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ABSTRACT

In this thesis I study analytical properties and applications to data assimilation for nonlinear
stochastic transport partial differential equations which originate in fluid dynamics. The thesis

has two parts.

In the first part (Chapters 3-5) I focus on theoretical results for three two-dimensional stochastic
transport models. T prove analytical properties (existence, uniqueness, continuity with respect
to initial conditions) for the corresponding classes of stochastic partial differential equations
(SPDEs) driven by transport noise: the stochastic Euler equation (SE), the stochastic great lake
equation (SGLE), and the stochastic rotating shallow water (SRSW) model. The well-posedness
strategy is based on constructing an approximating sequence of solutions which is proven to be
relatively compact and to converge to the solution of the original equation in a suitable sense.

The solution is global for the 2D SE equation and local for the SGLE and for the SRSW model.

In the second part (Chapter 6) I prove the applicability of one of these models (the SRSW
model) in a data assimilation setting. I implement a data assimilation methodology based on
a bootstrap particle filter combined with two additional procedures (tempering and jittering).

The methodology is tested first on the Lorenz 63 model and then applied to the SRSW model.
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NOTATION

We summarise the notation used throughout the manuscript. Let (2, F, (F;):, P) be a filtered

probability space and X a generic Banach space. Throughout the thesis C' (or C), is a generic

notation for constants whose values can change from line to line.

We denote by T¢ = R?/Z¢ the d-dimensional torus. In our case d = 2.

d

Let a = (a1,09,...,04) € N d > 0 be a multi-index of length |a| = Zaj. Then
j=1

9% = glonazeaa) = 9MP8? . 95 denotes the differential operator of order |af, with

9000 f — f for any function f defined on T%, and 9" = 86;1., x € T¢ In this thesis,

d=2and |a| < k.

LP(T?; X) is the class of all measurable p-integrable functions f defined on T?, with values
in X1 (p is a positive real number). The space is endowed with its canonical norm || f||, =

1/p
< /T ) Ilf |]§(d:1:> . Conventionally, for p = oo we denote by L* the space of essentially

bounded measurable functions.

LZ (T?; X) is the class of all measurable p-integrable functions f defined on T2, with values

in X (p is a positive real number). The space is endowed with its canonical weighted norm

I/

2 € T?, and by, and by, are two constants.

1/p
bp = </ Hng,b(m)dcv> . The weight b is such that 0 < byip, < b(x) < bypaq for any
T2

For ay,as € L? (']TQ), we denote by (-, -) the scalar product

(a1, a2) = /T 01(2) - as(z)dz.

'Here and later whenever the space X coincides with the Euclidean space R or R?, it is omitted from the
notation: For example LP(T?; X') becomes LP(T?), etc.



For ay,as € L} (']1‘2), we denote by (-, ), the scalar product

(ay,a9)p := /11‘2 a1 (z) - az(x)b(x)dx.

WmP(T?) is the Sobolev space of functions f € LP(T?) such that D*f € LP(T?) for

0 < |a| < m, where D*f is the distributional derivative of f. The canonical norm for this

1/p
space is || f|lmp = < Z HD“ng) , with m a positive integer and 1 < p < co. A
0< o <m
detailed presentation of Sobolev spaces can be found in [1].

W;"P(T?) is the Sobolev space of functions f € LP(T?) such that D*f € L7(T?) for

0 < |a] < m, where Df is the distributional derivative of f and |« is the length of the

1/p

multi-index «. The canonical norm for this space is || f|[p,mp = ( Z HD“fop) ,
0<]a|<m

with m a positive integer and 1 < p < co. We denote by W, ™" the dual of W;"*. A

detailed presentation of weighted Sobolev spaces can be found in [71], respectively.

C™(T?; X) is the (vector) space of all X-valued functions f which are continuous on T? with
continuous partial derivatives D®f of orders |a| < m, for m > 0. C*°(T?; X) is regarded
as the intersection of all spaces C™(T?; X'). Note that on T? all continuous functions are

bounded.

C([0,00); X) is the space of continuous functions from [0,00) to X equipped with the

uniform convergence norm over compact subintervals of [0, c0).

LP(0,T; X) is the space of measurable functions from [0, c0) to X such that the norm

t 1/p
1o = ( [ f<t>yygdt)

is finite.

D([0,00); X) is the space of cadlag functions that is functions f : [0,00) — & which
are right-continuous and have limits to the left, endowed with the Skorokhod topology.
This topology is a natural choice in this case because its underlying metric transforms
D([0,00); X) into a complete separable metric space. For further details see [45] Chapter

3, Section 5, pp. 117-118.



Dy := {u € C®(T?) : V- (bu) = 0}.
D5 := the completion of I; in the Lg - norm.
D3 := the completion of I; in the W;’Q - norm.

P := the L% - orthogonal projection onto Ds.

oo

D(—A) := {f € (L*(T?) x L?(T?)) x L*(T?) : ZaJQHuJHg < oo}. Here (a;); is a sequence
j=1

of eigenvalues such that —Ayp; = aj¢; where (¢;); is a standard orthonormal basis of the

space L?(T?).

2 x u = (—u?,u') for a two-dimensional vector u = (u',u?) and a unit vector 2.



”We have to remember that what we observe is not na-
ture itself, but nature exposed to our method of ques-
tioning.”

W. Heisenberg in Physics and Philosophy: The

Revolution in Modern Science

INTRODUCTION

Our understanding of the surrounding world is increasingly accurate, yet imperfect. Pure and
applied mathematicians around the globe devote their time to designing, implementing, and test-
ing sophisticated mathematical models, in their quest for capturing the full complexity of nature.
Exploring the turbulent behaviour and the apparently (i.e. as exposed to our method of ques-
tioning) chaotic variability of the multi-scale physical processes which govern the atmospheric
and oceanic dynamics is one of the most adventurous scientific journeys one can undertake. This
complexity can be translated into mathematical language using nonlinear stochastic partial dif-
ferential equations. Nonlinear transport equations, in particular, play a central role in modelling
a broad range of phenomena such as flood waves, shock waves, chemical reactions, gas dynamics,

etc. In a deterministic setting such an equation can be expressed as
up + uugz =0 (1.1)

where u(t, x) is the velocity of the fluid flow which depends on time and space, u; is the partial
time derivative and wu, is the partial spatial derivative (see e.g. [83]). The applicability of

a continuous model hinges upon its time and space discretization. In spite of considerable



progress made in this direction over the last decade, there are still numerous small-scale physical
processes which cannot be resolved using present models: turbulent multi-scale motions, friction,
radiation, evaporation, tropical cumulus convection, condensation, etc. ([65]). Such subgrid-scale
processes can have a substantial influence on the larger-scale resolved components, and therefore
will affect the overall proficiency of the model. Their accurate representation is the subject of
intensive research, but exploring the chaotic intrinsic variability of oceans and atmosphere is too
difficult when using models grounded in exactitude and determinism. In response to this, modern
stochastic approaches are currently being developed with the aim of providing better strategies
for encoding randomness into a priori deterministic models: see [62], [80]. Such approaches are
calibrated by the incorporation of high-resolution real data into classical deterministic models
and will replace the purely theoretical insights. The reason is that real observations contain
the full physical and chemical structure of the atmosphere/ocean, while the model solved on a
computer is just a low-resolution version of this - a method of questioning that could be improved
by the knowledge learnt from real data. In these new approaches, stochasticity is introduced at
a fundamental level of the model derivation in such a way that the resulting equations preserve
the original physical properties of the system (e.g. Kelvin circulation theorem [62], energy
conservation [80]) and they can incorporate a priori unresolved fluid degrees of freedom (see

[30))-

A wealth of new stochastic partial differential equations arise in this context (see [62], [80], [63],
[86]). The analytical and numerical properties of these new models are yet to be explored. In
this thesis we address this problem from two perspectives: a purely theoretical one in which
we prove well-posedness properties of solutions of these stochastic partial differential equations,
and an applied one in which we investigate the applicability of one of these models in a data

assimilation setting.

The models we have studied have been derived from physical principles using the Stochastic
Advection by Lie Transport (SALT) approach (see [62], [86]). In this setting stochasticity is

introduced at the level of the Lie derivative along the velocity vector field:

dye = we(ye)dt + > &ilye) o WY, (1.2)
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where y is the newly perturbed stochastic trajectory, u is the deterministic fluid velocity, W} are
independent Brownian motions, and (&;); are time-independent divergence-free vector fields which

depend on the underlying physics and can be learnt from real data. The noise Z &i(ye) o AW}

i
is introduced using Stratonovich integration and we use the notation ’o’ to specify this. It is
known in the literature as transport noise. This terminology highlights the fact that the noise

preserves the transport character of the original partial differential equation.

1.1 MAIN RESULTS

The thesis has two parts: the first part covers theoretical results and the second part cov-
ers methodology and numerics. In the first part I focus on three classes of two-dimensional
stochastic partial differential equations (SPDEs) driven by transport noise: the stochastic Euler
equation (SE), the stochastic great lake equation (SGLE), and the stochastic rotating shallow
water (SRSW) model. In the second part I implement a data assimilation methodology based on
particle filters combined with tempering and jittering. This methodology does not require any
other approximation methods. It is proven to work well first on the Lorenz 63 model and then

applied to the SRSW model.

1.1.1 ANALYTICAL PROPERTIES

In the following I give details of the three different theoretical frameworks and the corresponding

main results.

1. The stochastic 2D Euler vorticity equation. The first equation treated here is a
stochastic version of the classical 2D Euler equation. We treat the FKuler equation in vorticity
form, see equation (1.3) below, on a 2D torus T2. I prove that there exists a unique global
strong solution for the stochastic two-dimensional Fuler equation driven by transport noise,
when the fluid is incompressible. In particular, I show that the initial smoothness of the solution
is preserved. This is the best one could achieve in this framework, as the equation is truly of
transport type, so we cannot expect the initial condition to be smoothed out. The result we
obtain is important from a practical perspective. For example, when a finite element numerical

approximation is used, the smoothness of the solution and the choice of the basis, see [18], governs



the rate of convergence of the numerical approximation.

The proof of the main result is based on approximating the solution of the original Euler equation
with a family of viscous solutions which is proved to be relatively compact. Relative compactness

is obtained using the mild form of the approximating equations.

Although the model is not data-driven in itself, the methodology I developed does not impose
unrealistic conditions on the driving stochastic vectors. As a consequence, the same analytical
properties hold true when the stochastic parameters are estimated from real data, provided
that they are sufficiently smooth and their norms decay sufficiently fast. In particular we lift a
certain condition (see Remark 3.2 for details) that was assumed in an earlier paper by Brzezniak,
Flandoli, Maurelli [21] to prove existence of a distributional solution for (1.3). In this sense the
work presented here extends the result in [21]. However we note that in [21] the existence of a
solution of equation (1.3) is shown for an initial condition (albeit distributional solution only) in
L>(T?).

Let us state in the following the main result of this part of the thesis. We denote by w the vorticity
of the incompressible fluid, that is w; = curl u;. In the following k is an arbitrary positive integer
k > 2. For u € L?(T?), the operator L, : L?(T?) — L?(T?) given by L,w := u - Vw can be
interpreted as the Lie derivative of w along w. In a similar way, for & € L?(T?) we can define
L; : WE2(T2) ¢ L?(T?) — L?(T?) such that L;w := & - Vw. The specific properties of £; can be

found in Chapter 2 Section 2.6. Then the main result reads as follows:

Theorem 1.1. Under certain conditions on the vector fields (&;); the two-dimensional stochastic

Euler vorticity equation

o0
dwy + Ly, wedt + Z L;w; o de =0, wpE€ Wk’2(T2), (1.3)
i=1

admits a unique global (in time) solution in the space W*2(T2). Moreover, w; is a continuous

function of the initial condition.

The contents of this part of the thesis are subject of the paper [34] which is under revision for
publication in the journal Stochastics and Partial Differential Equations: Analysis and Compu-

tations.

2. The stochastic great lake equation. This model is more complicated than the 2D Euler
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equation as the domain now allows for a depth-varying bottom b (SGLE reduces to SE when b
is constant). In addition, the relationship between the fluid velocity and the fluid vorticity is
no longer of the form w = curl u (see Remark 1.5 below). As a result, the equation becomes
more challenging from a technical perspective. The novelty here is that the analysis is no longer
carried out on flat spaces, but on weighted Sobolev spaces. The choice of the weight is given
by the function b. By introducing the additional bottom topography component we pay a price:
the global well-posedness is lost. Instead we show that the stochastic great lake equation admits

a pathwise unique and probabilistically strong solution only locally in time.

One of the key points here is to prove that the smoothness of the velocity vector field is still
controlled by the smoothness of its corresponding vorticity. We do this by exploiting the more
complicated (but still linear) relationship between the velocity and the vorticity vector fields, by
using Lax-Milgram-type arguments. Another important ingredient for the proof of well-posedness
is the fact that the bottom topography function affects just the geometry of the ambient space,

but not its topology.

Remark 1.2. The stochastic part does not interfere with this generalisation. This is due to the
fact that the stochasticity is introduced as a constraint within a variational principle such that the
physical meaning of the quantities of interest has not been altered. As a result, the vorticity field

can be recovered from the deterministic, unperturbed velocity without any stochasticity involved.

The main result of this part of the thesis reads as follows:

Theorem 1.3. Under certain conditions on the vector fields (&;);, the vorticity equation of the

two-dimensional stochastic great lake system

dwi + Lo,widt + Y Liwp o dW] =0 (1.4a)

V- (bu)=0 (1.4b)

w=>b"teurl v (1.4¢)
1

v=u+ 652b2V(V “u). (1.44d)

admits a pathwise unique local strong solution which belongs to the weighted Sobolev space Wf’Q(TZ).

This work is subject of the paper [35] which has been submitted for publication in the Romanian
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3. The stochastic rotating shallow water (SRSW) model. This model incorporates the
effects of rotation (e, f), gravity (g), pressure (p) and varying surface height (not just depth) (h)
on the dynamics of the fluid. These three properties make the model more complex, but they
are essential in developing a realistic model for geophysical fluid dynamics. Also, the stochastic
term is more complicated in this case. The added components make the analysis much more
delicate. The solution is shown to exist in weak form and not in strong form as in the previous

two cases, see Theorem 1.4 below.

The strategy resembles the one presented in [34] and [35], though it involves a nontrivial gen-
eralisation to the case of compressible fluids. This is the most challenging model of the three
covered in this thesis. Nevertheless, I succeeded in proving existence and uniqueness of a viscous
local strong solution in the Sobolev space W'2(T?). The operators £, and £; are as above. We
also define A; : L*(T?) — L*(T?), Ajv := vy - V& + vy - VE2 where v = (v, v2) and & = (€1, €2).

The following is the main result of this part of the thesis:

Theorem 1.4. Under certain conditions on the vector fields (&;)i, the stochastic rotating shallow

water system

dvy + [ﬁutvt + fZ X u + th] dt + Z [(L’Z + Ai)vt] o dW} = vAudt (1.5a)
=1
dhy +V - (heug)dt + Y [V - (&ihe)] 0 AW} = nAhydt (1.5b)
=1

admits a pathwise unique local weak solution which belongs to the Sobolev space W12(T?)3.

Remark 1.5. The links between the models covered by our analysis can be summarised as follows:

For the first three models the velocity vector field u can be recovered from the fluid vorticity w
using an operator denoted by K. What differs in each case is the form of the operator K: the
more physical details we capture within the model (e.g. bottom topography b, aspect ratio 9,
replace incompressibility condition V -u =0 by V - (bu) = 0), the more complicated form K has.
Nonetheless, the existence and uniqueness analysis can be carried out as long as the smoothness

of the velocity can be controlled by the smoothness of the vorticity:

I Kwl[@)kp < Cllwll ) k-1, (1.6)
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Euler Lake Great Lake SRSW

w=-curl u w=>b"teurl u w=>b"teurl v w=z-curlv
v=u+ +5°b°V(V - u) v=eu+TR
=: Mu time-evolution for (h + b)
uw =V u=>b"1V1y w=>b"1V1y
u=Kuw u=Kw u=Kw
K = curl™ K = curl™b K = (curlM)™*b
V-u=0 V.(bu)=0 V-(bu)=0 time-evolution for V - u

The case of the lake equation is not explicitly calculated, as on the two-dimensional torus this
is a trivial generalisation of the 2D Fuler case. A more detailed explanation of all terms can be

found in the corresponding chapters below.

For the rotating shallow water model the reasoning is more delicate. This is mainly due to the
fact that the fluid is now fully compressible, which makes the analysis of the nonlinear term
much harder. Moreover, the velocity equation contains a pressure term whose evolution is given

by another SPDE (see Chapter 5).

This work is the subject of the paper Stochastic advection by Lie transport (SALT) for the

one-layer viscous rotating shallow water equations ([36]) to be submitted shortly.

WELL-POSEDNESS STRATEGY

All three theoretical results use a common methodology for proving existence and uniqueness of

solutions. Our strategy is briefly described below.

We start by constructing an approximating sequence of solutions. This is done by linearising,
truncating, and adding viscosity terms to the original equation. We show that each of these
approximating SPDEs admits a global unique smooth solution. Then we prove a couple of a priori
estimates. These are used together with specific stochastic criteria for relative compactness (see
Section 2.5 below) to show that the approximating sequence of SPDEs is relatively compact /tight
in a relevant space of functions. The relative compactness property ensures that we can extract a
convergent subsequence of approximating solutions. Therefore we can pass to the limit to obtain

a (proved to be also unique) solution of a truncated version of the original equation. In our
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methodology this solutions is weak in probabilistic sense. Nonetheless, in parallel we prove that
the solutions is pathwise unique. Due to this and using a Yamada-Watanabe argument (see [99])
we can conclude that the solution is actually strong in probabilistic sense. Finally, we decide
whether the truncation can be fully removed, to obtain a global solution, or it can be lifted only

up to a stopping time, to obtain a local solution.

1.1.2 APPLICATIONS TO DATA ASSIMILATION

In the second part of this thesis we develop a data assimilation methodology for the stochastic
rotating shallow water model. The methodology is based on a bootstrap particle filter combined
with tempering and jittering. The suitability of these two methods used in tandem for high-
dimensional problems has been proven in [9] and tested in [30], [31], [92]. In [31] the method
is used for the stochastic incompressible 2D Euler model with damping and forcing, while in
[92] it is tested for the 2D quasi-geostrophic model. We have no knowledge of any previous
application of this methodology for the stochastic rotating shallow water system. Our aim is to
show the applicability of the particle filter described in Chapter 6 and the stochastic rotating
shallow water model running alongside. We start by applying the particle filter to the classical
Lorenz ’63 model and then use this as a stepping stone for the SRSW model. The results are

encouraging in both cases.

The data assimilation methodology has been implemented in Fortran and the model has been
solved on a staggered grid using a stochastic Runge-Kutta scheme of order 4. The domain
corresponds to a strip between 30 and 60 degrees north latitude with free-slip boundaries at
the north and south sides. The SRSW model makes the problem particularly harder as it can
allow for gravity waves. However, we assume that the stochastic vector fields are in geostrophic
balance. The observation process consists of noisy pointwise measurements of the pressure field.
In this context, the role of the stochastic parameters (&;); is twofold: improved representation
of the missing physics and increased variability in the cloud of particles. In order to assess the
uncertainty of the model, we plot the ensemble of particles one standard deviation region about
the ensemble mean and compare it with the truth. The output shows that the ensemble of
stochastic paths successfully tracks the truth, without any extra approximations required (see

Chapter 5).



For the purpose of this chapter the truth is a pathwise realisation of the SRSW model. Due to the
well-posedness result proven in Chapter 5, the equations are satisfied pointwise and the stochastic
integrals are well-defined. The periodicity of the domain also inspires a rigorous numerical setup
for generating the stochastic forcing. Moreover, the solution constructed in Chapter 5 is strong in
probabilistic sense. This ensures that fixing an a priori working probability space and a driving
Brownian motion is mathematically justified. Nonetheless, a classical difficulty which arises in
both the deterministic and the stochastic setting concerns the global/character of the solution.
The solution of the SRSW is defined only up to a positive stopping time which depends on the
size of the initial data. Based on previous efforts made in this sense - some of them presented in
the literature (see e.g. [26], [29]) and some of them being carried out in our own investigations -
we believe that the existence of a solution could be established for a longer time interval through
a judicious choice of the stochastic parameters. A rigorous further investigation is required for

this and it is subject to future research.

1.2 THESIS STRUCTURE

In Chapter 2 we introduce some background material and preparatory results which will be used
in the rest of the thesis. In Chapter 3 we prove well-posedness for the 2D stochastic Euler equation
(Theorem 1.1). In Chapter 4 we prove existence of a unique local solution for the stochastic great
lake equation (Theorem 1.3). In Chapter 5 we prove existence of unique maximal solution for
the stochastic rotating shallow water system (Theorem 1.4). In Chapter 6 we implement the
data assimilation methodology for the stochastic rotating shallow water model, using the Lorenz
’63 model as a stepping stone. Chapter 8 is an appendix where we collect a couple of results and

derivations which are useful for the overall understanding of the thesis.
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2.1 SETUP

Let (Q, F, (Ft)t>0, P) be a filtered probability space and (W?);cy a sequence of independent one-
dimensional Brownian motions adapted to the complete and right-continuous filtration (F¢)¢>o.
In other words, S := (0, F, (F1)i>0, P, (W?);en) is a fixed stochastic basis. The elementary events
corresponding to the underlying probability space are denoted by w € 2. For any Hilbert space
H, we say that a random variable X is H-valued if it is defined on the probability space €2 and

it takes values in the space H.

2.2 CYLINDRICAL BROWNIAN MOTION

The driving processes involved in the equations studied in this thesis are infinite-dimensional. We
briefly present below the classical generalisation of a Brownian motion to an infinite-dimensional
setting. More detailed versions can be found in [40], [75], [61]. Let 4 be a separable Hilbert space

endowed with an orthonormal basis (e, )ren. Then the process Wi(w, -) formally defined as
Wilw,) =D er( YW (w) (2.1)
r=1

where (W7),cn is a sequence of independent real-valued Brownian motions, is known in the

literature as a cylindrical Brownian motion (or cylindrical Wiener process). As pointed out in
oo
[61], the series Z W/ (w)e,(-) does not converge in any sense in the space 4. However, a new

r=1
Hilbert space 4y D U endowed with a suitable norm can be constructed such that the convergence

holds in . This is defined as

9] 0,2
uo::{f:Zarer:Zr;<oo} (2.2)
r=1 r=1

with the corresponding norm
2
:

1 =7 (2.3)
r=1
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In this context, we denote the set of Hilbert-Schmidt operators from i to Ly' by

Lo (8, 8lg) := {T € L) : Y ITer 1, < oo} : (2.4)
r=1
endowed with the norm
1712, i) = S 1Tl (2.5)
r=1

Following [40], the trajectories of the process W belong to the space Ciyc(]0,00);4p). We use
this property in Chapter 5. The cylindrical Brownian motion defined in (2.1) is usually identified

with the sequence of real-valued Brownian motions (W7),.

2.3  STOCHASTIC TRANSPORT USING ITO AND STRATONOVICH INTEGRALS

The stochastic partial differential equations studied in this thesis have been originally written

(see [62]) in Stratonovich form:

t
Xt:X0+/A ds+2/ Bi(X,) o dW! (2.6)
0

where A and B are nonlinear operators, (W?); are 1-dimensional independent Brownian motions
and o denotes Stratonovich integration. In order for the stochastic process X to be well-defined

the following conditions need to be imposed on A, B* and Xj:

a. Xg is an Fp-measurable H-valued random variable.

b. (As(Xs))s is an H-valued (F;);-progressively measurable process such that
(/ | As(Xs)||mds < o0, Vt > ()) (2.7)

c. (B(Xy))s is an Lo(U, H)-valued (F;);-progressively measurable process such that

( / HBZ HL2 uH)dS < o0, Vt > 0) =1. (2.8)

!Similarly L2 (8, H) can be defined for any Hilbert space H. We presented in Section 2.2 the abstract, classical
setting, in the spirit of [40]. For the purpose of this thesis H can be associated with the space L*(T?).
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d. (Bi(Xy))s is a semimartingale and the quadratic variation process [B*(X), W]; is such that

(Z I[BY(X), Wil||%ds < oo, Vit > 0) (2.9)

The last two conditions ensure that the stochastic Stratonovich integral involved in (2.6) is a

semimartingale. The It6 equivalent of this Stratonovich integral (see e.g. [6]) is given by
t . to 1. ,
| Biexgeaw: = [ Bicxoawi+ 5 [pioo.w,

t
where / Bi(X,)dWy is the classical It6 integral and [B*(X), W'], is the quadratic variation of
0 . . .
the two processes B*(X) and W (see e.g. [40]). In our case the operator B’ is intrinsically linked

(see [62]) with the Lie derivative along a Stratonovich stochastic vector field dy; given by

dyy = wi(yr)dt + Y &) o dW]
i
where u is the deterministic velocity of the fluid flow and (§;); are time-independent and divergence-
free vector fields. The drift velocity u is embedded in A while the diffusive terms &; are embedded
in B’. We distinguish two particular cases, one which corresponds to the stochastic vorticity Euler
equation (Chapter 3) and the stochastic great lake equation (Chapter 4), and the other one which
corresponds to the stochastic rotating shallow water system (Chapters 5 and 6). In what follows
& T2 — R2, L; : WE2(T?) ¢ L*(T?) — T? is a first-order operator, and A; : L?(T?) — L?(T?)
is a zero-order operator. Their properties are explained in detail in Section 2.6. We distinguish

two cases:

e Ezample 1. Bi(X;) := —L;Xs where L£; X = Le; X =& - VX is the Lie derivative of &;
along X;. Then

[BYX), W, = —[L: X, W'y = —L;[ X, W]y = /£2X ds

13



¢
since [X, W']; = / L;Xsds. In differential form this reads as
0
. 4 . 1
BY{(Xy) 0 dW] = L Xy 0 dW} = L; X dW] — §L§Xtdt.

o Ezample 2. Bi(X;) := —(L; + Ai)Xs where L; is as before and A; X, := X1V¢H + X2V¢E2
for X, = (X1, X2) and & = (&}, €?). In this case we obtain

. ‘ . 1
Bi(Xiy) 0 dW} = (L; + Ai) Xy 0 dWy = (Li + A)XedWy — 5 (Li + A2 Xqdt.
The explicit calculations can be found in Chapter 5.

The Stratonovich integral is sometimes preferred for modelling in fluid dynamics due to its formal
analogies with the Riemann-Stieltjes integral: the transformation under composition with a C?3
map is similar for the two integrals and therefore the chain rule of Stratonovich calculus holds
in its standard form. However, in contrast to its It0 counterpart, the Stratonovich integral is
not a martingale. Even though the equations look more complicated, the martingale property is
essential for the theoretical analysis. For this reason, we work with the It6 version of equation

(2.6).

The original approach for deriving these type of equations using stochastic variational principles
can be found in [62]. A more general framework which extends the analysis to semi-martingale
driven variational principles is presented in [86]. A detailed derivation of the stochastic vorticity
Euler equation is presented in [37], while the derivation of the great lake equation can be found
in [63]. However, we have not seen a detailed derivation of the stochastic rotating shallow water
model in any published work. We include in Appendix the calculations corresponding to the

SRSW system, for completeness.
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2.4 WELL-POSEDNESS FOR NONLINEAR (TRANSPORT) SPDEs

2.4.1 SoLuTION TYPES

From the PDE standpoint we work with strong and weak solutions, while from a probabilis-
tic standpoint we work with pathwise (strong in probabilistic sense) and martingale (weak in

probabilistic sense) solutions. Consider the stochastic partial differential equation (2.6).

Definition 2.1. (Pathwise solutions) Let (2, F,(Ft)t,P) be a fixed stochastic basis and W a
fixed Brownian motion with respect to this basis. Let ( be an Fy-measurable random variable.

A stochastic process X is a pathwise solution/probabilistic strong solution of equation (2.6) with

initial condition ¢ if

i. X is an (Fy)i-adapted process with P-a.s. continuous trajectories.
it. P(Xg=¢)=1.

iti. (As(Xs))s and (BL(Xs))s are two processes which satisfy conditions (2.7) and (2.8), (2.9),

respectively.

iv. The identity (2.6)

holds P-almost surely in H for allt € [0,00).

I

Definition 2.2. (Martingale solutions) A triple <(Q,]—' (ft)tZO,IP)),X,W> is a
2.

martingale/probabilistic weak solution of equation (2.6) if

. ((Q,]:", (ﬁt)tzo,ﬁ),)?,ﬁ/) s a stochastic basis.
ii. W is an (F;);-adapted Brownian motion on (Q, F,P).
iii. X is an (F;)i-adapted stochastic process with P-almost surely continuous trajectories.

w. (Ag(Xy))s and (BL(X,))s are two processes such that
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a. (AS(X'S))S 1s H-valued and (ft)t—progressively measurable process with

(/ | As(Xs) || rds < oo, Wt > 0) (2.10)

b. (BL(Xs))s is La(Y, H)-valued and (Fy)s-progressively measurable process such that

(Z/ IBY (X1, s, ryds < 00, VE > 0) =1. (2.11)

c. (BY(Xs))s is a semimartingale and the quadratic variation process [B*(X), W] is such

that

(Z I[BY(X), Wiy %ds < oo, Vt > 0) (2.12)

v. The identity

X, = X, +/ Ay(X,)ds + Z/ By(X,) o dW! (2.13)
holds P-almost surely in H for all t € [0,00).

Definition 2.3. A random variable T : Q@ — [0, 00| is called an (Fy)¢-stopping time provided that
for any t € [0,00) the event {17 < t} belongs to the sigma-algebra F.

Definition 2.4. A local solution of equation (2.6) is given by a couple (X, T) where T : Q — [0, 0]
is a stopping time and X : Q x [0,7) x T? — H is an (F;)s-adapted stochastic process such that

for any bounded stopping time 7' < T the identity
tAT tAT! ) .
X = Xo + / A(X)ds + ) / Bi(X,) o dW? (2.14)
0 0

holds P-almost surely in H for all t € [0,00).

Definition 2.5. When ™ = oo in the above definition, the solution is called global.

We provide exact and more detailed definitions of solutions in each chapter, depending on the

particular form of the equation which is studied in the corresponding part of the thesis.
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2.4.2 WELL-POSEDNESS STRATEGY - REMARKS

We construct the solution of an SPDE as the limit of an approximating sequence of solutions
with good compactness properties. This sequence converges to a truncated solution. Then we
prove that we can lift the truncation either completely, to obtain a global solution, or just up
to a stopping time, to obtain a local solution. The form of the truncation is usually dictated
by the form of the nonlinear term. Proving that the approximating solutions are contained in
a compact set allows us to infer the existence of a convergent subsequence. In order to show
that any convergent subsequence converges to the same limit and this limit satisfies the original
SPDE, we use the pathwise uniqueness property of the targeted limit and the continuity of the

approximating solutions.

Definition 2.6. (Pathwise uniqueness) Equation (2.6) has a pathwise unique solution if any two

solutions X' and X? with the property that X& = Xg P-almost surely, are indistinguishable i.e.
P(X} = X2, for allt>0) = 1.

Definition 2.7. (Uniqueness in law) Equation (2.6) has a unique in law solution if any two (mar-
tingale) solutions ((Q, F, (F¢)e>0,P), X1, W) and ((Q,]}, (Ft)e0,P), X2, W), with the same ini-

tial distribution, have the same law.
Theorem 2.8. (Yamada- Watanabe ([67], [99])) Pathwise uniqueness implies uniqueness in law.
As an immediate corollary, weak existence (in probabilistic sense) and pathwise uniqueness imply

strong existence. Detailed proofs can be found in [67] Section 5.3 and [99] for the infinite-

dimensional setting.

A couple of technical classical results are needed in order to carry out the arguments.

Theorem 2.9. (Burkholder-Davis-Gundy inequality ([40])) Let H be a separable Hilbert space
and 0 < p < oo. Then there exists a positive constant C(p) such that for every stochastic process

B which is (Fi)¢-progressively measurable, with

T
E [/0 \|BS||§2(ﬂ’H)ds] < 00 (2.15)
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the following inequality holds

t
| Buaw.
0

T
Relation (2.15) gives actually the necessary condition for the Itd stochastic integral / BsdW
0

p/2

T
E <COE| [ 1B wms] (2.16)

sup
t€[0,T]

p
H

to be a well-defined martingale (see [40] Section 4.2).

Theorem 2.10. (Convergence of the stochastic integrals ([72], Theorem 4.2) Let (F}*)n be a
sequence of filtrations and (X"), a sequence of F;'-adapted processes with cadlag trajectories.
Let W be a standard Brownian motion. If (X", W) converges in distribution to (X, W), in the
Skorokhod topology, then (X™, W, [ X"dW) converges in distribution to (X, W, [ XdW) in the
Skorokhod topology. If the first convergence holds in probability, then the convergence of the

stochastic integrals holds also in probability.

In a stochastic framework we need to take care not only of the space and time variables, but
also of the random one. Two typical difficulties arise here: a lack of classical topology on the
probability space and a lack of classical time differentiability for the driving Brownian motion.
The first one is overcome by using Prokhorov’s and Skorokhod’s theorems in tandem. The second

one is addressed in Section 2.5.

Theorem 2.11. (Prokhorov’s theorem ([13])) Let (H,d) be a complete and separable metric
space and G a collection of probability measures on H. Then G is relatively compact if and only

if G is tight.

Note that a probability measure m is said to be tight if for any € > 0 there exists a compact set
K C H such that m(K) > 1 —e. A family of probability measures G is tight if for any € > 0

there exists a compact set K C H such that

inf m(K)>1-—e.
meg

Theorem 2.12. (Skorokhod’s representation’s theorem ([42])) Let (H,d) be a complete and sep-
arable metric space and (m™),en probability measures on H such that m™ converges in distribu-

tion to m. Then there exists a probability space (Q, F, Iﬁ’) and some H-valued random variables
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(f(”)neN and X defined on Q, such that the law of X™ is m", for any n > 0, the law of X is m,
and lim X"(w) = X (w) in H P-almost surely.
n—oo

2.5 CRITERIA FOR RELATIVE COMPACTNESS IN A STOCHASTIC SETTING

Establishing criteria for relative compactness is more delicate in a stochastic setting, compared
to a deterministic setting. One of the main problems is that the Brownian motion does not
admit a classical time derivative. It is therefore impossible to control the stochastic integral in
the Sobolev space W*2(0, T; H) with k > 1, where H is a general Hilbert space. In this context,
all stochastic relative compactness arguments try to account for the lack of classical pathwise
differentiability and to provide tools for overcoming it. This is done indeed by using pathwise
Hélder continuity (rather than differentiability of the Brownian path): the trajectories of the

Brownian motion are y-Holder continuous with exponent v € (0,1/2) (see e.g [67] or [90]).

The result which establishes conditions for the existence of a regular (Hoélder continuous) modi-
fication of a stochastic process is known as the Kolmogorov-Centsov theorem or the Kolmogorov

continuity theorem (Theorem 2.8 in [67]):

Theorem 2.13. Let X = (X;);>0 be a H-valued stochastic process such that for all s,t € [0,T]
E[IIX: = Xs[|%] < Cuft — s['*7

for some positive constants «, 3,Cy. Then there exists a continuous modification Y = (Yi)i>0 of

X which has locally P-almost surely §-Hélder continuous trajectories with § € (O, g) That 1s,

there exists an almost surely positive random variable T(w) and a positive constant Cy such that

oo s 1) - Yiw)ls

5,t€[0,T7] |t - S|6
t—se(0,7(w))

<Oy | =1.

We have used two different relative compactness criteria in our endeavour to prove existence
of a solution of a stochastic partial differential equation. The first one explores in more depth
the probabilistic nature of the solution. It relies on a time-uniform control of the conditional

expectation corresponding to the time increments of the solution, by means of constructing
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a random variable, say -y, which is independent of these increments and has good properties in
expectation. The construction of this random variable is realised step by step by controlling each
term of the equation in a suitable norm. The beauty of this approach resides in its generality:
one can control a very broad class of stochastic processes, driven by however wild types of noise,

as long as this auxiliary random variable v can be constructed.

Theorem 2.14 ([45] Theorem 8.6). Let (H,d) be a complete and separable metric space, (X%)q

a family of processes with cadlag sample paths, and suppose that for everyn > 0 and any rational

t > 0 there exists a compact set K,; C H such that supIP(Xta ¢ KW) < n. Then the following
[0

two statements are equivalent:
a. (X%)q is relatively compact.

b. For each T' > 0 there exists § > 0 and a family (v§)o<s<1 of nonnegative random variables
such that E[d?(X{, X2 )IFS] < E[yg|F?] and %in% limsupE[v§] = 0 for t € [0,T],u €
— «
[0,0], where d = d A 1.

The restriction imposed by this criterion is the fact that a priori the solution is required to be
a process with cadlag trajectories. The second approach is based on embedding properties for

fractional Sobolev spaces WA with 3 € (0,1) and p > 2, endowed with the norm

Tl
sy = [ Nt [ [ U Bl

It is easy to see that for an (F;)¢-progressively measurable process B = (Bs)s such that (2.15)
holds and for g € (0,1/2),p > 2, one has

t
/ B,dW, € LP(Q; WPP(0,T; H)).
0

This is intuitively true due to the 1/2-Holder continuity of trajectories of the Brownian motion.
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It can be proven using the Burkholder-Davis-Gundy inequality, see e.g. [50]. Let s < ¢. Then

P
BdW

. H _ H

N :=E ]t—s]HBP dtds| = |t—s|1+5p dtds
0 0
t P
el s
_ s H
= |t—s|1+5p dtds
0 0

By the Burkolder-Davis-Gundy inequality we know that

z | <o [( [z HLQMH)dT>p/2]

therefore

¢ ) p/2
</S ||Br||L2(u,H)dr> ]

]t—s\Hﬁp dtds

/2

0 0
T pr ([ B 8
([ 15 B mar = [ 181 qmr)
0 0 dtds
0 0

T
/ X
|t—s|1+25 dtds
/ 180 ]
3‘1+2B dtds
E 1B 12 )
]t—s\1+25 drdtds

T
<0E /0 ||BT||%2<M,H>dr]

For p = 2 we have




For p > 2
t
N < CIE [H 1B

Wl,p/2:|

and this is covered by the Burkholder-Davis-Gundy inequality.

Remark 2.15. B has to be a progressively measurable process in LP() x [0,T]; Lo (LU, H)) in
order for the above stochastic integral to be well-defined in LP(2 x [0,T]; H) (see [40]).

The second approach is inspired by the classical Arzela-Ascoli theorem and a deterministic em-

bedding theorem:

Theorem 2.16. (/9] Theorem 13.2)) Let Hy,Hy be two reflexive Banach spaces such that
the embedding Hy — Ho is compact. Let H be a bounded set of functions in L'(R,Hy) N
LP(R, Hy),p > 1 such that

i. / |A(t +5) — h(s)||,ds = 0 as t — O uniformly for h € H

—0o0

ii. the support of the functions h € H is included in a fized compact [-T,T] C R.

Then the set H is relatively compact in LP(R, Hy). That is, we have the compact embedding

LY (R, Hy) N LP(R, Hy) — LP(R, Hy).

Given the fact that the stochastic integral belongs to the Sobolev space WA, we would like to
be able to replace one of the LP spaces above by W#P?. This would help us in proving that a
sequence of solutions is relatively compact. The proof of the above theorem is based on first
showing that an associated set H, = {T,h,h € H},a > 0, with Toh : R — Hy, (T,h)(s) =
= ::a h(t)dt = % Zh(s + t)dt, is relatively compact in LP(R, H). The complete proof can

be found in [94] pp.97. By modifying the argument for uniform convergence and equicontinuity

in a convenient way, one can replace the more general condition 4. and use instead the fact that
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h € WPP(0,T; H):

T T 1 a
) = lias < [ 5 [0 = ne) s
1 a T »
§ — [A(t + s) — h(s) |, dsdt
[T () — hs)l
a H.
< — / / pRENCr 2 dtds
[T e () — hs)l
a Ho
< — / / ’t’1+ﬂp dtds

pp @ |[h(r) s)II%
a Ho
< — / / = s|1+5p drds

Hh”wﬁp 0,T; Hz)

| /\

Then one obtains the following embedding:
LP(R, H) N WPP(R, Hy) — LP(R, Hy).

This modification has been presented in [50] for three Banach spaces:

Theorem 2.17. Let Hy C Hy C H3 be three Banach spaces and p € (1,00),5 € (0,1). Assume

that Hy and Hs are reflexive and the embedding Hi — Ho is compact. Then the embedding
LP(0,T; Hy) N WPP(0,T; Hs) — LP(0,T; Hy)

18 compact.

The result is first proved for Hy = H3 as explained above and then it is extended to the third
space using an interpolation. Using the fact that W5P (0,T; H3) is continuously embedded into
CO([0,T); H3) for all § € (0, 3p — 1) the following result is also true ([50]):

Theorem 2.18. If Hi C Hy are two Banach spaces such that the embedding Hi — Hs is
compact, and B € (0,1),p > 1 are such that Bp > 1, then the embedding

WPP(0,T; Hy) — C([0,T); H) (2.17)

18 compact.
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We will also use the following theorem:

Theorem 2.19. (Gagliardo-Nirenberg [55]) Let w € LY and D™u € L™ with 1 < q,r < co. Then

there exists a constant C such that the following inequalities hold for Diw with 0 < j < m:
ID7ull, < CllD™ul|f |lullg~

. . 1 ]
where a € [j/m,1] is defined such that 5 = +a(

S|
o3

1—
) + 452

2.6 PREPARATORY RESULTS

The stochastic part of the three models studied in this thesis is introduced using a sequence of
divergence-free vector fields (&;); ([62]). These are time-independent and in practice they can be

derived from the underlying physics. We present in this section their mathematical properties.

Definition 2.20. (The operators L; and A;) We define the following differential operators:

L;: WEHT?) c L3(T?) — LA(T?), k>1 (2.18)
Lif =& -Vf
A; - LA(T?) — L*(T?) (2.19)

Aif = f1-VE + fr - VE
More precisely

2
(Aif)r = f3(0:€)). (2.20)
B=1

Assumptions

The vector fields & : T? — R? are chosen to be time-independent and divergence-free and for

any f € W%2(T?) we have

D ILifl3 < CISI 2 (2.21a)
=1
STILEFIE < Clll5. (2.21b)
=1
D il 00 < 00 (2.21¢)
=1
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Remark 2.21. If (W?);cn is a sequence of independent Brownian motions on the filtered prob-
ability space (0, F, (Fi)i>0,P), then provided f € L*(0,T; W22(T2,R)), the first two conditions

in (2.21) ensure that the infinite sums of stochastic integrals

o0 t
> / LifsdW! (2.22)
i=1"0

are well defined and belong to L*(0,T; L*(T?,R)). Similarly, the processes s — L3 fs are well-
defined and belong to L*(0,T; L?>(T2,R)) provided the solution of the stochastic partial differential
equation belongs to a suitably chosen space. In particular, the Ité correction is well defined. The

third condition is needed for proving a number of required a priori estimates (see below).

Remark 2.22. The condition that the family (&) is divergence-free is important for obtaining
good a priori estimates, see Proposition 2.23. This analysis could be extended to the case where
(&): are not divergence-free, as long as we make sure that V - & is controlled correspondingly.
Nevertheless, for Chapters 3 and 4 we require the Biot-Savart law (see Proposition 3.17) or an
equivalent extension (see Proposition 4.9) to hold true. These two propositions are not valid in
the case where the velocity u is not divergence-free and zero-average. Removing the divergence-
free condition on (&;); would break these two conditions. We believe that a further extension
could be achieved by splitting the velocity field into a divergence-free, zero-average part and a
non-divergence-free, non-zero-average one. However, this requires a careful control of all terms.
Since the study of the case where the family (&); is beyond the scope of this thesis, we leave it

for further investigation.

Proposition 2.23. Let f € W*2(T?).
i. The dual L¥ : L?(T?) — L*(T?) of the operator L; is given by —L;. As a result, the
following relation is true: <f, E?f> +(Lif, Lify=0.

15. There exists a constant C such that:
(0" r.0"c2r) + (" cif 0" cif )| < CU IR 2

iii. The dual A} : L*(T?) — L?(T?) of the operator A; is given by the matriz V&; with compo-
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nents given by

2
(ATS)r = f3(058)).
p=1

Note that A;f can be written as A;f = Af where the components of the matrix A are given
by (2.20). Then Asf = ATf.

Proof i. We can write

(Lia,b) = (& - Va,b) = /(gz Va) bdm—Z/ (& - Va)abadz
_%:zj:/g ((9jaa)b d:c—ZZ/ ( ))—aaba(ajgf)>dx
:%:;/T ( (= € (050)) — aaba(0,E) )dm—Z/ ( (& Vb )—aaba(v'fz‘))dx
= [, (& V0)de = ta,~(&: - V)

= <a, —£1b>

We have used the fact that div(§;) =V - & = 0. Therefore £ = —L;. Then

(C2F, )+ (Lif Lif ) = (Lif, LTF) + (Lif. Lif)
— (Lif, —Lif) + (Lif, Lif) = 0.

7. We have

ohc2f = ((0°Li)e:) £ = ((0°Li+ £i0" — LML) | = (£:0" + L)L) f
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where L; := 9*L; — £;0%. One can write

(OFLIF, 08 f) + (0" Lif ,OFLif) = (L0 Li) [, 0" f) + ((Lil) £, 0" ) + (9" L f, 0" Lif)
= (OFLif, L OF ) + (LLa) f, OF ) + (9F Liws, 8% Liwy)
= (O"Lif, = Li0" f) + (LiLa) £,0" f) + (9" Lif 0" Lif)
= (OFLif, — (0% Li — O Ly + L0V f) + (LiLy) f, 0%y)
+ (O Lif, 0L f)

(O Lif, O Lif) + (O°Lif, Lif) + ((LiLs) f, 0" f)
+ (O Lif, 0L f)

Using the same strategy we have

(OLif Lif) + (Lilif 0% F) = (Lif, 0F Lo f) — (Lif, L0 f) + (Li f, 0" f)
= (Lif, (0 L; — Li0*)f) + (Lif, 0" f)
= (Lif Lif) + (Lif, 0% f).

where L; = L;L; — L;L; and we have rewritten the two terms as follows:

(OLif, Lif) = (Lif . O Lif),

(Lilif, 0" f) = ((LiLi — LiLi + LiLy) f, 0" f)

= (LiLif 0" f) + (Lif 0" )

= (Lif L1O" ) + (Lif 0" )

= (Lif —L:0" ) + (Lif, " F).

Due to our assumptions on &; each term can be bounded by || f H,%Q, so the required inequality is

proven.
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iii. By definition, (A;f, g) = (f1V&}, g) + (f2VEZ, g). We analyse each term separately.

2
1o\ 1, — 1
vetg) = [ AVl gde =37 [ (Ve agnds
= [ (51991 + (V] agada

= /TQ(flalé}l)gl + (f102€] ) godz

With similar calculations for the second term we obtain

(V€)= [ (20101 + (f028 )i

Now remark that

/T?Efa (Zgjajgg) :/EZZfa (Zgﬁ]{l)
@ j o ; .
= (£, _g;0;&)
J
= (f,9101& + 9202&;)

=(f,9 (& 08))

That is

(Aif,g) =(f, V& - g).

Remark 2.24. We highlight the fact that A; is a zero-order operator and therefore the order of
the operator L; + A; is dictated by the order of L;. This remains true also for (L; + A;)?, as
A2f = (100} + [201€2)VEL + (f10262 + f20262)VER. Taking into account ii. we have

(V(Li+Ai) f, V(Lo + A f) < ClIFIIE (2.23)

A higher order control of the form
(O£, 05 ALf) + (0" Aif, 0F Aif) < CIf IR 2 (2.24)

can be proven, although we do not need this stronger result for the purpose of this thesis.
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In this chapter we prove that the stochastic 2D Euler equation driven by trans-
port noise is well-posed in the Sobolev space W*?(T?), k > 2. The content of this

chapter is the subject of the paper [34].

3.1 INTRODUCTION

Consider the two dimensional Euler equation modelling an incompressible flow perturbed by

transport type stochasticity

oo
dwy + ug - Vordt + Z(ﬁl -Vuwy) o thi =0
i=1
with initial condition wg, where &; are time-independent divergence-free vector fields and the
processes W, i > 1 are independent Brownian motions. Classically, u; stands for the velocity of
an incompressible fluid and wy = curl u; is the corresponding fluid vorticity. The stochastic part
considered here follows the Stochastic Advection by Lie Transport (SALT) theory (see [62], [37],

[51], [30]) and corresponds to a stochastic integral of Stratonovich type.

The Euler equation is used to model the motion of an incompressible inviscid fluid. A repre-
sentative aspect in this context is the study of the fluid vortex dynamics modelled by vorticity
equation. There is a vast literature on well-posedness in the deterministic setting, see e.g. [78],

[64], [44], [94], [68], [69], [5], [14], and references therein.

The introduction of stochasticity into ideal fluid dynamics has received special attention over
the past two decades. On one hand, comprehensive physical models can be obtained when
the stochastic term accounts for physical uncertainties ([62], [30], [31], [37]), whilst, in some
cases, the regularity properties of the deterministic solution can be improved when the right
type of stochasticity is added ([51], [49], [103], [41]). Global existence of smooth solutions for the
stochastic Euler equation with multiplicative noise in both 2D and 3D has been obtained in [103].
In [12], a weak solution of the Euler equation with additive noise is constructed as an inviscid
limit of stochastic damped 2D Navier-Stokes equations. A martingale solution constructed also

as a limit of Navier-Stokes equations but with cylindrical noise can be found in [22]. Existence
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and uniqueness results with different variations in terms of stochastic forcing and approximations
can be found in [81], [27], [82], [10] and references therein. An overview of results on this topic

is provided in [11].

The analysis of nonlinear stochastic partial differential equations with noise of transport type
has recently expanded substantially, see e.g., [62], [37], [30], [31], [8], [2], [3], [54]. Existence of
a solution for the two-dimensional stochastic Euler equation with noise of transport type has
been considered in [21]. While in [21] the authors prove the existence and pathwise uniqueness
of a distributional solution in L>°(T?), in this chapter we are concerned with the existence of a
strong solution and give conditions under which the solution enjoys smoothness properties'. In
[48], a random point vortices system is used to construct a so-called p - white noise solution.
Local well-posedness and a Beale-Kato-Majda blow-up criterion for the three-dimensional case
in the space W?2(T?) has been obtained in [37]. Full well-posedness for a point vortex dynamics
system based on this equation has been proven in [52]. The linear case has been considered in
[49] and in [53]. We provide below a diagram which explains the dependency chain for the results

presented in this chapter:

—{ Theorem 3.3 ]

[ Theorem 3.4 ]

| |
[ Prop. 3.11 ] [ Lemma 3.19 J

| |
[ Lemma 3.22 ] [Theorem 3.13] [ Prop. 3.14 ] [ Lemma 3.20 ]

[ Lemma 3.21 J [ Prop. 3.15 ] [ Prop. 3.17 ]

In the sequel, T? is the two-dimensional torus, k > 0 is a fixed positive integer and W*?2 is the

Tn other words, we identify conditions under which the (strong) solution of the two-dimensional stochastic
Euler equation with noise of transport type belongs to the Sobolev space W¥? with k arbitrarily high.
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usual Sobolev space. The of this chapter is the following:

Theorem: Under the conditions stated in Section 2.6 on the vector fields (&;);, the two-dimensional

stochastic Fuler vorticity equation

o0
dwi + e - Verdt + > (& V) o dW] =0, wy € WH(T?) (3.1)
i=1
admits a unique global (in time) solution in the space W*2(T2). Moreover, w; is a continuous

function of the initial condition.

Remark 3.1. As stated above, the stochastic terms in (3.1) are stochastic integrals of Stratonovich

type. The corresponding Ito form of equation (3.1) is

dw; + uy - Vrdt + Y & - Ve dWy = % D & V(& - Vay)dt. (3.2)
=1 =1

The assumptions we impose on the vector fields (&;); are described in Chapter 2, Section 2.6. In
short, the (&;); parameters are assumed to be sufficiently smooth and to have norms which decay
sufficiently fast as ¢ increases, see condition (2.21). This ensures that the infinite sums in (3.1)

and (3.2) make sense in W"?2(T?).

Remark 3.2. Importantly, we do not require the additional assumption?

> G@)El (@) = cly (3.3)
=1

oo

used in [21]. As a result, in the It6 version (3.2) of the SPDE, the term %Z& -V (& -Vwy) does
=1

not reduce to cAws. This would simplify the analysis as, in this case, the Laplacian commutes

with higher order derivatives. Morever, it commutes with the operation of convolution with the
oo

Biot-Savart kernel, an essential ingredient used in [21]. The general term %Z& - V(& - Vwy)
i=1

makes the analysis harder. We succeed in controlling it by considering it in tandem with the term

o0

E / (& - th)zdx coming from the quadratic variation of the stochastic integrals (see Lemma
, T2

=1

3.20 and Proposition 2.23 i.) appearing in the evolution equation for the process t v+ ||wql|?.

*Here c is a non-negative constant, I2 is the identity matrix, and £(z)7 is the transpose of £(z).
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Another technical difficulty appears when trying to control the high-order derivatives of the vor-
ticity. Nonetheless, this is achieved through a set of inequalities (see Lemma 3.20 and Proposition
2.23) that have first been introduced in the literature by Gyongy and Krylov ([56], [57], [58])
and recently used by Crisan, Flandoli and Holm ([37]). Again, we emphasize that these rather
surprising inequalities hold true without imposing assumptions on the driving vectors (&;); other
than on their smoothness and summability. This finding is particularly important when using
this model for the purpose of uncertainty quantification and data assimilation: for example, in
[30], [31], [32], the driving vectors (&;); are estimated from the data and not a priori chosen. The
methodology used in these papers does not naturally lead to driving vector fields that satisfy

assumption (3.3) so removing it is essential for our research programme.

We emphasize that the appearance of the second order differential operator w % Yo & V(G-
Vw) in the It version of the Euler equation does not give the equation a parabolic character,
even if one assumes the restriction (3.3) with ¢ chosen strictly positive. Equation (3.1) is truly
a transport type equation and one cannot expect the initial condition to be smoothed out. The
best scenario is to prove that the initial level of smoothness of the solution is preserved. This is

indeed the main finding of our research.

Let (W%);en be a sequence of independent Brownian motions on the filtered probability space
(Q, F, (Ft)i>0,P). Provided w € L?(0,T; W*2(T? R)), the first two conditions in (2.21) ensure

that the infinite sums of stochastic integrals

o0 t ]
> / LiwsdW? (3.4)
i=1"0

are well defined and belong to L?*(0,T; L?*(T?,R)). Similarly, the processes s — L2ws are well-
defined and belong to L?(0,T; L?(T?,R)) provided the solution of the stochastic partial differen-
tial equation (3.1) belongs to a suitably chosen space (see Definition 3.5 below). In particular,
the It6 correction in (3.2) is well defined. The third condition is needed for proving a number
of required a priori estimates (see Lemma 3.20 in Section 3.6). In the following definition and

throughout this chapter, & > 2 is a fixed integer.
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3.2 MAIN RESULTS

Let us start by re-stating the existence and uniqueness result, this time with complete details:

Theorem 3.3. Ifwy € W"2(T?) is a divergence-free function then the two-dimensional stochastic

Euler vorticity equation (3.1)

dwi + Lo,widt + Y Liwp o dW] =0
=1

admits a unique global Fi-adapted divergence-free solution w = {wy,t € [0, 00)} with values in the
space C ([0, 00); Wk’z(']I‘Q)). In particular, if k > 4 the solution is classical.
The proof of Theorem 3.3 is contained in Sections 3.2.1 and 3.2.2. We state next a result that

shows the continuity with respect to initial conditions:

Theorem 3.4. Let w, @ be two C ([0, 00); WH2(T?))-solutions of equation (3.1). Define A3
t

as the process A; = / lwsllk,2ds, for any t > 0. Then there exists a positive constant C
0

independent of the two solutions such that
Ele™ Y lwr — @117 5] < [lwo — ol [f 2- (3.5)

The proof of this theorem is incorporated in Section 3.3.3.

Definition 3.5.  a. A strong solution of the stochastic partial differential equation (3.1) is an
(Fi)¢ - adapted process w : Q x T2 — R with trajectories in the space C([0,00); WE2(T?)),
such that the identity*

t 00t Y’
Wy = Wy — / Loy wsds — Z/ LiwsdWe + 5 Z/ L2w,ds
0 i=170 i=170

with w),_, = wo, holds P’ - almost surely in L?(T%R).

3Note that there is no link between the process (A;): defined here and the operator A used in Chapter 2 to
denote a generic coefficient corresponding to a general SPDE.

“Here and everywhere else u is implicitly defined as the velocity field whose vorticity is w, in other words
wr = curl uy = Viu = Saur — d1us. See further details in Remarks 3.6 and 3.16.
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b. A weak/distributional solution of equation (3.1) is an (F;)¢ - adapted process w : 9xT? — R

with trajectories in the set C(]0,00); WF2(T?)), which satisfies the equation in the weak
topology of L*(T%,R) i.e.

t o ot o1&t
(wrrh = o) = [ it =3 [ o Lia)aWie 3> [ o itirds
0 i=1"0 i=1"0

holds P - almost surely for all ¢ € C*=(T? R).

c. A weak probabilistic/martingale solution of equation (3.1) is a triple (0, {W}:), (Q, F,P), (F):

such that (Q, F,P) is a probability space, (Fi); is a filtration defined on this space, & is
a continuous (Fi)¢-adapted real valued process @ : Q x T? — R with trajectories in the
set C([0,00); WE2(T2)), {W'}; are independent (F;)i-adapted Brownian motions and the

identity
t oo ot 1
@y = o —/ L, 0sds — Z/ Lo dWS + 5 Z/ L20,ds
0 i=1"0 i=1"0
with @|,_, = wo, holds P-almost surely in L*(T%R).?

d. A classical solution of equation (3.1) is an (F;); - adapted process w : 2 x T? — R with

trajectories of class C([0,00); C%(T?;R)).

Remark 3.6. The velocity field u is not uniquely identified through the equation w = curl u.
Indeed any two wvelocity fields that differ by a constant will lead to the same vorticity map w.
Instead we identify u through the ”explicit” formula v = V+A" w, see details in Remark 3.16
in Section 3.6. in particular, since u and w are defined in terms of partial derivatives of other

functions, on the torus, they must have zero average:

/TZUI(:C)dx:/TQUQ(m)dx:/TQW(CU)d:v:O.

Note that if wg has zero average, then wy will have zero average, as it is immediate that all the

terms appearing in the Euler equation (either (3.1) or (3.2)) have zero average.

SWe use the ”check” notation in the description of the various components of a weak probabilistic solution,
to emphasize that the existence of a weak solution does not guarantee that, for a given set of Brownian motions

(W?); defined on a (possibly different) probability space (Q,F,P) a solution of (3.1) will exist. Clearly strong
solvability implies weak solvability.
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Remark 3.7. Note that w, € W*2(T?) implies u; € W*HL2(T?) (see Section 3.6). By standard
Sobolev embedding theorems WFTL2(T2) — WF2(T2) — Cp(T?) for k > 2, hence the terms
Loywi =y - Vwy € L*(T% R) and (ws, L ) are well defined.

Remark 3.8. Naturally, if we is a strong solution in the sense of Definition 3.5, then it is also a
weak/distributional solution. In this sense, our result enhances the solution properties presented
in [21] at the expense of stronger assumptions on the initial condition of the stochastic partial
differential equation, but without the need to impose the additional constraint (3.3). Note also
that if wy is a weak/distributional solution with paths in C([0,T]; W*2(T?)) then, by integration

by parts, the equation has a strong solution.

3.2.1 PATHWISE UNIQUENESS OF SOLUTION FOR THE EULER EQUATION

The uniqueness of the solution of equation (3.1) is an immediate corollary of inequality (3.5).
However, the proof of (3.5) requires the existence of an approximating sequence which is con-
structed as part of the existence results. We present below a direct proof which avoids this, given
the fact that pathwise uniqueness is required for the proof of existence of a strong (probabilistic)

solution.

Suppose that equation (3.1) admits two global Fi-adapted solutions w; and we with values in

the space C ([0, 0); Wk’Q(’]IQ)) and let @ := w' — w?. Consider the corresponding velocities u!

1

and u? such that curl u!' = W', curl v? = w? and @ := u!

— u?. Since both w' and w? satisfy

(3.2), their difference satisfies

_ _ e -
day + (La,wi + L200¢)dt + Z_; Liw dW, — 3 z_; L20dt = 0.

By an application of the It6 formula one obtains

dll@i|l3 = =2 (@, Liw)dW] — 2@y, La,wf + L,20r)dt
=1

+ i«@t’ E?‘Dt» + (Li0y, Liwy))dt.

=1
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Note that the last term in the above identity is null (see Proposition 2.23 and Lemma 3.20)¢ and
that . ) 1
[(@e, Lawi)| < [[@ill2l|te]lal| Ve lla < Cllwrlzllo lIx,2-

This is true since by the Sobolev embedding theorem (see [1] Theorem 4.12 case A) one has

Finally, observe that (w¢, £,200¢) = -1 / (V- u?)(@)?dx = 0 since div uf = 0. Tt follows that
T2

Vw4 < Cllw}||k2 and using also the Biot-Savart law one has ||a¢]s < Cllaef1,2 < Cllala.

o
dlll3 +2 (@, Liwn)dW{ = =2(@r, La,w})dt < Cllwf |,2lle3dt. (3.6)
i=1
Since we only have a priori bounds for the expected value of the process t — ||w}||x.2 and not
for its pathwise values, the uniqueness cannot be deduced through a Gronwall type argument.
t
Instead, we proceed as follows: let A be the process defined as A; := / Cllwk||k.2ds, for any
0
t > 0. This is an increasing process that stays finite P-almost surely for all ¢ > 0 as the paths of
w! are in C ([0,00); W*?2(T?)). By integration by parts,
[e.e]

d(e M @ll3) = e (dlla5 — Cllwill3llwf l[x2dt) < —2e~4 Z@t, Liwy)ydWy.
i=1

This leads to A
Ele%[|la|3] <E

t o0
/—Qe‘ASZ(wS,L@SMWj = 0.
0

=1

We conclude that e=4¢||@ |3 = 0, and since e~4¢ cannot be null due to the finiteness of A; we

deduce that ||@¢|2 = 0 almost surely, which gives the claim.

The above argument uses the fact that the terms <G)t, [,?@t> and (L;wy, L) are well defined.
In other words, even though we only wish to control the L?-norm of the vorticity, we have to
resort to higher order derivatives. This is permitted as we assumed that w € W*2(T?) for k > 2.
By applying a similar argument, to control the W*2(T?)-norm of the vorticity we would need
to control terms of the form <akwt,8’%§wt> and (0% L;w¢, 0% L;@;). This is no longer allowed

because we do not have enough smoothness in the system. To overcome this difficulty we will

SThe application of the Lemma requires that the two solutions w® and w? belong to Wk’Q(TZ) with £ > 2.
To deduce (3.5) we need a similar control (albeit not an identity) for higher order derivatives. This is done by
using the approximating sequence constructed in Section 3.3 and then taking the limit. This is the reason why we
cannot prove directly (3.5).
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make use of a smooth approximating sequence for the vorticity equation, see Section 3.3.3.

Remark 3.9. The above uniqueness result is somewhat stronger than the uniqueness deduced
from inequality (3.5). It shows that a solution of (3.1) will be unique in the larger space L*(T?)
rather than in the space W*2(T?). Nevertheless, inequality (3.5) shows the continuity of the

solution with respect to initial conditions.

Remark 3.10. We note that, in contrast to the deterministic version of the Euler equation,
the minimal k that ensures the existence of a strong solution is k = 2. This is because of
the occurrence of the term L3w in the Ité version of the equation. Moreover, in order for the
Stratonovich integral in equation (3.1) to make sense, we require k > 3 as the term E?w appears in
the evolution equation for the covariation between L;w and W required for the rigorous definition
of the Stratonovich integral. Nonetheless, the methodology from this chapter can be used to cover
initial conditions wy € WF2(T?) with k < 2. In this case we have to content ourselves with
weak/distributional solutions. Whilst this is not the subject of this thesis, such a solution can
be shown to exist as long as the product wL,p makes sense in a suitably chosen sense. We
need to interpret the nonlinear term in a weak form as a generalised function and replace it
with /t<usw5,V<p>ds. Then the same methodology can be applied as long as we can control the
0

|luw||y—1,2 norm. This is possible, for example, if we assume wy € L*(T?).

3.2.2 EXISTENCE OF SOLUTION FOR THE EULER EQUATION

The existence of the solution of equation (3.1) is proved by first showing that a truncated version
of it has a solution, and then removing the truncation. In particular we will truncate the non-
linear term in (3.1) by using a smooth function fr equal to 1 on [0, R], equal to 0 on [R+ 1, 00),

and decreasing on [R, R + 1], for arbitrary R > 0. We then have the following:

Proposition 3.11. If wy € W*2(T?) is a divergence-free function then the following equation

doft + fr(llwflk-12)Lopwfidt+ Y Liwf o dW] =0 (3.7)
=1

admits a unique global Fy-adapted divergence-free solution wft = {wf t € [0,00)} with values in

the space C ([O, 00); W’“’Q('ﬂa)). In particular, if k > 4, the solution is classical.
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Remark 3.12. The truncation in terms of the norm ||wf||x_1.2 and not [|wf|x 2 is not incidental

as it suffices to control the norm ||uf¥||x2 (see Proposition 3.17).

We prove Proposition 3.11 in Section 3.3. For now let us proceed with the proof of global
existence for the solution of the Euler equation (3.1). Define 7g(w) := infi>o{|wf|k—12 > R}.
Observe that on [0, 7r], fr(||wf||k—1.2) = 1, and therefore, on [0, 7] the solution of the truncated
equation (3.7) is, in fact a solution of (3.1) with all required properties. It therefore makes sense
to define the process w = {ws,t € [0,00)} wy = wf for t € [0, 7r]. This definition is consistent as,
following the uniqueness property of the solution of the truncated equation (see Section 3.3.1),
wlt =Wl for t € [0, Tmin(R,r')]- The process w defined this way is a solution of the Euler equation
(3.1) on the interval |0, s%p Tr). To obtain a global solution we need to prove that sup 7 = co

R>0
P - almost surely. Let A := {w € Q|sup 7g(w) < co}. Then
R>0

A= fsuprae) < N} = Ut < )
N R

N>0

and

P(rr(w)[ < N) =P ( sup |[|wf*[x-12 > R) :
t€[0,N]

In order to finish the proof of global existence we use Lemma 3.19 and the fact that

B [ (JF 10+ ¢)] e, T)

P(HthHk—LQ > R) < R2+e ~ R’2+4+e R

It follows that

P (ﬂ{!m(w)l < N}) = lim P(|7r(w)| < N) = 0.
R

and therefore P(A) = 0. This concludes the global existence for the solution of the equation

(3.1).
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3.3 ANALYSIS OF THE TRUNCATED EQUATION

3.3.1 TUNIQUENESS OF SOLUTION FOR THE TRUNCATED EQUATION

In this section we prove uniqueness of the solution of equation (3.7). We use a similar strategy as
the one used to prove the uniqueness of the solution of the (un-truncated) Euler equation (3.1).

LR

Suppose that equation (3.7) admits two global F;-adapted solutions w"'* and w2 with values

in the space C ([0, 00); W*?2(T?)). We prove that w'# and w*# must coincide. In the following,

we will formally drop the dependence on R of the two solutions. As above, let @ := w! — w?

1

and consider the corresponding velocities u! and u? such that curl u! = w!, curl v? = w? and

@ = u' —u?. Since both w! and w? satisfy (3.7), their difference satisfies

) i} N
oy + ((fr(Wi) Ly = Fr(W]) L2 )wy + [r(w]) L p0t)dt + ; LindW] — 5 Z; L2w,dt = 0.

where fr(w) = fr(||w|k-1,2). By an application of the It6 formula and after eliminating the null

terms (see Lemma 3.20, Remark 3.23, and use the fact that u? is divergence-free), one obtains

dH(DtH% +2 Z<(Dt7 ‘Ciwt>thi = _2<wtv (fR(wtl)‘Cutl - fR(th)‘Cutz)wtl>dt
i=1

One can show that (see [37] for a proof) there exists a constant C' = C(R) such that
Ifr(w)ur — fr(wi)uflla < Cll@llk-1,2
and to finally deduce that
(@, (Fr@i) Ly = RO L)) < |@llz@ellal Ver lla < Cllllzlloelli-1,2llwt 11,2

It follows that -
dll@el3 +2 3" (@, Liw)dWE < Cllwt luzllol 3dt.

=1

Similar arguments are used to control ||0%w;||3 where « is a multi-index with o] < k — 1 and to

40



deduce that there exists a constant C' such that

d|jo° @3 +2 ) (9%wr, 0 Lior)dW} < Cllwf |k olloe3dt,
i=1

where we use the control (see Lemma 3.20)
(0°@1, 0 L30p) + (0% Ly, 0 Liw) < C||@][} -

Some care is required for the case when |a| = k — 1 as §%L%@; is no longer well-defined. In this
case, by using the weak form of the equation (3.7) to rewrite (9%, 0 L3w;)) as

—<8°‘180‘J)t, 02 L%@,;)) we can proceed as above by using that
— (0% 0%y, 0% L) + (0% Loy, 0“Liwy) < Cllae | o-

The above is true for functions in W**1.2(T?) and, by the continuity of both sides in the above
inequality, it is also true for functions in the larger space W*?2(T?), since W*+1:2(T?) is dense in
WH2(T?). The proof is concluded in an identical manner as that for the uniqueness of the Euler

equation (see Section (3.2.1))

3.3.2 EXISTENCE OF SOLUTION FOR THE TRUNCATED EQUATION

The strategy of proving that the truncated equation (3.7) has a solution is to construct an
approximating sequence of processes that will converge in distribution to a solution of (3.7).
This justifies the existence of a weak solution. Together with the pathwise uniqueness of the
solution of this equation, we then deduce that strong uniqueness holds.

Recall that wy € WF2(T?). Let (w}), € C®(T?) be a sequence such that wj ~— wy in
vo,R,0 0

WH2(T?). For any t > 0 we construct the sequence (w/™™™),>0 with w} := wy, and for
n>1and wim™" = wp,

o
dwfm " = (v D™ — fr(w/" TN b raeaw) Y dE = Liwfm 0 dW,(3.8)
t
i=1
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where v, = 1 is the viscous parameter (n > 0) and utyn’l’R’n_1 = curl_l(wf"’l’R’n_1)7. Also
Frw!™™™) = fr(llwr™™™|;_1.2). The corresponding Ito form of equation (3.8) is 8
o0
dewy™ " = (v Awy™ "+ PP Wy ) dE =Y Lewp AW, (3.9)

=1

-1 Ry -
where P,"" " (wy™™") is defined as

_ - 1
PPy = = fr (TN L w4 3 S Liwmtr o t>0. 0 (3.10)

! i=1
Theorem 3.13. If wg"’R’n € C®(T?) is a divergence-free function with null spatial mean, then

the two-dimensional stochastic vorticity equation (3.9) admits a unique global Fi-adapted solution

wymitn — {w;’"’R’n,t € [0,00)} in the space C([0,00); C=(T?)).

The proof of this theorem is provided in Section 3.4.

Vn,R,n)

Proposition 3.14. The laws of the family of solutions (w vnelo,1] @8 relatively compact in

the space of probability measures over D([0,T], L>(T?)) for any T > 0.

The proof of Proposition 3.14 is left for Section 3.5.

Proof of existence of the solution of equation (3.7)

Using a diagonal subsequence argument we can deduce from Proposition 3.14 and the fact that

M VnuRvn
lim w
n—oo

Vn,

= wo the existence of a subsequence (w""); with jlgglo vn; = 0, which is con-
vergent in distribution over D([0,00), L?(T?)). We show that the limit of the correspond-
ing distributions is the distribution of a stochastic process that solves (3.7). This justifies
the existence of a weak (probabilistic) solution. By using the Skorokhod representation the-
orem (see [13] Section 6, pp. 70), there exists a space (Q, F,P) and a sequence of processes
(@vmfin grn.fim, (W’)Z, n = 1, 00) which has the same distribution as that of the original converg-
ing subsequence and which converges (when n — o) almost surely to a triplet (@, @, (W?),)

in D([0,T], L*(T?) x WH2(T?) x RY). Note w”»®" and @"»*" have the same distribution, so

"The operator curl™! is the convolution with the Biot-Savart kernel, see Remark 3.16 for details.
8The stochastic It6 integral is understood here in the usual sense, see [40] .
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that for any test function ¢ € C°°(T?) we have

t
<(:)tVn7R7n,S0> _ <@6H7R’n780>+7/n/ <@Zn’R’n,Ag0>d8
0

t
+/0 fR(ch”"’l’R’"’l)@s”"’R’”,Eutun_l,R,n—lwds (3.11)
1.t -t oy
4332 [t a1 Y [ e nn Ly,
=170 =170
Note that there exists a constant C' = C(T") such that

| sup [0, | <, (3.12)
n>1 s€[0,T7]

where E is the expectation with respect to P. We prove this in Lemma 3.20 for the original

vn,Rn

sequence, but since @ satisfies the same SPDE, the same a priori estimates hold for @"» ",

Since the space of continuous functions is a subspace of the space of cadlag functions and the
Skorokhod topology relativised to the space of continuous functions coincides with the uniform
topology, it follows that the sequence (@, gvn-fon (WZ)Z, n = 1, 00) converges (when n — 00)

P-almost surely to (&%, @, (W7);) also in the uniform norm. It also holds that

t
lim E U [|yn-Fem —@fugds] -0
0

n—oo

and since

00 N t o0 _ t
ZE[ /0 <<w§mR’"—w5,£i¢>>2ds} <3 |Liol3E [ /0 ||ov;’"’R’“—wf||%ds]
=1 =1

t (3.13)
< CllollE [ /0 JagnFn wfnsds}

also the limit of the right hand side of (3.13) converges to 0 (we use here the control > ||£;¢||3 <

Cllpll7 , assumed in (2.21)). Now Theorem 4.2 in [72] allows us to conclude that the term

3 /0 (@R LoV dTT
=1
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o0 ot
converges to Z / (@F £;0)dW! in distribution. By a similar application of the Skorokhod rep-
=170

¢

resentation theorem, we can also assume that on (Q, F,P), the term .20, [ (@4 L;p)dW!
t

converges to S0, [ (OF, L;p)dW! P-almost surely (as well as in L?(P)). Let us prove the
0

convergence of the remaining terms in (3.11) :

o O converges P-almost surely to @ in D([0, 00), L(T?)). Since ¢ is bounded, it follows
that (@f”’R’n,@ —— (Of, p) and ((Dg"’R’n,@ —— (@ff, ), P-almost surely (as well as
n—oo n—oo

in L?(P)), for any ¢ € C(T?).

e The second term on the right hand side of (3.11) converges to 0 when n — oo because
the integral is uniformly bounded in L?(P) (again, because of (3.12)) and v, — 0 when

n — oQ.

e Using the fact that @/»—1f"~1 is the convolution between &*»~1f"~1 and the Biot-Savart
kernel we obtain that @”» " converges to @", P-almost surely (as well as in L2(P)). More-

over, one can write

t t
/0 (ain-v Rl g B _ gR OgoR oYds = /0 ((ayn-vltm=l _ gRy - ggrmlin o) ds

t
- [l (vap e - 9ol g
0
We have

[{(agr-rfn=t —af)  vay-fin, o) = (@it = af) - ofm e, Vo)l

< [V - @Ry @zt Rn =t — i, —— 0

and
(it - (VLR — Vel )| = [(alf - (@ - &), Vo)

< [V ol — B —— 0

for0<t<T.
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e Lastly, the integrals coming from the It6 correction term are treated in a similar fashion:

(& - V(& - VOrmR—™Y — & V(& - Vo), )| = (& - Varm B — & . Vol & - V)
= (@t — OB & V(& - V)l

<& - V(& - Vo)llalltm ™ =&l —— 0
since ||& - V(& - V)] is finite by the initial assumptions made on (&;);.

We have shown so far that there exists a weak/distributional solution in the sense of Defini-
tion 3.5. part b. on the space (Q,]}, P). However, since @ belongs to the space WHh2(T?) —
C%=™(T?) the solution is also strong, again, as a solution on (Q, F,P) (and not on the original
space). It follows that (@, , (WZ)Z) is a weak /probabilistic solution of the truncated Euler equa-
tion (3.7) in the sense of Definition 3.5 part c. Together with the pathwise uniqueness proved in
Section 3.3.2 and using the Yamada-Watanabe theorem for the infinite-dimensional setting (see,
for instance, [99]) we conclude the existence of a strong solution of the truncated Euler equation,
again in the sense of Definition 3.5, part a. Now using the embedding W*2(T?) — C&~™(T?)

with 2 <m < k and k > 4 we conclude that the solution is classical when k > 4.

3.3.3 CONTINUITY WITH RESPECT TO INITIAL CONDITIONS

In this section we prove Theorem 3.4. As stated in the theorem, let w, @ be two C ([O, 00); W’“Q(TIQ))—
solutions of equation (3.1) and define A as the process A; := /t llws ||k, 2ds, for any ¢ > 0. Let
wlt, & be their corresponding truncated versions and also let (cgf iy o and (@) ,50 be,
respectively, the corresponding sequences constructed as in Section 3.3.2 on the same space after

the application of the Skorohod representation theorem. By Fatou’s lemma, applied twice, we

deduce that

Ele™ 4wy — @2 o] < E[lim inf e~ 4 oy — oy 7|
? n

ko)

< limninfE[e*CA?Hw;/"’R’n — @rn’R’n‘ |z2]

t
where A™ is the process defined by A} := / |wm B[ ods, for any t > 0. Following a similar
0

proof with that of the uniqueness of the Euler equation, one then deduces that there exists a
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positive constant C' independent of the two solutions and independent of R and n such that

Efe™ 4 [y — a2 ) < llwo — Gol[R »-

which gives the result. We emphasive that we use here the fact that the processes (w; ”’R’n)nzo

~V,

and (@/"™™),>0 take values in WFt22(T2) as an essential ingredient, a property that was not

true for either the solution of the Euler equation or its truncated version.

3.4 ANALYTICAL PROPERTIES OF THE APPROXIMATING SEQUENCE OF SOLUTIONS

3.4.1 EXISTENCE AND UNIQUENESS OF THE APPROXIMATING SEQUENCE

Vn,R,n)

We show that the sequence (w, n given by formula (3.9), that is,

o0
dewy™ " = (v Ay 4 PP ) dE =Y Lew)m AW
i=1

with wg"’R’" = w(j, is smooth. The equation above is a particular case of equation (1.1) —(1.2) in

Chapter 4, Section 4.1, pp.129 in [100]. All assumptions required by Theorem 1 and Theorem 2

vn,Rmn

in [100], Chapter 4, are fulfilled. Therefore there exists a unique solution w; which belongs to

the class L2([0, T], WE2(T2)) N C([0, T], W¥=12(T?)) and satisfies equation (3.9) for all ¢ € [0, T]
and for all w in Q' C Q with P(Q') = 1.

Furthermore, since the conditions are fulfilled for all £ € N, using Corollary 3 at pp. 141 in

[100], we obtain that w,’f”’R’" is P - a.s. in C([0,T],C>=(T?)). Note that utV”_l’R’n_l € C*(T?)

for any n > 1, using the Biot-Savart law and an inductive argument. One has u;’”*“R’n_l =

K *w; Bl with K being the Biot-Savart kernel defined in Section 3.6. The convolution

Un—1,Rn—1 . .
between K and w," """ " is commutative, so we have

u T @) = K (el @ gy,

Since w,"" is in C*°(T?) by Corollary 3 (at step n — 1), and using the fact that K € L!(T?) we
Vp—1,Rn—1

conclude that wu; € C*°(T?). This, together with the initial assumptions (2.21), ensures

that all the coefficients of equation 3.9 are infinitely differentiable. The uniform boundedness is
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ensured by the truncation fR(wf "*I’R’n_l), as proven in Lemma 3.20 from Section 3.6.

3.4.2 CONTINUITY OF THE APPROXIMATING SEQUENCE

Proposition 3.15. There exists a constant C = C(T') independent of n and R such that
E[llw}™ P — we Br L] < Ot - 9)%, t,s € [0,

In particular, by the Kolmogorov-Centsov criterion (see [67]), the processes w”™ have contin-

uous trajectories in L?(T?).
Proof Consider s < t. Then

t t oo t
o =, [ sy [ poniugp iy~ 3 [ caprrrawy 31
S S 7/71 S

We will estimate the expected value of each of these terms. For the first term we have

t
|| [ viawgesnay 3

2

4
} < (t— 5)4E[ sup HAw;"’R’"
L? PE[s,1]

< T?(t — 5)°E[ sup [lwy™ "} o]
p€[0,]

< C(t—s)%

Next we have

t
Vp—1,Rn—1 vn,R,n
/fR(wp” ! )Euyn_l,R,nflwpn dp
s

t

? .

< (6= 9)'B| sup. |l B it g,

P
pPE|s,t] (315)
n,R,
< T2t oPE| s Jug L]
pE(0,T)

<C(t—s)2

The penultimate inequality is true given that
HfR(w;nfl7R,n*1)ugn717R:n71 . Vw;"’R’"H%Q < ”uznbe,nflHgouvwng,nH% < szn,R,n ‘22
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since

Va1 R0 o < OV Ry < Ol Ry 5 < Ol B g < o,

and the last inequality is true due to the a priori estimates proved in Lemma 3.20 v. Similarly,

tl o0
E =) Liwpmiing
[ 5

which, together with (3.15) gives a control on the second term of (3.14). For the last term we

we can prove that
4

LJ <C(t—s)2

use the Burkholder-Davis-Gundy inequality and obtain

7|

4

L

¢+ 00
[ vagenna,
S =1

t o0 2
} < CE[( / Zn@-w;nﬁm@dp) ]
S =1

< C(t—s)’E[sup Y [l& - Yoy 7]
p

=1

< C(t = s)’E[sup [lwp™ ™" [[},2]
p

< C(t —s)?

due to the initial assumption (2.21) and the a priori estimates (3.20). The conclusion now follows

by a direct application of the Kolmogorov-Centsov criterion.

3.5 RELATIVE COMPACTNESS OF THE APPROXIMATING SEQUENCE OF SOLUTIONS

In this section we prove that the approximating sequence of solutions constructed in Section

3.3.2 is relatively compact in the space D([0,T], L?(T?)).

Proof of Proposition 3.1
In order to prove relative compactness we use Kurtz’ criterion for relative compactness (see
Theorem 2.13 in Chapter 2). To do so we need to show that, for every n > 0 there exists a

compact set K, ; C L*(T?) such that sup P(w;™"" ¢ K, ,) <7. The compact we use is
n

a<(5))

Ky, = {w e Wh2(T?)| ||w
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where C' is the constant appearing in the a priori estimates (3.20). By a Sobolev compact

embedding theorem, K, is a compact set in L?(T?) and

vn,Rn

sup]P’( vn B ¢ Ky, t) = SUPP(HWV”’RHH/’CQ = 77) < s%p %E

sup |[w;
tefo.7]

‘%,2] <n.

To prove relative compactness, we need to justify part b) of Kurtz’ criterion, as per Theorem
2.13. For this we will show that there exists a family (7§ )o<s<1 of nonnegative random variables

such that

E[HW;/.HR’” - w;/mRn”Ql}—t] <E[}IF]

and %irr(l) limsup E[7§] = 0 for ¢ € [0,T]. We will use the mild form of equation (3.9), that is
— n
w;/n,R,n _ n Vn,R’n / Sn Pn ln( l/an))ds_ / Sn t—S)Esz"RndWSi,

with P! " as defined in (3.10) and S™(t) := ¢"»2!. One has

o™ = w71 < 0 (107 +1) - ™01

¢ 2
+ / (S™(t 41— 5) — S™(t — s)) PP 1 (Wi B ds
0 2
t+ 2
+ S™(t 41 — s) PP b (wim iy ds
¢ 2
ot 112
+ Z/ (S™(t+1—5) — S"(t — 8))Le,wimTondW?
; 2
o t+1 112
+ Z/ (S™(t 41 — s)LywlmTondW? )
=17t 2

We will estimate each term separately. For the first term we have

E[|I(S™(t + 1) — 8™ (t))wi™ "3

] < 118™(1) = Dwg™™"3

For the second term,

t 2
IE[H/ (S™M(t+1—s) — S™(t — 5)) PP Ln(wrm Ry ds
0

7

7|
2

T
< TE[/ 1(5™ (1) = )Py~ (wim ) 3ds
0
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For the third term we have

t+ 2
E [H S™(t 41 — s) PP b (wim By ds
¢

g

<E[l* sup [S™(t+1—s)Prl"(wimim)|3

SE[t,t+1]
7|

7

2

;

<E|CP? sup PP bm(wrefiny)3
sE[t,t+]

<E|CI® sup PP im(wrmBny|2
s€[0,T+1]

Note that (see [40] and [59]) using the fact that

/aQ(ag — )2 —a))%r = Cla)

ai

where C'(«) is a constant which depends on « > 0 only, and also using the semigroup property

S™(t—s)=S"(t—1r)S™(r —s) for s < r < t, one can write

[ s - sewptrans = c@ [[sre-o( [@-n o) ot
=C(a)™? /O t < / t(t — ) —§) 7S (t — 1) S (r — 5)dr> LB diwt

=C(a)™! /Ot </0T(t — ) (= §) TS (t — ) S (r — s)Eiws””’R’”de>dr

= C(a)™! /O t (S”(t - 7')< /0 (= 8) S (r — ) Late AW (£ r)o‘1>dr

= C(a)! /Ot St —r)2(r)(t — r)dr

where

z(r) = / (r — 5)79S™(r — s) L BrdWE,
0

We choose a € (0,1/2) such that all integrals are well-defined. For more details on the formula

above - also called the factorisation formula - see [40] or [59]. Then the fourth term can be
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estimated as follows:

|

t ) 2
/ (St 41— ) — S"(t — 5))Lawn Rngiyi
0

2

< / II(t+1— )OSt 41— r)z(r) — (t— )2 LS™(t — ) z(r)|3dr
0
= /0 I ((t 41— T)O‘_lsn(l) —(t— r)o‘_l)S"(t — r)z(r)||%d7“

T
< / 1((E+1— )8 (0) — (¢ — 1)) S™(E — r)=(r)|2dr
0

and therefore

t 2
¢ [H / (S™(t+1—5) = S™(t — 5)) Liwlm " dW]
0

7|
2

T
<E U (41— r)*L8m(1) = (£ — 1)) S™(t — r)z(r)||2dr }'t}
0
with z(r) := / (r —8)72S"(r — 5)Liw™B"dWE. For the fifth term we have
0
t+1 t+1
[ Isn e = st ids < [ ek ds <2 sup |t
t t SE[tt+1)

<I?> sup Hﬁiwsyn’R’"H%.
s€[0,7+1]

SO

t+1 12
Ew S™(t+ 1 5) i Fonaw f} < E[ﬂ sup | Lt R 3 ft}
t 2 S€[0,T+1]
Define
R 4 1 Ry |2
"= 1S = Dwg™ ™ l2 +/0 1(S™ (1) = P (w™™") [l2ds
FCP sup [Pt 3
s€[0,T+1]
T
+12 sup || Liwym §+/ I((t+1 =)™ (1) — (t = 7)) S™(t —7)z(r)||3dr
s€[0,T+1] 0
and 73 := sup ,". From Lemma 3.20 we deduce that there exist two constants ¢; and ¢z such
1€[0,4]

that E[sup || P75 (w?T™)||12] < ¢; and E[sup || £;w?™™|3] < cz. The integrands in the integrals
S S

above converge pointwise to 0 when [ — 0 due to the strong continuity of the semigroup S™. At
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the same time, they are bounded by integrable functions, therefore the convergence is uniform
in space by the dominated convergence theorem. Then the requirement

;iir(l) lim sunp E [’yf;‘] =0

1Z

is met. In conclusion all the conditions required by Kurtz’ criterion are fulfilled and therefore

Vn,R,n)

(wy v, 1s relatively compact.

3.6 A PRIORI ESTIMATES AND THE BIOT-SAVART LAW

In this section we prove the a priori estimates used in the proof of existence of a solution for
the Euler equation and we also review some fundamental results mentioned before. We start
by introducing the Biot-Savart operator which establishes the connection between the velocity

vector field v and the vorticity vector field w.

Remark 3.16 (The Biot-Savart kernel). The vorticity field corresponding to a 2D incompressible
fluid is conventionally regarded as a scalar quantity w = curl u = Oouy — O1uy (formally it is
a vector (0,0,02u; — Orug) orthogonal to u = (uy,u2,0) [78]). It is known (see [78], [52])
that if ¢ : T2 x [0,00) — R is a solution for A = —w then u = V11 solves w = curl u,
sou = —VEATlw. It is worth mentioning that the existence of a (unique, up to an additive
constant) stream function ¥ - and therefore the reconstruction of u from w is ensured by the
incompressibility condition div uw = 0 [78]. A periodic, distributional solution of Ay = —w is
given by ([52])
(@) = (G #w)(x)

ik-x
where G is the Green function of the operator —A on T?, G(z) = Z %. Then the vector
kez2\{0} H |
field w = V1) is uniquely derived from w as follows:
u(@) = (K «w)(@) = | K(z—ywly)dy (3.16)

TZ

52



where K is the so-called Biot-Savart kernel

1 ikL ik-x
K(z)=V'Gx)= > THE"
kez2\{0}

with k = (k1,ka), k* = (ka, —k1). It is known (see, for evample [79]) that G is smooth everywhere
except at v = 0, and that K € L'(T?).

For the following result we recall a few elementary results of Fourier analysis. We embed L? (T2)
into L2 (']I‘Q; (C) and consider the basis of functions {e%if'x €€ ZQ}. Then every f € L? (T2; (C)

can be expressed as

fa) = 3 F ) ermiee

cen?

where ]?(f) = Js e"2mET f (1) dx, € € 72 are the corresponding Fourier coefficients. We have

the classical Parseval identity (see e.g. [78])

L@k =3 |fe

¢ez?

’ 2

If v € L? (T% R?) is a vector field with components v;, i = 1,2, we write 0 (§) = [ €*™%v (z) d
and we have, in a similar way, that [, |v (z)* dz = > een [5(¢))%. Since u and w are partial

derivatives of other functions on the torus, they must have zero average:

/qrzul(x)dx:AZUQ(x)d$=/Tzw(:r)d:c:o,

Hence 5(0,0) = ZLE(O,O) = ©(0,0) = 0 and the term corresponding to & = (0,0) does not

appear in the Fourier expansion for ui, us and, respectively w.

We introduce, for every s > 0, the fractional Sobolev space W52 (']I‘Q;C) to be the space of all
functions f € L? (TQ; (C) such that

~ 2
Fo| <o

>

cez?
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There exist a constant C' > 1 (see e.g. [47]) such that if s € N then

~ 2
CTUIfIZ < DA+ kP [F @ <ClfR,

£ez?

Therefore (see e.g. [47]) we can extend the norm || f|, , defined for s € N to arbitrary s > 0 to
be given by

1712, = Y a+ ek |Fo)|

cez?

We denote by W2 (Tz, ]RQ) the space of all zero mean divergence free (divergence in the sense
of distribution) vector fields v € L? (TQ;RQ) such that all components v;, ¢ = 1,2 belong to
W2 (T?R). For a vector field v € we? (T?,R?) the norm [v][52 is defined by the iden-
tity ||v||§2 = 25:1 ||vi|]§72, where ||vl||§2 is defined above. We thus have again HU||§2 =
Yeeznoy [€17° (181 ()] + |51 ()2 For f € W2 (T%C), we denote by (—A)*/*f the func-
tion of L? (T3;(C) with Fourier coefficients |¢|® f(ﬁ) For even integers s € N | this definition
coincides with the classical definition. Similarly, we write —A~!f for the function having Fourier
coefficients | ]72 f(f ). We use the same notations for vector fields, meaning that the operations

are made componentwise.

The Biot-Savart operator is the reconstruction of a zero mean divergence free vector field u from
a divergence free vector field w such that curlu = w. As stated in Remark 3.16 on the 2D
torus it is given by u = —curl A~ w. It follows that the Fourier coefficients of w are given by

U (€) = €720 (€), where & = (&1, &) = (&, —&).

In the next proposition we highlight the smoothing properties of the Biot-Savart kernel K.

Proposition 3.17 (The Biot-Savart law, [37], [78]). Let u be the divergence-free, zero average,
vector field defined as u = —curlA™'w. Then, for any s > 0, there exists a constant Cs.2,
independent of u such that

ulls+1,2 < Cs2llwls 2. (3.17)

Proof Using the definition given above of Hqu +1,2> the formula which relates u (¢) and & ()
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and the rule |a x b| < |a]|b|, we get

lalli, = Y QP EEP

gez2\{0}

= ) A+EPP R @)
£ez2\{0}

< Y (@ HEP) R©P
§ez2\{0}

< ) HEP)RE©P
§ez>\{0}

and the latter is precisely equal to [lw][ .

Remark 3.18. The norm || - ||m,2 is equivalent to the norm defined as ||| f||| :== || f|l2 + || D™ f||2,
therefore it is enough to show that all properties hold for the L? norm of f and for the L?> norm
of the mazimal derivative D™ f (see [20] pp. 217).

Let w; be the solution of the Euler equation (3.1) and w,’ B the solution of the linear approx-

imating equation (3.8). In the following lemmas we collect a number of identities and a priori
estimates. Lemma 3.19 in particular is essential in proving that the solution of the Euler equation

is global.

Lemma 3.19. There exists a constant C = C(wg,T) which is independent of the truncation

radius R such that

E | sup (1n(e+ HwSHiQ)) < C(wp, T).
s€(0,t]
Proof By the Biot-Savart law
1 [ (z—y*
= K(x — dy = —— RS2 d
u(x) - (& —ylw(y)dy = -~ B P w(y)dy
We use the truncation
1, if |z| <e

0, if |z| > 2e
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with |Vze(2)| < €,e < 1. Let

W@ =~ [ le = 0K -y
W(a) = - [ (= 2o =) Ko = ity
Then )
Vul(z) == -~ | @ = 9K (@ —y)Vely)dy

= (ze(e — y) K (@ — y))"/° " (Vw(y)) dy .
T2 .

< ||K‘|L4/3({y:\xfy|<26}) ||Vw||L4({y:|zfy|<2e})
< CEP|Vuw4

< Ce?3ulls

given that ||Vw|s < C||Vw|12 < C|lw|l2.2 < C|lul|32 by the Sobolev embedding W2 — L* and
the Biot-Savart law. So

IV (2) oo < O3 ful]3.2.
For the second integral

1

Vui(z) == | V({1 -z —y)K (- y)wly)dy
™ JT2

we use the fact that

VKx—y)| < ——

VK@ -yl €
SO

Ve (@)oo < C (1 = Ine) [[wlloo-
That is
IVulloo < € (2 ulls2 + (1= ne) o))

If ||lulls,2 < 1 we choose € = 1, otherwise we choose € = —L—. We have

[u| 3,2
3
Vule < (14 (14§ oz ) ol )
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Using the inequality 1+ InT 2 < C'In(e + ) for sufficiently large C, we have

IVutloo < C (1 + (14 In™ [Juells2) l|wtlloo)

< O (1+In(e + [luellz2)lwilloo)

IVl < € (14 In 2)lwollo) (3.18)
By the It6 formula
1 2 > 2
din(e + enllte) < o dllalta = 5 37 (10", 0} + (L))
tllk,2 (e + ||wt||i2) k=1

< T 9l # ol ot + ¥,

< € (Jeallo +C1 (1 + el e + i) de + Y

< € (C+ ol + o Tnle + el ) i +

< (Catn(e+ ol ) + letlloe e + el )+ il W+ ot 20)) i+ ¥

< Oa(1+ [lwtlloo) In(e + [lwe7 2)dt + dYi

where v Z/t 2 (OF Ly, OFws) + <£-ws,ws>) de‘
e+ llwsl?
Define t
2, - /O (1+ [lwslloo)ds
We have

t
O (e 4 lwrlZ5) < Ine+ wol2) + / e~ Co gy, (3.19)
0

By the Burkholder-Davis-Gundy inequality

[
0

E | sup
s€[0,¢]

call o)
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We control the quadratic variation of the stochastic integral using the fact that

o
> lills.2 < oo
=1

and
(Litor, ) + (O Lo, )| < Ol plrlF 5 < o0
since
(i, )] < Vil 3
and
(@ Liwo, OFe) | < Izl
We write

[/ dYS] - Z/ ((6 Liws, Owg) + (E;ws,ws>) dWsk
o LT e+ llwsl?,)

Y A 7N
< 4CZ 1&ill32 | ———5ds

i=1 0 (e + HwSH%Z)
< Ct.

In consequence, the Burkholder-Davis-Gundy inequality gives

I
0

E | sup < OVt

s€0,t]

Using this in 3.19 we obtain

S
o [ ufir o )
E|sup [e o Ine + [wF2,) | | < e+ flunllZ2) + OV

s€[0,t]
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By the Fatou lemma this holds also for the original solution w

S
e / (1+ [ lloo)dr
E|[sup |e 0

Ine + [lws|%2)
s€[0,t]

S
o [ ufi)r
<E | sup lim inf |e 0
s€[0,t] R—o0

(e + [wli2) | | < e+ llwoli2) +CVE.
Using the transport property ||wt||co = ||wo||oc We conclude that there exists a constant C(wg,T")
which is independent of the truncation radius R such that

E | sup (ln(e—i—stHiQ)) < C(wo,T).

s€[0,t]

Lemma 3.20. Let w be the solution of the Euler equation (3.1) and w’»" the solution of the

linear approximating equation 3.8. Then the following properties hold:

i. If wt,wt””’R’n € WE2(T?2) then the following L?-transport formulae® hold P - almost surely:

R,
lwellz2 = llwollrz  and — flwy™ ™"z < llwoll 2.

ii. If w € WE2(T2), then (P, defined in 3.10 and (Liw!™"™™), are processes with paths
taking values in L?(T?).

191. There exists a constant C1 such that:
(@, 0 (L2t ")) 4 (08 (Lt ™), 0F (£t )| < ™ 7

iv. There exist some constants Co and CY such that:

(0w Bn, fp(w)m T hok (,cu:n,l,R,wamR’”) N

< Ca|d%uy™ g w3 w2

9 Actually analogous LP-transport formulae hold. We prove such formulae in Chapter 4 Section 4.10.
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with 0 < a <1, and

(D", fr(wy" TR (L vy sy )| < Chllwf ™ TR .
t

v. There exists a constant C(T) independent of n such that

E[ sup [w;™ ™M1 5] < C(T).

te[0,1]
Proof of Lemma 3.20
i. By the It6 formula
deun,Rn _ _22 Z/n,Rn i ;/n,R n>th _ 2< vn,R, n,fR(w:n717R7n_1)£uun,1,R,n—lw;/mR’n)dt

t

+2<w;’”’R’”,VnAwt”"’R’">dt+Z< oot 200 By di 4 (Ll T Eiw;’"’R”>dt>.

The last sum has been proved to be 0 at i. and (w, vn, R, o Euun 1.Rn— 1wf"’R "\dt = 0 by integration
t
by parts since ut”’l’R’n_ is divergence-free. Similarly (w!™", Liw!/™™™) = 0 since the vector

fields &; are assumed to be divergence-free. Therefore

vn,Rmn

t
||w; 2 - 2/ Un (V! Tom2ds < [lwoll3 P - almost surely.

0
The calculations are similar for the Euler equation, but there are no viscous terms, hence

will2 = [lwoll3 P - almost surely.

ii. One has

= VR E < Ol Ve G < e

due to Holder’s inequality and the following inequalities:

a) [luy" " oo < O Va7 by Poincaré’s inequality

Vp—1,Rn— 1HOOS ” Vp—1,R,n—1 Vp—1,Rn—1

(or using directly ||u, 2 < [lwy llk—1,2)

b) [[Vul N < OVl ks by the Sobolev embedding theorem WH2(T2) <
L>(T?) ([1], Theorem 4.12, case A, m = k,p=n = 2,q = o).
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) ||V Up— 1,R’I’L 1 Vn 17R7’l 1

|lk+1,2 by the definition of the Sobolev norm

d) fJug" 1||k‘+1 2 < C’||wy" vl Y|x.2 by the Biot-Savart law.

All the other terms which involve &; stay in L? according to the initial assumptions 2.21, therefore

the conclusion holds also for the process (Lyw!™ ™),

iii. This is proven in Chapter 2, Section 2.6, Proposition 2.23 ii. We take f := th"’Rn.
iv. We have

n:R n— 7R 1 H’Rz
[(0%wy™ ", fr(wy )3’“(5%%717&71—1002’ N

= [ wym ", frlwp PN N T O (00w ) - (9 (Wwy )|

181<k
‘f l/'n 1,Rn—1 Z CB ak vn,Rn 85 vn—1,Rn—1 Y 5( Vn’Rn)>‘
I8I<k
B ‘fﬁ"( o >l / ey I Py 1 RN g ()
18I<k
<f ( vn—1,R,n— 1 Z 0'8/ ‘ak,’ vn,R.n aﬁ I/n 1,Rn—1 8k 'B(V V"’Rn)‘dx
18I<k

Using Holder and Cauchy-Schwartz inequalities one has
/’H‘2 |akw;n,R,n . aﬁu;/nfl,Rﬂl—l . ak—ﬁ(vw;/n,R,n”dm

< (| B || @ gL gRE=B (T |

< 0% ol 0%y 198 (Ve

< " 2l 4]0P (Ve

By the Gagliardo-Nirenberg inequality
||85 vp—1,R,n— 1” <CH85+1 Vn—1,R,n— 1||2|| Vn—1,R,n— 1|| _

<CH VUn— 17Rn 1 Vp— 1,R’I’L 1” —

51,2l

yRn—1 JRn—11—
< Ol ol

e e
< Cll " e

since [Juy™ TS0 < g TR < TR, < Cllwp TS by the
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Biot-Savart law. Similarly

1855 (V™) |4 < C|OFBHL (Vw1 |8 Ve |4
7R7 7R1 -
< OV e gy olley™ 1357
< Cllay™ ™ 8 gllwy™ ™ 15"

= Clw;™ " |k 2
Therefore

n»Rv n— 7R7 -1 n7R7 n— 7R7 -1 n— aRv -1 an’
(@ ™", fr(w" TN L vyl fR(0f I e T 2l
t

|2
k,2

< Cllw/"" I 2-

The above inequalities do not hold properly when 5 € {0,1} and w;’"’R’", wf"’l’R’n_l € Whk2(T?).

Therefore we consider these two cases separately. For § =0:

L,y n— 7R7 -1 n 4, n— 1R7 -1 n 4, n L,
/ Okwf Rn wm T Ok(wa R "Ydx = / wm T V(@kwf Rn) . 8’%5 R o
T2 T2

1 Ryn—1
_ = utVn—l, m—1 V|8kw;/n’R’n|2dx
2 Jr2

1 J—
= _2/ (OFwp M2 (v - utV”_I’R’n Yda
TQ

=0.

For p=1:

Y e P T A

B
< OV o P
< Cllug™ ™ g allwy™ ™ 2
< Cllawy™ 2 floy™ " -

We used the embedding W¥2 < L> and the Biot-Savart law. We need this property for relative

compactness (see Proposition 3.14).
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v. After applying the It6 formula we obtain

||6/€w;’nyRanH§ — Hak)w(l)/n:R»n

t
\% + 21/n/ <8kw;’"’R’",8k+2ws”"’R’”>ds
0

t
—2 / (@Fwmon fr(Wint T NORL oy w0 ds
0 S
00 o
—l—Z/ <6kwls’"’R’”,8k£?w;’"’R’")ds
i=170
00 ot
+) / (OF Lo Bn OF Lot ds
=1 0
0t
2% / (DF e on O Lo o) de
i=170
We analyse each term. One can write
E vnRn ak+2, vn,Rny _ E-+1, vn,Ryn (2
(07w ™™, 0w ) = =[]0 w |5 < 0.

We want to estimate the other terms independently of v,,. All terms are estimated above. After

summing up we have

E[ sup [lwlm B3 ,] < E[[|o"wy ™"

t
2] + o) / E[ sup [lwtoRon
s€[0,t] 0

|z2] ds
s€[0,t]

t
+C1 [ Bl sup st )ds
0 s€[0,t]
o

t
—&—QE{ sup Z/ (OFwrmttm gk £t By qt ||
s€[0,t] ;.7 /0

Let
0 t
Bt — Z/ <akwlsjn7R,7’l’akﬁlwgn7Rgn>dW; and /Bt = H(A.)é/n7R’n”%,2
=170

By is a local martingale We have

t
5tg50+23t+(c§+01)/ Buds
0
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and by Gronwall lemma

E[ sup 63] < 2e2(CaHCt <B§ +4E[ sup fB?])
se[O,t] SE[O,t]

Using the Burkholder-Davis-Gundy inequality there exists a constant & such that

E[ sup B2] < dE[ (Bﬁ}
s€[0,t]

It is easy to show that E[(B),| < C3E[ sup f3?]: following the same calculations as those from
s€[0,t]
step v. we can see that

(@Fwym o, 0F Lo 1) < Collwg 77

e : . . _1,Rn—1 :
if instead of making use of the truncation corresponding to [lus" """ " || 2 we take into account

assumption 2.21. Hence

(B)s < C3 sup [[wim™™3, =C3 sup B2
s€[0,t] s€[0,t]

and the above inequality follows. In conclusion

t

B[ sup 5] < Cu(T)3} + CulT) [ B[ sup §lds
s€(0,t] 0 s€[0,t]

with C1(T) := 2exp(2(Cy4+C1)T) and Co(T) := 8aC3 exp(2(Cy+C1)T). Using again Gronwall’s

inequality we have

E[ sup [l ™"} ,] < C(T)
s€[0,t]

with C(T) := C(T) 53 exp(Co(T)T).

The following lemma is instrumental in showing that the limit of the approximating sequence
satisfies the Euler equation in Wk’z(?IQ) although the relative compactness property holds in
D([0,T],L*(T?)). It is also essential when proving a priori estimates for the truncated solution

w!t (see Lemma 3.22).

Lemma 3.21.
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i. Assume that (ay)y s a sequence of functions such that lim a, = a in L*(T?) and sup ||lan||, 5 <
n—oo n>1 ’
00 for s > 0. Then a € W3(T?) and ||a||, 5 < sup ||an|, o- Moreover, lim a, = a in W*"2(T?)
T o>l ’ 00

for any s’ < s.

ii. Assume that a, : Q — W%(T?) is a sequence of measurable maps such that, lim a, = a in

nH— o0

L?(T?), P-almost surely or lim a,, = a in distribution. Further assume that sup E[||an||§2] < 00.

00 n>1

Then, P-almost surely, a € W2(T?) and ]E[||a||§2] < supIE[Haanz]
’ n>1 ’

Proof of Lemma 3.21

i. Since 1i_>m an = a in L*(T?) it follows that for arbitrary A € Z? we have
n—oo
lim a, (A\) = lim e (2)dx = / XN (1) de = a(N)
T2
Therefore by Fatou’s lemma

~ 2 . — 2
a2, = 3@+ PEVEOOE = 3 (14 AP limint a7 (1)
Aez? AeZ?
A 25\ |~ 2 . 2 2
hﬁgg.}f /\GZZQ(l + A7) Jan (V)7 = hnrggéf lanlls o < igg lan|ls o -

IA

For the second part we can write

lan—alya= Y (C+NP)an—aA+ D 1+ AP)](@n —a)A

AEZ2IN<M AEZ2 |\ >M

Note that

28\ 1/ A . 1+ ’)\|25 . R
1+ M2(s=s)
AEZ2 N >M AEZ2 N>M

sup [lan|[32 + llal32)
n>1

< 1
14+ M2(s—s) (

and we can choose M such that the last term is strictly smaller than §. Likewise, n can be

chosen such that
€

S+l — @Al < 3

AEZ2, N <M

. /
hence a,, converges to a in W* 2.
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ii. As above it follows that

Ela (V[?] < lim inf E[Ja (1)’

and therefore

2 . 2 2
B3] < liminf Eflanll},] < supEllan] )

Lemma 3.22. Let wl be the solution of the truncated Euler equation (3.7). There exists a

constant C(T) independent of R such that

E[ sup [wfl} 2] < C(T),
te[0,7

Proof. This is a direct consequence of Lemma 3.21 ii. with

A 1= Q¢ = SUP wt”"’R’" and a:= a; := supw}®.
t t
since lim w/™™" = W' P - almost surely in L2(T?2) (see Section 3.3), and sup E[||a, || ] < oo by
n—00 n>1 ’

Lemma 3.20 v. and Proposition 3.14.

Remark 3.23. i. In Lemma 3.22 we cannot follow an approach identical to the one used in
Lemma 3.20 v., due to a lack of smoothness in the truncated equation (3.7). This difficulty could
be overcome if we embed L? (']TQ) into L? (TQ; C), consider the basis of functions {62”5“;5 € ZQ},
and express wit as Z&Zz |§|2k <wf, gpg> we. where g : T? 5 C, pe(x) = ™% 2 € T and € € Z°.
Then OFwl will be square integrable if and only if ZEGZQ |§\2k <wﬁ, g0§>2 < 00 and we can finish
the proof using the weak form of the truncated equation. However, for the time being we prefer a
direct argument using Lemma 3.21 as presented above because it doesn’t require the introduction
of any additional technical elements.

1. FExcept the estimates which involve the second order operator E?, all the other estimates

derived in Lemma 3.20 for w’»™™ hold also for w'.

Remark 3.24. We denote by (S™(t)): the semigroup of the generator A := v, A. This semigroup
is strongly continuous (see [77]) and for any f € L*(T?) it is true that

1S™ () fllk,2 < 1 llk2-
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To show the last property consider f the Fourier transform of f and use Parseval’s formula to

deduce that

10FS™ (1) fll2 = 15" ()@ F)l2 = (2m)2 S™(£) (O F) ()12
= 2m)2)le™ ™ (@F F)(y)l|2 < (2720 Fll2 = [0 Fl2.
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In this chapter we prove that the stochastic great lake equation driven by trans-
port noise admits a unique strong solution local in the Sobolev space W?2(T?), k > 2.

The content of this chapter is the subject of the paper [35].

4.1 INTRODUCTION

Consider the following two-dimensional stochastic system which models the evolution of the

vorticity corresponding to an inviscid fluid on the two-dimensional torus T?:

dw; + Lowidt + Y Liwy o dW =0 (4.1)

7

V-(bu) =0, V-(b&)=0
w=>b"teurl v

1
v=u-+ 652192V(v ).

The initial condition wy is assumed to be an element of the weighted Sobolev space Wf ’2('11‘2).
The velocity of the fluid is denoted by u; and w; stands for the corresponding vorticity. As before,
the term L£,,w; can be interpreted as the Lie derivative which expresses the change of vorticity
along the flow generated by the velocity vector field us, while L;w; is a circulation-preserving
perturbation of this field ([37], [62]). The model presented here has been derived using the SALT
approach ([63],[62]) and it is inspired by the so-called great lake equations (see [24], [25], [74] for
the deterministic case). The great lake equations model the circulation of an inviscid fluid in
a shallow water basin with varying bottom topography b. The stochastic counterpart has been
described in [63] for a three-dimensional box. The domain we consider in this chapter is the
two-dimensional torus. The vector fields §; are time-independent and divergence-free and can be
associated with uncertainty induced by missing physics or incomplete data (see [30], [31]). The
processes W' i > 1, are independent Brownian motions and § is the aspect ratio of the domain
(that is the ratio between vertical and horizontal length scales). The function b is fixed in time

and there exist two constants by, and byqe such that 0 < by, < b(2) < byae for any z € T2,
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If b is constant then the great lake equations formally reduce to the classical 2D Euler equations
([74]).

The stochastic part follows the stochastic advection by Lie transport theory presented in [62]
and [86] and is represented by a stochastic integral of Stratonovich type. Well-posedness for the
deterministic version of this system has been proven in [74]. In Chapter 3 we have considered a
similar stochastic vorticity equation but without taking into account the bottom topography b.
In this chapter we prove that the system (4.1) admits a pathwise unique and probabilistically
strong solution in the Sobolev space Wf 2 (T?), the initial smoothness of the system being pre-
served. For a detailed analysis we use the [t6 form of the vorticity equation. As in the case
of the Euler equation presented in Chapter 3, we must control the second order term which
comes from the It6 correction and involves the operator £2. We do this by combining it with
the quadratic variation of the stochastic integral. In order to control the higher-order derivatives
of the vorticity we prove a set of inequalities for the operator £; (see Lemma 4.17), based on
specific smoothness and summability assumptions (see Assumptions 4.3). These inequalities and
assumptions are similar to those proven in Chapter 2 Section 2.6 but they are adapted to the

case where the Sobolev space W¥2(T?) is endowed with the weight function b.

Note that the the classical incompressibility condition V -« = 0 is not true here, a fact which
usually generates technical difficulties when trying to control the nonlinear term and to obtain
uniform a priori bounds. However, we have the weighted incompressibility condition V- (bu) = 0.
Due to this, working in the weighted Sobolev space Wf 2 (T?) comes as natural and we are able
to extend the techniques from Chapter 3 to this more general case. One of the key points here
is to prove that the vorticity to stream function operator can be generalised (see Section 4.5)
and therefore the smoothness of the velocity vector field is still controlled by the smoothness of
its corresponding vorticity. We will show that even in a stochastic framework, b affects just the
geometry of the ambient space, not the topology, a consequence of the non-degeneracy of b. In
[74] it has been shown that this property holds in a deterministic framework. In contrast to the
result from Chapter 3 and following the idea from [74] we control the smoothness of the velocity
vector field using Lax-Milgram-type arguments instead of Fourier analysis techniques. We cannot
present Chapter 3 as a particular case of Chapter 4, as the solution is global in the first case and

only local in the second case. In particular, the a priori estimates for the great lake equation
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depend on the truncation radius R (see Lemma 4.18), and therefore a direct correspondent of
Lemma 3.19 from Chapter 3 does not exist in this chapter. This is the main reason why the

arguments used in Section 3.2.2 hold only up to a stopping time and we obtain a local solution.

In the sequel, T? is the two-dimensional torus, k > 2 is a fixed positive integer and Wf 2 s a

weighted Sobolev space (see Section 4.2). The main result of this chapter reads as follows:

Theorem: Under certain conditions on the vector fields (&;);, the vorticity equation of the two-
dimensional stochastic great lake system 4.1 admits a pathwise unique local strong solution which

belongs to the space Wf’Q(TQ).

Remark 4.1. The corresponding Ité form of the above evolution equation for w is

dwy + Loygwidt + Y LiwydW} = 3 D Liwt. (4.2)
=1 i=1

The assumptions on the vector fields (§;); are described in Section 4.2. In brief, they are assumed
to be sufficiently smooth and their corresponding norms to decay sufficiently fast as 4 increases,
so that the infinite sums in (4.1), respectively, in (4.2), make sense in the right spaces, (see
condition (4.3) below).

Since u is such that V - (bu) = 0, there exists ([78]) a stream function ¢ such that u = b='V-e.

According to [24], when using the weighted incompressibility condition V - (bu) = 0, the rela-

tionship between v and u can be defined through a linear operator M as follows:

v=Mu=u+d5b"| - %V(zﬁv u) — %V(bQu - Vb) + %z#(v - u)Vb 4 b(u - Vb)Vb]|.

The introduction of a stream function here allows one to recover u from w. Qualitatively, if
v = Kw and w is the solution of the vorticity equation, we want to show that K has good
regularity properties and that it imposes the right incompressibility conditions on u. Note that

1) is the solution of the elliptic problem
w= b_lcurl(/\/l(b_lvli/))) on T2,
The great lake equation is more general than the Euler equation in the sense that the link between
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the vorticity field and the velocity field is not given by the curl operator only, but by a more

general (linear) operator which is proved to have good regularity properties.

The chapter is organised as follows: In Section 4.2 we introduce the main assumptions and
key notations. In Section 4.3 we introduce the main results. In Section 4.4 we show that the
solution of the great lake equation is almost surely pathwise unique. Section 4.5 contains the
regularity properties of the vorticity to stream function operator. In Section 4.7 one can find
the proof for existence of a strong solution (in the sense of Definition 4.2) and for uniqueness,
of a truncated version of the great lake equation. In Section 4.6 we explain how the local solu-
tion of the great lake equation is obtained from the global solution of its truncated version. In
Section 4.8 we show continuity with respect to initial conditions for the original equation. In
Section 4.9 we show that the family of approximating solutions is relatively compact. In Section

4.10 one can find a couple of technical properties which are essential in proving a priori estimates.

4.2 PRELIMINARIES

Assumptions on the vector fields (;);
The vector fields &; : T2 — R? are chosen to be time-independent quantities such that V-(b&;) = 0,

which need to be specified from the underlying physics. We assume that for any f € Wf ’Q(TQ):

SNCifla < ClflR 10, DL < Clf
=1 )

=1

(e.)
%,2,27 Z Hgin-l-l,oo < 0. (4.3)
i=1

These assumptions would be of particular interest when using this model as a signal process in
stochastic filtering applications: see for instance [30], [31], [32] in the case of the stochastic 2D

Euler equation.

Let {VV’}Z N be a sequence of independent Brownian motions on a filtered probability space
(0, F, (Ft)t>0,P). Provided that w € LZ(0,T; Wg’2('ﬂ‘2, R)), the first two conditions in (4.3) ensure

that the infinite sums of stochastic integrals

o0 t )
> / & - Vw,dW! (4.4)
i=1"0
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are well defined and belong to Lg(O, T; Lg (T?,R)) Similarly, the processes s + & - V(&; - Vw;) are
well-defined and belong to L2(0,T; LZ(T?,R)). In particular, the Ito correction in (4.2) is well
defined. The third condition is needed for proving a number of required a priori estimates (see

Lemma 4.18). In the following definitions k£ > 2 is a fixed integer.

Definition 4.2.

a. A strong solution of the stochastic partial differential equation (4.2) is an (F)i-adapted
process w : Q x T2 — R with trajectories in the space C([0, oo);Wf’Q(’]I‘z)), such that the

identity
¢ 00t 1o gt
W = wWo —/ Ug - Vwgds + / & - VwdW? + 3 Z/ & - V(fi . sz)ds
0 i=1"0 i=1"0

with w),_, = wo, holds P-almost surely in L}(T% R).

b. A weak/distributional solution of equation (4.2) is an (F;)i-adapted process w : QxT? — R

with trajectories in the set C([0, 00); Wf’Q(TQ)), k > 2 fized, which satisfies the equation in
the weak topology of L3(T? R) i.e.

! * - ! * ] 1 = ! * Pk
(wrvih = fonsih = [ o Coohds + Y [ LiondWise 3 Y [ o LiLioluds

holds P-almost surely for all p € C*°(T? R).

c. A weak probabilistic/martingale solution of equation (4.2) is a triple (@, {WZ}Z), (Q,]}, P), (F)e

such that (Q, F,P) is a probability space, (F;); is a filtration defined on this space, & is a
continuous (]:"t)t—adapted real-valued process & : 0 x T? — R with trajectories in the set
C([0, 00); Wf’2(’]1‘2)), k> 2 fired, {W'}; are independent (F;)s-adapted Brownian motions
and the identity

t oo t ) t
wt:wo—/ us'szds—i—Z/ &'szdW;—i—;Z/ &-V(&-sz)ds
0 0 = Jo

i=1
with w),_, = wo, holds P-almost surely in L}(T% R).

d. A classical solution of equation (4.2) is an (Fi); - adapted process w :  x T? — R with
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trajectories of class C([0,00); C%(T?;R)).

Remark 4.3. The velocity field v is not uniquely identified through the equation w = b~ curl v.
Indeed any two wvelocity fields that differ by a constant will lead to the same vorticity map w.
Instead we identify v through the "explicit” formula v = M (b_1VL¢), where Y is a stream
function which exists due to the fact that V - (bu) = 0.

Remark 4.4. Note that w; € Wf’z(TQ) implies uy € WfH’Q(’IFz) (see Section 4.5). By standard
Sobolev embedding theorems Wf+1’2(']1‘2) — Wllf’2(']T2) s O(T?) for k > 2, hence the terms
Loy,wi = us - Vwy € L2(T%R) and (ws, L} @)y are well defined.

Remark 4.5. Naturally, if we is a strong solution in the sense of Definition 4.2, then it is also
a weak/distributional solution. Note also that if wy is a weak/distributional solution with paths

in C([0,T7; Wf’Z(TQ)) then, by integration by parts, it is also a strong solution.

4.3 MAIN RESULTS

Let (92, F, (Fi)t, P) be a filtered probability space and k& > 2 a fixed integer as above. We restate

the main result of this chapter:

Theorem 4.6. If wy € Wf’2('11‘2) such that V - (bwo) = 0, then the two-dimensional stochastic
great lake equation (4.1)

dw; + Lowpdt + Y Liwy 0 dW =0
i=1

admits a pathwise unique and probabilistically strong local Fi-adapted solution w = {w,t €
[0,00)} with values in the space C([O,oo);Wf’2(’]1‘2)). In particular, if k > 4 the solution is

classical.

Moreover, we have continuity with respect to initial conditions:

Theorem 4.7. Let w, @ be two Wf’Q(T2)—solutions of the great lake equation (4.1). Define the
t

process B = (By)! as By := / lwslpk,2ds, for any t > 0. Then there ezists a positive constant
0

C independent of the two solutions w and & such that

!Note that there is no link between the process (B;); defined here and the operator B used in Chapter 2 to
denote a generic coefficient corresponding to a more general SPDE.
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_C ~ ~
Ele™ P wr — @[} 5 2] < llwo — @oll5 1 2- (4.5)

The proof of these two theorems are covered in Sections 4.4, 4.6, and 4.7.

4.4 PATHWISE UNIQUENESS

In this section we prove that any two solutions w' and w? defined on the same probability space
(92, F,P), driven by the same Brownian motion (W?*)!, and with P-almost surely the same initial

conditions w} and w3, are indistinguishable, that is
IP’(wtl = w? for all t >0) = 1.

From a probabilistic perspective this means that the solution is pathwise unique. This result is

essential for the proof of existence of a strong solution in the sense of Definition 4.2.

Suppose that equation (4.1) admits two JF;-adapted solutions w! and w? with values in the space
C([0, 00); Wf’z(TQ)) and let @ := w!' — w?. Consider the corresponding velocities u!' and u? such
that b~ curl (Mul) =w!, b leurl (MuQ) = w? and @ := u' — u?. Since both w! and w? satisfy
(4.2), their difference satisfies
oy + (Law) + Lopw0)dt + Y Liwd W, — 5 > Liwdt =0.
i=1 i=1
By the It6 formula one obtains
s .
dl|@illpe = =2 (@, Lior)pdW] — 2(@y, La,w] + L2010 )pdt
i=1
o0
+ Z (@, E?U_Jt>b + (Lity, Litwy)p) dt.
i=1

7

Note that the last term in the above identity is null (see Lemma 4.17) and that

[(@r, La,wids| < @ellv2lltellpall Vi lloa < Cllwdlgallwd o2

This is true since by the Sobolev embedding theorem (see [1] Theorem 4.12 case A) one has
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[Vwilos < Cllwtllpre and due to the smoothness properties proved in Section 4.5 one has

[ttllp,a < Cllaellor2 < Cllaep,2-

Finally, observe that (@, £,2wt)s = —5/ (V- (bu?))(@¢)?dx = 0 since V - (bu?) = 0. It follows
T2

that

dllcllfn +2Y (@ Liw)sdW] = =2(@r, Laywr yodt < Cllwt o2 /1@l - (4.6)
=1

Since we only have a priori bounds for the expected value of the process ¢t — ||w}|pk2 and
not for its pathwise values, the uniqueness cannot be deduced through a classical Gronwall-
type argument. Instead, we proceed as follows: let B = (B;); be the process defined as B; :=
/0 t C||wg [|px,2ds, for any ¢ > 0. This is an increasing process that stays finite P-almost surely for

all t > 0 as the paths of w! are in C([0, c0); Wlf’Q(TQ)). By integration by parts,

oo
d(e™ |l@rllfs) = e™ P (dllorllF — CllwelF2llwf lr2dt) < —2e74 > (wr, Licon)pdWVy.
=1
This leads to © 4
Ble o) < B - 2075 3 or, LoV | = o.
=1

We conclude that e~ 5t||w;|2 = 0, and since e~Pt cannot be null due to the finiteness of B; we

deduce that ||@||?, = 0 almost surely, which gives the claim.

4.5 THE VORTICITY TO STREAM FUNCTION MAP

In this section we provide a generalisation of the Biot-Savart law from Chapter 3 Section 3.6,
which is the main ingredient used to extend the well-posedness properties to a more general class
of stochastic partial differential equations. Note that the stochastic part does not interfere with
this generalisation. This is due to the fact that stochasticity has been introduced as a constraint
within a variational principle such that the physical meaning of the quantities of interest has not
been altered: see [62], [86]. More precisely, w = b~ tcurl v where v depends on the deterministic,
unperturbed velocity vector field u only, without any stochasticity involved. The central result

is Proposition 4.9 2.

Lemma 4.8. The restriction of the operator M to the space Dy is a continuous, positive, in-

2The proofs from this section follow closely the arguments from [74] Section 2.
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vertible and self-adjoint operator such that for every u € L%(’]I‘z) one has
52
PMPu =P <u + §Vb(Vb : Pu)) .
Proof: Let u,v € D;. We have
2 1 -1 3 1 -1 2 1
Mu=u+9¢ —gb V(b V-u) _ib V(b u-Vu) +§b(V~u)Vb+(u-Vb)Vb

and the bilinear form ¢ considered below can be written as

Uu,v) := (Mu,v)p = Mu - vbdx
T2
52 52
= (u,v)p — / bV (°V ) vbde — — | b7V (VPu- Vu) - vbdz
3 T2 2 T2
2
+ o V(V - u)(Vb-v)d:p—l—52/ b(u - Vb) (Vb - v)da
2 Jre T2
52 52
= (u,v)p + / b (V- u)(V - v)dx + / b2 (u - Vb)(V - v)da
3 T2 2 T2
2
+ o V2 (V-u)(v-Vo)de + 6% | blu-Vb)(v-Vb)dx
2 Jre T2

2 2
= (u,v)p — (; /W b(u - Vb)(v-Vb)dr — % . b(u - Vb)(v-Vb)dx

52

> /| b(u - Vb) (v - Vb)dx + 62 / b(u - Vb)(v - Vb)da

T2
52

< cflullp,2l|v[lp,2-

The calculations have been simplified by the fact that u,v € Dy implies V -« = —b~'u - Vb and
V-v = —b"tw-Vb. Therefore ¢ is continuous and symmetric and due to the Poincaré inequality
it is also coercive. By the Lax-Milgram theorem (see for instance [20], pp. 140, Corollary 5.8)

we can conclude that the operator M is invertible.

Proposition 4.9. For every w € Wb_l’z(']I‘Q) there ezists a unique function u € Dy such that

u = Kw. Moreover, K is continuous and
[ Kw][pkp < Cllwlle—1,p-
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Proof: Let u,v € D;. Then (see [79]) there exist 1, 9o € C°°(T?) such that bu = V+¢; and

bv = V4, We integrate by parts and use the previous lemma to write

U1, 02) := (p1,w)p = <901,b_lcu” (M (b_lem))%
) s
T2

< Cllullpallv|

b,2-

On the other hand, we can also write

(.07 eurt (M (6719 2) ) < Clienllbazlien

b,1,2

and by the Poincaré inequality

1212 < € (b7 eurt (M (b7'V4 1) )).

which explains also the elliptic character of the operator. The same estimates hold for ¢1, @9 €
WYH2(T?2) by a density argument. Therefore the bilinear form { is continuous and coercive. By
the Lax-Milgram theorem, for any w € W~12(T?) there exists a unique v € Dy such that u = Kw
and K : W™12(T?) — Dy is continuous. Note that the problem

w=b"teurl(M((b'V+y)) on T?

is elliptic and therefore by regularity theorems for elliptic problems (see [47] Section 6.3 or [104]

Section 6.2.8) we actually have

1¥llbkp < Cllwllpr—2,p-

4.6 LOCAL EXISTENCE FOR THE GREAT LAKE EQUATION

The existence of the solution of equation (4.2) is proved by first showing that a truncated version
of it has a solution, and then removing the truncation up to a positive stopping time. In particular
we truncate the nonlinear term in (4.2) by using a smooth function fr equal to 1 on [0, R], equal

to 0 on [R+1,00), and decreasing on [R, R+1], for arbitrary R > 0, with fr(ul?) := fr(||uft|lox.2)-
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Then we have the following:

Proposition 4.10. If wy € Wf’Q(TQ) such that V - (bwo) = 0, then the following equation

o
dwlt + fR(uf‘)L’uﬁwf”dt + Z LwlodWi=0 (4.7)
i=1
admits a unique global Fi-adapted solution wf = {wf,t € [0,00)} with values in the space

C([0, 00); Wf’z(']Tz)). In particular, if k > 4, the solution is classical.

Remark 4.11. Observe that, by definition, the truncation function fr depends on the mnorm
|wflok—12 and not on the norm ||wf|pk2. This is not incidental as it suffices to control the

norm ||uf||pro (see Section 4.5).

We prove Proposition 4.10 in Section 4.7. For now let us proceed with the proof of local existence
for the solution of the stochastic great lake equation (4.2). Define the stopping time

) R
) i= inf {fofllosorz > 3 |

where C is such that |Vu|lee < C|lw||pr2. Observe that such a constant exists due to the
Sobolev embedding Wlf 2 <y L and to the regularity properties proven in Section 4.5, since

Vulloo < Cl[Vu

bk,2 < Cllullppr1,2 < Cllwllok,2-

Lemma 4.12. Let wy € Wf’2(T2) and wf : Q x [000) x T2 — R be a global Wf’2(']1‘2)—solution
of the truncated equation (4.7) and w : Q x [0,7g] x T? — T? — R be the restriction of w't to

the time interval [0, 7g]. Then w is a local W:’z(TQ)—solution of the original great lake equation

(4.2).

Proof Observe that for ¢t € [0, 7r] we have ||Vuil|oo < Cllwt|lpr2 < R. Thus, fr(uff) =1 and
taking into account the pathwise uniqueness property we conclude that the truncated equation

coincides with the original equation.

Remark 4.13. If we dispense with the requirement of showing the existence of a strong solution,
then similar uniqueness and relative compactness arguments can be used to show the existence

of a unique global weak solution, provided wy € L>®(T?). The key result here is the fact that
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the L>°-norm of the solution of (4.2) as well as that of any of its truncated versions remains

constant in time (see Lemma 4.17):

lwelloo = llwolloo

loftlloo < llwgloo-

This is an extension of the result in [21]. In particular, one can show the existence of a global

solution w; € Wb_Z’Q(TQ).

4.7 UNIQUENESS AND EXISTENCE FOR THE TRUNCATED EQUATION

In this section we prove that the truncated equation admits a global unique solution. Any global
solution for the truncated equation, restricted to the corresponding stopping time, is a local

solution for the original great lake equation.

4.7.1 PATHWISE UNIQUENESS FOR THE TRUNCATED EQUATION

The strategy for showing that any solution of the truncated equation is pathwise unique is similar
to the one presented in Section 4.4. The only difference arises due to the truncated terms. We

have

dl|@ill50 + 2D (@, Liwe)pdW} = =2(@, (fr(w)) Loy — fr(w]) Lo )wi )yt

i=1

One can show that (see [37] for a proof) there exists a constant C' = C'(R) such that

I fr(whuf — frwd)uillba < Cllwlpr—1,

and therefore

(@, (Fr(wi) Loy = FRWD) Loz )] < l@ellbllelloal[Vewrllsa < Clltllp2llollr—12llwi o,5,2-

We deduce that

oo
dllellfs +2 (@ Liwe)pdWi < Clleot [l 2l 17 2t
i=1
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Similar arguments are used to control |[0%w||? , where « is a multi-index with || < k — 1 and

to deduce that there exists a constant C' = C(R) such that

oo
dlj9°@nlpa +2 ) (0%, 0% Lie)pdW] < Cllaog o2l 27t
1=1

where we use the control (see Lemma 4.17)
<8awt,6°‘£?o§t>b + (0% Liwr, 0% Liwr)y < C||@ll3 1 o-

We need to pay special attention to the case when |o| = k — 1, as 3°‘£?(Dt is no longer well
defined. In this case we use the weak form of equation (4.7) to rewrite (9%, 0L2wy), as

—<8°‘18°‘a)t, 0°2L20;), and then we can proceed as above by using that

—(810%wy, 0% L)y + (0% Ly, 0% Litwe)y < Cllae[7 1 o-

The above control is true for functions in Wf

+12(T2) and, by the continuity of both sides in the
above inequality, it is also true for functions which belong to the larger space Wf ’Q(TQ), since
Wlf 12(T2) is dense in Wf 2(T2). The proof is now concluded in an identical manner as that for

the uniqueness of the original equation.

4.7.2 EXISTENCE OF SOLUTION FOR THE TRUNCATED EQUATION

Given the fact that the topology of Wf’Z('JIQ) is equivalent to the topology of W*2(T?) for a
nondegenerate weight b (see [71]), the proof is similar to the proof from [34]. The strategy is to
construct an approximating sequence of processes that will converge in distribution to a solution
of the equation (4.7). This justifies the existence of a weak solution. Together with the pathwise

uniqueness obtained in Section 4.7.1, we then deduce that a strong unique solution exists. For

vo,12,0 .

VnyR,n)nZO Wlth wt = w8 and fOI‘ n 2 1:

any t > 0 we construct the sequence (w;
wim B =

o (4.8)
R R - 7R7 -1 7R7 7R7 )
dthn, = <VnAth"’ o fR(uf" LAbn )ﬁuun_l,R,n71wtyn n) dt — E ﬁlwf" "5 dWZ,
t

i=1
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Un—1,R,n—1 _ Kw’/nflaRﬂl_l
- t

where v, = % is the viscous parameter and u, The corresponding It6

form of equation (4.8) is 3

[e.@]
AP = (vp e T Y ) dt S L aw, (4.9)
=1

-1 mytly ]
where P 5" (Wl ™) is defined as

_ _ 1 —
PP ) s= = T L a5 ST LR E 2 0. (4.10)
=1

Theorem 4.14. If wS”’R’n € C(T?) is such that V - (bwg"’R’n) = 0, then the two-dimensional
stochastic vorticity equation (4.9) admits a unique global Fi-adapted solution

wvnBin = {wif"’R’n,t € [0,00)} which belongs to the space C([0,00); C*(T?)).

The stochastic equation (4.9) is a particular case of the more general equation (1.1) — (1.2)
analysed in Chapter 4, Section 4.1, pp.129 from [100]. All the assumptions required by Theorem
1 and Theorem 2 in [100], Chapter 4, are fulfilled. Therefore there exists a unique solution w; nRm
which belongs to the class L?([0, ], Wf’Q(T2)) NC([o,T7], Wffm('ﬂ‘z)) and satisfies equation (4.9)
for all t € [0,7] and for all w in ' C Q with P(©') = 1. Furthermore, since the conditions are
fulfilled for all k¥ € N, using Corollary 3 from pp. 141 in [100], we obtain that w; mltn g p.
a.s. in C([0,T],C>(T?)). Note that ui’"fl’R’n_l € C>(T?) for any n > 1, using the regularity
properties of the vorticity to stream function operator and an inductive argument. Omne has
utV"_I’R’n_l = wa”_l’R’n_l where K is the vorticity to stream function operator as before. We

have

[Kw," "  kr1p < Clloy™ "l p-

Since w,""' belongs to C*>(T?) we deduce that u;’”’l’R’n_l also belongs to C*°(T?). This,
together with the initial assumptions (4.3) ensures that all the coefficients of equation 4.9 are
infinitely differentiable. The uniform boundedness is ensured by the truncation fR(utV”‘l’R’n_l),

as proved in Lemma 4.17.

Remark 4.15. (Continuity of the approximating sequence). There exists a constant C = C(T)

3The stochastic It6 integral is understood here in the usual sense, see [40] .
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independent of n and R such that

E[[|w? vn,Rin Vn’R”HL | <C(t—s)% t,s€[0,T].

v B have contin-

In particular, by the Kolmogorov-Centsov criterion (see [67]), the processes w
uous trajectories in Lg(’]l‘2). An explicit proof of this fact is based on L?-estimates for each term

and can be found in [34] Section 5.2.

Vn,R,n)

Proposition 4.16. The laws of the family of solutions (w vnel0,1] @8 relatively compact in

the space of probability measures over D([0,T], L?(T?)) for any T > 0.

Proof of existence for the solution of equation (4.7)

From Proposition 4.16 and the fact that hm wS”’R’n = wg we can deduce, using a diagonal

subsequence argument, the existence of a subsequence (w”3); with Jlgr;o vn; = 0 which is con-
vergent in distribution over D([0,00), LZ(T?)). We show that the limit of the corresponding
distributions is the distribution of a stochastic process which solves the truncated equation (4.7).
This justifies the existence of a weak probabilistic solution. By using the Skorokhod represen-
tation theorem (see [13]), there exists a probability space (Q, F, ]f”) and a sequence of processes
(@vmfon gasBin (W), n = 1, 00) which has the same distribution as that of the original converg-
ing subsequence and which converges, for n — oo, almost surely to a triplet (&, a%, (/V[\ﬁ)l) in
D([0, T, LE(T?) x Wbl’z(']IQ) x RY). Observe that w» " and @™ have the same distribution,

therefore for any test function ¢ € C°°(T?) we have

t
<a}tun,Rn 90>b _ <wun7Rn (P>b+l/n/ <CI)5V"’R’n,A(p>de
0

/ fr(@gm Mty @yt L yrn1n=19)pds (4.11)
t
+= Z / @ymftn £20) bds+z / (@rm B L) dWE
=10
Observe also that there exists a constant C' = C(R,T) such that

VUn,

supr[ sup ||@} ] <C, (4.12)

n=1 s€[0,T
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where E is the expectation with respect to P. We prove this in Lemma 4.17 for the original

vn,Rn vn,R,n

sequence, but since @ satisfies the same SPDE, the same a priori estimates hold for @
We know that the space of continuous functions is a subspace of the space of cadlag functions,
therefore the Skorokhod topology relativised to the space of continuous functions coincides with
the uniform topology. It follows that the sequence (&= fm, gvn-fin (WZ)Z,n = 1,00) converges

P-almost surely to (&%, @ %, (Wz)l) when n — oo, in the uniform norm. It also holds that

n—00

t
lim E [/ ||z B (Df||2ds} =0
0

and since

oo t oo t
Y E [ IR wf,ﬁmids] SIS [ JACEE wfu%zs}
i=1 0 0

i=1 t (4.13)
e [ [ e - wfwzds]

also the limit of the right hand side of (4.13) converges to 0 (we use here the control Y ;2 ||£i<,0||g72 <
Cllpll2, 5 assumed in (4.3)). Now Theorem 4.2 in [72] allows us to conclude that the stochastic

term

oo t o
> [ @, Lot
=1

oo ot
converges in distribution to Z / (@F £;0),dW. Using a similar application of the Skorokhod
i=1"0

representation theorem we can also assume that on the probability space (Q, F, ]?’), the term

00 00

Z /Ot(wngu”’ Li@)pdW?E converges to Z /Ot@f, Lip)pdW{ P-almost surely (and also in L2(P)).
’iljﬁe convergence of the remaining terrlrglis shown in a similar fashion and similar to [34]. The
only difference is that we have weighted scalar products and norms, but given the fact that b is

a bounded nondegenerate function, all the convergences hold as requested.

We have proven so far that there exists a weak/distributional solution in the sense of Definition
4.2. part b. on the probability space (Q,f , fE”’) Moreover, since @® belongs to the space
Wf’Q('IV) < Ck=(T2) the solution is also strong, as a solution on the space (Q, F,P). It follows
that (@, a, (WZ)Z) is a weak/probabilistic solution of the truncated equation (4.7) in the sense of

Definition 4.2 part c. Together with the pathwise uniqueness proved in Section 4.7.2 and using
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the Yamada-Watanabe theorem for the infinite-dimensional setting (see, for instance, [99]) we
conclude the existence of a strong solution of the truncated vorticity equation, again in the sense
of Definition 4.2, part a. Now using the embedding Wy"*(T?) < C*~"™(T?) with 2 < m < k

and k > 4 we conclude that the solution is classical when k > 4.

4.8 CONTINUITY WITH RESPECT TO INITIAL CONDITIONS

In this section we prove Theorem 4.7. Let w, @ be two C([0, c0); Wf’Z(TQ))—solutions of equation

¢
(4.2) and define the process A = (A;); such that A; := / |lws|p.k,2ds, for any t > 0. Let
0
R

, @ be their corresponding truncated versions and also let (w}™ "), and (@/™™),>¢ be,

w
respectively, the corresponding sequences constructed as in Section 4.7.2 on the same space after
the application of the Skorokhod representation theorem. By Fatou’s lemma, applied twice, we

deduce that

Ele™ O lwy — @il 0] < E[liminf =48 lwfm R — pRn2, ]

< limninfE[e_CA?wa”’R’n - (I)f”’R’n ik’ﬂ]

t
where A" = (A}): is the process defined by A} := / [wm B[y 1. ods, for any ¢ > 0. Following
a similar proof with that of the uniqueness of the Voroticity equation presented in Section 4.4, we
deduce that there exists a positive constant C independent of the two solutions and independent
of R and n such that

Ele™ 4wy — a7 0] < llwo — @ollf g

which gives the result. We emphasive that we use here the fact that the processes (w; ”’R’n)

and (@;"""™),50 take values in Wy

n>0
+22(T2) as an essential in redient, a property that was not
g property

true for either the solution of the original great lake equation (4.2) or its truncated version.

4.9 RELATIVE COMPACTNESS

In this section we prove that the approximating sequence of solutions constructed in Section

4.7.2 is relatively compact in the space D([0, 7], LZ(T?)). To do so we use Kurtz’ criterion for
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relative compactness (see Chapter 2 Theorem 2.14).

Proof of Proposition 4.16
We need to show that, for every n > 0, there exists a compact set K, ; C Lg(']l‘z) such that
SupIP’( vn, Rm ¢ Ky+) <n. We define the compact

1
C 4
Ky = {wewzi”(ﬂrz)r llloe < (n> }

where C' is the constant which appears in the a priori estimates (Lemma 4.17). By a Sobolev

compact embedding theorem, K, ; is a compact set in LZ(T?) and

vn,Rmn

supIP( v, B gt Kpt) = sup[P’(Hw”"’Rn

T,
> <sup —-F
,k‘,2 - 77) — Snp C

sup ||w,
te[0,7]

4
b,k,z] <.

To prove relative compactness, we need to justify part b) of Kurtz’ criterion, as per Theorem
8.6 in [45]. For this we will show that there exists a family (7§ )o<s<1 of nonnegative random
variables such that

E[Hwty_ﬁRm - W;H’Rng,ﬂ]:t] < E['Yg’}-t]

and %in%) limsup E[y}'] =0 for ¢ € [0, T]. We will use the mild form of equation (4.9), that is
- n

w;n,R,n :Sn Vn,Rn / Sn Pn 1n( Vn,Rn Z/ Sn t—s [’wun,RndW'L

with PI'"""" as defined in (4.10) and S™(t) := ¢!, One has

n’Rz 717R7 n;R
o™ — w2 < C(II(S"(t +1) = 5" (6)wg" "Iz 2

t 2
+ / (S™(t+1—s) — S"(t — ) PP (@B ds
0

b,2
t+1 2
+ S"(t 41— )PP b (Wi By ds
t b,2
0 t ) 2
+ Z/ (S™(t+1—5)—S™(t —s)) Ly’ BdW?
, b,2

0t )
+> / (S™(t 41 — s) Lywlm T W
t

i=1

2 )
b2
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The calculations follow as per Chapter 3 Section 3.5. The process 7, is defined as

T
= 11S™(1) = D™ " 2 +/0 1(5™ (1) = PP~ (Wi )1} ods

2

+CI? sup || PPEM (Wi

s€[0,T+1]

T
+17 sup [[Liwlm TRy + / (41 =) 718" (1) = (8 —7)* ") S™(t — 7)2(r) ||p odr
s€[0,T+1] 0

and 7§ := sup 7,". From Lemma 4.17 we deduce that there exist two constants ¢; and cy
1€[0,4]

such that E[sup ||Pg_1’”(wg”’R’”)||572] < ¢ and E[sup ||£iw5”"’R’”H§72] < ¢. The integrands in the
integrals abovse converge pointwise to 0 when [ — Osdue to the strong continuity of the semigroup
S™. At the same time, they are bounded by integrable functions, therefore the convergence is
uniform in space by the dominated convergence theorem. Then the requirement

%iir(l) limsup E [’yg”] =0

Un

is met. In conclusion all the conditions required by Kurtz’ criterion are fulfilled and therefore

Vn,R,n)

(wy v, 18 relatively compact.

4.10 A PRIORI ESTIMATES

Lemma 4.17.

Let wy be the solution of the vorticity equation (4.2) and wf"’R’n the solution of the linear ap-

prozimating equation (4.8). Then the following properties hold:

i. For any f € W§’2(']I‘2) we have

(FL2F), + (Lif, Lif)y = 0.
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1.

191.

.

If wt,wf"’R’” € Wf’Q(Tz) then the following transport formulae hold P-almost surely:

leellp = llwoll o
oo™ ™ 1 < Jlwoll g
leoelloo = llwolloo
o™ oo < flwolloo-

provided that the initial condition is in L>(T?).

Ifwe W§’2(']I‘2), then (P"™), defined in 4.10 and (Liw{™™™); are processes with paths

taking values in L2(T?).

There exists a constant C1 such that:

(@, 08 (LFwy ")), 4 (0 (Lo "), OF (Liso/ 7)) | < Cullwy™ 3.

There exist some constants Cy and C% such that:

‘ <3sz/"’R’na fR(utyn_hR’n_l)ak (ﬁurn_pR;n*lw?’R’n) >b‘

vn,Rn—1)1—

1 7R7
Uy ”b,g ;o

et

< Cy|0Fug™m e, |2

bok,2

with 0 < a <1, and

(O wy ™, fr(uy DL s a0 )] < Chlly ] o
t

The technical details of the proof of the above inequalities are similar to the ones proven in

Lemma 3.20 from Chapter 3. The only difference is given by the fact the on the right hand side

we always have also the norm of the bounded nondegenerate function b, which does not alter

qualitatively the result. However, a slightly more significant difference appears in the control of

the higher derivatives of the Lie derivative Euun,l,R,nq wy

B where instead of the divergence-
t

free assumption from Chapter 3 we use the regularity properties proven in Section 4.5. However,

we provide below the proof for part ii.
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Proof for ii: By the It6 formula

d” l/n,RTLHb72 - _9 Z<w2/n7R,n’£'wl/nyR TL> th - 2< vn, R, n’fR(uZn—l,R7n—1)£uun71’R’n71w§n7R7n>bdt

t
+ 2{w; vn,Rn ynAwV"’R"> dt

i Z ( l/nan l/n,R,n>bdt+ <£iw;’n,R7n,£iw;’n,R7n>bdt> )

The last sum has been proved to be 0 at i. and (w!™™" £ yin 1 mo1w! ™My, dt = 0 by integration

vp—1,Rn—1 . un,Rn stun,Rn>

by parts since bu, is divergence-free. Similarly (w, p = 0 since the vector

fields &; are assumed to be such that V - (b§;) = 0. Therefore

vn,Rn

t
l|lwy 2 = HWOHM — 2/ Un (Vi BmM2ds < ngHg,Q P-almost surely.
0

The calculations are similar for the non-viscous equation, but there are no viscous terms, hence
2 _ 2
lwelly2 = llwollp.2 P-almost surely.

In 4.10 we raise both sides to the power p/2 with p > 2 and we use the Minkovski inequality to

obtain

t p/2
o “mR"H”g:Hwouf;,Q—z( /0 unmznﬁ’“)?ds) < fwolly,  P-almost surely

and

lwllp o = llwolly

P-almost surely. Given the fact that w/™™" w, € LP(T?) for any p > 1 and W;’p — L™ we

conclude that w””’R" ,w; € L*°(T?) and we can pass to the limit p — co to deduce that

laelloo = [lwolloo

vn,Rmn

lar™ ™ oo < flwolloo-
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Proposition 4.18. There exists a constant C(R,T) independent of n such that

E[ sup wa"’R’"
te[0,T]

‘g,k,2] < C(R7 T)’

Proof: After applying the It6 formula to the approximating sequence (4.8) we obtain
R R ¢
Haszlt/m ’nHl%Q _ Hakwgn, ’nHl%,Z + 2Vn/ <8kw§’"’R’”,6k+2w5””’R’">bds
0
t
- 2/0 <8kw;’"’R’”,fR(uZ”*’R’"_l)akﬁu:n,l,zz,nqw;’"’R’”nds
0t
+y / (@Fwymttn gh L2 Rmy  ds
i=170
0 ot
+> / (OF LowimBm OF Lo By dis
=170
0t
—2) [ G Ll
i=1"0
We analyse each term. One can write
<8kw;/n,R,n7 ak+2w;/n,R,n>b — _||ak+1w;/n,R,nHi2 <0.

We want to estimate the other terms independently of v,. All terms are estimated above. After

summing up we have

vn,R,n
S

t
k. UV,R, n,R,
2 o] SE[I0F b m2,] + Cy) /0 B[ sup o]
se|0,

E[ sup [jw
s€[0,t]

t o0 t
+C / E[ sup Hw;’“’R’”|]§7k72]ds+2E[ sup ) / (§Fwym B gk £ivmo By gt |
0 s€[0,t] s€[0,t] ;=1 /0

Let
o0 t )
Bro=) / (O i o O Lol By d W and B = w20
=170

B is a local martingale. We have

¢
B < Bo+ 2B+ (Ch+ Cl)/ Bsds
0
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and by Gronwall lemma

E[ sup 63] < 2e2(CaHCt <B§ +4E[ sup fB?])
se[O,t] SE[O,t]

Using the Burkholder-Davis-Gundy inequality there exists a constant & such that

E[ sup B2] < dE[ (Bﬁ}
s€[0,t]

We can show that E[(B),] < C3E[ sup 3?): with the same calculations as those from Lemma
s€[0,t]
3.20 v. we can see that

<8kw8V"’R’n, akﬁiwsvn,R,n>b < CQHO)Z"’R’TLHg’k,Q

ce . : . _1,Rn—1 :
if instead of making use of the truncation corresponding to ||us™ """ || x.2 we take into account

assumption 4.3. Hence

(B)s < C3 sup [lwim "l = C3 sup B2
selo.] sel0.]

and the above inequality follows. In conclusion

t

B[ sup 57] < Cu(T)3} + CulT) | B[ sup §lds
s€(0,t] 0 s€[0,t]

with C1(T) := 2exp(2(Cy4+C1)T) and Co(T) := 84C3 exp(2(Cy+C1)T). Using again Gronwall’s

inequality we have

E[ sup [lw "3, 0] <C(R,T)
s€[0,t]

with C(R,T) := C1(T) B2 exp(Ca(T)T).
The following lemma is essential when showing that the limit of the approximating sequence

satisfies the great lake equation in Wf ’2(’11‘2) although the relative compactness property holds

in D([0, T], L(T?)).

Given the fact that the proof is similar to the proof of Lemma 3.20 from Chapter 3, we do not

redo it here.
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Lemma 4.19.

i. Assume that (an)n s a sequence of functions such that nlggo an = a in L3(T?) and 21;11) lanlly s <
oo fors > 0. Thena € W§’2(’]I‘2) and ||all s o < su;l) |anlly ¢ o- Moreover, n1'1_>rr010 an =ain W§/’2(’]1‘2)
for any s’ < s. "

ii. Assume that ap : Q0 +— WE’Q(’HQ) is a sequence of measurable maps such that, lim a, = a in

n—oo

LZ(T?), P-almost surely or lim a, = a in distribution. Further assume that sup Elllan|l}, 5] < co.
n—o0o n>1 19

Then, P-almost surely, a € Wlf’z(']I‘Q) and E[||aH232] < supE[HaansZ].
1<% n>1 1<

Remark 4.20. The norm ||-||p.m 2 is equivalent to the norm defined as ||| f||| := || fllo.2+ D™ f|lp,25
therefore it is enough to show that all properties hold for the Lg norm of f and for the L% norm

of the mazimal derivative D™ f (see [20] pp. 217).
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THE STOCHASTIC ROTATING SHALLOW WATER

EQUATIONS WITH TRANSPORT NOISE
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5.5.2 A prioriestimates. . . . . . . ... 123

In this chapter we prove existence and uniqueness of a maximal pathwise solution

for the viscous stochastic rotating shallow water system driven by transport noise.

5.1 INTRODUCTION

The stochastic rotating shallow water equations model the evolution of a compressible rotating
fluid below a free surface. The typical vertical length scale is assumed to be much smaller than the
horizontal one, hence the shallow aspect. This model is a simplification of the primitive equations
which are known for their complicated and computationally expensive structure ([65]). Albeit its
simplified form, the SRSW system retains key aspects of the atmospheric and oceanic dynamics.
In its original form it allows for gravity and Rossby waves which play a highly important role
in climate and weather modelling ([102]). In this chapter we consider a viscous version of the

stochastic rotating shallow water model on the two-dimensional torus T?:

dvy + [ut Vo + f2 X ug + th] dt + Z [(EZ + Ai)vt] o thi = vAudt (5.1a)
i=1
Oo .
i=1

where

e u = (u',u?) is the horizontal fluid velocity vector field, v := eu + R, with curl R = f2

e ¢ is the Rossby number, a dimensionless number which describes the effects of rotation on
the fluid flow: a small Rossby number (¢ << 1) suggests that the rotation dominates over
the advective terms; it can be expressed as € = fQL where U is a typical scale for horizontal

speed and L is a typical length scale.

e f is the Coriolis parameter, f = 20siny where O is the rotation rate of the Earth and ¢ is
the latitude; f2 x u = (—fu?, fu'), where 2 is a unit vector pointing away form the centre

of the Earth. For the analytical analysis we assume f to be constant.
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e R corresponds to the vector potential for the (divergence-free) rotation rate about the

vertical direction, and it is chosen such that VR =0

e h is the total depth

o p:= he_?b, Vp is the pressure term, b is the bottom topography as in the previous chapter.

e F is the Froude, a dimensionless number which relates to the stratification of the flow. It
can be expressed as F = N—% where H is the typical vertical scale and N is the buoyancy

frequency.
o L;: L*(T?) — L3(T?), Liv =¢&; - Vv is a second order operator, as described in Chapter 2.

o A; 1 L*(T?) — L*(T?), Aiv = v!VE} + v2VE2 is a zero-order operator, as described in
Chapter 2.

e v, 7 are positive constants which correspond to fluid viscosities.

This single-layered model has been derived using the SALT approach, as described in [62], [86],

[63]. A detailed derivation can be found in the Appendix, Section 8.2.

To our best knowledge, this specific form of the SRSW model, driven by this particular type of
stochasticity, has not been considered before. A stochastic version of the viscous rotating shallow
water system with external forcing and multiplicative noise has been studied in [75]. A rotating
shallow water model driven by Lévy noise has been considered in [39]. As pointed out in [75], the
number of results available in the literature on stochastic shallow water equations is limited. In
the deterministic case, existence of solutions under certain conditions and without rotation was
proven in [84]. Smooth approximate solutions for the 2D deterministic rotating shallow water
system have been constructed in [19]. Long time existence for rapidly rotating deterministic

shallow water and Euler equations has been shown in [29].

As compared to the two models studied in Chapters 3 and 4, this analysis is more difficult from
both a deterministic and a stochastic perspective. First of all, the fluid is now compressible,
which makes the control of the nonlinear terms harder. The smoothness induced here by the
viscous term helps in balancing the nonlinear effects possibly generated by V - u. Secondly, the

stochastic part contains an extra term (.A4;, see Section 5.3) whose effects need to be attentively
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taken into account when deriving a priori estimates. Let aside the lack of incompressibility, there
is also no Biot-Savart-type relationship involving the velocity vector field. This implies on the
one hand that an LP-transport property is out of reach and on the other hand that a control of
the higher order derivatives is much more difficult. We prove that this system admits a maximal
solution in the Sobolev space W12(T?)3. Our approach resembles the approach followed in [75]
for obtaining a priori estimates (as the deterministic terms are very similar) and for proving
relative compactness for the approximating sequence of solutions. However, we use a different
approximation method, extending the methodology developed in Chapters 3 and 4 to a system
of SPDEs which model a compressible fluid under the effects of rotation. At the same time, the
main proof of existence of a truncated solution (see Theorem 5.4) builds upon the arguments
developed in Chapters 3 and 4. Moreover, the structure of the noise is different in our case and
we do not impose Lipschitz conditions. The noise can be written as a sum of two operators: the
second order operator £; which has been seen before in the SE and the SGLE models, and a new

zero-order operator A; whose properties are described in Chapter 2 Section 2.6

5.2 STRATEGY & STRUCTURE

In a broad sense the strategy is similar to the one developed in Chapters 3 and 4. We construct
sequences of approximating solutions which converge in a suitable sense to a truncated form of the
original SRSW system. Then we show that the truncation can be lifted. As opposed to the case
of the Euler equation, here we can lift the truncation only up to a positive stopping time. This
is due to a lack of transport properties for both variables, which derive from the compressibility
condition and the form of the nonlinear terms. Therefore we obtain a local solution for the
original system (5.1). This is proven in Section 5.4. Nonetheless, in Section 5.4.1 we show that
this solution is maximal and due to the pathwise uniqueness property from Section 5.4.2, it is
also strong in probabilistic sense. In Section 5.4.3 we show global existence for the truncated
model, while in Section 5.4.4 we prove the main a priori estimates. In Section 5.5 we study the
analytical properties of the approximating sequence: relative compactness (Section 5.5.1) and a

priori estimates (Section 5.5.2).
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5.3 PRELIMINARIES

Let (90, F, (Fy)s, P, (W?);) be a fixed stochastic basis as before and (&;); a sequence of vector fields
which satisfy the usual assumptions from Chapter 2 and from Section 5.3.2, are predictable and
Fi-adapted. Consider the SRSW system on the time interval [0,00) and the initial conditions
vo = (v}, v3) € WH2(T?) x WH(T?), hy € WH2(T?) with law myg i.e. mo(A) = P((vo, ho) € A)
for any Borel set A C (L*(T?) x L*(T?)) x L*(T?).

5.3.1 DEFINITIONS

We define the following notions of solutions:

Definition 5.1.
a. A strong/pathwise local solution of the SRSW system is given by a triple ((v,h), ) where
71 Q — [0,00] is a strictly positive stopping time and v : Q x [0,7] x T? — R?, h :
Qx[0,7) x T? = R are two processes with initial conditions vo, hg such that virn,(-) and

hinr(+) are Fi-adapted for any t > 0, with

vine (1) € L2 (€ C([0, T); WH2(T?) x Wh3(T?))) (5.2a)
hins () € L2 (Q; C([0, T); WH(T?))) (5.2b)
vine (1) € L* (Q; L*(0, T D(—A))) (5.2c)
hinr () € L? (Q; L*(0, T; D(—A))) (5.2d)

and the SRSW system is satisfied locally i.e. for any bounded stopping time 7/ < T

tAT tAT tAT
(et 0) = (v, @) + / (vs, L2 0)ds + / (g, 5 x )ds + / (ps, Vo) ds
0 0 0

tAT!

tAT! )
_/ (vs, vAP) ds+2/ (s, (LF + AV AW
0

1 tAT! . .
i | e+ s
=1
tAT!

tAT'
(hners @) = o 0) + / (s, Vig)ds — / (hes nAG)ds
0 0

tAT! ) 1 0 tAT!
§ : * i 2 : *\2
+ / h 7‘C7j ¢>dWs 9 g /O <h’8’ (‘Cz) 90>d3
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hold P-almost surely, as identities in L*(T?;R?), L2(T%R), for all test functions ¢ €
W22(T?).

. If T = oo then the solution (v,h) is called a global solution.

. A strong/pathwise mazimal solution of the SRSW system is given by a triple ((v,h),T)
where T : Q — [0,00] is a non-negative stopping time and v : Q x [0,T) x T? — R2?,
h:Qx[0,T)xT? — R are two processes such that there exists an increasing sequence of

stopping times (T™),, with the following properties:

i. T=lim 7" and P(T >0) =1

n—oo
ii. ((v,h),T™) is a pathwise local solution of the SRSW system for every n € N
iii. if T < oo then

T T
sup [l o+ sup [hullo+v [ awlBat+ [ AR = oc.
te[0,7] te[0,7] 0 0

)

. A weak/martingale local solution of the SRSW system is given by a triple
(((9,h), W5),), (0, F,P), (Fp)s) such that (Q, F, (Fp)e, P, (W?);) is a stochastic basis, 0,h

are two continuous (ft)t—adapted real valued processes ©: Q@ x T2 — R2, h: Q) xT? - R
which satisfy (5.2) for a stopping time T : Q — [0, 00], (W?); are independent (Fy);-adapted

Brownian motions, and the identities

tAT

tAT tAT
(Benrs ) = {0, ) + / (0s, L5 0)ds + / (s, 2 x p)ds + / (B, Vig)ds
0 0 0
tAT o0 tAT
- / (50, vAG)ds + 3 / (B (L5 + AP )V
1 00 tAT 9
53 [ e apas
=1

tAT tAT
(hinr, @) = (ho, ) + / (hstis, Vip)ds — / (hs,nAp)ds
0 0

tAT

. o 1 oo tAT .
(s LidVi = 53 [ (has (£ ds
=170
hold P-almost surely in L?(T%;R?), L?(T%;R), for all test functions ¢ € W2(T?).
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Remark 5.2. e Part c. of the definition above states that T is the largest stopping time with
properties i. and ii., that is for any other triple ((v',h'), T") which satisfies i. and ii. we

neessarily have T' < T P-a.s., and v =v",h =h' on [0,T"].

o The first two definitions of solutions are established with respect to a fixed stochastic basis,
the solutions being strong in probabilistic sense. The solution defined at d. is weak in
probabilistic sense, meaning that (v, ﬁ) are not necessarily adapted to the original filtration
(Fi)¢ generated by the driving Brownian motion which corresponds to the SRSW system
(5.1).

e Note that throughout this chapter we work only with weak solutions in the PDFE sense. This
s a consequence of the way in which the compressibility property of the fluid flow interferes

with the degree of regularity of a corresponding solution.

5.3.2 ASSUMPTIONS AND REMARKS

The (&;); vector fields are divergence-free and they satisfy the assumptions explained in Chapter
2, Section 2.6. However, note that for f € WH2(T?) the term E? f makes sense only in weak
form, that is (£L2f,p) = (L;f, LX) where ¢ is a test function from WY2(T?). For this reason
condition (2.21Db)

Y ILEFI3 < ClfIIB

i=1
needs to be replaced with the weaker form

[e.9]

L5 < ClFIR Ml 2- (5:5)
i=1
If we choose the test function ¢ € W?2?(T?) then we can also write (L2 f, ) = (f, (L2)*p). Note
that condition (5.5) meets our needs as in this case we require the solution to be only weak in

PDE sense. Thus also the Ito correction is well-defined in this context.

Similarly, the nonlinear term as well as all the other terms which involve derivatives of v and h
make sense in weak form as expressed in Definition 5.1. Nevertheless, v and h are functions which

belong also to the space D(—A) := {f € (L*(T?) x L*(T?)) x L?(T?): Za?”ujH% < oo}. Here
j=1

99



(cy); is a sequence of eigenvalues such that —Ay; = a;p; where (¢;); is a standard orthonormal

basis of the space L?(T?).

5.3.3 ITO FORMULATION

In this section we provide the It6 version of system (5.1) which will be used for the well-posedness
analysis. We highlight one more time that the terms involved must be understood in weak sense
from the PDE perspective, as explained above. For brevity, we will omit the test functions in

this section. The velocity equation can be written more compactly in the form

dve + Fy(v)dt + Y Gy(vy) 0 dWf =0

with v := eu+R, Fy(ve) := us-Voe+ f2 X up+ Vpr+vAv and Ge(vp) := (&-V)ve+vi VEL +0EVER,

where Then

t t
. 1 .
/ Ga(vg) o dIW' = / G )dWi + 3 [G(w), W),
0 0

t ) 1 t
— / Gs(vs)dWy + 3 / (L2vs + (L + Ai)?vs)ds.
0 0

The quadratic variation process [G(v), W'; is determined as follows. We know that for an It6

t t
process of the form v; = vy + / Fgds + / Gs o dW, the cross-variation process is given by
0 0

t
[U,W]t:/ GSdS.
0
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In our case

(& - Vv + v, VED) 0 dWi = (& - V) o dW + (v;VE]) o dWV}
= (& - Vv)dW} — [ﬁz Vo, Wi + (v;VED) AW — *[UJV@’WZ]t
= (& - Vv)dW[ — f&- Vo, Wi + (0;VE ) dw] — fvgz [vj, W
— (& Vo)W — / & V(6 Vo, + (05),VE ) ds
+(vjvg{.)dwg—fvgg / (Gy);ds
0
— (& - Vo)dW / & V(6 Vs + (05),VE ) ds

+ (0 VEN AW 52%3 /0 <Z<£§ak<vs>j+(vs>kaj£f>ds

k

— (& - Vo)dW] / & V(6 Vo, + (03),VE ) ds

VNV — 3 [ (& ), + (dyel)ds

= (& -Vo+ vijg)de

B ;/Ot [gi.v<§z~Vvs+ (vs)jVé{) +ve (&-- V(vs)j + (vs)x0; &)]

— (& - Vo +v; Vel AW,

_ ;/0 (»C?Us + Li((05);VED) + (VE) Li(vs); + (Vﬁf)((vs)kﬁjﬁf)> ds

= (& Vv + vijg)de

1

t
-5 / (E?US + Li(Ajvs) + Ai(Livs) + .A?vs> ds
0

A
= (L + Ad)udV — / (i + Ai)vds.
0

The second equation is treated in a similar fashion and since we assume that &; are divergence-

free, we obtain V - (§;h) = hV - &+ & - Vh = &; - Vh and therefore

t
[V (&h), W'y =& - V[h,W=§&- V/O & - Vhsds,
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therefore

t i t N i_} t N y
/0 [V-(&hs)]odWs—/O & - VhsdW! 2/0 & - V(& - Vhy)ds

t ) 1 t
:/ cihsdwg—/ L2hds.
0 2 0

We deduce that the corresponding It6 form of the system (5.1) is

dvy + [Eutvt + fZ X ur+ Vpr — VAUt] dt + Z [(EZ + Ai)vt]thZ =3 Z [(ﬁl 4 Ai)%t] dt
i=1 =1
(5.6a)
dhi + [V - (hyue) — nAhy]dt + 2_; LibadW} = 5 ; L2hdt. (5.6b)
We highlight that we interpret equations (5.6a) and (5.6b) in weak sense, that is
d<?)t, SO> = _<'l)t, Ezt¢>dt - (Ut, fé X @)dt - <pt7 v¢>dt + <Ut7 VA(10>dt
> R (5.7a)
= D0 (L7 + ADYAW] + 5 D (o, (L] + AD)g)dt
=1 =1
- * % 1 - *
d{he, p) = —(hyug, Vep)dt + (he, nAg)dt — Z<ht, Lip)dW{ + 9 Z<ht7 (L7)*p)dt (5.7b)
i=1 i=1

The reason for having to work with the weak form is that we only assume that v, € WH2(T?) x
WH2(T?), by € WH2(T?) and v, hy € L2([0,7]; D(—=A)). More precisely we do not assume that
L2 and (£; + A;)? are well-defined in (5.6a) and (5.6b) respectively. Nevertheless, we will still
need to control the evolution of t — |lv¢||3,t — [|he]|3, t — [[Vuel3,¢ — ||[VAe]|3. In order to do

this, we need to use an intermediate step. We take (¢y)r to be an orthonormal basis in L?(T?)

L. Then we can express the L? norm of v, h; using this basis:

HWH% = ch<vtv SOk>2 = chvt(@k)Q (5.8a)
k=1 k=1

Ihell3 = enlhe, or)? = > crhu(ior)? (5.8b)
k=1 k=1

k-x

'For example ¢k () := cre’™* where ¢y is a normalising constant.
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Applying the It6 formula we have

dllve(er) 13 + 20 Voe(pr) 13dt

=2 <vt(<pk), <£utvt + fZ2 X u+ Vpe + %Z (L + Ai)?vi) vt> (gok)> dt
i=1

+2 (vilpn), (Li+ Ai)ve(or)) dW] + > (Lo + Ad)ve(pr), (Li + Ai)ve(pr)) dt,

i=1 i=1

and
1 oo
dllhe(pr)llz + 20l Vhe(er) [2dt = 2 <ht(¢k>,v  (heus) (k) + 5 Zﬁ%ht<sok)> dt
=1

+2> (hulpn), Lihe(or)) dWE + > (Liha(r), Libi () dt.
i=1 i=1

Then using Fatou’s lemma we can write

dllvell3 < dllo(en) 3
k

dlihel3 <Y dlihe(en) 13-
k

This intermediate step is immediate but lengthy, so in the following we will only work with the

corresponding strong versions of the inequalities required.

5.4 EXISTENCE AND UNIQUENESS OF STRONG PATHWISE SOLUTIONS FOR THE SRSW SYSTEM

Theorem 5.3. Consider the initial conditions ug € WY2(T?) x WH2(T?), hg € WH2(T?) and a
fized stochastic basis S = (Q, F, (Fy)i, P, (W?);). Then there exists a unique pathwise mazimal
solution (v, h) € WH2(T?) x WH2(T2)) x WH2(T?) of the stochastic rotating shallow water system
5.1.

The existence of solution for system (5.1) is proved by first showing that a truncated version of
it has a solution and then removing the truncation up to a positive stopping time. In particular
we will truncate the non-linear and the pressure terms in (5.1) by using a smooth function

fr : Ry — [0,1] equal to 1 on [0, R], equal to 0 on [R + 1,00), and decreasing on [R, R + 1],
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fr(w) := fr(ulleo), frR(R) := fR(IPlloo), fR(U 1) := fR(|t]loc, [|Blloc), for arbitrary R > 0. We
then have the following:

Theorem 5.4. If the initial conditions (vg, ho) belong to WL2(T?) x WH2(T?)) x WH2(T?) then

the following truncated system

dUt + [fR(Ut)[,utUt + f?:’ X ug + fR(ht)th + VAUt] dt + Z [(EZ + Ai)’l}t] o) thl =0 (59&)
=1

dhy + [ fr(ue, h)V - (heue) + nAh]dt + Y [V - (&hy)] 0 dW] =0 (5.9b)
i=1

admits a unique global pathwise solution (vF hT) = {(vf, hl*),t € [0,00)}.

Proposition 5.5. Given (vg, ho) € (W'?(T?) x WH2(T?)) xWH2(T?) and R > 0, the restriction
(v,h) : 2x[0,7r) xT? — R2, R of the global solution (v, h) : 2x[0,00)xT? — R2, R corresponding
to the truncated equation (5.9) in the space (W2(T?) x WH2(T?)) x WH2(T?), is a local solution
of the original SRSW system (5.1). We denoted by Tg.

Proof For t € [0,7r] fr(v®, hf) = fr(v?) = fr(hf) = 1 therefore the two equations are the

same.

5.4.1 MAXIMAL SOLUTION FOR THE SRSW SYSTEM

Proposition 5.6. Given (vg, ho) € (W"?(T?) x W'2(T?)) x WH(T?) and R > 0, there ewists
a mazimal solution ((v,h),T) of the original SRSW system (5.1) such that

t t
timsup ([[oll2 + [1he2,) + lim sup ( | 18w jgas+ | ||Ahs||%ds)=oo
t—T t—T 0 0
whenever T < 0.

Proof If we choose R = M in Proposition 5.5 then (vas, has, Tar) is a local solution of the SRSW
system (5.1), in the space (W'%(T?) x WH2(T?)) x WH2(T?). Consider the set of all stopping
times 7 such that (v, h,7) is a local solution of the system (5.1). Denote by 7 the supremum of
this set. Choose (7p7)as such that

T = lim TM -
M —o0
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Denote by (var,har) the local solution corresponding to the stopping time 7p;. Any such a

solution is pathwise unique (see next section), therefore for any N > M we have

UN|[0,7ar) = VM |0,700)

That is, (vn, har) is well-defined and the measure of the set

ﬂ{’UN(t/\TM/\TN):UM(t/\TM/\TN),hN(t/\TM/\TN):hM(t/\TM/\TN)}
M,N

is equal to 1. Assume that 7 < co. We have shown that the process (v, h) is continuous in time
(v,h) € C([0, T); WH2(T?) x Wh2(T?)) x C([0, T]; WY2(T?)) therefore for any event from the set

described above and for any 0 < t < T we can define

U = lim vear,, = lim v
Soo M aT

hy .= lim h = lim h;.
b Moo ATM T T
Then there exists 7y such that |7y — T| < ﬁ and

— = ™ _ ™ —
L= s (1Tl +Ilia) + [ IAT s+ [ AR Bds > (5.10)

s€[0,7]

Then . .
imsup (7012 + 17 ) + timasup ([ 187 3as-+ [ 147, s
t T t T \Jo 0

2 T 2 ™ =12 ™ T 12
2o+ [T 25 + /0 | AT |[3ds + /0 \\Ahswzds):oo.

> tmsup |77
M —o00

Therefore 7 < oo implies

t t
imsup (Jol3 -+ [nla) + s ([ 1o s + [ 1anfBas) = o
t—T t—=T 0 0

For the second part of the proof, suppose that there exists ((v/,h’),T’) such that 7' > T and

V'[j0,7) = vlj0,7), W' [j0,7) = Iljo,7)- Therefore T < oo and by the continuity of (v, h’) on {T" > T’}
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and the properties described above for 7 we deduce that

lim sup L(7, 7p7) = lim sup L@/,TM) = L(ﬁaT) < 0.
M—o00 M—oc0

But on the other hand lim sup L(7, 7ps) = co. We conclude that ((v, h), T) is a maximal solution.
M—o00

5.4.2 PATHWISE UNIQUENESS FOR THE TRUNCATED SRSW SYSTEM

Proposition 5.7. If a solution of the truncated SRSW system 5.9 exists, then it is pathwise

UNIQUE.

Proof Let v! and v'? be two different local solutions of the truncated velocity equation, and
hf1 and hf2 two different local solutions of the truncated height equation. We denote the
corresponding differences by oft := vl — pft2 pft .= pfl _ pR2  Then o and hf satisfy the

system:

dolt — vAGRdt + fk x oftdt + gVoldt + fr™!, WY ot dt — fr(®2 hB2)0? . Vot 2dt
1 [o.¢]
+ Z (Li + A)oFdw} — = Z(ﬁi + A)*oldt = 0.
=1

=1

dhft — nARFdt + fr(o™ RNV - (RPNt — fr(0™2, RV - (BP0 dt

+Z£ hltaw;i — fZ£2hRdt_0
i=1

We apply the 1t6 formula and obtain
d|of3 2 + AR 2 + 20 AT Pdt + 20| ARF||dt = —2(AT], fk x of + VR{)dt
= 2807, fr(0")0" Vo — a0 Vot

— 2(ARE, fRW2 RV - (020 — frP RNV - (0 ) dt

+Z ((Ls + Aol (L; + Aol dt+2£ht,£ht Vi
=1

+ Y (ATF (L + Ay >dt+Z<Ahﬁ,c§Bﬁ>dt

i=1 i=1

+2Z ATE, (L; + A)TEYdW] +22 (ARE, L;)dW].
i=1 i=1
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We control each term as follows:
o (AT, flx oY) < 2] Avf3+ Cllofl]13,
o (A, VR < 2| A5 + C|IRfT ,
e the first nonlinear term

_ R2 R2 R,1 R,1
(ADf, fr(0)v™ - Vo, —fR(vR’l)vt Vo)

_ R, R, R, R,
< (ATE, (fr(0™h) = fr@®2))u - Vol + [(ATF, ofP" - Vol — oY vob)]
Now for the first term in this sum we have

_ Rl - _ _ R, R
(AT, (fr(™Y) = fR@B2)v - Vo] < 07 ol AT 2o/ (ool V07 12

_ _ R, 1/2 3/2
5™ oo | AT o || Avf 152 Vol |5

IN

A

Vi A=R ~R R,1 R,1
gHAUt 15 + Cllo" oo/l Avy ™ (13110, (17 o
For the second term of the above sum we have

(ATE, oPh - Vot — o wuP?) < (AR, B Vot — P2 vl
_ R2 _
< AT 2 (|54l Vo 4+ [0/ 4l Vol )

2 1/2 1/2 2 _
e N i [ 10 P TV [ w7 )

)

_ 2 2
N R A S A

IN

IN

2’ + HAU?’Q

4 _R _R R,1 R,1 R,2
= 1A% 15 + ClIBE 2o, 17 2l Avg™ 13 + o

e the second nonlinear term

(AR, fr@2, 1)V - (o B%) — R0 WDV - (o )]
< [ARF(fr@™ WD = fr@™2 RV - (02 12)]
+ AR, fr(™2, W)V - (0 1) = V- (0" 1)
< | ARTS + ZlIATH
+ (95 oo + IRF o) o™ 15 21| Av™ 13 + lof 17 ]| Avy™13)

+ (10F oo + RF lloo) (1A I 2| ARG 13 + (1715

R,
2l A3

as before
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e the rest of the terms are similar to the ones from the untruncated equation, therefore their

control is similar to the control obtained for the a priori estimates in Proposition 5.17.

Define the stopping time

. * LRI R,1 R,2 R,2 R,1 R,1 R,2 R,2
- :=;r>1f0(/0 [0 12 AR 2 4+ 022|022 4 (A2 AR + B2 )2 AR |§)dt2q)
For 0 <t < T we obtain
R12 TR12 tATq R12 tATq 7R
E| sup [oF2,+ sup [RFIZ, + 20 / |ATE|3ds + 20 / |ARE | ds
s€[0,tATq] s€[0,tATq] 0 0

<E[o¢°I3 2 + I1AE17 o]

tATq
_R TR R, R, R, R,
OB | [ (1ol + 1)+ [0 AN AU + 10252 A0 )

‘%,2 | Ah?’Q

tATq -

By the stochastic Gronwall lemma we deduce that

E

Ry2 7R|2 thTe R||2 R
sup |05 [5 2+ sup [|BS(T + 21// AV ||3ds + 277/ AR [ds
S€[0,tATq] S€[0,tATq] 0 0

< CE [[[0§711 2 + A5 17 2] = 0

and therefore the solution is unique.

5.4.3 GLOBAL EXISTENCE FOR THE TRUNCATED SRSW SYSTEM

Proposition 5.8. The truncated SRSW system 5.9 admits a global pathwise solution (v, h?)
with paths in the space L?(0,T; WH2(T?) x WH2(T?)) x L2(0, T; WH2(T?)).

The strategy for proving that the truncated system (5.4) has a solution is to construct an ap-
proximating system of processes that will converge in distribution to a solution of (5.4). This
justifies the existence of a weak solution. Together with the pathwise uniqueness of the solution

of this equation, we then deduce that strong/pathwise existence holds.

Recall that (vg, hg) € WH2(T2) x WH2(T?). Let (vf, hif)n € C°(T?) x C*°(T?) be a sequence such
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n—oo

that (v, h2) —— (vo, ho) in W12(T?) x WH2(T?). For any ¢t > 0 we construct the sequence

(v, K >0 with v := ul, hY := hY, and for n > 1
dvp + [fr(uf ™)L, =10 + f2 X uy + fr(h™ Hvp ] dt+z i+ Ai)vp] o dW} = vAv}dt

dh} + frluf™ R (RPN (V- uf) + uf =t - VA dt+z (&h)] 0 dW] = AR} L.
1=1
(5.11)

The corresponding Ito form of the system (5.11) is 2

'M8

s
Il
_

dop = vAvpdt + P (of)dt = [(Li+ Ao ] dWE

(5.12)

MS

dhl* = SALdE 4+ Q) 1"(h")dt— [V - (&R dW}

1

.
I

where P 1" (v) and P~ " (u) are defined, respectively, as follows (for ¢ > 0):

n— n — n ) n — n— 1 - n
Py Ln(”t ) == —fr(uf l)fu?*lvt — f&2xui — fr(h} I)th t+ 5 Z [(Ez + Ai)2”t]

i=1
n—ln n n— n— n— n n— n ]' - n
on b (ht') == —fr(uy ! » hy 1)(ht 1(V‘Ut)+ut 1'Vht)+§zﬁzzht
i=1

Theorem 5.9. If (v, h) € C®(T?) x C*®(T?) then the two-dimensional stochastic rotating
shallow water system (5.12) admits a unique global Fi-adapted solution (v, h™) = {(v{, h{),t €
[0,00)} in the space C([0,00); C>(T?)).

Proposition 5.10. The laws of the family of solutions (v™,h™), is relatively compact in the
space of probability measures over D([0,T], L?(T?)) for any T > 0.

Proposition 5.10 is proven in the next section.

Proof of Proposition 5.8 We know that lim vy = vy P-a.s. and lim hy = ho P-a.s. in
n—00 n—oo

WH2(T?). Also, we show in Section 5.5 that the family of approximate solutions (v", h™), is

relatively compact in the phase space £. Therefore we can extract a subsequence (v™i,h™)

which is convergent in distribution in the phase space £. Let (7, il) be the corresponding limit

2The stochastic It6 integral is understood here in the usual sense, see [40] .
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and p its distribution. Note that (9, h) is a probabilistically weak solution of the truncated SRSW
system. By the Skorokhod representation theorem there exists a probability space (Q, F, }f”), a
sequence of processes (0", h™), (W?);)°°; with the same distribution as ((v™, h™), (W?);)2>,, and
a limiting process (0%, A%, (W?);) such that ((&", k™), (W?);)2%, converges (when n — co) P-a.s.

o (o7, A1, (W7);) in the phase space . Then for any test function ¢ € C*°(T?) we can write
t t
(i) = (55, 0) +v/ 1 Svds = [ @ Cyyeeids — [ (12 x p)ds
/ frRWDE, V)ds + 5 Z/  (LF + A7)Pp)ds (5.13)

—Z/ (LF 4 AN ) dW!

(o) = (i 0) +1 / (R, Agyds — / PR (o, 1Y - amyds
0
o0 t 5
/ PR (R, Lo lcp)der;Z/o (hy, (L7)p)ds (5.14)
t ) | =1
Z /0 (0, V- (&™)

Given the fact that (", h™) and (v", h") satisfy the same equation, all the estimates established
for (v", h") are also true for o, h™. Thus, there exist two constants Ci(T, R) and Co(T, R) such

that
sup@[ sup 5+ sup uﬁ?nig} <C(T.R). (5.15)
n>1  Lt€[0,T] t€[0,7]
SupE[/ ||Af),?||§dt+/ HAthgdt} < Co(T. R), (5.16)
n>1 0 0

which ensures that the corresponding time integrals of the terms involved are uniformly bounded
in L?(P). This will allow us to establish convergence P-a.s. and in L*(PP). Since we prove (see Sec-
tion 5.5) relative compactness in the space & = L?(0, T; WY2(T?) x WH2(T?))nC(0, T; WH2(T?) x
WH2(T?)) x L2(0, T; WH2(T?)) N C (0, T; WH2(T?)) it is also true that

t
lim E U |57 — 6R|]§ds] =0
n—oo 0
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t
lim E [/ |AT — hR||§ds} = 0.
n—oo 0
Moreover, by Theorem 2.13 in Chapter 2 and using the initial assumptlons from Section 2.6 we

deduce that also the stochastic terms Z/ (LF+ AN @)dW! and Z/ o,V fzhn»dwz

converge, respectively, to Z / (L4 AD))dWE and Z / @,V - (&hE))aw? in distribu-

tion. Here we use the fact that V- (&h7) =& VR +h"V - fl and consequently [(V - (&h7), p)| <
(€ - VR, )|+ [(h2V - &, @) | = 2|(h™, & - Vp)|. By applying the Skorokhod representation theo-
rem as before we deduce that the convergence holds almost surely on (€2, F, ]f”) and also in L%(P).
Now we can pass to the limit in (5.13) and (5.14). We first analyse the terms from the velocity

equation:

o " —— 9T P-as. in &, and ¢ is bounded, therefore (3", ) —— (5%, ) and (57, ) ——

n—oo n—o0 n—oo

(58, p) P-as. and in L2(P) for any ¢ € C°(T)2.

t
o 1// (0" — o8, Ap)ds T)O]P’—as and in L2(P) since [(07 — 91, Ap)| < [|57 — |2 || A2
0 n—,oo
and (5.15) holds.

t
/ (Lgn—104 — EuRvs ,p)ds —— 0 P-a.s. and in L*(P) since
0

n—oo

(Lan-108 = Lot o) = (@™ = @) - VL, ¢) — (@ (VO] — Vi), )l
< [{(as™t —af) - oy, Vo) + (@l (87 — 777), V)

< IV 7 llallas ™ = aflla + Ve - @258 — 55f]l2 —— 0
n—oo

n—o0

t
. / (f2 x (a® — af), p)ds — 0 P-a.s. and in L?(P) since
0

~ ~ ~R ~ ~R pr» ~ ~R
[(f2x (g —ag), )| = [{ag —as, f2x @) <llplhallay — a2 ——=0
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/ fr(EPY)(Vpnt — VpE, p)ds — 0 P-a.s. and in L?(P) since

(VEet =Vl o) = [(Bet — pE, V)|
n—1

— s —— 0
n—oo

due to the fact that ||~ — AL — 0 (see below)

° > /t<(ﬁz‘ + ;)2 (07 — 08, p)ds ——0 P-a.s. and in L?(P) since
(L300 — L308, o) = [(& - V(& - Vi) — & - V(& - V), ¢)]
=[(& - VOr — & - VO, & - Vo)
= (37 — 8, & - V(& - V)
<& - V(& Vo)ll2ll58 = 52 —— 0

and

(257 — ABE, o) = | AR — 5F), )]
= (@01 = RO + (522 — 5E2)01E) VEL + (0 — TR )ue] + (302 — R2)0087) VEE, )|

< o8 = ofll2ll€: - Vel —— 0

since ||&; - Vl|2 is finite by the initial assumptions made on (&;);.

In the height equation (5.14) the terms are similar to the ones analysed in Chapter 3, Proposition
3.11 (see Section 3.3.2) and they converge with exactly the same arguments, except for the

following;:

t
. / (W2 -4 — hBV -4l ©))ds —— 0 P-a.s. and in L?(P) since
0

n—oo

(R - ag, @) = (R~ = ROV - ag,0) — (hH(V -l =V - b)), 9)]
< (e~ =g - ag, V)| + [ (@ —aff), V)l

< Ve atlallhe™ = hfllz + IV - hfl2llat — agfllz —— 0
n—oo
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We have constructed a weak solution of the SRSW system. In addition to this, in Section 5.4.2 we
have shown that any such a solution is pathwise unique. We now apply the Yamada-Watanabe

theorem ([99]) to conclude that the solution is actually strong in probabilistic sense.

5.4.4 A PRIORI ESTIMATES FOR THE SRSW SYSTEM

Proposition 5.11. There exist two constants C' and C? such that

IE[ sup foslZs+ sup nh@u%g] <!
s€[0,tAT] s€[0,tNT] (5'17)

tAT tAT
E|:I// \|Avs\|§d8+n/ HAhs”%d8:| <2
0 0

Proof of proposition 5.11. We first consider the velocity equation. By the Itd formula one

has

1 o
d||Vvg |3 + 2v|| Ave||3dt = 2<Vvt, V(Lyve + f2 X u + V) + 3 ZV[(Q + A2 >dt
i=1

+ 2 i <Vvt, \Y% (([,1 + Ai)vt> >dVVtz + i <V <(£Z + .Ai)vt> ,V (([q + Ai)vt) >dt.
=1 =1
(5.18)

We first integrate equation 5.18 in time over [0,s] for 0 < s < ¢ < T, and then we take the

supremum in s over [0,¢] and the expected value with respect to the probability P:

t
/GWMWWWM@4
0 s€[0,7]

Lty 1
m/‘umMmmem
0 C6 sefo,r] C6V

t
E amnv%ﬁ+au/|AwﬁmvgEUwub]+E
0

s€[0,t]

Lty 1
w/‘umwmwmmw
0 Cs5 selo,r] C5V

i t
+ElC [ swp nvsnier]
0 s€(0,r]

+E |2 sup / Z<Avr,(£i+u4¢)vr>dwf]
L SG[O,t] 0 i=1
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with

sup
s€[0,¢]

1/2
/ Z Avy, (L; + Ai)v,)dWE| | < CE / Z Av,, (Li + Ai)v,)2d ]

1/2
< CE /ZHAWHzH (L; + A) UT\\er]
0 i=1

< CE | sup ||Us||12/ HAUTH%dT]

sGOt

1

< 18| sup [l + SCE [/ ||Avr|r%dr}
2 | 5€[0,1] 0
C t

< OB | sup [[ol2,| +<E [/ ||Avr\%dr}
€ s€[0,t] 0

Remark 5.12. We need to have E [H’U()Hiz + ||h0|]%2} < 00 in order to be able to apply Gronwall.

Now we consider the height equation. By the It6 formula one has

dHVht||§+2n||AhtH%dt=2<Vht,V<v htut> Zv ﬁ?ht>
(5.19)
+2Z (Vhe, V (Lihy)) thJrZ (Lihy), YV (Lihy))dt.
=1

We integrate equation (5.19) in time over [0, s] for 0 < s <t < T', and then we take the supremum

in s over [0, t] and the expected value as above:

t
E | sup [Vhi|3 +2n / |Ahy|3ds| <E [|hol2,)]
s€[0,t] 0
[t
+E /0 <c?,<n>uAhr||%+C4<u>||AvT||%+ s%p]canhsr?,ﬁ||vs||?,2>> dr]
se|0,r

i t
+E|(C sup ||hs Hl 2dr]
0 s€l0,r]

+E |2 sup / Z<AhT,£ihr)dWﬁ]

| s€l0]
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with

sup
s€[0,¢]

t
LR U HAhrH%dr}
0

C?
] < fE [ sup ||hs le
s€[0,t]

/ Z Ah,, Lih)dW!

as above. Summing up

E| sup [Vosl3+ sup [Vl + v / | Avy|2dr + 7 / | AR 3ds

s€(0,t] s€0,t]
t 2 2
{E [ /O (o2 + uhrul,g)dr]

t
/O sup ([[vsli 2 + sl 2) (lvsi 2 + 1hsll3 o + 2)dr

s€[0,r]

< E [[Jvoll3 + [IRoll3]

+E

t
/ sup ([[vs|[12 + 1hsllf 2)° + (lvsllf 2 + 1 hsIT 2)dr
0 selo,r

E [|lvoll3 + [lholl3] + CE

Define

= inf{ sup (||vs]T 12) >}

SG[O
C1 :=E [|lvol3 + [[hol13]

Note that 7 is indeed a stopping time: the stochastic process (v,h) is cadlag in L? and the

filtration is right-continuous. Then

tAT tAT
E| sup [Vus2+ sup [[VhlZ+v / | Avy|2dr + 7 / |AR|3ds| < €y
s€[0,tAT] s€[0,tAT] 0 0
) tAT ) 9
L O+ 2)E / sup (Jvsl25 + a2 )dr
0 s€[0,7]
that is

tAT
<C1+C0(° + 2)/0 E [ sup (|[vs]|7 2 + IIthiz)] dr

E[ sup [Jolli2+ sup [|hsT o
s€[0,7]

SE[0,tAT] SE[0,tAT]

therefore by the deterministic Gronwall lemma for z; := E

sup (H%H%g + ||h5||%2)] we have
s€[0,tNT]

t
<G +0(¢° +2)/0 E [ sup  (||vsiz + llhslliz)] dr

E[ sup [|vs|ia+ sup [lhllF 5
s€[0,rAT]

SE[0,tAT] SE[0,tAT]
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and

2
E| sup [osfo+ sup [hllfs| < Cre@ 2 (5.20)

SE[0,tAT] s€[0,tAT]

So we have so far

tAT

AT
E| sup [vs|Zs+ sup [haf20+v / | Avy [2dr + 1 /
0 0

s€[0,tAT] s€[0,tAT]

HAth%ds]

t
<Ci+ C(q2 + 2)/0 E [ Sup (H%Hig + HhSHiQ)] dr

s€[0,rAT]

and we can conclude that

tAT

AT
E| sup [[vsl20+ sup [hal2s+v / | A, |2dr + 1 /
0 0

s€[0,tAT] s€[0,tAT]

!!Ahs|!§d8]

< Cl + CIGC(q2+2)t

C1 il Cy
C(2+q¢?) Cy

<q when t<

Therefore

E

tAT tAT
sup || Vos||3 + sup \IVhs\\%+V/ \IAvrllgdr+n/ HAth%dSI <q
s€[0,t] s€[0,t] 0 0

when t is as above.

Remark 5.13. Note that we can also treat the above equation as a separable differential equation

d
TS GO+ 2

s€[0,r]

with AT 5 5
g = E / sup ([0sl25 + a2 )dr

Then
E

tAT tAT
sup [IVosll? + sup Vsl + v / |A, [3dr + 1 / | Ak, |3ds
s€l0,4] s€0,1] 0 0

C
C(¢?+2)

<Oy + 01€C(q2+2)t

<O+ (eC(q2+2)t _ 1)

Cq I q—Ch
n .

< h t <
=4ty o
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Lemma 5.14. The following statements are true:

a. There exist some constants c1,co such that
[(Vor, V(Layve))] < cr(v)[|Ave |13 + calloef

b. There exist some constants cs, cq, c5 such that
[(Ahe, V- (ho))| < es(m)[| A3 + ca@)[[Ave]13 + es ([l 2 + [lvellS 2)

Proof a. Using Young’s inequality and the fact that v = eu + R:

[(Vor, V(Lave))| = (A0, (Lugor))] < ([ Av|2 ]t ool| Vot 2
1/2 1/2
< 1Ay Iy g |} 5 | Av |2 V|2

1/2 1/2
< (| Avelly ferlly s 11 Ave 2| Vv 2

IN

3/2 3/2
1A |52 el

IN

v
—llAullz + Cllully 2

(AR, V- (hgvy))| = [(Ahe, bV - v + 0 V)| < ([ Ahgl2]|heVorll2 + [|ARe[2][veV - |2
< [ Ahellol[Pellal|Vvella + | ARefl2[vel|al Ve |4
< [[Ahg]|2]| P

1/2 1/2 1/2 1/2
120V oelly 21 Avelly” + | Akellal|ol1 2]V Re |5 || A1y

1,2

1/2 1/2 3/2 1/2
< |Ahe 2Nl Voelly [ Avelly’ + 1 AR [ve 1,21V he 13

We have used Ladyzhenskaya’s inequality (n = 2): [|f]l4 < C’HfH;mHVfH;/Q

Proposition 5.15. The stopping time 7 is almost surely strictly positive.

Proof We have seen that

) ) TN ) Y AVA )
sup urlZa+ sup [elZy 4+ v / | Avgll3ds + 7 / | AR, |3ds
0 0

te[0,7AL] te[0,7AL]

t
< fluoll3 + Ilhol3 + € sup ( / <||vs||%,2+||hs||%,2><||vs|i2+||hs||%,2+2>ds>
te[0,7AL) 0
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SO

sup lolf2+ sup [helli2 = [leoll3 + [1oll3
te[0,7AL] s€[0,7A]

t
<C sup </0(!vslliz+IIthiz)(Hvs

te[0,7AL]

TN N N
< C/O (sl + llAs]T 2) (flvs

2, 4 llhsl2s + 2>ds)

%,2 + HhSH%,Q +2)ds

and then

€[0,4AT

P( sup IlolZa+ sup e %,z—uvou%+uhou%>1)
te[0,NT t
TN
< CP ( /0 (Uosl25 + WslB ) (ol + 1sl25 + 2)ds > 1)
YA
< CE [ /0 (osl25 + NslB 2)(loslZs + sl25 + 2>ds]

<CE

¢ sup ([Joslf o + IhsllF ) (lvslT 2 + 1Bs]lF 2 +2)

s€[0,7AL]

<ceeerct +2)
C

IN

Then we can write

P(r =0) =P (ﬂ{r < z}) = lim P(r < ()

14

<HmP( sup [offo+ sup |kl — llvoll3 + lholl3 > 1
=0\ tefo,ent) te[0,0A7]

<limCl=0
£—0

to conclude that

P(r>0) =1.
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5.5 ANALYTICAL PROPERTIES OF THE APPROXIMATING SYSTEM

5.5.1 RELATIVE COMPACTNESS
We define the following processes, to shorten the notation:
B t
X{ =i+ /0 (vAv! + PP (u) ds
t ,
v [ I+ Aeiaw;
0 =1
; t
XMy / (nAR? + QU " (A1) ds

Y = / (&AW

Lemma 5.16. Let 8 € [0, %) and p € [2,00). There exists a positive constant C such that

E[|x HWMOTLQ(TQ)XLQM] <¢
E HXt W12(0,T;L2(T2)) | =C
E HYU HWﬁP(O,T;L2(’]I‘2)><_L2(T2))} <cC
. Hyhn WA (0,T5L2(T?)) | =¢

The following probability measures can be defined on the path space

m,'(A) :==P(" € A)

my (A) :=P(h" € A)

my (A) :=P(W € A)
for any measurable set A.

m" = m, X my X my,

the path space being given by
&= gv X gh X 5W
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with
Ey = L2(0, T; WH2(T?) x WH2(T?)) N C(0, T; WH2(T?) x WH2(T?))

En = L*(0, T; WH(T?)) N C(0, T; WH(T?))

Remark 5.17. Note that Ew = C(0,T; ) (Lo is defined in Chapter 2).

Proposition 5.18. The family of measures (m™), is relatively compact in the original phase

space E.

Remark 5.19. By Prokhorov’s theorem the family of measures (m'™), is relatively compact,

therefore there exists a convergent subsequence (m™)y, .

Proof of Proposition 5.18 3 We will first show that the sequence (m™), is tight. Then by
Prokhorov’s theorem (see Chapter 2, Theorem 2.11), (m"), is also relatively compact. In order

to prove tightness, we need to show the existence of a compact set B, in £ such that
m"(BY) <e.
Given the structure of the path space, we will show that B, is of the following form:

B := B’ x B" x BV x BV

€

with

my((B)) < o mp((BHY) < 5, mip((BY)Y) <

€ €
4 4

=] o

The sequence (mjj,) is constant, hence also relatively compact. Then we can apply Prokhorov’s
theorem directly to conclude that the set BV exists as requested. We define the following sets
Dy :={f € L*(0,T; D(—A)) N W?2(0, T; L*(T?) x L*(T?)) such that
2 2 2
122070 a)) + I IBvs.20m5m2 12y x p2(n2y) < B

Dy = {f € L2(0, T; D(~A)) AWP2(0, T3 L(T%)) : | 22020 ay) + 1 12ysoiziacrey < B}

Using Theorem 2.17 from Chapter 2 we deduce that D; is compact in L2(0,T; W'2(T?) x

WH2(T?)) and Dy is compact in L2(0,T; WH2(T?)), as a consequence of the following compact

3The arguments are close to the arguments used in Lemma 4.4. from [75], adapted to our case.
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embeddings:
L2(0,T; D(=A)) n WP2(0,T; L*(T?) x L*(T?)) < L*(0, T; WH2(T?) x WH%(T?))

L2(0,T; D(=A)) nWP2(0,T; L*(T?)) — L*(0, T; WH2(T?))

In order to show compactness in the spaces L2(0, T; WH2(T?) x WH2(T?)) and L?(0, T; W12(T?))
respectively, it suffices to consider the dynamics generated by v" in Dy and the dynamics gen-
erated by A" in Ds. However, for proving compactness within the spaces C(0,T; W12(T?) x
WH2(T?2)) and C(0,T; W'2(T?)) we will need to analyse separately the dynamics generated by
the drift and the one driven by the Brownian motion. This is due to the natural lack of regularity

of the Brownian motion, which needs to be addressed carefully in this setting. Therefore

(D) = P (110820 owna ey sownzre) + 07 w0 7,222y wiaeey = )

2
@E (H'U?||L2(0,T;W112(’]1‘2)><W1v2(’]1‘2) + HU?Hwﬁ»2(o,T;L2(T2)xL2(1r2)>

C
=R

IA

due to Lemma 5.16. Similarly

C
mi(DS) =P (o} | 2o rwraceey) + 107 s aoirzay azr) = B)
2
< mE [HU?HB(O,T;WLZ(W)) + ||U?||W5’2(O,T;L2(’]I‘2))]
< C
Now we intend to show that the compact embeddings are true also within the space of time
continuous functions. We know from Theorem 2.17 in Chapter 2 that the embeddings

W20, T; L*(T?) x L*(T?)) — C(0,T; WH2(T?) x Wh2(T?))

WU2(0,T; L*(T?)) < C(0,T; W"*(T?))

are compact. Thus, the sum D3 of a ball of radius R in W12(0, T'; L?(T?) x L?(T?)) and a ball of
radius R in WAP(0, T; L?(T?) x L2(T?)) is compact in C(0, T; WH2(T?) x WH2(T?2)).With exactly
the same arguments,the sum Dy of a ball of radius R in W'2(0, T; L?(T?)) and a ball of radius
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R in WB2(0,T; L*(T?)) is compact in C(0, T; W"2(T?)). Then

o™ (12
my(D§) <P (HXt "WLQ(O,T;LQ(TQ)XLQ(T2)) > R2) +P (HYt HWM (0,T;L2(T2) x L2(T2))

IN

<
R?

and
n||P

o) v (] )
W1L2(0,T;L2(T2) x L2(T2)) Wh.p(0,T;L2(T2)x L2(T2))

mh(D4 (HXt

C
R2

IN

We know so far that D; N D3 is compact in L%(0, T; WH2(T?) x WH2(T?)) N C(0, T; WH2(T?) x
WH2(T?)) and Do N Dy is compact in L2(0, T; WH2(T?) x WH2(T?)) N C(0, T; WH2(T?)), so

C

my (D10 D3)) < miy(DY) +my(D§) < 2

and
C

miy((Da N Dy)C) < mp(DS) +mj (DY) < ik
If we choose the radius R = w/%, BY = D;N D3 and Bél = Dy N D4 then we obtain

m"(BC) < e

as requested.
Proof of Lemma 5.16 For the deterministic components one has

T T 2

o™ (12 o o™ d

E |:HX15 HWLQ(O,T;LQ(TQ)XLQ(TQ))} =E |:/0 HXt HLQ(TQ)XL2(T2) dt:| +E /0 tht L2(T2)x L2(T2) dt]
<c
and
) n TNd _.?
E [HXth } —E [/ Hxh dt] +E / 2 xh dt| <¢
WL2(0,T;L2(T2)) L2(T?) o |ldt L2(T2)

due to Proposition 5.20. The stochastic components are controlled using a version of the
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Burkholder-Davis-Gundy inequality (see Chapter 2):

p

[HY; Hwﬁ P(0,T5L2(T2)x L2(T2)) | — YW dWw?

WhB:P(0,T;L2(T?) x L2(T?))

T || p
a(p, B, T)E / S8+ At aw;
0 lli=1 Lo(81,L2(T?)x L2(T?))
<C
and
P
2 [ R =2 || 27 00
WE:p(0,T;L2(T?)
W‘“’(O T;L2(T?))
< a(p.8,T / ) aw;
Lo(4,L2(T2))
<C
by the assumptions 2.21 on the vector fields (&;); and Proposition 5.22.
5.5.2 A PRIORI ESTIMATES
Proposition 5.20. There exist two constants C1(R) and C2(R) such that
| swp oflfa+ s 0] < e, (5.21)
t€[0,T] t€[0,T]
T T
E[/ HAvf\gdt—k/ ||Ah?H§dt] < Cy(R). (5.22)
0 0

Proof of proposition 5.20. All linear terms are controlled as in Proposition 5.11 (and the
bounds are independent of n). For the nonlinear terms we make use of the cutoff functions

and obtain global (R-dependent) estimates. We first consider the velocity equation. By the 1t6
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formula one has
dl|Vop |3 + 2v|| Avp|[5dt

- 2 n n— n— 1 = n
- 2<W1}, V(fr(uy 1)£u?_1vf + fE2xuf + fr(hy VPP + 3 D OV[(Li+ Ao >dt

i=1

+2) <wg, v< (Li + A >>th + Z < < (Li + AQU?) : v((ci + Aﬁvf) >dt.
i=1
(5.23)
We first integrate equation (5.23) in time over [0,s] for 0 < s < ¢t < T, and then we take the

supremum in s over [0, ¢] and the expected value with respect to the probability P:

E

sup \Vv”\|2+2u/ HAU"H%dr]

s€[0,1]
t 1 5
R / L)acpE + sup R ) dr
0 sefo,r] €1V

t 1
1E / L)acpE + sup oz R ) dr
0 seo,r] 6V

E [|[Vegll3] +E

t
+E / (HAU"HQJF sup *HP ”%,2) dr]
0 sefo,r] €5V

i t
+E |C sup HUsH12d7"]
0 s€0,r]

+E QSup/ (L + Ao >dW1f]

| s€[0,¢]
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with

sup
s€[0,t]

[ .t o© 1/2
< CE /Z(Avf,(£i+¢4¢)vf)2dr]
170 =1
C o oo 1/2
<ce |/ ZHAv?H%H(Ei+A¢)vf\\§d7“]
170 =1
- -
<CE /HAUﬁ@ZH(ﬁi+Az‘)1}?”%d"’]
0 —

< CE | sup ’UnH12/ ||Av”H2dr]

sEOt

| Z<Av¢,<ci+Az->v¢>dW,f
=1

1

< -E | sup HU”H12 + CE [/ HAU?H%dT]
2 | 5€[0,t] 0
o2 t

< Sk | s loglEs| + & | [ 1aciar]
€ s€[0,¢] 0

Now we consider the height equation. By the It6 formula one has

dl[Vhi'|[3 + 26| Ah7||3dt

n— n— n— n n— n 1 - n
= < 2R ROV (R NV ) + g I-Vht)+QZV(£§ht)>dt (5.24)
+2) (VR YV (Lihf)YdWi + > (V(L:h}), V (Lihy) )dt
i =1

We integrate equation (5.24) in time over [0, s] for 0 < s < ¢t < T', and then we take the supremum

in s over [0, t] and the expected value as above:

t
E | sup [VA2[3 + 26 / |ARE|2ds
0

s€[0,¢]

t
E [[12]2,] +E / sup 2Rp| ARP3 + Rl|h2(12 5 + Rallol||2 pdr

s€[0,r]

t
+E C/ sup Hh”\mdr]
0 s€l0,r]
+E |2 sup / Ah?,ﬁihf)de
s€[0,t]
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with

sup [[AZ[%

| S am cayaw;
0 s€[0,t]

E [ sup
i=1

s€[0,t]

2
]SCE
€

t
+eE [/ HAh?H%dr]
0

as above. We end up with

t t
E[sup 25+ sup thuig}ﬂa[ [ iaezizas+ [ \Ahzuéds]

s€[0,4] s€[0,4]

t
SCl(R)JrC(R)/ Elsup lilia+ sup [[AF] | dr
0

s€[0,r s€[0,r

which by Gronwall’s inequality gives

E[ sup o725 + sup Hh’;uiz] < O1(R)C

s€|0,t s€|0,t

and therefore also
t t
E[ [ 1aigas+ [ HAh?H%ds] < Cy(R).
0 0

Lemma 5.21. The following statements are true:

a. There exists a constant ¢1 such that

— n v n 1 n
[(Vor, fr(uf "D V(Lp1vf))] < R (I Av]]3 + — o]
t C1 c1v

2
1,2

b. There exists some constants cs, cg such that

b1. [(Voi, V(VE )] < ZIAVE + 2 lof I 2

— Cjp CyV

b2. (Vo V(f2 x uf))| < ZlAvHZ + o5 o117 2

— ¢ ceV

c. There exists some constants p, q such that
(VR fr(uy ™ R~V (BN Y - uf) +uf ™t - VAE))| < 2Rp| AR (3 + Ral|hi|[3 2 + Rallvp (1?2

Proof of Lemma 5.21.
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a. We have

(Vo fr(uy )V (L p1vp))] = (A7, fr(uf ™)L m-rvf) < fr(uf ™) lluy ™ ool Vor |2 Avy 12
< B[V l2f| Ave 2

< R(1 /e[| Vo3 + v/el|Avy|13)

1 v
<R{— o2, + Z1Av?)2) .
<R Ioflfa+ 2 1a)

b. Using Young’s inequality one can write

bl.

1 _ v 1 1 v 1 _
(Vo (VP =) = [(Aw, VP~ H] < — A3 + — Vo5 < — [l Avll3 + —llpr 1T
Cy CylV Cy CylV

b2.
n s n n 2 n v n|2 1 n|2 v n|2 1 n|2
[(Voi', V(2 xup))| = (Ao, f2 xuf)| < —[[Avf s + —[[Vuills < —[[Av |3 + —[lui'[[12-
Cg CglV Cg CglV
c.We have
(VB frlu = b )9 (b ) + - VA
= (AR Fr(hE ) (T ) (AR, fr(h g )|
=:di +do
dy < fr(hy ™ ap Y [ARE lal|hy ™ ooV - uftll2
< R|| AR [2]|ui]l1,2
< R (pll AR5 + gllvp[IF 2)
do < fr(hy ™ up ™ DARY l2lluf ™ ool VAT l2
< R||[ARY (|2 VR 2
< R (plARY 3 + allhiF )
So

(VA frluf ™ BV (U - uf) + uy ™" VAY))| < 2Rp|| ARY(I3 + Rallhi' |17 2 + Rallof |11 2.
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Proposition 5.22. There exist a constant C3(R) such that

| sup I, + sup I < ca (5.25)
te[0,7 te(0,7)
Proof The proof follows the same strategy as the proof of Proposition 5.20. In order to control

the pth moment of (v, h™), we raise the estimates

t t
| sup 2i2a + sup 10212s] +E| [ 1aagias+ [ janiga)
s€[0,4] s€[0,1] 0 0

t
<O\ +E [ [z, + rnzu%,z)ds}

+E | sup +E

s€[0,¢]

sup
s€[0,t]

/ Z(Avf, (Li + A)v™)dW?
0

i=1

| S wan capaw;
0

i=1

|

to the power p/2. Then we apply Minkowski’s inequality for p > 2 and the Burkholder-Davis-
Gundy inequality for p/2. So

t
E[ sup (o7, + sup ||hf;w;,2] <O +E [ / <Hv2u€,2+uhzui2>ds}

s€[0,1] s€[0,1]
g 00 P/2 g 00 p/2
+E | sup / Z(Avf, (Li + A)vm)ydW, +E | sup / Z(Ah?, LR dW?
sef0,4] |Jo se[0,4] |Jo

i=1 =1

and using the Burkholder-Davis-Gundy inequality we obtain

t t
E[ sup 25 + sup uhi:ra’g}ﬂa[ [ iaazigas+ [ \Ahzsué’ds]

s€[0,t] s€[0,¢]

sup [[og][f o+ sup [|A]Y 5| dr

s€[0,r s€l0,r

< C1(R) + C(R) /OtIE

which by Gronwall’s inequality gives

E[ sup [[o?[2, + sup B

s€(0,t s€|0,t

f;,z] < ().

Remark 5.23. This result holds also for the original equation but up to a stopping time.
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DATA ASSIMILATION FOR THE STOCHASTIC

ROTATING SHALLOW WATER MODEL
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In this chapter we construct a robust particle filter for the stochastic rotating

shallow water model. This is based on adaptive tempering and jittering and it is

first tested for the Lorenz 1963 model.



6.1 INTRODUCTION

Let X and Z be two processes defined on the probability space (©, F,P). X is usually called
the signal process or the truth and Z is the observation process. In our case X is given by
a pathwise solution of the stochastic rotating shallow water system computed on a staggered
grid. We have proven in Chapter 5 that such a solution exists.! The nonlinear filtering problem
consists in finding the best approximation of the posterior distribution of the signal X; given the
observations Zi, Za, . .., Z; 2. The posterior distribution is usually denoted by m;. We denote the

dimension of the state space by dx and the dimension of the observation space by dz.

A particle filter is a sequential Monte Carlo method in which the posterior is approximated using

a set of particles, that is random measures of the form

T R~ Z wid(xt)
¢
where § is the Dirac delta function, w}, w?, ... are the weights of the particles and z},27,. .. are
their corresponding positions [4]. One can make inferences about the signal process using Bayes’
theorem, the time-evolution induced by the model, and observations [88], [4]. Observations are

modelled as noisy measurements of the truth, using the observation operator:
H:RI¥x - RYz (6.1)

Zy = H(Xt) + Vi (6.2)

where (V;)i>0 are independent identically distributed random variables with standard normal
distribution and X is a Borel-measurable function. Observations are incorporated into the system
at assimilation times. The ensemble of particles is evolved between assimilation times according

to the law of the signal. At each assimilation time the observation is incorporated into the system

Note that in Chapter 5 we work with infinite dimensional function spaces, while here the state space will be
R4x.

*For a mathematical introduction on the subject see [4]. For an introduction from the data assimilation
perspective see [96] and [88].
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through the likelihood function:
gft TR 5 [0,1], g7t (x) = ge(ze — H(wy)) = P(Zs € dzg| Xy = ap) (6.3)

that is
[ et = 3@z = (21 € ALY = 2 (6.4)

where A € B(R92). The following recursion formula holds (see [4])
Tt = gt % 7Tt_1’Ct (65)

where

Ki: R x BRI¥X) — [0,1], K¢(X;—1,B) =P(X; € B|X;_1) (6.6)

for any measurable set B € B(R%) and by '+" we denoted the projective product as defined in

the Appendix (Section 8.3). Schematically, this can be arranged as

tempering, g;t*

a,20:t—1 Kt a,20:t—1 _..b_. 2t b _a,20:¢
T T T = =y e g;t xmy =m0 (6.7)
model assimilation
forecast analysis
prediction update

The indices a and b stand for assimilation and background respectively. Here p; = ptZ %=1 g
the prior distribution of the signal, that is a probability measure which belongs to the space

P(Rdx x R x ... x Rdx) with ¢ = 0,1,..., and corresponds to the path space generated by

t+1
Xo,X1,...Xy. By Zypy we mean the random vector (Zy, Z1,...,7Z;) with the corresponding

observed values zg.;. Taking into account the definition of the projective product, the recursion

formula (6.5) can also be written as

¢ (z)pe(dy)
m(B) = /B = ﬁtl/ gt (zt)pe(dy) (6.8)
G

where B € B(R%¥) and 3, := / g;"(x)pt(day) is a normalising constant. We are looking for

Réx
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an approximation of the form

N
mam =Y wi(a)). (6.9)
/=1

The typical particle filter runs as follows. Each particle is propagated forward in time using the
model (SRSW or Lorenz ’63 in our case). We model the evolution of the signal discretely in time
through a map M;. In the following, M, is a discrete realisation of the Lorenz 63 or the SRSW
model. We have

M; : RIx 5 RéxX (6.10)

and if xfl, a:f2 is the position of the particle £ at time t; respectively to then
{ = My (al,) (6.11)
:L‘tQ t2 SUtl . .

The particle trajectory is independent of the trajectory of the signal. At each assimilation time,
every particle is weighted depending on the likelihood of its position, given the observation. The

weight measures how close the particle trajectory is to the signal trajectory.

N N
= Wi d(Muy(ag,)) = Y wi,d(a,) (6.12)
=1 =1
Particles which are close to the truth and therefore have higher weights will be multiplied, while
those which are far away will be eliminated. There are several studies ([95],[97]) which have shown
that in high-dimensional spaces the tendency is to have one particle gaining a weight close to
one while all the others are discarded, having weight close to zero. On the other and, in [4] it has
been proven that a particle filter will provide a good approximation of the posterior distribution
only when enough particles are used, which explains the difficulty of the problem at hand. The
standard rapid divergence of the particles’ trajectory from the signal trajectory is known in the
literature as the curse of dimensionality [95], [96]. Nonetheless, considerable progress has been
made in this direction over the last years. A state-of-the-art analysis of the most recent efforts
on tackling the filter degeneracy problem can be found in [97] and [95]. Innovative remedies arise
from different directions: optimal transportation [88], tempering [9],[66],[30],[31], localisation
[28],[87], model reduction [30], data assimilation as a boundary value problem [89], jittering [9],

nudging [92], proposal densities [98]. Some of them have been tested operationally: [87].
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Our work is part of these attempts of developing a particle filter methodology for high dimensional
models originating in (stochastic) fluid dynamics. We have implemented a particle filter with
adaptive tempering and jittering for the stochastic rotating shallow water model®. The suitability
of these two methods used in tandem for high-dimensional problems has been proven in [9] and
tested in [30], [31], [92]. In [31] the method is used for the stochastic incompressible 2D Euler
model with damping and forcing, while in [92] it is tested for the 2D quasi-geostrophic model. We
have no knowledge of any previous application of this methodology for the stochastic rotating
shallow water system. The complexity of this model makes the problem harder. The aim of
this chapter is to show the applicability of the particle filter described below and the stochastic
rotating shallow water model running alongside. We start with first coupling the particle filter
with the classical Lorenz ’63 model and then we move to the targeted SRSW model. The results

are encouraging in both cases.

In tempering, an artificial dynamics is introduced via a sequence of artificial target distributions
between prior and posterior. Each intermediate distribution has a characteristic temperature
chosen such that a reasonable number of good particles survive. We first follow a resampling
procedure 4 in which the particles with low weights are replaced with particles with higher weights
such that at the end an ensemble of equal-weighted particles is obtained. However, the particles
can be concentrated in the wrong place. In order to quantify the spread of the weights with

respect to the posterior, we use the effective sample size statistic:

ess(w) = — ! (6.13)
—

Z(WZ)Q

1

The ess will be chosen to be above a certain threshold in order for the ensemble of particles
to be oriented in the right direction. In tempering one increases gradually the variance of the
distribution using a sequence of temperatures 0 = ¢g < ¢1 < ...¢pr = 1 to ensure that the ess

remains above the chosen threshold. Once the temperature is (dynamically) chosen, a resam-

3The code used throughout this chapter was initially based on a code provided by Prof. Peter Jan van Leeuwen
for the deterministic rotating shallow water model. This code has been repeatedly modified, extended to the
stocastic case, and adapted to our purposes. The particle filter methodology with tempering and jittering has
been implemented specifically for the SRSW model.

4This is a static procedure.
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pling procedure is applied. The output is a sequence of tempered posterior distributions with
corresponding normalised tempered weights. In this case the intermediate tempered posterior

distribution at the r*" tempering step is given by

/ (67" (2))®" pu(dcy)
B

7 (B) = (6.14)
/ (g7 (20))?" pe(dacy)
RIX
for any B € B(R4x). We denote by x = (z))_, the ensemble of particles. Then
N
N = Wi (6 x)0(af,) (6.15)
(=1
where
r Z Zti f ¢r*¢r—1 . e
Wi (0r,%) = (957" (af)) . with Y wl =1 (6.16)
l
The corresponding ess is given by
essi(¢",x) = Hwti((br,x)Hzgl. (6.17)

The following is the tempering and jittering algorithm (see e.g. [66],[30]):
1. At initial time ¢ = 0: sample N particles from the prior distribution.

2. On the time interval (¢;_1,t;] : we have an ensemble x of particles with positions (fo e

and we want to assimilate observational data z;, in order to obtain a new ensemble (xfi)g

that defines Wg :

2.2. Set temperature ¢ = 1.

2.3. While ess;(¢,x) < Nipreshold do

x Find ¢/ € (1—¢, 1) such that ess;(¢' —(1—¢),X) & Nipreshoid- Resample according
to Wfi(¢l — (1 = ¢),x) and apply MCMC with jittering if required (i.e. if there

are duplicates) = a new ensemble x(¢’).
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x Set ¢ =1 — ¢ and x = x(¢).

2.4. If ess; > Nipreshola then Stop and go to the (i 4 1) filtering step with (xfi,wé)g.

i

The jittering procedure is standard (see e.g. [30]) but we will briefly explain the idea. Without

jittering we have

zp, = M(z},) (6.18)

which can also be written as

zh = M(x) , W(t1 : t2)) (6.19)

where W is the driving Brownian motion of the model and with W (¢; : t3) we denoted the

Brownian path between ¢; and t2. In this case the prior distribution is given by

P = D 6(at,) (6.20)

The problem is that sometimes the particles end up in the same place and we can have a large
number of duplicates. In order to overcome this issue we modify the last part of the particle
trajectory using a jittering parameter p and a Gaussian random variable Z which is orthogonal

to W. Then the new dynamics is given by

7= M, (mfl,pW(tl o) + /1 p22(t : t2)> (6.21)

where

xfl = Mti <.’B£.71,W(ti_1 : tl)> . (6.22)
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6.2 APPLICATIONS FOR THE LORENZ 1963 MODEL

6.2.1 MODEL DESCRIPTION

The Lorenz ’63 model is a classical nonlinear three-dimensional model that is a precursor of

turbulence theory which has been introduced in [76]. It reads

dx

i aly —x) (6.23a)
d

dii = (B-2)z—y (6.23b)
% =zy — % (6.23c)

where «, 3,7 are real positive parameters. The model is well-known for the broad spectrum

of patterns displayed for different values of «, 8,y and its well-known butterfly attractor. The

original values chosen by Lorenz in [76] were a = 10,5 = 28 and v = %. For a discussion
on the behaviour of the solutions for different parameter values see e.g. [93]. This model is
implemented using a Runge-Kutta scheme of order 4, with initial conditions ¢ = 1.508870, yo =
—1.531271, zg = 25.46091. The details of the Runge-Kutta scheme can be found in Appendix.
The Lorenz ’63 model contained random perturbations at every time step. After using the Runge-
Kutta scheme to implement the three variables from system (6.23), we generate a random field

and perturb the system in a manner which is similar to the one explained in (6.21), with p = 0.99.

6.2.2 DATA ASSIMILATION RESULTS

We perform the data assimilation analysis using an ensemble of 50 particles which evolve for 500
time steps and each time step has size 0.01. In the standard scenario (Figures 6.4-6.7) all three
variables of the system are observed every 20 time steps. The initial uncertainty is equal to 1,
while the observational uncertainty and the model error are equal to 0.1. We present below a
couple of scenarios obtained for different values of these parameters. The output is displayed for
the first and the third variable. The ensemble of particles is plotted one standard deviation region
around the ensemble mean. We first show in Figures 6.1-6.3 how the model evolves without any

assimilation of data .  As it can be seen in Figure 6.1 and 6.2, in the absence of the data
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Lorenz63: 50 particles, 500 time steps, no DA

15 A !’
il
AW

X variable
=3

-5

—-10

—15

— ensemble mean

100 200 300 400 500

Figure 6.1: Evolution of the Lorenz '63 model without any data assimilation. Displayed:
x variable. The particles fill out the attractor.

Lorenz63: 50 particles, 500 time steps, no DA

— truth
— ensemble mean

z variable

Figure 6.2: Evolution of the Lorenz '63 model without any data assimilation. Displayed:
z variable.
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Lorenz63: 50 particles, 500 time steps, no DA, 1 run

— RMSE
— ensemble spread

- =
0 ~

=
=)

RMSE and ensemble spread

Time steps

Figure 6.3: Evolution of the Lorenz '63 model for 500 time steps without any data
assimilation. Displayed: RMSE and ensemble spread.

assimilation step, the particles spread gradually around the entire attractor. This behaviour is
exhibited when plotting both the first variable x and the third variable z. In other words, the
uncertainty increases (at times quite dramatically). The root mean square error (RMSE) and
the ensemble spread (ES) is plotted in Figure 6.3. In this case the RMSE and the ES oscillate
around a value which is comparable with the size of the attractor (the particles fill out the
attractor). Compared to the previous scenario, we show in Figures 6.4-6.7 that by assimilating
observations every 20 time steps, we manage to substantially reduce the uncertainty. Through
a repeated application of the forecast/data assimilation step, the cloud of particles successfully
tracks the truth, evolving around the attractor set. In Figure 6.6 we exhibit the first three
instances to emphasize the dramatical reduction of uncertainty resulting from the application of
the particle filter with tempering and jittering, as described in Section 6.1. We plot in Figure
6.7 the RMSE and the ES. We can see that the RMSE and the ES are comparable. This is a
feature highly appreciated by data assimilation practitioners because it shows that our estimate
of the uncertainty as measured by the width of the ensemble is a good estimate of the actual
error in the ensemble mean. Based on this measure of success we can conclude that the particle

filter performs satisfactory in the case where all the three variables of the system are observed.

For the following scenario (Figures 6.8-6.11) we increase the observational uncertainty to 5, while

observing all three variables. Decreasing the accuracy of the observations reduces the efficacy of
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X variable

z variable

Lorenz63: 50 particles, 500 time steps, fully observed

— truth
—— ensemble mean

Time steps

Figure 6.4: Evolution of the Lorenz '63 model for 500 time steps, all 3 variables are
observed every 20 time steps. Displayed: z variable. The initial uncertainty and the
observational uncertainty are both equal to 1, the model error is equal to 0.1.
Uncertainty is substantially reduced at assimilation times.

Lorenz63: 50 particles, 500 time steps, fully observed

— truth
—— ensemble mean

Time steps

Figure 6.5: Evolution of the Lorenz '63 model for 500 time steps, all 3 variables are
observed every 20 time steps. Displayed: z variable. The initial uncertainty and the
observational uncertainty are both equal to 1, the model error is equal to 0.1.
Uncertainty is substantially reduced at assimilation times.
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Lorenz63: 50 particles, 500 time steps, fully observed

xvariable

— ensemble mean

330 a0 50 0 70

Figure 6.6: Evolution of the Lorenz '63 model for 500 time steps, all 3 variables are
observed every 20 time steps. Displayed: z enlarged (left) and z enlarged (right).
Instances of the tempering procedure.

Lorenz63: 50 particles, 500 time steps, fully observed case, 50 runs

— RMSE
1.4 — ensemble spread

=
[N

=
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RN

)

100 200 300 400 500
Time steps

averaged RMSE and ensemble spread

Figure 6.7: Evolution of the Lorenz '63 model for 500 time steps, all 3 variables are
observed every 20 time steps. Displayed: averaged (50 runs) RMSE and ensemble
spread. The initial uncertainty and the observational uncertainty are both equal to 1, the
model error is equal to 0.1. Uncertainty is substantially reduced at assimilation times.
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Lorenz63: 50 particles, 500 time steps, increased obs. error
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Figure 6.8: Evolution of the Lorenz '63 model for 500 time steps, all 3 variables are
observed every 20 time steps. Observational uncertainty is increased to 5. Displayed: z
variable. The accuracy of the observations decreases.

the data assimilation procedure. Figures 6.8-6.9 show that the reduction in the uncertainty is
not as large as in the previous case. This can be seen better in Figure 6.8for the z variable. In
figure 6.10 we plot the RMSE and the ES. As one would expect, both the RMSE and the ES have
higher-amplitude oscillations around the data assimilation times as the observational uncertainty
is now much larger than before. For the following scenario (Figures 6.12-6.15) we increase both
the observational uncertainty and the initial uncertainty and we observe all three variables. As
a result, the uncertainty reduction is now even smaller than in the previous case. Nonetheless,
the particle filter is efficient enough to eventually constrain the particles to follow the truth.
This can be observed attentively in Figure 6.18. In the following scenario (Figures 6.16-
6.19) observational uncertainty is equal to 0.5, while all other parameters are as in the standard
setting. The observational and initial error being now much smaller than in the previous case,
the ensemble of particles follows the truth uniformly. It tends to diverge from the truth just
before the assimilation time, but the particle filter is very efficient in pushing the particles back,
closer to the true trajectory. This can be easily observed in Figures 6.16-6.18. In Figure 6.19
we can notice that also RMSE and the ES is greatly decreased, varying now between 0 and 3.
In all previous settings the observation operator was linear. We now perform a couple of tests

(Figures 6.20-6.27) with nonlinear observation operators. We first make the observations fully
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x variable

Lorenz63: 50 particles, 500 time steps, increased obs. error

x variable

Time steps

Figure 6.9: Evolution of the Lorenz '63 model for 500 time steps, all 3 variables are
observed every 20 time steps. Observational uncertainty is increased to 5. Displayed: z
variable. The accuracy of the observations decreases.

Lorenz63: 50 particles, 500 time steps, increased obs. error Lorenz63: 50 particles, 500 time steps, increased obs. error

Figure 6.10: Evolution of the Lorenz '63 model for 500 time steps, all 3 variables are
observed every 20 time steps. Observational uncertainty is increased to 5. Displayed: =
enlarged (left) and z enlarged (right). Instances of the tempering procedure.
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Lorenz63: 50 particles, 500 time steps, increased obs. error, 10 runs
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Figure 6.11: Evolution of the Lorenz '63 model for 500 time steps. Observational
uncertainty is increased to 5. Displayed: averaged (10 runs) RMSE and ensemble spread.
RMSE and ES have higher-amplitude oscillations around the data assimilation times.

Lorenz63: 50 particles, 500 time steps, increased obs. error and init. uncertainty
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Figure 6.12: Evolution of the Lorenz '63 model for 500 time steps, all 3 variables are
observed every 20 time steps. Observational uncertainty is increased to 5, initial
uncertainty is increased to 3. Displayed: x variable. Small uncertainty reduction, but the
particle filter constrains the particles to follow the truth.
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Lorenz63: 50 particles, 500 time steps, increased obs. error and init. uncertainty

— truth
—— ensemble mean

z variable

500
Time steps

Figure 6.13: Evolution of the Lorenz '63 model for 500 time steps, all 3 variables are
observed every 20 time steps. Observational uncertainty is increased to 5, initial
uncertainty is increased to 3. Displayed: z variable. Small uncertainty reduction, but the
particle filter constrains the particles to follow the truth.

Lorenz63: 50 particles, 500 time st

Figure 6.14: Evolution of the Lorenz '63 model for 500 time steps, all 3 variables are
observed every 20 time steps. Observational uncertainty is increased to 5, initial
uncertainty is increased to 3. Displayed: = enlarged (left) and z enlarged (right).
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Lorenz63: 50 particles, 500 time steps, increased obs. error and init. uncertainty, 10 runs
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Figure 6.15: Evolution of the Lorenz '63 model for 500 time steps. Observational
uncertainty is increased to 5, initial uncertainty is increased to 3. Displayed: averaged
(10 runs) RMSE and ensemble spread. Small uncertainty reduction, but the particle filter

constrains the particles to follow the truth.

Lorenz63: 50 particles, 500 time steps, increased obs. error

— truth
—— ensemble mean

Time steps

Figure 6.16: Evolution of the Lorenz '63 model for 500 time steps, all 3 variables are
observed every 20 time steps. Observational uncertainty is increased to 0.5. Displayed: =

variable.
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Lorenz63: 50 particles, 500 time steps, increased obs. error
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Figure 6.17: Evolution of the Lorenz '63 model for 500 time steps, all 3 variables are
observed every 20 time steps. Observational uncertainty is increased to 0.5. Displayed: z

Lorenz63: 50 particles, 500 time steps, increased obs. error Lorenz63: 50 particles, 500 time steps, increased obs. error
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Figure 6.18: Evolution of the Lorenz '63 model for 500 time steps, all 3 variables are
observed every 20 time steps. Observational uncertainty is increased to 0.5. Displayed: =
enlarged (left) and z enlarged (right).
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Lorenz63: 50 particles, 500 time steps, increased obs. error, 10 runs
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Figure 6.19: Evolution of the Lorenz '63 model for 500 time steps. Observational
uncertainty is increased to 0.5. Displayed: RMSE and ensemble spread.
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nonlinear (Figures 6.20-6.23). More precisely, the observation operator becomes
H(z,y,2) = (2*,y*, 2%)

with observations given by

Z=H(Xy) +V;

as explained in Section 6.1. As we can see from Figure 6.20 the information available is not
enough to keep the posterior concentrated around the truth at all times, as the system misses
information in which wing of the butterfly it is. This is the case particularly with the x direction.
The behaviour of the posterior in the z direction is much better, as one can see in Figure 6.21.
The values of the RMSE and the ES are plotted in Figure 6.23. We can see that both can become
very large, essentially of the order of the support of the diffusion (the attractor), as the particles
can spread around the entire attractor. ~ We now make the observation nonlinear just for the

first variable (Figures 6.24-6.27). That is,
H(w,y,2) = (22,9, 2).

In contrast to the previous case, the particle filter performs much better. The (partial) linearity

of the observation operator imposes a massive uncertainty reduction, the posterior distribution
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Lorenz63: 50 particles, 500 time steps, fully nonlinear observation operator
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Figure 6.20: Evolution of the Lorenz '63 model for 500 time steps, all 3

500

variables are

observed every 20 time steps. Observations are denoted by z1, 22, z3. Fully nonlinear
observation operator i.e. z1 = 22, 2o = 32, 23 = 22 plus noise. Displayed: x variable.

The particle filter struggles to keep the particles concentrated around

Lorenz63: 50 particles, 500 time steps, fully nonlinear observation operator
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Figure 6.21: Evolution of the Lorenz '63 model for 500 time steps, all 3

variables are

observed every 20 time steps. Observations are denoted by z1, 22, z3. Fully nonlinear
observation operator i.e. z; = 2%, zp = y2, 23 = 22 plus noise. Displayed: z variable.
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Lorenz63: 50 particles, 500 time steps, fully nonlinear observation operator

Lorenz63: 50 particles, 500 time steps, fully nonlinear observation operator
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Figure 6.22: Evolution of the Lorenz '63 model for 500 time steps when all 3 variables
are observed every 20 time steps. Observations are denoted by z1, 22, z3. Fully nonlinear
observation operator i.e. z1 = z2, zp = y2, 23 = 22 plus noise. Displayed: x enlarged
(left) and z enlarged (right).

Lorenz63: 50 particles, 500 time steps, fully nonlinear obs. operator, 1 run
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Figure 6.23: Evolution of the Lorenz '63 model for 500 time steps, all 3 variables are

observed every 20 time steps. Observations are denoted by z1, z2, z3. Fully nonlinear

observation operator i.e. z; = z2, z» = y2, 23 = 22 plus noise. Displayed: RMSE and
ensemble spread.
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Lorenz63: 50 particles, 500 time steps, nonlinear obs. operator
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Figure 6.24: Evolution of the Lorenz '63 model for 500 time steps, all 3 variables are
observed every 20 time steps. Observations are denoted by 21, 22, z3. Nonlinear
observation operator for the first variable i.e. 23 = 22, 22 = y, 23 = z plus noise.

Displayed: « variable. The particles are concentrated around the truth.

being now much closer to the truth. The cloud of particles remains concentrated around the signal
trajectory and the data assimilation steps keep the uncertainty in check. Both the xz and the z
variable (Figures 6.24-6.25) are successfully tracked, as highlighted in Figure 6.26. The RMSE
and the ES plotted in Figure 6.27 confirm the findings: most of the time, the RMSE remains
in the interval [0, 1] with rare excursions away from this interval. The ensemble spread remains
also small, with some oscillations around the assimilation time. The underlying reason for this
behaviour is that in this case the system knows in which wing it is via the linear y observation.

We conclude that our methodology based on a bootstrap particle filter with tempering and
jittering can be successfully used to assimilate data for the Lorenz 63 model. The performance

of the data assimilation methodology is shown to be influenced by the following factors:

e Observational uncertainty: we test this for three values of the observation error (0.1, 0.5,

and 5); the results improve as the observation error is reduced.

e Initial uncertainty: we test this in two cases (initially this parameter is set to 1, and then
increased to 3). The results improve as the initial uncertainty is reduced, although that

advantage decreases over time as the initial uncertainty is forgotten.

e Linearity of the observation operator - three observation operators are used: a fully linear
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Lorenz63: 50 particles, 500 time steps, nonlinear obs. operator
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Figure 6.25: Evolution of the Lorenz '63 model for 500 time steps, all 3 variables are
observed every 20 time steps. Observations are denoted by z1, 22, z3. Nonlinear
observation operator for the first variable i.e. z; = 22, 23 = y, 23 = z plus noise.
Displayed: z variable. The particles are concentrated around the truth.
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Figure 6.26: Evolution of the Lorenz '63 model for 500 time steps when all 3 variables
are observed every 20 time steps. Observations are denoted by z1, 22, z3. Nonlinear
observation operator for the first variable i.e. z1 = 22, 22 = ¥, z3 = z plus noise.
Displayed: z enlarged (left) and z enlarged (right).
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Lorenz63: 50 particles, 500 time steps, nonlinear obs. operator, 3 runs

— RMSE
— ensemble spread

3.0

b 4 N
<l =) <l

averaged RMSE and ensemble spread

=
=)

100 200 300 400 500
Time steps

Figure 6.27: Evolution of the Lorenz '63 model for 500 time steps, all 3 variables are
observed every 20 time steps. Observations are denoted by z1, 22, z3. Fully nonlinear
observation operator i.e. z1 = %, 20 = y, 23 = z plus noise. Displayed: averaged (3 runs)

RMSE and ensemble spread.

one (H(z,y,2) = (z,y,2)), a partially linear one (H(x,y,z) = (22,9,2)), and a fully
nonlinear one (H(x,y,z) = (22,92 2%)). We obtain the best results in the linear case.
However, it is worth highlighting that we obtain good results also in the nonlinear case,
where we see a bimodal distribution. In contrast to this, a standard Kalman filter would

probably fail, due to the difficulties generated by multiple modes.

In future research we intend to explore also the influence of other parameters such as: the number

of particles, the size of data assimilation window, the ess threshold, the model error.

6.3 APPLICATIONS FOR THE STOCHASTIC ROTATING SHALLOW WATER MODEL

6.3.1 MODEL DESCRIPTION

The rotating shallow water model (RSW) is a classical nonlinear fluid dynamics model which
contains key aspects of the oceanic and atmospheric dynamics. A detailed analytical description
of this model has been provided in Chapter 5. From a numerical perspective, challenges are
generated especially by the nonlinear advective terms. Nonlinear advection is a dispersive process.

While in a linear case the wave-like solutions have constant amplitude and propagate at constant
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speed, in the nonlinear setting waves of different wavenumbers can propagate at varying speeds.
The short waves can be amplified by the nonlinear structure, with direct impact on the accuracy
of the solution ([43]). These intricacies can be overcome by making use of the natural dominant
balances which appear in atmosphere and oceans (geostrophic and hydrostatic balance) and by

implementing the models using suitable numerical schemes.

The stochastic rotating shallow water model used in our work is given by the following set of

equations:
dvy + [ut Vo + f2 X up + th] dt + Z [(EZ + Ai)vt] o dW; = vAuvdt (6.24&)
i=1
dhy + V - (heug)dt + Y [V - (§hy)] 0 dWf =0 (6.24D)
i=1

2
where Liv := & - Vv, Aww = vjvgg' = Zvjvgg, v=(v,v®)w :=eu+R, u=(u,u?) is the
j=1

horizontal fluid velocity vector, p := % is the pressure term, h is the total depth, b = b(z)

is the bottom topography, = = (x!,2?), f = f(z) is the Coriolis parameter, 2 is a unit vector
pointing away from the centre of the Earth, ¢ << 1 is the Rossby number, F is the Froude
number, R = R(x) is the vector potential of the divergence-free rotation rate about the vertical
direction, with curl R(xz) = f(z)z, and v is a positive constant which corresponds to the fluid

viscosity.

We start with a velocity vector field which is in geostrophic balance at the initial time ¢t = 0.
Nonetheless, the geostrophic balance condition does not hold for the velocity field from ¢ = 1
onwards, the fields evolving according to the full nonlinear equations (6.24). On the other hand,
the random fields are assumed to stay in geostrophic balance at each time step and we give
the explicit formula for this in the next subsection, equations (6.34). Intuitively, the geostrophic
balance can be explained as follows ([101] pp. 58): initially there exists a pressure gradient within
the fluid, which generates a fluid dynamics from high-pressure regions towards low-pressure
regions; while the fluid flow evolves in time, it is deflected by the Coriolis force; in the Northern
hemisphere the Coriolis force deflects the fluid to the right, while the pressure gradient does not

change direction much, so that the two forces can come into equilibrium. The resulting direction
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of the fluid motion is perpendicular on both the Coriolis force and the pressure force. In the
atmosphere and oceans this balance tends to be stable, especially away from the boundaries.
Small disturbances to it lead to the appearance of gravity waves. The geostrophic balance is
dominant as the wind and the currents are usually weak in comparison to the speed of the Earth
rotation ([101], pp.59). The Rossby number in this case is small (e ~ 107!), meaning that the
rotation dominates the advective part and it is balanced by the pressure gradient force ([38],
pp. 86). If the rotation is fast, then the horizontal flow is in 'near’ geostrophic balance, that
is 'nearly’ divergence-free ([102], pp.95). We also assume geostrophic balance for the stochastic

forcing described in Section 6.3.1, to strongly reduce the generation of artificial gravity waves.

We initialise the model by first calculating the Coriolis parameter and the pressure field for
each grid point. Then we generate vy = (vé,v%) using the geostrophic balance condition. The
periodicity of the domain inspires a rigorous numerical setup for generating the stochastic forcing.
This is described in Section 6.3.1. The system (6.24) is implemented on a staggered grid, using a
Runge-Kutta scheme of order 4. The domain corresponds to a strip situated between 30 and 60
degrees north latitude. The numerical scheme is described in Appendix. A staggered grid (also
known as Arakawa C-grid) is usually preferred when implementing weather prediction models

due to the low dispersion errors and the lack of computational modes associated with it ([38],

pp. 313).

STOCHASTIC FORCING

For a state vector X of dimension d the nonlinear stochastic forcing is given by

iBi(&)XtdWZ ~ VAW (X) ~ <§: Bi(gl-)dwi> X = RiX (6.25)
i=1 i=1

where B; : L?(T?) — L%*(T?) is a general operator which depends on the vector fields &;. In our
case B; can be given by L; or by L; + A;. With ~ we denoted the equivalence in notation of the
terms above, it has no mathematical meaning otol;ler than expressing different ways of rewriting
the same stochastic term. Then we interpret ZBi(fi)thi as a random operator applied to
the state vector X and we denote it by R;. He;ZIdW is a d-dimensional vector of independent

Brownian motions and Q is a space-covariance operator. We discretize the SPDE in time and
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space, and therefore Q becomes a covariance matrix of dimension d?.

Given the fact that generating v/QdW is computationally expensive, we first do this in the
spectral space, and then return to the physical space. The covariance matrix is symmetric and
circulant. We determine it in the spectral space for a system which is periodic in both the x
and y directions, using the fast Fourier transform. Since our original domain is not periodic,
we then truncate the resulting field to the physical domain, in order to avoid a periodic random
field. In particular, we compute the Fourier transform of a column corresponding to the circulant
matrix. This column has a Gaussian correlation structure. At every time step, we generate a
Gaussian random field (again in the spectral space) and then perform the multiplication between
the column of the covariance matrix and this newly generated random field. Finally, we use the

inverse fast Fourier transform to return to the physical domain.

It is known (see [91]) that any continuous random field R; can be expressed as a Fourier-Stieltjes

integral over a complex-valued Fourier increment dYg,;:

o0

Ri(m):Ri(x,y):/ ePTAYR (1) i=1,2,... (6.26)

—00

where the random component Yr, must satisfy the following properties:

E[Yg, (1) =0
E[Yr, (0)Yg, (1)) =0 for p#p (6.27)

E[Yr, (1)Yg, (1)) = Qij(k)dp

where YR*J, is the complex conjugate of Yg;, Q;; is the covariance between the two processes R;
and Rj, ng is the dimension of the spatial vector @, and p = (p1, p2, . . ., fn,) corresponds to
the wave number. Therefore, the key ingredient in generating the random fields (R;); is the
accurate retrieval of the processes Yg, (p). In practice this should be effectuated in discrete time,
so that one can implement the integral (6.26) numerically. Inspired by the periodic structure
of the domain, one way of efficiently performing this is by using a complex-valued spectral
decomposition ([46]). We know from classical Fourier analysis that the vector fields R; can also

be expressed as

Ri(x) = / "o Ry )y (6.28)

—0o0
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where R; is the Fourier transform of R;. Therefore we can write

Ri(zk,, Uk,) ZR (15, )€ Yeilkaiy Timus) A gy (6.29)

. ;i T 2 2
with @, = kAT, g, = kaAy, py = 2L, e = 22, Ap = ApApy, = 8 and

N C’ M2+Hk -
Rilpgs ) = Zzze e e (6.30)

where (n,m) is the dimension of the grid and ¢j;, € [0, 1] is a random number which introduces

a random phase shift for any given wave number. Therefore

Ri(zky, Yk,) C\/EZ *7+27fw;k e (13 Ty + 1k Yy )
= \Au\l/Q Z ePik() Cpit® (6.31)
Jik

~ AYg,(p) = dYg, (1)

where j, is a random process which corresponds to the (discretized) wave number domain with

volume element given by |Au| = H Ap; for any fixed wave number p. Therefore
j=1

o0
Ri(z) = / M EdYR, (1)
—00
‘ (6.32)
~ Z ePik ) Cett® | Ay |12
Jik
that is, a summation over all the discrete wave numbers of the grid. By the central limit theorem,
R; are normally distributed. In order for the expression in 6.32 to be well-defined, AYg, and
AYpg, must be orthogonal in the limit as the discretization becomes finer ([91]). An efficient way

of computing 6.32 is by using a fast Fourier transform algorithm. One has

B ()] = [ [ e By (v, ()

ol (6.33)
= [ ey )
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that is the covariance of R; and R; can be written as the inverse Fourier transform of @);;.

More details on random field generators can be found in [91] and [46]. As mentioned in the
previous section, we assume that the dominant balance for the random vectors in this system is
the geostrophic balance, that is the pressure gradient force and the Coriolis force balance each
other. We have three random vectors: RV’ , RV’ corresponding to each component of the velocity
v = (v',v?), and RP which corresponds to the pressure field p. We obtain them as follows:

first, we compute RP using equation (6.29); then we use RP to compute R and RY under the

geostrophic balance assumption:

ORP
RV = 9%V 6.34a
7 oy ( )
02 g ORP
= —_=—\ . 4
R = (6.34b)

CONNECTION WITH SALT

The SRSW model considered here has been derived using the SALT approach described in [62]
(see Appendix, Section 8.2). Equivalently, it can be derived using a more general semi-martingale
driven variational principle as described in [86]. Stochasticity is introduced in the advection part
of the dynamics to model the uncertain transport behaviour within the fluid flow. To the best of
our knowledge this is the first implementation of the SALT SRSW model in a data assimilation
setting. Numerical implementations and particle filter algorithms for other SALT models (2D
Euler, SQG) have been extensively developed in [30]-[33]. Our numerical implementation of the
stochastic forcing is equivalent to the one described in [30] up to an isomorphism. More precisely,
if one extends the approach described in [30] to a periodic domain, then the stochastic vector
fields correspond to the Fourier modes of the transport covariance matrix and they form a basis
of the underlying space. This basis may be different from the basis chosen by us above. However,
an isomorphism can be established between any two orthogonal bases corresponding to the same

underlying space.
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Figure 6.28: Evolution of the SRSW model for 50 time steps. No assimilation of data.
Displayed: pressure field. The ensemble mean is far from the truth.

6.3.2 DATA ASSIMILATION RESULTS

We perform the data assimilation analysis using an ensemble of 50 particles. We plot the ensemble
of particles one standard deviation region about the ensemble mean and compare it with the
truth. The truth is a pathwise realisation of the SRSW model. In the standard setting (Figures
6.30-6.32) we observe the system for 50 time steps, with a time step size of 90 seconds (hence we
observe every 1.25 hour). We use one observation at each analysis time, and the observational
uncertainty and the initial uncertainty are equal to 1. The stochastic model error is set to 200
metres. As mentioned, the random forcing is implemented using a stochastic advection velocity
in SALT. We generate these stochastic advection fields by first generating a stochastic pressure
field of amplitude 200 m, and then determining the velocity fields in the zonal and meridional
directions. These then form the stochastic advection fields that are applied in all three evolution

equations.

We first show the output obtained when no data is assimilated. Figure 6.28 contains the evolution
of the ensemble of particles corresponding to the pressure field at a grid point in the middle of
the domain. We can see that the prior distribution is spread out and the truth is not successfully

tracked (the ensemble mean remains far from the truth).

Now we start to observe the system every 10 time steps (Figures 6.30-6.32), so every 15 minutes.
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SRSW: 50 particles, 50 time steps (75 min), 1 run
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Figure 6.29: Evolution of the SRSW model for 50 time steps. No assimilation of data.
Displayed: RMSE and ensemble spread.

In Figure 6.30 one can see that the assimilation of data improves the performance of the ensemble
of particles: the standard deviation is reduced and the particle trajectories are corrected at

assimilation times (see Figure 6.31).

We then decrease the stochastic model error to 50 and observe the system every 5 time steps
(Figures 6.33-6.35). In figure 6.33 one can notice that the particle filter efficiency is significantly
improved by the data assimilation time window: by observing the system more often we obtain
a cloud of particles which are better concentrated around the truth. This success is due also to
the fact that we decreased the model error to 50. The RMSE and SE illustrated in Figure 6.35

are much smaller than before.

Remark 6.1. Note that all plots are rescaled automatically.

From Figure 6.36 we can easily learn that the particle filter is robust with respect to the SRSW
model error: although we increased the model error 5 times (compared to the standard scenario
described in the beginning), the truth is still tracked by the ensemble of particles. This is
remarkable, as we increased again the data assimilation window and the system is observed
only every 10 time steps. Pointwise, the particle filter does not always succeed in capturing the
truth, but overall the cloud of particles performs well: the true trajectory is most of the time

within the one standard deviation region around the ensemble mean. This is however done with
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SRSW: 50 particles, 50 time steps (75 min)
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Figure 6.30: Evolution of the SRSW model for 50 time steps. The system is observed
every 10 time steps. Displayed: pressure field. The ensemble of particles is drawn
towards the truth at observation times.
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Figure 6.31: Evolution of the SRSW model for 50 time steps. The system is observed
every 10 time steps. Displayed: pressure field - enlarged. Instances of the tempering
procedure.
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Figure 6.32: Evolution of the SRSW model for 50 time steps. The system is observed
every 10 time steps. Displayed: averaged (50 runs) RMSE and ensemble spread. The
RMSE and the ensemble spread are comparable and both decrease at assimilation times.
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Figure 6.33: Evolution of the SRSW model for 50 time steps. The system is observed
every 5 time steps. The model error is decreased to 50. Displayed: pressure field. The
particle filter efficacy is improved by the time window and the decreased model error.
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SRSW: 50 particles, 50 time steps (75 min), 5 times steps between observations, smaller model error.
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Figure 6.34: Evolution of the SRSW model for 50 time steps. The system is observed
every 5 time steps. The model error is decreased to 50. Displayed: pressure field -
enlarged.
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Figure 6.35: Evolution of the SRSW model for 50 time steps. The system is observed
every 5 time steps. The model error is decreased to 50. Displayed: averaged (7 runs)
RMSE and ensemble spread.
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SRSW: 50 particles, 50 time steps (75 min), very large model error
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Figure 6.36: Evolution of the SRSW model for 50 time steps. The system is observed
every 10 time steps. The model error is increased to 1000. Displayed: pressure field. The
particle filter is robust with respect to the model error.
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Figure 6.37: Evolution of the SRSW model for 50 time steps. The system is observed
every 10 time steps. The model error is increased to 1000. Displayed: pressure field -
enlarged.

less accuracy than before but both the RMSE and ES tend to be stable (Figure 6.38). For
the next scenario (Figures 6.39-6.41) the system is observed every 5 time steps and we use 100
observations at each analysis time. Figure 6.39 shows that a drastic increase in the number of
observations (100 now as opposed to 1 as we had before) greatly improves the efficiency of the
particle filter. In Figure 6.41 one can see that the ensemble spread is substantially reduced. The
accuracy is now also much better, as emphasized in Figure 6.40. The true innovation is that
although we do not perform any localisation, we can assimilate 100 observations without filter
degeneracy. This suggest that this particle filter is an important step towards beating the curse
of dimensionality that plagued particle filtering for so long. We show below (Figures 6.42-6.44)
the evolution of the SRSW model for 100 time steps, when observed every 5 time steps, with 5
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averaged RMSE and ensemble spread

Pressure

0.8

0.6

0.4

0.2

SRSW: 50 particles, 50 time steps (75 min), very large model error, 4 runs

— RMSE
— ensemble spread

15

30 45 60 75
Time (minutes)

Figure 6.38: Evolution of the SRSW model for 50 time steps. The system is observed
every 10 time steps. The model error is increased to 1000. Displayed: averaged (4 runs)

RMSE and ensemb

le spread. The particle filter is robust with respect to the model error.

SRSW: 50 particles, 50 time steps (75 min), 100 obs/analysis time

— truth
— ensemble mean

Time (minutes)

Figure 6.39: Evolution of the SRSW model for 50 time steps. The system is observed
every 5 time steps, with 100 observations/analysis time. Displayed: pressure field. A
large number of observations improves the performance of the particle filter.
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SRSW: 50 particles, 50 time steps (75 min), 100 obs/analysis time SRSW: 50 particles, 50 time steps (75 min), 100 obs/analysis time

30
Time (minutes) Time (minutes)

Figure 6.40: Evolution of the SRSW model for 50 time steps. The system is observed
every 5 time steps, with 100 observations/analysis time. Displayed: pressure field -
enlarged.

SRSW: 50 particles, 50 time steps (75 min), 100 obs/analysis time, 4 runs

— RMSE
0.35 — ensemble spread

averaged RMSE and ensemble spread

Time (minutes)

Figure 6.41: Evolution of the SRSW model for 50 time steps. The system is observed

every 5 time steps, with 100 observations/analysis time. Displayed: averaged (4 runs)

RMSE and ensemble spread. A large number of observations improves the performance
of the particle filter.
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SRSW: 50 particles, 100 time steps (150 min), 5 obs/analysis time, 5 time steps between observations

— tuth
— ensemble mean

Pressure

—100

15 30 45 60 75
Time (minutes)

Figure 6.42: Evolution of the SRSW model for 100 time steps. The system is observed
every 5 time steps, with 5 observations/analysis time. Displayed: pressure field. The
cloud of particles follows the truth most of the time.

SRSW: 50 particles, 100 time steps (150 min), 5 obs/analysis time, 5 time steps between observations SRSW: 50 particles, 100 time steps (150 min), 5 obs/analysis time, 5 time steps between observations

Pressure
Pressure

~100,

50 105
Time (minutes) i

Figure 6.43: Evolution of the SRSW model for 100 time steps. The system is observed
every 5 time steps, with 5 observations/analysis time. Displayed: pressure field -
enlarged. Instances of the tempering procedure.

observations at each analysis time. Although the particles have a constant tendency to diverge
from the truth, especially after the first assimilation step, by observing the system quite often
and making the observations informative enough, we capture the truth most of the time. We
conclude that our particle filter based on tempering and jittering can be successfully used also
for the SRSW model. We highlight that this particle filter has been designed without using any
other approximation methods (such as localisation). According to our results, there are a couple

of parameters which have a relevant influence on the proficiency of the particle filter:

e DA time window: the results are better when we observe the system every 5 time steps,

compared to when we observe it every 10 time steps.
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SRSW: 50 particles, 50 time steps (75 min), 100 obs/analysis time, 4 runs
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Figure 6.44: Evolution of the SRSW model for 50 time steps. The system is observed
every 5 time steps, with 5 observations/analysis time. Displayed: averaged (4 runs)
RMSE and ensemble spread. The RMSE and the ensemble spread are comparable, the
RMSE tends to increase towards the end of the data assimilation time window, but then
it decreases again.

e Number of observations per assimilation time: we test this for 1 observation, 5 observations,
and 100 observations, respectively, per analysis time. The best output is obtained in the
last case. However, by reducing the number of observations from 100 to 5, but observing
the system every 5 time steps, the truth can be well tracked for a long period of time

(Figure 6.42).

e Model error: the particle filter is shown to be robust with respect to increases in model

error (compare Figures 6.36 and 6.38 with the rest of the experiments, for instance).

The experiments show that the system is underobserved. This is to be expected, as the number
of degrees of freedom is very high (~ 133,440). Nonetheless, the findings in this chapter are suf-
ficiently promising to encourage further in-depth investigations based on this particle filter. We
intend to explore also the influence of other parameters such as: the number of particles, obser-
vational and initial uncertainty, the ess threshold, variations of the stochastic forcing. Moreover,
we intend to use this work as a stepping stone for modelling a slice of the real atmosphere using

pressure observations collected by DWD using commercial aircraft.
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SUMMARY AND OUTLOOK

In this thesis I have studied analytical properties and applications to data assimilation for three
nonlinear stochastic transport partial differential models which originate in fluid dynamics and
are driven by transport noise. Broadly speaking, the aim of these new stochastic equations
is to respond to the challenge of successfully encoding randomness into a priori deterministic
models. However, there are not too many mathematical results on this topic so far. The results
I have presented in this thesis constitute one of the very first contributions towards a rigorous

understanding and numerically validated methodology for this type of SPDEs.

In the first part (Chapters 3-5) I have developed an analytical methodology to construct a
pathwise unique strong solution for three stochastic fluid dynamics models: the stochastic 2D
Euler equation, the stochastic great lake equation, and the stochastic rotating shallow water
model. The well-posedness strategy is based on constructing an approximating sequence of
solutions which is proven to be relatively compact and to converge to the solution of the original
equation in a suitable sense. The solution is global for the 2D Euler equation and local for
the stochastic great lake equation and for the stochastic rotating shallow water model. The

framework is applicable also to other types of SPDEs: I am currently working on extending



these techniques to SPDEs derived using the Location Uncertainty (see [80]) approach.

In the second part (Chapter 6) I have proven the applicability of one of these transport models
(the stochastic rotating shallow water model) in a data assimilation setting. In this sense, I
have implemented a data assimilation methodology based on a bootstrap particle filter combined
with tempering and jittering, without any other approximations. The methodology has been
shown to work first on the Lorenz '63 model and then applied to the stochastic rotating shallow
water model. T have run more than 200 experiments overall. Based on these experiments, my
conclusion is that the particle filter implemented in Chapter 6 is robust and can be used as a
springboard for modelling a part of the real atmosphere. This is part of a collaboration project

with Roland Potthast from DWD.
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8.1 THE RUNGE-KUTTA APPROXIMATION SCHEME

For a dynamical system
dX

— = F(X,t 8.1
the Runge—Kutta scheme of order 4 (see e.g. [43]) is given by

At
Xn+1 = X"+ F(Cl + 2¢co + 2c3 + C4) (82)

where ¢;,1 € {1,2,3,4} are the intermediate steps

c1 = F(X",1t) (8.3a)
At At

(&) :F<Xn+261,t+2> (83b)
At At

3 :F<X"—|—CQ,t+> (8.3c)
2 2

cy = F (X" 4+ Ates, t + At) (8.3d)

with X" = X (¢,,) = Xy, and t, = nAt for n € {0,1,2,...,N —1},ty =T, At = t11 — t,,. Each
of these intermediate steps is solved using a standard Euler approximation scheme (see e.g. [70]).

We study SPDEs of the form
F(X,t) = A(X,t)dt + Y B'(X,t) o dW}. (8.4)

We show below that from a numerical perspective it is enough to first consider the SPDE in a
simplified It6 form
F(X,t) = A(X,t)dt + Y B'(X,t)dW; (8.5)
i

as due to the specific structure of the Runge-Kutta of order 4 scheme, the It6 correction associated
with the Stratonovich integral from equation (8.4) appears automatically in the second iteration.

The discretized version of the equation (8.5) is given by

F(X"t) = A(X")At+ ) B(X")AW' (8.6)

7
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where AW* = W} o W/ . Then !

o1 =F(X") = A(X")At + > B/(X") AW’ (8.7a)

)

e =F (X" + %1) —F <X” + % (A(X")At + ZBi(X")AWZ)) (8.7b)

7

c3=F (X" + %2) (8.7¢)

Let
f=X"
F(X™) 1

b= X o =X (A(X”)At > Bl(X”)AWZ>

l3i=X"+—==X +2F<X +2<A(X )At+§i:B(X )AW))

= X"+ %F(X") + iF (A(X”)At + ;Bi(X”)AWi>

= X"+ JAXM)AL+ 5 § B (X™AW
1 2 n 2 1 i n % 1 % n %
+ AT + % AB'(X")AW' At + 4 §i ' BUA(X")AAW
1 % n )
5 DB AW

= X"+ (A(X”)At £ BAW 4 Z(BS%XH)(AW@')?)

i

- % (AQ(X”)(At)Q + % Z A(BY(X™)AWAL + % Z Bi(A(X”))AtAWi> .

Then

)

n 1 n ) n ) 1 1\2 n 1\2 :
l3=X"+ 3 (A(X JAt + ZB (X™MAW* 4+ 52(3 (XM (AW?) ) + higher order terms

and therefore we have recovered the Ito correction %Z(Bi)z(X ") (AW®)?2. This is known (see

K3
[70]) as Heun’s method or the improved Euler method. Formally it is based on introducing an

"We drop the time dependence for the moment.
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auxiliary variable (we neglect the dependence on i here as it is not essential)
X" =X"+ AX™")At + B(X™)AW.

Then in the Euler scheme used for calculating the intermediate steps ¢;,i € {1,2,3,4} we have

At AW

XM= X" S (AXT) + AX7) + == (B(X™) + B(XY))

1
= X"+ A(X™)At + B(X™)AW + +§Bz(X")(AW)2

- %AQ(X")(At)Q + %A(B(X"))AtAW + %(B(A)(X"))AtAW

which is similar to what we had before.

8.2 DERIVATION OF THE STOCHASTIC ROTATING SHALLOW WATER MODEL

8.2.1 DETERMINISTIC SETTING

The dynamics of a classical two-dimensional rotating shallow water deterministic system is given

(see [38], Chapter 2) by

D
= + fixu+Vp=0 (8.8a)
Dt
oh
— + V. (hu) =0 8.8b
S+ () (5.8b)
where % = % +u - V is the material derivative, u = (u',u?) is the horizontal fluid velocity

vector, p := % is the pressure term, h is the total depth, b = b(x) is the bottom topography,
r = (21, 22), f = f(x) is the Coriolis parameter, 2 is a unit vector pointing away from the centre

of the Earth, € is the Rossby number, ¥ is the Froude number. The velocity equation can be

2The first part of this section is based on the lectures given by Prof. Darryl Holm within the Mathematics of
Planet Earth Centre for Doctoral Training, see e.g. [38] Chapter 2. The second part is based on [62] and on a
couple of discussions I had with Erwin Luesink on the derivation of SALT models, with particular focus on the
rotating shallow water system. The calculations are my own.
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rewritten in curl form as
€ 12
8t(eu+7€)—u><curl(eu+7€)+v(p—i— §|u] ) =0 (8.9)

where R = R(x) is the vector potential of the divergence-free rotation rate about the vertical
direction, with curl R(z) = f(x)z. We show that (8.8a) and (8.9) are equivalent. Equation (8.8a)
can be written as

e<21:—|—u'Vu)—l—f2Xu+Vp:0.

The nonlinear term can be expressed as

2
u~Vu:wxu+V<’U§>

where w = curl u, since

%v(u.u):(u.v)zﬁ-ux(qu).

Therefore
|ul?

eﬁtu+e<wxu—l—v<2>>+f2><u+Vp=0
€ 12 .
Or(eu) + € curluxu+V(§|u| )+fz xu+Vp=0
O(eu) — u x curl(eu)+V(%|u|2) +fixu+Vp=0
o €, 9
O(eu) —u x curl(eu) + f2 xu+V(§]u\ —i—p) =0
o € 12
O(eu) —u x curl(eu) —u X fz+V(§]u\ +p) =0
o € 2
O¢(eu) —u X (curl(eu) + f2) +V <§|ul +p> =0

O(eu) —u X (curl(eu) + curl R) +V <§|u|2 —l—p) =0

given that that curl R = f2. That is

O(eu) —u x curl(eu + R) +V <%|u|2 -|-p) =0.
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Since R is time-independent this can be rewritten as
B(eu+R) —ux curl(eu+R)+V (%|u!2+p> =0 (8.10)

which is what we call the curl form of equation (8.8a).

The rotating shallow water equations are typically derived from momentum and mass continuity
equations. Alternatively, they can be derived using variational principles as in [38] Chapter 2.

We follow this second approach.

Let M be a manifold and V(M) a vector space over M with its dual denoted by V*(M). V is the
space of all advected quantities including the depth h. A vector field U on a manifold M is a map
U : M — TM which assigns a vector U(r) to any point r € M. Here TM is the tangent bundle

™ = U T.M where T, M is the tangent space to M in r. The real vector space of vector fields

reM
on a manifold M is denoted by X(M). For any L?-integrable real functions a € V,b € V* one

can define the scalar product (-, -)pexy : V¥ xV = R

(a,b) = / (a(2), b(@))yrxvdz

The variational derivative ‘;—5 € V*(M) of a V(M)-valued real functional F[¢] of smooth functions
p is given by

5Flg] = lim (Pl + Co] — Flg]) = <5F7 ago> .

=1
C1—>0 dp
One can define the Lagrangian [ : X(R?) x V(R?) — R which in this context will depend on the
fluid velocity u € X(R?) and the depth h € V(R?). The depth h can be regarded as an advected
quantity. Then an action function can be defined as the time integral of the Lagrangian (see e.g.
[60])
T
7= / [(u, h)dt. (8.11)
0

By applying Hamilton’s principle we have

§IT=0 (8.12)
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We assume that the total depth h satisfies the continuity equation
Oth +V - (hu) = 0.

T
Then equation (8.12) is equivalent to / 0l(u, h)dt = 0 that is
0

T/l sl
—_— t =
/0 <6u’5u>+<(5h 5h>d 0
One has (see [38] pp. 125)

(5u:dilezou:8tv+u-Vv—v-Vu
€

d
oh = ~leoh = =V - (hw)

where v € X(R?) is a variational vector field which vanishes at ¢t = 0 and t = T. Using Einstein’s

standard summation notation we can write

ol ol :
J ] L _9:(ht —
/0 <<5 , 0" + ! 90 v6u> <5h, 8Z(hv)>>dt 0.

Integrating by parts we obtain

T 5l Sl 5l 51 sl .
B | k el i
/0 < é}él aj<5uiu> SuF <~ 0iu +h85h >dt+<5uz, >

This implies that

dl i dl ol
&g +8( ]>+8u —hé)—
which is the Euler-Poincaré equation for ideal fluid dynamics ([38]). But we also know that
Oh + 0 (hu!) =

so the Euler-Poincaré equation can be written as

D 14l 1 4l ol
B Rl v YY) il
Dt hdu héuﬂv véh
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where % is, as usual, the material derivative. Using the fundamental vector identity of fluid

dynamics

(x-V)y+ij$j:—x><(ny)—kV(x‘y)

with z = v and y = %g—i we obtain

o (14l 161 160 6l

For the rotating shallow water system the Lagrangian is given by

I(u,h) = / %h\uP + hu - R(x) — Wd%dt

2¢F
and then
ol
— =chu+ hR = h(eu+ R)
ou
ol €, |9 h—b

Let p := % as before. Following the steps described above we have

T
61_/ /<h(eu+R),5u>+<;!u2+u-R—p,5h>d2$dt—0
0

T
/ /<h(eu+7?,)-(5u—|— <;|u12+u-R—p> ~5h)d2xdt:0.
0

In a similar way we obtain

that is

o (1 1 1 € . B
at<hh(eu+7€)—uxcurl(hh(eu+R)>>—i—V(u-hh(eu—i-R)—Q]u —u~R—|—p>0

Gt(eu—i—R)—u><curl(eu—i—R)+V<;|u\2+u-R—u-R+p) =0

O(eu+R) —u x curl(eu + R) + V<;|u|2 —|—p> =0

which is exactly the curl form (8.10) of the velocity equation.
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8.2.2 STOCHASTIC SETTING

For a vector space V, (z,y) € T*V, and z € X the diamond operation is defined as o : T*V — X*

<$ Y, Z>V = <SL‘, _*Czy>

where (-, )y :T*V X TV = R, (,)x : X* x X = R, zoy € X* and L,y is the Lie derivative of
an element y € V* with respect to a vector field z € X. LI is the L?-adjoint of £,. We now

consider the action Z given by

I= /(l(u, h) + (q,dh + Lay,h)y) dt
where

dyy = udt +» &odW €X

(2
and q is the dual of h. In what follows the ad operation is the adjoint representation corresponding
to a Lie algebra g associated with a Lie group G, ad : g X g — g. It can be identified with the

canonical Lie bracket (see [104] Proposition 3.47): for any x,y, € g we have
adgy = [z, y].
The ad* operation is given by ad* : X x X* — X*
(adym,y) = (m, adyy).

In particular adyy = L,y for y € X*. Then can write
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(g, dh + Lay,h) = (q,dh) + (g, Lay, h)
= (g, dh) — (¢, —Lay,n)
= (g, dh) — (g o h, dyy)
= (g, dh) — (g o h,udt + & o AW})
= (¢, dh) — (q o h,udt) — (po h,& o dWy)
= (¢, dh) + (q; Luah) — (g o h, & o AW)
=

g, dh + Lugth) — (g o h, & o AWY)

dh .
= {(q, o+ Lyh)dt — (qoh,&) o dW;.

T = / (l(u, h) + <q,cgg +£uh>> dt — /(qoh,§i> o dW}.

After applying Hamilton’s variational principle §Z = 0 we obtain

5/<z<u,h>+< LS h>)dt5/<qoh,5i>osz=o
ol ol dh Sh ;
ol ol dh dg | .p
/<<5u,5u> <5h 6h> <5q,dt+£uh> +< o £ p,5h> (- q<>h,5U>)dt—

that is

Then

/<—ﬁ§ih, 8q) — (LEp, 6h) o dW/ =0,

due to the fact that

(it o2)

(005 )+ o0

< - fg,@ + (g, Lu(01) + (g, Lsuh)

<_;llt+£Tp’5h> (—q o h,du).
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That is, 6Z = 0 is equivalent to

ol ol T
/ (<5udt - q<>h,5u> + <5hdt —dg+ Lg,,p; 5h> + (dh + Lay,h, 5q>>dt =0

which gives

ol
—dt =qoh=h(eu+R) (8.14)
ou
Ol gt = dg+ 27 p= Sjul +u-R - (8.15)
50t = da+ Lay,p = lul” +u P -
and
dh + Lgy,h = 0. (8.16)
The momentum m is defined as
= oh=h(eu+R)
m = S0 q = h(eu .
We show that
ol
dm + Lgy,m = 55 ° hdt.
We want
ol
dm — 550 hdt = —Lgy,m.

Since both g—}lL o h and Lg,, appear in the definition of the ¢ operator (into a scalar product), it
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makes sense to investigate <dm —

ol
<dm—5h<>h z>—

(
(

dyt

% <>h,z>. We have

<d(q<>h) —:;}lloh,z>
(1€
ch

dl il
<>h+—h<>h+ g (dh) — 5h<>h,z>

(Lay,,p) o h+qo(dh), z)

( dy. 4 )<>h q o Ly, I, z>

= ((Laya) o) + (= a0 Lay . z)

= <£dytp’ _£Zh> +
= <Qa _['dyt (ﬁzh)>
_Edytﬁz + Ezﬁdyt)h>

:<Qa(

= <q7 addych>

<q’ L (ﬁdyt h)>
+ <q7 Ez(ﬁdyt h)>

where adgy,z := —Lqy, L. + L.Lay,

= —(qoh,adgy,z)

= —<ad2yt (goh), z>

= <Edytm, z>.

Consider now the evolution of %:

() e

m

h

)

1 m
_h<dm_h

that is

h

d(m

eu + R and

Seeing that 7

ol
oh

ol
oh= hv%

= —dm — md

)

use ad¥

dy: — Edyt

(q.e.d.)

1 1 1
<h> + Eﬁdytm + mﬁdyt (

h
(dh + ,Cdyth) + ﬁdytm>

1

)

h

(dm + Edyt )

)-

" h

141 ol

m

- (8.17)

h—b

=h
v eF

(;W!Q—&-u-R—

Jat
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relation (8.17) becomes

h—b

Note that
Ly, (eu+R) =dy; - V(eu+R) + (eu + R);Vdyl,

using
Lx(v-dr)= (X -Vv+v;VX) dr

=(—X xcurlv+ V(X -v)) - dx.

For these reasons (8.17) becomes

d(eu + R) + dy; - V(eu + R) + (eu+ R);Vdy! = V(;Mz +u-R —p) dt

d(eu+R) — dy x curl(eu + R) + V(dy; - (cu + R)) = V(;\UF +u-R —p)dt

edu — dy; x curl(eu+R) + V(udt - (eu+R)) + Z V(& o dWf - (eu+R))

:V<;\u|2+u-7€—p>dt.

But
V(udt - (eu+R)) = eV(u-u)dt + V(u-R)dt

= eV|ul?dt + V(u - R)dLt.
Therefore we have
i €112
edu — dy; x curl(eu + R) + Z V(&odW - (eu+R)) =V §|u| —p|dt,

which is the stochastic velocity equivalent of RSW.
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8.3 THE PROJECTIVE PRODUCT

Let (€2, F) be a measurable space. Then B(F) is the space of measurable and bounded functions

1 : @ — R. This space is endowed with the supremum norm

[¥]loo := sup [ (w)].
we

For all functions ¢ € B(F) and all measures p on F, we define

u(w) = [ v
A Markov kernel is a mapping K : Q x F — [0, 1] such that
i) K(w,-) € P(F) for all w € Q
ii) K(-, B) is measurable for all B € F.

For any Markov kernel we define the following two mappings:

1) B(F) 3 ¢ = K(y) € B(F),

/1/1 K(w,dx)

2) P(F) > p — uk € P(F) such that for all p € B(F)

o) = [ | [ ot an]| utaw),

If ¢ > 0 is a p-integrable function such that u(10) > 0, then one can define the projective product
between ¢ and pu as follows: P(F) 3 u — ¢ u € P(F) such that

(o)

(¢ +p) () = (D)

for all ¢ € B(F). In other words, ¢ x p : B(F) — R such that

AL
/w

for any B € B(F).
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