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ABSTRACT

The effect of virtual recoil on non-magnetic
transitional impurities on the normal state and
supergonducting state of a non-transitional metal is
studied. The Anderson model is employed for the study.
The systems investigated are dilute 2lloys of iron-group
metal impurities (especially Mn and Cr) in aluminium.

The virtual recoil of the impufity is represented
by the emission and absorption of phonons at the
impurity site. These are the local phonons and their
pfesence modify the admixture term of the. Anderson
Hamiltonian. A consequence of this modification is an
addition@l contribution to the electronic properties
of the system in the normal state.

A temperature-dependent width and a Tz-dependence
in the residuval resistivity are obtained. It is also
found that the recoil leads to the enhancement of the
masses of the s- and d-electrons. 1In addition, a
contribution to the specific heat is obtained.

In the superconducting state, an attractive

interaction between s- and d-electrons is proposed.



.This interaction is investigated in the weak coupling
limit. The new mechanism leads to @ BCS type
expression for the critical temperature and the
superconducting density of states, both depending on
the impurity concentfation. The connection with BCS
results is m&ade through the transformation 19 - fxs.
This leads to an enhancement of the energy gap as well
as the t;ansition temperature Tc of the alloy as
obtained by Kiwi and Zuckermann, also Ratto
and d'Agliano and Kaiser. The density of s;;tes
curve shows the familiar BCS peak with a shift towards
fhe low frequencies at higher impurity concentrations.
The thermodynamic properties are investigated in
the temperature ranges 0 .<& T <<T, and 0 << T=<x T,
It is found that they assume the same form as in the
case of BCS superconductors. Finally the results are

compared with previous calculations, in which the

impurity is éssumed to be recoil-less,
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INTRODUCTION

Alloys of iron-group (i.e. 3-d transion metal)
impurities in simple metals (e.g. Cu, Zn, Al) have
received much attention both experimentally and theore-

=3, 15-18 1 particular,

tically by several authors
the experimental work of Boato et al has revealed that
the’normal state resistivity p(T) dnd the super-
conducting transition temperature Tc at low impurity
concentration are strongly affected by the presence of
these impurities. It is generally accepted that systems
such as Zn-Fe, Al-Mn and Al -Cr do not sustain any
mdgnetic moment, even though the impurities are by
themselves magnetic. On the other hand, Zn-Mn, Zn-Cr

. and Cu~Fe have well-defined moments.

This thesis is concerned with the virtual recoil
of the impurity atoms as a result of the scattering :
process, i.e; impurities are no longer considered. as
static scattering centres. The mechanism of "virtual °
recoil" is extended to the study of transition metal
impurities in normal and superconducting hosts in the
"non-magnetic" limit. |

In Chapter 1, a review of previous work on dilute

alloys of iron-group impurities in simple metallic hostsa

is given, The effects of magnetic and non-magnetic



.........

impurities as well as iocalized spin fluectuations in

both the normal and superconducting states are discussed.
Chapter 2 deals w;th the Hamiltonian proposed by Anderson
for handling probiems on resonance scattering.

There is also & section on the modification produced

by the inclusion of the virtual recoil of the impurity.
The Green's function: formalism is introduced in Chapter 3

and the diagrammatic method is thoroughly reviewed.

14

Chapter 4 deals with, the self-energies of s- and d-electrons.

In Chapter 5 the electronic properties of the normal state

of the alloy are ohkained: and estimates of the wvarious

" physical quantities:are also given.

The superconduoting state is taken up in Chapter 6,

- where the Nambu~Stchrieffer formalism is employed.

‘le The superconducting. transition. temperature Tc is depressed

b
by the presence ofi transition metal impurities. However,

- when an additipnali attractive interaction between electrons
"due to the receily oftthe impurity is included, the rate of

}h;,;;jdepreasion of Ed‘is reduced.

Chapter T;discusses thermodynamic properties of

" the superconductring alloy at temperatures cloase to Tc
:and close to 0%°K.. The.results are then compared with

; the case when the~impurities are assumed to be recoil-

A}



less.
Chapter 8 gives a discussion of the results

obtained and also concludes the thesis.

15
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CHAPTER ONE

5

A REVIEW OF THEORIES ON THE EFFECTS OF
IRON-GROUP IMPURITIES ON SUPERCONDUCTING
AND NORMAL STATE PROPERTIES

1.1 NON-MAGNETIC SUPERCONDUCTING ALLOYS

The main interest in the study of superconducting -
alloys is to find the effects of the minor constituent
(impurity) on the superconducting transition teamperature
T,. Experimentally it has been observed that non-
magnetic superconducting alloys, such as Al-iron group
alloys, show a gradual decrease in T, with increasing
impurity concentration n, . The initial decrease of

T, witn ni,(aTc,/ani)n for the Al-Mn system is

;=0
9.1%K/at.%. A lower rate of decrease has been observed
for aluminium and zinc doped with non-transition metal
impurities. See Figs. (1) and (2),.

Coles '3 ana also Boato gﬁ_gl.'_suggested that the
decrease in Tc is due to the existence of a virtual
bound state at each impurity site. Boato et al qnalysed
their experimental results by meking use of two
different theories. Firstly, they used the theory of Markowitz
and Kadanoff which deals essentially with a non-

transition metal impurity in & superconducting matrix

I'd
4
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and considers the smearing-out of the gap &nisotropy .
whieh results from mean free path effects, in such caeée
thé.depreesion of Tc is usually small. Secondly,

they used the theory pf resonance scattering from the
virtual d-level of an impurity 5, his theory is based

on the Anderson15

model of the non-magnetic impurity
in a simple metal host in the limit T > > U, where T
is the half-width of the d-resomance and U is the
intra-atomic Coulomb d-d repulsion. For an isotropic
superconducfor, the transition temperature T, depends
on ny, T', and the energy of the‘reeonance state Ed
‘with respect to the Fermi energy ep of the host. The
decrease of Tc with impurity concentration is greatest
when the resonance 1gvelj$my close to the Fermi level

B SEE Zcraw

and is negligible in the limit |E;~ep|> > T.

11 jater extended the theory

Zuckermann &nd Singh
of resonance scattering in dilute superconducting alloys
to include the anisotropy of the host matrix. They

concluded that

ATc = (AT ) + (A'.Ec)

c’res + (AT ) o0 101

anis ¢ cross

where AT , is the total change in T, (aT )

C Ies
o refers to the contribution_from resonince scattering
' The resonance has the greatest effect on Tc when {¢ K

t ‘
; is very close to the Fermi 1evel becouse the density of
i

j
‘
i
! <

} electren states is largest in this case.
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anisotropy of the host and (ATc)across is a cross-term
between the first two contributions. It turns out that
(ATa)cross is very small-compared with the other two
and so can be neglected. Eq. (1.1) ie of the same form as
the result obtained Sy Markowitz and Kadanoff for non-
transition metal impurities and so justifies the analysis
of Boato et gl.Aﬁ$£:m;elationship apglies only to those
alloys in which the resonance level is close to the
Fermi level of the host, such as in Al-Mn and Al-Cr
alloys. For +the other aluminium-iron group alloys,
Zuckermann and Singh suggested that the differgnce in
valence between the impurity and host ions must be taken
into account.

in order to clarify the nature of superconductivity
in the dilute non-magnetic superconducting alloys,
Kaisexf16 made a detailed self-consistent calculation of
the excitation spectrum and - order parameter of the alloys.
He showed that these dilute non-magnetic superconducting
alloys are essentially BCS superconductors, in which the
pairing interaction is weakened as a result of the

intra-atomic Coulomb d-d repulsion. By contrast, in the

- a e 2 witdina _anin_Fflin_acattering in

e

7} However, in the cese of nea-tronsition metal impuritien S
there is no effect due to regenance secatiering, since the |

phagse shifto are ail small. By contrast, for transition metal
impuritiog, onec.af ?hc phaoe ohifts becsmes large, In

consecquence the dacrease in Tc becomesz much greater.
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atrongly. This is discuased further in Section 1.5.2.'

1.2 Localized Spin Fluctuation in a Superconductor

In recent years, localized spin fluctuations (LSF)
at the impurity site have been suggested to explain the
. gradual decrease of Tc_with ny for aluminium-iron group
alloys &and, in particular, é;rMn17'21. Using the
renormalized random phase épproximation (RRPA\,/
Zuckermann obtained the following expression for the

initial decrease in Tc with n;

3T, Ng(0) . To/ T4Zy .
o == a Z + =~ ‘T e 1.2
0y N(O) 1 1+-F/f(rez1
'ﬂi=0
where ‘ )
1. 14wy, .
[ 4 = ln (—Er-) ae e 1;3

c

and N4(0) = 5/7T is the d-electron density of states

in absence of the localized spin fluctuations. T- is

the half-width of the resonance, PB is the inverse
azef

life-time of the LSF, Z1 = (51? ) 0 is the
N=

renormalization constant.due to the LSP and =% is the
LSF contribution to the d-electron self-energy. Ratto
and d'Agliano 18 obtained the following expression by inclding

correlations, but not LSF, in the limit U << w T i~
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BTO Nd(0\ "
Ll I =-‘m'r°{1+§Na‘°’ Uggg o} 1
where U, .. = u/(1 4+ 7 r) - “e 1.5

In order\to compare Zuckermann's result with that of

Ratto and d'Agliano, ey. (1.2) is rewritten as

5 eff( N
T N 0 { eff 8
c d
e = - — a4 143N (O)U a} 1.6
"1 Ing=0 N(O) -51 d eff '
where
eff
7'and 2
g nre/T. 2%
U _ s “1 1.7
eff T 1T/ T 2y :

Comparing eqs. (1.5) and (1.7b), we see that U can be

, replaced by t®? which is given by

8 2 ‘
U - "r /rs Z1 ¢« o 1-8

Thus the localized spin fluctuations tend to enhance
the d-electron density of states by the factor Z1.
Also the effective  interaction U;}f depends on the

parameter of the resonance level and the inverse

lifetime of the LSF.
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The RRPA is applicable to fast spin fluctuations,
whére a moment is not sustained at the impurity site as

in the case of Al-Mn and Al-Cr.

1.3 Non-magnetic Alloys in the Normal State

For the class of alloys in which no magnetic moment
is sustained at the impurity site, it has always been
‘t5,11.

assumed that pres(T)‘ is temperature-independen

Recent measurements by Caplin 22 on Zn-Fe and by Caplin .
and Rizutto 2> on Al-Mn and Al1-Cr have, however, revealed
the presence of a weak low-temperature resistance

minimum. These alloys are traditionally regarded as
non--magnetic., Also 8 negative Tz-dependence that is
practically independent of impurity concentration was
found for the residual resistivity.. The implication of
the weak minimum is that a moment is trying‘to form at

the impurity site. As a result, these allpys are not
really "non-magnetic", but may rather be déscribea as
"weakly magnefic". The Tz-dependence has been explained

. by Caplin and Rizutto on the "localized spin fluctuation"
(LSF) theory of Rivier et g_;l._24. " They expressed "'%heir

result in the form

o : ( T‘f ‘
pres‘?) 3 pO {1 - ‘9‘ } cee 109
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where 8 is some characteristic spin" fluctuation
temperature. @ = 560°K for Al-Mn and @ = 1200°K for
Al-Cr and Po is the residusl resistivity at 0°k.

The theoretical expression for preB(T) obtained
by Rivier et al shows the Kondo singularity in the high
temperature limit Ty <kT,forT >$ E(1 > 0, where Ty

is the inverse life-~time of the spin fluctuations.

Their expression for this limit is

-1
n, T 2T + 1/ y -
i 2 2 u o L
pres(T) = W { T + Ed [1 +-1—T-F ln(——r.__..)]}

LI N ) 1'10
In the low temperature limit, kT >> 1/7,, they obtained

e

the following result for Al-Mn :

2 2
where .
1.2 ,0 20 \ ., :
A = 3" n {FF) (1 o+ ?'T_" ) 10 ee e 1.12

55
For RRPA, PreB(T) is given by

12y ... 1.1
Prog!™) = pof1-(m/e) ) 3
where 2 o 5
1 1%k T
= ( + 2 ) vee 1'14
rale i s R

1.4, Virtual Recoil of the Impurity

All the earlier theories om resonance scattering
have agsumed that the d-electrons do not recoil when the

conduction electrons are scattered off them. In order
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to -throw more light on the peculiar behaviour of Al-Mn.
for which the resonance scattering is strongest, a study
is made of the effect of the d-electron recoil. This is
characterized by the creation or annihilation of virtual

phonons at the impurity site.f Sdr futsw

1.4.1 Normal State

In the normal state, the inclusion of the d-election
recoil leads to the modification of the admixture term
Hyy in the Anderson Hamiltonian and results in inelastic
s?attering of the conduction electrons, This situation
is analogous to the inelastic, diffuse reflections in
x-ray spectra as opposéd to the recoil-less or elastic
Bragg reflections. Again in Mossbauer effect, the
sharp y-ray line corresponds to the recoil—lesé emission
of the Y-ray, while the broad background is due to the
recoil of thq atom.

Since tﬁe recoil of the impurity intrﬁduces én
additional scattering channel for #he d-electrons to
hop onto the conduction band and vige versa, some
modifications in the normal state properties of the

alloy are to be expected. An enhancement in the

——— a_a

-
g e
14

The iaclusion of the pegoil processen into the analysis i*

jia an atteapd to obtain o brlter agreement with the experdmen-

| .
‘tnl resulis of Brato of al and Aski and Ohtaouka on the alundalun .

iren group alleys,
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. N\
of the resonance is also affected, resulting in the

modified d-electron density of state as well as a change
in the residual resistivity.

The effect of virtual recoil on the thermopower of
dilute alloys of Na,'Rb, Cs ip K has been studied by
Nielson and Taylarzs. They found-sbmﬁ_coﬁt?i-
bution to the thérmOpower of these alloys &s a'result

26 has also

of the virtual recoil mechanism. Taylor
employed the same mechanism to explain the anomalous
behaviour in the specific heat of the same alloys at
low temperatures. Using the free electron model, which
ié applicable to these allpys, Taylor obtained the

following result

0 .
Ce i ce (1-p/po) *ee e 1015

where Ce is tﬁe electronic specific heat of the alloy‘
and C;’ is that of the pure specimen: P and Oo are
the resistivities of the alloy and host, respectively.
He predicted a 0.2% change over the rigid band
calculation for K-Ra vath 2.4 at. %Na.

For Ag-Pd and Ag-Cd the Bloch ‘model is applicable
and it is found that the virtual recoil mechanism

éxplaina fairly adequately the observed discontinuity
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in the slope of Ce with concentration ny. However, the
mechanism fails to predict the absolute value of the

electronic specific heat in these alloys.

1.4.2 Superconducting State

In the superconducting state, it is proposed that
the recoil phonons lead to an additional pairing inter-
action between conduction and localiied electrons. The
interaction strength grec(wn) is different from the
BCS coupling strength g. In the weak coupling limit,
where the phonon exchange between electrons is replaced
by an equivalent instantaneous interaction, the inter-

¢ is taken to be constant for

action strength gre
electron energies less than the Debye energy as in BCS
theory. The analysis indicates that the superconducting
transition temperature Tc is greater than the values
predicted by Ratto and Blandin dnd Ratto and d'Agliano '8
for increasing concentration of impurity. _The super—
conducting density of states of the alloy shows &

similar structure to the BCS density of states for the
pure specimen, confirming Kaiser's observation16. The
density of states of the alloy is, however, strongly
dependent on the impurity concentration. A4n enhancement

of the energy gap is obtained and & similar effect
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appears in other thermodynamic properties of the alloy,
such as the specific heat jump at Tc and the critical

magnetic field Hc.

1.5 Magnetic Alloys

We review, briefly, the class of alloys with well-
defined magnetic moments, in contrast with the non-

magnetic (or weakly magnetic) alloys discussed earlier.

1.5.1 Kondo effect in the Normal State

The magnetic alloys exhibit the familiar Kondo

27,namely, the resistivity o(T) shows a

anomaly
minimum at low températures. Fig. (3). The temperature
at which the minimum appears, Tm’ usually depends on
the impurity concentration according to the empirical

relation
T V~ n' LR BN . 1.16
The total resistivity is given by

p(TY = Dres(T\ + platt{T) ces 1.17

where glatt{T\ is the contribution from the ideal



Q(T)

Fig. 3

T min.

29
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lattice and g{T) is the residual resistivity. At

pI‘B

low temperatures (T < QD/'1O), (T) has a T°-

Platt
dependence for a perfect lattice:

p (P) = BT 1.18
latt ) .

where B is a constant and 8, is the Debye temperature
of the host.

The Kondo effect is due to the s-d exchange inter-
action sz, which is given in the second quantization

formalism by

+ .
ex
Hsd =— - J 2 z {_q L] §¥Sl aks alS' LAY 1.19
k,1l sg'

where g dis the Pauli spin matrix and ¢ is the coupling
constant of the(exchange interaction between the
conduction electrons and the localized spin. Tor a
resistance minimum to show up, J wnust be negative,

that is, the coupling must be antiferromagnetic.

a, ., 8 are the annihilation and creation operators

for the conduction electron of momenbtum k and spin s.
Kondo calculated the residual resistivity to thira

order in perturbation theory (i.e. the second Born

approximation) and obtained the following expression :
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pE(my o o { 1-13] 1n(km/eF\} e 1.20
res °
prbvided that thers exists a sharp Fermi surface. o is
the residual resistivity at T = 0°K and depends on the

sepin S of the impurity as well as the coupling constant

J for the s-d exchange interaction, viz

-2
p°~niu S(S+ 1) LI 1-21
28 . 29 . .
Doniach and Abrikosov extended the perturbation

theory to all orders and showed that the resistivity
becomes infinite (i.e. an instability appears in the

system) at a temperature T called the Kondo

K’
temperature. TK is given by

~-N/(28(0)| a])
ep © , (6 <0) e 1.22

where N is the total number of atoms in the crystal.
In his s8tudy of the s-d inte;action Hamiltonian
of eq. (1.19), Nagaoka 30 employed the double-time
Green's function method and a decoupling scheme on the
lines used by Zubare'v31 for the study of supercon-
ductivity. Nagaoke showed that near the Fermi surface
and at very low temperatures, a cloud of donduction

electrons with spin antiparallel to that of the impurity
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is formed around the impul‘rity. A quasi-bound s'\tate
between the conduction electron and the localized
impurity spin appears and the impﬁrity spin is c'ompensated
by singlet paifing. This effect is known as the
Abrikosov-Suhl-Nagaoka condensation. The compensation
is assumed to be complete®at T = 0°K, which is called
the unitarity limit. The scattering_is assumed to phe
maximum in this limit.

For T <<TK, Nagaoka solved a set of self-

consistent equations for two unknown averages which

appeared in his theory. He then obtained an anomalous
resonance of width T (T) which decreased continuously
with increasing temperature, becoming negligible for

T >>%g. His calculation of the residual resistivity

for T « TK disagreed with. Abrikosov's result.

Bloomfield and Hamann 32 solved Nagaoka's
equations exactly and showed that there was no

instability at T = T Rather they obtained a smooth

KC
transition from T << TK o T > TK.

1.5.2 Kondo Effect in the Superconducting State

The experiments of Collings et a12, Hedgecock and

1

Muir3 apg well as Boato et al confirm the existence

of magnetic moments in some dilute superconducting

élloys such as Zn-Mn, and Zn-Cr, These alloys exhibit
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a steep initial drop in the superconducting transition

temperature T, with impurity concentration n in the

i)
dilute limit. The linearity is mo8t pronounced in

Zn-Mn as shown in Fig. (4) where the initial decrease

in T,, (Mc/anixni= o~ 3oo°K/gt.%. Such alloys
334
?

50

have been analysed by Abrikosov and Gorkov
34

¥y

Zuckermann and Zittartz and Mueller-Hartmann who

'
N

extended the Nagaoka's decoupling scheme to include the
BSC pairing, by Liu>°, Makis®, Skalski et al37,

38 and Bannemann39. Exchange interactions

Griffin
between the conduction electrons and the impurity spin
inhibits the formation of Cooper\pairs. This pair-
breaking which is due to spin-flip scattering is
reflected in the decrease of Tc. Superconductivity is
completely destroyed at a certain critical impﬁrity

concentration ni, i.e. T. vanishes at ni « An

c
interesting feature of the theories of Abrikosov and
Gorkov (op. cit.) and Skalski et al (op. cit.) is that
at any temperature below T,, there is & range of
impurity concentration for which the superconductor
becomes gapless. The impurity concéntration ny then
satisfies the relation 0.9 ni< ny < ng .

In order to contrast the Eondo problem with the

localized spin fluctuation (LSF) problem, the strong
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.Tc with impurity concentration ny is given by

35

. magnetic limit of the LSF theory of dilute superconducting

allo;rlaaa1 is considered. 1In this limit (U >>T ), the

lifetime of the fluctuations is large compared with the

thermal energy kT, d1.e. T, = r-1

8 g >> k’.l‘c. The

-suppression of the superconducting transition fémperatura

21

3T 5n, T #
c i T~
W, o o = {eMtnt B E (15}
e S 2MN(0Yk & (T, )

cos 1.2)
= N ‘
where T (T) = XT t (mn = 0) and a = 1ln (2YmD/'nkT°°).

tN(w_) is the t-matrix in the normal state. At Tw=T,,
3(1)»?‘»('&1}"‘ Hence the second term on the right hand

side of 2 (1.21) is much greater than the first term which can,
therefore, be neglected., The second term is due to the pajire
breaking effect of the spin-fluctuations and this effect gives

the dominant decrease in T .
Zuckermann, accordingly, concluded that the -

tranesition temperature is :

P .
1n-m9‘9' ~ “"i-’- %‘E%'_?-) -*‘i‘ ) XX 1.2‘
C c 8

where %(x) is the digamma function and T, 18 given

in the RRPA and for =(T,) & U? by
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-1 - 5ny T :
s = ZwNOU 1.25

The decresse in T, given by eg (1.24) is identical to that
obtained by Abrikosov and Gorkov for impurities with well-defined

localized spin in the Born approximation. However, the
theory as it stends at present woes not give satisfactory

expression for T (T) . It is conjectured that a more
detailed theor& may include Kondo's logarithmio
temperature term.

In the case of the well-defined moment. the suppression

of Tc with n, due to pair-breaking effect of the

. localized spin is given UY33
T .
co 1
TAG

where T,. is the relaxation time of the conduction
electrons due to the spin disorder scattering. Tho ie

given by

in '
s | 2

J is the coupling constant of the exchange interaction

between the conduction electrons and the localized spin.
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CHAPTER TWO

2. INTRODUCTION ¢ RESONANCE SCATTERING

Alloys of transition metal impurities in non-
transition metal hosts (e.g. Cu, Al, Zn) have been
successfuliy described using either of two models.

One is due to Friedel and the other due to Anderson.

2.1 PFriedel's Virtual Bound State

g“Friede14{)‘00nsidered the scattering of conduction
eiectrons by a single impurity in a simple metal, The
presence of the impurity causes an extra.potential
6V’0(14 at the impurity site, and a corresponding
charge difference AZ. Here ¢ is the spin direction
. (Y or | ) of the conductién electron.
In order to calculate properties of the system in

o
&y

scattered components of the 1-th spherical harmonics,

terms of the phase shifts between the incident and —
the Schrodinger equation is solved self-consistently

for the radial wave function. The only assumption

made about the impurity is that the charge difference

AZ between the host ion and the impurity is specified.
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By considering the total displaced charge Ap inside
a sphere of large radius R, Friedel derived the condition

for charge neutrality inside the sphere to be

2.. | :
87 = 27 (214 1) by (kp) 2.1
1=0 :
This is the Friedel sum rule, which gives the self- -

consistency condition on the potential. | ,

Resonance gecattering occurs for a given quantum number 1 ;
vhen the phase shift éi,“ @ oand when 14 1'. Only en s-wave z

|

|

|

resonence will be considered here. In this case, So (\29) ~ T, |
This so-called resonance I !

constitutes the virtual bound state of Friedel and its ﬂ.,,qJ

effect is not felt outside the region of the perturbing

potential. Only Rudermann-Kittel type oscillations

remain in the regions outside the perturbing potential.

This term is, however, small and is neglected.

él(kF) > 0 corresponds to charge accumulation

while 6l(kF\-< 0 corresponds to charge deficit,

2.2 The Extra-orbital Model of Anderson

Anderson15 proposed that tﬁe introduction of
iron-group impurities into a non-transitional metal
matrix leads to the formation of virtual bound states

at energy €3 within the conduction band of the host.



40

These localized states are resonanoe scatterers for
the conduction electrons. He assumed that the
impurity orbital ¢d(r) muet be orthogonal to the
conduction states tk(r), i.e, (tk,.qa) = 0. In
addition, the spin-up and the spin-down electrons
on & particular d-orbital repel each other by the
intra-atomic Coulombic foroe. Hixing between the
oonduction and localized states leads to a broadening
of the virtuel lavel. Let the coupling censtant of the
Coulombic force be U and let the half-width of the virtual
. i . o level (assumed for simplicity to be at the Fermi level) be
| Then in the limit U << = [ o the impurity will be nen-
msgnetic, whereas in the limit U >> w1 | the impurity should
poeseaJ a well-defined magnetic moment, This was first pointed
| ) out by Anderson. However, Anderson's Hartree-Fock theory is
incorrect, since it demands an uneqial occupation of spin-up
and spin-down d-states, thereby destroying spin~-rotational

invariance.
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2.3 Anderson Hamiltonian for the one impurity g;oﬁlem

. The model proposed by Anderson to describe a

transition metal impurity in non-transition metal host is

described formally by the following Hamiltonian :

H o gives the kinetic energy of the free electrons of the

conduction (i.e. 8) band of the host and is expressed as
Hog = Z €x al:o Bka 2.3

ko

The summation is performed over all “electron momentum

and spin states. aﬁ; (aka) represents the creation

(annihilation) operator of the m-electron of spim o and

momentum k. LW is the energy of the éOnduction electrons -

relative t6 the Fermi energy of the host. H 4 is the

non-interacting Hamiltonian associated with the single

d-orbital, i.e. the localized d-state of the transition

metal impurity. This is written as

+
Hod = Z(-q- ed) 3o %dg 2.4
a

The energy €4 is measured relative to the Fermi energy
of the host and is negative. cg;, Ciq creates and

annihilates, respectively, & d-electron of spin 6.
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HSd gives the mixing term between the conduction and
localized states. Thé change in potential at the
impurity site causes a d-electron to 'hop' into the
conduction band and Yice versa. Hsd is written in

. #
terms of the overlap matrix e;emenﬁ de = de as

. +
ko '

Finally Hdd describes the intra-atomic Coulomb repulsion
between localized spin-up and spin-down electrons and is
given by
Hyg = ) U oy Cqq ®d,~0 %d,~¢ = Lv 4o "d,-g °°°
o o

where U 1is the atomic Coulomb repulsion which is given

by
U fjd3 a3 2('1‘) o 2 (r.) 2.7
= Ty a7 Ty 94 17y [Ty -1, ] ®q ‘T2 .

and ng is the occupation number for the d-electrons
of spin o0. "Non-resonance scattering has been ignored
in the Hamiltonian of eq. (2.1), in view of the fact
that contribution from resonance scattering plays the
dominant role in these alloys4-12.

An important consequence of the non-zero overlap

integral de between the conduction and localized
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states is that the localized states are broadened into a

resonance of width 2T, ' where
2
T = THN(0) <|de| > pg 2.8

as shown in Fig. (5). The average is taken over all
all momenta at the Fermi level and will, henceforth
be written as |V|2.

In the absence of s-d admixture, Hdd causes a
splitting of the d-level. As mentioned earlier, the
position of the d-level as well as the size of U determines
tpe magnetic or non-magnetic behaviour of the system.

Let us introduce the notation

e+ =(ed+U/2):t U/2 .oou 209

Then if e+, e. <0 or _e+, e >0, no magnétic moment
is associated with the localized state. On the other hand,
if <, >0 and e¢_ < O, then a moment appears on the
localized stéte. ‘Phese different situations are éhown

in Fig. (6). In the non-magnetic case, the s-d admixture
is so strong that it swamps out the splitting of the

d-level.
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2.4 The Anderson Hamiltonian Extended to the Case
of Many Impurities

In order to study transport properties, .e.g. the
resistivity of the alloy, the Anderson Hamiltonian has
to be extended to the case of many impurities. The
iﬁpurities are assumed to be distributed randomly at
sites R, (i =1,2,3, «.c...) &and their concentration
:is agssumed to be low. In this 1imit; impurity-impurity
correlations are neglected., We also assume that the
host matrix is isotropic. This assumption enables us
to leave out all anisotropy as well as mean free path

effects of Markovitz and Kadanoffj4. The Hamiltonian

now takes the form

where Hos remains the same as in eq. (2.3).

e
Ho:'L =, i Z ("'ci) cfo Cio ) 2.1
i=1 o
having included the summ&tion over the impurity sites 1.
c{; (cio) creates (annihilates) a d-electron of spin o
at the i-th dimpurity site and Ni ie the number of

impurities.
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Similarly, we have

H { e at c, » h.c.} ' 2,12
si _1 ko ki ko ic
and
N;
Hyg = ) L Unggmy o 2.13
i=1 (o)

2.5 Virtual Recoil Contribution to the Normal
3tate Hamiltonian

We now introduce virtual recoil processes into the
Anderson scheme 1i.e. as a result of the resonance
scattering the impurity atom recoils; hence there is a
certain probability of a phonon being emitted. To eecond
order in perturbation theory, the emitted phonon may be
reabsorbed when the electron is scattered again at the
same impurity site. This additional scattering channel
leads to a modification of the s-d admixture term. The
hopping of & d-electron into the conduction band is now

described by
ik(R + . 8R)

+
= 2 8o %do 2.4
for the case of & sBingle impurity located at the site go.

Such a virtual phonon process is exhibited in the last

dingrall of Figo 12a,
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Here 8R is the displacement of the impurity resulting
from the recoil, &and Bo’ is the equilibrium position.
8R &and the associated phonons are all virtual processes
in nature.
To first order in the displacement, we have
Hoy = ) Vig 50 (14 tk0R 4 S oaf ey, 2.15
ko

Phonon operators b&i and qu, are introduced &and

8R is written in terms of these operators as (G.7)

igR

h LI A o

63 = z (ma—x] (b_qx + bq}‘) 8)\ e 2.16

q
ax
where b&i, qu, respectively, creates and annihilates
A
a phonon of freqguency wq and polarization X. ax is

the unit polarization vector. Substitution for SR in

eq. (2.15) gives -

' + + . A
Hoi= ) Vg @4 Cao E+ ik ) lagy | (5%, + bgy) e{] 2,18
ko qx '
where the impurity site R has been chosen as zero, for

convenience, &nd

1 -
‘Gq}.‘ == (m-w—qxﬁl H -t\z 1 2.19
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In the case of many impurities the modified admixture term

becomes

N. .y O
' ikR i

— — + -

Hgy = 2 Z Vi e 8xq Cin E*lﬁzwqx'
i=1kao aX
(p+ ). 1R
X b_qx + qu -exe '.J+ h.c, 2.19

In the g-summation over the phonon states, terms for which
g = k are omitted, since they lead to coherent scattering
in which momentum is conserved. Momentum is not conserved
in the recoil interaction H_,, gince it is an impurity

gscattering mechanism.
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CHAPTER THREE

3 GREEN'S FUNCTION FORMATLISM

The successful application of Green's functions in
quantum electrodynamics has motivated its extension to
other quantum mechanical calculations: e.g. the study
of solid state phenomena, nuclear physics and scattering
problems in elementary particle physics.

The Green's function G(x,x'; t,t') describes the
propagation of an excitation in a given system. In fact,
it gives the probability that a particle (e.g. an
electron) injected into a many-particle system, such as
a metal, at a point x' at a time t' will be found at
another point x at a later time *t. _

In practice, the Fourier transform of G(x,t) to
momentum~-frequency space, i.e. Gl(k,w), is mostly used
for the calculation of various physical properties of a
many-body system.

The Gregn's function or propagator formalism
permits the description of various processes taking
place in & many-body system in terms of Feynman diagrams41.
Each diagram corresponds to &n éppropriate mathematical

expression in a fixed order of perturbation theory.
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3.1 The Diagram Technique !

The Feynman diagram method will be reviewed in the
following sections. In Section 3.é the Interaction
representation of the operators employed to describe a.
system of interactiné particles is described, while in
3.3 the Green's function GAB(t,t'i is defined and then
expressed in terms of the Interaction representa%ion

-operators, Wick's theorem is discussed in Section 3.4.
Finally, the rules for constructing Feynman diagrams in
coordinate-time as well as momentum-frequency space are

given in Sections 3.5 and 3.6, respectively.

3.2 The Interaction representation

The time development of the states of an interacting
system of particles can be described in one of three ways.
The usual approach is to solve the Sehradinger equation

. 93° . 8 . 1

13:_5 .= H@ i sew 3.
where &° is the wave—function of the system in the
Schrodinger representation, in which 3® changes with
time, but the operator H does not. The above equation

can be solved formally to yield
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-iHt
§B(t) = e QH LI ] . ' 3'2

!

where &1 = #5(0) is independent of time. Suppose now
that we have an operator ¢. Then using eq. (3.2), we
can find time development of its matrix elements, viz.

®35(t) = < @i{t) | ol @?(t) >

iHt -iH%
= < QE | e v 8 |§? > 3.3

With respect to the wave~function §H, we m&8y interpret
eq. (3.3) as the matrix elements of the time-dependent
operator

olt) = oo g 3.4
This gives us & new representation in which the state
vector is independent of tome, i.e. 1 _ %(0). The
time development of the system is,.therefore, pushed
onto the operators which satisfy the Heisenberg

equation of motion

%%’-:J'.(Htp—cpﬂ) =i[H,o]_ 3.5

H

where E.pa__ is the equal time commutator. $ is

the Heisenberg representation of the state vector and
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is related to the Schrodinger representation through -
éq; (3.2). |

The third representation, which proves to be of
great importance in quantum field theoretic method, is
the Interaction representation of tpe state vector.
This is intermediate between the Schrodinger and the
Heisenberg representations. The Hamiltonian of the

system is divided into two parts:.

H = HO 4 H1 s e 306

where H° is the non-interacting Hamiltonian and H1
gives the interactions taking place in the system &nd
carries a time-dependence.

'We now carry out the following transformation on

the Schrodinger wave-function #°(t) s
iH_ t '
!(t) = e o Qs(t) eve 3-7

Differentiating eq. (3.7) with respect to time and
making use of egs. (3.1) and (3,2), we obtain :-

() Y '
i —a_.E"' = H1{t) (t) s e 308

H1(t) is given by
. 4H ~iH % _
H.'{t) = e H1 e *s e 3.9
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Both the state vector and the operators are now time-~
‘dependebt. Any Schrodinger operator ms can be transformed
. into the Interaction representation mI(t) as follows:- |

iHot g —iHot

ol(t) = e o° e L e 3.10

and its time develobment is given by the equation
Sol(t) - i [Ho, cpI(t)'_] 3.11

This differs from eq. (3.5) in that only the non-
interacting Hamiltonian H0 is involved. Also eq. (3.8)
is just the Schrddinger equation with the full Hamiltonian
replaced by the interacting Hamiltonian H1. Eq. (3.7)
gives the Interaction representation of the wave-function.
We go back to eq. (3.8) and solve for Y(t), The
usual procedure is to supposé that the value of Y(4) is
known at some time +t = to. The equation is then
transformed .into an integral equation by integrating
both sides with respect to t and evaluating it between

t =t, and t(t > %, ). This yields

. t .
Y(t) = !(toi-if at! H1(t') Y (t1) 3.12

The best way of solving this integral equation is to
introduce a time-~development operator U(t,to) defined by
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Uls, t) ¥ > = Y(4) - 3.13

ult, tb) satisfies the integral equation

t

Ul ) = 1-1 I at' Hy(t') Olt', ¢ ) 3.14
to .

and has the following properties:

|
-

(1) It is unitary, i.e.uU"

-1
4
(11) T  (4,5) = Ult_,8) = U (t,t )

(iii) ult,t') = Uft,to) U(to,t') 3.15

\

Eq. (3.14) is solved by iteration +to yield the series

t
C U, ) = 1+f—i)J at, Hylt,) 4 r-i)"'J at,
. o y 11

° . tO

: t1 .
xI[ dt H(t1)H1(t)+00--00

' . I ?n-1
IXENY ) ( i) dt.‘ dtz RN dtn
. 5

o]

) x H1(t1) H1(t2) ..'..l. H1(tn) '3.16

The n-th integral

1
Idtlj dtz...r dt Hyl(ty) Hy(ty)... Hylt) 3.17
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can be converted into an integral over the whole time .

interval from t, to t' with the restriction that t,

be earlier than Ty q (k <n), i.e. t > Ty > ﬁa >

® 6 9 &6 0 st 06D >tn> to

This enables us to rewrite I; in the form

1]
1
P 1;
by ,to

ee e H1(tpn) " esae 3018

where Z denotes the summation over all permutations of

P

the variables t1, Toy eeeee tn; i.e. t1, ty e tn"tp1’

cees T and the ordefﬁng of the operators H1 is

pn’
maintained from left to right in order of decreasing time.

Next, we introduce the Dyson time-ordering operator

P42 guch that

P {m,6p oms)] =R, (5, .o Hy(ty) oous Hylty)

LI ] 3.19
where

ti>....>tj> eevoeneoe >tko
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The operators are then said to be in chronological order.
The time-ordering operator P has the property of
rearranging & product of time-labelled operators in the
same order as the time sequence of their labels, with the
latest one in time appearing first in the product. For

example,

Hy(t,) Hi($5), for &, > ty

P {H1(t1) H1(t2)} -

H1(t2\ H1(t1), for t, < %,

So we recast the n-th integral into the new form

v pt t
1
I = E_‘j dt1j dty ... J at, P fH(B) L Hy (4]
s vt t -
o o o
LI ] 3,21

Then eq. (3.16) may be written as

o0 + +
PRSI SR =+ § L dt. P § H,( %) Bt
) =) HT e ) 9ty 8 - Hy ()
n=0 tO tO
H1(tn\}
%
= P exp _ij Hy(t') dt’ vee 3,22

b
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We now meke the assumption of 'adiabatic switching'
i.e. the interaction H, -is assumgd to be turned on
adiabatically at time t = - @® and turned off at time
t = 40 . The S-matrix of scattering theory ig then

defined as follows
S : U(—m,' +m ) e s e 3023

The adiabatic switching assumes that the ground state of
the non-interacting system goes over adiabatically to the
ground state of the interacting system with the evolution
of time. The energy shift in the ground state and the
Green's functions of the aystem are also assumed to be
expressible in a power series in the interaction strength.
The Wick's chronological operator T will be used
instead of the Dyson chronological operator P. This is
defined in the same way as P except for a (-1) due

to each fermion permutation, i.e.

o A(t) B(t'), for t > '
T{A(t) B(t-)} = 3.24
nB{t') Al$), for t'< 1

where M = 4+ 1 for boson operators and M = - 1 for

fermion operators. The S-matrix is written as
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=)

iHt
The operator e can now be written in terms of

Interaction representation operators. From eq. (3.7),

t
2t)ce © Yt)= e 9 s(t,00 8%(0) 3.26
where %0y = 63{0) = Y(0)

Also from eq. (3.2)

-iHt

8(t) = e 3%(0)
Hence
-iH(t, - t,) -iH (t. -t,)
o 17720 L e T 0T 20 grg, t,) 3.28
Similarly
iH ¢4, - t,) iH (t, - t,)
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3.3 The Green's function

The one-particle causal Green's function is defined

as followe :- .

Gupl(tst') = =4 < 0|T{AH(t) BH{t-)_} | 0 > 3.30

where AH(t), Bi(t) are operators in the Heiéenberg
representation, (3+4), and the coordinate indices have
been surpressed. The average < .... > 1is taken over
the true ground state |0 > of H. Using eygs. (3.4) and
(3.29), al(t) is written as

All(gy o eiHT 4S5 iHt

iH t ~iH ¢
= S(0) e ° a5 ¢ 0 gs(t,0

S(0,t) Al(t) 8(t,0) 3.31

S I

where A° and A~ stand for the Schradinéer and the
Interaction representation; respectively, of the
operator A.

The true ground stute is written as follows in

terms of the non-interacting ground state !0 :



#800) = #%(0) = S(0,-0) ¥ (@)

o
\'
n

=1 S(O, - W) '0 o e e 3.32

where adiabatic switching has been invoked

Similarly

<0 | = #0) - ¥ () s (e0, 0) 3.33

Y(©) can only differ from Y( -0 ) by a phase factor

and in conseyuence -
Y(o) - S(wm, —c0) ¥(_00) - g 1 ¥(_00) 3.34
BEq. (3.30), togetlier with egs. (3.31-3.34), gives the
following equation for the Green's function:-

GAB(t,t'.) = - 1el8 §°'| S(co, 0) T { S(0,t) ATt)

x S8(+,0) s(0,t') B{(t') x

x S(t',0) s(o,-w)}l > ... 3.35

The phase factor @ is related to the S-matrix as follows:
0
ei¥ . a < a IS0, 00|84 >= <8 |88 > 3.36

The final form for the Green's function is now obtained

from (3.35) and (3.36) :-
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<QO|T£A(t) B(t') s } |8 >

(t't') -i s 3:37
<& 18| & >

Gan

The operators A(t) and B(t') are in the Interaction

representation.

3.4 Wick's Theorem

The calculation of the Green's fﬁnction involves a
product of a number of time-ordered terms resulting frowm
the perturbation expansion of the S-matrix which may be
written in terms of creation and annihilation operators
in the Interaction representation. The basic theorem
which gives the systematic way of writing down the
expectation value of any time-ordered product of the
creation and annihilation operators in terms of free-
particle Green's function.is called the Wick's theorem,
It states that the non-interacting ground state average.
of the T-product of identical numbers of creation'and
" annihilation operators in the interaction fepresentation
is equal to the sum of all possible paired averages
involving & creation and an annihilation operator.

The following example illustrates the theorem:
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+ et .
<T{a1(t1\ az(tz) a3 (t3) 34(1;4) } 3
|
+ 2
= < T {a (1; ) a (1:4)} > <’l‘{ 2(1;2) as(t3)} >
+ .

v <t {age) a1 Fog <r {aysy) afs0} 5

N

3.38

where < .eceee > represents the aéerage over the non-
interacting ground state. Thus the problem has been
reduced to one of calculating products of free particle
Green's functions, viz

+
+
<T[a1(t1) az(tz) 33(1;3) 34(1:4\} >

o] o] (o]

3.39

This decomposition permits the assignation of simple
diagrams to tpe paired averages. Moreover, the diagrams
give a pictorial representation of the processes taking
place in a many-body systemn.

The free particle Green's function G%(x,x') is
represented diagramatically by the solid line shown in

Fig. (7a), where x represents the space-time point (r,t).
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Fig. 7
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The arrow indicates the direction of propagation.

From now on 6% x,x') is used to reﬁresent a fermion
propagator. PFig. (7b) represents a free hole Green's
function. The free phonon Green's function D(x,x') is
represented by the wavy lines shown in Fig. (7c). The
arrow is omitted since the phonon pfOpagator is an even
function of (x-x'). PFinally an interaction line, e.g.
the Coulomb interaction, is represented by the broken

line shown in Fig. (74d).

3.5
Rules for constructing Feynman diagrams occuring

in the perturbation expansion of G(x, x').

3.5.1 Diagrams in coordinate space

(i) Dfaw all topologically non-equivalent diagrams
with 2n vertices and two external lines,
(ii) Denote by G°(x,x') a directed solid line
from x to x' and by. vfx-x'\ the interactién
(i.e, broken) line. The interaction line is
agsumed to be non-directional, viz,
v(r1-r2\ = v(rz-r1) and instantaneous,

that is, vix -x') = vir-r') 8 (t-1t'),
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(iii) 1Integrate over the coordinates of each
vertex and sum over spin variables, viz,

Ej\f d3x . Two solid lines and one broken
o

line always meet at each vertex.
(iv) Multiply the expression obtained by the

factor ( - 1)0+F , where n is the order
of the perturbation given by the number of
interaction lines and F is the number of

closed fermion loops in the diagram.

(v) Green's functions of the same time argument
G (0) are taken as 1lim G(-t).
7+ 0
Because of the homogeneity of space-time, the free particle

propagators depend on (x-x'), 1i.e.

6%(x,x') = 6%x—x") = G%r—r' : t-t*) cos 3.40

Examples of some typical diagrams are shown in Fig. (8).
In Fig. (8a), an electron undergoes exchange scattering
against background particles. The analytical expression

corresponding to this process is given by

- Id4x3 d4x4 6%(1,3) 69(3,4) 6%(4,2) v(3,4) 3.41
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where we have used the shorthand notation i::xi=f{ri,ti);
i = 1,2,3,4 and a%*x = a3r at.

In Fig. (8Db), the electron undergoes a forward scattering
at (3) against the background and the corresponding

expression is

'f d4x3 d4x4 6%01,3) ¢%3,2) v(3,4) ¢%0) ces 3.42

The diagram representing G°(0) is particularly interesting.
This represents a ground state - to - ground state execitation
or a spontaneous rearrangement of the Fermi sea. All
ground state diagrams do not have any particle or hole line
in either the initial or final state, as is shown in

Fig. (8 e). The mathematical expressions for all the other
diagrams of Fig.(8) can be written down along the lines
indicated, Fig. (8d) is a typical example of a
disconnected diagram. Figs. (8a)~ (8c) are all

connected diagrams.

3.6 Diagrams in momentum-frequency space for the
perturbation expansion of G(k,w)

The evaluation of the integrals occurring in diagrams
in coordinate-space is, generally, difficult since the
free-particle functions are discontinuous functions of time.

The Fourier transforms of these functions +o0 momentum-
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frequency space, however, are much simpler to compute.

Hence actual applications of the diagrammatic method

usually involve diagrams in momentum-freguency space.

Another advantage is that conservation of momentum and

energy (frequency) at each vertex is automatically

built into the formalism.

3.6.1 Rules for evaluating diagrams in

mnomentum-frequency space

(i)

(ii)

(iii)

(iv)

Draw all connected diagrams starting and
ending with (k, w, o ). When the system is not
translationally invariant, the line starts

with (k, w, ) and ends in (k', w', o'), say.

Associate a free particle Green's function
GO(k, w) with each solid line and v(q) with

each broken line.

Conserve all momenta, energy and spins.at

each vertex.

Integrate over all intermediate state momenta,
and energies and sum qver spins according to
the prescription

[ e 3

3
(2m) a
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(v) Multiply by (-1DP+F  where n is the order
of the interaction (i.e. the number of broken

lines) and F is the number of fermion loops.

We shall evaluate the diagrams shown in Fig. (9) as
a demonstration of there rules — the results are as
follows :

Pig.9(a) ¢ - g(p,m\ Gg(p,w)(}g.(p-k, w-0)

Tr)3 J
oo 3.40

Pig.9(b)s v Golp,uﬁ a° (p,m) Z szn)j J.dwl Gg'(P', o')

LI 3.41

Fig.9(c): -G°%(p, m3G°lp,w\J 52 6¢%(p-q, m-0) x

2m)3

j{ ’3J‘dg e%tp: m)(}(p +q, 0.+ 0 3.42
2m

3
Fig.9(d) g' p° (g,0) D"(q, J\-—p_.(znﬂ B

b & G’O(p,(ﬂ) Gotp-q, m“o’ see 3-43

Each electron~phonon vertex is assigned a value g for
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the coupling constant.

3.7 Dyson egquation and the self-energy operator

In several applications of the diagramatic technique
an infinite number of terms of the perturbation series
has to be summed since several terms,K of the series give
contributions of the same order of magnitude. Often the
tagk is reduced to summing @n infinite number of a
particular class of diagrams.

. All diagrams for the Green's function can be written
in terms of the irreducible self-energy L. An
irreducible diagram is one which c&nnot be split into
two simpler diagrams by cutting & single fermion line.

The insertion of the self-energy parts leads to the
modified or the full Green's function which is represented
diagrammatically by Fig. (10f in momentum-frequency space,
The mathematical expression corresbonding to the diagrams

is given by

G{k,m)=(}ofk,m\+G°(k,m) b2 (k,m). 6%k, w)

+ G%x,0) T (k,m) G%k,0) T (k,m) G%°(k,m)

+ 9 6 8@ 009 o0



Fig. 10

= (kyw)
—p— 4 —F-% +
a2(w) Gpiw) GRlw)

12 (k,w) = (k,w)

v _»%_»%_._ .
GR(w) G2(w) Gg(w)

2 (kw)

G;(w) 0:(w) 0;(\')
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or symbolically

G

i

° +c°x26%,6° 6°£G° 4 toinnnnn

G°+G°Eg

e v e 3.44:

where ZI(k,w) is the sum of all irreducible self-energy

parts, i.e.

T = 21 +22 + 23 + E4+ ts s see 3-45

Eq. (3.34) is Dyson's equation. It is solved formally to
give |

(o]
G’ = G = 1 TS 3.468

1-6°% (c®>y-'_ ¢

ioeo G’{k,’“) = 1 ?.o 3-46b

w- € - (k,m) + 18,

where we used (G1, G2) the expression

Gofk,z:o) =(w-c¢

. - 151{\-1 e 3.47a

6k < 6, for ek > 0

bk >‘ 0’ fOI‘ ek < 0 oo e 3-47b

The self-energy part & k,m) is, in general, a complex
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function of ®w and k. Its real part gives a éhift
in the energy € of the electron while the imaginary
part gives the life-time or the decay rate of the single

electron state.

3.8 The Green's function of imaginary time
(or the temperature-dependent Green's function)

At finite temperatures, any experimental observation
is a statistical average over a large number of processes.
As such, the Green's function is now defined in terms of
the statiastical average of the probability for all
possible initial and final states of the system43. The
definition of the Green's function involves a reformulation
of the Heisenberg representation (see Matsubara 44 )

An operator o ( T) in the new interaction represen-

tation is given by

H T KT
oty =e ©° pe? ;-B<T<?§P cee 3.48
where H , =H - HUEN oo 3.49

The Hamiltonian J{o is now given in terms of the number
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of particles in the system and the chemical potential .
M, since our system is described by & grand canomical

engsemble. The partition function 2Z is then given by

2 = e'BO(B’u’v) '~ Tre-” B(H-uN) e 3.50
where
5 = - -% InZ (B,4,V) = - kT 1n 2(T,u, V) 3.51

is the Landau thermodynamic function.

The S-~matrix beconmesg

T
S(r1, 12) = T _exp { - J;z dT'H, (1')}- 3.52
1

where T_ is the Wick's time-ordering operator at
finite temperature.

Also we get

~Hlt, - 1) “R (1, -1,)
e L - T S T X
By analogy with the zero temperature expressions of
eqs. (3.24), (3.26) and (3.37) the expression for

thermodynamic Green's function is given by :-



17

c

g (r ) =-<2 {sm Fanf >
AB

< o { A(T) B(T') S(B)}>

<S(ﬁ)>o i 3.54

whera A(T) and B(t) are in the new interaction

representation, and

<A>o -z oy { e-?mo A} 3.55

is the grand-canonical average over the non-interacting
states, and Tr stands for the trace.

Aiso 6

SC(P) = T_ exp i-j ax H1(ﬂ} . 3.56
0

Wick's theorem is again applicable to eq. (3.56) and
diagrams are identical in form to zero temperature
diagrams.

The Fourier tranaform of (GA'BH'\ is written :-

G.AB(T) = %Ze-iwnf GAB(wn) e 3.57
n ;

where44
W = (2n + 1) % for fermions
and W = 2n L for bosons e 3.58

n B



The rules for constructing diagram in the perturbétion

expansion of AB(mn) are similar to those for the

diagrams of Section 3.6.1

(i)

(1ii)

(iii)

(iv)

(v)

Draw all connected, topologically non-
equivalent diagrams, starting and ending
with (k, U 0). When the system is not
translationally invariant, the diagrams
start with (k, L o) and end up with
(k', L c'), say.
Associate a free particle Green's function
Oy, w ) with each solid line, vig, o)
with each broken line and the free phonon
Green's function & °(p, w ) with each

wavy line.

Conserve all momenta and energies at each

vertex.

Sum over all intermediate states accdrding

to the prescription.
3
A 1
Z =J————3, -gzandz
(am m o

Multiply by the factor (-1 +F for n

broken lines and F fermion loops.

78
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The free particle Green's function %Ol}_c_,wn)' is
given by (G1, G2)
0 . ~
G, (lc_,wn\ = (1wn - ek) 3.59a
where

'E’k=ek—u 3.59b

We shall write down the expressions for the self-energy

diagrams shown in Fig. (11)

11 (a) = Z v(k-p) %ZZ Go(p_, imm) 3.60
U'

P m o'

where the interaction is assumed to be

instantaneous.
(b)Y = L Z 1 zzz ° (k-q, iw_ -~ im 1%0( 'yim)
11 =8LF ([% k-g, iw -iw, p'yim
m 1lq p'
o)
x G (p'+a, ie) + 1) 3.61

. 0 0
11 () L {g_,imn) = %EB (]:_c,imm)ﬁ (l_g—g,imn— imm3 3.62
m

The frequency summation is performed by employing

Poisson's sumu;ation formula. This formula converts the
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summation over n into an integral over a contour C :

1
5 Z glim ) = J;f(z\ gl 2) 5‘1-% 3.63
n

f(z) 1is the Fermi function which is given by

Bz + 1 )"1 where 2z is complex and f(z)

f(Z) = (e
has poles at 2 = (2n 4 1)%. The contour is taken

around only the poles of gl(z).
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CHAPTER FOUR

4. SELF ENERGIES OF THE s- AND d-ELECTRONS

The techniques outlined in Chapter Three are now
employed to obtain the self-energies of the conduction(s)
and localized (d) electrons in the normal state of the
Al-iron group alloys.

The simple model of a parabolic band for the s-
electrons of the host matrix, i.e. the nearly free
electron approximation, is.employed. The impurities

are taken to be randomly distributed at sites R, =1,

4=
2y cetenans Ni) and their concentration n; is low
enough to neglect impurity-impurity correlations.
Consequently all expressions must be linear in the
parameter n;. The Hamiltonian which describes the
aluminium-iron group alloys is given in Sections 2.2-2.4.

The following thermodynamic Green's Functions for

the problem are defined:
¢° (x,k'; ) = - <Tr{ak (1) akT (0)f >
6% (4,§'; ?). = = <T-r.{°;1 (%) cj,+(o)j >

6° (j,k; T

il

- <'1'.,.{ ey (1) ak+ (0} >

il
|

6 (k,5; ) <ty [ (D e ¥ @ > .. 4
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where the statistical average is taken over the giand
canonical ensemble. The operators ., aﬁ, cj and c;
are described in Sections 2.2 - 2.4,

Using the Hamiltonian of Sections 2.2 and 2.3, we set up
equations of motion for the Fourier transforms of the |
Green's functions of eq. (4.1). In order to restore
translational invariance to the system, averages are
taken of all functions containing the impurity site
vectors Ei , @assuming random impurity distribution45.

In addition, the averages of a product of functions
ipvolving the impurity site vectors is replaced by a
product of their averages. (See Abrikosov and Gorkov33.)
A set of integral equations is then obtained for

the Green's functions. The averaged Green's function

for the s-electron becomes translationally invériant, i.e.
G’(k,k' H iwn) - G(k,i’vn) Gkk' [ Y 4.2

and that of the d-electron becomes independent of.the
impurity positionss.
The self-energy parts g and Ed of the s- and
d-electrons respectively are defined as follows in terms
of the averaged Green's functiouns.
-1
6, (iw ) = G(k,iw) = [iu, - ¢ - L (k, imn)] 4.3
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and
: -1
where Bgg = —2%+ U <ng_ o> coo 4.5

is the Hartree-~Fock energy of‘the,d-electron having spin o,
Here G, (iw ) and G4(iw ) are the full s- and d-electron
Green's functions, respectively. The self-energy
diagrams are shown in Fig. (12). From the averaging
procedure the significant contributions to the self-
energy parte at low impurities concentration come from
multiple scattering at the same impurity site. Hence
diagrams such as Fig (12c¢) can be neglected in our
approximation (G1, and Reference 5).

Each self-energy part has two sub-diagrams: one
is due to resonance scattéring only and the other
includes the virtual phonons due to the d-electron recoil.
Only energy is conserved at the vertices where a virtual
phonon line appears, Momentum is not conserved at these
vertices because the interaction is local.

Analytical expressions for the self-energy parts

are obtained from Fig (12). Fig. (12a) gives
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Thin is possible in the non-mognetic limit for the

following reasen; The Anderson Hamiltonisn for a degenerate

L impurity state includep an exchonge interaction J botveen
. electrons of the same opin in different degencrate levels,
o The inclusioen of cuch a tern &n o degenerate dentote glves
.| rise to two new electronic levels (U = J3) end (U + £J3). The

state (U = J) is too lew-lying and does not seen t0 affect the

- {propertics of the aystem. Oaly the letel (U « 4J) io importont

-1

}
‘.:i

- and it is thercfere sufficient to replace U by U + 4J or Ue?f

in the cubgequent aralysis.
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res rec
I, (iwn)=}'.‘.a (iwn) + T4 (imn)

= (214 Dny V12 65 (dw) - (21 + D0y |v|°

2

““““““ A
ey x kT § 6y (o) (k- 8)) Y legyy

) Dq.x (iwn—imm) : s o0 406

where the first term on the right hand side is due to
resonance scattering only while the second term is due
; to the vertual phonons. D_, is the phonon Green's

ax
function defined by

y F
J Dyy (V== <o { @y (M) @y (OF > oo 4.7

-, It has been shown by Ratto and Blandin | that the effect
1 of the degeneracy of the d-level is to introduce a

factor (21 + 1) into the expression for the self-energy

¥ SE& ATIACHED INSET
of the s—electron.A For transition metal impurities,

1l = 2and sé the degeneracy factor is 5. The parameter
n; always goes with the degensracy factor (214 1),

where 1 4is the degeneracy.
The phonon field operator Pgx is given by
4

le + b-ql olo » 4'8.

Par =
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+

LN (byy) creates (annihilates) a bare phonon of wave

vector @ &and polarization \A. Fig. (12Db) now gives Ty :-

res rec
Tq (imn) + T4 (iwn)

1

Iy (iw)
” 2
“1v12 Yo (10) - 1v] k2 ) Yop (dw) x
k m k

A 2 2 '
x (15802 Y lagy 1% D (dm = dm)) 4.9
ai

rec
4.1. Recoil contribution to_the d-electron self-energy, I,

The virtual recoil contributiom to I, (iwn) is given
from eq. (4.9) by

rec :
2 2 A 2
5, (o) = - | V1% xr ) Y, (dw) Z‘aqxl (1k+8,)
‘m k ax

Assuming &n isotropic phonon spectrum for the host matrix,
the electron-phonon coupling constant N and the phonon
Green's function Dql become independent of polarization.

The sum over the polarization then gives
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Z‘E-g,‘)z - KRk 4.1
A

Where only electrons very close to the Fermi surface are

taken into account and kF is the Fermi momentum.

rec
Ed_ (imn) becomes

rec 2 2
2
Ty (o) =k [VITkr Y Y6 (i) Zlaql Dy (1w~ dm )
m k q
. e 4.12

The frequency summation ie now converted into an integral
along a contour C by use of the Poisson summation formula
of eq. (3.63). It is also convenient to introduce - the
spectral representation for the phonon Green's function.

Thie takes the form (G2):

1 1
Daa (ivn) = f dv quw) ‘ivn-v = v+ 3 4.13

where the spectral weight function qu(v) is given by

~BE
-1 Bv m 12
By (V=277 (1-e"") Yo l<mlpgln>|
m,n

and - BE

z:Ze m 4.14 b
o |
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: rec
is the grand partition function. Then T, becomes :

rec 2 2 dz 2J )
Ty (dw) = kp |Vl z I Py G, (2) Z]aql dv Bq(v) X
k q
(—fl=2) 0 _£l8) .y 415

A +
- - -
iwn v imn Z 4V

The contour C is shown in Fig. (13). The complex
variable 2z 1is then taken to the real axis by deforming
the contour C into €', picking up the poles of the

integrand at =z

[}

iw, £ V. Use of the relation

Gvk_(m+ i8) - Gk(m-ia) = 2i Im Gk (w+18) ... 4,16

rec
gives the following expression for I; from eq. (4.15) :

rec : . .
3 (iwn)=k12? | V|'2 z j %’%{ 21 Im G (w") Zlaqlz x
k q

£{-p') flw')
fd.\’ Bq(V) (imn_wj_v +Imn_ml+v

21y12 2
+ K5V §2|aq| fay By (W) x
q

{Gk(iwn—v) £ (v-iwn) +Gk(iwn+v) f (-imn+ v)}

ces 4.16
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The second term on the right comes from the pole.

contributions., Buit

Bv im -1
£ (viiwn) = (e e:t n+ 1) e 4.17
and
mn = (2n+ 1)"/B - see 4-18
So
Bv -1
£(viiw)ale =-1) = Ddlyv) ... 4.19

where b(v) is the Bose factor.

From egqs. (4.16) and (4.19) :-

rec > J‘ 5
£y (w)=kF V2 Y In G (u') Z|a 2| avBy(v) x

blv) 4 £l-w') blv) + £lw')
x‘fwn-m'—v * 1o, -0’ + v ) 4.20

rec
The next step is the analytical continuation of T4 (imn)

onto the real axis from '‘above i.e. iwn -> w4+ 18,

6 —> + O, yielding the following result :
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rec 2 2 '
Dy (W=kp|V| Z ‘l‘fd-"-’:— In Gy (w') Z]aqlz JBq(v‘) x
k q

% (b(v)4.1-f(w') blv) + £lw*) )

w0 —v+ib t wowiuiid 4.21
Use of the relation
£(-0) =17 (0 cer 4022
has been made to obtain eq. (4.21), From Appendix A
)6 (i) = - 417N (0) eee  4.23
k

From egs. (4.21) and (4.23) the recoil contribution to

the d-electron self-energy is given by

Trec 2 2 |d 2
g (0)=- (O |V|" kg J—,“;—Zlaql J dv By (v) x
: q

b{y)+ 1=-Flw') b(v) + f(w')
x(w-w'—v+iﬁ + wwﬂ+v+16)

4,24

Now

1 1 -
m - P'i‘ + 1“6 (X) s e 4-25

where P implies the principal part of the integral.
Eqs. (4.24), (4.25) and the following simple form for

the phonon spectral weight function (G.2)
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B. (V)

5(‘\)‘ -wq) ggn v cey 4026

whexre

+ 1, for v>0
sgn v

- 1 ,..fOI‘ v<O see 4-27

then lead to the following expressions for the real and
imaginary parts of Eifc (w) :
rec

Re T4 (w)=- nN(O)|V|2kF2Pfg%-'- Y o) x
q
q

,b(wg)4.1-f(w') . b(mq)+-f(m')
W—-w'-w

x 4.28

W' 4 W
q

rec
In B, (0) =m0V %K jdw' Y ) x
q
q

[ [olw) + 1-£wn] sla-wt-u) &

[oad+z )] 8 (w-w' + v

- mn(o)|W? kg X'(ﬁlﬁ;) { 20(w )+ 1-2(w-w )
q

seloru Nl 4.29
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Fow flws+w ) - flw~w ) = sinh Bwq 4.30
q q cosh Pw + coéﬁrﬁﬁq
Hence eq., (4.29) becomes
rec > (1 (2 sinh Bw
In T, (o) =T sz -----zqu\ 2o(w ) + 1= S53r P a5ah P

q
oo 4.31
where T = ﬂN(O)lVIZ is the half-width of the resonance,

and ui = 1/2Nqu, M is the mass of the impurity atom

and N is the numver of atoms in the lattice, of which

N'= N are fhe host atoms. The contribution to the life-~

i
time of the resonance level due to the virtual redoil

processes is given by

rec . .
1 (w)
m’ = - Imn Ed sesn 4.32

d

The relaxation time for w = O then becomes
S -I‘kzzf L ){2brm)-1-tanu(ffﬂ)}
> t5C(0y - F ?ﬁﬁﬁa q 2

d q
cee 4.33

The zero frequency relaxation time is important for low
temperatures since only electrons at the Fermi level take
part in scattering processes at these temperatures, 1::ec(0)
of g, (4.33) is calculated using a Debye spectrum fer the

phonons. In this approximation,
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the sum over g is replaced by an integral of the form .

| ZA(qu - an(m)F(m) dw 4.34
q
where F(w) is the phonon density of states given by :
2
F (w) dw =—§u—;’5—-— dw (0 << wD)- 4.35

wp is the Debye frequency characteristic of the host
matrix, and is related to the Debye temperature @y by

wD=k®D (’k: 1) I 4.36

Egs. (4.33) to (4.36) give
2

1 3T kg Wp
v =5 J, doww { 2v(w)+ 22 (00 } 4.37
274 (0) Wp .
where 1 - tanh (Bw/2) = 2f () 4.38

Writing 2z = Bw and integrating with respect to¢ 2z from

0 %o QD/T,’ gives

2T (o (SE (23 6. (o /1) 4.39
Tec = k@, 8p 15D ’
27,4 (0}

2 2 d
where kF = meF an

X :
G1 (x) =J° ze? (322_1)-1 dz 4.40
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The graph of G, (e,/T) &s & function of T/@p " is .

plotted in Fig. (14).

We return to eq. (4.28) and convert the negative
interval of the @'~ dintegral to the positive interval.
Then for w = O,

rec
Re Ed (0 = O cos 4.42
This result implies that the virtual recoil of the
impurity does not lead to any shift in the energy of the

resonance level. Thus the d-electron propagator is

-1
G (w)=[w-Eg + 1T (144 1%)] 4.43

where
12 m €p -
2 ®p
®p
The Anderson resonance width T can be replaced by a

temperature-dependent width reff( T)

Teff (T) =T (14 AT?) 4.45

' The variation of T.ep (7) with T dis shown in
Fig. (15) for Al-Cr and Al-Mn.
From the data of Table 1, the inverse life-time for

Al-Mn is given by



8 I

g =

T/e
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PABLE I
" ==us s
Too ® p | N(O) a |N0)|g) €p 850
1.18% | 428°¢ | 0.29 |6.046] " 0.1654 | 10ev| 1.78 x 107* eV
SRR ECEE® an, (6)
TABLE II
Ay .
= m;j/mol-degz_ at.% G\—> 0.44 0.32
: ]
- AT
o % /at. g () 9.1 4.6
o S
=/ 9.961x 106 | 1.056 x 1072
u (el) | .
Ueff = 0.24BV ; U = 0.597 .



1

2
—Tec— = -02961 (T/e;)° G, (e,/T) 4.45a

2rd (0)

and for Al-Cr, we get

1
Tec
2'rd {0)

The d~electron Green's function is now written :
eff

Gd (w) = (()J—Ed + iraff(T) )-1 s o0 4-46

The d-electron density of states at the Fermi level

given by
Nd (0) = % —'é'r-_i o s e 4047
Ed + T
becomes
eff T
Nd (0) t '1.!1' T—e-f—f'é'— ) 4.48
Ey +Torg

The effective d-density of states of eq. (4.48) shows
up in the residual resistivity to be discussed in
Chapter 5.

= .02793 (53/@]3)2 G, (eD/T) 4.45Db

101
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4,2. Recoil contribution to the s-electron

rec ,
self-energy, T (iwn)

erec (imn) is given by

rec
r‘S

' 2 . 2

(1w)) = (214 1) ny | V|2 xr PNCHEPR zlu‘“'

m q :

(1k.0)2 D . ( )
x (ik.e, ar iw, - io,
2 2 2
= (214 Doy | V[ kg KT ) G4lim ) AL
m - q
4 Dq(iwn—imm) ve e 4049

after summation over the phonon polarizations. " Use of

the Poisson's summation:formula of eq. (3.63) yields:-

Trec | . 2 .2 iz 2
EB (iﬁ)n) - (214— 1 nil"Vl-- kF f .é_ﬂ-f G‘d(Z)‘ Zluql
- q
£(-2) N IS M 4.50
1'wn-z-m iwn-z+ mq

q
We follow the same procedure as in Section 4.1 and make

use of the relai;ion
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Galws+16) = Gy(w-18) = 21 In Gylw+16) 4.51

rec
Then T (iwn) in eq.(4.50) becomes :-

re

c 2 dm'
Ty () =021y Dy (V12 if |3 o ey ) la 1? =
q

blw Yp1-f(w*) blw Y4f(w')
iw ELw'—m + Iw j!-m' w
n q n~ 0t

x ) 4.52

q

The d-electron spectral weight function Ad( W) is
defined as follows :

\ 1 1 T '
A (w) = Im G(w) | = = 4,53

Eq. (4.52) is then analytically continued
(i.e. iwn -~y W+ 18) fo give -

re

c : 2
T (w) = (21+~1)ni|v|2 ki de' Aglw*) Zlaql x
q

b(w Yp1-F(m') ble )4+ flwt)
( q + q-
m—m‘-mq+ is- w-0' + mq+T6

4.54

X

rec
Decomposition of - T, (w) into its real and imaginary

parts gives :-~
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rec :
2,2
Re,ZB (w) = (21 4 ﬂnilvj kF dem\- Ad(w) Z|5q|2 x
> a
bw Y+ 1=-FL(w') Dblw )4+Fflw')
X (i 1 4.55
-uT-wy TR

where P denotes the principal pdrt of the integral.

rec 2 o 2
In £, (w=- (2Le Nrng | V|65 Y lagl® =
q

{Ad(m-mq) (b(wq) + 1-f(m5 wq) )

+ Aglosrw) (b(mquftw;,gqn} 4.56

For excitations close to the Fermi surface (i.e. w=0)

rec

Im ZB (0) becomes

rec ' 2 2 1.
In £, (0) =~ (214 Nwny | V| Xy sz(b(mq)-ﬂmqnx
: q

(Ad‘_'wq_} + A (mq) ) oo 4.57

Choice of & Debye spectrum for the host gives :-
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. ®
Im Erec( ) n |2 2 ? Ef.‘l__
By 0) ==5 _nilv kg duuqm3 (b(mq).yf(mq))l
° D
X (Ad(—mq) + Ad(wq) ) xR 4058

For the physical case in which the half-width of the
resonance, I', is much larger than the Debye cut-off

frequency wD, i.e. T>>uwp, Wwe get

Ire

. .
\ 2
In £, (0) =~ 12Tny (n/M) (cF/keD)(T/eD) x

[va(0) /50 ] 6, (‘%/TB 1,60

whers G, (eD/T) i8 given by eq. (4.40), Also the

recoil phonon does not produce any shift in the energy

of the'conduction electrons because from eq. (4.55)

I'ecC
Ré ES(O)B 0. e as 4.61
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| | CEAPTER FIVE

5. ELECTRONIC PROPERTIES OF THE NOHRMAL
STATE ALLOY

In this chapter a few of the electronic properties

T of. Athe aluminium iron group alloys in the normal state
will be oalculated from the expression derived for the

L eelf-energy parts E_ (w) eand L, (m) in Chapter Four.

~ ';;In'jpiarticular, the electronic apecific heat, the residual

w

M
i
{
i
+
i
|
k|
i
!
!
H
)
i
J

K :
- resistivity and the mass enhacement of the e- and
-

¢ - .d-electrons will be calculated.

" !5.1.7 The Electronic Specific Heat

I TContributions to the electronic specific heat AC
-,co;es from the s-and d-electrons. Because of the high
"deﬁsity of d-electron states, the d-electron contribution

.. to, AcCis much larger then the s-electron contribution
. fwhich may be neglected.
' The energy assoclated with the presence of the

ifimpurity is given by 46

o R
AU I o
il B e 3 ) {e,-3g0m) oy (am)

no
Sl o °
b ) Jd"‘ £(w) T {_o (9) (0~ () 1} 5.1
o0 == 5 He) Ingd, "ta '
. g
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where £(u) = (e Bm+ 17" ie the Fermi distribution
function and the summation over spin variable ¢ 1is
also included in eq. (5.1).: zd(m) is the total self-
energy of the d-electron and it is made up of the
partial self-energies T4 (w), Zifc and zdd(wi.
The first two contributions are due to resonance
scattering only and virtual recoil processes,ﬁrespec~

tively. I 4(®w) is the self-energy due to the d-d intra-

atomic Coulomb repulsion. Hence

res rec -
Bd(w) = Zd (UJ) o4 Sd [M) <4 zdd‘w) se e 5.2

\

In the Hartree-Fock (H.F.) approximation, T ;(w) is
given by the diagrem shown in Fig. 16. This yields

Lol =0 8% ¢ (w) =T 5.3
ddw = 'Z'FI d,"'o = n_o see .

Kjollerstron et aJﬂ46 have shown that only the real part
of Eg (w) plays an important role in tggécalculation
of the specific heat. Consequently, E4 (w) drops
out, since it is purely imaginary. The integral in

eq. (5.1) is performed over the d-electron spectral

o
weight function A‘itw), which is defined by



Fig.
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g 1 g
Ad((D)= aﬁma'd(m) | aes 5.4

Then eq., (5.1) becomes

o
EB(D) = z J‘dm £lw) Aa (w) (w - 29 (w)) 5.5
o
o a rec
where € (w) = Re Ed(m) =0Un _+ Re L. (w) 5.6
-0 d
46

5.7

interaction. Eq.

(4
szZAd(O) 5.8

The contribution from the virtual recoil ;irocesses is

now evaluated, fm “f~(5"5);1i;‘) ;

z a rec
ETeC(p) - - dw £{w) Ad (w) Re Z‘.d (o)
o

n2 re

2 7 .3 ¢
=——6-~(k'r) z Ad(m)mReEd (m)|m=0 5.9
o .
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In obtaining the above expression, the Sommerfeld formula

for integrals involving the Fermi function and the result

rec
Z‘.d (0) = 0 were used. From eg. (4.29),

2~ Re £ (w)] T2 | au Zu}znm ) (-~ 3t/3w")
w d m=0=ﬂ' F wq_ - w
q

1 1
x(m'+wq—w-wq) 5.10

Assuming a Debye spectrum for the host matrix and
neglecting w' compared with @  in the denominators of

q
the curly brackets for T << @, eq. (5.10) becomes

d rec
3o Rae }:d (m) '!B

_-z;zzéé J‘ de' (-~ }?z})
™M, "
6 (m,
w (&

= - = ( ( 5.11

Fy (Lo
kep k8
Egqs. (5.9) and (5.11), therefore, give the virtual recoil

contribution to the electronic specific heat to be

rec rec
¢ (M= g8 (T
1 2 6 (m ¢p
=.3ﬂk'l‘ (2 ”ken) (E—)ZA 5.92

Hence the total impurity contribution to the electronic
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specific heat 05-4ke»¢ﬂ-elec+mn6 15

2

(r) = v 2T(1+a)A(0) 5.13

AC4mp 3

6 (n °F T
§ B @ ) 5.14
a’"cl -—TIZKLTA (0) is _H\e Cb’h‘]lr-l (7‘u+lan ‘FFOM +he d elec'l',-Ons

Ob“"atned b—q. Ko“ers+rom et an'b
The incluslon of the impurity concentration ny and the

where a =

degeneracy factor (214 1) = 5 yields

tot 2.2 2 r~

where EA(O) = (14 a) Nd(o) is phonon-enhanced d-electron
density of states at the Fermi level and K (0) = 5 A4(0)
is the bare d-electron density of states at the Fermi
level.

The contribution to the electronic specific heat from
the conduction electrons is given by (G.7, G.8).

To order n, ., we need not Calcu,ﬂf‘e the eFFec"{: ef the
Cl'\o»r\ge in the s-clectrom self- energy Stnce this 1s small
Therefore, the electronic specific heat of the alloy

becomes

AC (T) = 2n° kK27 (N(O) + n

alloy : 5 F300) ) 5.17

and the electronic specific heat coefficient for the

alloy is
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Yalloy = cIalloy(fl?)/!l.‘ = -§-TT2 k2 (N(O) 4+ ng ﬁ'd(OH
ioe.Yalloy = Y -+ AY R 5.18
2 2.2 .~
where Ay = 341 k ng Nd(O) cos 5.19

is the enhancement of Y due to thé impurity. Thus the
measurement of the specific heat of the alloy gives
information on the enhancement of the conduction electron
density of states due to the presence of the impurity. The
observed density of states of the alloy. Nobs{m is given
by |

N

obsfm = N(0) + ny Nd(o) 5.20

From eq.{5.19) and Table II, Nd(o) is found to be 9.11
states/eV-atom for Al-Mn and 6.74 states/eV-atom for Al-Cr.
The calculated size of 'a‘ appearing in Nd(O) is 0.017

for A];—Mn and 0.003 for A_]__'—Cr, [ ConS2e|vmer the  cheagl
te Aewmsiby ef d-shabeg Aue 4o recsil (g mau‘:’;h_

5.2. Regidusl Resistivity

The impurity contribution to the resistivity of the

alloy is given by 47
‘ of 1
p (D) = Ex Jdm(———) -
res ne am TB m) L N 5.21
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where f(w) is the Fermi distribution function, m is
the mass of the conduction electron, n 1is the conduction
electron density, e is the electronic charge and Ts(m)

is given by

*ﬁirm = - In 3 (w 5,22

At low temperatures, the Fermi distribution function
reduces to the step function ®(w) and its derivative
with respect to ® yields the delta function 8(W). The
frequency-dependent relaxation time— rs(m3 is, therefore,
replaced by the zero freyuency relaxation time 18(0\.
Consequently, eq. (5.21) becomes

1
LR BN 5.23
res ne? Ts[m

: et
a the
o G by Gy (o) o |
.#. o RQP\AMS a \3 ¢ ‘
INSanT

= varder W1 by Wegg

ATTACHED |

¢
! EES' (o) = Sng Lesp G :f ¢o)

s

. ‘\\

T Vo)

whare [l = wN €O | Vegs 1™,
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m = _—W_ Nd {O) s e 5.25&
1
2
5n, T
_ i eff
= m E2 +r2 P 5.25b
- a’ eff
Eq. (5.23) therefore yields
P (1) = 2(m/ne®) (5n,/ m(0) T2 /(E2+I‘2 ) 5.26
res i eff. % eff

where T, p. is given by eq. (4.45),

It is observed that Pres{T) - (m/neaJ (Sni/hN(O) ) as
Ed - 0 and is independent of the phonons and of
temperature., This is the unitarity limit where maximum
scattering is obtained and it is true for Al-Mn and
Al-Cr. o (T) is given as function of T for
different values of E; in Fig. 1%. From eq.(4.45),
the percentage change in impurity resistivity as a
function of temperature for the alloy is :-

2.96 (1/8)? ,(e,(1) for Al-Mn and 2.79 (T/e;)° @, (ey/m)
for Al-Cr.
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5.3 Concluding Remarks

i
t

The analysis:shows that virtual recoil of the impurity
:ieads to a change in the normal state properties of the alloy.
in particuler, a Tz—dependence is found for the width of the
%esonance level at low temperatures. This leads to a
ﬁercentage change in the impurity resistivity of the alloy,
which for Al-Mw was found to be 2.96 £(T/G,;) and for Al-Cr
it came to 2.79 f(T/ ©,), where £{T/6,) = (T/S,)ZG'(QD/T)
afnd G'(Q,/T) is given in eq . (4-40)

The d-electron contribution to the specific heat of the
yﬁ}loy was also found to be increased by the factor 'a' given
5y eg (5.14)., This implies an increase in the d-electron
dﬁnsity of states. The increase in the electronic specific
ﬁéat is reflected ;in the mass enhancement of the electrons

‘through the equation

*
J—- _— m‘ se e 5.27
pA ™
where "(o = %"“"\J N (o) is the band structure

value of the electronic specific heat coefficient and k is
the Bolizmann constant. It should be noted, however, that
the effects are emall in aluminium-iron group alloys and will

"probably not be observed in these alloys.
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PART TWO

THE SUPERCONDUCTING STATE
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CHAPTER SIX

i

6. INTRODUCTION

It is well known from Bardeen-Cooper-Schrieffer
(BCS) theory 49 tnat the basic mechaniem which gives
rise to superconductivity is the phonon-mediated
attractive interaction between conduction electrons
of opposite momenta and spins. In this model, only
electrons within a shell of thickness 2wD about the
Fermi surface partake in superconductivity.

Generally, a phonon can carry a large momentum of
of order of Fermi momentum Iy (R = 1), but its energy
is small compared to the Fermi energy ¢p. This
differencé in energy comes about because the Debye
temperature of most metals is or order 10° °K while
the Fermi temperature is of order 104 °% or higher.

A consequence of the low energy of the phonons is that
they can be most easily emitted or absorbed by
electrons close to the Fermi surface.

The BCS theory is referred to as the 'weak
coupling theory' because the superconducting transition
temperature is very much smaller than the Debye temperature

of the host, i.e. Tc<<en . The electron-elsctron interaction
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is taken as constant for electron energies less than the
Debye energy, i.e. for |w| < wp @and it is taken to
be zero for |w| > wy . ..

It is proposed here that the phonons originating
from the virtual recoil of the impurity étom also lead
to pairing interaction between conduction and localized
electrons; i.e. we conjecture that the phonon generated
as a result of an s-electron hopping onto the d-level
may be absorbed by a d-electron and vice versa. Thus,"
as an s-electron in the (k%) state is resonantly
scattered at the impurity site to a dt state, a
.phonon may be simultaneously emitted as the impurity
recoils. The phonon may be absorbed by a dV electron
which is then scattered to & (-kV) state. The total
momentum of the pairs remains zero. '

It is proposed that this mechanism may lead to
pairing (attractive) interaction between conduction and
localized electrons. The weak coupling limit is
agsumed and the strength of the constant interaction for
the s~d pairs is denoted by grec, where the superscript
stands for recoil and only recalls the origin of the
attractive interaction.

In ofder tb analyse the system of dilute non-

magnetic superconducting alloys, the Hamiltonian used
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by Ratto and Blandin is extended to include contributions
from the virtual recoil processea. The Hamiltonian is
béaed on the Anderson model for transiti;n metal
impurities in simple metals. See Part One of this thesis.
Superconductivity and the virtual recoil processes-are

now introduced through the BCS Hamiltonian H and

BCS

H_,, respectively. The full Hamiltonian is written as:

H H and Had have already been defined in

os' od’ Hdd

Chapter 4. H describes the pairing interaction

BCS
between conduction electrons of opposite momenta and

spins in the superconducting host. It is written as:"

Hpog = - l&l Z-“h“.fk't Soxrd Sip 6.2
Kic
= "I%lfﬁhd‘gtkq% p (¥

where g 1s the coupling strength of the attractive

BCS interaction.
H.oc describes the proposed additional attractive

interaction between the s~ and d-electrons due to recoil

effects,
In eqe.(5.39) and (5.40) of Part One, it was shown

that the recoil phonons lead to & mass enhancement of

+ o+
s-electron pair, and iﬁ( C“f , C._;“I) is its conjugate.
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both the conduction and localized electrons. This is
expregsed in terms of the factor ‘'a' given in

eq. (5.14). The coupling strength grec of Hrec is
derived'for a Debye model of the host matrix in Section
6.7 and it is found to be exactly the same as the

expression for the enhancement factor ‘'a' of Part One,

that is

NOY g% ) = a = (&) (@ (E._\ (T 6.3

®p kep

We, therefore, conclude that tﬁe same mechanism is
responsible in both the normal and superconducting states,
Thus H, .. is a pairing interaction between the
conduction and localized electrons which takes place via

the recoil phonons, and is written, in the weak coupling

limit, as follows: ™

Hue = - rec‘ Z Z 8kt Bk d %59, 54 6.4
= —agree §§:T 7, \g.
In the pairing approximation, Hy,, Hpsg and H.,. Are
factorized self-consistently by the generalized Hartree-
Fock approximation due to Gorkov>'. Thie yields the

following results

where \2_,. is the spinor field operator for the jth localized

C .
d-electron, and is given by @ o= ( i?)
J C’J‘
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L

2

m

I

Bos = - b4 {BI:T a_*k{' +8_0 ak‘t} ees . 6.4
k

Hig =-AdZ{c;1 c§$+ cy4 c“\} 6.5
j )
Eq. (6.5) is due to Ratto and Blandin ! , Who argued that
as a result of the admixture of the localized and
conduction states, part of the d-d Coulomb repulsion shows
up in the interaction of the conduction states. This leads
to a weakening in the binding energy of the Cooper pairs.
Zuckermann 2 sy 1in his work on resonance scattering

in dilute superconducting alloys, did not extend the

generalized Hartree-Fock factorization to Hy;. Finally,

Hrec yields
~ + +
Heee = = B4 T4q z {cj‘b CJ'T +°JT cj\b}
J
+ +
- Ad tsd Z[ak 1 a_k’“ a—k& ak,‘} 6.6a
k .
or
ﬁ'reég(a /8y tag Hdd+(A /A)thBCS 6.61
where
by, = 1&°°1 / lal
and

tsd ] grec '/U
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As is the order parameter of the pure superconductor

and it is given by
by = lg | Z <8 iy B> .os 6.8
k!
and 4, gives the induced pairing in the d-state. This
ig written as:
By _-=-U<c‘_H' cj?> 6.9

Also the Hartree-Fock energy of a d-electron of spin o

is given by
o
Ed=— ed+U <nj,_0> s e 6-10

In the non-magnetic limit, Eé’ becomes
E

Ed’ = Ed‘b .= d o e e 6.11

6.1 The Nambu-Schrieffer Method

The Green's function formalism is extended to the
superconducting state, and the Nambu-Schrieffer method
(G.2) is employed for the calculations. In this
formalism, the propagators for the electron pairs are
represented by 2 x 2 matrices. Thus the conduction

electrons are represented by the matrix Green's



function akk,(t),
¢
K k,(t)
where
Gkk,(t)
and
* ()
Pt

The matrix Green's

written as :

G .(
Y =
j t
where
(+). =
Gj t
and
»
FJ(t) =
T

which is given by

Cpper (B) Flpr ()
. .
Fpo (6) Gpyer (6

. +
-1<T {ak? (+) ak,*(m} >

- 1<T {aii{t) affor } >

126

6.12

6.13

function of the localized d-state is '

A1) F.($)

G; i

'Fﬁt; 6. 0)
J J

- 1<T7T {c;j?(t) c;?.IO)j >

+ +
-i<T{c‘N(t) cM(m} >

denotes the statistical average over the ground state

6.14

6.15

is the Wick's time-ordering operator and < cce.es >
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defined by the Hamiltonian H.

i+ In order to obtain the expression for the super-
conducting transition temperature T,k and the thermo-
dynamic properties of the superconducting alloy, the
finite temperature Green's functions are employed.
Accordingly, the matrix Green's functions of imaginary
time T are introduced, namely, 4%kk,(;r) and

[N
Gj(;.ﬂ. Their Fourie transforms Gkk'(imn) and

~
fgj(imn) with respect to imaginary times are given by:

> 1 By 2
G (10 = 3he " G
n

and

é ) 1 -B'"n A .
J.(J.mn) = -B-Z e gj(ﬂf) e 6.16
n

where

w = (2n4+ 1V wkT ; B = 1/kT 6.17

6.2 The s- and d-electron self-energies

The self-energy diagrams of the conduction and
localized electron pairs are shown in Fig. (19), Non-
resonant scattering effects are neglected, since the

dominant contributions to the properties of aluminium-



1238

LY

Fig. 19
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iron group alloys come from resonant scattering1_1o.
Within the weak-coupling approximation, where the

dynamics of the phonons is neglected, the following
finite temperature expressions for the self-energies

are obtained :

R [
I lin V= | gl %Z ZT3(€1<' (1w

T
— n 3'o.d

A
+ 5ny |V|2 Ty ??;(imn\r3 +

A
Tec .
+ 5ni|g |(1/83213 gd(lmm\1:3|
m

o.d
gy 2 2 A
Lain ) = - U (1/8) 21363;(1%) Tylo.q +1 VI Z'TB SETARY
m Ik
rec "
+ lg | (1/8 Z E,T3 - (1mm\ leo.d 6.19
m .

where translational invariance has been restored to the

system by averaging over the impurity positions. Hence

A N
f;kk' (1mn) = t;k(imn) b 1ic cos 6.20
"

A
I and Ea are the 2 x 2 matrix self-energies of the
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. F.\ A
8~ and d-electrona, respectively; (gk and Gd are

i
" matrix, and 1 is the unit matrix, viz. :-

o 1 1 0 1 0
T1 = ( ); T3 = < ) H ﬂ, = ( ) 6.21
1 0/ 3 0 -1/ 0 1 |

Takenaka and Takano 9 obtained similar expressiona

their full propagators, respectively. T, 1is a Pauli

for the self-energies of the s- and d-electrons. However,
they did not specify the mechanism which produced the s-d
pairing. In addition, the cut-off on the m summation
in eq. (6.19) was neglected.

The well-known ansatz for the Green's function (G.2)

is now employed:

A A -1
Gl = [0 - ey - SRETRN oo 6.22d

il (im ) -1 '
[izafimnhnn - 13 - ¢B iwn 11] 6.220b

d
an A | _ . »
adfiwn3 = [iwniﬂ. - Ed ‘z‘3 - 'Bd(imn)] ~6.23a

-1
= [zglan ) dm Al ~By 1y = 85010 ) 7, ]
() 6.23b -

whare Za(imn) and Zd(imn3 are the s- and d-electron
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renormalization parameters, respectively; ¢B(iwn\ and
¢d(imm) are the unrenormalized gap functions and the
subscript o.d stands for the off-diagonal part of .
the matrix,

The self-energies are now written iﬁ the following

form (G.2) :

i

A

lw) = [1-26i0)] 108 4o (10) 1,

a .
L (0 ) = [1- 2401w )] 1wn1 + Bgliw ) T, 6.24

Egs. (6.,22) to (6.24) then yield the following self-

consistent relations:

2., = 1450 1VI%2g /A 6.25a
6 = b asn |VI2 4. /A
an 8 i dn n
+ 5105187 (1/8 Z¢dm/Am 6.251b
- ;
2
K .

¢dn = Ad:g.'V']{z; ¢8n/Bk'n + lgrec I (1/8’ § Z ¢B Bk'm

I l<uy
m <
m mD L ) 6!25d
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whqre ny is the impurity concentration in atomic

fraction; %, is written instead of Za(imn), etec.

The functions An and Bk'n are given by:

2 2 2 2
2 2 2 .2
Bk'n= Bk|(iwn) = Zanmn + Gk. + ¢an a0 e 6026

Since the electron energies of interest are restricted

to | ekl y | € | < Wy, the limits of the integral
over the conduction electron energies can be extended to
infinity after the k'-summation has been converted into
an integration over e, The cutt-off on the m-summation
in eq. (6.25d) is essential, since only the electrons in
the energy shell 2wD about the Fermi surface.partake in
superconductivity.

BEq. (6.25) then becomes

2
Zgy =1+5n |_v| Zan/ 24 6.27 a
eff o .
7 1+ T3/ (22 ¢ 02 )i 6.27 ¢
dn ‘= ! +. % % sn 2 * ®an se .
eff i
2,2 2
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eff eff
where As and Ad are given by

eff

Ag = B3 = 5mny t4 4y

eff

A = b, 4+ ¢ A 6.28

and T is the half-width of the resonance.
The finite temperature expressions for 4, and By

are given by :

]
A = TR(O gl kT Sn 6.29
o Z (22 o? $2 1%
n_ sn 8 ,
_ |mn| Wy
and
]
dn
A, = -~ U k7T e 6.30
d Z Zzu@ E2 é?
n dn n d dn

6.3 The effect of recoil on the superconducting
transition temperature of Al-Mn and Al-Cr

In order to obtain an expression for the super-
conducting transition temperature T,, egs. (6.27a) -(6.274a)
are linearized with respect to quantities which characterize
superéonductivity of the alloy, namely, 4., A4, ¢sn and ¢dn'

Near T,, these yuantities are small; hence the justification
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for the linearization. Also Ej = O for Al-Mn and

Al-Cr. Thus the set of self-consistent equations becomes:

an =14+ 5 n,; ATTN(O) 'ﬂi wg 6.31a
£L . T
oy = Aes +5 0y —— d:ﬁ z 6.310
Zdn = 7|n ces 6.31¢c
0. ot T %n 6.31a
where
P 'Tu%T' 6.32

Eq. (6.31) gives ¢__ to the lowest order in n; as :

eff

5ni eff 5ny T LY 5

b 1 1 - 73 } prery- - SR
ﬂN(O)Z s % mR(0) a®n

a0 0 6.33

The superconducting transition temperature Tc is given by
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An(T,o/?.) = Lt TkT, Z{Z:H-esgn/a } /z° |m°|
n

A=Q
(o]
‘mn|<‘D

2% /A
- Lt ™, Z‘ { Sc“/g 6.34
o lwgl an!wnl
lw | <o

where Tco and w, are, respectively, the superconducting
transition temperature and the Debye frequency of the host

metal. Substituting for 32,  and ¢sn from egs. (6.318)
and (6.33) yields the result :

(1=ty ) + 8(T) (145 ny t4)

(2 ,/T) = KMI_ )
.c0 c c c Y
n ‘w \ { (ﬂ 3 + K }
C
I <y
1 .
- 5ony tgy 8(T) M, ) N 6.35
n n
o l<op
where
K = 5ni'l‘/ TN(O) .o 6.36
and

BLTY = - Bg/ b 6.37



n

(E 0)

d
Substituting for ¢sn'

eq. (6.38)

136

6.38

becones

1
( T Y=~ 4_ t, UKT -
Ad 1+T k an 2 g ‘ds § nnzwzn
n -

1
w
non

Putting
U

2. 2.
sd T‘n wn)

2.3
‘nnwn+ X) "a%n

1)

} 6.39

eff

14+ UkT z:

n

n

1

6.40

2 w2

n
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eq.I(6.39) becomes

1
1]

1
A 1+0 T kT [K -
d{ eff . : Z (ﬂnw2+K3ﬂ2m3

n n n
|wn|<mD -
. 1
-5 ng t
sd z (ﬂ2m§+x)|m|]}
'm '(U’D
1 1
='UeffAskT[tdaZ;§"_2_+F[ z 2 o3 -
n n' T ®n

1
- R(1-%,) ) 6.41
ds 2 42 ne w3 .
t.om (ﬂnmn+K) nn e }

I P
n <o

The sums appearing in eq. (6.41) are evaluated in
Appendix B. .
(1) is obtained to be

(1_1;
(2 M a ds
(?y =10 . Bl2.M) e |4 ]}

o 1’
x {1+5“1“efﬁ? [mr-r + tde]}
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where

[ a = ln (——Er-—) eo e 6-43
Hence
: 62,2 a
) =Ueﬁ.{tds—2;-§'ﬁ + 7} o+ 0fny)

LN 2N 6.44

and €(2,A) is the generalized Riemann zeta function
of order 2.

Eq. (6.35), therefore, becomes

) 5n,T
i a
ln(TcO/Tc) = TT"NT'GT{ l.-“'tds) + MTc}] '1'1';'2' }

Q

Nq(0) 1 .
= " WO {.“-tae’ + 5 Ugpe Maf0) @

' €2, 2
+ Ugre %ag -5’-—"—-}
2n2 kT

1
- ny Ndf03 Ttag © { 5 Ueff Nd(O)

€2, Ao)

t

2
+ Ueff -} + O(ni\ 6.45

de 2
2mn kT,

where N3(0) = 5/ T is the bare d-electron density
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of states at the Fermi surface. Use of the approximation
G(2, A} » 27k (see Appendix B) gives the result :

N4(0) ]
n (D /7)) = n, ¥rpTo { (1-t30) + & Ugppla(0)(ay tds)}

o |
- n, N4(0) r”ad“i‘s UaesMal0) (15 tgg)}
e es 6.46

The initial decrease of To with respect to ny is from
eq. (6.46)

3T, "% o) 4 off
-Eﬁ—; [ Tco —W { 1—{-3 Uefde (0) 0.} 6-47
Dino .
where
eff ( N
Nd (0) = Nd(O) 1--1:dB oo | 6.48
and

) -2 R | 58(0) .
8eff"ueff“—tde) {(1...0. t“)[1-n—frg ‘o\ted“'tdn‘]}
coe 6.49
The expreasion of Ratto and d'Agliano18.tort the initial
decrease is obtained by putting tgd o tda = 0, Their

result ise

N:f'(o) is an effective superconducting density of states

which i8s different from the phonon-enhanced density of states

in the normal alloy.
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2T RA N;(0) )
LTy ni=o=-m°° Frore {145 Ugpe Ryt0da } + 6.50

We note that eg. (6.47) has the same form as eg. (6;50)

with U replacing U and N:ff(o). The recoil effects

eff
are implicit in the two quentities U,o, and N;ff(o),

6.4 The energy gap equation

The renormalized energy gap function Acmv is given
by (G.2)
AGn = ¢Bn / Zan L 6051

Ege. (6.31a), (6.31b) and (6.51) yield' the following
result :

T2
sn
{“5,,171_;” - w}

enn

2 ' re
£ lv| eff en_%6n
1 4, d ‘zenmn"'. )i

see 6-52
which reduces to

.‘ eff off
An(1+Kn\ - Aﬂ +Knbd . eee 6053

9
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-where

2
K, = 5ni|V| /An = 5nir/ﬂnco) A, 6.54

i

From eqg. (6.28) and (6.53) the expression for ﬁhé.energy

gap function is

5n. & A, 4+ Kn + A A
K i"sd d ds s
K 16
AGn is given by
oK by + Ky B4 6.56
Gn ~ 1 +i‘n .

For non-magnetic alloys, T'>> ch >> AB, Ad. Hence

An - nnmn = (I‘+|mn| )2 K] 6.57

Thus when o < W, and T > > By An and hence Kn

n
are independent of W i.e.
Nd(O) ..
Kn .= c q ni W ‘ oo e 6-58

Consequently, the energy gap function AGn is real,
Hence, eq. (6.55) becomes

A JF . 215 %a b+ C%sf
Gn = "6 * 1 4+ C

6.59



'where16

K
AG = {As 4 C qi)/(1 -+ C) s e

Eqe. (6.37), (6.44) and (6.59) lead to the result

AG - fAS es e

f is given by

f =3 f1 4 fds 4 de eaee
where
f1 —i (1 - Cd) / {1 + C’ es e
- fdB = C tds / (1 + ©) vee
fsd =5 n1 gtsd / (1 + ©) cee
and
Ad = - ¢(.T) As e - dAB ooo.
Also
fr = (1-0%)/(1+c\ Y
where

1 Fgl0) Ugep
¢ = T WO 15l

142

6.60

6.61

6.62a

6.62b

6.62c¢

6.62d

6.62 e

6.638a

6.63b



143

The factor (4 4+ C) represents an increase in the
density of conduction electron states due to the
participation of the d-elactrons near the Fermi level.
On the other hand, (1-Cd) gives the pair weakening
effect of the Coulomd repulsion U between spin-up and
gpin-down d-electrons in the non-magnetic limit.

. Consequently fl repraesents a weakening of the super-

coﬂdpcting pairing in the absence of recoil effects.
‘It is not clear at the moment what physical

interpfetation can be given to fds and £

{

\./

8d,
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Superconductivity is quenched at the critical impurity
concentration ng  which is given by AG = 0, i.e.
f = 0. Thus eq. (6.62) gives

c _ ‘ : ' -1
S = NO) | Ngto) (a-ty) 45 d t ;] 6.64

For Al-Mn the critical impurity concentration is found

to be 1.01 at.% and for Al-Cr, it is 1.68 at.%.

6.5 The superconducting density of states
The density of states of the conduction electrons
in the excitation apéctrum of a euperconductor N(m), ia

given by37

1 ‘ 4A
N(w) = F Im z gk(m) | diag .
. - m ’

m .;
= N(O).Re{m&}' AL 6.65

'where the subscript "diag" stands for the diagonal

part of the conduction electron matrix Green's function

é?k(w). There are no single electron states below the

- gap edge, i.e. ®w < B,. Since fhe gap is purely real,

eq.(6.65) is identical with the BCS density of states,

and



145

(2-) .
N{m 3
— = - 060 6,66
' no -{(.il.) - ‘1?2')2_} #
Boo 00

AOO is the order parameter of the pure superconductor at

0%k. The superconducting density of states normalized
with respect to the density of states of the normal
metal at the Fermi level plotted against {w/'AOO) is
shown in Pig. (20)., For a fixed value of 809» the
normalized density of states tends to unity as w/’Aoo
becomesa large. The aimilarity of the plot with the BCS
density of states is not surprising, since AG is real.

16 has shown that the dilute non-magnetic

Also Kaiser
superconducting alloys behave essentially like BCS
superconductora. The sharp peak ahitta'towards lower
frequencies as the ilmpurity concentration incréases.

The figures written against the curves denote the lmpurity
concentration in at.% Kiwi and Zuckermann ® obtained a

gimilar deneity of etatee'curve.

6.6 Calculation of the energy geap 4, at zero
temperature

The gap function is readily calculated through the
order parameter 8, of the alloy. Egs. (6.29) and

(6.51) give the following result i
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A
n Zan "y + 8g)
| < @

G

"

At T = 0, the sum over o ie replaced by an integral

n
over w (@.1), 1i.e,

ko ) - ‘[ ? g2 .o 6.68
o l<cw, ~%

Thus the zero temperature expression for the order

parameter is

2w
(T 0) = By = K(O) |g| Bz 1n l-EG—];\ ... 6.698

or

L 1n (22D, | 6.6
- n . s 00 .9b
. Bs0

where A\, = N(0) lg]l. Bq. (6.69b), thersefore, gives
the energy gap as '

-1/“5

AGO - 2QD (] sen 6070

L]
Por the pure superconductor the order parameter (which

is the same a8 the energy .gap) at gero degree is

f is a renormalization of the BCS coupling constant
due to both the Coulomb repulsion U and the virtual recoil

effect (see eq- (6.62)),
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-1/

Aoo = 2mD e LR 6.71

Hence

Bag/ Bop = €Xp {lf-ﬂ/fxs} cee 6,72

Also the ratio of the order parameter of the dilute alloy
to that of the pure superconductor at T = Q0 is given by

o/ oo = (1/E£) exp .{(f-n/ns} 6.73

Both AGO and Ag, depend on ny . This dependence is
shown in Fig. (21) for Al-Mn and Al-Cr,

The superconducting transition temperature Tc may
also be written in the BCS form, if the following

replacements are carried out :

xs - fxs
e s e 6074‘
Ao ind AG’ = fAB
Thus the BCS expression
-1/Ag -1/ 800 g
is replaced by
-1/£\ -1/N0)|g. ol
8 off.
TO = 1.14&1) <) ™ 1.14% - 6.76
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where 8orf is an effective coupling strength.
Eqe. (6.72), (6.75) and (6.76) give the relation

T,/ T = B850/ Bgo- = OXP {(f-ﬂ/fla} ces  6.778

i.e.

T, /Tco =1+(f-1)/ns . 6.770b

The change ATO in the transition temperature of the host
metal due-to the presence of the impurity is, therefore,

given by
A‘l‘c/Tco = (f - 1)/;€'Xs

m,(0) 1
= - ni WG { 1+-5- Kd(O) Ueff.a

1
- tdB (1 —gﬂd(0) X
x Ugpp § = 0y tgq Ngl0) Ugpp® (@ s t5,)
L N N ) 6.78
where

T, = Too + AT,. Eq. (6.78) agrees with

eqs. (6.46) and (6.47) obtained earlier. AT /AT,
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is plotted as a function of n, in Fig. (22), The plot -~

showa that the impurity recoil leads to an enhancement

18 16

of T, obtained by Ratto and d'Agliano and Kaiaser .

In addition, eq. (6.77) yields the law of corresponding

states, namely

In order to obtain & measure of the effect of the

recoil on Tc, it is desirable to link the s-d interaction

T®C with the system parameters o and T,

q
which appeared in Part One of the thesis. From Fig. (19},
Ireg (v)

strength g

4 is given by

rec 2,2 2
g (0 —w) = V122 ) la | D (@, ~m ) 6.80 @
. q

Hence

g% (v - w) a |VI%i5 X aqiqu(w - @) ... 6.80b
q

It is convenient, at this stége, to use the spectral
representation for the phonon Gresn's function. This

is given by

B (w') 4w
Dq(m) = J q y =24+ 0 . 6.81
w- o' 4+ 18
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TABLE Iil
Al
n, (at.%) "ATc/Tco - ATc/Tco
(present) {previous)
0 0.00000000 0.00000000
.02 0.153013174 0.15315363
.04 0.30606349 0.30630727
.06 0.45909524 0.45946091
.08 0.61212701 0.61261457
.10 0.76515874 0.76576819
.12 0.91819052 0.91892182
.14 1.0712222 1.0720754
.16 1.2242539 1.2252290
.18 1.3772857 1.3783827
.20 1.5303174 1.5315363
Al-Cr
0 0.00000000 0.00000000
.02 0.10010099 0.10019576
.04 0.20020200 0.20039153
.06 0.30030299 0.30058729
.08 0.40040399 0.40078305
.10 0.50050501 0.50097884 -
.12 0.60060601 0.60117460
.14 0.70070701 0.70137037
.16 0.80080798 0.80156614
.18 0.90090900 0.90176185
.20 1.0010099 1.0019576

153
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" "where the spectral weight function Bqlm) is antisymme-

.trical with reapeot to frequency, i.e.
Bq(—m) a—Bq(!ﬂ) ‘ ' se s 6.82

“9tIf the negative frequencies are ‘converted to positive

.frequencies, eq. {6.81) becomes
on

1
D(m):Jdm'B“”') {w u+ﬂ +-'+16}
°

Assuming that the phonons have small decay rates at the
low temperatures of interest, we put Bq(w) = § (w-wy)
into eg. (6.80) and take the ln‘teraction to be constant for

and zero otherwise, i.e. BCS approximation.
Consequently only the zero frequency value of g C(w) is to
be calculated, Thus

]9 s 1 9™ ] = W' k' Z_(l/cq,) o 64

C T ke d_,t-_-_oln.Mqu)'*

The sum over the phonon frequencies is now written as an
integral by introducing the phonon density of states F(w),
(See eqs. (4.34) and (4.35))\

‘ .
[ For a Debye spectrum the sum in eq. (6.84) yields l/co;.
i
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Hem.ce.
rec 6 m tp
me. N(O) |g™°] - 2 () (R’S) ( “D) e 6.86
The oeloulated values of N(0) | gF%° | ase well as L

and t,, for Al-Mn and Al-Cr are given in Table . V.

From eq. (6.76), |5efé is expressed in terms of

&l vy

gl =gl Nd(O)U Py [ ) 5N(0)|g|td']

2
RS(0) U
d eff 'H‘°)|8|tdn .

-n
lg 1;5(0)
my(0) U, t
d de
- 6.
™1 H(0)|g| n(o) [ *RoO & ] o7

~ When tg, = t,, = 0y the result of Ratto and d'Agliano is

. retrieved, viz,. 1

2
4 Ns(O) U e
d off
- N soe 6083
l8%ge | = 18l 1 5 7o)
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 p%
.Igrec| - IV|2k§ 3 J dw

: | Mw% o
] .
i.e. WO |7 = & (B) (=X (Lo ce.  6.90
. ™ M k@p kep ,

rec |

The calculated values of K(0) | g as well as t_,

and t34 for Al-Mn and Al-Cr are given in Table .V.

From eq. (6.76), | ggpd 18 expressed in terms of
gl vy

2
Fq(0) U op [ . 5 R(0)] gl t4, ]

|8gpe! =lgl-n
eff i 5 Nzto) Rd(O) Ueff

2
Hd(O) Uors

- n = « NO) |lglty, -
15 §2(0) ds
- Ng(0) Ugpp  tgq [1 . taq 6.91
1 geo)lg) R(0) RO g |

When ted = Y39 = O the result of Ratto and d'Agliano is

rotrieved, viz.
2
tho) Ueff

n eee 6092
1 5 R2(0)

‘g'eff l = |5| -



TABLEIV

Al-Mn | Al-Cr
Ny (0) states/eV-atom 9.26 6.74
a 0.017 | 0.003
Ndfo) states/eV-atom g.11 6.72
T eV 0.17 | 0.23
E; eV 0 0
wo) |g¥%%] 0.017 | 0.003
t4g 0.103 | 0.018
tq 0.120 0.620
§(T) = d 2.97 2.48
*om40) 9.87 6.52

+ From depression of superconducting
transition temperature.

167
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FPig. (23 a) shows the dependence of 8gpg OO0 Dy. The
plot indicates that, for Al-Mn, superconductivity is
quenched at the critical impurity concentration ng of
0.99 at.%. The corresponding value of ni for Al-Cr
is obtained from Fig. (23 b) to be 1.67 at.%. These
figures are in good agreement with 1.01 at.%4 and
1.68 at.# obtained uasing eq. (6.64) for Al-Mn and Al-Cr,
respectively. '

The formula of Ratto and d'Agliano gives ni equal
to 1.10 at.% and 1.76 at.% for Al-Mn and Al-Cr,
respectively.

The ratio

|80l - lal

has been computed for Al-Mn and Al-Cr, where g e, =

Bops | tgq = 0 = tgg + The computed values are :

Al-Mn: A 1.164, with t5, = .103 and t 4 = .120.

These values confirm the assertion that the recoil phonons

play some Trole in the superconductivity of the
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aluminium-iron group alloys, especially wWhen there is
a strong resonance scattering, as in Al-Mn.

It is also useful to compare the strengthe of the
g-d and the s-s (BCS) coupling constants. Writing
M =|g"°%| /1gl, the respective sizes of M for
Al-Mn end Al-Cr are

gél—mn = 0.12 and géerr = 0.02

that ie, the recoil contributions to the superconduc-
tivity of these alloye are 12% and 2%, respectively,
of the BCS contribution.

—K
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CHAPTER SEVER

T. THERMODYNAMIC FURCTIONS

In this chapter the effects of the impurity recoil
on the thermodynamic properties of dilute non-magnetic
superconducting alloys of Al-Mn and Al-Cr are examined.
The expressions for the temperature dependence of the
energy gap AG(T), the.electronic specific heat CB(T)
and the critical magnetip field Hch) are derived from

temperatures close to T, and 0°K.

-

7.1 Thermodynamic properties of the superconducting
alloy for temperatures close to the transition

temperature : T = T

c

T.1.1 The energy gap

In order to obtain'tﬁe temperature dependence of
the energy g&ap AG(T), the self-consistent equation for
the order parameter As is expanded in powers of the
energy gap. For temperatures close to Tc’ i.e.

(To - T) << T,, q. (6.67) gives the following result:

8 “n 2

A2 () 1
el Bh- S IREl

n
lo, | <y



Recalling that at T = T,, the gap is zero, eq. (7.1)

becomes (for this case)

L
| w

~= = mr oz )
n n |
oy | <

Combining egqs. (7.1) and (7.2) yields

T "kqff 2
in (-T-;—) = = 2 A (7) Z ——‘3- see
2 o
_ fAG(T) 1
2 3 L X N ]
(mxT) n—0 (2n 4+ 1)

where

163

7.2

7.3 a

7.30b

!mnl =(2n + 1)k T and the summ&tion over n is

extended to infinity, since the sum converges rapidly (g.1).

The result is expressed in terms of Riema&nn zeta function

¢(z), which is given by
pod z
1 = -—-—-——-2 -1C(Z) soe
0T o2 1)2 2%

Hence eq. (7.3 b) becomes

2

CAS(D)Y
L¢3y £ -2
8 (meT)2

in t—f-) = -

T.4

7.5



164

Rewriting the left hand side of eq. (7.5) as

T~ T
ln(of=) = In (1 4 ——2) = - (1 - =) .ee 7.6
C C (o]

and substituting back into eq. (7.5) gives the

temperature dependence of the gap in the form :

Tk T .
B(T) = e 8 /1_ L 1T

[T TC(3)
where it is assumed that T is not too different from
T, in the first factor on the right hand side of
eq. (7.7). The corresponding expression for the pure

metal is given by (G.1):

’ 8 ’ T

Hence eqs. (7.7) and (7.8) together give

£
AGlT) ] T - T ) T
- ( c ( c) [ I AN ] 7.9
KOImi T Tco'm Tc;
Prom eqs., (6.62) and (6.63),
-1
1
3= e [1-cta-tg) - 5n; aty,]

-

2
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Thus the expression for AG(T) becomes

8 Nd(O)
AG(T) = ﬂch W 1 + ni m (1+d_td8) +

5 : T
+§nidtsd} (1_T;_)1} 7.11

At an impurity concentration of 0.05 at.#£ and a reduced
temperaturs T/Tco equal to 0.75, the size of the ratio
of the gap function with and without recoil contribution

. [ BptT)
BtT) (334 = 0 = t 4
is computed to be :

Al-Mn Al-Cr

T.1.2 The electronic specifio heat

The discontinuity in the electronic apecific heat
at the traneifion temperature T, is obtained from the
difference between the Helmholtz free energies of the

superconducting and normel states. This is given hy6’10

A
Ga -1 2
g - By = (nglcr-) l b, a8, 7.12
o

T =T,
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From eq. (7.1},

2
-1 1 % 1
1 g1~ = WOy ™2 kT - 1. 7.13
FHCR S
lo, 1 <oy
l.e.
Al o 1=
-%-%J(-}—-‘ = - TH(O0) £ kT AGX‘OI3
T::Tc n mn

o lc(3) LD S o1
(mxr, (ner 2 @ . 7.14

Hence the difference between the Helmholtz free energies

of the superconducting and normal states is

Fg - By = - T8 mo\fa"
16 (T T, )2
2
ANCOY (nx T T 2
o - —5 (1 - T:’ T.15
by eq. (7.7).
The discontinuity in the specific heat, i.e. the
specific heat jump, is obtained from6’10
2 )
2.2
8R(0) Tk
1.0. (cs - CN1 = 7 c‘3 TTC ss e 7.16b

T’Tc
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Also the retio of the specific heat discontinuity of the
alloy to that of the pure metal is

(Cq -~ C) 1 T
s = S _ N alloy = = i'__C_ vee T.178
{CS - CH) pure metal c0

Nyf0) T,
i.e. 8 = {1 +niw (1 + 4 - tde\ + 5 nidted)}.T__
. cO

cue T.17Tb

The ratio S 4is calculated using the following experimental
results of Martin 22 for Al-Mn ; Martin took T, 4 = 1.174°%K
and To = 0.84°K at impurity concentration of 0.045 at.%,
and obtained S = 0.73. The analyeié of Kiwi and
Zuckermann 6 gaveS = 0.72.

Using the data of Table IV, the transition temperature
T, corresponding to an imﬁurity concentration of 0.045 at.%
is calculated to be T, = 0.769°K for Al-Mn and
T, = 0.910°K for A1-Cr., The corresponding values of the
ratio of the specific heat discontinuity of the alloy to
that of the pure metal are obtained as Sp1Mn = 0.69 and
S

Al-Cr
the experimental result of Martin

= 0.80. In order to compare these results with
52
is recalculeted using the values given in Table VI.
The computed values are S,, y = 0.73, which agrees

exactly with Martin's result and S,y o, = 0.76.
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TABLE V..
Al-Mn
r N(0) N(o) | gl {) Too 6 U
1ev .19 1,174 | 108V | 106V

« 167

Calculated values:

tds

Yaa

0.054

0.619
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T.1.3 The critical magnetic field Hc

At temperature T < T,, a metal placed in a magretic
field may be in both the normal and superconducting
phases. An extra magnetic eﬁergy of magnititude Hz/’Bﬂ
is produced by the surface currente on the superconductor.
Thus the free energy of a superconductor in & magnetic
field 8 Fg = Fy + H°/8W. Also a critical magnetic
field H, exists at which superconductivity is destroyed.
The transition from the superconducting to the normal

phase is determined from the reletion (G.9) :

— HA(D)
—Bn_— = Fs - FN ses 7-18

Using °q. (7.15), H,(T) becomes

: N.(O)
/2N(0)n d
Hc(T) = 411ch —T—,,C 3) {'1+ni ——mno (14+4- tds‘

+ 5 T
Enidtﬂd} (1-T-<;) T.19

In terms of the critical magnetic field Hco(T) for the
pure superconductor, the critical field for the alloy is
Ny(0) 5 T,~T
Hc(’m = {'1"'!11 SRIOT f1+d-tda) + 35 nidtad}(m) HcO(T)
cee 7.20
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The ratio of the critical magnetic field with and
without recoil effects

_[ H, (1) ]
“lH_(T)
(o]

ltad=0=tds

is also calculated for the alloye at an impurity conceun-

tration of 0.05 at.%. The values obtained are:

The effect of the recoil phonons is seen to be very

pronounced here.

7.2 Thermodynamic properties of the superconducting
alloy for temperature much lower than the
transition temperature: T <<« Tc

T.2.1 The energy gap

To calculate the energy gap in the temperature
range 0 « T <<« Tc’ the temperature dependence of all
the parameters in eq. (7.67) is retained. AG(T) is no
longer negligible compared to the thermal energy kT and
so it is not dropped out from the denominator. Eq. (6.67)

is now written as
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Bg(T) = AgmkT ) Ao (T) :
S S 2 7 * L 7.21
n [ef 4 aS(m]
Jor, | <wp
Putting AG(T) = fAS(T) glves the result
1 .
1 ™ fo“kT Z LR N 7.22

2 ] %
n [wn + Bg(m]

| o, |_<°’D
Converting the summation over ”n into an integral of
w, ylelds
sz + Ag(T)
; JWD do tenh 2Kk T 123
= f L]
" [«2 4+ 82(my ]2
o G
or
“p “p
1 dw dw ( 0
= — —— tanh - 1) 7-24
4 J; R J a 2k T
o .
where
n =m sz L Aé‘T ) LN ) 7.25

Eq. (7.24) together with eq., (6.69) gives

+

“p
A (T)
G dw 1
? "o J; £ e 1
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The transformation

w -0 = \/mz + 6(2}(1‘) oo e 7‘27

and eq. (7.26) thenlead to the following result :

B, (1) 85(T) D an
1nT—=1nT—=-2 5 5 { ﬁn/ BT
GO S0 [a= - e(my J% (o V2ET 1

AG(T)

Since the right hand side of eq. (7.28) is convergent,
the upper limit of integration is extended to infinity,

Then the transformation
0 = AG‘T) cosh ! see 7-29

converts the integral into a series solution in terms
of Bessel function of the second kind of order zero,

Ko(z), (see G(1)), i.,e.

A o nbd, (T
o n4 1 (G ) 7.30
111@3:221 (-1) KO ——_.kT
Ne=

At very low temperatures where AG(T) >> kT, the
asymptotic form of the Bessel function is used, viz. (G5)

K (2) ~ /2—"2 e~%, g = ® 7.31

..
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Hence, eq. (7.30) becomes

nAG(T\
)n+1 “kT - El"

1“‘5"(“5' =ZZ‘ AT © 7.32

The main contribution to this expression comes from the

n = 1 tem, i.eo
AG(T)
1p g0 _. [2mkT ET
nw = AG_ e cee 7033

It is desirable to express this result in terms of the
energy gap at O0°K, i.e. 8,(T) is written as

A .Y
g = -1n (14 x2) = S0 80 7.34
G GO ‘IGO
Consequently, eq. (7.33) becomes
_ 8co ;FEAG
k
A(TY = B, 8 LI e
G GO GO + 8
GO G
830
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For the pure superconductor, the equivalent expression
is given by (G.1) '

oo

: - kT
Bo(T = By, - \/2"ka00 e 7.36

The temperature dependence of the normalized energy gap
AG(T)/’AOO is shown as a function of the reduced
temperature T/T,, in Fig. (24) for Al-Mn and Al-Cr.
At the impurity concentration of 0.05 at.% and the
reduced temperature T/T,, of 0.123, the ratio of the
energy gap with and without recoil N is found to be

T pywn = 1-0001.  Similarly, for A1-Cr at ny = 0.05 at.%
and T/T,, = 0.112, Myycr = 1:0003.

The zero temperature values for 0, 0.2 at.% are

)| 1.023 and 1.004.

Al-Mn < “£l¢Cr =
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ni{at %)
/] 0]
b 0. 05
0.10
Ac{T)/ oo
o
1.0 Al" Mn
—-———A!-C'
.8 |-

Fig. 24
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T.2.2 Specific Heat

From eqs, (7.26) and (7.28),

1 2wy, B, (T)

Eqs. (7.40) and (T7.33) give

1 (o) 201, m( 41 nlg(T
—rg—‘—zNO)f{ lnr(-}-(m— 221 =) KO (—E-IT-.)} 7.38
n=
So
-1 pa A (T)
e - Wo)f {“A"l('ﬂ‘ 2 ) (™! n g (B ]
G G ned X7 ~
o A (T)
1 nt+l n n G
. n=1
- ...l 7.39‘
where Ko'(z) = - K, (z), is the derivative of the

Bessel function Kofz) with respect to z.
The difference in the Hemholtz free energy between
the superconducting and normal states 1s obtained from

eqs. (7.12) and (7.38) to be
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2 )
AZ(T) n+1 2
G kT
Fg - Fy =-N(0)f{ : —2 ) (=) (LI
n=1
AG/kT
Xf 2
o K1 (x) x° dx oo 7.40
where X = nAG(T)/kT oo 7041

At low temperatures, AG(T)/kT >> 1, and the integral
appearing on the right of eq. (7.40) is replaced by (G.2):

AG(T)/kT o
K1(x) xzdx = 2 - j K1(x) x2dx 7.42
nAG/kT

0

Using the asymptotic expansion of K,(x) and retaining
only the term n = 1 (which gives the largest contribution)
leads to the following result

> .
.Y
N(0) 2 GO / 3
"3"'("”) _n(o)f{_.z__+ 2'nAGOkT x

' - b8,../kT

15 kT GO

x (1 —_ ) e } T7.43
LYY

- FN

S

The first term on the right of eq. (7.43) is the



178

contribution from the normal phase, and giveas the linear
relation for the electronic specific heat in the normal
state, viz. :

2

2,2
CN(T\ = 3 ™k

N(O) T oo 7.48
The terms in the curly brackets, on the other hand,

glve contributions to the Helmoholtz free enefgy in the

superconducting phasey consequently, the contribution

to the specific heat of the alloy in the superconducting
phéase is

S (k)3 GO -

ss e 7.49

Thus an exponential variation at temperatures much
below Tc is obtained. The behaviour of the specific
heat is illustrated in Fig. (25).
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Specific Heat

Fig. 2%
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CHAPTER EIGHT

8.1 DISCUSSION OF RESULTS

On the basis of the Anderson model for transition
metal impuritiés in simple mefal hosts, a number of
results bas been derived for both the normal and
superconducting states of the alloy. |

It is found that the Hamiltonian Hsd which
describes the admixture of s~ and d-states is modified
to take account of the recoil of the impurity. Thus
the new Hamiltonian H;d includes phonon creation and
annibilation processes at the impurity site, and leads
to an inelastic, incoherent scattering. In X-ray
spectra, this corresponds to inelastic diffuse'reflec-
tions &s opposed to Bragg reflections which are reoéil-
less oxr elastic. .Also in the Mossbauer effect, the
" sharp Y-ray line corresponds to recoil-less emiésion
of the y-ray, while the broad background results from
the recoil of the atom. A significant result is that
the recoil of the impurity does not produce any shift
in the resonance level, and the energy of the conduction

electron is also unchanged. However the width of
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resonance shows a T2-dependence at low temperature

(P'< @p). At very low temperatures, (T << ®p/30)
T(T) does not differ from T, as Pig. 15 indicates,
The T°-dependence is reflected in the impurity
contribuﬁion to the resistivity. (i.e. residual
resistivity). An enhancement of the conduction and
localized electron masses due to the recoil is obtained.
For Al-Mn this is found to be 1.017- about 2% over the
band mass. In Al-Cr, the enhancement is not much
noticeable ~ 1.003. The mass enhancement shows up in
the density of states which is related to the specific
heat. The relation between the mass enhancement and

specific heat coefficient Y is given by

Y m
“"Y';' = mo se 801
where )
2n mokF .
YO = 3 N(O) = o-.' 802

is the specific heat coefficient for the bare slectron.
From the total impurity contribution to the specific.
heat coefficient A4 Y (including the recoil) the
_phonon-enhanced d-electron density of states at the

ferm level ﬁh(o) is found to be 9.26 for Al-Mn and
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6.74 for Al-Cr. The bare values are 9.11 and 6.72,
respectively.

In the superconducting state, a new mechanism
which gives rise to attractive interaction between
conduction and localized electrons was proposed in
Chapter 6. The anslysis reveals that non-magnetic
superconducting alloys of iron-group impurities
dissolved in simple metal hosts behave just like BCS
superconductors 16. For these dilute alloys, it is
shown that the coupling constant xs of the BCS
theory must be replaced by fxs. An important conse=-
quence of this fact is that all calculations for
physical quantities such as the energy gap, critical
magnetic field and the specific heat which have been
performed for the BCS superconductor, can be carried
ovér.to our model.

The parameter £ is related to an effective
coupling coastant geff by

N(O) Igeff | = fks e a e 8.3

and counsists of two parts. One part produces a weakening
of the Cooper pairs ag a result of d-electron partici-

pation in superconductivity through the admixture term.
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This bhas been discussed by several authors 1=12, 15"18_
The second part arises from the recoil and has the effect
of enhancing superconductivity. This is reflected in the
increase in the energy gap as shown in PFig. 21.

Superconductivity is destroyed at the critical
impurity concentration of about 1 at.% for Al-Mn, and
1.7 at.% for Al-Cr.

Another feature of the present work is that gapless-
ness is not a property of these alloys. That is, unlike
superconductors doped with para-magnetic impurities,
there is no region of concentration in which the material
is superconducting while the energy gap 1is zero at
temperatures below Tc’

The superconducting density of states strongly
depends on impurity concentration ny and shows a sharp
peak at the gap edge. The peak is shifted to the lower
frequencies as oy is increased.

The superconducting transition temperaturer T, is also
enhanced by the impurity recoil. In order to compare
the theoretical prediétion for the depression of
transition temperature ATc with experimental values,
the contribution to ATc from anisotropy must be

substracted from the experimental result. It has been
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11 12’
shown by Zuckermann and Singh and Nagashima and Soda
that the decrease in the transition temperature can be

written as

val * (ATc)anis 8.4

ATc = (A Tc)
The first term is the valence effect, which in our case
corresponds to the resonance acattering plus recoil
contributions. The second term arises from the anisotropy
of the energy gap. The two contributions have been shown
to be independent of seach other and (Afmz)ania is the
same as that given by the theory of Markowitz and
Kadanoff 23 for non-transition metal impurities in
superconducting hosts. The decrease in Tc due to
d-resonance plus recoil is linear in ny and this is
shown in Fig. 22,

The d-density of states at the Permi level calculated
from the initial decrease of T, was found to be 9.87
and 6.52 states/ eV-atom for Al-Mn and Al-Cr,
respectively. These values agree well with the values
9.11 and 6.72 states/eV-atom obtained from the normal
state.

Localized spin fluctuations at the impurity site
also give substantial contribution to ATc18'21 ’

especially for Al-Mn.
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The calculation performed for the ratio of the
"gpecific heat jump" of the alloy to that of the pure
metal S gives good agreement with that obtained by
Martin. Usiung Martin's datasz, the present calculation
yields the same result of 8 = 0.73 as he obtained for
Al-Mn at 0.045 at.#. Previous calculation by Kiwi and

Zuckermann gave S = 0.72.

8.2 CONCLUSIOR

In this thesis it has been demonstrated that virtual
recoil of the impurity cannot be ignored in the resonant
scattering problem. Some effect is obtained both
in the normal state and superconducting state properties.

The analysis on the superconducting alloy'has been
made easy as 8 result of the simple form which was assumed
for the s-d attractive interaction. A more elaborate
theory on the lines of strong coupling theory of éuper—
conductivity 53 could be derived. However, it is reckoned
that it will only lead to a fairly tedious computor
programming, 8nd may not yield results which, qualita-
£ively, will be more superior to what has been obtained
here.

~ The theory is also limited to low impurity

concentration, thereby ignoring impurity-impurity
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correlations. Recent work by Rizzuto et al54
suggests that the impurity content of the alloys could
be pushed to high values - as much as 5 at.%.
Consequently, the'Andereon Hamiltonian should be
modified to take account of impurity-impurity
interactionsa.

Only non-magnetic alloys have been considered in
this thesis., It is hoped that the effect of recoil
will also be felt in dilute magnetic alloys in both
the normal and superconducting states, and is left

for future investigationsa.



APPENDIX A

k-SUMMATION OF THE FULL GREEN'S FUNCTION G, (w)

For a system of interacting electrons, the full

Green's function Gk(w) is given by

1

Gk(m) =2 =]
[e2tm]™ - =tx,m

where Gﬁlw) is the non-interacting single particle
Green's function, and Z(k,w) is the irreducible
self-energy. (};(w) is given by

-1
]

- 0 for k>0
—d i s o0 A .3

+ 0 for k<O
In general, ZI(k,w) has & weak k variation and.a good
approximation is to replace it by its value at k = kg,

where kp 18 the Fermi momentum (X = 1). Hence

writing

Elkp,») = E(w) = Re (w) 4+ 1 Im El(w) A4
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yields
~ -1
6l = [w-% -1 In 5w ] A5
where
E‘k - ek -+ Re Z(w) e e ' Al6

gives the shift in the single-particle energy.
Thus

Ep
) &l -
Gk m) = H(O)
k

w-¢-1iIn Ew)
-Eg

~
€

A.T

where the sum over k has been converted into an
integral over the energy €, N(0) is ihe density of
states at Fermi level for one spin direction; and

EB is the bandwidth, of order EF'

A7 yields

(v - EB)2 +.02

(UJ+EB)2+02

Zak(m) = N(O) {%m
I

183

...1 w_..E D -
+ i {tan (-6-13-) - ten~! (_c_f‘is}

L ) A.e

~
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where - C = Im T{w), Por w, |Im MMw) |<< Eg s

the inverse tangents can be replaced by

-E E
tan"1 (~—6§—) - tan'1 (Eg) X -~ TWagn w 4.9
where the general relation
+ 0 for w <O
Im E(UJ) =
-0 for w >0

has been used in deriving A.9.

In the flat band approximation, Ej - ® . we

obtain
W
Z‘Gk(m) = =TNBgn ® = =T |"uT'| eoe . A.10

k
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APPENDIX B

FREQUENCY SUMMATIORS USED IN TEXT

In order to evaluate the frequency summations,

such ag

1
kT the approximation
) (n2gS 4 K) NE 3

n
lo | <wp
T >>uy will be used. This corresponds to the physical

case in which the resonance width is much larger .than

the Debye cutt-off energy.

Then
! 2.2 2
“nwn 8T coe B.1
r
where nn = 1 -+ |'6';| . eoe 3.2
So the sum becomes
: 1 1 ‘1
kT = kT —
z“ (T + E) I‘Zhanl (12 4 K) Z ".’n'
o |<ep |NnT‘<wD
- = B.3

T (1€ 4+ K)
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1. 140,

where @ = 1n (

Similarly
1 1 1
kT = kT -
§ (nSws +E) |o| (r? + K) § I8,
lo | < wp lo | < ey

= g B.4
“(;i+ K)

1 1 A
Also k1) ~ZT T = T KT lel
v . 7 'n

|m?<:nwn lo | < g
n D
a
= -'_"2 ee e 305
nr
and - 1 ¢ (2, ) B.6
k?) B2 " Zniro ’
n . w
n n n
where we have used
1 1 ¥y s
Z s " ‘my B (n + 1))
iy “"’nl" ) (27x'P) "0
(2nkT)8
1 T B.8
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The asymptotic form of the generalized Riemann zeta
function for large arguments is given by (G.11),

CUS.A) = e Is-1 | 1, oS3y 3.9
’ =T TS pre
For
S=2, A=7 +3ET ¥ FTWET .- B.10

(for T >> k T, which is valid in the case of

non-magnetic alloys).

Thus

Lz, » 4 1 1

= N.(O) ... B.11
2n2kT nr 57d
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