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Abstract

The present thesis concerns an investigation on the effect of nonlinear wave-wave
interactions on the statistical properties of random wave fields, with particular focus
on the effect of nonlinearity above second-order in wave steepness. This investigation
is put into a practical perspective by devising a prediction methodology for the short-
term crest-height distribution; a key input for the design and safety assessment of
offshore structures and vessels.

The effect of nonlinearity is examined using a Higher-Order Spectral Model
(HOSM), which is thoroughly validated. Particular focus has been devoted to es-
tablishing the effect of the progressive development of near-resonant interactions on
the most likely magnitude of the largest waves arising in a 3-hour storm in a sta-
tistically reliable manner. In this respect, the present research aimed to fill a long
unanswered research question regarding the quantification of the effect of energy fo-
cusing or defocussing arising from such interactions in finite water depth, in which
the presence of wave-induced 'mean flow’ has problematised many researchers so far.

The presented results indicate that in uni-directional seas, energy focusing is
relevant in relative water depths of k,d > 1.36 ! and energy defocussing in k,d < 1.36.
This is in line with insights gained from previous works based on elementary wave
interactions, and has a direct consequence on the crest-height distributions of the
free waves, which are shown to deviate from the theoretical linear predictions. More
importantly, it has been shown that, whilst energy focusing quickly attenuates with
the introduction of directionality in k,d 2 1.36, this is not the case for the effect
of energy defocussing in k,d < 1.36. The latter is shown to persist for sea-states
of increased directionality. As such, with the bound-wave contributions leading to
the nonlinear increase of the total crest heights and the near-resonant interactions
leading to a decrease in k,d < 1.36, wave nonlinearity is shown to include two
competing processes.

The proposed crest-height model includes the parameterisation of the effect of
energy focusing/defocusing based on the dynamic kurtosis and the bound-wave con-
tributions upon the skewness and bound kurtosis; the latter coupled to the dynamic

kurtosis to account for the coupling of the two nonlinear processes. With all avail-

'k, being the wavenumber associated to the spectral peak frequency and d being the water depth




able analytical or theoretical solutions failing to provide an accurate prediction for
all aforementioned statistical parameters, their prediction has been achieved by em-
ploying methodologies from the field of Machine Learning. The proposed crest-height
model, which is valid in the effective depth range of k,d € [0.5, 8], is extensively val-
idated against an independent set of numerical, experimental and field-data results.
While it is shown to consistently outperform the standard-industry Forristall (2000)
model. Finally, an extension of the proposed crest-height model to account for the

effect of wave breaking is presented based on a pragmatic approach.
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Introduction

1.1 Engineering context

Many of today’s human activities take place in, or are dependant upon, ocean envi-
ronments. Oceans provide routes for trade and access to some of the largest energy
sources available on our planet. However, the complexity of the physical processes
determining the state of the sea has led to the scientific community’s rather slow
but steady progress towards its understanding and effective prediction. This lack of
knowledge has not prevented the expansion of marine or offshore industry but has
imposed significant risks, both human and economic.

The turning point for the development of modern oceanography was World War
IT; accurate weather predictions giving significant military advantage for seaborne
invasions. Notable examples include the American-British invasion of French North
Africa during Operation Torch and the ‘D-Day Landings’ of the Allied forces in Nor-
mandy. At this time, weather predictions were mainly based on civilian or military
weather observers in different locations passing on information to the meteorologists.
The need for a more accurate approach was clearly apparent.

With the end of World War II and the beginning of the ‘golden age’ in economic
development in North America and Western Europe, offshore oil extraction started its
growth; the first offshore oil platform being constructed off the coast of Louisiana in
1947. The ground-breaking paper on wave forces on cylinders by Morison et al. (1950)

noted that “This paper is essentially a preliminary report submitted at this time
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because of the current importance of wave forces in the design of offshore structures.”.
This clearly highlighted the urgency with which research had to move forward at the
time.

From then until now, ocean operations have expanded massively, with the seaborne
trade consisting of the 80% of the total world trade and more than 1300 offshore oil
platforms operating around the globe. These developments led to a sustained re-
search effort to improve our understanding of ocean waves and their interaction with
structures.

Modern oceanographic centres operating at a national or international level, such
as the European Centre for Medium-Range Weather Forecasts (ECMFW), can provide
marine operators and related industries with wave forecasts using specialised numer-
ical models, including wAM (The Wamdi Group, 1988), WAVEWATCH-111 (WW3DG,
2019) and SWAN (Booij et al., 1999), coupling the wind action to wave growth (The
WISE Group et al., 2007). The output of such models, which consists mainly of
the sea-state severity, dominant wave frequency, mean wave direction and angular
spreading of wave energy, is a crucial input to the planning of marine operations and

vessel route optimisation (see, for example, Vettor & Guedes Soares 2016).

FIGURE 1.1: Photographs of the Stolt Surf tanker encountering a freak wave reaching a height
of about 22m above mean water level in the North Pacific Ocean, captured in 1977 by Karsten
Petersen (retrieved from NOAA)

However, the occurrence of the so-called freak or rogue waves that are substan-
tially higher than their surrounding waves adds to the complexity of the required
modelling. Such waves cannot be predicted by the above wave models and are often
associated with moderately severe sea conditions that might otherwise be considered

‘safe’.
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1.1 ENGINEERING CONTEXT

Such waves have long been part of the anecdotal stories recorded over many
100’s of years. More recently, photographic evidence has emerged, an example of
which is provided in Figure 1.1. However, the first reliable measurement, and hence
scientific proof of their actual existence, came when the so-called ‘New Year Wave’
was recorded at the Draupner platform in the North Sea on 15 January 1995. This
wave event, the record of which is shown in Figure 1.2, was characterised by a
maximum crest elevation of 7. = 18.5m above mean sea level. In contrast, the
significant wave height, Hj, representing the average height of the highest 1/3 of

waves was estimated to be 11m. The ratio of n./H, ~ 1.7 is abnormally high.
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FIGURE 1.2: The time record of the 'New Year Wave’ recorded at the Draupner platform in the
North Sea on 1%¢ January 1995. Adapted from Latheef (2014).

Following the event at Draupner, the occurrence of freak waves became a focus
of much research; large multi-party academic and industry projects and specialised
workshops dedicated to explaining this undoubtedly threatening phenomenon. No-
tably, the analysis of an extensive field database including 122 million individual
waves conducted by Christou & Ewans (2011) concluded that freak waves are more
common than what was perhaps expected, with more than 3500 rogue waves de-
tected in the analysis. However, many of these waves were small and not of practical
engineering significance.

Nevertheless, freak waves are believed to be responsible for many of the weather-
related accidents reported in the maritime and offshore industries, posing serious
risks to the human safety and economic stability. Indicatively, between 2001 and
2010, 755 ship accidents associated with bad weather conditions have been reported
by the International Maritime Organisation (IMO), with no clear human error asso-
ciated with them (Zhang & Li, 2017). While an earlier analysis of a similar database
conducted by Toffoli et al. (2005) has reported that the majority of accidents as-

sociated with bad weather did not occur in the most severe sea-states. Given that
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the most severe sea-states will naturally be avoided when planning a ship’s route,
this observation links to the presence of abnormally high waves when compared to
expectations.

Adding to the list of potential hazards that wave action can pose, Hurricanes
Katrina (2005), Rita (2005), Gustav (2008) and Ike (2008) have caused serious is-
sues for the U.S. energy supply. This arose, in part, because the extraction of oil
had to be suspended in many cases (Ilbeigi & Dilkina, 2018), but also because of the
serious damage or even collapse that these extreme environmental events caused to
offshore infrastructure (Knabb et al. 2006a,b, Berg 2009, Cruz & Krausmann 2008).
Indicatively, in the final reports published by the Mineral Management Service of the
U.S. Department of the Interior (MMS, 2007, 2010) a total number of 44, 69 and 60
platforms were destroyed during Hurricanes Katrina, Rita and Gustav/Ike, respec-
tively. Notably, the majority of the cases reporting structural failure were associated
with wave-in-deck loading. The implications being that failure was associated with
one very large wave crest capable of penetrating into the deck of the structure. Such
events involve a very large increase in the applied load, which the structure was not
designed to resist.

Figure 1.3 presents photographs of the damage such extreme loads can produce.
These examples are cases reported within MMS (2007, 2010) reports; presenting
either local damage (Figure (A)), global failure (Figure (B)) or complete wash-away
of the deck (Figure (C)).

Based on the above, it is clear that an accurate prediction of the most probable
maximum crest height within a storm is of utmost importance for both the safe design
of new structures and the re-assessment of existing ones. To put this into perspective,
a relatively small increase of the crest elevation by 1 to 2 meters compared to what
is predicted based on the current design practice can lead to unexpected platform

failures.

1.2 Physical perspective

Over the years, attempts to define the mechanisms that lead to the formation of
exceptionally large waves such as the Draupner wave (Haver & Andersen, 2000)

and/or other famous freak waves like the Andrea wave (Magnusson & Donelan,
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FIGURE 1.3: Photographs of damaged or destroyed platforms in the Golf of Mexico due to wave-
in-deck loading. Adopted from MMS (2007, 2010).
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2013) led to two main hypotheses.

The first hypothesis argues that exceptionally large waves can form when lin-
ear independent wave components come into phase at one point in space and time.
Driven by linear frequency dispersion, this process can create a transient single wave
event, which is higher than the surrounding waves. However, neither the magnitude
nor the shape of the wave events produced by linear arguments agrees with observa-
tions. As the observed wave crests are steeper, have shallower troughs and are higher
than what linear superposition predicts. To account for this, the hypothesis argues
that when Stoke’s type nonlinear interactions are included, the nonlinear features of
the observed waves are adequately captured (Walker et al. 2004, Fedele & Tayfun
2009, Fedele et al. 2016, Benetazzo et al. 2017, Héfner et al. 2021).

The second hypothesis suggests that a rogue wave can form due to the so-called
modulational instability phenomenon. In which an initially quasi-regular, or very
narrow-band, wave train destabilises due to nonlinear interactions involving energy
exchange between the freely propagating wave components. Such wave propagation is
driven by changes in the dispersive properties due to third-order (in wave steepness)
nonlinear interactions (Dysthe & Trulsen 1999, Osborne et al. 2000, Chabchoub et al.
2012, Wang et al. 2018).

To this end, advancements by Baldock et al. (1996), Johannessen & Swan (2001),
Johannessen & Swan (2003) and Gibson & Swan (2007) have revealed both experi-
mentally and numerically that the maximum wave event within a deterministic wave
group, not initially defined by a very narrow-band frequency spectrum but broader
and, hence, more representative of real sea conditions, cannot be captured by Stoke’s
type interactions. Much of the observed maximum wave-crest amplification was due
to the nonlinear evolution of the free-wave regime induced by the same type of in-
teractions responsible for the modulational instability phenomenon. This behaviour
was more prominent in unidirectional waves, reducing as the directional distribution
of energy broadened. However, the evolution of such wave groups was dominated by
linear frequency dispersion and was weakly affected by nonlinear (steepness-driven)
dispersion; essentially providing a bridge to the two hypotheses, discussed above.

Whilst additional hypotheses have been proposed over the years, such as the
role of ambient currents, atmospheric forcing, crossing seas and variable bathymetry
(Kharif & Pelinovsky 2003, Belibassakis et al. 2014, Ducrozet & Gouin 2017, Gram-
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stad et al. 2018) the relevance of the above two main hypotheses (in the absence
of additional effects) still remains to be resolved for sea-states involving a realistic
spread of energy in both frequency and direction.

Based on the above, the effect of finite water depth is of particular interest as (1)
the nonlinear interactions become increasingly more important, (2) the majority of
the reported freak waves have been detected in intermediate water depths, including
both Draupner and Andrea, and many of those reported by Christou & Ewans (2011)
and (3) the majority (= 70%) of the structural failures reported in the aftermath of
Hurricanes Rita, Katrina, Gustav and Ike concerned water depths below 60m.

To this end, the comparison of the evolution of realistic bandwidth focused wave
groups in deep and finite water depths presented by Katsardi (2007) and Katsardi &
Swan (2011) has highlighted certain key physical phenomena associated with both
the effect of water depth and the role of short-crestedness or directionality. The
key messages arising from this earlier study will be briefly outlined as they provide
critical background to the complexities underpinning the problem.

Figure 1.4 presents examples of the spatial wave profiles of 4 fully nonlinear wave
groups at the time of their maximum elevation; the top two corresponding to uni-
directional conditions and the bottom two, directional or short-crested conditions.
In all plots, the red horizontal dashed line refers to the maximum elevation predicted
in the absence of nonlinear effects. The results were numerically calculated using the
fully nonlinear wave model proposed by Bateman et al. (2001, 2003).

Regarding the uni-directional cases, in deep water (Figure 1.4(A)) wave nonlinear-
ity leads to the substantial increase of the wave-crest elevation (=~ 25%). In contrast,
the complete opposite was observed in finite water depth (Figure 1.4(B)). In this lat-
ter case, the crest elevation is ~ 33% below the linear prediction, and the wave group
defined by a truncated quasi-regular wave train. In both cases, an in-depth analysis
of the various nonlinear effects revealed that nonlinear wave-wave interactions above
second-order in wave steepness, similar to those responsible for triggering the effect
of modulational instability, were mostly responsible for this behaviour.

However, for the directional wave groups the ‘picture’ changes completely. First,
the amplification of the wave crests in deep water is less significant (=~ 5%) and the
attenuation of the highest crest in intermediate depth, observed in uni-directional

conditions, is reversed; the maximum elevation being higher than the linear predic-
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tion by as much as ~ 7%.
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FIGURE 1.4: Spatial profiles of wave groups at the time of maximum elevation, simulated using
the fully nonlinear wave model of Bateman et al. (2001) (extracted from Katsardi (2007)). (a)
& () deep water, (B) & (D) intermediate depth of 15m. In all cases the dominant wave period
is 10s, while the directional results represent conditions with root-mean-square angular spreading
of ~ 30°. The linearly predicted maximum elevation in the uni-directional cases is 5m and in
the directional cases 9.5m. Finally, the input amplitude spectrum of the wave events is defined

according to Tromans et al. (1991) using a JONSWAP spectrum of v = 2.5 (see §2.1).

In this respect, when considering realistic directional sea-states, there is accu-
mulated evidence from both experimental and field data to suggest that third-order
nonlinear interactions lead to the amplification of the largest crest heights compared
to industry-standard second-order predictions in both deep (Latheef & Swan 2013,
Latheef 2014) and finite water depth (Karmpadakis et al. 2019a, Karmpadakis et al.
2019b), as long as severe wave breaking does not occur. While more recently, Karm-
padakis & Swan (2020) have indicated that correcting linear free-surface records for
second-order Stoke’s type interactions is not sufficient to explain the wave shapes ob-
served in both experimental and field measurements. However, the aforementioned
studies did not attempt to directly isolate the various nonlinear effects in random
free-surface records.

Based upon these results, some important questions arise with regard to the role

of nonlinear interactions in realistic sea-states:
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1. What is the effect of the different nonlinear wave-wave interactions on the wave

crests?

2. Do wave interactions related to modulational instability play a key role in the

formation of large wave events?
3. Is modulational instability relevant to sea-states of intermediate water depth?

4. How important are Stoke’s type nonlinear interactions above second-order, and

how do they depend upon the sea-state characteristics?

5. What is the role of directionality in different water depths, and how does it

affect the various nonlinear interactions?

Building upon existing insights gained from the aforementioned studies, these

questions will be answered in the present study.

1.3 Designer’s perspective

For the safe and efficient design of offshore structures, the design process should
address both the complex physical processes associated with the wave motion and
the inherently stochastic nature of waves. The challenge from this standpoint lies
in the fact that the full set of possible wave events that a structure may encounter
during its lifetime is typically represented by a single design crest height, linked to a
pre-specified annual probability of exceedance. According to international standards
such as the BS-EN-ISO-19901-1 (2015), NORSOK-N-003 (2014) and DNV-RP-C205
(2014) this probability is typically defined as 1072 for an Ultimate Limit State (ULS)
design and as 107" for an Accidental Limit State (ALS) design; the latter being
relevant to wave-in-deck loading.

To specify the design crest height, first, a long-term analysis of the sea conditions
for a given geographic location must be performed. To this end, given the unsteady
nature of the environmental conditions in any given site, these are usually segmented
into shorter periods. These periods typically last 20 min to 3 hours, during which
the environmental conditions are assumed to be stationary. During this stationary
period, a sea-state is defined by the significant wave height, Hy, representing the

average height of the largest one-third of waves and the peak period or dominant
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wave period, T,. While other parameters, such as the mean wave direction and
angular distribution of energy, can be included for a more accurate description.

A full long term analysis then usually requires the specification of the joint prob-
ability density function of H, and 7,, which can be determined either from free-
surface measurements at the site of interest or most often from a hindcast analysis
using wave models like WAM or WAVEWATCH-I1I. This approach is referred to as
the initial-distribution method. Whilst it does not take into account the correlation
between the sea-states, it has the advantage of utilising the highest possible num-
ber of sea-states. Other methods for conducting a long term analysis include the
peak-over-threshold method. This relies on the identification of storm events that
exceed a certain severity threshold or the block maxima method in which the most
severe sea-states within a time window are selected. Both methods indirectly ac-
count for the correlation between the sea-states. However, with the scarcity of the
storm events and the limited duration of either the free-surface measurements or
the hindcast analysis, these two later methods can suffer from statistical uncertainty
(Vanem, 2015).

Regardless of the methodology used for a long term analysis, a second source of
uncertainty needs to be taken into account. This refers to the specification of the
short-term crest-height probability distribution within a sea-state. The final estima-
tion of the ‘design conditions’ requires the convolution of the long-term probability of
occurrence of a sea-state or a storm with the short-term probability of the maximum
crest heights within the sea-state. However, this process can be time-consuming if
the free surface is simulated either experimentally or numerically via a Monte-Carlo
approach. To avoid this, simplified methods, such as the environmental contour line
approach (Haver & Kleiven, 2004), are often adopted.

The present thesis concerns the accurate estimation of the short-term crest-height
probability distribution. A failure to accurately predict this can result in serious er-
rors in calculating the design crest height and associated wave loads. To this end, in
common design practices the short-term crest-height predictions incorporate nonlin-
ear effects up to second-order in wave steepness (Forristall, 2000), thereby ignoring
potentially important nonlinear effects that arise from higher-order nonlinear wave
interactions.

An accurate prediction of the largest waves arising in a sea-state is also a funda-
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mental input to the effective route design for shipping; the purpose being to avoid
green water inundation or other destructive events. Whilst wave forecast models do
not provide information about the individual waves within a sea-state, they are of-
ten coupled with analytical ways of predicting the largest wave events. Particularly,
ECMFW has embedded a freak-wave warning system, which relies on the analytical
estimation of a set of statistical parameters, namely the skewness, bound kurtosis
and dynamic kurtosis. These parameters are integral measures which correlate with
the possible influence of nonlinear wave-wave interactions. Indeed, they are used
as input to analytical formulas for the prediction of the largest waves. However,
these estimations rely on unrealistic narrow-band assumptions regarding the energy
distribution in both frequency and direction. This could potentially lead to the over-
estimation of the effect of modulational instability or the inaccurate estimation of

the Stoke’s type interactions.

1.4 Research aims

The present research aims to further our understanding of the effects of nonlinear
wave interactions in realistic broad-banded sea-states, and to provide guidance as
to how these can be effectively incorporated into the prediction of the largest waves

arising therein. Based on this, the specific research goals are outlined as follows:

» Using a fully nonlinear phase-resolving wave model based on a Higher-Order
Spectral Method (HOSM), to assess the effect of second and higher-order wave

interactions on the statistical properties of uni-directional sea-states.

— In doing this, to explore the effect of finite water depth, and identify if
crest-amplification due to nonlinear interactions relating to deep-water
modulational instability is relevant. This part of the research sits along
side the theoretical grounds set by Janssen & Onorato (2007). Their anal-
ysis states that modulational instability ceases to exist for narrow-band
sea-states when the dominant wave component is longer than about 4.6
times the water depth owing to the stabilising effect of the wave-induced
mean flow. Specifically, in the narrow-band limit for the spectral band-

width, the wave-induced mean flow is associated with a nonlinear wave
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component having a wavenumber that tends to zero and, hence, induc-
ing horizontal velocities in the form of a uniform current. Whilst these
arguments are at odds with the evolution of wave groups in intermedi-
ate water depth presented by Katsardi & Swan (2011), its relevance to

realistic bandwidth sea-states needs to be clarified.

— Identify the importance of Stoke’s type interactions on the magnitude
of the largest waves arising in realistic bandwidth sea-states. In this re-
spect, explore the overall validity of the second-order crest-height model

of Forristall (2000) adopted within many international standards.

— Explore the link of the statistical moments of skewness, bound kurtosis
and dynamic kurtosis to the nonlinear crest elevation of the most likely
maximum wave-crest arising in 3-hour sea-states of different effective wa-

ter depth, steepness and spectral bandwidth.

— Assess the validity of narrow-band theoretical solutions of the aforemen-

tioned statistical parameters.
o Extend the analysis of uni-directional sea-states to directionally spread seas.

— Particularly, to explore how the outcomes of the analysis regarding direc-
tional seas change with an incremental increase in the directional spread,
and to identify if modulational instability and the effects of the wave-

induced mean flow apply in these realistic sea-states.

— Assess the validity of the predictions for skewness, bound kurtosis and dy-
namic kurtosis according to the latest ECMFW freak-wave warning system

(Janssen, 2017).

— Assess the validity of other available methods for the prediction of the
statistical moments, particularly those that are not governed by an un-

derlying assumption of narrow-bandwidth.

o Using the results outlined above, parameterise a crest-height distribution based
on fully nonlinear simulations that include all relevant nonlinear effects. To
fully validate the proposed model based on additional numerical, experimental

and field data. The utilised field free-surface data records originate from 6
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platforms located in the North Sea and belong to the vast databases originally
analysed by Makri (2018) and Karmpadakis (2018).

1.5 Thesis layout

The scope of the thesis outlined above is addressed as follows:

Chapter 2 presents the key theoretical background and methodologies relevant
to the present study. In particular, the methodology for separating the various
nonlinear contributions from fully nonlinear simulations is presented and validated.
Additional aspects relating to the statistically appropriate initialisation of a wavefield
are also discussed in detail.

Chapter 3 addresses the statistical properties of uni-directional nonlinear wave-
fields. The chapter starts with an account of the available theoretical solutions for
the prediction of the statistical moments based on a narrow-band assumption; high-
lighting, in more detail, the questions that have been raised. An extensive validation

of the numerical simulations is presented. This includes:

1. a comparison of numerically predicted fully nonlinear crest-height distributions
using HOSM to experimental data originating from three different laboratory

facilities, and

2. a comparison of the evolution of fully nonlinear wave groups predicted using

HOSM and an alternative wave model proposed by Hague & Swan (2009).

Following on key considerations for the suppression of spurious wave components at
the initialisation stage of the simulations are presented. Taken together these pro-
vide new insights regarding the time development of the nonlinear interactions in
various water depths. The effect of the nonlinear evolution time, sea-state steepness,
spectral bandwidth and effective water depth on the crest-height distribution and its
underlying nonlinear contributions is thoroughly accounted for. Part of this inves-
tigation regards the assessment of the applicability of the Forristall (2000) model,
highlighting the conditions in which it is expected to perform well and when its va-
lidity becomes questionable. Finally, the validity of the narrow-band solutions for
the statistical moments is assessed.

Chapter 4 deals with the statistical properties of directional wavefields. Follow-

ing a similar structure to the previous chapter, it commences with the presentation

47



CHAPTER 1: INTRODUCTION

of available theoretical solutions for the statistical moments relevant to directional
sea-states, again based on a narrow-band assumption. This is followed by a brief val-
idation study; with the aim being to extend the confidence gained from the earlier
uni-directional simulations to directional seas. The chapter follows with the presen-
tation of important insights regarding the effect of sea-state steepness, directionality
and spectral bandwidth on the various nonlinear interactions. The sea-states are sim-
ulated over many tens of dominant wave periods, highlighting the time required for
the nonlinear evolution to reach a steady-state. In addition, the appropriateness of
the second-order directional model of Forristall (2000) is assessed, highlighting these
cases in which the model performs well despite the presence of profound nonlinear
effects beyond second-order. The chapter concludes with comparisons between nu-
merically obtained values for the statistical moments and the theoretical predictions.
In this respect, the effect of wave-induced mean flow is thoroughly assessed.

Building upon the insights gained from Chapters 3 and 4, Chapter 5 is devoted
to the effective prediction of the short-term crest-height distribution. The proposed
approach makes use of the extensive set of numerical simulations presented in the
previous chapters and treats each nonlinear contribution separately. The calibra-
tion of the proposed model relies on a combination of empirical fitting and machine
learning. This enables the predictions to be based solely upon four sea-state param-
eters: the sea-state steepness, the degree of directional spread, the effective water
depth and the spectral bandwidth. Subsequently, the predictions of the proposed
crest-height model are compared to crest-height distributions arising from several
possible sources. These include additional numerical simulations, laboratory exper-
iments and field data. Finally, as wave breaking is not explicitly modelled within
HOSM, the HOSM simulations have been restricted to non-breaking conditions. To
this end, a simplified wave-breaking correction to the proposed crest-height model is
calibrated based on available experimental data. This extends the range of applica-
bility of the model to higher sea-state steepnesses. The advancements of the proposed
model over existing state-of-the-art approaches (the inclusion of higher-order non-
linear interactions in crest-height modelling in finite water-depth) are discussed in
detail. These state of the art approaches include either an analytical formulation
using the so-called Gram-Charlier series (Tayfun & Fedele, 2007) or empirical fits to
experimental and field data (Karmpadakis & Swan, 2022).
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The thesis concludes in Chapter 6, where the key contributions of the present

study are highlighted and suggestions for future work are provided.
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Background and Methodology

The present chapter presents the background relevant to the present thesis and sets
the ground for the analysis that follows in the subsequent chapters.

This chapter commences in §2.1 with a brief introduction of the various concepts
that underpin the characterisation of real seas from an engineering perspective. Fol-
lowing on §2.2 presents nonlinear effects arising from wave-wave interactions at a
second-order of the wave steepness and above. The crucial roles of steepness, band-
width, finite water depth and directionality are highlighted. Building upon these in-
sights, available analytical and numerical solutions to the water-wave mathematical
problem are considered; with a special focus on the simulation of random sea-states.
To this end, the Higher-Order Spectral Method (HOSM) is identified as the most
suitable model for the investigations that follow. The HOSM model is combined with
an existing methodology for separating the various nonlinear effects. The applicabil-
ity of this approach in the present setting is discussed and validated. Finally, §2.3
briefly reviews the statistical concepts appropriate to random free-surface records and
presents important considerations for the reliable initialisation of random wavefields

within HOSM.
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2.1 Characterisation of real seas

2.1.1 Omni-directional wave spectrum

The characterisation of the distribution of the energy across frequencies for wind seas
has been the topic of extensive field studies conducted at the 60s and 70s. The most
notable work on this subject is undoubtedly that of Hasselmann et al. (1973), which
was conducted in the North Sea. The outcome of this study is the extensively used
JONSWAP (JOint North Sea WAve Programme) wave spectrum, defined by Equation
2.1,

2 4 —(w—wp)?
ag w exp | — .
Sin(w) = s P < - 5(/;1)7 ( 2o’ ) (2.1)

where, w is the circular wave frequency, w, the circular wave frequency corresponding
to the peak of the spectrum, 7 is the peak enhancement factor, « is the Phillip’s
parameter (Phillips, 1958), 5 = 1.25, 0 = 0.07 for w < w, and ¢ = 0.09 otherwise.

Within this description, the Phillip’s parameter, «, is typically linked to the
velocity of the wind and the fetch length (see Longuet-Higgins 1969, Hasselmann
et al. 1973, Donelan et al. 1985). Nonetheless, it is, in essence, a scaling factor for
the energy level of the spectrum and does not alter the spectral shape.

The v factor controls the ‘peakedness’ of the spectrum or, in effect, its spectral
bandwidth. A high ~ value corresponds to a ‘young’ sea-state or fetch-limited sea-
state, in which the majority of the energy is centralised around the spectral peak. As
a sea-state develops, it loses its peakedness, and 7 reduces. For v = 1, the JONSWAP
wave spectrum coincides with the Pierson-Moscowitz spectrum for fully developed
seas (Pierson & Moskowitz, 1964).

A JONSWAP spectrum is appropriate to a wave system generated by a local wind
field. When a wave system has left the storm and has travelled over long distances,
the energy is significantly down-shifted in frequency, and the high-frequency tail
ceases to exist. The latter effect is explained by (1) the absence of significant wind
forcing, which adds energy to the high-frequencies, (2) the higher rates of energy
dissipation at higher frequencies due to wave breaking and (3) the fact that high

Tt is noted that the spectrum given in Equation 2.1 is a variance density spectrum, which
needs to be multiplied by pg to represent energy, where p is the density of the water and g is the
acceleration due to gravity.
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frequency freely propagating components of the original storm travel at much slower
speeds due to frequency dispersion; hence they separate from the lower frequencies
over long distances. It is possible that such a system, often referred to as swell, enters
a new storm location. In this scenario, two wave systems generally travelling in dif-
ferent mean directions, coexist and give rise to a so-called mixed sea. The frequency
spectra of mixed seas are usually double-peaked; their parameterisation having been
discussed by Ochi & Hubble (1977), Guedes Soares (1984) and Torsethaugen & Haver
(2004) amongst others. The present research focuses on single-peaked JONSWAP spec-
tra. As a result, mixed-seas spectra are not further discussed.

As mentioned in the introduction to this thesis a sea-state is usually defined by the
significant wave height and spectral peak period (H,, T},). In defining a design wave
spectrum based upon these values, the peak period is matched to the peak frequency
of the JONSWAP wave spectrum (according to 7, = 27 /w,) and the spectrum is scaled

such that,

H, = 4/ (2.2)

where my is the zeroth spectral moment defined by my = [;° S, (w)dw, and is equal to
the variance, 0727, of the zero-mean free-surface elevation, 1. Hence, 0727 = E[n*] = mo,
where E| - | is the mean operator.

The spectral definition for Hg should not be confused with the original definition
of Sverdrup & Munk (1947), which expresses the significant wave height as the
average of the highest 1/3 of the waves in a sea-state. This earlier definition is both
sensitive to the duration of a time record and to the spectral bandwidth (Goda,
2000). When adopted, it has been shown to lead to discrepancies between commonly

used crest-height models and observations (see for example Latheef 2014). To avoid

such difficulties, Equation 2.2 is used throughout the remainder of this thesis.

2.1.2 Directional wave spectrum

The JONSWAP wave spectrum does not include information on the directional prop-
erties of a sea-state and, hence, its short-crestedness. This is taken into account
through a so-called Directional Spreading Function (DSF). This acts as a multiplier
to the omni-directional JONSWAP spectrum to yield an energy distribution in both
frequency and direction,

Syn(w, 0) = Sy (w) D(w, 0) (2.3)
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where, 6 represents the angle of wave propagation and D(w, ) is the DSF which must
satisfy [Z" D(w,0)df = 1, so that the total energy of the omni-directional spectrum
is maintained. Moreover, Sy here refers to the omni-directional spectrum, with z
denoting the axis of the mean wave propagation.

Several DSFs have been proposed in the literature. These broadly lie in two
categories: (1) these that incorporate frequency-dependent spreading and (2) these
that are frequency-independent. Models that lie in the first category include example
Mitsuyasu et al. (1975), Donelan et al. (1985) and Ewans (1998); all of which have
been derived based on the analysis of field data. These consistently show higher
spreading angles at frequencies above the spectral peak. Nonetheless, frequency-
independent DSFs are often employed in both experimental (for example: Onorato
et al. 2009a, Latheef & Swan 2013 and Karmpadakis et al. 2019a) and numerical
investigations (for example: Toffoli et al. 2009 and Toffoli et al. 2010a). In fact, it
has been shown experimentally by Latheef & Swan (2013) that the magnitude of
the largest wave crests observed in deep-water random sea-states is dominated by
the spread of energy around the spectral peak. Hence, it is not greatly influnced by
frequency-dependence in the DSF.

In the present research, a frequency-independent Gaussian DSF is employed, its

functional form given by,

D(9) = 09\//1% exp ( — w;{?) (2.4)

where #,, is the angle of mean wave propagation and A a scaling parameter, so that
the DSF integrates to 1.

Alternative functional forms of frequency independent DSFs include the ‘cosine —
25’ function introduced by Cartwright (1961), the DNV proposed ‘cosine—n’ function
DNV-RP-C205 (2014) and the ‘sech — ' function of Donelan et al. (1985). However,
all of the above forms give similar angular spreading if their parameters are adjusted
appropriately.

Having established the form of the wave spectrum appropriate to the charac-
terisation of a random sea-state, the following section focuses on the mathematical
and numerical modelling of random sea-states, with particular focus on the effect of

nonlinear wave interactions.
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2.2 Water-wave solutions and nonlinear effects

2.2.1 Mathematical formulation

When describing ocean waves that travel on the water surface, a number of assump-
tions are commonly employed. Specifically, it is assumed that the fluid (water) is
incompressible and inviscid and that the flow is irrotational. The assumed incom-
pressibility ensures a constant density across the water column. The absence of
viscous effects prohibits the development of turbulence due to, for example, bottom
friction or wave breaking, whereas the assumption of irrotationality ensures zero
vorticity in the wavefield. Hence, a velocity potential, ¢(z,vy, z,t), can be defined
everywhere in a three-dimensional fluid domain.

Within this definition, (x,y) defines a horizontal plane. While z points vertically
upwards and has its origin on the still water level or the level of the quiescent water
in the absence of waves. The gradient of the velocity potential yields the velocity
field,

u=Vo (2.5)

0 0 Q)
oz’ dy’ 0z/°

Mass continuity applies throughout the fluid domain. Given the assumed incom-

where u = (uy, uy, u,) and V is the spatial gradient operator, V = (

pressibility, this is expressed through the well-known Laplace equation,
V- -u=Vp=0 (2.6)

which becomes the governing fluid equation.

To fully define the mathematical problem, the boundaries of the fluid domain
need to be determined, along with the physical constraints acting upon them. The
most complicated boundary is the free surface of the water body, denoted as n(z, y, t).
This deforms free surface deforms due to the waves in both space and time. Hence,
its shape is not known a priori. This boundary needs to satisfy two conditions.

First, the pressure on the water surface should be constant. This implies that no
wind action is taken into account. Hence, it is assumed that the waves have already
been generated and propagate within the fluid domain. This constant pressure con-

straint defines the so-called Dynamic Free Surface Boundary Condition (DFSBC).
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Adopting the unsteady Bernoulli equation, it can be expressed as

0 1
;; +5(V?6) +gn =0 (2.7)

where g is the gravitational acceleration and the pressure has been set to zero without
loss of generality.

The second constraint is the Kinematic Free Surface Boundary Condition (KFSBC).
This expresses the fact that the free surface should be a streamline. In other words,
that the velocity of the fluid normal to the free surface should equal the velocity of

the free surface along this normal. The KFSBC is expressed as,

oy 090y 00y 9% _
ot T ovor T ogoy 9z 0 (28)

Both the DFSBC and KFSBC are nonlinear, and must be solved on the surface
that cannot be known a priori. This complicates the solution of the governing Laplace
equation, making its solution a non-trivial task. In addition, both conditions contain
time-dependent quantities, which implies that a time marching procedure is needed
to solve the problem.

In addition, an impermeable bed defines the bottom boundary of the fluid domain.
This condition requires the fluid velocity normal to the boundary to be zero, and it

is expressed as,
dp
on

where, n is the unit vector normal to the bed, the bed assumed to be horizontal at

0 (2.9)

a constant depth of z = —d.

The lateral boundary conditions are often assumed periodic, defining open bound-
aries or ’open ocean’ conditions. Alternatively, if the fluid domain is treated as a
closed tank, it is supplied with appropriate wave-making and wave-absorbing bound-
ary conditions. The present thesis primarily considers wave solutions with open lat-
eral boundaries. When this is not the case, it is explicitly mentioned in the relevant

section.
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2.2.2 Linear and second-order wave solutions
Linear Random Wave Theory (LRWT)

Airy (1845) was the first to solve the water-wave problem; albeit subject to significant
simplifications. Specifically, a Taylor series expansion was applied to the free-surface
boundary conditions about the still water level (z = 0). By retaining only the first-

order terms of this expansion, the DFSBC and KFSBC can be simplified to:

DM

o + gn™ = 0].—0

on® 9t 0 (2.10
o 0z =0,

where the superscript denotes the order of the term involved. By considering these
boundary conditions, Airy (1845) derived the co-called linear wave theory. According
to this theory, the free surface for a wave travelling under the effect of gravity is given
by,

nW(z,y,t) = acos(k,x + kyy — wt), (2.11)

where w is the circular wave frequency and k = (k;, k,) the wavenumber vector
defined in the horizontal plane. The angle of the vector with respect to the x axis

defines the direction of wave propagation, § = tan~'(k,/k.), and its magnitude,

k= |k| = /kZ + k2, is given by the linear dispersion relationship,
w? = gk tanh(kd). (2.12)

The derivation of this solution, on the basis of the boundary conditions of Equa-
tion 2.10, is based upon a linearisation of both the boundary conditions and, by
consequence, the governing fluid equation representing mass continuity. In order for
this to hold, it is necessary that the wave amplitude a is much smaller than both the
wavelength, A\, and the water depth d; a << X and a << d.

The linear wave theory of Airy was derived for a monochromatic or regular wave
train of angular frequency w, propagating in the z-direction. Nonetheless, it provides
the basis for representing a linear wavefield with multiple independent and freely
propagating wave components having different frequencies and directions. This is

achieved by simply superposing wave components of the form of Equation 2.11,
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according to,

W (@, y,t) =3 a; cos(kya + ky iy — wit + €) (2.13)
i=1

where the subscript i represents the 7" wave component and ¢; is an assigned phase
angle; the latter randomly sampled from a uniform distribution in the interval [0, 27).
In defining the component amplitudes, two approaches are commonly adopted.

The first, treats the amplitudes as deterministic quantities, given by,

a(w,d) = \/QSnn(w,G)dwdH (2.14)

In contrast, the second approach treats the amplitudes as independent random vari-

ables, which are sampled from a Rayleigh distribution according to,
a(w,0) ~ R(1/Syy(w, O)dwdd) (2.15)

where R(/3) denotes the Rayleigh distribution with parameter §. This expression is
derived on the basis that the following relationship should hold for the ensemble of

wave amplitudes obtained from multiple realisations of Equation 2.13,

E[;az(w, 6)] = S, (w, 8)dedf (2.16)

where E[ - | is the mean operator. Further discussion of the potential differences
between these two approaches is provided in the context of stochastic wave modelling
in Section 2.3. This linear representation of a wavefield is commonly referred to as
Linear Random Wave Theory (LRWT). This provides the basis for the generation of

waves in many experimental and numerical studies.

Second-Order Random Wave Theory (SORWT)

Nonlinear effects that can emerge when two freely propagating (first-order) wave
components of different frequencies interact were considered by Longuet-Higgins &
Stewart (1960). This solution followed the usual Taylor series expansion of the free-
surface boundary conditions about the still water level, but retained terms up second-
order. Using a perturbation series expansion method for the description of the various
field variables, similarly to the Stokes (1847) wave solution for monochromatic wave

trains, the free surface, pressure and velocity potential were expressed as a convergent
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power series of the wave steepness, ak. Adopting this approach, the total free surface

was expressed up to a second-order of wave steepness as,

n(z,y,t) =nW(z,y,t) + n® (z,y,t) + O((ak)?) (2.17)

where (M is the solution that satisfies the linear boundary conditions and 7 the
term added to ") so that the second-order boundary conditions are satisfied.

Within this solution, it was found that secondary (second-order) wave compo-
nents, that ride upon the first-order ones, emerge. These second-order components,
often referred to as second-order bound waves, are not freely propagating and they
do not satisfy the linear dispersion equation. In particular, they consist of wave com-
ponents at a difference frequency, wy; — wy, and at a sum frequency, w; + wy; where
wy and wy are the frequencies of the primary linear freely propagating wave compo-
nents. The theory of Longuet-Higgins & Stewart (1960), applicable for collinear wave
trains (or, in other words, waves travelling in the same direction) in arbitrary depth,
was extended by Longuet-Higgins (1963) and Longuet-Higgins & Phillips (1962) to
non-collinear waves (waves travelling in different directions).

Based on these theoretical developments, Sharma & Dean (1981) considered the
interaction of multiple waves encountered in directional random seas, giving rise to
the so-called Second-Order Random Wave Theory (SORWT). Within this theory the
first-order part is given by LRWT, whereas the second-order contribution to the free
surface, n®, is given by the sum of interactions arising from all possible pairs of

wave components:
1 (e ole o)
n? (x,y,t) =7 Z Z (A cos(V; — ;) + A cos(v; + wj)) (2.18)
i=1j=1

with A~ and A* representing the second-order interaction kernels for the difference
terms (—) and sum terms (+), respectively. Moreover, a; and a; are the amplitudes
of the interacting pairs of the underlying linear wave components, and ; and v; the
corresponding phases: ¥; = ky ;7 + ky;y — wit + €.

From a physical point of view, the second-order difference terms are known to lead
to a 'set-down’ beneath wave groups containing large wave crests, as they are out of
phase with the underlying linear process. In contrast, the second-order sum terms are

in phase with the underlying linear process, leading to the increase and steepening
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2.2 WATER-WAVE SOLUTIONS AND NONLINEAR EFFECTS

of large wave crests. However, they also induce a reduction (in magnitude) of the
adjacent troughs. Moreover, the sum terms are responsible for the increase of the
fluid velocities under large wave crests and the difference terms lead to the reduction
of the fluid velocities lower in the water column. To this end, the difference terms
are often interpreted as a return flow under large wave events that acts to balance
the well-known Stoke’s drift near the free surface.

The introduction of the second-order random wave theory has led to important
advancements in understanding the nonlinearity of the waves encountered in both
field and experimental observations of random sea-states; this is elaborated on in

§2.3 in the context of stochastic wave modelling.

2.2.3 Higher-Order effects
Steady wave solution

Despite the improved description of waves provided by second-order theory, with an
increase in wave steepness higher-order physics become increasingly more important.

For monochromatic waves in deep water, Stokes (1847) derived a third-order wave
solution based again based on a small perturbation expansion, while Fenton (1985)
extended it to fifth-order. The spatial profile within this solution, which is often

referred to as fifth-order Stoke’s solution, is given by,

kn(z) = ecos(kx) + € By cos(2kz) + €* Bsy (cos(kx) — cos(3kx))
+ €*(Bua cos(2kz) + Byy cos(4kz)) (2.19)
+ 65(—<B53 + B55) COS(k’ZL‘) + B53 COS(?)I{ZZL’) + B55 COS(E)]CJ])),

where € = kH /2 is the wave steepness, with H the wave height, and the B coefficients
are defined in Fenton (1985). Within this solution two important nonlinear effects

emerge:

1. Bound wave contributions higher than second-order appear, the harmonic con-
tent of which matches the corresponding order of nonlinearity (or wave steep-
ness). For example, the third-order bound contribution corresponds to a wave
component of wavenumber 3k, where k is the wavenumber of the primary freely

propagating wave component.
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2. The third and fifth-order contributions include freely propagating wave com-

ponents of the primary (linear) wavenumber, k.

Moreover, at the third-order of the wave steepness and above, the dispersion of
the freely propagating wave component is not only dictated by the effective water
depth, kd, as in linear wave theory, but also by the wave steepness, ak. According

to Stokes (1847), the third-order dispersion relation in deep water (kd — o0) is,
& — o (1 4 La2k?
w =wW (14 5@ k*) (2.20)

where, w™) is the linear frequency (w™) = /gk) and w® is the third-order result.
This nonlinear change in frequency leads to an increase in the phase velocity or the
speed of wave propagation; where ¢ = w/k.

While the fifth-order Stokes solution offers an important contribution in under-
standing some important nonlinear effects that arise with increasing wave steepness,
it fails to include the inherent unsteadiness encountered in random seas. Moreover,
in trying to reproduce this solution in an experimental setting, one finds that this
is not always possible. This is due to additional nonlinear effects that arise at a
third-order of wave steepness and above and relate to the so-called near-resonant

wave interactions. These are briefly reviewed as follows.

Resonant and near-resonant wave interactions

A resonant wave interaction occurs when N — 1 wave components interact resonantly
to transfer energy to a new, N, freely propagating wave component. In adopting
this definition, the term resonant refers to the fact that, under such conditions,
the wave motion has the mathematical form of a linear resonator. Unlike the non-
resonant interactions (or the interactions that lead to bound wave components), the
resonant interactions can lead to significant energy transfers among wave components
and are responsible for the long-time evolution of the ocean wave spectra as described
by Hasselmann (1962).

In order for these interactions to occur, the wavenumbers and frequencies of the
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interacting wave components need to satisfy the following conditions,

- (2.21)

w; = Z 8,W;
5=0
where s; = +1 and the wave component denoted with ¢ refers to the free wave compo-
nent to which energy is transferred. Moreover, in the above expressions the wavenum-
bers and frequencies are linked through the linear dispersion equation (Equation
2.12).

For the case of N = 3, the resonant triad interactions are defined by,
ko = kl + k2 Wop = Wq + 09)) (222)

This type of resonance becomes relevant only in the shallow water limit in which
tanh(kd) — kd and w? = k?gd. To this end, it has been shown by Phillips (1960)
that resonant triad interactions for deep-water gravity waves are not possible.

For N = 4 the interacting wave components are referred to as resonant quartets

and need to satisfy,
kO —f- kl = k2 + k3 wo —I— W1 = Wy —I— W3 (223)

The special case for which two of the wave components have the same wavenumber
and frequency, i.e. ko = k; and wy = w; has been studied by Phillips (1960). This
particular case refers to the situation where one freely propagating wave component
(of wavenumber kj) interacts resonantly with the second-order bound contribution of
another component (of wavenumber 2kg) to produce a fourth freely propagating wave
(of wavenumber kg = 2kg — ka). The topology of the interacting wave components
is depicted in the (k;, k,) domain by the so-called ‘figure-8’ resonance loop. This is

shown in Figure 2.1.
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FIGURE 2.1: The resonance loop of Phillips (1960) in the (k,,k,) domain, where all wavevectors
have been normalised by the magnitude of the primary wavenumber, |ko|. In this resonance loop,

ki1 = ko and energy is transferred to the wave component kg = 2kg — ks.

As such, this type of interactions can lead to directional energy transfers, which
are often linked to the broadening of angular spreading above the spectral peak in
ocean wave spectra (see, for example, Young et al. 1995, Ewans 1998).

Notably, the change in the wave speed of monochromatic waves arising at a
third-order of wave steepness (as discussed previously in the context of the third-
order Stoke’s solution), is a manifestation of the effect of resonance for the special
case of self-interaction; for kg = k; = kg = k3.

Benjamin & Feir (1967) was first to study the phenomenon that when a steep
regular wave train (of frequency wy) is generated experimentally in deep water, it
starts to disintegrate into an irregular waveform with a wider energy spectrum with
distance from the wavemaker. Unlike an exact numerical simulation of a steep regular
wave, the experimental generation of such a wave train is often accompanied by a
small amplitude modulation due to imperfections in the wavemaking process. This
small amplitude modulation effectively transfers a small proportion of the energy
to wave components adjacent to the primary wave at frequencies wo(1 £ §); these
are often referred to as sidebands. It was found that this small energy ‘leakage’ was
responsible for triggering the phenomenon of near-resonance. In this situation, the
four-wave resonant conditions of Equation 2.23 are approximately, but not exactly
satisfied.

The work of Benjamin & Feir (1967) showed that a necessary condition for trig-

gering this instability, often referred to as modulational instability or Benjamin-Feir
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instability, of a primary wave due to collinear disturbances (sidebands) is,
0< 6 < V2ka, (2.24)

where k£ and a are the wavenumber and amplitude of the primary wave, which
together give a measure for the wave steepness. Moreover, this instability does
not emerge immediately, but rather develops over a timescale of O(1/(wok?*a?)) !.
This required evolution time is much faster than the O(1/(wok*a*)) timescale of the
Hasselmann-type (resonant) interactions (Hasselmann, 1962).

The Benjamin-Feir instability has attracted extensive research attention (see
Yuen & Lake 1980 and Hammack & Henderson 1993). The reason for this was
that the maximum elevation of a modulationally unstable wave train, under certain
conditions, can reach as much as three times the initial wave amplitude or more
(Henderson et al. 1999, Dysthe & Trulsen 1999, Chabchoub et al. 2012); owing to
the dominance of nonlinear dispersion over (linear) frequency dispersion. Hence, the
question as to whether this nonlinear process could be responsible for the formation
of extreme waves in the ocean has been extensively considered.

The work of Benjamin & Feir (1967) was extended by Phillips (1967) to non-
collinear disturbances. This work showed that the same type of instability occurs for
wavevectors laying at the vicinity of the ‘figure-8’ resonance loop towards its interior.
A corollary of this analysis is the well-known result that the instability ceases to exist
for disturbances forming an angle greater than 35.26°. This is the maximum angle
of vector ky for which resonance can be achieved within the resonance loop and the
angle at which the relative signs of the dispersive and the nonlinear terms change in
the Non-Linear Shrondiguer equation (Yuen & Lake, 1982).

Considering a wave propagating in an arbitrary water depth, analytical consid-
erations of Benjamin (1967) and Whitham (1974) have shown that the instability
occurring in deep water due to collinear perturbations ceases to exist for effective
water depths below kd < 1.363. Nonetheless, stability analysis for non-collinear per-
turbations has revealed that instabilities due to four-wave near-resonant interactions
are possible for kd < 1.363 (see example Hayes 1973, McLean 1982a, Slunyaev et al.
2002). This result was confirmed experimentally by Toffoli et al. (2013).

Lor equivalently a distance from the wavemaker c,/(wk?a?), where ¢, is the group velocity

63



CHAPTER 2: BACKGROUND AND METHODOLOGY

These early stability analyses encouraged researchers to explore whether the
above nonlinear effects are characteristic only in a deterministic wave setting, or
if the same effects can can be triggered random sea-states. In the first attempts on
this matter, the analytical works of Alber & Saffman (1978), Alber (1978), Craw-
ford et al. (1980) and Janssen (1983) revealed that the effect of randomness has
a stabilising effect on the modulational instability in deep water. However, it was
shown that modulational instability still remained relevant for both collinear and
transverse perturbations; with the intensity of the phenomenon being reduced due
to the underlying randomness (Crawford et al., 1980).

In terms of numerically modelling these interactions, the so-called Zakharov equa-
tion (Zakharov, 1968) is often employed. This equation has been derived by Kra-
sitskii (1994) to a fourth-order in wave steepness, and its numerical implementation
is discussed in Annenkov & Shrira (2001). The Zakharov equation is particularly
insightful as it separates the free-wave evolution due to resonance or near-resonance
from the bound or static interactions. Following the compact notation of Krasitskii
(1994), the equation for the free-wave evolution arising at third-order of the wave

steepness is given by,

i%? = wobo + /T0,1,2,3bfbgb350+1—2—3dk123 (2.25)
where, Tj 1 2,3 is the resonant interaction kernel for four-wave interactions and ¢ is the
Dirac delta function with o419 3 = 0(ko + k1 — ko — k3) and dkja3 = dk;dkadks.
Moreover, the variable b; relates to the complex amplitude, a;, of the free wave with
wavenumber k;, according to, b; = (w;/29)~"/%a;.

The magnitude of the resonant interaction kernel is of particular interest as it
gives an insight into the intensity of the resonant wave interactions. In the original
derivation of Krasitskii (1994), finite-depth effects were not included appropriately.
This was discovered and resolved much latter by Janssen & Onorato (2007) (see also
Stiassnie & Gramstad 2009 and Gramstad 2014), who provided a correct version for
the self-interaction case (kg = k; = ko = k3).

Therefore, it is instructive, to explore the variation of the resonant interaction
kernel of Janssen & Onorato (2007) with effective water depth; this variation being

presented in Figure 2.2.
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FIGURE 2.2: Variation of the resonant interaction kernel, Tp 0,0, of Janssen & Onorato (2007)
with effective water depth. The kernel is normalised with respect to the deep-water value of k3 /2,
while the vertical black dashed line refers to kqd = 1.363.

From a physical perspective, when narrow-banded wave trains are concerned a
positive value of the kernel leads to focusing of the wave energy, whereas a negative
value leads to defocusing. Specifically, energy focusing is associated with increased
free surface elevations when compared to linear theory. This increase is driven by
energy transfers between freely propagating waves accompanied by an increase in
the phase velocity of the free waves when they constructively interfere to form large
wave events. This nonlinear process has already been described in the context of
the Benjamin-Feir instability. In the defocusing case, nonlinear dispersion is such
that it opposes the frequency dispersion. This reduces the ability of the free wave
components to constructively interfere, and hence leads to reduced elevations. In
observing Figure 2.2, the kernel changes sign at kd = 1.363. This is in accordance
with previous analysis on the relation between dispersive and nonlinear terms using
the two-dimensional Nonlinear Schrodinger equation and it is in agreement with the
earlier stability analysis of Benjamin (1967) and Whitham (1974).

To put the above considerations into a practical perspective, it is worth noting
that the resonant interaction kernel of Janssen & Onorato (2007) provides the basis
for the freak wave warning system within the ECMFW (European Centre for Medium-
range Weather Forecasts) weather forecasting modelling tool (see Janssen & Bidlot
2009, Janssen 2016).

The above theoretical considerations provide an important insight into the in-
tensity of the near-resonant interactions in both a deterministic and an (idealised)

random wave context involving a narrow spectral bandwidth. Indeed, this review has
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highlighted that elementary wave interactions crucially depend upon the steepness,
spectral bandwidth, directionality and effective water depth. As such, the extent
to which these interactions affect the magnitude of the largest waves in realistic

sea-states remains an open question. This is further reviewed in Chapters 3 and 4.

2.2.4 Overview of higher-order numerical wave modelling

Three main modelling approaches have traditionally been considered when modelling
effects beyond second-order in random sea-states in both deep and transitional water

depths. These are:

1. the Zakharov equation
2. the nonlinear Shrondiguer-type equations

3. the higher-order spectral methods

The Zakharov equation has been proven useful in studying elementary wave inter-
actions (see example Stiassnie & Shemer 1987 and Annenkov & Shrira 2006) and
the evolution of broad-banded deterministic wave groups (see Gibson & Swan 2007).
However, its application to random sea-states is limited due to its high computa-
tional cost. In fact, Hadjigeorgiou et al. (2017) was the first to apply the numerical
implementation of Annenkov & Shrira (2001) (including third-order resonant and
second-order bound terms) to obtain crest-height statistics in uni-directional JON-
SWAP sea-states. However, with the computational cost of the solution scaling with
order O(N*) (N being the number of wave components), its application to direction-
ally spread sea-states was limited.

The simulation of directional random wavefields in deep water was first tackled
numerically by Dysthe et al. (2003). In doing so, they used different versions of
nonlinear Shrondiguer-type equations, including the bandwidth-modified version of
Dysthe (1979) and Trulsen & Dysthe (1996) correct to fourth-order in wave steepness;
referred to as BMNLS equation. While this first investigation covered Gaussian-shaped
spectra in both frequency and direction, a subsequent investigation by Socquet-
Juglard et al. (2005) studied the case of realistic JONSWAP spectra. Nonetheless,
latter comparisons with experimental data indicated that the BMNLS equation can
lead to significant underestimation of the largest crest heights arising in random

sea-states (Xiao et al. 2013).
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Regarding the numerical modelling in finite-depth conditions, the directional
equivalent to the Non-Linear Shrondiguer equation is the so-called Davey-Stewartson
(Davey & Stewartson, 1974) system of equations. This model essentially offers a spe-
cial treatment for the mean flow and the mean free surface, relevant to finite depth
conditions. Nonetheless, it still suffers from the typical bandwidth restrictions of the
original Nonlinear Shrondiguer equation. Hence, it is not further considered.

Finally, the so-called Higher-Order Spectral Method (HOSM), which was derived
independently by West et al. (1987) and Dommermuth & Yue (1987), is becoming
increasingly popular in studying the evolution and nonlinearity that arises in random
sea-states. This method, unlike the other types of models mentioned above, combines

the following advantages,
1. no frequency or directional bandwidth limitations
2. modelling of both uni-directional and directionally spread sea-states
3. fully nonlinear free surface
4. computational efficiency (computational requirements scale according to N log, N)
5. applicable to both deep and transitional water depths

Based on the above, HOSM is deemed the most appropriate modelling tool for the
present analysis. To this end, the open-source numerical implementation of HOSM
(West et al., 1987) provided by Ducrozet et al. (2016) is employed. However, for the
purposes of the present investigation, the code has been modified to include user-
defined inputs that are not restricted by the predefined options of the original code.
In the subsequent sections, the HOSM model is briefly introduced, providing the key

points of its formulation.

2.2.5 Higher-Order Spectral Method (HOSM)

The starting point for the derivation of HOSM are the KFSBC and DFSBC (in Section
2.2.1). Following Zakharov (1968), these are expressed in terms of the single valued
free surface n(x,y,t) and the potential at the free surface, ¢*(z,y,t) = ¢(x,y,n, 1),

according to:
o¢*
ot

— 1 512 1 2 a¢ 2
=—gn = 5|IVad " + 5(1 + Vi )(az> (2.26)
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on

9¢ s
s (1 + Vi )* — Vio® - Vi (2.27)
and applied on z = n(z,y,t). In the above expressions V, is the horizontal gradient
operator (2, 8%) and g—f|zz77 is the vertical velocity, which is the only non-free-surface

quantity. The challenge in evaluating the evolution of the free surface lies in the fact
that % needs to be expressed in terms of the potential ¢.
To tackle this, the potential is expressed as a series expansion about the mean

water level, z = 0, as

M:

é(x,y,1) 0" (2, y.t) (2.28)

m=1
Based on this, the vertical velocity, g—f, is expanded in a similar way by simply
differentiating Equation 2.28.

The implementation of Ducrozet et al. (2016) follows the approach of West et al.
(1987), which keeps consistent ordering with respect to steepness for ¢(™); unlike
the version of Dommermuth & Yue (1987). Using this approach, the elements,

™ (x,9,t), of the above expansion are given by,

oW (z,y,0,t) = ¢°(z,y,t)

(1)
¢ (z,y,0,t) = —n g

(z,9,0,1)
(2.29)

¢(m)(x7y707t) = - Z *#(%%OJ)

where ¢ is of order m!"

in steepness and M represents the order of nonlinearity.
Interestingly, Onorato et al. (2007) has recovered the third-order Zakharov equation
(Equation 2.25) analytically using M = 3, as both approaches are based on the
Hamiltonian formalism for ¢*(z,y,t) and n(z,y,t).

Based on the above expansions the original Dirichlet problem of Equations 2.26
and 2.27 for the complex boundary z = n(z,y,t) is divided into M simpler Dirichlet
subproblems for z = 0, which are numerically more tractable. Moreover, by introduc-
ing periodic lateral boundary conditions, the velocity potential and the free surface
can be expressed as Fourier series of basis functions that satisfy the Laplace equation

and the flat bed boundary conditions. Based on this later expansion, a Fast Fourier

Transform is used to accelerate the numerical procedure.
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Setting initial conditions for ¢*(z,y,t = 0) and n(x, y,t = 0) the solution is time-
marched using a fourth-order Runge-Kutta scheme with adaptive time-step. Thus,
the HOSM scheme is a pseudo-spectral method, as the free-surface quantities are time-
marched in the physical space, while the solution is obtained in the Fourier space.
The solution for the free surface is then expressed as,

Ny Ny

1 4
U(Ia Y, t) = 5 |:Z Z Aln (t)ez(klirkny) + c.c. (230)
l n

where, A, (t) are the time-dependent complex amplitudes, corresponding to a rect-
angular grid of wavenumbers k = (k;, k,) = (2nl/L,,2mn/L,), (L,,L,) are the di-
mensions of the computational domain, and c.c. is the complex conjugate of the
preceding term.

It is noted that the present investigation is restricted to sea-states of mild severity
that are not dominated by the effects of wave breaking. As such, no energy dissipation
mechanism within HOSM was employed to account for wave breaking.

While it should bee stressed out that throughout the course of the present study
full dealiasing has been adopted in eliminating the numerical convergence issues
when moving from the Fourier space to the physical space. More information on the
HOSM scheme, including the dealiasing methodology, can be found in the following
complementary sources: Tanaka (2001), Bonnefoy et al. (2010) and Ducrozet et al.
(2016).

2.2.6 Harmonic separation method within HOSM

A drawback of HOSM is that the role of the nonlinear interactions of increasing
order cannot directly be identified. Hence, the relative importance of the nonlinear
interactions during the formation of extreme waves in random wavefields cannot be
identified. To overcome this drawback, the phase manipulation method introduced
by Fitzgerald et al. (2014) is employed.

Unlike previous applications of the method in the context of deterministic wave
groups (Barratt et al., 2020), the method is to be applied in a random sea-state set-
ting. To this end, it seeks to separate harmonics arising from wave components that
are well separated in the frequency and wavenumber domain. As such, appropriate

validation must be provided.
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Methodology

The key idea behind this method is that by introducing several phase shifts to the
input wave signal, the resulting measured nonlinear free-surface records (for different
phase shifts) can be combined to produce separate signals of different nonlinear
harmonic contributions. To this end, it can be viewed as an extension of the original
two-phase manipulation method of Baldock et al. (1996), which was introduced to
separate odd from even harmonics.

In applying this methodology to the nonlinear free surface, the different harmonic
contributions can be viewed in a simple way by employing a Stokes solution up to

4th order, expressed as,

n() =(a®Agy + a* Ay) + (a + a®Asy)cos() + (a® Ay + a* Ayy)cos(21))

! 4 (2.31)
+a° Aszcos(3¢) 4+ a” Ayycos(4)),

where the first term in the expression represents a set-down term relevant to finite
depth conditions, a is the linear input amplitude and the coefficients A are constants.
Finally, 1 = kx + € represents the phasing of the linear input wave and € is the phase
shift that is altered between simulations with values of € = 0, 90°, 180° and 270°.
By denoting the input free-surface records for different phase shifts, €, with 7., the

different harmonic contributions are given by the following algebraic relationships:

st 1
n" = (a+d’As + O(a®))cos(v) = 1(770 + N — Miso + Mro) (2.32)

n 1
2" = (a?Agy + a*Ayy + O(a®))cos(20)) = 1(770 — 790 + M1so — 7270) (2.33)
T ].
™" = (a® Ass + O(a”))cos(3¢) = 1 Umo + 750 — 180 — o) (2.34)
t t 1
774 " —|—7’]0 " = CL2A20 —|—CL4A4Q +G,4A44COS<4’QD) +O(a6)) = *(770+7790+77180+77270) (235)

4
In the above equations, the superscript H refers to the Hilbert transform, which
is applied to the spatially periodic free surface. It is noted that the 4"* and 0%
harmonics are given together using this harmonic separation method. When this
method is applied to multi-chromatic waves, the separation of these two harmonic
contributions is not straightforward, especially for broad-banded conditions. As in

this case, their frequency range may overlap.
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To overcome this difficulty, the separation of the 4* and 0** harmonics is based
on a complimentary method to Fitzgerald et al. (2014), presented by Hann et al.
(2014). This latter method considers 12 phase shifts of the input conditions with an
increment of 30° starting from 0 and ending with 330°. The 0" harmonic is then

given by the following expression,

1
nofh = a® Ay + a' Ay = E(770 + N30 + - + N300 + M330) (2.36)

Whereas to obtain the 4th harmonic, Equation 2.36 is subtracted from Equation
2.35. It should be noted that the term ‘harmonic’ contribution follows from the
above monochromatic wave considerations and indicates contributions to the total
free surface arising in different frequencies (and wavenumbers), which are affected by
different types of nonlinear interactions.

Given that a mathematical proof of the applicability of this method in random
sea-states is cumbersome, here it is verified using direct numerical simulations of a
random sea-state. However, before proceeding to the validation of the method, it is
important to distinguish which nonlinear contributions relevant to multi-chromatic
wave interactions are expected to appear in the different harmonics of Equations
2.32-2.35:

1. The first harmonic (n"™*) represents freely propagating waves that are naturally
affected by third-order quartet resonant and near-resonant wave interactions;
the former satisfying exactly the resonant conditions of Equation 2.21 and the

latter nearly but not exactly.

th ndy . .
O n?™) include the second-order in wave

2. The zeroth and second harmonics (7
steepness bound-wave contributions representing the difference and sum terms,

respectively, of Sharma & Dean (1981).

3. The third and fourth harmonics (73, n*") include bound-wave contributions

of third and fourth-order in wave steepness, respectively.

Additionally, the even harmonics (second or fourth) could also contain freely prop-
agating waves arising from fourth-order (quintet) resonant and near-resonant wave
interactions. While the zeroth harmonic can theoretically include freely propagating

waves arising from triad resonant and near-resonant interactions.

71



CHAPTER 2: BACKGROUND AND METHODOLOGY

T T

1F T ]

0.5
T \
= 0
~
S

-0.5 F

1

1

1 1

T

1
51.5 52 52.5 53 53.5 54 54.5
Normalised location, x/\, [—]

FIGURE 2.3: Segments of initial (input) free-surface traces (1) having the same amplitude spec-
trum, but different phase shifts of ( ) 0°, ( ) 90°, ( ) 180° and ( ) 270°. The

x-axis is normalised by the wavelength of the spectral peak frequency, A,, and the y-axis by the

significant wave height Hy.

To illustrate the process of extracting the various nonlinear harmonics, a segment
of initial (input) free-surface space traces defined by the same amplitude spectrum,
but supplied with four different phase shifts is shown in Figure 2.3.

The various harmonic contributions around a large wave event are shown in Figure
2.4. As expected, the zeroth harmonic, representing frequency-difference terms, acts
to reduce the total free surface and the intensity of the rest of the harmonics decreases

with increasing nonlinear order.

Validation

To validate the phase manipulation method, two approaches are followed:

(1) The ensemble-averaged spectra of the zeroth and second harmonics arising
from multiple realisations of a sea-state within HOSM are compared to the spectra
of the corresponding second-order terms obtained using SORWT. To achieve such
comparisons, the sea-state steepness is kept small (3H,k, = 0.02) such that (i)
the free-wave evolution due to near-resonant effects is minimal, and (ii) fourth-order
effects in the HOSM harmonics are entirely absent. To ensure like-to-like comparisons,
the same set of linear inputs are used both within HOSM and SORWT.

(2) For a much steeper case of %Hskp = 0.105, the energy content of each har-
monic in the frequency-wavenumber domain (obtained using a 2D-FFT of the entire
space-time record) is compared against theoretical dispersion relationships. These
relationships refer to: (i) the linear dispersion equation of Equation 2.12 for the
first harmonic, and (ii) the dispersion relationships relevant to bound waves of a

monochromatic wave train for the rest of the harmonics. As mentioned earlier,
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FIGURE 2.4: Spatial traces of the nonlinear harmonic contributions around a large wave event

arising from the realisation of a JONSWAP (v = 2.5) sea-state in a relative water depth of k,d = 5.03
with 1 H k, = 0.105. Sub-figure (A) presents the total free surface (1) denoted with (— — ) along
with the first harmonic (n'*!) denoted with (—— ). Sub-figures (B), (C), (D) and (E) present the
zeroth (770”1), second (772"d), third (n?’rd) and fourth (774m) harmonics respectively. In all sub-figures

the z-axis is normalised by the wavelength of the spectral peak frequency, \,, and the y-axis by

the significant wave height, Hy.
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FIGURE 2.5: Ensemble-averaged spectra of nonlinear contributions for JONSWAP (v = 2.5) sea-
states with steepness £ H,k, = 0.02 and relative water depths of (A) k,d = 0.87 and (B) kyd =
5.03. Comparison between second-order spectra arising from HOSM and SORWT: ( ) for the
linear inputs to both HOSM and SORWT, ( / ) for second-order difference/sum terms from
SORWT, ( / / / ) for the first (n'™*), second (n**), zeroth (n°"") and third
(n*")
third harmonic is added for completeness, showing that it is indeed negligible.

harmonics, respectively, arising from HOSM simulations at ¢ = 557},. It is noted that the

bound waves ride upon the freely propagating waves and, hence, they travel faster
than a free wave of the same wavenumber. Therefore, in a monochromatic setting,
the phase speed of a bound wave is given by ¢, = nw/k. Where n is the order of
nonlinearity, and w and k are the frequency and wavenumber of the underlying free
wave, respectively. Moreover, based on the same reasoning, the zeroth harmonic
contribution, containing frequency-difference terms, should travel slower than what
linear theory predicts.

It is noted that the harmonic contributions within HOSM are not expected to sat-
isfy exactly the aforementioned dispersion relationships, as the underlying free wave
components are broad-banded. Nonetheless, the comparisons should reflect that the
dispersion properties of each harmonic are different to the rest of the harmonics
and, more importantly, that there is no unexpected free-wave energy in the bound
harmonics.

In providing the required validations, JONSWAP wave spectra have been employed
with 7 = 2.5 in both deep (k,d = 5.03) and transitional (k,d = 0.87) water depth,
covering the full range of effective water depths considered in the present thesis. The

results for the validation point (1) above are shown in Figure 2.5. This demonstrates
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that the second-order bound-wave spectra within HOSM are in excellent agreement
with the ones obtained using SORWT.

Moreover, regarding validation-point (2), the results are presented in Figures 2.6
and 2.7, for k,d = 5.03 and k,d = 0.87 respectively. It is observed that the energy
of each harmonic occupies a different area in the frequency-wavenumber space. This
area is concentrated around the corresponding ‘dispersion’ line defined above for
monochromatic waves. As such, the performance of the phase manipulation method
appears correct.

It should be mentioned that in the deep-water case some small proportion of
the energy of the zeroth harmonic is observed on the linear dispersion line (Figure
2.6 (¢)). As mentioned above, if fourth-order quintet interactions are present, these
would be included in the even harmonics. This explains the observation and is in
line with earlier results presented by Gibson & Swan (2007) on the fully nonlinear
evolution of deterministic wave groups in deep water. To this end, it should be
stressed that a nonlinearity parameter M = 5 was adopted allowing for quintet
interactions to be modelled. Moreover, further increase in the nonlinearity parameter
yielded identical results.

Similarly, it is noted that a small proportion of energy of the third harmonic
(Figure 2.6(D)) is located below the linear dispersion relationship. This can be ex-
plained by the fact that in a broad-band setting, third-order bound terms can include
harmonics in difference frequencies (w; —wy—ws3) of the interacting primary wave com-
ponents (w1, ws,ws) as explained in Madsen & Fuhrman (2012). Specifically, three
interacting components of frequencies in the range wy € [3,3.5]w,, wy € [0.5, 1.0]w,
and ws € [0, 0.5]w, cover the frequency-wavenumber region where slowly propagating
energy is observed. It is noted that these components were not observed in Gibson
& Swan (2007), presumably due to the reduced spectral bandwidth. To verify this
further, the simulation of a narrower-banded spectrum (v = 5) revealed a substantial

reduction in these components.

2.3 Stochastic wave modelling

Having established the wave modelling tools appropriate for the calculation of ran-

dom sea-state simulations, the remainder of this chapter focuses on the statistical
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properties of random wavefields. Starting from the description of linear wave statis-
tics in §2.3.1, the discussion continues in §2.3.2 with the initialisation of a linear
random wavefield within HOsSM. The section concludes with a review of nonlinear

crest-height models in §2.3.3.

2.3.1 Statistics of a Gaussian stochastic process

In the absence of nonlinear effects a random sea-state at any location in the wavefield
can be regarded as a Gaussian stochastic process, n(t), with zero-mean and variance
o} = my = HZ/16. Building upon the work of Rice (1945), Cartwright & Longuet-
Higgins (1956) considered the probability of exceedance of local maxima, 7,,, in such
a process and showed that it is given by,

Q)= | [Tt (- et [T ] )

m(() = —= e x —€“)2e e x .
2 ¢/e —o0o

where, (=n,,/1/Mo.

It can be observed that this equation depends on a single parameter ¢,

2
2=1- 2 (2.38)
moiny
where, m,, refers to the n'" spectral moment defined by,
M = /0 WSy (w) dew (2.39)

The € parameter is closely related to the bandwidth of the spectrum. For narrow-
banded spectra, ¢ — 0 and the probability distribution of local maxima coincides
with the probability distribution of the envelope of the process. This is given by the
Rayleigh distribution (Rayleigh, 1880). In contrast, when the spectrum is broad-
banded, ¢ — 1, the probability distribution of local maxima tends to the probability
distribution of n(t) itself, which is the Gaussian distribution. Based on these obser-

vations, the probability of exceedance of local maxima takes the following forms:

Qm(C) = e 2 with (€[0,00) for €—0 (2.40)
Qm(C) = \/12_7/:0 e 2 dy  with (€ (—00,00) for e€—1 (2.41)
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FIGURE 2.8: Example of a time-trace of the free-surface elevation, where zero-crossing waves are
distinguished from local maxima. The crests of the zero-crossing waves are denoted with ( @ ) and
the additional local maxima are denoted with ( ® ). Zero down-crossing points are denoted with

(<) and the crest heights are denoted with 7 ;.

Building upon these results, it is shown in Appendix A that the tail of the full
exceedance probability distribution of Cartwright & Longuet-Higgins (1956) can be
approximated by,

Qu(¢) = VI—ee 2 (2.42)

provided € # 1. Hence, the higher the € parameter, the lower the probability that a
local maximum exceeds a certain level.

However, estimating wave statistics based on either Equation 2.37 or 2.42 can be
overly sensitive to the energy allocated at high-frequencies; the latter being affected
by the truncation of the spectral tail and/or noise from measuring procedures. To
limit this, in engineering practice, the zero-crossing crest heights are typically consid-
ered (Forristall, 2000) instead of the local maxima. A zero-crossing crest height (7,) is
defined as the maximum elevation between consecutive zero up-(or down-) crossings
of the zero-mean free surface; the former case involving zero-crossings with positive
gradient (n = 0| dn/dt > 0) and the latter with negative (n = 0|dn/dt < 0). As such,
within a zero-crossing analysis, any secondary local maxima between zero-crossings
are discarded. To illustrate the above, Figure 2.8 presents a free-surface segment,
where the zero down-crossing crest heights are marked with red markers and the dis-
carded local maxima with green markers. The zero down-crossing crest heights are
also denoted with 7.; (with ¢ representing the i-th observation). Interestingly, when
zero-crossing crest heights are considered, Boccotti (2015) has shown that the tail

of their probability of exceedance can be approximated by the Rayleigh distribution
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normalised with respect to the peak of the spectrum with v = 1. While Aw is defined for the
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for any spectrum, assuming that at the vicinity of the largest wave events, laying at
the tail of the distribution, secondary waves do not occur.

Based on the above, the € parameter gives particular weight on the high-frequency
tail of the distribution, owing to its dependence upon higher-order spectral moments.
Therefore, ¢ does not reflect important spectral changes around the spectral peak.
To this end, alternative measures of the spectral bandwidth have been sought; these

proposed by Longuet-Higgins (1975) and Goda (2000) given in Equations 2.43 and

v =\/momo/m3} —1 (2.43)

2 [ . 9
Q =1z || TS0 (2.44)

2.44 respectively,

where f is the wave frequency. In addition, in many studies related to near-resonant
effects, the half-width at half-maximum of the spectrum divided by the spectral peak
circular frequency (Aw/w,) is often used. To visualise the variation of the various
bandwidth parameters in realistic-bandwidth sea-states, Figure 2.9 presents their
dependence upon -, along with the corresponding spectral shapes. Where Aw is
defined in Figure 2.9(A) for v = 1.
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Figure 2.9 confirms that € is insensitive to important spectral changes, while the
alternative parameters exhibit the expected decreasing trends with increasing v. In
particular, the parameter Aw/w, exhibits the largest variation. As Aw/w, is defined
solely by the energy distribution around the spectral peak. These parameters will all
be used in Chapters 3 and 4, to assess the performance of narrow-band theoretical
solutions defining the intensity of nonlinear interactions in random sea-states.

In the section that follows the definitions given above are used in the context of
HOSM random sea-state simulations. This focuses on the appropriate initialisation
of the wavefields such that their statistics are in accordance with the properties of a

Gaussian (linear) process also described above.

2.3.2 Generation of an initial linear random wavefield within

HOSM

In Section 2.2.5, it was outlined that the initialisation of HOSM should be based upon
an initial (linear) wavefield specified using LRWT. To achieve this, a set of phases
and amplitudes of the input wave components must be defined. To define the spec-
tral amplitudes, an appropriate representation of the spectrum in the wavenumber
domain, S,,(k), is first required. Following Holthuijsen (2010), the transformation
of a frequency-direction spectrum to a wavenumber spectrum in uni-directional con-
ditions is given by,

SunlK) = Sinle) o = S(w)ey(e), (2.45)

while for directionally spread conditions

Sunlharby) = Sy, ) ) (2.16)
where ¢4 is the linear group velocity and c the linear phase velocity.

An appropriate definition of the input conditions requires the simulated free sur-
face to be an ergodic process. In other words, the statistics arising from a single long
realisation of Equation 2.13 should be the same as the statistics arising from multiple
shorter realisations. In this context, the need for multiple shorter realisations of a

sea-state stems from two competing factors:

1. The need to take into account the rarest of the wave events arising in each sea-
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state. Assuming a sea-state of 3-hour duration, these events correspond to a
probability level of as low as 1073, Unfortunately, these rare or maximum wave
events are susceptible to large sample variability. Hence, a reliable estimation of
their expected magnitude would typically require the simulation of two orders

of magnitude more wave events, i.e. ~ 100, 000.

2. The dimensions of the computational domain, along with the duration of the
HOSM simulations are inevitably restrained by the inherent limitations associ-
ated with the computational resources. As such, a single HOSM simulation will

typically produce a few hundred wave events at a single location in a wavefield.

According to Tucker et al. (1984) the ergodicity of random sea-state realisations
depends upon the way the input amplitudes are treated. Specifically, whether they
are treated as deterministic (Equation 2.14) or stochastic quantities (Equation 2.15).
Tucker et al. (1984) argues that the first approach (deterministic) satisfies the er-
godicity requirement provided that the number, N, of wave components used in the
summation of Equation 2.13 is sufficiently high, N — oo. In contrast, the second ap-
proach (stochastic) is inherently valid, regardless of the number of wave components
employed. However, how high N should be for the first approach to be valid remains
unclear. To this end, difficulties in guarantying the ergodicity of directional random
wavefields in an experimental context were addressed by Latheef et al. (2017). How-
ever, in an experimental context, the spectral resolutions are typically higher than
what is viable within HOSM, and the problem of ergodicity arises from difficulties
in guarantying the homogeneity. Here, the verification of the ergodicity refers to
one-dimensional records. While the spatial homogeneity within directional HOSM
simulations is verified subsequently in Appendix C in the context of Chapter 4.

To verify the ergodicity property of the initial wavefield within HOSM, linear space
records for a JONSWAP sea-state of v = 2.5 were generated using different spectral
resolutions, combined with either deterministic or random amplitudes. Namely a
number of spectral components were adopted. The number of spectral components
were raised between N, = 128, 256, 512, 1024, 2048 and 4096. Irrespective of
the spectral resolution, the spatial resolution was held constant. In this way, any
differences between the obtained results were unaffected by the sampling rate in
x. To achieve this, the domain length varied such that the ratio N,/L, is held

constant. This also guaranteed that the same maximum resolved wavenumber is
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maintained between all cases; here corresponding to ~ 4f,. In considering these
tests, the number of realisations was varied for the different resolutions in order to
maintain approximately the same number of wave events, and have the same resolved
exceedance probability. Whereas to extract the wave crests, a zero-crossing analysis
was applied to the spatial traces of the free surface along the x axis. Based on this
approach, if the process is ergodic, the crest-height probability of exceedance of the
amalgamated data sets should match the Rayleigh distribution.

Figure 2.10 presents the ratio of the simulated crests to the theoretical or tar-
get Rayleigh distribution, the vertical axis of the plots being much exaggerated but
consistent. Sub-figure (A) corresponds to the random-amplitude approach, whereas
sub-figure (B) corresponds to deterministic-amplitudes. In agreement with Tucker
et al. (1984), the ergodicity property for the deterministic-amplitude approach is not
guaranteed if the spectral resolution is not sufficiently high. For example, the crest
heights can be underestimated by as much as 5% at a probability level of 102 for
N, < 512. In contrast, the random-amplitude approach remains valid irrespective
of the spectral resolution. To this end, the present results are informative for prac-
tical applications and can be extended to other wave models/approaches if short
duration random records are to be generated and amalgamated. In the subsequent

investigations of Chapters 3 and 4 random amplitudes will be used throughout.
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F1GURE 2.10: Crest-height probability of exceedance distribution normalised with respect to the
Rayleigh prediction, n./ng, for a JONSWAP sea-state with v = 2.5, T, = 10s and d = 125m
arising from initial wavefields within HOSM obtained using LRWT. (A) random amplitudes and (B)
deterministic amplitudes: (====) N,=4096, (====) N,=2048, (==-=) N,=1024, ( ) Ny=512,
(-===) N;=256, (----) N,=128.
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Furthermore, the appropriateness of the adopted discretisation within HOSM
needs to be further verified with respect to the estimation of the initial statistical

moments of skewness, A3, and kurtosis, A4, defined by:

E[n? En?
s = [Z ] Ay = [Z ]7 (2.47)
Uﬁ 077

These parameters are widely used for the estimation of nonlinear effects in random
seas and will be utilised throughout this thesis. Hence, the accuracy with which they
are captured within the initial wavefields needs to be verified.

To this end, Figure 2.11 presents the average value of the two statistical param-
eters as a function of the normalised number of realisations, /N4, with random
amplitudes in all cases. While the different lines refer to different spectral resolutions
and consequently different domain lengths, the results demonstrate that the average
values for both moments are converged in terms of the number of realisations in all
cases. However, whilst the skewness meets the target value of zero irrespective of
the domain length, the kurtosis is underestimated with decreasing domain length.
However, it converges to within ~ 1.5% of the target value of 3 for N, > 512.

Based on these results, it was decided to use a resolution of N, = 1024 for uni-
directional (1D) and N, = 512 for directionally spread (2D) sea-state simulations.

The latter resolution was chosen as a compromise between statistical reliability and
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computational demand; directional simulations being computationally more demand-
ing than uni-directional simulations.

In accordance with Gramstad et al. (2018), it was clear that the spectral band-
width affected the convergence of the kurtosis. To address this, in all cases relevant
to the present thesis, the selected resolutions yield an initial kurtosis that deviated
from the target value by a maximum of 3.5%. Interestingly, the present results re-
veal that the majority of previous relevant studies adopted inadequately long domain
lengths for the reliable estimation of kurtosis. This is particularly relevant to Toffoli
et al. 2008b (91,), Toffoli et al. 2008a (91,), Toffoli et al. 2009 (121,), Toffoli et al.
2010a (91,,).

2.3.3 Nonlinear crest-height models
Second-order crest-height modelling

Numerous studies have considered corrections to the Rayleigh distribution to account
for second-order bound-wave nonlinearities. Perhaps the most notable early work on
this subject was the model devised by Tayfun (1980) for narrow-banded deep-water
sea-states. Following on Marthinsen & Winterstein (1992), Tayfun (2006), Fedele &
Arena (2005), Fedele & Tayfun (2009) and Arena & Ascanelli (2010) (amongst others)
seek to account for finite water depth, directional spreading and finite bandwidth.
Nonetheless, the most commonly used second-order model and the one incorporated
into international standards was proposed by Forristall (2000). This was derived
on the basis of long-random simulations using SORWT, for both uni-directional and
directionally spread JONSWAP spectra. This model defines the probability of a crest

height, 7., exceeding a threshold 7 as,

B
Q) = Pl > 1) = exp [— (o7 ] (2.9

with o and /3 given by,

a = 0.3536 + 0.28925; + 0.1060Ur

(2.49)
B =2 —2.15975; + 0.0968U7*
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for uni-directional sea-states and by,

a = 0.3536 4+ 0.2568S5; + 0.08Ur

(2.50)
f=2—1.79125; — 0.5302U7 + 0.284Ur*

for directionally spread sea-states. In the above expressions, the sea-state severity is
taken into account by the steepness parameter S; which is given by,

_27&

Sy = with Ty =272, (2.51)

; T my
and depth-dependence is expressed through the Ursell parameter, Ur,

H;

UT’:W,

(2.52)

where k; is the wavenumber corresponding to 7} and d is the water depth.

It is noted that in the latest work of Arena & Ascanelli (2010) very good agree-
ment was demonstrated between their theoretical results and the fitted model of
Forristall (2000) for uni-directional and directionally spread sea-states. In this the-
sis, the Forristall (2000) model is adopted as the appropriate second-order model due

to its simplicity and engineering relevance.

Higher-order crest-height modelling

In the case that higher than second-order nonlinear effects are non-negligible, the
crest-height distribution can no longer be based upon the SORWT. Evidence of this
is provided in the laboratory data of Latheef & Swan (2013), Latheef et al. (2017)
and Karmpadakis et al. (2019a). To address such cases, Tayfun & Lo (1990), build-
ing upon the work of Longuet-Higgins (1963), described the statistics of the wave
envelope retaining terms up to third-order in Gram-Charlier series expansion. While
following Tayfun & Fedele (2007) expressed the crest-height probability of exceedance
as,

Q(EH,) = P(n. > £H,) = exp(—8&)[1 + A& (45 — 1) (2.53)

where,

€=+ 218, (2.54)
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Equation 2.54 defines the second-order crest-heights normalised by the Hy, following
the second-order theory of Tayfun (1980). While the term in the square brackets in
Equation 2.53 models the third-order correction to the estimated exceedance proba-
bility according to the Gram-Charlier series. As such, the crest-height probability of
exceedance depends upon the parameters p and A. The parameter p is a steepness

parameter defined by,
4= Aao/3, (2.55)

while A is given by,
A = Ao + 299 + Aoa. (2.56)

In the above expressions, \,,, refer to the normalised joint cumulants of 1 and 7,

the latter representing the harmonic conjugate of n, and are evaluated according to,

E m AN
/\mn:M, for m+n=3
O—m n
K (2.57)
E m AN
Amn = M +(-1)"*(m—-1)(n—1), for m+n=4
O—m n
7

As such, the Az joint cumulant coincides with the skewness parameter (\3).
While A4 describes the excess kurtosis or Ay — 3. In the discussion that follows,
the excess kurtosis will hereafter be simply referred to as the kurtosis, replacing the
earlier definition in Equation 2.47 and used to reflect the effect of nonlinearity beyond
second-order.

Based on the above, to apply the model of Equation 2.53 it is necessary to have an
estimation of the normalised joint cumulants of the free surface. These are typically
obtained from time histories of the free-surface elevation or theoretical predictions.
For the latter case, the narrow-band limit of A is often used denoted with A,,,, and
it is given by Ay, = 8A\4/3. As it depends only upon Ay for which theoretical
predictions are available.

Finally, more recently, Karmpadakis & Swan (2022), as yet unpublished, have
proposed a crest-height model that includes the effects of higher than second-order
nonlinear interactions and the effect of wave breaking; the latter becoming crucial
as the sea-state steepness increases and the effective water depth reduces.

Specifically, within this model, wave nonlinearity is taken into account based

on the correction of the linearly predicted crest heights n{! based on the Rayleigh
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distribution. The second-order correction, 77£2), is taken into account based on the
theory of Tayfun (1980) and Tayfun (2006). While higher-order nonlinearity is taken
into account as a correction to the second-order nonlinearity. The higher-order cor-
rection was calibrated empirically based on the departures of recorded crest-height
distributions for non-breaking sea-states from the second-order predictions. Finally,
a wave-breaking correction factor was calibrated based on the departures of breaking
sea-states from the higher-order predictions.

The data used in the calibration of the model include experimentally generated
sea-states of increasing steepness for k,d > 1 and a subset of relatively severe (break-
ing) sea-states in k,d ~ 0.5 recorded in the Southern North Sea. The model predic-
tions depend upon the Ursell number, Ur, and the deep-water steepness parameter
S1, similarly to the Forristall (2000) model. As such, the predictions do not de-
pend upon the directional spreading. While the spectral bandwidth is considered
indirectly in the evaluation of Ur and S; through the wave period 7.

Based on the above, the Karmpadakis & Swan (2022) model gives:

Q(5H5> = P(nc > 5H3> = exp(—8£§), (258)

where

€=(§)+7§)+H)-fbr

= (% + 208 + k&) * fur-

NL
"

(2.59)

In the above expression, the terms in the parenthesis define the higher-order
predictions, which are corrected for breaking through fy,., i is given by Tayfun (2006)
and k is a sigmoid function depending on u. The breaking factor is defined by
for = (A& + B) with A and B depending on Ur and S;. The functional form of
k, A and B can be found in Karmpadakis & Swan (2022). Importantly, f,. differs
from unity (or in other words breaking is activated) when p is greater than 0.065.
Or equivalently when the estimated skewness A3 is greater than 0.195. Likewise,
when p = 0 (small steepness) the Rayleigh distribution is recovered. Finally, further
review material on additional existing methods for nonlinear crest-height predictions

is provided in Chapter 5.
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2.4 Summary

1. This chapter has provided a coherent review of nonlinear interactions arising
at a second-order in wave steepness and above; specifically highlighting the

importance of resonant and near-resonant interactions.

2. Building upon these considerations, an appropriate wave model for incorporat-
ing such interactions was sought; the Higher-Order Spectral Method (HOSM)
identified as the most appropriate choice. In making this choice, the perfor-
mance of HOSM in modelling such interactions in a random sea-state setting

was verified.

3. Important considerations with regards to the appropriate selection of inputs
within HOSM were also investigated. Specifically, it was demonstrated that high
spectral resolutions need to be used with a deterministic amplitude approach
to ensure that the free surface is ergodic. As a result, random amplitudes will

be used in the Chapters that follow.

4. Finally, it was shown that the kurtosis of the free surface can be significantly
underestimated if the computational domain length is not sufficiently long.
Based on these considerations, the spectral resolution was set to consist of a

minimum of 512 components.
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Statistical properties of

uni-directional sea-states

The present chapter presents a numerical investigation, using HOSM, of the role of
near-resonant and bound-wave interactions in determining key statistical properties
of uni-directional sea-states with a realistic bandwidth. Specifically, the purpose of

the chapter is threefold:

1. To establish how the various nonlinear wave-wave interactions affect the short-
term crest-height distribution, with a particular focus on the largest waves. In
this regard, it will explore the effect of key sea-state characteristics, such as

the sea-state steepness, effective water depth and spectral bandwidth.

2. To explore the applicability of existing theoretical narrow-band solutions for
the statistical moments of skewness and kurtosis. As highlighted in §2.3.3,
these moments are inherently connected to the nonlinear interactions arising in
random wavefields and are used to obtain higher-order crest-height predictions.
Therefore, assessing the applicability of these solutions in realistic bandwidth

sea-states has important practical implications.

3. To investigate if the statistical moments (skewness and kurtosis) can explain
the nonlinear contributions to the largest crest heights arising in realistic band-

width sea-states.
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3.1 MOTIVATION

The chapter commences in §3.1 with the motivation underpinning the present
study. Subsequently, §3.2 presents relevant previous theoretical, numerical and ex-
perimental works, revealing the limitations of previous studies and highlighting in
more detail the points where the chapter aims to contribute. §3.3 presents the set
of sea-states simulated using HOSM, together with details of the adopted numeri-
cal setup. To ensure confidence in the present results, §3.4 presents a comparisons
between numerically obtained crest-height distributions using HOSM and available
experimental data. The experimental data originate from an extensive range of
experimental facilities operating in various water depths; thereby enabling the vali-
dation of HOSM over the full range of conditions outlined in §3.3. Moreover, in §3.4
the HOSM model is validated against an alternative nonlinear wave model (Hague &
Swan, 2009), comparing the wave profiles of near-limiting (non-breaking) determin-
istic wave groups. Whilst these preliminary validations may seem extensive, they are
considered crucial in establishing the reliability of the adopted method. The main
results of this investigation are then presented in §3.5 and §3.6; the former focusing
on the effect of nonlinear interactions and the latter on assessing the validity of the
theoretical solutions for the statistical moments. Finally, the chapter concludes in

§3.7 with a summary of the main findings.

3.1 Motivation

Janssen (2003) was first to point out the importance of including third-order near-
resonant interactions in the simulation of deep-water random wavefields. He demon-
strated that near-resonant interactions induce a progressive deviation with time (or
space) of the underlying freely propagating wavefield from Gaussianity or linearity.
Notably, he demonstrated that this type of nonlinear evolution takes place over tens
of dominant wave periods, as opposed to the long-term evolution of ocean wave
spectra over thousands of dominant wave periods under the influence of exact res-
onant interactions; the latter evolution traditionally being included in operational
wave forecasting models (Hasselmann, 1962), but the former not. Similar conclusions
were drawn in earlier laboratory studies of quasi-deterministic focused waves, notable
examples including Baldock et al. (1996) for unidirectional waves and Johannessen

& Swan (2001) for directionally spread waves.
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One of the most influential outcomes of the work of Janssen (2003) was that the
intensity of near-resonant interactions arising in narrow-band uni-directional seas
can be estimated based on a single factor referred to as Benjamin-Feir Index.This is
defined as the ratio between the sea-state steepness and the spectral bandwidth, or,
in other words, the ratio of nonlinearity over frequency dispersion.

Furthermore, with the reduction in effective water depth, the waves start to ‘feel’
the bottom, and the intensity of nonlinear interactions increases. At the same time,
the waves become less dispersive, and hence the wave components interact for longer
times. In considering finite-depth effects, the work of Janssen & Onorato (2007) has
revealed that, as the effect of frequency dispersion attenuates with reducing effective
water depth and under the presence of long-wave components resulting from second-
order wave-wave interactions, near-resonance leads to the defocusing of the wave
energy for k,d < 1.363. In this respect, Janssen & Onorato (2007) found that this
defocusing mechanism has a direct consequence on the value of the kurtosis of the
underlying free waves, which was found to progressively reduce below the linearly
predicted value. This observation is in direct contrast to the behaviour of the kurtosis
in deep water, and is at odds with the laboratory observations reported by Baldock
& Swan (1996).

A possible explanation for this lies in the fact that both the works of Janssen
(2003) and Janssen & Onorato (2007) were restricted to narrow-banded Gaussian-
shaped spectra. Consequently, the presence of a high-frequency tail relevant to re-
alistic JONSWAP spectra could disrupt the above behaviour. This arises because the
effect of frequency dispersion is enhanced, and because it imposes the different wave
components to lay in different effective water depths.

The present study aims to fill exactly this gap: to explore the relevance of the
findings of Janssen (2003) and Janssen & Onorato (2007) to realistic bandwidth sea-
states; particularly focusing on identifying the role of near-resonant interactions on
the formation of the largest waves. In addition, it aims to assess the equivalent effect

of bound-wave interactions.
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3.2 Relevant previous works

3.2.1 Numerical and experimental investigations
Deep water

The role of near-resonant interactions in realistic bandwidth sea-states was tackled
experimentally by Stansberg (1994) and latter by Onorato et al. (2004). Both studies
revealed a characteristic increase of the kurtosis with distance from the wavemaker.
This is in qualitative agreement with the theoretical developments of Janssen (2003).
Subsequently, Onorato et al. (2006) showed that the crest-height distributions from
Onorato et al. (2004) deviated significantly from the second-order predictions. In
accordance with the evolution of the kurtosis, the deviations increased with distance
from the wavemaker. This confirmed that wave nonlinearity above second-order
is likely to play an essential role in the formation of large wave events. This is
directly confirmed by the laboratory observations of Baldock et al. (1996) and the
fully nonlinear numerical calculations of Gibson & Swan (2007); both relating to
deterministic wave groups.

Focusing on crest-height statistics, numerical simulations of uni-directional ran-
dom sea-states of realistic JONSWAP spectra have been conducted by Toffoli et al.
(2008b) using HOSM and by Hadjigeorgiou (2018) using both the Zakharov equation
and HOSM. Whilst, both studies are important in that they demonstrated depar-
tures of the simulated crest heights from second-order theory, they were limited by a
number of factors. First, neither of the above studies addressed the time evolution of
the nonlinear interactions. Moreover, whilst the former study included the full non-
linearity of the problem, separation of the various harmonic contributions was not
attempted. Finally, although the latter study did consider the different nonlinear
terms separately, only bound terms up to second-order were specifically specified.
To this end, the present study aims to fill these gaps by taking into account the
entire nonlinear evolution process and by separating the effect of different nonlinear
interactions.

Furthermore, Onorato et al. (2006) investigated three sea-state conditions, in
which both steepness and spectral bandwidth were changed simultaneously. However,
these two factors could be not equally important in broad-banded sea-states. To this

end, experimental studies conducted by Shemer & Sergeeva (2009), Cherneva et al.
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(2013) and Latheef (2014) have considered sea-states of increasing steepness whilst
maintaining the same spectral shape. However, they either did not consider realistic
spectral shapes (Shemer & Sergeeva, 2009), did not include a statistically significant
number of wave cycles (Cherneva et al., 2013) or considered only a limited range of
evolution distances from the wavemaker (Latheef, 2014). Unfortunately, the same
limitations underpin equivalent studies that aimed to identify the effect of spectral
bandwidth (Stansberg 1994, Shemer et al. 2010).

In the present investigation, the effect of steepness and spectral bandwidth will
be explored separately. In addition, to provide conclusive results, the reduction of
the statistical variability around the most likely maximum crest height arising in a

3-hour sea-state will be addressed.

Finite depth

Previous numerical studies in finite water depth are much less common than in deep
water. Notable works on realistic bandwidth sea-states include those of Mori &
Yasuda (2002), Fernandez et al. (2016), Slunyaev et al. (2016) and Hadjigeorgiou
(2018) all of which adopted HOSM. However, none of the above studies explored the
validity of the Janssen & Omnorato (2007) theory; the nonlinear interactions being
taken into account as a whole.

Moreover, whilst the work of Mori & Yasuda (2002) provided some insights con-
cerning the effect of relative water depth on the values of the skewness and kurtosis,
the numerical simulations suffered from (1) the lack of statistical significance due
to a very limited number of simulated wave events (~ 300) and (2) the adoption
of deterministic input amplitudes; which has been shown in §2.3.2 to induce under-
estimation of the largest waves (and kurtosis).

In addition, from the above studies, only Fernandez et al. (2016) considered the
statistics of crest heights. They showed that crest-height amplification beyond the
second-order predictions reduces with effective water depth. However, their analysis
considered a rather limited set of three uni-directional sea-states in k,d € [1.15,1.78],
characterised by a relatively narrow JONSWAP spectrum of v = 6.

Finally, the experimental works of Karmpadakis et al. (2019a) and Gray (2020)
in uni-directional seas have shown that crest-amplifications beyond second-order are

relevant for k,d € [0.88,1.57]. However, with the wave measurements undertaken
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relatively close to the wavemaker (over distances of ~ 1-2[, and ~ 51, respectively),
it is yet unclear if the nonlinear interactions are fully developed.

Before proceeding, it is instructive to complement the above review with an
account, of relevant theoretical works. These works relate to the prediction of the
statistical moments of skewness and kurtosis in various effective water depths. With
these moments indicating the extent of the nonlinear interactions, this account will

offer a better view of the present aims and is presented in §3.2.2.

3.2.2 Analytical uni-directional solutions for the statistical mo-

ments

In considering the relevance of the statistical moments to the present discussion, the
skewness parameter, A3, expresses the degree of vertical asymmetry of the free sur-
face induced by second-order bound contributions (see for example Longuet-Higgins
1963, Tayfun 1980) and it is often used within theoretical second-order crest-height
models (Tayfun 2006, Fedele & Tayfun 2009, Arena & Ascanelli 2010). Interestingly,
following Tayfun (2006), the skewness can be expressed as the summation of the
contributions from the frequency-sum and frequency-difference terms: Az = A\ + 3.

In contrast, the kurtosis parameter reflects how ‘heavy’ the tail of the respective
distribution is. As such, it gives a measure for the likeliness of unexpectedly high
or freak waves in the wavefield. Moreover, the kurtosis contains both a dynamic
part due to near-resonant interactions (see e.g. Janssen 2003, Mori & Janssen 2006)
and a static or bound part that is due to second and, primarily, third-order bound
interactions (see Tayfun & Lo 1990 and Janssen 2009). As such, the total kurtosis

can be expressed as the following summation,
where, A9, refers to the dynamic kurtosis and A4, to the bound kurtosis.

Skewness (\3;) and bound kurtosis (\},)

Marthinsen & Winterstein (1992) and Janssen (2009) have independently derived the
expression for the skewness in the narrow-band limit for finite water depth conditions,

the former based on the second-order theory of Longuet-Higgins & Stewart (1960)
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FIGURE 3.1: Theoretically predicted skewness parameter, A3, for narrow-banded uni-directional
sea-states of steepness u = o,kg = 0.1 against relative water depth kod. The horizontal black

dashed line corresponds to the deep-water value given by A3 = 3u (Mori & Janssen, 2006).

and the latter on the Zakharov equation in its canonical form (with separated free and
bound-wave contributions). These solutions revealed that, similarly to deep-water
conditions (Mori & Janssen, 2006), the skewness depends linearly upon the sea-state
steepness, u = o,k (with ko being the central wavenumber). The functional form of
these solutions is provided in Appendix B.

Figure 3.1 presents the variation of skewness with relative water depth for an
indicative steepness of ;= 0.1, as predicted by both Marthinsen & Winterstein
(1992) and Janssen (2009). This shows a characteristic increase in skewness with
reduction in the effective water depth.

Similarly, Janssen (2009) also derived an analytical expression for the bound
kurtosis, A}, in finite water depth, again based on a narrow-band assumption. In
accordance to the analytical result of Mori & Janssen (2006) concerning deep-water
conditions, it was shown that the bound kurtosis is proportional to the square of
the characteristic steepness; the functional form of the solution being again provided
in Appendix B. The variation of A}, with relative water depth is shown in Figure
3.2. Once again, this exhibits a characteristic increase with reduced relative water
depth. However, in this case, the increase is more rapid owing to the reduced effect

of frequency difference terms.

Dynamic kurtosis (\,)

Janssen (2003) also employed the Zakharov equation to consider the numerical eval-

uation of the dynamic kurtosis and its evolution with time. More specifically, this
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FicURE 3.2: Theoretically predicted bound kurtosis parameter, )\ZO, for narrow-banded uni-
directional sea-states of steepness u = o,ko = 0.1 against relative water depth kod. The horizontal

black dashed line corresponds to the deep-water value given by A\, = 1812 (Mori & Janssen, 2006).

evaluation included a multidimensional integration, in which each near-resonant in-
teraction was weighted by the magnitude of the resonant interaction kernel, Tj; 2 3,
of Krasitskii (1994) (see Equation 2.25). Hence, assuming deep-water conditions
with a narrow-band symmetric spectral energy around a central frequency, wy, the
magnitude of the kurtosis will be governed by the magnitude of the self-interaction
kernel Tpo00 = ki/(27)* (with ko being the wavenumber corresponding to wp).
Based on this approach, Mori & Janssen (2006) showed that in the absence of
spectral energy transfers the dynamic kurtosis in deep water evolves towards the

steady-state value of,

A = \%BF[Q (3.2)

where BFI refers to the Benjamin-Feir Index (originally derived by Janssen 2003):

]f()O'77

ou/wo

BFI =2 (3.3)

with o, being the standard deviation of the assumed symmetrical spectral shape.
For finite-depth conditions the expression of the nonlinear kernel T, is given
by Janssen & Onorato (2007) (see Figure 2.2 and Appendix B) and the finite-depth

version of BF'I, denoted as By, becomes,

2
Cg ) 2 (271') T0707070
4 "
kywowy

B! = BFIa,, a.=—g( (3.4)

Co

where, ¢, is the group velocity, ¢y the phase velocity and wy is second derivative of

wo with respect to k.
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FiGure 3.3: Effect of finite water depth on the Benjamin-Feir Index, expressed as the ratio
Bs?/BFI? for varying kod. The vertical black dashed line marks the theoretical relative water
depth kod = 1.363.

To this end, it is instructive to visualise the ratio Bs?/BFI? with effective water
depth, as this expresses the equivalent variation of the dynamic-kurtosis predictions.
This ratio is shown in Figure 3.3, where the characteristic change of the sign at
kod = 1.363 is revealed, similarly to the magnitude of 7j 0 presented in Figure 2.2.

Taking the variation of the statistical moments as a whole, it is not clear whether
nonlinear interactions would amplify the wave crests in kod < 1.363. As near-
resonant effects and bound contributions seem to have a competing influence. How-
ever, all of this analysis is based on a narrow-band assumption.

In an attempt to account for the effect of spectral bandwidth Fedele (2014) has

derived a bandwidth-corrected solution to Equation 3.2. This is given by,
Nop = Mo+ [1 = 04(0n/ko)?] =

(3.5)
=\ [1 — 1.6(0w/w0)2]

where, oy, is the standard deviation of the wavenumber spectrum and the transfor-
mation to the frequency spectrum (given in the second row of the equation) is based
on o, = 0y /2. This solution indicates that finite-bandwidth effects tend to decrease
the value of the dynamic kurtosis. However, this is at best an approximation and

the extent of the reduction remains to be clarified.

3.3 Test cases and numerical setup

With the aim of the present study being to identify the effects of sea-state steepness

and spectral bandwidth on wave statistics in a wide range of effective water depths,
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TABLE 3.1: Sea-state parameters relating to the study of the effect of sea-state steepness in

uni-directional seas.

Set ‘ kpd[—] ~[=] o0]°] steepness/severity

LH k, [~] = 0.005, 0.019, 0.039, 0.059, 0.085, 0.105
U1 0.87 2.5 0

H,/d[~] = 0.011, 0.044, 0.090, 0.136, 0.196, 0.243

LHk, [~] = 0.005, 0.019, 0.039, 0.059, 0.085, 0.105
U2 1.28 2.5 0

H,/d[-] = 0.008, 0.030, 0.061, 0.092, 0.132, 0.164

%Hsk:p [—] = 0.005, 0.019, 0.039, 0.059, 0.085, 0.105
U3 5.03 2.5

H,/d[~] = 0.002, 0.008, 0.016, 0.023, 0.034, 0.042

the test cases are sub-divided into two parts, details of which are presented in Tables
3.1 and 3.2. Specifically, Table 3.1 presents the cases referring to the effect of sea-
state steepness and Table 3.2 presents those referring to spectral bandwidth.

In considering Table 3.1 the effect of sea-state steepness is identified by incre-
mentally increasing %Hskp, whilst maintaining all other parameters constant. Par-
ticularly, the sea-state steepness starts at %Hsk:p = 0.005 for which LRWT should
hold and extends to %Hskp = 0.105; the latter allowing significant nonlinear interac-
tions to occur, whilst ensuring that the largest waves arising in a 3-hour storm are
non-breaking. In addition, the ratio of significant wave height over the water depth
(Hg/d) is also added in Table 3.1 to represent the effect of finite water depth in the
sea-state severity. In addition, a JONSWAP wave spectrum of v = 2.5 is adopted
throughout; this being a typical value used in engineering design.

Within the present investigation three effective water depths were employed:
k,d = 0.87, 1.28 and 5.03. These allowed the nonlinear interactions in the three dif-
ferent water-depth regimes (k,d < 1.36, k,d ~ 1.36 and k,d > 1.36) to be studied. In
considering these, it should be noted that in the shallowest case (k,d = 0.87) all the
input wave components lay within the transitional water-depth regime; k;d > 0.50,
with 4 referring to the ¥ wave component.

Regarding the second part of the study, to explore the effect of spectral bandwidth
in any given effective water depth, the sea-state steepness was held constant at
%Hskp = 0.105 and the v parameter of the JONSWAP spectrum changed between 1,

2.5 and 5. To gain a complete understanding of the effective water depth, seven k,d
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TABLE 3.2: Sea-state parameters relating to the study of the effect of spectral bandwidth and
relative water depth in uni-directional seas. The cases in parenthesis refer to sea-states already

included in Table 3.1. While the cases with (*) refer to sea-states simulated using 5.000 random

seeds.
Set | SHk,[-] v[-] o9l pd []
U4 0.105 1.0 0 5.03*, 3.50, 2.03, 1.57, 1.28*, 1.02, 0.87*
U5 0.105 2.5 0 (5.03%), 3.50, 2.03, 1.57, (1.28%), 1.02, (0.87%)
U6 0.105 5.0 0 5.03*%, 3.50, 2.03, 1.57, 1.28*, 1.02, 0.87*

values were considered in the range k,d € [0.87,5.03], as shown in Table 3.2.

The numerical setup and relevant parameters used in the HOSM simulations are
presented in Table 3.3. It is noted that each seed was simulated 12 times with
different phase shifts such that the phase manipulation method, outlined in §2.2.6,
could be applied. In addition, space-traces of the different harmonic contributions
were obtained at time instances t/7, = 0, 2, 4, 6, 8, 10, 12, 15, 25, 35, 45, 55, 65, 75,
85, 95, 105, 115 and 125, with a finer time-interval at the beginning of the simulations
to capture any transient development of the nonlinear interactions. In analysing the
generated data, the output amplitude spectra at each time-step were zero-padded to
include 4096 components, or four times the output number of components, and the
free surface reconstructed using an inverse Fourier Transform. In this way the spatial
discretisation was reduced from ~ 25 points per wavelength to ~ 100, ensuring that
the maximum wave crests were accurately captured. This corrects the small under-
estimation of the crest heights with respect to the Rayleigh distribution observed in
Figure 2.10 (A). Further discussion on this approach is given in Appendix C.

The base number of random seeds used throughout this study was 500, ensuring
that at least 50,000 wave events were captured from the ensemble of the free-surface
records. In addition, to reduce the very large variability associated with the expected
magnitude of the largest waves arising in a 3-hour sea state, a subset of cases were

simulated using 5,000 seeds. These cases are denoted with () in Table 3.2.
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3.3 TEST CASES AND NUMERICAL SETUP

TABLE 3.3: Numerical setup of HOSM for uni-directional simulations.

Parameter ‘ Description Value

HOSM parameters

M [—] Order of nonlinearity 5

Ny [—] Number of nodes in x 2048

L./l [-] Normalised domain length 70
Number of nodes in x after

M pad [ ] zero-padding 8192

Ns [—] Number of random seeds 500
Normalised duration of

Tsim /Ty~ simulation 140
Phase shifts used in the 0, 30, 60, 90, 120,

Ace [deg] h ulati thod 150, 180, 210,
phase-manipulation metho 940, 270, 300, 330

Computational resources

RAM[GB] | Memory requirement 24

Nproc [—] Number of processors 1
Processing time (includin

Tyroe [1] g time g .
post-processing)

All 12 HoSM simulations for each seed (corresponding to 12 phase shifts) were
combined in a single simulation routine using a MATLAB wrapper . In this routine,
the phase-manipulation method was also applied, along with the post-processing to
extract the statistical properties of interest. As such, the computational resources
noted in Table 3.3 refer not to a single HOSM simulation, but multiple HOSM simula-
tions including post-processing.

Finally, in the course of the present simulations, the average of the maximum
relative deviation of the total wave energy during the simulation period was < 0.5%
for any given sea-state. While the maximum relative deviation of the total wave
energy in any given seed was ~ 1.0%. Therefore, energy was conserved to a very

high accuracy ensuring the reliability of the simulations.

IMATLAB wrapper referring to a MATLAB routine which calls the HOSM excecutable
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3.4 Validation considerations

3.4.1 Crest-height distributions

Before proceeding to the main results, it is important to validate the adopted HOSM
model. Previous validation studies have focused on numerical convergence and stabil-
ity (e.g. Ducrozet et al. 2007, Bonnefoy et al. 2010). However, this is itself important
but not sufficient. To address this, crest-height exceedance distributions arising from

HOSM will be compared to existing laboratory data.

Data sources

The experimental data employed in this task are presented in Table 3.4. Taken
together, the data originate from a wide range of experimental facilities both at
Imperial College London (1cL) and Queen’s University Belfast (QUB), operating in
different water depths. To distinguish between the different experimental facilities,
a case name is assigned to each sea-state in Table 3.4. Specifically, the case names
starting with ‘ICB’, ‘ICDE’ and ‘QUB’ refer to data obtained at the directional
wave Basin at 1CL, the Double-Ended flume at 1CL and the wide wave tank at QUB,
respectively.

The sea-states used for validation cover the full range of effective water depths
used in the present study (Tables 3.1 and 3.2), ranging from k,d = 0.88 to 3.5; the
latter effectively representing deep-water conditions. Likewise, the selected sea-states
from each experimental study have a steepness as close as possible to the maximum
value of %Hsk:p = 0.105 in Tables 3.1 and 3.2.

Finally, the normalised distance of the measuring gauge to the wavemaker, z¢/l,
(I, being the peak wavelength), is also added in Table 3.4; this is key information
based on which an effective comparison between the HOSM simulations and experi-

mental data can be performed. This is further described below.

Considerations

To achieve effective comparisons between laboratory data and HOSM simulations, it
is vital to consider their difference in the generation/initiation of the wavefields and

the process of nonlinear evolution. Specifically:
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3.4 VALIDATION CONSIDERATIONS

TABLE 3.4: Sea-state parameters of experimental studies used for validating the uni-directional

HOSM simulations.

Case Study Hy[m] T,[s] d[m] ~[-] iHk, kyd g/l
ICB1 McCarthy (2018) 0.066 1.2 1.25 2.5 0.092 3.50 2.1
1CB2 Latheef (2014) 0.105 1.6 1.25 2.5 0.086 2.03 1.1
1CB3 0.066 1.2 0.5 2.5 0.100 1.53 2.0
ICB4 Karmpadakis (2018) 0.090 1.4 0.5 2.5 0.110 1.22 1.6
1CB5 0.116 1.6 0.5 2.5 0.119 1.02 1.3
QUB1 0.120 1.6 0.6 2.5 0.115 1.15 1.2
QUB2 Karmpadakis (2018) 0.089 14 0.4 2.5 0.116 1.05 1.7
QUB3 0.111 1.8 0.5 2.5 0.097 0.88 1.1
ICDE1 0.101 1.4 0.7 2.5 0.113 1.57 4.8
ICDE2 Gray (2020) 0.099 14 0.7 4.0 0.110 1.57 4.8
ICDE3 0.097 14 0.7 6.0 0.109 1.57 4.8

1. In HOSM calculations, the computation starts with initial conditions in the
wavenumber space corresponding to an initial wavefield in the physical space.
While the spatial periodicity of the wavefield ensures spatial stationarity and

homogeneity. Therefore, the nonlinear evolution takes place in time.

2. On the other hand, in a wave tank the simulation starts with a quiescent free
surface, and there is a continuous flux of energy from the wavemaker to the
water. In addition, to avoid the contamination of the wavefield from wave
reflections from the downstream boundary of the tank, energy dissipation is
achieved using wave dissipation mechanisms (for example, beach structures
and or porous-type media). In this setting, the wavefield is homogeneous and
stationary in time, and it evolves with distance from the wavemaker; i.e. the

evolution takes place in space.

In this respect, following the nonlinear Shréndiguer equation (see Shemer & Dorf-
man 2008 and Chabchoub & Grimshaw 2016) to a leading order the link between
the evolution distance (distance from the wavemaker), x = z¢, and the evolution

time, ¢, is provided through the linear group velocity, ¢4, associated to the spectral
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peak: x = ¢, - t. Although this link is based on a narrow-band assumption, Toffoli
et al. (2010a) demonstrated that it holds for realistic bandwidths as well. Hence, it
was adopted in the present investigation.

Moreover, within HOSM an adjustment scheme is used to provide the transition
between the initial (linear) wavefield to a fully nonlinear one, according to Dommer-
muth (2000) (see also Ducrozet et al. (2007)). This scheme is introduced to avoid
the creation of spurious (error) waves due to the mismatch between linear inputs
and the fully nonlinear free-surface boundary conditions. To achieve this, the non-
linear terms in the free-surface boundary conditions (Equations 2.26 and 2.27) are

multiplied by a ramp function, given by,

gltr) = 1 —exp | - (;fi)"} (3.6)

where, tg refers to the simulation time including the ramping of the nonlinear terms,
T, defines the ramping duration and n is a shape parameter. At the beginning of
the simulations, ¢(0) = 0, the free-surface boundary conditions are linear. While as
g increases, g(tg) increases monotonically until it reaches a value of 1.

To provide effective comparisons between HOSM and experimental data, the evo-
lution time, ¢, within HOSM was measured after the end of the ramp function; taken
at the time it reaches a level of 99.5%. Moreover, to avoid any concerns with regards
to the sensitivity of the HOSM results with respect to T,, the simulations were per-
formed using two different ramp-up times defined by T, = 47}, and 67},. In all cases

the shape parameter was set to n = 4, following Dommermuth (2000).

Comparisons

Comparisons between the experimental crest-height exceedance probability distribu-
tions, normalised by the respective H,, and the HOSM simulation results are shown
in Figure 3.4 for the ICB cases with d = 1.25m, in Figure 3.5 for the ICB cases with
d = 0.5m, in Figure 3.6 for the QUB cases and in Figure 3.7 for the ICDE cases.

In all figures, the left column presents the comparisons across the entire proba-
bility of exceedance, with the numerical data obtained using T, = 47,,. Within these
figures, the Rayleigh and Forristall (2000) (2D) distributions have been added for
reference. In addition, in comparing any two distributions based on sampled data,

the inherent effect of sample variability must be accounted for. To achieve this, 95%
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FIGURE 3.4: Comparison between experimentally (ICL basin, d = 1.25m) and numerically (HOSM)
obtained normalised crest-height, n./H, exceedance probability distributions. (A) and (D) show
the full probability distributions, where the HOSM results have been obtained using 7, = 47,,. The
) Rayleigh, (—— ) Forristall (2000), ( ® ) HOSM, ( ® ) experiments,
(——) 95% confidence intervals. (B) and (E) show detailed views marked with a rectangle region in

different lines refer to: (

() and (D), respectively. Where confidence intervals have been added to the HOSM results denoted
with (——). () and (F) present the equivalent detailed views using T, = 67, showing that the

results are independent of Tj,.
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FIGURE 3.5: Comparison between experimentally (ICL basin, d = 0.50m) and numerically (HOSM)
obtained normalised crest-height, n./Hs, exceedance probability distributions. (A), (D) and (G)
show the full probability distributions, where the HOSM results have been obtained using T}, = 47,.
The different lines refer to: ( ) Rayleigh, ( ) Forristall (2000), ( ® ) HOSM, ( ® ) experiments,
(—— ) 95% confidence intervals. (B), (E) and (H) show detailed views marked with a rectangle

region in (A), (D) and (G), respectively. Where confidence intervals have been added to the HOSM
results denoted with (——). (), (F) and (1) present the equivalent detailed views using 7, = 6T,

showing that the results are independent of T,,.
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FIGURE 3.6: Comparison between experimentally (QUB basin) and numerically (HOSM) obtained
normalised crest-height, 7./Hs, exceedance probability distributions. (A), (D) and (G) show the
full probability distributions, where the HOSM results have been obtained using T, = 47,. The
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results denoted with (——). (), (F) and (1) present the equivalent detailed views using 7, = 6T,

showing that the results are independent of T,,.
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FIGURE 3.7: Comparison between experimentally (ICL double-ended wave flume) and numerically
(HOSM) obtained normalised crest-height, 7./Hs, exceedance probability distributions. (A), (D)
and (G) show the full probability distributions, where the HOSM results have been obtained using
T, = 4T,. The different lines refer to: ( ) Rayleigh, (——) Forristall (2000), ( ® ) HOSM, ( ®)

experiments, (—— ) 95% confidence intervals. (B), (E) and (H) show detailed views marked with

a rectangle region in (A), (D) and (G), respectively. Where confidence intervals have been added to
the HOSM results denoted with (——). (¢), (F) and (1) present the equivalent detailed views using
T, = 61}, showing that the results are independent of 7.
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confidence intervals were obtained using the bootstrap method (Efron, 1979) based
on 1000 re-samples of the original data. The confidence intervals of the experimental
data have been added to all the comparisons. In contrast, the corresponding confi-
dence intervals of HOSM simulations have been omitted from left-column figures to
maintain clarity.

On the right hand columns of Figures 3.4, 3.5, 3.6 and 3.7 a detailed view of the
comparisons is provided, focused around a probability of exceedance of @ = 1073;
sub-figures (B), (E) & (H) corresponding to the marked rectangle appearing on the
left hand side plots. The crest heights at this probability level are associated with
the most likely maximum crest height in a 3-hour sea-state (full-scale) and they are
not affected by the very large variability arising in lower probability levels. Hence,
focusing on this area of the crest-height distribution provides both relevant and
reliable comparisons. In these plots, confidence intervals of the numerical data have
also been added for completeness. In addition, below each detailed view of sub-
figures (B), (E) & (H), an identical detailed view is provided in sub-figures (C), (F)
& (I). The numerical data in these latter plots correspond to a ramp function of
T, = 67,; comparisons between the two demonstrating that indeed the results are
not overly sensitive to the ramp function’s length.

Taking the comparisons in Figures 3.4, 3.5, 3.6 and 3.7 as a whole, the agreement
between the experimental data and the HOSM simulations is very good; the differences
between the two lying within the confidence intervals. More specifically, the average
relative error ! at the wave crest arising at Q = 107? is 1.5% for T, = 47, and 2.3%
for T, = 67,. The maximum error is observed in QUB3 using 7, = 67, and equals
5.8%, whereas the corresponding error for T, = 47}, is 5%.

In interpreting the quality of the comparisons it should be stressed that whilst
every effort was made to ensure the quality of experimental data (Latheef 2014, Mc-
Carthy 2018, Karmpadakis 2018 and Gray 2020), there are inevitably some limita-
tions induced by (1) the wavemaking process, which is based on a first-order demand
signal and (2) the level of wave absorption from the downstream wave dissipation
boundary (beaches/porous media). The first limitation can potentially lead to the

creation of unwanted freely propagating spurious waves. In addition, the second ef-

1 . ,r]H()SJM _peer
the error has been calculated according to QW—
c c
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fect can lead to the contamination of the wavefield with reflected waves. With the
nonlinear interactions being more intense as the effective depth reduces, particularly
the second-order difference terms, the first limitation is expected to affect the shal-
lower cases more (Aknin, 2015). Regarding the second limitation, in the 1CL facilities
the wave reflections are typically below 5% (Masterton 2007, Gray 2020) and in the
QUB facility below 7% (Karmpadakis, 2018). With the wave energy channelled in
one direction in the present uni-directional sea-states, the level of wave reflections
is expected to be higher in the present uni-directional sea-states, when compared
to directional ones. Considering all the above factors, the discrepancies between

experimental data and numerical data are within the expected range.

3.4.2 Near-limiting deterministic wave groups

Whilst the above validation is essential to demonstrate the reliability of the crest-
height distributions obtained using HOSM; they do not provide information on the
individual wave profiles. This is addressed in the present section which provides ad-
ditional validation cases to ensure that HOSM captures the nonlinear physics correctly
on a wave-by-wave basis. These cases refer to the comparison of fully nonlinear wave
profiles of deterministic wave groups obtained using HOSM and an alternative fully

nonlinear numerical wave model.

Multiple-Flux Boundary Element Method

The alternative wave model used to validate HOSM is based on the Boundary Element
Method (BEM). The BEM makes use of the so-called Green’s second identity and
solves the water-wave boundary value problem in the physical space, an approach
first proposed by Grilli et al. (1989). In particular, the model developed by Hague
& Swan (2009) is employed here. This offers a special treatment for the so-called
‘corner problem’ ! relevant to BEM applications. In tackling this problem, Hague
& Swan (2009) make use of a Multiple-Flux approach. Hence, it will hereafter be
referred to as MFBEM. For more details on the numerical implementation of MFBEM,

the reader is referred to the original work of Hague & Swan (2009).

IThe corner problem refers to the non-uniqueness of the outward potential flux at the corners
of the computational domain.
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The MFBEM model presents a numerical equivalent to a physical wave-flume, as
the boundaries of the computational domain act similarly to the physical boundaries
in an experimental setting. More specifically, they consist of (1) a wave-generation
boundary, (2) an impermeable bottom boundary, and (3) a wave absorption bound-
ary enhanced with an absorbing sponge layer in front to minimise wave reflections.

Within the present simulations, the numerical stability of MFBEM was ensured
with the selection of an appropriate combination of spatial spacing, Az, and time-
step, At, such that the usual Courant number condition (see Grilli et al., 2001) is
satisfied. In addition, the combination of a sponge layer of substantial length (4[,)
and a Sommerfield radiation condition at the downstream boundary ensured the

effective absorption of the incident wave energy.

Details of simulations

In determining the inputs for the numerical wave-groups, the input amplitude spec-
trum was defined according to the theory of Lindgren (1970), Boccotti (1983) and
Tromans et al. (1991). As such, it is proportional to the spectral energy of the as-
sumed sea-state, here characterised by a JONSWAP spectrum with v = 2.5. The input
phases were adjusted such that all wave components came into focus at a predefined
focal location and time under the effect of linear dispersion. Using this type of input
in a linear simulation, the wave profile with the maximum elevation coincides with
the most likely shape of a large wave event arising in a linear random sea-state. It,
therefore, follows that the present simulations account for the nonlinear ‘correction’
to these incident wave events.

For the present comparisons three effective water depths are addressed (k,d =
0.87,1.28 and 5.03) and two (linear) steepnesses (Ak, = 0.08 and 0.18, A defining
the linear sum of the input amplitudes). The first steepness refers to wave groups
of moderate nonlinearity, while the second refers to highly nonlinear near-limiting
wave groups. For the first steepness, the evolution (or focus) time within HOSM was
set to ty = 207, and for the second steepness two evolution times were considered,
t; = 207, and 407,. Comparisons between these cases aiming to address the effect
of nonlinear evolution time. In all cases T, was set to 47},; the choice of T, again
found to not affect the results.

Following the discussion in the previous section, the evolution time within HOSM
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is linked to the focus location within MFBEM according to the group velocity of the
spectral peak. Therefore, the focus location is xy = 10, 14, 16.3l, for t; = 207,
and xzy = 20, 28, 32.6, for t; = 407, in k,d = 5.03,1.28 and 0.87, respectively.
With the different cases including different focus locations, z¢, the domain length
within MFBEM was defined according to xy. Hence, the computational resources
used in the simulations varied between cases. Notably, with the computational re-
quirements scaling according to O(n?) (with n being the number of computational
nodes) the longest MFBEM simulations required more than two days of computation
time. Finally, the parameters of the adopted numerical setup within the MFBEM are
summarised in Table 3.5. Whereas the numerical setup within HOSM is presented in

Table 3.3.

TABLE 3.5: Numerical setup of MFBEM simulations used for validating HOSM.

Parameter ‘ Description Value
Number of free-surface nodes in x per

l,/Az [—] | wavelength corresponding to the 80
spectral peak period T,

d/Az [—] Number of vertical nodes (in z) 20-50

T,/dt [—] Number of time-steps per peak period 200

Lsponge [—] | Length of sponge layer 41,

Lgomain|—] | Domain length xf + 2lp + Lsponge

Comparisons between HOSM and MFBEM

The space-traces, n(z), at the time of the maximum elevation and the envelope of
the maximum elevation any time in the computational domain (both normalised
with respect to the input amplitude sum, A) arising from the two wave models are
compared in Figures 3.8 (Ak, = 0.08, ty = 207,,), 3.9 (Ak, = 0.18, t; = 207},) and
3.10 (Ak, = 0.18, ty = 407,). Each figure contains three sub-plots referring to the
three different effective water depths, k,d = 5.03, 1.28 and 0.87 from top to bottom.

In considering these figures, the agreement between the two models is very good
in all cases; both the maximum crest elevation and any wave asymmetries are in
close agreement. Considering the results in more detail, for the lowest steepness
cases (Figure 3.8), the wave traces and maximum elevation profiles are nearly sym-

metric. This arises because changes in the dispersive properties due to near-resonant
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interactions are not significant. Likewise, any crest amplification due to the combi-
nation of near-resonant and bound-wave interactions remains less than ~ 5% in all
cases.

For the higher steepness cases (Figures 3.9 and 3.10) the asymmetries are more
pronounced due to the effect of nonlinear dispersion. Interestingly, in the two deepest
cases the nonlinear interactions lead to crest-amplification by as much as ~ 20% in
k,d = 5.03. In contrast, the opposite is the case for the shallowest wave groups in
k,d = 0.87. This reduction is in line with insights gained from Katsardi & Swan
(2011) on uni-directional deterministic wave-group evolution in this water depth.

This explains the defocusing effect in terms of the near-resonant interactions.

3.5 Effect of nonlinear wave-wave interactions on the

statistics of uni-directional random wavefields

Having established the accuracy of the HOSM simulations, this section presents the
results of the main investigation regarding the crest-height statistics in unidirectional

nonlinear sea-states. Specifically:

1. §3.5.1 some additional verification of the random wave simulations and the
effect of the ramp function on the nonlinear evolution. In the earlier validation
sections of this chapter, it was shown that the crest-height statistics obtained
for short evolution times are not particularly sensitive to the length of the ramp
function. Nonetheless, with the aim of the main investigation being to study
the effect of nonlinear interactions for longer evolution times, it was considered
necessary to verify that the results which follow are indeed independent of the

chosen ramp function.

2. §3.5.2 presents the effect of nonlinear evolution on the statistical properties of
random wavefields in different effective water-depth regimes; the focus being

on the crest-height statistics.

3. Following, §3.5.3 concerns the role of sea-state steepness on the different non-

linear interactions.

4. Finally, §3.5.4 provides an account of the effect of spectral bandwidth.
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vation, n/A, at the time of maximum crest elevation between HOSM ( ) and MFBEM ( © ) for
(linearly) focused wave groups of steepness Ak, = 0.08. The variation in the maximum surface ele-
vation in the computational domain at any time is also shown with (— — ) for HOsM and (— — )
for MFBEM. Sub-figure (a) for k,d = 5.03, (B) for k,d = 1.28 and (¢) for k,d = 0.86. The evolution
time within HOSM is ¢ty = 207},. The horizontal axis is centred at the location of maximum elevation,
and it is normalised by the peak wavelength [,. Note that every fourth data point of the MFBEM

simulations is plotted to maintain clarity.
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FIGURE 3.9: Comparison of the fully nonlinear normalised spatial profile of the free-surface ele-

vation, /A, at the time of maximum crest elevation between HOSM ( ) and MFBEM ( © ) for
(linearly) focused wave groups of steepness Ak, = 0.18. The variation in the maximum surface ele-
vation in the computational domain at any time is also shown with (— — ) for HOSM and (— — )
for MFBEM. Sub-figure (A) for k,d = 5.03, (B) for k,d = 1.28 and (¢) for kpd = 0.86. The evolution
time within HOSM is ¢y = 207},. The horizontal axis is centred at the location of maximum elevation,
and it is normalised by the peak wavelength [,. Note that every fourth data point of the MFBEM

simulations is plotted to maintain clarity.
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FIGURE 3.10: Same as Figure 3.9, but for evolution time ¢y = 407}, within HOSM.
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3.5.1 Preliminary considerations

As mentioned above, this section presents preliminary results regarding the nonlinear
evolution of the statistical properties of random wavefields. For this purpose, JON-
SWAP sea-states with v = 2.5 were employed; the effective water depths defined by
k,d = 0.87, 1.28 and 5.03, corresponding to the three different water-depth regimes
identified in §3.2. In performing these simulations, two sea-state steepnesses were
selected, %Hskrp = 0.005 and 0.105; the former representing a linear sea-state and
the latter the steepest of the cases in Table 3.1. To explore whether the duration of
the ramp function affects the nonlinear evolution process, 4 different ramp functions,
defined by T, = 4, 6, 8 and 107, were adopted.

Within these simulations, the freely propagating or dynamic part of the free
surface was isolated using the phase-manipulation method (§2.2.6). To this end,
the term ‘free waves’ will hereafter refer to the part of the free surface affected by
third-order quartet near-resonant interactions; the free-wave energy associated with
triad or quintet interactions being orders of magnitude smaller (§2.2.6). With the
various nonlinear effects having been separated, the statistical moments of dynamic
kurtosis, bound kurtosis and skewness were calculated at each time-step, once the
initial ramping of the nonlinear terms ended !. In all cases, the time evolution of the
ensemble-averaged (over 500 seeds) values was obtained.

To begin, the evolution the dynamic kurtosis for both sea-state steepnesses is
shown in Figure 3.11, where ¢ = 0 signifies the end of the ramp function. Considering,
first, the smallest of steepnesses (%Hskp = 0.005), any nonlinear effects should be
absent and the dynamic kurtosis should be zero during the entire duration of the
simulation. This is exactly the case, as shown in Figure 3.11 (A). This confirms that
any non-zero values for simulations of higher steepness will indeed be due to nonlinear
evolution. The equivalent results for %Hsk:p = 0.105 are presented in Figure 3.11 (B).
In this case, the dynamic kurtosis is shown to converge to the same steady-state
value irrespective of the length of the ramp function. However, this is not the case
for the initial stages of nonlinear evolution, a close-up shown in Figure 3.11 (c). For
small times the results are shown to differ for different ramp-up durations; this is

clearly a non-physical feature.

Tn §3.4 it was noted that that the end of ramp was defined as it having reached a level of 99.5%

117



CHAPTER 3: STATISTICAL PROPERTIES OF UNI-DIRECTIONAL SEA-STATES

0.6 - 0.6 — 1 02

0 0-5 T 0.5 ¢ 0:1 ;
— 04 — 0.4+ 0
= 0.3 = 03¢+ 0.1
5 02 5 02} 02
201 12 01y :o:Q\H
5 0 —= S 0r 0 5 10 15 20 25
2 -0.1 { = -0.1}
g 0.2 L 0.2 (©)
£ 03 503N
g 04 S 04}
Q.05 Q05 t

0.6 S S S S— 0.6 S S S S S

0 20 40 60 80 100 120 0 20 40 60 80 100 120
Normalised time, t/T, [—| Normalised time, t/T, [—]

(a) (B)
FIGURE 3.11: Temporal evolution of the ensemble-averaged dynamic kurtosis for different ramp
function lengths in uni-directional sea-states with v = 2.5. (A) for %Hsk‘p = 0.005 and
(B) for 1H.k, = 0.105. (c) is a detailed view of (B) covering ¢ € [0,25]T,. The lines
( / / / ) refer to kyd = 5.03, ( / / / ) to kpd = 1.28 and
( / / / ) to kpd = 0.87; the different colour shades corresponding to T, = 4,6, 8

and 107}, respectively. The horizontal time axis is normalised by the spectral peak period.

In interpreting this observation, it is instructive to visualise the shapes of the ramp
functions. These are shown in Figure 3.12 (A). It is observed that as the length of
the ramp function increases, the portion of time at which the ramp operates at high
levels (closer to unity) increases. This means that there is inevitably more evolution
taking place within the ramp function as the ramping lasts for longer. Hence, at the
end of ramping time, the nonlinear evolution for different T, is different.

In seeking to accommodate for this effect, an effective evolution time can be
calculated based on the shapes of the ramp functions. To achieve this, the ramp
functions were centred at the point at which they reach a level of 50%, as shown
in Figure 3.12 (B). Subsequently, an effective evolution time for the longer ramp
functions was calculated by treating the end of the shortest ramp (7T, = 47},) as a
reference and measuring the time interval, ¢y, between the end of the longer ramp
functions and this reference point. This distance, denoted with to 5 (N =1,/7},) in
Figure 3.12 (B), equals 1.2, 2.4 and 3.67, for T, = 6, 8 and 107, respectively.

In accounting for this effective initial nonlinear evolution, Figure 3.13 presents
comparable plots to Figures 3.11(B) and 3.11(¢), but this time the numerical results
incorporate an initial time-shift ¢y ;. These results show that the evolution is almost
identical for different T, values, confirming that the results are indeed independent
of the choice of T,, provided the starting evolution time (at the end of the ramp

function) is accounted for.
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FIGURE 3.12: (A) The shape of ramp functions for T, = 4,6,8 and 10 denoted with

( / / / ) respectively. (B) The ramp functions centred at the time they reach
a level of 50%. An effective evolution time, tg, is defined geometrically as the time-distance from
the end of the longer ramp functions (T,/T, = 6,8 and 10) to the end of the shortest function of
T, = 4. Tt is noted that the time axis in these plots refers to the ramping time ¢tz and the start of

the evolution time ¢ is defined at the end of ramp.

Additionally, it should be noted that, in theory, for ¢ = 0, no nonlinear evolution
should take place, hence the dynamic kurtosis should be zero. In observing Figure
3.13 (A), this is indeed the case for k,d = 5.03, but not for the shallower cases
of kpd = 0.87 and 1.28. To correct this, the length of the ramp function could be
reduced further. However, noting the work of Dommermuth (2000) on regular waves,
a very short ramp function could result in the generation of unwanted spurious waves
that can disrupt the entire simulations.

To identify whether the length of the ramp function could be further reduced
or (even) be eliminated, ramp function lengths of 7, = 0 (no ramp), 27, and 47,
were employed to generate random free surface records in k,d = 0.87 and 5.03.
A two-dimensional Discrete Fast Fourier Transform (2D-FFT) was then applied
to the harmonic contributions of these records spanning in the time-interval ¢ €
[0,507,); this interval marking the initial stage of evolution, where any spurious
effects are expected to be more pronounced (Perignon et al., 2010). In undertaking
these calculations, a Tukey window (Bloomfield, 2004) was applied in the time-axis

before evaluating the 2D-FFT. This accounts for the non-periodicity of the signal.
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FIGURE 3.13: Temporal evolution of the ensemble-averaged dynamic kurtosis for different ramp

o

function lengths in uni-directional sea-states with v = 2.5 and %Hskp = 0.105. The results and
colour reference is identical to Figures 3.11 (B) and (¢), but this time the effective initial evolution
time of tg = 1.2,2.4,3.67}, for T, = 4,6,8 and 10, respectively, is incorporated in the plotting

position.

To reduce the number of figures, only the results of the second-harmonic are dis-
cussed as follows. This harmonic was chosen because it was found to contain the
highest portion of spurious waves. The resulting frequency-wavenumber energy spec-
tra (3a?) of the second-harmonic are shown in Figure 3.14. The results indicate that
for T, = 0 significant spurious free-wave energy, laying around the linear dispersion
line, is detected in both effective water depths. For T, = 27}, this energy is reduced
(especially for k,d = 5.03), but remains present. While it is eliminated for T}, = 47,
for both cases. The conclusions arising are therefore: (1) T, cannot be reduced below
4T, without including spurious wave generation and (2) the choice of T}, = 47, is the
shortest adequate ramp function .

To complete the verification of the simulations, the rest of the statistical moments
should be considered as they contain information of additional interactions not in-
cluded in the dynamic kurtosis To this end, Figure 3.15 presents the evolution of
the skewness and bound kurtosis corresponding to the simulations outlined in Figure
3.13. In addition, the same initial time-shift as in Figure 3.13 has been applied. The
results for the different ramp functions again overlap for the entire time record, high-

lighting once more the success of the time-shifting procedure and the independence

Tt is noted that using an intermediate value of T, = 3T}, spurious waves were still present; the
results being omitted for brevity.
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FIGURE 3.14: Contour plot of the spectral energy (%aQ) of the second-harmonic for different ramp-
function lengths, for sea-states with v = 2.5 and %Hskp = 0.105. Left column for k,d = 0.87 and
right column for k,d = 5.03. (A)-(B) for T, = 0, (¢)-(D) for T, = 4T, and (E)-(F) for T, = 67T,,.
The line (
correspond to integer multiples of the linear dispersion relation of 2, 3 and 4 respectively.

) corresponds to the linear dispersion equation, while the lines (— — /=== /—+ =)
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FIGURE 3.15: Temporal evolution of the ensemble-averaged (A) skewness and (B) bound kurtosis
for different ramp function lengths for uni-directional sea-states with v = 2.5 and %Hskp = 0.105.
The lines ( / / / ) refer to kpd = 5.03, ( / / / ) to kpd = 1.28
and ( / / / ) to kpd = 0.87; with the different colour shades corresponding to
T, = 4,6,8 and 10, respectively. Note that in (A) the skewness, A9, of the dynamic part of the free

surface is also added for all water depths and corresponds to the horizontal lines at A3 = 0. In both

cases the horizontal time-axis is normalised by the spectral peak period.

of the results with respect to the length of the ramp function.

An additional verification point is included in Figure 3.15(A), relating to the
skewness parameter of the free waves (A?). Given that the separation of the har-
monic contributions is valid, this skewness should be zero throughout the simula-
tions. Figure 3.15(A) shows that this is indeed the case; confirming the accuracy of

the simulations and the phase manipulation method.

3.5.2 Influence of effective water depth

This section explores how the crest-height statistics are affected by the nonlinear

evolution in different effective water depths; particularly focusing on:
o the effect of evolution time on the crest-height distribution,

o the relative importance of near-resonant interactions vs bound-wave contribu-

tions at second-order and above on the crest heights, and

o the required number of simulated wave cycles for the reliable estimation of the
expected crest height (and its underlying nonlinear contributions) at a proba-
bility of exceedance of @ = 1073; the latter corresponding (approximately) to

the most likely maximum crest height in a 3-hour sea-state.

122



3.5 EFFECT OF NONLINEAR WAVE-WAVE INTERACTIONS ON THE STATISTICS OF
UNI-DIRECTIONAL RANDOM WAVEFIELDS

Time-evolution of the crest-height distribution

Figure 3.16 presents the normalised crest-height, 7./ H,, exceedance probability dis-
tributions corresponding to the three nonlinear sea-states employed in the previous
section, characterised by %Hskp = 0.105; each sub-figure corresponding to a dif-
ferent evolution time and containing results for all three effective water depths of
k,d = 0.87, 1.28 and 5.03. The selected evolution times refer to ¢t = 0 (sub-figure
(A)), t = 4T, (sub-figure (B)) and ¢ = 55T, (sub-figure (¢)) *. These cover the initial,
transient and steady-state part of the nonlinear evolution of the statistical moments
as presented in Figures 3.13 and 3.15.

To assess the extent to which nonlinearity as a whole affects the crest heights, the
(linear) Rayleigh distribution has been added in all sub-figures for reference. While
the predictions of the widely used second-order crest-height model of Forristall (2000)
have also been added to assess its performance. To this end, it should be stressed out
that Forristall (2000) takes into account solely the effect of second-order bound terms
in the absence of nonlinear evolution. Hence, whilst the Forristall (2000) predictions
are influenced by the effective water depth, they remain unaffected by the nonlinear
evolution time.

Considering, first, the results for t = 0 (sub-figure (A)), it is observed that the
effective water depth affects profoundly the tail of the normalised crest-height dis-
tribution obtained from HOSM. Particularly, it is revealed that, whilst the relative
crest height amplification for k,d = 5.03 and 1.28 is of similar magnitude (at least
for @ > 1072 where the sample variability is small), for k,d = 0.87 the amplification
is substantially higher (than the two deeper cases). In all effective water depths, the
crest heights are shown to lay persistently above the Forristall (2000) predictions for
@ < 107!, indicating the influence of nonlinear interactions beyond second-order.
These observations are entirely in line with the outcomes of the experimental in-
vestigations conducted by Latheef & Swan (2013), Karmpadakis et al. (2019a) and
Gray (2020) in that amplification of the wave crests above the second-order model
of Forristall (2000) are relevant; evidence of which has already being presented in
§3.4.1.

INote that in connection with the discussion provided earlier with respect to the effect of the
ramp function, the results in this section have been obtained on the basis of T, = 47},. If this is
not the case, it is mentioned explicitly in the discussion to follow.
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However, as the evolution time increases, significant changes to the above obser-
vations emerge. Specifically, for ¢t = 47}, the effect of k,d on tail of the crest height
distribution is reversed compared to ¢t = 0. At this time, the crest-height ampli-
fication for k,d = 0.87 and 1.28 is of similar magnitude and the amplification for
k,d = 5.03 is higher than the two shallower cases.

For longer evolution (¢ = 557},) the results show that for k,d = 5.03 the relative
crest heights are further increased compared to ¢t = 47,, whereas for k,d = 0.87
they reduce. Notably, for the latter case the significant amplifications beyond the
Forristall (2000) predictions for ¢ = 0 are attenuated to an extent that the crest-
height distribution matches the Forristall (2000) model.

However, in considering the above results, no accurate conclusions can be drawn
concerning the extent of nonlinearity of the largest waves arising at probability levels
of as low as Q = 1073; owing to the large sample variability. This lack of certainty
regarding the expected crest height at this probability level is one of the main draw-
backs of the majority (if not all) of the previous studies, and it will be addressed as
follows.

To define the required number of simulated wave events to achieve an accurate

estimation of the crest height at Q = 1073, the following procedure was followed:

1. The number of individual sea-state realisations or seeds, N, used to form
the amalgamated data set of crest heights was progressively increased. With
N, = 50, 500 and 5000 seeds employed, datasets comprising of ~ 5,000, 50, 000
and 500, 000 crest heights were produced.

2. For each crest-height distribution, 95% confidence intervals were obtained using
the bootstrap method (Efron, 1979).

3. The crest-height at an exceedance probability of Q = 1072 was extracted, along

with the corresponding confidence interval.

The above procedure was applied to all 19 evolution times outlined in Section 3.3,
allowing an investigation of the effect of evolution time on the crest-height at @) =
1073, The resulted time-evolution of this crest-height, normalised with respect to
the Rayleigh prediction, along with the associated confidence intervals is shown in
Figure 3.17; with sub-figures (A), (B) and (C) (& (D)) corresponding to N, = 50, 500
and 5000, respectively.
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FIGURE 3.17: Temporal evolution of the crest height normalised with respect to the Rayleigh

prediction, 7./nr, corresponding to a probability of exceedance of Q = 1072 for uni-directional
sea-states with v = 2.5 and %Hskp = 0.105. (A), (B) and (c) for Ny = 50, 500 and 5,000,
respectively, using T, = 47,. The lines (—e— /—e— /—e— ) refer to k,d = 0.86, 1.28 and
5.03, respectively. While the dash-dotted lines correspond to 95% confidence intervals. In (C) the
markers ( © / © / O ) refer to additional simulations obtained using 7, = 107, and Ny = 5,000
for k,d = 0.86, 1.28 and 5.03, respectively, showing that the results are independent of T,,. (D)
combines the results based on N; = 500 and 5000. Specifically, the trends covering the entire time-

axis are the same to those appearing in (C) for T,, = 47,,. While the horizontal lines at ¢t € [85, 125]

correspond to the average crest height across the same interval extracted from the simulations based

on Ng = 500.
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In addition, to be entirely clear with respect to the effect of the ramp function,
simulations using a longer ramp function of T, = 107, were also performed; the data
appearing with open circular markers in sub-figure (C). In presenting these data
the time-shifting outlined in §3.5.1 has again been applied. The data based on two
different ramp functions are in a very good agreement, giving further confidence in
the present results. However, it should be noted that for T}, = 107, and ¢ ~ 407}, an
outlier is observed. This can be attributed to a very rare situation, where the crest
height using 7}, = 107}, lies beyond the confidence intervals of the results for T, = 47,.
This hypothesis was verified by supplying this point with its own confidence intervals.
The two confidence intervals (for T, = 47}, and 107},) are shown to overlap, revealing
that the two points can indeed originate from the same population.

In considering Figures 3.17(A), 3.17(B) and 3.17(C), the results demonstrate the
crucial role of the number of random seeds adopted. Particularly, as the number
of seeds increases, the variation of the crest-height with evolution time becomes
clearer, and the range of the confidence intervals reduces significantly. Indicatively,
for Ny = 50, this range is as much as 10 —40% of the linear crest height, for N, = 500
is in the order of 5 — 10%, and for N, = 5,000 is as low as 2 — 4%.

From a practical perspective, an important question to be asked is whether the
ergodicity property holds for these simulations. In effect, whether the results using
an increased number of seeds (Ng = 5,000) agree with the results obtained using a
smaller number of seeds (Vs = 500). To verify this, the crest heights from the N, =
500 simulations were time-averaged over the last 407, of the simulation time, during
which the evolution has reached a steady state. This averaging acts as a second means
of reducing the effect of sample variability. To this end, Figure 3.17 (D) presents the
data of Figure 3.17 (¢) based on T, = 47T, together with the time-averaged crest
height over t € [85,125] extracted from the simulations using Ny = 500. The latter
appears with horizontal lines at ¢ > 857,,. The results demonstrate an excellent
agreement between the two approaches, thereby confirming that a number of 500
seeds is sufficient to capture the ‘correct’ crest-heights, as long as some averaging
takes place.

Focusing on the physical effects emerging from Figure 3.17, and particularly from
sub-figure (C) or (D), the effect of nonlinear evolution in the different effective water

depths becomes evident:
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1. in k,d = 5.03 there is a significant increase in the nonlinear crest-height ampli-

fication with time. This is of the order of ~ 13%,
2. in k,d = 1.28 the nonlinear amplification remains steady for all times, and
3. in kyd = 0.87 it reduces by ~ 18%.

Importantly, for ¢t < 37}, the nonlinear crest-height amplification is higher as the
effective depth reduces, whereas for ¢ 2 37, the opposite holds. This outcome may
have important implications on the expected extent of nonlinear phenomena arising
in wave flumes. For example, if wave-structure interaction effects are of interest,
the distance of the measuring gauge from the wavemaker may affect the extent of
nonlinear wave loads and motions.

Having identified the importance of the nonlinear evolution on the crest-height
amplification, the origins of the observed trends are sought. This focuses on the

separate effects of near-resonant and bound-wave interactions.

Near-resonant interactions

The effect of the near-resonant interactions is revealed by considering the crest-height
statistics of the underlying free waves; the bound-wave contributions having being
removed. In this case, deviations from the Rayleigh distribution reflect the effect of
energy focusing or defocusing. To this end, Figure 3.18 presents the normalised crest-
height distributions of the free waves, n¢/Hg, corresponding to the results presented
in Figure 3.16. Once again, the Rayleigh distribution is added for reference.

In considering the results of Figure 3.18, for ¢ = 0 in k,d = 0.87 the crest heights
lie below the Rayleigh distribution. This reduction is consistent with the negative
value of the dynamic kurtosis presented in Figure 3.13(A) and reflects the effect of
energy defocusing in this effective water depth. Considering the two deeper cases,
the crest heights agree with the Rayleigh distribution, demonstrating the absence
of any focusing or defocusing mechanism. Once more, this is in line with the zero
values of the dynamic kurtosis observed earlier.

For latter evolution times (sub-figures (B) and (C)), it is observed that (1) for
k,d = 0.87 the reduction of the crest heights becomes more pronounced compared to
t =0, (2) for k,d = 1.28 the crest-height distribution does not seem overly affected

by the evolution time, whereas (3) for k,d = 5.03 the crest heights are increased
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FIGURE 3.18: Normalised crest-height, 7./H, exceedance probability distributions of the free
waves in uni-directional sea-states with v = 2.5 and %Hskp = 0.105 for different evolution times:
(a) for t = 0, (B) for t = 4T, and (C) for t = 55T),. The lines ( / / ) correspond to
kyd = 0.86, 1.28 and 5.03, respectively. The Rayleigh distribution is shown with ( ).
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compared to the linear prediction. This evolution of the crest-height distribution of
the free waves is in line with the equivalent evolution of the crest-height distribution
of the total free surface: in that for k,d = 0.87 the crest heights decrease with time,
while in k,d = 5.03 they increase.

Interestingly, in Figure 3.18 the observed deviations from the Rayleigh (linear)
prediction, from a statistical point of view, indicate that the various free wave com-
ponents are not independent. To explain this, the necessary condition for a sea-state
to be Gaussian (or linear) is the independent sampling of the phases and amplitudes
of the various (free) wave components from their respective distributions (§2.2.2).
Here the statistics of the free waves do not obey the linear predictions indicating that
either the phases and/or amplitudes of the free waves are correlated and /or that they
obey different distribution laws. To this end, Tang et al. (2021) has shown that in
re-initiating evolved wavefields with independent uniformly distributed phases, the
sea-state returns to a linear state. This suggests that it is the distribution of the
phases that determines the free-wave statistics. To this end, Janssen (1983) and
Janssen (2003) indicated that a necessary condition for modelling the development
of near-resonant interactions is the abandonment of the homogeneity assumption
adopted by Hasselmann (1962). This implies that the phases of the wave compo-
nents must be correlated for inhomogeneities to occur, as noted by (Stiassnie et al.,
2008). Taken together, whilst the nonlinear evolution can induce changes in the
probability distribution of the amplitudes and phases, the correlation of the latter
is sufficient for nonlinear statistics to occur. However, an account of these distribu-
tions is beyond the scope of this thesis. From a physical perspective, this argument
is entirely in line with the so-called phase-locking of the side-bands to the primary
wave during the development of the Benjamin-Feir instability.

Furthermore, the increased crest heights observed in deep water due to near-
resonant interactions is entirely in line with the earlier works of Baldock et al. (1996)
and Gibson & Swan (2007) on the evolution of uni-directional focused wave groups.
Similarly, the reduction of the crest heights of the free waves in the shallowest case
of k,d = 0.87 agrees with the earlier investigation conducted by Katsardi & Swan
(2011) on focused wave events in the same effective water depth. However, in the
present study, the total crest heights are shown to be increased relative to the linear

prediction. This differs from the results presented in Katsardi & Swan (2011), the
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most likely explanation for this lies in the differences in the nonlinear dispersive

properties of deterministic wave events as opposed to random wave records.

1.3

1.2+

1.1+

1t

n?/nr [-]

09}

0.8 ¢

0.7 : : :
1074 1073 102 107!
Probability of exceedance, @ [—]

FIGURE 3.19: Probability of exceedance of the crest heights of the free waves normalised with
respect to the Rayleigh prediction, n¢/ng, in uni-directional sea-states with v = 2.5 and %Hsk‘p =
0.105 at t = 55T}, with ( / / ) referring to k,d = 0.87,1.28 and 5.03, respectively.

To further quantify the effect of near-resonant interactions, Figure 3.19 presents
the ratio of the crest heights of the free waves over the Rayleigh prediction, corre-
sponding to the steady-state part of the evolution (¢ = 557,). This shows that at
a probability of exceedance level of @Q = 1073, the crest heights are amplified by as
much as 10% in k,d = 5.03 and reduced by as much as 16% in k,d = 0.87. Moreover,
it is observed that near-resonant interactions affect the entire tail of the distribution
(Q < 107'), indicating that wave modulation due to near-resonant interactions does
not only affect the largest waves as it would have been expected, but also the smaller,
more frequently occurring ones.

Based on the above, it is instructive to explore the full time-evolution of the
effect of the near-resonant interactions. For this, the full set of simulations using
5,000 seeds has been employed and the time-evolution of the crest height of the free
waves, normalised with respect to the Rayleigh prediction, for Q = 1072 is presented
in Figure 3.20. Similarly to Figure 3.17, the 95% confidence intervals are added;
demonstrating the small effect of sample variability. To verify the ergodicity of the
simulations, the time-averaged (for ¢ € [85, 125]) crest-heights from simulations using
500 seeds have also been added.

In considering Figure 3.20, it is interesting to note the direct equivalence to the
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FIGURE 3.20: Temporal evolution of the free-wave contribution to the crest heights normalised
with respect to the Rayleigh prediction, n¢/ng, corresponding to a probability of exceedance of
Q = 1073 for uni-directional sea-states with v = 2.5 and §Hk, = 0.105. The lines ( —o— / —e—/
—e— ) refer to k,d = 0.86, 1.28 and 5.03, respectively. The dash-dotted lines correspond to 95%
confidence intervals. While the horizontal lines at ¢ € [85,125] correspond to the average crest

height across the same interval extracted from simulations based on N4 = 500.

evolution of the dynamic kurtosis, presented in Figure 3.13. This observation is
important in that it puts all earlier works relating the prediction of the dynamic
kurtosis in a practical context. Moreover, it links earlier theoretical or numerical
works focusing on the dynamic kurtosis to the present investigation, particularly

that of Janssen & Onorato (2007). In more detail,

1. for k,d = 5.03, both the crest heights and the dynamic kurtosis are higher
than the linear predictions. This is in line with Janssen (2003) and Janssen &
Onorato (2007). The necessary time for the full development of near-resonant
interactions is shown to be t ~ 507,,. This appears to be in agreement with the
so-called Benjamin-Feir time-scale (O(1/(€%wp)) !); corresponding to O(58T,) in
the present case. The observed evolution of the dynamic kurtosis is in qualita-
tive agreement to the theoretical evolution predicted by Mori & Janssen (2006)
and Fedele (2014), as the kurtosis increases monotonically until it reaches a
steady-state value. In this respect, considering equivalent numerical results

presented by Janssen (2003), no overshoot is observed here owing to the rel-

le being the characteristic steepness onko, ko the dominant wavenumber and wg the dominant
circular frequency
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atively broad spectral bandwidth and moderate sea-state steepness (see also
Janssen 1983).

2. for k,d = 1.28, both the crest heights and the dynamic kurtosis lay slightly be-
low the linear predictions. In considering this observation, it is instructive to
mention that the majority (85%) of the wave energy lays in f € [0.5, 1.5] f,, cor-
responding to an effective-depth range kd € [1.09,7.9]. Thus, it is not certain
as to whether near-resonant interactions would lead to focusing or defocus-
ing of the wave energy in this case. The results indicate that the evolution
is dictated by the spectral peak: a slightly reduced value of k,d compared to
the theoretical value of 1.363 (where the theoretical sign of kurtosis changes
sign according to Figure 3.3), corresponds to a slightly negative value of the

dynamic kurtosis.

3. for k, = 0.87, both the crest heights and the dynamic kurtosis lay below the
linear predictions. Particularly, they decrease monotonically until they reach
a steady state after about ¢ ~ 307,,. This is somewhat quicker evolution com-
pared to k,d = 5.03. Unfortunately, an estimation of the time-scale for the
development of near-resonant interactions in finite water depth is not available.
However, Onorato et al. (2009b) suggests that in shallow water the characteris-
tic steepness that determines the time-scale of four-wave resonant interactions
is 0,,/d. In employing this steepness instead of €, the predicted time-scale of
evolution is O(107,). Hence, as perhaps expected, the time needed to reach
a steady state in the present simulations lays between the deep-water and

shallow-water estimated time-scales.

Moreover, in considering the very initial stage of the evolution, it was pointed
out earlier that the dynamic kurtosis does not start at zero. This non-zero
value indicated that a fast evolution takes place within the ramp function.
This observation is again in line with equivalent results presented by Janssen
& Omorato (2007) for Gaussian spectra, in which the dynamic kurtosis is not
1

initially zero In explaining this feature, it should be emphasised that the

key mechanism that leads to the defocusing of the wave energy in this effective

!'Note that in considering Figure 5 of Janssen & Onorato (2007), the time evolution of the
dynamic kurtosis starts at a slightly higher time instance than 0.
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water depth is the the transfer of energy to long-wave components through
near-resonant triad interactions between pairs of wave components (see e.g.
Janssen & Onorato 2007, Stiassnie & Gramstad 2009, Gramstad 2014). Whilst
the time-scale for the development of these interactions is again not available
for water of finite depth, existing literature suggests that resonant triads de-
velop much faster than resonant quartets. For example, the time-scale for the
development of triad interactions in gravity-capillary waves is of O(1/(ewp))
(Hammack & Henderson, 1993), corresponding to O(37,). Moreover, accord-
ing to Onorato et al. (2009b) the time-scale for the development of resonant
quartets in shallow water is of O(1/(c,/d)*), whereas the corresponding time-
scale for resonant triads is O((I” /lo)/(0,,/d)?) *; the latter being an order of

magnitude smaller.

Therefore, given that the triad interactions are developed almost immediately,
the evolution of quartet interactions also starts immediately; the development
of which is at a much higher pace than in deep water. This explains the
immediate reduction of the dynamic kurtosis and consequently of the free-wave

crest heights.

Finally, the non-zero evolution at ¢ = 0 for k,d = 0.87 presents an additional
source of uncertainty underpinning any comparisons between HOSM simulations
and experimental data. This effect can perhaps explain the under-prediction of
the crest heights obtained using HOSM in Figure 3.6(G). However, this factor

was not found to be detrimental in achieving good overall comparisons.

Based on the above, the crest-height evolution presented in Figure 3.17 can, in
large part, be explained by the crest-height evolution of the free waves (Figure 3.20).
but not entirely. Nevertheless, the effect of bound-wave contributions also needs to

be explored.

"Where [~ is the wavelength of the generated long waves and [y is the dominant wavelength. Here
this ratio is estimated to be O(5), when considering the central wavenumber of the low frequency
components that nearly satisfy the linear dispersion relation
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Bound-wave contributions

To identify the effect of bound waves on the crest-height distribution, the crest heights
of the free waves can be subtracted from the crest heights of the total free surface.

In doing so, two approaches are possible:

1. the extraction of the bound contributions for each individual wave (Adcock &
Draper, 2015) and

2. the subtraction of the crest height of the free waves, n¢, from the crest height of
the total free surface, 7., corresponding to the same probability of exceedance
in their respective distributions (Forristall, 2000), assuming an one-to-one cor-

relation.

Whilst the first approach is physically more meaningful, the latter approach is of
more practical interest as it identifies how bound contributions affect the crest-height
distribution as a whole. As such, the latter approach is most commonly employed
(see for example Tayfun & Fedele 2007, Fedele & Tayfun 2009, Latheef 2014).

To explore the difference between the two approaches and to assess the validity

of the assumed one-to-one correlation of the second approach, Figure 3.21 compares:

« the scatter of the total crest heights against the crest heights of the free waves
for each individual wave with @ < 2.5 - 107!; thereby focusing on the most

relevant events belonging to the tail of their respective distributions.

o the relation of the quantile-by-quantile crest heights of the free waves and the

total free surface; often referred to as a ‘Q-Q)’ representation.

In both cases, the deviation from the one-to-one line reflects the effect of bound
contributions. The data in Figure 3.21 refer to the sea-states of the previous section
(v =2.5, %Hskp = 0.105) for an evolution time ¢ = 557}; each sub-figure correspond-
ing to a different effective water depth.

In observing Figure 3.21, it can be seen that the crest heights of the free waves
and the crest heights of the total free surface are highly correlated. However, the
data exhibit some scatter owing to (i) the different bandwidths (or steepness) of the
individual wave events and (ii) the presence of the frequency difference bound terms,

the phasing of which affects the magnitude of the total crest heights. Therefore, with
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FIGURE 3.21: Scatter of the normalised total crest heights, 7./Hs, against the normalised crest
heights of the free waves, n¢/H,, for individual wave events ( «) corresponding to Q < 2.5 - 1071,

along with comparison of the quantile-to-quantile crest heights ( / / ) for uni-
directional sea-states of v = 2.5 and 1Hk, = 0.105 at ¢t = 55T,. (a) for kyd = 5.03, (B) for
kpd = 1.28 and (c) for k,d = 0.87. The diagonal lines (

) refer to the one-to-one relation.

point (ii) becoming more relevant as the water depth reduces, it is not surprising that
the scatter of points is greater for the shallowest case of k,d = 0.87 (Figure 3.21(¢)).
Taken together, the Q-Q) line is shown to be a good representation of the expected
link of the crest heights of the free waves and those of the total free surface. This
suggests the relevance of the most commonly adopted approach (approach (2) defined
above).

Following the second approach, to obtain the bound-wave contributions at in-

creasing order, the following steps were followed:

1. the harmonic contributions were progressively added to the free-wave records,
2. a zero-crossing analysis was performed to the obtained record

3. the crest-height distribution was obtained by sorting the crest heights, and
finally,

4. the crest heights at each exceedance probability were subtracted from the corre-
sponding crest height of the record including up to the harmonic of the previous

order.

In this procedure, the zeroth and second harmonics (representing the second-order
bound terms as a whole) were taken together. Thus, to obtain, for example, the
bound-wave contributions of the third harmonic, the ranked crest heights of the
record n'*t + n?"d + % 4 34 were subtracted from the ranked crest heights of the

record n'*t + n?"? 4 n%" with due care over the sign.
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FIGURE 3.22: Normalised total bound-wave amplification, 7°/ng, and its underlying contributions
of increasing order at ¢ = 55T}, corresponding to (A) k,d = 5.03, (B) kpd = 1.28 and (C) k,d = 0.87

for for uni-directional sea-states of v = 2.5 and 1 H,k, = 0.105. The lines ( / / )

refer to the total bound contributions, ( / / ) to the second plus zeroth harmonic
contributions, (—— /— — /— — ) to the third harmonic contribution and (---- /---- /- )
to the fourth harmonic contribution. While, (— — ) refers to the predicted amplification from the

uni-directional Forristall (2000) model.

To illustrate the outcome of the above procedure, Figure 3.22 presents the to-
tal bound-wave amplifications along with the underlying contributions of increasing
order based on the data presented in Figure 3.21.

In considering the results of Figure 3.22, it is shown that higher than second-order
bound contributions are relevant in all water depths. Indicatively, the third-order
bound-wave amplification at an exceedance probability level of ) = 1072 is as much
as 10%. Whereas the equivalent fourth-order amplification is 3 — 4%, irrespective of

the water depth.
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Moreover, the nonlinear amplification of the Forristall (2000) model is also added
in these plots, showing that the model captures the magnitude of the second-harmonic
bound terms very well for k,d = 0.87 and 1.28. However, this is not the case for
k,d = 5.03. To explain the discrepancies at k,d = 5.03, it should be again empha-
sised that the Forristall (2000) model has been calibrated using SORWT. As such, it
does not incorporate the evolution of the underlying free waves. With the underlying
free waves for k,d = 5.03 being amplified due to near-resonant interactions, it is not
surprising that the Forristall (2000) model under-predicts the corresponding bound
terms. Analogously, the observed agreement for k,d = 0.87 is perhaps surprising
if one considers that the underlying free waves are lower in magnitude compared
to linear theory. To this end, it should also be stressed that the second-harmonic
bound terms also include fourth-order contributions according to Equation 2.32. In
fact, the slight underestimation of the second-harmonic bound terms for k,d = 1.28,
perhaps reflects this latter type of interactions. However, given the overall agree-
ment with Forristall (2000) for k,d = 1.28 and the fact that the magnitude of the
fourth-harmonic bound terms is not overly sensitive to k,d, it is believed that the
effect of the fourth-order second-harmonic bound terms in k,d = 0.87 is not sig-
nificant. More importantly, taking into account that at k,d < 1.0, the validity of
the second-order theory is questioned, as indicated by Hadjigeorgiou (2018), the ob-
served agreement in k,d = 0.87 should/can not be treated as a means of extracting
a physical interpretation. This will also be explored in Chapter 4.

Furthermore, to explore the origin of the observed trends of Figure 3.17(D), Figure
3.23 presents the time-evolution of the bound-wave contributions to the crest-height
magnitude at @ = 1073 (using N, = 5000); together with the time-averaged value
using (N, = 500). In considering Figure 3.23, the reduction of the bound-wave
contributions with time for k,d = 0.87 and their increase for k,d = 5.03 is consistent
with the magnitude of the underlying free waves; the latter were shown to decrease
for k,d = 0.87 and increase for k,d = 5.03. The agreement of the results using either
N, = 500 or Ny, = 5000 demonstrates, once more, the ergodicity of the simulations.
Taken together Figures 3.17(D), 3.20 and 3.23, it has been shown to hold for the
total amplification and the underlying nonlinear contributions; both free and bound.

Finally, it should be stressed out that without having separated the effects of

near-resonant interactions from the bound-wave contributions, the results of Figure
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FIGURE 3.23: Temporal evolution of the bound-wave contribution to the crest heights normalised
with respect to the Rayleigh prediction, n2/ng, at Q = 1073 for uni-directional sea-states with
v = 2.5 and $Hk, = 0.105. The lines (—e— / —e— / —e—) refer to k,d = 0.86, 1.28 and 5.03,
respectively. 95% confidence intervals using the bootstrap method are represented with dash-dotted
lines. While the horizontal lines at ¢t € [85,125] correspond to the average crest height across the

same interval extracted from simulations based on N, = 500.

3.16(C) could have led to the misleading conclusion that nonlinearity above second-
order becomes less relevant as the water depth is reduced. In reality, the present
results suggest that the agreement of HOSM to the Forristall (2000) predictions stems

from the competing influence of the nonlinear effects above second-order.

3.5.3 Influence of sea-state steepness

Having explored the effect of the nonlinear wave-wave interactions for a sea-state
steepness %Hskp = 0.1052, it is interesting to explore how these results generalise for
other sea-state steepnesses. Particularly, when focusing on the crest-height statistics,
in particular, it is of interest to identify whether near-resonant interactions become
relevant above a certain steepness or if their effect develops progressively with an
increase in steepness.

To explore this, the sea-states of Table 3.1 were simulated using HOSM, and the
phase manipulation method was again adopted to separate the various nonlinear
contributions. In simulating these sea-states, 500 random seeds were generated; this
choice having being justified by the accuracy with which the steady-state crest-height
magnitude and its contributions are captured at Q = 1072, when averaged in the

time interval t € [85, 125].
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FIGURE 3.24: Effect of sea-state steepness, %H skp, for uni-directional sea-states with v = 2.5
on (A) the time-and ensemble-averaged dynamic kurtosis with (—e— / —e— /—e— ) referring
to kpd = 0.87, 1.28 and 5.03, respectively, and (B) time-averaged crest height of the free waves
normalised with respect to the Rayleigh prediction, n¢/ng, at Q@ = 1072 with ( —e— / —e— / —e—)
for k,d = 0.87, 1.28 and 5.03, respectively.

Near-resonant interactions

In considering first the dynamic part of the free surface, Figure 3.24 presents the
variation of the time-and ensemble-averaged dynamic kurtosis (sub-figure (A)) and
the time-averaged normalised with respect to the Rayleigh (linear) predicted crest-
height of the free waves at Q = 1073 (sub-figure (B)) with sea-state steepness.
From these figures, it is evident that there is a direct correspondence between
the dynamic kurtosis and the nonlinear contributions to the crest heights of the free
waves. Specifically, a negative kurtosis signifies a crest-height reduction compared
to linear theory. In contrast, a positive kurtosis signifies crest-height amplification.
Whilst this finding is (perhaps) expected, these results provide the first conclusive
evidence on the relation of the two quantities for a wide range of sea-state steepnesses.
Examining the trends on Figure 3.24 in more detail, it is shown that for the
smaller steepness and in accordance with one’s expectation, both the dynamic kur-
tosis and the crest-height magnitude agree with the linear prediction. As the sea-state
steepness increases, there is a progressive increase of the dynamic kurtosis in deep wa-
ter. This appears approximately parabolic in shape and it is in qualitative agreement
with the theoretical result outlined in Equation 3.2. Indicatively, the corresponding
increase in the crest heights for sea-states with steepness %Hskp = 0.059,0.085 and

0.105 is of the order of 3%, 7% and 10%, respectively. These results not only demon-
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strate the need to include third-order near-resonant interactions when modelling
uni-directional wavefields, but also cast doubt on the applicability of SORWT for
relatively small sea-state steepnesses.

Moreover, for k,d = 1.28 it is observed that the conclusions drawn in §3.5.2
can be extended to smaller steepnesses; supporting the previous finding that at this
effective depth crest-height amplification due to near-resonance is not important.

Finally, for the shallowest case of k,d = 0.87, it is shown that near-resonant
interactions become important even for a steepness as low as %Hskp = 0.039, the
observed reduction in the crest-height being of the order of 5%. In addition, in this
case, the observed variation of the dynamic kurtosis with steepness is shown to be
linear rather than parabolic for %Hsk:p > 0.039. This latter observation is at odds
with the theoretical prediction based on Equation 3.2 and is believed to relate to
the spectral bandwidth. Specifically, the adoption of a broad-banded spectrum is
believed to limit a parabolic, unbounded, increase of the near-resonant interactions.
This arises because a significant part of the wave energy will be deeper than the
defocusing regime defined by k;d < 1.36, with ¢ representing the i-th wave component.
As such, under the effect of nonlinear dispersion, both energy focusing and defocusing
occurs in this effective water depth; the latter effect prevailing, but the extent of the
change limited by the former. It is noted that the theoretical predictions based on
Equation 3.2 have not been added in Figure 3.24(A) for clarity; a direct comparison

to the simulation results being presented later in §3.6.

Bound-wave contributions

Having identified the influence of the sea-state steepness on the nonlinearity of the
free waves, Figure 3.25 presents the equivalent variation of the steady-state (time-
averaged) bound-wave amplification at = 1072 with increasing sea-state steepness.
The corresponding amplification arising from the Forristall (2000) model has also

been added for reference.
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FI1GURE 3.25: Effect of sea-state steepness, %H skp, on the time-averaged bound-wave contribution
to the crest height normalised with respect to the Rayleigh prediction, 72/ng, at Q = 10~ for uni-
directional sea-states of v = 2.5. Where ( —— / —— / —e— ) refer to HOSM results of k,d = 0.87,
1.28 and 5.03, respectively. The Forristall (2000) predictions have also been added for reference,
with (—— /—— /— —) corresponding to k,d = 5.03, 1.28 and 0.87, respectively.

The results in Figure 3.25 show that the bound-wave contributions increase non-
linearly with steepness. As expected, the rate of increase is more rapid than the
second-order model of Forristall (2000). Overall they are consistently higher in the
shallowest water depth, k,d = 0.87, in qualitative agreement with Forristall (2000).
However, the gradient of the increase in the deepest case of k,d = 5.03 is higher than
the shallower cases owing to the amplification of the crest heights of the underlying
free waves observed in Figure 3.24(B). This effect could disrupt the ordering with

respect to k,d if the steepness is increased further.

Total effect of nonlinear interactions

Taking the variation of the crest heights of the free waves and the bound-wave con-
tributions together, Figure 3.26 presents the ratio of the total time-averaged crest
height at Q = 1073 over the linear prediction and shows its variation with sea-state
steepness. Once again: the Forristall (2000) predictions are added for reference.
These results show that for the deepest cases of k,d = 1.28 and 5.03 the For-
ristall (2000) prediction consistently under-predicts the fully nonlinear crest heights.
To quantify the observed differences, for a steepness as low as %Hskp = 0.059 the
deviation from the Forristall (2000) prediction is ~ 6% for k,d = 5.03 and it reduces
to ~ 2% for k,d = 1.28. Whereas, in the steepest sea-states (3 H,k, = 0.1052) the

corresponding deviations are as much as ~ 24% and ~ 11%, respectively.
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FIGURE 3.26: Effect of sea-state steepness, %Hskp, on the time-averaged crest height normalised
with respect to the Rayleigh prediction, 1./ngr, at Q = 1072 for uni-directional sea-states with v =
2.5. Where ( —— / —e— / —e— ) refer to HOSM results of k,d = 0.87, 1.28 and 5.03, respectively.
The Forristall (2000) predictions have also been added for reference, with (—— /—— /——)
corresponding to k,d = 5.03, 1.28 and 0.87, respectively.

In contrast, for k,d = 0.87, the Forristall (2000) prediction consistently over-
predicts the total crest-height magnitude for %Hskp < 0.1052. However, for %Hskp =
0.1052, agreement is observed as indicated in §3.5.2. This is explained by the nonlin-
ear increase of the bound-wave contributions combined with a quasi-linear decrease
of the crest height due to third-order near-resonant interactions. Taken together,
these results demonstrate that (1) near-resonant effects and bound-wave contribu-
tions have a competing influence on the total crest-height magnitude irrespective of
the sea-state steepness, (2) for all steepnesses bound-wave contributions are higher
than the attenuation due to near-resonant interactions, and (3) the agreement of the
fully nonlinear crest-height distribution to the Forristall (2000) prediction observed
in §3.5.2 is not expected to be valid for all cases in this effective water depth.

Having identified the crucial roles of the effective water depth and the sea-state
steepness on the nonlinear interactions, the following section completes the present

investigation by considering the role of spectral bandwidth.

3.5.4 Influence of spectral bandwidth
Time-evolution of near-resonant interactions

In considering the role of spectral bandwidth (essentially v of the JONSWAP wave

spectrum) on the intensity of near-resonant interactions, the presence of a long high-

143



CHAPTER 3: STATISTICAL PROPERTIES OF UNI-DIRECTIONAL SEA-STATES

frequency tail could enhance the effect of frequency dispersion over nonlinear wave
modulation. Consequently, it remains uncertain if changes in v will affect the non-
linear evolution process in the way that narrow-band theory predicts. The present
section aims to investigate this by employing the sea-states presented in Table 3.2.
with k,d = 5.03, 1.28 and 0.87.

Figure 3.27 presents the time evolution of the ensemble-averaged kurtosis and the
crest height of the free waves, normalised by the linear prediction, at Q = 1073, All
three effective water depths are addressed. To obtain a reliable estimate of the latter
quantity, the sea-states were simulated using 5000 random seeds; thereby keeping
the effect of sample variability to a minimum (§3.5.2). Taken together, Figure 3.27
aims to identify if the dynamic kurtosis can explain the crest-height evolution across
a broader set of sea-states. At a first glance, the data suggests that this is indeed
the case; changes in the quantities being clearly correlated.

In detail the data reveals that as the spectral bandwidth decreases (v increases),
near-resonant interactions lead to increased deviations from the linearly predicted
crest heights, provided the peak of the wave spectrum belongs to either the focusing
or defocusing regime (k,d << 1.36 or k,d >> 1.36, respectively). Furthermore, de-
creases in the spectral bandwidth lead to increased interaction times between wave
components, owing to attenuated frequency dispersion, and hence to increased wave
modulations (i.e. local, nonlinear changes in dispersion leading to phase-locked wave
components) once a steady state is reached. Moreover, the inverse relationship be-
tween the dynamic kurtosis and the spectral bandwidth at steady state is entirely in
agreement with Equation 3.2.

Importantly, for the intermediate effective depth case of k,d = 1.28, the spectral
bandwidth is shown to have a negligible effect on the nonlinearity of the crest heights.
This fact supports the notion that the effective water depth associated to the spectral
peak, rather than the spread of energy at the tail of the wavenumber spectrum,
determines the nature of the nonlinear evolution.

Moreover, in deep water for v = 5 an overshoot is observed for both the dynamic
kurtosis and the crest-height. This is not observed for lower + values. This overshoot
is a known effect and relates to the nonlinear evolution of narrow-banded spectra in
deep water (see for example Onorato et al. (2004), Mori et al. (2007)). Following

Janssen (1983), this is the random equivalent of the Fermi-Pasta-Ulam recurrence
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FIGURE 3.27: Effect of spectral bandwidth () on the temporal evolution of (left column) the
ensemble-averaged dynamic kurtosis, )\j'fo, and (right column) the crest height of the free waves
normalised with respect to the Rayleigh prediction, nd/ng, at @ = 1073 for uni-directional sea-
states with £ Hk, = 0.105. (A),(B) refer to k,d = 5.03 with ( / / ) for v =1.0,2.5
and 5.0, (C),(D) refer to k,d = 1.28 with ( /= / ) for v = 1.0,2.5 and 5.0, and (E),(F)
refer to k,d = 0.87 with ( /—/ ) for v =1.0,2.5 and 5.0, respectively.
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behaviour of wave modulation for a single quartet interaction (Lake et al., 1977). In
the present case this is damped due to phase-mixing introduced by randomness (see
also Stiassnie et al. 2008).

Focusing on the initial stage of the evolution (¢/7, < 10), the effect of spectral
bandwidth appears somewhat reversed; owing to a faster evolution as the spectral
bandwidth is increased. This effect becomes more evident in k,d = 5.03 than in
k,d = 0.87; the initial stage of the evolution is not captured in its entirety in the
shallowest water case. To verify this observation, it is instructive to consider the
analytical works of Janssen (2003), Fedele et al. (2010) and Fedele (2014). Whilst
these works are based on a narrow-band assumption, they can provide valuable
qualitative insight into the origins of the different initial rates of nonlinear evolution.
To this end, within these analytical developments, the time needed for the dynamic
effects to be fully developed is invariant with changes in the spectral bandwidth, as
long as an effective evolution time, ¢’ = (o4 /ko)*wot, is introduced. Therefore, for a
given effective evolution time, ¢/, an increase in spectral bandwidth leads to a faster
evolution when the original time ¢ is considered. This is exactly as observed in the

present results.

Nonlinear contributions in the steady state

Having identified the critical dependence of dynamic effects on the spectral band-
width, the present section focuses on the relative importance of dynamic effects
versus bound-wave contributions. For this, the entire set of sea-states presented in
Table 3.2 is employed. With the employed sea-states including incremental changes
in the effective water depth, the variation of the nonlinear interactions with effective
water depth can be studied in detail. In addition, to maintain a compact presen-
tation of the nonlinear effects, the investigation will focus on the steady-state part
of the nonlinear evolution, for which wave nonlinearity becomes independent of the

evolution time.

e Near-resonant interactions

In considering first the dynamic part of the free surface, Figure 3.28(A) presents
the variation of the time-and ensemble-averaged dynamic kurtosis, while the corre-

sponding ratio of the nonlinear crest height of the free waves over the linear prediction
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at Q = 1073 is presented in Figure 3.28(B). These results reveal that as the effective
water depth approaches k,d = 1.36, from either side of the effective water depth
range, wave nonlinearity is affected less by the spectral bandwidth. This observation
is entirely in line with the results presented in the previous section and, essentially,
confirms a monotonic and gradual reduction of the effect of spectral bandwidth as
k,d approaches 1.36. Once more, the value of the dynamic kurtosis is entirely con-
sistent with the crest attenuation or amplification due to near-resonant interactions

presented in Figure 3.28(B).
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FIGURE 3.28: Effect of spectral bandwidth () and relative water depth on (A) the ensemble-
averaged dynamic kurtosis (\%,), with (- -®--/--e--/--e..) corresponding to v = 1.0, 2.5 and
5.0, respectively, and (B) the time-averaged normalised crest height of the free waves, n¢/ng, at
Q = 1073: with (—e— / —e— / —e—) referring to v = 1.0, 2.5 and 5.0, respectively. The vertical
line ( ) marks the theoretical relative water depth kp,d = 1.363. All results refer to uni-

directional sea-states of 3 Hk, = 0.105.

¢ Bound-wave contributions

Considering the bound-wave effects, Figure 3.29 presents their relative contribu-
tion to the linear crest-height for Q = 1073. It is shown that an increase in spectral
bandwidth leads to an increase of the bound-wave contributions for all effective wa-
ter depths. This is explained by the increased steepness of the individual waves with
decreasing v, as a higher proportion of the total wave energy is allocated to wavenum-
bers that are higher than the spectral peak. With the magnitude of the bound-wave
contributions being inherently dependent upon the underlying wave steepness, it is

not surprising that lower v values lead to higher bound contributions.
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FIGURE 3.29: Effect of spectral bandwidth () and relative water depth on the normalised bound-

wave contributions, 1%/ng, to the time-averaged crest height at Q = 1073, with (—e— / —e— /

—e— ) referring to v = 1.0, 2.5 and 5.0, respectively. The vertical line ( ) marks the relative

water depth k,d = 1.363 and it is added for reference. All results refer to uni-directional sea-states
of 1Hk, = 0.105.

e Dominant interactions

Taking the results of Figures 3.28 and 3.29 together, it is interesting to observe
that the third-order near-resonant and bound-wave interactions for k,d > 1.363 are
oppositely affected by the spectral bandwidth. Therefore, it is not obvious which type
of interaction prevails. Indeed, it is unclear if the total crest heights are affected by
the spectral bandwidth in this water-depth regime. To assess this, the total crest-
height at @ = 1073 is shown in Figure 3.30. These results suggest that for k,d €
[1.36,2.0] the effect of spectral bandwidth is dominated by bound-wave interactions.
Alternatively, for deeper effective water depths, it is dominated by near-resonant
interactions.

Moreover, with the crest amplification due to near-resonant interactions in k,d >
1.363 being relatively small (~ 3%) for v = 1.0, it is instructive to assess if, indeed,
higher than second-order nonlinearity is important. To allow this, the Forristall
(2000) model predictions for different spectral bandwidths have also been added
in Figure 3.30. These comparisons indicate that even in the absence of important
energy focusing, bound-wave contributions of higher-order lead to the amplification
of the crests beyond the second-order predictions of Forristall (2000), by as much as
~ 20%.

Finally, it is interesting to note that the agreement with Forristall (2000) observed
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FIGURE 3.30: Effect of spectral bandwidth (v) and relative water depth on the time-averaged
normalised crest height, 7./nr at Q = 1073, with (—e— /—e— / —e— ) referring to v = 1.0,
2.5 and 5.0, respectively. The Forristall (2000) prediction has also been added for reference, with
)
marks the theoretical relative water depth k,d = 1.363. All results refer to uni-directional sea-states
of $Hyk, = 0.105.

(—— /—— /——) corresponding to v = 1.0, 2.5 and 5.0, respectively. The vertical line (

earlier at k,d = 0.87 holds only for v = 2.5. Indeed, the balance of the dynamic effects
over bound contributions is such that for v = 5 the crest heights are attenuated with
respect to Forristall (2000), while for v = 1.0 they are amplified. To this end, the
present results are entirely in line with Fernandez et al. (2016) in that for k,d = 1.15
and v = 6 an agreement with Forristall (2000) was observed. However, the present
analysis suggests that this agreement is to be expected for specific combinations of
sea-state parameters, and it does not indicate the absence of nonlinear effects beyond

second-order.

3.6 On the applicability of analytical uni-directional

solutions for the statistical moments

3.6.1 Dynamic kurtosis

Having identified that the effect of near-resonant interactions on the crest-heights can
be explained by the value of the dynamic kurtosis, the applicability of the narrow-
band models for its prediction presented in §3.2.2 is of practical interest. Whilst this

type of assessment has been performed for deep-water conditions (Mori et al. 2007,
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Fedele et al. 2010 and Tang et al. 2021) an equivalent assessment in finite water
depth has not been previously performed.

To apply Equation 3.2, an estimate of the Benjamin-Feir Index (BFT) for realistic
bandwidth sea-states is necessary. In the original definition of the BF'I provided by
Janssen (2003) a symmetric spectral shape was assumed, with the spectral bandwidth
defined through the standard deviation of the frequency spectrum o,,. However, such
a definition is not straightforward for the case of the JONSWAP spectra employed here.
As such, different measures for the spectral bandwidth need to be considered. These
consist of the parameters v and ¢, = 1/ (\/7@), as presented in §2.3; the former
allocating more weight to changes in the high frequencies and the latter to changes
at the spectral peak.

Before employing these measures for predicting the dynamic kurtosis, it should
be noted that they are not independent of time, as near-resonant interactions lead

to energy transfers between wave components that can ultimately change the shape
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of the free-wave spectrum. It was found that whilst the variation of v with time
was less than 3% for all cases, the variation of ¢, was more significant. To this end,
Figure 3.31, presents the time-variation of g, based upon the free-wave spectrum. To
reflect the relative change of g, the results are normalised with respect to the initial
(input) value denoted with g,.

In exploring the trends observed in Figure 3.31, it is demonstrated that in deep
water (k,d = 5.03) (1) for v = 2.5 the spectrum is initially in equilibrium, (2) for
v = 5.0 tends to broaden and (3) for v = 1.0 it tends to narrow; these observations
being qualitatively in line with the evolution of the amplitude spectrum of JONSWAP
wave groups presented by Gibson (2004) and Gibson & Swan (2007). For the case of
k,d = 1.28, no spectral evolution is detected owing to the reduced energy transfers in
this effect water depth. This is in accordance with numerical simulations presented
by Janssen & Onorato (2007) for symmetric spectral shapes. Finally, for k,d = 0.87,
the spectrum tends to become broader for all initial spectra. This is in line with
Janssen & Omnorato (2007). More specifically, as perhaps expected, the narrower the
initial spectrum, the larger the spectral changes; the energy transfers being stronger
as the bandwidth decreases.

Having identified the extent of the spectral changes, it should be noted that
it is not obvious whether the analytical solutions of Equation 3.2 should be based
upon the initial or evolved spectral shapes. This is because these solutions do not
address any spectral evolution. Within the present investigation, both initial and
evolved values of the bandwidth parameters have been employed, and the best one
is identified. Finally, in applying Equation 3.2, a characteristic steepness needs to
be defined. This is taken as k,o, = kpm(l)/ ? which links to $H,k, according to
koo, = Hk,. Additional comparisons using alternative definitions for the sea-state
steepness are presented in Appendix B (§B.1).

Figure 3.32 compares Equation 3.2 evaluated using both the initial and evolved
bandwidth parameters for the sea-states presented in Figure 3.28(A). For complete-
ness, the bandwidth corrected prediction of Equation 3.5, evaluated using the initial
frequency spectrum is also added. However, the equivalent prediction based on the
evolved spectra is omitted to ensure clarity in the plots. Moreover, whilst this cor-
rection has been derived upon deep-water arguments, its application has also been

extrapolated into finite water depth. This correction, ranging between 12 — 16% for
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FiGure 3.32: Comparison of the time-and ensemble-averaged dynamic kurtosis at steady state
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correspond to different definitions of spectral bandwidth: (A) for v and (B) for ﬁ Note the

different axis limits in the two plots.

v and 3 — 12% for g,, is not shown to be that significant.

Taken together, it is concluded that neither v nor g, can be used in a predictive
manner across all the cases considered. Specifically, whilst v leads to a reasonable
agreement with observations for A4, < 0, for A\, > 0 the discrepancies are significant.
In contrast, g, gives good agreement for M4, > 0, but fails to predict the lower values
of the dynamic kurtosis. Furthermore, although the evolved ¢, leads to improved
predictions for k,d < 1.36, the discrepancies remain very significant.

With v being more sensitive to the spread of energy in the high-frequency tail,
its outperformance over g, for A4, < 0, or equivalently for k,d < 1.36, reveals the
important role of the spectral tail on the intensity of near-resonant interactions. This
is consistent with the data presented in Figure 3.24(A). In contrast, the outperfor-
mance of g, over v for k,d > 1.36, suggests that the energy distribution around the

spectral peak dominates the intensity of near-resonant interactions in this regime.

3.6.2 Skewness and bound kurtosis

To conclude this section, it is interesting to explore the applicability of the narrow-
band theoretical solutions for the skewness and bound kurtosis of Janssen (2009)

(§3.2.2). In applying these solutions, an effective central wavenumber has to be
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kurtosis (Ajy) to the theoretical narrow-band solution of Janssen (2009) for uni-directional sea-
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it is added for reference.

selected. This aims to represent the wavenumber kq (§3.2.2) associated with a narrow
symmetrically concentrated spectrum; this selection affecting both the estimation of
the sea-state steepness, 0,,ko, and effective water depth, kod. In making this selection,
two wavenumber definitions have been employed: the peak wavenumber £, and the
mean wavenumber k,,, where k,, refers to the wavenumber corresponding to the
mean frequency w,, = m;j/mgy based upon the linear dispersion relationship such
that k,, = k(w,,) '. Whilst the former represents the location of the spectral peak,
the latter is affected by the adopted spectral shape. In making these comparisons,
the choice for representing the effective water depth was the wavenumber £,. This
was also the case for the dynamic effects (see Appendix B for further discussion).
Comparisons using both definitions for the sea-state steepness (i.e. o,k, and o,k,,)
are presented herein. Based on the above, the theoretical predictions for the skewness
and bound kurtosis are compared to HOSM time-and ensemble-averaged steady-state
values in Figures 3.33(A) and 3.33(B), respectively.

These comparisons indicate that the theoretical solution for the skewness pa-

!This is identical to k; used within the Forristall (2000) model, presented in §2.3.3.
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rameter severely under-predicts the numerical results when the steepness o,k, is
employed. In contrast, the predictions based on o,k,, appear more accurate. In fact,
for the most narrow-banded sea-states of v = 5 and for k,d > 1.2 the predictions
are very satisfactory. However, as the effective water depth reduces, the deviations
become non-negligible. Indicatively, at k,d = 0.87 the skewness is under-predicted
by as much as ~ 23%; most probably due to the over-prediction of the frequency-
difference terms that tend to reduce the predicted values of the bound moments (see
Appendix B). Moreover, the deviations also tend to increase with an increase in spec-
tral bandwidth, owing to the progressive violation of the narrow-band assumption.

Similarly, the bound kurtosis is significantly under-predicted irrespective of the
choice of the steepness parameter. However, once again the comparisons based on
onkm are better than these based on o,k,. The observed discrepancies originate
(1) from the inability of the narrow-band theory to capture the third-order bound-
wave interactions arising in broad-banded sea-states and (2) from the coupling of the
bound-wave contributions to the underlying dynamic effects. This coupling leads to
both a progressive increase with time of the bound kurtosis in deep water and an
attenuation as k,d reduces below 1.36 (Figure 3.15).

As a final remark, it is important to note the similarity between the variation of
the skewness and bound kurtosis with effective water depth and spectral bandwidth,
and the equivalent variation of the bound contributions presented in Figure 3.29.
This observation adds value to the relevance of these statistical parameters. To
quantify this and to demonstrate, in practice, how the statistical moments can relate
to the largest waves encountered in random sea-states, Figure 3.34 presents how they
relate to the crest-height and its contributions at Q@ = 1072 for the full set of the

simulated sea-states employed in this chapter. Specifically,

« Figure 3.34(A) presents the variation of the the total crest heights relative to

linear theory against the total kurtosis.

» Figure 3.34(B) presents the variation of crest-height induced by (1) the free
waves against the dynamic kurtosis, and (2) the bound contributions against

the bound kurtosis, and

» Figure 3.34(C) presents the variation of (1) the even-harmonic bound-wave

contributions (essentially the sum of contributions from the zeroth, second and
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FIGURE 3.34: Relative nonlinear change of crest heights at @ = 1072 against the statistical
moments for all available uni-directional sea-state simulations. (A) total amplification, n./ng — 1,
vs total kurtosis, Ay, (B) free-wave crest amplification, n?/nr — 1, vs dynamic kurtosis, A, (@)
and bound-waves amplification, n2/ng, vs bound kurtosis, A}, ( ® ), and (C) even-harmonic bound-
wave amplification vs skewness ( ® ) and odd-harmonic bound-wave amplification vs bound kurtosis
('®). In all plots the lines refer to best-fit linear fits.

fourth harmonics) against the skewness and (2) the odd-harmonic bound-wave
contributions (essentially the contribution from the third-harmonic) against

the bound kurtosis.

In all these sub-figures, the best-fit linear lines have been added.

In observing Figure 3.34(A), it is clear that the total kurtosis alone is unable
to explain the magnitude of the largest waves. This was previously anticipated by
Guedes Soares et al. (2003), Gramstad & Trulsen (2007), Xiao et al. (2013), Gram-
stad & Bitner-Gregersen (2019), Athanassoulis & Gramstad (2021) (amongst others).
Evidence of this is provided by the significant scatter of the data points. However,
when the effects of the near-resonant interactions and the bound contributions are
isolated, Figure 3.34(B) shows that their respective effect on the largest crest heights
can be largely explained by the dynamic and bound kurtosis, respectively. In addi-
tion, if one is interested in exploring further the individual harmonic contributions
of the bound waves, Figure 3.34(C) shows that these can be expressed by the mo-
ments of skewness and bound kurtosis. In summary, Figure 3.34 demonstrates that
the values of the statistical moments are relevant for engineering purposes, without
having to assume any probability structure for the free surface (as is the case in the

Gram-Charlier series expansion).
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3.7 Chapter outcomes

The present chapter has provided an investigation of the near-resonant interactions
versus bound-wave contributions on the statistical properties of uni-directional sea-

states. The main outcomes of this investigation are summarised as follows:

1. It has been shown that near-resonant interactions lead to an increase of the
crest heights for k,d > 1.36, the crest heights are unaffected for k,d ~ 1.36, and
are reduced in k,d < 1.36. With these regimes having already been predicted
using narrow-band theory, the nonlinear evolution was shown to be dictated

by the location of the spectral peak wavenumber £,,.

2. For sea-states in k,d < 1.363, second and higher-order bound-wave contribu-
tions and third-order near-resonant interactions were found to have a competing
influence on the total crest heights. For all cases considered, bound waves pre-
vailed and, hence, the wave crests were found to be amplified when compared
to the linear prediction. The total crest-height distribution for k,d = 0.87 and
v = 2.5 agreed with the Forristall (2000) model. This result highlighted that
considering the crest heights of the total free surface alone could lead to mis-

leading conclusions regarding the presence of nonlinearity above second-order.

3. In considering the effect of sea-state steepness, it was found that the effect
of near-resonant interactions increases progressively, without any step-change;
casting doubt on the applicability of second-order theory, even for small sea-

state steepnesses.

4. In introducing changes in the spectral bandwidth (by changing ), it was found
that near-resonant interactions were progressively affected less by these changes
as kpd approaches the value of 1.363, from either side of the k,d range. For
k,d > 1.363, changes in spectral bandwidth oppositely affect the effect of
near-resonant interactions and bound-wave contributions on the crest heights.

Whereas this is not the case for k,d < 1.363.

5. It has been shown that the evolution of the crest-height distribution of the free

waves is directly linked to the corresponding evolution of the dynamic kurtosis.
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6. Bound-wave contributions were found to be in accordance with the values of

skewness and bound kurtosis for a wide range of sea-state conditions.

7. The performance of the analytical solutions for the dynamic kurtosis based on
Mori & Janssen (2006) and Janssen & Omnorato (2007) was assessed. It was
found that the adopted measure for spectral bandwidth plays a crucial role in
obtaining satisfactory predictions. The Goda (2000) parameter, @),, performed
better for k,d > 1.363, whereas the Longuet-Higgins (1975) v parameter out-
performed @, for k,d < 1.363.

8. The narrow-band theoretical solutions for the statistical moments of skewness
and bound kurtosis of Janssen (2009) were found to significantly under-predict

the numerical results for the majority of the sea-states considered.
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Statistical properties of directional

sea-states

The previous chapter presented the crucial role of near-resonant and bound-wave
interactions on the statistical properties of uni-directional sea-states, particularly
highlighting the influence of effective water depth, sea-state steepness and spectral
bandwidth on the crest-height statistics. The present chapter aims to extend this
earlier investigation to directionally spread seas that more closely resemble realistic
sea conditions.

Having established in Chapter 3 that the most likely magnitude of the largest
waves arising in a 3-hour sea-state relates to the statistical moments of skewness,
bound kurtosis and dynamic kurtosis, the present chapter aims to assess the predic-
tions of directional solutions for these moments.

Following a similar structure to Chapter 3, the present chapter commences in §4.1
with an overview of previous analytical, numerical and experimental investigations.
Following, §4.2 highlights in more detail the objectives of the investigation. Building
upon these objectives, §4.3 presents the sea-state characteristics employed in the
analysis. Subsequently, §4.4 presents a brief set of comparisons between numerically
generated crest-height distributions using HOSM and experimental data originating
from previous studies; the aim of these comparisons being to extend the validations
presented in Chapter 3 to directional seas. The effect of nonlinear interactions on the

statistical properties of directional random waves is presented in §4.5. Following on,
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§4.6 assesses the performance of the current state-of-the-art prediction methodologies
for the statistical moments. Finally, the chapter concludes in §4.7 with a summary

of the main outcomes.

4.1 Previous works

4.1.1 Numerical and experimental investigations
Deep water

Over the last two decades much research has been conducted to better understand
the nature of the largest waves arising in realistic directionally spread sea-states. In
this regard, it is relatively well established through experimental studies (Stansberg
1994, Waseda 2006, Onorato et al. 2009a, Latheef & Swan 2013) and numerical
(Onorato et al. 2002, Xiao et al. 2013, Hadjigeorgiou 2018) investigations that in
deep water an increase in directionality leads to the reduction of nonlinearity.

Particularly, Latheef & Swan (2013) showed that, when non-breaking sea-states
are considered, any deviations of the crest-height distribution from second-order
theory reduce with an increase in directionality and a reduction of sea-state steep-
ness. More recently, Hadjigeorgiou (2018) reproduced these results based on HOSM
simulations. Both Latheef & Swan (2013) and Hadjigeorgiou (2018) attributed the
reduction of the nonlinear crests with an increase in directionality to the reduction of
the wave steepness of the underlying linear waves. Nonetheless, the extent to which
near-resonant effects are responsible for this attenuation is, as yet, unknown.

To this end, the effect of nonlinear focusing in directionally spread seas has been
traditionally studied using the BMNLS equation. Particularly, Gramstad & Trulsen
(2007), and latter Mori et al. (2011), employed Gaussian spectra within the BMNLS
equation and showed that there is a change in the magnitude of the dynamic kurtosis
with increase in the directional spread. Nonetheless, whilst the above finding is inter-
esting, it is of limited practical significance owing to the unrealistic spectral shapes
employed. In this regard, Gramstad & Trulsen (2007) showed that this change is, at
least in part, reproduced in JONSWAP spectra. However, with the BMNLS equation
inherently suffering from bandwidth limitations, the JONSWAP spectra (both initial

and resolved) were significantly truncated; the maximum resolved wavenumber k,
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being only two times the spectral peak. This limits the maximum resolved frequency
component to only ~ 1.4 times the peak frequency. As such, the interpretation of
these results should be treated with caution. Particularly because Xiao et al. (2013)
have shown significant under-predictions of the crest heights obtained using BMNLS
and the crest heights obtained using HOSM; the accuracy of the latter being demon-

strated through comparisons to the experimental results of Onorato et al. (2009a).

Finite water depth

In finite water depth, the effect of directionality is less well established than in deep
water. Toffoli et al. (2009) explored this effect using HOSM for realistic frequency and
angular bandwidths; the focus of this work being on the statistical moments and the
probability distribution function of the free surface. More recently, Hadjigeorgiou
(2018) conducted a similar investigation using HOSM, but this time the crest-height
distributions were considered. Both Toffoli et al. (2009) and Hadjigeorgiou (2018)
demonstrated that with an increase in directionality, nonlinearity increases for ef-
fective water depths laying in k,d < 1.36. This increase could stem either from the
increase of bound-wave interactions (Forristall, 2000) or from energy focusing which
is possible in this effective water depth regime for wave interacting in transverse di-
rections (Hayes 1973, McLean 1982a, Toffoli et al. 2013). However, both Toffoli et al.
(2009) and Hadjigeorgiou (2018) were incomplete in this regard as the nonlinearity
was only addressed as a whole.

Moreover, there is contradictory evidence in the literature as to whether third-
order nonlinearity is significant in directionally spread seas in finite water depth.
Specifically, Fedele et al. (2016) showed that numerical crest-height distributions
obtained using HOSM broadly agree with second-order crest-height predictions for sea-
states of $H,k, ~ 0.10, k,d € [1.36,2.23], 09 ~ 20° and v ~ 5'. In line with findings
presented by Fernandez et al. (2016) for sea-states of § H,k, = 0.13, k,d € [1.15,1.78],
g ~ 30° and 7 = 6.0. In contrast, Hadjigeorgiou (2018) demonstrated a small
amplification beyond Forristall (2000) using HOSM. This was of the order of 2 — 3%
in the tail of the distribution for sea-states of 3 H,k, € [0.10,0.11], k,d € [0.9,1.5],
o € [10,20]° and v = 2.5.

!The ~ value here is derived from the reported v values, assuming a JONSWAP spectrum
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In contrast, an extensive experimental study of finite water depth conditions
conducted by Karmpadakis et al. (2019a) has shown significant departures of the
measured crest heights from the Forristall (2000) predictions. These departures were
in the order of 8% at an exceedance probability level of Q = 1072 and related to a wide
range of non-breaking sea-state conditions of $ H,k, € [0.1,0.12], k,d € [0.8,1.56],
og € [10, 30]°.

Having reviewed previous research on the effect of directionality on the statistics
of random seas, it is instructive to present how the current state-of-the-art opera-
tional forecasting systems for freak waves account for the wave nonlinearity. Janssen
(2017) describes the adopted methodology within the ECMFW freak warning system.
This relies on the analytical estimation of the dynamic kurtosis, bound kurtosis and

skewness for a given directional wave spectrum. These solutions are reviewed in

§4.1.2.

4.1.2 Directional solutions for the statistical moments
Dynamic kurtosis (\%,)

Building upon the theoretical grounds set by Janssen (2003) and Mori & Janssen
(2006), Fedele (2015) derived a directional narrow-banded (in both frequency and

1. Assuming

direction) analytical solution for the dynamic kurtosis in deep water
that the spectral energy is symmetrically concentrated around central values of wy
and 0y and that the spread of energy is defined by the standard deviations o, and
0g, in frequency and direction, Fedele (2015) argued that the dynamic kurtosis is

evaluated according to,
T

V3

where BF I is the Benjamin-Feir index defined in §3.3 and J(7; R) is a time-dependent

My = —=J(1; R)BFI?, (4.1)

factor accounting for the effect of directionality:

33 T 1
—Im/ , -
T 0 V1 —2ia+ 3a2 V1 + 2iRa + 3R%a?

J(T;R) = do, (4.2)

'Related work by Janssen & Bidlot (2009) also attempted to produce a similar solution. However,
an inconsistency in their adopted procedure was found and addressed by Fedele (2015).
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where R is defined as R = 0y/(20,/wo) and expresses the relative importance of
directional dispersion over frequency dispersion. 7 is an effective evolution time
defined as 7 = (o, /wp)>wot.

Within Equation 4.1, for R > 0 the dynamic kurtosis tends to reduce to 0 in the
limit ¢ — oo. Prior that, it reaches a peak value at a time 7. = 1/ V3R, which lays
within the time-scales considered in this investigation (see Appendix B). In contrast,
for uni-directional conditions (R = 0) the solution predicts a monotonic increase with
time until a steady state is reached. This is in agreement with Mori & Janssen (2006).
Furthermore, for R > 1, the dynamic kurtosis follows the same trend as described
above for R > 0, but this time it is negative and much smaller in magnitude. A
negative dynamic kurtosis signifies a defocusing of the wave energy that stems from
interacting wave components that lay in both unstable and stable regions (according
to the nonlinear Shrondiguer equation) as the directionality increases. This situation
ultimately affects the nonlinear dispersion of different directional wave components
in different ways. In the discussion that follows, only the maximum absolute value
of the kurtosis through time will be considered, as this gives a unique prediction for
each sea-state before the value drops to zero.

To account for finite water depth effects, Janssen (2017) extended the solution of
Fedele (2015) using the Davey & Stewartson (1974) system of equations. The form of
the solution of Janssen (2017) is identical to Equation 4.1, but this time finite depth
affects are included in the evaluation of BF'I and R. Based on these modifications,

the evaluation of dynamic kurtosis according to Janssen (2017) is given by,

V3

where B,y is the directional finite depth BF'I, which includes a modification of the

Nio = —=J (73 Ry) BY, (4.3)

kernel T 0,0 accounting for the effect of directionality through R. Furthermore,
Ry = BsR, with 8, being a depth-dependent factor. The form of the modified kernel
70,000 and S5 is shown in Appendix B. Before proceeding, it is instructive to explore

how:
1. By varies with the directionality factor, R, and effective depth, kqd.

2. the peak value of J(7; R;), J,(Rs), varies with R for different effective depths,
kod.

162



4.1 PREVIOUS WORKS

3. the final estimation of dynamic kurtosis varies with R for different effective
depths, kod; ultimately exploring if nonlinear focusing is predicted for kod <

1.363 in directionally spread seas.

Figure 4.1 explores the above points. Specifically, Figure 4.1 (A) shows that as
R increases the dynamic kurtosis increases; the increase being more pronounced as
the effective depth reduces. Moreover, this increase and ultimate reversal in sign
agrees with the notion that the interaction of non-collinear waves can lead to energy
focusing in k,d < 1.36 (Hayes, 1973). The explanation for this arises from the
reduction of the wave-induced mean flow due to directionality.

In considering how .J,(Rs) varies in different effective depths, Figure 4.1(B) shows
that as kod reduces, J,(R;) attenuates faster with increasing R. Thus, whilst in deep
water J,(R,) changes sign at R = 1, in finite water depth this value is reduced. More
specifically, for kod = 0.87 (the shallowest case considered herein) J,(R;) is shown
to change sign at R ~ 0.38. This relates to the reduced frequency dispersion as the
effective water depth reduces, giving rise to a higher effective R factor and hence a
quicker attenuation of J,(R,) with R compared to deep water.

In combining B, and J,(R;), the final prediction for the dynamic kurtosis, nor-
malised with respect to the deep-water uni-directional case, is shown in Figure 4.1 (C)
for kod = 100,5,1.28 and 0.87. In deep water (kod = 100, 5) the dynamic effects are
shown to reduce with R in accordance with expectation, in kod = 1.28 (laying close
to the limit 1.363) the effect of directionality is minimal. However, in kod = 0.87,
despite the increase of Byy with R observed in Figure 4.1 (A), the combined effect of
Bgg and J,(Ry) leads to energy defocusing for the full range of the R parameter.

Skewness (\3) and bound kurtosis ()\}))

Janssen (2017) derived equivalent directional narrow-band solutions for the skewness
and bound kurtosis in finite water depths. These also depend on R, similar to the
dynamic kurtosis. The variation of the skewness and kurtosis based on Janssen (2017)
with effective depth, kod, for different directionality factors R and for a nominal
steepness of 0,kp = 0.1 is shown in Figure 4.2 ((A) for the skewness and (B) for the

bound kurtosis); the functional form of the solutions given in Appendix B.
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FIGURE 4.1: (A) Variation of B2,/BFI? with relative water depth, kod, for different R: val-
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opko = 0.1: values of R = 0,0.1,0.4,0.8,1.4 and 2.8 denoted with ( / / / /
/ ) and (— — ) marks the theoretical kod value of 1.363.

Figure 4.2 shows that as R increases, the skewness and bound kurtosis again
increase; the explanation again being reduction of the wave-induced mean flow. As
the wave-induced mean flow in deep water vanishes so does the effect of R. As such,
in deep water the estimated values for the statistical parameters coincide with the
uni-directional prediction of Mori & Janssen (2006) (§3.2.2). Likewise for R = 0, the
solution of Janssen (2017) is identical to the uni-directional case outlined in Janssen

(2009).

4.2 Objectives

There is strong evidence in the literature for wave-crest amplifications beyond second-

order in directionally spread sea-states in deep water; this amplification is reduced as
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waves become more short-crested and less steep. However, the relative importance
of the near-resonant interactions and bound-wave contributions remains unclear,
particularly for broad-banded sea-states. Moreover, the role of finite water depth is
more elusive, with contradictory outcomes presented in the literature. Based on the

above, the following questions arise:

1. In deep water, is the nonlinear focusing due to near-resonant interactions iden-
tified for uni-directional seas relevant to deep water directional seas, and how

is it affected by incremental changes in directionality?

2. For directional seas in finite water depth, is the nonlinear focusing identified in

uni-directional seas reversed due to non-collinear interactions?

3. Does the additional effect of directional dispersion affect the dominant role of

spectral bandwidth identified in uni-directional seas?

4. How are the bound-wave contributions affected by changes in directionality in

different effective water depths?
5. Is the effect of evolution time as significant as in the uni-directional simulations?

The present chapter aims to answer these questions, with a particular focus on
addressing the effect of sample variability on the estimation of the magnitude of the
largest crest heights arising in a 3-hour sea-state. In addition, it aims to explore
the validity of the Janssen (2017) solutions for the statistical moments; specifically
identifying whether the trends observed in Figure 4.1 (¢) for the dynamic kurtosis

are indeed relevant to broad-banded sea-states simulated using HOSM.

4.3 Test cases and numerical setup

Given the above objectives, this section presents the sea-state characteristics and
numerical setup within HOSM used in the present study.

To begin, the first goal of the investigation is to establish the role of finite water
depth on the nonlinear interactions in directionally spread seas, and how these in-
teractions are affected by the sea-state steepness. For this investigation, sea-states

with g9 = 10°, v = 2.5 and increasing steepness were employed; the full details

166



4.3 TEST CASES AND NUMERICAL SETUP

TABLE 4.1: Sea-state parameters relating to the study of the effect of sea-state steepness in

directional seas.

Set ‘ kpdl—] v [-] o [°] steepness/severity

LH &, [~] = 0.005, 0.039, 0.059, 0.085, 0.105
D1 0.87 2.5 10

H,/d[-] = 0.011, 0.090, 0.136, 0.196, 0.243

%Hsk:p [—] = 0.005, 0.039, 0.059, 0.085, 0.105
D2 1.28 2.5 10

H,/d[~] = 0.008, 0.061, 0.092, 0.132, 0.164

3H,ky, [—] = 0.005, 0.039, 0.059, 0.085, 0.105
D3 5.03 2.5 10

H,/d[~] = 0.002, 0.016, 0.023, 0.034, 0.042

presented in Table 4.1. These allow a direct comparison to the uni-directional sea-
states of Table 3.1. Second, to identify the effect of directionality in different effective
water depths, sea-states of constant steepness (%Hskp = 0.105) and spectral band-
width (v = 2.5) were assigned different degrees of directional spreading, varying from
0p = 0 (uni-directional) to 30° in increments of 5°; full details given on Table 4.2.
Finally, to study the effect of frequency dispersion over directional dispersion, the ~
parameter was varied, while holding the sea-state steepness and directionality con-
stant; details given on Table 4.3. In all cases, the numerical setup adopted for the
directional HOSM simulations, together with the required computational resources is
presented in Table C.1.

Taken together, the employed sea-states comprise an extensive set of 48 sea-
state conditions. This far exceeds any previous study using HOSM; the aim being
to provide comprehensive insights on the dependence of the nonlinear interactions
upon the different sea-state characteristics.

With a substantial increase in the computational effort required to model direc-
tional seas, the present investigation employs the four-phase manipulation method,
presented in §2.2.6. This is in contrast to the more computationally demanding
twelve-phase manipulation method employed for uni-directional seas. The four-phase
manipulation does not separate the 4 and 0" harmonics. However, this limitation
does not limit the effective separation of the free waves from the bound waves; this
being the primary goal in applying the method.

In addition, in an analogy to uni-directional simulations, space-traces of the dif-
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TABLE 4.2: Sea-state parameters relating to the study of the effect of directionality. The cases in

parenthesis refer to sea-states already included in Table 4.1 and Table 3.1.

Set | kyd[-]  y[-]  SHk[-] o [°]

D4 0.87 2.5 0.105 (0), 5, (10), 15, 20, 25, 30
D5 1.28 2.5 0.105 (0), 5, (10), 15, 20, 25, 30
D6 5.03 2.5 0.105 (0), 5, (10), 15, 20, 25, 30

TABLE 4.3: Sea-state parameters relating to the study of the effect of spectral bandwidth and
relative water-depth in directionally spread seas. The cases in parenthesis refer to sea-states already
included in Table 4.1.

Set | YHk,[-] v[-] o] Fopd [ )

D7 0.105 1.0 10 5.03, 3.50, 2.03, 1.57, 1.28, 1.02, 0.87
D8 0.105 2.5 10 (5.03), 3.50, 2.03, 1.57, (1.28), 1.02, (0.87)
D9 0.105 5.0 10 5.03, 3.50, 2.03, 1.57, 1.28, 1.02, 0.87

ferent harmonic contributions are obtained at time instances t/7, = 0, 2, 4, 6, 8, 10,
12, 15, 25, 35, 45, 55 and 60; a finer interval being adopted at the beginning of the
simulations to capture any transient development of the near-resonant interactions.
The space traces in these calculations have been obtained along the x coordinate at
lateral locations y = (=5, 0, 5)l, (where y = 0 signifies the centreline of the domain).
The spatial distance of 5, ensured that the space traces in a single simulation were
uncorrelated. In adopting this approach, the crest-height distribution for each sea-
state at a given evolution time included at least 45, 000 waves using an amalgamated
set of 330 individual random simulations. This ensured the reliable estimation of
the crest-height elevations at an exceedance probability level of ) = 1073, as shown
in Chapter 3. Moreover, the present directional simulations conserved energy to the
same degree as the uni-directional simulations; the mean error being < 0.5% in any
given sea-state and the maximum in any given seed ~ 1.0%.

Furthermore, before proceeding, it should also be noted that the selected order of
nonlinearity within HOSM was set to M = 3. In selecting this order, third-order near-
resonant interactions are included in the simulations (Onorato et al., 2007). However,
the fourth-order quintet interactions are omitted. Nonetheless, the latter could, in

theory, be important for both deep and intermediate-depth conditions if the waves

168



4.4 VALIDATION CONSIDERATIONS

are sufficiently steep and directionally spread (McLean 1982b, McLean 1982a and
Francius & Kharif 2006). To be certain that the results have converged with respect
to M, simulations with M = 4 and 5 were also performed for a sub-set of sea-states.
These sea-states include the deepest and shallowest effective depths with k,d = 5.03
and 0.87 with directional spreads gy = 10° and 20°, and v = 2.5. Appendix C
presents the crest-height distributions along with samples of wave records. These
confirm that the present results are indeed converged at M = 3.

With numerical convergence confirmed, the following section presents compar-
isons between experimentally measured crest-height distributions and numerical dis-
tributions obtained using HOSM; these comparisons providing the necessary valida-

tion.

4.4 Validation considerations

The experimental data employed in validating the directional sea-state simulations
originate from the experimental studies outlined in §3.4 and refer to three sea-states
generated in ICL in water depth of d = 1.25m and 0.5m and in QUB in d = 0.5m.
The experimental T, was selected such that the full range of effective water depths
employed in this study is covered, with k,d € [0.88,3.5]. In addition, to perform
effective comparisons, the evolution time in HOSM was linked to the evolution distance
in the experiments based on the group velocity. Furthermore, the parameter T,
defining the ramp function was set to 47,; as in Chapter 3 this value was found to
be optimised.

With regard to the accuracy of both experimental and numerical crest-height
distributions, spatial homogeneity must be ensured, such that the statistics are not
dependent upon the spatial location within the wavefield. In the earlier experimental
studies, this was the subject of much attention. In the present HOSM simulations,
data confirming this are provided in §C.2.

Having previously discussed key aspects in comparing experimental vs numerical
crest-height distributions, Figure 4.3 presents the relevant comparisons; the sea-state
parameters defined in each sub-figure’s caption. In accordance with the comparisons
presented in §3.4, the sub-figures on the left present the full probability distribution

of the normalised crest heights; the experimental data supplied with 95% confidence
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intervals and the linear (Rayleigh) and second-order (Forristall, 2000) distributions
added for reference. The right sub-figures present detailed views around an ex-
ceedance probability level Q = 1072, the confidence intervals on the numerical data
having also been added. These comparisons show excellent agreement between the
numerical and experimental data, both of which exhibit significant departures from
the second-order Forristall (2000) model. These results confirm the ability of HOSM

to simulate the full extent of the nonlinear interactions in directional seas accurately.

4.5 Effect of nonlinear wave-wave interactions on the

statistics of directionally spread random wave-
fields

Having shown that HOSM simulations accurately reproduce the crest-height statistics,
this section explores how the different nonlinear interactions are affected by the sea-

state characteristics, particularly directionality, and the nonlinear evolution time.

4.5.1 Preliminary results

To gain an initial insight into the extent of the near-resonant interactions in direc-
tionally spread seas laying in different effective water depths, preliminary results will
focus on the time-evolution of the dynamic kurtosis for sea-states of 1 H,k, = 0.105,
v = 2.5 and o = 10° laying in the three effective depths, k,d = 5.03, 1.28 and 0.87,
investigated in Chapter 3.

Following the earlier approach adopted in §3.5.1, two different ramp function
lengths were employed; the aim being to ensure that the results are independent of
T,. In addition, to further verify the simulations, sea-states with a very low steepness,
%Hskp = 0.005, were simulated; in the absence of significant nonlinear interactions,
the dynamic kurtosis should be zero.

Figure 4.4 concerns the time evolution of the dynamic kurtosis arising in these
sea-states. These results shown that (1) the length of the ramp function does not
affect the results for %Hskp = 0.105 and (2) the dynamic kurtosis for %Hskp = 0.005 is
indeed zero; both observations enhancing the confidence on the nonlinear predictions.

Moreover, in observing the results for %Hskp = 0.105, it is shown that at ¢ = 0,
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FIGURE 4.3: Comparison between experimental and numerical (HOsM) data describing normalised
crest-height, 1./ Hs, exceedance probability distributions. (A), (¢) and () show the full probability
distributions. The different lines refer to: ( ) Rayleigh, ( ) Forristall (2000), ( ® ) HOSM,
( ®) experiments and (—— ) 95% confidence intervals on the experimental results. (B), (D) and
(F) show detailed views marked with a rectangle region in (A), (C) and (E), respectively. In these
plots confidence intervals have been added to the HOSM results denoted with (—— ). All the sea-
states are JONSWAP with v = 2.5, characterised by a Gaussian DSF of ¢ = 10°. While the sea-state

steepness %Hskp, effective water depth k,d and normalised distance of the wave-gauge from the

wavemaker xg/l, (I, being the peak wave-length) are provided in the relevant caption.
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signifying the end of the ramp function as defined in §3.4, the dynamic kurtosis is
not 0 for all water depths. This indicates that nonlinear evolution occurs within the
initial ramping of the nonlinear terms. Unfortunately, this is an inevitable feature
of the HOSM simulations, as explained in §3.5.1, and relates to the need to adopt a
ramp function of substantial length to avoid the creation of spurious waves.

In considering the physical effects that emerge from the results given in Figure
4.4:

1. In deep water (k,d = 5.03), the energy focusing observed in uni-directional sea-
states (Figure 3.13(A)) ceases to exist owing to the dominance of directional
dispersion over nonlinear dispersive focusing. This result that is in agreement
with Gramstad & Trulsen (2007) who based their analysis on the BMNLS equa-
tion. Specifically, there is slight energy defocusing in the initial stage of evolu-
tion; the value of the dynamic kurtosis laying slightly below zero. However, as
time progresses, the dynamic kurtosis evolves towards zero. It is interesting to
note that this type of evolution agrees with the theoretical prediction of Janssen
(2017) for R > 1. To assess if Janssen (2017) predicts energy defocusing for
this sea-state, different measures for the spectral bandwidth can be adopted
when evaluating R. By employing v, g, and Aw/w,, which progressively give
more weight to the spectral peak (§2.3.1), the corresponding R values are 0.17,
0.37 and 1.15, respectively. Therefore, the theory of Janssen (2017) appears to
predict energy defocusing provided Aw/w, is used to define the spectral band-
width. This value is closer to the narrow-band assumption underpinning the
theory. Whilst this appears promising, assessment of the solution of Janssen
(2017) will be addressed in §4.6.

2. For k,d = 1.28 it is shown that the evolution of kurtosis is very similar to
the uni-directional results and in accordance to the theoretical prediction of
Janssen (2017) (Figure 4.1(¢)). In this case the effect of directionality on the

dynamic kurtosis was minimal.

3. Finally, for k,d = 0.87, energy defocusing similarly to the uni-directional re-
sults is observed for the full duration of the simulations. This arises due to the
persistence of the effect of the wave-induced ‘mean flow’. It is noted that in

the narrow-band limit for the spectral bandwidth used within the solution of
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FIGURE 4.4: Temporal evolution of the ensemble-averaged dynamic kurtosis, A%y, for directional
sea-states of 1Hk, = 0.005 and 0.105, v = 2.5 and ¢ = 10°. The lines ( / ) refer to
kyd = 5.03, ( / ) to kpd = 1.28 and ( / ) to kpd = 0.87 for %Hskp = 0.105;
the different colour shades corresponding to T, = 4 and 107}, respectively. The dashed lines refer
to the results in adopting identical sea-state characteristics but this time %Hskp = 0.005. The

horizontal time-axis is normalised by the spectral peak period, T},.

Janssen (2017), the theory of which was described in §4.1.2, the wave-induced
mean flow refers to a wave component with a wavenumber that tends to zero.
This is distinguished from the wave-induced ‘mean flow’ associated with broad-
banded sea-states, which involves very long freely propagating wave compo-
nents of low wavenumbers spanning in a wider wavenumber range. In the
former case, the wave-induced mean flow tends to induce a mean change in the
free surface, whereas in the latter case, the wave-induced ‘mean flow’ involves
oscillatory changes in the free surface. Hence, the quotes have been added in
the latter case to distinguish it from the former. In either case, the mean flow
or ‘mean flow’ is the result of triad resonant or near-resonant interactions aris-
ing at second-order in the wave steepness. In the presence of such long wave
components, the quartet third-order near-resonant interactions lead to energy
defocusing. This permanent effect of the quartet near-resonant interactions is
in contrast to deep-water directional wave evolution that tends to return to zero
as time progresses (see Mori et al. 2011, Xiao et al. 2013, Fedele 2015). This
highlights, once more, the different nature of the near-resonant interactions as

the water depth reduces.
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Having verified the accuracy of the simulations and, in so doing, revealed some im-
portant features of the intensity of near-resonant interactions in directionally spread
seas for different effective water depths, the effect of near-resonant interactions and
bound-wave contributions on the crest-height statistics are explored in the sections
to follow. Specifically, §4.5.2 deals with the effect of finite water depth, §4.5.3 the
effect of steepness, §4.5.4 the effect of the directional spread and, finally, §4.5.5 the
effect of spectral bandwidth.

4.5.2 Influence of effective water depth

Figure 4.5 presents crest-height distribution the normalised with respect to H; for
both the underlying free waves (sub-figures (A) and (C)) and total free-surface eleva-
tion ((B) and (D)) for sea-states with § H,k, = 0.1052, v = 2.5 and k,d = 5.03,1.28
and 0.87. Two evolution times are considered: ¢t = 0 on sub-figures (A) & (B) and
25T, on sub-figures (C) & (D); the former corresponding to the initial stage on nonlin-
ear evolution and the latter corresponding to that part of the dynamic kurtosis where
a steady state has been reached. For reference, all sub-figures include the predictions
of the (linear) Rayleigh model. In addition, the sub-figures concerning the total free
surface also include the directional second-order Forristall (2000) predictions.

In considering the results on Figure 4.5, and contrasting these with the equivalent

uni-directional results on Figure 3.16, the following observations arise:
1. Crest heights of the free waves - Figures 4.5 (A), (C)

o Initially, for ¢ = 0 there is a close similarity between the crest heights
of the free waves in the uni-directional (o9 = 0) and directionally spread
(09 = 10°) simulations. Specifically, for k,d = 5.03 and 1.28 the crest
heights lay very close to the Rayleigh prediction. Whereas for k,d = 0.87
the attenuation due to near-resonant interactions is comparable to the

data presented in Figure 3.16 (A).

« For the latter evolution time of ¢ = 257, it is observed that (1) in deep
water, k,d = 5.03, the crest heights are not amplified in directionally
spread sea-states as they were in uni-directional seas (Figure 3.18), (2) for

k,d = 1.28 directionality does not seem to greatly affect the crest heights
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FIGURE 4.5: Normalised crest-height, 7./Hs, exceedance probability distributions for directional
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kpd = 0.86, 1.28 and 5.03, respectively. The Rayleigh distribution (
(2000) distribution (— — /—— /— —) for k,d = 0.86, 1.28 and 5.03 are added for reference.
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of the free waves and (3) for k,d = 0.87 the reduced crests observed in

uni-directional sea-states is also present in directional sea-states.

Importantly, all of the above observations are consistent with the evolution of

the dynamic kurtosis presented in Figure 4.4.
2. Crest heights of the total free surface - Figures 4.5 (B), (D)

« Starting with the shallowest case of k,d = 0.87, at both evolution times,
the reduction of the free-wave crest heights is counteracted by the bound-
wave contributions; the crest heights laying above the Rayleigh predic-
tions. This observation is in line with the earlier analysis of uni-directional
seas. Moreover, comparing the fully nonlinear crest heights to the For-
ristall (2000) prediction, the effect of evolution time becomes evident: for
t = 0 the crest heights are substantially increased above Forristall (2000).
In contrast, for ¢ = 257}, they are in much closer agreement. Indicatively,
the wave amplification above Forristall (2000) at an exceedance probabil-
ity level of Q = 1073 is ~ 14% for t = 0 and ~ 4% for ¢ = 25T,. While the
equivalent wave amplification beyond the linear (Rayleigh) predictions is
~ 30% and ~ 20%, respectively, for the two evolution times considered.
These results agree with experimental data reported by Karmpadakis et al.
(2019a) concerning a short evolution time or distance from the wavemaker.
In this latter study, a crest-amplification of ~ 28% was reported for the
same probability level beyond the linear prediction for a sea-state similar
to the present study. This was characterised by k,d = 0.81, v = 2.5,
o = 10° and %Hskp = 0.11. Interestingly, when the steady state crest
heights are concerned, the present results also agree with the numerical
data of Hadjigeorgiou (2018), who report a lower amplification of ~ 17%
at this probability level for a similar sea-state of k,d = 0.9, v = 2.5,
o = 10° and %Hskp = 0.11.

« Continuing with the two deeper cases of k,d = 1.28 and 5.03, the crest
height distributions show similar deviations from the theoretical distribu-
tions irrespective of t. It therefore appears that the evolution time is less

important in the absence of significant nonlinear focusing or defocusing.
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To quantify the effect of nonlinear interactions on the crest-height distributions
in different effective water depths, Figure 4.6 presents the ratio of the various non-
linear contributions over the linear (Rayleigh) crest-height predictions for ¢ = 257,.
Specifically, sub-figure (A) concerns the normalised crest heights of the free waves
and sub-figures (B)-(D) present the corresponding total bound-wave amplifications,
along with the underlying harmonic contributions of the odd and even harmonics;
each sub-figure corresponding to a different effective water depth.

In considering, first, Figure 4.6(A), near-resonant interactions lead to free-wave
crest-height reduction in all effective water depths; the effect becoming more pro-
nounced as the effective water depth reduces. Interestingly, this is shown to affect the
entire tail of the probability distribution. Indicatively, the reduction at an exceedance
probability level of @ = 1072 is in the order of 2%, 5% and 13.5% for k,d = 5.03,1.28
and 0.87, respectively. To highlight the effect of directionality, the corresponding re-
duction observed in the equivalent uni-directional sea-states in k,d = 1.28 and 0.87
was ~ 2.5% and ~ 16%, respectively, while the increase in k,d = 5.03 was ~ 10%.

Considering the total bound-wave contributions, the results demonstrate that
they lay well above the directional second-order prediction of Forristall (2000) in all
water depths; owing to higher than second-order nonlinear interactions. Specifically,
the increase at @ = 1072 is in the order of ~ 20% for k,d = 5.03 and 1.28 and of
~ 35% for k,d = 0.87. In contrast, the corresponding increase predicted by Forristall
(2000) is ~ 10% and ~ 17%, respectively. Unfortunately, a direct comparison of the
second-order bound terms with the Forristall (2000) prediction is not possible, as the
even harmonics include additional fourth-order contributions. Taken together, whilst
the second-order theory predicts an increase of the bound contributions with reduced
effective water depths, it does not capture the full extent of bound contributions.

Having gained an insight into the effect of the various nonlinear interactions on
the crest-height distribution for selected times, it is instructive to explore in more
detail the time evolution of the nonlinearity. To achieve this, Figure 4.7 presents the
time-evolution of the crest heights at an exceedance probability level of Q = 1073,
together with the contributions of the free and bound waves. To gain a better view
of the role of directionality, it directly contrasts the results to the equivalent uni-
directional data presented in Figures 3.16 and 3.23. In more detail, the left column

in Figure 4.7 presents the normalised crest heights of the total free surface, n./ng,
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FIGURE 4.6: (A) Crest-height probability of exceedance distribution of the free waves normalised

with respect to the Rayleigh prediction, n¢/ng, ; ( / / ) for kpd = 0.87,1.28 and 5.03,
respectively. (B), (¢) and (D) normalised total bound-wave amplification, n2/ng, and its underlying
contributions of increasing order, corresponding to k,d = 5.03,1.28 and 0.87, respectively. All sub-
figures correspond to t = 257, for sea-states of %Hskp = 0.105, v = 2.5 and o = 10°. The lines
( / / ) refer to the total bound-wave amplification, ( / / ) to the even
harmonics and (—— /— — /— — ) to the third (odd) harmonic. The directional Forristall (2000)

predictions (— — ) are also added for reference.
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and the underlying freely propagating part, n¢/nr, and the left column presents the
total bound-wave contributions, 7?/nz. From top to bottom, the effective water
depth decreases.

Before proceeding to the physical insights gained from such comparisons, two
additional side issues should also be resolved. These refer to (1) the correct estimation
of the steady state crest height at @ = 107 and (2) that this estimation is unaffected
by the length of the ramp function. Whilst these issues have been resolved in the
context of the earlier uni-directional simulations, the nonlinear interactions exhibit
a different intensity in directional seas and hence these key issues should be verified.
To this end, Figure 4.7 presents results obtained using both T;, = 47}, and 107,,; the
former shown with continuous lines and the latter with circular markers. Whilst this
superimposition creates ’dense’ data-plots, it leads to a compact presentation of the
different effects.

In addition, to reflect the effect of sample variability at each evolution time the
results for T, = 47, are supplied with 95% confidence intervals. These confidence
intervals are relatively wide in that they show a variation of the total crest-height
magnitude in the order of 7% of the linear predictions. Hence, to remove (to some
extent) the effect of sample variability, an effective time averaging was performed to
the results of both T, = 4T, and 107}, as highlighted in Chapter 3. These are de-
picted with horizontal continuous and dashed grey lines, respectively. For the present
directional simulations, this average has been performed in the interval ¢ € [10, 60]7,.
This is wider than the corresponding interval in the uni-directional simulations, as
the longest time to reach a steady state is shorter in the directional simulations.
Therefore, by adopting this wider interval, the crest-heights are captured at least as
accurately as in the uni-directional cases. Taking the results together, it is observed
that (1) for individual time instances, the results for 107, lay within the confidence
intervals of 47}, and (2) the time-averaged values are nearly identical. As such, the
results are independent of the choice of T,.

Finally, additional considerations regarding the effect of the nonlinearity order M
within HOSM on the different nonlinear contributions, the minimum required ramp
function’s length and the efficiency of the ramp function are presented in Appendix
C. In summary, the results presented in Appendix C demonstrate that not only the

total free-surface but also the underlying nonlinear contributions have converged to
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within ~ 1% with respect to M at M = 3. Moreover, in agreement with Chapter
3, a minimum of T, = 47, was necessary to effectively suppress any spurious waves
due to the linear initialisation of the wavefields. As such, the present results are
independent of both M and the initial conditions.

Considering the physical effects that emerge from Figure 4.7 details are given as

follows:

o Free waves: In directionally spread seas the crest height magnitude at an
exceedance probability level of Q = 1072 is not affected by the evolution time
for k,d = 1.28 and 5.03. Whereas for k,d = 0.87, for which dynamic effects still
remain relevant, a steady state is reached after ¢ ~ 107},. This is in accordance

with the evolution of the dynamic kurtosis presented in Figure 4.4.

In interpreting these results, it should be stressed that within HOSM, the spec-
trum is not stationary in time. To explore this, an investigation of the spectral
evolution is provided in Appendix D. This reveals that the mean directional
spreading evaluated over a frequency range of f € [0,3f,] increased consid-
erably in time; owing to the progressive development of frequency-dependent
spreading. However, for a frequency range of f € [0.9,1.1]f, the directional
spreading remained largely unchanged. As such, the development of frequency-
dependent spreading does not affect the crest-heights. This outcome is in
line with the experimental study of Latheef & Swan (2013), which showed
that the crest-height statistics both with frequency-dependent and frequency-
independent spreading are dominated by the angular distribution around the
spectral peak. However, the present results extend this finding to the situa-
tion where frequency dependence occurs naturally due to the development of
near-resonant interactions rather than an initial imposed frequency-dependent

spreading.

o« Bound waves: At ¢ = 0, for which nonlinear evolution is minimal, bound
wave contributions are almost identical for both oy = 0 and oy = 10° in all wa-
ter depths. These results reveal that bound-wave nonlinearity, in the absence
of (significant) nonlinear evolution is not affected by the introduction of direc-
tionality, at least for oy = 10°. For k,d = 5.03, this outcome is in line with the
deep water focused wave groups presented by Hadjigeorgiou (2018) simulated

using second-order theory. Equivalently, regarding finite depth, Karmpadakis

180



4.5 EFFECT OF NONLINEAR WAVE-WAVE INTERACTIONS ON THE STATISTICS OF
DIRECTIONALLY SPREAD RANDOM WAVEFIELDS

4 /g -]

770/7737 7,

0 10 200 30 40 50 60 0 10 20 30 40 50 60

Normalised time, t/T, [—]
(a)

Normalised time, t/T), [—]

(B)
0.45

o

3 025 ) po0egeoy = o
=

0 10 20 30 40 50 60 . 0 10 20 30 40 50 60
Normalised time, t/T, [—] Normalised time, t/T, ]

(©) (D)
1.4 —

»,/WR [4}

A
=
g
= 1

=

0.15

0.8 i . . . . 0.1

0 10 20 30 40 50 60 0 10 20 30 40 50 60

Normalised time, t/T, -]
(®) (¥)
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contributions corresponding to a probability of exceedance of @Q = 1073 for directional sea-states
of o9 = 10°, v = 2.5 and %H skp = 0.105. The left column refers to the free-surface total and freely
propagating part, and the right column to the total bound-wave contributions. The sub-figures
(a), (B) refer to k,d = 5.03, (C), (D) to kpd = 1.28 and (E), (F) to k,d = 0.87. In (a), (C) and (E)
( / /
also adopted in (B), (D) and (F) for the bound-waves part. While, the free-waves part is denoted
with ( / / ). In all sub-figures the markers (© /o /o) and (© /o /o) refer to
the results for the same sea-states obtained using T, = 107),. The dash-dotted lines in (A), (C)

) refer to the total free surface obtained using T, = 4T,,. The same notation is

and (E) correspond to 95% confidence intervals. In all sub-figures the time-averaged values for
t > 10T}, are denoted with (—— ) for T,, = 4T, and (— — ) for T, = 10T,. Finally, the equivalent
uni-directional results (0 = 0) presented in Figures 3.17, 3.20 and 3.23 have also been added for
reference shown with (=—+ =) for the total free surface and bound contributions and (== for

the freely propagating part.
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(2018) has shown that second-order bound-wave nonlinearity tends to increase
with oy, reaching a maximum at oy = 15°. With further increases in the di-
rectionality, second-order bound waves reduce. The fact that in the present
results for k,d = 1.28, bound waves are not affected by directionality can be
explained by the slight reduction in the magnitude of the underlying free waves
for oy = 10°, as shown in Figure 4.7(c). This reduction balances out the in-
crease predicted by second-order theory. Unfortunately, for k,d = 0.87, no
insights can be gained using the second-order theory due to questions over its
validity (§3.5.2). Moreover, as time progresses, for k,d = 5.03 and 0.87, it is
shown that the bound-wave contributions are greatly affected by directional-
ity. Specifically, in k,d = 5.03 and for oy = 10° bound-wave contributions are
lower when compared to gy = 0. This is due to the reduced magnitude of the
underlying free waves. In contrast, for k,d = 0.87 and for oy = 10° they are
higher when compared to oy = 0. This is due to the increased magnitude of

the underlying free waves.

» Total free surface: Taken the effect of nonlinearity as a whole, Figure 4.7
shows that directionality does not affect the crest heights at early evolution
times, in which the near-resonant interactions are not fully developed. However,
once a steady state has established, directionality significantly decreases the
crest heights in k,d = 5.03, leaves the crest heights unaffected in k,d = 1.28
and considerably increases the crest heights in k,d = 0.87. These trends are
primarily driven by the effect of nonlinear evolution, rather than static or bound

interactions.

4.5.3 Influence of sea-state steepness

Having established the effects of directionality on both the near-resonant (dynamic)
and bound wave interactions, this section concerns the transition of these two effects
with an increase in wave steepness; adopting the sea-states of Table 4.1. In particular,
the present section aims to explore (1) if with an increase of the sea-state steepness,
the effect of near-resonant interactions is monotonic in all effective water depths,
(2) how bound-wave amplification balances out the effect of energy defocusing, and
(3) what is the implication of (1) & (2) on the performance of the Forristall (2000)

model; the latter commonly used in design.
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In exploring the above points, the steady-state part of the nonlinear evolution
is considered for which a time-averaged (for ¢ € [10,60]7},) value of the crest height

and its contributions at Q = 1073 allow a compact presentation of the results.

Near-resonant interactions

Considering first the dynamic effects, Figure 4.8 presents the variation of the dynamic
kurtosis (sub-figure (A)) and the corresponding time-average of the crest height of
the free waves, n?, at Q = 1073, normalised by the Rayleigh prediction ng (sub-figure
(B)). Specifically, sub-figure (B) includes both the mean estimates and ~ 95% confi-
dence intervals; the latter reflecting the variability around the mean predictions due
to the finite sample of crest heights. These confidence intervals have been calculated
on the basis of the central limit theorem, defined as +20,, were o, = 0./ VN —1is
the standard deviation of the time-averaged values, o. the standard deviation of the
set of crest heights of different evolution times and N to the number of time-instances
used for calculating the time-averaged values. Figure 4.8, describes a monotonic tran-
sition from linearity (A%, = 0, n./nr = 1) to nonlinearity. This is similar to that
observed in Figure 3.26.

Interestingly, for k,d = 5.03, the slight reduction of the crest heights observed in
§4.5.2 persists even for lower steepnesses; indicating that directionality and frequency-
bandwidth determine this behaviour. This observation is in accordance to the theo-
retical developments of Fedele (2015) and Janssen (2017), where energy focusing or
defocusing is dictated by the parameter R. While it agrees with the numerical re-
sults of Annenkov & Shrira (2014) obtained based on the method of Janssen (2003)
(the integration of the Zakharov equation), specifically, the transition of focusing
to defocusing depends upon v and not upon the sea-state steepness. Moreover, for
k,d = 0.87, the directional results remain consistently above the uni-directional data
presented Figure 3.26; a direct overlaying of the latter results being omitted to avoid
overloaded plots. As such, the role of directionality appears to be independent of the

effect of sea-state steepness.

Bound-wave contributions

Considering the effect of bound waves, Figure 4.9(A) presents the the variation of

the time-averaged bound-wave contributions at @@ = 1073, with increasing sea-state
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have been added around the central estimates.
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steepness; the Forristall (2000) predictions having been included to reflect the extent
of second-order nonlinearity.

The HOSM results presented in Figure 4.9(A) show a nonlinear increase of the
bound terms with steepness. This contradicts with the linear increase predicted
by Forristall (2000). Once again, this is similar to the equivalent uni-directional
results presented in Figure 3.25 and reflects the importance of bound terms beyond
second-order. Within the present directional simulations, the gradient of the increase
of the bound terms in k,d = 5.03 appears lower compared to the equivalent uni-
directional (Figure 3.25) results. This is due to the absence of nonlinear focusing.
Taken together, the bound contributions are shown to increase with a reduction in the
effective water depth; in qualitative agreement with both the theoretical variation of
the statistical parameters of skewness and bound kurtosis (§4.1.2) and the Forristall
(2000) model.

Total effect of nonlinear interactions

Taking the effect of nonlinearity as a whole, Figure 4.9(B) presents the time-averaged
crest height of the total free surface at Q = 1072, normalised with respect to the
Rayleigh prediction, together with the Forristall (2000) model predictions to assess
its overall performance.

The observed trends reveal that the total nonlinear amplification does not vary
greatly with changes in effective water depth. This is in contrast to the equivalent
uni-directional results presented in Figure 3.26. This arises because of the reduced
effect of the near-resonant interactions. Interestingly, for k,d = 0.87, the results
demonstrate that the attenuation of the crest heights due to near-resonant inter-
actions is compensated by the bound-wave amplification in such a way that the
numerical results agree with the Forristall (2000) predictions for %Hsk:p < 0.085.
However, with further increases in steepness, the total crest heights lay above the
Forristall (2000) predictions. This arises due to the more rapid increase of the bound
terms when compared to the reduction of the free-wave crest height. To this end,
as indicated earlier in Chapter 3, any agreement with the Forristall (2000) model in
this effective water depth does not indicate the absence of nonlinearity above second-
order, but rather the competing influence of the free and bound terms arising above

second-order.
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FIGURE 4.9: Effect of sea-state steepness, %Hskp7 on the time-averaged (A) bound-wave contri-
butions (n%) and (B) total crest heights (1.) at @ = 1073, both normalised with respect to the
Rayleigh prediction (ng) in directional sea-states with oy = 10° and v = 2.5. The lines ( —e— /
—e— / —e— ) refer to k,d = 0.87, 1.28 and 5.03, respectively. While the directional Forristall (2000)
predictions are also added for reference, with (—— /— — /— — ) referring to k,d = 0.87, 1.28
and 5.03, respectively.
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4.5.4 Influence of directionality

So far, the results have highlighted important changes that directionality induces
in the intensity of nonlinear wave interactions. These changes were identified by
contrasting results of oy = 0 to gy = 10°. The present section aims to extend the
study the effect of directionality by increasing oy from 0 to 30° in steps of 5°, whilst

keeping all other sea-state parameters constant (as in Table 4.2).

Near-resonant interactions

To begin with the effect of near-resonant interactions, Figure 4.10 presents the varia-
tion, with oy, of the time-and ensemble-averaged steady-state dynamic kurtosis in (A)
and the corresponding time-averaged free-wave crest height at () = 1072 normalised
with respect to the linear prediction in (B). To indicate the variability around the
mean estimates in (B), 95% confidence intervals have also been added.

From a physical perspective, the results reveal some important features. To begin,
for k,d = 5.03, the effect of directionality is immediate. With a directional spread
of as low as o = 5°, the crest amplification observed in uni-directional seas almost
vanishes. Importantly, whilst sea-states with oy = 0 and oy = 5° have the same
spectral bandwidth, a parameter that was found in Chapter 3 to play a dominant
role in the intensity of near-resonant interactions for oy = 0, this characteristic is
no longer dominant in directionally spread seas. This observation highlights that
the additional dispersion due to directionality (referred to as directional dispersion)
prevails over the frequency dispersion: with the wave components interacting for
shorter times under the influence of directional dispersion, wave modulations cease
to exist.

Moreover, this sharp change between oy = 0 and oy = 5° is indeed interesting,
given that wave instabilities are still relevant for non-collinear interactions (see for
example McLean 1982a, Kharif & Pelinovsky 2003, Crawford et al. 1980). In this
regard, Toffoli et al. (2009) and Xiao et al. (2013) have shown an overshoot in the
dynamic kurtosis for sea-states of similar bandwidth characteristics (i.e. v = 3), sea-
state steepness of %Hskp = 0.13 and 0.16, respectively, and a directional spread of
oy < 4°; indicating the possible presence of energy focusing in sea-states with a very
small directional spread. In addition, the present results are in qualitative agreement

with the BMNLS-equation results of Gramstad & Trulsen (2007), in that the dynamic
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FIGURE 4.10: Effect of directionality (o) for sea-states with Hk, = 0.105 and v = 2.5 on
(A) the time-and ensemble-averaged dynamic kurtosis, (B) the time-averaged free-wave crest height
normalised with respect to the Rayleigh prediction, n¢/ng, at Q = 1073 and (C) the integrated
frequency difference terms in the interval k € [0,0.3]k,. In the different plots the lines (—e— |
—— —A— ) —e— —o— —N— |/ —e— —e— —/—) correspond to kpd = 5.03,1.28 and 0.87,
respectively. Note that in (B) 95% confidence intervals have been added around the central estima-
tion of the crest-height magnitude. While in (C) at o9 = 0, 10° the markers (o/o/o) refer to v = 1.0
and (o/o/o) refer to v = 5.0, for k,d = 5.03,1.28,0.87, respectively.
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kurtosis quickly drops with the introduction of directionality and vanishes for oy =
5°. Taken together, the present results contribute to these earlier insights in that
they confirm a similar behaviour for non-bandwidth-limited simulations for the first
time. Importantly, they highlight the possibility of energy defocusing for directionally
spread seas.

The data relating to the shallowest case, k,d = 0.87, are novel in that no previous
study has considered the effect of near-resonant interactions in this effective water
depth. This is important because they reveal a very different directional dependence
when compared to deep water. Specifically, the change in both the dynamic kurtosis
and the expected crest-height of the free waves at @ = 1072 reduces more gradually
than the equivalent deep-water results. Importantly, no energy focusing is observed
due to non-collinear interactions.

Overall, the behaviour of the dynamic effects in k,d = 0.87 is dictated by the
wave-induced ‘mean flow’; this is known to encourage a stabilisation of modulational
instabilities and ultimate energy defocusing (Janssen & Onorato, 2007). In addition,
whilst the effect of directional dispersion over frequency dispersion will still influence
the results (Katsardi, 2007), it is shown not to be the dominating mechanism that
controls the intensity of near-resonant interactions in this effective water depth. If
this was the case, both the dynamic kurtosis and the crest-height magnitude would
decrease rapidly, as in deep-water conditions.

To verify the above argument, a quantification of the wave-induced ‘mean flow’
is sought. For this, the ensemble-averaged spectral energy associated to the 0th har-
monic (§2.2.6), S7,", has been integrated in the range k/k, € [0,0.3] for all water
depths. This range was defined by re-considering Figure 2.5(A), where it is shown
that there is a transfer of energy to low difference-frequency wavenumber compo-
nents in the range k € [0,0.3]k, beyond the energy predicted by second-order theory.
In adopting this range, any very long waves that nearly satisfy the dispersion re-
lation can be isolated, thereby excluding the effect of bound terms. The variation
of \/W with oy is shown in Figure 4.10(c). This includes additional re-
sults based on other ~ values to demonstrate the generality of the overall trends.
Likewise, additional calculations have shown that the inclusion of other integration
ranges (k/k, € [0,0.2],[0,0.5]) gave similar results.

Whilst the data in Figure 4.10(C) reveal that increasing directionality leads to
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the reduction of the long-wave energy, it also shows that, as expected, this en-
ergy increases considerably with a reduction in effective water depth. However, for
k,d = 5.03, the long-wave energy does not reflect the energy of freely propagating
components as frequency-difference bound terms lay away from the linear dispersion
relationship (Figure 2.6(C)). Nonetheless, Figure 4.10(c) includes these results for
reference, showing that the long-wave energy in deep water is minimal.

Finally, considering the intermediate effective water depth of k,d = 1.28, Figure
4.10(B) shows that the effect of directionality is minimal. As the variation of the
crest-height magnitude is less than ~ 3.5% across all 9. However, a non-monotonic
trend is observed as both the dynamic kurtosis and crest-height magnitude appear
to be lowest for oy = 10°. The initial reduction for oy < 10° is believed to relate to
the effect of directional dispersion that affects the balance between energy focusing
and defocusing for wave components at either side of k;d = 1.363, making the effect
of high-frequency tail weaker. However, as oy increases further, the trend is found
to be dominated by the reduction of the wave-induced ‘mean flow’ as observed in

Figure 4.10(c).

Bound-wave contributions

Having established the effect of directionality on the free-wave statistics, Figure 4.11
(A) presents the equivalent effect on the bound-wave contributions at steady state.
In interpreting the observed trends, it should be mentioned that the magnitude of
the bound contributions can be affected by three factors: (1) the crest heights of the
free waves, (2) changes in the local wavelength or wave slope dn/dz (even in a linear
sense) for different levels of directionality (see Latheef & Swan 2013, Hadjigeorgiou
2018 and Karmpadakis et al. 2019a) and (3) the balance between frequency-sum
terms and frequency-difference terms. Keeping in mind these considerations, the

following points can be drawn from Figure 4.11 (A):

» For the deeper cases of k,d = 1.28 and 5.03, the increase in directionality leads
to a substantial reduction of the bound-wave contributions. For k,d = 1.28, the
change in magnitude of the underlying free waves was not significant (Figure
4.10(B)). Hence, the observed reduction in the bound-waves must be attributed
to a decrease in the local wave steepness or dn/dz. In contrast, for k,d = 5.03,

the decrease for oy € [0,10]° is more significant. The explanation for this lies
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in the rapid decrease of the free-wave crests. For larger directional spreads,
the observed reduction in the bound waves must again be explained by the

decrease in the local steepness or dn/dz.

o For the shallowest case, k,d = 0.87, the observed variation with oy is dis-
tinctly different from the other two (deeper) cases. Indeed, the variation is
non-monotonic; the bound terms increasing for 0 < oy < 15° and subsequently
decreasing. The initial increase can be attributed to the increase of the free-
wave crests, observed in Figure 4.10(B). In contrast, with further increase in
directionality, the effect of dn/dz dominates leading to a reduction in the bound

waves.

However, the influence of the second-order difference terms should also be iden-
tified for a complete explanation of these results, not least because second-order
difference terms become increasingly critical in k,d = 0.87. To achieve this, the
second and third harmonic contributions were isolated from the zeroth and fourth
harmonic contributions; a separation of the latter two not being possible. The sec-
ond and third harmonics can reflect the effect of the local (nonlinear) wave steepness
and are presented in Figure 4.11(B) for all water depths; 95% confidence intervals
being added as outlined in §4.5.3 to reflect the extent of sample variability. For
k,d = 1.28 and 5.03 the variation of these terms is monotonic as expected. However,
for k,d = 0.87, both the second-harmonic sum and third-harmonic terms exhibit
a non-monotonic variation, similarly to the total bound contributions. The non-
monotonic variation of the former arises due to changes in the underlying steepness,
which is influenced by both the energy defocusing and linear changes induced by
directionality. Whilst small, the non-monotonic variation of the terms presented in
Figure 4.11(B) contradicts the predictions based on second-order theory; the sum
terms reducing monotonically with an increase in gy (Karmpadakis, 2018).

Having identified the effect of oy on the near-resonant and bound-wave inter-
actions, Figure 4.12 presents the amplification of the total crest heights. In the
same figure, the second-order uni-directional and directional predictions of Forristall
(2000) have been added for reference. For k,d = 5.03 and 1.28, Figure 4.12 indicates
that the overall effect of directionality is to decrease the total crest amplification.
The relatively small crest attenuation of the near-resonant interactions, observed in

Figure 4.10, is compensated by the larger bound-wave amplification. Overall, the
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FIGURE 4.12: Effect of directionality (op) on the time-averaged crest height of the total free
surface normalised with respect to the Rayleigh prediction, 1./nr, at Q = 1073 for sea-states with
1Hk, = 0.105 and v = 2.5 in different relative water depths. The lines (—e— /—o— / —e—)
correspond to k,d = 5.03, 1.28 and 0.87, respectively. While the Forristall (2000) predictions are
added for reference, denoted with (—— /— — /— —) corresponding to k,d = 5.03, 1.28 and 0.87,

respectively.

crest heights are amplified when compared to the Rayleigh predictions. Moreover,
the Forristall (2000) model is shown to under-predict the observed crest heights for
all directional spreads. Indicatively, the amplification beyond the Forristall (2000)
model is ~ 5 — 6% in oy = 30°.

In considering the shallowest effective water depth, k,d = 0.87, the effect of
directionality is in marked contrast to the two deeper cases. First, for 0 < gy < 15°
the crest amplification increases with directionality and for oy > 15° the amplification
stays appropriately constant, close to the maximum observed. This trend is explained
by (1) the steady increase of the free-wave crests, (2) the increase of the bound
contributions until oy = 15° and (3) the subsequent decrease for g5 > 15°. In
this later regime, the reduction in the bound waves is offset by an increase in the
free waves. As such, the crest heights are virtually unaffected by directionality for
o9 > 15°.

It should be noted that the present results for k,d = 0.87 contradict earlier ex-
perimental findings of Karmpadakis et al. (2019a) for sea-states in k,d = (0.81, 1.02),
who showed that increases in directionality lead to a reduction in the crest heights.

This qualitative difference when compared to the present results stems from the
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different nonlinear evolution. Specifically, the present investigation concerned the
steady-state part of the evolution. In contrast, the experimental data refer to a
much shorter evolution time dictated by the distance between the wavemaker and
the measuring point. As such, the near-resonant interactions are still in the devel-

oping stage.

4.5.5 Influence of spectral bandwidth

The present investigation concludes in this section with the effect of spectral band-
width; induced by changes the latter based upon changes in v according to Table
4.3. In effect, the sea-states outlined in Table 4.3 are closely related to the equivalent
investigation in uni-directional seas (§3.5.4), the only difference being the inclusion

of directionality (og = 10°).

Near-resonant interactions

In the context of uni-directional sea-states (§3.5.4), it was shown that the reduction
in spectral bandwidth (increase in 7) leads to significant increases in the intensity of
near-resonant interactions. At the same time, the results of the previous section show
that when directional dispersion dominates, the extent of near-resonant interactions
reduces; the balance between the two being dependant upon the effective water depth.
Hence, the extent to which the spectral bandwidth in directionally spread seas affects
the intensity of near-resonant interactions in different effective water depths needs
to be resolved.

Figure 4.13(A) presents the variation of the time-and ensemble-averaged dynamic
kurtosis and Figure 4.13(B) describes the equivalent variation of the time-averaged
free-wave crest height normalised with respect to the Rayleigh prediction for Q) =
1072, In considering these figures, irrespective of the effective water depth, the
effect of spectral bandwidth is minimal. This is in direct contrast to the earlier
uni-directional sea-state results (Figure 3.5.4). However, the weak dependence of
near-resonant interactions observed in Figure 4.13 is in accordance with Figure 3.5.4.

The minimal dependence of the intensity of near-resonant interactions upon the
spectral bandwidth for k,d = 5.03, confirms that directional dispersion does not allow
the development of the wave modulations observed in uni-directional seas. These

results are in agreement with the earlier study of Gramstad & Trulsen (2007) based
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on the BMNLS equation. However, despite the qualitative agreement of the present
results to those of Gramstad & Trulsen (2007), given that comparisons between
BMNLS and HOSM performed by Xiao et al. (2013) showed quantitative differences
between the two models, the present results could not have been anticipated a-
priori. Furthermore, the reduction of the effect of spectral bandwidth compared
to uni-directional seas for k,d = 0.87 is believed to originate from the equivalent
reduction of the effect of spectral bandwidth on the wave-induced ‘mean flow’, as
observed earlier in Figure 4.10(C).

Finally, it is interesting to note that whilst in uni-directional seas k,d = 1.363
corresponds to a ‘neutral’ point for which neither energy focusing nor energy defo-
cusing is observed, this is not the case in directional seas. Indeed, energy defocusing
is observed. This is explained by the absence of the focusing mechanism due to the
directional dispersion of the wave components laying in the uni-directional focusing
regime and the persistent effect of the wave-induced ‘mean flow’ even in directional
seas. Interestingly, this result is in qualitative agreement with the increase of the
effective water depth at which the resonant interaction kernel of Stiassnie & Gram-
stad (2009) changes sign for non-collinear pairs of interacting waves as indicated by

Hadjigeorgiou (2018).

Bound-wave contributions

To conclude our discussion of the nonlinear wave interactions, the extent of bound-
wave contributions needs to be considered. Figure 4.14(A) presents the variation of
the time-averaged bound-wave amplification normalised with respect to the Rayleigh
prediction at ) = 1073. This is presented as a function of the effective water depth
for different values of v. The results are consistent with the earlier uni-directional
simulations: the bound-wave contributions increasing with a reduction in effective
water depth and being higher as the spectral bandwidth increases; the latter effect
arising because of increased wave energy in the higher wavenumbers.

Comparing the variation of the normalised crest-height of the free waves (Figure
4.13) with the variation of the bound-waves (Figure 4.14(A)), the two types of inter-
actions (free and bound) are shown to affect the the total crest height in opposite
(competing) ways. Whilst the bound waves increase the crest heights, near-resonant

interactions reduce them. It is therefore interesting to explore the total effect of non-

195



CHAPTER 4: STATISTICAL PROPERTIES OF DIRECTIONAL SEA-STATES

0.6
0.4+t

0.2 ¢

0 i ’ “‘__...u|||||||||||:H.IHHII!!!!!!E!EEE.I
\ I'
02 F

ce

-0.4

Dynamic kurtosis, A\, [~]

0.6 L - ' ' '
1 2 3 4 5
Relative water depth, k,d [—]
(a)

1.1+

1.05 ¢

/nr [—]

0.95

nd

0.9+
0.85

0.8 — : : : :
1 2 3 4 )
Relative water depth, k,d]|—]
(8)
FIGURE 4.13: Effect of spectral bandwidth (v) on (A) the time-and ensemble-averaged dynamic
kurtosis and (B) the time-averaged free-wave crest height normalised with respect to the Rayleigh
prediction at @ = 10~3 for directional sea-states with %HS kp = 0.105 and oy = 10°. In the different

lines (- -®-- —— / --0.. —o— [/ ..0.. —e— ) correspond to 7 = 1.0,2.5 and 5.0, respectively.

The vertical line ( ) in (A) refers to the theoretical uni-directional effective water depth of
kyd = 1.363 and it is added for reference. While in (B) 95% confidence intervals have also been

added around the central estimates.
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2.5 and 5, respectively.
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linearity on the crest heights. This is addressed in Figure 4.14(B). This reveals that
the crest heights of the total free surface do not vary with the effective water depth,
for all spectral bandwidths considered. This indicates that the reduced free-wave
crest heights arising in lower effective water depths is balanced by the correspond-
ing increase of the bound waves. Furthermore, unlike the equivalent uni-directional
results (§3.5.4), the ordering effect of spectral bandwidth on the total crest heights
is dictated by the bound-wave contributions over the entire effective water depth
range.

Figure 4.14(B) also presents the predictions of the Forristall (2000) model. This is
shown to significantly under-predict the numerical results. Specifically, the observed
deviations increase as the effective depth increases for all v values. Interestingly,
for k,d = 0.87 and 7 = 5.0, the numerical results agree with Forristall (2000).
This arises due to the greater attenuation of the crest heights due to near-resonant
interactions compared to other v values. However, the present analysis suggests that
this agreement, in this effective water depth, does not signify the absence of nonlinear
effects beyond second-order as previously argued (Fernandez et al., 2016).

Finally, it is worth noting that both the effect of the near-resonant interactions
and the bound contributions with increasing effective water depths, converges at
k,d = 2; this is in stark contrast to the uni-directional results (Figure 3.28 and 3.29).
Hence, in directionally spread seas, k,d > 2 reflects deep-water conditions, at least

as far as the nonlinear terms are concerned.

4.6 On the applicability of analytical solutions for

the statistical moments in directional seas

In §3.6 the nonlinear contributions to the crest heights of the largest waves arising
in a 3-hour storm was linked to the values of the statistical moments of skewness,
bound kurtosis and dynamic kurtosis. The present section assesses the theoretical

predictions of these moments in directionally spread seas.
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4.6 ON THE APPLICABILITY OF ANALYTICAL SOLUTIONS FOR THE STATISTICAL
MOMENTS IN DIRECTIONAL SEAS

4.6.1 Dynamic kurtosis

In applying the theoretical solution of Janssen (2017) for the dynamic kurtosis, it
should again be emphasised that this is based on a narrow-band assumption, in both
direction and frequency. Therefore, assessing the applicability of this solution to sea-
states with in realistic bandwidth is not straightforward. This arises, in part, because
of the multiple definitions for the spectral bandwidth. Following §3.6, two definitions
of the spectral bandwidth are employed: the parameters v and g, described in §2.3.
In contrast, the angular bandwidth is uniquely defined by oy.

In uni-directional sea-states, v was shown to be the more suitable choice for
predicting the dynamic kurtosis for k,d < 1.36. Whereas, for k,d > 1.36, g, was
found to outperform v. However, in uni-directional seas the bandwidth parameter
was only involved in the estimation of the BF'I. In contrast, in directionally spread
seas, it is also involved in the estimation of the directionality factor R which, in turn,
affects the estimation of (1) the directional finite depth version of BFI, By, and
(2) the directionality factor .J,, as outlined in 4.1.2. Consequently, despite having
already drawn conclusions regarding the suitability of each parameter in different
effective depth ranges, both parameters are used in the present comparisons for all
effective water depths. Finally, to be consistent with the equivalent uni-directional
investigation, the sea-state steepness, used for calculating BF'I, is defined by k,o.

Figure 4.15 presents the comparisons of the theoretical predictions of Janssen
(2017) with the numerical results for sea-states of v = 2.5, %Hskp = 0.105 and
increasing directionality. Where available, data relating to different spectral band-
widths () are also added. The sub-figures on the left involve theoretical predictions
using v and those on the right using ¢,. In addition, from top to bottom each row
corresponds to k,d = 5.03, 1.28 and 0.87, respectively.

In making these comparisons, the following points are noted:

1. For k,d = 5.03, the directional predictions based on either g, and v do not vary
greatly. Moreover, they show limited variation with . This arises due to the
reduced role of frequency dispersion. Interestingly, the g, parameter leads to
very good predictions for the entire oy range, particularly, for v = 5; the latter

being closest to the narrow-band assumption.

2. Similarly, for k,d = 1.28, the predictions based on both bandwidth parameters
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FIGURE 4.15: Comparison of the time-and ensemble-averaged dynamic kurtosis at steady state
arising from HOSM simulations and the narrow-band predictions of Janssen (2017) for sea-states of
varying directionality and %Hskp = 0.105. The left column presents comparisons using v and the
right column using g, within the theoretical predictions (Equation 4.3). (a), (B) for k,d = 5.03,
(¢), (D) for k,d = 1.28 and (E), (F) for k,d = 0.87. The lines (—e— /—o— /—e— ) refer to the
numerical results already presented in Figure 4.10(A) for sea-states with v = 2.5 and varying oy.
The markers (m/m/m) refer to sea-states with v = 5; and (ao/A/A) to sea-states with v = 1. The

theoretical predictions are shown with (—— /—— /---- ) for v = 1,2.5 and 5, respectively.
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are clearly aligned; both predicting near zero values for the dynamic kurtosis,
irrespective of the directional spread. Whilst v is higher than g,, leading to
lower values of the R parameter and hence higher J,, the Benjamin-Feir index,
B4, based on v is lower than that based on ¢,. Therefore, the competing effect
of these two factors leaves the predictions unchanged for different definitions
of the spectral bandwidth. Moreover, it is shown that the theoretical predic-
tions slightly over-predict the numerical results. This over-prediction probably
originates from the under-estimation of the wave-induced mean flow. This ar-
gument is explored in the following point concerning the shallowest effective
depth.

3. For k,d = 0.87, it is shown that irrespective of the choice of the bandwidth
parameter (v or g,), the theoretical solution significantly over-predicts the value
of the dynamic kurtosis for gy > 0, for all spectral bandwidths (). To identify
the origins of this discrepancy, the predicted wave-induced mean flow based
on Janssen (2017) is compared to the numerical results. In this respect, as
mentioned in the context of Figure 4.4, within the narrow-band theoretical
solution of Janssen (2017) the wave-induced mean flow corresponds to an offset
of the free surface or a wave of £ = (0. Whereas for broad-banded simulations,
the wave-induced ‘mean flow’ corresponds to low-frequency wave components
of a wider wavenumber range '. Thus, an integration of the zeroth harmonic
spectra needs to be performed, similar to that given in §4.5.4. For this, five

wavenumber ranges were selected when quantifying the wave-induced ‘mean

flow’; all start at £ = 0 and end at £ = 0.05,0.1,0.3,0.5 and 0.7k,,.

Based on the above, Figure 4.16 presents the variation of the wave-induced mean
flow as predicted theoretically by Janssen (2017) and numerically by HOSM for sea-
states of v = 2.5. In seeking to isolate the effect of directionality, the results have
been normalised by the respective uni-directional values. The numerical results show
an increased rate of reduction as the integration range narrows. This suggests that
the uni-directional zeroth harmonic spectrum at very low wavenumbers is more con-

centrated close to kK = 0 than the directional results. However, the trends exhibit a

! Again, the quotes being added when referring to the mean flow associated with broad-banded
sea-states to reflect the weak oscillatory nature of the associated wave components when considered
in the physical space.
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FIGURE 4.16: Effect of directionality (og) on the wave-induced mean flow for sea-states of
%Hskp = 0.105 and v = 2.5. Comparison between numerical data based on spectral integra-
tion, [ 5727,7 dk, and the theoretical narrow-band predictions, 7, of Janssen (2017). The different
lines: (—o— /=A— /—0— /=0— /=4~ ) refer to the numerical results, with the integration in k
performed with an upper limit of £ = 0.05,0.1,0.3,0.5 and 0.7k, respectively. While ( , =)

refer to the theoretical predictions evaluated using v and gy, respectively. In all cases the results

are normalised with respect to the values at oy = 0.

converged behaviour at either side of the maximum wavenumber range. This suggests
that the estimation of the wave-induced ‘mean flow’ is accurate.

Moreover, the wave-induced mean flow within Janssen (2017) depends upon R
which, in turn, depends upon the adopted definition of the spectral bandwidth.
Therefore, the theoretical predictions were evaluated using both v and g,.

The comparisons between the theoretical estimates and the numerical results
demonstrate that the theoretical estimates, irrespective of the adopted bandwidth
parameter, significantly over-estimate the reduction of the wave-induced ‘mean flow’
with directionality. An observation that explains the significant over-prediction of
the dynamic kurtosis for k,d = 0.87 on Figure 4.15(E) and (F).

In summary, the comparisons in Figure 4.15 reveal that the solution of Janssen
(2017) only performs very well for narrow-banded sea-states in deep water, where
the solution essentially coincides with the original derivation of Fedele (2015). In
contrast, the under-prediction of Janssen (2017) in finite water depth stems from the

effect of spectral bandwidth on the rate of decrease of the wave-induced ‘mean flow’.
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4.6.2 Skewness and bound kurtosis
Solution of Janssen (2017)

The performance of Janssen (2017) in predicting the skewness and bound kurtosis
is next assessed for the sea-states outlined in §4.5.5. This involves a fixed steepness,
%Hsk‘p = 0.105, and directionality, o9 = 10°, varying effective water depth, k,d, and
spectral bandwidth, ~.

In applying this solution, the depth-dependence is based on the effective water
depth k,d !, while two definitions for the sea-state steepness have been adopted.
These are (1) o,k, and (2) o,k,,, where k,, is the mean wavenumber as defined
in §3.2.2. The first definition of steepness reflects the steepness of the dominant
wave mode and the second definition reflects the mean steepness of the sea-state;
the latter also being affected by the spectral bandwidth. Moreover, the spectral
bandwidth parameter for estimating the wave-induced mean flow through R was v.
As this parameter led to better comparisons than g, (details provided in Appendix
B, §B.3).

Figure 4.17 presents the comparison between the theoretical predictions of Janssen
(2017) and the numerical results using HOSM for both the skewness and bound kur-
tosis. These comparisons indicate that the theoretical solution evaluated using o,k,
significantly underestimates both the skewness and bound kurtosis. This under-
prediction stems from the fact that the steepness of the individual waves is not
captured appropriately using a narrow-band assumption. Moreover, the spectral
bandwidth does not significantly affect the predictions; signifying that changes in
the wave-induced mean flow due to the spectral bandwidth are minimal.

Considering the theoretical results based on o,k,, the predictions are much im-
proved. However, the theoretical predictions are shown to over-predict the skew-
ness as the effective water depth increases; this being in line with the fact that in
deep water, the theoretical estimation is essentially an upper bound as explained in
Longuet-Higgins (1963) and Tayfun (2006) (see Equation 40 in Tayfun (2006)). In
contrast, the theoretical predictions under-estimate the bound kurtosis; highlighting
the inappropriateness of the assumptions underpinning the narrow-band theory.

Having identified the inability of narrow-band solutions to predict the bound-wave

!Depth dependence upon k,,d was also considered, but the results were less consistent.
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FIGURE 4.17: Comparison of the time-and ensemble-averaged (A) skewness (A3) and (B) bound
kurtosis (Aj,) to the theoretical narrow-band solution of Janssen (2017) for directional sea-states
of $Hk, = 0.105 and o9 = 10°. The numerical results are denoted with (- -®--/--®- /- -®- ) for
v = 1.0, 2.5 and 5.0, respectively. The theoretical narrow-band predictions for the skewness and
bound kurtosis are shown with ( / / ) using opky, and with (—— /—— /——)
using ok, for v = 1.0, 2.5 and 5.0, respectively. In all cases the spectral bandwidth parameter v

has been used in evaluating R.

moments of skewness and bound kurtosis, the remainder of this section is devoted

to assessing the applicability of non-bandwidth-limited solutions.

Prediction of skewness based on spectral integration

This section aims to explore if the skewness parameter predicted directly from second-
order theory captures the results from fully nonlinear simulations. For this, the
theories of Longuet-Higgins (1963), Vinje & Haver (1994) and Tayfun (1994) are em-
ployed here. These state that the skewness parameter can be evaluated analytically
for a known sea-state spectrum of arbitrary bandwidth.

Recalling that the skewness is defined as A3 = E[n’]/o} (Equation 2.57), the

numerator of the expression (coinciding with the third cumulant of the free surface),

is given by,
Eln*] = E[(n'V)*n®] + O(m3) =

00 00 21 21
o Jo /0 /0 Sin(wi, 03) Sy (wj, ej)[A;‘; + Ai_j]deidejdwidwj + O(mg)
(4.4)

I
B
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assuming that a perturbation series assumption holds and neglecting the dynamic
effects. In Equation 4.4, n!) is the linear part of the free surface (Equation 2.13) and
1n®) is the second-order part (Equation 2.18), m, is the second moment of the wave
spectrum (Equation 2.39) and refers to the root-mean-square slope of the free surface,
i.e mg = E[(OnW/0t)% 1. Moreover, S,,(w,0) is the directional wave spectrum and
Azij refer to the second-order interaction kernels between pairs of interacting wave
components 7 and j (see Equation 2.18).

Figure 4.18 presents comparisons of the skewness calculated on the basis of Equa-
tion 4.4 to the HOSM simulation results. In considering Figure 4.18,; sub-figure (A)
presents comparisons for sea-states of oy = 10° of different v and varying k,d, these
being the same sea-states employed previously in Figure E.1(A). Sub-figure (B) con-
cerns sea-states of varying steepness with oy = 10° and v = 2.5 and sub-figure (C)
sea-states of varying directional spreading with %Hskp = 0.105 and v = 2.5. As such,
sub-figures (A), (B) and (C) cover the full set of simulated sea-states presented in
§4.5.5, §4.5.3 and §4.5.4, respectively.

Considering, first, Figure (A), the comparisons show very good agreement between
Equation 4.4 and the numerical results for k,d < 1. However, for k,d > 1 some
deviations are observed as the spectral bandwidth is increased. Indicatively, for
k,d = 5.03 Equation 4.4 under-predicts the numerical results by ~ 7%, ~ 5% and
~ 3% for v = 1,2.5 and 5, respectively. Based on these observations the following

points can be made:

o Equation 4.4 performs better than the previously presented analytical solution

of Janssen (2017) based on a narrow-band approximation.

o The improved agreement observed for low k,d values (k,d < 1) arises from
an over-prediction of Equation 4.4 due to the leading-order truncation of the

solution as discussed in Appendix E in the context of SORWT.

o The under-prediction of Equation 4.4 for (k,d > 1) most probably relates to the
fourth-order contributions. These are expected to be higher for wider spectra

owing to the occurrence of steeper waves.

Tt is noted that whilst Vinje & Haver (1994) has expressed the error in truncation in terms of
E[(0n™) /ot)?], Tayfun (1994) has adopted an alternative measure based on E[(Vn(1))?], where V
is the horizontal gradient operator.
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The above points are further verified when Figure 4.18(B) is considered. It is
shown that whilst the the predictions of Equation 4.4 exhibit a linear variation with
sea-state steepness, the HOSM results exhibit a degree of nonlinearity for %Hskp >
0.059 arising from fourth-order bound-wave interactions. This explains the under-
predictions observed in Figure 4.18(A) in k,d > 1, as suspected earlier. As the
effective water depth reduces, for a moderate steepness of %Hskp = 0.059, Equation
4.4 is shown to slightly over-predict the HOSM results. This is consistent with the
equivalent comparisons concerning SORWT (Figure E.1(A) in Appendix E). It would,
therefore, appear that the agreement observed for %Hskp = 0.105 arises from the
over-prediction of Equation 4.4 and the nonlinear increase of skewness in the HOSM
simulations. However, the above deviations are all deemed small and the overall
performance of Equation 4.4 is considered satisfactory for the sea-states in Figures
4.18(A) and (B).

In considering the effect of directionality, comparisons presented in Figure 4.18(¢)
suggest that Equation 4.4 performs reasonably well for directional sea-states. Impor-
tantly, the deviations are much smaller than those observed in uni-directional seas
(09 = 0). In deep water (k,d = 5.03), the deviations for oy = 0 are explained by
the focusing of the underlying free-wave components which is not captured by Equa-
tion 4.4. Moreover, as the effective water depth is reduced, the under-prediction of
Equation 4.4 persists and becomes very significant for k,d = 0.87 and oy = 0; the
skewness from HOSM being 36% above the prediction of Equation 4.4. This discrep-
ancy arises from the inadequacy of second-order theory to capture the asymmetries of
the free surface, as the effective water depth reduces. This was discussed by Tayfun
& Alkhalidi (2020). In more detail, Tayfun & Alkhalidi (2020) pointed out that a
significant under-prediction of the skewness is expected for long-crested narrow-band
sea-states in finite water depth owing to the presence of anomalous troughs predicted
by second-order theory. Such anomalous troughs are responsible for the non-validity
of second-order theory with a reduction in effective water depth as quantified by
Hadjigeorgiou (2018). In arguing this case, Hadjigeorgiou (2018) showed that the
region in which second-order theory was invalid is critically dependant upon direc-
tionality. This explains the improved performance of Equation 4.4 in k,d = 0.87 as
the sea-states become more short crested.

In summary, taking into account the full set of the available directional HOSM
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FIGURE 4.18: Comparison between the time-and ensemble-averaged skewness arising from HOSM
simulations and the predictions of Equation 4.4; with the sub-figures’ captions providing further ex-
planation of each sub-figure’s content. In sub-figures (A), (B) and (C) the lines (- -®- /- -®- /- -®. )
refer to HOSM results, the lines ( / / ) refer to the predictions of Equation 4.4 divided

by of’]. Sub-figure (D) presents the predictions of skewness (based on Equation 4.4 divided by af])
against the numerical results using HOSM for all sea-states of (A), (B) and (¢) with o9 > 0. While

the diagonal line (— — ) defines perfect agreement.
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simulations, Figure 4.18(D) presents a comparison between the predicted skewness
(without change in the free-surface variance) using Equation 4.4 with the measured
skewness from HOSM simulations. The comparisons show that whilst Equation 4.4
predicts consistently lower values, the deviations are small. Indicatively, the mean

absolute relative error !

~ 7%.

is in the order of ~ 3% and the maximum relative error is

On the relation between skewness and kurtosis

With the skewness being relatively well predicted for arbitrary bandwidth, direc-
tionally spread seas, the present section focuses on the prediction of kurtosis and its
contributions.

Regarding the relevance of this investigation, in trying to infer the extent of
dynamic effects arising from measurements of the total free surface, many researchers
have attempted to isolate the effect of the bound contributions using narrow-band
estimates of the bound kurtosis (see, for example, Mori et al. 2007, Onorato et al.
2009a, Fedele et al. 2016, Fedele et al. 2019). However, these narrow-band estimates
do not lead to accurate predictions, as revealed in both Chapter 3 and the present
chapter. Hence, this approach can lead to misleading conclusions regarding the
extent of any dynamic effects. Looking at the same problem from the opposite side,
when estimating the dynamic effects is possible, knowing the bound kurtosis can
correct for bound-wave effects. This way, comparisons to measured values of the
total kurtosis arising either from field, experimental or numerical investigations are
possible (see for example Mori et al. 2011 and Fedele 2015). The accurate prediction
of the bound kurtosis can hence facilitate a clearer understanding of the free and
bound-wave contributions.

Alternatively, following the results in Figure 3.34, a prediction of the bound
kurtosis could be used directly to isolate the bound-wave contributions from the
total most likely maximum crest height in a 3-hour storm.

Finally, given that the skewness and total kurtosis are used within the Gram-

Charlier crest-height predictions, it would be instructive to explore the link between

Tp,i—Tt,i
T4
refers to the i-th observation, x,; is the corresponding predicted value, z;; is the observation or

target value and IV is the number of observations.

. . . N .
'The mean absolute relative error is evaluated according to ¢, = % > ;. | |, where ¢
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the two quantities, given that the skewness can be predicted accurately, as indicated
above. To this end, for narrow-banded long-crested waves Marthinsen & Winterstein
(1992) have shown that the second-order contribution to the bound kurtosis in deep
water is given by A, = 4/3\2. While according to Janssen (2009) the equivalent
third-order prediction for the bound kurtosis is given by A5, = 2A2; the latter laying
above the second-order prediction, as expected. Furthermore, previous studies have
considered an empirical link between the skewness and kurtosis arising from measured
experimental or field-data time series (see for example Jha 1997, Guedes Soares et al.
2003, Guedes Soares & Antao 2005 and Winterstein & Haver 2015). Nonetheless,
the data appear significantly scattered in all of the above studies, possibly due to
the large sample variability associated with the estimates of the statistical moments.

Based on these comments, the present section aims to:

1. Identify if the skewness and total kurtosis are linked in a meaningful (useful)

way.

2. Explore the validity of the link between the skewness and bound kurtosis pro-
vided by Janssen (2009) given that the present data are not affected by (large)

sample variability.

Figure 4.19(A) presents the measured values of the total kurtosis for all available
directional sea-states against the measured values of skewness; the markers being
coloured according to the effective water depth k,d. The results show that, whilst in
deep water, the scatter of the points is not significant, as the water depth reduces,
the scatter becomes increasingly more important. This behaviour relates to the
reduction of the dynamic kurtosis with a reduction in effective water depth. This
suggests that bound-wave effects are not correlated to the wave dynamics. More
importantly, the present results show that reduced values of the total kurtosis in the
shallowest water depths do not (necessarily) originate from the dissipative effect of
wave breaking as previously thought (Winterstein & Haver, 2015), as wave breaking
is not modelled in the present simulations.

In this regard, it is instructive to remove the dynamic part of the kurtosis and
explore the relationship between the skewness and the bound kurtosis. These results
are depicted in Figure 4.19(B). To explain these results, the second-order solution

of Marthinsen & Winterstein (1992) (i.e. A5, = 4/3)2) and the third-order solution
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FIGURE 4.19: (A) total kurtosis and (B) bound kurtosis against measured skewness arising from
HOSM simulations shown with ( ® ); while the markers have been coloured according to the kpd
value of each sea-state. In (B), the deep-water narrow-band second-order solution of Marthinsen

& Winterstein (1992) (= =), the third-order narrow-band solution of Janssen (2009) ( ) and
) have been added

the approximate third-order broad-band solution of Vinje & Haver (1994) (

for reference.

of Janssen (2009) (i.e. A, = 2)2) have been added for reference. To this end, the
Marthinsen & Winterstein (1992) solution is shown to significantly under-predict
the numerical results, demonstrating the important effects of nonlinearity beyond
second-order. Note that the validity of this solution in the context of second-order
theory is tested in Appendix E; with a relatively good agreement being observed. In
addition, the under-prediction of Janssen (2009) demonstrates the inadequacy of a
narrow-band solution to capture the effect of third-order bound waves in sea-states
with realistic bandwidths. In an attempt to include the effects of spectral bandwidth,
Vinje & Haver (1994) have proposed the simplified formula A4, = 32, which is also
added in Figure 4.19(B). It is shown that the Vinje & Haver (1994) formula leads
to improved predictions compared to Janssen (2009). Nevertheless, the measured

values are still significantly under-predicted.

4.7 Chapter outcomes

The present chapter was devoted to the statistical description of nonlinear, direc-

tionally spread, sea-states and the role of the underlying nonlinear contributions.

210



4.7 CHAPTER OUTCOMES

Regarding the effect of near-resonant interactions, the main findings of this study

are outlined below:

1. Directionality immediately reduces the extent of energy focusing observed for
k,d > 1.36 in uni-directional seas (Chapter 3). This arises due to the effect of

directional dispersion.

2. In contrast, for k,d < 1.36, the effect of directionality is less profound. This
arises because of the effect of the wave-induced ‘mean flow’ In fact, for di-
rectionally spread seas, the ‘neutral’ effective water depth below which energy
defocusing starts to become relevant is estimated to be k,d ~ 1.8. The increase
from 1.36 to 1.8 is induced by the effect of directional dispersion; this disrupts

the balance between focusing and defocusing at k,d = 1.36.

3. The energy-defocusing observed in k,d < 1.8 for directionally spread seas con-
tradicts the energy focusing predicted by the theoretical study of elementary

wave interactions.

4. In line with earlier findings in Chapter 3, a direct link was observed between
the values of the dynamic kurtosis and the deviation of the crest heights of the

free waves from the theoretical (linear) Rayleigh distribution.

5. For sea-states with oy = 10°, the crest-reduction due to near-resonant interac-

tions was found to be monotonic with an increase of the sea-state steepness.

6. The effect of spectral bandwidth was found to be less important when compared
to uni-directional sea-states. In relatively deep water k,d > 1.8, this signifies
the dominant effect of directional dispersion. However in k,d < 1.8, this effect
arises from the reduced dependence of the wave-induced ‘mean flow” on the

spectral bandwidth when compared to uni-directional seas.

Furthermore, regarding the effect of bound-wave contributions on the crest-height

statistics, the main outcomes are summarised below:

1. Bound-wave contributions become more significant with a reduction in effective
water depth. In addition, irrespective of the effective water depth, they increase
nonlinearly with an increase in the sea-state steepness, owing to nonlinear
effects arising above second-order. This higher-order nonlinear increase is not

included in the Forristall (2000) crest-height model.
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2. Moreover, unlike the near-resonant interactions, the bound contributions are
more sensitive to changes in spectral bandwidth; the bound contributions in-

creasing as the spectral bandwidth increases.

3. Directionality also affects the bound-wave contributions as the effective water
depth reduces. More specifically, in deep water (k,d = 5.03), an increase in
directionality leads to the reduction of the bound-wave contributions. However,
for k,d = 0.87, the bound-wave contributions increase with directionality up
until oy = 15°, beyond this point they also start to decrease. This latter trend
is influenced by the underlying steepness of the free waves. Importantly, the
combined effect of near-resonant interactions and bound-wave contributions is
the increase of the total crest heights with directionality up until oy = 15°,

beyond which they are not affected by further increase in oy.

This chapter also assessed available theoretical solutions for the statistical param-
eters of skewness, bound kurtosis and dynamic kurtosis. The relevant comparisons

have shown:

1. That none of the solutions based on a narrow-band assumption performed

adequately for the full range of conditions employed in the present study.

2. The abandonment of a narrow-band assumption led to satisfactory predictions
of the skewness in directionally spread seas. However, no equivalent compar-
isons have been attempted for the kurtosis and its contributions, owing to the
much-increased complexity and associated computational cost in evaluating

these parameters.
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On the effective prediction of

crest-height distributions

Having established the importance of nonlinear interactions above second-order on
the crest-heights arising in random seas (Chapters 3 and 4), the present chapter is
devoted to the effective prediction of the fully nonlinear crest-height distribution.
Such predictions are essential for design; combining the long-term distributions of
metocean conditions with the short-term distributions of crests defines the crest-
height corresponding to a specified annual probability of exceedance.

In the present chapter, a pragmatic approach is adopted to predict the fully non-
linear crest-height distribution. This approach is data-driven, taking advantage of
the extensive set of HOSM simulations presented in Chapters 3 and 4. Moreover, to
ensure the model is predictive, the proposed methodology relies on methods from
the field of reliability analysis and machine learning. To validate the proposed ap-
proach, the model’s performance is extensively assessed outside its calibration data
set. To achieve the required validation, the model predictions are compared to crest-
height distributions arising from additional HOSM simulations, previous experimental
studies and field data recorded in the North Sea.

The present chapter commences in §5.1 with a review of previous studies dealing
with higher-order crest-height predictions. Following on, §5.2 presents the calibration
of the proposed crest-height model; the performance of the model is assessed in §5.3.

Finally, §5.4 presents an approach to include the dissipative effect of wave breaking.
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This occurs in very steep sea-states, and is applicable to both deep and finite water

depths.

5.1 Previous research

To date, the most common approach to include nonlinearity above second-order in
the statistical description of the crest heights is through the so-called Gram-Charlier
series model of Tayfun & Fedele (2007) (see §2.3.3). The applicability /accuracy of
this model has been tested on many occasions in the existing literature. However, in
examining these studies, there is contradictory evidence concerning its effectiveness.
Specifically, for uni-directional conditions, comparisons of Fedele et al. (2010) and
Cherneva et al. (2009) to experimental data show significant under-prediction of
the measured crest heights in deep water in the presence of energy focusing due to
near-resonant interactions. Latheef (2014) show that the under-prediction persists
even for directionally spread sea-states in k,d = 2, albeit to a lesser extent. In
contrast, comparisons conducted by Tayfun & Fedele (2007) and Zhang et al. (2016)
to uni-directional experimental data of Onorato et al. (2006) and Onorato et al.
(2009a), respectively, show no signs of under-prediction. In addition, comparisons
to experimental and numerical data of directionally spread non-breaking sea-states
in finite water depth conducted by Karmpadakis et al. (2019a) and Fedele et al.
(2016), respectively, show very good agreement. Setting aside these differences, other
difficulties remain. In §2.3 it was noted that whilst the model of Tayfun & Fedele
(2007) provides the opportunity to express the crest-height distribution in a closed
form, it suffers from the need to know a-priori the values of the statistical cumulants
of the free surface. Hence, it is not a predictive model; the difficulties in predicting
accurately such statistical quantities having already been highlighted in Chapters 3
and 4.

Apart from the Gram-Charlier series, additional approaches for including third-
order nonlinearity in the free-surface statistics include the Hermite transformation
of the free surface by Winterstein (1988) and the semi-empirical model proposed by
Stansberg (2001); the latter including a Stokes-type second-order correction of the
linear crests and an empirical correction for third-order nonlinear effects based on the

kurtosis of the free-surface elevation. However, the approach of Winterstein (1988)
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5.2 CALIBRATION OF A FULLY NONLINEAR CREST-HEIGHT MODEL

models the free-surface statistics and not the crest heights. The model of Stansberg
(2001) has not found great popularity owing to the limited conditions upon which
it has been calibrated and the somewhat heuristic approach in which nonlinearity
is taken into account. Finally, Latheef (2014) proposed a perhaps more promising
approach in which the nonlinear amplification arising in focused wave groups was
used to correct the linear crest heights up to the third-order of the wave steepness.
However, this model has been calibrated only for relatively deep-water conditions of
k,d = 2, and hence it does not cover the full extent of water depths considered in
the present study.

Given the comments above, the applicability of the Gram-Charlier crest-height
model of Tayfun & Fedele (2007) was tested as part of a preliminary investigation,
since this is the only model that covers the full range of effective water depths consid-
ered in the present study. The results of this investigation are presented in Appendix
G. This revealed that the model consistently under-predicts the crest-heights, espe-
cially when near-resonant interactions lead to significant focusing or defocusing of
the wave energy. Thus, the formulation of the Gram-Charlier crest-height model
of Tayfun & Fedele (2007) was abandoned as a starting point for calibrating the
required crest-height model. As an alternative, the approach outlined in §5.2 was

adopted.

5.2 Calibration of a fully nonlinear crest-height model

5.2.1 Empirical link between the crest-height distribution and

the statistical moments

The proposed crest-height model originated from the insights given in Figure 3.34;
the statistical moments of skewness, bound kurtosis and dynamic kurtosis being
used to explain the crest heights and the underlying contributions at an exceedance

probability of ) = 1073. As such, a link between the following quantities was sought:
1. The dynamic kurtosis and the crest-height distribution of the free waves.

2. The bound kurtosis and the odd-harmonic bound-wave contributions to the
crest heights, the latter referring to the third-order in wave steepness bound

waves.
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3. The skewness and the even-harmonic bound-wave contributions to the crest
heights, the latter referring to the second and fourth-order in wave steepness

bound waves.

Parameterisation of the crest-height distribution

First, to isolate the effect of the nonlinear interactions on the crest-height distri-
butions, the free waves (n?) and the bound-wave contributions (1%) of increasing
order were normalised with respect to the Rayleigh prediction (ng). Second, the
corresponding exceedance probability distributions were approximated by linear fits.
Given that the probabilities are given in a log-scale and that @ < 107!, the linear

fits were expressed as,

ne/nr,mo/ne = a; - (logp(Q)+1)+b; j=1,2,3 (5.1)

where the offset b; corresponds to the magnitude of either n?/ng or nl/ng at Q = 107!
and a; to the slope of the distribution for 107* < @ < 107%; the lower @ limit being
employed to exclude points at the very tail of the distribution exhibiting very large
sample variability. In adopting these linear fits the following parameterisations were

conducted:

1. the crest-height distribution of the free waves was parameterised by the slope

and offset parameters, a; and by,

2. the odd-harmonic bound-wave contributions were parameterised by the slope

and offset parameters, a, and by, and

3. the even-harmonic bound-wave contributions were parameterised by the slope

and offset parameters, az and b3,

These parameters are depicted in Figure 5.1.

The above linear fits were performed for the complete set of 84 available sea-
state simulations presented in Chapters 3 and 4, full details given on Tables 3.1, 3.2,
4.1, 4.2 and 4.3, and for all available evolution times corresponding to the steady-
state part of the nonlinear evolution. The resulting average root-mean-square error
(RMSE) for all the performed fits was ~ 0.003 and the maximum RMSE was ~ 0.01.

The latter value signifying that, at maximum, the standard deviation of the error
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5.2 CALIBRATION OF A FULLY NONLINEAR CREST-HEIGHT MODEL
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FIGURE 5.1: Examples of approximating the nonlinear contributions to tail of the normalised
crest-height distribution. (A) crests of free waves (n¢/ngr) and (B) bound contributions (1%/nr).
The grey dots represent the numerical data using HOsM and coloured lines show the linear fits. (A)

(

by for the even-harmonic bound-wave contributions, and (

) slope a; and offset ( ) by for the free waves. (B) ( ) slope ay and offset ( )

) slope a3 and offset (—— ) b3 for
the odd-harmonic bound-wave contributions. All offset parameters, b;, are defined at a probability
level of Q = 1071,

associated with the linear fits is in the order of 1% of the underlying Rayleigh crests.
Consequently, approximating the tail of the exceedance probability distribution with
linear lines is considered a successful approach. At this point it is important to note
that the range of sea-states addressed was such that nonlinear amplification above
second-order were expected, but the sea-state steepness was not so large that the

crest-height distributions were dominated by the dissipative effect of wave breaking.

Expressing the linear fit parameters as a function of the statistical moments

Following Figure 3.34, the second step in calibrating the crest-height model was to
associate the linear fit parameters (slopes and offsets) to the statistical moments of

dynamic kurtosis, bound kurtosis and skewness.
e Total free surface

However, before attempting this relatively complicated task, a simpler approach
was first examined. This sought to explore whether the linear fit parameters corre-
sponding to the total crest-height distribution (referred to as a; for the slope and b;
for the offset) could be linked to the statistical moments of the total free surface,

thereby avoiding the separation of the underlying contributions. In this respect, the
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FIGURE 5.2: (A) Slope, a;, and (B) offset, b;, expressed as a function of the total kurtosis and

skewness, respectively; the lines ( ) referring to best-fit second-order polynomials.

slope parameter correlated best to the total kurtosis, whereas the offset parameter
to the skewness; the scatter of the data being presented in Figure 5.2, together with
best-fit second-order polynomial curves.

The results in Figure 5.3 indicate that, whilst there is a correlation between
the linear fit parameters and the statistical moments, the scatter is significant; the
RMSE between the data points and the best-fit lines being 0.011 for both a; and
b, respectively. Indicatively, an error of 0.02 in both a; and b; can lead to an
over-(or under-) prediction of the crest-height at @ = 1072 by as much as 5%. As
such, this scatter prohibits the calibration of an accurate crest-height model. As a
consequence, the link of the statistical parameters to the underlying contributions of

the crest-height distribution was deemed necessary and is presented as follows.

e Dynamic part of the free surface

As explained in Section 3.5.1 the elevation of the free waves gives rise to the
dynamic kurtosis. Moreover, the associated contribution to the skewness parameter
is zero. Thus, the parameters a; and b; were solely parameterised in terms of the
dynamic kurtosis.

To this end, Figure 5.3 presents a; and b; as a function of the dynamic kurtosis;
the latter extracted at the same time instance as a; and b;. Again, second-order

polynomial best-fit lines have been added in the respective plots. These are defined
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ay = —0.009 — 0.183-\%, — 0.056-(\%)? (5.2)
by = 0.988 + 0.004-\}, — 0.146-(\%,)? |

In observing Figure 5.3, it becomes evident that the scatter of the data points is
substantially reduced compared to Figure 5.2. Evidence of this is provided by the
RMSE between the data points and the best-fit lines which is 0.005 for both a; and
by. This is less than half of the error reported in the context of Figure 5.2.

From a physical perspective, the results show that a positive kurtosis leads to a
negative slope parameter, a;, signifying amplification with respect to the Rayleigh
distribution (given that (log,o(Q) + 1) is always negative). In contrast, the opposite
holds for a negative kurtosis. These observations are entirely in line with earlier
discussions provided in both Chapters 3 and 4 regarding the effect of near-resonant
interactions on the crest-height distribution.

Furthermore, the offset parameter, by, reduces below unity as the magnitude of
the dynamic kurtosis increases. This decrease of by, in the order of 5% in the most
extreme cases, could potentially originate from the spectral broadening associated
with sea-states of high (in magnitude) dynamic kurtosis as indicated in Figure 3.31.
As with an increase in spectral bandwidth, the tail of the crest-height distribution
converges to the Rayleigh distribution for lower (). Whereas, for the cases of negative
dynamic kurtosis, it could also originate from the defocusing of wave energy that
tends to lower the crest heights. Additionally, it is noted that the offset parameter
corresponding to zero dynamic kurtosis (A4, = 0) lays slightly below the Rayleigh
predictions with b; = 0.988. This arises due to the non-convergence of the, essentially
linear, numerical distribution to a Rayleigh tail at @ = 10~! (as shown for example
in Figure C.1(B)). To compensate for this effect, the corresponding slope parameter
is slightly negative (a; = —0.009) at \$, = 0. Nonetheless, this slight inconsistency
with the linear narrow-band theory does not present any practical concerns.

Moreover, it should be noted that the horizontal axis Figure 5.3 refers to the
measured ensemble-averaged dynamic kurtosis and not the de-biased value account-
ing for the effect of finite domain length (as noted in the context of Figure 2.11).
More specifically, the finite domain length induces an initial reduction of the kurto-
sis (denoted as 1), which is dependent upon the effective water depth and spectral

bandwidth. To account for this effect, based on the available values of the initial
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FIGURE 5.3: (A) Slope, a1, and (B) offset, by, parameters against the dynamic kurtosis; with the

lines ( ) referring to best-fit second-order polynomials.

kurtosis r, was parameterised according to,

Ty = T;c/fk
0.0038/l<:pdo'41 +0.0043 for gy =0
0.0096/kpd1‘02 +0.0145 for oy > 0

fe=1—=fo (v/25-1)

where fo = 0.5 for 09 = 0 and fy = 0.32 for gy > 0.

To this end, Figure 5.4 presents the measured relative deviation of the initial
kurtosis arising from the full set of both uni-directional and directional simulations,
along with the expressions of Equation 5.3. The results show that indeed the reduc-

tion is small and does not pose any concerns for the convergence of the results.

6
5

4

S

\&&2\
1%—6-@—9—————9—————?
0 " " " "

1 2 3 4 5

Relative water depth, kyd [—]
FIGURE 5.4: Relative reduction of the initial value of the kurtosis for uni-directional and directional
simulations. against the relative water depth k,d. The lines (—— /—— ) refer to the best-fit
lines for oy = 0 and oy > 0, respectively, given in Equation 5.3. While the markers ( © / o) refer

to measured values from HOSM simulations, for oy = 0 and oy > 0, respectively.
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e Fven-harmonic bound-wave contributions

Considering next the even-harmonic bound-wave contributions, a natural first
step is to parameterise the slope, ao, and offset, by, as a function of the skewness.
Indeed, the skewness has traditionally been used to represent the second-order non-
linearity in theoretical crest-height models (see, for example, Tayfun 1980, Fedele &
Tayfun 2009 and Arena & Ascanelli 2010). To this end, the variation of as and by
against the skewness parameter is presented in Figure 5.5 (sub-figures (A) and (B),
respectively) along with best-fit polynomial functions. In considering these plots,
it can be observed that whilst there is undoubtedly a link between as, by and the

skewness, there is also considerable scatter around the best-fit polynomial functions.
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(a) (B)
FIGURE 5.5: (A) Slope, ag, and (B) offset, by, parameters against the skewness parameter, A3; with
the lines (
to the value of the dynamic kurtosis.

) referring to best-fit second-order polynomials. The markers are coloured according

To identify the origins of this scatter, the markers in both plots have been coloured
according to the dynamic kurtosis. This colouring suggests that the dynamic effects
do indeed relate to the observed variability. Specifically, for sea-states of large dy-
namic kurtosis, the slope parameter tends to exhibit a larger (in magnitude) slope as
than sea-states having the same skewness but lower dynamic kurtosis. In contrast,
the corresponding offset parameter tends to be smaller. Likewise, for sea-states of
low dynamic kurtosis, the slope as tends to be smaller, while the offset tends to be
higher than equivalent sea-states of the same skewness.

The above observations directly relate to earlier discussions provided in Chapters

3 and 4, in that the bound-wave contributions are linked to the magnitude of the
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free-wave crests. Hence, with the crest heights of the free waves being amplified when
the dynamic kurtosis is positive/negative, it is not surprising that as is higher /lower.

Regarding the offset parameter, by, which reflects the magnitude of moderate
crest heights at Q = 107!, a physical interpretation of the observed scatter is not
so straightforward. A potential reason for the increase of by in the shallowest cases
characterised by a negative kurtosis is that second-order difference terms for rela-
tively low waves may not be in anti-phase with the wave crests; owing to the weak
constructive interference of the underlying free-wave components. Hence the scatter
may not be related to the dynamic effects but rather to second-harmonic bound-
wave effects. In deep water, the slight decrease in by is most likely related to the

corresponding decrease in b.
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(a) (B)
FIGURE 5.6: (A) Slope, as, and (B) offset, by, parameters against As-f.1(\%,) and A3-f.2(\%y),

respectively; with the lines ( ) referring to best-fit second-order polynomials. The markers are

coloured according to the value of the dynamic kurtosis.

Taken together, given that the scatter observed in Figure 5.5 is associated with
the value of the dynamic kurtosis, the inclusion of the latter on the horizontal axis
could lead to more precise predictions for as and by. To achieve this, and after

trialling different functional forms, the following linear factors were applied,

fc,l()\io) = (1~4'>\ZO + 1)

5.4
fc,2(/\§110) = (_0'8'>‘f1lo + 1) ( )

for as and by, respectively. These factors were defined to produce the largest possible

reduction of the scatter in terms of the RMSE. In considering these factors, a zero
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dynamic kurtosis leads to no change of the horizontal position of the points. A
negative dynamic kurtosis shifts the data points to the left for as and to the right
for by. Whereas the opposite is the case for a positive dynamic kurtosis.

These factors serve as multipliers to the skewness parameter; the resulting vari-
ation of ay and by against Az f.1(A%y) and A3-f.2(\d,) is shown in Figure 5.6; the
best-fit polynomial functions being superimposed. Indicatively, the RMSE associated
to the polynomial fits in Figure 5.5 was ~ 0.01 for both ay and b,. While in Figure
5.6 it has been reduced to ~ 0.005 and ~ 0.008 for as and by, respectively.

Whilst the minimisation of the scatter in Figures 5.6(A) and 5.6(B) is evident,
further improvement was sought, especially for by, where the fit is less satisfactory.
It was found that when the bound kurtosis was added to the skewness parameter,
the resulting variation of the data points was further reduced. Confirmation of this
is shown in Figure 5.7. In this case the RMSE is ~ 0.003 and ~ 0.004 for ay and by,
respectively. These values are lower than those associated with Figure 5.6 and less

than half the original fits in Figure 5.5.
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FIGURE 5.7: (A) Slope, az, and (B) offset, by, parameters against (A3 + Ajg)-fe1(A%y) and (A3 +

o) fe2(Mdy), respectively; with the lines ( ) referring to best-fit second-order polynomials.

The markers are coloured according to the value of the dynamic kurtosis.

This improved fit can be explained by the fact that the bound kurtosis reflects
solely the magnitude of bound-wave contributions that add to the wave crests, unlike
the skewness that also includes the effect of second-order difference terms that tend to
reduce the wave crests. Therefore, given that the second-harmonic bound-wave con-

tributions are inherently correlated to the third-harmonic bound-wave contributions
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(§4.6), including the bound kurtosis when predicting the even-harmonic bound-wave
contributions is used as a proxy for assigning more weight to bound terms that con-
tribute positively to the crest-heights. This approach that is in line with the earlier
discussion, in the context of Figure 5.5(B), with respect to the potential origins of
the scatter in bs.

Hence, the even-harmonic bound-wave contributions can be predicted based on

the best-fit polynomial functions appearing in Figure 5.7. These are given by,

ag = —0.121-c, + 0.0197-c;
(5.5)
by = 0.314-dy — 0.173-d;

with,
Co = (>‘3 + )‘Zo)'fc,l(/\io)
dy = (A3 + )‘Zo)'fcﬂ(/\Zo)?

the optimum factors f.; and f., are again given by Equation 5.4.

(5.6)

e Odd-harmonic bound-wave contributions

To finalise the parameterisation of the crest-height distribution, the slope and
offset parameters, az and b3, associated to the odd-harmonic bound-wave contribu-
tions remain to be specified. As the odd-harmonic bound-wave contributions are
related to the bound kurtosis, Ay, a natural first step is to explore the variation of
az and by with \5,. To this end, Figure 5.8 presents this variation along with best
fit polynomial functions; sub-figure (A) concerning asz and sub-figure (B) b3. Again,
the data points have been coloured according to the value of the dynamic kurtosis.

In considering Figure 5.8, the scatter of points is again associated with the value
of the dynamic kurtosis; the scatter being more significant for the parameter bs.
As the third-harmonic bound-wave contributions are relatively small compared to
the rest of nonlinear contributions, the observed scatter in Figure 5.8 could perhaps
be considered insignificant. However, in eliminating any systematic error induced
by the parameterisation of the crest-height distribution, without much extra effort,
correction factors accounting for the effect of dynamic kurtosis were again calibrated.
Adopting a similar approach to the fitting of the even-harmonics, the correction

factors again serve as multipliers to the variable on the horizontal axis, i.e. the
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FIGURE 5.8: (A) Slope, a3, and (B) offset, b3, parameters against \,; with the lines (

)

referring to best-fit second-order polynomials. The markers are coloured according to the value of

the dynamic kurtosis.

bound kurtosis in this case, and are given by:

fes(MNo) = (0.7:Xf + 1)

(5.7)
fea(Mf) = (=120 + 1),

with f. 3 corresponding to as and f.4 corresponding to bs.

The variation of az and by with f.3)\ and f.4\}, are presented in Figure 5.9
along with best-fit polynomial functions. In contrasting Figure 5.9 to Figure 5.8
the reduction of the scatter, especially for b3, becomes apparent. Quantifying this
change, the RMSE associated to the polynomial fits in Figure 5.8 was ~ 0.004 for
both a3 and b3. This reduces to ~ 0.003 and ~ 0.002 for a3z and b3, respectively, in
Figure 5.9. To achieve this, the best-fit polynomial functions depicted in Figure 5.9
are defined by,

az = 0.183-c; — 0.201-c3

(5.8)
by = —0.213-d3 + 0.185-d;

with,
C3 = )‘Zo'fc,B()\io)
dz = )‘Zo'ch()‘Zo)-

These fits can be used for the prediction of the odd-harmonic bound-wave contribu-

(5.9)

tions given the values of the bound and dynamic kurtosis.
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FIGURE 5.9: (A) Slope, as, and (B) offset, b3, parameters against f. 3\, and f. 45, respectively;
with the lines (

according to the value of the dynamic kurtosis.

) referring to best-fit second-order polynomials. The markers are coloured

Summarising this section, the crest-height distribution arising in any sea-state
irrespective of the relative water depth, spectral bandwidth, directional spread or
steepness can be recovered based on the knowledge of the skewness, bound kurtosis
and dynamic kurtosis. Based on the above, the remaining challenge is the effective
prediction of the statistical moments, based on the sea-state parameters.

However, given that the current state-of-the-art solutions fail to provide reliable
predictions for these moments (Chapters 3 and 4), their prediction remains a chal-
lenging task, mainly due to the wide range of conditions that the present study seeks
to address. In a first attempt to address this, the derivation of empirical equations
to predict the statistical moments was explored. Unfortunately, this proved not to
be viable option; owing to the complexity of the observed relationships between the
input sea-state parameters and the statistical moments; not least the high dimen-
sionality of the problem. This is characterised by four input dimensions (for the
steepness, directionality, spectral bandwidth and effective water depth). To resolve
this, the research was directed to the field of the so-called meta-modelling analysis
techniques lying in the fields of structural reliability analysis and machine learning.

In the context of ocean and coastal engineering, these techniques started emerging
in the late 90s. Some of the key applications include the prediction of metocean
parameters (Deo & Sridhar Naidu, 1998), the prediction of tides (Lee & Jeng, 2002),

the prediction of the stability of armour layers in rubble-mound breakwaters (Mase
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et al., 1995), and the assessment of wave over-topping over sea defences (van Gent
et al., 2007).

To this end, the following section (§5.2.2) presents the application of these tech-
niques in the present context; a brief introduction to the concept of meta-modelling

is also provided.

5.2.2 Prediction of the statistical moments using meta-modelling

techniques
Brief summary of meta-models and their use in the present context

The basic idea behind the meta-modelling techniques is that a response or output
quantity arising from a computationally intensive simulation can be approximated by
a so-called meta-model. This way, the meta-model acts as a simplified mathematical
replacement of a computationally intensive simulation tool (here HOSM), enabling
the user to predict the output quantity of interest for any set of inputs without the
computational burden.

To calibrate any meta-model, a set of inputs and outputs arising from the compu-
tationally intensive simulation tool are required, referred to as the training dataset.
Based on this training dataset, the so-called hyper-parameters inherent to any meta-
model are optimised, aiming to minimise an error measure reflecting the deviation
of the meta-model’s predictions from the output data points.

Several types of meta-models have been developed over the years and the suit-
ability of each one depends upon the problem at hand. Among these, the following

categories can be identified:

1. Meta-models that in their mathematical formulation the input variables are
stochastic quantities (for example polynomial chaos expansions) and those that

are deterministic (examples of which will be provided below).

2. Meta-models that act as a regression tool and others that act as an interpolation
tool. In the former case, they act as multidimensional best-fit approximators,
and hence they do not necessarily replicate the outputs of the training dataset

exactly. Whereas, in the latter case they do.

3. Meta-models that are themselves deterministic or stochastic. In the first case,
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training the meta-model for a given training dataset multiple times will result
in the same model (with the same values for the hyper-parameters). Whereas,

in the second case, the meta-model will not be the same.

In the context of the present application, the input variables are deterministic
quantities and consist of the sea-state parameters. Namely, the sea-state steepness,
%Hskp, the effective water depth, k,d, the directional spread, oy and the spectral
bandwidth, represented by . While the output variables of interest are the time-
and ensemble-averaged values of the statistical moments. Consequently, despite the
statistical moments being inherently stochastic quantities, their averaging over a
large ensemble of random simulations makes them quasi-deterministic.

As such, regarding point (1) above, the second class of models will be considered.

The most popular meta-modelling techniques lying in this class include:

1. the so-called Gaussian Process Emulators (GPE), often referred to as Kriging
(see Santner et al. 2003, Rasmussen & Williams 2006)

2. the Support Vector Machines (SvM) (see Smola & Scholkopf 2004, Vapnik 2013)

3. the Artificial Neural Networks (ANN) (see Hagan et al. 1997, Hurtado & Alvarez
2001).

Regarding point (2) above, the SvM and ANN are regression tools, and the classic
version of the GPE technique is an interpolation tool; both are regarded as relevant
in the present context given that the outputs are quasi-deterministic. Finally, re-
garding point (3), the ANN is a stochastic meta-model, whilst the svmM and GPE are
deterministic meta-models. To this end, the implication of employing a stochastic vs
a deterministic meta-model will be discussed in the following sections in which these
meta-models will be applied.

More generally, the reader is referred to Brunton et al. (2020) for further review
on the application of machine learning tools in the field of fluid mechanics and to
Simpson et al. (2001) for a review on the use of meta-models in engineering design.
Finally, it is noted that it is beyond the scope of the present chapter to present in
detail the mathematical formulation of the meta-models mentioned above and their
training algorithms, the reader being referred to the provided references for further
information. However, when necessary for the on-going discussion, a brief outline of

the meta-model will be provided.
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Training dataset

The training dataset used for calibrating the meta-models consists of the 84 sets of
inputs-outputs arising from all available HOSM sea-state simulations. In considering
this training dataset, most of the available sea-states have a sea-state steepness
of 1/2H¢k, = 0.105. This leads to a somewhat under-representation of the input
variable space. To resolve this, extra ‘boundary’ points for sea-states of zero sea-
state steepness were added to the original training dataset, for which the output
values for the statistical moments are zero according to theory. These extra data
points cover the full range of possible combinations of the existing values of the
remaining three sea-state parameters within the original training dataset, extending
its size from 84 points to 231. Alternatively, HOSM simulations for sea-states of a
very small steepness could have been performed to provide such points. However,
this would induce excessive computational costs and it was abandoned as an option.
The original training dataset and the ‘boundary’ points are depicted in the multi-
variate matrix plot in Figure 5.10 with yellow markers/bars and blue markers/bars,
respectively. In this figure, each subplot represents the scatter of points for each
pair of sea-state parameters and the diagonals depict the corresponding histogram of
data points for each sea-state parameter separately. In considering Figure 5.10 the
logic behind employing the ‘boundary’ points becomes clearer. As considering for
example the sea-states of v = 5 and oy = 10° simulated only for 1/2H:k, = 0.105,
which are represented by the top rightmost point in the scatter plot of 1/2Hk,-vs-v,
they are supported by the added points at 1/2Hk, = 0, depicted vertically below.
Having defined the training data set, the calibration of the different meta-models
can be performed. For this, the Artificial Neural Network (ANN) approach is em-

ployed first; its application being discussed in the following.

Artificial Neural Network

e Description of the model

With inspiration from the neural structure of the human brain, an artificial neu-
ral network consists of multiple interconnected computational units called neurons
or perceptrons. Whilst there are numerous types of artificial neural networks eligi-

ble for supervised training (i.e. training using a dataset for the hyper-parameters
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FIiGURE 5.10: Training dataset depicted in the input variable space, showing the original sea-
states used in the HOSM simulations with ( ® ), along with additional ‘boundary’ points of zero
sea-state steepness with ('@ ). Each off-diagonal plot refers to the scatter of points for each pair
of sea-state parameters. While the diagonal plots refer to the histogram of data points for each

sea-state parameter; following the same colour notation as the scatter plots.
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optimisation), the most widely used for problems of the present type is the so-called
multilayer perceptron, a special case of a feedforward network with fully intercon-
nected neurons. More specifically, a neural network of this type has the following

architecture:

1. The input layer of neurons, each neuron corresponding to an input variable of

the problem at hand.
2. Multiple hidden layers of neurons, applying a set of mathematical operations.

3. The output layer of neurons, each neuron corresponding to an output variable

of the problem at hand.

Such a system is illustrated in Figure 5.11(A). The neurons in the input layer feed
the values of the input parameters to the first hidden layer. While the neurons in
the output layer have the same functionality as the neurons in the hidden layer;
albeit their outputs are the final network’s prediction. Furthermore, a multilayer
perceptron can include multiple output variables. However, to keep the network
architecture as simple as possible, a separate ANN was adopted for predicting each
statistical moment. Hence, the output layer consists of a single neuron in the present
case.

In more detail, within a multilayer perceptron, each connection between neurons

contains a so-called weight, w. Each neuron, ¢, in the hidden layer, j:

1. receives the outputs, A; 1 = (a1,j_1,a2;5-1,...,an,_, j—1), of the neurons in the

previous layer,

2. applies an activation function, f, to the sum of the weights multiplied by the

output values of the previous layer > W[-A; 1 (W) = (w1, waj, ..., wn;, ;)),
3. adds a bias, b;;, and

4. evaluates its output value, a,;, which is fed to the next layer of neurons.

as depicted in Figure 5.11(B).
To put the above in a mathematical perspective, the output value of a multilayer

perceptron as depicted in Figure 5.11(A) is evaluated according to,

Ny —

Ym = fm( Zl wz‘,m'az‘,m—1) + b, (5.10)

=1
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FIGURE 5.11: Schematic of a feed-forward ANN architecture. (A) a full neural network schematic
with 4 neurons in the input layer, and an output layer of a single neuron. (B) a detailed view of the
calculation procedure within a neuron 7 in layer (either hidden or output) j: a; ;1 representing the
outputs of the neurons in the previous layer, w; ; the weights of the connections between the neurons
in the previous layer and the current neuron, and b; ;, f and a; ; the bias, activation function and

output of the current neuron, respectively.

where, m is the total number of layers, N,, 1 is the number of neurons in the last
hidden layer, w; ,, is the value of the weight connecting the neuron ¢ in layer m — 1
to the output neuron, a;,,—; are the outputs of the neurons in the last hidden layer,
b,, is the bias of the output neuron and f,, is the activation function of the output

neuron. While, the output of any neuron, ¢, in any given layer, j, is given by,

Nj
@ij = f( > wi,j'ai,j—l) + bij (5.11)
i=1

where, symbols follow the same logic as in Equation 5.10. Finally, a linear activation
function for f,, and a tangent sigmoid function for f is the most common choice for
problems of the present type and have been employed in the present context.

Based on the above, training an artificial neural network aims to optimise the so-
called hyper-parameters, comprising of the weights of the connections and the biases,
such that the deviation of the network outputs from the outputs of the training
dataset is minimised. This deviation is quantified by the mean-square error between
the network outputs and the outputs of the training dataset, denoted as €/sg.

The training is implemented using a so-called back-propagation algorithm, sup-
plied with early stopping criteria for enhancing the generalisation performance and

for avoiding over-fitting (see Hagan et al. 1997). More specifically, applying the early
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stopping criteria, the original training dataset is randomly divided into a reduced
training dataset and a validation dataset. Then the back-propagation algorithm up-
dates the hyper-parameters based on the gradient of €);5r with respect to the values
of the hyper-parameters. However, the criterion for stopping the training is the min-
imisation of the mean-square error associated with the validation dataset, referred
to as early stopping. This way, €);sr may not reach its lowest possible value, but the
network’s generalisation performance is superior. Whilst, several implementations of
back-propagation exist, the Levenberg-Marquardt algorithm has been adopted here.
This consists of a combination of gradient descent and Gauss-Newton algorithms,
selected owing to its speed for solving medium size problems like the one herein.
In the present study, the numerical implementation of the ANN provided by the
deep-learning MATLAB toolbox has been adopted, as it is both robust and compu-
tationally efficient due to the automatic parallelisation of the numerical operations
that MATLAB embeds.

Furthermore, in applying the back-propagation algorithm, the hyper-parameters

are initialised with random values. As such, due to:

1. the complexity of the ANN architecture,
2. the random division of the reduced training and validation datasets, and

3. the random initialisation of the hyper-parameters,

the ANN is stochastic. Consequently, every time an ANN is trained, the values of the

hyper-parameters and hence the predictions are not the same.
e Preliminary results

To complete the architecture of the ANN, the number of hidden layers and the
number of neurons per hidden layer should be defined. This is a crucial step as the
performance of a multilayer perceptron can be highly dependent on the architecture
of the hidden layers (Hagan et al., 1997). In the context of the present research
and taking into account the stochastic nature of an ANN, the mean value of €55 *,
Elersg], resulting from the training of 1,000 networks has been employed to define

the optimum architecture.

Ywhere €pr55 is evaluated upon the entire training dataset (i.e. the reduced training and vali-
dation data sets combined)
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To this end, Figure 5.12 presents the variation of E[eysg] against the number of
neurons in each hidden layer !, for a different number of hidden layers. Where the
number of neurons varies between 1 and 30, and the number of hidden layers varies
from 1 to 4. Specifically, sub-figure (A) refers to networks trained to predict the
skewness, sub-figure (B) the bound kurtosis and sub-figure (C) the dynamic kurtosis.
Taking these results together, the error is shown to be minimised using two hidden
layers and nine neurons per layer for all three output variables.

Furthermore, to demonstrate that the results of sub-figures (A), (B) and (C)
are indeed converged with respect to the number of neural networks, sub-figure (D)
presents the variation of the average error, Flej;sp|, with respect to the number
of networks for the optimum ANN architecture. Where the values of Eleysp] have
been normalised by the average evaluated based on 1,000 networks. In considering
the results in Figure 5.12(D), Flepsg] is shown to be indeed converged using 1,000

networks.
e Ensemble predictions vs single predictions

Whilst a single ANN could potentially lead to reasonable predictions, given its
stochastic nature, the adoption of an ensemble of ANNs could enhance the predic-
tion performance. This approach, of employing multiple ANN trained on the same
data refers to the so-called ensemble methods (Perrone & Cooper, 1992) for out-
put variance reduction and aims to remove the effect of randomness from the ANN
predictions.

To assess the merits of adopting this approach, Figure 5.13 presents

1. the outputs, y,,, of multiple single ANNs shown with grey markers,
2. the average, E[y,,], of the outputs of 1,000 ANNs shown with blue markers, and

3. the median, M|y,,], of the outputs of 1,000 ANNs shown with red markers

compared to the output values of the full training dataset. Specifically, the top row
of sub-figures ((A) to (C)) corresponds to a different statistical moment. While the
bottom row of sub-figures ((D) to (F)) presents detailed views of the former sub-

figures, corresponding to the marked rectangle regions. These latter sub-figures are

1Tt is noted that the number of neurons in any hidden layer can in principle be different. However,
for simplicity, here it is kept the same.
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FIGURE 5.12: Variation of Eleprsg] with respect to the number of neurons per hidden layer for
different number of hidden layers, m’ = m — 2; with ( Yform' =1, (—=—)form' =2, (----)
for m’ = 3 and (= =) for m’ = 4. (A) for the skewness, (B) for the bound kurtosis and (¢) for the
dynamic kurtosis. While (D) presents the convergence of Eleprsg| with respect to the number of
ANNs; with ( ) for the skewness, (— =) for the bound kurtosis, and (-=--) for the dynamic

kurtosis. Specifically, 7gic,,s,] represents the ratio of Eleysg], evaluated for an increasing number

of neural networks, over E[epsg], evaluated using 1,000 neural networks.
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FIGURE 5.13: Comparison of the ANN predictions to the target values of the (A) skewness, (B)
bound kurtosis and (C) dynamic kurtosis. Individual ANN predictions are shown with (¢ ), ensemble
averaged predictions are shown with ( ® ) and ensemble median predictions are shown with ( @ );
the diagonal line (— — ) referring to perfect agreement. The sub-figures (D), (E) and (F) are
detailed views of (A), (B) and (C), respectively, marked with a rectangle region (—-— ) in the
latter sub-figures. All results have been obtained using ANNs with 2 hidden layers and 9 neurons

per hidden layer.

included to show in more detail the observations. The results in Figure 5.13 show
that the predictions of single ANNs indeed exhibit substantial variability. However,
by employing a central prediction using either E[y,,] or M|[y,,] the predictions are
very favourable; with the median, M|y,,], outperforming slightly the mean, Ely,,].
To quantify the difference between the single and ensemble predictions, Table
5.1 presents the values of the mean absolute relative deviation, €., ! of the ANN
predictions. More specifically, for single ANN predictions, the values refer to the
mean of €, across 1,000 ANNs and the values in parenthesis refer to the corresponding
standard deviation. The results in Table 5.1 show that adopting a median prediction

yields the lowest error.

Tp,i = Lt,i

!The mean absolute relative deviation is calculated according to €, = + Zfil | =22 —=*], where
i refers to the the i-th observation, z,; to the predicted value, z;; to the observation or target
value and N to the number of observations. While to avoid infinite numbers, the data with zero
target values have been excluded.
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TABLE 5.1: Absolute relative deviation of the ANN predictions; single vs ensemble preditions. For
single ANNs the results refer to the average mean relative deviation of 1000 individual ANNs and the
values in parenthesis refer to the corresponding standard deviation. For ensemble ANN predictions
the results refer to the mean relative deviation. Note that only non-zero target values have been
included in calculating the computed relative deviations, while the ANNs architecture consists of 2

hidden layers and 9 neurons per hidden layer.

ANN ‘ A3 o o

Single 0.044 (0.032) 0.275 (0.323)  0.184 (0.258)
Ensemble average 0.027 0.126 0.066
Ensemble median 0.017 0.078 0.021

At this point, it should perhaps be stressed out that Gramstad & Bitner-Gregersen
(2019) have attempted to predict the kurtosis arising from HOSM simulations based
on machine learning techniques. However, their results exhibited much more signif-
icant scatter than the present ones. Indicatively, in Gramstad & Bitner-Gregersen
(2019), the mean-square error normalised by the variance of the target points was in

the order of 0.10, whereas here it is only 0.0002; three orders of magnitude less.
e On the generalisation performance

Having guaranteed that the error associated with the ANN predictions is kept
to a minimum, the generalisation performance of the ANN predictions should also
be assessed. This is essential because any meta-model could predict well the values
of the training dataset, but fail to capture the true relationship between the input
variables and the output variables (to generalise poorly). As mentioned earlier,
this latter situation refers to over-fitting the training dataset. Although the back-
propagation algorithm aims to avoid this, the generalisation performance needs to
be assessed before the optimum ANN architecture can be defined.

To gain a first indication of the generalisation performance of the ensemble median
ANN predictions, it is instructive to explore their variation with changes in the input
variables. To this end, Figure 5.14 presents the ANN predictions for the dynamic
kurtosis in varying effective water depths, k,d, for sea-states of %Hsk:p = 0.105,
g = 0 and different JONSWAP spectra (v values). To assess the effect of the ANN
architecture on the generalisation performance, sub-figure 5.14(A) refers to ANNs

with 9 neurons per hidden layer and sub-figure 5.14(B) to ANNs with 5 neurons per
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FIGURE 5.14: Variation of the ANN predictions with relative water depth, k,d, for JONSWAP sea-
states of 1 Hyk, = 0.105, o9 = 0 and different y values. (A) for 9 neurons and (B) for 5 neurons per
hidden layer. The lines ( / /— ) correspond to the ensemble median ANN predictions,
The lines (— — / /— — ) refer to the 2.5% and 97.5% quantiles of the single ANN predictions.
While the markers (® / ® / ® ) correspond to HOSM results used in the training of the ANNs. In all

cases the colour order refers to v = 1.0,2.5 and 5.0, respectively.

hidden layer. In each plot, the median predictions are shown with continuous lines,
while the dashed lines refer to the 2.5% and 97.5% quantiles. In addition, when
available, the values of the dynamic kurtosis belonging to the training dataset are
also added.

The observed trends in Figure 5.14 demonstrate that, whilst the median pre-
dictions for both ANN architectures lead to satisfactory predictions of the data in
the training dataset; they tend to generalise differently beyond the input variable
range, especially for k,d > 5. However, in considering these results, none of the
two architectures leads to a satisfactory generalisation performance. From a physi-
cal perspective the predictions for k,d > 5 should no longer be affected by k,d; the
conditions having converged to deep-water.

To resolve this, it was decided to discard ANNs of low performance. This lead to
non-accurate estimates of even the data points of the training dataset. For this, the

following steps were followed:

1. A selected quantile, p, of the scatter of )55, denoted as ey5x,, was selected.

2. The training of the ANNs of the selected architecture was repeated, but this
time any network of €ysp < €nrsp, was discarded, whilst a target number of

1,000 networks was still maintained.
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FIGURE 5.15: Same as in Figure 5.14 but this time single ANN with eyrsg < €pmrgE,, are considered;

whilst still maintaining a number of 1,000 single ANN.

To quantify the merit of adopting this approach, Table 5.2 presents the average
and standard deviation of the mean absolute relative deviation, ¢,, of single ANNs
using different quantiles, €jysp, in the discarding process. Along with the €, of

the ensemble median ANN predictions. The results in Table 5.2 refer to an ANN

architecture consisting of 5 neurons per hidden layer; as this was shown in Figure

5.14 to generalise somewhat better than ANNs of 9 neurons per hidden layer.

TABLE 5.2: Absolute relative deviation of the ANN predictions using different level of acceptable
error €)sp; single vs ensemble median ANN predictions. For single ANNs the results refer to the
average mean relative deviation of 1000 individual ANNs and the values in parenthesis refer to the
corresponding standard deviation. For ensemble median ANN predictions the results refer to the

mean relative deviation. Note that only non-zero target values have been included in the calculation

of the relative deviation.

thlfgsrlcl)(l;l q Single Ensemble median
A3 Ao Mo | s My g
N/A 0.064 (0.042) 0.407 (0.358) 0.243 (0.315) | 0.032 0.173  0.042
EMSEsp 0.037 (0.010)  0.236 (0.119) 0.098 (0.043) | 0.025 0.134  0.042
EMS Eso 0.032 (0.007) 0.205 (0.104) 0.082 (0.037) | 0.023 0.121  0.037
EMSEno 0.026 (0.005) 0.158 (0.072) 0.067 (0.029) | 0.020 0.108 0.036
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In considering Table 5.2 it becomes evident that:

1.

2.

as the quantile p decreases the error of the predictions decreases,

the error of the single ANN predictions approaches the error of the ensemble

predictions, and

the error of the ensemble median predictions for p = 10, is comparable to the
error of the ensemble predictions for ANNs with 9 neurons per hidden layer as

presented in Table 5.1.

To demonstrate the enhanced generalisation performance of ensemble median

ANN predictions using a quantile of p = 10 in the discarding process, Figure 5.15

presents the equivalent to Figure 5.14 variation of the predictions for the dynamic

kurtosis. While, again both ANN architectures of 5 and 9 neurons per hidden layer

were adopted. In considering Figure 5.15 it is shown that:

1.

For both ANN architectures, the variability of the single ANN predictions in the
input variable range of the training dataset (k,d € [0.87,5.03]) is minimal; as
opposed to the very large variability observed in Figure 5.14. This observation
essentially reflects the success of the discarding process. However, the variabil-
ity of the single ANN predictions immediately increases for predictions outside
the interval k,d € [0.87,5.03]. This observation is crucial because it demon-
strates that very successful single ANNs will not generalise well in principle;

supporting further the adoption of the ensemble approach.

The ensemble median predictions of ANNs with 5 neurons per hidden layer ex-
hibit better generalisation performance than the equivalent with 9 neurons per
hidden layer. A result that is entirely in line with the notion that simpler ANN

architectures lead to better generalisation performance (Hagan et al., 1997).

Taking the results presented in this section together, the final ANN predictions for

the statistical moments will be based on error-truncated (eysp < €psg,,) ensemble

median predictions derived from the training of multiple (1,000) ANNs of 2 hidden

layers and 5 neurons per hidden layer.

To conclude this section, the generalisation performance of the ensemble median

ANN predictions needs to be demonstrated in a wider set of cases. To this end, Figure

240



5.2 CALIBRATION OF A FULLY NONLINEAR CREST-HEIGHT MODEL

5.16 presents the predictions for all statistical moments with variation in relative wa-
ter depth, k,d, in the range [0.8, 8.0] for sea-states of different JONSWAP spectra ()
and directional spreads oy having a steepness of %Hskp = 0.105. Again, where avail-
able, the data points belonging to the training dataset have been added. More specif-
ically, the trends in Figure 5.16 have been obtained for v = 0.5,1.0,1.75,2.5,3.75,5.0
and 7.0; with the first and last values extending beyond the available values in the
training dataset. Moreover, the sub-figures on the left column ((A), (¢) and (E)) refer
to sea-states of oy = 0, and the sub-figures on the right column ((B), (D) and (F))
refer to sea-states of gy = 10°. The top row of sub-figures refers to the predictions of
skewness, the middle row the prediction of bound kurtosis and the bottom row the
prediction of the dynamic kurtosis.

The results in Figure 5.16 demonstrate that the ensemble median ANN predictions

based on error-truncation and 5 neurons per hidden layer:

1. Capture very well the values of the statistical parameters for sea-states belong-

ing in the training dataset, as expected,
2. Interpolate well between the points for v values included in the training dataset

3. At the same time, the predictions remain reasonable for + values outside the

training data.

4. They extrapolate very well for k,d values outside the input variable range of

the training dataset.

Adopting this approach, the ensemble median ANN predictions will hereafter be re-

ferred to as EANN.
e The effect of ‘boundary’ points on the EANN predictions

With the training dataset used by EANN including artificial points at zero steep-
ness, the present section aims to clarify the effect of these ‘boundary’ points. To
achieve this, the training of the individual ANNs was repeated using the same archi-
tecture (i.e. 5 neurons per hidden layer ANNs with error truncation) and a training
dataset, which did not include the ‘boundary’ points. To differentiate between the

two approaches:
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FIGURE 5.16: Variation of the ensemble median ANN predictions with relative water depth, k,d,
for JONSWAP sea-states of +H,k, = 0.105 and different . The sub-figures on the left column ((A),
(¢) and (E)) correspond to sea-states of oy = 0 and the sub-figures on the right column ((B), (D)
and (F)) correspond to sea-states of o9 = 10°. From top to bottom, (A) & (B) refer to the skewness,
(c) & (D) to the bound kurtosis, and (E) & (F) to the dynamic kurtosis. In all sub-figures the
lines (—— /—/—— ) —— /—— /—— / — — ) correspond to the ensemble median ANN
predictions for v = 0.5,1.0,1.75,2.5,3.75,5.0 and 7.0, respectively. While the markers (e /e /o)
correspond to the HOSM results used in the training of the ANNs for v = 1.0, 2.5 and 5.0, respectively.
The ANN predictions refer to an ANN architecture consisting of 2 hidden layers and 5 neurons per

hidden layer.
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FIGURE 5.17: Predictions of EANNB and EANNU for sea-states corresponding to the ‘boundary’
points. (A) for the skewness, (B) for the bound kurtosis and (C) for the dynamic kurtosis.

1. The EANN trained with the ‘boundary’ points included in the training dataset

will be referred to as EANNB (with "B’ for bounded)

2. The EANN trained with the ‘boundary’ points not included in the training

dataset will be referred to as EANNU (with "U’ for unbounded)

To assess the effect of including the boundary points in the training dataset,
Figure 5.17 presents the predictions of both EANNB and EANNU for input parameters
corresponding to the added ‘boundary’ points, where each sub-figure corresponds to
a different statistical parameter. As expected, the EANNB predicts nearly zero values
for all the statistical moments, whereas EANNU predicts non-zero values; the latter
being physically incorrect.

To put the above into a more practical context, Figure 5.18 presents the variation
of both EANNB and EANNU predictions of the skewness with increase in the sea-state
steepness, for sea-states of oy = 30° and v = 2.5 in different effective water depths.
Where available, the data points of the respective training datasets have been added.

The results in Figure 5.18 indicate the importance of including the ‘boundary’
points, as, without these, the EANNU predictions at zero steepness predict non-zero
values of the statistical moments, especially for low k,d values. In addition, the
‘boundary’ points are shown to also affect the slope of the observed trends. Particu-
larly, the latter observation can affect the predicted values beyond the range of %HS kp
used in the training (i.e. 3Hk, € [0,0.105]). Given these results, the EANNB predic-
tions are employed in the remainder of this chapter; for brevity these will simply be

referred to as EANN.
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While the markers (® / ® / ) correspond to the HOSM results used in the training of the respective
ANNs with the colour order referring to k,d = 5.03,1.28 and 0.87, respectively. (A) for EANNU and
(B) for EANNB predictions.

/—— / — — ) respectively.

Assessing the generalisation performance based upon an independent test

dataset and the use of other meta-models

e Performance of other meta-models

As mentioned earlier, in addition to ANN, other types of meta-models suitable for
the present application include the GPE and the SvM. Unlike the ANN, these models
have a fixed ’architecture’ or mathematical formulation. While it is left to the user
to define a set of options relating to (for example) the functional form of the so-called
basis functions of the related expansions. These models will not be described here
for brevity. However, a short description of is provided in Appendix H.

To define the optimum configuration of both GPE and SvM the performance
measure used for their training is the so-called leave-one-out cross-validation error
(see, for example, Meckesheimer et al. 2002). This error measure is calculated as

follows:

1. The training dataset T' = {[x;, y;]; i = 1..N} of size N is copied N times, each

time excluding a different data point.

2. A meta-model is then trained for each of the N copies and it is used to pre-

dict the excluded data point; this prediction being denoted with M ;(x;) ( @
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symbolising the excluded point from the training dataset).

3. Finally, the leave-one-out cross-validation error is evaluated according to,

1 N
€LoO = N Z(MNi(Xi) - yz‘)Q (5.12)
i=1
where y; is the output data point or observation within the original training

dataset.

This procedure is an alternative to employing a randomly selected validation dataset
used in the case of the ANN training, the advantage of which is the inclusion of the
highest proportion of data each time the model is trained. However, having defined
the optimum meta-model’s configuration based on €700, the final model is trained
based on the original training dataset of N elements.

To provide a quantitative comparison of the performance of the different meta-
models, Table 5.3 presents the calculated leave-one-out cross-validation error, €700,
the RMSE, /exrse and the absolute mean relative deviation, €,. The leave-one-out
cross-validation error essentially presents a measure of the generalisation performance
of the models, the RMSE presents the standard deviation of the error of the predic-
tions, and the absolute mean relative deviation reflects the expected deviation of the
predictions from the target values. Considering these error measures, it is observed
that whilst the GPE and SVM exhibit smaller /€y/sr and €, errors than the EANN,
the latter is associated with the smallest e;pp; signifying a better generalisation

performance.

TABLE 5.3: Comparison of error measures of the employed meta-models.

Meta-

mOdel \/ 6LOO \/ 6]\JS.E 6’!’
oMo Mo | N Al Mo | N My A

EANN | 0.0014 0.0015 0.0033| 0.0007  0.0005  0.0016 | 0.020  0.108  0.036
svM | 0.0096 0.018 0.012 | 1.2107° 1.3107° 5.5107% | 0.0002 0.0033  0.0002
GPE | 0.0013 0.0018 0.0047| O(10~7) O(10~") O(10~7) | O(10~%) O(107%) O(1079)

To illustrate the performance of GPE and svM, Figure 5.19 presents examples of

their predictions for different sea-state conditions. More specifically, sub-figures (A)
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FIGURE 5.19: Examples of the predictive performance of (A)-(c) svM and (B)-(D) GPE. Sub-
figures (A)-(B) present the variation of the dynamic kurtosis with effective water depth, k,d, for
sea-states of 3 Hk, = 0.105, 0p = 0 and different ~ values; with lines (—— /——/ / /
— — ) referring to v = 0.5,1.0,1.75,2.5,3.75,5.0 and 7.0. and the markers (® / ® / @) to the HOSM
results with the colour order referring to k,d = 5.03,1.28 and 0.87, respectively. Sub-figures (C)-(D)
present the variation of the skewness with sea-state steepness, %Hgkp, for sea-states of o9 = 30°,
~ = 2.5 in different effective water depths. The lines (—— / / /—— | — — ) refer to
k,d = 8.0,5.03,1.28,0.87 and 0.7, respectively. While the markers (® / ® / @) correspond to the
HOSM results with the colour order referring to k,d = 5.03,1.28 and 0.87, respectively.

and (C) present the variation of their predictions for the dynamic kurtosis with effec-
tive water depth in uni-directional sea-states of different v values and %Hskp = 0.105.
While sub-figures (B) and (D) present the variation of their predictions with sea-state
steepness for directional sea-states of oy = 30° and v = 2.5 in different effective wa-
ter depths. Moreover, when available, the values of the respective moments obtained
from the HOSM simulations, included in the training dataset, are also added for

reference.
Taken the results presented in Figure 5.19 as a whole, GPE and svM:
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1. Predict the HOSM results very well.
2. Interpolate between the data points very well.

3. Extrapolate reasonably for v values beyond the range of values contained in

the training dataset (i.e. v € [1,5]).

However, following the discussion around Figure 5.14, the extrapolation or gen-
eralisation performance of the predictions beyond the effective water depth range of
k,d € [0.87,5.03] is questionable. The observed trends in sub-figures (A) and (B) do
not exhibit a steady plateau for k,d > 5.03. In addition, the skewness predictions of
svM for varying steepness, presented in (C), indicate an ineffective generalisation per-
formance. More specifically, (1) for k,d = 8.0 the predicted skewness at %Hskp =0
is non-zero and (2) it is unexpectedly lower than the predictions in k,d = 5.03 as
%Hskp increases. While for k,d < 1.0 and %Hskp > (.105 the predictions deviate
significantly from the expected quasi-linear trend (see Figure 4.18(B)).

Based on the above discussion, and considering the equivalent Figures 5.16(E)
and 5.18(B) associated with the EANN predictions, there is evidence that the EANN
exhibits a better generalisation performance. This conclusion is also supported by

the lower €;po for this meta-model.
e Meta-models’ predictions of an independent test dataset

To provide a quantitative and perhaps more conclusive assessment of the gener-
alisation performance of the employed meta-models, a so-called test dataset is often
employed. This dataset refers to additional data points not included in the original
training dataset, with the generalisation performance of a meta-model being assessed
upon how well these points are predicted. To obtain such dataset, a set of 9 addi-
tional sea-state simulations were performed using HOSM, the characteristics of which
are presented in Table 5.4.

Within these additional simulations, the range of effective water depths extends
beyond the range of the original training dataset. The employed directional spreads
correspond to very long-crested and very short-crested sea-states with oy = 3° and
30°, respectively. For the more long-crested sea-states, the spectral bandwidth is de-
fined by v = 1, laying at the edge of the training dataset range. For the short-crested

sea-states, 7 is set to both 1 and 6; the latter value extending beyond the maximum
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TABLE 5.4: Sea-state characteristics of the test dataset.

Set | kyd [-] vl lHk -] o]
T1 0.80 1.0,6.0 0.10 30
T2 1.10 1.0,6.0 0.10 30
T3 8.00 1.0,6.0 0.10 30
T4 0.80 1.0 0.10
T5 1.10 1.0 0.10
T6 8.00 1.0 0.10

value of 5 adopted within the training dataset. Finally, the sea-state steepness is set
to %Hskp = 0.10, which lays very close to the maximum sea-state steepness of the
training dataset; a direct correspondence to this maximum value having been avoided
to prevent unnecessarily favourable conditions. Taken together, the sea-states used
to assess the generalisation performance are in no sense favourable; being either at
the edges or (even) outside the training dataset range. Finally, it should be noted
that very narrow-banded long-crested directional sea-states have not been consid-
ered. Such sea-states are unrealistic and do not, therefore, correspond to a regime
of relevance for the present thesis (see also the discussion in §4.5.5).

To quantify the error of the meta-models’ predictions based upon the test dataset,
Table 5.5 presents the associated root-mean-square error, |/€ysg, and mean absolute
relative deviation, €,. These results confirm that the error of the EANN predictions

is lower than the other meta-models for all statistical moments.

TABLE 5.5: Comparison of error measures of the meta-models’ performance upon the test-data

set.
Meta-model VeEMSE €
Mo Mo XM [ M N
ANN 0.010 0.031 0.028 0.034 0.126 0.162
SVM 0.026 0.090 0.046 0.098 0.562 1.043
GPE 0.015 0.032 0.136 0.058 0.132 3.241

Furthermore, to visualise the EANN performance using the test dataset, Figure

5.20 presents the comparison between the EANN predictions against the values ob-
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FI1GURE 5.20: Comparison of the EANN predictions against the time-averaged ensemble-averaged
values of the statistical moments arising from additional HOSM simulations (Table 5.4). (A) skew-

ness, (B) bound kurtosis and (¢) dynamic kurtosis.

tained from the HOSM simulations for all three statistical moments: (A) concerning
the skewness, A3, (B) the bound kurtosis, A\, and (C) dynamic kurtosis, A\%,. In all
sub-figures, the markers have been coloured according to the k,d value of each sea-
state. Taking these comparisons as a whole, the data points are shown to lay close
to the one-to-one line, demonstrating the effective generalisation of EANN. However,
as an exception, the bound kurtosis for the shallowest short-crested sea-states is
under-predicted by ~ 20%. This deviation is most likely associated with the strong
gradients of the bound kurtosis in low effective water depths (see for example Figure
5.16(D)), leading to a mismatch between observations and predictions. However,
with the rest of the statistical moments accurately predicted, it is to be explored
whether this deviation affects the performance of the crest-height model predictions.

This is assessed in detail in §5.3.2.

5.3 Assessing the performance of a new crest-height

model

Having established a reliable prediction for the statistical moments, the proposed
crest-height model is fully predictive; relying solely on the characteristics of the sea-
state. In summary, obtaining the crest-height distribution involves the following

steps:

1. Determining the sea-state parameters %Hskp, k,d, o9 and 7.
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2. Predicting the statistical moments based on the ensemble median ANN predic-

tions (EANN).

3. Calculating the slope (ai, az and a3) and offset (by, by and b3) parameters based

on Equations 5.2, 5.5 and 5.8.

4. Evaluating the fully nonlinear corrections to the Rayleigh (linear) distribution

according to:

ri=a; * (log(Q) + 1)+ by
Ty = az -+ (log;o(Q) + 1) + by
rs =as - (logo(Q) + 1)+ bs
Ne=(ri+ra+r3) - Hsy/—log.(Q)/8

(5.13)

Equation 5.13 provides the prediction for the total crest heights, 7., for pre-
selected probabilities of exceedance, (). In this respect, if one is interested in
calculating the probability of exceedance of a pre-selected crest height, 7., this
can be based on () = exp {— 8(:,2,2)2], where r = r| + ry + r3. However, with
() being involved in both the left-hand side and the right-hand side (within
the factor r) of the expression, an iterative procedure would be required to

evaluate (). For the simplicity of the calculations the model will be evaluated

for pre-selected @) rather than 7., hence following Equation 5.13.

This crest-height model will hereafter be referred to as the Higher-Order Empiri-
cal - Ensemble Artificial Neural Network (HOE-EANN); its performance being assessed

in the following sections.

5.3.1 Numerical crest-height distributions used in the calibra-

tion process

First, the assessment of HOE-EANN is performed against the sea-states used for
its training; such assessment ensuring that the proposed model-formulation is in-
deed effective. To this end, Figures 5.21 and 5.22 present comparisons between the
HOE-EANN predictions and numerical crest-height distributions corresponding to the
steady-state part of the nonlinear evolution. Importantly, sea-states covering the

full range of available effective water depths within the calibration dataset have been
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included. More specifically, Figure 5.21 refers to uni-directional sea-states (g = 0)
and Figure 5.22 to directional sea-states of gy = 10°; each sub-figure referring to a
different effective water depth. In all cases, the sea-states are characterised by the
highest steepness used in the present study of %Hskp = 0.105, with v = 2.5. Finally,
all sub-figures include the Rayleigh (linear) distribution for reference.

Taking the full set of comparisons presented in Figures 5.21 and 5.22 together,
the HOE-EANN model’s performance is shown to be excellent. Indeed, the HOE-
EANN predictions outperform the equivalent based on the Gram-Charlier series model
(§2.3.3). These comparisons are presented in Appendix G.

Having explored the performance of HOE-EANN for a wide range of sea-state
conditions presented in Figures 5.21 and 5.22, it is instructive to explore how the
model performs for the full set of the sea-states used in its calibration. To this
end, Figure 5.23 presets the relative deviation between the predicted crest-height
magnitude at an exceedance probability level of @ = 1073, ..., and the corresponding
crest-height magnitude from the numerical crest-height distributions, 7. . Data from
the full set of 84 sea-states and for all available evolution times at steady state have
been included. Figure 5.23 (A) refers to the crest heights of the total free surface
and 5.23 (B) to the crest heights of the free waves only.

Based on the results presented in Figure 5.23, it is observed that:

1. The HOE-EANN predictions are non-biased; the observed errors being centred

around zero.

2. The relative deviation of the predictions for 90% of the cases is below 3%,
whereas in the worst cases, it is below 4%. Deviations of this size are unavoid-

able given the inevitable sample variability.

3. HOE-EANN accurately predicts both the total nonlinearity of the crests and the

underlying contributions.

5.3.2 Validation of HOE-EANN against numerical crest-height dis-

tributions of the test dataset

Unlike the previous results, this section aims to establish the validity of the pre-

dictions for sea-states that were not used in the model calibration. For this, the
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FIGURE 5.21: Normalised crest-height distributions, 7./Hg, arising in uni-directional sea-states.
Comparison of the HOE-EANN crest-height model prediction to numerical results arising from HOSM
simulations used in the calibration of HOE-EANN. Sea-states of 1 H k, = 0.105 and v = 2.5, each
sub-figure corresponding to a different effective water depth: (A) k,d = 5.03, (B) kpd = 3.5, (C)
kyd = 1.57, (D) kpd = 1.28, (E) kpd = 1.02 and (E) k,d = 0.87. In each sub-figure the coloured
lines refer to numerical data, (— — ) refers to the HOE-EANN predictions and (—— ) refers to

the (linear) Rayleigh distribution. All the numerical results refer to steady-state conditions at an

evolution time of 557},.
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FIGURE 5.22: Normalised crest-height distributions, n./Hs, arising in directional (gy = 10°) sea-
states. Comparison of the HOE-EANN crest-height model predictions to numerical results from HOSM
simulations used in the calibration of HOE-EANN. Sea-states of 1 H k, = 0.105 and v = 2.5, each
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kyd = 1.57, (D) kpd = 1.28, (E) kpd = 1.02 and (E) k,d = 0.87. In each sub-figure the coloured
lines refer to numerical data, (— — ) refers to the HOE-EANN predictions and (—— ) refers to

the (linear) Rayleigh distribution. All the numerical results refer to steady-state conditions at an

evolution time of 257,.
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FIGURE 5.23: Histogram of relative deviation, (1c,p — 7e,s)/7e,s, between the HOE-EANN predicted
crest-height at an exceedance probability level of @) = 1073 and the corresponding crest-height from
numerically (HOSM) obtained crest-height distributions. (A) for the total free surface and (B) for

the dynamic part of the free surface.

sea-states of the test dataset (Table 5.4) have been employed. Once again, the com-
parisons of the HOE-EANN predictions to the numerical crest-height distributions
correspond to the steady-state part of the nonlinear evolution (¢ = 257,). The
comparisons presented in Figure 5.24 refer to sea-states with ¢ = 30°, while Figure
5.25 concerns sea-states with ¢ = 3°. The comparisons demonstrate that the HOE-
EANN predictions are in excellent agreement with these additional data; confirming
the effectiveness of the HOE-EANN model to provide predictions outside its training

range.

5.3.3 Validation of HOE-EANN against crest-height distributions

from experimental data

To verify that the HOE-EANN model is indeed applicable in a wider context, it will now
be compared to experimental crest-height distributions. The experimental data was
taken from Latheef & Swan (2013) in deep water and Karmpadakis et al. (2019a)
in intermediate depths; all of the data generated in the directional wave basin at
ICL. As HOE-EANN is a higher-order crest-height model that does not include the
dissipative effect of wave breaking, the experimental data considered relate to sea-
states of mild severity (%Hskp < 0.11). Moreover, the employed sea-states cover a
wide range of effective water depths, with k,d ranging from 1.22 to 2.0; the latter
referring effectively to deep-water conditions according to §4.5.4. Additionally, all
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Rayleigh distribution. All the numerical results refer to steady-state conditions at an evolution

time of 257},.
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the available directional spreads have been considered, ranging from 10° to 30°. The
only omission is uni-directional sea-states and directional sea-states with k,d < 1.0
as these would not correspond to steady-state conditions.

Figure 5.26 presents the comparison of the HOE-EANN predictions to the avail-
able experimental data; each sub-figure corresponding to a different sea-state, the
characteristics of which are provided in the corresponding caption. To assist with
an effective comparison, the 95% confidence intervals obtained using a bootstrap
method (Efron, 1979) have been added to the experimental data. These indicate
the effect of sample variability. Finally, the predictions of the linear (Rayleigh) and
second-order (Forristall, 2000) models are also presented for reference. Taking the
presented comparisons as a whole, HOE-EANN effectively predicts the amplification
of the crest heights observed in laboratory data. Importantly, in all cases, any devi-
ations lay within the confidence intervals when the largest waves arising in a 3-hour

sea-state (@ = 1073) are considered.

5.3.4 Comparison between HOE-EANN and field data

Having assessed the performance of the HOE-EANN model for an independent set
of numerical and experimental data, it is of interest to explore whether the model
performs equally well in predicting crest-height distributions arising from data mea-
sured in the field; the latter being the third and last potential source of obtaining
crest-height distributions.

Analysis procedure

To obtain a wide range of effective comparisons, measured free-surface records ac-
quired using WaveRadar REX installed in 6 platforms in the North Sea have been
employed. The platforms’ names, operator, duration of records and sampling rate
are presented in Table 5.6. These data became available through the LoWiSh (Lim-
its on Waves in Shallow water) IIT and LOADS Joint Industry Projects and have
passed through a strict Quality Control (QC) procedure first developed by Christou
& Ewans (2011) and further refined by Karmpadakis et al. (2020); the author of
this thesis being provided with the quality controlled records. In summary, the QC

procedure involves:

¢ Removal of tidal fluctuations.
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» Removal of unrealistically long wave events (with zero-crossing period greater

than 25s).

« Removal of records with unrealistic spikes (greater than 50,)).

» Removal of records for which the percentage of energy at low (< 0.04Hz) or

high (> 0.6Hz) frequencies is more than 5%.

More details concerning the adopted QC can be found in the original references.

TABLE 5.6: List of field data sources.

Platform Operator Duration of records Sampling
frequecy [H z]

Magnus BP 1/2012 - 9/2014 2.0

Miller BP 7/2011 - 9/2014 2.0

Gorm Maersk 12/2001 - .12/2012 5.12
(non-continuous)

Tyra East Maersk 9/2004 - .1/2013 5.12
(non-continuous)

Sean Shell 10/2012 - 2/2017 4.0

AWG Shell 10/2012 - 2/2017 4.0

With the duration of the field-data records spanning over many years, the records

inevitably need to be segmented into shorter periods, over which the sea-state condi-

tions can be assumed stationary. To this end, the following procedure was adopted

to obtain the measured crest heights and the associated sea-state characteristics:

1.

The sampled free-surface records were divided into 20-min segments.

For each segment, the energy spectral density was estimated using a Welch’s
overlapped segment averaging estimator with 5 sub-segments, each sub-segment
being multiplied by a Blackman-Harris window function to avoid energy leak-

age.

The significant wave height, H,, was computed using the zeroth spectral mo-

ment of the energy spectral density.

A JONSWAP spectrum was fitted to the measured energy spectral density using

a standard least-squares minimisation algorithm.
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5. The peak frequency, f,, of the sea-state was defined as the peak of the fitted
JONSWAP spectrum. Likewise the associated v value of the JONSWAP spectrum

was also obtained from the fitting described in 4.

6. A standard down-crossing analysis was performed in each 20-min record to

identify individual wave cycles and hence the crest heights.

Aspects of the analysis procedure

Before proceeding to the comparison between the HOE-EANN model predictions and
the crest-height distributions arising from the field data, it is instructive to first
establish the reliability of the proposed analysis procedure. More specifically, it is of
interest to assess the accuracy with which Hy, T, and v are captured. To achieve such
assessment, linear simulations of JONSWAP sea-states were conducted using LRWT.
Each sea-state was simulated 1,000 times using a different set of (input) random
amplitudes and phases for a duration of three hours. The free surface was sampled
at 4Hz. Each 3-hour record was segmented into shorter, 20-min, records over which
the above analysis procedure was applied. For each 20-min segment, the Hy, T, and
~v were blindly evaluated despite knowing a-priori their ‘true’ values.

At this point, it should be stressed that the peak period (or equivalent peak
frequency) arising from fitting a JONSWAP spectrum differs from the peak period
obtained directly from the measured spectral density. In the latter case, traditionally,
the peak frequency is defined either by the maximum ordinate of the spectral density
or, alternatively, by a 3-point parabolic fit around the maximum (Frigaard et al.
1997); the latter aiming to account for the effect of spectral discretisation. Whilst
the choice of 3 points is somewhat arbitrary, it is one of the methods proposed
by the International Association for Hydraulic Research (Frigaard et al. 1997) and
it is adopted here without modification. To illustrate the difference between the
two approaches, Figure 5.27 presents an example of a measured energy spectrum
accompanied by a fitted JONSWAP spectrum. An inset detailing the area around the
spectral peak is also provided. This defines the 3-point parabolic fit. In this plot, the
red marker denotes the estimate of f, as the maximum point of the fitted parabola,
referred to as f)", and the blue marker the fj -estimate based on a JONSWAP fit,
referred to as f;.

In observing Figure 5.27, it can be seen that f[;] is a more accurate estimator for
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FIGURE 5.27: Example of a measured spectral energy density ( ), along with a fitted JONSWAP

spectrum (—— ) against the normalised frequency f/fp; with f, representing the input peak
frequency of the LRWT simulations. The inset depicts the area marked with (— — ) in more detail.
In this inset the 3-point parabolic fit at the maximum measured spectral energy (=—— ) is also

added. While the marker () represents the point of the final estimation of f,.

fp than f*. Indicatively, in this example, f is only marginally (2%) higher than
the true value, while f* is 13% higher. It is important to note that the consequence
of this latter discrepancy propagates into both the estimation of k,d and %Hskp. For
example, for a sea-state of 7, = 10s in a water depth of 100m (k,d = 4.0), both k,d
and %Hskp are over-estimated using f," by ~ 30%, while for an equivalent sea-state
in 15m (k,d = 0.87) by ~ 15%.

To illustrate the effect of segmentation of the free-surface records on the measured

values of Hy, T}, and v, Figure 5.28 presents the histograms of:

1. the ratio of the estimated H, over the true significant wave height denoted by

Hs,target7

2. the ratio of the estimated 7}, (using both methods detailed above) over the true
spectral peak period denoted by T}, 14rget, and

3. the ratio of the estimated v over the true peak enhancement factor vigrget.

for input JONSWAP spectra of v = 2.5. In addition, the mean values and 95%
confidence intervals of the above ratios are marked with vertical lines.

The results in Figure 5.28 demonstrate that H, is expected to vary between
[0.88,1.12]H, with 95% confidence. Moreover, the spread of T,/T}, target is much

higher when the estimation of T}, is based on the peak of the measured spectral energy,
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FIGURE 5.29: Convergence of mean v, E[y], with respect to the number of 20-min sea-states used

for its evaluation.

compared to the peak of the fitted JONSWAP spectrum; with the 95% confidence
interval being [0.90, 1.08] using the first approach and [0.95, 1.05] using the second.
Finally, when considering 7, it is shown to exhibit much higher scatter than the
other variables. However, it can be seen that the mean value is accurately captured.
To this end, with (1) the mean value of v in Figure 5.28(C) being evaluated upon an
abundance of data and (2) keeping in mind that, in a realistic setting, the availability
of sea-states is limited by the duration of the full records, it is instructive to explore
how ’quickly’ the mean value of v converges to the target value. For this, Figure 5.29
presents the convergence of the mean 7, E[y], against the number of sea-states used
for its evaluation. It can be seen that E[y| converges relatively quickly close to the
target value; the number of sea-states necessary to reach satisfactory convergence

(~ 95%) being ~ 40.
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Given that failure to capture accurately f, can have important consequences for
the characterisation of a 20-min sea-state, other available methods for estimating f,
have been considered. These methods involve a spectral-density weighted integration
of the recorded frequencies proposed independently by Sobey & Young (1986) and
Read (1986), and Frigaard et al. (1997). According to Sobey & Young (1986) and
Read (1986), the peak frequency can be estimated by the following expression,

= ([ rsran) ([ strra) (5.14)

where the integration takes place over the entire f-range. The difference between
Sobey & Young (1986) and Read (1986) lays on the adopted value for n; the former
proposing n = 8 and the latter n = 5. However, Young (1995) demonstrated that
the optimal value for n is 4, leading to the smallest observed scatter in f,.
Furthermore, according to Frigaard et al. (1997) f, can be estimated according

to,

2= ([ rshan) /([ sar) (5.15)

where, f; and fs refer to the frequencies at intercepts of the spectral density at either
side of the peak corresponding to 80% of the maximum.

Employing all four estimates for f, (f;", f;/, f}', f’) Table 5.7 presents the ratio
of their mean estimates over the input or target f, 1qrget, along with lower and upper
95% confidence limits for linearly simulated JONSWAP sea-states of v = 1.5, 2.5 and
3.5. Based on Table 5.7 the f, estimated from fitting the JONSWAP spectra, fz;] , is
the optimal method. Unlike the other estimates, f};] is an unbiased estimator (mean

value of 1.0) and leads to the narrowest confidence intervals.

TABLE 5.7: Accuracy of different methods for estimating the peak frequency, with r, symbolising
the ratio fp/fp.target-

v=1.5 ¥=2.5 v=3.5

fp-estimator
Elrp]  Pasw  Porsw| Elrp]  Pasn  Porsw| Elrp]  Pasn  Porsw
f];n 1.02 0.90 1.17 1.01 0.93 1.10 1.01 0.98 1.04
pr 1.04 0.99 1.05 1.01 0.94 1.10 1.01 0.99 1.03
fg:4 1.04 0.96 1.13 1.02 0.96 1.08 1.01 0.99 1.03
fl;] 1.00 0.94 1.07 1.00 0.95 1.05 1.00 0.99 1.01
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Finally, with regards to the other sea-state characteristics, the variability in H

and the convergence of v was found not to be affected by the (input) v value.

Set of sea-states from field data

To extract statistically reliable crest-height distributions from field data, a grouping
of 20-min sea-states has to be performed. To this end, in the course of the present
analysis, the data-binning approach proposed by Karmpadakis (2018) was adopted.
Within this approach, the crest heights of sea-states with H and T), laying between
specified intervals are amalgamated to form a representative crest-height distribution
for a mean H, and 7,. Interestingly, in considering the analysis of the previous
section, this approach is entirely in line with the fact that both H, and 7, are
expected to vary when the record of the free surface is segmented into shorter 20-
min records.

For each platform, the crest-height distribution for bins characterised by %Hskp ~
0.10 has been mainly considered. While smaller steepnesses have been taken into
account when necessary for the purposes of the discussion. Notably, the selected
sea-state steepness %Hskrp ~ 0.10 relates to the maximum steepness used in the
calibration of the HOE-EANN model and typically represents the maximum steep-
ness for which statistically reliable results can be obtained from field data in severe
conditions.

The range of H, and 7}, values within the identified bins, along with the relevant
non-dimensional sea-state parameters for each platform are presented in Table 5.8.
These cover the full range of effective water depths considered in the present thesis
(kyd € ]0.8,4.0]). Additionally, to provide a means of establishing the reliability of
the extracted crest-height distributions, sea-states of the same k,d and %Hskp arising
from different platforms have been considered when available.

Importantly, Table 5.8 presents the water depth at platforms, the mean v (E[y]),
and the number of available sea-states. In considering Table 5.8, the number of sea-
states used for evaluating E[7] in each bin is sufficient to guarantee converged results
according to the analysis of linearly simulated sea-states presented earlier.

Finally, for completeness, the estimation of v according to the DNV-RP-C205
(2014) guidelines (based on the mean H, and 7T, for each bin) is also presented,

denoted with v,,,. In contrasting the mean measured v values and 7,,,, the
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former are found to be consistently higher than v, , highlighting perhaps the need
to revisit the DNV-guidelines. However, this is left as a topic for future research,

and it is not further explored here.

TABLE 5.8: List of sea-states extracted from field data.

Depth H, T, $Hiky kpd | E[Y] vpnv| Ns
[m] [m] [s] SRS
S1 Magnus 189 8894 10.7-14.3 010 42 | 26 19 | 66

Set Platform

S2 Miller 100 6.9-74 11.2-12.2 0.10 3.0 3.4 2.0 117
S3 Gorm 45 4.9-5.5 9.8-11.0 0.10 1.8 2.6 1.6 | 365
S4 Gorm 45 5.2-5.8 11.2-124 0.10 1.5 24 1.3 | 249
SH Gorm 45 6.5-8.4 11.5-13.7 0.10 1.25 2.4 1.3 64
S6 Gorm 45 6.9-10.4 13.7-16.2 0.10 1.1 24 1.0 42

ST Tyra East 40 4.6-5.2 10.0-11.2  0.10 1.6 2.8 1.3 | 371
S8 Tyra East 40 5.2-5.8 11.2-12.4 0.10 1.35 24 1.0 | 249

S9 Sean 32.3 4.1-4.6 9.0-10.0  0.10 1.6 2.2 1.7 79

S10 AWG 7.7 1.4-2.2 5.2-6.4 0.10 1.1 1.8 1.2 236

S11 AWG 7.7 1.3-1.9 5.5-6.7 0.10 1.0 1.7 1.0 892

S12 AWG 7.7 1.3-1.9 6.9-8.1 0.08 0.8 1.5 1.0 | 3444

S13 AWG 7.7 1.5-2.1 6.9-8.1 0.09 0.8 1.6 1.0 | 1957

S14 AWG 7.7 1.7-2.3 6.9-8.1 0.10 0.8 1.7 1.0 | 996
Comparisons

In applying the HOE-EANN model, all necessary (input) parameters are provided in
Table 5.8, apart from the directional spread which is not available in the dataset.
As such, the degree of directionality, oy, has to be assumed. Considering that the
standard deviation of the angular distribution associated with storm events typically
ranges between 15 and 30° for frequencies around the spectral peak (Ewans, 1998),
a value of oy = 22° was adopted for all the sea-states of Table 5.8.

The first set of comparisons between crest-height distributions from field data
and the HOE-EANN model are presented in Figure 5.30, where the linear (Rayleigh)
and second-order (Forristall, 2000) distributions have also been added for reference.
These comparisons concern the binned sea-states S1 and S2, both of which refer to

deep-water conditions, and hence they should match one another. Apart from the
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S1, (») sea-state S2. Note that (=== ) and (= =) nearly overlap.

very tail of the distributions, which are subject to large sample variability, this is
indeed shown to be the case. A fact that demonstrates the success of the proposed
approach in analysing the field data and the accuracy of the measurements. More-
over, the HOE-EANN model predictions agree very well with the measured data of
both S1 and S2; with both predictions and data lying well above the standard For-
ristall (2000) model. Whereas, it is noted that despite v being somewhat different
for S1 and S2, neither the data nor the predictions are affected by this difference.

The logic of the comparisons presented in Figure 5.30 is continued in Figure 5.31
for sea-states of progressively lower k,d. This data relate to sea-states S3, 5S4, S7
(in combination to S9) and S8 of Table 5.8 covering effective water depths in the
range k,d € [1.35,1.8]. The results, once more, demonstrate a very good agreement
between the HOE-EANN model and the crest-height distributions from the field data;
all of which depart from the Forristall (2000) model.

Continuing on, Figure 5.32 covers even lower effective water depths in the range
k,d € [0.8,1.25]. This data arise from sea-states S5, S6 (in combination to S10),
S11, S12, S13 and S14. In the shallowest effective water depth it is important to
note that sea-states of steepness %Hsk’p = 0.08,0.09 and 0.10 have been considered
in S12, S13 and S14 respectively. Considering first the sea-states S5, S6 and S11
(shown in sub-figures (A), (C) and (E), respectively), it is observed that HOE-EANN

continues to be effective for k,d as low as 1.0. Considering next the sea-states at
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k,d = 0.8 (sub-figures (B), (D) and (F)), the tail of the crest-height distribution
arising from field data is shown to progressively deviate from the HOE-EANN model
as the sea-state steepness increases. More specifically, for %Hsk‘p = 0.08 (sub-figure
(B)) the HOE-EANN model performs very well for exceedance probabilities of as low
as 4 - 107°. However, as the sea-state steepness increases, the deviation between the
model predictions and the data start becoming noticeable at higher probabilities of
exceedance.

This discrepancy is most likely associated with the dissipative effect of wave
breaking, which tends to lower the crest-heights at the tail of the distribution (Latheef
& Swan 2013, Karmpadakis et al. 2019a). This is captured neither by HOSM nor by
the HOE-EANN model. In particular, in this effective water depth, wave breaking is
expected to not only be affected by the wave steepness, n.k !, but also by depth-
limiting effects. This explains why it is only observed in k,d = 0.8 for %Hskp =0.10
and not in deeper effective water depths. Moreover, the relatively low ~ values of
these sea-states are also expected to intensify the effect of wave breaking, following
laboratory results presented by Haley (2016) on realistic bandwidth focused wave
groups of different ~ values.

To summarise the results of the present section, it can be concluded that the
HOE-EANN model captures very well an extensive range of crest-height distributions
arising from the analysis of field data lying in the range k,d € [0.8,4.0], with nonlin-
ear amplification beyond second-order being clearly identified. As such, the model
outperforms the standard industry second-order model of Forristall (2000). To the
author’s knowledge, no previous crest-height model has been validated in this water
depth range against field data, especially for such wide set of sea-states. Finally, it
should be noted that the crest-height model presented by Karmpadakis (2018), which
is based on an entirely different approach (linking crest heights to wave heights)
has addressed much lower effective water depths. Moreover the crest-height model
developed by Latheef (2014) based on focused wave groups addressed deep-water
conditions, with no comparisons to field data being provided. Finally, Karmpadakis
& Swan (2022) have presented comparisons of their model (§2.3.3) to crest-height
distributions from field data for three binned sea-states with k,d = 4.0,2.45 and

1k referring to the wavenumber of the wave events in the broad sense, with multiple definitions
being possible
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1.16 and {H,k, € [0.08,0.10]. In considering these comparisons, the obtained crest-
height distributions contained a fewer number of wave events and hence the sample
variability was much larger than the one associated with the present data. While no
cross-platform comparisons were obtained. Importantly, no comparisons were pre-

sented in 0.8 < k,d < 1.1, where the effect of near-resonant interactions is important.

5.4 Wave-breaking correction

The present section aims to extend the applicability of the HOE-EANN model to sea-
states for which wave breaking becomes relevant; this extension being necessary if
a full long-term analysis is to be performed. To demonstrate the consequences of
not including the effect of wave breaking within HOE-EANN, Figure 5.33 presents
the comparison of the HOE-EANN model predictions to the experimental crest-height
distribution arising in a sea-state of %Hskrp = 0.16 in kpd = 2.03 with v = 2.5 and
0p = 15° (obtained from Latheef & Swan (2013)). It can be seen that the HOE-EANN
model over-predicts the measured crest heights. This is clearly due to the dissipative

effect of wave breaking.
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FIGURE 5.33: Comparison of the HOE-EANN crest-height predictions to experimental crest-height
distributions with k,d = 2.03, %Hskp = 0.16, v = 2.5 and gy = 15°. The different lines refer to:
(=) Rayleigh, ( ) directional Forristall (2000), (

) HOE-EANN, ( ® ) experimental data.

Inspired by the wave-breaking model proposed by Latheef (2014) which was cal-
ibrated based on linear quasi-deterministic focused wave groups (Lindgren 1970,

Boccotti 1983 and Tromans et al. 1991), a wave-breaking correction can link the
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steepness of the waves to the necessary attenuation of the crests predicted by HOE-
EANN. In the deep-water study of Latheef (2014) the relevant steepness was defined
as s = Ak.. Where A is the amplitude sum of focused wave events linked to a certain

probability of exceedance, (), according to the Rayleigh distribution,
A= H,\/—log(Q)/8 (5.16)

and k. is the central wavenumber defined as,

1 & 9

k.= — anw;, 5.17
ag 2 (5.17)

where a,, is the amplitude of the wave components associated with the quasi-deterministic
focused wave spectrum for a given sea-state (see §3.4.2) and w,, is the circular fre-
quency of the wave components. Unlike k,, k. incorporates the effect of spectral
bandwidth. This becomes essential when wave breaking is considered.

In the present analysis, an alternative definition for the steepness was sought to
account for depth-limiting wave breaking. For this, the form of the well-known Miche
(1944) breaking criterion was employed, which defines the limiting wave height, Hy,

of regular waves and is given by,

Hyk = 0.89 tanh(kd) (5.18)

where, k is the wavenumber and d the water depth. In deep water (tanh(kd) — o0)
the limiting value of Hyk comes independent of depth and equal to 0.89. Assuming
that the wave height can be expressed as two times the wave amplitude, A, the
criterion in deep water yields the well-known limiting steepness for regular waves
Ak =~ 0.44 (Michell, 1893).
Retaining the analogy to Equation 5.18, depth-limiting effects can be taken into
account in practical terms by considering an effective steepness, s,
, Ak N N

_ _ e 5.19
* T tanh(kd) ° Agztanh(knd) (5.19)

n=1

where k., is the finite-depth version of k..

To illustrate the effect of water depth on the estimation of the steepness, Figure
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5.34 presents the variation of s and s’ with k,d for v = 1.5,2.5 and 3.5, with an
amplitude A corresponding to Q = 1073 for sea-states of %Hskp =0.12.

Figure 5.34 shows that the steepness s = Ak/ reduces with effective water depth
as waves are effectively narrower in bandwidth. However, this reduction is reversed
for k,d < 1.0 with the inclusion of tanh(k.d) in the denominator of s'.

Considering now the wave-breaking correction to the HOE-EANN model, it can be

simply calibrated by defining the ratio,

Q  _ AQ
nc,em
fo = =57

where, ngewp is the experimental crest height, ngp is the crest height predicted by
HOE-EANN!, A% is the linear crest height given by the Rayleigh distribution. While
in all cases the superscript () denotes that all values refer to a certain probability of
exceedance, (). This ratio essentially represents the attenuation of the nonlinear
amplification effects due to wave breaking and can be multiplied to the sum of
coefficients 71, ro and r3 in Equation 5.13 at every Q.

To calibrate fj, a set of 22 crest-height distributions from the experimental studies

of Latheef & Swan (2013), Karmpadakis et al. (2019a) and McCarthy (2018) were

Note that the HOE-EANN model, in this case extrapolates beyond its calibration range. However,
it has been thoroughly checked that the EANN predictions extrapolate reasonably beyond %Hskp >
0.10.
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FIGURE 5.35: Calibration of f; as a function of s’. The data from 25 sea-states are shown with
coloured markers; the colour being according to the corresponding k,d value. The best-fit trend is

shown with (=), while the onset of wave breaking at s’ = 0.3 is shown with (——)

employed. These sea-states cover a range of k,d € [1.02,3.5], %Hskp € [0.10,0.16]
and oy € [10,30]°. Additionally, the crest-height distributions originating from field
data at k,d = 0.8 were also considered to cover the full range of validity of HOE-
EANN in terms of k,d. Finally, from each crest-height distribution, the crest heights
at Q < 107! were taken into account, similarly to the original calibration of the
HOE-EANN.

The resulted variation of f, with s’, is shown in Figure 5.35 for the full set of
sea-states. In each case the data are coloured according to the k,d of the sea-state in
which they occur. In considering Figure 5.35, it becomes evident that, whilst some
scatter in f; is observed owing to either the effect of sample variability or other factors
that can affect the experimental results (particularly in relation to wave breaking),
all experimental and field-data distributions follow a similar trend.

Importantly, wave breaking is shown to become relevant for s’ 2 0.30: above this
value, f, starts dropping below unity. The limiting value s’ = 0.30 is entirely in line
with the earlier experimental study of Latheef (2014) based on focused waves. This
demonstrates both the universality of the earlier result and the suitability of s for

calibrating f; in finite water depth. To predict f, based on s', a best-fit parabolic
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line was fitted to the experimental data for s’ = 0.30. This is given on Figure 5.35

and is defined as follows:

1.0 s <0.3
fo= (5.21)
(1.667 - (s'—0.9))2 s >0.3

Having defined f, its effectiveness in correcting the HOE-EANN predictions for
the effect of wave breaking can be assessed. To differentiate between the original
HOE-EANN predictions and the predictions that include f;, the latter will be referred
to as HOE-EANN-B. Figure 5.36 presents comparisons of both the HOE-EANN and
the HOE-EANN-B predictions to the available experimental crest-height distributions
associated with a sea-state steepness in the range %Hskp = [0.11,0.12]; the exact
sea-state conditions defined in the individual captions In all cases, the HOE-EANN-B
is shown to outperform HOE-EANN, especially for the steepest of the cases (%Hskp =
0.12), where the effect of wave breaking is more noticeable.

Figure 5.37 concerns the most severe sea-states, presenting comparisons between
both HOE-EANN and HOE-EANN-B and experimental crest-height distributions recorded
in sea-states with steepness in the range %Hskp = [0.14,0.16]. In this case, HOE-EANN
leads to unrealistically high predictions, as previously noted. However, HOE-EANN-B
successfully incorporates the effect of wave breaking; any small deviations being ex-
pected due to (1) the approximations underpinning the calibration of f, and (2) the
inherent statistical variability of the data at the lowest exceedance probability levels.

Finally, Figure 5.38 concerns the two breaking sea-states extracted from the field-
data analysis presented earlier, namely S13 and S14 on Table 5.8. In considering the
comparisons presented in Figure 5.38, f, is once again shown to effectively capture
the effect of wave breaking, even for sea-states with k,d as low as 0.8. Taking the
results of the present section as a whole, the factor f,, expressed as a function of s,

successfully models the effect of wave breaking on the crest-height distribution.
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data in (A) refer to sea-state S13 and the data in (B) refer to sea-state S14.

However, the effectiveness of the breaking model has thus far been assessed for
the sea-states used in its calibration. Hence, it would be interesting to assess the
validity of the predictions for a broader and independent set of sea-state conditions,
specifically steeper and/or shallower sea-states. To perform such comparisons, the
range of the applicability of the EANN predictions should be defined such that any
extrapolation is reasonable. This definition is provided in Appendix I, where it is
shown that the predictions for the statistical moments follow the expected trends for
sea-states lying within the range %Hsk:p < 0.19 tanh(k,d).

Having defined the range of validity of the EANN predictions, additional compar-
isons to available experimental data for k,d > 1.0 and field data for k,d < 1.0 have
been considered laying within the proposed range of validity; the field data being
recorded in the AWG platform of Table 5.6. These additional sea-states are presented
in Figure 5.39 in the (k,d, %Hskp) parameter space, together with the proposed range
of validity of the EANN predictions and the data that have already been used either
in the calibration or validation of the HOE-EANN-B model. It is shown that these ad-
ditional sea-states are indeed either steeper or shallower than any data used thus far,
and include sea-states close to the proposed limit of validity of the EANN predictions.

The comparisons to the additional experimental data in k,d > 1.0 are presented in

Figures 5.40 and 5.41; the former referring to sea-states with oy = 10° and the latter
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FIGURE 5.39: Available sea-states for additional validation of the HOE-EANN (-B) model and the
proposed limit of validity. The data are presented in the (k,d, %Hsk;p) parameter space together

with the data used in its calibration and validation thus far. The line ( ) refers to the limit of

validity of the EANN predictions for the statistical moments. Regarding the different markers, ( ® )
refers to the additional experimental data and (a) to the additional field data; while ( ® ) refers to

sea-states used in the calibration or validation thus far.

with 0y = 20° 1. The sea-state characteristics are defined in caption of each sub-
figure. In each case, the linear (Rayleigh) and second-order directional (Forristall,
2000) predictions are also added for reference. Considering these comparisons, the
HOE-EANN-B model is shown to perform effectively even for sea-states not used in its
calibration, with k,d as low as 1.02.

Comparisons between the HOE-EANN-B model and field data for k,d < 1 are
presented in Figure 5.42; the sea-state characteristics again being provided in each
caption. To facilitate these comparisons, the linear (Rayleigh) and second-order
(Forristall, 2000) predictions are also added for reference. Similarly to §5.3.4, the
data-binning approach was followed to extract these distributions; the bin size being
identical to sea-states S10-S14 in Table 5.8 recorded in the same platform. The
number of sea-states in each bin was sufficient for an accurate estimation of 7. In
accordance with the comparisons presented in Figures 5.30, 5.31 and 5.32, the degree
of directional spreading was assumed to be oy = 22°.

Considering Figure 5.42, the sub-figures on the left refer to low steepness sea-
states characterised by H,/d = 0.18, for which the effect of wave breaking is not

expected to be significant. Indeed, in these cases, the HOE-EANN and HOE-EANN-B

INote that a sea-state with %Hskp = 0.18, kpd = 2.6 and oy = 10° is not available.
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predictions are identical as the breaking correction is not activated. Notably, the
HOE-EANN model is very effective in capturing the nonlinearity arising in sea-states
with k,d as low as ~ 0.50. Interestingly, it is observed that whilst both observations
and the HOE-EANN predictions exhibit amplification with respect to the Forristall
(2000) distribution for k,d = 0.7, this amplification is reduced as k,d reduces further.
Notably, for k,d = 0.53 an agreement with Forristall (2000) is observed, whilst for an
even lower effective water depth of k,d = 0.48 the crest heights lay below Forristall
(2000). This observation is due to the effect of energy defocusing in this water-depth
regime that is not captured by any existing crest-height model. Indeed, the sea-states
used by Karmpadakis & Swan (2022) to calibrate their model in k,d = 0.5 were much
steeper, with %Hsk:p ~ 0.13. As such, wave nonlinearity and significant breaking
coexisted. Hence, the nonlinear crest-height corrections, which were calibrated upon
data with k,d > 1, are extrapolated significantly when the Karmpadakis & Swan
(2022) model is applied in k,d ~ 0.5. Indeed, independent comparisons presented in
Appendix J show that Karmpadakis & Swan (2022) model significantly over-predicts
the crest heights for sea-states of moderate steepness (5Hk, < 0.105) in k,d < 1.0.
The data used for assessing Karmpadakis & Swan (2022) in k,d < 1.0 refer to both
the field data presented in Figure 5.42 and the extensive set of HOSM simulations
used to calibrate HOE-EANN. This over-prediction stems from the neglect of the effect
of near-resonant interactions that tend to reduce the crest-heights.

Comparisons relating to steeper sea-states are presented in the right-hand-side
sub-figures in Figure 5.42. Considering these latter comparisons, the HOE-EANN-B
predictions are again found to be in very good agreement with the observations.
Importantly, the wave breaking factor is shown to be very effective, even outside
the original k,d range (k,d € [0.8,3.5]) upon which it was calibrated. Finally, the
HOE-EANN predictions that do not include the effect of wave breaking are shown to
lay below the Forristall (2000) predictions in all cases. This demonstrates that the
competing effect of third-order near-resonant interactions and bound contributions
leads to reduced crest-heights with respect to the industry-standard second-order
Forristall (2000) model. In making these comparisons, questions should be raised as
to the validity (convergence) of the second-order solution. This has been addressed
by Hadjigeorgiou (2018). Assuming it is valid, it appears that both the effect of

third-order near-resonant interactions and the wave breaking are responsible for the
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over-estimation of the crest-heights by Forristall (2000).

Regarding the performance of Karmpadakis & Swan (2022) for the more severe
sea-states at the right-hand-side of Figure 5.42, the model is again shown in Appendix
J to over-estimate the observations. However, in this case, the extent of the over-
prediction is reduced. This is because, with an increase in steepness, the model is
applied closer to the data upon it was calibrated. In considering the advancements
that HOE-EANN-B offers in relation to Karmpadakis & Swan (2022); three points
should be noted:

1. Both models are applicable for sea-states in k,d > 1.0. However, HOE-EANN-B
better captures the nonlinear crests simulated using HOSM. The explanation
for this is: (a) unlike Karmpadakis & Swan (2022), HOE-EANN-B includes the
effect of directional spreading and spectral bandwidth and (b) the formulation

of HOE-EANN-B is more effective.

2. HOE-EANN-B performs better than Karmpadakis & Swan (2022) for sea-states
in k,d < 1.0, as long as both models are applied within their range of applica-
bility. To this end, it should be mentioned that the proposed range of validity of

Karmpadakis & Swan (2022) extends to steeper sea-states than HOE-EANN-B.

3. The discrepancies between Karmpadakis & Swan (2022) and field or numerical
data in kpd < 1.0 are due to the effect of near-resonant interactions, which are

not accounted for by Karmpadakis & Swan (2022).

The above points are supported by additional comparisons presented in Appendix J.

5.5 Conclusions

The present chapter concerned the effective prediction of the fully nonlinear crest-
height distribution arising in JONSWAP sea-states with an effective water-depth range
of k,d € [0.5,8.0] and steepness §Hk, < 0.19 tanh(k,d). In summary,

1. A novel approach was proposed for predicting the crest-height distribution that
is fully predictive and takes into account the contributions from the different

nonlinear interactions separately.
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2. This approach relied on the empirical calibration of geometric coefficients that
described the crest-height distribution based on the statistical moments of

skewness, bound kurtosis and dynamic kurtosis.

3. The prediction of the statistical moments was achieved through a novel ap-
proach that relied on the Ensemble Artificial Neural Network approach. Where
special care was devoted to guaranteeing a good generalisation performance.
This approach outperformed other methods available from the field of so-called

meta-modelling techniques.

4. The proposed crest-height model, referred to as HOE-EANN, was extensively
validated against additional numerical, experimental and field data; with ex-

cellent comparisons being observed in all cases.

5. An extension to the HOE-EANN model to include the effect of wave breaking was
also proposed. This extension was achieved by introducing a crest-attenuation
factor calibrated based on a single steepness parameter using existing experi-
mental data and present field data. The comparison of the breaking-corrected
HOE-EANN model, referred to as HOE-EANN-B, against experimental and field-
data crest-height distributions demonstrated the effectiveness of the proposed

approach, even when applied outside the range upon which it was calibrated.
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Concluding remarks

The safe and economical design of offshore structures or the effective planning of
marine operations requires an accurate account of the largest waves that will be
encountered during their lifetime. In this regard, the present thesis has focused
on two main aspects: (1) the understanding of the mechanisms that lead to the
formation of large waves in a variety of sea-states and (2) the calibration of a new
model to effectively predict the short-term crest-height distribution. In achieving

these two main goals, the present research has:

1. Thoroughly validated the Higher-Order Spectral Model (HOSM) applied to a
very wide range of uni-directional and directional seas; covering deep to inter-

mediate effective water depths in the range k,d € [0.87,5.03].

2. Separated the near-resonant and bound-wave interactions; identifying the con-
ditions at which these two different types of interactions have either an allied

or competing influence on the magnitude of the largest crest-heights.

3. Explored the suitability of the industry-standard second-order crest-height
model of Forristall (2000).

4. Assessed the validity of the narrow-band theoretical solutions for the statis-
tical moments of skewness, bound kurtosis and dynamic kurtosis, which are

currently incorporated in operational freak-wave forecasting models.
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D.

Calibrated and thoroughly validated a new crest-height model. This model re-
lies on (a) the accurate prediction of the statistical moments of skewness, bound
kurtosis and dynamic kurtosis based on a set of 4 key sea-state parameters util-
ising tools from the field of machine learning and (b) the parameterisation of
the crest-height distribution based on these three statistical parameters. This
model was calibrated based on HOSM simulations that do not include the dis-
sipative effect of wave breaking. To account for this effect, a wave-breaking
correction factor was introduced, extending the applicability of the model to

severe sea-states.

Section §6.1 presents a more detailed account of the main contributions. This

is followed by §6.2 which makes recommendations for future research, building on

successes outlined in this thesis.

6.1 Research contributions

6.1.1 Improved physical insights

Uni-directional sea-states

The analysis concerning uni-directional conditions has revealed some new physical

insights:

(1)

(iii)

In sea-states with realistic frequency spectra, near-resonant interactions lead to
the focusing of wave energy in k,d > 1.36 and to defocusing in k,d € [0.87,1.36).
This is in accord with earlier theoretical results based on a narrow-band as-
sumption (Janssen & Onorato, 2007). However, the intensity of the energy

defocusing is lower than narrow-band theory.

The time needed for the full development of near-resonant interactions is di-
rectly linked to their intensity; over 40 peak periods required to reach steady-

state conditions in the most extreme cases.

The transient behaviour of the near-resonant interactions profoundly affects

the crest-height distribution arising at different evolution times. Specifically,
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for short evolution times, for which near-resonant interactions are not devel-
oped, the magnitude of the crest-heights is governed by Stoke’s type or bound-
wave interactions. As such, in the shallowest effective water depths, the crest
heights appear higher than in deep water. However, this 'picture’ changes as
time evolves; the crest-heights in deep water being higher than in shallower

conditions when a steady state is reached.

(iv) For uni-directional seas, the effect of sea-state steepness, spectral bandwidth
and effective water depth on the most probable maximum crest height arising
in a 3-hour storm was studied in detail. The key points of this investigation

are summarised as follows:

a) The effect of near-resonant interactions monotonically increases with sea-
state steepness; casting doubt on the validity of the second-order theory
of Longuet-Higgins & Stewart (1960) and Sharma & Dean (1981) even for

relatively small sea-state steepnesses.

b) Changes in spectral bandwidth affect the near-resonant interactions and
bound-wave interactions differently; the former decreasing and the latter

increasing with an increase in spectral bandwidth.

c) With a reduction in the effective water depth below k,d = 1.36, bound-wave
contributions and near-resonant interactions have a competing influence on
the largest crest heights. However, the bound-wave contributions exceed the
crest attenuation due to near-resonant interactions in all cases; giving rise

to amplified crests compared to linear predictions.

Directional sea-states

The introduction of directionality was found to influence the above points regarding

uni-directional seas in a variety of ways:

(i) In deep water (k,d = 2.0), the introduction of even a small degree of directional
spreading (oy = 5°) substantially reduces the energy focusing observed in uni-
directional seas. Moreover, a further increase in oy can lead to the inversion of
the phenomenon; the waves being in a weak defocusing state for oy 2 10°. In
this regard, directional dispersion was found to dominate nonlinear dispersion;

the latter being responsible for the energy focusing in uni-directional seas.
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(i)

(iii)

(iv)

(vi)

In intermediate water depth conditions of k,d < 1.0, nonlinear dispersion effects
are governed by the effect of the wave-induced ‘mean flow’. An effect that
persisted even in directional sea-states. Specifically, whilst directionality leads
to an attenuation of the ‘mean flow’, its decrease with directionality is relatively
weak. As such, near-resonant interactions attenuate the largest waves arising in
directionally spread seas in this effective water-depth regime. This observation
contrasts with the reduced importance of near-resonant interactions in deep-

water conditions.

The effect of the evolution time is not relevant in deep-water directional seas;
the near-resonant interactions being weak. This is not the case for water depths
of k,d < 1.0. In this case about 10 peak periods are required to reach a steady
state for sea-states of oy = 10°. This observation may have significant implica-
tions for effective experimental modelling in directional wave basins operating

in intermediate water depths.

Concentrating in this directional spreading (oy = 10°), for short evolution
times, the crest heights were found to be larger as the effective water depth
decreased. However, as steady-state conditions are reached, the magnitude of
the largest waves is not affected by the effective water depth. This is explained
by the balancing between nonlinear effects: the competing influence of near-
resonant interactions and bound-wave contributions; the former attenuating
the crest heights and the latter increasing them progressively with decreasing
in k,d.

However, for larger directional spreads, the crest amplification was dependent
upon k,d; with the crest heights being more amplified as the effective water

depth reduces.

The effect of spectral bandwidth in directionally spread seas was also addressed.
Despite the profound effect of spectral bandwidth on the development of near-
resonant interactions in uni-directional seas, its equivalent effect in directional
seas was substantially reduced. However, it remained equally relevant when

the bound contributions were considered.
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6.1.2 Improved engineering approaches

1. The applicability of the Forristall (2000) model was assessed. It was found
that, under the influence of third-order nonlinearity and above, the model sig-
nificantly under-predicted the crest heights in deep water. However, as the
effective water depth reduces, the deviations from the Forristall (2000) model
were found to decrease. Interestingly, for an effective water depth of k,d = 0.87
the fully nonlinear crest heights were found to be in a good agreement with
Forristall (2000) for oy < 10° and vy = 2.5. However, with the nonlinear inter-
actions isolated, this agreement was shown to be the result of the competing
effects of the free and bound terms arising above second-order. Hence, it does

not imply that no higher-order terms arise.

2. The complete set of available prediction methods for the skewness, bound kur-
tosis and dynamic kurtosis was assessed through comparisons to numerical
results from HOSM simulations. In performing these comparisons, special care
was devoted to obtaining statistically converged values from the numerical
simulations. The analysis showed that none of the methods provides reliable
predictions for the full set of simulations; casting doubts on the appropriate-
ness of the current methods used for detecting freak waves within operational

wave-forecasting models.

3. However, as an exception, the prediction of the skewness based on the the-
oretical formulation of Longuet-Higgins (1963) was found to be effective for
directional sea-states. This motivated the research to explore the link between
skewness and kurtosis. However, due to the dynamic effects and the broad

range of effective water depths, such a direct link was not possible.

4. A new higher-order crest-height model was proposed. In doing so, its calibra-

tion had to deal with three challenging aspects:

(i) The first aspect concerned parameterising the crest-height distribution in
terms of a limited set of parameters. This was resolved by approximating
the nonlinear contributions to the tail of the crest-height distribution with

linear best-fit lines.

(ii) The second aspect related to how the parameters defining these linear
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fits could be predicted. This prediction was achieved by expressing the
linear-fit parameters in terms of the measured values of skewness, bound
kurtosis and dynamic kurtosis; demonstrating perhaps for the first time

the practical relevance of these three parameters in a conclusive sense.

(iii) The third and final aspect related to predicting the skewness, bound kur-
tosis and dynamic kurtosis, given that all previous theoretical approaches
fail to provide reasonable predictions. This was achieved by employing
models from the field of machine learning, often referred to as meta-
models, which enabled the prediction of the statistical moments based on
a set of 4 sea-state parameters. More specifically, giving special attention
to the generalisation performance of each meta-model, the Ensemble Ar-
tificial Neural Network approach was found to be exceptionally effective.
This approach could potentially replace the existing analytical approaches

adopted in operational wave-forecasting models.

5. The proposed model was thoroughly validated against an independent set of
numerical, experimental and field data. This has not previously been achieved,
setting an adhesive element into the relevance of the crest-height distributions

originating from these three independent sources.

6. Finally, the range of applicability of the proposed model was extended to
sea-states where wave breaking plays an important role. This extension was
achieved by introducing a wave-breaking correction factor. This factor was
calibrated based on a single steepness parameter defined on the basis of the
well-known Miche (1944) criterion; thereby demonstrating its relevance to re-
alistic sea-states. As a result, the developed model becomes relevant to even

the very steepest sea-states.

6.2 Recommendations for future work

1. The present research focused on uni-modal wave systems. It could be extended
to include bi-modal crossing sea-states. To this end, whilst Gramstad et al.
(2018) have provided some insights on this matter for deep-water conditions,

it would be interesting to first explore whether the methodology for separating
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the various harmonic contributions is equally applicable in crossing seas and,
subsequently, identify the role of the various nonlinear interactions in different
effective water depths. In this regard, the presence of a second transverse wave
system in wavenumber regions where the stability analysis of monochromatic
waves predicts energy focusing would be very interesting to explore. This
situation could potentially trigger the phenomenon of modulational instability
and lead to even higher crest elevations in finite water depth. To this end,
the applicability of the methodology developed in the present thesis for crest-
height predictions could directly be explored, especially for the interesting case

of co-existing wind waves and swell in directional seas.

. The effect of ambient currents of different heading angles with respect to the
mean wave direction and the effect of variable bathymetry would also be very
important to explore, especially for realistic directional sea-states. For this
purpose, both numerical simulations and wave-tank experiments could be used.
For this, the new Wide Flow Basin in the hydrodynamics laboratory at Impe-
rial College could be used to provide experimental measurements, as it enables
the generation of both waves and currents. The author has been part of the
hydrodynamic design of the current inlet configuration of this facility. Par-
ticularly, she provided cFD (Computational Fluid Dynamics) simulations for

assessing the smooth establishment of the current profile along the tank.

. In the present research, the focus clearly laid on crest-height statistics arising
in a single location. However, the statistical properties of crest heights arising
in an area would be interesting to explore. The values of skewness, bound
kurtosis and dynamic kurtosis could again be used to calibrate a finite-area
crest-height model, or this could be simply parameterised in terms of the single-

point statistics.

. The analysis of the field database (Chapter 5) revealed some deviations of
the DNV-RP-C205 (2014) proposed formula for the prediction of the peak-
enhancement factor of JONSWAP spectra. As a result, it would be worth carry-
ing out a specialised study for assessing the proposed formula, not least because
the spectral bandwidth of a sea-sate may play a vital role in the dynamic ex-

citation of floating structures.
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5. To this end, the presence of a structure in the wavefield, having dimensions that
can produce significant reflection and/or diffraction of the incident wavefield,
could produce fundamentally different crest height elevations. Importantly,
the wavefield in front of the structure can exhibit much increased elevations.
Moreover, in this area with the wave system including waves travelling in op-
posing directions, the process of wave breaking becomes more complicated and
it would be interesting to explore if its effect on the crest heights could still
be expressed as a function of the same steepness parameter employed in the
present study. Finally, any link between the crest height elevations, or wave
records in general, at a distance from the structure and wave-slamming events

or wave-overtopping would also be interesting to explore.

6. In the present study, a numerical wave model was utilised based on the potential
flow theory. Thus, sea-state conditions where wave breaking is not important
were investigated. Alternatively, models that resolve for the full Navier-Stokes
equations could be utilised to explore the effect of wave breaking in random
directional sea-states. This approach would have an advantage over physical

experiments, as it provides a complete description of the associated velocity

fields.

Nonetheless, the drawback of this approach is the high computational cost.
Whilst there is a plethora of ways that this could be addressed, much of the
added computational requirements stems from the excessive portion of the
computational domain devoted to the effective wave generation and absorption,
often referred to as relazation zones. The use of relaxation zones could be
avoided by adopting boundary conditions with wave absorption capabilities.
To this end, building upon Spinneken et al. (2014) the author has presented an
approach for optimising the configuration of such boundary conditions based
on wavemaking theory and force feed-back control (Zve & Spinneken, 2016).
Whilst this approach was implemented within the C++ version of the MFBEM
(Hague & Swan, 2009) wave model, its implementation within a CFD model

should be straightforward.

7. The applicability of the so-called designer wave approach would be interesting

to explore. Particularly identifying if the nonlinear content and dispersion aris-
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ing in isolated wave groups matches those arising in random sea-sates. Progress
towards this direction has been made in the course of the present research.
Specifically, building upon earlier works of Tromans & Vanderschuren (2004)
and Gibson et al. (2007) the optimisation of the input conditions has been
carried out for uni-directional seas. The proposed method is based on (1) the
dimensional reduction of the input parameter space based on the Karhunen-
Loeve expansion and (2) the optimisation of the input conditions based on the
Inverse First-Order Reliability Method (1IFORM). However, these results have
not been included in the present thesis, which is already long. To this end, an

extension of this work to directional sea-states is to follow.

. Finally, a full long-term analysis of the crest heights using the new crest-height
model presented in the present thesis could determine the most probable annual
maximum crest height and its variability. These quantities are key input to
the reliability assessment of both new and exiting (often ageing) structures.
As part of earlier research, the author has conducted a quantification of the
time-evolution of the probability of failure of a structurally degrading offshore
platform due to corrosion (Zve et al., 2015). As such, the present research

outcomes could aid in refining this earlier approach.
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Approximating the tail of the
Cartwright & Longuet-Higgins
(1956) distribution

In §2.3.1 it was stated that the tail of the exceedance probability distribution of
local maxima, 7,,, arising in a linear (or Gaussian process), originally derived by

Cartwright & Longuet-Higgins (1956), can be approximated by,
Qu(¢) = V1=, (A1)

provided € # 1. Where ¢ = "m , Mg is the zeroth spectral moment and € is given by

Equation 2.38. In the followmg sections, the derivation of this expression is provided.

A.1 Level up-crossing rate

The starting point for deriving Equation A.1 is the so-called level up-crossing rate.
This refers to the frequency at which a certain value of the free-surface elevation,
n(t) 2, or any stochastic process, is exceeded; the term ‘up-crossing’ referring to the

fact that the slope of the free surface is positive at the crossing point.

2Note that the free surface here is denoted to be a function of time, but the derivation procedure
is equivalently valid for a process being a function of space
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This rate for a Gaussian stochastic process is given by Rice (1945). In deriving
such rate, Rice (1945) defined the necessary condition for a stochastic process, 7n(t),
to exhibit an up-crossing of a level u some time between ¢ and t + At, as —n(t)At <
u—n(t) < 0; 7(t) being the time derivative of the process. This condition was derived
on the basis that At is very small (At — 0), and hence 7 can be regarded linear
in the interval (¢,t + At). Having defined this condition, following Rice (1945) the

up-crossing rate, vy (u), is given by:

vl = g5 [ s = [ ipeaiwi. (42)

where p is the joint probability distribution function of the stochastic process and
its time-derivative and d denotes differentiation.

In the case of a Gaussian process, p is given by the following bivariate normal
distribution:

1 [f%XTzflx}

p(n(t),n(t)) = We ; (A.3)

where

o | e i) "

nn(t)  9(t)?

and X is the covariance matrix of 7(¢) and 7(t), defined as,
Y= : (A.5)

Where m; denotes the i'* spectral moment given by Equation 2.39. Moreover, as the
off-diagonal terms of X are zero, the Gaussian process is uncorrelated to its derivative
process.

Combining Equations A.2 and A.3, Rice (1945) have shown that the level up-

crossing rate for a Gaussian process is given by,

1 [mg _2
ysl) = 5 [ e (A6)

It has to be noted that equation A.6 was also independently derived by Kac (1943)

in the context of roots of random polynomials. However it was formally proven by
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Rice (1945) in the context of stochastic processes.

Furthermore, it is interesting to note that Equation A.6 also holds for the level
down-crossing rate of the same process. While, when Equation A.6 is applied to
u = 0, the zero-crossing rate is obtained. In the field of ocean engineering, this
corresponds to the inverse of the spectral estimate of the mean zero-up-crossing
wave period: Ty = 27my/mg/ma.

Based on the above, considering now the crossings of the time-derivative process,
n(t), which is also a Gaussian process, one can calculate the rate to which local
maxima occur. This is based on the fact that the sufficient condition for a maximum
to occur, is that 7(t) is zero and its derivative, 7j(t), is negative; the latter signifying
a down-crossing. As such, the rate of local maxima of 7(t) coincides with the zero-
down-crossing rate of 7(t). Therefore, by using the moments of 7(t) instead of 7n(¢)

in Equation A.6 and setting the level u to zero, the rate of local maxima of 7(t) is

vy (0) = 22\/2? (A7)

Finally, the ratio of the number of local maxima to zero-crossings of 7n(t) in a

given by, !,

time period AT can be calculated as,

Uy— (0) AT mommgy
= = ) A.
" Uyt (W) AT m3 (A.8)

Interestingly, 7 is related to the bandwidth parameter e (Equation 2.38) according to:
e = /1 —1/r2. The ratio r plays a fundamental role in describing the distribution
of local maxima (or equivalently minima) of a Gaussian process. This is discussed

in the following section.

A.2 A lower bound for the distribution of local ex-

trema

For any level up-crossing of a random process, there is at least one local maximum

of higher magnitude than that level. Specifically, in a given time interval, AT, the

Note that the zeroth and second moments of 7)(t) are the second and fourth moments of 7(t),
respectively
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number of local maxima higher than a specified level u is equal to the number of
level u up-crossings plus the number of positive local minima above the same level.

Based on this, the following relationship holds for the number of local maxima,
N (1t > u) = vy (W) AT + N (1 > u) (A.9)

where N refers to the number of the argument, 7, to the local maxima and 7, to
the local minima. To obtain the probability that a local maximum exceeds a level
u, Equation A.9 should be divided by the total number of local maxima. The latter
is given by Equation A.7 multiplied by 7. Hence, following from Equation A.9 the

probability that a local maximum, 7,,, exceeds a level u is given by,

moiny
m22

w2
PNy > u) = e 20 + P(n, < —u) (A.10)

where P refers to the probability of the argument. Moreover, the symmetry of the
Gaussian process with respect to the zero mean level was used to replace P(n, > u)
by PNy < —u).

As u increases the P(n,, < —u) reduces and thus for u — oo the probability of

exceedance of a local maximum becomes,

m% _ w2
Qnm = Py > u) = e o, (A.11)
moiny

This can be expressed based on the parameter ¢ (Equation 2.38) according to,

2

Qum = Pt > u) = V1 — e 0 (A.12)

Following Equation A.10, Equation A.11 consists of a lower bound of the true dis-
tribution of local maxima, which has been derived by Cartwright & Longuet-Higgins
(1956) and was discussed in §2.3.1. Contrasting Equation A.12 to the Equation pro-
posed by Cartwright & Longuet-Higgins (1956) (Equation 2.37), it can be observed
that A.12 becomes exact for € — 0 (narrow-band case) and as € — 1 it breaks down;
due to an infinite number of local maxima occurring above a level up-crossing.

Figure A.1 shows the comparison between Equation 2.37 and Equation A.12 for
different values of the e parameter. Specifically, the two sub-figures refer to the

same results, with sub-figure (A) having a linear vertical axis and sub-figure (B)
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logarithmic. As such, the former sub-figure emphasises the lower in magnitude local

maxima, whereas the latter emphasises the higher and hence rarer ones. Finally, in

Vo
In considering Figure A.1, it is observed that Equation A.12 converges to Equation

both sub-figures the horizontal axis refers to the normalised local maxima: ¢ =

2.37 at the tail of the distribution for all values of the e parameter considered (¢ =
0.2,0.5 and 0.8). However, as € increases, Equation A.12 converges to Equation 2.37

for lower (.

100

-~

101

102

Probability of Exceedance, @

103 L L L L L L

(a) (B)
F1GURE A.1: Probability of exceedance of normalised local maxima, ¢ = \/meo, for different spectral
bandwidths €; comparison between the exact form of Cartwright & Longuet-Higgins (1956) (solid
lines) and Equation A.12 (dashed lines): (A) for linear vertical axis and (B) for logarithmic vertical
axis. The lines ( / / ) refer to € = 0.2,0.5 and 0.8, respectively. Note that only

positive local maxima are shown.
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Finite-depth theoretical solutions for
the statistical moments and
additional comparisons to numerical

results

The present appendix presents the functional forms of the narrow-banded solutions
of Janssen & Onorato (2007), Janssen (2009) and Janssen (2017) for the statistical
moments. No account is provided to their derivation process, more information on
which the reader is directed to the original references. In addition, present appendix
provides additional comparisons to broad-banded numerical results based on HOSM.
In doing so, considerations in applying a narrow-band solution to broad-banded seas

are discussed in detail.

B.1 The uni-directional solution of Janssen & Ono-

rato (2007) for the dynamic kurtosis

B.1.1 Theoretical solution

As mentioned in §3.2.2, the estimation of the dynamic kurtosis is based on the

value of the so-called Benjamin-Feir index, given by Janssen & Onorato (2007) for
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finite-depth conditions. In obtaining this index, Janssen & Onorato (2007) have
pointed out that the wave-induced mean flow needs to be included in the derivation
of the finite-depth self-interaction resonant kernel 7} o within the Zakharov (1968)
equation. According to Janssen & Onorato (2007), the wave-induced mean flow
translates to a shift in the mean free-surface for narrow-banded waves with central
wavenumber, ko. This shift is given by,

1 & 20-@) 1

7= a’kyA, A=—-—"5 — B.1
n a RoA, 462 Cf; QO +k’0d’ ( )

s_

where ¢, = /gd is the shallow-water wave speed, ¢, is the group velocity given
by ¢, = wly = 1/2c0(1 + 2kod/(sinh(2kod))) 1, o is the wave speed (wo/ko), a is the
amplitude of the primary wave, d is the water depth and Qg = tanh(kod). This result
is entirely in agreement with an earlier derivation presented by Whitham (1974) using
the so-called variational approach.

In addition, it should be noted that the the wave-induced mean flow has also
been derived by Marthinsen & Winterstein (1992) on the basis of a Stoke’s type
narrow-band process. According to Marthinsen & Winterstein (1992) this is given
by,

_a2k0< gcg/w gd )

2 \gd—c2  (gd— c2)sinh(2kd)) (B.2)

f]:

Both Equations B.1 and B.2 reveal that the wave-induced mean flow arises at
second-order in wave-steepness. However, it differs from the classic monochromatic
Stoke’s wave set-down, as noted by Marthinsen & Winterstein (1992) (see also Tayfun
& Alkhalidi (2020)); owing to the abandonment of a strict monochromatic assump-
tion.

In accounting for the presence of the wave-induced mean flow, the finite-depth

self interaction kernel within the Zakharov equation is given by (Janssen & Onorato,
2007):

k3 9Qs — 10Q2 + 9 1 /(2¢, — c0/2)?
To,000 = %XO, Xo = 307 - @<W + 1). (B.3)
s Oy

This interaction kernel is used within the finite-depth Benjamin-Feir index in Equa-

1w6 refers to the first derivative of wg with respect to kg
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tion 3.4, yielding the estimation of the dynamic kurtosis at steady state according
to Equation 3.2.
Finally, the second derivative of wy with respect to ko, wj, appearing in Equation

3.4, is given by,

W = _MZ(QOQ", Q" = [Qo — kod(1 — QF))° + 4(k,d)*Q5(1 — Q). (B.4)

It is interesting to note that the value of the interaction kernel Ty is also
involved in the finite-depth nonlinear dispersion relationship. Specifically, in finite

depth the third-order wave frequency, w(()g), is given by,

2T

ko tanh (kod) a2) ’ (B-5)

1
w(()3) - w((]l) : (1 + §T0,0,0,0

where w(()l) = wp is the linear angular frequency given by w(()l) = \/gko tanh(kod).

Interestingly, in deep water, for which Tho00 = ki/27, Equation B.5 yields the
well-known Stoke’s change in the angular frequency already given in Equation 2.20.
At this point, it is perhaps instructive to visualise the variation with effective

water depth, kod, of:

« the resonant interaction kernel 70, normalised with respect to the deep-

water value of k3 /27,

o the normalised wave-induced mean flow, 77/(a’kq) (given by both Janssen &
Onorato 2007 and Marthinsen & Winterstein 1992), and

o the relative change in wave speed, Ac/cy = (w(()s) - cu[()l)) /w(()l) due to third-
order nonlinearity (Equation B.5) in relation to the deep-water relative change

Ac/co = 30k (Equation 2.20).

All of the above quantities are plotted in Figure B.1 against the relative water
depth, kod. These have been superimposed on the same plot such that their variation

with kod can be directly compared.
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03 05 08 1.36 ) 100
Relative water depth, kod [—]

FIGURE B.1: Variation of the normalised resonant interaction kernel Ty 0.0/(kd/(27) (

);

the relative change in wave speed with respect to the deep-water relative change (Ac/co)/(2a?k3)

(—— ) and the normalised wave-induced mean flow 7/(a%ko); ( ) denoting the solution of

Janssen & Omnorato (2007) and (==---) denoting the solution of Marthinsen & Winterstein (1992).
All quantities are plotted against the relative water depth, kod. Finally, the effective water depth
kod = 1.363, where both the resonant interaction kernel and the relative change in wave-speed

change sign is shown with (——).

Several points can be made in observing Figure B.1. These are listed as follows:

1. Under the effect of third-order resonant interactions, the phase-speed of a
narrow-band wave train reduces in relation to the linear phase-speed for kyd <
1.36 and it increases for kod > 1.36. This change in phase speed for wave
components at different kod is most likely responsible for the elongation of
uni-directional JONSWAP quasi-deterministic linearly focused wave groups in
k,d = 0.86 presented by Katsardi & Swan (2011). As low-frequency com-
ponents travel slower than linearly predicted and high-frequency components
travel faster. This change in wave speed leads to the non-focusing of wave en-
ergy. This explains the fact that the fully nonlinear crest-elevations presented
by Katsardi & Swan (2011) lied below the linearly predicted elevations. A

similar effect was also noted in Figures 3.9 and 3.10.

2. The expressions of Janssen & Onorato (2007) and Marthinsen & Winterstein
(1992) for the wave-induced shift in the mean free-surface are in perfect agree-
ment despite being derived using different approaches. This demonstrates the

reliability of these solutions.

3. The wave-induced wave-induced shift in the mean free-surface does not vanish
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at kgd = 1.363. Hence, energy focusing is possible even in the presence of

wave-induced mean flow.

4. The rate at which the wave-induced shift in the mean free-surface and the reso-
nant interaction kernel change with kod is not directly proportional. Nonethe-
less, the two quantities are shown to be related in the sense that they show a
rapid decrease for kyd < 1.363. Combining this point with point (3), the value
of the dynamic kurtosis cannot be directly inferred from the magnitude of the

wave-induced shift in the mean free-surface.

B.1.2 Additional comparisons to numerical results

Having presented key aspects of the theoretical solution of Janssen & Onorato (2007),
this section discusses the application of this solution, and particularly of Equation 3.2,
to non-bandwidth limited sea-state conditions. Hence, the present section compli-
ments the discussion already provided in §3.6, regarding the performance of Equation
3.2 in predicting the dynamic kurtosis arising in broad—-banded uni-directional seas.
In more detail, in applying Equation 3.2 to broad-banded seas, multiple definitions
for the related sea-state parameters are possible. This makes the comparisons pre-
sented in §3.6 non-unique. For this reason, here additional comparisons between the
theoretical predictions based on Equation 3.2 and the numerical (HOSM) results are
presented for completeness. This is achieved by using different definitions for the sea-
state parameters involved. These parameters refer to the definition of the spectral
bandwidth and the sea-state steepness within the estimation of the BF'I (Equation
3.3), as well as the definition of the central wavenumber ko within Equation 3.4.

To this end, Figure B.2 presents the comparisons between the theoretical pre-
dictions and the HOSM data for different effective water depths, k,d, and JONSWAP
spectra (different ). At the left-hand-side sub-figures the bandwidth parameter

L defined in Equation 2.44, was used to calculate BFI, whereas in the right
\/TQp

hand-side sub-figure the bandwidth parameter v, defined in Equation 2.43 was em-
ployed. In all comparisons, two steepnesses have been employed to represent the
narrow-band steepness kyo,, in Equation 3.3 (Uf) being the variance of the free sur-
face). Specifically, the continuous lines refer to the steepness k,0,,, while the dashed

lines refer to k,,0, (where k,, is the wavenumber corresponding to the spectral mean
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frequency w,,, = m/mg according to the linear dispersion relationship !). Irrespec-
tive of the adopted steepness, the depth-dependence is taken according to k, in all
cases.

In observing Figure B.2, as already noted in §3.6, the use of % in k,d > 1.36

Tlp

is shown to lead to better predictions than v. Whereas the opposite holds for sea-

states with k,d < 1.36, irrespective of the choice of steepness. However, the values of

1
T

predicted. This is also depicted in the left-hand side sub-figures of Figure B.2. To

the dynamic kurtosis for k,d > 1.36 (using 5 ), were found to be slightly under-
this end, Figure B.2 shows that when using the steepness k,,0, the dynamic kurtosis
is over-predicted. Hence, the adoption of an alternative wavenumber between k, and
k., could potentially provide more satisfactory predictions.

To explore this, the wavenumber used for estimating the dynamic kurtosis within
the ECMFW freak warning system (Janssen, 2017) has been employed, given by
k!, = k(0.9w,,) (where k(w) refers to the linear dispersion relationship). This

wavenumber was adopted for both the steepness and relative water depth. Following
1

A/ T™Qp

was adopted for these additional comparisons. These additional comparisons are

again the ECOMFW recommendations (Janssen, 2017), the bandwidth parameter

shown in Figure B.3. It is shown that by employing the wavenumber, k] , which lays
between ko and k,,, within Equation 3.2 leads to better predictions for k,d > 1.36,

than using either kg or k,, (Figure B.2).
1

Tp
kod = k! d, leads to more satisfactory predictions than what was obtained on the

Moreover, for k,d < 1.36 the use in conjunction with o,ky = o,k;, and

basis of o,ky = opk, and kod = k,d in Figure B.2 when the same bandwidth pa-

rameter was adopted. This is not surprising given that k] reflects the importance

of the high-frequency tail, which is not captured by \/% However, in this effec-

Tp

tive water depth regime (k,d < 1.36), the use of v in conjunction with o,k = o,k,
and kod = k,d is still the most appropriate choice of parameters. Particularly, be-
cause in Figure B.3 the values of the dynamic kurtosis at k,d < 1.0 are significantly

over-predicted, especially for reducing bandwidth.

Note that k,,, defined in this Appendix is identical to k; defined in §2.3.3
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FiGure B.2: Comparison between the uni-directional narrow-band theoretical solution of Janssen

& Onorato (2007) for the dynamic kurtosis and the numerical results obtained using HOSM; left

column for 1Q and right column for v. All sea-states are characterised by %Hskp = 0.105 and

o9 = 0. (A) and (B) for v = 1, (¢) and (D) for v = 2.5, and (E) and (F) for v = 5. The lines
/— — ) to theoretical predictions

(--®--/--0../. @) refer to HOSM results and the lines (

using o,k, and o,k,, respectively. The vertical line ( ) in all sub-plots marks the theoretical

value of kod = 1.363.
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F1GUurE B.3: Comparison between the uni-directional narrow-band theoretical solution of Janssen
& Onorato (2007) for the dynamic kurtosis, evaluated using the sea-state parameters recommended
by ECMFW (Janssen, 2017), and the numerical results obtained using HOSM. All sea-states are

characterised by 1Hk, = 0.105 and o9 = 0. (a) for v =1, (B) for v = 2.5 and (c) for v = 5. The
) to the theoretical predictions.

lines (- -®- /- -®- /- .. ) refer to HOSM results and the lines (
) in all sub-plots marks the theoretical value of kod = 1.363.

Again, the vertical line (
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B.2 The uni-directional solution of Janssen (2009)

for the skewness and bound kurtosis

B.2.1 Theoretical solution

Following from §3.2.2; Janssen (2009) derived closed-form solutions for the skewness
and bound kurtosis appropriate for narrow-banded uni-directional random seas in
arbitrary effective water depth conditions. These solutions have been compared to
HOSM broad-banded results in Figure 3.33 and are provided here for completeness.
According to Janssen (2009), to the lowest significant order, the skewness param-

eter for a narrow-band wave train of central wavenumber, kg, is given by,

3 —Q§
A3 = 6oyko(a+ A), a= 108 (B.6)
Qo
Likewise, the bound kurtosis is given by,
24 + 3(1 — Q32)? 2
Nip = 24(oko)? [+ k + 20+ A)Y], =T U-Q) . __ 2 @y
6403 2

where A and )y have already been been defined in the context of Equation B.1.

B.2.2 Additional comparisons to numerical results

As already indicated by Janssen (2009), with a reduction in effective water depth,
the values of both skewness and bound kurtosis are greatly affected by the effect
of the wave-induced mean flow (expressed through the parameter A). Specifically,
the incorporation of the wave-induced mean flow was shown to substantially reduce
both the skewness and the bound kurtosis. To this end, in the comparisons pre-
sented in Figure 3.33, the wave-induced mean flow was included in the theoretical
predictions. As the wave-induced mean flow is the narrow-band equivalent of low-
frequency frequency-difference terms that are inherently included in the simulation
results. However, the wave-induced mean flow predicted based on a narrow-band
assumption could be over-estimated. This effect could be responsible for the under-
estimation of both the skewness and bound kurtosis observed in Figure 3.33.

In addition, the depth-dependence within Equations B.6 and B.7 is considered

through the parameter ()y, which in turn depends upon kod. As mentioned earlier, in
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a narrow-band sense, there is no ambiguity regarding the definition of ky. However,
this is not the case for realistic bandwidth sea-states; with £, and k,, being the two
main possible definitions

Based on the above, the application of Equations B.6 and B.7 to broad-banded
sea-states is not straightforward. As there is ambiguity regarding the definition of (1)
the effective water depth, kod, (2) the sea-state steepness o,k and (3) the inclusion
or not of the effect of the wave-induced mean flow.

To determine the most suitable choice for these parameters, Figure B.4 presents
additional to Figure 3.33 comparisons to the numerical results obtained using HOSM.
Specifically, Figure 3.33 included comparisons in which depth dependence was con-
sidered based on k,d, the sea-states steepness was defined using both ok, and o,ky,
and the effect of wave-induced mean flow was included in the theoretical predic-
tions. In contrast, the different sub-figures within Figure B.4 present the following

comparisons:

o Sub-figures (A) and (B) present comparisons for the skewness and bound kur-
tosis respectively, where depth-dependence in the analytical solutions is taken
into account according to k,,d. While the effect of the wave-induced mean flow

is included.

o Sub-figures (¢) and (D) present comparisons for the skewness and bound kur-
tosis respectively, where depth-dependence in the analytical solutions is taken
into account according to k,d. While the effect of the wave-induced mean flow

is not included.

» Sub-figures (E) and (F) present comparisons for the skewness and bound kur-
tosis respectively, where depth-dependence in the analytical solutions is taken
into account according to k,,d. While effect of the wave-induced mean flow is

not included.

The comparisons in Figure B.4 demonstrate that none of the employed approaches
gives satisfactory agreement to the HOSM data. This once again confirms the in-
appropriateness of the narrow-band solutions. Specifically, in contrasting Figures
3.33(A) and 3.33(B) to Figures B.4(A) and B.4(B), respectively, it is revealed that
depth-dependence is better captured when the £, is adopted. While the omission of
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FIGURE B.4: Comparison between the uni-directional narrow-band theoretical solutions of Janssen
(2009), for the skewness and bound kurtosis, and the numerical results obtained using HOSM All
sea-states are characterised by %H skp = 0.105 and o9 = 0. The left column refers to the skewness
and the right column to the bound kurtosis. In (A) and (B) kod = k,d and the effect of the wave-
induced mean flow is included. In (¢) and (D) kod = k,d and the effect of the wave-induced mean
flow is not included. In () and (F) kod = k,,,d and the effect of the wave-induced mean flow is not
included. The lines (- -®--/--®--/--e..) correspond to the numerical results for v = 1.0, 2.5 and
5.0, respectively. The theoretical narrow-band solution is denoted with (—— ) using a steepness
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the effect of the wave-induced mean-flow leads to significant over-prediction of the

skewness in all cases, as well as of the bound kurtosis for low effective water depths.

B.3 The directional solution of Janssen (2017) for
the skewness, bound kurtosis and dynamic kur-

tosis

Asnoted in §4.1.2, Janssen (2017) has provided directional solutions for the statistical
parameters of skewness, bound kurtosis and dynamic kurtosis, that account for the
effect of directionality. For completeness of the discussion, here, the functional form
of these solutions will be provided along with complimentary comparisons to HOSM

data.

B.3.1 Theoretical solution

The directional finite-depth solution of Janssen (2017) bridges the uni-directional
finite-depth solution of Janssen & Omnorato (2007) and the deep-water directional
solution of Fedele (2015). This was achieved by employing the Davey & Stewartson
(1974) system of equations, which provides special treatment for the effect of the
wave-induced mean flow in finite water depth. Therefore, first, the solution of Fedele
(2015) will be described before presenting the finite-depth solution of Janssen (2017).

Repeating from §4.1.2, according to Fedele (2015), the dynamic kurtosis for deep-

water narrow-banded, in both frequency and direction, sea-states is expressed as:

V3

where BF'I is the Benjamin-Feir index defined in Equation 3.3. Moreover, J(7; R)

Ny =—=J(1; R)BFI?, (B.8)

is a time dependent factor evaluated according to:

_3V3 1

J(T; R ——Im/T
( ) T 0 V1 —2ia+3a2 V1 + 2iRa + 3R%a?

do, (B.9)

where R is defined by R = 6y/(20,) = 04/(20,,/wo) and expresses the relative impor-

tance between the directional dispersion and the frequency dispersion; with R = 0
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signifying uni-directional conditions. While, 7 is given by 7 = (o, /wo)?wot.

Figure B.5 shows the time-evolution of J(7; R) for different values of R as a
function of the non-dimensional time 7 (sub-figure B.5(A)) and the non-dimensional
time ¢/7}, (sub-figure B.5(B)). In the former, the spectral bandwidth o, /wy has been

taken as 1/(1/7Q,), assuming a JONSWAP spectrum of v = 2.5.

1 : : : : - 1
0.8 08F T e
0.6 0.6 r o
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7
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-0.1 -0.1 - - - -
0 20 40 60 80 100
t/Ty [-]
(B)

F1GURE B.5: Temporal evolution of the directionality factor J with non-dimensional time for differ-
ent values of the parameter R. The two sub-figures refer to the same trends but with different non-
dimensional time on the horizontal axis; sub-figure (A) for 7 and sub-figure (B) for ¢t/T,,. The differ-
ent lines ( / / / / / / ) correspond to R = 0,0.05,0.2,0.4,1,1.4
and 2, respectively. While the line (- = - =) marks the points at which the dynamic kurtosis maximises
for different R values. This is given by 7. = 1/v/3R.

The take-out message from Figure B.5 is that the theoretical predictions for
the dynamic kurtosis in directionally spread seas peak within the duration of the
HOSM simulations; the latter being of ~ 607}, duration. This is important in that it
demonstrates that the simulations are sufficiently long such that the numerical HOSM
results could directly be compared to the theoretical predictions. Interestingly, for
t — oo the theoretical solution predicts that the dynamic kurtosis tends to 0 in
directional sea-states (R > 0).

Considering now the finite-depth solution of Janssen (2017), the key difference to
Fedele (2015) is the inclusion of the effect of the wave-induced mean flow, relevant to

finite-depth conditions. According to Janssen (2017), the wave-induced mean flow
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for a narrow-band directional wave train is expressed as,

leg200+c,(1-QF) R

N = a*koA Ag=A+ - B.10
1= @ FoRd, d +4Q0 2 —c2 R+ a,/2 ( )
where A has been defined in the context of Equation B.1 and «,, is given by,
2 2
ch c
o = C§<1 - Cg) (B.11)

As such, the wave-induced mean flow is affected by the factor R. Notably, when
the latter is set to zero (uni-directional conditions), the uni-directional solution of
Equation B.1 is recovered.

To gain a better understanding on how R affects the magnitude of the wave-
induced mean flow, 77, Figure B.6 presents the variation of 7/(a?ko) with effective
water depth kod for different values of R. It is shown that as R increases, the set-
down reduces. This reduction in the set-down leads to the increase of the directional

finite-depth BF'I, B4, presented in Figure 4.1(A).

7/ (a*ko) [-]

1 2 3 4 5 6 7 8 9 10
Relative water depth, kod [—]

FIGURE B.6: Variation of the normalised wave-induced mean flow, 7/(a%ko), with relative wa-
ter depth, kod, for different values of the parameter R: R = 0,0.4 and 1.4, denoted with
( / / ), respectively. The effective water depth kod = 1.363, denoted with (— — ),

is added for reference.

In this respect, Byg is defined by Equation 3.4. However, this time the uni-
directional finite-depth kernel, Tj 0,0, is replaced by its directional version, Téi,o,o,o~
This is defined by,

ko

Tg,o,o,o = o (Xo + Xd), (B.12)

where X, has been defined in the context of Equation B.3 for uni-directional sea-
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states and X4 accounts for the effect of directionality. This is given by,

[co+cg(1-Q7)/27 R
Qo(c2 — 2) R+ a,/2

g

Xg= (B.13)

To complete the definition of the directional solution of Janssen (2017), following
the discussion in §4.1.2, the finite-depth version of the parameter R, referred to as
R, needs to be defined. This is involved in the calculation of the factor J(7; Ry)
within Equation B.9 and is given by,

R, =R, B =-2(%2) Qog_ (B.14)

Co kzowowé’

In the above expression, the factor [, is linked to the depth factor a4 in Equation

3.4 according to:
. 1 XO (Co

=30,
It is noted that the resulted variation of J(7; Ry) with R for different effective water

)Bs. (B.15)

Qg
Cq

depths was presented in Figure 4.1(B), hence no further discussion will be provided
here.

Finally, as pointed out in §4.1.2, the change in the wave-induced mean flow
due to directionality also affects the estimates for the skewness and bound kurtosis.
Specifically, the directional estimates of these parameters follow from Equations B.6
and B.7, in which the parameter A is replaced by the parameter Ay of Equation
B.10. It is noted that the effect of including A4 in estimating the skewness and

bound kurtosis has already been discussed in the context of Figure 4.2.

B.3.2 Additional comparisons to numerical results

In §B.1 and B.2 it was pointed out that the way a narrow-band solution can be
applied to broad-banded seas is non-unique. Hence, here additional comparisons
between the theoretical predictions of Janssen (2017) for the statistical parameters
of skewness and bound kurtosis to numerical (HOSM) results arsing in directional
simulations are provided. These comparisons complement the ones already presented
in Figure 4.17. Specifically, the theoretical predictions presented in Figure 4.17
have been obtained by employing the peak wavenumber, k,, for reflecting depth

dependence (i.e. kod = k,d) and v as a measure of spectral bandwidth within the
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parameter .

To this end, Figure B.7 presents the same set of comparisons as Figure 4.17,
but depth dependence and spectral bandwidth are considered in alternative ways.
Specifically, in Figure B.7 the left-hand side sub-figures refer to the skewness param-
eter and the right-hand side sub-figures to the bound kurtosis. In particular, the

evaluation of the theoretical predictions:

« in sub-figures (A) and (B) has been based on kod = kyd, but this time the
spectral bandwidth is taken as d, = 1/(v/7Q,);

« in sub-figures (¢) and (D) has been based on kod = k,,d and a spectral band-
width parameter d,, = 1/(y/7Q,); and

« in sub-figures (E) and (F) has been based on kod = k,,d and a spectral band-

width parameter v.

While in all cases, the theoretical predictions are obtained using o,k, and o,k,, as
the steepness parameter.

The comparisons presented in Figure B.7 support the conclusion drawn upon the
comparisons presented earlier in Figure 4.17 in that the Janssen (2017) solutions are
not able too capture the values of the statistical moments arising in broad-banded
directional HOSM simulations. As none of the combination of parameters leads to
satisfactory predictions. Notably, the combination of kyd = k,d and v adopted in
Figure 4.17 appears to lead to the most favourable predictions. Finally, it was found
that in adopting the ECMFW proposed wavenumber &/ did not improve any of the

presented comparisons.

339



APPENDIX B

0.35
03¢} L
[ <5
— =<
el -~
< 0.25 P
@ § @, @ e °
) S
§ 0.2 § @i @ i o
n 3 —— - - - -1
0.15 S ===
q
0.1~ : : : : 0L : : :
1 2 3 4 5 1 2 3 4 5
Relative water depth, kyd [—] Relative water depth, k,d [—]
(A) kod = kpd, 6 = 1/(v/7Qp) (B) kod = kpd, 6w = 1/(VTQp)
0.35 T T T T T 0.35 I - : :
-
’T‘ =
— =<
o]
~ .2'\
?: _§ @, @ °
) =
§ i @i @ s o
s s e e o)
% § —————z——_]
S -
)
0.1 L~ ' ' ' : 0L~ ' ' ' '
1 2 3 4 5 1 2 3 4 5
Relative water depth, kyd [—] Relative water depth, k,d [—]
() kod = kmd, 6 = 1/(v/7Qp) (D) kod = kmd, 6w = 1/(v/7Qp)
0.35 — T T T 0.35 — T - -
T 03]%
0.3 LT e
0 = @2
i =5 0.25 |1 %,
,? ~ \ 1
. 0.25 2 o025
R S L | @ e
@« = 3 'Y o
Q < | ol
I 0.2 S 0.15 o @ @ e ol
S - .
3 T 0af\ e e
0.15 3 e
Q 0.05
0.1~ ' ' : ' 0L~ ' ' :
1 2 3 4 5 1 2 3 4 5
Relative water depth, kyd [—] Relative water depth, k,d [—]
(E) kod = kmd, 8, = v/ (F) kod = kmd, 80 = v/

FIGURE B.7: Comparison of the directional narrow-band theoretical solutions of Janssen (2017),
for the skewness and bound kurtosis, and the numerical results obtained using HOSM. All sea-states
are characterised by %Hsk;p = 0.105 and gy = 10°. The left column refers to the skewness and
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and (D) kod = kyd and 0, = 1/(y/7Qp). In (E) and (F) kod = knd and 6, = v. The lines

(--®--/--®.-/--0-.) correspond to HOSM data for v = 1, 2.5 and 5, respectively. The theoretical
), while evaluated

predictions evaluated upon the steepness k,o, are shown with ( / /

upon the steepness k0, are shown with (—— /— — /— — ). These latter lines correspond to

v =1, 2.5 and 5, respectively.
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simulations

The present appendix presents additional aspects relating to the random sea-state

simulations using HOSM, presented through the thesis. These aspects refer to:

1. The effect of the spatial resolution within HOSM on the crest-height statistics,

presented in §C.2.

2. Verification of the spatial homogeneity within directional sea-state simulations,

presented in §C.3.

3. Verification for the reliable extraction of the harmonic contributions within

directional HOSM simulations, presented in §C.4.

The present appendix commences in §C.1 with the numerical setup used within
the directional simulations presented in Chapter 4. While the above aspects follow.

C.1 Numerical setup of directional simulations

The adopted numerical setup for the directional sea-state simulations within HOSM

and the required computational resources are presented in Table C.1.
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TABLE C.1:

to simulations with oy > 20°. While the duration of the simulations includes the ramp-up time of

Numerical setup of HOSM for directional simulations. The values in parenthesis refer

the nonlinear terms and refers to the duration when a ramp of T, = 107}, is adopted. For lower Tj,
the duration was reduced accordingly. The number of processors refers to those used for running

the MATLAB wrapper, while HOSM is run in serial mode.

Parameter ‘ Description Value

HOSM parameters

M [—] Order of nonlinearity 3

ng [—] Number of nodes in x 1024

ny [—] Number of nodes in y 256(512)

L,/l,[—] | Normalised domain length in x 35

Ly,/l, -] Normalised domain length in y 20
Number of nodes in x after

M pad [ ] zero-padding 4096
Number of nodes in y after

"y pad [ ] zero-padding b12

Ny [—] Number of random seeds 330
Normalised duration of

Toim /T[] simulation 7
Phase-shifts used in the

Ae [deg] phase-manipulation method 0, 90, 180, 270

Computational resources

RAM[GB] | Memory requirement 48 (96)

Nproc [—] Number of processors 4
Processing time (includin

Tyroc [1] g time ( & 26 (52)
post-processing)

C.2 Spatial resolution

This section discusses the effect of the spatial resolution within HOSM on the crest-
height statistics. As described in §2.3.2, the spatial resolution within HOSM is im-
posed by the combination of (1) the domain length and (2) the number of spectral
components. In turn, the combination of these two factors dictates the maximum
resolved wavenumber, which needs to be high enough to avoid an excessive trun-

cation of the wave spectrum and low enough to achieve a good spectral resolution
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(especially around the spectral peak).

Prioritising therefore an effective modelling of the adopted spectral form, within
the analysis presented in Chapters 3 and 4, the choice of the domain length and num-
ber of spectral components was such that the spatial increment, Az, was Az ~ [,/30.
In adopting this spatial increment, Figure 2.10 (A) has shown that the ratio of the
measured crest-heights arising from linear simulations over the Rayleigh-predicted
target values approaches unity, but it does not appear to reach the desired value of
1; with measured crest-heights laying ~ 1 — 2% below the target values. To this end,
a finer Ax was adopted to investigate whether the spatial increment was responsible
for this small discrepancy. This was achieved by zero-padding the original spectrum,
whilst maintaining the same spectral resolution as the HOSM simulations.

Figure C.1 (A) shows the spatial profile of a selected wave-crest in a close-up
reproduced using finer spatial increments of Az ~ [,/60 and Az ~ [,/120. Figure
C.1 (A) demonstrates that with the original resolution, the magnitude and shape
of the event are not captured as accurately as when a finer resolutions is adopted.
This affects the crest-height distribution as a whole, as shown in Figure C.1 (B). In
more detail, with a reduction in the spatial increment to Az =~ [,/120, the tail of
the crest-height distribution is shown to converge to the target Rayleigh distribution
with great accuracy; the discrepancies being less then ~ 0.3% around Q = 1073, It is
noted that in eliminating the possible effect of sample variability on these trends, the
linear sea-states were simulated using 4,000 seeds. Therefore, to avoid an unwanted
underestimation of the recorded crest heights, within the uni-directional and direc-
tional simulations presented in Chapters 3 and 4, respectively, the output amplitude
spectra were zero-padded and the free-surface reconstructed at every time-step, so
that Az ~ [,/120.
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FIGURE C.1: Effect of spatial increment, Az, on the crest-height distribution: (A) free surface
elevation around a large wave crest and (B) crest-height probability of exceedance distribution
normalised with respect to the Rayleigh prediction. The different lines refer to: ( ) for Az ~
1,/30, ( ) for Az ~ [,/60 and (—— ) for Az ~ [,,/120. The data are obtained from initial
wavefields within HOSM obtained using LRWT for a uni-directional sea-state with k,d = 5.03 and
v =2.5.

C.3 Spatial homogeneity in directional simulations

Spatial homogeneity is an important property that should be guaranteed within the
wavefield, so that the wave characteristics are independent of the location within the
wavefield.

In an experimental setting, a relatively coarse angular resolution, imposed by
inherent restrictions on the minimum amplitude of waves that a paddle can generate
successfully, can lead to a non-homogeneous generated wavefield, as outlined by
Jefferys (1987) and Miles & Funke (1989) amongst others. This non-homogeneity
arises by adopting the so-called Double Summation Method (DSM) for directional
wave generation. Within this approach, the wave components of the same frequency
are assigned different directions, creating standing wave patterns. To circumvent
this unwanted effect, Latheef et al. (2017) have introduced the Random Directional
Method (RDM), in which the problem of non-homogeneity is resolved by adopting
a single directional component for each frequency. For more details, the reader is
referred to Latheef et al. (2017). As such, the RDM was adopted in the experimental
studies employed for validating HOSM in §4.4.

In contrast, in HOSM simulations, the input wave components populate a (k, k)
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rectangular grid, with the angular resolution increasing with increasing k,. Thus,
the nature of the numerical model imposes a wavenumber equivalent DSM. To verify
whether the adopted spectral resolution is sufficient to guaranty homogeneity, the
spatial variation of the ensemble-averaged significant wave height, H,, and ensemble-
averaged kurtosis A\yg arising from 330 linear random sea-state simulations were con-
sidered. While each sea-state was simulated for a duration of 607}, similarly to the
simulations presented in Chapter 4 and 5. The spatial variation of H; and Ay is pre-
sented in Figure C.2; with sub-figure C.2(A) referring to Hy and sub-figure C.2(B)
to Ago. In considering the results in Figure C.2 as a whole, the maximum deviation
from the theoretical/target Gaussian values at any spatial location does not exceed

1.5% and 3.5% for the Hy and My, respectively. Hence, the wavefield is considered

homogeneous.
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FIGURE C.2: Spatial variation of (A) the ensemble-averaged significant wave height, Hy and (B)
the ensemble-averaged kurtosis, A4g, for a linear wavefield of k,d = 5.03, v = 2.5 and oy = 10°.
Both quantities are normalised by the expected or target value from linear wave theory. In each

sub-figure, the axes are normalised by the wavelength corresponding to the spectral peak frequency.

C.4 Separation of nonlinear contributions in direc-

tionally spread seas

In simulating the directionally spread sea-states in Chapter 4, the nonlinear order
within HOSM was set to M = 3. This includes the leading order near-resonant quartet

interactions but omits higher order near-resonant interactions. Hence, the effect of
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increasing M should be verified.

Moreover, in the context of the uni-directional simulations, presented Chapter 3,
it was shown that (1) a ramp-function defined by T, = 47, is sufficient to suppress
the spurious waves, generated due to the linear initialisation of the wavefields and
(2) that a shorter ramp function would not be effective. This section aims to verify
these findings for directional simulations. Finally, in performing the above analysis,
the effective separation of the various nonlinear contributions should also tested.

Based on the above, this section includes the following analyses:

i) Verification of the effect of the nonlinearity parameter M within directional

HOSM simulations to the nonlinear contributions.

ii) Verification of the methodology adopted for the separation of the nonlinear

contributions within directional HOSM simulations.

iii) Identification of the minimum required ramp-function duration for the effective
suppression of spurious-wave generation. As well as, the overall assessment of

the effectiveness of the ramp function.

C.4.1 Preliminary results on the effect of M

To study the effect of the nonlinearity parameter M on the crest-height statistics,
the shallowest (k,d = 0.87) and deepest (k,d = 5.03) effective water depths of the
cases presented in Section 4.3 were adopted, characterised by the highest sea-state
steepness of %Hskp = 0.105. Moreover, for each effective water depth, sea-states of
09 = 10° and 20° were simulated, with the peak enhancement factor of the adopted
JONSWAP spectrum being set to v = 1,2.5 and 5. These correspond to the full
set of v values investigated in Chapter 4. Moreover, the adopted numerical setup
was identical to the one adopted in Chapter 4 and presented in Table C.1. In this
preliminary investigation, only the statistics of the total free surface were considered.

Figure C.3 presents the crest-height distributions for the four sea-states of v = 2.5
and for all three values of M; each sub-figure referring to a different sea-state. All
data correspond to an evolution time of ¢ = 25T, referring to the steady state of non-
linear evolution. For reference, the (linear) Rayleigh and the second-order directional
distribution of Forristall (2000) are also added. Considering these comparisons, it

is revealed that an increase in M above 3 has a minimal effect on the crest-height
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FiGure C.3: Normalised crest-height,n./H, distribution of exceedance obtained arising from
HOSM simulations of directional sea-states for varying nonlinear order M: (A) for k,d = 0.87 and
op = 10°, (B) for k,d = 5.03 and oy = 10°, (C) for k,d = 0.87 and oy = 20°, (D) for k,d = 5.03 and
op = 20°. In all cases the selected sea-state steepness is %Hskp = 0.1052, the JONSWAP peakedness
parameter v = 2.5 and the evolution time is t = 25T},. The different lines refer to M = 3 ( ),
M=4( ), M =5( ). The Rayleigh (=) and Forristall (2000) 3D (= =) distributions

are also added for reference.

distribution for all sea-states considered. Importantly, this outcome was also found
to hold for the different spectral bandwidths (7 = 1.0 and 5.0) in both water depths;
the results not been presented here for brevity.

To verify the effect of M in more detail, snapshots of selected wave events with
crest heights corresponding to a probability of exceedance of @ ~ 10~* are presented
in Figure C.4. In each case, a wave event was selected from the simulations of M = 3,

and it was reproduced for M = 4 and 5, using the same sets of inputs but with the
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nonlinear order, M, altered. It is observed that in increasing M from 3 to 4 the wave
shape is not altered. However, for M = 5, the x coordinate at which the maximum
elevation is recorded is slightly lower compared to lower M. This reveals a slight
phase-shift of the different wave components. This shift is believed to originate from
the introduction of near-resonant interactions of higher than third-order that are
not present in the M = 3 and M = 4 simulations. Nonetheless, this difference is
considered very small and, hence, it does not pose any concerns with respect to the
convergence of the results. In summary, the results in Figure C.3 and C.4 indicate
that the total free surface is indeed converged with respect to M for M = 3. However,
the present comparisons do not demonstrate convergence of the underlying nonlinear

contributions. This point is verified in the following section.

Effect of M on the time-evolution of the nonlinear contributions

Having verified the convergence of the total crest-height distribution at steady state
with respect to M, this section investigates the equivalent convergence of the time-
evolution of the different nonlinear contributions. To achieve this, three sea-states
were selected, characterised by k,d = 5.03, 1.28 and 0.87 with %Hsk‘p = 0.105,
0p = 10° and v = 2.5. These sea-states correspond to those presented in the ini-
tial investigation of the nonlinear effects arising in directional sea-states in different
effective water depths, presented in §4.5.2.

This reduced number of sea-states compared to those adopted in the the previous
section was selected due to the increase in computational demand with increasing
nonlinearity order. Indicatively, in simulating a sea-state with the numerical setup
described in Table C.1, for four phase-shifts and for a simulation duration of 667,
using M = 3, requires ~ 23h of computation time. While a sea-state with M =5
requires ~ 69h; three times more. This increase in the computational demand is
due to the fact that with an increase in M, both the number of Dirichlet problems
described in §2.2.5 and the required additional modes for a full de-alising is increased
accordingly (Ducrozet et al., 2007).

The resulted time-evolution of the statistical moments of the dynamic kurtosis,
skewness and bound kurtosis for M = 3 and M = 5 is compared in Figure C.5. It
should be noted that the results concerning the dynamic kurtosis (sub-figure C.5(A))
for M = 3 are those already presented in Figure 4.4. Taken the results in Figure
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FIGURE C.4: Spatial profiles (along the z-axis) of wave events, normalised with respect to Hg,
n/Hs, of wave events corresponding to a probability of exceedance of @ = 107* for the sea-states
presented in Figure C.3 for varying nonlinear order M: (A) for k,d = 0.87 and o9y = 10°, (B) for
k,d = 5.03 and oy = 10°, (C) for kyd = 0.87 and oy = 20° and (D) for kpd = 5.03 and gg = 20°.
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C.5 as a whole, it is shown that the nonlinearity order M has a minimal (negligi-
ble) effect on the statistical moments for the entire nonlinear evolution process. This
demonstrates that higher-order near-resonant or bound contributions than those sim-
ulated using M = 3 are not significant. At least when the statistical moments are
concerned.

To verify that the nonlinear crest-height contributions are also not affected by
an increase in M, Figure C.6 compares their time-evolution for a probability of
exceedance of Q = 1072 using M = 3 and M = 5. The results corresponding to
M = 3 are supplied with confidence intervals, the latter obtained using the bootstrap
method (Efron, 1979). The format of this figure is similar to the earlier Figure 4.7,
presented in §4.5.2. In more detail, the left column of sub-figures presents the crest-

heights of the total free surface and of the free-waves part, the latter being isolated
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using the four-phase manipulation method. While the sub-figures on the right present
the bound-wave contributions. Finally, all crest heights are normalised by the linear
(Rayleigh) predictions.

Taken together, the comparisons in Figure C.6 demonstrate that an increase in
M from 3 to 5 does not affect the magnitude of the nonlinear contributions at any
stage of the nonlinear evolution. To quantify the differences between the two sets
of simulations, the time-averaged values of the nonlinear contributions at steady
state were obtained and the results are shown with horizontal grey lines in each
sub-figure. The difference between these lines is < 1% of the linear crest-height
prediction in all cases. Specifically, the maximum difference is ~ 1% for the bound
contributions in deep water (k,d = 5.03), with M = 5 resulting to slightly lower
elevations. However, this difference is not considered important. Interestingly, this
difference is also observed in the evolution of bound kurtosis in Figure C.5; once

again demonstrating the link between the statistical moments and the crest heights.

C.4.2 Wavenumber-frequency spectra

The remainder of this appendix aims to verify that the trends observed in Figure
4.7 and C.6 are not affected by the presence of spurious waves generated due to an
ineffective ramping of the nonlinear boundary conditions (see §3.5.1 in the context
of uni-directional simulations) and to demonstrate the overall performance of the
four-phase manipulation method presented in §2.2.6 in the context of directional
simulations.

To achieve this, results for the deepest (k,d = 5.03) and shallowest (k,d = 1.28)
sea-states of the previous section are presented; the sea-state with k,d = 1.28 being
omitted to reduce the number of presented figures. Following the same logic as
§2.2.6, a wavenumber-frequency spectrum is sought to be extracted for each harmonic
contribution in order to verify that the corresponding energy distribution is located
appropriately in the wavenumber-frequency domain.

For this, a three-dimensional Discrete Fast Fourier Transform (2D-FFT) was
performed in the entire spatio-temporal wave records of each harmonic contribu-
tion in the time-interval ¢ € [0,507,]. This interval was selected as a compromise
between a fine temporal resolution and focus on the initial part of the nonlinear evo-

lution. Moreover, similarly to §2.2.6, a Tukey window function was applied in the
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for the bound-waves part. While, the free-waves part is denoted with ( / / ). In
all sub-figures the markers (o /o /o )and (© /o /o) refer to the results for the same sea-states
obtained using M = 5. The dash-dotted lines in (A), (¢) and (E) correspond to 95% confidence
intervals. In all sub-figures the time-averaged values for ¢ > 107}, are denoted with (—— ) for
M =3and (—— ) for M =5.
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time domain to avoid energy leakage due to the non-periodicity of the records. The
three-dimensional results of the 2D-FF'T referring to the (k,, k,, w) domain were rep-
resented in two-dimensions by considering the absolute wavenumber k = \/m .

Considering first the total free-surface, the resulted two-dimensional wavenumber-
frequency spectra (3a7,
sub-figure C.7(A) corresponding to k,d = 5.03 and sub-figure C.7(B) to k,d = 0.87.

In observing these figures it becomes evident that the total free surface contains

a; being the Fourier amplitudes) are shown in Figure C.7;

energy both below and above the linear dispersion line corresponding to frequency-
difference and frequency-sum terms respectively. Interestingly, it is observed that

bound contributions up to fourth order are present in the wavefield.
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FicURE C.7: Contour plot of the spectral energy (3a?) of the total free-surface elevation: ()
for k,d = 5.03 and (B) for k,d = 0.87 arising in directional JONSWAP (y = 2.5) sea-states with
1H,k, = 0.105 and oy = 10°. The line (

the lines (—— /---- /—+-— ) correspond to integer multiples of the dispersion relation, with

) corresponds to the linear dispersion equation, while

n = 2,3 and 4 respectively. The contours are presented in log-scale such that the energy of the
different harmonics is visible. For these simulations the T, parameter of the ramp function was set
to 47},. Note that the results are truncated to 6 significant orders to avoid visualising insignificant

energy contaminated by numerical noise or energy leakage.

Harmonic separation

The wavenumber-frequency spectra of the different harmonic contributions resulting
from the four-phase manipulation method are shown in Figure C.8 for k,d = 5.03
and Figure C.9 for k,d = 0.87. In these figures, each sub-figure corresponds to a
different harmonic contribution. However, it should be reminded that in applying

the four-phase manipulation method, the zeroth and fourth-harmonic contributions
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are not separated. In obtaining, therefore, sub-figure (C) in each of the above figures,
only the energy below the second-order bound-waves dispersion line was plotted.
While to obtain sub-figure (E) the energy above this line was plotted. These results
have been obtained for 7, = 47, and M = 5, the latter allowing the full extent
of nonlinear interactions to take place. Thereby any higher-order resonant or near-
resonant interactions are also modelled.

Considering first the results of the first harmonic (sub-figures (A) and (A)) it
becomes evident that the significant energy allocated to the bound waves observed in
Figure C.7 is eliminated. Specifically, the majority of the wave energy follows closely
the linear dispersion relation, with only a minor part travelling faster. In this regard,
it should be noted that the data in these sub-figures are presented in log scale hence
the importance of these latter components are visually exaggerated. Interestingly,
Gibson & Swan (2007) have also identified the spread of energy above the linear
dispersion line at high frequencies during the evolution of quasi-deterministic wave
groups in deep water. A phenomenon that is attributed to third-order near-resonant
interactions. The same effect appears to be present in random sea-states in both
deep and finite water depths.

Considering the bound-wave harmonics, it is demonstrated that, indeed, the ma-
jority of their energy occupies regions in the wavenumber-frequency domain in accor-
dance with the expectation from Stoke’s theory (see discussion in §2.2.6). However,
in both effective water depths, the zeroth harmonic (Figures C.8(¢) and C.9(¢)) con-
tains a small part of energy around the linear dispersion line. This energy is believed
to be associated with fourth-order quintet resonant or near-resonant interactions.
Interestingly, this effect was also noted by Gibson & Swan (2007) in their study of
quasi-deterministic wave groups in deep water and in the uni-directional sea-state
simulations presented in §2.2.6.

In this regard, it is relatively well-known that the fourth-order quintet interactions
are more important for non-collinear disturbances than collinear in both deep and
finite water depths (McLean 1982a, Fructus et al. 2005). Hence, it is not surprising
that these components appear in the present directional simulations for k,d = 0.87
and do not appear in the equivalent uni-directional results presented in §2.2.6. While,
for the directional simulations in k,d = 5.03 appear somewhat increased compared to

the equivalent uni-directional results, in accordance with expectation. The present
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results are important in that they demonstrate that their effect is insignificant com-
pared to the dominant quartet interactions in directionally spread seas. A result that
has already been revealed by Gibson & Swan (2007) and Katsardi & Swan (2011) in
the context of uni-directional isolated wave groups and is confirmed here for random
directional seas.

In addition, it should be noted that a small proportion of free-wave energy appears
in the third-harmonic for k,d = 5.03. A possible origin for this energy is the firth-
order sextet resonant or near-resonant interactions that again are more important for
non-collinear disturbances than collinear (McLean 1982a, Kharif & Ramamonjiarisoa
1988). In this respect, it was verified that, by increasing the nonlinearity order to
M =7, the results for M = 5 were entirely reproduced. Hence, any higher resonant
interactions were not found to be relevant, and the sextet resonant or near-resonant
interactions are represented appropriately when M = 5 is adopted. Finally, the
energy laying below the linear dispersion line was also observed in the equivalent
uni-directional results presented in Figure 2.6. This energy relates to third-order

frequency-difference terms, as discussed in the context of this latter figure.
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are truncated to 6 significant orders.
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Effect of the ramp function

Having identified the different interactions that take place in directionally spread
seas, this section aims to verify that the results presented in Figures C.8 and C.9
are independent of the length of the ramp function and that the latter effectively
suppresses any spurious waves.

For this, the parameter T, defining the length of the ramp function was set to 0,
2T,, 4T}, and 8T},. The first value defines no ramping, the second a shorter ramping
than what was used in the simulations of Figures C.8 and C.9 (T}, = 47,,) and the
last longer. In essence, this investigation aims to explore if a shorter ramp function
than T, = 47T, would be sufficient to suppress any spurious waves and if the adoption
of a longer ramp would lead to identical results to Figures C.8 and C.9.

To verify the above, Figures C.10, C.11 and Figure C.12 present the wavenumber-
frequency spectra of the second, zeroth and third harmonics respectively for the
different ramp function lengths and for the same sea-states presented in Figures C.8
and C.9. In each figure, the left column concerns sea-states in k,d = 5.03 and the
left column in k,d = 0.87. While from top to bottom 7, increases.

Taken together, Figures C.10, C.11 and Figure C.12 demonstrate that without the
ramp function (7, = 0) all harmonics in both effective water depths are contaminated
by spurious free waves, similarly to Figure 3.14 presented in Chapter 3 concerning
the second harmonic in uni-directional simulations. The presence of these waves is
clearly undesirable. Interestingly, the majority of the spurious wave energy spans in
the frequency range ~ [1, 3w, for k,d = 5.03 and ~ [1, 2.5]w, for k,d = 0.87.

By introducing a relatively short ramp function of 7, = 27}, these spurious
waves are reduced for both water depths In fact, in k,d = 5.03 they are eliminated
for the second and third harmonics. While the zeroth harmonic still includes a
very small portion of free-wave energy in w < 3w,. With an increase in 7|, from
2T, to 4T, the free-wave energy in ~ [1, 3w, for k,d = 5.03 and ~ [1,2.5]w, for
k,d = 0.87 is eliminated for all harmonics and any remaining free-wave energy is
located outside these intervals. Importantly, for an even longer ramp of 87}, the
results are identical to 47},. In this respect, given (1) the convergence of the results
with 7, and (2) the elimination of the spurious free-wave energy in the original
ranges, ~ [1,3]w, for k,d = 5.03 and ~ [1,2.5]w, for k,d = 0.87, the remaining

small free-wave energy at the zeroth and third harmonics in k,d = 5.03 and the
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zeroth harmonic in k,d = 0.87 is believed to not originate from spurious waves. In
contrast, as mentioned above, it is believed to be due to higher than third-order
near-resonant interactions. At present, providing an independent verification for
this point is not possible. A possible approach in tackling this would be to simulate
random sea-states with a fifth, or sixth-order Zakharov (1968) equation. However,
to the author’s knowledge, such equation is not presently available, and if it was,
the computational burden associated with directional simulations would make its
application practically unfeasible; this latter point being discussed by Hadjigeorgiou
(2018).

Given that spurious waves do not contaminate the present directional simulations,
the trends observed in Figure C.6 are not affected by the initial conditions. It should
be mentioned that in obtaining these trends, the adopted ramp function was long

enough (7, = 47T,) to suppress such spurious waves.
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) corresponds to the linear dispersion equation,

of 2, 3 and 4 respectively.
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of 2, 3 and 4 respectively.
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Spectral evolution within directional

HOSM simulations

The present appendix is devoted to the analysis of the nonlinear evolution of the di-
rectional wave spectra arising in directional sea-state simulations presented in Chap-
ter 4. With the nonlinear interactions evolving in time, this investigation is deemed
necessary for assessing the degree of the stationarity of the simulations. In doing so,
transparency can be gained regarding the relevance of the initial directional charac-
teristics of the adopted spectra. However, whilst the present results are essential for
clarifying some crucial aspects of the directional simulations, they are not included
in the main body of the thesis, as they do not directly relate to the primary purposes

of the investigation.

D.1 Evolution of the free-wave spectra

To begin, in deep water, it is relatively well-established that directional spectra
tend to broaden within phase-resolved random-wave simulations during time scales
of evolution similar to the ones considered in this thesis. Evidence for this can be
found in previous studies based either on the BMNLS equation (Dysthe et al. 2003,
Socquet-Juglard et al. 2005, Simanesew et al. 2016) or the HOSM model (Xiao et al.
2013, Toffoli et al. 2010b)

This spectral broadening has also been predicted analytically by Longuet-Higgins
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(1976). Specifically, Longuet-Higgins (1976) showed that for very narrow-banded
spectra, there is a transfer of wave energy from the spectral peak towards wavenum-
bers forming an angle of arctan(1/4/2) = 35.26° with respect to the mean wave
direction. An angle that corresponds to the tangent at the origin of the degenerate
resonance loop of Phillips (1960) (Figure 2.1). This evolution originates from the so-
called degenerate interactions for which the resonance condition (kg + k3 = ko + k3)
involves self-interaction terms (kg = k3 or ko = k1 = ky = k3), these being particu-
larly relevant to narrow-banded conditions.

However, for sea-states in finite water depth, the features of directional spectral
evolution are not well established. Notably, in the directional HOSM simulations per-
formed by Toffoli et al. (2009), it was shown that the wavenumber-average directional
spreading increases with evolution time for any sea-state in the effective water depth
range k,d € [0.8,20]. While this increase was reduced with a reduction in effective
water depth.

In considering the above, the following questions arise:

o Is the increase of the average directional spreading observed in Toffoli et al.

(2009) representative to the entire frequency range?

o Starting with a frequency-independent directional spreading is frequency de-
pendence developed over the time-scales (¢ € [0, 60]7),) considered in the present

simulations?

To answer the above questions, sea-states with an initial directional spread of
09 = 10° have been employed, with a steepness of %Hskp = 0.105. These were found
to be representative of the full set of the available simulated sea-states produced in
the course of the present study. To this end, it should be noted that the adopted
numerical setup for the directional HOSM simulations, outlined in Table C.1, includes
a combination of lateral domain length, L,, and number of nodes in y, n,, that lead
to a maximum lateral wavenumber k, .., which permits any spectral broadening
to take place without restriction. Specifically, considering the wavenumber £, ; for
which the square-root of the spectral energy has decayed to 0.5% of the peak value at
k, = k,, the ratio ky 4z /ky s can be considered as an indicator of the available ‘room’
for lateral spectral evolution. This ratio in the present simulations corresponds to

kymaz/kys = 14.2,6.7,3.7,4.3,2.8 and 2.1 for oy = 5, 10, 15, 20, 25, 30°, respectively,
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which allows energy transfers to lateral wavenumbers extending more than 100%
beyond the input range.

Figure D.1 presents the wavenumber spectra of the underlying free waves corre-
sponding to evolution times of ¢ = 0, 257}, and 607, for the three effective depths
of k,d = 0.87,1.28 and 5.03; its row of sub-figures corresponding to a different effec-
tive water depth. It is shown that the spectra indeed tend to broaden with evolution
time irrespective of the water depth. Notably, this observation is in qualitative agree-
ment with the results presented Toffoli et al. (2009) relating to the mean directional

spreading of the total free surface.

D.2 Spectral energy transfers

Based on the above, it is instructive to explore the regions of spectral energy move-
ments and identify how these are affected by the effective water depth. For this, the
spectra at the end of the ramp function (¢ = 0) were subtracted from the evolved
spectra for longer evolution times (¢ > 0). The resulted energy transfers for the
longest evolution time of ¢ = 607}, are shown in Figure D.2; each sub-figure corre-
sponding to a different effective water depth. In each sub-figure, dashed lines that
form an angle of 35.26° with respect to k, = 0 are presented corresponding to the
theoretical result of Longuet-Higgins (1976), together with the resonance loop of
Phillips (1960) obtained using the finite-depth dispersion relation.

In considering Figure D.2, it is observed that there is a transfer of energy from
wave components laying close to the mean wave direction (k, = 0) towards wave
components that travel close to the angle of 35.26° of Longuet-Higgins (1976), ir-
respective of the water depth. These results are in accordance with an equivalent
deep-water investigation using HOSM by Toffoli et al. (2010b). However, Toffoli et al.
(2010b) used an initial frequency-dependent directional distribution of Mitsuyasu
et al. (1975). Moreover, the present results directly relate to the investigation pre-
sented by Simanesew et al. (2016) on the basis of the BMNLS equation. In this latter
investigation the authors showed that an initially frequency-independent spectrum in
deep water tends to develop frequency dependence under the effect of near-resonant
interactions; evidence provided by both experimental data and numerical simula-

tions based on the BMNLS equation. As such, the present numerical results extend
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FIGURE D.1: Normalised ensemble-averaged wavenumber spectra, Sy, (kg,ky)/Syy(kp,0), of the
free waves for different evolution times corresponding to sea-states of %Hskp = 0.1052, v = 2.5
and o9 = 10°; (a)-(c) for k,d = 5.03, (D)-(F) for kpd = 1.28 and (G)-(1) for k,d = 0.87. From
left-to-right, (a), (D), (G) correspond to t = 0, (B),(E),(H) to t = 25T, and (C),(F),(1) to t = 60T),.
The contours follow a logarithmic spacing with levels: 0.95, 3-10~%, 10~', 3-10=2, 1072, 3-1073,
1073 and 3-10~* as moving away from the central wavenumber. The grey dashed line marks the

wavenumber, k, = k,, corresponding to the initial spectral peak period.
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the earlier findings of Toffoli et al. (2010b) and Simanesew et al. (2016) to finite
water depth, whilst ensuring that the simulations are not bandwidth-restricted.

In exploring the origins of these energy transfers, it is worth noting that the angle
of 35.26° of Longuet-Higgins (1976) corresponds to the angle for which the nonlinear
and dispersive terms in the NLS equation change sign. As such, for greater angles
modulational instability does not occur in a narrow-band setting. Hence, the spectral
broadening discussed by Longuet-Higgins (1976) expresses the process in which an
initially unstable random sea-state tends to transfer energy towards stable regions.
A process that could potentially explain the present results, despite that instabilities
are not prominent in a broad-band setting.

In addition, it is observed that there is an increase of the spectral energy in
ky < kp, whereas there is a decrease in k, > k, for small angles of wave propagation.
In seeking to explain this type of energy transfers, it is instructive to consider the
degenerate resonance loops of Phillips (1960) shown in Figure D.2. These resonance
loops correspond to the case where ko = ky = (k,, 0) in the usual resonance condition
of Equation 2.23 and can largely explain the energy transfers around the loops.
In more detail, wave components at (or very close to) the spectral peak, interact
resonantly (or near-resonantly) with wave-components, ks, laying on (or close to) the
right hand side of the loop. This interaction transfers energy to wave-components,
ks = 2ko — ko, that are anti-symmetric to ko with respect to the two axes of
symmetry of the loop (noted as k, = k, and k, = 0) and lay on the left hand side of
the loop (see also Figure 2.1).

However, it is noted that the resonance loop presented in each of the cases of
Figure D.2 is only one of many other possible loops corresponding to ko different
than the spectral peak. Nonetheless, the energy located around the spectral peak
is higher than in other areas of the spectrum. Therefore, the presented resonance
loop is shown to have a dominant effect on the energy transfers. Likewise, there
exist resonance curves for non-degenerate interactions (when three different wave
components interact to transfer energy to a fourth wave component) which lead to
energy transfers in other areas of the wavenumber domain. These are responsible for
energy transfers in angles different from the 35.26°.

Finally, the angle of maximum increase in the spectral energy was found to be

influenced by the initial directional spreading. In more detail, this angle was ~
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FiGure D.2: Energy movement in the directional wave spectra of Figure D.1, expressed as
ASyy ke, ky)/Syy(kp, 0), where AS,, (ke, ky) = Syy(kz, ky)lt=601, — Syn(kz, ky)|t=0. The different
sub-figures correspond to different effective water depths, with (A) for k,d = 5.03, (B) for k,d = 1.28

and (¢) for k,d = 0.87. Red-coloured contours refer to AS,,, < 0, while blue-coloured contours refer

to AS,, > 0. The contour levels follow a logarithmic spacing corresponding to values of £ [1071,
3102, 102, 3-10~3, 103, 3-10~4, 10~4], denoted with (— /— /—— /—— /—— /| —)
for positive values and with ( / / / / / ) for negative values. The
angle 35.26° of Longuet-Higgins (1976) is shown with (— — ) and the resonance loop of Phillips
(1960) is shown with ( ).

20, 31,39, 44,48 and 53° for gy = 5,10, 15,20, 25 and 30°, respectively, at the end of
the simulations. Moreover, this angle was largely independent of the effective water
depth and spectral bandwidth; the latter being already observed by Toffoli et al.
(2010b). However, a more detailed account of such transfers is beyond the scope of

the present investigation.
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D.3 Time-evolution of mean directional spread and

the effect of bound waves

In seeking to quantify the spectral changes observed in Figure D.1 the second-order
moment of the directional distribution can be considered (Hwang et al. 2000, Toffoli

et al. 2009 and Toffoli et al. 2010a). This is given by:

72028, (k,0)do

(k) = 22 . (D.1)
728, (k,0)d6

The mean directional spread of the sea-state, os,,, can be calculated by averaging
Equation D.1 across k. Notably, in adopting os,,, one recovers the standard deviation
o of the Gaussian DSF employed here. As such, the time-evolution of o9,,/0y can
give an quantitative indication on the importance of the spectral broadening observed
in Figure D.1. For this, two wave-number ranges for the evaluation of oy, were
considered. These correspond to f/f, € [0.5,3] and f/f, € [0.9,1.1]. The first range
includes the majority of the wave energy, excluding areas of the spectrum with very
small or even non-existent wave energy, whereas the second range corresponds to the
area around the spectral peak. The resulted evolution of the ratio os,, /0y evaluated
using the free-wave spectra for these two ranges is shown in Figure D.3 for the same
sea-states adopted in producing the results in Figure D.1.

In observing Figure D.3, it can be concluded that the spectral broadening in
the wide range of f/f, € [0.5, 3] is significant leading to evolved o9, of as much as
~ 18,16, 15° in k,d = 5.03,1.28 and 0.87, respectively, for an initial spreading of oy =
10°. While this is not the case for the distribution of energy around the spectral peak,
for which the mean directional spreading remains practically unchanged. The latter
is important in that it supports the relevance of the initial directional spreading,
when the statistics arising during the nonlinear evolution are considered.

Moreover, in considering the role of the bound-wave contributions on the direc-
tional properties, Figure D.3 includes also the evolution of oy,,/0s evaluated upon
the spectrum of the total free surface. In observing these trends, the mean angles
evaluated upon the range f/f, € [0.9, 1.1] are not affected by the inclusion of bound
terms; owing to the absence of bound terms in this region. While the mean angles

evaluated upon the range f/f, € [0.5,3] are only weakly affected by bound terms;
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the latter leading to the slight reduction in directionality of the order of 1 — 3% for
all evolution times and effective water depths.

Furthermore, it should be emphasised that the mean directional spreading has
not reached a steady-state value at the end of the present simulations. In this respect,
the analysis of Toffoli et al. (2010b) revealed that such a steady state is reached after
a duration of ~ 4007}, in deep water. To this end, the study of nonlinear evolu-
tion for such a long duration has not been attempted here due to (1) the excessive
computational requirements and (2) the main focus of the investigation being the
time-evolution of the crest-height statistics, rather than the spectral evolution it-
self. This is particularly supported by the fact that the crest heights statistics do

not appear to be influenced by the spectral evolution in the wide frequency range

(f/fp €10.5,3]).
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FIGURE D.3: Temporal evolution of the ratio oa,,/os for sea-states with %Hskp = 0.105, v = 2.5
and o = 10°. The lines (—o— /—0— /—o—) refer to the freely propagating part of the free surface
for f/f, € [0.5,3], the lines (—o— /—o— /—o—) refer to the freely propagating part of the free
surface f/f, € [0.9, 1.1]; while the markers (A/A/A) refer to the total free surface for f/f, € [0.5, 3],
and finally the markers (A/A/A) refer to the total free surface for f/f, € [0.9,1.1]. In all cases,
the colour ordering refers to k,d = 5.03,1.28 and 0.87, respectively. The horizontal line (—— ) is

added for reference and reflects no change in oo,.

Finally, the same qualitative conclusions have also been drawn for the full range
of sea-states presented in §4.3. It was observed that the relative increase in the mean
directional spreading evaluated in the range f/f, € [0.5, 3] becomes less intense with

an increase in directionality (as also noted in Xiao et al. (2013)) and decrease in
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spectral bandwidth. While the corresponding change in the range of f/f, € [0.9,1.1]
is minimal (< 8%) in all cases. The only exception refers to the sea-states of gy = 5°,
the spreading of which was increased by ~ 10 — 20% at the end of the simulations.
Nonetheless, this leads to a maximum effective directional spread of oy ~ 6°, which is
very close to the initial value (0 = 5°). Finally, the frequency-bandwidth parameters
v and ¢, were found to vary from the initial values by less than ~ 7% for all the
sea-states. Hence, the spectral broadening observed in k,d = 0.87 in uni-directional

seas (§3.6) was not reproduced in the directionally spread simulations.
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Statistical moments arising in

second-order sea-states

The present appendix aims to verify the applicability of Equation 4.4 in predicting
the skewness arising within second-order random wave simulations of broad-banded
directional sea-states. As well as the applibability of existing narrow-band second-
order theoretical solutions on the relation between the skewness and bound kurtosis.

These two aspects are discussed in §E.1 and §E.2, respectively.

E.1 On the performance of Equation 4.4 in predict-

ing the skewness

Before assessing the predictive performance of Equation 4.4 for second-order sea-
states, it should be noted that, within the second-order theory, the nominator of the
expression that defines the skewness (A3 = E[1*] /7)), the free-surface variance, does
not remain unchanged with respect to the linear one. Following Tayfun (1994), the

variance of the total second-order free surface is given by,

o'} = B[] = B[(W)?] + B[(n®)?] =

1 oo poo 2w 2T 3
=gt [T Sunlecs 0 Sun(us, 0 [(AS)? + (A7 )60
(E.1)
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with the second term in the summation being always positive. In Equation E.1,
n) is the linear part of the free surface (Equation 2.13) and n® is the second-
order part (Equation 2.18). Moreover, my is the zeroth spectral moment, S,, (w, 8) is
the directional wave spectrum and A;? refer to the second-order interaction kernels
between pairs of interacting wave components ¢ and j (see Equation 2.18). This
change in the variance signifies a change in the available wave energy, which is not
a physical phenomenon. To this end, as indicated by Janssen (2009) using the
Zakharov equation, the free-surface variance remains unchanged and equal to myg
in the presence of nonlinear effects beyond second-order. Consequently, caution
should be paid in adopting the appropriate measure for the variance at each order
of nonlinearity:.

To assess the applicability of Equation 4.4 for second-order sea-states, an exten-
sive set of 120 directional sea-states were simulated using SORWT; with the sea-state
parameters laying in the ranges k,d € [0.87,5.03], o € [5,30] and ~ € [1,5]. In more
detail, for each sea-state the ensemble-averaged skewness from 50 ~3-hour random
records sampled at 12.8Hz (full scale) was calculated; each record corresponding to
a different set of random phases, amplitudes and directions.

To obtain such an extensive set of simulations, an acceleration procedure was
conceptualised and implemented to evaluate the second-order free surface. This
procedure circumvents the need to evaluate computationally intensive double sum-
mations of the form of Equation 2.18, and it is described in Appendix F. Based on
this approach, the computational time for evaluating the free surface for a single
random seed of ~3-hours duration is as low as ~ 2.5s; in an HP Z400 workstation
using standard MATLAB routines. While the required computational time for the
entire set of simulations was only ~ 4h.

In addition, to account for the effect of the (small) sample variability, the ensemble-
averaged skewness of the underlying linear free surface (which, in theory, is zero)
was subtracted from the ensemble-averaged skewness of the total second-order free
surface. Based on this approach, the nonlinear ensemble-averaged skewness from
50 random seeds coincided with the values from 200 random seeds; for which the

ensemble-averaged skewness is converged to > 99.5%!. Finally, the numerical eval-

Lthe convergence being assessed in terms of the relative difference between the mean skewness
from 150 and 200 seeds
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F1GurRE E.1: Comparison of the time-and ensemble-averaged skewness arising from SORWT simu-
lations to the analytical predictions of Equation 4.4 to predict the skewness parameter (Az). (A)
refers to sea-states of %Hskp = 0.105 and oy = 10° for varying effective water depth, k,d; with
the lines (- - -/- % -/- k- -) referring to SORWT and ( / / ) to the predictions
of Equation 4.4 for v = 1.0,2.5 and 5.0, respectively. (B) refers to comparisons for the full set of
120 simulated sea-states; with ( @ ) denoting predictions incorporating the change in free-surface
variance predicted by Equation E.1 and ( @ ) that do not. While, the diagonal line (— — ) defines

perfect agreement.

uation of both Equations 4.4 and E.1 was found to not be sensitive to the spectral
resolution, and the evaluation of the skewness based on SORWT time records was
insensitive to an increase in the sampling rate.

Figure E.1 presents comparisons between the numerical (Equation 2.57) and an-
alytical results (Equations 4.4 and E.1). Specifically, sub-figure (A) presents compar-
isons for sea-states of %Hskp = 0.105, g9 = 10°, v = 1,2.5,5 with varying effective
water depth k,d; these sea-states coinciding to those presented in Figure 4.17, al-
beit with the latter simulated using SORWT. These comparisons demonstrate that
Equation 4.4 in conjunction with Equation E.1 performs very well in predicting the
measured skewness. However, a small over-prediction is observed, which increases
with a reduction in the effective water depth and increase in spectral bandwidth.
Indicatively, this over-prediction is of the order of 1% in k,d = 5.03 and 5% in
k,d = 0.87 for v = 1. This increase in the error with increasing spectral bandwidth
and effective water depth is in line with the corresponding increase of the slopes
onW /ot and Vn)| respectively. Hence, it can be attributed to the leading order

truncation of the theoretical solution. However, to be certain about the origins of the
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observed errors, the accuracy of Equation E.1 in predicting the free-surface variance
needs to be assessed as well. To this end, unlike Equation 4.4, the evaluation of
the variance based on Equation E.1 is exact, with the maximum relative deviation
between the measured values from time traces and Equation E.1 being only 0.075%.
As such, the error associated with the free-surface variance is deemed negligible.
Taking into account the full set of sea-states, Figure E.1(B) presents the measured
vs the calculated skewness. Specifically, the markers in green refer to predictions that
do not include the change in the free-surface variance and the markers in blue refer to
predictions that include it. It is shown that the difference between the two approaches
becomes larger for increased values of the skewness. These are associated with the
shallowest cases, k,d = 0.87, for which the increase in variance is in the order of
3%. The comparisons given on Figure E.1(B) indicate that including the change
in variance is essential for a more accurate prediction of the skewness arising from
SORWT. As the blue markers lay reasonably close to the perfect fit, and the green
lay further apart. Therefore, based on the above, Equation 4.4 performs very well
in predicting the skewness arising from SORWT simulations, as long as the change in

variance is accounted for.

E.2 On the relation between the skewness and kur-

tosis

As mentioned in §4.6.2 the identification of the relation between skewness and kur-
tosis can be of practical interest. In the context of second-order theory and for
narrow-banded long-crested waves Marthinsen & Winterstein (1992) have shown
that the second-order contribution to the bound kurtosis in deep water is given
by A, = 4/3X\3. As such, it is worth exploring if the quadratic relationship of
Marthinsen & Winterstein (1992) holds for realistic bandwidth directional second-
order sea-states; this represents an intermediate step before exploring the fully non-
linear problem in §4.6.2.

Figure E.2 presents the measured bound kurtosis vs the measured skewness aris-
ing from the 120 simulated sea-states using SORWT; the latter described in the context
of Figure E.1. More specifically, the three sub-figures comprising Figure E.2 refer to

the same data, but with the markers coloured according to different sea-state param-
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FicUure E.2: Bound kurtosis against measured skewness arising from SORWT simulations for 120
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added for reference.
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eters. Namely, in sub-figure (A) the markers are coloured according to the value of
the effective water depth k,d, in (B) according to the degree of directionality, oy, and
in (C) according to the peak enhancement factor, . In all sub-figures, the theoretical
solution of Marthinsen & Winterstein (1992) is also added for comparison. Taking

the different sub-figures together, the following points are observed:

o The relationship between the skewness and the bound kurtosis for broad-

banded directionally spread seas is largely quadratic.

o The theoretical solution of Marthinsen & Winterstein (1992) performs well in
predicting the bound kurtosis for k,d > 1. However, for k,d < 1, it under-

predicts the numerical data.

» The scatter of the data for k,d < 1 can be explained by the different directional
spreads considered. In contrast, the effect of spectral bandwidth appears to be
less important. This scatter originates from the rapid increase of the second-
order difference terms with a reduction in directionality. As a result, this
increase ultimately leads to a reduced skewness with reducing directionality.
This, in turn, disrupts the one-to-one relationship between the skewness and

bound kurtosis.

However, despite the noted discrepancies, the theoretical solution of Marthinsen &
Winterstein (1992) is able to provide an estimate of the second-order contribution

to the bound kurtosis.
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Acceleration method for obtaining

the second-order free surface

The evaluation of the free-surface elevation using the second-order random wave
theory of Equation 2.18 can be a very computationally intensive task when random
sea-state statistics are sought. More specifically, following a direct evaluation of the
summations involved in Equation 2.18, the order of computation is O(N?), where
N is the number of spectral wave components. In the following discussion, a simple
methodology for reducing the computational cost to O(2N) is presented. This is
based on a simple algebraic manipulation prior to evaluating the time-series of the
second-order free surface.

Following the discussion in §2.2.2, the evaluation of the total second-order free
surface, in any given location, involves the computation of the following summations

(following a complex notation):

1 N N
n(2)+(t) = %[Z Z aiajA;; exp(—iw;;t)]
i=0 j=0 F 1)
77(2)—(15) = §R[Z 2 ZO a;a; Ay exp(—iw;t)],
1=0 j=

where 7% (#) is the sum-frequencies second-order elevation and 7~ (#) is the difference-
frequencies one. While, w;; = w;+w; and w;; = w; —w; refer to the sum and difference

frequencies respectively.
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The bottleneck in computing the above double summations is that the term
involving the time vector, ¢, (exp(—iw;; t)) has to be evaluated N? times, as many
times as the number of the involved interactions. However, in considering the full
set of sum and difference frequencies involved in the summations of Equation F.1,
for equally spaced frequency discretisation of frequency increment, Aw, the sum and

difference frequencies are not unique.

+7_
(]
Equations F.2 and F.3 and appearing in Equation F.1. In more detail, by considering

This can be illustrated by considering the frequency matrices w;;’, shown in
for example two interacting wave components of w; = 2Aw and w; = 3Aw, the

frequency of the sum term is w;; = bAw. Now, taking into account two different

interacting components of w; = 1Aw and w; = 4Aw, the sum term is again wi'; =
5Aw. Thus, considering the entire set of interactions among the N? elements of the

matrices F.2 and F.3, there are only 2N unique elements for each matrice that are

repeated.
+ + + +
Woo Wo1 Wo2 - Won Wo W1 [03)) c. WN
+ + + +
+ + + + =
WQO CUQl CL)22 e wQN wWa Ws Wy . e WN+2 (F2)
+ + + +
Wno W1 Who - Wy WN WN+1 WN42 .. Wa N
and
Woo Wo1  Woa .- Won Wo W-1 W_2 ... W_N
Wig Wyp Wig ... Wiy w1 Wo Ww_1 ... Wi_N
Wy Wa Wy Won | T |w2 Wi wo Wa_N | > (F.3)

where w; = iAw.
By making the above observation, the amplitudes of the second-order compo-

nents, iaiajA;;’_, corresponding to the unique frequencies [wo,wy, - - - wan| for the
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sum terms, and [w_n,w_pn41, - -wy] for the difference terms can be summed before

calculating the time-dependant part of Equation F.1, according to:

1 N N
n Z Z Z CLjA;;AiJrj,n n = 0, 1, 2, 3, 4, ey 2N
i=0 j=0
. (F.4)
ZZ Aij .y n=-N,—N+1,..,0,1,...,N,
1=0 j=0

»Jk\r—l

where A, is the Kronecker delta and it is equal to 1 for e = 0 and equal to 0 otherwise.
As such, given this simple consideration the double summations in Equation F.1

can be replaced by following single summations:

n™(t) = R[DY_ By exp(—iwyt)]
o (F.5)
n(t) =RN[ ;N B, exp(—iwyt)].

This simplification not only reduces the number of the required summations, but
also enables the use of the inverse Fast Fourier Transform algorithm for evaluating
the expressions in Equation F.5.

Moreover, the above procedure can be adopted for other types of second-order
quantities: such as the second-order kinematics, second-order radiated/diffracted
wave-fields arising from the interaction of waves with floating structures and their

second-order forcing or motion response (see, for example, Kim & Yue (1990)).
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On the applicability of the

Gram-Charlier series

Whilst Chapter 5 presented a novel crest-height model that is fully predictive and ac-
curate, the accuracy of the most common alternative higher-order crest-height model
based on the Gram-Charlier series (see §2.3.3) is assessed in the present appendix.

This investigation was carried out prior to devising the new model. It was con-
sidered essential owing to both popularity of the Gram-Charlier series and their
potential suitability in representing higher-order crest-height distributions. As such,
the assessment of the Gram-Charlier series crest-height model served as initial guid-
ance as to whether it would be worth devoting further efforts into casting its predic-
tions entirely predictive. Or whether an alternative approach was required to model
the third-order nonlinearity effectively. To this end, the applicability of the Gram-
Charlier series was assessed for the full set of sea-states presented in Chapters 3 and
4. This presents the widest assessment of the model to date.

Furthermore, the crest-height predictions of the Gram-Charlier series model in-
volve the assumption that third-order nonlinearity characterising the wave crests is
identical to the third-order corrections to the envelope of the free surface. Whilst
this argument is valid for narrow-band waves, its applicability to broad-band waves
is questionable. Hence, here the Gram-Charlier series is first applied in its simplest
form in §G.1, referring to the statistical description of the free surface itself, for which

the effect of spectral bandwidth is not involved in any assumption underpinning the
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theory. Following on, §G.2 assesses the Gram-Charlier series ability to capture the

magnitude of the crest heights.

G.1 Probability density function of the free surface

Following Longuet-Higgins (1963), the starting point for devising the Gram-Charlier
representation of the probability density function (PDF) of the nonlinear free surface

is based on the expression of the free-surface elevation according to,

Zaz@ 59D MRS 3 9 ST F Ao (G.1)
=1

i=1j5=1 i=1j5=1

where ¢; are symmetric independent random variables and [a;, b;, Ej, ¢, €, ¢ are
constants. Whilst this representation of the free surface incorporates third-order
effects, it does not include the coupling of the free-wave components.

Longuet-Higgins (1963) have shown that the PDF of 7 given in Equation G.1 can
be expressed as,

! _lﬁ[1+1)\H+(1)\ Hy+ A
e 2 mq — JR—
27/ Mo 38 T g MO T g

6
where my is the free-surface variance, A3 is the skewness of 1 and Ay is the kurtosis

p(n) = NH)+.], (G2

of n. Finally, H; are the Hermite polynomials given by,
=f3—3f, Hy=f"'—6f>4+3, Hs=fC—15f"+45f%—15, (G.3)

where f = n/,/mg. As should be the case, for A3 = 0 and Ay = 0, one recovers the
the Gaussian distribution.

To assess Equation G.2, Figure G.1 concerns the comparison between predictions
based on Equation G.2 with PDFs obtained from HOSM simulations. In more detail,
these comparisons refer to the steady-state part (¢ = 557,,) of nonlinear evolution
for uni-directional sea-states of %Hsk:p = 0.105 and k,d = 5.03,1.28 and 0.87. This
enables to test Equation G.2 in situations where significant nonlinear focusing (k,d =
5.03), defocusing (k,d = 0.87) and neither (substantial) focusing nor defocusing is
observed (k,d = 1.28). While in applying Equation G.2, the values of the statistical

moments were obtained directly from the free-surface measurements.
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More specifically, the left column of sub-figures (sub-figures (A), (C) and (E))
refers to the free-waves part of the free surface and the right column (sub-figures
(B), (D) and (F)) to the total free surface. Moreover, each row corresponds to a
different effective water depth, with (A) and (B) referring to k,d = 5.03, (C) and
(D) to k,d = 1.28, and (E) and (F) to k,d = 0.87. In each sub-figure, the (linear)
Gaussian distribution is also added for reference and all distributions are normalised
by the H, of each sea-state.

In observing Figure G.1, firstly, it is interesting to note that the PDF of the free
waves is symmetric to the zero (mean) elevation, revealing that the near-resonant
interactions affect both the positive and negative elevations in the same manner.
This observation has perhaps important consequences for the trough-to-crest wave
heights. The present results highlight that attenuation in the wave heights compared
to commonly employed weakly nonlinear distributions in the defocusing regime can
originate from the effect of near-resonant interactions, in addition to the effect of
wave breaking; the latter noted by Karmpadakis (2018).

Considering the comparisons presented in sub-figures (A), (C) and (E), Equation
G.2 is shown to predict the PDF reasonably well even if wave dynamics are not
explicitly accounted for in its derivation. Interestingly, it is shown that a non-zero
value for the kurtosis, in conjunction with a zero value for the skewness, leads to
symmetric with respect to n = 0 changes in p(n). However, in k,d = 5.03, the
magnitude of both the highest and lowest elevations is somewhat under-predicted.
Whereas in k,d = 0.87 the values of the PDF are negative at the highest absolute
elevations. In fact, this is a known potential issue in applying Equation G.2, as
discussed in Huang & Long (1980) amongst others.

Taking into account the PDF of the total free surface, sub-figures (B), (D) and (F)
show comparisons of both Equation G.2 and the second-order solution of Socquet-
Juglard et al. (2005). The latter shows symmetric increase of both positive and
negative elevations, whereas the former does not; owing to the effect of third-order
nonlinearity. It is shown that the negative elevations, which are affected by both
second-order bound waves and third-order near-resonant interactions, are predicted
very well by the Gram-Charlier series (Equation G.2). While Socquet-Juglard et al.
(2005) fails to predict the magnitude of the negative elevations, especially when

nonlinear focusing or defocusing is important.
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FIGURE G.1: Comparison of the probability density function of the free surface, p(n), arising from
) to the Gram-Charlier series (— — ) predictions based on

HOSM simulations ( / /
Equation G.2. The comparisons refer to uni-directional sea-states (o9 = 0) of %Hskp = 0.105 and

v = 2.5 at steady state (¢t = 55T,) in effective water depths of k,d = 5.03 ((A) & (B)), kpd = 1.28
((¢) & (D)) and kpd = 0.87 ((E) & (F)). The left column refers to the dynamic part of the free
surface, while the right column to the total free surface. The (linear) Gaussian distribution (——)

is also added for reference in all sub-plots.
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However, Equation G.2 under-predicts the positive elevations for k,d = 1.28 and
5.03, especially in deep water (k,d = 5.03) for which energy focusing is present.
These results reveal that the contributions to the positive elevations from bound

waves are not predicted well by Equation G.2. A potential explanation for this is:

1. the presence of fourth-order bound terms that, whilst are accounted for in
the measured values of skewness, they are not represented appropriately by

Equation G.2,
2. the coupling of the bound terms to the underlying free waves and

3. the bound kurtosis and dynamic kurtosis not affecting the free-surface elevation
in the same way. Hence, they can not be represented by the same factor, i.e.

the total kurtosis.

The last point (point (3)) directly relates to Figure 3.34, where the bound contri-
bution to the kurtosis (affecting the positive elevations) has been shown to relate
to more significant increases in the crest-heights than the dynamic kurtosis. More
specifically, it was shown that the effect of dynamic kurtosis on the crest-height am-
plification is ~ 1/3 of the equivalent effect of the bound kurtosis. To this end, for
k,d = 1.28, for which wave dynamics are not important, the under-prediction of the
positive elevations probably relates to points (1) & (3) above.

Finally, the Gram-Charlier series are found to capture very well the entire PDF for
k,d = 0.87. However, with the assumptions underpinning the derivation of Equation
G.2 being clearly violated, this agreement is believed to be merely due to the negation
of the terms involving \jo and A2 in Equation G.2.

Having identified some key features of the performance and limitations of the
Gram-Charlier-series PDF predictions, next, the Gram-Charlier-series crest-height

predictions are assessed.

G.2 Crest-height exceedance distribution

The exceedance probability of crest heights according to the Gram-Charlier series
was presented in §2.3.3. To this end, it was highlighted that the model requires the
values of the skewness, A3, and the fourth-order normalised joint cumulants between

the free surface and its Hilbert transform: Ms, Age, and Ags (see Equation 2.57).
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These fourth-order cummulants are used in the evaluation of the parameter A (see
Equation 2.53) according to A = Ao + 2Xa2 + Aos-

However, for simplification, in some studies (for example Tayfun & Fedele (2007)
and Fedele et al. (2016)), the narrow-band approximation A,,, = 8A4/3 has been
used, which only depends on the total kurtosis, A\y9. To this end, Mori & Janssen
(2006) have shown analytically that for the dynamic part of the free surface, the two
parameters coincide: Ay, = A. Hence, any difference between the two originates
from bound-wave contributions. Building upon these considerations, it is worth
clarifying the relationship between A and A,y,. Particularly, for the dynamic part of
the free surface, which will enable to explore whether the theoretical considerations
of Mori & Janssen (2006) hold. This will serve as an additional means for verifying
the effectiveness of separating the free waves from bound waves.

To this end, Figure G.2 contrasts the ensemble-averaged values of A and Ay, at
steady state ! for all available evolution times arising from the entire set of HOSM
simulations presented in Chapters 3 and 4, comprising a set of 84 sea-states. Specif-
ically, sub-figure (A) presents the comparison between A and A,,, for the free waves,
referred to as A? and Affpp, respectively. It is shown that the two parameters are in
excellent agreement, in line with Mori & Janssen (2006). Following on, sub-figures
(B) and (C) present comparisons for the total free surface. These sub-figures present
the same set of comparisons, the difference between the two being the colouring of
the markers. In more detail, in sub-figure (B) the markers are coloured according
to k,d, while in sub-figure (C) they are coloured according to oy. In considering the
results presented in the two sub-figures, it is first shown that no clear relationship
between A and A, exists, as the points are scattered. This scattering becomes more
significant in the shallowest effective water depths (k,d < 1), and it is induced by the
inclusion of a wide range of directional spreadings, as shown in sub-figure (C). De-
spite the observed scatter, Ay, is systematically larger than A; the average difference
between the two being ~ 0.08. This observation is in line with similar comparisons
conducted by Cherneva et al. (2009) and Cherneva et al. (2013) for a limited number
of sea-states in deep water. While it contradicts the notion that A < A,,, based on

second-order theory (Tayfun & Lo, 1990). This arises due to the effect of third-order

Specifically, for ¢ > 45Tp for the uni-directional sea-states and for ¢ > 107, for the directional
sea-states

386



ON THE APPLICABILITY OF THE GRAM-CHARLIER SERIES

1 2 3 4 5 0 10 20 30
2
7 2 — 2
i . D 2
1.5 7 15 S 1 N2
v v ) <
e i s
1 /f 1 7 1 ‘,.4
o D P I 7
5% a4 Ts 05 f’/’ TS 05 /
< < = § 4
0 0 0 //
0.5 0.5 /I 0.5 /l
o o
1 -1 1
1 05 0 05 1 15 2 -1 05 0 05 1 1.5 2 1 -05 0 05 1 15 2
At Al-] Al-]
(4) (®) ()

FIGURE G.2: Comparison between A and Ay, for the full set of available HOSM simulations. (A)
refers to the dynamic part of the free surface, while (B) and (C) refer to the total free surface. In
(B) the markers are colored according to kpd and in (C) according to og. In all sub-figures, the

diagonal line (— — ) refers to one-to-one relationship, signifying perfect agreement.

bound contributions. Importantly, the differences between A and A,,, indicate that
the choice of A over A,,, could potentially lead to different crest-height predictions.

Following the preliminary analysis regarding the parameter, A, Figure G.3 con-
cerns the performance of the Gram-Charlier series crest-height predictions. These
predictions have been obtained on the basis of both A and A,p,. While their per-
formance is assessed through comparisons to crest heights arising from both uni-
directional (oy = 0) and directionally spread (oy = 10°) HOSM simulations of sea-
states with 1/2H.k, = 0.105 and v = 2.5 at k,d = 0.87, 1.28 and 5.03. The
sub-figures at the left-hand side refer to 0y = 0 and the sub-figures on the right-hand
side to oy = 10°. All crest-height distributions refer to the steady-state part of the
nonlinear evolution. The uni-directional results were obtained at ¢t = 557, and the
directional results at ¢ = 257,.

Considering first the uni-directional sea-states, the Gram-Charlier series are shown
to under-predict the crest heights laying at the tail of the crest-height distribution for
all effective water depths, similarly to the comparison of the PDF in Figure G.1. How-
ever, this under-prediction appears more intense in the shallowest case of k,d = 0.87
for the crest heights than the PDF. This is explained by the negative values of the
fourth-order cumulants, which, unlike Equation G.2, solely account for the effect
of third-order nonlinearity on the crest heights. Hence, the observed discrepancies
largely originate from the assumptions underpinning the derivation of the Gram-
Charlier series in the first place and not the derivation of Equation 2.53 itself.

Considering the comparisons of the directional sea-states, the Gram-Charlier pre-
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while the right column to directionally spread sea-states of g9 = 10°. From top to bottom, (A)
& (B) refer to in effective water depths of k,d = 5.03, (¢) & (D) to k,d = 1.28 and (E) & (F) to
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dictions are more accurate than in the uni-directional sea-states. This arises due to
the reduced effect of the near-resonant interactions. However, the predictions using
A are shown to lay consistently below the numerical data. To this end, it is interest-
ing to note that the difference in the predictions obtained using A,y, over A is not
significant, with the predictions based on A,y, laying slightly above the predictions
based on A. This leads to an agreement between predictions and numerical data for
k,d = 0.87, for which the difference between A,,, and A is the highest. Despite this,
the predictions based on Ay, still lead to the underestimation of the crest heights in

deeper effective water depths.

90 T T T T T

80 | T IR
70 L o =0 |
60 + .

ot
o
T
1
1

Occurances [—]
B
o
T
i
]
1

30| 1 ]
20 F E
10 + |_1 4
0 1 = L 1
-0.2 -0.1 0 0.1 0.2
Deviation, T[]

e
FIGURE G.4: Histogram of relative deviation, (1., — 7c.s)/Nc,s, between the crest heights corre-
sponding to an exceedance probability level of ) = 103 obtained from the Gram-Charlier series

crest-height model and from HOSM simulations.

To present an overview of the performance of the Gram-Charlier-series crest-
height predictions, Figure G.4 presents the histogram of the relative deviation ! of
the Gram-Charlier series predictions to the numerical data arising at an exceedance
probability level of QQ = 1073 for all available 84 sea-states and for all evolution times
belonging to the steady-state part of nonlinear evolution. It is shown that apart from
a small portion of the data which are slightly over-predicted (corresponding to the
sea-states of the lowest steepnesses), the Gram-Charlier series consistently under-
predict the numerical results, for both uni-directional and directionally spread sea-

states. Indicatively, the mean deviation for the steepest sea-states of %Hskp =0.105

ldefined by (Me,p — Me,s)/Me,s » Where 1., refers to the Gram-Charlier-series prediction and 7.
to the numerical data.
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is ~ —8% for oy = 0 and ~ —3% for op > 0. While the maximum absolute deviation
for the same set of sea-states is ~ 13% for o9 = 0 and ~ 7% for oy > 0. Interestingly,
the magnitude of the deviations presented in Figure G.4 is significantly larger than
the deviations arising from the HOE-EANN predictions (Figure 5.23(A)), confirming

the outperformance of HOE-EANN in relation to the Gram-Charlier predictions.
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Short description of additional

meta-models

The present appendix is devoted to the description of the Gaussian Process Emulator
(GPE) and Support Vector Machines (SvM) for regression meta-models used in §5.2.2.
This is a short desciption of the methods and it is provided for completeness. More
information can be found in the references provided herein and in the main text. In
§H.1 the GPE is introduced, followed by §H.2 where the sVM is presented. It is noted

that the adopted mathematical notation applies to each section individually.

H.1 Gaussian Process Emulator

A Gaussian Process Emulator (GPE) is a meta-model that is formulated on the basis
that a joint Gaussian distribution links the output data used for its training and the
GPE predictions.

The functional form of a GPE with input variables x = [z, %9, ..., xy] (/N being

the number of input variables) and output y is given by:
y(x) = BT (x) + o Z(x), (H.1)

where, unlike other meta-models, the output is a probabilistic quantity.

The first term in Equation H.1 represents the mean trend (E[y]) and the second
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term the variance (Varly) associated with the predictions. This variance reflects the
uncertainty due to the limited number of data points used in training the GPE. Con-
sequently, the variance at the training data points is zero, whereas it increases as one
moves away from the training data points. However, if the meta-model predictions
are to be used in a deterministic fashion, the mean trend should be adopted.

The mean trend consists of the multiplication of the regression coefficients 8 =
(1, B2, ..., Bp| and the basis functions f = [f1, fa, ..., fp]. The regression coefficients
are determined during the training process. While the functional form of the basis
functions is pre-selected by the user. To this end, a common choice for the basis
functions is polynomials of a selected order, and it has been adopted in the present
study.

The variance of y results from the multiplication of o2, which is the variance of
the GPE and has a constant value, with the zero-mean unit-variance stationary Gaus-
sian process Z(x). The latter is defined by the covariance matrix Cov[Z(x), Z(x')] =
R(x,x’;0), which describes the correlation between two input data points x and x’.
Moreover, R represents a correlation function family defined by the hyper-parameters
0 = [01,0s,...,0N]. The functional form of the correlation function family is deter-
mined by the user and the hyper-parameters 8 are defined during the training.

Based on the above, the correlation matrix between the outputs of the training

data set yr = [y1, Y2, ..., ynr] and the output of a new prediction, y, is defined by,

1 rf(x)
Cly,yr) = (H.2)
r(x) R
where
e r = [r,ry,...,ry| refers to the vector of cross-correlations between the in-

put vector x of a new prediction with each one of the input vectors xr;

(1=1,2,..., M) used in the training, and it is given by r; = R(x7;,x;6)

e R is the correlation matrix between all input vectors of the training dataset

with elements, R;; = R(xr;,xr;;0) 1,7 =12,...,M.

Following the above formulation, the mean and variance of the GPE prediction
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can then be calculated according to (Rasmussen & Williams, 2006):

Ely) =£(x)"8 +r(x)"R™(yr — FB)

- (H.3)
Varly] = o* (1 —rT(x)R'r(x) + u’ (x) (FTR’lF) u(x))
where
u(x) = F'R 'r(x) — f(x) (H4)
8= (F'R™'F) F'Ry; (HL5)
and
0% — AZ(yT ~F8) R\(yr — FB). (H.6)

While F is the matrix whose elements are F;; = fj(xr;) ¢ = 1,2,..,M, j =
1,2,..., P.

Thus, both the mean trend and the variance depend upon the hyper-parameters 0,
which are optimised to minimise the leave-one-out cross-validation error (see §5.2.2).

In the course of the present analysis, the numerical implementation of GPE de-
veloped by Marelli & Sudret (2014) was utilised. Different combinations of basis
functions, correlation function families and optimisation algorithms were trialled for
training the GPE. These formed a full matrix of possible combinations and the re-

sulted optimum configuration is reported in Table H.1.

TaBLE H.1: Characteristics of the GPE configuration. Where HCMAES refers to Covariance
Matrix Adaptation - Evolution Strategy (CMA-ES, Hansen & Ostermeier 2001) followed by a

gradient descent optimisation algorithm.

Basis function type Linear
One-dimensional correlation function type Matern 3/2
Multi-dimensional correlation type Unisotropic separable

Leave-one-out

Error measure for the hyperparameters optimisation c 1.
cross-validation

Hyper-parameters optimisation method HCMAES
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H.2 Support Vector Machines for regression

Unlike the GPE, the Support Vector Machines (Svm) for regression provides only a

mean trend. The general form of the SVvM predictions is given by,
y(x) = W H(x) + b, (1.7)

where w is a vector of weights, b is an offset, x is the vector of input variables
X = [x1,Z9,...,2x| and H is a mapping function; the latter introduced to account
for nonlinearity between inputs and outputs. In the case that H(x) = x, Equation
H.7 represents the solution to a standard linear multivariate regression problem.

However, the formulation of the sVM methodology presents some important dif-
ferences to a classic regression analysis. This stems from the introduction of the so-
called e-insensitive loss function, [. During the calibration of the SvM model, based
on a set of inputs xr = [X11,Xr2, ..., X7 m| and outputs yr = [yr1, yr2, ..., yr.m), this
function leads to the penalisation of a point ¢ only if its distance from the prediction
y(x7;) is higher than e. An illustration of this procedure is provided in Figure H.1.

In considering Figure H.1(A), the points laying between the blue dashed lines
are not penalised (or in other words considered in the loss function). In contrast,
points laying outside these curves are penalised. Thus, the SVM regression gives more
weight to ‘outliers’ when compared to a standard multivariate regression analysis.
This ensurs a better generalisation performance (Cristianini et al., 2000). The the
loss function is then applied to the so-called slack variables &, £*, as shown in Figure
H.1(B). These variables refer to the distances of the points to be penalised from the
e-insensitive ‘tube’. The latter refers to the edges of the volume between the blue
dashed lines in Figure (A).

Based on the above, the optimisation problem to be solved is formulated according

to:
N
min [l + O 1(€) +1(8)), (H8)

=1
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Yti

Ut

Loss function, [

FIGURE H.1: Illustration of the principal elements of the SvM formulation. (A) shows the prediction
trend ( ), the limits of the e-insensitive ’tube’ (— — ), the training points ( ® ), the e-insensitive
width (e) and the slack variables £ and £*. While (B) shows how the loss function ( ) is applied

upon the slack variables.
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subject to the following constrains:

yri — w H(xr;) — b < e+§
w H(x7;) +b—yr; <e+& (H.9)

Where C' > 0 is a factor that regularises the contribution from the penalised terms.
This constraint optimisation problem is more easily solved when it is expressed

in its dual form, i.e. when a Lagrange function is constructed according to:

M
Lw,b,6,€) = lIwll + Do 1(6) +1(€)
=1

M
— > (ki&i + K7€)
i=1
M
— Y (e + & —yrg + W H(xp;) +b)
i=1

(H.10)

where o, o, k; and k] > 0 are Lagrange multipliers.
Solving for the saddle point of L (i.e. for VL = 0) leads to the following optimi-

sation problem to be solved:

1 M

max — o 37 (o — af) oy — a)@(xr) B(xr)
ij=1
M
—eY (i +af)
]\2:1 (H.11)
+ 2 yri(oi + af)
zflM
+CY T(&) +T().
=1

Subject to:

> (i —af) =0, (H.12)

where the variables x; and ! have been eliminated (see Smola & Scholkopf 2004)

and T'(&) = 1(§) —£0:1(€). The solution to the above optimisation problem is usually
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solved based on an interior-point optimisation algorithm, resulting to the optimum
coefficients a; and o (and b).

Based on «; and a}, the SvM prediction of Equation H.7 can be reformulated into

(Smola & Scholkopf, 2004),

y(x) = Z(O‘i —af)®(x7,) " ®(x) +b. (H.13)

i=1
While, in practice, the inner product ®(xr;)?®(x) is defined by a basis or kernel
function k(xr,,x;6;) 6; = [601,0,,...,0y]. This should be positive and satisfy the
so-called Mercer’s conditions (see Smola & Schélkopf 2004).

It is interesting to note that the coefficients a; and o are non-zero only if the
point x; is penalised: i.e. if it lays beyond the ¢ margins (Figure H.1). This implies
that o; and o cannot be non-zero simultaneously, as the output or response yr;
associated to x; lays either above or below y(x;). A such, the points for which either
a; or o are non-zero are referred to as support vectors and «; or o as support vector
coefficients.

In considering the above, the e-insensitive width, the regularisation factor C' and
the parameters 6 associated with the basis functions are free variables and consist
of the hyper-parameters of the problem that ought to be optimised. In the present
analysis, the SVM implementation provied by Marelli & Sudret (2014) was adopted.
In applying this, different different loss function types (linear and quadratic), basis
function types and optimisation algorithms were utilised. The optimum configuration

resulted from this investigation is reported in Table H.2.

TaBLE H.2: Characteristics of the svM configuration. Where HCMAES refers to Covariance
Matrix Adaptation - Evolution Strategy (CMA-ES, Hansen & Ostermeier 2001) followed by a

gradient descent optimisation algorithm.

Property Selection
Loss function for penalization of deviations Linear

Basis function type Matérn 3/2
Solver for evaluating the support vector coefficients Interior-point

Leave-one-out

Error measure for the hyper-parameters optimisation o
cross-validation

Hyper-parameters optimisation method HCMAES
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Range of validity of the Ensemble

Artificial Neural Network predictions

The base for the HOE-EANN crest-height predictions, defined in Chapter 5, is the
prediction of the statistical moments of skewness, bound kurtosis and dynamic kur-
tosis based on the Ensemble Artificial Neural Network (EANN) approach. As is the
case for any model calibrated based on a finite set of data, it is crucial to define
the range of validity of the predictions. To this end, the data used for the training
of the EANN were generated using HOSM and cover the range k,d € [0.87,5.03] and
$Hk, € [0,0.105]; with different directional spreadings (cg) and spectral bandwidths
() being employed. As such, if the HOE-EANN model is to be used outside these
limits, EANN has to extrapolate or generalise reasonably. In §5.3.2 it was shown
that indeed EANN generalises very well when applied to lower (k,d = 0.8) and higher
(kyd = 8.0) effective water-depths.

In assessing the generalisation of the EANN predictions for an even wider range
of conditions and specifically for k,d < 0.8 the trends of the moments in this re-
gion can be considered. Specifically, the skewness parameter should exhibit a linear
variation with an increase in the steepness (Mori & Janssen 2006, Tayfun 2006), the
bound kurtosis should exhibit a quasi-parabolic trend (Mori & Janssen 2006) and
the dynamic kurtosis, a quasi-linear trend according to Figure 4.8(A).

To this end, Figure 1.1 presents the variation of the statistical moments with

increasing sea-state steepness for different effective water depths in the range k,d €
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PREDICTIONS

[0.5,3.0] (with an increment in k,d of 0.1) for sea-states with oy = 20°. Each column
of sub-figures corresponds to a different statistical moment. From left to right: sub-
figures (A), (D) and (G) refer to the skewness, sub-figures (B), (E) and (H) to the
bound kurtosis and sub-figures (¢), (F) and (1) to the dynamic kurtosis. From top to
bottom, each row of sub-figures corresponds to a different spectral bandwidth ();
the latter being defined according to v = 1.0,2.5 and 5.0.

Considering first the skewness parameter, the trends are shown to start deviating
from linearity after a certain steepness; this steepness being lower as the effective
water depth (k,d) reduces for all v values. For example, this steepness appears to
be as low as %Hskp = 0.08 at k,d = 0.5. Likewise, the bound kurtosis also starts
to deviate from a quasi-parabolic variation as the steepness increases; again this
deviation becoming noticeable for a progressively lower steepness as k,d reduces.
Qualitatively similar results also underpin the trends of the dynamic kurtosis. The
dynamic kurtosis is shown to deviate from a quasi-linear variation with an increase in
steepness: the steepness marking the end of a quasi-linear variation of the dynamic
kurtosis is similar to the steepness marking the end of the expected variation of the
skewness and bound kurtosis.

This limiting or maximum allowable steepness, denoted with %Hskp|ma$, at each
effective water depth was found to be approximated well by the following functional

form:

;Hskpw — 0.19 tanh(kd). (1)
The values of the statistical moments corresponding to %Hskp\max are shown with
black markers connected by a black dashed line in each sub-figure of Figure 1.1. It
should be noted that the criterion upon which this limiting steepness has been defined
is somewhat relaxed when the bound kurtosis in deep water is considered. However,
with the bound kurtosis contributing less than the other statistical moments to
the crest-height elevations, this somewhat relaxed condition is not considered to be
detrimental for the HOE-EANN predictions. As already noted in §5.3.2, a deviation
of the bound kurtosis in the order of ~ 20% is not as significant as to affect the

accuracy of the final predictions of the crest-height model.
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FIGURE I.1: Variation of the EANN predictions for the statistical parameters of (A), (D) & (Q)
skewness, A3, (B), (E) & () bound kurtosis, A4y, and (c), (F) & (1) dynamic kurtosis, Ay, with
increasing steepness for sea-states with g9 = 20°; each line corresponding to a different effective
water depth in k,d € [0.5,0, 8] with an increment of 0.1. The k,d value of each line is defined in the
provided colour-scale. From top to bottom, (A), (B) & (C) refer to v =1, (D), (E) & (F) to v =2.5
and (G), (H) & (1) to v = 5. The line (—®—) refers to the values of the statistical moments at the

maximum steepness; the latter given by Equation I.1.
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On the performance of the
Karmpadakis & Swan (2022) model

In §2.3.3 the analytic model of Tayfun & Fedele (2007) and the semi-empirical model
proposed by Karmpadakis & Swan (2022) were identified as the current state-of-the-
art higher-order crest-height models, applicable in finite water depth conditions.

To this end, the model of Tayfun & Fedele (2007) has been shown in Appendix
G to consistently under-predict the fully nonlinear numerical crest-height distribu-
tions obtained from HOSM simulations. This revealed the need for an alternative
formulation. In this regard, the Karmpadakis & Swan (2022) model, whilst not
been published, presents the only currenlty alternative model, applicable to the sea-
state conditions considered in the present thesis. Thus, the present appendix aims
to assess the performance of Karmpadakis & Swan (2022) in capturing the effects
of nonlinear interactions and wave-breaking on the crest heights. This is deemed
an important investigation in demonstrating the advancements that the crest-height

model proposed in Chapter 5 offers.

J.1 Test cases

Based on the above, in §J.2, the Karmpadakis & Swan (2022) model is compared to
available numerical data obtained using HOSM. These data refer to directional sea-

states covering the effective water-depth range k,d € [0.87, 5.03] and having steepness
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%Hskp = 0.105. While they were used in calibrating the fully nonlinear model pro-
posed in Chapter 5 referred to as HOE-EANN. Since these data do not include the
effect of wave-breaking, the fully nonlinear formulation (without breaking) proposed
by Karmpadakis & Swan (2022) was employed for these initial comparisons. More-
over, in assessing the performance of the Karmpadakis & Swan (2022) model in even
lower effective water depths, field data in the range k,d € [0.5,0.8] were also em-
ployed. These field data are characterised by H,/d < 0.20 for which wave breaking
is not expected to affect the tail of the distribution, evidence of which is provided in
Karmpadakis (2018).

Subsequently, in §J.3, the Karmpadakis & Swan (2022) model is compared against
experimental data with %Hskp > 0.105 in k,d > 1.0 and field data with Hy/d > 0.24
in k,d < 1.0. In both cases, wave breaking is expected to dissipate the largest waves.
As such, for these comparisons the breaking-corrected Karmpadakis & Swan (2022)
predictions were employed. It is noted that these data correspond to those used to
validate the breaking-corrected HOE-EANN predictions referred to as HOE-EANN-B in
§5.4.
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FIGURE J.1: Sea-state characteristics used for assessing the performance of the Karmpadakis &
) and (— — ) refer
to the proposed limits of validity of HOE-EANN-B and Karmpadakis & Swan (2022), respectively.

Swan (2022) model, represented in the (51, U,.) parameter space. The lines (

The markers ( ® ) refer to numerical (HOSM), (A) experimental and (m) field data. While ( ® ) refer
to the sea-states used in the calibration of Karmpadakis & Swan (2022). The grey lines refer to

. . . . 1
iso-k,d lines for increasing steepness 5 H k.
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ON THE PERFORMANCE OF THE KARMPADAKIS & SWAN (2022) MODEL

To illustrate the sea-state conditions used in the present appendix to assess the
Karmpadakis & Swan (2022) model performance, Figure J.1 presents the sea-state
characteristics of the numerical, experimental and field data in the (S7, Ur) param-
eter space, the space where Karmpadakis & Swan (2022) is defined. Each source
of data is denoted with a different marker style. Moreover, the sea-states used by
Karmpadakis & Swan (2022) to calibrate their model have also been added and ap-
pear with grey circular markers. While the proposed range of validity of both the
HOE-EANN-B and Karmpadakis & Swan (2022) models are also added. In addition,
for reference, iso-k,d lines for sea-states with increasing %Hskp have been added.
These were obtained on the basis of v = 2.5. To this end, it should be noted that ~
affects the estimation of 77 and hence both S; and Ur but not significantly.

In considering Figure J.1, it is shown that the range of validity of the Karmpadakis
& Swan (2022) model extends to steeper sea-states than HOE-EANN-B. Moreover, the
sea-states employed in the present appendix lay within the proposed range of validity
of the Karmpadakis & Swan (2022) model, whilst covering regions in the (Si, Ur)
parameter space that were not used for its calibration. Specifically, sea-states with
k,d € [0.65,1.0] and any steepness, as well sea-states in k,d < 0.65 laying within the
range of mutual validity of HOE-EANN-B and Karmpadakis & Swan (2022) have not
been considered by Karmpadakis & Swan (2022). Hence, it is interesting to see how

the Karmpadakis & Swan (2022) model performs in these regions.

J.2 Assessment of the fully nonlinear predictions: Com-

parison to numerical and field data

J.2.1 Numerical data obtained using HOSM

The numerical data used for assessing Karmpadakis & Swan (2022) refer to the sea-
states presented in Tables 4.2 and 4.3. These sea-states are characterised by the high-
est available steepness of %Hsk‘p = 0.105 and include different spectral bandwidths
(v € [1,5]) and directional spreadings (oy € [5,30]°). To provide fair comparisons,
uni-directional sea-states (oy = 0) have been excluded from the present analysis. As
the model of Karmpadakis & Swan (2022) has not considered such sea-states.

Moreover, to provide a compact assessment of the performance of Karmpadakis
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& Swan (2022), the relative deviation, (1., — 7e.s)/MNe.s, between the the predicted
crest height, 7.,, and the measured crest height, 7., at an exceedance probability
of Q = 1073 was computed for all the selected sea-states and all available evolution
times at the steady state of the nonlinear evolution. The histogram of the com-
puted relative deviations is presented in Figure J.2(A). In this Figure, the data have
been partitioned according to the effective water-depth. Particularly two histograms
are presented corresponding to k,d < 1.0 and k,d > 1.0. This partition has been
performed based on the fact that the majority of the data used for calibrating the
Karmpadakis & Swan (2022) model laid in k,d > 1.02. And only a small subset of
field data in k,d ~ 0.5 — 0.65 was utilised to extend the applicability of the model in
k,d < 1.0, as shown in Figure J.1.

The results in Figure J.2(A) demonstrate that whilst for k,d > 1.0 the deviations
are centred around zero, and hence the model is unbiased, this is not the case for
kyd < 1.0. In this latter case, Karmpadakis & Swan (2022) systematically over-
predicts the crest-heights. This over-prediction stems from the fact that sea-states in
k,d < 1.0 were under-represented by Karmpadakis & Swan (2022). This has already
been demonstrated in Figure J.1 where only 4 sea-states are shown to lay around
kyd ~ 0.5 — 0.65. These latter sea-states are such that wave breaking dominates the
tail of the distribution. As such, the effect of nonlinear interactions in k,d < 1.0 is
based on extrapolation of the nonlinear correction factors calibrated for sea-states in
k,d > 1.0. In performing such extrapolation, the effect of energy defocusing which
becomes increasingly important in k,d < 1.0 (§4.5.5) is not accounted for.

In considering Figure J.2(A) in more detail, it is shown that the spread of de-
viations even for k,d > 1.0 is higher to those produced by the HOE-EANN model,
presented in Figure 5.23(A). This could be because the Karmpadakis & Swan (2022)
model does not account for the different directional spreadings and spectral band-
widths. To verify this, Figure J.2(B) presents the histogram of the deviations for
sea-states with oy > 10° and v = 2.5; thereby matching the conditions upon which
the model was calibrated.

In contrasting Figure J.2(B) to J.2(A), it is shown that the spread of error is
reduced for both k,d > 1.0 and k,d < 1.0. Specifically, the root-mean-square relative
deviation in Figure J.2(A) is ~ 3.5% and ~ 9.5%, for k,d > 1.0 and k,d < 1.0,
respectively. Whereas in Figure J.2(B) it is ~ 2.5% and ~ 7%, respectively. This
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FIGURE J.2: Histogram of relative deviation, (e p — 7e,s)/7e,s, between the predicted crest heights
by Karmpadakis & Swan (2022) at an exceedance probability level of @ = 1073 and the corre-
sponding crest heights from numerical (HOsM) data. (A) for sea-states of oy > 0 and any v € [1, 5]
and (B) for sea-states of o9 > 10° and v = 2.5. All sea-states refer to $Hk, = 0.105. While the

numerical data correspond to steady-state conditions.

suggests that the Karmpadakis & Swan (2022) model could be further improved if it
could account for the degree of directionality and . However, the systematic over-
prediction of the crest heights at k,d < 1.0 is still present in Figure J.2(B) despite
the selection of more favourable sea-state conditions.

To illustrate the advancements that the HOE-EANN model offers over Karm-
padakis & Swan (2022), Figure J.3 presents the equivalent to Figure J.2 deviations
obtained utilising the HOE-EANN model. Similarly to Figure J.2, sub-figure (A) refers
to all the available directional sea-states with §H,k, = 0.105. While sub-figure (B)
refers to sea-states with gy > 10° and v = 2.5. The deviations observed in Figures
J.3(A) and J.3(B) are of the same magnitude. This suggests that the deviations pro-
duced by HOE-EANN are not dependant upon any of the sea-state parameters (k,d,
og and ); the observed deviations being merely the result of the sample variability
associated to the empirical distribution functions. Moreover, the spread of deviations
is much smaller than what was observed in Figure J.2, with the root-mean-square
relative deviation being ~ 1.5% in all cases. This suggests that the HOE-EANN model
is more accurate than Karmpadakis & Swan (2022) even for sea-states in k,d > 1.0.
This is explained by the inclusion of the effects of spectral bandwidth and direction-
ality within HOE-EANN, as opposed to Karmpadakis & Swan (2022). As well as due

to the different formulation of the two models.
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data correspond to steady-state conditions.

J.2.2 Field data

Having gained an insight on the Karmpadakis & Swan (2022) performance in the
k,d range [0.87,5.03], here additional comparisons to field data are presented. These
refer to k,d € [0.48,0.8]. As mentioned in §J.1, these sea-states are characterised by
H/d < 0.20 for which wave breaking is not expected to be important according to
Karmpadakis (2018).

The comparisons between the nonlinear Karmpadakis & Swan (2022) model with-
out incorporating the wave-breaking correction and the field data are presented in
Figure J.4. Each sub-figure corresponds to a different sea-state. While the charac-
teristics of each sea-state are provided in the caption of each sub-figure. Moreover,
in all plots, the linear (Rayleigh) and second-order (Forristall, 2000) distributions
have been added for reference.

It is again noted that these sea-state conditions belong to a region in the (S7, Ur)
parameter space that has not been considered by Karmpadakis & Swan (2022).
Specifically, the employed sea-states correspond to those with S} € [0,0.02] & Ur €
[0,0.5] in Figure J.1. Importantly, it was found that for most of these cases (apart
from the shallowest of k,d = 0.48), the breaking factor incorrectly increases the
crest-heights. This is a non-physical behaviour owing to inadequate performace of
the factor for all combinations of S; and Ur. Hence, the wave-breaking correction

factor within Karmpadakis & Swan (2022) should be revisited to cover sea-states of
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mild severity in low effective water depths.

In considering the comparisons presented in Figure J.4, whilst the observations
are shown to lay above the Forristall (2000) predictions in k,d = 0.08, with reduction
in k,d the observed amplifications are diminished. While for k,d = 0.48 the crest-
heights lay below Forristall (2000). This behaviour is not captured by Karmpadakis
& Swan (2022). In fact, Karmpadakis & Swan (2022) predicts an increase of the
amplifications beyond Forristall (2000) with reduction in k,d. This is in qualitative
agreement with the increase of the bound-wave contributions with reducing k,d, as
shown in Figure 4.14(A). As such, similarly to §J.2.1, the Karmpadakis & Swan
(2022) model is shown to significantly over-predict the observed crest heights in
most of the cases. Specifically, whilst for k,d = 0.8 the over-predictions are not very
significant, they become increasingly more important with reduction in k,d. This
observation is again explained by the omission of the effect of energy defocusing due
to near-resonant interactions that tends to reduce the crest heights. Notably, the
HOE-EANN model that accounts for this effect has provided very good comparisons
to these field data in Figures 5.32(B) and 5.42.

Having assessed the predictions of the nonlinear Karmpadakis & Swan (2022)
model for sea-states of mild severity, the following section is devoted to the assessment
of the breaking-corrected Karmpadakis & Swan (2022) predictions for more severe

sea-state conditions.

J.3 Assessment of the breaking-corrected predictions:

Comparison to experimental and field data

As discussed in §J.1 two complementary sources of data were employed to assess the
breaking-corrected Karmpadakis & Swan (2022) prediction. These refer to experi-
mental data in k,d > 1.0 and field data in k,d < 1.0. These are the data used for
testing the HOE-EANN-B model in §5.4 and they correspond to breaking sea-states.
Hence, it is interesting to see how the Karmpadakis & Swan (2022) model performs
for the same cases. It is noted that these experimental data were used in calibrating
Karmpadakis & Swan (2022), while the field data were not.
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Experimental data in k,d > 1.0

Comparisons between the Karmpadakis & Swan (2022) predictions and the selected
experimental data are presented in Figures J.5 and J.6 for oy = 10° and gy = 20°,
respectively. It is noted that the comparisons include both the breaking-corrected
predictions as well as the nonlinear predictions without breaking. Moreover, the
sea-state characteristics and the origin of the experimental data are presented in the
provided captions. In all plots, the linear (Rayleigh) and second-order (Forristall,

2000) distributions have been added to facilitate the comparisons.
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FIGURE J.5: Comparison of the Karmpadakis & Swan (2022) predictions to experimental crest-
height distributions. The sea-state characteristics are defined in each sub-figure’s caption. The
different lines refer to: ( ) Rayleigh, ( ) Forristall (2000), ( ) model prediction with
breaking factor, (= =) model prediction without breaking factor, ( ® ) experimental data. The
data in (A) originate from McCarthy (2018) and the data in (B) to (C) from Karmpadakis et al.
(2019a). For all sea-states o9 = 10° and v = 2.5.
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The comparisons in Figures J.5 and J.6 show that the breaking-corrected Karm-
padakis & Swan (2022) predictions match very well the experimental data and they
outperform those provided by the second-order model of Forristall (2000). How-
ever, as noted by Karmpadakis & Swan (2022), the crest-heights are slightly under-
predicted in some cases. This is observed in the present comparisons as well, partic-

ularly for k,d > 1.5. However, the observed differences are small, and the model is

considered valid in general.

Field data in k,d < 1.0

Having assessed the performance of the Karmpadakis & Swan (2022) model against
experimental data in steep (breaking) sea-states for k,d > 1.0, here, the model is
compared to field data corresponding to breaking sea-states for k,d < 1.0. These

sea-states refer to the same effective water depths employed in Figure J.4 but the
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sea-state severity is now higher.
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Figure J.7 presents comparisons between the Karmpadakis & Swan (2022) model
predictions and the additional set of field data; each sub-figure corresponding to a
different sea-state. The sea-state parameters are given in the corresponding caption
of each sub-figure, and the linear and second-order predictions are again included for
reference. It is noted that equivalent comparisons between the HOE-EANN-B model
and these data have been presented in Figures 5.38 and 5.42 with excellent agreement
being observed between the two.

In considering Figure J.7, it is shown that the Karmpadakis & Swan (2022) model
still over-estimates the crest-heights significantly, similarly to Figure J.4. However,
this time the over-estimation is somewhat reduced and the predictions appear closer
to the observations. This reduction stems from the fact that these sea-states lay closer
to those used for calibrating the Karmpadakis & Swan (2022) model, as shown in
Figure J.1.

Taken together, the breaking-corrected Karmpadakis & Swan (2022) model pre-
dictions are effective in k,d > 1.0. However, they fail to provide satisfactory results
in k,d < 1.0 for a wide set of sea-state conditions, obtained by numerical simulations

and field measurements.
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