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Abstract

Numerically modelling Z-pinned laminates is an important step in develop-
ing damage tolerant structures using through thickness reinforcement such
as Z-pins. This work is concerned with developing a reduced order model
(ROM) capable of predicting the Z-pin bridging performance under mixed
mode loading and at high deformation rates.

The ROM is derived using the peridynamic formulation of the solid me-
chanics equations of motion. For this purpose, rod and Timoshenko beam
elements in peridynamic formulation were derived from first principles and
validated against well established analytical results. The developed Tim-
oshenko beam element is a non-linear element that accounts for moderate
beam rotations.

The rod peridynamic element is used as the basis of the Z-pin ROM
model for the case of pure mode I loading. Two models were considered;
the first model includes all key stages of the Z-pin response under mode I
loading, i.e. bonded, debonding and frictional pull-out stages. The second
model ignores the bonded and debonding stages and only considers the fric-
tional pull-out stage. Both models yielded excellent prediction capabilities
at different loading rates especially in terms of the energy absorbed by the
Z-pin. This matched the experimental observation that most of the energy
is absorbed during the frictional pull-out stage of the Z-pin response.

The non-linear peridynamic beam element is used as the basis of the
Z-pin ROM model for the general case of mixed mode loading. Three key
external forces were considered under mixed mode loading; a lateral Win-
kler foundation type force and an axial sliding and snubbing frictional forces.
Ruina’s state based friction model was adopted to describe the rate depen-



dent behaviour of the sliding and snubbing frictional forces. The B-K failure
criterion has been utilised to predict the fracture failure of the Z-pin. For
this purpose, the energy release rate in peridynamic formulation has been
developed. The resulting model had a number of parameters that needed to

be defined.

The developed model was calibrated against a subset of experimental
data obtained from the literature in order to define unknown model param-
eters. The calibrated model has been validated against a different subset of
the experimental data. The model was able to predict the Z-pin bridging
performance relatively accurately at different loading rates and mode mix-
ities. More importantly, the model is very computationally efficient with a
run time of the order of minutes using a non-optimised Matlab code that run
on a desktop computer. This opens up the possibility of modelling Z-pinned
laminates using a multi-scale approach where the ROM model is coupled with
finite element packages to predict the performance of Z-pinned laminates.
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Chapter 1

Introduction

1.1 Background

Carbon Fibre Reinforced Plastics (CFRP) are types of composite materials
made of carbon fibres embedded in a polymeric matrix. The carbon fibre is
used as a reinforcing element due to its high strength and stiffness properties.
The matrix provides the medium that holds the reinforcing elements together
by allowing load transfer through shear. Both elements, the carbon fibre and
plastic matrix, are lightweight, yielding a composite material (CFRP) with
a high strength/stiffness to weight ratio. However, the aforementioned prop-
erties are highly anisotropic with very high strength /stiffness along the fibre
direction and relatively low strength/stiffness transverse to the fibre direc-
tion. Consequently, CFRP composite structures are usually designed to be
loaded along the fibre direction.

Alternatively, CFRP composites can be tailored to specific applications by
creating a laminated architecture. This entails manufacturing via stacking
CFRP plies, each having the fibre reinforcement along a predefined orien-
tation. This approach allows designers to create quasi-isotropic composite
lamiantes, with specific strength and stiffness properties that significantly
exceed that of structural alloys, such as Steel and Aluminium.

Therefore, CFRP composites are widely considered a weight saving alter-
native to conventional alloys in structural applications (Ref. [14]). CFRPs
nowadays represent an effective solution for weight-critical applications in
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many engineering sectors, including aerospace (aeroplanes, satellites, heli-
copters etc.), marine (hulls, sailing masts), energy (wind turbine blades) and
automotive (car monocoque) (Ref [15-17]). In addition, CFRP composites
have excellent fatigue characteristic and good thermal and wear properties.
This widens their area of application to rotating shafts, breaks and bearings
(Ref [15]). The use of CFRP composites has increased significantly over the
past few decades as a result of a better understanding of their in-service per-
formance and overall favourable properties (Ref. [14]). A prominent example
is the relative recent entry into service of the Boeing 787 (2011) and the
Airbus A350 (2014) aircrafts, which are more than 50% composite made.

On the other hand, CFRP composites suffer from an inherently low
through-the-thickness strength, making them susceptible to delamination.
The presence of delamination has an adverse effect on the static strengths,
fatigue endurance and buckling behaviour (Ref. [18-20]). Impact loading is
the main cause of delamination, as it introduces large through-the-thickness
stresses.

Aerospace structures may withstand various impact loading conditions,
ranging from low-velocity events (a simple tool drop) to high-speed impact
(bird impact). Depending on the impact speed, the resulting damage can
range from barely-visible flaws (BVID) to substantial delamination and fi-
bre breakage. To ensure safe operation of composite aircrafts, the civil avia-
tion authorities (EASA and FAA) introduced safety standards specifically for
composite structures. These safety standards includes certification require-
ments that addresses the damage tolerance of composites in the presence of
delamination (see acceptable means of compliance in AMC 20-29 (EASA)
and AC 107-B (FAA)).

The review of the certification process shows that there are two main
routes in regards to damage tolerance. The first is based on a "no growth"
assumption, while the second is based on a "slow/arrested growth" strategy.
The "no growth" paradigm requires the damage (including delamination)
size not to grow throughout the life of the aircraft or within inspection in-
tervals, depending on the location of damage. The "slow/arrested growth"
allows the damage to grow in a slow and stable manner that allows detection
within the time interval between inspections.
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Airframe manufacturers usually opt for the "no growth" design philos-
ophy, as it is a more conservative approach (Ref [21]). This may however
result in thicker laminates (to reduce stress levels), hence higher weight
and sub-optimal structural efficiency. Thus, increasing the through thick-
ness strength, delamination strength and delamination resistance of compos-
ite materials should facilitate the shift from "no growth" strategy to "slow
growth" strategy. This would improve the structural efficiency of composite
structures and allow for a significant weight saving to be achieved.

1.2 Through Thickness Reinforcement (TTR)

Through-thickness reinforcement (TTR) is a well established method of in-
creasing the through-thickness strength and fracture toughness of CFRP
composites. Through-thickness reinforcement techniques include stitching,
tufting, braiding, z-anchoring and 3D weaving (Ref. [22-24]). The aforemen-
tioned techniques are only suitable to be applied to dry fabrics, both two-
and three-dimensional. However, primary aerospace structures require high
fibre volume fractions coupled with excellent control of the reinforcement
alignment, which are attainable through the use of prepreg laminates.

Z-pinning is the only TTR technique suitable to reinforce prepreg lami-
nates. It consists of inserting small diameter pins in the laminate through-
thickness direction (usually referred to as the Z-direction, and hence the
name Z-pinning) to “lock” the plies together through adhesion and friction.
The Z-pins are usually made from high strength and stiffness materials such
as metal alloys (titanium and steel) or from fibrous carbon composite.

The use of Z-pins is seen to vastly enhance the damage tolerance and de-
lamination resistance of CFRP composites at different loading rates. Under
static loading, Z-pinning dramatically increased the mode I fracture tough-
ness and significantly improved mode II fracture toughness (Ref. [25-27]). In
low-speed impact conditions, Z-pinning was seen to reduce the delaminated
area by as much as 64% (depending on impact condition - Refs [25,28,29]),
thus enhancing the delamination resistance of CFRP composites. The reduc-
tion in delaminated area translates into an improvement of the post-impact
mechanical performance of Z-pinned laminates (Ref. [30-32]). This is partic-
ularly evident from the significant increase of the compression-after-impact
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(CAI) strength by about 45% in Z-pinned laminates (Refs [18,19]).

On the other hand, Z-pinning has its drawbacks as well. The insertion of
Z-pin displaces the fibres in its neighbourhood, causing fibre waviness, ply
crimping and the formation of resin pockets. This in turn results in a reduc-
tion of the in the in-plane mechanical properties, such as longitudinal and
transversal moduli and strengths. The extent of the reduction in mechanical
properties depends on Z-pin diameter and areal density (Ref. [33-35]).

Nonetheless, upon careful design trade-off considerations, Z-pinning was
successfully used in industrial applications. For example, Z-pinning have
been used on the inlet duct of the F-18 military aircraft ("Superhornet")
to replace titanium fasteners. This resulted in significant cost and weight
savings (Ref [36]). In addition, Z-pins are used in high performance sports
to reinforce crash structures and improve safety. For instance, the Z-pins are
used to reinforce roll-bar hoop structures on Formula 1 cars (Ref. [37]).

1.3 Objective and Vision

Although Z-pinning has been utilised in specific engineering applications, the
wider industrial adoption of this technique remains limited. For example, a
clear industrial application is to use Z-pins as "micro-fasteners" as recently
suggested (Ref. [38]). Such applications allow the shift from the "no-growth"
design paradigm to a "slow growth" approach, resulting in higher structural
efficiency and weight savings.

The lack or inadequacy of modelling capabilities for Z-pinned laminates
is one of the reasons for the lack of a wider industrial adoption of through-
the-thickness reinforcement. Z-pins have sub-millimeter diameters, while
typical aerospace structures have characteristic dimensions in the order of
meters. Hence, in large-scale engineering applications there would typically
be thousands of Z-pins inserted into composite components. Clearly, indi-
vidual Z-pins cannot be modelled at the structural scale and suitable scale-
bridging homogenisation techniques must be introduced to predict the effect
of through-thickness reinforcement on the mechanical performance of com-
posite components. This thesis proposes the use of a multi-scale approach to
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model Z-pinned laminates.

At the core of the multi-scale approach is a reduced order model (ROM)
that is able to predict the Z-pin bridging action, i.e. the traction forces
exerted by the Z-pin as function of the crack opening and sliding displace-
ments. This thesis proposes a ROM model that is computationally cheap
and efficient, while providing a relatively accurate prediction. The developed
model is capable of predicting bridging performance under mixed-mode load-
ing and across a range of loading rates. Currently, there is no such ROM
models available in the literature, as it will be discussed in chapter 2.

The ROM model can then be used in a multi-scale modelling approach
as follow:

1. Meso-level 1 (Objective): The ROM model at this level is required
to predict and characterise the bridging performance of a single Z-pin
embedded in a delaminated composite coupon.

2. Meso-level 2 (Objective): At this modelling level the array bridging
response of multiple Z-pins is obtained. This is particularly impor-
tant where variability in input parameters alters the observed bridging
response of Z-pin array compared to individual Z-pins.

3. Macro-scale (Vision): At this scale full structures are considered where
Z-pins are used in selective regions that are prone to delamination dam-
age. The output from the ROM model is input into the main simulation
as both run concurrently in real time. Alternatively, the ROM model
can be used to create bridging maps as a function of mode mixity and
loading rate. The ROM model allows the creation of such a map in
a reasonable time. Then the Z-pinned laminate can be modelled in
finite element packages with the Z-pin contribution interpolated from
the created bridging map.

With the aforementioned objective in mind, the thesis has the following
structure:

1. Chapter 2: Presents a literature review of through thickness reinforce-
ment techniques with a particular focus on Z-pinning. A review of
current modelling techniques and approaches is also presented.

22



. Chapter 3: Introduces the developed peridynamic rod and beam formu-
lations which are used as the basis for the ROM model. The developed
formulations are then verified by comparing the model outcome to well
established analytical results.

. Chapter 4: Presents the experimental setup and procedure used to
characterise the bridging performance of the Z-pin under quasi-static
and dynamic loading. The obtained results are presented and discussed
in this chapter. These are the results that are later used to calibrate
and validate the developed ROM model.

. Chapter 5: The mode I rate dependent bridging performance of Z-pin
is developed in this chapter. The Ruina’s rate dependent friction model
is adopted to model the friction acting on the Z-pin as it slides out of
the CFRP laminate. The obtained results are presented and compared
to experimental results.

. Chapter 6: The mixed mode rate dependent bridging performance of
Z-pin is developed in this chapter. Two models are presented: a deter-
ministic model and non-deterministic model. The deterministic model
does not take into account the variability in the Z-pin misalignment
angle and strength. The deterministic model yields poor performance
in the transition region where the Z-pin is sensitive to the variability
observed. The non-deterministic model takes into account the variabil-
ity of the Z-pin misalignment angle and strength across an array of
Z-pins and obtain an averaged response equivalent to that observed in
the experimental results. The obtained results are then presented and
compared against the available experimental results.

. Chapter 7: A summary of the work conducted in the thesis is available
in this chapter. In addition, a suggestion is made for future work.

23



Chapter 2

Literature Review

2.1 Introduction

The susceptibility of Polymer Matrix Composites (PMC) to delamination
crack is the main challenge for applications where damage resistance and
damage tolerance are paramount. It is necessary to distinguish between
damage resistance and damage tolerance as these are two different aspects
that lead to different design philosophies. Damage resistance refers to the
ability of a structure/component to withstand a certain level of loading while
sustaining minimal damage. On the other hand, damage tolerance refers to
a structure being able to withstand a certain level of damage with minimal
impact on structural performance.

Through thickness reinforcement (TTR) techniques were developed and
are being used to improve the damage resistance and tolerance of laminated
composite structures. These techniques are reviewed and briefly discussed in
the first section of this chapter.

The second section provides a more detailed review of a particular form
of TTR, namely Z-pins. The review includes manufacturing methods of
Z-pinned laminates, advantages and disadvantages of Z-pinning and experi-
mental results under different loading modes and subject to different loading
rates. A discussion of the Z-pin failure mechanisms is presented to explain
the observed increase in the apparent fracture toughness of Z-pinned lami-
nates. The understanding of Z-pin failure mechanisms forms the basis of the
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Z-pin model developed later in this thesis.

Lastly, the literature is surveyed for the different modelling approaches
that have been developed to simulate the response of Z-pinned laminates.
The models developed range from analytical to numerical models describing
the Z-pin bridging performance at multi-scales ranging from meso-1 level to
macro-scale. The modelling review has two purposes. The first purpose is to
learn from the approaches developed and build upon them where appropri-
ate. The second purpose is to identify a knowledge gap in order to formulate
a research question that this thesis addresses.

The knowledge gap identified in the literature review is that the literature
is void of a reduced order model (ROM) capable of simulating Z-pin bridg-
ing performance under dynamic loading conditions. Therefore, this thesis is
concerned with understanding the dynamic bridging performance of Z-pins.
This understanding is then used to develop a ROM model that is both ac-
curate and computationally cheap. The method used to develop the reduced
order model is called Peridynamics, which is a relatively new branch of me-
chanics. Peridynamics will be discussed in details in chapter 3 of this thesis
where the model formulation is developed.

2.2 Through Thickness Reinforcement Meth-
ods

Laminated composites are manufactured by laying plies to form a laminate.
Once cured the plies are held together by the matrix which is the weakest
component in PMCs. Therefore, the through thickness strength of laminated
composites is usually significantly lower than the strength in the other direc-
tions which have reinforcing fibre elements. Thus when laminated composites
are loaded, they tend to delaminate at the ply interface in the through thick-
ness direction (see fig. 2.1).

Many methods have been developed to improve the through thickness
strength of laminated composites, in order to address their susceptibility to
delamination. These methods include matrix based techniques such as tough-
ened resins and interleaving, addressing matrix brittleness and the quality
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Figure 2.1: Impact damaged laminate showing delamination forming at ply
interfaces in the through thickness direction, obtained from Ref. [1]

of the fibre/matrix interface. Alternatively, introducing reinforcing elements
in the through thickness direction has been utilised to improved the through
thickness strength, these include techniques such as stitching, tufting and
Z-pinning. Changing the architecture of the composite material from the
standard unidirectional laminae (ply) has been investigated. This include
using 3D composite architecture as a possible mean of improving through
thickness strength. A change in the architecture can be achieved through
various manufacturing routes such as weaving, braiding and knitting. These
TTR methods results in either an improvement in damage resistance, damage
tolerance or both and are discussed in more detail in the following sections.

2.2.1 Toughened Matrix

Intuitively, delamination resistance can be improved by enhancing the tough-
ness of the matrix. Improvement in matrix toughness can be achieved by
incorporating a secondary toughened phase (see fig. 2.2) into the matrix.
During fracture, the introduced secondary phase causes crack blunting, plas-
tic flow and void coalescence; mechanisms which absorbs significant amount
of energy resulting in improved toughness.

Alternatively, changing matrix from thermosetting (such as epoxy) to
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Secondary
phase

Figure 2.2: Secondary phase toughening particles in matrix, obtained from
Ref. [1]

thermoplastic can enhance the fracture toughness. Thermoplastic matrix
(such as PEEK) can absorb significant amount of energy through plastic
flow (see fig. 2.3) as suggested in Ref. [39].

Although improving the fracture toughness of the matrix enhances the
delamination resistance of PMCs, it does come at a cost. Generally, tougher
matrix systems tend to cause a reduction in other mechanical properties.
tougher resins are more compliant which tend to reduce the compression
dominated properties. There is evidence in literature that increased tough-

Figure 2.3: Delamination in AS4/PEEK material showing significant plastic
flow, obtained from Ref. [2]
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ness results in reduced fatigue performance (Ref. [40]). In addition, using
secondary phase toughened resins is shown to result in larger variability at
structural response level as discussed in Ref. [41|. This is due to inhomo-
geneity in secondary phase particle dispersion. Thus unlike at coupon level
where delamination is initiated at a predefined location, at structural loca-
tion delamination tend to initiate at unknown location prior to loading. If the
toughening particles conglomerate in certain places, then delamination will
occur in places void of the toughening particles which limits the benefit of the
secondary phase toughened matrix. On the other hand, the processing route
for tougher thermoplastic matrices is different than conventional materials
causing manufacturing difficulty when having to attach two substructures
manufactured through different routes.

2.2.2 Interleaving

Interleaving includes the incorporation of a thin layer between composite
plies (see fig. 2.4 for illustration) to improve the toughness at the interface,
resulting in enhanced damage resistance and tolerance of composites. In-
terleaving can be categorized into three classes: nanofiber, particle and film
interleaving (Ref. [3]).

The most basic interleaving can be achieved by increasing the interface
thickness through the use of additional matrix resin. Using this method with
an interleave layer thickness of 0.2mm, fracture toughness improvement of
70% and 200% for Grc and Gpje respectively was reported in Ref. [42-44].
Various studies of the effect of the thickness of different interleaving films

Prepreg

L

Prepreg

Interleaving

£

Prepreg
Interleaving

L

Figure 2.4: Schematic illustration of interleaving, obtained from Ref. [3]

28



showed that the mode I and II fracture toughness was significantly increased
by interleaving (Ref. [45-47]).

Another method of providing an effective interleave layer is through the
use of polymer particles, nano fibres and short fibres. These methods were
reported to result in an increase in fracture toughness of 28% and 260%
in mode I and II respectively (Ref. [48,49]). The advancement of nano-
technology resulted in several studies into the possible use of nano-fibres as
interleave material (Ref. [50-56]). A novel technique developed in Ref [50,51]
allowed the aligning of carbon nano-tubes in the through thickness direction
facilitating their use as interleave materials. Their use resulted in 300% in-
crease in mode I and II fracture toughness.

Although introducing interleave materials is shown to improve delami-
nation resistance in composite laminates, they cause detrimental effects on
other composite properties. For example, it tends to reduce global stiff-
ness and fibre volume fraction which leads to a consequent weight penalty
(Ref. [57,58]). The use of nano-particles as interleave layers can prove to be
prohibitively expensive at an industrial scale.

2.2.3 Stitching

Stitching, similar to that in textile, consists of inserting a needle into fabric
preform or prepreg laminate to introduce a high tensile strength yarn (usu-
ally kevlar, carbon or glass) in the through thickness direction. Stitching has
been used to improve the through thickness fracture toughness, delamina-
tion resistance and damage tolerance (Ref. [59-63]). In addition, stitching is
a cost-effective method to join fabric cloths that improves handling prior to

(b) (c)

Figure 2.5: Different Stitch Types, (a) lock stitch, (b) modified lock stitch
and (c) chain stitch. Obtained from Ref. [4]

II

(a)
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liquid moulding (Ref. [64-67]).

Stitching requires access to both sides of the laminate in order to create
different types of stitches. Three main types of stitches are shown in fig. 2.5,
each having pros and cons discussed in Ref. [4|. In addition to stitch type,
different stitching parameters influence the behaviour of stitched composites.
These parameters include the stitch density (number of stitches per area),
stitch pattern and span and material properties of the thread fibre. Conse-
quently, this will increase the design parameters for optimisation making the
design process of stitched composite more complex (Ref. [63]).

The process of inserting the needle during stitching causes fibre damage
and fibre breakage. In addition, the inserted thread causes the main load
bearing fibres to spread around the stitch. This causes a misalignment in
the load bearing fibre around the stitch ranging from 2.5° to 20° in CFRP
and stitched woven glass fabric respectively (See Ref. [68,69]). The damage
caused by stitching affect the in-plane mechanical properties of FRP com-
posite, which is reviewed comprehensively in Ref. [62]. Most notably is that
the in-plane compressive properties are degraded by a factor of 5% to 55%
depending on various parameters (see Ref. [62]).

Although prepreg laminates can be stitched, the level of damage caused
by the needle insertion is significant. The increased observed damage in
prepreg laminates is due to the relative inability of the fibre to move out
of the way of the needle inserting the through thickness thread because of
the high resin viscosity. The degradation in mechanical properties due to
stitching of prepreg laminates outweighs the potential improvement in de-
lamination resistance and damage tolerance. Therefore, stitching is not a
suitable method for through thickness reinforcement of prepreg laminates.

2.2.4 Tufting

Tufting is the process of using a needle to insert a thread (called tuft) in the
through thickness direction, creating a loop on the other side of the preform
as shown in fig. 2.6a. Although, tufting does not tie or interlock the loops,
the tufts remain in position purely due to the action of friction between the
tuft and the preform. The tuft can either be fully or partially inserted into
the preform as shown in fig. 2.6b. Unlike the conventional stitching methods,
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Figure 2.6: Schematic illustration of (a) the sequential manufacturing steps
to inserting a tuft and (b) of partial and full penetration. Adapted from [5]

tufting can be achieved through one sided access to the preform (Ref. [5]),
advantageous from manufacturing point of view. However, tufting is limited
in application to dry preforms as discussed in Ref. [5| where the manufactur-
ing process is reviewed in detail.

Tufting has been shown to improve the delamination response at quasi-
static and dynamic loading rates in both mode I and II loading (Ref. [70,71]).
Tufting has improved the fracture toughness in mode IT and mode I by 2 and
5 folds respectively. Nonetheless, due to the insertion of the tuft in the
through thickness direction, the main load bearing fibres in the preform will
become slightly misaligned, a resin rich eyelet is formed and some fibres are
broken. Inevitably, this results in reduction of in plane properties, less than
10% as presented in Ref. [72|. However, the improvement in delamination
resistance and damage tolerance tends to outweigh the reduction in in-plane
properties. For more details on the mechanical response of tufted composite
the reader can consult Refs. [70-73].

2.2.5 Z-pinning

Z-pinning consists of inserting a rod in the through thickness direction (the
Z-direction) of laminated composites, hence the name Z-pinning. The Z-pin
effectively nails the laminate plies causing them to lock together through a
combination of adhesion and friction (see fig. 2.7). Unlike stitching and tuft-
ing, Z-pinning is the only through thickness reinforcement method suitable
for use on prepreg laminates.
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Figure 2.7: Z-pin inserted into prepreg laminate. Adapted from [6]

In addition to the use of Z-pins as through thickness reinforcement to im-
prove damage tolerance, there is a drive to consider Z-pins as micro-fasteners
to join different sections together (Ref. [38]). A prominent example is the
use of Z-pins to reinforce stiffener-to-skin T-joints (Ref. [74]).

Although interleaving and toughened matrix can be used with prepreg
laminates, the use of Z-pinning is shown to have a significant improvement
in damage tolerance compared to these two methods (Ref. [41]). An in depth
review of the Z-pinning concept including mechanical performance, manu-
facturing method and modelling techniques is presented in the next section
of this chapter.

2.2.6 3D Laminate Architecure

Textile manufacturing methods such as weaving, braiding and knitting have
been copied across to manufacture 3D composite structures. The through
thickness reinforcing fibres volume fraction in full 3D composites exceed the
maximum of 5% used in tufting, stitiching and Z-pinning.

The 3D architecture is usually constructed as fibre preforms where the
matrix is later introduced through resin infusion. Thus components manu-
factured through weaving, braiding and knitting tends to achieve near net
shapes (Ref. [75]). Consequently, a complex shape manufacturing could po-
tentially be simpler and less expensive with these methods. Complex com-
ponents such as the fan blade in the GE Leap engines have been successfully
manufactured using 3D weaving (see fig. 2.8).
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Figure 2.8: GE Leap fan blade manufacture using 3D weaving in the preform
configuration, obtained from Ref. |7]

Increasing the fibre content in the through thickness dimension is advan-
tageous for damage resistance and damage tolerance for impact velocities
ranging from a simple tool drop up to ballistic speeds (Ref. [2,75]). How-
ever, the through thickness fibres can act as crack initiating sites leading to
a reduction in the undamaged mechanical performance. For example, com-
pressions stiffness and strength is reduced due to higher proportion of fibres
not being aligned with the main loading direction (Ref. [2]).

2.2.7 Summary

The susceptibility of laminated composites to delamination necessitates the
development of through thickness reinforcement. Various methods have been
developed over the past few decades to enhance the through thickness strength.
These methods can be summarised as:

1. Matrix based methods such as toughened matrix and interleaving

2. Introducing through thickness fibres in small proportions (typically less
than 5% of total fibre volume) using methods such as stitching, tufting
and Z-pinning.

3. Utilising weaving, braiding and knitting to produce fully 3D composite
architecture.
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Concept Advantages Disadvantages

Reduced Fatigue and compression properties
Increased sensitivity to processing

Can require different processing route
Inhomogeneity in toughened particles-
dispersion at structural level

May reduce compressive performance

Same architecture as baseline
Toughened Usually similar costs and time scales
Matrix No need for redesign

Usually the same processing- route

Undamaged properties as baseline

Interleaving L . Increased thickness may lead to redesign required
Similar processing route " .
Adds parasitic weight and extra cost
Same processing route Can reduce undamaged properties
Stitching pre &1 Difficult to fabricate with stiffeners
Offers fail safe design . .
Not suitable for use on prepreg laminate
. . C >duce und >d properties
Tufting Same processing route an reduce undamaged properties

Not suitable for use on prepreg laminate

Same processing route

optimisation can limit drop in-
Z-pinning undamaged properties

offers fail safe design

Suitable for use in prepreg laminate

Can reduce in-plane properties
relatively high cost

Requires redesign and re-qualification
Reduce undamaged properties
Can require expensive machine to be designed

Achieves near net shape

3D composite Concept becoming fairly mature

Table 2.1: Advantages and disadvantages of different TTR concepts com-
pared to a baseline of unidirectional laminates. Adapted from Ref. [2]

Toughened matrix shows enhanced fracture toughness at coupon level.
However, this does not necessarily translates to structural level due to inho-
mogeneity in toughening particles distribution. On the other hand, stitching,
tufting and Z-pinning have been shown to result in improvement in damage
tolerance but the use of these methods degrades the undamaged in-plane
properties of laminated composites. Nonetheless, Z-pinning is reported to be
the only method suitable for use in prepreg laminates. Three dimensional
architecture composite shows promise in improving delamination resistance
and damage tolerance but it reduces the undamaged performance of com-
posites. In addition, 3D architecture requires the development of specialised
machine which could prove to be prohibitively expensive. The advantages
and disadvantages of each method is summarised in Table 2.1.

An assessment of different through thickness reinforcement method of
stiffened aerospace structure by Greenhalgh et al. (Ref. [2]) concluded that
Z-pinning is the most promising reinforcement technique when compared to
other methods such as tougher matrix, 2D and 3D weaving and stitching.
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2.3 Z-pinning - Comprehensive Review

The manufacturing of Z-pinned laminates requires the insertion of Z-fibre into
the composite structure. The inserted Z-pin "nails" the laminate together
while pushing the in-plane fibres apart. Consequently, Z-pinned laminate
have better damage tolerance but reduced in-plane properties when com-
pared to pristine (unpinned) laminate. This section reviews Z-pin insertion
process, effect on micro-structure of laminated composite, mechanical per-
formance and energy absorption mechanisms.

2.3.1 Manufacturing Method

Early Z-pin insertion process (early 1970s to late 1990s) was fairly rudimen-
tary consisting of manually pushing individual Z-pins into the composite
laminate (Ref. [25,76,77]). These methods were imprecise and slow which
hindered their adoption at an industrial scale.

By late 1990s a new Z-pin insertion process known as Ultrasonic Assisted
Z-fibre (UAZ) was developed and patented (Ref. [78]). This process is cur-
rently the most adopted method for insertion of Z-pins into laminated com-
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Figure 2.9: Illustration of UAZ insertion process. Obtained from Ref. [8]
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posites. The process involves Z-pins placed in crushable foam which is placed
over the laminate and driven into the prepreg with a combination of pressure
and ultrasonic vibration. The foam provides lateral support to the Z-pin as
they are driven into the laminate. The ultrasonic vibration causes mild heat-
ing of the resin increasing its viscosity and easing the insertion process. Once
the Z-pins are inserted, the crushed foam can be easily removed from the sur-
face and excess Z-pin length is machined off. A schematic illustration of the
insertion process is presented in fig. 2.9. After Z-pin insertion, the laminate
is cured via the conventional process i.e. vacuum bagging and autoclave.
Consequently, there is no need for radical change in the processing route of
Z-pinned laminate; only an additional step in the manufacturing process.
The insertion process can be semi-automated for wide area reinforcement of
composite laminate. However, this process lacks the ability to control the
Z-pin insertion angle and may induce both Z-pin splitting and out of plane
fibre crimping (Ref. [6,11,79]). The insertion angle is the angle that the Z-
pin makes with the orthogonal direction (i.e. the z-axis). When the insertion
angle deviates from the intended angle it is referred to as misalignment angle.

More recently, a new method for Z-pin insertion has been developed and
patented by Rolls-Royce (Ref. [79]). This method is known as the direct
insertion method. The key stages in this process can be summarised as:

1. The uncured material is heated to a predetermined temperature. This
temperature is unique to each matrix material and depend on vari-
ous factors such as matrix material curing parameters, rheology and
gelation time. For more details the reader is referred to Ref. [79].

2. Once the whole laminate reaches the predetermined temperature, a
sharpened needle with conical insertion tip is inserted into the laminate
and then removed to create a hole. The needle diameter should be
larger than the diameter of the reinforcing rod.

3. The reinforcing rod is inserted into the laminate at the location where
the hole was created.

The direct insertion method can achieve high precision in the insertion
angle of the Z-pin. It has been reported that a negligible misalignment angle
has been achieved using the direct insertion method (Ref. [13]). In addition,
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the direct insertion process can be fully automated capable of inserting Z-
pins at an industrial scale.

Common to all Z-pin insertion methods, certain manufacturing parame-
ters need to be selected. This includes the Z-pin materials, diameter, inser-
tion angle and areal density to be used. The Z-pin is usually made from high
strength and modulus material such as steel, titanium or pultruded fibrous
rods. The diameter generally ranges from 0.15mm to Imm (See Ref [6]). The
areal density is the area covered by Z-pins as a percentage of the laminate
surface area. The areal density dictates the distance between adjacent Z-pins
and usually ranges between 0.5% to 2%.

2.3.2 Microstructure of Z-pinned Laminates

The insertion of Z-pin results in changes to the micro-structure of laminated
composites. The inserted Z-pin pushes the fibre aside resulting in fibre wavi-
ness in the vicinity of the Z-pin (see fig. 2.10a). During cure the resin flows
into the voids around the Z-pin creating a resin rich area (see fig. 2.10a)
in the form of an eyelet around the Z-pin. Intuitively, the larger the Z-pin
diameter the larger the waviness angle and the bigger the resin rich area. In
fact a study conducted by Paul Chang (Ref. [8]) showed that the waviness

Figure 2.10: (a) Shows fibre waviness and resin rich zone around the Z-pin.
(b) Shows the formation of resin channel at high areal density. Obtained
from Ref. [6]
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Figure 2.11: Debonding of the Z-pin after curing. Obtained from Ref. [9]

angle increases linearly with the Z-pin diameter. The larger the Z-pin areal
density (i.e. the closer the Z-pins to each other) the more likely it is for the
resin rich areas to coalesce to form a resin channel (see fig. 2.10b).

The effective "nailing" together of the laminates by the Z-pin results in
fibre crimping as shown in fig. 2.7. Furthermore, the force required to insert
the Z-pin may result in fibre breakage (Ref. [80]). However, the level of fibre
fracture and volume fraction of crimped fibres is significantly less than that
experience by other reinforcing methods such as 3D weaving, knitting and
stitching (Ref. [81,82]).

The thermal mismatch between the Z-pin and the host laminate causes
thermal stresses during the cure process resulting in partial Z-pin debond
from the laminate as seen in fig. 2.11. A finite element analysis by Zhang et
al. (Ref. [11]) showed that after the cure cycle the Z-pin is partially bonded
to the host laminate, with the bonded region forming a helical shape.

Additionally, Z-pin insertion causes swelling in the host laminate in order
to accommodate the presence of the Z-pin. The swelling in the host laminate
results in a reduction of the average fibre volume content (Ref. [6]).
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2.3.3 Mechanical Behaviour of Z-pinned Composites

A detailed review of the effect of Z-pinning is presented by Mouritz in Ref. [6].
Thus a brief discussion of the pros and cons of Z-pinning is presented below
with a summary of key points in table 2.2.

Through thickness reinforcement via Z-pinning improves the through
thickness elastic properties such as through thickness Young’s Modulus and
compressive strength. In addition, Z-pinning significantly improves the inter-
laminar fracture toughness subject to mode I and II loading. Consequently,
the impact response of Z-pinned laminate is greatly improved with noticeable
enhancement in delamination damage resistance.

On the other hand, the presence of Z-pin distorts the micro-structure
of laminated composite as presented in the previous section. The changes
caused by the presence of the Z-pin; such as fibre waviness, fibre crimp, resin
rich area and reduced fibre volume fraction; reduces the in-plane mechanical
properties. For example, Z-pinning is reported to reduce the in-plane elastic
and/or shear modulus, in-plane tensile, compressive and bending strengths
and to reduce the fatigue life of Z-pinned laminate.

Advantages Disadvantages
Effective at resisting propagation of long Ineffective at suppressing short delamination
delamination cracks (less than 2mm)
Improved apparent Mode I and II fracture Reduces in-plane compressive, tensile and
toughness bending strength

Complicates the design phase due to need of
compromise between improved fracture
toughness and reduced in-plane properties
Reduces impact damage area and increases post | Ineffective at raising threshold impact energy
impact compression strength for damage initiation

Can be used as microfasteners avoiding the
need to drill holes and use metal fasteners;
evenly distributing load over joint

Large improvement in fatigue life and ultimate | Adversely affect the fatigue life of laminated
strength of lap joint and can be used to composite (although it improves fatigue life
strengthen fastener holes in aircraft of bonded joints)

Stabilises crack propagation in brittle matrix
laminates

Reduces in-plane young’s modulus and/or
shear modulus depending on the laminate layup.

Table 2.2: Summary of the advantages and disadvantages of Z-pinning.

Most of the studies presented in the review paper in Ref. [6] are based on
larger scale testing arrays of Z-pins in DCB, ENF or MMB coupons. While
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the single Z-pin tests did not account appropriately for the misalignment
angle. In addition, these test were based mainly on unidirectional (UD) lam-
inate structure which are not used in practical engineering applications.

A study conducted by Yasaee et al. (Ref. [83]) addressed the above issues.
In this study the bridging performance of single Z-pin made from T300/BMI
composite material was experimentally characterised taking into account the
misalignment angle. The experimental characterisation was conducted for
UD and quasi-isotropic (QI) laminates subjected to mode I, I and mixed
mode (I/II) loading at quasi-static (QS) rate. The Z-pin bridging response
was seen to differ when embedded in UD as opposed to QI laminates. Namely,
in mode I, the Z-pin embedded in UD laminate showed a clear initial elastic
response followed by debonding and pull-out while in the QI laminate the
Z-pin response was smoother (lacking the peak force corresponding to elastic
response). The peak forces reached in the UD laminate during the pull-
out stage was larger than that in QI laminate. This was attributed to the
thermal mismatch between the laminate and the pins damaging the bonding
interface. The Z-pin/laminate interface will be weaker in the QI layup due
to the presence of multiple ply orientations inhibiting the contraction of the
laminate in these respective fibre directions. Under Mode II loading, the
Z-pin was seen to rupture in shear-out failure.

The study in Ref. [83] showed the presence of transitional behaviour as
the mode mixity load increased from mode I to mode II. A transition region
is a region where the Z-pin might fail by either complete pull-out or fracture
at random. The transition region starts at a corrected mixed mode angle
of 11° and 33° in UD and QI laminate respectively. The transition region
occured earlier in the UD laminate due to the bond quality (as discussed ear-
lier) and combined with enahnced friction arising from the punch resistance
of the rotated pin against host laminate. The enhanced friction is known
as "snubbing" and is discussed in detail by Cox in Ref. [84]. The snubbing
effect resulted in an enhanced bridging response of the Z-pin as the mixed
mode angle was increased from mode I up to the transition region in the QI
laminate. This was not observed in the UD laminate due to the transition
region occurring at low mixed mode angle.

Yasaee et. al. (Ref. [85]) has shown that the transition region is influ-
enced by the Z-pin embedded length. In the aforementioned study, Z-pins of
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various embedded length (Imm to 10mm) were tested at a range of mixed
mode angles. The Z-pin with Imm embedded length was seen to completely
pull-out at mixed mode angle of 30° while the one with 10mm embedded
length was seen to fail by fracture. Thus, it can be said that the longer the
Z-pin embedded length, the earlier the transition region occur.

Metallic Z-pins inserted orthogonal to the laminate, Contrary to carbon
fibre based ones, are much more effective at bridging mode II delamination
than mode I delamination (Ref. [86-89]). This is the case because of the
difference in failure behaviour. Metallic Z-pins have poor interfacial bonding
with the host laminate due to relatively large residual thermal stresses aris-
ing from laminate curing process. Also, the sliding friction during pull-out
(prominent in mode I loading) is very low. However, under mode II, metallic
Z-pins undergo large plastic deformation allowing them to absorb signifi-
cantly more energy then there carbon fibre based counterparts. M’memebe
et al. (Ref. [87]) investigated the use of metallic Z-pins as TTR, in particular
the use of inclined metallic Z-pins was examined. Inclining the metallic Z-pin
in an array of £45° significantly improved the apparent fracture toughness
at both mode I and mode II loading. The improvement in energy absorption
at mode I was caused by enhanced friction due to snubbing combined with
the plastic deformation of the Z-pin. It was found that inclined metallic
Z-pin (stainless steel) was far better than any other alternative identified in
literature (including carbon fibre Z-pin) at enhancing mode I fracture tough-
ness. On the other hand, inclined metallic Z-pin was found to be slightly less
effective then orthogonally inserted Z-pin in mode II but more effective than
their carbon fibre counterparts.

Despite the presence of literature regarding the impact performance of
Z-pinned laminates, very little work addressing the dynamic bridging per-
formance of Z-pins is available. Liu et al. (Ref. [90]) tested the mode I
delamination of Z-pinned laminates at velocities of up to 100mm /min. How-
ever, this is hardly representative of impact velocities witnessed by aircraft in
service. Nonetheless, the study (Ref. [90]) did show a noticeable dependency
of Z-pin response on loading rate. More recently, a comprehensive study was
conducted by Cui et. al. (Ref. [12,13]) to characterise the bridging perfor-
mance of Z-pin at dynamic loading rate of the order of meters per second.
The outcome from these studies is discussed in detail in Chapter 4.
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2.3.4 Z-pin Energy Absorption Mechanisms

The fracture energy improvement in Z-pinned laminated is the result of dif-
ferent micro-mechanisms that absorb energy as the delamination progresses.
The energy absorption mechanism depends on Z-pin material, loading mode,
loading rate and substrate material and layup (Ref. [1,10,41]).

An orthogonally inserted Z-pin subject to pure mode I loading, absorbs
energy in three main mechanisms (Ref. [1,10,41]):

1. Tension develops in the Z-pin along its axis as it is being pulled out.
2. The Z-pin debonds from the laminates in which it is embedded in.

3. The Z-pin pull-out from the laminate resisted by friction which dissi-
pate energy

The Z-pin material (metallic or carbon fibre) influences the bond quality
and adhesion between the Z-pin and laminate. A metallic Z-pin has much
weaker bond to the laminate compared to carbon fibre based Z-pin. Con-
sequently, a metallic Z-pin reaches a much lower peak load in the elastic
phase and dissipates little energy in the debonding phase. In addition, the
level of friction that develops in metallic Z-pins during the pull-out phase
is significantly lower than the carbon fibre based counterparts (Ref [87]).
Furthermore, the loading rate affects the sliding friction response and con-
sequently the energy absorbed (Ref. [12,13]). The effect of loading rate is
discussed in details in Chapter 4. In mode I loading, where the Z-pin fails
by complete pull-out from the embedded laminate, the energy absorbed in
the pull-out phase constitutes more than 95% of the total energy absorbed.
Thus the energy absorbed in the elastic and debonding phases is negligible
(Ref. [10,12,83]).

Under mode II loading, an orthogonally inserted Z-pin tends to fail by
fracture. The failure process leading to fracture depends on the Z-pin mate-
rial. The failure process for carbon fibre and metallic Z-pins is summarised
in table 2.3 (Ref. [1]).

As the mixed mode loading increases from pure mode I, the Z-pin would
tend to push laterally against the laminate. Thus, when the Z-pin is being
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Carbon Fibre Z-pin ‘ Metallic Z-pin
The Z-pin undergoes bending.
Internal shear stress in the Z-pin causes splitting | The Z-pin undergoes Plastic deformation
Transverse shear causes Z-pin shear out The Z-pin undergoes ductile Failure

Table 2.3: Failure mechanisms for metallic and composite Z-pins subject to
mode II loading.

pulled out, there will be an additional enhanced friction acting on the Z-pin
which stabilises the pull-out process. This enhanced friction is referred to as
"snubbing" (Ref. [10]). Increasing the mixed mode loading angle increases
the snubbing effect. At a certain mixed mode angle the forces developing
in the Z-pin due sliding and snubbing friction exceeds the Z-pin strength
causing the Z-pin to rupture. The variability in the properties of the Z-pin
(strength, void content etc.), causes a spread in the mixed mode angle where
the Z-pin might fail by fracturing. This mixed mode angle range is referred
to as the transition region. In the transition region some Z-pins might fail by
fracture while others fail by complete Z-pin pull-out. This transition region
was first discussed by Yasaee et. al. in Ref. [83].

Additionally, the loading direction being "with the nap" or "against the
nap" (see fig. 2.12 for illustration) affects the failure process (Ref. [10]). This
is particularly the case in mixed mode loading. Loading against the nap
would induce large shear stresses that could cause fibre rupture and conse-
quently shear out failure (in case of carbon fibre Z-pin) and tensile necking
failure (in case of metallic Z-pin). While for the same mode mixity loading
with the nap would cause the Z-pin to pull-out from the laminate. This
phenomena is illustrated in fig. 2.13 which shows a titanium Z-pin failing
by pull-out when loaded "with the nap" and by tensile necking when loaded
"against the nap" (Ref. [10]).

2.3.5 Summary

Currently, two main manufacturing methods are used to insert Z-pins into
composite materials, Ultrasonic Assisted Z-fibre insertion (UAZ) and the di-
rect insertion (DI) method. UAZ is widely known and used but it lacks high
fidelity control of the Z-pin insertion angle. The DI method has been devel-
oped more recently by Rolls-Royce. The DI method allows for high fidelity
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(a) (b)

Figure 2.12: Schemaitc illustration of loading (a) with the nap and (b) against
the nap.

control of the Z-pin insertion angle and can be easily scaled for industrial use.

The insertion of the Z-pin changes the micro-structure of laminated com-
posites. Z-pin presence induces fibre waviness, creates resin rich area and
causes fibre crimp. Inserting Z-pin at high areal density can cause the resin
rich areas to coalesce to create a resin channel.

Z-pinned laminates has much higher mode I and II fracture toughness
compared to unpinned laminates. Also, Z-pins reduces the post impact de-
laminated area and improves the compression after impact strength. Nonethe-
less, the changes in the micro-structure caused by the Z-pin reduces the in-
plane properties such as in-plane tensile, compressive and bending strengths.
On the other hand, Z-pins has shown promise as micro-fasteners increasing
the fracture toughness and fatigue life of different types of joints (T-joints,
L-joints, etc.).

The failure mechanism of Z-pins depends on different factors such as Z-

(a) (b)
Figure 2.13: Effect of loading (a) "with the nap" and (b) "against the nap"
on titanium Z-pin failure. Obtained from Ref. [10]
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pin material, loading mode, loading rate and loading direction. The Z-pin
tends to fail by complete pull-out at pure mode I and low mode mixity. When
the Z-pin fails by complete pull-out most of the energy (more than 95%) is
absorbed during the sliding friction phase. At mode II loading the Z-pin
tends to fail by shear out (carbon fibre Z-pin) or tensile necking (metallic
Z-pin). Under mixed mode loading, snubbing tends to enhance the friction
force as the Z-pin slides out of the laminate.

2.4 Z-pin Models

Extensive experimental work has shown that Z-pinning is effective through
thickness reinforcement method. The development of accurate modelling
tools that aid design and analysis of Z-pinned laminates is necessary for the
wider adoption of Z-pinning at industrial level. As the Z-pin is an order
of magnitude smaller than the laminate it is embedded in, a multi-scale ap-
proach (Ref. [38]) might be necessary to efficiently simulate the crack bridging
performance of Z-pins. The levels of this multi-scale approach can be defined
as:

1. Meso-1: Characterising and predicting the bridging performance of a
single Z-pin embedded in a delaminated composite.

2. Meso-2: Modelling the performance of Z-pin arrays in bridging delami-
nation. At this scale the variability in Z-pin properties should be taken
into account. Additionally, a level of homogenisation is required to
smear the mechanical properties of the interacting Z-pins.

3. Macro-scale: The bridging performance of Z-pins is considered at full
structural level. At this scale it is necessary to introduce further ho-
mogenisation to reduce the computational cost.

Depending on the scale that the Z-pin performance is being captured,
different modelling approaches can be used. These approaches can be sum-
marised into three main categories as:

1. Analytical model: Where a closed form analytical solution was derived
to describe the bridging performance of Z-pins.
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2. Semi-Analytical model: Where a mathematical equation has been de-
veloped to describe the bridging performance of the Z-pin, but these
equations does not have a closed form solution and need to be solved
numerically.

3. Numerical models: The Z-pin and the laminate are explicitly modelled
using techniques such as Finite Elements or Peridynamics.

The different approaches used (Analytical to Detailed models) at differ-
ent scales (meso-1 to macro) has been extensively reviewed and are presented
in the upcoming sections. It is worth noting that models for simulating the
bridging response of stitches as well as Z-pins were reviewed due to the simi-
larity between the bridging response of the two through thickness reinforcing
methods.

2.4.1 Analytical Models

The sophisticated mechanisms governing the bridging performance of through
thickness reinforcement results in a sophisticated solution space even for the
most generally posed problem. However, in a very limited and certain cases
a closed form analytical solution can be attained.

Cox (Ref. [91]) proposed a model for Mode II crack bridging performance
of a fibrous tow (a rod or stitch). The model assumes that the tow is inserted
perfectly orthogonal and the loading is a pure mode II loading. A pure mode
IT loading is practically impossible to achieve as some opening displacement
will be present. However, this is a good enough approximation for high mode
mixity values.

A subsequent paper (Ref. [92]), demonstrated that it is possible to obtain
a closed form solution for the bridging law in the case when the debond region
(called "slip zone" in the paper) does not reach the end of the rod. However,
this is a very limited and specific region in the bridging mechanism. More-
over, the Z-pin remain bonded to the laminate at very small displacements
while most of the energy dissipated by Z-pin is through bending deformation
up to failure under mode II loading. Although this analytical model is a
computationally efficient method, it has very limited practical application
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when looking at Z-pin bridging performance.

Dickinson et al. (Ref. [93]) highlighted the presence of empirical models to
predict performance of stitched materials. These empirical models predicted
tension, compression and compression after impact to a good degree of accu-
racy. However, these models did not address the through thickness bridging
performance of the fibrous stitch. Thus apart from the closed form solution
presented in Ref. [92], the literature is devoid from any other closed form an-
alytical solution to describe the bridging performance of through thickness
reinforcement.

2.4.2 Semi-Analytical Models

Several semi-analytical models have been proposed to describe the bridging
performance of through thickness reinforcement (stitch, rod etc.) at meso
level 1 and 2 scales. Since stitching was developed earlier than Z-pinning, the
earlier semi-analytical models address the bridging performance of stitches.
However, the bridging mechanism for stitch and Z-pins are similar allowing
modelling knowledge for stitches to be read across to Z-pinning.

Meso-1 level

Jain et al. (Ref. [61]) proposed a simple micro-mechanical model to study
the mode I bridging performance of through thickness fibrous reinforcement
(specifically stitching) in double cantilever beam (DCB). Two versions of the
same model were presented in Ref. [61], the difference between the two ver-
sions is the assumption of whether the stitches are interconnected. To remove
surface in-plane waviness, stitching loops may be ground off and hence sup-
porting the assumption that the stitches are not interconnected. The model
proposed does take into account the elastic extension of the stitch, debond-
ing and frictional pull-out. Initially, the stitch is assumed to be perfectly
bonded to the laminate. Thus debonding crack is assumed to propagate
cylindrically around the stitch as a pure mode II crack. To model the sliding
friction response, the friction shear stress is assumed to have a constant value
which is not accurate. In particular constant friction force is invalid when
modelling Z-pin bridging force due to the presence of "snubbing" as well as
experimentally observed non constant friction in pure sliding (i.e. without
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snubbing). Although the model developed was successfully used to examine
stiching parameters (such as stitch density, thread diameter etc), it was not
validated against experimental results.

Dransfield et. al. (Ref. [94]) validated the model developed in Ref. [61]
against experimental results. The model showed good correlation with exper-
imental results in predicting improvement in mode I delamination toughness.

The first model addressing Z-pin bridging performance was proposed by
Cox in Ref. [91]). The model in Ref. [91] described the traction-displacement
response of Z-pins subject to pure mode II loading. This model was further
developed in Ref. [92] to model the bridging performance taking into account
the through thickness reinforcement insertion angle and mixed mode loading
cases. The model proposed by Cox in Ref [92] assumes that the through
thickness reinforcement can carry axial force, but the shear behaviour is per-
fectly plastic. Moreover, it models the interaction between the insert and
the laminate as that of a rigid punch through a perfectly plastic medium.
However, composite Z-pins undergo brittle failure when subject to mixed
mode loading beyond the transition region rendering the assumption of plas-
tic shear behaviour of the TTR invalid in this case. In addition, assuming
that the laminate is perfectly plastic when modelling the interaction would
only be valid in unidirectional laminate assuming that the Z-pin only ploughs
through the resin pocket. Furthermore, the model in Ref. [92| assumes that
the friction is uniform along the fibrous reinforcement length which is not
the case in practice. Assumption of uniform friction is particularly invalid
for Z-pins, as snubbing can result in significant enhancement in the friction
value. The model was used to study the effect of different parameters on the
bridging response but was not validated against experimental results.

The model proposed in Ref. [92] was further developed in Ref. [84] to
include the effect of snubbing which is of significant importance when mod-
elling Z-pin bridging performance. The Z-pin in Ref. [84] is assumed to be
fully debonded with friction acting along its length. The friction acting along
the Z-pin is split into two zones, an initial friction zone (7; in the undeflected
portion of the Z-pin and an enhanced friction zone (7.) in the deflected part
of the Z-pin. By defining the enhancement ratio (u.) and the initial friction
value (7;), the enhanced friction (7.) value can be obtained (see eq. (2.1)).
Although, modelling the enhanced friction term adds an important level of
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detail, the assumption of uniform friction is not valid particularly along the
deflected portion of the Z-pin. In addition, the model was not validated under
pure mode I or mixed mode loading (below transition region) were friction
can be of primary importance. However, the model was validated against
experimental results under mode II loading and showed good agreement.

Te

e = (2.1)

Ti
A conceptually similar model to that by Cox et al. (Ref. [84]) was pro-
posed by Plain et al. (Ref. [95]). The model proposed is specifically developed
for a stitch TTR where the rope-like behaviour is assumed (i.e. no ability to
support axial bending). Although such an assumption is feasible for a stitch,
it is not appropriate for Z-pins where the bending stiffness is relatively high.

A different approach was developed by Tong et al. (Ref. [96,97]) to model
the bridging performance of a metallic Z-pin. The model assumes that the
TTR rod behaves as an Euler-Bernoulli beam embedded in an elastic-plastic
foundation. However, the solutions were only presented for pure mode I and
IT loading. The model studied the effect of different parameters but was not
validated against experimental results. A similar approach was followed by
Bianchi et al. (Ref. [98]) to model single-pin pull-out under pure mode II
loading, where the Z-pin material was T300/BMI (i.e. composite Z-pin).

For a multi-directional laminate, it is important to observe that the Z-pin
might not be able to plough through the laminate as the Z-pin is supported
by ply fibres in all directions. Thus it is expected that the laminate behaves
as an elastic foundation for the TTR, especially that the fibres are linear
elastic up to failure. Allegri et al. (Ref. [99]) developed a novel model to
describe the traction-displacement response of Z-pin inserted at an angle to
the delamination plane and subjected to mixed mode loading. The model
represent the Z-pin as an Euler-Bernoulli beam embedded in elastic founda-
tion. Both residual and snubbing friction were incorporated into the model.
The residual friction was modelled based on an empirical relationship. The
"snubbing" friction enhancement was proportional to the punch resistance
force arising from the Z-pin pushing against the laminate fibres. The punch
resistance force is linearly proportional to the deflection of the Z-pin rela-
tive to the laminate (elastic foundation assumption). The results obtained
were validated against experimental results and were found to be in good
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agreement. Additionally, the model was able to predict the transition region
observed experimentally. However, the model neglected the rotation of the
Z-pin (linearised assumption when deriving governing equation) and hence
does not take into account the potential coupling between axial and lateral
forces developing in the Z-pin.

The model in Ref. [99] was further simplified by Yasaee et al. (Ref. [85])
reducing the number of required material parameters. In this model, a power
law empirical relationship was used to model the tangential friction force per
unit length in order to capture the Z-pin frictional performance as a function
of its embedded length. The proposed model is able to predict relatively
accurately the bridging performance of the Z-pin at different loading modes
and for various composite laminate thickness.

All of the models discussed above are concerned with the bridging per-
formance under quasi-static loading. The literature does not have any TTR
model that captures the dynamic response. However, Zhang et al. (Ref.
[100]) and Liu et al. (Ref. [101]) presented a rate dependent model for a sin-
gle fibre pull-out. The model is not for a through thickness reinforcement nor
can it be used for mixed mode or mode II loading. Nonetheless, the physics
presented is applicable to through thickness reinforcement particularly under
mode I loading. Friction is known to be rate dependent (Ref. [100,102]|) and
thus rate effects need to be taken into account when modelling single fibre
pull-out response. The rate dependent friction was modelled using Rice’s
friction model (Ref. [102]). The parameters for the rate-dependent friction
model were not obtained based on experimental results but rather presented
as suitable values for a numerical example. Thus the model was used to inves-
tigate the effect of increasing loading rate but was not validated. In addition,
the loading rates presented in Ref. [100] are of the order of mm /mins, which
is not representative of the level of loading rate that could be witnessed by
an aircraft in service, for example as a result of a bird impact.

Meso-2 level

Z-pinned coupons such as double cantilevered beam (DCB), end notch flex-
ure (ENF) and mixed mode bending (MMB) have been used to investigate
the array behaviour of Z-pins at larger scale, namely meso-2 level. Different
models have been developed to study the array behaviour of Z-pins in order
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to compliment the experimental work.

Dransfield et al. (Ref. [94]) used the micro-mechanical model developed
by Jain et al. (Ref. [61]) to predict the improvement in mode I fracture
toughness in stitched DCB samples. The model prediction of mode I frac-
ture toughness as a function of stitch density and diameter was accurate for
the case of a Kevlar stitch but less accurate for the case of Carbon fibre stitch.
The author attributed the underestimation of mode I fracture toughness in
case of carbon fibre to either lower thread strength value or high thread stiff-
ness value.

A simple model was proposed by Ratcliffe et al. (Ref. [103]) to describe
the mode I bridging performance of Z-pins in a DCB coupon. The Z-pins
were modelled as discrete springs connecting both arms of the DCB coupon.
Progressive stiffness degradation was used to model the pull-out response of
the Z-pins while the energy release rate associated with delamination growth
in the coupons was computed through the use of linear elastic fracture me-
chanics. The results obtained from the simulation were compared to exper-
imental result from literature and were found to be in good agreement. A
similar model was developed by Byrd et al. (Ref. [104]) to study the effect of
Z-pins on the energy release rate and fatigue. However, the model developed
is limited to relatively short cracks.

Robinson et al. (Ref. [105]) developed a mode I bridging performance
model of Z-pin in DCB coupon to investigate the validity of data reduction
methods for Z-pinned coupon. The Z-pin pull-out is modelled based on ex-
perimental data and not based on a Z-pin bridging model. A bilinear bridging
model is obtained by ensuring that the area under load-displacement graph
is the same as that of its experimental counterpart. The model showed good
prediction capability in the developed zone (zone in which both the trailing
edge and the leading edge of the bridged zone are advancing), but the pre-
diction was poor in the developing phase (more Z-pins becoming engaged by
the crack) of the bridging response.

A similar model was developed by Song et. al (Ref. [106]) to model the
bridging performance of Z-pinned DCB coupons. The bridging traction was
smeared along the Z-pin row with the consequent methodology similar to
other models discussed. The outcome of the model was compared to experi-
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mental and finite element results and was seen to be in good agreement.

Most of the Meso-2 level semi-analytical models available in the litera-
ture were seen to be mainly concerned with mode I delamination bridging
performance with a lack of Mode IT and mixed mode semi-analytical models.
In addition, none of the models proposed address the dynamic bridging per-
formance of Z-pinned laminates. Nonetheless, these semi-analytical models
offers instructive insight into the bridging performance of Z-pinned laminate
while being computationally cheap relative to other alternatives.

2.4.3 Numerical Models

Numerical methods can be an alternative to semi-analytical approach, pro-
viding more detailed insight into the bridging behaviour but at a rather
increased computational cost. Finite element is a well established numerical
technique used to simulate structural response. A more recently developed
method known as Peridynamics can also be used to model Z-pinned lam-
inates. Peridynamics is discussed in detail in chapter 3. Based on these
methods, various modelling approaches were developed to simulate the Z-pin
bridging performance at meso-1 and meso-2 level.

Meso-1 level

Meo et al. (Ref. [107]) developed a finite element model to simulate the mode
I bridging response of a single Z-pin. In this model both the Z-pin and the
laminate were meshed using solid elements. The thermal stress was modelled
by imposing an initial pressure contact between the TTR and the matrix.
During the pull-out response the friction model consisted of two parts, the
residual friction part (being a constant value) and the coulomb enhancement
part (accounting for friction enhancement due to lateral deflection). The
shear stress value was limited to a maximum value (7,,4.), thus when 7,4, is
reached sliding is assumed to start. The results obtained from the analysis
was in good agreement with experimental results.

Cui et al. (Ref. [108]) developed a finite element model capable of sim-
ulating Z-pin bridging performance under mixed mode loading. The model
was able to capture many details of the Z-pin bridging response. This in-
clude modelling the resin pocket, splitting of the Z-pin, snubbing, pull-out
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and shear out failures. In order to model splitting, cohesive elements were
used to seed candidate splitting planes. However, the actual position of the
splitting plane is a function of the stress field. Consequently, an inherent
drawback of this model is its mesh dependency (the final result depends on
the assumed splitting density and its relative positioning). Furthermore, the
bridging performance was modelled based on a Z-pin inserted orthogonally
in a UD laminate. Practical application of composite materials usually use
multi-directional laminate layup (typically quasi-isotropic). The behaviour
of Z-pin in multi-directional laminate are known to be different to that in
UD laminate (Ref. [83]). The author in Ref. [108] attempted to model Z-pin
inserted in cross ply laminate by giving the resin pockets the properties of a
90° ply, but this is not ideal as the resin pocket properties are very different
from that of cross ply. In addition, the model did not take into account the
misalignment of the Z-pin. Nonetheless, the model was validated against
mode I and IT experimental results and shown to be in good agreement.

Zhang et al. (Ref. [11]) developed a 3D finite element model to predict
the bridging performance of Z-pin inserted into muli-directional laminate and
subjected to mixed mode loading. A star-like ply-level mesh (see fig. 2.14)
was used to describe the in-plane micro-structure of Z-pinned laminate. This
allowed capturing detailed features such as misalignment angle, resin pocket
and the fibre waviness surrounding the resin pocket. In addition, progressive
debonding of Z-pin/laminate interface; friction post debonding stage and

(2) (b)

Figure 2.14: (a) Laminate stack view (b) Showing fibre waviness in vicinity
of resin pocket. Obtained from Ref. [11]
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splitting of the Z-pin were taken into account. Interestingly, this model also
considered the post cure cool down effect which shows that thermal stresses
arising from the post cure cool can damage the Z-pin laminate interface.
Consequently, the Z-pin interface to the laminate is not perfectly bonded
but rather largely weakened and partially failed. The model was validated
against experimental results and shown to be in good agreement. However, it
is limited to quasi-static loading and computationally expensive; the model
took 4 days to run on 64 core supercomputer.

A meso-1 level FE model is a highly practical method of complimenting
experimental observation to capture complex Z-pin behaviour. Additionally,
it is useful in assessing the relative influence of different failure mechanisms
under different loading configurations. However, the computational costs as-
sociated with such models is significantly larger than that associated with
semi-analytical models. The significance of such cost becomes clear given
that meso-1 model is just a pre-requisite to meso-2 level and macro-scale
models where the number of Z-pins inserted ranges from tens to thousands
of Z-pins. Therefore, there is a need for a trade-off between physical accuracy
and computational resource available. Hence the need for a "reduced-order"
semi-analytical method developed as part of a multi-scale approach becomes
more appealing.

Meso-2 level

At meso-2 level two main features need to be considered when modelling the
bridging performance of Z-pins:

1. The presence of Z-pins do not influence the onset of delamination (Ref.
[32,109-111]).
2. Large scale bridging is exerted over multiple rows of inserted Z-pins.

Therefore, a correct representation of damage sequence in pinned lami-
nates is required; this is represented by ply interface fracture (unaffected by
Z-pins) followed by large scale bridging that develops as the crack grows.

Cartie (Ref. [32]) presented an FE model capable of simulating the bridg-

ing performance of Z-pinned ASTM standard coupon. In this model, the Z-
pins were modelled as non-linear springs with progressive softening response
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during the pull-out stage. The j-integral method was used to evaluate the
energy release rate, which links the meso-1 and meso-2 level analysis. A
similar approach was followed by Grassi et al. (Ref. [112]) where the Z-pins
were modelled as non-linear springs, however, the energy release rate was
computed using the virtual crack closure technique. To model the response
of Z-pinned joints, similar FE model formulation was devised by Allegri et
al. (Ref. [113]). This method incorporated a meso-1 level constitutive Z-pin
bridging model. The FE simulation was validated against experimental re-
sults yielding satisfactory agreement.

On the other hand, the possibility of using nodal forces to model the
bridging action of Z-pins was demonstrated by Cartie et al. in Ref. [110].
This potentially offers the possibility of more efficient multi-scale approach
by using semi-analytical models at meso-1 level to develop bridging maps
that can be used at meso-2 level. Yan et al. (Ref. [114,115]) developed FE
models to simulate the Z-pin bridging performance subject to mode I and
IT loading by using DCB and ENF specimens respectively. The Z-pins were
modelled as non-linear springs with critical opening displacement criterion
used to switch from debonding to pull-out response. The model was verified
against experimental results and shown to be in good agreement. Dantuluri
et al. (Ref. [116]) presented an FE model to simulate the performance of
Z-pinned DCB coupons. Initially, the Z-pin was modelled as discrete non-
linear spring element. However, to reduce computational time the author
introduced an equivalent cohesive model to substitute the non-linear springs.
Similarly, Kravchenko et al. (Ref. [117]) used non-linear spring to model the
Z-pin bridging performance in pinned laminate. In this model, the bridging
performance of individual Z-pin was characterised experimentally and used
at the meso-2 level to conduct the FE analysis. Using a physically based
semi-analytical model can reduce the dependency on conducting experimen-
tal testing to obtain the bridging performance of individual Z-pin. The Z-pin
bridging performance would need to be simulated in variety of cases under
different loading condition. Therefore, conducting individual Z-pin testing
each time to use in higher scale modelling would not be practical.

Bianchi et al. (Ref. [98,118]) modelled the bridging response of Z-pinned
DCB and ENF specimens by using two different cohesive element proper-
ties. Enhanced toughness was given to the cohesive elements in the Z-pinned
region to exemplify the bridging action exerted by the Z-pins; while other
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cohesive elements had the standard properties of the unreinforced laminate.
The cohesive zone model in the Z-pinned region was obtained from a traction-
separation law based on meso-mechanical model for Z-pin pull-out. Such an
approach avoids the application of concentrated loads. Hence, mesh depen-
dency is removed and computational cost is reduced, however, accuracy might
be compromised. A similar approach was followed by Cui et al. (Ref. [108])
to model mixed mode response of Z-pinned laminates.

Mohamed et al. (Ref. [119]) implemented a multi-scale approach to model
the Z-pin bridging performance under mode I, mode II and mixed mode load-
ing using DCB, ENF and MMB coupons respectively. In this multi-scale
approach, single pin testing was conducted to characterise the bridging per-
formance of Z-pins. The testing outcome is used to calibrate and validate a
semi-analytical model. The semi-analytical model is used to create a bridg-
ing map that consists of the bridging force applied by the Z-pin as a function
of the opening and sliding displacements. The bridging map is used to create
a special purpose cohesive element with a generalised traction-displacement
characteristics. The cohesive zone formulation is based on superposition of
cohesive response of the base resin and the bridging response of the Z-pin
which is deployed in a smeared sense over the fracture surface. The bridging
performance predicted by the model was in excellent agreement with exper-
imental results in the mode I (DCB) and mode II (ENF) loading cases. In
the mixed mode loading (MMB) there is a good agreement between experi-
mental and numerical results. However, the model was less able to capture
the maximum load and displacement at failure. This was attributed to the
deterministic nature of the model where the variability of the input data
was not accounted for. The model presents a suitable multi-scale modelling
approach to simulate the performance of Z-pinned laminates. Such an ap-
proach is more computationally efficient then explicitly modelling individual
Z-pins. Nonetheless, the model was only tested under quasi-static loading
due to the absence of semi-analytical model capable of capturing the bridging
performance under dynamic loading.

More recently, Baber et al. (Ref. [120]) adopted a new approach to model
Z-pinned laminates subject to impact loading. The new method is based on
Peridynamic theory, a non local formulation that allows damage initiation
and propagation at multiple sites, with arbitrary paths inside the material.
Essentially, damage is part of the constitutive model in Peridynamic formu-
lation (discussed in details in Chapter 3). In this approach, the fibre, matrix
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and Z-pins are represented explicitly allowing individual plies to be modelled.
Therefore, this approach allows the modelling of laminate with arbitrary fibre
orientation. The resin eyelet around the Z-pin is assumed to be cylindrical in
order to simplify the modelling attempt. The model was able to predict the
delaminated area to a satisfactory degree with acceptable match between the
model and experimental results. Nonetheless, the model did not take into
account the observed failure mechanisms of Z-pins and their response under
different loading modes. In the proposed modelling approach, Z-pins can
only fail by breaking of bonds within the Z-pin or with surrounding matrix,
hence allowing debonding, splitting and shear out failures. However, under
mode [ loading the Z-pin tends to pull-out and dissipates significant energy
due to friction. Although, under impact loading prominent crack propaga-
tion occur in mode II, making it reasonable to use proposed approach, the
absence of mode I pull-out and consideration of friction renders this model
in need of further development. In addition, the proposed method required
140,000 points to model a small plate which is computationally expensive.
Thus, such an approach is prohibitively expensive when modelling larger Z-
pinned structures.

2.4.4 Summary

Different modelling approaches have been proposed in literature to capture
the Z-pin bridging performance at different scales, namely meso-1, meso-2
and macro levels.

Analytical models were found to be very limited and applicable in very
specific cases. Despite the computational efficiency of this approach, they
cannot capture the full spectrum of Z-pin bridging performance under differ-
ent loading conditions.

Various semi-analytical models were proposed in literature to capture the
bridging performance of Z-pinned coupons. The models reviewed can capture
performance at different scales and some models are able to predict perfor-
mance under mixed mode loading. However, none of the models developed
were suitable for predicting the dynamic bridging performance of Z-pins.

Numerical models proposed in literature were able to capture the complex
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behaviour of Z-pins under different loading conditions. The majority of these
models were based on finite element analysis while one model was based on
Peridynamic formulation, which is a new method still in its academic infancy.
While numerical models provided a detailed analysis of Z-pinned laminates,
it is agreed that such an approach is computationally expensive without util-
ising a multi-scale approach. The computational cost hinders the adoption
of numerical models at larger scales for the analysis and design of Z-pinned
structures.

2.5 Conclusions

Laminated composite materials are susceptible to delamination as the plies
are bonded together through the matrix which is the weak component of car-
bon fibre reinforced composites. Many methods are available in literature to
provide through the thickness reinforcement of laminated composites. The
majority of these methods consists of inserting a fibre in the through thick-
ness direction. The known TTR techniques include 3D weaving , braiding,
knitting, stitching, tufting and Z-pinning. The later (Z-pinning) is the only
method suitable for use in prepreg composites which are more suited for use
where high fibre volume fraction is needed.

Z-pins are orthogonally inserted rods in the through thickness direction.
Two main methods were found in literature to insert Z-pins. The more widely
known method is the Ultrasonice Z-fibre Insertion (UAZ) process, which can
be used at industrial scale but lacks control of the Z-pin insertion angle. The
other technique is known as the Direct Insertion (DI) method developed and
patented by Rolls-Royce. The DI method can achieve a more controlled in-
sertion angle and is suitable for application at industrial scales.

The Z-pins effectively nails the laminate together improving the through
thickness strength. Extensive experimental investigation of the performance
of Z-pinned laminates is available in literature. The Z-pins were shown to sig-
nificantly improve mode I fracture toughenss (20 folds increas reported) and
moderately improve mode II fracture toughness (5 folds increase reported).
In addition, Z-pinned laminate had reduced delamination damage compared
to unpinned laminate for the same impact energy. The level of delamination
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damage reduction depends on impact energy, but as much as 64% reduction
in delamination damage is reported in literature. Consequently, Z-pinned
laminate are reported to have higher compression after impact strength. On
the other hand, Z-pinning alters the micro-structure of laminated composites
introducing fibre waviness and creating resin rich eyelet in the vicinity of the
Z-pin. These changes degrade the in-plane properties of Z-pinned laminates
such as in-plane compressive strength. Thus a compromise is necessary when
deciding the Z-pinning areal density. Generally, it is accepted that a 2% Z-
pin areal density can achieve optimal trade-off between improved fracture
toughness and reduction in in-plane properties.

Different modelling approaches were presented in literature to simulate
the bridging performance of Z-pins. A multi-scale modelling approach is iden-
tified when reviewing literature. A meso-1 level modelling is concerned with
simulating the performance of a single Z-pin. While meso-2 level modelling
addresses the array behaviour of Z-pins. This is particularly important where
the mixed mode loading is taking place in the transition region. Macro-scale
modelling is used at full structural level, where homogenisation is introduced
to reduce the computational cost. Although, it was clear in literature that
Z-pin response is rate sensitive, particularly in mode I upto the transition
region, the literature is devoid of any reduced order model capable of sim-
ulating Z-pin bridging response under high rate loading. Consequently, the
main objective of this thesis is to understand the meso-mechanics of Z-pin
bridging response at high loading rate. In addition, a suitable model is devel-
oped to capture the Z-pin bridging performance at high rate and subject to
different mixed mode loadings. Furthermore, the model developed is capable
of capturing array behaviour of Z-pins at a reduced computational cost.
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Chapter 3

Peridynamic Formulation and
Validation

3.1 Introduction

Solid mechanics equations of motion can be solved by using either local or
non-local formulations. In local formulation, a material point is assumed to
interact only with other material points in it’s immediate vicinity. Classical
continuum mechanics is a very well known application of the local formu-
lation, where the stress at a point depends on the state of deformation at
that point only. The resulting mathematical structure of classical mechanics
assumes that the body remains continuous as it deforms. Consequently, the
presence of discontinuity (such as crack) causes the mathematical structure
to break down. The mathematical breakdown is attributed to the use of
spatial partial derivatives in the local formulation which are not defined at
discontinuities. Therefore, crack initiation and propagation are not part of
the governing equations in classical continuum mechanics.

The classical continuum theory has been successfully applied to a wide
range of engineering problem, especially by employing the Finite Element
Method (FEM). However, the applicability of the locality assumption is ques-
tionable across different length scales. The atomic theory makes it clear that
long-range forces exist causing the assumption of locality to break down.
The validity of the local assumption can also be questionable even at the
macro-scale where the presence of certain features and micro-structures can
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influence the entire macro-structure. These shortcomings motivates the de-
velopment of non-local formulation.

In non-local formulation, a material point can interact with other mate-
rial points within a certain radius r;, as shown in fig. 3.1. The material points
within the radius rj, of point z are known as the family of z, H,. Thus the
non-local formulation establishes a connection between molecular and classi-
cal continuum mechanics. In the limit as the radius r;, tends to infinity, the
non-local theory becomes a continuous version of molecular dynamics. In
the limit as the radius becomes infinitely small the non-local theory would
approach the classical continuum mechanics model.

Many non-local theories have been proposed over the past decades. The
proposed theories can be generally split into two types. The first type in-
volves some form of higher order displacement gradient and spatial integrals
as introduced by Eringen (Ref. [121]) and Eringen et al. (Ref. [122]). The
presence of derivatives in this type of non-local theory retains the spatial
derivative in the mathematical formulation. Thus the description of discon-
tinuity (such as cracks) remains problematic. The second type avoids this
difficulty by using displacement fields instead of their derivatives. This type
of non-local theory was first developed by Kunin (Ref. [123]) and Rogula
(Ref. [124]). Both of these proposals were derived for one dimensional cases.
Recently, a more general formulation was proposed by Silling (Ref. [125]).
This new formulation is known as Peridynamics theory. The Peridynamics
theory does not require spatial derivatives, is applicable in two and three
dimensional spaces, provides non-linear material response in regards to dis-
placements and includes damage as part of the non-local formulation.

Peridynamic theory is used in this thesis to formulate the reduced or-
der model for the bridging response of the Z-pin. This chapter presents a
review of peridynamic theory, its advances and areas of application. In ad-
dition, the peridynamic rod and Timoshenko beam formulations are derived
and presented in this chapter. These formulations forms the basis of the
reduced order model describing the Z-pin bridging response. Thus, the de-
rived formulation is validated to be correct as presented in this chapter. It is
worth noting that the peridynamic beam formulation presented here results
in slightly different bond constants to that presented in literature. The for-
mulation presented in this chapter is the correct one.
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3.2 Peridynamics - A Review

Peridynamic theory is a reformulation of the solid mechanics equations of
motion into an integro-partial differential form. The use of displacements
instead of displacement derivatives coupled with employing spatial integral
equation in peridynamic theory results in the equation of motion being de-
fined at discontinuities such as cracks. In addition, material damage forms
an integral part of the constitutive laws in peridynamic theory. The peridy-
namic theory, being defined at discontinuities with damage integral to con-
stitutive laws, allows for crack initiation and propagation with an arbitrary
path without the need for special crack growth treatment. Consequently, the
peridynamic theory is better able to model cases where crack location is not
known a priori.

The peridynamic theory was first proposed by Silling (Ref. [125]) in the
year 2000. In the proposed theory a material point (z) interacts with other
material points (z') within a certain distance known as the horizon (H,).
As shown in fig. 3.1, the material body is divided into a set of points, the
particles within a distance 7, from the point of interest z (colored red in
fig. 3.1 ) forms the horizon of z (H,). The material points in the horizon of
z are referred to as 2’ (colored orange in fig. 3.1). All material points in the
horizon of z exchange momentum with material point z. Thus, the general
governing equation in peridynamic formulation becomes:

p(Z)% = /H (6o — ty,| dH + b(z,1) (3.1)

Where, p is the material density, u(z,t) is deformation vector at location
z, t,, is the force density per unit volume squared exerted by z on z’, t,, is
the force density per unit volume squared exerted by z’ on z, b(z,t) is the
body force per unit volume acting on material point z, and H in the integral
limit refers to integration over the horizon of material point z. The integral
on the right hand side of eq. (3.1) is the principal difference in the expression
of the governing equation when compared to the partial spatial derivative in
the classical continuum mechanics.
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Horizon
HZ

Figure 3.1: Illustration of particle interaction in peridynamic theory.

In the original formulation proposed by Silling (Ref. [125]), later coined
the "bond based" peridynamic, the vectors of force density per unit volume
(t,z and t,.,) are assumed to be equal in magnitude and parallel to the po-
sition vector in deformed state as shown in fig. 3.2a. This assumption was
used to satisfy the requirement for balance of angular momentum. Such an
assumption resulted in a constraint on material properties requiring the Pois-
son’s ratio to be equal to 0.25 for isotropic material. Also, it is not suitable
to capture plastic incompressibility as it is not able to distinguish between
distortional and volumetric deformation.

To address the limitations arising from bond-based peridyanmics, Silling
et al. (Ref. [126]) proposed a more general formulation, coined the state-
based peridynamics. In state-based peridynamics the deformation of a ma-
terial point depends collectively on the deformation of all bonds connected to
the point. Consequently, the force densities arising from the pairwise inter-
action does not necessarily have to be equal and opposite. The general case
where the pairwise force density are of unequal magnitude and not parallel
to the deformed position vector (see fig. 3.2c) is referred to as "non-ordinary
state-based" peridynamics. The case where the pairwise force density vec-
tors have unequal magnitude but are parallel to the deformed position vector
(see fig. 3.2b) is referred to as the "ordinary state-based" peridynamics. The
state-based peridynamics formulation has successfully addressed the limita-
tions of bond based peridynamics, allowing for materials with any Poisson’s
ratio and able to capture the plastic incompressibility condition.
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(a) (b) ()

Figure 3.2: Illustration of pairwise interaction in (a) Bond-based peridy-
namics (b) Ordinary state-based peridynamics (c¢) Non-ordinary state based
peridynamics.

Although the peridynamic (PD) theory have been proposed relatively re-
cently, a significant amount of work has been conducted to develop and im-
plement the theory. In terms of material behaviour, peridynamics has been
successfully used to model linear and non-linear elastic behaviour (Ref. [127]),
plastic behaviour (Ref. [126,128]), viscoelastic (Ref. [129-131]) and viscoplas-
tic (Ref. [131,132]) material behaviours. Another important consideration
is the choice of the horizon size. The horizon defines the degree of non-
locality in PD theory. Bobaru et al. discussed the meaning and selection
of the horizon in Ref. [133]. The horizon should be chosen to represent a
characteristic length dimension as discussed by Silling et al. (Ref. [134]). At
nano-scales the horizon size is chosen to represent the maximum distance of
physical interaction between molecules/atoms. However, at the macro-scale,
the horizon does not have a physical correspondence and can be chosen at
convenience (Ref. [135]). A benchmark study was conducted in Ref. [135]
to determine the optimal size for the horizon at macro-scale. Based on this
study it was recommended to use a horizon size r, = 3A where A is the grid
spacing.

Analytical solutions are difficult to obtain in PD theory due to the integro-
differential mathematical structure. Nonetheless, few analytical solution for
very specific cases exist in the literature. An example of analytical solution
using PD theory is that presented in Ref. [136] for an infinite bar subjected
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to a self-equilibrated load distribution. Due to the difficulty obtaining an
analytical solution, numerical methods are more widely used to solve the
governing equation in PD theory. Silling et al. discussed techniques that
can be used to solve the PD equations, stability criterion for convergence
and degree of accuracy for a uniform grid discretisation in Ref. [134]. To
improve the accuracy and computational efficiency of the numerical method
various ideas have been investigated. These ideas include using a mixed
explicit-implicit time integration scheme (Ref. [137]), using non-uniform grid
and non-uniform horizon (Ref. [138,139]), and using adaptive trapezoidal
integration scheme (Ref. [140]). In addition, various studies (Ref. [141-144])
had proposed different ways of combining the PD theory and local theory in
order to improve computational performance. The motivation behind these
proposals is that the numerical solution for the PD theory governing equa-
tions is more computationally expensive than those based on local theories
such as FEM.

The presence of inertial terms in the PD theory makes it inherently suit-
able for dynamic problems. However, using a suitable scheme to obtain the
steady state solution of the dynamic response makes it possible to use PD
theory to solve quasi-static problems. Killic et al. (Ref. [145]) has presented
an extension of the dynamic relaxation method to obtain steady-state solu-
tion of non-linear peridynamic equations in the shortest possible time. This
method is referred to as the adaptive dynamic relaxation (ADR).

Damage prediction is part of the constitutive formulation in PD the-
ory. Crack initiation, coalescence and propagation can be easily prescribed
without the need for external criterion by failing individual bonds. For the
original brittle material, Silling et al. (Ref. [134]) defined a critical stretch
by relating it to the critical energy release rate. Once the critical stretch
is exceeded the PD bond is deleted. Foster et al. (Ref. [146]) defined an
alternative critical energy density by relating it to the critical energy release
rate. Similar to the approach by Silling et al. (Ref [134]), once the critical
energy density is exceeded the bond interaction is broken.

The developments in PD theory allowed for practical engineering models
to be constructed and tested. The PD simulations were able to:

1. successfully predict the crack growth observed in the Kalthoff-Winkler
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experiment (Ref. [136]).

2. capture dynamic fracture characteristics such as crack path instability,
asymmetries of crack paths, crack branching and successive branching

(Ref. [147])

3. model extreme loading of structures such as aeroplane impacting rein-
forced concrete (Ref. [148])

In addition, PD theory is particularly appealing to model composite ma-
terials. This is due to the susceptibility of laminated composites to delam-
ination at locations that are not known a priori. Also, crack propagation
(whether delamination, inter or intra laminar cracks) paths are rather arbi-
trary making it difficult to be captured in the classical continuum approach.
PD theory was used to model the low velocity impact damage of laminated
composites (Ref. [149,150]). The results from these simulations showed very
good correlation with experimental results while predicting the delamina-
tion and matrix damage process in detail. Askari et al. (Ref. [151]) inves-
tigated both high and low energy hail impact against a toughened-epoxy,
intermediate-modulus, carbon-fibre composite using PD theory framework
for the model. Other models presented in literature demonstrated the effec-
tiveness of the PD approach to model and predict damage in composite ma-
terials (see Ref. [152-155]). Nonetheless, many of these models are based on
detailed 3D modelling proving to be computationally expensive and requiring
supercomputers to run the simulations. This motivates the development of
reduced order modelling from a peridynamic point of view.

In summary, PD theory is proving to be effective in modelling damage
nucleation and crack propagation. Significant amount of work has been done
to develop and advance the PD theory but it remains relatively new to the
academic world and can be considered to be in its academic infancy. The
purpose of this chapter is to formulate and validate the PD framework that
will be used to develop the reduced order Z-pin bridging model in later chap-
ters.
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3.3 Peridynamic Model Formulation

Developing a reduced order model capable of predicting the Z-pin bridging
performance under dynamic loading is the main objective of this thesis. Al-
though full 3D modelling can predict the Z-pin bridging performance, the
computational cost remains prohibitively high. In this work, a reduced order
1D model will be used to predict the Z-pin bridging performance. The main
1D elements of interest in this case are the rod and beam elements. There-
fore, it is necessary to formulate the peridynamic rod and Timoshenko beam
governing equations.

Bond-based PD will be used instead of state-based PD to formulate the
governing equations of rod and Timoshenko beam elements. This is moti-
vated by the lower computational cost of bond-based PD when compared
to state-based PD. In addition, the limitations of bond-based PD do not
concern the proposed modelling approach. The limitation on Poisson’s ratio
in bond-based PD is not important when opting for a 1D model. Also, the
inability of bond-based PD in capturing plastic incompressibility is inconse-
quential since carbon fibre based Z-pins fail in brittle manner. Thus, using
the bond-based PD the rod and Timoshenko beam elements will be formu-
lated in the subsequent sections. These elements will be used in the next
chapters to formulate the reduced order Z-pin model.

3.3.1 Rod Formulation

Consider a rod aligned with the z-axis and subjected to a distributed axial
load p(z) as shown in fig. 3.3. The deformation of the rod is described by
the axial displacement w along the rod z-axis. The bond-based peridynamic
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Figure 3.3: A rod subject to distributed force p(z). The rod is aligned with
the z-axis.
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equation for a rod subject to a distributed axial force p(z) is written as
follows [125]:

AW + by = flw(Z t) —w(z,t), 2" — 2] dz" + p(2) (3.2)
H
where w = %QT’Q”, w = 8—7;’, f in the integral on the right hand-side denotes

a pair-wise force density between the material particle occupying the position
z and another material particle in the horizon of z occupying position z’; f
has the dimension of a force per unit length squared. The domain H, in Eq.
3.2 denotes the “horizon” of the material particle positioned at z; assume
that such a domain is represented by a segment of total length 2r,, centred
at the particle z, with r, representing the radius of the horizon. Assuming
that the rod has micro-elastic behaviour [134,136|, the pair-wise force f can
be expressed as:

f = CqSw (33)

where ¢, is the axial bond stiffness constant having dimensions of a force
per unit length squared and s, is the “axial stretch” of the PD bond between
the material particles. Stretch is the mean of describing the deformation of
the PD bond. The axial stretch is defined as:

w —w

(3.4)

S = ———
2" — 2|
where w’ = w(z’). Assuming the horizon becomes infinitesimally small
and using Taylor series expansion, w’ can be expressed as:

w =w+w (2 —2)+ %wn(z’ — 22+ 0|(¢' — 2)?] (3.5)

where O means order of. Substituting eq. (3.5) into eq. (3.4), the axial
stretch s, can be expressed as:

12 =% Loy / 2
Sw:w\z’—z]+§w 12" — 2| + O[(#' — 2)7] (3.6)

As the horizon size becomes smaller, the higher order term in eq. (3.6)
can be neglected. Substituting eq. (3.6) into eq. (3.3) and neglecting higher
order terms, the force density can be expressed as:

68



2 -z 1
P +§w” |2 — 2| (3.7)

Adding horizon limits, the integral in eq. (3.2) becomes:

f = Cq |:’UJI

Z+Th Z+rp !/ 1 1
/ fdz' = ca/ N - |2' — 2| d2 = §cawnr,% (3.8)

o e

Substituting the result in eq. (3.8) into eq. (3.2), the PD governing equa-
tion becomes:

1
PAW + by = icaw”ri + p(2) (3.9)

The derivation of eq. (3.9) was only possible by taking the limit of the
horizon going to zero in order to use the Taylor expansion. The limit as the
horizon goes to zero converges to the classical continuum formulation. The
rod governing equation in classical continuum formulation is:

p AW + by = EAw' + p(2) (3.10)

Comparing eq. (3.10) and eq. (3.9), the axial bond stiffness constant can
be obtained to be:

2FEA
Coq = 2 (311)
T
Thus, substituting the axial bond stiffness in eq. (3.11) into eq. (3.3) and
using the axial stretch definition in eq. (3.4), the governing PD equation of

motion for a rod element is:

2FA I
p AU + byt = 2 / U0 () (3.12)

3.3.2 Non-linear Timoshenko Beam Formulation

Consider a long prismatic beam of length L made of homogeneous material.
The beam is collinear with the z axis of the global zx reference frame shown
in fig. 3.4. In bond-based peridynamics, a particle located at z has bonds
with all the material points within a characteristic sub-domain H, denoted
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as “horizon”. The horizon is the locus of material points with coordinate 2’
whose distance from the particle at z is less than a characteristic radius 7y,
ie. H,={/|2 €z —ru;z+ryl}.

Virtual Work Principle

The deformation of the peridynamic bonds is described by means of stretches,
which, generally speaking, give the relative displacements and rotations nor-
malised with respect to the distance separating the material points in the
undeformed reference configuration. As shown in Figure 3.4, the deformation
of a peridynamic Timoshenko beam is described by two displacement compo-
nents, i.e. w with respect to z and u with respect to z, and a cross-sectional
rotation, which is from now on denoted with . It is hereby assumed that
cross-section rotations # are small, but not negligible, i.e. # << 1. Thus, the
derived formulation is that of a Timoshenko beam with moderate rotations
and hence referred to as non-linear. Similarly, the displacements are also as-
sumed to be small, i.e. w,u << L, together with the associated peridynamic
stretches in global coordinates. Considering the deformed configuration of
the beam, one can introduce a curvilinear abscissa r spanning the axis. Given
the assumptions above, the length of an infinitesimal arc on the deformed
beam axis is expressed as:

, W

Figure 3.4: Deformation and force densities for a peridynamic beam.
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dr = \/(dz + dw)® + du? ~ dz. (3.13)
In the case of a Timoshenko beam and assuming micro-elastic bonds
among material particles, the stretches associated with the curvature s,,
the shear distortion s, and the axial deformation s,, respectively are (Ref.
[134,156]):
/

o —0 w—u 1 2 —z w' —w
A A () i
|2/ — 2| S |2/ — 2] 2< * )|z’—z|7 S |2/ — 2|

where, in order to simplify the notation, it has been assumed that, for
any arbitrary function f(z):

SX:

(3.14)

= f(z). (3.15)
The internal virtual work for a peridynamic beam undergoing axial stretch-
ing, bending and shear can be expressed as follows (Ref. [134, 156]):

L
Wit = %/ / [Z(2,2') 08y + X (2,2") 05, + M (2,2") 08, ] |2/ — 2] dZdz,
0 z

(3.16)
where Z and X are the peridynamic force densities associated with the
{z, 7'} bond in the global z and « directions, respectively (see fig. 3.4). Sim-
ilarly, M is the peridynamic bending moment density occurring between the
particles z and z’. The notation Z(z,2’) indicates the force density at the
point z due to the presence of the {z,2'} bond. It is worth stressing that
the peridynamics force densities have dimensions of forces per unit length
squared; similarly, the peridynamic moment density is expressed as a mo-
ment per unit length squared. Based on eq. (3.14), the virtual stretches can
be expressed as:

5s — dw' — dw
w T |Z,—Z| ’
o' —ouw 1, -z
08" — 66
05y = P



It is worth pointing out that the virtual stretches in eq. (3.17) in principle
comprise two different sets of virtual fields, which represent displacement /ro-
tations separately evaluated at the locations z and 2’. Substituting eq. (3.17)
into eq. (3.16) and collecting the virtual displacements yields:

Wit = —= / / ') -+

+X (z,2) [5u + % (2 —z) 69} + M (z,2) 59} dz'dz+

//{ 6w+X(zz)[5u’+%(2_zl>59/}+

+M(z,2') 08 } dz'dz.

(3.18)

For equilibrium to be satisfied using bond-based PD, the bond force /mo-
ment between z and 2z’ must be equal and opposite to that between 2’ and
z, hence:

Z(z,2)=—-2(7,2), X(z,7)=-X(Z,2), M(z2,2') = -M(Z,2) (3.19)

Substituting eq. (3.19) into the expression of the internal virtual work in
eq. (3.18), it is immediate to observe that the second integral is equal and
opposite to the first one, since the integration variables z and z’ can be
swapped, one gets:

Wit = — / / 2 ow+ X (z,2) du+
(3.20)

+ BX (2,2) (2 — 2) + M (z, z’)} 59} d2'dz.

Similarly, the external work performed by the distributed external forces
p(z) and ¢(z) along the Z-pin axis shown in fig. 3.4 is expressed as follows:

Wes = [ (9= 40) 50+ (q +p0) ) = (3.21)

where ¢ = Ju/0z is the slope of the beam at point z.
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Constitutive Ansatz

In the linear peridynamic Timoshenko beam theory derived with respect
to the undeformed reference configuration [156], the axial ' and shear T
force densities and the bending moment density M are expressed as linear
functions of the associated stretches, i.e. :

N = c4Su,
T = 58y, (3.22)
M = ¢ps,,

The constitutive equations in eq. (3.22) imply that the third of eq. (3.19) is
satisfied, but also that:

N(z, )= =N(,z2),
T(z,2)=-T(,2).

In order to ensure that both the first two eq. (3.19) and eq. (3.23) are si-
multaneously satisfied, it is here assumed that the axial force density N in
the deformed configuration forms an angle § = 1/2 (6 4 ¢) with the global
z-axis. Similarly, the shear force density forms an angle 7/2 + 6 with the
z-axis (see fig. 3.4). Hence, the average cross-sectional rotation for parti-
cles belonging to a bond governs the transformation of the force densities in
global coordinates. This ansatz allows writing the transformation equations
among the force densities for small rotations as follows:

(3.23)

Z(z,2) = N(z,2') — T(z,2)0,
) (3.24)
X(2,2)=T(z,2)+N(z2)0,

by which the conditions in eq. (3.19) and eq. (3.23) are satisfied. Substituting
eq. (3.24) into the expression of the internal virtual work from eq. (3.20) leads
to:

MW == [ [ {IN(a#) = T(2.)0] b0
+[T(2,2") + N(z,2)0] Su+ (3.25)
+ {% [’T(z, 2') + Nz, z’)H_] (2 —2)+ Mz, z’)} 56} dz'dz.
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Imposing §W,; = W, for any arbitrary set of virtual displacement /ro-
tation fields {dw, du, d6} leads to the following set of non-linear peridynamic
governing equations:

/ N =T0]dz' +p—qu' =0,

z

/ [T+ NO]dz' + q+pu’ =0, (3.26)

z

/Hz {WH% [T+ N0 (Z/—z)}dz’zo'

Hence, substituting the constitutive equations from eq. (3.22) into eq. (3.26)
and invoking the d’Alambert’s principle for the inertial forces, one gets:

p A = / CoSuwd? — / cssﬂ_dz' +p—qu,
pAi = / cssydz’ + / CaSwhd? + q + pul, (3.27)
H, H,

. 1 -
plf = / cpsydz' + —/ [0587 + casw9] (' —2)d7.
H. 2 Jh.

Vanishing Horizon Limit

In the limit as the horizon tends to zero the PD governing equation in
eq. (3.27) must revert to their classical continuum counterpart in eq. (A.10)
(see Appendix A) . Thus the PD equation obtained in eq. (3.27) will be
derived in the limit as the horizon tends to zero. The obtained equations
will then be compared to there classic counterparts in eq. (A.10) in order to
obtain the bond constants ¢,, ¢; and ¢,.

Let ry denote the radius of the horizon associated with a peridynamic
particle belonging to the beam. This radius is here considered as a char-
acteristic constant. In the limit as ry — 0, the field variables within the
horizon of an arbitrary particle can be approximated via a Taylor expansion
truncated at the second order. Hence, one has the following approximation
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as rg — 0:

Wl (2= z) 4+ 2l (2 = 2)? + 0 (2 - 2)°

w R w+w (2 —2) + 3w (2 =2+ 0 (2 - 2)° (3.28)
9’%9—1—91(2’—2)—1—%9”(2’—2)24-0(,2’—2)3
Substituting the Taylor expansion of the displacements (eq. (3.28)) into the

stretch definition in eq. (3.14), the following O(z' — z) approximated expres-
sions of the stretches are obtained:

!/
S L .
Sy R |z’—z\+§9 |2" — 2],
Z—z 1
sy~ (uf —0) ) +3 (uf—0") |2 — 2|, (3.29)

2=z
Sy A

1
w P +§w11|z’—z|.

For the derivations that follow, it is worth observing that:

/ —_—
/ T = 0, / |2/ — 2| d’ =13, (3.30)
H. -

2 — 7|

The calculation of the integrals in eq. (3.27) in the limit ry — 0 is here
carried out considering only the leading terms of order O(1) and O(z' — 2)
in the integrands. This follows from the fact that, as mentioned above, the
stretches have been approximated as O(2' — z) in eq. (3.29). From eq. (3.29)
and eq. (3.30) it immediately follows that:

1 1
/ cpsydz' = 5@7%9”, CoSuwd? =~ §caT12LIwH,
z z

1
/ css,dz =~ —cgryy (u'' —0"), (3.31)
H, 2

DO | —

1
/ Cssy (2 = 2)dz’' m Zcorfy (U —0) .
H. 2
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Moreover, considering the second integral on the right hand side of the first
of eq. (3.27), one can write:

/ Cs8,0dz" ~
z

cs/z [(ul ) ; = HOIES z|]
{9 + %01 (2 — z)] dz  (3.32)

Q

~ ics/ ("= 0") 6+ 0" (u' —0)] |2 — 2| 2

z

— %csr%[ 6 (u — 0)}1.

Developing the second integral on the right hand side of the second of eq. (3.27)

yields:
/ CaSwldz =~

F— 1 1
~ Ca/ {wl S §wH |2 — z|] [9 + 591 (2" — z)} dz' (3.33)

2" = 2]

~ %Ca/ (w'0" +w'0) |2 — 2| d = %carf-{ (wle)l.

z

Finally, the last integral that needs to be evaluated appears in the third of
eq. (3.27) and it is:

1
5/ CaSwl (2 — 2) d2' ~

1 2=z 1 4.,
~ Eca/z [w 7] +§w 2" — 2| (3.34)
[0+ 267 (2 — 2)] (2 — 2) d2’

1 1
~ —ca/ w'o |2 — 2| d2 = =c,riw'o.
2% |, 2
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Substituting eqs. 3.31-3.34 into the peridynamic equilibrium equations eq. (3.27)
leads to the following approximation of the governing PD equation as rg — 0:

1
p At = 5(:&7“%[10” — %csr%[ 6 (v — 9)}1 +p—qul,
N N 1 Lo o g\ 1
pAil = SCTH (u -0 ) + SCaH (w 9) +q+pu’, (3.35)

P | 1 1
pll = icbr%ﬁn + écsr% (uf —6) + icar%wle.

The peridynamic equations in the vanishing horizon limit in eq. (3.35) must
be equal to those for a classical Timoshenko beam given in eq. (A.10). Thus
comparing eq. (3.35) and eq. (A.10), the expressions of the peridynamic bond
constants are:

2FA 2kGA 2F1
Co=—5— Cs=—5—, Cpb= —5—. (3.36)
TH Ty TH

It is worth noting that the peridynamic bending bond stiffness ¢, derived
by Diyaroglu et al. (Ref. [156]) is ¢, = fib;é +15S for a prismatic 3D beam ele-
ment. This contradicts the value obtained in this derivation as per eq. (3.36).
It is believed that the value obtained in this derivation is the correct one.

This is supported by a very recent paper by Nguyen et al. (Ref. [157]) where

the derived 3D peridynamic bending stiffness is found to be ¢, = % for a
h

3D prismatic beam, which reduces to the 1D counterpart in eq. (3.36) when
multiplied by the cross sectional area A.

The Governing Equations

The governing equation for a Timoshenko beam with small rotations using
the peridynamic formulation is obtained by substituting the bond constants
in eq. (3.36) into eq. (3.27) :
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2EA 2kGA ~
pAD = —; / Spdz — Kf / s,yedz' +p—qu,
TH z TH z
2kGA 2FA —
pAi = /-@2 / s,dz" + 5 / s,0d2 + q + pul, (3.37)
7n[‘[ z TH z
2E1 1 2kGA 2EA -
pld = —= [ s,d2 + —/ [ Fdf 5y + —3 swe] (2" —z)d.
3 S 2 g T4 T

3.3.3 Numerical Stability

Analytical solutions of the developed PD equations is limited to very specific
cases as discussed in section 3.2. The vast majority of problems, including
the ones in this thesis, are solved by employing numerical schemes. The use
of numerical schemes introduces truncation errors that must be bounded to
obtain convergent results. This motivates the need for the numerical stability
analysis conducted in this section.

For simplicity the 1D rod governing equations (see eq. (3.12)) will be ex-
amined here. The estimated stable time step based on the analysis conducted
here can be multiplied by a safety factor less than 1 to ensure stability in
cases of non-linear governing equations such as that in eq. (3.37).

Let the rod be divided in M segments, each having length Az = L/M and
let it be assumed that the displacement field w(z) is constant within each of
the segments. This leads to a “meshfree” discretization of the rod (Ref. [134]),
whereby a peridynamic particle is located at the centre of each segment.
Hence, the position of the i-th peridynamic particle is z; = Az (z — %) , 1=
1, 2, ..., M. The integro-differential equation in (3.12) can therefore be dis-
cretised as follows:

where W; = w(%;), p; = p(z;). The integral on the rights hand side of eq. (3.12)
is approximated via a Riemann sum [134], ie.

h ]757' |Z] - ZZ '
Jj=i
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where 71, 49, ..., iy are the N particles in the horizon H,, of the i-th particle.

Introducing an explicit discretisation with respect to time via a second-
order centred finite difference scheme [134,156], eq. (3.38) leads to:

(n+1) (n+1) (n—1)

2w§") + w§”‘” w; —w; n n
INE + by AL =17 +p", (340

where At is the time step and the superscript (n) denotes the n-th time

instant. Substituting eq. (3.39) into eq. (3.40) and solving with respect to
(n+1)
Wy

pA

yields the following time-marching solution:

aw™ — (2 = uAt) w™ “+4<At> J 4 o1

wZ(nJrl) _ LA (3.41)
where: .
Xw = p—z, ty, = rh\/g,
o . (3.42)
J = ey, e

J=t1
Considering the time-marching scheme from eq. (3.41), let the round-off

error be defined as e( " = w(n) w(n), where w( ")

(2
solution, while w( ") is the actual displacement field obtained due to the pres-
ence of truncation errors. Let it be assumed that the damping coefficient
in eq. (3.41) is zero, i.e. x,, = 0, and that the external applied force is zero
i.e. p(z) = 0. Expressing the actual numerical solution as w( " = E") — egn)
and substituting the latter into eq. (3.41) lead to the followmg error—evolution
equation:

is the exact numerical

1 X AR\ 2 iN (n) (n)
L) 9p) _ ) | (_) PN i e (3.43)
ty, oy |Zk - Zz
k= 7,1

where advantage has been taken of the fact that zbgn) exactly satisfies the

algebraic equation representing the numerical scheme. Following Von Neu-
mann’s approach to stability analysis [134,135|, the error due to truncation
can be expressed in the general form

egn) _ (Bt ikmid (3.44)
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where ( is in general a complex number, while k,, is a real wave-number;
j denotes the complex unit number, i.e. j = /—1. For the sake of this
analysis, let us assume that the peridynamic particles are numbered in order
with an increasing z; the i-th peridynamic particle has in general N + 1
particles in its horizon, including itself. The indexes of these particles will
bei—(N—-1)/2, ...,i—1,4,i+1, ...,i+ (N —1)/2. Substituting eq. (3.44)
into eq. (3.43) and considering the reordering of the particles described above
yield:

-y
At 2 JkmrAz 1
Moo At o (= S —— (3.45)
th 20 |7”
r=—(N—-1)/2

Euler’s formula established the relation between complex exponentials and
the sine and cosine functions as: €’* = cosx + jsinz. For an even (i.e.
symmetric) function the sine component of Euler’s formula can be dropped
(since the sine function is odd). Therefore, noting the symmetry of the terms
that appear in the series on the right hand side, eq. (3.45) can be equivalently

expressed in the following form:

(N-1)/2
At\? 1— .
CAtZQ_C_At_4<th) : : COi(l‘i T)’ (346)
r=1

where k,, = k,,Az. Let us define:
(N—1)/2

S = Z M (3.47)

r
r=1

One can immediately observe that, by virtue of the last definition:

(N-1)/2
S, <2 2 ~=2H-1 (3.48)

where H(y_1)/> denotes the (N — 1)/2-th harmonic number. The n-th har-
monic number is define as:

1 1
Hy=1+g4s+ o t-=) - (3.49)



Rearranging eq. (3.46)) leads to the following quadratic algebraic equation

in ¢A%
2
At _ 9 [1 —2 (g) S
th

The above equation can be solved for (*! using the quadratic formula result-

ing in:
2
A 2
1-2 (—t) Sm] -1 (3.51)
23

The stability of the numerical scheme in eq. (3.41) is guaranteed by ensuring
that the truncation error remains bounded. The truncation error remains
bounded if the amplitude term in eq. (3.44) does not grow as time progresses
i.e. by imposing |CA’5‘ < 1, which is guaranteed by:

2
1-2 (g) S
123

(ﬁ)g S < 1. (3.53)

123

A+ 1=0, (3.50)

h

2
gAt:1—2<%) S,

<1, (3.52)

that is satisfied for:

Hence, for the time step one obtains:

th

VS

It is interesting to note that ¢, in the above equation represents the time
taken by an elastic wave to travel across half the horizon of a particle. Thus
the stable time step size is limited by the horizon size rather than the grid
spacing (Az) as is the case in classical continuum formulations.

At < (3.54)

3.4 Peridynamic Numerical Solution Consider-
ations

The solution of the PD governing equation is constructed using numerical
techniques for time and spatial integration. The integro-differential format
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in PD formulation give rise to specific issues that require special treatment in
the solution procedure. These issues and the treatments used are discussed
in this section.

3.4.1 Initial and Boundary Condition Application

Collocation method is used to perform spatial integration where the region of
interest is divided into domains. Each domain is assigned a material (collo-
cation) point with a specific volume (see fig. 3.5). This approach is mesh free
in the sense that there are no geometrical connections between the material
points.

The PD equations provide the acceleration of the material point. In-
tegrating the acceleration is necessary to obtain velocity and consequently
displacement. Thus it is necessary to specify initial displacement and ve-
locity. This can be easily done by specifying the initial displacement and
velocity for all material points.

On the other hand, the use of spatial integration in PD formulation as
opposed to spatial derivative in classical continuum mechanics means that
the application of a boundary condition (B.C.) is not generally required to
solve the PD equations of motion. Nonetheless, if imposing B.C. is necessary
then this can be applied in a "fictitious material layer" at the boundary.
Numerical experiments conducted by Macek et al. (Ref. [158]) suggests that
the fictitious material layer should be equal to the horizon radius , rp,, to
adequately ensure that the prescribed boundary condition is reflected on the
actual material region (See fig. 3.5).

BL BL

f_/% f_/H
FO—+0—+0—+ 0001000101+ 0——0+0+8—
rh = 30z <5 rh = 34z

Figure 3.5: Domain of interest is discretised into equal segments of length
Az with red material (collocation) points in the middle of each segment.
Fictitious boundary layer (B ) can be used to apply boundary condition. By,
has a length of r,
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3.4.2 Volume Correction

For a given material point (z;), the governing PD equation includes inte-
gration over the volume of material points (z;) in its horizon. Numerically,
the integration involves summation over the volume of material points in the
horizon of z;. However, the volume of material point z; is not necessarily
embedded in its entirety in the horizon of material point z;. This is particu-
larly the case towards the edge of the horizon where the volume of material
point z; is truncated. This issue becomes clear by the illustration presented
in fig. 3.6 where it is evident that the particle at the horizon edge only has
half of the volume embedded in the horizon.

Thus instead of using the entire volume of each particle in the horizon of
z;, a volume correction can be applied to improve the approximation (Ref.
[135]). The full material volume is considered for material points z; where
dij = |zj — 2| < rp —r in which r = Az/2. However, for material points z;
where r, —r < 6;; < 73, a volume correction factor vejy = (1, + 1 — di5) / (2r)
is introduced. Hence, for a uniform grid discretization the volume correction
factor varies between 1 and 1/2 depending on the location of material point
z; relative to the horizon boundary. Consequently, the discretized solution
of the general PD equation presented in eq. (3.1) is given by eq. (3.55), i.e.
the volume correction factor v.;) multiply the volume of each particle in the
horizon to ensure that the appropriate volume is used during integration.

@) =) (b — toya) vV + bl 1) (3.55)
H,
Az Z; Z;
<> r

i

e

———0—

6ij rh=3AZ

>

Figure 3.6: Illustration for volume correction procedure.

83



3.4.3 Surface Correction

The peridynamic bond constants c¢,, ¢, and ¢4 in section 3.3.2 were derived
based on a material point with a fully embedded horizon within the domain
of interest. Nonetheless, a material point close to the surface might not have
a full horizon as shown in Figure 3.7. Therefore, a correction is needed for a
material point that is close to a free surface. This correction will be referred
to as the surface correction factor (SCF).

To obtain the SCF, the PD strain energy density (epp) at each material
point is computed numerically for a simple loading condition. This is then
compared to the strain energy density (€qassicar) Obtained using the classical
continuum method. Thus, the SCF for a material point at z; is defined by
eq. (3.56). An example of a simple loading condition is a bar subject to axial
extension (Ref. [135]).

€classical (Zz)

SCF(z) = p—r—"

(3.56)

3.4.4 Adaptive Dynamic Relaxation

The PD equation of motion is inherently formulated for a dynamic problem.
Although it is possible to use explicit time integration to solve for a quasi-
static problem, the computational cost for such an approach is prohibitively
expensive. In order to solve the PD equation for a quasi-static problem,
Adaptive Dynamic Relaxation (ADR) is used (Ref. [159]).

ADR is based on the fact that the static solution is the steady state com-

ponent of the transient response. Artificial damping is used to guide the
dynamic solution to the steady state response as quickly as possible. The

Az Blue Grey
<>

Figure 3.7: Hlustration of surface effect. The blue particle has full horizon
interactions while the grey particle at the edge has half horizon interactions.
In this case the horizon has a radius r;, = 3Az.
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optimal damping coefficient is calculated at each time step using the ADR
scheme introduced by Underwood in Ref. [159].

ADR is used in this thesis to solve quasi-static problems. The solution
procedure is based on the work conducted by Kilic et al (Ref. [160]). For
details of the mathematical procedure the reader is advised to consult the
work in Ref. [160].

3.5 Peridynamic Validation

The developed rod and beam peridynamic equations of motion are validated
in this section. The validation provides confidence that the developed formu-
lation is correct before being used later to model the Z-pin bridging perfor-
mance. For this purpose, simple structures subjected to quasi-static loading
will be solved using the developed peridynamic equations. The obtained so-
lution is then compared against well established analytical results as a mean
of validating the developed equations.

3.5.1 Bar Under Uniformly Distributed Tensile Load

Consider a prismatic bar subjected to uniformly distributed axial load f =
200N /m as shown in fig. 3.8. The bar is built in at one end (i.e. cantilevered
bar), has a length L = 1m, a square cross section of 1mm x 1mm and made
from steel with a Young’s modulus of 200G Pa.

>
wwT

Figure 3.8: Cantilevered bar subject to uniformly distributed axial load.
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An analytic solution to the above problem can be obtained using the
classical continuum formulation as:

w(z) = /OZ %dz (3.57)

where, w(z) and P(z) are the bar extension and force acting on the cross
section at point z respectively. E and A are the Young’s modulus and cross
sectional area respectively. For a uniformly distibuted load f, the force acting
on the cross section is P(z) = fz. Thus the extension w at any location along
the beam is obtained as:

w(z) = 2JZA

(3.58)

The developed peridynamic rod formulation in eq. (3.12) is solved nu-
merically to obtain the bar extension. The bar is discretized uniformly into
200 particles (i.e. Az = 5% 1073m). The horizon radius used is r, = 3Az.
A boundary layer equal to the horizon radius (i.e. 3Az) is added to the
built in end to allow for boundary condition application as discussed in sec-
tion 3.4.1 (see fig. 3.5). The displacement of the particles in the boundary
layer is set to zero as the boundary condition. The generic i-th segment is a
peridynamic particle that interacts with a further N, particles with indices
i1, %2, ..., in,. Thus approximating the integral in eq. (3.12) as a Riemann sum
(Ref. [134,156]) and applying volume correction factor (v.), the discretized
governing equation becomes:

. . 2EA iNh w]‘ — W;
h J z

Jj=i1

Where, Y, is the mass-proportional viscous damping used in the ADR
procedure (Ref. [160]) to obtain the static solution. The convergence to the
static solution using ADR is guaranteed by ensuring that the ratio of the
kinetic to elastic energy of the system is less than a certain tolerance (1E-8
in this case).

Since, the deformed shape takes the form w(z) = 2% (see eq. (3.58)),
then the appropriate peridynamic body force (b(z;)) is given by (Ref. [161]):
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Analytic Solution
Peridynamic Solution

o w ~
- - -

Bar Extension (m)

-
T

Figure 3.9: Comparison of peridynamic prediction and analytical results for
a prismatic bar under uniformly distributed axial load.

The body load within a distance of 7}, from the edge takes a slightly differ-
ent form to that within the body of the bar due to surface effect as discussed

earlier.

Based on the above, the obtained peridynamic and analytical results are
seen to be in excellent agreement as shown in fig. 3.9.

3.5.2 Cantilever Beam Under Transverse Loading

Consider a prismatic cantilever beam subjected to tip load F' = 5000N as
shown in fig. 3.10. The beam has a length L = 1m and a square cross section
of 0.1m x 0.1m. The beam material is steel such that Young’s (F) and shear
(G) modulus has a value of 200G Pa and 80G Pa respectively. The reference
axis is placed at the built in end with the beam lying in the z — x reference

(see fig. 3.10).

0.4 0.6
Distance Along the Bar (m)

—f

87

0.8

b(zi) = 2 € (0, L — ry]
Yl f@airn — R4+ 322 — 25 L — L?) z € (L —rp, L




L=1m

>
>

Figure 3.10: Cantilever beam subject to tip load of P.

The deflection (u) and cross section rotation () for the above problem
is analytically obtained by solving the classical Timoshenko beam equations
(Ref. [162]) as:

0(z) = EFI (2Lz — 2?)

(3.61)

z F(L—=z 3
u(z) = ,:Z,A — (6EI ) (2L + 2Lz — 2*) + %

Where, A and [ are the cross sectional area and moment of inertia respec-
tively. k is the Timoshenko shear correction factor which is 5/6 for a rectan-
gular cross section.

The peridynamic solution for the same problem is obtained by numerically
solving eq. (3.37). For this purpose, the same spatial discretization, horizon
radius and boundary condition application as that in section 3.5.1 is used.
Thus approximating the integral in eq. (3.37) as a Riemann sum (Ref. [134,
156]), and applying volume (v.) and surface (SC'F') correction factors, the
discretized governing equation (eq. (3.37)) becomes:

PA (W; + Xwt;) = [i(jl) — 4i®i,
pA (i + xut)) = I + ai, (3.62)

SN
oI (0 + xobi) = 15,

Where the II? entries are given in AppendixB; X, Xu. and xy are the
mass-proportional viscous damping coefficients introduced to accelerate con-
vergence towards the quasi-static solution as proposed by Kilic in Ref. [160].
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Figure 3.11: Comparison of peridynamic prediction and analytic results for
a tip loaded beam. (a) Deflection and (b) Cross section rotation along the
beam.

(=]

Finally, in eq. (3.62), ¢; = u! denotes the slope of the beam axis.

The applied tip load (F') is a point load while the force ¢; in eq. (3.62)
is a body load with units of N/m. Consequently, the force ¢; in eq. (3.62) is
zero except for the particle at the tip where gy, = F/Az.

Time integration of eq. (3.62) is performed using the ADR technique
(Ref. [160]). Convergence to the static solution is guaranteed by ensuring
that the ratio of the kinetic to elastic energy of the system is less than a
certain tolerance (1E-8 in this case).

Based on the above, the obtained peridynamic and analytical results pre-
sented in fig. 3.11 are seen to be in excellent agreement. Consequently, it can
be asserted that the derived peridynamic governing equations (eq. (3.37)) are
correct.

3.6 Summary

Peridynamic theory is a non-local formulation of the equations of motion.
In peridynamic theory a particle at location z interacts with other particles
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within a predefined distance known as the horizon. In contrast, classical
continuum mechanics (a local theory) assumes that a particle at location z
only interacts with other particles in its immediate vicinity.

A review of key advancements in PD theory and its applications is pre-
sented in section 3.2. The initial form of PD theory proposed by silling
(Ref. [125]) is known as "bond-based" peridynamics. In "bond-based" peri-
dynamics the Poisson’s ratio of the material is limited to 0.25. To overcome
this limitation, Silling et al. (Ref. [126]) developed the "state-based" peri-
dynamics. Both forms of PD theory, "bond-based" and "state-based" has
been used in various applications. A particularly favourable application is in
prediction of damage initiation and propagation. This is the case, because
PD theory has the damage model inherent to the mathematical formulation.
Consequently, crack initiation and propagation can be arbitrary instead of
following a predefined path.

The peridynamic rod and beam formulation are developed in this chapter.
The developed beam formulation is based on Timoshenko beam and assumes
that the cross sectional rotation are small but not negligible. Consequently,
the proposed model allows for coupling between axial and transverse defor-
mation. Hence, it was referred to as "non-linear Timoshenko beam".

The developed peridynamic equations are mostly solved using numerical
schemes. Certain considerations need to be taken into account when solv-
ing the peridynamic equation numerically. This include adding a fictitious
boundary layer equal to the horizon radius to apply boundary conditions.
When performing spatial integration appropriate volume and surface correc-
tions need to be applied. Lastly, the PD equations are inherently formulated
for dynamic problems. However, adaptive dynamic relaxation procedure can
be applied on PD equations to solve static problems. ADR assumes that the
static solution of PD equation is the steady-state solution of the dynamic
problem. Consequently, optimal damping is applied at each time step to
reach the steady-state solution in the shortest possible time.

The developed PD equations have been validated by comparing the nu-

merically obtained peridynamic results against well established analytical
solution of simple structures under quasi-static loading.
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Chapter 4

Experimental Results

4.1 Introduction

The development of a peridynamics-based reduced-order model to simulate
Z-pin bridging performance requires the calibration of characteristic param-
eters from experimental data. Furthermore, the parameter calibration must
be tested to validate the prediction capabilities of the model developed. This
validation process requires comparison of the model response to experimental
data, which are independent of those data used in the calibration process.
Consequently, obtaining a set of experimental data that characterises the
bridging response of Z-pins is an essential step towards achieving the aim of
creating a reduced order model.

A reliable set of experiments characterising the bridging response of Z-
pins at loading rates ranging from quasi-static conditions to pull-out speeds
of 12m/s exist in the literature. These tests were conducted by Dr. Hao Cui
at Oxford university as part of the DYNAPIN project, which the author was
part of. The outcomes of these experimental testing have been published in
Ref. [12,13]|. These experimental results are employed in this thesis to cal-
ibrate and validate the reduced-order model describing the rate-dependent
single Z-pin behaviour.

The raw experimental data obtained from Ref. [12,13| will be used to
produce the post-processed results presented in this chapter. This will al-
low the reader to be familiar with the experimental data that are used in
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the subsequent chapters. In addition, some additional results including Scan
Electron Microscopy (SEM) images will be presented here for the first time
to provide an explanation of the observed Z-pin response.

In this chapter, the method with which the experiment is conducted will
be explained; the experimental set-up and coupon configuration will be il-
lustrated. The results are presented and discussed in a way that highlights
important issues underpinning the behaviour of the Z-pinned coupons. The
key features of the experimental results will prove to be instrumental in de-
veloping an appropriate reduced-order model.

4.2 The Experiment

4.2.1 Coupon Configuration

The test coupon consists of two composite laminates, separated by a PTFE
film and connected together by Z-pins, as shown in fig. 4.1. The PTFE
film used at the mid-plane between the two laminates creates an artificial
delamination. Hence, the bridging force measured during the experiment is
completely due to the Z-pins. The specimen cut from Z-pinned plates mea-
sured 10x10mm, with a total thickness of 8mm (see fig. 4.1).

The Z-pin is made of T300/BMI material, while the laminates are made
from IM7/8552 prepreg with a quasi-isotropic layup. A quasi-isotropic layup
was chosen as it is the most widely used configuration in industrial appli-
cations. The bridging response of Z-pins is known to depend on the ma-
terial and configuration of the embedding laminate (Ref. [10,163]). The
top laminate layup is [0/45/90/ — 45]4s, while the bottom laminate has a
[90/ — 45/0/45]4s stacking sequence. A 90° interface was placed at the mid-
plane in order to avoid nesting between plies across the delamination, thus
ensuring that any bridging force was due only to the presence of reinforcing
Z-pins.

The Z-pins used had a diameter of 0.28mm, so they are relatively small
compared to the coupon. This makes the bridging response measurement
particularly challenging at high rates using the Split Hopkinson Tension Bar
(SHTB) test setup (disucssed in detail in section 4.2.2). To overcome this
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Figure 4.1: Coupon configuration and Z-pin distribution Ref. [12]

difficulty, it was decided to use a 4x4 array of Z-pins corresponding to an
areal density of 2%, i.e. a separation distance of 1.75mm between Z-pins.

The Z-pinned coupons were manufactured at the University of Bristol
for the Mode I and II experiments, manually inserting the through-thickness
rods (TTR). The mixed-mode coupons were manufactured at the National
Composite Centre, using the automated direct insertion method patented
by Rolls-Royce. In Ref. [12], the authors reported an average misalignment
angle of 9°4+3° for the mode I and II coupons. However, for the mixed-
mode angle coupons, Ref. [13| reported a negligible misalignment angle. The
direct insertion process used for the mixed mode coupons can indeed achieve
an almost perfectly orthogonal insertion prior to cure. However, during cure
the resin flow will induce some misalignment for the inserted Z-pins. Even
if the author in Ref. [13] reported that the vertical offset angle was too
small to be measured, it is reasonable to assume there will always be some
amount of misalignment for the inserted Z-pins. Following a discussion with
Dr. Yusuf Mahadik, who was responsible for the manufacturing of these Z-
pinned samples (Ref. [164]), it was established that the Z-pin misalignment
angle can vary between 1° and 9° from the vertical depending on the insertion
method adopted (i.e. manual or direct), but an average of 0°+3° provides
a reasonable description of the characteristic offset angle seen in directly-
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inserted TTR.

4.2.2 Test Set-up

Quasi-static testing was conducted using a ZwicK Roell 250 test machine at
a loading rate of 0.0lmm/s. The load cell was used to measure the bridging
force response. However, when the samples fail abruptly due to the rupture
of the Z-pins, particularly in mode II and at high mode-mixities, the load cell
acquisition rate is not sufficient to capture the falling trend of the force versus
displacement response. Thus, a low impedance 0.9m long aluminium tube
was attached between the load cell and the sample tested (see fig. 4.2a). This
arrangement ensured that the full progressive drop of the bridging force could
be measured before the reflected wave from the load cell end had reached the
strain gauge mounted on the tube.

Dynamic test were conducted using a Split Hopkinson Tension Bar (SHTB)
system, as shown in fig. 4.2b. The striker is projected at high speed, up to
12m/s, impacting the loading bar and generating a stress pulse with duration
of 1ms. This allows the loading of the specimen to failure with a single pulse.
For a detailed description of the SHTB test method, the reader can consult
Ref. [165].

High speed cameras were used to monitor the failure process of the
coupon. The specimen surface was painted with black speckles on a white
background, enabling digital image correlation (DIC) to be used to measure
the displacement. The use of DIC facilitate obtaining the opening and shear
displacement at the delamination interface. However, only the opening and
sliding displacements were measured for the mode I and II tests, respectively.

At a quasi-static loading rate, the high speed camera recorded deforma-
tion with a sampling rate of 20,000 frames per second (FPS). In the dynamic
loading rate conditions, the high speed camera recorded deformation at a
frame rate of 100,000 to 500,000 FPS, depending on the duration of the fail-

ure event.
To apply the appropriate mixed-mode load to the Z-pinned specimens,

aluminium fixtures were designed as shown in fig. 4.3. A brass sleeve was
used to constrain the opening displacement in mode 1T and mixed-mode load-
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Figure 4.2: Test setup configuration at (a) quasi-static and (b)dynamic load-
ing rate. Ref. [13]

ing. For the mixed-mode tests, the fixture angle S was varied from 15° to
75°, in increments of 15°, in order to achieve a nominal mode-mixity range

of 0.259 to 0.966.

4.2.3 Inertia Effects

The sudden acceleration of the samples to the desired test speed in short
time makes it very challenging to achieve equilibrium in dynamic tests. Con-
sequently inertial forces arising from the acceleration of the sample and the
aluminium fixture would contribute to the measured apparent bridging force.
Thus there is a need to correct the inertia effect to obtain the bridging re-
sponse purely due to the action of the Z-pins.

A finite element study was conducted in Ref. [12] to factor out the influ-
ence of inertia from the experimental results. The entire SHTB setup was
modelled. The axial strain in an element positioned 200mm from the end
of the output bar was used to calculate the force transmitted (F,,) by the
specimen, which is equal to that measured in experiment. The acceleration
of the fixture was obtained from the simulation. Considering the aluminium
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Figure 4.3: Fixture used in (a) Mode I, (b) Mode IT and (c¢) Mixed Mode
Loading. Ref. [12,13]

fixture and the specimen as concentrated masses, the inertia force (F}) can
be calculated by multiplying the acceleration by the total mass. Having both
the measured force and the inertia force, the corrected force can be obtained
by adding the two associated terms, as shown in eq. (4.1).

F=F,+F, (4.1)

The results presented in Ref. [12] demonstrate that applying the inertia
effect correction to the measured force on the output bar can indeed recover
the input signal to a high degree of accuracy. Thus it can be concluded that
the proposed method for correcting the inertia effect is robust.

During the experiment, images of the specimen were obtained via high
speed cameras. DIC was used to obtain the displacement, velocity and,
consequently, the acceleration of the specimen and the fixture. Knowing the
mass of the specimen and the fixture (6.5g) and the acceleration, the inertia
force is calculated. Thus, where appropriate, inertia effects were corrected
for in the experimental results based on eq. (4.1). The application of inertia
effect correction is further discussed in the results section (section 4.3).
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4.3 Results and Discussion

4.3.1 Model

The quasi-static and dynamic response of the Z-pin array subject to Mode I
loading is presented in figs. 4.4 and 4.5 respectively.

Mode I loading shows the same characteristic response under both quasi-
static and dynamic conditions. An initial elastic response of the bonded Z-pin
corresponds to the initial peak bridging force observed. As the loading pro-
gresses, the Z-pin de-bonds from the surrounding laminate, thus causing the
observed drop of the bridging force. Then the Z-pin starts to slide out of the
laminate, causing the bridging force to increase up to a second peak followed
by progressive decrease to zero. This pull out response indicates that the
sliding friction per unit length is increasing, but there comes a point where
the reduction in embedded Z-pin length (as pull-out progress) outweighs the
increase in frictional force; hence the reduction in bridging response down to
zero at complete pull-out.

The increase in frictional force per unit length can be explained by the
fact that, as the Z-pin is pulled out, shear cusps are formed, causing debris
to build up along the Z-pin pull-out path. In addition, a study presented in
Ref. [166] demonstrated that Z-pins do not have a regular cross section along
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Figure 4.4: The quasi-static bridging response of Z-pins subject Mode I load-
ing. Data adapted from [12].
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the length, i.e. the Z-pin does not have a perfect cylindrical shape. This
causes a local enhancement contact forces that promote friction. The afore-
mentioned study also found that the Z-pins had a twist angle of 52°, which
contributed to the different cross sectional shapes from the bottom to the top
of the TTR. Such large twist angle was likely adopted to improve consolida-
tion during the pultrusion process that is usually employed to manufacture
the continuous small-diameter CFRP rods from which Z-pin are cut. The
Z-pins characterised in the experimental campaign summarised here were
also manufactured via pultrusion, but no information is actually available
regarding the eventual presence of a twist angle. Microscope observations of
the TTR seem to suggest that a small amount of twist, in the order of few
degrees, is indeed present, but it is impossible to draw a definitive conclusion
observing Z-pins less than 10mm long. The twist could in principle con-
tribute to the observed growth of frictional force during pull-out, by making
the lateral surface rougher and also forcing the Z-pin to rotate while being
pulled-out. However, the SEM images do not provide a conclusive evidence
of such a mechanism.

A clear rate effect on the Z-pin bridging response can be appreciated in
figs. 4.4 and 4.5. The main features of this rate effect are summarised in the
remarks that follow:

1. The peak force achieved during the pull-out stage decreases as the
loading rate is increased from quasi-static conditions to 12m/s.

2. The pull-out response following the force peak is increasingly linear as
the loading rate is increased; in quasi-static conditions, the amount of
non-linearity is significant.

3. The energy dissipated during the pull-out process, defined as the area
under the force-displacement graph, decreases with the loading rate.

The observations above involve effects that are directly related to the be-
haviour of the Z-pin/laminate interface. All the tests conducted in mode I
conditions ended with the complete Z-pin pull-out. Therefore, the differences
observed in terms of force versus displacement trends must arise from the in-
terface frictional response during the pull-out stage, which depends primarily
on the loading rate.
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Figure 4.5: The bridging response and corresponding velocity profile in Mode
I loading subject to dynamic rate. Data adapted from [12].

As can be seen in fig. 4.6, the pristine Z-pin has a smooth surface due
to the resin being uniformly present over the whole surface (see fig. 4.6a).
However, the surface of a Z-pin that has been pulled-out (both under quasi-



static or dynamic loading) has a rougher appearance, since individual fibres
become visible. This is caused by the removal of the resin due to friction
as the pull out progresses. In the quasi-static case, there is also evidence of
surface fibre failure and fibre de-bond from the Z-pin (see figs. 4.6b and 4.6¢).
Both of these mechanisms contribute to the additional energy dissipated
under quasi-static loading when compared to the dynamic regimes.

Furthermore, observing the surface of the hole left by the Z-pin in the
laminate after pull out, shown in fig. 4.7, reveals large shear cusps and a sig-
nificant amount of debris (see fig. 4.7a) at quasi-static loading. On the other
hand, the surface of the hole after the high rate testing is relatively smooth

(a) Pristine (b) Quasi-Static (c) High Rate

Figure 4.6: Z-pin surface observed using scan electron microscopy in (a) pris-
tine condition and subject to (b) quasi-static and (c) dynamic loading.Images
are courtesy of Dr. Hao Cui.

(a) Quasi-Static (b) High Rate

Figure 4.7: Hole surface observed using scan electron microscopy after Z-pin
pull-out at (a) quasi-static and (b) dynamic rates.Images are courtesy of Dr.
Hao Cui.
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Figure 4.8: Tip cross section profile of two different Z-pins in pristine condi-
tion. Images are courtesy of Dr. Hao Cui.

with minimal presence of the shear cusps (see fig. 4.7b). This differences can
be attributed to the rate dependence of the matrix mechanical behaviour. At
high rate, the resin tend to behave in a brittle manner, while in quasi-static
conditions the matrix is much more ductile. This allows for the shear cusps
to form and debris to build up, thus explaining the higher energy dissipated
under a quasi-static loading regime.

Two different Z-pins in pristine conditions observed via SEM show differ-
ent cross sectional shapes at the tip (see fig. 4.8). This provides supporting
evidence for the second mechanism responsible for frictional force growth as
sliding progress discussed earlier, i.e. the local enhancement of contact and
frictional forces as the Z-pin slides within the embedding laminate. However,
at high loading rates the time scale of pull-out is much smaller than that in
the quasi-static case. Thus the interlocking of different cross sectional profiles
as the Z-pin slides out of the laminate cannot fully develop under dynamic
loading. This provides another reasonable explanation for the reduction of
the sliding frictional force at high loading rates.

On the other hand, it is interesting to note that one test contradicts the
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observed trend, i.e. the higher the loading rate the lower the bridging force
response. In particular this is observed in the T2 test presented in fig. 4.5e.
The velocity profile for the T2 test shown in fig. 4.5f is characterised by
a higher velocity then in the other two tests, but with a resulting larger
bridging action (see fig. 4.5e). There are two possible explanations for this
observation. The first is that the author in Ref. [12] argued that a near
constant velocity profile is achieved within the first 0.2ms (see fig. 4.9), thus
it was decided not to apply inertia correction when presenting the mode I
test result. Such a decision would not affect the accuracy of the results,
since the energy dissipated prior to pull-out where the Z-pin is accelerating
contributes very little to the total work (around 1%). Albeit the acceleration
being significantly reduced after 0.2ms to a relatively low value, it never
reached zero. Thus the anomaly in the response for the T2 test seen in
fig. 4.5e is here attributed to the lack of inertia correction.

Another possible explanation is that the distribution of the misalignment
angle within the Z-pin array in the T2 test specimen may be slightly differ-
ent from the other samples. More Z-pins could have a misalignment angle
greater than the average of 9°, thus contributing to the higher bridging re-
sponse observed. Nonetheless, given that the response is very similar to the
other tests in fig. 4.5e once the velocity has stabilised, the effect observed in
the T2 test in fig. 4.5e is rather attributed to the lack of inertia correction.

5 - 135
~— Disp Force
430
4t
= 25
E
S 3 L
= 4120
E
@ 415
82
@ 110
a .|
A\ 15
5.5m/s )
0 A i i i 0
0.0 0.2 04 086 0.8 10

Time (ms)

Figure 4.9: A bridging response in dynamic test presented in Ref. [12]
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However, the different distribution of misalignment angle within the Z-pin
array can be used to explain the difference in the response between T1 and
T2 in both quasi-static (see fig. 4.10a) and dynamic (see fig. 4.5a) conditions.
In the quasi-static case, the fact that the loading rate is the same is ensured
by the cross head movement of the Instron machine, which is sufficiently stiff
for the load levels attained during the tests. On the other hand, the velocity
plot in fig. 4.5b shows that the pull-out speed is almost identical for the two
tests at high rate. Thus the only logical explanation for this difference is that
there is a different distribution of the misalignment angle within the array of
Z-pins inserted into the two coupons.

Furthermore, the bridging force under mode I loading with 9° misalign-
ment angle is greater than that with a 0° misalignment angle for both quasi-
static and dynamic loading cases, as seen in figs. 4.4 and 4.5. This behaviour
can be clearly attributed to the difference in the distribution of the mis-
alignment angle within Z-pin arrays for the two batches of coupons. The
misalignment angle causes the laminate to exert a punching resistance force
against the Z-pins. Consequently this will result in an enhanced friction zone
as the Z-pin is pulled out of the laminate. This is a well-known phenomenon,
denoted as “snubbing”, which was first discussed in Ref. [10]. The snub-
bing effect was also observed in other tests reported in the literature such
as Ref. [83|. Snubbing is a critical factor affecting the Z-pin response in all
conditions, apart from the mode I pull out of TTR with perfectly orthogonal
insertion.

4.3.2 Mode I1

The bridging response and the corresponding velocity profile of the Z-pins
under Mode II loading for both quasi-static and dynamic loading rates are
presented in figs. 4.10 and 4.11 respectively. In both scenarios, there is an
initial linear or nearly linear bridging response from the Z-pins. Furthermore,
in both cases a peak force of around 50N is reached before a sudden drop to
zero occurs as the Z-pin fails. However, the response presented in Ref. [12]
beyond the peak force appears to be significantly different from that shown
in figs. 4.10 and 4.11.

In the quasi-static mode II test, the Z-pins fail in an unstable fashion,
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causing a large acceleration of the sliding motion, which attains a high ve-
locity in a short time period, as detailed in fig. 4.10b. This large acceleration
causes inertial effects. Since only a relatively small number of images were
taken during the failure process, no accurate acceleration history can be de-
termined. Therefore, the actual bridging force response during the Z-pin
failure cannot be obtained, since there are no sufficient data for performing
an inertia correction. One could equivalently state that the a quasi-static test
always involves a high-rate phase when the TTR experience sudden failure,
as it occurs in mode IT dominated scenarios.

It is worth noting that capturing the decreasing force versus displacement
trend during the mode II tests recalled here was done by the high speed cam-
eras that recorded displacements together with the strain gauge attached to
the bar used to connect the specimen to the load cell. The observed rela-
tively smooth post-peak response shown in fig. 4.10a is an artefact due to
the high speed of the specimen attained as the Z-pin fails. To illustrate this
point, fig. 4.12 shows the bridging force as function of displacement and time
for a specimen tested under quasi-static mode II loading (coupon T3). The
force drops to zero as soon as the Z-pins fail. This confirms that the apparent
progressive load drop reported in Ref. [12] is an artificial manifestation of the
fact that high speed cameras were used to monitor the specimen failure in
shear. It can be safely concluded that the Z-pins subject to Mode II loading
fail abruptly past the peak load, regardless of the loading rate.
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Figure 4.10: Quasi-static mode II response (a) bridging response of Z-pins,
(b) velocity profile. Data adapted from Ref. [12].
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On the other hand, the mode II tests conducted at high rate were cor-
rected for the inertia effect, as sufficient data were available in the post-failure
regime. Although in Ref. [12] a near constant velocity of 1.5m/s was reported
for the tests , the post-processing of the raw data presented here proves that
such a steady state speed was not achieved, as illustrated in fig. 4.11b. Similar
to the quasi-static test, once Z-pins failed, each specimen suddenly acceler-
ates, as confirmed by the velocity profile of T1 test shown in fig. 4.11b. In the
latter, a sharp increase in velocity is observed at a displacement of 0.12mm,

which corresponds to the peak load that the Z-pins sustained immediately
before failure.
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Figure 4.12: Mode II bridging response for specimen T3 at quasi-staic loading
as a function of (a) Displacement and (b) Time. Data adapted from Ref. [12].
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Compressive
fiber Failure

Figure 4.13: Scan Electorn Microscopy image of the Z-pin fracture surface
under mode IT loading at (a) quasi-static and (b) high rates. Images courtesy
of Dr. Hao Cui.

After the mode II test, it was observed that all the Z-pins where sheared
out, regardless of the loading rate. Upon SEM inspection, the failed Z-
pin cross section presented two distinct areas. In the first (zone 1), Z-pin
fibres are irregularly pulled-out and failed at different locations (see fig. 4.13).
The second area (zone 2) is characterised by the fibres failing more or less
at the same location(see fig. 4.13), with evidence of micro-buckling. This
failure morphology is due to the Z-pin bending, whereby one half of the
cross section is subject to tension, while the other side is under compression.
Thus, the observed failure in zone 1 corresponds to tensile fibre failure, while
that in zone 2 is clearly representative of compressive fibre failure. The
failure morphology appears unaffected by the loading rate. This explains
the similarity of the dissipated energy values (area under force-displacement
graph) in figs. 4.10a and 4.11a for Z-pins tested in mode II under quasi-static
and high-rate loading.

4.3.3 Mixed Mode

The quasi-static bridging response under mixed-mode loading of Z-pinned
coupons is presented in fig. 4.14. The mode mixity achieved during the test
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Figure 4.14: The quasi-static bridging response and mode mixity achieved
in mixed mode loading with Z-pin mixed mode angle of (a) 15°, (b) 30°, (c)
45°, (d) 60° and (e) 75°, where 0° is pure mode I and 90° is pure mode II.
Data adapted from Ref. [13].
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Figure 4.15: SEM image of the failure surface of Z-pinned laminate subject to
quasi-static loading with a mixed mode angle of (a) 15° and (b) 30°. Images
are courtesy of Dr. Hao Cui.

was obtained from DIC and it is here presented on the same graph as the
bridging response (see fig. 4.14).

At low mode mixity values, i.e. corresponding to a nominal loading an-
gle (B) of 15° and 30°, the recorded displacement reaches to the full half-
embedded length of approximately 4mm (see figs. 4.14a and 4.14b). This
might erroneously lead to thinking that the Z-pins failed because of com-
plete pull-out, similar to what occurred in the mode I response. However,
since the load offset angles of 15° and 30° are significantly larger than any
misalignment observed in the mode I case, one should expect that a com-
plete pull-out response at these mode mixities would result in larger bridging
forces compared to mode I. This should happen because of the friction en-
hancement due to snubbing becomes stronger as the mode-mixity increases
(as explained section 4.3.1). Considering that the response seen in figs. 4.14a
and 4.14b results from the overall behaviour of the 16 Z-pins in each coupon,
it is reasonable to speculate that some of those experienced full pull-out,
whereas the remaining ones failed prematurely.

Such a “mixed” behaviour, where individual TTR may randomly fail or
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pull out completely despite being loaded at the same mode-mixity, has been
extensively discussed in the literature by Yasaee et al. [83]. The latter au-
thors introduced the concept of transition region, to indicate the range of
mode-mixity values within which Z-pin may either pull-out or fail in an al-
most random fashion. For quasi-isotropic laminates and embedding lengths
in the order of 10 mm, the transition region spanned the mode-mixity range
between 30° and 40°. However, the results from Ref. [83] were obtained on a
much earlier generation of Z-pin rod-stock, which was affected by significant
void content, as a result of poor consolidation during pultrusion. The Z-pins
considered here belong to a later generation, made of the same material (i.e.
T300/BMI), but for which the manufacturing process has been optimised,
improving consolidation and reducing void content to a negligible level. How-
ever, this has actually increased the brittleness of the TTR, especially under
mode II conditions; earlier generation Z-pins were prone to extensive internal
splitting [83|, which contributed a level of pseudo-ductility under shear and
pushed the transition region towards larger mode-mixity angles compared to
the later generation of TTR considered here.

SEM images taken from the failed specimens are shown in fig. 4.15. These
show that 9 and 13 Z-pins out of 16 failed by fracture for the mixed-mode
angles of 15° and 30°, respectively. This proves the fact that a “mixed” failure
behaviour actually occurs in the coupons reinforced by Z-pin arrays, as spec-
ulated above. In terms of response, this causes the “stair-case” force trend in
the pull-out region that is observed in fig. 4.14a . The stair case response can
be directly linked to individual Z-pin fracture events within the coupon. The
pulled-out Z-pins actually exhibit splitting (See fig. 4.15), which, as men-
tioned above, makes the TTR more compliant and hence enables complete
pull-out by delaying bending-driven fibre failure.

It is also interesting to note that the transition region observed here starts
at a mixed mode angle of 15°. That is significantly earlier than that reported
in Ref. [83], confirming that the improvement of the pultrusion process have
actually led to an increased susceptibility to fibre failure.

At higher mode mixities, i.e. for angle of 45°, 60° and 75°, the response
shows an almost monotonic rise to a peak force to around 40N, followed by a
sharp drop to zero (see fig. 4.14). This suggests that all the Z-pins fractured,
a circumstance that is confirmed by the SEM images of the specimens (see
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fig. 4.16). Nonetheless, it is worth noting that there is a slight stair case
response trend beyond the peak force in fig. 4.14¢ for the mixed mode angle
of 45°. Clearly this cannot be due to the pull-out of surviving Z-pins, since
all the TTR rods failed. The trend is actually due to inertial effects, since
once the Z-pins start breaking, the specimen and the fixture accelerate. This
can be verified by observing the velocity response shown in fig. 4.17, which
displays large accelerations at a displacement of about 0.1mm, which also
corresponds to the load drop. Therefore, it can be concluded that the all
Z-pins undergo sudden brittle failure.

It is very important to remark that the dynamic response presented in
figs. 4.18 and 4.20 is very similar to that of the quasi-static tests, at least from
a qualitative point of view. At low mode mixity values, i.e. at mixed mode
angle of 15° and 30°, some Z-pins experience complete pull-out while others
fracture, regardless of the loading rate. The bridging response obtained from
these tests is always an average resulting from the behaviour of the 16 Z-pins
in the coupons (see fig. 4.18). Overall, this suggests that the extent of the
transition region as independent from the loading rate.

The dynamic loading at higher mode-mixity values, corresponding to 45°,
60° and 75° loading angles, is shown in fig. 4.20. Similar to the quasi-static

Figure 4.16: SEM image of the failure surface of Z-pinned laminate subject
to quasi-static loading under a mixed mode angle of 45°. Image is courtesy
of Dr. Hao Cui.
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Figure 4.17: The Velocity profile of the Z-pin response subject to quasi-static
loading for a mixed mode angle of 45°. Data adapted from Ref. [13].

case, all the Z-pins failed by brittle fracture (see fig. 4.19). This explains the
response trends presented in fig. 4.20.

It is worth noting that in both the quasi-static and dynamic mixed-mode
test cases, the mode mixity was not constant throughout the test, as shown
in figs. 4.14, 4.18 and 4.20. The test always start in a mode II dominated
regime; the mode-mixity converges to the intended value as the test pro-
gresses and the overall displacement increases. In the case of the smaller
loading angles (5 equals 15° and 30°), the bulk of the pull-out response oc-
curs at the intended mode-mixity. However, the relatively high mode mixity
at the start of the test could have contributed to the earlier failure of some
Z-pins. For higher loading angles, i.e. 45° up to 75° ,the initial mode mixity
was very close to pure mode II. The intended mode mixity was achieved in all
these test after the Z-pins had already failed. Hence, all the aforementioned
tests are actually dominated by mode II and they do not provide informa-
tion about the Z-pin behaviour at the nominal loading angle prescribed for
the experiments, since the latter is actually attained only after all the TTR
rods have experienced failure. This point is further proved by plotting the
response from the 3 different mixed-mode angles of 45°, 60° and 75° on the
same graph (see fig. 4.21). The corresponding bridging responses are very
similar and within the level of scatter that one would see in mode I dom-
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inated cases, where the intended mode mixity was actually reached during
most of the pull-out response. The modest differences in the response in the
range of mixed mode angles of 45° to 75° could be attributed to the different
populations of misalignment angles in the Z-pin arrays or perhaps to the
different loading rate, since the imposed opening and sliding speeds are not
the same (although similar) in any of the tests.

So far it has been demonstrated that, due to intrinsic limitations with
the test set-up, all the tests performed with loading angles exceeding 45°
are actually almost pure mode II tests, since the target mode-mixity value
is reached only after the Z-pins have failed. Hence, it would be reasonable
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Figure 4.18: The dynamic bridging response and mode mixity achieved in
mixed mode loading with mixed mode angle of (a) 15° and (c) 30° with
the corresponding velocity profile attained in (b) and (d) respectively. Data
adapted from Ref. [13]
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to expect that the results of these tests agree with those carried out in pure
mode II, i.e. for a loading angle of 90°, presented in fig. 4.22. However,
this is not the case. The pure mode II response is stiffer than that for a
mixed mode angle of 75°, reaching a peak load close to 50N, which is 25%
higher than that attained in the tests at loading orientations > 45°. This
difference is due to the fact that the brass sleeve used in the experiments
fully prevents any opening displacement in the mode II tests. Because of the
Z-pin misalignment, coupons always tend to experience some small opening,
even under pure mode IT (See Ref. [167]). If the latter opening displacement
is suppressed, it implies that a normal closing force will act on the bridged
interface, causing additional friction that will make the response look stiffer
and the peak force larger. For this reason, the pure mode II tests reported
here have limited significance. The actual mode II behaviour is that which
has been characterised from the experiments with loading angles > 45°. It is
also worth pointing out that the presence of the brass sleeve is the likely cause
of the veering towards mode II conditions that is common to all the mixed-
mode experiments, so an alternative experimental arrangement, such as a
much lighter sleeve, should be considered for future TTR characterisations.

4.3.4 Enmnergy Absorbed

The use of Z-pins provides an increase in apparent fracture toughness due to
energy dissipated as the Z-pin is pulled out and/or broken. For carbon-based
TTR, frictional pull-out usually provides an energy dissipation one order of
magnitude larger than Z-pin failure. Hence, Z-pins tend to be much more
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Figure 4.19: SEM image of the failure surface of Z-pinned laminate subject
to dynamic loading under a mixed mode angle of 75°. Image is courtesy of
Dr. Hao Cui.
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Figure 4.20: The dynamic bridging response and mode mixity achieved in
mixed mode loading with mixed mode angle of (a) 45°, (¢) 60° and (e)75° with
the corresponding velocity profile attained in (b), (d) and (f) respectively.
Data adapted from Ref. [13]
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Figure 4.21: Dynamic bridging response for the three high mixed mode angles
of 45°, 60° and 75° plotted on the same graph. Data adapted from Ref. [13].

effective in mode I than in mode II. This is a direct consequence of the inher-
ent brittleness of T300/BMI Z-pins under shear and bending. The dissipated
energy is therefore strongly dependent on the mode-mixity and, in principle,
on the loading rate. A graph of the energy dissipated as a function of the
nominal mixed mode angle and different loading rates is shown in fig. 4.23.
Although the nominal loading angle is used in the graph, it is worth point-
ing out that mode-mixity was not constant during the tests, as extensively
discussed in the previous section. Furthermore, the loading rate is different
from test to test, with no dynamic equilibrium achieved. Nonetheless, the
dynamic tests were largely conducted at similar peak rate of around 6m/s,
with the exception of the test conducted at around 12m/s and 2m/s for the
nominal mixed mode angles of 9° and 90° respectively.

As shown in fig. 4.23, the energy dissipated in both quasi-static and dy-
namic loading initially increases with the nominal mixed-mode angle, peaking
at 9°; then it decreases sharply in the transition region. The energy dissi-
pated at loading angles beyond the transition region (> 45°) remains fairly
constant. This is due the fact that, beyond the transition region, the failure
mechanism consists in fracturing of the Z-pins, with no actual pull out.
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Figure 4.22: Dynamic bridging response for mixed mode angle of 75° and
Mode II plotted on the same graph. Data adapted from Ref. [12,13].

On the other hand, the higher the loading rate, the lower the energy
absorbed at low mixed mode angles, i.e. 0° < 8 < 30°. This is due to the
failure process being dominated by complete Z-pin pull-out, where most of
the energy is dissipated during the sliding friction response. Since the sliding
friction has negative rate sensitivity, as explained in the previous section, then
the energy dissipated decreases with increasing loading rate. However, for
higher mixed-mode angles (8 > 45°), the energy absorbed is rate insensitive
(see fig. 4.23). This is due to the fact that Z-pin rupture is driven by tensile
and compressive fibre failure, but the mechanical performance of T300 fibres
are unaffected by rate (Ref. [168]). Therefore, no influence of rate affects the
energy dissipated at mode-mixity values beyond the transition region.

4.4 Summary

It is extremely difficult to conduct meaningful dynamic tests (velocity of the
order of meters per second) on a single Z-pin, since the force output would be
too small to be reliably measured with state-of-the-art equipment. Therefore,
an array of 16 (4x4) Z-pins, each 1.75mm apart from the other (corresponding
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Figure 4.23: Energy absorbed as a function of the nominal mixed mode angle
for different loading rates.

to 2% TTR areal density) were considered in the tests. Hence, the resulting
experimental bridging force was divided by 16, to represent a single Z-pin
response. Tests were conducted in quasi-static and dynamic conditions, with
opening and sliding speeds ranging from 0.0lmm/s to 12m/s, and across the
full mode-mixity spectrum.

The use of a brass sleeve in the test set-up is the reason why the mode
mixity is not constant during each test. However, the intended mode-mixity
was achieved in the frictional pull-out stage of the Z-pin response for a lower
range of loading angles (5 < 30°). For larger loading angles, the target mode-
mixity was achieved after the Z-pins had failed. This implied that most of
these tests were actually carried out in a regime that was much closer to
mode IT than what had initially been anticipated. Furthermore, the use of
the brass sleeve causes friction, which skews the bridging force measurement.
This effect is especially significant in the mode II tests, which gave a stiffer
bridging response for the loading angle of 90° compared to 75°, despite the
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fact that the actual mode mixity value in both tests were very close, as con-
firmed by high-speed DIC. Therefore, the results of the pure mode II tests
will not be considered in the remainder of this work.

The energy dissipated under pure mode I loading (misalignment angle of
0°) is significantly larger than that spent under pure mode II, by a factor
of 13 and 9 for quasi-static and dynamic loading, respectively. The higher
energy absorbed in pure mode I is due to the Z-pins failing by complete fric-
tional pull-out. On the other hand, under pure mode II loading, the Z-pins
failed by brittle fracture, thus absorbing relatively little energy. Under mode
IT loading, the Z-pin failed in bending. SEM images confirmed that the fibres
on the half of the TTR cross section subject to compression collapsed due to
micro-buckling, whereas on opposite half clear evidence of tensile fibre failure
was found .

Increasing the mixed mode angle slightly to 9° doubled the energy dissi-
pated by the Z-pins. This is due to the enhanced friction arising from the
snubbing phenomenon. A further increase of the mixed mode angle to 15°
and 30° resulted in the energy dissipated being reduced. This reduction is
due to the Z-pins operating in failure transition region, where some Z-pins
fail by complete pull-out while others fractured. Thus the resulting response
is an average of the behaviour of 16 individual Z-pins, whereby those pulled-
out dissipated a much larger amount of mechanical energy due to the sliding
friction compared to those that fractured. Beyond the transition region,
£ > 45° all the Z-pins fail in a brittle fashion. Consequently, the energy
absorbed is nearly constant and one order of magnitude smaller than that
dissipated in mode I dominated regimes.

Increasing the loading rate decreases energy dissipated and hence the
effectiveness of Z-pins in pure mode I loading up to the transition region.
The energy absorbed at a loading angle angle of 9° decreases by 60% as
the loading rate increases from 0.0lmm/s to 12m/s. A reduction in sliding
friction is the primary factor controlling this drop in energy dissipation at the
same actual mode-mixity. SEM images reveal that, whereas shear cusps and
debris are visible on the Z-pin/laminate sliding interface after quasi-static
pull out, the same interface appears smooth at high loading rates. The pull
out speed therefore strongly influences the amount of friction that develops
as the Z-pin slides within the laminate. However, the Z-pin performance is
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insensitive to rate beyond the transition region, 5 > 45°, since the amount of
pull out is negligible and the energy dissipation is governed by fibre failure,
which is not influenced by rate if the TTR is made of carbon fibre as in the
present case.

4.4.1 Test Matrix Summary

A total of 47 tests have been conducted at quasi-static and high loading rates.
These tests were done under different nominal mode mixities and nominal
test speeds. A summary of all the tests conducted is porvided in table 4.1
and table 4.2 for the quasi-static and high rate tests. In addition, table 4.1
and table 4.2 provide details of the sample results used for calibration and
validation of the mode I and mixed mode models developed in chapter 5 and
6 respectively.

Misalignment angle 0° 9° 15° 30° 45° 60° 75° 90°
Nominal Mode Mixity 0 0.156 0.259 0.5 0.707 0.866 0.966 1.00
Nominal Speed (mm/s) | 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01
Test Samples T1, T2 | T1,T2,7T3 | T1,T2 | T1,T2,/T3 | T1,T2,T3 | T1,T2,T3 | T1,T2,T3 | T1,T2,T3
Used for 141 mde'I n/a T1,T2 n/a n/a n/a n/a n/a n/a
model calibration ! ! ! /
Used for mode I . T3 h h . .. .
nlodel validation n/a n/a n/a n/a n/a n/a n/a
Used for mixed . . T1 T1 n/a n/a n/a n/a T1 n/a
mode model calibration !

Used for mixed T2 T2,T3 | T1,T2 | T1,T2,T3 | TL,T2,T3 | TLT2T3 | T2T3 n/a

mode model vaildation

Table 4.1: Summary of the test matrix for quasi-static testing.

Misalignment angle 0° 9° 9° 15° 30° 45° 60° 75° 90°
Nominal Mode Mixity 0 0.156 0.156 0.259 0.5 0.707 0.866 0.966 1.00
Nominal Speed (m/s) 7 5 12 6 6 6 6 6 1.5
Test Samples TL, T2 | T1,T2,T3 | T1,12,T3 | TL,T2 | T1,T2,T3 | TL,T2,T3 | T1,T2,13 | T1,12,T3 | T1,T2,T3
Used for I.nOdC,I n/a T1,T2,T3 n/a n/a n/a n/a n/a n/a n/a
model calibration ! !
Used for l_n()d? I n/a n/a T1,T2/T3 | n/a n/a n/a n/a n/a n/a
model validation ! ’ !

Used for mixed . . T1 T1 n/a n/a n/a n/a n/a T1 n/a
mode model calibration ! / !

Used for mixed T2 T2,T3 | T1,T2,T3 | T1,T2 | T1,T2,T3 | T1,T2,T3 | T1,T2,T3 | T2,T3 n/a

mode model vaildation

Table 4.2: Summary of the test matrix for high rate testing.
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Chapter 5

Mode I Z-pin Bridging Model

5.1 Introduction

Fibrous Z-pins are very efficient in increasing the apparent fracture tough-
ness under mode I loading. The increase in apparent fracture toughness is
due to the Z-pin exerting a bridging force on the delamination interface. In
this chapter, a reduced order model capable of assessing the mode I rate-
dependent bridging performance of Z-pins is presented. The proposed model
is based on representing the Z-pin as a peridynamic rod using the formulation
developed in section 3.3.1.

The external forces acting on the Z-pin is governed by the Z-pin/laminate
bond state (i.e. whether the Z-pin is bonded or debonded from the surround-
ing laminate). As the crack opening displacement increases the bonded Z-pin
elastically deform. At certain point, the Z-pin begins to debond from the sur-
rounding laminate causing residual friction to act along the debonded region.
Once the Z-pin fully debonds sliding friction acts on the interface. An ap-
propriate model for the external force acting on the Z-pin in the bonded
phase and up to sliding frictional pull-out is developed in this chapter. How-
ever, experimental observation shows that the majority of energy absorption
occurs in the sliding frictional phase during Z-pin pull-out (see chpater 2).
Consequently, two models including and ignoring the debonding stages are
presented and compared in this chapter.

The sliding friction in the pull-out stage is observed to be rate depen-
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dent as discussed in chapter 4. Therefore, a state-dependent friction model
is employed to describe the effect of the displacement rate on Z-pin pull-out
in mode I loading conditions.

The developed model is calibrated and validated against mode I (with 9°
misalignment) experimental results presented in chapter 4. The obtained re-
sults are in excellent agreement with experimental high-rate and quasi-static
data presented in the previous chapter.

5.2 Model Formulation

5.2.1 Problem Description

A Z-pin of length L is inserted into a composite laminate. A delamination in-
tersects the Z-pin at a known depth, splitting the embedding laminate into a
“top” and a “bottom” region of thickness Lt and L™, respectively. It is hereby
assumed, without loss of generality, that L= < L. The top sub-laminate
starts moving with absolute speed W at the time instant ¢ = 0, while the
bottom foundation is considered fixed. Both sub-laminates exert axial forces
on the Z-pin, which depend on the bonding state of the associated interfaces.
Consequently, the Z-pin counteracts the delamination opening displacement
by exerting equilibrated bridging tractions on the interlaminar crack surfaces.

Three different stages of the Z-pin response are here considered:

1. the “bonded” stage, when the laminate reacts to the relative Z-pin
displacement as an elastic foundation having stiffness k.; the refer-
ence configuration for this stage of the Z-pin response is presented in
fig. 5.1a.

2. The “progressive de-bond” phase; this occurs when the Z-pin/laminate
interface fails due to the growth of a cylindrical mode II crack on the
lateral surface of the TTR (through thickness reinforcement) rod. The
reference configuration for this phase of the Z-pin response is illustrated
in fig. 5.1b, where L; and L} denote the debond lengths in the bottom
and top Z-pin segments, respectively. The bonding/debonding state is
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represented via a local boolean variable d(z), which takes zero value for
a pristine interface and unit value after the Z-pin/laminate bond fails.
When d(z) = 1, a local frictional interaction develops along the Z-pin
circumference corresponding to the axial coordinate z.

3. The “frictional pull-out” stage, when the entire Z-pin segment in the
bottom sub-laminate is de-bonded and it experiences sliding. This
stage of the Z-pin response is illustrated in fig. 5.1c. Complete debond-
ing is assumed to occur first for the lower, i.e. shorter, Z-pin segment.
Hence, the TTR rod slides within the bottom sub-laminate and its
embedded length is reduced to L~ — W, where W is the pull-out dis-
placement across the initial delamination plane. The frictional force
comprises an initial “residual” term at the start of the pull-out and
an additional component, whose value increases as the relative slid-
ing between the Z-pin and the laminate takes place. This effect is
described using a state-dependent friction model introduced by Ruina

(Ref. [169]).

The insertion asymmetry parameter « is defined as follows:

(€)

Figure 5.1: Reference configurations for the three response stages: (a) bonded
Z-pin; (b) de-bonding Z-pin; (c) pull-out
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I~

= — 1

which implies L~ = oL and L™ = (1 — a)L. Thus, in the case of sym-
metric insertion (i.e. L~ = LT) considered in the experimental results in
chapter 4 (Ref. [12]), one finds oo = 1/2.

5.2.2 Governing Equation

The Z-pin is here described as a peridynamic rod subject to unsteady axial
forces. The equilibrium equation for such a rod in bond-based peridynamics
is the following:

zZ+rp /
@ / ety S p(2), (5.2)
U - z

where 75, is the horizon radius of the material particle located at point z;
w and w’" are the elastic displacement of the peridynamic particle at loca-
tion z and 2’ respectively; 2’ represents the location of particles within the
horizon of z; w and w are the second and first derivative respectively with
respect to time of the peridynamic particle at location z i.e. correspond to
the acceleration and velocity of the peridynamic particle at location z; p,
E and A are the Z-pin density, young’s modulus and cross sectional area
respectively; by, is a damping coefficient. Finally, p(2) is the distributed axial
load acting on the Z-pin. The derivation of (eq. (5.2)) is detailed in section 3.

Let the rod be divided in N segments, each having length Az = L/N and
let it be assumed that the displacement field w(z) is constant within each
of the segments. This leads to a “meshfree” discretization of the rod [134],
whereby a peridynamic particle is located at the centre of each segment.
Hence, the position of the i-th peridynamic particle is z; = Az (i - %) , 1=
1, 2, ..., N. The integro-differential equation in (eq. (5.2)) can therefore be
discretised as follows:

where w; = w(z;), pi = p(z;). The integral on the rights hand side of
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(eq. (5.2)) is approximated via a Riemann sum [134], i.e.

QEANz L& . w; — W
I, = 5 g v.(i5)SC Fy———, (5.4)
r L |z; — zi
7
J=u
where v, and SC'F" are the volume and surface correction factors; iy, o, ..., iy

are the M particles in the horizon H, of the i-th particle.

Time integration of (eq. (5.3)) is conducted by using an explicit second-
order centred finite difference discretisation with respect to time [134, 156].
Applying the numerical scheme to eq. (5.3) leads to:

w(nJrl) _9 (n) + w(nfl) w(n+1) B w(nfl)

i wi 7 7 7 n n
pA A 1 b, AT =1™ 4 (55)

where At is the time step; the superscript (n) denotes the n-th time instant.

Substituting eq. (5.4) into eq. (5.5) and solving with respect to wE"H) yields
the following time-marching solution:
2
A 2= gAY 4 (A7 o
w™ = , (5.6)
2 4+ xwAt
where:
bu [P ) Wy —w; m)._ Di At
wi=—, th = —, J;=A IV =
X pA VM ZZ |z — 2] ! pA
J7i
=i
(5.7)

Note that the second of eq. (5.7) represents the time taken for an elastic axial
wave to travel across half the horizon of a particle.

5.2.3 Lateral Foundation and Frictional Forces

Based on the problem description in sec. 5.2.1, it follows that the expression
of the lateral frictional force per unit length for a bonded Z-pin/laminate
interface is

p(z) = —kw.(2) (5:8)
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where k, is the elastic foundation stiffness with units of N/mm?, and w,(z)
is the relative displacement between the Z-pin and the surrounding laminate
at location z. Once the Z-pin/laminate interface fails (debonding criterion
discussed in sec. 5.2.5) frictional contact develops between the Z-pin and sur-
rounding laminate.

Allegri et al. [99] described single Z-pins as inextensible Euler-Bernoulli
beam embedded in an elastic foundation. They neglected the bonded and
progressive de-bonding stages of the T'TR response and focussed on the fric-
tion governing the pull-out stage. They observed that, when the Z-pin is
fully debonded, it experiences a level of friction that depends on the pull-out
displacement. Based on experimental observation, the following dependency
of the friction force per unit length was inferred [99]:

D= Poo + (po — Poo) e, (5.9)

where pg is a baseline frictional force value at the start of the pull-out, ¢
is a characteristic length scale for the evolution of the frictional interaction,
Do 1S a steady-state value of the frictional force per unit length and, finally,
W is the pull-out displacement. Allegri et al. [99] observed that ps, > po,
i.e. the friction force tended to increase with the pull-out displacement and
reach an asymptotic plateau (explanation of such observation is presented in
Chapter 4). Since the Z-pin was assumed to be inextensible, the “rigid” pull-
out displacement W also represented the relative sliding between the TTR
rod and the embedding laminate. The model in Ref. [99] was developed for
quasi-static bridging. Thus, it does not take into account the effect of the
actual sliding speed, which in principle varies locally along the Z-pin during
high rate pull-out if the TTR is assumed to stretch axially as postulated here.

To take into account the effect of speed on sliding friction, another rate-
dependent friction model is developed and implemented at higher rate based
on Ruina’s friction model (Ref. [169]). The Ruina state-based friction model
is governed by the following equations [169]:

T:a<uo+¢+Alog %),
(5.10)
i |wr‘ wr
= — Blog |—
¢ ¢ + Blog 1)
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where 7 is the frictional shear stress that arises between two surfaces in con-
tact, which slide with respect to each other with relative velocity w,; o is
the compressive contact stress between the two aforementioned surfaces. In
eq. (5.10), po denotes a reference coefficient of friction. The variable ¢ is an
additional coefficient of friction that tracks the “state” of the interface. The
latter evolves as relative sliding with speed w, takes place; ¢ is again a char-
acteristic length scale for the interface evolution. The coefficient A and B
are empirical constants that need to be calibrated by means of experimental
data. For |w,| < V., the logarithmic terms in Egs. (5.10) are set to zero,
i.e. the dependency of the friction on the sliding speed is neglected. Hence,
V. is usually denoted as a “cut-off” speed. It is worth pointing out that in
Ruina’s model no a-priori assumption is introduced regarding the signs of
the constants A and B and this gives the model plenty of versatility for de-
scribing the effect of the sliding speed on friction. The frictional force can
therefore exhibit either a positive or a negative dependency on rate and the
state variable can describe either a reduction or an enhancement in friction,
all depending on the signs of A and B, as well as their relative magnitude.

Considering the Z-pin pull-out in pure mode I, ¢ denotes a compressive
radial stress on the TTR surface, while 7 is the corresponding axial-radial
frictional shear. The relative sliding speed in this case depends only on the
axial coordinate z, i.e. W, = w,.(z). Moreover, it is here assumed that the
compressive stress o has the same distribution around the periphery of the
Z-pin for any given z. Hence, the resulting frictional force per unit length p
caused by the sliding of the Z-pin within the laminate can be expressed as

2
p(z) = fT(z,Z)dz _ WD/ (2, ) e (5.11)
0
Substituting the first of eq. (5.10) into eq. (5.11) yields

Wy (2)

p(z) = py + A" log ‘ + ®(2), (5.12)

c

where or o
po=Duo [ o), 4 =xDA [ otyiv,  (513)
0 0
and

B(2) = 7Do(2) /O " () du. (5.14)
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Multiplying the second of eq. (5.10) times ¢ and integrating around the
periphery of the Z-pin lead to the following state evolution equation:

d(z) = —M [CI)(Z) + B*log ‘“’T(Z)H : (5.15)

where

2
B* = 7TDB/0 a(y)di. (5.16)

In summary, at high rate the distributed axial frictional force per unit length
acting along the Z-pin is obtained by solving the following equation:

Wy (2)

p(z) = i + A log \ ().
| i | (5.17)
<I>(z) = —M {CI)(Z) + B*log er(CZ) ] ,

Considering the three stages of the response outlined above, the dis-
tributed axial force acting on the Z-pin is expressed as follows:

(5.18)

(Z)_{ 0 al -W <z<al
piz) = —ksz[l _ d(z)] — d(z)f(z) otherwise

where d(z) is the boolean damage variable (see sec. 5.2.5) for the Z-pin/laminate
interface; f(z) is the frictional force acting on the Z-pin once debonded and
is given by eq. (5.9) and eq. (5.17) in the case of quasi-static and high rate
loading respectively. In eq. (5.18), the axial force acting on the Z-pin is zero
in the segment that has pulled-out from the laminate.

The general expression of the relative displacement(w,) and speed(w,.) is
given by:
wy(2)=[1—H(z—aL+W)|w(z)+ H(z —al) [w(z) — W],

. (5.19)
we(2) =[1—H(z—aL+W)]w(z)+ H(z —al) [w(z) - W} .

where, H(z) for z € R is the Heaviside step function, i.e. H(z) = 1 for
x> 0and H(z) =0 for z < 0.
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The reader can easily verify that the expressions of the relative sliding dis-
placements and speed from eq. (5.19) are valid for all the three stages of the
Z-pin pull-out described above. In particular, in the bonded and progressive
de-bonding stages, the reference configuration sketched in figure. 5.1a im-
plies W = 0; in this case, the terms associated with the Heaviside function
in eq. (5.19) would give a relative displacement (speed) equal to w (w) for
z< L~ =aLand tow—W (w—W) for z > L~ = aL. In the pull-out phase,
eq. (5.19) takes into account the fact that the bottom embedded length of
the Z-pin is reduced to L= — W = alL — W; moreover, in this case, zero
relative displacement and speed are obtained for ol — W < z < aL.

Considering the time-marching centred finite-difference scheme discussed
in sec. 5.2.2, the discretised axial forces from eq. (5.18) read:

) _ 0 alL—-W <z<al 5.90
bi {—kzwfﬂ?)[l —d;| — difi(n) otherwise (5:20)
At high rate, the frictional force in eq. (5.20) is obtained as:
- (n)
£ = d |y + A" log | | + i) |
(5.21)
w(’;‘” ‘ - (n—1)

oM = @2 _ g VL1l 4 Brigg |~ At.

c

While, at quasi-static loading, the frictional force in eq. (5.20) is obtained
as:

n
—aw™.
Wirq

fi'=Doo+ (po—pc)e™ ™ (5.22)

5.2.4 Numerical Stability

It is interesting to investigate the effect of the external applied force on the
stability of the numerical scheme. Therefore, stability analysis is conducted
in this section (similar to that in sec. 3.3.3) where the external applied force
is assumed to be: p(z) = k,w.
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For this purpose, consider the time-marching scheme from eq. (5.6), let

(n) _ Al(n)_wl() ~(n) -

the round-oft error be defined as e; where w; "’ is the exact

numerical solution, while w( ") is the actual displacement field obtained due
to the presence of truncation errors. Let it be assumed that the damping
coefficient in eq. (5.6) is zero, i.e. x,, = 0, and that p(z) = k,w. Expressing
the actual numerical solution as w( " = w(") e™ and substituting the latter

’L

into eq. (5.6) lead to the following error-evolution equation:

(”) n)
(n+1) k,At (n) (n 1) At i
: =1(2 : 2Az E 5.23
K <+ PA>€1 +(th |Zk—Zz (5.23)

where advantage has been taken of the fact that u}E”) exactly satisfies the

algebraic equation representing the numerical scheme. Following Von Neu-
mann’s approach to stability analysis [134,135], the error due to truncation
can be expressed in the general form

egn) _ (Bt ikmid (5.24)

where ( is in general a complex number, while k,, is a real wave-number;
j denotes the complex unit number, i.e. j = /—1. For the sake of this
analysis, let us assume that the peridynamic particles are numbered in order
with an increasing z; the ¢-th peridyamic particle has in general have N + 1
particles in its horizon, including itself. The indexes of these particles will
bei—(N—-1)/2, ...,i—1,4,i+1, ...,i+ (N —1)/2. Substituting eq. (5.24)
into eq. (5.23) and considering the reordering of the particles described above
yield:

N A2 NP kmraz
At z —At
= (2 ) meena () 2 g 6®

r=—(N-1)/2

Considering the symmetry of the terms that appear in the series on the right
hand side, eq. (5.25) can be equivalently expressed in the following form:

CAt _ (2 + kz At ) o C_At —4 (t_t> Z —COS]K/mT’ (526)
P T

h r=1
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where k,,, = k,,Az. Let us define:

(N2 1 —cosjkp,r
S 1= _— 5.27
) ; (5.27)

r=1
One can immediately observe that, by virtue of the last definition:

(N-1/2
S < 2 ~ —2H(y_ 5.28
= ; . (N-1)/2 (5.28)

where H(y_1)/2 denotes the (/N — 1)/2-th harmonic number. eq. (5.26) leads
to the following quadratic algebraic equation in (2t

2
14+ GAt? —2 (%) S,

h

(*A -2 (M +1=0, (5.29)

where G = QIZZA. The above equation admits the following solutions:

2
CAt:1+GAt2—2($> S, £

h

2 2
1+ GAE? — 2 (%) Sm] —1 (5.30)
h

The stability of the numerical scheme in eq. (5.6) is guaranteed for ‘C At‘ <1,
i.e.

‘1 —2AP (i—gl - G) ‘ <1 (5.31)
h
that is satisfied for:
At (i—? - G> <1 (5.32)
h

Hence, for the time step one obtains:

t

At < ___h

\/Sm — Gt2
Since G' > 0, then the time step At for the case where an external load of
p = k,w is applied is greater than that when p = 0. This is clear by observing
that the denominator in eq. (5.33) is smaller than that in eq. (3.54). Thus it
can be said that the external applied force helps to improve the stability of
the numerical scheme.

(5.33)
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5.2.5 Failure Criterion

Experimental observations (see chapter 4) for Z-pin under mode I loading
conclusively show that Z-pin fails by complete pull-out from the laminate.
Thus the numerical simulation is run until the pull-out displacement exceeds
the Z-pin embedded length in the lower laminate (L7).

Prior to complete Z-pin pull-out the Z-pin debonds from the surrounding
laminate. The Griffith criterion is here employed to simulate the progressive
fracture of the Z-pin/laminate interface. Since the foundation provided by
the laminate is assumed elastic prior to failure, the following expression is
readily obtained for the strain energy per unit length stored in the foundation:

au 1

— = —kuw? 5.34

7, = gk (5.34)
When de-bonding occurs in the form of a cylindrical crack on the lateral
surface of the Z-pin, the elementary fracture surface increment is given by
wD dz. Therefore the associated mode II energy release rate is

1 dU  kaw?
~iDd: 2D (5-35)

Denoting the interface fracture toughness as Gyj., the combination of the
Griffith criterion and eq. (5.35) yield the following relative displacement cor-
responding to the fracture of the interface:

27D
wd) = | /Wk—G”C' (5.36)

Hence, for a de-bond that has reached the axial position z, the condition
for further propagation is w,(z) > w,(nf ) and the corresponding local boolean
damage variable is defined as:

d(2) == max {H [w,(2) —w], 0}, (5.37)
where H(z) for z € R is the Heaviside step function. Thus, when d(z) = 0

foundation stiffness forces act on the Z-pin and when d(z) = 1 frictional
forces act on the Z-pin.
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5.2.6 Convergence and Boundary Condition

The Z-pin is divided into 200 particles in all the simulations conducted. The
number of particles (V) chosen was based on the results obtained in sec. 3
and on convergence study conducted (see fig. 5.2). The convergence study
in fig. 5.2 is conducted for the QS loading ignoring the debonding stage and
using the parameters in sec. 5.4.2. As can be seen in fig. 5.2 convergence is
guaranteed when using 200 peridynamic particles.

On the other hand, to apply the boundary condition a fictitious boundary
layer is added to the Z-pin in the top half of the laminate (see sec. 3.4.1).
The boundary layer size is set to be equal to the horizon radius. The horizon
radius is set to be equal to r, = 3Az based on benchmark study conducted
in Ref. [135]. The particles in the fictitious boundary layer are set to have an
opening displacement /velocity equal to the laminate opening displacemen-
t/velocity in the case of quasi-static/dynamic loading.
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Figure 5.2: Convergence Study with different number of peridynamic parti-
cles ()
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5.3 Model Calibration

The most important output of the modelling approach proposed here is the
bridging traction that an individual Z-pin exerts on the delamination surfaces
during the three stages of the mechanical response discussed in sec. 5.2.1.
Considering the reference configurations illustrated in fig. 5.1, the bridging
force is here calculated at z = oL, which is the point that has equal distance
from the delamination surfaces when a finite displacement W is imposed on
the top sub-laminate. The expression of the peridynamic force at an arbitrary
location z* on the rod is derived in Appendix C. From eq. (C.4), considering
z* = aL, the bridging force is given by:

P =2EA ( )2 > Z ve(i§)SCF (i) (5.38)

zl]1|ZJ_Zz

where v, and SC'F" are the volume and surface correction factors respectively.
The index ¢ points to the M~ particles located at z < a whose horizons
cross the z = aL location; similarly, the index j refers to the M™ particles
located at z > oL whose horizons cross the z = oL location.

Model constant need to be identified for calibrating the model, namely:
the foundation stiffness k., the interface toughness Gj;. and the friction-
related parameters pj, A*, B*, {, po and p., which appear in eqgs. (5.21)
and (5.22). Strictly speaking, also the damping coefficient b,, from eq. (5.5)
and the cut-off velocity (V;) in eq. (5.21) represents an unknown, but these
have been set to 0.005 and 0.01 respectively in the analysis that follows. The
Choice of V, is based on the fact that the cut-off velocity is the velocity where
rate effects are not significant and can be ignored. Quasi-static (QS) loading
rate is the logical choice where rate effects are not significant. Consequently,
V. = 0.01 is chosen as it represents the speed at which QS tests are conducted.

The model calibration is here carried out via a genetic algorithm (GA)
that minimised the cost function:
Q

C= [P P(ﬂ (5.39)
1 O&Sm/s

where P,ge) represents the experimental observation of the bridging traction
at the k-th time instant, while Py is the corresponding axial force obtained
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from the time-marching simulations via 5.38. The subscript on the right
square bracket in 5.39 means that the model calibration is carried out for
the test speeds performed at the nominal speed of 5 m/s and at quasi-static
rate.

5.4 Results

The Z-pin geometric and mechanical properties are defined in Table 5.1. L,
D, E, p and a are respectively the Z-pin length, diameter, Young’s Modulus,
density and insertion asymmetry.

E(GPa) p(kg/mm®) L(mm) D(mm) «
115 1.6E-6 8 0.28 0.5

Table 5.1: Mechanical and physical properties of a T300/BMI Z-pin [12].

Two models, including and ignoring the debonding stage, have been stud-
ied. It was observed that the foundation stiffness (k,), the mode II fracture
toughness (Gpj.) and the residual friction (py) were rate dependent (reasons
discussed in next section). The lack of experimental data means that a model
can not be fit to describe the rate dependent variation in these parameters
i.e. different parameter values need to be used at each loading rate. There-
fore, the model including the debonding stage was not suitable to be used
at all rates. However, the model is presented here to prove the capability of
reduced order model to simulate all the three stages of Z-pin response under
mode I loading. In addition, once more experimental data becomes available,
then a suitable rate dependent model for these parameters can be developed
and this model can be readily used.

On the other hand, another model ignoring the debonding stage had been
developed. In this model, the parameters does not need to be changed for
each loading rate making the model capable of predicting the bridging per-
formance at different loading rate.
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5.4.1 Model 1: Including the Debonding Stage

The genetic algorithm optimisation conducted have yielded the results shown
in tables 5.2 and 5.3. As evident in table 5.2, the parameters k., G ;. and pg
take a different value for each loading rate. It is physically feasible for the
values of k, and Gy, to vary with loading rate i.e. to be rate dependent.
This is the case because the interface properties are governed by the resin
which is rate dependent and hence rate effects are present. However, the
accuracy of these values is questionable due to the presence of inertial effect
in the debonding region for the 5m/s and 12m/s cases. It is worth noting
that the obtained Gy, is much lower than the values reported in literature of
approximately 2k.J/m?. The lower G, value can be explained by the curing
process resulting in thermal stresses that damages the interface between the
Z-pin and the laminate yielding a helical bonding structure as reported in
Ref. [11]. However, in the proposed model it is assumed that the Z-pin is
bonded perfectly to the laminate forming a cylindrical bond structure. Thus,
the value obtained for Gj;. arguably reflects a weakened interface fracture
toughness.

On the other hand, the variable pj (same as pg in the empirical QS fric-
tion model) was seen to vary for each loading rate from QS up to 12m/s case.
The variation in pj is not physical, since it is a parameter describing residual
friction prior to slip. Nonetheless, the variation can be explained by the fact
that equilibrium was not reached during the debonding stage (see Chapter
4) and hence this observation could well be an inertial effect.

Based on the results obtained in tables 5.2 and 5.3 the predicted bridging
response obtained from the model is presented in figs. 5.3 to 5.5.

Pull-out rate | k,(N/mm?) Grr.(N/mm) p}/po(N/mm)
QS 5 0.4 3.5
5m/s 300 0.8 3.3
12m/s 350 1.0 1.5

Table 5.2: Model parameters varying with loading rate
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Figure 5.3: The bridging response at 5m/s obtained from the proposed peri-
dynamic model compared to the experimental results in Ref. [12].
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Figure 5.4: The bridging response at 12m/s obtained from the proposed
peridynamic model compared to the experimental results in Ref. [12].
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Pull-out rate | A*(N/mm) B*(N/mm) l(mm) pe
QS - 5 235 175
Dynamic -0.1576 -0.38 0.2 -

Table 5.3: Sliding friction parameters for QS and dynamic friction models.
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Figure 5.5: The bridging response at quasi-static loading obtained from

the proposed peridynamic model compared to the experimental results in
Ref. [12].

5.4.2 Model 2: Ignoring the Debonding Stage

The energy absorbed in the debonding stage is very small (about 1%) com-
pared to that absorbed during the frictional pull-out stage. In addition, at
high loading rates, dynamic equilibrium was not reached in the de-bonding
phase of the experimental results (see Chapter 4) rendering the outcome
obtained from modelling the de-bonding stage questionable. Therefore, it
was deemed appropriate to develop a rate dependent model that ignored the
debonding stage. The results obtained from the GA optimisation in this
modelling approach is presented in table 5.4. It is worth noting that this
approach resulted in residual friction having the same value in both QS and
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Pull-out rate | A*(N/mm) B*(N/mm) I(mm) p§/po(N/mm) pe(N/mm)

QS - - 0.6 0.375 12.0
Dynamic 0.45 -0.55 0.1 0.375 -

Table 5.4: Sliding friction parameters for QS and dynamic friction models.

dynamic cases as would be expected i.e. py = p§ = 0.375. Also, the one
set of parameters is used to describe the external forces at dynamic loading
rates making the model suitable for use for all dynamic loading rates unlike
the previous model (where debonding was included). The bridging response
obtained using results in table 5.4 is presented in figs. 5.6 to 5.8.

50 T T T T T T T T T
Experimental Avg
45 — — — Experimental Avg + Std | ]
— — — Experimental Avg - Std
40 Numerical Prediction |

w
V)]

|98}
o

[}
(@)

Bridging Force (N)
[\o)

0 1 1 1 1 1 1 1 1 ———
0 0.5 1 1.5 2 25 3 35 4 45 5

Opening Displacement (mm)

Figure 5.6: The bridging response at quasi-static loading obtained from
the proposed peridynamic model compared to the experimental results in

Ref. [12].

138



w
(=]

Experimental Avg
45 ”\ — — — Experimental Avg + Std )
i — — —Experimental Avg - Std

40 ,‘: Numerical Prediction -

—~ 35 q
Z

g30d q
5

K 25 1
o0
=)

_%‘3‘ 20 4
=

as) ]

W

=

w

s s
0 0.5 1 1.5 2 25 3 35 4 45 5
Opening Displacement (mm)

Figure 5.7: The bridging response at 5m/s obtained from the proposed peri-
dynamic model compared to the experimental results in Ref. [12].
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Figure 5.8: The bridging response at 12m/s obtained from the proposed
peridynamic model compared to the experimental results in Ref. [12].
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5.5 Discussion

The bridging response obtained by including the debonding stage is more
accurate than that ignoring the debonding stage as seen in figs. 5.3 to 5.8.
However, including the debonding stage three parameters k., G, and po/pg
needed to be varied for each loading rate. The variation in k, and Gy,
is physically feasible because they are governed by the resin which is rate
dependent resulting in a rate dependent parameters. There is a lack of ex-
perimental data in the literature to be able to devise a rate dependent model
for the foundation stiffness (k) and fracture toughness(G;z.). On the other
hand, the variation in the py/p{ parameter is not physical as it represent the
residual friction prior to slip and by definition it is not a rate dependent pa-
rameter. Albeit, this variation can be attributed to the fact that equilibrium
was not achieved during the debonding stage in the experimental results.
Thus, the variation in residual friction with rate might well be a manifes-
tation of the inertial effect. The lack of experimental data and absence of
equilibrium during the debonding stage of the Z-pin pull-out response moti-
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tween Numerical prediction and experimental results at different pull-out
rates
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vated the development of the model ignoring the debonding phase.

The model including the debonding stage is capable of reproducing all
the key features of the experimental results: the peak force in the elastic
response stage, the drop in bridging force during the debonding stage and
the increase up to a peak force in the pull-out stage followed by a decrease
to zero at complete Z-pin pull-out. The model ignoring the debonding stage
is not able to capture the response in the debonding phase (by model defi-
nition) but captured the pull-out stage response very well. Nonetheless, the
most important feature of the reduced order model is to be able to accurately
predict the increase in apparent fracture toughness due to use of Z-pins. The
area under the force-displacement graph is equivalent to the energy dissi-
pated by the Z-pin and hence the increase in apparent fracture toughness.
Thus it is interesting to observe whether ignoring the debonding response
has any significant effect on the apparent fracture toughness.

The predicted and experimental energy dissipated by the Z-pin under
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mode I loading using both model 1 (including debonding stage) and model
2 (ignoring debonding stage) is presented in figs. 5.9 and 5.10 respectively.
Both models predicted the dissipated energy with excellent accuracy as the
maximum percentage error is less than 5%. The maximum percentage error
in model 1 and 2 is 2.1% and 3.6%. Thus ignoring the debonding stage re-
sults in a very limited decrease in the model prediction accuracy in regards
to the apparent fracture toughness. Therefore, it can be stated that ignoring
the debonding stage is a sound modelling approach with insignificant impact
on the modelling accuracy.

As well as yielding excellent prediction capabilities of the Z-pin bridging
performance, the proposed models offer significant computational cost sav-
ing. The models proposed were run in order of minute on a desktop computer
using a non-optimised Matlab code. A detailed Finite Element (FE) model
to predict the bridging performance of a single Z-pin is computationally ex-
pensive taking on the order of days to run on a high performance computer
with 64 cores as presented in Ref. [11]. Thus the proposed model offers sev-
eral order of magnitude reduction in computational cost compared to current
state of the art methods.

On large structures such as wings and fuselage were there might be thou-
sands of Z-pins inserted, a detailed FE model would be prohibitively expen-
sive to implement. Thus a possible alternative approach would be to utilize
the proposed model in a multi-scale approach framework to predict fracture
response of Z-pinned composite structures.

5.6 Summary

A reduced order model (ROM) capable of predicting the Z-pin bridging per-
formance under pure mode I loading and subject to different loading rates is
proposed. The model is based on representing the Z-pin as one dimensional
peridynamic rod.

Two modelling approaches were examined in model 1 (including the debond-
ing stage) and model 2 (ignoring the debonding stage). Mode 1 is the first
ROM model capable of simulating the debonding stage of the Z-pin. In the
bonded stage, the laminate reacts to relative Z-pin displacement as an elastic
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foundation having stiffness k.. Once the relative displacement exceeds a crit-
ical value based on a developed failure criterion a cylindrical mode II crack
propagates along the Z-pin length. Frictional force acts on the Z-pin once
it has debonded from the surrounded laminate. Ruina’s state based friction
model is used to model the rate dependent sliding friction response of the
laminate once the debonding region exceeds the Z-pin embedded length.

Both models provide excellent prediction of the bridging force exerted by
the Z-pin at the delamination interface, with better match to experimental
results achieved by adopting model 1. However, it was necessary to vary the
foundation stiffness (k,), mode II fracture toughness (G;;.) and residual fric-
tion (po/pg) for each loading rate when the debonding stage was simulated in
mode I. This was the case due to lack of experimental data and contamination
of the experimental debonding stage results by inertial effects. Nonetheless,
model 1 had shed the light on parameters that are rate dependent in the
debonding region such as the foundation stiffness (k.) and mode II fracture
toughness (Gyp.).

On the contrary, model 2 which ignored the debonding response resulted
in universal model with the same parameters used at different rates. Al-
though this model was not able to capture the peak force in the debonding
stage of the bridging response, it described the pull-out response to a high
degree of accuracy. In addition, the predicted energy dissipated by model 2
is in excellent agreement with the experimental results.

Both of these models were proven to be computationally efficient (a run
time of order of minute), offering significant improvement when compared
to current state of the art methods utilising a high fidelity finite element
models. In addition, a high degree of accuracy is achieved with less that 4%
discrepancy between the numerical prediction and experimental results.
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Chapter 6

Mixed Mode Z-pin Bridging
Model

6.1 Introduction

The mode I model developed in the previous chapter provided a first of its
kind reduced order model capable of simulating the three stages of the Z-pin
bridging response. In the mode I model it was shown that neglecting the
debonding stage is a sound modelling approach with negligible impact on
prediction accuracy. The model proposed a validated method to describe
the sliding friction behaviour of Z-pins under quasi-static (QS) and dynamic
loading. Mode I is a special case of mixed mode loading where the lateral
deflection of the Z-pin is zero. It is inevitable for Z-pinned laminate to expe-
rience mixed mode loading in service. This motivates the development of the
mode I model to a general model capable of predicting the Z-pin bridging
performance under the full range of mode mixity. This chapter is concerned
with presenting a rate dependent reduced order model capable of predicting
the Z-pin bridging performance across the mode mixity ranging from pure
mode I to pure mode II loading.

In mixed mode loading the Z-pin will be subject to lateral deflection,
rotation and axial extension. Therefore, the rod formulation is not suitable
to model Z-pin bridging performance under mixed mode loading. Instead,
the peridynamic beam formulation (see chapter 3) will form the basis of the
mixed mode bridging model.
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A Z-pin subject to mixed mode loading will experience both lateral and
axial forces that reacts to the Z-pin lateral and axial deflections. A model that
represents these lateral and axial forces is presented in this chapter. Math-
ematical modelling of these forces requires the calibration of certain model
parameters. The calibrated parameters for Z-pin bridging performance is
provided in this chapter.

As the mixed mode loading increases from pure mode I to pure mode
IT the Z-pin failure will shift from pure pull-out to pure shear fracture. A
suitable failure model based on the B-K (Ref. [170]) failure criterion is devel-
oped and presented in this chapter to be able to capture the Z-pin bridging
response across different mode mixties.

The model developed is then used to predict the QS and dynamic bridg-
ing performance across the mode mixity range. The deterministic nature
of the model results in good prediction overall but the performance deterio-
rates especially in the transition region. Introducing Z-pin misalignment and
strength variability into the modelling of the array response provided an ex-
cellent response across the mode mixity range including the transition region.

The result and discussion section is used to highlight the advantage of
the proposed modelling approach in terms of prediction accuracy and com-
putational cost. A summary is then presented at the end to highlight key
points in this chapter.

6.2 Model Formulation

6.2.1 Problem Description

A Z-pin of length L is inserted into a composite laminate. A delamination in-
tersects the Z-pin at a known depth, splitting the embedding laminate into a
“top” and a “bottom” region of thickness Lt and L™, respectively. It is hereby
assumed, without loss of generality, that L= < L. The top sub-laminate
starts moving with absolute axial and lateral speeds of W and U respectively
at the time instant ¢ = 0, while the bottom foundation is considered fixed
(see fig. 6.1). Both sub-laminates exert axial and lateral forces on the Z-pin.
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Figure 6.1: Reference undeformed (left) and deformed (right) configurations.

Consequently, the Z-pin counteracts the delamination opening displacement
by exerting equilibrated bridging tractions on the interlaminar crack surfaces.

The Z-pin subject to mixed mode loading is assumed to be debonded
in the current modelling approach. The bonded and progressive debonding
phases are most prominent under mode I loading as discussed in chapter
4. The modelling procedure of the Z-pin under pure mode I loading in
chapter 5 proved that the contribution of the bonded and debonding phases
to the increase in apparent fracture toughness is very small and can be safely
ignored. In addition, the residual stresses that act on the Z-pin during cure
results in partial debonding of the Z-pin from the surrounding laminate (see
chapter 5). Thus ignoring the debonding phase is a sound modelling approach
with negligible impact on the results.

Under mixed mode loading three different forces acting on the Z-pin are
here considered:

1. The “Winkler” foundation force, is a form of “punch” resistance force
exerted by the laminate on the Z-pin to counteract the lateral deforma-
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tion of the Z-pin. The force exerted by the laminate is proportional to
the relative lateral Z-pin displacement and in opposite direction. The
proportionality constant is the foundation stiffness k£, and depends on
laminate stacking sequence, ply elastic constants and the Z-pin diam-
eter and elastic properties. The Winkler foundation force has been
utilised in the literature (see Refs. [98,113,118]).

. The “sliding” frictional force; this includes a residual frictional term
arising from the compressive thermal stress due to curing. The resid-
ual friction acts on the Z-pin in the debonded state. As the Z-pin
starts sliding out of the laminate the frictional force per unit length is
observed to increase with pull-out distance. The increase in frictional
force can be attributed to two potential mechanisms: the interlocking
of Z-pin as it is sliding out due to irregular cross section along the Z-pin
length and the build up of debris along the Z-pin length (see chapter 4
for more details). The sliding friction force acts along the Z-pin length
under all mixed mode loadings. However, the longer the pull-out dis-
tance the more prominent the sliding friction force. In pure mode I the
Z-pin completely pull-out from the laminate making the sliding friction
force a very prominent external force. In pure mode II the Z-pin fails
by shear out fracture with little pull-out making the sliding friction
force less prominent.

. The “snubbing” frictional force, is an enhancement frictional term aris-
ing from the lateral punch resistance force acting on the Z-pin due to
its deformation against the laminate. The presence of a lateral force
acting on the Z-pin induces an enhanced axial frictional force due to
Coulomb effect. The snubbing effect is a well established phenomenon
as discussed in previous chapters. The snubbing frictional force acts on
the Z-pin across all mode mixities. The snubbing forces increases with
lateral Z-pin deformation. Under pure mode I loading where the Z-pin
lateral deformation is zero the snubbing force is zero. On the other
hand, the lateral Z-pin deformation is the largest under pure mode II
loading resulting in high snubbing force. Nonetheless, even at low mode
mixity the snubbing force remains significant and cannot be neglected.
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Under pure mode I loading the Z-pin fails by complete pull-out from the
embedding laminate. Under pure mode II loading the Z-pin fails by shear
out fracture. Therefore, a failure criterion is needed to determine whether or
not the Z-pin will fail by shear out fracture. In certain mixed mode loading
range, there exist a transition region (as discussed in chapter 4) where the
Z-pin can fail by either complete pull-out or by shear out fracture at random.
The random nature of the Z-pin failure in the transition region is attributed
to sensitivity to variability in Z-pin misalignment angle and strength. Conse-
quently, it is necessary to take these variabilities into account when modelling
the Z-pin bridging performance in the transition region as deterministic mod-
els would perform poorly.

The insertion asymmetry parameter « is defined as follows:

I-
= 6.1

which implies L~ = aL and L™ = (1 — a)L. Thus, in the case of sym-
metric insertion (i.e. L~ = LT) considered in the experimental results in

Chapter 4 (Ref. [12]), one finds av = 1/2.

6.2.2 Governing Equation

The Z-pin is here described as a peridynamic beam subject to unsteady axial
and lateral forces. The equilibrium equation for such a beam in bond-based
peridynamics is the following (see chapter 3 for derivation):

z+rp Z4Th —
pAD + byt = / CaSwdz — / css,0dz" + p(2) — q(2)u’,
z

Z—Tp —Tp

z+ry z+ry _
pAl + byl = / 58 d2 + / Ccaswld? + q(2) + p(2)u, (6.2)

Z—Th —Th

. . Z+rp 1 zZ+rp B
pl0 + by = / cpsydz' + 5/ [CSS,Y + caswﬂ (2 —2)d7.

Z—Th —Th

where, r, is the horizon radius of the material particle located at point
z; 7' represents the location of particles within the horizon of z; the Z-pin
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density, cross sectional area and moment of inertia are represented by p, A
and [ respectively; b, b, and by are the axial, shear and bending damping
coefficients respectively; @ (i), @ (@) and 6 (9) are the axial, transverse and
rotational acceleration (velocity) of the peridynamic particle at location z; ¢,
¢s and ¢, are the axial, shear and bending bond constant respectively and are
defined in eq. (3.36); sy, S, and sy are the axial, shear and bending stretches
respectively as defined in eq. (3.14); p(z) and ¢(z) are the distributed axial
and transverse loads acting on the Z-pin; u! is the spatial derivative of the
transverse displacement (i.e. %) which represents the slope of the Z-pin at
location z.

Let the beam be divided in N segments, each having length Az = L/N
and let it be assumed that the displacement fields (w(z),u(z) and 6(z)) is
constant within each of the segments. This leads to a “meshfree” discretiza-
tion of the beam [134]|, whereby a peridynamic particle is located at the
centre of each segment. Hence, the position of the i-th peridynamic parti-
cle is z; = Az (z — %) , 1 =1, 2, ..., N. The integro-differential equation in
eq. (6.2) can therefore be discretised as follows:

pA (i + xutin) = 1 + p; — quut,
pA (i + xul) = I + gi + pau. (6.3)

. N e
pl <9i +X99i) =17,

Where the Ii} entries are given in AppendixB; X., X. and xg are the
axial, lateral and rotational mass-proportional viscous damping coefficients
respectively.

Time integration of eq. (6.3) is conducted by using an explicit second-
order centred finite difference discretisation with respect to time [134, 156].
Using a time step At and applying the numerical scheme to eq. (6.3), the
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updated solution at the time instant n + 1 reads:

2At2 (n) n n—
1) _ _pA [Ii(jl) +pi — Qzuzj] ™ — (2 = At wy"
w; = 2 + xo At 7
2At2 (2) (n) —1
— | I i i l} 4 () _ 2 — xu At (b
LD pA [ i T@ TP Ay (2= xult)u; (6.4)
i - 2+ XuAt ’
2At2 (n) n n—
(1) _ _pL D]+ 460 — 2= o oY

2+ xpAt

6.2.3 External Forces Model
Lateral Force Model

The only lateral force (¢) acting on the Z-pin is the Winkler foundation force.
Based on the description in section 6.2.1, it follows that the expression of the
lateral force per unit length acting on the Z-pin is:

Q(Z) = —kaT(Z’) (65)

Where k, is the Winkler foundation stiffness with units of N/mm?, and u,(z)
is the relative transverse displacement between the Z-pin and the surround-
ing laminate at location z. The minus sign is present as the force, a "punch
resistance force", acts to oppose the relative displacement between the Z-pin
and the laminate.

The general expression of the transverse relative displacement(u,.) and
speed(,.) is given by:

u(z2) =[1—H(z—aL+W)u(z)+ H(z—al) [u(z) — U],
‘ (6.6)
Up(2) = [1 — H(z — aL + W)] () + H(z — aL) [a(z) - U] .

where, H(z) for z € R is the Heaviside step function, i.e. H(z) = 1 for
x>0and H(z) =0 for z <O0.
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Considering the time integration scheme proposed section 6.2.2; the dis-
cretised lateral force is simply given by:

where wu,; is the relative displacement of the peridynamic particle at lo-
cation z.

Axial Force Model

The axial force acting on the Z-pin is purely a frictional force due to neglect-
ing the bonded stage of the Z-pin response. The frictional force is divided
into two components, a sliding (Ps;) and snubbing (Psy) frictional forces
each arising due to different mechanisms.

The sliding frictional force arises from:

1. The presence of residual thermal stresses acting on the Z-pin due to
curing.

2. The build up of debris along the path of the Z-pin as its pulling out.

3. The interlocking between the Z-pin and surrounding laminate due to
irregular Z-pin cross section as discussed in chapter 4.

The sliding frictional force acting on the Z-pin under mixed mode loading
is the same as that acting under mode I loading. Consequently, the same
mathematical equations as that developed in chapter 5 is used here to de-
scribe the sliding friction force and are given in eq. (6.8) and eq. (6.9) for the
quasi-static and dynamic cases respectively. The meaning and definition of
the variables presented in eqs. (6.8) and (6.9) is the same as that presented
in chapter 5.

Psr, = Poo + (po — Do) € * (6.8)
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Wy (2)
V.

c

Psp(z) = py + A log ‘ ‘ + d(2)

(6.9)

{@(z) + B*log ‘w’éd

C

|

On the other hand, the snubbing friction is an enhancement coulomb
friction that arises from the lateral deflection of the Z-pin being opposed by a
Winkler foundation force as presented earlier. The Winkler foundation force
increases the compressive stresses acting on the Z-pin inducing an additional
coulomb friction. Thus, under quasi-static loading the snubbing frictional
force is given by:

Pox(2) = iqsa() (6.10)

Under dynamic loading condition, the Ruina state-based friction model
(Ref. [169]) presented in eq. (6.11) is used to describe the snubbing frictional
force.

T=U<M0+¢1+A110g %),
(6.11)
; ’wr’ wr
= — Byl —
¢1 7 ¢1+ By log vl

where 7 is the frictional shear stress that arises between two surfaces in con-
tact, which slide with respect to each other with relative velocity w,; o is
the compressive contact stress between the two aforementioned surfaces. In
eq. (6.11)), uo denotes a reference coefficient of friction. The variable ¢; is
an additional coefficient of friction that tracks the “state” of the interface.
The latter evolves as relative sliding with speed w, takes place; ¢ is a char-
acteristic length scale for the interface evolution. The coefficient A; and B
are empirical constants that need to be calibrated by means of experimen-
tal data. For |w,| < V., the logarithmic terms in eq. (6.11) are set to zero,
i.e. the dependency of the friction on the sliding speed is neglected. Hence,
V. is usually denoted as a “cut-off” speed.

In the context of snubbing force acting on the Z-pin, o denotes a compres-
sive radial stress on the T'TR surface, while 7 is the corresponding axial-radial
frictional shear due to snubbing. The relative sliding speed in this case de-
pends only on the axial coordinate z, i.e. w, = w,(z). Hence, the resulting
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snubbing frictional force per unit length (pgy) can be expressed as:

2m
PSN<Z) = %T(Z,l)dl = <M0 + ¢1 + Al log ) 7TD/ Z Q/) dw (6 12)

Note that: )
_ 2D / oz, )d (6.13)

Substituting eq. (6.13) into eq. (6.12) yields:

Pa(z) = a(2) (1o + 01 + Arlog | -

) (6.14)

Lets define a dynamic friction coefficient (pp,,,) as:

(6.15)

HUDyn = flo + ¢1 + A;log %
substituting the definition of pp,, above into eq. (6.14) yields eq. (6.16).
Comparing eq. (6.16) and eq. (6.10), it is immediately clear that the two
equations are equivalent to each other. The only difference is that the coeffi-
cient of friction in dynamic loading is a variable that depends on the sliding
speed and the state (¢;) of the interface.

Pan(2) = ppynq(2) (6.16)

The total axial force (P) acting on the Z-pin is obtained by adding the sliding
and snubbing frictional force components, i.e. P = Ps;, + Psy. Therefore,
the total axial force acting on the Z-pin is given by eq. (6.17) and eq. (6.18)
for the quasi-static and dynamic cases respectively.

W 1gsq(2) (6.17)

P(2) = Poo + (po — Po) €

P(z) = pi+ A" log . ( )

'+w>+umm@>

Ve
b(z) = — ’wréz)‘ {CD(Z) + B*log wTT(CZ) } (6.18)
1(z) = — ’wrg(lz)’ {¢1(z) + B, log w;ﬁj) H
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The general expression of the relative displacement(w,) and speed(w,) is
given by:
wy(z)=[1—H(z—aL+W)|w(z)+ H(z — al) [w(z) — W],

| (6.19)
we(2) = [1 — H(z — aL + W)]i(2) + H(z — aL) [w(z) - W] .

where, H(z) for x € R is the Heaviside step function, i.e. H(x) = 1 for
x>0and H(z) =0 for z <O0.

Considering the time-marching centred finite-difference scheme discussed
in sec. 6.2.2, the discretised axial forces from eq. (6.18) read:

- (n)
Pi(n) — pg + A* log -+ (I)z (n) + ,UDynqzl
‘w’gl_l) r w(n_l)
o — (I)z(nfz) B QT q)gnfl) + B*log |—i—|| At. (6.20)
‘w£7—1) r . (747,—1)
W=l 2l |0l 4 Bylog | = | A,
1 c

While, at quasi-static loading, the discretised axial force in eq. (6.17) is
obtained as:

Pl = poc+ (po — Poc) €77 + 115G (6.21)
It is worth noting that no external forces act on the section of the Z-pin that
has pulled-out from the laminate. In mathematical form this means that:

(n)_{ 0 alL—-W <z <alL

", g ) (n) (6.22)

D . q; otherwise

6.2.4 Failure Model

The Z-pin fails by complete pull-out failure under pure mode I loading and
by shear out fracture failure under pure mode II loading. There exist a mixed
mode loading region where the Z-pin fails by either pure pull-out or by frac-
ture failure at random (see chapter 4). This region is known as the transition
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region which spans the mode mixity of 0.25-0.5 as shown in the experimental
results (see chapter 4). At mode mixities above 0.5 the Z-pin fails by shear
out fracture with minimal pull-out from the laminate. Thus it is necessary
to implement a failure criterion capable predicting whether or not fracture
failure occurs in the Z-pin under any loading condition.

An energy based criterion similar to that presented by Foster et al.
(Ref. [146]) is developed and implemented to predict the fracture failure of
the Z-pin under mixed mode loading conditions. The total energy stored at
point z along the Z-pin can be obtained by calculating the energy needed to
break all the bonds across a fracture plane located at point z. Comparing the
calculated total energy at location z to a critical energy the onset of failure
can be determined. In order to use well established material parameters, the
energy release rate is used instead of the total energy. Assuming the crack
propagates instantaneously once the critical energy is reached, then the en-
ergy release rate is obtained by dividing the total energy by the Z-pin cross
sectional area. The energy release rate is compared to the critical energy
release rate to determine the onset of fracture.

The energy density contained in a bond is defined as (Ref. [156]):

1
BEyong = —cs* |2/ — 2| (6.23)

2

where ¢ and s are a general bond constant and stretch respectively, i.e.

¢ can be replaced by ¢4, ¢ or ¢, to represent axial, shear and bending bond

constants. It is here assumed that the energy stored in a bond is fully recov-

erable unless failure occurs. Consider a fracture plane located at z = z¢ as

shown in fig. 6.2, then the total energy at that location is obtained by sum-

ming the contribution of all the bonds that cross the z; plane. Therefore,
the total energy (FEj,) at point z is given by:

zf z2f+Th
Etot = / / Ebond dZ/dZ (624)
zp—rp Jzy
Substituting eq. (6.23) into eq. (6.24) one obtains:
L 23
Etot = 608 Ty (625)
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Figure 6.2: Illustration of bonds crossing a failure plane located at point zs

The energy release rate is thus obtained by dividing the total energy at
location z (FE,) by the Z-pin cross sectional area (A). Using the result in
eq. (6.25) and dividing by A the mode I and II energy release rates denoted
as G and G respectively in peridynamic formulation are defined as:
3
Gr= T—hcas2

6A "

3
r
GU = 6_;11 [CSS?Y + cbsz]
Where c,, cs and ¢, are the axial, shear and bending bond constants respec-
tively as defined in eq. (3.36); s, s, and sy are the axial, shear and bending

stretches respectively as defined in eq. (3.14).

(6.26)

The total energy release rate (G) at location z is the addition of the mode
I and II energy release rates, i.e. G = G;+Gpr. Once the total energy release
rate exceeds the critical energy release rate (G.) the Z-pin fails. Since the
Z-pin is subject to mixed mode loading, the critical energy release rate is
defined using the B-K failure criterion (Ref. [170]) as given in eq. (6.27).

Ge(2) = Gre + (Grie — G1e)€"(2) (6.27)

where G, and G are the mode I and II critical energy release rates of the Z-
pin; ¢ is the mode mixity of the Z-pin particle at location z; 7 is an empirical
constant. The mode mixity ¢ is defined as the ratio of the mode II energy
release rate to the total energy release rate at location z, i.e. & = G7/G.
Consequently, the critical energy release rate (G.) varies along the length
of the Z-pin depending on the local mode mixity of the Z-pin at location z
allowing for prediction of failure location.
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6.2.5 Modelling Variability

The Z-pin response in the transition region showed great variability in fail-
ure mode as reported in chapter 4, where some Z-pins failed by complete
pull-out and others by fracture failure. Each of the coupons tested had 16 Z-
pins inserted in the through thickness direction. In the transition region the
proportion of Z-pins failing by fracture varied between 19% and 60%. Thus
the measured bridging response in the experimental results is an averaged
response of the 16 Z-pins.

A deterministic model would not be able to capture such variability, re-
sulting in less accurate results in the transition region. It is necessary to
introduce variability into the reduced order model to accurately capture the
response of the Z-pin in the transition region.

Two main sources of variability are the Z-pin misalignment angle and
strength as mentioned in chapter 4. The variability in the misalignment
angle, a consequence of the Z-pin insertion process, results in the Z-pin wit-
nessing a different mode mixity to the nominal mode mixity. The higher the
mode mixity the more prominent the punch resistance and snubbing fric-
tional forces and the more likely the Z-pin to fail by shear fracture. On the
other hand, the variability in Z-pin strength is due to the Z-pin manufactur-
ing process producing different defects of varying sizes.

In chapter 4 it was stated that the mean deviation of the misalignment
angle from the nominal value (B,0minar) is zero while the standard deviation
is 3°. Assuming a normal distribution for the Z-pin misalignment angle ()
with the mean and standard deviation of 0° and 3° respectively, a population
of 16 Z-pins is created where each Z-pin has a different misalignment angle.
The misalignment angle population (Syepuiation) Was created in Matlab using
the normrnd function as shown in eq. (6.28).

Bpoputation = normrnd(Brominal, 3°, population size) (6.28)
Where the population size in the above equation is 16 to reflect the number
of Z-pins inserted into each coupons; note that Bpopuiation 15 a vector with

the number of elements equal to the population size. The definition of the
opening (W) and lateral (U)displacements is calculated based on the total
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measured experimental displacement § and the misalignment angle (/) as:

W = dcos(B°)
(6.29)
U = dsin((°)

The Z-pin critical fracture toughness obtained in eq. (6.27) is multiplied
by factor in order to model the variability in Z-pin strength. Thus the critical
fracture toughness of the Z-pin is calculated as:

Ge(2) = (14 1) [Gre + (Grre — Gre) §"(2)] (6.30)

where I is the factor introduced to alter the strength of the Z-pin; the vari-
able Gr., Grr., & and n are the same as those define in eq. (6.27). The
variability in Z-pin strength is assumed to follow a normal distribution with
the mean value equal to nominal fracture toughness (G.) given by eq. (6.27)
obtained for the deterministic model, while the standard deviation chosen to
reflect the observed variability of the Z-pin failure in the transition region.
Thus the factor I' has a mean of zero and a standard deviation of 2. The
Z-pin strength population is created in Matlab using the normrnd function
to obtain a different value for the factor I as shown in eq. (6.31).

[' = normrnd(0, 2, populationsize) (6.31)

The Z-pin bridging response model is then run 16 times each time with a
Z-pin misalignment angle () and fracture toughness (G.) taken from the
population of misalignment angles and fracture toughness values generated
using the normal distributions in egs. (6.28) and (6.31). The bridging re-
sponse is then averaged across the 16 samples and compared to the appro-
priate experimental results.

6.2.6 Numerical Considerations

The Z-pin is divided into 200 particles in all the simulations conducted. The
number of particles (N) chosen was based on the results obtained in chap-
ter 3 and on convergence study conducted (see fig. 5.2). Thus peridynamic
particle domain size is Az = L/N. The horizon radius is set to be equal to
r, = 3Az based on benchmark study conducted in Ref. [135] and the results
from chapter 5.2.
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To apply the boundary condition a fictitious boundary layer is added to
the Z-pin in the top half of the laminate (see sec. 3.4.1). The boundary layer
size is set to be equal to the horizon radius. The particles in the fictitious
boundary layer are set to have opening and lateral displacement (velocity)
equal to the laminate opening and lateral displacement (velocity) respectively
in the case of quasi-static (dynamic) loading.

The time step size (At) was chosen to be equal to the stable time step
size (Atsiape) computed in section 5.2.4 multiplied by a safety factor of 0.9,
ie. At = 0.9Atqp.. The axial (b,), shear (b,) and bending (by) damping
coefficients were set using trial and error to be 5x 1073, 5x 10~* and 5 x 10~*
respectively.

6.3 Model Calibration

Model parameters need to be identified for calibrating the model, namely:
the Winkler foundation stiffness k.., the B-K failure criterion parameters Gy,
G11c and the exponent n; the friction-related parameters pg, A*, B*, £, po, P,
o, tos, A1 and By which appear in egs. (6.15), (6.17) and (6.18). Strictly
speaking, also the cut-off velocity (V.) in eq. (6.18) represents an unknown,
but this have been set to 0.01mm/s. The Choice of V. is based on the fact
that the cut-off velocity is the velocity where rate effects are not significant
and can be ignored. Quasi-static (QS) loading rate is the logical choice where
rate effects are not significant. Hence, V., = 0.01 is chosen as it represents
the speed at which QS tests are conducted.

The bridging traction force applied by the Z-pin as a function of the
lateral and opening displacements is the main output of interest from the
model. The experimental bridging traction response presented in chapter 4
is the total force applied by the Z-pin i.e. it is the resultant of the Z-pin shear
and axial applied forces. The expression of the peridynamic shear (fspeqr)
and axial (fuziq) forces at an arbitrary location z* on the rod is derived in
Appendix C. Considering that the bridging traction is applied at the mid-
plane between the top and bottom laminates i.e. z* = «L, and using the
formulas developed in Appendix C, the bridging force (P) obtained from the
model is given by:

P = ftfwial + f52hea7’ (632)
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The model parameters are then obtained by calibrating the model traction
force against a subset of the experimental results. The calibrated model is
then tested against the rest of the experimental results as a proof of validity.
The subset of experimental results used for calibration is T1 tests of the 0°,
9° and 75° (representing mode II loading) mixed mode angles for the quasi-
static and dynamic cases. Thus, the model is here calibrated by using genetic
algorithm to minimise the cost function (C') given in eq. (6.33).

Q 2
S ©]°

Ca = ;—:1 {Pk Py ]TI@QO (6.33)
S @17

03 - ; |:Pk N Pke i|T1@75°

C = \/C%+C§+O§‘

QS and Dynamic

where P,Ee) represents the experimental observation of the bridging traction
at the k-th time instant, while P is the corresponding axial force obtained
from the time-marching simulations via eq. (6.32); ) is the total number of
time steps. The subscript on the right square bracket in eq. (6.33) means
that the model calibration is carried out using T'1 experimental data at mixed
mode angles of 0°, 9° and 75° for the quasi-static and dynamic loading rates.

The rational for adopting the cost function in eq. (6.33) is as follows:

e Under pure mode II loading (represented by 75° nominal angle), punch
resistance force is the largest but the pull-out of the Z-pin from the
laminate is zero. Thus, this loading case is best to calibrate the punch
resistance parameters and snubbing but cannot be used for the sliding
friction parameters. Also, the Z-pin fails by fracture and so can help
to calibrate the B-K criterion parameters.

e Under pure mode I loading, the sliding friction is prominent but the
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punch resistance and snubbing friction force is zero. Thus, this loading
case is best to calibrate the sliding friction parameters.

e Under mixed mode loading all of the above described forces are at inter-
play. It is important to use this case to obtain a set of parameters that
can describe the interaction between the sliding, snubbing and punch
resistance forces. The other experimental data in the mixed mode load-
ing regions are either in transition region where there is uncertainty in
the Z-pin failure mode or failing by pure fracture only (already captured
using the mode II loading).

6.4 Results and Discussions

The Z-pin geometric and mechanical properties are defined in Table 6.1. L,
D, E, p and « are respectively the Z-pin length, diameter, Young’s Modulus,
density and insertion asymmetry.

E(GPa) p(kg/mm®) L(mm) D(mm) «
115 1.6E-6 8 0.28 0.5

Table 6.1: Mechanical and physical properties of a T300/BMI Z-pin [12].

The genetic algorithm optimisation conducted have yielded the results
shown in tables 6.2 to 6.4. As evident in table 6.2, the B-K failure criterion
parameters are the same for both quasi-static and dynamic loading cases
indicating that the fracture failure is not rate dependent. The rate insen-
sitivity of fracture failure is observed in the experimental results presented
in chapter 4. The fracture failure rate insensitivity is explained by the fact
that the Z-pin failure is dominated by the fibre failure which themselves are
rate insensitive as reported in literature (Ref. [168]). In terms of the values,
Pinho et al (Ref. [171]) reported that the tensile fracture toughness (Gj.) of
T300/epoxy is in the range of 130-150N/mm. Hence, the calibrated value
obtained here lies in the same range as that reported in literature. The shear
fracture toughness (Gyj.) of carbon fibres are more difficult to measure ex-
perimentally but the work conducted by Laffan (Ref. [172]) indicates that
G1ie lies in the range of 10-15N/mm. Thus the calibrated value of Gy in
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Gre(N/mm) Gr.(N/mm) n
130 11.25 1

Table 6.2: B-K failure criterion parameters for both dynamic and quasi-static
loading.

Pull-out rate | A*(N/mm) B*(N/mm) [(mm) p}/po(N/mm) pe(N/mm)

QS - - 0.6 0.375 9.5
Dynamic 0.0281 -0.60 0.011 0.375 -

Table 6.3: Sliding friction parameters for QS and dynamic friction models.

table 6.2 of 11.25N /mm lies within the experimental range. Therefore, it can
be said that the calibrated B-K failure criterion parameters are physically
based and realistic.

The sliding friction parameters reported in table 6.3 have changed from
the values obtained in chapter 5 where the Z-pin was subject to pure mode
I loading. This is attributed to the presence of snubbing friction which is
not present under pure mode I loading i.e. the total axial friction force is
due to the interplay between sliding and snubbing friction. A simple way to
highlight the significance of snubbing friction is to compare the value of p.,
in table 6.3 (9.5N/mm) to that obtained in chapter 5 (12N/mm). At low
mixed mode angle of 9° the snubbing friction contributes at least 20% of the
total axial friction acting on the Z-pin. Similar to the result in chapter 5,
it is interesting to note that the value of the residual/static sliding friction
parameter (pg/po) is the same for both quasi-static and dynamic loading.
This is due to the definition of p§/py as being the residual friction acting on
the Z-pin prior to any sliding.

The snubbing friction parameters are reported in table 6.4. The Winkler
foundation stiffness (k,.) value is the same for both quasi-static and dynamic
loading indicating that the punch resistance force is rate insensitive. This
is a realistic outcome given that the Z-pin is embedded in quasi-isotropic
laminate i.e. the Z-pin is surrounded by fibres along the whole circumference
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Pull-out rate | A;(N/mm) Bi(N/mm) i(mm) po/pgs(N/mm) k.(N/mm?)

QS - - - 0.285 3654.3
Dynamic 6e-4 -6e-4 0.0136 0.285 3654.3

Table 6.4: Lateral force and snubbing friction parameters for QS and dynamic
friction models.

of the Z-pin. Hence, as the Z-pin is laterally deforming, it is mainly pushing
against the fibres in the surrounding laminate which are rate insensitive as
established earlier. However, it is believed that this outcome might not hold
for a Z-pin embedded in a uni-directional laminate particularly if the Z-pin
deforms against the resin rich eyelet instead of deforming against the fibres
of the laminate. The static friction coefficient (p/11gs) is the same for both
quasi-static and dynamic friction coefficients as would be expected from its
definition (the friction coefficient prior to sliding).

6.4.1 Deterministic Model Results

The predicted bridging response of the Z-pin under quasi-static and dynamic
loading using the parameters obtained in tables 6.2 to 6.4 is presented in
figs. 6.3 to 6.6. Overall the reduced order model is shown to be capable
of accurately describing the bridging force exerted by the Z-pin at different
loading rates and mixed mode loading. However, in the transition region cor-
responding to a nominal mixed mode angles of 15° and 30° the performance
of the model deteriorates noticeably. The deterioration in the transition re-
gion is attributed to the deterministic nature of the model and the fact that
the experimental results are an average of 16 Z-pins. The bridging response
varies in the transition region due to variability in misalignment angle and
strength. Thus, with an experimental coupon having 16 Z-pins each Z-pin
produces different bridging response and fails at different point. Taking into
account the variability in Z-pin response improves the performance in the
transition region as seen in section 6.4.2.

For the quasi-static loading, it is observed that for the nominal mixed

mode angle of 0° the predicted force continuously decrease to zero past the
peak force as the opening displacement increases closely matching the ex-
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Figure 6.3: The experimental and numerical bridging response under quasi
static loading for a nominal mixed mode angle of (a) 0°, (b) 9° and (c) 15°.

perimental results. Similar observation is seen for the nominal mixed mode
angle of 9° and 15° but with slight change in slope close to the end as seen
in figs. 6.3b and 6.3c. This change in slope is due to the large snubbing
friction force being removed as the Z-pin pulls-out from the laminate. This
observation is clearly seen in the experimental results of the T2 test of the
nominal mixed mode angle of 15° (see fig. 6.3c) albeit less pronounced due
to the fact that few Z-pins have survived up to this opening displacement in
the experimental results.

The numerical prediction for the nominal mixed mode angle of 30° (see
fig. 6.4a) is distinctly different from the observed experimental response as
it predicts the Z-pin failing at low displacement compared to experimental
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Figure 6.4: The experimental and numerical bridging response under quasi
static loading for a nominal mixed mode angle of (a) 30°, (b) 45°, (c¢) 60°
and (e) 75°.

results. This is attributed to the deterministic nature of the model that is not
capturing the variability arising from the misalignment angle and strength
present in experimental results. The experimental observation of the samples
tested under quasi-static loading with nominal mixed mode angle of 30° had
between 1-2 Z-pins pulling out and not fracturing. Consequently, resulting
in a small bridging force being recorded up to complete pull-out. The in-
corporation of variability significantly improved bridging response prediction
capability as seen in section 6.4.2.

For higher nominal mixed mode angles, the numerical model predicts
failure to occur instantaneously once the failure criterion is reached. For
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the nominal mixed mode angles of 60° and 75° (see figs. 6.4c and 6.4d) the
experimental results shows a sharp initial drop accurately matched by the
numerical model failure location. However, the experimental results then
slowly decreases to zero which inaccurately suggest that the Z-pin contin-
ues to provide a supporting bridging force. The carbon fibre based Z-pin is
brittle and so cannot support any load past failure point, the observed exper-
imental force is attributed to inertial effect (see chapter 4) and potentially
the fractured Z-pin scratching against the laminate and hence the observed
experimental result. Thus it can be said that the model is accurately able to
capture the Z-pin failure response. Similar observation applies to the nominal
mixed mode angle of 45° but it is interesting to note the numerical predic-
tion and experimental response of the T3 test. In the T3 test of the nominal
mixed mode angle 45° the experimentally measured mode mixity is observed
to start from a low value below the transition region (see fig. 4.14c). The nu-
merical prediction of the bridging force accurately reflects the response of the
provided mixed mode loading profile by predicting a bridging force initially
lower than the T1 and T2 tests which initially starts with high mode mixity
(see fig. 4.14c). Therefore, it is suspected that the provided mode mixity
profile for T3 is incorrect while the numerical prediction of the model being
able to physically reflect the mode mixity profile input provides confidence
in the model prediction capability.

For the dynamic loading, it is observed that numerical prediction for the
nominal mixed mode angle of 0° (see fig. 6.5a) closely matches the experimen-
tal results albeit reaching lower peak values when compared to quasi-static
loading; thus proving model ability to predict rate effect. The ability to pre-
dict rate dependent bridging performance is clearly observed in the numerical
prediction of the nominal mixed mode angle of 9° which were subject to a
different loading rate of approximtely 5m/s and 12m/s as shown in figs. 6.5b
and 6.5c respectively. The lower the loading rate the higher the predicted
bridging force i.e. accurately capturing the rate effect observed experimen-
tally. In addition, in chapter 4 it was pointed out that experimental T2 result
for the nominal mixed mode angle and loading rate of 9° and 12m/s respec-
tively does not match the trend of increased loading rate resulting in lower
Z-pin bridging force. This observation was rather attributed to inertial effect
and variation in misalignment angle. However, the deterministic numerical
model excluding the effect of the misalignment angle was able to predict the
rate effect as shown in fig. 6.5c. The Z-pin bridging response predicted for
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Figure 6.5: The experimental and numerical bridging response under dy-
namic loading for a nominal mixed mode angle of (a) 0°, (b) 9° with 5m/s
rate, (c) 9° with 12m/s rate and (e) 15°.

the T2 test in fig. 6.5¢ is slightly lower than the T1 and T3 tests subject to
the same loading rate and mode mixity. This provides further confidence in
the model being able to capture key behaviour such as rate dependent Z-pin
bridging performance.

The dynamic bridging response of the deterministic model in the transi-
tion region does not accurately describe the observed experimental response
due to the sensitivity to the variability in misalignment angle and strength
discussed earlier. Nonetheless, it was presented in the chapter 4 that the
mode mixity starts from a value close to mode II and then drops to the nom-
inal value for the mixed mode angle of 15° and 30°. This is clearly reflected
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Figure 6.6: The experimental and numerical bridging response under dy-
namic loading for a nominal mixed mode angle of (a) 30°, (b) 45°, (¢) 60°
and (e) 75°.

in the numerical model predicting high force values with high slope similar to
that observed in mode II and then dropping down to lower values correspond-
ing to nominal mixed mode values as shown in fig. 6.5d. This demonstrates
that the model is physically based and able to capture the mixed mode re-
sponse of the Z-pin.

The dynamic bridging response beyond the transition region closely matches
the experimental results as seen in figs. 6.6b to 6.6d. The numerical model
predicts instantaneous failure which reflects the brittle nature of the T300/BMI
Z-pin. The experimental results shows a sharp but not instantaneous drop
in the bridging response which could be due to inertial effects or an array
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effect. The array effect means that the 16 Z-pins failing in close proximity
to one another but not at the same time. The Z-pins failing in close proxim-
ity to one another means that the difference in apparent fracture toughness
between the numerical prediction and experimental value is insignificant.

6.4.2 Transition Region Non-Deterministic Model Re-
sults

The response in the transition region is seen to be sensitive to the misalign-
ment angle and Z-pin strength. To illustrate this point, lets consider the
deterministic model for the nominal mixed mode angle of 15° at the nominal
value and with a small misalignment angle that corresponds to a mixed mode
angle of 10°, 18° and 24° without altering any other input to the model. The
result from running the model is presented in fig. 6.7. The misalignment sen-
sitivity study shows a large variation is Z-pin response for a small variation in
misalignment angle. For example, a small misalignment angle of +3° results
in the Z-pin behaviour changing from complete pull-out to a fracture failure
at significantly lower displacement (see fig. 6.7). At the lower misalignment
angle of -5° the Z-pin fails by complete pull-out but with a much lower bridg-
ing force as a function of opening displacement compared to nominal mixed
mode angle (see fig. 6.7). This clearly demonstrate the sensitivity of the
misalignment angle.

On the other hand, the effect of variability in strength on the Z-pin bridg-
ing response is clearly illustrated in fig. 6.8. A 20% reduction in strength
changes the failure mode from pull-out to fracture at a noticeably lower dis-
placement. The aforementioned illustration motivates the incorporation of
variability into the model in the transition region.
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Figure 6.7: The effect of misalignment angle on the Z-pin bridging response
for a nominal mixed mode angle of 15°.
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Figure 6.8: The effect of variability in Z-pin strength on Z-pin bridging re-
sponse for a nominal mixed mode angle of 15°.

The misalignment angle and strength variability are incorporated into the
model as described in section 6.2.5. The Z-pin bridging response in the tran-
sition region for both quasi-static and dynamic loading rates is presented in
fig. 6.9. The incorporation of the variability results in a significantly better
prediction of the Z-pin bridging response in the transition region. Further-
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Figure 6.9: The numerical model prediction when including variability com-
pared to experimental results. (a) and (b) correspond to nominal mixed mode
angle of 15° and 30° and are under dynamic loading. (c) and (d) correspond
to nominal mixed mode angle of 15° and 30° and are under QS loading.

more, this result improves our understanding of the experimental results
highlighting the experimental procedure deficiency in capturing individual
Z-pin response particularly in the transition region. Also, the numerical pre-
diction makes it clear that the "stair casing" response evident under quasi
static loading is due to Z-pins fracturing i.e. each stair case correspond to
either 1 or more Z-pins failing depending of the drop size. It is worth noting
that the numerical prediction was run for each test under dynamic loading
because of the slightly different velocity profile of each test. However, under
quasi-static loading only one numerical prediction is presented because both
test are conducted in a controlled manner under the same velocity profile.
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6.4.3 Enmergy Dissipation

The most important measure of Z-pin performance is the increase in appar-
ent fracture toughness, i.e. the energy dissipated by the Z-pins. A summary
of the energy dissipated by the Z-pin across all nominal mixed mode angles is
presented in figs. 6.10 and 6.11 for the dynamic and quasi-static loading rates
respectively. It is clear that for both quasi-static and dynamic loading rate
the deterministic model gives excellent prediction of the energy dissipated by
the Z-pin outside the transition region. In the transition region the prediction
is poor for the reasons mentioned previously. This causes the deterministic
model to fall short of being able to capture the energy dissipation trend as
a function of nominal mixed mode angle. However, once the variability of
the response in the transition region is implemented, the model results for
both quasi-static and dynamic loading rate provide excellent prediction as a
function of nominal mixed mode angle as shown in figs. 6.10 and 6.11.
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Figure 6.10: A comparison of predicted and experimental energy dissipated
by Z-pin at different nominal mixed mode angles under dynamic loading.
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Figure 6.11: A comparison of predicted and experimental energy dissipated
by Z-pin at different nominal mixed mode angles under quasi-static loading.

The Energy dissipated under pure mode I is mainly due to friction as dis-
cussed in chapter 5. As the nominal mixed mode angle increases the Z-pin
deforms laterally against the laminate which is counteracted by a Winkler
foundation force. The lateral deformation induces snubbing friction to act on
the Z-pin in addition to the sliding friction forces. Thus causing an increase
in apparent fracture toughness. However, in the transition region some Z-
pins fail by fracture while others slides causing the observed reduction in
absorbed energy. This was evident from observation of Z-pin samples but
is conclusively proved by comparing the outcome of the deterministic and
non-deterministic models. Beyond the transition region the dissipated en-
ergy falls sharply as all the Z-pins fracture at relatively low displacements
due to the brittleness of the Carbon based Z-pins.

In order to improve the energy dissipation of the Z-pins across all mode
mixities for a carbon based Z-pin, it is necessary to delay fracture failure
as much as possible. It is thought that fracture can be delayed by having
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more defects in the Z-pin which causes the Z-pin to split prior to fracture
failure. The Z-pin splitting reduces stiffness allowing the Z-pin to behave in
a more ductile fashion. Alternatively, using metal Z-pins which are signifi-
cantly more ductile than their Carbon based counterpart could be an option
for loading at higher mode mixities.

6.4.4 Model Run Time

The developed reduced order model provides excellent prediction of the Z-pin
bridging performance as presented in the previous section. Additionally, the
computational cost of this model is significantly lower than state of the art
models using finite element approach.

The model was coded in Matlab and run on a desktop computer. The
maximum run time under dynamic loading occurred where the Z-pin failed
by complete pull-out as would be expected. The maximum run time under
dynamic loading was 290s i.e. of the order of minutes. On the other hand,
the maximum run time under quasi-static loading is 3000s i.e. of the order
of tens of minutes. The reason that the quasi-static runtime is longer than
the dynamic one is attributed to the use of adaptive dynamic relaxation to
solve the inherently dynamic formulation of the peridynamic theory. The
adaptive dynamic relaxation means that for each time steps there will be
many iteration to reach the steady state solution resulting in an increase in
computational cost.

Current state of the art model using finite element approach of a single
Z-pin inserted in a 10 x 10c¢m laminate is presented in Ref. [11]. The run
time for such a model is 4 days on a supercomputer utilising 64 cores. Thus,
considering the maximum run of tens of minutes on a desktop computer, the
proposed model computational cost is still significantly cheaper than other
available methods with several orders of magnitude reduction in run time.
Note that the proposed model and the one provided in literature were run
on machines with considerably different computational performance abili-
ties. Thus, the computational cost reduction using the proposed approach
becomes more evident.

In addition, taking into account that Matlab is a "heavy environment"
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(meaning less computationally efficient than other coding environments) and
that the code has not been optimised for computational efficiency, it becomes
clear that the computational cost of the proposed approach can be further
reduced significantly. For example, it is believed that the maximum run time
cost can be reduced to order of seconds (if not split second ) by:

e writing the same code in another environment such as Fortran

e parallelising the code in the spatial domain

The need for an accurate and computationally efficient reduced order
model becomes clear when considering that modelling the variability in the
transition region required running 16 different Z-pin models with a different
combination of misalignment angle and Z-pin strength. In the dynamic case,
16 different Z-pin models were run in under an hour without utilising parallel
processing. The code can be easily parallelised so that different cores solve
for different Z-pin model inputs.

Based on the obtained results and the aforementioned discussion, it is
apparent that the proposed reduced order model is both accurate and com-
putationally efficient.

6.5 Summary

A rate dependent reduced order model capable of predicting Z-pin bridging
performance under mixed mode loading is developed. The developed model
is based on representing the Z-pin as a peridynamic beam using the formula-
tion presented in chapter 3. Three key forces act on the Z-pin as it deforms
in the laminate. These are divided into axial and lateral forces. The lateral
force is modelled as a "Winkler" foundation force while the axial force is a
frictional force. The axial frictional force is further split into two component:
a sliding friction force and a snubbing frictional force. The frictional forces
were modelled using Ruina’s state based friction model. The external forces
acting on the Z-pin causes it to fail.

The Z-pin fails by either complete pull-out or fracture as seen in chap-
ter 4. Therefore, B-K failure criterion is used to predict fracture failure. For
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this reason, a peridynamic based energy release rate has been proposed. The
developed reduced order model had many unknown parameters. These un-
known parameters were obtained by calibrating the numerical results against
experimental results using genetic algorithm optimisation. However, the cal-
ibration was only done using a subset of the experimental results.

The calibrated model parameters were then used to predict Z-pin bridg-
ing performance at different loading rates and mode mixities. The model
prediction was excellent at different rates and mode mixities except in the
transition region. The poor performance in the transition region is attributed
to the deterministic nature of the model. In the transition region the Z-pin
fails by either pull-out or fracture. This variability in Z-pin response is at-
tributed to variability in Z-pin misalignment angle and strength. Once the
variability is incorporated into the model, the predicted Z-pin bridging re-
sponse in the transition region is significantly improved.

The developed model provides relatively accurate bridging response pre-

diction while being highly computationally efficient, outperforming other
state of the art model presented in literature.
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Chapter 7

Conclusion and Future Work

7.1 Summary

7.1.1 Thesis Motivation

Literature review showed that current state-of-the-art models of Z-pins using
finite element approach are extremely expensive. Reduced-order models are
a cheaper alternative to predict the Z-pin bridging performance. However,
the literature is devoid from reduced order models capable of describing Z-
pin bridging performance across the full span of mode-mixity loading and
under high deformation rates. Therefore, the objective of this thesis was to
develop such a model to fill the aforementioned knowledge gap.

7.1.2 Peridynamic Formulation and Validation

A Peridynamic approach to elasto-dynamics has been used as the basis of
the reduced-order model. The rod and non-linear beam elements have been
developed using such peridynamic approach. The developed models were
validated against benchmark problems. It is worth noting that the geomet-
rically non-linear peridynamic Timoshenko beam developed in this thesis is
the first of its kind.

177



7.1.3 Experimental Results

The peridynamic Z-pin model was calibrated and validated against exper-
imental results obtained from Ref. [12,13|. However, the results presented
in chapter 4 were analysed from a different perspective to that presented in
Ref. [12,13], highlighting the following key points:

e Constant mode-mixity was not achieved during the entirety of the tests.
At lower mode-mixity values, i.e. below a nominal loading angle of 30°,
the experimental mode-mixity converged to the nominal desired value
prior to Z-pin failure and within a reasonable time. At higher mode-
mixity values, when the nominal loading angle () exceeded 45°, the
Z-pin failed before the mode-mixity converged to the nominal value.
Consequently, the Z-pin in the range § > 45° mainly failed under a
mode-mixity close to pure mode II loading.

e The use of brass sleeve in the test set-up contaminated the measured
Z-pin bridging force, due to friction between the coupon and the brass
sleeve. In addition, the use of brass sleeve restricted the opening and
sliding displacement of the coupons resulting in a high initial mode-
mixity across all the tests. The anomalous result, i.e. large bridging
force, obtained in pure mode II loading is attributed to the use of brass
sleeve in the test.

e Constant velocity and hence dynamic equilibrium were not achieved
during the dynamic testing of the Z-pin bridging performance.

7.1.4 Mode I Model

Two rate dependent models of the Z-pin bridging performance under mode I
loading were introduced based on a peridynamic rod formulation. The first
model (model 1) is capable of describing all the key stages of the Z-pin re-
sponse, namely bonded stage, progressive debonding and frictional pull-out.
The calibration of model 1 parameters yielded different values at different
loading rates due to the presence of inertial effects in the experimental re-
sults. Thus model 1 could not be used as a universal description of the Z-pin
response. Nonetheless, model 1 demonstrate the capability of a reduced-
order approach to simulate all the key stages of Z-pin response. Model 1 is
the first of its kind in this regard.
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The second model (model 2) ignored the bonded and de-bonding stages
and only considered the frictional pull-out stage. Calibration against exper-
imental results yielded a unified set of parameter values for model 2 making
it truly applicable at different loading rates. Both model 1 and 2 adapted
Ruina’s (Ref. [169]) state-dependent friction model to describe the rate de-
pendent sliding frictional force.

Both models yielded excellent prediction capability with negligible differ-
ence arising from the two models in terms of the total energy absorbed by
the Z-pin. Nonetheless, model 1 is in principle better suited to describe the
Z-pin bridging force as a function of opening displacement, since it consid-
ered all the stages of the Z-pin response. However, performing single Z-pin
tests where dynamic equilibrium conditions are attained remains an open
challenge.

7.1.5 Mixed Mode Model

A rate dependent model of Z-pin bridging performance under mixed-mode
loading has been developed based on a peridynamic Timoshenko beam for-
mulation. The model considered the full set of external forces acting on a
Z-pin, namely the sliding friction, snubbing friction and Winkler foundation
force. The sliding and snubbing frictional forces are described using Ruina’s
(Ref. [169]) rate-dependent friction model. The Winkler foundation force is
proportional to the relative lateral Z-pin displacement and in opposite direc-
tion, i.e. it represents a form of "punch resistance" force.

Under mixed mode loading the Z-pin fails by either complete pull-out or
fracture. The developed model incorporated B-K failure criterion to predict
the onset of fracture. For this purpose, closed form expressions of the mode
I and IT energy release rates in the peridynamic formulation were derived.

The model parameters were obtained by calibrating the model output
against a subset of the available experimental results, using a genetic al-
gorithm. The model resulted in excellent prediction of the Z-pin bridging
performance at different loading rates and across different mode-mixity, ex-
cept in the transition region, i.e. for nominal mixed mode angle of 15° and
30°. This was attributed to the deterministic nature of the model not being
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able to capture the variability in the Z-pin performance observed across the
array of 16 Z-pins in the experimental results.

The variability in the observed Z-pin response is due to uncertainty in the
Z-pin misalignment angle and strength. Once the variability in the aforemen-
tioned parameters was incorporated into the model, the prediction capability
was seen to significantly improve in the transition region.

7.2 Overall Conclusion

A reduced order model capable of predicting the Z-pin bridging performance
under mixed-mode loading and at high loading rates is developed. The devel-
oped model is relatively accurate and computationally efficient at the same
time. The model run time is of the order of minutes on a desktop computer
using a non-optimised Matlab code. It is suggested to use the model as part
of a multi-scale modelling approach as presented in section 7.3.

7.3 Future Work

7.3.1 Numerical
Multi-Scale Modelling Approach

It is suggested to use the reduced order model (ROM) as part of a multi-
scale modelling approach to model Z-pinned laminates. This can be done by
replacing the Z-pin with a nodal force or enhancing the fracture toughness
of the cohesive element in the neighbourhood of the Z-pin. The ROM model
can be used to obtain either the force or the enhanced fracture toughness in
two ways.

The first way is to develop the code into a subroutine suitable to be
run with a finite element (FE) package such as Abaqus or LS-DYNA. The
subroutine can then be run concurrently with the FE package to predict the
Z-pin bridging force for a given opening and sliding displacement as obtained
from the FE package. The output from the subroutine can then be applied
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as a nodal force acting in the location of the Z-pin. Alternatively, the output
from the model can be used to obtain the enhanced fracture toughness of the
Z-pin and apply it to the cohesive element.

The second way is to use the ROM model to generate bridging maps that
can be interpolated from to obtain inputs for the FE package. The bridging
map would have the bridging force and energy absorbed by the Z-pin for a
given mode-mixity and loading rate. The ROM model allows the generation
of bridging maps spanning different mode-mixities and loading rates in rea-
sonable time scales. The bridging map can then be used to interpolate the
Z-pin bridging force and apply it as a nodal force in the Z-pin laminate. Al-
ternatively, the bridging map can be interpolated for the enhanced fracture
toughness value that is applied to the cohesive zone element.

Further Development of the Current Model

The computational efficiency of the present model can be significantly im-
proved by writing the code using Fortran or C++ languages. In addition,
the code run time can be reduced by using a parallel for loop for the spatial
integral in the integro-differential peridynamic equation. It is suggested to
incorporate both of the aforementioned improvements when implementing
the developed model.

Furthermore, it is suggested to extend the single state Ruina friction
model used in this thesis into a multi-state model. The reason for this sug-
gestion is the anticipation that a multi-state model would replace the empir-
ical model used to simulate the sliding friction under quasi-static prediction
loading while remaining applicable at high loading rates.

7.3.2 Experimental
Test Set-up

It is suggested to improve the test set-up to address the issues highlighted in
this work. For this purpose, it is suggested to remove the brass sleeve from
the test set-up used. The brass sleeve is thought to constrain the coupon
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opening and sliding displacement causing high initial mode mixity in all
tests observed. In addition, the presence of the brass sleeve causes additional
friction with the coupon which can contaminate the measured bridging force.

Additionally, it is suggested to use optical image correlation to measure
the coupon opening and sliding displacement close to the delamination inter-
face of the coupon during all tests. This information would allow the actual
mode mixity achieved to be calculated and hence a better characterisation
of the Z-pin response as a function of the mode mixity.

Other Experimental Considerations

The experiments were conducted at either quasi-static(0.01mm/s) or dy-
namic loading rates of the order of meters per second(i.e. 1000mm/s). It
is immediately clear that there is a large gap between the two test speeds
with no data available. It is interesting to test whether the current calibrated
model can predict the Z-pin bridging performance at this range of loading
rates. Therefore, it is suggested to repeat the same experiments but with the
following loading rates: 1mm/s, 10mm/s and 100mm/s.

Measuring the bridging performance of a single Z-pin under dynamic
loading is very challenging with current state-of-the-art methods. It is rec-
ommended to develop new test techniques that can achieve dynamic equilib-
rium in short period of time and are sensitive enough to measure the bridging
force of a single Z-pin. In the instant of such a test method becoming avail-
able, it is suggested to repeat the experimental tests to measure single Z-pin
response instead of averaging over an array of 16 Z-pins. This allows for a
clear distinction between single Z-pin response and array response.
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Appendix A

Classical Timoshenko Beam With
Small Rotation

Consider a long prismatic beam of length L made of homogeneous material.
The beam is collinear with the z-axis of the global zx reference frame shown
in fig. A.1. Let N be the axial force normal to the rotated cross-section of the
beam, while let T' denote the shear resultant that lies on the cross-section.
Similarly, let Z and X denote the cross-section resultants expressed in the
global reference frame zx, as illustrated in fig. A.1. For a small cross-section
rotation 6, the following approximated transformation holds:

Z=N-T,

X =T+ NO. (A1)

Considering negligible the elongation of the beam axis (i.e. w << L), the
virtual work performed by internal forces on the beam axis is approximately

L
Wiy — / (Z0e. + X070 + MoYX) dz (A.2)
0

where M is the bending moment acting on the beam cross-section. In
eq. (A.2), e, is the direct engineering strain with respect to the z-axis and
7.2 18 the shear strain, both expressed in global axes. Finally, x := df/dr is
the curvature of the beam.

For the axial strain, the usual definition holds:

e, =w', (A.3)
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where the Roman numeral denotes differentiation with respect to z. Let the
slope of the beam axis being denoted as ¢ := du/dr . Considering again the
geometrical approximations introduced in chapter 3 (see eq. (3.13)), one has
¢ ~ u! for the slope of the beam axis and y ~ #! for the curvature. Hence,
for shear strain that appear in eq. (A.2) one finds:

L ) (A.4)

L R T

Substituting eqs. (A.1), (A.3) and (A.4) into the internal virtual work in
eq. (A.2) yields:

SWine = / ' (N =T0)6w" + (T + NO)6 (u' —0) + Mso'] d=  (A.5)

Integrating by parts eq. (A.5) leads to the following expression of the internal
virtual work:

L
Winy = — / (N —0T" —T60") 6w + (T" + ON' + N¢") Su+
0 (A.6)

+ (M"+ T + N0) 60] d=.

X, U

Z, W

Figure A.1: Deformation and forces for a classical beam.
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Similarly, the external work performed by the distributed external forces p
and ¢ shown in fig. A.1 is expressed as follows:

5TV ay = / (0 — q6) 6w + (q + po) du] d. (A7)

Imposing 0W;,; = 6W,,, for any arbitrary set of virtual displacement /ro-
tation fields {ow, du, 60} leads to the following set of non-linear ordinary
differential equations:

N —(T0)" +p— quf =0,
T+ (NO) + g+ pu’ =0, (A.8)
M!+T+ No=0.

Considering a beam made of a linear elastic material, the constitutive equa-
tions read:

N = EAw!, T:RGA(UI—Q), M = EI0', (A.9)

where A and I are the cross-sectional area and the second moment of area
respectively; E and G are the Young’s and shear moduli of the material
constituting the beam, respectively. Finally, « is the Timoshenko shear cor-
rection factor [162]. The constitutive relations from eq. (A.9) can be then
substituted into the equilibrium conditions eq. (A.8). Performing the latter
operation and invoking the d’Alembert’s principle for the inertial forces lead
to:

pA = EAw!! — kGA [9 (uI — 0)}1 +p—qul,
pAii = kGA (u”—&l) + FA (0w1)1+q+pu1, (A.10)

plf = EIOM + kGA (u! — 0) + EAw'0.

Eq. A.10 represents the governing equation for a Timoshenko beam with
small rotation using the classical continuum mechanics formulation.
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Appendix B

Riemann’s Sum Approximation of
Peridynamic Integrals

The expressions of the Riemann’s sums that appear in eq. (3.62) are:

iNy,
Iz‘(jl) - Azzvcuj)SCE |:Cau —Cs (uj &g, ZZ|) 0_1']} ;

= |2 — il 2=zl Ve -
iNh u u z zZ, w w.
I = A2 v SCF, [c( I B/ B i)ﬂaggi},
J ; c(ij) |2 — 2] j‘Zj_Zi‘ 2 — 2] J
z’Nh
],(3) = A i SCF; J v ~ e, J i
ij z;vcu) cb|zj—zi| +2 c —!zj—zi]+
=

g LZ‘) MM%} 2 _Zi>},

Y |2 — 2 |2 — 2l
B (B.1)
Where, 6;; = 1/2(0; + 6;) is the average rotation for the i-th and j-th parti-
cles
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Appendix C

Peridynamic Force at a Point

Let us consider the case where we are required to calculate the force in a
peridynamic rod/beam at a given location z*. Given a particle positioned at
z < z*, the resulting force due to the bonds originating at z and crossing the
z* point (see fig. C.1) is given by:

zZ+ry

F~(2%) :/ fdz' (C.1)

*

The total force at z* is obtained by integrating F'~(z*) from eq. (C.1) for all
the particles z with z < z*, whose horizons cross z*. Hence:

z* z+rp
F(z*) = / / fdz'dz (C.2)
2*—rp J2*

Approximating the integrals in eq. (C.2) as Riemann sums, the following
equation is sought:

F(z") = A fij (C.3)

where the index ¢ spans the M~ particles located at z; < z* whose horizons
cross z*; similarly, the index j indicates the the M™* particles with z; > z*
whose horizons comprise z* .

Therefore, to calculate the axial and shear force at location z*, the axial

and shear force density is used to replace f;; in eq. (C.3). The axial force
density is defined as: fuzeit = CaSw, Where s, and ¢, are the axial stretch and
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Az z N*

jN‘ IZ Z+r

Figure C.1: Illustration for calculating bridging force across a delamination
plane.

bond constant respectively and are defined in chapter 3. Thus replacing the
definition into eq. (C.3), the axial force is given as:

2 N~ N*t

Fusn() =264 (52) Y00 = 2if)SOFG)  (Ca)

i=1 j=1

Similarly, the shear force density is defined as: fspear = €55, Where s, and
¢s are the shear stretch and bond constant respectively and are defined in
chapter 3. Thus replacing their definition into eq. (C.3), the shear force is
given as:

A2\ . Ui — Uy 1 Zi — Z
Fae() =266 (£2) S0 [ 122 = L6, +0) 222 | wtipyser
=1 j=1 J Z J '
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