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SUB-GAUSSIAN ESTIMATES OF HEAT KERNELS
ON INFINITE GRAPHS

ALEXANDER GRIGOR'YAN AND ANDRAS TELCS

Abstract

We prove that a two-sided sub-Gaussian estimate of the heat kernel on an infin
weighted graph takes place if and only if the volume growth of the graph is uniforml
polynomial and the Green kernel admits a uniform polynomial decay.
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452 GRIGOR'YAN AND TELCS

1. Introduction

Consider the heat equation

of

2 Af, 1.1
o (1.1)
where f = f(t, x) is a function oft > 0 andx € R", and whereA is the Laplace
operator inR". The fundamental solution td.(1) is given by the classical Gauss-

Weierstrass formula

Ftx) — 1 Ix|?
(sx)—WeXp —T .

The functionp (X, y) = f(t, x — y) is called theheat kernebf the Laplace operator.

In the past three decades, there have been numerous works devoted to estim
of heat kernels in various settings (see, e.g., books and surdy4 9], [16], [29],
[39], [52], [55], [69)], [66]). These are parabolic equations with variable coefficients
the heat equation on Riemannian manifolds, the discrete heat equation on grag
and the heat semigroups on general metric measure spaces including fractal-like <
Despite the high diversity of the underlying spaces and equations, in many importe
cases the heat kernel is naturally defined and, moreover, admits the so-called Gaus
estimates.

For any metric measure spadé with distanced and measure:, denote by
B(x,r) the open metric ball of radius centered ai, and denote by (x,r) its
measureu. Suppose first tha¥l is either a discrete group or a Lie group, with prop-
erly definedd, « and the heat kerngd; (x, y). Assume that the volume growth &f
is polynomial; that is, for some > O,

V(X,r)~r?, (1.2)

(Here the sign~ means that the ratio of both sides @f%) stays between two positive
constants.) Then the heat kernel Bhadmits the following Gaussian estimate (see

[64], [37)): ,

d

pr(X, y) >~ t~*/2 exp( = %) (1.3)

(where the positive constaatmay be different for the upper and lower bounds). The
heat kernel irR" obviously satisfies1(.3) with & = n.

Suppose now thatl is a complete manifold with nonnegative Ricci curvature.

Then the following estimate of P. Li and S.-T. Yati] is well known:

(X )~—1 ex (— a (S y))
P TV, ) P ct ’

In particular, ifV (x, r) >~ r%, then the heat kernel again satisfies the estimag. (

(1.4)
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As we see, for groups of polynomial growth and for nonnegatively curved man
folds, the heat kernel is fully determined (up to constant factors) by the volume grow
function. In other words, the potential theory on such spaces is characterized by a s
gle parametesr—the exponent of the volume growth.

The presence of Gaussian estimafe8)(or (1.4) reflects certain properties of the
spaceM. In particular, (.4) implies that the Markov process; with the transition
density pt(x, y) has the diffusion speed of the ordéf2. The latter means that the
processX;, started at a point, first exits the balB(x, R) at the timet ~ R2.

The development of Markov processes on fractals and fractal-like graphs (s
[10], [71, [30], [36], [4Q], [41], [42], [44], [49], [59], [67], etc.) has led to construction
of homogeneous metric spadéiswhere the proces¥; has the diffusion speed of the
ordert/#, with someg > 2. Such a procesX; is referred to asubdiffusiveand it
is characterized biwo parameters andg, which determinesub-Gaussian estimates
of the heat kernel:

B 1/(8-1
M) ) (1.5)

~ t—a/B —
o - (22

Herex is the exponent of the volume growth as ind). The Gaussian estimat#.f)
is a particular case ofi.(5) for g = 2.
M. Barlow and R. Bass7] showed that sub-Gaussian estimate$)(with g >
2 can take place not only on singular spaces such as fractals but also on smc
Riemannian manifolds, for a certain range of time. Similar estimates hold for rando
walks on certain fractal-like graphs (s€#,[39)). It has become apparent that a large
and interesting class of homogeneous spaces features sub-Gaussian estimates
heat kernel. The potential theory on such spaces is determined twdlparameters
and hence cannot be recovered only from the volume gréwth.
A natural question arises:
How do we characterize those spaces that admit sub-Gaussian esti-
mates (.5) of the heat kernel?
If M is a complete noncompact Riemannian manifold, then the validity of Gaus
sian estimatel(.3) is known to be equivalent to the following two conditions: volume
growth (L.2) and the Poinca@inequality

c
V(BN = . (1.6)
Wherex(lN)(B) is the first nonzero eigenvalue of the Neumann boundary value prol
lem in the ballB (see p3], [31]; similar results are known also for graphs (s2€]]

*The parameters and 8 must satisfy the inequalities2 8 < « + 1, which seem to be thenly constraints on
« andB. We are indebted to Martin Barlow for providing us with the evidence for the latter.
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and for abstract local Dirichlet spaces (séd])). It may be tempting to conjecture
that by replacing? by r# in (1.6), one obtains equivalent conditions for sub-Gaussiar
estimates. However, this conjecture is false. At the present time, no similar charact
ization of spaces with sub-Gaussian estimates seems to be known. All examples
spaces wherel(5) is proved are fractal-like spaces featuring a self-similarity struc-
ture.

The purpose of this paper is to provide a new approach to obtaining sub-Gauss
estimates of the heat kernel. Our point of departure is the understanding that, af
from the uniform volume growtlV (x,r) ~ r¢, we have to introduce additional hy-
potheses, which would contain the second paramgtand provide the necessary
homogeneity of the space. (Just the uniform volume growth is not enough for t
latter.)

Letg(x, y) be the Green kernel oM ; that is,

g(x, y) =f0 pr(x, y) dt.

Recall that, inR", g(x, y) = cn X —y|"" 2 if n > 2 andg = o if n < 2.
Our general result says the following:
Given the parameteks > 8 > 2, the two-sided sub-Gaussian estimate

B 1/(B-1)
pr(X,y) ~t~%/F exp( - (W) ) (1.7)

holds if and only if
VX, r)~r% and g(x,y) ~d(x, y)~@ P, (1.8)

We do not specify here the ranges of the varialdeg, t,r because they are
different for different settings. In the present paper, we treat the case when the unc
lying space is a graph, and the time is also discrete. However, the graph case alre
contains all difficulties. We present the proof in such a way that only minimal change
are required to pass to a general setting of abstract metric spaces, which will be d
with elsewhere. The exact statements are given in Seétidiote that our result is
new, even for the Gaussian case-= 2.

Hypothesis {.8) consists of two conditions of different nature. The first one is
a geometric condition of the volume growth, whereas the second is an estimate c
fundamental solution to an elliptic equation. Neither of them separately implies he
kernel bounds1(.7). Surprisingly enough, the exponesitwhich provides the scaling
of space and time variables foparabolicequation, can be recovered fromedliptic
equation, although combined with the volume growth.

The paper is arranged as follows. In Sectiome state the main result—Theorem
2.1 In Section3 we introduce necessary tools such as the discrete Laplace operat
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its eigenvalues, the mean exit time, and so on. In Sectie describe the scheme
of the proof of Theoren2.1, as well as some consequences. In particular, we mentio
some other conditions equivalent to.7). The actual proof of Theorem.1 consists

of many steps that are considered in detail in Sectisis.

Notation.The lettersc, C are reserved for positive constants not depending on th
variables in question. They may be different on different occurrences, even within tl
same formula. All results of the paper are quantitative in the sense that the consts
in conclusions depend only on the constants in hypotheses.

The relationf ~ g means that the ratio of functionfsandg is bounded from
above and below by positive constants, for the specified range of the variables. If c
of those functions contains a sub-Gaussian factor-egg’ /(ct))¥/ A=), then the
constant in exp may be different for the upper and lower bounds (cfl)j.

We use a number of lettered formulas suchld€), (LE), and so on, to refer
to the most important and frequently used conditions. In the appendix we provide
complete list of all such formulas.

2. Statement of the main result
Throughout the papeF; denotes an infinite, connected, locally finite graphx,I¥ €
", then we writex ~ y, providedx andy are connected by an edge. The graph is
always assumed nonoriented; thatisy y is equivalent toy ~ x. We do not exclude
loops so thak ~ x is possible. Ifx ~ y, thenXy denotes the edge connectirngnd
y. The distancel(x, y) is the minimal number of edges in any edge path connectin
x andy.

Assume that graph is endowed by aveightuxy, which is a symmetric nonneg-
ative function onl" x I' such thafuyxy > 0 if and only ifx ~ y. Given uyy, we also
define a measure on vertices by

n(x) == Z Hxy

y~X

and
(A = (),
XeA

for any finite setA c I". The couplgT, 1) is called aweighted graphHerepu refers
both to the weight.xy and to the measure.

Any graphI’ admits astandard weightwhich is defined by.xy = 1 for all edges
Xy. For such a weighiy (x) is equal to the degree of the vertexwhich is the number
of its neighbors.
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Any weighted graph has a natuidbrkov operator Rx, y) defined by

Mxy
P(Xx,y) = —. 2.1
(X, y) 200 (2.1)
Clearly, we have
Z Px,yy=1 (2.2)
yel
and
PX, y)ux) = Py, x)u(y). (2.3)

For the Markov operatoP, there is an associated random walk, jumping at each
timen € N from a current vertex to a neighboring vertex with probability P (x, y).
The process(,, is Markov and reversible with respect to measuréf . is the stan-
dard weight orT", then X, is called asimple random wallonT .

Conversely, given a countable detwith a measurq. and a Markov operator
P(x, y) onT satisfying ¢.3), identity (2.1) uniquely determines a symmetric weight
uxy onT' xI". Then one defines edgey as those pairs of vertices for whiglyy # 0,
and one obtains a weighted graph, ). One has to assume in addition that the
resulting grapH" is connected and locally finite.

Let P, denote thenth convolution power of the operatdP. Alternatively,
Pn(X, y) is the transition function of the random wa¥¢; that is,

PiX,y) =Px (Xn=Y).
Define also the transition density ¥f,, or theheat kernglby

Pa(X, y)
n(y)
As obviously follows from 2.3), pn(X, ¥) = pn(Y, X).

The only a priori assumption that we normally make about the transition prob:z
bility is the following:

pn(Xa y) =

P(X,y) > po, VYx~Y, (po)

wherepg is a positive constant. Due t@.¢), hypothesig pg) implies that the degree
of each vertex € T is uniformly bounded from above. The latter is in fact equivalent
to (po), providedX, is a simple random walk.

By sub-Gaussiarheat kernel estimates on graphs, we mean the following in
equalities:
d(x, y)ﬂ )1/(/3—1)>

pn(X,y) < Cn*/# eXp< - ( o

(VE)
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and

BN\ 1/(B—1)
Pn(X, Y) + Pnta(X, y) = cn~*/? exp( — (dol—ny)) ) n = d(x, y),
(LE)
wherex, y are arbitrary points ol and wheren is a positive integer.
Let us comment on the differences betwébrE) and (L E). First, observe that
pn(X, ¥) = 0 wheneven < d(x, y). (Indeed, the random walk cannot get frento
y in a number of steps smaller thdrx, y).) Therefore, the restriction > d(x, y) in
(LE) is necessary. We could assume the same restrictidd i), but if p,(x, y) =
0, then(U E) is true anyway. Another difference—usipg + pn+1 in (LE) in place
of p, in (UE)—is due to the parity problem. Indeed, if graphis bipartite (e.g.,
ZP), then pa(x, y) = 0 whenevem andd(x, y) have different parities. Therefore,
the lower bound foip, cannot hold in general, and we state it fasr+ pn.1 instead.
Alternatively, one could say that the lower bound holds eithepfpor for pp.1. The
structure of the graph may cause oneggf pn.1 to be small (or even vanish), but it is
not possible to decide a priori which of these two terms admits the lower bound (s
Sectionl4 for more details).
Denote byB(x, R) a ball onI" of radiusR centered ak, and denote by (x, R)
its measure, that is,

B(X, Ry :={yel:d(x,y) <R}, V(X R):=pun(BX, R)).
We say that graplr’, ) has theregular volume growtlof degreex if
VX, Ry~ R*, Vxel, R>1. V)
TheGreen kernebf (", 1) is defined by
o0
g%, y) := Y pa(X, y).

n=0
Assuming thatr > 8, the estimategU E) and(L E) imply, upon summation im,

gx,y) = dx, )77, Wx#y, (G)

wherey = o — 8. It turns out that(G), together with the volume growth condition
(V), is sulfficient to recover the heat kernel estimaté&) and(LE), as is stated in
the following main theorem.

THEOREM2.1
Leta > B > 1, and lety = o — B. For any infinite connected weighted gra@dh )
satisfying(po), the following equivalence holds:

(V) +(G) <= (UE) + (LE).
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Remark 2.1
Under hypotheseg/) and(G), some partial heat kernel estimates were obtained b
A. Telcs [62].

It is well known that a simple random walk P admits the Gaussian estimate

2 2

cn‘D/zexp( - W) < pn(x,y) <Cn~P/2 exp( - %) (2.4)
subject to the restrictions = d(x, y) (mod 2 andd(x, y) < n. Similar Gaussian
estimates were also proved for more general graphs, under various assumptions
[37], [54], [22], [29]). It is easy to see thaP(4) is equivalent taUE) + (LE) for
a = D andg = 2 (see Section4 for the parity matters).

Barlow and Bassd] constructed a family of graphs—graphical Siérgki carpets
(resembling in the large scale the multi-dimensional Steskii carpet), which are
characterized by the parameter&ind 8. Heat kernels on those graphs satisfy sub-
Gaussian estimatgbl E) and(L E). In general, the parametersandg in (U E) and
(LE) must satisfy the inequalities

2<p<a+1, (2.5)

which can be seen as follows. By, [Th. 2.1], the lower bound iGV) implies the on-
diagonal upper boungh(x, x) < Cn~®/@+D By the result of {8, the upper bound
in (V) implies the on-diagonal lower bourh(x, X) > ¢ (nlogn)~%/2. Comparing
these estimates with the on-diagonal lower and upper bounds impli¢d By and
(UE), we obtain 2.5) (cf. [4, Th. 3.20 and Rem. 3.22]5§], as well as Lemm&.4).

The sub-Gaussian estimates for differer@ndg are related as follows. Consider
the right-hand side ofU E) and(L E) as a function ofr andg. It is easy to see that
it decreases g8 anda/8 simultaneously increase (assumuhg, y) > n). In partic-
ular, (U E) gets stronger (anf E) gets weaker) on increasing @fwith constanis,
whereas in general there is no monotonicity8in

Estimates(UE) and (LE) were proved by O. Jones3J] for the graphical
Sierpihski gasket. The latter is a graph that is obtained from an equilateral triang
by a fractal-like construction (see Figute The reason for a subdiffusive behaviour
of the random walk on such graphs is that they contain plenty of “holes” of all size
which causes the random walk to spend more time on circumventing the obstac
rather than on moving away from the origin.

It is possible to show thatV) and (G) imply 8 > 2 (see Lemmé.4). The
assumptione > f is necessary to ensure the finiteness of the Green function. It |
known that eitheg(x, y) is finite for all X, y or g = oo. In the first case the graph
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JAVAN
AVA AN
VAVAVAVAVAVAN

Figure 1. A fragment of the graphical Siefgki gasket

(', w) is calledtransientand in the second casecurrent(e.g.,ZP is transient if

D > 3 and recurrent otherwise). Hence, Theoft&serves only transient graphs.
The question of finding equivalent conditions for sub-Gaussian estindtes

and(L E) is equally interesting for recurrent graphs. Note that the graph in Figisre

recurrent: Indeed, the volume function on this graph obviously admits the estimate

V(x,r) < Cr?,

which implies the recurrence (set], [66]). Alternatively, one can see directly that
a < B because the parametersaand 8 for the Sierpihski gasket are = log 3/1og 2
andg = log 5/ log 2 (see §]).

Some hints on the recurrent case are given in Sedtion

3. Preliminaries

If Pisthe Markov operator of a weighted graih ) andifl is the identity operator,
thenA := P — | is called theLaplace operatoof (", ). For any setA C I', denote
by A the set containing all vertices @ and all their neighbors. If a functiof is
defined onA, thenAf is defined orA and

1

HX) o

AfO) =) P Nfy) - fx)=

y~X

*Plenty of examples of transient graphs and fractals with sub-Gaussian heat kernel bounds can be #pund in

[7], and [8].
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where

Note that although the summation in the second surf.it) uns over all verticey,
the summand is nonvanishing onlyjif~ x.

The following is a discrete analogue of the Green formula: for any finiteéAset
and for all functionsf andg defined onA,

1
D AT0g0H0 = 3 (Vay ) 900mxy =5 D2 (Vayf) (V@) ixy.
xeA xeA,y¢A X,yeA
(3.2)

We say that a function is harmonicin setA if v is defined inA andAv = 0 in
A. Similarly, we say that a function is superharmonidf Av < 0. Observe that the
inequalityAv < O is equivalent to

V() = > P(X, y)v(y).
y~X
The latter implies, in particular, that the infimum of a family of superharmonic func:
tions is again superharmonic.

For any nonempty sef C T, let cg(A) be the set of functions of whose
support is finite and is ifA. Denote byA 5 the Laplace operator with the vanishing
Dirichlet boundary condition o; that is,

Af, xeA,
Aaf(X) =
0, X ¢ A.
The operatoA 5 is symmetric with respect to the measwrand is nonpositive defi-
nite. Moreover, it is essentially self-adjoint irf (A, ).

For a finite setA, denote by A| its cardinality. If A is finite and nonempty, then
the operator-A 5 has|A| nonnegative eigenvalues that we enumerate in increasin
order and denote as follows:

A1(A) < A2(A) < - = 4 a(A).

It is known that all eigenvalues (A) lie in the interval[0, 2] and thatr1(A) € [0, 1]
(see, e.g.,19), [22, Sec. 3.3]). The smallest eigenvalug A) admits the variational
definition

. —(Af, ) o (1/2) way(vxyf)zl/«xy
A= (f. f) ) Sox F200u0

(3.3)

where
(f.9) =Y 009001 (X).

xell
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If A= B(X, R), then we write, for simplicity,
(X, R) == A1(B(X, R)).

Given a nonempty seA C T, let X2 be the random walk oK’ 1) with the
killing condition outsideA. Its Markov operatoPA(x, y) is defined by

PA(X y) — P(X7 y)’ vae A7
’ 0, otherwise.

The transition functiorP,(x, y) of X2 is defined inductivelyPZ\(x, y) = éxy and

PAIY) =Y PAx.2PAZ YY) =Y PAX2PAzY).  (34)

zel zel

As easily follows from 8.4), the functionu,(x) = PA(x, y) satisfies inA x N the
discrete heat equation
UrH_]_ - Un == AAUn . (35)

The heat kernep\(x, y) of X/ is defined by
PR(X, )
n(y)
As follows from (2.1), p” is symmetric inx andy. In particular, the kerne;br’,*(x, Y)

satisfies heat equatiofi.f) both in(n, x) and(n, y). If f(x) is a function onA, then
the function

PR (X, Y) ==

Un(X) := PR (0 = D R, y) F(y(y)
yeA
solves, inA x N, heat equation3 5 with initial dataug = f and boundary data
up(X) =0if x ¢ A
The Green function oK/ is defined by

o0
Ga(X,Y) ==Y _PR(X, Y.

n=0
The alternative definition is that the functi@®a(x, y) is the infimum of all pos-
itive fundamental solutions of the Laplace equationAnlf the Green function is
finite, then, for anyy € A, we haveAaGa(-, y) = —dy. The opposite case, when
Ga(X, y) = 400, is equivalent to the recurrence of the prock(ﬁ‘s

The Green kerneda(X, y) is defined by

_GAY) _ N~ oA
Galx.y) = == 2:% P (X, Y).
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Clearly, the Green kernel is symmetricny. Therefore, ifga is finite, thenga is
superharmonic irA with respect to botlx andy, and it is harmonic away from the
diagonalx = y. Observe that ifx(x) >~ 1 (which in particular follows fromV)),
thenGa(X, y) = ga(x, y) and pi(x, y) >~ P(x, y).

It is easy to see that kernefi\(x, y) andga(x, y) increase wher is enlarged
and tend to global kernefs, (x, y) andg(x, y) (defined in Sectiofl) as an increasing
sequence of set& exhaustd".

If Ais finite and nonempty, then it makes sense to consider the Dirichlet proble
in A,

Au=f inA,

_ 3.6
u=~h in A\ A, (36

where f andh are given function o\ andA\ A, respectively. As follows easily from
the maximum principle, the solutiamexists and is unique. For a finite s&t co(A)
is identified with all functions orA extended by zero outsid& Then the equation

Apau= f,

whereu and f are incg(A), is equivalent to Dirichlet problenB(6) with h = 0. Its
solution is given by means of the Green oper&aras follows:

) = -Gaf(x) =~ Gax. ) f(y). (3.7)
y

In other words, we hav& s = (—Aa) L.
For any setA C " and a poin € T, define themean exit time [x(x) by

EA(X) := Y Ga(X. ). (3.8)
yeA

As follows from the above discussion, the functiBp(x) solves the following bound-
ary value problem irA:
Au= -1 IinA,
i (3.9)
u=20 outsideA.

Denote byTx the first exit time from sef for the procesy; that is,
Ta := min{k : Xg ¢ A}.

We claim thatEa(X) = Ex(Ta), which justifies the term “mean exit time” fd a.
Indeed,Ta coincides with the cardinality ofal = 0, 1, 2, . .. for which Xrﬁ isin A;
that is,

o0
Ta =2 xpen)
n=0
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whence
o o0
Ex(Ta) = Px(Xh € A) =" 3 B0 y) = ) Gak, y) = Ea(X),
n=0 n=0yeA yeA
If A= B(x, R), then we use a shorter notation
E(X, R) := Egx,R) (X).
Another function associated with the exit time is thét probability, defined by
WA(X) := Py {Xk ¢ Afor somek < n} =Py {Ta <n}. (3.10)

In other words/2\(x) is the probability that the random walk started ax will at
least once exiA by timen. Alternatively,\IJnA(x) can be defined as the solutiop(x)
to the following initial boundary value problem iy x N:

Unt1 — Un = AUp,
Uo(X) =0, X € A, (3.11)
un(xX) =1, X ¢ Aandn > 0.
If A= B(X, R), then we use the shorter notation
Wn(x, R) 1= WBXR(x),
To conclude this section, we prove two useful consequences of con¢igon

P(X,y) > po, Vx~Y. (po)

PROPOSITION3.1
If (po) holds, then, for all xc " and R> 0 and for some C= C(pp),

V(x, R) < CRL(x). (3.12)

Remark 3.1
Inequality 3.12) implies that, for a bounded range Bf V (x, R) >~ 1 (X).

Proof
Letx ~ y. SinceP(X,y) = uxy/u(x) anduxy < u(y), hypothesispo) implies
Por(X) < w(y). Similarly, poue(y) < w(x). lterating these inequalities, we obtain,
for arbitraryx andy,

Po %Y (y) < n(). (3.13)

Another consequence Offp) is that any poink has at mospgl neighbors. Therefore,
any ballB(x, R) has at mosER vertices inside. By{.13, any pointy € B(x, R) has
measure at mogt, R,.(x), whence 8.12) follows. O
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PROPOSITION3.2
Assume that hypothesigg) holds on(T", ). Let functionv be nonnegative irA
and superharmonic in A. Then, for all points € A such that x~ y, we have

v(X) >~ v(y).

Proof
Indeed, the superharmonicity ofimplies

v() = Y P(X,2v(2) = P(X, y)vu(y),
Z~X
whencev(x) > pov(y) by (po). In the same waw(y) > pov(X), whence the claim
follows. O

4. Outline of the proof and its consequences
The proof of Theoren2.1 consists of many steps. Here we describe the logical orde
of these steps. The rest of the paper is arranged so that each section treats a ce
topic corresponding to one or more steps in the proof of Thearém

Apart from conditions(V), (G), (UE), and (U E) described in Sectiof, we
introduce here some more lettered conditions that are widely used in the proof.

We say that thd=aber-Krahn inequalityholds on(T", w) if, for some positive
exponent,

A(A) = cu (AT (FK)

for all nonempty finite seté\ c T'. In particular,(FK) holds inZP with v = D/2.
If T is infinite and connected and jif is the standard weight oR, then(FK) au-
tomatically holds withv = 1/2 (see 9, Prop. 2.5]). We are interested (i K) with
v = a/B, wherex andg are the parameters frof) E) and(L E), in which case we
havev > 1.

An easy consequence @f E) is thediagonal upper estimate

Pn(x,X) < Cn*/# (DUE)

forall x € I" andn > 1.
Consider the following estimates for the mean exit time and the exit probability

Ex,R) ~ R? (E)
forallxeI’, R> 1, and
RA\ /(B-D
Un(x,R) <C exn( - (a) ) (V)

forallx e I', R > 0, andn > 1. For example(E) and(¥) hold inZP with g = 2.
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Part(V) 4+ (G) = (UE) of Theorem2.1is proved by the following chain of
implications:

| V) + (G |
ilProp 516 UProp 6.3
(FK) (E)
uProp 51 ilProp 7.1
(DUE) (V)
UProp 8.1
| B |

The relations among exponewtss, y, andv involved in all conditions are as follows:
a—pB=y and «o/B =v.

Given (DU E) and(¥), one easily obtains full upper bourid E) using the ap-
proach of Barlow and Bas$§](see Sectior®). The method of obtaining Faber-Krahn
inequality(FK) from (V) and(G) is based on ideas of G. Carrai¥]. The implica-
tion (FK) = (DUE) is a discrete modification of the approach of A. Grigor'yan
[32]. The implication(V) + (G) =— (E) was originally proved by Telcs$p], and
here we give a simpler proof for that.

The crucial part of the proof of upper estimat¢E) is the implication(E) —
(W). The following nearly Gaussian estimate is taleays without assumingE) or

anything else:
V(x, R) R2
Yh(x,R) <C 200 exp( - a) (4.2)

(see pg and [33, p. 355]). However,4.1) is not good enough for us even if we neglect

the factorV (x, R) in front of the exponential. Indeed, the rangenpffor which we
apply (¥), isn > R (see the proof of Propositich 1). Assumings > 2, we have in

this range
RE\V(B-D R2
& =%

n n

so that(V) is stronger than4.1).

We provide here an entirely new argument f&) — (¥), which is based on
an investigation of solutions of the equationv = Av. Functionv can be estimated
by comparing it toAu = —1 (and the latter is related to the mean exit time). On the
other hand, functiortl + A)"v(x) satisfies the discrete heat equation and hence ca
be compared t&/2\(x) by using the parabolic comparison principle (see Seciifam
details). Another proof ofE) =— (W) can be obtained by using the probabilistic
method of Barlow and Bas$], [6], [7].
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Before we consider the proof of lower bou@idE), let us introduce the following
conditions.
Thenear-diagonal lower estimais

Pn(X, ) + Pnra(X, y) = cn /P if d(x, y) < sn¥/8 (NLE)

for some positive constait Obviously,(NLE) is equivalent tolLE) in the range
d(x, y) < sn¥/f.

As an intermediate step, we use the followitiggonal lower estimatéor the
killed random walk:

pa* R (x,x) > cn/F ifn <R (DLE)

for some positive constaat
We say that thélarnack inequalityholds on(T, ) if, for any ballB(x, 2R) c T’
and for any nonnegative functianin B(x, 2R) which is harmonic irB(x, 2R),

max u < H min u (H)

B(x,R) B(x,R)

for some constanH > 1. The Harnack inequality reflects a certain homogeneity
of the graph. For example, it holds f@® with the standard weight but fails on the
connected sum of two copies BP as well as on a binary tree.

The scheme of the proof %) + (G) = (L E) is shown on the diagram below.
From the previous diagram, we already know that conditidghk ) and (E) follow
from (V) + (G), as well as the implicationd=K) =— (DUE) and(E) = (V):

| V) + (G |
Uprop 55, 6.3

(FK) (B) (©)

UrProp 51 lLProp 7.1 UProp 101
(DUE) (W) + (V) (H)

————

UPrOp 12.3 lLProp 91 uProp 11.2

[deriv] (DLE) + (E) [0sd

iiProp 131
(NLE) + (V)
——

iiProp 132
| e |

The central point in the diagram is Propositid®. 1, where(N L E) is obtained from
(DUE), (DLE), (E), and(H). The proof goes through the intermediate steps tha
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are denoted here Bgsd and[deriv]. The former refers to oscillation inequality¥.3
obtained from(H) in Propositionsl1.1and11.2, and the latter refers to upper esti-
mate (L2.9 for |pni2 — pn| obtained from(DU E) in Proposition12.3

The idea of obtainingN L E) by means of an elliptic Harnack inequality seems
to have appeared independently in papers by P. Auséhefd], Barlow and Bass
[6], [7], [8], and W. Hebisch and L. Saloff-Costad]. Basically, one views the heat
equation for the heat kernel as an elliptic equation

A(Pn+ pnt1) = f,  wheref = ppy2 — pn.

The elliptic Harnack inequality and the upper boundHEgK, r) allow one to estimate
the oscillation ofp, + pn+1 via f. (In the continuous setting, the latter argument is
classical and is due to J. Mosé9].)

On the other hand, the on-diagonal upper boungfamplies a suitable estimate
for the discrete time derivativen+2 — pn. The fact that(DU E) implies a certain
estimate of the time derivative of the heat kernel is well known. In the context c
manifolds it goes back to S. Cheng, Li, and Yau][and E. Davies?€], [27] (see also
[34]); in the discrete setting it follows from the results of E. Carlen, S. Kusuoka, an
D. Stroock [L3] and T. Coulhon and Saloff-Costd]; and in the setting of fractals it
is proved by Barlow and Basg]|

Having an upper bound for the oscillation@f+ pn+1 and the on-diagonal lower
bound forpn+ pn+1, 0ne obtaingN L E). The final step in the proof—the implication
(NLE)+ (V) = (LE)—is done by using the classical chaining argument of Mosel
[50] and D. Aronson1].

The method of obtainingDL E) from (¥) and (V) used in Propositio®.1 is
well known. Its various modifications can be found @, [11], [21], [24], [48], [5€],
and possibly in other places.

The claim that Green kernel estimat@) implies elliptic Harnack inequalityH )
would not surprise experts. In the context of the uniformly elliptic operatoRHn
this was first observed by E. Landiéq p. 145-146] and then was elaborated by
N. Krylov and M. Safonov43] and E. Fabes and StroocRY]. However, this claim
becomes rather nontrivial for arbitrary graphs (and manifolds) because of topolog
cal difficulties. We provide here a new, simple, and general proof of the implicatio
(G) = (H), which is based on the potential theoretic approach of A. Boukrichs
[12].

Finally, the converse implicatiofU E) + (LE) = (V) + (G) is quite straight-
forward and is proved in Propositidrb. 1.

As a consequence of the above diagrams, we see that the following equivaler
takes place:

(FKY+V)+(E)+ (H) <= (UE) + (LE).
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It is possible to show that this equivalence is also true for recurrent graphs. Furth
more, Faber-Krahn inequalityF K) turns out to follow from(V) + (E) + (H), so
that

(V) + (E) + (H) < (UE) + (LE). (4.2)

Condition(H) ensures here a necessary homogeneity of the graph, whigteaad
(E) provide the exponents andg, respectively.
Another consequence of the proof is that

M)+ UE)+ (H) <= (UE) + (LE) (4.3)

(see Remarkl5.1). There are a number of conditions given in terms of capacities
eigenvalues, and so on, which can repld@egor (U E) in (4.2) and ¢.3), respectively.
In the presence afV) and (H), the purpose of the other condition is to recover the
exponeng in (U E) and(L E). Note that ifs = 2, then(UE) in (4.3) can be replaced
by (DU E) (cf. [39]).

The complete proofs ofd(2), (4.3), and other related statements will be given
elsewhere.

5. The Faber-Krahn inequality and on-diagonal upper bounds
Recall that &aber-Krahn inequalityholds on(T", u) if there are constants> 0 and
v > 0 such that, for all nonempty finite se#sc T,

A(A) > cu (AT (FK)

We discuss here relationships between eigenvalue estimaté§ likgand estimates
of the Green kernel, heat kernel, and volume growth. The outcome is the followir
implications:

V) +(G) = (FK) = (DUE),

which are contained in Propositioass and5.1, respectively, and which constitute a
part of the proof of Theorera. 1.

PROPOSITION5.1

Let (T, u) satisfy(pg), and letv be a positive number. Then the following conditions
are equivalent:

(@) Faber-Krahn inequality F K);

(b)  the on-diagonal heat kernel upper bound, for alex™ and n> 1,

Pn(X,X) <Cn™"; (DUE)
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(c) the estimate of the level sets of the Green kernel, for @lllxand t > 0,
uly 1 g(x,y) >t} < Ct/0=b, (5.1)

providedv > 1.

The analogue of Propositicn1 for manifolds was proved by Carrof4]. The equiv-
alence(a) < (b) was also proved in32] for heat kernels on manifolds, and i,
Prop. V.1] for random walks satisfying in addition the conditioryiRf(x, x) > 0.

We provide detailed proof only for the implicatio(®) — (b) and(c) =— (a)
which we use in this paper. The implicatidm) = (c) can be proved in the follow-
ing way. By a theorem of N. Varopoulo§3], (DU E) implies a Sobolev inequality.
Then one applies an argument @#[ Prop. 1.14] (adapted to the discrete setting) to
show that §.1) follows from the Sobolev inequality.

Note that our proof ofa) = (b) goes through for any > 0. If v > 1, then
one could apply the approach dff] using a Sobolev inequality as an intermediate
step betweeria) and (b). In general, we use instead a Nash-type inequality that i
obtained in the following lemma.

LEMMA 5.2
Let(T", u) be a weighted graph (which is not necessarily connected). Assume that, 1
any nonempty finite set & T,

A(A) = Al (A)), (5.2)

where A(-) is a nonnegative nonincreasing function @ co). Let f(x) be a non-
negative function ol with finite support. Denote

dofou=a and Y fA0ux) =b.

xel xel

Then, for any s> 0,

1
52 (VyD)ixy = (b— 258 A(a/9). (5.3)
X~y
Proof
If b — 2sa < 0, then 6.3) trivially holds. So, we can assume in the sequel that
b
< —. 5.4
= 2a 4

Sinceb < amaxf, (5.4) impliess < max f and, therefore, the set

As={xel: f(x)>s}
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Figure 2. Set# andAs

is nonempty (see Figurd.
Consider functiorh = (f — s). This function belongs tap(As) whence we
obtain, by variational property3(3) of eigenvalues,

1
5 2 (V) ixy > 2a(As) 3 M2 (x). (5.5)
X~y xell

Let us estimate all terms ib(5) via f. We start with the obvious inequality
f2 < (f —9)2 +2sf = h? 4 2sf,
which holds for anys > 0. It impliesh? > f2 — 2sf whence

> h?(x)u(x) = b—2sa (5.6)

xel

The definition ofAs implies u(As) < a/s whence, by %.2),
r(As) = A (u (As)) = A@/s). (5.7)

Clearly, we also have

Z(nyh)zﬂxy = Z(ny f )ZMxy-

X~y X~y

Combining this with §.7), (5.6), and 6.5), we obtain §.3). O

We apply Lemmé.2 for function A (v) = cv=Y". Choosings = b/(4a) in (5.3), we
obtain q
X~y

This is a discrete version of thidash inequalitycf. [51], [13]).
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Proof of (a) = (b) in Proposition5.1

Step 1Let f be a nonnegative function dhwith finite support. Denote, for simplic-
ity,
b=> " f20ux) and b=} [PTOPuX),
xel’ xel’
whereP is the Markov operator ofl", ). Then we have

b_ b/ = (f, f)LZ(F,M) - (Pf, Pf)LZ(F,,bL) = (f, (I - Pz) f)LZ(FM)

Clearly, Q := P, is also a Markov operator of reversible with respect tg, and
it is associated with another structure of a weighted graph on the. d&¢note this
weighted graph byI'™*, u*). As a setI'* coincides withl", and the measurgs and
w* on vertices are the same. On the other hand, painysare connected by an edge
onI'* if there is a path of length 2 fromto y in I', and the weight.;,, on edges of
I'* is defined by

Iy = QX, Y (X).
Denote byA* the Laplace operator qf"*, u*). ThenA* = P, — | and, by Green
formula (3.2),

1
b—b'= =3 F00ATFO0R00 =5 D (Vay D)2uy. (5.9)

xel’ Xx,yel'

Step 2If Ais a nonempty finite subset of, then p2, Lem. 4.3] says that
AL(A) = Ma(A), (5.10)

wherex](A) is the first eigenvalue of A% . By Faber-Krahn inequalityF K) for the
graph(T’, u), we obtain
(A = e (A (5.11)

Since(po) and Propositiors. Limply
w(A) <) V(x2) <C Y u(x)=Cu(A) = Cu*(A),
XeA XeA

(5.171) yields (FK) for the graph(T'*, u*).

Remark 5.1

The only place wherépg) is used in the proof ofa) = (b) is to ensure that
w(A) < Cu(A). If this inequality holds for another reason, then the rest of the proo
goes in the same way.

* The proof of £.10) is based on variational property.@) and on the fact that all eigenvalues-efA o belong
to the intervalA1(A), 2 — A1(A)].



472 GRIGOR'YAN AND TELCS

Step 3For some fixedy € T, denotef,(X) = pn(X, y) and

bn =) fF00RM) = pn(y, Y).

xel

Then f,.1 = P f, and we obtain, byH.9),

1
bn —bny1 = E Z (ny fn)zliiy-
x,yel'

The graph(T*, u*) satisfies F K) so that Lemm&.2 can be applied. Since

D fa00Ou() =Y Pax,y) =1,

xel’ xell
(5.9) yields
1
> Z (Vxy fn)zﬂiy >C h%Jrl/v,
x,yel'
whence
bn — bnys > ey (5.12)

In particular, we see thé, > by1.
Next we apply an elementary inequality

XV — yv
V(X —y) = Iyt (5.13)
which is true for allx > y > 0 andv > 0. Takingx = b;i{” andy = by ", we

obtain, from 6.13 and £.12),

~1 ~1 1+1
U(b—l/v b—l/v) . bn-i-l — by _ bn — bny1 - Ch1+ /v _C
—Mn jal (v — — - — 7
n+1 bn_i(_‘i 1)/v + by w=1/v b[il].ivlbn + br]i/v bn+l 2br]i+l/v 2
whence &
-1 -1
b — b > 5, = const

Summing up this inequality in, we conclude thah)rTl/" > cnandb, < Cn™".

Sinceby = pan(y, Y), we have proved that, for afl e T andn > 1,

Pn(y,y) <Cn™", (5.14)

which is(DU E) for all eventimes.
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Step 4By the semigroup identity, we have, for any<Ok < m,

Pm(X, Y) = > Pmk(X. 2) k(2. V) 1(D). (5.15)

zell

In particular, ifm = 2n, k = n, andy = x, then

Pan(X, X) = D PA(X, 2)(2). (5.16)

zel

On the other hand5(15), the Cauchy-Schwarz inequality, artd(6) imply

P2n(X, ¥) = D Pa(X, 2)Pn(Z, Y)1(2)

zel’

1/2 1/2
S{Z PA(X, Z)M(X)} {Z Pa(Y, Z)M(Z)} :

zell zell

whence
P2n(X, ¥) < Pan(X, X)Y?pon(y, y)V/2. (5.17)

Together with £.14), this yields pon(X, y) < Cn™" for all X,y € I'. This implies
(DUE) also foroddtimes if we observe that, by (15 and @.2),

P2nsa(X. Y) = D Pan(X, 2P(z.y) < Maxpan(X, 2). (5.18)
zel

zel

Proof of (¢) = (a) in Proposition5.1
Let A be a nonempty finite subset bf and letf € co(A) be the first eigenfunction
of —Aa. We may assume thdt > 0. Let us normalizef so that maxt = 1, and
let xo € A be the maximum point of . The equation-Aaf = A1(A) f implies, by
(3.7,

() =22(A) Y Gax, ) f(y),

yeA
whence, forx = X,
1=21(A) )Y  Galxo, ) f(y) < 21(A) Y GaXo, Y)
yeA yeA
and .
A(A) > (T&XZ Ga(x, y)) . (5.19)

yeA
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On the other hand, for any e A,

Y GAXY) =D galx, Vu(y) = /O gax, ) > t} dt.

yeA yeA

Fix somety > 0, and estimate the integral above usifdl), ga < ¢, and the fact
that

mAigalx, ) >t} < u(A).
Then we obtain

> Gay = [

yeA 0

to 00
(A dt + / Ct™/0=Ddt = u(Ato + Cty /Y.

fo

Let us choosdg ~ wu(A)~“~D/¥ to equate the two terms on the right-hand side,
whence

Y Gax.y) < Cu(AMY". (5.20)
yeA
Finally, (5.20 and 6.19 imply (FK). O

The second result of this section is preceded by two lemmas. We say that a weigh
graph(T’, u) satisfies theloubling volume conditioif

V(X,2R) < CV(,R), VxeIl, R>D0. (D)

Clearly, (D) is a weaker assumption thaw).

LEMMA 5.3
If (', u) satisfieg D), then, for all xe I" and R> 0,

AKX, R) < %. (5.21)

Proof
Let us apply variational propertyd(3) with the test function

f(y) =(R—d(x,¥)); € co(B(x, R)).
Since|Vy, f| < 1, (3.9 and(D) imply

(1/2) Zywz(vyzf)zliyz - CV(i, R) C

S_

>y f2yuy)y T RV(X, R/2 T R¥

which was to be proved. O

A(X, R) <
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The next lemma was proved i89], but we give here a shorter proof.

LEMMA 5.4
Let (T, n) satisfy(pg). If (V) and(G) hold, with some positive parametersandy,
thena — y > 2.

Proof
By (5.19, we have

A, R~ < max G(y, 2). 5.22
R = max Y GWy.2 (5.22)
zeB(x,2R)

By (G) and Propositior8.2, G(y, y) is uniformly bounded from above. Usir{) to
estimateG(y, z) for y # zand(V), we obtain

[log; R]
Y. G.D=GWy. N+ Y > 9(y, Du(2)
zeB(Y.2R) i=—1 zeB(y,2-'R)\B(y,271-1R)
[log, R]

<Cc+C Y (2“ R)_y V(y,2"'R)
i=—1

[log, R]  a—y
< c[1+ 3 (2—' R) } (5.23)
i=—1
A straightforward computation of surd.¢3 yields, for largeR,
R, o>y,
Y G(.2=<Cllog,R a=y, (5.24)
zeB(Y,2R) 17 a<y.
Combining 6.22 and 6.24), we obtain
R-(@=») o>y,
A, R =c{(log,R)™", a=y, (5.25)
1, o <vy.

By Lemmab.3, we have $.21), which together with%.25 impliese — y > 2. O

PROPOSITION5.5
Let (T, u) satisfy(po). If (V) and(G) hold with some positive parametersand y,
then Faber-Krahn inequalityF K) holds with the parameter = a/(a — y).
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Proof
Note that, by Lemmé&.4, we havex > y so thatv is positive and, moreover, > 1.
Let us verify that

iy : g(x,y) >t} < const™/7. (5.26)

Then 6.1) would follow with v = «/(a — y), which implies(FK), by Proposition
5.1

The upper bound iG) and (pp) implies that, for allx, y (including the case
X = Y; see PropositioB.2),

g(x,y) < Cmin(L, d(x, y)™"). (5.27)

If t > C, then the sety : g(x, y) > t} is empty, and¥.26) is trivially true.
Assume now that < C. Then 6.27) implies

ply - 906 y) >t} < ply 1 d(x, y) < (t/C)7 7} = V(x, (t/C)" 7).
SinceR := (t/C)~Y7 > 1, we can apply here the upper bound frévh) and obtain
(5.26. O

6. The mean exit time and the Green kernel
The purpose of this section is to verify paif) + (G) = (E) of the proof of
Theorem2.1. Recall that(E) stands for the condition

Exx, )~ Rf, wvxel, R>1 (E)

Alongside the mean exit timEa(x), consider thenaximalmean exit timeE 5 de-
fined by

Ea := SUPEA(Y). (6.1)
y
If A = B(x, R), then we writeE(x, R) := Epx.r). We also use the following
hypothesis:
E(x,R) <CE(X,R), Vxel, R>D0. (E)

PROPOSITIONG.1
The upper bound iGE) implies, for all xe T" and R> 1,

E(x, R) <CR’. (6.2)
The lower bound i{E) implies
Ex, R > cR. (6.3)
Consequently E) implies(E) and
E(x, R) ~ RP. (6.4)
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Proof
To show (.2), let us observe that, for any poigte B(x, R), we haveB(x, R) C
B(y, 2R), whence

E(X,R) = sup Epxr(Y) < sup Epgy.2r(Y)

yeB(x,R) yeB(x,R)
= sup E(y,2R) <CRf.
yeB(X,R)

Lower bound 6.3) is obvious byE < E. Finally, (E) follows from (E) and {.4) if
R > 1, and(E) holds trivially if R < 1. o

PROPOSITIONG.2
For any nonempty finite set & I", we have

A (A) = (Ep)7 (6.5)

Proof
Indeed, this is a combination df (L9 and the definition oE (see 8.8) and ¢.1)). o

The next statement was proved &8].

PROPOSITIONG.3
Let (", n) satisfy(pg). If (V) and(G) hold, with some positive parametersandy,
then(E) holds as well with = a — y.

Proof
DenoteA = B(x, R). Applying (3.9), the obvious inequalitga < g, as well agV)
and(G), we obtain (cf. $.23 and £.24))

E(x, R) =) dal, Y)u(y) < D g, y)u(y) < CR7.
yeA yeA

Observe that, by Lemnta 4, we already know that > y.
For the lower bound oE(x, R), let us prove that

gax,y) = cd(x, )7, Vye B(x,eR)\ {x}, (6.6)
providede > 0 is small enough. Consider the function
u(y) = g(x, y) — ga(x, y)

which is harmonic inA. By the maximum principle, its maximum is attained at the
boundary ofA, whence, by G),

O<u(y) <CR.
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Therefore,
ga(x,y) =g(X,y) —u(y) = cd(x,y) ¥ —CR7. (6.7)

If Ris large enough and d(x, y) < ¢Rwith a small enough, then the second term
in (6.7) is absorbed by the first one, whené€ed follows.
Summing up §.6) overy, we obtain (cf. .23 and 6.24)

EX. R =Y ga.y)uy) = Y gal y)u(y) = cR7.
yeA yeB(x,eR)\{x}

If Ris not big enough, then the above argument does not work. However, in th
case we argue as follows. If the random walk starts,ahenTgx, r) > R. Hence,
we always havee(x, R) = Ex(Tgx.r)) = R which yields the lower bound ifE),
providedR < const. O

Assuming that'V) and (E) hold, there are the following general relations between
the exponenta andp: if the graph is transient, then2 8 < «; and if itis recurrent,
then 2< B < a+1 (see p9); see also§(], [61] for various definitions of dimensions
of graphs).

7. Sub-Gaussian term
The following statement is crucial for obtaining the off-diagonal upper bound of thi
heat kernel. It contains the paff) —> (V) of the proof of Theoren2.1.

PROPOSITION7.1
Assume that the grapfi’, 1) possesses propertfe). Then, for all xe I', R > 0,
and n> 1, we have

R\ /(B-D
Wh(x,R) <Ce - = . v
R =cen(-(Z) ) )
We start with the following lemma.

LEMMA 7.2

Assume that hypothesi&) holds on(T", 11). Let A= B(xo, r) be an arbitrary ball
onT, and letv be a function orA such thaD < v < 1. Suppose that satisfies in A

the equation
Av = Av, (7.1)

wherea is a constant such that

A > (Ep~ L (7.2)
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v(X)

v _ |
s A= B(Xo,I)

Figure 3. The value of the functianat the pointxg does not
exceed 1- ¢

Then
v(Xg) <1-—g¢, (7.3)

wheres > 0 depends on the constants in hypoth&&s (see Figures).

Proof
Denote for simplicityu(x) = Ea(X), and recall thati € co(A) andAu = —1in A
(cf. (3.9). Also, denote

hoi=(En~" = maxu

Consider the functiom = 1 — (Ap/2)u. Then ¥2 < w < 1 and, inA,

A0
szif)\owfkw.

Sincev < 1 andw = 1 outsideA, the maximum principle for the operatar — A
implies thatv < w in A. In particular,

A0 u(xop)
v(X0) S W) =1— ZU(X0) < 1— "
Hypothesis(E) yields
U(Xo) _ E(xo, r) .
maxu  E(Xo,r)
whence (.3) follows. 5
LEMMA 7.3

Assume thatl’, n) satisfieq E). Let A= B(Xp, R) be an arbitrary ball onl", and let
v be a function onA such thaD < v < 1. If v satisfies, in A, equatiorv(1) with a
constant: such that

CRP <1<, (7.4)
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T+ +1) «

Figure 4. The pointg; wherev(x) takes the maximum values

then
v(Xg) < exp(—cxl/ﬂ R) : (7.5)

Herex is an arbitrary constant, C is some constant depending on condiinand
¢ > 0is some constant depending band on condition(E).

Proof

Condition (E) implies (E) and E(x, R) ~ R’ (see Propositiors.1). Choose the
constant in (7.4) so big that the lower bound i7 (4) impliesx > E(x, R)~L. Then,
by Lemmar.2, we obtainv(xg) < 1 — ¢. If we have, in addition,

AYPR < const (7.6)

then (7.5) is trivially satisfied. In particular, iR is in the bounded range, then.¢) is
true because is bounded from above by (4).
Hence, we may assume in the sequel that

R>C' and A>C'R7P, (7.7)

with large enough constan@ andC” (in particular,C” > C). The point of the
present lemma is that it improves the previous one for this rangeaofd.. Choose a
numben from the equation. = Cr—#, whereC is the same constant as in{). The
above argument shows that Lemma applies in any ball of radius. Let x;, i > 1,
be a point in the balB(xg, (r + 1)i) in which v takes the maximum value in this ball,
and denoten;, = v(X;) (see Figurel). Fori = 0, we seimg = v(Xg).

For each > 0, consider the balh; = B(x;, r). Since

A C B(Xi,r +1) C B(xo, (r +1)(i + 1)),
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we have

maxv < mj 1.
A

Applying Lemma7.2to the functionv/mj_1 in the ball A;, we obtain
mi < (1—¢&)mji;;.
Iterating this inequalitk := | R/(r + 1)] times and usingnk < 1, we conclude
v(X0) = Mo < (1— &), (7.8)

By conditions {.7) and (7.4) and by the choice af, we have

k:E:)Ll/ﬂR,
r

so that {.8) implies (7.5). O

LEMMA 7.4
Assume thatl’, u) satisfieq E). Let A= B(Xp, R) be an arbitrary ball onl", and let
wn(X) be a function inA x N such thaid < w < 1. Suppose thab solves in Ax N
the heat equation

Wnt+1 — Wn = Awn (7.9)

with initial datawg = 0in A (see Figures). Then, for all n> 1,

RA\ V/(B-D
wn(Xg) < exp( - C<T> + 1). (7.10)

Proof
First, consider two trivial cases. R® < Cn, then (.10 is true just byw < 1,
providedc is small enough. SincAw(x) depends only on the immediate neighbors
of x, one gets by induction thaty(x) = 0 for all x € B(xp, R — k). Therefore, if
R > n, thenwp(Xg) = 0, and (7.10) is true again.

Hence, we may assume in the sequel that, for a large enough

cn’f < R<n. (7.11)
Fix somex > 0, and find a function(x) on A solving the boundary value problem

Av=2Av IinA,
v=1 inA\ A.



482 GRIGOR'YAN AND TELCS

n * (X0, N)

wn+1—wn=Aw wn <1

Figure 5. The value of the function at the point(xg, n) is
affected by the initial value» = 0 and by the boundary condition
w<1

The functionun(x) := (1 + A)"v(X) solves heat equatior’ ©) and satisfies the fol-
lowing boundary conditionsun(x) > 1 forx € A\ A andug(x) > 0 for x € A.
By the parabolic comparison principle, we have< u. Assume for a moment that
satisfies hypothesi§ (4) of Lemma7.3. Then we estimate(xg) by (7.5) and obtain

wn(X0) < (L4 1)"v(x0) < exp(kn —c)VB R) ,

Now, choose. from the conditiorcA# R = 2an; that is,
cR\ /(6D
A= — . 7.12
(5) (7.12)
As follows from (7.117), this particulan. satisfies {.4). Therefore, the above applica-
tion of Lemma7.3is justified, and we obtain

R6\ /(-1
wn(Xo) < EXP(—AN) = exp< - C’<7> >,
finishing the proof. o

Proof of Proposition7.1
Denote A = B(xo, R). By (3.11), the functionwn(x) := \Ifr/;\(x) satisfies all the
hypotheses of Lemma4. Hence (W) follows from (7.10). O

8. Off-diagonal upper bound of the heat kernel
Here we prove the following implication:

(FK)+(E) = (UE), (8.1)
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which finishes the proof of the heat kernel upper bound in Thedrémndeed, to-
gether with the implications

V) + (G) "7 (FK)

et P 6.3
V) + (G) =" (E),

(8.1) yields the partV) + (G) = (U E) of Theorem2. 1

PROPOSITIONS.1
On any graphT, w), we have

(DUE) + (V) = (UE). (8.2)
In particular, if (pg) holds on(T", ), then

(FK)+(E) = (UE). (8.3)

Proof
By Proposition5.1, (pp) and(FK) imply (DU E). By Proposition7.1, (E) implies
(¥). Hence, implication&.3) is a consequence of ().

To prove 8.2), let us fix some pointg, y € I and denote = d(x, y)/2. Since
balls B(x, r) andB(y, r) do not intersect, the semigroup identigy15 and the sym-
metry of the heat kernel imply, for any triple of nonnegative integers, n such that
k+m=n,

pn(X,y) < Z Pm(X, 2) pk(Z, Y)u(2) + Z Pm(X, 2) Ppk(Z, V)0 (2)
zZ¢B(x,r) z¢B(y.r)

<SUpP(Z Y) D Pu(X.2)+suppm(x.2) Y P(Y.2)
z 2¢B(x.r) z 2¢B(y.r)

= suppk(y, 2Px (Xm ¢ B(X, 1)) + suppm(x, 2Py (Xk ¢ B(x,r)).
z z
As follows from definition 8.10) of W,
Px (Xm & B(X, 1)) < ¥m(X,T).

Hence, we obtain the following general inequality, which is true for all reversible
random walks:

Pn(X, Y) < suppk(y, 2)¥m(X, ) + suppm(x, 2)Wk(y, ). (8.4)
V4 V4
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As follows from (5.17), diagonal upper boun¢DU E) implies, for allx, y € T,
(X, y) < Cn*/F, (8.5)

providedn is even. Using inequality5(18, we see thatf.5) also holds for odd.
Assumingn > 2, choosing ~ m >~ n/2, and applying4.5) and(¥) to estimate the
right-hand side of&§.4), we obtain(UE). If n = 1, then(U E) follows trivially from
(8.5 and the fact thapy(x, y) = 0 wheneved(x, y) > n. O

9. On-diagonal lower bound
In this section we prove paftt) + (V) =— (DLE) of Theorem2.1.

PROPOSITIONI.1
Assume that hypothegi@) holds on(T", ). For arbitrary x € I and R> 0, denote
A = B(x, R). Then the following on-diagonal lower bound is true:
A c
X, X) > ———————, 9.1
p2n( ) = V(X, Cnl/'B) ( )
provided n< ¢R?, wheree is a sufficiently small positive constant depending only

on the constants fromb).
If in addition (V) holds, then

pon (X, X) = cn~/f vn < ¢RF. (DLE)

Remark 9.1
Since pon > pé*n for any A = B(X, R), inequality (DLE) implies pan(X, X) >
cn—*/# for all positive integers.

Proof

Let us fix some € (0, R) and denoteB = B(x, r). Sincep® < pA, it suffices to
prove Q.1) for pB instead ofp”, for somer < R. Semigroup identityX.15) for pB
and the Cauchy-Schwarz inequality imply

1 2
P56 X) = Y pr(x. 2°u(2) = —(Z P (X, Z)M(Z)> .02
zeB M(B) zeB
Let us observe that
Y . ou@+ vl =1 9.3)
zeB

Indeed, the first term ird(3) is the probability that the random wakk stays inB up
to the timek = n, whereasV B is the probability of the opposite event.
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By hypothesiq W), we have
B\ V(B-D
WP (X) = Wn(X, 1) < Cexp( — (a) ) (9.4)

Choosing = Cn'/# for large enougli€ and assuming < ¢R? for sufficiently small
¢ > 0 (the latter ensures < R), we obtain, from 9.4), ¥, (x,r) < 1/2, whence, by
(9.3,

NI =

Y PP 2u@ =

zeB

Therefore, 9.2) yields

8 oy s M4 _ U4
Pan{X, X) = V(x,r)  V(x,Cnl/8)’

finishing the proof. O

10. The Harnack inequality and the Green kernel

Recall that the weighted gragl, 1) satisfies thelliptic Harnack inequalityif, for
allx e T, R > 0, and for any nonnegative functienin B(x, 2R) which is harmonic
in B(x, 2R),

max u < H min u (H)
B(x,R) B(x,R)

with some constantl > 1. In this section we establish th@dt) is implied by condi-
tion (G). Recall that the latter refers to

gXx,y) = dx,y)77, Vx#y. (G)

Consider the followingannulusHarnack inequality for the Green kernel: for all
xeandR > 1,

max X <C min X HG
yeAXx,R) 9%, y) = yeA(x,R)g( ¥, (HG)

whereA(x, R) := B(x, R) \ B(x, R/2).

PROPOSITION10.1
Assume thatpg) hold and the graphI’, ) is transient. Then

(G) = (HG) = (H).

Since the implicationG) = (HG) is obvious, we need to prove only the second
implication. The main part of the proof is contained in the following lemma.
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Figure 6. The set8 = Ug, A= U\ Uy, andU = U3

LEMMA 10.2

Let Uy c U; c Uy c Us be a sequence of finite setslinsuch thatU; ¢ Uj1,

i =0,1,2 Denote A= U, \ Uy, B = Ug, and U = Us. Then, for any function u
that is nonnegative i), and harmonic in Y, we have

maxu < H minu, (10.1)
B B

where

G z
H:= maxmaxmaxM (10.2)
xeB yeB zeA Gy (X, 2)

(see Figures).

Remark 10.1
Note that no a priori assumption has been made about the graph (except for

connectedness and unboundedness). If the graph is transient, then, by exHaustir

by a sequence of finite set$, we can replacé&y in (10.2 by G. Note also that,
without loss of generality, one can tadle = U;.

Proof

The following potential-theoretic argument is borrowed frar][ We use the nota-
tion of Section3. Given a nonnegative harmonic functiarin U,, denote byS, the
following class of superharmonic functions:

S ={v:v>=0inU, Av <0inU, andv > uinUy}.
Define the functiorw onU by

w(X) =min{v(X) : v e §}. (10.3)
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@
Ul Ul

Figure 7. The functiom, a functionv € S,, and the function
w = ming, v. The latter is harmonic ikJ; and inU \Uj.

Clearly,w € S,. Since the functiom itself is also inS,, we havew < uin U. On the
other hand, by definition o%,, w > u in Uy, whence we see that= w in U; (see
Figure7). In particular, it suffices to provel(.1) for w instead ofu.

Let us show thatv € co(U). Indeed, letv(x) = Ey(x). Then, by 8.9 and the
strong minimum principley is superharmonic and strictly positive th. Hence, for
a large enough consta@t, we haveCv > u in Uy, whenceCv € §, andw < Cu.
Sincev = 0inU \ U, this impliesw = 0inU \ U andw € co(U).

Denotef := —Aw, and observe that > 0inU. Sincew € ¢cp(U), we have,
foranyx e U,
w(X) =Y Gux.2)f (. (10.4)
zelU

Next we prove thaf = 0 outsideA so that the summation ii(.4) can be restricted
to z € A. Given this, we obtain, for alt, y € B,

w(y) . ZzeA Gu(y, 2 f(2 -
w(X) Y ,eaGux,2)f(2) ~

’

whence (0.1 follows.
We are left to verify thatv is harmonic inU; and outsidéJ;. Indeed, ifx € Uy,
then
Aw(X) = Au(x) =0

becausey = uinU;. Let Aw(x) # O for somex € U\Uj. Sincew is superharmonic,
we haveAw(x) < 0 and

w(x) > Pw) =Y P(X, Y)w(y).
y~X
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Consider the functiorw’, which is equal tav everywhere irlJ except for the point
x; andw’ atx is defined to satisfy

w'(X) =Y P, y)w'(y).

y~X

Clearly, w’(x) < w(x), andw’ is superharmonic itJ. Sincew’ = w = u in Uy,
we havew’ e S,. Hence, by definition(0.39 of w, w < w’ in U, which contradicts
w(x) > w'(X). O

Proof of Propositionl0.1

Now we assumé&H G) and prove(H). Given any ballB(xg, 2R) of radiusR > 4
and a nonnegative harmonic functionin B(xg, 2R), define the sequence of radii
Ro = R, R1 = 3R/2, andR; = 2R, and denotéJ; = B(xp, R) fori =0, 1,2 and
Us = I'. By Lemmal0.2, we have inequalityl(0.1), which implies(H), provided we
can show that the Harnack constahtfrom (10.2) is bounded from above, uniformly
in Xo andR. Indeed, ifx, y € B(Xo, R) andz € A = B(xo, 2R) \ B(xo, 3R/2), then
both distanced(z, x) andd(z, y) are betweerR/2 and R/2. By iterating(HG) in
the annuli centered at we obtain

G2 _ 9@y _ oo
G(X,2) gz x) ~

whence we see that is indeed uniformly bounded from above.

The conditionR > 4, which we have imposed above, ensures that U1,
which is required for Lemma0.2 If R < 4, then(H) simply follows from(pg) and
Proposition3.2. O

11. Oscillation inequalities
For any nonempty finite sé&t and a functioru onU, denote

0SCU := maxu — minu.
U U] U

The purpose of this section is to prove estimaté.§, which provides the step
(H) = [0sq of the proof of Theorem. 1.

PROPOSITION11.1

Assume that elliptic Harnack inequalityd) holds on(T", ). Then, for anyg > 0,
there existsr = o (¢, H) < 1 such that, for any ball Bx, R) and for any function u
defined inB(x, R) and harmonic in Bx, R), we have

0SC U <g 0OSC U. (11.1)
B(x,0 R) B(x,R)
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Proof
Fix a ballB(x, R), and denote for simplicity3, = B(x, r). Let us prove that, for any
r € (0, R/3],
oscu < (1— §)oscu, 11.2
scu < (1- ) gs (11.2)

whereé = §(H) € (0, 1). Then (L1.1) follows from (11.2) by iterating.

If r < 1, then the left-hand side of {.2) vanishes andi(L.2) is trivially satisfied.
If r > 1, thenBy C Bg, and the functioru — ming,, U iS nonnegative iBy and
harmonic inBy, . Applying Harnack inequalityH) to this function, we obtain

maxu — minu < H(minu — minu)
By B Br Bar

and
oscu < (H — 1)( minu — minu).
Br _( )( Br BSr )

Similarly, we have

oscu < (H — 1)( maxu — maxu).
Br Bar By

Summing up these two inequalities, we conclude

oscu < C <oscu — oscu) ,
Br B3r Br

whence (1.2 follows. O
PROPOSITION11.2

Assume that elliptic Harnack inequalityH) holds on(T", u). Let u € cp(B(X, R))
satisfy in Bx, R) the equatiorAu = f. Then, for any positive k R,

B(osc) u<2(E(x,r)+eEx R)max|fl, (11.3)
X,or

whereo ande are the same as in Propositidri. 1

Proof
Denote for simplicityB, = B(x, r). By definition of the Green function, we have

uy) =— > Gep(y. 2 f (2,

zeBRr

whence, usingd.8), we obtain

max|u| < E(x, R)ymax| f|.
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Figure 8. The functiona andv in the casef <0

Letv € cp(By) solve the Dirichlet problem\v = f in B, (see Figured). In the
same way, we have
max|v| < E(x,r)max|f|.

The functionw = u — v is harmonic inB; whence, by Propositiohl.1,

OSCw < ¢ OSCw.

ot Br
Sincew = uon By \ By, the maximum principle implies that

0SCw = 0SC w = 0SC U < 2max|ul.
Br Br\Br Br\Br

Hence,

gscu < oscu L oscw < 2max|v| 4+ 2e maxju| < 2(E(x,r) + ¢E(x, R)) max| f|,
o r o r oI

which was to be proved. O

12. Time derivative of the heat kernel
Given a functiorun (x) onT" x N, by the “time derivative” ol we mean the difference

anu ‘=Upy2 —Up.

The main result of this section is Propositidh.3 which provides upper bound?.5
for 9, p and thus constitutes the paRU E) —> [deriv] of the proof of Theorena. 1.
The crucial point is thad, p decays a® — oo fasterthan py.

The analogue of the time derivative in the discrete ca8gps= pn+2— pn rather
thanpny1— pn. Indeed, inZP (as well as in any other bipartite graplp)(x, x) = 0 if
nis odd. Therefore, the differeng®.1(X, X) — pn(X, X) is equal either t@p4+1(X, X)
or to — pn(X, X), and hence it decays as— oo at the same rate gs,(x, X).

PROPOSITION12.1
Let A be a nonempty finite subsefigfand let f be a function on A. Define

Un(x) = PAf(x).
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Then, for all integerd < k <n,
1
llOnull L 2¢a ) < K lun—kll 2¢A, ) -
Proof
The proof follows the argument fromi.f]. Let ¢1, ¢, . . ., ¢ be the eigenfunctions

of the Laplace operator A, and letrq, A2,... A 4 be the corresponding eigenval-
ues. Let us normalizg;’s to form an orthonormal basis in?(A, ). The functionf

can be expanded in this basis:

f=> cg
i
SincePA = | — (—Ap), we obtain

Un = Z Pin¢i,

wherep;j := 1 — A; are eigenvalues of the Markov operaff.
From (12.1), we obtain

Un—Unj2 =) (1 = piz) o'

2
2 2 2
lun = Uns2lZzn = 2 (1= 07) "

and

Note that|pj| < 1 and henccgJi2 € [0, 1]. For anya € [0, 1], we have

1>1+a+a’+---+a)1—a)>ka1-a),

whence
Q1-a)ak < 1
f— k'
Applying this inequality fora = ,oi2, we obtain, from (2.2,
1 1
2 2(n—k) _ 2
lun = Unt2lEany < gz o0 = ez lun—klEaga
I

which was to be proved.

PROPOSITION12.2
Let A be a nonempty finite subsetofThen, forall x y € A,

1
anpA(x, y)‘ < E\/ Pom (Xs X) Phin—m_to (V> V)

for all positive integers nm, k such that m-k < n.

(12.1)

(12.2)

(12.3)
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Proof
From semigroup identity5(15) for p”, we obtain

P Y) =D PaX. Dn-mpA(z Y)u(2),

zeA
whence
ipAocy)| < |phcco)] L, [onempt o] L,
By Proposition12.1,
In-mpP™(Y. ) <}\pA (y. ")
nmmE A A =k TR 208

forany 1< k < n—m. Since

H P (X, ) :

= Ax, 2)21(2) = ph (X, X),
o ZEZAM )21L(2) = Phn(X, X)

we obtain (2.3.

PROPOSITION12.3
Suppose thatDU E) holds; that is, for all xe I" and n> 1,

Pn(X,x) <Cn".
Then, forallx y e " and n> 1,

13np(X, )| < Cn~"~L,

Proof

(12.4)

(12.5)

First, assuma > 3. Then we can choodeandm in (12.3 so thatk ~ m ~ n/3 and

n—m—k >~ n/3. As follows from (L2.4), for any nonempty finite seh c T,

P, X) <Cn™ and  ph (Y. y) <Cn Y,
whence, by Propositioh2.1,

—v—1

anpA(X, y)) <Cn

By letting A — I', we obtain (2.5

If n < 3, then (2.5 follows from the trivial inequality}d, p| < pn + pn+2 and

the fact that {2.4) implies a similar bound fopn (X, y) (cf. (5.17) and £.18)).

|



SUB-GAUSSIAN ESTIMATES OF HEAT KERNELS 493

13. Off-diagonal lower bound
An important intermediate step in proving the lower estinfate) is anear-diagonal
lower estimate

Pn(X. Y) + Paga(X.y) = cn~*/? (NLE)

forall x, y € ' andn > 1 such that
d(x,y) < snt/p. (13.1)

In this section we finish the proof of lower boud E) in Theorem?2.1 as on the
following diagram:

M)+ (G) = (FK)+ (V) +(E) +(H) = (NLE) + (V) = (LE).

The first implication here is given by Propositiofs;, 6.3, and 10.1, whereas the
other two are proved below.
Let us recall thatDL E) refers to the lower bound

po* R (x,x) > cn~/f, vn < ¢RP, (DLE)
with some small enough > 0, and(DU E) refers to the upper bound
Pn(x,X) < Cn~/F. (DUE)
Denote for simplicity by E <) the upper bound igE); that is,
E(x, R) <CR’, vxel, R>1 (E <)
PROPOSITION13.1
For any graph(T’, ), we have
(DUE) + (DLE) + (E <)+ (H) = (NLE). (13.2)
Consequently, ifpg) holds on(T", w), then
(FKY+(V)+(E)+ (H) = (NLE). (13.3)
Proof
Let us first show how the second claim follows from the first one. Recall that, b
Proposition5.1, (FK) = (DUE); by Proposition7.1, (E) — (¥); and, by
Proposition9.1, (V) + (V) = (DLE). Hence, the hypotheses dfy 3 imply the

hypotheses of1(3.2).
To prove (L3.9), fix x e ', n > 1, and set

R— (E)w (13.4)

&
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for a small enough positive. So far we only assume thatsatisfies(DLE), but
later one more upper bound ers imposed. Denotéd = B(x, R), and introduce the
function

u(y) = pr(X. y) + Py (X, Y).
By hypothesig DLE), we haveu(x) > cn=%/#, Let us show that

lux) — u(y)| < gn‘“/ﬁ (13.5)

for all y such thati(x, y) < sn%/#, which would implyu(y) > (c¢/2)n~*/# and hence
prove(NLE).
The functionu(y) is in the clasg(A) and solves the equatiou(y) = f(y)
where
f(y) i= pio(X, Y) — PEX, ).
On-diagonal upper boundU E) implies, by Propositioi2.3

myaxl f(y)l < (13.6)

By (H) and Propositiori1.2, we have, forany G< r < R and for somer € (0, 1),

0SC U < Z(E(x, r) + e?E(x, R)) max| f| . (13.7)
B(X,or)

By Proposition6.1, (E <) implies a similar upper bound fdE. Estimating maxf |
by (13.6), we obtain, from {3.7),

0SC u < Crﬁ i
B(x,or) no/B+1

Choosing to satisfyr# = ¢2R# and substituting fromi(3.4 n = ¢ R?, we obtain

2pp
&R
0sc U<C———— = Cen %P,
B(x,or) no/p+1
which implies

C
0sC u < -n"Y8, 13.8
B(x,or) ~ 2 ( )

providede is small enough.
Note that

1/8

n

or =O‘82/ﬂR=O‘82/ﬂ<—> = oel/Pnl/p =8nl/'6,
£

wheres := o¢¥/8. Hence, (3.9 implies (13.9, providedd(x, y) < sn%/#, which
was to be proved. O
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The final step in proving pafV) + (G) = (LE) of Theorem?2.1is covered by the
following statement. Denote by >) the lower bound inV) that is,

V(X,R)>cR¥, Vvxel, R>1 (13.9)

PROPOSITION13.2
Assume thatl", u) satisfiespg). Then

(NLE) +(V >) = (LE).

We precede the proof with the following lemmas. Denote for simplicity
Pn = Pn+ Pni1, (13.10)

whereP; is then-convolution power of the Markov operatér. In particular, we have

We need a replacement for this property for the oper@tpwhich is stated in Lemma
135

LEMMA 13.3
Assume thatpp) holds on(T", ). Then, for all integers n= | > 1 such that

n=I| (mod 2, (13.12)

we have
R(x,y) < C"Pa(x, y) (13.13)

forall x, y € T, with a constant C= C(pp).

Proof
By semigroup property5(15), we have

Peia(X, y) = Y P(X, DP2(z, ) = (X, Y)Pa(Y, Y).
zell
Using (po), we obtain
Pa(y,y) =) Py, 2Pz y) = po)_ P(y.2 = po,

ry ry

whencePc2(X, y) > poPk(X, y). Iterating this inequality, we obtainl8.13 with
C= pgl/z. O
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LEMMA 13.4
Assume thatl", u) satisfies(pg). Then, for all integers = 1> 1andall x,y € T,

A(x,y) < C"Pux, y), (13.14)
where C= C(pp).
Remark 13.1

Note that no parity condition is required here in contrast to conditigh1() of
Lemmal3.3

Proof

This is an immediate consequence of Lemfiia3 because bothR (x,y) and
P +1(x, y) can be estimated from above via eith@y(x, y) or Py+1(X, y) depend-
ing on the parity oh andl. O

LEMMA 135
Assume thafl", 1) satisfies(pp). Then, forallnm € N and x y € I', we have the
following inequality:

PnPm(X, ¥) < CPryimy1(X, Y), (13.15)
where C= C(po).
Proof
Observe that, byl(3.10 and (13.11),
PnPm = (Pn + Pa+1)(Pm + Pnt1) = Pogm 4 2Pnime1 + Paame2.
By Lemmal3.3 Pyim(X, ¥) < CPhim+2, Whence

ISn If’m X, ¥) < C(Prngmt+1+ Promt2) = CI:~’n+m-~-l-

LEMMA 13.6
Assume thail’, u) satisfies(pg). Then, for all xy € I" and k m, n € N such that
n > km+ k — 1, we have the following inequality:

(Pm) (x, y) < C"¥MB,(x, y). (13.16)
Proof
By induction, (L3.15 implies
(Fn) X, y) < CK R i1 (X, y).
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From inequality {3.19 with | = km+ k — 1, we obtain
Pumik—1(X, y) < CNKMk=D B (x y),

whence (3.16 follows. O

Proof of Propositionl 3.2
Since

Pa(X, ) = (Pn(X, ¥) + Pny1(X, Y)(Y),
(N LE) can be stated as follows:

Pa(x, y) > cn “Pp(y) if d(x,y) < sn'/’. (13.17)
The required L E) takes the form

d? (X, y))l/(ﬂl)i|

13.18
on (13.18)

Pa(X, y) = cn™ /P u(y) exp[ = (
To prove (L3.19, fix X, y € ', n > d(X, y), and consider the following cases:
Case 1:d(x, y) < én¥/8,
Case 2:5nYf < d(x,y) <en,
Case 3:en < d(x,y) <n.

Here s is the constant from13.17) ande > 0 is a small constant to be cho-
sen later. In the first casel {.19 coincides with {3.17. In the third case,13.19
becomes

Pa(X,y) = cn~*/f p(y) exp(—Cn), (13.19)

which can be deduced directly frofpp). Indeed, depending on the paritymfthere
is a path fromx to y of length eithem or n 4+ 1. ThePx-probability that the random
walk follows this path is at Ieaspa(”ﬂ), whence

Pa(X, y) > exp(—Cn).

This implies (L3.19, using the fact thatt(y) < C. The latter is proved as follows.
Take, in (13.17, x ~ y andn ~ §—#. Then (L3.17 implies

1> Pa(X, y) = c8%u(y),

whenceu(y) < C.
Consider the main second case. Derbte- d(Xx, y), take a positive integek
such that
k<d, (13.20)
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%\’ A

Figure 9. The chain of ballB(g;, r)

and definen by
n

m= {EJ —1 (13.21)

Sincek < d < ¢n, we see that/k > ¢~1 and thaim is positive. Since > k(m+1),
Lemmal3.6applies and yields

CM"KBu(x, y) = (Pm) (X, Y. (13.22)
In order to estimatéPm)X(x, y), observe that there exists a sequeogey, ..., Ok
of points onl" such thatx = 01, y = o, and, foralli =1,2,...,k—1,

d(0i, 0j4+1) < [d(xk’ y)w =1 (13.23)

(see Figure 9).
Clearly, we have

~ k ~ ~ ~
Py = Y - Y Pum(X2)Pn(z1. 22) -+ Pm(zk-1. Y).
77€B(01,1) Z—1€B(0k-1,1)

(13.24)
Assume that we have, in addition,

3r < smY/p. (13.25)
Sinced(z_1, z)) < 3r, eachPn(zi_1, z) can be estimated by.8.17) as follows:
Pm(zi—1,2) > cm /P u(z).

The same applies tBn(X, z1) and Pm(zk_1, y). Using the lower bound of volume
(13.9, we obtain, from {3.229 and13.29,

CMMKB(x, y) = (em™ /A )RV (01, 1) -+ V (01, D (Y)
> ckm=@/Pkpak=D (v,
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Hence,

_ r a(k—=1)
Pa(X, y) > ch—Mktkm—(@/Bkpa(k=1) > Ckm_a/ﬂ(m> , (13.26)

where we have used the fact tllet- mk+ k < 3k, which follows from (13.21).
Before we go further, let us specify the choic&kab ensure that bothH(3.20 and
(13.29 hold. Using definitions13.21) and (L3.23 of m andr, we see thatl(3.23 is

equivalent to
d n\#
— Sl —
e =4(%)

or
4B\ Y B-D
k> CsA/(B-D (F) . (13.27)
Letk be the minimal possible integer satisfyirig(27). By the hypothesid > sn/#,
we have
4B\ V-
k ~ (F) : (13.28)

Condition (13.20) follows from the hypothesis > ¢~1d, provideds is small enough.
From (13.29, (13.2]), and (L3.29, we obtain

o (n B/(B-1) g r (D 1/(8-1)
~ (3 ~ (5 :

Hence, by {3.26 andm < n/k,
Pa(x,y) = c*m/# > n=@/Pk%/F exp(—Ck) > n=*/# exp(—C'k).

Substituting herd from (13.29, we obtain {3.19. O

14. Parity matters
Let us recall thatL E) contains the estimate fqx, + pn1 rather than fomp,. In this
section we discuss to what extent it is possible to estirpafieom below. In general,
there is no lower bound fopn (X, y) for the parity reason. Indeed, on any bipartite
graph, the length of any path fromto y has the same parity akx, y). Therefore,
pn(x,y) = 0if n # d(x,y) (mod 2.

We immediately obtain the following result for bipartite graphs.

PROPOSITION14.1
If (T, ) is bipartite and satisfieéL E), then

B\ 1/(B=1
d(X_y)) ) (14.1)

~a/p —
Pn(X,y) = €N eXP( ( on
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forall x, y € I and n> 1 such that

n>d(x,y) and n=d(x,y) (mod 2. (14.2)
Proof
Indeed, assumingl1¢.2, n + 1 and d(x,y) have different parities whence
Pn+1(X, y) = 0, and (4.1 follows from (LE). O

If there is enough “mixing of parity” in the graph, then one does get the lower boun
regardless of the parity ef andd(x, y).

PROPOSITION14.2
Assume that grapil, u) satisfieq pp), (L E), and the following “mixing” condition:
there is anodd positive integer p such that

inf Pny (X, X) > 0. (14.3)
xel’

Then lower boundl(4.1) holds forall n > ngand x y € T, provided n> d(x, y).

For example, ing = 1, then hypothesisl@.3 means that each point € I" has a
loop edgexX. If ng = 3 and there are no loops, theh(3 means that, for each point
x € T, there is an edge trianglgy, yz, zx. This property holds, in particular, for the
graphical Sierpiski gasket (see Figurs.

Proof
By (9.2) we obtain, for any positive integen,

1

1 2
Pam(X, X) > m&@%ﬂﬂ) Pm(X, Z)M(Z)) =V m+ D'

Condition(pg) and Propositior.Limply V(x, m+ 1) < Cc™+1,(x), whence
Pom(X, X) = pam(X, X)u(x) = C™™ %

Since we use this lower estimate only for the bounded ranga &f mg, we can
rewrite it as
Pam(X, X) > ¢, (14.4)

wherec = ¢c(mg) > 0.
Assumingn > ng, we have, by semigroup property.(5),

a0 Y) =Y Pnong(X, 2 Png(Z, ) = Pnng(X, ¥) Pag (Y. ¥) (14.5)

zel
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Figure 10. Every path of odd length froxto y goes through
o andg

and, in the same way,

Pr(X, ¥) = Pn_ng+1Png—1(Y, ¥). (14.6)

By hypothesis {4.3, we can estimat®,,(y, y) from below by a positive constant.
Also, Pny—1(y, y) is bounded below by a constant, as int (). Hence, adding up
(14.9 and (L4.6), we obtain

Pn(X, Y) = €(Pn—no(X, ¥) + Pn—no+1(X, ¥)). (14.7)

The right-hand side ofl¢.7) can be estimated from below §} E), whence {4.1)
follows. O

Finally, let us show an example that explains why in general one cannot rgplace
pn+1 in (LE) by pn, even assuming the parity condition= d(x, y) (mod 2.

Example 14.1
Let (T, u) be ZP with the standard weightixy = 1 for x ~ vy, and letD > 4.
We modify I' by adding one more edge of weight 1, which connects the origin
o= (0,0,...,0) to the point(1,1,0,0,...,0), and we denote the new graph by
I’ u.

Clearly, the volume growth and the Green kerne{Bh ') are of the same order
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as on(T", u); that is,
Vix,r)~rP and  g(x,y) ~d(x, y)>P.

Hence, for both graphs one has, by Theot&fi

(14.8)

d?(x, y))
Cn

Pn(X, y) < Cn‘D/Zexp< —

and a similar lower boundL E) for pn + pn+1. SinceZP is bipartite, we have for
(T, w), by PropositionL4.1,

2
d ((i(n y)) if n>d(x,y)andn=d(x,y) (mod 2.
(14.9)

Let us show thatI'’, /) does not satisfyl(4.9. Fix some (large) odd integen,
and consider points = (m, m, 0, 0, ..., 0) andy = —x (see Figurel0).

The distancal(x, y) on T is equal to 4n, whereas the distana¥(x, y) on I’
is 4m — 1, due to the shortcut. Denoten = m?. Thenn = d’(x, y) (mod 2 and
n > d’(x, y). Let us estimate from abova(x, y) on (I'’, ) and show that it does
not satisfy lower boundl{.9. Sincen is odd and all odd paths fromto y have to
go through the edgg, the strong Markov property yields

Pn(X, y) > cn‘D/zeXp(—

Pa(X, y) = Y Px(t =K)pak(0, ), (14.10)
k=0

where t is the first time the random walk hits the poiot If n — k < m, then
Pn—k(0, ¥) = 0. If n — k > m, then we estimat@n_k(0, y) by (14.89 as follows:

C

Therefore, {4.10 implies
Pn(X, y) < CmP/2Py {7 < oco}.
ThePy-probability to hito is of the orderg(x, 0) ~ m?~P. Hence, we obtain
Pn(X,y) < CmG@b/2=2) _ cn~BDb/4-1) _ O(n—D/Z)

so that lower bound1{.9 cannot hold.
A more careful argument shows that, in fapt(x, y) ~ n~(®-D,
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15. Consequences of the heat kernel estimates
Here we prove the remaining part of Theoréri, as stated in the next proposition.

PROPOSITION15.1
Assuming po), we have

(LE)+ (UE) = (V) + (G).

Proof
The Green kernel is related to the heat kernel by

g, ¥) = ) Pa(X, Y). (15.1)
n=0

Letx # y. Thenpo(x, y) = 0, and the upper bound E) for p, implies the upper
bound forg as follows:

N 4B\ V(B
g(x, y)anZ:;n exp(—C(F> )

whered = d(X, y). By estimating the sum via an integral, we obtg{®, y) < Cd™”
with y = o — 8. Similarly, one proveg(x, y) < Cd~7 using(L E) and the obvious
consequence of.6.1):

1 o0
90X, Y) = 5 3 (X Y) + Pnga(X. y).

n=1

Let us prove the upper bound for the volume
VX, R)<CK* V=)

foranyx € I' andR > 1. Indeed, for any € N, we have

> (X, Yuly) =1, (15.2)
yel’
whence
D (X Y) + Pya (X, YY) <2
yeB(x,R)
and

=il
V (X, R)§2< inf (pn(x,y)+pn+1(x,y))> .
yeB(x,R)
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Takingn ~ R? and applying L E), we see that the infis bounded belowdyy */# ~
R~ whence(V <) follows.
Let us prove the lower bound for the volume

V(x, R) > cR". (V=)

We first show thatU E) and(V <) imply the following inequality:

> pax y)u(y) < % vn < ¢RP, (15.3)
YZB(.R)

provideds > 0 is sufficiently small. DenotingRx = 2¥R, we have

B\ 1/(B-1)
S ompxyry=c Y na/ﬂexp[_c<d<xay>> }

y¢B(X,R) y¢B(X,R)

I

k=0 yeB(X, Rc+1)\B(X, R¢)

sci “/ﬂexp[ <%ﬂ)1/(ﬂ1)]
i(jff;) o] - c(j:_;)ﬂ“’g‘”} (15.4)

k=0
If R/nY# is large enough, then the right-hand side ©5.¢) is majorized by a geo-
metric series, and the sum can be made arbitrarily small, in particular, smaller th
1/2.

From (15.2 and (L5.3, we conclude that

1
> P yuy) = 3. (15.5)
yeB(X,R)

whence

-1
VX, R) > %( sup_ pn(X, y)) .
yeB(X,R)
Finally, choosingn = [¢R?] and using the upper boungh(x,y) < Cn~*/#, we
obtain(V >).

This argument works only §R? > 1. Let us now provgV >) for the opposite
case wher R? < 1. To that end, defin® byeRg = 1. Then we haviR < R,. By
hypothesiqpp) and PropositiorB.1, we haveV (x, Rg) < Cu(x). Combining with
the lower boundV >) for V (X, Rp), we obtainu(x) > ¢ > 0. In particular, for any
R > 0, we haveV (X, R) > ¢, which implies(V >) for the bounded range ®. O
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Remark 15.1
Using a similar argument, one can also show the following implication:

(V) 4+ (UE) + (H) = (LE). (15.6)

Indeed, as we have seen in the proof of Proposition, (U E) implies(G <), which,
together with(V), is enough to obtaitE <) (see Proposition.3). From(U E) and
(V), one obtains the diagonal lower boupsh(x, x) > cn~*/#. Indeed, from §.2)
and (15.9 with R = Cn'/#, we deduce

1 2 1
=~ nu/B
Pan(X. ) = 37 R)< > ) du(y)) 2 ey =

yeB(x,R)

From this estimate, one gatBL E) (see p6]; the argument is similar to the proof of
(6.6)). Also, (DU E) follows trivially from (U E). Hence, havingDUE), (DLE),
(E <), and(H), we obtain(N L E) by Proposition13.1, and then we deducé. E)
from (NLE) + (V) by Propositionl 3.2

Implication (L5.6) yields that(V) + (UE) + (H) is equivalentto either of our
main conditiongV) + (G) and(U E) + (LE). Indeed, we have

M)+ (G = (V)+(UE)+ (H) = (UE) + (LE),

where the first implication follows by Theorefnl and Propositiori 0.1, and the sec-
ond is the same as%.6). We are left to close the circle by Theoréni or Proposition
15.1

Appendix. The list of the lettered conditions
Here we provide a list of the lettered conditions frequently used in the paper. Tl
relations among the exponentsg, y, v are as follows:

a>fp=>2, y=a—p, and v=u/B.

In all conditions,n is an arbitrary positive integeR is an arbitrary positive real
number, andk, y are arbitrary points o', subject to additional restrictions if any.
The constant€, ¢, 8, e, po are positive. We have the following list:

V(x,R)~ R* VR>1, (V)
E(x, ) ~ Rf, VR>1, (E)

gXx,y) = dx, )", X #Y, (G)
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V(X,2R) < CV(X, R), (D)

E(x,R) <CE(X, R), (E)

A1(A) > cu(A)~YY  for all nonempty finite seté c T, (FK)
Pn(x,X) < Cn~ 1Y, (DUE)

BN 1/(B—1)
d(x,y) ) ] (UE)

Pn(X,y) < Cn~*/# eXp[— < =

(Pn + Pny1)(X, y) = cn /P eXp[ - <d(xc’—r$’)ﬁ)l/(ﬁ_l)} if n>d(x,y), (LE)
pe* R (x,x) > cn/F if n < eR’, (DLE)
Pn(X, ¥) + Papa(X, y) = cn~F if d(x,y) < snV/, (NLE)
R\ L/(B—1)
Un(X, R) :=Px(Tgx,r) <N) <C exp[ - (a]) } (¥)
PX,y) = po ifx~y, (Po)
maxg(x,r) U < H mingx g U (H)

for any functionu nonnegative irB(x, 2R) and harmonic irB(x, 2R).
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