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ABSTRACT

Three topics relating to the theory of aerodynamic
sound are considered. The first is a mathematical
study of the similarity between the behaviour of surface
gravity waves on a shallow layer of water and sound waves
in a compressible gas. It is concluded that various
qualitative features of the two wave fields are the same,
but that a complete quantitative similarity is not
possible. In the second study, the current formulation
of propeller noise theory is considered in the light of
the more general aerodynamic sound theory. This reveals
that some important sound sources have been overlooked
in propeller theory, and their effect is discussed.
Some extensions are also made to existing results
concerning the frequency spectrum of a sound source in
circular motion. The third chapter shows how the use
of generalised functions leads to a greater understanding
of the fundamental theory of aerodynamic sound. The
classical results of this theory are more simply derived
using the new methods. Also new results are obtained
concerning the sound fields generated by rapidly moving

sources, and these provide a better description of the



fields than those results employed hitherto. In part-
icular, the sound fields generated by rapidly convected

turbulence and rigid surfaces moving at high speeds are

discussed,
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CHAPTER 1. INTRODUCTION

This thesis is entitled "Some forced wave problems
in fluid mechanics" and studies three problems related
to the theory of aerodynamic sound. That theory is
concerned with sound fields that are essentially a
by-product of a more basic aerodynamical flow. For
example, the original application of the theory was
to the noise generated by turbulent jets. The view of
such situtations that is adopted in aerodynamic sound
theory is that the basic flow generates or forces the
sound waves, and the problem is to relate feature of
the observed sound field to known parameters of the
basic flow. It is in this sense that the problems
discussed below are forced wave problems.

The three problems that make up this thesis are
not entirely the author's own work. Some significant
contributions have been made by his supervisor
Dr Ffowes Williams, and although it is difficult to
trace the origin of the various ideas, the author
estimates that two thirds of the material results from

his own research. Each problem 1s studied in a separate



- 8§ -
chapter, which is written in the form of a paper which
the author, in conjunction with Dr. Ffowecs Williams, has
or hopes to publish upon each topic. Each chapter contains
its own introduction and conclusions, so that only a few
brief comments about the problems will be made at this
stage. All the references havevbeen compiled into a
single list which appears at the end of the thesis.,

The first paper,which forms Chapter 2, is entitled
"Shallow water wave generation by unsteady flow," and is
already published in the Journal of Fluid Mechanics
Vol. 31 pp.779=-38 (March 1968). The aim of this paper
is to investigate quantitatively the remarkable 'shallow
water analogy)between the behaviour of surface gravity
waves on a shallow layer of water, and sound waves in a
compressible gas. This qualitative similarity raises
the possibility that some phenomena in the generation
and propagation of sound cén be simulated in the lab-
oratory on a shallow water table. This has two
experimental advantages. Firstly, unlike sound waves
the surface waves on a layer of water are easily visualised;
and secondly, the wavespeed of the water waves is small
so that it is easy to simulate the sound fields generated
by supersonic flows, However, an obvious, and mathe=-

matically crucial, difference between the two wave fields



is that the shallow water waves propagate in two
dimensions, whereas sound waves are three dimensional.
Consequently chapter 2 is devoted to a study of the
modifications that occur to familiar results in aero-
dynamic sound theory when the waves are constrained
to propagate in two dimensions,

Chapter 3 is entitled "Some theory relating to
the noise of rotating machinery". This is a modified
version of a report with the same title that was
presented to the Noise Cormittee of the Aeronautical
Research Council in January 1968. Most of the mod-
ifications are of a minor nature, but section 4 has
been rewritten as a result of some further thoughts
upon its contents. This chapter is concerned with
the sound field generated by aircraft propellers or
aeroengine compressors, and falls naturally into two
parts. In the first part, the current formulation of
propeller noise generation is discussed in the light
of aerodynamic sound theory. This discussion reveals
that in modern rotating machinery, there are noise
sources present that have not so far been considered
in any analysis of the sound field, and it is shown

that these sources may be regponsible for a significant



component of the sound field. In the second part,

the sound field of a rotating multipole source of
arbitrary strength is considered, and a formula is
derived that relates the frequency spectrum of the
observed sound to that of the multipole source strength.
This extends the present theory which only applies to

a rotating source of constant strength.

The final, and most significant, chapter is
entitled "Sound generation by turbulence and surfaces
in arbitrary motion'. This is to be published as
a Philosophical Transaction of the Royal Society.

This chapter attempts to demonstrate the increased
understanding of aerodynamic sound that can be obtained
by the extensive use of generalised functions. The
use of these functions has two advantages. Firstly,
it allows the effect of an arbitrarily moving surface
to be studied more simply than is possible using
classical methods. Secondly, alternative expressions
for the sound field can be derived which in some
circumstances yleld more accurate estimates of its
magnitude than do the expressions used hitherto.

Consequently, this chapter begins by deriving the



solution of the equation governing aerodynamic sound
generation, in the presence of a moving surface.

This solution has not previously been given. The
chapter continues by illustrating how alternative

forms of the solution can be used to give a satisfactory
account of the sound field generated by a turbulent

eddy moving in an unbounded space, and also to reveal
the effects of source acceleration. The chapter is
concluded by a discussion of the sound generating effects
of a rapidly moving surface, and again these results
appear to be new. As a subsidiary problem, Kirchhoff's
solution of the three dimensional scalar wave equation

is extended to a moving surface.
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CHAPTER 2. SHALLOW WATER VAVE GENEBATION BY UNSTEADY
' FLOW

sSummary

Small amplitude waves on a shallow layer of water
are studied from the point of view used in aerodynamic
sound theory. It is shown that many aspects of the
generation and propagation of water waves are similar
to those of sound waves in air. Certain differences
are also discussed. It is concluded that shallow
water simulation can be employed in the study of some

aspects of aerodynamically generated sound.

1.Introduction

The theory of aerodynamic sound initiated by Lighthill
is bullt upon the equations of mass and momentum conser-
vation., These yield a three-dimensional wave equation
which describes the generation and propagation of sound
waves. Tt is shown in this paper that the generation
and propagation of waves on a shallow layer of water
is governed by a two-dimensional wave equation similar
to Lighthill's and thaty in many respects, these waves

behave like sound waves. This similarity enables
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sound waves to be simulated and visualized in the
laboratory. The ability to see the waves malles it
possible to study thelr development and interactions
in detail, a study vhich would be cxtremely difficult
with aerial sound waves. Furthermore, since the
propagation speed of water waves is small, high Hach

number situations can be examined easily.

Gravity waves on a finite depth of water are
dispersive and cannot in general provide a very good
model for sound waves, which are non-dispersive.
However, at a particular mean depth (0.5 cm), surface
tension effects render the water layer practically non-
dispersive, thus minimizing this difficulty. Indeed
waves on a shallow water layer are an excellent simu=-
lation of two~dimensional aerial waves, and they also
share many outstanding features in common with three-
dimensional waves. The similarity is brought out in
detail in the following analysis which considers
turbulence as a source of shallow water waves. The
philosophy underlying the derivation of the cquations
is the same as that used in the sound theory (Lighthill

1952). The waves are regarded as a by-product of a
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more complicated flow, and the problem is to estimate
the waves generated by it. The flow is assuned to
be known, and acts as a source of waves which radiate
into the undisturbed water. From this point of view,
the resultant forced wave equation, although rather
artificially manufactured, is a correct description

of the field.

The general solution of the shallow water equation
demonstrates that water and sound waves are alike in
that both are generated by the same distribution of
sources, and that at large distances from the sources
both are waves of constant profile radiating out at
the constant wave speed. Of course, to be energy
conserving in two dimensions, the amplitude of the
water waves falls off only as the square root of the
radiation distance, but this difference is minor.

A more important difference is that the water wave
amplitude depends upon a time integral of the source
strength, a result not found in three dimensions.
Consequently, this amplitude has a dimensional

dependence different from that of sound waves.



The shallow water equations are derived and written
as an inhomogeneous wave equation in §2. In 83,
this equation is solved in the sense of Curle (1955).
That is, the radiation field is given explicitly in
terms of a known distribution of surface guadrupoles
and a line distribution of dipoles, whose strength
involves the field quantity. The quadrupole terms
are regarded as specified in a moving reference frame
in §4, The convective effects are described and the
lack of a distinct singularity at the Mach wave
condition is accounted for as being an essential
difference between the two- and three-dimensional
theories. The paper is concluded with a brief summary
of the similarities that exist between aerial sound
waves and shallow water vaves and discusscs the poss-
ibility for effective similation of aerodynamically

generated sound on ~ shallow water tablec.

2. Equations of llotion

Before the equ-tions of motion can be derived, we
must demonstrate that a particular depth exists at which

surface tension effects render the water layer a pract-



ically non-dispersive medium, To do this, we examine
the formula for the wave speed ¢ of small amplitude
waves of wave=number 1z , This is given by Milne-

Thomson (1960, p.409) in the form

2 g .S.E h
c (7 + pw)tanh kb, (2.1)

p.. is the density of the water, S the surface tension

A
coefficient, and ho the mean depth. For small kho,
this formula can be expanded in a rapidly converging
power series,

(s
— ~ L)
c? = ghy + (

Egho)(1h Y2 + O(kh )"
- le + 0(k )
Pylo 3 °© °
(2.2)

In the absence of surface tension, the variation of c?

from its zero wave-number value gho is of order (kho)z,

but with surface tension, ho can be chosen so that

gh,,

S
h

Pyrtto 3

is zero, leaving an error of order (kho)” . For this
critical depth, the wave speed is constant for all but

the shortest waves, and a wave equation with constant ¢

correctly describes the motion. For water at roonm
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temperature this eritical depth is 0.48 cm, and all

references to shallow water refer to this depth.

The appropriate formsof the equations of motion
arc derived by integrating the usual equations vertically
through the water layer, whose variable depth is denoted
by h . The water is assumed to be inviscid. The
subscripts oo , B, Y range over the values 1,2 (the two
horizontal directions), and repeated subscripts imply
a tensor surmmation over these values. Small letters
denote quantities at a point, whereas capital letters
denote the average value'through the depth, e.g. the

average velocity U is
h

Q

Ua =

o o

u,dxg (2.3)

o

Consider first the integrated continuity equation

[h du,, 8u3 )
w— 4+ —= )dx = 0
o axa 8x3 3 )
or h
d _ 2 r - )
axa uadXB 9% Luajx3=h+[u3]x3=h o, (2.4)
o
as [u3]x3=0 is zero. {uj]x3= is the particle



velocity at the surface, so that it is equal to

EDh/Dﬂ] » or

x3=h

. 2h, 2n

u - = == [u e (2.5)
[ j]XB h ot axa &]XB h
These equations combine to give the mean form of the

continuity equation,

oh 3 (wu)=o0. (2.6)

WUe similarly integrate the o=component of the

nomentum equation

h h

au 2u 2u

o _a o = - i ap

J (at + g BXB + us BX3)dx3 J 5 de,

o}

which leads to the result,

h
Bt(hUa) * Bxe(hUaUB) B [ N 9% dx3.
) o "W o

hUaUB has been written for

h
J uaqux3 R
o

although notationally this is not strictly consistent.
The vertical momentum cquation is used to eliminate the

pressurce from (2.7). As



Du.,
3
3 _ p
—2 g - = s

Dt P, %4
then 1 ? Duy 3

— - - -— 3 —a—— i 4

pw(p p.) = g(h X5 )% T X' s (2.8)
X

where Py is the pressure in the water just helow the
surface, which, owing to the surface tension, differs
from the atmospheric pressure P, - This difference
is given by the Laplace formula, and for surfaces which
deviate only slightly from a plane (i.e. the amplitude
of the displacement is small compared with the
horizontal length scale), can be written (Landau &

Lifshitz 1959, ».233)

2h

P, ~ Py = S 22, (2.9)
ax?
o

©

Substitution of (2.8) and (2.9) into (2.7) gives

) ) . 9h . sh 3%h oB
= (hU )+ =—(hU U,) = = gh — + =— ,
at o axB o B Bxu Oy axaaxyaxY axu
. . h h Du
in which B = ax, -3 ax's . (2.10)
o) o Dt ,)
Now 3%h 3 3%h, 1,3h ,? 5 ,dh 9h
h: = (hz—z+ 5( ) ) - ( )
axaaxyaxy axu B“Y 2 axY BxY axa ox

(2.11)



which gives the momentum equation in the form

d -2
5p(hU) = T, (hU U, + B o) s
oh? S 32h 1,3h ? S_3h_3h
where P _,= & [g——+B- = {he—st+=(3= ) }] 2L 0 5
oB oB] 2 Py axa 29X W Bxu BXY YB
(2.12)

Lquations (2.6) and (2.12) are the required
shallow water equations. The term hU, can be elimin-
ated by cross-differentiation, and after some rearrange-

ment, this leads to the equation,

2
°2h _ ., 232h _ _° Tag
[+ 2
at? © ax? 3x _3x
“ o B (2.13)
where - -
Tog = WUUg + Poo = ghohs o

This equation is the two-dimensional inhomogeneous wave
equation, and governs the generation and propagation of
shallow water waves. It can be shown that at points
in the wave field (for which the wave speed is (p;ho)‘%)'l‘mB
is zero to second order in the wave amplitude provided
that the non-dispersive depth is chosen. Then the
linear terms in B and (S/pw)h(azhlaxé) exactly cancel.
Also, in a region of convected turbulence, an order of

magnitude analysis shows that the dominant term of

TaB is hUaUB . The form of the shallow water equations,



and these results about T show a remarkable similarity

aR?
to Lighthill's theory of sound, a similarity which might
be exploited by modelling certain aerodynamic problems

on a shallow layer of water. Accordingly, in thec next
section we seek a solution of (2.13) in exactly the same
sense thaétiighthill»Curle (1955) equations represent a

solution to the aerodynamic problem.

3. General theory

In the theory of aerodynamic sound devcloped by
Lighthill (1952, 1954, 1962, 1963), the equations of

motion of a compressible gas are written in the form

p 3 -

3t + _—Bxi(pui) = 0, (3.1)
3 a -

-a—t-(pui) + ﬁ;(puiuj + pij) = 0, (3.2)

p is the density, uy the velocity componcnt in the Xy
direction, pij the compressive stress tensor, and the
sutseripts 1,J range over the values 1, 2 and 3.
Lighthill combined these equations to yield the three-

dimensional inhomogeneous wave egqguation,
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2 52T
3%p _ ;—12 3°p - i3
PR 0 3x7% X.90X. ?
i i7%3
, (3.3)
A . = " . + . s - . e
where 'I‘l'J puluJ le aOOGlJ 5

and aq is the speed of sound in the gas at rest. This
equation governs the generation and propagation of sound
waves; 1t shows how the sound is equivalent to that
generated by a volume distribution of quadrupoles of
strength density Tij . The influence of solid bound=-
aries upon the sound was investigated by Curle (1955),
who used the standard Xirchhoff solution of equation
(3.3) to show how surface stresses arc acoustiecally
equivalent to a surface distribution of acoustic dipoles.

Although Curle's result was only derived for finite

surfaces, its more general validity is easily established.

The situation for shallow water is very similar.
We have already seen how the equations of motion can be

written in the form

By = oo, (3.4)
¢4

]]

O
v
~~
AN

-*
(&}
~

9 9
'g"E'(hUa) + -S—}E;-(hUO(-UB + PO(-B)
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which lead to the wave equation

32T
3%2h _ ., 3%h _ af
3tz ~ ¢ ¥xZ T I%x_ax, ° (3.6)
o o R
where c¢? = gho . To solve this equation, we ohserve

that Lighthill's (1952) equation (3.3) reduces to it if

p and Tij are independent of the co=-ordinate x3 .
Curle's general solution of equation (3.3) expresses p
in terms of volume and surface integrals of Tij and

p . Consequently, for p to be independent of x

3’

ij
Tij’ pij > and the geometrical situation, must all be
independent of x3 . We conclude that solutions of

(3.6), in the presence of a contour I , are identical
to the solutions of (3.3) in the presence of a cylinder

S erected on T, and in which Tij and pij do not

depend on X In this situation, if V denotes the

3 .
volume exterior to S , then Curle’'s solution becomes

4ﬂc2(h(xl,x2,t)-ho) = Bég J [r av(y), 3 l [P&]d%§x) .
v S

Bxad? af R 3xa

(3.7)
R is the distance of the field point x from the source

point y and is given by

R: = (x,-¥9)% + (5,770 + ¥5 . (3.8)
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The square brackets imply the integrand is to be eval-

1]

uated at the retarded time ¢tf t - (R/e). Pa is
written for 26 PaB’QB being the direction cosines of

the normal to ' ( and S ) .

As the only dependence of the integrands upon y3

is through the retarded time, the integration is

V3
effectively a time integration. Accordingly, Y is

replaced by t' as the independent variable, and (3.7)

becomes
) \2 t=-r/c Tae(y,t')Cdt'
2re? (h(x,t)=h.) = =—— |dA — 1
3 ) BxaaxB Ecz(t—t')z-rz]a

-0

- [ar [t"r/c Py(gs8)cdt!
a - ® {:CZ(t_t|)2_r,2] 2
(3.9)

Here r 1is the two~dimensional radiation distance, given

by 2 2 2
r- = (xl—yl) + (x2-y2) s (3.10)

and dA , 4T are two-dimensional area and line elements
respectively. The contour integral is taken around T ,
and thc area integral over the area external to T,

This form of the solution has the advantage that no
rcference is made to the three-dimensional model used

to generate it. This result can also be obtained from



Volterra's solution of equation (3.€) (see Jones 19Gh,

pP.42), but the given derivation is more straightforward.

Equation (3.9) is the fundamental result of the
theory. It is an exnression for the depth in terms of
the known quantities TaB and Pa , for any arbitrary
fluid motion about a static solid surfacec. From the
form of this equation, it follows that the waves are
the same as those produced by quadrupole sources of
strength density TaB , distributed over the region
external to T plus dipole sources of strength Pa
distributed around T. This equation also shows that
the waves induced at any field point not only depend
on the strength of the sources at a time r/c earlier,
but on all previous times as well. On the other hand,
the prescnce of the square root factor weights each
contribution differently, and, since it is singular
at t' = t-r/c, the main contribution comes from that
region. In the far field, near these values of t' ,
the square root can be approximated by {2r(ct-ct'-r)}-%,
and the time integral consequently yields an expression
of the form r-%F(t—r/c). This implies that in the

far field the waves from each source are waves of



constant profile travelling at spceced c¢ , and vhose
amplitude falls off like r % . This type of behaviour
is also found in linear theory for the conical wave
field about a supersonic projectile (Whitham 19050).

It is clearly so for sources of an oscillatory nature,
where the method of stationary phase furnishes a precise
form for F, We conclude that in the far field, water
waves behave very similarly to sound waves, being
produced by a similar distribution of dipoles and

quadrupoles, and propagating in the same manner.

The result that the depth depends upon a time
integral of TaB or Pa merits further comment. It
suggests that in any analysis featuring order of mag-
nitude estimations, a typical time will be included.
This does not usually happen in the three-dimensional
theory. The typical time often varies with the
parameters of the situation, and will result in a para-
metric dependence different from that obtained in
three dimensions. Thus, scme results of acrodynamic
sound theory cannot be taken over directly to shallow
water theory, but must be reconsidered in the light of

(3.9). To illustratc this, the two-dimensional waves
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generated by a region of turbulence are examined in
the next section. The corresponding three-dimensional
theory is well known, being the basis of jet noisc

theory, so comparisonsare easily made.

4. Two~dimensional waves generated by convected
turbulence.

Before the two-dimensional theory of waves produced
by convected turbulence is developed, it is worthwhilec
briefly discussing the threc-dimensional theory. This
has been developcd by Lighthill (1952, 1954, 1962, 1963)
and Ffowes Williams (19€3). The latter considered the
problem of a jet aircraft flying at a Mach number N,
emitting a turbulent cexhaust whose eddies move at Mach
number M, He found that the mean square density fluc-
tuation observed in the far field variecs as

2

- [7 1Y . " \ —l -l —5
(p=pg)? ~ o? RE M7 (11+N) | 14 cos¢| |1~ cos6| ° (4.1)

o

RO is the mean distance from the observer to the
turbulence, & is the typical turbulence length scalc,
and 6 , ¢ are angles specifying the dircetion of the
convective motion. Along the lines (1-I1 cos 98) = 0 ,

where the above result is not valid, a separate analysis



gave thce variation acs

— — 2% 2(en 3 -1 l
(9'90)2“ 02 Ré ME(M4N) | 1+M cose| . (h.2)

By assuming a particular form for the unknown correlation
function which arose in his integral, Ffowcs Williams

was able to evaluatc it exactly, and deduced that for

all M , the density fluctuation varies as

——————— 2 L -
A 2 = M7(M+N) |1+ coso| 1((l-M cos0)2+b2M2) 5/2,
(p=pnl)2~p 2
0 RO
(4.3)
b being a small numerical constant, lHowever, thc pencral
validity of (4.3) is not easily established, rcquiring
detailed appeal to the theory of generalized functions.
Nevertheless, a two-dimensional result similar to (4.3)
can be obtained from Ffowes Vililiams's equations, without

recourse to such methods.

In deriving this two=-dimensional result, the following
convention is adopted. Vectors denoted by capital letters
are three-dimensional veetors, whereas small letters

denote vectors in the two-dimensional plane = Q,

X
3
k denotes the unit vector normal to this plane. In his

three-dimensional theory, Ffowes Williams considers a



region of turbulence which convects through spacc at

a velocity -aoﬁ » and which is composed of eddies
travelling at a velocity +aou . His equation (1.29)
shows that the leading term of the mean square density
fluctuation observed in the far field is given by

the expression

(X;=Y) (X =Y, ) (X, =¥, ) (Xp =¥ )

H1Z=¥] «8. =0 |1X-Y]-1. (x-0)|°

(p-po)2 (l(st)"‘ 16;435[J

a‘i
X'g;TPijkz

Pikjl 18 the covariance of the stress tensor Ti

(HA,T)AV(H)AV(A) . (b.1b)
j)

Y is defined by the equation

Y=H~-a

-

ot + N|x-%| , (4.5)
and the two volume integrals are to be taken over the
turbulent region. The retarded time 1 1s defined
in terms of the other variables, and will be discussed

at a later stage.

To obtain the two-dimensional result, this expression
is applied to the situation in which there is no variation
of the strength and geometry of the sources with XB s
and in which the vectors N and Il are two-dimensional



veetors n and n . This use of the leading tcrm of
the three-dimensional exprcssion to furnish the far
field expression in two dimensions is valid as long

as the predicted result is not zero. Because of the
symmctry about the plane X3 = 0 , each volumc intepgral
is calculated over half the space, and the answer
doubled. By introducing the simplifying notation

R

R

(X-¥), r = (x~y)s R = |R| and r = |p| (consequently

]

r + gHB and R? = r? + H%) expression (4.4) becomes

in shallow water terminology

—— 1 r r.rr 24
- 2 ~ a By § —P (nsd,T)
(h hy)*(x,t) MWZCBJ[ [R+n.r] {R-n.r{° st* aBy6 ~2=?
x dA(g)dA(A)dHBdAB s (4.6)
the range of integration for H3 and A3 is (O,=),

The expression for the retarded time v , given by
Ffowes Williams in his equéation (1.29), was derived on
the assumption that the eddy sizc was small compared
with the radiation distance. Clearly, this approximation
is not valid in the two-dimensional situation, where the
eddies are infinite cylindocrs. In this case, thec exact

expression for v (given in his cquation (1.12)) can be



approximated by

2 .2
Ar+}(HZ-AZ)
r= == 33 . (ho7)

¢ |R-m.r|

This expression is valid for all values of H, and A

3 3 °
The integrand only depends on A3 through T, and conse-

quently the A integral is effeetively an integration

3

over T . Thus A3 is rcplaced by T as the independent

variable, and expression (4.6) becomes,

— r r,r.r 4
(h-ho)z(}_g_’t)"‘-’ 1l o B Y ) P’ PaB 6(1132\_"[)
4n2e? |R+n.r| |R-m.r|* at* *FY

dA(n)dA(A)dHBdT
g a L

{H§-2[01|R—_rg._r_| -g\_.;_]ﬁ ‘ (4.8)

The 1t intcgral goes from == up to the zero of the square
root,

A turbulent eddy is typically of spatial dimension %
and life-time #/bem, where m = |m| and b is a small
numerical factor. As the covariance Paﬁyé(ﬂ H,T)
is negligible unless A and 1t arc within these
ranges, the introduction of the scaled variables

A
- = - bcm
_'u_ = E and T = TT (409)



reveals the dependence of the integral upon these scales.
Furthermore, because this scaling places the =significant
values of Pasya(ﬂ,i,f) within constant and cqual ranges
of u and T, the transformed function P'aBYé(ﬂ,E,T)

does not retain any major distinction between the new
axes. Conscquently, it is possible to rotate these

axes without complicating the task of estimating the

magnitude of P' . .((n,u,T), and this freedom to rotatc

aBy
axces allows the integral to be furttker simplified.

The zero of the squarc root defines a plane in the (u,T)
space, and the integration is to be carried out over the
volume on one side of it, The rotated axes arc chosen
to be the normal to this planc, and any two axes parallel

to it. The equation of the plane, in normal form, is

2
b
£ Remor| T-fTlomur = £TU 2, (4.10)

where f is the normalizing factor {IR-E.£|2+b2m2r2}%.

If the new axes are denoted by 1,Z,5C being the

3% 3
normal axis, then c3 is piven by

t5 = £0 |R-m.r] T-r"omp.r . (4.11)



The derivatives are related by

o d 3 -1 9
= 4, me— + 8nme— + £ ~ |R-m.r]| > (B.12)
0T 1 acl 28C2 -'= 5C3
ays 2, being factors determined by the particular

choice of Cl and ¢ Knowledge of these is not

2 .
necessary, since they vanish after integration over

z, and L, - Equation (4.8) reduces to the simpler

form,
bpy
(h~h )z(x,t)ﬁ,bsma TaleTyr's ] PaByd (n’;)dA(ﬂ)dH3dV(£)
v bm2ctsf|Renop| £% azy o [g2. 288, F
37 Bm °3
(4.13)
2

For values of H3 such that H3>>22f/bm , the square

3

root in the denominator can be approximated by H These

3.
values of H3 contribute nothing to the integral, since
after this approximation, the §3 integral goes to zero.

We conclude that only values of H3 such that
H§4~12£f/bm contribute to the integral. For large

values of 1r, this contribution range only increases

as (Rr)%, and as R° = r2+H§ » it follows that R can
be approximated by r in the far ficld. if H3 is

1
scaled by the factor Z&f%/bm to standardizc its
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contribution range, then (4.13) becomes

b om? Porrys 3"Plays (n.0)
~ - N,C
(h=h) 2 (x,8)7 ) 2,4, rn.r ] ((rem.r)2+b?m2r?)2 Bcg ==
aA(n)aHyav(z)
x »
1 (4.14)
(H] c3)

The parametric variation of (h-ho)zquickly follows
from this equation. As P aBys (n,z) is a mean square
of the tensor T, g, it varies as h%c'm* . The n
area integral yields a typical source arca, which vecries
as 2 ([m+n/m) . If m.r and n.r are written as

mr cos 6 and nr cos ¢ respectively, then the two-

dimcnsional result equivalent to (4.3) is

(h-ho)zmh2 F& m® (min) | 1+n cos¢[-l((l—m cos 972+b2m2)-2.
o

(4.15)

This result differs from the three-dimensional
result (4.3) in two rcspects. First, the inverse square
law of sound intensity is replaced by a first power law,
as is to be expected upon considerations of energy.

Secondly, the 'Lighthill eight power law' is here
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replaced by the seventh power law, coupled with a
corresponding change in the directional factor.

This result has also becn found by Obermeier (1967)
in his study of two-dimensional aerodynamic sound.
This is entirely due to the infinite length of the
eddies, which makes retarded time differences crucial
in determining the effective volume of cach eddy.
This contrasts with the sound theory, where such time

differences are usually unimportant in this respect.

5. Conclusion

The main conclusion to be drawn from this analysis
is that qualitatively, water waves bechave in a very
similar manner to sound waves. Both radiate out from
their sources at a constant speed, preserving their
profile in the far field. Furthermore, they arc
generated by the same equivalent system of dipoles
and quadrupolecs. As a consequence of this, for both
types of waves, a region of turbulence generates a
directional field, whosc intensity varies as a high
power of the eddy convective speed. The analysis

shows that quantitative results are slightly different
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for the shallow water waves, the intensity increasing
with the scventh power of flow velocity and the fourth
power of the Doppler factor (l-m cose)-l. Though a
peak is found at the Mach wave condition, no singularity
is evident, even in the first approximation which is
then valid at all speeds. The similarity of this
result with recent developments in the theory of
aerodynamic sound generation lcads to the possibility
that turbulence generated shallow water waves can form
a satisfactory and easily visualized simulation of
acrodynamic noise problems of a rather intractible kind.
Indeed somc experiments have already been attempted and
the qualitative similarity with the aerodynamic problem
is very evident. That there should also bec a means of
making the similarity quantitative is the main outcome
of this work, though it should be emphasized that
certain properties of the two-dimensional wave field
distort any complete analogy with the three-dimensional

problem.
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CHAPTER 3. Theory relating to the Noise of Rotating
Machinery

Summary

This paper discusses and extends the theory of sound
gencration by multibladed single stage fans operating in a
free field. The results would also be applicable to
shrouded fans provided that the shroud dimensions are
small compared with the acoustic wavelength. The main
point advanced is that it is inappropriate to regard the
sound gcneration question as a boundary valuc problen
governed by the homogeneous wave equation. Inhomogeneities
of the equation caused by a finite velocity field in the
vieinity of the fan induced a quadrupole distribution whose
effect is studied. It is concluded that this effecet is
negligible only for low speed few bladed fans in the first
harmonics. For multibladed high speed fans the quadrupole
effects are important; both through the potential and
turbulent velocity fields. In the absence of turbulence
the inhomogeneous potential field may generate more sound
than does the rotation of the stcecady blade loads, whereas

the presence of turbulence provides a mechanism by which



the potential field around the fan is scattered as sound.
The theory of this mechanism is developed, and it becomes
evident that it is vastly more impértant in generating the
blade passage frequency sound heard near the axis of single
stage fans-than any mechanism so far sﬁggested. The paper
then goes on to develop the theory of fan noise radiation
at frequencies not necessarily related to the blade passage
frequency, and is concludéd by a formula relating the power
spectral density of the fluctuating forces on a rotating

blade to the spectral description of the radiation field.
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1. Introduction

The earliest theoretical study of the noise generated
by rotating machinery was the work of Gutin (193%6), who
analysed the sound produced by a two-bladed aeroplane /
propeller. He discovered that the forces exerted by the
propeller on the surrounding air generate the sound; they
are equivalent to acoustic dipoles. Consequently, Gutin
studied the following model. The air is subjected to
forces distributed over the disc swept out by the propeller;
each point on the disc experiences a constant thrust and
torque when a blade passes that point, and no forces at
other times. This system of forces is Fourier anaiysed,
and the Fourier components of the sound field obtained.
This model essentially yields an analysis of the sound pro-
duced by a force, or acoustic dipole, of constant absolute
Strength rotating in a circle. The sound is composed of a
series of discrete tones, whose frequencies are multiples
of the blade passage frequency. Both in quality and
quantity the sound predicted by this theory is in agreement
with the experimental evidence of Gutin's time.

The Gutin model has survived to the present time with
very little change. Garrick and Watkins (1954) have extended
Gutin's analysis %o account for the forward motion of fthe

propeller, and Lowson (1965), using more modern analytical
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techniques, has re-obtained Gutin's results, and also ex-
tended them to helicopter main rotor noise. On the other
hand, the nature of the socund produced by modern fans and
axial compressors, with their large number of blades and
higher rotational speeds, bears very little resemblance to
Gutin's model. The noise generated by modern rofating
machinery is composed of broad band noise distributed over
a very wide spectrum, plus a series of superimposed discrete
tones at multiples of the blade passage frequency, and some~
times of the lower disc rotation frequency. The intensity.
of the broad band noise tends to follow a sixth power law
of some typical velocity, and this clearly indicates that

it is generated by random fluctuations»in blade forces.
These in)turn are caused by such factors as the irregular
shedding of vortices at the blade trailing edge (Lilley,
1961; Bragg and Bridge, 1964), and the interaction of the
blade with patches of turbulence in the oncoming stream.
Gutin's analysis is clearly inapplicable to such situations,
and to date no extension of his theory has been made that
derives the general features of the noise from the random
forces on a rotating blade. The discrete tones are usually
taken fo be generated by the mean force operating as in
Gutin's model and by periodic inhomogeneities in the flow

field, but the theoretically predicted level of these tones
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for single stage fans usually falls short of experimental
observation.

Both the work of Lilley (1961) and Sharland (196%)
has gone a long way to close the gap between theory and
experiment, and Hulse et al (1966) have made a major
contribution in recognising that imperfect propagation
of the sound can account for substantial amplification of
the blade passage frequency sound. None the less, there
exists no rigorous theoretical tréatment which 1is compatible
with experimental evidence, and an attempt to close this
gap is described below, In 8§ 2 it is érgued thét acoustic
guadrupoles. not cdnsidered in the Gutin hodel may be impor-
tant as sound sources, and their effect upon discrete tone
generation is discussed in 8 3 and 8 4, Finally, 8 5 is
devoted to developing the formulae necessary to analyse the

spectrum of a rotating multipole of arbitrary strength.

2. Sound sources in many bladed rotors

The work of Gutin leads to an emphasis being placed on
the distribution of pressure over the blade surface as being
the prime source of propeller noise. The fluid is always
treated as a perfect acoustical medium, propagating the
pressure fluctuations generated by the blade as sound waves.

The mathematical formulation of this outlook 1s to assume
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that the pregéure satisfies the homogeneous wave equation

¥p _ ,29%p _ 0
3t? © axf.L

s (2.1)
and is to be solved for in a region exterior to the blade,

in terms of the given surface pressure distribution. As

a mathematical boundary value problem, this is associated

with the name of Kirchhoff, but as a description of propeller
noise generation, it is natural to call this the Gutin férmu-
lation. Of course, Gutin did not set up the problem in this
way, nor has it yet been tackled from this viewpoint, possibly
because no correct solution of the Kirchhoff problem with
moving boundaries has been published.

In reality, however, a fluid only behaves as a perfect
acoustical medium if the fluid velocity is everywhere small
compared with the speed of sound. Since surfaces moving at
speeds comparable with the speed of sound will induce fluidv.
velocities of the same magnitude, it is not valid to treaf
the fluid as a perfect acoustical medium. A more exact
specification must be sought. Such a specification is
supplied by Lighthill's work on aerodynamic noise (Lighthill
1952, 1954). This shows that a correct equation describing
the behaviour of the fluid is the forced wave equation for

the density,
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2 2
#p 290 P Ty
dt2 .‘Bxia VXX . ’
. 1J
(2.2)
= _ a2
where Tij = puiuj + pij c paij .

This equation means that the real fluid behaves like an ideal
acoustical medium, which contains quadrupole sound sources

of strength density T Thus Gutin's specification of

i3
the fluid is incomplete, but it préceded Lighthill's formu-
lation by 20 years. These extra quadrupoles, which repre-
sent the sound generated by the fluid flow around the blade,
are the only major difference between the two formulations.
For although the two governing equations also differ in that
one determines the pressure and the other the density, for
an ideal fluid these are simply related by Ap = ¢c®Ap and
so in Gutin's formulation the pressure could be replaced by
the density.

From the mathematical point of view, the solution of
Lighthill's equation consists of a particular integral plus
a complementary function. The particular integral represents
the sound generated by the distribution of guadrupole sources,
and the complementary function represents the effects of the

boundaries, and is identic¢al with the solution obtained from

Gutin's formulation. His work implies that the effect of
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the boundaries is equivalent to a surface distribution of
acoustic dipoles whose strength equals the force P.1
exerted on the fluid by the surface element. This is
precisely the result obtained by Curle (1955) from a formal
solution of Lighthill's equation, and although his result
is only valid for stationary surfaces, unpublished work of
the authors shows it to remain true when the surfaces are
in motion; the boundaries are now equivalent to a moving
distribution of dipoles. To summarise, theoretical con-
siderations show that the sound produced by a propeller or
fan can be regarded as being generated by quadrupoles of
strength density Tij distributed throughout the volume
exterior to the blade, plus dipoles of strength density P.1
distributed over the blade surface; theoreﬁical work to
date has ignored the quadrupole sources, and as will be
shown, has consequently missed what seems to_be the most
efficient generator of discrete tone fan noiée in many
bladed machines.

It should be emphasised at this point that the state-
ment that quadrupoles are less efficient fthan dipoles as
sound sources cannot be invoked to dismiss the quadrupole
sound; such an argument is only valid if a typical Mach
number is small, but how small it must be in a given

situation can only be determined after analysis. The
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qQuadrupole sound may depend upon other large factors which
swamp the effect of Mach number. It cannot be assumed a
priori that the sound produced by the quadrupoles is negli-
gible compared with the dipole sound.

The importance of the quadrupoles as a source of broad
band noise is difficult to assess. This is because broad
band noise is generated by the random fluctuations of the
sound sources, and no published analysis predicts the
general characteristics of broad band noise from a model
of fluctuating sources in a rotational motion. Consequert ly
our discussion of this point must be restricted to a few
general remarks. A dimensional analysis of stationary
sources shows that fluctuating forces generate a sound
intensity that varies as the sixth power of a typical
velocity, whereas fluctuations in the quadrupole strength
produces an eighth power variation. The work in 8 5
suggests that such dimensional variations are also valid
for rotating sources, and so the experimentally observed
sixth power dependence indicates that the fluctuating
forces are the dominant source of broad band noise. A
possible explanation for this is that the flow induced
around a blade by its motion is mainly laminar, the only
significantly turbulent region being the blade wake. Thus,

there is only a small distribution of quadrupoles with a
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randomly fluctuating strength, and the noise it generates
is negligible_compared with that produced by the force
fluctuations. The presence of further rotors or stator
rows increases the unsteadiness of the flow, but it is
thought that such interactions between fixed and moving
blade rows produce essentially periodic variations in the
flow, and not a high level of genuine turbulence. 'Such
periodic variations only contribute to the discreﬁe tones.
ThuS; it appears likely that the quadrupoles are not a

significant source of broad band noise.

3. Discrete tone generation by the potential flow field
The situation for the discrete tones is different.
If the fluid temperature remains nearly constant throughout
the motion, the-quadrupole strength density Tij can be
approximated by the Reynolds stress pujus - The flow
field set up by the blade motion has particle speeds near
the blade surface of the same order éé the blade speed U ,
and consequently the quadrupole source strength in this
region is of order pU2 . The quadfupoles are of this
magnitude in a region surrounding the blade and rotating
with it. Just as the mean force rotating in a circle pro-
duces pure tones, so does the mean Reynolds stress. Becéﬁse

the mean surface pressure is also of magnitude pUz‘, the
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essential difference between the two terms is contained in
their dipole-quadrupole character. To obtain an idea of
fheir relative importance, a simplified situation will be
studied.

In general, the sound field is generated by dipoles
and quadrupoles distributed over the surface and throughout
the volume respectively. The central simplification in
this model is to assume that these distributed sources can
be replaced by a single rotating point source whose strength
is equal to the integrated strength of the distributed
sources. Such an assumption is difficult to justify but
without it any analysis is very difficult, and requires
detailed knowledge of the flow around the blade. It is
further assumed that the two types of source rotate in the
same circle. Only the axial component of the force (the
thrust) and the longitudinal quadrupole aligned along the
axis will be considered. Expressions for the sound fields
qf rotating point dipoles and quadrupoles of constant
strength have been given by Lowson (1965), and can be
analysed into a Fourier series, whence the following ex-
pressions are obtained. For the far field sound Pressure
of a dipole, the absolute magnitude of the nth harmonic

(based on rotational frequency) is given by

_ nQxT nMy
n = opop? I ( - ) - (3.1)
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Here {1 is the rotational angular velocity, and T is the

dipole strength equal to the total thrust exerted by a

QR

single blade. M 1is the rotational Mach number o

R Dbeing the radius of the circle. X and y are compo-
nents of the distance r from the centre of rotation to
the observer; x 1is the axial component, and y is the
component in a direction perpendicular to the axis lying
in the plane defined by the axis and the observer. For a
quadrupole of strength Q , whilich equals the integrated
mean Reynolds stress, the'equivalent harmonic content is

_ n?Q2x2Q nMy
Qn o 2me2r” Jn( r )

(3.2)

If the blade span is s and its chord 1l , then a
representative area is sl , and volume sl1% . The

total thrust T can be expressed as a thrust coefficient
Cp multiplied by pU%sl , and similarly Q is expressed
as CQpU2512 - The coefficients Cp and C, are both of
order one. For a rotor with B equally spaced blades,
the sound pattern of each blade is out of phase with fthose
of other blades, and all harmonics which are not multiples
of B cancel. For the remaining harmonics n = mB , and
the ratio of quadrupole and dipole components of the sound

field is

O]O
= ")

B

!

il
&
=

ol |
HIX

(3.3)
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Although this ratio contains the Mach number, it also con-
tains mB , and for a system with a large number of blades,
this ratio may be large, especially for the higher harmonics.
As an illustration, let us compute the magnitude of this
ratio for the propeller quoted by Gutin, and for a modern
engine compressor. The figures are only tentative, as chord
size never seems to be recorded, and the effective radius R
is not known. It is assumed that CQ/CT if of order unity.
For Gutin's two bladed propeller values of 0.2 for 1/R and
0.5 for M seem reasonable; for an observer at an angle of
300 from the axis listening to the fundamental note, this
ratio is 0.17. Thus for Gutin's propeller, it appears that
the quadrupoles are negligible as sources of discrete tones
below about the 10th harmonic. On the other hand, for a
compressor with 40 blades, figures of 0.2 for 1/R and 0.8
for M are possible, and then the ratio is about 5.5 for
the fundamental and increases in direct proportion to the
harmonic number. This suggests that the mean Reynolds
stress may be an important source of discrete tones for

many bladed compressors. However, it is to be emphasised
that the relative importance of the two sources depends upon
the observer's position, and factors such as CQ/CT whose
magnitudes are largely unknown. Also, only a single com-

ponent of each source has been analysed. Thus, the numbers
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derived above should only be taken to suggest that in many
bladed machinery both the surface forces and the Reynolds
stresses can act through the same mechanism of sound
generation to comparable effect.

Although the foregoing analysis indicates that the mean
Reynolds stress may be an important source of discrete ftones,
it suffers from the same deficiency as the mean force, namely
the predicted harmonic content depends on the Bessel function

(EEMX) . These functions are extremely small when the

JmB r

ordér mB is large, especially near the axis of rotationg
at 300 to the axis of a 40 bladed rotor it is of magnitude
10712, To illustrate the significance of this, let us
calculate the acoustical efficiency Z_ of the rotor, i.e.,
the fraction of the mechanical power supplied to the blades
transmitted as sound power. The mechanical power W is
the product of the drag force, the veloeity, and the number
of blades; W = CDpUzslUB » where Cp is the drag coef-
1

ficient and is of the order 10 . For the dipole tones,

the total sound power W7 generated by all the blades is

of order
Wy = hme® & o B 02ou's1® o (3.4)
B pc n03 mB .
and hence the acoustical efficilency is
2p5v3
_ mB“’M7sl .2
‘Z - JmB ° (3‘5)

nCDR2
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For the fundamental tone of a 40 blade system, 7 is of

the order 10-22 which is an impossibly low wvalue. Thus

for multibladed systems it appears that another generating
mechanism is at work. The Bessel functions are an un-
avoidable consequence of a source rotating in a circle;

they are the remains of a large cancellation that is im-
perfect as a result of retarded time differences. To avoid
these functions, a source must be sought that fluotuates at
the blade passage frequency, but which does not rotate in

a circle.

4, Turbulence as a source of discrete tones

The realisation that the gquadrupoles are important
sound sources gives some scope for finding an alternative
mechanism of discrete tone generation. The Reynolds stress
quadrupoles are of strength density puiuj and distributed
throughout the volume exterior to the blades. The flow
through a rotor disc is principally a potential flow, but
with a certain level of turbulence superimposed upon it.
This turbulence may originate from upstream obstacles in
the flow, or from the rotor blades themselves. To bring

out this feature, the velocity u is split into a potential

i
flow velocity Ui and a turbulence velocity vy o the

quadrupole strength then becomes
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pujuy = pUin + p(UiVj + Ujvi) HPU5Vy (4.1)

The first of these terms is the source effect of the po-
tential field, and has already been discussed in the pre-
vious section. Similarly, the third term represents a
purely turbulence source, and has also been mentioned,
although its effect not properly assessed. However the
second term represents an interaction between the potential
and turbulent fields, and as such has not yet been mentioned
as a possible source of sound. In fact, the potential
velocity may be further divided into a convection velocity
through the rotor, and a purely oscillatory velocity in-
duced by the repeated passage of rotor blades. It is with
the interaction between the oscillatory and turbulence
velocity fields that this section is concerned.

The properties of an intéraction source term such as
pUivj are a combination of those of its two components,
and are deduced as follows. The potential velocity Ui
can be assumed to fluctuate essentially sinusoidally at the
blade passage (radian) frequency -QB . It is of the order
of the blade speed U for a distance of the order of the
bladé chord 1 either side of the rotor disc. Beyond this
region, the potential velocity, and hence the interaction

source, is negligible. On the other hand, the turbulence



53

velocity vy is random in space and time, and must be
treated stochastically. The turbulence can be regarded
as being composed of a number of eddies:g the veloCity
being well correlated throughout each eddy. In general,
these well correlated regions convect downstream with a
velocity Uc o This convection velocity is not necessarily
the downstream fluid velocity, but is the velocity of a
frame of reference iﬁ which the turbulence changes most
slowly. The time taken for an eddy of dimension L to

1

pass a fixed point is clearly LU; , and in this time,

the number of blades N that rotate past that point is

&
t

_ . B
N = T 27

|

L L M
ﬁ" ﬁ "I‘}'I"" ° (4.2)
] c

n

N represents the number of blades that chop through the
eddy as 1t convects past the rotor. The magnitude of N
depends upon various parameters, but it is instructive to
proceed on the likely assumption that it is much greater
than unity. The lifetime of an eddy is usually greater
than the time it takes to convect past a given point LU;l :
the eddy travels more than its own diameter before losing

its identity. Thus at a fixed point, the turbulence
velocity changes in a time scale set by the convection

time LU;l » rather than the eddy lifetime, and so a typical

(radian) frequency of this velocity is enUcL“l . The
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condition that N is large then implies that the blade
passage frequency is much greater than a typical turbulence
frequency, and it follows that a product of the potential
and turbulence velocities fluctuates at the higher blade
passage frequency. Thus we see that the distributed
intefaction quadrupoles pUiVj are of a significant mag-
nitude in a region either side of the rotor, they can be
grouped into coherent eddies, and fluctuate mainly at the
"blade passage frequencyol
For a quadrupole soﬁrce, the frequency spectrum ob-

served in the far field is the spectrum of the quadrupole
source strength multiplied by w4 . In our situation, the
quadrupole strength is pUiVj », and as we have seen this
fluctuates mainly at the blade passage frequency. In fact
it can be shown that the spectrum of such a product, one
fterm of which varies sinusoidally at frequency JfQ B , is
Just the spectrum of the other component shifted by (B .
Thus the width of the source spectrum is the width of the
spectrum of its turbulence component, but its mean frequency
is shifted to QB . As the width of the turbulence spec-
trum is of the order of its typical frequency 2‘nUOL_l s
the bandwidth w"lZ§w of the source spectrum is

Aw 2nu,

@ LQB

1
- 1. (4.3)
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Thus for large N , the source spectrum is very narrow, and
centred on the blade passage frequency. The spectrum ob-
served in the far field is this spectrum modified by w4 R
which can be regarded as constant throughout the narrow
band. Thus the observed spectrum is also very narrow,
and this mechanism is essentially a source of discrete
tones. On the other hand if N 1is not large, fthe source
spectrum is broader, and is further distorted by the factor
w4 s the sound is then relatively broad band, the maximum
bandwidth being of order unity. Thus the nature of the
radiated sound depends upon the magnitude of N ; for
large N the sound is blade passage tones, but for small
N it is broad band noise. Clearly N increases with the
number of blades, but it may require that Mc is small
compared with M for it to be very large. This would
occur if the rotor were not operating at its design condition.
To assess the intensity of the sound generated by this
mechanism, we must estimate the magnitude of the basic
integral describing the sound field of a quadrupole dis-
tribution. One possible simplification is to neglect the
retarded time differences across the eddy, but this is a
bad assumption for the following reason. Although the time

taken for the sound to travel across the eddy is a small

fraction of the eddy lifetime, it is a large fraction of
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the periodic time of the potential velocity. Thus although
points on opposite sides of an eddy have velocities that are
well correlated instantaneously, the sound they produce is
significantly out of phase when it reaches the oObserver.
That is, the eddies are no longer acoustically compact.

In this situation, the effective volumetric scale is
established by the eddy area and the distance travelled

by a sound wave in a characteristic period (Ffowcs Williams
196%), and the best expression for the far field sound

pressure of a non-compact quadrupole distribution is

p(t) = = M dSed® (k)
e R R S i

Here the square brackets indicate that the integral is to
be evaluatea over the surface of the sphere S ,
r=c(t-T)

The magnitude of the sound pressure produced by one
eddy can be estimated from this integral. It is assumed
that the eddy dimension L 1is the same as the blade chord
length 1 . In the region either side of the rotor, the
potential velocity is of order U and the turbulent
velocity aU . A space derivative is equivalent to
division by the chord length 1 . The eddy area is 12 ,

and the relevant characteristic time is En(llB)_l , SO
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fhat the sound pressure produced by a single eddy is of

magnitude

p = pUZq 12c2n _ pUacR (4.5)
1247y ° OB 2rB °

The eddy is a coherent source and so the éound it generates
is the square of this expression. The total volume of. the
region under discussion is 2nRsl , which thus contains
27cRsl'2 turbulent eddies. The total mean square sound

pressure generated by all the eddies is

= p2U2a2c2R®  27Rs _ nanaaacaRBS : 4.6
p = o 2 = 2. 2572 o (4.6)
U2 B2 1 2B2r21

An acoustical efficiency for this mechanism can be calculated

as before, and it reduces to

2.2 5
7 = g—;—é (%) : (4.7)

This equation is restricted to frequencies such that the
wavelength of sound at the blade passage frequency is not
significantly larger than the blade chord, so that it would
be misleading to apply this result when both B and M are
small. -However, for high speed many bladed fans this
formula is relevant. If the previously quoted values

are used, and a one per cent turbulence level is assumed,
this efficiency turns out to be of the order of 1072, This

figure appears very reasonable, but rather on the high side,
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but again the analysis has been very crude, and could easily
be in error by a factor of ten.

One conclusion from the above analysis is inevitable.
In situations where N is large, this mechanism is far
more likely to be the cause of discrete tones near the axis
of multibladed machinery than any Gutin type of mechanism.
Equation (4.6) also shows that the sound intensity generated
by this mechanism, whether it be discrete tone or broad band,
varies as the square of the rotational Mach number, instead
of the usual sixth power variation valid at low rotational
sSpeeds. It is evident from the above discussion that this
mechanism operates when the blades chop through the'wakes
of upstream obstacles. Such wake-chopping situations are
known to be powerful sources of discrete tones, but it is
seen that it is not necessary to seek unsteadiness in the
blade forces as the sole cause of high amplitude discrete

tones.
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5. Radiation from rotating multipoles at frequencies not

necessarily related to rotation frequencies

The generation and propagation of sound is governed by

the inhomogeneous wave equationg

2 ) ; |
3*1—:-22 - ¢% B‘p = Q(?_C_:t) o (5"1)
dx>

Here Q(x,t) 1is the source strength density at (x,t)

which may or may not be concentrated in the form of a delta
function singularity. In the general aerodynamic noise
problem with boundaries, the sources may include simple,

dipole and quadrupole elements, so that:

(5.2)
‘Dxi : axi BXJ.

Q(x,t) = s(x,t) +

S, D and Tij are respectively the strength density

i
of the three source types. The solution of (5.1) in the
distant radiation field can be written in either real time

or spectral form:

1
Yne2yp

p(?ﬁ:t) = Q(y_s t - %)dl g (503)

~27i
o~2minr/c © A

plx,w) = T (- 7 &, ©) . (5.4)
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r 1is the distance separating source and observer and 2 is
the unit vector in the radiation direction. p(x,w) is the
generalised Fourier transform of p(x,t) : »
o)
p(x,w) = plx,t) e2™0 gt (5.5)
| -00
and Q(E,w) is the wave number, frequency, Spectral com-

ponent'of the source field, being the four-dimensional

Fourier transform of Q(x,t) ;
Qk,w) = f Q(x, t) e oTHEX mBTiNty, g, (5.6)

In terms of the spectral components of the multipole strength,
- . ; _ 2 .
Q(_LSJ(D) - S(_I’E)‘-D) + EnlkiDi(E,ﬂ)) (2'”;) kiijiJ(}S,m)) (5'7)

and the particular component generating the acoustic wave at

A
frequency w propagating in the direction r 1is:

O ) e s (-8 ) ot @2 D (- 20 & N
Q( S r,w) = S( S r,w) eni - riDi( S r,n) - (2n) —= riroij
A
X (- %E,m) » (5'8)

?i is the component of the unit vector 2 in the direction i.
The obJject of this section is to develop the theory of
fan noise at frequencies which are not necessarily multiples

of the blade passage frequency, and for this we can, without
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any loss of generality, regard the sources as concentrated
at a point rotating in the x3 = 0 plane at radius R with

frequency Q2 . Then Tij(ﬁ,t) , D.(x,t), and S(x,t) can

4 €

be written symbolically as:

T. .
1J
D; ¢ (xt) = a(ft) 6(x-R) . (5.9)

a(g,t) is the time dependent strength of the source which
occupied angular position g from the x axis at time

t =0, and IR is the position vector of that source

at time ¢t . From equation (5.6), the four dimensional

™

Fourier transform ,of this source density is:

D, (k,0) = a(g,t) e 2mMik-B -emiat g (5.10)

-0

Now q(g,t) may be expressed in terms of its generalised
Fourier transform (or spectral components) as,
o'
a(g,t) = a(g,a)e?™ 44 | (5.11)
-00

and the radiating component of the source spectrum becomes:
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ij 0
Dj_ (- % E:UJ) = Jj al(gd,a) e-QEit(w-a)
S | -00

2ni®R sine cos(2nRt+g)
e © dtde .- . (5.12)

A
Here k.R has been set equal to - = r.R which is

olg

- % R sin 6 cos(2nQt+gd) , © Dbeing the angle‘aﬁ which the
wave 1s propagating measured relative to the fan axis, which
is © =0 .

The time (t) integration can now be performed, (Jones

1966, p.137),

00
+d = ~inZ +ig (&%)

D, | (-220) =J 2 a(d,a)e 2 R

S ~p B=E"®
% ( 21TCDRCSj.n G) 6(0;)(-).(1 _ n) g-(% ,
= -in(z - #)

= 2 q(g,w-n)e 2 Iy
=-0
x (- 2anCsin 9) , (5.13)

where Jn is the Bessel function of the first kind.
The Gutin theory is simply derived as a special case

of this result. That deals with the field established by
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point sources of constant absolute strength. If we take
by way of example the field induced in the plane Xy = 0
by the torque dipole, then only D, need be retained. If

D

1 is expressed as

D, (x,£) = D cos(2nQt + g - 5) 6(x-R) , (5.14)

then for this source

. i 4 _ =
a(g,a) = §D}iel(¢ 2] 8(a-Q) + e He -2 6(a+ﬂ)3, (5.15)
and
(o] s 1) (& -
D (- 2%,0) =2 Z ;g - ) 6 (w-(n+1) R)J
n=-00 ‘
x (- 2nchsin Q)
lo's} Si(n-1)(E _
, _]22 2 . i(n-1)(3 - #) o(0- (1) @)

2TEU)RcSin Q) ) (5.16)

x (-

00 . /T
s S me TE T
2nwR sin ©
n=-00

x 8(w-nQ)J (- BB SN 9) (5.17)
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Equation (5.17) is obtained by re-ordering the
summations in (5.16), and employing a well known Bessel
function recurfence relation. This source field generates

a radiation field given by equations (5.4) and (5.8), equal

to:
~2niwr/c
e A LW A
-—m (- 2ni 5 Sin Q)Dl(— %g,w) y (5.18)

so that the result for the Gutin theory becomes:

e-2niwr/c iD © -i n(g - 8)
Plwo) - S R 2, ne
n=-00

2nwR sin ©
~ ) . (5.19)

x B(w—nil)Jn (-

This is the well-known result for the spectrum function,
showing the spectrum of each dipole to be discrete at
harmonics of the disc rotation frequency. If there are

B identical sources spaced in an exactly regular array
around a circle at angular intervals 2n/B , then the total

effect of ali sources will involve the sum

B
S gl nen/B _ B ; A= mB
by (5.20)
=0 ; n#m,
where m 1is an integer. The magnitude of the spectral

level generated by B sources then becomes:
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D B®

2nwR sin 9)
bnc2r R

p (s , (5.21)

md (w-mBQ )J

[\\8

( p(x,0)| =

M=~ Q00

1

which is Gutin's discrete spectrum at harmonics of the blade
passage frequency. Of course imperfect duplication of the
source or blade spacing would nullify the above summation,
and leave a finite level at harmonics of the disc rotation
frequency.

We return now to the general case and give three formulae
for the spectral components of the distant radiation field in
Terms. of the spectral level of the source strength. The
first is for a point monopole with spectrum s(g,a) , the
second for a point dipole with spectrum di(ﬁ,a) and the
third for a point quadrupole with spectrum tij(¢,a) . By
spectrum we mean of course the generalised Fourier transform
of the time dependent source strength. In each case the
point source is rotating in a circular path of radius R at
frequency {2 and occupies angular position g at time t = 0 .

(1) Monopole:

—O1 i @ -in(tX _
p(x,w) = E_Efffféi :Ej s(g,w-nfL)e in(2 ¢)J

(- 21wR sin 9).
n /

¢

(5.22)
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-2niwr/e oo A 3 -in(Z - 4)
plro) = - S 2L R S g (fona)e 2
n=-Q
21wR sin ©
X Jn(f S ) (5.23)
(3) Quadrupole:
-2nior/c 2 A A =
P(i:w) = - E—Z;;E;__ (em)® %5 rirj :E; tij(ﬁ,w—nil)
n=-oq
-in(3 - 4) :
X e 2 Jn("' 27[(DRCSIH Q) . (5.24)

All these forms involve the spectral level which.is a
generalised function that cannot be given a unique meaning.
To make these expressions practically useful, one must form
power spectral density relations to predict statistics of
the radiation field in terms of statistics of the source
strength. This is done by multiplying both sides of these
equations by their conjugates, averaging, and normalising by
a factor common to both sides whose magnitude need not be
considered and can be taken as unity. We will deal par-
ticularly with the dipole equation to develop a formula
relating the power spectral density of a time dependent di-

pole strength, such as might be induced by vortex shedding



67

on a fan blade, to the power spectral density of the density

fluctuation in the distant radiation field, P(x,w) .

. 2 2 -i(n-m) (% - 4)

Px0) =85 S S a(Fen2)e (4 -em2)

n=- MmM=-00

. 2RWR sin © 2TWR
x Jn(— c )Jm('

=10 8) . (5.25)
Here dr has been written for the dipole component in the
particular radiation direction ?idi . If we now assume
that all Fourier elements are uncorrelated unless they are

conjugates)and this is so in a stationary field, we can

reduce the double sum to a single summation over n ;

dr(¢;a)dr(¢,5) = Dr(ﬂ‘,a) 5 a = -
(5.26)
=0 3 af -B

where Dr(ﬁ,a) is the power spectral density of the dipole

strength in the radiation direction. Then:
- (o)
< _ 2,_ 2TwR sin-@ ~
Ploe) - 85 5 D (fem0)iy(- ARG (57
‘ n=-@ '

This formula can be simplified in two special cases when
the dipole spectral density is not a function of n and the

summation can be carried out exactly. Firstly, if the
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source is not rotating, {2 = 0 and the Bessel function sum
is unity,

Pae)| = —Ep nhe) - (5.28)

This is the well known radiation field of a stationary point
dipole. Secondly, if the dipole spectrum is flat; its
variation is that of white noise. Again the Bessel func-
tions sum is unity to give a radiation field power spectral

density proportional to w? :

P(x,0) = 4—02-1:—2— D (4) . (5.29)

This result is evidently unaffected by blade rotation.

In general no great simplification of the above result
(5.27) is possible. It can be seen that a source at fre-
quency a Dbeats with harmonics of the disc rotation fre-
quency n{) to radiate at frequency (o+n{2) . A dipole
with a discrete spectrum radiates a discrete spectrum at
these beat frequencies. A dipole with a narrow band
spectrum radiates in narrow bands about these beat fre-
quencies, so that no definite tone is heard. On the other
hand a spectrum that is flat over a wide frequéncy range
tends to the white noise case discussed above, where there

is no hint of a tone. The most general conclusion there-

fore seems to be that the width of the spectral peaks which
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are radiated at beat frequencies are directly proportional
to the bandwidth of the dipole frequency spectrum, and the

strength of the narrow band content is inversely proportional

to the spectral bandwidth.
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CHAPTER 4. Sound Generation by Turbulence and
Surfaces in Arbitrary Motion

Summary

The Lighthill-Curle theory of aerodynamic sound is
extended to include arbitrary convective motion. The
Kirchhoff description of a homogeneous wave field in terms
of surface boundary conditions is also generalized to sur-
faces in arbitrary motion. The extension is at variance
with the two previously published accounts of this problem
which are erroneous. WWhen both the bounding surfaccs and
the turbulence and compact relative to the radiated length
scales, the turbulence is acoustically equivalent to a
volume distribution of moving quadrupoles and the surfaces
to dipole and monopole distributions, At low convective
speed, their field increases as inverse powers of the
Doppler factor Il-Mr | . Convective acceleration
generally gives rise to new source terms at this condition.
At the Mach wave condition when the Doppler factor is
singular, both the turbulence and surfaces are non-
compact and are acoustically cequivalent to

monopole distributions. Convective accecleration
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then tends to limit the radiation. At this condition the
surface sources are quite unrelated to the low speed sources,
being second order in the field;variable contrasting with the
linear low speed terms. At high supersonic convective speeds,
the field is dominated by an intensive beaming along the
directions of Mach wave emission that iie normal to the
surface. The magnitude of the field then varies inversely
as the Gaussian surface curvature. If the surface has only
single curvature the field is proportional to r-l/2 and if
it ‘is locally plane at this condition, the field no longer
decays with distance travelled. There are indications that
the surface induced intensity increases as the square of

surface speed at high supersonic speeds.
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1. Introduction.

Lighthill (1952, 1954) has shown how the problem of
aerodynamic sound can be posed as an acoustic analogy in
which the turbulence provides a quadrupole distribution in
an ideal atmosphere at rest. He described the general
properties of the induced field and deggloped the dominant
effect of steady low speed solenoidal source convection.

The field increases as |1"Mr|-3 » M, Dbeing the Mach number
at which the source approaches the field point. Ffowes
Williams (1963) extended this theory to account for high
speed steady'éolenoidal convection and.showed that relatively
intense but finite fields were radiated in the Mach wave
direction where the Doppler factor, {l-MPI-l , 1is singular.
Curle (1955) gave the general effect of static surfaces,
showing them to be equivalent to surface dipole distributions.
Lowson (1965) developed the theory of point multipoles in
arbitrary convective motion inferring without proof that
moving aerodynamic surfaces could be modelled as moving point
dipoles. In this paper general expressions are developed
for the equivalent sources of arbitrarily moving aerodynamic
bounding surfaces with adjacent turbulent flow. It trans-
pires that only at low subsonic speeds can surface effects be
treated unambiguously by Lowson's model. This paper then

goes on to discuss general features of the radiated field by
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source distributions in arbitrary motion and to discuss general
features of the sound generated by turbulent flow around high
speed aerodynamic surfaces.

Curle's (1955) extension of Lighthill's theory to account
for surface effects made use of the Kirchhoff boundary solution
to the homogeneous wave equation. In principle a theory
accounting for surfaces in arbitrary motion might start with
extensions of the Kirchhoff problem to moving surfaces pub-
lished by Morgans (1930) and Kromov (1963). However these
theories are mutually incompatible and both contain errors,
Kromov's a fundamental error at an early stage in his analysis,
and Morgans' a minor inconsistency at a later stage. A
correct extension of the Kirchhoff problem is therefore not
avallable as a starting point but is one of the results of
this paper (equation 5.3).

The following analysis makes extensive appeal to
generalized function theory. Generalized forms of the field
variables are established to hold over a continuous infinite
space. In that part of the space occupied by fluid they are
equal to the real field variables, but in regions within the
surfaces they have a well defined simple form. Discontinuities
across the surfaces account for concentrated surface source
distributions. In section 2, equations governing the

generalized density fluctuation are arranged in an inhomogeneous
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wave equation of the Lighthill type, with quadrupole, dipole
and monopole inhomogeneities, the latter two being concen-
trated on the bounding surfaces, if any.

Section 3 describes four alternative descriptions of the
radiation field of arbitrarily moving multipole distributions.
One of the forms (equation 3.21) is a generalization to a
distribution of the result given by Lowson (1965) for a point
source. However this particular form sufférs from extreme
interpretational difficulties in regions where ll-Mr(-l > 00 .
It is a particular obJject of this paper to deal effectively
with this Mach wave regime and for this the alternative forms,
equations(B.QQL(3.23)and(3.2%% are far more appropriate; they
contain no singularity at the Mach wave condition. These
results are developed further in section 4 to represent sur-
face multipole distributions in arbitrary motion, equation(4,6)
being the general result. In this equation one singular
point remains. The denominator of this equation vanishes
if the surface approaches the field point along its normal
at exactly sonic speeds. This condition is a special con-
dition treated separately in section 7 where it is shown that
an intense beaming of sound can then arise. Section 5 is
devoted to a statement of the formal general solutions of the
Kirchhoff and aerodynamic sound problems that emerge from an

application of the foregoing analysis.
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The formal solution is discussed in section 6 insofar as
it affects the field generated by the distributed volume
sources. The previous results of the Lighthill theory
emerge as special cases as does the extension to cover high
Mach number convection. Unsteadiness of the convective field
is shown to induce additional source terms but also a
moderating influence on the Mach wave field. Equation(6012)
gives a continuously valid general expression for the para-
metric dependence of the density field, and is identical to
that obtained for special models of the flow by Ribner (1962)
and Ffowecs Williams (1963). Equations(6.14)and(6.15)give
the analogous expressions when the field point is close to
the source distribution and when the source is undergoing
convective acceleration.

Section 7 is devoted to a discussion of the general
effects of moving surfaces. At low speed when the sources
are all compact they are equivalent to quadrupoles distri-
buted on the internal volume together with a dipole of
strength equal to the applied force plus the displaced
inertia, a result shown explicitly in(?.@. At high speeds
when the sources are no longer compact the situation is very
different, the appropriate expression then being equation
f?.lﬁL though for ease of demonstration, this is a particular

form for steady solenoidal convective motion. The significant
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feature of this result is that the important source terms at
high speed are completely divorced from those dominant at low
speed. The surface effect is entirely controlled by the
viscous term and by a Lighthill's turbulence stress tensor.
The one remaining singularity of that equation is then dis-
cussed to show how the surface curvature plays a crucial role
in the high speed problem and how an intense beam of sound
can be radiated frbm high speed surfaces.

Finally the paper is concluded with some qualitative
implications of the theory to the question of sound generation

by high speed aerodynamic machines.
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2. Derivation of the Governing Equations.

The theory of aerodynamic sound is built upon the
equations of mass and momentum conservation of a compressible
fluid. These equations are valid in the region exterior to
any closed internal surfaces that may be present, and can be
combined to give an inhomogeneous wave equation governing the
generation and propagation of sound waves in that region.
(Lighthill 1952, Curle 1955). Such a situation is essentially
inhomogeneous in space, in that these equations are valid in
the volume outside the surfaces, but are meaningless else-
where. However, spatial homogeneity can be restored if
this situation is abandoned in favour of the following one.
An unbounded fluid is envisaged, but one which is partitioned

into regions by mathematical surfaces that exactly correspond

to the real surfaces. The motion of the new fluid on and
outside the mathematical surfaces is defined to be completely
identical with the real motion, whefeas the interior flow can
be specified arbitrarily. Thus the original situation is
embedded in a more general one, and any problem in the real
fluid is matched by one in the unbounded fluid, their respec-
tive solutions being identical in the exterior region. The
interior motion is usually assumed to be very simple, and
consequently does not match the exterior flow at the boundaries.

Mass and momentum sources have to be introduced to maintain
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these discontinuities, and theserultimately act as sound
generators. The equations governing the unbounded fluid
are then consefvation equations with sources, and are valid
everywhere in space, thus restoring homogeneity to the prob-
lem, The mathematical description of the unbounded fluid
is aided by the use of generalised functions (Jones 1966),
which enable the discontinuities: to be handled quite simply.
The new mass and momentum equations for a fluid with discon-
tinuities are derived by an extension of the usual techniques.
Consider a fixed volume of fluid V enclosed by a sur-
face E; . Suppose V 1s divided into regions 1 and 2 by a
surface of discontinuity S encroaching on’region 2 with
veloclty v . S may consist of several closed surfaces.
Let 2 Dbe the outward normal from V , and let n be
normal to S going from region 1 to region 2. The super-
scripts 1 and 2 refer to the two regions, and an overbar
implies that the variable is to be regarded as a generalised
function valid throughout V , e.g. p 1is equal to p(l)
in V(l) and p(g) in V(e) o If p represents the fluid

density, then the rate of change of mass within V is,

%Sﬁd‘[:-%g p(l)dV+-§ES P(e)dV~
(1) v(2) (2.1)

The two regions have a moving boundary S , so that for each

region
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P 1 1 1 (1

ST \J p( )dV = -.g (pui)( )Qidﬁ -‘g [p(ui—vi)] )nidS s
(1) s (1) s (2.2)

where uy is the component of the fluid velocity in the

direction x, (i =1, 2, 3) , and a repeated suffix implies

a summation ovér these values. Hence the rate of change of

the total mass within V is

(2)
g-,;j pav = § (puy) €; a2 *S“" 7V s, (2:2)
v g s |

the symbol [ meaning the difference of the contents be-

(2
I)

tween regions 2 and 1. By applying the divergence theorem;

equation (2.3) can be written
B

(5 (2)
(5 3——- pui»dv = -g[p(ui-vi)](l) n, ds . (2.4)
v S

al‘é’u

If an equation of the form f = 0 defines the surface S ,
and is such that £ < 0 in region 1l and f > O in region 2,
then a surface integral over S can be replaced by a volume
integral over V with the integrand multiplied by the

2y 1/2
J

generalised function &(f) {(3%2) (see 8 3). Here

8(f) 4is the one dimensional delta function, which is zero

everywhere except where f = 0 . Now, mn, {(3§—)_} is
J
equal to %%i , SO0 that (2.4) leads to the generalised mass
i

equation
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P R , (2) oFf
* 3w, (o) = [pgui-vi)](l) o) 5%, (2.5)

ped g

This equation implies that, as far as mass conservation is
concerned, to maintain the unbounded fluid in its defined
state, a shell distribution of mass sources is required,
whose strength is the difference between the masé flux
requirements of each region. In the same manner, the

generalised momentum equation can be deduced,

_— — (2)
%%(pui) + g%j (puiuj+pij) = [pij+pui(uj-vj)] 6(f) g%f .
J (1) J(2 6)

Here pij is the compressive stress tensor. Equations
(2.5) and (2.6) are the general forms of the equations
governing the unbounded fluid, and are valid throughout
space. If there are no discontinuities, the mass and
momentum sources vanish, leaving the usual conservation
equations. It is emphasised that the only restriction
placed upon the surface S is one of smoothness, it can
move in an arbitrary fashion, and change its shape or
orientation.

To investigate an arbitrary sound field in the presence
of a moving surface S , the superscript (1) is taken to

refer to the region of the unbounded fluid that corresponds
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to the volume inside S . In this region, the fluid is
assumed to be at rest with dénsity Po and pressure P,
These values of density and pressure are those that would be
found in the real fluid were it at fest° As the stress
tensor pij has the same mean value poﬁij in both regions,
this constant vanishes from equation (2.6), and the symboi

p can be reinterpreted as the difference of the stress

ij
tensor from its mean value. The interior condition is then

pij =0 , It is also assumed that in all practical situations,
the surface 8 is impermeable, so that in the exterior region
u, = vy . As n is defined to go from region 1 to region 2,

it represents the outward normal from S . After replacing
the interior variables by their assigned values, and dropping

the superscript (2), the mass and momentum equations become

dp 2 — 2 f
5t 3%y (pug) = pgvy 6(F) 3%,
ST (2.7)
Py ? dr
Yt o (pujuy + 2;5) = pyy 8(r) e

To obtain the wave equation governing the generation and
propagation of sound, puy is eliminated from equations

(2.7), to give:

(s - 2 1) (5 )_fii_.i___?___( 5(£) 525)
62 ‘pxi P=Po/ = 'axiaxj IXy Pi; Xy

2 9
+ 3% (po A\ 5(f) 5‘;{?) . (2.8)
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The dependént variable has been changed to the generalised
density perturbation E;B; , as this is a measure of the
sound amplitude. The generalised function T;E is equal
to Lighthill's stress tensor Tij = puyuy + Pyy - cg(p'po)ﬁij
outside any surfaces, and is zero within them.

Equation (2.8) shows that in general sound can be re-
garded as generated by three source distributions. The
first of these is a distribution of acoustic quadrupoles of

strength density T distributed throughout the region

iJ
exterior to the surfaces (Lighthill 1952). This is supple-
mented by surface distributions of acoustic dipoles of strength
density pijnj (Curle 1955), and if the surfaces are moving,
by further surface distributions of sources essentially mono-
pole in character representing a volume displacement effect.

It is to be emphasised that although these may not be the
physical origin of the sound, they do completely specify the
field., This equation remains true if shock discontinuities
are presentg; these can be treated in the same way, but as

mass and momentum fluxes are continuous across a shock, there

are no extra sources to be included in (2.8). However,
T. .

1]
boundary surfaces.

s now contains discontinuities other than at physical

Equation (2.8) can be obtained by a second method. A

generalised function is set up that equals the required
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function in the relevant region, and‘is zero elsewhere. Such
a function is formed with the aid of Heavyside's unit function
H(f) defined to be unity where f>0 and zero where f < O .
Thus if f 1is a function that is positive in the region of
interest and negative elsewhere, the required generalised

form of YV is YH(f) . We use this form to solve the

homogeneous scalar wave equation,

2;:; c® %;5% 0 (2.9)
in the presence of a moving surface. This problem is an
extension of that solved by Kirchhoff, and will be referred
to by that name. It can easily be shown by direct dif-

ferentiation that Y H(f) satisfies the equation,

2 2 - ()

(G - o S YH(D) = -0 S (YOl - Sl ovys(0)
’ A

-(e® 5’—}}’; cv 0 o) FE L (220)

Thus the Kirchhoff problem is converted into that of solving

the generalised wave equation with shell sources. Knowledge
, Yo
of WV, g% and 3% on the surface completely defines the

source distribution, and these can be assumed to be given as
the boundary conditions of the original problem. The density

fluctuation P-p, ©Of a compressible fluld satisfies Lighthill's
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inhomogeneous wave equation, and so this latter process would

lead to_an equation similar to (2.10) with an extra source
T. .

3—?—{-—3%1 on the right hand side. This equation is an
17775 :

alternative governing equation for the generation of aero-

H(rf)

dynamic sound. The formal equivalence of the two equations
can be established if it is noted that E:E; and (p—pO)H(f)
represent the same generalised functions, and the ordinary
mass and momentum equations are empldyed together with the
condition that the surface is impermeable.

Of the two methods of deriving equation (2.8) the first
is the most efficient and physically illuminating. However,
the latter method shows the relationship between aerodynamic
sound, and the scalar wave field of a moving surface. Clearly
the only mathematical difference between these problems is the
extra volume distribution of sources in aerodynamic sound
generation. These sources are negligible if the fluid
velocity is everywhere small, since Tij is of second order
in velocity. Consequently the two wave fields are essentially
identical for a slowly moving surface. However, if the sur-
face moves at high speed, its motion induces large fluid
velocities, and these extra sources can no longer be neglected;

the two wave fields are then different.
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3, Field of a multipole distribution in arbitrary motion.

The basic equation to be solved is a generalised wave

equation of the form

n
Ve 8 2 i (3.1)
Ed o
ot x% Vxdx,
: i"73..
and Q. . being generalised functions. This equation
lJeo_-

governs the field of a distribution of nth order multipoles
of strength density Qij . The solution is well known
(Jones 1964 p.38)

F0

r

1 B Q--”(X:'L') 5(z-t+=)
B(x,t) = —— L S ay av , (3.2)

hre éyiby r
J‘.
-

where r =|x-y| 1is the distance from the source point y

to the field point X . A basic property of such convolution
integrals is that derivatives can be ihterchanged, so that
(3.2) can immediately be rewritten as

+C0

n
meB(x,t) = 5x2e— | 9

r dydt
—’axiax -o.(le)ﬁ(f~t+€) X (3.3)

Jo . J
-Q0

The usual way of presenting this result is to perform the
integration over T that yields the familiar retarded time

result
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yn ay
Mot t) = s | Yy @t T G
- i .

the integral being taken over all space.

So far it has been assumed that the source strength
Qijoo is known as a function of the fixed coordinate system
Yy » corresponding to a view that the waves are generated by
a system of stationary sources. However, it is often
desirable to regard the sources as in motion, as this greatly
simplifies the task of specifying the source strength. For
example, the strength of the shell sources corresponding to
a moving surface is clearly more easily specified in a co-
ordinate system moving with the surface rather than in any
fixed reference frame. To allow for this change of emphasis,
Lagrangian coordinates Z are introduced which move with the
sourcesy the sources are then at rest in the Z space. Ir
the source convection velocity is written as c¢M , the |
Lagrangian coordinates are related to the fixed system by
the equation

v
y = 2+ jcm(z, T')ae! . (3.5)

By writing the source strength as when referred to

%3j..
the ¢ frame, the field integral (3.3) becomes
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+00

30 e, dldt
41[02¢(-}£,t) = 5;(—;-3—}-{-39—:- qij“(_'z,'l')ﬁ(’l”-t+ "'C')J r 3 (506)
-
where r 1s now a function of T :
i
ro=]x-2- [ em@ rhac|. (5.7)

The Jacobian of the transformation J can be related to the

convection velocity eM by the equation, (Aris 1962 p.8Y4),

T
3= e ety a2 v av' ], (5.8)

the divergence being taken with respect to the y frame.
The time variable T is now replaced by a new length

variable A , the two being related by

LY
a.c,lq = Cca [y (3'9)

The reasons for this are twofold. Firstly, this unifies the

dimensions of the field integral (3.6):; and secondly, the

arbitrary scaling factor o enables important space and time

scales to be equated, considerably simplifying the inter-

pretation of later results. This change yields the equation
+00 _

n r da? dxa

=—axiaxj quo.(_Z’)\)a( L(_'_Z_,)\) - t + —C—)J reg

-00 (3.10)

hnc®d(x,t)
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Although equation (3.3) is one expression for the
radiation field, alternétive expressions can be given if
some results of genéralised function theory are erﬁployedn
These concern volume integrals containing delta functions,

and are firstly (Jones 1966 p.262)

+Q0
F(z) 8(g(z))dz = j\ £ (z%)dz, , (3.11)
- Sl |52
k

where Ef is a point on the hypersurface é; defined by
g(_gx) =0 ; 2}( is the projection of § on to the coordi-
nate hyperplane with normal in the k direction, an element

of which is denoted by dz, . Secondly (Jones 1966 p.263)

+00
F(2)0(g(z))dz = {———E——} (%) a5 | (5.12)
| grad gj
-0 ._
where | grad g,z = (E%g)z , and thirdly
k
+ m Flgégl
j F(z)6(g(z))dz = :E: k (zx)d,gk . (3.13)
u 1 |grad gl
-0 ;Ek

In (3.11) and (3.13) repeated suffices are not implicitly
summed. Expression (3.12) implies that a volume integral

containing a delta function is the same as a surface integral
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modified by the factor |grad g\—l , a result that would be
obtained by working formally and utilising the well known
property of the delta function
+00
F(g) 6(g) dg = F(o) . (3.14)
-00

The other two resﬁlts are alternative expressiqns for cal-
culating thié surface integral, by either projecting éf. on
to one coordinate hyperplane, or by resolving it on to all
the hyperplanes. The projection of jzj fails if it 1lies
perpendicular to the chosen hyperplane, and corresponds to
5%5? vanishing in equatibn (3.11). The other two expressions
neger fail for a smooth surface, because grad g| cannot
then be zero. Although these three expressions yield‘
identical values when integrated analytically, some may be
more useful than others for estimating the magnitude of the
radiated field (see 8 5).

To utilise these expressions in the evaluation of the
radiation integral (3.10), the relevant components of |grad gl
must be calculated. g in equation (3.10) represents

T-t + % 5o that

Lo
~t

| - 2=
[ 3Ty

) . (3.15)

g

"l

o/
>
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However, from equation (3.7) it follows that g%/? is

-eM, , M, being the component of M in the direction of

T
the radiation vector r = (x-y) . Thus
g _ L[,
= S0 1 Mr . (3.16)
Similarly,
o0& - _2g +l&l . _ 1 °r +(1_M)_9_T__ (3.17)
o1 dvl. oY c rtoafs | )
2], i vl 2 a4 24 \
Again from equation (3.7) it follows that
T oam
or Ty _r;]_ J J !
—— = e e C - dr .18
so that
2 _ i
094 ct r i{,
(3.19)
T
r, DM 0T
- ] J —
where a; = J c 57y aT e(l Mr) 37,
A
Hence
1
1 2 P P 2
grad g, =3 {(l—Mr) + af(1 + 2a, + a; )}
| 1 (3.20)

I
Q
gl
N\.—\‘
=
1
=
]
+
™
N
L-qf\l
no
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Alternative expressions for the radiation integral can
now be given. By choosing the k direction to coincide with

the A (time) axis, result (3.11) yields the expression,

dn gy, (@)

4ncé¢(x,t) =
= RTINS N

(3.21)

Rl
o
I~

A¥® being the value of A corresponding to the retarded time
tﬁ =t - % . The effect of source convection is clearly
revealed in this result; convection effectively increases
the source strength by a factor l l-MI,l"l s, the Jacobian J
accounting for any divergence of the source during the motion.
If other axes are chosen to coincide with the k direction,
further expressions result which avolid the difficulties of
the condition | l"Mr‘ = 0 . For example, if the spatial

component of the normal to é{ is chosen to coincide with the

k direction, the radiation integral can be written as

n S (2%,2)
dmc®g(x,t) 0 J Tdee T < ag ar , (3.22)

T OX,0X. . 211/2 TQ
1°73.. {l+2ar+ai4}

a form appropriate to the estimation of Mach wave generation
by supersonic flows (Ffowcs Williams 1963). If result (3.12)

is employed, this leads to the formula

an q. L4 d
axibxj.. {(l'Mr)2+aé}l/2 T

bne®g(x,t)
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whereas (3.13) gives the alternative result

on ‘1'Mr| ®y . J
41102;5()( ®) - 90X X 4 J f(1-m )24} qij"Fz’.x ) ¥ &L
> pE! , a!;? + a ‘ (7 ) 3 4 (5.24)
,?\ - d d-)\ ° 302
+ éél axiaxja. f(l-M +B?} r —k

These three results are equivalent expressions for the
solution of equation (3.1), and represent the field of a
distribution of nth order multipoles. Although they are
valid for any generalised distribution of sources, when the
sources are concentrated on a shell, QiJ.. contains a
further delta function which renders them of little practical

use without further reduction.
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y, Field of a surface multipole moving with arbitrary

speed.

An inspection of the equations (2.8) and (2.10) reveals
that the source strength correspondihg to a shell distribution
of multipoles is better written as Q..o.(y,tﬁlgradlflﬁ(f(y,t)).

1]
) » ,
In these equations §§£ can always be replaced by |gradzf|ni o

The subscript y 1is alreminder that the gradient is taken in
the y frame, and does not include the T component of £ .
The convection velocity c¢cM of the surface sources is
clearly the surface velocity v , and it follows that £ ,
regarded as a function of ¢ is independent of ¢ . The

early analysis of 8 3 follows through unaltered, and the

basic equation corresponding to (3.10) for a shell source is

an J
2 - —~
hnc2d(x,t) = axiaxj qij.‘(?,x)lgrad f,ﬁ(f)ﬁ(g) —=g 9udn,
(4.1)
where g has again been written for T - t + % o

One way of reducing expression (4.1) is by repeated
use of the general results (3.11) to (3.13). By employing
the first formula with the k direction coinciding with the
A axis, the intermediate result is obtained,

(1, 3%)

P > B 94,
el 4(x, t) J{gradyf|6(f) az . (%4.2)

T OX.0X.
i77j rll—Mrl
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The remaining delta function is unaffected by this operation
as f 1is independent of A . This form of the integral
allows a further use of the general results, and if (3.12)

is now employed, a result analogous to (3.21) is obtained:

n a,. (Z,7\) |srad,r)
) i .

_ J as(2) . (4.3)
Je rll-Mrl |graqu| _

The factor Jlgra@xfllgradzfl'l appearing in this integral
is no more than the ratio ;f the area elements of the surface
S in the y and % épaces (just as J 1is the ratio of volume
elements), and is denoted by A . This ratio can be related
to the two dimensional, or surface, divergence of the con-
vection veloclty cM , 1in the same way as J 1s related
to its three dimensional divergence. Differential expressions
for this surface divergence are given in works on differential
geometry or tensor calculus (Weatherburn 1927, 1950). If
the surface is unextended in the motion, A is unity.
Thus again convection of a surface source effectively in-
creases its strength by a factor \l—Mr\'l s A accounting
for any expansion of the surface.

However; a more general expression corresponding to
(3.23) can be obtained. Just as a volume integral containing
one delta function 6(g) is equivalent to an integral over

the subspace g= 0 ,” so an integral with two delta functions
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5(g) and ©6(f) is equivalent to an integral over the sub-
space g =0, £ = 0 (Gelfand and Shilov 1964, p.239). If
this subspace is denoted by o , then it can be shown that

the basic integral (4.1) can be written

o 1 | do
bnc®d(x,t) = ERT I j a;5,, (L) \grad fl 2= 90, (h.W)
. 0]
where (Ve (7e) - (Ve Te) . (4.5)

The symbol \/ 1is the usual gradient operator in the four
dimensional Z,A space. If the four dimensional normals

to the hypersurfaces g=0 and f = 0 are inclined at an
angle() s then D can be rewritten as

\grad r|lgrad, g] sin ® . Alternatively, as f does not
depend upon A , D takes the form ‘grad fl{\(ak +

+ (3 2 sn.nEQ‘}l/2 , © Dbeing the angle between the ¥
components of \/f and \/g . Thus the alternative general

expression for the_field of a shell multipole is

Jn qij”(?_ N)

do . (4.6)
*1%5.. ) {(1-m )2+p2sin?e}/”

4710255(_}_(__,40) = F)

i b

Other expressions can be obtained if this integral over the

two dimensional subspace o 1s projected or resolved into
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integrals over other subspaces, as for the hypersurface ﬁi o
Equation (4.3) could be obtained in this way. However,
/other such expressions are extremely complicated, and are
only useful in simplified circumstances, and are not given
here.

The basic expression (4.6) for shell sources differs in
one very important respect from the corresponding result
(3.26) for volume sources. The integral becomes singular
at the condition sin @ = 0 . This occurs whenever the
surface S moves towards the field point at the wave speed
¢ Wwith its normal parallel to the radiation direction.

This condition corresponds exactly to that of specifying

the boundary conditions on a characteristic of the original
governing differential equation, and a failure in the solution
is to be expected. Although such singularities seriously
complicate the analysis of shell sources, undue emphasis
should not be placed upon this difficulty, as there are many
practical situations in which this condition does not occur,
and as will be shown in 8 7, the singularities are integrable

in the aerodynamic sound problem.
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5. General solutions of the governing equations.

The integral expressions for the radiated fields of
arbitrary volume or surface multipoles developed in the
previous sections can be used to write down the formal
solutions of our two basic wave equations. Clearly these
solutions can be given in many different forms, depending
upon the exact formula chosen to evaluate each radiation
integral. However, only those of general importance are
recorded below. The first form of solution for equation
(2.8) is obtained by utilising expressions (3.21) and (4.3)

to reduce the various radiations integrals.

32 ( T, . d D P; .0 A
4ro® (p(x,t)-p,) = 5575 ——lan - = || as(2)
: o X, ;M. l — X, ‘
i7g 4 l—Mrl i T l—Mr\

N % _Po 'n | as () , (5.1)
Lrll—Mrf

where the square brackets imply that the contents are to be
evaluated at the retarded time given implicitly by T = t-—% .
The volume integral is taken over the region exterior to the
surfaces. Alternatively, if equations (3.23) and (4.6) are
employed in the reduction of the radiation integrals, the

following expression results;
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_ e Tyy d ag
aXiBXj £(l_Mr)2+52}1/2 r

hme® (p(x,t)-p )

) g p; 4038 do
OX 3 {(1-Mr)2+62s1n29}172 r

J povnA do
* 3 7z ¢ - (5:2)
{(l-Mr)2+stin29}
Tij is zero at points corresponding to the inside of S

These two expressions are important because they corres-
pond to two different approaches to the generation of aero-
dynamic sound. In the first view, the spatial and temporal
natures of the sources are treated as essentially different,
regarding the sound as generated by a spatial distribution of
time varying sources. Equation (5.1) is the solution in-
corporating this outlook. Any estimation of the radiated
sound based on this equation clearly runs into serious d4iffi-
culties whenever the factor l-Mr vanishes, unless the
equation is very carefully interpreted. Such an inter-
pretation leads to the emphasis being transferred from the
spatial to the temporal distribution of the sources (Ffowcs
Williams 1963). These difficulties, however, stem from the

separation of space and time, and disappear 1if such a
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distinction is abandoned in favour of a unified four
dimensional approach that regards the sources as distri-
buted throughout the whole of space-time. Equation (5.2)
reveals that the emphasis is now always to be placed upon
the distribution of sources over a hypersurface of variable
orientation. The previously troublesome vanishing of l—Mr
now simply implies that the hypersurface lies parallel to
the time axis, immediately showing the importance of the
temporal distribution of the sources, and allowing an un-
ambiguous estimate to be made of the radiated sound field.
Although the unified approach may be unfamiliar, this initial
disadvantage is outweighed by its ability to shed light on
situations of considerable complexity when posed within the
more familiar framework. This is illustrated in the
following section. However, a word of caution is necessary
concerning the unified solution (5.2). The reason for
developing this solution is to have a form that allows easy
estimation of the sound field around the Mach wave condition
(1'Mr) = 0 . Before such an estimation can be carried out
analytically, the field point derivatives must always be
taken under the integral sign, where they become eguivalent
to differential operators acting upon the integrand. If
there are any surfaces present, these operators act upon

the discontinuities in Tij to produce delta function
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singularities, and ultimately further integrals over o .
Thus if the sound field of a rapidly moving surface is
investigated with the aid of (5.2), the whole equation

must be considered and not juét the last two integrals.
This phenomenon does not occur with equation (5.1), since
the extra o integrals vanish when EE coincides with the
i' space. On the other hand, equation (5.1) is useless in
regions where l—Mr vanishes. This importance of the first
integral in (5.2) on mathematical grounds is in addition to
its physicalhimportance as a result of the high fluid
velocities induced by the surface motion.

The essential character of the Kirchhoff problem is the
derivation of an analytical expfession for the wave field in
terms of the given boundary conditions. It is automatically
assumed that the resulting integrals can be evaluated exactly,
and the more sophisticated expressions for the radiated field
serve no useful purpose. Thus the basic solution of the
scalar wave equation with boundary conditions prescribed on

a moving surface is;

A A
hre® W(x,t) = -c® ;i. L as(2) - g%' Ll as(2)
_ i r\l~y£\ r 1~V£\
c c
Sl fer oy 22Xy A ey, (5.3)

on n 3T r\l—v l



|of.

where v 1is the surface velocity. Two previously published
attempts at this problem are in error (Morgans 1930,

Kromov 1963).
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6. Sound field of an aerodynamic source in arbitrary

motion.

The unified four dimensional approcach can be used to
advantage in investigating the far sound field generated by
a single aerodynamic source in arbitrary motion. Not only
do previously obtained results emerge quite naturally from

~this approach, but also new results concerning the effect

of source acceleration are apparent. An aerodynamic source
models the noise generating properties of a fturbulent eddy,
which is equivalent to a quadrupole source of strength
density Tij . Consequently, the souroe is assumed to be
‘coherent within spatial and temporal scales corresponding

to the correlation length and lifetime of a turbulent eddy.
It is further assumed that there are no surfaces present,
and that the convection velocity is uniform throughout the
source, so that M is independent of ¥ . It follows that
J -is unity and the vector a of equation (3.19) is zero.
Equation (5.2) then shows that the density fluctuations in

the sound field are given by the integral,

e

22 i Tis a5
heZ(p-p.) = —= o . (6.1)
P=Pqo QxinJ {(l—Mr)2+azjl/2 r

To estimate the magnitude of these fluctuations, it is

clear that not only is knowledge of the integrand required,
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but also a measure of the ‘'area' 4% . This is the area
in which 2: intersects the source region, and varies with
the orientation and shape of éﬂ . These in turn vary with
the convection velocity. For example, if the source is at
rest, dZ is determined solely by the spatial length scale
£, put in the Mach wave condition (l-Mr)= o, S lies
parallel to the time axis and dZ now depends upon a
typical temporal scale [&75 . However, by choosing «
to equate the temporal (A) scale ac/\T and the spatial
scale £ , the area df is always of magnitude £°
regardless of the orientation or shape of §£ . A universal
estimation of the radiation integral can then be accomplished
for all convection velocities. Since these spatial and
temporal scales are only defined approximately, o 1is also
only an approximate order of magnitude, and must be regarded
as constant throughout the integral. Before the detailed
estimation can be completed, however, the derivatives with
respect to X must be taken within the integral. The
integrand's explicit dependence upon X through the factor
r'1 is not important, as this only produces near field
terms. Instead, the far field contribution arises from
the dependence of the integral upon the variable position
of the hypersurface 22 . To differentiate such an integral,
it is best replaced by a volume integral containing a delta

function, and the following lemma employed;
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+Q0 +Qa0
Il D F
F(z)8'(g)dz = - | {552 5(g) dz - (6.2)
o - ai:)-(azi | grad g]2>
-Q0 -Q0

If N 1is written for the unit vector normal to the constant

g hypersurface,

N, = |erad gl 5-32-&; (6.3)

and the integral in (6.2) can be written

+Q0

N, X 3 N, }

i od R 1

- + F ( ) (8(g)dz . (6.4)
{A grad g 224 92y lgrad g -

-®

In the far field of a source whose convection velocity is
independent of Z , the latter term in (6.4) reduces to

its time component, so that after a double application of

this result the radiation integral can be written

2
] } o -a— > l-MI' >
hre® (p po) = {(l-Mr)2+a2}é ON + coT <kl_Mr)2+a2 Trr

d<. . 6.
T{(l-Mr)2+Q2}l/2 ( 5)

A
Here T is written for T..r ?. s Where ? is the unit
rr ij iv g -
radiation vector.
OQur previous remarks indicate that a is to be chosen

to equate the relevant temporal (A) and spatial scales of
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of the intersection area dZ . The correct choice of
temporal scale is crucial in estimating the Mach wave
radiation since when (1-Mr)= 0, d% depends directly
upon the time scale ZX’U . Away from this condition
errors in the choice of /\T are less critical. If 5

is plane, then it can intersect the source region over its
whole lifetime, which thus defines the appropriate time
scale. A typical lifetime of a turbulent eddy is £/beM ,
where Db 1is a small numerical constant, and so the value

of a based on this timespan is DM . The condition that
22 be plane is equivalent to the convection velocity being
constant; 1f the source accelerates é{ is curved, and can
no longer intersect the source region over the total lifetime
but only for a much smaller time. Pstically, this implies
that the time spent by the eddy in the region from which
Mach waves can be observed may be the total eddy lifetime,
but alternatively may be a shorter time if the source
rapldly accelerates through this region. This shorter

time scale is determined as follows. The spatial
realisation of :f is the contracting sphere r = c(t-T) ,
which passes through the source at a relative radial velocilty
of c(l-Mr) . In an interval of time A T , this sphere

moves a distance

AN
\J c(1-M,)dr” (6.6)

o]
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through the source, and will have passed completely through
the source when this distance equals the radial length scale
L. This time scale is only important near the condition

(l_Mr)= 0, so that /\T must be determined by the equation

(2
2 amy |8 L. (6.7)

Since /\T 1is to be set equal to 2/ca for space and

time scales to be equal, o is given by;

22 _ e \ My,
cEAT ? 2c lowT

If M, is written as M.£ , it follows from equation (3.7)

(6.8)

a2 =

that

QMI,

¢T

N\
s>

v
=
i3>
+
=
3
N

o(M-1) | (6.9)

)
o

|
lQ)
=
IR
1
=
=

and hence the value of @ based on this timespan is

1

. - [Q 28 A (1) Mi-l \12 ) (6.10)

2c ) - X

Thus this acceleration mechanism produces two time scales;
the first is due to the basic acceleration of the source
limiting the emission time, whereas the second arises from

the changing geometry of the situation.
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Some of the possible field regimes associated with an
aerodynamic source can now be discussed. If the source is
in steady rectilinear motion, in the far field the only
relevant value of a. 1is that based on eddy lifetime. For
this model, the second part of the operator in (6.5) vanishes,

and the density fluctuations are given by the simple integral

2 4% (6.11)

L

2
2 2°T
bre? (p-p.) o2 S =
o’ - M V2.q215/2 2 r
{(1 Mr) +a 3 o N
The magnitude of this integral is easily established. The
0
measure of dZ and the normal derivative YN are typically
of magnitude 07 ana 2°° respectively. The turbulence
Stress tensor Tij can be approximated by its first term

pujuy » which is of order pc®M® , and the overall magni-

tude of the density fluctuations is

pamt
375
{(1-MT)2+b2NF} %

2

hme® (p-p,) o2 cZp . (6.12)

Bl o

The mean square density fluctuation, which is proportional

to the sound intensity, thus varies as

A

T i(l_Mr)2+b2M2}3 ’

I

2

(P'PO)2 ~ P

(6.13)

\M]

This result embodies in a single formula the features of



the sound field of a uniformly convected eddy that are well
understood in connection with jet noise theory. At low
speeds, the intensity varies as the eighth power of the con-
vection speed, coupled with a directional factor Il—I\flr\\'6

At high speeds near the Mach wave condition (1-M_,) =0,

this power law is replaced by a second power variation at a
much higher overall level, since b 1is small. Away from

the Mach wave condition, the intensity still varies with the
square of the convection speed, but the overall level is much
reduced. These variations differ slightly from their counter-
parts in the theory of jet noise because equation (6.13)

refers to a single turbulent eddy. The results for a
distribution of eddies can be obtalned upon multiplication

by the number of eddies heard concurrently, and this has the
effect of reducing the power 3 in the denominator of (6.13)

to a value of 5/2,

Nearer the source in the Mach wave regime, the relevant
value of o 1is not that based upon eddy lifetime, but that
defined by the changing geometry !ﬁﬁ% (Mz-l)jl/2 . Again
estimates of the Mach wave field can be based on equation ‘
(6.5) but now both factors in the operator are equally impor—
tant, and vary dimensionally like £~ ! . This leads to a

mean square density fluctuation

(p-py)* ~ p?

(6.14)
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This result differs by a factor M from that given by
Ffowcs Williams (1965) because that estimate was based on

a downstream rather than a radial length scale, but the two
results are entirely equivalent. Thus the Mach wave field
nearer the source falls off more slowly than it does in the
very distant field. This variation of the (linear) density
as r"1/2 is also found in the conical wave field of a
slender supersonic projectile, where the time scale is
again set by the geometry. Again it should be remarked
that (6.14) is the result for a single eddy, a distribution
of eddies has a different dimensional variation.

It is clear that estimation of the Mach wave emission
for an aerodynamic source in arbitrary motion 1s simple usirg
the techniques outlined here. A choice is to be made between
the possible emission time scales, and the relevant one used
in the estimation of equation (6.5). If the eddy lifetime
provides the appropriate time scale, the Mach wave field is
given in equation (6.13). Alternatively, if acceleration
effects are more important, the density fluctuations in the
Mach wave fleld wvary as

2

(p-pg)® ~ p

(6.15)

L3
r? M2 -1

|

Q)|
=
ol [

Q-
el



It is significant that one general effect of source
acceleration is to reduce the Mach wave strength by
limiting the time spent by the source in the emission
region. Together with this, there are Mach wave terms
with a direct dependence on acceleration, as is clear from
the time derivative term in equation (6.5). This sub-
stantiates the impression gained from Lowson's (1965)
analysis that acceleration effects may well be important
at high speeds, although his expression is unsuited to the

field when l—Mr tends to zero.
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T Sound field of a moving surface.

The analysis of the previous sectlon is essentially con-
cerned with the sound field generated by an aerodynamic
source such as a turbulent eddy. However, many sound fields
are generated by surface motion at high speeds, and it is to
such fields that this section is devoted. Most practical
examples of high speed sound generating surfaces are rigid
bodies, and for such bodies some preliminary simplifications
of the general results can be made. A rigid body has a
clearly defined convection velocity, and the simplest choice
for the moving reference frame ¥ is a Cartesian frame
fixed in the body. This Z frame may be translated and
rotated from the fixed y frame, but it always remains

Cartesian and always moves with a solenoidal convection

velocity. Hence J and A are unity. Also,
og,\2 dg.\2 1
(7ﬁ§) = (§§$) = (7.1)
i

so that B reduced to the scale factor a . Further, the
angle © defined in 8 4 to be the angle between the spatial
component of the normal to éz and the normal to the surface,
is the same whether measured in the % or y frames. In
addition to these simplifications in the coordinate system,

one other change is necessary. At present, the source term
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that represents the volume displaced by the surface is
written in the monopole form. This form would be approp-
riate were the surface expanding, but is clearly inapprop-
riate here. Instead, the surface is now equivalent ¢to
higher order volume sources, and this 1is brought out by a
rearrangement of the original term. The convection
velocity v is clearly well defined for points within as
well as on the surface, and as this field is solenoidéi,

the following relationship holds;
) H d
'Y ( 'é"‘_) = - QX V (l H) m— Vivj(l—H) . (7.2)

Here i is the Lagrangian time derivative of the velocity
and so represents the acceleration of the source. The
monopole surface source is thus equivalent to dipoles and
quadrupoles distributed throughout the volume within the
surface.

The two results (5.1) and (5.2) give alternative ex-
pressions for the sound field. (5.2) is more general in
that it involves no subtle limitihg process in the region

(l-ME%N'O , and can be treated as an expression in which
'time retardation' effects are always negligible. On the
other hand in general the subspace ¢ 1s somewhat abstract,

so that it is not easy to analyse the whole of equation (5.2)
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in the manner developed in S 6. Further objections to such
an analysis will appear presently. However, in a particular,
and very broad class of problems, equation (5.2) is practically
indistinguishable from (5.1). That is when the source distri-
butions are compact. A distribution of dimension R is com-

pact if the time taken by the sound in crossing the distri-

bution (l—Mr)_l,% is very much less than the source time
scale /\7U - This criterion is equivalent to the condition

that the acoustic wavelengths by much greater than £ , or
alternatively that the value of o based on AT 1s a neg-
ligible fraction of 1-M, . Hence equation (5.2) is essen-
tially the same as its formal limit when this ratio is zero;
this 1imit is equation (5.1) which thus furnishes an adequate

description of the sound field;

> T, . - p..n.
hme® (p-p,) E { i | an - l p“njl} ds ()
. 1

= axiaxj I’\l—MP\J — dX, I‘ll-Mr\
J Po Vi )2 (p v
2 ar + o1 Jlan .
¢ Xy [rll—M | e r|l-M|]
o O

(7.3)

The last two integrals are to be evaluated over the volume
inside the surface, VO . The spatial extent of the source

distributions determine whether they can properly be replaced
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by a point source acting at a mean position; for those

sources that may be so reduced, equation {(7.3) becomes,

me® (p-pg) = 57 [‘Qij+povivjvo:] 2 [:Pi+povivo]
07 ox;oxy r|1-M_ | Xy r(1-M|
(7.4)

Qij represents the integrated strength of the external
quadrupoles, and Pi is the total force exerted by the
surface on the fluid. VO is the volume enclosed by the
surface. These results have been obtained and discussed

by Lowson (1965), except that he takes no account of the
volume displacement effect. However, as (7.4) shows, and
as 1ls already well known, this effect is easily accounted
for by supplementing the main dipole and quadrupole by a
further pO{/iVO and povivjvo respectively. If the
quadrupole and dipole distributions have similar spatial

and temporal scales, the quadrupole distribution can be
neglected in regions where equation (7.4) is a good approxi-
mation to the field, since its effect is smaller than that
of the dipole distribution by the factor (1-M_)™* 52%5? ,

For such distributions the density is given by

Mnca(P-Po) = = : [ Pi+pOViVO] . (7.5)

Of course, situations can be envisaged in which the scales
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appropriate to the two distributions differ; the quadrupoles
may fthen be important sound sources and the“whole of equation
(7.4) must be retained.

The above results apply to compact source distributions.
They apply to the sound fields generated at low rotational
speeds by aircraft propellers, aeroengine fans and helicopter
rotors. This is because the relevant time scalés in these
situations vary inversely with the convection speed, and the
sources are compact at low speeds. The usual dimensional
analysis of (7.5) shows that the sound intensity then varies
as the sixth power of the convection velocity, and this agrees
with practical observation. The above results may also apply
to surfaces travelling at high supersonic speeds in a region
where Mr >> 1 . However as speeds increase typical time
scales decrease, and i1t is not known whether practical source
distributions remain compact at these high speeds. If they
do, a dimensional analysis of (7.5) shows that the sound
intensity now only increases as the square of the convection
speed.

The above results fail if the source distributions are
non-compact, i.e. the acoustic wavelengths are comparable
with the source dimension. This type of distribution occurs
in the investigation of the fleld of a supersonically moving

surface 1in a region where l-Mr is small. It may also occur
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for more moderate convection speeds if a mechanism is present
which produces very short time scales. For non-compact
sources, equation (7.3) is no longer a proper description
of the sound field. It is still a valid formal expreséion,
but retarded time differences can no longer be neglected.
Instead, a better description of the field in these regions
would be obtained by taking the limit of equation (5.2) as
l—Mr tended to zero. This equation is obviously'more in-
volved than (7.3), and a general analysis of it is very
difficult. This is because the general equation (5.2)
must first be cast into a form suitable for estimation
requirements, and then the limit l-MP tending to zero
taken, if all effects of acceleration are to be retained.
Consequently, for simplicity it is to be assumed here that
there are no significant effects of acceleration, so that
l-MP can be set to zero at the outset. Also for the sake
of simplicity, the time variable T will be used here,
rather than its scaled equivalent A

In the limit (1-M )= O , the hypersurface S lies
parallel to the time axis. The spatial realisation of
is the contracting sphere r = ¢(t-T) , which is denoted
by {2 . Thus dZ becomes cdQd7yT . This sphere cuts
the real surface S in a curve " , and it follows from
the definition of ¢ that do Dbecomes cdT'dT . Hence

the limit of (5.2) as 1-M, tends to zero is
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92 — aQ dv
dne® (p-py) = 3};3;3\[. iTij + povivj(l-H(f)l}9~—;1——

B J p_i_,jnj cdl’ dT ) (7.6)
1

The first integral in (7.6) is to be taken over the surface
of the {2 sphere, whereas the second is to be integrated
around the contour I' in which () cuts S . Here 0 is
the angle between the outward normal to S and the radiation
direction. This latter direction is the inward normal to <L
so that the angle © used here is the supplement of that
defined in § u4.

For estimation purposes, the field point derivatives
must again be taken under the integral sign. The only
dependence of the quadrupocle integral upon X in the far
field is through the position of the sphere {2 which has X
as its centre. The differentiation of such an integral is
accomplished by replacing the surface integral by a volume

integral containing a delta function, and utilising the lemma

(6.2). In the notation of this section, this leads to the
result
2 FdQR = d (F ?,)ax (7.7)
§Xi » or i ? :



(1g.
where, to avold notational confusion, é% is the derivative
in the radiation direction, and not in the direction of
increasing 1r . For the quadrupole integral, this radiation
derivatilve acts upon the discontinuous functions T.. and

iJ
povivj(l—H) , and so produces 8 function singularities:

d — T, . )
,'a'—r" (TlJ) = H(f) —a%‘l + le S(f) <L )

T
(7.8)

> {0 v (o)) < (en(e)) 229 vy o(r) 2
37 { PoV1V; = Jr PoVi¥j r °
From the geometry of the situation, it follows that

gi = |grad £| cos 6,

(7.9)

and a2 = af dT

|grad r| sin 6 ’

and it is clear that after a single derivative has been taken

under the integral sign, the density field can be expressed as,

T, dp. v.,v.) -~
hne® (p-p,) = g%; /ﬁ 5 ;r + (1-H) ——-§L%fl;-} c dfidb

)
r  (Typmpgvivpdeos © - by 3 $A5ETE L (7.10)

Here Pig has been written for pijnj . This process can
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be repeated to yield a further contour integral, and equation

(7.10) becomes

T 2(pv.v_)
bme® (p-py) = J{H 9 Trr (1-n) 2—FPo'r’r } cdd~

J re D re r

P § cdl 47T
+ IXy Z(Tir_povivr)cos e - Pin] T sin ©

+ ‘fcos (2 g% (Trr—povrvr) %Qé%%l% . (7.11)

Equation (7.11) requires further reduction, as it still
contains field point derivatives acting upon the contour
integral. Again the integral only depends upon x through
the position of [’ ; if the field point changes the sphere
now cuts S in a different contour. As S is an arbitrary
surface, it must be assumed that |’ also changes its shape
and curvature, and the form of the lemma that enables these
derivatives to be evaluated is slightly different from (7.7).
If m is a unit vector on the surface S normal to " such

that m.r > 0, n, mand [ are mutually orthogonal, and,

J . .
5% J F dai = J le(Ln_F ;'\i) —SLZ’?}IE—@ . (7.12)
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The proof of this lemma is similar to that of (7.7), again
accomplished by replacing the contour integral by a volume
integral containing two delta functions. By utilising the
condition v, = ¢ throughout the region of interest, (7.11)

immediately becomes,

=2
g 9 Tr'r cdQdT
r

4ncz(p~p

m oT
. _.2 rr cdldT
+J\(dlvg‘s1n (Trr c po)Cos © - prn]j + cos © 5 )rsinQ'

(7.13)

The complicated form of the contour integral in (7.13) can be
simplified if it is assumed that viscosity acts in all
situations of interest. Then there is no slip between the
fluid and the surface, and the radiation component of the

fluid velocity u, is equal to the equivalent component of

the surface velocity v, - From the definition of Tij it
follows that where V. = C o,
(Trr e po)cos © - Py P.p €OS © - p_ . (7.14)

The right hand side of (7.14) can be further simplified if
the compressive stress tensor pij is written as the sum of

a pressure term pﬁiJ and a viscous stress tensor Eij
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We define a new unit vector g to be perpendicular to both
the contour [ and the radiation direction E such that
g.m > 0O . Thus r, g and E are mutually orthogonal.

Then it can be shown that

(sin O)_l(p cos O - prn) = E..r'.qJ = E , (7.15)

rr ij 1 rq

and (7.13) becomes,

3 Ter caRat 3Trr) cdra
4n02(p—po) =| H T e + {aiv Erqm + cos © f} g L,

) 2 r or rsin®
(7.16)
This result, as“might be expected, is not simple. It

shows that for non-compact sources, the density field is
related to various surface and contour integrals in the real
space, and once again demonstrates the importance of the
relevant time scale in determining the magnitude of the
radiated field. An important conclusion can be drawn from
(7.16). The earlier results derived for compact sources
emphasise the importance of such parameters as the surface
pressure and displaced volume in determining the magnitude
of the radiated field. Alsoc the presence of the Doppler
factor (l—Ml,,)—l in these results suggests that as 1-M,

approaches zero these parameters become even more important.

Equation (7.16) shows that this is not true. In fact these
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parameters that are so important at low speeds play no part
in determining the magnitude of the Mach wave field of a high
speed surface. Instead, the details of the fluid flow around
the surface, through their effect on Tij , are critical in
defining the Mach wave strength. This conclusion is clearly
of great importance in the design of quiet high speed
machinery. In contrast to these qualitative deductions,
it becomes apparent from (7.16) that it is very difficult
to infer any quantitative results using analytical methods
though any particular model could be studied numerically.
In fact, it is not possible in general to deduce a simple
dimensional variation of the field strength with the con-
vection Mach number M . The reason for this is that the
condition Mr = 1 implies that the observer is at an angle
cos ™t % to the direction of motion of the source. Thus the
variation of the field strength with M 1is essentially the
directional variation of the integrals in (7.16). Unless
the latter can be exposed, a proper description of the
variation of the sound field with convection speed is not
possible.

It has been assumed above that the sphere <2 and the
surface S intersect at a non-zero angle 6 , and it

remains to discuss the behaviour of (7.16) when this angle

vanishes. In fact the contour integral in (7.16) still
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remains finite, because as sin 6 vanishes so does I' .

The reason for this is that provided L2 and S are not
identically curved, they only have a common normal (which is
the condition for sin © to vanish) if they touch at a
single point P . = Thus when sin © vanishes, the contour
of intersection shrinks to P . The smooth surface S can
always be approximated by an ellipsoid near P , and the
curve [!' 1is then a small ellipse. For this contour the
integral may be evaluated analytically, and the main contri-

bution to the sound field from this integral is

j’ AT, one A7

or r{(Kl + %)(KQ + %)}1/2 . (7:37)

K, and X, are the principal curvatures of S at P, and
are measured positive if the centre of curvature is on the
side of [’ opposite to x . The nature of this result is
important for it shows that the curvature of the surface is
critical in determining the character of the field along the
normal at P . If the surface has double curvature, in the

1

far field the factor r~ is small compared with the two

curvatures, and consequently the field strength falls off
as r 1 with an overall magnitude proportional to (KlKg)-l/g.
Thus for a surface that is only slightly curved at P , this

contribution to the field can be large, and may be the most
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important source of far field sound. This term is even
more important if the surface has only a single curvature,
for (7.17) shows that the field strength now only falls off
as r_l/g , and is ultimately more important than any
source whose field varies as r'l o Finally if the surface
at P 1is locally plane, the field along the normal at P
does not vary at all with distance, and an intense beam is
produced. Equation (7.17) is not valid if either term in
the denominator is zero, indicating that S8 and <L have
identical curvatures so that x 1lies on the focal point of
S , but it is likely that there is then a genuine singu-
larity in the field. This type of dependence of the field
upon curvature is also found in high frequency diffraction
theory. This is to be expected, since one effect of sur-
face motion is that all radiated wavelengths become smaller
by the factor (1-Mr) , and in our limit of 1-M, tending
to zero, the surface simply acts as an ultra high frequency
radiator. Nonetheless, it is interesting to see these

results appearing without the use of harmonic analysis.
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8. Conclusion.

The paper gives in section 5 formal expressions for the
density field radiated by turbulence in the presence of
arbitrarily moving surfaces. The most general results are
expressed as hypersurface integrals, which, though rather
abstract, are generally computable if the source field and
surface boundary conditions are known in space and time.

The latter sections are devoted to particular features of
these general results that might have practical significance.
The now well known effects of uniformly convected turbulence
emerge quite naturally without any assumption regarding
detailed flow statistics. Convective acceleration induces
additional sources, at low speed this being the principal
effect of acceleration. At the Mach wave condition however,
convective acceleration also tends to limit the Mach wave
strength by a restriction on the time for which the source
can remain in the Mach wave phase.

The deductions regarding the sound of high speed sur-
faces are quite new and could not easily be deduced by analogy
with previously published accounts. The most significant
effects are twofold. Firstly, it is shown that features
governing the surface generated sound at low speed, i.e. the
applied force and displaced inertia, play no part at all in

the high speed problem. Secondly, at very high speeds,



surface curvature is crucial in determining the strength of
an intense beam that radiates in the direction for which the
surface normal coincides with the Mach wave direction. A
further point that is implied by a dimensional analysis of
equations (7.5) and (7.16), is that the intensity of the field
at high supersonic speed increases only as the square of
surface velocity. This implies that the acoustic output

of a high speed (supersonic)machine increases less rapidly
than the mechanical power and that the acoustic efficiency
falls off inversely as speed increases. However, this
cannot be said with extreme conviction, there being some
doubt that the component of the stress tensor Trr s in
(7.16), can reasonably be set proportional to poU2 . These
points emerge from the analysis of a surface in rectilinear
motion, chosen here as the simplest example that illustrates
the general effects of the results presented in section 5.
We do not expect that these qualitative deductions will be
seriously modified by a more complete evaluation of those
results for the effects are clearly recognizable, but in a
more abstract way, in that section. We would expect there-
fore that these points have some bearing on the noise
radiated by the supersonically moving blades of an aero-
engine fan, and we expect that blade curvature will then
significantly influence what may well be the dominant part of

the radiation field, the Mach wave radiated along the surface

normal coinciding with the Mach angle.
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