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Abstract

Forecasting chaotic dynamical systems and extreme events remains a central challenge in computational
science, with applications spanning weather prediction, turbulence, and nonlinear physics. Classical
methods suffer from the curse of dimensionality, while data-driven approaches provide fast predictive
capabilities but often lack scalability and physical interpretability. This thesis develops quantum com-
putational approaches for modelling, forecasting, and analysing nonlinear dynamical systems to provide

scalable and physically interpretable frameworks for chaotic dynamics and extreme events.

The first part of this thesis develops quantum reservoir computing (QRC) methods for forecasting high-
dimensional chaotic dynamics and extreme events. Using the theory of generalised synchronisation
(GS), we establish design principles for stable and learnable quantum reservoir computers and introduce
recurrence-free quantum reservoir computers (RF-QRCs) as a scalable alternative, demonstrating that
RF-QRCs outperform classical reservoir computers for high-dimensional forecasting. We establish
practical criteria, generalised synchronisation = echo state property (GS=ESP), and derive analytical
Jacobian formulations for stability analysis, investigate finite-sampling noise with denoising strategies,
and demonstrate parallel implementations on quantum hardware. Depolarising and amplitude-damping
channels are further analysed through GS theory to establish the noise-memory trade-off in quantum

reservoir computing.

The second part of this thesis develops quantum-compatible approaches for solving nonlinear differential
equations governing chaotic dynamics through linear operator embeddings based on the Fokker—Planck
and Koopman—von Neumann formulations. We analyse higher-order discretisation schemes to study
the effects of numerical diffusion and stability of probability-density evolution, establishing bounds
linking numerical diffusion, grid resolution, and Lyapunov instability. We implement unitary block-
encoding quantum algorithms for discretised Fokker—Planck dynamics, demonstrating how nonlinear
chaotic evolution can be reformulated into sparse linear operator evolutions for near-term quantum

computation.

Together, the complementary approaches developed in this thesis establish quantum computational frame-
works for forecasting, analysing, and simulating nonlinear chaotic systems, while providing pathways

toward practical quantum advantage in scientific computing.
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CHAPTER

1

Introduction

Nonlinear dynamical systems are ubiquitous in nature and engineering. Chaotic dynamics, where small
perturbations in the initial conditions lead to exponentially diverging trajectories, arise across many
scientific disciplines, including astrophysics (Geisel 1985), meteorology (Selvam 2017; E. N. Lorenz
1963; Palmer 1993), chemistry (Field et al. 1993), turbulence (Manneville 2010; Srinivasan et al. 2019;
Doan, Polifke, and Magri 2019a), and thermoacoustics (Huhn and Magri 2020c; Huhn and Magri 2020a).
In such systems, the long-term predictability is fundamentally limited by the sensitivity to the initial
conditions, making forecasting and control challenging. Important examples include weather and climate
prediction (Holmstrom, D. Liu, and Vo 2016; Rolnick et al. 2022; O. Ahmed, Qazi, and Magri 2026),
financial time-series forecasting (Sezer, Gudelek, and Ozbayoglu 2020), and thermoacoustic instabilities
(Huhn and Magri 2020c).

Traditionally, the modelling of complex and chaotic dynamical systems has relied on solving differen-
tial equations using finite-difference, finite-element, and spectral methods. Over the past few decades,
advances in computational fluid dynamics (CFD) and high-performance computing have significantly
expanded the ability to simulate and analyse complex physical systems across science and engineering,
yet these approaches remain computationally demanding, often requiring substantial resources to resolve
the relevant scales of the dynamics faithfully. The growing availability of large observational and simu-
lation datasets, together with rapid progress in machine learning and modern computing hardware, has
accelerated the emergence of data-driven approaches for modelling and forecasting nonlinear dynamics
(Brunton, Proctor, and Kutz 2016; Brunton and Kutz 2022; Pathak, B. Hunt, et al. 2018a; LeCun 2019).
These methods infer the underlying system behaviour directly from data, often at a fraction of the cost of

conventional physics-based simulation.

A central motivation behind the development of machine learning algorithms for scientific applications
is the question: how can the turnaround time of industrial simulations and forecasting tasks be reduced?

While early results have demonstrated promising applications of machine learning for modelling and
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forecasting nonlinear dynamical systems, significant challenges remain before such methods can fully
replace large-scale physics-based simulations. In particular, many existing approaches struggle with
scalability to high-dimensional systems, generalisation to unseen dynamical regimes, and physical inter-
pretability. Addressing these challenges may require looking beyond conventional computing paradigms
altogether. In this context, quantum computing has emerged as a potential alternative framework, offering
new computational primitives that could prove well-suited to the demands of learning and simulating
complex nonlinear dynamics. This thesis explores quantum machine learning approaches for modelling
and forecasting nonlinear dynamical systems, as well as quantum computational methods based on lin-
ear embedding formulations for directly solving the differential equations governing chaotic dynamical

systems.

1.1 Data-driven forecasting of chaotic dynamics and extreme events

Data-driven prediction of chaotic dynamical systems has gained significant interest in the last decade
(Chengetal. 2015; Ghadami and Epureanu 2022). A data-driven model learns the solution of a dynamical
system from data with the goal of predicting its temporal evolution. The use of data-driven methods
for predicting nonlinear systems has been motivated mainly by two reasons: (a) the availability of large

amounts of data for these systems, and (b) the difficulty of predicting temporal dynamics due to chaos.

Predicting the temporal evolution of a chaotic dynamical system is challenging because infinitesimal errors
and perturbations grow exponentially in time. This makes the time-accurate prediction of chaotic systems
challenging beyond the predictability time (Boffetta et al. 2002), which is a characteristic time scale of
the physical system. On the other hand, chaotic solutions of ergodic systems can also be characterised
by quantities that are unaffected by infinitesimal perturbations; e.g., the statistics of the solution, and
invariant properties such as the Lyapunov spectrum (Shimada and Nagashima 1979; Benettin et al. 1980),
the Kaplan—Yorke dimension (Frederickson et al. 1983), covariant Lyapunov vectors (Ginelli, Chaté, et al.
2013; Margazoglou and Magri 2023), and many more (Boffetta et al. 2002).

As argued in (O. Ahmed, Tennie, and Magri 2025b; Magri, Novoa, and Ozalp 2024; Ozalp and Magri
2025), a data-driven model for chaotic time series is “good” when it (i) predicts the evolution of the
dynamics for a relatively long horizon in an autonomous way (i.e., after training), (ii) predicts the

long-term statistics of the solution, and (iii) infers the invariant properties of the solution.

The forecasting of chaotic dynamics is a sequential-data problem. Recurrent Neural Networks (RNNs)
are therefore a natural choice for chaotic time-series forecasting. RNNs are machine learning models
that introduce recurrence in conventional neural network architectures. RNNs are employed in time-
series forecasting, modelling nonlinear dynamical systems and chaos, and extreme event predictions
(Vlachas, Pathak, et al. 2020; Srinivasan et al. 2019; Racca and Magri 2022b; Doan, Politke, and
Magri 2019¢; Margazoglou and Magri 2023; Racca and Magri 2021; Ozalp, Margazoglou, and Magri
2023a). While RNNs offer strong computational capabilities, they are difficult to train because they require
backpropagation through time at each step (Werbos 1990), a process that becomes increasingly challenging
for long time-series forecasting problems (Vlachas, Pathak, et al. 2020). Among the architectures that
have been shown to satisfy the learnability criteria outlined above, reservoir computing has emerged

as a particularly compelling approach, offering the forecasting capabilities of recurrent networks while
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bypassing the need for backpropagation entirely.

1.1.1 Reservoir computing and generalised synchronisation

Reservoir computing (RC) bypasses the problem of backpropagation by introducing a fixed, randomly
initialised recurrent dynamical system - the reservoir - whose internal weights are never trained, with only
the linear output readout optimised via ridge regression. Reservoir computing is a unified framework
introduced independently as Echo State Networks (Jaeger 2001) and Liquid State Machines (Maass,
Natschldger, and Markram 2002). In this thesis, we work with Echo State Networks owing to their
computational efficiency and strong performance across a range of tasks; for brevity, we refer to Echo

State Networks as reservoir computers throughout.

Reservoir computers have demonstrated strong performance in short-term prediction, long-term statistical
reconstruction, and stability analysis of chaotic systems (Pathak, B. Hunt, et al. 2018b; Doan, Politke, and
Magri 2019c; Vlachas, Pathak, et al. 2020; Boedecker et al. 2012). They have been employed to predict
scalar invariant properties such as the Lyapunov spectrum (Pathak, Lu, et al. 2017; Vlachas, Byeon, et al.
2018; Vlachas, Pathak, et al. 2020), geometric invariant properties such as covariant Lyapunov vectors
(Margazoglou and Magri 2023), and sensitivities of objective functionals to physical parameters (Ozan and
Magri 2024), for systems including the Lorenz system and the Kuramoto—Sivashinsky equation. Reservoir
computers have also shown promise in predicting extreme events (Doan, Polifke, and Magri 2019b; Racca
and Magri 2022a; Doan, Polifke, and Magri 2021) and inferring chaotic properties in the latent space
(Ozalp and Magri 2025; Paine, Elfving, and Kyriienko 2023). Despite this strong performance, the
capacity of reservoir computers is fundamentally limited by the reservoir size, a constraint tied directly

to the memory and computational resources of classical hardware.

Beyond computational efficiency, a key advantage of reservoir computers over black-box machine learning
models is that their ansatz is principled and theoretically interpretable, being grounded in the synchro-
nisation theory of chaotic systems (Pecora and Carroll 1990; Pecora and Carroll 2015). The theory of
synchronisation states that the synchronisation between two chaotic systems can be achieved by design-
ing a coupling between them. In the case of one-way coupling, a driving system (the physical system)
provides the forcing to a higher-dimensional response system (Pecora and Carroll 1991a; Badola, Tambe,
and Kulkarni 1992). The conditions under which the response system synchronises with the driving
system are provided by generalised synchronisation (GS) theory (Rulkov et al. 1995; Kocarev and Parlitz
1996; S. Yang and Duan 1998; Abarbanel, Rulkov, and Sushchik 1996), where the properties of the
coupling map between the drive and response are influenced by the strength of synchronisation (B. R.
Hunt, Ott, and Yorke 1997; Tang et al. 1998). Recent works have shown that, when certain conditions are
met, classical reservoir computers are generalised synchronisation systems, with the training time series
acting as the driving state and the reservoir state acting as the response (Lu, B. R. Hunt, and Ott 2018a;
Lymburn et al. 2019; Platt, Wong, et al. 2021).

Generalised synchronisation is also closely connected to the echo state property (ESP), which must be
satisfied for a reservoir computer’s performance to be independent of its initial state - a necessary condition
for reliable time-series forecasting (Jaeger 2001; Jaeger et al. 2007). When the ESP is fulfilled, the
reservoir faithfully encodes the attractor structure of the driving system, enabling accurate reconstruction

of both short-term trajectories and long-term invariant properties. The stability and learnability of
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reservoir computers can therefore be rigorously analysed through the combined framework of GS and

Lyapunov stability theory (Margazoglou and Magri 2023; Huhn and Magri 2020c).

The reservoir size, however, remains a fundamental bottleneck: larger reservoirs improve capacity but
rapidly exhaust the memory and compute resources of classical hardware. This motivates the exploration
of quantum reservoir computers, in which the exponentially large Hilbert space of a quantum system
serves as the reservoir. In this thesis, we import the theory of generalised synchronisation into the

quantum setting to provide a principled foundation for quantum reservoir computing.

1.2 Quantum computing and machine learning

Quantum computing offers a fundamentally different computational paradigm, leveraging superposition,
entanglement, and interference to enable speed-ups over classical methods for certain classes of problems
(Feynman 2018). This potential enhancement is commonly referred to as quantum advantage. Several
quantum algorithms have theoretically demonstrated such advantages, most notably Shor’s algorithm for
integer factorisation, which achieves an exponential speed-up over the best known classical algorithms
(Shor 1994), and quantum algorithms for linear systems and matrix inversion, which underpin many

numerical and machine learning methods (Harrow, Hassidim, and Lloyd 2009; Bravo-Prieto et al. 2020).

Recent years have seen growing interest in applying quantum computing to machine learning. Current
quantum hardware, however, remains limited by the relatively small number of available qubits, environ-
mental noise, and decoherence; devices in this regime are commonly referred to as Noisy Intermediate-
Scale Quantum (NISQ) systems (Bharti et al. 2022). In this context, hybrid quantum-classical methods
have emerged as leading candidates for near-term quantum machine learning, combining parametrised
quantum circuits with classical optimisation routines, as in Variational Quantum Algorithms and Quan-
tum Circuit Learning (Cerezo et al. 2021; Mitarai et al. 2018). Several of these approaches are inspired by
classical machine learning architectures, including recurrent neural networks and reservoir computing,
and have been applied to nonlinear dynamical systems, chaotic forecasting, and extreme event prediction
(Pfeffer, Heyder, and Schumacher 2022; O. Ahmed, Tennie, and Magri 2024b; Fujii and Nakajima 2020).

1.2.1 Quantum reservoir computing

Quantum reservoir computing (QRC) is a class of quantum machine learning models that combines the
principles of quantum computing and reservoir computing. The central idea of QRC is to exploit quantum
dynamics to enhance the reservoir implementation (Fujii and Nakajima 2017; Fujii and Nakajima 2021;
Chen et al. 2022; Mujal, Martinez-Pefia, Nokkala, et al. 2021). In these approaches, the exponentially
large Hilbert space of a quantum system acts as the reservoir, generating high-dimensional nonlinear

feature representations for temporal information processing.

Several numerical studies have shown that quantum systems with only a few qubits can exhibit compu-
tational capabilities comparable to much larger classical reservoirs (Fujii and Nakajima 2017). Previous
works have proposed hybrid QRC architectures for time-series prediction, nonlinear dynamics, and chaos
modelling (Pfeffer, Heyder, and Schumacher 2022; Suzuki et al. 2022; Fry et al. 2023; O. Ahmed, Tennie,
and Magri 2024b). In hybrid QRC approaches, input data are encoded into quantum states through
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parametrised qubit rotations, after which the quantum reservoir evolves under unitary dynamics. Reser-
voir states are then extracted either from quantum probability amplitudes or from measured expectation
values of observables (Pfeffer, Heyder, and Schumacher 2022; Dudas et al. 2023). Quantum reservoir
computers have also been applied to forecasting on both classical (Fujii and Nakajima 2021; Mujal,
Martinez-Peiia, Giorgi, et al. 2023a; O. Ahmed, Tennie, and Magri 2024b) and quantum data (Sornsaeng,
Dangniam, and Chotibut 2023), including implementations on noisy near-term quantum hardware (Fry
et al. 2023; Domingo, Carlo, and Borondo 2023). Further applications include financial forecasting

(Domingo, Grande, et al. 2023) and molecular property prediction (Beaulieu et al. 2024).

Compared to classical reservoir computing approaches (Lukosevicius 2012; Jaeger 2001; Racca and
Magri 2022a), QRCs offer the potential for richer feature representations through quantum superposition
and entanglement, which can enhance the expressivity of the reservoir dynamics. Furthermore, because
reservoir computers train only a linear readout layer, QRCs avoid backpropagation through time and
are therefore less affected by vanishing gradients and barren plateau phenomena that commonly arise in

variational quantum algorithms (Cerezo et al. 2021; McClean et al. 2018).

Despite these promising properties, several challenges remain. Only a limited number of studies have
investigated high-dimensional chaotic systems (Tran and Nakajima 2020), long-term statistical forecasting
with QRCs, or extreme-event forecasting. In addition, practical implementations are affected by finite
sampling noise (O. Ahmed, Tennie, and Magri 2025a; Mujal, Martinez-Pefia, Giorgi, et al. 2023a),
exponential concentration effects (Xiong et al. 2023), and the need for QRC design strategies that are
compatible with NISQ devices.

Among these challenges, finite measurement sampling noise is particularly important for achieving
any quantum advantage. Since reservoir states are reconstructed from a finite number of quantum
measurements, statistical fluctuations can affect the stability, learnability, and forecasting accuracy of
QRC models. Understanding and mitigating these effects is therefore essential for developing scalable

quantum reservoir computing implementations.

1.2.2 Measurement problem and sampling noise

Unlike classical reservoir computers, where reservoir states are deterministically available, quantum
reservoir computers require repeated measurements to reconstruct the reservoir observables. This process
introduces intrinsic statistical fluctuations due to the finite number of measurement shots available on
quantum hardware, which can degrade the learnability, stability, and forecasting performance of QRC

models.

Crucially, finite sampling noise represents a device-independent source of uncertainty. Since it originates
from the probabilistic nature of quantum measurements themselves, it introduces a fundamental limit to
learning performance (F. Hu et al. 2023; Mujal, Martinez-Pefa, Giorgi, et al. 2023b) that is expected to

remain relevant even for future fault-tolerant quantum computers (FTQC) (Preskill 1998a).

In any practical quantum hardware implementation, obtaining information about the density operator p
of a quantum system requires repeated measurements on multiple copies of the quantum state, a process
known as quantum state tomography (Nielsen and Chuang 2011). Full quantum state tomography scales

exponentially with system size, with computational complexity O(D?), where D = 2" for a system
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of n qubits. To address this limitation, (Aaronson 2018) introduced shadow tomography, showing that
complete state reconstruction is often unnecessary when the objective is only to estimate specific properties
efficiently. This idea was later extended through the framework of classical shadows (Huang, Kueng, and

Preskill 2020), which enables the estimation of many observables from relatively few measurements.

However, many QML applications require access to a large number of expectation values for classification
and regression tasks (Schuld and Petruccione 2021). In such settings, the advantages of shadow tomogra-
phy become less pronounced because accurate learning still requires sufficiently precise estimation across

many features.

Several approaches have been proposed to mitigate finite sampling noise in quantum machine learning
systems, including weak measurements (Mujal, Martinez-Pefa, Giorgi, et al. 2023b), classical shadows
(Huang, Kueng, and Preskill 2020), Resolvable Expressive Capacity (REC) (F. Hu et al. 2023), and
variance regularisation techniques for suppressing probabilistic noise in quantum neural networks (Kreplin
and Roth 2024). Previous studies have also investigated the effect of finite sampling noise in physical
QRC implementations (Khan, F. Hu, et al. 2021; Dudas et al. 2023).

The impact of finite sampling noise, however, depends strongly on the underlying QRC architecture. Gate-
based recurrence-free quantum reservoir computers (RF-QRCs) (O. Ahmed, Tennie, and Magri 2024b;
O. Ahmed, Tennie, and Magri 2025a) provide scalable and computationally efficient frameworks that
are well-suited for systematically studying the influence of measurement noise on learning dynamics and
forecasting performance. Despite recent progress, the effect of finite sampling noise on the propagation
and spreading of temporal correlations in recurrent quantum machine learning systems remains relatively

unexplored.

This thesis investigates the role of finite sampling noise in the stability, learnability, and forecasting per-
formance of QRC models, examining how sampling noise affects the propagation of temporal correlations
through the framework of generalised synchronisation (GS), and exploring mitigation strategies within

both recurrent and recurrence-free QRC architectures alongside the hardware implementation.

1.3 Quantum computing for nonlinear differential equations

Alongside data-driven quantum machine learning approaches for forecasting chaotic dynamics, such as
quantum reservoir computers and quantum neural networks, there has also been increasing interest in
developing direct quantum computational methods for solving nonlinear differential equations (Preskill
1998a; Tennie, Laizet, et al. 2025; Jin, N. Liu, and Y. Yu 2023a; Bravo-Prieto et al. 2020; Gilyén et al.
2019). In contrast to data-driven forecasting models, these approaches aim to reformulate the governing
equations of nonlinear dynamical systems into forms compatible with quantum computation, providing a

potential alternative framework for scientific computing and numerical simulation.

The interest in developing direct quantum computational methods for differential equations existed even
before the emergence of machine learning methods for scientific computing. Starting from the original
idea of simulating physical systems using quantum computers (Feynman 1982), significant effort has
long been devoted to developing quantum algorithms for solving partial differential equations (PDEs)

and the large-scale linear systems arising from their discretisation (Harrow, Hassidim, and Lloyd 2009;
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Lloyd et al. 2021). This is motivated by the fact that many classical numerical methods for PDEs suffer
from the curse of dimensionality, with computational cost increasing rapidly with system size and spatial

resolution.

The development of quantum linear algebra algorithms, most notably the HHL algorithm (Harrow, Has-
sidim, and Lloyd 2009), demonstrated that quantum computers could, in principle, provide exponential
speedups for certain sparse and well-conditioned linear systems (Harrow, Hassidim, and Lloyd 2009;
Childs, Kothari, and Somma 2017). Since many discretised PDEs can ultimately be expressed as large
linear algebraic problems, these developments motivated extensive research into quantum methods for
scientific computing. However, these theoretical advantages typically rely on restrictive assumptions re-
garding sparsity, condition numbers, efficient quantum state preparation, and the extraction of observables

rather than the reconstruction of the full classical solution vector.

A major challenge in applying quantum methods to nonlinear systems is that quantum mechanics is
fundamentally linear. The Schrodinger equation governs the evolution of quantum states through linear
unitary dynamics, while most quantum algorithms are constructed around this linear structure. Nonlinear
differential equations, therefore, cannot generally be encoded directly into unitary quantum evolutions,
requiring reformulations that either linearise the dynamics or embed them into higher-dimensional linear

systems.

One important approach is based on the Koopman operator formalism, which represents nonlinear
dynamical systems as linear operators acting on an infinite-dimensional space of observables (Koopman
1931; Mezi¢ 2005). Rather than evolving the system state directly, the Koopman operator evolves
observable functions forward in time, analogous to the Heisenberg picture of quantum mechanics,
where observables evolve under linear operator dynamics (Heisenberg 1949; Bondar, Gay-Balmaz, and
Tronci 2019). This reformulates a nonlinear finite-dimensional dynamical system into a linear infinite-
dimensional one. In practice, finite-dimensional approximations of the Koopman operator are typically
constructed using methods such as Dynamic Mode Decomposition (DMD) and Extended DMD (EDMD)
(Schmid 2010; Kutz et al. 2016; Schmid 2022), which introduce truncation errors and are sensitive to
the choice of basis functions. The resulting operator-theoretic structure is naturally compatible with
quantum linear algebra, and several quantum algorithms have been proposed for approximating Koopman
spectra (Klus, Niiske, and Peitz 2022) and simulating nonlinear dynamics on quantum hardware (Bondar,

Gay-Balmaz, and Tronci 2019), enabling spectral analysis and forward simulation of such systems.

The Koopman—von Neumann (KvIN) formulation extends this operator-theoretic perspective by embed-
ding classical Hamiltonian dynamics into a Hilbert-space framework analogous to quantum mechanics
(Koopman 1931; Mauro 2002; Joseph 2020). In the KvN formulation, the system evolves through a
linear unitary equation for a complex phase-space state function, whose modulus squared corresponds to
the classical probability density. This construction provides a direct analogy with the Schrodinger and
von Neumann formulations of quantum mechanics while preserving the underlying classical dynamics
(Bondar, Gay-Balmaz, and Tronci 2019). Since the governing evolution remains linear and unitary, the

KvN framework is well suited to quantum simulation methods.

Carleman linearisation provides another route for embedding nonlinear dynamical systems into linear rep-

resentations by expanding products of state variables into an infinite hierarchy of coupled linear equations
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(Carleman 1932; Kowalski and Steeb 1991). By truncating this hierarchy, nonlinear ordinary differential
equations can be approximated by finite-dimensional linear systems that are more amenable to quantum
linear algebra and Hamiltonian simulation methods. Several quantum algorithms based on Carleman em-
beddings have been proposed for solving nonlinear differential equations on quantum computers (Sanavio
et al. 2024; Jin, N. Liu, and Y. Yu 2023a). However, the dimensionality of the resulting linear system
typically grows rapidly with the truncation order and the number of nonlinear interaction terms, making

accurate representations of strongly nonlinear or chaotic systems computationally challenging.

Despite the theoretical promise of quantum algorithms for differential equations, several works have
argued that efficiently simulating nonlinear and chaotic dynamics on quantum computers remains fun-
damentally difficult (Jin, N. Liu, and Y. Yu 2023b; J.-P. Liu et al. 2021; Lewis et al. 2024). In chaotic
systems, exponentially growing perturbations amplify discretisation, truncation, and measurement errors,
often requiring exponentially increasing precision or computational resources to maintain long-time tra-
jectory accuracy. Furthermore, many quantum algorithms provide access only to expectation values or
compressed quantum states rather than the full classical solution field, limiting their practical utility for
scientific computing applications where complete spatiotemporal solutions are required. However, we
emphasise that many of these complexity bounds are derived for direct nonlinear trajectory simulation
and do not explicitly consider formulations in which the nonlinear dynamics are first reformulated into

linear operator evolution equations before quantum implementation (Lewis et al. 2024).

One possible alternative is to reformulate nonlinear dynamics in terms of probability density evolution
rather than individual trajectories. In this framework, the dynamics are governed by linear evolution
equations such as the Fokker—Planck equation, which describes the transport and diffusion of probability
densities in phase space (Risken 1989; Tikhonenkov et al. 2013). In the deterministic limit, the Fokker—
Planck equation reduces to the Liouville equation, which governs the conservative transport of probability
density along system trajectories and connects directly to the Koopman—von Neumann framework dis-
cussed above. Instead of predicting a single deterministic trajectory, the evolution of the full probability
distribution is solved directly, naturally connecting to ensemble forecasting and uncertainty quantification.
Such formulations are particularly relevant for chaotic and turbulent systems, where long-term trajec-
tory prediction becomes intractable due to sensitivity to initial conditions, while the statistical evolution
of the system remains physically meaningful. Since the governing evolution equation remains linear,
Fokker—Planck formulations are also naturally compatible with quantum linear algebra and Hamiltonian
simulation methods. Previous works have proposed quantum implementations of Fokker—Planck-type
dynamics for stochastic and over-damped systems (Tennie and Magri 2024; Clemente, Crippa, and Jansen
2023), motivating the extension of these approaches to nonlinear chaotic dynamical systems, which we

present in this thesis.

Motivated by these developments, we investigate Fokker—Planck embedding formulations for chaotic
differential equations and their quantum-compatible implementations. In contrast to trajectory-based
quantum simulation methods, the objective here is to directly evolve the probability-density dynamics
associated with chaotic systems, enabling probabilistic forecasting and statistical characterisation of
nonlinear dynamics. This perspective is also closely connected to modern ensemble weather and climate
forecasting systems, where probabilistic evolution is often more physically meaningful than deterministic

long-time trajectory prediction. Furthermore, the same class of linear probability-density evolution
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equations underlies diffusion-based generative models and stochastic machine learning frameworks,

broadening the relevance of quantum-compatible methods to modern machine learning applications.

Despite this potential, existing quantum algorithms for differential equations have primarily focused on
asymptotic complexity scaling and linear Hermitian formulations, with comparatively little attention paid
to the numerical properties of discretisation schemes for chaotic and dissipative systems. In particular,
the role of numerical diffusion and overdamping in suppressing fine-scale chaotic structures has remained
largely unexplored within quantum-compatible discretisation frameworks. In this thesis, we address this
gap by developing and evaluating higher-order upwind discretisation schemes for chaotic probability-

density dynamics within sparse quantum-compatible block-encoding formulations.

1.4 Thesis objectives

The overarching goal of this thesis is to investigate quantum machine learning and quantum compu-
tational approaches for forecasting, stability analysis, and solving nonlinear dynamical systems, with
particular emphasis on chaotic dynamics and extreme-event prediction. The thesis draws on nonlinear
dynamics, synchronisation theory, reservoir computing, statistical mechanics, and quantum computing
to develop physically grounded frameworks that connect data-driven forecasting with equation-based

quantum simulation of chaotic systems. The objectives of this thesis are:

1. Establish a theoretical connection between generalised synchronisation (GS), the echo state property

(ESP), and the learnability and stability of chaotic dynamics in quantum reservoir computers;

2. Derive analytical Jacobians and stability measures for recurrent and recurrence-free quantum
reservoir computing (RF-QRC) architectures, enabling the inference of invariant and stability

properties of chaotic attractors directly from trained quantum reservoirs;

3. Propose design principles for robust quantum reservoir computers using generalised synchronisa-

tion theory, conditional Lyapunov exponents, and contractive quantum dynamics;

4. Develop and analyse quantum reservoir computing architectures for forecasting low- and high-

dimensional chaotic systems, including nonlinear systems exhibiting rare and extreme events;

5. Investigate the influence of finite sampling and hardware noise on the performance of quantum
reservoir computers, develop denoising strategies suitable for noisy near-term quantum devices,

and demonstrate the training of a prototypical chaotic extreme-event system on quantum hardware;

6. Develop quantum computational approaches for directly solving nonlinear differential equations
using linear embedding formulations, including the Fokker—Planck and Koopman—von Neumann
approaches, extend these methods to chaotic systems through the analysis of discretisation schemes
and numerical diffusion, and implement unitary block-encoding formulations for simulation on

near-term quantum hardware.

Collectively, this thesis contributes to both quantum machine learning methods for chaotic forecasting and
operator-theoretic quantum approaches for solving nonlinear dynamical systems on near-term quantum

hardware.
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1.5 Thesis structure

The work presented in this thesis is based on the following journal publications (O. Ahmed, Tennie, and
Magri 2024b; O. Ahmed, Tennie, and Magri 2025b; O. Ahmed, Tennie, and Magri 2025a) and conference
talk (O. Ahmed, Tennie, and Magri 2024a) along with several other conference and workshop talks. The

remainder of the thesis is organised as follows.

Chapter 2 focuses on the theoretical foundations of chaotic dynamical systems and presents generalised
synchronisation (GS) as a framework for analysing the learnability of chaotic systems. We review
Lyapunov exponents, invariant properties of chaotic attractors, and data-driven forecasting approaches,

before introducing reservoir computing and the GS criteria used throughout the thesis.

Chapter 3 extends the GS framework to quantum reservoir computing (QRC). We first introduce the
basic principles of quantum computing and hybrid quantum—classical reservoir computers, and then
present recurrence-free quantum reservoir computers (RF-QRCs) as an efficient forecasting framework.
The chapter further develops GS-based design principles for robust QRC architectures and analyses the

stability of quantum reservoir updates through Jacobian formulations.

Chapter 4 applies QRC methods to forecasting chaotic dynamics and extreme events. We investigate the
performance of different QRC architectures on prototypical nonlinear systems, including the Lorenz—63,
Lorenz—96, and Moehlis—Faisst—Eckhardt (MFE) systems. Short-term prediction, long-term statistical
forecasting, and extreme-event prediction capabilities are analysed, together with the inference of invariant

quantities such as Lyapunov spectra and attractor dimensions.

Chapter 5 investigates the effects of finite sampling noise and hardware noise in QRCs. We develop
theoretical descriptions of measurement noise in quantum reservoirs, analyse its impact on forecasting
performance, and introduce denoising and mitigation strategies. These methods are then validated on

noisy quantum hardware implementations.

Chapter 6 studies noise from the perspective of generalised synchronisation and demonstrates that noise
can also act as a resource for robust reservoir design. We analyse the dependence of Lyapunov exponents
and conditional Lyapunov exponents on reservoir hyperparameters and noise strength, and investigate

how noise influences the stability, learnability, and robustness of QRC dynamics.

Chapter 7 presents quantum computational approaches for solving nonlinear differential equations using
linear embedding formulations and their extension for chaotic systems. We investigate Fokker—Planck and
Koopman-von Neumann embeddings of nonlinear dynamics, analyse the role of discretisation schemes
and numerical diffusion, and implement unitary block-encoding formulations for simulations on near-term

quantum hardware.
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CHAPTER

2

Learnability of chaotic systems and generalised synchronisa-
tion (GS)

This chapter reviews the theoretical foundations for chaotic dynamical systems and establishes gener-
alised synchronisation (GS) as a framework for their learnability. We begin by presenting dynamical
systems dependence on initial conditions, and chaotic systems characterisation using the largest Lyapunov
exponent (Benettin et al. 1980) in Sec. 2.1. In Sec. 2.2 we present stability theory and invariant properties

for dynamical systems.

Building on this, we briefly overview data-driven approaches for forecasting chaotic systems and present
reservoir computing as a dynamical system well-suited to such tasks. We then propose generalised
synchronisation as a framework to analyse the learnability of chaotic systems and derive conditions under
which they can be learned from data in a robust way. Overall, this chapter builds on the theoretical
contributions proposed in (O. Ahmed, Tennie, and Magri 2025b) and (O. Ahmed, Tennie, and Magri
2024b).

2.1 Chaos and predictability

We consider a nonlinear autonomous dynamical system

d
Ex(t) = f(x(2)), 2.1

where x(7) € RP is the state vector; f : RP? — RP is a continuously differentiable nonlinear vector
function; and D is the number of degrees of freedom. Given an initial condition x(0) = xg , the solution

of Eq. 2.1 is the trajectory x(¢) in the phase space of dimension D.

The nonlinear vector function f in Eq. 2.1 governs the dynamics of the physical system. A key aspect in
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analysing such systems is their behaviour in the long-time limit, # — co. In many nonlinear dynamical
systems, trajectories evolve towards invariant subsets of the phase space, known as attractors, which
describe the geometric and statistical structure of the dynamics and remain invariant under the system’s
evolution. More generally, this asymptotic behaviour is characterised by invariant sets in phase space,

which capture the long-time behaviour of trajectories.

As a forecasting problem, the objective is to predict the future sampled state x(z;41) from its past
observations x(#;) (Although the underlying physical system evolves continuously in time, in forecasting
applications it is often observed at discrete sampling times (#;)). However, for systems that exhibit
sensitivity to initial conditions, small perturbations to initial conditions grow exponentially in time,
which limits accurate predictions to a finite horizon. As a result, the long-term behaviour is described
in terms of statistical and invariant properties rather than a single trajectory. For chaotic systems, the
exponential separation of nearby trajectories is quantified with the leading or largest Lyapunov exponent
(Nastac et al. 2017).

2.1.1 Largest Lyapunov exponent

Consider two initial conditions x and x;, that are infinitesimally close to each other, with initial separation
w(0) = xo —x{. Their corresponding trajectories x(¢) and x(#) +w(¢) evolve in time, where w(¢) denotes

the perturbation vector as shown in Fig. 2.1 where |[w(0)|| ~ O(g) withe — 0

State vector, x
A

lw@®)] ~ [lw(0)[je**

» Time, t

Figure 2.1: Illustration of exponential growth of an infinitesimal perturbation between nearby trajectories,
characterised by the largest Lyapunov exponent 4; e.g. (Frederickson et al. 1983; Nastac et al. 2017).

The largest Lyapunov exponent A; quantifies the average exponential rate of growth (or decay) of such

infinitesimal perturbations (Boffetta et al. 2002). After a transient, the perturbation evolves as
Iw (@) ~ l[w(0)l|le"". (2.2)
Thus, the largest Lyapunov exponent is defined as

1
A1 = lim — ln( (2.3)

t—oo f

w@)l )
lw(O)II}~

where || - || denotes the Euclidean norm.
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Based on the value of 41, the long-time behaviour of the system can be classified as (Huhn and Magri
2020d; Margazoglou and Magri 2023):

* If 1; < 0O, perturbations decay and the attractor is a fixed point,

* If 4; = 0, the system exhibits periodic or quasi-periodic behaviour (if there exist at least two neutral

Lyapunov exponents),
» If 41 > 0, trajectories diverge exponentially and the system is chaotic.

The largest Lyapunov exponent also defines a characteristic predictability timescale (the Lyapunov time),
T4 ~ 1/41, beyond which accurate prediction of trajectories is generally not possible. The exponential

growth of perturbations, therefore, limits the predictability of chaotic systems to a finite time horizon.

Therefore, chaotic systems are often characterised by statistical and invariant properties. These include
quantities such as the Lyapunov spectrum, attractor dimension, e.g. Kaplan-Yorke dimension, and

covariant Lyapunov vectors.

2.2 Stability theory and invariant properties

In linear stability analysis, we analyse the evolution of an infinitesimal perturbation w(¢) applied to the

state x (1) as
x(1) +w(t), e — 0. 2.4)
Substituting Eq. 2.4 into Eq. 2.1 and retaining the first-order terms yields
d
Zw(@) =IO (). w(0) =wo. @.5)

where J is the Jacobian, J;; = df;/0x; withi,j = 1,2,...D. (Eq. 2.5 is known as the perturbation, or
Jacobian, or tangent, or variational equation.) The perturbation, w, evolves in the tangent space spanned
by the Jacobian, which is evaluated around the time-varying state, x(¢). The goal of stability analysis is

to characterise the growth and directions of infinitesimal perturbations.

To do so, we numerically time march K < D pseudorandom vectors, w;, cast as columns of a matrix

Ws = [wi,wa,...,wk]

d
5 Ws =Ix()Ws, (2.6)

Geometrically, Eq. 2.6 describes the evolution of a basis of tangent perturbation vectors along the trajectory
x(t). As discussed earlier, almost all nearby trajectories diverge exponentially fast with an average rate
given by the largest Lyapunov exponent. Therefore, the tangent vectors also align exponentially fast
with the leading Lyapunov vector w;. To address this numerical issue, we periodically orthonormalize
the tangent space basis during time evolution using QR decomposition as Wg = QRg, where Q is an
orthonormal matrix, and Ry is an upper-triangular matrix (Golub et al. 1996). The calculation of stability

properties for different prototypical systems is further discussed in Chap. 4.
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Figure 2.2: Numerical convergence of the Lyapunov exponent estimates for the continuous-time dynam-
ical system of the Lorenz-63 system (E. N. Lorenz 1963), computed from the tangent linear dynamics
using periodic QR orthonormalisation.

2.2.1 Lyapunov spectrum

Although the largest Lyapunov exponent governs the system’s dynamics, a complete description of the
spectral property of the Jacobian is provided by the Lyapunov spectrum. After the QR-decomposition, the
columns of the resulting matrix Q constitute an orthonormal basis for the tangent space, known as Gram-
Schmidt vectors (GSVs). The diagonal entries of the matrix Rg correspond to local multiplicative growth
factors of the perturbations associated with each GSV. These multiplicative growth factors are the local
contraction or expansion of infinitesimal perturbations, and their logarithms define the corresponding
instantaneous growth rates. Time averaging of these growth rates over long times yields the Lyapunov

exponents of the system.

1T
A= Jim / In[Rs (1);.1]dr. 2.7)

o

Oseledets multiplicative ergodic theorem (Oseledec 1968), under mild assumptions, shows the existence

of D Lyapunov exponents 4| > - -- > Ap.

2.2.2 Kaplan-Yorke dimension

The Lyapunov spectrum and the Kaplan-Yorke dimension are scalar invariants (measures) of the chaotic
attractor. The dominant portion of the Lyapunov spectrum provides the Kaplan-Yorke dimension, which

is an upper bound of the attractor dimension (Frederickson et al. 1983)

25:1 /li

el i il (2.8)
|/11+1|

Dgy =1+

where [ is the largest integer such as 25:1 A; > 0 and Zfii A; <0.
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2.2.3 Covariant Lyapunov Vectors (CLVs)

Geometric invariants, which describe the vector structure of the tangent space, are given by the covariant
Lyapunov vectors (CLVs) (Ginelli, Chaté, et al. 2013; Kuptsov and Parlitz 2012; Ginelli, Poggi, et al.
2007; Consonni and Magri 2026). CLVs, by definition, are covariant with the dynamics and invariant

under time reversal.

CLVs provide a (generally) non-orthogonal, local splitting of the tangent space into unstable, neutral, and
stable subspaces, corresponding to positive, zero, and negative Lyapunov exponents, respectively. This

decomposition allows the identification of the local expanding and contracting directions of the dynamics.
The (absolute) angle between pairs of v; and v; of normalised CLVs is

180
Ov,v, = —cos™ (vi-v;|), ij=12,....D, (2.9)
T
where (-) denotes the dot product. These angles provide information on the local structure of the CLVs,

for example, distinguishing between hyperbolic and non-hyperbolic behaviour, (e.g. Huhn and Magri
2020c).

2.3 Data-driven forecasting of chaotic systems

Data-driven forecasting aims to learn the evolution of a dynamical system directly from time-series
data, without explicit knowledge of the governing equations. Several machine learning approaches have
been proposed for this task, including recurrent neural networks (RNNs) (Medsker, Jain, et al. 2001;
Salehinejad et al. 2017; Arjovsky, Shah, and Bengio 2016), Long Short-Term Memory (LSTM) (Y. Yu
et al. 2019; Holmstrom, D. Liu, and Vo 2016; Ozalp, Margazoglou, and Magri 2023b) networks and
reservoir computers (Platt, Penny, et al. 2022; Racca, Doan, and Magri 2023; Jaeger 2001), which are

designed to model temporal dependencies in sequential data.

We focus on reservoir computing as a data-driven framework for forecasting chaotic systems (Racca and
Magri 2022a; Racca and Magri 2022b; Doan, Polifke, and Magri 2019a). Reservoir computing provides
an efficient alternative to traditional RNN training and has an interpretation as a driven discrete dynamical
system, which allows its behaviour to be analysed using tools from dynamical systems theory (Jaeger
2001; Magri, Novoa, and Ozalp 2024).

2.3.1 Reservoir computing

Reservoir computing is a type of Recurrent-Neural Network (RNN) that learns temporal correlations
from the input data by mapping the low-dimensional input data to a high-dimensional reservoir. Unlike
other RNNss, reservoir computing does not require backpropagation through time, which represents a
major computational advantage (Jaeger 2001; Racca and Magri 2021). As a result, the training cost is
substantially reduced, and the objective function is minimised through a simple linear ridge regression.
A particular type of classical reservoir computing, also known as Echo State Network (Jaeger 2001) is a

focus of this work. The schematic representation of classical reservoir computers is shown in Fig. 2.3.

Let {#(to),@(t1),...,a(ty,, )} be a training data set of a dynamical state # € R™« , which is known at
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Figure 2.3: Schematic representation of a reservoir computer. The input data u;, is mapped to the
reservoir matrix via W;,. The reservoir neuron connections governed by W matrix allow the flow of
information between neurons. The linear readout layer, with the trained output weight matrix W, is
used to make output predictions u ,.

Ny + 1 steps in time. Generally, it is recommended to choose a set of variables that is (re-)scaled by the
range component-wise, which is indicated by () on the training data set (Lukosevicius 2012). In reservoir
computing, these states are mapped onto higher-dimensional reservoir states of an N,-dimensional vector
space. For a randomly chosen initial reservoir state r(#y), we recursively compute a set of N, reservoir

vectors r(t1),...,r(tn,.) as

F(tiy1) = tanh (Wil (2;) + Wr (1)), (2.10)
r(tiv1) = (1 =€) r(t;) + €f(tiv1). (2.11)

Here, the state # € R™ represent a state-vector containing reservoir activation states, W, € RNr*Nu
is the input matrix and W € R™ *Nr ig the reservoir weight matrix (Jaeger 2001). The tanh function is
applied component-wise to provide a nonlinear activation. The matrices W;;,, and W are pseudo-randomly
generated and constant throughout the training and prediction phase. The elements of W;,, are sampled
from a uniform distribution in [—0y,, 0, ], Where oy, is the input-scaling. The reservoir weight matrix
W is an Erdos-Rényi matrix (Erdos-Rényi is a model for generating random graphs or the evolution of a
random network in the field of graph theory), with average connectivity between each neuron varied by
input reservoir density D. The spectral radius of the reservoir state matrix, denoted by p(W), is defined
as the maximum absolute value of its eigenvalues. The matrix W is typically rescaled such that p(W) < 1
(Lukosevicius 2012; Jaeger 2001). This ensures that the reservoir dynamics remain contractive, leading
to a decay of temporal correlations between successive reservoir states and reducing the risk of overfitting.
As p(W) approaches unity, the reservoir operates near the edge of stability, increasing memory capacity
while weakening the decay of correlations. On the one hand, Eq. 2.10 is the nonlinear activation step.
On the other hand, Eq. 2.11 combines the linear memory of the reservoir with the nonlinear activation, as

parametrised by the leaking rate €, which is known as the memory non-linearity tradeoff (Lukosevicius
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2012).
Open-loop and closed-loop forecasts

Reservoir computing networks can be run in either open-loop or closed-loop configurations (Fig. 2.4). In
the open-loop, we use the input data at each time step and compute the corresponding reservoir dynamics
r(t;) according to Egs. 2.10 and 2.11. Because of the initialization process with a randomly chosen
reservoir state, it is necessary to discard a small number N,, of the initial transients to satisfy the Echo
State Property (ESP) (Jaecger 2001), which leads to dynamics that are less sensitive to the initial random

choice. The process of discarding the initial transients is called the washout phase.

After the washout interval, reservoir dynamics at each time step r(¢;) are collected to form a reservoir
state matrix R € RN-*(Ner=Nw)  Reservoir computing in the closed-loop prediction mode requires an
output matrix W, for forecasting the dynamics of the learned chaotic system. The training of the output
matrix W,,, involves minimising the mean square error between input and output data over the training

data set, consisting of N;, training steps
E = |lu(tiv1) = r(tix) Wourl > + B[Wourll*, (2.12)

where ( is the non-negative Tikhonov regularisation factor, which is a hyperparameter. The simplicity
of the reservoir network allows us to achieve single-shot training by solving a linear ridge regression
problem

(RR" + pD)W,,; = RU], (2.13)

Here, R = [r(t)),r(t2),...r(tn,.)] € RV *Ner js a matrix of concatenated reservoir activation signals
corresponding to each neuron for N;, time steps of training, and Uy = [u;,(t1), #in(t2), ... uin(tN,,)] €
RNu*Ner js the matrix of concatenated input time series data used for training. Once the output matrix

has been computed from Eq. 2.13, it can be used to predict the evolution of dynamical variables by
up(ti41) = [r(t:1)]" Wour. (2.14)

In the closed-loop configuration, we recursively predict the system’s dynamics from Eq. 2.14 without
additional samples from a training data set. Given an initial condition, this allows for an autonomous
prediction on the unseen data set. Because reservoir computers have a symmetry (Eq. 2.10), we add a
constant output bias of 1 to the reservoir activation states to break the inherent symmetry of the reservoir
architecture (Huhn and Magri 2020b; Herteux and Rith 2020), effectively replacing r — [r, 1].

2.3.2 Performance metrics

As discussed in Sec. 2.2, for chaotic systems, the exponential growth of errors due to sensitive dependence
on initial conditions limits accurate long-term prediction. As a result, effective forecasting models must
not only capture short-term dynamics but also reproduce the statistical and invariant properties of the
underlying system. From a data-driven perspective, a model of a chaotic system is therefore considered

effective if it can

1. Predict the autonomous short-term evolution of the dynamics
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Figure 2.4: Schematic representation of reservoir computers. On the left-hand side, is the open-loop
training phase. On the right side, is the closed-loop prediction phase.

2. Infer the long-term stable statistical behaviour
3. Capture the invariant properties of the system.

We define a set of metrics to quantify these characteristics of the reservoir computers. These metrics are

defined as follows.

Valid Prediction Time (VPT)

We choose the Valid Prediction Time (VPT) (Vlachas, Pathak, et al. 2020) as a performance measure of
short-term time-accurate predictions. For a given threshold value v, the VPT is defined as the maximum
time horizon over which the Normalised Root Mean Square Error (NRMSE) between the predicted and

true values remains below v. In this work, we take v = 0.5, as in (Vlachas, Pathak, et al. 2020).

2
NRMSE(?) = J<M>, (2.15)
o
tr =max {t : NRMSE(¢) < v}, (2.16)
Ly
VPT = L, 2.17)

TA
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where u(z) is the true value and u, (7) is the corresponding predicted value, () denotes averaging over
the state-space dimensions, and o is the standard deviation of each state variable computed over time.
The quantity 7 is the largest time for which NRMSE(?) remains below the threshold v. The VPT is
normalised by the Lyapunov time, 7, = /11‘1, thereby expressing predictability in units of Lyapunov time.

Higher VPT values indicate greater predictability. As an example of the forecasting problem, the predic-
tion for a three-dimensional Lorenz—63 system is shown in Fig. 2.5. For both the Reservoir Computing
Method (RCM) and the Quantum Reservoir Computing Method (QRCM), predicted trajectories diverge
from the true trajectory at ~ 4 Lyapunov times (LT), corresponding to a VPT of 4 LT. Since prediction
errors grow exponentially at a rate governed by the largest Lyapunov exponent, the VPT provides a

practical estimate of the predictability horizon of the system.
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Figure 2.5: Lorenz-63 system. Short-term time series and long-term statistical predictions via Probability
Density Functions (PDFs). True trajectory obtained via Runge-Kutta integration of Lorenz-63 ODEs
vs forecasted via Reservoir Computing Method (RCM) and Quantum Reservoir Computing Method
(QRCM).

Probability Density Functions (PDFs)

To assess the long-term statistical prediction capabilities of the reservoir networks, we compare the
distributions of the predicted state variables with the corresponding true distributions. Fig 2.5 shows the

PDFs of the three state variables for the predicted and true dynamics.

Invariant measures

Alongside short-term time-accurate and long-term statistical predictions, we also infer the stability
properties of the underlying dynamical systems from the trained reservoir computers. We assess whether
the learned dynamics reproduce the invariant properties of the underlying system, including the Lyapunov

spectrum, Kaplan—Yorke dimension, and CLV angles (Sec. 2.2).

These three criteria respectively assess local trajectory accuracy, statistical consistency, and dynamical
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invariance of the learned system.

2.4 Generalised synchronisation (GS)

Two identical autonomous dynamical systems with infinitesimally different initial conditions produce

trajectories that diverge (almost surely) exponentially at a rate given by the largest Lyapunov exponent.

Chaotic systems can be coupled through a common driving signal to achieve synchronisation. The
phenomenon of synchronisation in chaotic systems was first highlighted in Pecora and Carroll 1990;
Pecora and Carroll 1991a and later confirmed experimentally in Tang et al. 1998. The key idea is
to consider two dynamical systems with a suitable coupling that ensures asymptotic synchronisation
(Verzelli, Alippi, and Livi 2021a). In Fig. 2.6, we illustrate different types of synchronisation.

Identical synchronisation

1.01
—— Drive
0.81 —— Respons
0.6
g
0.44
0.21
Lag synchronisation (7 = 10)
1.01
—— Drive
0.81 — Respons
0.6
g
0.41 \/\
WA
0 500 1000 1500 2000 2500
Time step

Figure 2.6: Identical and lag synchronisation visualisation for the Lorenz—63 state variable (x1).

The relationship between the states of two coupled systems may be described by a nonlinear mapping,
referred to as generalised synchronisation (Kocarev and Parlitz 1996; B. R. Hunt, Ott, and Yorke 1997
Tang et al. 1998; S. Yang and Duan 1998). Generalised synchronisation has been studied in the context
of classical reservoir computing to characterise the learnability of reservoir computers when forecasting
chaotic dynamics (Lymburn et al. 2019; Tang et al. 1998; J. D. Hart 2024; Platt, Wong, et al. 2021). In
this section, we give an overview of generalised synchronisation in reservoir computing and use these

ideas to inform the design of quantum reservoir computers in Chapter 3.
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Upon explicit time discretization, the continuous-in-time dynamical system in Eq. 2.1 becomes a discrete

map
x(tix1) = F(x(1;)), x0 =x(0). (2.18)

The training time series, #, may, in general, be u(z;) = h(x(;)). Without loss of generality, we set & to

the identity operator, so u(#;) = x(¢;). (This means that we focus on fully observable dynamical systems.)

We consider a one-way coupled chaotic system, in which the driving state, u(t;), one-way forces a
response system described by the vector r(#;) € RN with N, > D. Fig. 2.7 shows a schematic of
a one-way coupled drive-response system with relevance to reservoir computers. The dynamics of the

one-way coupled system are governed by (O. Ahmed, Tennie, and Magri 2025b)

u(tivn) = F(u(1)), uo = u(0). (2.19)
r(tiv1) = G(r(n:),u(t)), ro=r(0). (2.20)
where G is a user-defined map, whose properties directly affect GS. The response state, r, is in generalised

synchronisation (GS) with the driving state, #, when G generates a map ¢ : x — r that guarantees
asymptotic stability (e.g., Abarbanel, Rulkov, and Sushchik 1996; B. R. Hunt, Ott, and Yorke 1997)

lim ||r(#;) — ¢(x(2))|| =0, for every x(¢) € M, (2.21)

where M is the attractor of the driving system (also referred to as synchronisation (Verzelli, Alippi, and
Livi 2021b; Platt, Penny, et al. 2022) or physical manifold). In other words, GS occurs when there exists
a continuous ¢ that fulfils Eq.2.21. Equivalently, GS occurs when

* Physically, the response system converges to the attractor, M;

* Mathematically, G is a contractive map, i.e., its largest conditional Lyapunov exponent is negative
(Table 2.1); and

e From a functional analysis point of view, r(f;) = ¢(x(¢;)) is a Cauchy sequence that tends to
¢(x(t)) on the attractor M.

Drive Response
Discrete input

Wou
....... - — 2 (b)) = (b)) "Wous

Discretised time series
Underlying dynamical as input signal Classical reservoir with
system of state x u(t;) = h(z(t;)) reservoir state

r(tip1) = G(r(t),u(t;)))

Figure 2.7: Reservoir computers as drive-response systems. The chaotic time series (data), x, is available
atdiscrete intervals over [z, t+1, ..] asu(¢;) = h(x(#;)), with h being the observable map. The driving input
forces the reservoir system r (response system). The reservoir state evolves as r(;41) = G (r(t;), u(t;)).
The linear map W,,,; is the only trainable part of the reservoir computers.

41



There might exist infinite maps, ¢, that guarantee GS; however, only a continuously differentiable ¢
guarantees that the attractor M can be correctly reconstructed, thus, its invariant properties can be
correctly inferred by the response system (differentiable generalised synchronisation, B. R. Hunt, Ott,
and Yorke 1997).

2.4.1 Conditional Lyapunov exponents

The Conditional Lyapunov exponents (CLEs) of G (Eq. 2.20) and the Lyapunov exponents of F (Eq. 2.19)
determine the differentiability of ¢ (Pecora and Carroll 1991b; Pyragas 1997; B. R. Hunt, Ott, and Yorke
1997). The CLEs are computed from the Jacobian of the response system conditioned on the driving
signal u, which defines the local stability of the response dynamics, as discussed in Chap. 3. As proved
by (B. R. Hunt, Ott, and Yorke 1997), ¢ is continuously differentiable if condition (iii) in Tab. 2.1 is met.
We use this condition to design robust reservoir computers.

A Lyapunov exponent of a discrete map, measured per iteration, is related to the corresponding continuous-

time Lyapunov exponent by

/ldiscrete

Acontinuous = Ar (2.22)

where At is the time step. Throughout this thesis, Lyapunov exponents are reported in continuous-time

units.

Table 2.1: Criteria for generalised synchronisation and differentiability. The largest conditional Lyapunov
exponent of the response system is denoted max(AcLg), and the most negative Lyapunov exponent of the
driving system is denoted A*. All Lyapunov exponents are expressed in continuous-time units.
Condition Property
i.  max(Acrg) =0 GS does not occur.

ii.  A* <max(AcLg) <0  GS occurs; ¢ is not differentiable.

iii. max(AdcLg) <A <0 GS occurs; ¢ is continuously differentiable.
Differentiable GS (DGS).

2.5 Reservoir computing as a dynamical system and GS

Reservoir computing can be interpreted as a driven dynamical system, where the input acts as a forcing
signal (Lu, B. R. Hunt, and Ott 2018b; Platt, Wong, et al. 2021; Platt, Penny, et al. 2022). The reservoir
computer ansatz 2.14 defines implicitly the local inverse of the map ¢ in GS theory (Sec. 2.4), i.e.,
¢‘1 = W, .. The trained readout W, can be interpreted as an approximation of the inverse mapping
¢~ !in GS theory (Sec. 2.4). This establishes a link between reservoir computing and GS, where successful
learning corresponds to the existence of a functional relationship between the driving system and the
reservoir states (J. D. Hart 2024; Grigoryeva, A. Hart, and Ortega 2021).

2.5.1 Echo state property

For classical reservoir computers to perform well, it is necessary that the echo state property (ESP) is
fulfilled (Lukosevicius 2012; Jaeger et al. 2007; Jaeger 2001; Boedecker et al. 2012; Storm, Gustavsson,
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and Mehlig 2022). The ESP is defined as the property of a reservoir computer to "forget" the effect of
initial conditions (Lu, B. R. Hunt, and Ott 2018b; Platt, Wong, et al. 2021; Platt, Penny, et al. 2022;
J. D. Hart 2024; Farkas, Bosédk, and Gergel 2016; Racca, Doan, and Magri 2023). From a GS point of

view, we argue that the echo state property is equivalent to the condition of GS in Eq. 2.21.

2.6 Learnability conditions

Using tools from GS and dynamical systems theory, the performance of reservoir computers can be

assessed with the following principles:

* During training, synchronisation between the drive and response systems is assessed using condi-

tional Lyapunov exponents (CLEs).

 After training, the ability of the reservoir to reproduce invariant properties of the system is evaluated

through its autonomous dynamics.

These design principles inform about the learnability conditions for a reservoir computer trained for

forecasting chaotic dynamics.

In this chapter, we have introduced the learnability and forecasting problem for chaotic systems and
presented reservoir computers as a framework for such tasks. We have then outlined the theory of
generalised synchronisation and interpreted reservoir computers as GS systems. By defining metrics
and conditions for the learning, we use these results to inform the design of stable and robust quantum

reservoirs in Chap. 3.
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CHAPTER

3

From synchronisation theory to quantum reservoir design

In this chapter, we bridge the theory of generalised synchronisation presented in Chap. 2 with quantum
reservoir computers and present GS as a tool to analyse learning of QRCs. First, we give an overview
of quantum computing, specifically, qubits and quantum states and derive leaky-integrated reservoir
computing in Sec. 3.2. Second, in Sec. 3.3, we overview the existing hybrid quantum-classical reservoir
computers and draw a comparison with classical reservoir computers in Sec. 3.4. In Sec. 3.5, we motivate
the choice of QRC feature maps and present recurrence-free quantum reservoir computing (RF-QRC)
as an efficient forecasting framework as proposed in O. Ahmed, Tennie, and Magri 2024b; O. Ahmed,
Tennie, and Magri 2024a. In Secs. 3.6 and 3.7, we cast QRC as a GS problem, propose design principles
for robust design and analytically derive the Jacobians of quantum reservoir updates and conditions for
successful prediction tasks (O. Ahmed, Tennie, and Magri 2025b).

3.1 Qubits and quantum states

In quantum computers, the internal state of the machine can be represented by a complex vector in a
Hilbert space. The time evolution during computation is described by a matrix multiplication of this

vector with a unitary operator.

In most quantum hardware architectures, the elementary building blocks, known as qubits, are quantum
degrees of freedom described by normalized complex-valued vectors in a two-dimensional Hilbert space,
where the computational basis states |0) and |1) are associated with the Cartesian basis vectors, and the

complex amplitudes « and w satisfy the normalization condition |a|? + |w|? = 1.

W) = al0) + w]1)2 (“) e 3.0
w

States of n qubits occupy the tensor-product Hilbert space of the individual two-dimensional Hilbert
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spaces

ai
Wn) = a:Z e (CH®, (3.2)

a omn

where ® denotes the tensor product, such that (C?)®" represents the 2"-dimensional Hilbert space of
an n-qubit quantum system. The computational basis states of this space are tensor products of the
single-qubit basis states, e.g. [00---0), [00---1), ..., |11---1).

The dimension of the state vector, therefore, scales exponentially with the number of qubits n. Unentangled

pure states, known as product states, can be written as tensor products of individual qubit states

|¢n) = (a0]00) + wol|lo)) ® (a1]01) + wi|11)) ® -+ ® (@p-1]0,-1) + Wp-1|1,-1)). (3.3)

Most quantum states in Eq. 3.2 are entangled and therefore cannot be decomposed into such a tensor-
product form of Eq. 3.3. Quantum evolution is described by unitary operators acting on the Hilbert space,

such that the final quantum state after a computation is given by

W) =Ulgi). (3.4

Quantum hardware architectures provide elementary sets of unitary operators, known as quantum gates,
which can be combined to approximate arbitrary unitary transformations. The final output of the
computation is obtained through measurements of the quantum state, yielding probabilistic estimates of the
modulus-squared amplitudes (|ai|?, |a2|%,...). A detailed introduction to the mathematical foundations
of quantum computing, including tensor-product Hilbert spaces (Chap. 2), quantum circuits and universal
gates (Chap. 4), and quantum algorithms such as the quantum Fourier transform and phase estimation
(Chap. 5), can be found in (Nielsen and Chuang 2011).

3.2 Leaky-integrated classical reservoir computing

We derive the leaky-integrated reservoir computing equations starting from dynamical systems theory
with leakage. The continuous-time dynamics of a dynamical system (from Eq. 2.1) with leaky integration

can be written as

B = () + )0, (3.5)

T

where x(¢) is the state of the dynamical system, 7 is a time constant determining the rate of leakage or
decay, and f is a nonlinear function describing the evolution of the state x(¢) influenced by an input signal
u(t). For echo state networks, the function f depends on random input and reservoir weight matrices
(Jaeger 2001)

‘r% = —x(t) + tanh (W;,u;,, (t) + Wx(1)). 3.6)
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Using Euler discretisation with stepsize At, we obtain a discrete-time reservoir state update equation. In
practical implementations, the input signal is also sampled at discrete time intervals,

T

x(t+At) = (1 - %)x(t) + ar tanh(W 1, (1) + Wx(1)) . (3.7

After discretisation, time is re-indexed in integer steps by choosing the discrete timestep as the unit
timescale, At = 1. The reservoir update equation, equivalent to the leaky-integrator form of the reservoir

state update equations shown previously in Eqgs. 2.10-2.11, then becomes
x(tiv1) = (1 = N)x(1;) + 9 tanh(Wipu; (1) + Wx (1)) , (3.8)

where ¢ = % < 1 is a hyperparameter governing how much information from previous reservoir
states is retained. This type of model is closely related to leaky-integrator neuron models, although it
does not include the threshold-and-reset mechanism of spiking leaky integrate-and-fire (LIF) neurons,
which have several applications in neuroscience (Teeter et al. 2018; Gabbiani and Cox 2010) and signal
processing (Lansky and Ditlevsen 2008). The concept of leakage in reservoir computing was introduced
in liquid state machines (Maass, Natschldger, and Markram 2002) and later incorporated into echo state
networks (Jaeger et al. 2007; Lukosevicius 2012). Physically, leaky-integrator neurons possess intrinsic
state dynamics that make them suitable for temporal learning tasks. Leaky integration can also be
interpreted as a low-pass filter or exponential smoothing operation (Lukosevicius 2012), making these

models appropriate for learning from noisy data, as explained in Chap. 5 and Chap. 6.

3.3 Hybrid quantum-classical reservoir computing

Hybrid quantum-classical reservoir computing (Pfeffer, Heyder, and Schumacher 2022), or QRC (termed
in this work), is based on the principles of classical reservoir computing (Chap. 2). In QRC, the exponential
size of n-qubit Hilbert spaces is utilised to encode and process classical reservoir state vectors, r(¢;).

Thus, the classical reservoir is replaced by a quantum counterpart.

More specifically, within a single loop of the training phase, the reservoir state r(¢;) is mapped onto
an n-qubit unitary operator P(r(z;)), which transforms the initial state |0)®" into the quantum state
[ (tis1)) = P(r(z;))|0)®". The explicit form of P is determined by the quantum circuit architecture
characterising the specific QRC framework. These circuits are generally parametrised by single-qubit
rotation gates together with entangling CNOT gates (Appendix A.2), which together form a universal

gate set for quantum computation.

For a training dataset {#@(#o),#(t1),...,@(tn,, )}, the input time series is encoded into the quantum
circuit using single-qubit rotation angles. With this encoding, a second unitary operator E(u;,(t;)) is
applied to the quantum state | (#;)), followed by a third unitary operator V(@) defined by a random
parametrised quantum circuit. The operator V(a) introduces randomisation and entanglement mixing
through parametrised single-qubit rotations and entangling gates. The combined action for each time step
is in Fig. 3.1

[ (ti+1)) = V(@) E(uin(1:)) P(r(1:))]0)*". (3.9)
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Figure 3.1: Schematic representation of a gate-based quantum reservoir computer. The first two unitaries
are used to encode previous reservoir states r(¢;) and input time-series u;, (t;), the third additional unitary
provides randomisation. Each unitary consists of a specific feature map. The quantum circuit execution
starts from the ground state |0) and measures the reservoir state activation for the next time-step #(#;41),
which is post-processed classically before feeding the next time-step. Each reservoir activation state
r(t;4+1) is saved classically to use for training and predictions. In RF-QRC, we remove the feedback loop
and the first unitary P.

Similar to classical reservoir computing, we derive a pre-processed reservoir state vector 7(¢;41) from
measured probabilities of | (¢;1+1)) in the computational basis. This requires sampling and measuring
the state | (¢;+1)) multiple times for each time step. We compare the elementary steps of classical and

quantum reservoir computing algorithms in Fig. 3.2.

Following the post-processing of 7(t;+1) to r(t;+1) (Eq. 2.2), the reservoir state matrix R is formed by
concatenating the reservoir state vectors. As in classical reservoir computing, the initial reservoir state is

chosen randomly, which in turn, necessitates the washout of a few initial time-stepped reservoir vectors.

The open-loop and closed-loop configurations of the hybrid quantum-classical architecture are presented
in Fig. 3.3. Each reservoir update r(z;) in both the open-loop and closed-loop requires the input of the
previous reservoir state r(#;_1), similar to the classical reservoir update (dotted feedback loop in Fig. 3.3).
In Sec. 3.5, we propose a quantum-classical architecture, which is independent of this feedback loop,

thereby allowing for parallelisation of the training phase of QRC.
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ALGORITHM 1: Classical Reservoir Computer (CRC)  ALGORITHM 2: Quantum Reservoir Computer (QRC)

1: Pre-process the input data time-series w;, (t;). 1: Pre-process the input data time-series u;,(t;) and
encode it into the quantum circuit using rotational
encoding.

2: Random and sparse input weight matrix W, maps

the input to high dimensional reservoir. 2: Use the specified quantum feature maps to map the
> Win win(ts) input data to the high-dimensional Hilbert space.
Here, U represents the unitary evolution of the quan-
3: Random reservoir weight matrix W with specified tum state.
connectivity provides connections and the flow of > U (win(t:))
information between different neurons in the
reservoir. 3: Apply an additional unitary V(«) sampling from a

uniform random distribution to provide randomiza-
tion in the quantum circuit.
4: Run reservoir update to calculate reservoir
activation states r(t;+1) from the input w;, (¢;). 4: Quantum reservoir state update | (¢;11)) is achieved
> tanh(Win win (t:) + Wr(t:)) by running the quantum circuit with the encoded
input data w;y(¢;), previous reservoir states [¥(¢;))
and the additional random unitary.

5: Compute linear readout weight W, by > V() Z(uin(t:)) P(r(t:))|0).
minimizing the MSE between predicted and true
output, using linear ridge regression. 5: Measure the quantum circuit in a Pauli-Z basis to

convert quantum reservoir state [1(t;11)) to classi-
cal reservoir state r(t;4+1). Re-encode the measured

6: Make predictions using the trained W ,,; matrix 7(t;+1) to P unitary for the next time-step.
and the reservoir activation states r(¢;4+1). Use
open-loop configuration for one-step-ahead 6: Repeat steps 5 and 6 similarly to a classical reservoir
predictions and the closed-loop configuration for computer, to train the network and make predictions
the autonomous predictions from the input data. by repeating the quantum reservoir state updates.

Figure 3.2: Classical and quantum reservoir computing algorithms.

Although QRC exploits the exponential size of the state space of the quantum register, there is a practical
limitation due to the limited connectivity of the employed quantum processors (e.g., neighbour-neighbour
interactions only on 2D superconducting qubit processors Tennie, Laizet, et al. 2025). The performance
of QRC generally depends on the degree of entanglement present in the circuit (Gotting, Lohof, and Gies
2023). Therefore, we investigate the performance of structurally different architectures.

3.4 Quantum reservoir computing: different designs

In this section, we propose ansitze for the circuit architecture in QRC. To do so, a specific quantum
feature map must be chosen, and we therefore start by briefly reviewing a number of common choices.
Following that, we present the Recurrence-free quantum reservoir computing (RF-QRC) architecture in
Sec. 3.5.

We consider four different feature maps for QRC. These are the (a) Linearly entangling feature map, used
in Pfeffer, Heyder, and Schumacher 2022 for QRC applications, (b) Product state feature map, which was
proposed in Havlicek et al. 2019, and has been shown to offer a high expressivity (Abbas et al. 2021),
(c) Fully entangling feature map, in which CNOT gates entangle pairs of qubits, (d) Symmetric fully
entangling feature map, which only differs from (c) by an additional data encoding layer following the
CNOT gates. Schematic circuit diagrams of all four feature maps are shown in Appendix A.2. When

the number of encoded parameters ® associated with an input vector exceeds the number of available
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Figure 3.3: Quantum-classical reservoir architecture schematic representation (a) open-loop training to
produce W,,; matrix (b) closed-loop autonomous predictions starting from an arbitrary point in the
unseen dataset. The dotted line in both figures indicates the recurrence involved in conventional reservoir
architectures. In the RF-QRC architecture, we remove this recurrent feedback layer of reservoir states.

Table 3.1: Quantum reservoir computer: different designs.

Reservoir states (P) Input (8) Variation (V)

QRC-C1 Linearly entangled Fully entangled Fully entangled (sym-
metric)

QRC-C2 Linearly entangled Linearly entangled Linearly entangled

QRC-C3 - Linearly entangled (xX2) Linearly entangled

QRC-C4 (RF-QRC) - Fully entangled (x2) Fully entangled (sym-
metric)

QRC-C5 - Product states (x2) Linearly entangled

qubits, the feature-map encoding must be applied multiple times. For certain QRC architectures, such
as reservoir-state encodings where ® ~ 2", this repeated encoding significantly increases the circuit
depth of the unitary operator P. This motivates the development of more computationally efficient QRC

architectures, as summarised in Tab. 3.1.

Comparison of circuit depths corresponding to the five architectures is shown in Fig. 3.4. Removing the
recurrence, i.e. by setting P to the identity (P(r(¢;)) = I), and by applying E twice for stimulating the
reservoir dynamics, yields circuit depths that are independent of the reservoir size. The suitability of
this choice is justified a posteriori by an improved performance of QRC in a range of prototypical model

systems in Chap. 4.
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Figure 3.4: Circuit depth of different ansitze for the ten-dimensional Lorenz-96 input.

3.5 Recurrence-free quantum reservoir computing (RF-QRC)

In gate-based quantum reservoir computing, the quantum state vector is propagated by a @-parametrised

quantum circuit with unitary 2 (0) at each time step.

W (ti41)) = UB) |y (1)) (3.10)

Previous proposals of gate-based QRC involve a reservoir map that depends on input data u;,, previous
reservoir states 7 and a random unitary parameterised by @ (Eq. 3.9). By contrast, we propose a
recurrence-free quantum reservoir, in which the state updating equation only evolves as a function of the

input time series and a random «-parametrised unitary.

¥ (tie1)) = V(@) E(uin(1:))|0)*". (G.11)

After each time stepping, a measurement in the computational basis {|k)}£§%n is performed, and the

result is used to form a new reservoir state vector r(;41)
r® (i) = (1= ) r® @) + e Y (1) [ (3.12)

where (%) is the component of the reservoir state on the basis vector k, and 0 < € < 1 is the leak rate,

which is a hyperparameter.

On the one hand, QRCs (Mujal, Martinez-Pefia, Nokkala, et al. 2021; Pfeffer, Heyder, and Schumacher

2022) contain recurrences in the unitary P(r(t;)) in Eq. 3.9. These recurrences keep memory of the past,
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which is key to time series forecasting. On the other hand, RF-QRCs set P(r(¢;)) = I, where I is the
identity. The memory of the past is kept by leaky integration in Eq. 3.12. The leaky hyperparameter, €,
determines the memory or leakage as discussed in Sec. 3.2 (0 < € < 1 preserves long memory, whereas
the limit € = 1 is that of Extreme Learning Machines (Xiong et al. 2023), which have no memory). This

allows RF-QRC:s to capture temporal dependencies and makes them suitable for forecasting tasks.

3.6 Quantum reservoir computing and generalised synchronisation

We make a connection between quantum reservoir computing and generalised synchronisation (GS). In
a quantum reservoir computing approach, a quantum system is the response system (reservoir)?, and the
driving states are the observation of a physical system, encoded in data (Fig. 3.5). The quantum ansétze
with entangled qubits offer rich expressivity (Fujii and Nakajima 2017; Fujii and Nakajima 2021) to infer
the mapping ¢ in the GS asymptotic relation Eq. 2.21.

Each unitary evolution in Eq. 3.11 is made of classical input-dependent single-qubit rotations R, and
two-qubit entanglement CNOT gates to encode and process the classical data for the quantum reservoir.

We can rewrite Eq. 3.12 in vector notation for a recurrent QRC

r(tiy)) =(1—e)r(t) +... (3.13)
€01 PT(r(t;)) E"(u(t;))V' (@) |k)(k| V(@) E(u(t;) P(r(1;))|0)®",
= (1-e)r(t;) +€(0®" PT(r(1;)) E (u(t:)) W E(u(t;)) P(r(t:))|0)®", (3.14)

where W) = VT|k)(k|V form a 2"-dimensional vector. Finally, the reservoir state is mapped back onto

the physical domain as
a(ti1) =7 (1i01) Wour, (3.15)

Similar to classical reservoir, quantum reservoir computers are also trained by minimising a quadratic
error (Eq. 2.12). The training of quantum reservoir computers is a quadratic optimisation problem, whose

global minimum is found by solving a linear system (ridge regression)
(RR" + BI)W,,; = RU], (3.16)

where R = [r(t1),r(t2),..r(tn,,)] € RN *Nir is a matrix with concatenated reservoir states corre-
sponding to each neuron for N, time steps of training, and Uy = [u(t1),u(t2), ..u(ty,, )] € RNu*Ner
is the matrix of concatenated input time series (data). After training (open-loop phase) and validation,
the reservoir can be deployed as an autonomous dynamical system (closed-loop phase) to predict the
evolution of the physical state in the future. A "good" quantum reservoir computer accurately forecasts

the time series and infers the invariant properties of the attractor.

2From a hardware perspective, this quantum system can be an analog (Kornjaca et al. 2024) or spin qubit system (Martinez-
Pena, Nokkala, et al. 2023), a superconducting quantum circuit (Suzuki et al. 2022), transverse-field Ising model (Fujii and
Nakajima 2017), or more generally a gate-based quantum circuit (Pfeffer, Heyder, and Schumacher 2022; O. Ahmed, Tennie,
and Magri 2024b).
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Physical system Response state
Driving input

— T g % g % Pi(tit1) = [r(tiv1)] Wour

Discretjsed time series
Physical state as input signal Quantum reservoir state

Figure 3.5: Quantum reservoir computers as drive-response systems. The chaotic time series (data) is
available at discrete intervals over [¢,¢ + 1,..] as u(z;) = h(x(¢;)), with &k being the observable map.
The driving input forces the quantum reservoir system r (response system). The reservoir state evolves
as r(t;41) = G(r(#;),u(t;)). The linear map W,,, is the only trainable part of the quantum reservoir
computer.

Table 3.2: Connection between GS and QRCs

Generalized synchronization Quantum reservoir computing
x Physical state (driving state) Physical state
h Observable map (u = h(x)) -
u Discrete driving state Reservoirs input time series
F Evolution map of driving system -
G Evolution map of response system Evolution map of quantum reservoir computer
r Response state Quantum reservoir state
) Defined implicitly by G and F ' =W
Learnability ~Asymptotic stability Echo state property

3.6.1 Echo state property in quantum reservoir computers

Similar to classical reservoir computing, for quantum reservoir computing to work, the reservoir feature
map should be dissipative to satisfy the echo state’ or fading memory property (Jaeger 2001) as presented
in Sec. 2.5.1. This property ensures that the reservoir is determined by the driving signal irrespective
of its initial state. We argue that GS and ESP are the same conditions under two different names, which
originate from two different communities. We propose the criterion GS = ESP, which is a shorthand to

mean that GS implies ESP, and vice versa, in quantum reservoir computers.

3.6.2 Contractive maps and GS in quantum reservoir computers

A summary of the connections between quantum reservoir computers and GS is shown in Tab. 3.2. A
hyperparameter tuning should fulfil at least condition (ii) in Tab. 2.1 to guarantee the fulfilment of the
quantum ESP.

The map G in Eq. 2.20 ensures generalised synchronisation when it is contractive
IG(ri,u) —G(ra,w)| <ylri —r2l, (3.17)
which means that, for the same driving state u, two initial conditions, | and r,, converge to the same limit
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with a rate 0 < v < 1. This implies that the reservoir state r asymptotically becomes independent of the
initial state, thereby satisfying the ESP (Lu, B. R. Hunt, and Ott 2018a). In quantum reservoir computing,
Eq. 3.17 can be rewritten in terms of quantum channels, i.e. completely positive and trace-preserving

(CPTP) maps, T, acting on the density operator p (Nielsen and Chuang 2011):

1T (o1, u) =T (P2, Wl <7 llp1 = pall - (3.18)

For the closed-system quantum reservoir update considered in Eq. 3.11, the map T is a unitary channel,
which is a special case of a CPTP map. Unitary channels preserve distances between quantum states
in trace norm, and therefore have contraction factor ¥ = 1. Hence, the unitary reservoir update is non-
expansive but not contractive. As a result, in its purely unitary form, the reservoir state update in Eq. 3.11

does not satisfy the strict contraction condition required for GS = ESP.

We propose two methods to design a contractive quantum reservoir computer, which satisfy GS = ESP:
(a) using leaky integration (Eq. 3.12) with € < 1 to ensure a contractive update; and (b) exploiting
the dissipative nature of noise. FEither condition (a) or (b) makes the quantum channel in quantum
reservoir computers strictly contractive (¥ < 1 in Eq. 3.18). This is good news: In contrast to classical
reservoir computers, which may have expansive maps that make the machine divergent (Huhn and Magri
2022; Racca and Magri 2022b), we propose quantum reservoir computers that are contractive by design.
(Further conditions on GS in quantum reservoir computers with injective generalised synchronisation

were recently explored in (Martinez-Pefa and Ortega 2025; Martinez-Pefia and Ortega 2023).)

3.6.3 Jacobians

Key to computing the invariant properties of chaotic systems (section 2.2), such as the Lyapunov expo-
nents, CLVs, and the KY dimension, is the Jacobian of the quantum reservoir computer update. The

Jacobian of Eq. 2.11 is

dr(tiv1) _ 0G(u(t).r(ti)) du(t)) O0Gu(ti).r(t))
dr(t[) B 6u(ti) dr(l,") 87‘(1‘,') '

J(r(t),u(t;)) = (3.19)

By using the recurrent quantum reservoir computer ansatz, the Jacobian is

0 . .
Jr@t),u(t)=(1-el +e () OI"PT(r(1:)) E (u(1:)) W E(u(t;)) P(r(1:))|0)*" W,
re—2 (0P P(r(t)) MP(r(1)) [0}, (3.20)
or(t;)

where M¥) = ZfW )= This Jacobian can be calculated on quantum hardware with the parameter
shift rule or linear addition of unitaries (Schuld, Bergholm, et al. 2019). In the RF-QRC (Sec. 3.5),
P(r(t;)) = I, which simplifies the Jacobian to

0
Ou(t;)

(01" E'(u(t;) W E(u(1;)) 10)*" W}, (3.21)

out*

Jr(t),u(t;) =1 -e)l+e€

As explained in Sec. 2.4, establishing whether GS occurs (or not) also requires the computation of the

conditional Lyapunov exponents (CLEs), which are defined as the Lyapunov exponents of the Jacobian
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conditioned on the driving signal

_ 0G(r(t),u(1))

Jr () = B T — (3.22)

Using the recurrent quantum reservoir computer ansatz yields the Jacobian for the computation of the
CLEs

0
Jor(t)iewe = (1= T + € 5 s 01" P (r(a) MP((1)) [0)°", (3.23)
which, in RF-QRCs, simplifies to
J(r(t:))cLe = (1 - )1 (3.24)

Equation 3.24 shows that the RF-QRC conditional Jacobian is a perfectly conditioned and isotropic matrix
with N, identical one-step contraction factors equal to 1 — €. The corresponding conditional Lyapunov

exponents, expressed in continuous-time units, are

In|l — €|

A (3.25)

AcLE =

Therefore, Aci g < 0 for 0 < € < 1, and the RF-QRC satisfies the stability condition for GS by design
(hence GS = ESP).

3.7 QRC design principles from generalised synchronisation

By interpreting quantum reservoir computing as a generalised synchronisation (GS) problem, we connect
it to the learnability conditions for chaotic systems introduced in Sec. 2.6. This perspective allows us
to translate these theoretical conditions into practical design principles for constructing robust quantum

Teservoir systems.

Drawing on classical reservoir computers, (Lu, B. R. Hunt, and Ott 2018b; Platt, Wong, et al. 2021; Platt,
Penny, et al. 2022; J. D. Hart 2024; Grigoryeva, A. Hart, and Ortega 2021), we argue that the learnability
of a dynamical system can be achieved with a quantum reservoir computer if W, is the local inverse of
a function that fulfills at least condition (ii) in Tab. 2.1, and, ideally, the stronger condition (iii). A good
W s, which satisfies GS, results in an autonomous response system, which can be deployed to forecast

the time series and infer the invariant properties of the driving system as shown in Chap. 4.
Using GS theory, the design of quantum reservoir computers can be guided by two key principles:

* Stability during training: The reservoir dynamics should synchronise with the input signal,
which can be assessed using conditional Lyapunov exponents (CLEs). This ensures that the

response system remains stable and admits a functional mapping from the input dynamics.

* Consistency in autonomous evolution: After training, the reservoir should reproduce the invariant
properties of the underlying system through its autonomous dynamics. This ensures that the learned

model captures not only short-term trajectories but also the long-term statistical and geometric
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structure of the dynamics.

A central element in this framework is the Jacobian of the reservoir dynamics, which enables the
computation of CLEs during training and invariant quantities during autonomous evolution. By analysing
the Jacobian for both recurrent and recurrence-free quantum reservoir computers, we obtain explicit

criteria for stability and learnability.

Finally, we relate these conditions to the echo state property (ESP), a standard requirement in reservoir
computing. In this work, we adopt the criterion GS = ESP, meaning that generalised synchronisation of
the reservoir with the input implies the fading memory property, and vice versa. This provides a unified

interpretation of learnability and stability for quantum reservoir computers.

These results establish a direct link between GS theory and the practical design of quantum reservoir
architectures. In Chap. 4, we construct and evaluate quantum reservoir computers for forecasting chaotic

dynamics and extreme events, and assess their learnability by recovering the system’s invariant properties.
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CHAPTER

4

Forecasting chaotic dynamics and extreme events with quan-

tum reservoir computers

In this chapter, we apply quantum reservoir computers for forecasting chaotic dynamics and extreme
events on several prototypical chaotic dynamical systems. First, we give an overview of these prototypical
systems, including Lorenz-63 and Lorenz-96 systems (E. N. Lorenz 1963) and the reduced-order model
of chaotic shear flow that has extreme events (MFE) (Moehlis, Faisst, and Eckhardt 2004) in Sec. 4.1.
Second, in Sec. 4.2, we compare the best-performing classical reservoir computers with different quantum
reservoir computers, including the RF-QRC. This comparison is made against prediction tasks including
(a) short-term time-accurate predictions, (b) long-term statistical predictions, and (c) extreme event
prediction capabilities to identify the best-performing models (O. Ahmed, Tennie, and Magri 2024a).
Finally, in Sec. 4.3, we use the best-performing quantum reservoir computer to infer the stability and
invariant properties of the Lorenz-63 and Lorenz-96 systems, including the Lyapunov Spectrum, Covariant
Lyapunov Vectors (CLVs) and attractor dimension via Kaplan-Yorke dimension (O. Ahmed, Tennie, and
Magri 2025b), as discussed in Chap. 2.

4.1 Chaotic systems

We consider several prototypical dynamical systems exhibiting chaos and extreme events throughout
this thesis, including the three-dimensional Lorenz-63 system, higher-dimensional Lorenz-96 systems
(D =10, 20), and the MFE system. We begin with low-dimensional systems and progressively increase

the complexity to evaluate the robustness of the proposed quantum reservoir framework.
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4.1.1 Three-dimensional Lorenz-63 system

The Lorenz-63 system (E. N. Lorenz 1963) is a reduced-order model of thermal convection flow governed
oy d d. d.

% = op(x2 —x1), % =x1(pL — x3) — X2, % = x1x2 — BLX3. 4.1
where o, , pr , B : are system parameters. We take [0 , pr. , Br] = [10, 28, 8/3] to ensure chaotic
behavior of the system (E. Lorenz 1995). The largest Lyapunov exponent describes the non-linear

dynamics, which is A = 0.9 for the Lorenz-63 system and 1.7 = 1/0.9.

4.1.2 Higher-dimensional Lorenz-96 system

The Lorenz-96 system (E. Lorenz 1995) is a system of coupled ordinary differential equations that
describes the large-scale behaviour of the mid-latitude atmosphere, and the transfer of a scalar atmospheric

quantity, governed by

i

i (Xis1 —Xi—2) Xi—1 —X; + L, i=1,....m 4.2)

where L is the external forcing term, which we set to L = 8 to obtain chaotic behaviour. We impose
periodic boundary conditions, such that x_; = x,,_1, X = X5, and x,;,+1 = x;. We study reduced-order

Lorenz—96 models with ten and twenty dimensions, corresponding to m = 10 and m = 20, respectively.

4.1.3 Chaotic shear flow with extreme events

We consider a qualitative low-order model of turbulent shear flows, which describes a self-sustained
turbulent process. This model is also known as the "Moehlis, Faisst, and Eckhardt (MFE)" model.
The MFE model is nonlinear and captures relaminarisation and turbulent bursts (Moehlis, Faisst, and
Eckhardt 2004). Owing to the nonlinear nature of this model, the MFE model has been employed to study
turbulence transitions and chaos predictability (Doan, Polifke, and Magri 2021; Srinivasan et al. 2019).
Mathematically, the MFE system can be described by the non-dimensional Navier-Stokes equations for

forced incompressible flow

1
Y W.V)y -Vp+—aMv+F(y), Vev=0 43)
ot Re

where v = (u,v,w) is the three-dimensional velocity vector, p is the pressure, Re is the Reynolds
number, V is the gradient, and A is the Laplacian operator. F(y) on the right-hand side is the sinusoidal
body forcing term and equals F(y) = V272/(4Re) sin(ry/2) e. The body force is applied along the x, y
direction of the shear between the plates. We consider a three-dimensional domain of length Ly, Ly, L,
= [4n,2,2n] and apply free slip boundary conditions at y = L, /2, periodic boundary conditions at
x = [0;Ly] and z = [0; L,]. The set of PDEs can be converted into ODEs by projecting the velocities

onto Fourier modes as given by Eq. (4.4)

9

vx,1) = > ai(t)V; (x). (4.4)

i=1
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Figure 4.1: MFE time series kinetic energy and Probability Density Function (PDF) (a) single time series
in which the Kinetic Energy exceeds the extreme event threshold k., highlighting the presence of an
extreme event (b) probability distribution of kinetic energy calculated over an ensemble of time series

These nine decompositions for the amplitudes a;(¢) are substituted into Eq. (4.3) to yield a set of nine
ordinary differential equations as in (Moehlis, Faisst, and Eckhardt 2004). The MFE system displays a
chaotic transient, which in the long term converges to a stable laminar solution. We want to predict the
turbulent bursts of kinetic energy and chaotic transients, which are extreme events. Fig. 4.1 shows the
evolution of kinetic energy (k(¢) = % Z?:l a%(t) ) and the associated extreme event, and the long-term
statistical distribution of the kinetic energy. An extreme event occurs when the kinetic energy k(z) value
exceeds the threshold k(7) > k.. In this work, we take k., = 0.1, as in (Racca and Magri 2022a)

4.2 Forecasting of chaotic dynamical systems

In this section, we analyse the dynamics of several chaotic systems, such as Lorenz-63, Lorenz-96, and

MFE (Moehlis, Faisst, and Eckhardt), using classical and quantum reservoir computers.

4.2.1 Setup and metrics

To assess the prediction capabilities of various architectures presented in Sec. 3.3, we evaluate short-term
time-accurate and long-term statistical predictions using performance measures discussed in Sec. 2.3.2.

The sets of training, validation, and test data are generated by a 4/"-order Runge-Kutta numerical scheme.

The performance of classical reservoir computers critically depends on the set of chosen hyperparameters.
We, therefore, use grid search and Bayesian optimisation to tune the hyperparameters (Snoek, Larochelle,
and Adams 2012; Racca and Magri 2022a). We have used scikit — learn library (Pedregosa et al. 2011)
and recycle validation techniques (Racca and Magri 2021) for hyperparameter tuning of the classical
reservoir. The hyperparameters and performance metrics for different chaotic systems are reported with

each system. For the quantum reservoir, we use the grid-search method only to tune the hyperparameters.

To emulate the quantum circuits, we have used the Qiskit (Qiskit contributors 2023) and Pennylane
(Bergholm et al. 2018) software packages to compute the noise-free evolution of the quantum register. In
a physical implementation, at each time step, between 10* and 10° shots are required to reconstruct the
reservoir activation signal. A number of shots between 10* to 10° is common in variational algorithms
and other QML applications (Mujal, Martinez-Pefa, Giorgi, et al. 2023b). The analysis of the effects of
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Table 4.1: Parameters for three-dimensional Lorenz-63 system

Parameters Symbol Classical RC Quantum RC

Time step dt 0.01 0.01

Input scaling Tin [0, 1] -

Spectral radius p(W) [0.1,1] 1

Tikhonov regularization S 1x107%,1x107°,1x107 12 1x107%,1x107%,1x10~12
Leak rate € [0.05, 1] [0.05, 0.3]

Reservoir density - 0.1,0.6,0.9 Configurations C1-C5

finite-sampling noise on the QRC’s performance is the focus of the next Chap. 5.

4.2.2 Lorenz-63 system

As afirst test case, we start with the analysis of the three-dimensional Lorenz-63 system (E. Lorenz 1995).
The time series data set is derived by a Runge-Kutta method for dr = 0.01. The training time series
comprises data points over a total time of 20 LT for both the classical and quantum reservoir networks.
For the training, both networks are executed in an open loop to evolve the reservoir states and calculate the
W, matrix. For predictions, both classical and quantum networks evolve dynamically in the closed-loop
configuration from ensembles of points in phase space, sampled on the attractor randomly, to quantify

the time accuracy. These points correspond to the points in the unseen test data set.

In Tab. 4.1, we compare the hyperparameters of both quantum and classical reservoirs. Values inside
square brackets indicate that the parameters are optimised within this range; multiple values indicate that
we repeated the hyperparameter search for each of these values and then selected the best VPT out of
them. The random rotation angles e in the third unitary block can also be treated as a hyperparameter.
Alternatively, one could derive the values of the random rotation angles from a uniform random distri-
bution, which we do in this work. For each ensemble, we sample V(@) € R” from a uniform distribution
interval [0, 4] with a predefined seed, which we keep fixed throughout the training and prediction of a
particular realisation. This is similar to the classical input W;,, and reservoir weight matrices W, which

are also pseudo-randomly generated and fixed for any specific realisation.

Time-accurate predictions

In Fig. 4.2, we present the VPT values derived with classical reservoir computing and compare them
with different configurations of quantum reservoir computers from Tab. 3.1. The error bars at each
value indicate the variation arising from different random seeds. We have tested five different seeds for
each value. These seeds correspond to randomly generated weight matrices W and W, for the classical
reservoir and variation of V() values for quantum reservoir architectures. For each of these choices,
after training, we initialise the closed-loop predictions from 20 different initial points for quantifying
VPT and its mean value. The performance of different reservoir networks varies with the reservoir sizes.
We find that CRC outperforms all the QRC architectures for the same reservoir sizes. The reservoir size
corresponds to the state-vector dimension, which scales exponentially with the number of qubits (). The
best-performing quantum reservoir architecture, QRC-C4 with 9-11 qubits (n), can predict VPT values

similar to the classical reservoir sizes of 500-2000.
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Figure 4.2: Lorenz-63 system. VPT vs. reservoir sizes for both classical and quantum reservoir

configurations.
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Figure 4.3: Lorenz-63 system. VPT/circuit depth vs. reservoir sizes for different quantum reservoir
configurations.
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We emphasise that the three QRC configurations C3-C5 do not have a feedback loop. These configurations
evolve only from the input time series, and the information on reservoir activation states from previous
time steps is provided via the classical leaky update Eq. 3.12. In contrast, architectures QRC-C1 and
QRC-C2 involve an additional active feedback loop that encodes reservoir states to the quantum circuit

at each time step, which leads to an additional overhead in the quantum-classical layer. The prediction

1.0

£'0.5

0077 2 i 6 g 00 2 14
Lyapunov Time (LT)

Figure 4.4: Lorenz-63 system. Closed-loop time-series predictions. Comparison of true predictions with
classical reservoir computing (CRC) and emulated quantum reservoir computing (QRC).

performance of the two recurrence-Free QRC configurations, QRC-C3 and QRC-CS5, does not improve
with the reservoir sizes. The QRC-C4 architecture, however, shows comparable performance to the
reservoirs with feedback loops (QRC-C1 and QRC-C2). These results highlight the importance of

carefully chosen feature maps for QRC.

In Fig. 4.3, the VPT values normalised by the circuit depth are compared between different QRC
architectures. We find that the proposed QRC-C4 architecture outperforms all other architectures by
demonstrating the best prediction capabilities whilst requiring a smaller circuit depth.

Time-accurate predictions for the Lorenz-63 system are shown in Fig. 4.4. We display the best-performing
CRC outcomes (reservoir size of 512), as well as predictions made by the QRC-C4 architecture using
9 qubits. Notice that both the quantum and classical reservoirs can accurately predict up to ~ 8.5 LTs.
Beyond that, the prediction diverges from the true solution due to the inherent chaotic nature of the

system.

Long-term statistical predictions

We select the best-performing networks for which the short-term predictions are shown in Fig. 4.4. We
evolve the networks autonomously in a closed-loop for 250 LT, starting from an arbitrary point. The

resulting statistics are shown in Fig. 4.5 for each state variable. Both quantum and classical reservoir
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architectures are able to predict long-term statistics accurately.
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Figure 4.5: Lorenz-63 system. Closed-loop statistical predictions. The top panels present the result of
the true and classical (CRC) network. The bottom panels compare the true with the QRC predictions.
The shaded region in both figures indicates the uncertainty associated with different random seeds in both

CRC and QRC.

4.2.3 Lorenz-96 system

In this section, we extend our comparison of classical and quantum reservoirs to higher-dimensional
chaotic systems. We follow the same procedure defined in Sec. 4.2.2 and analyse the Lorenz-96 system
(E. Lorenz 1995). The training set covers an evolution time of 200 LT for the Lorenz-96 system with
a Leading Lyapunov exponent value of 4; = 1.2. In Tab. 4.2, we present the hyperparameters for the
ten-dimensional Lorenz-96 system. The set of hyperparameters is derived by using the same procedure

as discussed in Sec. 4.2.1.

Time-accurate predictions

We analyse the time-accurate prediction capabilities of CRC and different QRC architectures for a ten-
dimensional reduced-order model of Lorenz-96. Fig. 4.6 shows the VPT values of both networks. The
QRC architectures C1, C2, and C4 outperform the classical reservoir for increasing reservoir sizes. To
study the robustness of the model, the results are averaged over five different sets of optimal hyper-
parameters and twenty different starting points. For a particular realisation of hyperparameters and a
starting point, at reservoir size 4096 the VPT value for CRC can be as large as ~ 10 LT. However, the
performance is not robust and degrades quickly for other hyperparameter choices and different initial
points. Improved performance scaling and robustness indicate a potential quantum advantage in quantum

reservoir computers.

Similar to the results in the Lorenz-63 system, the choice of a feature map and quantum reservoir
architectures is critical for the performance. In Fig. 4.6, QRC-C4 and C1 have comparable VPT values
at different reservoir sizes while QRC-C2 underperforms slightly. The performance of QRC-C3 and C5

62



Table 4.2: Parameters for ten-dimensional Lorenz-96 system.

Parameters Symbol Classical RC Quantum RC

Time step dt 0.01 0.01

Input scaling Tin [0, 1] -

Spectral radius p(W) [0.1,1] 1

Tikhonov regularization S 1x107%,1x107°,1x107 12 1x107%,1x107%,1x10~12
Leak rate € [0.05, 1] [0.05, 0.3]

Reservoir density - 0.1,0.6,0.9 Configurations C1-C5
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Figure 4.6: Lorenz-96 system with ten dimensions. VPT vs reservoir sizes for both classical and quantum
reservoir configurations.

do not improve with the reservoir size because there is no feedback loop, and because the linear input
feature map only utilises a fraction of the state space. By contrast, QRC-C4 (RF-QRC), which also does
not have a recurrent feedback loop, has a fully connected input feature map that enriches the reservoir
dynamics andhas a comparable VPT to QRC-C1 and C2.

As compared to QRC with recurrent connections, QRC-C4 achieves the highest VPT to circuit depth ratio
for all of the reservoir sizes In Fig. 4.7. This is due to a lack of recurrence. In comparison, QRC-C1 and

C2 require exponentially higher circuit depths at increasing reservoir sizes to achieve similar performance.

Long-term statistical predictions

In Figs. 4.8 and 4.9, we compare the long-term statistical predictions. The displayed results show
the best-performing classical reservoir and quantum reservoir network (QRC-C4) outputs. We evolve
these networks for 400 LT in a closed-loop, for a reservoir size of 1024. Both quantum and classical

reservoir networks can recover long-term statistics of the chaotic model. The shaded region highlights the
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Figure 4.7: Lorenz-96 system with ten dimensions. VPT/circuit depth vs. reservoir sizes for different

quantum reservoir configurations.

uncertainty of different realisations. We find that QRC-C4 predicts the statistical variables with smaller

uncertainties when compared to the classical reservoir with equal reservoir sizes.
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Figure 4.8: Lorenz-96 system with ten dimensions. Closed-loop statistical predictions using CRC. The
shaded region indicates the uncertainty associated with different random seeds in CRC.
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Figure 4.9: Lorenz-96 system with ten dimensions. Closed-loop statistical predictions using QRC. The
shaded region indicates the uncertainty associated with different random seeds in QRC.

4.2.4 Chaotic shear flow with extreme events

We solve the MFE system ODEs using an RK4 solver with df = 0.25. The leading Lyapunov Exponent is
A = 0.0163 for the MFE model (Racca and Magri 2022a). Unlike the Lorenz-63 and Lorenz-96 systems,
generating a single long-time series for washout, training, and test sets is not feasible for MFE because a
single long-time series eventually laminarizes and gives limited information about the chaotic transients.
To address this issue, first, we generate an ensemble of 2000 time series from different random initial
points. We take the length of a single time series equal to 65 LT or 16000 time steps. Second, we discard
the time series whose maximum kinetic energy is larger than the laminarization threshold k; = 0.48.
This threshold is selected to be close to the (asymptotic) laminarization value of £ = 0.5. Out of the
2000 time series, 27% of the series laminarize. We divide the remaining 1441 time series into washout,
training, and test sets. We train our network on 25 time series, each of length 20LT. The test set consists
of 500 time series. We compare the time-accurate and statistical predictions for the classical reservoir

method against the best-performing quantum reservoir QRC-C4.

Table 4.3: Parameters for the MFE system.

Parameters Symbol Classical RC Quantum RC

Time step dt 0.25 0.25

Input scaling Tin [0, 1] -

Spectral radius o (W) [0.1,1] 1

Tikhonov regularization S 1x107%,1x107%,1x10712  1x107%,1x107°,1x107 12
Leak rate € [0.05, 1] [0.05, 0.3]

Reservoir density - 0.1,0.6,0.9 Configuration C4 (RF-QRC)

Time-accurate predictions

In the MFE model, we are concerned about quantifying the extreme event prediction capabilities of our

reservoir networks. These capabilities are not accurately quantified by VPT, because extreme events are
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difficult to predict due to the chaotic nature of the attractor. This means that the network can show good
predictability in low kinetic energy regions while showing smaller VPT values near extreme events. This

may produce an inaccurate representation of the predictability of our reservoir networks.

To quantify extreme event prediction capabilities, we use the Predictability Horizon (PH) (Racca and
Magri 2022a; Pathak, Wikner, et al. 2018), which is defined as the time interval during which the predicted

kinetic energy k.4 and true kinetic energy k.. are bounded by

kpred(t) - ktrue(t)
ke —k

<0.2, 4.5)

where k. is the extreme event threshold, which is equal to 0.1 here as in (Racca and Magri 2022a). k
is the time average of the kinetic energy, and 0.2 is the user-defined error threshold (Racca and Magri
2022a). To quantify the PH, we sample 100 different extreme events from the unseen test set data. For
each extreme event, we start the predictions 12 LT before the extreme event and discard the transients in
the washout phase for 2 LT by running reservoir networks in an open loop. This gives dx, of 10 LT. After
this, we start autonomous closed-loop predictions with 6x, = 10. The value of 6i, represents the time
difference from the start of closed-loop predictions to the extreme event. If the PH value is greater than

Ok,, we take PH equal to 6, . If the prediction diverges before the extreme event occurs, or the PH value
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Figure 4.10: Visualization of the prediction of extreme events for both Reservoir Computing Methods
(RCMs) i.e. both CRC and QRC (PH= 5.89LT).
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is less than 6, , we decrease the dx, value by a factor of 7,. We take 7, = 0.5 LT and the new ;, value
equals to 9.5 LT. For the next step, we repeat the closed-loop predictions for the extreme event occurring
at 9.5 LT, i.e. 6, = 9.5 LT. We repeat the same method decreasing dx, by 7. until the PH is greater than
Ok, (Fig. 4.10). That is, the extreme event is predicted correctly by the reservoir computers by the value
of PH in the future.

We calculate the PH for a set of reservoir sizes for both quantum and classical reservoir networks. For
a classical reservoir, the number of neurons is varied from N, = 256 to N, = 2048. We tune the
hyperparameters for each reservoir and calculate the corresponding PH value. We also perform the same
analysis for the quantum reservoir with qubits n = 8 to n = 11, which, in principle, corresponds to the
classical reservoirs of N, = 256 to N,, = 2048. The performance of the quantum reservoir also improves
with the reservoir size. In Fig. 4.11, the comparison of classical and quantum reservoirs for various
reservoir sizes is shown. Both reservoir networks have comparable performances for reservoir sizes
N, = {256,512}, with the classical reservoir outperforming the quantum reservoir by a small margin.
However, the PH value of the classical reservoir converges to a median value of around 5.5 LT. This
convergence of PH value with increasing reservoir sizes is due to performance saturation in CRC, and it
is consistent with the results in (Racca and Magri 2022a). In contrast, the quantum reservoir outperforms

the classical reservoir for increasing reservoir sizes and has a median PH value of 8.09LT with 11 qubits.
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Figure 4.11: MFE system. Predictability Horizon (PH) for predictions with different reservoir sizes for
the best performing CRC and QRC-C4 (RF-QRC) networks.
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A second statistical measure to assess the extreme event prediction capabilities is the F-Score (Goutte
and Gaussier 2005), which measures the model’s accuracy by combining metrics such as precision and
recall. To calculate the F-score, we measure three different occurrences: (a) an extreme event occurs in
the true data set and the model also predicts the extreme event (True Positive, TP) (b) there is no extreme
event in the true data but the model predicts an extreme event (False Positive, FP) (c) an extreme event
occurs in the true data set but the model does not predict an extreme event, (False Negative, FN) (Racca
and Magri 2022a). These three metrics are combined to calculate Precision (p), Recall (), and F-score

(F) from 1000 different starting points, which span 20 different time series

TP TP 2

= = r=—-———m F = 5 (46)
TP + FP TP+ FN p T4l

p
We compare quantum and classical reservoirs for two different cases. First, we fix the reservoir size for
N, = 1024, which equals to 10 qubits for the quantum reservoir and varies the Prediction Time (PT).
The Prediction Time (PT) is defined as the time interval between the extreme event and the start of the
prediction. The PT value of O LT indicates that the prediction interval is between 0 and 1 LT, and PT
= 3 indicates the prediction interval of 3 - 4 LT. The lower PT values have an F-score value closer to 1
because the network predicts nearly all the extreme events accurately, which are located within 1 LT of
the start of predictions. As expected, the performance deteriorates with increasing PT value due to the
inherent chaotic nature of the model. The proposed quantum reservoir architecture (QRC-C4) achieves a

higher F-score as compared to the CRC for different PT intervals as shown in Fig. 4.12

Second, we fix the prediction time to 3 LT (PT = 3LT), which indicates the model is predicting extreme
events between 3 and 4 LT. After fixing the PT value, we vary the reservoir sizes from N, = 256 to
N, = 2048 and compare the performance metrics. The performances are similar for both quantum and
classical reservoirs with reservoir sizes of {256,512}. Similar to the results shown for the predictability
horizon previously, the quantum architecture has a higher F-score value for 10,11 qubits as compared
to the classical reservoirs of the same sizes (Fig. 4.12). All the results are computed for 5 different

ensembles of networks and for 1000 different starting points.

Long-term statistical prediction

For the classical reservoir, we chose the reservoir size of N = 512. For the quantum reservoir, we chose a
reservoir that corresponds to n = 9 qubits. We evolve the networks from different starting points in the test
set of 500 time series, in which each starting point corresponds to a different time series. As previously
mentioned, we perform a washout for each time series and discard the time series whose kinetic energy
exceeds the laminarization threshold k; > 0.48. Finally, we calculate the Probability Density Function
(PDF)

Fig.4.13 presents the results for the statistical predictions against the true value. Both reservoirs can
predict long-term statistics with high accuracy for the smaller kinetic energy values. Particularly, for
k < 0.15, the prediction agrees with the true value of the statistics. This analysis provides a statistical
measure of the prediction of extreme events. Both quantum and classical reservoirs can predict most
of the extreme events (k < 0.10) in the test set. For the higher kinetic energy values, the log scale

amplifies the difference between the true value and the predictions. The accuracy in the prediction of
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extreme events could be improved by considering a larger reservoir size, which scales better for QRC
as compared to CRC, as shown previously in Figs. 4.11 and 4.12. To further visualise the statistical
predictions and compare CRC and RF-QRC, we predicted the velocity components of the flow fields from
the predicted Fourier modes. In Fig. 4.14, the results of the average streamwise velocities are shown for
the true data, and compared against classical and quantum reservoir predictions on the test data set. The
predictions of RF-QRC approximate the true flow field better than the predictions from CRC, which have
larger deviations. We conjecture that RF-QRC can be used to reconstruct flow fields with better accuracy
than CRC with similar reservoir sizes. The prediction of flowfields with better accuracy also allows the
RF-QRC model to predict turbulent bursts of relaminarization and thus kinetic energies (extreme events)

with a better prediction horizon, as previously shown in Figs. 4.11 and 4.12

Qubits (n)
8 9 10 11
1.00 1.0 ! : 4
—n
0.9
) 095' )
= 2
~0.901 A
0.71
0.85+ - - - - 0.6
1.00 1= 1.0

0.91
0.951 /

3 =
g g 0.81
& &
0.901
0.71
0.85+ ; ; ; ; 0.6
1.001 1.0
0.9
0.951
= 2
S 2 0.8
3 3
0.901
0.71
= CRC -+ QRC-C4 = CRC =+ QRC-C4
08 1 2 3 4 "0%6 512 10 2048
Prediction Time (PT) Reservoir Size (N)

Figure 4.12: MFE system. 75" percentile of Precision, Recall, F-score Vs. On the left side, Prediction
Time (PT) for a constant reservoir size (N = 1024). On the right side, Reservoir Size for a constant
Prediction Time (PT = 3LT).

69



101 J

Eloo

107}

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
k

Figure 4.13: MFE system. Long-term statistical predictions with classical and quantum reservoir
computing.

@.@ "
@I@ s
W i
(e

Y

T T

10
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data (b) QRC-C4 predictions (c) CRC predictions for the best-performing networks with a reservoir size
of 512 (9 qubits)

4.3 Stability and invariant properties

We extend the analysis of the best-performing quantum reservoir (RF-QRC) to analyse the stability
properties of chaotic dynamical systems as discussed in Chap. 2. To compute stability properties,
we follow the procedure outlined in (Huhn and Magri 2020c; Margazoglou and Magri 2023; Ozalp,
Margazoglou, and Magri 2023b) and the algorithm is presented in Algorithm. 1 for the RF-QRC.
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4.3.1 Lorenz-63 system

We infer the invariant properties (Sec. 2.2) for a three-dimensional Lorenz-63 system. The time series
data are obtained by the Runge-Kutta method with df = 0.01. The numerical parameters are shown in
Tab. 4.4. Each time series is divided into washout, training, and testing datasets (Brunton and Kutz 2022).

The washout is the phase in which the transients are discarded to minimise the effect of initial conditions.

For the Lorenz-63 system, we employ reservoirs with 7, 8, and 9 qubits. The results are shown for the
reservoir size of 7 qubits. The parameters @ of the random unitary V(a) are sampled from a uniform
distribution between [0, 47]. We train ten quantum reservoir networks, each with a different random seed,
to reduce the effect of random initialisation on the model performance. The ensemble average is used in
the figures. The training length is 20 LTs, where LT is the Lyapunov time (Tab. 4.4). After training, in

the autonomous phase, we deploy the RF-QRC to infer the invariant properties of the physical system.

Both the ground truth and inferred Lyapunov spectra are obtained by autonomously evolving the network
for 50 LTs. The quantum reservoir accurately infers the positive A, neutral A, and negative A3 Lyapunov

exponents, as shown in Tab. 4.5.

Algorithm 1: An algorithm to compute LEs with RF-QRC

Ws « random € RN><P /* Initialize D GSVs */
O.Rs — QR(Wg) ; /* Orthonormalize GSVs */
WS — Q S RNrXD

Nor < Niesi — Ny 5 /% Number of QR decompositions */

Save the time series of Rs and Q for CLVs calculation

Initialize Rg «— 0 € RP*P*Nor

Initialize Q « 0 € RN-*PxNor

Initialize A «— 0 € RP*Ner

J =jacobian(QRC) ; /* Jacobian of the quantum circuit is computed in
Pennylane (Bergholm et al. 2018) as in Eq. 3.21 */

Evolve the hidden state and GSVs simultaneously.

Skip the initial transients for N,, time steps.

ne0; /* Increment the number of QR decompositions */
fori=0: Nieyy — 1 do
r(tiv1) = f(r(t)) ; /* QRC state update as in Eq. 3.12 */
u(ti+1) = [r(ti+1)]TW0ul
J = J(r(1)) /* The updated Jacobian */
Ws —JWs; /* The variational equation */
Q.Rs — QR(W5s) ; /* QR at every time step */
Ws <0
if i > N,, then
Al:,n] < log(diag[Rs])/dt ; /* Save Finite time LEs */
Rs[:,:,n] < Rs ; /* Save Rg */
Ol:,.,n] < Q; /* Save Q */
n=n+1;
end
L end
A, = N#QRZII.\;%R_IA[]'J] ; /* The jth Lyapunov exponent */
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Table 4.4: Parameters for the tests on the Lorenz-63 and Lorenz-96 systems.

20-D Lorenz-96

Parameters 3-D Lorenz-63 10-D Lorenz-96
Time step At 0.01 0.01 0.01
Leading Lyapunov exponent A;  0.9056 1.2 1.5

Lyapunov Time LT 1LT=110steps 1LT =83 steps 1 LT = 66 steps
Washout steps N,, SLT 10LT 10LT

Training steps Ny 20LT 200 LT 200 LT
Tikhonov regularization B 1x1072,1x10712  1x107°,1x10712  1x107%,1x107!2
Input scaling o [0,1] [0,1] [0,1]

Leak rate € 0.21 0.15 0.12

Number of qubits n 7 9 13

Reservoir size N, 128 512 8192

Reservoir connectivity - Fully connected  Fully connected  Fully connected

Table 4.5: Lyapunov spectrum of the Lorenz-63 system. Comparison between the ground truth (target)
and RF-QRC (inferred) model.

Exponents Target RF-QRC
1 0.9051 0.9173
2 8.5x107°  9.6x107?
3 -14.56 -14.65

Fig. 4.15 shows the distributions of the CLV angles between the unstable-neutral subspaces, 6y, the
unstable-stable subspaces, 6y s, and the neutral-stable subspaces, 67, s. The RF-QRC model accurately
infers the long-term statistical distributions of the CLV angles, which means that the RF-QRC can
accurately infer the geometric structure of the tangent space. Fig. 4.16 shows the angles between the
subspaces on the chaotic attractor. When there are no tangencies, i.e., the subspaces are separated, the

system is hyperbolic with structurally stable dynamics and linear response (Lucarini et al. 2014).
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Figure 4.15: Lorenz-63 system, RF-QRC with a reservoir of 7 qubits. Probability density functions
(PDFs) of the inferred angles between the three subspaces, where U stands for unstable, N for neutral,

and S for stable.

4.3.2 Lorenz-96 system

We investigate the Lorenz-96 system (E. Lorenz 1995) with 10 and 20 degrees of freedom. Tab. 4.4 shows
the model parameters. We train ten different networks to reduce the effect of the random initialisation
due to @. The training data is 200 LT long. After training with different reservoir sizes, we find that
a good reservoir size is made of 9 qubits for a 10-dimensional case and 13 qubits for a 20-dimensional

Lorenz-96 system. In the prediction phase, the reservoir is evolved for 60 LTs. As shown in Fig. 4.17, the
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Figure 4.16: Lorenz-63 system. Angles between subspaces. Top: Ground truth solution. Bottom:
Prediction with the RF-QRC with a reservoir of 7 qubits.

RF-QRC accurately learns the Lyapunov spectrum from data. Tab. 4.6 shows that the RF-QRC networks
accurately infer the Kaplan-Yorke dimensions of the attractors.
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Figure 4.17: Lyapunov spectrum of the Lorenz-96 system with 20 dimensions. The RF-QRC has a
reservoir with 13 qubits.
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Table 4.6: Kaplan-Yorke dimensions. Comparison between the ground truth (target) and the RF-QRC
(inferred) model. The % error is defined as the absolute relative error between target and inferred values.

System Target RF-QRC % Error
Lorenz-63 2.06 2.06 0
Lorenz-96 (10-D) 6.52  6.58 0.92

Lorenz-96 (20-D) 13.40 13.25 1.1

4.4 Conclusion

This chapter demonstrates that quantum reservoir computers can forecast chaotic dynamics and extreme
events, while also inferring the invariant properties of chaotic attractors across both low- and higher-

dimensional systems.

By exploiting quantum circuit ansédtze and entanglement, we design and analyse reservoir computing
architectures for data-driven prediction of nonlinear dynamical systems. We show that the choice of
feature map, which encodes both data and entanglement structure, plays a key role in determining the

performance of the reservoir.

We introduce the recurrence-free quantum reservoir computer (RF-QRC), a scalable architecture with
shallow circuit depth that does not grow with the number of qubits. Unlike standard QRCs, RF-QRC
does not rely on explicit recurrence within the quantum circuit, and instead retains memory through leaky
integration. This removes the need for a classical feedback loop during training and makes the approach

suitable for near-term quantum hardware.

Through numerical experiments on prototypical chaotic systems, including the Lorenz-63 and Lorenz-96
systems, we show that: (i) the forecasting performance of both classical and quantum reservoirs improves
with reservoir size up to saturation; (ii) for low-dimensional systems, classical reservoir computers
achieve longer predictability horizons for the same degrees of freedom; (iii) for higher-dimensional
systems, RF-QRC outperforms classical reservoirs in predictability for comparable resources; and (iv)

RF-QRC captures extreme events while scaling more favourably with system dimension.

In addition to short-term forecasting, we show that quantum reservoir computers can recover long-term
statistical behaviour and invariant quantities, including Lyapunov spectra, attractor dimensions, and
covariant Lyapunov vectors. These results establish quantum reservoir computing, and in particular
RF-QRC, as a promising framework for scalable prediction and analysis of chaotic dynamical systems. In
Chap. 5, we extend this analysis beyond the ideal noise-free setting to account for finite-sampling noise,

propose methods to mitigate its effects and implement it on real quantum hardware.
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CHAPTER

5

Noise, mitigation and hardware implementation

In previous chapters, we have shown that quantum reservoir computers can forecast chaotic dynamics,
extreme events and can infer the invariant properties of the physical systems. For higher-dimensional
chaotic systems, we show that QRC can outperform its classical counterparts when emulated in an
ideal noise-free setting. However, any prospects of achieving quantum advantage require addressing
noise issues for practical reservoir implementations. The combination of leaky-integrate neurons with
recurrence-free quantum reservoir dynamics provides a pathway towards noise suppression because of

the individual state-dynamics of the associated neurons (Sec. 3.2).

In this chapter, we analyse the effects of finite-sampling noise on the performance of quantum reservoir
computers. In Sec. 5.1, we give a theoretical description of finite sampling noise in quantum reservoir
computers and use it to model the uncorrelated noise in RF-QRCs. We compare QRC and RF-QRC with
finite sampling noise, and present two denoising methods based on singular value decomposition (SVD)
and signal smoothing techniques in Sec. 5.2. These denoising methods are then applied to the Lorenz-63
and MFE model. Finally, in Sec. 5.3, the denoising techniques and parallel training of RF-QRC:s are then
tested on noisy quantum hardware. This chapter primarily contains the contributions from (O. Ahmed,
Tennie, and Magri 2025a).

5.1 Quantum reservoir computing with finite samples

Before analysing the effect of finite sampling noise on RF-QRC, we first consider the effect of finite-
sampling noise analytically. Due to the absence of active recurrence in RF-QRC, finite-sampling fluctua-

tions arising from independent measurements can generally be approximated as temporally uncorrelated.

When neglecting hardware noise, the underlying reservoir state r(¢;) is obtained from repeated measure-
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Figure 5.1: Training phase in reservoir computing. Input time series u;, (¢) is mapped to a reservoir using
the input matrix W;,, in CRC and suitable encoding schemes in QRC. Inside the reservoir r, each neuron
echoes with the input time series to generate a sequence of reservoir activation state signals. The reservoir
activation signals are concatenated into the reservoir state matrix R, which is then used to determine the
optimal output weight matrix W,,,, using ridge regression.

ments of the quantum observables. For S independent measurements,
1S
) = lim — ) (¢
r(t) = Jim 3 ]E_lr (i), (5.1

where r/) (¢;) € {0, 1}V denotes the j-th single-shot measurement outcome vector in the computational

basis. The empirical estimator of the reservoir activation vector is therefore

N
— 1 ;
F) =5 ) r @), (52)
j=1
For sufficiently large S, the effect of finite sampling noise on the reservoir activation states can be

represented asymptotically as a stochastic fluctuation process £ ()

F(1) = (1) + \i@z(m, (53)

where the 1/VS scaling follows from the central limit theorem.

Like in classical reservoir computing, measured quantum observables or computational-basis probabilities
play a role analogous to neuron activations in QRC. For an n-qubit system, the reservoir dimension scales
as N, = 2". The shot-noise fluctuations may therefore be interpreted as time-dependent noise acting on the
reservoir activation signals, as illustrated in Fig. 5.1. The stochastic fluctuations in the individual reservoir

activation vectors translate to fluctuations in the reservoir state matrix R with stochastic perturbations Z

— 1
R=R+ % Z. 5.4
Quantum sampling noise of a single qubit follows a binomial distribution (Schuld and Petruccione 2021).
For multiple qubits measured in the computational basis with finite samples, the sampling fluctuations
are described by multinomial statistics. The lack of recurrence in RF-QRC allows these finite-sampling
fluctuations to be approximated as temporally uncorrelated. This form of noise has also been considered
in (F. Hu et al. 2023) in the context of Resolvable Expressive Capacity (REC).
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Consequently, in Eq. 5.4, Z is a centred stochastic process with covariance determined by multinomial
sampling statistics, since E[r(#)] = r(¢). The stochastic process may therefore be characterised through

its second-order moments, which define the covariance matrix

Zap (1) = Cov [£a(1). Lp(1)] - (5.5)
Averaging the covariance over the training samples yields
1 G, .
VoS 5 2 (diaglr (1)) = r(a)r (1)) (5.6)
which corresponds to the training-time average of the covariance matrices X(¢;).
Therefore, the covariance of the finite-shot perturbation in the observed reservoir activations is
Vi = %VZ. 6.7

Here, r(z;) denotes the underlying noiseless reservoir activation vector at the i-th training timestep.
In practice, this vector is not directly accessible and is estimated using the sampled activation vector
r(#;). This substitution introduces higher-order finite-sampling corrections, which become negligible for

sufficiently large S.

The outer-product term in Eq. 5.6 corresponds to the feature-correlation structure that naturally appears in
the ridge-regression loss Eq. 3.16. Since the ridge-regression loss is quadratic in the reservoir activations,
second-order statistics such as means and covariances are generally assumed to be sufficient for analysing
the leading-order effect of sampling noise on training performance (F. Hu et al. 2023; Khan, Kaufman,
et al. 2023).

5.1.1 Model parameters

In this section, we provide an overview of the parameters for the RF-QRC model implemented in this
chapter to study sampling noise. We applied the RF-QRC model to study a Lorenz-63 and a MFE model.
The time series data for both of these models are derived using a Runge-Kutta method. The time step,
dt, for the numerical schemes and hyperparameters for RF-QRC are shown in Tab. 5.1. Each time series

is divided into a washout, training, and testing dataset.

Table 5.1: Parameters for the tests on the Lorenz-63 and MFE systems with the recurrence-free quantum
reservoir computing architecture.

Parameters Symbol Lorenz-63 system MFE system
Time step dt 0.01 0.25

Leading Lyapunov exponent A 0.9056 0.0163
Lyapunov Time LT 1LT=110steps 1LT =245 steps
Washout steps N, SLT 2LT

Training steps Nyr 20LT 65 LT

Tikhonov regularization B 1x107%,1x10712  1x107%,1x10~12
Leak rate € [0.05, 0.3] [0.05, 0.3]

Reservoir connectivity -

Fully connected

Fully connected
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We have rescaled our time units with the inverse of the Lyapunov exponent (4;), which is the Lyapunov
time (LT). Based on the discretisation time step, 1 LT corresponds to 110 steps for Lorenz-63 and 245
steps for the MFE system, as shown in Tab. 5.1. After prescribing quantum feature maps, the only tunable
hyperparameters are the Tikhonov regularisation S and the leak-rate € in RF-QRC (Chap. 4). We perform

a grid search to find optimal parameters between the ranges specified in Tab. 5.1.

5.2 Noise mitigation strategies

In this section, we analyse the impact of finite sampling noise on the prediction capabilities of QRC and
RF-QRC and propose methods to reduce it. After training classical and quantum reservoirs on the MFE

model, we perform autonomous closed-loop predictions for both networks to compare the performances.

In Fig. 5.2, results of the time-series prediction are shown for an ideal probability distribution (assuming
an infinite number of measurements, sometimes referred to as ‘shots’), and for various different learning
outcomes based on a variable number of shots, S. A minimum number of finite samples is required to
improve the forecasting abilities of QRC beyond classical reservoir computers. To address the performance

deterioration with a finite number of shots in QRC, we first outline the working of the reservoir computers.
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Figure 5.2: Prediction of the MFE time-series on an unseen dataset with (a) noise-free probability
distribution, (b) 0.5x10° shots, (c) 2x10° shots, (d) 4x10° shots. Classical reservoir computing (CRC)
results from the best-performing reservoir of size 1024 compared with the best-performing quantum
reservoir computing (QRC) of 10 qubits. QRC hyperparameters are detailed in Sec. 5.1.1

The working principle of reservoir computing is to combine the generated reservoir activation signals
for functional approximation of the dynamical systems (Fig. 5.1). This is done by minimising the loss
function over the input training dataset. Reservoir signals have a large overlap with a relatively lower-

dimensional manifold of active states, which is the active space (Carroll 2020). More specifically, the
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singular value decomposition of common reservoir matrices reveals only a limited number of relevant

singular values, and any denoising procedure should preserve the corresponding eigenspaces.

For a number of chaotic systems, the time series signals have corresponding reservoirs with low-
dimensional active spaces (Carroll 2020). Often, in the classical reservoir computing framework, reservoir
matrices with high-dimensional active spaces are associated with lower testing errors (Carroll and Pecora
2019). However, in QRC, we find that, although the addition of finite sampling noise in QRC reservoirs
increases the dimensionality of the active space, it does not necessarily improve the learning performance.
REC analysis (F. Hu et al. 2023) shows that in the presence of noise, taking more activation states than a
given threshold results in poor functional approximation. Therefore, in order to perform an analysis of the
impact of noise on the learning performance, we consider the signal-to-noise (SNR) ratios of individual
reservoir activation signals. We also compute the training loss to assess trainability with respect to

sampling noise.

In Fig. 5.3, we compare the SNR ratio for QRC and RF-QRC for the MFE system. Our results indicate
that the presence of correlated noise in QRC results in more noisy estimates of the reservoir activation
signals than RF-QRC because of the propagation of correlations in QRC. An example of the noisy and
denoised reservoir activation state signals for RF-QRC, measured on a 10 qubits system, can be seen in
Fig. 5.4. For a constant number of samples, denoising reservoir activation signals results in a better fit of
the training signal with lower noise variance. We now discuss the details of the two approaches utilised

for suppressing noise in RF-QRC.

5.2.1 Noise suppression using SVD

In signal processing, singular value decomposition (SVD) is a method to improve the SNR of noisy
signals (Shlens 2014; Schanze 2017; Jha and Yadava 2010). The precision of unbiased estimators of
expectation values in quantum computation is fundamentally limited by the Cramér—Rao bound (M.
Yu et al. 2022). For an ensemble of quantum systems governed by an input time series, the resulting
expectation values form a reservoir signal contaminated by finite-sampling noise. We found that the SNR
of these noisy reservoir signals can be improved using classical signal-processing tools such as SVD. For

XNy

a noisy reservoir-state matrix R € RN , the compact singular value decomposition is

R =USVT, (5.8)

where ¢ = min(N,, N;,.), U € RV*4 and V € RM X4 have orthonormal columns, and § € R9%Y is
diagonal with non-negative singular values. To maximise the SNR, we construct a low-rank approximation
of the noisy reservoir matrix by truncating singular values below a prescribed threshold, which are assumed

to be associated primarily with the noise component.

We apply SVD to denoise reservoir activation signals in the Lorenz-63 and MFE systems, considering
two cases for each system: (a) The low-rank approximation of the noisy reservoir matrix is compared
to the original noisy matrix, which contains more reservoir activation signals but includes noise. This
approach evaluates the impact of truncating approximately half of the singular values to reduce noise.
And (b) the low-order reduced rank approximation after SVD is compared with the reduced noisy matrix

of the same size, effectively having the same number of reservoir activation signals. This is relevant when
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Figure 5.3: Averaged signal-to-noise ratios (SNR) of the reservoir states of QRC and RF-QRC with and
without denoising filters. The underlying model is an MFE time series with a reservoir size of 10 qubits
(N, =1024).
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Figure 5.4: MFE system trained on a 10-qubit system results in N, = 1024 reservoir activation signals
each of length N,,- = 5800 time steps. A single randomly chosen reservoir activation signal is shown with
50,000 shots at each timestep for RF-QRC are used for training. Top, visualisation of the noisy reservoir
activation signal (left) plotted on the ideal (noise-free) signal, and the noise component - the difference
between the two signals (right). Bottom, visualisation of the denoised reservoir activation signal (left)
plotted on the ideal (noise-free) signal, and the noise component, which is the difference between the two
signals (right).
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Figure 5.5: Time series prediction of the Lorenz 63 model using RF-QRC. Averaged mean-squared errors
of the trajectory are shown as functions of the number of measurements S for noisy and SVD denoised
protocols. a) Comparison of noisy and denoised figures with an original reservoir size of N, = 128. b)
Comparison of noisy and denoised figures with a reduced reservoir size of N, = 60.
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Figure 5.6: Time series prediction of the MFE model using RF-QRC. Averaged mean-squared errors
of the trajectory are shown as functions of the number of measurements S for noisy and SVD denoised
protocols. a) Comparison of noisy and denoised figures with an original reservoir size of N, = 1024. b)
Comparison of noisy and denoised figures with a reduced reservoir size of N, = 500.
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the reduced dimensionality of the reservoir state matrix is required to reduce computational resources

before post-processing it for training.

In Fig. 5.5, we show the results of the training error for a 7-qubit (N, = 128) reservoir size trained on a
Lorenz-63 time series with finite quantum reservoir sampling. The results indicate that truncating half of
the singular values, as shown in (Fig. 5.5, a), increases the mean-squared error compared to the original
noisy reservoir matrix. This suggests that, while truncation removes noise, it may also discard important
activation signals necessary for functional approximation. In contrast, (Fig. 5.5, b) demonstrates that the
low-rank approximation improves training error compared to a reduced noisy matrix of the same size,
making it particularly effective for dimensionality reduction of the feature matrix before training. We

have found similar results for the MFE model in Fig. 5.6.

Despite the noise suppression observed in the reduced-dimensionality case, the SVD approach is generally
not computationally feasible for large quantum reservoirs. The number of reservoir activation signals (N,)
in quantum reservoir computing scales exponentially with the number of qubits. Consequently, applying
singular value decomposition (SVD) to the noisy reservoir activation matrix becomes computationally

expensive, with a complexity of O(min(Nter, N?

N,)) where Ny, denotes the number of training
samples. This makes classical SVD-based denoising challenging for high-dimensional reservoirs. In
Sec. 5.2.2, we instead present a scalable denoising method based on signal filtering, which is more

suitable for larger reservoir sizes.

5.2.2 Noise suppression using signal filtering

Using SVD for denoising requires the knowledge of the complete reservoir matrix R, the dimension of
which scales exponentially with the number of qubits, which limits the application of SVD analysis for
RF-QRC. In this section, we propose a method of suppressing noise from the reservoir activation states

by applying a denoising low-pass filter to each reservoir activation state.

We emphasise that in the case of RF-QRC and the absence of recurrence, reservoir activation states
are only driven by the input time series, which are known a priori, as opposed to conventional quantum
reservoirs with recurrence, which require the reservoir activation states from the previous time step. Thus,
we can employ multiple quantum systems in parallel to generate the reservoir activation states at each
time step (Fig. 5.10). Later on, we can concatenate the expectation of the estimates for each eigenbasis to
form a reservoir activation signal. This signal is the noisy estimate of our reservoir signal, in which we
remove the high frequencies by applying a moving average polynomial regression method (Schafer 2011).
In principle, one could also apply a physical filter to the noisy signal estimates (Khan, Kaufman, et al.
2023); in this work, we employ digital filtering by post-processing quantum measurements on a classical
computer. Specifically, we have used a Savitsky-Golay (Schafer 2011) type of moving-average filter and
applied it to each reservoir activation state. This type of signal filtering needs the window size and the
order of the polynomial to be prescribed. On the one hand, in an open loop (training), the maximum
length of the window is equal to the length of the training timeseries, and there is no constraint on the
minimum length. On the other hand, in a closed loop (prediction), we need to evolve the noisy reservoir as
long as the moving-average window length is before denoising. Therefore, the moving-average window
is a hyperparameter that requires tuning. By performing a grid search for the polynomial degree in the

3rd

range {2,6} and the window length in the range { 10,60} with a stepsize of 10, we select a polynomial
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RF-QRC trained on a time series of the Lorenz 63 system. Reservoir size N, = 128 represented by 7
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Figure 5.8: MFE time series analysis with RF-QRC, using 10-qubit systems. Mean-squared error for
noisy and denoised activation states with signal filtering according to Sec. 5.2.2.

for a window length of 20 and a 4'* order polynomial with a window length of 30 for the Lorenz-63 and

MEE systems, respectively.

In Fig. 5.7, for a time series of the Lorenz-63 system, we present the SNR and mean-squared training error
for noisy and denoised reservoir activation states using polynomial regression. By contrast to denoising
based on SVD, using this method for suppressing noise always results in a lower mean-squared error
for both cases of reduced and complete reservoir activation state matrix representations. The results in
(Fig. 5.7,(b)) show that denoising leads to a lower mean-squared error for various numbers of shots. The

lower mean-squared error, therefore, gives an improved SNR ratio for the reservoir activation signals. In
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Figure 5.9: Connectivity and qubit map of the ibmq_kyoto 127 qubit device. 10 of the qubits with the
lowest readout assignment error are used as a reservoir for RF-QRC of the MFE model.

Fig. 5.8, similar results are shown for the MFE model, indicating that denoising reduces the training error
significantly. For the computational time, this method also requires the application of a denoising filter
to each reservoir activation signal (&, ), which scales exponentially with the number of qubits. However,
by comparison with SVD, denoising methods that involve individual signal smoothing are parallelizable

classically for each reservoir signal, offering an efficient choice for noise suppression.

5.3 Hardware implementation

To demonstrate the feasibility of training RF-QRC on quantum hardware and test the denoising, we train
the turbulent chaotic shear flow model on the IBM Quantum 127-qubit ibmq_kyoto device ( 2024). The
qubit connectivity map of the hardware backend is shown in Fig. 5.9. From the 127-qubit system, we

train the MFE model on a 10-qubit space that corresponds to a reservoir size of N, = 1024.

Before proceeding with the training of RF-QRC, we simplified the ansatz from fully connected layers to
linear entangling layers. This simplification is necessary because the device used has limited connectivity.
Our simplified RF-QRC contains a layer of Hadamard gates applied on each qubit, followed by R, rotation
gates, parameterised by the input time series signal (9 parameters for MFE). The circuit is then followed
by a linear entangling layer of CNOT gates entangling all 10 qubits. This first feature map is applied
twice to enrich reservoir dynamics. The second feature map differs from the first in that the rotation gates

R, are now parameterised by random rotation angles V(@) uniformly sampled from the interval [0, 4],
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Table 5.2: Training loss comparison on emulator and backend trained networks, with and without
denoising
Noisy Denoised

Emulator 1.24 x10~7 3.28 x10~°
Backend 1.10x107°® 1.16 x1078

to introduce randomisation in the reservoir. These random rotation gates are sampled once and are kept

constant throughout the training.

The quantum circuit is then transpiled by the Qiskit runtime transpiler to achieve an optimal map of the
quantum circuit to the physical qubits of the ibmq_kyoto backend. Finally, dynamic decoupling (Qiskit
contributors 2023) to the idle qubits is applied to mitigate decoherence. No additional error mitigation

strategies were applied.

5.3.1 Parallel training and denoising on multiple QPUs

The MFE input time series signal parameters are mapped onto the pre-processed parameterised quantum
circuit. The length of the time series signal is 1200 time steps. The training procedure for RF-QRC is
illustrated in Fig. 5.10. Each quantum circuit is executed in parallel, independent of the other quantum
circuits, because of the lack of recurrence inside the circuit and the measurement in the computational
basis is performed. For each data point, 10* shots are sampled, and the results are concatenated classically,

followed by leaky integration and denoising techniques as outlined in Sec. 5.2.

Results in Fig. 5.11 indicate that denoising helps to improve the training accuracy for both the emulation
of the state vector propagation (only subject to shot noise) and the training on the ibmq_kyoto quantum
processor (subject to shot noise and hardware noise) for increasing reservoir states. Therefore, even in
the presence of correlated hardware noises, denoising improves the performance of the model. Other
results in Fig. 5.12 demonstrate that hardware noise also has a significant impact on the performance,
in addition to the impact of shot noise. In particular, the model trained on the quantum processor
requires more reservoir states (i.e. a larger active space of the reservoir) for the same training accuracy
when compared to a model with only shot noise. Similar effects are observed in both denoised models.
However, denoising can be instrumental in mitigating those errors to reduce this gap between hardware
and emulated reservoirs. This suggests that denoising suppresses shot noise, and potentially other types
of noise as well. The averaged training loss for each configuration with all included reservoir states
(N, = 1024) is listed in Tab. 5.2.

Finally, we present the results of the reconstructed time series of kinetic energy from a trained 9-mode
MEFE in Fig. 5.13. We do so for both emulated models with shot noise and the trained RF-QRC on the
backend, including hardware noise. The reconstructed time series demonstrates that without denoising,
the resulting fit for the trained signal suffers more from finite sampling and hardware noise. However, the
training of RF-QRC coupled with denoising helps in reducing the shot noise as well as various hardware

noises to have a better fit for optimal training.
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Figure 5.10: Recurrence-free quantum reservoir computing parallel training. Input data u;, () is divided
into shorter signals and passed through multiple parallel quantum computers. The obtained reservoir
activation signals F;; (7) associated with each input time series signal are concatenated classically, where
leaky integration and denoising are applied. The combined reservoir state matrix R is then used for
training using ridge regression.
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Figure 5.11: MFE system. Training mean-squared error comparison with noisy and denoised states for
both emulated and quantum processor-based RF-QRC.
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Figure 5.13: MFE system, reconstructed kinetic-energy comparison with emulated and backend results.
The top panel presents the results of emulated noisy and denoised reservoir activation states. The bottom
panel presents the results of hardware-trained noisy and denoised reservoir activation states.
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5.4 Conclusion

In this chapter, we investigated the role of finite-sampling and hardware noise in quantum reservoir com-
puting for chaotic time-series forecasting. While quantum reservoir computers show strong performance
under ideal, noise-free assumptions, practical implementations are inherently limited by sampling noise

and environmental effects on quantum hardware.

We showed that the recurrence-free quantum reservoir computer (RF-QRC), based on leaky-integrated
neurons, naturally provides temporal memory and acts as an exponential smoother of noisy reservoir
states. This structure makes RF-QRC both scalable and more robust to noise compared to recurrent QRC

architectures.

We analysed the impact of finite-sampling noise on different quantum reservoir architectures and showed
that RF-QRC exhibits higher signal-to-noise ratios due to modelling the noise as temporally uncorrelated.
To further mitigate noise, we proposed two methods based on singular value decomposition (SVD)
and signal filtering, which effectively suppress noise in reservoir activations. Our results show that
denoising improves training performance, leading to lower mean-squared errors and further increases in

signal-to-noise ratios.

Finally, we demonstrated the applicability of RF-QRC on quantum hardware by deploying the model
across multiple parallel QPUs. The results indicate that denoising techniques can suppress both sampling
and hardware noise. These methods can be extended to other quantum reservoir computing architectures,

including recurrent QRCs and quantum extreme learning machines.

In summary, this chapter shows that sampling noise, which is inherent to quantum mechanics and will
also be present in fault-tolerant quantum computers (FTQCs), can be effectively suppressed through
appropriate architectural choices and classical post-processing techniques. This demonstrates that hybrid
quantum-classical approaches enable the practical deployment of quantum reservoir computing on near-
term quantum hardware for chaotic system prediction. In Chap. 6, we extend this analysis to include
environmental and incoherent noise sources, and analyse the effect of different noise types from a

generalised synchronisation (GS) perspective.
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CHAPTER

6

Noise as a resource for robust quantum reservoir design

In this chapter, we investigate how noise itself can be exploited as a resource for designing robust quantum

reservoir computers within the framework of generalised synchronisation (GS).

In Sec. 6.1, we perform a systematic hyperparameter study of Lyapunov exponents (LEs) and conditional
Lyapunov exponents (CLEs). This establishes a connection between CLEs, GS, and the learnability
of the Lyapunov spectrum, and provides a practical reservoir design principle based on the GS criteria
summarised in Tab. 2.1 for both the Lorenz—63 and Lorenz-96 systems. We further compare the
robustness of recurrent and recurrence-free QRC architectures through the computation of LEs and CLEs
for the Lorenz—63 system. In Sec. 6.2, we investigate the role of noise in shaping the dynamical properties
of QRCs and show that, under appropriate conditions, noise can improve the robustness and stability of

the reservoir dynamics rather than simply degrading performance.

This chapter is based on the contributions from (O. Ahmed, Tennie, and Magri 2025b) and we analyse
how the conditional Lyapunov exponents depend on the reservoir hyperparameters and noise strength, and

use these quantities to characterise the learnability, stability, and robustness of the reservoir dynamics.

6.1 Designing robust quantum reservoir computers

In Chap. 4, we have shown that RF-QRCs can accurately forecast the chaotic dynamics whilst inferring
the invariant physical properties of the physical system. In this section, we provide practical guidelines for
designing robust quantum reservoirs by exploiting the connection between quantum reservoir computers
and GS made in Chap. 3.

We compute the conditional Lyapunov exponents (CLEs) in the open-loop (training) phase to assess the
GS criteria outlined (for brevity, we rewrite the GS and differentiability criteria from Tab. 2.1 below). We

do that for different leak rates, €, whilst keeping the quantum reservoir size fixed as in Tab. 4.4. The core
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Table 6.1: Criteria for generalised synchronisation and differentiability. The largest conditional Lyapunov
exponent of the response system is denoted max(Acrg), and the most negative Lyapunov exponent of the
driving system is denoted A*. All Lyapunov exponents are expressed in continuous-time units.
Condition Property
1. max(Acrg) = 0 GS does not occur.

ii.  A* <max(AcLg) <0  GS occurs; ¢ is not differentiable.

iii. max(AdcLg) < A* <0  GS occurs; ¢ is continuously differentiable.
Differentiable GS (DGS).

idea is to analyse the CLEs in the training phase to establish whether the quantum reservoir computers
are robust (or not). In the training phase, the Jacobian is provided by Eq. 3.22. The pseudo-algorithm to
compute the CLEs is shown in Algorithm 2.

6.1.1 Lorenz-63 system

We start by analysing the Lorenz-63 system with RF-QRCs and compute LEs and CLEs for various leak

rates. Further hyperparameters and model details are presented in Tab. 4.4.

Algorithm 2: An algorithm to compute CLEs with RF-QRC
Choose k leak rates € in range [0,1]
for each € do

Ws — random € RN>P ; /* Initialize D GSVs */
Q.Rs — OR(Ws) ; /* Orthonormalize GSVs */
Ws « Q € RN-xD

NoRr < Nirain — Nw 3 /% Number of retained QR decompositions */

Save the time series of Rs for CLE calculation

Initialize Rg «— 0 € RP*P*Nor

Jere — (1—-e)l; /* Conditional Jacobian of RF-QRC as in Eq. 3.24 */
Evolve the hidden state and GSVs simultaneously.

Skip the initial transients for N,, time steps.

ne—o; /% Increment the number of QR decompositions */
fori =0: Nypuin — 1 do
r(tiv1) = f(r(t)); /* QRC state update as in Eq. 3.12 */
Ws — JcreWs ; /* The variational equation */
O.Rs — QR(Wy) ; /* QR at every time step */
Ws <0
if i > N,, then
A[:,n] « log(diag[Rs])/dt ; /* Save finite-time CLEs */
Rs[:,:,n] < Rs ; /* Save Rg */
n«—n+l;
A; = N#QRZI.A;%R_I Alj,il; /* The jth Conditional Lyapunov exponent */
AcrLe = max(4;) ; /* The largest Conditional Lyapunov exponent */

First, Fig. 6.1 (a) shows the LEs inferred in closed loop for the Lorenz-63 system for € in the range {0,1}.
For € > 0.2, the spectrum is accurately inferred. For € < 0.2, only the positive and zero LEs are captured
correctly. This is because, when the leak rate is low, the reservoir dynamics are slow, which means that

the RF-QRC struggles to capture fast-decaying perturbations associated with the negative LE.
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In Fig. 6.1 (b), we show the maximum CLEs and LEs for the same € as in Fig. 6.1 (a). The magnitude of
the maximum CLE grows with the leak rate €. For slower reservoir dynamics, when the maximum CLE is
larger than the most negative LE of the driving system (max Acpg > A%, i.e., condition (ii) in Table 6.1),
the reservoir is unable to capture the negative LEs accurately. This leads to an incorrect increase in the
Kaplan-Yorke dimension (J. D. Hart 2024). Increasing the user-defined leak rate enables the tuning of
the maximum CLE, thereby satisfying condition (iii) of Tab. 2.1, which provides an accurate prediction

of the entire spectrum.
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Figure 6.1: Lorenz-63 in closed-loop autonomous prediction phase. (a) Lyapunov exponents vs leak rate.
(b) Lyapunov exponents vs maximum conditional Lyapunov exponents.

Recurrent vs recurrence-free quantum reservoir stability

For comparison, we perform similar studies shown in Sec. 6.1 for a recurrent QRC framework. The
motivation for this work is to analyse how the addition of a recurrent layer affects the learnability of
QRCs.

In Fig. 6.2 we show the maximum CLEs as functions of the leak rate for both recurrent and recurrence-free
quantum reservoir computers (QRCs and RF-QRCs, respectively). The conditional Lyapunov exponents
(CLEs) remain negative for all leak rates, which means that the reservoir dynamics are stable. The colour
of each point in Fig. 6.2 quantifies the short-term prediction of the reservoirs with the valid prediction
time (Vlachas, Pathak, et al. 2020). The results in Fig. 6.2 show that the RF-QRC performance is robust
and predictable over a larger range of leak rates than that of QRCs.

In detail, in RF-QRCs, there exists an injective (monotonic) relationship between the leak rate and
maximum CLE. The network approaches the behaviour of an Extreme Learning Machine (ELM) (Xiong
et al. 2023) when € = 1, with the magnitude of maximum CLE approaching infinity (see Eqs. 3.24
and 2.22). A very large magnitude of the maximum CLE makes the reservoir unstable and sensitive to
noise. On the other hand, in QRCs, the relationship between € and the maximum CLE is not injective
(not monotonic). The main reason for this is the addition of recurrent states in the reservoir update,
which changes the spectral radius of the reservoir, and now the effective spectral radius governs the rate
of dissipation Jaeger et al. 2007. QRC:s are stable for intermediate € values (0.25 < € < 0.6), whereas the
RF-QRC is stable for a larger range, € > 0.2. In these regions, QRCs and RF-QRCs can be used for both

short-term predictions and inference of invariant properties from chaotic time series.
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Figure 6.2: Maximum conditional Lyapunov exponents of quantum reservoir computers with recurrence
(QRCs) and recurrence-free (RF-QRCs). Each point value is the ensemble mean over ten autonomous
predictions from different initial points.

In Fig. 6.3, we compute the autonomous LE predictions of the Lorenz-63 system for various € values,
uniformly distributed within [0, 1]. Similarly to the results of Fig. 6.1, for small €, QRCs can accurately
capture the positive 4] and neutral 4, Lyapunov exponents, but cannot capture the negative A* Lyapunov
exponent. Furthermore, in contrast to RF-QRC, which remains conditionally stable for large € values,
the performance of QRCs when € > 0.6 (JA1cg| > 100) becomes inaccurate. The addition of recurrent
connections enhances the spectral radius and reservoir memory, and when the artificial dissipation with
a leak rate € is not strong enough, the QRCs become unstable. This analysis further informs the design
of future quantum reservoir computers by showing that a very high expressivity without dissipation can
result in an unstable reservoir. To address this issue, our proposed leaky integrated RF-QRC model or
combining other QRCs with classical leaky-integrators to tune dissipation. Thereby, helping in the design

of efficient quantum reservoir computers.

6.1.2 Lorenz-96 system

We extend the analysis about designing practical quantum reservoirs, shown in Section 6.1 for the Lorenz-
63 system, to the 10-dimensional Lorenz-96 system. Specifically, we analyse the influence of the leak rate
hyperparameter € and the magnitude of the maximum conditional Lyapunov exponent on the ability of
the reservoir to infer Lyapunov exponents on the unseen test dataset. The training procedure is the same
as described in Section 4.3.2, and other model hyperparameters are shown in Tab. 4.4. In Fig. 6.4a, we
vary the leak rate from € = 0.001 to € = 1.0 and compute the inferred Lyapunov exponents of the model.
In Fig. 6.4 b, the colour bar indicates the maximum A¢cp g value associated with the corresponding leak

rate in Fig. 6.4 a. These results are in line with the findings of the previous analysis from Section 6.1.
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Figure 6.3: Lorenz-63 system autonomous prediction of Lyapunov spectrum with QRCs (a) Dynamical
system’s Lyapunov exponents vs Maximum conditional Lyapunov exponents of response (b) Dynamical
system’s Lyapunov exponents vs Leak rate. In both plots, three points on each vertical line correspond
to the three inferred Lyapunov exponents. For very small leak rates, reservoir dynamics are slower, and
negative LE is not inferred correctly. QRC performance is optimum for intermediate € between {0.35,0.5}
but performs inaccurately with € > 0.6 (as opposed to RF-QRC in Fig. 6.1).

The maximum CLEs and their effects on the inference task are shown in Fig. 6.4 b. When the reservoir
dynamics are faster and the leak rate is closer to 1, the reservoir over-predicts the positive and under-
predicts the negative Lyapunov exponents. Because the reservoir dynamics are faster, the reservoir is also
very sensitive to noise in this region. Therefore, depending on the learning tasks and form of noise, the

rate of reservoir dynamics must be carefully tuned with the hyperparameter leak rate.

6.2 Influence of noise

In this section, we analyse the effect of different types of noise on the performance of RF-QRCs to infer the
stability properties of the Lorenz-63 system. We analyse the role of finite sampling noise and also other
noise types that promote dissipation (loss of information) in the reservoir update. We analyse incoherent
errors due to the interaction of the quantum hardware with its environment, i.e., depolarising noise and
amplitude damping channels (Nielsen and Chuang 2011). Previous works have proposed dissipation
from noise as a resource to improve quantum reservoir computers (Sannia et al. 2022; Fry et al. 2023;

Domingo, Carlo, and Borondo 2023). We show that tuning noise intensity helps satisfy GS = ESP.

Table 6.2: Types of noise analysed.

Cause Type of noise Parameters Number of qubits

Finite sampling Projective measurement S = {1000,5000,10000, n=3_8
25000,50000}

Depolarizing channel  Unital, incoherent p =1{0.001,0.01,0.05,0.1} n=7

Amplitude damping Non-unital, incoherent p ={0.001,0.01,0.05,0.1} n=7

6.2.1 Sampling noise

The theoretical description of finite-sampling noise in QRCs and RF-QRCs was discussed in Chap. 5.

The goal of this section is to analyse how sampling noise affects the performance of RF-QRCs in inferring

93



-=>¢= € =10.001

25 N O
= - e =0211
g 00 G~ =X mm e mmmmmNm ==X | =%= ¢ = ().316
2 —stm e = 0422
%“*2 5 <= e =0.527
. ~e- €= 0.632
z 5.0 —oee €= 0737
g . €= 0842
—f.9 e = 0.947
0 3 ) G 3 —=— True
Dimensions (D)
(b) —¢- /\('/‘/g = -()Al‘
2.5 == Aopp =-11.22
\/’E == Aopp = -23.74
£ 00 S~~~ X mm e mm = m = X === \opp = -38.05
2 === Acpp = -54.T5
5_2 5 -2¢= Aopp = -74.82
”5 === /\('/,]vj =-99.95
§_50 e /\('L/g =-133.6
coLp = -294.54
—=— True

0 2 4 6 8
Dimensions (D)
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(b) Various maximum Acp g corresponding to leak rate in (a).

Lyapunov exponents for different numbers of measurement shots, S (Table 6.2).

Fig. 6.5 (a) shows the results of an RF-QRC with an 8-qubit reservoir sampled with 1000 shots at each
time step during training and prediction. The results are the outcome of averaging the performances
over five different random seeds for the V(@) unitary. Even for a number of finite samples, RF-QRC is
able to accurately infer the LEs of the Lorenz-63 system when the leak rate is low (the memory is high).
This means that in the presence of noise, the reservoir dynamics must be slower to infer the LEs (noise
promotes dissipation, thereby requiring larger memory). However, reducing the leak rate to values close
to zero, or operating near the edge of chaos (Acr g = 0 in Table 6.1), results in a loss of generalised
synchronisation. In this case, in the presence of noise due to finite sampling, the hyperparameter leak
rate should be tuned in the range {0.2,0.3}. Even for finite samples (e.g., 1000 in this case), there exists
a good range of leak rates for which the RF-QRC infers the stability properties accurately. Finding this
optimum range can vary depending on the analysed chaotic system and the sample size. In Fig. 6.5 (b),
we perform a parametric study with the number of shots (Table 6.2). The noise intensity influences the
performance of the RF-QRC and the range of good hyperparameters €. As expected, by increasing the

number of shots, the accuracy increases.

6.2.2 Incoherent noise

A quantum hardware state, represented by a density operator pp, interacts with the environment, repre-
sented by pepy, to form a combined system—environment state, which is initially modelled as a product

state O ® Peny. To consider the effect of a unitary transformation, U, acting on the combined system—
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Figure 6.5: Effect of sampling noise on the RF-QRC performance with 8 qubits. (a) Lyapunov spectrum
for 1000 shots. (b) Leading Lyapunov exponents for different shots.

environment state, we take a partial trace over the environment to obtain the reduced state of the system
(Nielsen and Chuang 2011)

N(ﬁH) = eny [w(ﬁH ® ,éenv)q/ﬂ], (6.1)

where 1 is the conjugate transpose, and N is a noisy channel, which takes the quantum hardware
state oy — N(pm). Let |e,,) be an orthonormal basis for the (finite-dimensional) state space of the
environment, and p.,, = |eg){eo| be the initial state of the environment (assuming a pure state). Eq. 6.1

in operator-sum representation can be written as

N(pr) = ) (eml U (1 © leo)(eol]l Ulem), (6.2)
= KnpK),, (6.3)

where K, = {e,,|U|ep) is an operator on the state space of the quantum system. This representation is
also known as the Kraus representation, in which K;,, are the Kraus operators, which fulfil },, K;,, K, ,Tn =1

(Nielsen and Chuang 2011). The maximum number of Kraus operators to model incoherent noise and,

0 {11 o)y v (%)
g = o )
- oo Ry (%)
g [7] [ iy )

qn * Ry (X(—)) Ry (X(—))

Figure 6.6: Fully-connected quantum circuit for the RF-QRC (O. Ahmed, Tennie, and Magri 2024b)
architecture with noise channels ; after each gate operation. The number of encoded parameters © for
RF-QRC is equal to the dimension of the input data (® = D) for Z(u) unitary. When D > n, the feature
map encoding is applied multiple times to encode all # dimensions. For a random unitary V(u), the
number of encoded parameters is equal to the number of qubits 7, (® = n).
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consequently, the size of the noisy state, scales quadratically with the size of the Hilbert space (2").
We consider the effect of amplitude damping and depolarising channels (Fig. 6.7). These types of noise
have been previously studied in quantum natural reservoirs (Suzuki et al. 2022; Kubota et al. 2023),
using dissipation as a resource (Sannia et al. 2022) and with artificial noise channels with tunable noise
parameters (Fry et al. 2023). We consider the density operator, pg, that represents the quantum state of
one qubit

_ Poo  Po1

pr =00 0, (6.4)

Por P11

The amplitude damping channel applied to this state can be modelled with the Kraus operators Ky and
K

Ko =

10 0 vp
K= :

where 0 < p < 1 is the noise intensity. The Kraus operators can be combined with Eq. 6.2 to build
the density matrix Nap (o) (Nielsen and Chuang 2011). Physically, this type of noise represents the
asymmetric shrinking of the Bloch sphere, thus, it is referred to as non-unital noise (Fig. 6.7 c). We vary
the intensity of the noise channel with p, as shown in Table 6.2, for a 7-qubit quantum reservoir system.

The visualisation of the noise channel in the quantum circuit is shown in Fig. 6.6 with 1 being the noise

channel.
(a) 10) (b) 10) (c) 0)
Jil| 4‘ gl : IR
| N L AR N
| | 3‘ \\ /‘\ \ /\
f/ \/\/%y L/’/ o =Y L / / 4
X \ /,/ X \ /,,,// x y
|1) 1) (1)

Figure 6.7: Bloch spheres of the quantum state of a qubit for (a) noiseless unitary evolution, (b) uniform
contraction of the state due to depolarising noise, and (c) non-uniform contraction of the state due to
amplitude damping noise.

The second type of noise analysed is the depolarizing channel, which for a single qubit can be represented
by @
_ _ 1
Npp(pn) =(1=p)pu +p 5. (6.6)
The depolarising noise shrinks the Bloch sphere uniformly, i.e., it is a unital type of incoherent noise

(Fig. 6.7 b). With p = 1, the channel returns the maximally mixed state for any input state pg, which

corresponds to the complete contraction of the Bloch sphere to a single point given by % We vary

2The associated Kraus representation could also be derived with 4 Kraus operator {Ky, K, K>, K3} and corresponding Pauli
matrices {I, X,Y, Z} as shown in Preskill 1998b.
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Figure 6.8: Error on the leading Lyapunov exponent with an RF-QRC with 7 qubits. Each result is the
ensemble average over 3 different realisations of random seeds. (a) Effect of amplitude-damping noise.
(b) Effect of depolarising noise.

the intensity of the noise channel (Table 6.2 and Fig. 6.6). First, Fig. 6.8 (a) shows the impact of the
amplitude-damping noise channels on the RF-QRC performance. We show the error between the inferred
and target leading Lyapunov exponents () for different noise intensities and leak rates. Each data point
in Fig. 6.8 is computed by ensemble averaging over three random seeds of the V() unitary. The case with
p = 0 corresponds to the ideal noise-free state-vector emulation. We increase the amplitude damping
noise intensity from 0.001 — 0.1 (0.1 — 10% noise intensity). The largest error in the prediction on A4 is
~ 0.04, which occurs for p = 0.1. For other noise intensities, when the reservoir dynamics are slower
(small leak rate), the prediction performance improves over the noise-free scenario. This shows that
adding amplitude-damping noise promotes dissipation, thereby strengthening GS. The addition of noise
in the faster reservoir dynamics region (i.e., large leak rate) does not improve the performance beyond the
ideal noise-free case. Fig. 6.8 (b) shows the results on the depolarising noise channel. For p = 0.1, the
reservoir cannot infer the correct value of A, and the maximum relative error is =~ 0.2. As in amplitude
damping, when the reservoir dynamics are slower (i.e., small leak rate), the performance improves with
the addition of depolarising noise channels, i.e., noise makes the RF-QRC more robust and accurate
than the ideal noise-free case. In conclusion, noise adds dissipation, which, in turn, promotes GS (and

consequently ESP). This can be seen from Eq. 3.18, in which noise ensures a contractive map (¥ < 1).

6.3 Conclusion

We introduced a practical criterion for robustness by examining the relationship between Lyapunov
exponents and conditional Lyapunov exponents (CLEs), thereby identifying when the condition GS =
ESP holds. Using this approach, we showed that RF-QRCs are conditionally stable by construction,
satisfying GS = ESP across a broader range of hyperparameters compared to recurrent QRCs.

We further investigated the role of noise, including finite sampling, depolarising channels, and amplitude
damping. Our results show that dissipation enhances the contraction of the reservoir dynamics, thereby
improving stability. This demonstrates that noise, rather than being purely detrimental, can be leveraged
to enhance robustness. In particular, RF-QRCs retain the ability to accurately infer chaotic dynamics and

invariant properties even in noisy regimes, with identifiable regions of hyperparameter space where noise
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improves performance relative to the noise-free case.

These findings suggest that RF-QRCs provide a practical route toward robust forecasting of complex
dynamical systems. Overall, this chapter shows that noise can be exploited as a resource: by introducing
dissipation, it enhances contraction and stability, and enables accurate inference of chaotic dynamics for

appropriate choices of hyperparameters.
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CHAPTER

7

Solving nonlinear differential equations with Fokker—Planck

embedding

In this chapter, we investigate alternative approaches for solving nonlinear differential equations governing
chaotic dynamics on quantum computers, in contrast to the data-driven quantum reservoir computing
(QRC) methods discussed previously. In particular, we focus on linear embedding formulations of
nonlinear dynamics, including the Fokker—Planck and Koopman—von Neumann (KvN) approaches. The
primary contribution of this chapter is to extend the Fokker—Planck embedding framework of Tennie
and Magri 2024 for solving nonlinear differential equations on quantum computers to chaotic dynamical
systems. In doing so, we extend and analyse various numerical discretisation schemes, and analyse the
effects of numerical diffusion. We also provide a comparison with the Koopman—von Neumann approach
to classical mechanics, and implement block encoding of the nonlinear equations together with quantum

hardware implementation results.

The objectives of this chapter are fivefold. First, we present the theoretical description of the Fokker—
Planck and KvN approaches and outline related linear embedding methods from non-equilibrium statis-
tical mechanics in Sec. 7.1. Second, in Sec. 7.2, we introduce first- and second-order central-difference
and upwind schemes for discretising the Fokker—Planck operator. We investigate the relationship between
explicitly added diffusion and the intrinsic numerical diffusion of these schemes, highlighting how both
affect their effective behaviour. Third, in Sec. 7.4, we present existing unitary block-encoding methods
(D. Camps and Beeumen 2022; Siinderhauf, Campbell, and J. Camps 2024) for integrating the discretised
Fokker—Planck operator.

Fourth, in Sec. 7.5, we present numerical results for the nonlinear damped harmonic oscillator and the
chaotic Lorenz system. We comment on the effects of grid size, diffusion, and numerical schemes in

integrating nonlinear systems using a Fokker—Planck embedding.

Fifth, we demonstrate the block-encoding implementation of the Fokker—Planck evolution, followed by
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a quantum hardware implementation of a one-dimensional nonlinear system in Sec. 7.7. These results

highlight the potential of solving nonlinear chaotic differential equations on near-term quantum hardware.

7.1 Linear embedding of nonlinear dynamical systems

We recall the nonlinear autonomous dynamical system from Chap. 2

d
Zx(0) = F(x(0), a.n

where x(7) € RP is the state vector; f : RP? — RP is a continuously differentiable nonlinear vector
function; and D is the number of degrees of freedom. Given an initial condition x(0) = xq , the solution
of Eq. 7.1 is the trajectory x(¢) in the phase space of dimension D and the resulting dynamics are

deterministic.

Instead of evolving a single initial condition in the phase space, the Liouville representation introduces a

probabilistic initial condition that is distributed according to pg := p(x, ¢ = 0)

9 e+ S L L epten] =0 12)
" Ly TP ‘ ‘

The nonlinear dynamical system in phase space is now represented by a linear partial differential equation
(PDE) for the evolution of the distribution p given the initial distribution pg. The Liouville equation
is deterministic and describes the transport of a probability density function, where the probabilistic
aspect arises solely from the probabilistic initial condition. In the limit where pg approaches a Dirac-
¢ distribution, the solution of Eq. 7.2 remains a d-distribution that is evolved along the deterministic

trajectory of Eq. 7.1.

This formulation provides a linear embedding of nonlinear dynamics, forming the basis for operator-
theoretic representations such as the Perron—Frobenius (Liouville) operator, Koopman operator, Fokker—
Planck equation, Hamilton—Jacobi formulations, and Carleman embeddings (Engel, Smith, and Parker
2021; Rauh, Minisini, and Aschemann 2009; Joseph 2020; Butt 2020; Ding and A. Zhou 2009; Lin et al.
2024). These approaches differ in the objects they evolve, densities, observables, value functions, or
lifted state variables, but share the same principle of recasting nonlinear dynamics as a linear evolution in
a function space (which is typically infinite-dimensional). We provide an overview of linear embedding
approaches in Tab. 7.1. In this work, we focus on two complementary formulations: the Fokker—Planck

and the Koopman—von Neumann (KvN) approaches.

7.1.1 Fokker-Planck approach

Most natural systems exhibit a separation of time scales between slow and fast degrees of freedom. The
Fokker—Planck equation provides an effective description of such systems (Holubec, Kroy, and Steffenoni
2019). It governs the evolution of the probability density of the slow variables, capturing both their
averaged deterministic dynamics and the fluctuations induced by the unresolved fast degrees of freedom.
This description is obtained via a Markovian approximation, in which the slow variables are explicitly

resolved, and the influence of the fast variables is modelled as memoryless noise. To summarise, the
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Table 7.1: Overview of linear embedding approaches for nonlinear dynamical systems.

Approach Object Evolved Representation Key Idea
Perron—Frobenius Probability densities op==-V-(pof) Describes the evolution of
(Liouville) probability densities under

deterministic dynamics
through a linear transport

operator.
Fokker—Planck Probability densities 8p =-V-(pf) +DV%p Extends the Liouville
Equation formulation to stochastic

systems by incorporating
diffusion and noise-driven

dynamics.
Koopman-von Wavefunction-like O = Ly Provides a Hilbert-space
Neumann (KvN) states/observables formulation of classical

dynamics analogous to
quantum mechanics using
linear operator evolution.

Koopman Operator Observables % gx(1) = Lgx(1) Represents nonlinear
dynamics through the linear
evolution of observables in a
function space.

Hamilton—Jacobi Value functions HGV+Hx,VV)=0 Recasts nonlinear control

Formulation and optimisation problems
through the evolution of
value functions.

Carleman Embedding Lifted state variables z=Az Transforms nonlinear
(in a lifted space) dynamical systems into
infinite-dimensional linear
systems through polynomial
lifting.

Fokker—Planck equation extends the Liouville equation by introducing diffusion terms that account for

stochastic effects, such as unresolved dynamics, external forcing, and other random perturbations.

To derive Fokker—Planck equations (Shen et al. 2022; Tennie and Magri 2024), we consider a stochastic

dynamical system governed by
d
Ex(t) = f(x,1) +T(x,1), (7.3)

where x(7) = (x1,x2,...,xp)T denotes the state vector of D dynamical variables, f is a generally
nonlinear vector field, and I' represents stochastic forcing. The stochastic term models both unresolved

physical processes and intrinsic aleatoric uncertainty.

Unlike deterministic systems (Eq. 7.1), the evolution of Eq. 7.3 does not produce a single deterministic
trajectory for a given initial condition. Instead, the system evolves probabilistically due to the stochastic
forcing. Consequently, rather than considering a single trajectory &r(¢) associated with one particular
realisation of the noise I, we consider the evolution of a probability density function p(x, ) over the

phase space.

Given an initial distribution p;, = p(x, 0), the evolution of the probability density associated with Eq. 7.3
is governed by the Kramers—Moyal expansion (Risken 1989). For a single dynamical variable (D = 1),
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the evolution equation takes the form

d ST ANPRT
Ep(x,t)=2(——) DM (x,1)p(x,1), (7.4)

= Ox

where the coefficients DI¥1 are the Kramers—Moyal moments,

1 1
D (,1) = = lim — ([ér(+7) = &0(01") g ) (7.5)

and (-) denotes the expectation over stochastic realisations.

For systems with multiple dynamical variables, the Kramers—Moyal expansion generalises to tensor-

valued coefficients with multiple indices. We refer the reader to (Risken 1989) for further details.

Under the assumptions of d-correlated Gaussian Langevin processes, all terms of order k£ > 3 vanish
due to Pawula’s theorem (Pawula 1967), reducing the Kramers—Moyal expansion to the Fokker—Planck
equation,

) 4 L9

—px,t)=—-> — (DD (x,¢ ,t)+ (D("” 1 ,I)E Fo(x,1), 7.6

0 == 25 (P npm0) + 3] Zo (P m0pn) = Fon. 09

i=1

where ¥ denotes the linear Fokker—Planck operator.

The drift coefficients D) and diffusion coefficients D /) are determined by the nonlinear dynamics f

and stochastic forcing amplitudes g;,

d
i 0
DD (x,1) = fi(x,1) + kzlzjl g0 5 —gin(x.1), (71.7)
.. d
DD (x,1) = ) gin(x,1)gx(x,1). (7.8)
k=1

Importantly, the original nonlinear stochastic dynamical system in Eq. 7.3 has now been reformulated as
a linear evolution equation acting on probability densities. This linear embedding forms the basis for the

quantum implementations considered in this chapter.

In the deterministic limit I' = 0, the diffusion terms vanish and the Fokker—Planck equation reduces to the
Liouville equation (Eq. 7.2). Hence, the Liouville equation can be interpreted as the zero-diffusion limit of
the Fokker—Planck formulation. This connection highlights the close relationship between deterministic

and stochastic operator-theoretic embeddings of nonlinear dynamical systems.

7.1.2 Koopman-von Neumann approach

The Fokker—Planck formulation evolves probability densities under stochastic dynamics. In the determin-
istic limit, this reduces to the Liouville equation, which evolves a probability density under the nonlinear
flow field f. The Koopman—von Neumann (KvN) formulation (Joseph 2020; Piasecki 2021) provides an

alternative but closely related linear embedding of deterministic classical dynamics. Instead of evolving
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the density directly, KvN introduces a complex-valued wavefunction-like object whose squared magnitude
gives the classical probability density.

The total derivative of a scalar function p(x, r) along the flow from Eq. 7.1 is

dpo 0p
—_— = — -Vp.
dt 8t+f P

(7.9
Expanding the divergence term in the Liouville equation gives
op dp
5 T VeteV f =PV f (7.10)
The KvN formulation introduces a complex wavefunction ¥ (x, ¢) such that
p(x.1) =y (x.0). (7.11)
Writing the wavefunction in polar form,
v(x,1) = Vp(x, el =0, (7.12)
where ¢ is a real phase, the total derivative of ¢ along the classical flow is
dy 1 dp .d¢
kR e R Bk ) S 7.13
d1 [2pdl‘ ’d:]‘” (7.13)
Using Eq. 7.10, this becomes
dy 1 .d¢
— = |-=V-f+i—|y. 7.14
dr [ AT } v (7.14)
oy 1 d¢
- __[f-V+V.-(f- j ) 7.15
o =5 L VY (fly+imy (7.15)

The final term corresponds to a phase evolution and does not affect the probability density p = |y|°.
Choosing this phase contribution to vanish gives the standard KvN evolution equation

oy 1

L= V(e

(7.16)
Multiplying by i gives a Schrodinger-like equation
oy .
—— = H, , 7.17
l ot KvNY/ ( )
where the KvIN Hamiltonian is )
N i
Hew = =5 1f - V+V-(f)]. (7.18)
We introduce the momentum operator p = —iV, and the Hamiltonian can also be written in symmetrised
operator form as
N | . . R
A =5 (b F&0) + F(%1) ). (7.19)
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The symmetrisation ensures that Hy.N is Hermitian under suitable boundary conditions.

The KvN formulation, therefore, provides a Hilbert-space representation of classical nonlinear dynam-
ics, where the probability density evolves according to p = ||>. Although the underlying dynamics
remain entirely classical, the evolution is recast into a linear Schrodinger-like equation with a Hermitian
Hamiltonian. This operator-theoretic formulation enables the use of quantum algorithms developed for
Hamiltonian simulation, making it a potentially suitable approach for nonlinear dynamics. We empha-
sise that, despite its resemblance to quantum mechanics, the KvN approach remains a classical method.
From a numerical perspective, the KvN formulation does not include explicit diffusion and can suffer
from parasitic oscillations (Piasecki 2021). Some recent proposals modify the KvN method by explicitly
adding diffusion to the KvIN Hamiltonian in order to suppress these oscillations (Joseph 2020; Novikau
and Joseph 2025); however, the resulting equation lacks physical interpretation. We briefly analyse the
original KvN equation without added diffusion in Sec. 7.5, while focusing primarily on the Fokker—
Planck formulation throughout this chapter. We now present finite-difference discretisation methods for

the Fokker—Planck operator.

7.2 Spatial discretisation of Fokker—Planck equation

To solve the Fokker—Planck equation numerically and enable quantum implementations, the continuous
operator # must first be discretised in space. The resulting semi-discretised system transforms the
continuous probability density evolution into a finite-dimensional linear system that can be represented

by sparse matrices and evolved using classical or quantum algorithms.
Let the spatial domain be the interval [/, [], discretised into N uniformly spaced grid points
Xk = =l + kAx, k=0,...,N-1, (7.20)

with grid spacing
Ars 2L (7.21)
N-1

The continuous probability density o(x, ) is approximated on the grid by

p(t) = (p(xo,1), p(x1,1), ..., p(xn-1,1))". (7.22)

Alternatively, it is often convenient to work with the probability masses px(t) = p(xx,t)Ax, which
represent the probability of finding the system within the interval x; + Ax/2.

p(1) = (po,p1- s pn-1)7, (7.23)
The semi-discretised Fokker—Planck equation takes the form of the master equation
p =Rp, (7.24)
where R is the discretized Fokker—Planck operator.
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The formal solution is given by

t
p(t) =T exp (/ R(t’)dt’)p(O), (7.25)
0
where 7 denotes time ordering.

The discretisation of the spatial derivatives for the matrix operator R is not unique. For any consistent
discretisation, Eq. 7.24 must converge to the continuous Fokker—Planck equation, (Eq. 7.6), as the grid
is refined. One physically consistent ansatz, considered in Tennie and Magri 2024; Holubec, Kroy, and
Steffenoni 2019, is obtained by balancing the transition rates between neighbouring grid points for all
non-boundary points. This construction leads to a central-difference discretisation of the Fokker—Planck

operator, as discussed in Sec. 7.2.1.

Before presenting the numerical results for the integration of the Fokker—Planck equation, we introduce
two discretisation schemes for the spatial derivatives: the central difference and upwinding schemes.
We then discuss their equivalence in terms of numerical diffusion. While diffusion can stabilise the
solution and suppress parasitic oscillations, excessive diffusion can over-dampen the probability density

and distort the underlying dynamics. We demonstrate this trade-off in the results section (Sec. 7.5).

7.2.1 Central difference scheme

We give an overview of numerical schemes, including central difference and upwinding and present the
corresponding discretisation ansatz for the Fokker—Planck operator. To discretise the drift terms in the

Fokker—Planck operator, we first consider the one-dimensional advection equation

ou ou
- - = 2
o +a6x 0, (7.26)

where a denotes a constant advection velocity. Introducing a uniform spatial grid x; = jAx and discrete

time levels " = nAt. Using the symmetric approximation of the spatial derivative

nl _yn u? - u"t

n
J J Jj+1 J-1
=0. 7.27
A YT oAx (7.27)

u

The stencil is second-order accurate in space and first-order accurate in time. Alternatively, substituting

Taylor expansions

du  Ax?0%u ou A2 0%u
n _..n 3 n+l _ _n 3
Wiy =uj £ Axom+ —-og +O(AC),  ufT = uf+ Ao+ —— =5 +O(AF),  (7.28)

into Eq. 7.27 recovers Eq. 7.26 in the limit Ax, At — 0.

The central difference approximation yields the following rate equation for non-boundary grid points
(Holubec, Kroy, and Steffenoni 2019; Tennie and Magri 2024)

(xx) (xx) (xx)
. 1 (1 o D 2D, [ 1 o D
Pk = E (Eﬂk—l + Ax Pk-1— Vpk + E _EDk-H + Ax Dk+1, (729)
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where D;x) = D™ (x;) and Dj(.”) = D) (x;) are the drift and diffusion coefficients evaluated at grid
point x;. The resulting rate matrix R is tridiagonal and sparse. For the off-diagonal entries to remain

positive and p(7) to be positive probabilities, the constraint on the grid spacing is given by

2o
< min T , (730)
k Dkx

which imposes a lower bound on the number of grid points for a given domain (Tennie and Magri 2024).
This tridiagonal structure is well suited to both classical and quantum implementations of the master
Eq. 7.24.

7.2.2 First- and second-order upwinding schemes

For advection-dominated problems, the constraint given in Eq. 7.30 provides a practical bound on the
minimum number of grid points required for the stability of the scheme. To relax this constraint, we
use the upwinding schemes that address this constraint by incorporating directional information from the

flow velocity into the spatial approximation.

For positive advection velocity a > 0, information propagates from left to right, motivating a backwards-

biased stencil
Mr}+l _

J J J j-1

+ =0. 7.31

AT A (7.31)

For a < 0 the stencil is reversed accordingly

uttl —yn u - u"
J J J+l J

+ =0. 7.32

AT Ax (7.32)

Substituting the Taylor expansion of u;?_ , into Eq. 7.31 confirms consistency in the limit Ax, At — 0,
though the scheme is only first-order accurate in space. The leading truncation error takes the form of a
numerical diffusion term proportional to %an d%u/x?, which stabilises the solution at the cost of added

dissipation.

Spatial accuracy can be further improved by considering a higher-order stencil. For a > 0, the second-

order upwind approximation is

n+l _

n n n n
u u" 3u —4u”  + u"
J J Jj-1 J-

J 2
+ =0, 7.33
A 2Ax (7.33)
with the corresponding forward-biased stencil for a < 0,
1
u;§+ —u;.‘ +a—3u;.‘+4u;.‘+l —u;?+2 o .34)
At 2Ax ’ '

Both stencils are second-order accurate in space, recovering the directional stability of first-order up-

winding while reducing the leading truncation error.

When applied to the drift terms of the Fokker—Planck operator, the first-order upwind scheme yields the
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rate equation

Di{l))l’k '™ Ax ([@(x)] [ (X)] ZD(”) ) Pk

Ax Ax
(7.35)
1 x) ] Dl(c)ff)
el e IR el L
where [-]" = max(-, 0) and [-]~ = min(-, 0) denotes the positive and negative parts of the drift

coeflicient, respectively, ensuring the stencil correctly reflects the local flow direction at each grid point.
Compared with Eq. 7.29, the first-order upwind discretisation guarantees positive off-diagonal entries by
construction, relaxing the grid resolution requirement of Eq. 7.30 at the cost of introducing numerical
diffusion proportional to %|D,§x) |Ax. The second-order upwind scheme improves the spatial accuracy
further while retaining the directional dependence of the transport operator. Extending to the second-order

upwind scheme also introduces an additional dependence on py_» (or pg+o for negative drift).

In the discretised Fokker—Planck equation, these upwind approximations are applied to the drift terms,
producing sparse non-Hermitian matrix operators that preserve the directional structure of the underlying
nonlinear flow. In both cases, the resulting rate matrix R is sparse and non-Hermitian, preserving the

directional structure of the underlying nonlinear flow.

In summary, the continuous Fokker—Planck equation and boundary conditions can be consistently discre-
tised in the form of a master equation, which is linear and non-normal. We consider reflective boundary
conditions in this work, and the results for various discretisation schemes and nonlinear systems are

presented in Sec. 7.5.

7.3 Numerical diffusion

A key consequence of the choice of discretisation scheme is the introduction of numerical errors, including
artificial diffusion and dispersion, arising from the truncation of the finite-difference approximation. To
quantify this effect, we analyse the modified equation associated with each scheme by retaining higher-
order terms in the Taylor expansion, and then establish a physical limitation on resolving the chaotic

attractor and fine scales in the presence of diffusion.

7.3.1 First-order upwind scheme

Substituting the Taylor expansions of ”7‘—1 and u;’.“ into the first-order upwind scheme (Eq. 7.31) and

retaining leading-order truncation terms yields

2
ou ou alAx ( aAt) 0“u + O(AZ. AP, (7:36)

o T T 2 T A ) a2

The right-hand side reveals that the first-order upwind scheme does not solve the original advection

equation (Eq. 7.26), but rather a modified equation with an effective numerical diffusion coefficient,

aA.x alt alx
num — 1-—]=—(1-CFL .
D - ( A ) ( CFL), (7.37)
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where CFL = aAt/Ax is the Courant—Friedrichs—Lewy number. For 0 < CFL < 1, Dy, = 0, so the
scheme is dissipative. The numerical diffusion vanishes only when CFL = 1, i.e. when the discrete

propagation speed exactly matches the physical advection velocity.

7.3.2 Second-order upwind scheme

Carrying out the same modified-equation analysis for the second-order upwind scheme in Eq. (7.33), the
spatial approximation eliminates the leading second-derivative diffusion term present in the first-order
upwind scheme. Retaining the leading temporal and spatial truncation terms gives

ou ou 1 0’u  alAx? 0u

2 3 2
Ou  ou _ 1 0y 07 axT 0w o 5 oa2y 7.
ot Tl T T2 M GE T T3 g 1O AL (7.38)

The leading spatial truncation error is therefore proportional to the third spatial derivative and is pre-
dominantly dispersive, rather than diffusive. The forward-Euler temporal discretisation introduces the
second-derivative term

Doum = —%azAt, (7.39)

which has a negative coefficient and therefore corresponds to anti-diffusion rather than numerical dis-
sipation. Consequently, the second-order upwind scheme does not contain the leading positive spatial
numerical diffusion of the first-order upwind scheme, but its stability depends on the temporal discreti-

sation and, in the present Fokker—Planck setting, on the explicitly included physical diffusion.

7.3.3 Diffusion time scale and the Lyapunov constraint

We have established that, in the Fokker—Planck formulation, the evolution contains both physical diffusion
and intrinsic numerical diffusion arising from the discretisation scheme. The total effective diffusion,
therefore, contains contributions from both the physical diffusion tensor 9 **) and the numerical diffusion
Dnum- We now compare the associated diffusion time scale against the intrinsic dynamical time scales of

the dynamical system. Consider the diffusion equation

OP(x,1)

_ 2
e DV-p(x,t), (7.40)

and take the Fourier transform with respect to x, yielding

WD ok ik, (7.41)

whose solution is ¢(k,t) = e~ DK $(k,0). The diffusion time scale at wavenumber k is therefore
74 = (Dk?)~!, with units of time. For a spatially discretised domain with grid spacing Ax, the maximum

resolved wavenumber is (Allawala and Marston 2016)

Vg
kmax = Ev (742)
so the minimum diffusion time scale, governing the fastest-decaying mode on the grid is
- Dn?
Tmin = Dkinax = e (7.43)

108



This timescale sets a fundamental constraint on diffusion, which acts directly on the smallest resolved
scales, and if 74 miy 1S too short relative to the dynamical time scales of the system, fine-scale structures

in the probability density are irreversibly smoothed out.

For chaotic systems, the relevant dynamical time scale is naturally given by the Lyapunov time

TA :/1_1

max?

(7.44)

where Amax s the maximum Lyapunov exponent. To ensure that diffusion does not erase these structures
faster than they are generated, the fastest diffusive decay rate on the grid must remain smaller than the
Lyapunov growth rate,

T min = Dkmax < Amax. (7.45)

Using Eq. 7.43, this gives the constraint

Amax Ax?
D < % (7.46)
s
Eq. 7.46 provides an upper bound on the effective diffusion that can be introduced while still resolving
the Lyapunov-generated fine-scale structure of the dynamics. Here O should be interpreted as the total
effective diffusion, including both the physical diffusion contribution 9 **) and the numerical diffusion

PDnum introduced by the discretisation scheme.

If this condition is violated, diffusion begins to damp the probability density at length scales comparable
to those of the chaotic attractor itself. As a result, the fine filamentary structures that characterise the
chaotic invariant set are progressively smeared out. The numerical solution therefore no longer converges
to the true invariant measure of the deterministic, or weakly diffusive, system, but instead approaches an

artificially broadened distribution.

7.3.4 Implications for scheme selection

The Lyapunov constraint in Eq. 7.46 has direct implications for the choice of discretisation scheme.
In particular, the effective diffusion introduced by the scheme must remain sufficiently small to avoid

suppressing the fine-scale structure generated by the chaotic dynamics.
Comparing the schemes introduced in Secs. 7.2.1-7.2.2:

* The central difference scheme introduces no leading-order spatial numerical diffusion and therefore
provides the most accurate representation of the dynamics when the grid resolution condition in
Eq. 7.30 is satisfied. However, any physical diffusion added for stability must itself satisfy Eq. 7.46,
thus requiring a large number of grid points.

* The first-order upwind scheme introduces numerical diffusion
1
Dpum ~ Ean(l - CFL), (7.47)
which scales linearly with Ax. While this stabilises the evolution and suppresses oscillations,

109



excessive diffusion may smooth the probability density and violate the Lyapunov constraint.

* The second-order upwind scheme removes the leading-order second-derivative contribution to
spatial numerical diffusion. Its leading spatial truncation error is instead dispersive, while the

forward-Euler temporal discretisation introduces the signed effective coefficient
1,
Drum ~ —54 At. (7.48)

The negative sign indicates an anti-diffusive rather than dissipative effect. Under CFL-constrained
time stepping, for which A7 = O(Ax), the magnitude |Dyum| scales as O(Ax). Consequently, the
scheme avoids the leading positive spatial numerical diffusion of the first-order upwind scheme,

although its stability depends on the temporal discretisation and any explicitly added diffusion.

In all three cases, the numerical diffusion acts as an additive contribution to the physical diffusion
coefficient D*¥). The comparison between physical diffusion, numerical diffusion, and the diffusivity
of a chaotic attractor is examined systematically in Sec. 7.5. We now present a unitary block encoding
(Arrazola, Guala, and Soni 2023) method for integrating the Fokker—Planck equation on near-term

quantum hardware.

7.4 Unitary block encoding for forward Euler Fokker—Planck integration

The semi-discretised Fokker—Planck equation introduced in Eq. 7.24 can be integrated numerically using
the forward Euler method with time-step size At (Tennie and Magri 2024). The forward Euler update
takes the form

p(t+At) =T +AtR) p(1). (7.49)

We first define the forward-Euler evolution operator
Ag =1+ AtR. (7.50)
To ensure that the operator used in the block encoding is a contraction, we normalise it as
A
A=—, @ = | Aoll2, (7.51)
«
such that ||A]]> < 1.

Starting from an initial probability vector p(0), repeated Euler updates require repeated applications of the
non-unitary operator Ag. In the quantum implementation, we instead apply its normalised form A, which
produces a state proportional to the same forward-Euler update after post-selection and normalisation.
Let |p(0)) denote a normalised quantum state proportional to the classical probability vector p(0). Since
A is generally non-unitary, its action cannot be directly implemented on a quantum computer using
standard unitary evolution. To overcome this, we employ unitary block encoding (Arrazola, Guala, and
Soni 2023).
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Introducing an ancilla qubit |g,), we construct the unitary operator

VI-ATA At

Up: = , 7.52
SO WY v (752

or, equivalently, in tensor-product form,

Unar =104){04| ® NI - ATA
+104) (14| ® AT
+112){(04| ® A

— [1a){14] ® VI — AAT. (7.53)

A single forward Euler propagation step is implemented by applying Ux; to the composite state |[0,) ®
|p (1)), followed by a projective measurement and post-selection of the ancilla qubit in the state |1,). A

subsequent Pauli-X operation may be applied to reset the ancilla to |0, ) before the next propagation step.

Conditioned on successful post-selection, the system register is proportional to

Alp() =~ Adlp(1). (754

The factor 1/a does not affect the encoded state after normalisation, although it changes the post-selection

success probability.

The corresponding success probability is

(p(1|ATAlp(1))

$[1 + Ar(p(1)] (R +RT) Ip(0) +0(AR)]. (1.55)

PSLIC (t)

By construction, ||A]|> < 1, and therefore
ATA <1, AAT <. (7.56)

Consequently, I — ATA and I — AAT are positive semidefinite. This guarantees that the block-encoded

unitary operator Uy, is well defined and that the success probability satisfies Pgy(#) < 1.

For generic states that are not mapped entirely onto a singular subspace of A with singular value one, the
success probability is strictly smaller than unity. Consequently, after n repeated Euler steps, the overall

success probability is
n—1
PGl = | [T Alp (1)), 1 = kA, (7.57)
k=0

For small Az, this product may decrease approximately exponentially with the total integration time
T = nAt.

Therefore, although unitary block encoding enables the implementation of non-unitary forward Euler
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evolution on a quantum computer, the success probability decreases with increasing total integration time,
which limits the achievable simulation horizon. In this chapter, we first present classically simulated
Fokker—Planck solutions for two-dimensional nonlinear systems and three-dimensional chaotic systems in
Sec. 7.5. We then implement the block-encoding framework for a one-dimensional prototypical nonlinear

system and present the corresponding quantum-hardware implementation results in Sec. 7.7.

7.5 Results

We present the numerical integration solution for the Fokker—Planck equation for a nonlinear damped

harmonic oscillator and the chaotic Lorenz-63 system.

7.5.1 Damped harmonic oscillator

We first consider a two-dimensional damped harmonic oscillator with drift fields
fr(xy) = -y —yxy*, (7.58)

fy(x.y) =x—yx’y, (7.59)

where ¥ = 0.1 controls the nonlinear damping. The original trajectory of the dynamical system is
obtained using the fourth-order Runge—Kutta method with time step Az = 0.01, starting from the initial
condition (xg, yg) = (0,0.6). The integrated trajectory is shown in Fig. 7.1.

For the Fokker—Planck formulation, we consider the computational domain [Xmin, Xmax ] X [ Ymin> Ymax] =
[-2,2] x [-2,2]. The initial probability density is taken to be a normalised ¢ -distribution centred at
the initial condition. To obtain the reference Fokker—Planck solution, we compute the matrix exponential
evolution of the discretised operator over a total physical time of T = 50. We then compare this against

the forward-Euler Fokker—Planck integration using different discretisation schemes and grid resolutions.

The numerical parameters, discretisation schemes, and grid resolutions are summarised in Table 7.2.

Table 7.2: Input parameters used for the damped-harmonic oscillator Fokker—Planck simulation.

Parameter Symbol / Setting  Central difference Upwinding

Numerical scheme - Central difference Upwind

Boundary condition - Reflective Reflective

Grid points Ny X Ny, 32 %32 32 x 32,64 x 64, 128 x 128
Added diffusion coefficient D 0.05 0.00

Model parameter 0% 0.1 0.1

Initial condition (x0, y0) (0,0.6) (0,0.6)

Matrix exponential time step  Afper 0.01 0.01

Forward-Euler FP time step ~ Afpp 0.001 0.001

Central difference with added diffusion

We first analyse the central difference discretisation of the Fokker—Planck operator for the damped

harmonic oscillator system. In Fig. 7.2, the reference trajectories are shown to evolve from the initial
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Figure 7.1: Original dynamical equation solution of the 2-dimensional damped harmonic oscillator. On
the left, phase space trajectory solution. On the right, time series plot of each variable

o-distribution forward in time. In Fig. 7.3, the Euler-integrated trajectory is shown, with similar evolution

t=1.00s

as the reference solution.
t=0.00s t=20.10s t=0.20s

0.15

Figure 7.2: Reference phase space solution of the 2-dimensional damped harmonic oscillator obtained via

matrix exponentiation. The evolution of the probability distribution function from the initial condition.
t=1.00s

t=0.00s t=0.10s t=0.20s

0.10 p

Figure 7.3: Integrated phase space solution of the 2-dimensional damped harmonic oscillator obtained
via a first-order Euler central difference scheme. The evolution of the probability distribution function

from the initial condition.
To make a quantitative comparison, we plot the absolute error difference between the reference and
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obtained solution and present the results in Fig 7.4. The long-term solution over 5 seconds of physical

time gives an error metric of le — 4. This can also be visualised in a phase-space trajectory comparison

plot in Fig. 7.5.
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Figure 7.4: Error bar for the reference vs integrated phase space solution of the 2-dimensional damped
harmonic oscillator for the first-order Euler central difference scheme. The colour bar indicates the
absolute difference.
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Figure 7.5: Phase space trajectory solution, reference solution vs the integrated solution obtained via
first-order Euler central difference scheme.

We now compare the reference and the obtained solution with the original dynamical system solution
equations in Fig. 7.28. Although the forward Euler integrated Fokker—Planck solution is close to the
Both
solutions converge to an overdamped stationary solution faster than the original solution, thus making the

short-term time series prediction limited.

reference solution obtained via matrix exponential (reference solution), with similar settings.

Upwinding with zero added diffusion

We now analyse the first-order upwinding discretisation of the Fokker—Planck operator without any
explicitly added diffusion. Unlike the central difference scheme discussed previously, the upwinding

formulation introduces intrinsic numerical diffusion through the directional discretisation of the advection
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Figure 7.6: Trajectory comparison for the reference vs integrated Fokker—Planck solution obtained via
first-order Euler central difference, against the original system equation solution. On the left, time-series
plots for each variable are shown. On the right, the variance plot is shown over time.

terms. We investigate how this numerical diffusion affects the long-term stability and accuracy of the
obtained probability density solution.

We first consider a coarse 32 x 32 phase-space discretisation. The absolute error between the reference
matrix exponential solution and the forward Euler upwind-integrated solution is shown in Fig. 7.7.
Compared to the central difference scheme with added diffusion, the solution remains stable despite
the absence of explicit physical diffusion. This indicates that the numerical diffusion generated by the

upwinding scheme is sufficient to regularise the solution at coarse resolution.
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Figure 7.7: Error plot for the reference versus integrated phase space solution of the 2-dimensional
damped harmonic oscillator using the first-order Euler upwinding scheme with zero added diffusion on a
32 x 32 grid. The colour bar indicates the absolute difference between the reference matrix exponential
solution and the integrated Fokker—Planck solution.

The corresponding trajectory and variance comparison against the original dynamical system are presented
in Fig. 7.8. Similar to the central difference case with added diffusion, the upwinding solution converges
toward an overdamped stationary state faster than the original nonlinear dynamical system. The increased
damping arises from the intrinsic numerical diffusion of the upwinding discretisation, which smooths the

probability density during propagation.
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Figure 7.8: Trajectory comparison for the reference versus integrated Fokker—Planck solution obtained
via the first-order Euler upwinding scheme with zero added diffusion on a 3232 grid, against the original
system equation solution. On the left, time-series plots for each variable are shown. On the right, the
variance plot is shown over time.

This behaviour can also be visualised in the phase-space mean trajectory comparison shown in Fig. 7.9,
where the integrated solution follows the reference solution closely while exhibiting stronger damping

relative to the original dynamical system trajectory.
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Figure 7.9: Phase space trajectory solution for the reference solution versus the integrated solution
obtained via the first-order Euler upwinding scheme with zero added diffusion on a 32 x 32 grid.

We next increase the phase-space resolution to a 64 X 64 grid. The corresponding error plot is shown
in Fig. 7.10. Increasing the spatial resolution reduces the discretisation error and improves the agree-
ment between the reference and integrated solutions. The finer discretisation also reduces the effective

numerical diffusion associated with the upwinding scheme.

The trajectory comparison in Fig. 7.11 shows improved agreement with the original system dynamics
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Figure 7.10: Error plot for the reference versus integrated phase space solution of the 2-dimensional
damped harmonic oscillator using the first-order Euler upwinding scheme with zero added diffusion on a
64 x 64 grid. The colour bar indicates the absolute difference between the reference matrix exponential
solution and the integrated Fokker—Planck solution.

compared to the 32 x 32 grid case. The variance decay remains slower relative to the coarse-grid
solution, indicating that the reduced numerical diffusion allows the probability density to retain more of

the underlying dynamical structure over longer integration times.

Original ----- Fokker-Planck - Euler —— True (Fokker-Planck) Var[z(t)] ---=+ Fokker-Planck - Euler Var[z(t)]
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Figure 7.11: Trajectory comparison for the reference versus integrated Fokker—Planck solution obtained
via the first-order Euler upwinding scheme with zero added diffusion on a 64 X 64 grid, against the original
system equation solution. On the left, time-series plots for each variable are shown. On the right, the
variance plot is shown over time.

The phase-space trajectory comparison shown in Fig. 7.12 further confirms the improved consistency

between the reference and integrated solutions at higher spatial resolution.

Finally, we consider a 128 x 128 phase-space discretisation. The trajectory comparison is shown in
Fig. 7.13. At this higher resolution, the numerical diffusion associated with the upwinding discretisation
is further reduced, allowing the integrated Fokker—Planck solution to more accurately capture the transient
oscillatory behaviour of the original dynamical system. The variance evolution also remains closer to the
reference solution over longer integration times.

Overall, the results demonstrate that the upwinding scheme remains stable even without explicitly added
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Figure 7.12: Phase space trajectory solution for the reference solution versus the integrated solution
obtained via the first-order Euler upwinding scheme with zero added diffusion on a 64 x 64 grid.
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Figure 7.13: Trajectory comparison for the reference versus integrated Fokker—Planck solution obtained
via the first-order Euler upwinding scheme with zero added diffusion on a 128 x 128 grid, against the
original system equation solution. On the left, time-series plots for each variable are shown. On the right,
the variance plot is shown over time.

diffusion due to its intrinsic numerical diffusion. However, this numerical diffusion introduces artificial
damping that modifies the long-term dynamics. Increasing the grid resolution reduces the effective
numerical diffusion and improves agreement with the original dynamical system, but results in parasitic
oscillations (Fig. 7.13), highlighting the trade-off between numerical stability and dynamical accuracy in

Fokker—Planck integration.

7.5.2 Lorenz-63 system

The main focus of this chapter is to extend the Fokker—Planck approach to chaotic differential equations,

thereby enabling the use of quantum algorithms for the simulation of turbulent and chaotic dynamics.
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As a representative test case, we consider the Lorenz—63 system introduced and analysed previously in
Chap. 4.

The reference trajectory of the original nonlinear ODE system is obtained by integrating the Lorenz—63
equations forward in time using the fourth-order Runge—Kutta method with time step size dt = 0.01.
We then reformulate the nonlinear dynamics into a linear Fokker—Planck partial differential equation and
discretise the resulting operator using the upwinding schemes introduced in Sec. 7.2. The computational

domain is taken as
[xmin, xmax] X [ymina ymax] X [Zmin’ Zmax] = [_309 30] X [‘40, 40] X [_10, 60]

For the three-dimensional Lorenz system, direct matrix exponentiation of the Fokker—Planck operator
becomes computationally prohibitive due to the larger grid size. Therefore, as a reference solution,
we instead compare against the stochastic differential equation formulation integrated using the Euler—
Maruyama method implemented in the BrainPy (Wang et al. 2023) library with time step size Atspg =
107* and an ensemble of 5000 particles. In Tab. 7.3, we summarise the numerical parameters and

discretisation schemes for the utilised configurations.

Table 7.3: Input parameters used for the Lorenz—63 Fokker—Planck simulations.

Parameter Symbol / Setting Upwinding Second-order upwinding
Numerical scheme - Upwind Second-order upwind
Boundary condition - Reflective Reflective

Grid points Nx XNy X N, 100 x 100 x 100 100 x 100 x 100

Added diffusion coefficient D (0.5,0.5,0.5) (0.5,0.5,0.5)

Initial deterministic state Xinit (7.4325,10.0207,29.6230)  (7.4325,10.0207,29.6230)
SDE time step AtspE 1074 1074

Forward-Euler FP time step ~ Afpp 1073 1076

First-order upwinding scheme

For the Fokker—Planck integration of the Lorenz—63 system, we first use a first-order upwind discretisation
of the drift operator together with forward Euler time integration. We use a grid size of 100 x 100 x 100,
a time step Atpp = 1073, and added diffusion coefficients D¥) = DY) = P2 = (0.5, Reflective
boundary conditions are imposed, and the initial probability density is chosen as a localised delta

distribution.

The resulting mean trajectories are shown in Fig. 7.14. Compared with the original deterministic Lorenz—
63 solution and the reference SDE solution, the Fokker—Planck trajectories decay rapidly towards the
stationary distribution. This behaviour is caused by excessive damping from the total effective diffusion,
Dest = D + Dpum, Where the numerical diffusion introduced by the first-order upwind discretisation
dominates the effective diffusion for the present grid configuration. We estimate that the numerical

contribution can be as large as O(10?), leading to an over-smoothed probability density.

The overdamping and smearing of the attractor are further observed in the projected probability density

functions in the (x,y), (x,z), and (y, z) planes, shown in Figs. 7.15-7.17. The comparison is made
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Figure 7.14: Trajectory comparison for the SDE solution versus the integrated Fokker—Planck solution
of Lorenz—63 obtained using the first-order Euler upwinding scheme with added diffusion coefficients
D) = pOY) = P(z2) = 0.5 on a 100 x 100 x 100 grid, compared against the original deterministic
system. Time-series plots for each variable are shown together with the ensemble variances.

against the reference SDE particle solution obtained using the same diffusion configuration. The first-
order upwind scheme smooths the attractor structure and produces the largest signed errors near the
high-density regions of the attractor. This smoothing is also visible in the one-dimensional marginal
PDFs shown in Figs. 7.18 and 7.19, where the Fokker—Planck solution becomes broader and less sharply

concentrated than the SDE reference.
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Figure 7.15: Projected probability density comparison in the (x,y) plane for the Lorenz—63 system
obtained from the integrated Fokker—Planck equation using the first-order Euler upwinding scheme,
compared against the reference SDE particle solution. The signed error between the two solutions is also
shown.
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Figure 7.16: Projected probability density comparison in the (x,z) plane for the Lorenz—63 system
obtained from the integrated Fokker—Planck equation using the first-order Euler upwinding scheme,
compared against the reference SDE particle solution. The signed error between the two solutions is also

shown.
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Figure 7.17: Projected probability density comparison in the (y,z) plane for the Lorenz—63 system
obtained from the integrated Fokker—Planck equation using the first-order Euler upwinding scheme,
compared against the reference SDE particle solution. The signed error between the two solutions is also

shown.
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Figure 7.18: Comparison of the one-dimensional marginal probability density functions P(x), P(y), and
P(z) for the Lorenz—63 system at t = 9.000, obtained from the integrated Fokker—Planck equation using

the first-order Euler upwinding scheme and the reference SDE particle solution.

Second-order upwinding scheme

To reduce the overdamping observed with the first-order scheme and improve short-time predictability, we

next implement a second-order upwinding scheme. As discussed in Sec. 7.3, the leading-order numerical
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Figure 7.19: Comparison of the one-dimensional marginal probability density functions P(x), P(y), and
P(z) for the Lorenz—63 system at ¢ = 9.995, obtained from the integrated Fokker—Planck equation using
the first-order Euler upwinding scheme and the reference SDE particle solution.

diffusion of the second-order upwind scheme no longer scales in the same way with the spatial grid
spacing as in the first-order scheme. Instead, the dominant dissipative contribution is controlled mainly

by the temporal discretisation. This makes the method less diffusive for the same spatial resolution.

The resulting time-series trajectories are shown in Fig. 7.20. Compared with the first-order upwind
scheme, the second-order scheme preserves the transient dynamics more accurately and remains close to
the deterministic and SDE reference trajectories for approximately two to three Lyapunov times. After
this time, the chaotic sensitivity to initial conditions causes the mean trajectory to diverge, as expected
for the Lorenz—63 system. However, unlike the first-order scheme, the solution does not immediately

collapse to an overdamped stationary state.
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Figure 7.20: Trajectory comparison for the SDE solution versus the integrated Fokker—Planck solution
of Lorenz—63 obtained using the second-order Euler upwinding scheme with added diffusion coefficients
DEX) = OY) = P2 = 0.5 on a 100 x 100 x 100 grid, compared against the original deterministic
system. Time-series plots for each variable are shown together with the ensemble variances.
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The projected PDFs shown in Figs. 7.21-7.23 confirm that the second-order upwind scheme preserves
the geometry of the Lorenz attractor more accurately than the first-order scheme. The two lobes of the
attractor remain clearly visible, and the signed-error plots show a reduced smoothing bias compared with
the first-order discretisation. The remaining differences are mainly concentrated around regions where
the density changes rapidly, which is expected because these regions are most sensitive to both numerical

diffusion and finite grid resolution.

The one-dimensional marginal distributions in Figs. 7.24 and 7.25 also show improved agreement with
the SDE reference solution. At both ¢t = 9.000 and ¢ = 9.995, the Fokker—Planck marginals reproduce
the main peaks and widths of the particle-based distributions more accurately than the first-order upwind
scheme. This indicates that the second-order scheme provides a better balance between stability and

accuracy for the Lorenz—63 Fokker—Planck integration.
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Figure 7.21: Projected probability density comparison in the (x,y) plane for the Lorenz—63 system
obtained from the integrated Fokker—Planck equation using the second-order Euler upwinding scheme,
compared against the reference SDE particle solution. The signed error between the two solutions is also
shown.
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Figure 7.22: Projected probability density comparison in the (x,z) plane for the Lorenz—63 system
obtained from the integrated Fokker—Planck equation using the second-order Euler upwinding scheme,
compared against the reference SDE particle solution. The signed error between the two solutions is also
shown.

To summarise, the first-order upwind scheme provides a stable Fokker—Planck integration but introduces

excessive numerical diffusion. For the Lorenz—63 system, this leads to rapid overdamping of the mean
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Figure 7.23: Projected probability density comparison in the (y,z) plane for the Lorenz—63 system
obtained from the integrated Fokker—Planck equation using the second-order Euler upwinding scheme,

compared against the reference SDE particle solution. The signed error between the two solutions is also
shown.
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Figure 7.24: Comparison of the one-dimensional marginal probability density functions P(x), P(y), and
P(z) for the Lorenz—63 system at ¢ = 9.000, obtained from the integrated Fokker—Planck equation using
the second-order Euler upwinding scheme and the reference SDE particle solution.
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Figure 7.25: Comparison of the one-dimensional marginal probability density functions P(x), P(y), and
P(z) for the Lorenz—63 system at ¢ = 9.995, obtained from the integrated Fokker—Planck equation using
the second-order Euler upwinding scheme and the reference SDE particle solution.

trajectory and excessive smoothing of the probability density on the attractor. Although this stabilises the

integration, it also destroys important dynamical features of the chaotic system.

In contrast, the second-order upwind scheme significantly reduces the artificial diffusion and preserves
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both the transient trajectory statistics and the attractor geometry more accurately. The results show that
the second-order scheme provides a better approximation to the reference SDE solution, particularly in
the projected PDFs and one-dimensional marginal distributions. Therefore, for chaotic systems such as
Lorenz—63, higher-order upwinding gives a more suitable compromise between numerical stability and

physical accuracy.

7.6 Integrating nonlinear dynamics with the Koopman-von Neumann ap-

proach

Before presenting the numerical results for the quantum algorithms used to integrate the Fokker—Planck
equation, we first test the alternative Koopman—von Neumann (KvN) approach introduced in Sec. 7.1.2.
We consider the same two-dimensional damped harmonic oscillator analysed previously using the Fokker—

Planck formulation in Sec. 7.5.

The purpose of this section is to investigate whether the KvN formulation avoids some of the numerical
issues observed in the Fokker—Planck approach. In particular, the KvN method evolves a complex-valued
state vector i rather than directly evolving the probability density p. The probability density is then
recovered as p = |y|?. This avoids directly imposing probability-conservation constraints on p during the

time integration. The simulation setup follows Sec. 7.5, and the parameters are summarised in Tab. 7.4.

Table 7.4: Input parameters used for the damped harmonic oscillator, Koopman—von Neumann simulation.

Parameter Symbol / Setting Value

Numerical scheme - Central difference
Boundary condition - Reflective

Grid points Ny X N, 32 %32
Computational domain [Xmin> Xmax] X [Ymins Ymax] [—2,2] X [-2,2]
Added diffusion coefficient D 0.00

Model parameter 0% 0.1

Initial condition (x0, y0) (0,0.6)
Forward-Euler KvN time step  ArgyN 1073

For the KvN simulation, we discretise the Liouville-type KvN operator using a symmetric central-
difference approximation and no added diffusion. The state vector i is evolved directly using a first-order
forward-Euler method, after which the probability density is reconstructed from p = |y|?>. The results
are shown in Figs. 7.26 and 7.27. Figure 7.26 shows the evolution over the short-time interval ¢ € [0, 1],

while Fig. 7.27 shows the longer-time behaviour over 7 € [1, 40].

Although the KvN method evolves the wavefunction rather than the probability density directly, the
central-difference discretisation without diffusion still leads to spurious oscillations. These oscillations
are caused by the lack of numerical dissipation in the discretised transport operator and are consistent
with the instability behaviour discussed in (Novikau and Joseph 2025).

The comparison between the reference solution, the integrated KvN solution, and the original system
trajectory is shown in Fig. 7.28. The time-series plots show that the reconstructed mean trajectory

becomes increasingly damped over time due to the interaction between the non-diffusive central-difference
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t=0.00s t=0.00s t=0.00s t=1.00s

Figure 7.26: Integrated phase-space solution of the two-dimensional damped harmonic oscillator obtained
using the Koopman—von Neumann formulation with a first-order forward-Euler central-difference scheme
and no added diffusion. The probability density is reconstructed from p = ||>. The evolution is shown
over the short-time interval ¢ € [0, 1].

t=1.00s t=10.00s t=20.00s t=40.00s

Figure 7.27: Integrated phase-space solution of the two-dimensional damped harmonic oscillator obtained
using the Koopman—von Neumann formulation with a first-order forward-Euler central-difference scheme
and no added diffusion. The probability density is reconstructed from p = |¢|>. The evolution is shown
over the longer-time interval ¢ € [1,40], where spurious oscillations become more visible.

discretisation and the reconstruction of the probability density from p = [y |?.

These results show that, although the KvN formulation provides a useful Hilbert-space representation
of nonlinear classical dynamics, it does not by itself resolve the numerical issues associated with dis-
cretising transport-dominated dynamics. In the absence of added diffusion, stabilised discretisation, or
more suitable time-integration schemes, the KvIN approach still exhibits spurious oscillations, artificial
damping, and long-time numerical degradation. Therefore, the KvN formulation does not automatically

remove the numerical instability associated with discretising the Fokker—Planck operator.

7.7 Block-encoding and hardware implementation

The approaches discussed throughout this chapter provide a pathway for reformulating nonlinear dif-
ferential equations into linear operator representations. However, these formulations generally suffer
from the curse of dimensionality, requiring careful numerical discretisation and stabilisation strategies
for efficient classical emulation. We now motivate the use of quantum algorithms for simulating these

high-dimensional linearised systems more efficiently than classical approaches.

In particular, we apply the unitary block-encoding method introduced in Sec. 7.4 for the forward-Euler

integration of the linearised Fokker—Planck equation. As a prototypical example, we consider the one-
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Figure 7.28: Trajectory comparison between the reference Koopman—von Neumann solution, the forward-
Euler Koopman—von Neumann solution, and the original system equation solution. The left panels show
the time-series comparison for each variable, while the right panel shows the corresponding variance over
time.

dimensional nonlinear system
X =x— k1, (7.60)

with « = 0.5. The Fokker—Planck operator is discretised using a central-difference scheme with reflec-
tive boundary conditions. The simulation parameters used for the block-encoding implementation are

summarised in Tab. 7.5.

Table 7.5: Input parameters used for the one-dimensional Fokker—Planck block-encoding simulation.

Parameter Symbol / Setting  Value

Numerical scheme - Central difference
Boundary condition - Reflective

Grid points Ny 16
Computational domain [Xmin»> Xmax ] [-2,2]

Added diffusion coefficient D 0.15

Model parameter K 0.5

Initial distribution - Normalized delta
Forward-Euler time step Atgg 1072
Block-encoding time step Atgg 1072
Measurement shots - 1000

As discussed in Sec. 7.4, we use block encoding to represent the discrete one-dimensional Fokker—Planck

propagator. We first define the forward-Euler evolution operator
Ag=1+ A[BER, (761)

where R is the finite-difference Fokker—Planck operator and Atgg = 10~2. To ensure that the operator is
a contraction, we normalise it as
Ay
A= — a = ||Aoll2- (7.62)
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For the spatial discretisation N, = 16, the normalised propagator A € R'6*16 was embedded into a
unitary matrix U € C32%32, This required 4 data qubits to encode the spatial probability vector together

with one ancilla qubit, giving a total register size of 5 qubits.

The block-encoded unitary was constructed as

VI - ATA AT
U= _ (7.63)
A —VI - AAT

The time evolution is simulated by repeatedly applying the block-encoded unitary and postselecting the
ancillain the state | 1). Conditional on successful postselection, the data register is proportional to A|p(1)).
A total of 30 block-encoding steps are applied. We also perform a finite-shot implementation using 1000
measurement shots to investigate the effects of sampling noise present in hardware implementations.
After compilation, the circuit acts on 5 qubits and contains 1786 gates, with a circuit depth of 1291. The

decomposition consists of 1244 single-qubit gates and 542 two-qubit CNOT gates.

True  ----- Fokker-Planck Euler =~ —-—-- Block encoding exact  -=----- Block encoding (1000 shots)

t=0.00s t=0.05s t=0.10s

Probability density p(x, t)

Figure 7.29: Comparison of the probability-density evolution obtained from the reference matrix-
exponential solution, the classical forward-Euler integration, and the quantum block-encoding imple-
mentation. The exact block-encoding solution closely follows the classical evolution, while the 1000-shot
reconstruction reproduces the same qualitative behaviour with small sampling fluctuations.

The resulting probability-density evolution is shown in Fig. 7.29. The exact state-vector block-encoding
solution closely follows both the classical forward-Euler and reference matrix-exponential solutions
throughout the integration. The probability density evolves away from the unstable fixed point at x = 0

and gradually accumulates around the two stable regions, reproducing the expected bistable behaviour of
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the system. The shot-based reconstruction using 1000 measurements captures the same overall dynamics,
with only small statistical fluctuations relative to the exact state-vector evolution. These results show
that the block-encoding implementation successfully reproduces the dynamics of the discretised Fokker—

Planck equation while remaining compatible with a unitary quantum evolution.

7.7.1 Hardware implementation

We demonstrate the implementation of the Fokker—Planck solver for the one-dimensional nonlinear
system analysed in Sec. 7.7 on several quantum hardware platforms. To mitigate hardware coherence and
circuit-depth limitations, we reduce the spatial discretisation from 16 to 8 grid points. A summary of the

hardware configurations is given in Tab. 7.6.

Table 7.6: Hardware configurations used for the one-dimensional Fokker—Planck block-encoding experi-
ments. All circuits use four qubits with At = 0.01 and 8 grid points. Gate counts are rounded per-circuit
averages over the submitted time-step runs.

QPU Device summary Shots/run  Total runs Psuce ng;gc Single-qubit gates Two-qubit gates Total gates
IonQ Forte-3 36-qubit trapped-ion 100 20 0.6500 0.5100 1327 69 1400
IQM Emerald 54-qubit superconducting transmon 2000 9 0.4879 0.4650 556 181 741
Rigetti Ankaa-3  84-qubit superconducting 4000 15 0.6675 0.4753 1345 221 1570
IQM Emerald 54-qubit superconducting transmon 2000 20 0.4834 0.4610 557 182 743

The results from the hardware runs are shown in Figs. 7.30—7.33. In all cases, the hardware-reconstructed
distributions diverge from the classical reference to varying degrees, with the extent of degradation

reflecting each device’s noise characteristics, shot budget, and circuit depth.

First, the Rigetti Ankaa-3 (Fig. 7.31) shows the most agreement with the reference solution. The two-peak
structure of the evolving probability density remains visibly intact through ¢ = 0.09s,and at# = 0.15 s, the
hardware distribution still captures the qualitative features of the true solution, including the approximate

relative bin magnitudes and positions, despite amplitude errors and minor distortions throughout.

The IonQ Forte-3 (Fig. 7.30) shows initial agreement at the earliest timestep but diverges progressively
from ¢ = 0.04 s onward. Given the shot budget of only 100 shots, a substantial portion of this error is

expected to be dominated by shot noise rather than gate errors.

The IQM Emerald results (Figs. 7.32—-7.33) exhibit the most severe degradation. From as early as
t = 0.01 s, both runs collapse to a nearly uniform probability density of approximately 0.20-0.22 across
all grid points. This behaviour is consistent with the measured output approaching that of a maximally

mixed state due to accumulated decoherence, gate, and readout errors.

In summary, these results indicate that, even for this simplified one-dimensional model, hardware noise
dominates the evolution across all tested platforms. For a limited number of time steps and specific hard-
ware configurations, the block-encoding implementation reproduces qualitative features of the probability
transport dynamics of the discretised Fokker—Planck equation on current noisy quantum hardware. How-
ever, for a longer time horizon, accumulated decoherence, gate errors, and finite sampling increasingly

dominate the reconstructed distributions.
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Figure 7.30: Probability-density evolution obtained from the IonQ Forte-3 trapped-ion quantum processor
for the one-dimensional Fokker—Planck block-encoding implementation with 8 grid points. The hardware

reconstruction is compared against the exact reference solution and the classical forward-Euler Fokker—
Planck integration at different times.
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Figure 7.31: Probability-density evolution obtained from the Rigetti Ankaa-3 superconducting quantum
processor for the one-dimensional Fokker—Planck block-encoding implementation with 8 grid points. The

hardware reconstruction is compared against the exact reference solution and the classical forward-Euler
Fokker—Planck integration at different times.
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Figure 7.32: Probability-density evolution obtained from the IQM Emerald superconducting transmon
processor using 9 block-encoding integration steps for the one-dimensional Fokker—Planck implementa-

tion with 8 grid points. The hardware reconstruction is compared against the exact reference solution and
the classical forward-Euler integration.

7.8 Conclusion

In this chapter, we investigated alternative approaches for solving nonlinear differential equations govern-
ing chaotic dynamics on quantum computers, in contrast to the data-driven quantum reservoir computing
methods discussed previously. In particular, we focused on linear embedding formulations of nonlinear
dynamics through the Fokker—Planck and Koopman—von Neumann (KvIN) approaches. The main objec-
tive of this chapter is to extend the Fokker—Planck embedding framework of Tennie and Magri 2024 to

nonlinear chaotic systems, while systematically analysing the role of numerical discretisation, diffusion,
and quantum implementation.

We first introduced the theoretical description of the Fokker—Planck and KvN formulations as linear
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Figure 7.33: Probability-density evolution obtained from the IQM Emerald superconducting transmon
processor using 20 block-encoding integration steps for the one-dimensional Fokker—Planck implemen-
tation with 8 grid points. The hardware reconstruction is compared against the exact reference solution
and the classical forward-Euler integration.

operator embeddings of nonlinear dynamical systems. The Fokker—Planck equation reformulates nonlin-
ear stochastic dynamics into a linear evolution equation acting on probability densities, while the KvIN
approach provides a Schrodinger-like Hilbert-space representation of deterministic classical dynamics.
Although both formulations allow nonlinear systems to be represented through linear operators, we
showed that the KvN formulation suffers from parasitic oscillations in the absence of explicit diffusion,

motivating the primary focus on the Fokker—Planck formulation throughout this chapter.

We then introduced central difference and upwinding discretisation schemes for the Fokker—Planck
operator and analysed their associated numerical diffusion. The central difference scheme provides
minimal numerical diffusion but requires additional physical diffusion for stability, while the upwinding
schemes introduce intrinsic numerical diffusion that stabilises the evolution at the cost of additional
damping. Using modified-equation analysis, we derived effective numerical diffusion coefficients for
different schemes and related them to the Lyapunov time scales of the underlying chaotic dynamics.
This led to a diffusion constraint linking the effective diffusion, grid resolution, and maximum Lyapunov
exponent, which provides a physical interpretation of the trade-off between numerical stability and the

ability to resolve fine-scale chaotic structures.

The numerical results for the nonlinear damped harmonic oscillator demonstrated that both the central
difference and upwinding schemes reproduce the reference Fokker—Planck evolution over short integration
times. However, both explicitly added diffusion and intrinsic numerical diffusion lead to overdamped long-
term behaviour relative to the original nonlinear dynamical system. Increasing the grid resolution reduced
the effective numerical diffusion and improved agreement with the underlying dynamics, although higher
resolutions also introduced parasitic oscillations. These results highlight the balance between stability,

diffusion, and dynamical accuracy in Fokker—Planck integration.

We then extended the Fokker—Planck embedding approach to the chaotic Lorenz—63 system, demonstrat-
ing that nonlinear chaotic dynamics can be reformulated into sparse linear operator evolutions suitable for
quantum implementation. The results showed that the numerical diffusion introduced by the discretisation
schemes strongly influences the preservation of the fine-scale structure of the chaotic attractor. At the
same time, the three-dimensional Fokker—Planck operator becomes computationally expensive at high
resolution, motivating sparse operator formulations and quantum implementations for larger nonlinear
systems. We further showed that higher-order upwind schemes better preserve the fine-scale structure of

the chaotic attractor by reducing excessive numerical diffusion, thereby motivating the development of
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quantum algorithms capable of efficiently implementing higher-order discretisation schemes.

Finally, we applied the unitary block-encoding framework to implement the non-unitary forward Euler
evolution (Tennie and Magri 2024) of the discretised Fokker—Planck equation on quantum computers.
This construction embeds the non-unitary Fokker—Planck evolution into a larger unitary operator acting on
an ancilla-extended Hilbert space. We demonstrated this approach for one-dimensional systems, including
finite-shot simulations and quantum hardware implementation. The results showed that repeated post-
selected evolution can reproduce the forward Euler dynamics, while the success probability decreases with

increasing integration time, limiting the achievable simulation horizon on near-term quantum hardware.

In summary, this chapter demonstrates that the Fokker—Planck embedding provides a physically inter-
pretable and quantum-compatible framework for reformulating nonlinear and chaotic differential equa-
tions into linear operator evolutions. The results highlight both the opportunities and limitations of
this approach on near-term quantum hardware, particularly the trade-offs between numerical diffusion,
stability, spatial resolution, and post-selection success probability. Future work could investigate higher-
order integration methods, adaptive discretisation strategies, and more advanced quantum algorithms,
including linear combination of unitaries, quantum signal processing, and Schrodingerisation, for scalable
quantum implementations of nonlinear dynamical systems. Overall, this framework opens opportunities
for applications in turbulent fluid dynamics, stochastic climate systems, and probabilistic forecasting

problems.
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CHAPTER

3

Conclusions and future work

Forecasting and simulation of nonlinear dynamical systems remain fundamentally challenging due to
sensitivity to initial conditions, multiscale dynamics across space and time, and the computational cost
associated with accurately resolving high-dimensional chaotic systems. Moreover, many physical systems
of practical and scientific interest, including turbulent and thermoacoustic flows, weather and climate
dynamics, and complex industrial processes, are governed by the same nonlinear mechanisms that give
rise to these computational bottlenecks. Classical numerical methods and data-driven approaches, while
powerful, face fundamental limitations in scalability, long-term stability, and computational cost when
applied to high-dimensional chaotic systems. This thesis demonstrates that quantum computational
approaches provide a physically interpretable and scalable framework for modelling, forecasting, and

analysing chaotic dynamical systems.

8.1 Conclusions

The main contributions of this thesis can be broadly categorised into two areas: (a) quantum reservoir
computing (QRC) methods for data-driven prediction and stability analysis of chaotic dynamical systems,
and (b) quantum-compatible formulations for directly solving nonlinear differential equations through
linear embedding approaches. Together, these results establish quantum computing as a viable framework
for forecasting, analysing, and solving nonlinear dynamical systems through physically interpretable and

computationally scalable approaches.

8.1.1 Quantum reservoir computing: design, robustness, and forecasting

Chapter 2 reviews the forecasting and learnability problem for chaotic dynamical systems and introduces
reservoir computing as a framework for such tasks. The theory of generalised synchronisation (GS) is

then outlined, and reservoir computers are interpreted as GS systems. Lyapunov exponents, conditional
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Lyapunov exponents, and learnability conditions are introduced as theoretical tools for characterising

synchronisation, stability, and learnability within the QRC framework.

Chapter 3 establishes practical design principles for quantum reservoir computers using the framework
of generalised synchronisation (GS). We analyse the stability of the driven reservoir dynamics through
conditional Lyapunov exponents (CLEs), using analytical Jacobian formulations for both recurrent QRCs
and RF-QRCs. The autonomous evolution of the trained reservoirs is then used to infer the invariant
properties of chaotic systems. The relationships between GS, the echo state property (ESP), learnability,
and stability are used to derive explicit criteria for the design of recurrent and recurrence-free quantum
reservoir computers for learning and predicting chaotic systems. Collectively, these results establish GS
as a framework for analysing the stability and learnability of quantum reservoir computers for chaotic
systems. Furthermore, we show that RF-QRCs naturally satisfy ESP = G S conditions by design, while
noise and dissipation promote GS in unitary quantum feature maps, providing practical mechanisms for
satisfying the ESP in QRCs.

Chapter 4 presents quantum reservoir computing architectures for forecasting chaotic dynamical systems
and extreme events. In particular, we show that RF-QRC retains memory through leaky integration
rather than explicit quantum recurrence, allowing the circuit depth to scale linearly with the input
dimension while avoiding feedback of the exponentially large reservoir state at each time step. Through
numerical experiments on the Lorenz-63 and Lorenz-96 systems, we analyse the effects of reservoir size,
feature maps, and entanglement structure on predictive performance. We show that both QRCs and
RF-QRCs can accurately predict chaotic dynamics, recover long-term statistical distributions, and infer
invariant properties of chaotic attractors, including Lyapunov spectra, attractor dimensions, and covariant
Lyapunov vectors. Furthermore, we show that RF-QRC outperforms classical reservoir computers in
high-dimensional forecasting and extreme-event prediction tasks, establishing RF-QRC as a scalable

framework for forecasting and analysing chaotic dynamical systems.

Chapter 5 investigates the role of finite-sampling and hardware noise in quantum reservoir computing
for chaotic time-series forecasting, parallel quantum reservoir implementations, and optimal training
strategies. We show that the recurrence-free quantum reservoir computer (RF-QRC) naturally suppresses
temporally uncorrelated sampling noise through its leaky-integrated architecture, leading to improved
robustness compared to recurrent QRCs. We analyse the effects of finite-sampling noise on different
reservoir architectures through signal-to-noise ratios and training performance, and propose denoising
methods based on singular value decomposition (SVD) and signal filtering to mitigate noise in reservoir
activations. Furthermore, signal filtering techniques are shown to provide a robust and scalable approach
for suppressing noise in parallel RF-QRC settings, in contrast to computationally expensive denoising
methods such as SVD. The chapter also demonstrates the deployment of RF-QRC on quantum hardware,
where hybrid quantum-classical denoising approaches effectively suppress both sampling and hardware
noise for practical forecasting applications on near-term quantum devices. Although the proposed denois-
ing methods improve robustness on near-term hardware, practical implementations remain constrained

by measurement overhead, hardware noise, and limited qubit resources on current quantum devices.

Chapter 6 develops a systematic analysis of different noise sources and hyperparameter dependence

in quantum reservoir computers, revealing a fundamental trade-off between noise strength and mem-
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ory. Building upon the theoretical framework developed in Chap. 2 and the practical design principles
established in Chap. 3, we analyse the relationship between Lyapunov exponents and conditional Lya-
punov exponents (CLEs) to establish practical criteria for robustness and the condition GS = ESP.
We then investigate the effects of finite-sampling noise, depolarising channels, and amplitude damping,
demonstrating that dissipation enhances contraction and improves the stability of reservoir dynamics.
Furthermore, we show that recurrence-free quantum reservoir computers (RF-QRCs) retain the ability to
accurately infer chaotic dynamics and recover long-term dynamical structure in noisy regimes, identify-
ing regions of hyperparameter space where noise improves performance relative to the noise-free case.
Collectively, these results establish noise as a resource for improving robustness and stability in quantum
reservoir computing, showing that dissipation and stochasticity can enhance the stability of learnable

quantum representations of chaotic systems.

8.1.2 Quantum computing for differential equations governing chaotic dynamics

Chapter 7 investigates quantum-compatible formulations for solving nonlinear differential equations
governing chaotic dynamics through linear embedding approaches. In particular, we analyse the Fokker—
Planck and Koopman—von Neumann (KvN) formulations as linear operator representations of nonlinear
dynamical systems. We show that, although both formulations reformulate nonlinear dynamics into linear
operator evolutions, the KvN formulation exhibits parasitic oscillations in the absence of explicit diffusion,
motivating the primary focus on the Fokker—Planck framework. We then investigate central difference
and upwinding discretisation schemes for the Fokker—Planck operator, analysing the role of numerical
diffusion, damping, and stability through modified equation analysis. This leads to a diffusion constraint
linking effective diffusion, grid resolution, and the maximum Lyapunov exponent, where we establish
quantitative bounds on the numerical diffusion required for stable integration while preserving fine-scale
chaotic structures over long-time chaotic evolution. Through applications to nonlinear damped oscillators
and the Lorenz—63 system, we show that nonlinear chaotic dynamics can be reformulated into sparse
linear operator evolutions suitable for quantum implementation, while also demonstrating that excessive
numerical diffusion suppresses fine-scale attractor structure and leads to overdamped long-term dynamics.
To address this, we develop higher-order discretisation strategies that better preserve fine-scale chaotic
structures while maintaining quantum-compatible linear Fokker—Planck evolution. Finally, we implement
a unitary block-encoding framework for discretised Fokker—Planck dynamics on quantum hardware,
showing that repeated post-selected evolution reproduces the forward Euler integration of the Fokker—
Planck equation, while the post-selection success probability decreases with increasing integration time.
Collectively, these results establish Fokker—Planck embedding as a physically interpretable and quantum-
compatible framework for reformulating nonlinear and chaotic differential equations into linear operator

evolutions suitable for near-term quantum computation.

8.2 Outlook and future work

The results presented in this thesis demonstrate that quantum computational approaches provide physi-
cally interpretable and scalable frameworks for forecasting, analysing, and simulating chaotic dynamical
systems. Rather than treating chaos purely as a limitation for prediction, the methods developed here

show that chaotic dynamics can be exploited through synchronisation, contraction, and operator embed-
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ding frameworks naturally compatible with quantum computation. Although significant theoretical and
hardware challenges remain, including scalability, noise, and limited quantum resources, the approaches
developed in this thesis establish practical and theoretical foundations for quantum-enhanced modelling
of nonlinear dynamical systems on both near-term and future quantum computing platforms. Several

important directions remain for future work:

Scaling toward large-scale spatiotemporal systems. To demonstrate the near-term utility of quantum
computational methods and potentially address the computational bottlenecks of classical approaches,
future work should extend QRC architectures toward operational weather and climate forecasting, tur-
bulence, industrial simulation, scientific foundation models, and multiscale nonlinear dynamics. This
includes scalable quantum-inspired reservoir architectures, latent-space QRC methods, probabilistic
forecasting approaches, and physically constrained learning frameworks for high-dimensional dynamical

systems.

Optimal quantum encoding and decoding strategies. For any practically useful implementation of
quantum computing for nonlinear dynamical systems, two fundamental challenges that must be addressed
are the encoding problem and the measurement problem. In particular, potential quantum computational
advantages can be negated by the scaling cost associated with loading high-dimensional classical data
into quantum states and extracting useful observables from quantum measurements. Future work should
therefore focus on the development of scalable measurement and encoding strategies for quantum reser-
voir computing, including classical-shadow approaches, efficient observable reconstruction methods,
amplitude encoding, and amplitude amplification techniques to mitigate the measurement and readout

bottlenecks associated with high-dimensional quantum reservoirs.

Advanced quantum algorithms for nonlinear dynamics. The development of advanced quantum al-
gorithms for nonlinear dynamics will require quantum-compatible numerical schemes for solving chaotic
differential equations and nonlinear partial differential equations. Similar to the role played by numerical
methods in the development of computational fluid dynamics (CFD), scalable and stable discretisation
strategies are likely to be essential before practical quantum methods for nonlinear scientific computing
can be realised. Future work should therefore focus on operator-theoretic approaches for nonlinear dy-
namics, particularly the implementation of discretised Koopman, Fokker—Planck, and transfer-operator
formulations on quantum computers, together with methods for probabilistic evolution, uncertainty quan-
tification, and ensemble evolution of chaotic systems. This includes high-order integration schemes,
quantum signal processing, linear-combination-of-unitaries methods, and Schrédingerisation techniques

for large-scale nonlinear and chaotic systems.

Quantum hardware implementation and benchmarking. As quantum hardware continues to mature,
systematic benchmarking of the methods developed in this thesis on real quantum devices will be
essential for evaluating their practical utility for nonlinear dynamical systems. This includes the study
of noise-resilient quantum machine learning, error mitigation strategies, and scalable hybrid quantum-
classical workflows. Benchmarking on near-term hardware will also help identify which components of
the proposed frameworks are most sensitive to noise and where fault-tolerant quantum resources may

ultimately be required.
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CHAPTER

A

Appendices

A.1 Open-access code repositories

The open-access code developed as part of this thesis is publicly available at:
e https://github.com/MagriLab/Stability_QRC_GS

e https://github.com/Magrilab/OptimalTraining_RFQRC

A.2 Quantum circuits visualisation

The Figs. A.1-A.4 represent the quantum circuits for different ansitze presented in Tab. 3.1. The rotation

angles Xg represent the mapped classical data rescaled to the interval [0, 27].

g2 : —@ & Ry (X2) —
qs: &
@ —{H] & Ry (Xe)

Figure A.1: Quantum circuit for linearly entangled qubits

A.3 Classical reservoir computing hyperparameters

We present the hyperparameters of the classical reservoir computer employed in Chap. 5. The performance

of classical reservoir computers critically depends on the set of chosen hyperparameters (Racca and Magri
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Figure A.2: Quantum circuit for fully entangled qubits
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Figure A.3: Quantum circuit for fully entangled symmetric qubits

2021). As compared to QRC or RF-QRC with only two hyperparameters reported in Chap. 4, in classical
reservoir computers, there are two additional hyperparameters known as the spectral radius p and input
scaling 0;,. We, therefore, use grid search and Bayesian optimisation to tune the hyperparameters (Snoek,
Larochelle, and Adams 2012). We have used the scikit-learn library (Pedregosa et al. 2011) and recycle
validation techniques (Racca and Magri 2021) for hyperparameter tuning in classical reservoir computers.

The hyperparameter ranges for different chaotic systems are reported in Table A.1.

qo : Rz (Xo) L
qL:RZ(Xl)}—JB—{RY(XOxXI)} o ’ .
R Rz (X2) Ry (Xo x Xa) e &

qn - é Ry (X@,l X X(_))

Figure A.4: Quantum circuit for product feature map qubits
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Table A.1: Parameters for the Lorenz-63 and MFE system for the classical reservoir computing architec-
ture.

Parameters Symbol Lorenz-63 system MFE system
Time step dt 0.01s 0.25s

Leading Lyapunov exponent A4 0.9056 0.0163
Lyapunov Time LT 1 LT =110 steps 1 LT = 245 steps
Washout steps Ny SLT 2LT

Training steps Nyr 20LT 65 LT

Spectral radius (W) [0.1, 1] [0.1, 1]

Input scaling Tin [0, 1] [0, 1]

Tikhonov regularization B 1x107%,1x107%,1x107 12 1x107%,1x107%,1x10~'2
Leak rate € [0.05, 0.3] [0.05, 0.3]
Resevoir density D 0.1,0.6,0.9 0.1,0.6,0.9

A.4 Memory of the reservoir networks

In this section, we discuss the empirical metrics including fading memory and linear Memory Capacity
(MCQC) (Boyd and Chua 1985; Carroll 2022; Farkas, Bosdk, and Gergel 2016; Jafri, Singh, and Manchanda
2019) for different reservoir architectures. In order to efficiently reconstruct the reservoir dynamics,
reservoir computers must satisfy the Echo State Property (ESP) (Jaeger 2001; Lukosevicius 2012) as
discuss in Chap. 3. In classical reservoir networks, ESP is enforced by scaling the hyperparameter p(W).
In both quantum and classical reservoir computing, we perform a washout interval by discarding a limited

number of initial reservoir states.

The Short-term Memory Capacity (MC) is a performance measure that is used to characterize the linear
memory capacity of reservoir computers (Jaeger 2001). MC quantifies the maximally possible linear

correlations between the current reservoir states and previous input data, u(¢ — d), and can be computed

as
dmax cov?(uq(t),u(t — d))
Me= ; Mba, M= )2 () b

where cov (-, -) is the covariance, o> (+) is the variance, d is the delay, u (¢ — d) is the delayed prediction for
a particular d value and u4(t) is the current true input value. Although the total memory capacity (MC)
comprises infinitely many terms (d,,,,x = ©0), for practical reasons it is sufficient to truncate the sum at a
finite d,;,4. For a comparison of the memory capacities of CRC and QRC we choose d;;,4x = 25. While
the MC quantifies the linear memory of the reservoir, the dynamical system itself has some correlations
that can increase the MC. To quantify the memory of the reservoir itself, we train our quantum and
classical reservoir networks on statistically independent (i.i.d) uniform distributions. In Figs. A.5 and
A.6, we compare the linear memory capacity of the classical reservoir with QRC-C1 (architecture with
recurrence) and QRC-C4 (recurrence-free architecture). The global MC is bounded by the size of the
reservoir and is sensitive to the choice of hyperparameters (Carroll 2022). We compute our MC for

various hyperparameter values and reservoir sizes (N = 32,512).

The results in Fig. A.5 and A.6 demonstrate that CRC exhibits the highest MC value, followed by QRC-
C1 and then QRC-C4. A high memory capacity in CRC highlights that the reservoir contains linear
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Figure A.5: Linear Memory Capacity (MC) of reservoir networks, mean and standard deviation with
hyperparameters. For a summary of hyperparameters cf. Tab. 4.1. For a reservoir size (N) = 32.
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Figure A.6: Linear Memory Capacity (MC) of reservoir networks, mean and standard deviation with
hyperparameters. For a summary of hyperparameters cf. Tab. 4.1. For a reservoir size (N) = 512.

information about the input time series for a larger delay value d. In contrast, QRC-C4 does not have any
recurrent or feedback loops. Due to the removal of the recurrence reservoir memory is lost. We emphasise
that the higher MC value is not indicative of better predictability. This is because of two reasons: (a) The
short-term memory capacity quantifies only the linear memory of the reservoir. (b) Maximising the linear
memory and nonlinear functional approximation are mutually exclusive and are referred to as the memory
non-linearity trade-off (Storm, Gustavsson, and Mehlig 2022). We find comparable performances in short

and long-term prediction tasks, irrespective of the MC value, for both classical and quantum reservoirs.
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