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We show that “Malthusian flocks” — i.e., coherently moving collections of self-propelled entities
(such as living creatures) which are being “born” and “dying” during their motion — belong to
a new universality class in spatial dimensions d > 2. We calculate the universal exponents and
scaling laws of this new universality class to O(e) in a d = 4 — ¢ expansion, and find these are
different from the “canonical” exponents previously conjectured to hold for “immortal” flocks (i.e.,
those without birth and death) and shown to hold for incompressible flocks with spatial dimensions
in the range of 2 < d < 4. We also obtain a universal amplitude ratio relating the damping of
transverse and longitudinal velocity and density fluctuations in these systems. Furthermore, we
find a universal separatrix in real (r) space between two regions in which the equal time density
correlation (dp(r,t)dp(0,t)) has opposite signs. Our expansion should be quite accurate in d = 3,
allowing precise quantitative comparisons between our theory, simulations, and experiments.

I. INTRODUCTION

“Active matter”, loosely defined as systems whose con-
stituents have internal energy sources which drive mo-
tion, has been receiving intense attention in the physics
community [? ? ? ? ]. While one obvious motivation
for this interest is its direct relevance to non-equilibrium
physics and biophysics, active matter is also interest-
ing because it exhibits a number of unusual phenomena.
Among these is its ability to develop long-ranged orien-
tational order in spatial dimension d =2 [? ? 7 7 |, and
the “anomalous hydrodynamics” exhibited by many of its
ordered phases [? ? 7 ] even in spatial dimensions d > 2.
By “anomalous hydrodynamics” we mean that the long-
wavelength, long-time behavior of these systems can not
be accurately described by a linear theory; instead, non-
linear interactions between fluctuations must be taken
into account, even to get the correct scaling laws. In-
deed, it is the anomalous hydrodynamics in d = 2 that
makes the existence of long-ranged order possible [? 7 ?
7.

Of course, in addition to making active matter interest-
ing, these intrinsically non-linear phenomena also make
it extremely difficult to treat analytically. The impor-
tance of non-linearities in active matter depends primar-
ily on the symmetry of the state it is in, or, to borrow
the language of equilibrium condensed matter physics,
what “phase” it is in. Non-linearities are extremely im-
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portant in what is known as the “polar ordered fluid”
phase, which we will hereafter sometimes refer to as a
“flock”. This is a phase of active (i.e., self-propelled) par-
ticles in which the only order is the alignment of the par-
ticles’ directions of motion, which spontaneously breaks
rotation invariance. Rotation invariance is “broken” be-
cause we consider systems whose underlying dynamics is
rotation invariant. This aligning of the particles’ motion
is the “polar order” of the phase’s name; the absence of
other types of order (in particular, translational order) is
the reason we describe this phase as “fluid”.

As always, the hydrodynamic (i.e., long length and
time scale) behavior of polar ordered active fluids is de-
termined by the symmetries and conservation laws of the
system. Here, symmetries include not only the symme-
tries of the underlying microscopic dynamics, but the
symmetries of the state as well. In particular, this means
it depends on which symmetries are broken in the ordered
state. Again, in polar ordered active fluids, the broken
symmetry is rotational invariance.

Much of the past work [? ? ? | on polar ordered active
fluids has focused on systems without momentum conser-
vation, as is appropriate for active particles moving over a
frictional substrate which can act as a momentum sink,
but with number conservation. Hereafter we call these
systems “immortal flocks”. For such systems, the density
local number density p of “flockers” (i.e., self-propelled
particles) is a hydrodynamic variable. This consider-
ably complicates the hydrodynamic theory; in particu-
lar, it gives rise to six additional relevant non-linearities
[? ], rendering the problem effectively intractable. All we
know with any certainty about these systems is that they
exhibit anomalous hydrodynamics in all spatial dimen-



sions d < 4, and that this anomaly stabilizes long-ranged
orientational order (or, equivalently, makes it possible for
an arbitrarily large flock to have a non-zero average ve-
locity) in d = 2. A plausible but unproven conjecture [? |
makes it possible to obtain exact scaling exponents char-
acterizing the long-distance, long time scaling behavior
for this system in d = 2. In other dimensions, in par-
ticular d = 3, little beyond the existence of anomalous
hydrodynamics can be said.

Interestingly, one system about which more can be said
is incompressible flocks [? 7 |; i.e., polar ordered ac-
tive fluids in which the density is fixed, either by an in-
finitely stiff equation of state, or by long-ranged forces.
For these systems, it is possible to obtain exact exponents
for all spatial dimensions; as for number conserving sys-
tems with density fluctuations, these prove to be anoma-
lous for spatial dimensions d in the range 2 < d < 4.
Specifically, there are three universal exponents char-
acterizing the hydrodynamic behavior of these systems.
One is the “dynamical exponent” z, which gives the scal-
ing of hydrodynamic time scales ¢(L, ) with length scale
L, perpendicular to the mean direction of flock motion
(i.e., the direction of the average velocity (v)); that is,
t(L1) o L% . Likewise, the scaling of characteristic hy-
drodynamic length scales L) along the direction of flock
motion scale with those L, perpendicular to that di-
rection is given by an “anisotropy exponent” ¢ defined
via Lyj(Ly) o Lﬁ_. Finally, fluctuations u; of the lo-
cal velocity perpendicular to its mean direction define a
“roughness exponent” x via u; o LY. For incompress-
ible flocks, these exponents are given by
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for spatial dimensions satisfying 2 < d < 4, by z = 2,
(=1, and x = % for d > 4 (the latter range of d is
obviously only of interest for simulations). For d = 2,
the static properties of the ordered phase can be mapped
onto the (1+1)-dimensional Kardar-Parisi-Zhang model
[? ] and the exact scaling exponents are ( = 2/3 and
X = —1/3, while the value of z remains unknown. We will
hereafter refer to the exponents (?7) as the “canonical”
exponents.

The exponents (??) were originally asserted [? 7 |
to hold for compressible, number conserving flocks, but
this was later shown to be incorrect [? ], due to the
presence of the aforementioned extra non-linearities as-
sociated with the conserved density. If one conjectures
that those extra non-linearities, which are relevant near
the unstable linear fixed point near d = 4, are in fact ir-
relevant near the non-linear fixed point that controls the
ordered phase in d = 2, then one obtains the “canonical”
values
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In this paper, we study polar ordered active fluids in
which, due to “birth” and “death” of the constituent ac-

tive particles, the number of those particle is not con-
served. Such flocks have been called “Malthusian flocks”
[? 7 ], a terminology we will use here as well. Since we
also restrict ourselves to systems moving through a back-
ground medium (e.g., the cytoskeleton, the intra-cellular
matrix in a biological system, or, aerogel in a synthetic
system) that can exert frictional forces on the active par-
ticles, these systems also lack momentum conservation.
This leaves them with no conservation laws at all.

Some possible experimental realizations of such sys-
tems are: growing bacteria colonies and cell tissues [? ?
? ], and “treadmilling” molecular motor propelled bio-
logical macromolecules in a variety of intracellular struc-
tures, including the cytoskeleton [? ], and mitotic spin-
dles [? ], in which molecules are being created and de-
stroyed as they move.

In addition to describing biological and other active
systems, our model for Malthusian flocks may also be
viewed as a generic non-equilibrium d-dimensional d-
component spin model in which the spin vector space
s(r) and the coordinate space r are treated on an equal
footing, and couplings between the two are allowed[? |.
In particular, terms like s- Vs and (V-s)s, will be present
in the EOM that describes such a generic non-equilibrium
system. As a result, the fluctuations in the system can
propagate spatially in a spin-direction-dependent man-
ner, but the spins themselves are not moving. Therefore,
there are no density fluctuations and the only hydrody-
namic variable is the spin field, the equation of motion
(EOM) for which is exactly the same as the one we de-
rive here for a Malthusian flock, with spin playing the
role of the velocity field. (Of course, non-equilibrium
spin systems in which the spins “live” in real space in
the sense described here will not map onto Malthusian
flocks if those spins live on a lattice, due to the break-
ing of rotation invariance by the lattice itself. There are,
however, ways of eliminating these “crystal field” effects

1)

Overall, the theoretical situation is therefore still quite
unsatisfactory: we only have the scaling laws for incom-
pressible flocks (which require either infinitely strong, or
infinitely ranged, interactions), and the values of the ex-
ponents are the canonical ones for the three dimensional
case [? ], and those from the (141)-dimensional KPZ
model for the two dimensional case [? .

It would clearly be desirable to find the scaling laws
and exponents of some compressible three dimensional
flocks, and to see if, as for incompressible flocks, they are
also given by the canonical values (?7).

In this paper, we do so for Malthusian flocks in d > 2.
Specifically, we study these systems in a d = 4 — € ex-
pansion. We find that they belong to a new universality
class which does not have the canonical exponents (?7).



Exponents e-expansion Uncontrolled one-loop expansion | Canonical exponents Simulation for
for Malthusian flock for Malthusian flock immortal flocks [? ]
z 1.45 1.47 1.6 1.77
¢ 0.73 0.74 0.8 1
X —0.45 —0.47 —0.6 —0.62

TABLE I. Comparisons between the critical exponents ob-
tained in this work and other models in spatial dimension
d=3.

Instead, we find, to leading order in e,

_o B 2
z2=2 11+O(6), (L.3)
_q_ 3¢ 2
(=1 11+O(6), (1.4)
x=-1+ % + O(€?), (1.5)

which the interested reader can easily check do mnot
agree with the “canonical” values (??) near d = 4
(i.e., for small €). However, it should also be noted
that in d = 3 these values are not very different from
the canonical values (?7?); setting ¢ = 1 in (?7?) gives
z = 16/11 = 1.45454....., ¢ = 8/11 = 0.72727272.....
and x = —5/11 = —0.45454...., which are fairly close
to the “canonical” values (?7), which give, in d = 3,
z2=8/5=1.6,(=4/5=0.8 and y = —-3/5 = —0.6.

A recent simulation of an “immortal flock” found the
significantly different values for these exponents [? ],
displayed in the table, which implies that “death” and
“birth” have important effects on the hydrodynamics of
flocks.

We have also estimated the exponents in d = 3 by
applying the one-loop (i.e., lowest order in perturbation
theory) perturbative renormalization group recursion re-
lations in arbitrary spatial dimensions. This approach,
although strictly speaking an uncontrolled approxima-
tion, can easily be shown to give exponents for the O(n)
model critical point in d = 3 that are at least as accurate
as the first order in d = 4 — € expansion with € set to
1. Therefore, we expect this approach should provide a

J

These exponents govern the scaling behavior of the ex-

J

very effective interpolation formula for d between 3 and
4

Using this approach, we find
7 24—-d)(4d—-T7)
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which indeed recover our € expansion results near d = 4,
as the readers can verify for themselves.
In the physically interesting case d = 3, these give
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These are our best numerical estimates of the values of
these exponents in d = 3. We suspect that they are ac-
curate to 1%, an error estimate which we will motivate
in section ?? below. That is, the digits shown after the
approximate equalities above are probably all correct.

The values of these exponents for Malthusian flocks
obtained from the e-expansion and the uncontrolled one-
loop expansion, their ”canonical” values, and those for
immortal flocks found in simulations [? | are summarized
in table 77 to give a clear comparison.
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perimentally measurable velocity correlation function:
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where F), is a universal scaling function (i.e., the same for
all Malthusian flocks), + is a non-universal (i.e., system
dependent) speed, £, , are non-universal lengths, and 7
is a non-universal time. We also note that fluctuations
of the velocity field u,; are always positively correlated,

J
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where we've defined dp(r,t) = p(r,t) — po, with po the
mean density.

In contrast to the velocity-velocity correlation func-
tion, C, can be positive or negative. Indeed, the equal-
time density correlation is positive when |z|/&, > ) /&1
for |x| < & or |z|/& > (rl/fL)C for |x| > &, and
negative otherwise. Therefore, there is a separatrix on
which the equal time density correlations are exactly zero
(Fig. ?7?). This separatrix is given by
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The remainder of this paper is organized as follows: in
section II, we review the derivation in [? | of the hy-
drodynamic EOM for Malthusian flocks. In section III,
we develop the linearized theory of these equations. In
section IV, we study non-linear effects using the dynam-
ical renormalization group (DRG), and obtain the fixed
points and scaling laws governing the ordered phase. We
also obtain a universal amplitude ratio. Section V sum-
marizes our results and discusses their implications for
experiments and simulations. In Appendix A, we present
a simple DRG analysis that confirms the existence of the
fixed point found in our more general treatment. Ap-
pendix B presents the lengthy and arduous details of the
full DRG calculation, which shows that the fixed point
found by the simplified analysis is the only stable fixed
point for this problem, at least to one-loop order. We
have also provided a list of useful formulae in Appendix

C.

II. DERIVATION OF THE EQUATION OF
MOTION

We begin by deriving the equation of motion. This
derivation is virtually identical to that done in reference

(lz = ytl/&)

i.e., C, is always positive.

Density correlations also obey a scaling law involv-
ing the same universal exponents z, (, and x, and non-
universal lengths £, , and time 7:
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FIG. 1. In d = 3, the equal time density correlations are
positive inside the trumpet-shaped surface defined by (?77).
and negative outside it.

[? ]; we review it here simply to make this paper self-
contained. Our starting equation of motion for the veloc-

ity is identical to that of a flock with number conservation
7?27?27

OV + MV -VIV+XN(V-v)v+ \3V(v]?) =
Ulp, [v)v = VP = v (v-VP(p,|v]))

+upV(V -v) + urV2v +pua(v-V)2v +f.  (IL1)

In this equation, A\;(i =1 — 3), U, up,1,4 and the “pres-
sures” P; 2(p, |v|) are, in general, functions of the flocker
number density p and the magnitude |v| of the local ve-
locity. We will expand all of them to the order necessary
to include all terms that are “relevant” in the sense of
changing the long-distance behavior of the flock.



This equation is derived purely from symmetry argu-
ments [? ? 7 ]. However, each term in it has a simple
physical interpretation, which we now give.

The U(p, |v|) term is responsible for spontaneous flock
motion. Our analysis will apply to an extremely large
class of U’s; specifically, to all of those that satisfy
U(lv] < v9) > 0, and U(|v] > vg) < 0 in the ordered
phase. This last condition insures that in the absence of
fluctuations, the flock will move at a speed vy.

The diffusion constants pp 7 4 reflect the tendency of
flockers to follow their neighbors. The f term is a ran-
dom Gaussian white noise, reflecting errors made by the
flockers, with correlations:

(filr, ) f;(x' ")) = 2D8;;6%(x — v')o(t — ') (IL.2)

where the noise strength D is a constant hydrodynamic
parameter (analogous to the temperature in an equilib-
rium system, as it sets the scale of fluctuations), and
i,7 label vector components. The “anisotropic pres-
sure” Pa(p,|v]) in (??) is only allowed due to the non-
equilibrium nature of the flock. This term reflects the
fact that, once the system locally breaks rotation invari-
ance by choosing a direction for the velocity v, there is
no reason in an out of equilibrium system that the re-
sponse of the system to a density gradient along the di-
rection of flock motion need be identical to the response
perpendicular to that direction. Such a term is absent
from the conventional Navier-Stokes equation (as stated
by Pascal’s Law), because it is forbidden by Galilean in-
variance.

Note that (??) is not Galilean invariant; it holds only
in the frame of the fixed medium through or on which
the creatures move, which we assume remains fixed. Sit-
uations in which the background medium is itself a fluid
which can flow (which are now referred to as ”wet active
matter”) have been studied elsewhere [? 7 7 7 ].

We turn now to the EOM for p. In immortal flocks,
this is just the usual continuity equation of compress-
ible fluid dynamics. For Malthusian flocks, the equation
needs an additional term representing the effects of birth
and death. As first noted by Malthus [? |, any collec-
tion of entities that is reproducing and dying can only

J

v+ M(V-V)VE (V- v)Vv+V(V]?) =

where we've defined s = up + Aps.

In the ordered state (i.e., in which (v(r,t)) = voX,
where we’ve chosen the spontaneously picked direction
of mean flock motion as our z-axis), we can expand the
v EOM for small departures u(r,t) = u,X + uy(r,t) of
v(r,t) from uniform motion with speed vy:

v(r,t) = (vo + uz)X +uy(r,t) , (I1.6)

reach a non-zero steady state population density if the
death rate exceeds the birth rate for population densities
greater than the steady state density, and the converse
for population densities less than the steady state den-
sity [? ]. This “Malthusian” condition implies that the
net, local growth rate of number density in the absence of
motion, which we’ll call k(p), which is just the local birth
rate per unit volume minus the local death rate (also per
unit volume), vanishes at some fixed point density po,
with larger densities decreasing (i.e., k(p > po) < 0),
and smaller densities increasing (i.e., k(p < po) > 0).
The EOM for the density is now simply:

dp+ V- (vp) = k(p) (IL.3)

Note that in the absence of birth and death, x(p) = 0,
and equation (??) reduces to the usual continuity equa-
tion, as it should, since “flocker number” is then con-
served.

Since birth and death quickly restore the fixed point
density pg, departures of p from py are no longer hys-
drodynamic variables (since a hydrodynamic variable
is, by definition, slow). It can therefore, like all non-
hydrodynamic variables, be expressed, at long time
scales, as a purley local (in both space and time) func-
tion of the truly hydrodynamic varaiables (in our case,
the velocity). To show this explicitly, we will write
p(r,t) = po + 0p(r,t) and expand both sides of equation
(?7) to leading order in §p. This gives poV-v = £/(po)dp,
where we’ve dropped the 9;p term relative to the ’(pg)dp
term since we're interested in the hydrodynamic limit, in
which the fields evolve extremely slowly. This equation
can be readily solved to give

poV v 7ANB(

op =
= W o) o

V-v) (I1.4)
where App is a positive constant (since k'(pg) < 0, be-
cause k(p > po) < 0 and k(p < pg) > 0) , and o (which
must be positive for stability) is the first expansion coeffi-
cient for P; (i.e., the analog of the inverse compressibility
in an equilibrium system). We can now insert this solu-
tion (??) for dp in terms of v into the isotropic pressure
Py; the resulting EOM for v is:

Ulp, V)V = v (v - VPa(p, [v])) + ppV(V - v)

+ur VAV 4 pa(v - V)?v + f (IL5)

(

where, henceforth z and | denote components along and
perpendicular to the mean velocity, respectively.

In this hydrodynamic approach, we’re interested only
in fluctuations of u(r,t) that vary slowly in space and
time. The component u, of the fluctuation of the ve-
locity along the direction of mean motion is not such a
fluctuation. Rather, like the density fluctuation dp, it is
a non-hydrodynamic or “fast” variable. It therefore can



be eliminated from the equations of motion in much the
same manner as we just eliminated the density fluctua-
tions.

The details of this elimination are a bit tricky, and
are discussed in detail in [? ]); here we will very briefly

J
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In this hydrodynamic approach, we’re interested only
in fluctuations u, (r,t) and dp(r,t) that vary slowly in
space and time. Hence, terms involving spatiotemporal
derivatives of u (r,t) and dp(r,t) are always negligible,
in the hydrodynamic limit, compared to terms involving
the same number of powers of fields with fewer spatiotem-
poral derivatives. Furthermore, the fluctuations u (r, t)
and 0p(r,t) can themselves be shown to be small in the
long-wavelength limit. Hence, we need only keep terms
in (??) up to linear order in u, (r,t) and dp(r,t). The
v - f term can likewise be dropped.

These observations can be used to eliminate many
terms in equation (??), and solve for the quantity U;
we obtain: U = AoV - v+ v - VP,. Inserting this expres-
sion for U back into equation (??), we find that P, and
Ao cancel out of the v EOM, leaving, ignoring irrelevant
terms:

v+ M (v-V)V+ 3V (|v|*) = urV3v

+1sV (V- v) + pa(v- V)2V + f, (IL.8)

This can be made into an EOM for u, involving only
u, (r,t) itself by projecting perpendicular to the direc-
tion of mean flock motion X, and eliminating wu, using
U=MXV-v+v- VP, and the expansion

U~ —I'1(|v] = vo) = I'2(p = po)

u2
~-I (u$ + L) —T'3dp, (I1.9)
2’[}0
where we've defined 'y = —(%) and Ty =
p,0

- <%)I o with subscripts 0 denoting functions of p
v|,0

and |v| evaluated at p = pp and |v| = vy. In going from
the first to the second approximate equality in (?7), we
have used the simple geometrical fact, which follows from
the expansion (??) and the Pythagorean theorem, that
[v| —vo = uz + %, to leading order in u, and u? .
Thus eliminating u,, and using (??) for p, we obtain:

opuy +v0ul +Auy-Vijuy =
/141V3_UJ_ + ,LLQVJ_(VJ_ . UJ_) + um(f?iul +f, (IL.10)

where we've defined A = X}, v = ANuvg, p2 = pg +
2000 (M) —T2App/0)/T1, pa = pG+uS03, and py = i,

review the argument, as applied to our EOM (?77?).

To focus on fluctuations in the magnitude of the veloc-
ity (which are, strictly speaking, the fast variable here,
we take the dot product of both sides of (?7?) with v itself.
This gives

OevI* + (M +223) (v - V)IVI?) + Xa(V V)V = U(IV) IV = V[V - VP + ppv - V(V - v)

+urv - VAVt pav- (v-V)*v) +v-f. (I1.7)

(

where the superscripts 0 denote coefficients evaluated at
p = po and |v| = vg. In writing (??) we have ignored
irrelevant terms which come from the higher order ex-
pansion of the coefficients in dp and u, + % than the
zeroth order.

Changing co-ordinates to a new Galilean frame r’ mov-
ing with respect to our original frame (which, we re-
mind the reader, is that of the fixed background medium
through which the flock moves) in the direction X of mean
flock motion at speed v —i.e.,

(IL11)

r =r— %,
we obtain
atUJ_‘f')\(UJ_'VJ_)UJ_ =u1ViuL +,LL2VJ_(VJ_'UJ_)
Fp 0%u; + £ (I1.12)

where we have dropped the prime in r.

This equation will be the basis of our remaining theo-
retical analysis. Note that to obtain correlations in the
original (unboosted) coordinate system, we need to take
into account the boost (?7).

III. LINEAR THEORY
A. Response functions

In this section we treat the linear approximation to the
model (??). Keeping only the linear terms in (??), and
writing the resultant EOM in Fourier space, we obtain

—iwuy (k) = —p1k? uy (k) — pok (kl : UL(E))
—pzk?uy (k) + £, (k) . (I11.1)
where k = (k,w), and
w (k)= — I
(V2r)

The linear equation (??) can be easily solved by sepa-
rating u, into its component along k; (which we’ll here-
after call “longitudinal”) and its remaining d — 2 com-
ponents perpendicular to k; (which we’ll hereafter call

/ dt d%ruay (v, t)el@=kT) (111.2)



“transverse”). (We remind the reader that u; has only

d — 1 independent components, since it is by definition

orthogonal to the mean direction of flock motion %.)
That is, we write:

u, (k) = up(k)k, +urp(k) , (I11.3)

with k| - up = 0 by definition. These components wuy,
and ur can be computed using

ur(k) =k, -uy (k) (111.4)

and

k) = P (k)ut (k) (IIL5)

J
where we’ve defined the “transverse projection operator”

1.1
kikj
k3

Pr(k) =65 — (I11.6)

)

which projects any vector into the (d — 2)-dimensional
space orthogonal to both the direction of mean flock mo-
tion X and k. We can decompose any vector in the
space orthogonal to X, including, in particular, the ran-
dom force f| , in exactly the same way.

We can now easily rewrite the EOM (??) for uy as
decoupled equations for uy and ur. To obtain the for-
mer, we take the dot product of k| with (??); this gives
a closed EOM for uy,:

—iwuy, (k) = —prkur (k) — pekug (k) +f7 (k) , (I1L.7)
where we have defined
pr = g1+ pe - (IIL.8)

Likewise, acting on both sides of (??) with the transverse
projection operator (?7?) gives a closed EOM for urp:

—iwur(k) = —p k2 up(k) — pek2ur (k) +fr(k) . (I11.9)

Before proceeding to solve these two simple linear
equations for uy, and ur in terms of the forces f; and
fr, it is informative to first determine the eigenfrequen-
cies w(k) of the normal modes of this system. These are

clearly just

wr (k) = =i (urk? + pok?) (II1.10)
for the longitudinal mode, and
wr(k) = =i (il + pak) (IIL.11)

for the transverse mode. In order for the system to be
stable, we must have the imaginary part Iy r(w(k)) <0
for both modes; this clearly requires that

ppae>0. (I1L.12)

Note that this condition (??) does not require ps > 0;
using the definition (??) of uy, in (??) requires only that

Mo > —[ , (I11.13)
or, equivalently,

B2s . (I11.14)

M1

This last condition for stability was noted in the associ-
ated short paper [? ].

Now we turn to the solutions of the EOMs (?
(?7). These can be immediately read off:

ug (k) = Gr(k) fo(k)
ur(k) = Gr(k)fr(k) ,

where we’ve defined the longitudinal and transverse
“propagators”

?) and

(I11.15)
(I11.16)

~ 1
k) = 1.1
Grl) =7 prkt + pak3 (IL17)
~ 1
Gr(k) = (IIL.18)

—iw + k% + pgk?

These propagators will also have an important role to
play in our DRG analysis later.

The solutions (??, ??) for uy, and ur can be summa-
rized in a single equation using the relations (??) and
(??) between u; and its components vy, and ur, along
with the analogous relations between f; and f; and fr;
we obtain

ui (k) = Gy (k) fi (k) (IL.19)

where

Gy(K) = L5 (k)G (k) + P (k)Gr(k),  (ITL20)

and we have defined the “longitudinal projection opera-
tor”
L

J I11.21
et (1m.21)

Lilj(kL) =

which projects any vector along k| .

B. Velocity correlation functions

Using (?7), we obtain the autocorrelations:

(ut (R)uf (K)) = Gim (K) G (K)  Frx () £ (K))
= 2DC’U (k)(S(k + k’)d(w + w') s
(111.22)

where in the second equality we have used the correla-
tions of the noise in Fourier space:

<fL( )fl(k’)> = 2D6,n0(k + K')3(w + ') ,(IT1.23)



and we’ve defined
Cij(k) = Li;(k)|GL(k)]* + Py (k)|Gr(k)|* . (IT1.24)

In writing (??), we have also made liberal use of the
property shared by both projection operators Ll-lj and

Pfj- that their squares are themselves.

Transforming the above correlation function back to
spatio-temporal domain, we obtain the velocity corre-
lation in real space and time. First let’s calculate the
equal-time correlation function:

(u; (0,r)-uy(0,0))

1 ) o\
= oo / dwdw'd?kdk’ <uJ_(k) : uJ_(k')> elkr
Y8
2D . 1
= [ dwdke*T 5+
(2) w? + (urkt + pak?)

d—2
w? + (k2 + pgk2)?

= D[UL(r) + (d — 2)Ur(r)]. (111.25)
where
1 eik-r
Up(r) = d% ————, (11126
== Gy / ik w20
Ur(r) = — / atp O (I11.27)
g (2m)? pk? + pgk? '

Clearly, U r(r) satisfy the anisotropic Poisson equa-
tions:

(LLVE + 1202) Ur(r) = —0%(x)
(11V3 + pe02) Up(r) = —6%(r).

(I11.28)
(IT1.29)

The solutions to the above equations are, for d > 2,

(2—d)/2
()
Up(r) = ~L= , I11.30
0= a2 i (HH:50)
(2—d)/2
(1)
Up(r) = ~22 , I11.31
7(r) Sid= i ( )
where S, is the surface area of a d-dimensional unit
sphere. Inserting the above results into Eq. (7?) we
get
(up(r,t)-ur(0,t)) oc r~ (472 (IT1.32)

Now we calculate the temporal correlation. Setting the

spatial distance to zero in the correlation function to get

(ur(0,2) - u.(0,0))

1 L L —iw
= G / dwdw'd?kdk’ <ul(k) ~ul(k/)>e t
2D . 1
= 7(1“ dedk eilwt 2 —+
(2) w? + (pok? + pak?)

d—2
w2+ (k2 + pok2)”

D /ddk e—(uLki+umk§)\tl+
- (2m)° pokt + pakd

(d — 2)e~ (kL +uak)lt]

—|t|_%D/ ddq e—(qui+uzq§)+
@em? | neal + Had?

(d — 2)e~(mdl +rea3)
1147 + peq?

d—2
oc [t[7=,

(IT1.33)

where in the penultimate equality we have made the
change of vectorial variable, q = |t\%k, while in the ul-
timate proportionality we have used the fact that the
integral over q is a finite constant (i.e., independent of
time t).

We can easily generalize these results to arbitrary
spatio-temporal separations. We start with

(u.(r.1)-u.(0,0))
= (271_;(14_1 /dwdw/ddkddk’ <uJ_(l~() . UJ_(1~(/)> ei(k'!‘—wt)

_ 2‘Dd+1 dwddk ei(k~r7wt)
(2)

1
2 2 2 2t
w? + (upk? + pzk?)

d—2
w2 + (k3 + pk2)’

(I11.34)

Changing the variables of integration from k and w to Q
and T:

ki =Qi/ri , ke=Qu/r1 , w="T/r7, (IIL35)
we obtain
(d— x t
(uy (1) -y (0,0)) = 2, ( )
T TJ_

—d=2) s |tz
N T T

[t~ "=, [t[>ri



where we’ve defined the scaling function

2D o
Hy(a,b) = ——— [ dYd%Qe!lQt T1+Qua=Tb] o
(a,b) 2m) ™
1 N d—2
24 (1 Q% + 1:Q2)° T2+ (1mQ2 + 4, Q2)°
(IT1.37)

C. Density correlations

Although it is not a “soft mode” of Malthusian flocks,
since it is not conserved in these systems, the density p
nonetheless exhibits long-ranged spatio-temporal corre-
lations by virtue of being enslaved to the slow wuy field
via (??). This mechanism is very similar to the “generic
scale invariance” found in driven anisotropic systems|? |.

Using the relation (??) in Fourier space, we obtain

DR 5(k + K)S(w + W)

(ooso)) = =

(I11.38)

where we’ve defined

p=b (,4?2@)2 -

The spatio-temporal correlations can be calculated by
Fourier transforming (??) back to real space and time.
In particular, the equal time correlation function is

(p(0,1)dp(0,0))

= (2;”1 /dwdw’ddkddk’ <5p(l~<)5p(l~{')> eller
m

- (2711')d / A%

where in the last equality we have used (??). To calculate
this correlation function we write

<(5p(1‘, t)dp(t, 0)> = —D/ViUL(I‘) )

(I11.39)

D/kieikr

HLki + ,uxk% '

(I11.40)

(I11.41)

where UL (r) is given in (?7).
above expression gives

(0p(r,1)dp(0, 1))

_ ( Po >2D [ud™ | pp(d—1)a? — pgr?
k' (po)) Sa\l wpr (a2 +Mxri)(2+d)/2

oxr 4, (I11.42)

Inserting (??) into the

In particular, for d = 3, we have

(0p(x, 4)3p(0, 1)) ~ 172 .

It is clear from (??) that the equal time correlation
function of the density fluctuation dp vanishes on the

surface
o
r ==+ — |7
< ML(d - 1)> -

(IT1.43)

(IT1.44)
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which, in d = 3, is a cone. For |z| > /s /pur(d—1)r,
(6p(r,t)dp(0,t)) is positive; otherwise, the correlation is
negative.

The qualitative shape of the regions of positive and
negative density correlations can be understood heuristi-
cally as follows. We first recall that in the hydrodynamic
limit, we can ignore velocity fluctuations in the x direc-
tion. Hence, equation (??) implies that dp x =V -u.
That is, a negative dp(0,t) at the origin results from a
positive divergence of u; at the origin. Therefore, a neg-
ative dp(0,t) will occur if, e.g., u,(—ey,t) > u,(ey,t),
where ¢ is a small distance. On the other hand, since
we know that the equal-time correlation of u, is al-
ways positive, we expect uy,(—ey,t) > u,(ey,t) will
lead to u,(AZ — €y,t) > uy(AZ + €y,t), where A is
any positive or negative number. This leads further to
dp(Ax%,t) < 0. Therefore, we expect that, more often
than not, 0p(Ax,t) < 0 if 6p(0,t) < 0. Thus, this case
will make a positive contribution to (5p(0,t)dp(AX,t)).

One can make a similar argument for the case in which
dp(0,t) > 0, and conclude that usually dp(Ax,t) > 0 if
dp(0,t) > 0. Thus, this case will also make a positive
contribution to (dp(0,t)dp(AX,1)).

This explains the positive region of (5p(0,t)dp(r,t))
close to the #-axis (i.e., 7, < x) in the r-space, which im-
plies the density correlations along the direction of mean
flock motion” are positive. Now, as the equal-time den-
sity correlation function is the Laplacian of a function
(?7), the overall spatial integral of the correlation func-
tion must be zero. Therefore, there must be a negative
region of (dp(0,t)dp(r,t)) in r- space. This must be the
region close to the L plane (i.e., z < r ). The separatrix
that separates these positive and negative regions must
therefore lie between the two, which means it must run
at an angle to the Z-axis both forward and back. This is,
of course, exactly where the cone we found in our more
detailed calculation above lies.

In section 7?7, we will show that the shape of this sepa-
ratrix will be modified if we go beyond the linear theory.

Now we turn to the temporal correlations:

(0p(t,0)dp(0,0))
1 ~ ~ .
= W /dwdw/ddkddk/ <5p(k)5p(k’)> e—lwt
™
2le,2 e—iwt
_ d n
= a1 / dwd®® — > 2
(27) w2+ (ULk? + pok2)
A%k D'k e ek +uek)li]
a / (2m)d prk? + pok?
= |t|_d/2/ ddq D/qie_(#Lqi‘Fﬂqui)
@m)d pret + paqd

o |72, (111.45)
where, again, in the penultimatelz equality we have made
the change of variable, q = |t|zk, and in the ultimate
proportionality we have used the fact that the integral
over q is a finite constant (i.e., independent of time t).



For arbitrary spatio-temporal separations, the correla-
tion function is given by

(dp(r,t)dp(0,0))
1 g g .
Y8

1 / ol 2D R en
(277)d+1 w2+(/‘LLk2L+Mx]€%)2

(IT1.46)

Making the changes of variables of integration prescribed
by (??) we obtain

ot 050000 = it (£ )

E7 r
MR
t=%, [t >
where we’ve defined the scaling function

5 / draig @iel e
(2m) T2+ (@2 + paQ2)?
(I11.48)

, (I11.47)

H,(u,v) =

In any spatial dimension d, these correlations decay too
rapidly to give rise to giant number fluctuations (GNF) [?
? ]; that is, they are not sufficiently long-ranged to make
the rms number fluctuations 6N = /((N — (IV))?) in a
large region grow more rapidly than the square root of the
mean number /(N). However, they are sufficiently long-
ranged to make § N depend on the shape of the region in
which the particle number N is being counted [? ].

Unfortunately, as we will see in the next section, these
scaling laws, in particular the power law with which cor-
relations decay with distance 7, are changed by non-linear
effects, leading to a more rapid decay which eliminates
this shape dependence. Nonetheless, the strange power
law dependence of density correlations persists (albeit
with different exponents than found here in the linear
theory), and still displays universal exponents which can
be readily measured in experiments and simulations.

IV. NONLINEAR EFFECTS AND DYNAMIC
RG ANALYSIS

A. Full nonlinear equation of motion in Fourier
space

We write the full model (??) in Fourier space in tensor
form:

—iwui (k) = = (pk? + pok?) ui (k) + £ (k)

— okt (kL : ul(lE)) - (IA X

[ [nk-a-a]ut@.
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where q = (q,Q) and fq = [dQ d%g. Going through
essentially the same calculation as the one which leads
to (?7) we get

iA o
(\/ﬁ)d+1
[t —an-add@) - ave)

ui (k) = Gij(k) {fﬁ(l?) -

B. Dynamical Renormalization Group I: recursion
relations

To probe what happens for d > 2, we use a DRG anal-
ysis together with the e-expansion method to one-loop
level [? ]. Readers interested in a more complete and
pedagogical discussion of the DRG are referred to [? ]
for the details of this general approach, including the use
of Feynmann graphs in it. ~

First we decompose the Fourier modes u (k) into a
rapidly varying part ui(f{) and a slowly varying part
ut (k) in (??). The rapidly varying part is supported in
the momentum shell —co < k, < oo, Ae™4 < k; < A,
where d/ is an infinitesimal and A is the ultraviolet cutoff.
The slowly varying part is supported in —oo < k; < o0,
0< k. <Ae 4

The DRG procedure then consists of two steps. In step
1, we eliminate u7 (k) from (??). We do this by solving
(7?) iteratively for u7 (k). This solution is a series of A
which depends on u (k). We substitute this solution into
(??) and average over the short wavelength components
£> (k) of the noise f, which gives a closed EOM for ut (k).
Step 2, rescale the length and time as the following

cde 2y oy s exdly

(IV.3)
which restores the ultraviolet cutoff back to A. We reor-
ganize the resultant EOM so that it has the same form

s (?7?) but with various coefficients renormalized.

The calculation of the renormalization of the coeffi-
cients arising from the process of eliminating u7 (k) can
be represented by graphs. The basic rules for the graph-
ical representation are illustrated in Fig. 77.

Following these rules and the prescription of [? ], the
renormalization of the linear terms and the noise to one-
loop order are represented by the graphs in Fig. 7?7 and
Fig. 77, respectively. For example, Fig. 77a represents a
linear term in the EOM for uj- given by

2DN2ktut(k) [~ . -
WH()/ (kfqu)Cm(q)jS(qu),
q

(IV.4)

rl»—>edérl,xl—>e T, t—e

where

> o0 400
/ E/ dQ/ dqz/ d%1q, .
a —oco —oco e~ dALg) <A

(IV.5)



@ ®
—- ——
Yy [

FIG. 2. Rules of graphical representation: (a) = Gi;(k); (b)
= ui (k); (¢) = 2DC;;(k); (d) the nonlinear term proportional

to = —iA1; the slash represents a factor qjl.
(2) ) ~ (b) N )
q —q q —q
ot u o u
k k k k
k-g c k—-g c
jc ic

(d)

FIG. 3. Graphical representation of the correction to the
linear terms in the equation of motion (?7).

By expanding the integrand to O(k) we show in appendix
J
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?7? that (?7) gives contributions to the two linear terms
kiuj-(l;) and kj-kj-uj-(l%) which lead respectively to the
renormalization of p; and ps.

We iterate the DRG procedure repeatedly, which leads
to the following flow equations of the coefficients to one-

(b)

FIG. 4. Graphical representation of the correction to the noise

correlator <fg (k) fu(—k) > .

loop order:

%%:272X7d+1fc+9101)(a)7 (IV.6)
%%:erxfl, (IV.7)
id:; — -2, (IV.8)
i% =2z2—-2+ 901G, (a), (Iv.9)
R =24 0G0 (IV.10)

where we’ve defined
_ DY Senjaa 2 gy

g1 — ; )
Vhapi (27" s

where S;_1 is the surface area of a d — 1-dimensional unit
sphere, and Gp,,, ., are all functions of a. They are

_(d-2) 1 1 2V/2
Gl =5 e "V et vais (1v.12)
1|1 1 2v/2
- |+ - , d=14 V.13
a? [3 3WVa+1 3vVa+2 ( ) ( )
G () = 2 [(2’—6d+3  (d+3)v2 1 d+1 +d—3 d+15
AT T g2 — 1 32 2(a+2)32  a? 2a2/a+1 20 2y2a(a+2)3/2
3 d+1 3-d
+ - + V.14
V2(a+2)3/2  dan/a+1 2\@(1\/&—0—2) ( )
_2fw v o1 5 1 19 3
15\ 32  a(a+2)32 o 2aV/a+1 20 2V2a(a+2)3/2  V2(a+ 2)3/2
L 1 L d=4) (IV.15)
don/a+1  2/2a/a + 2
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G () = 2 C (Bd-1)v2  (d-1) (d+1) (@ —4d+3)vV2  (d* —Td+38)
AT (@2 - 1o a?(a+ 2)3/2 a? 202/ + 1 dar/a + 2 4o
d+1 (13-15d)  3(d—1) (d+1) N 2d* —9d + 11 (IV.16)
64(a+1)%2  2y2a(a+2)32  V2(a+2)32  daya+1 32 '
_2( e 3 5 . %2 1. 5
- 15 a?(a+2)32  a?  2a2ya+1 dava+2 a  64(a+1)3/2
47 9 5 7

- - + + == . d=14 V.17
2V2a(a+2)32  V2(a+2)32  dava+1 32) ( ) ( )

The fact that there are no graphical corrections to A
is not an accident, nor an artifact of our one loop ap-
proximation. Rather, it is a consequence of the fact
that X\ is “protected” by a pseudo-Galilean symmetry.
That is, the EOM is invariant under the substitutions:
X; — x; +tAw and u; — u,; + w for some arbitrary
constant vector w perpendicular to the mean velocity
(u). Since this ezact symmetry involves A, and the renor-
malization group preserves the underlying symmetries of

(

expressions (?7)- (?7?) is somewhat misleading: despite
those negative powers, none of these functions diverges at
a = 0; in fact, these singularities all cancel, and Gp, G,
and G, are all smooth, analytic, and finite for all finite
a (including o = 0), that satisfy the stability constraint
o> —1.

From Eqgs (??7-77) we obtain the closed flow equations
for g’s:

the problem, it follows that A can mot be renormalized dgi o _
’ = = +g1(Gp — =G = +1Gy, (a
(except trivially by rescaling): its graphical corrections a ~ e 91(Gp 2 ) gule+91Ga(0)]
must vanish in any dimension d. (IV.18)
The absence of graphical corrections to p,, on the da
other hand, is likely an artifact of the one-loop approxi- v 910Gy, — Gu,) = g1aGa(a) , (IV.19)
mation, which we will discuss in later sections.
Note that the appearance of negative powers of « in the where
J
Gy (a) = (—10d? +30d — 15)  (d®> —d +8) - (2d? + 3d + 11)V/2 n (d+3) n (15 — 5d)
S 32(d2 — 1) 2(d2 —1)a?2  (d2 —1)a2(a+2)32 " 2(d—-1)a?Va+1 2(d®-1)a
B V2(4d? — 9d + 97) (5d — 45) n 5 (IV.20)
4(d? — D +2)3/2  23/2(d2 — 1) (a +2)3/2  4(d—1D)aa+1 '
2 11v2 N 7 1 25 B 5
96 3a% 3a?(a+2)%2  6a2ya+1 6a  6v2a(a+2)32  6v2(a+ 2)3/2
5
(d=4) (Iv.21)

t——
120/ + 1
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Gula) = 2 (1—3d)V2 +(d—1) (d+1) . (1 —19d) (®—4d+3) (d*—7d+4)
@2 —1) \ ad(a+2)3/2 as 203v/a+1  2v2a2(a+2)3/2  2v/2a2\/a +2 4a?
N 3d+1) 32 (9+7d) (2d? — 25d + 59) d+1 N (d+1)
4a2v/a+1 2@+2)32  2\20(a+2)3/2 32a 6da(a+1)3/2 " dan/a+ 1
(d—3) (2d* — 6d + 3)
+ — V.22
2v20/a + 2 32 ( )
B 22/2 N 2 N 1 B 5 N 1 N 4
C o 15a3(a+2)32  bad  3a3vat+ 1 V2a2(a+2)32 5v2a%Va+2 1502
N 1 B V2 37 3 N 1 N 1
202/a+1  5(a+2)%2  15/2a(a+2)3/2  80a  96a(a+1)32  6ayva+1
1 11
(d=4) (IV.23)

.
15v2a/a +2 240

da/dl

FIG. 5. Plot of 42 versus a for ¢ = 1 and g; fixed at 64/11,

showing that 9«

a7 vanishes only at a = 0. The plot only
changes by a constant multiplicative factor if we change the

value of g1, so for all values of g1, ‘(11—‘2‘ vanishes only at a = 0.

Finding the fixed points of these two flow equations is
equivalent to finding the fixed points of the original flow
equations of the coefficients. We turn to this calculation
in the next subsection.

C. Renormalization Group fixed points in the
e-expansion

We now seek fixed points of these recursion relations to
linear order in e. To this order, it is sufficient to evaluate
the graphical corrections G4, and G, in precisely d = 4.

First, the flow Egs. (?7?,?7?) show that both % and
‘é—%‘ vanish at g; = 0 for arbitrary a. This implies a line
of fixed points (i.e., g1 = 0) in the g;-« parameter space,
as illustrated in Fig. 7?7. These fixed points are Gaussian
fixed points, which can be easily shown to be unstable.

FIG. 6. RG flow of the coupling constant g1 and ratio a = Z—f
at e = 1. The stable fixed point (red circle) is at g7 = 64¢/11
and a® = 0, while the entire « axis (i.e., the locus g1 = 0 is
an unstable Gaussian fixed line and is indicated by a thick
black line.

Now we search for fixed points with nonzero g;. We
start with the recursion relations (??) for a. In (Fig.
?7?) we plot % versus « for fixed nonzero g; and spatial
dimension d = 4. As shown in the figure, the only point
at which ‘é—? vanishes is a = 0. Hence, the fixed points
with nonzero ¢; in the (g1, ) plane must lie at o = 0.
Furthermore, since %—‘; > 0 for « < 0, and ‘é—‘; < 0 for
a > 0, these fixed points at a = 0 are stable with respect
to a. (We will later demonstrate more thoroughly the

stability of these fixed points.)

The fact that the fixed points with nonzero g; are at
a = 0 may seem a rather miraculous result, given the
complexity of the recursion relations (??,??) for g; and
a (note the hideous expressions for G, ). In fact, it is
quite simple to show that, at one-loop order, there must



be a fixed point at @ = 0. This is because if we take
« = 0 initially, which is equivalent to taking us = 0
initially, then the propagators and correlation functions
simplify so much that it becomes quite easy to show that
2 cannot be generated at one-loop order in this limit
upon renormalization. This argument is presented in ap-
pendix ??. We note here that we do not expect this
result to persist to higher loop orders. We will discuss
the implications of this in section 77.

To find the value of g; at these fixed points we take
the slightly tricky limit o — 0 in our expression (?7?) for
Gy, in d = 4. This gives

0) = -1 (IV.24)

Ggl(Oé: _674

Inserting this value of Gy, into the recursion relation
(??) for g1 and finding the values of g; at which % =0
(a value that we'll refer to as g) gives two possibilities:
g7 = 0, which corresponds to the unstable fixed point
(97 = 0,a = 0) on the unstable Gaussian fixed line we
have identified earlier , and a single stable non-Gaussian
fixed point at:

64
g>1'< = 76+O(62) )

=11 a®=0.

(IV.25)

Note that the value of g; at this non-Gaussian fixed
point is O(e), so our perturbation theory, which is valid
for small g1, should be accurate for small ¢; i.e., for spatial
dimensions near the upper critical dimension d = 4. This
validity for small € is, of course, a standard feature of all
€ expansions.

To demonstrate the stability of this fixed point, we
show that small departures from it decay to zero upon
renormalization. Specifically, we linearize the recursion
relations (??) and (??) around the fixed point, writing

g1(0) = g7 + 0g1(¢)

and expanding the recursion relations (??) and (??) to
linear order in dg;(¢) and a(¢). This leads to the recur-
sion relations:

(IV.26)

dsg 160
= — - — V.2
7, €dgy (L) 121¢ & (IV.27)
da 16
o 2 V.2
7, 336&(6), (IV.28)

from which it is obvious that the fixed point (?7?) is stable.
The full renormalization group flows in the g;-« plane
for small € are illustrated in (Fig. 77?).

D. Scaling exponents

With the location of the fixed point (??) in hand, we
can now easily find the universal scaling exponents gov-
erning the behavior of all properties (in particular, cor-
relation functions) of Malthusian flocks.
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The most direct way to do this is to choose the hereto-
fore arbitrary RG rescaling exponents — that is, the dy-
namical exponent z, the anisotropy exponent (, and the
roughness exponent y — to keep all of the other impor-
tant parameters (i.e., the noise strength D, the diffusion
constants ;1 [? ], and the convective nonlinearity \)
fixed [? ].

Keeping the noise strength D fixed leads, via (?7), to
the condition

z—=2x—d+1-C(+9iGpH =0, (IV.29)
where we’ve defined G}, = Gp(a = 0); i.e., the value of
Gp(a) at the fixed point « = 0. From our expression
(??) for Gp(a), it is relatively simple to take the limit
a — 0 and obtain, in d = 4,

1

b=Gpla=0)=1.

(IV.30)
Inserting this, the fixed point value (??) of g7, and d =
4 — € into (??) gives
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z—=2x—(=3— —

1€ (IV.31)

From the above, we can obtain two more linear con-
ditions on our three exponents z, ¢ and x, by requiring
that p, and A remain fixed. The former condition leads
to

z =2, (Iv.32)
while the latter implies
z+x=1. (IV.33)

The three linear equations (?7?), (?7?), and (??) are
easily solved to give:

z=2— % + O(€) (IV.34)
x=—-1+ % + O(€?) (IV.35)
C=1- i’—i +O(é?) . (IV.36)

To the best of our knowledge, the above fixed point and
the associated scaling exponents characterize a previ-
ously undiscovered universality class.

E. Beyond linear order in ¢

Our results so far are based on a one-loop calculation,
which is exact to linear order in . However, since all of
our expressions for Gp ., ., are evaluated for general d,
one can potentially extrapolate our results to arbitrary d
based on our one-loop calculation, ignoring higher loop
graphs. We must emphasize that this is a uncontrolled
approximation, since the higher loop graphs are of higher
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FIG. 7. Graphical summary of our results for the dynamic
exponent z as a function of the spatial dimension d. The
result (??) based on the e-expansion method to O(e) is shown
by the broken black line, while the extrapolation to arbitrary
d based on our one-loop result is shown in the blue line (?7).

order in g1, but g1 is not small at the fixed point once d is
far from 4. Nonetheless, this approach will automatically
recover exactly the one-loop 4 — € expansion results we’ve
just obtained.

This truncated one-loop calculation for general d now
proceeds in much the same way as our small € approach.

We start by noting that once again, as for d near 4, fl—‘z‘
for non-zero g; looks like figure ?7; in particular, %‘ >0

for « < 0, and i—‘z < 0 for @ > 0. Hence, as for small

€, in our current uncontrolled one-loop approximation,
we again have an unstable Gaussian fixed line at g; =
0, and a single stable non-Gaussian fixed point at o =
0 and a non-zero value of g;, which we’ll calculate in
a moment.(We will do a more thorough analysis of the
stability of this fixed point for general d later.)

Since the fixed point value a* of « is zero, we again
only need the values of Gy, and G, at a = 0, but now for
general d. With a bit more assistance from le Marquis
de I'Hopital, we find, for the non-Gaussian fixed point,

. . 23-14d
Gy, = Golo=0)= oy, (IV.37)
. 5(4—d—d?

Using the first of these in the recursion relations (?7?)
for g1, and expressing the fixed point values of gf and
G, in terms of d (instead of ¢€), we have

"
. 064(4—d)(d—1)

T 14d - 23
To demonstrate the stability of this fixed point, we
show that small departures from it decay to zero upon

renormalization. Specifically, we linearize the recursion
relations (?7?) and (??) around the fixed point, writing

g1(0) = g7 + 0g1(¢) (IV.40)

(IV.39)
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and expanding the recursion relations (??) and (??) to
linear order in dg;(¢) and a(f). This leads to the recur-
sion relations:

% = (d—4)591(0) + (97)* Gy, (@ =0) a
= (d —4)dg1(0)
160(d — 1) (3d> — 8d — 1) 2
 (14d—23)2(d+ 1) (4—-d) o
(IV.41)
do _c e
e ala=0)gia
5(4—d—d?)
- <(d +1)(14d — 23)> eo. (IV.42)

Because d? +d — 4 > 0 for all spatial dimensions d in the
range of interest 2 < d < 4, it is obvious from (??, ?7?)
that the fixed point (?7) is stable.

For this uncontrolled one-loop approximation, the full
renormalization group flows in the gi-« plane still looks
qualitatively like Fig. ?7.

We can now determine the scaling exponents z, ¢, and
X, as we did in the € expansion, by choosing them to keep
D, p,, and X fixed. This leads to the same conditions
(7?), (?7) and (??) as in the € expansion, but now in
(??) we use the value
3(d —2)
32(d—1)
which arises from our one-loop truncation in arbitrary

dimension d. Solving these three linear equations (?7),
(?7) and (??) for the three exponents now gives

. 24—d)(dd-T)

G5 = Gpla=0) = (IV.43)

i (IV..44)
N € e [C )
(=1 PRIt (IV.45)
B 2(4 — d)(4d — 7)
X=—lt S (IV..46)

which are the results in general dimension d quoted in
the introduction.

Note that the predicted values of the scaling exponents
in 3D obtained from these two approaches (e expansion
and one-loop in arbitrary d) are in fact very quantita-
tively similar (Fig. ??7). For example, the value of z ob-
tained from the e expansion in d = 3, obtained from
equation (?7?) by setting € = 1, is 2z = %‘, while that
obtained from our uncontrolled one-loop approximation
1S 2y = %. The difference between these is z, — 2z = 505 1
which is only % of z,. The other exponents are compa-
rably close. We thereby conclude that the values given

by the uncontrolled approximation in d = 3, namely

28
=—~14 V.4
=15 7, (Iv.47)

14
= —~0.74 V.4
¢ 19 0.74, (IV.48)

9
=——~ —0.47. V.4
X 19 0.47 (IV.49)



are likely accurate to £1%. As noted in the introduction,
this implies that the digits shown after the approximate
equalities above are probably all correct.

F. Beyond one-loop order

In this section, we discuss what features of the above
results are artifacts of the one-loop truncation. Aside
from small quantitative corrections to the precise values
of the exponents, which we have just argued are small,
there are two more significant changes that we expect
will occur in a higher order calculation (which, we should
emphasize, we have not done!).

The first of these is that the diffusion constant p, will
no longer be unrenormalized at higher order. We expect
this to be the case because there is no symmetry that
“protects” p, from renormalizing. Its failure to renor-
malize at one-loop order is therefore to some extent sim-
ply a coincidence, and almost certainly an artifact of the
one-loop approximation. In this respect, its failure to
renormalize is very similar to the result in e-expansions
for ¢* theories of phase transitions [? | that the critical
exponent 7 is zero to O(e). As is well known, 1 becomes
non-zero at O(e?); or, equivalently, at two-loop order.
We are quite confident that the same thing is true of
renormalization of .

The most important qualitative consequence of this is
that the scaling relation

z=2¢ , (one—loop) (IV.50)
which emerges at one-loop order from the requirement
that p, remain fixed upon renormalization will no longer
hold, since u, will now get graphical corrections.

However, the analogy just noted with critical phenom-
ena strongly suggests that the corrections to (??) will be
very small in d = 3. The exponent 1 in ¢* theories is
typically of order 7 ~ 0.01 — 0.02, so it seems reasonable
to expect the corrections to (?7?), which also arise only
at two-loop order in a problem with a critical dimension
of 4, to be comparable in magnitude. So, although it is
an artifact of the one-loop approximation, (??) proba-
bly holds to within a few percent. But as a matter of
principle, (?7?) is not an exact scaling relation.

The second change that will occur at higher loop or-
der is that the fixed point will no longer be at ps # 0.
This is because, as for the renormalization of u,, there
is no symmetry that prevents a non-zero ps from being
generated, even when the initial (bare) g = 0.

As a result, the recursion relation for o near gy = 0
will, at two loop order, become

i—j = 91Go(a)a + g%H(a) , (IV.51)

J

Cy (71,3? — 7, t;{ Do, ftz0, 105 H20, Ao}) = (u,(r,t)-uy(0,0))
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where H(«) is a function of « that will presumably be
even more formidable than G, («). More importantly, it
will be non-zero at & = 0. Expanding the right hand side
of (?7?) for small o and € gives

Qo aGa(a=0)+ @H(a=0),

- (IV.52)

where the alert reader will recognize the first term on
the right hand side from our linearized recursion relation
(?7) to one-loop order. Solving for the fixed point value
a* of a by setting i—;} =0 and g1 = g7 gives

H(a=0)

mgf = O(e),

(IV.53)

where in the last equality we have used the fact that
g7 = O(e). Thus o* is non-zero, and O(e), once higher
loop corrections are taken into account. Unfortunately,
it is impossible to say much more about the wvalue of
a*, other than that it is non-zero, without actually do-
ing the two-loop calculation necessary to determine the
function H(«) in equation (??). We have not attempted
this formidable calculation, and so can say no more ex-
cept note that o will be non-zero. (Frustratingly, we
can not even determine its sign!)

This has experimental consequences, because, as we’ll
show in section 7?7 below, the value of a* determines a
universal amplitude ratio that appears in the velocity
correlation function.

V. EXPERIMENTAL CONSEQUENCES

A. Scaling laws for velocity and density
correlations

The scaling exponents z, ¢, and x just determined con-
trol the scaling properties of velocity and density corre-
lations, as embodied in equations (??) and (??) for the
velocity and density autocorrelations, respectively. This
can be seen by using the “trajectory integral matching
formalism” [? ], which is simply a fancy way of describ-
ing the process of undoing all of the variable and coordi-
nate rescaling done in the renormalization group process.
This implies, for example, that the velocity autocorrela-
tion function

(V.1)



of the original system (whose parameters — the “bare”
parameters — are denoted by the subscript 0) can be re-

J
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lated to that of the system after a renormalization group
time £ has elapsed via

¢
Cu (71,35 -1, t; {Do,,ua:o,,uloymo,)\o}) = exp lz/ X(ﬁdﬂ/]
0

2 /
<C, <M€_£7(w—7t)exp<— / c(e'>de'),texp(— / zw')dz’);{D<z>,uw<f>,u1<e>,u2<e>,w>}>. (V.2)

In this relation the combination x — ~t appears rather
than = due to the boost (??) we performed to obtain
the model equation (??) which we actually used for the
renormalization group.

The relation (??) holds for an arbitrary choice of the
rescaling exponents x(¢), ((£), and z(¢); they need not
be the special choice (??), (?7) and (??) that we made
earlier to produce fixed points. Indeed, as our notation
suggests, we can even choose different values for these ex-
ponents at different renormalization group times ¢. We
will take advantage of this freedom to use (??) to derive
the scaling relation (??). We will do so by choosing the
rescaling exponents x(¢), ((¢), and z(¢) according to the
following scheme: for ¢ < ¢*, where ¢£* is the renormaliza-
tion group time at which g; and « get close to their fixed
point values, we will choose these exponents so that at
¢ = £*, the parameters D(£*), pu,(¢*), and pq (€*) take on
the values D(€*) = Dyef, t2(£*) = p1(€*) = fref, where
Dy and pef are some reference values that we are free
to choose. Note that we have deliberately chosen to to
make 11, (%) = o (£).

Since there are three free scaling exponents at our dis-
posal, and an equal number (three) of parameters that
we wish to force to take on values of our choosing, we
can always find a choice of the rescaling exponents x(¢),
¢(¢), and z(¢) (even with the assumption that these ex-
ponents are constant for ¢ > ¢*) that will achieve the
target values Dyer and fiyes.

The precise values of Dyef and per that we choose are
unimportant; what is important is that we choose the
same values no matter what the initial (bare) values Dy,

J

(

a0, 10, 20, and Ag of the parameters were in our orig-
inal model. The only “memory” of these original pa-
rameters on the right hand side of (??) will therefore be
contained in the value of ¢* [? ].

Once we have fixed D(€*), p,(¢*), and pq(£*), the pa-
rameters po(€*) and A(£*) are also determined, the former
by the relation o = %, the latter by the definition (??) of
g1. Combining this fact with g1 (£*) = g} and «(¢*) = o,
(which follows our definition of £* as the renormalization
group time at which we get close to the fixed point), we
have that

i (27 A
Drede— 1

Ho(0) = &' prer A(ﬁ*):\/

(V.3)
Hereafter we also refer to A(€*) as Ayef.

Note finally that the value of £* at which we get close
to the fixed point is unaffected by our arbitrary choice of
the rescaling exponents x(¢), ((¢), and z(¢), since these
do not enter the recursion relations for g; and «.

For ¢ > ¢*, we will choose the rescaling exponents x/(¢),
¢(¢), and z(¢) to take on the values (7?), (??) and (??)
that we showed earlier keep all of the parameters fixed
once g; and « have flowed to their fixed point values. For
the remainder of this subsection, we will refer to these
values of y, ¢, and z as the “fixed point” values xgp,
¢rp, and zpp.

This choice will, for all £ > £*, keep all of the pa-
rameters fixed at the “reference” values we have just de-
scribed.

With this choice of x(¢), ¢(¢), and z(£), we can rewrite
equation (?7) as

Ly
Cu <7“L,ZL' - ’ytat; {D07Mm07u107,u203 )‘0}) = €xp [2/ X(gl)dgl + 2XFP(€ - ﬂ*)]
0

<C, <uef, (& = 1t) exp ( - " (ol - e*)),texp ( - O — el a));

{Drefa fhref, fref, O fref, Aref}) .

To derive our scaling law (??) for C,, we simply apply

(V.4)

(

this relation (?7?) at particular value of ¢, which we’ll call



£(ry), determined by

ety =g = (V.5)

=l =

J

Cu (rJJx -, {DOa Hz0, K10, AO}) = ATiXFPCu <a7a

(lz — ytl/&)
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Setting ¢ = £(r, ) on the right hand side of (??) gives

(t/m)m0

(ro/€1)rP

5 (’I"J_/&J_)ZFP 5 {Drefy,urefy,ufrefa a*ﬂrefa )\ref})

= 2XFPF (l(E — ’yt‘/gx) (t/T) ) V.6
A E (e ) (V-0
[
where we’ve defined scaling function
(Jz —~tl/&) (/)10 .
Fu = ACu 5 5 3 Dre sy Mrets Mrefs re a)\re ) V.7
( a(u/@)cm (r1 /€L )err { £y Hrefs Uref, & [Uref f} ( )

the constant
L.
A=a 2XFP exp [2/ (x(¢) — XFP)CM/] ) (V.8)
0

and the non-universal “non-linear lengths” &, , to satisfy

¢L=c"a, (V.9)

and

Crp

g = exp [Aé*(<FP - C(@)CM} atrrt, (V.10)

x

and the non-universal “non-linear time” 7 to satisfy

é'j_FP
T

To = exp {/OZ*(ZFP — Z(Z))dﬁ] a*rr . (V.11)

Here the value of the characteristic time 7 is not arbi-
trary, but set by the cutoff length a and the u; of the
rescaled system, namely p.er. Specifically it is given by

a?

T0 —

= . V.12
Mref ( )

J

(

Note that, like the reference values of other parameters,
this characteristic time is the same for all systems, re-
gardless of the bare values of the parameters. The non-
linear lengths ¢, | and the non-linear time 7 are the
crossover scales beyond whichnonlinear effects become
important. We will calculate them in the following sub-
section.

Because the parameters appearing in C, on the right
hand side of (??) (namely, a, 7o, Dief, Hrefs QO firef,
and M) are all independent of the initial system un-
der consideration, the scaling function F,, is, as claimed
in the introduction, a universal function of its arguments

(lz—t/&=) (t/7)
e B Gy
tiplicative factor A, which is given by (?7).

up to the non-universal mul-

This concludes our derivation of the scaling law for
velocity correlations. The derivation of the density cor-
relations is almost identical. The only difference lies in
the field rescaling. Since dp is enslaved to u_ by the rela-
tion (?7?), the rescaling exponent for dp is x — 1 instead of
X, the rescaling exponent of u, . Therefore, in analogy to
(?7), we get the following relation between density cor-
relations in the original system and the rescaled system:

¢
C, (7“1_’33 =t ¢ {Dowzo’mo,mo,)\o}) = exp [2/ x(0') — 1d€/]
0

<C, (me—f, (2 — 7) exp ( _ /01Z g(z')dz/),texp (- /01Z z(e/)dz'); (D(0), 12 (€), 12 (€), 12(0), A(E)}) L(V.13)

From here on the derivation is virtually identical to that

(

of the velocity correlations, which we will not repeat. The



final result is given by (??) in the introduction.

B. Calculation of the non-linear lengths and times

There are two independent ways of calculating the non-
linear lengths and times appearing in the scaling func-
tions (??) and (?7?) just derived. One way is to continue
with the RG approach just presented. We take this ap-
proach in the next subsection. An alternative approach,
which we present as a check on the RG approach, is to cal-
culate perturbative corrections to the linear theory and
calculate the length and time scales on which they be-
come appreciable. These length and time scales prove to
be precisely the lengths &, , and &, and the time 7.

We’ll begin here with the RG calculation; then, in the
next subsection, we’ll present the perturbation theory
approach.

1. RG calculation

The conditions (??) and (??) can be solved for the
non-linear length £, and non-linear time 7, giving

Crp r - .
&x=a (&') exp | — (ppl* —l—/ C(O)de|, (V.14)
i 0 J

a
and
B £ ZFP r i " 1
T=7 = exp | — zppl* + z(0)de| . (V.15)
a L 0 i

Using our expression (??) for £, in these expressions sim-
plifies them to

& = aexp _/0 ¢(o)de| ,

(V.16)

and

/0 - 2(0)de| .

(V.17)

T = Tp €xXp

Aty 2 Ldie 1 dim
de  \ po A€ py dl

J

J

Mz0

mKM”v(mﬂ}:%—zfaww+é%amwmww—H@M%Mwww

pa(€)

Evaluating both sides of this expression at ¢ = £*, and

=2(1 = ¢(0) + Ya(g1(6), a(£)) = Y1 (91 (£), a(£)) -
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The alert reader may be alarmed by the apparent de-
pendence of £, and 7 in the arbitrary choices of ((¥)
and z(¢). But those choices are not completely arbitrary,
since they must lead to the parameters D and p; , flow-
ing to their reference values. This requirement proves
to constrain the very integrals that appear in (??) and
(??) to (non-universal) values that are determined en-
tirely by the bare parameters of the model Likewise,
the non-universal overall scale factor A in the correla-
tion function (??), while apparently dependent on our
arbitrary choice of the velocity rescaling exponent x/(¢),
in fact does not, and is, instead, also determined solely
by the non-universal values of the bare parameters of the
model, as we’ll show now.

The requirement that p,(¢) and pq(€) reach equality
at ¢ = ¢* constrains the integral of ((¢) in (??). To see
this, consider the recursion relations for u, and pi. In
complete generality, to arbitrary order in perturbation
theory, these can be written:

1 dp,
E Y] =z — 2((6) + Yr(gl(£)705(€))a (VIS)
1 dﬂl -
A2 m000) . (VA9)

To one-loop order, Y, = 0 and Y = g1G,,, (0); here we’ll
use this more general form to demonstrate that our con-
clusion is not an artifact of the one-loop approximation,
or, indeed, any approximation at all.

The recursion relations (??)and (??) taken together

imply that the logarithm of the ratio Z—: obeys the recur-
sion relation

(V.20)

(

The solution of this is

(V.21)

(

recalling that, by construction, . (¢*) = pi(£*), gives

. (Zlo) _ o 2/ C(0)dl + 2B(g10, a0),  (V.22)
x0 0



where we’ve defined

i
B0 = 5 [ Walar().a(0)
RAMGRGNTS

Note that, as our notation suggests, ® is completely de-
termined by the bare values g19 and aq of g; and «; in
particular, it is independent of the arbitrary choice of the
rescaling exponents x(¢), ¢(¢), and z(¢). This is because
the recursion relations for g; and « are independent of
those exponents; so their solutions g; (¢) and «(¥¢) are de-
termined entirely by the initial conditions g1 (£ = 0) = g10
and a(f = 0) = ag. Once those solutions are determined,
the integrand in (??) is also fully determined (since it de-
pends only on g;(¢) and «(¢)). Furthermore, the limits
on the integral are completely determined by g1¢ and «ay.
as well, since £* is. Hence, ® is completely determined
by g10 and ag , as claimed.
The condition (??) can be rewritten as

0* 1
/0 (()dt =5

Using this in (??) gives

gx:ael*eé @:glei‘ @7
V #10 V Hi1o

where in the last equality we have used our expression
(??) for &, .

Note that the ratio of &, to £, implied by (??) depends
only on g19, ap, and pz0,10, and not at all on the exact
choice of the functional dependence rescaling exponent
¢(¢) on ¢; any choice that leads to i, (€*) = p1(£*) gives
the same answer.

A similar argument can be applied to the time scale 7.
We start by solving the recursion relation (??) for pq (€*):

(V.23)

(’“’) O 1 Bgro, ). (V.24)
K10

(V.25)

*

In <“r6f> - / z(0)dl — 20" + @4, (10, a0) ,  (V.26)
K10 0

where we’ve defined

o
D, (910, 0) E/O Yi(g1(0), a(£))de . (V.27)
Note that, like ®, ®,,, is completely determined by the
bare values g19 and «q, and is independent of the arbi-
trary choice of the rescaling exponents x(¢), ¢(¢), and
z(¢) for the same reasons as before: both integrand and
the limits of integration in (??) depend only on g19 and

ap. Solving (??) for [ z(£)de gives
¢ Href
/ z2(0)dl =1n (m> +20° — &, (g10,00). (V.28)
0 H1o
Inserting this result into (??), and using (?7?) and (?7?)

gives

52
— 7J~6_¢u1 .
H1io

T (V.29)
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If the bare parameter gy is small, then, up to factors
of O(1), we can take ® and ®,,, to be zero, which reduces

(?7) to
Eo=&1 B2 (V.30)
K10
and (?7) to
T= i (V.31)
o '

We can also determine £, in this limit by noting that,
for small gq, the recursion relation (??) for g; becomes
simply

dgi

@ = €g1, (V32)
which is easily solved to give
91(6) = groe” . (V.33)
Setting ¢1(¢*) = 1 and solving for e’ gives
et = (g10)7 % . (V.34)

Using our expression (??) for g1, evaluated with the bare
parameters, this gives

1
5\ 2¢
o HzoM10
=A . .
e ( DA ) (V.35)
Using this in turn in (?7?) gives
0,5 \ 2¢
HzH1o
= ) V.36
o= (5ht) V:30)

Note that £, is independent of the ultraviolet cutoff A
in this case, which is to be expected, since the diver-
gent renormalization of the parameters is an infrared phe-
nomenon. Of course, there is still implicit dependence of
this result on short scale physics, since it is such physics
that determines the bare parameters ul, u10, Do, and
Ao-
In d = 3, where € = 1, this becomes

vV Hz05

= 5 d == 3 . V.37
Using this in (??) and (?7?) gives respectively
2 4
Hz0H70 Haz0H10
T = y = y d=3. V.38
“= DN DA, (V:38)

We now turn to the last remaining concern about the
scaling form of the correlation function C,. We will now
show that this is also independent of the arbitrary rescal-
ing choices, and we’ll also calculate it for small bare cou-
pling g1o.

To do this, we see from (?7?) that we need to calculate
the value of the integral foe 2x(¢)det. We can obtain this
by integrating the recursion relation (?7?) for the noise
strength D from ¢ = 0 to £*, and using the fact that
D(£*) = Dyet. This gives



.
n (%Zf) _ /0 [2(6) — 2x(0) — C(O)]dE + (1 — ) + B p(gro, o) |

where we’ve defined

o
@D(glo,ao)z/o g1 (O)Gp(a(f))dl, (V.40)

e e
/ 2x(0)dt = / [2(¢) — ¢(£)]dl + In
0 0

Using our results (??) and (??) for [\ z(¢)d¢ and
J

Do pires

o
2x(O)dl =In | ————
/O X( ) <\/ NlO,U/LEODref

where we’ve defined
(I)AE(I)D—((I)Ml—F(I)). (V43)

Using this and our expression (??) for £, in equation
(?7) for A gives

2—d—2
A =q %rr <EL>( . rerlo__ e®a
a RV NlOMmODref
(V.44)

It is clear from this expression that, as claimed earlier,
the value of A depends only on the parameters of the bare
model, not on the arbitrary choice of rescaling exponents.

For a model with the bare coupling g19 < 1, we can
set @4 = 0in (?7?), and obtain an explicit expression for
A in terms of the bare parameters:

—d—
A= g %rr (@-> @ e M . <V45)
a \/mDrcf

Arguments virtually identical to those just presented
can be used to show the scaling form of the density cor-
relation function given by (?7?).

The lengths £, and &, and the time 7, have signifi-
cance beyond their appearance in the scaling laws (77?)
and (?7?): they are also the ‘non-linear lengths and time’.
By this, we mean that, if all of the distances r , |x —~t|,
and the time ¢, are much smaller than the corresponding
length or time — that is, if r; < &1, |v —7t] € &, and
t < 7, the linear theory results of section III will ap-
ply. This can be seen either by a renormalization group
argument, or perturbation theory.

The renormalization group argument starts with the
general trajectory integral matching expression (?7?). We
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(V.39)

(

which again, like all of our ®’s, depends only on the bare
coupling g19 and the bare ratio ag.

Solving (?7) for the integral foé* 2x(£)dl gives

D
<D0f> +(17d)£*+¢[)(g1070{0). (V41)
[
foe ) ¢(¢)d¢ respectively, this becomes
) + (2 = d)f* + ®4(910, ) , (V.42)

(

then note that, if all the conditions r; < &y, |z —~t| <
&, and t < 7 are satisfied, we can always choose to
evaluate the right hand side at a value of ¢ < ¢* at which

all the arguments 7, e ~*, (z—7t) exp (—f(f C(K’)df’) , and

t exp < f(f z(é’)) are microscopic. The C,, on the right

hand side of (??) can then simply be treated as a finite
constant since it is evaluated at short distances and times,
and so will be unaffected by any infrared divergences.

We'll now illustrate this for the special case r; < £,
x =0,t=0. Again we choose ¢ = In(r  /a). We will
also choose , z, and ¢ to keep py 2, and D fixed at their
initial values. Since ¢ < ¢* and r; < &, ¢1(¢) is small
if g1o is small. Therefore, the graphical corrections in
(72,77,27) are negligible. Then our special choices of the
scaling exponents become

2—-d

Xzi

—9
2 A=

¢(=1. (V.46)

Inserting these exponents and ¢ = In () /a) into (?7?) we
obtain

Cu (7“1_, 0,05 {DOa,UmealHOvFQO})

ri\2-d
= (7) Cu (a7070; {D07.u.’607,ul()nu‘20})

a
o, (V.47)
which agrees with the linear theory (??). This argu-

ment can be easily extended to correlation functions with
more general spatial and temporal separations, and to
the density-density correlation function. Therefore, the



conclusion that the linear theory results of section (?7),
in particular equations (??) and (??) for the velocity-
velocity and density-density correlation functions, hold
if all distances and times are short compared to the cor-
responding non-linear lengths or times; that is, if the
conditions r| < &, |z —t] € &, and t < T are satis-
fied.

2. Perturbation theory approach

In this subsection, we present the perturbation theory
approach to the calculation of the non-linear lengths and
time. We remind the reader that we do this by calcu-
lating perturbative corrections to the linear theory and
finding the length and time scales on which they become
appreciable. These prove to be precisely the lengths & ,
and &, and the time 7 that we have just derived from
the RG approach, thereby confirming the validity of that
approach.

The perturbation theory calculation is very similar to
the step 1 of the DRG procedure which we described in
section 77?7, and can also be represented by graphs. Here
we focus on the correction to p; obtained from one partic-
ular graph, Fig. ?7a, which we have evaluated in detail in
appendices 7?7 and ??. Using different one-loop graphs,
or considering renormalization of different parameters,
will lead to the same estimates of the non-linear lengths
and times, up to factors of O(1). We also simplify our
calculation by considering the case pus = 0; taking a non-
zero po only modifies the lengths £, and &, and the
time 7 by an O(1) multiplicative factor.

Our strategy is to crudely estimate the nonlinear
lengths &, and &;, and the nonlinear time 7 by using
their inverses as infra-red cutoffs of the infra-red diver-
gent integrals that appear in a perturbation theory cal-
culation of the renormalized p1. We’ll then determine
the values of £, &,, and 7 as the values of these cutoffs
for which the correction to p; becomes comparable to its
bare value p19. As mentioned earlier, we would get the
same values for £, , £, and 7 had we chosen to apply this
logic to one of the parameters (i.e., D or u,) instead.

The graph Fig. ?7a represents a correction to 8tuj- of
the form

A(a{u;)u,a
_ _ 2DoAgky uz (k) /(l& — ¢)Ciu(@)Gje(k — )
= 7 (3 mu Je
q

(27r)d+1

= —2DoA2ktut (k) [(Iﬁ*“)cju(ﬁ) — (1) ejul

il
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where k = (w, k), § = (Q,q),
way  py— kg . N
()0l = S / Con(@Gie(k — @), (V.49)
pay __ 1 Lo (a
(- )oulK) = / 4o (@)Gielk — ) (V.50)
Gjc(aq) = Gr(@)d7:
0je
JR=TY) “FMIOQJ_ + Ha0q? (V51
Cou(@) = | Gr(@) 2 64
5#
i , (V.52)

= 2
0% 4 (p1097 + p2042)

and the superscripts “u,a” indicate that this correction

comes from the renormalization of the u terms due to Fig.
??(a). Note that we have replaced all of the parameters
A, D, 1, and p, by their bare values g, Dy, p19, and
20, since we are now doing perturbation theory, rather
than the renormalization group.

Inserting (77,?7) into (?7,77) we get

- kLot
1 )enn®) = ot [ 1Gr(@) P ot —a)
, (V.53)
_ 5+ _
58 = iy [ a1 Grl@) P ot —a)
(V.54)

Since (??) has already a factor k- in front of it, and
we are only interested in terms of O(k?) (since only these
will be relevant at small k, that being the order of the
p1 terms in the EOM), to get relevant contributions to
the linear terms of the EOM we can set the external
frequency w = 0 in (I{ 5)ju(k), and expand both of them
to O(k). This gives



kLot
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(08" )ull) = o5 |16 G- = o

L(SL

(I8 ) cju(k) = 2ok 05 / drar | Gr(@ P [Gr(-q)” =

(277)d+1 3

To calculate the non-linear length along | directions, &, ,
we impose an infra-red cutoff |q|min = fj_l on the q
integrals in this expression. That is, we define

oo oo
/ / dQ / dg, / d¥1lg, . (V.57)
q —o0 —o0 A>lqL|>¢T!

The integrals over 2 and ¢, in (??7) and (?7) are
straightforward, particularly if done in that order (i.e.,
integrating first over 2, then over g, ). The results are:

(I{L’a)Cju(f()

ko 1 / di=lq,
16 ug;ou"fo (27T)d71 A>|qo|>€7! q?i

_ kj(?fc Sd-1 1 ( 4—d _ Ad’4)
16/ pizop3, (2m)* 14 —d +
ki(;fc Sq &7

%

(V.58)

16+/pa03, (27)471 4 —d’

and

(Iéha)Cju (f{)
kg 05, 1

_ / R
32v/peotify M) Iasjasert ad

B 3k o3 1 / d’'qy
32(d — 1)/ top3y @0 Snsjausert 4L

/d (92 + (11043 + t2042)") (Q + 11063 + pa0d?)
(V.55)
_ 2moky b5 / G di
1 2
2m)dt Jy <Q2 (o + ,%0%%)2)
(V.56)

(

where, in the penultimate equality, we have used

11 Qi
/qui Qi = Si-17-7>

(V.60)

where [dZq, denotes an integral over the (d — 1)-
dimensional solid angle associated with q;. In the ul-
timate equality, we have used 511 < A.

3hLsL g 4—d Inserting (?7?, ?7) into (?7) we obtain a correction to
~ © Je d;il L (V.59)  Ou; given by
32(d — 1)/ pwop3y (2m) 14 —d |
Do)} Sgo &7 1 3
A(Owu;)pa = — . L= k3w, . V.61
Ot = = = m 14 —d |5 16(d—1)| "+ (V.61)
[
From the form of this correction (i.e., the fact that it is  factors of O(1),
proportional to k2 u..), we recognize this as a perturbative )
correction to fu;: 0,5\ 2G-d
£ x (“Ig"})) : (V.63)
(A ) _ DO)\% Sdfl i—d |:1 B 3 :| DO)\O
Htma Vizopd, 2m)4=1 4 —d |8 16(d—1)] This agrees with our earlier RG result (?7?).
(V.62) To calculate the non-linear length ¢, along x, we now

Equating this correction to the bare ui9 gives, ignoring

introduce £, ! as an infrared cutoff on the integrals over



¢z, and allow q; and €2 to run free. That is, we set the
limits on our integrals as follows:

o0 o0
/ 52/ dQ dd—qu/ dgs .
q —o0 g1 |<oo et

where the factor of 2 takes into account the fact that the
Brillouin zone in ¢,, with this infrared cutoff, consists of
two disjoint sections, one running from €' to oo, the
other running from —oco to —¢~! . These two regions
make exactly equal contributions; hence the factor of 2
above.

Then we obtain for the integrals in (?7?,?7):

(1) eju(k)

1 sl
B kuéjc/ /
- (Mz0q? + moqL)

_ Ky d5eSa—1 Hy(d) 45
= (2r)d 9 Hzo lho

Sd 1 Hl(d) @
Hao Hag

(V.64)

4=2dgq,

_ki_§J_c d£4 d
ie (27)d i—d

(V.65)

and

(I3 “)w(

moke / / Gaqid gL
= B 3
lasl<oo (z0q2 + H10G2)

o Hloku jC / / qidd_IQJ_
- 3
- lasl<oo (1z0¢2 + p1047)

Sd wlokuéﬁ Hyd) 2 10 [
~5dq,
(27‘() 2(d71):uac0 /“LIO 5;1 qy q
~ Sa- 110k 53@ Hy(d) u%u%d ga-d
(2myd  2(d—1)"*°

10 4—d ’ (V66)

where Hq 2(d) are finite, O(1) constants given by

H;(d) E/Ooo(ymdy = ”(d—g)sec;(gd) . (V.67)

1+42)? 4
and
> ydd md
Hy(d) E/O ﬁ = 16(d 3)(1 —d)sec (2> .

(V.68)
Note that, appearances to the contrary, neither H;(d =
3) nor Hy(d = 3) vanishes; instead H;(3) = 1/2 and
H>(3) = 1/4, as can be verified either by taking the sin-
gular limit d — 3 in (??) and (??), or by evaluating the
corresponding integrals in exactly d = 3.
Inserting (?7,?7) into (??) we obtain the perturbative
correction to py:

(Ap1)pa

@ Sq_q &4
20214 —d

= Do)\oﬂxo M10

[Hl (d) —
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Equating this correction to p1 (?7) to its bare value p1
gives

5 \ 3E—a)
Hz0oH10 iuﬂﬂo Ha0
= x O(1
¢ ( D%Aé ) Nlo ( ) = H1o ( )
(V.70)

which agrees with our earlier RG result (?7).

Now we turn to the non-linear time scale 7. We impose
a lower limit 1/7 on the frequency integral in (??) and
let the wave vectors be completely free:

o0 o0
/ 52/ dQ/ dd‘qu/ dg., (V.71)
q =1 lqL[<oo —o0

where, much as in our treatment of the integral over g,
earlier, the factor of 2 takes into account the fact that
the region of integration over {2, with this infrared cutoff,
consists of two disjoint sections, one running from 7! to
00, the other running from —oo to —7~! . These two
regions also make exactly equal contributions; hence the
factor of 2 above.

In this case we do the integral over wave vectors first.
We obtain

,a ~ 2H3(d) Lol _1 1—d o d_g
(1) cju(k) = (2m)dt Ky 05etiag 1 i w2z dw
4Hs(d) | 1 o1-a 7750
= (2 )d+1 ku JCILL:EO ‘LL102 m , (V72)
and

17:
w2z 3dw

“ 4Hs(d) 1 1-a [
(157") cjulk) = m f(sjcﬂmo Mg /

|=

usﬂ

8Hj(d) T

_ 1l
= mku 5;0%0 M1o 4 1—d’ (V.73)

where H3(d) is a finite, O(1) constant given by

_ Q%d'Q  (2—4d) wd
Hs(d) = /|Q|<oo EeOE =15 Sqm sec (4) .

(V.74)

Inserting (?7,77) into (??) we obtain the perturbative
correction to pq:

8D N g T (-2
(Aul) 0 oﬂxo P10 4d( y H3(d).

(2m)d+1
(V.75)
Equating this to @19 gives

5\ @D ] )
_ Mmgﬂio — xO0(1) = 2= x0(1), (V.76)
DgXy

which agrees with (?7?). This completes our calculation
of the crossover length and time scales between linear
and non-linear theories using perturbation theory.



C. Universal amplitude ratio

The fact that there is a fixed point value of «, even if
it’s not zero at higher loop orders, implies an experimen-
tally observable universal amplitude ratio. Specifically,
it is the ratio of the damping of the transverse and the
longitudinal modes, obtained as follows. For the longitu-
dinal mode, we look at the equal-time correlation:

D(k)

CrL(t=0k) = (V.77)

where we have explicitly shown the dependencies of the
coefficients on the wavevector k. A similar expression
can be obtained for Crp.

If one considers a generic direction of k (i.e., any
direction for which kﬁ_ > k;, we can ignore the sec-
ond term in the above denominator and the ratio of
Cr(t=0,k)/CL(t =0,k) is thus

lim ALY

=1+a*=1+0(
B () — T =IO

(V.78)

which is a universal number.

D. Separatrix between positive and negative
density correlations

In section 7?7 we have shown using linear theory that
the sign of the equal time density correlation function
depends on the spatial difference between the two corre-
lating points r. Specifically, in r-space the positive and
the negative regions of the density correlations are sepa-
rated by a cone-shaped locus given by (?7), which, up to
a O(1) factor, can be rewritten in term of the non-linear
lengths as

Z' — % (V.79)

For x/&, > r, /£, the density correlations are positive,
while for z/§, < r1 /&, they become negative. This
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result only holds for small distances (i.e., z < &, and
r1 < &) since linear theory is only valid at short length
scales.

At large distances we expect a similar separatrix in
r-space which separates the regions with different signs
of the density correlations. The scaling form of these
correlations (??) shows that sign of the equal time cor-

rTlT/t;onb is determined by the ratio /€S

G This implies at large distances (i.e., z > &, or

instead of

ry > &) the positive and the negative density correla-
tions are separated by a locus given by

2| _ (M)c
gm - gL '

Note that (?7?) and (??) connect right at |z| = &,.

(V.80)

The regions in r-space with different signs of the den-
sity correlations are illustrated in Fig. ?77.

VI. SUMMARY & OUTLOOK.

Focusing on the ordered phase of a generic Malthusian
flock in dimensions d > 2, we have used dynamic renor-
malization group analysis to reveal a novel universality
class that describes the system’s hydrodynamic prop-
erties. Our work highlights another instance in which
an active system can be fundamentally different from
known equilibrium and non-equilibrium systems. Look-
ing ahead, we believe that much analytical work is needed
to determine whether some of the unusual phenomenol-
ogy reported in recent simulation work [? ? ? ? | is due
to the existence of a novel universality class.

Appendix A: One-loop RG calculation with u set to zero

In this appendix, we derive the dynamical renormalization group recursion relations for the special case of ps = 0.
This restriction éimmensely simplifies the calculation, by making the propagators G;; and correlation functions C;;
diagonal. It also proves to be sufficient to explore this region, since it contains the only stable fixed point in the
problem, which we can find, and the exponents of which we can calculate, using this restricted approach. However, to
demonstrate the stability of this fixed point against non-zero us, and to show that it is the only stable fixed point (and,
indeed, the only fixed point other than the unstable Gaussian fixed point), it is necessary to extend these calculations

to non-zero po, which we do in the next Appendix.
For po = 0, the EOM simplifies to:

—iwui = — (ulkﬁ_ + uxki) u;j — iA

w/ [u(q) - (ki —qu)luf(k—q) + £ .

(A1)
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We can formally solve this equation for u, which gives

ui (k) = Gyj(k) { fi(k) - iA / [ui (ki —qu) ~qﬁuj(<i)} ; (A.2)

where
i

—iw + p1k? + pgk?

Giy (k) = Gr(k)oj; = (A.3)

is diagonal, as noted above.

We now apply the dynamical renormalization group procedure of [? ] to this equation. As described in section
IV, the first step of this procedure consists of averaging the above solution over the short wavelength components
£~ (k) of the noise f, which gives a closed EOM for uf (k). This step can be represented by graphs. The basic rules
for the graphical representation are illustrated in Fig. ?7. We will now evaluate these graphs, each of which can be
interpreted as adding a term to the equation of motion for uf (k). We begin with the graph in Fig. 7?(a).

1. Renormalizations of the u’s

a. Graph in Fig. 77 (a)

The graph in Fig. ??(a) gives a contribution A(0yu5 ), q to the EOM for w5 (k):

2D)\2kjui 1; s - ~ ~ 7 a I a 1.
A(Owu e = —(%)d“()[ (ki — 4;")Ciu(@)Gje(k — @) = —2DNky u (k) [(If’ Jeju(k) = (137" cju(k) |
q
(A.4)
where
> do1 [e’e] [e’e)
= - Q) A.
/fl x//\>|q¢|>A€dé d o /—oo d /;oo qu ’ ( 5)
o+
Ciu(@) = | Gr(a) |? 65, = - ; (A.6)
w2+ (11g3 + pag?)’
L,a kJ— > ~ o ~
(11" cju(k) (%)’dﬂ Cin(@)Gjc(k —a), (A7)
w,a 1 ~ 1 ~ L ~
(15" ") cju(k) = W/ ¢ Ciu(@)Gje(k —q) .. (A8)
q

Since we are interested in terms only up to O(k?), since that is the order of the u terms in the EOM, and (?7)
already has an explicit factor k-, we need only expand these integrals (I i%)cju up to linear order in k. Doing so, and
inserting (??,7?), and (??) into (??) and (?7), we obtain to this order

_ A kX DX S,
(1) 0 () = 00 / |Gr(@) |2 Cr(—q) = ™ ST (A.9)
i (2m)d+1 Jy 16 /g3 (2m)d=1

~ (SJ_ > ~
(I )esu(l) = /q gr | Gr(@) | Gr(k — @)

T e - )
= W[ Qi | Gr(a) |2 [GT(—Q)]Q (2mar - ki + 2p.q:k)
q
3kydi. DA Sy

T 64(d — 1) Jpppd (2m)d1

Ad=4de, (A.10)



27

where we have only kept terms up to O(k). In the last equality in (??), we have used the fact that the second (2p,)
term in the parenthesis is odd in ¢, and so integrates to zero. We have also evaluated the first term by using the fact
that

2
/qul rqt ko = /quL aratkE = Sq_16L Kkt dqj =S ,mjdL (A.11)

where [ d=q, denotes an integral over the d — 1-dimensional solid angle associated with q .
Inserting (?7?) and (??) into (?7?), we find:

1 DX 5
AOyus ) e = < i

@m( T -Aae {4 — 3] > =— [1 - ?’_1)} (1111 d0) K> u (A.12)

(d—1) 8 32(d

where in the second equality we have used our earlier definition (??) of g;. Since this contribution to 8tuj< has the
same form as the pu; term already present, we can absorb it into a renormalization of u:

1 DX S 3 1 3
e - Sl A T

32\ /gy (2m) 41 —1) 8 32(d—1)

b. Graph in Fig. 7?(b)

The graph in Fig. ??(b) gives a contribution A(d;u; ), to the EOM for u; <(k):

IN2DELul (k) [ N - - -
NG —WH” |t Cou@Guclk @) = 22 Dhbu (1) (K). (A.14)
q
where
- 1 > _ -
(1*)esul8) = iy [ a-Crul@Gi(k =), (A.15)
q
Inserting (77,77) into (?7) we get
b ~ 551,_ - 1 ~\ 12 ” ~
(I")esulK) = ot [ af1Gr(@) P Gl =)
q

5’LJ1,_ > 1 2 2

= W/ g | Gr(@) 7 [G(=a)]” 2mar - ki + 2p4q0ks) (A.16)
30+ kt 2

wite DA Sic1 ja-agy (A.17)

T 64(d— 1) \ /8 (2m)d T

where we have only kept terms up to O(k), and we have again used (??) to evaluate the angular integrals, and thrown
out odd terms that integrate to zero.
Inserting (??) into (??) we obtain a modification to the equation of motion for u5:

NG 3 DX’ Saa A4A0 ket ket ut A18
( f,uj )lhb - 32(d )m(zﬂ')d 1 i c Uy - ( . )

From the form of this correction (namely, the fact that it is proportional to klkb uj, i), we can identify this as a
correction to ps (which we remind the reader is the parameter whose bare value we took to be zero):

3 DX Sq1 44
(5,&2)u,b—32(d_1)m(2ﬂ_)d AT (A.19)

Thus, it would appear at this point that, even starting as we have with a model in which us = 0, we generate a
non-zero o upon renormalization. This proves to not be the case, at least to one loop order. Instead, to this order,
(?7) is exactly cancelled by other graphs, as we will now see.
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c.  Graph in Fig. 7?(c)

The graph in Fig. ??(c) gives a contribution A(J;u; )y, to the EOM for u (k):

2Dut (K > N - - -
8@ e = 2t [0 = ) @Gl - @) = 2D ) (115008 + (15),,(80)] L (420)
where
- A > -
U)ul) = Gz | G Cie@Gin(k — ) (A.21)
(15900 = ~ i | @t Cul@ i —a). (a.22)

Inserting (?7,77) into (?7) leads to

(1) ju (k) = @ | @ 1Gr(@) P Grk-q)

27‘(‘ d+1 J_ ‘ GT(EI) | [GT( )] (2:U'1q kt + 2/~Lm‘hkr)

3ktkL
ik DX Satyaeag, (A.23)

T 64(d— 1) g (2m)dT

We deliberately leave (I4°°);, (k) untouched since will show later in next section that this piece is canceled out by
that from Fig. 7?(d).
Inserting only this (1}"°);,, contribution (??) into (??) leads to a term in the equation of motion for wuj:

D 2
A ) e = (32( 3 A~ _Saa Ad_4d€)kjlk;juj. (A.24)

d—].),/'u :ul (27T)d 1

which, as before, can be interpreted as a correction to us:

3 DX’ Si1 4y
Spp = — Al4ae . A2
P TRd - 1) e Co)E (A.25)

Note that this exactly cancels the contribution to po from Fig. ??7b that we just calculated.

d. Graph in Fig. ??(d)

The graph in Fig. ??(d) gives a contribution A(9;u5),,q to the EOM for u3 (k):

2Dyt L > - - ~
20Tt = Lt [ @G~ 8) = 20D 1)) (A:26)
where
(1,0 = i [ o e Crl@ Gtk —a). (A.27)

This contribution cancels out the I5"“contribution from Fig. ?7¢ above exactly, leaving no correction to us at all, to
one loop order. Thus, to this order, uy = 0 is a fixed point.
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2. Noise renormalization

The graphs in Fig. ??(a) and Fig. ??(b) represent the following two corrections to the noise correlator

(Fel®) fu(—K)):

~ ~ 2)\2D2 > n
A1), = G [ o ROk~ @C@ (A.28)
T T 2D 7 T -
A(R0A(R) = e [ a5 — a5 Cuulk — o) (4.29)
Since the noise strength D is the value of this correlation at k = 0, we set k = 0 in (?7,77) to get
B N 2)\2D2 > B B
A1), = e [ # (A0 (430
2)\2D2 >

@ (=) Ciu(—@) Com (@) - (A.31)

o

A <f£(l~<)fu(7l~{)>D,b T (2n)dtt

Inserting our expression (??) for the correlation function into the above two formulae we get

. _ 2)\2D? z - 3 DN Suc1 yaa,cl
A<f€(k)fu(_k)>D7a = (27T)d+1 5Zu/q Qi | GT(q) |4: 372 \/m (QW)dflA d&séu ’ (A32)

S 2A2D% 5h [, o) i 3. DN S
A <f£(k)fu(_k)>D,b = _(271')‘”1 -1 /61 q1 | Gr(q) "= _32(d— 1) \/m (27)d-1

A6, (A33)

where in the first equality of (??) we have again used the angular average (??) derived in appendix (?7).
Adding these two pieces together, and identifying the coefficient of 6} as a correction to D gives the total correction
0D to D to one loop order:

3 1\ D2\? Sy, 1
= (1- A= (1 - Dd¢. A.34
D=3 ( d—l) g 2m)aT 32( d— 1)91 (A.34)

3.  Summary of all corrections to one loop order in the po =0 limit

Adding up the results obtained in previous sections gives the total one loop graphical corrections to the various
parameters when o = 0:

opy = ng - 32(;1)} gipde, (A.35)

5D = 2 (1 - 1) g1Dde (A.36)
32 d—1) !

Spt = 0. (A.38)

Dividing both sides of each of these equations by d¢, we obtain the graphical contributions to the recursion relations
for the parameters of our model, in the special case ps = 0:

(Clo@)h =[5 =) o (4.99)
(), ()0
dpie

() - e
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The vanishing of the correction to us at this one loop order, in the restricted model in which the bare pus = 0,
tells us that at one loop order ps = 0 is a fixed point. It requires analysis at non-zero po, which we perform in the
next appendix, to show that this po = 0 fixed point is actually stable, and furthermore, is the only fixed point in the
problem.

i = £2 vani = 27.929 : PR : 0o
Since a = £2 vanishes when iz = 0, our results (??-?7) constrain the values of Gy, ,,p(a = 0) in equations (?7?),

(?7), and (?7) as

1 3

—0)= - — A4
Gralo=0) = 3~ g (A.43)
(kaGnla=0)) =0, (A44)

p2=0
3 (d—-2
These in turn fix the value of G, as
5 23 —14d

Gg,(p2 =0) =Gp(p2 =0) — §Gm (H2 =0) = m ) (A.46)
(A.47)

which is the value that we used in our analysis of the fixed points and exponents in section (?7?). Note that we
can not, by this us = 0 analysis, which only gives us equation (??), say anything about the behavior of G,(«a) =
Gy, (a) — G, () in the limit a — 0, other than that Go(a)ae — 0 as @ — 0, which can be satisfied if Gq (o)
approached any finite limit as v — 0.

We obtain the same values for G, p(a = 0) and Gy, (12 = 0), albeit with much greater effort, by taking the tricky
limit puo — 0 of the recursion relations for the full problem with us # 0, which we’ll derive in the next appendix.
This provides a reassuring check on the accuracy of those far more difficult calculations, to which we now, with some
trepidation, turn.

Appendix B: One-loop graphical corrections with non-zero o

We now turn to the calculation of the graphical corrections to the parameters for the full model with ps # 0. The
reasoning of this section is exactly the same as that of the previous section; the only difference is that the algebra is
complicated by the non-zero value of ps.

The origin of this complication lies in the more complicated form of the propagators and correlation functions.
Instead of the simple, diagonal expressions (??) and (??) that we have when ps = 0, we now, as shown in section
(?7), have, for the propagators:

Gij(k) = Lj_j(kl)GL(f() + PiJJT(kL)GT(l;) ; (B.1)
with
~ 1
Grll) = =77 prk? + pok? (B-2)
Gr(k) = | (B.3)

—iw + Mlki + /mekg ,
and the longitudinal and transverse projection operators Lf-j(k 1) and Pfj (k. ), respectively, defined as and we have
defined the “longitudinal projection operator”
L(k1) = kiky /K7, (B.4)
which projects any vector along k , and
Pr(ky) = 05k ki k3, (B.5)

i7"V
which projects any vector onto the space orthogonal to both the mean direction of flock motion & and k .
We now also have similar decompositions for the correlation functions:
Cij(k) = Li(k)|Gr(k)[* + Py (k)|Gr(k)|*. (B.6)

With these in hand, we’ll now calculate the graphical corrections to the various parameters in the full model with
e # 0. Note that all of the graphs are exactly the same as those we evaluated in the previous section; all that will
change is their values, because we are now taking po # 0.
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1. Renormalizations of p 2
a. Graph in Fig. ?7(a)

The graph in Fig. ??a gives a contribution A(9;u; ),.q to the EOM for uy (k):

2 J_uJ_ 1 - ~ ~
805 o = P BGEE [0 10w @Gk~ 8) = DR [(17),0, 0 — (1), (8]
(B.7)
where
I > ~
(1), (k) = (2f;d+1 | Cul@ilk-a), (B.3)
(1), >(2ﬂ;dﬂ | dtu@ck-a), (B.9)

Note that the overall correction already has a common factor k, outside the loop integral. That means for both
(If’a)cju and (Ig’a)cju we can set w = 0 inside the loop integral since expanding the loop integral to O(w) or higher
orders in w only gives terms irrelevant compared to —iwu,, which is already present in the EOM (??). This also
means that we can obtain the renormalization of the yu’s, which enter the EOM at O(k?), by setting k = 0 inside the
integral for (1}"),;,, and expanding the integral (15°%)_;, to O(k).

Let’s calculate (I}"*) . first. Using the integrals and angular averages given in appendix 7?7, we obtain

cju

cju

“ - LK dl . . .
(1), (k) = (2 o / [ GL(@) 12 L (a)+ | Gr(@ 2 PA(@)] [Gr(~a)LE(—a) + Gr(-a)PL(~q)]
q
_ K /> 1 Li(a)Lj(a) L1 Pr(q)Pic(a)
@m)t Joo |16V el 41 161/ a3 41
L, (a)P;(q) P (a)L;.(a)
FA(pr, ) =g+ A, ) ———5 7
q7 ay
= ki KA =de ! H%“JC ! (@~ 90 + H’l“”
otot HL 5k 6¢ Ik
A woje zu]c A mu-je zu_]c
K A4 Lol ol2 —2d—2
= 7 | kudje +dA(pr, 1) + dA(p, pr)
(d )(d + 1 16 V :U'z:uL \/ /*Lzlj"i)
1 1
k0L, + —2A(pp, p1) — 2A(u1, : B.10
j (8\/,%;& 8\/%/@ (r,pr) (1 Mz)) ( )

where the function A(z,y) is defined in appendix ??, and I;,cq = 0iudcd + 0icOud + 0id0uc. (Note that the two “dA”’s
in the penultimate line above represent spatial dimension d times A, not the differential of A.) We have also equated
k36, with k65, in the last step as they lead to the same correction when contracted with the prefactor k; outside
the mtegral

Now we turn to (14" a)qu We need to expand the integrand up to O(k). Note that the integration of the zeroth-
order part of the integrand gives 0 since it is odd in ¢, while the integration region is isotropic in ¢, . Therefore we
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only keep the O(k) part of

a T 1 - ~ 1. ~
)K) = e [0l 1G2@ P [Golk = Lk~ ) + ok - @Rk~
q
1 > _ N
= (2)d+1/ ar | Gr(a) | { 2prar - Ko+ 20e0oke) GL(—@)2Li(q) + (2may - ki + 2p0q2ks) X
™ a
2L (qQ)qy -k — kg —klqf _ _
Gr(—a)*Pje(q) : 7z ’ L [GL(-q) — Gr(-q)]
1
> 1 l
:#/q prar ki +2p:q:k) 35l + (2mar - ki + 2p00:ka) Pio(@)B(ur, i)
(27T)d_1 qul LYyl " K| zmzl28m 191 - K rzxhve Ly M1

}

KdAd 44y {SH;WI@; -

1
+(2Lic(@ar ko —kja. —koqp) ———= — Alpr, 1)
16/ iy,

=+ 2.“18 ur, ,UJ1) [(d + 1)6]J_ckj_ mu]c

CEDICER N
Tk~ 00065 58] (A o)) |
= AT ki 8e ( —2A(pL, p1) + 2d,ulB(ML7M1)>
CESVCESY W)
ok, (7_405 —2(1 — d) A, ) 4ulB(uL,u1)> ] , (B.11)
N/

where the function B(x,y) is defined in appendix ??.

The overall correction to the equation of motion is thus:

A(atuf)liva = 72)\2Dkd_uﬂ_(l~{) |:(I{L’a>c3u(l~{) - (Iét’a)cju(f{)}
_ _2VDEA gt (k) [ki 5L L2

(d—1)(d+1) “ ”( 64\//%/@ M

4d — 3 1
+ —2dA(prs ) — 2A(pa, pr) + 4pa B(pr, Ml)) ]
32+/api} 8\/qu?

+ (d+2)A(pr, pr) + dA(p1, pr)—

2dpy B(pr, ) + k0, (

INPDEK A0 [, | - P2
S PR 2 (k)
(d—1)(d+1) 64\/uqu 16/ o f}
4d —3 1
—2dpy B, p1) + ki ki uyy (k) ( +
’ 32v/ et} 8\ pai}

+4N13(NL7M1))]

+(d+2)A(pr, p1) + dA(p1, pr)

—2dA(pr, p) — 2A(k1, por)

d* —2d—2

2p1g1de ~ 7 _:
LS krup (k)| — a(l +a) 2y T (d+2)\/ a3 A(pr, 1)

(d-1)(d+1)
4d -3 1

+dy/ pepf Ap, pr) — 2d umu?B(uL,m)) + ki krus (k) ( 7 +a)32 4 !

—2d\[ po 3 A(pr, 1) — 24/ prepid A, ) + 4 um‘i’ﬂmwﬂ)]- (B.12)
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b. Graph in Fig. 7?7(b)

The graph in Fig. ??(b) gives a contribution A(d;u5),.p to the EOM for u (k):

2\2Dktut (k) [~ - - :
AT = _(27r)d+(>/ G- Ciul@Giclk — @) = ~22 Dkt ()10, (), (B13)
where
b 1 1 > L 1
(1), 0) = Gy / 4 Cyu(@)Grelk — @) (B.14)

Again, since there’s already a factor k= outside the loop integral, we can set w = 0 in the integrand. Also we only
need to expand the integrand up to O(k) and keep the O(k) part, since the integration of the zeroth-order part is odd
in q,f-, and hence vanishes. Therefore, we have

(1) (k) = W/ ¢ [ Go(@) [* Lju(a)+ | Gr(@) * Pru(a)] x

2LE(q)ar ki — kitqt — klgit

qt

[mm KL+ 2tagoks) Gu(—)PLi(q) + Gr(—q) - Gﬂ—d)@

1 >
@my /q {GL(q)GL( a)Lju(q) x
2¢tqy -k — kgt — krg?

it

[(QULCIL ki + 2020.k0) Gr(—a)2q) + [Gr(—q) — GT(_Q)]:|
+Gr(Q)Gr(—a)Pju(q) X

2¢ta. ki — kifgtat —ktg?

[mm KL+ 2quks) Gr(—@) % + Gr(—q) - Gﬂ@)@ }

i
L[ 3¢ L, ()
= W/ qi{ QCurar ki +2p.q.ky) m + (QQj_QL k- kli-qllqi- _ k"i_QQL) x
q.L M7,
Ly, (q) N L
TN Lh(@A(ur, m) | + Qurar ki + 2p0a0ke) g P (Q) B, pr) +
zHL
Pj.(a)
(20 ar ki~ kfafal —kla) | Pu@AGn, ) — —V—
16/ iy
_ KAl ] Mgk (Tegufin i) (L Alprs )
d—1 | 64\/pep3 (d+1) d+1 N AT/ 7
2 d+15 kJ‘—HJ‘-kJ‘B s HJ__kJ_
_’_HL[( )Juc mcju m] (Hl NL)+ (Q—d)atki‘—w_kéiki— y

(A(MbML) - W) }

Khd=4de [ | | 7 1

= m u Yjc 64W + 16W - A(NLuufl) - A(Ml,,uL) - 2,uLB(:u'1uU'L)
My, xH7

5—2d d*>—2d—1

+
32v/ bty 164/ popiy

2(d - 1)MLB(N1aML)] } : (B.15)

ko

c Yju

—(d® —2d — 1) A(pr, pr) — (1 — d)A(pr, pi1) +
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The overall correction A(d;us )b to the EOM for s (k) is therefore :

A @5 )b = —2XDhiyug (k) (1), (k)
N2 DK A dlkEut (k) 7 1
_ u Ue kst + — App, p) — Alus, — 2urB(p,
(d—1)(d+1) D YN/ IR TN e (ke ) = Alprs pr) — 20 B(pa, pir)
[ 5-2d  d®-2d—1

Jr
32/ oty 16\ g
2(d - 1)NLB(,UJ17,UL)] }

STV U FENR N a2 L
- (d—l)(d+1){h“j(k) TSR AT

1ol
kc 5ju

—(d® —2d — D) A(p1, pr) — (1 — d)A(pr, pa) +

— a3 A(pr, pr) — A/ o3 Apa, pr) —

5—2d
32

d?—-2d—1
16

24/ tepp B(py, pir) (1+a)™%+

+ ki krug (k) [

(d® —2d — 1)\/ papd A(pr, pr) — (1 — d)\/ pap3 Apr, pa) +2(d — 1) NwN?MLB(MhML)] } . (B.16)

c.  Graph in Fig. 7?(c)

The graph in Fig. ??(c) gives a contribution A(d;u; ), to the EOM for u5 (k):

B 2)\2Dué (l~<)

A(atU»<)u,c - (27T)d+1

; | = )t Co @Gtk - @) = 2D () (12,0 + (15, ()] (B17)

where

X Lo i
(1), 0) = G [ ok Cu@Gik - ) (5.18)
(I§L7c)ju(l~{) = (27‘1’;d+1 ~ 04 Cie(@)Gje(k — Q) (B-19)

Let’s calculate (I}’ ’C)ju first. Again, since there’s already a factor kll outside the integral, we can set w = 0 in the
integrand. Also we only need to expand the integrand up to O(k) and keep the O(k) part, since the integration of
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the zeroth-order part gives 0. Therefore, we have

kit 2L5(Q) gk, — K ai- — ki g5

(11),1, (k) = W / @ [| G(@) I Lig(@)+ | Gr(Q) [ Py (q)] {GL(—fv z

2L(Q) gk, — ki-ai — ki-qif
2
qay

+GL(—Q)*Lip(q) (2pn4m K, + 240q2ka) — G1(—q)

+Gr(—@)*Pip(a) (21 amkn, + 20000ks) }
2L35(Q) gk — ki a- — Lig(Q)ki ¢
a

>
- / g {GL )2
q
N _ 2L5(Q) gk, — ki — kg Lis(q)
+GL(—)’Li;(q) (2uLagmknm) — Gr(—q)— L ¢

Gr(—q)

i kiq P (q) kg P i
+1Gr(@) ) [ - GL(—q>% + GT(—q>% +Gr(—a)* P (a) (2mdmkin)
€ €
L /> qr | 2L5; ()b — ka7 — Lig(a)ki ¢ L3 (BLamFmy) Li(a)
(2m)d=1 q 41 164/ papty 64/ oty

—[2L5(Q) gk — ki q — ki ai Liy(@)] Apr, p)
kiqi Py(a)  3P;(q) (m&,ﬂi)}

—kiq; Pig () A(py, pr) +

164/ pizpi? 64/ 1z 13

KgA—4dekt [Tk — (d+ D)diukss  3prIlh ks
B dd D1 ’ ( 3) by Pk ke — (d D)8k Az, )

(d=1)(d+1) 16/ oty 64/ 1ahf,

1 3
i Ll 1 1.1
+ ( m”ukm (d+ 1)§juk, ) (A(/LMNL) + W{’) + ( mmukm (d+ 1)5mku) w}

LS PP 4d -3
=T L A(up, ) — dA(u,
(d—=1)(d+1) L gu 64@ (1r, p1) (p1, o) 64\/@
5—2d 3d — 11
ki ky | ———— + (d = D) A(ur, 1) + 2A(p11, 1) (B.20)
J l?’? ok S

]u(f{) In appendix ?? we show that the sum of (Ig’c)ju(k) and (I”’d)ju(f{), which is introduced
in evaluating Fig. ??(d), is at most of O(k?). This means we can set w = 0 and focus on the O(k?) part when

evaluating (15" ()j (k) and (I‘“d)ju(f{), since their lower order parts (i.e., O(1) and O(k)) all cancel out. We will use
this knowledge in the following calculations.

Now we turn to (I5°°)

1 > _ N
T Guai GL(@GL(—a)] — (nokl + pokl) GL(—a)°Lyz(a) + (4u7(ar -ki)? + 4utqakl) ¥
(2m)d+ a

. k2 4(qL-ki)? ki kg 2ou-kl(kl + kiqt) 3
Gul-@° L@ + |Lila) (o IS 4 B 24| gy (g
q| q1 QJ_ qJ_
2L3,(q)qL - ki — kg — ki g
+2prqy -k Gr(—q)? s04 ¢ £y
q¢
K2 4(qr -ky)?\ | Rk 2a0 ko (kqt +kfg) N
_lL;( )(_5_ (QL4 L) >+ yze _ ¢ 95 Gr(—q)
q7 q) q7 qL
o (2L (@ar ki — kfqh — kfaf
_ZMIQL'kJ_GT(_Q)2< 2 ) L £ : (B.21)
1
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where we have discarded terms linear in ¢, since the integration of these terms gives 0. Performing the Q and ¢,
integrals in (?7), as described in detail in appendix (?7?), we have

1 /> G dr { 3050 (nLhd + pak?)  (BuLgmn bk + paprkiel) 8
q

(15°9), (k) = — -
2 2m)at Jq, & 128/ pz i3 128/ paph g2
4(q k)2 2q. -k (kg +kfqt 1
4 5jé<—ki+ (Ouz 1) )+kjlkj— qL L(j;le qu)
a1 a1 16/ p i,
3uraqr -ky (20591 ki — k]leL - kj—qj_
64/ it i
4(q; k)2 2q. -k (k+qt + kg
— |9je <—k3+(qL2 L) )H%lké _ 2ok e ) Alpr, pi1)
q7 '
2(5'qu . kl — kJ»‘qJ‘ — kJ‘qJ“
—2pmq1 - ki B(ur, ) ( 4 e B
ay
___Kaptde [ 30 DG, (kT pek) 53 kb + (DO ks
(d—1)(d+1) 1287/t i 128/ ity

+ (—(d+ 1)65,k7 + 210, 5k — (d+ 1)k; k) <

1
———— — AL, 1)
164/ pa py,

3
(T bk — (D) ( p szmL,m)) }

64/ oy
K A4de s @+ D) im o, | 16—11d
= - - MY 1%u + (d - I)A(/U‘Lru“l) - 2/L1B(/U'L7,u1)
(d—1)(d+1) 641l 71128/ a3
20 — 7d
ke | ===+ (d = 3) AL, 1) + 2(d — V) B(up, )| ¢ - (B.22)
J [wm

The total contribution A(J;u; ), of the graph Fig. ??(c) to the equation of motion is therefore:

A(@r5 ) e = 2N D (K) | (1), (k) + (14°) 1, ()|

INDK At (K)de [, (d+ D)/l 5o | 11d—2
- u 25l TV e | g2l | 22072 A ) + 20 Bur,
(d—l)(d—l—l) J 64 /TLE 1% 128 /fa:ll?i (,U/L ,Ufl) H1 (ML ,ul)
4d — 3 3d — 10
—dA(p1, pr) + ———== | + ki ky | ———= +24(pr, ) +2(1 = d) B(pr, 1)
64y/ et | 7" |64 o}
3d—11
s B
64/ 1
2#191(316 2 1T (d+1),/uz 2 1 11d — 2 _3/2
RECESCES)) kyuj (k)WﬂL’ﬂ%‘ (k) 198 (14 a) ™% —dy/ popd A(pr, i)
) 4d — 3 ~ [3d—10 _
+24/ R B (e, ) = dyf o A, ) + = +kf’f$u1f(k)[ o (a7
3d—11

+24/ pa 3 A(pr, pa) + 2(1 — d)\/ pa 3 B(pr, 1) + 24/ papd A(pn, pr) + ol

} . (B.23)
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d.  Graph in Fig. ?7(d)

The graph in Fig. ??(d) gives a contribution A(d;u; ),.q to the EOM for u3 (k):

2Dyt I > B B _
A(Ou ) pa = W/q 465 Cie(@)Gio(k — @) = 2X3° Duyy (k) (1), (k) (B.24)
where
(1,000 = i [ o Crl@Culk—a). (8.25)

First let’s show that the sum of (Ié"c)ju(f() and (I“vd)ju(f{) is at most of O(k?). The integrand of (I“vc)zju(f() can
be rewritten as

—¢i gy Cie(@)Gje(k — @)

= —¢y | GL(@) |” 7 Gje(k — @)

Z—Qi|GL( )\2( z)Gje(f{—Q)—qukz \GL()|2 ‘(f(—Q)

=—qy | GL@ I* (¢f — k) Gk — @) — gy ki | GL(@) |* Gje(k — @)

=—quqf |GL(@) I Grk— @) +kiqr | GL(@) P Gok—a) — kiqr | GL(@) |* Gje(k—q);  (B.26)

The integrand of (I"’d)ju(f() can be rewritten as

4ty Cje(a)Gie(k — @)
= qu Ce(@)(q" — k") Gio(k — @) + ki g5 Cie(@)Gie(k — @)
= ¢ Cie(@) (g7 — ki )Gr(k — @) + ki gy Cje(@)Gie(k — @)
=qrqi | GL(@) |? Gr(k — Q) — ki g Cie(@GL(k — @) + ki g Cje(@)Gie(k — @) - (B.27)

Clearly the zeroth-order parts of the two integrands cancel out. Thus the sum of the two integrands is of O(k).
Furthermore, it is easy to see that the O(k) parts vanish after the integration. This proves our earlier claim.

In the following calculations we will focus on the O(k?) parts. Again we will omit terms linear in g, since the



integration of these terms gives 0.
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>
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The total contribution A(@tuf)md of the graph Fig. 7?(d) to the equation of motion is therefore:

A(Oyu ) a = 22 Duy (k) (1*%) (k) (B.29)
222 Dut (k) K 4A9—4de (d+1)\/fiz 2—11d
= u — 0 k2T k| 4+ dA(up, 1) + Ap,
7 13
————— +2ur B, pr) | + klki l —2A(pp, pn) + (1 — d)A(pa, pr)
64/t T 64y et}
7d—17
S ——
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2u191d¢ o e d+D) /e 5 - [2—11d _3/9
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(d=1)(d+1) ! 64+/115 J 128
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. 7(d— 1) 3
HA = d paptAlps, pr) + == + 21 = d)\/ popipr Bluy, ne) | o - (B.30)

2. Overall propagator renormalization

Summing over all the contributions from the one-loop diagrams in Fig. 77, we find two types of terms: kiuj(f{)
and kj-kﬂ[uf; (k). The sum of the coefficients of the former gives the correction to —p1; that of the latter gives the
correction to —uo. There is no correction to i, to one-loop order, since no terms proportional to kZu; survive to this
order.

Thus the graphical correction duq to py is

- 2M1g1df 7 —3/2 d2 —2d—2 3 3
Spr = CERCESY qr L+ )™ e+ (A 2\ e pd Alpr, i) + dy e Alpa, 1)

7 B 1
G+ )+ o =\ et A, i) = \Jpap A, ) =2 uxu‘i’uLB(ul,uL)]

2d uzu?B(ﬂL,m)> +

11d — 2 _ 4d — 3
[ 198 (14 )2 — dy ) pap3 Apr, ) + 24/ b3 B(pr, p1) — dy/ pepd A(ps, p) + ol 1

. 7 ‘
(14 0) 2 4 dy[ paep3 Apr, 1) + /el A, pr) — o1t 2\ Herin BGu, ,UL)] }

_|2-11d
128

+ (L + d)\/ o p A(pr, pa) + 2(d — 1)/ propd A(pe, por)

2y dl 2d* — 6d + 3
S (d—-1D)(d+1) 32

—2(d 4+ 1)1/ pep3 Bpip, ) — 4 uzu‘i’uLB(m,uL)} : (B.31)
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where
Vet Al ) = = ( - Ml%) (B.32)
et A, ) = - (1 - ﬂ%) (8.3
e B ) = (1-+0) 2EEDL =500 (B.35)

Using these, we can, after considerable algebra, rewrite (?7) as
op1 = g1 Gy, (a)dl, (B.36)

with G, (a) given by (??). The graphical correction dus to po is

2M2g1d€ 4d — 3 —3/2 1
Spo = 1 = = 2dy/ a3 A — 20/ a3 A, A pop3 By,
2= T D d T Da g5 (LT )™+ 2 ek Apr, ) papi A(pa, pr) + 4/ pep B(pr, pa)
5—2d N d*>—2d—1
+ 5y A+ 3/2+176—(612—2d—1) pa 3 A(pr, pr) — (1= )/ papi Az, p)

3d — 10 _
+2(d - 1) uzu‘i’uLB(ul,uL)] —[ o (L) ™2 2\ e A, i) + 201 = )y o B, i) +

3d—11 13 _
2y papd Al i) + =1 1 - {64(1+0‘) 2 2 e A, ) + (1= d)r/ propid A, o)+

7(d—1
(64 )21 - a) uxu?uLB(m,uL)]}
2p2g1dl 1+4d gy 247 —9d 411
= 1 —— —(d+1 3A -
@D+ Da| 62 BT+ 32 (d + )y e A(pr, )

(d® = 3d + 4)\/ papf A, ) + 2(d + D)\/ praplt B, 1) + 4(d — 1)/ pr i B(paa, m)]
= g1p2G i, (@) (B.37)

where G, (a) is given in (?77).

3. Noise renormalization

a. Graph in Fig. ??(a)

The graph in Fig. ?7(a) represents the following correction to the noise correlator < fg(f{) fu(ff{)>:

~ ~ 212 > B ~
A1), = s [ 0 05Con (k= 0@ = 2D (R) (5.35)

where

1
(2m)d+1

(I1P),, (k) = / 4 635 Cim(k — 8)Cru(@) (B.39)
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Since the noise strength D is the value of this correlation at k = 0, we can evaluate (I-%), (k) at k = 0. This
gives

(17),,(0) - Qﬁldﬂ | e Cn(-aCu@

@G am [| Go(@) I Lip,(@)+ | Gr(@) | P (@)] [| Go(@) I? Liy(@)+ | Gr(@) |* Piy(a)]

\/

a1 1Gu(@ P [ GL(@) P Lay(@)+ P Gr(@) [* Pru(a)]

>
27'(' d+1 /

27T d+1

/> 1 (@ + 1 1,1 2v/2 PL(Q)
27T>d "as Qi 64\/%;@ Al —m)? \VEL i VBL T

3 1 L 2v/2 <1 1 ) 840 Sa— Lpa-agy
64\/umd—1 AVia(pr —m)? \ VoL Vi Ve +m d—1)| (2m)d-
(B.40)

Identifying the coefficient of 82, as a correction (6D)p . to D gives:

2
(6D)p,a =2 i Ly ! oY (R 22 (1 - ) DA fdzlAd“‘dé
64/ peps d—1  A/pp(pr —p)? \ VL Vin VeL T+ d—1 (2m)d=
3 1 1 1 2 d—2
et (1) i (s 12 (22)]

b.  Graph in Fig. 7?(b)

= 2g, Ddl

The second correction to D comes from the diagram in Fig. ??(b), which represents the following correction to the

noise correlator <fg(l;)fu<—l;>>l

~ ~ 22 > ~ B
AR ) = 20 [~ Ok - (@) = 2D (Ba2)
where
Db L\ — 1 > 171 1 g ~ ~
(IP)0u8) = iy [ o O = 0)Ciulk = )o@ (B.43)

Again we only need to calculate (I”*)y,(0) to get the relevant correction to the noise strength D.

- 1 >
(IP)0(8) = | taCul@Cina
(27T)d+1 g
1 > i _ i
~ Gy / 4 am [| GL(@) ° Liy(a)+ | Gr(@) * Pro(@)] [| Go(@) |* Ly, (a)+ | Go(@) * P (q)]
q
1 > A
27T)d+1 / QF Qu | GL ) |
64 [ U, (27)‘1 Y as a7
1
/7 L _Sac1 pa-ag (B.44)

64(d — ].) A //’Lw/’ﬁL (27T)d71

Identifying the coefficient of 5%, as a correction (§D)p to D gives:

3 D2/\2 Sd 1 Ad 4d€— 3 ngdé

(0D)po = =355 i @m)a C32(d—1) (1+a)?/2

(B.45)
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Combining the two corrections to D from the two diagrams in Fig. 7?7, we obtain the total one loop correction § D
to D:

g1DAl (d — 2) 1 2v/2
0D = (6D)gq + (6D)ep = 1+ — = g DG , B.46
( )6 ( )6b 202 (d _ 1) \/m \/m 91 D(Oé) ( )
where Gp(«) is given by (77?).
4. Summary of all corrections to one loop order

Adding up the results obtained in previous sections gives the total one loop graphical corrections to the various
parameters:

O = g1 Gy, ()de, (B.47)
Spo = 912G, (a)dl, (B.48)
0D = 2 DGp(a)de, (B.49)
Oy =0. (B.50)

Dividing both sides of each of these equations by d¢, we obtain the graphical contributions to the recursion relations
for the parameters of our model:

d
((i?) = g1 Gy, (), (B.51)
graph
dps
o = g1p2G i, (@), (B.52)
graph
dD
graph
dpiy
k = B.54
(%) =0 (B.54)

where the functions G, (@), G, (), and Gp(«a) are given by:

(d—2) 1 1 2V/2
G =~ 1 - B.55
p() 2d-1a2 | T Jaxl Jaro (B.55)
1|1 1 2v/2
- — |-+ - , d=4 B.56
a? [3 3WVa+1 3vVa+2 ( ) ( )
G (a) = 2 2 -6d+3  (d+3)v2 1 d+l  d-3  d+15
AT T g2 — 1 32 2(a+2)32  a? 2a2/a+1 20 2y2a(a+2)3/2
3 d+1 3-d
V2(a+2)3/2  dan/a+1 2ﬂa\/a+2> ( )
_2fw w2 1.5 1. 19 . 3
15\ 32  a(a+2)32 o 2aV/a+1 20 2V2a(a+2)3/2  V2(a+ 2)3/2
5 1
_ _ 7 d=4 B.58
don/a + 1 2\/§a\/a+2) ( ) ( )
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G () = 2 - (8d-1)v2 +(d—l)+ (d+1) +(d2—4d+3)\/§_(d2—7d+8)
AT (@2 - 1o a?(a+ 2)3/2 a? 202/ + 1 dar/a + 2 4o

N d+1 N (13-15d)  3(d—1) (d+1)  2d®>—-9d+11 (B.59)
64(a+ 10372 7 2VBa(a +232  V2(a+2)2  dava+l 32 '
2 11v/2 3 5 3V2 1 5

_2 (o v2 + =+ + V2 + -t
15 a?(a+2)32 a2 202Va+1 4dayva+2 a  64(a+1)3/2
47 9 5 7

- - + + = . d=4 B.60

2V2a(a+2)32  V2(a+2)32  dava+1 32) ( ) (B.60)

Combining these with the RG rescalings discussed in that section lead to the full recursion relations (?7)-(??) of
that section.

It is also a straightforward, but tedious, exercise in the application of I’'Hopital’s rule to show that, in the limit
a — 0, all of the apparent singularities at small a in G, («), G, (), and G p(«) exactly cancel, leaving precisely the
finite results (??)-(??) obtained in the previous appendix for the us = 0 case.

Appendix C: Useful Formulae

In this appendix, we summarize the integrals needed for the graphical calculations done in the preceding appendices.
Throughout this section, we will for convenience define the wavevector dependent dampings:

1 1
= Iy=— C.1
ULa? + paq? UTq? + Haq? (1)

where we remind the reader of our definition pp = 1 + pe.
We begin with:

1. Integrations over () and ¢,

d+1/ dqm/ dQ2 Gr(a)Gr(-q) = d+1/ / QQ+F2

_ * dg
a (27T) /—oo 2I'c(a)
1 11

~ @ A g1 (€2)

where both the integrals over € and ¢, can be done either by simple complex contour techniques, or by even simpler
trigonometric substitutions. The same statement applies to all of the integrals that follow here; we will therefore
simply quote the results for the remainder:

1 o0 oo O T 1 1 L
1 1 o 1 3 1 1

1 1 o 1 5 1 1
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o | toe [ a0 61000000 = i [t = e (9
e e e R M =S €1

G | _de [ 49 6r@Gr a7 = i [ da g = Lw% e L
(273’1“/_0; A4 /_i 49 Gr(@)6r(-a)” = (2717)‘1/_0:0 e SFTl(q) 128@ 1 1‘1 (©9)

1 [ > ) I 15 1 1
(2m) /-oo a /_oo A0 Gria)Gr=a" = 5o /_oo Y T 512/ Cr /«u Y

1 o0 o i i 1 " 1 11
_ dz/ 40 2a G—4:—/ dgy —35__ ~ . (@1
(27T)d+1 /;Oo q - q T(q) T( q) (27T)d - q. 16FT(q)4 512 Mg/l,? (27-‘-)d—1 qi ( )

1 \2 a2 1 & 1 1
(27T)d+1 /qGT(q) Gr(=q) (2m)d [oo A4 4FT(Q)3 64\/;%/11 / (J]r)_ '

@n) LGL(Q)GL(‘Q)GT@GT(‘@ ot | s T @)

- 1 1 N 1 2v/2 1 / 1
2 (pn )2\ Vi Ve T ) o)dTt g @)

1 o0 oo B B B B L o0 1
ol /,oo d‘”/,md“ CL@Cr(-a0r(-0) = Gy /,oo 4 I (@@ £ T (@)

- 1 vz 11
T Al (e — ) \VEL T iz ) @o)dl gt

EA(ML,Ml)(%;dl/q ql?i (C.14)

1 ° 1
~ (2m)? /,oo e @ (To(@) 1 T2(@)?
_ 2pr +m)*? — V2pn(pr +3m) 1 / 1
Sy/Habr(pr 4 p1)3 2 (pr — )% (2m)4=1 Jg,
EB(NL»Nl)Qﬂ_)ld_l/q ig, : (C.15)

T

W /,Oo A4 /,Oo a0 G1(@)Gr(-a)Gr(~a)*

2. Integrals over q.

After performing the integrals over €2 and g¢,, our last step is performing the remaining integral over q, in

>
/ / di=1q, / dQ / dg, . (C.16)
q A>|qy|>Ae—dt
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The simplest such integral that arises is:

1 di-1q, 1 A p
— = d dZq,¢%7°, C.17
@t /A|A g @Eni /A Ty RENEG: (€17)

where [dZq, denotes an integral over the d — 1-dimensional solid angle associated with q,. Since the integrand is
independent of the direction of q, we can do this integral trivial; it simply gives a multiplicative factor of S3_1, the
surface area of a unit d — 1-dimensional sphere. Thus we have

1 dd71QL Sa—1 A d—5 Sa-1 d—4
—_— = d 0 = A~ *de C.18
@myi /A|A £ @nit [, ot @myi ’ (C18)

where in the last step we have used the fact that d¢ is infinitesimal to write 1 — e~4¢ = d¢.
A slightly harder integral that arises in our calculations is

1 4 g
I, = tu C.19
mu (27T)d_1 LL qi ( )

This can, however, be done using symmetry arguments. Since the integrand is odd if ¢ # u, this integral can only

be non-zero if ¢ = u. Furthermore, by spherical symmetry, if ¢ = u, we should get the same value for this integral
regardless of the value of i. Hence, this integral must be proportional to & :

= A6+

)

(C.20)
where the constant A remains to be determined. This can be done by taking the trace of (??) over iu,, which gives
I =Ad-1). (C.21)

On the other hand, taking the trace over iu of (?7) gives

1 1 Sa_1 d—d
I = — = A .22
7 @y / £~ emet (6-22)

where in the second equality we have used (77).
Equating (??) and (??) and solving for A gives

Sa—1

__ RPd-1  sd-4
A= L AR, (C.23)
whence it follows from (??) that
1 atar Oiu, Sa—1 ya—4
LY = TATRdL C.24
e ), e .

Very similar reasoning can be used to show that

1 / qfqiqqu 1 / #ﬁqﬁqe  Giube + 0ij0uc + 0icbu 1 /d s

@t )., ¢ @oit)y 4 (d-nd+1) (@m0
_ 0iulje + 0ij0uc + 050y, Sa—1
N 1)(d+1) (2m)d-1

(d—
Hiujc Sd—l 4
(d—1)(d+1) (2m)d-1 ATae. (C.25)

Ad=4dy
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3. Expansions with respect to k

At many points in our calculations, we have to expand the propagators and projection operators in powers of the
external wavevector. These expansions are:

(ki —qi)(ko —qv) (ki — i) (kp — qb) 2q-k—k*>  4(q-k)? 3
iw(k—q) k= qf 2 g g + O(K*)
2Lye(q)a -k — kg — kpqi k?  4(q-k)? ik
L)+ o(q) = b= kodi g ) (_q2 n ((14) q2z
2q - k(kigy + kvqs) 3
- 4 O . (C.26)
2L; -k — k;qp — kpq; k2 4(q-k)? k:k
Py(k —q) = Py(q) — «(@)a 5 M Lie(q) <—2 + (q4)> - 2€
q q q q
2q - k(k; kva;
120Kkt + kodi) | oy (C.27)
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