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ABSTRACT

This thesis discusses the transports of sensible heat and water vapour
by ordinary convection in a field of non-precipitating cumulus clouds. The
stratification and time development of the convective boundary layer during
dry and moist convection are investigated theoretically. A model is propoged
which distinguishes for budget purposes 3 layers: the sub-cloud layer, and
an upper and lower part of the cumulus layer. The model relates the cumulus
convection to the surface boundary conditions, the 'free' atmosphere above
the cumulus layer, and the large scale vertical motion.

The significant aspects of the thesis are as follows:

@) Formulae for the dilution of clouds by their environment show the
essential irreversibility of the vertical transports in non-preci-~
pitating cumulus convection. One significant consequence is that
the convection destabilises the layer it occupies.

(2) A new conservative variable, . GL , rélated to potential temperature
and liquid water mixing ratio, greatly simplifies the understanding
of cloud parcel thermodynamics and cloud heat trangports., With
this variable dry and wet convection become closely analogous.

3) A mass transport model is used to clarify the mechanism of
modification of the mean atmosphere by the convection.

4) A model for the sub-cloud layer predicts from the surface fluxes
and the large scale vertical motion the acnvective mass flux into
the cumulus layer (a2 measure of the amount of active cloud).

(5) A lapse-rate model is developed by relating the mechanics and
thermodynamics of a typical cloud to the mean stratification,
s0 as to predict the lapse rate characteristic of the cumulus

~ layer.

(6) The control of clcud ~base variations and large~-scale vertical
motion on cumulus convection is made quantitative. For
example rise of cloud-base and large-scale subsidence arc
found to have some closely similar quantitative effects:
both tend to suppress clouds.
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SYMBOL LIST

Basic Variables and symbols.

- T temperature
T, virtual temperature
Ty wet-bulb temperature
e potential temperature
8, virtual potential temperature
0.y wet-bulb potential temperature
0g saturation potential temperature
6p equivalent potential temperature
01, 'liquid-water' potential temperature : see text 3.2
r water vapour mixing ratio
T saturation mixing ratio
rp liquid water mixing ratio
= air density
v scalar wind velocity
v vector wind velocity
W vertical air velocity
WD compensating vertical velocity in environment : see text 3,7
Z height above surface
P pressure
time
T 'lapse rate' : 06/0z NOT -3T/03Z
Tp dry adiabatic lapse rate
Ty wet adiabatic lapse rate
Fo flux of £ cp® : potential heat flux
Fo1, flux of P cpeL : total heat flux : see text 3.5
Fe. flux of pLr : L (water vapour flux)
F.p flux of pL(r+ry): L (total water flux)
a areal cover of convective elements : see text 3.7
scale length for dilution or entrainment
E dilution or entrainment parameter
D kinetic energy dissipation parameter : see 5.2



k kinetic energy dissipation parameter : see 3.8

C surface 6 transport coefficient
Cp surface r " "
CD surface drag coefficient for neutral conditions
M parcel mass
my mass flux
N net radiative flux at surface
G ground storage of heat/unit area/unit time
Vg vegetative resistance to evaporation
Y virtual mass coefficient
K, entrainment constant Bee 2.2
a cloud radius in model A
b convective cell radius
see 2.4
d depth of convective cell
Constants
L latent heat of vaporisation of water
°p specific heat of air at constant pressure
g acceleration due to gravity
Operators
~ denotes horizontal areal average : e.g.

- denotes ( vertical average
( other defined average

! denotes deviation from horizontal areal average

Subscripts and suffixes

¢ or (¢) cloud variable e.g. 6., v, T,, T¢, g
e or (e) environment variable

p or (p) parcel variable

a dry convective element variable e.g, I3

°© surface variable e.g. 65, r,

s variables at levels s in dry layer : see 4.2

t t

b cloud-base variable . :

] variables at levels ?.12{ in cumulus layer : see overleaf
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Diagram indicating layers and derived variables for cumulus model.
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CUMULUS CONVECTION

Chapter 1

Description of the problem

Convection in the atmosphere occurs on a variety of interacting
scales. Ludlam (1966) suggested a classification into 4 scales: amall
scale including cumulus convection, intermediate scale, large scale and
cumulonimbus convection, This thesis is concerned with the first: small
scale convection, and particularly with non-precipitating cumulus convection,

Cumulus convection transfers sensible and Iatent heat from the

earth's surface into the lower troposphere, Thus this study of cumulus

convection is also a study of the heat transfers in the earth's boundary
layer (which is here defined as the layer extending from the earth's surface
to the top of the convective layer). Typically one sees scattered clouds of
a range of sizes, but those which reach the top of the layer have horizontal
dimensions comparable with its depth (a few km: see frontispiece), The
influence of circulations of larger scale is very apparent, whether on an
intermediate scale (for example over hills, or along a sea breeze front),
or on a synoptic scale. Large-scale ascent, which implies horizontal con-
vergence at low levels, promotes rapid deepening of the convection layer
and the development of cumulonimbus, while large-scale subsidence, and
low level divergence, inhibits growth of the convection layer (and in the
extreme may prevent the formation of clouds).

Standing in this way between the very small scale motions effecting
transports from the earth's surface (in the so-called constant flux layer),
and the intermediate or synoptic-scale motion field, cumulus convection
presents many problems of the 'feed-back' of one scale or another. In
this thesis four important questions will be considered.

) How to relate the convection to the surface boundary conditions,
(2) How to relate the convection to the synoptic-scale field of
motion, particularly its mean vertical component.
(3) How to handle the water transports (of liquid and vapour),
and their role in cumulus convection.

(4) How to interrelate lapse-rate structure, and the mechanics
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and thermodynamics of a typical cloud,

The calculation of the surface heat fluxes is involved in question
(1), as these depend upon the transports in the convective layer.

The feed-back of the convective transports on the synoptic scale
motion field is a matter not considered here. This thesis is concerned
with developing a simple closed model of cumulué convection, which will
predict the convective heat transports, given the synoptic-scale (or any
larger scale) fields, and suitable surface boundary conditions (e.g. ocean
surface temperature over the sea; and over land net radiative flux, ground
heat storage, and some parameter defining evaporation from the surface,

A number of simplifications will be made, of which the most
important are:

(a) Radiative transfers, except at the suface over land, are

omitted from the model. These are important for time-

scales longer than a day, but it is considered that they

can be added when the convective transports, particularly

of water vapour, are understood,

(b) There is no general consideration of momentum transfer.

Only a simple model of the mechanics of a convective

element subject to mixing is used; one which neglects

the effects of wind shear.

{c) The model is applicable only to the development of the

boundary layer in the absence of showers: it is assumed

that condensed water moves with the air. Some of the

concepts developed however are equally relevant to cumulo-

nimbus convection,

Further , in the model it is assumed that individual clouds are
transient: they are agents for the transport of water but finally totally
evaporate. The model is thus not suited without further extension to the
description of the development of layer cloud.
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Qutline of the thesis

The model proposed distinguishes three layers: the dry convective
layer below cloud-base, and an upper and lower part of the layer occupied by
cumulus. The shallow 'superadiabatic layer' above the surface and the
'transition layer' (see Ludlam, 1968) just below cloud-base will also be
discussed, but in considering heat and water budgets, they will be regarded
as part of the sub~cloud (‘dry') layer.

The boundaries of the layers (apart from thatatthe surface) are
specified by height or pressure and vary with time. Accdrdingly the
equations expressing their heat and water economy are complicated, but
it is éonvenient and physically realistic to distinguish the convective trans-
ports in the dry and the cumulus layers, rather than to refer to fixed levels,

In chaper 2, some existing models of cumulus convection will be
surveyed in relation to the four questions posed in 1.1, and to the model
studied in later chapters. The exposition has then been divided into three
chapters.

In chapter 3 certain general questions are investigated concerning
the way in which cumulus convection modifies the mean condition of the atmos-
phere. Equations are established for the transports of sensible heat, water
vapour and liguid water in the cumulus layer. The significance of 'entrain-
ment' (see 1, 3) is considered, and a schematic model for the convective
transport of heat in the cumulus layer, as a function of the input to the
layer at cloud-base, is proposed.

In chapter 4 two similar models are developed which link the dry
layer (in the presence and absence of cumulus clouds) to the surface boundary
conditions, the large scale vertical motion, W , and the stratification above
the dry layer. These three sets of boundary conditions determine the con-
vective mass, sensible heat and water vapour fluxes into the cumulus layer.
The feed-back of the clouds on the dry convective layer, and the control
on the clouds exerted by cloud-base variation, and W will become clear.

In chaper 5, this model of the boundary layer is closed by developing
a two-layer model for the cumulus layer. This incorporates the model of
chapter 3 and, taking as input the fluxes from the sub-cloud layer, predicts

the time development of the cumulus layer as a function of W , and the
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stratification above the cumulus layer. Most of the physics of the convection
process is incorporated into a lapse-rate model (5. 2), while the remainder
of the chapter considers simply a budget for heat and water vapour.

In chapter 6 some observational evidence, mainly from one day of
convection over land, is analysed in the light of the model, The problems
presented by available data are apparent, but the agreement between the

evidence and the implications of the model is considered encouraging,

Discussion of time-scales

There are many interacting processes with various time-and-space
scales involved in cumulus convection, as mentioned earlier. In the con-
ceptual division of the whole range into a few distinct scales, a number of
concepts such as 'cloud', 'environment', and 'entrainment' arise, which
require some definition.

A visible cloud marks those parts of the cumulus circulation where
water has condensed in moist, initially ascending, air. This circulation
extends below cloud-base, and into the clear spaces between the clouds.

It is useful to distinguish between the clouds (the saturated regions con-
taining liquid water) and what is often called the environment (the unsatu-
rated regions between the clouds), This is useful because transformations
between latent and sensible heat, associated with the phase changes of
water, occur only in the saturated regions. In the environment, apart
from radiative cooling, potential temperature is conserved and the motion
is dry adiabatic., Horizontal temperature gradients are produced largely
by the latent heat release in the clouds and generate the kinetic energy of
both the cumulus circulation and of the motions on a smaller scale, which
mix or dilute the cloudy region with the surrounding unsaturated air of the
environment, This process of mixing of unsaturated air into the clouds
has been called entrainment, and has long been known to be important
(Stommel, 1947). With entrainment, the potential temperature of a rising
element of cloud departs from the wet adiabatié lapse rate, and this has
far-reaching consequences, which are discuésed in sectioﬁs 3.4to0 2.7,

In order to quantify entrainment, it has proved useful to define horizontally
averaged variables in the two regions; cloud and environment (for which

we shall use the subscripts ¢ and e). The relation of the environmental
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averages to the gynoptic scale horizontal mean, including both cloud and
environment (here denoted by the symbol ~ e.g. 8 ) will be considered
in 2.7,

This distinction between cloud and environment is useful because
the life-cycle of each transient cloud depends directly on the stratification
at that time, This life-cycle modifies the stratification 2 little, but on 2
timescale long compared with the life-time of an individual cloud (see
Table 1,8.1)., This link between stratification and the life-cycle of a
typical cumulus cloud is discussed in 5.2 .

Some important timescales in cumulus convection are summarised
in Table 1.2,1. In the descending branch of a large scale circulation (see
Ludlam 1956), the timescale for the modification of the layer by the cumulus

clouds -and the synoptic scale may be longer still;: days rather than hours,

Table 1.3.1
10 4 Lvaporation time of small cloud droplets < 10 seconds
102- Intrainment or sub-cloud scale mixing 100-500 seconds
TIMESCALE
103~ Small cloud lifetime 20minutes
INCREASING
104_ Modification of layer several hours
Meso-scale
synoptic scale
v 1074 SYOP > 1 day
Radiative cooling

SECONDS

The term 'convective element' will be used both to deseribe a
single cloud or cloud t{ower and its motion field; and, in our brief
discussion of the dry convective layer, a single thermal or plume and

its eirculation.
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Chapter 2 Existing Cumulus Models

Introduction
Existing approaches to the cumulus problem may be grouped into

four categories:

1) 1, 2 or 3D numerical models, including parcel models
(2) Linear perturbation models

(3) Steady-state cellular models

4) Mass transport models.

The first category are models of a convective element which relate
the internal properties of the element to the mean atmosphere, We shall
take as an example Simpson et al (1965, 1969; model S); a 1-D model
designed to relate the internal propertics of a cloud tower to the diameter
at cloud base, and a nearby sounding. This model is informative in des-
cribing the role of mixing and the water phase change in the life of a single
convective element.

As an example of a perturbation model, we shall consider briefly
that of Kuo (1965; model K), which investigated the marginal stability
problem for a 2-D linearised formulation of moist convection. This related
horizontal and vertical scales of motion, and determined a preferred ratio
for the arens of agscending and descending regions.

Asai (1967, 1968) has developed a steady-state cellular model which
attempts to interrelate a space-~filling field of most cfficient heat~transporting
convective cellg, the surface sensible heat flux, and the lapse rate in the
cumulus layer. This model undertakes two of the questions posed in 1,1:
namely, to relate the convection to the surface heat fluxes, and to connect
lapse rate structure to the physics of a convective element, Hence we
shall examine this model in a little detail. It fails in its main purpose,
because it oversimplifies the heat transports and the role of water in
cumulus convection, but it does indicate a relationship between horizontal
and vertical scales of motion. In the same context we shall comment on
the warming of the environment and 'slice theory'.

The masg {ransport models, which are most germane to this thesis,

will be considered in chapter 3.
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2.2, Numerical Models

The value of 2 numerical model of a single buoyant element is that
one can parameterise in some detail motions on a smaller szale than the
mean motion 6f the element (motions which may be regarded as turbulent
mixing or entrainment). Stommel (1947) first pointed out that the evapora-
tion of cloud waier, during dilution with unsaturated air from the environment,
greatly reduces cloud buoyancy. Further consequences of this dilution are
discussed in sections 2.4 and 2.5,

The1-D model S is a development of Levine's spherical vortex
model (1959), and parameterises dilution of a rising cloud parcel, mass M,

in the form

2.2.1 1 dM = 9 K2
M dZ 32 "z

where a is the radius of the rising cloud. The parameter K2 has been chosen

so that

0.2

_9 K2
32

which is the value for the dilution obtained in laboratory experiments on
starting plumes. In the latest model (1969) K2 is used in conjunction with
a virtual mass coefficient ( v = 0.5, see 2.2, 2), which replaced a drag
coefficient used in earlier models.

Eq. 2.2.1 is used with an environmental sounding, assumed to be
representative of the air entrained into the cloud, to deduce @(Z) (= 6,-6¢ )
from the temperature at cloud-base, and a value of a. This radius 2 is
usually measured at the level where a tower emerges from a parent cloud,
and is assumed to be the same at all heights. This is a conventional
entrainment calculation (Stommel: 1947).

The vertical velocity of a cloud tower VW, (Z) is determined by

2.2.2 V., dV = £9 - (_?_K)Eq._z_
d2 1+ @2 "2 a

Given (%), this equation is integrated from cloud-base to give the height
which the cloud tower reaches. The calculation is not sensitive to the
assumed vertical velocity at cloud-base. (1 + ¥ ) is a virtual mass term

included to represent the effect of the vertical gradient of the perturbation
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2.3.1

2.3.2

pressure field which has been omitted from 2,2,2, This perturbation
pressure field exists to provide the horizontal accelerations of the
circulation, The last term is the drag on the cloud tower due to entrain-
ment of mass from the environment, which is assumed stationary.

With the values given above for the two parameters K2, vy ,
the model predicts cloud top height and cloud internal properties guite
well,

In 2-D or 3-D numerical modezls, the set of guasi-Boussinesq
equations can be integ rated to explore the time development of the struc-
ture of an element, but at present it remains vital to include sub-grid-
scale motions to obtain realistic cloud internal properties. OCur present
computer capacify is sufficient to handle a grid length of about 50m for
a cumulus model, but this is still too large to develop the small scale
'turbulent' motion ficld, which mixes cloud and environment, Thus how

to parameterise these turbulent motions remains an important problem;

17.

their intengity must be determined by comparing the results of a numerical

experiment with observations, 3-D primitive equation models will be
needed to investigate the structure of convection in shear, and these are
being developed in this depariment (by B.J. Miller),

Nonctheless, the simple 1-D formulation 6f the mechanics and
thermodynamics of an element, which has been obgervationally tested by
Simpson and Wiggert (1969), will prove useful in modified form in later
chapters (3 and 5). As it stands, this model is designed to predict the
properties of a cloud, given the stratification, but (in 5. 2) we shall usge
a model of this kind in the reverse sense; to relate lapse rate siructure

to the properties of a typical individual cumulus cloud,

Model K (Kuo: Tellus 1965 17, 413)

This is a 2-D linearised model: including turbulent transfers of
heat and momentum modelled by constant eddy coefficients. Kuo derives
eigen functions for ascending and descending regions, and deduces scales

for the motion.

1 < Z-:da_ < 1.4
.~ = - L forRg > 1900

b-a 27,
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where d is the depth of the layer
a horizontal scale of agcending region
b-a horizontal scale of descending region
Ro is a Rayleigh no in the descending region.
He obtained similar results both for the marginal stability problem and

by using a principle of maximum available potential energy production.

If we define
o - a ascending area
’ b total area
we obtain from 2.3.2
IIW - Pe
2' 3' 8 & \<' TW + Pe

with the limit of approximate equality being when Rg > 100

Equation 2.3.1 implies that the diameter of a model 'cloud’ is
comparable with the depth of the layer, a very reasonable and useful
result, which we shall see is a characteristic of Asai's model also., We
shall comment on this in 2.5.

The relationship between fractional area coverage,and wet and
environmental lapse rates is open to more criticism., We shall examine
itin 2.6 and 2.7, but find it not uscful.

2.4 Model A (Asai: J. Meteor. Soc. Jap. 45, 251 and 46, 201)

The reader may refer to the original pupers for the details of the
mathematics. We wish to discuss the nature of the solution. Asai envisages
a spacefilling array of simple cells each consisting of an ascending region,

surrounded by a descending region.

Fig, 2.4.1

>\\
Ay
-~ = )
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Symbols
Ascending region radius a

Descending annulus radius b-a

Depth of layer d
Surface Sensible heat flux Fy

Mean lapse rate in layer T (= 96/0Z not =93T/dZ)
Average vertical velocity in

ascending region <W>
Average potential temp. difference

between agcending and

descending regions <d6>

The model includes entrainment or mixing in both the horizontal and
vertical directions, and Asai obtains steady state solutions for <w> , <As>
and T as functions of the upward sensible heat flux carried by his model
cell, He envisages this heat flux being supplied at the bottom, as a surface
sensible heat flux, and removed at the top. This immediately raises diffi-
culties, as the potential temperature excess <AG> is supplied in
the model by the condensation of water (which is immediately removed)
in the ascending region. Of the released heat of condensation, part is
advected upwards in the model to be removed at the top, while the remainder
warms the whole cell steadily, There is no evaporation in his model, both
because the liquid water is immediately removed, and the environment, the
descending region, is mathematically treated as if it were always saturated.

These are major inadequacies in the handling of the heat and water
transports, which are equally true of model K, and which invalidate many
of the conclusions of the two papers. We shall return to this question in
2.6, and indeed the whole of chapter 3 will be concerned with the profound
consequences of the correct modelling of the heat and water transports
in non-precipitating cumulus convection,

However we shall examine model A more closely, to bring out
its useful aspects, as well as those where it differs markedly from the

model to be developed in later chapters.
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We may envisage starting model A with a stably stratified atmos-
phere, and turning on a surface sengible heat flux, F3 The horizontal and
vertical scales of motion which are established, are selected by requiring
that the upward sensible heat transport ghall be a maximum, If this
maximum, determined by the given starting mean lapse rate, is less than
Fe , then the layer destabilises until the heat flux carried by the cell (which
increases as T decreases) is equal to }523 .

Thus a steady state results, when Fg determines all the other
variables d, a, band T , 4

The model is mathematically fully consistant, and manifestly
relates a, b, d, T, T, o and an optimum value of a<W><A8> ’
the sensible heat flux carried by the clouds. As such it is a useful steady
state model relating these variables, provided one accepts the agsumptions
of saturated environment, and immediate fallout of water, (These alone
make it inadequate as a model of non-precipitating cumulus convection.).
The model, like model K, is useful in olarifying the constraints on the

scales of motion,

Constraint on ratio of horizontal to vertical scale 8/ 4

Like model K, model A algo concludes
2a_

d

As A is a steady state model, the occurrence of the scales of motion in the
inertia term, is not involved in this solution, It is mixing which determines

the optimum 2/d, and not surprigingly this optimum is when horizontal and

2:5.1 1

vertical scales are comparable. We may summarise the result:

Large #/d is inhibited by vertical exchange of horizontal momentum
Small 2/d is inhibited by horizontal exchange of vertical momentum
and by horizontal exchange of potential temperature

Asai has extended the mixing-length formulation of entrainment
to both horizontal and vertical motion. We may criticise this model,
because it makes no distinction between turbulent mixing in the cloud
region, which is known to be large , and in the subsiding air, where
turbulent mixing may be small, However in cloud the vertical exchange
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coefficient may be larger than the horizontal one, which is another
asyrunetry working in the opposite direction, We conclude that though
the quantitative accuracy of model A, and model K (which had isotropic
diffurion) is open to doubt, we ghould still expect clouds to have diamsters
comparable with the depth of some layer, not necessarily the whole layer
occupied by the convection.

This is in accord with observation (Plack 1967). Ludlam (1966)
notes that cumulus and cumulonimbus towers tend to have diameters between
0.4 and 0.5 of the heights of their tops, which would indicate that their
diameter is perhaps more comparable with the depth over which they gain
upward momentum,

The validity of the stesdy-state model as an approximation to the
life-cycle of a typical cumulus cloud is uncertain, However model K did
consider the amplifying problem, and concluded that the preferred horizontal
and vertical scales satisfied 2.3.1, closely similar to 2,5.1.

Warming of the 'Environment' - Slice Theory.

Ratio of Ascending to descending &reas:
The well-known 'slice theory' (Bjerknes 1938) deals with the

warming of the environment by the subsidence of the stably stratificd air
between the clouds. This is a characteristic of all models which include
both ascending and descending regions, and thus is an aspect of models K,
and A,

A simple derivation of this theory for a wet adiabatic model (i.e.

one without mixing) is as follows:

Define
¢ = 0s - 64
d le) 0
= 3t Yz

a 1-a
7
Let the area coverage of cloud be a :/W;/
of environment be 1-a /T/ %D
g .
Fig. 2.6.1 ‘cloud’ ) environment
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ag _ dec _ doe
dat ~— dt dt
06
= W,T, - WyT, - W.T,
If ¥ = o
aWe + (1-a)W, = 0
. i Te
oo dt = Wc rw 1-a

This is what has come to be known as the result of the 'slice theory'. The
warming of the environment 36./9t produced by subsidence is a stabilising
influence: the cloud parcel will gain buoyancy only if

Attention has always been focussed in the past on this aspect of the warming
of the environment - that it reduces the buoyancy of an ascending cloud.
However we shall show later in chapter § that the area fraction of active
cloud may be only 1-2%. Nonetheless the warming of the environment, and
therefore of the mean cumulus layer, by this subsidence, remains of vital
importance ( even though o may be negligible in 2,6.1).

| This aspect of the problem has been ignored by Asai. As mentioned
in 2.4; only part of the latent heat released in model A by condensation in
the updraft i8 removed from the top of layer: the rest warms the whofe layer
steadily. Now if the cumulus layer is warming steadily, then the continuation
of the convection depends on whether the sub~cloud layer i3 also warming at
least as fast. It is in this way that the cumulus convection is linked to the
surface sensible heat fluxes, not in the manner suggested by Asai. Asai
relates the surface heat flux to the upward sensible heat flux in the cumulus
clouds. However it is precisely that part of the latent heat flux, liberated
as sensible heat in the cumulus layer, which is not advected upwards, but
is associated with the warming of the cumulus layer, which relates the

cumulus layer to the surface sensible heat flux, which warms the sub~cloud
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layer. This is not a simple connection, and ig the subject of chapter 4.
Moreover as already mentioned, the latent heat reabsorption
which occurs when liquid water is evaporated (as clouds decay), further
complicates the problem, and will be discussed in chapters 3 and 5. We
shall find that non-precipitating cumulus convection is a destabilising
process. In the absence of subsidence, the cumulus layer grows steadily
in depth. Thus the conclusion of Asai (1?68) that deep cumulus convection
rvequires low level convergence will also prove invalid. It will also be necessary
to replace the model of lapse rate control in terms of a sensible heat flux (as
suggested by model A). by one in terms of a sensible heat and liquid water
transport (see 5. 2).

Ratio of ascending to descending areas: a

It will become clear in chapters 3 to 5 that the constraints on cumulus
convection are more complex than maximising heat flux, growth rate of elements,
or available potential energy production. The convection must be linked to the
sub-cloud layer and the surface heat fluxes, and to large scale circulations.

We shall find that the area of active cloud is determined by these factors in
an intricate manner, rather than simply by the environmental lapse rate as
predicted by model K (Eg. 2.3.3) or model A (from which a similar relationship

may be extracted).
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Conclusion:

It will be clear from this chapter that we counsider none of the cumulus
models A, K or S adequately answers the four questions posed in1.1.

However, in later chapters, we shall use

(a) a 1-D formulation of the effects of mixing, similar to that of model A.
(o) the concept of a dominant cloud size related to the depth of the layer.

Models A and K suggest that there is an optimum cloud gize for which

a/d ~1/2 . . In reality we observe a wide spectrum of cloud-

sizes, but we shall be able to make considerable progress in modelling

the cumulus layer with only a single cloud size,

This thesis will not require a very detailed model of a convective
element, We shall be concerned first with developing equations and concepts
to understand the role of water in cumulus convection (chapter 8), and then
with the constraints on the structure of the cumulus layer,and the convective
transports. A simple 1-D model will enable us to determine convective fluxes,
lapse rates, layer depths, and area coverage of active cloud (in fact all the
questions posed by the models of this chapter) in terms of the surface and

synoptic-scale boundary conditions.
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Chapter 8 MModification of the Atmosphere by Convection

Introduction

In this chapter we shall discuss the modification of the atmosphere
by cumulus convection. It is necessary to examine the role played by the
condensation and evaporation of water in some detail; and to this end, we
shall first develop the éontinuity and thermodynamic equations-involving
potential temperature and water substance. Then we shall consider how
entrainment leads to a net downward total heat flux. An alternative descrip-
tion of the modification of the environment in terms of a mass flux model
is followed by a discussion of lapse rate control, and the mass flux models
of Fraser (1968), Pearce (1968) and Haman (1969). Finally we present a
graphical description of cumulus convection for the special case of zero
mean vertical motion (W = 0 ). It will be found that the cumulus convection
is primarily related to the sub~cloud layer by a heat and mass flux through
cloud base. The discussion of this link, and the water vapour flux through
cloud-base, which connect the convection to the surface fluxes, is the subject
of chapter 4. The development of a more detailed model of the cumulus layer,
in which the variation of cloud bage and cloud top are determined as functions,
not only of the surface variables, but als6 of a large scale vertical motion

field and the stratification above the cumulus layer, will be left to chapter 5.
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3.2 Conservative Variables in Convection

Dry Convection
Dry potential temperature 6 is conserved if an unsaturated parcel
of air is displaced to a different pressure. The corresponding extensive
quantity (proportional to total enthalpy)
| b~ Mi cp ei = M'I cpe,] + Macp 62
is also consexrved if two unsaturated parcels (mass M 10 MZ) of different ©
are mixed isobarically. If radiative and conductive transfers, and the
variation of cp with temperature, are neglected, we may use 9 as an
exact conservative variable for dry convection. (Ball, 1956).
D6

3.2.1 T =0
Expanding the substantial derivative

3.2.2 B, y.y6 =0

.2, 3t V.V6 =
We shall take deviations from a horizontal mean,
6 =6 + 6
v=Va+Ww
multiply by a mean density ﬁ (all triple correlations with j" will be neglected),
and agsume div pV' = O
to obtain
-~ a‘é‘ ~ L . £t
P3f +PUVE = -aiv(py'e")

All horizontal fluxes of heat (and later water) will be neglected, (though by
suitable choice of co-ordinate system, the mean horizontal advection could
be combined with 38/3t)

3.2.3 ﬁg—e— +~~'a'a'.'z'§ = —div(ﬁW'e')

Wet Convection

In wet convection the phase changes of water are very important
sources and sinks of potential temperature. Only the water vapour phase
change will be considered in this thegis. Applying the first law of thermo-

dynamics to corresponding changes in a fixed mass of saturated air
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cp6T+L6r-%i =0

( r stands for water vapour mixing ratio)

L 86 & 6p
By definition cp 5 = cp o pT
. o 2L&I‘ = 0
*w cpé + T -

As substantial derivatives, we obtain

D6 6. Dr
°ot * Tipr = ©

For the conservation of water substance

2_]1 . DrL -0
Dt Dt -

Hence from 3,2.4and 8.2.5

E p Ei

approximately under isobaric mixing. This is clear from 3.2.7: if 2

Dr
0 8. 1L .
°x 5t * TVBt - ©
Equivalent Potential Temperature: 5
It has been customary to extend 3. 2.4 to define a new variable, the
equivalent potential temperature, GE
Do, 6, Dr _ o & 2B
oDt * TUDt p oy Dt
6. is conserved for a wet adiabatic change, but zMi c_© only
1

parcels of different 0p are mixed, the equivalent potential temperature
of the mixture is not the arithmetic mean unless both have initially the same

6/o (In contrast isoharic mixing always conserves © , because the

E *
ratio T/6 is a function of pressure only).
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A second derived potential temperature: ©1,

An analogous variable, conservative to the same degree of approxi-

mation ag 6 g > can be defined from 3.2.6.

Do R e D8y
°p Dt TLDE = °p oy Dt

This new variable, eL , as yet unnamed, is also conserved under a wet
adiabatic change, provided the liquid water is carried along with the air.

We shall use both the separate variables 6, r, which may

3
be handled without approximation, and 07 It is important to realise
that the single variable 6y (ox 61), or the variable pairs ( 6 ,eE) or

( 6, 01, ), are inadequate to describe cumulus convection. Of the 3 equations
3.2.4, 3.2.5, 3.2.6 only 2 are independent. Thus we have the choice of using
any 2 of the variable paive ( 6, r ), (6 2T, ), ( ryrp ), or in approximate
form any twoof 6, , 6, , (r +71; ).

It will become clear in succeeding sections that the most useful
equations are those in 6, (or 6 2 Tp) and ( r,yrr) and not equation 3.2.4 or
3.2.7. Thus I fear that the concentration on the use of GE(or 6,r) as the
variable for handling the water in cumulus convection has obscured our

understanding of the process.

Expansion of equations 3.2.4. 3.2.5, 3.2.6

If equations 2.2.4, 3.2.5, 3,2.6 are expanded in terms of horizontal

mean values, and deviations, and simplified by neglecting horizontal fluxes

and the variation of g : ,_e[.: , we obtain (analogous to the derivation of
3.23from3.2.1)
ﬁ'cp(-g—‘g- + ..%‘} + %}L (%—i-: + ,.._g_g_) = -—ag-z- 'ﬁch‘G') - %%(%“LW)
pog(E +HE) - B [ W) - [pe,T) - & (327)
BEG 8 LG5 - -2 BT 0w )
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The variations of I, and Co with T have been neglected, and
is a hovizontal mean density: triple correlations with a perturbation density
have been neglected.

In the next section we shall consider what can be learned from these

equations.

The transport equations

The situations, in which some of the terms in equations 3.2.9,
3.2.10, and 3. 2.11 are small, greatly further our understanding of cumulus

convection.

Sensible heat and liquid water transport equation: 3.2.10

The condensation of liquid water in the cumulus layer releases latent
heat. If the water is dropped out, or the layer steadily fills with cloud, then
the layer will also warm up. K however all the liquid water evaporates again,
then the latent heat is removed again, and the layer is only modified if the
regions of condensation and evaporation do not coincide. In this thesis we
wish to consider non-precipitating, fully-evaporating clouds, so the question
of ligquid water trangport becomes important. In a wide range of convective
situations, the accumulation of liquid water in the cumulus layer, (as the
area coverage and depth of typical clouds increases) has a longer time~scale
than the processing of water through the system by the individual clouds.

We ghall find that because there is an upward liquid water transport (3. 5),

the clouds, though transient, modify the mean atmospheric temperature, § .
Yet the mean liquid watexr in the cumulus layer may be constant, or changing
only slowly. Specifically, there arc a wide range of circumstances, when
oT,

- <<

t

Hl®
o |t
(ALY
#&

p
An example of a system in which FL

is being continuously modified by the convection, is the trade cumulus

may be esgentially constant, while §

layer. The timescale comparison is essentially one between cloud life-

time, and the doubling time for total cloud liquid water in the layer, go that

or

even for diurnal convection, the neglect of B'E'L is a good first

approximation,
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A second widely valid simplification to 3.2.10 is to neglect

L L . %
p 07 o7

g

T
This is a good approximation when the clouds cover a small fractional
horizontal area.

It will ve possible in principle to use the model retrospectively to
test the validity of these approximations. This neglect of mean liquid water
variations in the cumulus layer, (but not liquid watexr transports) is not
essential to this cumulus model, merely a helpful simplication with a wide
range of validity.

With these 2 approximations, 3.2.10 becomes

Se. W = —— 6 o toat
+ PepWigy = -37PepWot) + g 3z(ALW r))

~

Aoy

¥l

This is clogely analogous to 3. 2.3 for dry convection, but contains
an extra term, the divergence of the vertical liquid water flux as well as that

of the sensible heat flux.

The analogy with dry convection becomes closer if we use the

variable 6L . The neglect of

ot}

f‘i <<
is also the approximation

6 = GL

Eq. 3. 2.8 may be used to replace the R H S. of 3,3.1 by a transport of 6y

5. 8 . oz 738 _ _(E) 2z Tion
'Pcpé? +JDCPWZ = (GL) aZPchGL)

As mentioned in 8. 2, this can only be an approximate relationship
as the ratio ¢ /9 differs for cloud and environment, so that 6, is not
strictly conserved. An average factor ( 57—6—L ), which is not well defined,
has been included to indicate this. Fortunately however, the inaccuracy of
the approximation is only a few percent, even if the factor ( W) is

omitted altogether.
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The cloud-environment circulation is the agent for these transports,
and we know both from simple dynamical models, and from observation, that
in the clouds bt < Er.l'a

p
(typically 0. 2C and 2. 5C respectively in small cumulus). However 6 and rp
are also closely correlated in small cumulus (see for example: Telford and
Warner, 1982), so it follows that there exist situations when
ot << Winr
In general the last term in 3.3.1 is glways dominant,

It represents the source of sengitle heat from the net liquid water
condensation in a horizontal slice of the atrosphere. Only part of this
released latent heat is advected upwards as a sensible heat flux Wi
while the warming of the mean layer 3 completes the heat balance. The
full mechanism of this process will be examined in the next few sections
(3.4 to 3.7). However, it seems clear from these figures that, unlike dry
convection (eq. 3 2.2) where the warming of the layer is related to the
divergence of sensible heat flux- in cumulus convection, the warming of the
layer has the sign of the divergence of the liquid water flux. This ié important,
as the upward advection of liquid water by the clouds (see 3.5) is a truly latent
(i.e. hidden) heat flux. This redistribution of heat by the liquid water dominates
over the sensible heat transfer, while only the latter is associated with the
kinetic energy generation.

Only at cloud-base where #'r] = O , is the sensible heat flux of

major significance, but the discussion of its magnitude will be left to chapter 4.

Total Water trangport equation

It will also be a useful approximation to simplify 3. 2.11 by neglecting

the variations in the mean liquid water content of the layer: assuming

O o Ox
ot "L ot
66—ZFL << aa—z'IT
if cloud cover is small.
Then
~ 3T ™) d miT—
$.8.3 f‘a—t" +fW-ng = --a—E(pW'r' +JOW'I‘I")
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This simplification is useful, because again, although the cumulus
are continually putting water vapour into the layer they occupy, this process
has typically a shorter time-scale than the time-scale of total liquid water
increase.

In 3.3.1 (or 3.3.2), and 3.3.3 we have 2 equations for the change
in mean potential temperature, and water vapour mixing ratio of the cumulus
layer in terms of the transports by the clouds. Both these changes are

comparable, so it follows that eq. 3.2.9 cannot uscfully be simplified.

3.4 Parcel Lapse Rates for wet ascent and descent

Before the vertical liquid water transport in the cumulus layer can
be discussed. it i8 necessary to consider parcel lapse rates for saturated
motion,

The wet adiabatic 1apge rate for the ascent or descent of an igolated
saturated air mags in pressure equilibrium with its surroundings is well
known. The non-precipitating cumulus layer is only a few km. deep, so
the distinction between strictly reversible and pseudo-wet adiabatic processes
is not important.

It is also well known that dilution (''mixing'') with an unsaturated
environment evaporates cloud water, and that this process is important in
ordinary cumulus convection. One major, and perhaps poorly appreciated,
factor is that dilution introduces an asymmetry between saturated ascent and
descent. Dilution or entrainment can be parameterised, in a mannef Similar
to that of Stornmel (1947), in terms of the rate of dilution ( dM/dZ ) of a
saturated cloud parcel (of mass M, temperature T - and saturation mixing
ratio r_(T ) )by the unsaturated environment (T _, r ). T¢ (equals 36 _/3Z)
is the regultant cloud parcel lapse rate.

The extensive quantity corresponding to eq. 3.2.4, which is conserved
6
in isobaric mixing, as well as vertical displacement, is z (Micpei) + T Z (M, Lr;)
i i

In differential form, dilution may therefore be expressed

Lo
cpT

3.4.1 S(M6,) +

a _am Lo
fre) = fr{oe X re)
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where r c (= r S(T c )) and r, are water vapour mixing ratios for cloud

and environment respectively.

' dbe L6 dro  _1 aM - 16, -
. dz " ¢ T Az T THdz ((ec Be) + opT(Te re))

Now it follows from the definitionof T, , that

d6c, L8 dre _ _p(r. -
d7Z * cpT dz Klw - To)

2
where K = E_I;Q(T_C.)_a
CPRV(TC)

and R, is the gas constant for water vapour.

o)

M
Z

3.4.2. o'c I‘ - T =

11 10
w c R_M ((ec - ee) + ‘é'l;"f(rc - re))

Q.

This is the familiar entrainment relationship (see Hess, 1959). The factor 6/T
arises from our definitionof T .,Ty, as d6/4z . The numerical
factor K ig the ratio of the so-called saturation specific heat of air to the .

dry specific heat at constant pressure: c Thesc specific heats differ,

p *
becauge to change the temperature of a saturated air mass it is algo

necessary to evaporate or condense water, as rg(T) changes.

The cloud parcel lapse rate differs from the wet adiabatic lapse
rate, if both
(a) 8¢ # B¢ ,» or the envivonmeni is unsaturated

(b) there is dilution, or entrainment, here parameterised by aM/4z .
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Simplification of 3.4.2

It is possible to make an approximation to 3. 4. 2 which contains only

the properties of the environment. Typically
ec - ee < 1 °

when K(T,) = K(Tg)
Further ro = v (Tg) =1 (Ty) + (K- _1)-5.(30-96)
L
'Ef‘,f(rc- re)+ (65 -05) I8 (ralme) - 7o)
..c X = 1 X + (ec"ee)

In most circumstances it is a good first approximation to neglect

1.6 .
ool (rg(Tg) - rg)
ec-ee <<
K
( <1° ~Le )

That is, the subsaturation of the environment matters more than the temperature

difference between cloud and clear air represented by 8 o~ 0Be in3.4.2.

A scale length for dilution: 8§

It i convenient to write the fractional rate of dilution of cloud mass

in terms of a scale length for the entrainment. Ascent and descent are dis-

tinguished in 3. 4. 2, because with Z positive upwards , % :—g changes
sign.
1 dM !
ASCENT Maz = 8
1 dM 1
DESCENT ¥az - "%

S is some characteristic of cumulus convection, a length (numerically
positive) about which we know little. It may differ for ascent or descent, but
only some gross average value will be used here. We shall further express S
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in terms of the depth of the convective layer in 5. 2, when it will become
1 dM 1 .
Mag o g 8

intended to symbolise a rate of dilution, or entrainment. Itis this that

possible to determine values for S (~vfew km) .

determines the internal teraperature of the cloud. It does not necessarily
follow that the ascending cloud mass increases at this same rate: there may
be a 2-way mixing process involving the loss of cloudy air to the environment.
The tacit assumption, that has always been made in entrainment calculations,
ig that the environmental air, with which the cloud is diluted, has not been
modified significantly by the cloud now agcending through it. This is not
obvious, but more detailed study of the sub~cloud scale trangports are
necessary before a better model can be suggested. It will be necessary in
this thesis to use the simple formulation above (3.4.4 and 3.4.5), and obtain
suitable values for S in terms of the layer depth by comparison with

observation . (see 5.2 and 8. 3).

Parcel Lapsge rates for saturated ascent and descent with entrainment

Using approximation 3.4.3 and equations 3.4.4 and 3.4.5, one obtains

the pair of equations

3.4.8 ASCENT To, =Ty - 22
6 R
3.4.7 DESCENT Te, =Tgt is

where R %— (rs(Te) - e) is a measure of the unsaturation
of the environment

S is a scale length for dilution or entrainment

The asymmetry is clear. On ascent water is condensed at a rate
proportional to T, but some is evaporated again: while on descent both
the entrainment and the descent are working in the same sense, to evaporate

liquid water, and reduce 6 .
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One may express 2.4, 2 in terms of 85 by noting the exact relation

o 1 (aeE) X
3.4. R - Xr -
° 65 \3Z /o 5 (Tw=To)

0 .
where (S%E) is the change of 6_ with 7 following a saturated cloud
C

E
parcel which is being diluted.

Uging an approximate average value of (GE/T) (see 3. 2), one can write:
8.4.9 (2B (L (r)-1) + (@ -7)] = 6, (cloud) (envi
.4. 7 op "5t o -T) + (T,-Tg)] = 65 (cloud) - 6p(environment)

Then, from 3.4.2, 3.4,4, 3.4.5, 3.4.8,

26 6r(c) ~6n(e)
i X —_ - B B
3.4.10 (az )c = -

for agcent and descent respectively. The approximation is the neglect of the
difference between eE/T in the cloud and in the environment, This is a

simple dilution relationship for an (approximately) conserved variable.

The 01, analogue of 3. 4.10 may be derived by considering the
dilution of a cloud parcel by the environment, in the light of conservation

relation 3.2.6.

a 1o 4 aM
az (M) - 57 3z (ry) = 3z %
. b, 1o drg 1 aM L6
3.4.11 . dZ‘ - CPT dZ = = M az (eC Be) CPT rL

Once again, if we neglect horizontal variations of eL/T , We obtain

jo

3.4.12 (P_G_L) .
[o]

> W or.(0) - oyce)

1
M dz

a dilution relation for an (approximately) conserved variable. The suffix L

on eL(e) is redundant as

6L(e)

1
<D

1
?

(see 3.7)
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It is the absence of liguid water in the environment that makes 61, such a
useful variable. The use of O involves the passive transport of water

vapour, and the water vapour stratification. If we use 67, , we consider
only the water vapour that condenses, and thereby significantly affects the

motion, and the modification of the temperature structure of the cumulus

layer.
Subgtituting from 3.4.4 and 3.4.5, one obtaing
[a01, - 61,(c) - o7,(e)
3.4.13 \B-Z_ )c = 7 p

for ascent and descent respectively. This is a very useful relationship as

it enables one to show that the flux of 67, , and thereiore the total heat flux,
is downwards (see 3.5). We shall algo use it in 3.8 and 5. 2 to discuss lapse
rate structure.

If we drop the suffix L from 3.4.13 we obtain

36 - 68(d)-8(e)
3.4.14 (S.Z_)d = L S

This is the dilution relation for dry convection, where (d) indicates a dry
parcel.

Thus our treatment of wet convection 1n terms of 81, transport
(Eqs 3.3.2 and 3.4.183), is equally applicable to dry convection, where 6 =61, .
(Egs 8.2 8 and 3.4.14). Only the boundary conditions at the top and bottom
of the convective layers are different. The similarities in lapse rate
structure between dry and cumulus layers will become apparent in 3.8.

In the next section we shall show that the consequence of 3.4.13 is

a downward total heat transport in the cumulus layer,
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3.5  Irreversibility of (total heat transport in the cumulus layer
(liquid water transport

It has been shown in 3. 4 that dilution, or entrainment, leads to an
asymmetry between the thermodynamics of upward and downward motion,
One congsequence is that the parcel lapse rate (g—g—)c for saturated descent is
greater than that for saturated ascent when entrainment of unsaturated air
is taking place. There are further general consequences of dilution, which
determine the direction of the total heat transport, and the liquid water
trangpovt, in the cumulus layer. N

The general solution is most easily found in terms of 01, - Putting

8r(e) = 64 in 8.4.13, and subtracting aee/az

3.5.1 (@-L) _(E_f’_e) o - 3 7 01(c) -0
T 07 /e 07 37 S

for ascent and descent respectively.

The solution of these linear differential equations is straightforward.

For constant S , 06,/9Z, we obtain
ASCENT Zp < Z < Zy
N ~(Z-Zp)/S _ 38e{._ .~(Z-Zp)/S
prier-o), = (oster- o), 528 (1 - o )
DESCEMT
Z < Z2

o~ (29-2)/5 | S@_e(1 _ e-(zq-z)/s),‘

(eL(c)-ee)Z (GL(C)—Ge)Z + 553

The detailed solutions are not immportant. We need only to sketch

1

6] = eL(c) - 0, (which is essentially ~ry ) against Z , to see that
at any height, o1, has a larger negative value on way up than on the way
down (gee Figure 3.5.1).

The total heat flux (ocm
the specification of the total cloud mass flux through that level. This we

) through any level depends alse on

do not yet know. However the rate of dilution sets an upper bound to the
rate of increase of mass flux. If one assumes there is no loss of cloudy
air from a cloud, only entrainment into it, one may rewrite 3.5.1 as

d _ . O8e
3.5.2 dz(mff’f,) = "M 37
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where m £ is the cloud mass flux through any level.

for ascent and descent

+1 o 1 doy
S mg dZ respectively.

Since mris steadily increasing, it is clear that on descent - my 00,/97 18
greater negative, than on ascent through the same level. We can thus sketch
the curve of the flux of eI: (see Fig.3.5.1). Even in this limiting case, the
net flux of 91', which is the total heat flux, (sensible plus liquid water flux) is
downwards. This is true for every cloud, and thercfore must be true for the
whole population.

If cloudy air is left behind (i.e. 'detrained'), so that the cloud mass
flux increases less quickly than the dilution, this can only decrease the mass
flux descending through any level, which does not affect our conclusion,

We conclude that the total net heat transport ( W'eI: ) by the clouds
is downwards at all levels, provided only that the liquid water is carried along

with the air.

Fig 3.5.1 7 7

Z
A A A
ESCENT | 22 DESCENT |%2 Z2
7 % Ziq
ASCENT ASCENT
AN Zy Zp
™
0 ToraL B O NET TOTAL  W'6] —>
HEAT FLUX HEAT FLUX

At cloud base eI'J (=0') is negative (8ee 3.8 and chapter 4). The
diagrams then follow immediately because the slope of dei/dz . d(mfeI'J) /37

are greater negative on descent than ascent, because of dilution,

As mentioned earlier the diagrams for liquid water transport are
schematically identical, but with sign reversed. Substituting 8.4.4, 3.4.5
in 3.4.11, we obtain

Lo drp -1 L6
cpT dz Ter,2 73 ((90'66) "ot rL)
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for ascent and descent respectively, This is no more than 3.5.1 re-expanded,
dr

and shows even greater asymmetry in -a-Z—T—' for ascent and descent, than in

dei/dz ; since T, , I, differ (see 3.4.8, 3.4.7) if the environment is

C
nowhere saturated. Thus in the absence of shelf~cloud ( g’ggen }, which we
shall not consider in this thesis, all the liquid water is evaporated on descent
before 61" rezches zero. The last part of the descent in Fig, 3.5.1 is there-
fore dry, ending in potential temperature equilibrium with the environment.
We shall integrate 3.5.1 for a simple 2-layer structure in 5.2, as
a way of incorporating the dilution of a parcel during ascent and descent

into a lapse rate model.

Dry Convection

The dry convection problem is essentially similar, except that the
surface boundary condition is a positive heat flux. This varies with height

as specified by 3.5.2 and is sketched in Fig.3.5.2.

Fig. 3.5.2
A A
STABLE LAYER
\ 4
\
xi NEARLY
DRY ADIABATIC
LAYER
GROUND
0'— We' —

We shall return to these diagrams in 3. 8.
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Destabilising Nature of Cumulus Convection

3.6.1

It was shown in the last section that the essential consequence of
entrainment into individual clouds is a net downward total heat flux, and
2 net upward liquid water flux. Averaging over the lifecycle of many clouds,
water is condensed in the lower part of the cumulus layer, advected upwards,
and evaporated in the upper part of the layer. Latent heat is released in
the lower part and reabsorbed at a higher level. This is a destabilising
process of great importance, as it is the mechanism by which the cumulus
layer can grow in depth in the absence of subsidence,

Putting the large scale vertical motion field W =0 in3.3.2

P Cp Jp = ’(é’L) 5P Cp WOy )

We have sketched the form of W'Bﬂ in Fig. 3.5.1, 1t is clear that

Z
N
Z, < Z < 72 _«3_6; NEGATIVE
i 2 at
Z, < Z < Z 9‘6— POSITIVE
b 13t
Fig. 3.6 —— %
ol —>

Non-precipitating cumulus convection is a destabilising process (as of course
is dry convection; see Fig.3.5.2). Even without large scale vertical motion,
the cumulus layer will modify the vertical structure of the mean atmosphere,
and deepen until the onset of precipitation introduces further factors (which
accelerate the process). It will be remembered that Asai (1968) did not come
to this conclusion, simply because his model did not evaporate any liquid
water in the upper part of the layer (see 2.4 and 2.6).

The influence of large scale vertical motion (W) is complicated,
and will be discussed in chapters 4 and 5.

We have established from the continuity equation for heat in the
cumulus layer, and a semiquantitative discussion of the cloud heat fluxes,
how the mean potential temperature in the cumules layer is modified. However

the mechanism has not been discussed, although 3.5.2 indicates a connection
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with the environmental stratification. In the next section, we shall show

that it is the mean vertical motion of the stably stratified environment,

which alters the local potential temperature of the cumulus layer.

Mechanism for modifying the mean atmosphere: a mass flux model

In this section we shall discuss how the potential temperature
structure of the cumulus layer is modified by compensating motions in the
environment, The frequently used concept of cloud and environment was
introduced in 1.3, It is a useful concept, as the timescale of modification
of the mean stratification is longer than the lifetime of an individual cloud.
Hence to good approximation one can calculate the life.gycle of a single
transient cumulus cloud, assuming the stratification to be constant, None-
theless each cloud slightly changes the stratification or environment for the
next cloud. As far as the potential temperature distribution is concerned
this is not a process which requires thorough mixing of cloud and environment.

This model can be made precise by isolating a single cloud's life~
cycle. The idealised starting condition is a finite isolated region of atmosphere,
enclosed by rigid vertical boundaries, at rest, and with a given stratification,
A single cloud is allowed to pass through its entire life-cycle. In the cloud,
which shall occupy only part of this isolated region, the potential temperature
of air parcels is modified, by condensation and evaporation processes, from
the horizontal mean 6 ., This modified cloudy air rises, and then sinks, while
in the rest of the layer, the environment, there are compensating vertical
motions, After the cloud has completely evaporated, and the entire system
come to hydrostatic equilibrium again, one can measure the vertical dis-
placement of environment away from the cloud, where parcels of air have
conserved potential temperature,

For an environmental parcel:
0 =60 = (_aee) 87 + (_aee) 6t
- - t ot /7

07
I 6t >> =% , the lifetime of the cloud, then 5Z is the final displacement
of the environment produced by the cloud. It is now simple to calculate }gn o /

average vertical velocity of the environment, appropriate to the area density

of clouds in the real atmosphere. Suppose there are N such clouds in time
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6t in an area equal to that of our isolated region (strictly one must demand
equality of environmental area, but for small area coverage of clouds at one
level, this is a trivial distinction). Then the appropriate averaged vertical
velocity of the environment is N -g%. (The extension to a size distribution of
clouds is straight-forward).
Writing  W,(Z)  for this velocity
98e _ _y_ 9Be 7o
3.7.1 = =W, <= (W= 0)
This compensating vertical motion of the environment is closely
related to a net mass flux in the cumulus clouds. Defining a mean cloud

area coverage a(z), and mean vertical velocity WC(Z); for all z

3.7.2 W, = =(1-a)W (W = 0)

Thus one can quantify the life-cycle of a cumulus cloud alternatively
in terms of a cloud mass flux, and a compensating vertical velocity in the

environment, W It is through WD , that the local potential temperature

D
of the environment is altered. Models of this kind have been used in several

earlier papers and are discussed briefly in 3. 9.

Large scale mean vertical motion

/e considered above an atmosphere initially and finally at rest, that
is, with no mean vertical motion, K W is non-zero, then the extension of

3.7.11is

e _ _ (@ 98¢
3.7.3 St = (W+WD) 37

The mean vertical motion field is uniformly added to the motion field
produced by the clouds, In the clouds themselves W << L
and their dynamics and thermodynamics will not be significantly affected.
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3.7.5

Relation between environment and mean atmosphere

8 = (1- )6y + @B where o is the mean area coverage
of cloud at a level.
ﬁ'. .é = ee + ag
. where £ = 8, - 6¢
. 96 _ 98¢ 2
. ot T 3t + 3gef)
From 3.7.3, 3.7.4
B _ D) = - (F (9.9. _ 2 )
5t = 3gef) = = (W o+ W5 - 5504)

If the area coverage of cloud is small, then both of the terms in (o @) are
negligible. The second term on the left hand side represenis an increased
storage of heat in the clouds; we have already neglected 2 similar (but
larger) term for the increase of liquid water storage (in 3.3), so we shall
neglect Sa't—( ag) here. Equally, in the absence of extensive layer cloud there
will be no regions where -;—Z(a ) is significant.

Hence one obtains to good approximation:

)
)

(S5

|

O 38
= (W+WD) Y

ot

Thus if the area coveragsa of clouds is small, one may use the
stratification and time rate of change of environment and mean atmosphere
interchangeably. It is the mean vertical velocity of the environment, however,
that is responsible for changing the potential temperature structure of the

layer.
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Lapse Rate Control and Structure

Before synthesising section 3.4 to 3.7, we shall consider the problem
of the lapse rates in the convective layer, This is a natural development from
the model of 3.7. There it was shown that the life-cycle of a2 convective element
modifies the stratification., Conversely this life-cycle is determined by the
stratification. As the convection proceeds, it seaems logical to expect the
development of a stratification characteristic of either dry or cumulus con-
vection. This is observed (Ludlam, 1966). The idea that there is a close
connection between the life-cycle of an individual cloud and the stratification
will be used in 5, 2 to develop 2 closed model for the lapse rate structure of
the cumulus layer. In this section, 2 few general topics will be discussed,
and the structure of the dry and cumulus convective layers will be compared.

It would have been morelogical to develop a complete model for dry
convection before considering cumulus convection, as it is necessary to model
the dry layer, in order to link the cumulus convection to the ground. However,
as the author has chosen to investigate cumulus convection, the dry layer will
be dealt with more briefly. We shall first examine the structure of the dry
convective layer, and then contrast it with that of the cumulus layer. The
similarities will be apparent (indeed the lapse rate model of 5.2 could be
adapted to determine a 2-layer structure for the dry convective layer above
the superadiabatic layer), but only the model for the cumulus layer will be
fully justified in this thesis.

Dry Convective Layer

There has been little work on the problem of the characteristic
stratification of this layer. In the so-called constant flux layer close to the
surface, there is a down gradient heat transfer by turbulence, locally
generated by shear and horizontal temperature gradients. Above this surface
superadiabatic layer, there is a largely buoyant transfer of heat upwards
against a stable potential temperature gradient ( 36/3% positive).

This dry convective layer warms and its stratification is maintained.

The mass flux model of 3.7 is useful in understanding this process.

Because of the difference in timesecale between the lifetime of a convective

element and the modification of the stratification, one can again consider the



isolated ascent of a single buoyant element through an environment initially
uniform and at rest. The buoyant element rises; the environment sinks in
compensation conserving potential temperature, Again one can describe

the procesa by an equation
36 &

FY:] _
5t = "V 37 W = 0)

as the same approximations are valid { o ~ 0.1: sce later).

3.8.1

As the stratification is stable, the mean temperature of the layer
rises, while the rising element loses buoyancy, and comes to rest. The
warming of the layer does not require thorough mixing of the convective
element and the environment,

The precise details of the process are now included in the computation
of WD , but we shall estimate a consistent set of numerical values for the
relevant variables based on the surface heat flux, and the potential temperature
excess of an element displaced upwards from the superadiabatic layer.

Turbulent mixing occurs in the subcloud layer as well 25 in the cumulus
layer, but as there is no evaporation of water, its effects are numerically
smaller, and initially it will be omitted.

Two simple equations relate the surface heat flux to the paramecters

of a typical convective clement, at a2 height of say 100m above the surface:

3.8.2 Fog ~ P o Ve
where Foe is the surface heat flux
a " " fractional area coverage of rising convective elements
Wt " " atypical vertical velocity of a rising convective element
gy oonon " potential temp. excess of a rising convective element
3.8.3 WiE o g-%—'z

Numerical constants have been omitted. Hence one obtains a set of numbers,

in accord with observation for 2 height of 100m .,

-1
From . = °
I‘Oe/_pcp 10 C em 8
6! = 1 °C
we deduce -1
W! = 100 cm s
o = 1/10
3.8.4 Since
oaW! = - (1 -a)W
D
W = -10 cm 8—1
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This reprcsentative set of numbers can be completed by supposing: that the

dry convective layer has depth

Zg = 1 knm

3
that all the surface heat flux goes to warming this layer; that there is no
a6 98

other heat flux into this layer; and that 3t 5y 2re independent of height.
Then
: K 38
00 - &
3.8.5 e, = 3% Z
20 _ o™ ec sV m10°C day”
ot
From 3.8.1 FY: 1 98
3% S TWy ot
= 1072 °Coem ' = 1°C ka

Thus the typical stratification in the dry convective layer, deduced from this
simple consideration is +1°C km"1 : in agreement with observation (e.g.
Grant, 1965; Warner and Telford, 1967).

Combining 3,8.1, 3,8.2, 3.8.4, 3.8.5, one obtains

3.8.6 2 . og-af

V/e see the temperature difference between top and bottom of the layer is not
quitc 6'. The region is warming up as the buoyant elements rise, so that,
with the stratification given by 3.8.6, the rising elements have just lost their
buoyancy on reaching the height z_.. This is a model without mixing (see
later), but it clearly illustrates, how air is cycled through the system, and

the stratification is maintained as the layer warms up. (Fig. 3.8.1).

Za ————stime

Fig. 3.8.1

The firm line is the stratification when a convective element starts
its ascent, the dashed line the stratification when it reaches the top of the

layer, and the dotted line the stratification when the same air, after a much
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longer time, has subsided with the environment back to near ground level,

One further point about 2.8, 6 is that it is really

38 0!
99 = - T 2
3.8.7 Y7 (1- [T, + ZS]

but Tp » the dry parcel lapse rate ig zero in the absence of mixing,

The model presented above is oversimplified in two important

respects
(a) There is no dilution or mixing of ascending buoyant elements
(b) The heat flux everywhere in the layer is upwards. This means

a Kinetic energy generation at all levels, the dissipation of which
we have not congidered. BRBzll! (1960) showed that there will be

a downward sensible heat flux at the top of the layer, where most
of the kinetic energy, generated in the lower part of the layer,

is reconverted to potential energy. In other terms, the con-

vective elements overshoot their first level of no buoyancy.

By considering thege factors and the observed temperature structure

we can qualitatively extend the modcl.

Graphical Description of Dry Convection

The observed temperature structure of the dry convective layer (see
for example Grant (1965); Warner and Telford (1967), and chapter 6) is
shown in Fig. 3.8.2, together with the path of a typical parcel rising with
mixing from the superadiabatic layer, Fige, 2.8.2, and 3.8,3 for the heat
flux, together give a self-consistent picture of dry convection. (see Fig.2.5.2).

The surface superadiabatic layer is dominated by mechanical stirring,
and there is a down gradient transfer of heat. Convective elements rise from
this layer, and being buoyant gain kinetic energy. These elements are diluted
by mixing (eq.3.4.14) as they ascend through the nearly dry adiabatic layer,
which subsides between the rising elements, as modelled earlier in this section.
At the top of this layer there is a more stable layer, which we shall call a
transition layer if there ig cumulus convection above, The convective elements
overshoot their first level of zero buoyancy (e.g. see Grant 1965), and fall back

finally to the base of the stable layer.
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The heat flux curve plotted against height is shown in Fig.3.8.3.
It has a turning point at the base of the stable layer.

Z 7
N N
ot |- N - 3B g vE
. A STABLE LAYER 5t NEGATI
° - FseJ’
Op! |5
i
\ NEARLY DRY 5%
ADIABATIC LAYER <= POSITIVE
|
|
l'*
|
u
' Trg
SUPERADI ABATIC LAYER
6,0, PepWre?
SENSIBLE
HEAT FLUX
Fig. 3.8.2 Fig, 3.8.8

3.8.8

LEGEND The dashed line is the path of a typical parcel potential
temperature: ep . The firm lines are the mean lapse

rate, and the upward sensible heat flux, W=o0.

Recalling 3. 2.3 for W=o0

¥ 2pTE)
it is clear that the nearly dry adiabatic layer is being warmed, while the
stable layer is being cooled. There is a downward heat transier (maximum
Fsg ) the upper part of the layer associated with this cooling, in fact lifting,
of the stable layer. (This has often been called 'erosion’, but in fact the
stable layer is coolod largely by compensating ascent as described by 3.8.1).
The positive area under the curve of Fig. 3. 8.3 is related to the net
kinetic energy generation in the layer. If two simplifications are made, in

which

(@) one assumes no kinetic energy dissipation (as opposed to trans-

formation back into potential energy), and no net kinetic energy
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generation;

(b) one replaces the stable layer of finite depth by an idealisedin~
version of zero depth, (This requires very rapid mixing
when the elements reach Z), and assumes that the lapse

rate in thenenrly adiabatic layer does not change with time ,

then one obtains the limiting case deduced by Ball (1960), in which the

downward heat flux from the inversion equals the surface heat flux,

Z
/N
J
)
NET AREA ZERO
Ee = ~Tog
Fig. 3.8.4 Tro
SENSIBLE
HEAT FLUX
In general one might expect
3.8.9 Fsg = -k Fyg where O<k<1

A detailed model of the lapse rate structure of the dry convective layer
similar to that of 5.2, would yield a value for k as a function of the dilution
of a typical convective element. Preliminary calculations, and comparison
with observations, indicate that k is about 0.5, rather than 0.1 or less.

In chapter 4, we too shall idealise the problem by considering only
a sharp inversion of zero depth, but kinetic energy dissipation will be

allowed for through the use of 3.8.9,



The Cumulus Layer

The lapse-rate structure of the cumulus layer presents some

different problems, but once their nature is understood, it can be seen

that the structure in the two layers is essentially similar. The simplest

workable model has a 2 layer structure and a typical convective clement,

Such a model] will be developed in detail in 5. 2,

In this section we shall outline the similaritics and differences

between the lapse rate problem in the cumulus and dry convective layers,

for W = O

(2)

(b)

(c)

Parcel lapse rates for ascent and descent, with entrainment,
are different in both layers, The analogues of 3.4.,5, 2.4.6

in the dry layer were 3.4.14
Tgq = = 66/S; Tgp = + 86/5
where 80 isg an excess temperature of an element over its

surroundings, S is a scale length for mixing,
However these are centred on TI';; which is zero, while

in the cumulus layer T, , T are centred on Ty .
cl c2

The presence of the water phase change in the cumulus layer
produces complications. As shown in 3.2.1, the total heai
flux is no longer simply the sensible heat flux, so that the
kinetic energy generation is no longer related to the total

heat flux,

Nonetheless if the approximate variable eLis used to replace ©

then the beat flux diagrame for dry and wet convection become

51,

closely analogous, and so too do parcel paths on a 6;-Z diagram.

(see Figs. 3.5.1 and 3.5, 2),

However the boundary conditions at the bottom of the layers arc

significantly different, and this accounts for the difference between

Tigs. 3.5.1 and 3.5.2, There is a positive sensible heat flux into

the dry layer at the ground, but, because of the stable layer at
the top of this dry layer, there is a negative sensible heat flux

into the cumulus layer through cloud-basc (see zalso chapter 4).

Hence whereas g% -(1= a)I‘p is positive in the dry layer, in

the cumulus layer it must be negative if the clouds are to regain
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buoyancy, and accelerate upwards.

T g < Teq
where I, is the lapse rate in the lower part of the cumulus
layer, This must be generally true for cumulus convection:
that T ¢ 1 Sets an upper bound for the lapse rate in the lower
part of the cumulus layer. How much smaller than T cq 18

T will be resolved in 5.2, (We shall also find that @ is

1
very small in the cumulus layer: only a few percent).

(d) In the upper part of the cumulus layer there is a more stable
layer where

I‘2 > I‘c 1

This brings the ascending cloudy air to rest. It then descends,
evaporating its liquid water and comes into potential temperature
equilibrium with the environment at the level z.,, which divides
the 2 characteristic lapge rates I, »T > and is also the level of
maximum downward total heat flux, This is the simple structure
modelied in 5.2. Real soundings may not show such a sharp
division between 1“,I and 1“2 , but this is a discontinuous two
layer approximation to reality.
The essential difference here from the dry layer is that the dry
convective elements are losing kinetic energy over the whole
region where the (sensible) heat flux is downwards, whereas
the clouds lose kinetic enorgy only above Z ., although the total

heat flux is downwards throughout the cumulus layer.

We can sum up the fluxes, parcel paths and stratifications in Fig.3.8.5.
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Fig, 3,8.5
Notes:
i V=0

(ii)

(iii)

o~

6 and 6y are identical in the sub-cloud layer and 6

in the cumulus layer,

The dashed lines are typical parcel paths. eL(c )is less than 6,

while the typical cloud parcel has a non-zero liquid water
content. 6, is in fact greater than 8 over most of the range

Zb to Z1 .
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Figure 3. 8.5 recquires some further comments

Following Ludlam (1866), we have used the term t{ransition
layer for the more stable leyer at the top of the dry convective
layer, junt below cloud base. Whether this layer is being
cooled, that is lifted, will depend on whether cloud base is

riging., This is discussed in chapter 4,

Though not easily apparent from this diagram, much of the dry
convection from ine ground does not rice through into the cumulus
layer. This is because the lapse rate 85/07  in the cumulus

layer is several times that in the sub-cioud layer, It follows from
é?%’ = -V 37
that WD, or the convective mags flux, in the cumulus layer need
only be a fraction of Wy inthe sub-cloud layer to maintain equal
38 /3t in the two layers. If the two layers warm at equal rates,
then the transition layer, which determines the fraction of the
convective mass flux in the sub-cloud layer, which regains
buoyancy, and rises to form clouds in the cumulus layer, is
also maintained. It should be clear that this is a delicate control
mechanism; &g too large a WD in the cumulus layer produces a
more ctable transition layer, which correspondingly reduces this

Wp . Thig is made guantitative in chapter 4.

In Fig. 3.8.4, we are approximating a spectrum of sizes of
convective element by just two: those that are trapped in the
sub-cloud layer, the majority; and a second group which rise
to the top of the cumulus layer. We shall regard all the littie
clouds which mark the top of dry convection fromthe ground,
but which never regain buoyancy in the cumulus layer, as in

the first category.

The detailed structure of the cumulus layer is considered
diagramatically in 3.10, and more quantitatively in chapter
5. We shall compare our deductions with some observations

in chapter G,
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Discussion of earlier work on mass flux models

The fourth category of models, referred to in 2.1 as mass transport
models, were not discussed in that section. We shall here consider three
such models of convection, in the light of earlier sections of this chapter,

particularly 3.7,

1) Fraser (1968) discussed cumulus convection in terris of a net
cloud mass flux, and attempted to distinguish cloud and environ-

ment in a manner similar to the discussion in 3, 7.

2) Pearce (1968) used a mass flux model to discuss the modification
of the environment by cumulonimbug towers. This author used
synoptic data, in a budget study of the synoptic scale fields, to
deduce the environmental vertical velocity W, = ¥ + Wy

(sce eq. 3.7.5). He found that W, << W

3) Haman (1969) discussed the modification of the atmosphere by
cumulug convection. He presented his work in a different, though
essentially equivalent, manner in terms of what he called 'net
entrainment or detrainment' from the environment at any level,
(This is the Z derivative of our net cloud mass flux, averaged

over the life~cycle of a cloud.
The present author is indebted to all these.

Haman presented his results in a graphical form, which we shall
use, and extend here. He considered only W =0 .,

Using the symbols of 3,7.2, net cloud flux is oW, = (1 - a)WD
He used the term 'net entrainment’ (E) from the environment if 9/02 (o WC)
was positive at a height Z (that is, if over its lif#gycle a cloud removed
mass from the environment at that height), and 'net detrainment' (D) for
the reverse situation where 5/82 (a W, )was negative at a height,
Haman's typical non-precipitating cumulus, averaged over its life-cycle ,

may be expressed equivalently in 2 diagrams,
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'S N
9 E = NET ENTRAINMENT
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Fig, 3.9.1

The left-hand curve is the height derivative of the curve on the right.
Haman showed that the changes in stratification follow from the net entrain-
ment or detrainment. This is entirely equivalent to specifying W;,, and using
3.7.5 ~ -
30 _ _ 29 5 -
St = WD 3 (for W = 0)

Fraser showed with reasonable assumptions that there must be a
region of net downward cloud mass flux near the top of a layer of non-

precipitating cumulus, This is important as it excludes the po ssibility shown
in Fig, 3.9.2

Z
N N

d
a—Z—(a We) aW,
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Although both these authors were aware that cumulus convection can
destabilise the atmosphere, both papers are largely qualitative. In
3,10 we shall draw together the work of this chapter, and establish
Fig. 3.9.1 on a firm quantitative basis using equations 3.6,1 and
3.7.5. ‘

3.10 Graphical Description of non-precipitating cumulus convection

The ideas developed in this chapter will now be interrelated to
give 2 quantitative picture of non-precipitating cumulus conveetion for
W = 0 , It will become clear which unknowns remain to be investigated,
We ghall indicate how the model will be extended in later chapters,

The two important equatidns are, after putting W=0

~ 8 (FND . T
3.6.1 PCp 3k = - (BL) 3% (pcPW'ei)
36 a8
3.7.5 % = - Wy A
The form of the total heat transport function in 3,6.1 has been
sketched in Fig.3.6. The general form of the lapse rate %g— in the cumulus
layer will be considered in 5,2; but we know from observation that the
stratification of § is stable for dry air., We can therefore draw consistant
graphs of total heat flux, 33/ot, Wy, 98/02
Integral constraint
Integrating 3.6.1 from cloud-base to the top of the cumulus layer,
and neglecting the variation of (6/67)
) -
R - g_e_ _ - ——
3.10.1 f;bpcp 3t 92 = (PopWtet)y
since the liquid water flux iszew at both limits, and the sensible heat flux
may be assumed zero above the cumulus layer.
The sensible heat flux into the cumulus layer through cloud-base is an
unknown we require
3.10.2 Fbe = Job‘cp(w'e')zb

It will be determined in chapter 4. Fyg Wwill typically be rather smaller
than the maximum value of the upward total heat flux in the cumulus layer.
In the two layer model of the cumulus layer which will be developed in
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chapter 5, the mid level, 2,, will be at this level of maximum total

(downward) heat flux.

3.10.3 F = (N e BT, = (Bo,Wor - ZPLT )
.10, 10L F Cp L 24 = P D T L° 74
TypicallyE]elwill be several times greater than F 4, as indicated in Fig.3.6.

Howgver we shall not calculate EIGL from the above formula, but from
2
1 o
- - r )
8.10.4 Fion ~Foe = Jgy P % 5t 4
The changing temperature in the cumulus layer will be determined from

d'é'b/ dt , and a lapse rate modecl for the time development of the structure

of the cumulus layer above (see chapter 5).

Using 3.7.5, 3,10.2; 23,10.1 and 3,10,.4 may be rc-expressed

fZa 53
- 6 T
8.10.5 % Pcp WD 37 dz = = 1"b6
21 -
3.10.6 po W Lag = F  -F
Zy P DD 16L b6
With queL] > lFbe! (both negative), and  38/07 positive

everywhere in the cumulus layer, it follows that WD is downwards between
Zy, and 2., and upwards between Z,and 27,
provided the total heat flux function has the uniform variation shown in

Figs. 3.6 and 3.10.
In circumstances where the lapsc rates in the cumulus layer are

not changing rapidly (seec chapter 5) one may to first approximation assume

Foo << Faer
Recalling 3.7.2
3.7.2 C!,Wc = —(1-&)WD
which for o << 1 becomes
ct,WC = - WD

we see that both 3.10.5 and 3.10,6 may be written in terms of a cloud mass flux.

The series of diagrams in Fig.3.10, summarise the description of
the modification of the cumulus layer in terms of 3.6.1 and 3.7.5 (i.e. for § = o)

We have also added a curve for the net entrainment or detrainment (see 3.9

and Haman (1969)).



>N

N M ‘h /f\ ,,\
ZQL— 1 ) . - BN A~ ~ ! 21
9 NET cLovp .
- \L FLUX TDowN —
Z- D -t : 4 cupa.ncrsmsnc 2,
LAPSE RATES
NET CLOUD .
FLUX VP /I\
E
4y~ T - : 4N
> > > > >
. ~ 5 ]
'g“z(o(wc) oL We .b_g pep w'O,_
o ] ] i
3Z
See 3.9 See 3.9 See 25 See 3.0 See 3.10
) . Za
' ' | f!cp _BﬁO: dz = Frg - £¢p 39 50 = - L)AZ(W,,V/V QL)
F | G‘ 3 10 : Zp .

bS



60,

3.11 Conclusion:

The parameters we shall require in chapter 5 for the heat transports
b6 o F oL The sensible heat
flux through cloud base will be calculated in the next chapter. As mentioned
above F will be calculated indirectly from 3,10.4, F___-F, _ is the

16L 10L “ b6
shaded area in Fig. 3.10. It is clear that this requires the specification of

by the cumulus clouds in our 2-layer model are F

the lapse~rate I‘,l in the cumulus layer, and the cloud mass flux into the
cumulus layer. The lapse rate problem is considered in 5.2, and the cloud
mass flux through cloud-base will be determined together with Fpg in the
next chapter. All these variables will be determined for the general case
are varying, and there is a larger scale vertical

when the levels 2 Z 10 2

)
motion field W , bso Fig. ; .10 must be regarded as valid only for a simple
case.

Recalling chapter 2, and the model of Asai, it is now apparent that
either cloud mass flux, or total heat transport (ﬂi) might be regarded
as a measure of the intensity of the cumulus convection, rather than just
wgs . It has not yet been shown how the cumulus convection is linked
to the surface heat fluxes, This is the subject of chapter 4, in which we shall
develop a model for the dry convective layer.

Water vapour transport in the cumulus layer has not yet been discussed
other than to develop eq. 3.8.2. This will receive further consideration in later
chapters, when water vapour budgets as well as heat budgets will be considered.
It is thought that as a good first approximation the changes in the temperature
structure of the cumulus layer may be calculated with the given water vapour

distribution (as in the lapse-rate model of 5. 2),
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Chapter 4 The Dry Convective Layer

Introduction

In this chapter we shall examine how the convective mass flux into
the cumulus layer (WDb ) depends on the boundary conditions at the surface
and the large-scale vertical motion (V) . For this purpose the structure
of the cumulus layer above cloud-base will be agsumed.

In sections 4.2 to 4.5 a simple closed model is developed for a
layer of dry convection when there are no cumulus clouds above, The
sensible heat and water vapour balances are considered, and the time
development of the layer predicted. The interrelation of the surface fluxes,
surface paramcters: 30,30 , and values of 8, ¢ in the dry layer are
discussed for the different cases of convection over land and sea.

In 4.6 to 4.9, this model is extended to describe the sub-cloud
layer, when the fluxes of sensible heat and water vapour into the cumulus
layer require additional paramecterisation. The height of cloud-base and
its relation to the height of the transition layer are examined. The
control exer_ted on cumulus convection (throughWDb) by cloud base variation
and large~scale subsidence is made quantitative.

It will become clear that over land the nature of the surface
boundary conditions is such that no aspect of the problem can be determined
without a2 closed model of the whole convective boundary layer. Such a
model is necessary to calculate 8., T, at the surface. Over the sea
where 6, T o follow from the surface temperature and pressure, the
heat and water vapour budgets can be considered separately (but only if the

virtual temperature correction is neglected).
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Dry Convection

The general structure of the dry convective layer was outlined in
the lagt chapter (Figs., 3.5.2, 3.8.5) and is repeated below in Fig.4. 2.
As mentioned in 3.8, we shall discuss the time development of the dry
convective layer in only a simplified manner, but it is essential to have
some gimple model of this layer in order to link the cumulus layer to the
surface fluxes. The basic assumption we shall make ig that the lapse rate
structure of the dry layer can be approximated by 2 layers: a lower nearly
dry adiabatic layer, beneath a much shallower very stable layer, Some
budget equations will be developed for this simple 2-layer model, which
will then be further idealised to a dry adiabatic layer, beneath an

idealised invergion of zero depth,

VA A / Z/‘\
Zt"— ) - Zt
Zs1 *s0 U,'" Zg
(i Fop
-~ F .
8,0 L e
£
Fig. l4.2 P

The structure of the superadiabatic layer will not be considered in
this thesis. ' Surface' variables should be taken to mean values in the super-
adiabatic layer at screen level, not the earth's surface,

The first feature to be congidered in modelling the convective layer
is whether or not there are cumulus clouds, as these will require additional
parameterisation even in the dry layer (see 4.6). A suitable simple criterion
is to assume no clouds if the lifting condensation level (L.C.L.) of surface
air is more than a few hundred metres above Z,. If there are cumulus

clouds, it appears that cloud-base closely coincides with Z¢ (the top of
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the more stable trangition layer), so we must cxamine in some detail the
connzction between the heights of cloud-base and the stable layer (sec 4.6
and 4,9). The first fow sections of this chapter will be concerned with the
development of the dry convective layer when there are no cumulus clouds,
It is clear from Fig, 4.2, that the dry layer will deecpen as the
stable top is cooled, that is, lifted. This problem was discussed by
Ball (1960) (see Fig,3.8.4), though only in terms of the erogion of an
idealised inversion at the top of a dry adiabatic layer. His model involved
some approximations which we shall mention, but it remains useful; it
will be extended to form a closed model for the dry convective layer,
including large scale subsidence,
We shall first discuss a model of Fig, 4.2, before simplifying the

lapse rate structure,

4.3 The dry layer: sensible heat balance, and time development
The following simplifications will be made

(i) Radiative transfers are neglected (away from the surface)
(if) Horizontal derivatives of 8,7  are assumed %ero.
(iii) The initial condition is a constant stable stratification, I' , and

constant lapse of mixing ratio (3r/32), above the convective
layer.
@iv) ];W will be tzken to increase linearly from zero at the ground

to a constant value ;:jf ¢ at the top of the stable layer.
Both (iii) and (iv) are only algebraic simplifications.

The basic equation which we established for dry convection was:

Ld ~

338 | .28 | 3 =Er
3.2.3 5t * PV3z = - 3z(AWeT)
The form of W'e!' is sketched in Fig. 4.2. We shall be concerned with the
two layers:
0 < 2 < Zg
Zs< Z < Zt

We note that 7, , the top of the stable layer is also taken to be where F =0
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The surface heat flux F.g , ig the value in the go-called '"constant flux"

layer. The stable layer, 2, to Zy is being cooled by a downward
heat flux (-Fq).

We shall define an average variable for

ZS
bps 57 . f 35 az
g 0
where Opg = py- ps (p o will be assumed constant).

There are several algebraic steps in the derivation of the time-rate of
change of thig vertically averaged variable, since the height 2 g Of the
base of the stable layer is in general changing. However the end result
(eq. 432 below) has a simple physical interpretation. First we obtain, from

=S
the definition of 5] , that

rlg
45 _ .4 1 5 3az
at = 8 4t Apg F
0 B 7
- - 1L %55 _3 B 38 ~ o
= ip, at 65 -6 ) + Aps,( ot £ %

-

S
The first term represents the increasein 6  through the incorporation
of air with potential temperature B s+ The second term is easily computed

by substituting from 3.2.2, and then making simplification (iv) to give

L'I"G)l

ZS
F F —5
~ 06 ~ ~ ~ -
f pd = -—C-S—e—ﬁSWS(GS-G)
p

G
The physical interpretation of the last term is that, with mass divergence
uniform with respect to pressure (iv), subsidence removesg air from the

=5
layer O0< Z2< Zg with the mean potential temperature of that layer (6 )
and replaces it with air from above (8).

Combining the above equations, we obtain

-s ¥ F —5
bps 4 35 _ o6 s0 /d%g )
= = = - - Ps -Vl -6 )
g dt cy Gy \dt
There is a similar equation for the whole layer 0< Z < Zy
&t . oo dZg _ ) 5t
Y 6 = o + Ll 3E -Wt’ (64 -6 )

since Fyg=0.
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The complete solution of the problem involves the calculation of
the time-development of the separate layers from the boundary conditions,
and either a model for the transports by the dry convective elements, or a
model for the lapse rate structure in terms of those clements, We have
developed a model of the latter kind in chapter 5 for the cumulus layer, and
this could be adapted to the dry layer (although at present we probably know
less about the behaviour of dry convective elements than about cumulus
clouds). This task will not be attempted in this thesis, so we shall simplify
4.3.2 and 4.3.3 by idealising the lapse rate structure to a dry adiabatic
layer, benecath an inversion of zero depth. Fig. 4.2 becomes Fig, 4.3,
but we can no longer plot a meaningful parcel path.

Z r A
N N
A Iy g iy | T
t es(—-AG-) t s0 te
“ o5 N
P rd
6 ‘é’ Wie!
Fig. 4.3

In letting 25 —> Zy , we lose all information about the depth of
the more stable layer (or transitionlayer if there is a cumulus layer above),
but it enables one to make a simple budget for the layer 0< Z< Zy .In
treating the layer 0< Z < Zg as dry adiabatic , wWe lase
sight of the mechaniam by which this layer gets warmer, and we can no longer
present a physical picture for the heat flux curve. However without a complete
lapse rate model for the dry layer, we cannot determine (o . gs) : by
approximating to Fig, 4.3, we neglect it.

The justification for this simplification is that we know from

observation (see for example Chapter 6), that
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Zy

s

- Zg is small compared with Zg
=S e o~
-0 ig small compared with 64 - 64

With this simplification, 4,3.2, 4.2.3 rcduce to

fpy a5 | Fo _ e
g dt p Cp
A a_ = Foo - [dz ~ =
—gp-t-d-{é = -5;) + Bt Fc-t —Wt) (6 -8)

We have dropped the superfix on g: ; and 53 = 8 .
It follows that

a7z ~
6 = ~Pt S Ae(m?’c - Wt)
£-5 is the strength of the inversion,

=

[0}

where AD =

The interpretation of 4.3,4 to 4,3.6 is straightforward, K

A%,
=t -
ac. ~ Wy

the inversion is moving with the mean vertical motion of the air at that level,

= 0

and there is no incorporation of air from above the inversion into the dry
adiabatic layer. ZDut in so far ag

%—%—t - W >0
(c.g. If Wy =0 and Zirises), and A6 is non-zero, there is incorporation
of air from above the inversion, with excess temperature A6 , into the dry
adiabatic layer which increases 5 . The mechanism of this process can

be understood satisfactorily only by returning to Fig. 4.2.

The essentizl purpose in expressing the heat flux, F g , through the
base of the inversion in this manner, is to relate the surface heat flux to Ag
and the rise of the inversion relative to the mean vertical air motion, using

equation 3.8.9:
Fso = -k Fgg where 0<k< 1

Hweput W = o
k 1
all our results reduce to those of Ball (1960).

It n

However this model can be axtended, and indeed closed, by adding
an equation for Ag .
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Equation for Inversion strength: A0

25 95) azt 1
at et"(att+dt
S 5 _[4Zy _F
at t‘(dt Wt)r

That is 51: changes if the inversion does not move with the mean vertical air

motion., By definition

AB = ‘é.t - g
4 _pfdze _w) _ &
4.3.7 L dt(Ae) = T(dt Wt) Fr?

The warming of the dry adiabatic layer reduces 4o , and the lifting

of the inversion relative to the mean air motion, increases A6 .,

Solution :
The set of equations 4.2.4, 4.3.6, 4.3.7, and 3.8.9 can be solved
for the four variables 2., g, AO,Fgg, given F g, Wey Ty Py k3

and assuming the hydrostatic relation between p and 2.

8pt & F _ -
4.3.4 °p % a0 = Foo T Teo
3.8.9 . Fse = - k Foe
az¢ _ = )

. F - Lo | =5t - W
4.3.8 s0 Pt Cp (\dt 3 t

d _of8zZy 7 ) . &8
4.8.7 Feee) =rig’ - wt) e

3.8.9 rclates Fgg to Fop in terms of a dissipation parameter k whose value
has to be determined, either theoretically or from obgervations., The author
would suggest a likely value to be in the range 0.2 to 0.7, based on some

very provisional calculations.

i@; as a function of Apt + Fop follows immediately from 4.2.4 and
dt
- 3.8.9
QE)'__ N 5_(1+k)F
4.3.8 T = ——-°9—Cp Tr

This can be integrated from an initial state, given p; (or z;) 2sa

function of time (see below).

Ed;(AB) is found by eliminating Fog » Fap from 4.83.4 using 8.8.9
and 4.3.6, and then substituting for d8/dt in 4.3.7, to give
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bpy & _ Bpy p(9Z¢ _ g} - ik ~d_Zt_'“)
4.3.9 = Tg40) = e I W, = 00 Bl Wy
Given Py and Wt as functions of time, one may solvefor 46 , An

alternative equation for A5 in terms of the surface flux is found by

eliminating (g%t - 'Sﬁt) from 4.3.7 using 4,.3.6, and the eliminating Feg

£ bys.8.9, 4.3.8, to give
a kT Foo _ g(1+k)Fop
4.3.10 3o (80) W T bpt

In general, one may solve 4.3.9, and 4.3.10 for A9 and py, a8 functions of

time, from given initial conditions.

Some simple solutions

General solutions will not be obtained for these cquations, but simple
cases are illustrative. It is clear from 4.3.8 that the total heat flux into the
layer 0<z<Zg is between one and two times the surface heat flux
depending on the value of k ., This is true in general, and was first
suggested by Ball (1960). For simple cases, it is easy to calculate both 46
in terms of the depth of the dry layer, and the rate of deepening of this same

layer,
(@) W=20

If the mean vertical velocity is zero everywhere, then 4.3.9 simplifies.
Thus, changing to pressure co-ordinates and keeping p ,constant, we obtain
4.3.11 fpy 4 . bpy (28} & _ ik d
. = EE’(AB) = 3 3p d‘b(Apt) % AYs) E_E-(Apt)
With (08/0p) and k constants, this is 2 homogeneous ordinary differential

equation with constant coefficients: the solution is

_ _k (28
4.3.12 86 = ok + 1 (ap) Apt
~ k “
po E = T 7 if variations of 7 are neglected .

Thus the strength of the inversion is directly related to the depth of the layer
and to the lapse rate T above in the free atmosphere (which has been taken
as constant). If 4,3.12 iz substituted in 4,3.6 and 3. 8.9, an eguation is
obtained for the rate at which the dry layer deepens:

glbk + 2)F g
cp(a'G/ap)

4.2.1 g 2 _
3 dt(APt) -



69.

(®) ¥  non-zero: a steady state solution for Zey 06 .

If the mean vertical velocity is non-zero, and we start the model
with a small &pg and 09, then the inversion lifts rapidly, as given by sub-
stituting 3.8.9 in 4,3.6, and rearranging

' az k E ~
Gay _ _X _Tob

4,3.14 it T ¢ "ptae + Wt

P

But if W is negative (large scale subsidence), then as 46 increases, dZ./dt

decreases, and there exists a solution with 24, 46 constant when

4.3.15 Kfg = Pyophoiy
and, from 4.3.10, for constant A9
- E_p Apt
4,3.16 AB = kl:,l T g
S e neglecting ﬁvariations

Eliminating 240 gives a third relation:

~ A
F = W r'p-t
4.3.17 (k+1) 06 Cp t rth
Conclusions

These equations indicate useful relations between the approximate
structure of a dry convective layer, the large scale motion field, and the

sensible heat flux at the surface,

(i) Eqs, 4.3.12 and 4.3.16 suggest that the dissipation parameter k,
itself related to the physics of an individual dry convective element,
may be estimated from the strength, aAg , and the height of an

inversion.

(ii) Eq. 4.3.13 gives the rate of lifting of an inversion, for example,
the inversion produced by nocturnal cooling. In diurnal convection
the dry convective layer will deepen until Z¢ reaches the lifting
condensation level of elements rising (with mixing) from the surface
superadiabatic layer. The cumulus must then be parameterised
(Bee 4.6).
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(iii) If there is subsidence, then the maximum height of the inversion
is given by 4.3.17. We see that the greater the subsidence, the
lower the inversion height. Thus it is clear that sufficient sub-
sidence will suppress clouds altogether, by depressing the steady
state inversion height to below the L. C, L. of surface air.
However no amount of subsidence will depress the inversion to
the ground in this model, since the shallower the dry adiabatic
layer, the greater d?é_/dt . This keeps A6 small, constant,
and satisfying the above equations, (The influence of radiation

is considered below),

{iv) Eq. 4.3.15 relates the inversion strength to the surface heat flux
and the large scale subsidence. This could be of great use in
synoptic scale studies as a means of estimating Wt from F g

and vice-versa, once we have a good value for k.

The approximation of the lapse rate structure, and the convective

transports, is less serious than the omission of radiation.

Radiation:

On timescales longer than a day, radiative cooling of a dry convective
layer beneath an inversion is important. Typically the dry adiabatic layer is
moist and the subsiding air above the inversion very dry, so the radiative
cooling of the dry layer may represent a rate of heat loss comparable with
the surface heat flux. This adds an additional term to 4.3.4, reducing d.g/ dt .
The steady state inversion strength A6 will be increased, to a value bigger
than that given by 4.83.16. However 4.3.15 will still be satisfied (see (iv)).

Most subsidence inversions are long lived, and for these, radiative

fluxes cannot be neglected, as in this simple treatment.
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Water Vapour Balance

4.4.1

4.4.2

In dry convection, the transports of heat and water vapour may be
treated independently, except for the virtual temperature correction in
estimating density and buoyancy. When the Bowen ratio is small, this
correction becomes important, as the virtual potential temperature flux
ﬁ:', , and the potential temperature flux fire , then differ markedly.
For example when the

Bowen ratio ~ /45

W'e ‘; ~ 2W'o!
Even smaller Bowen ratios are common in the Trades. The set of equations

in 4.3 are however valid with 6 replaced by 6  (defined by %V = Ev )

Nonetheless, an independent set of equations ig required for the water
vapour balance. Our approach is fundamentally the same as in 4,3, but as we
neither need, nor have, a direct relationship between F, and F,. , we shall

not idealise the vertical water vapoug structure. It is necessary only to define
-t t .-
8 0 i

Ar = I't -Tr

when the analogues of 4.3.3 and 4.3.7 are

bpy 4 3* For . z azt _ &
gtdtr T +JotAra-:t-—Wt

d ) (dzy 7)) . 4 F
at = (az) (dt Wt) at *

— Ar
With F_., (8F/32), (above the inversion) and W, given, and Apy , dZg/dt

determined in 4,3 from the 3 balance, this pair of equations sam be integrated

=t
from an initial condition to give r , Ar.,



4.5

72.

Surface Boundary Conditions: closure

4.5.1

4.5.1

These are a common problem to both dry and cumulus convection and
have received much attention, We shall only indicate very briefly how the

surface fluxes Fyw s> For areconstrained., If these can be related to

=

] and ¥ ., the dry convective problem becomes closed.

Land and sea surface boundaries can conveniently be distinguished.
Sea

The sea surface variables '60 , T o are determined once the sea
surface temperature and pressure T, , pare given (r,= rs(To,PQ)]-
We shall suppose that the fluxes are adequately related to '60, 5 ;

Tos F by bulk aerodynamic equations of the form

Foo = % Po cp(eo-e) Vo

For = Cr Ao L(ro-r) Vs

where Vg, is the magnitude of the wind at some level in the superadiabatic layer

C 0 Cr are coefficients appropriate to that level, and to the finite differences
5 0- -6:. K] EO- g .

Ce , C are essentially drag coefficients, but have some dependence on
r — ]
Richardson number in the superadiabatic layer. (6 o 8) (T - F) become finite
38 oF

differences from screen level to the top of the superadiabatic layer, if 37 37

are small in the dry layer above. In this situation it is probable that

Ce = CI‘
These are only approximate relations, and clearly depend critically on the co-
efficients Ce . Cr . A more careful study of the structure of the superadiabatic
layer is desirable.

Land

The land surface boundary conditions are more complicated.4.5.1 and
4.5.2 may still be used, but 6 j,r, are no longer given, but are functions of
the solar heating, and evaporation from the surface.

Two further relations are required. One relates the heat fluxes to

the net radiative flux at the ground, and the ground storage of heat:
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F e * For = N - @G
where
N is the net radiative flux at the ground

G is the downward heat flux into the ground.

Another relationship, which in some way describes the availability

of water for evaporation, is necessary. One may write an equation of the form

VR For = (rs(To) - ro)
where
VR is 8 vegetative resistance to evaporation, dependent on type of vegetation,
soil moisture etc. The easier it is to evaporate water from the surface, the
smaller VR. (An open water surface has VR= 0). Strictly T .T, should not be
screen level values but those at the level of the vegetation.
With these 2 further relations, one can solve for the surface fluxes

over land given v, N, G, 5, 7.

Closure: Summary of 4.2 to 4.5

In these sections we have established in outline a closed system of
equations to describe the dry convective layer, when there are no cumulus

clouds,

QOver the Sea

The heat and water vapour problems are distinct, apart from the
virtual temperature correction.
(a) Given 8,5 Vg and C6 at the surface
W, , T' in the 'free’' atmosphere
and k

one may calculate

Fgr Fgo ﬁ, 06, Z_ as functions of time from a given initial
condition of the atmosphere, using 4.3.4, 3.8.9, 4.3.6, 4.3.7,
4.5.1,
(b) Given r_,V_ and C atthe surface
W"t (dr/37) in the free atmosphere
and Z from (a)

one may calculate
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F or’ .E?, Ar as functions of time from a given initial condition, using
4,4.1, 4.4,22and 4,5.2
Qver land
The whole set of equations above can be solved simultaneously together
with

4,5.3 and 4,5.4

as additional equations for FogrFor Instead of being given ¢ ,r ., We

6’

require N, G; VR .



4.6

75.

The Sub-cloud Layer

4.6.1

4-602

In the last 3 sections, a simple model has been developed relating the
dry convective boundary layer to the surface fluxes, the mean vertical motion
field and the 'free' atmosphere above. In this and succeeding sections, this
model will be extended to the sub-cloud layer. There are three new factors
to be considered:

i) the height of cloud-base, which becomes the upper bound of the

' dry convective layer;

(ii) the parameterisation of the heat and vapour fluxes into the curmulus
layer, as there are now convective fluxes through the top of the dry
iaycr, whereas before Fip = Fppo =03

(iii) above the dry layer, there is no longer the 'free' atmosphere, but

the ~umulus layer which has its own characteristic structure.

In this chapter the structure of the cumulus layer (iii) will be assumed,
but we shall discuss (i) and (ii). In chapter 5 the structure of the cumulus layer
will be related to the sub-cloud layer, W , and the 'free' atmosphere above

the cumulus layer.

Control of cloud-base

Cloud-base is typically 100 to 200m above the lifting condensation
level (L.C.L.) of air at screen level, because of dilution of 'surface air'
rising through the sub-cloud layer, with air whose L.C, L. is higher. However
as a first approximation, it is useful to assume that cloud-base is determined
by the surface parameters 50,50 . Once g,_'-i'- have been de termined on

this assumption, further iteration is possible. We suppose

2y,

I}

(6 _,F.)

. azp azp) b, |, [3zZp) df

ve - + ( r )A.

dt (ag")f‘o dt 3Fo /g db
where the coefficients vary only slightly with height, and have values in the
tropics (To = 30°C)

(az ) ~ 120 m/°C
a o P~
r
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To this approximation, the height of cloud-base varies only slowly over the
sea, as the sea surface temperature changes. (There is also a small
diurnal variation, which is not well understood, but may be important - see
4.7). Over land however the diurnal variation of 8,,T, is very large,
and 7, correspondingly may have a large diurnal variation (see for

example: chapter 8).

While 2z A the top of the dry convective layer is below the L.C. L.
of surface air, the model of 4.2 —> 4.5 remains valid. However if Z,

rises to this L.C.L., then clouds form and the model must be modified,

Transition Layer:

It is observed that in cumulus convection there is a shallow (200m),
more stable layer at the top of the dry convective layer, just below cloud-
base (e.g. Grant, 1965; Warner & Telford, 1967). This has been called
the transition layer. (Ludlam, 1966). The transition layer may be under-
stood from opposite viewpoints, already briefly indicated in the discussion

of Fig. 3.8.5. point (ii).

(a) The transition layer is the more stable layer at the top of the
dry layer which stops most of the ascending elements of the
dry convection.

(b) The potential temperaturc increase A6 across the transition
layer implies that parcels of air rising from the ground are
negatively buoyant at cloud-base (if 2y > Zg ). Thus 46
ensures that only a fraction of the dry convective elements (the
most buoyant - typically the largest) regain buoyancy in the

cumulus layer, and continue to ascend.

The transition layer A6 1s maintained when

6 28 ¥ =
3 = "W 3z w=20
is the same above and below. Since the lapse rate -g—% is typically

several times greater in the cumulus layer than in the nearly
adiabatic dry layer, the transition layer is maintained, when
the convective mass flux Wp 1is much smaller above 2y than

below Zg. Thus we reach the important conclusion that a
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difference in lapse rates in cumulus and dry convective layers,

means that much of the dry convection from the ground is

stopped at the transition layer. Indeed roughly speaking the

larger A6 , the smaller the fraction of the convective

elements which regain buoyancy in the cumulus layer. Conversely,

only if the lapse rate is essentially unchanged as one goes from the

dry to the cumulus layer (and 46  is zero), does all the convection

from the ground rise up into the cumulus layer. There is some

evidence to support these ideas. The general question of lapse

rates in the cumulus layer will be discussed theoretically in 5. 2,

and observationally in chapter 6,

Yet another aspect of the transition layer is that it must be 'tied’ to
cloud-base %, whether this varies in height or not, Taking Zy, as the top

of the transition layer

4Zy . diy
4.6.3 3t = I

It does not immediately follow that 7 & Zp is zero. The transition
layer A6 must satisfy a set of relations for the dry layer, similar to those
of 4.3, However it must also control the convective mass flux into the
cumulus layer, which is not the same dynamical problem. It is possible
that small variations of (Z; - Zy ) of about 100m, that is in the relation of
the height of the transition layer to the height of cloud-base, may be a
further necessary degree of freedom in the problem (see section 4, 9).

This is a complication which will be neglected in the first instance.
We shall assume

4.6.4 2y = 2% .
Then, as in 4.3, we shall idealise the transition layer to an inversion of
zero depth, coincident with cloud-base.
by —> Dy

Simple equations can now be written for Ae , and for the heat
balance of the layer C< 2< Z, , with a specific parameterisation for
the cumulus,

The heat flux through 2z (=2,) is no longer zero.
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z
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Zhy Zgy 2t 48 g Fip = Fpe
: >
Fg1, =0 Cyp W'GI'_'
Fig. 4.5

Heat Balance of the Sub-cloud layer

The heat flux out of the sub-cloud layer due to cumuli can be
parameterised (assuming 4.6.4) as
F F L ol —~
4.6.5 —g‘ﬁ = —fj = DoV (6(p) - 8y)
where 6(p) is the potential temperature of parcels rising through cloud-base.
and (awc)b is a cloud mass flux just above Z}, (more exactly Z; , but we are

assuming 4.6.4).

From 3.7.2
(alg)y = = Wpp if a<< 1
Writing
(o(p)—eb) = (60 -A6)
—~ =b
where AB = 6p -0
56 = o(p) -6
4,6.5 becomes
Y

4.6.6 — Py Wpp (06 - 86)

The analogues of 4.3.4, 4.3.5 now become with 7} =Ztand Apy, = po - py

-~ F F
Lpp 4 3 lop _ lep
A A = F F - a2
4.6.8 Pt - F- D WAL -BEATT
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dz

[} . ~ _b - ~ - - ~
o T = Pp (dt Wy WDb) 8o - Py Wpy 09

This Eq. is written in this form because we shall, as a first approximation,
neglect
66 << 48
This is a comparable approximation to the neglect of
B - 5 << By -8,
which is being made, when a dry adiabatic lapse rate is assumed in the
sub-cloud layer. Both are necessary without a more detailed model of the

sub~cloud layer, dealing with lapse rate structure and parcel paths,

_ - azy _ 7 )
. Fgg =4y °P(dt Wy = W) 80

Fyg will be again related to the surface sensible heat flux

Fsp = -kFy

so that most of the details of the processes in the sub-cloud layer are
hidden in the computation of k, which we shall not attempt here,

The argument which led to 2,8.9 (see Ball, 1960 and 3. 8) involved
the generation and removal of kinetic energy by buoyancy forces, locally in
the dry convective layer. The circulations of the cumulus clouds exchange
energy between dry and cumulus layers, and the effect on 'k’ is not clear.

2.8, 5 parameterises the incorporation of the transition layer into
the dry layer by the dry convection in the sub-cloud layer. Qualitatively it
is likely that as the mass flux into the cumulus layer increases, Fse may
become a smaller fraction of F g (that is 'k’ may fall), simply because the
fraction of the convection from the surface trapped in the dry layer decreases.

3.8.9 is to be regarded only as a useful first approximation,

Equation for A6
This follows immediately from the definition of Ae

86 =B, -8
From 3,7.5
08 ~

2y,
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. dBy, (de -

LT at. ~ "o~ Wy Ty

»o 9 | pfdmy _w _ &
. it - 131(0115 W WDb) t

The interpretation of this equation is essentially similar to 4.3.7.
We have shown that the vertical motion ('ﬁ' + Wy ) of the environment controls
the local potential temperature in the cumulus layer (eq. 8.7.5). To the
extent that cloud-base height does not subside with the environment
g—%—b- Wb - WDb) just above cloud-base, 40 is increased; while the warming

of the sub-cloud layer reduces 06,
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4.7 Solution of equations for the sub-cloud layer

I Heat balance and cloud mass flux

We have now a complete set of equations for the heat balance of

the sub-cloud layer.

4.5,1 Fop = Ce Py cp(eo-é)vo

4.6.1 Zb = f(eo, ro)
Apy. 48

4.6.7 °p -gP-bv T = Fop - Fg

9,8,9 Feg = -k Fep

4.6.9 Fse = —Job cp paYe) (-(T'-E - Wb - WDb)
K - 4Zh _ % -

4.6.11 2-(80) (82 - W -w,) - &

The surface boundary problem remains as discussed in 4.5. Here
we shall assume that 6, , ro are known, The six equations can then be
solved for the variables F_g, Feog, 2y, 0, 00, W
given T 19 ﬁb , 2 and k (and assuming the hydrostatic relation
between p and Z ),

The equation added to those of the problem of wholly dry convection
discussed in 4.3 is 4.6,1 for cloud-base height. Since the height of cloud-
base and of the transition layer are ddermined (see 4.9 also) we can solve
for the convective mass flux ( WDb ) into the cumulus iayer. WDbis not
determined directly from the surface sensible heat flux, but indirectly from

Fop ,Wb and %%—b . This is clear if we substitute 3,3.9 in 4.6, 9 and re-

arrange, giving

k Fop ~ az
4.7.1 - W = e———— + W - ==b

This equation is to be compared with 4,3.14, which is essentially the same,
but with WDb= 0. We have parameterised the cumulus in terms of a sub~
sidence of the environment. The stable transition layer is lifted, relative

to the environmental air, by the dry convection trapped in the sub-cloud layer,
but subsides with ﬁb and Wy, (which are respectively the mass flows out of

the sub~cloud layer by subsidence and through the bases of the cumulus clouds);
thus the transition layer rises and falls with cloud-base.

Some sinple solutions will be considered,
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Solutions

d8/dt  as a function of oy, , F o follows immediately from 4,6.7 and
3.89

b g(1+k)F o
4.7.2 it = W
This is identical with 4.3, 8 and can be integrated from an initial condition
given Fog ,pp (or Zy) as a function of time. However an additional
approximation has been made 66 << A8 (see 4.6.9), which does involve

the neglect of a correction which would reduce k.,

Fepfollows from 4,5.1 given & and the surface 6, S0 4.5.1 and 4.7.2 can
be solved simultaneously with the surface problem (see 4.5) to give § 1 Fop
given k and Apy .

_F_%Qfollows fromk and F o8 °

5

=0 has been related to the surface variables(4.6.D)s0 2y, , by, follow from 8,7, .

—

(o

Thus over the sea, where ¥ follows from (6,7 )the set of
equations
4,6.1, 4.6,7, 3.8.9

can be solved simultaneously for

Dy

Fop 1 Fsp o
given Zy, from 4.6.1 and k,

Over land the solution for Z, involves the solution of the surface
problem (4.5) for T, as well as 50 . It is necessary therefore to solve
the water vapour balance in the sub-cloud layer, and indeed the whole
cumulus layer problem before one can determine the surface flaxes, We

shall attempt the water vapour balance for the sub-cloud layer in the next

section.
00 The analogues of 4,3.9 and 4.3.10 are
4.7.3 ééab o - (%%‘b - Wy - WDb) (%D“b r, - B Aeﬁb)
4.7.4 Lae = 2 (;‘I’Aqe - g(ﬂﬂ;k)}
B Vb b
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which if combined reduce againto 4,7.1.

There is again 2 steady state solution in 46 , if Dy, FOe

and 1‘,l are constant

4.17.5 - bpy, .. _k
a0 = k+1 T gPy T k4 T1 %

This is identical to 4.3.16 for dry convection. Over the o¢ean, constant

V/
b
is often 2 good approximation. Even over land where 2, has a marked

diurnal variation 4.7.5 is a useful first approximation

if dAe a8
at ¢ Tt

Substituting 4.7.5, this inequality becomes:
ki 4z a6

= __1p &4 g9

e B Tl T

Wpp If we make the above approximation in 4.6,11, and then substitute
for d'_é-/ dt from 4.7.2, or if the value for 40 given by 4. 7.5 is substituted

in 4.7.1; we obtain the cloud mass flux in terms of FOe s Zp y W .

g(k+1)Fog ~ 4z,
4.7.6 - WDb = -—m + Wb - at

This equation can be interpreted differently from 4.7.1, As an
approximation to 4,6,11, with d &8/4t = O , it says that the transition
layer is maintained when the mean potential temperature in the sub-cloud

layer & , increases at the same rate as potential temperature at cloud-

base, 'é'b, .

From 4.7.6 it is clear that the large-scale subsidence and rise of
cloud base both reduce W, , thc convective mass flux into the cumulus
layer, in an exactly similar manner. Thus variation of cloud-base is an
important control on the amount of active cloud. The smaller WDb , the
smaller the heat transport in the cumulus layer (see 3.10), which in turn
reduces the rate of deepening of the cumulus layer (all other factors being
equal - sce chapter 5), The magnitudes of all terms in 4. 7.6 may be

comparable e.g. typical diurnal g—%—b =15 mb/hr (+4 cm s_1) .
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If subsidence increases ( ?libj becomes more negative), then it
is clear from 4,7.6 that ( “Wop ) falls to zero, and we revert to the dry

model again with no eclouds.

In the other limit as ( - ) =0, lWDbl increases
tending to —
g(k+1)F o0 1 38
—— bt e e . = — — Y Z «
op I1 Bob T, dt if 2, is constant .
Eq. 4.6.10 may perhaps be applicable to a field of cumulonimbus.
If %%Z-b << Wy which is probable
4.6,10 becomes
4.7.7. a® . dde _ _ & o
Now_ %—%9 must be small or zero if the field of convection is to persist, and

if %%‘ is small then ’v"?b and W, must largely cancel. Evaporation of
falling rain might give an additional term in 4,7.7, bt_lt one could regard this
as local to a cumulonimbus and relevant only to the determination of L
4.7.7. could be used to relate the sub~cloud layer to the cumulonimbus layer,

and determine WD Hence one can estimate the water vapour flux out of

b
the sub-cloud layer (see 4.8). The estimation of d46/dt remains a problem.
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4.8 II Water Vapour balance in the sub-cloud layer

The extension of 4.4.1 and 4.4.2for ¥ and Ar to include a
parameterisation for the cumulus is closely similar to the extension of

4,3.4and 4,3.5for 8,40 .

Assuming
we write

4.8.1 Bor = 5 w_ (r - sr)

T L b Db

~ =b

where Ar = r, -7r

b =

br = r(p)-7T

br  cannot be neglected in comparison with Ar, and ag a first approximation

one rmight write

r(p) = 7,

by neglecting dilution in the sub-cloud layer . Then

4,8.2 br = T, - ?b
4.8.3 and %ﬁr = -jéb W (Fo = 7))
The extension of 4.4.1 is
"4.8.4 —Ag-b a%b = %Qr +J3bAr (%bz-b - Wb - WDb) + F’b WDh 8

The second term on the R,H.S. represents the drying of the sub-
cloud layer by the incorporation of drier air from above the transition layer.
The last term is of comparable magnitude, and parameterises an additional
drying of the sub-cloud layer because the air rising to form the clouds has
a mixing ratio above that of gb These terms are the feed-back through
the water vapour budget on the height of cloud-base. By reducing ?b over
land, ¥, is reduced, and cloud-base rises. This reduces IWDbl (see 4.7.6).
Hence in 4.8.4, the last term alone cannot dry out the sub-cloud layer until
there are no clouds; this can only happen if Ar is large. Over the sea,
where r  is essentially constant, any fall of "fTb just raises the surface
flux F.. , so the ocean may be regarded as a vast reservoir, which supplies
the water vapour (and the heat) necessary to constitute the clouds predicted by

the equations of 4.7. (Strong subsidence will still remove clouds by lowering
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the inversion below the L..C.L. of surface air. The dilution of surface air
=b
as it rises will raise its LL.C,L. if T is low: an effect we have

neglected , )

Or Equation

From the definition of Ar

4 . 45, | 4f
a(or) = g at

%

However no theory has yet been developed for 3¢ o the cumulus layer.

The convective mass flux model of 3,7 is inadequate, because this model
follows convective elements only while their potential temperature o e

differs from that of the environment 6 o - The air that flows through the
bases of the clouds has a higher eE than the cumulus layer (which often

has nearly constant 6y ). Mixing dilutes the clouds, but the air in them

has a higher eE than the environment at all levels, Even after the evaporation
of all cloud water and descent to potential temperature equilibrium 6 o= B

the mixing ratio of the air which was recently in a cloud is above that of the
environment. Shear in the vertical wind and the circulations of later cumuli

will distribute this water vapour through the layer,
or

A very simple theory for 3T will now be proposed, based on a2
parameterisation of 3.3.3
39T zEdf 2 s{ieraeT
A + PUS = S7 AW (r! +11))

( 'f'L has been ncglected)
The water transport by the curmulus clouds will be parameterised
Wi (xr! ') = = W_{(rg+ry) - T
r’ o+ I‘L = D c L
where ( r, + ry ) is the total water content of a 'typical' cloud. This is

inevitably an oversimplification.

Substftuting 4.8.6 in 2.3.3, and neglecting variations of p

oF o T ) =y O
e —(W+WD)aZ + WDEZ(rC+rL) + (rc+rL r)aZWD

The analogue of 3,4.13 for cloud total water content (water substance
is conserved: see 3.2.5) is

- (rc+rL - 'f')
S

d
'é'z-(rc + rL) =
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for ascent with mixing, We shall supposc this is valid for 2y <2< 24
Substituting 4.8.8, in 4,8.7, gives

D o _FaewndE , Epr{ai_ 1 W
i (W+WD)aZ +/.‘5L (S W, az)
where F.o/fL = W [(r,+ry) - %]
r1/P D c* L F_is atotal water flux (including
r is th fF .
4.8.9, parameterises %{- in terms of \ ry, ) andis the analogue of Foy,
(i) the total environmental vertical velocity ( W+ WD )e For
Zy, < T < Zq this term generally reduces T .
(ii) an ipput of water vapour into the cumulus lay er which is
positive if 1 oW . 1
Wp 0Z 3
that is, if the ascending mass flux increases less fast than
the dilution, mass (and therefore water vapour) is being shed
from the clouds.
Now - ~
o d = (ar) d Zy +(ar)
=¥, = (52) =5 or
dt Z 1 dt o b
Substituting from 4.8.8
d = OF ( d ~ Brf1 _ 4 2
ary ] (8 e w) - B3 B
dt 3z [, \dt b Db LPL \S Wy 03z 7Db
Substituting 4.8.10 in 4. 8.5 gives
—b _
Soapy - 8 (dm _§ )(ia) For(1 _ 1 24
Tbr) = - ¢ (dt - "o = oo/ \32/1 *pL\S " Wyez D
This determines 4Ar , from ¥, (3%/3%2) 11 %o the variables

a7y F )
at * Tpr Upp

which will be determined in chapter 5.

. d
discussed in 4.7 and 5':Z<WDb)

Closure:

The 4 water vapour variables of the sub-cloud layer For, 7’17, Ar, 6r
are determined by integrating 4.5.2, 4.8.2, 4.8.4, 4.8.11 from an initial

condition given T o (see surface problem 4, 5)

dz W y
a"{b" ’ WDb (see 4.7) ? Wb 1 (JD)
and (8% /32)4 , Wp/dZ, S in the cumulus layer

The hydrostatic relation between p,7 ,jé has been assumed,

y
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As mentioned earlier, the solution for ¥, over land additionally
involves 4.5.3, 4.5.4 and F_5 . The equations of 4.5, 4.7, and 4.8
must be solved simultaneously.

In this section we find 3 new variables from the cumulus layer
are necessary to solve the water vapour balance of the sub-cloud layer
namely (a?/az),]; and S, %V%—YD which are needed to determine (9%/9t) .
These will be discussed in chapter 5, where we shall model the cumulus

layer,

4.9 Relation between heights of cloud-base and the transition layer

It was assumed for simplicity in 4.6 that
4. 6 - 4 Zb = Z.t

and the transition layer was idealised by letting
Zs —> Iy
In 4.6 it was suggested that WDb is controlled by the trangition layer 46.

However a relation was deduced for & ina simple case in 4.7

k
4.7.5 b8 = 75 T gy

and in the same section ¥ o Wae determined purely from the budget and structure
of the sub-cloud layer without any specific equation relating WDhto 46, The
assumption of 4.6.4 made this possible.

We shall now indicate diagramatically how the transition layer

controls W, =~ so that Zy~- 7, is small and 4.6.4 nearly satisfied. The validity

b
of the preceding model is not affected.

7, was originally defined as the level reached by dry convection

t
from the surface. To distinguish some parcels that regain buoyancy and
become clouds, a spectrum of convective clements of different W', 6 is
necessary; so a s8ingle z.is a sfmplification. I is convenient however to
distinguish a transition layer

Zs<Z<Zt
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where Zi is the height at which some median convoctive element stops if
there is no water condensation.

Fig. 4.9.1 shows schematically that, the larger Z, - Zy, the
easier it is for parcels to regain buoyancy. Indeed it can be seen that the
population of convective elements reaching 74 will fall into two classes:

those that regain buoyancy before ceasing to rise (which will continue

Fig. 4.9.1

upwards since I‘c ,‘>1‘,‘ ), and those that do not, The fraction that regain
buoyaney is critically dependent on Z¢ - Zy, |

A simple numerical estimate will illustrate this. Consider the
deceleration of an ascending parcel (vertical velocity W', perturbation

potential temperature 6' ) above Z; for simplicity, using parcel mechanics
(Fig. 4.9.2.).
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Fig. 4.9.2
T
c’I/
. /
W,
‘—o1—>
Z
2 2 0!
15 _we = - po
W Wt J‘Egg dz
4y,
6' = 8f - (T, -T)(Z-132)
For the limiting case in which 6' = 0 when W' =0
2
w2 . 88"
t 6(1“01-1“1)
-1
For Wt = 1ms
T . -T = 1°C kn™
c1 1 -
Gt = 0.2

A buoyancy deficit greater than this will stop all convective elements with W t': <im s"/I

Fig, 4.9.1 shows that o t': is approximately
0,(p) =By +T_ (2, -2)

The critical control is (Z £ = Dy ). I‘c 1,being a function of 1‘W , does vary
with temperature: a typical value in the tropical atmosphere is about +4°C km"1
(see chapter 6),

In practice there is a size gpectrum of convective clements and a
more detailed analysis, allowing for example for the variation in T, , with
element size, suggests that variations of 20,2°¢ ino t': are sufficient to control
W . Thus in the tropical atmosphere this can be achieved with variations in

Db

+
Zt-Zb of I 50 m.
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The virtual temperature correoton is often important at cloud-
base where Ar is negative and A6 positive. A6_ is therefore less than 4o,
typically less than one degree. It is likely that Z Loy 18 therefore about
100m in the tropics. There is an indication here that one might find larger
values of 7 e 4y at lower temperatures, that is in higher latitudes,

For budget purposes it was assumed that

a7y, 4zt
at at

This remains a useful approximation. Indeed if the top of the dry layer is
taken at 7z, in Fig.4.9.1, the budget problem for the dry layer remains
unchanged. The heat flux out of the top of the layer

0 < Z < 3 £
is now a flux of eL , as gsome condensation has taken place already.
Numerically, however, it is irrelevant whether condensation takes place
in the cumuli below Z ¢ Or not, as the water is advected upwards. This
is clear from the dotted path of 6L(p) in Fig. 4.9.1, The parameterisation

becomes

F
—tol = -3 -3
p = =P W (6 () - 8))
P
= ﬁt Wy, (46 -66)

-~ :’t
AD = 6‘5-6

=t
56 = 6L(p) -6

Numerically this is barely distinguishable from 4. 6,3 where we assumed

4.6.4. Indeed we shall continue to use 4.6,4 in later chapters,

The choice of a level to divide dry and cumulus layers is a little

arbitrary. 2  seems most suitable because:

(a) the upper bound of a stable transition layer on a sounding can
probably be identified, and may theoretically be associated

with the limit of essentially dry convection from the ground;
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(b) any liquid water condensed in the ascending cumulus clouds between
Zb and 7 ¢ can be handled by the use of eL rather than 6, and plays
no part in the heat budget of the dry layer as it is advected into the

cumulus layer.

The purpcse of this section has been to clarify why it has not been
necessary to use a specific dynamical relationship between 86 and WDb'

W, .,  can be controlled by small variations in 7 £ Dy but this does not

affect the hesat flux F tor, OF therefore the budget of the layer C< z < Zt .
Further any changes in % % of about * 50m do not significantly affect

the equality

dz¢  _ dZp
dt - 4t

Thus we may work from this equality and deduce WDb as in 4,7, knowing
that only a relatively small change in 2 6" Zbcontrols WDb .

Summary of Chapter 4

This chapter falls into two parts.

Sections 4.2 to 4.5 establish a simple closed model for the time
development of a dry convective boundary layer given an initial stratifica-
tion, W , and the surface boundary conditions. This model incorporates
a generalisation of a parameterisation proposed by Ball 1960) for the
lifting of an inversion by dry convection,

In sections 4.5 to 4.9 this model is extended to describe the sub-
cloud layer, by including an additional parameterisation for the sensible
heat and water vapour fluxes into the cumulus layer. By demanding that
the more stable transition layer at the top of the dry layer always remained
at cloud-base height, it was possible to determine the convective mass flux
WDb into the cumulus layer. Retrospectively, in 4.9, it was found that
only very small variations (about 100m) in the relative height of cloud-base
and transition layer are necessary to exert a sensitive control on WDb .

The problem is simplified over the sea, if 8, , ro are assumed

known. Over land both the sensible heat and water vapour budgets must

be solved simultaneously in order to calculate the partition of the incoming
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solar radiation into sensible and latent heat fluxes at the surface. None-
theless given a set of surface observations and a series of soundings in
time, it is possible to test the model in many ways. This will be attempted

in chapter 6,

The most important conclusion to be drawn from this chapter is
that WDb , which is a measure of the intengity of the cumulus convection
in this model, is not a simple function of surface heat flux or water vapour

flux. Instead we have

dZ _ W _ ) - g(k+1 )Foe
dt b~ "Db op I, bop

The sum of three terms on the L,H.S. is essentially a function of surface
heat flux. The rise and fall of cloud-base is a function of both the heat
and water vapour balances in the sub-cloud layer, and is most marked
over land.

We see that rise of cloud-base and subsidence have equivalent

effects: they both reduce WDb .

In the next chapter, which is the last of the theoretical development,
the time development of the structure of the cumulus layer will be related

to the fluxes through cloud-base ( Wy , F, , F, % W; and the 'free'

bo?
atmosphere above the convective boundary layer,
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Chapter 5 The Cumulus Layer

Introduction

In this chapter the cumulus model will be closed. The fluxes into

pg *Fpp WeTe calculated in

chapter 4 from a simple model of the sub-cloud layer, assuming certain

the cumulus layer through cloud-base WDb , F

characteristics of the cumulus layer (the stratification and the water vapour
input parameterised in 4, 8).

The problem of lapse rate structure in the cumulus layer, first
considered in 3,8, will now be examined in more detail, A simple two-
layer model will be constructed in 5. 2.

This model will be used for the instantaneous distribution of poten-
tial temperature in the cumulus layer. When budget equations and the
boundary conditions are added, one obtains a closed system of equations
for the time development of the cumulus layer (5.3). These quantify the
factors controlling the rate of rige of the top of the cumulus layer:
principally subsidence, variations in the height of cloud-base, and the surface
gensible heat flux.

A similar set of equations is then proposed for the time development
of the water vapour distribution (5.4).

As in earlier chapters; vertical shear in the horizontal wind has not
been considered, though this may alter the dilution and dissipative parameters
used in 5. 2 for the ascent and descent of a 'typical' cloud. Radiation too has

been neglected, and liquid water is carried with the air in the clouds,
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5.2 Lapse Rate lodel

A quantitative model of the lapse rate structure of the cumulus layer
as a function of time is a very complex problem unless drastic simplifications

are made. We shall make the following assumptions:

(a) a two-layer approximation : see Fig. 5.2.1

(b) a single scale of cloud : a "typical' cloud

(¢) a simple 1-I model for a typical cloud

(d) an instantaneous equilibrium between lapse rate structure,

the typical cloud, and T (gee Fig. 5.2.1)
Fig. 5.2.1 shows the simple 2-layer structure which will be modelled,

Dt

Fig. 5.2.1
T is the mean value of 36/3% from top to bottom of the cumulus
layer. By definition

5.2.1 I‘,'AZ,' + 1‘21322 = T'AZ

where Az =£\Z1 +AZ2

The most significant of the above simplifications is (d).

In texrms of Fig. 5,2.1, we suppose that an instantaneous equilibrium
exists such that I, T,, 02,47, are at all times functions of T, 4Z only,
and not of their time derivatives. This hypothesis is likely to be a good
approximation even when I and AZ change with time, and gives useful

results which can be tested (see chapter 6). In addition to 5.2.1, we require
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2 further relations to determine T , T supposing we know T

YA
4 2 ' AZ 2 !
and AZ (for which equations are constructed in 5.3).

To obtain these relations, we assume an instantaneous relation
between the (characteristic) stratification and the typical individual cloud.
The philosophy of the modification of the mean atmosphere by the cumulative
life-cycles of many clouds, whose life-cycles in their furn depend on the
stratification, was discussed in 3.8. If one considers % = 0 , then the
clouds cool the upper part of the layer, that is destabilise the layer, and
successive 'typical' clouds become larger and ascend higher. The modifi-
cation of the stratification and the deepening of the cumulus layer proceed
together. The problem becomes tractable if we assume a one-to-one
correspondence between the two-layer stratification, the regions of warming
and cooling and therefore the ascent and descent of our typical cloud, This
was shown sehematically in Fig. 3.8.5,

It is then possible to write two further relationships based on a 1-D

model for the 'typical’ cloud.

{) A kinetic energy relationship:
If we neglect the small X, E. input and buoyancy deficit
at Zb , ascending saturated air gains upward kinetic energy

in 4% y and overshoots to Z 5, before falling back,
(ii) A thermodynamic relationship

is indicated by the path of the typical parcel shown on
the 0;,Z diagrams (Fig. 3.8.5, 5.2.2).
Because of the asymmetry betwzen ascent and descent with
dilution (see 3.5), saturated cloud air descending from 22
evaporates all its liguid water and comes to potential tempera-
ture equilibrium with the mean atmosphere long before reaching

Z We shall assume that the air of our typical cloud comes

b L
to equilibrium at Z,] , 80 that the regions of heating and cooling
during the life-cycle of the cloud coincide with the two layers of

different lapse rate,

As far as the temperature structure of the model is concerned, the
cumulus layer is not being modified by mixing of cloud with environment at a

different temperature, but as discussed in 3.8 by compensating descent and
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ascent in the environment. The modification is considered in 5.3: in this
section we determine instantaneous values of T q r , in the two layers by
relating them to two relations((i) and (ii) above) for a typical cloud. Since
dilution is of great importance in (ii) (and needs to be considered in (i) also],
we shall first discuss a relation between dilution scale length S, and the

depth of the cumulus layer,

Dilution Scale Length

The scale length S was introduced as a parameterisation for

dilution (or entrainment) in 3.4.

adan o+ 1
3.4.4 Mdz ~ " S

3.4.5
for ascent and descent respectively.
S is a parameter about which we know little, although it will be recalled
that Simpson and Wiggert (1969) and others have used the similar rclation-
ship (see 2.2.1)

C.2

laM 0.2
dz =~ a

5.2.2 M
where a ig the radius of a cloud tower. They found good agreement between
a 1-D model, and the height reached by individual towers, assuming a to be
constant,

In 2.5 we also noted that two models of a convective element predicted
a o
5.2.3 3 0.5

for 2 dominant cloud size. In both models d is the depth of a layer of con~
ditional instability, which corresponds most closely to 4Z . in our model,
the layer over which the cumulus clouds gain upward momentum, With these
considerations in mind, S will be parameterised directly in terms of & Z,]
and for simplicity is assumed the same for ascent and descent,

1 . E
5.2.4 s = 3 z,
We shall find in chapter 6, that the model predicts lapse rates well with
E = 0,4, which means that 5.2.4 and 5.2, 2 are equivalent if we assume

5.2.3andd ~ AZ,] .
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Thermodynamic Relationship

Fig. 5.2, 2 shows the ascent and descent of our model cloud, which
rises to Z2 , and descends first evaporating its liquid water, and then 'dry’
to potential temperature. equilibrium with the environment at Z iy (see also
figs. 3.5.1, 3.8.5). The physical consequence implied in this diagram is

that the upper layer is cooled, and the lower warmed (sec 3.5).

Fig, 5.2,2

6=6L

neglecting Ty

@ W

If we use the dilution relationship 3.4.13, we obtain for the ascent
and descent of a parcel by integration:

a -(8gq + 2822)/5 o
5.2.5 0,¢(P) - 6., (p) = TLSe + (T,-T )Se

-2AZp/8
- 2Lg e7082/S | 1. azq 4 Tps

where GLb(p) ie the value of 0, of a 'parcel’ ascending through cloud-base.
eL f(p) is the value of eL of a 'parcel' descending to 2y
The simplification has been made in 5.2.5 (and Fig. 5.2.2) that

which is of little numerical importance here.
The condition that air finally descending with the evaporated cloud
residue to 7, has the potential temperature 8, is, using 5.2.6

5.2.7 GLf(p) - eLb(P) = I‘,]AZ,]
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Combining 5.2.5 and 5. 2.7, we obtain after a little manipulation
2662«2/5 N eZAZE/S
1 - e'AZ']/S

On this model, the ratio of the lapse rateg is solely a function of
024/8Z> and 0Z4/5 = E .

Expanding in powers of 474/S »08Z>/5, we find that the first two

T
L
Ty

1T -

non-zero terms in both numerator and denominator give sufficient accuracy,

and after rearrangement, we obtain

)l b - 4 82)

21 N S AZ1 S AZ1
I'2 - 1 - é_Z_»,
S
Substituting 5.2.4
I, _ Elbzy/tz, ) (1 + B(82,/02.))
) 1 - E/2

This will be used as a thermodynamic relationship between I‘1/ 1’2 and AZ 1 /AZ2 .
The dependence on the dilution parameter E is indicated in the following

table,

Table 5.2.1
I, 874 /b7,
L2 |e 0.3 o4 o5
1.0 - 0.75 0.86 1,00 | é— Lower limit on AZ./0Z,
0.5 1.05 1.16 1.35
0.1 .24 2.44 2,82

There is a lower limit on A%, /AZ, for a given E because T 4 < I‘2 .
Eq. 5.2.9 predicts a relationship between I‘1 / I‘2 and AZ ; /D 22
which may be tested. Values of 1‘1 /1‘2 of about 9.5 and 0.1 are typical
of convection over land and beneath an inversion, respectively.
As dilution of cloud by the environment, parameterised by E, is
not well understood, there may be some dependence of E on other variables
such as vertical shear in the horizontal wind, Some caution is therefore
necessary; in the absence of further theory, one must depend on observations

to provide values for E (see chapter 6), However the work of S8impson et al
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(1965, 1969) has clearly shown that the range of posgsible values for the
entrainment constant in a 1-D model of an individual cumulus cloud is very

limited (see 2. 2).

Kinetic Energy relationship

There is a gecond independent relationship in wet convection between
the stratification and the typical cloud path, depending on differences of 8
rather than ©; . The pat h of cloud potential temperature on ascent is
shown schematically in Fig. 5.2.3. The potential temperature difference
at cloud-base is neglected (and likewise the upward kinetic energy at cloud-

bage). An average value of T'cqin the cumulus layer can be used as

a first approximation.

0.8

Fig. 5.2.3

The shaded area, equivalent to the pogitive area on a tephigram
between parcel lapse rate and the mean sounding, is well known to be a
measure of the maximum available potential energy for an ascending parcel.
The simplest treatment of the problem would be to suppose the parcel over-
shoots to some height (7 2 such that the negative area in Fig. 5.2.3 aquals
the positive one. Then

1 dem _ 2

5.2.10 (T =T) 88,0 82, +62) = 3(T,-T )42, -62)
where 67 = el =114,
Tp =Teq ™71

However this is likely to be a poor estimate of 7 5 for several reasons.
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(2)

(b}

(c)

1‘01 , the parcel lapse rate for ascending saturated air was
derived by diluting an ascending cloud with its environment
(éee 3.4). The environment is not ascending with the cloud,

but is mixed into it by 'turbulence’ of unspecified character,
thus sharing the upward momentum of the cloud. This is a
process involving a transfer of kinetic energy from the scale

of the mean upward motion of the cloud, to a smaller 'turbulent'
s cale, which continues further dilution. (This is analogous to
the collision problem in particle mechanics - see Telford:

1966, 1969),

The kinetic energy of the mean motion generated by horizontal
temperature gradients is shared between horizontal and vertical
velocity. This reduces the maximum upward mean velocity of

a cloud parcel and has been variously parameterised in 1~-D
models as a drag or virtual mass coefficient (see 2. 2).

In flow where shearing is substantial, the convective circulation
may become organised so that the kinetic energy of the low level
inflow is added to that of the updraft. This occurs in organised
cumulonimbus, and may be a feature of ordinary convection,

although no relevant observations are known to the author.
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In this thesis we shall not consider the effects of vertical shear in

the horizontal wind, and will only modify 5.2.10 by introducing a parameter

to give

D < 1
2
- = - -6
D(T_, - T,) 82,(22, + 62) (T,-T,,)(82,-82)
where 67 = —c1- 11 ag as before .
I‘Z-I‘c’] 1

An estimate of D will be made from a 1-D model. Eq. 2.2,2 (see Simpson

5.2.12

and Wiggert: 1969) becomes in our notation

2
a (142 &% Ve
az \z " = )

2 c 1+ S
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This equation can be integrated for the path shown on Fig.5.2.3 to give I as
a function of S, and hence of E (see 5.2.4). D does not depend on the factor
( 1+ <y ) but does depend further on AZ 1 /AZ2 . The solution for D thus
requires further iteration of the set of equations 5.2.1, 5.2.9 and 5.2.11,
which is not justified by the approximate nature of 5,2.11, The problem
will be simplified by using values of D which are functions of E only,
estimated for the case of AZ 4 1 BT, equal,

These values are given in Table 5.2, 2.

Table 5.2.2
E D
0.3 0.6
O.4 0.5
0.5 0.4

These numbers are approximate, and are given to indicate the trend and
magnitude. Table 5.2.3 is not very sensitive to alterations in Bof 0.1

for the same value of E.

Solution of lapse rate equations

For given values of E, D, T and I‘cqequations 5.2.1, 5.2,9, 5,2.11

have a unique solution for

for all _

r > I‘c,]
This solution is independent of A7, which must be found by integrating the
time development of the layer (see 5.3). An equation for T will also be
given in 5.3, while I‘c 1 (see 3.4.6) depende significantly on the water vapour
content of the cumulus layer (see 5.4). Different average values of 1‘c1 in
layers 1 and 2 are appropriate if the cumulus layer is deeper than one or
two km, as I‘W and the saturation deficit of the enﬁroment (rg-re thange
with height. A single value of I‘c . in the cumulus layer will however be

used here.
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The form of the solution is that as T increases;T. increases rapidly,

2

while I‘1 slowly decreases and —ﬁ—ZZ-" increases, This is indicated in table
2
5.2.3 for constantI‘c 1 &, D. The agreement with observation seems

encouraging and will be discussed in chapter 6.

Table 5.2.3

-1
°C kn A
57,

0.4 0.5 L,o L,5 3.3 5.8 1.1
0.4 0.5 L,o 5.0 2.8 7.9 1.35
Coh 0.5 4,0 6.5 2.0 16,0 2.15

The qualitative interpretation of these solutions are as follows,
We have neglected the negative buoyancy and upward kinetic energy
at cloud-base, so it iz necessary that
o< T
in order that the model cloud gains upward velocity.
I T < I‘C 1 then ascending saturated air can never become
negatively buoyant (saturated parcels will ascend into the stratosphere, where
T becomes greater than I, again).
K T islarge compared with T, then since
I, < I‘C,] .
it follows from 5. 2.1 that T, must become large. (82, /Azacannot become
small). The model says that the lower layer Z to 2, , will destabilise
until the model clouds overshoot sufficiently far into the very stable layer
Z 1225 for parcels falling back from 7, to come to equilibrium at Zq.
The last row of numbers given in table 5.2.3 are not inconsistent with
convection beneath an inversion, even though radiative cooli ng has been

neglected (see also chapter 6).
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Conclusion:

A simple but physically useful model of the lapse rate structure of
the cumulus layer has been constructed. The least well defined asoumption
that has been made is that of instantancous equilibrium, There will be
situations where the nature of the underlying curface changes suddenly,
when the agsumption of an equilibrium structure will be incorrect. However
ia general the assumption may be reasonable: only comparison with obser-
vation will tell,

However this agsumption is fundamental to the approach of the model
of the cumulup layer in 5.3, since the heat transporis in the cumulus layer
by the clouds are specified only in terms of the fluxes through cloud base
and the lapse rate structure. No attempt will be made to calculate

W ’ ﬁ'\ri etc.
These can be inferred (if required) from changes in 8 deduced from the lapse
rate model, which incorporates the mechanics and thermodynamice of a
typical cloud,

It should be appreciated that there is no essential difference between
I as the cumulus layer deepens or gets warmer, while

2
keeping T constant; and changing T 4 ,I‘2 if T changes in the course of

maintaining I‘,I

the time development of the layer.



5.3 Time Development of the Cumulus Layer

Part I : Temperature Structure
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In this section an important set of equations is constructed to describe

the modification of the twolayer cumulus model by the heat transports imposed

by a field of non-prccipitating cumulus convection., The nature of this modifi-

cation process; the warming of the lower layer and the cooling of the upper

layer, was discussed in detail in chapter 3. The convective mass flux and

sensible heat flux into the cumulus layer through cloud base were modelled

in chapter 4. The lapse rate model of 5. 2 incorporates the eL transport, and

the mass transport of a typical cloud. These transports by the clouds are made

quantitative through the lapse rate model, and the inputs at cloud-base.

As indicated in chapter 1, the use of levels whose heights vary with

time as the depth of the dry or cumulus layers alter, complicates the heat

budget for a layer, but simplifies the parameterisation of the convective

=S
transports. Analogous to the definition of 6 in 4,3, we define average

variables for the layers A Z - AZ

2
Zq
. A 71 ~
8.8.1 -éPﬂ 5§ = fz 6 p az
— Gy
5.3.2 bp, 62 _ J‘ 2 5 5 az
where & z,I
8pq = pp - P4
App = D1 - P,

Fig. 5.3.1 serves to define the variables of this section.

K
P2 ZZ T N
P, 44T iV
N/
Py %, T
Fig. 5.3.1 —> 0

N

layer 2

FieL U T

layer 1

b8 -+
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The algebraic simplification wili be made that W is independent of height in the

cumulus layer.

Heat Balance:

The heat balance for layer 1 can be written, using 3.10.4, and the

definition 5.3.1, as
a5t _ & _ 5. 8 x 4 &
5.3.3 dt(e 8pq) = %(Fbe F’leL) = 093%P1 + ObggPo - WI‘,| 8p4q
Similarly for layer 2

5.3.4 L5 ap,) = B F - B,-Lp, 4 Bymep, - W, Ap
i dt P2 = c.t18L 2dt re2 14t ¥1 272

since F26L =0

These relations, like many of those in chapter 4, are simpler to handle
numerically in pressure co-ordinates. However in the belief that it is
easier at first reading to understand the model if the equations are ex-
pressed in height co-ordinates, the density variations in the cumulus layer

will be neglected from here on, 5.3.3 and 5.3. 4 then become, after expanding

the L.H.S.
-1 —
07q =8 = 20 - 8L, (B,-F )21 - (6, -8 )2 - Wr, Az
5.3.5 13% Pop Pcy 1 dt b at 1571
4 z° Fap1, e _:'2 dzo _ (% _:'2 dZq _ %n

where p is a mean density.

These are the heat budget equations, and defining relations for the variables
51 , '6_2. Foo is an input to the problem (4.6.6), but F,]eLis an unknown.
We shall relate Eb ) é»} , 3—1 etc. and their time derivatives to the lapse
rate model through the following definitions (only approximate in height

co-ordinates)



107,

5.3.7 § -By, = #T,02,
~ =1
5.3.8 61-6 = %T A4z,
5.3.9 .6 -6/1 = %TZ AZZ
5.3.10 6,-8" = ®T,AZ,
With the further definitions
5.3.11 AZ,I' = Z’I - Zb
5.3.12 LZy = Zp - 24
5.3.13 AZ = AZ1 + AZZ

it is possible to relate the budget equations to the lapse rate structure and
its changes.
Combining 5.3.5 with definitions 5.3.7, 5.3.8 and 5.3.11, we obtain

Fpg Fior, dd Y 4z o 1 2 d
o Y - SUp S4p - —_
5.3.14 = Az,l[ 3t I‘,l( Ep W)]+ > AZ’I 3L I‘,I

PcCp Pcp

This equation will be used subsequently to eliminate F*}OL from 5.3.5
(see 5.3.16). However it is helpful to interpret 5.3.14 first, and relate it
T
to the discusgion in earlier chapters. We see that given IZI .%;" s 8Z4 from
the lapse rate model this equation gives T, since Fy g, d'e'b/ dt, dz,/dt
were determined by equations for the sub~cloud layer. Indeed if we substitute

from 4.6.10

By _ o 4Zy _F
4,6,10 =P = (dt W, vab)I‘,I

we can re-express 5.3,14 in terms of the convective mass flux through cloud-

base WDb , determined in chapter 4.
F F
~bo . _19L _ _ -1 4
5.3.15 550 7 pey = T B Un T 38 g T

Finally we can recover Eq.3.10.6 by observing that the term dT, /dt is

associated with a variation of WD with height. Since
3.7.5 .g.ﬁ_ = - (W + W

differentiating with respect to Z , gives
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4 - - 9
at 71 = “Ta3z

since W has been assumed constant, and I‘,I , is a function of time only,

Hence _Z-2, 4

Wp(2) = W, -5 I

S0 5.3.15 can be re-written

7
F T 1
_bo _ 8L _
3.10.6 e s = -J' WD(Z) 1",I az

Zp
We have shown how 5.3.14 can be re-expressed in terms of the mass flux
model. However this is not how it will be used in this chapter. The lapse
rate model will give aT,/at directly from aT/dat (see Eq.5.3.19),
and hence we shall be able to eliminate F’IeL from 5.3.5 and 5.3.6.
It is possible to test whether the value of dT, /dt demanded by the
assumed instantaneous equilibrium of lapse rate structure gives an unrealistic

value of aWD/ 3Z . This requires further study of individual cumuli.

Solution for 2Z4/dt

Returning to 5.3.14, we may eliminate F from 5.3.6 (the other

16L
budget equation), using also the definitions 5.3.9, 5.3.10, 5.3.12 and 5.2.1,

to give dz,l/dt .

az A7 a6y, o~ = az
844 _ 24 )89 - S4ah
5.3.16 3t = (T -T Bz {dt +WI - T, 3¢
2" 1% %
PR E— {_A_?.?T ary 225 4%, F_b.e]
(T, - I7)82, 1 2 dt 27 a " poy,

This equation looks complicated, but qualitatively it represents the downward

heat transfer which cools layer 2 and warms layer 1, lifting the level 2 1

between the two layers. The second set of terms is small under some cir-
cumstances: when the lapse rate I,,I> in the two layers do not change

with time, typically we find Fbe << F'Ie o

We notc the following

(1) %-Z-b, g—%—b, Fy 5 are given by the solution of the sub-cloud

layer problem. Given the large scale W , T (which determines
T, T, 0%, /0%7,: see5.2) and aT/at  (to determine aT,/at, aT,/dt),

we may find dz_/dt. The equation for T will follow.
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(ii) It is clear that rising clor.}‘d—base and subsidence (ﬁ negative)
both reduce qu/ dt, -g—egb decreases as the depth of the sub-
cloud layer increases, being related to dg'-/ dt and %Ate (4.6.11),
(iii) 5.3.16 can be re-arranged for comparison with 5.3,14 and with

the subsequent discusaion made in terms of op

a7z =~
(?1-1-:- - W)(PZ— r’1>AZ2 1Y dt terms

-A7 W + Smaller
terms

AZ-{égb - T.( dZy, - W)} . smaller

"

Mathematically the additional dependence of dz./dt on % as well as on

WDb (itself W dependent) is clear, Physically this equation is a statement

about the downward transfer of heat, Neglecting 4T ; /dt, dar 2/dt , T

Fren = Wpp Iy 82,

¥ W=o0 , We obtain the very simple case shown in Fig.5.3.2 (see also

Fig. 3.10)

b6

N/
o>}

Fig, 5.3.2

For continuity of temperature at Z1

- *1
(T,-T,) 3%

Q
23N
e

After substituting for (== ., 2 we recover 5.3.17for W = 0.
b Tvetl;
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Summary of heat budget:

Given F ., df /dt, dz /dt, and W

. 5.3.14 gives F
eq. 5.3.14 give E’leL
eq. 5.3.16 gives dZ,]/dt

provided the lapse rate model is used to relate T, T Az to T at an

19720 DZo
instant in time, An equation for T as a function of time is therefore necessary.

Equation for dT/dt

This connects the deepening of the cumulus layer, subsidence, the undisturbed
stratification above the cumulus layer and the sub-cloud layer. The boundary
condition at the top of the cumulus layer is

d‘-’
._Q. =T

5.3.18 e

ot

9Zy | §

Whema ifollows (from definitions 5.2.1, 5.8.13 and 5.3.7 to 5.3.10) that

d,= , dZ ar de'
— g —_ 242 -
5.3.19 dl(r 87) = 1‘3( 3 W) 3

(Compare 4.3.7)

The model is now closed,
W,I‘B are assumed known,
dZa/dt, dAZ/dt are linked through the lapse rate model
to T, dz,/dt (5.3.16) and 4z, /dt .
de/dt, dgb/dt are solutions of the sub-cloud layer problem,

It follows that one can integrate 5.3.18 togive T as a function of time,

and hence T 10 TZ —%; as functions of time, using the equations of 5.2, Given

7?%; , AZ is then found by integrating %%1, and dz, /dt togive AZ, .
It is illuminating to expand 5.3.19
a = =, d as = dz
S 7 - -T)— - =b b
5.3.20 0z 5 T = (Tg-Tigg 22 =0 + T & VI, .
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This is an important equation as the magnitude of T was a sensitive control
of T,,T, inthe model of 5.2. Increase of T  (for constant r., )
increased (T, - T, ), which reduces dZ,/dt  (see 5.3,16).

Interpretation of 5.3. 20

(a) 348y given by the sub-cloud layer problem,is related
fo the warming of the sub-cloud layer (as A6
isncnily constant), This term reduces T

continuously - ('destabilising') .

(b) W negative (subsidence),increases T ('stabilising') .
{c) ;—tzb positive (rise of cloud~base),increases T ('stabilising') .
(d) a positive,increases T if I.> T and vice versa,

Ttl2 5

The feedback here is complicated, but we see there may be a
tendency in diurnal convection for T to increase while cloud-base is rising,
and then to decrease in the afternoon as cloud-base stops rising. As T

424
o1 the model 1‘2 tends to I‘,] ,» 80 that it increases
rapidly. However once the cumulus layer becomes deeper than a few km, the

decreases towards T

clouds will begin to precipitate, and this model will cease to be valid.

There is a steady state solution for T given, for Zb constant, by

Py _ -4 - ¥
5.8,21 a. = @5-Tgp 2, - Wry

This is a valid solution only if it is attained for a value of T > I‘c 4 It may be
relevant to the lifting of the trade inversion, although the radiative fluxes must
first be added. Radiative cooling acts in the sense of continuously increasing T,
by reducing d§b/ dt more than d§2/ at .
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Summary of 5.2 and 5.8

In the cumulus layer 13 undetermined variables have been used.
~ =1 =2

Ilt]‘! err ? AZ1’ Azzi AZ’ 211 Zz! leeLi 31, 62’ 61 ©

There are 13 independent equations and definitions:

5.2,9, 6,2,11 (iapse rate model)

5.8.5, 5.3.6 (heat budget)

5.2.1 and 5.3.7 t0 5.3.13 (definitions)

5.3.19 ( T : upper boundary condition )

This set is soluble, giving all variables; in particular

T, T,aT oy 240 2,
as functions of

de, /dt, 4z /dt, F ., W, T, and time.

be? 3
Equations for the cloud-base variables were discussed in chapter 4; 'fv',

and I‘3 in the 'free' atmosphere must be known,
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Time Development of the Cumulus Layer

Part II : Water Vapour Structure

In this section we examine the time development of the water vapour
distribution of the cumulus layer. As discussed in 4.8, we require (af/aZ)1
in order to compl ete the water vapour balance of the sub-cloud layer., This
in turn is essential over land to find the surface fluxes of sensible heat and
water vapour.

The general approach will be closely similar to that of 5.3, We
congider a simple two-layer model in which Z,l s Z2 are now determined (by

5.2 and 5.3), and the unknowns are (af/az)1, (a?/az)z, ?-, ¥ etc,

Diagramatically
4
A
Z, T
7.+
L TF’IrT
7. -
b TFbr
S r
Fig, 5.4.1

For simplicity the variation of air density in the cumulus layer will
be neglected, so that the budget equations for r in the two layers (the
analogues of 5.3.5 and 5.3.6) are

Miw T = a PL + (F=F )gg 21 - (F,-F )gg Zo-V
AZs 2 = ArT - g - - S,
2 3p T I +(r2r)dtZ2 (r,l r)dtZ’l W
1 Zq
where AZ,'F = T dg
2y,
7
=2 2
AZp v = r dZ
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FbJ:'/JOL

TPt = {meerpl,
As in 3.3.3, we neglect changes in i-"L compared with those of T, An

Tret
(Wrr )Zb

equation for F r has alrcady been derived (4.8.3) but F’Ir is an unknown,

b T
~ =1
We shall again relate ¥y, ¥  and their time derivatives, to the vertical

gradient of T through the definitions

iN

5.4.3 Fo- T, = % (8F/02) 02,
5.4.4 Fo- ¥ = % (8F/02) 08,
5.4.5 TO- By = % (3%/02),02,
~ &2 .
. - — l’
5.4.6 T, =TT = % (3%/32),07,

The validity of this two-layer model for the water vapour balance will be
commented on later,
From section 4.8, we have the pair of rclationships (here we

have assumed o , W constant above Zy)

4.8, _br _ _ >~ oo
8.3 oL - WDb(ro I'b)

d ~ or d >~ Ibr(’l 1 9

- _ (ery .8, -W - W Rrll L Ly
4.8.10 at Tp = (82)1 (dtzb ! "'Db) + oL \S WDb 3z Db

There is also the upper boundary condition (compare 5.3.18)

5.4.7 T2 = (—a-z")

We consider, for the purposes of this section, that we have the 9 undetermined
variables

o, F, o, T F. 5, T (L), (&
br?! “1xrT' “b? T4 "2 " 7 azq’ 822

We suppose the following are known:

r, (which over land requires simultaneous solution of the

sub-cloud layer),

W, (o%/02) 3 from the large-scale data, and
d el d d
a‘{Zb ’ WDb ’ SEwDb s EEZ.«I s a—{-:-ZZ from 4,7, 5.2 and 5.3,
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The set of 9 equations and definitions

5.4.1, 5.4,2 (water vapour budget)
4.8.3, 4.8.10 (lower boundary conditions)
5.4.7 (apper boundary condition)
5.4.3t05.4.6 (definitions)

can thus be solved for the 9 undetermined variables, given an initial set
of values for Fb, 51 , 52, (a?/az)1 , (aE‘«/az)Z. In particular we can
find

(a'f/az)1 . (aE/az)Z as functions of time.

The procedure is straightforward ,

Starting with a set of initial values for (37/32), , (3%/02),, ¥, ,
b and Fbr
5.4.8 , we obtain the analogue of 5.3.16 (or 5.3.17).

4, _?-9_?_)_{9_?_ _ d~_(.a_f‘_ (d _"’) _ Fpr
5.4.8 (dtz" H){az \z)}% = AZ{ET;Tb az)1 3t 2b P

we have ~ (knowing ¥, 2.,2). By combining 5.4.1to0

1
TZ20% &\ 3z at \dz
A second equation in the time derivatives of (%%)1 , (g—g—)a is constructed
from 5.4,3 t0 5.4.6 and 5.4,7. This is the analogue of 5.3.19
dF| [ d ~ a - a }[er T
5.4.9 (32)3 (EEZ2 - W) = ITb * 3 {(az)f% * (az)ZAZZ}

d'r'b/dt can be eliminated from 5.4.8 and 5.4.9 using 4.8.10 and the
~d d ~
resulting pair can be solved simultaneously foraqg(%-;-) &-\g-;-) «The time
1 2
development of the water vapour structure of the model is thus uniquely
determined. One can integrate forward in time from any given initial

state (which may be before the onget of convection).

The weakness of this model lies in the specification of a two layer
straight-line approximation to the water vapour distribution, in which (3%/0%2) 11
~ . iy
(37/82) »are functions of time only. We need only to specify %t-b to

uniquely determine the time development, and implicitly the distribution
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of the water vapour input to the cumulus layer. This may well be tco
restrictive. It may be necessary to specify both the stratification and the
input of water vapour in more detail. The model used in 5. 2 to obtain 2
thermodynamic relationshkip for the rise and fall of a typical cloud could
be extended, and its implications for the input of water vapour to the cumulus
layer examined.

As we have in this modgcl specified the water vapour input by the
cumulus clouds only through eq. 4.8.10, this equation becomes critical,
and deserves more rigorous examination both theoretically and observa-
tionally. One ghould consider the input of water vapour to the cumulus

layer over the whole life cycle of a cloud.

Summary

In chapters 3, 4 and 5 a simple closed model of cumulus convection
has been developed. The main convective interactions of the non-precipitating
boundary layer have been outlined and made quantitative. The effects of
radiative transports and vertical shear in the wind have been omitted. Most
attention has been paid to the physics and structure of the cumulus layer;
the treatment of the dry convective layer has been relatively brief, but can
readily be extended.

The main predictions of chapter 5 have been the following:

@) the dependence of lapse rates L,T, in the cumulus layer on T
the mean lapse rate from cloud base to the top of the cumulus
layer (see 5.2). For example, we noted the development of an
inversion for large T , and the requirement that T> I‘c 1 during

cumulus convection; both from a simple parameterisation of

'entrainment’.
(2) the dependence of T on dgb/dt,dzb/dt and W (eq.5.3.20)
3) the dependence of %12;—1 on déb/ at, de/ dt and W

(eq. 5.3.16) (and dZa/dt)
(4) the time development of (3F/3%),,( dT/dZ) > (see 5.4).

This model for the water vapour structure is considered less

satisfactory than that for the temperature structure,
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In the next chapter we shall examine some data, principally from
a day of convecttion in the tropics, in the light of this model, and test some

of ite predictions,



[=1}

118,

Chapter 6 Observational Evidence

Introduction

The model proposed in the last iiiree chapters predicte the mag-
nitudes of the transports and the stratification in the convective layer in
a wide range of mete orological situations., The available data needs to be
re-examined in the light of the relationships and predictions that have been
derived, and this is a major task. In this chapter only some limited aspects
will be compared with observation. These cannot adequately confirm the

theory, but indicate

{i) that the theory gives insight into the stratifications and transports
observed in certain situations, bearing in mind the considerable
uncertainties in the data;

(ii) what methods might be used to test more thoroughly parts of the
theory .

We shall examine principally one day of cumulus convection in the
tropics. The temperature stratification will be analysed using the model of

5.2, and WD will be estimated from the time development of both the sub-

b
cloud layer and the cumulus layer. In 8.3 the casc of cumulus convection

beneath an inversion will also be considered briefly.
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Analysis of the data

The data used were obtained on 3rd Septembe r 1989 at Anaco,

Venezuela during Project Vimhex: 2 joint undertaking between Colorado

State University and the Venezuelan Meteorological Service. The following

were available

(i)
(ii)
(iii)

(iv)

5 radiogsonde ascents at 0730, 1000, 1200, 1400, 1600 (local time)
hourly screen meagsurements of T, Tw

surface radiation data: downward and reflected short wave and
net radiation

time lapse film from 1515 to 1700 (local time). This has not

been used guantitatively.

The soundings were plotted at levels up to 100mb (the tropopause

was at 125mb), and then adjusted to give a constant mean temperature from

the surface to 100mb as follows, The heights of the 100mb surface above a

fixed pressure level (989mb) were made equal by adding a constant

temperature correction 6T to the sounding at all levels (see table 6.2.1).

@)

(2)

Table 5.2.1
Local 7=0at 989 mb T=260°K
time 7 (100 mb) 62 57
0730 16554 m
1000 (16554) m
1200 16596 m +42m - 0.7°C
1400 16498 m -56m + 0.9°C
1600 16554 m

Comments

The 100mb height given by the sounding at 1000 hours is an
extrapolated estimate: the sounding reached only 130mb,
but it clogely corregponded to the 0730 sounding up to this
height.

The above procedure is open to criticism, Its justification

is that there is no systematic trend during the day. Further
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the sounding at 1400 hrs when uncorrccted is wholly cooler,
and the sounding at 1200 hrs noticeably warmer, than the
soundings at 1000 hrs and 1300 hrs, throughout the depth of
the troposphere,

(3) The procedure affects estimates of the heat budget of the
convective layer at two-hourly intervals, and of the surface
fluxes. We shall find that with these simple corrections,
the mean temperature 5 of the sub-cloud layer increases
uniformly in a plausible manner throughout the day, The

surface heat flux estimates are also reasonable,

Smoothing of the data

Some smoothing of the data was first necessary. The procedure

used was as follows.

Surface data

From the hourly screen values of temperature and wet bulb
temperature were calculated the surfacc r,. The screenvaluesof T,, r,
were plotted against time, together with the radiosonde surface data from
a different site about 2 km away, and then smoothed: see Fig. 5.2.1. The
surface radiosonde data, particularly mixing ratio, did not fit the screen
data very well, and were mostly ignored. This raises some doubts about
the representivity of the surface data, which cannot here be resolved, as
data representative of the surrounding countryside (wooded grassland) arc

not readily available,

Sub-cloud layer

Potential temperature and mixing ratio were plotted against height,
and smoothed by drawing a straight line through the points below cloud-base
(Figs. 6.2.2 and 5.2.8)., There is a certain subjectivity here: 060/02Z was
smoothed to the dry adiabatic, or a slightly stable lapse rate, and dr/93Z was
smoothed so that r decreased slowly with height. From this smoothed data
§, T could be estimated. These values are tabulated as tables 6.5, 2 and
6.5.3. Inthis chapter we shall assume measurements of 6 , r are repre-

~

sentative of horizontal means § , 7.
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Cumulus Layer

By a similar procedure the temperature and mixing ratio in the
cumulus layer above cloud-base were smoothed, and the line extended back
to cloud-base. Thus values could be obtained for 5b . ;b , and hence 46 ,
and Ar defincd as

A =
Ar =
(see also tables 6.5.2 and 6.5.8).

ol
t
Bl @Y

H1
o
!

Struoture of soundings

The soundings are all structurally consistent with the cumulus model

of carlier chapters. They show the following features: see Figs. 6.8.2, 6.2.3,

) A superadiabatic layer, with a fall of B (of about 1 to 2° C)
and T (of about 2 to 5 gKg_l) from the surface to the first
radiosonde data point (about 20mb) above the surface.

(ii) A dry convective layer, depth about one km, in which 5 was
constant, or increased slightly with height (at about 0.5 °C km~7
and T fell slowly (about -1,5 gkg"']}mi"'). (Thus® , increased
slightly with height at about 0,2 °Ckri™? ). This layer extended
up to a trangition layer (iii).

(iii) A transition layer, of depth about 200m, in which there was a marked
increase of 6 , and fall of T . The top of this transition layer was
taken as the level of the cloud-base. The lifting condensation level
of the air at screen level was typically some 50 to 100m lower,
However it should be appreciatod that 6 in the air ascending
through cloud-base is a degree or more lower than 6W at screen
level, because of dilution in the sub-cloud layer, and the existence
of the superadiabatic layer.

@iv) A cumulus layer, whose depth increased during the day to several
km. In the lower part of this layer the lapse rate —‘;% was about
+£Ckm | and %—;‘V was about 0.7, consistant with earlier studies
of cumulus convection (Ludlam, 1966). A detailed comparison of
the lapse rate structure in the cumulus layer with the model of 5.2

will be given in the next section 6.3,
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Tcmperaturc stratification in the cumulus layer

3.4.6

5.2.4

In this section we shall examine the lapse-rate model proposed in 5. 2.
The agreement with observation is encouraging if we assume E= 0.4, D= 0,5,
In addition to these paramecters, the model nceds ag input 42 ,T andT . From
these are predicted AZ’I’ AZZ"T’I s Ié, and on¢ may then consider how well this
model structure agrees with a given sounding.

This will be accomplished subjectively by dividing the given curmulus
sounding by eye into two layers, and measuring the average lapse rates. Z'l
estimated in this way essentially corresponds tc the minimum in6g on the
sounding, Thig proves a satisfactory method as the visual and model two-
layer approximations to the sounding agree closely. We shall also plot some
actual soundings, and their model equivalent in es— p co-ordinates (Fig.6.3.1)

so that a visual comparison can be made.

Procedure:

An average value for I’c,l, the parecel lapge rate for saturated air
ascending with dilution, was estimated for the interval Zb to Z1’ from

eq. 3.4.6.

II - I’ é@_ (rS(Te) - re)
clt ~ T w cpT Ks

An average value of r(T )-x, for this height intcrval was estimated from
the sounding, anc similar averages for &, T, were calculated.

The mixing scale length s was calculated from 5. 2.4.

£
Y

5] BN

/l

Preliminary calculationg indicated that E = 0.4 gave a good fit to the data,
and this value wag used (the effect of the variation of E is shown for the
Anaco 1200 sounding). The value of A%, in 5.2.4 is that determined by
the model so that some iteration is necessary to determine self-consistant

values for AZ,] s S and I‘c 1 in the model. Only a single value of I‘c ;

(as mentioned, an average for the layer z,t0 7 ) was used, but the

1
approximation involved is smaller than the scatter in the data.
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Thus, takingAZ,T,%~% from the sounding, the model has been
used to predict A% ’ JOZ 2,1“,Ieuf1d I‘2 . A comparison is then mades with the
gounding,

Anaco Data

For the 0730 sounding, data was available only at 50mb intervals,
and as the convaction then occupied only a shallow layer, there wag in-
sufficient vertical resolution to test the model, This sounding was not
used in this or the subsequent sections 6.4 and 6.5,

Bata for the other four soundings is tabulated in table 6.3.1, and
the caleulated model structure is compared witk the two-layer visual
approximation to the sounding in table 6,2.2. In Fig. 6.3.1 the actual
sounding (black dots) can be compared with the model solution {straight
lines). It is important to appreciate that the model solution depends on the
choice of Z, ,Gb ) ZZ,G > from which Z,' , and the lapsec rates are predicted.
The scatter in the individual points is congidorable and in particular we
note that the choice of Z, for the 1600 sounding at the top of a marked
stable layer at 550mb is open to doubt, By this time the moist layer
extended to 450mb and visual observations showed that a few cumulus
clouds reached even higher levels. Indeed, within the next hour a few
cummulonimbus had developed. Thus it is probablc that by 1600 hrg the 2-
layer model of the cumulus layer, with = single size scale of cloud, may
have become an inadequate desc: iption: some clouds were beginning to
precipitate, and were deepening until they were modifying the whole
troposphere,

It can also be seen that the 1000 sounding, in which it is difficult
to discern any 2~-layer structure, does not fit the model. ‘This sounding
showed very low values for the mixing ratio in the cumulus layer (much
lower than at 9730), which lead to the low value of T4 in table 6,3.2, and
which must therefore be regarded as suspect. Above 700mb the temperature
soundings at 0730 and 1000 hrs agreed very closely, so this level has been
taken as ZZ'

It is clear from table 6.3.2 and Fig. 6.8.1 that the three soundings,

at 1200, 1400 and to a lesser extent at 1600 hrs, fit the model quite well in
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Table 6, 3,1 Sounding data: Anaco: 3 September 1969
3 T = = L L.-r
1000 | 890 ? 700 | 2025 | +4.6 45,4 8 3.3 5.8
1200 | 850 737 640 | 2370 | +4.3  +5.4 6 3.1 L,6
1400 | 825 640 500 | 4075 | +4.5 +5,2 S 2.8 4.3
1600 | 825 675 545 | 3410 |+4.6 5.2 ! 4,5 2.8 3.9
Error | Subjectively assessed |0,1  %0.1 ! 1 0.1  %0,8
Units | mb mb mb m °C km=1 gkKg~1 - °C
Table 6,3.2 Model Calculation compared with sounding
INPUT MODEL SCUNDING
m n.-xr
TIME| 0% 621" %—psKe E D S g-rcq %111 ér'[ll"z b8z,  Azp -éEI‘., %"I‘Z 8724 BZ;
1000 2025 4.6 5.8 |C.4 0.5 3.0 3,5 2.3 8.1 1215 810l ~ 4.6 ? ?
Ce3 0.6 3.4 4,1 3,9 4.5 1020 1350
120012370 4.3 4,6 |04 0.5 3.0 3.9 2.4 5,4 1220 1150(] 3.6 5.2 1200 1170
C.5 0.4 2.8 3.8 3,0 6,0 1360 1010
1400|4075 4.5 4.3 0.4 0.5 5.8 4.4 | 4.1 4.9 195C 2125} 4.1 5.0 2115 1960
1600|3410 4.6 3.9 0.4 0.5 4.7 4.3 | 3.8 5.5 1705 1705| 3.6 5.6 1680 1730
Error +0,1 0,8 t0.2%0,2 50 *50||subjective
Units| m °Cknl T - - km Ckr?| °Cltd m m Cknl  m m
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T 1 1“2, LZ 4 and 47 5 That is, the model could be said {o be 2 good

2-layer representation of these soundings.

Soundings on days of similar convection in the same month at the

same site showed similar gtructure. On all such days

rc’l. < T

when the modsl gives
T . < 1’;3 1 < T < I‘2
which is typically confirmed by the soundings.

Cumulugs Conveetion bencath an inversion

When T ig considerably greater than T

=1 * the model predicts

a very stable top to the convective layer (i.e, a large value for 1’2 ) and

a smaller value for T 10 closer to the dry adiabat (see table 5.2.3).
There are several considerations in checking this observationally. First
there is a tendency towards the formation of layer cloud beneath the stable
layer, which can radiatively destabllise the lower p~rt of the cumulus layer,
and produce a sharp inversion, This secms 2 common occurrence over the
ocean in mid-latitudes in subsiding air. There is however the further
observational problem that it is not always clear from routine soundings
and observations whether stratocumulus is present,

In this thesis we have not discussed in detail the balance betwecen
subsidence and the surface water vapour flux, which determines whether
the cumulus layer teunds to saturation, although the model of 5.4 is suited
to this purpose. Thus the presence of layer cloud cannot yet be established
theoretically, We have also not congidered the quantitative effect of layer
cloud on the lapse-rate structure. Howsver,degpite this uncertainty, two

cases will be considered.

Case ().

Fig. 5.8.2 is a well documented exampie of a convective gtratifi-
cation, provided by ¥.H. Ludlam. The stratification near Dunstable,
central England, on 15th June 1956 is shown plotted on a tephigram, The

dots are individual measurements of temperature and dew-point (converted
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Fig.6.3.2
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from frost-points at temperatures below -10°C) made by an aireraft of the
British Meteorological Research Flight during a spiral ascent between 1400
and 1500 GMT, Thick lines have been drawn arbitrarily through these
points to represent mean conditions and extended to screen level on the
basis of 2 sounding with a tethered balloon made at 1200 GMT, and to
levels above 2, 5km on the basis of routine radiosondec ascents made at
1500 GMT. Marks indicate the height of the cumulus bases (Zb) and peak
tops (2 ¢ 88 observed from the aircraft, and 2 1'_' ag obsexrved from the
ground during a longer period), the trangition layer T, the top of the haze
in the convection layer, and of the layer occupied by shelf clouds., Winds
are entered in degrees and m s~ .

Thin lines joining significant points marked by open circles are
from the sounding raade atLiver pool at 02300 GMT which is representative of
the stratification in the WN¥/'ly stream of maritime air from the N.E,
Atlantic before it entered England, The convection over the sea had not
reached above 1.5km , The stable layer in mid-tropogphere on the
Liverpool gsounding is related to a front,

At 1500 GMT subsidence was not apparent from the large-scale
isentropic analysis, but the soundings indicate that W may have beer: about

~% cms" in mid ~troposphere.

This sounding has then been compared with the model. The kink

in the sounding markedz_, has becn arbitrarily taken as the top of the

>N
convective layer for the ;:)del, and values of I‘1 ’ 1‘2 AZ,[ and AZZ
have been computed as in the previous example from T, AZ, and r = Tae
(Table 6.3.3). Thig model two-layer approximation to the sounding has been
added to fig. 6.3.2 as 2 pecked line.

The agreement between model and observed temperature stratification

is close.

Table 6.3.3

Az jT/6 T| Ty, |rg-re|l K T o T, T, |42, | &z,
n |°Cka M oCkn | g ke °Crn | °Ckur | °C kn !

#
=1

2130 4.4 0.9 1.7 2.8 1.5 10 1420 | 710

N
L ]
n
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Case (b)

To give some indication of the values to be expected in another
case of interest, a sample of twelve similar soundings, taken in April
and December 1958 in the Pacific trades, were compared with the model.
They were chogen for T large, when there was always an inversion. The -
data had poor recolution in the vertical, ac data were tabulated only at a
few levels, so the set of values of T ,4A2 , 4% 1/AZ2 » I, T, were
simply averaged. The average values are shown in Table 6.3.4. The
average values of T , 4% and (r s~ ') were used in the model to deduce

values of AZ1/AZ2 » I yI'5 for values of E of 0.4 and 0.5.

Table 6.3.4

T = T T
AZ é- T TW R N K A_Z_1 6— E‘ ) TZ
- - Az -1 -
n |ecwr o gk 2 lecium | ¢ kn !
OBSERVED .
. . . 2 19
AVERAGE 1420 6.8 5.1 2.3 3 3
APPROXIMATE 1.2 0.2
T
E D E)-1;.1
°C ki |
MODEL 1420 6.8 C.4 0.5 L,3 || 2.1 2.2 16
5 0.4 h,2 ||l 2.6 | 2.2 19

IMuch better data is required to test the theory convincingly, but
the evidence is not unfavourable. The slightly better fit of the model to
the data with E = 0.5 rather than 0.4, implies more 'mixing', which is
not impossible as the lapse~rate is rather more unstzble in the cumulus
layer than in the Anaco data (T4~ T, i here about C kni™ ! : c.f.
table 6.3.2). This note of cautlion is necessary gsince E is parameterising
a complex process about which little is known, and it may prove necessary

to tabulate E for a range of conditions,
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Radiation plays an important role, even if there is no stratocumulus,
Above the stable top to the convection, the air which has subsided from higher
levels is typically very dry, so that the moist curulus layer cools signifi-
cantly by long wave radiation. This will increase T .

However, unless there-is layer cloud, this radiative cooling is
distributed through the cumulus layer. If the radiative cooling has a longer
timescale than the convective modification, it is likely that the lapse rate
structure is still controlled by the convection, and a function of T.
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Surface Boundary Conditions

This and the succeeding section are concerned with the day of

convection in Anaco, Venezuela,

Radiation

Radiation data was available from a standard ventilated net flux
radiometer, and upward and downward pointing Eppley pyranomestors,
The net flux data (N) were tabulated from a paper chart recording for 2
hourly intervals (table 5.4.1).

Various corrections were estimated,

@) Ground storage (G)
During the night the surface temperature fell about 5°C and the
integrated net outgoing flux was about 50 langleys. On this
simple basis, the ground storage of radiation was taken as
101y per °C rise of surface i:emperature.
(139) Radiative exchanges of the layer between the surface and 850mb.,
Three terms were estimated for the period 1000-1600 hrs,
(2) Line long wave cooling = - 1,8°C day"1
(Elsasger chart)
() Solar short wave = +1,8°C daty'1
absorption (Roach, 1961)
{c) Continuumlong wave cooling= - 1,1°C day™?
(Estimate based on unpublished calculations by K.J, Bignell),

The sum of these terms is equivalent to only -1.6 ly hr~" for the surface-
to-850mb layer, during the period 1000-1600 hrs., and was neglected.

Table 6.4.1 Radiation data
1000-1200 | 1200-1400 | 1400-1600
Net flux N L3 41 26
Ground loss G 10 5 -5
N-¢G 33 36 31
Error x5 5 £5
Units 1y hr?
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Bowen Ratio : Fop/For
The estimation of the partition of the energy input to the air (N-G)

into sensible and latent heat fluxes is a crucial but difficult problem, as
mentioned in 4.5 (see eq. 4.5.3).

The ratio of two bulk aerodynamic expressions of the form of
4.5,1 and 4.5.2 will be used here, Finite differences from screen level
to the top of the superadiabatic layer (arbitrarily taken at 975 mb) were
obtained from the smoothed data shown in Figs. 6.2.2 and 6.2.3, X we
assume that the transfer coefficients for heat and water vapour(¢ A ’Cr yare

equal, we obtain

fl

6.4.1 T °p ) 8o - 8(975 mb)
For L | £, - T(975 mb)

This procedure is an extension of 4.5.1 and 4,5.2, as we have used smoothed
values of temperature and water vapour at a level (just) above the superadia-
batic layer rather than the vertically averaged variables 3 , ¥ .

The values are given in table 6.4, 2.

Table 6.4.2. Bowen Ratio: 3rd September 1969
1000 1200 1400 160G Local time
6o - 6(975 mb) 145 2,3 2.5 0,6 °C
ro - r(975 mb) | 5.6 4.5 2.1 3.8 g Kg |
Bowen ratio 0.11 0. 21 (0.50) 0,06

The high value of the Bowen ratio (8.R.) obtained at 1400 hours
needs consideration. r - r (975mb) is low, despite uniform trends in r, and ¥ s
since g_’g in the sub-cloud layer had a steeper slope than the other
soundings (fig. 6.2.3), Yet the surface temperature rose only slightly
from 1200 to 1400 hours, and the superadiabatic layer was maintained, It
is not apparent why there should be such a large change in the B.R. Further

a survey of 8 other soundings under similar convective conditions (4 in the
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time span 1200 to 1490 hrs) gave values of the B.R. by this method ranging
from 0,09 to 0,19, We think it is justifiable therefore to reject the value
obtained using the sounding at 1400 hrs on 3 rd September 1969,

However these values of the Bowen ratio will be unrepresentative
of an areal average over the surrounding terrain if the surface data is un-
representative, and need to be checked by other methods, such as the

following.
(i) Equation 4.5.4 gives an estimate of F,.

Ve F. = [ rg(T) -rg ]
However we lack appropriate values for VR and our 'surface data is at
screen level, not the level of the vegetation,

(ii) An upper limit for the mean evaporation over the wet season is
set by the mean rainfall, This will emerge from the hydrologi sal
study which was undertaken at the same time.

(iii) One may return to the bulk aerodynamic formulae and consider

J-foi?:p = CoV, [ 6y~ 0(975 mb) ]
A wind veloeity V,in the first fow hundred metres was known both from the
radiosonde and some pilot balloon ascents, and finite differences of 6 are
given in table §.4.2.

The coefficient Ce will vary slowly with gradient Richardson number
(Ri). It can be related to a drag coecfficient, CD , for neutral conditions (Ri = 0)

by a relation
Cg = Cp(1 -eRri)

valid for small negative Ri (3 -1, 0)when the numerical coefficient € is thought
to have a value of about 0.3, for measurements of gradient Richardson number
between screen level and a height of 100m, The observed value of Ri between

these levels was about -0.3, so we conclude that

CG ~ 1.1 CD

and the variation of C6 during the day is therefore only about 10%.
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Table 6.4.3 Eq. 6.4.2

TIME 1000 1200 1400 1600
8o~ 06(975 mb) 1.5 2.3 2.5 0.6 °C
v, 10 8 6 6 m s=1
Vol65-6(975) ] 15 18.4 15 3,6 °cm s~
Mean 16.7 16.7 9.3 °cm s=1
(v X G)/pcy 33 36 31 °c m s~
Bowen ratio .16 21 <14
FoeApcp 4,6 6.3 3.7 °cm s~
Cy 2.7 3.8 4.0 x 1072

The numerical values of the fluxes F in 1y hr"1, and

FoeApcP in °C m s~ are by coincidence the same at 303°K and

985 mb.

Table 6,4.4 surface Fluxes

TIME N-G  B.R. Foo Fep Fr For
1000 - 1200 33 0.16 4.6 18.5 28.4 47
1200 - 1400 36 0. 21 6.3 25 29.7 50
1400 - 1600 31 O. 14 3.7 15 27.3 L6
Possible
Error +5 ? (%1 £3) (x4 26)
Units 1y he'! 1y b °Cmbhr”| 1y he' g Kg mb b

'Errors' in Fog ; Fyp d0 not include (unknown) errors

in Bowen ratio,
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Values of CG’ ealculated from eq. 6,4.2, are shown in table
6.4.3. They agree well with each other and with typical land values for a
drag coefficient. This table gives no indication that the estimates of

Bowen ratio are seriously in error.

The values which have therefore been us=d for the surface fluxes,
based on tables 6.4.1 and 6.4.2, are given in table §,4.4. They cannot
be regarded as adequately accurate, and the next section suggests that

the sengible heat flux in particular has been underestimated.
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6.5 Estimation of WDb

Given the surface fluxes and the sequence of soundings shown in
figs. 6.2.2 and 6. 2.3, one may attempt a budget analysis of the sub-cloud
layer, and also test equations 4.6.10 and 4.8,10 for dab/dt and di-'b/dt R
In addition to these four equations containing Wy o @ fifth estimate of Yob
can be obtained from eq. 5.3,16, which describes the deepening of the
cumulug layer,

However cne must assume:

(i) that there is no horizontal gradient of 6, (therefore no changes
due to horizonial advection). The analysis will cast doubt on this
assumption, but observati ans were available only from a single

station,

(ii) that the mean vertical motion W raay be neglected, when compared
with de /dt . We have no synoptic-scale vertical motion field
for the region on this day; we know only that it was neither a
day of strong low-level convergence or divergence. In the period
1000 to 1400 hrs  392b  was about +3cms _1, which is likely to

at
be large compared with W , although Zb became constant later,

The equations of this section are written in terms of 2, but height

1 1

will be measured in mb,and fluxes in °C mb hr °, g Kg;-’l mb hr~
to allow for the variation of air density. The positive direction

will gtill be upwards.

Temperature Structure

The most direct estimate of WDb(the convective mass flux into the

curnulus layer) is to be obtained from 4.6.10 (neglecting ).

da a
6.5.1 a?c'eb = (a-:c-Zb - WDb) T,

Wy, Was found for each 2 hour interval using this equation - see table 6.5.1,
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Table 6.5.1 Temperature Structure: d6p/dt
dey, dZp az
TIME 6y Zp | % e L 32Ty WppTy| Wpp Wy
1000 303%.3 99 .
+0.45 20 2.9 | 0,48 0,03| +1 +0.25
1200 304.2 139
+005 11 3-7 0.41 -0.09 "'2.L|' I"0.6
1400 305.2 161
+0.5 -1 3.9 |-0.04 -0.54) -13.8 -3.5
1600 306.2 159
Possible + + + + + +
Brrors | £ 0-2 3 [%0.15| 15 %04 0.2 0.3 | %8 x2
Units °K  mb |°Chr” | mbhr °6/100 mb °C hr" T b | mb he! om S
Table 6.5.2 Sensible Heat Budget of sub-cloud layer
= 4 4% |, 88| 2,370 Fop
TIME Ao 8 o | %o T |%o5r | 205F e Lo Wy, | Vipy,
1000 1.3 |302.0 99
1.3 0.5 (119 20 60 26 19 =15 -12
1200 1.2 |303,0 139
1.2 0.5 [150 11 75 13 25 =37 -3
1400 1.2 |304.0 161
Te 0.6 [160 -1 96 -1 15 =82 -75
1600 1.0 |305.2 159
Possible | 4o 51 40, 0 20,15 5 5 |t20 | 26 2 125 +25
Error
Units °c | °C  Chr'|mb mbhrle— °K mb hr~1 —— 5 | mb hr
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Table 6.5.1 is encouraging; although it is clear that the posgsible
errors are large, the trend is as anticipated. The convective mass flux
into the cumulus layer increases as the day progresses, becoming large
when %:Z-b becoraes small.

Tuis table does not depend on the surface heat flux, but would be
affected by change of temperature due to horizontal advection, Further if
W # 0 , then the lagt column represents (WDb + Wb) . By definition
W cannot be positive, but the value of +1 mb hr-1 is smaller than the

Db
possible error.

Sub-cloud layer sensible heat budget

We may deduce WDb from equation 4.6. 8, after subgtituti ng
4.6.5, Measuring % in mb, and neglecting W

=b
de F d
6.5.2 Iy 7% = p—mocp v 00 5 2y, - Wy (26 -86)

66 will also be neglected. The solution is shown in table 6.5.2

The errors in table 6.5.2 are very large, but the values for WDb
are probably too large negative. 6.5.2 is purely a budget equation, but if
we consider 4.7,2 in which the relationship

Fse =-k Foe
has also been used, we have sorae indication that the surface heat flux

values may be too low, With the height of cloud~bage measured in mb

a8 _ Fon
Zp 3¢z = (1+k) Pog k <1
All the values of Zy, d—z in table 6.5. 2 are more than i:wiceFo8 [pcp , which

suggests Foe was higher than estimated in 6.4. This would account for the
large negative values of WDb' though there are other possible explanations.

(i) Advection of warmer air, Thig is8 possible but should also aifect

~
ER in table 6.5.1, as 06 shows no surprising change.
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(ii) The increase of 8 from 1400 to 1600 hrs may be an overestimate
because of the almost complete disappearance of the superadia-
batic layer., There is insufficient vertical resolution in the
sounding to resolve this layer but a 2° C potential temperature
excess extending over 15mb amounts of 0.2 C over 150 mb,

(iii) An accuraey in § better than 0.2°C is required to obtain
sensible values forWDb . This is beyond the accuracy of
these soundings ~ we have already made rather arbitrary

corrections of up to 0.9 °C (table 6, 2.1).

Sub-cloud layer water vapour budget
Thig gives a better estimate of WDb than the sensible heat budget, as

the cloud circulations transport a significant amount of water vapour out of
the sub~cloud layer. Eq. 4.8.4. becomes, with the neglect of W and with

Z measured in mb,

ar  _ Fpp 42y
Zp 5 = L + Ar - WDb(Ar - or)

The variabledr = 1, (%, )-F was found from the saturation mixing ratio of
air ascending through cloud-base with temperature § . The calculation is

shown in table 8.5.3.

The errors in table 6.5.3 are congiderable, but WDgs constrained
by the large value of ( &r - Ar ), F,,. (like F06 ) appears to be too small, but
again, a small advection of moister air (increasing ¥ by 1 gKg~! during
the period 1000-1600 hrs) would alter the true values of WDb to -1, -8, -12
respectively.

Water vapour structure : 9Fb/dt

A model was proposed in 4.8 for the modification of the water vapour

structure above cloud-base. Eq. 4.8.10, for W = 0 , is
dfy (gzb I )(.a_r.) . .F..b._(l oy )
at at Db/ 32, B \5 Wy, 3% 'Db
Fy

where —2L - w_ (Ar - &r)

Lol Db
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Water Vapour Budget of sub-cloud layer

= ar ar a7
TIME I‘c‘(Zb) ry T br &r-Or It Zbﬁ' Al"a‘_Eb Foo WDb(EX“"AT) WDb
1000 15.5 8.5 10.6 -2.1 7.0 +0.1 +12 =48
-2.4 6.3 +0.1 +12 -48 47 +13 +2
12C0 1%2.7 8,0 10.8 -2,8 5.7
"209 502 +0, 1 +15 -32 50 "‘3 -1
1400 128 8,1 11.0 =2.9 4.7
~2.6 4.7 +0.1 +16 + 3 46 -27 -6
1600 13.6 8.9 11.2 -2.3 4.7
Fossible| +0,510,3 0,2 0.4 20.6| $0.3 |45 10 2 £50 £10
Error =L mVe S M s =T e =Ve fs X t
Units |e——gKg= ' SleKehr| «— g K& mbhrf 3| mb b
Table 6.5.4 Water Vapour structure: dry/dt
br=Or (ar) ‘ar\  br-Or| drp dZpfer\ ldry ggb(ar)
TIME b S 175 oz ‘\az)q‘ § | dt at \az), [at " dt Pzl Db
1000 8.5 2.0 2.3 =3.% -0.7
-2.,6 -0,5 -0.3 =0.5 +0, 2 (+40)
1200 8.0 2,0 1.9 =2.1 -0.2
-2.1 -0.8 +0,1 =0.2 +0.3 (+38)
1400 8.1 5.8 0.8 ., -2.2 -1.4
-2.5 -1.6 +0.k - +0. 4 (+25)
1600 8.9 407 100 "'2-8 '-1.8
Possible
i -t L ] + [ ] i L 3 ‘t * i - i . i -
Error 0.3 1.0 1X0. 2 0.5 0.6 0.5 (£0.1) 0.5 (Large)
lem -1 -1, =1
Units | gkg' |[100mble— g Kg~ /100 mb—3| €—————g Kg~ ' br ———>| mb b

The values in the last column are not meaningful,
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This is a difficult equation to test, and we shall find it does not give meaningful
values for Wy, . First oW, /dZ will be neglected, thatis T, will be agsumed
constant in the cumulus layer, as it is doubtful if the sequence of soundings can
be taken as reliably indicating any trend in I, . Itis clear that the clouds

can moisten the layer only if

ar by - Ar
(BZ)1 + S > O

Table 6, 5.4 shows that the quantity is always negative. However the local value

of T does inerease during the day at the base of the cumulus layer

ﬁ) _g_zb_gz_b(gg\ . o
3t /y - atb at \oz/,

The model thus cannot be satisfied with WDb negative. The model may be
incorrect, or there may be advection of moister air during the day, This
wasg also suggested by table 6.5.3 and again an increase of 1g kg"" during
the period of observation would give reasonable values of WDb .

However this is not a2 good method for estimating WDb for three

reasons,

(2) Water vapour fluctuations in the cumulus layer may be comparatively
larger than 6 fluctuations, and point values of the water vapour
structure therefore less representative of an arcal mean,

(b) The input of water vapour by the clouds may be poorly modelled
in 6.5.4; and the problem of estimating aWDb/a Z  remains,

(c) Even if the model is valid, the coefficient of WDb can be seen

from table §.5,8 to be small, go that its sign is uncertain,

Deepening of the Cumulus layer

Wy, can also be estimated from eq. 5.3.16 in terms of the rate

of rise of 2 1 We saw in 6.3 that the lapse rate model gave quite a good
fit to the structure of individual soundings. However it is unlikely that the
sequence of soundings can be taken as representative of any trend in T, .
Nonetheless if one agsumes reasonable values of T, , T, (independent of time),

one can readily deduce values of WDb consistent with the observed risc of

Z 1 . Eq. 5.2.16 simplifies, with the neglect of W , and lapse rate

changes with time , fo
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- 42q _ _ - oo
Py T)bZagg' = - B2 T, Pcp
6.5.5 . (T -T)82-%21 = _w_[T. 82 4+ (86 -56)]
: . 27 q7F%2at T Dbt

uging 4.6.6 .
We shall construct a table for this equation by assuming (T, , I‘Z) = (3.4,5.4rC Jem™
and AZ ’ /D7 5= corresponding to the 1200 hrs sounding. 66 will be
neglected.
Values of WDb for the first two time periods are shown in table
8.5.5. As mentioned ecarlier, the top of the sounding at 1600 hirs was taken
at 550mb where there was a well defined stable layer. However this height,

and correspondingly Z., were lower than at 1400 hrs, Visual observations

19
showed that a few cumulus clouds reached well above 450mb, which was the
top of a moist layer on the sounding., Indeed within an hour a few cumulo-
nimbus had developed. Thus it is clear that, although the 1600 sounding
suggests that a significant number of clouds reached only 550mb, a few
rose 150mb higher. The sounding may have been unrepresentative, or it
may be that one cannot agssume a single size scale of cloud once the largest
clouds become more than several km deep.

The values of WDb in table 5.5.5 are consistent with the best of

the earlier estimates.

Conclusion

In this section (6.5), W the convective mass flux into the

cumulus layer, has been found flx):;m 4 different estimates. The posgible
errors involved both in the data, and in the assuraptions made, are
considerable, and consequently the values obtained for W, are inaccurate.
Nonetheless they do indicate well the order of magnitude of WDb , and suggest
the trend during the day. We have thus a reasonable estimate of the magnitude

of the convective transports.

Table 6.5.6 summarises the values that have been obtained for WDb ’

and suggests what may be regarded as likely values. These are all a few

em s,
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Deepening of the Cumulus Layer
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4z : az
TIME P It AZ bz T, Tp (ra_rq)azaagﬂ I%AZ 8o + 80 | Vi
1000 790 2000 1000

22 2200 1100| 3.4 5,4 48 7.5 1.2 -6
1200 737 2400 1200

36 | 3200 1600 3.4 5.4 115 10.9 1.2 | =10
1400 640 LOOO 2000
1600 675)

Possible | | + + + + + + + + +
Errorn *5 10 200 *100{%0,3 0.6 +20 +1 *0.2 5
Units | mb mbhFf'| m m °Cke1 | °Cmb hrl °c  °C | mbhr!

Table 6.5.6 Values for Wpp
TABLE | 6.5.1 6.5.2 6.5.3%3 6.5.5 LIKELY VALUE FOR
48 = = az
89y, 841
TIME I% ] T 35 Wpb
1000 = 1200 +1 ~-12 +2 -8 -5 -1.25
1200~ 1400 -2 -31 -1 -12 -10 ~-2.5
1400 - 1600 -14  (-75) =6 - -15 ~-3.75
POSSible + + + + + +
Frror *8 125 10 15 4 +1
Units & mb hr'T——_——————y mbhr ! cm s—1
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It follows that with typical cloud vertical veloeities of about 2 m g~
the areal cover of active cloud in the cumulug layer at an instant in time is
small: only 1 to 2% . This value is to be expected to be less than the total
areal coverage of cloud which is typically visible from above or below the

cumulus layer, for two reasons.

(i) Appropriately averaged over the entire life cycle of a cloud (as
in the definition of W, -see 3.7) ¥, is likely to be less than 1 m s7T,
so that a corresponding value of o (see eq. 3.7.2),which
includes clouds at all stages of growth and decay, would be
about 5%.

(ii) There may be also many little clouds occupying only the first
hundred metres above cloud-basge, essentially marking the tops

of dry convective updrafts in the sub-cloud layer.
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Chapter 7 Summary

This thesis has examined some agpects of cumulus convection and
developed models for the non~-precipitating boundary layer. These have
far-reaching implications and indicate a number of avenues for future work,

The convective heat transports (chapter 3) have been discuased from
two viewpoints: first in terms of a mass transport model (3.7), a concept
which has been used previously by variocus autﬁors (see 3.9); and secondly
in terms of 2 hitherto unused conservative variable 6;- a 'liquid water

potential temperature.' The use of this variable 6. simplifies the under-

standing of the thermodynamics and heat transportI:)f cumulus convection,
and indicates certain close similarities between dry and wet convection.
Dilution of convective elements has been shown to be related to the irrever-
sible nature of the convective circulations, and to necessitate an upward
transport of liquid water, and a downward total heat transport in the curaulus
layer. Thus cumulus convection is a destabilising process. In the upper
part of the dry convective layer there is a similar downward (sensible) heat
transport.

A model of the dry layer (chapter 4) carries forward the work of
Ball (1960), and predicts the time development of this layer in the presence
of a large~scale vertical velocity, W . Derived equations for the strength(A9)
and rate of lifting of an inversion need to be tested. This model was then
extended to the sub-cloud layer in order to link the curaulus convection to
the surface fluxes of sensible heat and water vapour, and to %‘7 . The many
interactions within the problem are summarised most briefly in the approximate

equation 4,7.6,

dzy, _ % . g( o8
4.7.6. (dt oy wDb)

The suppression of convection by large scale subsidence ( W negative) has
long been known observationally. We see that 4. 7.6 predicts that (-WDb)

is similarly reduced by rise of cloud-base, a hitherto unrecognized influence
which nceds experimentsal verification. The data examined in chapter 6
indicate the increasing trend of (-WDb) as dzb/dt decreases, but the

possible errorg are large., The dependence of the cumulus convection on the
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warming of the sub-cloud layer and therefore the surface sensible heat flux
(the R.H.S. of 4.7.6) is to be expected. The surface water vapour flux is

involved in the intricate water vapour balance of the sub~cloud layer which
'feeds back' on Wp,  through dz, /dt.

There ig a need also for a lapse rate model for the sub~-cloud layer,
which will predict the temperature stratification, and the depth of the
transition layer.

The lapse rate model vroposed in 5, 2 may prove very useful as a
simple quantitative model of the vertical temperature distribution of a
convective layer, It carries forward the idea of a characteristic stratifi-
cation (Ludlam, 1968), With the budget cquations and boundary conditions
developed in 5.3, we have predicted both the stratification and the time
development of the cumulus layer, as a function of W , the surface fluxes
and the stratification above the convective layer. The comparison in
chapter 6 of the lapse-rate model and the time-development model with
data is considered encouraging, and suggests that further observaticnal

comparison would prove fruitful.

On the theoretical side, the water vapour transport needs to be
considered more closely and radiative transfers need to be included in the
model. It would also be useful to consider decp convection, particularly
the heat and water vapour balance of the sub~cloud layer when there is
low level convergence, in the light of this model. A study of vertical
momentum transport by cumulus is necessary as well, and this requires
a more detailed dynamical model of a curulus cloud than has been used

here; one in which shear is considered.

In conclusion it is thought that the work described in this thesis

gives further ingight into the role of cumaulus convection in the atmosphere.
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The energy formula in a moving reference frame
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SuMMARY

The energy formula quoted by Green, Ludlam and Mcllveen (1966) requires an additional term if it
refers to a frame moving over the Earth’s surface. The correction is derived for steady motion of the frame
and tested observationally. The error incurted by ignoring the motion of a weather system is discussed.

1. INTrRODUCTION

The analysis of airflow in a large-scale weather system is greatly simplified if the system can
be assumed to be stationary and in a steady state when observed from some reference frame moving
steadily over the Earth’s surface (Green et al., loc cit.). When this is so, streamlines of the flow
relative to the moving system are also trajectories. Green et al. used a relation between kinetic
and available potential enetgy to find the speed of air in a jet-stream, given the path along which
the air ascended from near sea-level in lower latitudes. In the cases studied there and by Ludlam
(e.g. 1967), the systems were virtually stationary or the latitudinal separation of the ends of the
trajectories were small, and the speeds within the jet-streams were rather accurately predicted.
However, it was mistakenly stated by Green et al. that the energy formula as written there was still
applicable if the system moved steadily and was in a steady state —a statement doubted by
W. T. Roach in a private communication.

By considering a reference frame in steady horizontal motion over the Earth’s surface (dis-
cussed briefly by Eady 1949), the present note derives and discusses the energy formula for observa-
tions from the moving frame, and investigates the effects on kinetic energy computations of
neglecting the motion of a steady-state system, finding them negligible in some but not all realistic
situations.

2. THE ENERGY FORMULA IN A MOVING FRAME
The Coriolis acceleration in the momentum equation is
Zw AV

where  is the Earth’s angular velocity and V is the wind velocity relative to the Earth.
If V is replaced by Vr + U, where V: is the wind velocity relative to a frame moving with
constant uniform velocity U, the expression

2Ve- (0 A U) . ) ) . Y

will remain after making a scalar product of the momentum equation with Vr, and hence
appear in the expression for the rate of change of specific energy observed from the moving frame.
The total specific energy of an air parcel can be found in the usual manner to satisfy

D 2 1 [fdp

Dt[er +gZ +epT—Lx] +2Ve-(w AU p(bt)r . . 2
where subscript r denotes a measurement relative to the moving frame, Z is the geopotential height
and T the temperature of the parcel, x is the mixing ratio of condensed water (printed with the
wrong sign in Eqs. (1) and (2) of Green et al.), and g, ¢p and L have their conventional meanings.

It is assumed that air behaves as a perfect gas and that the transport of heat, water and

momentum to the parcel by radiation and turbulent diffusion can be ignored. When the system
is in a steady state relative to the moving frame, the term in (9p/0t)r on the right-hand side of Eq.
(2) vanishes and the last term on the left-hand side represents the modification needed to allow for
the translation U.

* Now at the Royal Belfast Academical Institution,

639



640 . A, K, BETTS and J. F. R. McILVEEN

The above treatment is valid for any two Cartesian frames In unaccelerated relative motion
but, to be useful, one frame must move parallel to the Earth’s curved surface and so accelerate
relative to the other fixed in the Earth. The effect of this acceleration is included in the following
more complete derivation.

The usual treatment of rotating frames of reference can be extended to apply to the case of
a frame rotating with steady angular velocity wy relative to the Earth; the acceleration relative to
an inertial frame can then be shown to be

ITDt;(Vr) +2(wt+ o)AV +20A (W AR) T Al AR+ WA (@AR) . (3)
() (b) (c) (@) (e
where R is the radius vector from the Earth’s centre. Of these terms,
(b) vanishes on making a scalar product with V¢ in the derivation of the energy formula;

(d) has a magnitude about 1/50 of that of (c) when wy is appropriate to the motion of large
weather systems; its effect is comparable with that of the curvature of the conventional co-ordinates
(see, for example, Hess 1959, p. 166) and likewise may be neglected;

(e) is the familiar centripetal acceleration which becomes part of the apparent gravitational
acceleration observed at a fixed point on the Earth.

Hence, when the reference frame moves at speeds typical of large weather systems, the only
term contributing significantly to the expression for the rate of change of specific energy, and
containing the motion of the reference frame explicitly, is (c) of the expression (3). Noting that
wy A R is U, scalar multiplication by Vy yields just that term derived in the simpler treatment
above, though in the more complete derivation it is wy, and not U, which is constant.

Clearly we can define an apparent pressure gradient balancing the Coriolis acceleration
associated with the motion of the frame. That is

FkAU=—V(gZ) . . ) . . @

where E is the unit vector perpendicular to the Earth's surface, and f is the conventional Coriolis
parameter (a technique of synoptic analysis of relative flow based on this relation has been used
for some time in this Department by R. S. Harwood). Since Z; is a function of position only, the
scalar product of Eq. (4) with Vr may be inserted in Eq. (2), the left-hand side of which may be
integrated with respect to time to give a simple expression for the total specific energy of an air
measured from the moving frame (in which the motion system is assumed to be stationary and
steady):

V24 g(Z—2Zs) + c» T — Lx = constant . . (5)

This is the correct form of Eq. (2) of Green et al.

3. THE CORRECTION TERM FOR ZONAL FRAME MOTION; COMPARISON WITH OBSERVATIONS

A reference frame moving zonally eastwards is suitable for the analysis of many mid-latitude
weather systems. Neglecting the trivial influence of vertical motion, we find

2Zs = } w wy R% cos 2 ¢ + constant . . . (6)
where ¢ is latitude.

From Egs. (5) and (6) it is clear that, if the term in Z; is neglected when an air parcel is
moving northward, the increase in specific kinetic energy computed from the remaining terms of
Eq. (5) will be too large. For example, if air moves from 40°N to 50°N in a system moving east
at 10 ms™! (at 45°N), gZr decreases by 11-5 X 10° ergs g along the trajectory, which is the
energy equivalent of unit mass decelerating to rest from 47 m s™%

Mcllveen (1966) compared rather small changes of specific kinetic energy along trajectories
con.ﬁned to the upper troposphere, estimated from observations of winds, with changes computed
using Eq. (2) of Green et al. Since in this case a trough was approaching western Europe at
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Figure 1. Observed changes of specific kinetic energy of relative motion (KE,) compared with those com-

puted. Points obtained by including the term in gZ; in the computation of KE. (using Eqgs. (5) and (6)) are

indicated by full circles; they are joined by hotizontal lines to the corresponding points obtained by ignoring

the term in gZf (open circles). The envelope indicates the probable maximum effects of errors of observation
and analysis.

12 m s™, the neglected term in Zy was important when trajectories spanned more than a few
degrees of latitude. As is shown in Fig. 1, 17 out of the 26 changes of specific kinetic energy
computed using the incorrect expression differed from those observed by morethan 6 X 10%ergsg™!
(the maximum discrepancy attributable to inaccuracies of observation and analysis), whereas,
using the correct expression (Egs. (5) and (6)), only three discrepancies significantly exceeded
this limit. All large discrepancies were markedly reduced by the incorporation of the term in Z;
and in only one case was a small discrepancy significantly increased.

4. CRITERIA FOR IGNORING THE MOTION OF A SYSTEM

Putting Ve = V — U in Eq. (5) and intergrating between end points 1 and 2 of a trajec-
tory, three terms of the resulting expression for the change in % V? contain the velocity of
translation U. They are

[U-V—3U4gz)? . . . .

where square brackets denote the difference in the enclosed terms between the end points 1 and 2
of the trajectory. This expression is equivalent to the term in the local rate of change of pressure
with time which appears in the usual derivation of the energy formula for a frame fixed in the earth.

Tosee the effect on energy computations of ignoring the motion of a weather system, consider
again air flowing with a northward component in a steady-state system moving zonally eastward
with constant angular velocity, The terms of expression (7) tend to cancel, and do so completely
when zonal angular momentum is conserved. The latter conclusion follows when the condition
for zero torque of the pressure gradient about the Earth’s axis of rotation is inserted in

(a consequence of the system being steady in the moving frame).

In general the fractional error in V, (the computed wind speed at the end point (2) of a
trajectory), incurred by ignoring the motion of the frame, may be obtained from expression (7),
and, if small, is given by

€ = — [Uu — } U? + gZ] 2V ,2

where u is the westerly component of the wind velocity.
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In realistic conditions wy is much smaller than  so that the second term in brackets can be
ignored in comparison with the third. Neglecting the variation of f with latitude, Eq. (4) gives

gZy = — Ufy + constant

where y is the distance along a meridian from an arbitrary zero; since the change in u along a
trajectory is usually much greater than that in U, we obtain

e=—Ulu—HIAVE . . : - (®

In the extreme case of conservation of zonal angular momentum, the terms in square brackets
cancel and the correction € vanishes, as has been deduced alternatively above. In most realistic
conditions, however, the second term in brackets is somewhat larger than the first giving

fz—v) .
V2 { } . . . . 9)

In a similar manner it can be shown that the error in the relative wind speed V,, computed
using Eq. (5), but while ignoring the term in Zy, is given by Eq. (9) also.

Thus the movement of the system can be ignored if U is sufficiently smaller than V; to out-
weigh the term involving the meridional displacement (in curly brackets in Eq. (9), and normally
at least of order unity). Such conditions are often met on the equatorial flanks of westerly jet-
streams where f(y, — y,) & 2 V,; other cases would have to be considered individually.

Green et al. computed specific kinetic energies in jet-streams associated with almost stationary
weather systems. However, because of the inevitable uncertainties of analysis, it is possible that
in those cases the systems were actually moving with speeds of as much as 2 m s7: Eq. (9) shows
that, even assuming such motion, negligible errors are produced in kinetic energy computations
by taking the system to be stationary, since speeds in the jet-streams were of order 50 m s™* and
the term in curly brackets was of order 2. By contrast, the case considered by Mcllveen (loc cit.
and Fig. 1) involved a system moving at 12 m s~! and wind speeds of order 30 ms™.. Since
meridional displacements were similar to those considered by Green et al., the resulting values
of € were large, as is apparent in Fig. 1.

5. CoNcLUsION

The enetgy formula in a frame rotating steadily relative to the Earth contains a term, explicitly
involving this rotation, which reduces to a simple form (Eq. (6)) when the axes of rotation of the
frame and the Earth are parallel, In this form the magnitude of the correction has been verified
using the analysis of a rapidly moving trough in middle latitudes. The energy formula may be
used ignoring the effects of motion of a steady-state weather system (the local rate of change of
pressure in a reference frame fixed in the earth, or the additional Coriolis term if the frame is
fixed in the moving system) when the error defined by Eq. (9) is small, and in particular along
trajectories in the equatorial flanks of westerly jet-streams in slow-moving systems.
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