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ABSTRACT

As very little information, experimental or theoretical,
was available about elasto-plastic behaviour of columns at high
axial loads of 0.6 to 0.9 times the squash load, a limited full
scale test programme on beam columns was undertaken. This was
then followed by a theoretical study. The problem investigated
is that often encountered in practice of major axis asymmetrical

bending with minor axis imperfections,

Ultimate load tests were carried out on a series of
8 ins x 8 ins (203 mm x 203 mm) Universal Columns to investigate
their out-of-plane stability at high axial loads under a major
axis moment applied at one end only. The tests“covered columns
of short to intermediate slenderness on which high axial loads
could be sustained and in effect explored plastic hinge rotation
capacity in this load range. The load path followed in most tests
was full axial load applied first, followed by major axis end
moment to failure. Except for the one test on a longer column
(weaker axis slenderness ratio = 74) the columns were maintained

in a pin-ended condition about the minor axis.

All the columns were of grade 50B steel {nominally 340
N/mmz) and the three tests on the short columns (weaker axis slender-
ness ratio = 45) showed that they remained stable in-plane while
undergoing plastic hinge type deformations towards one end of the
column, The tests on the medium slenderness (weaker axis slender-
ness ratio = 60) showed that minor axis imperfections significantly
influenced behaviour. The columns failed by the formation of a
biaxial hinge at about the third point of the column after which
they became unstable out-of-plane. The series of tests indicated
that there is a slenderness limit at high axial loads for columns
to remain stable in plane and which could perhaps be equal to 55

(weaker axis slenderness).

The theoretical work covered torsional effects and
asymmetric bending. Numerical methods were adopted and a general
biaxial program in Fortran IV language was developed covering
initial curvature, residual stress and a non-linear stress-strain

curve,



The theoretical model was utilised to highlight the
important parameters influencing lateral instability. This
included exploring ‘slenderness limits for unbraced columns with
normal levels of initial imperfection subjected to high axial
loads and one major axis bending moment so that lateral torsional
instability is avoided. The particular results obtained are

compared with one set of existing charts (BCSA Publication No. 23).

The beneficial effects of minor axis restraint are well
known and ‘an attempt has been made to explore this aspect quanti-
tatively. The results obtained have been compared again with

the above-mentioned publication and conclusions drawn.
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CHAPTER I
INTRODUCTION

1.1 General

Research activity has been very intense in the field of
inelastic column stability for the past three decades and various
numerical methods have recently been developed for predicting the
strength and behaviour of H-columns subjected to axial load and

(20)'(21)'(24). These methods assume

strong axis bending moments
that the out-of-plane deformations and hence lateral instability can
be effectively prevented by lateral bracing so that deformations are
confined in the plane of the applied moments. Design procedures

for this type of building column have been formulated(zz)'(23), and

apply to columns subjected to a wide range of axial loads.

However, most columns in practice are not braced against
lateral deformations. In such cases their ultimate load behaviour,
involving themagnification of minor axis imperfections in the presence
of axial load, is likely to be affected by lateral buckling or lateral
torsional buckling, a type of instability which involves twisting and
out-of-plane deformations. Columns with high axial loads are more
likely to be affected by this type of instability, but design aids

(16)’(17)’(36). There seems to be

for such unbraced columns are few
very little information, experimental or theoretical, about elasto-
plastic behaviour in the high axial load range, i.e. columns subjected
to 0.6 to 0.9 of squash load. A better understanding of elasto-
plastic behaviour in this high axial load range is necessary for more
rational and efficient design of columns. The present study seeks

to achieve this.

In the past, research in the field of inelastic stability
was inhibited as an exact theoretical elastic-plastic solution of
the biaxially loaded column problem is virtually impossible. This
explains the lack of adequate design recommendations and charts for
such columns. Use of numerical methods along with high speed

digital computers has now made progress possible.
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The study reported herein may be regarded as an attempt
to explore design limits for unbraced columns with normal levels
of initial imperfection subjected to a high axial load and one
major axis bending moment so that lateral torsional instability is
avoided. The particular results obtained are compared with one

(16)

set of existing charts which were calculated on the basis of
the severe limitation of restricting spread of plasticity along
the member by the condition that the yield stress shall not be
reached near the centre of column length. However, before the
problem considered is presented in greater detail, a brief review

of theoretical work is outlined. —

1.2 Outline of Previous Theoretical Work

In the space available it would be impossible to present
a comprehensive survey of research on steel columns because of the
enormous quantity of work which has been done. A very brief out-

line of relevant inelastic work will only be given here.

In order to avoid confusion about the problems to which
methods discussed in this chapter are applicable, it is desirable
to define clearly the phenomenon of ‘in-plane buckling' and 'lateral
buckling'. In-plane buckling is considered to have taken place
when the plane of actual buckling is identical with the plane of
the applied moment or eccentricity or the plane of lateral forces.
When buckling occurs out of plane to the plane of the applied

moments it is termed lateral buckling.

The first to consider successfully the in-plane buckling
loads of eccentrically loaded inelastic columns as a stability
problem was von Karman who in 1910 gave a general and exact theory
for the determination of the buckling loads of such columns loaded
beyond the material's elastic limit. He solved the problem of a
rectangular column with equal eccentricities of loading at each end.
This was an outstanding contribution and consequently was to form

the foundation of considerable future research including this thesis.



11

Since von Karman's work, Westergaard and Osgood in 1928
provided a simple solution to eccentrically loaded compression
members. The method is based upon the same equations as were
used by von Karman but assumes the deflected centre line of the
column to be part of a cosine curve, thereby simplifying von Karman's

method without impairing the practical accuracy of the results.

Jezek in 1934 gave an analytical solution to the in-plane .
buckling problem employing bilinear stress-strain curve for steel
and showed that the results agreed well with the real stress-strain

solution.

An excellent account of the developmen£ of the theory
of eccentrically loaded inelastic columns covering the further
(1)

work since von Karman referred to briefly above is given by Bleich .

(2)

Several years later Neal in 1950 provided solutions to
the problem of the inelastic lateral torsional buckling of rectangular
(3)

beams under uniform bending. Wittrick extended the work to
include strain hardening in the computations.

(4)

About a decade later Galambos in 1959 provided solutions
for the inelastic lateral torsional buckling of wide flange beam
columns under uniaxial uniform bending. Lateral torsional buckling
of H-columns is complicated by the occurrence of twisting and warping
of the column cross-section. Analytical solutions for inelastic
lateral torsional buckling of columns are also difficult to obtain
owing to the non-linearity of the governing differential equations as
may be seen in Chapter V, equations (5.19)-(5.21). In Galambos'
work the effect of residual stresses was considered. Unlike beams
subjected to equal end moments, the bending and torsional stiffnesses
of a beam column in the inelastic range vary along its length because
of the variation of moments along the length due to primary deflections
in the presence of axial load. For simplicity Galambos assumed in
his solutions a beam column of uniform stiffness, the magnitude of
which was equal to that at the column ends. An upper bound solution
was thus achieved. It would have been possible to obtain a lower

bound solution by evaluating the moments along the length of the
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column. However to evaluate these, recourse would have had to

be taken to some form of numerical technique to establish the
equilibrium shape of the beam column under a given loading. This
equilibrium shape of the beam-column in the inelastic range may be
deterﬁined by a number of iterative methods. In the United States

) has been widely used to find

the Column Deflection Curve method
equilibrium shapes in the plane of bending as would have been

necessary in this case.

More accurate solutions for lateral torsional buckling of
beam-columns under major axis bending were then developed in the
United States by Galambos and Fukomoto(s). In this work they have
reported the solution for the one end moment case, i.e. the ratio
of end moments B = 0. The governing equations of bending and
torsion were derived for this case and an eigen value solution of
lateral torsional buckling was achieved. The eigen value approach
is discussed more fully later in Chapter VII. The finite difference
technique was used to solve these equations for the critical moment
which indicated initiation of lateral torsional buckling. The
stiffness terms occurring in the finite difference equations were'
constant as long as the member was elastic. With yielding these
terms changed their value and because yielding was a function of
the bending moment distribution along the length of the member, the
stiffnesses were not the same at every pivotal point. The solution
of the problem was one of trial and error. For a given beam column
an axial force and an end moment was specified first. The corres-
ponding deflected shape and moment diagram was then computed with
the help of CDC's (Column Deflection Curves). The inelastic regions
of the column were then determined and from this knowledge the co-
efficients of the finite difference equations. If the originally
chosen combination of axial load and end moment were also the critical
combination for the start of lateral torsional buckling, then the
determinant of the coefficients of the finite difference equations

would be equal to zero.
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Employing a similar technique to that outlined above
Lim and Lu(7) studied the occurrence of inelastic lateral torsional
buckling of laterally unsupported beam columns restrained against
weak axis bending and warping at the column ends. Both the tangent
modulus and the reduced modulus solutions were provided. The
same technique was extended to cover the case of inelastic lateral
torsional buckling problems in continuous beam columns with warping

and weak axis bending restraints at the joints.

The research work briefly summarised above was all restricted
to uniaxial bending of the beam columns and the problems of lateral

torsional buckling were treated as eigen value problems.

Less work has been done on biaxial bending and very few
solutions have been reported for biaxial eccentric loading covering
torsion.

The first general solution for pin-ended biaxially loaded
columns was reported by Birnstiel and Michalos(s) and was based on
a successive trial and correction procedure. This procedure was
improved by Harstead, Birnstiel and Leu(g) and a systematic correction
procedure introduced. The analytical procedure requires the cal-
culation of increments of internal or resisting moments and axial
force corresponding to changes of strain distribution over the cross-
section at a particular station. This was achieved by dividing the
column cross-section into a number of small elements. The changes

in resisting moments and axial force were computed by summing up the

effects of all these small elements.

Successive equilibrium positions of the biaxially loaded
column were determined from each incremental increase in the defor-
mations on the column. The axial strain, the bending curvatures
about the two principal axes and the twisting curvature were chosen
to be the controlling deformations. The external bending and
twisting moments and the axial force were unknown at the start.

A trial and error procedure had to be followed to obtain the equili-
brium position of the column corresponding to each increment of

deformations. The total increment of strain distribution over the
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section was assumed to be the sum of the small increments of strain
caused by the bending and twisting curvatures and the axial strain,
The total strain at each point of the section was then obtained by
superimposing the total strain increment on the previocusly established
strain corresponding to an equilibrium configuration. Curvature and
strain relationship was assumed to vary linearly, i.e. plane sections
remain plane.after locading. The superposition of each incremental
strain distribution resulted in a change in stress distribution over
the section and also an additional deflection of the column. The
initially assumed incremental deformations were adjusted at this
stage until equilibrium was achieved, and hence the new deflected
shape determined. In the analysis the effect of shearing stresses
on the plastic yielding of the material was neglected as in all work
to date by subsequent authors and only the normal stress in the axial
direction was considered. The main feature of this work may be out-

lined as follows:

(a) The analysis was for pin-ended biaxially loaded columns
with equal eccentricities of load at each end producing
symmetrical bending. Extension of the work to include
bending restraints and cover asymmetrical bending would

involve major changes in the computational scheme.

(b) The stress-strain curve assumed was bilinear, i.e. elastic-
perfectly plastic. Residual stresses were however included

in the analysis.

(c) The shift of the position of the shear centre due to
progressive yielding was considered. The location of
the shear centre was based on the assumption that imposition
of the warping strains did not result in any change of
axial force or any bending moment.about any axis. The
external and internal torsioconal moments were computed

about this shear centre and torsional equilibrium satisfied.

(d) The unlcading path of the locad deformation curve was

cbtained.
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Theoretical work on restrained columns under symmetrical
biaxial bending was first reported by Milner(lol. A finite
difference scheme was employed to solve the differential equations
of equilibrium. Exact analytical expressions for evaluating the
internal forces at a particular cross-section were derived. This
was possible because a bilinear stress-strain curve (i.e. elastic-
perfectly plastic) was assumed and the stress blocks occurring due
to a particular strain distribution over the cross-section could be
evaluated analytically. Solution of these internal forces involved
three non-linear algebraic equations and these were solved iteratively
using the Newton-Raphson algorithm. The column length was divided
into a number of small divisions. The external and internal forces
were computed at each of these divisions to satisfy equilibrium.
Finite difference expressions for curvature were based on these
subdivisions. The standard Newmark iterative procedure was used
to obtain the initial deflected shape neglecting torsional defor-
mations at this stage. Once the initial deflected shape was obtained,
torsional calculétions were introduced separately to maintain tor-
sional equilibrium. The position of the shear centre of the partially
vielded cross-—-section was determined approximately. The internal
and external torsional moments were computed about this approximate

shear centre.

Subsequent deflected shapes were cobtained by incrementing
curvature at the mid-height of the column. From the finite difference
expressions a trial deflected shape of the column was cobtained and
external and internal moments compared. Corrections were applied to
the central curvature until equilibrium within specified accuracy was
obtained and this iteration was again based on Newton-Raphson algorithm.
As pointed out earlier, torsional calculations were introduced after
obtaining the major and minor axes deflected configuration. Thus
torsional calculations were always one step behind the basic equili-
brium shape calculations. Milner's work was different in another
aspect from Birnstiel's work, briefly reviewed earlier, in that the
column was not subjected to proportional loading. Also, amongst
other things, the influence of elastic unloading and strain hardening

were investigated. The main features of this work were:
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(a) The analysis was for biaxially loaded restrained columns
producing symmetrical bending about both axes. The loading

was not proportional.

Extension of the work to include asymmetrical bending
would involve major modifications in the computational
scheme. The procedure of incrementing curvatures at
mid-height of the column to obtain subsequent deflected
shapes is not applicable to asymmetrical bending. A

different numerical approach would have to be adopted.

(b) The stress-strain curve assumed was bilinear (i.e. elastic-
perfectly plastic). The analytical method developed to
evaluate the internal forces could not be extended to
include residual stresses and these were not considered

in the computations.

(c) The torsional calculations were very approximate due to

two reasons:

(i) torsional calculations were one step behind
equilibrium shape calculations about the other
two axes.

(ii) the position of the shear centre was determined

approximately

(d) The unloading path of the load deformation curve was

obtained.

A detailed review of existing literature covering theoretical
and experimental work on biaxial bending of columns has been presented
by Chen and Santathadaporn(ll). This gives a comprehensive survey
of research on the inelastic behaviour of biaxially loaded columns
up to 1968. Some of the numerical techniques adopted for solution
were also briefly discussed.

A more approximate method of analysis for biaxially loaded
restrained columns has been described by Santathadaporn and Chen(lz).
The solution was again for symmetrical loading. The deflected shape

of the column was assumed to be a combination of a sine function and
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a second order polynomial. The analytical procedure required
calculation of the internal forces including torsional moments of
the elastic-plastic cross-section. For this the column cross-—
section was divided into a number of small elements and numerical
integration was performed by summing up the effect of all the
elements. The equations were expressed in a different form and
were derived for the rate of change of internal forces. It is con-
venient to interpret rate of change of forces as variables denoting
infinitesimal increment. Similarly the rate of change of external
forces at mid-span of the column were developed. Yielding and
instability effects were incorporated in the tangent stiffness

(13)

matrix which can be interpreted as the tangent of the load
deformation curve. The actual solution process was iterative and
equilibrium was only satisfied at mid-height of the column. The
tangent stiffness method may be viewed as a modification of the
widely-used Newton-Raphson iterative algorithm for solution of a
system of 'n' non-linear equations involving 'n' variables and
utilises the samevunderlying concepts for evaluating the correction
vectors. They are thus similar in a philosophical sense. The

main feature of this approximate method are as follows:

(a) The analysis was for biaxially loaded restrained columns

producing symmetrical bending only.

(b) The deflected shape of the column was assumed to be a
combination of a sine function and a second order poly-
nomial. Extension of the method to cover asymmetry
is virtually impossible. Equilibrium was only satisfied

at mid-column height.

(c) Boundary conditions prevailing due to elastic restraints
at the ends were not properly satisfied and the failure
loads obtained were slightly different to other solutions.
It was reported, however, that the failure loads obtained
were slightly lower than the more accurate theory developed

(9)

by Harstead, Birnstiel and Leu .
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(d) The stress-strain curve was assumed to be bilinear

i.e. elastic-perfectly plastic.

(e) Torsional calculations were approximate as the shift
of the shear centre due to yield was neglected. Also
the warping torsional rigidity was assumed to be
directly proportional to the ratio of the remaining

elastic area to the total area of the cross-section.

(£) The unloading path of the load-deformation curve was

obtained.

The Newton-Raphson iterative approach was extended to
solve the general case of asymmetrical biaxial bending of pin-
ended columns by Virdi(14). The theory was developed in connection
with studies on composite concrete columns, but is egually applicable
to bare steel columns. However, it did not cover torsional defor-

mations.

For evaluating the internal forces the column cross-
section was subdivided into a number of small elements as was
adopted by Harstead, Birnstiel and Leu(g). Moment-thrust-curvature
relationships were computed by summing up the effects of all the
small elements and using an interpolation technique. In computing
these relationships the exact nature of the stress-strain curve was
accounted for by idealising it as a multilinear curve. Residual

stresses could also be incorporated.

A finite difference scheme was again employed to obtain
the deflected shape. A set of trial deflections was assumed along
the column length and curvatures computed. Moment-thrust-curvature
relations were then computed for the given axial load. External
moments were then calculated and compared with the internal moments.
The solution process was iterative and the Newton-Raphson correction
procedure was set up at this stage for obtaining the new deflected
shape. Subsequent deflected shapes were obtained for increasing
axial load applied eccentrically. The main features of this work

were g
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(a) The solution was for a general case of asymmetrical
biaxial bending of pin-ended columns. The program was

modified later to include end restraints.

(b) Exact stress-strain relationships were used for computing

the moment-thrust-curvature relationships.
(c) Torsionsal stability was not considered.
() Calculation of the unloading path was included subsequently.

This numerical technique may be extended to include torsional
calculations. But a linear iterative technique was adopted in the
study reported in this thesis and this is discussed in Chapter IV,

Section 4.2.

The important aspects of the major computational efforts
in biaxial bending to trace the complete load-deformation path up

to collapse, discussed above, are now summarised below:

Harstead, Milner(lo) Santathadaporn Virdi(14)
BerStl?;) and Chen(lz)
and Leu
Details
of Num-
erical work
End condition pin-ended restrained restrained restrained
(modified
subsequently)
+ 1 + + # +
B value symmetrical symmétrical symmétrical as§mme%rical
bending bending bending bending
Torsional accurate approximate approximate not
calculations shift in included
shear centre
considered
Stress-strain bilinear bilinear bilinear multi-
curve used , A . _ 1inear
Unloading reported reported reported reported
path (modified

subsequently)
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All the numerical procedures discussed ahove have been
programmed on digital computers and the correlation with experiments
whenever reported have been largely favourable. For various
reasons, including economic factors, very few parametric studies
have been undertaken and very little design data for predicting
column behaviour is available.

(15)

Horne has provided some design data. In 1964 he
published theoretical solutions based on modification to an elastic
analysis for beam columns subjected to any end moment ratio with
both ends free to warp and simply supported about the strong and
weak axes. The stability criteria were that plastic hinges may
form at either end of the column but that yiéld stress must not be
reached at mid-column height. Governing equations for bending and
torsion involving minor axis imperfections were reduced to a set of
six non-linear equations. These were solved iteratively to give
the maximum safe axial load in terms of major and minor axis slender-

(15)

ness ratios, the torsional parameter T and the end moment ratio B
for which the above mentioned stability criteria were satisfied.
The theory is based however on equivalent moment approach which
assumes that the behaviour of a beam column under axial locad P and
two different end moment ratios about the strong axis M; and M;' is
the same as a beam column subjected to an axial load P and a uniform
strong axis moment M;/m where m is a function of the end moment ratio.
The presence of the residual stresses were not considered. Extensive
(16)

sets of design charts were produced based on this approach .

(17)

In a more recent work Wood has suggested that an exact
ultimate load analysis of continuous elastic plastic columns restrained
by minor axis beams against buckling, is in effect intractable because
of the large number of independent variables involved. He has proposed
a 'semi-intuitive' approach to design of elastic plastic columns
restrained by elastic minor axis beams in building frames. The
major axis beams are designed by plastic theory and the minor axis
beams are designed to remain elastic. In Wood's design method
plasticity is allowed in columns. While no attempt is made to out-

line precisely the plastic zones, their extent is controlled in order
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to limit the reduction in stiffness of the column. Control on the
plastic zone is achieved by limiting the applied major axis end
moment, so that only one flange is fully plastic at a particular
cross-section. The axial collapse load is estimated on the basis
of the stiffness of the elastic plastic column. This approach is
analogous to the concept of deteriorated elastic critical load, a
concept originally suggested by Wood(ls) for calculating the

critical load of elastic plastic frames. The collapse load is

defined by the formula

where C' depends on the minor axis beam/column stiffness ratio and

may be read from charts (1.0 < C' < 4.0).

The stiffness reduction coefficient R; depends on the
magnitude of the ratio of end moments and the axial load. PE is
the Euler critical load about the weaker axis. Intuitive formulae

are proposed by Wood for the calculation of Ri coefficients

1.3 Summary of Research and Formulation of the Problem

Although a substantial amount of work both experimental
and theoretical has been done on the problem of bare steel columns
under general conditions of loading, relatively little information
is available about column behaviour in the high axial load range,
i.e. columns subjected to 0.6 - 0.9 times the squash load.

(19)

A recent review of the large number of eccentrically
loaded column tests which have been performed on rolled sections
showed that very few of these gave information regarding column
behaviour in this range of axial loads. Theoretical results presented
from previous computer programs developed elsewhere gave no indication
regarding lateral torsional instability and end deformation capacity

at high axial loads.

Most of the tests performed to date have invariably been
under conditions which preclude high axial loads. The beam colums

were loaded at such eccentricities that the resulting magnitude of
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end moments ruled out any possibilities of high axial loads being
sustained. The results were also not typical from another aspect.
For experimental convenience the lightest rqllings of the particular
column size being tested were mostly selected. The sections were

thus torsionally weak and prone to local buckling.

Due to the paucity of results and information available
the limited full scale test programme on beam columns reported in
this thesis was undertaken. The primary purpose was to explore
the ultimate end moment deformation capacity and column stability
in the high axial load range. The range of slendernesses selected
covered the short to intermediate range. Torsionally strong as
well as torsionally weak sections were included. All the tests
were carried out under the condition of major axis moment gradient
(B = 0.15). This was considered to be more typical of load con-
ditions in practice, than the extreme situation of equal end moments

applied at both ends (B = + 1.0).

The tests were also of interest from the point of view of
exploring the validity of the 'short column' concept at high axial
loads for H-sections. In early work on the steel section of Bridge
Code BS.116 an attempt was made to frame design provisions which would,
amongst other things, permit advantage to be taken of the high ultimate
load capacity of many beam columns. The tests were thus relevant to

BS. 116.

To complement the experimental study, theoretical work was
undertaken to develop a program to correlate with the experimental
results. Torsional effects were included. The theoretical model
developed was then utilised to highlight the important parameters
influencing lateral instability. This included developments of
typical column curves for giving slenderness limits which preclude

lateral instability.

The beneficial effects of restraints from minor axis beams
on column stability have long been recognised. These effects have
been incorporated in the semi-intuitive column design approach by

(17)

Wood vwhich was briefly summarised in the preceding section.
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Although some studies on restrained inelastic columns(lQ)' (12)

have been reported, there seems to be no clear indication of the
range of slendernesses (in combin;tion with axial loads) in which
end restraints are particularly helpful. Also the extent of
practical benefit to be derived is not clear. An attempt has
been made to explore this aspect quantitatively. The increase

in permitted slenderness ratios with end restraints which pre€lude
lateral instability for a particular column range are compared
with a predicted column curve with no end restraints.

All the predicted typical column curves are compared with

(16)

the curves in BCSA Publication No. 23 presented by Professor
Horne. Professor Horne's design curves are seen to be conservative.
Some ideas are presented in an attempt to clarify the vexing question
whether the column behaviour (load deformation characteristics) in
presence of imperfections represents in-plane failure or lateral
torsional buckling failure. It appears that there is an inter-
mediate range in which it is difficult to distinguish the type of

failure.
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CHAPTER II
EXPERIMENTAL PROGRAMME

2.1 Introduction

This limited full scale test programme on eccentrically
loaded steel columns was originally proposed to explore column
behaviour at high axial loads as discussed in the previous chapter.
They were intended to £ill in a gap in the available results for

eccentrically loaded columns.

2.2 Details of Test Programme

Eight full scale tests were conducted on 8 ins. - 8 ins.
(203 mm - 203 mm) Universal Column sections of varying lengths and
weights. The details of the test programme are summarised in

Table I.

All the tests were under minor axis pin-ended condition
and major axis moment gradient (B = 0.15), except the last test
(column €1) in which minor axis restraint was introduced. The
sequence of columns in Table I also reflects the chronological
order of the test programme. The columns were all tested to
establish their load deformation characteristics in the inelastic

range.

2.2.1 Details of Cross-section

The U C sections which were tested are:

i) 8 ins - 8 ins @ 48 1b (203 mm - 203 mm @ 71 Kg/m)
ii) 8 ins 8 ins @ 35 1b (203 mm - 203 mm @ 52 Kg/m)
iii) 8 ins - 8 ins @ 31 1b (203 mm - 203 mm @ 46 Kg/m)

2.2.2 Parameters Varied

The parameters which were varied during the tests are:

i) Slenderness ratio

ii) Axial load
(16}

iii) Torsional stiffness - i.e. T value or Wagner pure



iv)

i)

ii)
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torsion critical stress Gw

“r

where T =

sz
and cw = GK/Ip
A = area of cross section
G = elastic shear modulus (5000 tons/sqg. in.)
K = the St. Venant torsion constant
Zx= elastic modulus of section about the major

axis

Ip= Polar moment of inertia of the section

Minor axis restraint

Columns of three different lengths - 90 ins., 123 ins
and 153 ins. were tested. These lengths were chosen
to cover the range of slenderness ratios at which high
axial loads could be sustained. Specimens of the same

length were tested under varying axial loads-.

Parameters not varied

The parameters which were not varied are:

The major axis moment gradient (the ratio B).

It was equal to 0.15 in all the tests.

Major axis restraint condition.

All the tests were under pin-ended conditions about the

major axis.

Material Tests

Tensile test specimens were taken from extra lengths of

the rolled sections to obtain typical stress—strain properties.,

Four specimens were cut from each of the cross-sectional sizes

shown in Figure 2.13. The specimens were 178 mm long and of

diameter 12 and 5 mm. This choice was dictated by the jaws

available on the tensile testing machine. The test results are

shown in Figures 2.14 - 2.16.
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It is of interest to note that except for the 8 ins. =
8 ins. @ 31 1b section, the stress-strain curves showed no_distinct
yield point and immediate strainvhardening. Also the stress-strain
properties were different for the_flanges and webs. In the theo-
retical work reported‘later, these exact stress—-strain curves as
obtained experimentally have been used for the computations. An
extra check on the material properties was made in the case of
column B2 by cutting a test specimen from the actual column from
the smaller moment end after the test. Residual stresses were
not measured as they are unreliable being often altered locally by

cold straightening. -

2.4 Load Path Followed During Tests

All the columns (except columns B4 and Cl) were tested
under full axial load applied first followed by end moment to

failure.

After the first six tests it was decided to test column
stability under a different load path as discussed later in Section
2.10.3. Columns B4 and Cl were therefore tested in the following

manner :
i) Moderate axial load applied first

ii) Major axis moment increased holding the axial load

constant

iii) With the end joint rotation held approximately constant

the axial load is increased to failure

Column C1 however had minor axis restraint. The load
path followed for these two tests is also shown in Figures 2.33

and 2.39.
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2.5 Qutline of the Loading Rig

The loading rig basically consisted qf an arrangement
whereby the axial load was applied first by means of a large
capacity hydraulic jack. The end moments were applied through
a moment arm and a separate hydraulic jack. The pin-ended con-
dition of the tests was achieved by applying the load through
bridge bearings. Two spherical PTFE Glacier bearings were used

for this purpose.

Photographs showing a general view of the entire loading
rig are reproduced in Figures 2.1 and 2.2. The tie rod arrange-
ment to take up the reaction was built around the two concrete
blocks at the ends. To produce the major axis moment gradient
desired during the tests, another tie rod arrangement was devised.
Minor axis flexing arms were provided to flex the bearings and test
the stability of the columns about the minor axis during tests and
the arrangement has been reproduced in Figure 2.3. A small minor
axis moment was always maintained during the tests for this purpose.
Loads and moments in the inelastic range were measured directly
using purpose-designed load cells made ofMaraging steel attached
to the ends of the columns as may be seen in Figures 2.3 and 2.5.
The elastic limit of the Maraging steel was around 100 tons/inz.
Thus the load cells were well inside the elastic range during the
failure stages of the test columns. Also any friction that
existed in the jack or spherical bearings did not affect the test
results. A schematic diagram of the loading rig is shown in

Figures 2.7 and 2.8.

The columns were all tested in the horizontal position
for the following reasons. Firstly a vertical rig was not available
to test columns up to twelve feet in length, and it would have been
expensive to construct one. Secondly, a horizontal position is
very convenient regarding instrumentation, recording and overall

observation.
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2.5.1 Details of the ILoading Rig

Two concrete blocks of dimensions 5 ft. - 2 ft, - 2 ft
were used at each end to provide end supports and may be seen in
Figures 2.1 and 2.2. Eight tie rods of high tensile steel
material and 1 1/2 inches diameter extending over the entire length
of the rig, were used to take up the loading of the jack. The tie
rods can be seen in Figures 2.1, 2.2, 2.7 and 2.8. They were held
in place by two thick metal plates positioned across the back of
the concrete block surface (Figure 2.9). The details of the jack
end are shown in Figures 2.3, 2.4 and 2.9. These details are
basically similar at the other end, as shown in the photographs

reproduced in Figures 2.5 and 2.6.

By using eight tie rods it was possible to limit the
maximum extension of these, when the loading was applied, to a
small value (approximately 1/2 in.). The concrete blocks were so
positioned that they could slide on the floor and accommodate the
extension of the tie rods. To ensure that the concrete blocks
moved in the desired direction of applied jack loading only, guide
bars were placed along the length of the concrete blocks which
prevented any lateral movements. These guide bars were firmly

fixed to the laboratory floor by means of tensioned floor bolts.

As mentioned earlier, the pin-ended condition of the tests
was simulated by applying the load through two spherical PTFE Glacier
bridge bearings. The diameter and radius of curvature of the
bearings were 15 inches. At the main hydraulic jack end the
bearing was connected to the face of the ram by means of two 1 inch
thick square plates. The square plates, which were fixed to the
bearing and the face of the ram, were bolted together. The details

are shown in Figure 2.9.

As shown in Figures 2.1, 2.2, 2.6 and 2.8, the major axis
moment was applied by a separate hydraulic jack of 60 tons capacity.
The heavier moment arm was built up by welding 55 in. - 8 in. - 1 5/8 in
thick steel plates to a square billet of size 12 in. - 12 in. - 4 in.
thick. The billet was bolted to the bearing. Some idea of the
details may be obtained from the photograph showing the heavier

moment arm and reproduced in Figure 2.5.
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The minor axis moment arm at each end was provided by a
4 in. - 4 in. tube section welded to the square billets mentioned
above. This is shown in Figures 2.4 and 2.5. These minor axis
moment arms were primarily provided so that the column could be
flexed about its minor axis. This ensured that the bearings did
not restrain the column about its minor axis in any way. A small

positive moment was always maintained during the tests.

The major axis moment gradient required for the tests was
achieved through another tie rod arrangement as shown in Figures 2.1,
2.2 and 2.7. This tie rod was provided with knuckle joints (joints
providing freedom of movement about X and Y axes>but not about Z axis).
This system of applying moments was adopted to make the system self-
equilibrating, i.e. to make sure that the PTFE bearings were not
required to resist any lateral shear. It is believed that (from
the trial runs conducted before the present turnbuckle arrangement
was introduced) the performance of these bearings was adversely

affected if called upon to resist lateral shear.

2.6 Note on Support Conditions

The ends of the columns (except column Cl1) were pin-ended
and supports considered to be prevented from translating with respect
to each other. The twist at the ends was also considered to be
prevented. The knuckle joints were provided for this reason.

Great care was taken to achieve these conditions as far as possible,
The effective pin-ended length of the column was the distance between
the centre of rotations of the bearings. This centre of rotation
was located in the middle of the load cell mentioned earlier and,

as may be seen from the construction of the rig in Figures 2.4, 2.5
and 2.6, warping was restrained for all practical purposes at the
ends. Partial minor axis restraint was introduced for column C1,

other things remaining the same.
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2.7 Instrumentation

Instrumentation methods were devised for the tests to

cover the following aspects:

i) Record axial load, major and minor axis moments in the

inelastic range

ii) Record deflections along the length of the column about
major and minor axes. Deflections of both the flanges

about the minor axis were recorded to give twist results.

iii) Record end rotations of the column at the larger moment

end.

The details of each of these aspects are now given:

2.7.1 The Load Cells

As referred to earlier, the axial lcad and the end moments
applied to the column in the inelastic range were recorded with the
aid of specially fabricated H-section load cells. These were con-
nected at each end of the column and the results cbtained were not
affected by friction in the PTFE bearings or the hydraulic jack.

The details of the H-section load cell are shown in Figures 2.3,

2.5 and 2.10, and they were built up by welding Maraging steel
plates. The locad cells were indirectly calibrated by carefully
measuring its dimensions and the axial and bending strains were
recorded from electrical resistance strain gauges fixed on the load
cell. Sixteen such strain gauges were positicned on the load cell,
as shown in Figure 2.11, to pick up the axial and bending strains.
One set of eight strain gauges was connected to a digital Compulog
for automatic recording and the other set to Peekel instruments for
manual recording. This was necessary to monitor the locads during

the tests. No strain gauges were placed on the test column.

To ensure satisfactory working of the strain gauges, it
was necessary to prevent them from coming into contact with moisture.

The following procedure was adopted:
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i) The tip of the flange and the location in the web was

cleared of all dirt

ii) The adhesive resin was applied on the metal surface and

the strain gauge stuck in position

iii) The strain gauge circuit was tested using a Peekel

instrument

iv) A protective covering was placed over the gauge and the

strain gauge circuit tested once again.

The strain gauges used were of 10 mm length with a gauge
factor of 2.10. The strain measuring circuit included dummy strain
gauges fixed on an unstressed piece of Maraging steel. The temperature

of the laboratory was assumed to be uniform.

Thus a reliable device for recording the forces and
moments in the inelastic range was obtained. Maraging steel was chosen
for this purpose because it is linear elastic up to 100t/in2 after
hardening. It is a special alloy steel which has been developed to
meet the requirements of high strength with good ductility, toughness
and weldability. The most common of theMaraging steels are those of
18% Nickel type having Cobalt and Molybdenum as the major alloying
elements with the addition of Titanium and Aluminium to promote further
hardening. Composition of the alloying elements of Telmar 90
used for the load cells is given below:

Alloying Ni Co Mo Ti
element %

Telmar 90 17 -~ 19 8 -9 3.0 - 3.5 0.15 - 0.25

The main advantages of this alloy steel are:

i) Ease of fabrication
ii) Simplicity of heat treatment with lack of distortion
iii) Considerable safety margin against brittle failure

iv) High tensile strength and toughness



32

The welding procedure adopted was Tungsten Inert Gas
welding. In this case the inert gas was Argon. This welding
process was thought to create less distortion during welding as
well as providing purer welds with respect to impurities attracted
compared with the normal flux coated electrode process. After
welding the H-section pieces were maraged (heat treated) for 3
hours at 430°C and allowed to cool slowly. The Vickers hardness
test after heat treatment revealed a strength of 100 tons/inz.

As pointed out earlier, the load cells were well inside the elastic

range during the failure stages of the column.

2.,7.2 The Deflection Rig

The deflections of the columns under load were measured
using dial gauges. These dial gauges were supported on a rig
running parallel to the column. The deflection rig was isolated
from the loading rig - thus the observed deflections were absolute.
Since there was a major axis moment gradient the dial gauge spacings
were varied about the stronger axis - more dial gauges near the
larger moment end than the other end. About the minor axis the
dial gauges were evenly spaced on both flanges and deflections
recorded at mid-span, quarter-span and end points. The differential
bending of the two flanges gave the measure of twist. The end gauge
stations were intended primarily to detect any slip and rigid body
movements of the rig and were duly considered in obtaining the
deflected profile. The gauges had an accuracy of 0.001 in. and a
travel of 1 - 2 inches. All the dial gauges were read manually

at each increment of load.

2.7.3 Recording End Rotations

To record the end rotations of the larger moment end a
mirror was set up at the column end. The mirror reflected the
readings from a stationary illuminated scale placed at an appropriate
distance to give reasonable magnification of movements. The move-
ments were viewed through a telescope after each increment of load.

The arrangement is sketched in Figure 2.12.

All the columns were white-washed before testing to

indicate the extent of yield zones.
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2.8 Test Procedure

Trial runs on the test rig were necessary to obtain
proper functioning. The PTFE sPherical bearings were being
employed for the first time so the performance of these bearings
under these conditions was unknown. Results from trial runs
indicated that introducing lateral shear into the bearings adversely
affected their performance. The turnbuckle arrangement described
earlier was therefore devised to eliminate this. The shortest
8 in - 8 in @ 58 1b column (column Al) was chosen for all the trial
runs. First, only axial loads up to 100 tons and then 200 tons
were applied a few times and unloaded. This was done to ensure
that the bearings were properly 'bedded in’'. The load cell instru-
mentation was checked with the axial load applied. The instrumentation
being satisfactory, the eccentricity of applied loading was studied
carefully. At this stage major and minor axis moments were recorded
by the load cells. This called for proper alignment of the column.
The positioning of the column with respect to the bearings, although
carried out very carefully, still required minor adjustments. The
columns rested on supports which could be adjusted and these were
removed once the axial load was applied. Although a time-consuming
process, the supports could be adjusted till the eccentricity of the
load, as indicated by the load cell, was quite negligible. This
initial adjustment of supports to align the column properly was

carried out for all the subsequent tests.

All initial dial gauge readings were recorded before the
start of the test. The axial load was then applied after proper
alignment of the column. Another set of readings was recorded at
this stage, which included all strain gauge readings, the major and
minor axis dial gauge readings and the mirror reading for the end
rotation. Major axis moments were then applied in small increments.
After each increment the:column was flexed about its minor axis to
check out-of-plane stability and a small moment was always maintained.

A complete set of readings was also recorded. The axial load applied
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was held constant by monitoring the Amsler load control cabinet.
As mentioned earlier, the major axis moments were applied through
a smaller hydraulic jack. The load from this jack was added to
the column and therefore the axial load.from the main jack was

reduced accordingly to maintain a constant axial load.

As the growth of deflections with applied moment indicated
an increasing degree of non-linearity, the increment of moment was
progressively reduced. During this stage steady deflections were
obtained after some time, while the load was maintained at constant
value. The time interval needed to obtain a steady deflection reading
tended to increase with higher values of load, beginning initially
with instant equilibrium. when the moment reached near the failure
moment the interval became as much as 4 - 6 minutes. Beyond this

stage therefore, the testing procedure was modified slightly.

The observations were recorded not for increasing loads,
but for increasing deflections and end rotations during the final
phase. After the previous equilibrium state the load was increased
slightly and the column allowed to deflect progressively. Attempts
were made to record the unloading portion of the load-deflection
curve, but severe growth of deflections at this stage sometimes made
this difficult and unobtainable. Although the load path for columns
B4 and Cl were different, the testing procedure was similar to that

outlined above.

2.9 Units Used

Since the dial gauges and the jack were calibrated in
inches and tons, Imperial Units have been used throughout in dis-
cussion. Tables on column test results and data are repeated in

SI units as well.

2.10 Test Results and Comments

The experimental research programme undertaken conveniently
divides itself into two main groups according to slenderness ratios.

The columns may be grouped as follows: (see Table I)
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GROUP A Short columns - slenderness ratio l/ry ~ 45

Group B Intermédiate columns - slenderness ratio l/rjz'GO

Only one column of greater slenderness has been tested
{(slenderness ratio 2 74) and this has been labelled column Ci. All
the experimental results are presented graphically. The major and
minor axis deflections and twist values plotted are for mid-column

height only.

2.10.1 Mode of Failure

it was interesting to note that the mode of failure of
the columns in Groups A and B were different. All the columns

under Group A failed in the plane of the applied moment.

The failure of all the columns under Group B followed
a standard pattern. Whilst no noticeable out-of-plane deformations
were recorded in the early stages of loading, the final collapse was

due to a combination of lateral bending and twisting.

Although light minor axis restraint was introduced for
column Cl, it also ultimately failed due to a combination of lateral

bending and twisting.

A summary of the test results is given in Table II.

2.10.2. Columns Al, A2 and A3 (Group 3)

As referred to earlier (Section 2.8), the shortest 8 ins--
8 ins @ 48 1b column (column Al) was tested first. This column was
associated with the rig during the trial runs and subsequent modifi-
cations to the rig to eliminate lateral shear from the PTFE bearings.
The end moment - end rotation curve for this column is shown in
Figure 2.17. In view of the repeated number of loading and unloading
operations that had to be undertaken, the experimental end moment - end
rotation curve obtained for this column is presented with reservations

regarding its accuracy and should not be chosen for any comparison.

Also, although the experiment was conducted till a large joint rotation

was reached, the failure moment was not reached. Nevertheless, it
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-

reflects broadly the moment-rotation characteristics.of the column
and the behaviour at this high axial load was interesting and observed
carefully during all the loading operations. A tangent modulus

analysis based on the stress-strain curve of Figure 2.14 predicted

an ultimate axial load of about 330 tons. The tangent modulus load
P .. is defined as
crit
ﬂz E I
— T y
crit 2
L
where ET = reduced elastic modulus
Iy = minor axis moment of inertia
L = column length.

An axial load of 300 tons therefore represents the equivalent of

0.9 P
c

where Pc is the tangent modulus load. During the

rit rit
experiment the column showed no tendency to out-of-plane buckling.
Small minor axis end moments producing single curvature bending

were maintained throughout the experiment to test the stability of

the column about the minor axis.

Columns A2 and A3 were lighter rolling - 8 ins. - 8 ins.
@ 31 1b sections. These again performed in accordance with short
column concepts and formed a plastic hinge and failed in the plane
of applied moment without any tendency to lateral torsional buckling.
The axial loads applied represented 0.805 and 0.665 Psquash based on
YS = 24 tons/inz. Figures 2.18 and 2.19 show the end moment vs.
end rotation and end moment vs. major and minor axis deflections plots
for column A2. Figures 2.20 and 2.21 are similar plots for column A3.
Also no local buckling was observed during the tests. The results
were interesting as this section is often classified as being prone
to local buckling. As twisting deformations were insignificant
during the experiment, these values have not been plotted for these
cases. Flaking of white-wash with progressive yielding was observed
and can be seen in Figures 2.22 and 2.23. A fairly localised hinge
is indicated spreading over about 12 - 18 inches. The material of
these columns had a distinct yield point (see Figure 2.16) and so a more

normal plastic hinge behaviour was observed.
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2.10.3 Columns B1, B2, B3 and B4 (Group B)

All the columns in this group (l/ry 7~ 60) performed
in a different manner to that observed previously. Columns
Bl and B2 were of the heaviest rolling and classified as torsionally
stiff, having a T value of 75.2 tons/inz. These two columns were
tested at axial loads of 230 and 200 tons respectively. As
indicated earlier, the material properties plotted in Figure 2.14
showed no distinct yield point. The axial loads therefore
igs again

represented approximately 0.8 and 0.7 P where Pc

crit rit

the tangent modulus load (defined earlier) evaluated graphically.
The columns were initially stable about the minor axis

under axial loads only and then during the early stages of the

application of the major axis moment, the out-of-plane minor axis

déflections were small. These progressively increased however

at a faster rate as the major axis moments were increased and

eventually equalled the magnitude of the major axis deflections.

The twisting deformations recorded also increased progressively.

The final collapse was due to a combination of lateral bending

and twisting. Figures 2.24, 2.25 and 2.26 show end moment vs.

end rotation, end moment vs. major and minor axis deflections and

end moment vs. twist values for column Bl. Figures 2.27, 2.28

and 2.29 are similar plots for column B2. It is believed that

significant interaction between out-of-plane bending effects

associated with imperfections and high axial lcad and in-plane

bending had taken place. This evidently produced biaxial deterior-

ation of stability and subsequent failure in the mode described above.

Column B3 was of a lighter rolling 8 in. - 8 in. @ 35 1b
section and it performed in an almost similar manner to columns Bl
and B2. The end moment vs. end rotation, end moment vs. major and
minor axis deflections and end moment vs. twist plots are shown in

Figures 2.30, 2.31 and 2.32.

In view of the performance of column B3, it was decided
at this stage to test another column of the same cross-section but
starting from a reduced axial load. The primary objective was to

investigate the out-of-plane buckling limits as the axial load was
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increased. Initially an axial load of 100 tons was applied.

The column remained stable while a major axis moment of 400 t. in.
was applied. The end joint rotation sustained at this stage was
0.016 radians approximately. The load path followed during the
test is shown in Figure 2.33. The results for this part of the
test are covered by Figures 2.34, 2.35 and 2.36. It may be pointed
out that column B3 at 160 tons was laterally unstable when a joint

rotation of approximately 0.02 radians was reached.

The end joint rotation was then held approximately
constant at 0.02 radians while the axial load was increased to
failure. The results for this part of the test are shown in
Figure 2.37. Referring back to Figure 2.33 the experiment demon-
strates at full scale the phenomenon of 'moment shedding'(zs) in
the plastic range. As the axial load is increased the column can
remain stable and in effect move round the interaction curve as
shown in Figure 2.38(a) from position 1 to 2. The célumn eventually
became unstable out-of-plane at about 160 tons. In Figure 2.38(b)
is shown the variation of M, - % curves with axial load. In increasing
the axial load from 100 tons (position 1) to 160 tons (position 2) one

is checking stability under end moment for all intermediate loads.

2.10.4 Column C1

It was clear from.previous tests that colum Ci, which was
153 inches long, could not sustain high axial loads under pin-ended
conditions. This column was of the heavier rolling section (8 in. -
8 in. @ 48 1b). Provision of restraint was not originally provided
for in the rig and so only light restraining effects could be devised.
Also an accurate estimate of the stiffness of the end-restraints
could not be made. An approximate value of 3100 t. in./radian was
recorded and is considered relatively light compared to typical
three-dimensional frames in practice. The axial load of 150 tons
applied initially represented 0.58 Pcrit' The column initially
carried this axial load pin-ended about the minor axis, but would
almost certainly have failed by out-of-plane buckling at 150 tons

as major axis moment was applied; this at a relatively low joint
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rotation and small end moment. In the event with only light minor
axis end restraint it sustained a major axis end joint rotation of
0.02 radians approximately at 150 tons with‘only small out-of-plane
deformations. The major axis moment applied was about 540 t. in.
With this major axis end rotation held constant, the axial load was
then increased as the purpose of these tests was to explore column
behaviour at high axial loads. At 200 Tons the column began to
develop significant out-of-plane bending and twisting deformations.

Major axis 'moment shedding'{zs)

was observed during this stage of
the test. Therefore the column could sustain this moment at an
axial load of 200 tons and joint rotation of 0.02 radians. It
finally failed by lateral torsional buckling as the axial load was
increased to 220 tons. Reference to the results of tests Bl and

B2 on the same column section show close agreement on failure loads,
indicating that the effect of minor axis restraint on the 153 inches
column was to make its performance equivalent to that of the 123
inches ones. More twist was however developed at failure for the
longer column. This test has therefore established that moderate
minor axis end restraint can make more slender columns behave as
short columns in-plane. This aspect will be explored further later

in the thesis.

The test results are plotted on Figures 2,39 - 2.44.
Figure 2.39 shows the load path followed to failure and to facilitate
the presentation of other data the initial increase of axial load has
been termed phase 1, the application of Mx - major axis moment, phase 2,
and further increase of axial load holding the major axis end rotation
approximately constant, phase 3. The application of further major
axis end joint rotation and moment at 200 tons, i.e plastic hinge
rotation; was explored but the increase of minor axis deflections
indicated that this would soon have produced failure. The decrease
of major axis end moment with increase of axial load with end joint
rotation held constant during phase 3 indicates plastic 'moment
shedding'(zs) as the axial load is increased to failure at 220 tons.

On Figure 2.40 is plotted the end moment vs. end joint rotation curve.

The major and minor axis mid-column height deflections and twist values



during phase 2 are plotted on Figures 2.41 and 2.42. Figures 2.43
and 2.44 show the minor axis end restraining moments developed
during the test, and the major and minor axis deflections during

phase 3.

2.11 Conclusions

A summary of the test results is given in Tables I and II.
It may be seen that columns in Group A with slenderness ratio l/ry?&
45 sustained high axial loads and performed in-plane, i.e. failure

was in the plane of applied moments.

The columns in Group B performed differently. The high
axial load conditions produced a lateral torsional buckling mode

failure.

Also given in Table II are the Mpc values, i.e. the plastic
moment capacity of the section as modified by axial loads. These
values were obtained from a computer program developed to compute
moment-thrust-curvature relations and discussed later. The stress-
strain curves used to compute the Mpc values are taken from Figures
2.14 - 2.16 and the curves marked 2 and 3 were used for the flanges
and web respectively for the 8 in. - 8 in. @ 48 1b and 8 in. - 8 in.
@ 35 1b sections. For the 8 in. - 8 in. @ 31 1b section curves
marked 1 and 3 were used for the flanges and web. The computations
were carried on until a large value of curvature was reached, e.g.

p = 0.06 in:-1 The moment corresponding to this value of curvature
should be very close to the actual reduced fully plastic moment

capacity.

The full plastic moment capacity MP of all the sections
was computed from data from steel tables and an average yield stress
of 30.0, 25.0 and 24.0 t/in? for the 8 in. - 8 in. @ 48 1b, 8 in. -
8 in. @ 35 1b and 8 in. - 8 in. @ 31 1b sections respectiﬁely.

At very high axial loads the moment carrying capacity of
a column is small. This is clearly seen from the typical axial
load-moment interaction diagram shown in Figure 2.38(a). A slight

variation in material properties of the section causes a significant
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change in moment carrying capacity. At such high axial loads
this change would be a large fraction of the calculated moment
carrying capacity. This is reflected in Table II in the values
of Mf/Mpc for columns A2 and A3 where M% = experimental failure
moment and Mpc = plastic moment capacity modified by axial load.
Under such conditions of high axial loads a more realistic estimate
of the total carrying capacity of the column is given by the radial
vector to the interaction diagram, as shown in Figure 2.38(a).
This radial vector is simply given in non-dimensional form by
1
(27 L ) |2
Ps Mp
It is realistic to compare experimentally obtained carrying
capacity with calculated short column carrying capacity in this

manner.

The experimental strength of all the columns considering

axial load and failure moment may now be expressed as

1
2
ENE: i
T b
where P = axial load at failure

-+ ultimate axial load - either tangent modulus
load obtained from stress-strain data, or the

squash load for bilinear stress-strain curves

Mf +  experimental failure moment

) Mp -+ fully plastic moment capacity
On the same basis the calculated short column strength of
all the columns considering axial load and reduced plastic moment

capacity is

-P 2 M C 2 _;-
(=) + [(£5)
P M
T p
where M -+ plastic moment capacity of the section as reduced

pc
by the axial load.



The ratios of

experimental total strength/calculated short column total strength

are shown in Table II. It may be seen that the shorter’ columns
in Group A reached a very high proportion of the calculated short

column total strength. These columns also failed in-plane.

The experimental strength of the columns in Groups B and
C were lower by about 10%. These columns became laterally un-
stable and failure was in the lateral torsional buckling mode.
This had affected the ultimate moment carrying capacity and this
was confirmed by the detailed calculations reported and discussed
in Chapter VI, Section 6.4. It can therefore be concluded that
columns of this slenderness and above cannot be expected to carry
high axial loads and major axis bending moments and remain stable

in-plane. Also shown in Table II are the ratios of

experimental failure moment/plastic moment capacity as reduced

by axial load.

These results also reflect the reduction in moment carrying capacity

for columns in Groups B and C which failed out-of-plane.

Axial load seemed to be one of the dominant parameters
influencing lateral torsional buckling. Another important aspect
to emerge out of the last test (column C1) was that relatively light
minor axis restraint is effective in delaying lateral instability and
may make slender columns with suitable restraints behave as short

columns in-plane.

To investigate the above-mentioned effects more fully and
provide a clearer picture of column behaviour under these conditions,
the theoretical work reported in the next three chapters was under-

taken.
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CHAPTER IIL
THEORY : MOMENT-THRUST-CURVATURE RELATIONSHIPS

3.1 "Introduction

A basic requirement for studying inelastic beam columns
is the generation of moment-thrust-curvature relations of the cross-
section, i.e. determining values of 6, p and Zn for particular values

of P, Mx and My' These are defined with reference to Figure 3.4

where @ - is the inclination of the neutral axis
p - is the curvature of the section
Zn— is the depth of the neutral axis
P - is the axial load on the section
Mx— is the major axis moment applied

My- is the minor axis moment applied

In the elastic region, for a constant thrust, the variation
of moments with curvature is linear and depends only on the shape of
the cross-section. In the inelastic region they are non-linear and
affected by the presence of residual stresses. Analytical evaluation
of these relations is very involved, if not altogether impossible,
and recourse must be had to numerical integration procedures.

The numerical integration method adopted here is similar

(8) and others(26)' (14), whereby

to the one suggested by Birnstiel
the cross section is sub-divided into small elemental areas for the
purpose of computing the internal forces as shown in Figure 3.3.

The method is very general and steel columns having any stress-
strain relationship may be analysed with equal ease. Incorporating
residual stresses into the calculations is fairly straight-forward
and any type of residual stress pattern may be included. Residual
stresses are recognised as one of the major sources of imperfections
affecting ultimate load of structural members and the ease with which
this may be accounted for in the numerical integration procedure is

a great advantage.
3.2 Assumptions

To include all known effects in a program for biaxial
bending of steel columns would be almost impossible without recourse

to certain simplifications and idealisations. The major assumptions
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are as follows:

(a)

(b)

(c)

(a)

Elastic unloading is not covered, i.e. the stress-strain

relationship for steel is assumed to be reversible.

Most calculations follow a direct load path to failure
and elastic unloading is unlikely to be a dominant

effect until the later stages of failure.

When calculating the stiffness properties of the cross-—
section, it is necessary to solve the cross—-sectional
equations, i.e. establish values of curvature, neutral
axis depth, and angle of inclination of the neutral
axis for a particular combination of axial load, major
and minor axes moments. In solving these cross-
sectional equations the usual assumption of plane

sections remaining plane has been made.

This assumption is not strictly correct, except when the
bending is about an axis of symmetry. In all other
cases the section is subjected to torsion which results
in warping of the section. Theoretically moment-thrust-

curvature relations should take account of warping stresses.

The effect of shear stresses on the yielding of the
section is neglected, i.e. only longitudinal direct

stresses are considered to produce yield on the

section.

This effect was considered to be relatively small and
thus no attempts were made to introduce the concept of

yield criteria into the calculations.

' The shear modulus G is assumed to retain its full elastic

value after yield has taken place. The variation of the
shear modulus in the inelastic region is a complex
phenomenon and a thorough understanding of the problem

is lacking. However, certain considerations have been
forwarded by Professor Horne justifying the retention of

an elastic value for G after yield for situations arising
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in most beam columns(27). - He has suggested that the

shear stress is usually small when plastic yield starts

in a member under thrust and moment and under such
conditions plastic potential theory shows that the

elastic value is correctly used for initial deformations.
Secondly, he has suggested that since the column is torsion-
ally flexible, large shear stresses cannot be introduced

in the practical range of deformations, and it therefore
follows that the effective shear modulus does not fall
significantly below the elastic value. Any fall-off

that occurs is probably compensated for by the complete

neglect of warping rigidity in the plastic regions.

3.3 Steel Stress-Strain Curve Adopted

In most of the previous studies briefly referred to in the
first chapter the stress-strain relations have been idealised for
computational purposes. The idealisation adopted was an elastic-
perfectly plastic bilinear curve for steel, ignoring the effect of

strain hardening.

In view of the stress-strain relations obtained from
specimen tests for grade 50B steel, it was necessary to develop
the computational procedure in a way so as to take account of the
exact stress-strain curve. This was necessary because nearly all
grades of high tensile steel seem to exhibit a smooth stress-
strain curve like the ones shown inFigures 2.14 and 2.15. In the
computational procedure the experimentally obtained curve was
specified as a multilinear curve. By choosing data points at
sufficiently close intervals, the observed curve can be reproduced
accurately. In the computer program any pattern of stress-strain

relationship can be specified as a multilinear curve.

3.4 Residual Stresses

Residual stresses afe introduced into a member during
the manufacturing process because of uneven cooling of different
parts of the section after the hot rolling process. The magnitude

and distribution of these stresses across the section are highly



variable, depending on the shape and size of the section and the
nature of the manufacturing process. They may also be affected
by subsequent cold rolling to straighten the member. The net
effect of these residual stresses present in rolled sections
subjected to compressive load is to delay or accelerate the
process of yielding in different parts of the section depending
upon the stress being tensile or compressive respectively.
Various investigators have attempted to obtain generalised
patterns for the residual stress distribution across the section.
Currently two patterns of residual stress pattern are frequently

considered. They are -

(a) The AISC pattern(ze)

This is shown in Figure 3.1. In the computational
results reported later only the AISC stress pattern
was considered wherever indicated. The tensile

residual stress Ort in the web is

bt
0rt - 0rc {bt + w(d—2t)}

where flange width

flange thickness

depth of the section

b
t
d
w = width of the web

This is obtained from the condition that residual stresses

are self-equilibrating.

(b) " The Cambridge patterézg)
This is shown in Figure 3.2. The variation is parabolic

with compressive residual stresses in the web.

The residual stresses present cannot be directly used in
considering their effect on the column behaviour. The
stress pattern is first converted to residual strain

pattern. During the actual manufacturing process it
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is the locked-in residual strains that produce residual
stresses. The strains due to applied loads are then

superimposed on the residual strains. The net strains
so obtained are then used to determine the net stresses
using the particular stress-strain relationship adopted

for the problem.

3.5 Expressions for Moment-Thrust-Curvature Relations

The column cross-section is subdivided into a grid of
small size rectangular elements, as shown in Figure 3.3. The
axes of reference chosen are shown in Figure 3.4. Thus the value
of O - the inclination of the neutral axis with the X-axis would
lie between O and m/2. It is also assumed that the point O is
always under maximum compression. Suitable transformation of
axes can be easily made if some other corner goes under maximum
compression. The moment-thrust-curvature relationship for
biaxial bending consists of relation between six quantities, viz.

P, M, My, €, p, and Zn' which are as defined in Section 3.1.

In principle by assigning values to any three of the
variables the other three can be determined. It is, hbwever,
most convenient computationally if values of 6, p, and Zn are
specified. P, Mx and MY are then directly computed. In general
P, Mx and My are non-linear functions of 6, p, and Zn' In order
to determine the value of 6, p, and Zn for certain specific values
of P, M.x and My’ an iterative procedure is necessary. With the
curvature p, and the neutral axis depth Zn being assumed the strain
distribution across the section is obtained. This follows directly
from the assumption about plane sections remaining plane stated

earlier. Thus

where €y ~ is the strain at the origin 0 (Figure 3.4).

The strain in any element of area Aai whose centroid is

(. yi) is given by



£y = & a - Zi/an

where Zi is the perpendicular distance of an axis, passing through
the centroid of the element and parallel to the neutral axis, from
the origin O. The value of the strain obtained is modified at

this stage to take account of residual strains.

With this value of strain existing at the element, the
stress Ui in the elemental area can be obtained from the stress-
strain relationship appropriate to the material of the area. 1In
general stress-strain relations may be different in the flanges and

web. .

The elemental force is given by

AP, = Aa, * O,
1 1 1

where Aai represents elemental area.
Summing up for all the elements, the axial force P in

the section is obtained. Thus

i=n )
p= ] ba + 0y
i=1

(3.1)

where n is the total number of elements in the section.

Similarly the moments about X and Y axes are obtained.

1=n

Mx — ZlAai ] 0’ . yl - e (3-2)
i=n

M= Tha .o, - x, wee (343)

Y j=1 1 i i

where X, and y, are the respective lever arms for the X and Y axes.

3.6 Computational Procedure

In order to establish the stiffness properties of the
section due to applied loading, it is necessary as already stated
to obtain solutions of 6, p, and Zn for a specific set of wvalues

of P, Mx and My' Values of 6, p, and Zn are assumed - these are
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the starting values to solve the cross-sectional equations giving
the internal forces. For the position of the neutral axis
assumed, the strain, the stress and the force in each elemental
area are computed taking into account the appropriate stress-strain
characteristics. Summation of these forces over the section gives
the resultant axial force. Summation of these elemental forces
times the lever arm over the section gives the moments about the
two axes (Equations (3.2) and (3.3)). The values of P, Mx and

My obtained are not the same as the specified values. In order

to obtain correction terms for 8, p, and Z_, a generalised form of

(30)

Newton-Raphson iterative technique is employed, as described

below.

In case of biaxial bending P, M , My may in general be
x

written in the form

P = f1 (p, Zn' 0) ... (3.4)
Mx= f2 (p, zn, 0) ... (3.5
My= £ Py 2, 0) (3.6)
where fl' f2, f3 are in general non-linear functions of the three

1’ k1 and 11 are the

corrections to be applied to p, Zn and 6, then it may be shown

unknown quantities p, Zn and 0. Now if h

that for necessary conditions of convergence, the correction terms

may be calculated by the solution of the following equations:

_ - o~ _
r_5f1 6f1 Gfl
% %, &% by P-£ (p,2,,0)
8¢, S8f.  6f
2 2 2
3p 52 _ 56 Kpl= | M B e By ©)
Sf Sf Sf
3 3 3
Sp Gzn 86 ,11 My_ f3 P, zn' 2
e (3.7)

so that at convergence the right hand side of the equation vanishes.



50

The partial derivatives required are calculated numerically by
giving a small increment (0.1%) of the value to p, Zn and 6 in
turn keeping the others constant. Convergence is normally
achieved within three to four cycles. Success of this iterative
procedure depends on how close the chosen initial values are to
the final values. If the assumed values are far outside, the
process may fail to converge even if there is a solution. In
the computer program iteration was continued till the differences
between external and internal forces were less than 1.0 * 10_5.
For summing up the forces each flange was subdivided into 100

elemental areas and the web into 40 elemental areas.

Once the cross-sectional equations are solved (Equations
(3.4) - (3.6)), the inelastic properties of the section are com-
puted easily. Thus the procedure described above may be used to
determine the failure loads of columns in biaxial bending described

later.

It is of interest to note that while this method of
numerical integration and solution of cross-sectional equations is
very general, it requires extensive computer, time. Milner(lo)
provided exact solutions for the internal forces for partially
yielded H-sections for a bilinear stress-strain curve, i.e. elastic-
perfectly plastic. The analytical equations given are quite
involved, but are much more economical for computer solution.
Milner's method was attractive for this purpose but has the
limitation that only bilinear stress-strain curves can be intro-
duced. Inclusion of residual stresses would make the analytical
equations extremely complicated. Numerical integration techniques

offer greater versatility from this aspect.



51

"CHAPTER 1V
THEORY - FAILURE LOADS OF COLUMNS

AND GENERAL EQUATIONS OF EQUILIBRIUM.

4.1 Introduction

A procedure for computing moment-thrust-curvature
relations for column elements under biaxial bending has been
described in the previous chapter. Such moment-thrust-curvature
relations can be used to generate moment-thrust interaction
surfaces corresponding to infinite curvature for different cross-
sections. The failure loads of short, stocky columns lie very
close to these interaction surfaces which provide sufficient infor-
mation for this case. The failure of longer columns, however, is
influenced by slenderness and the deformed geometry and consideration

of their flexural and torsional stability is essential.

A typical load vs. deflection diagram for a column in
uniaxial bending under constant axial load is shown in Figure 4.1.
The curve is characterised by a peak moment aﬁd a descending unstable
equilibrium path. For a biaxially loaded column it is basically
the same as shown in Figure 4.2. The column will continue to
deform under increasing load until instability occurs. There-
after unloading begins with further deformation. The deformations
along X and Y axes, the twisting deformation and the end rotation
take place simultaneously. The rate of increase of these defor-
mations is not the same and the failure moment is the peak of all
these deformations. Some of the underlying principles used in
the computation of column failure loads and the broad considerations
for the particular numerical procedure adopted are now discussed

breifly.

4.2 General Computational Principles

The most important aspects of the major previous compu=
tational work on biaxial bending were summarised in Chapter I.
It may be recalled that these previous efforts were not for the
general asymmetrical case of biaxial loading and were restrictive

in certain aspects as mentioned. It was the object of the work
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reported herein to develop general computational procedures to

cover the following aspects:
(a) to analyse biaxially loaded restrained H-columns

(b) to cover the general case of asymmetrical bending

about both axes, i.e. B # 1.0
(c) to include torsional calculations accurately

(d) to include the exact stress-strain relationships

It was appreciated that inclusion of all the above-
mentioned aspects in the computational procedures would involve
much solution time on the computer. The numerical approach
adopted had therefore to be chosen with regard to computational
efficiency and some of the points considered in adopting an
efficient, linear iterative scheme rather than a second order
jterative scheme are now mentioned.

The Newton-Raphson iterative approach was extended to
solve the general case of asymetrical biaxial bending by Virdi(14).
Torsional stability was not considered in the above-mentioned work.
The method may be extended to include torsion in a similar manner
to that outlined for biaxial bending but at the expense of a large
increase in computer time. Concerning computer solution time,WEEM7
should be noted that most of the solution time is consumed in
calculating the internal forces, i.e. moment-thrust-curvature
relationships. The correction vector in the Newton-Raphson -
iterative technique involves formation of an 'n x n' Jacobian
matrix where 'n' is the number of unknown variables at a point.

For biaxial bending 'n' is 2. For biaxial bending covering torsion
'n' would be 3. Calculation of each of ‘these elements of the
Jacobian matrix involves calculation of the internal forces. This
calculation would have to be repeated for each cycle of iteration

at each subdivision along the column. It was felt that extension
of the method to include torsion would be computationally uneconomic.

The linear iterative technique reported herein was adopted for this

reason.
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4.2.1 Outline of the Computational Procedure

As discussed previously and noting that the failure load
is associated with the peak of all the deformation curves, the
following procedure may be adopted for computing the failure load
of columns under biaxial bending with constant axial load. The

load path followed is:
a) Axial load applied first and held constant
b) End moments increased to failure.

The computational procedure starts with calculating the
deflected shape when particular values of axial load, major and
minor axes moments are applied. The deflected shape is obtained by
adjusting the values of all the three displacements simultaneously
to satisfy the equilibrium of forces. The axial load is then kept
constant and the end moments increased to obtain subsequent
deflected shapes. Due account is taken of the extent of plasticity

in the section and consequent reduction in stiffnesses.

In classical theory the torsional displacements take place
about a point S known as the centre of twist or shear centre. For
an elastic member cross-section this point may be found from established
theories. In an elastic-plastic cross-section the location of this
point is extremely complicated and intractable when there are no
precise yield zones. A rigorous analysis of elastic plastic warping
is not available. As mentioned in the previous chapter the mement-
thrust-curvature relationships for biaxial bending are affected by
warping stresses. Due to its extremely complicated nature the
idealisation regarding plane sections remaining plane was made in
establishing these relationships. As discussed earlier in Chapter I,

previous'efforts(s)r (9), (10)

in .determining the average centre of
twist was based on the assumption that imposition of warping strains
on the strains due to bending do not result in a force in the [
direction (see Figure 4.3) nor moments about £ and n axes. When

the position of this average centre of twist was located the internal
and external torque were computed about an axis parallel to the [
axis and passing through the above-mentioned centre of twist, and

equilibrium satisfied. This is a somewhat tedious process and
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much of this is eliminated by a different approach. In this
thesis no effort is made to locate the average centre of twist.
Instead all the torsional moments external and internal are com-
puted about the [ axis passing through the centroid and equilibrium

established. Further details are given later.

The actual process of satisfying equilibrium is by
adjusting the displacements. As discussed previously, a first
order iterative procedure was used to solve the variable-coefficient
differential equations presented later. An iterative procedure is
necessary because with the onset of twisting deformations the
external forces about the two principal axes are changed slightly.

In fact if all the displacements could be known in advance no such
iteration would be required. The process of iteration is continued
until the difference between assumed displacements and final dis-
placements are less than a specified small amount. In the inelastic
range the various stiffness properties depend upon the spread of
plasticity which in tufn depends upon the deflections. Once a
deflected shape has been obtained for a fixed set of stiffness

values at each point but varying along the length of the column,

a new set of stiffness coefficients may be calculated. ' This leads
to another deflected shape. Another iterative cycle is set up at
this stage. Equilibrium at a particular load level is achieved when
the values of the assumed deflected shape differ by less than a small

specified amount. Further details are given later.

For successively higher values of load level the displace-
ments are obtained corresponding to the equilibrium of the twisted
flexural shape. With increasing load level, the rate of change of
deflection also increases, and finally a given load fails to result
in an eguilibrium shape. This load is sufficiently close to the
peak load, as depicted in Figure 4.2. It is thus possible to
compute the failure load as the peak of such a load-deflection

response in the case of biaxial bending and compression.
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4.3 General Equations of Equilibrium

To calculate the equilibrium configuration of a column
subject to axial load P and moments about the X and Y axes taking
into account the secondary forces arising from member displace-
ments, it is necessary to compute and equate internal and external
forces at a general displaced section, as shown in Figure 4.3.

The right hand screw rule has been adopted for positive moments.
To formulate the equations certain assumptions have been made.
These assumptions are in addition to those listed earlier in

Chapter III.

4.3.1 Assumptions'’
a) Deflections are small, so that curvature can be repre-

sented by the second derivative of the deflections.

b) The column is an as-rolled wide flange or H-section
but torsional imperfections are neglected. Major and
minor axis imperfections and residual stresses are

considered.

c) The axial load acts along the original centroidal axis

of the column and remains so throughout the lbading.

4a) No transverse loads are considered between the ends of

the column.

e) The cross-section is uniform over the length of the
column
4.3.2 Elastic Columns

For the displaced cross-section shown in Figure 4.3
the moments acting about the two principal axes of the section
£ and n and the [ axis are Mg, Mn and MC respectively. The
geometric relationship that exists may be derived from Figure 4.4.
The element of the column starts initially from position 1, then
under action of u and v displacements moves to position 2 and
finally by twisting about an axis through S it moves to position 3.

Displacements u and v, the twist ¢ and the coordinates of §, viz.
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X and y  are all positive as shown. The quantities w, v and ¢

are small so that geometry of small displacements applies.

As the result of twisting the axes £ and n rotate relative
to the X and Y axes through an angle ¢ and the displacement com-

ponents of the centroid change from u and v to u, and vc where

u

o= U oy cee (4.1)

v

c =V —¢'xo eee (4.2)

Another geometric change that takes place during the
member displacement is the inclination of the [ axis to the original
Z axis caused by du/dz and dv/dz. Thus twisting of the column
together with u and v displacements means that forces computed in
the X, ¥, Z coordinate system differ from the £, n and [ system. ‘
The details of the forces are now given. These are well established
and are given in any standard text(31). The procedure to relate
all forces to the principal axes of the deformed cross—section is

shown in Figures 4.5, 4.6 and 4.7, and using vector symbols, ¢

being a small angle, it may be assumed that cos ¢ = 1 and sin ¢ = ¢.

With reference to Figure 4.3, the forces acting in the 2Z-X
and the 2Z-Y plane are shown in Figure 4.5. The applied moments at

a distance z from the lower end of the member (Figure 4.3) are:

=-M_ + *z +P .
Mx BX Ry z P vc (4.3)
= - +R *z-P ¢ .
My MBY x z uc (4.4)
where MBX = applied major axis bending moment at end O
'MTX = applied major axis bending moment at end L
by = applied minor axis bending moment at end 0O
MTY = applied minor axis bending moment at end L
= + L
Ry (MBX MTX)/
R = + ‘
. My, MTY)/L

and uc and vc are as defined above. Transformation of the moments

to the new axes £ and n have to be carried out and referring to
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Figure 4.6 we get by vector addition

Mg

and M
n

Mx + ¢My --. (4.5)

MY - ¢Mx ... (4.96)

In addition to the components of M and My along the &
and n axes, they also have components along the L axis which is
perpendicular to the cross-section and is inclined from the Z axis.
These components result in a twisting moment, as shown in Figure

4.7

M. =M du/dz + M dv/dz N cee (4.7
L, % 4
where the relationships sin u gE-and sin v _ v are used.
dz dz 2z dz

A second contribution to MC is due to end shears, as

shown in Figure 4.8

M_=-R *vVv-R *u cee  (4.8)
Z, b3 Y

A third contribution to MC is caused by the fact that two
cross-sections dC apart will warp with respect to each other and
therefore a small stress element is inclined to the [ axis. This

has been derived elsewhere(32).

-%.3
MC K 3z ce. (4.9)
3
- 2
where K = IUa da
where 0 = stress in a small element

distance of the element from the

Q
I

centre of twist.

A fourth contribution arises due to components ng-and P%%

acting through the centroid. Therefore the fourth contribution of
torque about the centre of twist is
u v

da
PI .y - P ee (4.10)



The total twisting moment is the sum of all the components or

= —— + M —~-R
Mt_', Mx dz y dz
-du
+ dz yo

e« v - R L] +E§$
b4 v dz

Yy
dv . x eee (4.11)
dz [}

The moments which are acting at any location along the Z axis are

ME' Mn and MC
the member.

and can now be equated to the internal resistance of

In terms of stiffnesses and deformation, the moments

ME' Mﬂ and MC are approximately equal to
2
M, 2~ - EI,dv eee  (4.12)
£ & —
dz
2
Mo = EI 9—% ce. (4.13)
" az
M =G @i-zxii—iCE (4.14)
C dz W dz3
Where = Elastic modulus

= Moment of inertia about N axis

= Moment of inertia about & axis

E

I

n

I

£
G = Shearing modulus

~ Ppure torsion constant or St. Venant's term

3
- toel
= z 3

where t is the thickness and £ the length

of a typical element. The summation is

for all elements.

I
\

Warping rigidity .

Combining equations (4.3) - (4.11) and equating them to

equations (4.12) -~ (4.14), we have

2

z b4 dv

- = +] ~ p» + M = (M + + p* = -

Max T MaxtMpy) ~ BV * O { (Mpy#Mpy) + P uc} Bl 222

(4.15)

z - z d2u
- o— +] . - - — -— [ ] = —

Moy = T MgytMpy) + Peus - ¢ Mg - T MMy - Pev ) =-EL) =5

... (4.16)
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3

— d¢ a¢ - z du
-_ — - e —— = - 4 — + <4 ] + [ Y —
(GKT K)dz EIw 3 3 { MBx I,(MBX TX) P vc P yo} dz
z ‘dv
[ — + -— . -— a — — + - - + e
+=M__+ (MBY M ) Pru_ P xo} = (_MBY MTY)/L v (MBx x)/L u

BY L TY

oo (4.17)

4.3.3 Restrained Elastic Columns

The equations (4.15) - (4.17) describe the equilibrium
position of a displaced cross-section shown in Figure 4.3. The
equations do not include the effect of initial imperfections and
end restraints. The modified equations to include the effects
covered in this work namely minor axis end restraints, are now

given.

The modified equations for H-sections will only be
given. For a symmetrical elastic H-section the points S and C

in Figure 4.4 coincide.

The forces in the X-Z plane of a restrained column with
imperfections are shown in Figure 4.9. Similar imperfections are
present in the ¥Y-Z plane, but no restraints are present. From

Figure 4.9 the boundary conditions become:

Mcyb = MBY - Mryb ... (4.18a)
duc
M E »— = . ee R
and ryb yb" az (z=0) (4.18b)
=M - M “es .
Mcyt v vt (4.18c)
_ du
and "ryt = fpyee—=2 (z=1) ... (4.184)
where M and M are as defined above
BY TY
M = column end moment at end 0
cyb

Column end moment at end L
cyt

“pyb

Stiffness of the restraining beam at end O

(t.in/radian)

Stiffness of the restraining beam at end L

%oyt

(t.in/radian)
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The modified equation of bending about the strong axis

(Equation (4.15)) becomes

du
z =0) - &
MBX_E(MBX+MTX) PV vt + O % yb dz S(z=0) - ¢
du\ duc dzv
Moy ¥oyb az (2=0) + My Koyt "Gz Z7L)) + Plug uimp)} E————zc
dz
... (4.19)
The weak axis bending equation beccmes
du 2 du
Mey Xoyb a2 5 =0 - ¢ Moy Kbyb. az =(2=0) + My Xyt Az = (z=1))
2
4a uc
+ p(uc+uimp) - ¢ {MBX T M ) - p(vc+vimp)}=—mn 2
... (4.20)
The torsional equation becomes
3
3 _ ad_ oy +2
(GK -K)g - EI —% = { MBX+L (Mo M)+ PV by, )
dz imp
du du du
M K ovn Az 52 (20 +_(MBYKbb 3 (2=0) - M v Foyt a2 = (=)
M__t™ du
. BX TX
- . - —_—— N\ e - 0
P(ucqmimp dz "¢ imp) ¢ L ) (uc+uimp) BY Kbyb dz (z )
du
g Kbyt iz —S(z=1) }/Le (v v, p) ce. (4.21)

These three differential equations (4.19) - (4.21) describe
the equilibrium of any cross-section in the member shown in Figure 4.3
but restrained about minor axis by elastic beams as depicted in
Figure 4.9. As can be seen, the equations are not independent
of each other. Equation (4.19) which represents bending about the
strong axis, for example, depends also on the angle of twist ¢. The
equations are also not linear with respect to the three deformations
u, vc and ¢. A closed form analytical solution does not exist
to the Author's knowledge for these coupled non-linear differential
equations and therefore a numerical solution based on centre finite
difference is used in this study. The inelastic form of these

equations is considered in the next chapter.
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CHAPTER V
THEORY - INELASTIC RESTRAINED COLUMNS

5.1 Introduction

Establishing equilibrium between internal and external
forces at a column cross-section in the inelastic range is not
straight-forward. This is because the internal forces have to
be evaluated taking into account the inelastic zones which in
turn depend upon the deflected shape. An iterative procedure

is therefore necessary to obtain the correct deflected shape.

5.2 Inelastic Stiffnesses

The details of computing moment-thrust-curvature relation-
ships were described in Chapter III. The iterative procedure to
calculate 6, p and Zn for a particular set of external forces P,

Mx and My was outlined. Residual stresses may also be included
in solving the above cross-sectional equations. Once the values
of 6, p and Zn are obtained the various stiffness values pertinent
to the cross—section may be computed. A typical strain diagram

due to biaxial bending is shown in Figure 3.4.

If curvatures along £ and n axes are represented by pg

and pn we have

p - /pg t p . e (5.1>
6 = tan (p /p ) e (5- 2)

From this the deteriorated stiffness about the £ axis may be

obtained by summing up the moments in the following manner:

{=n
X = ZAai.Oi.ni/pg ... (5.3)
i=1
where Aéi«-an elemental area
g, - stress in an elemental area

i
n, - lever arm of the elemental area from the £ axis

n - total number of elemental areas in the cross-section.
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Similarly about the N axis the stiffness becomes:

e

| o~ 1)

n
Y =

Aa., « g, * E /o ce. (5.4)
n 121 i i i'’'’n

The Wagner effect term X in equation (4.9) may be

similarly computed from

i=n

— 2
K = ) Aa, * 0, * W ... (5.5)
. i i i
i=1
where wi = distance from the elemental area Aai to the centre
of twist.

Similarly, if the stiffnesses of the compression and

tension flanges are denoted by C. and C__ then

£ tf
j=s
= Aa <+ o0, ° E, .o. (5.6)
cf '21 3 " 9y " Ey/ey (
J.—
k=s
= . . ee. (5.7)
Cee § Bay * o - &/ ¢
k=1
where s = number of elemental areas in the compression and

tension flange.

These stiffnesses represent various points on the
respective moment-thrust-curvature plots, as shown in Figure 5.1.
In biaxial bending these plots are dependent on each other and as
ME and Mn change, the point as shown on the curve moves to another
position on a different ME—P_DE and Mn—P—pn curve. Thus in order
to calculate the deteriorated stiffness corresponding to the new
ME-P—DE curve, the iterative procedure for soliving the cross-

sectional equations discussed in Chapter III has to be repeated.
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5.3 Computation of Torsional Resistance

In establishing equilibrium between internal and external
forces at any cross-section, discretion may be exercised concerning
the choice of axes about which moments are taken so that computing
efforts are minimised. In this work, ME and Mn have been taken

about the £ and n axes through the centroid of the section as usual.

As mentioned in the previous chapter, in satisfying
equilibrium of torsional moments, the classical approach has been
to compute the moments about an axis parallel to the C axis and
passing through the centre of twist called S. The torsional
resistance offered by a section about such an axis is due to the
combined effectsof a pure torsion or St. Venant's term and the
warping torque resistance offered by the differential flange
bending. The evaluation of St.Venant's term is straight-forward

and is based upon assumptions mentioned earlier in Chapter III.

It is in the evaluation of the warping torque term that
the discretion regarding choice of axis is significant. In this
thesis the external and internal torsional moments have been com-
puted about an axis parallel to T axis and passing through the

centroid of the section. The reasons for this are two-fold:

a) Even for the case of a bilinear stress-strain curve
(i.e. elastic-perfectly plastic) where yield zones of
the section are clearly defined, computing the exact
centre of twist based on the assumptions mentioned
earlier is a difficult and time-consuming process.
When a stress-strain curve such as the one in Figure
2.14 is used, the yield zones of the section are not
clearly defined and location of the centre of twist

becomes extremely involved.

b) There are only advantages in taking moments about the
shear centre when attempting an analytical solution
of the differential equations for general elastic
problems. In classical elastic theory the internal

warping resistance is expressed in terms of the warping
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rigidity. This warping rigidity for a particular
cross-section was derived from the considerations of
warping displacements and rotation of the cross-section
about the centre of twist and is treated exhaustively
by Timoshenko(32). This approach facilitated the
direct solution of the differential equations of

equilibrium as it separated warping and bending effects.

In dealing with inelastic cross-sections there are no
advantages in the above-mentioned classical approach and it is
inconvenient and clumsy from the computational point of view.

It is necessary in this case to review the basic phenomenon of
warping torque resistance. This is offered by the introduction

of differential shears. These flange shears may be computed
directly and the moments taken about the centroidal axis to produce
the warping torgue resistance about that axis. The warping torque
resistance in this case is different from the classical warping
rigidity term mentioned previously. The external torsional moments
calculated about the centroidal axis are altered as well from those
calculated previously in Chapter IV and this follows from equations
(4.1) and (4.2).

The displacements of the centroid, with rotation about

the shear centre or centre of twist are (egquations (4.1) and (4.2)):

=]
I

u + ¢y°
v = v - ¢x°

The external moments as calculated previously are:

= - + R *z2z + P (v -
Mx MBX vy ¢ d)xo)
M =

. - MBY .+ Rx'z - P (u+ q)yo)

In computing moments about the centroid and considering twist about

that axis, the terms ¢x° and ¢yo do not exist and they become
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M =-M + R *z2 + P*v

x BX = 'y ... (5.8)"
= - <+ - - . .o e (5.9)
My MBY Rx z P*u

The warping torque resistance of the cross-section about

the centroid may now be derived as follows (see Figures 4.3 and 5.2)

Total flange displacements are:

<]
+

Njo N[O

-~ Compression flange ... (5.10)

<]
1

~ Tension flange o ... (5.11)

The curvatures of compression and tension flange are:

2 .2

0 ~&u, Ddy¢ cee (5.12)
omp 2 2 2
¢ dz dz
2 2

0 =d121_%M2 ce. (5.13)
ten dz dz

If CCf and th are the stiffnesses of the compression

and tension flanges respectively, then flange bending moments are:

2 2
M =C ((_i_u.}.EM) «o. (5.14)
fc cf 2 2 2
dz dz
2 2
M., = Cpp @%-E%) ... (5.15)
t dz 2 dz

The respective flange shears after neglecting certain

product of small quantities become:

3. .53

v =c &u, Ddad ... (5.16)
fc cf 3 2 3
dz dz
.3 3

N du _Dada’¢ 5.17

Ver = Ce &3 73 3 ree (5417
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Resisting warping torque about C

3

D d"u D” d7 ¢
_Ddu - _D.a¢ + ... (5.18
>~ 3 Cer " Cegl 7 T3 Cog T Crsl (5.18)
dz _ dz

In computing K the distance w, in equation (5.5) is

i

taken as the distance of the elemental area Aai from the centroid.

Here it may be pointed out that in the computations
the flange shears have been assumed to act in the middle of the
flange. Refinements in computing the warping torgue could be
introduced by dividing the flange into thin strips and computing

the shear in each of these. This is shown in Figure 5.3.

5.4 Inelastic Form of Equations of Equilibrium

The equations of equilibrium (4.19) - (4.21) which were

derived in the previous chapter will now be modified for inelastic

bending.

The strong axis bending equation (4.19) becomes:

du

Mo = Z/L (Mo M) P(v+vimp) + ¢ {MBY Kpyb 3, (2=0) - 2z/L

du du d2v
Moy Kpyp az 2= * My T Kope'q FD) 4 Plutu, )} = ;;5"
i=n
i§1Aai *0; c Ny /P .-+ (5.19)

where the summation denotes the deteriorated stiffness discussed

earlier in Section 5.2.

The weak axis bending equation (4.20) becomes:

du du du
M -— ® = -— -— [} = - ® —_— =
By ~ Xoyb'az (770 - /L (M, Kpyb'az (3700 + My, Koyt “az (#=1))
_ 2
+P - - -— —_.d_go
(u+uimp) ) {MBX z/L (MBX+MTX) P(v+vimp)} = d22
i=n
.Z Ba; + 05 * & /0, ... (5.20)

i=1
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The torsional equation (4.21) becomes:

: a
- - — + + {- M + -
{ Mo+ z/L (MTX+MBX) + P (viv, P)} 37 (uru P) { oy Kbyb

du  _ - cau oy - Lau oy .
= (z=0) + z/L ( MBy+Kbyb dz(z 0) MTy+Kbyt dz(z L)) P(u+uimp)}
a . _ - L Gu . _
az Vimp! T (M M) /T (tu, o) My Koy @z #0)
3 2
— [ ] d—u - L ] —3 —_ .@ — —d_¢ » P—
+ MTY Kbyt dz(z_L)} (v+vimp) B (GKT K) dz {d23 4
j=s k=s 3
d"u D
(Yda, » 0, *E, /o + Lbha =0 *E/p)-—F"3
= B S R AL 5 Tk KT T3 2
k=s j=s
(kzlAak "% T Ek/pn._ jZIAaj ST gj/pn)} ee. (5.21)

where the respective flange stiffnesses are explained in Section 5.2.

These three differential equations are coupled and non-
linear and the various stiffness properties vary along the length
of the column. The forces being dependent upon the assumed
deflected shape, they are best solved by iterative methods. A

numerical solution based on centre finite difference has been used

(33

in this study and the method employed was Successive Over Relaxation
Other first order methods of iterative solution could have been
employed and dynamic relaxation was explored for an elastic beam
column problem but it was found to be slower in convergence and
the equations more cumbersome to handle than the S.0.R. method.
The latter method was adopted and is particularly suitable for a
diagonally dominant system of equations with very few coefficients
outside the diagonally banded area. Because of the non-symmetric
bending it is necessary to calculate the column deflections along
the entire length. In the following sections a general procedure
for computing deflections at a number of discrete points along a

column under biaxial bending is outlined.

)
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5.5 Finite Difference Form of Equations

The equations (5.19) - (5.21) may be expressed in finite
difference form. Let the column length be divided into 'r' equal

segments. The station points are identified as shown in Figure 5.4.

Equation (5.19) in finite difference form becomes:

2
- + = - +
2vi + vi+1)/h + P Cvi v, Pi) MBx zi/L(MBX MTX)

X
Ei (vi_1

* b, MK (0 7ug) /20 - 2 /LMK (0 mug) /20 MK

- + +
g uy,q)/20) + Plu, uimpi)} : e.. (5.22)
where XE is as defined earlier in Section 5.2
i .
'h' is the length of each segment

subscript 'i' denotes any station in the column

subscript 'j' denotes the end station as shown in Figure 5.4.

Using the following notation for the bending moments at station 'i
= - +
Mxxi Mox = 21/ MMy and
Myyi = May = Koyp (87050720 = 2, /LM K, (0y-ug) /2h
+ M - R ¢ 2h
Moy I%yt (u]"l u3+1)/ )
The above equation becomes:
X, (v, ,~2v, + v th + P v, =M + ¢, (M
£, i-1 i i+l i XX, i .
i i i
+ P(ui+u, )) =P v,
impy Py
Then after rearrangement we have:
(Ph2/X, - 2.0)v, = h2/%_. = M__ +hi/x. + 6. ¢ Plutu, )
€ i €y XX, &; i i’ Timp,
+ h2/x e d, M v, .- - hz/x e v =P
£, 4 yy,  i-1 Visl £, imp; ... (5.23)
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Equations (5.20) and (5.21) may be expressed in similar

form and the details are given in Appendix A. They become:

2 2 2
(Ph /Y -2.O)u.=-h2/Y * M -h'/Y s P * u, + h /Y .
¢ - {Mxx. -p (vi + vimp.)} -u g T Wy ees (5.24)
1 1
and
2 2 D2 2
(2CT',h 46 * Cop +6 7 C. ) ¢1= {-M +P (v, + v, p.)} *h
i i i i i
* (u u, - 2.0 (u, +u ) + u, u y+{—M - P
i=1 - mpy i i+l Pj +1 i
2
+ . . -.2. +
(u u .)} h Vi * Vi 2.0 (v, + vimp.) Vi
i i-1 i
+v, 1)-Rc. -2¢c y)(u ,-40u, L +6.0u, - 4.0u
imp, 2 “cf, 2 Ttf, 2 i-1 i i+l
1 1 1
2 2
D D 2 2
tuio) - Gt v G ) by, (D C +D 2 C + G
i i i i
2
2 2 D
R LTI M SRV LY
1 1 1 1
2
D
+ — .
T Cee) " i ... (5.25)
5.6 Method of Solution of Equilibrium Equations

As already stated, the three equations (5.23) - (5.25)
may be solved by successive over relaxation. The total number
of unknown variables depends on ‘'r' - the number of equal segments
into which the column is divided. The new values of the deflections
u, vi and ¢i are determined@ as the sum of the old value plus the
difference between the value given by equations (5.23) - (5.25)
and the old value times an over relaxation factor. Expressing the
value of v for the (n+1)th iterative cycle, equation (5.23), in
terms of values of v for the nth iterative cycle and assuming nodes
to be taken from the end O to‘end L of the column in order, we

have:
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+1
vi(“ b vgn) + 2 {hz/xg M hz/xE . ¢.(n) .
%1 i i s U ¥y
+ h2/X . ¢(n) « P e (n] + u ) - v(h+1) - - al. vin)
£, i Yy imp, i-1 i+1
i i
-n%x, sP v, ) (5. 26)
€ imp,
where a, = Ph2/x - 2.0
1 £,
i
and 0 = the relaxation factor determining the degree of

over relaxation and controlling the rate of

convergence.

Similar expressions for u and ¢ are given in Appendix A.
&, A and Y are the three relaxation parameters. For a
particular set of values of these parameters, different for every
problem, the convergence rate has maximum efficiency. There is
no simple method of determining the optimum values except by trial
and error, but they will always lie between 1.0 and 2.0. Suitable
values were chosen on the basis of exploratory calculations, a

typical result of which is shown in Figure 5.5.

It is seen that equation (5.26) which gives improved
values of v also involves values of u and ¢ and similarly the
equations for u and ¢. In the iterative cycle set up to solve these

three equations simultaneously, the following procedure was

adopted:

a) The iteration for obtaining improved values of v was
carried out from node 3 to node j-1 taken in order
(see Figure 5.4)

b) The iteration for u was then carried out from node 3
to node j-1, introducing in the process the improved
values of v obtained in Step (a).

c) The iteration for ¢ was then carried out using the new

values of u and v obtained in Steps (a) and (b).

This completes one cycle of iteration towards the

solution of the eguations.
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d) The iteration from Step (a) to Step (c) was then
repeated with the improved values of v, u and ¢
obtained from the last iterative cycle. This process

is continued until satisfactory convergence is achieved.

5.7 Convergence Criteria

The finite difference form of the differential equations
are given in Section 5.5 (equation 5.22 and Appendix BA). The
matrix form of the equations although coupled was found to be
basically diagonally dominant. For this type of matrix the
following convergence criterion was found to be suitable in terms

of accuracy and computer time.

Let Gvi, 6ui and 6¢i represent the difference in values
obtained for the deflections at station 'i' for the nth and (n+1)th
iterations. The magnitude of the cumulative error of all the
stations was controlled and was less than a small fraction p of the

cumulative values of deflections of all the stations,

This is expressed as:

i=3-1
EA
b
€ M
i=9-1
A
i=3
V7 sa,
u
i=3
< H
i=§—1
.|
j=3 1
i=§—1
EX
=3 i
< H
e,
b,
i=3

The quantity M was assigned the small value of 1.0 x 10-7.
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Computational Procedure

Based on the above-mentioned procedures for computing

the stiffnesses and then solving the equations of equilibrium,

the following computational procedure was adopted.

Step

Step

Step

Step

Step
Step

Step

Step

Step

Step

1

10

Read in column length, cross-sectional data, stress-
strain characteristics of the material of the column,

residual stress and imperfection data.
Read in the minor axis restraint data.

Read in trial values of the deflections, i.e. v, u and
¢ for all the nodes including the imaginary node 1 and
node (j+1). These deflections can be assumed to be

zero at the beginning.

Read in the constant axial load value and the starting
values of major axis moment and minor axis moment for

end 0.
Read in the ratio of end moments.
Compute the initial deflections due to imperfections.

Compute the total external moments at all the nodes

from node 2 to node j.from equations (4.5) and (4.6).

Solve the cross-sectional equations at each node, i.e.
find values of 0, p and Zn at each node as described

in Chapter III.

Compute the stiffness properties at each cross-section

from equations (5.3) - (5.7).

Using the stiffnesses obtained from Step 9, solve the
equilibrium equations for the deflected shape of the
column by the iterative technique discussed in

Section 5.6.

If the solution fails to converge according to the

convergence criteria adopted after a specified large number

of iterations or the values start diverging, then it is assumed

that a stable deflected shape does not exist. One then proceeds
to Step 15.
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If the solution converges proceed to Step 11,

Step 11 From this new deflected shape compute the total

external moments as described in Step 7.

Step 12 Repeat Steps 8, 9 and 10 so that another set of

deflections is obtained.

Step 13 Compare the deflections obtained from Step 12 with

those obtained previously.

If the values of the deflections differ by less than a
specified amount at each node a satisfactory stable deflected
shape has been obtained. One may then proceed to Step 14.
Otherwise it is necessary to go back to Step 11. If a stable
deflected shape is not obtained after repeating this process
for a specified number of cycles it is assumed that a stable
deflected shape does not exist. one then proceeds to Step 15.

Step 14 Increase the major axis moment by a specified amount
keeping axial load and minor axis moment fixed, and

repeat from Step 7.

Step 15 If no convergence is obtained either in Step 10 or
Step 13 within a specified number of cycles, the major
axis moment increment may be reduced by a certain ratio
and Steps 7 - 13 may be repeated until the value of the

increment diminishes to a specified small value.

Step 16 The highest value of the major axis moment for which a
stable deflected shape is obtained is taken as the
failure moment of the column for the specified axial

load and minor axis moment.

Certain intuitive ideas have been introduced in order to
obtain fast convergence. In Step 10 the iterative technique
employed to calculate the deflected shape is based on the stiffnessas
calculated previocusly. The stiffnesses change slightly as one
moves from one moment-thrust-curvature plot to another. Since the

changes in minor axis moments due to deflection effects are small and
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the axial load is kept constant, an attempt is made to modify the
major axis stiffness after each iteration. This is shown in
Figure 5.6 where AM is the change in major axis moment due to the
improved deflection values obtained after a single iteration.

The slope of the M —pg is approximately equal to the true Mg—p

§ £

curve slope since changes in M, are negligible. On the basis

n

of this Mg_pi slope at that point the modified stiffness is found

by linear extrapolation, as shown in Figure 5.6. This has resulted

in a fair improvement in solution time.

Another intuitive idea introduced is indicated in Figure 5.7.
The assumed deflections for the next major axis moment increment
are obtained by linear extrapolation from the two previous solutions.
These deflections are fairly close to the true solution and this

has resulted in a significant reduction in solution time.
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CHAPTER VI

COMPARISON OF THEORETICAL & EXPERIMENTAL

RESULTS

6.1 Introduction

Based on the procedures outlined in the foregoing chapters,
two computer programs were developed for use on the CDC 6400/7600
computers. The first program was developed for solving the cross-
sectional equations for any given multilinear stress-strain relation-
ship for the flanges and web and the iterative technique outlined in
Chapter III formed the basis. The first program is also incorporated
in the second program in the form of a subroutine. The second
program follows the computational steps outlined in Section 5.8 of
Chapter V and tfaces the load deflection response of an H-column,
i.e. major and minor axes deflections and twist, in biaxial bending
till failure, The program calculates the actual deflected shape
and asymmetrical bending along the column is taken into account.
Residual stresses may be included in both the programs. Initial
imperfections about the major and minor axms can be considered in
the form of cosine waves. The program has been recently modified
to include torsional imperfections and could also be altered to

cover other end conditions and load paths.

An example is given to demonstrate the accuracy of the
program for the solution of the cross-sectional equations by com-

paring results with another existing program.

Several examples are given where solutions to the differen-
tial equations governing biaxial bending with torsion in the elastic

range are compared with existing published solutions.

Theoretical results from the second program- are compared

with the experimental results described in Chapter II.
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6.2 Verification of the Moment-Thrust-Curvature Relationships

To check the validity of the program a comparison was
made with results obtained from an existing moment-thrust-curva-
ture relations program developed by Virdi and described elsewhere(14)

The details of the example chosen are as follows:
(a) Section 8 in x 8 in @ 48 1b
(b) Axial load: 200 tons

(c) Stress-strain relationships: Those obtained from
material tests shown in Figure 2.14 were used. The
curves marked 2 and 3 were used for the flanges and

web respectively.
(d) . No residual stress was introduced.

The moment-thrust-curvature relations obtained by Virdi
were based on the Lagrangian interpolation technique and the results
are shown in Figure 6.1. It may be seen that there is very close

agreement with the results from the Author's program.

6.3 Verification of the Biaxial Bending Equations in the

Elastic Range

The differential equations governing bending and torsion
are Equations (5,19) - (5.21). The accuracy of the accelerated
iterative technique described previously for solving the above
differential equations was examined with Culver's solutions.

(34)

Culver has provided solutions for symmetrical biaxial bending

in the elastic range and obtained analytical solutions to the
differential equations of equilibrium. The published results are
thus accurate from this aspect. The examples chosen for comparison
are Prob.2 and Prob.4 of the above-mentioned publication, so that
both free warping and restrained warping cases are covered. The
cross-sectional properties of the examples chosen are summarised in
Table IIT. The results of the 'warping free' case (Prob.2) due to
Culver are compared with those from the program and are summarised

in Table IV and Figure 6.2. The results for the 'restrained

warping' case (Prob.4) are summarised in Table V and Figure 6.3.
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It may be seen that the results are in close agreement with those
of Culver and slight differences are probably attributable to the
differences in numerical approach.

(35)

Syal and Sharma have provided numerical solutions to
asymmetrical elastic biaxial bending equations. This includes the
case of double curvature biaxial bending. The solution of the
differential equations of equilibrium was simplified by assuming

a power series solution. The various constants at a particular
load level were evaluated from the boundary conditions and consider-
ing equilibrium at the quarter points and mid-point along the length

of the column.

Since the iterative technique developed is for asymmetric
bending, solutions of an elastic problem are compared with those
given by Syal and Sharma. The example chosen is Column 15 in the
paper mentioned above. The cross-sectional properties of the
example chosen are tabulated in Table VI. The results obtained
are summarised in Tables VII- IX and Figure.6.4. It is seen that

the results are identical within the range of numerical accuracies.

6.4 Comparison of Theoretical and Experimental Results

One of the aims of the theoretical study was to simulate
the experimental conditions and attempt to correlate between theory
and experiment. The experimental results of the tests have been
discussed in Chapter II, Sections 2.10 and 2.11. Theoretical

correlation with the results will be considered in this Section.

Full-scale experiments involve uncertainties, some of

which are mentioned below:

(a) Variations in stress-strain relations in different

parts of the column.
(b) Magnitude of residual stress and variation.
(c) Simulating theoretical support conditions and loading.

(d) Variations of initial imperfections along the column

length not being the normally assumed cosine wave.
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(e) Variations in cross-sectional dimensions along the length.

(f) Presence of torsional imperfections.

A possible combination of several of these effects can
make accurate correlation with experimental results unlikely.
Therefore only a general correlation with experimental results was
sought. It is not possible for example to cover all possibilities
under (a) and (b) and therefore an exhaustive study of material
properties was not considered justified. As already mentioned,
cold straightening of the column length could have totally altered
the residual stress distribution over a critical length. Residual
stresses were therefore generally not included in the theoretical
calculations for correlation with experiments, but their effect was
investigated for one of the columns and this is discussed. Material
properties obtained were different for flanges and webs and these
were taken into account in the theoretical calculations. The
material properties across the flanges were considered uniform, but
in actual practice they vary along the width of the flange. To
account for these variations, even if relevant data were available,

would involve excessive solution time on the computer.

Initial imperfections were measured at mid-point of the
column and assumed to vary as a cosine wave along the length of the

column.

Cross-sectional dimensions were measured at three points
in the column and the average of the dimensions was used in the

theoretical calculations.

Computer results were'obtained for all the test columns
described in Chapter II, except column Al. The load path followed
in the calculations was the same as that described for those
experiments. The minor axis bending moment in the calculations
was kept constant, except in the case of the restrained column, C1,
at a value of 4.0 t.in. and was considered to be applied at both
ends to produce single curvature bending. All the theoretical

results have been expressed graphically along with experimental
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points. The theoretical and experimental results are summarised

in Table X.

In view of the r_epeated number of loadings and unloadings
undertaken in testing column Al, and therefore certain doubts about
the reliability of the results as already mentioned in Chapter II,
Section 2.10.2, no theoretical calculations have been made for this

column.
Column A2

This was a short column and the lightest rolling 8 in x 8
@ 31 1bs (203 mm x 203 mm @ 46 Xg). The axial load was 0.805 P/Ps
with the weaker axis slenderness ratio being 43. The theoretical
curve and experimental plots are shown in Figures 6.5 and 6.6.
Torsional deflections are not shown as these were negligible in the
experiment and calculations. The theoretical collapse moment
indicated is 162 t.in. which is approximately 18% higher than the
experimental value. The stress-strain curves for this type of
cross-section are shown in Figure 2.16 and the higher yield stress
of 24 t/in2 was used in the calculations. Residual stresses could

have been present and their effect was not investigated. A combi-

in

nation of the above two factors may be the cause of the lower experi-

mental collapse moment. The concept of total column strength was

discussed in Chapter II, Section 2.11. Considered in terms of total

column strength, the correlation of 0.99 was very satisfactory.

The significant aspect of column behaviour to be noted from

this experiment is the in-plane behaviour at this high axial load
with low slenderness value. The calculations also predicted this
type of behaviour and in this respect correlation is good. These
computer results clearly indicate in-plane behaviour with small
minor axis deflections. In the presence of imperfections, the
definition of in-plane behaviour is not however always clear and

this point is considered in the next chapter.

The experimental minor axis deflection results show some-
what peculiar behaviour and consequently some discrepancies with
the theoretical result. This was however not followed up, being
relatively insignificant in the overall context. The correlation
with experimental end rotation values and major axis deflections

are in general reasonable.
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Column A3

This was another short column of the lightest rolling
8 in x 8 in @ 31 1b (203 mm x 203 mm @ 46 Kg). The axial load
was 0.665 P/PS with the weaker axis slenderness ratio being 43,
The theoretical and experimental plots are shown in Figures 6.7
and 6.8. Torsional deflections again are not shown as these
were very small. The theoretical collapse load for this column,
using the higher yield stress of 24 t/inz, is 272.0 t.in. This
is only 5% lower than the experimental value, and considering

overall column strength, the correlation of 1.01 is good.

This column again performed in an in-plane manner
and this aspect of correlation with experiments is alse good.
There are some discrepancies between theoretical and experimental
minor axis deflections, but this was not followed up any further.
Theretical major axis deflections and end rotation correlate

reasonably well with experiments.

Column Bl

This column was a heavier rolling of the section -
8 inx 8 in @ 48 1b (203 mm x 203 mm @ 71 Xg). The axial load
was 0.8 P/PT.with the weaker axis slenderness ratio being 359.
The theoretical and experimental plots are shown in Figures 6.9 -
6.11, In the theoretical calculations the stress-strain curve
marked 2 in Figure 2.14 was considered for the flanges and the
curve marked 3 for the web. The curve marked 2 was idealised
as a multilinear curve with ten divisions. The theoretical
collapse moment without any residual stresses was 600.0 t.in.
This is 11% higher than the experimental value. The effect of
residual stresses was investigated for this column and it is the
only case in which this was done. As mentioned earlier in

(28)

Chapter III, the AISC residual stress pattern was used with
Ofc =5.0 t/inz. The theoretical results obtained are alsoc shown

in Figures 6.9 - 6.11 with dotted lines. It can be seen that the

theoretical collapse load is then 544.0 t.in. which is only 0.8%
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higher than the theoretical collapse load. For this column and
other columns of Series B, considering overall column strength
shown in Table X, the correlation is good, and the effect of
residual stress viewed in this perspective is small. The signi-
ficant aspect of column behaviour to be noted is the gradual
increase of out-of-plane deformations and the final collapse by a
combination of excessive minor axis deflections and twisting.

The general pattern of correlation with experimental values is
good. The theoretical minor axis deflections follow the experi-
mental trend of increasing more rapidly than the major axis deflec-
tions and consequently produce out-of-plane failure. The computer
results thus indicate out-of-plane failure. Correlation with
experimental end rotation, major and minor axes deflections and

twist are good for the.theoretical curve with residual stress.

Column B2

This column was also the heavier rolling of the section -
8 in x 8 in @ 48 1b (203 mm x 203 mm @ 71 Kg). The axial load
was 0.7 P/PT with the weaker axis slenderness ratio being 59. The
theoretical curves and experimental points are shown in Figures 6.12
to 6.14. For this column another set of material tests was carried
out on specimens cut from the small-moment-end of the column and
this is the only instance where this was done. The stress-strain
relationships were basically similar to the ones shown in Figure 2.14
with slight variations and are therefore not reproduced again. The
theoretical collapse load, with the stress-strain relationship for
the flange and web as obtained, was 686.0 t.in. This is approxi-
mately 16% higher than the experimental collapse load. Residual
stress was not included in the calculations. One possible explanation
may be that quite high residual stresses were present in this column.
Also stress-strain relations could vary along the length of the

column.

For this column as well, the behaviour was marked by the
gradual increase of out-of-plane deformations and the final collapse

by a combination of these deformations. The general pattern of
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correlation with experimental values is gocd. The computer
results indicate out-of-plane failure. Correlation with experi-
mental end rotation and major axis deflections are good but there
are discrepancies in the minor axis deflections and tiwist. These

may be due to variation in the initial imperfections.

‘Column B3

This column was of a lighter rolling - 8 in x 8 in @
35 1b (203 mm x 203 mm @ 52 Kg). The axial load was 0.69 P/PT
with the weaker axis slenderness ratio being 61. The theoretical
curves and experimental points are shown in Figures 6.15 - 6.17.
The stress-strain relationships used in the calculations are shown
in Figure 2.15 and were introduced into the computer program in
the same way as mentioned previously. The theoretical collapse
load is 306 t.in. This is only 2% higher than the experimental
collapse load. No residual stress was included in the calculations.
This column also failed by a combination of minor axis bending and
twisting. The general pattern of correlation with experimental
values is good, the computer results indicating similar behaviour.
Correlation with experimental end rotation, major and minor axeés
deflections are good. Correlation with twist values recorded,

however, shows some discrepancies.

Column B4

This column was of the same rolling section and length
as B3. As discussed previously this column was tested under a
reduced axial load of 100 tons, to investigate out-of-plane stability.
When the end rotation of 0.16 radians was reached during the experi-
ments, the axial load was increased keeping the end joint rotation
constant. The load path followed during the experiment is shown
in Figure 2.33. The theopretical curves and experimental points
for the first phase of the test when the axial load was kept constant
are shown in Figures 6.18 - 6.20. The stress-strain relationship
included in the calculations was the same as the previous column B3.

No residual stress was included in the calculations. The correlation
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with experimental major and minor axes deflections is good while
there are discrepancies in the end rotation and twist values.

(25}

As the axjal load was increased plastic 'moment_shedding'
occurred. This is depicted in Figure 2.34. The computer program
was modified to obtain stable deflected shapes under_increasing
axial loads with major and minor axes moments held constant. The
ultimate theoretical axial load obtained was 140 t.in. and the
major axis moment was 380 t.in. The theoretical axial load is
12.5% lower than the experimental value, but this is to be expected
because plastic 'moment shedding' occurred during the tests. Con-
sidering overall colum strength, the correlation of 1.016 (Table X)
is good. Theoretical plots for this part of the test (axial load

increased) are not shown.

Column C1

This was the longest column tested from the heavier
rolling section -8in x 8 in @ 48 1b (203 mm x 203 mm @ 71 Kg).
The slenderness ratio about the weaker axis was 74. As discussed
previously in Chapter II this column could not be expected to
sustain high axial loads. Accordingly, minor axis restraint was
introduced into this test. The minor axis restraint estimated
after the test was approximately 3100 t.in/rad. This value was
used for the theoretical calculations. The column was tested
initially at an axial lcad of 150 tons. This part of the test
has been termed phase 2 in Chapter II. The stress-strain curves
included for computations were the same as those for column Bl.
Residual stresses were not considered for calculations. The load
path followed is shown in Figure 2.39. The theoretical curves and
experimental points for phase 2 are shown in Figures 6.21 - 6.23.
Correlation with experimental end rotation, major and minor axeés

deflections and twist is good.

The next part of the test, phase 3, consisted of increasing
the axial lcad till failure. As depicted in Figures 2.39 and 2.40

plastic 'moment shedding' occurred. At 200 téns the major axis
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moment was increased by a small amount and then again axial load

was increased till failure which occurred at 220 tons. The

computer program was modified, as in the case of column B4, to

obtain stable deflected shapes under increasing axial loads with
major and minor axes moments held constant. Theoretical curves

for major and minor axes deflections and experimental points for

this part of the test are shown in Figure 6.24. The slight increase
in major axis moment when the value of the axial load was 200 tons

was not considered in the computer program. The theoretical collapse

load is 208 t.in. This is approximately 6% lower than the experi-

mental value. This is quite expected because in the computer
program the major axis support conditions are "pin-ended”, and

. . 2 . . .
plastic 'moment sheddlng'( 3) cannot occur. Again, considering

total column strength, Table X, the correlation of 1.017 was good.
The experimental points, Figure 6.24, indicate smaller deflection
values, but this is thought to be a direct consequence of plastic
moment shedding during the experiment. The restraining moments
developed about the minor axis, both theoretical and experimental,
are shown in Figure 6.25. The theoretical curve is for the end-
moment end while experimental points for both ends of the column
are shown. Higher restraining moments were developed during the
experiment than predicted theoretically. This has contributed

towards the higher experimental collapse load.

A typical analysis, for calculating the collapse moment

of these columns, took about 1000 seconds on the CDC 6400 computer.
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CHAPTER VII

APPLICATIONS, DISCUSSION AND CONCLUSION

7.1 Introduction

It was observed in Chapter II that the failure modes of
columns in Groups A and B were different. The columns in the
former group failed in plane while those in the latter group failed
by lateral torsional buckling. The question of what is a lateral
torsional buckling mode failure for a column with imperfections is
not always clear, and this chapter starts with a general discussion
of this type of failure, with suggestions on possible criteria to

identify it.

The steps in the development of the computer program for
' calculating failure loads of columns in biaxial bending have been
described in the previous chapters. The torsionally stiff section
8 ins x 8 ins @ 48 1b (T = 75.2 t/in2) which has been recommended
(16)

as being suitable for plastic action with grade 50B steel was
then chosen for a theoretical study to explore safe slenderness
limits for in-plane behaviiur. Results of the theoretical calcu-
lations obtained from the program are compared with one existing

(16)

set of published charts presented by Professor Horne,

The computer program developed also included minor axis
end restraint, The effect of minor axis restraint on the ultimate
failure moment and its influence on lateral torsional buckling mode
failure is explored next. Theoretical calculations on the same
(8 ins x 8 ins @ 48 1b) section were carried out with the objective
of exploring the effective increase in slenderness limits for in-
plane behaviour. These are again compared with the previously

(16)

mentioned charts presented by Professor Horne. Concluding
remarks on the experimental programme and a summary of the theoretical

work are finally given,

7.2 What Constitutes LTB Failure?

The theoretical approach to date adopted towards the
lateral torsional buckling problem has been the mathematically
correct eigen value approach, In this approach lateral torsional

buckling is a clearly defined bifurcation point on the equilibrium
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path. A perfectly straight wide flange member which is subjected
to an axial force and to end moments about the strong axis of the
member will deflect in the plane of the applied moments as long as
the moments and axial force are below certain critical values.

At the instant of attainment of the critical condition bifurcation
of equilibrium will take place and failure is initiated by lateral
deflection and twisting of the member.

Typical idealized inelastic beam-column behaviour is
illustrated in Figure 7.1(a), where the schematic relationship
bétween the applied end moment, Mx and the resulting end slope, 80,
is shown for a wide flange member bent about its strong axis. The
axial force, P, and the end moment ratio, B, are assumed to remain
constant as the moment Mx is increased from zero to its maximum

value and past the maximum moment into the unloading zone.

Failure, i.e. unloading of the moment capacity, may be

attributed to two major causes:

(a) If lateral torsional buckling is prevented by suitable
bracings placed at appropriate intervals within the
span of the member, failure will be due to excessive
bending in the plane of applied moment(ZO). This is
the optimum expected performance of the beam-column
and the resulting Mx - 80 curve is the upper branch
of the curve in Figure 7.1(a). The corresponding

maximum moment is M;
max

(b) If no lateral bracing is provided, failure may be due

to lateral torsional buckling, and the resulting

maximum moment M; (see lower branch of the curve
a .
in Figure 7.1(a) MaX i1l be lower than M; . The
. . ax
maximum point on this curve is reached n after

bifurcation of the equilibrium occurs at a moment
equal to Mx . At the attainment of Mx . it is
possible fof  the member to be in two infgﬁitely close

equilibrium positions:
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(i) where the deformations lie all in the original plane

of bending

(ii) where the member is also twisted and deformed in the

lateral direction.

The value of Mx for inelastic beam columns may be
determined numerically froh an eigen value solution. The case of
one end moment (end moment ratio B = 0) has been solved by
Galambos and Fukomoto(6). The details of this work have been

summarised in Chapter I and therefore are not repeated here.

The above theoretical approach assumes that the column
member is perfectly straight. However, a practical beam column
is bent about the major axis with imperfections about the minor
axis and this in the presence of axial load gives rise to minor
axis bending and out-of-plane deformations. This transforms
the problem into one of biaxial bending. There is no buckling in
this situation and the eigen value approach can no longer be used.
The column Mx - 60 deformation curve in this case is characterised
only by a failure moment and to determine this one has to trace the
complete locad-deformation characteristics from the initiation of

plasticity.

As may be seen from equations (4.25) - (4.27) in
Chapter IV, the differential equations of equilibrium for the
biaxial problem are coupled. This implies that all the three
deformations, i.e. major and minor axes deflections and twisting,
would be present from the very initiation of loading in the presence
of imperfections and theoretically there cannot be an in—plang
failure. However, such an imperfect column loaded in the manner
stated above, depending upon the axial load and slenderness, may
either develop severe minor axis bending and twisting and fail in
a distinctly lateral torsional buckling mocde or, alternatively, it
may predominantly deform in plane. The problem of differentiating
the 'primarily in-plane' failure from the 'lateral torsional

buckling mode' failure arises in such cases and is now considered.
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Deterioration of the lateral and torsional stiffnesses
during major axis bending is the primary cause of out-of-plane
instability where this is dominant. Viewed from the deterioration
of stiffness point of view, there exists an elastic critical
moment for out-of-plane instability based on the deteriorated
lateral stiffnesses. The behaviour, for the idealised case
with no imperfections, is illustrated in Figure 7.1(b). At
various points 1, 2, 3, 4, along the in-plane deflection curve
there exists a set of deteriorated lateral stiffnesses and the
corresponding elastic critical moments are shown as Ml' M2, M3
and M4. It is seen that as the lateral stiffnesses deteriorate,
the critical moments diminish and they can approach the situation

reflected in Figure 7.1(a) where lateral instability occurs before

the maximum in-plane strength is reached.

If, however, lateral imperfections are present in the
column, this situation is modified. Out-of-plane deformations
are present from the initiation of loading and the growth or
magnification of these deformations prior to failure is dependent
on the prevailing lateral stiffnesses. These stiffnesses in turn
are reduced as a result of the biaxial forces associated with these
magnified imperfections. Therefore a column which could in theory
have remained stable and failed in-plane may, in the presence of
imper fection, change its failure mode to lateral torsional buckling.
Considering behaviour in general, except for very stocky columns,
minor axis and torsional imperfections will always be magnified
prior to failure and the problem is to decide where these are
significant. If the elastic critical moment is high as failure
is approached the failure will be predominantly in-plane but for
lower values there will be a gradual transition to lateral torsional

buckling failure.

The range of possible cases is illustrated in Figures 7.2
to 7.4, where typical deflection curves for beam-columns with
imperfections are shown. The schematic relationship between the
applied major axis end moment Mx and the resulting end rotation Bo'

the major and minor axes deflections, v and u, and the twist ¢ are
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shown for the load case = axial load P held constant and major

axis moments increased to failure.

In Figure 7.2 the behaviour of a beam column which may
for all practical purposes be called in-plane failure is demonstrated,

It is characterised by these features

(a) During the application of the major axis moment increments
the growth of the minor axis deflections is small - the

minor axis deflection curve being nearly vertical.

(b) The slope of the major axis deflection curve near the

peak, X , is less than the slope of the minor axis

dv
deflection curve, X , indicating predominantly major

du

axis bending.
(c) The growth of the twisting deformations is also small.

A column with this type of load deformation characteristics
would continue to deform essentially in-plane beyond the peak of the
Mx - 60 curve, As mentioned earlier in Chapter II, the columns in
Group A failed in the plane of applied moments. The load defor-
mation characteristics were very similar to that shown in Figure 7.2.
These columns are likely to reach a high proportion of the total
column strength as also discussed in Chapter II, Section 2.11.

The experimental results also indicate this (Table II).

In Figure 7.4 is shown the behaviour of a column which
is clearly a lateral torsional buckling mode failure. The charac-
teristics are distinctly different from those shown in Figure 7.2

and the main features are:

(a) During increase of the major axis moment, the increase
of minor axis deflections is initially small but they
progressively increase at a faster rate with further
increase of major axis moments. The slope of the minor
axis deflection curve near failure is less than the slope
of the major axis deflection curve. This indicates

predominantly out-of-plane failure.
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(b) The growth of the twisting deformations is excessive and
near the peak the slope of the curve is nearly zero,

indicating very little torsional resistance.

The columns inGroup B failed in this mode, as reported in
Chapter II, and the load-deformation characteristics were very
similar to those shown in Figure 7.4. Columns of this type are
not likely to reach as high a proportion of the total column strength
as those in Group A (see Table II).

In Figure 7.3 is shown the behaviour of a column which may
be said to be on the boundary of in-plane failure. The characteristics
lie somewhat in the middle of the two cases illustrated earlier in
Figures 7.2 and 7.4. To be able to classify column behaviour for
design purposes, it is obviously necessary to establish criteria
defining limits for what is essentially in-plane behaviour, even

though no clear theoretical demarcation exists.

It may be seen from Figures 7.2 and 7.4 that the slope of
the curves near failure is an indication regarding its mode of
failure, i.e. X, “X and _X . Therefore two possible criteria

a

du av
can be on the basis of:

(i) an absolute value on the ratio of the slope of the
minor axis deflection to the major axis deflection near

failure

(ii) an absolute value on the ratio of the slope of the
twisting deformations of the initial part of the

loading to that near failure.

Thus for primarily in-plane behaviour (0 < 8 € + 1.0) the following

criteria are suggested:

de de
(a) (75;0 3 K, (=)
failure failure

where

minor axis deflection (mid-column height)

1l

major axis deflection (mid-column height)

major axis end moment

<
Q'N xz =]
I

empirical constant, suggested value 1.5.



91

dm am
b - .aM .G
®) ) € K, D
failure initial
where ¢ = twisting deformation (mid-column height)
Mx = major axis end moment
K¢ = empirical constant, suggested value 30.0

In calculations the slope of the twist curve of the

initial part is taken as the average up to half the failure moment.

Based on this approach calculated beam column cases have

been identified as in-plane failure or lateral torsional buckling.

7.3 Ultimate Load Design Predictions

The failure modes of beam columns, with minor axis
imperfections and subjected to major axis bending, were discussed
in the preceding section. Lateral torsional buckling limits for
such beam columns are clearly of importance in relation to ultimate
load design. This is particularly the case in methods of design
based on the estimation of collapse loads, where the concept of
in-plane behaviour with possible plastic hinge action at either or

both ends is being considered.

The full scale tests, reported earlier, at high axial
loads had confirmed the importance of slenderness as a key para-
meter affecting out-of-plane stability. I1f plastic hinge action .
is to occur in an H-section member subjected to major axis bending
without premature collapse due to lateral torsional buckling, the
level of axial load permitted must be controlled in relation to
the weaker axis slenderness ratio. In an effort to explore such
out-of-plane buckling limits for various combinations of axial
load and slenderness ratio, the following set of theoretical
calculations were undertaken. Also the effect of minor axis

restraint in raising these limits was examined.
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7.3.1 Exploratory Calculations

The torsionally stiff section 8 ins x 8 ins @ 48 1b
(T = 75.2 t/inz), which has been recommended as being suitable for
plastic action(le) with grade 50B steel was selected for the

theoretical calculations. Other details are:

(a) stress-strain relationship: bilinear (i.e. elastic-

perfectly plastic) for the flanges and web

(b) yield stress - Y_ = 22.5 t/in2

S
(c) residual stress: AISC pattern: crc = 4,5 t/in2
(see Chapter III, Section 3.4).

(d) end moment ratio (major axis): B = 0.15 (single curvature

bending)

(e) minor axis disturbing moment: 4.0 t. in. (maintained
constant) with end moment ratio B = 1.0 (single

curvature bending).

(f£) initial imperfections: L/1400 - minor axis
1,/2000 - major axis

(approximately)

For this type of beam column it has been mentioned
earlier that there was no precise bifurcation of equilibrium point
and certain criteria were suggested to identify 'primarily in-plane’
failure from lateral torsional buckling. A large number of calcu-
lations, which gave the complete load deflection response of the
beam columns, was undertaken and classified by this criteria. The
combination of mean axial stress, p, and slenderness ratio, Z/ry,
which have been identified as giving 'primarily in-plane' failure

are given below:

p (t/in?) L/cy
(a) 14.9 43
(b) 7.1 59
(c) 4,96 74

(@) 2.48 100
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In Figure 7.5 are shown the load deflection characteristics
to failure as obtained from the computer program, for £/ry = 74
and axial stress p = 4.96 t/inz. This is considered to represent
'primarily in-plane' failure. The load deflection characteristics
for the other cases (a), (b) and (d) are similar to those shown in
Figure 7.5 and are therefore not reproduced. The main features

are:

(a) Minor axis deflections are not excessive and the slope
of the minor axis deflection curve near the peak is
more than the slope of the major axis deflection curve
indicating predominantly major axis bending. The
value of Kd'

is more than 1.5 in all the cases.

the empirical constant defined earlier,

(b) Twisting deformations are small. The value of K¢ is

less than the suggested value of 30.0 in all the cases.

Based on these load deformation paths, which show no
tendency towards lateral torsional buckling mode failure, is drawn
the predicted slenderness limits for in-plane behaviour as shown
in Figure 7.6. This curve would provide limits for the safe
combination of axial load and slenderness under which columns may
develop plastic hinge action without premature lateral torsional
buckling. It should be emphasised that this predicted curve is
conservative in the high axial load range and only tentative being
based on the in-plane failure criteria defined in the preceding

section.

7.3.2 Comparison with Design Charts (BCSA Publication No. 23)
(16)

Professor Horne has provided similar design charts
for deriving the maximum permissible mean axial stress for plastic
hinge action at either or both ends. These charts were derived,
as reviewed earlier in Chapter I, on the basis that plastic hinges
may form at either or both ends of the column but the yield stress
must not be reached at mid-column height. This was a severe

limitation and hence the apparently conservative nature of
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Professor Horne's curves, for the appropriate B and T value,
as shown in Figure 7.6 is not surprising. His charts excluded
the effect of residual stresses. In the calculations described

earlier, the AISC pattern of residual stress was considered.

In the absence of any computer program to calculate
lateral beam instabilities, (i.e. the limiting case when axial
load is zero) the limiting slenderness for zero axial load as
suggested by Professor Horne is accepted and the predicted curve

extended to that point.

Another set of exploratory calculations, based on an
exactly similar approach to those already described was under-
taken for the B = 0.4 case. These were intended to explore the
sensitivity of the slenderness limits to variation of end moment
ratio B for a case approaching more uniform single curvature
bending. Professor Horne's curves are sensitive in this range
(i.e. 0.0 £ B £ + 1.0) and it was thought that this would be a
direct consequence of the stability criteria of not exceeding
the yield stress at mid-column height. The theoretically pre-
dicted curve for this case (B = 0.4) is shown on Figure 7.7 along
with Professor Horne's prediction and again confirms the conser-
vative nature of his approach. Also shown are the curves for the
B = 0.15 case for comparison and it is seen from the predicted
curves that the sensitivity to B value is not so severe as indicated

by Professor Horne's design curves.

The effect of variation of T value has not, however, been
investigated theoretically and this could have as much effect as

the level of axial load in establishing slenderness limits.

Slenderness limits for the B = + 1.0 case have not been
established. Nevertheless, it appears from Figure 7.7 that in the
high axial load range (P/PS > 0.4) the slenderness limits are almost
insensitive to B values. ° It seems to indicate that one slenderness
limit could cover all the cases between 0 < B < 1.0 and would be

significant from the design point of view.
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7.4 Effect of Minor Axis End Restraint

It was mentioned in Chapter II that Column Cl1 was
tested with minor axis restraint. Although the ultimate failure
was in the lateral torsional buckling mode, it sustained higher
moments than it would have done without the restraint. This was
achieved, as pointed out, with relatively light restraint. This
phenomenon has been confirmed by a series of theoretical calculations
on the same Column Cl. The stress-strain relations used are those
from Figure 2.14, the curve marked '2' being used for the flange
and the one marked '3' being used for the web. Calculations for
the pin-ended case are presented first for easier comparison. All
the major and minor axes deflections and twist results now presented
are for mid-column height only. Figure 7.8 shows the load-
deflection characteristics up to failure for the above-mentioned
column with an axial load of 150 tons under pin-ended conditions
and B = 0.15. A small minor axis moment of 2.0 t. in. producing
symmetrical single curvature bending about this axis was maintained
constant throughout the computer calculations. The results as- may
be seen from Figure 7.8, indicate lateral torsional buckling failure
at a moment of 750 t. in. The slope of the minor axis deflection

dm
curve, — %X , near the peak is nearly zero and is less than the major

du
axis deflection curve slope, dMX . Twisting deformations are large
and the slope of the curve neé?’the peak is virtually zero. The

value of K¢ (the empirical constant defined earlier) is approximately

198.2 which implies excessive torsional deformation.

The results for the same column with minor axis restraints
are shown in Figures 7.9 and 7.10. Calculations with minor axis
beam stiffnesses of 12,000 (Kbyb/KC = 0.58) and 20,000 t. in./radian
(Kbyb/KC = 0.97) are shown. The net result is an increase in the
failure moment by nearly 30%. As may be seen from Figures 7.9 and
7.10, the minor axis deflections are very much reduced compared to
those in Figure 7.8. It can be seen that a minor axis restraint
of 12,000 t. in./radian (Kbyb/KC = 0.58) is not effective in
preventing twisting deformations at mid-column height. Twist values

are large and a situation of torsional buckling is indicated. The
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value of K, for this end restraint case (Kb' /¥_ = 0.58) is
¢ yb' " C
approximately 67. This is greater than the suggested value of

30.0 and implies excessive torsional deformation.

The effect of a stiffer restraint of 20,000 t.in./radian
(Kbyb/KC = 0.97) is shown by the dotted lines in Figures 7.9 and
7.10. Although the ultimate moment is not increased, the failure
is essentially in-plane. Torsional deformations are much smaller
and the value of K¢ is less than 30.0. The calculations for this
case therefore suggest that higher restraints would be necessary
to obtain satisfactory in-plane performance than would be necessary

to obtain the optimum ultimate moment capacity.

In the above example the presence of minor axis end
restraints of 12,000 and 20,000 t. in./radian resulted in an
increase of the failure moment by about 30%. It was obviously
of interest to know the minimum amount of restraint which could
provide full fixity regarding collapse moment for all practical
purposes. This was investigated by varying the minor axis end
restraint and the variation of ultimate moment associated with
this is shown in Figure 7.11. The distinct improvement in the
moment carrying capacity due to quite small restraint emerxges
quite clearly from the left part of the curve (Figure 7.11). A
restraint of only 7,000 t.in./radian (Kbyb/KC = 0.34) seems to
give nearly the maximum moment obtainable. The curve then becomes
almost horizontal, indicating that little further benefit can be

derived by increasing the restraint.

In the same plot (Figure 7.11) is shown the benefit to
be derived when the restraint is applied at one end only. It can
be seen that restraint at the greater moment end is more effective
than restraint applied at the smaller end (B = 0.15 for the beam

column under discussion). This can be explained as following:

Pin-ended beam columns at failure would develop a partial
plastic hinge somewhere inside the column and would produce a
collapse mechanism. Now the position of this plastic hinge is
dependent upon the loading conditions. Symmetric single curva-

ture bending (B = + 1.0) would produce this partial plastic hinge
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at mid-point of the column. In the example considered above,
the beam column was subjected to a major axis moment gradient

(B = 0.15). Coupled with this was the condition of high axial
load and minor axis moments associated with imperfections. This
resulted in the formation of a partial biaxial hinge at about the
third point of the column. The hinge formation is far from
complete, as one flange only is plastic and the other elastic.
Nevertheless, it would produce a possible collapse mechanism

shown below:

Moment end Elastic end

—

Column Collapse Mechanism

It is now obvious that providing restraint at the end nearer to
the hinge would be more effective and invariably delay the for-
mation of this partial biaxial hinge at about the third point.
Restraint provided at the far end would have much less influence
on the formation of this hinge, and hence this would produce a
lower collapse moment than the other case of restraint at the
nearer end. The theoretical results (Figure 7.11) confirm this

view.

7.4.1 Ultimate Load Design Predictions With Minor Axis Restraint

The slenderness limits for 'primarily in-plane' behaviour
for pin-ended columns were investigated in the preceding section.
The effect of minor axis restraint on these slenderness limits
will now be discussed. The previously illustrated case of B = 0.15
with minor axis restraint at both ends is chosen again for the
theoretical calculations. Other details are exactly similar to
the example described in Section 7.3.1, except that no minor axis

moments are applied in this case.



98

The minor axis restraint stiffness was 20,000 t. in./
radian and was selected as a typical value on the horizontal part
of the curve in Figure 7.11 (discussed earlier) and which would

provide the maximum ultimate moment.

Since there is no direct way of determining the
slenderness limits which conform to the in-plane criteria mentioned
earlier, a large number of calculations were again undertaken.

The complete load deflection response of each beam column was
compared with the 'primarily in-plane'failure criteria. The
results of a typical restrained column behaviour are shown in

Figure 7.12. These curves are considered to represent 'primarily
in-plane' behaviour. The predicted design limit curve with minor
axis restraint is shown in Figure 7.13. Also shown is the pin-
ended curve and Professor Horne's predicted pin-ended curve(le)

for comparison. The improvement in permissible slenderness is
readily seen. Columns in the middle slenderness range (£/ry =50-90)

are seen to benefit most from the restraint.

The range of increase in slenderness ratios as indicated
in Figure 7.12 also suggests that the effective length approach if
applied to restrained columns could be unsatisfactory for elastic
plastic behaviour. It should also be pointed out that perhaps
with very high restraint the permissible slenderness ratios could
be increased safely a little further, but this is a matter of

discretion.

7.5 Concluding Remarks on the Experimental Programme

A limited series of full scale tests on H-columns at
high axial loads, carried out to explore their out-of-plane

stability under a major axis moment gradient, were reported.

The tests have shown that there are severe limits to
the slenderness at which pin-ended H-columns under high axial
loads can develop a simple major axis plastic hinge at one end
and remain stable in-plane while sustaining high joint rotations.

This has been supported by subsequent calculations.
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In columns under high axial loads and major axis moment
applied at one end plasticity spreads significantly down the
column length. This is demonstrated by the deflected shape of
the column. As a typical example of spread of plasticity, the
deflected shapes about the major and minor axes at the maximum
joint rotation attained for Column Bl are plotted in Figures 7.14
and 7.15. They indicate plastic deformations spreading through
most of the column length and the absence of any localised hinge.
The short columns tested with £/ry = 45 (Group A) behaved in-plane,
but for the more slender columns minor axis moments, associated
with the imperfections, resulted in a reduction of the column
strength below their in-plane value. Columns tested with £/ry = 60
(Group B) appeared to develop a biaxial plastic hinge about a third
of the way down the column and like a laterally unsupported simple
beam, failed out-of-plane without developing significant further
in-plane rotation capacity. The hinge is far from complete in
that only one flange goes plastic with the other remaining elastic;
but the resulting loss of minor axis bending and warping stiffnesses

leads to lateral torsional buckling.

At loads above about half the sgquash load and minor axis
slenderness somewhere between Series A and Series B, the hinge tends
to develop away from the column end initiating failure by out-of-plane
lateral torsional buckling. This, however, does not occur until a
joint rotation capacity in excess of 0.02 radians has been achieved
at the end at which the major axis moment is applied. These tests
also suggest that for more slender H-columns (£/ry = 60) the torsional
stiffness is not an important parameter influencing behaviour under

pin-ended conditions.

7.5.1 Conclusion and Summary of Theoretical Work

The predicted slenderness limits for 'primarily in-plane’
behaviour for pin-ended H-columns are shown in Figure 7.6. This
predicted curve is conservative in the high axial load range and
only tentative being based on the in-plane failure criteria defined

earlier. Nevertheless, the shape of the left part of this curve
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is nearly vertical and suggests that axial load has only moderate
effect above about half the sguash load. Slenderness is then the
overriding parameter. This has been confirmed by Group A test
columns. Although no calculations for the B = + 1.0 case have
been done, it appears from Figure 7.7 that in the high axial load
range (P/PS > 0.4) the slenderness limits are almost insensitive
to B values. It seems to indicate that one slenderness value
could cover all the cases between O € 8 € 1.0. This is interesting
as it could lead to the definition of a new class of short columns
which under high axial loads would develop a simple major axis
plastic hinge at one end and remain stable in-plane while sus-

taining high joint rotations.

The following points summarise the theoretical work and

provide guidelines for future investigators:

(a) With the help of the theoretical work undertaken, it
has been possible to trace the complete load deflection
path for beam columns up to failure. Torsional effects
are important and must be considered to obtain the true
mode of failure under the loading conditions discussed .

earlier.

(b) Based on the load deflection characteristics, typical
design curves have been presented defining slenderness
for 'primarily in-plane' behaviour. These curves
have been compared with one set of available design

(16)

curves which have been found to be conservative.

(c) Effects of minor axis end restraint have been studied.
The benefits to be derived in terms of raising the
slenderness limits for 'primarily in-plane' behaviour

has again been presented as a typical design curve.

(d) From the above-mentioned design curve it appears that
a direct effective length approach for restrained
columns could be misleading regarding their true strength

considering elasto-plastic behaviour.
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APPENDIX A

Finite Difference form of Equations (5.20) and (5.21), Chapter V.

Equation (5.20) becomes

Y . (u, - 2,0 u, + u, )/h2 + P * u,
i i+l i

ni i-1

=-M, -P° . + 6. {Mxx. - P (v, *+ Vimp )} ... (A1)
i i i i

where MXXi and MYYi are as defined in Section 5.5.

Then after rearrangement we have —

L2 2 2
(P h“/Y -2.00u, =-h“y <+ M, +Peu__ ) +hyy o
ny + ny Y¥; mpy N

. " 1M - .t v, - u, - u,
¢1 { XX, P (vl vlmpi)} Yot T Y ... (A2)
The torsional equation (5.21) contains first and third
derivatives of ¢ with respect to z. In order to incorporate the
boundary conditions in the relaxation technique it is necessary to

differentiate the eguation once more with respect to z.

Differentiating equation (5.21) and neglecting product

of small quantities, we have after simplification

2 4 2 2
d ¢ d ¢ D . D . _ .
Cri T2 2 (o " Cops trt Cepy) = UMy vP vy bvy )
dz dz i i
a° a2
= (u, +u, )+ {- -P (u, +u )} . (v, + v
2 . » .
az i imp NH[Yi i Timp, Tt 4,2 i impy)
-+ E Y C . d4u - _D_ Y C . i‘i
R P T S ... (a3)
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In finite difference form this becomes

. o2 2
Cp ;4 =20, +0, /" - (FC +__C_1 ° (b,
i i 4 i

4
+¢...)/h = {-M +P (v, + vimp.)}

+ 6¢i - 49 X%

i+l i+2

{u,_1 + u, -2(u, + u. ) + u, + u, ]’/h2 + {- M
+ P 1 + Py 0P +1 1
- P (u, + u. 1} o {v, + v -2(v, + v, ) + v, + v }
i im i im
2 D D
— - — . - - +
/h° + (2 c, > Cog ) (u, qu,_, + 6u, du, ui+2)/h

... (n4)

To determine values of u, from equation (A2) the following

iterative cycle may be set up

(n+1) (n) A 2 2 (n)

u, = u, +— ¢ {-n"/Y. M + h“/y o, .

i i b1 ni YYi ,ni i xxi
2 . 40

M ¢ P SR WS Ly R Sy - B

i i imp ni imp, i-1

(n) (n)

- u, -b, *u '} :
i+l N .e. (a5)

where b1 =P - h2/Y - 2.0
i

A = relaxation factor

n = jiteration number

Similarly for determining the values of d)i the following

iterative cycle may be set up
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( (n) Y 2
o, ¢, +=—={-h" M -P (v, +v, ) e
i i d1 XX, i Py
@M v o c2 @™ s ) +ul e
. L 1 R = 1MP4 41
-n? e . +pe @™ira (v -2
YY, i imp. i-1 imp,
i i i-1
@M av oy ae®™ ey e @Y e+ 6l
imp 1mpi+1 u-1
_ (n) (n) _ . 4 (n+l) . 4 (n+1) (n)
dujly Fu) - f 06, taggm byt t by
(n) (n)
- . ...(n6
£y 0 Gipp = Gy ) . (26)
2 2
— L ] 2 [ ] R— L] 'D——
where d1 = 2C h + 3 5 Ccf + 3 5 th
i i i
I _D
& = 2° %, T 2%t
i i
2 2
= D_ D
5= 3 Ccf. + 7 Gt
i i
2 2 2
g. = €. *h“+p°-cC + D e C
1 Ti cfi tfi

= relaxation factor

n = iteration number.
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NOTATIONS

The following notations have been used in the text.

Any deviation or addition has been defined locally.

nOU‘O’b‘
L]

(9]
ct
[ag]

0
3

H_H_H
S'U:MH’_F‘D‘OHMMDJU

W o o7 o™ g i
S8

o

area of cross-—-section

distance of an elemental area from the centre of twist
flange width
stiffness of the compression flange
stiffness of the
(G.X, - K)

distance between

tension flange

centre line of flanges
depth of section )
elastic modulus = 13000 t/in2
reduced elastic modulus
elastic shear modulus = 5000 t/in2

length of a column segment

correction term.for solving the cross-sectional equations
moment of inertia about the § axis

moment of inertia about the n axis
polar moment of inertia
warping rigidity
moment of inertia about the y-y axis (weak axis)
stiffness of minor axis restraining beam at end 0
restraining beam at end L

4 BI_/L
y/

stiffness of minor axis
column rotational stiffness =
empirical constant for the in-plane behaviour

St. Venant torsion constant

Wagner effect = fcasz

correction term for solving the cross—-sectional equations
length of column

applied major axis moment at end O

applied minor axis moment at end O

minor axis column end moment at end O (restrained column)
minor axis column eﬁd moment at end L (restrained column)
experimental failure moment

compression flange bending moment

tension flange bending moment
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Mp fully plastic moment capacity
Mpc plastic moment capacity as reduced by axial load
Mryb minor axis restraining moment at end O
Mryt minor axis restraining moment at end L
MTX applied major axis moment at end L
MTY applied minor axis moment at end L
Mth theoretical failure moment
Mx major axis moment (as defined in the text)
M; max maximum in-plane major axis moment
M; max maximum major axis moment after bifurfaction of equilibrium
Mx critical major axis moment at bifurfaction of equilibrium
Mycr minor axis moment (as defined in the text)
n iteration number in relaxation method
P axial load
Pcrit tangent modulus load of a column (pin-ended condition)
Ps squash load of a column
PT ultimate axial load either tangent modulus load or
the squash load
o) axial stress
Rx end shear in the X-direction

end shear in the ¥Y-direction

"

radius of gyration about X-axis

r; radius of gyration about Y-axis

T torsional stiffness

t flange thickness

u minor axis displacement

u_ minor axis displacement of the centroid
uimp_ minor axis imperfection at station 'i'

v 1 major axis displacement

vc major axis displacement of the centroid
vimp_ major axis imperfection at station 'i'
Vfc 1 compression flange shear

Vft tension flange shear

w web thickness

X, x~coordinate of shear centre

XE stiffness of the section about the § axis
Yo y-coordinate of shear centre

Ys yvield stress of the material

Y stiffness of the section about the n axis

3
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z; distance of station 'i' from end O

Zn depth of the neutral axis

Zx elastic modulus of section,

a relaxation factor for SOR method

B end moment ratio (= +1.0 for uniform single curvature bending)

Y relaxation factor for SOR method

Aai an elemental area in the cross-section

5ui difference in u deflections at station 'i' for nth and
(n+1)th jiteration

6vi difference in v deflections at station 'i' for nth and
(n+1)th iterations

6¢i difference in ¢ values at station 'i' for n'" and (n+1) P
iterations

€ strain

ni lever arm of an elemental area from the & axis

0 inclination of the neutral axis

60 end roation

A relaxation factor for SOR method

H factor controlling the magnitude of the cumulative errors
during iteration

Ei lever arm of an elemental area from the N axis

Gi stress in an elemental area

Grc compressive residual stress

Grt tensile residual stress

Gw Wagner pure torsion critical stress

o] curvature of the section

pn curvature about the n axis

pg curvature about the & axis

¢ angle of twist of the section

i distance of an elemental area Aai from the centroid

of the section.

Abbreviations

LTB Lateral Torsional Buckling

s/C single curvature

RES compressive residual stress (figures 6.5 - 6.25)
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TABLE I COLUMN TEST RESULTS (IMPERIAL UNITS)

Column U.C. Sections Slenderness Col. Length Failure Mode of
Number e Between T Value Axial Loads Moment Failure
Bearings M
_ ,l/ry . (inches) , At/in2 , tons t.gns

Al in % in @ 48 1b 43 90 75.2 300.0 -— In-plane
A2 in x in @ 31 1b 45 90 32.8 175.0 137.0 In-plane
A3 in x in @ 31 1b 45 a0 32.8 145.0 284.0 In-plane
Bl in x in @ 48 1b 59 123 75.2 230.0 540.0 L.T.B.
B? in % in @ 48 1b 59 123 75.2 200.0 588.0 L.T.B.
B3 in % in @ 35 1b 61 123 41.5 - 160.0 304.0 L.T.B.
B4¥* in x in @ 35 1b 61 123 41.5 100/159.4 254.9 L.T.B.
Cil* in x 8 in @ 48 1b - 74 153 75.2 150/220.0 ©431.4 L.T.B.

*

These columns were tested under a different load path, see text.
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TABLE I COLUMN TEST RESULTS " (SI UNITS)
Column Slenderness Col. Length Failure Mode of
Number .C. Sections Between T Value Axial Loads Moment Failure
Bearings 2 Mf
l/ry (m) (N/mm") (N) (N.m)
Al 203 x 203 mm @ 71 Kg 43 2,286 1162.3 298.8x104 - In-plane
A2 203 x 203 mm @ 46 Kg 45 2.286 506.95 174.3x104 3.468x104 In-plane
A3 203 x 203 mm @ 46 Kg 45 2.286 506.95 144.4x104 7.186x104 In-plane
B1 203 mm x 203 mm @ 71 Kg 59 3.124 1162.3  229.1x10%  13.66x10%  L.T.B
B2 203 X 203 mm @ 71 Kg 59 3.124 1162.3 199.2x104 14.87x104 L.T.B.
B3 203 x 203 mm @ 52 Kg 61 3.124 641.4 ;159.4x104 7.69x104 L.T.B
' 4
99.6x10 ./ 4
*
B4 203 x 203 mm @ 52 Kg o1 3.124 641.4 158.8x104 6.45x10 L.T.B
149.4x10%/ 4
Cl* 203 x 203 mm @ 71 Kg 74 3.886 1162.3 219.1x104 10.915x10 L.T.B.

* These columns

were tested under a different load path, see text.

clt



TABLE II DATA ON TEST RESULTS (IMPERIAL UNITS)

. . M
Column Slenderness Axial Loads P . Plastic £ Experimental strength/ Failure
Number at failure PT Moment M c Calculated short column Mode
Capacity P strength (see formula
* % *k*
1/r (tons) MPc (t.in) below )
Yy
Al 43 300 0.9 570.8 - ——— In-plane
A2 45 175.0 0.805 175.2 0.782 0.9843 In-plane
A3 45 145.0 0.665 289.3 0.982 0.994 In-plane
Bl . 59 230.0 0.8 843.3 0.640 0.8942 L.T.B.
B2 59 200.0 0.7 956.1 0.615 0.8437 L.T.B.
B3 61 160.0 0.69 422.6 0.719 0.9161 L.T.B.
B4 61 _ 159.4 0.69 422.6 0.603 0.8879 L.T.B.
C1l 74 220.0 0.85 880.6 0.49 0.86 L.T.B.

* PT denotes tangent modulus load, see text, section 2.10

** See text, section 2.11

b 2 M_ 2 2 M 2
(2« [—f) £ +(-B<)
P M P M
. T P T P

1
2

¢Tt



TABLE I1 DATA ON TEST RESULTS (SI UNITS)

i M
Column Slenderness Axial Loads L o» Plastic £ Experimental strengtg/ Failure
P Moment — calculated short column
Number at failure T . Mode
Capacity pc strength (see formula
1/r (N) M **(N.M) below ***%)
Y ‘ pc
4 4
Al 43 298.8x10 0.9 14.44x10 - _—— In-plane
A2 a5 174.3x10% 0.805 4.43x10°  0.782 0.9843 In-plane
A3 45 144.4x10% 0.665 7.32x10%  0.982 0.994 In-plane
B1 59 229.1x10% 0.8 21.34x10%  0.640 0.8942 L.T.B.
B2 59 199.2x10% 0.7 24.19x10%  0.615 0.8437 L.T.B.
B3 61 159.4x10° 0.69 10.69x10%  0.719 0.9161 L.T.B.
B4 61 158.8x10" 0.69 10.69x10%  0.603 0.8879 L.T.B.
4 4
cl 74 219.1x10 0.85 22.28x10%  0.49 0.86 L.T.B.

* p_ denotes tangent modulus load, see text, section 2.10

T
** gee text, section 2.11
L 2 % 2 2 2 2
M M
£ P
() + (55 /U5 + (£
T p T p

1T



TABLE III CROSS-SECTIONAL PROPERTIES OF EXAMPLES 2 AND 4 IN REF. (34)

2
1 A I i
Problem Column r . Iy KT Iw Gy l/ry Loading BoungaFy
Conditions
., 2 , 2 . 4 .4 . 4 ) 2
in in in in in in K/in e e
2 12.65 37.5 429.0 45.1 1.06 1950.0 33 140 5 5 simply supported
14 Warping free
WF43 Simpl u rted
4 12.65 37.5 429.0 45.1 1.06 1950.0 33 140 5 5 >MOPY Suppo
: Warping restrained
TABLE IV COMPARISON WITH CULVER'S SOLUTIONS - REF (34)
Problem Load , Mid-Column Height Deflections Boundary
P u (minor axis) v (major axis) ¢ (twist) Conditions
] ins ins radians
Kips
Culver °~ Author Culver Author _ Culver Author
20 0.7267 0.7273 0.0686 0.0686 0.0033 0.003424
40  1.6683 0.1373 0.0160 Simply
2 60  2.9607 0.2035 0.0449 Supported
80  4.8906 4.929 0.2607 0.2596 0.1044  0.1088 Warping

100 8.1848 8.306 0.2927 0.2892 0.2314  0.2423 Free
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TABLE V COMPARISON WITH CULVER'S SOLUTIONS — REF (34)

Problem  Load Mid-Column Height Deflections Boundary
: Conditions
P
u v 0
Kips ins ins radians
Culver Author Culver Author Culver Author
20 0.7254 0.7259 0.0687 0.06872 0.0012 0.00129
40 1.6583 0.1386 0.0057 Simply
4 60 2.8894 0.2088 0.0155 Supported
80 4.6238 4.652 0.2777 0.2772 0.0343 0.03661 Warping
100 7.2512 7.327 0.3420 0.3405 0.0696 0.07458 Restrained

TABLE VI CROSS-SECTIONAL PROPERTIES OF EXAMPLE 15 IN REF (35)

Specimen Column Cross-Sectional Properties Eccentricities of Loading

Length Flange Flange Depth Web  Area -Moment Moment Yield

Width Thick- Thick- of of of Stress
ness ness Cross- Inertia Inertia
Section
t
L B £ H % A Tex Iyz 0y Cox  “2x oy Sty
ins ins ins ins 1ins in2 ind in K/in2 ins ins ins ins

15 5x5H 120.0 5.06 0.34 5.04 0.25 4.53 21.t 7.4 65 1.75 -1.47 2.96 -2.96
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TABLE VII COMPARISON WITH SYAL & SHARMA'S SOLUTIONS .- REF (35)

Speéimen Station Ioad u (Minor Axis) v (Major Axis) ¢ (twist) Boundary
P ins ins radians Conditions
Syal & Syal & Syal &
Kips Sinma Author Sinma Author Si:rma Author
10  -0.0257 -0.0106 0.0001425
' Simply
5 20 -0.05335 -0.05340  -0.02128 -0.02129 0.000603 0.000617
15 1 . 30 -0.0833 -0.03209 0.001442 Supported
(Z-POlnt) Warping
40 -0.116  -0.1164 -0.04301 -0.04303 0.002727 0.002743
50  -0.152 -0.0540 0.004549 Free
TABLE VIII COMPARISON WITH SYAL & SHARMA'S SOLUTIONS - REF (35)
Specimen Station ILoad u v ¢ Boundary
p ins ins radians Conditions
Kips 2§:imz Author gﬁ:im: Author 2§:im: Author
10 -0.01217 0.0000006 0.0001776
c 20 -0.0262 -0.02626 0.0000059 0.00000607 0.000752 0.0007615  +"PLY
15 e 30 -0.0427 0.0000219 0.001794 Supported
point) 40 -0.0621 -0.0622 0.0000571 0.00005733 0.003388 0.003381 Warping
50  -0.0854 0.0001229 Free

0.00564
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TABLE IX COMPARISON WITH SYAL & SHARMA'S SOLUTION -~ REF (35)

Specimen Station Load u v ¢ Boundary
p ins ins radians Conditions
Kips Syal & Syal & Syal &
Sharma Author Sharma Author Sharma Author
10 0.0075 0.01058 0.000131 Simply
20 0.0142 0.01427 0.02129 0.02130 0.000553 0.000564
E Supported
15 (_Z_ point) 30 0.020 0.0321 0.001314 Warping
40 0.0243 0.02435 0.0431 0.04312 0.00247 0.00248 Free
50 0.02639 0.05419 0.004091
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TABLE X  COMPARISON OF EXPERIMENTAL & THEORETICAL RESULTS

Column Slenderness Axial Loads Plastic Failure Failure Experimental Strength Comments
Number Moment Moment Moment Theoretical Strength
Capacity (Experiment) (Theory) -
1/r (Tons) M * ™) M)+ (See formula below)
Yy ‘ . ‘ pc £ . th
Al 43 300 570.8 In-plane
A2 - 45 175 175.2 137.0 162.0 0.990 ° In-plane
A3 45 145 289.3 284.0 272.0 1.01 In-plane
Bl 59 230 843.3 540.0 600.0/544.0 0.98/0.998 L.T.B.
B2 59 200 956.1 588.0 686.0 0.96 L.T.B.
B3 61 ) 160 422.6 304.0 306.0 0.998 L.T.B.
B4 61 159.4 422.6 254.9 140.0t/380.0 1.016 L.T.B.
c1 74 220.0 880.6 431.4 208.0t/540.0t.in . 1.017 . L.T.B.

* See text, Section 2.11

** Theoretical ultimate moment obtained from computer program

1
Rk 2 =
IFP)Z + (z—f) c%)2+( ok

T p T

Men )
M

61T



Fig. 2.1 General view of the entire rig (viewed from the jack end)



Fig. 2.2 Side view of the entire rig



Fig.

2.

3

Close up

view showing the load cell position

(jack end)



Fig. 2.4 Close up view showing details of the jack end



Fig. 2.5 Close up view showing details of the end moment end



Fig. 2.6 Close up view showing details of the major axis moment arm arrangement
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Fig. 2.22 Yield zones on the compression flange (Column AZ2)



Fig. 2.23 Yield zones on the compression flange (Column A3)
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