
SOME FORCED WAVE PROBLEMS IN FLUID 

MECHANICS  

by 

David L. Hawkings 

A thesis submitted for the degree of 

Doctor of Philosophy in the University 

of London. 

Department of Mathematics 

Imperial College of Science and 

Technology. 

July 1968 



2 

ABSTRACT  

Three topics relating to the theory of aerodynamic 

sound are considered. 	The first is a mathematical 

study of the similarity between the behaviour of surface 

gravity waves on a shallow layer of water and sound waves 

in a compressible gas. 	It is concluded that various 

qualitative features of the two wave fields are the same, 

but that a complete quantitative similarity is not 

possible. 	In the second study, the current formulation 

of propeller noise theory is considered in the light of 

the more general aerodynamic sound theory. This reveals 

that some important sound sources have been overlooked 

in propeller theory, and their effect is discussed. 

Some extensions are also made to existing results 

concerning the frequency spectrum of a sound source in 

circular motion. The third chapter shows how the use 

of generalised functions leads to a greater understanding 

of the fundamental theory of aerodynamic sound. The 

classical results of this theory are more simply derived 

using the new methods. 	Also new results are obtained 

concerning the sound fields generated by rapidly moving 

sources, and these provide a better description of the 



fields than those results employed hitherto. 	In part- 

icular, the sound fields generated by rapidly convected 

turbulence and rigid surfaces moving at high speeds are 

discussed. 
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CHAPTER 1. INTRODUCTION  

This thesis is entitled "Some forced wave problems 

in fluid mechanics" and studies three problems related 

to the theory of aerodynamic sound. 	That theory is 

concerned with sound fields that are essentially a 

by-product of a more basic aerodynamical flow. For 

example, the original application of the theory was 

to the noise generated by turbulent jets. 	The view of 

such situtations that is adopted in aerodynamic sound 

theory is that the basic flow generates or forces the 

sound waves, and the problem is to relate feature of 

the observed sound field to known parameters of the 

basic flow. 	It is in this sense that the problems 

discussed below are forced wave problems. 

The three problems that make up this thesis are 

not entirely the author's own work. 	Some significant 

contributions have been made by his supervisor 

Dr Ffowcs Williams, and although it is difficult to 

trace the origin of the various ideas, the author 

estimates that two thirds of the material results from 

his own research. 	Each problem is studied in a separate 
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chapter, which is written in the form of a paper which 

the author, in conjunction with Dr. Ffowcs Williams, has 

or hopes to publish upon each topic. 	Each chapter contains 

its own introduction and conclusions, so that only a few 

brief comments about the problems will be made at this 

stage. 	All the references have been compiled into a 

single list which appears at the end of the thesis. 

The first paper, which forms Chapter 2, is entitled 

"Shallow water wave generation by unsteady flow," and is 

already published in the Journal of Fluid r•Zechanics 

Vol. 31 pp.779-38 (March 1968). 	The aim of this paper 

is to investigate quantitatively the remarkable 'shallow 

water analogy'between the behaviour of surface gravity 

waves on a shallow layer of water, and sound waves in a 

compressible gas. 	This qualitative similarity raises 

the possibility that some phenomena in the generation 

and propagation of sound can be simulated in the lab- 

oratory on a shallow water table. 	This has two 

experimental advantages. 	Firstly, unlike sound waves 

the surface waves on a layer of water are easily visualised; 

and secondly, the wavespeed of the water waves is small 

so that it is easy to simulate the sound fields generated 

by supersonic flows. 	However, an obvious, and mathe- 

matically crucial, difference between the two wave fields 



is that the shallow water waves propagate in two 

dimensions, whereas sound waves are three dimensional. 

Consequently chapter 2 is devoted to a study of the 

modifications that occur to familiar results in aero-

dynamic sound theory when the waves are constrained 

to propagate in two dimensions. 

Chapter 3 is entitled "Some theory relating to 

the noise of rotating machinery". 	This is a modified 

version of a report with the same title that was 

presented to the Noise Committee of the Aeronautical 

Research Council in January 1968. 	Most of the mod-

ifications are of a minor nature, but section 4 has 

been rewritten as a result of some further thoughts 

upon its contents. 	This chapter is concerned with 

the sound field generated by aircraft propellers or 

aeroengine compressors, and falls naturally into two 

parts. 	In the first part, the current formulation of 

propeller noise generation is discussed in the light 

of aerodynamic sound theory. 	This discussion reveals 

that in modern rotating machinery, there are noise 

sources present that have not so far been considered 

in any analysis of the sound field, and it is shown 

that these sources may be responsible for a significant 
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component of the sound field. 	In the second part, 

the sound field of a rotating multipole source of 

arbitrary strength is considered, and a formula is 

derived that relates the frequency spectrum of the 

observed sound to that of the multipole source strength. 

This extends the present theory which only applies to 

a rotating source of constant strength. 

The final, and most significant, chapter is 

entitled "Sound generation by turbulence and surfaces 

in arbitrary motion". 	This is to be published as 

a Philosophical Transaction of the Royal Society. 

This chapter attempts to demonstrate the increased 

understanding of aerodynamic sound that can be obtained 

by the extensive use of generalised functions. 	The 

use of these functions has two advantages. 	Firstly, 

it allows the effect of an arbitrarily moving surface 

to be studied more simply than is possible using 

classical methods. 	Secondly, alternative expressions 

for the sound field can be derived which in some 

circumstances yield more accurate estimates of its 

magnitude than do the expressions used hitherto. 

Consequently, this chapter begins by deriving the 



solution of the equation governing aerodynamic sound 

generation, in the presence of a moving surface. 

This solution has not previously been given. 	The 

chapter continues by illustrating how alternative 

forms of the solution can be used to give a satisfactory 

account of the sound field generated by a turbulent 

eddy moving in an unbounded space, and also to reveal 

the effects of source acceleration. 	The chapter is 

concluded by a discussion of the sound generating effects 

of a rapidly moving surface, and again these results 

appear to be new. 	As a subsidiary problem, Kirchhoff's 

solution of the three dimensional scalar wave equation 

is extended to a moving surface. 
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CHAPTER 2. SHALLOW WATER WAVE GENEBATION BY UNSTEADY 
FLOW 

Summary  

Small amplitude waves on a shallow layer of water 

are studied from the point of view used in aerodynamic 

sound theory. 	It is shown that many aspects of the 

generation and propagation of water waves are similar 

to those of sound waves in air. 	Certain differences 

are also discussed. 	It is concluded that shallow 

water simulation can be employed in the study of some 

aspects of aerodynamically generated sound. 

1.Introduction  

The theory of aerodynamic sound initiated by Lighthill 

is built upon the equations of mass and momentum conser- 

vation. 	These yield a three-dimensional wave equation 

which describes the generation and propagation of sound 

waves. 	It is shown in this paper that the generation 

and propagation of waves on a shallow layer of water 

is governed by a two-dimensional wave equation similar 

to Lighthill's and that, in many respects, these waves 

behave like sound waves. 	This similarity enables 
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sound waves to be simulated and visualized in the 

laboratory. 	The ability to see the waves males it 

possible to study their development and interactions 

in detail, a study which would be extremely difficult 

with aerial sound waves. 	Furthermore, since the 

propagation speed of water waves is small, high Mach 

number situations can be examined easily. 

Gravity waves on a finite depth of water are 

dispersive and cannot in general provide a very good 

model for sound waves, which are non-dispersive. 

However, at a particular mean depth (0.5 cm), surface 

tension effects render the water layer practically non- 

dispersive, thus minimizing this difficulty. 	Indeed 

waves on a shallow water layer are an excellent simu-

lation of two-dimensional aerial waves, and they also 

share many outstanding features in common with three- 

dimensional waves. 	The similarity is brought out in 

detail in the following analysis which considers 

turbulence as a source of shallow water waves. 	The 

philosophy underlying the derivation of the equations 

is the same as that used in the sound theory (Lighthill 

1952). 	The waves are regarded as a by-product of a 



more complicated flow, and the problem is to estimate 

the waves generated by it. 	The flow is assumed to 

be known, and acts as a source of waves which radiate 

into the undisturbed water. 	From this point of view, 

the resultant forced wave equation, although rather 

artificially manufactured, is a correct description 

of the field. 

The general solution of the shallow water equation 

demonstrates that water and sound waves are alike in 

that both are generated by the same distribution of 

sources, and that at large distances from the sources 

both are waves of constant profile radiating out at 

the constant wave speed. 	Of course, to be energy 

conserving in two dimensions, the amplitude of the 

water waves falls off only as the square root of the 

radiation distance, but this difference is minor. 

A more important difference is that the water wave 

amplitude depends upon a time integral of the source 

strength, a result not found in three dimensions. 

Consequently, this amplitude has a dimensional 

dependence different from that of sound waves. 
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The shallow water equations are derived and written 

as an inhomogeneous wave equation in §2. 	In 	§3, 

this equation is solved in the sense of Curle (1955). 

That is, the radiation field is given explicitly in 

terms of a known distribution of surface quadrupoles 

and a line distribution of dipoles, whose strength 

involves the field quantity. 	The quadrupole terms 

are regarded as specified in a moving reference frame 

in §4. 	The convective effects are described and the 

lack of a distinct singularity at the Mach wave 

condition is accounted for as being an essential 

difference between the two- and three-dimensional 

theories. 	The paper is concluded with a brief 3ummary 

of the similarities that exist between aerial sound 

waves and shallow water waves and discusses the poss-

ibility for effective similation of aerodynamically 

generated sound on - shallow water table. 

2. Equations of Ilotion 

Before the eqt—tions of motion can be derived, we 

must demonstrate that a particular depth exists at which 

surface tension effects render the water layer a pract- 
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ically non-dispersive medium. 	To do this, we examine 

the formula for the wave speed c of small amplitude 

waves of wave-number h . 	This is given by Hilne-

Thomson (1960, p.409) in the form 

c2  = (a + 	 L)tanh kho PW 
(2.1) 

pw   is the density of the water,S the surface tension 

coefficient, and hip  the mean depth. 	For small ?.ho,  

this formula can be expanded in a rapidly converging 

power series, 

ho 
C2 	 h o 4. (es_ 	s )(kho)2 	0(kho)4, 

	

w o 	3 
(2.2) 

In the absence of surface tension, the variation of c2  

from its zero wave-number value gho  is of order (kho  )2  - 
but with surface tension, h

o 
can be chosen so that 

S 

 

gho  

   

p h w o 	3 

is zero, leaving an error of order (kho)4  . 	For this 

critical depth, the wave speed is constant for all but 

the shortest waves, and a wave equation with constant c 

correctly describes the motion. 	For water at room 
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temperature this critical depth is 0.48 cm, and all 

references to shallow water refer to this depth. 

The appropriate formsof the equations of motion 

are derived by integrating the usual equations vertically 

through the water layer, whose variable depth is denoted 

by h . 	The water is assumed to be inviscid. 	The 

subscripts a , Q, y range over the values 102 (t?ie two 

horizontal directions), and repeated subscripts imply 

a tensor summation over these values. 	Small letters 

denote quantities at a point, whereas capital letters 

denote the average value through the depth, e.g. the 

average velocity Ua 

U 	1 
a 

 
h  

is 

  

  

uadx3 - (2.3) 

     

Consider first the integrated continuity equation 

jh 

(ax 

aua  au 

o 	ct 	ax
3 

3 jNA U
3 
 = 0 ‘  

or 
3! 	uadx3  - 3 	[ualx3=hilu3]x3=h  = 0 (2.4) 
4a 	

x
a  

asu [-3] x
3
=0 is zero.[u. 3.31 x

3
=11 is the particle 
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velocity at the surface, so that it is equal to 

[Mint]or x
3
=112  

ah 	ah r  [u3x3=h  = at 	' 3x aLuajx3
=h (2.5) 

These equations combine to give the mean form of the 

continuity equation, 

ah 	a — (hua) = 0 . at 	ax a 
(2.6) 

We similarly integrate the a-component of the 

momentum equation 

jh 

( 	

jh 
aua 	aua 	au 

)dx = - a. 	1 ap 
3 	ax, 3 	

dx 7 2 Tic  — 	+ u ax 	 p ax o w a 0 

which leads to the result, 

4T(hUa ) + ax (hu au ) = 
jh 

1 ap dx
3
. pW axa 

(2.7) 
hUaUB has been written for 

r
h 

j
uaudx3 o  

although notationally this is not strictly consistent. 

The vertical momentum equation is used to eliminate the 

pressure from (2.7). 	As 
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Du- 	_1 	ap 

	

Dt 
	Pw  7173  

then 	1 
7-(P-Ps) = g(h-x3).1- 

h Du 
3  dxf 

Dt 	3 
x_ 

where ps is the pressure in the water just below the 

surface, which, owing to the surface tension, differs 

from the atmospheric pressure pa  . 	This difference 

is given by the Laplace formula, and for surfaces which 

deviate only slightly from a plane (i.e. the amplitude 

of the displacement is small compared with the 

horizontal length scale), can be written (Landau & 

Lifshitz 1959, p.233) 

2h 
Pa - P,., = 	S i- 	. 	(2.9) 

ax 2  a 
Substitution of (2.8) and (2.9) into (2.7) gives 

a 	3 	ah Sh  a3h  an 
at (hU 	)+ ---(hU U ) = - gh -5-x-a 

 + p  a 	axa 	a 	w ax aax yaxy  ax a)  

j3 o Dt 

h 

o 	

jh Du 
B = 	dx 	3 dxt 3 

I 

in which (2.10) 

Now  a'h a a2hah hax ax ax 	ax - ax 
= 	

(11---74  ;.(41t.lc-)2) 	4(R 	) 
a Y Y 	a y 	Y a Y  

(2.11) 
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which gives the momentum equation in the form 

where 

T(hUa) 	9 
TehUa) =-157 (hU U + Pad)   ' R a 0  
p = 6  ph2.1.B _ S 	laa 2h1[3h 21] 
co up, 2 	p f VT ` -572-'

,
7'3x a 	a' 1  

S ah ah 
p11 ax 3x y  uy0 

(2.12) 

Equations (2.6) and (2.12) are the required 

shallow water equations. 	The term hUa  can be elimin-

ated by cross-differentiation, and after some rearrange-

ment, this leads to the equation, 

a2h 	a211 	 a2  gh 
	

TaR  

ate 	- ° 	2 

	

9x
a 	axaax 

where Tao  = hUaUo  + Pao  - ghohoao  

This equation is the two-dimensional inhomogeneous wave 

equation, and governs the generation and propagation of 

shallow water waves. 	It can be shown that at points 

in the wave field (for which the wave speed is (gho)2)Taf3 

is zero to second order in the wave amplitude provided 

that the non-dispersive depth is chosen. 	Then the 

linear terms in B and (S/P)h(a2h/a)qt) exactly cancel. 

Also, in a region of convected turbulence, an order of 

magnitude analysis shows that the dominant term of 

Tao  is hUaU6  . 	The form of the shallow water equations, 

(2.13) 
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and these results about TNT, show a remarkable similarity 

to Lighthill's theory of sound, a similarity which might 

be exploited by modelling certain aerodynamic problems 

on a shallow layer of water. 	Accordingly, in the next 

section we seek a solution of (2.13) in exactly the same 
eA.e_ 

sense thatLighthill-Curle (1955) equations represent a 

solution to the aerodynamic problem. 

3. 	General theory  

In the theory of aerodynamic sound developed by 

Lighthill (1952, 1954, 1962, 1963), the equations of 

motion of a compressible gas are written in the form 

apt + 	, 
at  T77'"i)  0 	(3.1) 

„ , 
1

Pu., + ax.  ---kpu.uj 	i  pj ) 	0 	(3.2) 
1 

--at i ,  

p is the density, ui  the velocity component in the xi  

directi.on,P
ij  .. the compressive stress tensor, and the 

subscripts i,j range over the values 1, 2 and 3. 

Lighthill combined these enuations to yield the three-

dimensional inhomogeneous wave ecuation, 
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a l p 	2 D2p 	13 
TE 2-  ao TiT 	Dx3x. 1 3 

(3.3) 
where T.. = pu.u. 13 	1 J pij  aop6ii  9 

and a0  is the speed of sound in the gas at rest. 	This 

equation governs the generation and propagation of sound 

waves; it shows how the sound is equivalent to that 

generated by a volume distribution of quadrupoles of 

strength density T..13  . 	The influence of solid bound-

criesupon the sound was investigated by Curle (1955), 

who used the standard Kirchhoff solution of equation 

(3.3) to show how surface stresses are acoustically 

equivalent to a surface distribution of acoustic dipoles. 

Although Curie's result was only derived for finite 

surfaces, its more general validity is easily established. 

The situation for shallow water is very similar. 

We have already seen how the equations of motion can be 

written in the form 

ah '-(h1J) = 0 

(na) 4—(hUaU5  Pad = 0 
a 

(3.4) 

(3.5) 
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which lead to the wave equation 

a2h 

— 

2  ph 

7E7  	.577  a 

2m 3 all  
3xaax ' 

(3.6) 

where c2 = gh0  • 	To solve this equation, we observe 

that Lighthill's (1952) equation (3.3) reduces to it if 

p and T.. are independent of the co-ordinate x3  . 

Curle's general solution of equation (3.3) expresses p 

in terms of volume and surface integrals of T.. and 

pig  . 	Consequently, for p to be independent of x3, 

Tip, pig  , and the geometrical situation, must all be 

independent of x
3  . 
	We conclude that solutions of 

(3.6), in the presence of a contour r , are identical 

to the solutions of (3.3) in the presence of a cylinder 

S 	
3 

erectedonr2 andinwhichT..1J 
 and p1.. do not 

depend on x
3 

▪ 	In this situation, if V denotes the 

volume exterior to S then Curie's solution becomes 

4Trc2(h(x12x22t)-h) 
2 ft d 	r m -1dV(y)i.  afp  

3xaZ)x 	L-aU R 	3xa L aj R 
V 

 

 

(3.7) 
R is the distance of the field point x from the source 

point y and is given by 

R2  = (xl-y1)2  + (x2-y2)2  + 	• 	(3.8) 
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The square brackets imply the integrand is to be eval-

uated at the retarded time t' = t - (R/c). Pa  is 

written for k0 P
032 

 k being the direction cosines of 

the normal to r ( and S ) . 

As the only dependence of the integrands upon y3  

is through the retarded time, the y
3 

integration is 

effectively a time integration. 	Accordingly, y3  is 

replaced by t' as the independent variable, and (3.7) 

becomes 

2Trc2(h(c,t)-110) 

t-r/c Tall(Dt')cdt' 
a2 	

dA - 3xaBx -co Cc2(t-t')2-r21 

t-r/c Pa(y,t')cdt' + j ar j Dxa i - - co 
Cc2(t-t')2-r2) 2  

(3.9) 

Here r is the two-dimensional radiation distance, given 

by 2 
r  = (x1-Y1)2 (x2-Y2)2  (3.10) 

and dA dr are two-dimensional area and line elements 

respectively. 	The contour integral is taken around r 

and the area integral over the area external to r. 

This form of the solution has the advantage that no 

reference is made to the three-dimensional model used 

to generate it. 	This result can also be obtained from 
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Volterra's solution of equation (3.5)  (sec Jones 1964, 

p.42), but the given derivation is more straightforward. 

Equation (3.9) is the fundamental result of the 

theory. 	It is an expression for the depth in terms of 

the known quantities T(0 and Pa for any arbitrary 

fluid motion about a static solid surface. 	From the 

form of this equation, it follows that the waves are 

the same as those produced by quadrupole sources of 

strength density Tal3 2  distributed over the region 

external to r plus dipole sources of strength Pa  

distributed around F. 	This equation also shows that 

the waves induced at any field point not only depend 

on the strength of the sources at a time r/c earlier, 

but on all previous times as well. 	On the other hand, 

the presence of the square root factor weights each 

contribution differently, and, since it is singular 

at t' = t-r/c, the main contribution comes from that 

region. 	In the far field, near these values of t' 

the square root can be approximated by f2r(ct-ct'-r)1 

and the time integral consequently yields an expression 
_1 

of the form r 2F(t-r/c). 	This implies that in the 

far field the waves from each source are waves of 



- 26 

constant profile travelling at speed c , and whose 

amplitude falls off like r 2  . 	This type of behaviour 

is also found in linear theory for the conical wave 

field about a supersonic projectile (Witham 1950). 

It is clearly so for sources of an oscillatory nature, 

where the method of stationary phase furnishes a precise 

form for F. 	We conclude that in the far field, water 

waves behave very similarly to sound waves, being 

produced by a similar distribution of dipoles and 

quadrupoles, and propagating in the same manner. 

The result that the depth depends upon a time 

integral of To  or Pa  merits further comment. It 

suggests that in any analysis featuring order of mag-

nitude estimations, a typical time will be included. 

This does not usually happen in the three-dimensional 

theory. 	The typical time often varies with the 

parameters of the situation, and will result in a para-

metric dependence different from that obtained in 

three dimensions. 	Tims, some results of aerodynamic 

sound theory cannot be taken over directly to shallow 

water theory, but must be reconsidered in the light of 

(3.9): 	To illustrate this, the two-dimensional waves 
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generated by a region of turbulence are examined in 

the next section. 	The corresponding three-dimensional 

theory is well known, being the basis of jet noise 

theory, so comparisonsare easily made. 

4. 	Two-dimensional waves generated by convected  
turbulence. 

Before the two-dimensional theory of waves produced 

by convected turbulence is developed, it is worthwhile 

briefly discussing the three-dimensional theory. 	This 

has been developed by Lighthill (1952, 1954, 1962, 1963) 

and Ffowcs Williams (1963). 	The latter considered the 

problem of a jet aircraft flying at a Mach number N, 

emitting a turbulent exhaust whose eddies move at Mach 

number M. 	He found that the mean square density fluc- 

tuation observed in the far field varies as 

0 2 
(n..n )2 	p2 142' M7(11+N)11+11 COSOFill'"N cosh -5  

vo, 	
nO 

( 14.1) 

R0  is the mean distance from the observer to the 

turbulence, 9, is the typical turbulence length scale, 

and 6 , 0 are angles specifying the direction of the 

convective motion. 	Along the lines (1-n cos 0) = 0 , 

where the above result is not valid, a separate analysis 
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gave the variation as 

Z 2  

o 	

p2 

 72- 

n2(11+1,1)1 i+m cow -1 (4.2) 
0 

By assuming a particular form for the unknown correlation 

function which arose in his integral, Ffowcs Williams 

was able to evaluate it exactly, and deduced that for 

all M , the density fluctuation varies as 

  

e 147(111-N) 114.11 cosfl -1((l-M cos0)2+b2M2)-512, 
R2  0 

(4.3) 

(10-P0) 2  -P2  

b being a small numerical constant. 	However, the general 

validity of (4.3) is not easily established, requiring 

detailed appeal to the theory of generalized functions. 

Nevertheless, a two-dimensional result similar to (4.3) 

can be obtained from Ffowcs Wiliiams's equations, without 

recourse to such methods. 

In deriving this two-dimensional result, the following 

convention is adopted. 	Vectors denoted by capital letters 

are three-dimensional vectors, whereas small letters 

denote vectors in the two-dimensional plane X
3 
. 0. 

k denotes the unit vector normal to this plane. 	In his 

three-dimensional theory, Ffowcs Williams considers a 
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region of turbulence which convects through space at 

a velocity -a0— N 	and which is composed of eddies 

travelling at a velocity +a0M . 	His equation (1.29) 

shows that the leading term of the mean square density 

fluctuation observed in the far field is given by 

the expression 

2  1 	(xi-Yi)(Xj-Yi)(Xk-Yk)(Xx-Yx) 
(P-P O 

'" 
) (X3t)- 167z d 

a0 11X-YI +N. (X-Y)1 11X-YI-N.(X-Y)1 5  

aT  

a

41

4p.  

i
,n (1-1,11,T)dV(H)dV(A) 	(4.4) KX  

Pikit is the covariance of the stress tensor T.., 

Y is defined by the equation 

Y= H 	a0Ht 	NIX-YI 	(4.5) 

and the two volume integrals are to be taken over the 

turbulent region. 	The retarded time T is defined 

in terms of the other variables, and will be discussed 

at a later stage. 

To obtain the two-dimensional result, this expression 

is applied to the situation in which there is no variation 

of the strength and geometry of the sources with X3 2  

and in which the vectors N and II are two-dimensional 
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vectors n and m . 	This use of the leading term of 

the three-dimensional expression to furnish the far 

field expression in two dimensions is valid as long 

as the predicted result is not zero. 	Because of the 

symmetry about the plane X
3 

= 0 , each volume integral 

is calculated over half the space, and the answer 

doubled. 	By introducing the simplifying notation 

R = (X-Y), r = (x-y), R = IRI and r = Irl (consequently 

R = r + kH
3 
and R2  = r2  + H2

3
) expression (4.4) becomes 

in shallow water terminology 

1  (h—h0 	— )2(x3t)"'471.2cejj 
r aroryr6 	D4 P 

	(n3_ A T) 
IRn.r1 IR-m.r15 aT4 af3y6 

	 3 

x dA(n)dA(X)dH3dA3  , (4.6) 

the range of integration for H3  and A3  is (0,c0). 

The expression for the retarded time T , given by 

Ffowcs Williams in his equation (1.29), was derived on 

the assumption that the eddy size was small compared 

with the radiation distance. 	Clearly, this approximation 

is not valid in the two-dimensional situation, where the 

eddies are infinite cylinders. 	In this case, the exact 

expression for r (given in his equation (1.12)) can be 
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approximated by 

X.r+2(H2
3
-A2
3) - -  

c IR-m.r 
(11 . 7 ) 

This expression is valid for all values of H
3 

and A
3 

The integrand only depends on A3  through T, and conse- 

quently the A
3 

integral is effectively an integration 

over T . 	Thus A
3 

is replaced by T as the independent 

variable, and expression (4.6) becomes, 

(h-h0)2(2ilt),,,  1   jj  r
areyr6 	34 

0 x(1,,T) 
4n2c7 	111-1-n.r1 IR-m.rI 4  3T4 aPYu  ---- 

dA(n)dA(X)dH3dT 

{H3-2(pTIR-m.rI -X.r])2 	(4.8) 

The T integral goes from -co up to the zero of the square 

root. 

A turbulent eddy is typically of spatial dimension Z 

and life-time k/bcm, where m = Iml and b is a small 

numerical factor. 	As the covariance Pafiyo eit 11/T)  
is negligible unless A and T are within these 

ranges, the introduction of the scaled variables 

bcm u = 	and T = 	T 	 (4.9) 
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reveals the dependence of the integral upon these scales. 

Furthermore, because this scaling places the significant 

values of PaBy (1,2,T) within constant and equal ranges 

of 	u and T, the transformed function P' i3.1,45  (1131-1,T) 

does not retain any major distinction between the new 

axes. 	Consequently, it is possible to rotate these 

axes without complicating the task of estimating the 

magnitude of Paayo(11,11,T), and this freedom to rotate 

axes allows the integral to be further simplified. 

The zero of the square root defines a plane in the (usT) 

space, and the integration is to be carried out over the 

volume on one side of it. 	The rotated axes are chosen 

to be the normal to this plane, and any two axes parallel 

to it. 	The equation of the plane, in normal form, is 

unin  

,_„2 

f-11 R-m.r1 T-f-1bmu.r = f-1  -71- , 	(4.10) 

where f is the normalizing factor 11R-m.r1 2.1)2m2r20. 

If the new axes are denoted by C1, 2, 3; c3  being the 

normal axis, then C3  is given by 

= f-1  1R-m.r1 T-f-lbmA r (4.11) 
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The derivatives are related by 

a 	 a -5,1r  = al 3,3  + ao7.— + f-1 	
dc 	

(4.12) 
1 " 2 — — 	

3 ' 	'2  

a1, a2 being factors determined by the particular 

choice of c
1 
 and C

2 
. Knowledge of these is not 

necessary, since they vanish after integration over 

Cl  and C2  . 	Equation (4.8) reduces to the simpler 

form, 

rrr a  e y 6  
(h-h )2(x t) 

471.2c4kJIR+n.r1 f4  
0 

dA(r)dl 3dv(0 
(n,c) 	 

[7
2 212,1 

"3 bm '3 

(4.13) 

For values of H
3 
such that I12>>22,f/bm , the square 3 

root in the denominator can be approximated by H3. These 

values of H
3 
contribute nothing to the integral, since 

after this approximation, the 43  integral goes to zero. 

We conclude that only values of H
3 

such that 

H2
3 
 r— 2ifibm contribute to the integral. 	For large 

values of r, this contribution range only increases 

2 as Otr), and as R2 = r2  +H
3 ' 

it follows that R can 

be approximated by r in the far field. 	If II
3 

is 

scaled by the factor 22,f2/bm to standardize its 



x (H32-c3) 
 

dA(n)dH'
3
dV(c) 
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contribution range, then (4.13) becomes 

b3m3 	rararyr 	
34p/ 

C) °TY°  (n ,C) 
Ir+n.r1((r-m.r)2+102m2r2) 	3c 2 	. 	 2 

3 

(4.14) 

The parametric variation of (h-h0)2quichly follows 

from this equation. 	As Pjtoyts  (112 ) is a mean square 

of the tensor Tots, it varies as h2o4m4  . 	The n 

area integral yields a typical source area, which vcries 

as e([mi-n3/m) . 	If m.r and n.r are written as 
••••• 41 

mr cos 8 and nr cos 0 respectively, then the two-

dimensional result equivalent to (4.3) is 

arql )2"./h2 2,  m6 (mi-n)11+11 cos01-1((1"TI COS 0)2+1D 2M2)".2 . 0 	0 
(4.15) 

This result differs from the three-dimensional 

result (4.3) in two respects. 	First, the inverse square 

law of sound intensity is replaced by a first power law, 

as is to be expected upon considerations of energy. 

Secondly, the tLighthill eight power law' is here 
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replaced by the seventh power law, coupled with a 

corresponding change in the directional factor. 

This result has also been found by Obermeier (1967) 

in his study of two-dimensional aerodynamic sound. 

This is entirely due to the infinite length of the 

eddies, which makes retarded time differences crucial 

in determining the effective volume of each eddy. 

This contrasts with the sound theory, where such time 

differences are usually unimportant in this respect. 

5. 	Conclusion  

The main conclusion to be drawn from this analysis 

is that qualitatively, water waves behave in a very 

similar manner to sound waves. 	Both radiate out from 

their sources at a constant speed, preserving their 

profile in the far field. 	Furthermore, they are 

generated by the same equivalent system of dipoles 

and quadrupoles. 	As a consequence of this, for both 

types of waves, a region of turbulence generates a 

directional field, whose intensity varies as a high 

power of the eddy convective speed. 	The analysis 

shows that quantitative results are slightly different 
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for the shallow water waves, the intensity increasing 

with the seventh power of flow velocity and the fourth 

power of the Doppler factor (1-m cos())-1. 	Though a 

peak is found at the Nach wave condition, no singularity 

is evident, even in the first approximation which is 

then valid at all speeds. 	The similarity of this 

result with recent developments in the theory of 

aerodynamic sound generation leads to the possibility 

that turbulence generated shallow water waves can form 

a satisfactory and easily visualized simulation of 

aerodynamic noise problems of a rather intractible kind. 

Indeed some experiments have already been attempted and 

the qualitative similarity with the aerodynamic problem 

is very evident. 	That there should also be a means of 

making the similarity quantitative is the main outcome 

of this work, though it should be emphasized that 

certain properties of the two-dimensional wave field 

distort any complete analogy with the three-dimensional 

problem. 
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CHAPTER 3. Theory relating to the Noise of Rotating 

Machinery  

Summary  

This paper discusses and extends the theory of sound 

generation by multibladed single stage fans operating in a 

free field. 	The results would also be applicable to 

shrouded fans provided that the shroud dimensions are 

small compared with the acoustic wavelength. The main 

point advanced is that it is inappropriate to regard the 

sound generation question as a boundary value problem 

governed by the homogeneous wave equation. 	Inhomogeneities 

of the equation caused by a finite velocity field in the 

vicinity of the fan induced a quadrupole distribution whose 

effect is studied. 	It is concluded that this effect is 

negligible only for low speed few bladed fans in the first 

harmonics. 	For multibladed high speed fans the quadrupole 

effects are important; both through the potential and 

turbulent velocity fields. 	In the absence of turbulence 

the inhomogeneous potential field may generate more sound 

than does the rotation of the steady blade loads, whereas 

the presence of turbulence provides a mechanism by which 



the potential field around the fan is scattered as sound. 

The theory of this mechanism is developed, and it becomes 

evident that it is vastly more important in generating the 

blade passage frequency sound heard near the axis of single 

stage fans.•than any mechanism so far suggested. 	The paper 

then goes on to develop the theory of fan noise radiation 

at frequencies not necessarily related to the blade passage 

frequency, and is concluded by a formula relating the power 

spectral density of the fluctuating forces on a rotating 

blade to the spectral description of the radiation field. 
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1. 	Introduction  

The earliest theoretical study of the noise generated 

by rotating machinery was the work of Gutin (1936), who 

analysed the sound produced by a two-bladed aeroplane 

propeller. 	He discovered that the forces exerted by the 

propeller on the surrounding air generate the sound; they 

are equivalent to acoustic dipoles. 	Consequently, Gutin 

studied the following model. 	The air is subjected to 

forces distributed over the disc swept out by the propeller; 

each point on the disc experiences a constant thrust and 

torque when a blade passes that point, and no forces at 

other times. 	This system of forces is Fourier analysed, 

and the Fourier components of the sound field obtained. 

This model essentially yields an analysis of the sound pro-

duced by a force, or acoustic dipole, of constant absolute 

strength rotating in a circle. 	The sound is composed of a 

series of discrete tones, whose frequencies are multiples 

of the blade passage frequency. 	Both in quality and 

quantity the sound predicted by this theory is in agreement 

with the experimental evidence of Gutin's time. 

The Gutin model has survived to the present time with 

very little change. 	Garrick and Watkins (1954) have extended 

Gutin's analysis to account for the forward motion of the 

propeller, and Lowson (1965), using more modern analytical 
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techniques, has re-obtained Gutin's results, and also ex- 

tended them to helicopter main rotor noise. 	On the other 

hand, the nature of the sound produced by modern fans and 

axial compressors, with their large number of blades and 

higher rotational speeds, bears very little resemblance to 

Gutin's model. 	The noise generated by modern rotating 

machinery is composed of broad band noise distributed over 

a very wide spectrum, plus a series of superimposed discrete 

tones at multiples of the blade passage frequency, and some- 

times of the lower disc rotation frequency. 	The intensity 

of the broad band noise tends to follow a sixth power law 

of some typical velocity, and this clearly indicates that 

it is generated by random fluctuations in blade forces. 

These in turn are caused by such factors as the irregular 

shedding of vortices at the blade trailing edge (Lilley, 

1961; Bragg and Bridge, 1964), and the interaction of the 

blade with patches of turbulence in the oncoming stream. 

Gutin's analysis is clearly inapplicable to such situations, 

and to date no extension of his theory has been made that 

derives the general features of the noise from the random 

forces on a rotating blade. 	The discrete tones are usually 

taken to be generated by the mean force operating as in 

Gutin's model and by periodic inhomogeneities in the flow 

field, but the theoretically predicted level of these tones 
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for single stage fans usually falls short of experimental 

observation. 

Both the work of Lilley (1961) and Sharland (1964) 

has gone a long way to close the gap between theory and 

experiment, and Hulse et al (1966) have made a major 

contribution in recognising that imperfect propagation 

of the sound can account for substantial amplification of 

the blade passage frequency sound. 	None the less, there 

exists no rigorous theoretical treatment which is compatible 

with experimental evidence, and an attempt to close this 

gap is described below. 	In § 2 it is argued that acoustic 

quadrupoles not considered in the Gutin model may be impor-

tant as sound sources, and their effect upon discrete tone 

generation is discussed in 6 3 and § 4. 	Finally, § 5 is 

devoted to developing the formulae necessary to analyse the 

spectrum of a rotating multipole of arbitrary strength. 

2. 	Sound sources in many bladed rotors  

The work of Gutin leads to an emphasis being placed on 

the distribution of pressure over the blade surface as being 

the prime source of propeller noise. 	The fluid is always 

treated as a perfect acoustical medium, propagating the 

pressure fluctuations generated by the blade as sound waves. 

The mathematical formulation of this outlook is to assume 
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that the pressure satisfies the homogeneous wave equation 

	

')2P 	
C

2 alp   - 0 , 

	

t2 	ax? 
(2.1) 

and is to be solved for in a region exterior to the blade, 

in terms of the given surface pressure distribution. 	As 

a mathematical boundary value problem, this is associated 

with the name of Kirchhoff, but as a description of propeller 

noise generation, it is natural to call this the Gutin formu- 

lation. 	Of course, Gutin did not set up the problem in this 

way, nor has it yet been tackled from this viewpoint, possibly 

because no correct solution of the Kirchhoff problem with 

moving boundaries has been published. 

In reality, however, a fluid only behaves as a perfect 

acoustical medium if the fluid velocity is everywhere small 

compared with the speed of sound. 	Since surfaces moving at 

speeds comparable with the speed of sound will induce fluid 

velocities of the same magnitude, it is not valid to treat 

the fluid as a perfect acoustical medium. 	A more exact 

specification must be sought. 	Such a specification is 

supplied by Lighthill i s work on aerodynamic noise (Lighthill 

1952, 1954). 	This shows that a correct equation describing 

the behaviour of the fluid is the forced wave equation for 

the density, 
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alp 
2'e 

P  = .22211 
t2 C  X12 )Xir?Xj 

whereTij  = pu.0j  + pij - c20ij  . 1  

(2.2) 

This equation means that the real fluid behaves like an ideal 

acoustical medium, which contains quadrupole sound sources 

of strength density Tij  . 	Thus Gutin's specification of 

the fluid is incomplete, but it preceded Lighthill's formu- 

lation by 20 years. 	These extra quadrupoles, which repre-

sent the sound generated by the fluid flow around the blade, 

are the only major difference between the two formulations. 

For although the two governing equations also differ in that 

one determines the pressure and the other the density, for 

an ideal fluid these are simply related by Ap = c2Ap and 

so in Gutin's formulation the pressure could be replaced by 

the density. 

From the mathematical point of view, the solution of 

Lighthill's equation consists of a particular integral plus 

a complementary function. 	The particular integral represents 

the sound generated by the distribution of quadrupole sources, 

and the complementary function represents the effects of the 

boundaries, and is identical with the solution obtained from 

Gutin t s formulation. 	His work implies that the effect of 
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the boundaries is equivalent to a surface distribution of 

acoustic dipoles whose strength equals the force Pi  

exerted on the fluid by the surface element. 	This is 

precisely the result obtained by Curle (1955) from a formal 

solution of Lighthill t s equation, and although his result 

is only valid for stationary surfaces, unpublished work of 

the authors shows it to remain true when the surfaces are 

in motion; the boundaries are now equivalent to a moving 

distribution of dipoles. 	To summarise, theoretical con-

siderations show that the sound produced by a propeller or 

fan can be regarded as being generated by quadrupoles of 

strength dermfty . ij distributed throughout the volume 

exterior to the blade, plus dipoles of strength density Pi  

distributed over the blade surface; theoretical work to 

date has ignored the quadrupole sources, and as will be 

shown, has consequently missed what seems to be the most 

efficient generator of discrete tone fan noise in many 

bladed machines. 

It should be emphasised at this point that the state-

ment that quadrupoles are less efficient than dipoles as 

sound sources cannot be invoked to dismiss the quadrupole 

sound; such an argument is only valid if a typical Mach 

number is small, but how small it must be in a given 

situation can only be determined after analysis. 	The 
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quadrupole sound may depend upon other large factors which 

swamp the effect of Mach number. 	It cannot be assumed a 

priori that the sound produced by the quadrupoles is negli-

gible compared with the dipole sound. 

The importance of the quadrupoles as a source of broad 

band noise is difficult to assess. 	This is because broad 

band noise is generated by the random fluctuations of the 

sound sources, and no published analysis predicts the 

general characteristics of broad band noise from a model 

of fluctuating sources in a rotational motion. 	Consequently 

our discussion of this point must be restricted to a few 

general remarks. 	A dimensional analysis of stationary 

sources shows that fluctuating forces generate a sound 

intensity that varies as the sixth power of a typical 

velocity, whereas fluctuations in the quadrupole strength 

produces an eighth power variation. 	The work in § 5 

suggests that such dimensional variations are also valid 

for rotating sources, and so the experimentally observed 

sixth power dependence indicates that the fluctuating 

forces are the dominant source of broad band noise. 	A 

possible explanation for this is that the flow induced 

around a blade by its motion is mainly laminar, the only 

significantly turbulent region being the blade wake. 	Thus, 

there is only a small distribution of quadrupoles with a 
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randomly fluctuating strength, and the noise it generates 

is negligible compared with that produced by the force 

fluctuations. 	The presence of further rotors or stator 

rows increases the unsteadiness of the flow, but it is 

thought that such interactions between fixed and moving 

blade rows produce essentially periodic variations in the 

flow, and not a high level of genuine turbulence. 	Such 

periodic variations only contribute to the discrete tones. 

Thus, it appears likely that the quadrupoles are not a 

significant source of broad band noise. 

3. 	Discrete tone generation by the potential flow field  

The situation for the discrete tones is different. 

If the fluid temperature remains nearly constant throughout 

the motion, the quadrupole strength density Tij  can be 

approximated by the Reynolds stress puiuj  . 	The flow 

field set up by the blade motion has particle speeds near 

the blade surface of the same order as the blade speed U 

and consequently the quadrupole source strength in this 

region is of order pU2  . 	The quadrupoles are of this 

magnitude in a region surrounding the blade and rotating 

with it. 	Just as the mean force rotating in a circle pro- 

duces pure tones, so does the mean Reynolds stress. 	Because 

the mean surface pressure is also of magnitude pU2  , the 
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essential difference between the two terms is contained in 

their dipole-quadrupole character. 	To obtain an idea of 

their relative importance, a simplified situation will be 

studied. 

In general, the sound field is generated by dipoles 

and quadrupoles distributed over the surface and throughout 

the volume respectively. 	The central simplification in 

this model is to assume that these distributed sources can 

be replaced by a single rotating point source whose strength 

is equal to the integrated strength of the distributed 

sources. 	Such an assumption is difficult to justify but 

without it any analysis is very difficult, and requires 

detailed knowledge of the flow around the blade. 	It is 

further assumed that the two types of source rotate in the 

same circle. 	Only the axial component of the force (the 

thrust) and the longitudinal quadrupole aligned along the 

axis will be considered. 	Expressions for the sound fields 

of rotating point dipoles and quadrupoles of constant 

strength have been given by Lowson (1965), and can be 

analysed into a Fourier series, whence the following ex- 

pressions are obtained. 	For the far field sound pressure 

of a dipole, the absolute magnitude of the nth harmonic 

(based on rotational frequency) is given by 

axT D - n 	j (En.) (3.1) 
n 2itcr2  n r 



Here fl is the rotational angular velocity, and T is the 

dipole strength equal to the total thrust exerted by a 

single blade. 	M is the rotational Mach number .s2R 

R being the radius of the circle. 	x and y are compo- 

nents of the distance r from the centre of rotation to 

the observer; x is the axial component, and y is the 

component in a direction perpendicular to the axis lying 

in the plane defined by the axis and the observer. 	For a 

quadrupole of strength Q , which equals the integrated 

mean Reynolds stress, the equivalent harmonic content is 

n2x12x2Q la 
	 J( 	) 

n • 2nc2r3 n r 
(3.2) 

If the blade span is s and its chord 1 , then a 

representative area is si , and volume s12  . 	The 

total thrust T can be expressed as a thrust coefficient 

CT multiplied by pU2sl , and similarly Q is expressed 

as CQpU2s12 	The coefficients CT and CQ are both of 

order one. 	For a rotor with B equally spaced blades, 

the sound pattern of each blade is out of phase with those 

of other blades, and all harmonics which are not multiples 

of B cancel. For the remaining harmonics n = mB , and 

the ratio of quadrupole and dipole components of the sound 

field is 

mB 1 x CQ 	. 1 x CQ  
c 	r aT  = 	T. iz 	° 
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Although this ratio contains the Mach number, it also con-

tains mB , and for a system with a large number of blades, 

this ratio may be large, especially for the higher harmonics. 

As an illustration, let us compute the magnitude of this 

ratio for the propeller quoted by Gutin, and for a modern 

engine compressor. 	The figures are only tentative, as chord 

size never seems to be recorded, and the effective radius R 

is not known. 	It is assumed that CQ/CT if of order unity. 

For Gutin's two bladed propeller values of 0.2 for 1/R and 

0.5 for M seem reasonable; for an observer at an angle of 

30°  from the axis listening to the fundamental note, this 

ratio is 0.17. 	Thus for Gutin's propeller, it appears that 

the quadrupoles are negligible as sources of discrete tones 

below about the 10th harmonic. 	On the other hand, for a 

compressor with 40 blades, figures of 0.2 for 1/R and 0.8 

for M are possible, and then the ratio is about 5.5 for 

the fundamental and increases in direct proportion to the 

harmonic number. 	This suggests that the mean Reynolds 

stress may be an important source of discrete tones for 

many bladed compressors. 	However, it is to be emphasised 

that the relative importance of the two sources depends upon 

the observer's position, and factors such as CQ/CT whose 

magnitudes are largely unknown. 	Also, only a single com- 

ponent of each source has been analysed. 	Thus, the numbers 



derived above should only be taken to suggest that in many 

bladed machinery both the surface forces and the Reynolds 

stresses can act through the same mechanism of sound 

generation to comparable effect. 

Although the foregoing analysis indicates that the mean 

Reynolds stress may be an important source of discrete tones, 

it suffers from the same deficiency as the mean force, namely 

the predicted harmonic content depends on the Bessel function 

T
m12,` 	° These functions are extremely small when the 

'"   

order mB is large, especially near the axis of rotation; 

at 30°  to the axis of a 40 bladed rotor it is of magnitude 

10-13. 	To illustrate the significance of this, let us 

calculate the acoustical efficiency t of the rotor, i.e., 

the fraction of the mechanical power supplied to the blades 

transmitted as sound power. 	The mechanical power W is 

the product of the drag force, the velocity, and the number 

of blades; W = CDpU2s1UB , where CD is the drag coef- 

ficient and is of the order 10-1. 	For the dipole tones, 

the total sound power W4 generated by all the blades is 

of order 

2 4 2 4 21-  2 B 	pU s  W2 = 21-nc2 21  pc 	3 RC 
J2  (3.4) 

and hence the acoustical efficiency is 

_ m2BMsl  2 J 
TECDR2 	mB  

(3.5) 



For the fundamental tone of a 40 blade system, 2 is of 

the order 10-22 which is an impossibly low value. 	Thus 

for multibladed systems it appears that another generating 

mechanism is at work. 	The Bessel functions are an un-

avoidable consequence of a source rotating in a circle; 

they are the remains of a large cancellation that is im- 

perfect as a result of retarded time differences. 	To avoid 

these functions, a source must be sought that fluctuates at 

the blade passage frequency, but which does not rotate in 

a circle. 

4. 	Turbulence as a source of discrete tones  

The realisation that the quadrupoles are important 

sound sources gives some scope for finding an alternative 

mechanism of discrete tone generation. 	The Reynolds stress 

quadrupoles are of strength density puiui  and distributed 

throughout the volume exterior to the blades. 	The flow 

through a rotor disc is principally a potential flow, but 

with a certain level of turbulence superimposed upon it. 

This turbulence may originate from upstream obstacles in 

the flow, or from the rotor blades themselves. 	To bring 

out this feature, the velocity u is split into a potential 

flow velocity Ui  and a turbulence velocity vi  ; the 

quadrupole strength then becomes 
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pu.u. = pU.U. + p(U.v. + U.v 	+pv.v~j 	j 	j i 	j 

The first of these terms is the source effect of the po-

tential field, and has already been discussed in the pre- 

vious section. 	Similarly, the third term represents a 

purely turbulence source, and has also been mentioned, 

although its effect not properly assessed. 	However the 

second term represents an interaction between the potential 

and turbulent fields, and as such has not yet been mentioned 

as a possible source of sound. 	In fact, the potential 

velocity may be further divided into a convection velocity 

through the rotor, and a purely oscillatory velocity in- 

duced by the repeated passage of rotor blades. 	It is with 

the interaction between the oscillatory and turbulence 

velocity fields that this section is concerned. 

The properties of an interaction source term such as 

pUivj are a combination of those of its two components, 

and are deduced as follows. 	The potential velocity Ui 

can be assumed to fluctuate essentially sinusoidally at the 

blade passage (radian) frequency 12B . 	It is of the order 

of the blade speed U for a distance of the order of the 

blade chord 1 either side of the rotor disc. 	Beyond this 

region, the potential velocity, and hence the interaction 

source, is negligible. 	On the other hand, the turbulence 



velocity vi  is random in space and time, and must be 

treated stochastically. 	The turbulence can be regarded 

as being composed of a number of eddies; the velocity 

being well correlated throughout each eddy. 	In general, 

these well correlated regions convect downstream with a 

velocity Uc  . 	This convection velocity is not necessarily 

the downstream fluid velocity, but is the velocity of a 

frame of reference in which the turbulence changes most 

slowly. 	The time taken for an eddy of dimension L to 

pass a fixed point is clearly LU 1 , and in this time, 

the number of blades N that rotate past that point is 

N= L 	-CL B 	L M 
Uc 2 Tc 	27c R Mc 

(4.2) 

N represents the number of blades that chop through the 

eddy as it convects past the rotor. 	The magnitude of N 

depends upon various parameters, but it is instructive to 

proceed on the likely assumption that it is much greater 

than unity. 	The lifetime of an eddy is usually greater 

than the time it takes to convect past a given point LU 1 ; 

the eddy travels more than its own diameter before losing 

its identity. 	Thus at a fixed point, the turbulence 

velocity changes in a time scale set by the convection 

time LU 1 , rather than the eddy lifetime, and so a typical 

(radian) frequency of this velocity is 27uUcL
-1 . 	The 



condition that N is large then implies that the blade 

passage frequency is much greater than a typical turbulence 

frequency, and it follows that a product of the potential 

and turbulence velocities fluctuates at the higher blade 

passage frequency. 	Thus we see that the distributed 

interaction quadrupoles pUivj  are of a significant mag-

nitude in a region either side of the rotor, they can be 

grouped into coherent eddies, and fluctuate mainly at the 

blade passage frequency. 

For a quadrupole source, the frequency spectrum ob-

served in the far field is the spectrum of the quadrupole 

source strength multiplied by w4 . 	In our situation, the 

quadrupole strength is pUivj  , and as we have seen this 

fluctuates mainly at the blade passage frequency. 	In fact 

it can be shown that the spectrum of such a product, one 

term of which varies sinusoidally at frequency .a B , is 

just the spectrum of the other component shifted by (B . 

Thus the width of the source spectrum is the width of the 

spectrum of its turbulence component, but its mean frequency 

is shifted to -0.B . 	As the width of the turbulence spec- 

trum is of the order of its typical frequency 27tUcL
-1 

the bandwidth -1  1) of the source spectrum is 

Aw 	21T Uc  = 	
(4.3) N ° 1,0-B 



Thus for large N , the source spectrum is very narrow, and 

centred on the blade passage frequency. 	The spectrum ob- 

served in the far field is this spectrum modified by w 
 

which can be regarded as constant throughout the narrow 

band. 	Thus the observed spectrum is also very narrow, 

and this mechanism is essentially a source of discrete 

tones. 	On the other hand if N is not large, the source 

spectrum is broader, and is further distorted by the factor 

w ; the sound is then relatively broad band, the maximum 

bandwidth being of order unity. 	Thus the nature of the 

radiated sound depends upon the magnitude'of N .; for 

large N the sound is blade passage tones, but for small 

N it is broad band noise. 	Clearly N increases with the 

number of blades, but it may require that Mc is small 

compared with M for it to be very large. 	This would 

occur if the rotor were not operating at its design condition. 

To assess the intensity of the sound generated by this 

mechanism, we must estimate the magnitude of the basic 

integral describing the sound field of a quadrupole dis- 

tribution. 	One possible simplification is to neglect the 

retarded time differences across the eddy, but this is a 

bad assumption for the following reason. 	Although the time 

taken for the sound to travel across the eddy is a small 

fraction of the eddy lifetime, it is a large fraction of 
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the periodic time of the potential velocity. 	Thus although 

points on opposite sides of an eddy have velocities that are 

well correlated instantaneously, the sound they produce is 

significantly out of phase when it reaches the observer. 

That is, the eddies are no longer acoustically compact. 

In this situation, the effective volumetric scale is 

established by the eddy area and the distance travelled 

by a sound wave in a characteristic period (Ffowcs Williams 

1963), and the best expression for the far field sound 

pressure of a non-compact quadrupole distribution is 

.— 
p(t) = 	['2

(pU 
	1

v) 
 

144c 	 Y• 'D Y. 

dScd'e 
r 

Here the square brackets indicate that the integral is to 

be evaluated over the surface of the sphere S , 

r = c(t- 1r) 

The magnitude of the sound pressure produced by one 

eddy can be estimated from this integral. 	It is assumed 

that the eddy dimension L is the same as the blade chord 

length 1 
	

In the region either side of the rotor, the 

potential velocity is of order U and the turbulent 

velocity aU . 	A space derivative is equivalent to 

division by the chord length 1 . 	The eddy area is 12  

and the relevant characteristic time is 2n(S1B)-1 	so 
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that the sound pressure produced by a single eddy is of 

magnitude 

p 
pU2a 12c2n pUacR  
124nr * 	2rB ° (4.5) 

The eddy is a coherent source and so the sound it generates 

is the square of this expression. 	The total volume of.the 

region under discussion is 2nRs1 , which thus contains 

2nRs1-2 turbulent eddies. 	The total mean square sound 

pressure generated by all the eddies is 

p2 _ P -21,722C2R2  2n 	n  Rs 	 p2u2a2c2R3s 

4r2B2 	12 	2B2  r212  
(4.6) 

An acoustical efficiency for this mechanism can be calculated 

as before, and it reduces to 

0 = 2n2a2  (fil3  
CD 1' ( 4 .7) 

This equation is restricted to frequencies such that the 

wavelength of sound at the blade passage frequency is not 

significantly larger than the blade chord, so that it would 

be misleading to apply this result when both B and M are 

small. 	However, for high speed many bladed fans this 

formula is relevant. 	If the previously quoted values 

are used, and a one per cent turbulence level is assumed, 

this efficiency turns out to be of the order of 10-5. 	This 

figure appears very reasonable, but rather on the high side, 



but again the analysis has been very crude, and could easily 

be in error by a factor of ten. 

One conclusion from the above analysis is inevitable. 

In situations where N is large, this mechanism is far 

more likely to be the cause of discrete tones near the axis 

of multibladed machinery than any Gutin type of mechanism. 

Equation (4.6) also shows that the sound intensity generated 

by this mechanism, whether it be discrete tone or broad band, 

varies as the square of the rotational Mach number, instead 

of the usual sixth power variation valid at low rotational 

speeds. 	It is evident from the above discussion that this 

mechanism operates when the blades chop through the wakes 

of upstream obstacles. 	Such wake-chopping situations are 

known to be powerful sources of discrete tones, but it is 

seen that it is not necessary to seek unsteadiness in the 

blade forces as the sole cause of high amplitude discrete 

tones. 
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5. 	Radiation from rotating multipoles at frequencies not  

necessarily related to rotation frequencies  

The generation and propagation of sound is governed by 

the inhomogeneous wave equation; 

	

2C) 	c2  Dap = Q(x,t) 	(5.1) 

	

-)t2 	a.xe. 

Here Q(x,t) is the source strength density at (x,t) 

which may or may not be concentrated in the form of a delta 

function singularity. 	In the general aerodynamic noise 

problem with boundaries, the sources may include simple, 

dipole and quadrupole elements, so that: 

Q(x,t) 

	

-DD„(x„t) 	-'6) Tij2  ..(x,t) 

-)x. 
S(x,t) + 	 + 

 • 
3. 

(5.2') 

S, D. and Tip  are respectively the strength density 

of the three source types. 	The solution of (5.1) in the 

distant radiation field can be written in either real time 

or spectral form: 

p(x,w)  e-27tiwr/c w 
Q(-  T 	w) 21-nc2i,  

(5 . 3 ) 

(5.4) 

p(x,t) 
/Inc2r 
1  

Q(Y.,  t 

v 
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A 
r is the distance separating source and observer and r is 

the unit vector in the radiation direction. 	p(x,w) is the 

generalised Fourier transform of p(x,t) : 

p(x,w) = I 
cip  

-oo 

and Q(k,w) is the wave number, frequency, spectral com-

ponent of the source field, being the four-dimensional 

Fourier transform of Q(x,t) ; 

Q(k,w) = 	e 	e-2niwtdx dt . 	(5.6) 

In terms of the spectral components of the multipole strength, 

Q(k,w) = S(k,w) + 2nikiDi(k,w) - (2n)2kikiTii(k,w).)  (5.7) 

and the particular component generating the acoustic wave at 

frequency w propagating in the direction P is: 

2 A  
Q(  - 

	

	A,w) 	s(- 	r,w) 	2n (.12  i 	1-‘.. 	9-2  D.(- 	- (2n)2-22- r rT. Lb  C 	C 	I j 

W A 
X (- 	r,w) 	(5.8) 

A 
ri  is the component of the unit vector r in the direction i. 

The object of this section is to develop the theory of 

fan noise at frequencies which are not necessarily multiples 

of the blade passage frequency, and for this we can, without 

e-2niwt p(x,t 	dt , (5.5) 
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any loss of generality, regard the sources as concentrated 

at a point rotating in the x3  = 0 plane at radius R with 

frequency 	o 	Then Tii(x,t) , Di(2s,t), and S(x,t) can 

be written symbolically as: 

= q(0,t) b(x-R) o 	(5.9) 

q(56,t) is the time dependent strength of the source which 

occupied angular position "3 from the x axis at time 

t = 0 , and IR is the position vector of that source 

at time t . 	From equation (5.6), the four dimensional 

Fourier transformhof this source density is: 

T.1. 	OD 

q(0t) e 	e-2TLiwt D. 	(k,w) 	, 	dt o 	(5.10) 

-coS  

Now q(95,t) may be expressed in terms of its generalised 

Fourier transform (or spectral components) as, 

ao 

q(92C,t) 	q(0,a)e2niat da , 	(5.11) 

-oo 

and the radiating component of the source spectrum becomes: 
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T.. ij 

Di  

S 

00 

- 	r,w) = 	q(93,a) e-2.mit(w-a)  

— 00 

2nic4 sinO cos(27E12t+) 
dtda 	(5.12) 

Here k.R has been set equal to - 
co 
— 

A 
r.R which is c   

- 	R sin 0 cos(27ESIt-Fi6) , 0 being the angle at which the 

wave is propagating measured relative to the fan axis, which 

is 0 = 0 . 

The time (t) integration can now be performed, (Jones 

1966, p.137), 

 

CO 

 

-in2 	XL 
_Figlta)  

q(2:1,a)e 	e 	Jn 
r,w) = 

-03 n=-oo 

 

x k , 21- 	") cwR sin 0 	(w-a 	da 
751 / 

- f5) 
q(cd,w-n1/)e 	Jn  

n=-co 

, 271wR sin G x  x (5.13) 

where Jn is the Bessel function of the first kind. 

The Gutin theory is simply derived as a special case 

of this result. 	That deals with the field established by 
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point sources of constant absolute strength. 	If we take 

by way of example the field induced in the plane x2  = 0 

by the torque dipole, then only D1 need be retained. 	If 

D1 is expressed as 

D1(.21,t) = D cos(21IXIt + X - i) 5(x-R) , 	(5.14) 

then for this source 

q(56,a) = 3-2?lei(X  - 22-1) 	
-ics - 

5(a-X2) + e
o 	

b(a+Il) , (5..15) 

and 

Dl(- 	1‘1,(1)) = c   
-i(n+1)(2

e
2E - X) 

ti(o.)-(n+1).0)Jn  
=-00 

x ( 27twR sin O N  

e 
-i(n-1)( - 0) 

5(co-(n-1)42)jn  
n= -oo 

x  (- ancuR sin O N  
) ) (5.16) 

ne 
-in(7  11 	0) 

n=-oo 

2nwR sin 0\  X b(W-na)tink 	) (5.17) 
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Equation (5.17) is obtained by re-ordering the 

summations in (5.16), and employing a well known Bessel 

function recurrence relation. 	This source field generates 

a radiation field given by equations (5.4) and (5.8), equal 

to: 

e-21ciwr/c 	. w 	A 
(- 2TC1- sin 	 r,w)  47tc2r 

so that the result for the Gutin theory becomes: 

(5.18) 

p(x,w) e-2niwr/c iD n e 
finer 

n—oo 

-i n( 721  - 

x 60..)_n_c2)Jn ( 27cwR sin G) 	(5.19) 

This is the well-known result for the spectrum function, 

showing the spectrum of each dipole to be discrete at 

	

harmonics of the disc rotation frequency. 	If there are 

B identical sources spaced in an exactly regular array 

around a circle at angular intervals 271/B , then the total 

effect of all sources will involve the sum 

e 	narc/B = B 	n = mB 

S=1 
	

(5.20) 
. 0 9 	n MB 

where m is an integer. 	The magnitude of the spectral 

level generated by B sources then becomes: 



s(0,w n11)e
-in('

72-1 
- 16)

Jn( 
2TcwRsin

),  p(x,w) 
4ner 

e-2niwr/c 

6sT 

co 
(_I 	D 	B 

R
2  

rilb(w  m165-(2)JmB(
271R

c
sin 0

)  4ner 	4(1, 
M=-00 

 

, (5.21) 

 

which is Gutin's discrete spectrum at harmonics of the blade 

passage frequency. 	Of course imperfect duplication of the 

source or blade spacing would nullify the above summation, 

and leave a finite level at harmonics of the disc rotation 

frequency. 

We return now to the general case and give three formulae 

for the spectral components of the distant radiation field in 

terms, of the spectral level of the source strength. 	The 

first is for a point monopole with spectrum sOg,a) , the 

second for a point dipole with spectrum di(pS,a) and the 

third for a point quadrupole with spectrum tij(91,a) . 	By 

spectrum we mean of course the generalised Fourier transform 

of the time dependent source strength. 	In each case the 

point source is rotating in a circular path of radius R at 

frequency _a and occupies angular position fi at time t = 0 

(1) Monopole: 

n=- 
(5.22) 

(2) Dipole: 



‘'L 

-27ciwr/c  	7c 2iw p(x,w) - 	e r. 47cc2r 
n= 

d.(fi,w-nrfle 
- f4) 

27cwR sin 0, . 

	

x Jn 	(5.23) 

(3) Quadrupole: 

-2niaT/0 	 2 A A 00 e  

p(x,w) = 	
4nc2r 
	 (270 

c2  
2 	r r

j 	l 
t.
j 
 (0,w-n-(2) 

n—oci 

x e 
-in(21  - 925) 2 	, 27cwR sin Ox 	(5.24) 

	

J 	 ) nk  

All these forms involve the spectral level which is a 

generalised function that cannot be given a unique meaning. 

To make these expressions practically useful, one must form 

power spectral density relations to predict statistics of 

the radiation field in terms of statistics of the source 

strength. 	This is done by multiplying both sides of these 

equations by their conjugates, averaging, and normalising by 

a factor common to both sides whose magnitude need not be 

considered and can be taken as unity. 	We will deal par-

ticularly with the dipole equation to develop a formula 

relating the power spectral density of a time dependent di-

pole strength, such as might be induced by vortex shedding 
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on a fan blade, to the power spectral density of the density 

fluctuation in the distant radiation field, P(x,w) 

00 00 	  

P(x,w) - 	
c 

(e

r

2  51  
dr(gC,w-n12)dr("S,-w-I-m-(2) e 

*---4  4 n=-co m=-oo 

i(n-m)(i- IS) 

n( 2
.nwR sin Q

),Tm( 
27wR

c
sin G

) (5.25) 

Here dr has been written for the dipole component in the 

particular radiation direction rid. . 	If we now assume 

that all Fourier elements are uncorrelated unless they are 

conjugates)and this is so in a stationary field, we can 

reduce the double sum to a single summation over n 

dr&,a)dr(0,P) = Dr(0,a) 	a = 
(5.26) 

= 0 

where Dr(0,a) is the power spectral density of the dipole 

strength in the radiation direction. 	Then: 

m2  

r2  
P(X,W) = 

4e 6 	
Dr(0'w na)J2( 

27twRc  sin- 
9) . 	(5.27) 

n=-co 

This formula can be simplified in two special cases when 

the dipole spectral density is not a function of n and the 

summation can be carried out exactly. 	Firstly, if the 
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source is not rotating, S2 = 0 and the Bessel function sum 

is unity, 

2 

P(2S03)1 	
W  

Z1.0 	4c0 r2 Dr(16'w)  (5.28) 

This is the well known radiation field of a stationary point 

dipole. 	Secondly, if the dipole spectrum is flat; its 

variation is that of white noise. 	Again the Bessel func-

tions sum is unity to give a radiation field power spectral 

density proportional to w2 : 

W2 P(x,w) - 
/Fc6r2  

Dr(s0 . 	(5.29) 

This result is evidently unaffected by blade rotation 

In general no great simplification of the above result 

(5.27) is possible. 	It can be seen that a source at fre- 

quency a beats with harmonics of the disc rotation fre-

quency na to radiate at frequency (a+nC1) . A dipole 

with a discrete spectrum radiates a discrete spectrum at 

these beat frequencies. 	A dipole with a narrow band 

spectrum radiates in narrow bands about these beat fre- 

quencies, so that no definite tone is heard. 	On the other 

hand a spectrum that is flat over a wide frequency range 

tends to the white noise case discussed above, where there 

is no hint of a tone. 	The most general conclusion there- 

fore seems to be that the width of the spectral peaks which 
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are radiated at beat frequencies are directly proportional 

to the bandwidth of the dipole frequency spectrum, and the 

strength of the narrow band content is inversely proportional 

to the spectral bandwidth. 
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CHAPTER 4.  Sound Generation by Turbulence and  
Surfaces in Arbitrary Motion  

Summary  

The Lighthill-Curle theory of aerodynamic sound is 

extended to include arbitrary convective motion. The 

Kirchhoff description of a homogeneous wave field in terms 

of surface boundary conditions is also generalized to sur- 

faces in arbitrary motion. 	The extension is at variance 

with the two previously published accounts of this problem 

which are erroneous. 	When both the bounding surfaces and 

the turbulence and compact relative to the radiated length 

scales, the turbulence is acoustically equivalent to a 

volume distribution of moving quadrupoles and the surfaces 

to dipole and monopole distributions. At low convective 

speed, their field increases as inverse powers of the 

Doppler factor 11-Mr  I . 	Convective acceleration 

generally gives rise to new source terms at this condition. 

At the Mach wave condition when the Doppler factor is 

singular, both the turbulence and surfaces are non-

compact and are acoustically equivalent to 

monopole distributions. 	Convective acceleration 
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then tends to limit the radiation. 	At this condition the 

surface sources are quite unrelated to the low speed sources, 

being second order in the field variable contrasting with the 

linear low speed terms. 	At high supersonic convective speeds, 

the field is dominated by an intensive beaming along the 

directions of Mach wave emission that lie normal to the 

surface. 	The magnitude of the field then varies inversely 

as the Gaussian surface curvature. 	If the surface has only 

single curvature the field is proportional to r
-1/2 and if 

it ds locally plane at this condition, the field no longer 

decays with distance travelled. 	There are indications that 

the surface induced intensity increases as the square of 

surface speed at high supersonic speeds. 
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1. 	Introduction. 

Lighthill (1952, 1954) has shown how the problem of 

aerodynamic sound can be posed as an acoustic analogy in 

which the turbulence provides a quadrupole distribution in 

an ideal atmosphere at rest. 	He described the general 

properties of the induced field and developed the dominant 

effect of steady low speed solenoidal source convection. 

The field increases as 1 1-M  1-3  , Mr being the Mach number 

at which the source approaches the field point. 	Ffowcs 

Williams (1963) extended this theory to account for high 

speed steady solenoidal convection and showed that relatively 

intense but finite fields were radiated in the Mach wave 

direction where the Doppler factor, 11-MrI
-1 
	is singular. 

Curie (1955) gave the general effect of static surfaces, 

showing them to be equivalent to surface dipole distributions. 

Lowson (1965) developed the theory of point multipoles in 

arbitrary convective motion inferring without proof that 

moving aerodynamic surfaces could be modelled as moving point 

dipoles. 	In this paper general expressions are developed 

for the equivalent sources of arbitrarily moving aerodynamic 

bounding surfaces with adjacent turbulent flow. 	It trans-

pires that only at low subsonic speeds can surface effects be 

treated unambiguously by Lowson's model. 	This paper then 

goes on to discuss general features of the radiated field by 
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source distributions in arbitrary motion and to discuss general 

features of the sound generated by turbulent flow around high 

speed aerodynamic surfaces. 

Curie's (1955) extension of Lighthilit s theory to account 

for surface effects made use of the Kirchhoff boundary solution 

to the homogeneous wave equation. 	In principle a theory 

accounting for surfaces in arbitrary motion might start with 

extensions of the Kirchhoff problem to moving surfaces pub- 

lished by Morgans (1930) and Kromov (1963). 	However these 

theories are mutually incompatible and both contain errors, 

Kromov's a fundamental error at an early stage in his analysis, 

and Morgans' a minor inconsistency at a later stage. 	A 

correct extension of the Kirchhoff problem is therefore not 

available as a starting point but is one of the results of 

this paper (equation 5.3). 

The following analysis makes extensive appeal to 

generalized function theory. 	Generalized forms of the field 

variables are established to hold over a continuous infinite 

space. 	In that part of the space occupied by fluid they are 

equal to the real field variables, but in regions within the 

surfaces they have a well defined simple form. 	Discontinuities 

across the surfaces account for concentrated surface source 

distributions. 	In section 2, equations governing the 

generalized density fluctuation are arranged in an inhomogeneous 



wave equation of the Lighthill type, with quadrupole, dipole 

and monopole inhomogeneities, the latter two being concen-

trated on the bounding surfaces, if any. 

Section 3 describes four alternative descriptions of the 

radiation field of arbitrarily moving multipole distributions. 

One of the forms (equation 3.21) is a generalization to a 

distribution of the result given by Lowson (1965) for a point 

source. 	However this particular form suffers from extreme 

interpretational difficulties in regions where 11-Mr(
-1 
4 OD. 

It is a particular object of this paper to deal effectively 

with this Mach wave regime and for this the alternative forms, 

equations(3.22),(3.23)and(3.4 are far more appropriate; they 

contain no singularity at the Mach wave condition. These 

results are developed further in section 4 to represent sur-

face multipole distributions in arbitrary motion, equation(4.6) 

being the general result. 	In this equation one singular 

point remains. 	The denominator of this equation vanishes 

if the surface approaches the field point along its normal 

at exactly sonic speeds. 	This condition is a special con- 

dition treated separately in section 7 where it is shown that 

an intense beaming of sound can then arise. 	Section 5 is 

devoted to a statement of the formal general solutions of the 

Kirchhoff and aerodynamic sound problems that emerge from an 

application of the foregoing analysis. 
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The formal solution is discussed in section 6 insofar as 

it affects the field generated by the distributed volume 

sources. 	The previous results of the Lighthill theory 

emerge as special cases as does the extension to cover high 

Mach number convection. 	Unsteadiness of the convective field 

is shown to induce additional source terms but also a 

moderating influence on the Mach wave field. 	Equation(6.12) 

gives a continuously valid general expression for the para-

metric dependence of the density field, and is identical to 

that obtained for special models of the flow by Ribner (1962) 

and Ffowcs Williams (1963). 	Equations(6.1)and(6.15)give 

the analogous expressions when the field point is close to 

the source distribution and when the source is undergoing 

convective acceleration. 

Section 7 is devoted to a discussion of the general 

effects of moving surfaces. 	At low speed when the sources 

are all compact they are equivalent to quadrupoles distri-

buted on the internal volume together with a dipole of 

strength equal to the applied force plus the displaced 

inertia, a result shown explicitly in(7.M). 	At high speeds 

when the sources are no longer compact the situation is very 

different, the appropriate expression then being equation 

(7.161 though for ease of demonstration, this is a particular 

form for steady solenoidal convective motion. 	The significant 
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feature of this result is that the important source terms at 

high speed are completely divorced from those dominant at low 

speed. 	The surface effect is entirely controlled by the 

viscous term and by a Lighthill ls turbulence stress tensor. 

The one remaining singularity of that equation is then dis-

cussed to show how the surface curvature plays a crucial role 

in the high speed problem and how an intense beam of sound 

can be radiated from high speed surfaces. 

Finally the paper is concluded with some qualitative 

implications of the theory to the question of sound generation 

by high speed aerodynamic machines. 
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2. 	Derivation of the Governing Equations. 

The theory of aerodynamic sound is built upon the 

equations of mass and momentum conservation of a compressible 

fluid. 	These equations are valid in the region exterior to 

any closed internal surfaces that may be present, and can be 

combined to give an inhomogeneous wave equation governing the 

generation and propagation of sound waves in that region. 

(Lighthill 1952, Curie 1955). 	Such a situation is essentially 

inhomogeneous in space, in that these equations are valid in 

the volume outside the surfaces, but are meaningless else- 

where. 	However, spatial homogeneity can be restored if 

this situation is abandoned in favour of the following one. 

An unbounded fluid is envisaged, but one which is partitioned 

into regions by mathematical surfaces that exactly correspond 

to the real surfaces. 	The motion of the new fluid on and 

outside the mathematical surfaces is defined to be completely 

identical with the real motion, whereas the interior flow can 

be specified arbitrarily. 	Thus the original situation is 

embedded in a more general one, and any problem in the real 

fluid is matched by one in the unbounded fluid, their respec- 

tive solutions being identical in the exterior region. 	The 

interior motion is usually assumed to be very simple, and 

consequently does not match the exterior flow at the boundaries. 

Mass and momentum sources have to be introduced to maintain 
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these discontinuities, and these ultimately act as sound 

generators. 	The equations governing the unbounded fluid 

are then conservation equations with sources, and are valid 

everywhere in space, thus restoring homogeneity to the prob- 

lem. 	The mathematical description of the unbounded fluid 

is aided by the use of generalised functions (Jones 1966), 

which enable the discontinuities to be handled quite simply. 

The new mass and momentum equations for a fluid with discon-

tinuities are derived by an extension of the usual techniques. 

Consider a fixed volume of fluid V enclosed by a sur- 

face 	. 	Suppose V is divided into regions 1 and 2 by a 

surface of discontinuity S encroaching on region 2 with 

velocity v 	S may consist of several closed surfaces. 

Let k be the outward normal from V , and let n be 

normal to S going from region 1 to region 2. 	The super-

scripts 1 and 2 refer to the two regions, and an overbar 

implies that the variable is to be regarded as a generalised 

function valid throughout V , e.g. T) is equal to p(1) 

in V(1)  and 	(2)  in V(2) 	If p represents the fluid 

density, then the rate of change of mass within V is, 

3t  
a 	

dV = 	p
(1) dV + -5-t 	p(2) dV 

V 	V(1) 	v(2) 
	(2.1) 

The two regions have a moving boundary S , so that for each 

region 
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;-t-- 	p
(1)dV = - 	(pui)(1)kid 	- 	[p(ui-vi)](1)nidS / 

-1,(1) 

	

V(1) 	 S 	(2.2) 

where ui  is the component of the fluid velocity in the 

directionxi  . (i = 1, 2, 3) , and a repeated suffix implies 

a summation over these values. 	Hence the rate of change of 

the total mass within V is 

TES 	PdV 	d 	+ 	[p(u. -v.)] 	n.dS , (2.3) a 	 (2) 

(1)  

V 
(2) 

the symbol [ ]
(1) 

meaning the difference of the contents be- 

tween regions 2 and 1, By applying the divergence theorems  

equation (2.3) can be written 

OEV 	(puldV = G ')xi  

V 

(2) 
ni  dS i (1)  (2.4) 

If an equation of the form f = 0 defines the surface S , 

and is such that f < 0 in region 1 and f > 0 in region 2, 

then a surface integral over S can be replaced by a volume 

integral over V with the integrand multiplied by the 

generalised function o(f) {(TiT) 
Df 23 1/2  

(see § 3). 	Here 
J 

to(f) is the one dimensional delta function, which is zero 

everywhere except where f = 0 . 	Now, n. U 
fi.

Dx i i 
f‘2.1 1/2 

1 is 
i "Df , equ al to so that (2.4) leads to the generalised mass "x i 

equation 



So. 

   

= 	[p(u.-v, )](2) 
	

ux 8(f) 	f  . 	(2.5) 

	

, (1) 	i   .at ax ( Pui )  

This equation implies that, as far as mass conservation is 

concerned, to maintain the unbounded fluid in its defined 

state, a shell distribution of mass sources is required, 

whose strength is the difference between the mass flux 

requirements of each region. 	In the same manner, the 

generalised momentum equation can be deduced, 

(2) 

"x 	J 1J 	1 
(pu.u.+p..) = [p..+pu4(u.-v.)] 	. 

J 
J 	J 	(1) 

(2.6) 

Here pig  is the compressive stress tensor. 	Equations 

(2.5) and (2.6) are the general forms of the equations 

governing the unbounded fluid, and are valid throughout 

space. 	If there are no discontinuities, the mass and 

momentum sources vanish, leaving the usual conservation 

equations. 	It is emphasised that the only restriction 

placed upon the surface S is one of smoothness, it can 

move in an arbitrary fashion, and change its shape or 

orientation. 

To investigate an arbitrary sound field in the presence 

of a moving surface S , the superscript (1) is taken to • 

refer to the region of the unbounded fluid that corresponds 



-)t 	Dxj (puiuj T5T3)  

f =. 5(f) pij 	)x 
"Dpui  

B1. 

to the volume inside S . 	In this region, the fluid is 

assumed to be at rest with density pc)  and pressure Po ° 

These values of density and pressure are those that would be 

found in the real fluid were it at rest. 	As the stress 

tensorPij . . has the same mean value p oO. . in both regions, lj 

this constant vanishes from equation (2.6), and the symbol 

P. 	can be reinterpreted as the difference of the stress ij 

tensor from its mean value. The interior condition is then 

Pij  = 0 . 	It is also assumed that in all practical situations, 

the surface S is impermeable, so that in the exterior region 

un  = vn  . 	As n is defined to go from region 1 to region 2, 

it represents the outward normal from S . After replacing 

the interior variables by their assigned values, and dropping 

the superscript (2), the mass and momentum equations become 

..?.1 
Dt 	")xi 

(pu ) i 	= Povi 5‘fl "ax ' 

(2.7) 

To obtain the wave equation governing the generation and 

propagation of sound, pui  is eliminated from equations 

(2.7), to give: 

2 
2 	-D21 ( 

o ) 	- ' 
YTij 

k 	
f 

t 2 	
- C 

 D)0. 	 DJ( •Dx j 	3 	(Pij 5(f)  Ti—)  xi  

7t- (p0  vi  5(f) 	. 
f  
) (2.8) 
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The dependent variable has been changed to the generalised 

density perturbation p-po  , as this is a measure of the 

sound amplitude. 	The generalised function Tij  is equal 

to Lighthill's stress tensor Tip  = puiuj  + pij  - c2(p-P0)bij  

outside any surfaces, and is zero within them. 

Equation (2.8) shows that in general sound can be re- 

garded as generated by three source dlstributions. 	The 

first of these is a distribution of acoustic quadrupoles of 

strength density Tip  distributed throughout the region 

exterior to the surfaces (Lighthill 1952). 	This is supple- 

mented by surface distributions of acoustic dipoles of strength 

density pijnj  (Curie 1955), and if the surfaces are moving, 

by further surface distributions of sources essentially mono-

pole in character representing a volume displacement effect. 

It is to be emphasised that although these may not be the 

physical origin of the sound, they do completely specify the 

field. 	This equation remains true if shock discontinuities 

are present; these can be treated in the same way, but as 

mass and momentum fluxes are continuous across a shock, there 

are no extra sources to be included in (2.8). 	However, 

T . , now contains discontinuities other than at physical 

boundary surfaces. 

Equation (2.8) can be obtained by a second method. 	A 

generalised function is set up that equals the required 
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function in the relevant region, and is zero elsewhere. Such 

a function is formed with the aid of Heavyside's unit function 

H(f) defined to be unity where f>0 and zero where f < 0 

Thus if f is a function that is positive in the region of 

interest and negative elsewhere, the required generalised 

form of `41  is -' H(f)We use this form to solve the 

homogeneous scalar wave equation, 

)2 	
C2  az w  = 0 	(2.9) 

t2 	xi 

in the presence of a moving surface. This problem is an 

extension of that solved by Kirchhoff, and will be referred 

to by that name. 	It can easily be shown by direct dif-

ferentiation that 4,H(f) satisfies the equation, 

	

2 	 ) 2 	 -() f 
C2  .•+ar) TH(f) = -C2  — (*6(0-2-f ) - —

) 
TV.6(f) 

	

ate 	 DX1 	 Dx. 	Dt 	. cDx1  

aw 	 f ") o(f) c  —(c2 axl  vi xi  (2.10) 

Thus the Kirchhoff problem is converted into that of solving 

the generalised wave equation with shell sources. 	Knowledge 

of ql  , TT,:i  and -5T on the surface completely defines the 

source distribution, and these can be assumed to be given as 

the boundary conditions of the original problem. 	The density 

fluctuation p-po  of a compressible fluid satisfies Lighthillts 
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inhomogeneous wave equation, and so this latter prodess would 

lead to an equation similar to (2.10) with an extra source 21, 

H(f) 	ij  on the right hand side. 	This equation is an Dxij 
alternative governing equation for the generation of aero- 

dynamic sound. 	The formal equivalence of the two equations 

can be established if it is noted that p-po  and (p-po)H(f) 

represent the same generalised functions, and the ordinary 

mass and momentum equations are employed together with the 

condition that the surface is impermeable. 

Of the two methods of deriving equation (2.8) the first 

is the most efficient and physically illuminating. 	However, 

the latter method shows the relationship between aerodynamic 

sound, and the scalar wave field of a moving surface. 	Clearly 

the only mathematical difference between these problems is the 

extra volume distribution of sources in aerodynamic sound 

generation. 	These sources are negligible if the fluid 

velocityiseverywheresmall,sincellip  _is of second order 

in velocity. 	Consequently the two wave fields are essentially 

identical for a slowly moving surface. 	However, if the sur- 

face moves at high speed, its motion induces large fluid 

velocities, and these extra sources can no longer be neglected; 

the two wave fields are then different. 
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3. 	Field of a multipole distribution in arbitrary motion. 

The basic equation to be solved is a generalised wave 

equation of the form • 

-320 	2 --)20 gij • o. 
C 2 - at 	-)Xi 

1 J.. 

(3.1) 

and 	. . 	being generalised functions. 	This equation 1j.. 

governs the field of a distribution of nth order multipoles 

of strength density Qij..  . 	The solution is well known 

(Jones 1964 p.38) 

+co 

')ngij. (Z3 	) 5( -t + r3.1) 
f6(x,t) - 	

- 
	 dy d't' 	(3.2) 

4nc 
-co 

where r =lx-yl is the distance from the source point y 

to the field point x . 	A basic property of such convolution 

integrals is that derivatives can be interchanged, so that 

(3.2) can immediately be rewritten as 

+oo  

4nc20(x,t) 

 

Qij..(x/r )b("r-t+-ri-) 
dvdt 

. (3.3) 
1 Jo. 

  

-ao  

The usual way of presenting this result is, to perform the 

integration over t' that yields the familiar retarded time 

result 



4nefgx,t) - axlaxjoa 	
Quo.(x, t - t) --r— 

	( 3 . 4 ) 

the integral being taken over all space. 

So far it has been assumed that the source strength 

Qij.o  is known as a function of the fixed coordinate system 

, corresponding to a view that the waves are generated by 

a system of stationary sources. 	However, it is often 

desirable to regard the sources as in motion, as this greatly 

simplifies the task of specifying the source strength. 	For 

example, the strength of the shell sources corresponding to 

a moving surface is clearly more easily specified in a co-

ordinate system moving with the surface rather than in any 

fixed reference frame. 	To allow for this change of emphasis, 

Lagrangian coordinates 7 are introduced which move with the 

sources; the sources are then at rest in the / space. 	If 

the source convection velocity is written as cM , the 

Lagrangian coordinates are related to the fixed system by 

the equation 

= 	7 + 	cM(/, 15' )d 	(3.5) 

By writing the source strength as qij..  when referred to 

the 7 frame, the field integral (3.3) becomes 



+co 
cl?d 

4nc256(x,t) — 	 x. 	q• J• .. — (.2,)6(e t+ r 	 , 	(3.6) 
a. 	J.. 	1  

-co 
where r is now a function of 

r 
	

IY 
 
cM('Z, ^rI )d -r 1 	• 

	 (3.7) 

The Jacobian of the transformation J can be related to the 

convection velocity cM by the equation, (Aris 1962 p.84), 

J = exp fJ div cmc2, 	der ,' 
	

(3.8) 

the divergence being taken with respect to the y frame. 

The time variable 13-  is now replaced by a new length 

variable X , the two being related by 

9 = ca 
	 (5.9) 

The reasons for this are twofold. 	Firstly, this unifies the 

dimensions of the field integral (3.6); and secondly, the 

arbitrary scaling factor a enables important space and time 

scales to be equated, considerably simplifying the inter- 

pretation of later results. 	This change yields the equation 

oo 
d pn 	 /  

411020(x0 t) _ clij..(1'."6(r(91-A) t 	;ca 

-co 	 (3.10) 



F (zx) (3.12) 

(3.13) 

f.lax  2 

grad gl 

' 	and thirdly 
k/  

k=1 

F)azk l
ag  

grad gi 2} 
(zx)dzk  

+co 

_co 

F(z)5(g(z))dz = 

where 	Igrad gl2  

F(z)5(g(z))dz 

SS. 

Although equation (3.3) is one expression for the 

radiation field, alternative expressions can be given if 

some results of generalised function theory are employed. 

These concern volume integrals containing delta functions, 

and are firstly (Jones 1966 p.262) 

+00 

 

F(z) 5(g(z))dz =ir 

kilAfc  

(3.11) 

  

-CO 

  

   

where zx  is a point on the hypersurface 	defined by 

g(zx) = 0 ; k is the projection of 	on to the coordi- 

nate hyperplane with normal in the k direction, an element 

of which is denoted by dzk  . 	Secondly (Jones 1966 p.263) 

In (3.11) and (3.13) repeated suffices are not implicitly 

summed. 	Expression (3.12) implies that a volume integral 

containing a delta function is the same as a surface integral 



8 9 . 

modified by the factor (grad gl-1  , a result that would be 

obtained by working formally and utilising the well known 

property of the delta function 

F(g) b(g) dg = F(o) 	(3.14) 

The other two results are alternative expressions for cal- 

culating this surface integral, by either projecting 	on 

to one coordinate hyperplane, or by resolving it on to all 

the hyperplanes. 	The projection of 	fails if it lies 

perpendicular to the chosen hyperplane, and corresponds to 

vanishing in equation (3.11). 	The other two expressions a- 	vanishing 

never fail for a smooth surface, because (grad gi cannot 

then be zero. 	Although these three expressions yield 

identical values when integrated analytically, some may be 

more useful than others for estimating the magnitude of the 

radiated field (see § 5). 

To utilise these expressions in the evaluation of the 

radiation integral (3.10), the relevant components of grad 

must be calculated. 	g in equation (3.10) represents 

t + 	so that 

X17
= 2E1 )-EI 

Wn 
1 (1 1 drI  ) COE 	c (3.15) 
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However, from equation (3.7) it follows that 4i 	is 

- cMr , Mr being the component of M in the direction of 

the radiation vector r = (x-x) . 	Thus 

Similarly, 

1 ca 1 1-Mr (3.16) 

 

_ 1 ')r 
a 2i 

(l_m ) afi 
r 

  

--1E = lEi 
a~iI 	DYi 	z 	3 ?j. 

.)\ 7' 
. (3.17) 

  

Again from equation (3.7) it follows that 

r.ri  
c 	't d" , 	(3.18) 

a h 	

= 	
r 	r 	2 

so that 

c

r

r
. 2. 

(3.19) 

whereal . = 
r. 

r 

ir ?m. 
c 	dry -c (1-Mr) c4-f-c. I 

Hence 

I grad gi = 1 -jEt 
2 

1-Mr) + a2(1 + 2ar + a.2 

1 
2 

1 = 
c a 

1 
1-Mr )2 + R2 1 

2 
(3.20) 



Alternative expressions for the radiation integral can 

now be given. 	By choosing the k direction to coincide with 

the T (time) axis, result (3.11) yields the expression, 

. . 	M?\x  ) n 	
q1J-. 	j  d/ 	(3.21) 471c20(x,t) - x0xj..  

1-Mr 

T
x being the value of T corresponding to the retarded time 

= t - 	• 	The effect of source convection is clearly 

revealed in this result; convection effectively increases 

the source strength by a factor I 1-Mr1 -1 	the Jacobian J 

accounting for any divergence of the source during the motion. 

If other axes are chosen to coincide with the k direction, 

further expressions result which avoid the difficulties of 

the condition 1-Mr = 0 . 	For example, if the spatial 

component of the normal to 	is chosen to coincide with the 

k direction, the radiation integral can be written as 

,)n (?  ,X) 
kneyS(x,t) - 	qij..  dlkdT , i 	J.. 	f1+2ar+ai2,1 1/2 r  

(3.22) 

a form appropriate to the estimation of Mach wave generation 

by supersonic flows (Ffowcs 

is employed, this leads to the 

=
an 

Williams 1963). 

formula 

qij.. 	(1K,NR) 

If result 

j 
, 

(3.12) 

(3.23) 47cc2ygx,t) 
1 	J.. f (1_mr)2.1.p2i1/2 
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whereas (3.13) gives the alternative result 

4nc20(x, 
t) 	Dx 

11-mr 1 
[(1-mr ) 2+P23 

(?,?‘x 13•. 

3xa)( k=1 1 j.. 

, a r + ak  
i(1-Mr)2+1323 

(3.24) dikc" ° 

These three results are equivalent expressions for the 

solution of equation (3.1), and represent the field of a 

distribution of nth order multipoles. 	Although they are 

valid for any generalised distribution of sources, when the 

sources are concentrated on a shell, Qij..  contains a 

further delta function which renders them of little practical 

use without further reduction. 
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4. 	Field of a surface multipole moving with arbitrary  

speed. 

An inspection of the equations (2.8) and (2.10) reveals 

that the source strength corresponding to a shell distribution 

of multipoles is better written as Q.j  (x,r)Igrad flb(f(Dr)). le. a  
In these equations 	can always be replaced by 1grad fln Dyi 	 X 1 
The subscript 	is a reminder that the gradient is taken in 

the 	frame, and does not include the 	component of f 

The convection velocity cM of the surface sources is 

clearly the surface velocity v , and it follows that f , 

regarded as a function of Y is independent of 	The 

early analysis of 6 3 follows through unaltered, and the 

basic equation corresponding to (3.10) for a shell source is 

Dn. 
kneygx,t) - axixj.. qij.. (2,N)1grad flb(f)o(g) — 	I di/dN rca — 

(4.1) 

where g has again been written for '6' - t + 	. 

One way of reducing expression (4.1) is by repeated 

use of the general results (3.11) to (3.13). 	By employing 

the first formula with the k direction coinciding with the 

N axis, the intermediate result is obtained, 

n 	 47Ec20(),t) 	clij°,1,Nx)  J1grad fib(f) d/ . 	(4.2) 
i J.. 	r11-Mr1 



The remaining delta function is unaffected by this operation 

as 	f 	is independent 

allows a further use of 

is now employed, a result 

Diaji 

of 	'N . 	This form of 

the general results, 

analogous to (3.21) 

qij..(?,N) 	igradvfl 
= 

the integral 

and if (3.12) 

is obtained 

dS(?) 	. 	(4.3) 4n0216(x,t) 
i 	J.. ril-MrI 

The factor Jlgrayligrad2f1 -1  appearing in this integral 

is no more than the ratio of the area elements of the surface 

S in the x and / spaces (just as J is the ratio of volume 

elements), and is denoted by A . 	This ratio can be related 

to the two dimensional, or surface, divergence of the con-

vection velocity cM , in the same way as J is related 

to its three dimensional divergence. 	Differential expressions 

for this surface divergence are given in works on differential 

geometry or tensor calculus (Weatherburn 1927, 1950). 	If 

the surface is unextended in the motion, 	A is unity. 

Thus again convection of a surface source effectively in-

creases its strength by a factor 11-Mr1 -1  , A accounting 

for any expansiOn of the surface. 

However, a more general expression corresponding to 

(3.23) can be obtained. 	Just as a volume integral containing 

one delta function o(g) is equivalent to an integral over 

the subspace g = 0 , so an integral with two delta functions 
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o(g) and b(f) is equivalent to an integral over the sub- 

space g = 0, f = 0 (Gelfand and Shilov 1964, p.239). 	If 

this subspace is denoted by a , then it can be shown that 

the basic integral (4.1) can be written 

)n J 12 4nc20(x,t) - Dx.ax. 	qi j..  (t,?\ ) 1 grad fiat re D (4.4) 
j.. 

0 

2 	2 	2 
where 	D2  = (Vg) (Vf) - (7f.7g) . 	 ( 4.5) 

The symbol V is the usual gradient operator in the four 

dimensional II,?‘ space. 	If the four dimensional normals 

to the hypersurfaces g = 0 and f = 0 are inclined at an 

angles 	then D can be rewritten as 

igradIfligradtgl sin e 	Alternatively, as f does not 

depend upon a, D takes the form igradIfl 0)2  + 

2  (s__g) sin2A 1/2 
u 	0 being the angle between the / it   

components of Vf and Vg . Thus the alternative general 

expression for the field of a shell multipole is 

an 
47Ec20(x$t) = ax 

j.. 
cli,1.0(q  

f(1-Mr)2+P2sin2031/2 A 
r  do 	(4.6) 

Other expressions can be obtained if this integral over the 

two dimensional subspace o is projected or resolved into 
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integrals over other subspaces, as for the hypersurface 

Equation (4.3) could be obtained in this way. 	However, 

other such expressions are extremely complicated, and are 

only useful in simplified circumstances, and are not given 

here. 

The basic expression (4.6) for shell sources differs in 

one very important respect from the corresponding result 

(3.26) for volume sources. 	The integral becomes singular 

at the condition sin e = 0 . 	This occurs whenever the 

surface S moves towards the field point at the wave speed 

c with its normal parallel to the radiation direction. 

This condition corresponds exactly to that of specifying 

the boundary conditions on a characteristic of the original 

governing differential equation, and a failure in the solution 

is to be expected. 	Although such singularities seriously 

complicate the analysis of shell sources, undue emphasis 

should not be placed upon this difficulty, as there are many 

practical situations in which this condition does not occur, 

and as will be shown in § 7, the singularities are integrable 

in the aerodynamic sound problem. 
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5. 	General solutions of the governing equations. 

The integral expressions for the radiated fields of 

arbitrary volume or surface multipoles developed in the 

previous sections can be used to write down the formal 

solutions of our two basic wave equations. 	Clearly these 

solutions can be given in many different forms, depending 

upon the exact formula chosen to evaluate each radiation 

integral. 	However, only those of general importance are 

recorded below. 	The first form of solution for equation 

(2.8) is obtained by utilising expressions (3.21) and (4.3) 

to reduce the various radiations integrals. 

         

p.13J 	
Al 

dS(!) 4n(e(p(x,t)-po) 

   

1,1  d i2 

  

a x. ax. 1 	j 	r 11-Mr  

   

     

+ 3 Po vn  
7gr 

1-Mr I  
dS('l) , 	(5.1) 

where the square brackets imply that the contents are to be 

evaluated at the retarded time given implicitly by -"t= 

The volume integral is taken over the region exterior to the 

surfaces. 	Alternatively, if equations (3.23) and (4.6) are 

employed in the reduction of the radiation integrals, the 

following expression results; 



2 
kne2(p(x,t)-130) 

	aXi?Xj 
T.. J 

{(1_mr)2432p./2 	r 

p. .n j  .A ij  
6x. [(1-Mr)2+132sin2 911/2 

do 

 

povnA  	do 

t(l-Mr)2+P2sin2 011/2 
	(5.2) 

   

T..ij is zero at points corresponding to the inside of S 

These two expressions are important because they corres-

pond to two different approaches to the generation of aero- 

dynamic sound. 	In the first view, the spatial and temporal 

natures of the sources are treated as essentially different, 

regarding the sound as generated by a spatial distribution of 

time varying sources. 	Equation (5.1) is the solution in- 

corporating this outlook. 	Any estimation of the radiated 

sound based on this equation clearly runs into serious diffi-

culties whenever the factor 1-Mr vanishes, unless the 

equation is very carefully interpreted. Such an inter-

pretation leads to the emphasis being transferred from the 

spatial to the temporal distribution of the sources (Ffowcs 

Williams 1963). 	These difficulties, however, stem from the 

separation of space and time, and disappear if such a 
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distinction is abandoned in favour of a unified four 

dimensional approach that regards the sources as distri- 

buted throughout the whole of space-time. 	Equation (5.2) 

reveals that the emphasis is now always to be placed upon 

the distribution of sources over a hypersurface of variable 

orientation. 	The previously troublesome vanishing of 1-Mr  

now simply implies that the hypersurface lies parallel to 

the time axis, immediately showing the importance of the 

temporal distribution of the sources, and allowing an un-

ambiguous estimate to be made of the radiated sound field. 

Although the unified approach may be unfamiliar, this initial 

disadvantage is outweighed by its ability to shed light on 

situations of considerable complexity when posed within the 

more familiar framework. 	This is illustrated in the 

following section. 	However, a word of caution is necessary 

concerning the unified solution (5.2). 	The reason for 

developing this solution is to have a form that allows easy 

estimation of the sound field around the Mach wave condition 

(1-Mr) = 0 . 	Before such an estimation can be carried out 

analytically, the field point derivatives must always be 

taken under the integral sign, where they become equivalent 

to differential operators acting upon the integrand. 	If 

there are any surfaces present, these operators act upon 

thediscontinuitiesinTu to produce delta function 
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singularities, and ultimately further integrals over g 

Thus if the sound field of a rapidly moving surface is 

investigated with the aid of (5.2), the whole equation 

must be considered and not just the last two integrals. 

This phenomenon does not occur with equation (5.1), since 

the extra c integrals vanish when 	coincides with the 

Y/ space. 	On the other hand, equation (5.1) is useless in 

regions where 1-Mr  vanishes. 	This importance of the first 

integral in (5.2) on mathematical grounds is in addition to 

its physical importance as a result of the high fluid 

velocities induced by the surface motion. 

The essential character of the Kirchhoff problem is the 

derivation of an analytical expression for the wave field in 

terms of the given boundary conditions. 	It is automatically 

assumed that the resulting integrals can be evaluated exactly, 

and the more sophisticated expressions for the radiated field 

serve no useful purpose. 	Thus the basic solution of the 

scalar wave equation with boundary conditions prescribed on 

a moving surface is; 

         

111CC2 *(Xjt) = -c2 

   

niA 
ds (? ) I  '//vnA  :I ds(fl 

r r-vr  

c I 

      

      

xi r11-v rl 

 

        

a 1) 
+ V n -I- 

A  	ds (V) , 	(5.3) 
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where v is the surface velocity. 	Two previously published 

attempts at this problem are in error (Morgans 1930, 

Kromov 1963). 
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6. 	Sound field of an aerodynamic source in arbitrary  

motion. 

The unified four dimensional approach can be used to 

advantage in investigating the far sound field generated by 

a single aerodynamic source in arbitrary motion. Not only 

do previously obtained results emerge quite naturally from 

this approach, but also new results concerning the effect 

of source acceleration are apparent. 	An aerodynamic source 

models the noise generating properties of a turbulent eddy, 

which is equivalent to a quadrupole source of strength 

density 'T..ij  . 	Consequently, the source is assumed to be 

coherent within spatial and temporal scales corresponding 

to the correlation length and lifetime of a turbulent eddy. 

It is further assumed that there are no surfaces present, 

and that the convection velocity is uniform throughout the 

source, so that M is independent of q . 	It follows that 

J is unity and the vector a of equation (3.19) is zero. 

Equation (5.2) then shows that the density fluctuations in 

the sound field are given by the integral, 

Tij  
=

j 	
)24.a211/2 
r 

 

(6.1) r 

To estimate the magnitude of these fluctuations, it is 

clear that not only is knowledge of the integrand required, 



but also a measure of the 'area' d.E . 	This is the area 

in which ;.", intersects the source region, and varies with 

the orientation and shape of 	. These in turn vary with 

the convection velocity. 	For example, if the source is at 

rest, dZ is determined solely by the spatial length scale 

2, but in the Mach wave condition (1-Mr). 0 , 	S lies 

parallel to the time axis and d 	now depends upon a 

typical temporal scale 	. 	However, by choosing a 

to equate the temporal (7) scale acL:r and the spatial 

scale 	the area d 	is always of magnitude R3  

regardless of the orientation or shape of 	. 	A universal 

estimation of the radiation integral can then be accomplished 

for all convection velocities. 	Since these spatial and 

temporal scales are only defined approximately, a is also 

only an approximate order of magnitude, and must be regarded 

as constant throughout the integral. 	Before the detailed 

estimation can be completed, however, the derivatives with 

respect to x must be taken within the integral. The 

integrand's explicit dependence upon x through the factor 

r-1  is not important, as this only produces near field 

terms. 	Instead, the far field contribution arises from 

the dependence of the integral upon the variable position 

of the hypersurface 	. 	To differentiate such an integral, 

it is best replaced by a volume integral containing a delta 

function, and the following lemma employed; 
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F(z)6i(g)dz 

4-000 

a LIE  
	 b(g) dz 	(6.2) 

zi 'grad gr 
-co 

If N is written for the unit vector normal to the constant 

g hypersurface, 

= 	I grad gl -1  ±E. z . (6.3) 

and the integral in (6.2) can be written 

fop 
N 	N4  

	) s(g)dz (6.4) 
lgrad gl 'z + F 

	k 
i 	lgrad gl 

-OD 

In the far field of a source whose convection velocity is 

independent of q , the latter term in (6.4) reduces to 

its time component, so that after a double application of 

this result the radiation integral can be written 

a  
41-c 	

/ 1-M 
c2(p-p0) 71 	 at ki_mr1; 	

2 

24,a)rr 1 1-Mr)2+a2./i 3N 
c 	(  

 

(6.5) 
r [(1-Mr )24.a231/2 

A 
Here Trr  is written for Turiri  , where r is the unit 

radiation vector. 

Our previous remarks indicate that a is to be chosen 

to equate the relevant temporal (N) and spatial scales of 
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of the intersection area d 	The correct choice of 

temporal scale is crucial in estimating the Mach wave 

radiation since when (1-Mr)= 0 , d 	depends directly 

upon the time scale 	. 	Away from this condition 

errors in the choice of ZYC are less critical. 	If 

is plane, then it can intersect the source region over its 

whole lifetime, which thus defines the appropriate time 

scale. 	A typical lifetime of a turbulent eddy is -2/bcM , 

where b is a small numerical constant, and so the value 

of a based on this timespan is bM . 	The condition that 

be plane is equivalent to the convection velocity being 

constant; if the source accelerates 1 is curved, and can 

no longer intersect the source region over the total lifetime 

but only for a much smaller time. 	Physically, this implies 

that the time spent by the eddy in the region from which 

Mach waves can be observed may be the total eddy lifetime, 

but alternatively may be a shorter time if the source 

rapidly accelerates through this region. 	This shorter 

time scale is determined as follows. 	The spatial 

realisation of 	is the contracting sphere r = c(t-15) 

which passes through the source at a relative radial velocity 

of c(1-Mr) . 	In an interval of time A.T" , this sphere 

moves a distance 

c(1-Mr)c115. 	(6.6) 
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through the source, and will have passed completely through 

the source when this distance equals the radial length scale 

. 	This time scale is only important near the condition 

(1-Mr)= 0 , so that 1 t must be determined by the equation 

   

A.2 

2 

 

  

(1-Mr ) (6.7) 

 

"C" 

     

Since A't is to be set equal to 12/ca for space and 

time scales 

If 	Mr 

that 

and hence 

to be equal, 

2 
a2 

a 	is given by; 

aMrI 

from equation 

timespan is 

1 

- 2zs,..,_c  2 

M.r 

+ 

a 

DM 

= 	2c 	1 az 

, 	it follows 

r 

is written as 

M
r = 	6z  

DM c(M2-1) 

the value of 

[2j2c 

based on this 

A 	c(M2-1) a 	= . E 	r 

Thus this acceleration mechanism produces two time scales; 

the first is due to the basic acceleration of the source 

limiting the emission time, whereas the second arises from 

the changing geometry of the situation. 

(6.8) 

(3.7) 

(6.9) 

(6.10) 
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Some of the possible field regimes associated with an 

aerodynamic source can now be discussed. 	If the source is 

in steady rectilinear motion, in the far field the only 

relevant value of a. is that based on eddy lifetime. 	For 

this model, the second part of the operator in (6.5) vanishes, 

and the density fluctuations are given by the simple integral 

knc2(p-p0) 
7N2T 

a2 	0  rr di (6.11) 
(1-Mr)2+a13/2 	N2  

  

The magnitude of this integral is easily established. 	The 

measure of d 	and the normal derivative ;1\I are typically 

of magnitude J23  and .12,-1  respectively. 	The turbulence 

stress tensor Tip  can be approximated by its first term 

pu.u.j  , which is of order 
pc2M2 	and the overall magni- 

tude of the density fluctuations is 

4nc2(p-po) 2 	b2M  
P r [(i_mr)24.132m213/2  • 

(6.12) 

The mean square density fluctuation, which is proportional 

to the sound intensity, thus varies as 

  

b2 k2 	M
8 

p   

r t(1-Mr)2+b2M2i3  

 

11..41 (6.13) 

This result embodies in a single formula the features of 



the sound field of a uniformly convected eddy that are well 

understood in connection with jet noise theory. 	At low 

speeds, the intensity varies as the eighth power of the con- 

vection speed, coupled with a directional factor 11-Mr1 -6  

At high speeds near the Mach wave condition (1-Mr) = 0 , 

this power law is replaced by a second power variation at a 

much higher overall level, since b is small. 	Away from 

the Mach wave condition, the intensity still varies with the 

square of the convection speed, but the overall level is much 

reduced. 	These variations differ slightly from their counter- 

parts in the theory of jet noise because equation (6.13) 

refers to a single turbulent eddy. 	The results for a 

distribution of eddies can be obtained upon multiplication 

by the number of eddies heard concurrently, and this has the 

effect of reducing the power 3 in the denominator of (6.13) 

to a value of 5/2. 

Nearer the source in the Mach wave regime, the relevant 

value of a is not that based upon eddy lifetime, but that 

defined by the changing geometry [ 	(m2_1  )31/2 	Again 

estimates of the Mach wave field can be based on equation 

(6.5) but now both factors in the operator are equally impor- 

tant, and vary dimensionally like f2-1 . 	This leads to a 

mean square density fluctuation 

   

M 

 

( P-  P 0 )2  " 

 

(6.14) 
1  m2 -1 
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This result differ's by a factor M from that given by 

Ffowcs Williams (1965) because that estimate was based on 

a downstream rather than a radial length scale, but the two 

results are entirely equivalent. 	Thus the Mach wave field 

nearer the source falls off more slowly than it does in the 

very distant field. 	This variation of the (linear) density 

as r-1/2  is also found in the conical wave field of a 

slender supersonic projectile, where the time scale is 

again set by the geometry. 	Again it should be remarked 

that (6.14) is the result for a single eddy, a distribution 

of eddies has a different dimensional variation. 

It is clear that estimation of the Mach wave emission 

for an aerodynamic source in arbitrary motion is simple using 

the techniques outlined here. 	A choice is to be made between 

the possible emission time scales, and the relevant one used 

in the estimation of equation (6.5). 	If the eddy lifetime 

provides the appropriate time scale, the Mach wave field is 

given in equation (6.13). 	Alternatively, if acceleration 

effects are more important, the density fluctuations in the 

Mach wave field vary as 

( P- P 0 )2 e\--1  P2  

M4 
• r2 	

?: M2-1 	

(6.15) 

1 at 
. . c 
	r 

Q 
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It is significant that one general effect of source 

acceleration is to reduce the Mach wave strength by 

limiting the time spent by the source in the emission 

region. 	Together with this, there are Mach wave terms 

with a direct dependence on acceleration, as is clear from 

the time derivative term in equation (6.5). 	This sub- 

stantiates the impression gained from Lowson's (1965) 

analysis that acceleration effects may well be important 

at high speeds, although his expression is unsuited to the 

field when 1-Mr tends to zero. 



7. 	Sound field of a moving surface. 

The analysis of the previous section is essentially con- 

cerned with the sound field generated by an aerodynamic 

source such as a turbulent eddy. 	However, many sound fields 

are generated by surface motion at high speeds, and it is to 

such fields that this section is devoted. 	Most practical 

examples of high speed sound generating surfaces are rigid 

bodies, and for such bodies some preliminary simplifications 

of the general results can be made. A rigid body has a 

clearly defined convection velocity, and the simplest choice 

for the moving reference frame q is a Cartesian frame 

fixed in the body. This 2 frame may be translated and 

rotated from the fixed 	frame, but it always remains 

Cartesian and always moves with a solenoidal convection 

velocity. 	Hence J and A are unity. 	Also, 

 

t)g‘2 = 

yi) 	C2 (7.1) 

 

so that p reduced to the scale factor a . 	Further, the 

angle 0 defined in § 4 to be the angle between the spatial 

component of the normal to 	and the normal to the surface, 

is the same whether measured in the q or 	frames. 	In 

addition to these simplifications in the coordinate system, 

one other change is necessary. 	At present, the source term 
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that represents the volume displaced by the surface is 

written in the monopole form. This form would be approp-

riate were the surface expanding, but is clearly inapprop- 

riate here. 	Instead, the surface is now equivalent to 

higher order volume sources, and this is brought out by a 

rearrangement of the original term. 	The convection 

velocity v is clearly well defined for points within as 

well as on the surface, and as this field is solenoidal, 

the following relationship holds; 

)1.1 
et 	

) 
`vi ax.1  = xi  . L 

2 
1-H)} + , 	. (7.2) dxiOxj  

Here v is the Lagrangian time derivative of the velocity 

and so represents the acceleration of the source. 	The 

monopole surface source is thus equivalent to dipoles and 

quadrupoles distributed throughout the volume within the 

surface. 

The two results (5.1) and (5.2) give alternative ex- 

pressions for the sound field. 	(5.2) is more general in 

that it involves no subtle limiting process in the region 

(1-Mr)--• 0 , and can be treated as an expression in which 

'time retardation' effects are always negligible. 	On the 

other hand in general the subspace o is somewhat abstract, 

so that it is not easy to analyse the whole of equation (5.2) 
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in the manner developed in § 6. 	Further objections to such 

an analysis will appear presently. 	However, in a particular, 

and very broad class of problems, equation (5.2) is practically 

indistinguishable from (5.1). 	That is when the source distri- 

butions are compact. 	A distribution of dimension Q is com- 

pact if the time taken by the sound in crossing the distri- 

bution (1-m
-1  ) 	12 is very much less than the source time 

scale 	. 	This criterion is equivalent to the condition 

that the acoustic wavelengths by much greater than _k , or 

alternatively that the value of a based on L:5 is a neg- 

ligible fraction of 1-Mr  . 	Hence equation (5.2) is essen- 

tially the same as its formal limit when this ratio is zero; 

this limit is equation (5.1) which thus furnishes an adequate 

description of the sound field; 
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(7 ,3) 

The last two integrals are to be evaluated over the volume 

inside the surface, 	The spatial extent of the source 

distributions determine whether they can properly be replaced 
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(7.4) 

4nc2(p-po) 

 

;X.aX. 
1 j ril-Mr I 	)5""rj: 	ril-Mri 

14. 

by a point source acting at a mean position; for those 

sources that may be so reduced, equation (7.3) becomes, 

. represents the integrated strength of the external 

quadrupoles, and Pi  is the total force exerted by the 

surface on the fluid. Vo is the volume enclosed by the 

surface. 	These results have been obtained and discussed 

by Lowson (1965), except that he takes no account of the 

volume displacement effect. 	However, as (7.4) shows, and 

as is already well known, this effect is easily accounted 

for by supplementing the main dipole and quadrupole by a 

further poviVo  and povivjVo  respectively. 	If the 

quadrupole and dipole distributions have similar spatial 

and temporal scales, the quadrupole distribution can be 

neglected in regions where equation (7.4) is a good approxi-

mation to the field, since its effect is smaller than that 

of the dipole distribution by the factor (1-Mr)-1  

For such distributions the density is given by 

4nc2(p-o0) = 
[

Pi+PoviVo  
ril-M r 

• (7.5) 

Of course, situations can be envisaged in which the scales 
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appropriate to the two distributions differ; the quadrupoles 

may then be important sound sources and the whole of equation 

(7.4) must be retained. 

The above results apply to compact source distributions. 

They apply to the sound fields generated at low rotational 

speeds by aircraft propellers, aeroengine fans and helicopter 

rotors. 	This is because the relevant time scales in these 

situations vary inversely with the convection speed, and the 

sources are compact at low speeds. 	The usual dimensional 

analysis of (7.5) shows that the sound intensity then varies 

as the sixth power of the convection velocity, and this agrees 

with practical observation. 	The above results may also apply 

to surfaces travelling at high supersonic speeds in a region 

where Mr >> 1 . 	However as speeds increase typical time 

scales decrease, and it is not known whether practical source 

distributions remain compact at these high speeds. 	If they 

do, a dimensional analysis of (7.5) shows that the sound 

intensity now only increases as the square of the convection 

speed. 

The above results fail if the source distributions are 

non-compact, i.e. the acoustic wavelengths are comparable 

with the source dimension. 	This type of distribution occurs 

in the investigation of the field of a supersonically moving 

surface in a region where 1-Mr  is small. 	It may also occur 



I 6 . 

for more moderate convection speeds if a mechanism is present 

which produces very short time scales. 	For non-compact 

sources, equation (7.3) is no longer a proper description 

of the sound field. 	It is still a valid formal expression, 

but retarded time differences can no longer be neglected. 

Instead, a better description of the field in these regions 

would be obtained by taking the limit of equation (5.2) as 

1-Mr tended to zero. 	This equation is obviously more in-

volved than (7.3), and a general analysis of it is very 

difficult. 	This is because the general equation (5.2) 

must first be cast into a form suitable for estimation 

requirements, and then the limit 1-Mr  tending to zero 

taken, if all effects of acceleration are to be retained. 

Consequently, for simplicity it is to be assumed here that 

there are no significant effects of acceleration, so that 

1-Mr can be set to zero at the outset. 	Also for the sake 

of simplicity, the time variable 1: will be used here, 

rather than its scaled equivalent ?\ 

In the limit (1-Mr)-- 0 , the hypersurface 	lies 

parallel to the time axis. 	The spatial realisation of 

is the contracting sphere r = c(t-i:) , which is denoted 

by S2. . 	Thus d. 	becomes cd-(2di;" 	This sphere cuts 

the real surface S in a curve r , and it follows from 
the definition of a that do becomes call dr . 	Hence 

the limit of (5.2) as 1-Mr  tends to zero is 
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47cc2(P-110) 

 

povivi(i_H(r)).} cd n. 
r 6 3X.aX. 1 

 

J 

p. .n. 13 	cdT' dr  
sin e  (7.6) xi  

The first integral in (7.6) is to be taken over the surface 

of the 	sphere, whereas the second is to be integrated 

around the contour P in which !a cuts S . Here G is 

the angle between the outward normal to S and the radiation 

direction. 	This latter direction is the inward normal to -a 

so that the angle A used here is the supplement of that 

defined in § 4. 

For estimation purposes, the field point derivatives 

must again be taken under the integral sign. The only 

dependence of the quadrupole integral upon x in the far 

field is through the position of the sphere 	which has x 

as its centre. 	The differentiation of such an integral is 

accomplished by replacing the surface integral by a volume 

integral containing a delta function, and utilising the lemma 

(6.2). 	In the notation of this section, this leads to the 

result 

)x. 	Fd2= 	TT (F 	, 	(7.7) 



where, to avoid notational confusion, .517,- is the derivative 

in the radiation direction, and not in the direction of 

increasing r . 	For the quadrupole integral, this radiation 

derivative acts upon the discontinuous functions 	 1J 	d 

povivi(1-H) , and so produces b function singularities: 

(Tij) 
DT. 

= H(f) — 1  r + 
,)f 

Tip  b(f) 3r 1  

c)p v.v. o j .3•W poj  v.v.(1-H(f))} = (1-H(1)) r) r 
/„.„ Of 

p v.v.bki) o J r 

7.8) 

From the geometry of the situation, it follows that 

of 	Igrad f 	cos Q 

and 	df dr  

(grad fl sin 0 

(7.9) 

and it is clear that after a single derivative has been taken 

under the integral sign, the density field can be expressed as, 

4-71c2  p-po ) 

 

aTir 	0(p v.v ) 	d-Q.  o r  + (1-H) r 	 6 r 

 

+ 3x. 	l(Tir -p  o  v.v r)cos 0 - 
cdr cl`c 	(7.10) r sin 0 

Herepi  .n  has been written for p. .nj  . 	This process can ij  
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be repeated to yield a further contour integral, and equation 

(7.10) becomes 

rr  a T 
2-1-Tcc2(p-p0) = 1[11 2  

r2  
+ (1-H)  

2(100vrvr) 

r2  

cd dr 
r 

f 

T. 	-po  v.vr  )cos 
cdT dV  

- Pin] r sin 0 

cdr d2"  cos 0 47-f, (Trr-povrvr) r sin 9 (7.11) 

  

Equation (7.11) requires further reduction, as it still 

contains field point derivatives acting upon the contour 

integral. 	Again the integral only depends upon x through 

the position of r ; if the field point changes the sphere 

now cuts S in a different contour. 	As S is an arbitrary 

surface, it must be assumed that r also changes its shape 

and curvature, and the form of the lemma that enables these 

derivatives to be evaluated is slightly different from (7.7). 

If m is a unit vector on the surface S normal to r such 

that m.r > 0 , n, m and r are mutually orthogonal, and, 

   

1 	 /k \  d  
divoli F ri ) sin 9 

 

  

F d1 = (7.12) 
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The proof of this lemma is similar to that of (7.7), again 

accomplished by replacing the contour integral by a volume 

integral containing two delta functions. 	By utilising the 

condition vr = c throughout the region of interest,(7.11) 

immediately becomes, 

4nc2(p-po) = H  Pr 
r2r 

cdadZ 
r 

+I   [(T 	c2po 	p 	+ cos 0 ri'rr  )cos 0 - sin 0 	rr 	rn 	
)cdrdz  

a r irsinG.  

(7 .13 ) 

The complicated form of the contour integral in (7.13) can be 

simplified if it is assumed that viscosity acts in all 

situations of interest. 	Then there is no slip between the 

fluid and the surface, and the radiation component of the 

fluid velocity ur  is equal to the equivalent component of 

the surface velocity vr  . 	From the definition of Tip it 

follows that where vr = c , 

(T  -c2po) 	0 rr 	cos - prh 	p rr cos 0 - prn  (7.14) 

The right hand side of (7.14) can be further simplified if 

the compressive stress tensor pii is written as the sum of 

a pressure term 0..ij  and a viscous stress tensor E.. . a.j 
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We define a new unit vector q to be perpendicular to both 
^ 

the contour r and the radiation direction r such that 

a.m > 0 . 	Thus r, a  and P are mutually orthogonal. 

Then it can be shown that 

(sin Q)-1  (prr  cos A - D -rn)  = E. .r.qj  = Erq , 	(7.15) 
ij  

and (7.13) becomes, 

+
rr7 cdrdt 

0  471c2(p-p) = 	2Trr cdad1: 
ir  H 	Erq1.12 	cos 0 r j r2 r 	rsinG 

(7.16) 

This result, as might be expected, is not simple. 	It 

shows that for non-compact sources, the density field is 

related to various surface and contour integrals in the real 

space, and once again demonstrates the importance of the 

relevant time scale in determining the magnitude of the 

radiated field. 	An important conclusion can be drawn from 

(7.16). 	The earlier results derived for compact sources 

emphasise the importance of such parameters as the surface 

pressure and displaced volume in determining the magnitude 

of the radiated field. 	Also the presence of the Doppler 

factor (1-Mr)-1 
 in these results suggests that as 1-Mr 

approaches zero these parameters become even more important. 

Equation (7.16) shows that this is not true. 	In fact these 
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parameters that are so important at low speeds play no part 

in determining the magnitude of the Mach wave field of a high 

speed surface. 	Instead, the details of the fluid flow around 

the surface, through their effect on Tip 	are  critical in 

defining the Mach wave strength. 	This conclusion is clearly 

of great importance in the design of quiet high speed 

machinery. 	In contrast to these qualitative deductions, 

it becomes apparent from (7.16) that it is very difficult 

to infer any quantitative results using analytical methods 

though any particular model could be studied numerically. 

In fact, it is not possible in general to deduce a simple 

dimensional variation of the field strength with the con- 

vection Mach number M . 	The reason for this is that the 

condition Mr = 1 implies that the observer is at an angle 

cos-1 1  to the direction of motion of the source. 	Thus the 

variation of the field strength with M is essentially the 

directional variation of the integrals in (7.16). 	Unless 

the latter can be exposed, a proper description of the 

variation of the sound field with convection speed is not 

possible. 

It has been assumed above that the sphere -(2 and the 

surface S intersect at a non-zero angle A , and it 

remains to discuss the behaviour of (7.16) when this angle 

vanishes. 	In fact the contour integral in (7.16) still 
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remains finite, because as sin 9 vanishes so does F 

The reason for this is that provided .C2. and S are not 

identically curved, they only have a common normal (which is 

the condition for sin 0 to vanish) if they touch at a 

single point P . 	Thus when sin 0 vanishes, the contour 

of intersection shrinks to P . 	The smooth surface S can 

always be approximated by an ellipsoid near P , and the 

curve ri is then a small ellipse. 	For this contour the 

integral may be evaluated analytically, and the main contri-

bution to the sound field from this integral is 

 

)T rr 21-cc 41, 

r{(K1 + 3,17,-)(K2 	2,7_)11/2 (7.17) 

  

   

K1 and K2 are the principal curvatures of S at P , and 

are measured positive if the centre of curvature is on the 

side of P opposite to x . 	The nature of this result is 

important for it shows that the curvature of the surface is 

critical in determining the character of the field along the 

normal at P . 	If the surface has double curvature, in the 

far field the factor r-1 is small compared with the two 

curvatures, and consequently the field strength falls off 

as r-1 	 )-1/2.  with an overall magnitude proportional to (K1K2  

Thus for a surface that is only slightly curved at P , this 

contribution to the field can be large, and may be the most 
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important source of far field sound. 	This term is even 

more important if the surface has only a single curvature, 

for (7.17) shows that the field strength now only falls off 

as r-1/2 , and is ultimately more important than any 

source whose field varies as r-1 . 	Finally if the surface 

at P is locally plane, the field along the normal at P 

does not vary at all with distance, and an intense beam is 

produced. 	Equation (7.17) is not valid if either term in 

the denominator is zero, indicating that S and 42. have 

identical curvatures so that x lies on the focal point of 

S , but it is likely that there is then a genuine singu- 

larity in the field. 	This type of dependence of the field 

upon curvature is also found in high frequency diffraction 

theory. 	This is to be expected, since one effect of sur-

face motion is that all radiated wavelengths become smaller 

by the factor (1-Mr) , and in our limit of 1-Mr  tending 

to zero, the surface simply acts as an ultra high frequency 

radiator. 	Nonetheless, it is interesting to see these 

results appearing without the use of harmonic analysis. 
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Conclusion. 

The paper gives in section 5 formal expressions for the 

density field radiated by turbulence in the presence of 

arbitrarily moving surfaces. 	The most general results are 

expressed as hypersurface integrals, which,though rather 

abstract, are generally computable if the source field and 

surface boundary conditions are known in space and time. 

The latter sections are devoted to particular features of 

these general results that might have practical significance. 

The now well known effects of uniformly convected turbulence 

emerge quite naturally without any assumption regarding 

detailed flow statistics. 	Convective acceleration induces 

additional sources, at low speed this being the principal 

effect of acceleration. 	At the Mach wave condition however, 

convective acceleration also tends to limit the Mach wave 

strength by a restriction on the time for which the source 

can remain in the Mach wave phase. 

The deductions regarding the sound of high speed sur-

faces are quite new and could not easily be deduced by analogy 

with previously published accounts. 	The most significant 

effects are twofold. 	Firstly, it is shown that features 

governing the surface generated sound at low speed, i.e. the 

applied force and displaced inertia, play no part at ail in 

the high speed problem. 	Secondly, at very high speeds, 
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surface curvature is crucial in determining the strength of 

an intense beam that radiates in the direction for which the 

surface normal coincides with the Mach wave direction. A 

further point that is implied by a dimensional analysis of 

equations (7.5) and (7.16), is that the intensity of the field 

at high supersonic speed increases only as the square of 

surface velocity. 	This implies that the acoustic output 

of a high speed (supersonic)machine increases less rapidly 

than the mechanical power and that the acoustic efficiency 

falls off inversely as speed increases. 	However, this 

cannot be said with extreme conviction, there being some 

doubt that the component of the stress tensor Trr 	in 

(7.16), can reasonably be set proportional to poU2 
	

These 

points emerge from the analysis of a surface in rectilinear 

motion, chosen here as the simplest example that illustrates 

the general effects of the results presented in section 5. 

We do not expect that these qualitative deductions will be 

seriously modified by a more complete evaluation of those 

results for the effects are clearly recognizable, but in a 

more abstract way, in that section. 	We would expect there- 

fore that these points have some bearing on the noise 

radiated by the supersonically moving blades of an aero-

engine fan, and we expect that blade curvature will then 

significantly influence what may well be the dominant part of 

the radiation field, the Mach wave radiated along the surface 

normal coinciding with the Mach angle. 
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