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ABSTRACT  

Three finite-difference calculation procedures are presented 

for solving the steady, two-,dimensional, partial-differential 

equations governing the flow and heat transfer of surface 

layers. In the prediction of a surface-layer flow, one of the three 

procedures is employed, the choice depending on the relative 

importance of the gravitational or buoyancy forces. Both 

floating and full-depth layers are considered. Vertical 

variations of fluid properties within the layer are neglected. 

In the prediction of floating-layer flows, the effects of turbulence 

are modelled through entrainment relations derived from 

experimental data. 

The present model predictions are compared with analytical 

solutions to three flow problems. Very good agreement is 

obtained in each case. The predictions are also compared 

extensively with laboratory experimental data on the discharges 

of warm water on to stagnant or crossflowing cold ambient 

water. Fairly good agreement is obtained in the cases of 

discharges into stagnant ambients. The predictions of the 

discharges into crossflowing ambients are only fair. The 

present predictions compare favourably with those made with 

some of the most popular models available. The predictions 

of field data on heated surface discharges into natural waters 

are not so good. Local conditions such as bottom topography 

and changing environmental conditions, on which adequate 

information is not presently available, may be important. 

The effects of these would have to be incorporated in the 

numerical models for good comparisons to be obtained. 



Some experimental measurements are made of the supercritical 

flow of water in open channels of varying cross-sections. 

The predictions of these measurements are mostly fair. Some 

predictions of supercritical flows in open channels are also 

compared with measurements by other authors and solutions 

obtained with the method of characteristics. The agreement 

with the experimental data is fair, and the present predictions 

compare favourably with the method of characteristics. Some 

subcritical flow predictions are also presented. 



PREFACE  

The work reported in this thesis is the result of my research 

activities, from October 1975 to November 1978, at the Depart-

ment of Mechanical Engineering of Imperial College, London. 

The work was carried out under a research contract with the 

Science Research Council, and was supervised by Professor D.B. 

Spalding. 

The main objectives of the work were to develop and test 

numerical procedures for the prediction of surface-layer flows. 

The main emphasis was on the prediction of the thermal plumes 

resulting from heated surface discharges from power stations, 

but the prediction of non-buoyant flow in open channels could 

also be of practical importance in designing these channels. 

I spent the first two years in developing the parabolic, 

hyperbolic and partially-parabolic surface-layer models, and 

in validating them with the prediction of some problems with 

analytical solution and some experimental data on heated surface 

discharges. In the third year, I extended these models, by 

the incorporation of a "rotating-grid" procedure for computing 

flows with strong curvature effects. I then proceeded to test 

the models by predicting some flows in open channels of varying 

cross-sections, and some heated surface discharges into cross-

flowing ambient fluid, To supplement the available experimental 

data on open channel flows, for  validating the numerical models, 

I performed some experiments of supercritical flow of water in 

channels of varying cross-section, These activities are 

described, in detail, in this thesis, 
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CHAPTER 1 

INTRODUCTION  

1.1 	The Problem Considered 

The advent of fast and large digital computers has led in 

the last decade to the development of many numerical methods 

for solving various engineering problems, which could only be 

investigated analytically or experimentally, in the past. In 

Europe and America, concern for environmental pollution due 

to thermal effluents from power stations has led to the 

introduction of stringent conditions for thermal discharges 

into natural waters. The discharge may be through a single-

port or multi-port, submerged or surface outlet, depending 

on the receiving water body, local conditions and regulations. 

In the present study, only single-port, surface discharges 

are considered. A similarity exists between this flow and 

that of a shallow layer of uniform density liquid with a free 

surface. While the former is characterised by the densimetric 

Froude number, which is the ratio of the inertia to the 

buoyancy forces, the latter is characterised by the Froude 

number, which is the ratio of the inertia to the gravitational 

forces. 



The basic similarities and differences of these two flow 

situations are summarised in Table 1 below: 

Table 1: Comparison of the features of heated surface 

discharges to open channel flows. 

Heated Surface Discharge "Open-Channel" Flow 

• Characterised by densi- 

metric Froude number 

• Characterised by Froude 

number 

= Inertial Force Inertial Force 

- Buoyancy 	Force' - Gravitational 	Force' 

• Supported by heavier 

liquid mass. 

• Supported by solid mass. 

• Vertical and horizontal 

mixing 	usually present. 

• No mixing present. 

• Interfacial friction may 

be important. 

• Bottom friction 	important. 

• Flow curvature is 

produced by 	cross-flowing 

ambient fluid or wind. 

• Flow curvature is 

produced by curved 

channel walls. 

The present study describes the application cf a finite-

difference solution procedure to the partial-differential 

equations governing the steady, two-dimensional flow and 

heat transfer of surface layers having a predominant flow 

direction along which there is no flow reversal. 

1.2 	Practical Relevance  

The efficiency of most thermal power stations is between 

30-40%, hence, about two-thirds of the energy in the fuel 



is lost as waste heat, which must be disposed of. Water is 

the most commonly used cooling medium. The discharged 

cooling water is, in turn, cooled by mixing with the 

ambient fluid and by heat transfer to the atmosphere 

through the processes of evaporation, conduction and 

radiation. Submerged discharges undergo rapid mixing with 

ambient fluid, so that when the plume water finally rises 

to the water surface through the action of buoyancy forces, 

its temperature is very close to ambient and very little 

heat transfer to the atmosphere takes place. Surface 

discharges, on the other hand, undergo less mixing with the 

ambient fluid; with buoyancy forces limiting vertical 

mixing and increasing lateral spreading of the plume water. 

The much larger surface area and the higher relative 

temperatures of the plume result in a higher rate of heat 

transfer to the atmosphere. For discharges into a stagnant 

ambient reservoir, cooling ultimately takes P lace only through the 

water surface, hence, surface discharges would be prefered 

to submerged ones, unless local regulations dictated otherwise. 

Knowledge of the thermal impact of the discharged cooling 

water on the receiving water body is sought not only for 

ecological reasons or in compliance with local regulations 

but also to enable the correct siting of the cooling-water 

intake port, so that the discharged warm water is not being 

recirculated through the plant. 

The use of hydraulic models is tedious and expensive. 

There is also the disadvantage that in order to satisfy the 

requirements of the relevant dimensionless parameters such 

as Reynolds and Froude numbers, in the laboratory, it is 



often necessary to use distorted scales. The development 

of numerical models which are computationally cheap and 

easy to use is therefore useful for the design of cooling-

water systems for power stations. 

"Open-channel"flows occur in many man-made canals and 

channels, and in shallow rivers. The development of 

numerical models for computing these flows would help the 

design of the former. Such models could also be used to 

predict the dispersion of heated discharges into shallow 

fast-flowing rivers: on the discharge side of the river, 

the water is fully mixed and remains attached to the river 

bank and bottom a long way downstream. 

1.3 	Present Methods of Calculation 

The present methods of calculation are developed for the 

prediction of steady, two-dimensional surface-layer flows 

with a predominant flow direction in which recirculation 

zones are absent. The two dimensions in which variations 

of flow variables are considered are the two horizontal 

directions; vertical variations within the layer being neglected. Figure 1 

illustrates a typical flow situation of a warm surface 

layer discharged into a cold stagnant ambient fluid. 

However, the depth of the layer could vary in both horizontal 

directions. The non-linear partial-differential equations 

governing the transport of mass, momentum and heat within the

surface layer are solved by finite-difference calculation 

procedures. The same set of equations is solved by three 

slightly different solution schemes, depending on the 

relative importance of the gravitational or buoyancy terms. 
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When the gravitational terms are absent or negligible, the 

pressure is uniform everywhere and a "parabolic" solution 

procedure is used. All influences travel downstream in the 

main flow direction, and the equations of momentum and heat 

are solved in a downstreamwise marching-integration manner. 

This occurs mainly in uniform-flow situations. When the 

gravitational effects are less in magnitude than the inertia 

effects, the equations form a hyperbolic set, and a "hyper-

bolic" solution procedure is employed. In this case, the 

pressure terms are important and an extra equation needs to 

be solved to obtain them. However, the pressure influences 

can travel only downstream, hence, the"downstreamwise" 

marching-integration process is still used. This case 

applies to supercritical flow situations. When the 

gravitational terms are greater than the inertial terms, the 

equations form an elliptic set, and a "partially-parabolic" 

solution procedure is used to solve them. 	In this case, 

influences from downstream are transmitted upstream solely 

through the pressures. To allow these pressure influences 

to propagate upstream,a repeated"downstreamwise" marching-

integration process is employed. This applies to subcritical 

flow situations. 

The calculations are performed with computer codes based on 

GENMIX (A General Computer Program for Two-Dimensional 

Parabolic Phenomena), by Spalding (1978). The "parabolic" 

code is obtained by adapting GENMIX for layer flow computa-

tions. On the incorporation of a two-dimensional version of the 

SIMPLE (Semi Implicit Method for Pressure-Linked Equations) 

algorithm, by Patankar and Spalding (1972), in the 



"parabolic" code, the "hyperbolic" code is obtained. In 

these two codes, all the flow variables are stored at two 

cross-sections only (the upstream and downstream sections), 

and a single sweep, in the main flow direction, of a marching-

integration procedure is employed. The "partially-parabolic" 

code is obtained by extending the "hyperbolic" code to enable 

the whole two-dimensional pressure field to be stored, and 

several sweeps of the marching-integration process to be 

made in arriving at the solution. 

For the calculation of flows with strong curvature, the non-

linear partial-differential equations, containing curvature 

terms, are employed with a "rotating-grid" system. These 

are simply incorporated into the relevant computer code. 

1.4 	Main Results 

The main objective of the present study is to develop fairly 

general numerical procedures for predicting surface-layer 

flows. The main requirement is that the procedures should be 

accurate, simple to use and computationally cheap. An 

experimental investigation was carried out to supplement 

the data, available in the literature, on supercritical 

open-channel flows suitable for validating the hyperbolic 

procedure. 

The theoretical investigation comprised of: 

Ca) 	The prediction of three types of flow problems with 

analytical solutions. 



(b) Comparison of present numerical predictions with 

experimental results of laboratory discharges of warm water 

into both stagnant and moving ambient fluid. 

(c) A parametric study to show effects of:- discharge-to-

ambient fluid-velocity ratio, Froude number and aspect ratio, 

on:-the temperature, velocity and depth of a heated surface 

layer discharged into a coflowing stream. 

(d) Comparison of present numerical predictions with 

field measurements of heated surface discharges into natural 

waters. 

(e) Comparison of present predictions with theoretical 

predictions by other authors. 

(f) Comparison of present predictions with experimental 

results, and in some cases, predictions using the method of 

characteristics, for various prismatic open channel flows. 

(g) Comparison of the present predictions with measure-

ments from the present experiments. 

The main achievements of the present study, and the 

conclusions thereof, are: 

(i) All the comparisons of the present predictions with 

analytical solutions are very good. These show that the 

numerical procedures are mathematically accurate. 

(ii) Comparison of the present predictions with 

experimental results of laboratory discharges into stagnant 

surroundings shows fairly good agreement. The numerical 



method can therefore be used with some confidence in predicting 

heated surface discharges into stagnant ambients. 

(iii) Comparison of the present predictions with 

experimental results of laboratory discharges into cross-

flowing ambient fluid shows satisfactory agreement. 

(iv) The parametric study of heated surface discharges 

into coflowing ambient fluid shows that the discharge-to-

ambient fluid-velocity ratio has the most prominent effect 

on the layer-fluid properties, the aspect ratio having the 

least effect. Faster temperature decays are predicted, the 

further the value of the velocity ratio is from unity and the 

lower the Froude number is. 

(v) The comparisons of the present predictions with field 

measurements of heated surface discharges into natural waters 

show that too rapid temperature decays are predicted. The 

empirical relations, derived from laboratory data, with which 

the ambient fluid entrainment and layer spreading are modelled 

may not be applicable to the prediction of the field data. 

(vi) Comparison of the present predictions with predictions 

by other authors, of some laboratory data on heated surface 

discharges, shows that the present predictions are at least 

as good as the others. 

(vii) The present model predicted the experimental data 

by other authors of supercritical flows in open channels 

fairly well, the predictions being comparable to those 

with the method of characteristics. 
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(viii) The present experimental data are fairly well 

predicted. The present numerical model may therefore be 

used confidently in predicting supercritical flows in open 

channels, so long as vertical accelerations are negligible. 

1.5 	Outline of the Thesis 

The thesis so far contains the introductory material. The 

rest of the thesis is laid out as follows. Chapter 2 contains 

a review of the past work. The mathematical basis of the 

present work and the solution procedures are described in 

Chapter 3. Three types of flows with analytical solutions 

are predicted in Chapter 4. Chapter 5 contains the 

predictions of various heated surface discharges. The 

predictions of open channel flows are presented in 

Chapter 6. The experimental investigation is reported in 

Chapter 7. Concluding remarks are made in Chapter 8; the 

achievements of the present study are stated, and some 

suggestions for future work are made. This concludes the 

main part of the thesis. 

A list of references and the appendices form the last part 

of the thesis. 
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CHAPTER 2  

PAST WORK 

2.1 	Introduction  

In this chapter, previous works on surface-layer flows are 

briefly reviewed. Floating-layer flow studies are first 

reviewed. These are mostly of surface thermal discharges, 

though there are one or two of fresh water flows above 

heavier saline water. The second part of the chapter 

contains a review of investigations of full-depth flows. 

To conclude the chapter, comments are made on the status of 

the existing information. 

2.2 	Buoyant Surface Discharges  

So many theoretical and experimental investigations of 

surface thermal discharges have been carried out in the 

last decade that it is not intended to review them all here. 

Many of these are extensively reviewed by Parker and Knenkel 

(1970), Oirka, Abraham and Harleman (1975), and Dunn, 

Policastro and Paddock (1975). The last contains quite 

detailed information on many of the major studies. In the 

present review, the effort will be concentrated on the studies 

that are representative of the various approaches, and on 

the most recent works. 

2.2.1 	Theoretical work 

Theoretical work on buoyant surface flows can be broadly 

divided into four categories. 
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(i) 	Dimensional Analysis 

In the first category are those methods of analysis which 

use dimensional arguments coupled with order-of-magnitude 

force balances to determine the behaviour of the surface 

layer. 

Fay (1969)deduced order-of-magnitude estimates of the rates 

of spread of oil, issuing from a finite source, on still 

water, and of oil, issuing from a steady source on to a 

moving stream. In both cases, three spreading regimes were 

recognised, depending on the following force-balances: 

gravity'Linertia, gravitytiviscous, surface-tensiontiviscous. 

Hoult (1972) discussed Fay's results and showed how they 

could be obtained from similarity solutions of the equations 

of motion. He also compared the results with experimental 

data, showing fair agreement. Kao (1977) obtained similar 

results for the first spreading regime, but suggested that 

the appropriate balance of forces was buoyancytiform-drag. 

Sharp (1969) and Anwar (1970) investigated the surface 

spreading of a jet of fresh water discharged horizontally, 

at depth, into saline water. Chen and List (1976) considered 

the surface spreading of a buoyant fluid discharged 

vertically into a stagnant ambient fluid. They showed that 

the first regime of surface spreading is dominated by a 

buoyancytiinertia force balance, and the second by a buoyancy 

friction force-balance. They predicted rates of spread of 

the surface layer which agreed well with experimental data. 
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(ii) 	Semi-empirical Correlation Methods  

The second method of analysis of surface-layer flows depends 

largely on the correlation of experimental and field data. 

Jet characteristics, such as temperature decay, surface 

isotherm area, vertical and lateral spread rates, and 

centre-line trajectory are correlated with flow parameters, 

such as initial densimetric Froude number, discharge aspect 

ratio, and discharge to ambient velocity ratio. 

Relying heavily on data from various hydraulic and field 

studies, Pritchard (1971) developed a solution scheme for 

surface thermal discharges. The model makes the following 

assumptions: linear lateral spread, linear vertical spread 

up to a given depth after which the depth remained constant, 

temperature decay proportional to the inverse square root of 

the distance from outfall, and bullet-shaped isotherms. 

The model is simple to use, and its application by Dunn et 

al (1975) to some field data showed that correct trends were 

predicted.* With the aid of more hydraulic data by Carter 

et al (1973), (1974), Pritchard (1973) extended his first 

model to account for effects of crossflow and bottom 

interaction. 

Shirazi (1973) performed a multiple regression analysis of 

eleven data sets from hydraulic and field studies to produce 

functional forms of the temperature decay, jet half-widths 

and jet half-depths, He assumed power-law expressions for 

the functional forms, and the data sets were divided into 

three categories: discharges into stagnant ambients with 

*Note: Some of the field data was used in calibrating the 
model. 
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no bottom effects, discharges into stagnant ambients with 

bottom effects, discharges into moving ambients. The 

results were also presented in graphical form. 

Pande and Rajaratnam C1977) studied surface thermal 

discharges of moderate to high Richardson numbers in the 

laboratory. They correlated the temperature and velocity 

decays, the temperature and velocity half-widths and half-

depths, with the initial Richardson number and the 

longitudinal distance from the outfall. They showed that, 

for the range of Richardson numbers (0.15 - 1.14), the 

temperature field spread laterally about 1.9 times as rapidly as the 

velocity field, while the vertical spread of the temperature 

field was only 1.1 times that of the velocity field. 

(iii) 	Integral Methods  

Most of the mathematical models developed for predicting 

surface thermal discharges are of the integral type. 

Lateral and vertical profiles are assumed for the 

longitudinal velocity and the temperature, based on intuition 

or experimental data. The partial-differential equations 

of motion and heat are thus reduced to ordinary- differential 

ones, which are then solved analytically or numerically. 

Many physical phenomena, such as entrainment of ambient 

fluid, surface heat transfer, wind effects, crossflow 

interaction, and lateral spreading are simulated by the use 

of empirical relations. 

Hayashi and Shuto (1967), in their analysis of warm surface 

jets, neglected all the terms of the momentum equations 
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except the diffusion and pressure terms. These equations 

were further simplified by the assumption of self-similar profiles 

for the temperature and velocities, and the neglect of vertical 

entrainment, The resulting equations were then solved 

analytically. Model predictions were compared with 

experimental data, but the agreement was poor. Motz and 

Benedict (1970) developed a two-dimensional steady-state 

model for a buoyant surface jet in crossflow. The partial-

differential equations of mass, motion and heat were reduced 

to ordinary-differential ones, by the assumption of gaussian profiles 

for the horizontal variations of velocity and temperature, 

and by neglecting all vertical variations, vertical 

entrainment and buoyancy effects. The resulting equations 

were solved with a fourth-order Runge-Kutta scheme. 

Koh (1971) analysed the two-dimensional (longitudinal and 

vertical directions) warm surface jet. He divided the jet 

into four zones: zone of flow establishment; supercritical 

jet-like zone; transition zone with an internal hydraulic 

jump; subcritical zone. He assumed, firstly that vertical 

entrainment was given by an empirical relation due to 

Ellison and Turner (1959), secondly that a similarity 

existed between the velocity and temperature profiles, and 

lastly that the jet was affected by a combination of surface 

heat loss and interfacial shear. By performing an order-of-

magnitude analysis to determine the relative importance of 

the heat loss and interfacial-shear terms he obtained 

separate solutions for the supercritical and subcritical 

zones. He then proposed methods for determining which zones 

are present, in any flow, and for linking the solutions of 

the different zones. 
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Stolzenbach and Harleman (.1971), Prych (1972), Stefan (1972), 

and Shirazi and Davis (1974) developed three-dimensional 

steady-state integral models for heated surface discharges. 

All these formulations used the assumption of self- 

similarity of temperature and velocity profiles in the main 

jet region, to reduce the equations of motion and heat to 

a set of coupled non-linear ordinary differential equations 

which were then solved numerically. Although, they considered 

that the jet was affected by more or less the same physical 

phenomena, there were variations in their treatments of these. 

For example, Stefan, Prych, and Shirazi and Davis treated 

the jet in crossflow' as a solid body with a drag force 

acting on it in a direction normal to its axis, while 

Stolzenbach and Harleman supposed that the effect of the 

crossflow was to produce an entrainment force which tended 

to turn the jet in the direction of the ambient flow. 

Stolzenbach and Harleman divided the jet into four regions, 

in the zone of flow establishment, providing a solution for 

each region which was then matched to the solutions of the 

other regions. Prych used information from non-buoyant jet 

analysis to determine the length of this zone, whilst 

Shirazi and Davis based their treatment on results from 

hydraulic studies. Stefan, on the other hand, did not 

treat this zone differently from the rest of the jet. 

Pande and Rajaratnam (1975a) used an order of magnitude 

analysis of the equations of motion to divide surface 

buoyant flows into 3 classes: low, moderate and high 

Richardson numbers. For each class of flow, the equations 
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were reduced to their integral forms, and a similarity 

analysis was used to predict the manner of variations of 

the parameters characterising the temperature and velocity 

fields. 

A notable criticism of integral models is the assumption 

of self-similar profiles for velocities and temperature in 

highly-buoyant jets, or jets in crossflow. Experimental 

data by Pande and Rajaratnam (1975b) and Carter (1969) 

suggest that this is inappropriate. 

(iv) 	Numerical Models  

The numerical methods of predicting surface thermal discharges 

are the most general ones. Suitably modified forms of the 

partial-differential equations governing the transport of 

mass, momentum and heat are solved by finite-difference or 

finite-element techniques. Turbulence models with varying 

levels of sophistication are required for the closure of 

the equation set. At the lower level, empirically determined 

constants are used, whilst the more sophisticated models 

require the solution of partial-differential equations. 

Many of these turbulence models are reviewed by Launder and 

Spalding (1972). 

Brady and Geyer (1972) developed an unsteady three-dimensional 

numerical model for the prediction of buoyant surface 

discharges. The coupled nonlinear partial-differential 

equations of mass, momentum and heat were solved with a 

finite-difference scheme. Prandtl's mixing-length model of 

turbulence was used. The model was applied to a river 
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discharge, but excessive computational-time requirement 

limited the computation to only 4 minutes of discharge time. 

England and Taft (1973) developed a similar model, 

but solved a further differential equation, for the 

turbulent kinetic energy, and calculated the length scale 

from mean turbulent flow characteristics. Calculation with 

this code for a 52 x 27 x 4 grid required 4 hours of central 

processor time on the Univac 1108 for a steady-state solution. 

Similar models were also developed by Waldrop and Farmer 

(1974), and Paul and Lick (1974). 

Till (1974) developed a steady, parabolic, three-dimensional 

model for predicting heat dispersion in rivers. The whole 

flow domain was divided into rectangular subchannels laid 

out in the main flow direction. At each cross-section, the 

net flow of mass, momentum and heat into each subchannel 

was balanced against the rate of change of the corresponding 

property within the subchannel. An ordinary-differential 

equation was obtained for each variable in each subchannel, 

and the resulting set of coupled ordinary-differential 

equations was solved with an Euler predictor-corrector 

scheme. Comparison of model predictions with field data 

resulted in poor agreement. 

Chien and Schetz (1975) developed a steady three-dimensional 

numerical model in which seven partial-differential 

equations, (three for vorticities, three for velocities and 

one for temperature) were solved using a finite-difference 

method. A constant eddy—viscosity turbulence model was used. 

Comparison of the prediction to some laboratory data showed 

fair agreement. 
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McGuirk and Spalding (1975) predicted the turbulent flow 

and heat transfer of buoyant jets in coflowing streams. In 

addition to the three equations of motion and the temperature 

equation, two partial-differential equations were solved for 

the turbulent kinetic energy and its dissipation rate. Six 

empirically determined constants were used to achieve 

closure, but these are fairly universal; having being 

successfully applied to many flow problems. The model was 

also applied to river flows with irregular boundaries. 

McGuirk and Rodi (1976) extended this model by including 

buoyancy terms in the turbulent kinetic energy equation. 

The turbulence model was also applied by Hossain and Rodi 

(1976) to predict the influence of buoyancy on turbulence 

intensities in two-dimensional surface jets. 

2.2.2 	Experimental investigations 

Numerous experimental investigations of floating-layer flows 

have been carried out in the laboratory. There have also 

been quite a few field measurements of prototype flows, 

though the latter are quite difficult and expensive to make. 

The laboratory studies are reviewed in the first part of this 

section, and the field studies in the second part. 

(i) 	Laboratory Studies 

Ellison and Turner (1959) performed experiments with a two-

dimensional surface layer of fresh water flowing above 

stagnant saline water. They measured the rate of entrainment 

of saline water into the fresh-water layer, and found that 

this entrainment rate was negligible if the overall 
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Richardson number, (Ri) was greater than about 0.85. 

However, Ellison and Turner had some difficulty in obtaining 

steady flow, with a well-defined layer existing only for a 

few minutes. This was probably due to their not replenishing 

the lower layer with saline water at the same rate as it was 

being entrained into the fresh-water layer. 

Chu and Vanvari 11974), (1976) performed similar experiments, 

taking care to replenish the lower layer with saline water 

at the same rate as it was being entrained into the upper 

fresh-water layer. Their experimental conditions were such 

that the whole surface-layer flow was supercritical. 

According to their measurements, entrainment of saline water 

into the fresh-water layer was negligible above a Richardson 

number of about 0.15. An entrainment relation of the form: 

,(2.1) 

could be used to represent their data, whilst Ellison and 

Turner data could be represented by a relation of the form: 

V 
e = 0.048e-12.5Ri 

U 
m  

where, Ve  is the entrainment velocity, 

Um  is the average velocity of the layer, 

and, 	Ri is the overall Richardson number. 

Hansen (1975) performed similar experiments at much higher 

Richardson numbers (1-41, and his finding, in contrast to 

that of the previous authors, was that there was still some 

entrainment of saline water, (though small in magnitude) into 

the surface layer at these high Richardson numbers. 
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Chu and Baddour (1975) investigated the transition from 

supercritical to subcritical layer flow by incorporating a 

sloping floor into the original apparatus of Chu and 

Vanvari. The position of the internal hydraulic jump was 

moved backwards and forwards by varying the slope of this 

floor. Wilkinson and Wood (1971) carried out similar 

experiments, but with warm water flowing above cold 

stagnant water. They showed the importance of the down-

stream control in determining whether a supercritical, or 

subcritical layer flow, or a mixture of the two was 

obtained. 

Laboratory studies of three-dimensional buoyant surface jets 

have been performed by Jen et al (1966), Hayashi and Shuto 

(1967), Tamai et al (1969), Stolzenbfach and Harleman (1971), 

Carter (1969), Carter et al (1973), Carter et al (1974), 

Kuhlman and Prahl (1974), Stefan et al (1975), Koester (1974), 

Pande and Rajaratnam (1975b), and Wiuff (1978). These are 

mainly experiments of heated surface discharges into 

stagnant or crossflowing ambients. 

Table 2.1 provides a summary of the range of parameters 

investigated in these experimental studies. 
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Table 2.1: Summary of the parameters investigated in 

laboratory experimental studies of warm surface 

jets. 

NO 
INITIAL 
FROUDE 
NUMBER 

(FT') 

INITIAL 
ASPECT 
RATIO 

(A.R.) 

AMBIENT TO 
JET VELOCITY 

U 
RATIO, 	(79) 

INITIAL 
JET REYNOLDS 
NUMBER 	(Re) 

AUTHORS 

1  5.0 "'  4% 0 7x102 "' JEN,MOBAREK AND 

50.0 10 9.3x10" wIEGEL 	(1966) 

2  1.4"' 1 0 3%5.6 HAYASHI AND 

16.1 x10 3  SHUTO 	(1967) 

2.4% 1 0 5.6x103 "' TAMAI AND 
3 11.3 2.1x10'' WIEGEL (1969) 

4 O.58"' 0.35"' 0"' 7x103 "' STOLZENBACH AND 

11.6 5.8 0.40 1.5x104 HARLEMAN 	(1971) 

5  4.0"' .09"' .11"' 2.5x10 3 "' CARTER (1969) 

25.2 2.08 .86 25.6x104 . CARTER et al 
(1973), 	(1974) 

6 0.17% 0.45% 0.2"' 5x102 "' KUHLMAN AND 

1.97 3.75 2.0 2.5x103 PRAHL 	(1974) 

7  2"' 1% 0"' 6.5x10 3 ., STEFAN, 

15 9.6 0.41 3.0x104 BERGSTEDT AND 
MROSLA (1975) 

8  4.8 "' 1 0% 7.9x10 3 "' KOESTER (1974) 

15.7 0.07 1.2x104  

9 
0.94 "'  1.0% 0 7.0x10 3 "' PANDE AND 

2.6 3.06 7.8x103 RAJARATNAM 
(1975b) 

10 3.6 1.40 0 3.3x10`' WIUFF 	(1978), 
(1977) 
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Comments: 

(1) Stefan et al made detailed measurements of the 

velocity and temperature fields in the initial zone of the 

jet; the zone of flow establishment. 

(2) Kuhlman and Prahl studied discharges with low 

densimetric Froude numbers. They observed an intrusion of 

cold water into the discharge channel, in discharges with 

densimetric Froude Numbers less than 1, such that the actual 

layer flow condition was critical (Froude number = 1) at 

exit. This agrees with the earlier observation of Harleman 

(1961). 	Instabilities of the Kelvin-Helmholtz type were 

also observed in discharges with densimetric Froude numbers 

less than about 0.56. 

(3) Pande and Rajaratnam made detailed measurements of 

the velocity and temperature fields in both the horizontal 

and vertical directions. 

(ii) 	Field Studies  

Several field measurements of thermal plumes, resulting from 

cooling-water discharges from power stations into natural 

waters have been carried out in recent years. Frigo and 

Frye (1972) and Dunn et al (1975) reviewed many field studies 

of thermal plumes from five different power stations 

discharging into Lake Michigan, U.S.A. Dinelli (1975) 

presented results of infrared surveys and in situ measure-

ments of thermal discharges into the Vado Ligure Bay and the 

Torvaldaligo Coast in Italy. Fang et al (1975) and Rota et 

al (1973) have reported studies of thermal discharges into 
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the James River, U.S.A., and the Po River, Italy, 

respectively. Weil (1974) analysed the results of several 

field measurements of the thermal discharges of the 

Oskarshamnsverket Power plant, in Sweden, into the Baltic 

Sea. 

Dunn et al (1975), observed that a feature common to most 

of these measurements was their doubtful level of reliability. 

This would limit their suitability to test the accuracy and 

predictive capabilities of theoretical models. 

2.3 	Full-Depth Flows 

Theoretical and experimental studies of full-depth flows 

are discussed in this section. Specifically, works on the 

flow of water in open channels and of heated discharges 

into shallow rivers in which theriver and plume waters are 

fully-mixed vertically, are reviewed. 

2.3.1 	Theoretical work  

By applying the conservation of energy principle, Chow (1959) 

analysed various steady, one-dimensional open channel flows. 

He presented the various surface profiles obtainable in these 

flows. Water flows in channels with varying cross-sections 

or curvature would in general, require two- or three-

dimensional analyses. These methods of analysis would depend 

on whether the flow is supercritical or subcritical. 

Analysis of supercritical flows in open channels was first 

carried out in detail by Preiswerk C1940), using the method 

of characteristics developed by Busemann (1931) for 
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supersonic gas flow computations. The analogy between 

free surface water flows and compressible gas flows was 

pointed out by Prandtl (1931), Riabouchinsky (1932) and 

Von Karman (11938). The analogy may be described as shown 

in Table 2.2. 

Table 2.2: Statement of tNf analogy between free surface 

water flow and a compressible gas flow. 

Two-dimensional 
compressible gas flow 

Free-surface 
liquid flow 

C 
Medium Gas with y (E P) = 2 Incompressible fluid like 

CV water 

Equivalent ratio, UU  Velocity 
IN 

Velocity ratio, 'IN 
IN 

quantities T z 
Temperature ratio, T  Water depth ratio, z  

IN IN 

P z 
ratio, Water depth Density 

PIN 
ratio, z  

IN 

Pressure ratio, pP  Square of water depth 
IN z 	2 

ratio, 	(7---) 
IN 

P  Pressure Ratio of driving force ratio, P 
IN F" per unit area 	F,„— 

IN 

Velocity of sound, C Wave velocity, ViF 
U 

Mach number, U 

Supersonic flow 

Froude number, 

Supercritical flow 

Subsonic flow Subcritical flow 

Shock waves Hydraulic jumps 
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Busemann's method was applied by Ippen (1949), Rouse et al 

(1949), and Ippen and Dawson [1949) to calculate the hydraulic 

jumps produced in supercritical water flows in channels with 

varying cross-section. 

In the presence of pressure forces due to surface elevation, 

or recirculation zones, subcritical flows in open channels are 

elliptic; otherwise they are parabolic. Some methods of 

analysing the two-dimensional flows are presented by Schlicting 

(1968). The 2/E/FIX computer code of Pun and Spalding has also 

been used. These methods neglect the effects of secondary 

velocities, which have been observed by Thompson (1876) and 

Nikuradse (1926) to be present in open-channel flows. These 

secondary velocities are especially strong in flows in curved 

channels, hence a complete analysis of such flows must be 

three dimensional. The secondary flows in closed, straight 

channels have been calculated by Tatchell (1975) and 

Ramachandra and Spalding (1976), employing three-dimensional 

numerical procedures, with the k and e turbulence model. 

Mockmore (1943) and Shurky (1949) analysed open-channel flows 

in curved channels by assuming that the distributions of the 

secondary velocities were known, they then applied free-vortex 

theory to obtain the surface profiles and the primary velocities. 

Thermal discharges into shallow rivers in which the heated 

water is attached to the river bottom may be regarded as 

open-channel flows with heat transfer. For river flows that 

are fully mixed laterally as well as vertically, one-

dimensional analyses have been performed by Harleman (1972), 
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and Paily et al (1974). However, most rivers with heated 

discharges have been observed to be vertically fully--mixed 

but with lateral variations of temperature: a two-

dimensional analysis is therefore essential. The integral 

approach of Abramovich C1963) was applied by Dunn et al 

(1975) in predicting such a river discharge. McGuirk and 

Rodi (1978), and Rastogi and Rodi (1978) applied, two-

dimensional and three-dimensional numerical procedures to 

predict heated discharges into shallow channels. In the 

latter paper, the predictions with the two- and three-

dimensional procedures coincided for discharges with Froude 

numbers greater than about 5, showing the absence of 

buoyancy forces which stratify the flow thereby making it 

three dimensional. 

2.3.2 	Experimental studies 

Preiswerk (1940) carried out systematic measurements of 

surface profiles in supercritical water flow of varying flow 

rates through a Laval nozzle designed for a Froude number of 

2. 

Experimental measurements of surface profiles in both 

supercritical and subcritical water flows through channels 

with straight-wall and curved-wall contractions were carried 

out by Ippen and Dawson (1949). Rouse et al (1949) presented 

surface profiles of measurements in supercritical flows 

through channels with both gradual and abrupt expansions. 

Arumugam 01955) performed similar experiments in a channel 

with an abrupt expansion on one side and a wall of varying 

angle on the other. Measurements of supercritical flow in 

curved channels were made by Knapp (1949). 
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flockmore C1943), Shurky (.1949) and Choudhary (1977) all 

made measurements of the velocity distribution and surface 

elevation in subcritical water flows in strongly-curved 

open channels. Shurky's measurements show that, the 

strength of the secondary flow decreased with increase in 

the radius of curvature, the aspect ratio of the channel, 

and the Reynolds number of the flow. 

2.4 	Status of Existing Information 

The status of the existing information on surface-layer 

flows resulting from theoretical and experimental investiga-

tions may be summarised as follows: 

(1) There exist detailed and reliable laboratory 

experimental data, on the discharge of heated water at the 

surface of a deep stagnant pool, that could be used to 

validate mathematical models. 

(2) Experimental studies of heated surface discharges 

into moving ambient fluid are not sufficiently detailed to 

allow adequate comparisons with mathematical models to be 

carried out. 

(3) Field studies of discharges from power stations into 

natural waters, though numerous, are not as reliable as the 

laboratory experiments. This is due, in part, to the 

difficulty of monitoring changing environmental conditions 

and of taking detailed measurements over a wide area. While 

qualitative comparisons of model predictions with field data 

are desirable, no definite conclusions could be drawn from 

quantitative comparisons until more reliable data are available. 
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(4) Experimental studies of open channel flows are 

sufficiently detailed to give an insight into the behaviour 

of supercritical or subcritical flows in various types of 

channels. Only a few general mathematical methods of 

analysis exist. 

(5) Semi-empirical correlation methods of analysing 

heated surface discharges are cheap and simple to use, 

providing general estimates of mean plume behaviour. They 

suffer from a lack of generality and the inability to provide 

much detail of plume characteristics. However, the advantage 

of their simplicity may be overriding. 

(6) Most mathematical models developed for predicting 

the dispersion of heated surface discharges are of the 

integral type. They have fair realism, and have been used 

successfully to predict many laboratory discharges. Their 

main limitation is the need to assume self-similarity of 

lateral velocity and temperature profiles, which may not 

often exist in real discharges. 

(7) Numerical models which solve the partial-differential 

equations of motion, mass and heat by finite-difference 

procedures have been successfully used to predict many 

surface-layer flows. Models of the steady two-dimensional, 

parabolic or elliptic types, and the three-dimensional 

parabolic types are the most adequately developed and tested. 

High computational costs have hindered the development and 

application of three-dimensional elliptic or three-dimensional 

unsteady models to surface-layer flows. 
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(8) 	In a course of lectures on the Transfer of Heat In 

Rivers, Bays, Lakes and Estuaries, CTHIRBLE), Spalding (1975) 

discussed the various problems involved in assessing the 

environmental impact of energy production. Many physical 

phenomena of importance are considered and some methods of 

modelling these are proposed. The mathematical methods of 

analysis are classified as to their dimensionality and 

similarity of approach. In one such class are two-dimensional 

layer models to which the present study belongs. Spalding 

(1977) gave a detailed analysis of these models. 

2.5 	Concluding Remarks 

In this chapter, theoretical and experimental studies of 

surface-layer flows were reviewed. Floating-layer flows 

were reviewed first; and then full-depth flows. •Whilst 

numerous mathematical models exist for predicting surface-

layer flows, the need is for computationally cheap and 

fairly general and accurate procedures that could be used 

for parametric studies and design. 

The introductory part of this thesis is now complete. 
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CHAPTER 3  

MATHEMATICAL FORMULATION  

	

3.1 	Introduction 

This chapter contains information on the mathematical basis 

of the work reported in this thesis. The main features of 

the model are discussed in the first section. Then follows 

the description of the governing partial-differential 

equations and their discretization into finite-difference 

equations. The solution procedures are discussed in the 

context of the class of flow: whether parabolic, hyperbolic 

or partially-parabolic. Finally, extensions for dealing 

with flows with curvature are given. 

	

3.2 	Main Features of the Procedures 

3.2.1 	Statement of the basic assumptions 

(1) It is supposed that the buoyant surface-layer flow is 

that of warm water discharged steadily at or near the surface 

of a stagnant or steadily-flowing stream. 

(2) The warm water flow must have a predominant direction 

in which the velocity components are positive, and large in 

comparison to the velocity components in the transverse 

direction. 

(3) It is assumed that the vertical profiles consist of 

a nearly uniform higher temperature region near the surface, 

a lower region in which the temperature is that of the 
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undisturbed stream, and a very thin intermediate region of 

steep temperature gradient, The first region is the so-

called layer: the horizontal velocity components are 

supposed to have vertical profiles of corresponding shape. 

Figure 3.1 shows the assumed profiles. 

(4) The layer conditions are thus characterised by the 

following two-dimensional variables: 

T(x,y); U(x,y); V(x,y); and z(x,y). 

(5) In the floating-layer flow, the top surface is 

assumed flat, and any variations in the layer depth occur 

at the lower surface; 	i.e., the rigid-lid approximation is 

made. However, in the full-depth flow, both the levels of 

the top and lower surfaces can vary: the lower surface 

variation is due to the variation in the surface elevation 

of the supporting solid mass. 

(6) The horizontal variations of the layer depth are 

assumed to be gradual so that vertical accelerations are 

absent. 

(7) The flow properties in the surrounding fluid are 

assumed completely known, so that only property variations 

within the layer need be computed. Interactions between the 

layer and the surrounding fluid are prescribed by way of 

entrainment relations and boundary conditions. 
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Fig. 3.1: Vertical Profiles of Temperature and Velocity 
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3.2.2 	Coordinate system 

The coordinate system by which the flow within the layer is 

described consists of: 

(i) lines along which the dimensionless stream function, 

w is constant; and 

(ii) lines perpendicular to the main flow direction, x. 

The dimensionless stream function, w, at any point, is defined 

as the ratio of the mass flow rate between that point and the 

I-boundary to the total mass flow rate in the layer, at the 

cross-section. It is given by: 

- 	Io zpUdy 
w = 	I -  	,(3.2.1) 

E I 	~•oE zpUdy 

where 	is the stream function. 

This coordinate system is similar to the xtiw system of 

Patankar and Spalding employed in GENMIX by Spalding (1978). 

The main difference is that, in the present case, the lines 

of constant stream functions do not coincide with the stream-

lines. This is a deviation from conventional practice, 

brought about by the vertical entrainment of lower layer 

fluid. The flow rate of fluid across the lines of constant 

stream functions is directly proportional to the rate of 

vertical entrainment of lower layer fluid. The mathematical 

implications of this are considered in a later section where 

the differential equations governing the layer flow are 

discussed. In all other ways the present coordinate system 
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is identical to that of Patankar and Spalding. The main 

advantage of these systems is that the grid is distributed 

only within the domain of interest. A typical grid is shown 

in Figure 3.2. The grid can be non-uniformly spaced in both 

x and w. The physical locations of the constant w-grid lines 

are not known "a priori" but must be calculated at each axial 

location. The method by which this is done is described in a 

later sub-section, after the dependent variables and the 

finite-difference grids have been discussed. 

The coordinate system described above is that for the 

computation of straight surface-layer flows. When there is 

flow curvature certain modifications are necessary. These 

are described in Section 3.5. 

3.2.3 	Dependent variables  

The dependent variables which characterise the layer flow 

and whose values are sought are: 

(i) the longitudinal velocity, (U), which is in the 

x-direction; 

(ii) the lateral velocity, (V), which is in the 

y-direction; 

(iii) the temperature (T); and 

(iv) the layer thickness, (z). 

The U-velocities, at any axial plane, are parallel to each 

other but are, in general, not all in the same direction as 

the constant w-grid lines. However, the V-velocities are 

always in the direction of the cross-stream grid lines: 

the constant x lines. 
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Fig.3.2:Typical Grid Distribution in the (x-co) Co-ordinate System 
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This choice is dictated by the ease of calculating the 

inclination of the constant w lines, when the mass flow 

rates across them are known. This is discussed in greater 

detail later. The implication of this is that, whilst V is 

affected by one pressure-gradient term, P, U is affected 
by two pressure-gradient terms: the extra term accounting 

for the difference in the angle between the directions of 

the longitudinal velocities and the w-grid lines. 

3.2.4 	Finite-difference grid  

The governing partial-differential equations must be 

discretized into finite-difference equations before they 

can be solved numerically. The finite-difference grid 

employed in the discretization is shown in Figure 3.3. 

The locations of the dependent variables on the grid are 

shown. The pressures, layer thicknesses, temperatures and 

U-velocities are located at the grid nodes, whilst the 

V-velocities are located between four grid nodes. The latter 

is done to ensure that the four neighbouring pressures can 

affect the V-velocities. The control volumes corresponding 

to each of these variable locations are shown in Figure 3.4. 

The control volumes at the near-boundary grid points are 

slightly different. This is illustrated in Figure 3.5. 

However, control volumes are not needed for the boundary 

points, since the values of the variables on the boundaries 

are either known or can be deduced from the values on the 

near-boundary points. 
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3.2.5 	Auxiliary inforriiation  

In the preceding three sections, the coordinate system, 

dependent variables and the finite-difference grids have been 

described. To conclude the description of the main features 

of the present procedures, the relationship between the x%w 

coordinate system and the xtiy Cartesian coordinate system is 

given in this section. 

x is the main flow direction, and is the same in both 

coordinate systems. 

w is the dimensionaless stream function, defined in sub- 

section 3.2.2. 	It is related to y by equations (3.2.1), 

namely: 

y 

-P I Io zpUdy 
w = 	-  

'E-IP T 	f YE 
zpUdy 

.(3.2.1) 

In general, there may be fluid entrainment from the surround- 

ings in both the lateral and the vertical directions. 	If 

these flow rates are denoted by mh and m", respectively, 

then the values of the stream functions, at the boundaries, 

may be calculated from the relations: 

I,d = 	I, u - Sx (z mh T 

and 
	 ,(3.2.2) 

E,d = E,u 
- Sx Cz mh)E f Sx 

fYE 
m~ dy 

where subscript u stands for upstream value, and subscript 

d stands for downstream value. 
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The value of the stream function along a constant w-grid 

line, denoted by subscript S, may then be calculated at d, 

as: 

IPS,d = 11)I,d + wS ( E,dI,d)  
.(3.2.3) 

The lateral distance between the constant w-grid line and 

the I-boundary, yS, is then obtained from the relation: 

YS 
11) S,d 	1PI,d = fo 

	
zpUdy ;(3.2.4) 

the integrand on the right-hand side being evaluated 

numerically. 

3.3 	Governing Equations  

3.3.1 	The partial-differential equations  

The partial differential equations governing the flow and 

heat transfer of the surface layer are reduced forms of the 

Navier-Stokes equations. In the formulation of the surface-

layer model, the following assumptions are made: 

(1) The flow is steady and two-dimensional, vertical 

variations being negligible. 

(2) There is a predominant flow direction in which flow 

reversal is absent and diffusion is negligible (the boundary-

layer approximation). 

(3) Change of layer depth is gradual, so that vertical 

veloctiy and acceleration may be neglected (the Hydrostatic 

approximation). 
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(4) 	The fluid is incompressible, and density variation 

is important only in its effect on buoyancy, inertial effects 

being neglected, (the Boussinesq approximation). 

The differential equations are now derived, first, in the 

xti4 coordinate plane, and then, are transformed to the x"w 

coordinate system. These analyses follow closely those 

employed in GENMIX by Spalding (1978), except for the 

differences resulting from the fact that the lines of constant 

stream functions do not coincide with streamlines, as 

discussed in section 3.2.2. 

First consider the conservation of the x-direction momentum, 

the control volume bounded by the lines (or more precisely, 

surfaces) of constant stream functions i  and 	+ SIP is 

illustrated below: 

dx 

Elementary control volume for the derivation of the  

differential equation  
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The rate of mass flow between the two lines is SiJ, where 

S is given by: 

SV = zpUSy 	 .(3.3.1) 

The forces acting on the elemental control volume are now 

considered. Application of Newton's Second Law of Motion 

yields: 

{(U + SU) - U } 81 + Cm2  - m1  ) U - my  Uo  

- {(T + ST) (z + Sz) - TZ} Sx 

+ { (p + Sp) - P} zSy = 0 ,(3.3.2) 

where, 

M
1 
 is the mass flow rate across the constant 

iU line, 

M
2 
 is the mass flow rate across the constant 

V + SIP line, 

M
y 
 is the rate of entrainment of fluid through 

the bottom of the layer, and 

Uo  is the x-direction velocity of the lower 

layer fluid. 

Since the mass flow rate between the 4) and the i  + Spy lines 

is constant, the rate of entrainment of lower layer fluid 

must be equal to the net rate at which the fluid mass is 

flowing out across the 1P and 4  + SiP lines, that is: 

M
v 
 = rm2  - m1  

.(3.3.3) 
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When equations (3.3.1) and C3.3.3) are substituted in 

equation (3.3.2). , and the secondary terms are neglected, 

the result may be expressed as a partial-differential 

equation of the form: 

aU 	a 	+ 1 	m   CU  - U) _ 	8P 
āx - 

TT (TZ) 	
pUz { dx Sy 	z āx} 

.(3.3.4) 

Define: 

 

m v 
.(3.3.5) 

mV - Sxdy 

Equations (3.3.4) may then be expressed as: 

aU 	8 
(Tz ) + 

mv 
(U - U) - 

1 DP 
9x 	ā 	pUz 	o 	pU ax 

.(3.3.6) 

It is now necessary to transform equation (3.3.6) into 

xtiw coordinates. 

For the transformation it is necessary to express: 

(i) 	(āx ) in terms of (ax) 
w 

and 

(ii) 	( 5- ) in terms of (āX) and (-1) 
x 	 w 	x 

Differentiation of equation (3.2.1) (i.e., the definition of 

w) with respect to x, yields: 

aw  	1 	d( 
	

I ) 

(āx) 1V 	
E_~I { 	dx 	- w 

d (iE- ) 

dx 
	} .(3.3.9) 

The vertical entrainment rates must be taken into considera-

tion in evaluating the differentials, hence, 

(-11) 	= 	1 	{ m , + ( zrn 	+ w C Czmh) 	- (zmh) 	- (mv ) ) } 
E I 	 E 	 T 	E 

;(3.3.10) 
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where, 

y 
m' - f m" dy, the vertical entrainment rate, per unit length, 

between a constant w line and the I-boundary, 

(mom) = I yoE M" dy, the vertical entrainment rate, per unit 
E 

length, between the E-boundary and the I-boundary, and 

(m") and (m") are the lateral mass flow rates, per unit 
h I 	h E 

area, across the I and E boundaries, respetively, and are 

positive in the positive y-direction. 

It should be noted that m' is not necessarily equal to w 

times (M') . 
v E 

Equation (3.3.10) may be expressed as 

(ā) = a + bw 

where, 

a = {m~ + (zm) }/(iUE-1I) 

and 

b E f (zmh) 	- (zmh ) 	- (m') } / (q)E
-I'I ) 

E 	I 	E 

Similarly, 

,(3.3.11) 

,(3.3.12) 

.(3.3.13) 

1 
.(3.3.14) 

 

The equations (3.3.7) and (3.3.8) may now be expressed as: 

Cox ) = C ox ) + Ca + bw) Ca )x 
w 

,(3.3.15) 

*NOTE: This expression for a + bw differs from the usual 
GENMIX one; however, it has the same meaning, i.e., 
it is a measure of the rate at which mass is crossing 
a given constant w-grid line. 
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(a  ) 

a 	I 	a 

) x 	 E-jU
I (aw x 

.(3.3.16) 

The transformed version of equation (3.3.6) is therefore: 

aU + 
(a + bw) 

aU _ 	1 	a(TZ) 
 + mV (U - U) 

ax 	3w 	(11)
E
-V

I
) 	aw 	pUz 	o 

_ 1  aP 
PU 9x 

.(3.3.17) 

The shear stress, T is given by Newton's law of viscosity as: 

,(3.3.18) 

where p is the viscosity. 

If the flow is turbulent, the effective viscosity, 
ueff 

 is 

used rather than the laminar viscosity. 

Equation (3.3.1) is used with equation (3.3.18) to obtain: 

T = zpU p ā .(3.3.19) 

The final form of the x-momentum equation in the xtiw 

coordinate system is: 

aU +  (a + bw) 
au = a (c  aU) + d 	,(3.3.20) 

ax 	
77, āw āw 

where, 

z 2 pUu  

'E
_ I )z 

d 	
pU- {mv 

(U - U) - z T71 



47 

The partial-differential equations for the lateral 

velocity, V and the temperature, T are derived in a 

similar manner. The results are: 

Lateral momentum equation  

ā7 + (a + bw) āw 	a~ (c ā~) + d 	,(3.3.21) 

where, 

a, b, and c are as defined above, and 

d E 1 {m" (V - V) - z aP } . 
pUz v 0 	~y 

Temperature equation  

DT 
āx + (a + bw) 	= a

w 
(c 77) + d 	 ,(3.3.22) 

where 

a and b are as defined above; 

C C 	, 
(~E-'I ) 2 

d 1 {th" (T 	- T) - 
a 

(T - Teq) } pUz v o 	C 

rT is the thermal conductivity; 

a is the surface heat transfer coefficient; 

C is the specific heat capacity of the layer fluid; and 

Teq is the equilibrium temperature. 

z2pUFT 
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In general, for the property, 4, the conservation equation 

is: 

(1;, 
+ Ca+bw) D(13, = a Cc a ~1 + d 	 ,(3.3.23) 

3x 	3w aw āw 

(longitudinal) (lateral 	) (_diffusion) (sources 
convection 	convection 	and sinks 

where, 

{mv + (zmh)I} 
a 	

(VE 
	

I 
	, 

{(zmh)E - (zmh)I - (m~)E} 

(q) 	1.1)- ~' ) I 

z2pU r¢ 

( E:11),) 2. 

1  d = 
pUz 

S
I) 

The pressure-gradient terms, containing ax and āy, represent 

the net driving forces on the layer fluid due to the 

variations in density and layer depth in the respective 

directions. These terms are derived from first principles 

in Appendix A. 

For the floating layer, the expressions are: 

P P Ap 3Ap Ap az 
ax 	g {(2po 	2po )z āx + po 	p --.r 2p 

 

and, 	 (3.3.24) 

aP = g { ( 	Qp )z 	+ AP P az} 
aY 	2p

0 
	2p0 	aY 	Po 	a  

b 

c 
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where, 

is the density of the supporting liquid mass, 

P 	is the density of the layer fluid, and 

AP = Po-P. 

For the full-depth layer, the expressions are: 

az 

āP g {2 ax 
	(az 

	a X )} 

and, 	 (3.3.25) 

az 
DP 	z Dp 	3z 
āy 	g {2 a y + P (  ay + ay )} 

3.3.2 	Finite-difference equations  

The partial-differential equations of the type (3.3.23) must 

be discretized to obtain the finite-difference equations. 

This is done by integrating them over the finite-difference 

grid, (described in subsection (3.2.4)) for each of the 

variables. At each grid node the resulting equations are 

of the form: 

Di  ¢i,d  = Ai ¢1+1,d  + Bi   
	Ci  ;(3.3.26) 

where, 

i is the grid node subscript varying from 1 at the 

I boundary to N at the E boundary; 

(zr )  
, Ai  = ( 

	

¢ i+ 

y1+1 _yl)u 	

zzm" h,i+z ; (3.3.27) 

P o  

Czr ). , 

B1  = 
Cyi-y

l-1 ) u 	Zzmh,i-2 ;(3.3.28) 



Di - A. 1 1 
Xi PUz 	

( IP
E-I) Cwi+2-wi-2) .03.3.30) 0,P 
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¢ 	
~  C. = 

{ 1 'u + S 'u } 	( 	) (_w. ,-w. , ) 
~X 	PUz 

i 
E I 	-1+2 1-z ; C3.3.29) 

Equation (3.3.12) may be expressed as: 

(1)i,d = 
A. 

(Pi 1,d + Bi ~i-Z,d + Ci 
;(3.3.31) 

where, 

Ai = A./D., 

B1 - Bi/D., .(3.3.32) 

C: = C./D. 
1 1 1 

Equations of the type (3.3.26) are derived for each 

variable, at each of the internal grid nodes, (1=2 to i=N -1) 

at any cross-stream station. When the coefficients A,B,C,D 

have been calculated, the resulting set of simultaneous 

equations, for each 0, is solved with a single sweep of a 

Tri-diagonal Matrix Algorithm (TDMA). 

To conclude this section on the governing equations, some 

auxiliary information is given on the treatment of the 

source terms and the boundary conditions. 
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3.3.3 	Auxiliary information 

(i) 	Treatment of Source Terms 

In the context of this discussion, the phrase, "source terms" 

is used broadly, to represent all the terms of equation 

(3.3.11) other than the first three. This treatment enables 

the same computer code to be used for a wide variety of cases, 

with the "source terms" alone needing modification. 

The source term, S, is linearised in the same way as done by 

Patankar and Spalding (1972), as: 

5 	= S
c, 
,d  + St,P. .(3.3.33) 

This permits the source term to depend on both upstream 

(or previous iteration) and downstream values, 	
S(1),d 

 and 

cl),P, being calculated from the former, and 	from the 

latter, respectively. The level of implicitness is thereby 

increased, leading to enhanced stability, if Sq),P is negative. 

In the simplest cases of the floating-layer and full-depth 

flows with which the governing equations are illustrated in 

this section, the source terms for the various (P's are: 
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Table 3.1: Source terms for floating-layer flows, 

S45, P  S4 F .0 

U 

V 

T 

- % 

- 	m~~ 
V 

_ 	a, 	_ 
C 

mV 
V 

m„ 	T 

m„ V 
V 

V 

o 

o 

U 

- 

+ 

DP 
ax 

z 	DP 
ay 

a 
T e 

C 	q 

Table 3.2: Source terms for full-depth flows, 

Sc,P S~,U 

U 

v 

T 

- 

- 

a _ 
	C 

- 	z 	
DP 
ax 

_ 	z 	
DP 
ay 

C 
Teq 

When the flow is more complicated, as is the case in flows 

with curvature, or in the presence of wind effects, etc., 

additional terms are required. However, the discussion of 

these is deferred till the later sections where these special 

cases are considered. 
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(ii) 	Treatment of Boundary Conditions 

The values of 4i, on the boundaries, (1=1 and i=N) must be 

specified before the set of finite-difference equations 

represented by [3.3.12) can be solved. These boundary 

conditions are treated in two ways: 

(a) The value of 4) is prescribed on the boundary; 

(b) the value of ( on the boundary is deduced from the 

known gradient of 4)  at the boundary. 

An example of the first is a wall boundary at which the 

velocities are zero. The second case may be a symmetry axis, 

at which the gradient of cb is equal to zero. The implication 

of the latter is that: 
4)boundary 	near boundary' 

This 

condition is incorporated in to thefinite-difference equations 

by setting the coefficients of the boundary V's, in equations 

(3.3.12) equal to zero. 

3.4 	Solution Procedures 

3.4.1 	Classification of flow types  

The partial-differential equations governing the flow of 

heat, mass and momentum in the surface layer and their 

finite-difference equivalents were described in the 

preceding section. In this section, the methods of solving 

the latter are described. Three cases are discernible, 

depending on the methods of evaluating the pressure terms in 

the momentum equations. 

The first case, the simplest, is the "parabolic" case, in 

which the pressure terms are either known beforehand or are 

negligible. In the second case, the pressure terms are 
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significant and unknown, but their influences may 

travel only in the downstream direction. This is the 

"hyperbolic" case, applicable to supercritical (Froude 

number greater than unity) flow. problems. A solution 

sequence, based on the SIMPLE algorithm of Patankar and 

Spalding (1972) is employed. The solution is achieved by 

a single calculation sweep in a downstream marching- 

integration manner from the initial to the final plane of 

the flow domain. The third case, the "semi-elliptic" or 

"partially-parabolic" case applies to flows in which 

influences from downstream may travel upstream solely 

through pressure effects. This corresponds tc subcritical 

(Froude number less than unity) surface-layer flow problems. 

A repeated downstream marching-integration sequence, similar to those 

employed by Pratap (1975) and Singhal (1977) must now be employed. 

These three cases are now discussed in detail. 

3.4.2 	The "parabolic" case 

The task is to solve the finite-difference equation (3.3.17): 

cl) i,d - Ai ¢i±1,d + Bi ~
i-1,d + Ci .(3.3.17) 

For the variables U,V and T, respectively, equation (3.3.17) 

may be expressed as: 

U
. 

= AU U. 	+ B 	U. 	+ CU + DU (.P. 	-P 	);(3.4.1) 
1 1+1,d i i-1,d 	P 1,d 1,u 

v 	v 
	
cv 

Vi+Z,d = Ai Vi+1 z,d + Bi VI-1,d 

v (.P1f 1,d+Pi}1, u 	Pied
+P ,u 

) +O 
P 	 2 	2 

;(3.4.2) 

*NOTE: SIMPLE stands for Semi-Implicit Method for Pressure-
Linked Equations. 
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Ti,d 	
= A, Ti+1,d  + B. T.-1,d + CT 	3(3.4.3) 

where, 

D = {- ( V. -- V. , )/(pUzdx).}/D., 

.(3.4.4) 

DP E{, CVi+1 	Vi)/CpUzdy) . 	}/D. 

Since the pressures are either known or are negligible, in 

this case, all the coefficients of equations (3.4.1) - (3.4.3) 

can be explicitly calculated. The solution sequence is then 

as follows. 

(1) The values of the velocities (U) and (V) and 

temperature (T) are prescribed at the inlet plane. Their 

values, at the next downstream plane, must now be evaluated. 

(2) The coefficients of the finite-difference equations 

are calculated using values of the flow properties at the 

upstream plane. The U-velocity distribution is now obtained 

by the application of a single sweep of the Tri-diagonal 

Matrix Algorithm (TDMA) to the set of simultaneous equations 

(3.3.12) for U. The V-velocity and temperature distributions 

are similarly obtained. 

C3) The continuity equation: 

AV _ 	l,d  
Qyi,d 	(pUz)i,d 

,(3.4.5) 

is then used to compute the cross-stream locations of the 

grid nodes at the downstream plane. 

C4) Since upstream values of the flow properties were 

used in calculating the coefficients of the finite-difference 



56 

equations, the resulting solution may not be accurate. The 

coefficients are therefore recalculated with the most 

recently computed flow property values, and the whole 

calculation sequence repeated. About three such iterations 

are usually needed to obtain a converged solution. 

(5) The flow properties at this downstream plane are 

now fully determined. A new forward step is now taken to 

determine the flow properties at the next downstream location, 

utilising steps (2), (3) and (4). 

(6) The marching-integration process is continued until 

the final cross-stream plane is reached. The problem has 

then been fully solved. 

3.4.3 	The "hyperbolic" case 

In most flows of practical importance, the pressure distribu-

tion is not known "a priori", but must be calculated 

simultaneously with the other flow properties. However, in 

supercritical flows, pressure influences can only travel in 

the downstream direction. 

The solution sequence employed in this case is as follows: 

(1) The values of the flow properties are prescribed 

at the inlet plane as in the parabolic case, above. 

C2) 	At the first downstream plane, the coefficients of the 

finite-difference equations are similarly calculated, using 

upstream values of the flow properties. The downstream 

pressures are unknown so they are assigned guessed values 

Cusually the upstream ones). These are called P*s. 



where, 

ai+2 = tan 	(V) 	- Sin-1  ( 
 mh  

i+z 	PY'U 2 +U 2 

and, 
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The velocities and temperatures are then calculated from 

equations 03.4.9) _ 03.4.3). The computed velocities are: 

* 

Ui,d 

*  
= Ai 

Ui+1,d + B
i Ui-1,d + CU  + DP (Pi,d - P.  

,(3.4.6) 

* 	V * 
Vi+2id  = Al Vi

+11,d + 
Bi Vi_Z,d } CV  +  D

P  

* 	* 

(P1+1'd+
P 1 +1,U 	

P1,d+P1'u) 2 	+ 	2 
.(3.4.7) 

(The velocities are starred to indicate that they were 

calculated from guessed pressures.) 

(3) 	The continuity equation (3.4.5) is used to calculate 

the downstream cell-widths: 

* 	_ 	A i,d  
Ayi,d 	(pUz)I,d  

Ayi,d 	Ayi,u + dx (tan a. 

.(3.4.8) 

from the angles of 

- 	tan 	ai_,) ,(3.4.9) 

i+ t 

.(3.4.10) 

The cell-widths are also calculated 

inclination of the grid lines as: 

M" 
 

a. 	= tan-1  (V1 	- Sin-1  ( 	
h 	) 

1-2 
1-1 	 p Uz+v 2 

It is necessary, for kinematic compatibility, that the two 

cell-widths should be the same. However, this will only be 

true if the pressure field have been guessed correctly. This 

is not usually the case, so the kinematic compatibility errors 

are calculated from the differences in the two cell-widths. 
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The aim is to eliminate these errors by applying some corrections to the 

pressure field. This condition is used to derive a pressure-correction 

equation, which is solved by TDMA to yield the pressure corrections, p 's. 

The full derivation of the pressure-correction equation is presented in App.B. 

(4) 	The pressures, layer depths and velocities are 

corrected from: 

Pi, d 
	Pi,d 	Pi,d  

* 
z 	= z, 	+ z'. 
i,d 	i,d 	1,d 

	

* 	U 
U. 	= U. 	+ DP  (Pi,d ) 

.(3.4.11) 

V1 42,d 	Vi+Z,d + DP (Pi +1,d - 
Pi ed) 

2 

  

2 

(5) Because of the non-linearity of the differential. 

equations,it is necessary to repeat steps (2), (3) and (4), 

using updated coefficients. As in the parabolic case, 

about 3 iterations are required to obtain a converged 

solution. 

(6) The integration march then proceeds to the next 

forward step, and so on until the final cross-stream plane 

is reached. The solution is then complete. 

3.4.4 	The "partially-parabolic" case 

In subcritical flows, pressure influences can travel both 

upstream and downstream. If attention is restricted to the 

class of flows with a predominant flow direction in which 

convective influences always travel from upstream to down-

stream, the elliptic effects are then restricted solely to 

the pressures. Hence the terms "semi-elliptic" or 

"partially-parabolic": both terms being synonymous. The 

consequences of this are that: 
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Ci) 	the pressures for the whole flow field must be 

stored; 

(ii) 	a single marching-integration sweep from the initial 

to the final plane of the flow domain is inadequate for a 

complete solution: many sweeps are now required. The 

solution sequence for this case is as follows: 

(1) The values of the flow properties are prescribed at 

inlet, as previously. The whole two-dimensional pressure 

field is now assigned guessed values. 

(2) The coefficients of the finite-difference equations 

are calculated, as in the hyperbolic case. The temperatures 

and velocities are then evaluated. The velocities are 

evaluated from: 

*  

	

U. 	= A. Ui+1,d + B. Ui_1,d 
 + CU  + DP (Pied  - Pi,u ), 

and 

	

* 	= AV V* 	+ BV V * 1 	+  CV 	.(3.4.12) 
V1+1,d i 1+11,d 1 1-2,d 

* 	* 	* 	* 

+pV Pi
+1,d+Pi+1,u  Pi,d+Pi,u  

P ( 	2 	2 	)  

(3) Step three is as in the hyperbolic case. 	However, 

since both the upstream and downstream pressures are guessed, 

they should, in principle, both be corrected. But, if the 

marching-integration manner of the solution scheme is to be 

maintained, only. one set of pressures can be corrected at 

any cross-stream location, The upstream pressures are there-

fore corrected; the correction to the downstream pressures 

would be effected during the following integration step, and 

so on, until the final plane at which the pressures must be 

prescribed as boundary conditions. 



.(3.4.13) 

U. 1, d 
	U . 
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It would be recalled that, in the hyperbolic procedure, the downstream 

pressures are always corrected. One of the reasons for this difference 

in the treatments of subcritical and supercritical flows is that, to 

achieve a stable procedure it is necessary for the coefficients of the 

pressure-correction equation to be positive, and the present practice 

ensures that. The mathematical proof of this is shown in Appendix B. 

It should be noted that the pressure-correction equation is a "null-

equation" with all its terms tending to zero as convergence is approached. 

Only the terms that would lead to convergence need be included. 

(4) 	The flow properties are corrected as follows: 

P. i,u 
= P. 1,u 

P: l,u 

z. 
1, U 

* 
z i 	z ,u 	i,U  

V. , 	+ DV  (P1+1 ,u 	P1,u) 
Vi+2,d 	1+1 ,d 	P 	2 	2 

To ensure that the average pressure level, at the cross-section, 

remains unchanged, the corrected pressures must be reduced by the overall 

average of the pressure corrections. Thus, finally 

where, 

P. 	= P. 	- P' 
1,u 	1,u 

;(3.4.14) 

- 	1  	F, P' dy. 
(yE yI ) 	i,u 

Similarly, the layer depths must be adjusted, as 

z. 	= z. 	z' 	 (3.4.15) 
1,u 	1,u 

where, 

1  dy. CyE-yI) 	z1,u z 
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[5) 	The coefficients of the finite-difference equations 

are now recalculated, and steps C2), (3) and (4) are then 

repeated, as is done in the hyperbolic case. 

(6) If the flow is confined, the total calculated 

downstream flow width should be equal to the width of the 

confining duct. When this is not so, a uniform overall 

correction is applied to each of the pressures, layer 

depth and velocities at the downstream plane to ensure 

compatibility. The full derivation of the overall pressure 

and velocity corrections is given in Appendix C. The 

resulting correction equations are: 

P. 	= P 	+ P' 
1,d 	1,d 

zi,d 	zi,d } Z~ 	
.(3.4.16) 

U. 	= U. 	- D
u

' 
1,d 	1,d 	P 

This step is not necessary in the hyperbolic case, because 

overall continuity is automatically satisfied once local 

continuity is satisfied. 

(7) The integration march then proceeds to the next 

forward step, and so on until the final plane is reached. 

The whole solution sequence must now be repeated, using the 

newly calculated (and stored) pressure field as an improved 

guess of the actual pressure field. It is necessary to 

repeat these marching-integration sweeps of the whole flow 

domain until further sweeps do not produce appreciable 

change in the computed flow properties. The actual number 

of sweeps required is problem dependent. 
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3,4,5 	Summary 

The methods of achieving the solution of the finite-

difference equations for surface-layer flows increase in 

complexity in the order: parabolic; hyperbolic; partially-

parabolic. In all three cases, marching integration in the 

downstream direction is employed. 

In the parabolic case, the pressure field is known "a priori": 

the velocity and temperature fields are then simply evaluated, 

plane by plane. 

In the hyperbolic case, the pressure field is unknown and 

must be calculated. A guess-and-correct method is used to 

calculate the pressures and velocities: but, once the solution 

at any plane is obtained, it cannot be affected by events at 

any downstream plane. In the partially-parabolic case, the 

pressure field is also unknown, and a guess-and-correct 

method is used to compute the pressure and velocity fields. 

However, downstream effects can travel upstream through the 

pressures, hence a repeated marching-integration process is 

employed. 

3.5 	Calculation of Flows with Curvature 

To conclude this chapter, the procedure for calculating flows 

with curvature is described. Flow curvature occurs in 

surface layers either through the imposition of curved 

boundaries or through crossflow interaction. 
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3.5.1 	Rotating-grid system  

The rotating-grid system is employed in computing curved 

surface-layer flows. This is illustrated in Figure 3.6. 

The s-grid lines are lines along which the normalised stream 

functions, w are constant, and the n-grid lines are lines 

normal to a reference s-grid line, usually denoted by SI~. 

The U-velocities are in the direction of the reference 

s-grid line, and the V-velocities are normal to them, i.e., 

in the direction of the n-grid lines. 

In general, the radius of curvature, R and the angle of 

inclination, 0 of the s-grid lines are continously 

changing. They may be calculated for each cell by the 

following relations: 

 m 

+ tan
-1 

(Y) - sin-1 (e. =  	1) 	,(3.5.1) 
1I 
	

p (U

2

+V 2 ) 

and, 

R 
R ICL 

+ (ni-nI 	) ~ 

i - cos(ei - eI1 ) 
.(3.5.2) 

The latest computed values of the flow properties are used 

in these calculations. 

In bounded flows, the reference s-grid line is chosen as one 

of the boundaries. 
e I~L 

and 
R I L

L are then computed from the shape 

of the boundary. However, if the flow curvature is produced 

by crossflow interaction in surface-layer flows, the choice 

of the reference grid line is not so obvious. The jet 

trajectory must be computed by solving a jet-bending equation. 
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N Grid lines  

Fig.3.6: The Rotating (S-N) Grid System 
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The reference grid line is then assumed to lie on the computed 

trajectory. The relevant partial-differential equations are 

now described. 

3.5.2 	Relevant partial-differential equations  

The main difference between the rotating-grid system and the 

coordinate system derived for straight flows in section 3.3 

is the presence of curvature effects in the former. The terms 

representing the curvature effects are simply incorporated 

into the equations derived for straight flows. Such curvature 

terms have been employed by Pratap (1975) in the computation 

of flows in curved channels. 

The resulting equations are: 

Longitudinal momentum equation  

3U 	3U V_ a 	3U 	1 	3 	U 
77 + (a + bw) 8w + R 	aw (c aw) + pUz {m~ (UJ - an (zu ) 

+ 	(zu aU - zu U ) - z aP} TT R 	aS ;(3.5.3) 

Lateral momentum equation  

77 + (a + bw) 	- U = - 	(c āw ) 

+ pUz {m
v (V o-V) + R zu an - z āP} ;(3.5.4) 
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Temperature equation  

. DT + Ca + bw ) DT = a 
w ( c aT ) + 	1 	~m" CT -T) 

Ds 	TT). 	aw pUz V 0 

+ 
R 

(z P
T 

DT 
- 	(T - Ted)} ;(3.5.5) 

where, 

a, b and c are as defined, previously in section 3.3. 

Equations (3.5.3), (3.5.4) and (3.5.5) may be expressed in 

(stiw) coordinates in the general form: 

 .(3.5.61)D(12, = a 
(c ~) + d  + (a + bw -go-3 	w 	;co  

It will be noted that this is the same as equation (3.3.23), 

already discussed in sub-section 3.3.1 for straight flows. 

This similarity of equations is achieved by including all 

the curvature terms in the source term, d, which is given by: 

1 
d ~ pUz St - pUz CS 	+ Scp,u

). . (3.5.7 ) 

The source terms Scl),F and Sp u for the various Vs, are: 

Table 3.3: Source terms for surface-layer flows with 

curvature. 

¢ 
S
q,P 
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T 

-z 

-z 
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mV 
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mV 
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It may be noted that, if the flow is straight, R-4-co, all the 

curvature terms disappear. The source terms then reduce to 

those given for straight flows in Table 3.1. 

3.5.3 	Calculation of jet trajectory  

Most of the methods that have been used to calculate the 

trajectory of a jet in crossflow treat the jet as if it 

were a solid body, being deflected by the pressure-drag 

force acting normal to its axis. Such methods were applied 

by Abramovich (1963), Crowe and Riesenbieter (1967), Vizel 

and Mostinskii (1965), and Platten and Keffer (1968) to 

submerged circular jets in crossflow. 

The present method of calculation uses the concept that: 

(i) the jet is deflected by the net force acting on it 

in the direction normal to its axis, i.e., the sum of the 

pressure forces and the momentum of the entrained fluid, 

in this direction; 

(ii) the deflection is restrained by the total axial 

momentum of the jet. 

The jet-bending equation is then: 

E 	 E 
1 	

f zpU2dn = U sin 8 	C f m" dz + I m" dn) 
R T  CL T 	 y 	ICA 	

I,E 
	I  V 

E 
+ f z 

r 
. dn 	 .(3.5.8) 

I 
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The integrands are evaluated numerically, and the solution 

of the equation yields RI CL. 

A ICL 
 is then obtained from: 

61 d 	8 	u  .(3.5.9) 

The calculation sequence employed at any cross-stream 

location is: 

• Using upstream values of 
RI  CL 

and AI  CL , the momentum 

and temperature equations (3.5.1), (3.5.2) and (3.5.3) are 

first solved. The pressure-correction equations are then 

solved. 

The obtained velocity and pressure fields are used 

in equation (3.5.8) to evaluate RIUd. 	Subsequently, 
AICL 

 is 

calculated from equation (3.5.9). 

• The 8.'s and R.'s are now calculated from equation 
1 

C3.5.6) and (3.5.7). 	The solution of the momentum, 

temperature and pressure-correction equations is then 

repeated. 

• This iteration process is carried out until 

convergence is achieved. This usually requires about 8 

iterations for convergence. 
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3.6 	Concluding Remarks  

The mathematical basis of this study of surface-layer flows 

has been discussed in this chapter. The main features of 

the method of analysis are given in the first section. 

This is followed by a discussion of the governing partial-

differential equations and their discretization into finite-

difference ones. The procedures for solving these finite-

difference equations are then presented. The chapter 

concludes with a discussion of the special procedure 

developed for treating surface-layer flows with curvature. 

Application of the model to surface-layer flow problems 

will now be presented in subsequent chapters. 
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CHAPTER 4  

PREDICTION OF FLOWS WITH ANALYTICAL SOLUTION 

	

4.1 	Introduction  

In this chapter, numerical solutions of the differential equations are 

compared with analytical solutions to three flow problems. The first 

problem is the "uniform" flow of water within a curved 

domain. This is used to validate the parabolic procedure 

as well as the procedure for calculating flows with 

curvature. The second problem is the radial spreading of 

a buoyant surface pool of water. This serves to validate 

the hyperbolic procedure. Finally, the developing flow of 

water in a two-dimensional channel is predicted as a 

validation of the parabolic procedure in the presence of 

viscous effects. The analytical solutions of the first two 

problems are derived in this study, while the analytical 

solution to the third problem is presented by Schlichting 

(1968). 

	

4.2 	Uniform Flaw in Curved Domains 

4.2.1 	Problem specification  

To test the mathematical accuracy of the rotating-grid 

procedure, and the parabolic solution procedure, a flow 

situation is devised by superposing a curved flow domain on 

a uniform, constant-depth, constant-direction flow of 

water, The curved flow domain is defined by prescribing 

the boundary shapes. 
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Computations are performed for six flow configurations.. 

These configurations are illustrated in Figures 4.1Ca) and 

Cb). In all the six cases, the internal, CI) boundary is 

an arc of a circle of radius 12. In the first three cases, 

the external, CE) boundary is a circular arc of radius 14, 

with its centre displaced in the uniform flow direction by 

distances, a = 0, 1.0, and 1.9, respectively. In the 

remaining three cases, the E boundary is a straight line 

making angles, AE 	+14.3°, 0°, and -14.3°, respectively 

with the uniform flow direction. At the beginning of the 

calculation domain, the I-boundary makes an angle of 29°  

with the uniform flow direction, and at the end, the 

corresponding angle is -73°. The I-boundary is chosen as 

the reference s-grid line. 

4.2.2 	Computational details  

The computational details are as follows: 

Table 4.1: Computational details for the uniform-flow 

calculations. 

VARIABLE VALUE 

Number of cross-stream grids, 	N 11 

Number of forward steps 700 

Size 	
Rs 

2.5x10 -3  of forward step, 
T 

Number of iterations at any cross= 

stream station 5 

Computer time 	in CDC6600 secs 30 
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Fig.4.1:Calculation Domain for Uniform - Flow Computations 
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Boundary Conditions  

The boundary conditions are prescribed as follows: 

At inlet, 

U = U cos 61N ,  

V = Uy  sin 6IN , 

At the I and E boundaries, 

(4.2.1) 

au 
(an 

) I ,E  = 0 

(V)I,E  = U sin 6I,E ,  

(4.2.2) 

(mh) 	= pUy  sin I  , 

(mh ) 	= pUy  sin 8E 	. 
E 

4.2.3 	Results and discussion 

The exact solutions of the velocities is obtained by simply 

resoling the uniform flow velocity in the respective 

directions. Hence, the longitudinal velocity, U, at any 

cross-stream station, is given by: 

U 	cos 6I  

UIN 	cos 6
IN 

,(4.2.3) 

where, 

6I  is the angle of inclination of the reference 

s,-grid line [in this case, the I-boundary). 

The exact solution of the angle of inclination of the other 

s-grid lines, 6i, is obtained from geometrical consideration 

as shown in Appendix D. The result is: 



e 	
Ra,d Sin 0

Ird 	R. 	Sin  Sin OI,u  
,(4.2.4) R. 

 
i,d 

Cos 0,,t,Riau  Cos 0
I,u  
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where, 

R. is the distance from the nodal point of cell i 

to the centre of curvature of the I boundary. 

Figures 4,2 	4.7 show the results of the computations for 

the six cases described, Each of these figures show the 

computed s-grid lines, the comparison of the computed angles 

of inclination with the exact solution, and the comparison 

of the computed longitudinal velocity with the exact 

solution. The agreement is seen to be excellent in all cases; 

in spite of the high degrees of non-orthogonality of the 

computational grid lines in the last three cases. The maximum 

error in the computed longitudinal velocity was about 0.2%. 

These comparisons show that the parabolic solution procedure is 

correct, and that the rotating-grid procedure is mathematically accurate. 
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4.3 	The Radial Pool Problem 

4.3.1 	Problem specification 

To test the mathematical accuracy of the hyperbolic solution 

procedure, the steady supercritical flow of warm water 

issuing from a steady source and spreading radially above 

cold stagnant water is predicted. An exact analytical 

solution of this problem can be derived if heat and mass 

transfers to and from the pool are neglected. The derivation 

of the exact solution is given in Appendix E, Figure 4,8 

illustrates the flow situation and a typical grid distribution. 

Computations are performed for two test cases: 

Ci) 	Flow with initial Froude number = 1.19; 

Cii). 	Flow with initial Froude number = 9.36. 

4.3.2 	Computational details 

Preliminary calculations showed that the longitudinal 

velocity changed rapidly near the inlet, but more gradually 

further downstream, so an expanding grid is employed in the 

longitudinal direction. The practice is to increase the 

value of the forward step size, Sx, by a constant factor, 

FRA, as the marching integration progresses from the inlet 

to the exit plane. 	Tn each case, the exit plane is 40 

initial half-widths downstream. 
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Some important computational information are: 

Table 4.2: Computational details for the radial pool 

problem. 

FROUQE NUMBER 1.19 9.36 

Number of cross-stream grid 

points, 	N 20 20 

Number of forward steps 410 275 

Initial forward 1x10-2  4x10-2  step 	size, 

Incremental factor, 	FRA 1.01 1.01 

Number of iterations 	at each 

cross-stream plane 6 6 

Computer time 	in CDC 	6600 	secs. 112 80 

Grid-dependency tests are carried out in each case by 

varying N, 17, and FRA, Figures 4,a and 4.10. show the 

predicted longitudinal velocity variations, using various 

grid sizes, for the cases Fr, = 1,19 and 9.36, respectively. 

The low sensitivity of the predictions to the changes in 

grid sizes may be noted. 

Boundary Conditions 

The inlet conditions, and the conditions along the E boundary 

are prescribed from the exact solution, derived in Appendix E. 

There exists a unique relationship between the radial distance 

from the virtual origin of the flow to any point and the 

values of the flow variables, U, V and Z at that point. 

Hence, the variables are evaluated as follows: 

(1) 	The following equation is solved to yield Z, 

R 1/(C1 -2Xz ;(4.3.1) -QIN  = 0 
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(2) The lateral velocity, V, is then calculated from 

the relation, 

V=✓(C 1 -2Xz) sin 0 	 ;(4.3.2) 

(3) The longitudinal velocity, u is calculated from the 

relation, 

U=I(C1 -2?z) cos Q 	 ;(4.3.3) 

where, 

Pp g, 

C1 	= .U TN .~ 
2zIN, 

QIN = (11zR)IN, 

*R is the radial distance from the origin to 

the point, 

6 is the angle of inclination of the s-grid 

line to the x-axis, 

The I-boundary is a symmetry axis, hence, the following 

conditions are prescribed along it: 

VI = 0, 

3U 	0 
Dy 

az 
	O. 

ay 

(4.3.4) 

4.3.3 	Results and discussion 

The predictions of the longitudinal variations of the 

longitudinal velocity and the layer depth are comapred with 

the exact solutions, for the two Froude numbers in Figures 

4.11 and 4.12, respectively. It is seen that the agreement 

is excellent in both cases. It may, therefore, be concluded 

that the hyperbolic solution procedure is mathematically 

accurate. 

*NOTE: Since attention is confined to a segment of 1 radian, 

R is also equal to the length of the arc subtended by this 

angle. 
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4.4 	Subcritical Laminar Channel Flow 

  

4.4.1 	Problem specification 

   

Subcritical flows in channels are, in general, 

partially-parabolic. However, in the presence 

effects, the flows may often be treated as parabolic if 

elliptic or 

of viscous 

recirculation 

zones are absent. This occurs when the viscous forces 

predominate-over the-pressure forces, as is the. case in 

developing flows in straight channels. Schlichting (1968) 

presented an analytical solution of the developing flow in a 

two-dimensional channel. The solution was obtained by 

matching together two integration schemes: one being 

carried out in the downstream direction and the other in 

the upstream direction. The first scheme started from a 

plug profile and treated the problem as the development of 

boundary layers, along the walls, in an accelerated flow. 

The second scheme started from a fully-developed parabolic 

profile and calculated deviations from this asymptotic flow, 

in the upstream direction. The two solutions were then 

matched at a station where both still applied. 

4.4.2 	Computational details  

As with the previously reported computations, grid-dependency 

tests were carried out. The computational details for grid-

independent results are: 



89 

Table 4.3: Computational details for subcritical laminar channel flow. 

VARIABLE VALUE 

Number of cross-stream grid points, N 20 

Number of forward steps 100 
Sx 

Forward 	step size, 	1-57e 

10-3 

Number of iterations at each cross-

stream plane 3  

Computer time in CDC 	6600 secs. 6 

Boundary Conditions  

The initial and boundary conditions employed in the 

computations are: 

At inlet, 

U = UIN  
V 	= 	0 
	 . (4,4, 1 ) 

z = z  IN 

The I-boundary is a symmetry axis along which, 

aU 
āy 0 

V = 0 	 .(4.4.2) 

az = 0 
3y 

Finally, the E-boundary is a wall along which, 

U = 0 

V = 0 	 .(4.4.3) 

az 
āy 

0 
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4.4.3 	Results and discussion 

The rate of development of the laminar velocity profiles in 

the channel depends on the Reynolds number of the flow. 

This dependence is removed by normalising the axial distance 

from inlet with the Reynolds number, thus: 

_ 	x  
b Re 

.(4.4.4) 

The present predictions are compared with the analytical 

solution of Schlichting  in Figure 4.13. The agreement is seen 

to be quite good. 

4.5 	Concluding Remarks 

In this chapter, model predictions were compared with 

analytical solutions to three flow problems. The agreement 

was very good in each case. One of the comparisons showed 

that the rotating-grid procedure for computing layer flows 

with curvature is mathematically accurate. The parabolic 

and the hyperbolic solution procedures have also been 

validated. These lend confidence to the use of these 

procedures in the prediction of real flow situations in 

forthcoming chapters. 
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CHAPTER 5  

PREDICTION 'OF'HEATED 'SURFACE DISCHARGES  

5.1 	Introduction 

In this chapter, the predictions of heated surface discharges 

in both laboratory and field situations are reported. The 

extensive study of the available experimental data on heated 

surface discharges carried out by Dunn et al (1975) resulted 

in the conclusions that fairly accurate measurements in well-

controlled laboratory experiments existed, but the field 

measurements were not very reliable. Field data may therefore 

not be suitable for quantitative comparisons with mathematical 

models, although on average they will show the right qualitative 

trends. The objective of the present work is to achieve good 

quantitative comparisons with the laboratory data, whilst 

seeking only qualitative agreement with the field data. All 

the flows considered in this chapter are supercritical, so the 

hyperbolic solution procedure is employed throughout. 

The chapter commences with a discussion of the mathematical 

treatment of various physical phenomena affecting the 

dispersion of heated surface discharges. The predictions of 

laboratory discharges into stagnant surroundings are then 

presented, followed by the predictions of laboratory discharges 

into moving ambients. The chapter ends with the comparisons 

of the present model predictions with predictions by other 

authors of a few laboratory and field data. 

5.2 	Treatment of Relevant Fhysical Phenomena  

The flow and heat transfer of heated surface discharges are 

influenced by various physical phenomena. The ways in which 



93 

some of the most important are represented mathematically are 

discussed in this section. Special emphasis is laid on the 

simplicity of the models; 	in line with the philosophy of 

the present study. 

Entrainment of Ambient Fluid  

The most important means of jet dilution and temperature 

reduction in the near-field is through the entrainment of 

ambient fluid. Vertical entrainment through the bottom of 

the layer is, in general, much more important than lateral 

entrainment through the sides, because of the much larger 

surface area of the former. 

The vertical entrainment rate is calculated from the relation: 

= 	E p (U - Uo ) ,(5.2.1) 

where, 

E is the entrainment coefficient, which incorporates 

the effect of buoyancy in damping turbulent entrain-

ment. It may be deduced from the experimental data 

of Chu and Vanvari (1975) as: 

E = 0.048e
-12.5Ri  

,(5.2.2) 

where, 

Ri is the overall Richardson number. 

The lateral entrainment rate is calculated from the relation: 

mh = h  p (U - o  

where, 

ah  = 0.048. 

, (5,2.3) 
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Layer Spreading 

The rate of spread of the surface layer is prescribed 

indirectly by specifying the lateral velocity boundary 

condition at the edge of the layer, This is taken as the 

sum of a buoyant and a non-buoyant contributions. The 

buoyant contribution is taken as equal to the rate of spread 

of density wedges, deduced by Benjamin (1968) and Kao (1977) 

as: 

U(db ) = (2.0 pp 
	 0.z) 2  

dx buoyant 
.(5.2.4) 

The non-buoyant contribution is taken as the rate of spread 

of non-buoyant two-dimensional jets, thus: 

(db ) 	 = 0.22 
non-buoyant 

.(5.2.5) 

Therefore at the E-boundary, the lateral velocity boundary 

condition is 

VE  = 0.22 UE  + (2.0 
2

gz5 ) .(5.2.6) 

Surface Heat Transfer 

Heat is transferred to and from the water surface by the 

processes of convection, conduction, evaporation, radiation 

condensation, etc. There exist many elaborate methods for 

calculating each of these contributions, Spalding (1975) and 

Stolzenbach (1976). presented some of these. The method adapted 

here is to lump the effects of all these together in a heat 

transfer rate 0", which is calculated from the relation: 

Q" = - a (T - Teq) 	 ,(5.2.7) 

*NOTE: This treatment ensures that when the jet is highly 
buoyant, the buoyant contribution dominates, and when 
the jet is only mildly buoyant, the non-buoyant 
contribution dominates. 
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where, 

a is the heat transfer coefficient, 

and 
	

Teq  is the equilibrium temperature, i.e., the 

temperature that the water body would attain in 

the absence of the discharge. 

Both T 	and a depend on several factors which are usually 
eq  

difficult to determine. Stolzenbach C1976) argued that Teq  

could be replaced by the ambient temperature To, if a was 

suitably adjusted. Experimental studies show that a is of 

order 0.001 - 0.003. The higher value is used in the present 

calculations except, where a different value is suggested by 

the authors of the experimental data. Sundaram and Wu (1973) 

argued that surface heat transfer is relatively unimportant 

in the near-field, in which the present model and most of the 

other existing mathematical models are valid. The present 

calculations do show this to be true, but it is, nevertheless 

included, in this model, for completeness, and because it does 

not introduce additional complexities. 

Wind Effects  

For heated surface discharges into natural water bodies, the 

wind exerts a shear stress, Ts  on the water surface which may 

be calculated from the relation: 

Ts 	z Cf pai
r Uw C5.2.8) 

where, 

Cf/2 is  the shear-stress coefficient having a magnitude 

of about 0.003, 
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and, 	U is the wind speed at some short distance above 
w 

the water surface. A formula for calculating this 

distance, based on field data, is presented by 

Sundaram and Wu (1973). 

In the present numerical model, the x and y components of 

the wind shear stress are included as source terms of the 

respective momentum equations. 

Equation of State 

The equation of state relates density variations to the 

salinity, temperature, constituent concentration and pressure 

of the layer. 

In the heated surface discharges being investigated, only the 

effects of temperatures are important: fresh-water flow is 

presumed. Many sophisticated formulae for relating density to 

temperature variations exist in the oceangraphic literature, 

for example, Hill (1962). 	However, a simple relation is used 

in this case, namely 

Ap _ 
p 

- 5AT 	 ,(5.2.9) 

where, 

Ap = Po 	P 

AT - To 	T, 

and 	$ is the coefficient of expansion pf water. 

The value of R varies with temperature, so an average value 

for the temperature range of the experimental measurements is 

used. 
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5.3 	Computational Details 

In discharges into stagnant ambients, only one half of the 

layer needs to be treated, resulting in a saving in the 

computational grid requirement. However, in discharges into 

crossflowing streams, or when a transversely-blowing wind is 

present, the whole layer needs to be considered. Temperature 

decay is usually more rapid near the discharge than further 

downstream, so small forward step sizes are taken in the 

earlier region. The practice adopted is to increase the 

next forward step size by a constant factor, FRA, after each 

forward step has been taken. Grid-dependency tests are 

carried out to ensure that the presented results are independent 

of the grid sizes in both directions. 

Some typical computational details are tabulated below, for 

discharges into both stagnant* and crossflowing ambients. 

Table 5.1: Computational details for the predictions of 

heated surface discharges. 

VARIABLE 
Value for 
Stagnant 
Ambient 

Value for 
Crossflowing 
Ambient 

Number of cross-stream grid points,N 11 19 

Number of forward steps 200 140 

Initial size of forward step, .x 0.06 0.15 

Incremental 	factor, 	FRA 1.01 1.01 

Number of iterations at each cross- 

stream station 3 8 

Computer time in CDC 6600 secs 40 100 

*NOTE: The computational details for discharges into coflowing 
ambients are similar to those for stagnant ambient 
discharges. 
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Boundary Conditions 

The initial conditions are prescribed as uniform everywhere, 

thus: 

At inlet, 

U = UIN  

v=0 

z 	TN 

T = T IN 

.(5.3.1) 

In the discharges into stagnant or coflowing surroundings, 

the I-boundary is a symmetry axis, along which, 

V = 0 
.(5.3.2) 

az = 0 
ay 

aT = 0  
ay 

The E-boundary is a free boundary, with the following prescribed 

conditions: 

āy 
au =0  

VE  = 0.22  UE  } (.2 . 0 p g zE)  z 

az 
R a 

ā 

aT = 0 
ay 

C5,3,3) 

In the discharges into crossflowing surroundings, both the 

I- and E--boundaries are free boundaries: one spreading in 

the direction of the ambient crossflow and the other against it. 
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The prescribed boundary conditions are: 

Cān1 	= 
I,E 

Vl 	= V0  - 0.
22 UE 

 
C2.0    

Pp g 
z T  ) 

= Vo  + 0.22 UE  + C2.0 
Pp 
 gzE) 

= 0 
1,E 

(!T ) 	= 0 
an  I,E 

VE  
,(5.3.4) 

where, 

Vo  is the lateral component of the crossflow velocity. 

5.4 	Prediction of Laboratory Discharges into 

Stagnant Surroundings 

Of the numerous experimental investigations of heated discharges 

into stagnant surroundings 	(see Table 2.1),the ones with the 

most detailed measurements are those of Pande and Rajaratnam 

(1975b) and Wiuff (1977). 	Pande and Rajaratnam investigated 

five discharge flow conditions of which three are suitable for 

comparison with the present predictions. Wiuff investigated 

only one discharge flow condition; with the experiment being 

repeated several times. The present predictions are compared 

extensively to these four data sets. 

The characteristic conditions of the discharges are: 

Table 5.2: Discharge parameters for the main comparisons. 

Run Discharge 
Fr.oude. Number. .. 

Initial 
P•s.p.ect.Rati..o Authors 

1 2,59 1.00 
Pande and 

2 1,E7 1.00 
Rajaratnam 	C1975b) 

3 1 ..3.2 3...06. 

4 3.60 4,.40. Wiuff 	0.1977) 
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The present predictions are also compared to centre-line 

temperature decay data by Stolzenbach and Harleman C1971), 

Tamai et al 01969), and Hayashi and Shuto C1967). 

In all the results presented in this section, the temperatures 

are normalised as, 

T 	T 
T +  _ 	°  

T IN-To  
;(5.4.1) 

the velocities are normalised as, 

U+  
U 

;(5.4.2) 
UIN  

and the distances are normalised as, 

+ 	x  
x  = p  , 

y 	D ' 
(5.4.3) 

and 	z = ō , 

where, 

D is the square root of the initial area of the 

discharge. 

Figure 5.4.1 shows the comparison of the predicted lateral 

temperature distributions, at 8 cross-stream planes, to the 

experimental measurements of Run 1, (Froude number = 2.59.) 

The agreement is been to b.e fairly good. It may be noted 

that, at planes near the outfall, the predictions do not 

extend laterally as far as the measurements. The reason for 

this is that the predictions are necessarily restricted to the 

main region of the jet in which the flow remains supercritical. 

The computation of mixed supercritical/subcritical flow is beyond the scope 

of the present study. It is seen that the predicted profiles spread almost 

linearly, in agreement with most experimental observations of warm surface jets. 
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Figure 5.4.2 shows the comparison of the predicted lateral 

distributions of the longitudinal velocities, at 9 cross-stream 

planes, with the measurements for the same experimental run. 

The agreement is also fairly good. Similar comparisons are 

shown for the remaining two experimental runs of Pande and 

Rajaratnam, (Froude numbers = 1.67 and 1.32) in Figures 5.4.3 

and 5.4.4, and Figures 5.4.5 and 5.4.6, respectively. The 

agreement is seen to be mostly satisfactory, with the tempera-

ture predictions being somewhat the better. Figures 5.4.7 - 5.4.9 

show the decays of the centre-line temperatures, for the 3 runs, 

and Figures 5.4.10 - 5.4.12 show the decays of the centre-line 

velocities. These are seen to be well predicted. Figure 

5.4.13 shows the predicted temperature and velocity contours 

for Run 1. The temperature contours are in the upper half, 

and the velocity contours are in the lower half of this figure. 

It is seen that the temperatures decay faster than the velocities 

and the area within any given isotherm is smaller than the 

area within the corresponding isovel. These effects are even 

more pronounced in the contours for the Froude number = 1.67 

case, shown in Figure 5.4.14. The reason for this is that the 

buoyancy produces an acceleration, through the pressure 

gradients, which increases the velocities but has no direct 

effect on the temperatures. This buoyancy effect becomes 

stronger as the Froude number decreases. Figure 5.4.15 shows 

the predicted contours for the Froude number = 1,32 case. 

The temperature contours are seen to be quite flat near the 

centre-line and the maximum temperatures are sometimes 



A Data of Pande et al (1975b) 

	 Present prediction 

0.0 

0.0 

0.0 

0 .0 

0 0 

0.0 

0.0 

0.0 

A • 	6.4 ~■ 
0.0 	I I I I , •s 	~A ,   	0.0 
-70-60-60-40-30-20-10 0 10 20 30 40 60 60 70 

Y 

D 

FIG. 5.4.2: PREDICTION OF THE LONGITUDINAL VELOCITY DISTRIBUTION 

IN A HEATED SURFACE DISCHARGE; FR=2.59, A.R.=1. 

103 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

I 	I 	I 	I 	I 	I 	I 	I 	I 	I 	I 	I 	I 

51.2 

A► 	AA 44.8 

38.4 

A4.04A AA6aaxamA 

AA 32 0 

• ••• 25.6 

19.2 

12.8 

• 



0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

6.4 

FIG. 5.4.3: PREDICTION OF THE TEMPERATURE DISTRIBUTION TN 

0.0 

T - T 
0 

TIN-T o 44.8 

38.4 

0.0 

0.0 - 

,n. 

32.0 0.0 

1 	1 	t 	1 	1 	r 	1 	I 	r 	r 	1 	I 

x 
D 

0.0 `-- 	 57.6 

0.0 - 	 51.2 

AAAA 

~► ~~~ 	 AAAA 25.6 

wwAAw 4 7 atiAA 
19.2 

12.8 

0.0 

0.0 

0.0 

A 	Data of Pande et al (1975b) 

	 Present prediction 

'104 



105 

A 	DATA OF PANDE ET AL (1975b) 
	 PRESENT PREDICTION 

X 
o 	 p 

aaaa 	 aaaa A 	 a 57.6 

a~a~a 	aaaaaaa 
51.2 

~aa 	 a 	
44.8 

AAA 

0.0 

0.0 

0.0 

0.0 38.4 

25.6 

19.2 

  

0.0 

0.0 

r-- 

 

 

 

0.0 

0.0 

 

 

 

 

  

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

A A 
0.0 •  t 	 i 	 ► 	~a 	i 	0.0 
-70-60-50-40-30-20-10 0 

Y 
Ō 

FIG. 5.4.4: PREDICTION OF THE LONGITUDINAL VELOCITY DISīRIBUTION 

IN A HEATED SURFACE DISCHARGE, FR=1.67, A.R.=1. 

10 20 30 40 50 60 70 

12.8 

6.4 



0.0 

• 

0.0 T - T 
0  

TIN-T0  

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 
-40 

106 

• Data of Pande et al (1975b) 

	Present Prediction 

X 
D 

32.0 

A AA L  

28.5 

4u► 
24.9 

A AA 	∎AAA AAA 
17.8 

• 0 14.2 

A 11.7 

ACAN 
44r 	7.1 

V y 
46/1 \IL  

0.0 I 	I 	I 	I 	I 	I 	I 
-30 -20 -10 0 10 20 30 40 

Y 

D 

3.6 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

FIG. 5.4.5: PREDICTION OF THE TEMPERATURE DISTRIBUTION IN A 

HEATED SURFACE DISCHARGE; FR=1.32, A.R.=3.06 



A 	Data of Pande et al (1975b) 
	 Present prediction 

X 
Ō 

107 

0.0 0.0 

0.0 0.0 

A 24.9 A 
0.0 0.0 

U 
A 	 A 

A 	 A UIN  

0.0 

21.3 

0.0 

17.8 

0.0 0.0 

14.2 

0.0 

AAA  
rir • Mt  

0.0 
A 	• 	A 

A 	 A 

A 
0.0 0.0 

A 

0.0 0.0 

A 	A 
A 	A 

0.0 	1 	1 	1 	t  
-40 -30 -20 -10 0 10 

0.0 
20 30  40 

Ō 

FIG. 5.4.6: PREDICTION OF THE LONGITUDINAL VELOCITY DISTRIBUTION 

IN A HEATED SURFACE DISCHARGE; FR=1.32, A.P,.=3.06. 



0 6 10 15 20 25 30 35 40 45 60 66 60 
X 
D 

T -To  

TIN-T o  

1.3 
1.2 
1.1 
1.0 
0.9 
0.8 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 
0.0 

108 

1.3 
1.2 
1.1 
1.0 
0.9 
0.8 
0.7 
0.6 
0.6 
0.4 
0.3 
0.2 
0.1 
0.00 	 5 10 16 20 25 30 35 40 45 60 65 60 

FIG. 5.4.7: CENTRE-LINE TEMPERATURE DECAY; 
FR=2.59, A.R.=1. 

 

1.3 	 
1.2 
1.1 
1.0 
0.9 -
0.8 -
0.7 -
0.6 -
0.6 -
0.4 -
0.3 -
0.2 
0.1 
0.00 6 

   

    

    

   

   

    

    

  

10 15 20 26 30 3b 40 45 50 56X  60 

D 

FIG. 5.4.8: CENTRE-LINE TEMPERATURE DECAY; 
FR=1:-67, A.R.=1. 

FIG. 5.4.9: CENTRE-LINE TEMPERATURE DECAY; 
FR=1.32, A.R.=3.06. 



10 Q 

1.3 
1.2- 
1.1 
1.0 
0.9 
0.8 
0.7 
0.6 
0.6 
0.4 
0.3 
0.2 
0.1 
0.00  

0  Data of Pande et al (1975b) 
---Present  prediction 

10 15 20 25 30 35 	50 65 40 46 

X 
D 

FIG. 5.4.10: CENTRE-LINE VELOCITY DECAY; 
FR=2.59, A.R.=1. 

5 60 

UIN  

1.3 
1.2 
1.1 
1.0 
0.9 
0.8 
0.7 
0.6 
0.6 
0.4 
0.3 
0.2 
0.1 
0.00  

15 20 25 30 36 40 45 60 65 60 

X 
D 

FIG. 5.4.11: CENTRE-LINE VELOCITY DECAY; 
FR=1.67, A.R.=1. 

UIN 

1.3 
1.2 
1.1 
1.0 
0.9 
0.8 
0.7 
0.6 
0.6 
0.4 
0.3 
0.2 
0.1 
0.00  

6 10 15 20 25 30 36 40 46 60X  55 50 

D 

FIG. 5.4.12: CENTRE-LINE VELOCITY DECAY;  
FR=1.32, A.R.=3.06. 



FIG. 5.4.13: PREDICTED TEMPERATURE AND VELOCITY CONTOURS; 
FR=2.59, A.R.=1, 

Temerature 
Contours 

Velocity 
Contours 

110 

	.x 



111 

Temperature 
Contours 

Y 

25 	 .3 	50 

.4 

Velocity 
Contours 

FIGURE 5.4.14:  PREDICTED TEMPERATURE AND VELOCITY CONTOURS; 
FR=1.67, A.R.=1. 



Temperature 
Contours 

20 

Velocity 
Contours 

FIG. 5.4.15: 	PREDICTED TEMPERATURE AND VELOCITY CONTOURS; 
FR=1.32, A.R.=3.06. 

112 



112 

displaced away from the centre-line, It appears that the 

buoyancy effects are so strong, in this case, that the 

higher temperatures are convected, laterally, away from the 

centre-line. 

In Figure 5.4.16, the predicted longitudinal variation of the 

centre-line layer depth and the average cross-sectional layer 

depth are compared with the corresponding measurements of the 

temperature and velocity half-depths, for the case of Froude number 

= 2.59. The present mathematical formulation assumes that the 

temperature and velocity layer depths are the same. These appear 

to lie around the average of the temperature and velocity half-

depths presented in Figure 5.4.16. Figure 5.4.17 shows 

similar comparisons for the case of Froude number = 1.67. On the 

whole, the temperature half-depths seem bigger than the velocity 

half-depth, and the predicted layer depth appear to agree better 

with the latter. Figure 5.4.18 shows the comparisons of the 

predicted and measured layer depths for the lowest Froude 

number case. The velocity layer depths are consistently 

bigger, in this case, and the predicted depths are seen to 

agree well with them. 

The comparisons of the present predictions with Wiuff's 

experimental data (Run 4) are now presented. The predicted 

lateral distributions of temperature are compared with measured 

data, at seven cross-stream planes, in Figure 5,4.19. The 

horizontal line at the end of each curve indicates the 

presumed boundary condition, which appears to agree well with 

the trend of the data; though the lateral extents of the data 

`NOTE: The velocity or temperature half-depth is defined as 
the depth at which the value of the velocity or 
temperature is equal to half the surface value. 
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are greater than those of the predictions, as previously 

discussed. The agreement between the predictions and the 

data is fair, though, in the last few cross-stream planes, 

the measured temperature profiles appear flatter than 

predicted. Figure 5,4.20 shows the comparison of the 

predicted lateral distributions of the longitudinal velocity, 

at eight cross-stream planes, with the measured ones. The 

agreement seems fairly good. The centre-line temperature 

and velocity decays are shown in Figures 5.4.21 and 5.4.22, 

respectively. The agreement is also fair. The scatter 

in the measured velocities is probably due to the 

velocity measurements having been made over many experimental 

runs. Figure 5.4.23 shows a comparison of the predicted 

lateral distributions of the transverse velocities, at six 

cross-stream planes, with the measured data. The agreement 

appears satisfactory. 

The present predictions are now compared with other experimental 

data as tabulated below: 

Table 5.3:  Discharge parameters for the other predictions. 

Run 
Discharge 

Froude Number 
Initial 

Aspect Ratio 
Authors 

1 2.35 0.35 

2 4.44 5.8 Stolzenbach and 

3 5.22 2.4 
Harleman 	C1971) 

4 6.66 0.51 

5 	9..56 1,0 

6 1.55 	 1,0 Hayas-  i 	and 
Shuto 	C1969) 

7 3.30 1,0 

8 8,40 1,0 Tamm, Wiegel 

9 9.50 1,0 and 

10 11.0 1.0 Tornberg 	(1969) 

11 	.. 11..3 1.0 
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In most of these experiments, only temperature measurements 

were undertaken; even then only centre-line decays were 

presented. Tn a few cases, the temperature half-widths and 

half-depths were also presented. The present predictions are 

compared only with the measured centre-line temperature decays. 

Figures 5.4.24 - 5.4.32 show these comparisons. 	In two cases, 

two data sets with similar initial conditions have been plotted 

together. These are runs 5 and 9, (Froude numbers = 9.56 and 

9.50, respectively), and runs 10 and 11, (Froude numbers = 

11.0 and 11.3, respectively). In each case the aspect ratio 

is equal to 1.0. The agreement is seen to be mostly satisfactory 

in all cases. 

From the comparisons of the present model predictions with a 

wide range of experimental data, it may be concluded that 

the present numerical model is capable of predicting heated 

surface discharges into stagnant ambients, under laboratory 

conditions, fairly well. 

5.5 	Prediction of Laboratory Discharges into Moving 

Ambient Fluid 

Heated surface discharges into moving surroundings may be 

classified into two categories, depending on whether the 

ambient fluid is coflowing or crossflowing. 	In this section, 

the predictions of discharges into coflowing ambients are 

presented first, followed by the predictions of discharges 

into crossflowing ambients. 

*NOTE: A possible third category of discharges into counter- 
flowing ambient fluid is beyond the scope of the 
present work. 
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5,5,1 Discharges into Coflowing Ambients 

No suitable laboratory measurements of heated surface discharges 

into coflowing streams were found in the literature, so a 

parametric study is carried out numerically to snow the 

effects of: 

(a) ambient to laver fluid velocity ratio; 

(b) initial aspect ratio of the layer; and 

(c) discharge densimetric Froude number. 

The test conditions for the parametric study are tabulated 

below. 

Table 5.4: Flow parameters employed in "coflow" predictions. 

DISCHARGE 
FROUDE NUMBER 

INITIAL ASPECT 
RATIO 

AMBIENT TO LAYER 
FLUID VELOCITY RATIO 

4 4 0.0 

4 4 0.4 

4 4 0.8 

4 4 1.0 

4 4 2.0 

4 1 0.4 

4 2 0.4 

4 8 0.4 

4 16 0..4 

2 4 0.4 

8 4 0.4 

16 4 0.4 

Figure 5.5.1 shows the effect of the velocity ratio on the 

predicted longitudinal variations of the temperature, velocity, 
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and layer depths along the centre-line. As expected, the 

flow with the velocity ratio of 9 had the slowest temperature 

decay rate, followed by the flow with velocity ratio of 0.8. 

There is very little difference between the temperature decay 

rates of the remaining three flows. The layer velocities appear 

to be approaching the ambient fluid velocity asymptotically. 

The layer depths seem to be greatly influenced by the velocity 

ratio. The asymptotic depth of the flow with the velocity 

ratio of 1 is about 0.1D, while that of the flow with zero 

velocity ratio is about 0.4D. An unexpected result is that 

the flow with velocity ratio of 0.4 continued to increase in 

depth and, lower in temperature more rapidly than the other 

flows, after 80 diameters, when the others had more or less 

stabilised. 

Figure 5.5.2 shows the effect of aspect ratio on the variations 

of the temperature velocity and layer depth along the centre-

line. It is seen that the effect of aspect ratio on the 

centre-line temperature and velocity is minimal. The effect 

of aspect ratio on the layer depths is more noticeable. At 

about 7 diameters downstream, the layer depths converge to a 

value of about 0.30, before diverging again. Larger layer 

depths are predicted, the smaller the aspect ratio. 

The effect of discharge Froude number on the same layer 

characteristics, as above, is shown in Figure 5,5.3. Slower 

temperature decay is predicted, the higher the discharge 

Froude number. The predicted layer depth increases with 

increase in Froude number, The velocity variations are not so 

prominent, and show no clear pattern with changes in Froude 

number. 
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5.5.2 Discharges into crossflowing ambients 

The present surface-layer model and other surface-jet models 

should, strictly speaking, not be used to predict surface 

discharges into crossflowing ambients in which the ambient 

to discharge velocity ratio is greater than about 0.2. At 

higher velocity ratios, the crossflow may interact with the 

discharge to such an extent that a well-defined layer or jet 

may no longer exist. Observations by Sundaram and Wu (1973) 

show that the layer may become skewed, so  that there is warm 

water underlying colder water on the downstream side of the 

crossflow. This condition is clearly unstable. Carter (1969) 

observed that the layer may be pushed against shore, on the 

lee-side, and the entrainment is thus cut off on this side. 

The entrainment requirements on the lee-side may then be 

satisfied by the recirculation and re-entrainment of already 

diluted warm-layer water. There are so many factors affecting 

the flow situation, under these circumstances that a full three-

dimensional analysis of the whole flow domain may be required. 

In this sub-section, predictions based on the present model are compared with 

three sets of experimental data by Stolzenbach and Harleman 

(1971), and another three sets by Stefan et al (1975). 
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The experimental conditions are tabulated below: 

Table 5.5: Discharge parameters for crossflow experiments. 

Run 
Discharge 

Froude Number 
Initial 

Aspect Ratio 

Ambient to 
Discharge 

Velocity Ratio 
Authors 

1 4.10 0.51 0.115 Stolzenbach 

2 5.85 0.51 0.087 and 

3 6.60 0.51 0.115 HarlemanC1971) 

4 3.25 1.0 0.41 Stefan, 

5 3.25 2.4 0.41 Bergstedt, 	and 

6 3.25 4.8 0.41 Mrosla 	(1975) 

Comments 

Two comments on the values of the ambient-to-discharge 

velocity ratios are necessary:- 

( i ) 	In Stolzenbach and Harleman's experiments, the cross- 

flow velocity was non-uniform, its profile being given by: 

where, 

U = U 	e  - 0. 64 ZĪN  (z  x 	50) 2  
o 	max 	 IN 

,(5.5.1) 

U
max is the value used to calculate the ratio given in 

the table, and all distances are in meters. 

(ii). 	In Stefan et al's experiments, the value of the ambient- 

to-discharge velocity ratio of 0,41 is higher than the limit 

suggested in the earlier discussion as appropriate for the 

application of surface-jet models, However, the experiments 

were carried out primarily to investigate the initial region 

of the jet, and the crossflow-was applied only in this region. 
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The effect was, therefore, not as adverse as might have 

been expected, and surface-jet models may be validly applied. 

The present predictions are compared with the experimental 

data of Stolzenbach and Harleman in Figures 5,5.4 -- 5.5.6. 

The predicted centre-line temperature decay and jet trajectory 

are compared with the first set of experimental data in 

Figure 5.5.4. The trajectory appears to be correctly 

predicted. The temperature decay is well predicted up to about 

40 diameters, after which, the data show a rise in temperature, 

while the predicted temperature continues to fall. The 

mechanism for this rise in temperature is not known. It may 

be due to thermal instabilities or jet-meandering, both of 

which have been observed in many thermal plumes. In any case, 

there are too few measurements in this region for a definite 

statement to be made. Figure 5.5.5 shows similar comparisons 

for Run 2. In this case, the temperature decay is fairly well 

predicted, but there is some deviation in the predicted 

trajectory. Figure 5.5.6 shows the temperature decay for 

Run 3. The agreement of the prediction with the experiment 

is seen to be good. 

The predictions of Stefan et al's data are presented in 

Figures 5.5.7 - 5.5.10. 	As was stated earlier, these 

experiments were performed to study the zone of flow establish-

ment in heated water surface jets, so all the measurements 

were made at distances less than 12 diameters from the discharge 

port. Figure 5,5.7 shows the decays of the centre line 

temperature and velocity for the experimental run with aspect 

ratio of 1.0. The temperature decay is fairly well predicted, 
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but the measured velocity appears to decay faster than 

predicted, in the downstream region. The centre-line 

temperature and velocity decays for the other two experimental 

runs, with aspect ratios of 2.4 and 4.8, are presented in 

Figures 5.5.8 and 5.5.9, respectively. 	In these cases also, 

the predictions of the temperature decays are fair. In one 

case, the velocity decay is slightly under-predicted, while 

in the other case it is slightly over-predicted. 

In analogy with the potential core in non-buoyant jet flows, 

it is commonly assumed that there is a zone of flow establish-

ment within which the centre-line velocity and temperature remain 

constant. These measurements, in agreement with the predictions, 

show that the velocity and temperature do not, in fact, remain 

constant, but vary gradually right from the discharge port. 

Figure 5.5.10 shows the comparisons of the predicted jet 

trajectories with the measurements, for the three experimental 

runs. The agreement appears satisfactory. The ability of the 

crossflow to bend over the jet is seen to decrease with increase 

in aspect ratio. 

To complete the crossflow predictions presented in this sub-

section, some temperature contours and cross-stream profiles 

are shown for Stolzenbach and Harleman's data, run 2 (.Froude 
d 

number = 5.85,  max - .087) t  in Figure 5,5,11. The corresponding 
'IN 

velocity contours and profiles are shown in Figure 5,5.12. 

The temperature and velocity contours are fairly similar, 

indicating that the buoyancy effects are not very prominent. 
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FIG. 5.5.11: PREDICTED TEMPERATURE CONTOURS AND PROFILES; 
V 

FR=5.85, 	° -0.087, A.R.=0.51. 
UIN 



142 

FIG. 5.5.12: PREDICTED VELOCITY CONTOURS AND PROFILES; 
V 

FR=5.85, 	°  -0.087, A.R.=0.51, 
UIN  
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The comparison of the present model predictions with the 

relatively small range of suitable experimental data found 

in the literature shows that the model could satisfactorily 

predict heated surface discharges into crossflowing ambient 

fluid. 

5.6 	Comparison of the Present Predictions with Other 

Model Predictions 

In this section, the present model predictions are compared 

with model predictions by other authors. 	The test conditions 

for the first set of comparisons are those of two of Stolzenbach 

and Harleman's experiments discussed in Section 5.4. These are: 

Run 2, (Fr. = 4.44 and A.R. = 5.8), and 

Run 5, (Fr. = 9.56 and A.R. = 1.0). 

Predictions by the integral models of Stolzenbach and Harleman, 

and Prych and the semi-empirical model of Pritchard are compared 

with the present predictions and the experimental data. The 

comparisons of the longitudinal variations of the centre-line 

temperature decay, half-width and half-depth are shown in 

Figure 5.6.1, for Run 2. There is nothing to choose between 

the two integral models and the present model predictions, 

though the Stolzenbach and Harleman's model is slightly 

superior in predicting the half-width, and the present one is 

slightly superior in predicting the depth, The semi-empirical 

model performed very poorly. Figure 5.6,2 show similar 

comparisons for Run 5, The statements made above also apply 

* NOTE: These predictions are adapted from Dunn et al [1975). 
The models have been reviewed in Chapter 2. 
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in this case. The reason that Pritchard's model performed 

so poorly is probably that the predictions with this model 

depend greatly on the type of experimental data which have 

been used to calibrate it. 

The second set of comparisons is between the three-dimensional 

numerical model predictions of McGuirk and Rodi (1978b), and 

the present model predictions, of Pande and Rajaratnam's 

experimental data discussed in Section 5.4. The test conditions 

are: 

Run 1, (Fr. = 2.59, A.R. = 1), 

Run 2, (Fr. = 1.67, A.R. = 1), and 

Run 3, (Fr. = 1.32, A.R. = 3.06). 

Figure 5.6.3 shows the predictions of the centre-line 

temperature decays for the three runs. McGuirk and Rodi's 

model consistently predicts higher temperatures, near the 

outfall, and lower temperatures, further downstream, than the 

present model. The present model predictions are slightly 

better. 	Figure 5.6.4 shows the predictions of the centre- 

line velocity decay for Runs 1 and 3. The same trend as for 

the temperature predictions is repeated. However, the sharp 

rise in velocity near the outfall predicted by the present 

model is not predicted by McGuirk and Rodi's model, which 

indicates that the latter is not as sensitive to buoyancy 

effects. 

Tt may be concluded that the present model would perform as 

well if not better than,the most popular models currently in 

use for predicting heated surface discharges into stagnant 

ambient fluid. 
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5.7 	Prediction of Heated Surface Discharges into 

Natural waters  

In this section, model predictions are compared with measure-

ments of thermal plumes resulting from prototype discharges. 

There are so many uncertainties surrounding the existing field 

data that no comparisons with them can be conclusive. Indeed, 

the present comparisons are made partly to illustrate this 

observation. Two data sets are used as test cases. The first 

is a set of 11 thermal plume maps produced as a result of an 

aerial survey of the thermal discharge from Pilgrim Nuclear 

Power Station into Cape Cod Bay, Plymouth, Massachusetts, 

carried out by the Coastal Research Corporation. 

The second set of data is one of the sets of measurements 

carried out by the Energy and Environmental Systems Division 

of Argonne National Laboratory, of the thermal discharge from 

Point Beach Nuclear Power Station into Lake Michigan, on 

May 23, 1972. 

Figure 5.7.1, (adapted from Dunn et al (1975)) shows the 11 

centre-line temperature decay data resulting from Coastal 

Research Corporation's aerial survey. The times of the 

measurements are shown, in the key, in front of the symbols. 

A striking observation is that there seems to be no correlation 

between the tidal period and the measured data, as might have 

been expected, for exmple, the low tide measurements made 
at 1302, 1319 and 1331 seem to cover the whole range of the 

measured data, This would imply that the temperature excess 

changed by over 100% in less than half an hour. The same 

applies to the high tide measurements made at 1724 and 1744. 
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In spite of these uncertainties two model predictions of 

this data set are made, The first corresponds to the high- 

tide condition, when the discharge parameters are 

Froude number = 2.3, and Aspect ratio = 4. 

The second corresponds to the low-tide condition with 

discharge parameters of: 

Froude number = 11.0, and Aspect ratio = 5. 

The high-tide prediction of the temperature decay appears to 

lie within the lower half of the measured data. For the low-

tide condition, the predicted temperatures are much too low. 

The reason for this may be that the specified discharge 

parameters may not be truly indicative of the thermal 

discharge. At low tide, the discharge went through a free 

overfall, during which there might have been considerable 

momentum dissipation, so that the characteristic Froude 

number would be lower than the specified value. The true 

discharge parameters may be more validly determined by 

measuring the thermal plume a short distance from the discharge 

channel. 

Figure 5.7.2 shows the comparisons of the predictions by the 

models of Stolzenbach and Harleman, Prych, Pritchard and the 

present, to the least-squares fit of the Point Beach field 

data 	All the models, except Pritchard's, predicted centre-line 

temperature and velocity decays that are too rapid, It would 

be recalled that in the preceding section, when these models 

were compared to laboratory data fi  Pritchard's model predicted 

lower decay rates than the others, In this case, lower decay 

rates are again predicted, but while the agreement with the 
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data was poor in the former case it is quite good in the 

latter. Pritchard's model was calibrated with, amongst other 

data, field data from Point Beach. It therefore appears to 

exhibit some of the characteristics of Point Beach data, 

even when applied to other discharges. The predicted half- 

widths are also seen to be much higher than the measured. 

It appears that some of the physical phenomena, such as 

entrainment of ambient fluid and layer spreading that were 

modelled with the aid laboratory data may have to be re-

modelled for predicting field data. However, this task can 

not be properly undertaken until good and reliable field data 

are available. 

5.8 	Concluding Remarks 

In this chapter, the predictions of heated surface discharges 

into both stagnant and moving ambient fluid were presented. 

The present numerical model was shown to be capable of 

predicting heated surface discharges into stagnant or cross-

flowing ambient surroundings, in the laboratory fairly well. 

A parametric study was carried out numerically to show the 

effects of ambient to discharge velocity ratio, densimetric 

Froude number and aspect ratio on the prediction of heated 

surface discharges into coflowing streams, This showed that 

the velocity ratio has the mast prominent effect, and the 

aspect ratio the least, The comparisons of the present model 

predictions to predictions by two integral models, one three-

dimensional model and one semirempirical model showed that 

this model performs as well as the best of these. The semi-

empirical model did not predict laboratory data well, but it 
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was the only one to predict the field data well. Different 

empirical relations may be required for predicting field data. 

This concludes the work on floating-layer flows reported in 

this thesis. In the next two chapters, full-depth flows are 

discussed. In the first of these, the predictions of some 

existing data on supercritical open channel flows are 

presented; and in the second, the results of the present 

experimental investigation of supercritical flow of water in 

channels of varying cross-section are presented. 
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CHAPTER 6  

PREDICTION OF FULL-DEPTH FLOWS  

6.1 	Introduction 

In this chapter, numerous full-depth flows are predicted with 

the present numerical methods. The emphasis is placed on 

predicting supercritical flows in open channels. However, 

some predictions of subcritical flows are also presented to 

show the contrast between these two types of flow. Most of 

the predictions of supercritical flows are compared with 

experimental data and analytical solutions by other authors. 

The analytical solutions mostly use the method of characteristics. 

Some important computational details on the two types of flow 

predictions are presented in the next section. Then follows 

the presentation of the supercritical flow predictions. 

Subcritical flow predictions are presented in the penultimate 

section, and finally, concluding remarks are made in the last 

section. 

6.2 	Computational Details 

The same computer code is utilised in predicting both the 

supercritical and the subcritical flows; with the switch to 

the use of the hyperbolic or partially-parabolic procedure 

being made internally, depending on whether the Froude number 

of the flow is greater or less than one. In predicting the 

flow of water in a contracting channel, (for example), the 

following computational details apply: 
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Table 6.1: Computational details for predicting supercritical 

and subcritical water flows in a contracting 

channel. 

Computational Variable Supercritical flow . Subcritical flow 

No. 	of cross-stream grid 

points, 	N 59 19 

No. 	of forward steps 200 50 

Forward 	
bx 

0.03 0.12 step size 

Number iteration at each 

cross-stream plane 3 3 

Number of sweeps of the 

whole calculation domain 1 20 

Computer time in CDC 	6600 

secs. 25 45 

The values quoted in the table are for grid-independent 

results. Such a fine grid distribution is needed in 

computing supercritical flows in which sharp cross-shock 

waves occur. 

Boundary Conditions  

The boundary conditions are prescribed as follows:- 

At inlet, 

U = UIN  

V = 0 

z zIN 

,(6.2_.1) 

The I boundary is a symmetry axis along which, 

DU = 
0 

ay 

V = 0 	 .(6.2.2) 

az 
	0 

ay 
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The E-boundary is a wall along which, for the inviscid 

flows, 

aU 
= o 

dy 

V = 0 

3z = 0 

and, for the viscous flows, 

U = 0 

V = 0 

az = 0 
Dy 

;(6.2.3) 

.(6.2.4) 

In the subcritical flow predictions, boundary conditions are 

also needed for the variable (z) at the exit plane. This is 

prescribed as: 

az = 0 
ax 

.(6.2.5) 

6.3 	Prediction of Supercritical Flows 

6.3.1 Flows in channel contractions  

The first supercritical flow situation to be predicted is the 

flow of water in a channel with wall contractions composed of 

circular arcs. 	Figure 6.3.1 shows the channel configuration. 

Figure 6.3.2 shows a comparison of the predicted contours of 

the water surface profile with the measurements of Ippen et al 

C19421, for a flow with initial Froude number of 4, It is 

seen that the predictions agree fairly well with the measurements. 
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Fig.6.3.1 : Configuration of Channel with Circular Arc Wall Contraction 

Fig.6.3.2 : Contours of the Water Surface in the Channel for FR=4. 
Experimental Data by IPPEN et al (1949) 
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In the same channel, further predictions are made of flows 

at other initial Froude numbers. 	Figures 5.3.3 Ca) 	Cd) 

show the predicted surface profiles along the channel walls, 

at Froude numbers of 3, 4, 6 and 8, respectively. The points 

represent the experimental data, and the broken lines, the 

graphical solution by the method of characteristics, due to 

Ippen et al (1949). 	It is seen that, in the first two flows, 

the present predictions agree fairly well with the measurements. 

At the two higher Froude number (= 6 and 8), the values of the 

maximum height of the water surface are well predicted, but 

their positions are not. At these Froude numbers, the heights 

of the water surface have risen to three to four times the 

initial height, and vertical accelerations may not now be 

negligible. Its. should be recalled that both the present model, and 

the method of characteristics neglect vertical accelerations. 

The present predictions and the solutions with the method of 

characteristics agree well with each other except in the flow 

with Froude number of 3, where a second peak in water surface 

profile is produced at the end of the contracting-channel wall 

by a wave originating at the other wall, but the characteristic 

solution did not recognise this. 

The second flow situation to be predicted is the supercritical 

flow of water in a channel composed of straight wall contrac-

tions. Figure 6.3.4 illustrates the channel configuration. 

The predicted contours of the water surface profile, for a 

flow at Froude number of 4, are compared with the measured 

surface profile in Figure 6.3,5. 	It is seen that the agreement 

is fair. Computations are also performed for flows in the same 

channel but at Froude numbers of 3, 6, 8 and 10. At either wall, 
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a sharp and well-defined cross-shock wave is produced. The 

height of this wave and the corresponding wave angle are 

presented in Table 6.2 for the five Froude numbers. These 

results are plotted in Figure 6.3.6. 

Table 6.2: Prediction of wave height and wave angle in a 

6°  channel contraction. 

Wave angle 	, 	(in degrees) Wave height ratio z2/z1  

FRCUDE 
No. 

Method of 
Character- 

istics 
Experiment 

Present 
Prediction 

Method of 
Character- 
istics 

Experiment 
Present 
Prediction 

3 

4 

6 

8 

10 

25.2 

19.5 

15.0 

12.3 

11.1 

22.0 

18.7 

15.2 

12.8 

10.5 

23.6 

18.8 

14.8 

12.0 

10.0 

1.38 

1.47 

1.75 

2.00 

2.30 

1.31 

1.52 

1.73 

2.17 

2.88 

1.35 

1.51 

1.73 

2.07 

2.30 

It is seen that the wave heights are well predicted at the 

lowest three Froude numbers. At Froude numbers of 8 and 10, 

they are under-predicted. The wave angles are well predicted, 

by the present method, at all Froude numbers; being slightly 

superior to the method of characteristics. The initial Froude 

number of the flow in the channel is now held constant at a 

value of 3.86, while the wall angles are varied from 3°  up to 

24°  in increments of 3°. The calculated and measured wave 

angles, and wave heights are presented in Table 6.3, 
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Table 6.3: Prediction of wave height and wave angle in 

contracting channels, at Froude number = 3.86, 

Wave angle. R,  . Cin degrees Wave. height ratio .z2/z1  

Wall 
Angle, 

8o 

Method of 
Character- 
istics... 

Experiment 
Present 
Prediction 

Method of 
Character- 
istics . 	 

Experiment 
Present 
Prediction 

3 17.6 15.5 17.6 1.21 1.24 1.23 

6 20.3 18.3 19.6 1.47 1.47 1.47 

9 23.2 22.8 23.3 1.70 1.73 1.72 

12 26.5 26.1 26.2 2.00 2.00 1.99 

15 29.5 29.9 28.1 2.22 2.22 2.20 

18 32.4 34.3 31,6 2.49 2.47 2.45 

21 35.8 38.0 35.0 2.72 2.71 2.74 

24 39.3 41.3 37.3 2.99 3.01 2.98 

These results are shown graphically in Figure 6.3.7. 	It is 

seen that the wave heights are well predicted in all cases, 

both by the present method and the method of characteristics. 

However, there is some deviation between the predicted and 

the measured wave angles. The method of characteristics appears 

to be slightly superior in predicting the wave angles. 

6.3.2 Flow in curved channels  

In this section the supercritical flow of water in circular 

channels is predicted. Two flows are considered. The first 

is a flow with an initial Froude number of 4.56, and an aspect 

ratio of 9.58, in a circular channel with inner wall radius of 

7.39, and outer wall radius of 7,85, Figure 6,3.8 shows a 

comparison of the predicted water surface height along the 

outer wall, with experimental data and the characteristics 

solution by Knapp (1949). 	It is seen that the measurements 
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are well predicted, It may be noted that the measured 

height of the water surface at the outer wall, at inlet, 

was less than the nominal inlet height, so that the flow 

entering the curved channel was probably non-uniform. This 

may be the cause of the small deviations between the predictions 

and the measurements. 

The second computation is performed for a flow with Froude 

number of 4.24, and aspect ratio of 12.50, in a circular 

channel with inner radius of 15.01, and outer radius of 15.46. 

Figure 6.3.9 shows the comparison of the predicted water surface 

height along the outer wall with the measurements and character- 

istics solution. 	It is seen that the measured surface heights 

are well predicted. In these two cases, the present predictions 

are superior to the characteristic solutions. 

6.4 	Prediction of Subcritical Flows 

In the present study, the effort has been mostly concentrated 

on predicting supercritical flows. However, to show the 

contrast between supercritical and subcritical flows a few 

predictions of subcritical flows are presented in this section. 

Computations are performed for two flow situations similar to 

those of which supercritical predictions were presented in the 

preceding section. The two cases are flows in the contracting 

channels, previously shown in Figures 6,3.1 and 6,3,4, i.e. 

one channel with circular wall contractions, and the other 

with straight wall contractions 
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In 	each 	case, 	two 	computations 	are 	performed: 	one 	inviscid, 

and one viscous. 	For the viscous 	flow computations, 	the 

turbulent 	viscosity 	is 	prescribed 	in accordance with Prandtl's 

mixing 

(1972), 

length model, 	as 	discussed by 	Launder and 

thus: 

Spalding 

2 u t = p 2m au ~ 
,(6.4.1) āy 

where, 

2.m is 	the mixing 	length, 	prescribed as: 

and, 

2m 	= 	Ky, 	when 	1Y3-- 
	C 	' 

2m = 	Ab, 	when b 
	k 	' 

(6.4.2) 

where, 

b 	is 	the half width 	of 	the 	channel, and A and K are 

empirical constants 	having values of 0.09 and 	0.425, 

respectively. 

Figure 6.4.1 shows the predicted layer depth along the channel 

walls, for the two channels, and by both methods of calculation, 

for a flow at a Froude number of 0.276. As expected, layer 

depth variations are very gradual, in contrast with the 

supercritical flow predictions. The predicted depth is 

virtually uniform at any cross-section: the maximum variation 

being less than 0.7% everywhere. There is little difference 

between the depths predicted by the inviscid and the viscous 

calculations; the viscous predictions being only slightly 

lower. Figures 6,4,2 and 6,4,3 show comparisons of the centre-

line velocity variations in either channel with those predicted 

in the corresponding supercritical flows, The velocities are 

seen to vary in opposite directions, as would be expected. 
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The effect of the viscosity is to increase the axial 

velocity in the central region of the flow. Figure 6.4.4 

shows the velocity profiles predicted by both methods, in 

either channel, at a cross-stream station 5 half-widths from 

the inlet plane. The viscous flow predictions show uniform 

velocities everywhere, except near the wall, where it decreases 

sharply to zero. These predictions show that the effect of 

assuming inviscid flow is minimal in these channels. 

6.5 	Concluding Remarks 

In this chapter, computations have been presented of full-depth 

flows in various channels. Most of the predictions were of 

supercritical flows and have been compared with experimental 

data and graphical solutions by the method of characteristics 

reported by other authors. Some subcritical flow predictions 

of viscous and inviscid flows were also presented. 

This concludes the comparison of the present model predictions 

with experimental data and theoretical solutions by other authors. 

In the next chapter, the experimental investigation of the 

present study, and the predictions of the experimental results 

are reported. 



173 

3 

Straight-wall 
contraction (Inviscid) 

2 

Circular-wall 
contraction (Inviscid) 

Straight-wall 
contraction (Viscous) 

Circular-wall contraction 
(Viscous) 

1 

0 I 	 i 	 I 

0 	.2 	.4 	.6 	.8 	1.0 

Y 
YE  

FIG. 6.4.4: PREDICīION OF THE VELOCITY PROFILES IN THE CHANNELS, 

AT  =5; FR=0.28. 



174 

CHAPTER 7  

EXPERIMENTAL INVESTIGATION 

7.1 	Introduction 

An experimental investigation of the supercritical flow of 

water in open channels of varying cross-section was 

conducted to collect data suitable for validating the full-

depth layer numerical, model. Although many experimental 

studies of supercritical open-channel flows are reported in 

the literature, these are either insufficiently detailed or 

adequate information of the boundary conditions are not 

provided to enable a fair comparison with the present model 

predictions to be carried out. Nevertheless some comparisons 

were presented in the previous chapter. Measurements of the 

surface elevation of the water layer were made in open 

channels, whose side walls consisted of: one convex wall*, 

10.16 cm., (4in.) high, with radius of curvature 6m.; 	and 

the other wall** was either a concave one, radius of 

curvature 6.203m., or a straight one at an angle of 0°, 5°  

or 7°  to the flow. Both walls had the same height and were 

about 2 meters long. The initial cross-section of the water 

flow was 2.54 cm., (1in.) high by 20.32 cm., (8in.) wide. 

The range of Froude numbers investigated was 1.85 to 2.2. 

The flow Reynolds number based on the channel width was 

about 2 x 10
5 . 

NOTES: * Hereafter called the inner wall or the Internal, 
(I) boundary. 

** Hereafter called the outer wall or the External, 
(E) boundary. 
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The experimental measurements were made at the Civil 

Engineering Department of Imperial College, London, in an 

experimental rig designed and assembled by the author. 

In this chapter, brief descriptions of the experimental 

apparatus and procedure are provided, first. The 

experimental results are then presented. Finally, model 

predictions are compared with the experimental measurements. 

7.2 	Experimental Apparatus 

A schematic diagram of the experimental apparatus employed 

in the present investigation is shown in Figure 7.2.1. The 

photograph in Figure 7.2.2 shows the overall view of the 

apparatus. This consisted of a settling tank, a flat 

perspex table and two side walls which were used to form 

channels of varying cross-sections. The settling tank was 

a mild-steel tank 46 cm., (18in.) square in cross-section 

by 69 cm., (27in.) high, painted on the inside and outside 

to prevent corrosion. Water coming from a large reservoir 

on the roof of the building, entered the tank through two 

5 cm. diameter pipes on its sides. The water then passed 

through a succession of coarse, cardboard honeycomb, a felt-

rubber filter and baffle, a fine Aluminium honeycomb and a 

perspex rectangular channel. The latter two had the same 

cross-sectional dimensions as the orifice and were each 

7.6 cm. long, They were placed right behind the orifice to 

make the flow entering the channel as uniform as possible, 

as well as minimising transverse velocities. The coarse 

honeycomb and the filter damped out most of the roughness in 

the flow. 	The flat table consisted of a 1.8 m., (6ft.) long 



1 

8 From Reservoir 

6 Tranversing. Gear 
7 Point Gage 
8 Perspex Plate 
9 Channel Wall 
10 Adjustable Feet 

Vertical Section 1 Flowmeter 
2 Valve 
3 Settling Tank 
4 Aluminium Honeycomb 
5 Rectangular Channel 

Plan 

/7 
 

Fig 7.2.1 Schematic Diagram of Experimental Apparatus 

176 



FIC. 7.2.2: OVERALL VIEW OF THE EXPERIMENTAL APPARATUS. 
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by 0.9 m., (3ft.) wide by 1.25 cm., Co.Sin.) thick perspex 

plate screwed on to a "Handy Angle" frame. This frame also 

carried the traversing gear. Two side walls, each having 

two faces, one curved and the other straight, were placed 

on the flat table to form the flow channel in which the 

measurements were made, The side walls were made of wooden 

shells with 3 mm. thick perspex plates screwed on the faces. 

The details of the traversing mechanism are shown in 

Figure 7.2.3. This consisted of two horizontal parallel 

steel bars, attached to two steel blocks at the ends. Each 

block was carried by two ball transfers which ran on the 

two parallel rails, fixed to the "Handy Angle" frame, producing 

the longitudinal traverse. The probe carrier was an assembly 

containing 3 micrometer heads which allowed fine movement 

in the three coordinate directions (x,y,z). The probe, a 

50 cm. long by 6 mm. diameter brass rod having a pointed 

lower end was fixed to this assembly to form the point gage. 

The lower face of the probe carrier was grooved so that it 

could be moved on the horizontal bars to achieve the coarse 

lateral traverse. 

The water volume flow rate was measured with a horizontal-

dial, rotary-piston type flowmeter, manufactured by Kent 

Instruments Limited. It was placed between the supply valve 

and the settling tank. The flowmeter gave an analog reading 

of the volume of water Cin gallonsl flowing through the 

system. 
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7.3. 	Experimental Procedure 

The objective was to measure the thickness of the water 

layer within the channels. The point gage was used to 

make these measurements. 

It might have been desirable to measure the layer flow 

velocities, as well. However, some serious difficulties 

made this impractical. On the one hand, the relatively 

small scale of the experiments would necessitate the use of 

a fine measuring instrument. The hot-wire anemometer could 

not be used in water, so a hot-film anemometer, a thermistor, 

or a very small pitot-static probe might be used. On the 

other hand, the high speed and turbulence of the flow would 

require that the probe was fairly sturdy and rigid. 

However, the main objection to the use of any of these probes 

would be the difficulty of interpreting the results. The 

probe would act as a disturbance to the supercritical flow, 

thereby generating cross waves (as a disturbance to a 

supersonic gas flow would generate shock waves) . The 

measured velocity would not be the true. velocity at the 

point in the absence of the probe. While the analysis 

required to obtain the true velocity at the point is well 

known in the case of a pitot tube in a supersonic gas flow 

Cas shown by Binder (.1961)), the same cannot be said of the 

supercritical flow case. An instrument that would not 

interfere with the flow such as a Laser-Doppler anemometer 

would have to be used, The use of this was not seriously 

considered as it was not readily available. 
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Before running the experiments some precautions were taken 

and some preliminary measurements were made. Precautions 

were taken to level the water table with a spirit level and . 

to seal the tank and channel against leaks. Bath sealant 

and plasticine were used for the latter. To facilitate the 

determination of the water layer thicknesses, the surface 

elevation of the water table was mapped with the point gage, 

without any water or channel walls on it. This eliminated 

the need to repeat this when the water was flowing on it, 

which would have been more difficult and imprecise. Checks 

made after fixing the channel walls and turning on the water 

flow showed that there was no significant change in the 

surface elevation of the table. The uncertainty in measuring 

the elevation was within 0.1 mm., (.004in.). 

The experimental: procedure was then as. follows: 

(1) The desired channel walls were fixed to the table, 

and the channel was made water-tight. 

(2) The water supply was turned on and adjusted to give 

the desired flow rate. The system required only a few 

minutes to settle down. 

(3) The elevation of the water surface was then measured 

with the point gage, at 10 cm. intervals, in the longitudinal 

direction (_up to 120 cm. from the orifice), and 2 cm. 

intervals, in the lateral direction. This was done by 

manually screwing the vertical micrometer head until the 

point of the probe just touched the water surface. This was 

easily determined because the probe produced a prominent 

wave pattern on touching the water surface. The uncertainty 



182 

in determining the point of touch was everywhere less than 

0.4 mm,  

Each experiment lasted for about 3 hours, there being about 

130 measuring points. The volume of water flowing through 

the system, registered by the flowmeter was recorded every 

15-30 minutes. It was noted that when the water flowing 

through the system into the sump was being pumped back into 

the overhead reservoir, the water flow rate did not vary by 

more than 0.2% over the 3 hour period. However, when the 

pump was not working the variation in the water flow rate was 

about 1%, over the same period. Most of the measurements were 

taken with the pump switched on. The accuracy of the Kent water 

flowmeter was stated by the manufacturers to be within 2%. 

7.4 	Experimental Results  

Five sets of experimental measurements were made. The test 

conditions for these are given in Table 7.1 below. 

Table 7.1: Test conditions for experiments. 

RUN 
NOMINAL 

FROUDE NUMBER 
INITIAL 

ASPECT RATIO 
CHANNEL SHAPE 
(PLAN VIEW) 

1 2.20 8 
I 

E 

2 2.20 8 
1 

E  

3 2.20 8 __-------Y  
5° 	E 

4 1 1 85 8 

T 

E s° 

5 2.10 8 

3. 

__--------"/: 
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Figure 7.4,1* shows the measured layer thicknesses in Run 1, 

at the 12 cross-stream planes, The thicknesses have been 

non-dimensionalised with the thickness of the water layer 

at the orifice, Z, . These measurements show that at the 
in 

first cross-stream plane C1C cm. from the orifice) , there 

was a depression in the layer thickness on either side of 

the flow at a distance of about 2 cm. from the walls. This 

would suggest that the flow leaving the orifice was non-

uniform; with lateral velocities probably present. The 

implications of this would be discussed in the next section, 

where the predictions of the measurements are presented. 

Figures 7.4.2 - 7.4.5 show the measured layer thicknesses 

for the remaining experiments (Runs 2-5, respectively). 

The results are presented in tabular form in Appendix F. 

7.5 	Comparison of Experimental Results with  

Numerical Predictions  

The prediction of the experimental data presented in this 

section was carried out with the same computer program as 

was used in the previous chapter. However, as was stated 

in the preceding section, the flow entering the channel 

through the orifice was non-uniform, so it was necessary to 

simulate (or guess) the inlet flow condition to be used in 

the predictions. In this section, this treatment of the 

boundary conditions is first described, followed by a statement 

*NOTE: The channel shape is also shown in the figure. 
Although some points appear to he outside the 
channel, the bases which represent the location 
of these points do lie in the channel. 
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of the computational details. The results are then 

discussed and concluding remarks made. 

7.5.1 	Boundary conditions 

Two methods of prescribing the initial conditions were 

considered. In the first method, computation started at 

the inlet plane with uniform conditions, as usual, and 

proceeded until the first location at which measurements 

were made (10 cm. from the orifice). The measured layer 

thicknesses were then substituted at this location. The 

corresponding longitudinal velocities were adjusted to keep 

the flow rate through each grid cell constant, thus 

(Liz)calculated 
Uadjusted 	zmeasured 

.(7.5.1) 

Alternatively, the longitudinal velocities were adjusted to 

keep the total head within each grid cell constant, thus 

1 
= 
	2 	} 	_ 

adjusted ~~calculated 2g(zcalculated zmeasured)) 

.(7.5.2) 

These two treatments of the velocities resulted in practically 

the same prediction of layer thicknesses, so the former 

treatment, being simpler was subsequently used. 

The second method of prescribing the initial conditions was 

to guess the distributions of the layer thickness, 

longitudinal and lateral velocities and input these to the 

computer program at the beginning of the calculation. For 

the prediction of the experimental results of Run 5, the 

best guess was found to be: 
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V = 0.05 UIN CP-5B-Y1 

and 

U = UIN/0.9 

z = 0.9Z
IN 

C7,5,3) 

where, 

UIN  is the nominal longitudinal velocity at 

the orifice, 

ZIN 
is the nominal depth of the orifice, 

and 	B 	is the width of the orifice. 

The interpretations of these are: 

(i) There are lateral velocities at the channel inlet, 

having maximum magnitudes of 0.05 UIN  at the side, and 

decreasing linearly towards the centre of the channel. 

(ii) The average level of the water in the channel 

decreased; as was observed in the experiment. This would 

be the case if a "vena contracta" were present. 

(iii) To keep the overall flow rate constant, the 

longitudinal velocities were correspondingly increased. 

These two methods of prescribing the initial conditions were 

tested by predicting the experimental data of Run 5 with 

each. The comparisons of the layer thickness distributions 

are shown in Figures 7, 5,1 Ca) „ C1). The full lines 

represent the predictions in which the measured layer 

thicknesses were substituted at the 10 cm, location (i.e. 

the first method)., the broken lines represent the precitions 

with guessed initial conditions (i.e. the second method), 
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and the symbols represent the experimental data 	Tt may 

be noted that though the are slight difference between the 

two predictions, their level of agreement with the 

experimental results is the same, This statement is justified 

in a later section, where mean square deviations are presented. 

When using the second method, it was necessary to 

make new guesses of the initial conditions in predicting the 

other experimental results. On the other hand, the method of 

substituting the measured layer thicknesses at the 10 cm. 

location was simple and straightforward. Hence, the latter 

was subsequently used for the other predictions. Other 

boundary conditions were as specified in Chapter 6 for 

supercritical flows. 

7.5.2 	Computational details  

Some important computational details are:- 

Table 7.2: Computational details for predicting the 

experiments. 

VARIABLE VALUE 

Number of cross-stream grid points, N 19 

Number of forward steps 120 

Sx .05 Forward step size, 
B 

Number of iterations at 	each cross- 

stream location 4 

Computer time 	in CDC 	660_Q secs, 11 
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These values are for grid-independent results. Increasing 

the number of cross-stream grid points to 5g and decreasing 

the forward step size to, B = ,0125  did not produce a 

significant change in the results, 

7.5.3 	Results and discussion 

The predicted layer thicknesses are compared with the 

experimental results of Run 9 in Figures 7.5.2 (a). - (1). 

The predicted variations in layer depth at any cross-section, 

and from one cross-section to the next appear to be fairly 

gradual. However, the measured layer depths appear to 

exhibit some substantial variations. These probably 

originated at the inlet plane, where the flow conditions 

may have been complex. Any cross waves produced by the non-

uniform inlet conditions would be superposed on those 

originating at the channel boundaries, so it should be 

possible to predict the general trend of the data; the 

extra cross waves would then appear as scatter. This general 

trend is seen to be well predicted. Figure 7.5.3 shows the 

variations of the layer depths, near the channel walls, in 

the longitudinal direction. The positions of the peaks and 

troughs are well predicted, and the agreement between the 

predictions and the experimental data is fair. 

In these predictions and subsequent ones, it was presumed 

that the perspex floor of the channel exerted a retarding 

force on the flow, given by 



12 

1.3 	 
1.2-
1.1 
1.0 
0.9 -
0.8 
0.7 
0.6 
0.5 
0.4 - 

X/B= 0.6 

Z 

7IN 

0 0.0 0.1 0.2 0.3 0.4 0.6 0.8 0.7 0.8 0.9 1.0 1.1 
( a) 	DISTANCE FROM THE I-BOUNDARY Y/B 

DISTANCE FROM THE I-BOUNDARY Y/8 ( c ) 

1 3 
1.2 
1.1 
1.0 
0.9 

0.8 
0.7 
0$ 

0.5 

i 

Z IN 

0.2 0.9 

( e ) 
	

DISTANCE FROM THE I-BOUNDARY Y/8 

1.3 
1.2 
1.1 

A A 

0.8 
0.8 
0.7 
0.6 
0.6 
0.4 

0.a  0 0.1 0.2 0.3 
(g) 0ISTONCE FROM THE I-BOU::OSRY Y/P, 

0.40.50.80.70.0 C.0 

Z 

Z 

13 
1.2 
1.1 
1.0 
0.9 
0.8 
0.7 
0.8 
0.6 
0.4 

'.0 0 0.1 0.2 0.3 0.4 0.6 0.8 0.7 0.8 0.0 1.0 1.1 12 

i 

ZIN 

A • 0.9 - 

12 1.1 0.9 1.0 0.7 0.0 0.6 0.8 0.4 0.2 0.3 0.1 

DISTANCE FROM THE I-BOUNDARY Y/B (d) 

1.0 0.0 

Present prediction 

1.3 
1.2 
1.1 
1.0 - 	 • • • A 

Z IN 
04-  

04- 
 

0.4 - 
X/8= 1.0 

01 0 0.1 0.2 0.3 0.4 0.6 0.6 0.7 0.8 0.9 1.0 1.1 

(b) 	DISTANCE FROM THE I-BOUNDARY Y/B 

13 
1.2 
1.1 
1.0 
0.9 
0.8 
0.7 
0.6 
0.5 
0.4 

0•C0 

1.3 
1.2 
1.1 
1.0 
0.9 
0.8 
0.7 
0.6 
0.5 

0.2 0.9 0.4 0.6 0.6 
DISTANCE FROM THE I-BOUNDARY Y/B (f) 

1.3 
1.2 
1.1 
1.6 
0.9 
0.3 

ZIN 0.. 

0.1 

D.C~0.4 

0 04 0.1 2 

A A 

e • 
C.S 0.4 0$ (•. 1.7 Ci.0 

12 

• A 

Z 

Z 

Z 

ZIN 

(h ) 	GI +TFNCī: FROM 1HE 	Y/H 

A 	Measurements 

FIG. 7.5.2: PREDICTION OF PRESENT EXPERIMENTAL RUN 1; 
FR=2.20, RI=6.0, RE=6.2, A.R.=8. 



0.~ 0 0.1 0.2 0.3 0.4 0.6 0.8 0.7 0.8 0.8 1.0 1.1 12 
(j ) 	DISTRNCE FROM THE I-BOUNDARY Y/B 

Jab 

Z IN 

Z 

13 

1.2 

1.1 

1.0 

0.8 

0.8 

0.7 

0.8 

0.6 

0.4 

A • 	. • 

X/8= 4.8 

1.3 

1.2 

1.1 

1.0 

0.6 

0.0 

0.7 

0.0 

0.6 

0.4 

0.3 0 0A 0.2 0.3 0.4 0.6 0.8 0.7 0.8 0.8 1.0 1.1 12 

X/B= 6.4 

196 

Measurements 

	Present prediction 
• 

• 
• • A • 

Z 

Z IN 

1.0 

1.2 

1.1 

1.0 

0.0 

0.6 

0.7 

0.I 

0.6 

0.4 
X/B= 4.4 

°•d 0 
I  

0.1 0.2 0.3 0.4 0.6 0.0 0.7 0.8 0.8 1.0 1.1 

(i) 
	

DISTANCE FROM THE I-BOUNDARY Y/B 

I t 

Z 

ZIN 

1.1 

1.0 

0.0 

0.4 

0.7 

0.6 

0.6 

0.4 

01.0 0.1 0.2 0.3 0.4 0.6 0.6 0.7 0.6 0.3 1.0 1.1 12 

(k) 	DISTANCE FROM THE I-COUHDARY Y/! (1) DISTRMCE FROM THE I-BOUNORRY Y/B 

FIG. 7.5.2: (CONTINUED) 

1 

• Present measurements (I-boundary) 
+ Present measurements (E-boundary) 

Present prediction 

0.
8.0 

 

I 
2.0 2.

,  
6 

    

6.0 6.6 
X 
B.0 0.6 1.0 1.6 3.0 3.6 4.0 4.6 

B 

FIG. 7.5.3: PREDICTION OF LAYER DEPTHS ALONG THE WALLS; 
FR=2.2, R1=6.0, RE=6.2, A.R.=8. 

1.0 	 

1.6E 1.4 

1.3 

1.2-

1.1 -

1.0•-

0.9 -

0.0 -
0.1- 

0.8 
0.6r. 

0.4 - 

0 .3 -
0.2 -

0.1 - 



197 

In the x-direction, 

Fx  = - , 0Q1 pU CU 2 V 2  1  1  , 

and, in the y-direction 

, 
F = .Q01pV(112-1-V 2)2  

C7,5.4) 

These expressions were suggested by Spalding (1975), and 

have been used by McGuirk and Rodi (1978a). A friction 

coefficient in the range .001-.003 was recommended, and 

preliminary calculations showed the lower value to be most 

appropriate in this case; as would be expected since the 

perspex surface was quite smooth. 

Figures 7.5,4 (a) - (1) show the comparison of the predictions 

of the layer thicknesses with the experimental data of Run 2. 

In this case, the outer wall was straight and parallel to 

the initial flow direction. The trend of the data is seen 

to be well predicted. Figure 7.5.5 shows the variations of 

the layer thicknesses near the channel walls, in the 

longitudinal direction. There were effectively only one 

maximum and no minimum along either wall. The agreement 

between the predictions and the experiment is fair. 

Similar comparisons are shown for Run 3 in Figures 7.5.6 

(a) - (1) and Figure 7.5.7, and for Run 4 in Figures 7.5.8 

Ca) - C11 and Figure 7.5,2. 	In these two runs, the outer 

wall made an angle of 5°  with the initial flow direction. 

However, in Run 3 the initial Froude number was 2.20, while 

Run 4 had an initial Froude number of 1,85, The agreement 

of the predictions with the experimental data is fair in 
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both cases. The main difference between the two runs was 

that the maxima and the minima of the layer thickness 

variations reached the side walls earlier in the lower 

Froude number experiment. In fact, as Figures 7.5.9 and 

7.5.7 show, in Run 4 there were two maxima along either 

wall, and Run 3 also had two maxima along the outer wall but 

only one along the inner wall. This observation agrees with 

the expectation that the angle of propagation of the cross 

waves should increase as the Froude number decreased, becoming 

90°  if a hydraulic jump should occur; with the Froude 

number then crossing the value one. 

The comparison of the predicted layer thicknesses with the 

experimental data of Run 5, (Figures 7.5.1(a) - (1)) was 

previously discussed in section 7.5.1. The outer wall made 

an angle of 7°  with the initial flow direction in this run. 

Figure 7.5.10 shows the longitudinal variations of the layer 

depths near the walls. The magnitudes of the maxima were 

higher and occured more frequently than in previous runs, 

due to the larger angle* presented to the flow. The 

agreement between the experimental data and the predictions 

is seen to be fair. The first maxima measured along the 

inner wall appeared to be much greater than that predicted. 

This may be partly due to the neglect of vertical acceleration 

in the mathematical model. 

To estimate the level of disagreement between the predictions 

and the experimental data in all these runs, the root mean square 

deviation, a was calculated at each cross-section, in each run. 

*NOTE: An attempt to use an angle of 10°  in the experiment 
resulted in the inlet being submerged by a 
hydraulic jump. 
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These were calculated as: 

z 	~ 
E(_Zmeasured - predicted  , 1 

a 	
(-number of measured points 

.(7.5,5) 

These are plotted for the five runs in Figure 7.5.11 after 

they have been non-dimensionalised with the average depth, 

z at the respective cross-section, z is defined as: 

The numbers in the figure indicate the experimental run. 

The number 6 stands for the prediction of experimental Run 5, 

with the guessed initial conditions; plotted as broken lines 

in Figures 7.5.1 (a) - (1). Figure 7.5.12 shows the plots 

of z, for the 5 experimental runs, using the same notation 

as above. 

7.6 	Concluding Remarks  

An experimental study of the supercritical flow of water in 

open channels of varying cross-section was carried out. 

The variations of the water layer depth were measured with 

a point gage. 	The measurements showed that the flow 

conditions at the inlet plane of the channel were non-uniform. 

Since adequate facilities for determining the exact flow 

conditions at the inlet plane were not available, these 

conditions were simulated (or guessed) when predicting the 

flows. The agreement of the model predictions with the 

experimental data was fair in all cases, This has further 

validated the numerical procedure developed for predicting 

supercritical open-channel flows, 
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This concludes the work reported in this thesis. The 

main conclusions and some auxiliary material now-follow. 
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CHAPTER 8  

CONCLUSIONS  

8.1 	Achievements of the Present Work  

The main achievements of the present study and the conclusions 

thereof may be summarised as: 

1) Three numerical procedures have been developed for 

predicting surface-layer flows. Comparison of predictions 

with these procedures to analytical solutions to three flow 

problems show very good agreement. The numerical procedures 

can therefore be said to be mathematically accurate. 

2) A rotating-grid procedure has been developed for 

computing flows with strong curvature effects. This was 

validated by predicting correctly the uniform flow of water 

within curved domains. Fairly high degrees of non-orthogonality 

were accommodated. 

3) Predictions of heated surface discharges into stagnant 

ambient fluid showed fairly good agreement with laboratory 

measurements for a wide range of discharge parameters. The 

range of laboratory data on heated surface discharges into 

crossflowing ambient fluid is not so wide, and the predictions 

of these are mainly fair. 

4) Predictions of field data on heated surface discharges 

into natural waters are not so good, This may be due to 

certain complexities surrounding these discharges, many of 

which are site-specific and have not been incorporated in the 

present mathematical model. This could be done, in future, if 

adequate information of these are obtained. 
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5) The experimental measurements of supercritical flow 

of water in open channels carried out in the present study 

showed the correct trends. The present predictions of these 

experimental data are mostly fair. The present predictions 

of other experimental data on supercritical flows in open 

channels are also fair. 

6) In all the predictions, the present methods compared 

favourably with other existing methods. The computational 

requirements are about 25K words of storage space, and 

between 6ti120 seconds central processor time, on the CDC 6600 

computer. 

8.2 	Suggestions for Future Work  

Some areas in which further research may be profitably 

undertaken are now suggested. These are: 

1) It would be useful to perform more experiments on the 

entrainment of ambient fluid in surface-layer flows. 

Especially, the effects of the proximity of a wall or bottom 

on the rate of fluid entrainment need to be quantified. The 

effects of ambient turbulence, wind stress, etc. also need to 

be investigated. The aim should be to obtain a more 

sophisticated and universally applicable entrainment relation. 

2) On the theoretical side, a problem that would be of 

interest is the solution of a mixed supercritical/subcritical 

flow, This may arise in both floating and full-depth layer 

flows. Although supercritical and subcritical flows have been 

solved separately in this study, a special procedure may be 

required for the transition from one procedure to the other. 
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APPENDIX A  

DERIVATION OF THE PRESSURE--GRADIENT 

TERMS FOR THE MOMENTUM EQUATIONS  

In surface-layer flows, the driving force per unit volume is 

the pressure gradient. It is generated by the gravitational 

or buoyancy force which depends on the variations in the 

layer density and the layer depth. 	In full-depth flows, it 

also depends on the slope of the supporting solid mass. The 

relationship between the pressure gradients and the layer 

density and layer depth variations are derived here from first 

principles. 

First considered are floating-layer flows; the flow situation 

is illustrated below. 
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The following assumptions are made to facilitate the 

derivation: 

Ci) 	The density within the layer is constant across the 

depth, but may vary longitudinally and is different from the 

density of the supporting mass, Po, which is constant every-

where. 

(ii) Only normal forces are considered. 

(iii) Vertical motion is negligible, so hydrostatic 

equilibrium exists. 

(iv) x represents any horizontal distance coordinate and 

z represents the vertical distance coordinate. 

The net force acting on the control volume ABCD of unit width, 

in the x-direction is given by: 

F = 	I Pdz = I Pdz + I Pdz + 1Pdz + I Pdz 
ABCD 	AB 	BC 	CO 	DA 

Therefore, 

F = Pu  (zB- zA ) + -i (PU+PC ) (zC-z8) + -z (PC+PD) 
(zD-z0 

 ) 

+ 2(Pu+PD )(zA-zo ) 	 . (A. 1 ) 

The pressure difference between A and 0 is given: 

directly by: 	PD-P
U 
 = pa gCzA-z0 ) 
	

; (A.2) 

and through the supporting mass by: 

PD  - PO  = pog(z, 	zD) 	 .CA.3) 



227 

Similarly, the pressure difference between B and C is: 

and, 

PC 	PU  = PBCgCzB 	zC ) ,(A.4) 

PC  - PD  = pog (zm-  zC  ) 	 .(A.5) 

Define: 

h = zA  - zD  

and, 

then, 

- pAD ; ( A.6 ) 

h + Sh = zB  - zC  

and 

P + SP E PBC. 

If equations (A.2), (A.3), (A.4) and (A.5), and the definition 

set (A.6) are substituted in equation (A.1), the driving force 

becomes (on neglecting higher order terms): 

F = -2g{(1 - 212) h Z Sp + (1 - p) 2phSh} 
Po 	Po  

.(A.7) 

Hence, the net driving force per unit volume, F"' is given by: 

,,, _ 	(po-2P) 	SP 	(p
o p) 	Sh 

F 	- g { 	2po 	h  Sx + 
	

Po 
	p Sx} 	

.(A.8) 

Define: 

AP = Po  °` p, 

then, 	 (A.9) 

dAp r d Cpo-.p ) 
	

dp 
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If Sx is sufficiently small, then 

SP 	dP 
ōx dx 

and, 	 (A.10) 

Sh 	dh 
x = dx 

Therefore, 

F"' = - 

But, 

hence, 

{( p 	Ap )h dAp 	
Ap p dh} 

po 	2po 	dx 	po 	dx 

l2 _F" 
dx 

d~ p _ Ap 	dAp + Ap 	dh 
dx 

= g 
{(2po 	

po ) h 
dx 	po 

p dx} 

.(A.11) 

;(A.12) 

.(A.13) 

   

   

In full-depth flows, the derivation is slightly different. 

The flow situation is illustrated below. 
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The assumptions are the same as those for floating-layer 

flows, and similarly, the net force per unit volume acting 

on the control volume ABCD is given by: 

F = PU  (z
B 
 -z A ) + l (PU+P C ) (z C-zB ) + z (PC +P D ) (zD-zC ) 

+ z,Pu+PD ) (zA -zp ) 

The pressure difference between A and 0 is: 

PD-PU  = PADg(zA-zD ) 

at the pressure difference between B and C is: 

PC-PU 	
PBCg(z8-z0) 

.(A.14) 

, (A. 15) 

.(A.16) 

Define: 

SZo  = zC-zD  

h = zA-zO  

and, 
CAo 17) 

= PAD 

then, 

h + Sh E zB-zC  ; 

and, 

P + SP = ABC • 

If equations (A.15), CA.16), and the definition set (A.17) are 

substituted in equation CA.14), the net driving force becomes 

Con neglecting higher order terms): 

F = zg {C2ph $h + h26p) + 2ph.6z0 } 	 . CA. 18) 
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The net driving force per unit volume, F"' is given by: 

.64 
F „" _ -g  {PLI. + 	) 

+ 2 rd 

If Sx is sufficiently small, 

Sh dh 
dx - dx 
S.z 	dz 

o o  _  
 dx 

. (A. 19 ) 

(A.20) 

and Sp _ dp 
dx dx 

Therefore, 

.dz 
,,, = g {P("g' 	"TTF) dx 

hdp} 
2  dx 

.(A.21) 

Equations (A.13) and (.A.21) are the desired pressure-gradient 

terms for the floating-layer and full-depth flows, respectively. 
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APPENDIX B  

DERIVATION OF THE EQUATIONS FOR THE 

LOCAL CORRECTION OF PRESSURE OR LAYER DEPTH 

In surface-layer flows, the variable that is of direct physical 

significance is the layer depth. It is related to the pressure 

in the way described in Appendix A. The "pressure-correction" 

equations are therefore derived as layer-depth correction 

equations. For simplicity, the equations are derived here for 

layer flows without lateral entrainment. 

Consider the following grid domain: 

 

Y 

  

The basis of the layer-depth correction equation is the require-

ment of kinematic compatibility of the flow. This may be 

expressed for the above control volume as: 

(Ay)E 	CAy)p 	AxP  Ctan an 	tan a
s 

 .(6.1) 

This condition would be satisfied if the pressure field were 

correct, since the terms in equation (B.1) depend on the 

continuity and momentum equations which are in turn influenced 



(Ay) - (ay) _ Axp  (tanan  - tana
s ) + EP 

E 	P 
, (B.2) 
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by the pressures or layer depths. Since the pressure field 

is not known beforehand, the terms of equation CB.1) are 

calculated, from guessed values, resulting in: 

where, 

EP  represents the kinematic-compatibility error, 

arising from the use of guessed quantities. 

The correct layer depth and velocities may be expressed as: 

* 
z = z + z' ; 

* 
U = U + U' ; 

and 	V = V + V' ; 

where, 

(B.3) 

the primed quantities represent the appropriate 

corrections to the guessed (starred) values. 

Subtracting equation (B.2) from equation (8.1), gives: 

(Ly) - (ay) = Axp  (tanan  - tanas) - Ep  
E 	P 

.(B.4) 

By expression of the correction terms in this equation in terms 

of the layer-depth corrections, the required layer-depth 

correction equation(or "pressure-correction equation, as it 

is more usually known) is obtained. The necessary algebra is 

now described. 
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Expressions for (Qy)E and (Ay)P 

  

The continuity equation gives: 

  

 

• (41E = (pUz) 
E 

 

, (B.5) 

where, 

  

 

Aq) is the mass flow rate through the control 

 

 

volume at E. 

  

By taking, first, logarithm of both sides and, then, the total 

derivative of each term, one gets: 

.d(Ay)E 

(4)E - 

(J?E  + dUE 

zE 	UE 
,(8.6) 

or, 

(.L1y)E 	
zE 	UE 

(Ay)E 	zE + UE .(B.7) 

Similarly, 

(Ly ) P 	zP 	U P 
- 

(dy)P 	2- + UP 

Expressions for (tanan) and (tan% ) ~ 

tanan and tangs may be expressed as: 

V 
tand = n Ū n 

n 

and, 

tana - s 
s Ū U

s 

where, 

.(8.9) 

,(B.10) 

, CE.11) 

U and US are each interpolated from the four neigh-

bouring values. 
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Differentiating equations CB.10) and CB.11) give: 

V 
(tanan ) , _ ~n 

-..V2 . 

Un n 	U 
n 

and, 
V 	 V 

Ctanas ) = 
Us - s . Us 

s 	U2 

, (B.12) 

. (B.13) 

In equations (8.12) and (8.13), the terms containing Un and 

Us may be neglected on the grounds that, though the U's and 

g V 's may be of the same order, the V 's are usually much less 

than the U's. 

Expressions for U's and V's  

It now remains to express the velocity corrections in terms of 

the layer-depth corrections. These may be done as: 

, DUE , DUE , 

UE = azP 
	
azE zE 	 ; (B. 14) 

, 	au 	aU 	, 
_ 	P 	P 

UP 	āzP zP + a2 	
zE 

and, 

where, 

and 

av 	31./, _ 	s 
Vs 	a z

SSE 
zSSE + azpE zPE 

zNNE = z Cz
N 

+ ZNE), 

zSSE 	
z CzS 	

zSE)' 

zPE = 2 C7p + zE l . 

;(6.17) 

The effect of zP on UE may be neglected, because any direct 

effect on UE is counteracted by an indirect effect on Up. 

;(8.15) 
E 

av 	, 	av
n 

Vn 	
azNNE 

zNNE + azPE zPE 	 ;(8.16) 



avS 
pg(A2) 

po 

	

(Ay) 	m"pX 

aX 
s 

(pU +  Vz P ) 

	

P 	• 	s 

;(8.22) 
DZPE 

Dys 	avs 

az 	azDz.
PE 

:(8.23) 

and, 
aUE 

az E 
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Similarly, the effect of zE on UP may be neglected. Hence, 

equations 03.14) and (B.15) become: 

 

DUE 
UE = 

azE 
zE ;03.18) 

and, 
au 

P 
U 	 z P 

az P .(B.19) 

The differential coefficients in equations (B.16) - (B.19) are 

obtained by differentiating the momentum versions of equation 

(3.3.12). When only the main influences are considered, 

differentiation of equation (3.3.12), for Vn leads to: 

31/ 
pg (L1) ) 

Po 	n 	 ;(B.20) 

and, 

av 	av 
n 	n 

9z 	7T--
~zPE 

. (B.21) 

Similarly, 

DZPE 	(Ay) 	fi"AX 

Ax n (pU + Vz P
) 

	

P 	 n 

pg C 1E 

C.pU+m:z XP  
E 

pg(p) 
Pb E 
m"AX 

CpU+  Vz P) 
E 

; CB . 24 ) 

. CB . 25 ) 



The correction equation 

The correction equation now has the final form: 

(AN + AS + AP) zP + (AN + AS + 
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AN Z N 
+ 

AS 
zS 

+ AN zNE 
z
SE 

3(8.26) 

where, 
pg( pp ) AXP 
	 n 

2Un(Ay)n an 

pg(pp) AXP 
0 s 

2Us (Ay )s a_s 

AP E - 
(~y)P 	Pg ~p,o)P(Ay)P 

z ° 	UP aP 
(B.27) 

pg(~p ) (Ay) 

	

(Ay)E 
	

Po E 	E 
AE = z 	E 	- 	U

E 
G
E 

rm"AX 
a 	E (PU + 	V

. P ) 	; 

and, 

C E E E (Ay ) E - AyP - AXP (tanan - tanas ). 

Equations such as (5,26) are derived for each of the grid 

cells at any cross--section. There would then be twice as 

many unknowns as there are equations. Physical reasoning is 

now used to reduce the number of unknowns so that the set of 

simultaneous equations can be solved. If the flow is super-

critical, pressure influences may not travel upstream, so the 

downstream layer depths, ZE's are corrected; Zp, ZN and ZS 

AN 

AS 
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being set to zero. If the flow is subcritical, pressure influences may 

travel in either direction. To enable the pressure influences to travel 

upstream, the upstream layer depths are corrected; ZĒ, ZNE and ZSE being 

set to zero. The corrections to the downstream depths would take place 

during the next integration step. Inspection of coefficients Ap and AE 

shows that this practice would keep then positive and hence enhance 

convergence. 

The two terms in A and AE have opposing signs, and the second term in each 

case may be expressed as an inverse square of a "Froude number", Fo, say. Thus: 

and, 

A 	- P =  (-) (1 - 	1 ) 
Z F 	F *2 

0  

;(B.28) 

.(B.29) A E _ (--1/.,)(1 	1* 2 P 	Fo 

In supercritical flows, 

Fō > 1; A is negative; 	and AE is positive. 

In subcritical flows, 

F* < 1; 	AF is positive; and AE is negative. 

In differentiating the momentum equations, a floating-layer 

flow was assumed, for generality. The correction equations 

for full-depth flows may be obtained by setting: 

Ap 1, and m~ = 0, 
po 

Finally, when considering flows with lateral entrainment, only 

the expressions for calculating tan 	need be changed. This 

change would only have a secondary effect on tana, so the 

same correction equation applies. 
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APPENDIX C  

DERIVATION OF. THE EQUATIONS FOR THE 

BLOCK CORRECTION OF PRESSURE OR LAYER DEPTH  

This correction is applied to the pressure or layer depth, 

when solving confined subcritical flows, to ensure that the 

total sum of the calculated cell widths, at any cross-section, 

match the width of the confining duct. 

Suppose the width of the confining duct is e1 , and the total 

sum of calculated cell widths, EAy is given by: 

E 	
.dt4  

EAy = 
Ī 

C pU±) 
.(0.1) 

The error in calculating the total cell width,8EAy is equal 

to: 

6ZAy = B1 - EAy 	 .(C.2) 

It is required to find what pressure or layer-depth correction, 

SP or 6Z should be applied in block to the whole flow at the 

cross-section to make SEAy = 0. These may be obtained from 

the relations: 

SP - ddti 6EAy y  ,(C.3) 

or, 

az - ddAy SEAy .(0.4) 

First, differentiating equation CC.1.) with respect to P: 

dE.AY 
	

1 	dz 	dU 	dp 
dP 	f 	CpU dP + pz dP + Uz 

dP 
1 dV~ 	. CC . 5 ) 

I 	Cpuz)2 
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The 'Hydrostatic approximation' ives ; 

dz _ 1 
dP .(C.6) 

The U-momentum equation gives: 

. dU _ 	• 1 
dP 	pU 

Since the flow is incompressible, 
dp 

= 0. 
dP 

Hence, equation (0.5) may be expressed as: 

E 
dEL1y - I 	1 	(1 - Fr2 ) dip dP 	i p 2U3z 

where, 

U 	the densimetric Froude number. 
Ap 	, 
--gz)' 

Hence, P' is calculated from: 

P = SP - 	
SZAy  

E 
1 	

(1-Fr2)dip 
Ip2U3z 

Similarly, 

z - 6z - 	~EQy  

J 1 	1 - 1)dip 
IQUz2 -Fr, 

Fr 

. (0.7) 

.(0.8) 

.(0.10) 

Finally, the U-velocities are corrected with 

U 
	

= 	PU 
	 , CC. 11) 

or, 

Ll• _ 
	

Apg
, 

pU z  
. (C. 12) 
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APPENDIX D  

EXACT SOLUTION OF THE ANGLES OF INCLINATION 

IN THE COMPUTATIONS OF UNIFORM FLOW IN CURVED DOMAINS  

The prediction of the flows within curved domains, superposed 

on to a uniform flow, was used in Section 4.2 as a test case 

for the parabolic solution procedure and the rotating-grid 

procedure. The flow domain is illustrated below: 

 

Uniform Flow 

 

   

  

Inlet 

   

Define: 

and, 

h1  = AF, 

h2  = HG, 

R 4  = OB, 

R, = ES, 

CO,I) 



A = tan-1 pK 	
tan 	

F2z ane 2 	R 1 sin6 1 ) 
RZcos.6. 2 - R1 cose 

. (D.7) 
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Suppose: 

DE is a typical w-grid line with a value of w = w.. 

The I-boundary is the reference grid line, so: 

BI~u = 81 , 

and, 	 (D.2) 

8 I~ d 

 

- = = 8 1 + d8 

The total widths of the flow domain at the upstream and down-

stream stations may be obtained from the properties of 

triangles ABC and HOC, respectively, as: 

h1 = (R 2 - a 2co.s28 1 ) 2 - asin81 - RI 	;(D.3) 

and, 

h2 = (R 2 - a 2cos282 ) 2 - asin82 - RI 

Since the flow is uniform, 
R1 

and R2 are given by: 

E BD E BF+FD = RI + wih1 

and, 

R2 E BE E BG+GE = RI + wih2 

. (D.4) 

;(0. 5) 

.(0. 6 ) 

Finally, angle 8 may be calculated from: 

If the flow domain is of the second type, as illustrated below, 

the analysis is identical, except for the equations for 

calculating the total widths of the flow domain, h1 and h2. 
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Illustrati,on of the flow- domain: 

Uniform Flow 

The length, a1  is the specified spacing of the flow domain, 

along the normal to the e-boundary. h1  and h2  are simply 

obtained by resolving AB and HB, respectively, in the direction 

of the normal. Thus, 

h 1 
a1 + R I  

cos(6 1 -6E ) 
RI  ; (D.8 ) 

and 

h2  . CD.9) 

The analysis then continues as for the previous case. 
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APPENDIX E  

ANALYTICAL SOLUTION FOR THE STEADY  

FLOW OF A RADIAL POOL OF WARM WATER ABOVE A 

COLD WATER MASS  

The prediction of the radial pool problem was used in 

Section 4.3 as a test case for the hyperbilic solution 

procedure. Figure 4.8 shows the flow configuration of the 

radial pool being considered. Two assumptions are made for 

simplicity, namely:- 

(i) there is no heat transfer to and from the pool; 

(ii) there is no entrainment of cold fluid into the 

radial pool. 

Consider a segment of the pool which subtends an angle of 1 

radian: the differential equations governing the flow are 

then: 

continuity, 

d 
 (zxU) = 0 dx 

and, 

momentum, 

dx (zxU2 ) = - gpP zx dx 
0  

;(E.1) 

,(E.2) 

(where, x is the radial distance from the origin of the flow). 

Let, 
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Equation CE.1) is differentiated to give: 

zU + Ux dz + zx dx = 0 	 ,(E.3) 

and equation (E.2) is differentiated to give: 

zU2  + 2Uzx 
lt + U x dz = - azx dz 

dx 	dx 
.(E.4) 

(E.4) - U times (E.3), gives: 

Uzx 
dU  

 
dx = - 

7zx 
 dx 

.(E.5) 

If neither z, nor x is zero, equation (E.5) may be integrated, 

giving as result: 

U2 = - 2Xz + C1 	 ,(E.6) 

where, 

C 1  = constant. 

If equation (E.6) is now substituted in equation (E.2), one 

gets: 

dx (- 2Xz2 x + C 1  xz) = - Azx dz .(E.7) 

Let, 

A E zx. 

Equation CE.7) can now be expressed as: 

C--2X x + C l  Al = 	XA dx C-71 
 

which gives on differentiating: 

dA 	' sdA 	'A 3AA dx  - C 1  x 
dx 

- 	= 0 

,CE. 5) 

.(E.9) 
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Equation CE.9) may be converted to one of the "exact" form 

by multiplying with the integrating factor:- 

u 

It then becomes: 

C
3 A2 	C 1  A) dA 	z3 dx = 0 

X 2  

The general solution of equation (E.10) is: 

aA  3  _ C1 A2  
x 	

2 - constant, C2  

The boundary conditions are:- 

At inlet, 

z = zIn  

A = AIN = zIN XIN ; 

U = UIN  

.(E.10) 

.(E.11) 

(C.12) 

X = XIN 
	

• 

These are substituted in equations CE.6) and (E.12), to give 

the constants C1  and C2  as: 

and, 

C  1  = U
I
2 N  + 2 a z

IN  
.(E.13) 

SA IN 3 C
1A TN z U IN..AIN.  

C2 	
xIN 	2 	2 

2 

.CE.14) 

Equation [E.11) may be expressed as; 

2A 3  

2A2-C2  

• CE.15) 
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By rearranging equation (E.15) one gets: 

, 
C2 .C212 	

UTIV A TN  
x = 	, - 	, 

zCC1 -2az)2 	z[C1 -2Xz)2 
 

.(E.16) 

There is no simple way of expressing z as an explicit function 

of x, so the relationships between U,z, and x are obtained, 

numerically, from the following sequence: 

Guess a value of z; 

Calculate U from, U = ✓CC 1  - 2Xz); 

Calculate x from, x - U
IŪzAIN  

Return to (1), and repeat the sequence with a new 

value of z. 
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APPENDIX F 

TABULATED EXPERIMENTAL DATA  

This appendix contains the data obtained in the experimental 

investigation reported in Chapter 7. The tabulated values 

are the measured layer thickness at the specified cross-

sections, and at various lateral distances from the I-boundary. 

All the distances are in centimeters. The discharge is, in 

each case, through a fixed rectangular orifice, 2.54 cms. 

deep and 20.32 cms. wide. The I-boundary is a circular wall 

of radius 6m., tangential to the flow at the orifice. 	Its 

coordinate relative to the point of taught at the orifice 

was measured as: 

x 	0 	10 	20 	30 	40 	50 	60 

0.0 	-0.2 	-0.5 	-0.9 	-1.5 	-2.2 	-3.1 

x 	70 	80 	90 	100 	110 	120 

-4.4 -5.4 -6.8 -8.4 -10.1 -12.1 

These experimental results have been plotted in Figures 7.4.1 - 

7.4.5. The relevant discharge parameters are given at the top 

of each table. 
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Table F.1: Run 1;  FR=2.20, A.R.=8, RE=6.2m. 

Distance 
from the 
I-boundary 

x=10 

Z 

x=20 

Z 

x=30 

Z 

x=40 

Z 

x=50 

Z 

x=60 

Z 

.50 2.19 2.44 2.44 2.41 2.18 2.00 

2.00 2.16 2.45 2.40 2.32 2.17 2.04 

4.00 2.60 2.20 2.53 2.27 2.24 2.26 

6.00 2.66 2.45 2.20 2.33 2.29 2.59 

8.00 2.68 2.59 2.23 2.22 2.43 2.62 

10.00 2.65 2.61 2.29 2.14 2.69 2.60 

12.00 2.59 2.58 2.36 2.30 2.69 2.68 

14.00 2.51 2.47 2.41 2.72 2.66 2.86 

16.00 2.42 2.25 2.86 2.80 2.75 2.70 

18.00 2.04 2.59 2.88 2.95 2.83 2.65 

20.00 2.33 2.66 2.97 3.13 2.95 2.65 

Distance 
from the 

x=70 x=80 x=90 x=100 x=110 x=120 

I-boundary Z Z Z Z Z Z 

.50 2.40 	2.75 2.50 	2.51 2.56 2.59 

2.00 2.37 	2.69 2.45 	2.47 2.47 2.50 

4.00 2.50 	2.46 2.71 	2.40 2.55 2.55 

6.00 2.48 	2.40 2.80 	2.49 2.54 2.60 

8.00 2.45 	2.36 2.54 	2.71 2.52 2.49 

10.00 2.69 	2.35 2.45 	2.72 2.72 2.36 

12.00 2,54 	2,48 2.47 	2.56 2.82 2.49 

14.00 2,67 	2,51 2.62 	2.52 2.89 2.76 

16.00 2,75 	2.64 2.71 	2,56 2.76 2.97 

18.00 2,72 	2,67 2,62 	2,67 2.62 3,09 

20.00 2,87 	2,54 2.77 	2,74 2,80 2.85 

NOTE: All 	distances are in 	centimeters. 
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Table F.2: Run 2; FR=2.20, A,R.=8, 6 E=0°. 

Distance 
from the 
I-boundary 

x=10 	x=20 	x=30 	x=40 	x=50 	x=60 
Z 	 Z 	 Z 	 Z 	 Z 	 Z 

.50 1.98 2.29 2.24 2.36 2.14 1.86 
2.00 2.04 2.37 2.25 2.25 2.18 1.88 
4.00 2.38 2.10 2.44 2.17 2.18 1.94 
6.00 2.47 2.33 2.20 2.30 2.07 2.10 
8.00 2.51 2.45 2.21 2.22 2.03 2.13 

10.00 2.51 2.52 2.27 2.05 2.23 2.06 
12.00 2.49 2.52 2.29 2.06 2.16 2.29 
14.00 2.47 2.46 2.29 2.14 2.17 2.30 
16.00 2.42 2.30 2.42 2.31 2.19 2.31 
18.00 2.21 2.34 2.44 2.35 2.37 2.21 
20.00 2.19 2.39 2.42 2.52 2.43 2.13 
22.00 2.66 2.44 2.06 

Distance 
from the x=70 x=80 x=90 x=100 x=110 x=120 
I-boundary Z Z Z Z Z Z 

.50 1.69 1.71 1.70 1.80 1.59 1.42 
2.00 1.64 1.75 1.72 1.70 1.52 1.37 
4.00 1.74 1.71 1.82 1.63 1.64 1.38 
6.00 1.84 1.81 1.79 1.64 1.55 1.49 
8.00 2.04 1.86 1.73 1.72 1.52 1.44 

10.00 2.25 1.89 1.79 1.66 1.57 1.40 
12.00 2.18 2.05 1.74 1.58 1.54 1.48 
14.00 2.14 2.16 1.70 1.50 1.60 1.58 
16.00 2.25 1.91 1.80 1.64 1.64 1.62 
18.00 2.15 1,93 1.99 1.72 1.64 1.60 
20.00 2,04 2,02 1,94 1.86 1.64 1.57 
22.00 1,99 2.12 1,99 1,95 1.62 1.59 
24,00 2,12 2,10 1.98 1,84 1.82 1.66 
26.00 2,07 1.91 1,90 1.59 
28.00 2,02 1.81 1.62 
30.00 1.78 1,69 
32,00 1.77 
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Table F.3: Run 3 ;  FR=2.20, A.R.=8, 8E=5° .  

x=10 	x=20 	x=30 	x=40 	x=50 	x=60 

.50 2.05 2.22 2.26 2.60 2.99 3.11 

2.00 2.18 2,24 2.32 2.53 3.02 3.10 

4.00 2.33 2.09 2.48 2.65 2.93 2.92 
6.00 2.42 2.27 2.33 2.97 2.67 3.04 

8.00 2.44 2.48 2.50 2.82 2.83 2.77 

10.00 2.45 2.60 2.83 2.57 2.87 2.76 

12.00 2.46 2.75 2.99 2.68 2.66 2.75 

14.00 2.50 3.02 2.89 2.87 2.63 2.55 
16.00 2.59 2.93 3.02 2.90 2.62 2.45 

18.00 2.83 2.87 3.09 

Distance 
from the x=70 x=80 x=90 x=100 x=110 x=120 

I-boundary Z Z Z Z Z Z 

.50 2.63 2.59 2.39 2.10 2.24 2.28 

2.00 2.60 2.70 2.35 2.07 2.14 2.23 

4.00 2.93 2.42 2.37 2.31 2.14 2.25 
6.00 2.87 2.42 2.45 2.35 2.29 2.19 

8.00 2.87 2.61 2.37 2.59 2.38 2.13 

10.00 3.04 2.69 2.59 2.55 2.48 2.18 

12.00 2.60 2.89 2.68 2.62 2.46 2.30 

14.00 2.65 2.77 2.96 2.53 2.51 2.50 
16.00 2,64 2.88 2.96 2.63 2.58 2.32 

18.00 2.75 2.92 2.83 2.69 2.47 2.26 
20.00 2,40 2.21 

Distance 
from the 
I-boundary 
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Table F.4; Run 4 ;  FR=1.85, A.R.=8, eE=50. 

Distance 
from the 
1-boundary 

x=10 	x=20 	x=30 	x=40 	x=50 	x=60 

Z 	 Z 	 Z 	 Z 	 Z 	 Z 

.50 2.12 2.28 2.44 2.98 2.99 2.60 
2.00 2.05 2.34 2.48 2.88 2.93 2.74 
4.00 2.24 2.21 2.63 2.89 2.94 2.86 
6.00 2.38 2.28 2.72 2.76 2.91 1.83 
8.00 2.40 2.44 2.70 2.70 2.80 2.81 

10.00 2.42 2.63 2.71 2.70 2.81 2.77 
12.00 2.42 2.64 2.65 2.68 2.70 2.66 
14.00 2.50 2.94 2.78 2.63 2.63 2.67 
16.00 2.60 2.80 2.90 2.63 2.48 2.70 
18.00 2.76 2.83 2.91 2.69 

Distance 
from the x=70 x=80 x=90 x=100 x=110 x=120 
1-boundary Z Z Z Z Z Z 

.50 2.63 2.29 2.37 2.64 2.48 2.14 
2.00 2.47 2.33 2.40 2.57 2.42 2.07 
4.00 2.39 2.45 2.36 2.59 2.44 2.10 
6.00 2.51 2.41 2.63 2.42 2.34 2.14 
8.00 2.56 2.53 2.68 2.40 2.25 2.24 

10.00 2.71 2.65 2.63 2.45 2.17 2.39 
12.00 2.82 2.82 2.64 2.32 2.31 2.10 
14.00 2.88 2.96 2.49 2.42 2.29 2.00 
16.00 2.93 2.99 2.47 2.43 2.18 2.05 
18.00 3.09 2.89 2.62 2.41 2.14 2.09 
20.00 2.19 2.10 
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Table 	F.5: Run 	5; FR=2.10, A,R.=8, BE=7o 

Distance 
from the x=10 x=20 x=30 x=40 x=50 x=60 
I-boundary 

.50 2.07 2.28 2.43 3.10 3.88 3.28 
2.00 2.13 2.31 2.47 3.03 3.81 3.31 
4.00 2.34 2.18 2.71 3.16 3.27 3.62 
6.00 2.42 2.37 2.65 3.08 3.10 3.70 
8.00 2.44 2.56 2.98 2.86 3.21 3.25 

10.00 2.45 2.74 3.19 2.89 3.07 3.28 
12.00 2.50 3.03 3.09 3.05 2.92 3.11 
14.00 2.56 3.27 3.15 3.07 2.83 2.90 
16.00 2.72 3.10 3.25 3.13 2.85 2.84 
18.00 3.08 3.10 

Distance 
from the x=70 x=80 x=90 x=100 x=110 x=120 
I-boundary Z Z Z Z Z Z 

.50 3.00 3.01 2.86 3.45 3.11 2.80 
2.00 2.99 3.03 2.97 3.46 3.13 2.74 
4.00 3.04 2.86 3.23 3.33 3.15 2.73 
6.00 3.12 2.90 3.43 3.30 2.97 2.89 
8.00 3.38 3.08 3.38 3.33 2.80 2.87 

10.00 3.54 3.35 3.39 3.06 3.03 2.80 
12.00 3.40 3.67 3.19 3.04 2.99 2.61 
14.00 3.61 3.65 3.32 2.94 2.80 2.72 
16.00 3.71 3.50 2.89 2.65 2.88 

NOTE: All distances are in oms. 


