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SUMMARY 

Frequency multiplication using the non-linear capacitance 
formed by the depletion layer of a reverse biassed p-n junction 

diode is studied with a view to obtaining a complete and gener-
ally applicable solution to the problem. The solution is 
presented for two basic circuit configurations in the form of 
a series which may be evaluated for any diode and for any 

order of harmonic. Results are included in the form of power 

loss and design curves for three orders of multiplication 
for various diode characteristics and for various diode and 
circuit 'Q' factors. From these curves the performance of 

different multipliers is compared and Conclusions are drawn 

as to the choice of circuit and diode for maximum efficiency 
multipliers. 

The effect of driiring the diode into the forward 
conduction region is studied both as an extension to the depletion 
layer mode of operation and as a distinctly different 

mechanism for frequency multiplication. 

A circuit analysis allows the estimation of various 

additional losses including the use of non-ideal filters and 

unwanted liarmonic power being dissipated in the diode and in 
the load. Methods of eliminating these losses are suggested. 

Problems which occur in practical circuits are discussed. 

These include methods of biassing the diode, behaviour when 

the input amplitude is not constant, matching conditions 

and requirements for cascading circuits. 

The basic large signal theory is verified experimentally 

and operation of various circuits is illustrated at both 

low (1 Mc/s. to 10 Mc/8.) and high (300 Mc/s. to 1200 Mc/s.) 
frequencies. 
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INTRODUCTIOF. 

Definition. 

Frequency multiplication may be defined as the 

conversion of power from a fundamental or input Crequency to 

a higher unique harmonic frequency. 	This definition will be 
assumed in the following work. 	It should he noted that this 
does not include the generation of a hand of harmonic 
frequencies which comes_under the heading of harmonic genera— 
tion. 	Distinction should also he made between these two 

mechanisms and 'mixer action' in which power may he generated 

at a higher or lower frequency not integrally related to the 

input frequency. 

Historical survey — Methods and applications. 

Since the early days of electronic circuits, frequency 

multipliers have been used in various applications. 	For 

example, in radio transmitters a small amount of power is 
often developed at a relatively low frequency, then multi—

plied in several stages before being amplified at the final 
output frequency. 	This has the advantage of facilitating 
frequency stability, firstly because it is often easier to 
construct stable oscillators at low frequencies and secondly 
because high power at the output frequency cannot, through 
poor shieldingpe coupled to the oscillator thus giving rise 

to instability. 	Also in mixer circuits it is often desir—

able to originate the local oscillator power at a convenient 

low frequency and then multiply to the frequency required 

for mixing. 

This multiplication has in the past been carried out 
with valves operating in class 'C'34. 	In a similar manner, 

transistors may he used in frequency multiplying circuits. 

Both these methods have the disadvantage of a low overall 
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efficienCy'necessitated by the presence of d.c. power 
supplies.' 	The upper frequency at which useful power may he 

developed is also limited in the above devices. 

Reasons leading to present work. 

vdth the introduction of transistors, junction diodes 

also became considered as useful circuit elements. 	At the 
time the present work was started, the field of 1/:;571::s  
conversion21'24,29  and parametric amplification 
beginning to arouse interest due to the usefulness of the 

latter device as a low noise amplifier at high frequencies. 
Parametric amplification depends on the presence of a non-

linear'reactance as a coupling element between circuits 

resonant at two different frequencies, the pump and the signal 
frequencies. 	A very suitable non-linear reactance was 

available in the depletion layer capacitance of a reverse 
hi aged p-n junction diode 5, 3s althoughamplifiers and 
converters were also studied using ferrites as the non-linear 
element 21,34138  

A difficulty encountered in high frequency parametric 
amplifiers is the fact that the pump (i.e. the input power) 
frequency must be greater than the signal frequency5 	A 
method of overcoming this difficulty was suggested by Bloom 
and Chang°, in which power is supplied at one half the 

theoretical pump frequency and the non-linearity of the 

coupling element used to generate second harmoniC power at 

the necessary frequency. 	Whilst making preliminary 

investigationeof these topics the author decided that perhaps 

a more efficient method of overcoming the difficulty of 

generating high frequency pump power would be to use a 

separate diode with suitable circuitry to generate the 

required harmonic. 	The present work is the 'outcome of this 

idea but as has already been pointed out, the usefulness 
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of the circuit is not limited to the field of parametric 
40;k 

amplification, 	may he applied. 4e any of the uses of 
frequency multipliers previously covered hy-thia-4÷8-e-e* valve 
or transistor circuits. 

Work already carried out in the field. 

The theoretical basis for the use of non-linear 
reactances in frequency multiplying circuits was first put 
forward in 1956 by Manley and Rowe24  when they discussed, as 
a special case of their 'power relations in non-linear 
elements', the use of a non-linear reactance as a device 
capable of 100% efficiency when used as a freqAncy multiplier. 

This fact is intuitively- obvious, since if no losseS are 
present in the non-linear element, no power will he dissipat-

ed and hence the power input to the device will equal the 
total power output. 	It is only necessary to use adequate 
lossless filters in order to realise 100% efficiency. 	It 	is 
of course obvious that the Manley Rowe relations are only 
applicable in the ideal and non-practical, case of lossless 
non-linear elements and lossless filters. 	The behaviour of 

practical circuits with lossy diodes and/or lossy circuit 
elements cannot he predicted without recourse to a circuit 

analysis. 	This was first attempted by Chang9  whose paper 

appeared at the commencement of the work described in this 

thesis. 	Prior to this, Riga 6  had suggested using ferro 
electric devices for frequency multiplication and several 

people had in fact constructed various multipliers 0'36 

without attempting to relate the efficiencies they obtained 

with any theory. 

Purpose of project. 

The aim of the research is to obtain a complete 
understanding of the theory of frequency multiplication using 
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the non-linear capacitance effect of p-n junction diodes, 
hence to evolve a tractable theoretical approach to the 
solution of the problems leading to a basis for the design 
and evaluation of performance of various circuits. 	This 
enables a comparative study of different circuits to be made. 
As an extension of the depletion layer behaviour, a study,is 
also made of operation of the diode as a charge storage 
device. 

Outline of project. 

The work divides into the following basic headings: 

Section 1, 
Section 2, 

Section 3, 

Section 4, 

Section 5, 

Section 6,  

Basic concepts and circuits, 

Large signal depletion layer analysis, 
Consideration of charge storage effects, 
Sources of decreased efficiency when using 
practical circuits, 
General details of depletion layer circuits 
including cascading, 
S ome general experimental results. 

All the work .  described is believed to be original 
except where specifically stated to he otherwise. 	However, 
since the research was started, a number of papers have been 
published in the field which overlapped the author's work. 
In order to clarify the points which the author considers to 
be original, a discussion of these points follows. 
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DISCUSSION OF ORIGINAL WORK. 

At the time this workkm frequency multiplication 
was started, the only relevant theoretical papers to have 
been published were by Manley and Rowe24 in June, 1956, and 
by Chang9 in September, 1958, 	Chang's paper which is 
essentially an extension of that on; parametric amplifiers5 
gives an approximate theoretical solution for a doubler and 

a trlpler for a specific circuit. 	After most of the basic 
work on the two circuit configurations discussed in sect.l 

23 
had been completed, Leeson and Weinreb published a paper 
which overlapped the author's work and lead to the same 
basic small signal circuit equations for a doubler as had 
-already been obtained by the author (refer to sect.1) 	This 
paper does not however consider in any detail the effect of 
circuit and diode losses, nor the problem of optimizing a 
specific circuit for minimum power loss. 

In september, 1960, after some large signal theory for 
low order multipliers had been evolved, Johnson19 published 
a paper which considers large signal behaviour. 	This paper 
does not?howeveri  give any general results which may he readily 
used to indicate the efficiencies obtained under specific 

conditions nor does it discuss the choice of circuits. 	The 

method described for tackling the large signal problem is 

different from the author's method. 

Although some thought had been given to operation of 
the diode in the forward region, it was not until after the 
publication. in October, 1959, of a paper by Leenov and Uhlir22  
that serious consideration was given to multiplication using 

the charge storage effect. 	The work described in sect3 uses 

this paper as a starting point and is essentially concerned 

with predicting the efficiencies obtainable when filters are 
introduced into the circuit and hence with determining the 
behaviour of a depletion layer circuit when driven into the 
forward conduction region. 



22 

Apart from the points mentioned, all the work may be 
taken to he original to the hest of the author's knowledge 
unless explicitly stated otherwise. 	A summary of the most 
important points of the work is given below:— 

Complete approach to the large signal solution of the 
diode behaviour in the depletion layer mode of operation for 
the two basic circuit configurations. 

Extension of the work of Leenov and Uhlir22 on the charge 
storage mode of operation to cover the case of circuits with 
filters, thus increasing the efficiency,and hence to predict 

the behaviour of a depletion layer circuit when driven into 
the forward conduction region. 

Circuit analysis and discussion of the two basic circuits, 
leading to expressions for power loss due to both lossy 
diodes and lossy filters. 

Design data and curves of power loss for various cases. 

Cascading considerations including discussion of match—
ing conditions between adjacent stages. 

Comparative study of various circuits and combinations 
to obtain a given order of multiplication. 

General topics including a qualitative study of hysteres—
is effects and behaviour of a circuit when it is de—tuned, 
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SECTION 1  

BASIC CONCEPTS AND CIRCUITS. 

1.1 	Introduction. 

The present section is intended to give a general out-
line of the theory and operation of the frequency multiplying 

circuits under investigation. 	The essential properties of 

the non-linear element, the p-njunction,are discussed and 

methods of utilising the diode in practical circuits are 

given. 	Two basic circuits for a X2 multiplier are analysed 
on the basis of a small signal approximation. 	The results 

of the theory indicate the requirements for high efficiency 

operation. 	Some experimental results are included andfrom 

these conclusions are drawn as to the limitations of the 
small signal theory and extensions necessary to the theory 

in order to predict accurately the behaviour of any multi-
plier. 

1.2 	Diode characteristics. 

A p-n junction diode operating with a small amount of 
reverse bias may be represented essentially by its depletion 
layer capacitance which is a function of the applied bias. 
This capacitance obeys the well known law: 

C = k(VB 	*O 	 (1.1) 

where VB is the applied reverse bias voltage, if, is the 

barrier voltage and k is a constant which depends upon the 

geometry of the diode. 	The value of y depends on the 

doping of the diode: for an abrupt junction, -y = 1/2 and 
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for a linearly graded junction, 1( = 1/3. 	It is important 
to note that the above capacitance is the small signal 'a.c. 

capacitance'; i.e. it is the capacitance which would appear 
if the diode,together with its bias wereconnected across an 

impedance through which a small a. c. current was flowing. 
If the alternating voltage across the diode is not negligibly 

small we have the following relationship: 

C (v) = k (VB  + v + 	Q)Y 	(1.2) 

where v is the alternating voltage across the diode. 	This 
may he expressed in the form: 

C(v) = Co  [1 	v/(VB 	lk 0)] -Y 	 (1.3) 

where Co is the small signal capacitance given by (1.1). 

The other important property of the diode which must 
be considered is the loss introduced by the finite resistance 

of the material. 	This becomes particularly significant at 

high frequencies, i.e. when the reactance of the capacitance 
Co, becomes comparable to the series loss resistance. 	This 

resistance is, to a good approximation, constant and the 

equivalent circuit of the diode under a given bias may be • 

represented as a non—linear capacitance, C(v), whose small 

signal capacitance is Co, in series with a loss resistance 

fts. 	In fact both Co and Rs are frequency dependent to a 

slight extent but since the frequency 'gain' of the multi—
pliers to be considered is small, this variation may be safely 

neglected. 	At very low frequencies the shunt or leakage 

resistance may also be significant but since the main appli—

cation of the circuits is at high frequencies, this may 
generally be neglected. 

For the present discussion it will be assumed that the 

diode is operating solely in the depletion layer region. 
The effect of driving the diode into the forward conduction 
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region will he discussed later. 

Obviously, two main requirements in choosing a diode for 

frequency multipliers are: 

(a) A suitable non-linearity 

(b) A low value of series loss resistance. 

The precise effect of these properties is noti however,obvious 

and in the following work a detailed study is made of the 

behaviour of the diode as a circuit element in frequency 

multipliers. 

1,3 	Basic circuits. 

Given a non-linear element, the first problem is to 

choose a circuit in which it may he incorporated to generate 

harmonics and in which a particular harmonic may he filtered 

so that power may he extracted at a given frequency. 	Two 
basic possibilities exist for utilising the non-linear 

properties of the diode. 	The diode may he connected either 
in series or in shunt with the generator and load. 

(Henceforth it will he assumed that a suitable bias supply 

is included: a discussion of biasing arrangements will he 

found in sect.5.2). 	The two alternatives are shown in Fig. 

1.1 for a circuit without filters. 	We are, however, inter- 

ested in generating a particular harmonic and for this 

reason it is obviously necessary to employ filters to prevent 

power from. being dissipated at unwanted frequencies. 	Thus 

we have the two possibilities as shown in Fig.1.2. in which 

the generator with its associated resistance is fed through 

a filter to the diode which in turn feeds power to a filtered 

load at the required harmonic frequency: loss conductances 
G1, Gp or resistances R1, R 2, are shown; their exact nature 

will he discussed later. 
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These are the two basic circuits to he considered in 

the following work. 	In order to gain an understanding of 

the essential properties of the circuits, a study will first 

of all be made of their behaviour as X2 multipliers, using 
only a first order.approximation to the non-linear charact- 

eristic of the diode. 	In subsequent sections a more 

detailed analysis of the behaviour will he given, valid for 

all orders of multiplication and including high order non- 
linear effects. 	Henceforth the circuit shown in Pig.1.21(a) 
will he referred to as a node circuit since it consists 

essentially of two nodal points coupled together by the non-

linear capacitance; likewise the circuit of FiF,.1.2,(h) 
will he referred to as a mesh circuit since the diode forms 

the non-linear coupling element between two meshes. 	Nnte 

that these two circuits are not duals; if this were to he 

the case the coupling element in the second circuit would 

have to be a non-linear inductance with suitable character- 

istics. 	For this reason a separate analysis is required 

for each circuit. 

1.4 	X2 node circuit. 

1. 	Analysis. 

Consider the circuit shown in Fig'.1.2,(a). 	It is 
assumed that the losses at the input and output frequencies 

may he represented by the conductances q1 and G2 respectively 

Thus each conductance represents a combination of diode and 

circuit losses. 	The filters are assumed to he perfect short 
circuits at frequencies other than their resonant frequencies. 

Let a generated voltage VI 
exist at the input node where; 

v1. = VI sin 6J1 	(1.4) 
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This voltage will cause a current to flow through the diode 
and due to the non—linearity, a second harmonic current, 12, 
will produce a voltage, v2  , at the output node. 	Thus the 
voltage across the diode, v, is given by: 

v = V1sin G.) 1t 	V 2 sin c.) 2t 

where= 2 CA) 2 - 1 

The current through the diode, i„ is them given hy: 

(1. 5) 

= C(v) dv  at 

  

(1 . 6 ) 

where C(v) is defined by (1.3). 	This follows since C(v) 
is the incremental capacitance, i.e. 

C(v) = 	 (1.7) dv 
The expression for C(v) as given by (1.3) is not suitable 
for evaluating (1.6) directly. 	A first order approximation 
to the non—linear law may be made,howeveriby letting 

C(v) 	C0  + c'v 	 (I . ) 

The complete expansion of C(v) will of course be an infinite 
series but the capacitance with the first order non linearity 
given by (1.8) will generate second harmonic current and 
will thus serve as an indication to the probable behaviour 
of the circuit. 	Note that c' is simply the slope of the 
'a.c. capacitance' versus voltage characteristic at the 
operating point determined by the bias. 	It is thus the first 
term of the Taylor expansion of 0(v) about the operating 
point; i.e. 

C 	= 	y Co  / (VB  + 	0) 
	

(1.9) 

Combining (1.6) and (1.8) and substituting for v from (1.5) 
leads to the result: 
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= i( co l ) + 1( CJ2) 1- i( 0 3) + i( Co 4 ) 	(1.10) 

where: 

(CJi) = W1CoVicos6.)it — (1/2)c 'Ca) iViV 2sin ctt + 9f-2  (1.11) 

( Gi 2) = W2C0V2cos w 2t-42  + (1/2)c (,..31V12si n2 (..) 	(1.12) 

We are not interested in currents at other frequencies since, 
due to the filters, power can not he dissipated at these 
frequencies. 	The equations for current at the input and 
output frequencies may he written in exponential form thus: 

it  = j (A.) 1C01/1 	(1/2)0Gyr1V 2  exp j'2 	(1.13) 

i 2  = j GJ 2C0 V2  exp 02  + (1/2)c' co 11/12 	(1.14) 

The node equations at the two frequencies may be written thus: 

ig = vlyl 

0 = v2Y2 + i2 

where 	Y1 = Y La_ 1 	1 

Y2 = Y2/62 
} 

1g  = 	exp j (-01) 

(1,15) 

(1.16) 

(1.17) 

(1.18) 

Substituting in (1.15) and (1.16) for the various quantities 
gives: 

IgeXpj(-01 ) = VgieXpjeti. 	j G.) 1C0 V1  — (1/2)C 16.)  3.111Y2eXP  

(1.19) 
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0 = v2y2expi (024)2 ) = l co2co v2expice2  + (1/2)c I co1v12 	(1. 

These two equations are essentially the same as those 
derived by Chang,9. 
We may rewrite (1.20) in the following way: 

V 2exp '1(25 2 {Y2exp 1( 2+j 6.3 2Co+(1/2 )c ' 14.) (V1  2/V2  )exp ( 	) 	=0 

i.e. in general: 

Y 2expj&2+j 6.004-(1/2)c' 6)1(1[12/1/2 )expi(-0 ) 2 

which, equating real terms, gives: 

1T 2G2t  + (1/2)c cal V12 cos 12 	0 

where: 	G2t = G2 + Go 

= 0 

Go being the load conductance and G2 the loss conductance at 

6-)  2' 	Since et is negative, i t follows that for the out-
put voltage and hence the output power to he maximum, 

°2 = 0 
whence (1. 23) may he rewritten : 

V2G2t = K co 1Co V1 
where 

K = (1/2) y Vl/(VB  + 
0 

(This is obtained by substituting from (1 . 9 ) for c ). 
(1.19) may now he evaluated to give: 

I ,,exp (-01) 	V1Yiexpjer1+j w1C0 V1-(1/2)e w1V1V2 	(1. 28) 

If the susceptance at the input node is 'zero at the input 

frequency, i.e. if the input is resonated, 
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951 = 
and 

I 	= V1  (11  — (1/9)c l  4) 1V1V2 g  

= V1G1 + (1/2) [ c'( 	.3. V3. V2  

= V1G1 + K b.) 1CoV2 

1.4.2 	General behaviour of circuit. 

• We are now in a position to discuss the general 
behaviour of the circuit. 	Firstly let us consider the 
relation between the input and the output voltages. 	This 
is given by (1.23) or (1.26) and it is seen that the output 
voltage varies as the square of the voltage at the input node, 
We also see from the same equations that the power p

2t 
 , in 

P 2t 	= 	(1/2) c' w1V2.2V2 	(1.33) 

= K (A)1CoV1V2 	 (1.34) 

From (1.30) to 	(1.32) we see that the input conductance, 
is made up of two parts thus: Gin' 

Gin 
where 

=-G1  + Geq (1.35) 

Geq = 	(1/2) c' 6.'22  (1.36) 

K GJ1Co (V2/V1 ) (1.37) 

or, using (1.26), Geq  may. he expressed thus: 

G
eq = 	K2( r)

2  /a 
2t (1.38) 

the conductance G2t, at the output node is: 
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The equivalent circuit at the input frequency may now he 
represented as shown in Fig.1.3, (a), where, under normal 

operation, the total susceptance will be cero (this condi— 

tion is given by (1.2R) and (1.29)). 	Note that the input 

power to the diode, Pld'  obtained from (1.3 2) is: 

(1.39) 
K c") 1CoV1V2  

which,as must logically he the case, is the same as (1.34) 
since no power exists at frequencies other than the funda—
mental and second harmonic. , 

ref: 

Let us now consider the efficiency of the multiplier. 
Defining the efficiency, 9  , by: 

1 	Power available from generator 
= Power output 	 (1.40)  

we may write: 

1 Pin — 	 (1 . 41 ) 
7 Pout 

wherePin is the power input to the circuit under matched 
input conditions: i.e. 

p.n  = I 2/(8G ) (1.42) 

This condition is met when: 

Gg  = G1 + Geq 	 (1.43) 

Writing (1.41) in terms of the circuit parameters gives: 

1 =  
V1-  (G1  +_ Geq) (1 . 44 ) 

V2 -Go 

where Go is the load conductance as in (1.94). 	Using the 

fact that the input power to the diode, 21d9  is equal to 
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the total power at the output frequency, the result obtained 
by comparing (1.34) and (1.39), we may write: 

2 V1
2Geq 	V2 G2t 

Substituting this in (1.44) gives: 

{ 1 	G2  Go 	G1  + G 

--4e4  11 	Go 	if 

(1.45) 

(1. 46 ) 

 

This expression shows simply the attenuation at the input 
and output nodes due to the loss conductances and is 
obvious. 	If we substitute for G

eq 
we obtain the more inter— 

esting expression: 

G1G2t  1 G2t 1 Go 	2/ K 	C,J 1C0 

(1.47) 

 

This shows clearly the dependence of "Y? on the factor K, 

defined by (1.27). 

1.4.3 	Requirements for higjl efficiency circuits. 

As a result of the above analysis we are now in a 

position to summarise the requirements necessary for high 
efficiency operation of a X2 node multiplier. 	Referring to 

(1.47) these are as follows: 

(a) 	Go  should approach G2t  in value. 	This simply 

implies that the loss conductance in (1.24) should he as 

small as possible; alternatively, for a given loss 

conductance, the load conductance Go  and hence the total 
conductance G2t  , should be large. 

(h) 	The product GiG2  should be small. 	Obviously 01  

must be made as small as possible; however we now have 
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two conflicting conditiOns when the loss conductance Gi  
and G2  are fixed since (a) implies a large value of G2t  
whilst the present requirement is for a small value of 
G
2t• 

(c) c.J 1Co should be large. 	This means that the diode 
3 g•SceefeAAff oapasitancehat the operating point must be comparable 

in maanitud.e to the node conductance Gin  and G2t  which,  

for given circuit 'Q.' factors, are related to the cir—
cllit resonating 'capacitances. 

(d) The factor K must be large as possible. 

Of the _above conditions, (d) is the only condition 
relating directly to the diode. 	The other conditions affect 
the circuit parameters hut for a given circuit and a diode 
with a given capacitance at the operating point, it is 
apparent ,that the efficiency is a variable quantity being a 
function of K. 	Referring to (1.27) it is seen that this 
implies in addition to the diode having a large input voltage, 
a diode with a large value of -y 	Since in general the 

strictly limited the main point of 
the maximum value of V1. 	It is 

ed (VB  + y/0 ); in fact the limit— 

vmin 	(VB  + *0 ) 
	

(I. 4R ) 

where v is defined by (1.5). 	Due to forward conduction 
effects this limit may not in fact he reached. 	It is 
important to remember in discussing the value of K that the 
approximation involved in (1.8) will cause the practical 
operation to differ from that predicted from the above theory. 
This is illustrated by the experimental res4ts. 

choice of values for y is 
interest in the factor K is 
obvious that V1 cannot exce 
ing condition is given by 
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1.4.4 Zuer.im-atal result,.q. 

The purpose of the experiment was to see how closely 
the above approximate theory holds in a practical circuit. 
The circuit used was essentially that of Fig.1.2,(a) with 
the current generator replaced by a voltage generator of low 

internal resistance connected to the input node via a 
resistance of known value. 	The voltages at the nodes were 

measured on a wave analyser with a high impedance probe, 
calibrated at both the input and output frequencies. 	The 

input frequency was 2.6 Mc/s and the diode used was a Pacific 
Semiconductor type V20. 	The capacitance characteristic was 
plotted by measuring the capacitance for various values of 
applied bias under conditions of small input voltage across 
the diode. 	This gave a capacitance of 24 pF at the -operat— 
ing bias of —4 volts and a slope at the operating point of 

—2.24 pF/volt. 	The value of -di 
T 

o' was estimated by plotting 
the inverse square of the capacitance versus the bias voltaM•  
including small values of forward bias, and measuring the 
intercept on the voltage axis corresponding to the point of 

infinite capacitance. 	This gave a value of 1,0  = 0.6 volts. 
Substituting the above values in (1.9) gives -sit = 0.43. 

Since the simple filters used were not ideal filtcra, the 

measured nodal voltageskwere corrected to obtain the actual 
diode voltages, by taking into account the voltage drop be— 
tween the alternate node and the common earth point. 	At the 

frequency used it was found that the diode loss was small 

compared to the inductor loss; the values of G, and G2  were 

therefore determined by the inductor 'Q' factors. 

It was decided thatoince the input and output voltages 
were readily measurable quantities, the validity of the 
theory could be checked by plotting the voltage gain, IT / 2 V  10 
versus the normalized input voltages  Tl/(VB  + 	o  ). 	The 

T 
theoretical relationship between these quantities is given 
by (1.26) and (1.27) which gives: 
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V2/V1 = (1/2) 	( to 1Co/G2t)V1/ (VB + 	0  ) 
	(1.49) 

The value of G2t was determined by measuring the loss of L2 
on a bridge. 	The value of G2t was altered by suitable 

loading. 

The results obtained are given in Fig.1.4 for two values 

of the parameter w iCo/G2t, together with the results pre- 

dicted by the preceding theory. 	It is seen that at low 
values of input voltage the agreement with theory is reason- 

ably good. 	Possible sources of error are: measuring and 
correcting the voltages, estimating 	Co and y 0  
measuring the circuit conductances. 	The main interest in 
the results ishowever the deviation from the above theory 

under conditions of large input. 	Referring to Fig.1.4,(a) 
it is seen that before V1  becomes equal, to (VB  + 1i0), the 

voltage gain starts to increase more rapidly than the theory 

predicts. 	This increase continues for values of normalised 

input voltage greater than unity. 	Note that this seemingly 

impossible condition may arise due to the fact that current 

flows through the finite resistance of the bias supply and 

the effective bias voltage may be more than that of the 

battery under forward drive conditions. 	The bias was 
actually supplied through a potentiometer of value 1K. to 
the bottom end of the combination L2G2t' a suitable capacitor 
forming the necessary r.f. bypass. 	It was observed that as 
V1 was increased, the voltage gain reached a maximum value 
and ,then started to decrease. 	The maximum value of V2/V1 
corresponds to a maximum value of K (see (1.26) and thus to 
maximum efficiency (see (1.47)). 	It was noticed that for 

large values of V1, it was sometimes possible to obtain two 
possible values for Vp  depending on the method of tuning the 

circuit and altering the input voltage. 	This is illustra-

ted in Fig.1.41(h) for which case the voltage gain, for a 

given value of input voltage, is larger than for the case 
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plotted in Fig.1.4, (a) (corresponding to a larger value of 
(41Co/Gz). 	This corresponds to a hysteresis effect and 

manifested itself in practice by a sudden jump in output 
voltage as either the input voltage or the circuit tuning 
was varied over a small range. 	The region over which the 
effect was observed is indicated in Fig.1.4,(b) by the shaded 
area. 

The above measurements suffice to indicate how the 
practical operation is related to the small signal theory. 
However,a further set_ of measurements were made to verify 
the behaviour of Geq with respect to the input voltage. 	As 
was pointed out above the practical circuit consisted of .  a 
voltage generator connected to the input node via a known 
resistance. 	The value of Geq was determined for a given 
value of input voltage by replacing the diode by an equiva—
lent (linear) capacitance and connecting a variable conduct—
ance across L1C1 and adjusting it until (keeping the genera—
tor voltage constant) the voltage at the input node returned 
to its original value; the value of Geq is then equal to the 
value of inserted conductance. 	The values of Geq determined 
in this way agreed with the theoretical relationship given by 
(1.38) for small input voltages and departed from the theory 
in the same manner as V2/V1 in the above examples, as one 
would expect. 	Note that in estimating Geq it was found 
necessary to make C1  comparable to Co  ; otherwise it was 
found that GI 'swamped' Geq' aorresoonding to low efficiency 
operation. 	This'is due to the fact that since the 'Q' 
factor of an inductor is approximately constant over a wide 
range of values of inductance, the shunt conductance varies 
as the resonating capacitance for a given resonant frequency. 
The minimum value of Cl is, however, limited by the fact that 
L1C1 

must present a low impedance path at the second harmonic 
frequency. 
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1.4.5 'Conclusions. 

From the above results it is apparent that the behaviour 
of the circuit under large signal conditions is not accurat-
ely explainable on a basis of the small signal theory already 
presented. 	S ince this large signal region corresponds to 
optimum efficiency operation it is necessary to extend the 
theory in order to predict efficiencies using various diodes 
and circuits. 	It is also desirable to be able to predict 
how the circuit behaves when the diode is driven into the 
region of heavy forward conduction. 	Apart from the opera- 
tion directly related to the diode it is obviously necessary 
to perform a circuit analysis in order to determine the 
choice of parameters for maximum efficiency and to allow 

for the fact that the simple filters as used above are not 

ideal. 

1.5 	X2 mesh circuit. 

1. 5.1 	Analysis. 

Consider the circuit shown in Fig.1.2,(b). 	It is 
assumed that the losses at the input and output frequencies 
may he represented by the resistances Ri  and R2  respectively. 

As in the case of the node circuit these losses may in fact 
be a combination of diode and circuit losses. 	It is further 

assumed, as in the node circuit, that the filters are ideal 
and only allow currents at their resonant frequencies to 

flow. 
Let a current 1 -1-generated by v0. flow in the input mesh 

where: 
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i1 = II sin W1t + 01 (1. 50) 

This current will cause a second harmonic current i to 
flow through the diode. 	Thus the total current through the 
diode, i, is given by: 

     

i = I1  sin Go t + 	12 sin 0)2t + 02 01  4.  (1 . 51 ) 

The relationship between the 'current, i, and the voltage 
across the diode may be found by rewriting (1.6) in such a 

way that upon integrating we obtain the charge on the diode. 

fidt = 	fC(v)dv 	 (1.52) 

The definition for C(v) given by (1.3) may he used. 
Substituting for i and C(v) in (1.52) and integrating gives: 

—(11/6, 1)costdit+01  — (12/6)2)cosw2t+02  + f(C6 , Vb) 

V 
+ f (Ii/c.1 1  ,I 2/41 2) = 	.Co (.., 4. v/vb)  1 —7.  1u 

- 

C 

	4' 	
(1.53) 

where 	Vb  = VB  + y, 0 	 (1.54) 

The integration constants may be found as follows: 
when I1 and I2  are zero )the voltage, v, must also he zero; 
hence: 

f(C0  , Vb) = VbCo/(l 	y ) 	(1.55) 

the second integration constant may be determined by using 
the fact that since there is no direct current flowing 
through the diode, the direct voltage across the diode must 
always be equal to Vb. 	It is now required to expand the 

right hand side of (1.53). 	However it is seen that for the 

special case of y = 1/2, a complete solution is possible 
without using a series expansion. 	Squaring each side and 
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equating 'd.c. ' terms (due to terms of the form cos2 
CA) t) 

gives : 

, I 2/Co 2 )= -2C0  + i4C0  N 2- (1 /2.) L (ii ,/.1  )2+ (I 2/4)2)2i 

(1 . 56 ) 
It is seen. that for small values of I1 and I 2 this factor 
tends to zero; it will therefore he neglected in the follow- 
ing preliminary analysis. 	Substituting (1 . 95 ) into (1 . 53 ) 
and taking the case of y = 1/2 enables us to solve for v. 
This gives (by squaring both sides) : 

v = v(6)1) + v(6j 2 ) + v(L.).3 ) + v(6)4 ) 	(1 . 57 ) 

Since the filters are assumed to present open circuits to 
all unwanted currents, we need not consider the third and 
fourth harmonic voltages. 	The relevant voltages are as 
follows: 	v( 01) = 

wiCo icos wit+Ti  +[IiI 2/( 4-Co  26) (,‘) 2Vb  Ica s 	t 241 
(1 9f3 ) 

v( G.) 2 ) 

112/( &3 2co if os (J 2t+0 2  +4/8)13. 2/( (j3.200 2vjicos 2wt+201  

(1.59) 
WO- 

These equations may be compared 	the results for the node 
circuit given by (1,11) and (1.12) 

Following a procedure similar to that for the node 
circuit gives the following results: 

951 

°2 - /2 1 
 for optimum conditions, (1.60) 
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'R 2t = (1/8) [I1/(43100 )] 2  (1/Vb ) (1.61) 

V 	= a 

where 

IR 
1 1 

+11/(40 2 (0 	LI 1 2 	o —1 — 2 b' (1.62) 

R 2t = R2 Ro (1.63) 

The similarity between the two circuits may again be seen 
by comparing the above equations to those for the node 
circuit. 

General behaviour of circuit. 

As would be expected lthe mesh circuit behaves in a 
similar manner to the node circuit. 	For this, reason only 
a brief summary of the operation will he given here. 
Firstly let us consider the power relationships. 	The total  
power at the output frequency,P2t  is obtained from (1.61): 

Fit= (1/8)1121/( LA)
12Co2Vh ) 
	

(1.64) 

The total power input to the diode is obtained from the 
second part of (1.62) and Wives: 

ld 
	(1/4)I1212/( W 1  G.) 200 2%) 

It is at once apparent that these two expressions are the 
same as must logically be the case (as in the node circuit). 
Note that we may define a resistance Req where 

Req = 12/(4C 2c..)1 	2 Li Vb  ) o  (1.66) 

which corresponds to Geq  in the node circuit and enables us 
to write the total input resistance of the circuit at wi  as 



R. = R + R R1 1 Re 

Note that the voltage, Veq  , across 
(1.66) and (1,61),thus: 

3 V 	 f 1 	 
[to licrlovbi L G) 2A31,2t 

41 

(1.67) 

Re q is obtained from 

(1.68) 

This voltage is of interest since it is (in the case where 
losses are negligi hle) the voltage input to the multiplier. 
Substituting (1.68) into (1.66) gives an alternative expre- 
salon for Req' thus: 

5/3  
Req 

 V 2/3 

b )- 
1 	1)1/3  (1.69) 

G.) 2CoR2t 

   

Note that this is the same as the result given by Leeson 
and Weinreb23• 

The efficiency may he expressed in the form: 

1 R 2 + Ro  R1 +Req 
Ro 	Req Ti  

or in the more useful form: 

1 = R2t 	64R1R2t(('41C0)2 
1 + 	 

rr 	Ro 	film..)1covb)12 

(1.70) 

(1.71) 

 

Note that Il/(0) 1COVb) is approximately the normalized 
voltage across the diode at the input frequency; the 
approximation is negliAWle in the case where Req is small 

aat, 
compared ta 1/(G) leo ). 

It is apparent from the above analysis that the X2 mesh 
multiplier behaves in a very similar manner to the X2 node 
multiplier. 	There is however one important difference 
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between the two circuits when considering higher order 
multiplication. 	It may be seen by referring to (1,53) that 

if the terms in 4)2  are replaced by higher harmonic terms 
the circuit will cease to function, considering as before 
the case of 'y _,-. 1/2. 	This implies that if the circuit is 

tuned to, for example, the third harmonic instead of the 
second, no output will be obtained. 	Note that the addit— 
ional higher frequency terms in (1.57) are due to mixing 
action and only exist when current flows at the second 

harmonic frequency. 	The behaviour when 1( 	1/2 will be 
treated in subsequent sections. 

1.9.3 	Requirements for high efficiency circuits. 

Since the requirements for high efficiendy operation 
have already been mentioned for the node circuit it is not 

necessary to enumerate them in detail for the present case. 
Referring to sect.1.4.3 the duals of conditions (a) and (D) 
obviously apply, with the conductances being replaced by 
the resistances of the mesh circuit. 	Referring to (1.71) 

it is apparent that the factor j 1C0  must now be small, 

i.e. of a magnitude comparable to Rin  and R2t  . 	Also from 

(1.71) we get the obvious condition that I1  must be as large 
as possible. 	Since this is limited by the voltage across 

the diode we have essentially the same conditions as for the 

node circuit. 	Note that to determine the limiting value of 

it is necessary to consider the total voltage across the 

diode, which will be a function of the second harmonic 

circuit and hence dependent on the load. 
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1.5.4. 	Experimental results. 

A circuit was set up with the purpose of checking the 
behaviour of a X2 mesh circuit. 	The arrangement used was 
essentially that of Fig.1.2,(b), the voltages across the 
diode being measured as before on a calibrated wave analyser. 
The diode used was a Pacific Semiconductor type V56,with a 
bias of —2 volts,which gave an operating point capacitance 
of 75 pf, 	The capacitances in the input and output meshes 
were approximately 30 pf and 15 pf respectively and the 
input frequency was 3 Mc/s. 	The value of T  was estimated 
by plotting the capacitance versus voltage characteristic 
on a log/log scale, using an estimated value of if 0  = 0.6 
volts; the value for y thus obtained was 0.45. 

The relationship between the voltages at the input and 
output frequencies across the diodes4 given approximately 
by re—arrangeing (1.61). 	This gives: 

V2d/Vld 
	(1 /8 ) (Vi d/Vb )/( L.) 2C0  R2.t  ) 

	
(1 . 7 2 ) 

where the approximation has been made that the voltage at 
the input frequency across the diode, Vld, is given by: 

Vid = 	 ) 
	

(1.73) 

and the voltage at the output frequency across the diode, 
V2dt is given by: 

v2a. = 12/ (c.j pao 	 (1.74) 

It is of course obvious that the above two equations are 
approximations to (1.58) and (1.59) but it may be readily 
checked that in the cases considered, the error involved is 
small. 	(From (1.68) it is seen that Veq  /Vb  is considerably 
less than unityl. 
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The results obtained are shown in Fig.1.5. 	The 
discrepancy between the 

under conditions of low 
that the value of y is 
it should he noted that 

tance of 20K (connected 
1.9.(b)) and for values  

theoretical and the measured curves 
input may be due largely to the fact 
considerably less than 1/2. 	Again 
the diode was biased through a resis-
to the 'top' of the diode in Fig. 
of Vld  /Vb  greater than unity, current 

was flowing, thus increasing the actual bias across the 
diode. 	As in the case of the node circuit, hysteresis 
effects were sometimes observed under conditions where the 
input voltage was large, 

1.5.5 Conclusions. 

It may be concluded from the above results that the 
small signal theory is valid under most conditions hut 
further investigation is required of operation under forward 
conduction conditions. 	Note that the theory for the mesh 

circuit for -11,  = 1/2 may be made accurate under large 

s ignal conditions by including (1.56) in the solution. 	It 

would appear that this addition will only have a second order 

effect on the result. 	The solution when 1( 4 1/2 requires 

a series solution to (1.53) which will also enable the 
solution for higher order multipliers to be obtained. 

1.6 	General conclusions. 

A theory has been presented for the operation of X2 
node and mesh type multipliers. 	The limitations of this 

theory have been observed, partly as a result of experimental 
work. 	It is apparent that the method for solving the node 

circuit may be equally well applied to higher order multi- 
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pliers esimply by determining the appropriate co—efficient 
(refer to (1.8)) to generate the required harmonic current. 
It would be expected that any error involved in the small 
signal approximation may become more significant in the case 
of higher order multipliers. 	This was in fact observed to 

be so, since a X10 node multiplier was constructed and gave 
an output several times that predicted by the small signal 
approach (using the 9th. Taylor co—efficient), before the 
diode was driven into the region where current started to 

flow. 

On the basis of the above theoretical and practical 
results it is apparent that three main points require to be 
studied in order to predict the behaviour of any multiplier 
and to design a multiplier with maximum efficiency. 

(a) It is necessary to evolve a 'large signal' analysis 
with which the exact behaviour of a node or mesh circuit 
may be predicted in the depletion layer region. 

(b) It is necessary to know what happens when the diode 
is driven into the conduction region. 

(c) A circuit analysis is required so that the circuit 
parameters for maximum efficiency conditions may be 

determined. 

These requirements form the basis of the following 

sections. 
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(a) Diode shunting generator and load 

(b) Diode in series with generator and load 

Fig.l.l Basic methods of utilizing diode as a 

harmonic generator. 
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(a) X2 node circuit 

(b) X2 mesh circuit 

Fig.1.2 Basic frequency multiplying circuits. 
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(a)Node input equivalent circuit 

*NI 

1R 

	
Cl 	L1 	R1 	Req 

V 

(b) Mesh input equivalent circuit 

Fig.1.3 Equivalent circuits at the input frequency. 
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Fig.1.4 X2 node multiplier, voltage gain versus 
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(a) 	(w2CO20- 1 = 2.1  
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small signal 
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(b) (w2CO20-1  = 10.0 

Fig.l. 5 X2 .mesh multiplier, voltage gain versus 
normalized input voltage. 
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SECTION 2 

LARGE SIGNAL DEPLETION LAYER ANALYSIS. 

2.1 	Introduction. 

In the preceding .section multipliers have been 

considered on the basis of a first order approximation to 

the non—linear depletion layer characteristics. 	The 

limitations of this method have been pointed out and it is 
the purpose of this section to derive a general and accurate 
large signal analysis. 	This is used to predict the optimum 
power loss for X2, X3 and X10 multipliers for various diodes, 

using the two basic circuits previously mentioned. 	This 

enables some useful conclusions to he drawn regarding the 
usefulness of various arrangements to obtain a given order 

of multiplication. 

2.2 	Basic analysis. 

2.2.1 	Node circuit. 

For the purpose of the analysis. the circuit shown in 
Fig. ?.1 will he used. 	It is assumed that only a voltage 

V1  at frequency fl  exists across Y1  and only a voltage Vn at 
the output frequency f n  exists across Yn. 	This assumption 
implies that a short circuit path exists for currents at all 
other frequencies. 	It is further assumed that the series 
loss resistance of the diode may he considered as lumped as 
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an equivalent conductance at the input and output frequencies. 

The implication of these assumptions is discussed later and 

where necessary additional theory is derived for cases where 

the assumptionsbecome invalidated. 	It should be rioted, 

however)  that no additions or modifications to the actual 

non—linear analysis will he required, ang additional theory 

being concerned solely with linear circuit analysis. 

Let the voltage across the junction he 

v = Vl  sin Wit + Vn sin wnt  + Ork  

where G.) n 
	

4)1' 

The current through the junction, i , is given by: 

= C (v )ddvt  

where C (v ) = Co  (1 + v/Vb ) Y- 

(2.1 ) 

and can he expanded about the operating point in a Taylor 

series. 
Note that Vb  = VB  + 	0 	 (2.4 ) 

where VB is the applied bias and yi is the harrier voltage. 

Let us now use normalized quantities and denote them by the 

subscript 'd', i.e. we write: 

vd 	v/V b 	Vdn = Vn/Vb 	etc. 	 (2.5) 

Now expand C (v) thus: 

C (v) = Co  (1 + civd  + c2vd
2 + 	 + CiVd

i + 	(2.6)  

where C . = (-1)1 ((-y+   i — 1 )(.1. L 	- _1) 	 (2.7) 
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(2.7) is plotted in Fig.2.3 versus i for y = 0.5 and 

= 0.33. 

Consider the lowest order term leading to current in at 

n 1t: 

    

idn = Cocn-1vd
n-1 dv 

dt 

whichisubstituting for v from (2.1) gives 

 

(2.8 ) 

     

idn = L.) n  C  o Vdn cos Wnt + 0n  + Idn sin Ca nt + 	(2.9) 

where Idn = elj  1Co t en-11 Vd1T-4-An_l1`?_ 	 (2.10) 

and mAi  is the coefficient of cos i9 in the expansion of cosme, 

i.e. 	cosme =EmAi  cos 18 	 (2.11) 

At CA) n we may write the node equation at the output node thus: 

0 = vnyn + in 	 (2.12) 

Letting yn  = Yn  /en  and writing (2.12) in exponential form 

gives: 

0 = VnYn exp j (On  + en ) + j CA) nCoVn exp 

	

+ In exp jnsir /2 	(2.13) 

Hence Gnt + (In/Vn ) cos nit 12 - Pn  = 0 	 (2.14) 

where Gnt  is the total conductance at the output frequency/  —

i.e. the sum of the load conductance and the diode conductance, 
Also B

n + W nCo + (In/Vn ) sin n /2 - 	= 0 	(2.15) 

where Bn is the susceptance of the filter at the output 

frequency; i.e. for maximum output power in Gn , the phase is 

determined from (2.14): 
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= n 	/2 	Tr 
	 (2.16 ) 

under which condition In is the current at the desired 
harmonic frequency flowing n  ant.1 	We may now write (2.1 ) - 
thus: 

v =I/1  sin (4) 1t - Vn sin n ( 	+ it7r/2) 	(2.17 ) 

We are now in a position to evaluate the general series for in 
obtained by selecting the terms contributing to power in Gnt 
at n w 1t from the series: 

m dv itn  = Co  Ec m 	dt vd 	 (2.18) 

The required terms are obtained by expanding 

iV1 sin CJ 1 - Vn sin n(W It 1-1172)}  t -1172)} m  (2.19) 

dv and combining appropriatrterms with dt  to yield real compon- 
ents of current at n w it. 	This leads to the result: 

(2.20) 

B(m) 	I 

D (m) = 4 
vn12{ rri-1E3  Im-2A n-11 
V1 	 4— 	I iLen4-11 

ni A n-1 
n +1 I I cm di v m 

where 

I rn-2,6 ;rtn-÷1 	n m-113.1n 	cm /  

= I mAi 

V m  (2 	) dl 	• -- 

(2.24) 

A. is defined by (2.11 ). 
The derivation of the above result is given in 

Appendix 2.1.1. 
Note that ( 2.21) is of course inco-nplete since the full series 
will contain powers of (Vn/1/1) which increase indefinitely. 

In  = K w 1CoVi 
c3 

where 	K = 	f 13(m ) + D (rn )1 	 (2.21) 

m=11-1 

(2.22) 



re 
where iI2 as a subscript is taken to mean 1A21 
and — is taken to mean 'no—coefficient'. 

Cal 
co 

co 
on 

re' 

2  

l emlvd1 flni,21 + [Vil1 
I  

2 I m,
2 
/\1-} 

m
V 

lmA  	n  

V 2  
'cm   V m 	(2al 	1+ I v11..] 1  I m 

7 	I 	
(9, 26 ) 
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However, since this quantity is considerably less than unity 
for values of Val: approaching unity (corresponding to 
operation in the region of optimum efficiency) only the terms 

shown need be considered in a practical case. 	This argument 

is justified by the results obtained 4 it may he seen from the 
theoretical curves that in fact it is often sufficient to 
consider only the term B(m,n). 

So far only terms leading to power at the output 

frequency have been considered. 	A similar approach following 

from (2.18) and (2.19) leads to an expression for the reactive 

currentflowing at the input and output frequencies. 	This , 

reactive current may be considered as modifying the capacitance 

of the diode at the operating point to a new value C 01  at 
C0.) 1  and Cim  at 6) n. 	_These values may he expressed by the 

following two series: 

2.22 	Mesh circuit. 

The following analysis refers to the basic circuit shown 
in Fig.2.2. 	Note that a completely separate analysis is 
required since the circuit is' not a dual of that analysed in 

section 2.2.1. 	The initial assumptions are similar : it is 
assumed that only a current II  at the input frequency fl  

passes through Z1  and only a current at the output frequency 

fn passes through Z. 	This implies that no other currents 
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are flowing through the diode. 	The implications of these 
assumptions are discussed later but it is again pointed out 
that any additions or modifications required will be concerned 
solely with a linear circuit analysis. 

Let the current through the junction he: 

(2. 27 ) 

time thus: 

(2.28) 

(2.29) 

i = I1  sin Co 1t 	In: sin n 6.)1t + 

The charge is expressed as a function 

q(t) = 	fi dt 

fC'(v) dv 

where C(v) is defined by (2.3 ) 
Let q(t) = q 	+ Qo 

I1 where 	 44) 

of 

nt 	°n 	(9.30) 

(2.31) 

+ Liqd1+...+Liqd 	) 

q = cos 	It C4) 	1 
C V o b Then 	00 	(1 + vd )1-7  + 

1 
- 1 -ay 

00  (1- 'Y) / 
(1 or thus: 	vd = -1 + CoVb  

, 
where letting y = 1/ (1- "%I ) 
Li is defined -thus: 

L. = "F".77 
I  : 
	

(2.34 ) 

and qd  = q/Q0 
	 (2.35) 

Other quantities are as previously defined. 
Qo is found by equating the 'd.c. ' terms of ( 9.32) using (2.30) 
and leads to the result: 

00  = CoVb/i (1-y )(1 + S )1-  Y 1 
	

(2.36 ) 

(2.32) 
(2.35 ) 



I ni  1 
m=2 

summed over all even values of m. 
From (2.32) and (2.30) we may write 
leading to a voltage vn at (A) n : 

(2.37 ) 

the lowest order term 

. 	m  Q01 -1f m  Ao 
m (m-1)  n Im-2lm-7 	1} 

24 r Ao- 	-A2n  
I -2  

where 	= 
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Vdn 

(In/n (A)1 - 0o  ) cos tont + 	+ (-1 )ri  (I3/4)100  )11LnnAncos W nt 
(2.38) 

The mesh equation at co n  is : 

0 = 	z 	v n n ' n 
or, rewriting in exponential form : 

0 = (In  Zn/Vb  ) exp j  (On  + en ) 	(In/a1 nO0  ) exp jOn  

	

(1 	In n, 
l'

/Id 
 1 -

n 
 o 	•rin-bn exp j ( Tr/ 2 + nit) 

(2.39) 

(2.40) 

hence IdnRnt + 	/W Q0) nAnLn  cos -Tr 72 + n7r 	= 0 (2.41) 

where nt  is the total resistance in the output mesh, and 

j Idn Xn - j In/a) n0o + j (I3A..)1Q011InnAnsin 7C/2+n7c -On  = 0 

where Xn is the reactance of the filter in the 	(2.42) 
output mesh. 
Hence from (2.41 ), taking into account the fact that 

Ln  = (-1 )r1  I Ln I 	for 0 < 	C 1/2 
	

(2. 43 ) 
we obtain the condition for maximum output:.  

95n 	-?t/2 
	

(2.44) 

Hence ( 2. 27 ) may he re-written: 

= J. sin  W it - In cos ri id 1t 
	 (2.45 ) 



- -2. 	'
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2n-1 
m -2A2n 	(2.49) m (m ) 

4 I n 	 [ I 	1111 
fli 	
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0 -o 
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Consider now the general series for vn  given by (2.32). 
As in the ease of the node circuit. this can be evaluated using 
the Binomial series to find the terms of 

f
Il  cos Co lt + (In/n) sin GJ 

n
ti 

m 

leading to current in Rn at Co n' 	This yields the result: 

Vn  = K II/0)1M 	 (2.46) 

where Vn  = I n  Rn  and is the voltage contributing to power 
at C) n. 

and 	K = 
oo 	 2 

r 
(1- 	) 	I 	o /(A)  1 Q )r11-1{InAn+ 

In raia-n Im-2A n 
(1+S) ra=n nil 	8 I .#.3n 

2.47 ) 
'4he above result is derived in Appendix 2.1.2. 
The complete series will contain higher powers of In/nIi  :but 
since this quantity is less than unity, (2.47) gives a very 
good approximation to the full series. 	In fact (as in the 
node circuit) it will often be sufficient to consider only 
the first term in the above expression. 	This will he seen 
clearly later when the series is evaluated. 

The effective capacitance changes at the input and output 
frequencies are as follows 

Co 	CoVb 	I1 m-1
1 111-1 	

(2.48 ) 
`v' on 	o 	no 	Irjrni 	 7 	'21.1 j = 	

I 
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2.2.3 	Discussion of the series involved in the preceding 
analysis. 

General considerations. 

Having evolved expressions for the currents and voltages 

generated by the non-linearity, it is necessary to consider 
the series expansions involved. 	Each result is given in a 
form containing the co-efficients m Ai  as defined by (2.11). 
These coefficients are given in Table 1 for a useful range, 

of values up to i = 10 amd m =101. 	It is seen that for a 
given m, the co-efficients decrease for i increasing (omitting 
the case where i = 0) and for a given i, the co-efficients 

eventually decrease for m increasing. 	Since the series for 

'K' in both the node and mesh circuits contains a multiplying 
factor of the form xm  where x is constant for a given summation 
(see (2.21) and (2.47) from whence it is seen that for the node 

circuit x = Vdl and for the mesh circuit x 	 l0b - I1  /(;) 	) and - 	'  
less than unity, it is apparent that if sufficient terms are 

taken the series may be summed to any degree of accuracy and 

the remainder evaluated. 	This convergence is obvious in the 
case of (2.22) and the first term of (2.47), (i.e. the mAn  
term) hut requires some further examination for the other 

terms. 	Note that in any practical evaluation the convergence 

will become apparent as successive terms are calculated and 
is quite rapid in the case of low order multipliers (e.g. 
X2 and X3), a dozen terms being normally ample for the 
remainder to be negligible. 	Note that in any particular 

summation only  odd or even values of i are involved. 	For 

this reason the given table has been divided into two sections. 

Let us now consider the mathematical expressions for 
the co-efficientsT 	These may he written thus: 

x 	The author is grateful to Mr. P. Apaydin (of Imperial 
College) for drawing attention to the fact that the co-
efficients of the cos me series are related to Pascal's 
triangle. 
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mA. 	21-m . mc • m+2. t 0 

 

2 

 

2 -m mC  = 	•  
m/2 

i = 0 
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(2.50) 

for m even 	(2.51) 

mAi = _1 -m 	m 	. Cm+1 
2 

The point at which the coefficients start to decrease is 
found by comparing two adjacent terms thus: 

m+2Ai 	,2 - m - 2  
m = 1 + , ni 	m + 4m 4 - 12 

which, for i < m, gives the condition: 

m > 12 - 2 

(2.52) 

(2. 53 ) 
for the co-efficients to start to decrease. 	Thus by 

evaluating the series for cos (L  -2)e we can find the maximum 
value which mAi  attains. 	In practice it is found to be 
sufficient to consider only the terms as far as m = n2  fOr,a 
particular multiplier. 	The particular cases which occur will 
now be considered. 

2.2.3.2. 	Node circuit. 

The condition for convergence of (2.22) can be shown to 
he a good approximation: 

21- m 	÷ —Z m+n  .- 	[11-a }2 
	

[3. - (1,11 )21 	 (2.54) 

which gives for y = 1/2 and Vdl 	1, this being the 'worst' 
case; 

m > n2/3  , (accurately true for m 	n) 	(2.55) 
Thus when (9.55) holds, the first part of (2.21) may he 
evaluated to any desired degree of accuracy since the ratio 

of successive terms is less than unity and the remainder after 
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summing to m/2 terms is: 

SR 	< R/(1-x2 ) 
	

( . 5 6 ) 

where R is the value of the last term, and x = V. 

It can be shown that the condition for (2.23) to start 
to decrease is: 

(1 - 2 yr /m) y x , 	(accurately true for m 	n) (9.57) 
which gives for y = 1/2 : 

l/m < 1 - x2 
	

(2.58 ) 

It may appear at first sight that this will he tedious 
to compute,but since it involves (Vn/V1)2 and since this 
quantity is small for x having values near unity, (which, from 
(2.58) indicates large values of m) a very rough approximation,  
will usually suffice. 	This is made clear by referring to 
the curves for 'K' (Figs.2.6 to. Fig.2.11. .) from which itis 
seen that the effect of including (2.23) is slight as Vdi  
tends to unity. 

2.2.3.3. 	Mesh circuit. 

When In  < nI1 , successive terms of (2.47) can be shown 
to converge when: 

m > (12  - 2)/3 
In fact, since Il/w1Q0  is always considerably less than 21,15n1 
(unlike the node case) it is only necessary to sum the first 
few terms in most cases. 

The second part of (2.47) may be shown to converge when 

(m + r-12  )/m2  < 1 L- (Ii/CJ 1Q0  ) 2 	 - (2.60) 

Again since I /GO 0,0  is less than unity the series converges 
very rapidly. 

It will be found that the summation involved in (2.37) 
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is quite simple and the second term can always he neglected in 
practice. 	A curve for S is given in Fig.9.19. 

2.2.4. 	Limiting conditions of signal across the, junction. 

Node circuit 

We have obtained expressions for the output harmonic 
voltage or current in terms of the input to the diode and 
containing in some cases implicitl the voltage or current 
gain of the stage. 	In order to determine the complete 

solution it is necessary to fix another set of conditions: 
this is done by considering the limitation imposed by the fact 
that the maximum voltage across the junction is restricted to 
a value equal to or less than the voltage Vb  defined by (2.4). 
Thus using (2.17) we may write the limiting condition thus: 

v mi n 
= Vb (2.61 ) 

i.e. Vh  = - 
[1 V 	

sin 0J1  t - Vn sin n( Co lt 	i
4.  -5  / 2 )m  i  ( 2 . 6 2 ) 

Vn 	cos cJ 1t 
V- 	n cos nrtj 11 	-1-c 	 (2.63)27i 1 

and (Vi/Vb)-1  = - [sin Gilt - 3i1 cos Gilt.tan n( (A)lt +1(.  /2)] 
(2.64) 

This solution (obtained by evaluating (2.63) and (2.64) for 
specific values of Lu lt) is plotted in the form Vn/V, versus 
V1b in Fig.').4 for a X2, X3 and 73.0 multiplier. 	Also 
shown is the solution obtained by solving 

V1 	+ Vn 	-V 
	

( 9 . 6 5) 

which is the limiting case for high order multipliers. 	In 
Fig. 2.5 is shown the result obtained when the peak voltage is 
limited to 0,95 Vb, corresponding to the case where the forward 

conduction characteristic is such that only this fraction of 

This gives: 
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the characteristic can be effectively used before conduction 

losses become severe. 	This effect will he discussed in more 

detail in section.4.7. 	These two sets of curves may now 
be used to solve (9.21). 	The results obtained are plotted 

in Figs, 9.6 to Fig.2,11 for 	= 0.5 and 0,33, for X2, X3 
and X10 multipliers. 	Note that the values of 'K' obtained 

when the peak voltage is limited to 0.95 Vb  are not signifi — 

cantly different from those plotted. 	The main effect of 

this limitation will become apparent when the power loss is 

considered in sect,.2.3,.. 

2.9.4.2. 	Mesh circuit. 

The mesh circuit is, of course, also restricted by the 

voltage across the junction. 	However, since the diode is 

being used as a current operated device the limiting condi—

tions are not directly related to the parameters used in the 

preceding analysis and in order to find the voltage across 

the junction it is necessary to extend the theory. 

Let the voltage across the junction,  be 

v = Vlt  sin 4,Jit 	.111  - Vnt  sin a) nt +I/i n  

Consider the voltage at the input frequency: 

vl  = —Ii/( W1C01) cos Ga lt- + IiReq  sini GJ it 

(2.66) 

(2.67) 

In this equation C01 is the 'effective' capacitance at the 

input frequency as defined by (2.49) and Req  is the 

'effective' resistance, being a function of the input and 

output currents and related thus: 

I12  • 1 • eq  
I 2  In 	R nt 

(2.68) 

since all the input power is converted to power at the output 

frequency. 	Using this equation and (2.46) enables us to solve 
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C  Con on nt 

and 	tan -ti) (A) mCont Rnt 

I1  V nt = [cjiCo (2.72) 

( 9.73) 

for Vlt and 
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5  

  

     

vlt 1-+K4  s n 2  I1 	1 2  (col 
ona-oRnt  77-  (2.69) 

        

   

nicoRni 

 

Co  

  

tan 11 - 

    

(2.70) 

     

     

      

         

The voltage at the output frequency is 

= In/ C n on 

which gives: 

cos 	(A.) nt 	+ Vn cos (....) nt (2.71 ) 

Thus although an explicit solution for the limiting conditions 
is not possible, we are now in a position to solve, by a 
relatively simple trial and error process, the condition 

vmi n  = -Vb 
	 ( 9.74) 

where v is found from (2.66), (2.69), (2.70), (2.72) and (2.73). 
This solution is plotted in Figs. 2.a to Fig. 2.23 for a 
X2 circuit, y = 0.5 and 0.33 and for a X3 circuit y = 0.33, 
with 6.) CoRnt as a dependent variable. 
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2.3 	Evaluation of power loss 

2.3.1 Node circuit 

Having found a relation between the input and output 

voltages of the multiplier we are now in a position to find 

the efficiency of a stage for a given diode. 	Define the 
efficAeiencyYby 

1 Power available from generator 
9  Power delivered to load 

P. 
under matched conditions 

where Pin  is the power input to the circuit at Cu 

Pout is the useful power output at - n c.J 1  

k»A 
Since we are interested in compairg.- the maximum efficiency 

obtainable with a given diode the filters will he assumed loss- 

	

Less. 	The circuit may be represented in nodal form as in 

Fig. 2.1, (C), where the series loss resistance of the diode 

has been replaced by an equivalent shunt conductance. 	It is 

assumed for the purpose of this analysis that the 'Q' factor 

of the diode is sufficiently high for the equivalent shunt 

conductance, G, to he given by 

G= ( 	C )2  . Re 
	 (2.76 ) 

where C is the capacitance of the diode and Rs its series 

resistance. Geq is defined as the conductance seen at the in-
put frequency due to the power generated at the harmonic frequ-

ency i.e. 

	

1/1 
 2 
	G 	2 Vn • Gnt eq 	 (2.77) 

where Gnt 
is the total conductance at the output frequency i,e, 

	

Gnt 	Go  4' Gdn 	 (2.78) 

(2,75) 

Pout 



66 

where Go is the load conductance.  and G is the equivalent dn 
shunt conductance of the diode at L1/4) 

n
, i.e. 

Gdn = ( WnC01,1)2  • Rs  

 

 

(6d nCorl ) / Qdn J . LCon 	Co  

 

 

(2.79) 

  

where Qdn  is the diode !Of 

Cdn = 11 6/nCoRs 

pin = v l2 (Gdl + G eq) 

Pout = Vn2 Go  

factor at 6.)n/  defined by 

(2.80) 

(2.81) 

(2.82) 

Using (2.77) to (2.82) and (2.20) gives the power loss: 

1 _ 	 1 f  CA)  nCo 	on' 2  

I 	
1 Gto {1 	{ 	 --(2.1c  it2-  

K20 	WnCo Col 	11 Qdn Gto 	Con 
(2.83) 

Note the presence of Coll and Co3: (defined by (2.25) and (2.26)) 
These functions are plotted on Fig. 212. 	It is apparent that 

the presence of these factors has a degrading effect on the 

efficiency. 	(2.75) may he evaluated using the curves of 

Fig.2.4, to Fig.2.12. 	The results thus obtained are given 

for various cases in Figs. 2.14 to Fig.').18. 

2.32 Mesh circuit  

The efficiency for the mesh circuit may be evaluated in 
a similar manner, the basic circuit being given in Fig.2.2 (C). 

The resulting expression for power loss is: 

A 

-dn 
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(2.84) 1 	1  
on  ('-) nCoRnt - 

1 + 2 2 n -  Qn 

where Rnt is the total resistance at Ihe output frequency, 
including the diode resistance. 

This power loss has been calculated using the values of 
'K' and GJ nCoRnt plotted in Figs.2.21 to Fig.2.23 and curves 
are given in Figs. 2.24 to Fig. 7.2  for a X2 and X3 multiplier. 

2.4 	Discussion of the theoretical results  

2.4.1. 	Assumptions and limitations in the theory 

The precePing analysis assumes that the following 
conditions hold: 

(a) The filters present short circuit paths (in the node 
circuit) or open circuit paths (in the mesh circuit) 
at all frequencies other than their resonant frequencies. 

(b) No losses are introduced by the filters. 
(c) The diode '0' factor is sufficiently high for the series 

loss resistance to he replaced by an equivalent shunt 
conductance at both input and output frequencies in the 
node circuit. 

(d) The diode capacitance law is given accurately by 
substituting the appropriate value of 	in the 
relevant expansion. 

(e) The effect of stray reactances is negligible. 
(f) The effect of forward conduction may be allowed for by 

limiting the peak value of voltage to a certain fraction 
of V . 

The condition specified in (a) may not always hold in 
a simple circuit of the type shown in Fig.2.1(a). 	It is  
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however}  possibleto obtain the condition by the use of 
additional filters as shown in Fig.2.1,(b). 	The effect of 
not including these filters is considered in detail in 
section 4.3. 

Filter losses may he accounted for by a separate analysis 
using the 'K' curves obtained above. 	This is treated in 
section 4.2. 

For the purpose of estimating losses there is virtually 
no error involved inreplacing the series resistance by an 
equivalent shunt conductance as in (2.79), for diode 'Q' 

factors greater than 10. 	The effect of the voltage drop 

across the series resistance does not seriously affect the 

performance, since the analysis is based on the voltage across 

the junction and any drop in voltage may be compensated by 
increasing the input voltage by a small amountisee sect.4.5). 

In practice it is found that the capacitance law is as 

predicted by the theoretical expressions used above (2.7) 

even for values of bias approaching the barrier voltage. 	As 
a rough guide the diode may be driven to within 0.1 volt of 

the barrier voltage before conductance effects become 

appreciable with silicon diodes.' This means that for a bias 
of 9.0 volts a value of Vb' = 0.95 Vh  is a reasonable value 

to take for the limiting conditions of peak voltage.m  The 
limit of operation in the reverse direction is caused either 

by avalanching or by stray shunt capacitance; the former 

generally, predominates at low frequencies, the latter at high 
frequencies. 	Neither of these effects presents a serious 

limitation in practice since it is usually convenient to 
operate at small values of reverse bias. 	Furthgr considera—

tion is given to stray reactances in section 4.8. 

It is thus apparent that the preceyding analysis gives a 

basis for,the design and comparison of various circuits. 	When 

See sect.4.7 for further treatment of this point. 
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any of the above assumptions become invalidated, errors 
likely to he introduced may be separately accounted for. 

Comparison of various circuits using the power 
loss curves. 

2.4.7.1. Node circuit. 

A study of the power loss curves for optimized circuits 
given in. Fig.2.18 and Fig.2.26 enables some useful conclusions 
to he made about the relative merits of various types of mul— 
tipliers. 	Let us consider the Power Loss versus dn curves 
given in Fig.2.18 for a node circuit. 	An ideal diode is de—
fined to be one in which the forward conduction characteris—
tic is such that the diode may be driven to the point where 
the depletion layer capacitance is theoretically infinite 
before conduction effects dominate the behaviour. 	In fact, 
for low order multipliers, the error involved in assuming 
this property is very small: it may be seen from the relevant 
curves that the increase in loss in a X3 circuit is about 1dB 
and in a X2 circuit about 0.3dB when the peak applied voltage 
is limited to 0.95Vb  instead of 1.0Vh ,for a ()'dn of  10, and  
for an optimized circuit. 	By referring to the 'K' versus 
V1/Vb curves given in Fig.0.6 to Fig.?.11 where K is defined 
by (2.20) it is apparent that as the order of multiplication 
is increased K becomes increasingly dependent upon Vi/Vb . 
This is predicted immediately by the first order approxima— 
tion for K which gives K 0C (V1/Vb' )n-1, 	Thus we would ex—
pect the power loss to become increasingly dependent upon Vb 
where we define VI; as the maximum 'useful' voltage swingl i.e. 
the maxima voltage that may be superimposed on the bias 
voltage before conduction effects dominate. 	This effect is 
ciarly shown,  by comparing the curves for a )(in multiplier 
Tith thos.,  for a X2 and X3 multiplr given in Fig.%1R. The 
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respective differences in losses for X2, X3 and X10 circuits 

are, for a diode 0dn  of 10, 0.3 dB, 1.0 dB and 11.0 dB, for 

= 0.95 Vh* 

Consider now the problem of generating a high harmonic 

given a particular diode. 	Let us take as an illustration a 
diode with dm  = 10. 	Consider first of all the case of an 

ideal diode, with N/ = 1/2. 

Three X2 stages cascaded together give an overall loss of 

6.0 dB. 

Two X3 stages cascaded together give an overall loss of 
P.5 d. 

One X10 stage gives a loss of 16.0 dB. 

In estimating the above losses it must he remembered that 

the diode 'n' factor is inversely proportional to frequency 

and hence the qdn for subcessive stages decreases in proport- 

ion to the order of multiplication of the stage. 	This has 

been taken into account in the above examples. 

The above three examples have been chosen to give 

approximately the same order of multiplication (X8, X9, and 

X10). 	It is thus apparent that for maximum efficiency the 

best method is to use X2 circuits cascaded to give the required 

output frequency. 	(For an accurate comparison, note that the 

above losses should he corrected to allow for the differences 

in overall frequency 'gain': the error involved is, however, 

small, the corrected values of loss being:- 6.7 dB, p.ci dB 

and 15 dB, taking X10 as a basis for comparison). 

If the case of a diode vith non ideal conduction charact- 

rista 	is considerec! it :s at once appsrer.t from the carves 

for 	= 	'1,T 	that t- e  seperior eer' rmanr'e of the low order 

-rs 1: enharoed sine t'e X? losses are increased by 

only a factor of 1.D9 co-tparei 	a factor of 1.7 for the X10 

losses. 
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The case of -y = 0.5 has been considered since this 
gives the most efficient multiplication. 	By referring to 

Fig.2.3 the effect of using a diode with -y = 0.333 can he 

seer. 	It is apparent that the higher order co—efficients 

in the Taylor expansion are reduced by a larger factor than the 
lower order coefficients. 	Thus the efficiency of higher 

order multipliers will he reduced by a greater amount than for 
lower order multipliers. 	(The values of '7' may he found from 
Fip:.9.6 to Fig.?.11. 	Thus the above conclusions concerning 

the relative merits of the three ordersof multiplier still 

hold, the differences being in fact more pronounced. 

?.4.9.2 	Mesh Circuit. 

Consider now the results for the mesh type multiplier 

given in Fig.0.26. 	Using this circuit with y = 0.5 it is 

only possible to multiply by two since all terms in the 

expansion for v f4 (2.32) above the first are zero. 	It is 

seen that the power loss is the same as that for a X2 node 

circuit for Qcin >/ 10, and approximately the same for 

0dn < 10; (note that the analysis is only approximately valid 

for low values of 1,)' factor : this is discussed in sect.4.5.) 

it may thus be concluded that the two circuits give essentially_ 

the same power loss for various diode '0' factors. 	Also shown 

in Fig. '3.96 is the curve for y= 0.--M which, as expected, 

gives a slightly poorer efficiency. 

Since no harmonics higher than the second are generated 
using this circuit with y =0.5, one would not expect very 

great efficiencies for 7 = 0.333, due to the fact that the 

Taylor co—efficients decrease rapidly in value after the first, 
(see (?.34)). 	This is confirmed by the curve for a X3 

(FiL".0..26), which snows, for a I Q' of 10, a loss 

five ti-:es that of a X2 multiplier. 	It may therefore he 

conclu-led that this circuit is not of any practical value for 
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multiplication other than by twp. 

2.4.2.1. 	General  Remarks. 

Fio's.2.14 to Fig.2,17 and Figs.2.24 to Fig.2.25 give 
design curves for the node and mesh circuits respectively. 

It is apparent that to obtain the optimum efficiency a partic— 
ular value of the parameter Gnt/c.) 	for a node circuit and 
cA)nont for the mesh circuit, must be chosen. 	In practice 

these parameters may he determined by other requirements 
(e.g. availability of suitable diodes); in this case it is 
possible to determine from the curves how far off optimum the 

circuit is operating. 	Note that for high 'Q' diodes the 

optimum is broad with respect to the above parameters; 

conversely for low 'Q' diodes the value.  of the parameters must 

he more accurately set to obtain the optimum conditions. 	The 
value of Gnt/a)  nCo or  6)nCRnt having been determined it 

remains to know what drive mustbe applied to the circuit in 
order to operate under optimum conditions. 	This may be:found 
by referring to Fig. 2.13 for the node circuit and Fig.2.21 
to Fig.2.23 for the mesh circuit. 	Of interest also is the 
voltage or current gain of the node or mesh circuits, particu— 

larly when cascading circuits together. 	These quantities 
may he found from Fig.2.4 and Fig. 2.5 for the node circuit 

and calculated from Fig.''. 2l to Fig.2.23 for the mesh circuit. 

2.4.3. Active  behaviour of spppilfir_ciTcpits. 

The preceping _theory may also be used to predict the 
behaviour of a circuit under practical operating conditions. 
Of particular interest is the effect of varying the drive. 

This may he estimated by referring to the appropriate 1 K' 
curves for the circuit in question. 	The value of 'K' for a 

given drive below the optimum value will lie somewhere between 

the optimum 'K' curve and that plotted for Vn  <: V1  (node 
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circuit) or In  <K ral  (mesh circuit). 	Since these two 
curves are quite close to each other it is possible to 
estimate simply the variation in 'K' (which, for a particular 
circuit is proportional to the voltage or current gains) with 
variation in input voltage (or current). 

Note also the variation of input conductance or resistance 
obtainable from the 'K' curves using (2.77) or (2.CR). 	This  

of course determines the matching condition at the input. 

Fig.2.12 and Fig.2.20 are also of interest since they 

show the change in diode capacitance as the input is varied.' 
In a practical circuit this of course means that as the input 
is varied the capacitances forming the resonant circuits must 
he altered to obtain maximum output. 	Note that in the 

analysis for the node circuit these capacitances occur in the 
expression for power loss given by (2.75), but in the mesh 

circuit analysis the power loss equation is independent of 
capacitance changes due to reactance terms introduced by the 

non-linearity. 	This comes from the fact that in the mesh 
circuit the series loss resistance of the diode is constant 

and directly related to the 'c' factor defined by (0.80) 

whereas in the node circuit the equivalent shunt conductance 

is a function of the actual diode capacitance as given by 

(2.79). 
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2.5. 	Experimental results. 

2.5.1. Introduction. 

Experiments were carried out in .order to verify the 
prece iing large signal theory. 	No measurements on power 
loss are included at this stage since a complete analysis of 
the losses introduced in a practical circuit has not yet 

been presented; this is dealt with in section 4. 	Since 

only a verification of the non-linear operation of the circuit 

was required, the circuits were not optimized. 	This enabled 

values of parameters to he chosen which facilitated direct 

measurement of the quantities concerned in the large signal 

analysis. 

2,5.'). 	Node Circuit. 

The circuit for the node type multiplier is given in 
Fig.2.77. 	The output circuit is designed so that the output 

with, 
voltage is small compared Ze- the input voltage over the 

greater part of the range of 1I1/1/. 	This enables the non-

linear operation to he verified up to values of VlArb  
approaching unity. 	The results obtained in this way should 
lie between the two large signal curves of Figs.2. 	to ?ig. 
2.11. tending towards the lower one at low values of 1/1/Vb  
and the upper one as Vi/Vb  tends to unity. 	The input circuit 

is designed , so that its resonating capacitance is large 
%yak 

compared 4e the diode capacitance so that only a small fraction 

of the voltage at the second harmonic frequency appears across 
the input tank. 

The diode capacitance characteristics were measured under 

small signal conditions and a value for -/ estimated. 	This 
was found to be 0.39 and the results of the experiment are 

shown together with the theoretical curves of 	Fig.2.9 
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and Fig.''.11. 	In comparing the results with the theoretical 

curves it must, therefore, he remembered that the measured 

points should lie slightly above the (h) curves, i.e. in 

between the theoretical curves for 7 = 0.9 and ny = 0.333 

tending towards the latter. 	In fact the measured results fall 

slightly short of the expected values: possible sources of 

error are : 

(a) Measurement of 'Q' factor of output circuit. 
(h) Measurement of circuit capacitances. 

(c) Voltage measurements. 

(d) Measurement of 1 

Any one of these could give rise to an error in 'K' 

corresponding to a constant (approximately constant in the 
case of (d)) multiplying factor over the range of yvb. 

The important point to notice 7is that the large signal law is 

accurately verified. 	Note that the experiments were restric—

ted to verifying the preceiding theory and no attempt is made 

to measure the performance under conditions where the diode 

is driven into forward conduction. 	The readings are taken 

up to values of V1/V which cause a small (0.1 mA.) current 

to flow through the bias resistance. 

The capacitance variation shown in Fig.2.12 was checked 

in the X10 circuit. 	Since the change is small it is diffi— 

cult (and not very useful) to obtain accurate measurements. 

The results show however that the theoretical trend is 

realised in practice and it is seen that the order of magnitude 

of the change agrees with the theory. 

2.:3. 	Mesh Circuit. 

The arrangement used for the mesh type multiplier is: 

shown in Fig.2.98. 	Again, the output circuit is designed 

so that the output current is small compared to the ittput 
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current through the diode so that measurements may he made up 

to values of Il/ GJ iCoVh  approaching unity, 	Also, C1  and 

Cn are made much less than C so that the two meshes act as 

effective filters to their respective currents. 	This 

necessitated making Co  large and for this reason the diode 

was operated at zero bias. 	The measured value of -y 	was 

0.33 and the measured points are shown on Fig. 2. 22 and Fig. 

2.23. 	In the case of the X10 circuit the output was too 

small to he measured for I1/ es.)1CoVh less than unity. 

Approaching this value with bias current of 1.0 µ A. gave a 
value of 'K' less than 5 x 10-6. 	Theory gives a value of 

1.0 x 10
-6 

at I1/ (Ai 1CoVh = 1.0. 	As the input was increased 

causing large current to flow the measured output rose sharply. 
This is due to a mechanism other than that under investigation 
and will he :dealt with in section 7. 	Similar, though less 

pronounced, effects were observed in the X3 circuit under 

forward current conditions. 	It has already been concluded 

that these two circuits are not of much practical importance 

and the measurements confirm the theoretical predictions. 

The X? results are seen to agree closely with theory: the 

main sources of error are: 

(a) estimation of -p o' 
(h ) estimation of I1 / CAJ 1Co h° 

both of these quantities being particularly susceptihle.to 

error due' to the difficulty in p.Drformina measurerents in 
the region of zero bias. 

2. 	Conclusions. 

In this section an accurate large signal theory has been 
evolved for the depletion layer operation of two basic 
circuit4, the node and the mesh typessand the theory has been 
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verified experimentally. 	Curves have been produced which 
show the minimum power loss obtainable with various diodes 
together with the circuit conditions to obtain this minimum 
loss. 	A comparison is now possible between various circuits 
and combinations of circuits, assuming the reali7,eability 
of the optimum efficiency. 	Indications have been given as 
to posEdble additional losses: these will he treated in 
detail in section 4. 
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Table l Series used in large signal analysis 
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(b) Practical realization of above circuit 
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(c) Circuit used in estimating power loss due to diode 

Fig.2.1 Node circuits used in the analysis 
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(b) Practical realization of above circuit 

(c) Circuit used in estimating power loss due to diode 

Fig.2.2 Mesh circuits used in the analysis 
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Fig.2.7 'K' curves for a X2 node multiplier, Y = 1/3. 
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Appendix 2.1 	Derivation of_ the e series for 'R. '. 

Appendix 2.1.1. Node circuit. 

   

We wish to obtain the terms of (2.18) leading to current 
in phase with the Idn  component of (2.9). 	Consider the mth 
term of the general series and substitute for v from (2.17 ). 

m 
i =CoC mil/lain 4,..)1t -Vnsin n (4)1  t+ )] [(,) V1  cosw1  t-wn  Vn 	n cos (c.) t+n1-6] 1   

The terms leading to current at Cz.) at are given by terms in vm 
of frequency, 0, 2n wit, (n-1 )0.)1t (n+1 )401t and it is only' 
the last two that contribute to current in phase with. Idn  
(this can he checked by inspection): Thus the required terms 
are: 

rr i = 	(w Co  V )c m Vdi lk n_icos ne- (n-1 )3  + A cos ne-(n+1 2 1 	1 	ct 
1 	

2 	n+1 
m 

(obtained by using the fact that sin el = 	Ai cos i (e - "ri) 
J 

Putting cm  = lcm  I (-1 )m 	
(see (?.7) 	gives : 

i = (L'Co Vi  ) I cmi Vdi rn  (-1 )rn mz_ nn+111 

  

cos ne 	(n+1 )712 

= ( 	CV )Ic I V m al  A n +1 
1 0 1 	m 	dl 1 	sin n (91' T /2) 

which i s in phase with the Idn  component of (2.9). 

Thus B (m) in (2. 21) is obtained: 

B (m) = 71  I my\ n-1 
	 n+1 cm Vdl

m  

which is the result given in (2,27.). 

The method for determining D (m) is similar hut instead of 



M 
I ;I 
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taking terms of vm, terms of vm-1 and vm-2  must he combined 
dv with --- dt.  

Appendix 2.1.2. 	Mesh circuit. 

In this case we wish to obtain the terms of (2.3 2 ) 
leading to voltage in phase with that defined by (2. 41 ) and 
(2. 46 ). 	This is obtained simply from the mth term of (2.32) 
thus: 

Vd  * {
Q0  (1  — 	7 I1 	m+1 1 

CoVb 	63  1 .-)o 	 m I  
cos Co it+ (In/nIi  )sin n twitl 

gives; for the term containing I1m : 

Vn 
j  cQ0 0.-7/,  11_ y 	

m 
= Vb  ) 	v

b 	 n 
Li„ mA 

whence: 

1 — "V  (1,  
(3.+E)Y' m t  

m-1 
J- - 

6), 
m

An 

This is the result given in (2.47 ). 

The second part is obtained in a similar manner. 



[ 1 - 	/ ( ~/+m+1)} 
 L1 + 	(2- y)/( y +m ) 

1 + 2(1 - y )/m, 	for M " 1 . 

cm 
cm+2 

7.: 

Appendix 2.2. 	Convergence of series involved  in the 
large pnaLypis 

Appendix 2.2.1. 	Node circuit. 

(2.22) may he written thus: 

C Vm cm 
	. n . (Vdi )m 

I m 	n-i m dl JL_In +1 1 - m-2 2 - .(m+n-1-1) 	I (m.441+1_)/2 	Un=t2112L2 

The ratio of successive terms is thus: 

r= 

	

cm+2 
l+ 7177 	1+ 171171771- 	1 _ 	] 

	

n-1 	2 	n-2 
)
-2 

Since the Taylor co-efficients are as given by (2.7) it 

follows that: 
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Hence r becomes: 

÷n 1+ 	 ] ][,„2„. [1_ 11-2 1[ 1 	 1 m+1 	y +m+1} [  + m+ y (v d1 )-2 

which simplifies to : 

2 1- 
m r 	1 + 

   

2 _ 
m+n 

2 
[ 2 (vdi 

    

for m ),> n I 

Thus r is greater than unity when, 

[0 17_1_ 2 m 	m+n - (rid
2 	

> [ vd 1 

which is the result used in (2.54). 



D(m) m-2 2  
• km-n-1 1/2 . t(m+n-3 	. (m+n-1 ) . 

Similarly (2.23) may be written -thus: 

n 	.  m-1 . m . cm . (Vdl  )m (Vn  /V1  )2  • 
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and the ratio of successive terms becomes: 

r 
[1 

14..2] 	n 	[ 1 - m 	m+1 
2 

 

+ 2 m+? 

which 'simplifies to 

r = 	1 - (-zri)2  

 

for m >> n> 1 

 

Hence, for r > I we obtain the result: 

1- 2 Ni/
mI 

> (Vd1 )2  
„ 2 

neglecting (==) 

This is -the result used in (2.57 ). 

Appendix 2. 9,2. 	mesh Circuit. 

Consider the ratio of successive terms of (9.47) where 
In  4( nI1. 

L m  
r 

m+2  

[ 11  -1 -2  
n 11 m+2-m2  1 

m 2+3m+2 

Lm is defined by (2.34) and hence 

Lm 
LM+2 = 

Y 1 +9 , 4. 
M 	I  .1 1 

1 + 2/m , for m >> 1/' 

Hence 



r ; 2 	m+2—n2 
+ 	+ 

111 

—2 

irrespective of the value which converges 

m2 

when m 

Gi 1 -0o 

(n 2-2)/3 
of I1/6) 1Q

e 	
This condition gives (?.59). 

The ratio of successive terms for the second factor of 
(2.47) is: 

r= 	
, 

— 2 
	

1 +
] I 	fil _n2] [ II  

-L* 	m 	2 m 	Ctil% 

—2 

 

for m >> n > 1. 

  

   

—2 

   

  

ni+n  2 	I1  

— 	(A)  1Q0 

that for r > 1, 

   

It follows 

 

+ n 2  )/m2  < 1 - 	wig, 02  

which is the condition stated in (2.50). 
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SECTION  

CONSIDERATION OF CHARGE STORAGE EFFECTS. 

3.1 	Introduction. 

In the previous two sections a behaviour has been 
observed under conditions of forward conduction which does 
not appear to fit the depletion layer analysis, even taking 
into account large signal effects. 	It is the purpose of 
this section to examine the operation of the diode under 
conditions where the applied signal voltage exceeds the bias 
voltage and hence to draw conclusions about the behaviour of 
a circuit operating under these conditions as4frequency 
multiplier. 	Of particular interest is the behaviour of a 

circuit designed for depletion layer operation hut actually 
operating in the forward conduction mode, The following 
theory will he concerned only with the diode functioning 

as a charge storage device, i.e. the case of an ideal 

resistive rectifier will not he considered, since it has 
already been shown29 that thiS type of frequency multiplier 
has inherently low efficiencies. 	The following work takes 

as a starting point, the theory presented by Leenov and 

Uhlir.
22

, for a diode operating as a broadband harmonic 

generator. 

The theory will assume an ideal charge storage device, 
i.e. the voltage and current waveforms are as shown in Fig. 

3.1 where the following two conditions apply: 

All the charge stored during the portion of the 
cycle where the applied voltage exceeds the bias 

voltage is recovered. 

At the time when the total charge becomes zero the 
diode changes instantaneously from a short circuit 
to an open circuit. 
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In practice the recovery time will of course he finite. 
This, as one would expect, causes the practical results to 

be worse (in terms of efficiency) than the theory predicts. 

3.2 	Theoretical analysis of a charge storage multiplier. 

3.2.1 Basic ideas. 

The circuit analysed by Leenov and Uhlir is that shown 

in Fig.3.11(a); note that no filters are included. 	The 
diode is negatively biased by the voltage VB. 	Harmonics 
are generated by the transient which occurs when the diode 
switches off after all the charge has been recovered, as 

shown in Fig.3.1(c) (assuming the diode behaves as describ—
ed in 3.1). Power flows in both the generator and load 
resistors at all harmonic frequencies and the conversion 

efficiency of power from the fundamental to a particular 
harmonic is therefore inherently low. 	If one tries to 
restrict power in'the circuit to only the fundamental and 
one harmonic by incorporating suitable filters, (e.g. a 
high '0' parallel resonant circuit across Rill/  tuned to the 

required harmonic and a similar circuit shunting the 
generator tuned to the input frequency) the circuit will 

cease to function. 	This may be seen by the following 

simple argument: Assume the waveform across the junction 
to consist of two sinusoids, (this implies ideal filters or 
infinite 'Q' circuits). 	This means that the 'flat top'in  
the voltage waveform shown pl. Fig.3.1,(b) is made infinite —
simally short in duration (corresponding to a peak of the 
voltage waveform) and therefore the time during which the 
d4ode conducts is reduced to zero, making charge storage 

operation impossible. 	It may therefore he concluded that 
it is necessary' to have some series resistance -in the cir—
cuit for such a mode to exist.. 
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Two basic arrangements will be investigated; firstly 
the'circuit shown in Fig.1.2(a) where the output is filter-
ed to contain only the required frequency, secondly the 
circuit of Fig.3.3(a) where the output is taken across a 
load which is resistive at all frequencies. 	rote the 
resemblance of the circuit of Fig.3.2(b) to the node cir-
cuit for depletion layer operation where Rd  is the series 
loss resistance of the diode. 

3.2.2 	Analysis of tuned output circuit. 

It will be assumed for the purpose of the analysis 
that the filters are ideal. 	Two possibilities exist for 

the tuned output case: firstly that shown in Fig.3,2(a) 
where the generator is connected directly in series with the 
diode as shown, the generator resistance R, being the 
necessary series resistance, and secondly that shown in Fig. 
3.2(b), where the generator is coupled to the circuit via a 
matching transformer and filter, in which case the filter 
prevents harmonic currents from flowing in the generator 
and an additional resistance Rd is added in series with the 
diode to allow the necessary conditions discussed in section 
3.2.1 to exist. 	Note, that the operation of the two circui- 
ts is identical if we replace V, and R„ in Fig.3.2, (a) by V1  

and Rd respectively of Fig.3.2.(b). 	The following analysis 
will apply to the circuit of Fig.3.2.(b) but efficiency 
expressions will be derived for both circuits. 

A typical waveform of the current through the diode is 
shown in Fig.3.2.(c). 	It is assumed that the voltage across 
points X, Y, consists of the input and output frequencies 
only. 	We may write the voltage across the points X, Y thus: 

vxy  = V1  sin. CA) it + Vn  sin n C,.i t-  + 0n 	 (3.1) 
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Now define currents thus: 

I1a = Vi/Rd 	and Ina = Vn/Rd 	(3.2) 

and 
= I la sin CJ 1t + Ina sin n Wit  + fin — 1B 

	(3.3 ) 

This is the current that would flow if the above voltages 

were present and the diode were conducting all the time: it 
corresponds to the dotted curve of Fig.3.9.(c). 	The 
actual current flowing is given by the solid curve and it 
starts to flow at a time t1 corresponding to the point when 
the voltage v causes the diode to be driven positive. XY 
We can thus write: 

IB = Ila sin G.)1t1na sin n 6)1t1 	an 
	(3.4) 

where IB = VB/Rd 
	 (3.5) 

The time t3, corresponding to the point where the current 
stops flowing due to the diode becoming open circuit, is 
given by the condition that the total charge is zero, 	Thus: 

ft3 
i dt = 0 	 (3.6) 

tl  

This gives the result: 

   

cos malt +Qr —cos n oit3 	+On] 

(3 .7 ) 

ct,b 
B 

ltl-cgs 6.3 1t3  

tj 1(t3 tl) 

Ina  

IBn 

  

The actual currents flowing at any harmonic frequency may be 
found by Fourier analysis. 	Thus the current im at m40 1t 
is: 

im = Ims  sin m G) 1t Imc  cos m Cid 1t 
	(3.8 ) 
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where Ims  and Ime  are determined in the usual manner, thus: 

2 114.) 
ms 	(.3 	sin f(t) 	m 	dt 	(3.9) IT me cos 	1 

O 

where f(t) = 0 , 0C t <ti  

f(t) =i , t1  < t < t3 	 (3.10) 
f(t) = 0 	t34r tdc 2 1r 4.) 

Solving (3.9) and (3.10) and substituting from (3.7) and 
(3.4) gives the following results: 

Ims 	11a Bm Ina 	 (3.11)  

Imc = Cm Ila  + Dm Ina 	 (3.12) 

where A, B, C, D, are each functions of n, t1, t3, and On  
and correspond to the Fourier co-efficients. 	They are 
given in appendix 3.1. 

The equations can now he solved in the following 
manner: 	Choose Ila/IB as a variable; this is related 
directly to the input from the generator. Define a second 
variable r = Ina /Ila' - this will be dependent upon the value 
of the load resistor R . Now take an arbitrary value of 0n'  • 
substitute these three quantities in, 0.4) and obtain ti, 
hence obtain t3 from (3.7). 	Now (3.11) and (3.12) can be 
evaluated and the value of On  checked. 

since 	0n = 	+ tan 1  (Inc/Ins) 
	

(3.13) 

The above procedure is repeated until the valuse of On  
obtained from (3.13) is the same as the value originally 
chosen. 	Although somewhat tedious, the process is quite 
tractable once an initial value of 0n has been determined. 
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(this initial value may be found by letting r 	0). 	The 
value of Rd  /Rn  to give the above conditions may be found 
thus: 

Vn = InRn 
	 ' (3.14) 

where 	In2  = Ins  + Inc 
2 	 (3.15 ) 

Combining (3.14) with (3,2) gives: 

Rd/Rn = In/Ina 
	 (3.16) 

Substituting this in (3.15) and using (3.11) and (3.12) 
gives: 
(Rd/Rn)2=(Bn2+Dn2) 	2(11n +CriDn)/r + (A +en 

2)/r2 (3.17) 

where r = Ina/11a 
	 (3.18) 

We are now in a position to determine the efficiency of the 
circuit. 	Consider the circuit of Fig.3,2,(b) and assume 
that the reactive part of the input current is 'tuned out' 
and that the transformer is used to match the generator 
resistance to the input resistance of the circuit: the 
efficiency, r , may he expressed thus: 

1 	Pin 	V1Ils 
Pout 	In2Rn 	

(3.19) 
 

Rn 	Ai 4.  B1  
(3.20) Rd r2 r 

Note that if the input filter consists of a simple 
resonant circuit tuned to the input frequency, it may not ' 

;Afe, be possible to 'tune out' the reactan-ce part OZ the current 
at this frequency. In this case the generator resistance 



[  1 = An Al Ba 
11  Rd r2

+r 
 

C1 	+ D1
2r2 + 	D1  r 1 + 

A12 + -r + 2A1Bir 2 (3.21) 
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may be simply matched to the input impedance of the circuit. 
The efficiency under this 'impedance matched' condition is 
given by: 

Alternatively using the circuit of F12.3.2. (a) and 
replacing the resistance Rd  by the generator resistance Rao 
the efficiency is defined thus: 

2 
1 	Pavailable 	V1  /4Rd  

- Pout 	= I 2 R n n 

_ Rn 1 1 
- Rg  4 "T (3.23 ) 

Comparing (3.20) and (3.23) for the same output power (i.e. 
the same value of 'r') gives: 

Pin  

Pavailable 
= 4(113.  + Bir) 	 (3.24) 

The performance of a X2 and a X10 multiplier, evaluated 
using the above theory, jite given in Fig,.3.4 to Fig.3.6 for 
a range of values of Rn/Rd. 	A value of drive is chosen 
which corresponds with the region of maximum efficiency for 
the basic broadband circuit, (refer to Fig.3.7(a) or to the 
results of Leenov and Uhlir), the actual chosen condition 
being Vi/VB  = 2. 	Since the variation of power loss with 
angle of forward conduction is small in this region it was 
thought that this value would give a useful indication of 
the behaviour under tuned conditions. 	Experimental results 
confirm the soundness of this choice. 

(3.22) 
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For large values of drive note that Al  is large and 
hence the efficiency obtained with the circuit of Fig.3.2(b) 

is not much different from that obtained using the circuit 

of Fig.3.2(a). 	This can be seen from (3.24) free,. whence 
for the condition (Al+Blr) = 0.25 the two efficiencies are 
the same. 	This is approximately the case for the results 
shown in Fig.3.4 and Fig.3.5 which are actually plotted for 
the circuit of Fig.3.2(a). 	The maximum difference in 
power loss between the two circuits under the conditions 
considered is less than 1.0 dB. 

The comparable behaviour of the two circuits can be 
explained simply by the following reasoning: in the circuit 

of Fig.3.9.(a) power loss at all harmonic frequencies occurs 
in. the generator resistance R,, also, since the fundamental 
component of current is largelthe power input to the circuit 

lJ 
is comparable td the power available from the generator; 
in the circuit of Fig,3.2(b) power is dissipated in R, only 

at the fundamental frequency,but since a resistance Rd  is 
added in series with the diode:  the total power loss remains 
of the same order and the gainldue to matching is small. 

The advantage of the circuit of Fig.3.2. (b) only becomes 
apparent at low values of drive since the. fundamental compon-

ent of' current is then small and using the circuit of Fig. 
3.2.(a) the available power is very much greater than the 
input power. In general low values of drive are not of 

interest since under these conditions the harmonic current 
generated by the charge storage effect is small and the 

depletion layer effect will tend to dominate the behaviour. 
In order to predict the behaviour of depletion layer circuits 

operating under charge storage conditions the parameter 'r' 

is of interest. 	This is. plotted in Fig.3.6 for the condi-

tions considered above. 
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3.2.3 	Analysis of tuned and matched input, broadband  
output circuit. 

We have coliidered in the previous section the opera-
tion of the circuit with the output taken from a load, 
filtered to allow only the desired harmonic to flow. 	We 
will now treat the case where the output is taken from a 
load which is resistive at all frequencies hut, unlike the 
circuit treated by Leenov and Uhlir, where the input from 
the generator is both filtered and matched. 	The purpose 
of the filter is to prevent harmonics flowing in Re  ; 
it can he seen by referring to Fig.3.1(a) that in the 
optimized case of Rn  = R,, half the power at the output 
frequency is dissipated in the generator resistance.when no 
filter is used.  Note that the existence of all the harmon-
ics in Rn does not preclude the output at the required fre-
quency from being filtered, provided a resistive load still, 
exists at all other frequencies. 	The circuit is given in 
Fig.3.3(a). 

For the purpose of the analysis consider the circuit of 
Fig.3.3(a) re-drawn as in Fig.3.3.(b): the generator and 
associated filter and transformer have been replaced by an 
equivalent voltage generator of zero internal resistance. 
This_ is justified, since at all harmonic frequencies the 
filter presents a short circuit across points W, Y. 

The components of current at the input and output fre- 
quencies may he found as before by a Fourier analysis. 	The 
conditions and equations are as in section 3.2.2, with 
Ina = 0. 

The efficiency is given by: 

1 	V1 Ils 
In

2 Rn 

(3.25) 
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(3.26) 

Compare this efficiency with that of the circuit shown in 
Fig.3.1.(a) where, under matched conditions, 

1 

 

(3.27) 

 

An f. en 

This is the efficiency derived by Leenov and uhlir and it is 
apparent that the addition of a filtered and matched input 
improves the efficiency by a factor 1/A1. 

The matching conditions are determined simply as follows: 

Input resistance Rin  = V1 /Ils 	 (3.28 ) 

= Rn/A1 	 (3.29) 

Hence for a turns ratio 1 : n as shown in Fig.3.3.(a) 
optimum conditions exist when 

n = [111 A,, 	g 
(3.30) 

It is assumed in the above considerations of efficiency 
that the reactive term in the input impedance is 'tuned out'. 
If this is not the case, the above equations will he modi—
fied thus: 

1 - 

An + Cn 

 

(3.31) 

and, 	n = 1  	r ani 
:(A 2 	2 L Rg 1  

(3.32) 

This condition gives a slightly poorer efficiency, hut since 
both Al and Cl are less than unity, the circuit always gives 
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an efficiency which is better than if no input filter were 
used. 

Results are plotted for a X2 circuit in Fig,3,7, 
curve (a) for the untuned case, is shown for purposes of 
comparison. 	Curves (d) and (e) show the improvement 
obtained by addition of the input filter and are the same for 
any order of harmonic, 

3.3 	Discussion of results. 

In the preceding section a theory has been evolved for 
two specific types of charge storage circuit, and results 
evaluated for some particular cases. 	Let us consider first- 
ly the results for the tuned input circuit of section 3.2.3 
which are given in Fig.3.7. for a X2 multiplier. 	As one 
would expect, the behaviour is similar to that of the basic 
broadband circuit in which the power loss becomes large at 
small values of drive and at values of drive which cause the 
diode to conduct for most of the cycle. 	It is seen that 
when the input is matched to the input impedance of the 
circuit the optimum efficiency is improved by about 5 dB. 
When conjugate matching is used the improvement is about 6.5 
dB, corresponding to an overall maximum efficiency of-3.5 dB 
Curves (d) and (e) show the improvement due to matching and 
are applicable to any order of multiplier. Obviously since 
the input impedance is high for small values of drive the 
improvement due to matching is greater under these conditions 
as shown by the curves. 	It is apparent that this circuit, 
although giving a moderate efficiency for a X2 multiplier, 

does not give very good results for high order multipliCa-
tion. 
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Consider now the circuit analysed in section 3.2.2. 

Power loss is plotted versus Rn/Rd  in Fig.3.4 for a value of 

drive corresponding to 1/1/1/13  = 2, 	It is seen that the 
effect of tuning the output causes the maximum efficiency to 
be —7dB compared with —10dB for the basic untuned case. 	It 
may be seen from the experimental results of Fig.3.8 
(obtained using the collector—base junction of an 0044 
transistor at an input frequency of 350 Kc/s.) that the 
value of drive chosen for the curves of Fig,3.4 is not the 
optimum value and a further improvement of about 1.5 dB may 
he obtained by increasing the drive to a value corresponding 

to about 140°. 	This gives an overall optimum efficiency of 
—5.5dB. 

The results for a X10 circuit are given. in Fig.3.5 for 

the same value of drive (Vi/Iri3  = 2) 	It is seen that the 

improvement due to tuning the output is about 4 dB giving a 
maximum efficiency of —25 dB. 	Referring to the practical 

results given in Fig.3.9 it is seen that a further improve—
ment of 4dB can be obtained by increasing the drive slightly. 
It may thus be concluded that the maximum efficiency obtain—

able with this circuit is about —21 dB for a X10 multiplier. 
This compares with an estimated efficiency of —23 dB obtain—

able with the circuit of Fig.3.3.(a), (tuned input case). 

It has already been pointed out (section 3.9.2) that 
under conditions of large forward drive the circuit of Fig. 
3.2.(1) gives results which are not much different from those 

using the circuit of Fig.3.2,(a). 	The circuit of Fig.3.2, 
(h) is of interest since it is essentially the same as the 
node type depletion layer circuit. 	It is thus possible to 

predict the behaviour that may he expected when a circuit 
designed for depletion layer operation is driven into charge 
storage operation. 	The curves of Fig.3.6 are of interest 

in this respect since they show the 'voltage gain' defined 

by (3.18), as a function of Rn/Rd  . 	It is seen that as 
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Rn/Rd increases, thd voltage gain, r, tends to a limit for 

a given value of drive. 	For the case considered the limit— 

ing value of 'r' is about 0.5 for a X2 circuit and 0.07 for 
a X10 circuit., This implies that if a depletion layer 
circuit has been designed with circuit parameters which give 

a voltage gain less than these values when the diode is just 
on the point of conduction, the gain will continue to increase 
as the input is increased. Note that whether or not the 
efficiency increases as the diode is driven into conduction 
depends upon the case in question. 	For low order multi—
pliers it is possible to obtain high efficiencies using the 
depletion layer effect with only moderate 'Q' factors and 
generally the losses due to conduction will cause the 

efficiency to drop as the diode is driven into conduction. 

On the other hand it is possible that in the case of a high 

order multiplier with a low 'Q' diode the efficiency will 

increase as the diode is driven into conduction. By 
comparing the results of section 2 and section 3 it is poss—

ible to determine, for the case§ studied, the relative merits 

of the two types of multiplier. 

Note that the circuits considered in this section have 

each a dual. 	The duals are given in Fig.3.11. 	It is 
apparent that the operation of the basic untuned circuit of 

Fig.3.11,(a) is essentially the same as that of Fig.3.1,(a): 

when the voltage across G, due to the generator current 

reaches the value of the bias voltage, the diode starts to 
conduct; conduction continues until charge equilibrium again 
occurs, at which time the diode becomes open circuit and the 

diode current becomes zero. 	The diode voltage and current 

waveforms are thus the same as for the case already consid— 

ered. 	Similarly if one considers the dual shown in Fig. 
3.11,(h) it is seen that the operation is essentially the same 

as that of Fig.3.2, (a) and likewise Fig.3.11,(c) corresponds 

to Fig.3.2, (b). 	The theoretical analysis of section 3.2 may 
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thus he applied to the dual cases. 	Note however that the 
circuit shown in Fig.3.11,(d) is not directly suitable for 

charge storage operation since, following the argument of 
section 3.%1, it is necessary to have a current path at all 
frequencies and if the series filters in each mesh are ideal 
this condition is not fulfilled. 

3.4 	Experimental results. 

Experiments were performed to verify the preceding 

theory. 	The diode used was the collector—base junction of 
an 0C44 transistor which gives reasonable charge storage 

characteristics between 100 kc/s and 10 Mc/s. 	The results 

for the tuned output case are given together with the 
theoretical curves in Fig.3.4 and Fig.3.5, the input frequen— 

cy used being 350 kc/s. 	It is seen that the efficiencies 

obtained in practice are worse than the theoretical effic—

iencies, the difference being about 3 dB for the X2 circuit 
and 7 dB for the X10 circuit. 	Referring to the waveforms 

shown in Fig.3.10 it is seen that the pessimistic performance 
may he accounted for by the fact that charge recovery is not 
complete, (it was observed that considerable current flowed 
under forward conduction): when the frequency was increased 

from 350 kc/s to 2 Mc/s, approximately the same efficiency 
was obtained but in this case the poor performance may he 

explained by the fact that, although charge recovery.was 
44, 

nearly complete the recovery time was long compared 4& the 

time for one cycle. 	The important point to note in the 

results is the fact that the difference in power loss between 

the tuned and untuned circuits is very close to that predict—

ed by the theory ( 5 dB for the X2 circuit and 6 cTR for the 

X10 circuit). 	The circuit parameters were chosen to minimise 



126 

the effect of the depletion layer capacitance. 	The value 
of R.. was 1.4 K. 

ti 
The operation of filtered and matched input operation 

was verified for a X2 and a X10 circuit with an angle of 
drive of 120°. 	For the X2 case the following results were 
obtained: 

Power loss under untuned conditions = 12..6 dB 
power loss under tuned conditions = 9.5 dB 
Improvement due to matching = 3.1 dB 

For the X10 case the following results were obtained: 

Power loss under untuned , conditions = 39 dB 
power loss under tuned conditions = 33.5 dB 
Improvement due to matching = 5.5 dB 

The theoretical improvement (given in Fig.3.7) is for an 

angle of drive of 120°, 5 dB for matching to the input 

impedance and 6.5 dB for conjugate matching, the latter being 

the condition in the experiment performed. 

In order to check the performance of the tuned output 

circuit for various angles of drive the results given in Fig. 

3.8 and Fig.3.9 were obtained. 	It is seen that in both 

cases the maximum efficiency occurs at an angle of about 140°  
giving a slight improvement compared with the efriciency at 
120°. 

The waveforms shown in Fig.3,10 show that for the X2 
multiplier the assumption of the output voltage being sinu— 

soidal (see section 3.2.2) is valid. 	However for the X10 

case it is apparent from Fig.3.10,(h) that the waveform 

departs considerably from a sinusoid: this is a further 

possible reason for the departure from theory of the results 

for a X10 circuit. 
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3.5 	Conclusions.  

A theory has been evolved for operation of a multiplier 
using the charge storage effect under tuned output and/or 
tuned input conditions. 	Some specific results have been 
obtained which enable the general behaviour to he predicted. 
In particular it is possible to draw certain conclusions as 

to the operation of a depletion layer circuit operating in 
the charge storage mode. 	The discrepancies between the 

experimental and the theoretical results may be accounted for 

by the fact that the diode used only approximated to an ideal 
charge storage diode. 

A set of general results has not been obtained for the 
tuned output case. 	This could most readily be done using a 

computer to solve the equations of section 3.2.2 and appendix 
3.1. 	Of particular interest is the solution for low values 
of drive for the circuit of Fig.3.2, (b) from whence it 
s hould be possible to evaluate completely the performance of 
a circuit operating under a combination of depletion layer 
and charge storage conditions. 
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(a) Basic broadband circuit 

(b) Voltage waveform 

t 

(c) Current waveform 

Fig.3.1 Basic broadband circuit and waveforms. 
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Fig.3.2 Tuned output circuits and wavefor4. 
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(a) Filtered and matched input circuit 

(b) Equivalent circuit of (a) used in the analysis 

(c) Current waveform 

Fig.3.3 Circuits and waveform for the case where the 

input is filtered and matched and the output 

is broadband. 
\ 
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Fig.3.4 Power loss curves for a X2 tuned output charge storage 
multiplier for Vi/VB  = 2, plotted versus Rn/Rd, using 
the circuit of Fig.3.2,(a). 
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Theoretical loss, tuned output 
Measured loss, tuned output 
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Fig.3.5 Power loss curves for a X10 tuned output charge storage 

multiplier for Vl/VB  = 2, plotted versus Rn/hd, using 

the circuit of Fig.3.2,(a). 
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Fig.3.6 1 r* curves for a X2 and a X10 tuned output charge storage 

multiplier, Vl/VB  = 2, plotted versus Rn/Rd. 



(b) Power loss of conjugate matched 
case 

(c) Power loss of 'impedance matched' 
case 

(d) Improvement due to conjugate 
matching 

(e) Improvement due to 'impedance 
matching. 
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Fig.3.7 Power loss curves for a X2 tuned input charge storage 
multiplier. 
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(b) Tuned, Rn/Rg  = 1.0 

(c) Tuned, Rn/Rg  = 2.4 
Power 
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Angle of forward drive, de6rees. 

Fig.3.8 Measurements of power loss versus angle of forward 
drive for a X2 charge storage multiplier using the 

circuit of Fig.3.2,1a). 
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Fig.3.9 Measurements of power loss versus angle of forward 
drive for a X10 charge storage multiplier using the 

circuit of Fig.3.2,(a). 
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Fig.3.10 Waveforms obtained in experimental circuits. 



(a) Untuned, dual of Fig.3.1,(a) 

(b) Tuned output, dual of Fig.3.2,(a) 

(c) Tuned in ut and output, essentially a dual of 
Fig.3.2,(b) 

(d) Basic depletion layer mesh type circuit. 

Fig.3.11 Dual circuits 
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APP13TDI X 3_41 	RESULTS OBTAINED FROM FOURIER ANALYSIS. 

The following are the equations for the variables 
A, B, C, D, of (3.11) and (3.12) obtained by a Fourier 
analysis as described by (3.9). 

Al  = 2 .R  Lwl(t3-ti )- ;(sin 2 CJ it3  - sin 2 G.) 1t1) 

+ 2 sin J iti (cos CJ 1t3  - cos CJ 1t1 ) 

12  B1  = 7c 	
sin (n-1) C.) it3÷9in  - sin (n-1) failti lOn  

1 (sin (n+1)(..) 1t3-14n  - sin (n+1) W 1t3. 44n  

+ 2 (sin n ÷Cfn)(c" (J 1t3 c" 6)1t1. 1  

1 	1 Cl  = 2--ic (cos 2 	-cos 26j it3 )-2sin CJiti  (sinLit3-sin(diti) 

  

Di  = 1 rc 	
1 	/ cos(n-1)(,..)1t1+On  - cos(n-l)w it3+cin  2 

771-1 ("s(n+1)(...). ltl - cos (n+1) 	it3+Vn  

- 2 (sin n 	
1 
t
1 n 
+01 )( sin (,) 1 	- sin CA) 

1
t1)1 

1 [ 1 
77 2-k 	

( sin (n-l)c,) 1t3  - sin (n-1 )witi  -TT. 

1  (n+1) (sin (n 1)C.) 1t3  - sin (n+1)[..)iti) 

2 sin 6.) 1t1  ( cos n (..)1t3 - cos n 	iti) 



cos On )(co 1t3  
1 
.2 

140 

t1) 

- 	 sin 2n Wlt34n 	sin 2n (...) t +94-  1 1 n 

+ 2 	( sin n (,J 1  t1 + n 1t3 - cos n (,)1t1 k ( cos 

1 [ 1 Cn - TIC tr17-17- (cos (n-1) G.) 1t3 	cos(n-1) W 1t1) 

1  (n+1) ( cos (n4-1) LA) 1t3  - cos (n+1) 	itl) 

- 2 sin (,) 1 	(sin n W t 1 3  - sin n w1t1) 

1 	1 Dn = 2-rc 	2n (cos 2n Gi iti+On  - cos 2n G) 	441.: 

(sin 0n ) ( t„.) t3 - w it].) 

2 ( sin n 1t14 	sin n C.J 1t3 — sin n (,) 1t1) 
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SECTION 4. 

SOURCES OF DECREASED EFFICIENCY WHEN USING PRACTICAL CIRCUITS. 

4.1 	Introduction. 

In sect. 2 power loss curves were derived from a large 

signal analysis for a depletion layer multiplier, assuming 
the only losses which occurred were due to the series loss 

resistance of the diode. 	In a simple practical circuit the 
efficiency will in general he less than that predicted from 
the above results. 	The present section will analyse the 

various sources of additional power loss and, where necessary, 

modifications to the efficiency expression given in sect.?_ 

will be introduced to take into account conditions encountered 

in practical circuits. 

Note in particular the case treated in 4.2 which deals 
with the losses caused by the presence of finite resistance 
in the filters. 	In some cases, specially at low frequencies, 
this may be the dominating source of loss in a multiplier and 
thus merits special attention. 	The remaining sources of 
decreased efficiency can generally be eliminated, often by 
the use of additional filtering. 	This will he discussed in 
the relevant sections. 

4.2 	Losses due to finite  resistance in  circuit filters. 

4.2.1. Node circuit. 

Losses due to the filters may be taken into account by 
deriving a new expression for the efficiency, similar to that 
of sect. 2.3 but replacing the diode conductance by filter 

conductance G1 and Gn at the input and output frequencies 
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respectively. 	The circuit under these conditions is shown in 
Fig.4.1,(a). 	The total conductance at the output frequency 
is mow given by: 

Gait 	
Go + Gn 

The input and output power are now as follows: 

= 	V
1 (kri  + G eq  ) Fin 	_ 

Pout = Vn -Go 

( 4 .1) 

(4.2) 

(4.3 ) 

using the same nomenclature as in sect.2.3. 	The resulting 
expression for efficiency is, (following the method given in 
sect.2.3.1): 

1 t1/2- 	 ji-gG 
Kw 1 o  

Gnt  

n  
(4.4) G

nt 

 

If Cmt is the total resonating capacitance at a node 

at frequency (...)/211 	and we define Qm 
and c( m  as follows: 

Qm = LJ mCmt/Gm 
	 (4.5) 

- 	cmt/00 
	 (4.6 ) 

the resulting expression for efficiency becomes: 

1 
= {1 

+ n 	ea 	Q 
K2  teirorditi {1 NI•10 

on t 
On  

(4.7  ) 

where Qnt is the loaded 'Q' factor of the output node. 
This form is particularly convenient at low frequencies where 

the '0' factors of circuits are readily measurable quantities. 

Power loss curves are plotted for Xl, X3 and X10 multipliers 

in Figs.4.2 to Fig.4.6 for various values of an/on 
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4.2.2. 
	 Mesh circuit. 

The efficiency for the mesh circuit under conditions where 
all the losses are concentrated in the filters may be evaluated 
in a similar manner. 	Defining RI and Rn as the filter loss 
resistances in the input and output meshes respectively (see 
Fig.4.1, (c) for the circuit under these conditions), the 
resulting expression is: 

Rnt 1  =
R  

K-n (4)
ncoRn)(631-0  ) 	ITT} 

R 
Rn  nt 

(4.8) 

where Rnt is the total resistance at the output frequency. 

As before we can obtain an alternative expression by 
letting: 

Qm 	1/40 mCmtRm  (4.9) 

Co/Cmt  (4.10) 

where Cmt is the total resonating capacitance in a mesh 
at frequency W/2 	This gives: 

1 	1 	ct + 
Q11 

Qn 

[ 
Qnt (4.11) 

Kin Qnt 

where n is the loaded " factor of the output mesh. 
Power loss curves using the above result are given in 

Fig.4.7 to Fig.4.9 for a X2 ( y  = 1/2 and y = 1 /3 ) and a 
X3 ( 	. 1/3) multiplier. 

4.2.3 	Discussion of results for the  node  circuit. 

The assumptions on which the precey'ding estimation of 
efficiency 	based are essentially those outlined in sect.2.4.1, 
condition (b) being that treated in this section. 	As has 
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already been pointed out, conditions (a) and (c) can be 
realised fly the addition of suitable filters as shown in 

Fig.2.1, (1). 	It will therefore he assumed in the following 
discussion that these additional filters are included or that 
they are not required. 	The behaviour of the circuit without 

such filters is treated in sect.4.3. 	In.either case the 

power loss given by (4.4) or (4.7) represents a basic loss 
for a given circuit, i.e., it is not possible to eliminate it 
by introducing additional circuitry. 	It is therefore import—

ant to be able to estimate the loss in a given case to see how 

it compares with the diode loss derived in sect.2. 	Three 
possibilities exist: 

(a ) 
	

the filter loss 

loss, 
(b) 	the filter loss 

(e) 
	

the two losses  

is negligible compared 4e the diode 

is much greater than the diode loss, 
are comparable. 

Case (a) is trivial and the efficiency of a multiplier may be 
estimated using only the results of sect.2. 	Of the remaining 
two possibilities let us consider firstly the case where the 
filter losses dominate the behaviour. 

It often happens at low frequencies (i.e. of the order 
1Mc/s to 100Mc/s)where the diode 'Q' factor is high and the 

'Q' factors of the circuit components relatively low, that the 
efficiency of a multiplier is determined solely by the filter 
losses. 	It is thus worth considering in some detail the 
behaviour of the circuit under these conditions. 	Take, as an 
example, the results for a X2 node multiplier given in Fig.4.2. 
The power loss is plotted versus N. n/Qntt which  from (4.5) 
and (4.6) is the same.as Gnt/G)nCo' the parameter used in 
sect.2. 	The curves shown are for the case where 
cyni 	cknAn. Since in general the 'Q' factors at the 

input and output nodes will be approximately equal this 
implies that the curves plotted pertain to the case where the 
total capacitances at each node are the same. 	In the circuit 



145 

of Fig.4.1,(a) it may often be convenient in practice, 

particularly when several stages are cascaded together, to 
makeCL 1 = 20L2* 	In this case the loss may be estimated 
by interpolating between the two values of OL (cascading will 

be discussed in detail in sect.5). 	It is apparent from the 
curves that the power loss (for a given 'Q' factor) decreases 
as the value of Cr. is decreased. 	This is intuitively 
obvious by looking at the basic circuit of Fig.4.11(a),since 
for large values of Cl. the coupling between the two nodes is 
small and hence any non-linear effect due to the diode will be 
small, i.e. Geq  of (4.2) will be small compared to Gi, the 
filter loss at the input node. 	Note that this is not the 
case when diode losses predominate (see sect.2) since under 
these conditions the corresponding 'Q' factor is a function of 

the diode series resistance and therefore is not constant but 
dependent on at . 

Fig.4.2 may be used to find the minimum possible loss 

for a given value of filter 'Q' factor. 	This occurs when 

1 = C(2  = 1.0under which condition additional series 

filters are essential to form the necessary short circuit paths 
at each node as shown in Fig.4.1,(b) with C1  = C2  = 0. 	For 
example for a filter 'Q' factor of 100 the appropriate curve 

shows that the minimum loss is about 0.4 dB0occling at a 
value of nnt equal to approximately 3.0. 	If the value of 4. • °-  
is increased to 10 the minimum loss becomes 3.6 dB. rote , 

howeverthat for high values of a additional filters do not 

substantially alter the performance (see sect.4.3 for further 

treatment of this point) and it may sometimes he preferable to 

operate under conditions of reduced efficiency for the sake of 

less complicated circuitry. 	Also for simplicity in circuitry 

it may be desirable to operate at values of grit  which do not  

correspond to minimum power loss. 	For example, to avoid the 

use of extra filters (see sect.4.1.4) it may be desirable to 
make Qnt  fairly high, thus making ck n/opint  less than 
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the optimum value. 

Comparison of the results shown in Fig.4.6 for the 
minimum loss for X2, X3 and X10 multipliers enables some 
conclusions to he drawn about the best arrangement of circuits 
for a high order of multiplication. 	Consider for example the 
efficiency obtained with a value of C. 	= 0.61 : 

The X2 circuit gives a minimum loss of 0.46 dB. 
The X3 circuit gives a minimum loss of 1.2 dB. 
The X10 circuit gives a minimum loss of 11.0 dB. 

If several stages are cascaded together it is apparent that 
for similar values of 'frequency gain' a multiplier based 

on X2 stages is considerably better than other combinations. 
The following example makes this clear: 

X8 multiplication using 3 X2 stages gives a loss of 1.38dB. 
X9 multiplication using 2 X3 stages gives a loss of 2.4 dB. 
X10 multiplication using one stage gives a loss of 11.0 dB. 

The superiority of the.  X2 method is enhanced when utilisation 
of the characteristic is limited by forward conduction effects; 
this is apparent from Fig.4.6. which shows minimum power loss 
curves for three values of VI/Vh . 	The conclusions are thus 
the same as for the case where the diode losses predominate 
and in fact the advantage of cascading X2 circuits is greater 

for the lossy filter case than for the lossy diode case. 
Further discussion on cascading will be found in sect.5. 

It may happen at intermediate frequencies that the 

two losses (diode and filter) are of the same order. 	It is 

thus necessary to know how they combine. Using the nomen—

clature of sect.2.3.1. and sect.4.2.1. we can define the power 

loss thus: 

1 Pin + G 	+ G ) 
= 	= 

9 Pout 	Vn Go 
(4.12) 
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(This is in effect 

Since 	V1 
2Geq  

where 	Gnt = Go 

we may re—write 

1 ÷ 

• = 	Vn '
2 ant 

Gdn 

(4.12) 

fVvi  1 2  
n 

equivalent 

as follows: 

Gi+Gdi 

to combining 

Aim 

(2.73) with 

{an 	Gdni} 

(4.2)). 

(2.70) 

(4.13) 

(4.14) 
nt Gnt 

This is equivalent to saying that if we represent the diode 
loss by: 

L = 	+ Nd ) / (1 	Md ) 
	

(4.15) 

and the filter loss by: 

Lf  = (1 + Nf ) / (1 — Mf ) 
	

(4.16) 

where N and M are the appropriate terms of (2.75) and (4.4) 
or (4.7), the total loss is given by: 

Lt  = 	+ Nd  + Nf ) / (1 —Md 	Mf ) 	(4.17) 

which is an intuitively obvious result. 

If N Md, Nf' Mf are each much less than unity, the 
total loss will be: 

Lt = 	Nd + Nf + Md + Mf 
	 (4.18) 

In this case the total power loss in dB given -by, 

Dt = flO log Lt.) dB 	 (4.19) 

will be simply the sum of the individual losses given by the 
respective power loss curves of sect. 2.3.1. and sect. 4.2.1. 
The overall performance of a multiplier can thus he readily 
estimated from the results already obtained, the limiting 
individual loss being about 1.0 dB for reasonable accuracy. 
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In the case of large losses it is not possible to use 

directly the two sets of results already obtained. 	In 

particular if 'M' is a quantity approaching unity, the addit—
ion of a second term may cause Md  + Mf, to become greater than 
unity. 	This implies an impossible situation and in fact means 
that the operating point must he altered; i.e., that Got  must 
be increased so that a finite value of Go  remains. 	A good 
approximation to the overall efficiency can be obtained5however p  
if a sufficiently large value of Gnt  is chosen, i.e. one which 
makes both Md and Mf much less than unity. 	This will in fact 
generally be the case ,since even in a low efficiency multiplier 
the load conductance will normally comprise the greater part 
of the total conductance at the output node: i.e., Got  will 
usually be considerably greater than either Go  or Gdn  (see 

(4.14)). 	Referring to the power loss curves this implies 
an operating point considerably removed from the point where 
the power loss becomes infinite. 	From Fig.2.13 it is 
apparent that large values of Got  imply values of Vl/Vb  near 
to unity or (see Fig.2.4 and Fig.2.5) small values of %/VI. 
It is thus seen from (4.14) that the case of Nd  and/or Nf 
being much greater than unity and Md  and Mf  much less than 
unity, is a case often encountered in practice. 	Under these 

conditions the losses are as follows: 

Ld = Nd 	 (4.20) 
Lf = Nf 	 (4.21) 

Lt 	Nd + Nf 	 (4.22) 
Dt  = 10 log Nd  + 10 log (1+Nf/Nd )3 dB 	(4.23) 

This shows clearly that the total ross is much less than the 
sum of the individual losses in low efficiency circuits. 
Note that if Dd and Df are the diode and filter losses 
respectively (obtained from the appropriate curves), (4.23) can 
be found since: 

10 log (1:01d) = Df  Dd 	(4.24) 

and 
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The general remarks referring to the X2 node circuit also 

apply to the X2 mesh circuit and will not be repeated. 	The 
efficiencies of the two circuits are substantially the same 

as can he seen by comparing Fig.4.2 and Fig.4.7. 	Yote that 

since the circuit parameters are different it is not possible 

to relate directly the values of a m  and om  for the two cases. 

The choice between a mesh and a node circuit (for a X2 
multiplier) will therefore be dictated by practical circuit 
considerations rather than on a basis of theoretical efficiency 
(hearing in mind the fact that the two circuits also give 

similar resultsunder conditions where the diode losses pre- 

dOminate). 	As expected the mesh circuit gives poor effic- 

iencies for other than X2 multiplication. 	Cu'rv'es for a X3 
mesh multiplier are given in Fig.4.8 for the sake of complet-
ness but it is clear from Fig.4.9 that a vastly inferior 

performance is obtained compared to that of an X2 circuit. 
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4.3. 	Effect of finite reactance of filters. 

4.3.1. Introduction. 

Referring to the basic node and mesh circuits shown in 

Fig.4.1, (a) and. Fig.4.1,(c) it is obvious that the simple 
filters shown farmed by L1C1  and LnCn  do not present zero 

(or infinite) impedance paths at frequencies other than their 
resonant frequencies. 	This-may in some cases seriously 
affect the performance of a multiplier if not taken into 
account in the theory or eliminated by using additional 

filters. 	It is thus necessary to examine the effects of 

finite reactances of the filters. 	Consider the node circuit: 
L1C1 and  LnCn will possess some finite reactance at Oa and 
bp 	respectively. 	This gives rise to two effects: 

(a) The voltage and conductances at the two nodes are 
not the same as those appearing across the diode. 

(h) The load and generator conductances are not by—
passed at the input and output frequencies respectively. 

Because of (a) it is necessary to modify the rower loss 

expressions obtained in sect.2.3 and sect.4.2. 	Effect (b) 

can be taken into account by modifying the values of the tQt 

factors of the filters used in sect.4.9. 	The two effects will 
be treated separately, with special attention being paid to 

the case of the X2 multiplier. 

4.3.2. 	Modification  of power loss expression. 

In order to find the voltages at the input and output 

frequencies appearing across the diode it will be assumed 
that the admittance at the input node at the output frequency 

is susceptive as :is the admittance at the output node at the 

input frequency. 	The circuit can thus be represented as 
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shown in Fig.4.101(a) for the node circuit and Fig.4.10,(b) 
for the mesh circuit. 	Let us consider the node circuit. 

Using V1  and Vn  to represent the voltage across the 
diode, define V1 and Vnl as the corresponding voltages at each 
node. 	Let the voltages be related thus: 

V1/V1' = T1 	 (4.25) 

Vn/Vni 	Tn 	 (4.26) 

These quantities can be evaluated in terms of the circuit 
constants on the assumption that the diode impedance is that 
of the linear capacitance Co , i.e. the non-linear part of the 
impedance is neglected. 	Since the effect under investigation 
is in general a second order one, this approximation is 
justified. 

Let 	03 1
2  
- Clt  = 1 	 (4.27) -L1  

and 

	

bj  1 
2
L1C1 	= El 	 (4. 28 )  

where 	Clt 	
= Cl  + C01  " 	(4.29) 

and Col is the capacitance formed by Co  in series with Xn 
at o.) 1 

Then 	T1  = X0  (at (A)1  )/fX0  (at 	) 	Xn  (at 4)1 

=-1' Col/Co 

= 	°L  1 (1 	El ) 

where a1 is defined by (4.6). 

Similarly where: 

4-4)n2LnCnt = 1 	 (4,'13) 

= E (A) nnen 	 (4.34) 
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and 	Cnt = Cn 	Con  " 	 (4.35) 

Tn = Coh /0 	 (4.36) 

= Ctn (1  — En) 	 (4.37) 

where d.  is defined by (4.6) 

Note that CIL1'  C(n are functions of El , En. -n, 	These func—
tions are evaluated in Appendix 4.1 and the results for a X2 

node circuit are given in Fig.4.11. 	It is seen that for 

values of 0i.1  greater than 10 the values of E are such as to 

make T1 
and Tn very close to unity, i.e. the effeCt of the 

filter reactances may be neglected if a l  is greater than 10. 

The load conductance seen by the diode will be altered 

(for cases where Tn  4 1.0) to a modified value Gni where : 

i.e. 

	

V Gnt 	n'-2  Gnt n2 

G 

	

nt 	Gnt/Tn2 

(4.38) 

(4.39) 

Similarly the input conductance Geq defined by (2.70) is 

related to the conductance seen across the, diodeGeq  ' thus: 

1 -Geq  = V '2G 1 eq  (4.40) 

(4.41) i.e. Geq ' 	GeqT1
2 

Substituting the above results in the derivation of the 

power loss expression of sect. 2.3.1 gives: 

1 
 = Il

i+  1  I  Gnt  

K 2Odn wn00 

coirc 

lr"  

1}21 

Col 	n 
fi  1 '9n11-Cod 2  2.1 

gdn -TIT 717 a  
(4.42) 



153 

Nbte that this modified expression contains only the factor 

Tn, a not unexpected result since the input filter is assumed 

lossless and therefore its relation to the diode (given by 0! 1) 

should not have any effect on the performance, i.e. T1  should 

not appear in the loss. 	Note also that equations (4.29) 

onwards do not take into accountthe variation of Co  due to 

the non—linear effect, given by (2.25) and (2.26) and hence 

the results obtained are subject to slight approximation, 

inasmuch as Tn  is a function of 0011. 	Since however, this 
is a second order effect the above results may he considered 

as being substantially correct. 	It is seen from (4.42) that 

the presence of Tn  may be considered as altering the factor 

Gnt/ W nCo; thus the effect of Tn  not being equal to unity 

is to shift the curves of Fig. 2.14 to Fig. 2.17 horizontally, 

the minimum power loss remaining the same. 

The modified loss3 in the case where only the filter losses 

exist)is found by using (4.25) to (4.41) in the derivation of 

sect. 4.2.1. 	The resulting expression is: 

    

[1 n  
K2 

an ai)1Qn 1  

Qn 	QI 	Qnti{ T12Tn2  

 

nt  — 	(4. 43 ) 
Qn 

 

   

It may be seen by inspection lusing the results given in Fig. 

4.11 that for values of 011  less than 4.0 the power loss may 

be increased considerably. 'For example consider the case of 

041  = 042  = 3,0: El  = 0.64, E2  = 0.83, hence T1  = 1.08 and 

T2  = 0.51. 	Thus the product Ti2T 2  = 0.35, which will 

seriously degrade the performance, as can he seen from (4.43). 

The above results have been obtained for a node multiplier. 
In a similar manner the mesh circuit can he treated. 	In this 

case we define: 

	

Ii/I1' = T
1 
	 (4,44) 

and 	n 	Tn 
	 (4.45) 
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As before 	(0 
1 
-L
1Clt 

= 1 
	 (4.46) 

and 	" 	C.) 1 -1101 = El 
	 (4. 47) 

where Cit  = C1  in series with Col, the latter being the 
capacitance formed by Co  shunted by Xn  at GJ 

1 

Similar equations apply at 6) n. 	The parameters are now 

given by: 
T1 
 = Ol, (1 — 1/h) 
	( 4 . 48 ) 

Tn = oC n(1 — 1/En  ) 
	

(4.49) 

E
1 
 and En are given for the case of an X2 multiplier in 

Appendix 4.0  as functions of Co/C1 and  Co/Cn' 	The two power 
loss expressions are as 

Lossy diode case, 

_ 	nCoRnt 	1 1 + { 

follows: 

[ 1 — 	1 	1 T 2) - n -ICdn 	Tn
2 Qnd °(n;Rnt 

Lossy filter case, 

(4.50) 

1 1 
Lan 
 ")(l1 = 

[ K2n Qn Q1 [1 
ant (4.51) 
Qn 

It is apparent that these expressions are modified in exactly 

the same way as those for the node circuit, and, as one would 
expect, the general behaviour for an,  X2 stage is the same. 
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4.3.3. 	Modification of filter 'D' factors due to  
coupled losses. 

It is apparent from the basic node and mesh circuits 

shown in Fig.4.1, (a) and Fig.4.1, (c) that if Cn  is of the 
same order as Co and Go (or Ro  ) is of the same order as the 

reactance ofnCn at 4.,)
1 
 then 'Go  (or R) will effectively 

constitute a loss at the input frequency. 	This effect also 

occurs due to the generator conductance G, (or resistance Rte,) 

causing a loss at the output frequency. 	For a given circuit 
these additional losses may be taken into account by defining 

at GO 	a 'Q' factor plc  and at w
n  a 'Q' factor Q

nc  where 

91c and Qnc  are due to the conductances (or resistances) at 

the alternate nodes (or meshes). 	These quantities may be 

simply evaluated in terms of the circuit parameters d — ' 
El, En  and the loaded input and output 	factors, 91t  and 

(where Qit  is the '0' factor obtained by including the grit 
effect of the generator conductance (or resistance) at a) 1.  
The node circuit may be treated as follows: 

The impedance Z seen at the input node looking towards 

the output node may he written thus: 

j 4)1Ln/Gnt  Z 	
(A31. 	

(4.52) 
'0 	j0J 1Ln  + (1 — En  

This gives the effective conductance G, at the input node, 

Qnt/ of nn3  
i.e. 	G = 	 (4.53) Qnt2(1 En/n? 	rin2) 

91c hence 	= a
1 ann3  (1—En/n2-1/Ctnn2)2 + 1/n2Qnt2 	(4.54) Qnt 

Similarly 

0 	/0 	(1-n2E1-n2/ Cki  ‘ 2  mc lt = at  1 (In/117 	) + n2/(11.t2  (4.55) 



These two quantities are plotted in Fig, 4.12 for the 
case of ct 1 	2 =  cz 2  for an X2 node multiplier. 

The results for an X2 mesh multiplier are similarly 
obtained and are as follows: 
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[14-00 1—E2 - /4)112  (c4a 2  - / 	)2} Q2t- 	(4.56) Q10/°2t = [2a1/0..2 ) 

  

 

01 2/0C11 
[i÷ oci(1-4-aR )}2÷(2cq/Q3.0 21 

 

0 	= '2c/0  It (4.57) 

     

Let us now consider the effect of these coupled losses in 
a node circuit. 	It is apparent from Fig.4.12 that the per— 
formance is affected most seriously at low values of of 	and 

a 	This is of course what one would expect since the two n. 
nodes are in effect tightly coupled under conditions where the 
capacitance of the diode is comparable to the node capacitance. 
Consider for example the case of 04, = 4: Q20/91t = 7'9; 
this means that if the value of Qit  is 10, the effective '0' 
factor of the output filter will be, at the most, 75. 	To 
determine th2 actual value of Q2  to be used in the power loss 
expression, (4.7) , it is necessary to take the combined value 
of the filter '0' factor Q2  'in, parallel' with Q20. 	Since in 
general the loaded values of '0' factor will be quite low if 

the filters are lossy (since it is necessary for reasonable 
efficiency to 'swamp' the filter losses) it is apparent that 
the efficiency may in some cases be seriously limited. 	Nbte 

also that the efficiency is reduced by another effect for the 
case of lossy filters as mentioned in sect.4.2.3, when the 
value of a is increased. 	When using the simple circuit there 
is therefore an optimum value of GI under these conditions. 
Note however that when the filters are lossless (i.e. the 
diode losses dominate the behaviour) the above coupled losses 

although still present, can be made negligible by using suffic—
iently high values of ct . 
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It is apparent that the mesh circuit will behave in a 

very similar manner. 	Note that under conditions where Ot 

and a are large,the expressions for both types of circuit 

become simplified as follows (comparing the X2 circuits): 

Node circuit. 

Q1c1Q2t = (9/2) 4L1 °2 

/0 	= (9/8) 	OC 2c lt 	1 2 

Mesh circuit: 

QlcA2t = (9/8)0e 1 0(2 

	

Q2 /°1t = (9/14) 	1 C42 

(4.58) 

(4.59) 

(4.60) 

(4.61) 

The above equations are approximately valid for al= a n= 5 
and the' error becomes negligible for values of 0( >) 10. 

Using the above forms it is possible to see whether the 

coupled losses are comparable to the filter losses, i.e. 

whether or not they must he considered in a particular case. 

4.3.4. Conclusions. 

It has been shown above that the finite reactance of the 
filters may cause severe restrictions to the efficiency that 

may he obtained using the basic circuits. 	As has already 

been mentioned in sect. 2.4.1 and sect. 4.2.3 it is always 

possible to overcome these effects by the use of additional 
filters as in Fig.4.1 ,(b) and Fig.4.1,(d). 	Whether or not 

the extra circuitry is necessary may he decided from the above 
results. 	As an example of the operation with and without 
the additional filters refer to the results for an X2 

multiplier given in Fig.4.13, 	Curl?e (b) corresponds to the 

case where the filters are- lossless and shows that under this 
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condition it is desirable to make Ol t and an large. 	As 
pointed out in sect.4.2.3. the efficiency decreases for large 
values of at, whilst at low values of 0( the efficiency 
decreases due to the effects discussed in sect.4.3.2 and sect. 
4.3.3. 	As is clearly seen from curve (c) the maximum 

efficiency can be greatly improved (in this case of Q:1=Q2=100) 
by the use of additional filters. 	It must of course be 
remembered that these filters will possibly introduce losses 

themselves and their use therefore is most advantageous when 
the circuit is designed with low values of C4 . 	rote also 
that the minimum value of a 1 	ji will he limited by Ca (referring 
to Fig.4.1,(1)) and it is therefore necessary to make Ca  <.< 01. 
It has been assumed in calculating curve (c) that the addition—
al filters are lossless and that the reactance requirements 
can be satisfied. 
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4.4 	Harmonic losses due to finite loaded '0' factor  of 
input and output circuits. 

4.4.1 Introduction. 

So far we have only considered losses which occur at 
either the input or the output frequencies. 	The '0' factors 
of both the input and the output circuits are finite under 

practical conditions, due to the presence of the generator 
and the load conductances. 	This means that harmonic power 
will he dissipated in both the generator and the load conduct— 

ances (referring to the basic circuit of Fig.4.1,(g)). 	Note 

that this loss could come under the heading of sect.4.3 since 
the 'Q' factor is related to the reactance present in the 
circuit. 	The loss is however directly related to the ')1  
factor as such and is thus more readily treated by a separate 
analysis. 	Since all the harmonics in the mesh circuit other 
than the second are small compared to the fundamental, the 
present loss need not he considered as serious in the X2 mesh 
multiplier. 	The following analysis will therefore only be 
carried out for the node multiplier. 

4.4.2 	Analysis of node circuit losses. 

Refer to Fig.4.1,(a) and define Inh as the current at a 
frequency h co l/21T 	flowing in Go  and Ilh  as the current at 

the same frequency flowing in Gg. 	Ih  is defined as the 
harmonic current flowing through the diode. 	In estimating 
the following losses it will be assumed that the filters are 
lossless, i.e. both G, and Gn  are neglected. 

The fraction of the diode harmonic current which flows 

in each conductance may be found simply by considering the 

susceptance at each node. 	Thus the susceptance at the input 
node Y1 is given by : 



Y = Gg   [1 + jhO 1.01(1 — 1/h2E1)1 

whence I h/lih  = hOlt  E1  (1 — 1/h -E1  ) •  
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(4.62) 

(4.63) 

(4.64) 

(4.65) 

Similarly Yn = Go 
 1. 
 1 + j("Qnt%(1 n2/112En )  

whence Ih/I 	(h/n)QntEn(1 n2/h2En) 

above 
In theAequationsEl  and En  are the parameters defined by (4.28) 
and (4.34) and Sit  is due to the generator conductance as in 
sect.4.3.1. 

The harmonic current through the diode is given by an 
expression similar to (9.18). 	Thus: 

00 

ih = Co 
m dv c v -- m d dt (4.66) 

 

rrt=ir —1 

  

where the summation extends over all terms contributing to 
current at h 01. Ih  is the modulus of ih  and may be 
expressed in a form similar to (2.20) thus: 

Ih = Kh to 1C0V1 
	 (4.67) 

The power loss due to the harmonic currents may now be 
evaluated. 	Consider the loss at the output node due to a 
harmonic at h c") 1' • 

Pout = n2/GO 

P 	= I' 2/G dis nh o 

(4.68) 

(4.69) 

where pdis is the power dissipated at the harmonic frequency. 
The power loss given by (Total power/Output power) is thus: 
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1/1  0  = 1 + (Inh/In)2 
	

(4.70) 

(In is the current defined by (2.20)). 

The loss at the input node may be expressed in a similar form 

as follows: 	Assume that the input matching conditions are 

given by G = Geq  (see (4.2)),i.e, the harmonic losses are 

neglected when matching the input (this approximation is 
generally justifiable since, as will be shown, the harmonic 
losses are small). 	Under these conditions the total input 
power pin  is:  

Pin = V1
2 -Gg  + Ilh  2/G g 

 

(4.71) 

and the useful' input power PiA is: 

 

? 
i P' = V -G n 	1 g 

the power loss is thus given by: 

1/9 	= 1 + (Ilh/V1G)2  

 

(4.72) 

(4.73) 

Combining the power loss at both nodes, we get the total 

power loss for a given harmonic, 1/ ri t: 

1/ 9 t = [1 	(ilh/V1Gg)2] [1 	(Inh/ln)23 

	
(4.74) 

or, assuming that the losses are small, we get: 

(1/ 	t). 1 + (I a)2 	
(Inh/In)2 (4.75) 

The total loss due to all harmonics is: 

L (1iri t ) =1 + 

    

 

• [
(I
lh'

AT1G )2 + (In /In) (4.76) 

  

h 
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summed over values of 'h' other than h=l and h=n. 

Using (2.20), (2.77) and (4.5) this loss may be expressed 
im the form: 

1= 1+ 	Ih n 1 	(Vn/ 

(IL 
In 3 anti 	Ei(1-1/h El ) 

2  { 	113.  )(0inkt3.) I 2 	
1  

En 

(1.1127)12En  ) 
2  

(4.77) 
It is thus possible to evaluate the harmonic losses for any 
particular circuit. Direct comparison of different multi-
pliers is difficult using (4.77) due to the presence of 
several independent parameters. 	It is possible however to 
compare various multipliers on a simple basis for the case 
where Vn 	V1, since under this condition the loss express-
ion simplifies to; 

= 1 + 
fit  

 

2 	

2 Kh n 1 	1  
h Qat ]  [ E (l - n2/h 2En ) ] 

(4.78) 

  

Note that this is simply the loss at the output node, tkis 
being the dominating harmonic loss when Vn  <'‹ V1. 	It 
is worth noting that this condition generally holds for an 
optimized circuit where the diode losses dominate (see 
Figs.2.13 to Fig.2.17 and Fig.2.4); it is thus of particu- 
lar interest. 	Note that in (4.78), 'K' is given by (2.22) 
and 

Kh 
m A h--1 

\h+1 cm Vdlm (4.79) 

which is the expression for IC (where h = n) obtained in 
sect.2, for Vn. 44 1' 
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4.4.3 	Illustration of node circuit losses. 

To illustrate the effect of these harmonic losses, 

consider the case of a circuit designed for optimum opera— 
tion using a diode with Qam  = 100. 	The values of the 
parameter Gnt/ Lo n% may be found from Fig.2.14 for an X2 
multiplier ( -N4( =1/2) and it is seen that a value of 0.8 

gives optimum efficiency. 	The value of Vl/Vh  is taus 
determined from Fig, 2,13 and Vn/Vi  from Fig.2.4 or Fig.2.5. 
On the assumption that Vn  .<< V1  the value of K may be 
found from Fig.2.6 and the value of Kb  for h = 3 and h = 10 
are given by the relevant 'K' curves for the X3 and X10 
multipliers. 	A good approximation to Kh for other values 
of h may be obtained.by interpolation. 	On this basis the 
loss given by (4.78) may he evaluated as a function of Qntf 
assuming that 01, n  is large enough to make E

n constant and 
equal to unity. 	The loss evaluated in this manner is given 
in Fig.4.14 for a diode in which V4 = 0.95Vh, and 'y = 1/2 
for the three orders of multiplier previously considered. 

As is to be expected, the losses at frequencies lower 
than the output frequency dominate due.to  the fact that the 
co --efficients cm in (4.79) increase with decreasing harmonic 

number; i.e. for harmonics between the 1st. and the nth. the 
factor Kh/K is greater than unity., 	This accounts for the 

fact that the losses for the X2 multiplier are small compared 

to those for the X3 multiplier, since in the latter case it is 
mainly the second harmonic which causes the loss. 	In fact 

the calculation• of the losses is made very simple by the 

rapid decrease in loss from harmonics higher than the nth., 
and-values of h greater than (11+3) were not considered in 

estimating the losses given in Fig.4.14. 

It is important to note that the results given by the 

solid curves are based on the assumption that the losses 
dealt with in s ect.4.3 have been eliminated by the inclusion 
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of additional filters as discussed in sect.4.3.4. and as 
shown in Fig.4.1,(b). 	The effects of these filters at 
frequencies other than their resonant frequency ha$ been 
neglected on the basis that they are of necessity high 'Q' 
circuits and that they were designed to have minimum 
'secondary' effects on.  the basic circuit, i.e, for the out— 
put node, Cb  will be small compared to Cn. 	For the case 
where ot. 1  and n are large and the additional filters of 
Fig.4.1,(b) are omitted, there will be the loss of sect. 
4.3.3. to take into account. 	Under these conditions this 
loss may be treated alternatively by the present analysis 
using the first term of (4.77) for h = n and the second term 
for h = 1. 	Including this loss (as before, only the loss 
due to fundamental current in the output circuit need be 
considered in most cases) gives the broken curve of Fig.4.14. 
As would be expected, the effect is most pronounced in the 
X2 multiplier, the loss being increased by a factor of about 
15, whereas in the X3 case the loss is approximately doubled. 

Let us now consider the effect of the harmonic losseS 
relative to the diode losses of sect. 2, 	For the case con—
sidered in. Fig.4.14 of Qatm = 100, the diode losses (obtained 
from Fig.2.18) are as follows: 

X2 multiplier diode loss = 0.4 dB 
X3 multiplier diode loss = 0.9 dB 
X10 multiplier diode loss= 10.5 dB 

The respective harmonic losses for the case of Qnt="9u8ing 
the basic circuit (given by the broken curve of Fig, 4.14) 
are: 

X2 multiplier harmonic loss = 0.24 dB 

X3 multiplier harmonic loss = 0.66 dB. 
X10 multiplier harmonic loss = 8.60 dB 

It is thus apparent that in this case the harmonic loss 
will seriously degrade the performance of a multiplier. 
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For values of Qat  greater than 10, (note that the upper 
limit is determined by the filter losses) and values of Qda  

less than 100 the effect of the harmonic losses becomes 
increasingly negligible. 	The respective harmonic losses 
for the case of Qnt=10' using the circuit of Fig.4.1,(b), 
(given by the solid curve of Fig,4,14) are: 

X2 multiplier harmonic loss = 0.015 dB 
X3 multiplier harmonic loss 	0.34 dB 
X10 multiplier harmonic loss = 6.50 dB 

In this case the results for the X3 and the X10 multipliers 
are slightly improved. 	The loss for the X2 circuit is 
greatly reduced and for the case under discussion is negli-
gible compared to the diode loss. 

The above results show that the losses due to the 
finite 'Q' factor of the input and output circuits are in 

some cases serious and will restrict the maximum obtainable 
efficiency unless eliminated by additional filtering. 	It 

has been shown that the loss may be almost completely elimin-
ated in a X2 multiplier by the addition of the filters shown 
in Fig.4.1,(b). 	Note that since it is often the loss at 
the output node (at the fundamental frequency) which domina-
tes, the addition of only one series filter (i.e. the one at 
the output node) may he Sufficient to make the loss negligible. 
It is worth noting that the loss in higher order multipliers 
may be eliminated by the addition of series filters resonant 

at each harmonic but in practice the number of circuits would 
probably become prohibitive. 	It should also be noted that 
the above loss will generally he negligible in intermediate 
stages of a cascaded multiplier since no 'real' load will 

exist. 	This will be discussed further in sect,5, 



166 

4,5 Rigorous solution of efficienct for the node circuit 
under lossy diode conditions. 

The derivation of the efficiency expression in sect. 
2.3.1 is based on the fact that the diode loss resistance 

may be replaced by an equivalent shunt conductance at both 
the input and output frequencies as mentioned in sect.2.4.1. 
The approximations involved are not immediately obvious and 
it is the purpose of the present section to derive an exact 
solution for power loss. 	It will be shown that, in fact, 
the original expression is sufficiently accurate for all 
practical purposes. 

Refer to Fig.1.I.(a), in which the diode is shown in 
its basic form (with a series resistance Rs) coupling the 
two nodes. 	Let the voltage across the diode at Con  be 
V' and the voltage across the junction (i.e. effectively 
across the non-linear capacitance) he Vn. 	The relationship 
between these two voltages is given by the definition of the 
I Q I factor: 

(11,11/v.)2  = 1 
	

(1/Qdn)2 
	

(4.80) 

The current through the diode at the input frequency consists 
of a capacitive component and a 'power' component. Using 
the nomenclature of sect.?_, the power loss at the input 
frequency may be expressed thus: 

Ploys "14 1)  = Ild 2Rs 

= 	( at 1001  IvI )
2 Rs 	(V1Geq)1s 	(4.81) 

By using (2.20) and (2,77) this loss may he written: 
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- Similarly at the output frequency, the capacitive and the 

'power' components of current combine to give a power loss: 

ploss( co n) = Ind
2Rs 

Floss( (A)  n)  = ( 6jriCon n 	s 	n s 
,y )2R 	2R 	(4.83) 

This may be expressed thus:*  

Floss n) 	
nco  ) 	 , 	Grit 2  C T T 

n uo t 
7,7; 	Rs  (4.84) 

The output power, 

p . V' -G 0 n o 

Po , may be written thus: 

= Vn -(Gnt - Gdn  ) 
	

(4.85) 

The equivalent conductance of the diode at the output 
frequency may be expressed thus: 

dn 1 + (1/Odn)2  

	

(Ga n  C01)
2
Rs 	

(4.86 ) 

	

where ()Tin  = 1/ c..) nCoRs 	 (4.87) 

(4.85) may thus be written in the following form: 

t  

Gn  , Po = (6.) C V')
2 	I 	1 	711;2111 

11- (1/Qdn ) -1 on o n [6,1 nCo' "cl.ri 
2} R

s 

(4.88) 

The efficiency is thus given as follows: 

1/() = 1 + [Ploss( co 1) + Floss (c")  n.)  /Po 	(4.89)  
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which4tbstituting the above results, gives: 

1+1 1 liGnt Col  {-14.K2 {  o 	[3.+ (K)2  ( Cd nCo)I 
C 1 	n 	Gnt 01 

	

, 2 	C 12  

1 	1-7(Tdn L3  ri° C°  
2 _ 

	

_ 1 Cd nCo] { 1 	 corl ] r 1  
Cent 1+(1/  Qdn Co '2 ] 

0tin ) 
(4.q0) 

It is seen that this is in fact similar to the 
expression given in (2.83) but with some additional terms 
in both the numerator and the denominator. Let us examine 
the effect of these additional terms. 

The only term to be considered in the denominator is 
the factor involving lAdn

,2. It is immediately obvious 
that this factor will have negligible effect until the value 
of Qdn becomes much less than 10. 	For "dn0 =3 the total 
value of the variable factor in the denominator is decreased 
by about 10%. 	This will have the effect of increasing the 
efficiency slightly compared to the value given by (2.83). 
In general however it is obvious that this effect can be 
neglected. 

The presence of the new term in the numerator is due to 
the fact that it is not strictly accurate to replace the 
diode loss resistance by an equivalent shunt conductance as 
in sect. 7.3.1. 	It is seen that the new term involves 

essentially the factor K
2. 	Since 'K' is generally consid—

erably less than unity the effect of this factor will be 

second order. 	The 'worst' case is the X2 multiplier with 

y = 1/2. 	Consider the optimum conditions for Qdn=10: 
Fig.2.14 gives Gnt/cii nCo  = 1.0, which from Fig. 2.13 and 
Fig.2.6, gives K = 0.4. 	The value of Co/Col is given by 

Fig.2.12. 	It is seen that the overall effect is to increase 
the factor in the numerator by about 10,. 	Remembering that 

1 



169 

this is the'worst' case, (the effect in higher order multi—
pliers will be quite negligible) it is apparent that the 

results obtained in sect.2 are substantially correct and 
that the diode series loss resistance may be replaced by 
an equivalent shunt conductance at both the input and out—
put frequencies without introducing appreciable errors. 

4.6. 	Harmonic loss in series resistance of diode. 

In the previous analysis of the diode losses, only the 

losses at the input and output frequencies were considered. 

In the node multiplier, current will flow at all harmonic. 

frequencies due to the fact that a short circuit path exists 

through the filters. 	This does not occur in the basic mesh 

circuit since the filters present open circuit paths to all 
harmonics. 	The loss due to the harmonic current flowing in 
the series resistance of the diode will cause the efficiency 

to be worse than that predicted by (2.83). 	It is the 
purpose of thil section to estimate this loss and shows how 

it may he taken into account in determining the efficiency. 

The current at a particular harmonic frequency, Ih, is 

defined by (4.66) and (4.67). 	The power loss due to this 

current is given by: 

f loss ( b)  h) 	Ihs 
	 (4.(11) 

It may be seen by considering (4.82) and (4.84) that, to a 
good approximation, the power loss at the input and output 

frequencies may he expressed thus: 

Ploss(C 1)44'loss(61n
) = (4) 1

C
o
V
1
)
2
R
s
+(bj nC o n v)2R s 	(4.92) 

(second order effects being neglected). 	This is of course 
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the loss obtained by considering only the capacitive 
currents due to V1  and Vn. Let us consider the ratio of 
the two losses and call it Fh' 	Thus: 

i,e. 

Ploss( a)h) Fh 	Ploss ( w l ) 	Ploss (  cdn )  

Kh 2  
Fh 1 + (nVn/V1)-2- 

(4.93) 

(4.94) 

The evaluation of I from (4.66) is tedious for the 
general case. 	A good approximation may be obtained as 
before by taking the case of Vn  .‹K V1,under which condi- 
tion Kh  is given by (4,79). 	The ratio of the total power 
loss at all harmonic frequencies to the basic loss is found 
by summing Fh, over all values of 'h' other than h = 1 and 
h = n. 	As mentioned in sect.4.4.3, the values of Kh  may 
in this case be found from the curves of s ect.2. for any 
particular operating condition. 	Let. us consider some 
typical cases. 	Take first of all the example considered in 
sect.4.4.3 of a circuit optimized on the basis of sect.2 for 
a diode 	 Q with 	= 100. icin 

X2 multiplier, sum of all Fh  = 0.024 

X3 multiplier, sum of all Fh  = 0.097 
X10 multiplier, sum of all Fh  = 0.114 

In calculating the above summations it is only necessary 
to consider values of 'h' up to about 4 due to the rapid 
convergence of the series. 	These results show that for 
the X2 multiplier the increase in,  loss is completely negli-

gible and in the case of the X3 and the X10 multipliers the 
basic loss is increased by about 10%. 

Consider no the case of a multiplier designed to 
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operate under the condition Vi/Vb  = 0.99. 	Since the 
value of 'K' increases with Vi/Vb  increasing, this repre— 
sents a case where the harmonic losses will he severe. 	In 
practice it may not be possible to operate at such a high 
value of V1 /Vb*  due to forward conduction effects; this 
case may therefore be considered as a limiting 'worst' case. 
The results are as follows: 

X2 	multiplier, sum of all Ph  = 0.19 

X3 	multiplier, sum of all Fh = 0.34 
X10 multiplier, sum of all Fh 0.43 

These results show that the harmonic losses can be serious, 
particularly in high order multipliers. 

The above results again illustrate the superiority of 
the X2 multiplier over all others. Fate that any particu—
lar harmonic loss may be eliminated by the inclusion of a 
parallel resonant circuit in series with the diode, It is 
doubtful if this would be worthwhile in practice, however, 
due to the increase in circuit complexity for a relatively 
small increase in efficiency. 
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4.7 	Losses due to forward conduction. 

4.7.1 Practical_ effect of driving diode into conduction. 

Chnsider the case of a diode biased for operation in 
the depletion layer region with a voltage at a single 
frequency applied across the terminals. It has been 
assumed in sect.l and sect.2 that losses due to the diode 
may he taken into account by defining the '0,1  factor thus: 

Q = 1/co %Rs  

This neglects the losses which occur when current flows in 
Rs due to conduction when the peak applied voltage exceeds 
the applied bias voltage. It has already been shown in 
sect.2 that it is desirable to operate under these condit—
ions, i.e. under conditions where the peak applied voltage 
is equal to the sum of the applied bias plus the barrier 
voltage, 	0. 	It is therefore necessary to determine the 
additional losses which occur and either to incorporate them 
in the expressionsfor efficiency (this is most easily done 
by defining a new expression for the 'Q' factor) or to limit 
the applied voltage on the basis of the results of the 
following analysis so that the extra losses are negligible. 

4.7.2 	Theoretical estimation of losses. 

The current through the diode due to an applied 
voltage V is given by the standard expression: 

Is (
eq VAT ... 1) 	

(4.95) 

where Is is the reverse saturation current 

and 	kT/q 4 26 mV at room temperature. 

For the case shown in Fig.4.15 (a) where a voltage V sinot 
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causes the diode to be conducting in the forward direction 
from time t1 to time t2 the current during forward con—
duction is given,  by: 

i = I (e(c1V sin 6,-) t)/kT -1) I t1 t2 
(4.96) 

In general Is is small: for a silicon' diode as used in the 
experiments described in the preceding sections Is< 1 y.A. 
This means that forward current will be small until the 
applied voltage v is considerably greater than kT/q. 	A 
fair approximation to practical conditions can thus be made 
by assuming an abrupt characteristic as shown in Fig.4.15, (b) 
where current starts to flow at a point 
between 0 and 	, (the value ofb T c 
the value of Is for a particular diode) 
the series resistance Rs .is external to 

The power loss may now he 

Power dissipated in Rs  = P 

c somewhere 

eing determined by 
and assuming that 
the actual junction. 

found as follows: 

where 

where Vb = VB  + 

i.e. 2 = 	V [.li 	- . pe— k P2"i s  

= (V2/2Rs)p, say. 

sin co t 	VO s 	(4.97) 

(4.98) 

) ( (A) t 2—  U )— (3/2)sin 2 w it]] 

(4.99) 

The power dissipated in Rs may also be 
of the effective IQ' factor, Qe  thus: 

P = (KA )2/2R 
s  

or, Q: = (1/2/2Rs)/P 

i.e. 	aQ 	i/P 

expressed in terms 

(4.100) 

(4.101) 

(4:102) 
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Note that this expression for 'Q' is only valid for 

relatively small excursions of forward drive since it 

assumes that the diode has still an impedance which is 

mainly capacitive. 	An error will also occur due to the. 

fact that Rs is not completely external to the junction and 
will thus vary as the junction current varies.' 

At high frequencies it is possible that the diode will 
exhibit charge storage characteristics. 	In this case it is 
probably a closer approximation to assume an abrupt increase 

in capacitance as shown in Fig.4.15(c). 	The value for 'p' 
may now be found as in sect.3 from the equation' for Ilq(3.11). 

The above analysis therefore represents an approximation to 
the actual conditions but it is found to he sufficiently 

accurate for the purposes of the present investigation. 

Values of 'Q' factor for both the low and high frequency 

cases are plotted in Fig.4.16 for values of V/Vi; up to 1.3 
The experimental results were obtained using a G.E.C.SVC 3 

diode at 20 Mc/s. 	Ik e  was estimated from the measured d. c. 
conduction characteristic to be 0.5 volts; the applied bias 

was 1.5 volts thus making V = 2.0 volts. 	The practical 

circuit is shown in Fig.4.17. 	The impedance across 111  was 

found by measuring the attenuation across R, and using the 
measured value of R 	It was thus possible to calculate 
the effective 'Q' factor of the diode under varying condi— 
tions of forward conduction. 	It is seen that although the 
practical results differ somewhat from the theory, the 
measure of agreement is sufficient for the above analysis to 

be used as a first approximation for estimating the 'Q' 
factor under forward conduction conditions. 
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4.7.3 	Conclusions. 

From the preceeding results it is possible to determine 
the effective 'Q' factor of a diode under given amounts of. 
forward conduction. 	It is thus possible to estimate the 
efficiency for a particular depletion layer type multiplier 
under forward conduction by replacing the original value for 
'Q' factor by the value obtained from Fig.4.16. 	Since,  
however, the value of Qe  drops rapidly, the effects of 
increasing 1/1/V1; above a certain value will be to cause the 
efficiency due to the depletion layer effect to decrease 

(this follows since the 'expected' increase due to greater 
utilization of the depletion layer characteristic is nulli—

fied by the decrease in efficiency due to the decreased 'Q' 
factor). 	The actual point at which the efficiency will 

start to decrease depends upon the value of 0dnI since the - 
effect of conduction will not dominate until Qe  is less than 
Qdn. 	In most cases iti will be possible to accurately 

predict the performance by limiting the maximum drive to the 
point where Vi/Vil: = (1 	S") where 8" is such that Qe  is 
still greater than Qdn. 	In the above discussion the effect 
of the output harmonic voltage has been neglected. 	It may 
be assumed that the conclusions are essentially the same, 
i.e. that due to the abrupt nature of the decrease in,  Qe  

shown in Fig.4.16 the peak voltage across the junction should 
be restricted to a value equal to Vi; (1 + Su). 	Results 
obtained in practice justify this assumption. 

Errors involved in the above theory will be small for 
circuits in which the power loss due to the diode is small 

since this implies high values of diode tQ' factor, C2de  and 

hence small values of S ". Note that the relationship 

between the parameter 111; used in preceding sections and the 

parameters introduced in the above theory is given by: 
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Vb = + (vB c ) 
	

(4.103) 

Prediction of depletion layer efficiency using low '0' 
diodes will he subject to error due to the estimation of Sn. 
This error will generally he insignificant for low order 
circuits since the exact value of Vb' is not critical. 	In 
high order multipliers the error will become increasingly 
serious but since'  as has already been pointed out, high 

order depletion layer multipliers become very inefficient 
when using low 'Q' diodes, this case will not be of interest 
in practice. 	If a high 'Q' diode is not available one would 
normally use a charge storage type multiplier or else a 
cascaded depletion layer multiplier. 
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4.8 	Effect of stray diode reactances. 

4.8.1 Lead inductance. 

At very high frequencies the leads of the diode may 
44*. 

possess an inductive reactance which is comparable to the 
diode capacitive reactance at the operating point. 	The 

effect of this inductance may be taken into account in the 
following manner; 

Consider first of all the node circuit. 	Using the 
nomenclature of (4.25) and (4.26) where V1, Vn are the 
junction voltages and Vi', VII' are the voltages at each node 
(for the purpose of this analysis, assume that the filters 
are ideal, i.e. any reactance presented by the filters will 
be neglected), we can write the relations lips between the 
voltages as follows: 

V1/V1' 	T1 
(1 — co / 	0 

".1 
	

(4.104) 

where 6)o is the self resonant frequency of the diode 
capacitance and lead inductance. 	Similarly, 

Vn/Vn = Tn 

= (1 — co 
n 

/ coo) 
	

(4.105) 

The efficiency expressions incorporating the faCtors T1  and 
Tn are givem by (4.42) and (4.43). 	Thus the effect when 
diode losses predominate is to alter the efficiency for any 
particular case but to leave the maximum obtainable effic— 
iency unaltered. 	When the filter losses predominate the 

efficiency would appear to be increased by the presence of 
series inductance. 	It must he remembered however that the 
inductance will be lossy and it is doubtful whether any 
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improvem'ent would be realised in practice. 	If one considers 
the addition of artificial series inductance it is obvioUs 
that the efficiency would be increhsed by the above effect, 
were it not for the presence of additional loss in the 
inductance itself. 	The mechanism involved may be seen as 
follows: keeping the diode operating conditions the same, 
the first effect of the added inductance is to let the input 
voltage he decreased, i.e. the input conductance is increased 
thus becoming much greater than the loss conductance in.the 
input filter; the limiting condition is when the input 
consists of a series resonant circuit fed from a low imped-
ance generator in which case the input circuit is the same 
as for the basic mesh type multiplier. it is thus applent 
that the efficiency is again limited, this time by the 
equivalent series resistance 'of the inductance. 

The presence of stray lead inductance has virtually no 
effect in the case of the basic mesh type multiplier due to 
the fact that each mesh is series resonated by the filters 
and any inductive reactance is automatically tuned out, 

4.8.2. 	Shunt capacitance. 

Consider first of all the mesh circuit. 	Using the same 
nomenclature as in (4.44) and (4.45), we can write: 

Tn 	= T1  = (1 + C s  /C o )-1 	 (4.106) 

where Cs is the stray shunt capacitance. 	The conclusions for 
a lossyYdiode circuit are as before as can he seen from 
(4.50). 	Since T1 and Tn are in this case less than unity, 

.the efficiency of a multiplier in which filter losses pre-
dominate is decreased by the presence of stray shunt capaci- 
tance. 	The effect for any particular value of Cs/CO3 may be 
found from (4.51). 
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In the case of the node circuit, any stray capacitance 
is tuned out by the filters and therefore may be neglected 

in estimating the efficiency. 

The above theory is based on. the same assumption as 

that made in sect.4.3.2, i.e. that the voltage (in the node 

circuit) and the currents (in the mesh circuit) divide as if 

the diode presents an impedance corresponding to its capaci- 
tive reactance at the operating point. 	Since the effect 
under investigation is normally a second order one, the 
results obtained should be sufficiently accurate for most 
purposes. 
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Fig.4.2 Filter loss curves for a X2 node multiplier where Y = 1/2  
and all/Q1  = qn/Qn  = A/Q. 
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Fig.4.3 Filter loss curves for a X3 node multiplier where y =3/2 
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Pig.4.4 Filter loss curves for a X10 node multiplier, y = 1/2, 
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Fig.4.5 Filter loss curves for a X10 node multiplier, Y = 1/2, 

Vb.  = .95Vb, c<1/Q1  = oql/Qn  = °i/Q. 
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Fig.4.6 Node multiplier curves of minimum power loss for the case 
where only filter losses exist, evaluated for the case 
of 0(1/(43.  = qn/Qn  = (/Q and Y = 1/2. 
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Fig.4.9 Mesh circuit curves of minimum power loss for the case 
where only filter losses exist, evaluated for the case 
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(a) Diode characteristic and current waveforms 

v  
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(b) Approximation to (a) assuming abrupt characteristic 

(c) Waveform obtained under charge storage conditions 

Fig.4.15 Diode characteristics and current waveforms due 

to forward conduction. 
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Appendix 4.1. 	Circuit relationshiss for node circuit. 

Refer to the circuit shown in Fig.4.10(a). 	Using the 
nomenclature of (4.25) to (4.41) we can write the following 
equations: 

hence, 

Xn (at - 

1 

j (A)  

11  1  

9 1 - (1/n)'En 

1 
j (A)  1Cof 	j Cileo 1 - (l/n)-En  

i.e. Col = Co  I1 - En/ icin 'n2‘ (1 	En/n2)1} 

where Ot n 	= 	Cri/C0 	=a nEn  

Thus applying (4.29) gives: 

1 	 ant (1 - Ertin 2) 
237. a1anai n'En/n2  

Similarly, 

1 	1 + 
a 1 n E1  n - otinEin2  

(11(1 - Eln2) 

Solving these two equations for Ei  and En  gives: 

2+1 
-27 1+ [ 

El - 1+ al 12 	n +1 

     

2-1} 2n - 

 

4n2  

  

sal+ OC ri+  al Q(  11 

En 	Ot n - n2+1 	1 
1+ an 2 L n-2 

 

     

n )2 - 4n2  

 

    

   

C1114.• CL1 an 
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this solution. can be used directly to evaluate El  and En  in 
terms of Oli and a 4,. Note that for the type of solution 
used to plot the curves in Fig.4.11 a trial and error 
solution is necessary since c(1  and C( n  are specified and 
these are functions of El  and En, as given above. 

Appendix 4,a. 	Circuit relationships ..for mesh circuit. 

Since only the X2 mesh circuit is of practical interest 
the results will be restricted to this case. 	Using the 
nomenclature of (4.44) to (4.49) and proceeding as in 
Appendix 4.1 gives the following results 
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SECTION 5, 

GENERAL DETAILS OF DEPLETION LAYER CIRCUITS 

. INCLUDING CASCADING. 

5.1 	Introduction. 

In preceding sections depletion layer multiplying 

circuits have been analysed from the point of view of power 
loss. 	Methods have been derived for choosing optimum 

circuit parameters and a detailed study of circuit losses 
has been made. 	It is the purpose of the present section to 

discuss the circuits in a more general manner and particular 

attention will be paid to problems encountered in setting up 

practical circuits such as methods of biasing the diode, 

Methods of cascading stages will also be considered, using 
the results already obtained and bearing in mind requirements 

and limitations of practimAl circuits. 	A brief discussion 

will also be given of the behaviour of circuits under con—

ditions where the input is not constant. 

9.2 Biassing arrangements. 

In the theoretical analysis of sect. 2 and sect, 4 it 
has been assumed that the diode is biased from a battery of 

negligible internal impedance. 	For a given operating 

condition in which the diode characteristic is being fully 
utilized, implying a small amount of forward conduction 

current, the battery may he replaced by a resistance of such 
a value that the reverse bias developed across it is equal 
to the value of bias previously supplied by the battery. 

Under these conditions the steady state operation of a multi—

plier will be the same whether the bias is derived from a 
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battery or from an automatic bias circuit, providimmaphe 

bias circuit is so designed that it does not introduce any 

additional loss. 	S ome basic: arrangements for the node 

and mesh circuits are shown in Fig.9.1. 

The choice of biasing circuit constants in the ease of 
fixed bias operation (when the forward current is negligible) 
is relatively simple. 	In the circuits shown in Fig.'..l,(a) 

-KA& 
and Fig.9,1,(c) Rh  may h any value providedAthe decoupling 

elements C8  and L8  are sufficiently large. 
	In general it 

is convenient in this case to make Rb  equalto zero. 	When 
using the arrangement shown in Fig.9.1,(h) or Fig.%1,(d) 

where no decoupling element is used (Ci  is merely an isola—

ting capacitor which must be much greater than the diode 

capacitance at the operating point), the only restriction 
placed on Rh  is that it must be large enough so as not to 

introduce any losses into the circuit. 

In the case of automatic bias where the battery voltage 

is zero (the battery being replaced by a short circuit), 

some additional restrictions are placed on the choice of Rh. 

Firstly, if the value of Rb  is too high, the bias voltage 

will be large for a small value of current. 	This may make 

optimum utilization of the depletion layer characteristic 
impossible since the peak alternating voltage across the 

diode will be approximately equal to the bias developed 

across Rb  and (because the bias is developed by a small 

current) will thus never approach the region of the harrier 
voltage (at which point the current is very high). 	On the 

other hand the value of Rb must not be so low that the diode 

losses (due to conduction) become severe before a suitable 

bias is developed across Rh. 	S ince the current varies 

rapidly with small changes in forward voltage, the range of 

value4 at which Rb  may he fixed (between the limits governed 

by the above restrictions) is very great. 	A further restri— 
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ction on the value of Rh occurs when the multiplier is used 
with an amplitude modulated input. 	In this case it is 

necessary to ensure that the time constant formed by Rb  and 

the relevant reactance is such that the developed bias 
follows any change in the input. 	In the circuits of Fig. 

5.1, (h) and Fig.9.1,(d) the minimum value of Rb  is limited 

as before by the fact that it 
into the circuit. 

The choice between fixed 

in practice often dictated by  

must not introduce any losses 

bias and automatic bias is 

pDaatical convenience rather 

than by theoretical considerations. 	There is however an 

important difference between the two methods in the case 

where the input signal is amplitude modulated; i.e. the 

relation between the input voltage and output voltage of a 

multiplier,  .depends on whether the circuit is operated with 

fixed or automatic bias. 

Voltage relationships. 

9.3.1 	rode circuit. 

The relationship between the input and output voltages 
of a node circuit is given by (2.20), since In  is directly 

propotrtional to Vn. 	Under fixed bias conditions this 

gives: 
Vn  = K(wiCo/Gnt)Vi 	 (5.1) 

where 	is given,  by (2.21). 	The behaviour of the circuits 

May be illustrated by considering only the small signal 
n-1 

approximation. 	Since K is then proportional to (V1/V11) 

this gives: 
V
n 
= kV n  

1 
(5.2) 



202 

where 'k' is independent of VI , i.e. 	is constant for a 
given circuit. 	For a X2 multiplier this gives: 

V = kV
1 - 	 (5.3) 

The behaviour under automatic bias conditions may he 
illustrated by considering the case where Vn.<< V1. 	Under 
this condition the bias voltage will be approximately equal 
to the input voltage. 	In fact the ratio Iti/Vb  will be 
practically constant at a value somewhat less than unity. 
the actual, value being determined by the forward conduction 
characteristic and the value of bias resistance. 	This 
means that 1 X:' is dependent only on Co  cai VI:,-1/2, for a 

given circuit and the output voltage is now related to the 

input voltage as follows: 

V
n = k'Vi  1/2 	 (5.4) 

where k' is independent of Vl. 

It is thus seen that the output voltage is less 
dependent on the input voltage under automatic bias than 
under fixed bias conditions. 	This may he a considerable 
advantage in practice in the case where input stability is 

a problem; it is evident that in this case a circuit 
operating under fixed bias conditions is inferior, particu—

larly in high order multipliers as can be seen by comparing 
(5.2) and (5.4). 

Note that if the circuit is being driven from a practi— 

cal generator as in Fig.l,3,(a) the generator current 

is perhaps a more interesting parameter than the voltage at 
the input node, V1. 	The relationship between these two 
quantities depends on the input loading conditions. 	For 
example, if the generator conductance G, (or the loss con—

ductance at the input node) is much greater than the conduc— 
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tance Geq (see (2.77)), the generator current will he 
proportional to the voltage at the input node and the above 
discussion may he directly applied. 	On the other hand, if 
Geq X> G„ and the loss conductance at the input node is 
negligible, the input voltage is not necessarily proportio—
nal to the generator current; the actual relationship may 
be found as follows: 
ti 

From (2.77) and (2.20) we get: 

G 	= IC2 (Ca lCo/Gnt)2 Gnt 
	 (5.5) 

Also, 	V1  = Ii/G
eq 
	 (5.6) 

where II is the input current, as distinct from the 
generator current. Thus: 

VI = I1/ 

In the 

the small signal 

I1 	V1 

which gives, using 

Vn 	c4( 	, 

For the X2 multiplier 

V2 	c( 

r K2 
(4)  1Co/Gnt 

2 
 Gntj 

case of fixed bias this gives 
approximation): 

2n-1 ' 

(5.2): 

I,(n/2n-1) 

this reduces to: 

I12/3  

(5.7) 

(again using 

(5.8) 

(5.9) 

(5.10) 

Thus in a practical X2 multiplier where Geq is comparable 
to G, the variation of output voltage with generator current 

Ca 

will lie somewhere between 
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(5.11) 

(5.12) 

to (5.7) and 

(5.13) 

and 

In the case of automatic bias, referring 

remembering that C 0( Vb-(1/2) we get: 

0.( 	(vi/vb) 211-1 

Assuming again that Vn 4*C V1, we see that I1  is, within 
the limits of the approximations, independent of V1. This 
implies that Geq V1

-1
' which is the result given by (5.5) 

when V1 = V11* 
The behaviour of the circuit as I, is varied may he 

seen from the following example: Let the circuit be 

operating in such a way that Geq 	G 	and neglect G • 
since Il  is constant (see Fig.1.3, (a)) a slight increase in 
I, will cause the current through G, to increase rapidly, 
causing a consequent rapid increase in V1, corresponding to a 
proportional decrease in Geq; when Geq  is comparable to Gg, 
V1  increases less rapidly for a given increase in I„, (e.g. 
starting from the condition where Geq =Gg and increasing I g  
by 10% causes V1 

 to increase by 20% and Geq to decrease by 

20%; the upper limit is reached when Geq becomes much less 
than Gg  in which case, as has already been pointed out, V1  
is directly proportional to I,. 

Note that since, in a practical multiplier, the input 
will he matched, V1  will he roughly proportional to I,2 

„, 
(from the above example) and hence Vn  will he directly pro-
portional to I, for small variations about the operating 
point. 

It must be noted that the above discussion is only 
approximate in view of the fact that only the small signal 
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behaviour has been used. 	A further approximation occurs 
due to the fact that the circuit is assumed to be 
correctly 'tuned'; since the capacitance of the diode 

changes with bias voltage, the circuit will not remain in 
this condition if the bias voltage is changed, as happens 
under automatic bias conditions. 	The errors involved due 
to 'mis—tuning' will he small for small departures from the 
operating point but for large variations of input under 
automatic bias conditions the 'mis—tuning' due to the 
change in diode capacitance may eventually cause the output 
to fall as the input is increased. 	A similar effect may 
occur under fixed bias conditions due to the presence of 

the reactances given by (2.25) and (2.26) hut since these 
reactance changes are relatively small it is unlikely that 
they will have much effect unless the circuit 'Q ' factors 

are particularly high. 

5.3.2 	Mesh circuit. 

The mesh circuit may be treated in a similar manner. 
Referring to (2.46) the second harmonic voltage, V2 is 
given by: 

V2  = K 131( co 100) 

where 'K' is given by (2.47) and (2.36). 

again the small signal case, .gisr-la-t- 

	

V 2 	= k I1 -/(Ib'o 2) 

Thus for fixed bias operation, 

2 o( 

	

2 	. 1 

(5.14) 

Considering 

(5.15) 

(5,16) 
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Under automatic bias conditions, since Co t Vb
-1 

 
we get: 

2 V2 	 Il 

i.e, within the limits of the approximations the behaviour 
is the same under both fixed and automatic bias conditions. 

The relationship between the generator voltage and the 

input current may he found as follows (refer to Fia.5.2,(1)): 

If Rc, >> Req then 11  a V im, and the relationship 

between generator voltage and output voltage is: 

V2 0( V,2 	 (5.17) 

If Req 	Rcr, the relationship between the generator 

voltage and the input current may be found as follows: 

12Req = In2Rnt 	 (5.18)  

(This is the basic power equation for the multiplier and 

is the mesh circuit equivalent of (2.77)). 

Combining (5.18) with 
V2 c.< I2   gi ves:i 

R
eq e.(  

Thus since Vg  

it follows that:  

(r4.1.) and using the fact that 

Vg  0( I1 
3 

Combining this result with (5,16) gives: 

V
2 

e,( V 2/3  (5.22 ) 

It must be remembered that the above results are, as 
in the case of the node circuit, only approximate. 	They 
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indicate, however, the general behaviour which may he 

expected when the input amplitude is not constant. 	It is 
seen that (within the limitations of the assumptions) the 

mesh circuit behaves in the same way whether fixed or 

automatic bias is used. 	The input/output relationships 

correspond to those obtained in the node circuit using 

fixed bias as may be seen by comparing (5.22) with (5.11) 

and (5.16) with (5.12), 

5.3.3 	General conclusions. 

The detailed behaviour of a multiplier under large 

signal optimized conditions with varying input amplitude 

is not simple. 	Any particular circuit may he analysed if 
the exact behaviour is required to be determined and the 
above results may he used as a basis for predicting the 

performance although it must be borne in mind that their 
derivation involves two basic approximations (i.e. small 
signal and no ,mis—tuning'). 	The results also of course 
indicate the essential difference between operation under 

fixed and automatic bias conditions. 

9.4 	Hysteresis  effects. 

It .was observed (see sect,1 and also sect.6) that under 
certain conditions as the input amplitude or frequency was 

varied, the output, instead of varying regularly, 'jumped' 

to a new value; the same effect was also observed when the 

output or input reactances were altered. 	It was noted that 

when this effect occurred the diode was being operated under 
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conditions in) which the input and/or the output voltage 
was comparable to the bias voltage. 	It is the purpose of 
the present section to give a theoretical solution to 
account for this behaviour, which is a form of hysteresis. 
It is not intended to give a complete theory which may be 
verified experimentally but merely to give a qualitative 
explanation of the effect, which is generally of secondary 
importance since it may only occur when 'setting up' a 
circuit or when the input is otherwise varied. 

Let a susceptance B(VI,Vn) be introduced at the output 
node of a node type multiplier. 	This may arise from two 
different causes: 

It may be due to the 'large signal' reactance 
given by (2.26) 
It may be due to the change in the operating point 
capacitance caused by conduction current flowing 
ill4he bias resistance. 

The total susceptance at the output node Bn  is the sum of 
the inductive susceptance, Ilca , the circuit capacitive 
susceptance plus the diode capacitive susceptance, Be and 

the above 'generated' susceptance. 

i.e. 	Bn = BL - BC - B(Vl'Vn) 
	

( 5 . 23 ) 

At the chosen operating point, Bn  will be zero, (c.f.(2.15)). 
The admittanc:rette output nodelYdl  is given by: 

N= Gn
2 + (BL.- B0  - B(Vi,Vn))2] 

1 
l2 	(5.24) 

The output voltage Vn  is given by: 

V 	= 	InYn -
1 

A (5.25) 

where In is (to a first approximation) the current Riven by 
(2.20). 	For the sake of this analysis, let In  he a simple 
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function of V • e.g. let 

In = kV1 
rn 
	

(5.26) 

Combining (5.24), (5.25) and (5.26) gives: 

1/2 
kV1 	= V

n 	Gn
2 	(BL  - BC  - B(V,,Vn))-] 	(5.27) 

Let us consider first of all the simple case of n1= 1 and 

B(V,,Vn) = n 
	 ( 5 . 28 ) 

where b is a constant. 

Referring to case (a) above, (5.28) represents an 

approximation to the condition. given by (9.96) i.e. we are 

saying in effect that: 

bVn/Bo = (Con  - Co  )Co 
	 (5.29) 

where Bo  is the susceptance of Co. 	In fact, of course, 

Co:VCo is a polynomial in both V1  and Vn. 	The simplifica- 

tion inherent in (5.28) is justified only on the grounds that 

the present exercise aims at producing a qualitative expla-

nation of the hysteresis effect and is not intended to give 

a rigorous quantitative solution. 	It will be seen later 

that the approximation is valid for this purpose. 

Referring to case (h) above, the susceptance in ( 5 . ) 
corresponds to the change in operating point capacitance 

due to Vn,causing forward conduction current to flow in the 

bias resistor thus altering the effective bias voltage. 

It is again, of course, an approximation and only serves to 

illustrate an observed effect. 

Substituting (5.28) into (5.27) gives: 

 

G +   ( BL BC  -11 1/n)1 

 

kV1 -
2  = Vn?  (F.30) 
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S 
cox diet' 01%. 

This function has been plotted in Fig.5.1 for the case of 
k = 1, (BL  —BC  ) = 10, b,  = 100 and for three values of Gn - 

 
It is apparent that, depending on the value of Gn relative 
to the susceptance term, the function may or may not exhibit 
hysteresis effects. 	Obviously if Gn  is large compared 4QtAirk. 

(BL  BO)hysteresis will not occur since the function will 

he single valued at all times with respect to V1. 	Note 
that (BL  Be)is determined by the magnitude of B(V,,Vn) at 
the chosen operating point (i.e. when Bn  (see (5.23) is 
zero). 	S ince B(V11 Vn)  is related to the diode capacitan— 
ce, it follows that hysteresis is most: likely to occur when 

the diode capacitance forms a large part of the total node 

capacitance. 	This is equivalent to saying that 0( n, 
defined by (4.6) must he less than a certain value for the 
effect to occur. 

The conditions under which hysteresis effects are 
most likely to occur may be summarised as follows: 

(1) Low value of Gnt, i.e. high circuit 'Q' factors 

(2) High value of B(Vl'Vn)' implying diode capacitance 

large compared to circuit capacitances. 

(3) High value of B(Vi,Vn), implying large signal 

operation. 

It is apparent that if B(V,,Vn) is a higher order 
function. of Vn, the general behaviour will remain unchanged 

and the form of hysteresis illustrated in Fig.9.3 may still 
occur. 	If however the susceptance term is a polynomial in 

V1 and Vn one would expect other, more complicated, forms 
of hysteresis to occur. 	Take for example, the curve shown 
in Fig..13,(b). 	Since this is triple valued in both V1  

and Vn, its equation is a cubic in both these quantities and 

could arise if the large signal polynomial expression for 

In and B(Vl'Vn)  fer-e. used to obtain the equivalent of (5.27). 
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In a practical multiplier, the hysteresis effect will 
manifest itself as a sudden jump in output as the input 

is slowly varied. 	For example, refer to Fig.5:3,(a). 
As the input voltage reaches point 'Y' the output voltage 
will ,jump from a ralue Vny  to a value Vnz  . 	Note that if 
the theoretical operating point coincides with a minimum 

value of V
1, for instance the point 'X', the theoretical 

operating conditions will he unobtainable in practice, 

since on reducing V1  towards 'X', the output voltage will 
jump from a value Vnx  to a value Vnw. 	The closeness to 
which one can reach the theoretical conditions will in this 
case he determined by the stability of the input. 

Note that since the hysteresis effect is due to a 

'generated' reactance it also occurs as the circuit is 

tuned, i.e. as the node capacitance or inductance is alter- 
ed in the region of the optimum value. 	Similarly, as the 

frequency is varied, hysteresis may occur. 

Since the properties which give rise to hysteresis in 
the above discussion are also present in the mesh circuit, 

it is to he expected that the effects would he similar. 

This is borne out by the experimental results (see sect. 

6.3.3). 

5.5 	Effect of de-tuning a circuit. 

The analysis in preceding sections has been based on 

the assumption that the circuits were tuned for optimum 

conditions. 	The effect of de-tuning will now be considered; 

to illustrate the behaviour, let us consider the X2 node 

multiplier. 

The relationship between the outpTt voltage and 

current are given by (2.14) and the theory has been based on 
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the assumption that On= 0. 	The effect of de—tuning is to 
alter the value of 029 in which case (2.14) becomes: 

V 2G 2 = I 2cos07 
	 (5.31) 

Combining, this with (2.20) ,.ves: 

V 2G 2 :=-211K Ga1Co V1 cos 02 
	 ( 5 . 3 2 ) 

Note that ( 9.92) still holds since it does not involve V2; 
this is not the case in ( 9.23) and the modified form of 
(2.23) will involve 02' 	Since (2.23) is of secondary 
importance in the evaluation of K, we will neglect, for the 
purpose of the present analysis, this change. 

The efficiency may he evaluated using (5.32) and it 
is apparent that the new expression for efficiency will he 
as before (refer to (2.83)) with K replaced by K' where: 

K' = Kcos02 	 (5.33) 
It is apparent that any deviation in 02 from its original 
value of zero will cause K' to he less than K and hence 
cause a decrease in efficiency, as one would expect. 

It must he remembered however that changing qf 2  from its 
original value will alter the limiting conditions of volt— 
age across the diode, given by (2.67). 	By considering 
specific values of V2 /V1  it is possible to plot c.,1t versus 

from the relationship: 

V 2 	 cos co lt 

V1 	2cn s ( 2t + 02) 	 (5.34)  

which is a modified version of (2.63) including 02. 	It is  
then possible to solve the conditions: 

Visin 	V 2sin coit 	 -V (5.35) 
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These conditions have been evaluated for V2/V1 = 1 and 
V2/V1  = 0.5, 	The results thus obtained are shown in Fig. 

5.4.in the form Vl/Vbversus 02' 	As one would expect, it 

is possible to increase the maximum value of Vl/Vb  consid—
erably by altering 02  (this is of course because the peak 

value of the waveform may he made less by suitably adjusti—
ng the phase relation between the two voltages across the 
diode). 

Also shown in the same figure is the value of K'/K, 
evaluated by letting Vl/Vb  assume its increased value, 
using the small signal expression for K. 

The slight increase in the value of K'/K above unity 
is insignificant. 	The main interest in the results lies 

in the fact that the input voltage can be considerably 
increased if the output node is de—tuned, without seriously 

affecting the efficiency. 	Note that for a circuit in which• 
the losses at the input are very large, a value of K' /K = 
0.5 corresponds to a decrease in efficiency of 6dB. 	For 

a circuit in which the losses are small this value of KI/K 

corresponds to a X4 increase in power loss. 	It is thus 
apparent that in a circuit in which the losses are small 

it is possible to increase the input voltage and hence the 
input power considerably by de—tuning from the original con— 

ditions. 	It must be remembered that the above results 

involve two basic approximations: (a) only a small signal 
expansion for K has been used, (b) a circuit designed 

initially for operation with V2/V1  = 1.0 will, when de—

tuned, no longer satisfy this condition; due to 0.2  chang— 

ing V2  will tend to drop in value. 	These two approxima— 
tions will not however, affect the essential conclusions 

of the above analysis. 
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5.6. 	Input matching and power handling capabilities. 

	

5,6.1 	Node circuit, 

The operation of individual circuits has already been 

considered in detail but the exact requirements for match—

ing a circuit to a given source have not yet been dealt 

with. 	Let us consider the problem of driving a single 
stage node multiplier from a generator which is capable of 

supplying a given amount of power Pa  at a peak voltage Ve:, 
In the case of a current generator whose peak value of 
current is I, and whose internal conductance is G

g 
 , Vg, is 

given by: 

V , = I,/(2G,) 	(5.36) 

and 

Pa =
2/
(8G ) 	(5.37) 

Under matched input conditions the input power to the 

circuit is equal to Pa, hence: 

Fa = V12(Geq 	GL)/2 
	

(5.38) 

where GL is the equivalent loss conductance at the input 

node (which may be either due to diode loss or circuit loss). 

Geq may he expressed in terms of parameters relating only to 

the diode as follows: 

from (2.2n) we get: 

Gnt 	K 4)  1Clo/fi 

where 
Vn/V1 

hence (5.5) may he rewritten thus: 

1, Geq 	Kg co c . 

(5.39) 

(5.40) 

(5.41) 
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Substituting this expression for Geq into (5.38) gives: 

p
a 
 = v12(K/34..)1Co + G )/2 
	

(5.42) 

Consider the case of a circuit in which diode losses 
predominate. 	For a given diode, the operating point 
(chosen to fully utilise the non-linear characteristic) and 
hence the 'Q' factor,will be fixed. 	Thus for an optimised 
circuit the parameters KI S and V1  will he determined (from 
the results of sect.2)and for a given Co, the value of Pa' 
is fixed. 	If however several identical diodes are connect- 
ed in parallel the value of Pa  may be increased to corres-
pond to the greater power (note that GL  will also increase), 
whilst keeping the parameters K, /9  and V1 constant. 
the value of Vg ' given by (5.36) is not equal. to V1  a 
former will be necessary to couple the circuit to the gen- 
erator. 	The above conditions also apply in the case of a 

circuit in which 4Aductor losses predominate since for a 

given 'Q' factor the operating conditions are fixed (in this 

case however GL will be independent of the number of diodes). 

If it is desired to connect the generator directly to 
the multiplier without using a transformer it will generally 

be necessary to vary one of the other parameters. 	Referr- 
ing to (5.42) it is seen that in this case both Pa  and V1  are 
fixed. 	In order to let K and /3 attain their optimum 
values it will therefore be necessary to alter the bias 

voltage, VB  (this will of course only he possible over a 

limited range of values and implies that the diode character- 

istic will not be fully utilised). 	The number, of diodes in 

parallel may then be varied until Co  is of a value such that 

(5.42) is satisfied. 	It -should he noted lhowever,that in 
the case where the losses are determined by the diode, alter-

ation of VB automatically causes the 'Q' factor (used in the 

power loss curves of sect.2) to change, thus causing the 

If' 

trans - 
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optimum values of K and /3 to change. 	The exact solution 
for VB (for Pa and V1 fixed) may not, therefore, he simply 
obtained but it is apparent that sufficient degrees of 
freedom exist (by letting I./18,  vary) for the circuit to he 
matched. 

A third possibility exists to fulfill the matching 
conditions if only one diode is available. 	In this case 
a transformer may be used together with an adjustment of 
the bias voltage; this gives sufficient degrees of freedom 
for (5.42) to be satisfied, since Co  is a function of the 

bias voltage. 

The power 'handled' by the diode, lid  , i.e. the power 
converted from the input frequency to the desired harmonic 
frequency, is the input power to the multiplier less the 
power loss at the input node (due to diode or circuit 
losses). 	Thus 

Pld = V12K /ego 100/2 
	

(5.43) 

La  till be maximum when the diode characteristic is being 
fully utilised, i.e. when it is biased so that negative 
voltage swings drive it nearly to the point where avalanch—
ing occurs and positive voltage swings drive it into the 
forward conduction region. 	The values of K and 0 may be 
found from Fig, 2.6 to Fig. 2.11 and Fig.2.4 and Fig.2.5 for 
various operating conditions. 

5.6.2 	Mesh circuit. 

The mesh circuit may be treated in a similar manner. 
Thus the power input Pa  is given by: 

P a = I 1  2 cK /3 443100) + R)/2 
	

(5.44) 
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where in this case K is defined by (2.46) and 

= In 
	 (5.45) 

RI  is the loss resistance in the input mesh. 	As before, 
if the diode operating conditions are fixed, P

a may he 
altered by altering the number of diodes in parallel and the 
available power may thus he extracted from a given genera-

tor, a transformer being used to adjust I1  to the required 

value. 	Also as in the case of the node circuit, it is 

possible to alter the value of Il  (whilst keeping the diode 
conditions optime) by adjusting the bias voltage suitably. 

The power handled by the diode is given by: 

P1d = 	- 1
2K /(63 1co ) -  (5.46) 

where from Fig.2.21 to Fig.2.23 K may be obtained directly 

and 

= nK/( 
- nCo Rnt 
	 (5.47) 

5.?. Cascading considerations. 

   

5.7.1 Introduction.  

It has already 'been pointed out in sect.2 and sect.4 

that it is often advantageous to use several low order 
multipliers cascaded together instead of using one stage of 
high order multiplication. 	In this section some of the 

requirements and problems encountered in designing a cas- 
caded multiplier will he discussed. 	These concern essen- 

tially the matching conditions to he fulfilled between adja-

cent stages and the estimation of overall efficiency using 

the results obtained in preceding sections. 	For the sake 

of illustrating the behaviour, node circuits will be con-

sidered. 
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5.7.2 Uatching conditions between adjacent stages. 

Let us consider the problem of cascading-two node type 
multiplier stages together. 	Let the first stage be design— 
ed to give an output voltage Vn1  across a load conductance 

Gol and the second stage to be designed to operate with an 
input voltage V12  and to have a total input conductance - 
Gin2 where 

Gin?_ 
= GL2 	Geq2 
	(5.48) 

G12 being the input loss conductance. 	If it happens that 

Vnl = V12 and Gol  = Gin2  then the two stages may be connec— 

ted directly together with Go, being replaced by Gin2. 	In 
this case the load of the first stage is formed partly by 

the loss conductance of the second stage and partly by the 

'active' input conductance of the second stage, this 'active' 
conductance being of course a function of the output voltage 
and load of the second stage. 	Note that the fact that the 
load conductance of the first stage is no longer a 'real' 
conductance in no way affects the operation of the stage; 
the fact otill cxist6 tha 4'under steady state conditions, 
the output voltage and current of the first stage behave in 

exactly the same way as if a 'real' load existed. 

In practice of course it would be extremely unlikely 

that two stages taken at random would fulfill the above 

voltage and load conditions. 	Sect.5.5 may be taken as a 

basis for obtaining the necessary matching conditions 

between two stages. 	Let us consider the problem of design— 

ing the second of two stages on the assumption that the first 
one has been already designed for maximum output. 	Assuming 

that the parameters K and 9  are determined by the design 

curves of sect.2 or sect.4, three variables remain for 
adjusting the matching conditions: 



The impedance transformation (turns ratio) 
the stages may be altered. 

The diode in the second stage may be altered, or the 
number of diodes of the same type in a parallel 

combination may he altered. 

The bias voltage in the second stage may he altered. 

As has already been pointed out, any one of the above 

three variables may be fixed and sufficient degreesof 

freedom will still exist for the matching conditions 

to be satisfied. 

It will he necessary to consider each case on its 

merits bearing in mind the practical aspects, for example 

whether it is more convenient to use transformer coupling 

or to obtain different diodes or a different number of the 

same diode for the second stage. 	Some examples may 
however serve to illustrate the general nature of the prob—

lems involved in cascading two adjacent stages. Let us 

consider for the sake of simplicity the case of a low loss 

circuit, i.e. one in which we may assume that the power loss 

is small enough for the input and output loss conductances 

to he neglected (compared to the conductances Geq and Go 
respectively in a particular stage) where the voltage 
relationships are concerned. 	This assumption implies that 

since the power loss is finite (hut small) the values of the 

parameters K and A (see (5.42)) are determined for minimum 

loss by the results of preceding sections; the present 

problem is to examine the matching conditions between 

adjacent stages and to compare the changes necessary between 

two stages for these conditions to be fulfilled. 	Let the 

parameters of the first and second stages be denoted by the 

subscripts 1 and 2 respectively: thus the input voltages of 
the two stages will be V11  and V12. 	Referring to (5A2) 

the value of P
a 
will he the same for both stages; thus: 
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between 
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( 5.49) Pa = V11 X1ie 16)  1c01 
2 	

1 
/1  = V 	2 co C" 12 	2 it,  2 - 	'02 

Now define the following quantities: 

K  ,v 	— (1/2 ) 

	

om 	m bin 

	

Vlm 	Drn Vbm 

where m refers to stage 1 or stage P. 
Substituting these relationships into (5.49) gives: 

{V ] 
3/2 

	

11 
	K

D2 K2'  - 

	

V12 	
2  K1 2 1 	D1 K1 1 

(5. 51 ) 

(9,r,2) 

For the sake of this illustration let us assume that the 
optimum operating conditions for each stage are the same 
.e. that K 2  g 2  = 	and that D2  = Dl. 	In practice 

this may well he approximately true as may he seen by 
referring to the appropriate design curves (for a X2 
multiplier refer to Fig.2.4 and Fig. 2.6 ). 	We now have: 

r
V  3

/2  111

1 	 K 2 ' 2  1 
(5.53) 

Three possibilities now exist for fulfilling the matching 
conditions. 

(a) 	No coupling transformer used. 	In this case the 
input voltage to the second stage will he equal to the out— 
put voltage of the first stage. 	This gives: 

V12 = 	1V11 
	 (9.94) 

Substituting this into ( 9.93) gives: 

K 2 ' /K1' = (1/2) 3.-3112 	 (5.99) 
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This gives the necessary relationship between the diode 
capacitances (at a given bias, refer to (5.501) of the two 
stages. 	Note the special case of the first stage having 
a voltage gain of unity whence (5.55) shows that the diode 

in the second stage must have a capacitance at' a given bias 

which is half that of the preceding stage; this could he 

accomplished in practice by using two diodes in ,parallel 
for the first stage and only one in the second stage; 

alternativdly of course a different diode could he used in 
each stage. 	Note that the bias relationship between the 
two stages is given by (5.94) and (5.51): 

vbp /v1,1 ,-_ 1 

It is seen that in the case when no coupling transformer 

is used, the relationships between the diode capacitances 

and the bias voltages of adjacent stages depends on the 

voltage gain of the first stage. 	Note that if A is 

small compared to unity, the diodes must increase in capac-

itance with each successive stage and the bias must simil- 

arly decrease. 	It is apparent that this would usually he 

impracticable for more than a small number of consecutive 

stages since the diode capacitance would rapidly become very 

large and the bias very small. 	It may therefore be conclu- 

ded that,  a coupling transformer is advantageous in practice, 

whence two possibilities remain. 

(h) 	Same diodes used. 

Assuming the same conditions as above, and letting the 

turns ratio of the transformer be T, where 

T = V12/Vnl 
	 (5.57) 

we may rewrite (9. 53) thus : 

( T)-319  = 2K2'./1 
	

(5.5n) 
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and from (5.51) and (5.40) we get the bias relationship: 

Vh2/Vhi - 	 (5.59) 

From (5.58) we see that if the same diodes are used in each 

stage the turns ratio is given by: 

T = (1/i0 )(1/2)2/3 

and 

V1)7/Vbl = (1/2)2/3 
	

(5.51) 

= 0.53 

It is apparent that this condition may offer considerable 

advantages over the previous one since for small values of 
A , the decrease'in bias per stage is less than that 
indicated by (F.56) 	The remaining possibility is for the 

bias to he the same per stage. 

(c) 	Same bias per stage. 

In this case from (.5q) we get: 

~QT = 1 

and from (.q8) 

-2 	' ' /71 	- 1/2 

(5.52) 

(5.63) 

This would seem to be a very reasonable condition for a 
practical multiplier since it enables the bias to he main-

tained at a constant value for each stage, thus allowing 

the diode characteristic to he fully utilised.in each stage. 

At the same time the condition that the diode capacitance 

decreases by half for a doubling in frequency fits in well 

with the properties of most diodes, since to keep the 'Q' 

factor constant, it is necessary to construct diodes whose 

capacitance decreases with increasing frequency (the series 

loss resistance being approximately the same at all 

frequencies) 
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Although the above examples have assumed low loss 

circuits, they nevertheless give an idea of the general 
behaviour and matching requirements applicable to any cas— 

caded multiplier. 	The introduction of losses into the 

circuit will alter the quantitative relationships but the 
general conclusions will usually remain the same. 	Take for 
example the case of a cascaded multiplier designed without 

a coupling transformer in which the voltage gain of a stage 
is unity. 	This implies that the stages are not optimized 

for minimum power loss but it is possible that in some 
cases a sacrifice in efficiency may be acceptable if it 

enables a saving in circuit complexity (in this case, the 
fact that tl transformer is not used). 	Since the voltage 

gain of each stage is unity the bias will normally be made 

the same and the operating conditions of the diode, i.e. 
the values of K and /9 , in each stage will be the same. 

The output power from the first stage P01  may he written 

thus (referring to (5.4l)): 

Pol = V2(K A 4)  1001 - GL12) 
	

(5.64) 

where GL12 is the total loss conductance at the output node 
of the first stage and input node of the second stage. 

This may also be expressed as the power converted in the 

second stage; thus 

Pol = V
2
7/6 cv  2CO2 	 (5.55) 

Equating these two expressions for Pot gives: 

Co2 = (1/2)Col — C112/(1( 	2) 
	

(5.66) 

Comparing this with (5.55) shows that the effect of includ—

ing the losses is to make C02 less than half Col' 

In the above discussions all the spurious effects 

dealt with in sect.4 have been neglected on the basis that 
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they may he eliminated in any partMlar case by the use of 
additional, filtering. 

9.7.3 	Estimation of basic efficiency using the results  
of previous sections. 

It is always possible to determine the power loss of 
a specific circuit with known parameters, simply by referr— 
ing to the appropriate curves of preceding sections. 	The 
estimation of the overall power loss of a series of,aascad—
ed stages by summing the individual losses is straight— 
forward. 	The more interesting problem of determining the 

maximum obtainable efficiency with given diodes and circuit 

components is not as simple,however,and it is necessary to 
bear in mind some relevant points when using the curves for 

losses in a single stage to estimate the combined losses of 
a number of stages. 

Considering the case where diode losses predominate, 

the first point to remember is that if the bias is not 
the same for each stage the IQ' factor as used in the curves 
of sect.9 will not be a directly available quantity. 	It 

will therefore be necessary to decide on the method of 

matching the stages and to arrive at an estimation of the 
relevant design parameters before the 'Q' factor and hence 

the power loss, may be found. 	On the other hand, if the 

bias is the same for each stage, the 'Q' factor will be a 
known quantity and the efficiency may be readily evaluated 

for each stage (remembering that if the same diode is used 

in different stages the 'Q' factor will be inversely pro—

portional to frequency) and the overall efficiency determin— 

ed in a straightforward manner. 	This was the method used 
in the example given in sect.2.4.2. 
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It is interesting to consider the problem of cascading 

two stages of different 'frequency gain' together, 	Let us 

take the case of two stages of equal bias using a suitable 
arrangement of the same diodes in each stage. 	The minimum 
loss may he found from Fig.2.18. 	Let the diode 'Q' factor 
at the final output frequency he 10 and let the desired 
output frequency beobtained by a combination of a X3 and a 

X2 circuit. 	The following results are obtained: 

(a) 1st stage X3, qd3 = 20, Power loss = 3.3 dB. 

2nd stage X2, 0d2 = 10, Power loss = 3.4 dP. -  

(h) 1st stage X2Qd2 = 30, Power loss = 1.2 dB. 
2nd.stage X3, Qd3  = 10, Power loss = 6.2 dB. 

It is seen that arrangement (a) gives a total loss of 
6.7 dB. compared to a total loss of 7.4 dB for arrangement 
(h). 	Let us now take the example of the output being 
obtained by a combination of a X2 and a X10 circuit. 	This 
gives the following results: 

(a) 1st stage X10 0 ' 'd10 = 20, Power loss = 11.0 1B. 

2nd stage X2, Qd2  = 10, Power loss = 3.4 dB. 

(h ) 1st stage X2, Qd2 =1001  Power loss = 0.4 dP. 

2nd stage X101  Qd10 = 10, Power loss = 16.0 dB. 

Arrangement (a) gives an overall loss of 14.4 clB. compared 

to 16.4 dB for arrangement (b). 	From the above two examples 

it would seem that there is a slight advantage to be gained 
by putting the stage with the highest 'frequency gain' first. 

The efficiency in the case where circuit losses pre—

dominate is considered as a 'basic' efficiency since it may 
not be improved by additional circuitry. 	The losses may be 

estimated directly once the circuit parameters have been 
determined. 	If the circuit is optimized with respect to 
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circuit losses then the overall efficiency for a number of 

stages may be found from a knowledge of the circuit 'Q' 

factors using the results of sect.4. 	Note however that if 
the stages are connected directly together it will normally 
he possible to eliminate one of the node loss conductances 
since one of the two parallel resonant circuits will be 

superfluous. 	Thus if a large number of stages were casca— 

ded together the effective 'Q' factor per stage would he 
almost double that for a single stage multiplier. 

5.7.4 	Estimation of additional losses. 

The results obtained in sect.4 for various additional 
losses may be applied to cascaded multipliers. 	Sore 
special points should be noted however and these will be 

outlinelbelow. 

In sect.4.3 the effect of finite filter reactances is 

studied. 	The essential results may he applied to any 

soecific cascaded stage; however in estimating the coupled 

loss of sect.4.3.3 it must he remembered that the values of 
91t and Qnt  for intermediate stages are simply the loss 'Q' 

factors; i.e. since the load is not a real conductance it 

does not constitute a loss at any frequency. 	In general 
this effect may therefore be neglected in all hut the first 

and last stages where real conductances exist; 

In sect. 4.4 the effect of the finite 'Q' factor of the 

input and output circuits is considered with respect to 

harmonic losses. 	Again this problem only becomes serious 

in the first and last stages of a cascaded multiplier. 	It 

is interesting to note however that the presence of harmonic 

losses in the output load may determine the best arrangement 

in the case where two stages of different 'freeuency gain' 



227 

are cascaded. 	Referring to the example given in sect. 
4,4,3 of Qnt  = 10 it is seen that if a X2 and a X3 circuit 

are cascaded and the X3 stage is the high frequency one, 
the harmonic losses will he 0.66 dB; if the X2 stage is 

the output one, the corresponding loss is 0.24 dB. 	If 
these losses are the dominating losses it would obviously 

be preferable to use the second arrangement and place the 

X3 stage on the 'input side'. 	Remembering the conclusions 

drawn from the example in sect.5.7.3 we see that it is 
doubly advantageous to place the stage with the highest 
'frequency gain' at the input side. 

5.7. . conclusions. 

It is apparent from the above examination of cascaded 

multipliers that their design does not present any undue 

difficulties. 	-Problems likely to he encountered have been 

discussed and different methods of cascading have been 

compared. 	It has been shown that it is desirable to cas— 
cade low order stages if high efficiency is required (refer 

to sect.2.4.2.1 and sect.4.2.5.) 	Evaluation of efficienc— 

ies using the results of preceding sections has been dealt 
with. 

It is interesting to study the predictions of Johnson 9  
with reference to cascading. 	He takes as an example a 
specific diode and predicts the efficiency for various 

orders of multiplication. 	On the basis of his results it 

would appear that direct high order rlultiplication may be 
more efficient than cascading low order stages. 	It should 

be noted however that he assumes a constant filter loss; 
in most practical cases the filter loss will increase with 

increasing harmonic number (refer to sect.4.9.3) and there— 

fore must he evaluated for each case. 	The omission of this 



228 

point may account for the fact that he was unable to obtain 
his predicted efficiencies in practice. 

5.8 	Conclusions. 

In the present section we have mentioned some of the 
properties relating to the general behaviour of multipliers. 
It is obvious that the theory could he extended in most 
cases but the outline of the effects discussed will normally 
be sufficient to indicate, in any practical case, the 
qualitative behaviour to he expected, together with an 
approximate solution of the magnitude of these effects.:  
In any particular case it would be a simple matter to 
determine the exact behaviour of a circuit and it is doubtf—
ul if a complete and rigorous general solution to the 
problems discussed above would yield any useful information. 
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SECTION 6. 

SONE GENERAL EXPERIMENTAL RESULTS. 

6.1 	Introduction,. 

In the preceding sections the experimental work has been 
aimed at verifying specific parts of the theory. 	The 
experiments described in sect. 2 were intended to verify 
the large signal behaviour and were consequently devised to 
facilitate voltage and current measurements; for this reason 
the circuits were not optimized for maximum efficiency. 	It 
is the purpose of the present section to illustrate the 
theory with several typical circuits, particular attention 
being given to power loss; thus the circuits to be described 
will generally be operating under optimum conditions. 	The 
experiments to be described fall into two main categories: 
(a) low frequency circuits, (b) high frequency circuits. 
As well as giving results for power loss, mention will also 

be made of practical difficulties encountered in setting up 

multipliers, particularly when several stages are cascaded. 

6.2. 	Low frequency circuits. 

6.9.1 	Single stage circuit. 

A single stage circuit was constructed with the purpose 

of verifying the power loss obtainable, particularly under 

lossy diode conditions. 	A node circuit as shown in Fig. 

6,1, (a) was used. 	A non-linear capacitance consisted of 

two Pacific Semiconductor Type V 20 diodes and five G.E.C. 
Type S.V.C. 3 diodes all connected in parallel and operated 
with an applied bias of 1.5 volts; the total capacitance was 
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120 pF. and the 'Q' factor at 6 Mc/s . was measured to be 
100. 	From the values shown in Fig.6.1 the following infor—
mation is obtained: 

01.1 = 3.33, 	04i = 2.5 

where these parameters are defined in Appendix 4.1. 	Using 
the results of Appendix 4.1 we obtain the values of the 
parameters used in sect.4.7.2, thus: 

El  = 0.75, 	E2 = 0.785  

whence, 

c,L1  = 4.45, 	04.2  = 3.19 

and 
T1  = 1.11, 	T2  = 0.687 

In order that the circuit operated under conditions 
where the power loss was small, the value of Qp.t  was chosen 
so that the value of c.t.. 2/Q2.t corresponds to a minimum of the 
power loss curves of Fig. 2.14 and Fig.4.2. 	In fact 0 -2t was  
made equal to 17 which gives 

04.2/02t  = 0.188 

which, referring to (4.39), (4.5) and (4.6) gives an 
'effective' value (for the diode operating conditions) of 

(012/Q2t )eff =  0.188/T22 = 0.40 

It is seen that this corresponds to a region of minimum 
power loss on both sets of curves. 

The effective 'Q' factors of the inductors may he found 
by including the coupled loss given in sect.4.1.3. 	Using 
(4.58) and (4.59) gives: 
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Qic/Qqt = 63.5, 	Q20/Qit = 16.0  

Qn as mentioned above is equal to 17 and ()it  may he calcu—
lated from the value of the generator resistance and the 
inductor '0' factor to be 68. 	This gives: 

Qlc = 1080, 	Q2c = 1100 

This causes approximately a 10 71, reduction in the effective 
inductor lc' factors, i.e. 

Q1  = 100, Qp  = 140 

The power loss may now be evaluated using (4.43). 
The value of K may be found for y = 0.45 by interpolating 
between the curves of Fig.2.6 and Fig.2.7, having first of 
all obtained the value of Vl/Vb corresponding to the value 

of ( 04.2/Q2t)eff  given above from Fig. 7.13. 	Thus: 

V1  /Vb  = 0.81 and K = 0.26 

The resulting calculated value of power loss is 2.1. dB (from 
(4.7)). 	Note that Fig. 4.6 gives a very good approximation 
to this loss by taking the average effective value of 
cti/Q-1  and 0C 2/Q2. 

From Fig.2.15 it is seen that the power loss due to 

the diode (0dn  = 100) is about 0.7 dB. 	From Fig.4.6 it is '- 
seen that a loss of 0.1 dB occurs due to harmonic currents 
flowing in the load. 	The total power loss is thus 2.9 dB 
(assuming that the losses may be added; this will not 

involve significant error since the losses are small, as 
may be seen by referring to sect.4.2.3) 

The input was adjusted until current just started to 
flow 	10 ,A4A). 	Under these conditions the following 
quantities were measured:- 
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Vin  = 1.5 V, 	Vout  = 0.575 V. 

The value of output conductance added to give the 

required value of Qn  was 0.715 mmhos. 	The input conduc— 

tance was measured by noting the attentuation across R g  

and using the measured value of R
g" 	

ThisgaveG in  .=0. 242 

m mhos. 	The actual power loss was thus 3.6 dB. 	The 

discrepancy of 0.7 dB between the predicted and the measured 
power loss may be due largely to errors in the measurements 
of voltages and resistances. 

In order to verify the power loss under conditions 
where the diode losses predominate, the 'Q' factor of the 
diode was lowered by adding a series resistance. In order 

to keep the operating conditions the same, the load was 

reduced to keep the value of 0(2/On  the same for each 

condition, the generator voltage being correspondingly 

adjusted. 	The following results were ohtainerli 

With 10 ohm resistance added, diode Odn  = 18.5, 
power loss increased by 1.7 dB. 

With 20 ohm resistance added, diode 0 -dn = 11.0, 

power loss increased by a further 2.1 dB. 

Subtracting the loss of 2.2 dB which is not due to the diode 

gives the following results for diode loss: 

Qd2 = 100, power loss due to diode = 0.7 dB(assume) 

5 power loss due to diode = 2.4 dB Qd2 = 18' 
Qd2  = 11.0 power loss due to diode = 3.9 dB 

It is seen that these losses agree closely with the results 

shown in Fig.9.74 for various diode 'Q' factors. 
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6 .2.2. 	Cascaded circuit. 

It was decided to construct a cascadeirnultiplier in 
order to study the general behaviour and to verify the 
conditions for this type of circuit already discussed in 
sect. 5.7. 	The circuit used is shown in Fig.6.1,(h). 	It 
was decided to use values of c.C, which were sufficiently 
high for the use of additional filtering to he unnecessary. 
It was also decided to make the voltage gain of each stage 
approximately equal to unity so that no inter—stage trans—
formers were required whilst at the same time allowing the 
diodes in each stage to have the same bias voltage (refer 
to sect.5.7). 	On the assumption that the losses are small 
(5.55) gives the condition that the diodes must decrease in 
capacitance by one half per stage. 	Since the voltage gain 
of each stage is unity the conductances at each node will 
be approximately equal (exactly equal when the losses are 
zero) and the stages must be all similar. 	The actual con— 
ditions chosen were: 

C012 = 2Co 24 = 4C048 = 60pF. 

Clt = 2C2t = 4C4t = 8CSt = 360pF. 

whence, 
1 = 6.0, 	= 3.0 

for each stage 
and 	Ti  = 1.12, 	T 2  = 0.916 

The inductors used had a nominal I Q t factor of 200 but the 
additional losses due to decoupling capacitances and 
coupling between stages reduced the 'Q' at each node to a 
measured value of 120. 

For the voltage gain of a stage to be unity we have 
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V7/V1 = 1.0 

which, using (4.25) and (4.26) gives 
V 2/V1 = 0.73 

This corresponds to Vl/Vb= 0.66 (from Fig.2.q) 
and ( 04. 2/02t )eff = 0.12 (from Fig.7.13). 
This gives a value of 	°"4.  2/Q2t = 0.12(0.816) 2  = 0.08 
Since 0( 7  = 3.0 this gives Q7t  = 37.5. 

This corresponds to a loss at each node of 
10 log [1/(1 	Q2t/Q1)] 	dB 

= 1.6 dB. 

The overall efficiency of the three stages (four nodes) is 
therefore 6.4 dB. 	It is obvious that the above method of 
evaluating the loss is only approximate since the losses 
are not completely negligible and the voltage gain will 
therefore not be exactly unity. 	In practice the following 
results were obtained: 

Vin  = 3.1 Volts, 	Gin  = 0.0(42 m mhos, 

Vout = 2.0 Volts, 	Gout = 0.059 m mhos. 

which corresponds to power loss of 5.7 dB. 	The voltages 
at each node were as follows: 

Vin  =3,1 ,V2  = 2.35 ,V4  = 2.65 , \rout  = 2.0 Volts. 

It is thus seen that the approximate method used to 
estimate the power loss in this case gives reasonably good 
accuracy. 	Note also that the curves of Fig.4.2 may be used 
to' estimate the approximate efficiency very quickly: 

oy0).  = 6/120 = 0.05, 0(2/Q2  = 3/120 = 0.025 



239 

thus the power loss for a single stage is obtained by taking 
the average value of 04- /Q = 0.035, corresponding to a 
power loss (at r>4. 2/Q2t  = 0.12) of about 2.2 dB. 	In fact 
since two of the nodes are common the overall loss will lie 
somewhere between -the loss for =DC/0 = 0.0-i5 and 04-/Q = 
0.035/2 = 0.017 the latter being (from Fip,.4.2) about 1.2dB. 
The total loss for three stages therefore lies between 6.5 
dB and 3.6 dB. 	The mean of these two values is 5.1 dB 
which is seen to be close -to the loss obtained in'practice. 
Note -that if the multiplier consisted of a large number of 
stages the overall loss would correspond to -the lower value 
since most of the nodes would he common and the effective 
'Q' factor of the inductors would he doubled (this has been 
pointed out in sect.5.7.3). 

Regarding the setting up of the multiplier described 
above, no undue difficulty was experienced. 	Each stage 
was constructed and 'tuned' with a load equal to that 
calculated for the output circuit. 	On connecting the three 
stages together (with the loads on the first two stages 
disconnected) it was found that only slight re—adjustment 
was required for the optimum operating conditions to he 
obtained. 	The bias supplies were each formed by a battery 
fed through a 1K resistor and the input was increased until 
a small amount of current(of the order of 0.5 mA. ) flowed in 
each stage. 	This ensured that each stage was operating 
under optimum conditions (as far as utilisation of the diode 
characteristic is concerned) and allowed small variations in 
voltage drive per stage to be 'compensated for' by the small 
amount of automatic bias developed across the bias resistors. 
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6.2.3 	Illustration of hysteresis effect. 

It was decided to construct a circuit to study the 

hysteresis behaviour in a single stage. 	To present 

favourable conditions for the effect to occur a circuit with 

a high 'Q' output was constructed. 	This is shown in Fig.6.2. 

together with the variation in output voltage as the input 

was varied. 	The current flowing through the bias resistance 

was measured to be less than 0.01 mA. 	Since the bias 

resistance was 15K, the maximum voltage developed across it 

was 0.15 Volts. 	This corresponds to a change in the bias 
—1/2 

.4- of 2.3% which, since Co  ( Vb 	, corresponds to a change 
in operating point capacitance of 	Since the change 

in capacitance due to the non-linear effect is (from 

2.12) about 20% (at the point where the output rises abrupt—

ly, the voltage across the diode at the input frequency was 

5.9 volts, i.e. Vl /Vb  = 0,A) it may he concluded that the 
hysteresis is in this case being caused by the ton—linear' 

capacitance as distinct from being caused by a shift in the 

operating point (see sect.7.4). 

It is apparent that the curve shown in Fi7..';.")  
corresponds to the form of hysteresis of Fig.'7.3. 	It was 

possible to eliminate the effect by altering the tuning of 

the output circuit but only at a sacrifice in maximum 
efficiency. 	In general it was found that hysteresis did 
not present a serious problem at low frequencies probably 
because of the fact that the circuit 'Q' factors are not 

sufficiently high for the effect to occur. 	Some other 

forms of hysteresis will he illustrated in the high freqency 
experiments to follow. 
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6.3 	High frequency circuits. 

6.3.1 	Description of circuit. 

The main purpose of constructing a high frequency 

multiplier was to investigate the general behaviour and to 

verify that the preceding theory could he applied to the 
case of a circuit with distributed constants. 	It was 
decided to limit the upper frequency to about 1000 Mc/s.and 
thus to use co—axial lines as basic circuit elements. After 

some consideration had been given to the prohlem 	it was 

decided to use G.R. components as a basis for the experiment. 
The diode available was a G.L.C. Type SVC12. 	To enable 

this to be used with the standard G.R. equipment a special 

mount was constructed, details of which are given in Fig.5,3. 

A single stage circuit is shown in Fig.6.4. 	It consists 
esentially of a generator (whose voltage V, was monitored 

by a meter built into the equipment) driving the diode via 

a slotted line, low pass filter, and matching network 

consisting of one shorting stub and one variable length 

line; the output at the second harmonic frequency was fed 

via a second matching network to a receiver. 	71oth the 

generator and load resistances were 50 ohm. 	The bias was 
fed into the system via )%/2 line at the output frequency, 

as shown in Fig.6.4. 	Since the bias was supplied via a 10K 

resistance, the arrangement used had no loading effect at 

the second harmonic frequency and provided an effective short 

for any fundamental current at the output end of the system. 

Isolating capacitors were included as shown. 	With the 

exception of the diode holder, the circuit consisted of stan—

dard G.R.50 ohm equipment. 

F.T. 
X The author is indebted to Mr. X. Hyde of the Department 

4ftic of Electr*e.€4. Engineering, University College of North Wales, 

for some useful advice.on this matter. 
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6.3.2 Measurements of power loss. 

The diode was biased at —3Volts and the input 
adjusted until a small current flowed through the bias 

resistance. 	The input and output matching networks were 
then a djusted until the output at the second harmonic 

frequency was a maximum. 	The output power was obtained by 

calibrating the receiver with the meter incorporated in 
the generator (the VSWR under calibrating conditions was 

checked and found to be substantially unity); the available 

power was found directly from the voltage read on the same 

meter at the input frequency. 	A voltmeter detector was 

also used as a check to measure the voltage at the output 

end of the line. shgr-nazzata-t-4e-tAiLe4n: the two readings of 
load voltage always gave good agreement under optimally 

tuned conditions. 	The following results were obtained: 

V = 5.1 Volts, 	Vo = 1.59 Volts a 

IB  = 0.05 mA, hence total applied bias = 3.5 Volts 

Input VS7JR = 2.0 : 1 

The power loss under these conditions is 4.1 dB, 	By care— 

ful trial and error adjustment of the matching networ1q3 it 
was possible to reduce the VSWR to 1.1 : 1 hut the overall 
power loss remained the same. 	Increasing the bias to 4.5 

Volts and re—adjusting the circuit gave a slight improvement 

in efficiency, the minimum power loss obtained being 3.9 dB. 

The manufacturers data for the SVC12 diode gives a 

nominal series loss resistance of 5.8 ohms. 	Taking a 

nominal capacitance of 1pF gives an estimated 'Q'  factor 

of 47 at 600 Mc/s. 	Referring to Fig.2.18 we should thus 

expect a power loss of about 2.0 dB (since K is to a good 

approximation proportional to Y (Fig.2.6 and Fig.2.7), the 
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power loss for a'diode with Y = 1/3  is approximately 
double that for Y = 1/2, for small losses; this may be 
checked by referring to (2.83)). 	In fact the measured loss 
is about double this value. 	Measurement of circuit losses 
including the loss due to the bias supply accounted for 

CO dB. It was therefore concluded that the additional 
losses were caused by the diode holder; to check this 

point measurements were made on a G.R., V.H.F. bridge of 
the 'Q' factor of the 'diode in its holder at 760 Kc/s. 

The resulting estimation of 'Q' factor lay between 12 and 
4 depending on the side of the holder on which the impedance 
was measured. 	It was also found that the 'Q' factor was 
substantially independent of the bias voltage. 	This 

confirmed the conclusion already reached that the losses 
were mainly in the actual holder. 

Since the exact nature of these losses is not known, 

it is not possible to predict accurately the power loss 
which they introduce into the circuit. 	It should, however, 
be possible to obtain an overall loss which approaches that 
due to the diode only, by obtaining a suitable mount for 
the diode. 	It must he remembered that the impedance level 
at the diode terminal is generally much higher than 50 ohms 
(for example referring to Fig.2.14, if the optimum value of 
G2t/ ca 2Co is 0.5 and the diode has a capacitance of 1pF. 
at 600 Mc/s., the equivalent load resistance is 550 ohms and 

the equivalent resistance at the input frequency is 3.4 K, 
this value being evaluated by using Fig.2.13, Fig.2.4 and 

(2.77)). 	For this reason it is essential to keep the shunt 
losses at a low value. 

Note that in the above multiplier the optimum operat—
ing conditions are automatically obtained by adjusting both 
the input and output matching networks. 	The minimum power 

loss curves of Fig.2.18 are thus directly applicable in the 
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case where only diode losses exist; this is equivalent to 

saying that operation is automatically adjusted to be at a 

minimum of the curves shown in Fig.9.14 etc. 

In order to study the performance of a cascaded 
multiplier, two X2 stages were connected together. 	The 

layout of the apparatus can be seen in Fig.6.5. 	The second 

stage was similar to the one described above. 	It was set 

up independently and when tuning the circuit the input 

voltage was held at a value corresponding to the output 

voltage of the first stage. 	When optimum conditions had 
been established the output of the first stage was connected 

directly to the input of the second stage. 	It was found 

that slight adjustment of the matching networks was required 

to give maximum output. 	Since a degree of automatic bias 

existed in both stages, the value of applied hias.was not 

critical. 	The actual ratio of total bias in the two stages 

was 
Vh2/Vhl = 0.8 

which is somewhat less than unity as predicted by the 

approximate theory leading to (5.61)(the difference between 

the above value and the theoretical figure of 0.63 simply 

implies that the approximations made in deriving (5.53) 

from (5.52) are not accurately valid). 	The following 

results for power loss were obtained: 

First stage, 300 Mc/s. to 600 Mc/s. 

Vg  = 5.2 Volts, Vo  = 1.6Volts, Vb  = 4.9 Volts 

Power loss = 4.2 dB. 

Second stage, 600 Mc/s. to 1200 Mc/s. 

Vg  = 3.9 Volts, Vo  = 0.725 Volts, Vb  = 3.9 Volts. 

Power loss = 6.9 dB. 
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Two stages cascaded, 300 Mc/s. to 1200 Mc/s. 

V g  = 5.5 Volts, Vo = 0.725 Volts 

Power loss = 11.6 dB. 

The theoretical diode loss for the second stage 

(assuming Qdn  = 23 at 1200 Mc/s.) is obtained from Fig. 2.18 

(and correctingfor the fact that )" = 1/3 instead of 1/2): 
this gives a loss of approximately 3.5 dB. 	The overall 
loss for the two stages should thus be 5.5 dB, if the diodes 

were the only cause of power loss. 

Some measurements were also made with the diode 

connected across the line instead of in series as was the 

case in the above experiments. 	The results obtained were 
substantially the same as those given above. 	This is what  
one would expect in view of the fact that the 'equivalent' 

IQ' factor of the diode is reduced by the external losses. 

6.3.3 	Behaviour when input is varied. 

There are two main points of interest to study when 

the input is varied in amplitude: (a) the input/output 

voltage or power relationships, (b) the nature of any 

hysteresis effects. 

The input/output relationships for the circuit in 

which the diode is series connected (described above) 
are shown in Fig.6.6. 	It is seen that in the case of both 
the single stage and the cascaded multiplier the variation 

of output voltage with input voltage is greater when using 

fixed bias than when using automatic bias. - This is the 
behaviour one would expect by comparing (5.3) and (5.4) 
although as has been pointed out in sect, 5,3.1, the exact 
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relationships depend on the loading conditions at the input. 
In the case of the cascaded multiplier, the change in output 
for a given change in input is much greater than was the case 
for a single stage. This is again what one would expect, since 
any non-linear relationship between the input and the output 
quantities will be emphasised when two stages are connected 
together. 

No hysteresis effects were observed in the above circuit 
under normal conditions. In the case where the diode was conn-
ected across the line, however, marked hysteresis occured. This 
is illustrated in Fig.6.7 for both a single and a two stage 
circuit. It corresponds to the type shown in Fig.5.4,(b). Of 
particular interest is the hysteresis for the cascaded multiplier. 
It was found that the optimum operating point, X, could only 
be reached by adjustment of the circuit tuning. Once point Y 
or point Z had been passed it was impossible to attain point 
X again without re-tuning the circuit. This illustrates the 
fact that these effects can present undesirable problems and 
may make the setting up of the circuits very difficult. 

6.4 Conclusions 

The performance of typical multipliers has been illustrated 
at both low and high frequencies. The agreement with the 
theoretically predicted efficiencies was reasonably good in the 
former case. When using co-axial line circuits in the range 
300 Mc/s. to 1200 Mc/s., it was found that the minimum diode 
loss was not obtainable,due to losses occur

r
dp  g in the diode 

holder. This illustrates the fact that to obtain maximum 
efficiencies using this type of circuit, it is essential to 
design the diode holder in such a way that all spurious losses 
are kept at a low level. Behaviour of, the circuits when the 

input was varied was as predicted by the qualitative theory. It 
was concluded that hysteresis effects may present undesirable 
problems in V.H.F. circuits. 
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Fig.6.3 Detailed sketch of diode holster assembly. 



shorting 

stub 

slotted 
line 

L.P. 
Filter 

variable 
line 

DET. 

50 ohm 
load 

QQ
a 

 

shorting 
stub 

Q Q
a  C. 

50 ohm 

10K 

GEN. Bias 

Diode FE 

variable 
line 

A/ 2 
line 

250 

Fig.6.4 Circuit arrangement for single stage V.H.F. 

multiplier. 
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Fig.6.5 Illustration of arrangement of apparatus for 

a X4 two stage V.H.F. multiplier. 
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CONCLUSIONS 

In the preceding work a complete study has been made 
of two basic frequency multiplying circuits, using the 
non-linear depletion layer capacitance of a p-n junction diode. 

A large sigzial analysis has been evolved which is 
rigorous and generally applicable. The non-linear relation 
between the input and the output quantities is expressed by 
the factor 'K'. This factor has been plotted for the specific 

cases of y = 1/2 and 1/3 for three orders of multiplication ; 
X2, X3 and X101  for the node circuit and X2 and X3 (the latter 

only for y = i/3) for the mesh circuit. The results of the 

analysis are presented in a form which permits the evaluation 
of 'K' for any order of multiplication and any non-linearity 
which can be expressed in terms of a series expansion. 

Expressions for basic power loss due to both lossy 
diodes and lossy filters were derived and using the 'K' curves, 
efficiencies were evaluated for various diode and circuit 
'Q' factors. Using these results a comparison of various 
circuits was made. It was shown that the mesh circuit is 
only suitable for X2 multiplication and for this order gives 
the same basic power loss as the node circuit. It was also 
shown that if a high order of multiplication is required the 
most efficient method is generally to cascade low order stages; 
the advantage of this method is enhanced if utilisation of 
the depletion layer characteristic is limited by forward 

conduction effects. 

A study was also made of sources of additional loss, 
such as that due to the use of non-ideal filters and that due 
to unwanted harmonic poweropeing dissipated in the diode 

resistance or in the load. 

The effect of the diode being driven into the region 
where conduction losses become appreciable was examined by. 
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deriv4ng an approximate expression for the modified 'Q' factor 

of the diode under these conditions. A separate analysis was 

performed to determine the ultimate efficiency obtainable 

when the diode is driven into the region where the forward 

conduction current is large and where it is operating under 

charge storage conditions. The optimum circuit conditions 

were found to be widely different from those for depletion 
layer operation but as a result of the analysis it is possible 
to predict the performance of a depletion layer circuit when 

driven heavily into the forward conduction region. 

Some problems which occur in practical circuits were 
investigated including the following: methods of biassing 

the diode, effect of de-tuning the output circuit, input/output 
relationships when the input is varied, qualitative study of 

hysteresis effects, requirements for matching a circuit to 

a generator, requirements for cascading stages. 

Apart from the basic theory for each stage of the work 
being verified experimentally, some general experimental 

work was carried out to illustrate the general performance 
of the circuits studied. Agreement with the theory was good 

in low frequency circuits (with the exception of the results 
for charge storage operation due to the fact that the diode 

used did not exhibit ideal characteristics). Results on 

multipliers in the range 300 Mc/s. to 1200 Mc/s. indicate the 

necessity of limiting spurious losses by suitably connecting 

the diode to the associated equipment. 

As an outcome of the results obtained in the above 

studies, a sound basis exists for the design and comparison 

of maximum efficiency circuits using the depletion layer 
mode of operation for the two basic circuit configurations. 
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Some problems for further study which derive from 
the above work are: 

Extension of the charge storage theory to cover the 

case of small forward drive and thus to derive a complete 

solution for operation in the region between that where the 

depletion layer effect dominates and that where the charge 

storage effect dominates. This could most readily be carried 
out with the aid of a computer to solve the mathematical 
solution presented in sect.3. 

Extension of the study of hysteresis effects to include 

the case of high order hysteresis and to relate this to 

practical circuits. 

Complete study of input/output relations when the 

input is modulated. 

Study of other modes of multiplication. This has 

already been attempted by Utsunomiya and Yuan37  using more 

than two resonant circuits. A complete large signal analysis 

of this type of circuit would undoubtedly present an 

interesting theoretical study. 
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