IMA Journal of Numerical Analysis (2017) Page 1 of 59
doi:10.1093 /imanum/drn000

Finite Element Approximation of the FENE-P Model

JoHN W. BARRETT

DEPARTMENT OF MATHEMATICS, IMPERIAL COLLEGE LONDON,
LoNDON SW7 2AZ, UK

AND

SEBASTIEN BovavaL f

LABORATOIRE D’HYDRAULIQUE SAINT-VENANT,
UNIVERSITE PARIS-EST (ECOLE DES PoNTS PARISTECH) EDF R&D,
6 QUAI WATIER, 78401 CHATOU CEDEX, FRANCE

[Received on 31 March 2017]

We extend our analysis on the Oldroyd-B model in Barrett & Boyaval (2011) to consider the
finite element approximation of the FENE-P system of equations, which models a dilute poly-
meric fluid, in a bounded domain 2 C RY, d = 2 or 3, subject to no flow boundary conditions.
Our schemes are based on approximating the pressure and the symmetric conformation tensor
by either (a) piecewise constants or (b) continuous piecewise linears. In case (a) the velocity
field is approximated by continuous piecewise quadratics (d =2) or a reduced version, where
the tangential component on each simplicial edge (d = 2) or face (d = 3) is linear. In case (b)
the velocity field is approximated by continuous piecewise quadratics or the mini-element. We
show that both of these types of schemes, based on the backward Euler type time discretiza-
tion, satisfy a free emergy bound, which involves the logarithm of both the conformation tensor
and a linear function of its trace, without any constraint on the time step. Furthermore, for
our approximation (b) in the presence of an additional dissipative term in the stress equation,
the so-called FENE-P model with stress diffusion, we show (subsequence) convergence in the
case d =2, as the spatial and temporal discretization parameters tend to zero, towards global-
in-time weak solutions of this FENE-P system. Hence, we prove existence of global-in-time
weak solutions to the FENE-P model with stress diffusion in two spatial dimensions.

Keywords: FENE-P model; entropy; finite element method; convergence analysis; stress
diffusion; existence of weak solutions.

1. Introduction
1.1 The FENE-P model

We consider, at first, the standard FENE-P model for a dilute polymeric fluid. The fluid,
confined to an open bounded domain 2 c RY (d = 2 or 3) with a Lipschitz boundary 82, is
governed by the following non-dimensionalized system for a given b € R.q:

(P) Find u: (t,x) € [0,T) x 2 — u(t,x) € RY, p: (t,x) € Zr := (0,T) x Z — p(t,X) € R and
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o:(t,x)€[0,T)x 2~ 0oft, )6RS>0bsuChthat

Re (‘Z‘t‘ (u-EI)u> — —Dp+(1—e)Au+%div(A(a) o)+ f on . (1.1a)
divu=0 on 9t, (1.1b)

do A(o)o
5 U)o = (Ou)o+o(0Ou)" — Wi on Zr, (1.1c)
u(0,x) = u’(x) VX e 2, (1.1d)
0(0,x) = 6%(x) VX e 2, (1.1e)
u=0 n (0,T)xd2;  (1.1f)

where

-1
A(Q) = (1_ tr(?) -t VeeRIG, = {zp eRYG : tr(p) < b}. (1.2)

Rdxd

Here, RdXd denotes the set of symmetric matrices, and Rgédo the set of symmetric pos-

itive definite R9%Y matrices. In addition, | € Rg Co is the identity, and tr(-) denotes trace.
The unknowns in (P) are the velocity of the ﬂuld U, the hydrostatic pressure, p, and the
symmetric conformation tensor of the polymer molecules, 0. The latter is linked to the
symmetric polymeric extra-stress tensor T through the relation T = ﬁA(G )o. In addition,
f:(t,x) € Zr — f(t,X) € RY is the given density of body forces acting on the fluid; and the
following given parameters are dimensionless: the Reynolds number Re € R+, the Weissenberg
number Wi € R, the elastic-to-viscous viscosity fraction € € (0,1), and the FENE-P param-
eter b > 0 (related to a maximal admissible extensibility of the polymer molecules within the
fluid). For the sake of simplicity, we will limit ourselves to the no flow boundary conditions
(1.1f). Finally, we denote Ou(t,x) € R9*9 the velocity gradient tensor field with [Ou]jj = g: ,
aa.,

ox; -

For data f =0, divergence free U0 € [L?(2)]9, and @°, which is symmetric positive definite for

and (divo)(t,x) € RY the vector field with [diva]; = ZJ 1

a.e. X € 9, satisfying In(1— M) € LY(2), then the existence of a global-in-time weak solution
ueL®(0,T;[L2(2)]9) NL2(0,T,[H3(2)]%), 0 € L*(0,T;[L*(2)]9*9) and T € L2(0, T;[L2(2)]9*9)
to (P), (1.1a~f), was proved in Masmoudi (2011). His proof is based on the propagation of
defect measures that control the lack of strong convergence in the approximating sequences.

In this work, we consider finite element approximations of the FENE-P system (P) and the
corresponding model with stress diffusion, (Py), which is obtained by adding the dissipative
term aAdg for a given a € R-g to the right-hand side of (1.1¢) with an additional no flux
boundary condition for 0 on d%. This paper extends the results in Barrett & Boyaval (2011),
where finite element approximations of the corresponding Oldroyd-B models, where A(0) =
| — 01, were introduced and analysed. In fact, the convergence proof of the finite element
approximation of the Oldroyd-B model with stress diffusion for d = 2 in Barrett & Boyaval
(2011) provided the first existence proof of global-in-time weak solutions for this system. Note
that A(0) =1 — 01 is the formal limit of (1.2) for infinite extensibility; that is, b — oo.

The model (Pg) has been considered computationally in Sureshkumar & Beris (1995).
We recall also that El-Kareh & Leal (1989) showed the existence of a weak solution to a
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modified stationary FENE-P system of equations, which included stress diffusion, but there an
additional regularization was also present in their modified system and played an essential role
in their proof. We stress that the dissipative term 0 A0 in (Pg) is not a regularization, but
can be physically motivated through the centre-of-mass diffusion in the related microscopic-
macroscopic polymer model, though with a positive a < 1, see Barrett & Siili (2007), Barrett
& Siili (2011Db), Schieber (2006) and Degond & Liu (2009).

Barrett and Siili have introduced, and proved the existence of global-in-time weak solutions
for d = 2 and 3 to, microscopic-macroscopic dumbbell models of dilute polymers with center-
of-mass diffusion in the corresponding Fokker—Planck equation for a finitely extensible nonlin-
ear elastic (FENE) spring law or a Hookean-type spring law, see Barrett & Siili (2011a) and
Barrett & Siili (2012a). Recently, Barrett & Siili (2018) have proved rigorously that the macro-
scopic Oldroyd-B model with stress diffusion is the exact closure of the microscopic-macroscopic
Hookean dumbbell model with center-of-mass diffusion for d = 2, when the existence of global-
in-time weak solutions to both models can be proved. In addition, Barrett & Siili (2012b) have
introduced and analysed a finite element approximation for the FENE microscopic-macroscopic
dumbbell model with center-of-mass diffusion.

From a physical viewpoint, the FENE-P model is more realistic than the Oldroyd-B model
because it accounts for the finite-extensibility of the polymer molecules in the fluid through the
non-dimensional parameter b > 0. From a mathematical viewpoint, compared to the Oldroyd-
B model, where the nonlinear terms are only the material derivative terms (like (Ou)o), the

-1
FENE-P model has an additional singular nonlinearity due to the factor (1— %) in the

definition of A(-), which necessitates a careful mathematical treatment. Hence, this paper is
not a trivial extension of Barrett & Boyaval (2011). In fact, the latter additional nonlin-
earity is exactly what makes the FENE-P model closer to the physics of polymers than the
Oldroyd-B model, and thus also to many other macroscopic models based on different consti-
tutive relations that have been developed by physicists for polymers. We note the FENE-P
system is the approximate macroscopic closure of the FENE microscopic-macroscopic dumb-
bell model, whereas the Oldroyd-B system is the exact macroscopic closure of the Hookean
microscopic-macroscopic dumbbell model. Hence, the microscopic-macroscopic dumbbell mod-
els corresponding to Oldroyd-B and FENE-P, only the spring laws differ; see e.g. Bird et al.
(1987) and Renardy (2000) for a more complete review of the differences between the Oldroyd-B
and the FENE-P models from the physical viewpoint, and for other macroscopic models with
more nonlinear effects than the Oldroyd-B model, e.g. the Giesekus model and the Phan—Thien
Tanner model.

Similarly to Barrett & Boyaval (2011), our analysis in the present paper exploits the under-
lying free energy of the system, see Wapperom & Hulsen (1998) and Hu & Lelievre (2007). In
particular, the finite element approximation of (Pg) has to be constructed extremely carefully
to inherit this free energy structure, and requires the approximation of tr(o) as a new unknown.
It is definitely not our goal to review all the macroscopic models used in rheology, although
similar studies could probably be pursued for other macroscopic models endowed with a free en-
ergy. We will point out the main differences with Barrett & Boyaval (2011), and we, thus, hope
to sufficiently suggest how our technique could be adapted to any nonlinear model with a free
energy. We believe that our approach contributes to a better understanding of the numerical
stability of the models used in computational rheology, where numerical instabilities sometimes
termed “High-Weissenberg Number Problems”, see HWNP in Owens & Phillips (2002), still
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persist. Indeed, as exposed in Boyaval et al. (2009), our point is that to make progress in this
area one should identify sufficiently general rules for the derivation of good discretizations of
macroscopic models such that they retain the dissipative structure of weak solutions to the
system, at least in some benchmark flows.

The outline of this paper is as follows. First, we end this section by introducing our notation
and some auxiliary results. In Section 2, we review the formal free energy bound for the FENE-
P system (P). In Section 3, we introduce our regularization Gy of G = In, which appears in the
definition of the free energy of (P). We then introduce a regularized problem (Ps), and show
a formal free energy bound for it. In Section 4, on assuming that & is a polytope for ease of
exposition, we introduce our finite element approximation of (Pg), namely (ngh), based on
approximating the pressure and the symmetric conformation tensor by piecewise constants; and
the velocity field with continuous piecewise quadratics or a reduced version, where the tangential
component on each simplicial edge (d =2) or face (d = 3) is linear. Using the Brouwer fixed
point theorem, we prove existence of a solution to (PA ) and show that it satisfies a discrete
regularized free energy bound for any choice of time step; 5ee Theorem 4.3. We conclude by
showing that, in the limit & — Oy, these solutions of (P 5h ) converge, for a subsequence, to

a solution of (Pﬁt) with the approximation of the conformation tensor being positive definite
and having a trace strictly less than b. Moreover, such a solution of (Pﬁt) satisfies a discrete
free energy bound; see Theorem 4.4. Next, in Section 5, we introduce the FENE-P system
with stress diffusion, (Pg), where the dissipative term o A0 has been added to the right-hand
side of (1.1c). We then introduce the corresponding regularized version (Pg ), and show a
formal free energy bound for it. In Section 6, we introduce our finite element approximation of
(Pg5), namely (P 5, h) based on approximating the velocity field with continuous piecewise
quadratlcs or the mini element, and the pressure, the symmetric conformation tensor and its
trace by continuous piecewise linears. Here, due to the stress diffusion term, we assume that
finite element mesh consists of non-obtuse simplices. Using the Brouwer fixed point theorem,
we prove existence of a solution to (PAt h) and show that it satisfies a discrete regularized
free energy bound for any choice of time step; see Theorem 6.3. In Section 7, we prove, in
the case d = 2, on assuming further that 2 is a convex polygon and the finite element mesh
is quasi-uniform, (subsequence) convergence of the solutions of (Pﬁf&h), as the regularization
parameter, 0, and the spatial, h, and temporal, At, discretization parameters tend to zero, to
global-in-time weak solutions of (Pg); see Theorem 7.3. This existence result for (Pg) is new
to the literature. Finally, in Section 8 we add some concluding remarks.

1.2 Notation and auxiliary results

The absolute value and the negative part of a real number s€ R are denoted by |5 := max{s, —s}
and [s]_ = min{s, 0}, respectively. We adopt the following notation for inner products

d
VW= Zlviwi =viw=w'v vv,we RY, (1.3a)
i=
d d
e P=5 3 o =tr(p'y)=tr(¢T@) Ve,pecRY (1.3b)
P
d d
O: Oy := le Og; - Oy, Ve, € RIx4; (1.3¢)
v
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where -7 and tr(-) denote transposition and trace, respectively. The corresponding norms are
V]| == (v-v)Z |Ov] := (Ov: Ov)2 wveRY; (1.4a)
1
ol :=(@:@)2,  |Og|:=(0@:09)2  vpeR™ (L.4b)

We will use on several occasions that tr(@) =tr(@') and tr(@y) = tr(@@) for all @, € RI*9,
and

NI >

oXTY=x0:P=x:pp Vo,pcRIY xcR> (1.5a)
el <@l lel Ve, € R, (1.5b)
v <@V Ve c R veRY (1.5¢)

For any @ € Rng, there exists a decomposition
@=0"D0O =  tr(@)=tr(D), (1.6)

where O € R99 is an orthogonal matrix and D € R%*9 a diagonal matrix. Hence, for any
g:R — R, one can define g(@) € Rng as

9(@):=0"g(D)0 =  tr(g(e) =tr(g(D)), (1.7)

where g(D) € Rng is the diagonal matrix with entries [g(D)]i = 9(Dji), i = 1,...,d. Although
the diagonal decomposition (1.6) is not unique, (1.7) uniquely defines g(@). We note for later
purposes that

d (@) < l@l” < (r(|@)? Ve RS (1.8)

One can show via diagonalization, see e.g. Barrett & Boyaval (2011) for details, that for all
concave function g € C1(R), it holds

(@-w):d(W) >tr(g(@) —9) > (@—w):d (@) Ve ecRI (1.9)

where g denotes the first derivative of g. If g € CY(R) is convex, the inequalities in (1.9) are
reversed. It follows from (1.9) and (1.3b) that for any @ € Cl([O,T];RCS'Xd) and any concave or
convex g € C}(R)

Griao) =3 do—r(Fae) wepoT (1.10)

Of course, a similar result holds for spatial derivatives. Furthermore, the results (1.9) and
(1.10) hold true when CY(R) and R$*? are replaced by C}(R.q) and REX¢ or CL(0,b) and

Rgédab- Finally, one can show that if g € C%1(R) with Lipschitz constant giip, then

lo(@) gl <giipll@—wll  Vo,¢eRT (1.11)

We adopt the standard notation for Sobolev spaces, e.g. HY(2):={n:2—R: [,[In>+
[0n|2]dx < e} with H}(2) being the closure of C3(2) for the corresponding norm || - IH1(2)-
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We denote the associated semi-norm as |~|H1(@). The topological dual of the Hilbert space
HE(2), with pivot space L2(2), will be denoted by H1(2). Such function spaces are naturally
extended when the range R is replaced by RY, R9*4 and Rng; e.g. HY(2) becomes [H1(2)]9,
[H(2)]9%9 and [Hl(@)]gXd , respectively. For ease of notation, we write the corresponding
norms and semi-norms as |- [|y1g) and |-[41(5), respectively, as opposed to e.g. |- || )]d

and \-|[H1(9)]d, respectively. We denote the duality pairing between H™(2) and Ho( )
(s Iui(g 1) and we similarly write (-, '>H1(j) for the duality pairing between e.g. [H™1(2)]¢ and

[H3(2)]9. For notational convenience, we introduce also convex sets such as [H 1(9)]%1% ={@c
HY2)E: e REG, ae. in 7}, and [HY(2)]3Gp = {@€ [HY(2))3: @ e RYG ae. in 2}

In order to analyse (P), we adopt the notation

W:=[H}(2)9, Q:=L?%2), V::{veW:/@qdivvdx:O quQ},

S=[L(2)]T9 S.0:=[L"(2)%% and S.op:={@ES.o:tr(@)<b ae in 7}.
(1.12)

Throughout the paper C will denote a generic positive constant independent of the regularization
parameter 0 and the mesh parameters h and At. Finally, we recall the Poincaré inequality

/||v||2dx<cp/ IOvi2dx  Wew, (1.13)
9 9

where Cp € R-g depends only on 2.

2. Formal free energy bound for the problem (P)

In this section we recall from Hu & Lelievre (2007) the free energy structure of problem (P).
Let F(u,0) denote the free energy associated with a solution (u, p, @) to problem (P), where we

define
= / V]2 dx—— [bln( _tr(l)(m) +tr(|n(¢)+l)] dx

V(v,@) € [L3(2)9%x S (2.1)

with 8 C S.op such that F(-,-) is well-defined. Here the first term % I corresponds to
the usual kinetic energy term, and the second term, which is nonnegative, is a relative entropy
term. Moreover, on noting that In is a concave function on R+, we observe

/||v|| dx+—/tr dx Vv e LlX @) xS, (22)

where the right-hand side is the free energy of the Oldroyd-B model under the same no flow
boundary conditions, see e.g. Hu & Lelievre (2007) and Barrett & Boyaval (2011). Clearly,
diagonalization yields that the relative entropy term of this Oldroyd-B model is nonnegative.
Of course, the | term in the relative entropy for FENE-P and Oldroyd-B plays no real role, and
just means that the minimum relative entropy for Oldroyd-B is zero and is obtained by @=1.
Finally, we note that tr(In(¢)) is rewritten as In(det(@)) in Hu & Lelievre (2007), which once
again is easily deduced from diagonalization.
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PROPOSITION 2.1 With f € L2(0,T; [H™(2)]9) let (u, p, @) be a sufficiently smooth solution to
problem (P), (1.1a—f), such that o(t,-) € S* for t € (0,T). Then the free energy F(u, o) satisfies
for a.a. t € (0,T)

%F(u,a)ﬂl—s)/@||Du||2dx+ﬁ/@tr((A(a))za) dx = (f, W)y, (2.3)

where the third term on the left-hand side is positive, via diagonalization, on recalling (1.2).

Proof.  Multiplying the Navier-Stokes equation (1.1a) with U and the stress equation (1.1c)
with ﬁA(a ), summing and integrating over 2 yields, after using integrations by parts, the
boundary condition (1.1f) and the incompressibility property (1.1b) in the standard way, that

.

Re 9||u|l?
2 ot

]
2Wi Jg

— e [ ((Bw o+ @UT) :A@)dx= (F.U) g0 (2.4)

-1
4 (1—e)|0u)?+ = (1—”@) o : Ou| dx

Wi b

((Zﬂuﬂ)a) +A(\;‘V¥

:A(o)dx

It follows from the chain rule and (1.10) that

<(Z +(u- D)a> (A(0) = <§t +(u- I:I)> <—b|n <1— tr(;r)) —tr(ln(a))) . (2.5)

On integrating (2.5) over 2, the (U-0) term on the right-hand side vanishes as u(t,-) € V. On
noting (1.2), (1.5a), (1.3b) and (1.1b), we obtain that

(0(Du)T+(Du) 0) :A(0) :2( _tr(ba)>10: Ou. (2.6)

Hence, on combining (2.4)—(2.6) and noting a trace property, we obtain the desired free energy

equality (2.3). O
For later purposes, we note the following.

REMARK 2.1 The step in the above proof of testing (1.1c) with &; A(@) is equivalent to testing

(1.1c) with —»5;0 ! and testing the corresponding trace equation

atr(o)
ot

tr(A(o) o)
Wi

+(u-0O)tr(o) =20u: 0 — on It (2.7)

-1
with o7 (1= "22) , and adding.

Recall that in the limit b — o the FENE-P model formally converges to the Oldroyd-B
model. It is thus interesting to note that when b — oo, the free energy equality (2.3) formally
converges to the corresponding free energy equality for the Oldroyd-B model, on recalling (2.2).
Finally, we note the following result.
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COROLLARY 2.1 Under the assumptions of Proposition 2.1 it follows that

SupF (u(t, ), a(t, ")) +L‘£/|||:|u||2dxdt+ S,Z/tr((A(a))za) dxct
te(0.T) 2 2 2Wi A
1+Cp
<2 (F (UO’O'O) + m f”Ez(O,T;H_l(,@))> . (28)

Proof.  One can bound the term (f,u)H&(% in (2.3), using the Cauchy-Schwarz and Young
inequalities for v € R+, and the Poincaré inequality (1.13), by

1 2 V2 2
<f’u>H&(@) < Hf”H*l(_@) ||uHH1(_@) < ﬁ || f ”H*l(f/) + 7 ||uHH1(.@)
< 2v2 Hf”H*l(@) + 7(1+CP) HDUHLZ(@)- (2.9)

Combining (2.9) and (2.3) with v2 = (1—¢)/(1+Cp), and integrating in time yields the result
(2.8). 0

3. Formal free energy bound for a regularized problem (P )

In this section we introduce a regularized version of problem (P).

3.1 A regularization

Let G:s€ R.g+— Ins€ R denote the logarithm function, whose domain of definition can be
straightforwardly extended to the set of symmetric positive definite matrices using (1.6) and
(1.7). We define the following concave C11(R) regularization of G based on a given parameter

0€(0,1):

G(s) Vs> 9,

Gs(s) > G(s) VseRyo. 3.1
S G(3)-1 Ve<o 5(5) > G(s) o (31)

GéZSGRH{

We define also the following scalar functions

Bs(s) := (Gs(9)

Hence, we have that

-1 -1

vseR and  B(s):=(G(9)) Vse€ R-o. (3.2)
Bs :s€ R— max{s, d} and B:seR.o—s (3.3)

For later purposes, we note the following results concerning these functions.

LEMMA 3.1 For any @, € Rng, N €R and for any d € (0,1) we have that

B5(9)G}(9) = G5(9)Bs(9) =1, (3.4a)
tr ((n1 - G5(9))"Bs(®)) >0, (3.4b)
tr(9—Gs(@)—1) >0, (3.4c)
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(@— W) : [G5(W)] = tr(Gs() — G5(W)), 3.4d)
— (@) : [G5(¢) — G5(W)] = 5%||Gj(9) — G5(w)|° (3.4¢)
In addition, if & € (0O, %] we have that
3ol _ , .
tr(@—Gs(@) >1{ 7 and  @: (1 -G5(@)) > 3/ ¢] —d. (3.5)
35 @1l

Proof.  All the results are proved in Lemma 2.1 in Barrett & Boyaval (2011), except (3.4b),

and this result follows immediately from (3.2) and (3.3) as Bs(@) and (nl — G(@))? are simul-

taneously diagonalizable. O
We introduce the following regularization of A, (1.2), for any o € (0, %]

As(p.n) :=G; (1—%)'—%((1’) v(@,n) ERGIXR. (3.6)

In addition to Lemma 3.1 we will also make use of the following result, which is similar to (3.5).

LEMMA 3.2 For any s€ R, be R and 0 € (O, %}, we have that

S 1
— —2) s>l - .
bGs (1 b) s> 2[ls| - 3], (3.72)
S
(G’a (1_6) —1)s> [|s| D], . (3.7b)
Proof. On recalling (3.1), we first note from the concavity of Gg that
—bG;s (172) > bGs(1)+sG;(1)=s WseR. (3.8)
From the scalar version of (3.5), we have that
S S 1 S S b s
_2) - S I - ~2)-s>-|1-2|-b .
(1-p)-6s(1-p)=5/t-p| = bes(i-p)-s=jf-gl-b 9
We note that
5(Is|—3b if s> b,
9‘1_§‘_b: 2(/s=30) (3.10)
210 b ~3(s+b) > 3(]s| - 3b) if s<b.

Combining (3.8)—(3.10) yields the desired result (3.7a).
We now consider (3.7b). If 1— 2 <9, i.e. s> b(1—9), then

(G5 (172)—1)3: (;—1>s>|s. (3.11)

If 1- £ >0, ie s<b(1-9), then

(Gg<1—§)—l>s=§s>0 and i>|s|—b. (3.12)

b b-s
Combining (3.11) and (3.12) yields the desired result (3.7b). O
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3.2 The regularized problem (Pg)

Using the regularizations Gg, B5 and As introduced above, we consider the following regular-
ization of (P) for a given & € (0,3]:

(Ps) Find ug: (t,X) € [0,T) x 7+ ug(t,X) € RY, ps: (t,X) € Z1 — ps(t,X) €R and G5 : (t,X) €
[0,T) x 7+ 05(t,X) € RE*? such that

Re<0u5+( El)u5>——I:Ip5+(1—s)Au5+Vf,idiV(Aa(Ua,tf(aa))Ba(aa))Jrf on 7r,

ot
(3.13a)
divus =0 on %, (3.13b)
2% | (us D)5 = (Qug)By(05) + Bo(05) (Oug)" — 2O Pel0a) 5
(3.13¢c)
uz(0,x) = u’(x) VX e 2, (3.13d)
(0, X) = a°(x) VX e 2, (3.13¢)
5=0 on(0,T)xd2. (3.13f)

3.3  Formal free energy bound for (Pg)

In this section, we extend the formal energy results (2.3) and (2.8) for (P) to problem (Pg).
We will assume throughout the paper that

fel? (o,T; [Hfl(@)}d) ,WeH:={we[LX(2): dvw=0ae in 7, W-Ny, =0 on 47},

0°cS.o with 0%, [1E12< & 0%X)E < 00u|lEl> VEERY forae xin 2
and tr (GO(X)) <b" for ae xin Z; (3.14)

where Ny is normal to 02, b*, 2, 09, € Rog with b* < b. Let F5(Us,05,tr(05)) denote the
free energy associated with a solutlon (ug, ps,05) to problem (Pg), where we define

Fs(V.@.0) =~ / V|2 dx—— /[bGa(l—%)A—tr(G(;(tp)H) dx
V(v,@.n) € [L2(2)]9xSxLY(2). (3.15)

Note that the second term in Fs has been regularized in comparison with F in (2.1). Similarly
0 (2.2), we have, on noting (3.8), the inequality

Fo(v (@) > o [ [VI2dxt o [ w(@-Go(@ -1k v(vg) € [LA(2)xS, (310

where the right-hand side in (3.16) is the free energy of the corresponding regularized Oldroyd-B
model, see Barrett & Boyaval (2011) and note (3.4c). It also follows from (3.1) and (3.14) that

Fs(u, g% tr(a%) < F(u°,a9). (3.17)
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ProposITION 3.1 Let & € (0,%] and (Ug, ps,05) be a sufficiently smooth solution to problem
(Pg), (3.13a~f). Then the free energy Fs(Us, 05,tr(05)) satisfies for a.a. t € (0,T)

d
G FolUs, 05, tr(05)) + (L) | |Dug|2ax

* ﬁ /@tr ((A5(05,tr(05)))235(05)) dx = <f7u6>H&(@)a (3.18)

where the third term on the left-hand side is nonnegative from (3.6) and (3.4b).

Proof. Similarly to the proof of Proposition 2.1, we multiply the regularized Navier-Stokes
equation (3.13a) by Us and the regularized stress equation (3.13c) with >&=As(05,tr(05)),
sum and integrate over 2, use integrations by parts, the boundary condition (3.13f) and the
incompressibility property (3.13b). This yields the desired result (3.18) on noting the following
analogues of (2.5) and (2.6)

(005 + (ug - EI)05> (A5(05,1r(05))

at
_ ((‘;Hué.n)) (—bGa (1— tr(g5)) —tr(G5(05))> (3.19)

and

(s (05)(Qus)" + (0u) Bs(0)) < As(05.1(03)) = 265 (1 “ G2 ) (o) Dus. (320

Here we have recalled (3.6) and (1.10) for (3.19), and (1.5a), (1.3b), (3.4a) and (3.13b) for
(3.20). 0
Similarly to Remark 2.1, we note the following.

REMARK 3.1 The step in the above proof of testing the regularized stress equation (3.13c)
with -tz As(05,tr(05)) is equivalent to testing (3.13c) with —5%;Gj5(05) and testing the
corresponding regularized trace equation

atr(og)
ot

tr(A(;(a(;,tr(a-(;))B(;(ac;))

+(us-O)tr(05) = 20us : B5(05) — Wi

on Yt (3.21)

with ;65 (1- 1122)), and adding,
COROLLARY 3.1 Under the assumptions of Proposition 3.1 it follows that

1-¢
sup Fs(Us(t,), 05(t,),tr(05(t, ) + —— 1Bus|? dxt
te(0,T) 7
oy [ tr((As(05,1(05)))Bs(05) ) cxct
2Wi2 J
1+Cp
0 0 2
< 2<F(u ,a )+72(1_£) ||f||L2<O’T;H1(9))>. (3.22)

Proof. 'The proof of (3.22) follows from (3.18) in the same way as (2.8) follows from (2.3), and
in addition noting (3.17). O
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4. Finite element approximation of (Ps) and (P)
4.1 Finite element discretization

We now introduce a finite element discretization of the problem (Ps), which satisfies a discrete
analogue of (3.18).

The time interval [0,T) is split into intervals [t"~1,t") with Aty =t"—t""1 n=1,...,Ny. We
set At := maX—1,. Ny Atn. We will assume throughout that the domain & is a polytope. We
define a regular family of meshes {J}}ns0 with discretization parameter h > 0, which is built
from partitionings of the domain & into regular open simplices so that

_ Nk . hk
D == kL_JlKk with max — <C.

Here py is the diameter of the largest inscribed ball contained in the simplex Ky and hy is the
diameter of Ky, so that h=maxX=1 N, k. For each element Ky, k=1,...,Nk, of the mesh
let {P<}4 ) denotes its vertices, and {nK}%  the outward unit normals of the edges (d = 2) or
faces (d = 3) with nK being that of the edge/face opposite vertex PX, i =0,...,d. In addition,
let {nX(x)}¢, denote the barycentric coordinates of X € K with respect to the vertices {PX}%;
that is, r]ik € P1 and nik(PJ!‘) =gj, i, ] =0,...,d. Here Py denote polynomials of maximal degree
min X, and &; the Kronecker delta notation. Finally, we introduce 0% := {Ej}g\El as the set
of internal edges Ej of triangles in the mesh 9, when d = 2, or the set of internal faces E; of
tetrahedra when d = 3.

We approximate the problem (Pg) by the problem (ngh) based on the finite element spaces
Wﬂ X Qﬂ X gz As is standard, we require the discrete velocity-pressure spaces Wﬂ X Qﬂ CWxQ
satisfy the discrete Ladyzhenskaya-Babuska-Brezzi (LBB) inf-sup condition

[ adivvax
inf sup —2Z
A=Qvew? allLz(z) [IVll1(2)

> 1, >0, (4.1)

see e.g. Girault & Raviart (1986, p114). In the following, we set

We:=WZCWifd=2 or WS CcWifd=2or3, (4.2a)
QR:={qeQ:qlxePo k=1,...,Nk}CQ (4.2b)
and  L:={@cS:@kec [P k=1,....N¢}CS; (4.2¢)

where
WE:={ve [C(2)9NW : v|k e [P2)? k=1,...,N}, (4.3a)
W2 = {ve [C(D)NW : v ke [Pl @span{¢}?y k=1,...,Nc}. (4.3b)

Here, for k=1,...,Nc and i =0,...,d

d
¢k(x) = nk M nkx  for x€ Ky (4.4)
j=0,)#i
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We introduce also
V= {ve W / qdivvdx=0 Vvge Qﬂ}, (4.5)
9

which approximates V. It is well-known that the choices (4.2a,b) satisfy (4.1), see e.g. Brezzi &
Fortin (1992, p221) for WY = W2 and d = 2, and Chapter II, Sections 2.1 (d =2) and 2.3 (d = 3)
in Girault & Raviart (1986) for WQ = Wﬁf Moreover, these particular choices of S and QP
have the desirable property that

P = Asou(@) S ad bGs (11 ) suGo@) e (1)

which makes it a straightforward matter to mimic the free energy inequality (3.18) at a discrete
level. Since $ is discontinuous, we will use the discontinuous Galerkin method to approximate
the advection term (Ug-0)0 5 in the following. Then, for the boundary integrals, we will make
use of the following definitions (see e.g. Ern & Guermond (2004, p267)). Given V& WY, then
for any @ € S (or Q) and for any point X that is in the interior of some Ej € d.%, we define
the downstream and upstream values of @ at X by

@YX = lim @(x+pv(x) and @ Y(X)= lim P(X+pV(X)); (4.7)
p— p—0"
respectively. In addition, we denote by

v "y
[0 =0V0 -9 and  (g0g= T XLy

the jump and mean value, respectively, of @ at the point X of boundary Ej. From (4.7), it
is clear that the values of (p*"h;j and ¢7V|Ej can change along Ej € .. Finally, it is easily
deduced that

NE Nk
> /E v-n[[ou] vz ds=— % /dK (v-ng)aigzVds  WeWP, g, g € QY (4.9)
j=17Fj k=1 Kk

where n=n(Ej) is a unit normal to Ej, whose sign is of no importance, and Nk, is the outward
unit normal vector of boundary 9Ky of K. We note that similar ideas appear in upwind schemes;
e.g. see Chapter IV, Section 5 in Girault & Raviart (1986) for the Navier-Stokes equations.
4.2 A free energy preserving approximation (Pé}h) of (Pg)

For any source term f € L? (0, T;[H~1(2)]%), we define the following piecewise constant function
with respect to the time variable

tn
fAt”L(t,-):f”(-)::Aitn/tnilf(t,-)dt, tet™ L, n=1,...Nr. (4.10)

It is easily deduced that for n=1,... Ny

n N
S Al ts) < [ I syt foranyre [1.2) (4.11a)
m=1
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and fA* £ strongly in L?(0,T;[H™%(2)]9) as At — 0, (4.11b)

Throughout this section we choose UY € V0 to be the L2 projection of u® onto VQ and 69 € S
to be the L2 projection of 6© onto $ Hence, we have that

HUﬂHLZ(@) < ||U0||L2(@)v oh k= o%dx, k=1,... N, (4.12a)

W Ky
where |Ky| is the measure of Ky; and it immediately follows from (3.14) that
ominll€17 < & O I & < pali€IF VE R, (4.12b)

1
tr(09) k.= K] /K tr(0°) X < [|tr(0°)| o < b < b, (4.12¢)
k

We are now ready to introduce our approximation (P5%) of (Pg) for & € (0, %}
(Pé,th) Setting (ug’h,ag!h) = (W0, 09) € VO x (2N S.op) as defined in (4.12a), then for n=
1,...,Ny find (U5}, 05) € V0 x S such that for any test functions (v, @) € VO x S

/.

ug,h B ug,_hl Re n—1 n n n—1
Re T VAt [((Ua,h -D)uévh) “V—Ugp- ((u&h -D)v)]
£
+ (1= £)0u ), OV - As(03,17(05,) Bs (0T Dv] dx=(£"V) 0 (4.130)

gl —oh! As(o?  tr(a? ) Bs(a ) @
'/@ [(W‘) :¢_2((Dug,h)ﬁa(ag,h)):¢+ 5(05n i};?) 5(T5.n) ]dx

Ne
oy
;1 Ej

In deriving (ngh), we have noted (1.5a) and that

n—1
Usp "‘ [O3n]_yy 10 @ o0 ds=0. (4.13D)

/V«[(Z-D)w]dx:—/ w-[(z-OVdx vzeV, Wwwe[HY2))", (4.14)
9 9

and we refer to Ern & Guermond (2004, p267) and Boyaval et al. (2009) for the consistency of our
approximation of the stress advection term. We note that on replacing As(0’ ,tr(d%,)) with

| —Gj5(a%,,) then (Pgth), (4.13a,b), collapses to the corresponding finite element approximation

of Oldroyd-B studied in Barrett & Boyaval (2011), see (3.12a,b) there.
Before proving existence of a solution to (Pgth), we first derive a discrete analogue of the

energy bound (3.18) for (Pé)th)7 which uses the elementary equality

5i1(51-9) =% -F+(51-9)?°  Vs,:€ER. (4.15)
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A
4.3  FEnergy bound for (P5}h)

PROPOSITION 4.1 For n=1,...,Nr, a solution (ugyh,agﬁh> eVIx S to (PA), (4.13a,b), if it
exists, satisfies

— n 1
Fo(U 1 05, tr(05 ) — Fa(ug .t o5 tr(a 1) + Re / W — L 2dx
it 5.h—Usp

+(1£)/@||E|ug.hde+Zv‘i/iz/@tr((A(;(agh,tr(ag’h)))zﬁg(agvh)> dx

1-¢) 1+Cp
<(fh < ( / Ou? . |12 Y2, 4.1
< 7u57h>H8-(j) 2 2 || ua,h“ dx+ 2(1_ E) || ||H 1(2) ( 6)

Proof. Similarly to (3.20), we have that

tr(a3,)

/ 1(0u3.,) Bs(0%1) - As(03 . r(a3 ) | ax= [ G (1— ) Bs(0% ) : Oufpax, (4.17)

where we have noted (3.6), (1. 3b) (3.4a) and (4.5). Then, similarly to the proof of Proposi-
tion 3.1, we choose V= Uj, € VO in (4.13a) and @ = ZLVViAé(ag,h?tr(ag,h)) € S in (4.13b) and
obtain, on noting (4.15), (3.4a), (4.5) and (4.17), that

—1(12 n n—1(2
Re [ I3 12— lud 412 fud, —ul |
e ) ' : : 1—¢&)|0Ou? . |I2| dx
/@ 2( At + = +(1—g)||Ouf |

e [ (05, O5n
T owi /@( Aty >:A5(02,h7tf(03,h))dx
& n n 2 N
+W/tr (Aé(aé,hatr(aa,h))) Bs(05y) | dx

2W1 Z /EJ {

It follows from (3.6), (3.4d) and the concavity of Gs that

-1\ .
(ag,h 05 ) As(OG p,tr(05 )

WV

(F7.U5 ) hz(2)

+ulrt
W3t | [05 ] gyt : (As(Optr(ay) 5’h]ds (4.18)

t n
> (tr(ag,h) —tr(aah )) G ( r(abavh)> +tr(G5(ag;11) —tr(Gs(a3 1))
n—-1 n
> <b65 (1— tr(alf’h )> +r (%(a@,#))) - (bGa (1— tr(?“)> +1r (Ga(a%‘,h))> :

(4.19)
Similarly to (4.19), we have, on recalling (3.6), (4.7) and (4.8), that

un—l t n
10540 y2: (As(@3ptr(@3,)) " > ~[bGy (1— r(?’“)>+tr(05(05h))ﬂ g1 (420)
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Finally, we note from (4.9) and as ug,_hl € Vg that for all g € Qg

Ne

Nk
”2711'"‘ [l _n 1ds_— / T qu:_z/ qdivu) tdx=0. (4.21)
7 on =T ’

=17Ej

Combining (4.18)—(4.21) yields the first desired inequality in (4.16). The second inequality in
(4.16) follows immediately from (2.9) with v2 = (1—¢)/(1+Cp). O

4.4 Ewistence of a solution to (Pg})

PROPOSITION 4.2 Let 0 € (0, %}, then, given (u6 h 706 h 1 e V9 x S and for any time step At, > 0,
there exists at least one solution (ug he Gg’h) eV2x S to (Pé,h , (4.13a,b).

Proof. We introduce the following inner product on the Hilbert space Vﬁ X $
(W).(v@)y= [ Wvsgiglax YWy v@eVixsh  (@2)

Given (ug hl, ) eVPx S, let .7 : V2 x - V2 x S be such that for any (W, ) € V2 x S

(F (W, g),(v,9))y
-1
::/@ Re (V\’Alt?“).vjtpze[((ugml,g) ) VW ((u&lﬂ)vﬂ

+(1—&)Ow: Ov+ %Aa(w,tr(w))ﬁ(g(w) . Ov
As(W.tr(W)) B5(¥) ﬂ i

Atn

_ -1
. (M) L 2((OW)B5(¥)) : @+ Wi

—(f"v) L etBnds V(v @) )eVEx S (4.23)

n—
—Usn

u? n
. JE 6h

We note that a solution (U, a@% ) to (4.13a,b), if it exists, corresponds to a zero of .7; that is,

(7B 03,).(n0) =0 V(v.9) VRS (4.24)

In addition, it is easily deduced that the mapping .# is continuous.

We now apply a variant of the Brouwer fixed point theorem, see Proposition 2.8 in Zei-
dler (1986). For any (w, ) € V2 x S, on choosing (v, ) = (W, 767 As (P, tr(P))), we obtain
analogously to (4.16) that

(7w, ). (w.=As(w, tr<w>>))9

6(W7¢I»’7tr(w))_|:6(u 70 7tr(a )) R
5h°95h gh/) Re / ||w—ug’hl||2dx
Atn 2Atn 9 ’

\\/
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1-¢ 5 £ 2 1+Cp 1
=5 [ e 1 (AW () Bs(w)) x5 =2 177
(4.25)
For any y € R-o, let
By ={(V,@) eV)xS: [(V.@)], =V} (4.26)
where
1
. 3 2 2 z
1.0l = (v ). (v 012 = ( [ 1M+ ol Iex) (421
On noting (4.2c), we have that
2 2
91201 < i ] J, WIP0= 1 012 i vvo) ey, (429

where U = [1/(mMinkeny |Kk|)]% Then (3.15), (3.16), (3.5) and (4.28) yield that
Fatwpn(@) =g [ wiPaxe oo [ e (1T ) “r(sw) +1)| ax
> &/ ||w||2dx+i./ tr (- Gs() —1) i
> [ P [ [ 1wl a2
> [ WP ok g Wl [ 0] ex-

9
S 2 2 _&d|7]|
>min(5 e y) ([ ) ox) - S5

. (Re € €d| 2|
= m|n( > TV th) Yo — Wi V(w, ) € B,. (4.29)

ed\@|

Hence, for y sufficiently large, it follows from (4.25), (4.29) and (3.4b) that

(Fwg), (W As . W))) >0 V(W)€ Fy. (4.30)

2
Therefore, Proposition 2.8 in Zeidler (1986) yields that there exists a solution (u§,,0%) to
(4.13a,b), i.e. (4.24) holds, with H(ug‘h’ag»h)H@ <Y. O

THEOREM 4.3 For any d € (0, ] Nt > 1 and any partitioning of [0, T] into Nt time steps, there

exists a solution {(uf hvag.h)}nzl € VP x SN to (P4L), (4.13a,b). In addition, it follows for
n=1,...,Ny that ’

Fs(U3p 051 r(05 ) 5 Z/ Ref|ugy, —ug, tI* -+ (1—5)Atm||DUg1,h||2} dx
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o z B [ ((Aa(agih,tr(agih>>)Zﬁé(agjh)> i

1+Cp 2
< Fo(uh oh.(aR) + 57 —5 3 Al £
1+Cp
0 0
< F(uh»ah) + 2(1 ) Hf|||_2 0t"H-1(2)) < Cv (4~31)
which yields that
max [ (124 03]+ 5 [0+ b-tr(a3 ) [Jax<c. (432
=0,...N1 J9

Moreover, for some C(h,At) € R, but independent of 9, it follows that for k=1,...,Nk
and n=1,... Nt

, tr(ag )
Gs(1-—¢ IBs(05 )|l < C(h,At) on K, (4.33a)

1+Gj <1 tr(ag*“)ﬂ on Ky. (4.33b)

I1B5(0%)) I < C(h.) .

Proof.  Existence of a solution to (P5%) and the first inequality in (4.31) follow immediately
from Propositions 4.2 and 4.1, respecti{/ely. Similarly to (3.17), the second inequality in (4.31)
is a direct consequence of (3.15), (3.1), (4.12b,c) and (4.11a). Finally, the third inequality in
(4.31) follows from (4.12a—c) and (3.14).

It follows from (4.31) and (3.16) that

Re 2
u dx
S | P+

The first three bounds in (4.32) then follow immediately from (4.34) and (3.5). Next we note
that (3.4c), (3.15) and (4.31) yield that

of |- 55) e (15

< f/@ bGs (1 tr(?’h)> Fr (Gé(agm) +|) b] dx < C. (4.35)

The last bound in (4.32) is then simply obtained by using a scalar version of (3.5).
Next, we deduce from (4.31), (3.6) and (3.4b) that for n=1,...,Nt

[ (ogh—Gé(og’h) —|) dx<C, n=1,...,Nr. (4.34)

o<tr ((Aé(ag’h,tr(ag’h)))Zpé(ag’h)> <C(hAt) onKy,  k=1,...,Nk. (4.36)

For any 6 >0, Ba(O'g?h) € Rg;do and so it follows from (1.3b), (1.4b), (3.6), (3.4a), (1.5b), (4.36),
(1.8), (3.3) and (4.32) that

Gs <1— o8 )> Bs(0%5 ) —

2
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2

" igs(a3 2
2
~tr ((A(s(og,h,tr(og,h))) Bawg,h))) tr(Bs(0%)) < C(h. A1) | Bs(aTy)

gC(h,At)(||agyh||+5>§C(h,At) onKeg  k=1,...,Ng, n=1,... Np.  (4.37)

= [As 03103 Ba(a )| <||As(0htr(03 ) B0 1

The desired result (4.33a) follows immediately from (4.37). Similarly to (4.37), we have from
(4.36), (1.8), (3.6) and (3.4a) that

C(hAY) > | As(Ty, r(051)) Bo(05 ) As(05:tr(03,) |

n 2 n
> <eg (1— ”(‘f;‘-“))) Bs(0% ) — 2G; (1— tr(?“) |+ [Bs(05p)]

on Ky, kz:].,...,NK7 n=21... N. (4.38)

The desired result (4.33b) follows immediately from (4.38) and (4.33a). O

4.5 Convergence of (Pé,th) to (PAY)

We now consider the corresponding direct finite element approximation of (P), i.e. (PA!) with-
out the regularization d:

(PAY) Given initial conditions (u2,09) € V2 x (2N S.qp) as defined in (4.12a), then for n=
1,...,Nr find (U, 0p) € Vﬂ X $ such that for any test functions (v, @) € Vﬂ X $

n_ -1 e
/, [Re (u“mu) V(D)) v - (D))

+(1—¢)0u): Ov+ %A(aﬂ)aﬂ ; Dv} dx = (f”,v)H&(@), (4.39a)
gh-on ') . n oy - o PA(Oh)Oh: @
/ojKAtn .¢—2((Duh)ah).¢+T dx
s n—1 n CotUh s —
+ Zl/E lup~tn| (O] 1@ s=0. (4.39b)
= j

We note that (4.39a,b) and F(u}, O'nq) are only well-defined if o) € SYNS.qp. We also note
that on replacing A(0})) with | — (o)~ then (P£A!), (4.39a,b), collapses to the corresponding
finite element approximation of Oldroyd-B studied in Barrett & Boyaval (2011), see (3.35a,b)
there.

THEOREM 4.4 For all regular partitionings ., of & into simplices {Kk}Eil and all partitionings
{Atn}r’\il of [0,T], there exists a subsequence {{(ugﬁwag,h)}ﬁll}&o’ where {(ug,h, Ggh)}anl €
V2 x SN solves (Péfh , (4.13a,b), and {(up, O‘E)}r’:lll € [V2x SN such that for the subsequence

us, — up, 05— O, as 0 — 0y, for n=1,...,Nr. (4.40)
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In addition, forn=1,...,Ny, o |k € Rg>d0b, k=1,...,Nk. Moreover, {(up, a}) }n 1€ V0><$(.)I
solves (Pﬁt), (4.39a,b), and for n=1,...,Ny

F(u,of)—F(ut opt
(up, on) —F(uy . 0,7) e/||ug_ug—1\|2dx+(1—s)/ 1D dx

At,
1 2 +CP
/tr((A(ah)) of) k< S(1-¢ / ORI x5y~

130 (441)

+
2Wi? €)

Proof. For any integer n € [1,Nr], the desired subsequence convergence results (4.40) follow
immediately from (4.32), as (U3, O gh) are finite dimensional for fixed VQ x . It also follows
from (4.32), (4.40) and (1.11) that [0p]- and [b—tr(of)]- vanish on 2, so that gp must be
non-negative definite and tr(gj)) < b a.e. on 2. Moreover, on noting this, (4.40), (3.3) and
(1.11), we have the following subsequence convergence results

Bs(0h) — Oh,  Bs(05,) — 0Oy as 06— 0. (4.42)
If tr(o}) |k, = b on some simplex Ky, then for the subsequence of (4.40) we have that
tr(o5p)lk —b  as 5—0,. (4.43)

In addition, it follows from (1.8), (3.3) and (4.43) for 0 sufficiently small that

1 1 b
) tr (o) tr{o > — on K. 4.44
IBs(a8)ll > = (Ba(0%1)) > Tt (954) > 50 k (14
Hence, (4.33a) and (4.44) yield for the subsequence of (4.40) for all & sufficiently small that

) tr(ag,h)
Gy [1-—" | <C(h.At) on K, (4.45)

but this contradicts (4.43) on recalling (3.2) and (3.3). Therefore, tr(agp)|k, < b on all simplices
Kk, and so it follows from (4.40), (3.2) and (3.3) that

n n n m\ —1
() ) ) o e

as 0 — 0,.
The results (4.33b) and (4.46) yield for o sufficiently small that

I[Bs(05,)] Ml <C(h,At) on Ky, k=1,...,N. (4.47)

Furthermore, it follows from (4.47), (4.42), (3.2), (3.3) and as [B5(0% )] *Bs(0%,) =1 that the
following subsequence result / '

[B5(05 )]t =G5(05,) — [of] ™" as -0, (4.48)
holds, and so 0] [k, € RS}, k=1,...,Nk. Therefore, we have from (4.40) and (3.1) that

Gs(a% ) — In(of, as 0 — 0. 4.49
d,h h
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Since u5h .Ut e C(2), it follows from (4.40), (4.7) and (4.8) that for j=1,...,Ng and all

S

s ug;}-n‘ [0 . et L@ Yon d5—>/ luyt-n|[of] et @t ds as 6—0,. (4.50)
i

Hence using (4.40), (4.42), (4.46) and (4.50), we can pass to the limit d — 0, for the subsequence
in (P3}), (4.13a,b), to show that {(W, aMINT, € VO x SN solves (PAY), (4.39a,b). Similarly,
using (4.40), (4.42), (4.46), (4.48) and (4.49), and noting (3.15) and (2.1), we can pass to the
limit & — O in (4.16) to obtain (4.41). O

5. FENE-P model with stress diffusion
5.1 Model (Pq), (P) with stress diffusion

In this section we consider the following modified version of (P), (1.1a—f), with a stress diffusion
term for a given constant o € R.g:

(Pg) Find Ug : (t,X) €[0,T) X Z = Uq(t,X) € RY, pg : (t,X) € Zr — pa(t,X) €R and 04 : (t,X) €
0,T) x 7+ Gq(t,X) € REG ) such that

Re(a;ta +(ua.D)ua) :—Elpa+(1—8)Aua+%div(A(aa)aa)+f on Zr, (5.1a)
divug =0 on 21, (5.1b)

0;“ +(Ug-0)0a = (Oug)0a + 0 (Oug)" — 7A(GV"\',)IG“ +ald0y  onZr, (5.lc)

Uq (0,X) = u°(x) VX € 2, (5.1d)

04(0,%) = a°(x) vxe 7, (5.1e)

U, =0 on (0,T)x 092, (5.1f)

(Npy-0)0q =0 n (0,T)xd92. (5.1g)

Hence problem (Pg) is the same as (P), but with the added diffusion term dAoy for the
stress equation (5.1c), and the associated Neumann boundary condition (5.1g). Similarly to
(Ps), (3.13a—f), we introduce a regularization of (Pg s5) of (Pg) mimicking the free energy
structure of (Pg). Moreover, we need to be able to construct a finite element approximation of
(Pg.5) that satisfies a discrete analogue of this free energy structure. Apart from the obvious
addition of the stress diffusion term, there are three other distinct differences. First, one has to
deal with the advective term in the stress equation differently, see (5.11) below, to the approach
used in (3.19) for the stability bound, as the approach there cannot be mimicked at a discrete
level using continuous piecewise linear functions to approximate 0y 5, the regularization of 0q.
Note that one cannot use Sﬂ with the desirable property (4.6) to approximate 04 s due to
the additional stress diffusion term. Second, as a consequence of this stress advective term,
one has to introduce another regularization of tr(0y), Py 5, as well as the obvious candidate
tr(B5(0q,5)), and solve for this directly, see Remark 5.1 below. Third, it is desirable for the
convergence analysis, as d — 0, to have a uniform Lz(%) bound on the extra stress term
A5(0q.5,Pa.5)B5(0q 5) in the Navier-Stokes equation (5.5a) below. To achieve this we replace
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A5(0 4 5:Pa,5) B5(0q,5) there by K5(0q 5,Pa,56) A5(0a,5:Pa,5) B5(Tq.5), where we define, for €
(0,min{3,b}],

| Bin) dxd
K5(¢an) - |}|’(ﬁ5(¢))] v(¢7n) € RS xR (52)
with

BL:se R+ min{Bs(s),b}. (5.3)

It follows from (5.2), (5.3), (1.3b) and (1.4b) that

Ik5(@,1) As(®.1) B5(®) 1> < || ks(@.n) [B ( 0121125 (@.n) [Bs(@)]2 ]2

<btr ((As(@.m)°Bs(@) V(@) eREIKR. (5.4)
Hence a uniform L?(%7) bound on K5(0a.5,Pa.5)A5(0a.5,Pa.5)Bs5(0q5) follows from a uni-
form LY(2r) on tr <(A5(Uaﬁ5,pa 5)) Bs(04. 5)), which will follow from the free energy bound.

Although pg 5 # tr(Bs(0q5)), we will show, in the limit 6 — O, that B5(045) — O¢ and
Pas — tr(0q) with Oqg(-,-) € Rgéd()b, and hence implying that K5(0g5,0q,5) — 1. In order

to maintain the free energy bound we need to include K5(0q 5,04,5) on the right-hand sides of
(5.5¢,d) below.
Therefore, we consider the following regularization of (Pg) for a given 6 € (0, min{%,b}]-

(Paé)Fmdua6( X) € [OT)X@’_)UGES( )ERda Pas - (tx)e%'_’paé(tx)ER Ogs:
(t,X) €[0,T)x Z+— 04 5(t,X) € RdXdandpa’g (t,X) €[0,T) X Z — pq 5(t,X) € R such that

Ju

Re (;{6 + (ua,é : D)ua,é) = _Dpa,é +(1- E)Aua,é
£ .

+ —div(K5(04.5.Pa,5)As(0a.5,Pa,5) Bs(0a.s))

Wi
+f on 77, (b.ba)
divug 5 =0 on Z7, (5.5b)

T (Ug5-0)Bs(0as) = K5(T g 5.Pas) [(OUq 5)B5(0a5) + Bs(Oas)(Oug 5) ]

~ As(04,5,Pa,5)Bs(Ta,5)
Wi

JrC{AO'avg on 77, (5.5¢)

op p
a2 _ b(Ug,s-0)Bs(1— %’6) =2K5(04.5,Pa,5) OUq 5 : B5(0q,5)

 t(As(Fq.5:Pa.5) B5(Ta,5))
Wi

+0alpg s on 1, (5.5d

)

Uy 5(0,%) = u’(x) VX e 2, (5.5¢)
04500,X) =0°(X), pPgs5(0,X)=tr(c(x))  Vxe 2, (5.5f)
Uy 5 =0 n (0,T)x 32, (5.5g)
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(Npg-0)0a5=0, (Nyy-0)pgs=0 on (0,T)x92. (5.5h)

We note from (3.3) that —b0Bs (1— pot’)‘é) =0pg 5 if (1— Poga) >0, i.e. Pg5<b(1-05). We

remark again, due the required regularization of the advective terms in (5.5¢,d), that py 5 #
tr(04.5). However, we note that on taking the trace of (5.5¢), subtracting (5.5d) and integrating
over 9, yields, on noting (5.5b,f~h) and (1.3b), that for all t € [0, T]

[ 000 5(t.) = paslt = [ [tr(@g,5(0.) - pa,5(0. )] dx =0, (56)
9 9

5.2 Formal free energy bound for (Pgq 5)

First, similarly to (3.1), we introduce, for & € (0,1), the concave C1*(R~q) function

G(s) Vs (0,671,

5s+G(6 -1 Vs>51 H5(G5(s) = Bs(s) VseR. (5.7)

H5:SER>0»—>{

We have the following analogue of Proposition 3.1.

PROPOSITION 5.1 Let a € Ryq, 0 € (O,min{%,b}] and (Ug 5, Pa,6,00a,5:Pa,5) be a sufficiently
smooth solution to problem (Pg 5), (5.5a~h). Then the free energy F5(Uy 5,04 5,Pq,5) satisfies
for a.a. t € (0,T)

d
G FoUa 5. Oa5.Pas) + (1) | [Dug gl 2x

0852 / 2 / Pa"a 2
+ S /Q[nueé(aaﬁ) +bHEIG§ (1- : )H ]dx
£
JFW/@U((Aé(aa,é,pa,é))zﬁé(aa,é)) dx < (f, Ua 5)n1(2)- (5.8)

Proof.  Similarly to the proof of Proposition 3.18, on noting Remark 3.1, we multiply the
Navier-Stokes equation (5.5a) with Uy 5 and the stress equation (5.5¢) with —5&=G5(0q 5),

the trace equation (5.5d) with ﬁG’é (1— Pot:),a), sum and integrate over 2. This yields, after
performing integration by parts and noting (5.5b,g,h), (1.5a), (3.4a) and (3.6), that

Re 0)ug s/ )
[ |5 TRl (1 )0 7| o
— & / 600764—(” D)B (o. ) .G/ (a. )dX
2WiJg \ ot a.0 5(0a,5) ) -55\0a,5

£ 9Pq,5 Pa 5 / Pa .5
+2Wi/_0/< ot Plas-Dps (1_ b ))05 (1_ b )dx

+ﬁ/@tr((Aé(ola,éapmé))zﬁé(aa,é)) dx = (f,ua,(;}H&(@). (5.9)
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Using (1.10), we have that

0045 7]
d‘:’ ZGI(S(O'G’(S):Etr(Gé(aa,B)) and

o () e (-5
(5.10)

As B5(0q.5

) =H5(G5(04,5)), on recalling (5.7), we have, on noting Uy 5 € V and the spatial
version of (1.10),

that
~ [ (Ua5-0)B5(0a.5) : Ch(Ta5) = | Ps(0as): (s D)Ch(0a,5)dx
9 JD
= [ (a5 D) (Ho(G5(00,s) dx=0.  (5.11)

Similarly to (5.11), we have that

—/@[(Ua,é'ﬂ)ﬁa (1—p‘g’5)}6’5 (1—p‘g5)dx:/@(ua,5-u)H5 (5 (1—pol')’6>>dx:0.

(5.12)
Similarly to (3.4e), we have that
~00,5:: 0G5(045) > 62|0Gs5(04.5)|? a.e. in I, (5.13a)
Opa 5 0G} (1- p"t’;“) — b0 (1~ p‘g‘“) 065 (1- p[g,a)
>bs? |G, (1—‘)‘“;5)“2 ac.inZr.  (5.13b)
Combining (5.9)—(5.13a,b) yields the desired result (5.8). O

REMARK 5.1 We note if we multiply the advection term in (5.5¢c) by —Gj(1— tr(at;7"5))| and
integrate over &, then we obtain, on noting Uy 5 € V and (5.12), that

_/@(uaﬁé.u)pcs(aa’a):eg (1—"%"’”) I dx
- [ wBs(0as) w5 0165 (1- 522 ) o
:_b/@ (1_tf(l35(:a,6))> (Ug 5-0)G} (1_tf(0ba.6)) dx
# —b./% Bs (1— tr("b‘“‘)) (Ug 5-0)G (1— ”(ab“)) dx=0.

Hence, we need the new variable py 5 in order to mimic the free energy structure of (Pg).

The following Corollary follows from (5.8) on noting the proof of Corollary 3.1.
COROLLARY 5.1 Under the assumptions of Proposition 5.1 it follows that
l1-¢

sup Fs(Ua 5(t,-),0a st ), Pa,5(t ) + == |Dug 5% dxct
te(0,T) Dt
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+ 25 [ [108h@a P +b ooy (1- 28

+ ﬁ /@T tr ((A5(00757pa,5))2B5(aa,5)> dxdt

1+Cp
0 0 2
<2 (F(U ,0°)+ 20-¢) ||f||L2<0,T;H1(@))> : (5.14)

dxdt

6. Finite element approximation of (P, s)
6.1 Finite element discretization

We now introduce a conforming finite element discretization of (Pg ), (5.5a-h), which satisfies
a discrete analogue of (5.8). As noted in Section 5, we cannot use $ with the desirable property
(4.6) to approximate Og 5, as we now have the added diffusion term. In the following, we choose

WE:=WZCW or Wi cw, (6.1a)

Qt=1{qeC(?) :qlxeP1 k=1,...,Nk}CQ, (6.1b)

S={ecC(?)§: @l PJ? k=1,...,Nc}CS (6.1c)

and Vﬁ{vewﬁ:/qdivvdxo quQﬁ}; (6.1d)
9

where Wﬁ is defined as in (4.3a) and, on recalling the barycentric coordinate notation used in
(4.4),
d

WH = ve [C(2)9NW : Vg€ k=1,...,Nc p . (6.2)

d
P, @ span I_!)nik
=

The velocity-pressure choice, Wﬁ X Q# is the lowest order Taylor-Hood element. It satisfies
(4.1) with Wﬂ and Qg replaced by Wﬁ and Q%, respectively, provided, in addition to {h}h=0
being a regular family of meshes, that each simplex has at least one vertex in &, see pl77
in Girault & Raviart (1986) in the case d =2 and Boffi (1997) in the case d = 3. Of course,
this is a very mild restriction on {9 }n=0. The velocity-pressure choice, Wﬁ’+ X Q%, is called
the mini-element. It satisfies (4.1) with Wﬂ and Qﬂ replaced by Wﬁ"+ and Q%, respectively; see
Chapter II, Section 4.1 in Girault & Raviart (1986) in the case d = 2 and Section 4.2.4 in Ern
& Guermond (2004) in the case d = 3. Hence for both choices of WY, it follows that for all v€ V
there exists a sequence {Vh}hs0, with Vy € Vi, such that

hir& IV—=Vhl[42(5) = 0. (6.3)
We recall the well-known local inverse inequality for Q%
lalliwig <CIKd S [ Jalox  vaeQh  k=1....Ne
K

= IXlew <G [ Ixlax vxesh  k=l..Ne  (64)
k
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We recall a similar well-known local inverse inequality for S}] and V%
0@l <Ch @l — ¥PES  k=1....Ng (6.5a)
10Vl 20y SCR M IVII20y ~— WWEVE k=1, Nk (6.5b)

We introduce the interpolation operator T :C(Z) — Q%, and extended naturally to T, :
[C(2))3%9 — S}, such that for all n € C(Z) and @ € [C(Z)]3*¢

N (Po) =N (Pp) and He(Po) = @(Po) p=1,...,Np, (6.6)

where {Pp}';il are the vertices of Jh. As @ € S} and g€ Q} do not imply that Gx(@) €
S and Gy (1-¢) € Q}, we have to test the finite element approximation of (5.5¢,d) with

n
_zéw m[G%<ag,5,h)] c Sﬁ and 25Vinh [G/c‘i (1_ pak,)é,h):| c Q# respectively, where 0275.11 € S%, and

pg 5n € Q% are our finite element approximations to 04 5 and pq 5 at time level tn. There-

fore the finite element approximation of (5.5¢,d) have to be constructed to mimic the results

n
(5.9)-(5.13a,b), when tested with — 55 ThH[G}(07 51,)] € S and >3 ThH {G'é (1 pak’f’hﬂ € QL

respectively.

In order to mimic (5.10) and the (Pg4s) analogue of (3.20), we need to use numerical
integration (vertex sampling). We note the following results. As the basis functions associated
with Q% and S,l1 are nonnegative and sum to unity everywhere, we have, on noting (1.5b), for
k=1,...,Nk that

Hellwl] < mlll@l)]7 [mw]?])% on ke vo.weCKL, (6.72)
[llpll] on Ky, V@elCKg,  (6.7b)

Im(ey]] < m
Imel* < m
where rq, rp € (1,00) satisfy rIl+r§1 =1. In addition, we have for k=1,... Nk that

[ IxIPax< [ miix|Fax<c [ x|2dx  vx e sk (68)
Kk Kk 'Kk

The first inequality in (6.8) follows immediately from (6.7b), and the second from applying
(6.4) and a Cauchy—Schwarz inequality. Of course, scalar versions of (6.7a,b) and (6.8) hold
with [C(K)]3*? and St replaced by C(Ky) and Q}, respectively.

Furthermore, for later use, we recall the following well-known results concerning the inter-
polant 7§ for k=1,...,N:

(1 = ) dllwre < Chldlweer, — Ya€W?(Ky), (6.9a)
10 = 18) [ G2 L2y < CHEIIDa 2 102012k,
<Chelltnllzy 1002w, Vo, G2 € Qf (6.9b)

6.2 Finite element approximation of the advective and diffusion terms in the stress equations

In order to mimic (5.11) and (5.12), we have to carefully construct our finite element approx-
imation of the advective terms in (5.5¢,d). Our construction is a non-trivial extension of an
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approach that has been used in the finite element approximation of fourth-order degenerate
nonlinear parabolic equations, such as the thin film equation; see e.g. Griin & Rumpf (2000)
and Barrett & Niirnberg (2004). Let {g}%; be the orthonormal vectors in RY, such that the
jt" component of € is Gj, i,j=1,...,d. Let K be the standard open reference simplex in R
with vertices {FA’.}idzo7 where Py is the origin and B =@, i =1,...,d. Given a simplex Ky € %
with vertices {Pik}idzo, then there exists a non-singular matrix By such that the linear mapping

P XeRY— PE+BX e RY (6.10)

maps vertex P to vertex Pik, i=0,...,d. Hence % maps K to Ki. For all n € Q% and K¢ € %,
we define

~
~

A®)=n(A®) YReR = On(#®)=E)'0i® ¥kek,  (6.11)

where for all X € K

B = AR =AF) AR =nF)-nF)  j=1..d (612

Such notation is easily extended to @ € Sfl]
Given g € Q} and Ky € h, then first, for j =1,...,d, we find the unique /\é‘_j (§) € R, which
is continuous on ¢, such that

AL (@) 52 8(G5(@)] = 5= HHe(G5(@)]  on K. (6.13)

A Hs(Gy(a(PY))) — Hs(Gy(a(PY) ) )
Bs(d(PF)) = Bs(a(PY)) if Bs(a(Pk)) = Bs(a(RY)),

where we have noted that Gy(B5(s)) = Gj(s) for all s€ R and Gj(:) is strictly decreasing on
[0,00). Clearly, /A\gJ (@) €R, j=1,...,d, satisfies (6.13) and depends continuously on q|k,.

Next, we extend the construction (6.14) for a given @ € 8,11 and Ky € %, tofind for j=1,...,d
the unique /A\g ]- (@) € R34 which is continuous on @, such that

AS (@) 5 TH[C5(@)] = 5= Mhltr(Hs(G5(9))]  on K. (6.15)

To construct /A\lg J((,}A)) satisfying (6.15), we note the following. We have from (5.7) and (1.9) that

Bs(@(PY)) : (G5(@(PY)) — G5(@(R5))) < tr(H5(G5(@(Pf)) —Hs (G5 ((RF)))
Bs(@(FY)) : (G5(@(P)) — G5(@(RY)))- (6.16)
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Since G5(B5(s)) = Gj(s) for all s€ R, it follows from (3.4e) that

— (Bs(@(P})) — Bs(@(R))) : (G5(@(Pf)) — G5(@(RY)))
~(Bs(@(P})) —Bs(@(R5))) : (G5(Bs(@(P)))) — G5 (Bs(@(R5))))
>5ZIIG’5(B<5( (P1)) — G5(Bs(@(Pg))) 1% (6.17)

Therefore the left-hand side of (6. 17) is zero if and only if Gj(Bs(@(P; K))) = G%(B(;((p(Pg))),

which is equivalent to B5(¢(P, K)) = Bs(@(P)) as Gj(-) is invertible on [5, 00) the range of B5(-).
Hence, on noting (6.12), (6. 16) (6.17) and (1.3b), we have that

A% (@) = (1= A%,)Bs(@(PL) + Ak Bs (@(FE))
it (Bs(@(PX) — Bs(@(RE))) : (G5(@(PY)) — G5(@(R)) #0,  (6.18a)
As (@) = Bs(@(PX)) = Bs(@(FE))
it (Bs(@(P) — Bs(@(RE))) : (G5(@(PX) — G5(@(F))) =0 (6.18b)
satisfies (6.15) for j =1,...,d; where Ag,j €[0,1] is defined as

A tr(Hs(G5(@(Pf)) — Hs(G5(@(PY))) — Bs(@(Pf)) : (G5(@(P)) — G5(@(FY)))
o (Bs(@(PY)) — Bs(@(P}))) : (G5(@(Pf)) G (¢(P"))) '

Furthermore, /A\lgJ (a) € Rng, j=1,...,d, depends continuously on @ |k,.
Therefore given q € Q% and @€ Srl], we introduce, for mp=1,...,d,

d
/\E,m,p(Q) = [(Bl)il]m]/\lg,](q\) [BI]IP ERa on Kk7 k: 17"'7NK7 (619&)

NAsmp(@) = 5 (B miAL (@ [BI]jp e REY  on K, k=1, Nk (6.19b)
=1

It follows from (6.19a,b), (6.13), (6.15) and (6.11) that
Aé,m,p(Q) ~ B5(0) Omp, Aé,m,p(‘p) ~ Bs(@) Omp mp=1....d; (6.20)
and for m=1,...,d

d
3 Nom(0) 5 MG = op WH(GH@)  onKi  K=LoNe (6210

m

zAamp STHGH@)] = STl (HGy(@)]  onKe k=L (6210

For a more precise version of (6.20), see Lemma 6.4 below. Of course, for (6.19a) and (6.21a)
we can adopt the more compact notation on Ky, k=1,... Nk,

As(@) = (BD) TAS@BL~Bs(@)) = As(q)Om[Gy(a)] = Om[Hs(G5(@)],  (6.22)
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where AX(@) € R§*? is diagonal with [AK(@)]j; = A (@), j=1,...,d, so that As(q) € R§*? with
[As(@]mp=As.mp(d), Mmp=1,....d.
Finally, as the partitioning 9, consists of regular simplices, we have that
IBOMIBEI<C,  k=1,...,Nk. (6.23)
Hence, it follows from (6.19a,b), (6.23) and (6.18a,b) that for k=1,...,Ng

176 mp(a) L= < ClITRIBs (D] llLey YA€ Q, (6.24a)
N5 mp(@ =) < ClIMBs(@]loy VP E Sh (6.24D)

In order to mimic (5.13a,b), we shall assume from now on that the family of meshes, { % }no0,

for the polytope Z consists of non-obtuse simplices only, i.e. all dihedral angles of any simplex

in J are less than or equal to 7. Let Ky have vertices {P}‘}?zo, and let n}‘(x) be the basis

functions on Ky associated with Q} and S, i.e. I‘[Jk k€ P1 and r]}‘(P,k) =3qj,1,]=0,...,d. As
Kk is non-obtuse it follows that

Onf-On<0  onKg,  i,j=0,....d, with i#j. (6.25)

We then have the following result.

LEMMA 6.1 Let g€ C%Y(R) be monotonically increasing with Lipschitz constant gujp. As
consists of only non-obtuse simplices, then we have for all q € erv Qc Sﬁ that

oup O7h[9(0)]- Oa > |Om[g(a)]|* and  guip Om[g(@)] : O@ > ||Om[g(@)]|? (6.26)
OnKk, kZl,...,NK.

Proof.  See the proof of Lemma 5.1 in Barrett & Boyaval (2011). O

Of course, the construction of a non-obtuse mesh in the case d = 3 is not straightforward for
a general polytope Z. However, we stress that our numerical method (P(A}f&h), see (6.34a—)
below, does not require this constraint. It is only required to show that (Pﬁf 6,h) mimics the
free energy structure of (Pg ).

6.3 A free energy preserving approximation, (ngé,h)7 of (Pg.5)

In addition to the assumptions on the finite element discretization stated in subsection 6.1, and
our definition of At in subsection 4.1, we shall assume for the convergence analysis, see Section
7, that there exists a C € R such that

My <CAth1, n=2...N, as At—0,. (6.27)

We note that this constraint is not required for the results in this section, in particular Theorem
6.3.

With Aty and C as above, let Atg € R+ be such that Aty < CAtp. Given initial data satisfying
(3.14), we choose U € VI and 09 € St throughout the rest of this paper such that

/ [uP - v+ AtoOuf : OV] dx:/ wW.ovdx  wve Vi, (6.28a)
9 9
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/ [m[o): X]+At0a :: Ox] dx:/ o%: xdx vxeS (6.28b)
9 9
It follows from (6.28a,b), (6.8) and (3.14) that

/@ LW+ o})1% + Ato [||Du|f* +(|Dap|?] ] dx < C. (6.29)

In addition, we note the following result.

LEMMA 6.2 Under, the assumption that the mesh consists of only non-obtuse simplices, we
have, for p=1,...,Np, that

oninll€1° < ETORP) & < oRuliElP VEER!  and  tr(of(Ry)) <b (6.30)

Proof.  For the proof of the first result in (6.30), see the proof of Lemma 5.2 in Barrett &
Boyaval (2011).

We now prove the second result in (6.30). On choosing X = 11, with n € Q}, in (6.28b)
yields that z, ;= tr(a))) — b* € Q} satisfies

/@ [7h(2n ] + AtoOz, - On] dx:/gzndx vn € Qf, (6.31)

where z:=1tr(6%) —b* € L®(2) and is non-positive on recalling (3.14). Choosing n = T[z]+ € Q},
it follows, on noting the Q} version of (6.8) and (6.26) with g(-) =[]+, that

/@[m[zh]+}2+4to\lﬂm[zh}+\\2} dX</d[m [[20]%] + AtoOzy - O [24] ] dx:/@zm[zhtho.
(6.32)

Hence 15[2)+ = 0 and so the second result in (6.30) holds. O
Furthermore, it follows from (6.28a,b), (6.29), (3.14), (6.3) and (6.9a,b) that, as h, Atg — 0,

w —u® weakly in [L%(2)] and 00 — 0% weakly in [L%(2)]9*9. (6.33)

Our approximation (Pgt,é,h) of (Pq 5) is then:

(Pg's ) Setting (U 51,00 510,P9 5.1) = (UR, O, tr(G7)) € Vit X (SiNS=0p) x Qf, with U and
o} as defined in (6.28a,b), then for n=1,...,Nr find (Uj 5., G5 5P 51n) € Vi X Si x Qf such
that for any test functions (v,@,n) € V% X Sﬁ X Qﬁ '

' U3 50— Uy o Re
a9, a,o, —1 —1
./@ Re ( At ) VTS [((ugﬁ,h ' D)Ug,a,h) V—Ugsp° ((ug,a,h'D)Vﬂ

€
+(1-&)0ug 5 OV o Th [Ké(ag,a,hapg,a,h)Aé(ag,a,mpg,é,h) 35(02,5,0} : DV] dx

W
= (" V)10 (6.34a)

—1 .
/ w Kag,a,h_ag,é,h) @+ As(0 50 Pa 51 Bs(0g 51 : (0] dx
9

Aty Wi
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+/@ {al:laa sn - 0@—20ug 510 Th(Ks (0 50:Pg 51) ‘Pﬁé(ag,a,h)} dx
d d 0
- / S S U0 I Asmp(O 1) ¢ o dx =0, (6.34D)
I =1p=1 : dxp

/ . (ngg,h—Pgﬁl,h> tr <A5(02,6,h’p2.5,h)B5(ag,é,h)) n
2

Wi

+ / {O’ng s 0N —20ug 51 ThKs(Tg 5.1 Pg.50) 1 Bé(ag,é,h)]] dx

Pa an
L mA 1— —a.oh = 34
0[5 3 i sms 2 ) e =0 (6.34c)

In deriving (P4'5,), we have noted (4.14), (1.5a), (6.19a,b) and (6.20). We note that

on replacing As(07 5, tr(0g 55)) With | - Gjs(oy sh) and K5(0g 51,05 51,) by 1 then (P4 6h)
(6.34a,b), collapses to the corresponding finite element approximation of Oldroyd-B with stress
diffusion studied in Barrett & Boyaval (2011), see (5.34a,b) with no L cut-off there.

Before proving existence of a solution to (Pﬁf 67h)’ we first derive a discrete analogue of the

energy bound (5.8) for (Pg 5).

6.4 Energy bound
On setting

Fan(V, @.1) 1= / IVI2ax— 5 [ [0Gs (1~ ) +1r(Cs(@)+1)] ox
V(V.@,n) € Vi x S x Qr,  (6.35)
we have the following discrete analogue of Proposition 5.1.

PROPOSITION 6.1 Under the assumptions of Lemma 6.2, we have, for n=1,... Ny, a solution
(ug’&w 02,6,h7p276,h) € V% X S,l1 X Q% to (PAIE n), (6.34a—c), if it exists, satisfies

n n n n—1 n—-1 n—
Fon(Uy 51 Fa.snPasn) —Fon(Ug 5hTg 5n Py sh)
At,

Re
o [, 15— gl 2ok (1—e) [ 10 5 P

e
—I—W./@ﬂh tr((Aa(ag,a,h,PE,a,h)) Bﬂ“ﬁ,a,ﬂﬂdx

) Pasn\1|I°
Wi /@ l'DW[G%(U'&,a,h)}||2+bHDm[Gg (1_ e )] i

|_\

1+Cp

< (UG s hio) < 51 £) / HDUaéhHZdXJr 21 anHZ . (6.36)

£)
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Proof. The proof is similar to that of Proposition 4.1, we choose as test functions V=ug 5, € V%,

@ = — e TH[Gj (07 a.5.n) € St and n = > Th [G'a <1 pab‘s’h)] € Q} in (6.34a—c), and obtain, on

noting (4.15), (3.6), (3.4a,d), (6.35), (6.26) with g = —G)5 having Lipschitz constant 52 and
(6.21a,b) that

(f", u2,67h>H&(_@)

Re " 2 2
= o J, 168 sl 105 51— —||ua5h\|]dx+ (1- e/ 0G5 > cx

£ Th p 5h
—i—i/ Th {tr((%(o” L0 h))ZBE(Gn ))] dx
2Wi2 Jg a,6,h Fa.s, a,5,h

ea pnéyh
_m/ (Daaéh Om[Gs(o a5,h)]_DP275,hDTlh {GI(S<1_ ak,) ﬂ)dx

2W|/_jz Z Uy s nlmAsmp(0G 5n) - 0()9( Th(G5(0g 55)] dX

m=1p=1
Py d Py
n—1 _ Ma,dh / a,0,h
i, 3, 2 s (1557 o (155 )

n n n n—1 n—1 —
- Fon(Uy 50 Fa.s5n Pa.sn) — Fon(Ug sp aa,&h’pa,é,h)
=
Aty

Re
g f, Wesn i 3nIPdck (1—e) [ 100 5P ox
£
+W/@m {tr( Aé(azta,h’f)g,a,h)) ﬁa(a?,,a’h))] dx
asd? PR
+ 2w /@[llﬂm[Gs<oz,5,h>u2+bHunh[eg (2- %)) ]
: -0, |tr(Hs(G ot (G (1 2220 ) g 6.37
+m 05h Th |tr(H5(G5(0g 51))) +bHs ( G5 ( 1 b X. (6.37)

The first desired inequality in (6.36) follows immediately from (6.37) on noting (6.1a,d), (1.12)
and that 7 :C(Z) — Q. The second inequality in (6.36) follows immediately from (2.9) with
=(1-¢)/(1+Cp). O

6.5 Existence of discrete solutions

-1 -1 1,al
PROPOSITION 6.2 Under the assumptions of Lemma 6.2, given (ua oh 02 5. ol on) € Vi x Spx
Qt such that [, [tr(a” a5, h) [y 3. h] dx =0 and for any time step Aty > 0, then there exists at least
one solution (ua 5n%ashPas h) € VEx S x Qf to (P4 '5h)» (6.34a—c), such that [, [tr(g7 5p)—
Py 50l dx=0.
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Proof.  The proof is similar to that of Proposition 4.2. We introduce the following inner
product on the Hilbert space V% X Sﬁ X Q%

(W, ,8),(v,0.n))%, =/@ (W-v+ R @+En]ldx  V(W,,&),(v.@,n) € Vix S x Qp.

Given (ua 6h’0276l‘h’p2761.h) GV% X Srl1>< Q%, let ZN: V% X Srl] X Q%HV% X Sﬁ X Q% be such that for
any (W,,&) € Vi x St x Qf

(Fww.).vom)

=L

a,0,h

w—u"1 ¢
( A ) + (1= £)0W: OV - Th s (.6) As (. €) Bs(@)] OV

+% (03 Dw) -v—w- (3, D) |

o [O¢ ::O@+0¢&-On]—20w: 1 [Ks(P, <) [tp+nl}ﬁa(¢)]l dx

n 1 _ An-1
/jmK a6h> _‘erAa(lll,éV)iBa(lP) o+ (E pa,é,h) nthf(Aa(lP»f')ﬁa(lﬂ))n] dx

Atn Wi
d

d ) &\ o
/92121 a5h [Aémp(w) 0::) b/\émp(l b) 0)1]dx<fn,v>Hf}(@)
m=1p=
V(V,@,n) € Vi x S x Qh. (6.38)

A solution (ug@h, 02,5,h»f32,57h) to (6.34a-c), if it exists, corresponds to a zero of .Z". On recall-
ing (6.19a,b), (6.18a,b) and (6.14), it is easily deduced that the mapping .#" is continuous. For

any (W, @,€) € Vi x S x Q}, on choosing (v, @) = (W, — 5 THG5(W)], 26370 G5 (1- )] ).
we obtain analogously to (6.36) that

(et gl

Fon(W, @, &) —Fsn(U 3. 00 3. 00 5
> , i ) ,Ata,é,h’ a,0,h’ a.5h / HW ugéh‘zdx
n

14Cp  .n
A R YA W/@ﬂh [ ((As(w, €))% Bs(w)) | ox

; O;‘gvif / [Iﬂm[G’a(lII)]||2+bHDm [eg (1— f))}

Tn addition, (FZN(w,,€),(v,@,n))" with (v,@,n) = (0,1,~1) yields that

2
] dx. (6.39)

/Oj ftr() — €] dx — /] [tr(a7 2) — P ] dx = 0. (6.40)
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Let
1 1

2
@Ity = [(vom. @] = ([ (W12 i1+ n)] x)
and, for any y € Ry, let

A= {(v.o.n) eVAxShxQh: [(v.o.n) = v}.

On noting (6.4), we have that there exists a Up € Rso such that for all @ € Srlv

IR 1@ () = TR o() < uﬁ/@ h[ || @I|?] dx, (6.41)

and an equivalent result holding for all n € Qt. It follows from (6.35), (6.40), (3.5), (3.7a) and
(6.41) that

FanW. )= [ IwiZdcr o [ m frtw- Go(w) 1) -bGs (1- £ ) & ax

> [ w5 [ i+ 2 e~ (2 30), |
/ Wi 2d+3b)\9|

4W1w[nmwn o) [ ol ox+ [l E]nco) | 7ol1E] dx]

(Re ¢ 2 2 |52 (2d +30)| 7]
> min (5 f ) () L+l +167)] o) - 223

Re £ £(2d+3b)|7| h
= - . 42
m'”( 2 4W1uhy> AWi W, 8) € Ay (642)
Hence, for y sufficiently large, it follows from (6.39) and (6.42) that

(ﬁh(w,w,g),(w,—zgmm[eg(w)],zngm[eg (1—;‘;)}))'1 >0 V(W g,E) e A (6.43)

9

Therefore, Proposition 2.8 in Zeidler (1986) yields that .#" has a zero, (u’; 5n 0 s, he Pl 5n) With

H 51O 5Pl s H <y. Finally, (6.40), yields that [,,[tr(67 5.)—p] 5, dx= [, [tr(a" &, —
Pas. L]dx=0. O
We now have the analogue of Theorem 4.3.
THEOREM 6.3 Under the assumptions of Lemma 6.2, for any & € (O,min{%,b}], Nr > 1 and
any partitioning of [0, T] into Ny time steps, there exists a solution {(Uf 5.,07% 5 h,pg‘é‘h)}n'\il €
Vi x S x QN to (PG5 1), (6.34a c).
In addition, it follows for n=1,...,Nr that [,[tr(o" a.5.h) — P 5pldx=0and

1 n .
Fé,h(ugﬁcs’h’ 0275,h792757h) + > Z /@ [Rellu%,h a 5. hHZ +(1- $)Atm||'3u2",5,h||2
m=1
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2W2 z Atm/ { <(Aé(ag'ﬁ,h’pg],é,h))zﬁé(a?,d,h))
Ja

agd? n Y
o 2.0 [ [nume’( o+ [o (1 an )]
< Fon(Un i 1(00)) + 57 g5 3 Al 17539 < C. (6.44)

dx

1+Cp &

which yields that

max [ I P+ 108 sl 105 5l +8 107 sl + |- 95 5| || dx <G
(6.45)
where C is independent of a, as well as d, h and At.

Proof. Existence and the stability result (6.44) follow immediately from Propositions 6.2 and
6.1, respectively, on noting (6.35), (3.1), (6.29), (6.30), (4.11a) and (3.14). The bounds (6.45)
follow immediately from (6.44), on noting (3.6), (3.4b), (6.35), (3.5) and that

n n
/@ Th [b Kl_ pat,)a,h> —G; (1_ pa;vh)] +r(Og 5n— Gé(ag_’&h))} dx

_ L m {b {1_ Gs (1— p‘?’b‘“’)] —tr(G5(ag75"h))} dx < C. (6.46)
O

REMARK 6.1 We recall that we have used S} for the approximation of @, &in (P 5. n), (6.34a~
¢), due to the presence of the diffusion term in (5.5¢). Secondly, due to the advective term in
(5.5¢), one has to introduce the variable p} 5.h and its equation (6.34c) in (Pa 5.p) in order to

obtain the entropy bound (6.36). However, we now have a bound on m[[b— paﬁ.h} ] in (6.45),
as opposed to [b—tr(0%,)]- in (4.32). Now, it does not seem possible to pass to the limit
0—0in (Pﬁtcs n) to prove well-posedness of the corresponding direct approximation of (Pq),

i.e. (P4Y,) without the regularization &, as we did for (P4}) in subsection 4.5.

Finally, we note the following two Lemmas for later purposes. As our numerical approxi-
mation (ngé,h% (6.34a-c), of (Pg ), (5.5a-h), uses numerical integration (vertex sampling) to
mimic (5.10), the first Lemma is useful in analysing such terms. Whilst, the second Lemma is
used to prove convergence of the advective terms in (6.34b,c).

LEMMA 6.3 For all Ky € Fh and @ € [C(Ky)]3*9, we have, for r € [1,0), that

. iwllolr+ milgifiax<c [ Imol o (647

Proof. Tt follows immediately from (6.4) that

[ mll@lr )+ m 9l dx < 2Kl [@legq, <C [ el dx
k k

and hence the desired result(6.47). O
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LEMMA 6.4 Let g€ C%(R) with Lipschitz constant Oip- For all Ky € %, and for all q € Q%,
Qc Sﬁ we have that

[ 170B(9))— Bo@)Pox+ max [ [1Asm(@) — Bs(@)anol“ax < CHF | gl
'Kk m,p=1,..., Kk
(6.48a)

[ Imig(a)) - g(@)]2dx < C iy * | BaiPx
SRk v Rk
and [ | mig(@) - 9(@)|2dx<CFph? [ [OplFcx  (6.45b)
7Rk Rk
In addition, if g is monotonic then, for all Ky € 9, and for all q € Q%, we have that

L Irmis@] —g(@Pax<CH | Omigla)]|Pax (6.49)

Proof. The results (6.48a) are proved in Lemma 5.3 of Barrett & Boyaval (2011) for the case
when Bs, Agmp and Sﬁ are replaced by B, Amp and Srl1 NSso. The proofs given there are trivially
adapted to the present case. In fact, the proof of the first result in (6.48a) in Barrett & Boyaval
(2011) is easily adapted to any function g € C%1(R). Hence, we have the results (6.48b).

The result (6.49) is a simple variation of (6.48b) and follows on noting that

Imhlo(@)] —al@lop < max l9(a(R) — g(@P), (6.50)

..... d

where {ij}(jj:O are the vertices of K. O

7. Convergence of (P4 6h) to (Pg) in the case d=2
7.1 Stability

Before proving our stability results, we introduce some further notation. We require the L?
projector % :V — V% defined by

/@(v—%hv)-wdx:o vYwe Vi (7.1)

In addition, we require & : [LZ(Q)]CS'Xd — S} defined by

/@m[@hx L @ldx — /@x ‘pdx  Vesh (7.2)
It is easily deduced for p=1,...,Np and i, j =1,...,d that
1
P00 (Po) = g | [P0l o (73)

where np € Qt is such that np(R) = &pr for p,r =1,...,Np. It follows from (7.2) and (6.7b) with
@ = PhX, in both cases, that

[ 1zxiPax< [ milzxifaxs [ xiPac vxe @)Ll (14
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Assuming that & is convex and that the family {Jh}ns0 is quasi-uniform, i.e. hy > Ch,
k=1,...,Ng, it then follows that

see Lemma 4.3 in Heywood & Rannacher (1982). Similarly, it is easily established that
120X In12) <CliXlis) VX € [HY(2)15. (7.6)

We also require the scalar analogue of &, where d =1 and Snl is replaced by Qﬁ, satisfying the
analogues of (7.2)757.4) and (7.6).

Let ([Hl(@)]gX ) be the topological dual of [Hl(@)]ng with [LZ(Q)]%Xd being the pivot
space. Let & : ([HY(2))39) — [HY(2)]2*? be such that &X is the unique solution of the
Helmholtz problem

[ [BEX) =00+ (6X): 0l k= (X.@hsy Y@ E HH D)L, (7.7)

where (-,-)pj1() denotes the duality pairing between (HY(2)12¥9) and [H1(2))39. We note
that

XX = 16X 120 VX € (HYD)EOY, (7.8)

and &+ [[41(») is a norm on ([Hl(g)]gw)’. We also employ this operator in the scalar case,
d=1ie &:HY(2) - HY2).

Let V’ be the topological dual of V with the space of weakly divergent free functions in
[L?(2)]® being the pivot space. Let . 1 V/ — V be such that .#W is the unique solution to the
Helmholtz-Stokes problem

/@ [O(W) : Ov+ (W) - V] dX = (W, V)y wev, (7.9)

where (-,-)y denotes the duality pairing between V' and V. We note that
(W, Wy = [ SW[Ey ) YWEV, (7.10)

and |7« [[41() is a norm on the reflexive space V'.

We recall the following well-known Gagliardo-Nirenberg inequality. Let r € [2,00) if d =2,
and r € [2,6] if d =3 and 6 =d(3 — ). Then, there exists a positive constant C(Z,r,d) such
that

Inllu o) <C(2.rd)linlzg, Nk, Y0 eHY(2). (7.11)

We recall also the following compactness results. Let %p, # and % be real Banach spaces,
%, 1=0,1, reflexive, with a compact embedding % — % and a continuous embedding # — .
Then, for 1 > 1, i =0,1, the following embedding is compact:

n e€Lh(0,T;% :0—'7 e LM, T; %)} — LM(0,T;%); 7.12
ot
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see Theorem 2.1 on pl184 in Temam (1984). Let Zop, 2  and 27 be real Hilbert spaces with
a compact embedding 2o — £ and a continuous embedding 2" — Z37. Then, for y > 0, the
following embedding is compact:

{n eL?0,T;20):D{n e?(0,T;21)} — L?(0,T; 2), (7.13)

where D! is the time derivative of order y of n, which can be defined in terms of the Fourier
transform of n; see Theorem 2.2 on p186 in Temam (1984).
Finally, we recall the discrete Gronwall inequality:

LM< exmmz:<n“>2> i(q“)z m>1 (7.14)

n
THEOREM 7.1 Under the assumptions of Theorem 6.3, there exists a solution {(uf 060 Fash

Py 6h)}n 1€ [VEx SEx QYN of (P4 6h) (6.34a—c), such that the bounds (6.44) and (6.45)
hold.

Moreover, if d = 2, the family {.F }h-o is quasi-uniform, (6.27) holds and At <C, (1) at+¢h?,
for a { >0 and a C,({ 1) € R sufficiently small, then the following bounds hold:

Nt
n=%1“§X /OW[HUE,MHZ]dXJFZ/g {AtnaHDag,a?thJr77?1[||02,6,h aah” ]} X< C, (7.15a)
M/m\pm dx+z/ [Atya | D] 512+ 1105 50— P12 d<C, (7.15D)

4
Pa 5n
A&m,p (1 ab>

Proof. Existence and the bounds (6.44) and (6.45) were proved in Theorem 6.3.
On choosing @ = Ga shin (6.34b), it follows from (3.2), and (4.15), on applying a Young’s

inequality, for any ¢ > 0 that

nO .....

Saus s

n=1 m=1p=1

4
H/\émp(aaéh) L4(2) ‘

] dx < C. (7.15¢)

L4(2)

1 2 -1 )12 2
5 [ 105 5P+ 105 55— 0% 2]+ Atna |07 52X

At Pa.sh
n a,d,
e (1752 ) (Bt 52) | o
2/”‘ ”aaahH derZAt”/ Duaéh ThKs(O aéhvpaéh) aéhﬁé( aéh)]dx

n / pa- n n n
+ év*t Th [Ga (1— bé’h> tr (Ba(aa,a.h) (Bs(0q.5n) — Ua,a,h))] dx

Atn d daa ,0,h

Ha shlliz +Atn/ ImAsmp(Tg 5n) : dx
- n’glpzl aéh meTa IXp
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At
<5 [ mllog 3R o T 105 sl

+C6‘1Atn/ TH {tr (ﬁé(agéh) ‘55(02.6@)*02,5“)} dx

+2At[|0ug spll2(o) | ThK5(0g 510 Pa 5.1) Ta 50Bs5(Ta 50)]llLz(9)
+CAtq[Juf h|| (220 ) A8 mp(Tg 50)llL2+2 () 100G shllL2(2)- (7.16)

We deduce from (3.3), (1.8), (6.7b), (1.5b), (5.2), (5.3), (6.47) and (7.11), as d = 2, that

tr (B5(0% &) |B5(0T 1) — 0% 5| ) < 817 (|B5(05 510) — 50| ) <C(E+1165 5. (7.172)
ITh[Ks(0q 5.0:Pa.510) Ta.50Bs5(0g.5n)] ||Ez(9)

S /9 h “'K‘S(agﬁ,h’pg,&h) Ou.sn Bé(ag,é,h)Hz} dx

<Cb [ m 10751 1Bs(0% 5| dx<C (63+ /w10 51l°) dx)

<C (53+ Ha'&,a,hllﬁs(%) <C (53+ 167 5l ||02,57hHH1<_@)) . (7.17b)

Similarly, as d = 2, it follows from (6.24b), (3.3), (6.4) and (7.11) that for all { >0

A6 mp(Tq s, h)||ﬁ:fz kNKlIKk| 1A6mp(Tg, 5h)”2+z <C z Kkl [ITh[Bs (07, 5h)]HEIZKk
<C[8% 4105 5nlIPES )] <CHC 10 5lZ2(o) 165 51l
(7.18)
In addition, as d =2, we note from (7.11), (1.13) and (6.45) that for all { >0
||U2f§h\|LazZ+_zz<9> <C(¢™ )||Uo,5h||2+Z HUMhH C(¢™ )H'juc,(;hll2+Z (7.19)
Combining (7.16)—(7.19), yields, on applying a Young’s inequality, that for all { >0
/ ([0 50l + 110G 50— T5 a1l ]dx+4tn0’/ 1807 5nl%dx
< [ mllo &2 ox
+C( Y Atya~ WO [1+ 10, 5122 + 10U 21122 } (1+ ||ag,51hufz<@)) . (7.20)

Hence, summing (7.20) from n=1,...,mfor m=1,... Ny yields, on noting (6.7b), that for any
(>0

m m
[ mllofsnllaxta s ot [ 1067 splPax+ S [ mllloh 0032 dx
7 n=1 7 n=1’2
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g/ (692 dx+C(¢ 1) a1+

n

+y (10 sl

m
+C(C —(1+0) z
n=1 k=n—1

0| [ mllossalPlox (2

Applying the discrete Gronwall inequality (7.14) to (7.21), on noting (6.27), (6.8), (6.29), (6.5b),
the quasi-uniformity of { Zh}hso, (6.44), (6.45), and that At <C,({ 1) a**¢h?, for a { >0 where
C.(¢7Y) is sufficiently small, yields the bounds (7.15a).

Similarly to (7.16) on choosing n = pj 5, in (6.34c), it follows from (4.15), (1.3b), (1.4b)
and (1.8), on applying a Young’s inequality, for any ¢ > 0 that

1 _
5/ T‘ﬁ[|f335h|2+|935h_9351h 2]dx+Atna/ ||ngah||2dx

2/ (05 5l dx+2Atn/ OUG 5.0 ThiKs(0G 50 P 5.10) Pa.5nBs(Tg 5.)] X

At
- WT/ Th {tr (Aé(ag 6.h»Pg,5.h)B(5(03,6,h)> pg,é,h] dx

pg,é,h 90 5h
b 0Xp

jm:lp 1

2/ |pa5h JdX+ 24t [|0Ug 5 hlli2(9) [ITh[Ks (T 500 Pa.50) Pa.snBs (T sn)]ll2(2)
Pa.sn
Aé,m,p <1 % )H ||Dpa6hHL2
Atn

o e ((Aste snpban)’ Ba<a';_5,h>)+dz<p:;,5,h>2|Ba<az,5,h>||} d (7.22)

Similarly to (7.17b), as d = 2, we deduce from (6.7b), (5.2), (5.3), (3.3), (6.4), (7.11) and (7.15a)
that

JF(:Atn||ur(;,._51,h|| 2(2+¢) ‘
L9

”m[Ké(ag,é,hapg,&h)pg,é,hﬁé(ag,é,h)]||E2(9)<Cb/@m {(pg’&h)z”B‘S(agﬁé’h)”} o
<C <1+ oG snllsz ) g 5 hllEs2)

<C(1+||oaahH1 )npaahan 108 50l Suco,
(7.23)

Similarly to (7.18), as d = 2, it follows from (6.24a), (3.3), (6.4) and (7.11) that for all { >0

Pa.sh
‘ /\5,m.p (1_ ab : )

Combining (7.22)—(7.24) and (7.19), yields, on applying a Young’s inequality, that for all
(>0

2+¢

<C+C(Q) lIpg anllE D anllig) 7.24
L2+Z(_@) (Z) ||pa,5,h‘||_2(@) ||pa,5,h||Hl(j) ( )

/977?1[|P8,5,h“2+|PQ76,h*pQT51,h 2]dx+Atna/_@\|Dp2757h||2dx
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/n;1 D) 22 X+ 2 O] 512

+% T“{”((Aé(ag,a,wpg,a,h)) 35(02,57h))]dx

+0( ) Atna FH 14107 5 pl1Za() +10UT HlZ200) | (14195 6220 ) - (7:25)

Hence, summing (7.25) from n=1,....mfor m=1,... Ny yields, on noting (6.7b) and (6.44),
that for any { >0

m . m
/@m[|P25.h|z]dX+anzlmn/@||DPE,5,hH2dx+nZl/@7'@1[|Pg,5,h—92;51,h|\2]dx
< [ mlr(of)?)ax+og Y a0

Z

4O Yy a-1+0) zmn{HHaMhnHl +||Du06h|\L2<_@)}/@mupg@hmdx. (7.26)

Applying the discrete Gronwall inequality (7.14) to (7.26), on noting (6.27), (6.30), (6.5a,b),
the quasi-uniformity of {Jh}n=0, (6.44), (6.45), (6.8), (7.15a), and that At < C.({~1)a'*¢h?,
for a ¢ > 0 where C,({ 1) is sufficiently small, yields the bounds (7.15b).

Finally, the desired result (7.15¢) follows immediately from (7.18) and (7.24) with { =2, on
noting (7.15a,b) and (6.8). O

REMARK 7.1 Our final convergence result will be restricted to d = 2 for the same reason as
why our result for Oldroyd-B in Barrett & Boyaval (2011) was restricted to d = 2. For example,
the control of the term (7.17b) necessitates the restriction to d = 2. This could be overcome for
FENE-P by replacing the regularization B in (Paﬁé), (5.5a-h), by Bg and using test functions
based on Gg in place of G5, where (Gb) (s) = 35( s) for all s€ R. On making a similar change
to our numerical approximation (PAt . n), (6.34a—c), it is then possible to prove the analogues
of Theorem 6.3 and Theorem 7.1 for d = 2 and 3 with no restriction on At. One can then
establish analogues of Lemmas 7.1, 7.2 and Theorem 7.2, below, but now the limits involve the
cut-off b, i.e. U, @9 and pB. Moreover, it does not seem possible to establish that p2 =tr(a®),

as we now have /\6 mp in place of Agmp in the analogue of (7.60). Hence, in taking the limit

5,h, At — 0, , the last term in the analogue of (7.61) would have bgP (lf %) +tr(B°(ah))

instead of —(pR —tr(@%)), where B°(s) = min{s,b}. Therefore, the extension of the convergence
analysis in this paper to d = 3 and with a weaker restriction on At will be a topic of further
research.

LEMMA 7.1 Let all of the assumptions of Theorem 7.1 hold, and, in addition, we assume that &
is convex, so that (7.5) and (7.6) hold. Then the solution {(U} 5,05 5n Py 6.h)}an1 of (PAt5 )
(6.34a—c), satisfies the following bounds:
4
ut o —u T
% (M‘) <C, (7.27a)
Atn
H(2)

Nt
At
nzl )
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Np n n—1 2 Nr S | 2

S At || & (a“ 0N m a""’“) +Y Aty ||& (p"’*‘s’h - p"*““) <C, (7.27b)
n=1 n H1(2) n=1 n H1(2)

Zlmn Th [K5(02r,6,h7pg,é,h)A5(og,6,h’pg,6,h)Bé(ag,&h)] o) S© (7.27¢)
n=

Nt %

ZlAtn Th {Afs(ag,é,h?pg,&h)ﬁé( a. h)} 8 SC (7.27d)
n—=

where 3 € (2,4] and C in (7.27a,c) is independent of a, as well as 3, h and At.

un

1
Proof. On choosing V= % {Y (W)] € Vi in (6.34a) yields, on noting (7.1), (7.10),
(7.5) and Sobolev embedding, that

1 2 —1 -1
& (“g,a,h - ug,am) _ Re/ Uz 50— Yagn B [5/ <u2,6,h - ug,é,h>] dx
Atn H1<@) 9 Atn Atn
- i/ [ K5(05, 510 P8.5.0) As(05, 510 PR 510 B (0T 51| 101 | % o (e Yain) | o
Wi Jo o\Ya.5,hFa,5h) M0\ a5 Pa,sh)Po\Pash h Aty
u" _u?
a,0,h a,0,h
3, 3. "
1
Re [/, n1 U sh—Ya sn
-5/ (U3 OO 5 ) % [y (Atn dx
-1
Re . Ug sh— Yo sn

-1
L in | [Yaon—Yaen
’ Aty X
Hy(2)

0

Re

— (1—5)/@Dug751h -0

2
c { H Th [Ké(o-g,é,hvpg,é,h)Aé(ag,c‘i,mpg,é.h) 35(02,5,h)} HLZ(% + 110G 5 pliE2( )

2
UG Sl UG 5l 12 ) + UG Sl 1O 5 pl Eve o) +IHE G20 | (7:28)

where 6 > 0 as d =2. It follows from (6.7b) and (5.4) that

2
|70 [Ka(0 5005 5.0 A5(0F 51028 51 B0 5] o

2
S/@Tﬁn U’Ka(ffg,a‘h,Pg,a,h)Aa(Ug,a,h,PQ,cs,h)[35(02,5,h)H ]dx

<b /g " {tr((Aa(ag@h, p2757h))2[35(0’;157h))] dx. (7.29)
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Applying the Cauchy—Schwarz and the algebraic-geometric mean inequalities, in conjunction
with (7.11), for d =2, and the Poincaré inequality (1.13) yields that

n
2 2 4
|| ||Ua 5h|| Hug,é,h” HL2 X ||ug 5h|| Hug,é,h”u(o % Z ||ug1,5,h|||_4(9)
m=n—1
. 2 2
<C 3 (I sl 106G snlEz s | (7.30)
m=n—

Similarly, we have for any 8 € (0,1), as d =2, but now using a Young’s inequality

2 n 2
| ||Ug 5 h” (| Oug, 3, hll HL1+9 Hua 5. h” 2(11+e) (/ ||Dua,5,h|||_2(@>

2(1-6)
hanlliz(g, 10U
21-6) n 2(1+36)

SCIGZED 5 106 sl (7.31)
m=n—

<Cu gahHLz 10uG 54l

On taking the % power of both sides of (7. 28) multiplying by Aty, summing from n=1,... Ny
and noting (7.29), (7.30), (7.31) with 8 = §=2 & = 2130 € (2,4), (6.27), (4.11a), (6.44),
(6.45) and (6.29) yields that

4
n—1 £
NZT At |l UG 5.~ ua,é,h)
N _a,oh —a,0oh
n=1 Aty H1(2)

2
2

<C LNngAtn /9 nh {tr <<A5(ag751h,p2)57h))2 Bé(agﬁé)h)ﬂ dx]

" §
+C ZAtn {|Dug5h52(_@)+”fn“a1(@)]]
n=1
Nt 5
+C[1+ max (15 sl m)} nZOAtn”D“E,&h”LZ(%]
<c, (7.32)

and hence the bound (7.27a) with C independent of a.
Choosing @ = P, [6" aahmoaéhﬂ € St in (6.34b) yields, on noting (7.2) and (7.8), that
2

—1
g<026h ag,am)
Aty o)

_/ K - tnaaéh> 7

o" _ o.nfl
& ( a,0,h a76,h>‘|‘| dx
Atn
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1

n-1
:77/ T [ As(07 51 N s ) Bs(00 51 ): P | & %50~ %ash dx
Wi /g a,0,hFa,d,h a,0,h At

1
& Oosh— Oaon X
Atp

o" sh— a.nfl
g("* i LOR ) | B5(00 51) | O

o" _O.nfl
éa< m)de (7.33)
n

It follows from (1.5a,b), (1.3b), (1.4b) and (1.8) that for any { € Rsg

0% 5n—Taan
[@ T & (Atn dx

o" _a.n—l
< a,0,h a,0,h n 1
<[ m f(mn 1185(05 )|

< 571/977;1 {”((Aé("g,a,haPg,a,h))zﬁa(ag757h))} dx

1 Ogsn— agjél,h
“erZ/@nh [Hf_@h éa(Atn

Similarly to (7.17b), it follows from (6.7b), (1.5b), (5.2), (5.3) and (1.8) that

—a/@[lagvéyh::l:l Ph

+2/@ Oug o Th lK5(ag,6,hvpg,57h) Ph

P

d d 0
+ / u" L mA g’ —
@nglpzl[ w.5.nmAsmp(Tg 5n) %

As(Og 51 Pa.sn) Bs(0g sn) - Ph

Ph

1
1As(0 5.1 Pa.50) [B5(Tq 50)] 2]

2
”Bé(ag,é,h)ll] dx. (7.34)

o" . _ghl 1112
8.h ,8.h
Hﬂh lK5(02,57h702,5,h) P | & (txmaﬂ Bs(0g 51
" Hizg)

o" . _ghl 2

<c/m H% & (Mﬂ 185055l | cx (7.35)
2 Aty T
In addition, (3.3), (6.4), (6.8) and (7.15a) imply that for all @ € St
2 i 2
J, (1917 185(6h a1 ax< 3 (105 snliero +2] [ 1 ox

<C 105 snlliz) + 8] 1@1fxs) <Cl@IRs)-  (7.36)

Combining (7.33)—(7.36), yields, on noting (7.6), that

n n—1 2
P Ou5n"Oqasn
Atn

H1(2)
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<C /@ Th {tr((A5(ag,6,h7pg,é.h))zﬂcs(ag,c‘i,h))} dx+a|||:|ag,6,h||52(_@)

dx|. (7.37)

L4(2)

2 2
-‘r“Dug,E,h”LZ +HuaéhHL4(9)/c DY “A‘S’m’p(ag"s’h)
7 =1p=1

n _ -1
Similarly to (7.33)—(7.37), choosing n = % {5 (Wﬂ € Qf in (6.34c) yields that

(g’ (pg,é,h - pg,_al,h>
At, Hi()
<C tr( (As(a" N si))2Bs(a 50)) | dx+al|0pf 5, ||2
S gj"ﬁ 5(0q.5hPa.sh)) P5(Oqs5n Pa 5 nllL2(2)

Pa .50
+ | 0u? o g / A (1—0)
I a,a,hH | or6h Z Z o.mp b L4(9)

m:1p 1
Nt and noting (6.44), (6.45),

2

dx|. (7.38)

Multiplying (7.37) and (7.38) by At,, summing from n=1,...,
(7.30), (6.27), (6.29) and (7.15a—c) yields the bounds (7.27b).
Multiplying (7.29) by At,, summing from n=1,...,Ny and noting (6.44) yields the result

(7.27c) with C independent of a. Finally, it follows from (6.7a) that

) (w sz
o lisenan ]

Multiplying (7.39) by At,, summing from n= 1,...,NT and noting (1.3b), (1.4b), (6.44), (1.8),
(3.3), (6.47), (7.11) with d =2, (6.8) and (7.15a) yields that

Nt 8
S Bty °
n=1

( Nr
< At
nzl "

8

5
8

L5(2)

H T {A5(ag,5,h> Pa.sh) 35(02,5,h)}

< /9 (”h U‘Aa(a'&,a,h,f);‘,@h) [B5(07 512

(7.39)

1112
<|m | lnstenamoraniestonantt]]|

8
L5(2)

Th {Aa(ag,a,h, Pa.sn) 35(02,5,0}

4
5

]
LY(2)

4
L4(2)

T ["Aa(dg.a,hapg757h) [B‘S(Ug,é,h)]%

gl

[1B5(05 51l

(3 o

1
4 5
L4<@)>

v n 4 % 4 v n
<C Atn || TH o H <C[d"+  Aty||o
nzl n [BB( a,é,h)} L4(2) nzl n a,8,h
1
4 v n 2 n 2 ’
<c(e+ 3 ot Haalé’h’HW) <C. (7.40)
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Hence, we have the desired result (7.27d). O

Unfortunately, the bound (7.27a) is not useful for obtaining compactness via (7.12), see
the discussion in the proof of Theorem 7.2 below. Instead one has to exploit the compactness
result (7.13). This we now do, by following the proof of Lemma 5.6 on p237 in Temam (1984).
Here the introduction of K5(07% 54,05 5) in the extra stress term, as discussed above (5.2),
is crucial, as this yields an L?(27) bound on this stress term via the bound (5.4). For this
purpose, we introduce the following notation in line with (4.10). Let Uﬁf&h € C([0,T]; Vi) and

U35 € L2(0,T; V) be such that for n=1,...,Nr
At . t_tn71 n th—t n—1 n—-1 ¢n
ua,élh(t,') = 7Ua76’h(~) + 7Ua 5 h() t 6 [t 7t ], (7.41&)
Atn Atn [
At, At,— . —
Upsn(t ) =y sn(), Ugsn(t)i=ug () tet™hth), (7.41D)
and A(t) := Aty tet" ). (7.41c¢)

We note that

Judt
ugt,&h uﬁtgth (t _t:t) ;tﬁﬁh te (tn717tn)7 n= 1) IRER] Nt ’ (742)

where t] :=t" and t" :=t""1. We shall adopt uﬁfé’ﬁ) as a collective symbol for uﬁté hs ﬁtéih. We

also define 0’ ((5 h) and pﬁfé’i) similarly to (7.41a,b).
Using the notation (7.41ab), (P4 5h)7 ie. (6.34a—c) multiplied by Aty and summed for
n=1...,Nr, can be restated as:

L.
Re

o [ [l o] v [t 0 s

£ git+ AL+ oltt At At ] .
50 L [Ka 02 a5 As(02'5 02 ) B0 )| - Ovaca

0u
RCT V+(1—¢)0uy's, - Ov| dxat

:/O (7 Ve WeL2(0,T;VE),  (7.43a)
60. A5( At+ pAtJr)Bé( At+)
a,0,h a,0,h'Ma.d.h aéh
/%nh[ o0 g o @/ dxat

+O!/ Daﬁt,gh' O@dxdt — 2/ Duaah ThiKs(O aahvpaah)‘pﬁé( ﬁtr;,rh)]dth

d
/ 2 Z gahm/\émp( oot AR dq’dxdt 0 V@ e L?(0,T;Sh), (7.43b)
ij: p,
0pa§h tr (A(S( ét;—h:pﬁtgm)ﬁé( ﬁtgh))
L :

ot n+ Wi dxdt
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+a/ Dpétg;_; On dxdt — 2/ Dua5h Tlh[Kg( a5h7pg5h)r’36( )]dth

+b/
97

subject to the initial conditions uAté h(0) = ud, O‘gté n(0) = o? and pgf&h(O) =tr(ap).

At,+
h]m/\a,m,p<1 P "‘”‘) N et =0 ¥ el20,T;Qh)  (7.430)

mzlpl b ap

LEMMA 7.2 Under all of the assumptions of Lemma 7.1, the solution (uc‘;t&h,dgf&h,pgt&h) of
(P4 '5n)> (7-43a—c), satisfies the following bound:

T
/OHDtVu hHLZ dt <C, (7.44)

where y € (0, %1) and C is independent of a, as well as d, h and At.
Proof. Equation (7.43a) can be reinterpreted as

Re—/ on(t)-vdx= / Og*t*(t):Ovdx  WeVE  te(0,T), (7.45)
where g2t (t) € V1 is defined by
/ I:Igm‘*(t) tOvdx = (f5(t),V)pa (o) — (1 €) / I:IuAt S(t) : Ovdx
7
t,— t t, t,
o [ GR Tt >} - (5,00 ] uﬁ,gh< )| ox
£
- /] T [ Ks (8510, P85 (D) As (G850, P85 (1) Bs(05'5 (1) | : Dvex. (7.46)
Similarly to (7.28) and (7.29) with 6 € (0,1), it follows from (7.46) that
10g* (t)l| 2y <C [||f+( k-2 + 10U 5Oz
+1llug! snl ||U§f'5+h( M ez + 1 lug! snl ||DU§t5Th(t)|| l[L1+6(2)

+(/@tr((A5<02f;s*h<>pﬁtcs*h())) Bs(0” <>>)dx)l] (7.47)

On noting (7.30), (7.31) and the bound on uy 5, in (6.45), we deduce from (7.47) that
18g* (t)l|2(5) < C [1+ 15 I4-1(9) + | OG5 Ol 5, ”9 2 lI0ug 5015 ”9

+ (/@tr((Aa(aﬁf?h( ), Pﬁt;h( )))Zﬁa(aﬁfgh(t))) dx)%} (7.48)

Similarly to (7.32), on recalling (6.29), (4.11a) and (6.45), we deduce from (7.48) that

T 4
[ 18 ), < (7.9
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where & € (2,4] and C is independent of a, as well as d, h and At. The rest of the proof follows
as on pl1825-6 in Barrett & Boyaval (2011), which is based on the proof of Lemma 5.6 on p237

in Temam (1984). O
7.2 Convergence
It follows from (6.44), (6.45), (7.15a—c), (6.29), (6.8), (7.27a—d), (7.44) and (7.41a—c) that
u ﬁt;h uAtah”
v 21, , +/ 10685 12, + e dt<C, (7.502)
At+
H a,0,h or6h||
sup 164512 . +/ o064 d<C,  (7.50b)
te(0. A(b)
at,
308 19555 s A+l A
At + 2
2 T / pa,é,h
+5 O | Gp | 1- =5 dt<C, (7.50¢)
° L2(%)
A A
/@Tm{tr(Aa( O P ?Bs(055,) ) axet < C. (7.50d)
At(+ At(+
sup [ m|llogsy)]- |\+|[b—pa,§,h>}f|} dx < C3, (7.50¢)
te(0,T)/ 2 i
- 4
T dugf&h v y
I +[DYuG s 1% | < C, (7.50f)
L H(2)
[ aal |? apt. |1
/ H 0%.;% +|e gt‘”‘ dt <C, (7.50g)
° 1 HI(2) HL(2)
I At+ A+ ol At At +
Hﬂh _K5(aa§h7pa6h)A5( aéh?paéh)ﬁ5(aa’5’h):| LZ(%) <Ca (7-50h)
[ A A At, :
Hm _Ag(aat;h,pat;h)Bé(oafafh)} o) <C, (7.501)

where 3 € (2,4], ye (0 74) and C in (7.50a,d,e,f,h) is independent of o, as well as 6, h and At.
We are now in a position to prove the following convergence result concerning (P2 7 6.h)

THEOREM 7.2 Under all of the assumptions of Lemma 7.1, there exists a subsequence of
At At At :
{(ua 5. oa 5 hapa75,h)}6>0,h>0,At>0a and functions

Ug € L®(0,T;H)NL2(0,T;V) "WLF (0, T; V') with ug(0) = u°,
0q €L°(0,T;[L3(2)]§?) NLA(0,T; [HY(2))5*%) nH* (0, T; (H(2)15*%)")

with @y non-negative definite a.e. in Zr and 04(0) =

(7.51a)

a®  (7.51b)
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pa € L®(0,T;L2(2))NL2%(0,T;HY(2))nHL(O,T; (HY(2)))
with py < b a.e. in Zr and py(0) = tr(a?),

such that, as &, h, At — 0,

W — U

Uysn — Ua

A
auat.,é,h
a7

At(+)
Uysh — Ua

S

At(+)
aa,é,h — 0a
At(,£)
a,0,h

At
gdaa,é,h 004

N
ot ot
At(,+)
a,0,h

o — Oq

o — Oq

At(, £
m(Bs(a5's,)] — 0

A
Aé,m,p(aafg,?) — O Omp

and

+)

at(,
pa,é,h — Pa

Pash — Pa

apg,tes,h _ éadpa
ot ot

pﬁ}(::) — Pa

B 5

o e )
A 5

Asmp | 1= =220 | — (173"’

where 3 € (2,4] and r € [1,0).
Proof.

&

Th

weak* in L*(0,T; [LZ(@)]Z)’

weakly in L2(0,T;[HY(2)?),
a;ta weakly in L$ (0,T;V),

strongly in L2(0,T;[L"(2)]),

weak* in L®(0,T;[L?(2))>?),
weakly in L2(0,T;[H1(2))2*?),
weakly in LZ(O,T; [Hl(@)}%xz)»
strongly in LZ(O,T; [Lr(@)]zxz)

2(9))2?)
strongly in L2(0,T; [L¥(2)]?2),

strongly in L2(0,T;[L ,

m7 p:172)

weak* in L*(0,T;L%(2)),
weakly in L2(0,T;H(2)),
weakly in L2(0,T;HY(2)),

strongly in L2(0,T;L"(2)),

) strongly in L2(0,T;L2(2)),

strongly in L2(0,T;L2(2)),
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(7.51c)

(7.52a)
(7.52b)

(7.52¢)

(7.52d)

(7.53a)
(7.53b)

(7.53c)

(7.53d)
(7.53e)
(7.53f)

(7.54a)
(7.54Db)

(7.54c)

(7.54d)

(7.54e)

m, p=12, (7.54f)

The results (7.52a—c) follow immediately from the bounds (7.50a,f) on noting the

notation (7.41a—c). The denseness of UnsoQf in L2(2) and (6.1d) yield that ug € L2(0,T;V).
Hence, the result (7.51a) holds on noting (7.10) and (6.33), where Uy : [0,T] — H is weakly

continuous.
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The strong convergence result (7.52d) for uAt .5 and 1 =2 follows immediately from (7.50a)
and the second bound in (7.50f) and (7.13) with 25 = [H}(2)]? and 2" = 21 = [L%(2)]?. Here
we note that H1(2) is compactly embedded in L?(2). We note here also that one cannot appeal
to (7.12) for this strong convergence result with po = 2, gy = 4/, % = [HY(2))?, 1 = V' with
norm ||+ ||y and & = [L?(2))? for the stated values of &, since [L?(2)]? is not continuously
embedded in V/ as V is not dense in [L2(2)]2.

The result (7.52d) for uAtéih and r = 2 follows immediately from this result for UAt(Sh and
the bound on the last term on the left-hand side of (7.50a), which yields

U35 n — g snllT2(072(9)) < CAL (7.55)
Finally, we note from (7.11), for d = 2, that, for all n € L2(0,T;H(2)),
||’7HL2 0TL'(2 <C||’7H|_2 0.TiL2(2)) HUHEZ(O,T;Hl(@)) (7.56)

for all T € [2,%0) with 6 = 1— 2 € (0,1). Hence, combining (7.56) and (7.52b,d) for u3's) with

r =2 yields (7.52d) for uﬁfé’ﬁ) for the stated values of r.

Similarly, the results (7.53a—c) follow immediately from (7.50b,g). The strong convergence

result (7.53d) for Géta , follows immediately from (7.53b,h), (7.8) and (7.12) with to = p = 2,

% = [HY(2)]94, 21 = ([HY(2)]99) and # = [L'(2)]9%¢ for the stated values of r. Here we
note that H(2) is compactly embedded in L'(2) for the stated values of r, and L'(2) is
continuously embedded in (H(2))’. Similarly to (7.55) and (7.56), the last bound in (7.50b)

then yields that (7.53d) holds for g, éh)

The results (7.54a—d) follow analogously from noting (7.50c,g). Hence, on noting (7.8) and
(6.33), the results (7.51b,c) hold, where g4 :[0,T] — [Lz(.@)]dXd and pg : [0,T] — L%(2) are
weakly continuous, apart from the claims on the non-negative definiteness of 04 and the bound
on Pg. It remains to prove these, (7.53e,f) and (7.54e,f). It follows from (1.11), (6.48b) and
(7.50b,e) that

l[oal-ll 207212

At(,£) At(,£) At(,£)
< H[aa]_ - [00,5,h ]_ LZ(O,T;Ll(@)) H[aa,&h ]_ —Th |:[0-C(,5.,h ]_:| L2(0,T;L1(9))
At(£)
*|h [[00»5’*‘ ]7] L2(0,T;LL(2))
At(£)
< — . .
< HG“ asn |eziorisisy TCINT 3 (7.57)

The desired non-negative definiteness result on 04 in (7.51b) then follows from (7.53d). The
desired bound on pg in (7.51c) follows similarly from (1.11), (6.48b), (7.50c,e) and (7.54d).
The results (7.53e,f) follow immediately from (6.48a), (7.50b), (1.11), (7.53d), (3.3) and the
non-negative definiteness result on @q in (7.51b). The results (7.54e,f) follow similarly from
the scalar version of (6.48a), (7.50c), (1.11), (7.54d), (3.3) and the bound on pg in (7.51c). O

LEMMA 7.3 Under all of the assumptions of Lemma 7.1, the subsequence of {(Ggfé by
P§}5Ah)}6>o,h>o,At>o of Theorem 7.2 and the limiting functions 04 and pq, satisfying (7.51b,c),
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are such that, as 9, h, At — 0,
T [Bé’(pﬁfé:?)] — pa=1r(0q)  strongly in L2(0,T;L3(2)). (7.58)
In addition, we have with h=0(9), as d — O, that

O is positive definite and tr(gy) < b a.e. in 9. (7.59)

Proof. Choosing @ =n1 in (7.43b) and subtracting from (7.43c) yields that
7] A At,
/ [at (P&isn—tr(08s) n} dxdt+a/% (P&'5h—tr(05'5,) ) - On ok

. d pAt.+ a
t,— _ a,0,h At + 7[” _
—l—/@T n;p;[uﬁ@h]m BAS mp (1 5 ) +tr (Aa,m,p(aa@h))] % dxdt =0

vn € L%(0,T;Qt). (7.60)

It follows from (7.52d), (7.53b—d,f), (7.54b—e), (7.7), (7.51a—c) and (6.9a,b) that we may pass
to the limit 9, h, At — 01 in (7.60) with n = 75 X to obtain

T 9
) (5 e ~1(0a) Xowss)t+a | D(pa~t(oa) - Dxxa
—/@T (pa —tr(0q)) Ug-Oxdxdt =0  Vx € C5(0,T;C*(2)), (7.61)

where [pg —tr(04)](0) = 0. For example, in order to pass to the limit on the first term in (7.60),
we note that

0
/ h [dt (pa 5h tr(“ﬁfs,h)) ﬂhx} dxct

_/ {( Pa & tr(Uﬁf&h))) X+ (1 —Th) {(Pﬁf&h—tr(aﬁf@h)) Th [?’f” }dxdt

(7.62)

Hence the desired first term in (7.61) follows from noting (7.53b,c), (7.54b,c), (7.7) and (6.9a,b).
As C§(0,T;C"(2)) is dense in L2(0,T;H(2)), we have, on noting (7.51a—c), that (7.61) holds
for all x € L?(0,T;HY(2)). It then follows from (7.51ac) that we can choose X = pg —tr(0q)
in (7.61) to yield that pg =tr(0qy) as [pa —tr(0q)](0) = 0. Recalling (7.51b,c), we have that
Pa € [0,b] a.e. in Zr. The desired convergence result (7.58) then follows from noting this, (5.3),
(3.3), (6.48b), (7.50¢) and (7.54d).

We now improve on (7.51c) by establishing that pg =tr(0q) <b a.e. in Zy. Assuming that
tr(0q) =b ae. in 22 C Zr, we have

b| 22| :/btr(aa)dxdt

_ / [tr(B5(02%5,))] dxat + /j (0~ m[Bs(025,)] ) ket =T+ o (7.63)
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We deduce from (3.6) and (3.2) that

At,
Tl:/aj$”‘ [(tr(Aé(aaéh7pa5h)Bé( ))+2) 55< paj*l)

It follows from (1.3b) and (1.4b) that

dxdt. (7.64)

1
tr (As(08'5PE ) Bo(0at5h) ) < [t (As(0'5h, P81 2Bs (055 ) r (Bs(aa'si) ) |
(7.65)

Combining (7.64) and (7.65) yields, on noting a scalar version of (6.7a) over D2, (7.50d), (1.8)

and (3.3) that
At +
_ Pasp

Tlgc(/@ [tr (Bs(055) ) +1]
1 pAt +
<C (1+./.@T h [Ilaﬁf;{hll“} dxdt) /@b h lﬁa (1 "b‘5“> dxdt | (7.66)

It follows from (6.47), (7.11), for d =2, and (7.50b) that

NI

2

dxdt

wlo
oolw

A A A A
/@Tm[naafghnﬂ dxct < C[|a5%, I <c/ 168 2 1105 S Py A < C. (7.67)

Similarly to (6.47), it follows from (6.4) with Ky replaced by ((t""1,t") x Ke)N 22, k=1,...,Nk

and n=1,...,Ny, that
At,+
P4t
" [Bé (l_ abé,h)]

P §
/bnhlpé (1_ "6‘57“” dxdt < C
i

where z:= TH, {[35 (l p"‘”‘)} (1 f2). Here we have noted that pg =tr(0q) =b a.e. in 73
Combining (7.66)—(7.68) yields, on noting (7.11), for d = 2, that

8
3

8
<Clafy . (68)
Lg(_@_llt_)) L (QT)

3
8
BSClHg <c(/ 20 210, ) < C o200 121

<C”Z”LZ 0,T: |_2 ||Z|||_oo 0,T; |_2 HZHLZ 0T; Hl(Q)) (769)
It follows from (7.69), (7.51c), (6.26), (3.3), (6.8), (7.50c) and (7.54e) that Ty — 0, as 0, h, At —
0;. In addition, it follows immediately from (7.53e) that T, — 0, as 0, h, At — O,. Hence, we
conclude from (7.63) that |22 =0, and so pg =tr(G4) < b a.e. in Zr; that is, the second desired
result in (7.59).
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We now establish the other result in (7.59) that 0q is symmetric positive definite a.e. in Zr,
which improves on (7.51b). This result requires the further assumption that h=0(9d), as d — 0;..
Assume that 04 is not symmetric positive definite a.e. in 28 C 2. Let v L*(0,T;[L™(2)]?)
be such that 0q V=0 with |[V]| =1 a.e. in 22 and v=10 a.e. in 27\ 22. It then follows from
(3.2) and (3.6) that

8= [, Ivlaxat= [ |m[G5(075,) Ba(0s's)] v axet

< [ | st ptisn oot ] ox

pAt+
ol i)

A simple variation of (6.7a), (1.3b), (1.4a,b) and (7.50d) yield that

1 >% (m[Bs(agts] = (w) ? axc

<C ( /@T m [Bs(055h)] = (va)dxdt> : . (7.71)

dxdt =: T3+ Ta. (7.70)

T [ (] [As(oBish ntisn) IBs(02s

Then (7.53e) and the definition of V yield that, as 9, h, At — Oy,

/% [Bé( )} % )dthH/ Oy (v)dxdt =0, (7.72)

At,+
so we have that T3 — 0, as 9, h, At — 0. Similarly to (7.71), on setting Xétff = Gj <1 pabé,h)

H [Bé(cﬁf‘gh)], we have from (6.7a) that

e (s ]d"dt)l ([, mpees s (VVT)dxdt>%

<C (/QT 03 {x@fﬂ o (va)dxdt) , (7.73)

where we have noted from (1.3b), (1.4b), (1.8), (6.47), (3.6) and (7.50i) that

[ fixg

Nl

oxa<cm g ||

LY(7r)
<l e T, <l e s,

<C+C H { ét;h?pétaﬁ])%(aﬁfgh)”

LY (27

<C.  (7.74)

8
5

L5(2r)
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We will now show, on possibly extracting a further subsequence of {( a. 6h’

At
Pa,5Ah)}6>O,h>O,At>0, that

/ pﬁt;h Pa .o 8 . 8 2x2
m |G [ 1- Bs(04'5) (1_7) 0q weakly in LE(0,T;[LE(2)2?). (7.75)

b

as 0, h, At — 04 with h=0(9). It follows immediately from (7.74) and our definition of )(At o

that [Xgrr] converges weakly in L5(0,T, [LS(.@)]ZXZ) to some limit for a subsequence. We
just need to show it is the limit stated in (7.75). We have from (7.53¢), (7.54d) and (3.1)
that )(At 4 (1— %")7100, a.e. on Zt, for a subsequence, as we have already established that
Pa =1tr(0g) <ba.e. on Zr. So it remains to establish that (I — 7§) [Xétﬁﬂ converges to zero a.e.
on Zr. As Gy € COL(R) is monotonic, it follows from (6.9b), (6.49), (6.4), (3.2) and (7.50b,c)

that
At + / pﬁt(’;;] At,+
Jo=m (x5 o, < [0 =m0 |0 5 (1= 2500 ) [Bs(as)]
LY(71) b 7, Ll(.@‘r)
At +
Pa,5h A,
+{|0=m) (G5 (1— = )1 | (850050 | 2
L2(77)
pAt+
<ch|om | &} (1 "b“)] | [Bs(astsm] | .
S0 lzar)
L2(7r)
<Cd&th (7.76)

Hence, we have for a subsequence that (I — 15,) {Xéthﬂ converges to zero a.e. on 1 as 0, h, At —
04 with h=0(d). Therefore we have established (7.75).

Similarly to (7.72), we have that (7.73), (7.75) and our definitions of X?t"f and V yield that
T4 — 0, as 0, h, At — 04 with h=0(J). Hence it follows from (7.70) that |@-?| =0, and so Oq
is positive definite a.e. in Zt; that is, the first desired result in (7.59). O

LEMMA 7.4 Under all of the assumptions of Lemma 7.3, a further subsequence of the subse-
quence of {(g4 a 5 h’pa . n)}s>0h>04t>0 of Lemma 7.3 and the limiting function Oq, satisfying

(7.51b) and (7. 59) are such that, as &, h, At — 0., with h=0(3),

T Ks(05'5 Pl 51 Bo(05'51) | — 0 strongly in L%(0,T; [L3(2))%%),  (7.77a)
., 8 8 «
T As(00'51 PEs ) Bo(0555)]| = AGa) 0 weakly in LSO, TS LE(2)22),  (7.77h)

Th {Ka(aﬁt(; h,pﬁtam)Ag(O'ﬁt;h,pa 3, h) Bé( a, 5 h)} - A(aa) Oq
weakly in L2(0,T;[L%(2)]%?). (7.77¢)
Proof. Tt follows from (6.7a), (1.3b), (1.4b), (5.2), (1.8), (3.3), (6.8) and (7.50b) that

Hﬂh{'ﬂs ﬁt;h’Pﬁtfh)Bé(aﬁfgh)}_m{ﬁé(aﬁtﬂgh)} i2<%)
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< / | (ks(85 PEs ) — D2 r(Bs(05'5) | [ tr(Bs(05%5,)| axel
At, At,
<C / (B8 (o8'5) —r(Bs 025 | (m [I5shl] + ) axet
At + At +
<C |m B30 ~w(Bs(agh] |,
The desired result (7.77a) then follows immediately from (7.78), (7.53e) and (7.58).
The desired result (7.77b) follows immediately from (3.6), (3.2), (7.75) and (1.2) as pg =
tr(oq).
Similarly to (7.78), it follows from (6.7a), (1.3b), (1.4b), (5.2), (6.8), and (7.50d) that

A A A A At, A A A
Hm{Ka (025,255 ) Ag(o at;h,pat;h)ﬁfs(aafgh)}_nh{Ac‘S( at6+h7pat6+h)[35(0afgh)}

<cf_(m[|apietsi - usiozsy|])’
ZDZM

(a]
<c|[m (B35t ~tr(Bs(aas| ]|, <Clm (8505 ~ (o055

(7.78)

LY (2r)

1
Aé( ﬁt;—hapa 3, h) [Bé(aﬁt;h)} ’

1

2

L2(7r)
(7.79)

It follows immediately from (7.79), (7.53¢), (7.58) and (7.50h) that the weak limits in (7.77b,c)
are the same. Hence, the desired result (7.77c). O

1
2

Li(2r)

THEOREM 7.3 Under all of the assumptions of Lemma 7.3, the limiting functions (Ug,0¢)
satisfying (7.51a,b) and (7.59) solve the following problem:

(Pg) Find ug € L®(0,T;H)NL2(0,T;V) W5 (0,T;V/) and 04 € L(0, T;[L2(2)18 %) N

L2(0,T;[HY(2)13*?) nHY(0,T; (H(2)]3*?)"), with A(Gq)Gq € L2(0,T;([L?(2)]3*?)), such that
U (0) =u®, 04(0) = 0 and

Re/OT<a;t“7v> dt+/, [(1—¢&)Oug : OV+Re[(ug - O)ug] - V] dxdt

_/ (F Vs dt——/ A(Gq)0q:Ovdxdt  WeL®s(0,T;V),  (7.80a)
7

T /80y

/ @ dt+/ (ug-0)oy : @+alog :: O] dxdt

0 ot Hl

—/ [ (OUg) O — V\lhA(aa) a]:tpdxdt v@ e L2(0,T;[HY(2)2?),  (7.80b)

where 9 € (2,4).

Proof.  The function spaces and the initial conditions for (Ug,0¢) follow immediately from
(7.51a,b), (7.59) and (7.77¢). It remains to prove that (Ug, Oq) satisfy (7.80a,b). It follows from
(6.3), (7.52b—d), (7.77¢c), (4.11b), (7.9) and (4.14) that we may pass to the limit, 8, h, At — O,
with h=0(9d), in (7.43a) to obtain that (Uy,0q) satisfy (7.80a).
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It follows from (7.53b-f), (7.52b,d), (7.77a,b), (7.7), (6.9a,b), (1.5a) and as Ug € L2(0,T;V)
that we may pass to the limit 8, h, At — Oy, with h=0(J), in (7.43b) with X = ¢ to obtain
(7.80b) for any @ € C5(0,T; [Cw(@)]ZXZ) For example, similarly to (7.62), in order to pass to
the limit on the first term in (7.43b), we note that

aa.At Aa(o.At+’pAt+)B6(a.At7+)
/%”hK o{,(s,h+ a,6,h’Fa,5h a,5,h T

ot Wi @| dxa

gt T | As (05 5 P ) Bs(05'5)
_/ gah [ a,0,h Vt:/.léh aé,h} ITE](dedt
At At, At,
A L o Hh[Aa( aahapg 51)[36(0[175-;1)} _
+/ (I-Th) |Og sn:Th ol Wi | The | dxdt.
(7.81)

The desired result (7.80b) then follows from noting that C$(0,T;[C®(2)]3*?) is dense in L?(0,T;
HY(2)2°2).

Of course passing to the limit 9, h, At — 04, with h=0(0), in (7.43c), using in addition
(7.54b-d,f), yields the weak formulation for tr(@y) consistent with (7.80b). O

REMARK 7.2 Choosing (@+ @) as a test function in (7.80b) for any @ € L?(0,T;[HY(2)]?>*?)
yields, on noting the symmetry of @y, (7.80b) with the term 2(0uy )0y replaced by (Oug )0 g +
04(0ug)T, which is consistent with (5.1c).

Finally, it follows from (7.50a,fh), (7.52a—c) and (7.770) that

ouq ||?

a2, Hf

sup gz + [

. +[|A(Ga) Oallfzp | <C,  (7.82)
€(0,T)

H1(2)

where 9 € (2,4) and C is independent of the stress diffusion coefficient a. Of course, in addition,
it follows from (7.59) and (1.8) that [[Oql| =(g) <b.

8. Conclusions

We have extended our analysis on the Oldroyd-B model in Barrett & Boyaval (2011) to con-
sider the finite element approximation of the FENE-P system of equations. From a physical
viewpoint, the FENE-P model (P), (1.1a-f), is more realistic than the Oldroyd-B model be-
cause it accounts for the finite-extensibility of the polymer molecules in the fluid through the
non-dimensional parameter b > 0. From a mathematical viewpoint, the FENE-P model has an

-1
additional singular nonlinearity due to the factor (1— %) in the definition of A(-), (1.2),

which necessitates a careful mathematical treatment. Hence, this paper is not a trivial extension
of Barrett & Boyaval (2011).

In Section 4, we introduced a finite element approximation (ngth)7 (4.13a,b), based on a
backward Euler type time discretization of the standard FENE-P model (P), (1.1a—f), which
involves a regularization Gg of G =In that appears in the associated free energy of (P). Here, on
a regular partitioning of the polytope 2, the pressure and the symmetric conformation tensor
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were approximated by piecewise constants, Qg and S}, respectively; and the velocity field with
continuous piecewise quadratics or a reduced version, where the tangential component on each
simplicial edge (d = 2) or face (d = 3) is linear. Since S is discontinuous, the discontinuous
Galerkin method was used to approximate the advective term. Existence of a solution to
(Pg,th) and that it satisfies a discrete regularized free energy bound for any choice of time step

were established; see Theorem 4.3. We concluded by showing that, in the limit & — O, these
solutions of (ngh) converged to a solution of (PA') with the approximation of the conformation
tensor being positive definite and having a trace strictly less than b. Moreover, such a solution
of (PAY) satisfied a discrete free energy bound; see Theorem 4.4. We note that it does not
appear possible, at present, to mimic Masmoudi (2011) and pass to the limit h, At — Oy to
prove convergence to a solution of (P) in some sense. This is a topic for further research.

In Section 5, we introduced the FENE-P system with stress diffusion, (Pq), (5.1a-g), where
the dissipative term o A@ has been added to the right-hand side of (1.1c). We stress again that
this dissipative term is not a regularization, but can be physically motivated through the centre-
of-mass diffusion in the related microscopic-macroscopic polymer model, though with a positive
o < 1, see Barrett & Siili (2007), Barrett & Siili (2011b), Schieber (2006) and Degond & Liu
(2009). In Section 6, we introduced our finite element approximation (nga.h)’ (6.34a—c), of

(Pg), involving the regularization Gg as before. Due to the stress diffusion term we cannot use
piecewise constants for the conformation tensor, we used instead continuous piecewise linears.
Now, in order for (Pﬁf 6,h) to satisfy a discrete analogue of the free energy structure of (Py) one
had to deal with the advective term in the stress equation differently, recall (5.11). Moreover,
as a consequence of this stress advective term, one had to introduce a new unknown, Py s,
approximating tr(0q), and solve for this directly; recall Remark 5.1. Overall the velocity field
was approximated with continuous piecewise quadratics or the mini element, and the pressure,
the symmetric conformation tensor and its trace by continuous piecewise linears. Once again a
backward Euler type time discretization was employed. Using the Brouwer fixed point theorem,
we proved existence of a solution to (Pﬁf 6,h) and showed that it satisfied a discrete regularized
free energy bound for any choice of time step, see Theorem 6.3. Due to the presence of the
stress diffusion term this required that the regular partitioning of the polytope Z consisted
of non-obtuse simplices only, recall Lemma 6.1. In Section 7, we proved, in the case d = 2,
(subsequence) convergence of the solutions of (P4 sn)s as 0, hand At — 0y, to global-in-time
weak solutions of (Pg); see Theorem 7.3. This result required the finite element mesh was quasi-
uniform and 2 was a convex polygon, in order for (7.5) and (7.6) to hold for example. This
result also required the time step restriction stated explicitly in the assumptions of Theorem
7.1. Therefore, the extension of the convergence analysis in this paper to d = 3 and with a
weaker restriction on At will be a topic of further research; recall Remark 7.1. We recall that
this existence result for (Pgy) is new to the literature; and we stress again the result (7.82),
which shows that certain norms of Uy and Oy are independent of the stress diffusion coefficient
a.

Finally, we note that Boyaval et al. (2009) consider more general finite element approxi-
mations for the standard Oldroyd-B model without stress diffusion than in Barrett & Boyaval
(2011). In particular, they also consider methods based on the characteristic method for the
advective term in the stress equation. However, in order to mimic the free energy bound they
assume that the characteristics are exactly integrated and the integrals involving the backward
flow are exactly computed. This makes the approach less practical to the finite element methods
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considered in Barrett & Boyaval (2011) and in the present paper. Nevertheless, as the main
difficulty in the present paper arises from the advection term, recall Remark 5.1, it may be
worth considering the use of the characteristic method for this term.
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