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Abstract

Protein aggregation lubrication is the term given to the experimentally observed

accumulation of protein matter at the inlet region of protein-rich, fluid-lubricated

contacts. This lubrication mechanism causes larger than predicted fluid film thick-

ness when compared to classical elasto-hydrodynamic lubrication theory and also

exhibits the behaviour of decreasing film thickness with increasing sliding speed

between the contact surfaces, again in contrast to theory. In the last decade, exper-

iments have been carried out to capture the transient development of inlet aggre-

gates in pin-on-flat tribometers. Understanding the lubrication mechanisms present

in such lubricated contacts is vital for the continued development of prosthetic joint

implant design and success.

In this study, a computational protein aggregation lubrication model has been

created by using classical elasto-hydrodynamic lubrication theory coupled with a

protein-dependent constitutive equation for fluid viscosity. The transport of protein

matter in the thin film lubricated contact has been subject to an advection-diffusion

model using geometry-based attenuation of flow rates, resulting in protein concen-

tration aggregation at the inlet of the contact zone. The model parameters have

been calibrated and the resulting transient protein aggregation lubrication simula-

tion agrees well with previous experimentally observed transient film thickness be-

haviour when a cobalt–chromium–molybdenum alloy femoral head implant is tested

in a pin-on-flat tribometer using diluted bovine calf serum as a synovial fluid ana-

logue.

The model developed in this study requires the calibration of two separate parame-

ters that relate to the shape of an approximate protein particle size distribution and

to the nature of the exponential dependency of viscosity on protein concentration.

Prior knowledge of the particle size distribution and rheological testing of experimen-

tal fluid would allow for these parameters to be fixed without calibration, however

a parameter search method has been proposed for situations where these values are
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unknown. The calibration overhead is significant even at the current level of model

complexity and further refinement of computational efficiency is needed before it

can be viably applied to a wide range of test cases.

Modelling prosthesis lubrication in this way provides a simple method to incorporate

the effect of protein aggregation into simulations that can be used to provide greater

insight into the conditions in the contact zone of joint prostheses including pressure,

film height, and protein concentration which can in turn be used to derive friction

coefficients and aid the study of surface wear.
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Nomenclature

Key and reccuring variables only are listed

here. All variables (listed or otherwise) are

defined on first use.

Dimensional

α Pressure-viscosity coefficient [Pa−1]

η Fluid viscosity [Pa.s]

η0 Reference viscosity [Pa.s]

ηpf Protein-free fluid viscosity [Pa.s]

ρ Fluid density [kg.m−3]
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c Potein concentration [g.l−1]

c0 Reference concentration [g.l−1]

D Diffusion constant [m2.s−1]

E Young’s modulus [Pa]

E′ Effective modulus [Pa]

h Film thickness [m]

h0 Contact surface separation [m]

hh Maximum Hertzian deformation [m]

p Pressure [Pa]

ph Maximum Hertzian pressure [Pa]

q Flow rate [m2.s−1]

R Contact radius [m]

R′ Effective radius [m]

Ra Average surface roughness [m]

Rcomp Composite surface roughness [m]

s Inlet length [m]

t Time [s]

u, v, w Fluid velocities [m.s−1]

ue Entrainment velocity [m.s−1]

us Sliding velocity [m.s−1]

v Deformation [m]

w Load [N ]

x Location in sliding direction [m]

y Location perpendicular to sliding [m]

Dimensionless

β Concentration-viscosity coefficient

ε Computation parameter ε = ρ̃H/η̃λ

η̃ Dimensionless viscosity

η̂ Dimensionless protein-free viscosity

λ Chap. 1: Roughness parameter

λ Chap. 2: Computation parameter

λ = 6usη0R
2/a3hph

ν Poisson’s ratio

ρ̃ Dimensionless density

τ Dimensionless time τ = t/(ah/us)

a Attenuation function gradient

C Dimensionless concentration C = c/c0

H Dimensionless film thickness H = h/hh

H0 Dimensionless separation H0 = h0/hh

N Grid number

P Dimensionless pressure P = p/ph

Pe Péclet number Pe = usah/D

Q Dimensionless flow rate Q = q/(ushh)

T Dimensionless time T = t/(2ah/us)

X Dimensionless location X = x/ah

Y Dimensionless location Y = y/ah

xix



xx



Chapter 1

Introduction
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1.1 Motivation

Joint replacements have been performed in the UK since the 1960s with the first hip

implants. Knee and ankle replacement surgery began in the 1970s and the number of

all procedures has increased rapidly ever since. Over 250,000 joint replacements were

carried out in the tax year 2018/2019 in the UK, with knee and hip replacements

accounting for the vast majority of these numbers [1]. As the number of procedures

continues to increase, more and more people will be living with prosthetic joints.

Just over half of all hip replacements survive 25 years [2] and as a result, oper-

ations are usually offered to those aged between 60-80. Revision surgery (replac-

ing/correcting the original prosthetic) can be undertaken but is challenging for sur-

geons due to increased complications, most notably bone loss [3]. This has driven

research into increasing the lifespan of prosthetic joints in order to allow people to

undergo joint replacement procedures at a younger age – who in the past would de-

lay having a replacement and suffer from some level of discomfort – and also reduce

the need for revision surgery.

A major issue affecting implant success is wear of the implant surfaces [4, 5]. Wear

debris can build up within the joint and cause tissue inflammation and in turn loos-

ening of the implant. Beyond this, there are many other adverse biological responses

to wear debris. Metallic ions have been found in the lymphatic system, blood and

urine of joint replacement patients and have been linked to lymphadenopathy and

necrosis [6]. For these reasons, an analysis of the lubrication mechanisms that affect

wear are central to research into extending the life of joint prostheses.
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1.2 Lubrication

The study of fluid film lubrication is widely agreed to have begun with the exper-

imental investigation by Beauchamp Tower in 1883 [7] of the friction coefficient of

journal bearings bathed in different oils and run at varying speeds. This quantifica-

tion of lubricated journal bearing operation provoked Osborne Reynolds to publish

‘On the Theory of Lubrication and Its Application to Mr. Beauchamp Tower’s Ex-

periments, Including an Experimental Determination of the Viscosity of Olive Oil’

[8] in which was derived the equations that govern hydrodynamic lubrication, in-

cluding the now eponymously named Reynolds equation. Hydrodynamic lubrication

theory shows that pressure in the lubricating fluid can become large enough to sup-

port the bearing load when fluid is entrained into a converging gap. Figure 1.1 shows

an excerpt from this paper in which the load bearing pressure hill can be seen.

Figure 1.1: Excerpt from Reynolds’ paper outlining the theory of hydrodynamic lubrication

whereby a converging wedge above a sliding plate produces a pressure hill that supports the

bearing load [8].

Reynolds offered analytic solutions to special cases of plane and journal bearings

of infinite width and it was not until 1905 that A. G .M. Michell [9] offered an

analytic solution to finite width plane bearings. This work lead to the invention of

the tilting thrust bearing by Michell in 1905 [10] and independently by Kingsbury

in 1910 [11]. The use of tilting thrust bearings enabled dramatic increase in load

carrying capability and reduction in friction coefficient to the extent that the British

Government saved roughly £0.5 Million on the cost of coal by replacing the bearings

on naval vessels in 1918 [12].

1.2.1 Elasto-hydrodynamic lubrication

The success of hydrodynamic theory for analysing and designing lubricated contacts

led Martin [13] and Gümbel [14] to investigate the lubrication mechanism at play

between highly loaded gear teeth. Solving the Reynolds equation for this geometry
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resulted in predicted fluid film thickness between the gear surfaces that was smaller

than the surface roughness. It was observed that machining marks were still visible

after long service times showing that a fluid film was indeed present and limiting

the surface wear of highly loaded gears [12]. These conflicting findings led to the

conclusion that hydrodynamic lubrication theory was not sufficient to explain the

lubricating mechanism for such contacts.

This disparity between experiment and theory remained for decades until Ertel [15]

and Grubin [16] published their works including the elastic deformation of the lu-

bricated surfaces and a pressure-viscosity relationship in 1939 and 1949 respectively

(although Ertel’s groundbreaking contribution did not come to the attention of the

wider community until much later, due to his defection from the USSR to West

Germany and assumption of an alias [17]). In the absence of any advanced comput-

ing power these early studies were heavily simplified, focusing on the line contact

problem with contacts of infinite width and using the analytically derived deforma-

tion solution of a dry contact from Hertzian theory [18] as the deformed surface

shape rather than calculating the deformation of the surfaces from fluid pressure,

as shown in Figure 1.2a. Despite these assumptions, the results were remarkably

useful to approximate film thickness in heavily loaded or largely elastic lubrication

regimes.

(a) (b)

Figure 1.2: Schematics showing the geometry considered by (a) Ertel, implementing

Hertzian deformation and (b) Petrusevich, implementing pressure deformation. The vari-

ables U1 and U2 denote the velocities of the surfaces, h, the film height and p, the pressure

profile. Schematic (b) is an excerpt from Dowson and Ehret [19] and schematic (a) has

been created from this same excerpt.

Petrusevich developed these ideas in 1951 [20] and produced results for the line

contact problem that satisfied the Reynolds equation, the local deformation due to
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pressure and the same pressure-viscosity relation as Ertel and Grubin, derived by

Barus [21]. Petrusevich’s results gave the first great insight into the behaviour of

what is now called ‘Elasto-Hydrodynamic Lubrication’ (EHL). Most notably the dip

in film height at the outlet of the contact zone and the coinciding pressure spike

which had been predicted to exist, but not shown to, by Ertel, both shown in Figure

1.2b. This is often referred to as the ‘Petrusevich spike’ [22].

Dowson and Higginson published a series of numerical solutions to the EHL problem

over a wide range of velocities, loading conditions, and material properties through-

out the late 1950s and early 1960s along with more advanced curve-fitted formulae

for predicting film thickness [23–25], laying the basis for full coupled numerical so-

lution methods to calculate EHL films thicknesses and pressure for a wide range of

operating conditions, and also showing that the Petrusevich spike is only present

under certain conditions. These contributions culminated in the landmark textbook

on the subject titled, ‘Elasto-Hydrodynamic Lubrication’ [26], widely considered the

seminal text of the field.

The first point contact (sphere-on-plane) solutions were calculated by Ranger in 1975

[27] and Hamrock and Dowson in 1976 and 1977 [28–31] allowing the assumption

of infinitely wide geometry to be dropped and EHL theory to be applied to an

even wider collection of problems. More assumptions were revisited and thermal

effects were also included for line contact problems by Cheng and Sternlicht [32],

and Dowson and Whittaker [33], and later for point contact problems by Zhu and

Wen [34]. The impact of starvation effects – the effects of an inadequate volume of

lubricating fluid – were analysed by Weveden et al. [35] and Hamrock and Dowson

[31] for line and point contacts respectively.

1.2.2 Boundary lubrication

In cases where the load is sufficiently high or the velocity sufficiently low, a fluid

lubricant film does not separate the contact, and neither hydrodynamic theory nor

EHL theory can predict the friction or wear of the surfaces. Hardy and Doubleday in

1922 [36] noticed that there was not only ‘complete lubrication’ (i.e hydrodynamic)

but also ‘greasy lubication’ whereby a fluid film is not achieved but the lubricant still

affects the coefficient of friction. This mechanism was coined ‘Boundary Lubrication’

and it was proposed that perceived reduction in friction stems from the chemical

nature of the lubricant and boundary solids, not from the viscous properties of the
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fluid.

Figure 1.3: Hardy’s boundary lubrication model whereby an adsorbed film of polarised

molecules forms on each surface, separating the contact and protecting the surfaces from

excessive wear. Figure adapted from Dowson [12].

Hardy and Doubleday’s theory suggests that when a surface is coated with a lu-

bricant film, the molecules close to the surface become ordered given their polarity

and the attraction of the surface. There may exist one or several ordered layers of

molecules depending on the specific nature of the surface and of the lubricant. The

remaining molecules far from the surface remain randomly oriented and fluid. If

the surfaces are close enough during operation the boundary layers of each will be

adjacent and there will be no free moving fluid in-between. Because of the ordered

nature of these layers, the friction experienced as they shear each other is less than

than of two unlubricated dry surfaces. Figure 1.3 shows a schematic of a single

boundary layer on each contact surface.

1.2.3 Mixed lubrication

The mechanisms that govern fluid film and boundary lubrication are very different,

and most engineering bearings are designed to encourage fluid film lubrication as

the ideal with the addition of additives to the lubricant that encouraged effective

boundary lubrication in the case of severe operating conditions [12].

Experimental studies of journal bearings over a wide range of operating conditions

by Stribeck [37] quantified the coefficient of friction in both fluid film and boundary

lubrication and it was found that the coefficient in the boundary lubrication regime

was unaffected by load, velocity and viscosity. Later work by Gümbel found that

by plotting the coefficient of friction against the combined dimensionless parameter,
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ηω/w – where η is the fluid bulk viscosity, ω, the rotational velocity of a journal

bearing and w, the load – Stribeck’s results could be plotted as a single curve that

indicates the behaviour of each regime [38]. These became known as Stribeck curves

and the parameter known varyingly as the Gümbel number or Stribeck number.

(a) (b)

(c)

Figure 1.4: (a) Idealised Stribeck curve indicating modes of lubrication. Figure adapted

from Smith et al., [6]. (b) Simplified schematic of a journal bearing showing key parameters

for the Stribeck diagram. (c) Visualisation of lubrication regimes in the contact zone for

boundary, mixed and full fluid lubrication. Figure adapted from Myant and Cann, [39].

The Stribeck curve in Figure 1.4a, shows the typical friction behaviour as a function

of the Gümbel number, the variables of which can be seen in Figure 1.4b. Stribeck’s

experiments showed that in addition to pure boundary lubrication and pure fluid-film

lubrication there was a sizeable transition regime whereby both mechanisms were

important, now called ‘Mixed Lubrication’. When the Gümbel number is small,

so too is the film thickness, h, and boundary lubrication dominates, resulting in

relatively high friction and wear (albeit lower than that of dry contacts). As this

parameter increases, the two surfaces become further separated, reducing contact

between them and in turn reducing friction. At some Gümbel number this friction

coefficient reaches a minimum and the increasing film thickness only adds to the

overall friction in the system due to the fluid shear contribution. Figure 1.4c shows
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a visualisation of each regime. A parameter, λ, can be used to define the separation

of different lubrication modes, defining

λ =
hmin
Rcomp

, (1.2.1)

where hmin is the minimum film thickness and Rcomp is the composite roughness of

the two surfaces.

In 1978, Patir and Cheng [40, 41] showed that for fluid-lubricated EHL contacts

where the film height becomes comparable to the roughness of the surfaces, film

heights deviate from those predicted by Dowson and Higginson. By using an av-

eraged Reynolds equation, it was shown that this stochastic approach predicted

smaller film thicknesses where longitudinal roughness was present and increased film

thickness in the presence of transverse roughness. With the development of more

robust and stable multilevel methods by Lubrecht and Venner in the late 1980s and

early 1990s [42–44] for solving the coupled equations of EHL, Venner was able to

model deterministic roughness included in the height profile [43]. Further determin-

istic studies of roughness by Ren et. al. in 2009 [45] show that qualitatively, the

effects are the same as predicted by the stochastic approach of Patir and Cheng,

however the effect is smaller than previously thought.
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1.3 Bio-tribology

Synovial joints have been known to be akin to lubricated bearings for over 250

years. The surgeon William Hunter wrote in 1743 [46] of the nature of human

synovial joints,

“Where-ever the Motion of one Bone upon another is requisite, there

we find an excellent Apparatus for rendering that Motion safe and free:

We see, for instance the Extremity of one Bone moulded into an or-

bicular Cavity, to receive the Head of another, in order to afford it an

extensive Play. Both are covered with a smooth elastic Crust, to prevent

mutual Abrasion; connected with strong Ligaments, to prevent Disloca-

tion; and inclosed in a Bag that contains a proper Fluid deposited there,

for lubricating the Two contiguous Surfaces.”

Indeed on closer inspection of synovial joints, the similarity to conforming surface

bearings such as the journal bearing in Figure 1.4b is evident.

Figure 1.5: Anatomy of a synovial joint, figure from Gray’s Anatomy for Students [47]

Figure 1.5 shows the anatomy of a synovial joint including those features discussed

by Hunter. The synovial membrane is the ‘bag’ that holds synovial fluid around

the contact surfaces, which are the conforming ‘orbicular cavity’ and ‘head’ of two

bones coated with an ‘elastic crust’ of cartilage.

The presence of cartilage in the synovial joint allows for additional lubrication mech-

anisms including ‘weeping lubrication’ proposed by McCutchen [48], whereby fluid

contained within the porous cartilage becomes pressurised under load and the joint
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acts like a self-pressurised hydrostatic bearing. A summary of the study of the

modes of lubrication in natural joints has been published by Dowson [49].

When synovial joints are replaced, the cartilage and bone surfaces are removed.

The joint is either replaced completely, known as Total Joint Arthroplasty (TJA),

or the bones are resurfaced. In either case, the joint capsule is repaired such that

the new joint can benefit from synovial fluid lubrication. Figure 1.6 shows the two

replacement techniques for prosthetic hips.

Figure 1.6: Two techniques for replacing hip joints: resurfacing and total replacement,

adapted from Mattei et al. [4]

The majority of hip replacements use a wear resistant ultra-high-molecular-weight

polyethylene (UHMWPE) cup and a cobalt–chromium–molybdenum alloy (CoCrMo)

femoral head, know as a metal-on-polyethylene (MoP) implant [12]. Other materials

such as ceramics have been used and implants are generally divided into ‘hard-on-

soft’ : MoP, ceramic-on-polyethylene (CoP), and ‘hard-on-hard’ : metal-on-metal

(MoM), ceramic-on-ceramic (CoC).

Hard-on-soft MoP implants were developed in the 1960s to combat the high friction

of existing hard-on-hard MoM prostheses. Although successful, and still the most

popular implant to this day, the relatively higher wear rates of UHMWPE have

caused MoM implants to be revisited utilising more advanced manufacturing tech-

niques. The introduction of ceramics was due to the ability to achieve a smoother

surface finish, promoting fluid-film lubrication, and the harder surface material,

leading to less wear. Studies into the benefits and drawbacks of each are ongoing

[50, 51].
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1.3.1 Synovial fluid

The lubricating fluid for healthy joints is synovial fluid, which is a complex water-

based mixture of proteins, glycoproteins, hyaluronan, phospholipids and cholesterol

and patient specific studies have shown that the concentration of macromolecules in

synovial fluid can vary significantly [52, 53]. Once replacement surgery has been per-

formed, the fluid that occupies the joint – periprosthetic synovial fluid – has differing

concentrations of these components and is more akin to diseased synovial fluid as

found in patients with arthritis. Periprosthetic synovial fluid has an increased con-

centration of proteins, higher pH level and decreased bulk viscosity when compared

to that of healthy patients [39]. In experiments, diluted bovine calf serum is fre-

quently used as a substitute for synovial fluid and has its own protein concentration

profile. A summary of each fluid composition can be found in Table 1.1.

Lubricant Total protein [g/l] Albumin [g/l] Globulin [g/l]

Healthy SF† 18 – 20 11.3–12.6 6.7–7.4

Osteoarthritic SF† 30.6 – 31.8 17.7–18.1 13.1–14.5

Rheumatoid SF† 34.6 – 45 20.1–20.3 14.5–24.8

Periprosthetic SF‡ 24.6 – 54.2 20–39 4.6–15.4

Bovine calf serum† 72 28.8 43.2

Table 1.1: Protein concentrations of bovine calf serum and synovial fluid (SF), data from

†Wang et al. [53] and ‡Kitano et al. [52]

Synovial fluid shows clear shear thinning behaviour in experiments [54]. While

healthy, rheumatoid and osteoarthritic synovial fluid shows decreasing viscosity at

shear rates of 103 s-1, periprosthetic synovial fluid shows the beginnings of a high

shear plateau at these magnitudes. Cases in which high shear rate is encountered

are often treated as Newtonian [4, 39, 55]. Further studies by Castellanos et. al.

[56] show that for bovine calf serum, most often used in experiments, the high shear

rate plateau occurs at even lower shear rates of around 102 s-1.

The concentration of protein content plays an important role in the rheological prop-

erties of synovial fluid. Studies by Coleman et. al. [57] show that at constant shear

rate, the increased content of hyaluronan in a saline solution induces exponentially

increasing viscosity. Castellanos et. al. [56] show rheometry results for varying con-

centrations of bovine serum albumin over a range of shear rates from 10−2 – 104 s-1

showing the effect of protein concentration on the full shear thinning behaviour of
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the fluid. Results show the onset of a high-shear plateau at shear rates of 102 s-1 and

also that the high-shear viscosity of bovine serum albumin increases exponentially

with increasing protein concentration.

Protein matter also contributes to the visco-elastic nature of synovial fluid, whereby

the reciprocating nature of human movement acts to entangle and disentangle the

chains of protein molecules, storing energy much like an elastic solid. Studies by

Balazs [58] show that the visco-elastic behaviour of synovial fluid under oscillating

conditions changes over the lifetime of an individual.

Thixotropic and rheopectic effects have also been observed in synovial fluid due to

the protein content. Thixotropy is defined as the tendency for viscosity to decrease

over time at steady shear rate and rheopecticity as the tendency for viscosity to

increase under the same conditions (sometimes called anti-thixotropy). Studies have

shown thixotropic behaviour at high shear rates [59] but also rheopectic behaviour

at relatively low shear rates as protein molecules aggregate. Oates showed that this

rheopectic effect was prominent in solutions containing hyaluronan and milder when

using bovine serum albumin [60].

Piezoviscosity is the effect of high pressure influencing the viscosity of lubricating

fluid. The Barus equation introduced to the solution of elasto-hydrodynamic contact

problems by Ertel is a common way to account for this effect in machine parts lubri-

cated by hydrocarbon oils, where both elastic deformation and pressure-dependent

viscosity must be considered, known as the ‘piezoviscous-elastic’ regime. The Barus

equation has the form

η(p) = η0e
αp (1.3.1)

where η is the viscosity, η0 is the viscosity at ambient pressure, p the pressure, and

α is a pressure-viscosity coefficient. For biological joints, peak pressures are of the

order of tens of MPa [39] and it has been argued that this pressure is high enough

to cause deformation without significantly affecting the synovial fluid viscosity or

density [4, 55], i.e. the ‘isoviscous-elastic’ regime.

1.3.2 Modelling

To model conforming contacts that occur in synovial joints, it is possible to map the

geometry and material properties to an equivalent sphere-on-plane model. This is

the same approach that is used to model the conforming surfaces of journal bearings

and gear teeth.
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Figure 1.7: Equivalent geometry and material mapping of conforming hip prosthesis sur-

faces to a sphere-on-plane model.

The prosthetic geometry and material properties can be mapped onto the theoretical

problem of a sphere of radius R′ on a rigid plane with only one deforming surface

of Young’s modulus E ′ as shown for hip implants in Figure 1.7. The relations for

mapping these parameters as described by Dowson and Higginson [26] are as follows,

1

R′
=

1

R1

− 1

R2

(1.3.2)

1

E ′
=

1

2

(
1− ν12

E1

+
1− ν22

E2

)
(1.3.3)

where E is the Young’s modulus of each material and ν is the Poisson’s ratio.

Numerical studies using this equivalent geometry were carried out in the late 1990s

and early 2000s by Jin et al. [55, 61, 62] for line and point contact problems and

it was concluded that unlike natural synovial joints, which likely operate in the

boundary, mixed and fluid-film lubrication regimes, hip replacements are likely to

operate in the mixed and fluid-film regimes only [55].

Some computational studies have solved the Reynolds and surface deformation equa-

tions using spherical coordinates to preserve the true prosthetic geometry. This is

particularly useful when modelling walking gate cycles that have transient loads in

multiple directions as implemented by Gao et al. [63, 64]. Studies by Wang et al.

showed that results of the equivalent model were in agreement to results derived

from a full spherical model of the acetabular cup [65] however Jin et al. [66] showed
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that care should be taken when large deformations occur at the edges of the ac-

etabular cup in which case the ball-on-plane model does not accurately predict the

behaviour. More recently full geometry models of prosthetic knee joints have also

been developed and elasto-hydrodynamic lubrication theory applied [67].

The non-Newtonian nature of synovial fluid has also been studied using Cross [64, 65]

and Carreau models [68] for shear thinning fluids. Wang et al. [65] concluded

that the inclusion of non-Newtonian shear thinning models resulted in only minor

differences to the resulting geometry and pressure field due to the contact zone

experiencing shear rates above the high rate plateau of synovial fluid. Gao et al.

[64] and Mongkolwongrojn et al. [68] used reciprocating walking gate cycles on full

spherical geometry and showed that shear thinning behaviour does have an effect on

the thickness of the lubricating film during ‘squeeze-film’ lubrication which occurs

as the sliding velocity changes direction.

1.3.3 Experiments

With fluid conditions in implants being markedly different to those of hydrocarbon

lubricated machine parts, experimental results are key to understanding the nature

of the lubricating mechanisms that govern biological joints. Studies into the surface

wear of prosthetics often use hip or knee simulators, whereby the prosthetic is loaded

into a sealed and temperature-controlled bag containing bovine calf serum. The joint

can then be subject to loading conditions similar to that of human walking, running

or stair climbing. The wear of the surfaces can be analysed by weighing the implant

after the simulation and by comparative microscopy of the simulator surfaces and

retrieved implants.

Joint simulators of this type, however, give little indication of the underlying lu-

brication mechanism. For this, a sphere-on-plane – often called Pin-on-Flat (PoF)

– tribometer can be used. This apparatus allows for the plane surface to be made

of glass and cameras are able to view the contact zone as the experiment is taking

place.

Figure 1.8 shows a typical tribometer setup with the femoral head of a prosthetic

hip as used in studies by Myant, Cann et al. [69–74] and Nečas, Vrbka et al. [75–80].

A flat glass disc is spun by the drive system such that it slides over the ‘pin’ – in

this case the spherical femoral head implant. The entire experiment is situated in

a lubricant bath such that the contact is never starved of fluid, although in other
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Figure 1.8: Pin-on-Flat optical interferometric tribometer experiment setup schematic,

from Myant and Cann [69].

experiments, the lubricant is injected directly into the contact zone. More recently,

conforming glass tribometers have been developed that allow the contact zone to be

viewed during experiments with true ball-in-socket geometry of prosthetic hips [81].

In addition to viewing the contact zone via camera, glass tribometers allow the

use of optical interferometry recordings. Interferometry allows the height profile of

the contact zone to be measured by analysing the interference pattern of reflected

light. If the sliding glass surface is coated with a semi-reflective layer of chromium,

a beam of light shone upon the contact zone can be split, being partially reflected

and partially allowed to travel through the contact zone. Once this light reflects off

the second lubricating surface, the two reflections are measured by a spectrometer

and the resulting interference pattern contains information of the distance between

the two lubricating surfaces. Figure 1.9 shows a schematic representation of this

process.

Interferometry techniques have been used to analyse EHL contacts since the 1960s

but it wasn’t until the early 1990s that ultra thin film methods allowed for analysing

films in the order of nanometres [83]. A typical interferometer result for an isoviscous

oil lubricated point contact can be seen in Figure 1.10. The height profile dip can

be seen to form a horseshoe shape around the outlet of the contact zone, with the
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Figure 1.9: Principles of optical interferometry, whereby emitted light, I0, is semi-reflected

by a chromium layer. The two reflections, I1 and I2 cause an interference pattern picked

up by a spectrometer. Figure adapted from Ciulli et al. [82].

minimum film thickness occurring in the side lobes.

Figure 1.10: Typical interferometry result for an oil lubricated elasto-hydrodynamic con-

tact, sliding speed and fluid motion is from left to right. Figure from Marx et al. [84].
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1.4 Protein aggregation lubrication

When the experimental techniques described in § 1.3.3 are employed using diluted

bovine calf serum as a synovial fluid analogue, interferometer images show a differ-

ent lubrication mechanism is at work when compared to classical isoviscous elasto-

hydrodynamic contacts.

Figure 1.11: Interferogram of contact zone during constant load and sliding speed experi-

ment. Flow direction is from top to bottom and a clear distinction between bulk fluid and

fluid in the inlet region can be seen. The length of the inlet region, s, is also shown. Figure

adapted from Myant and Cann [69].

Studies by Myant, Cann et al. [69–74], show that when using diluted bovine calf

serum, which contains macromolecules of albumin and globulin, interferogram im-

ages show a distinct inlet region. Figure 1.11 shows an example of such an image as

obtained by the experiments in 2012 [69]. The inlet region appears prominently on

the interferogram image because the refraction properties of the fluid are noticeably

altered by an increase in protein content in this area.

Another interesting phenomenon noted in the same study is that film thickness is

much higher than would be predicted by classical EHL analysis and moreover shows

counter-intuitive behaviour as the velocity of the sliding plate is varied. Figure

1.12 shows data from experiments by Myant and Cann [69], showing significant

differences between experimental measurement of film thickness and those predicted

by EHL theory.

The theoretical central film thickness calculations were taken from Hooke [85] for
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(a) (b)

Figure 1.12: Demonstration of differing behaviour in experiment and EHL theory. Figure

(a) shows central film thicknesses as measured and predicted by theory (points and dotted

line, respectively) with the addition of a modified theory (solid line) that artificially modifies

viscosity to best fit experimental data. Figure (b) shows modified viscosity used for this

solid line. Figures taken from Myant and Cann [69].

isoviscous-elastic contacts in which the central film thickness formula is given as

hcen = 4.18
(ueη)0.6R′0.67

w0.13E ′0.47
(1.4.1)

where R′ and E ′ refer to the effective radius and Young’s modulus of the contact,

ue, the entrainment speed (defined as the average speed of the two surfaces) and

w, the applied load. The data does not only show significantly larger recorded

film thicknesses but also shows that film thickness decreases as entraining velocity is

increased. This is contrary to all conventional, isoviscous EHL predictions that show

larger velocities induce larger fluid films. Also shown in Figure 1.12 is an adapted

theoretical central film thickness line. This line has been created to best match

the recorded data by artificially adjusting the fluid viscosity. Figure 1.12b shows

these effective viscosities and suggests that the synovial fluid may be undergoing

rheological changes during film formation. This study assumed the bulk viscosity of

the diluted bovine calf serum to be 0.0025 Pa s [69] and thus these results suggest

that locally in the contact zone viscosities could be up to 1000 times higher than

expected.

This lubrication method has been named ‘Protein Aggregation Lubrication’ (PAL)

and as the name suggests is based on the hypothesis that proteins present in synovial
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fluid collect in the inlet to the contact zone. This protein aggregate sits at the

inlet and drastically alters the local viscosity allowing much thicker fluid films to

form. This aggregate can break down and build back up again giving transient

film thickness even under steady conditions and will break down more readily if the

entrainment speed increases, causing the phenomenon of decreasing fluid film with

increasing speed.

In subsequent experiments also by Myant and Cann in 2014 [71], the transient nature

of the protein aggregate region was examined using an inlet disruption test. For this

test, the sliding glass was held at a constant velocity and the inlet aggregate allowed

to form. The protein matter was then stripped from the contact zone by a passing

scratch on the glass surface.

Figure 1.13: Results of the inlet disruption test by Myant and Cann [71] showing transient

behaviour of the central film thickness, hcen, (black) and inlet aggregate length, s, (red)

as a scratch removes the protein matter at the inlet to the contact zone. The subsequent

regime whereby the inlet aggregate is reformed is highlighted.

Figure 1.13 shows the central film thickness and inlet length (as defined in Figure

1.11) results of this inlet disruption test. The data shows a steady film thickness

that is disturbed by the scratch placed on the glass sliding surface. This removes

the protein aggregate from the contact zone and causes the central film thickness

to drop to a level within the range predicted by Hooke’s equation (7–28 nm). After

the scratch has passed, the protein aggregate starts to rebuild and much higher film

19



Figure 1.14: Interferometer images of experiment by Myant and Cann [71] at select time-

steps after the beginning of the protein build up regime.

thickness is restored.

Figure 1.14 shows interferogram images from this experiment that demonstrate the

inlet aggregate growth over time up to a steady inlet length. The time indicated

is zero at the point that the protein begins to aggregate as indicated by the grey

region of Figure 1.13.
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1.5 Aims and objectives

The aim of this study is to create a computational model that captures the behaviour

of protein aggregation lubrication, namely larger than predicted film thickness and

the presence of protein aggregation at the inlet of the contact zone. Stokesian dy-

namics and force coupling methods [86, 87] have been used to successfully model

the multiphase flows of particulates suspended in fluids. These methods are compu-

tationally intensive and require a great deal of knowledge of the initial state of the

suspension. It has been shown that biological fluids including blood and synovial

fluid [88] can be treated as a homogeneous fluid whose properties change based on a

concentration of particulates that obey an advection-diffusion-reaction or advection-

diffusion equation.

A model for simulating concentration-dependent shear thinning fluid has been pro-

posed by Hron et. al. [89]. The concentration of protein content is simulated using

an advection-diffusion model over a simple 2D wall-bounded domain. The funda-

mental phenomenon of protein aggregation lubrication however is that the thin film

nature of lubricated contacts causes physical blockages to the free flowing protein

macromolecules – an effect that has not yet been considered. No such model has

been used to simulate this concentration-dependent behaviour in lubricated joint

contacts, in which the geometry of the domain is also transient. This study couples

elasto-hydrodynamic lubrication theory with a rheological model of concentration-

dependent viscosity, based on the transport of protein matter in the contact zone of

biological joints.

To do so, the inlet disruption experiment by Myant and Cann [71] – discussed in §
1.4 is used as the benchmark for the computational model developed in this study.

The benefit of this experiment is that the sliding speed is constant and there are no

transient start-up effects.

Figure 1.15 shows a schematic of the plane-on-sphere geometry of the experiment,

including key parameters. Table 1.2 gives values for these key parameters, however

the exact bulk viscosity of the lubricating fluid is unknown. The fluid used in the

experiments was bovine calf serum diluted by water in a ratio of one part serum

to three parts water by weight. This gives the resulting solution a protein content

of 18 g/l. The surface roughness of CoCrMo femoral heads is cited frequently as

Ra,fh = 0.01 µm [39, 53, 55] and the roughness of the silica-coated glass disc of this

tribometer is given as Ra,gd = 0.015 µm [74], resulting in a combined equivalent
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Figure 1.15: Geometry of a sphere-on-plane lubrication problem in which the lower surface

has a velocity, us, the sphere has an undeformed radius, R, and applied load, w. The film

has height h = h(x, y, t) in the z-direction.

Variable Symbol Value

Sliding speed us 20 mm/s

Effective modulus E ′ 107 GPa

Effective Radius R = R′ 19 mm

Load w 2 N

Bovine calf serum bulk viscosity η 10 – 100 mPa.s

Table 1.2: Experimental parameters for the inlet disruption study by Myant and Cann [71]

on pure sliding contact of a stationary femoral head on 20 mm/s sliding glass.

roughness of Rcomp =
√
R2
a,fh +R2

a,gd = 0.018 µm. For a brief period where the film

height is at a minimum directly after the protein has been stripped, this likely means

that the contact is operating in the mixed lubrication regime, however, as the inlet

aggregate builds, the film height rapidly increases to bring the contact into the full

fluid-film regime. For this reason, surface roughness effects have been ignored for

this study. The values of Table 1.2 result in a mean Hertzian dry contact pressure of

approximately 90 MPa and as such is considered low enough that piezoviscous effects

are also ignored [55]. The model will therefore use isoviscous elasto-hydrodynamic

theory to solve for the geometry and pressure of the contact zone.

For experiments involving film heights in the range of 100 nm and sliding velocities

of the order of 10 mm.s-1, shear rates are expected in the order of 105 s-1, in excess

of any expected high shear rate plateau of bovine calf serum of around 102 s-1 [56]

– as discussed in § 1.3.1. Shear thinning effects are therefore assumed negligible in
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this study.

In a study by Lu et al. [81], the unique behaviour of protein aggregation lubrica-

tion whereby larger sliding velocities result in decreased central film thickness was

modelled by using an entrainment speed-dependent shear thinning Cross model that

affects the viscosity of the fluid globally. The model however does not include any

such modelling of the transport and accumulation of protein matter at the inlet

of the contact zone or concentration-dependent rheological changes. This thesis

aims instead to model the underlying geometry-dependent aggregation behaviour of

experiments to explore whether such phenomena arise.

The remainder of the thesis outlines the individual blocks that form the full transient

protein aggregation lubrication model, including the elasto-hydrodynamic theory

and solver, the protein transport model and the geometry-dependent aggregation

and rheology. Figure 1.16 shows a diagrammatic overview of how these blocks form

the full transient solver and the chapters which discuss each individual component.

Figure 1.16: Overview of transient PAL model and chapter organisation of this thesis.

For each time-step during the PAL simulation, the contact geometry and pressure

field are solved using the ‘Elasto-Hydrodynamic Solver’ and the ‘Reynolds Equa-

tion Super-Solver’, the flow rate of the protein matter is then calculated from the

flow rate of the lubricating fluid via a geometry-dependent attenuation function

and the transport of the protein is simulated using an advection-diffusion equa-

tion. The resulting protein concentration field determines the local viscosity using

a concentration-dependent constitutive equation and this viscosity field is used for

the next time-step.
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Chapter 2

Elasto-hydrodynamic Lubrication
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2.1 Introduction

Figure 2.1: Flow diagram showing overall PAL model schematic and the placement of

the elasto-hydrodynamic solver and Reynolds equation super-solver block within it. The

block receives the viscosity field from the constitutive equation and outputs film heights and

volumetric flow rates.

This chapter focusses on the implementation of elasto-hydrodynamic lubrication

theory to the solution of thin film lubrication problems. This allows the calculation

of lubricating film height and fluid pressure at each time-step of the overall protein

aggregation lubrication model and from these results are derived the volumetric fluid

flow rate. The location of this block within the larger PAL model is shown in Figure

2.1.
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2.2 Elasto-hydrodynamic lubrication theory

The basis of most synovial joint modelling is classical EHL theory. The equations

of which take into account hydrodynamic lubrication using the Reynolds and load

balance equations, and elastic deformation of the contact surfaces but can also take

into account the effects of high pressures in the fluid film. This typically includes

pressure-dependent viscosity and density relationships, but for biological joints it

has been argued that the pressure is high enough to cause deformation without

significantly affecting the fluid viscosity or density, and it is also argued that synovial

fluid can be treated as Newtonian without significant loss in accuracy [4, 55].

2.2.1 The Reynolds equation

Figure 2.2: Geometry of a typical lubrication film problem in which the two surfaces –

labelled 1 and 2 – are shown with their respective velocities. The film has height h =

h(x, y, t) in the z-direction.

The governing equation used for lubrication calculations is the Reynolds equation.

This is an approximation of the full Navier-Stokes equations and is used in the case

of thin lubricating films. It is derived by simple scaling arguments and a number of

approximations which can be found in Appendix A.

∂

∂x

(
h3

η

∂p

∂x

)
+

∂

∂y

(
h3

η

∂p

∂y

)
= 6

{
us
∂h

∂x
+ vs

∂h

∂y

}
+ 12

∂h

∂t
(2.2.1)

Here, h is the film thickness (i.e. the separation of the surfaces in the z-direction),

η is the viscosity of the fluid, and all other variables are shown in Figure 2.2, noting

that us = u1 +u2 and vs = v1 +v2. In this work, the surface velocities are limited to
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a single direction and if the domain is chosen such that the x-axis aligns with this

movement, vs becomes zero and the Reynolds equation becomes:

∂

∂x

(
h3

η

∂p

∂x

)
+

∂

∂y

(
h3

η

∂p

∂y

)
= 6us

∂h

∂x
+ 12

∂h

∂t
(2.2.2)

2.2.2 Cavitation

With pressure at the boundaries set to zero, i.e. solving for gauge pressure inside

the contact, the Reynolds equation allows solutions with negative pressures. For

an air bearing or other gas lubricated gap, this solution would provide an accurate

picture of the physical behaviour, however with a liquid lubricant, pressures much

below the vapour point cannot exist in the fluid film. Compared to the pressures

that can form inside the contact, the vapour pressure of synovial fluid is close to

zero and thus the vapour point can be treated as zero.

Figure 2.3: Pressure profiles along the line y = 0 for a sphere on a plane. The upper

pressure profile shows solution of the Reynolds equation without the cavitation condition

limiting negative pressures – the full Sommerfeld solution. The lower pressure profile shows

the resulting solution when cavitation is taken into consideration.
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Solving the Reynolds equation without considering the cavitation condition results in

the full Sommerfeld solution, which can be seen in Fig. 2.3. This solution contains

negative pressures and for a symmetric geometry, such as the sphere on a plane,

results in an anti-symmetric pressure profile. Simply setting negative pressures to

zero results in the half Sommerfeld solution however this solution violates continuity

by allowing a discontinuity in pressure gradient. Instead, the pressure must smoothly

reach zero. To implement this, the Reynolds equation must be solved iteratively,

setting negative pressures to zero at each iteration. The resulting pressure profile

can be seen in Fig. 2.3 and is seen to remain positive beyond the midpoint before

reaching zero in a smooth manner. In the one-dimensional line contact problem this

condition is simply stated as dp/dx = p = 0 at the cavitation point and is also called

the Reynolds condition or the Swift-Stieber condition [90, 91].

2.2.3 Elastic deformation

When modelling the simplified ball-on-plane, the plane is modelled as rigid while

the sphere deforms elastically with the effective Young’s modulus, E ′.

Figure 2.4: Schematic illustrating notation for defining film height and shape. Here, h0,

denotes the separation at the centre-point of the undeformed surfaces and, v, denotes the

deformation of the surface from this original shape.

A parabola can be used to approximate the undeformed sphere, thus the film thick-

ness for a 2D point contact is given by:

h(x, y) = h0 +
x2

2R
+
y2

2R
+ v(x, y). (2.2.3)

To calculate the deformation, v, due to the entire pressure field it is possible to start

with the solution for the deformation due to a point load.
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Figure 2.5: Point loading of a half space with load F . Figure from Venner [43].

Figure 2.5, shows a point load, F at the origin. For this, the solution to the defor-

mation in the z-direction at any point is given by Love [92].

v(x, y) =
1− ν2

πE

F√
(x2 + y2)

(2.2.4)

For deformation due to a pressure field, the summation of point load effects can be

taken as such:

v(x, y) =
1− ν2

πE

∫ ∞
−∞

∫ ∞
−∞

p(x′, y′)√
(x− x′)2 + (y − y′)2

dx′dy′ (2.2.5)

where x′ and y′ are dummy integration variables.

Summing the deformation of both surfaces and using the relation of Eq. (1.3.3) to

map to the model problem, the film thickness equation becomes

h = h0 +
x2

2R
+
y2

2R
+

2

πE ′

∫ ∞
−∞

∫ ∞
−∞

p(x′, y′)√
(x− x′)2 + (y − y′)2

dx′dy′ (2.2.6)

2.2.4 Force balance

In standard hydrodynamic lubrication, the Reynolds equation is used in conjunction

with a force balance that ensures that the pressure in the fluid is enough to balance

the load applied to the system. This is true also for elasto-hydrodynamics and

involves a simple integration of the pressure as follows, where w is the applied load:∫ ∞
−∞

∫ ∞
−∞

p(x, y) dx dy = w (2.2.7)
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2.3 Non-dimensionalisation

The non-dimensionalisation method used in this study stems from a comparison to

the dry contact problem whereby two surfaces are forced together without a fluid

lubricant and zero sliding speed. Hertz solved this problem in 1882 [18], and showed

that the solution for the pressure profile is

p(x, y) = ph
√

1− (x/ah)2 − (y/ah)2 (2.3.1)

where ah defines the limit of the contact region and ph denotes the maximum pres-

sure.

(a)

(b)

Figure 2.6: Solution of the Hertzian dry contact problem for a sphere on a plane. Shown

in (a) is the full pressure solution scaled with the maximum pressure on a spatial domain

scaled by the radius of the contact area, ah. Shown in (b) is the pressure profile over a

slice at y = 0 and corresponding shape of the contact surfaces after deformation assuming

a deformable sphere on a rigid half plane.

From Fig. 2.6, it can be seen that the Hertzian solution for a sphere on a plane results

in a circular contact region of radius, ah. The radius of this region is calculated to
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be

ah =

(
3wR

2E ′

)1/3

. (2.3.2)

It can also be seen that the pressure profile reaches a maximum at the origin, ph.

Another key result is the maximum deformation – also at this point, hh. The

maximum Hertzian pressure and deformation are

ph =
3w

2πah2
hh =

ah
2

R
. (2.3.3)

Using these values as references for non-dimensionalisation, the following scaling can

be applied to the elasto-hydrodynamic equations – Eq’s. (2.2.2), (2.2.6), (2.2.7).

X = x/ah Y = y/ah

P = p/ph H = h/hh

ρ̃ = ρ/ρ0 η̃ = η/η0

T = t/(2ah/us)

(2.3.4)

Here, the x- and y-directions are scaled with the contact radius, and the pressure

and deformation are scaled with their respective maximum values from the Hertzian

dry contact solution. The density and viscosity are scaled by a reference value

also. Time has been scaled with a term containing a factor of two that is chosen

to best suit the resulting equations. Substituting into the Reynolds equation and

immediately dividing through by ρ0hh gives:

hh
2ph

ah2η0

(
∂

∂X

(
ρ̃H3

η̃

∂P

∂X

)
+

∂

∂Y

(
ρ̃H3

η̃

∂P

∂Y

))
=

6us
ah

∂(ρ̃H)

∂X
+

6us
ah

∂(ρ̃H)

∂T
(2.3.5)

Using this scaling and those of Eq. (2.3.4) the non-dimensional Reynolds equation

can be written

∂

∂X

(
ρ̃H3

η̃

∂P

∂X

)
+

∂

∂Y

(
ρ̃H3

η̃

∂P

∂Y

)
− λ∂(ρ̃H)

∂X
− λ∂(ρ̃H)

∂T
= 0 (2.3.6)

where the dimensionless parameter, λ is given by

λ =
6usη0R

2

ah3ph
(2.3.7)
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and the cavitation condition states that P ≥ 0 within the domain and reaches 0

smoothly at the boundaries, where the downstream boundary is the cavitation line

itself and is found during the solution.

The film thickness equation becomes

H(X, Y ) = H0 +
X2

2
+
Y 2

2
+

2

π2

∫ ∞
−∞

∫ ∞
−∞

P (X ′, Y ′)√
(X −X ′)2 + (Y − Y ′)2

dX ′dY ′ (2.3.8)

And finally, the force balance equation becomes∫ ∞
−∞

∫ ∞
−∞

P (X, Y )dXdY − 2π

3
= 0 (2.3.9)
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2.4 Numerical methods

The domain of the modelled contact region is an equispaced square grid. The grid

number, N , is defined such that the grid-points in each of the x- and y-directions

are numbered 0 to N, resulting in a grid with (N + 1) × (N + 1) grid-points. The

numbering convection can be seen in Figure 2.7.

Figure 2.7: Numbering convention for the equispaced grid of grid size N , such that an

(N + 1)× (N + 1) grid is formed. Labels of subscript i indicate location in the x-direction

and labels of subscript j indicate location in the y-direction.

2.4.1 Discretisation

To solve Equations 2.3.6 – 2.3.9, finite difference methods have been utilised, similar

to those used by Venner [43]. This involves a second order central discretisation for

the first two terms of the Reynolds equation and a first order upwind scheme for

the wedge term: ∂(ρ̃H)/∂X. The squeeze term, ∂(ρ̃H)/∂T , is calculated using

the previous film height solution in the same first order manner as Gao [63] and

is ignored for the first static solution. The resulting discretisation method for the

Reynolds equation is:

εi−1/2,j(Pi,j − Pi−1,j) + εi+1/2,j(Pi+1,j − Pi,j)
∆X2

+
εi,j−1/2(Pi,j − Pi,j−1) + εi,j+1/2(Pi,j+1 − Pi,j))

∆Y 2

=
ρi,jHi,j − ρi−1,jHi−1,j

∆X
+
ρi,jHi,j − ρprev.i,j Hprev.

i,j

∆T
(2.4.1)
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Here, ε = ρ̃H3/η̃λ and values taken at the intermediate locations are defined in the

manner:

εi+1/2,j =
1

2
(εi,j + εi+1,j) (2.4.2)

To discretise the film thickness equation, use is made of a deformation coefficient

matrix, K. This matrix stores the Hertzian deformation of every point in the

domain subject to a unit point load at every other location in turn. These point

load solutions can then be combined linearly to calculate the deformation for any

pressure profile.

In general, the matrix K can be created using finite element analysis and loading

a model of the required geometry at every grid location and recording the defor-

mation at all others. For sphere on a plane geometry, it is possible to calculate K

analytically – a derivation of which can be found in Venner [43] and is shown below.

Ki,j,k,l = |Xp| ln

(
Yp +

√
X2
p + Y 2

p

Ym +
√
X2
p + Y 2

m

)
|Ym| ln

(
Xm +

√
Y 2
m +X2

m

Xp +
√
Y 2
m +X2

p

)

|Xm| ln

(
Ym +

√
X2
m + Y 2

m

Ym +
√
X2
m + Y 2

p

)
|Yp| ln

(
Xp +

√
Y 2
p +X2

p

Ym +
√
Y 2
p +X2

m

)
(2.4.3)

where,

Xp = Xi −Xk + ∆X/2 , Xm = Xi −Xk −∆X/2

Yp = Yj − Yl + ∆Y/2 , Ym = Yj − Yl −∆Y/2.
(2.4.4)

Using this approach, the film thickness equation (Eq. 2.3.8) can be written as:

Hi,j = H0 +
X2
i,j

2
+
Y 2
i,j

2
+

2

π2

N∑
k=0

N∑
l=0

Ki,j,k,lPk,l (2.4.5)

The force balance equation (Eq. 2.3.9)can be calculated using any number of discre-

tised numerical integration techniques. For this study, the trapezium rule is utilised.

2.4.2 Solution method

Solution methods for the discretised equations have been refined multiple times

over the last half century. Often, the Reynolds equation is solved using a point-wise

Gauss-Seidel method whereby the new pressure solution is calculated at each grid-

point in turn and applied immediately, or by point-wise Jacobi method whereby
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the pressure solution is calculated for each point in turn but only applied after the

full sweep of points is complete. The surface deformation is updated by matrix

multiplication of Equation 2.4.5 and the force balance is checked. If the sum of

pressures is too high, the value ofH0 is increased, globally separating the two surfaces

(or moved together if the sum of pressures is too low).

These methods were shown to be unstable in some circumstances and a new standard

for solving these equations was introduced by Lubrecht and Venner [44], whereby

Gauss-Seidel line, and distributive Jacobi relaxation are utilised to solve the Reynolds

equation. Intead of visiting each grid-point in turn, each line in the x-direction (i.e.

each line of constant j) is solved simultaneously. The method used at each point

along the line (i.e each i location) depends on the value of the parameter ε/h2. For

values of ε/h2 > 0.3, Gauss-Seidel relaxation is used and the point is updated with

a new solution. For values of ε/h2 < 0.3, distributive Jacobi relaxation is used

whereby the point and its immediate neighbours (including neighbouring lines) are

updated. This method provides greater stability for the solution of the EHL prob-

lem. Venner and Lubrecht also introduced ‘Multi-Level methods’ that use multiple

grids of decreasing density to increase stability and solution speed further; however

for the isoviscous and moderately loaded contacts encountered in this study, the

solutions are solvable on a single grid.

An elasto-hydrodynamic lubrication solver incorporating the Gauss-Seidel line, and

distributive Jacobi relaxation methods, was created in Matlab by Butt [67], and

has been adapted by the author to allow for locally varying viscosity throughout the

domain.
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2.5 Validation

To compare the steady EHL solutions to those of other studies, it is useful to intro-

duce an alternative non-dimensionalisation introduced by Moes [93]. The important

values for comparison are the load parameter, also known as the Moes number

M =
w

E ′R2

(
E ′R

η0us

)3/4

(2.5.1)

and the dimensionless film height

HM =
h

R

(
E ′R

η0us

)1/2

(2.5.2)

where the superscript M is used to differentiate from the Hertzian dimensionless film

height used thus far, H = h/hh. A full discussion of popular non-dimensionalisation

schemes and their relations is covered in Appendix B.

Figure 2.8: Comparison of simulation results with best fit lines of other studies. The black

points show the central film thickness (at peak pressure) of simulations compared to the

solid line that was found to best describe simulation results by Venner and Lubrecht using

Equation 2.5.6 [44]. The red points show the minimum film height for simulations in the

isoviscous-elastic regime, M > 10, where the dotted line shows a best fit line proposed by

Hamrock and Dowson using Equation 2.5.3 [94]

Figure 2.8 shows the central film thickness results of steady simulations at various

load parameter values with a grid number of N = 27. The central film thickness
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can be defined as either HX=Y=0 at the centre of the contact or as H∂P/∂X=∂P/∂Y=0

at the peak pressure point. For simulations in the elastic regime, these locations

are the same, however for simulations in the rigid regime, where the load is small

and the surfaces do not deform, the pressure peak is located upstream of the centre

point. For 1D line contact problems, simulations can be compared to analytical

solutions; however the 2D circular contact problem is too complex and available

reference formulae are best fit lines from other numerical studies.

One such study is that of Hamrock and Dowson [94] whereby a best fit line for the

minimum film thickness in the isoviscous-elastic regime can be expressed in Moes

non-dimensionalisation parameters [95] by the equation

HM
min = 2.035M−0.21 (2.5.3)

which is shown in Figure 2.8 as a red dotted line. For comparing central film

thickness, the asymptotic cases of the isoviscous-rigid and isoviscous-elastic contacts

have been modelled respectively as

HM
ir = 41.4M−2 (2.5.4)

HM
ie = 1.96M−1/9 (2.5.5)

as expressed by Venner and Lubrecht [44]. These asymptotic cases can be com-

bined along with the asymptotic cases for piezoviscous-rigid and piezoviscous-elastic

regimes to predict the entire range of of possible parameter values [44, 93]. As the

PAL model will not include piezoviscosity, this equation can be simplified to the

following form

HM
c =

{
(HM

ir )3/2 +
[
(HM

ie )−4 + 0.01
]−3/8}2/3

(2.5.6)

which is plotted in Figure 2.8 as a solid black line. There is good agreement for

both central and minimum film thickness in the elastic regime, but a slight under

prediction of film thickness in the rigid regime. This could be due to numerical star-

vation, the phenomenon of the upstream pressure boundary conditions influencing

the solution, resulting in smaller pressure than would otherwise develop. To combat

this, as large a domain as possible is used for those simulations with load parameters

below M = 10 however this regime is not of great importance for this study.

The experimental result that is used to verify the PAL model, as described in §
1.4, starts with a central film thickness of hc ≈ 20 nm. Using the isoviscous-elastic
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formula of Equation 2.5.5 and the definition of the dimensionless parameters M

and HM from Equations 2.5.1 and 2.5.2 it is possible to deduce a value of the fluid

viscosity that will result in a similar starting film thickness using the equation below.

η0 =

(
E ′R

us

)( w

E ′R2

)4/21( h

1.96R

)12/7

(2.5.7)

Setting h = 20×10−9 m and the other values to match those of experiment in Table

1.2 gives an estimate value of η0 = 0.0743 Pa.s. Parametric testing shows that a

value for the initial viscosity, η0 = 0.075 Pa.s leads to a simulation that matches the

experimental initial central film thickness. This equates to a load parameter value

of M = 65, comfortably in the isoviscous-elastic regime.
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2.6 Mesh dependency

There are several different values that can be used to infer convergence and conclude

the simulation at each time-step, namely the force balance, pressure error, height

error and residual.

Conventionally, the solver is run until the force balance and iterative change in

pressure are adequately small as defined by∑N
i,j=0 P

n
i,j − P n−1

i,j∑N
i,j=0 P

n
i,j

< εtol (2.6.1)

∑N
i,j=0 P

n
i,j∆X∆Y − 2π

3

2π/3
< εtol (2.6.2)

Here, n denotes the iteration step and the solution scheme is terminated when the

changes in pressure solution at each iteration become smaller than a prescribed

tolerance as does the force imbalance between the summed pressure and load. The

tolerance, εtol, is commonly in the region of 10−4 [63, 96].

Figure 2.9: Mesh independence study showing key values of interest, namely central film

height, Hcen, minimum film height, Hmin, and maximum pressure, Pmax, over a range of

(N + 1)× (N + 1) grids over the domain −5 6 X 6 5,−5 6 Y 6 5.

Plotting the central film height, Hcen, minimum film height, Hmin, and maximum

pressure, Pmax, for simulations using the convergence criteria in Equations 2.6.1 and
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2.6.2 over a domain −5 6 X 6 5,−5 6 Y 6 5 shows that a grid of 257 × 257

is dense enough for mesh independence. The difference in these values of interest

between grids of N = 28 and 29 are all less than 1%.

(a) (b)

Figure 2.10: Steady (a) pressure and (b) film height solution of the elasto-hydrodynamic

equations for the initial load parameter, M = 65, simulated on a 257 × 257 grid over the

domain −5 6 X 6 5,−5 6 Y 6 5.

Figure 2.10 shows the pressure and film height solutions of the steady solution at load

parameter M = 65, which gives the initial dimensional film height of 20 nm. This

solution shows the characteristic horseshoe-shaped lobe present in isoviscous-elastic

lubricated contacts.
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2.7 Reynolds equation super-solver

Running the EHL solver until the convergence criteria of Equations 2.6.1 and 2.6.2

gives acceptably converged film heights and pressure profiles and agree well with

other studies. The use of these criteria, however, offers no explicit requirements

over the residual of the Reynolds equation itself. The Reynolds equation is simply a

mass conservation equation and as the pressure and film height results of the EHL

step will be used to calculate fluid flow rates, it is important that mass is indeed

conserved.

2.7.1 Residuals

The residual of the Reynolds equation, rR, can be calculated by substituting the

solution values of P and H into the same discretisation scheme as that of Equation

2.4.1 such that

(rR)i,j =
εi−1/2,j(Pi1,j − Pi−1,j) + εi+1/2,j(Pi+1,j − Pi,j)

∆X2

+
εi,j−1/2(Pi,j − Pi,j−1) + εi,j+1/2(Pi,j+1 − Pi,j))

∆Y 2

− ρi,jHi,j − ρi−1,jHi−1,j

∆X
−
ρi,jHi,j − ρprev.i,j Hprev.

i,j

∆T
(2.7.1)

The maximum absolute value of the Reynolds equation residual for the steady solu-

tion with εtol = 10−4 is found to be 3.19, which is large enough to result in significant

depletion of mass when results are used for transport equations. If the EHL solver

is run to much stricter convergence criteria, the residual can be reduced but the

computation time increases.

Figure 2.11 shows the residual of the Reynolds equation across the solution domain

for three levels of convergence tolerance, εtol. Large residuals at the more relaxed

tolerances are near the upstream boundaries where the pressure is set to zero. Pres-

sure in this upstream region is small and the second derivative of these values is

sensitive to minute changes. For this reason it takes much longer for the residuals

to reduce adequately.

Table 2.1 shows the effect of ever stricter convergence criteria on computation times

and select key values. Despite the continued reduction of the maximum absolute
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Figure 2.11: Absolute value of the Reynolds residual, rR of the initial steady EHL solution

at varying convergence levels of the criteria in Equation 2.6.1 and 2.6.2. Residual values

downstream of the cavitation line are set to zero as the Reynolds equation is not valid in

this region. Particular attention should be paid to the contour scales on the right hand

side.
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εtol

10−4 10−6 10−8

26 5 9 18

N 27 28 145 303

28 215 2275 4790

(a) Computation time [s]

εtol

10−4 10−6 10−8

26 0.6663 0.1453 0.1453

N 27 2.2119 0.0935 0.0740

28 3.1875 0.2038 0.0667

(b) Maximum residual, |rR|max

εtol

10−4 10−6 10−8

26 0.0390 0.0385 0.0385

N 27 0.0538 0.0538 0.0538

28 0.0566 0.0566 0.0566

(c) Central film height, Hcen

εtol

10−4 10−6 10−8

26 0.9696 0.9692 0.9692

N 27 0.9727 0.9715 0.9715

28 0.9743 0.9711 0.9710

(d) Maximum pressure, Pmax

Table 2.1: The effect of decreasing convergence tolerance on (a) computational time – to

the nearest second, run on an Intel(R) Core(TM) i5-10210U CPU – and on key values of

interest, namely (b) the maximum absolute residual of the Reynolds equation, (c) dimen-

sionless central film height at x = y = 0 and (d) dimensionless maximum pressure.

residual of the Reynolds equation as εtol decreases, it can be seen that the central

film height and maximum pressure are already well converged at higher tolerance

values, both changing less than 0.1% between εtol = 10−4 and 10−8. Moreover,

as the requirement for the residual to be low is solely to calculate flow rates that

conserve mass for the next step in the PAL solver and not to calculate more accurate

film height solutions, the large increase in computation time – in the case of the

grid, N = 28, from approximately 3.5 minutes to over 1.3 hours – means that an

alternative means of reducing the residual is desired.

2.7.2 Super-solver

To overcome the problems with mass conservation described above, it is proposed

that the EHL solver runs until sufficient convergence of the height profile – as op-

posed to pressure solution – is reached and thereafter the Reynolds equation can be

solved uncoupled from the deformation and load balance equations until a suitable

residual remains. This pressure solution is then used only for calculating fluid flow

rates such that mass is conserved.
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A new convergence criterion for the height profile can be stated such that

max
over all i,j

{
Hn
i,j −Hn−1

i,j

Hn
i,j

}
≤ εtol,EHL (2.7.2)

The converged height and pressure solution are then passed to the Reynolds equation

super-solver (RESS). For this uncoupled solver, a Gauss-Seidel scheme has been

employed. In this scheme, during the solution iteration of the Reynolds equation,

each grid-point is visited in turn and the pressure is solved for using known film

heights. The uncoupled Reynolds solver is run with the convergence criteria

max
over all i,j

{|rR|i,j} ≤ εtol,RESS, εtol,RESS = 10−3 (2.7.3)

Table 2.2 shows the comparative computational times and values of interest for

varying levels of convergence tolerance followed by the Reynolds equation super-

solver with a grid number of N = 28. Even for tolerance levels of εtol,EHL = 10−3

the height profile is well converged, the maximum residual is adequately small such

εtol,EHL

10−3 10−4 10−5 10−6

EHL 33 224 922 2885

C. Time RESS 64 57 52 40

Comb. 97 281 974 2925

(a) Computation time [s] for EHL solver, for the Reynolds Equation Super Solver (RESS) and the

combined total time.

εtol,EHL

10−3 10−4 10−5 10−6

Hcen 0.0564 0.0566 0.0566 0.0566

VOI Hmin 0.0402 0.0402 0.0402 0.0402

Pmax 0.9831 0.9743 0.9715 0.9711

(b) Key values of interest (VOI) for varying εtol for the film height convergence criteria of Equations

2.6.2 and 2.7.2.

Table 2.2: The effect of decreasing convergence tolerance on (a) computational time – to

the nearest second, run on an Intel(R) Core(TM) i5-10210U CPU – and (b) on key values

of interest, namely dimensionless central film height at x = y = 0, the dimensionless

minimum film height and the maximum dimensionless pressure.
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that derived flow rates and velocities will be consistent and conserve mass, and the

computational times are small when compared to those of Table 2.1. Figure 2.12

shows a comparison of the pressure solution and residual at the output of the EHL

solver and after the RESS. The pressure profile is slightly steeper at the inlet; the

effect this has on the calculated flow rates and velocities will be described in §2.8.

A minimal change in velocity is preferable to flow rates that do not conserve mass

and thus artificially create or destroy protein concentration when used for scalar

transport.

(a) (b)

(c) (d)

Figure 2.12: Plots (a) and (b) show comparison of pressure solution from EHL solver

and uncoupled RESS along the line y = 0 and x = 0 respectively. The EHL solution is

considered converged at a value of εtol,EHL = 10−3. Contours (c) and (d) show the residual

of the absolute value of the Reynolds residual, rR, of the initial steady EHL solution after

convergence to film height criterion of Equation 2.7.2 and subsequent super-solve of the

Reynolds equation. Particular attention should be paid to the contour scale on the right

hand side.
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2.8 Fluid flow rates

In order to model the transport of protein concentration at each time-step, the

pressure solution from the EHL equations is used to calculate volumetric flow rate

of the fluid in each direction as follows:

qx = − h3

12η

∂p

∂x
+ us

h

2
(2.8.1)

qy = − h3

12η

∂p

∂y
(2.8.2)

Using the scaling of Equation 2.3.4 with the added parameters

Qx = qx/(ushh), Qy = qy/(ushh) (2.8.3)

the flow rate equations can be non-dimensionalised as

Qx = − ε

2ρ̃

∂P

∂X
+
H

2
(2.8.4)

Qy = − ε

2ρ̃

∂P

∂Y
(2.8.5)

where ε = ρ̃H3/η̃λ as introduced in Equation 2.4.1. The equations are only valid

upstream of the cavitation line. In the cavitation region, flow rate is conserved such

that Qx downstream of the cavitation line is constant and equal to the flow rate at

the point of cavitation [97]. This model does not calculate the reformation point

and thus calculated flow rates in this region are not entirely accurate, however flow

downstream of the cavitation line is outside the area of interest.

The flow rates are calculated using central differencing as follows

(Qx)i,j = − εi,j
2ρ̃i,j

(
Pi+1,j − Pi−1,j

2∆X

)
+
Hi,j

2
(2.8.6)

(Qy)i,j = − εi,j
2ρ̃i,j

(
Pi,j+1 − Pi,j−1

2∆Y

)
(2.8.7)

and dimensionless average flow velocities across the lubricating gap can be calculated

simply as

Vx =
Qx

H
, Vy =

Qy

H
(2.8.8)

Figure 2.13 shows a comparison of fluid velocities for two simulations. One that

relies on the pressure convergence of Equations 2.6.1 and 2.6.2 reaching a tolerance

of εtol,EHL = 10−8. This simulation can be seen in Table 2.1 to take 4790 seconds
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(a) (b)

(c)

Figure 2.13: Comparison of flow velocities between the lowest residual EHL solver simu-

lation – that of pressure convergence to a tolerance of εtol = 10−8 – and that of the EHL

solver to a height convergence of εtol,EHL = 10−3 followed by the Reynolds equation super-

solver. Contours (a) and (b) show separated x- and y-component magnitudes respectively.

Velocities in the y-direction are negative when Y is negative and positive when Y is pos-

itive, the absolute values have been plotted here for simplicity. Vector plot (c) shows the

direction and magnitude of the velocity field at select grid-points.

(1.3 hrs) to converge and reaches a maximum Reynolds equation residual of 0.0667,

and another that uses the full EHL solver to a film height convergence such that

Equations 2.6.2 and 2.7.2 reach εtol,EHL = 10−3 and the subsequent Reynolds equa-

tion super-solver to reduce the maximum residual to a value of 10−3 also. This

two step simulation takes just 97 seconds combined. It is evident that the contours

of magnitude of Vx and Vy differ slightly however the vector plot in Figure 2.13c

indicates that the direction of fluid flow differs indistinguishably.
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The biggest difference – and the reason for the super-solver at all – can be seen

when analysing the derivatives of the flow rates.

∂Qx

∂X
=

∂

∂X

(
− ε

2ρ̃

∂P

∂X
+
H

2

)
(2.8.9)

∂Qy

∂Y
=

∂

∂Y

(
− ε

2ρ̃

∂P

∂Y

)
(2.8.10)

These are calculated using the same scheme used to solve the Reynolds equation in

Equation 2.4.1 and residual in Equation 2.7.1 such that

(
∂Qx

∂X

)
i,j

= −
(
εi−1/2,j(Pi,j − Pi−1,j) + εi+1/2,j(Pi+1,j − Pi,j)

2ρ̃i,j∆X2

)

+
Hi,j −Hi−1,j

2∆X
(2.8.11)

(
∂Qy

∂X

)
i,j

= −
(
εi,j−1/2(Pi,j − Pi,j−1) + εi,j+1/2(Pi,j+1 − Pi,j))

2ρ̃i,j∆Y 2

)
(2.8.12)

Figure 2.14 shows the mass conservation conditions for the two simulations. It can

be seen not only that the magnitude of the residual for the full EHL solver solution

is larger, but it is also across the entire domain – with the exception of the region

post-cavitation which is set to zero – being largest around the contact zone. The

sum of the derivatives of the flow rates as calculated from the super-solver solution

are much smaller generally but most importantly are at their largest only local to

the upstream boundary and away from the contact zone.
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(a)

(b)

Figure 2.14: Comparison of the sum of flow derivatives between (a) the lowest residual

EHL solver simulation – that of pressure convergence to a tolerance of εtol = 10−8 – and

(b) that of the EHL solver to a height convergence of εtol = 10−3 followed by the Reynolds

equation super-solver.
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2.9 Summary

In this chapter, the equations that govern elasto-hydrodynamic theory have been

non-dimensionalised, discretised and a solution method proposed for solving the

coupled system. The EHL solver has been tested for mesh independence and a

mesh number of N = 28 (a grid of 257x257 nodes) is found to be sufficient. The

solver has also been validated against other studies and found to agree well.

Further to traditional solution methods, the inclusion of a novel Reynolds Equation

Super Solver (RESS) is necessary to ensure that the residual of the Reynolds equa-

tion is sufficiently small, such that the pressure solutions can be used to calculate

flow rates for use in subsequent solver blocks while ensuring conservation of mass.

The output of this solver block provides fluid flow rate to the Flow Rate Attenuation

block and receives the viscosity field as input from the Constitutive Equation block,

both of which are covered in Chapter 4. The blocks that are covered in Chapter 4

can be viewed as in-between handling of information between the EHL solver of this

chapter and the Protein Transport Solver to be covered in Chapter 3.

51



52



Chapter 3

Transport Modelling
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3.1 Introduction

Figure 3.1: Flow diagram showing overall PAL model schematic and the placement of the

protein transport solver block within it. The block receives attenuated flow rates and film

heights and outputs protein concentration.

This chapter focusses on the protein transport solver, the position of which in the

overall model flow diagram can be seen in Figure 3.1. The transport of protein

matter in the contact zone of this protein aggregation lubrication model is governed

by the advection-diffusion equation. This method has been used to model protein

movement in previous studies including those of Hron et al., and Bridges and Ra-

jagopal [88, 89], however not for lubricated contacts. In the case of Hron et al. the

geometry was a wall-bounded rectangular domain and in the case of Bridges and

Rajagopal, the study was of blood plasma in an artery. In these studies, the bound-

ary conditions and initial condition play a pivotal role in determining the evolution

of protein concentration over time. Other studies such as those of Pritchard, Wilson

et al. [98, 99] use a transport equation that includes shear stress terms that affect

the build-up and break-down of a structure parameter to describe aggregation of

protein matter along a slowly varying pipe. The hypothesis of this study, however,

is that the geometry of the thin film contact zone plays the dominant role in the

aggregation of proteins in joint prothesis modelling. How the model captures this

geometry-specific aggregation will be covered in Chapter 4 but it is assumed here

that shear effects are negligible and as such these terms are not included in the

advection-diffusion analysis. The validity of this assumption is discussed in Chapter

5.
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3.2 Advection-diffusion

Local protein concentration can be calculated using a scalar transport equation of

the form,

∂c

∂t
+∇ · (vc)−D∇2c = 0 (3.2.1)

where c, v and D are the concentration, velocity and diffusion constant respectively.

Because of the thin-film nature of the lubrication problem, it is reasonable to assume

that the concentration is constant across the thickness of the fluid film and thus,

Eq. 3.2.1 can be integrated in this direction, resulting in the following equation∫ h

0

∂c

∂t
dz +

∫ h

0

(
u
∂c

∂x
+ v

∂c

∂y
+ w

∂c

∂z

)
dz

+

∫ h

0

(
c
∂u

∂x
+ c

∂v

∂y
+ c

∂w

∂z

)
dz −

∫ h

0

D

(
∂2c

∂x2
+
∂2c

∂y2

)
dz = 0 (3.2.2)

The assumption of constant concentration along the z-direction results in

h
∂c

∂t
+
∂c

∂x

∫ h

0

u dz +
∂c

∂y

∫ h

0

v dz

+ c

∫ h

0

(
∂u

∂x
+
∂v

∂y
+
∂w

∂z

)
dz −Dh

(
∂2c

∂x2
+
∂2c

∂y2

)
= 0 (3.2.3)

The remaining integrals are of either velocities or velocity gradients and these are

simply volumetric flow rates or gradients thereof respectively. The flow rates, qx

and qy, are defined as such

qx =

∫ h

0

u dz, qy =

∫ h

0

v dz (3.2.4)

reducing Eq. 3.2.3 further to

h
∂c

∂t
+
∂c

∂x
qx +

∂c

∂y
qy + c

∫ h

0

(
∂u

∂x
+
∂v

∂y
+
∂w

∂z

)
dz −Dh

(
∂2c

∂x2
+
∂2c

∂y2

)
= 0 (3.2.5)

The remaining integration can be dealt with using the Leibniz integral rule to in-

terchange integral and differential operators. The extra terms associated with this
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rule are all zero due to the no-slip condition at the boundaries. The integral of the

∂w/∂z term is simply the vertical velocities at the surfaces which are ∂h/∂t and 0

at the upper and lower surfaces respectively, thus the advection-diffusion equation

can be written as:

h
∂c

∂t
+
∂c

∂x
qx +

∂c

∂y
qy + c

(
∂qx
∂x

+
∂qy
∂y

+
∂h

∂t

)
−Dh

(
∂2c

∂x2
+
∂2c

∂y2

)
= 0 (3.2.6)
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3.3 Non-dimensionalisation

Non-dimensionalisation of these equations is carried out using the same scaling as

used in Equations 2.3.4 and 2.8.3, and by scaling the concentration by an initial

value c0, such that

C = c/c0. (3.3.1)

The resulting non-dimensional equation can be written as

1

2

∂C

∂T
+
Qx

H

∂C

∂X
+
Qy

H

∂C

∂Y

+
C

H

(
∂Qx

∂X
+
∂Qy

∂Y
+

1

2

∂H

∂T

)

− 1

Pe

(
∂2C

∂X2
+
∂2C

∂Y 2

)
= 0 (3.3.2)

The factors of 1/2 that appear are due to the non-dimensionalisation, T = tus/2ah,

that was convenient for the Elasto-Hydrodynamic Lubrication analysis. For the

purposes of discussing the transport of protein concentration it is useful to use the

non-dimensionalisation, τ = tus/ah, noting that τ = 2T . This gives the more

convenient advection-diffusion equation

∂C

∂τ
+
Qx

H

∂C

∂X
+
Qy

H

∂C

∂Y
+
C

H

(
∂Qx

∂X
+
∂Qy

∂Y
+
∂H

∂τ

)
− 1

Pe

(
∂2C

∂X2
+
∂2C

∂Y 2

)
= 0 (3.3.3)

where Pe is the Péclet number, defined as

Pe =
usah
D

(3.3.4)
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3.4 Discretisation

To start discretising the transport equation, it is best to move the temporal term

to the left and the spatial terms to the right hand side as these will be dealt with

differently. This results in the following form where the right hand side can be

vectorised

∂C

∂τ
= RHS(C) (3.4.1)

3.4.1 Spatial discretisation

The flow rates, Qx andQy, and their derivatives along with the squeeze term, ∂H/∂τ ,

are calculated at each grid-point prior to solving the advection-diffusion equation

thus the conservation terms are the simplest to implement:

C

H

(
∂Qx

∂X
+
∂Qy

∂Y
+
∂H

∂τ

)
≈ Ci,j
Hi,j

((
∂Qx

∂X

)
i,j

+

(
∂Qy

∂Y

)
i,j

+

(
∂H

∂τ

)
i,j

)
(3.4.2)

The diffusion terms can be discretised using a second order central difference scheme

as follows:

1

Pe

(
∂2C

∂X2
+
∂2C

∂Y 2

)
≈ 1

Pe

(
Ci−1,j − 2Ci,j + Ci+1,j

∆X2
+
Ci,j−1 − 2Ci,j + Ci,j+1

∆Y 2

)
(3.4.3)

The advection terms can be handled in a number of ways and here focus is on the

second order central method and the first order upwind method. Upwinding – using

gradient approximations exclusively from the upstream direction – is a useful tool for

maintaining stability of advection solutions particularly when using explicit Euler

methods – discussed further in § 3.4.2.

The central differencing scheme results in the following approximations for the ad-

vection terms:
Qx

H

∂C

∂X
≈
(
Qx

H

)
i,j

Ci+1,j − Ci−1,j
2∆X

(3.4.4)

Qy

H

∂C

∂Y
≈
(
Qy

H

)
i,j

Ci,j+1 − Ci,j−1
2∆Y

(3.4.5)
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The upwind scheme results in the following approximations for the advection terms

(assuming here that the flow velocity is positive in the x- and y-directions)

Qx

H

∂C

∂X
≈
(
Qx

H

)
i,j

Ci,j − Ci−1,j
∆X

(3.4.6)

Qy

H

∂C

∂Y
≈
(
Qy

H

)
i,j

Ci,j − Ci,j−1
∆Y

(3.4.7)

These finite difference approximations can be used to create a matrix equation that

models the right hand side of Equation 3.4.1 such that

RHS(C) ≈ Ac (3.4.8)

The process is the same for any spatial discretisation scheme be it central differenced

advection, upwind advection or a combination such that upwinding is used in the

x-direction – the direction in which the global sliding velocity acts – and central

differencing in the y-direction. Here the steps are shown for a scheme in which

central differencing is used for both advection terms.

Gathering the terms for each concentration location in the form

RHS(C)i,j ≈ AcCi,j + Ax−Ci−1,j + Ax+Ci+1,j + Ay−Ci,j−1 + Ay+Ci,j+1 (3.4.9)

results in the following coefficients

Ac =

{
1

Hi,j

((
∂Qx

∂X

)
i,j

+

(
∂Qy

∂Y

)
i,j

+

(
∂H

∂τ

)
i,j

)
+

1

Pe

(
2

∆X2
+

2

∆Y 2

)}
(3.4.10)

Ax− =

{
1

2∆X

(
Qx

H

)
i,j

+
1

Pe

(
1

∆X2

)}
(3.4.11)

Ax+ =

{
− 1

2∆X

(
Qx

H

)
i,j

+
1

Pe

(
1

∆X2

)}
(3.4.12)

Ay− =

{
1

2∆Y

(
Qy

H

)
i,j

+
1

Pe

(
1

∆Y 2

)}
(3.4.13)
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Ay+ =

{
− 1

2∆Y

(
Qy

H

)
i,j

+
1

Pe

(
1

∆Y 2

)}
(3.4.14)

If the concentration at each point in the (N + 1)× (N + 1) domain are stored in a

vector organised as follows

c =



C1,1

C2,1

...

Ci,j−1
...

Ci−1,j

Ci,j

Ci+1,j

...

Ci,j+1

...

CN,N+1

CN+1,N+1



(3.4.15)

then the right hand side for an internal point at location i, j can be calculated by a

multiplication of vectors.

RHS(C)i,j ≈
[
0 · · · Ay− · · · Ax− Ac Ax+ · · · Ay+ · · · 0

]c
 (3.4.16)

External points at the edges of the domain are created far enough away from the

contact region that the boundary condition ∂C/∂τ = 0 is used such that

Cn+1
1,j = Cn

1,j

Cn+1
N+1,j = Cn

N+1,j

Cn+1
i,1 = Cn

i,1

Cn+1
i,N+1 = Cn

i,N+1

(3.4.17)
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With these conditions, the full matrix, A, can be built in the following manner,

whereby the sub-matrices

Ac =



0

Ax− Ac Ax+
. . . . . . . . .

Ax− Ac Ax+

0


(3.4.18)

Ay− =



0

Ay−
. . .

Ay−

0


, Ay+ =



0

Ay+
. . .

Ay+

0


(3.4.19)

are used to form the sparse matrix which contains five non-zero diagonals

A =



0

Ay− Ac Ay+

. . . . . . . . .

Ay− Ac Ay+

0


(3.4.20)

such that

RHS(C) ≈

 A


c
 (3.4.21)

3.4.2 Temporal discretisation

It is common to discretise the time derivative of the left hand side as follows

∂Ci,j
∂τ
≈
Cn+1
i,j − Cn

i,j

∆τ
(3.4.22)
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where the superscript, n, denotes the current time-step and n + 1, the subsequent

time-step. The relation of left to right hand side can take a number of forms, and

here we will address the θ-methods which are of the form

cn+1 − cn

∆τ
= (1− θ)Acn + θAcn+1 (3.4.23)

Setting θ to 0, 1, and 1/2 gives rise to the ‘explicit’ (or ‘forward’ ) Euler, ‘implicit’

(or ‘backward’ ) Euler and ‘Crank-Nicolson’ methods respectively.

The explicit Euler method is of first order accuracy and is known to be stable only

when the Courant-Friedrichs-Lewy (CFL) condition is met. This condition imposes

an upper limit on the time-step such that u∆τ/∆X 6 1, and similarly for the y-

direction [100]. Furthermore upwinding spatial schemes are frequently used with

explicit Euler schemes because information about the next time-step is travelling

from upstream. The solution for the subsequent time-step is calculated as

cn+1 − cn

∆τ
= Acn (3.4.24)

cn+1 = (I + ∆τA)cn (3.4.25)

needing only a matrix multiplication and is thus the simplest method to implement.

The implicit Euler method is stable for all values of ∆τ and furthermore, as the

right hand side uses the next time-step as its domain, the need for upwinding is

relaxed. This scheme is also first order accurate in time and is solved as follows

cn+1 − cn

∆τ
= Acn+1 (3.4.26)

cn+1 = (I −∆τA)−1cn (3.4.27)

requiring a matrix inversion to solve, which is more costly than the explicit method.

The Crank-Nicolson method uses both the current and next time-step in the right

hand side and is of second order accuracy. The solution is found as follows

cn+1 − cn

∆τ
=

1

2
Acn +

1

2
Acn+1 (3.4.28)

cn+1 = (I − ∆τ

2
A)−1(I +

∆τ

2
A)cn (3.4.29)

and requires the most costly matrix manipulation to solve, with what is fundamen-

tally an explicit step of ∆τ/2 followed by an implicit step of the same size.
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3.5 Scheme testing

To test validity and accuracy of the advection-diffusion solver it is possible to test it

against some well-studied analytic cases. Most cases deal with purely one- or two-

dimensional advection-diffusion problems and as such it is possible to set H to unity

for the following test cases, thereby effectively reducing the flow rates to velocities

such that the equation looks more conventional:

∂C

∂τ
+ Vx

∂C

∂X
+ Vy

∂C

∂Y
+ C

(
∂Vx
∂X

+
∂Vy
∂Y

)
− 1

Pe

(
∂2C

∂X2
+
∂2C

∂Y 2

)
= 0 (3.5.1)

where

Vx = Qx/H, Vy = Qq/H. (3.5.2)

After the schemes have been tested, this assumption can be relaxed when analysing

the lubricated contact geometry.

3.5.1 Gaussian pulse

The first test case is that of a Gaussian pulse that has initial form

C(X, Y, 0) = exp(−Pe(X −Xinit)
2 − Pe(Y − Yinit)2) (3.5.3)

where Xinit and Yinit are the initial coordinates of the Gaussian peak. The evolution

of this pulse over time follows the following analytic expression [101]

C(X, Y, τ) =
1

1 + 4τ
exp

(
−Pe

(X −Xinit − Vxτ)2

1 + 4τ
− Pe

(Y − Yinit − Vyτ)2

1 + 4τ

)
(3.5.4)

where Vx and Vy are constant in space and time. The initial starting point of the

peak was set to Xinit = Yinit = 0.4 and the simulation was run for a duration of

τ = 0.2. The results of simulations at multiple Péclet numbers and values of ∆τ are

shown in Figures 3.2 and 3.3.

Figure 3.2 shows the results of several different schemes predicting the solution to

the Gaussian pulse advection-diffusion problem with a Péclet number of 100 and

velocities Vx = Vy = 1. The solutions are fully 2D, however, for comparison, only

the slice along X = Y is plotted. The grid is such that N = 27 over the domain
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Gaussian Pulse: Pe = 100

(a) (b)

(c) (d)

Figure 3.2: Gaussian pulse simulations at Pe = 100 where (a) shows the initial condition

at τ = 0 and (b) shows the analytic result at τ = 0.2. The red line shows the slice along

X = Y along which the following plots (c) and (d) are shown with simulations using time-

steps of ∆τ = 0.01 and ∆τ = 0.001 respectively.

0 6 X, Y 6 1, which gives a value of ∆X = 0.00781. Time-steps have been chosen

at values of ∆τ = 0.01 and ∆τ = 0.001 such that the results of violating and meeting

the CFL condition can be analysed. When the time-step is larger, the explicit Euler

method leads to an unstable solution and the difference in accuracy between the

implicit Euler and the Crank-Nicolson methods is evident. When the time-step

becomes smaller, the explicit method is stable and the difference in accuracy of the

different temporal schemes becomes smaller as expected. The inaccuracy of the first

order upwind method is persistent across both simulations and will only improve

with increased grid density, which is more expensive than increased time density.
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Gaussian Pulse: Pe = 1000

(a) (b)

(c) (d)

Figure 3.3: Gaussian pulse simulations at Pe = 1000 where (a) shows the initial condition

at τ = 0 and (b) shows the analytic result at τ = 0.2. The red line shows the slice along

X = Y along which the following plots (c) and (d) are shown with simulations using time-

steps of ∆τ = 0.01 and ∆τ = 0.001 respectively.

Increasing the Péclet number to 1000 as is shown in Figure 3.3 results in the disparity

of solution accuracy between the second order central scheme and the first order

upwind scheme becoming more apparent. Another feature of this higher Péclet

simulation is the introduction of oscillatory behaviour in the Crank-Nicolson scheme

at larger time-steps. This is a well-known feature of the scheme and occurs because

this method is partly reliant on a sub explicit Euler step. This oscillatory behaviour

does not manifest in the upwind schemes because the numerical diffusion present is

enough to artificially smooth the high gradient. The fully implicit method does not

suffer from these oscillations but still requires an adequately small time-step to be

considered accurate.
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3.5.2 High gradients

To better understand the behaviour of these schemes near high concentration gra-

dients, simulations were run for initial conditions of a discontinuous step down from

C = 1 to 0 and also the equivalent step up from 0 to 1.

Step down: C(X, 0) =

1, for X 6 0.4

0, for X > 0.4.
(3.5.5)

Step up: C(X, 0) =

0, for X 6 0.4

1, for X > 0.4
(3.5.6)

The analytic solution for the advection-diffusion of these initial conditions are as

shown [102]

Step down: C(X, τ) =
1

2

(
1− erf

(
X −Xinit − Vxτ√

4Dτ

))
(3.5.7)

Step up: C(X, τ) =
1

2

(
1 + erf

(
X −Xinit − Vxτ√

4Dτ

))
(3.5.8)

For these simulations the domain 0 6 X 6 1 is split in to steps of ∆X = 0.01

and again run with time-steps of both ∆τ = 0.01 and 0.001. The velocity, Vx = 1

and the initial conditions are such that the step change occurs at Xinit = 0.4 in

both cases. If the dominant length scale and velocity are both unity, the diffusion

constant, D, is simply, 1/Pe. The simulations were run for a total time of τ = 0.2

and the results can be seen in Figures 3.4 and 3.5.

These simulations show similar behaviour to those for the Gaussian pulse with re-

spect to the upwind schemes showing more numerical diffusion than the central

schemes. The instability of the explicit Euler methods and the oscillatory behaviour

of the Crank-Nicolson scheme at larger time-steps are also still apparent, however,

in Figures 3.4f and 3.5f all three central differencing schemes also suffer from spuri-

ous oscillations. This phenomena is due to the spatial density rather than temporal

density and is know to occur where concentration gradients are especially large. Suf-

ficient diffusion – whether physical or numerical – will suppress the onset of these

spurious oscillations and as such they are not present in the solutions involving lower

Péclet number. The oscillations can also be suppressed with sufficient spatial grid

density.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.4: Comparison of numerical simulation with analytic solution to the advection-

diffusion of a downward step function. The uppermost plots (a) and (b) show the analytic

solution at times τ = 0, 0.1 and 0.2 for Péclet numbers 100 and 1000 respectively. The

following plots (c),(d),(e) and (f) show the comparison at time τ = 0.2 of the analytic

solution with those of the different numerical schemes using time-steps ∆τ = 0.01 and

0.001.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.5: Comparison of numerical simulation with analytic solution to the advection-

diffusion of an upward step function. The uppermost plots (a) and (b) show the analytic

solution at times τ = 0, 0.1 and 0.2 for Péclet numbers 100 and 1000 respectively. The

following plots (c),(d),(e) and (f) show the comparison at time τ = 0.2 of the analytic

solution with those of the different numerical schemes using time-steps ∆τ = 0.01 and

0.001.
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3.6 Conservation terms

Having tested the validity of the developed solver on conventional advection-diffusion

problems, the final terms to be addressed are the flow rate conservation terms. For

the calculated fluid flow rates of the EHL contact the terms

∂Qx

∂X
+
∂Qy

∂Y
+
∂H

∂τ
= 0 (3.6.1)

are necessarily equal to zero as a result of mass conservation. In fact, Equation 3.6.1

is indeed just the Reynolds equation in an alternate form. Although this is still true

of the fluid, the protein matter itself is modelled with attenuated flow rates. These

terms are no longer necessarily equal to zero and must be included in the scalar

transport solver. The effect of flow rate attenuation on the transport of protein

matter is covered in Chapter 4.

3.6.1 Squeeze term

It is possible to examine the effect of the squeeze term, ∂H/∂τ , independently and

the role that this transient behaviour has on protein concentration. It is noted that

if all flow rates are set to zero, and in the absence of any diffusion, the amount of

protein matter across the thin film at any given point should remain constant. The

total protein content is calculated by multiplying the concentration by the height of

the gap, i.e
∂

∂t
(ch) = 0 (3.6.2)

which can be expanded to give the relation

∂c

∂t
= − c

h

∂h

∂t
(3.6.3)

the non-dimensionalised form of which can be obtained by setting Qx = Qy =

1/Pe = 0 in Equation 3.3.3 such that

∂C

∂τ
= −C

H

∂H

∂τ
. (3.6.4)

The derivative of height with time is calculated for this test case such that

Cn+1
i,j − Cn

i,j

∆τ
= − 1

Hn+1
i,j

Hn+1
i,j −Hn

i,j

∆τ
Cn+1
i,j (3.6.5)

Setting Hn to that of the steady state EHL solution from Chapter 2 and Cn to

unity across the domain a simulation setting flow rates and diffusion terms to zero

69



Figure 3.6: Concentration profile after simulation step of ∆τ = 0.01 and rate of change

of film height set to ∂H/∂τ = −1 across the domain. The simulation was run with a

grid density of N = 27 but downsampled to a grid density of N = 25 when plotted to aid

visualisation.

was run for a time-step of ∆τ = 0.01 and ∂H/∂τ = −1 at all points such that

Hn+1 = Hn + ∆τ(∂H/∂τ) = Hn − 0.01.

Figure 3.6 shows the results of a decreasing gap height on the concentration of

protein throughout the lubricating domain. In the contact region where film height

is smallest, relatively large changes in concentration are seen. In regions further

away from the contact zone, where film heights are much larger, the squeeze term

has minimal effect and the concentration stays close to unity. For a film height that

is increasing, i.e. ∂H/∂τ > 0, concentration would decrease in the same manner.

This term ensures the conservation of total protein mass.
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3.7 Unknown value problem

Figure 3.7: Diagram showing available known variables at each time-step of the transport

problem. Cn+1 can be used for calculations of the implicit scheme, however the film height

and flow rate conditions at that time-step are not yet known.

Until now, the scalar transport solver has been tested on cases where Qx, Qy and H

have been constant – or in the case of the squeeze term, known – however when using

the values as calculated by the EHL solver, all of these values are varying in time.

For this reason, it matters which time-step is used in calculating those terms that are

included in the right hand side matrix. They should match the temporal scheme and

therefore the matrix, A, will be different for explicit and implicit methods. For the

Crank-Nicolson method this requires both the explicit matrix and implicit matrix

to be calculated. Figure 3.7 highlights an issue with the full protein aggregation

lubrication model in that the film height and flow conditions of the next time-step

are unknown, and cannot be calculated until the resulting concentration profile from

the transport solver can be applied via the constitutive equation back into the elasto-

hydrodynamic solver. It is desirable to use the implicit Euler scheme for its stability

over the explicit Euler method and even over the Crank-Nicolson method – the

increased accuracy of which comes also with the potential for oscillatory behaviour.

To do so, however, would entail creating the matrix, A, with conditions from the

current time-step instead of the subsequent. If the time-steps are sufficiently small,

any error incurred by this scheme are minimised. The efficacy of this approach is

analysed in Chapter 5.
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3.8 Summary

In this chapter, a protein transport solver that models the movement of protein con-

centration has been developed. The advection-diffusion equation that governs this

behaviour has been non-dimensionalised and multiple discretisation methods have

been introduced. The solver and discretisation methods have been verified against

known solution test cases and found to agree well under certain conditions, namely

if sufficiently high order advection scheme, mesh density and time-step density are

used.

The implicit Euler temporal discretisation scheme has been chosen for it’s stability.

A second order central differencing spatial discretisation scheme has been chosen for

the advection terms, which are the primary source of solver instability. It is noted

that this scheme is revisited after model calibration to provide higher order schemes

by introducing additional diagonals in the solution matrix, A.

This Protein Transport Solver block takes protein flow rates as input to the advection-

diffusion equation from the Flow Rate Attenuation solver block and outputs an up-

dated protein concentration field which is passed to the Constitutive Equation block,

both of which are covered in Chapter 4.

72



Chapter 4

Protein Aggregation and Rheology
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4.1 Introduction

Figure 4.1: Flow diagram showing overall PAL model schematic and the placement of the

flow rate attenuation and constitutive equation blocks within it. The flow rate attenuation

block receives volumetric fluid flow rate and outputs protein flow rates to be used in the

scalar transport equation. Protein concentration profiles are then sent to the constitutive

equation which calculates the viscosity field and passes this back to the EHL solver to begin

the next time-step.

This chapter describes the two solver blocks that deal with the rheology of the

lubricating fluid. Figure 4.1 shows the location of these two blocks within the full

PAL solver diagram. The flow rate attenuation block sits between the output of the

RESS and the input of the scalar transport equations. This block takes the fluid flow

rate and calculates an appropriate flow rate for the protein molecules as described by

the concentration field. The second block contains the constitutive equation which

receives the resulting protein concentration field from the scalar transport equation

and calculates the viscosity field which is then used in the next time-step.
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4.2 Protein movement attenuation

If the protein matter is modelled as moving freely with the fluid, the concentration

of protein matter throughout the contact zone remains uniform over time. There are

many factors that can alter the flow rate of protein molecules, with respect to the

flow rate of fluid, including surface adsorption [103, 104], increased concentration

causing hindrance by neighbouring particles [105, 106], and physical obstruction by

decreasing gap size [107, 108].

The adsorption of protein molecules onto the lubrication surfaces will have an effect

on the concentration of protein content at points throughout the domain. Adsorp-

tion is the process by which molecules adhere to the lubricated surfaces by means

such as electrostatic interaction or hydrophobicity [104]. The complex nature by

which tribochemistry influences lubrication is beyond the scope of this thesis which

instead aims to model PAL by a singular modified flow rate approach and to ascer-

tain whether this approach is sufficient to replicate the behaviour of PAL.

To do this, a scaling factor, φ is introduced such that the protein flow rate is related

to the fluid flow rate such that

Q = φQ∞. (4.2.1)

and resolved in the defined x- and y-directions as

Qx = φxQx,∞ (4.2.2)

Qy = φyQy,∞ (4.2.3)

Here, there is a change in notation such that Q∞ denotes the fluid flow rate as

calculated from the results of the EHL and RESS, and Q denotes the protein flow

rates that are to be used in the scalar transport equation. The scaling factor, φ, is

a function that can be used to capture the protein flow rate behaviour with respect

to multiple different underlying variables.

The variables that the function φ depends upon could include – but is not limited to

– the concentration of protein matter, C, the height of the lubricating gap, H, and

the gradient of the height, resolved as ∂H/∂X and ∂H/∂Y . These variables make

intuitive sense as potential factors; increased concentration can cause overcrowding

of suspended macromolecules and in turn reduce the flow rate. This is included

in Stokesian dynamics simulations whereby the presence of neighbouring molecules

affect the drag experienced by others [86]. At points in the domain where the fluid
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film is thin enough, protein flow rate will differ from that of the fluid as the gap

becomes too small for the macromolecules to flow freely and unobstructed [108]. It

is also intuitive that converging gaps may attenuate the flow of protein more-so than

a diverging gap as would be experienced as the matter close to the centreline flows

outwards in the y-direction. The inclusion of a direction dependant term such as

the height gradient – or indeed any other directional variable, such as the sliding

speed or shear rate – would lead to different scaling to the flow rates in the x- and

y-direction as the functions φx and φy would differ.

For this first PAL model, it is desirable to keep the function as simple as possible

while still capturing the fundamental behaviour of protein aggregation. Including

multiple variables introduces many weighting coefficients in the function, φ, which

require calibrating. Instead, the hypothesis of this thesis is that the geometry of

the problem, namely the film height, is the single most influential factor in the

attenuation of protein flow rate and as such a scaling factor dependant on this

variable alone is used as the focus of this study into modelling the behaviour of

protein aggregation lubrication. The film height is not dependant on the direction

of the flow rate and as such the functions, φx and φy become the same, resulting in

the relations

Qx = φ(H)Qx,∞ (4.2.4)

Qy = φ(H)Qy,∞. (4.2.5)
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4.3 Proposed scaling factor

The nature by which the small gap hinders protein movement lies within the shape

of the function, φ. It is clear that when the gap becomes smaller than individual

unaggregated protein molecules, no protein matter can flow with the fluid, i.e

φ(H) = 0, when H < Hp (4.3.1)

where Hp is used to donate the dimensionless length scale of individual protein

molecules. The Stokes radii of Albumin and Globulin are around 3.5 and 5.4 nm

respectively [109, 110], giving a good indicator of molecule size. The Stokes radius

is defined as the radius of a hard sphere that diffuses at the same rate as the

solute [111]. Non-dimensionalising these length scales with the Hertzian deformation

height, hh, for this PAL model gives dimensionless values Hp,Globulin = 0.0156 and

Hp,Albumin = 0.0101. For the purposes of simplicity, it is assumed that these lengths

are sufficiently small as to be treated as zero with little effect to the filter function,

φ. The validity of this assumption is examined in Chapter 5.

It is also clear that as the film height becomes large enough, the protein molecules

and even large aggregate clumps of protein matter should be able to flow freely with

the fluid, i.e

φ(H)→ 1, as H →∞. (4.3.2)

Between these limits the function should increase monotonically as there should

be no instance of a smaller film height allowing protein to move more freely than

a larger film height. The exact behaviour and shape of the function, however,

depends on the distribution of protein aggregate size within the fluid, which is

unknown. In lieu of modelling protein interactions and the subsequent build up and

breakdown of aggregate networks, which would require much computational expense

and knowledge of the particle initial conditions, a reasonable estimate of a likely size

distribution shape can be used.

Particle size distributions for suspensions in fluids are commonly modelled using

log-normal or Rosin–Rammler (also known as Weibull) distributions [112]. Another

method is to use the hyperbolic tangent distribution family to model the cumulative

distribution of particle size as both log-normal and Rosin-Rammler distributions can

be approximated well by this family of curves and thus it provides a convenient com-

parison to multiple different studies and is more general [113, 114]. The hyperbolic

tangent family of curves is given by:
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F (x) =

tanhm(ax+ b)n, for ax+ b < 0

0, otherwise
(4.3.3)

The parameters, a, and, b, govern the range over which the particle size is distributed

and the parameters, m, and, n, govern the location and magnitude of inflection

points of the probability distribution curve. It is an assumption that the number

of aggregate clumps at any given size decreases as that size becomes larger. This

is shown to be the case for human serum albumin (HSA) samples with the largest

aggregate particles being of the 50–100 µm scale [115]. This would suggest that a

cumulative curve of the hyperbolic tangent family with values of m and n close to

1 would be an appropriate approximation of distribution for this first PAL model.

For simplicity in this study, these parameters are fixed as m = n = 1, however

further studies modelling PAL could allow these values to be discovered during the

calibration process of Chapter 5.

Further simplifications can be made by examining the effects of the parameters, a,

and b. These parameters govern the ’significant size interval’, that is the range of

sizes over which the majority of particles lie and can be related to the minimum and

maximum particle size [113] (if known) as

a =
1

xmax − xmin

, b = − xmin

xmax − xmin

. (4.3.4)

It has been discussed in §4.2 that the minimum length scale of aggregate molecules

is of the order of the Stokes’ radii of albumin and globulin and are of such a size as

can be assumed zero. This, in turn, results in a value of b = 0. Without knowledge

of the maximum particle size, parameter, a, is free to be calibrated.

The resulting modelled particle size distributions can be seen in Figure 4.2, where

the cumulative distribution functions are given by the hyperbolic tangent function

family of Equation 4.3.3 with parameters, b = 0, and m = n = 1, and with varying

values of parameter, a. Also shown is the associated probability density functions. If

it is the assumption that protein aggregate size is distributed in a manner similar to

those functions, f(x), then it follows that the flow rate attenuation function, φ(H),

should be of a form similar to those functions, F (x), as this simply indicates the

proportion of protein aggregates smaller than the film height at that point. Any

aggregate molecules larger than the film height will be obstructed.
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(a) (b)

Figure 4.2: Particle size distribution models showing. Plot (a) shows the modelled proba-

bility density function of particle size. Plot(b) shows the modelled cumulative distribution

function. Both plots show a range of values of parameter, a.

Figure 4.3: Proposed scaling factor function for limiting flow rate of protein transporta-

tion. The gradient parameter, a, can be used for tuning the function – various values of

parameter, a, shown in grey.

As such the proposed scaling factor function is the modelled cumulative particle size

distribution of the form

φ = tanh(aH) (4.3.5)

the gradient of which can be tuned via the free parameter, a, as depicted in Figure

4.3.
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4.4 Scalar transport with attenuated flow rates

The parameter a is subject to a search to determine which value gives the closest

approximation to experiment in Chapter 5, however we can examine the result of

flow attenuation on the concentration of protein matter across the lubrication region.

Figure 4.4: Varying gradient parameter showing effects on the flow rate attenuation func-

tion φ = tanh(aH).

Figure 4.4 shows three different gradient parameters, a = 1.0, 0.3 and 0.1 and the

effect that has on the resulting flow filter function φ. Using the central differenced

implicit Euler method for the scalar transport equation a single time-step of ∆T =

0.1 can be solved to view the effect the gradient of the attenuation function has on the

impediment of protein matter. Decreasing the gradient results in the accumulation of

protein matter further upstream, and for these simulations the steady solution, with

the parameters from Table 1.2, is solved over a domain of −8 6 X 6 2,−5 6 Y 6 5

with a grid density of N = 28. This grid density is the same as previously found

mesh independent and the domain has not been stretched in the x-direction but

merely shifted such that the steady solution results in key values Hcen, Hmin and

Pmax that negligibly differ.

Figure 4.5 show the concentration fields after a single time-step for these three values

of parameter a. Where the gradient is highest, the protein matter accumulates in a

very local region at the inlet of the contact zone. As protein matter is also slower

moving in the contact zone, the region directly downstream is starved. This is

most noticeable in two large regions where if the cavitation condition had not been

enforced, matter would be flooding in from the sides. Flow rates in this region

downstream of the cavitation line are not accurate but are also outside the region
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of interest. As the gradient parameter decreases, the flow rate is more greatly

attenuated and the protein accumulates further upstream. As the slope of the filter

function is less severe, the concentration peak is much smaller but vastly more spread

out across the domain.
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Figure 4.5: Concentration profile after a time-step of ∆T = 0.1 and a Péclet number of

Pe = 104 for varying values of the gradient parameter, a. The film height and flow rate

are of the initial steady solution.
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4.5 Diffusion

The Péclet number is assumed to be in the order of 104 – 105 based on available

studies of the diffusion constant of synovial proteins, albumin and globulin [102,

116, 117]. The studies show that the diffusion constant and thus the Péclet number

are concentration-dependent.

The study by Wakeham et al. [102] shows that the diffusion constant for albumin

decreases as concentration increases ranging from D = 4.4 × 10−11 m2/s at a con-

centration of 21.4 mg/ml down to a diffusion constant of D = 2.4 × 10−11 m2/s

at a concentration of 163 mg/ml, which is over nine times the initial concentration

of 18 mg/ml from experiments by Myant and Cann [39]. These values of diffusion

constant, D, result in Péclet numbers of Pe = 3.7 × 104 and 6.8 × 104 respectively

using Equation 3.3.4.

A study by Grimaldo et al. [116] shows similar behaviour for the diffusion constant

of globulin with diffusion constant in the dilute limit of D = 3.3 × 10−11 m2/s

(Pe = 4.9× 104), decreasing as the volume fraction of globulin increases. The study

shows that the diffusion constant is roughly halved as the volume fraction reaches

0.1. Using the specific volume of globulin θ = 0.739 ml/g [116] this equates to a

concentration of 150 mg/ml (8.4 times the initial concentration, c0) and results in a

Péclet number of Pe = 9.8× 104.

Péclet numbers in the region of 104 – 105 show that advection dominates the scalar

transport equation and changes to the diffusion constant may have a negligible effect

on the movement of protein matter where the diffusion plays such a small role.

Figure 4.6 shows the concentration field after a single time-step for varying Péclet

number using a gradient parameter of a = 0.3. There is very little to distinguish

the resulting fields and it is assumed that if the Péclet number is sufficiently large,

the effect of concentration-dependent diffusion can be assumed negligible. Over

longer periods of time, the relative value of the Péclet number could have a more

pronounced effect and as such the validity of this assumption is examined in Chapter

5.
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Figure 4.6: Concentration profile after a time-step of ∆T = 0.1 and gradient parameter,

a = 0.3, for varying values of the Péclet number. The film height and flow rate are of the

initial steady solution.
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4.6 Constitutive equation

As has been discussed in §1.3.1, the viscosity should increase exponentially with

increasing concentration of protein and therefore should be of the form

η = ηpfe
β(c/c0) (4.6.1)

where ηpf is the protein-free viscosity i.e. at zero concentration and c0 is the initial

concentration at zero time. As the concentration does not change over time far from

the contact zone, c0 is the fixed concentration upstream.

Knowing the initial condition, η = η0, c = c0, leads to the following relation

β = ln(η0/ηpf). (4.6.2)

Substituting back into Equation 4.6.1 gives

η = ηpf

(
η0
ηpf

)C
(4.6.3)

such that when non-dimensionalised, the constitutive equation becomes

η̃ =

(
1

η̂

)(C−1)

η̂ = ηpf/η0. (4.6.4)

Here, η̂, is a dimensionless viscosity parameter, normalised in the same manner as

η̃ using the initial reference viscosity, η0. In Chapter 2 an initial reference viscosity

of η0 = 0.075 Pa.s was shown to give good agreement with the initial central film

thickness measurements of the experiment by Myant and Cann [71], in which the

post-scratch central film thickness just before the inlet aggregate starts to accumu-

late, is around 20 nm. The value of η̂ is subject to a search to examine which value

best replicates the results of experiment.
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4.7 Summary

In this chapter, the two solver blocks that deal with the rheology of the lubricating

fluid have been developed. These are namely the Flow Rate Attenuation and Con-

stitutive Equation blocks. The former of these blocks takes as input the fluid flow

rate from the EHL Solver and RESS (Chapter 2) and uses a simple scaling function

to deduce the protein flow rate, which is then passed to the Protein Transport Solver

block (Chapter 3). The scaling function, φ is dependant on lubricating film height

and has the form of an approximated cumulative distribution function of protein

molecule size. This allows for the modelling of protein obstruction by the geometry

of the lubricated surfaces and results in the localised accumulation of protein con-

centration at the inlet of the contact zone. The behaviour of the scaling function is

adjusted by the gradient parameter, a.

The second block discussed in this chapter is a constitutive equation that takes as

input the updated protein concentration field and derives the local viscosity of the

fluid. The relation between protein concentration and viscosity has been found in

previous literature to be exponential in nature and as such the constitutive equation

in this study is of this form whereby the severity of this relation is governed by the

dimensionless viscosity parameter, η̂

The two parameters, a, and η̂, introduced within this chapter underpin the nature

of the full protein aggregation lubrication model and a parameter search to identify

the values that give transient central film thickness results that best match the ex-

periment by Myant and Cann [71] is needed to calibrate the model. This calibration

is conducted in Chapter 5.
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Chapter 5

Transient Protein Aggregation

Lubrication Model
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5.1 Introduction

Figure 5.1: Flow diagram showing overall PAL model schematic including all previous

blocks. One full circuit around the diagram represents one time-step and this procedure is

repeated for transient results.

In this chapter, the previous flow diagram stages are combined to form the tran-

sient protein aggregation lubrication solver as shown in Figure 5.1. The parameters

introduced in Chapter 4, namely the flow attenuation function gradient parameter,

a, and the non-dimensionalised, protein-free viscosity, η̂, are subject to a parameter

search to identify values that result in simulations that best match the central film

thickness of experiment. These values are found and thus the model is deemed to

be calibrated for the operating conditions found in experiments by Myant and Cann

[71].

The calibrated transient model is then analysed for time-step and mesh indepen-

dence, and refined as necessary. Full details of this process can be found in Appendix

C. Finally, the results of the simulation are explored, including the concentration

build up, the shape of the lubricated surfaces and the development of the pressure

profile, and compared to those of the experiment.
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5.2 Parameter search

A series of simulations were run spanning a range of values for the two free param-

eters – a, the hyperbolic tangent gradient of Eq. 4.3.5 and η̂, the ratio of protein

free viscosity to initial viscosity that defines the concentration relation, Eq. 4.6.4.

The Péclet number is assumed constant and fixed at Pe = 104 and the time-step is

set to a value of ∆T = 0.1. This choice of time-step is examined further in section

§ 5.3. The ranges are summarised below in Table 5.1 and give a total of 400 initial

simulations.

Dimensionless Variable Range Step

η̂ 0.0133 – 0.266 0.0133 (20 steps)

a 0.02 – 0.4 0.02 (20 steps)

Table 5.1: Parameter range and step size for simulations. The unusual step size for η̂

stems from the choice of range for dimensional variable, ηpf , being 0.001 – 0.02 Pas.s with

a step size of 0.001 Pa.s

As was shown in Figure 4.5, for lower values of the gradient parameter, a, protein

accumulation starts far upstream of the contact zone and a larger domain is needed

to simulate the transport equations. Due to the increased computational cost, it

is not desirable to increase the domain size of the EHL solver or protein transport

solver while keeping the same grid density. Moreover, the EHL solver is known to

be mesh independent and increasing the domain by using a coarser mesh is also not

desirable in order to maintain accuracy.

To reach the requirements of a sufficiently dense EHL domain and a sufficiently large

transport domain, the latter is enlarged to cover −10 6 X 6 10,−10 6 Y 6 10

while keeping the same grid number N = 28. Figure 5.2 shows an example of this

two grid system for a grid number of N = 24. This results in a transport grid that

is only half as dense as the computational EHL grid. The film height solutions from

the EHL solver are therefore sampled in the domain −5 6 X 6 5,−5 6 Y 6 5 and

outside of this region the film heights are assumed to be undeformed. The average

difference between the deformed and undeformed film thickness at the boundary

of the EHL solver is less than 0.51%. The Reynolds equation super-solver is run

on the enlarged grid allowing for conservation of mass over the entire transport

domain. The validity of this approach is further explored in § 5.3 for the calibrated

parameters that result from the search.
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Figure 5.2: Example of an enlarged transport grid for a mesh number, N = 24, showing

location of grid-points for both the EHL grid and the transport grid.

5.2.1 Initial parameter search results

Figure 5.3: Initial parameter search showing range of simulation solutions (solid grey) as

compared to experimental results (black points).

The initial parameter search simulations to establish optimal model parameters

were run for 72 hours before being terminated. This period proved adequate for

determining the behaviour of fluid film development with respect to the parameter

space. The initial spread of film thickness curves in Figure 5.3 is wide and in order to

evaluate which curves best approximate the experimental results two factors were

used, the first being the stable film height that the simulations approach – this

film height plateau can be seen in some but not all of the simulations in Figure

5.3. The second factor used is a measure of curve similarity, to examine which

simulations best approximate the growth phase of the central film thickness. These
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two evaluation methods were adequate to determine an optimal pair of parameters,

η̂ and a, whereby the simulation film thickness grows at a similar rate and plateaus

at a similar point as experimental results.

5.2.2 Plateau height

The results of experiment show that the film thickness reaches a stable value of 140

nm – based on the average of the last 20 data points. Multiple simulations have

similar growth rates but plateau to different stable film thicknesses. Simulations

were deemed to have plateaued by checking that the gradient has reduced to an

acceptable level of 0.1 nm per time-step (12 nm/s). To ensure that only simulations

that had stabilised after a significant growth phase were included, only simulations

with a final film thickness of greater that 50 nm were selected; below this point, film

heights were either still increasing or remained constant. This selection procedure

can be seen in Figure 5.4.

(a) (b)

Figure 5.4: Selection procedure to determine simulations that have useful information

about final steady film thickness. Plot (a) shows the selection of simulation results that

have reached a stable height plateau and plot (b) shows which of these simulations were

rejected on the basis of not having sufficient film thickness growth of at least 50 nm.

After this selection procedure, an equation for how the parameters affect this stable

height is found simply by plotting the end points of the simulations that appear

to have reached a stable height. Figure 5.5 shows the final film thicknesses and a

surface of the form

z = c1 + c2e
(c3η̂+c4a) (5.2.1)

has been fitted using non-linear least squares regression. The resulting coefficients
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Figure 5.5: (Left) Final film thickness of simulations that have reached a steady plateau and

the best fit surface resulting from a non-linear least squares regression. (Right) Contours

of constant film height for this surface.

and fit parameters can be seen in Table 5.2

c1 c2 c3 c4 R2 Adjusted R2

Value 54.88 372.5 -11.04 -2.114 0.9980 0.9979

Table 5.2: Coefficients and goodness of fit parameters for final film height response surface

Figure 5.5 also shows the fitted function contours of constant height, which form

straight lines. For the desired stable film thickness of 140 nm this line has the form

a = −c3
c4
η̂ +

1

c4
ln

(
140− c1

c2

)
a = −5.22η̂ + 0.698

(5.2.2)

92



5.2.3 Curve similarity

To quantify the similarity of the initial delay and subsequent growth rate of the

lubricating film, the sum of squared residuals is calculated. The sum of squared

residuals (SSR) is a measure of curve similarity most often used in least squares

regression whereby the sum is minimised to obtain a good model fit to data.

Figure 5.6: Definition of the sum of squared residuals (SSR) between two curves, P (black)

and Q (red) whereby values along the curves at location i are labelled pi and qi respectively.

The SSR between two curves, P and Q is calculated as

SSR =
n∑
i=1

(pi − qi)2 (5.2.3)

whereby values along the curves at location i are labelled pi and qi respectively. A

schematic representation of this algorithm can be seen in Figure 5.6 and measures

intuitively the distance between the two curves at each location squaring the residual

to account for negative values if the curves cross.

To calculate the SSR between the simulations and experiment, both must have the

same sample rate. The simulations are run with a dimensionless time-step of 0.1

(which corresponds to 8.1064×10−4 s) for 2000 time-steps, however results are stored

only every 10 steps such that the sample rate of the simulation results is once every

8.1064 ms with 200 data points excluding the initial solution. The experimental

results are interpolated to this same sample rate, so that the SSR can be calculated.

To compare the individual simulations it is desirable to sum over the same number

of samples, n. By comparing the simulation length of all 400 simulations in Figure

5.7 it can be seen that the majority of simulations terminated between 1/3 and 2/3
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Figure 5.7: Comparison of simulation length across all 400 simulations. The majority of

simulations terminated between 1/3 and 2/3 of the total 200 recorded samples.

of the total 200 recorded samples. There is a distinct group of simulations that do

not reach this threshold and it is likely that these simulations became unstable and

failed. The SSR is therefore calculated over the first 67 samples equating to the

threshold at 1/3 of total simulation time (0.53 seconds of experiment time). This

is an adequate length to analyse the initial growth behaviour of the central film

thickness. Simulations that did not reach this threshold were rejected.

Figure 5.8 shows the resulting contour plots of the sum of squared residuals of each

simulation in the parameter space as compared to experiment. For clarity of the

contour plot, the square root of the SSR is plotted. The plot does not have an

apparent minimal point but is minimal along a line – this would not be the case

if simulations reached the full 2000 time-steps as the curve similarity test would

therefore have included the full film thickness development and final film height

plateau and would be the only test necessary. Figure 5.8 highlights the minimal

values along the rows and columns of the parameter grid and for simulations with

parameters below η̂ ≈ 0.13 and a ≈ 0.2 fit a line with the equation a = 1.5η̂.

The two equations that give optimal SSR and stable height plateau are thus

a = 1.5η̂

a = −5.22η̂ + 0.698
(5.2.4)

and can be used to define the optimal parameters for the model. Solving this

system of equations gives η̂ = 0.104 and a = 0.156. Figure 5.9 shows the full length

transient film thickness for a simulation with these calibrated parameters. The

resulting parameters led to central film thickness results that match experiments

well in both final film height plateau and growth rate. A brief dip in the film
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Figure 5.8: (Left) Contour plot of the sum of squared residuals (SSR) over the parameter

space. (Right) The same contours also showing the points which are minimal in both the x-

and y-directions, the line that these points lie upon (dotted) and also the line upon which

simulations lead to a plateau of 140 nm (dashed). The intersection of these two lines show

the optimal parameters for matching experimental results.

thickness within the first 0.2 s is replicated however it is not of the same magnitude.

It can be seen in Figure 5.3 that none of the simulations within the parameter

range considered express the extent of this initial thinning and it is most likely

the case that this simplified model does not capture this phenomenon, which could

potentially be because of the shear thinning behaviour or because of the disparity

between the concentration in and out of the contact zone after the collapse of the

stable film height.

Figure 5.9: Transient central film thickness plots for experiment and simulations showing

increasing film thickness development over time. The calibrated parameters, η̂ = 0.104, a =

0.156, have been run for the design Péclet number, Pe = 104.
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5.2.4 Péclet number

Figure 5.10: Transient central film thickness plots for experiment and simulations showing

increasing film thickness development over time. The calibrated parameters, η̂ = 0.104, a =

0.156, have been run for Péclet number, Pe = 104, and also for Péclet numbers an order

of magnitude higher and lower.

The calibrated parameters were derived for Pe = 104, however full simulations were

also run at an order of magnitude above and below. Figure 5.10 shows that at lower

Péclet numbers, these parameters no longer give a solution that agrees well with

experiments, however, as the Péclet number increases, changes to the solution are

minimal. It was discussed in § 4.5 that the known diffusion coefficients for albumin

and globulin result in a concentration-dependent Péclet number in the range Pe

= 104 – 105. The results of Figure 5.10 indicate that the parameters give solutions

that agree with experiment for the complete range of potential diffusion coefficients

and the assumption that concentration dependency can be neglected is reasonable.

5.2.5 Flow attenuation function

It was assumed in § 4.2 that the sigmoid function that governs the flow attenuation

of protein matter can start increasing at H = 0, where physically the function φ(H)

should block the flow entirely below H = Hp, the size of an individual albumin

or globulin macromolecule. Having determined that a gradient parameter value of

a = 0.156 gives results close to those of experiments, further analysis was undertaken

to confirm this assumption.

Figure 5.11 shows that the flow attenuation function approaches unity close to H =

20 which equates to a largest aggregate size of around 58 µm, in agreement with

those values found by Richmond [115]. The lines of individual globulin and albumin
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Figure 5.11: Optimised flow attenuation function and scale of individual globulin and

albumin molecules. Also shown (insert) is a magnified region close to zero, where the size

of individual globulin and albumin become visibly distinct.

molecules are plotted and shown to be close to zero at this scale. The assumption

that Hp,Albumin and Hp,Globulin can be treated as zero is therefore considered valid for

this value of gradient parameter, a.
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5.3 Numerical accuracy and model refinement

There are several assumptions in the numerical method that have been made through-

out the development of the full transient protein aggregation lubrication model,

which can be more closely examined at the proposed calibrated parameter condi-

tions. These include the assumption of sufficiently small time-step size, sufficient

convergence criteria and sufficient mesh density. Full details of this examination can

be found in Appendix C and the results suggest that for the calibrated PAL model,

the solver has sufficiently small time-step size and sufficient convergence criteria.

It was also found, however, that for the chosen second order advection scheme, the

mesh is not sufficiently dense to suppress the onset of spurious oscillations. It was

found that either increasing the mesh density or employing a third order advection

scheme were sufficient to suppress the spurious oscillations and did not affect the

validity of the found optimal parameters, a and η̂. Increasing the mesh density is

achieved by increasing the grid number, N , or by decreasing the size of the domain.

The former increases the computation time dramatically and the latter, although

acceptable for this study, adds limitations to the model generally. Instead, it is

chosen to increase the order of the advection scheme to a third order scheme as

follows
Qx

H

∂C

∂X
≈
(
Qx

H

)
i,j

2Ci+1,j + 3Ci,j − 6Ci−1,j + Ci−2,j
6∆X

(5.3.1)

which introduces only one extra diagonal in the solution matrix at the upstream

location, i − 2. The oscillations only occur in the x-direction and therefore the

y-direction differencing can remain the same.
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5.4 Results

Beyond the transient central film thickness, there are other results of interest that

give insight into the nature of protein aggregation lubrication and the mechanisms

that govern the increase in lubricating film thickness, namely the protein concentra-

tion build up at the inlet and the inlet length of the aggregate protein matter, the

shape of the lubricated surfaces, and the development of the pressure profile in the

contact zone.

5.4.1 Concentration and viscosity

Snapshots of the instantaneous concentration field are shown in Figure 5.12. Ini-

tially, protein matter aggregates at the inlet of the contact zone and the surface

starts to deform noticeably in this region alone due to the increased viscosity and

pressure. As the surfaces deform, the larger gap allows the protein aggregate to move

slowly into the contact zone and deform the surfaces further downstream until the

entire contact zone is flooded with high protein content fluid with a concentration

over double that of the bovine calf serum that surrounds the contact region. The

relative concentration reaches a maximum of C = 2.58, giving a relative viscosity

peak of η̃ = 345. This results in a dimensional peak protein concentration of around

c = 46.4 g/l and peak viscosity of η = 2.68 Pa.s. The surface geometry itself shifts

from an almost flat contact zone typical of elasto-hydrodynamic lubrication to a

relatively steeper converging wedge.

This effect is due to the high viscosity moving the contact zone from the isoviscous-

elastic regime towards the isoviscous-rigid regime. To quantify the change in regimes,

work by Dowson and Hamrock [118], later revised by Esfahanian and Hamrock [119]

mapped the approximate domains of lubrication regimes against a dimensionless

elasticity parameter, gE, and dimensionless viscosity parameter, gV . The parameters

are defined as

gE = W 3/8/U2, gV = GW 3/U2 (5.4.1)

where W , U , and G, are the dimensionless load, speed and material parameters

respectively as introduced by Dowson and Higginson. This non-dimensionalisation

method is explored further in Appendix B, as is the relation between these param-

eters and other non-dimensionalisation methods covered previously.

Figure 5.13 shows the diagrammatic regime map of fluid lubrication regimes and

an illustration of how increasing viscosity affects the behaviour of the lubricated
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Figure 5.13: Fluid film lubrication regime map indicating the effect of increasing viscosity

on the behaviour of the contact zone of the protein aggregation lubrication simulation.

contact. For the purposes of this figure, the pressure-viscosity coefficient of bovine

calf serum is taken to be of the same order as water, being roughly α = 1 GPa.s−1

[120]. Initially, the bulk viscosity throughout the contact zone is η = 0.075 Pa.s,

which results in parameters gE and gV that are firmly in the isoviscous-elastic regime.

The maximum viscosity reached in the PAL simulation was η = 2.68 Pa.s, and using

this value the parameters gE and gV have moved into the isoviscous-rigid regime,

whereby the contact behaves like a conventional hydrodynamic converging wedge.
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5.4.2 Film height and inlet length

By using the interferometer images of the experiment by Myant and Cann [71], it is

possible to compare the transient shape of the film height in the contact zone and

also the size and shape of the inlet aggregate.

Figure 5.14: Height contours of contact zone for simulation (solid red rings) shown overlaid

on interferometer images of experiment by Myant and Cann [71]. The red rings show

height contours of 225 nm matching the quarter wavelength of the interferometer image.

Flow direction is from left to right.

Comparison of height contours between simulation and experiment can be seen in

Figure 5.14. The deformation of the contact zone shape follows similar behaviour

whereby the deformation occurs initially only at the inlet side of the contact zone.

Differences between simulation and experiment are visible from 0.8 s onwards as the

inlet aggregate forms a channel through the contact zone in the experiment but not

in the simulation. As seen in Figure 5.12 the protein concentration increases across

the width of the contact in the modelled simulation.

The innermost ring, indicating 225 nm film thickness, continues to decrease through-

out the simulation due to the continued separation of the two surfaces whereas the

channel that can be observed in the experiment leads to an increased central film

thickness without this continued global separation. As a result, the innermost ring

of experimental images decreases in size less so than that of simulations, but there is

a consistent agreement throughout between the location of the innermost contours

at the inlet.

If the transient height is viewed along the line y = 0, the simulations agree well with
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(a) (b)

(c) (d)

Figure 5.15: Comparison of transient height profile along the line y = 0 between simulation

and experimental interferogram. The experimental results consist of the height contour

locations and the central film thickness measurements.

experiment. Figure 5.15 shows the full simulation height profile plotted with the

contour location from the experimental interferogram images. It can be seen that

the behaviour whereby the contact zone deforms first at the inlet, while the central

film thickness remains small, is well captured by the PAL model.

The formation of the high concentration channel can also be seen in Figure 5.16

whereby high concentration regions have been plotted overlaying interferometer im-

ages. The apparent regions of protein aggregate for experiments have been high-

lighted, and also shown are the regions for which protein concentration has doubled.

The factor of two for concentration increase is arbitrary but shows comparable inlet

lengths for visualisation. Unlike experiments, the simulation concentration shows a

much broader accumulation across the y-direction, leading to a contact zone that is
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Figure 5.16: Contours of C = 2 for simulation (dotted red) shown overlaid on interfer-

ometer images of experiment by Myant and Cann [71]. Also highlighted are the apparent

protein aggregate regions of experimental images (black dotted). Flow direction is from left

to right.

eventually flooded with high protein fluid.

As well as the shape, it is possible to compare the transient development of the inlet

length between the interferometer images and that of simulation. Figure 5.17a shows

how the inlet length, s, is defined for interferometer images. For the simulation it

is defined in a similar way as the distance between when the dimensionless protein

concentration becomes C = 2 and the innermost height contour of h = 225 nm as

seen in Figure 5.14. The selection of C = 2 is arbitrary, but offers good comparison

when analysing the behaviour of the inlet length over time. It can be seen that

the inlet develops linearly in experiments, reaching a steady value coinciding with

the film height plateau. In simulation, however, the inlet length develops rapidly to

begin with and grows only slowly thereafter. The initial jump is due to the time

before a value of C = 2 is reached. This disparity in inlet length can also be seen in

Figure 5.16 whereby the contours of simulation extend further upstream than that

of experiments at time-step t = 0.4 s.

The behaviour that the simulations do not manage to capture is the localised nature

of the aggregate build up. The flow rate attenuation function, φ, does not change

over time, but physically the nature of the size distribution of protein matter par-

ticulates will indeed change as more macromolecules aggregate. This will lead to an

increase of large particles at the inlet as more protein matter is accumulated here.
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(a) (b)

Figure 5.17: (a) Example of inlet length, s, as defined as the length between the apparent

start of the aggregate matter to the inlet of the contact zone. (b) Comparison of measured

inlet length in experiment to inlet length, s, of simulation using C = 2 as the starting

point of inlet aggregate measurement.

This effect could be modelled with a concentration-dependent function, φ(H,C),

although the exact nature of aggregate size distribution is more complex than this

and will likely also depend on the shearing behaviour of the fluid.

5.4.3 Pressure

Because the concentration initially aggregates exclusively in the inlet region, no-

ticeable changes in viscosity and pressure occur in this region almost immediately.

Figure 5.18 shows the transient nature of the pressure in the inlet and contact zone

over the course of a second. Initially the pressure distribution is typical for a highly

loaded elasto-hydrodynamically lubricated contact but soon develops a second peak

that starts in the inlet region and moves through the contact zone as the aggregate

does the same. The final pressure distribution again has a conventional EHL shape,

albeit much broader with a lower peak, as is typical of a more viscous fluid. As

the Hertzian pressure constant for this particular experiment is ph = 145 MPa, the

peak pressure drops from around 141 to 116 MPa over the course of the protein

aggregation.

Also shown in Figure 5.18 are x-direction velocity profiles for the fluid in the inlet

and contact regions, which show increased areas of backflow in inlet region once the

viscosity increase takes place. The assumption of constant concentration across the

thin film may need revisiting in future studies.
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Figure 5.18: Pressure results (right axis) along y = 0 over the first second of protein build

up. Also shown in grey (left axis) is the transient film height profile at y = 0 and velocity

profiles of the lubricating fluid.
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5.5 Varying velocity conditions

Using the parameters, a and η̂, it is possible to run simulations of varying sliding

velocity. Although there are no transient measurements for the range of sliding

velocities, it is noted that one of the phenomena of protein aggregation lubrication is

that, unlike EHL theory suggests, steady film thicknesses were observed to decrease

as sliding velocity increased [69].

(a) (b)

Figure 5.19: Effect of varying sliding velocity on (a) transient central film thickness devel-

opment and (b) on final steady central film height. Also shown in plot (b) is the resulting

steady film thickness of classical EHL solutions.

Figure 5.19 shows that as sliding velocity increases, so too does the final steady cen-

tral film thickness of the lubricating contact. This is consistent with EHL theory but

not of the phenomenon observed in experiments. It is believed that the decrease in

film thickness with increased sliding velocity occurs because the higher momentum

fluid prevents protein aggregation to the same extent. Work by Pritchard, Wilson

et al. [98, 99] uses a shear-dependent ‘build-up’ and ‘break-down’ term in a scalar

transport equation to simulate aggregation behaviour in colloidal systems. This ap-

proach combined with a concentration-dependent attenuated flow rate would make

for an interesting avenue for further research.
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Chapter 6

Conclusions
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6.1 Summary

Protein aggregation lubrication can be modelled by using classical elasto-hydrodynamic

lubrication theory coupled with a protein concentration-dependent constitutive equa-

tion for fluid viscosity where the transport of protein matter in the thin film lu-

bricated contact is subject to an advection-diffusion model using geometry-based

attenuation of flow rates. This study has developed the first PAL model of this type

with the aim that protein aggregation can be successfully modelled when studying

the lubrication mechanisms that govern prosthetic joints. This in turn will allow for

more accurate analysis of wear over the lifetime of implants and aid future designs.

An EHL solver has been developed using existing methods and verified against other

studies. To maintain mass continuity when using the pressure profile within the

contact zone to derive fluid flow rates, a strict convergence criterion for the residual

of the Reynolds equation when calculating the elasto-hydrodynamic pressure and

film thickness is required. This has been achieved with the use of a decoupled

Reynolds equation solver.

Fluid flow rates are attenuated to give modelled protein flow rates by the use of a

geometry-based flow rate scaling function dependant of the fluid film height alone

with the shape of the approximated protein size distribution. Other factors such as

concentration, film height gradient and shear rate dependency have been neglected

for simplicity in this study but can be incorporated into the existing model in future

with minimal additional work.

The model developed in this study requires the calibration of the parameters, a –

the scaling function gradient which relates to the shape of an approximate protein

particle size distribution – and, η̂ – which relates to the nature of the exponential

dependency of viscosity on protein concentration. Prior knowledge of the particle

size distribution and rheological testing of experimental fluid would allow for these

parameters to be fixed without calibration, however a parameter search method has

been proposed for situations where these values are unknown.

It is shown that by using the chosen attenuation function to limit protein transport

and an exponential, concentration-dependent, local viscosity, simulated transient

central film thickness results agree well with previous experimentally-observed be-

haviour when a cobalt–chromium–molybdenum alloy femoral head implant is tested

in a pin-on-flat tribometer using diluted bovine calf serum as a synovial fluid ana-
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logue. The results show high concentration gradients in the lubricated contact zone

and care must be taken to ensure that an appropriate advection scheme is used that

can model this phenomenon.

The calibration of this model to existing experimental results has allowed for fur-

ther exploration of the phenomena of protein aggregation lubrication. By comparing

film height profiles with interferogram results of experiment, it can be seen that the

geometry of the surfaces develop from an almost flat contact zone, typical of EHL

solutions, to a steeper converging wedge. This effect is due to the rapid increase

in fluid viscosity at the inlet as protein matter aggregates and represents a move

from the isoviscous-elastic regime towards the isoviscous-rigid regime. Insight by

these simulations into the pressure profile present in the contact zone has revealed

interesting transient behaviour whereby a secondary pressure peak travels down-

stream. Although the phenomena of much larger gaps than classical EHL theory

would suggest and transient development of film thickness are reproduced well by

this computational PAL model, more work must be carried out to better capture

the shape of the inlet aggregate and effects of sliding speed.

Modelling prosthesis lubrication in this way provides a simple method to incorporate

the effect of protein aggregation into simulations that can be used to provide greater

insight into the conditions in the contact zone of joint prostheses including pressure,

film height, and protein concentration which can in turn be used to derive friction

coefficients and aid the study of surface wear.
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6.2 Recommendations for future work

The two model parameters, namely the attenuation function gradient, a, and the

dimensionless viscosity parameter, η̂, have been optimised exclusively for a single

experiment. It is recommended that this PAL model be used to simulate various

experimental conditions to examine the efficacy of the ability to predict film thick-

nesses across a range of loading, velocity and material conditions. The parameters of

the model are intrinsically linked to these conditions and as such the specific values

will likely vary.

Further refinement of the model could also be studied, including closer investigation

of the flow attenuation function and protein aggregate size distribution. It may

also be necessary to include concentration and time dependence in the attenuation

function to capture the transient nature of the size of aggregated macromolecules.

Other well-studied features such as the effect of surface roughness, surface adsorption

and the shear-dependence of aggregation could also be introduced to better capture

the behaviour of protein aggregation lubrication and the phenomenon of decreasing

film thickness with increasing sliding velocity, which was not captured by the current

model.

The computational efficiency of the PAL model can also be greatly improved. Using

multi-level methods and parallelisation techniques could vastly reduce the run time.

Using multi-level methods would also allow for Reynolds residuals to be sufficiently

reduced without the need for the decoupled Reynolds equation solver, providing a

more concise and accurate solution method. These improvements would be necessary

to allow protein aggregation lubrication to be modelled in simulations involving full

hip and knee geometry, where computational expense reduction is more important.

The ability to model PAL is vital for creating simulations that more accurately

capture the flow physics of synovial lubrication and can inform predictive wear

modelling and aid the design of future joint prostheses.
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Appendix A

Derivations
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A.1 Derivation of the Reynolds equation

We start with the steady, 3D, incompressible Navier-Stokes equations:

u · ∇u = −1
ρ
∇p+ ν∇2u

∇ · u = 0
(A.1.1)

And apply this to the following problem geometry:

x

z

y

!L
L

0 0
L !L

h(x; y)

Figure A.1: Geometry of a typical thin film problem in which x and y scale with some

characteristic variable L and the film has height h = h(x, y) in the z-direction.

Here, the characteristic length scales in x and y are of the same order, L, while the

characteristic length scale in the z-direction is the film height, h, which is variable

but always results in h << L. Giving the velocities u, v and w the characteristic

scales U , V and W , we can proceed to non-dimensionalise the problem using the

following scalings, where starred variables are dimensionless and O(1):

u = u∗U x = x∗L

v = v∗V y = y∗L

w = w∗W z = z∗h

(A.1.2)

The continuity equation from Equation (A.1.1) can now be analysed to determine

the relative scaling of the characteristic velocities.

U

L

∂u∗

∂x∗
+
V

L

∂v∗

∂y∗
+
W

h

∂w∗

∂z∗
= 0 (A.1.3)
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Given that the starred variables are O(1), it follows that the following scaling rela-

tions apply to the characteristic velocities:

V ∼ U and W ∼ U
h

L
(A.1.4)

Using these results, it is possible to simplify the momentum equations of Equation

(A.1.1).

U2

L
u∗
∂u∗

∂x∗
+
UV

L
v∗
∂u∗

∂y∗
+
UW

h
w∗
∂u∗

∂z∗︸ ︷︷ ︸
1

=

− 1

ρ

∂p

∂x︸︷︷︸
2

+ν

(
U

L2

∂2u∗

∂x∗2
+
U

L2

∂2u∗

∂y∗2︸ ︷︷ ︸
3

+
U

h2
∂2u∗

∂z∗2︸ ︷︷ ︸
4

)
(A.1.5)

Starting with just the x-direction and using the scaling from Eq. (A.1.4), it can

be seen that all of the inertial terms have the same order and are grouped together

here as group 1. The pressure term (alone in group 2) is of unknown magnitude as

yet and is therefore not scaled in the same manner as the other terms. The viscous

terms are in two distinct groups of which it is clear to see that group 4 is much larger

than group 3 and so these two smaller terms may be neglected. When comparing

group 1 to group 4, the following ratio exists:

1

4
⇒ U2/L

νU/h2
⇒
(
UL

ν

)(
h

L

)2

⇒ ReL

(
h

L

)2

(A.1.6)

In this case it is assumed that h/L is sufficiently smaller than the Reynolds number

so that group 1 can also be neglected. Because h/L is squared and is generally very

small in bearings, it is feasible for the Reynolds number, ReL, to become quite large

and this approximation to remain true.

After these terms are neglected, Eq. (A.1.5) becomes

νU

h2
∂2u∗

∂z∗2
=

1

ρ

∂p

∂x
(A.1.7)

and it follows that the pressure term must scale such that

∂p

∂x
∼ ηU

h2
. (A.1.8)
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Repeating this analysis for the momentum equations in the other two directions re-

sults in the same terms being neglected and the resulting pressure gradient scalings:

∂p

∂y
∼ ∂p

∂x
∼ ηU

h2
and

∂p

∂z
∼ ηU

h2

(
h

L

)
(A.1.9)

suggesting that the pressure gradients across the thin fluid film height are negli-

gible compared to along the bearing, thereby reducing the pressure field to two

dimensions, i.e. p = p(x, y).

Using these scaling arguments, the x-direction momentum equation has been re-

duced to

η
∂2u

∂z2
=
∂p

∂x
, (A.1.10)

which can be integrated twice to obtain

u =
1

2η

∂p

∂x
z2 + C1z + C2. (A.1.11)

Using the boundary conditions

u = U0 on z = 0 and u = Uh on z = h, (A.1.12)

it is possible to find the constants

C1 =
η(Uh − U0)

h
− ∂p

∂x

h

2
and C2 = ηU0 (A.1.13)

giving the velocity profile

u =
1

2η

∂p

∂x
(z2 − zh) + (Uh − U0)

z

h
+ U0 (A.1.14)

and similarly for the y-direction

v =
1

2η

∂p

∂y
(z2 − zh) + (Vh − V0)

z

h
+ V0 (A.1.15)

where V0 and Vh are the velocities in the y-direction at z = 0 and z = h respectively.

Returning to the continuity equation of Eq (A.1.1) it is possible to integrate over

the z-direction to obtain ∫ h

0

∂u

∂x
dz +

∫ h

0

∂v

∂y
dz +

[
w
]h
0

= 0 (A.1.16)

and use the general result∫ b

a

∂

∂x
f(x, y, z)dz =

∂

∂x

∫ b

a

f(x, y, z)dz − f(x, y, b)
∂b

∂x
+ f(x, y, a)

∂a

∂x
(A.1.17)
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to give

∂

∂x

∫ h

0

udz +
∂

∂y

∫ h

0

vdz − Uh
∂h

∂x
− Vh

∂h

∂y
+ (Wh −W0) = 0. (A.1.18)

Integrating the velocity u results in∫ h

0

udz = − h3

12η

∂p

∂x
+

1

2
(Uh + U0)h, (A.1.19)

and thus substituting this and the analogous integral of v into Eq. (A.1.18) generates

∂

∂x

(
h3

η

∂p

∂x

)
+

∂

∂y

(
h3

η

∂p

∂y

)
=

12

{
∂

∂x

(
(Uh + U0)

2
h

)
+

∂

∂y

(
(Vh + V0)

2
h

)}
+ 12

(
Wh −W0

)
(A.1.20)

which is the full Reynolds equation. Several simplifications can be made to this

equation to make it more usable, the first being just a change of notation without

loss of generality. The sum entrainment velocity, us, can be defined as us = U0 +Uh

and similarly in the y-direction for velocity, vs. In most cases, the sum velocity will

not be a function of x or y and so for the purposes of this report us and vs can

be taken outside the differentiation. Velocities in the z-direction can be re-scripted

as derivatives of the film thickness and so the last term can be rewritten as ∂h/∂t.

These assumptions reform the Reynolds equation to the following:

∂

∂x

(
h3

η

∂p

∂x

)
+

∂

∂y

(
h3

η

∂p

∂y

)
= 6

{
us
∂h

∂x
+ vs

∂h

∂y

}
+ 12

∂h

∂t
(A.1.21)
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Appendix B

Non-Dimensionalisation
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B.1 Hertzian method

The method of non-dimensionalisation used in this thesis is based on the parameters

obtained by the Hertzian theory of dry point contact mechanics [18]. As covered

in the main body of this text, the dimensional variables are scaled in the following

manner

X = x/ah Y = y/ah

P = p/ph H = h/hh

ρ̃ = ρ/ρ0 η̃ = η/η0

(B.1.1)

where ah, ph and hh are the Hertzian contact radius, maximum pressure and maxi-

mum deformation respectively, given by

ah =

(
3wR

2E ′

)1/3

ph =
3w

2πah2
hh =

ah
2

R
(B.1.2)

This method results in the dimensionless parameters,

λ =
6usη0R

2

ah3ph
ᾱ = αph (B.1.3)

where α is the pressure-viscosity coefficient. In this study however, the contact is

assumed to operate in the isoviscous regime and therefore ᾱ is assumed to be zero.
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B.2 Dowson and Higginson method

The non-dimensionalisation method proposed by Dowson and Higginson for 1D line

contact problems [26] and extended by Hamrock and Dowson for 2D point contact

problems [28–31] uses the following scaling relations

X = x/ah Y = y/ah

P = p/E ′ H = h/R

ρ̃ = ρ/ρ0 η̃ = η/η0

(B.2.1)

where ah is the Hertzian contact radius, and includes the following dimensionless

parameters,

U =
η0us
E ′R

W =
w

E ′R2
G = αE ′ (B.2.2)

The parameters, U , W and G hold very intuitive and independent meaning as the

speed, load and material parameters respectively. The speed parameter is sometimes

stated as half of the value expressed here.
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B.3 Moes method

Moes used an alternate non-dimensionalisation method to approach the point con-

tact EHL problem [93] using the following scaling relations

X =
x

R

(
E ′R

η0us

)1/4

Y =
y

R

(
E ′R

η0us

)1/4

P =
p

E ′

(
E ′R

η0us

)1/4

H =
h

R

(
E ′R

η0us

)1/2

ρ̃ = ρ/ρ0 η̃ = η/η0

(B.3.1)

This method results in the dimensionless parameters

M =
w

E ′R2

(
E ′R

η0us

)3/4

L = αE ′
(
E ′R

η0us

)−1/4
(B.3.2)

These parameters are often used to compare studies as film height can be plotted

against the two parameters M and L as opposed to the three parameters U , W , and

G given by Dowson and Higginson.
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B.4 Relation between schemes

As the Moes parameters are often used for comparison between studies, the key

dimensionless parameters of the Hertzian method can be expressed in terms of M

and L in the following way as shown by Venner [43]

ᾱ =
L

π

(
3M

2

)1/3

λ =

(
128π3

3M4

)1/3

(B.4.1)

and the Moes parameters can be expressed as

M = WU−3/4 L = GU1/4 (B.4.2)

using the Dowson and Higginson parameters. Note should be taken that these

expressions rely on the Dowson and Higginson speed parameter not having a factor

of 1/2.
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Appendix C

Numerical accuracy and model

refinement details
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C.1 Time-step size

The parameter search used a time-step size of ∆T = 0.1 and simulations with time-

step size equal to half of this value and double this value have also been run.

Figure C.1: Transient central film thickness plots for simulations with varying time-step

size, ∆T .

Figure C.1 shows the effect of varying the time-step size, ∆T , on simulations using

the parameters a = 0.156, η̂ = 0.104. It can be seen that increasing the time-step

results in a shallower central film thickness increase but results in the same final film

thickness of 140 nm. The difference in film height development is minimal, having

a mean difference of 1.39% at each time-step location. Halving the time-step size

results in even smaller changes in the central film thickness over time – with a mean

difference of 0.99% – and the time-step ∆T = 0.1 is confirmed to be adequately

small.
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C.2 Tolerance values

The height convergence and force balance criteria of Equations 2.6.2 and 2.7.2 were

set such that a convergence tolerance of εtol,EHL = 10−3 was reached during the

parameter search. To ensure that this is indeed sufficient, another simulation with

εtol,EHL = 10−6 was also run. Figure C.2 shows that this increase in convergence

stringency leads to only minimal differences in central film thickness over time.

Figure C.2: Transient central film thickness plots for simulations with varying height con-

vergence tolerance, εtol.

The convergence tolerance of the Reynolds equation super-solver can also be exam-

ined in the same manner. For the parameter search, a value of εtol,RESS = 10−4 was

used and Figure C.3 shows that using a less stringent value of εtol,RESS = 10−3 led

to no discernable difference in central film height over time.

Figure C.3: Transient central film thickness plots for simulations with varying Reynolds

equation super-solver convergence tolerance, εtol.
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C.3 Mesh density

To allow the simulation to manage low values of the gradient parameter, a, in

the parameter search, that cause protein matter to accumulate far upstream, the

domain of the scalar transport equation was increased while retaining the same grid

number, hence resulting in a coarser grid with larger ∆X and ∆Y values. Once

parameters were found that match the transient increase in film thickness over time

of experiment, another simulation with the same increased transport domain of

−10 6 X 6 10,−10 6 Y 6 10 but retaining the same grid density by increasing

the grid number was run. A grid number of N = 29 results in the same ∆X and

∆Y values as the EHL solver. The increase in mesh density incurred an extensive

increase in computational cost and the simulation was terminated after one month,

reaching 906 time-steps (0.73 s). The resulting comparison of central film height

development can be seen in Figure C.4

Figure C.4: Transient central film thickness plots for simulations with varying mesh density

number, N .

Figure C.4 shows the central film height of the coarser and denser transport grids

and it can be seen that small but non-negligible differences in central film height

development are present. Figure C.5 shows a comparison of protein concentration

development along the centre-line Y = 0 and it can be seen that the coarser grid

simulation exhibits spurious oscillations in regions of high concentration gradient as

was covered in § 3.5.2
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(a) (b)

(c) (d)

(e) (f)

Figure C.5: Comparison of protein concentration profile along Y = 0 for mesh number

N = 28 and 29. The coarser mesh shows an onset of spurious oscillations in areas of high

concentration gradient as is expected of central differencing schemes of insufficient grid

density.
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To mitigate the development of spurious oscillations, a change in the mesh density

and a change in the transport scheme were explored. It is possible to use a third

order differencing scheme of the form

Qx

H

∂C

∂X
≈
(
Qx

H

)
i,j

2Ci+1,j + 3Ci,j − 6Ci−1,j + Ci−2,j
6∆X

(C.3.1)

which introduces only one extra diagonal in the solution matrix at the upstream

location, i − 2. The oscillations only occur in the x-direction and therefore the

y-direction differencing can remain the same.

Figure C.6: Transient central film thickness plots for simulations with varying mesh density

number, N , and varying central differencing schemes for the x-direction advection term.

Implementing this third order scheme does indeed bring the central film thickness

development in line with the higher density grid for which the second order scheme

had been used. The central film thickness plots can be found in Figure C.6, showing

that a change in scheme can be used instead of an increase in grid density to achieve

greater accuracy. Figure C.7 shows the protein concentration along Y = 0 for both

the higher density grid of second order advection scheme alongside the lower density

grid of third order advection scheme. These schemes are in agreement and the

spurious oscillations do not occur.
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(a) (b)

(c) (d)

(e) (f)

Figure C.7: Comparison of protein concentration profile along Y = 0 for the third order

advection scheme with a grid number N = 28 and the second order central scheme for a

grid number N = 29
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It is also noted that the protein accumulation for those simulations in Figure C.7

occurs far enough downstream of the boundary at X = −10 that the need for

a domain of this size may not be necessary for the operating parameters, a =

0.156, η̂ = 0.104. It is also noted that the protein concentration downstream of the

cavitation line, which occurs no further downstream than X = 2, does not affect

the results of the simulation with regards to pressure profile or height profile. It

is therefore possible to maintain a dense scalar transport grid of a smaller size,

but shifted upstream as in the examples of Chapter 4, using a domain such that

−8 6 X 6 2,−5 6 Y 6 5. It has been shown that the EHL solver maintains

accuracy on this shifted grid and this approach leads to the result that the grids for

the EHL, RESS, and scalar transport solver are all the same, with no interpolation

or extrapolation of grid-points necessary.

Figure C.8: Transient central film thickness plots for simulations with varying domain

size, the smaller domain is defined as −8 6 X 6 2,−5 6 Y 6 5 grid number N = 28

and the enlarged domain is defined as −10 6 X 6 10,−10 6 Y 6 10 for a grid number

N = 29. The differing domain size results in the same mesh density with ∆X = 0.0391

Figures C.8 and C.9 show that the results of the small domain simulation are indis-

tinguishable from those of the larger domain with the same mesh density indicating

that for the values a = 0.156, η̂ = 0.104 the smaller domain is sufficient to capture

the accumulation of protein content. There is no change in final film height with

the transport grids of higher density, and the central film height development over

time still matches experiments well.
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(a) (b)

(c) (d)

(e) (f)

Figure C.9: Comparison of protein concentration profile along Y = 0 for the small domain

simulation whereby −8 6 X 6 2,−5 6 Y 6 5 grid number N = 28 and the enlarged

domain whereby −10 6 X 6 10,−10 6 Y 6 10 for a grid number N = 29.
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