

Model problem of a moving wall

Before proceeding to describe other candidates for the
singularity structure, we describe first a model problem which has

the same singularity, but for which more accurate numerical results
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can be obtained. The chosen problem consists of flow over a
semi-infinite flat plate (leading edge at x=0), with both the
inviscid slip velocity and the wall velocity being non-zero. This
flow is not periodic, and no eigenvalue needs to be found.

As before the boundary-layer flow is described by the steady

boundary-layer equations in Von Mises coordinates,
uu =U(U) + u(luu) , (3.E:7a)
X e e X vy »

and we choose as boundary conditions,
u=U >0 on ¥ = 0, (3.E:7b)

u - Ue(x) =1 - x + Ax° as Y > o, (3.E:7¢)

i.e. a constant positive wall velocity, and an external velocity
which decelerates at the start of the plate, but then accelerates
further downstream (A > 0). This model problem is similar to one
considered by Elliott, Cowley and Smith (1983) when they were
studying the MRS singularity over a downstream-moving wall. Indeed,
if A is zero or sufficiently small (and Uw < 1) then an MRS
singularity develops at the finite Jlocation downstream where a
stagnation point develops within the boundary layer. However, if A
is sufficiently large, there is only a small region of adverse
pressure gradient, 0 = x = xd(A) = ;TX’ and a solution can be found
for all x. Hence there is an intermediate value of A, say AS, above
which no singularity forms, but beneath which one does. We are
interested in the structure of the singularity (assuming that there
is one) for A = As.

The problem specified by (3.E:7) was solved for various values

of A, using a numerical scheme which was based on the FD method
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discussed in section 3.3 (the various modifications included
different stretching functions). The numerical results showed that
for large A the velocity u was positive for all x. However, as A
was decreased towards the critical value As = 0.4259, a stagnation
point began to develop away from the wall at a finite distance
downstream, x = xs. It was confirmed that solutions obtained for
A< 7\5 developed into inviscid MRS singularities at points of
non-zero pressure gradient (Eliott et. al. 1983, Villiams et al.
1983).

Figures 3.E:1-3 display, at discrete points of x and for
various values of A close to but greater than As, the velocity u
verses both the streamfunction ¢ and the Jlocal boundary-layer
normal . The lines with decreasing minima in u represent
increasing values of x. Figure 3.E:4 displays the minimum velocity
u over Y, i.e. m"Ln (u), against x for A = 0.4259 and A = 0.42595
(represented by the solid line and the dotted line respectively).
This graph indicates that at A = 0.4259, mln u is linear in X
except when u gets very small, where the accuracy of the
calculations is in some doubt. If we denote the position of
min

u = min (u) by (x , ¥ ), this suggests that for 0 < A-?\S « 1 and
X, ¥ o o

u < |x—x°| « 1,

min (u) « (( x =-x1), (3.E:8)
P o

although there may of <course be logarithms, etc. in this

relationship. Figure 3.E:5a displays uo against A, from which we

conclude that wu in - 0 at a finite value of As. Further, as A - As,
min

the numerical results also tentatively suggest that the stagnation
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point develops at the point of zero pressure gradient, i.e. that

X, > Xy (see figure 3.E:5b). However the results (obtained with the
o

finest grid of 9601x4801 points) given in table 3.E:1 are not

conclusive.
Table 3.E: 1
A u X X
min o d
0. 0.349533 0.6617938 0.833333
0. 0.269337 0.838702 1.000000
0.45 0. 180545 0. 3969653 1.111111
0.43 0.085157 1.058913 1.162791
0.427 0.081591 1.090158 1.170960
0.4265 0.043041 1.100089 1.172333
0.426 0.027655 1.120239 1.173709
0. 425385 0.022452 1. 125586 1.173847

In an attempt to obtain the asymptotic behaviour of umln(A) as

A AS, we tried fitting the numerical results to

n
1

u (A) =k (A -2Aa)°, (3.E:9a)
min 1 s
and
n2 m
u (A =k (A_-2) [ log(A - ) ] , (3.E:9b)
min 2 s s
where A, k, k, n, n and m are empirical constants. The
s 1 2 1 2

solutions for AS from both fits agreed well, giving AS ~ 0.4259.
However the other constants did not converge to consistent values
as A decreased towards As (e.g. n decreased from 0.4 to 0.26, and
n, from 0.4 to 0.28 respectively with A in the range of 0.45 to
0.42595).

In an attempt to understand the numerical results for
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0 < AS— A«1, we have also examined the form of the MRS
singularity structure in the 1limit of the pressure gradient at the
stagnation point becoming small.

As Sychev (1880), Elliott, Cowley and Smith (1983) and
Williams and Stewartson (1983) have shown, the MRS singularity has

the scaling

and a non-zero pressure gradient in the vicinity of the stagnation
point. This singularity consists of three asymptotic regions: (i) a
region where y = 0(1) at the wall, (ii) a region O0(log(-X)) away
from the wall, where the velocity is small, and (iii) a region
0(2log(-X)) away from the boundary where the velocity is 0(1)
again.
For convenience we briefly outline the asymptotic structure of
this singularity. First, we examine the middle layer where
y = g(X) +Y. (3.E:10)

Substituting

1/2
vY) =B+ [X| f o+ X[ fo+ (3.E:1a)

where B0 is a constant, into the steady boundary-layer equations,

and equating coefficients of powers of X, etc. we obtain

(—2ﬂ1)1/2
fo = —F — sinh z , (3.E:11b)
1“1 = 20‘1( 1 + cosh®z ) + crzcosh z - %Bsinh 2z , (3.E:11c)

where z = B(Y - YO), and B, Yo' o, and o, are constants. If f‘1 is
to match with the y = 0(1) wall layer, etc., then it turns out that

0= 0, and because of the transformation (3.E:10) we can take Y0= 0
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without loss of generality.

In the lower layer where y = 0(1)
Wy) = ¥ (y) + [X][¥ (y) + ..., (3.E:12a)

where \Ilo(y) is a function determined by the upstream solution

(\I/O(O)=0, \I!oy(0)=U" to satisfy the wall boundary conditions), and

"t

Iy “n, - ¥
1 0
v =¥ j —_— | dy . (3.E:12b)
1 0 2
v
0 0
We suppose that
¥ B -—ce ™V -ceT o lasys o, (3.E:12¢)
0 o} 0 1
and then,
2
-u 3c B¢
v, ! [ 1 e’ - [ 14 o] + ... ] as y > o, (3.7:12d)
1 2 2 c 1)
B , 0 1

Before a match between the two layers can be made, g{x) needs to be

specified. The appropriate expansion is
g(x) = -g log|X| + g + ... . (3.E:13a)

Matching between the two layers shows that

1/2
g ===, g = == ]og — , 3.E: 13b,C
(o) 2B o B 2I3C
0
> = - 11, B (3.E:13d)
1 2 2 3
Be,

There is another Jlayer 1like the wall layer with the scaling
y = 2G(X) + y. Details of this layer are omitted for brevity,
although we note that G ~ g to leading order.

In our attempt to understand the marginal MRS singularity, we

are interested in the behaviour of the constants B, co, cl, etc. as
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“1_) 0. Here B and c0 were estimated from the numerical results

using the fact that for small X,

—Ue(O) - u1Xexp(23ymin)
B ~ ————me and S, ~ > ,

2B

where Ve is the blowing velocity and Yoin is the position where
u . oceurs. The calculations suggest that both B8 and R increase
as A - AS, but sufficient accuracy could not be obtained to
demonstrate a definitive parametric dependence on A - AS. A
comparison of the inertia and viscous terms showed that they are of
the same order of magnitude near Y = l[lo as x > x_ for A - AS « 1.

We have also considered a number of other solution methods in
order to obtain improved numerical results. For instance, previous
authors have had success in identifying singularities using series

extension techniques (e.g. Van Dyke 1984).

As a first attempt we assumed that

o] [o0]

U =Z U (y) X", u =Z W (y) X, U =W, =1, (3.E:14a)

e
n=1 n=1

and sought a solution of the form
[se]
Y = Z ¢ (v) X" where ¢ =y - (3.E:14b)
n=1

The coefficients Un, Wn were chosen so that the pressure gradient
was favourable for small x (to accelerate the flow), adverse for
larger x (to decelerate the flow towards a stagnation point), and
then favourable again (so that a stagnation point would only just
form). On substituing into the boundary-layer equations, and

equating powers of X, we obtain for n =z 2,
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"t

b +y 4 - (w1 4]

n

(3.E:15a)
n-1
7 ’ ”n
= _pn * Z m [ ¢m ¢n+1-m - ¢m ¢n+1—m ] ’
m=2
where
0
U[U] =x+z p X . (3.E:15b)
e e n
x n=2

A disadvantage of this formulation if fast, highly accurate,
numerical solutions to the ordinary differential equations are to
be obtained, is the presence of the y ¢: term in (3.E:15a).

In order to eliminate this or similar terms, we considered a

model problem where flow originates from x = -w, and, for example,

Ue= 1 - exp(x) + Aexp(2x), Uw= exp( -2exp(x) ) + Aexp(2x)

. . . . . X
To simplify the series expansions a new coordinate € = e was

introduced. Solutions were then sought of the form

*) o«

¢=Z¢n(y) g, Ue=zlié" l{’=2¥€, (3.E:16)
n=0

n=0 n=0

where ¢0 =y and U0 = Wo = 1. Oon substituting into the

boundary-layer equations we obtain for n = 1

n-1

¢n - n¢\n = - nUn + Z m [¢m¢n_m - ¢m¢n_m - UmUn_m] = Rn, (3.E:17a)
m=1

¢n(0) = 0, ¢n(0) = Wn, ¢n(co) = Un . (3.E:17b)

Note that the operator on the left-hand side of (3.E:17a) is just
the harmonic operator, which made it simple to use a fourth-order,
finite-difference discretisation (sixth-order accuracy was obtained

by Richardson extrapolation).
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The solution procedure was to first obtain ¢n and ¢n by

solution of

(6" - np =R, ¢;(0) =, ¢;(ym) =U ., (3.E:18a)

and then ¢n and ¢n from

Y/ Aw/i ” ’ ” ym ”ne n
(6) -ng_=R , ¢ (0)=- J'o dy, ¢ (y)) =0, (3.E:18b)
”n " ym 7
(6) =¢ . ¢ =0, ¢(v)=["9gd,  (3E18)

0

respectively. Note that a bad choice of boundary conditions at Yo
(the approximation to infinity) can significantly affect the
accuracy of the solutions at large n. The above specification was
found to be optimal.

To check the accuracy of our results Y, was varied over 45,

60, 120 and 180, and uniform grid-sizes of H = E, 15 and 15
256° 512 1024
15

were used. For A = 0.5, it was adequate to use Y, = 45 and H 513
to obtain a solution up to 300 modes. As a check on the accuracy of
our solution we monitored | ¢niv(ym) |, which, from above, should
be zero. Only modes for which this was less than, say, 10"5 were
assumed to be reliable.

In order to examine the singularity structure we constructed

the series for 2 i.e.
[o4]

vw=Zn (Vy-¢) g, (3.E:19)
n=1

and then using Padé approximants tried to identify the position of
the singularities in the & plane for different choices of A. When
a strong MRS singularity formed, the position of the singularity on

the real, positive & axis could be identified from the poles of the
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denominator of the Padé approximant. However, when the MRS
singularity was marginal the position of the poles could not be
reliably identified. Thus an attempt to find the dependence of the
poles on A - 7\5 was not successful (indeed it was hard to identify
7\3 by this method). Further, for a given value of A, we attempted
to calculate m%x(vw), in order to identify its dependence on
A - AS. However, the results were again not reliable enough to be
of use in our quest for the singularity structure. In particular,
it was difficult to recognise the x position where mzélx(vm)

occurred.

Attempted Viscous Structure with u ¥ X ~ ¥

The numerical results of the previous sub-section for A close
to AS, suggest that in the vicinity of the stagnation point,
u~3%a~ X (i.e. scaling (3.E:5)), and that the stagnation point
develops at/near the point of zero pressure gradient. In an attempt
to find a singularity structure we therefore assume K= G,

substitute

u = Xw, v

Xg (3.E:20a,b)

into the viscous boundary-layer equation, expand in powers of X,

and obtain at leading order in X
wi w - Cw{ ) = B, * w( WW, )( . (3.E:21a)

By rescaling we can take “2 = 1 without loss of generality
(uz > 0), and the appropriate boundary conditions for matching with

¥ = 0(1) are
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W iBt?; as ¢ o to, (3.E:21b)
where Bi are positive or negative constants depending on whether X
is greater or less than zero (see (3.E:20) and recall that u must
be positive).

In order to check whether boundary conditions (3.E:21b) can be
satisfied, one possibility would be to use a numerical ‘shooting’
technique starting from &{=+o with a given value of B+. For positive
B+ (i.e. X > 0), it is also necessary to specify the magnitude of
an exponentially small term present as & > . Alternatively for
B+ > 0, a shooting technique can be used where w(0) and wC(O) are
varied until the asymptotic conditions (3.E:21b) are satisfied. For
example, by use of the Ilatter technique symmetric solutions were
found for a range of values of w(0) > 1, each with a corresponding
B+ = B_; the relationship between the two is Iillustrated in figure

3.E:Ba. This indicates that for X > 0, a symmetric solution can be

found for all w(0) > 1, which yields a unique B, satisfying

(3.E:21b).

For negative Bt’ one of the boundary conditions (3.E:21b), say
the one as & - +w, completely épecifies the solution because there
are no exponentially small terms present as |{| » w. We therefore
denote the solution by w(c;B+). Note also, that since (3.E:21a) is
symmetric in &, then if a solution, w, with boundary conditions
(3.E:21b) exists then so does one, w() = w(-L), with boundary
conditions

w > *BLas § > iw; (3.E:22a)
hence w(Z)=w(L;B). If a solution to (3.E:21) is to be found for

X < 0, it follows that
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w(O;B*)=w(0)=w(O;B_) and wt(O;B+)=-wc(0)=-wc(0;B_) . (3.E:22b)

Using a numerical shooting method starting from ¢ = Cm, we
calculated w(0;B) and w((O;B);figur‘e 3.E:Bb displays w(0) against B
and figure 3.E:6¢ wc(O) against B. No two values of B+, B could be
found satisfying (3.E:22b) - note that asymptotic analysis shows
that w > -1, W, > O both as B > 0- and as B » ~o (see below). Hence
we conclude that the proposed asymptotic structure based on
(3.E:20) does not exist, despite the fact the numerical results of
section 3.4 and the previous subsection appear to be consistent
with this scaling.

In order to confirm this conclusion, we have also examined the
singularity  structure in primitive variables. Specifically, on

substituting
y =g(X) +Y, ¥~ Xf(Y) , (3.E:23)

where g(X) is any function of X, into the boundary-layer equation,

and expanding in powers of X, we obtain at leading order in |X],

’ " "
2

f -ff =1+ f . (3.E:24a)

A prime denotes differentiation with respect to Y, M, = 1 has again
been assumed, and the appropriate boundary conditions (deduced

either from the inviscid solution or from (3.E:21b)) are 1

1 Note that B+=B+, B =B_if X > 0, and B+=—B_, f3_=—B+ if X < 0.
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£ . %oc exp( B,Y) as Y > +o , (3.E:24b)
*

£ _% « exp(-B.Y) as Y »> -, (3.E:24c)

<0, B, >0

where «,, B, are constants (oci, B, > 0 for X>0; «

+

for X < 0). The transformation Y—>Y-—log(|oc+|)/:3+, allows us to take,
without loss of generality, « =0, where o=1 if X >0 and o=-1 if
X < 0.

Numerical solutions of (3.E:24) confirmed that for X > O
(3.E:24b,c) could be satisfied for any {3+, but that for X < 0 no
regular solution for any B+ could be found which had the required
exponential growth both as Y - +w0 and as Y - -o.

It might be argued that accurate numerical results are hard to
obtain at very small or very large values of B+, and that at one of
these extremes a solution for X < 0 might exist. However, as the
following analysis indicates, this is not the case.

First, we consider the case of small 8 and write

1

z = BY, fly) = B F(z) ; (3.E:25a)
then equation (3.E:24a) becomes
12 ” 2 "
F“-FF =14+B°F . (3.E:25b)

At leading order in B the equation is inviscid with solution

F o~ gsinh bz , (3.E: 26a)

where, o is a constant, and by slightly modifying (3.E:25a), we can
take b = 1 without loss of generality. Higher-order corrections can

be obtained by performing an expansion in powers of fB:

F = o sinh(z) + {32F1 o (3.E:26b)
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Substitution into equation (3.E:25b) yields

4 ”n

2cosh(z) F1 - sinh(z)( F1 + I-'1 ) = cosh z, (3.E:27a)
a solution of which is
Z
F1 = czcosh z + clcosh z J’ tanhzz dz
0
z .
+ Lecoshz | —— dz (3.E:27b)
2 cosh z e

z

cosh z [ tanh’z log[ tanh 1—2 ] dz .
2

1

(o]

For the solution to have the correct asymtpotic behaviour as

|z| > =, it follows that c, = 0. Then as z > O,

1 .2 z 1
F1~C2[1+§Z +...]+2—+6—Z + .

—1— 1—231n 1— —1—23-4-
513 5z 3

The logarithmic term suggests the existence of a ‘critical layer’

(3.E:28)

near z = 0, where viscous forces cannot be neglected. The
distinguished scaling for the critical layer is Y ~ 1, and matching

with (3.E:28) suggests the expansion
f=oY + Be + B3+ B3+ ghin(B)T + B + (3.E:29)
2 2 3 4 4 T

Substitution of (3.E:238) inte (3.E:24a), yields after a little

manipulation,

1 1.3 _ 1 2 z _ 13 1 .
fz = §Y + go-Y , f‘3 = -2-c2Y . f4 = gY 5‘Y , (3.E:30a)
1 A 1 2 1 .
f4 = '—4'Y + —;[ C2 ‘T] + g4 (3.E.30b)

where
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1 _ -l 2 .
g, * O‘Yg4 - 20‘g‘l = -5 oY® , (3.E:31a)

and 9, » - %—Yzlog(lYD as |Y]| » o . (3.E:31b)

For a successful match to be made with z = 0- and =z = 0+, g4(Y)
must be a symmetric function of Y. For o =1, the symmetric
particular solution to (3.E:31a) will satisfy (3.E:31b) because the
complementary functions (i.e. Y2 and an antisymmetric one which
behaves like exp(-oY?/2) as |Y| > @), grow less fast as |Y| 5 o
than the particular solution. However, for o = -1, a solution to
(3.E:31a) does not exist which satisfies (3.E:31b) both as Y > +w
and as Y - -o.

Asymptotic solutions for large B have also been sought. The

most obvious scaling in this case is

v=%, £(Y) ~ Bf(z) , (3.E:32a,b)

which yields on substitution into (3.E:24a)

~12 ~~ ~uns

f -ff =¥ . (3.E:32c)

This equation has solutions

f = c exp(bz) - b, (3.E:32d)
where b and c are constants. However, for no choice of b or ¢ do
these satisfy the boundary conditions (3.E:24b,c) both as z - o and

as Z > -~o.

Other candidates for the singularity structure

The above arguments seem to rule out a singularity structure

based on the scaling u ~ ¥ ~ X, Y~1. Next we concentrate on X < O,
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and try a more general scaling

n=uX)Y, ¥=- é f(n, X) . (3.E:33a,b)

The boundary-layer equation then becomes

p X

2 ) + X ff =1-p®F . (3.E:33c)
X H nn nnn

f - ff -X(f f_ - F
nn X

n nn n 7

We will make the hypothesis that to leading order the singularity
is inviscid (this seems to be suggested by some ‘continuation’
model problems - see below), which imples that p « 1. For maximum

interaction at the correction term, we will also assume that

p X _
—Z— ~ 4, i.e. that p= [-log(-x)172 . (3.E:34)
Substitution of
fo=f(m) +pf (n)+ uzfz(n) ‘.. (3.E:35)

into equation (3.E:33c) yields after some algebra (recall X < 0 and

u > 0)
1, .
f‘o = 3 sinh B7n , (3.E:36a)
n 2
f, = a cosh Bn + a_cosh By j tanh2Bn dn . (3.E:36b)
0

In order that fo and fl maintain their asymptotic ordering as

N > o, we require a, = 0. The solution for fz is then given by

£

2 |- Btanhzﬁn J cosh Bn a 732— Bzcosh Bn - sinh %377 dn .
: 1

cosh 7 sinh :}37)

(3.E:36¢)

For all B > 0, this solution leads ‘to logarithmic terms as 7 - 0O
whatever the choice of a (the 0O(n) term was included in (3.E:35)

in the hope that a could be chosen to remove the logarithm). For
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the same reasons as for u ~ ¥ ~ X, B « 1, these logarithmic terms
cannot be smoothed out by a critical layer, and hence the above
asymptotic structure is incorrect. Further, it does not appear to
be possible to add other terms into (3.E:35) to rectify the
problem. Obviously the same conclusions can be reached using Von
Mises coordinates rather than primitive variables.

A slight variation on the above is to allow the —Xux/u term in
(3.E:33c) to occur at leading order by choosing p = (-X)* for

n > 0. In Von Mises coordinates this corresponds to a scaling
u= (X)X, &, ¥=(-X)'"¢. (3.E:37a,b)
Substitution of a perturbation expansion,
v=y (@) 4 (X (@) 4+ .+ (P (@) (3.E:37c)

into the boundary-layer equation demonstrates that at leading order

2/(1-n) ) 172 -

v = (ua +c¢c , (3.E:38a)

]
where “2 is as defined beneath (3.E:1b), and ¢ is a constant.
Hence, the Ileading-order solution is regular only for certain
values of n, e.g. n = 1/2.

For illustration, the calculation for n = 1/2 has been taken
to next order. The governing equation for v, is (note that for

n = 1/2 we can take v = o)

)-“3

o 53V, o oY) ~ 5 (3.B:38b)

Uo{ 201- g—v”] + U1(U -c—v ) = v (

A series solution about & = 0O demonstrates that again logarithmic
terms are present as { - 0 (these are a consequence of the viscous
forcing in the above equation). Therefore a critical layer must be

present, and it turns out to be essentially the same as that
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considered earlier. Because this critical layer cannot successfully
match to logarithmic terms in both £ > 0 and { < 0, we are forced
to conclude that this singularity structure is ruled out.

A singularity structure has also been sought with (cf.
(3.E:33a,b) )

n=uX)Y, ¥=-Xpufln X, (3.E:39a,b)

p>» 1, and |Xux/;1| « 1. The leading order equation of an expansion
in powers of u-l is essentially (3.E:32c), which consists of a
balance between inviscid and inertia terms (no pressure gradient
term is present). However, solutions to this equation which satisfy
the appropriate boundary condition as Y 5> o [Y 5 -], cannot be
matched onto a suitable flow for Y 5 -o [Y 5 «] either directly or
by an intermediate region where the pressure gradient is
significant (the different asymptotic behaviours of (3.E:32d) at o
and -o suggest the presence of an intermediate layer in one
direction).

We have also considered scalings where p = (-X) ", i.e.
=X, ¥=(-x)'""fn) . (3.E:40a,b)

These scalings have |Xp.x/u| =0(1), and for nNn>0 1lead to a

modified form of (3.E:32c), viz.

"

Fo-(-n) FF + (1-2n)fF 2 =0, (3.E:40c)

where n < 1/2 is assumed so that a stagnation point develops in wu.
However, suitable solutions which match as = becomes large (i.e.

N B_n( 1-n)/n)

, and for which u is everywhere positive, do not
exist, thus ruling this singularity structure out as well. An

important case is n = 1/4. This corresponds to a velocity profile
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that is regular in the neighbourhood of the stagnation point, i.e.
u ~ A(y—ys)2 for |y—ys| « 1 and |X| « 1, where A is an order one
constant.

A related possibilty is that u is regular to leading order at
the stagnation point, but that the pressure gradient is non-zero
(although this assumption appears to be inconsistent with the
numerical results). The scaling 7 = (-X)-l/‘ly, then leads at
leading order to (3.E:40c) modified by the addition of a constant
on the right-hand side (the constant can be normalised to 1 without
loss of generality). The solution to this eqation is just T = n3/6.
Given this leading order solution, higher order corrections in

powers of (-X) 174

can be calculated. They suggest that the
displacement thickness and the blowing velocity remain finite for
|X| « 1. This is in disagreement with the numerical results, as is
the fact that this singularity structure predicts that
m;n u o (-X)? for 0 < =X « 1. Further, it is not clear how such a
singularity structure is continued into X > 0, a consideration
which is necessary for A - As small but positive. Our conclusion is
that this is not the correct singularity structure.

We have also considered a number of other more ‘exotic’
singularity structures; for example one was based on a behaviour
u~ [-log(-¥)] for u close to u_ (although this type of behaviour
is of course in disagreement with our numerical results).

Unfortunately, none of them has been followed to a successful

conclusion.

286



A continuation approach

Finally, we attempt to obtain some insight into the
singularity structure by introducing a new parameter into the
problem, say n, and then letting n tend to a value, here n =1, at
which point the original problem is recovered. Specifically, we
consider the boundary-layer problem where the pressure gradient is
given by (-X)", and the singularity is assumed to develop at X = O
(by suitable choice of initial conditions, etc.).

The governing boundary-layer equations are then, for X < O,
(3.E:41)

n
uu, + vu = = (=X) + u_ .
X y vy

When n = 0 we might expect a standard MRS singularity to occur at
X =0, (or possibly a Goldstein singularity if the stagnation point
develops ‘at the wall’), and when n = 1 a marginal MRS singularity
of the type of present interest should develop.

First, we sought a singularity structure to (3.E:38) which was
based on the MRS singularity. On substitution of

v = (_X)(n+1)/2 C

(3.E:42a)
1(g) + ...)

(n+1) /2 (1-n)/2
w

u = (-X) (wo(C) + (=X)

into the Von Mises boundary-layer equations, regular solutions for
wo and w1 could be found for 0 =n < 1. However, their limiting
form as n > 1 was unclear, primarily because there were a number of
unknown constants whose magnitude, and dependence on (1-n), would
be fixed by the upstream solution. This approach is not pursued

further here.
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Instead, we assume a singularity structure for 0 < n < 1 in
which the inertia, viscous and pressure gradient terms all balance.

The appropriate scaling is then

u~ (=) PV 200, w= ()™ (3.E:43)

On substituting into the boundary-layer equation in Von Mises

coordinates, we obtain
(n+3)w
[cw -qw]=—1+w(ww ), (3.E:44a)
£ t g
4
where q = 2(n+1)/(n+3). In order that the solution match with a
velocity profile that has u = 0(1) for ¥ = 0(1), the appropriate

boundary conditions are

W Bi|§[q as & > to , (3.E: 44b)

where B, are positive constants. As in the solution of (3.E:21) for
X < 0, the solution for (3.E:44) can be characterised by its
asymptotic behaviour at infinity, i.e. w = W(C;B+). Similarly, a

solution satisfying (3.E:44b) can be found if
w(O;B+)=w(O;B_) and Wt(O;B+)=—w((0;B_) . (3.E:45)

Numerical integration demonstrates that such solutions exist
for 0<n< 1, and that they are symmetric about & = 0. The
numerical solutions also suggest that B =B -~ 2(1-n)/(n+3) as
n->1 and an asymptotic solution for 0 < 1-n « 1 can be found
confirming this (also see below). Hence, this model problem
suggests that for n =1, we should be Ilooking for a singularity
structure which is almost inviscid. However, as indicated above,

asymptotic solutions based on this assumption have yet to prove
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successful., Further, we consider next a slight modification to
(3.E:41) which suggests that there may be other significant
difficulties.

Specifically, we consider the boundary-layer equation
ua = - (—X)(-log(-X)):Zm + u(uu*)* , (3.E:48)

and assume that a singularity develops at X = 0. On the basis of
the previous example, we might expect to be able to find a
singularity structure for m > 0 (m = 0 corresponds to the main
problem of interest). The numerical solutions to (3.E:44a) for
0 < 1-n « 1 suggest an asymptotic expansion of the form

(m+1)/2
ey

U~ (—X)[—log|X[ ( )
3.E:47

" 1
u ~ (—X)[—log|X|] (4 + ——m 0 + ... )

° [-log(-x)1 *
Substitution into the governing equations, expansion, matching,
etc., yields

2 2,172

a =(1+8"") "%, 01=nz(1+132nz)"“2

n
(a+jn’3r(n)dn) (3.E:48a)

where B and « are constants, and

F(n) = -m + (1-m)B%n2/2 + B2(1+B%H) V2 . (3.E:48b)

If there are to be no logarithmic terms in 01(71) (these need to be
avoided since a critical layer cannot seem to be found which
smoothes them out), then the coefficient of 'n2 in the Taylor

expansion of (3.E:48b) about % = 0 must be zero, i.e.

B=(m-1)1"2. (3.E: 49)

Note that this fixes the asymptotic behaviour of Clo, and is an
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analytic derivation of what we have done numerically in the
previous model problem.

The disappointing aspect of this solution is that it is not
valid for 0 < m=1. Thus we cannot get asymptotically close to
m= 0, i.e. the problem we are really interested in. This suggests
that the m =0 ©problem may have a significantly different
singularity structure. We conclude that a singularity structure
which looked very straightforward at first, and for which the
numerical results suggest the most obvious asymptotic scaling, is

in fact far from simple.
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Figure 3.E:3a 2 = 0.4259
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Figure 3.E:6a X > Q
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Figure 3.E:6b X < 0
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