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Abstract

The unstructured mesh, discontinuous Galerkin finite element discretisation based coastal
ocean model, Thetis, has been extended to include non-hydrostatic (buoyancy-driven and
free surface) dynamics. Two alternative approaches to achieve this are described in this
work. The first (a 3D based algorithm) makes use of prismatic element based meshes and
uses a split-step pressure projection method for baroclinic and barotropic modes, while
the second (a 2D based algorithm) adopts a novel multi-layer approach to convert a 3D
problem into a combination of multiple 2D computations with only 2D triangle meshes
required. Model development is carried out at high-level with the Firedrake library,
using code generation techniques to automatically produce low-level code for the discre-
tised model equations in an efficient and rapid manner. Through comparisons against
several barotropic/baroclinic test cases where non-hydrostatic effects are important, the
implemented approaches are verified and validated, and the proposed algorithms com-
pared. Depending on whether the problems are dominated by dispersive, baroclinic or
barotropic features, recommendation are given over the use of full 3D or multi-layer 2D
based approaches to achieve optimal computational accuracy and efficiency. It is demon-
strated that while in general the 2D approach is well-suited for barotropic problems
and dispersive free surface waves, the 3D approach is more advantageous for simulat-
ing baroclinic buoyancy-driven flows due in part to the high vertical resolution typically
required to represent the active tracer fields.

Keywords: Discontinuous Galerkin, Finite element, Unstructured mesh, Baroclinic flow,
Non-hydrostatic, Dispersion, Free surface

1. Introduction1

Although considerable progress has been made in coastal ocean modelling, efficiently2

simulating free surface and buoyancy-driven flows across a range of scales is still a chal-3

lenging topic. In terms of the complicated domains, bathymetry and the multi-scale4

dynamics present in coastal domains, unstructured meshes have certain advantages due5

to their flexibility over resolution and their ability to efficiently represent complex ge-6

ometries (Fringer et al., 2006; Piggott et al., 2008b; Ringler et al., 2013; Kärnä et al.,7

2018).8

Unstructured meshes are generally adopted in association with two types of (spatial)9

discretisation approaches: finite volume (FV) and finite element (FE) methods, which10

were first developed for problems dominated by hyperbolic and elliptic terms, respec-11

tively. Finite volume unstructured mesh based models (e.g. FVCOM, Chen et al., 2006;12
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SUNTANS, Fringer et al., 2006) and FE models (e.g. Fluidity, Piggott et al., 2008a; SELFE,13

Zhang and Baptista, 2008; SLIM, Kärnä et al., 2013) have a increasingly large commu-14

nity of users. Although they are indeed widely used, especially for coastal applications,15

it should also be noted that models based upon structured grids, e.g. GETM (Burchard16

and Bolding, 2002), ROMS (Shchepetkin and McWilliams, 2005), MITgcm (Adcroft et al.,17

2008), NEMO-OCE (Madec et al., 2015), are generally more mature and have wider user18

bases. It remains an active research area for unstructured mesh based models to opti-19

mise spatial discretisation methods in the context of computational efficiency, numerical20

stability and low levels of spurious numerical dissipation.21

This article focuses on non-hydrostatic extensions to an unstructured mesh coastal22

ocean model, Thetis (Kärnä et al., 2018; Vouriot et al., 2018; Angeloudis et al., 2018;23

Kärnä, 2019). The initially developed three-dimensional (3D) and depth-integrated two-24

dimensional (2D) solvers are both hydrostatic, and are based upon discontinuous Galerkin25

finite element (DG-FE) discretisations. The 3D solver handles the hydrostatic form of the26

Navier-Stokes equations under the Boussinesq approximation for baroclinic applications,27

while the 2D one solves the non-linear shallow water equations. In general, the 3D solver28

on prismatic meshes is more complicated in terms of maintaining high numeral accuracy29

and stability. Specifically, a strong stability preserving (SSP) time integration scheme30

and a slope limiter (Kuzmin, 2010) are implemented, combined with a mode splitting31

method, e.g. Higdon and de Szoeke (1997), decomposing the full solve into barotropic32

(2D external) and baroclinic (3D internal) components. With an arbitrary Lagrangian-33

Eulerian (ALE) technique (Donea et al., 2004) the free surface position solved for in the34

2D component is in accordance with the mesh movement in the 3D terrain-following σ -35

coordinate like system. As demonstrated by Kärnä et al. (2018) the formulation is fully36

conservative with both second-order spatial and temporal accuracy.37

The initial development of Thetis utilised the hydrostatic assumption as is common38

in many other coastal ocean models. This assumption can allow for significant compu-39

tational cost savings, but is only valid in situations where the horizontal dimensions of40

the considered dynamics are large compared to the vertical, and that vertical accelera-41

tion effects can be ignored. In the case of pronounced vertical flows and high-frequency42

internal/external waves, the inclusion of non-hydrostatic effects is very important for ac-43

curate representation of the physics, e.g. wave shoaling over a submerged bar (Beji and44

Battjes, 1994), submarine landslide generated tsunamis (Enet and Grilli, 2007), disper-45

sive internal solitary waves (Horn et al., 2001), exchange flow with strong stratification46

(Härtel et al., 2000).47

To study such oceanographic flows where non-hydrostatic effects matter, the full in-48

compressible 3D Navier-Stokes equations should be solved, without invoking the hydro-49

static approximation. Therefore, here we extend the hydrostatic kernel of Thetis so that50

non-hydrostatic effects are accounted for in both the 3D and 2D solvers. A resulting51

consideration in this work is the resulting computationally expensive Poisson equation52

for the non-hydrostatic component of pressure. Apart from exploiting the flexibility53

that results from using an unstructured mesh and refining the local resolution to im-54

prove computational efficiency, total pressure is decomposed into hydrostatic and non-55

hydrostatic components, and solved with a fractional step method (Chorin, 1968). This56

pressure-split technique, reducing the computational workload, is sometimes referred57

to as ‘quasi-hydrostatic’ (Fringer et al., 2006), and is an approach that is often used to58

extend a 3D hydrostatic ocean model to its corresponding non-hydrostatic version, e.g.59

SUNTANS (Fringer et al., 2006), ROMS (Kanarska et al., 2007) and FVCOM-NH (Lai60

et al., 2010). As with most of these, here a pressure projection approach is employed,61

where the non-hydrostatic pressure q is initially neglected in the momentum equation62

solve, but is then determined from the continuity equation and the intermediate velocity63

2



field updated to satisfy the divergence-free constraint.64

In non-hydrostatic Thetis (hereafter Thetis-NH), here two approaches for the inclu-65

sion of non-hydrostatic effects are implemented and compared. We refer to these as 3D66

and 2D based algorithms which rely on 3D prismatic and 2D triangular meshes, respec-67

tively. The 3D prismatic mesh is obtained via the vertical extrusion of the 2D triangles68

which discretise the domain in the horizontal. The 3D algorithm is the direct extension69

of the original 3D hydrostatic solver (Kärnä et al., 2018) based on the above mentioned70

methods, while the 2D algorithm is more of a departure from the existing approach and71

takes advantage of a depth-integrated 2D framework to handle the vertical multi-layer72

system. In practice the 2D algorithm converts the underlying 3D problem into a series of73

multiple 2D calculations, i.e. it solves the 2D layer-integrated equations with extra terms74

describing inter-layer fluxes. With this approach (Stelling and Zijlema, 2003) the veloci-75

ties are layer-averaged and are located at the centre of layers, while the non-hydrostatic76

pressure is defined at the layer interfaces, allowing for the pressure to be precisely as-77

signed to zero at the free-surface boundary. As shown in our previous work (Pan et al.,78

2019), this approach with an edge-based compact difference scheme (Stelling and Zi-79

jlema, 2003) means that only a small number of vertical layers is required in order to80

accurately simulate dispersive free surface processes. As will be shown in the current81

work, however, for mass transfer and exchange flows the 2D algorithm does not demon-82

strate the same advantages, since high vertical resolution is generally necessary in order83

to represent the velocity and density fields for the problems considered, reducing the84

computational efficiency significantly. In contrast, the 3D algorithm, adopting the lin-85

ear discontinuous Galerkin discretisation (PDG
1 ) in both the horizontal and vertical, is86

less computationally efficient for barotropic free surface flows while it can ensure strict87

tracer conservation properly for baroclinic flows, and is also more efficient than the 2D88

algorithm for baroclinic problems.89

In the work presented here, the layer-based equations making up the 2D based al-90

gorithm are re-formulated with viscosity and baroclinic terms included (which were not91

considered in (Pan et al., 2019)), giving a more general formulation which is fully con-92

sistent with the incompressible Navier-Stokes equations in σ -coordinates. It is demon-93

strated how the 2D algorithm can be applied in a fixed σ -coordinate transformed system94

with additional interface terms introduced to account for the moving reference frame95

(e.g. vertical mesh velocity, horizontal interface gradient). The 2D algorithm can thus,96

to a certain degree, be considered similar to the use of a piecewise-constant (i.e. PDG
0 )97

discretisation of the layer-averaged variables in the vertical direction.98

In terms of the 3D algorithm, quite a different solution procedure is adopted. The99

mode splitting method that is used in the existing hydrostatic Thetis implementation is100

replaced here by a two-stage SSP Runge-Kutta scheme (Gottlieb and Shu, 1998) for the101

whole solution, dropping the additional forcing term that is needed in the former mode102

splitting approach to couple the 2D external and 3D internal dynamics. This means that103

the horizontal velocity field is not split into depth-averaged and deviation components,104

and the requirement for compatibility between the time integration approaches used for105

the two modes can be relaxed, with the new second-order explicit method to be used106

for each term allowing for the good maintenance of consistency and flexibility in time107

stepping. In addition, compared to the hydrostatic algorithm, the vertical velocity is not108

computed from the continuity equation, but from a newly introduced vertical momen-109

tum equation which includes the non-hydrostatic correction.110

Discontinuous Galerkin finite element based discretisations are certainly utilised in111

coastal ocean models. However, most prior work has been conducted in a hydrostatic112

context (Blaise et al., 2010; Kärnä et al., 2013; Kärnä et al., 2018; Bonev et al., 2018).113

In the non-hydrostatic case finite difference (FD) or finite volume (FV) based methods114
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are mostly used in, e.g. UNTRIM (Casulli and Zanolli, 2002), ROMS (Shchepetkin and115

McWilliams, 2005), SUNTANS (Fringer et al., 2006), FVCOM-NH (Lai et al., 2010), on116

structured or unstructured meshes. In this paper a novel unstructured mesh, DG-FE117

based non-hydrostatic kernels are developed within the code base of the hydrostatic118

Thetis coastal ocean model. Two algorithms – a full 3D and a 2D multi-layer (quasi-3D)119

– are introduced and compared. The 3D algorithm demonstrates accuracy and efficiency120

in the simulation of baroclinic stratified flows with strict tracer conservation. The 2D121

algorithm in contrast has strengths in the accurate simulation of barotropic free surface122

processes with relatively low vertical resolution requirements. This work thus discusses123

their respective applicability and limitations for barotropic/baroclinic flows. According124

to whether the flow is dominated by nearshore free surface or internal baroclinic pro-125

cesses recommendations can therefore be made over the most appropriate approach to126

maximise accuracy and efficiency. Moreover, this work provides an approach that can127

be utilised to extend other depth-integrated shallow-water flow solvers to include non-128

hydrostatic effects.129

As with the wider Thetis project, our non-hydrostatic solver development is carried130

out using the automated finite element-based PDE solver platform Firedrake (Rathgeber131

et al., 2016). As opposed to conventional models written by hand in a static program-132

ming language, e.g. C or Fortran, Thetis-NH is based upon a code generation framework133

that produces C code automatically from a high-level description of the Finite Element,134

weak formulation of PDEs written using domain-specific language UFL (unified form135

language) (Logg et al., 2012). Without sacrificing computational efficiency, this model136

development approach is extremely flexible and thus very appealing for benchmarking137

various numerical discretisations. A number of attractive properties are offered includ-138

ing readability, extensibility and maintainability, as well as enhanced code efficiency and139

parallel scalability. In a comparison of hydrostatic Thetis with SLIM3D (Kärnä et al.,140

2013; Vallaeys et al., 2018) for a baroclinic eddy test case, it was shown (Kärnä et al.,141

2018) that Thetis runs faster than the SLIM3D model in serial, and manages to maintain142

this speed up in a strong scaling analysis with similar parallel efficiencies as SLIM3D.143

The remainder of this paper is organised as follows. The governing equations are144

presented in Section 2. Section 3 describes the time integration schemes and the solution145

strategies for non-hydrostatic pressure. The DG based finite element discretisations and146

their implementation via Firedrake are described in Section 4. Several numerical test147

cases are presented in Section 5, followed by final conclusion in Section 6.148

2. Governing equations149

2.1. Domain and generic equations150

The computational domain, denoted by Ω, is assumed to lie within a Cartesian co-151

ordinate system (x,y,z), with the z direction aligned with gravity and oriented upwards.152

The domain (Fig. 1) is delimited vertically by the sea floor z = −d(x,y, t) (where we ac-153

knowledge the potential for this to vary with time in order to account for underwater154

landslides in this work (cf. Smith et al. (2016)), and geomorphology in related work155

(Clare et al., 2019)), and the free-surface elevation z = η(x,y, t), with t indicating time.156

The time-dependent total water depth is thus denoted by H(x,y, t) = η(x,y, t) + d(x,y, t).157

In this work, two algorithms for the computation of non-hydrostatic dynamics are
presented, which we term 3D and 2D based algorithms. In both cases the governing
equations are the 3D incompressible Navier-Stokes momentum and continuity equations:

∂û
∂t

+ û · ∇û− ν∇2û = −1
ρ
∇p+ g + S, (1)

∇ · û = 0, (2)
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Figure 1: Computational domain bounded by the bottom boundary and the free surface with vertical layers
and variables associated with the 2D algorithm.

where û = (u,v,w)T is the 3D velocity vector, ρ is the fluid density, p is the pressure, ν is158

the kinematic viscosity, g is the gravitational acceleration represented by [0,0,−g]T , and159

S presents any source terms.160

2.2. The 3D based algorithm161

In the 3D based algorithm, the discretisation occurs over prismatic 3D elements162

which are constructed by vertically extruding a horizontal 2D unstructured mesh. In163

this work this extrusion takes the form of a σ -coordinate-like mesh conforming to both164

the free surface and the sea floor made up of N layers everywhere, as shown in Fig. 1.165

This assumption could easily be generalised to z coordinate or hybrid meshes in the verti-166

cal. As part of this formulation a generic Arbitrary Lagrangian-Eulerian (ALE) approach167

(Donea et al., 2004) is utilised to handle the deformation of the grid. This deformation168

can be due to both perturbations of the free surface and/or a movable sea floor. A linear169

distribution of these boundary deformations is assumed over the water column in this170

work (again this could easily be generalised), and a mesh velocity wm is introduced to171

account for the corresponding mesh movement.172

Based on the properties of a prismatic mesh, it is beneficial to decouple the horizontal
component of velocity u and the vertical velocity w, resulting in the governing equations
used for the 3D algorithm written in the form

∇h ·u+
∂w
∂z

= 0, (3)

∂u
∂t

+∇h · (uu) +
∂ (w −wm)u

∂z
= − 1

ρ0
∇hp − f ez ×u+∇h · (νh∇hu) +

∂
∂z

(
νv
∂u
∂z

)
, (4)

∂w
∂t

+∇h · (uw) +
∂ (w −wm)w

∂z
= − 1

ρ0

∂p

∂z
−
ρ

ρ0
g +∇h · (νh∇hw) +

∂
∂z

(
νv
∂w
∂z

)
, (5)

where u(x,y,z, t) = [u,v]T represents the horizontal velocity vector, ∇h is the horizontal173

gradient operator, ρ0 is the constant mean density from the Boussinesq approximation,174

f is the Coriolis parameter, ez is the vertical unit vector, νh and νv are the horizontal and175

vertical eddy viscosities, respectively.176

Recalling the potential for the bottom of the domain as well as the free surface to
move in this work, the mesh velocity wm can be computed via (Kärnä et al., 2018)

wm =
∂η

∂t
z+ d
η + d

+
∂d
∂t

z − η
η + d

. (6)
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Impermeability boundary conditions at these boundaries are given by

w|z=η =
∂η

∂t
+u|z=η · ∇hη, (7)

w|z=−d = −∂d
∂t
−u|z=−d · ∇hd. (8)

Using (7)–(8), and integrating (3) over depth, we obtain

∂H
∂t

+∇h · (H ū) = 0, with ū =
1
H

∫ η

−d
udz. (9)

Note that throughout the paper the over-bar notation means depth average.177

The total pressure is decomposed into a hydrostatic component ph and a non-hydrostatic
component q (Marshall et al., 1997; Casulli and Stelling, 1998), i.e. p = ph + q, with the
hydrostatic pressure defined as follows

∂ph
∂z

= −gρ with ρ = ρ0 + ρ′(T ,S), (10)

where the density deviation ρ′(T ,S) associated with temperature T and salinity S is com-178

puted based on an appropriate equation of state.179

Integrating (10) from the free surface η down to a vertical location z, and adding the
non-hydrostatic pressure q, leads to the relation

p = p0 + gρ0(η − z) + g
∫ η

z
ρ′ dz′ + q, (11)

where p0 denotes the atmospheric pressure, which is neglected in this work.180

Defining the baroclinic pressure head as

r =
1
ρ0

∫ η

z
ρ′ dz′ , (12)

the pressure gradient term in the momentum equations (4), (5) can be written as

1
ρ0
∇hp = g∇h (η + r) +

1
ρ0
∇hq, (13)

1
ρ0

∂p

∂z
= −

ρ

ρ0
g +

1
ρ0

∂q

∂z
. (14)

The full momentum equations then take the form

∂u
∂t

+∇h · (uu) +
∂ (wu)
∂z

+ f ez ×u+ g∇h (η + r) +
1
ρ0
∇hq = ∇h · (νh∇hu) +

∂
∂z

(
νv
∂u
∂z

)
, (15)

∂w
∂t

+∇h · (uw) +
∂ (ww)
∂z

+
1
ρ0

∂q

∂z
= ∇h · (νh∇hw) +

∂
∂z

(
νv
∂w
∂z

)
, (16)

where for the sake of brevity, the vertical mesh velocity terms have been omitted although181

they are included in the model.182

To simulate temperature and salinity, a generic advection-diffusion tracer equation is
adopted:

∂c
∂t

+∇h · (uc) +
∂ (wc)
∂z

= ∇h · (κh∇hc) +
∂
∂z

(
κv
∂c
∂z

)
, (17)
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where the 3D tracers c(x,y,z, t) can be temperature T or salinity S, and κh, κv represent
the horizontal and vertical diffusivities, respectively. In this study for simplicity a linear
equation of state is assumed of the form

ρ(T ,S) = ρ0 −αT (T − T0) + βS (S − S0) , (18)

where αT , βS are the thermal expansion and saline contraction coefficients, and T0, S0183

denote reference temperature and salinity values.184

2.3. 2D based algorithm185

In the 2D based kernel of the model, a multi-layer approach based upon the approach186

of Stelling and Zijlema (2003) is developed targeted in particular at the efficient simu-187

lation of nearshore dispersive free surface waves (Pan et al., 2019). The approach solves188

for layer-averaged momentum and inter-layer fluxes over the layers of the system. In189

this work the approach presented in (Pan et al., 2019) is extended to incorporate viscos-190

ity and baroclinic effects. Specifically, a new general formulation is given which is fully191

consistent with the incompressible Navier-Stokes equations in σ -coordinates, and layer-192

averaged continuity equations used for a Poisson equation are newly constructed using a193

combination of layer-averaged vertical velocities.194

The underlying equations are integrated over each layer to obtain expressions for the195

average velocities located at the centre of each layer. The layer-averaged equations have a196

similar form to the classical depth-integrated equations, but with extra terms associated197

with the transfer of momentum and mass flux between adjacent layers. Via an edge-198

based compact difference scheme (a type of Keller-box scheme) (Stelling and Zijlema,199

2003), a 3D problem can be converted into a combination of multiple 2D computations,200

and with only a relatively small number of vertical layers, the 2D based model has been201

demonstrated to efficiently predict nearshore dispersive wave processes (Pan et al., 2019).202

Integrating equations (3), (15)–(17) over the kth (where 1 ≤ k ≤N ) layer, decomposing
the total pressure into hydrostatic and non-hydrostatic parts, applying Leibniz’s rule,
dropping the residual diffusion-like terms from the layer integration of advection (Bai
and Cheung, 2016), and terms involving Coriolis, bed friction, wind stress, etc., we obtain
layer-integrated 2D equations in the conservative form

∂hk
∂t

+∇h · (hkūk) +M |zk−1
−M |zk = 0, (19)

∂hkūk
∂t

+∇h · (hkūkūk) + ghk∇h (η + rk) +
1
ρ0
Qk = ∇h · (νh∇h (hkūk)) +Fu|zk−1

−Fu|zk , (20)

∂hkw̄k
∂t

+∇h · (hkūkw̄k) +
1
ρ0

(qzk − qzk−1
) = ∇h · (νh∇h (hkw̄k)) +Fw|zk−1

−Fw|zk , (21)

∂hk c̄k
∂t

+∇h · (hkūk c̄k) = ∇h · (κh∇h (hk c̄k)) +Fc|zk−1
−Fc|zk , (22)

with

f̄k =
1
hk

∫ zk

zk−1

f dz, ∀f ∈ {u,w,c},

M =
∂z
∂t

+u · ∇hz −w,

Qk =
∫ zk

zk−1

∇hqdz = ∇h
∫ zk

zk−1

qdz+ qzk−1
∇hzk−1 − qzk∇hzk ,

Ff = −Mf +
[
νh

(
2∇hf · ∇hz+ f ∇2

hz
)
− νv

∂f

∂z

]
, ∀f ∈ {u,w,c},
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where zk is the vertical coordinate of the layer interfaces from the bottom z0 = −d to203

the free surface zN = η, and hk = zk − zk−1 the kth layer thickness; ūk , w̄k , and c̄k are the204

layer-averaged velocities and tracer; Qk represents the layer-averaged non-hydrostatic205

pressure gradient terms, and qzk is the non-hydrostatic pressure located at the interfaces206

rather than layer centres. This allows for qzN = 0 to be specified exactly at the free surface207

and thus reducing the number of vertical layers required to accurately simulate certain208

problems (see Fig. 1).209

The term M represents the mass flux across a layer interface, which is zero for both210

the bottom and free surface in accordance with the impermeability boundary conditions.211

The interface velocity term ∂z
∂t is actually identical to the mesh velocity (6) in the 3D algo-212

rithm. The Ff terms at the layer interfaces are naturally generated collecting boundary213

terms from the layer integration. The first term in Ff (i.e. Mu, Mw or Mc) denotes con-214

vective fluxes between layers and the terms in the square brackets indicate shear stresses215

(diffusive fluxes) on the interfaces. At the bottom interface, k = 0, the latter is replaced216

by the bottom friction, and at the free surface, k =N , by zero as no wind stress is applied217

in any of the test cases considered. It should be noted that for the one layer case (N = 1)218

equations (19) – (20) revert to the depth-integrated system with the free surface equation219

(9).220

For the time-integration in the next section we derive the equivalent layer-averaged
equations:

∂ūk
∂t

+ ūk · ∇hūk + g∇h (η + rk) +
1

ρ0hk
Qk = ∇h · (νh∇hūk) + Suk , (23)

∂w̄k
∂t

+ ūk · ∇hw̄k +
1
ρ0

qzk − qzk−1

hk
= ∇h · (νh∇hw̄k) + Swk (24)

∂c̄k
∂t

+ ūk · ∇hc̄k = ∇h · (κh∇hc̄k) + Sck (25)

S
f
k =

1
hk

(
Ff |zk−1

−Ff |zk +
(
Mzk−1

−Mzk

)
f̄k + 2νh∇hf̄ · ∇hhk + f̄ ∇2

hhk
)
. (26)

For the vertical spatial discretisation, the degrees of freedom are defined to be the221

layer-averaged horizontal velocities ūk , and tracer values c̄k for each layer. The vertical222

velocities wzk , however, are stored at the interface beween the layers. Horizontal veloc-223

ities and tracers at the interface, and layer-averaged vertical velocities are then approxi-224

mated as:225

uzk =
hk+1ūk + hkūk+1

hk + hk+1
, czk =

hk+1c̄k + hk c̄k+1

hk + hk+1
, w̄k =

wzk−1
+wzk

2
, (27)

To enable time stepping of (23), and to facilitate the construction of a Poisson equa-
tion for the non-hydrostatic pressure, we also need the inverse of the mapping between
interface and layer-averaged vertical velocities. Given layer-averaged vertical velocities
w̄k , and the vertical velocity at the bottom boundary wz0

= ∂z0
∂t + uz0

· ∇hz0 derived from
the bottom boundary condition (8), we can compute the vertical velocities at all layer
interfaces above by

wz1
= 2w̄1 −wz0

,

wz2
= 2w̄2 −wz1

= 2w̄2 − 2w̄1 +wz0
,

. . .

wzk = 2w̄k − 2w̄k−1 + 2w̄k−2 − . . . (−1)kwz0
. (28)

For use in the Poisson equation, we expand (19) to226

∇h · (hkūk) +wzk −wzk−1
= uzk · ∇hzk −uzk−1

· ∇hzk−1. (29)
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and substitute (28), to obtain

∇h · (hkūk)− 2w̄k + 4
k−1∑
n=0

(−1)n w̄k−n = uzk · ∇hzk −uzk−1
· ∇hzk−1 − 2(−1)kwz0

. (30)

Finally, summing (19) over all layers yields an equation for the free surface elevation
η

∂η

∂t
+

N∑
k=1

∇h · (hkūk) = 0, (31)

which can be seen as a discretised form of (9). In terms of the depth-averaged velocity ū =∑N
k=1(hkūk)/H , the depth-integrated horizontal momentum equation in the conservative

form is introduced:

∂H ū
∂t

+∇h · (H ūū) + gH∇h(η + r̄) +
1
ρ0

N∑
k=1

Qk = ∇h · (Hνh∇hū). (32)

3. Time integration and pressure solution227

In this section, time integration schemes are presented for use with the non-hydrostatic228

modelling approaches. Given the different solution strategies for pressure, the specific229

algorithms are described separately in the following sub-sections.230

3.1. Solution procedure for the 3D algorithm231

In the 3D version of our non-hydrostatic model, a two-stage ALE time integration232

scheme is adopted. The whole solution is advanced in time using a second-order strong233

stability preserving (SSP) Runge-Kutta scheme, SSPRK(2,2) (Gottlieb and Shu, 1998).234

It should be noted that the time integration in this section, even excluding the non-235

hydrostatic terms, differs from that discussed in Kärnä et al. (2018). For simplicity we236

have omitted the 2D, 3D split, and the associated 2D-3D coupling terms, with both the237

2D and 3D dynamics treated explicitly. This incurs a timestep restriction typically asso-238

ciated with the barotropic mode. For the test cases presented in this paper, and compar-239

isons with the 2D layered approach, which focus on spatial accuracy, this limitation is not240

significant. For larger scale applications the time-integration method will be extended to241

improve stability with large time steps.242

For convenience the momentum and tracer equations (15) – (17) are rewritten as

∂u
∂t

+ g∇hη +
1
ρ0
∇hq =Ae(u,w, r) +Ai(u), (33)

∂w
∂t

+
1
ρ0

∂q

∂z
=Ae(w,u) +Ai(w), (34)

∂c
∂t

=Ae(c,u,w) +Ai(c), (35)

where the subscripts e and i denote the terms are treated explicitly and implicitly, re-243

spectively; r is the baroclinic head (12). Ai(u), Ai(w), and Ai(c) contain all the implicit244

terms. Following the hydrostatic approach of Thetis, vertical viscosity, vertical diffusion245

and bottom friction terms can be treated implicitly, although in the test cases considered246

later in this work they are treated explicitly in order to make a fair comparison against247

the current implementation of the 2D based algorithm. The remaining terms are treated248

explicitly.249
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For a generic problem

∂f

∂t
=A(f ), (36)

the two-stage SSP Runge-Kutta scheme reads

f (1) − f n

∆t
=A(f n), (37)

f (2) − f (1)

∆t
=A(f (1)), (38)

f n+1 =
1
2
f n +

1
2
f (2). (39)

When applied to the momentum and tracer equations (33) – (35), these stages are with250

ALE updates, i.e. the computational mesh is updated from domain Ωn to Ω(1) and then251

Ωn+1.252

At the first stage, a split-step pressure projection method is used to evaluate the in-
termediate level (denoted by ∗) of the first estimate u(1), w(1) and c(1):

u∗ −un

∆t
= −g∇hηn +Ae(un,wn, rn),

u(1) −u∗

∆t
= − 1

ρ0
∇hq(1), (40)

w∗ −wn

∆t
=Ae(wn,un),

w(1) −w∗

∆t
= − 1

ρ0

∂q(1)

∂z
, (41)

c(1) − cn

∆t
=Ae(cn,u(1),w(1) −w(1)

m ), (42)

where for brevity the implicit terms Ai have been omitted although they are included253

in the model; the free surface elevation η(1) is obtained by explicitly solving (9) with the254

depth-averaged velocity ū(1) specified, which is then used to update the mesh geometry255

and compute the mesh velocity w(1)
m based on (6). The tracer equation is advanced on the256

new mesh geometry, and then the baroclinic head r(1) is computed.257

At the second stage, the velocity and tracer fields are again updated to a second in-
termediate level using the same pressure projection, after which a final value of fields at
the n+ 1 time level is obtained:

u∗ −u(1)

∆t
= −g∇hη(1) +Ae(u(1),w(1) −w(1)

m , r
(1)),

u(2) −u∗

∆t
= − 1

ρ0
∇hq(2), (43)

w∗ −w(1)

∆t
=Ae(w(1),u(1),w

(1)
m ),

w(2) −w∗

∆t
= − 1

ρ0

∂q(2)

∂z
, (44)

un+1 =
1
2
un +

1
2
u(2), wn+1 =

1
2
wn +

1
2
w(2), (45)

c(2) − c(1)

∆t
=Ae(c(1),un+1,wn+1 −wn+1

m ), (46)

cn+1 =
1
2
cn +

1
2
c(2), (47)

where the vertical velocity in (43) – (44) is adjusted by the mesh velocity w(1)
m due to the258

ALE geometry update. The free surface equation (9) is solved again after getting the259

final velocity solution in (45), leading to an updated elevation field from η(1) to ηn+1 and260

consequently mesh geometry to Ωn+1. It should be noted that at the second stage the261

tracer equation is advanced using the final velocities un+1 and wn+1, rather than u(2) and262

w(2).263
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At each stage, given the intermediate and non-divergence-free velocities u∗ and w∗,
the non-hydrostatic pressure q(k) (k = 1,2 denotes the kth stage in the Runge–Kutta
scheme) is used to enforce the divergence-free condition, i.e. we have a pressure update
of the form

u(k) = u∗ − ∆t
ρ0
∇hq(k), (48)

w(k) = w∗ − ∆t
ρ0

∂q(k)

∂z
. (49)

Substituting (48) and (49) into the continuity equation (3), yields the Poisson equation

∇2q(k) =
ρ0

∆t

(
∇h ·u∗ +

∂w∗

∂z

)
. (50)

With appropriate boundary conditions, this equation for the non-hydrostatic pressure264

q(k) is solved. On closed boundaries, the zero Neumann and impermeability conditions265

are specified, while in terms of open boundaries, e.g. at inflows and the free surface, a266

Dirichlet condition q = 0 is enforced. After q(k) is obtained, the velocities are corrected267

and the surface elevation is updated.268

3.2. Solution procedure for the 2D algorithm269

The pressure projection method (Chorin, 1968) used in the proposed 2D algorithm270

is a specific type of split-step method, in which a Poisson equation is configured by first271

solving the layer-averaged momentum equations without the non-hydrostatic terms, and272

then substituting the corrected velocities dependent on qzk into the layer-based continuity273

equations.274

In terms of the temporal discretisation, the θ-scheme is adopted in the 2D algorithm275

for the free surface and the pressure gradient terms, and an explicit scheme is used for276

advection and the remaining terms. If θ = 0.5, the θ-scheme becomes a Crank-Nicolson277

scheme, while θ = 0 corresponds to an explicit Euler scheme. For the test cases presented278

in this paper, θ = 0.5 is applied.279

In the first solution step, known as the hydrostatic step, the temporal discretisation
of the depth-integrated equations (9) and the non-conservative form of (32) yield the
following

η∗ − ηn

∆t
+θ∇h · (Hnū∗) + (1−θ)∇h · (Hnūn) = 0, (51)

ū∗ − ūn

∆t
+ ūn · ∇hūn + g

(
θ∇hη∗ + (1−θ)∇hηn

)
= Fnū , (52)

where Fnū denotes terms that are treated explicitly, including viscosity, baroclinicity and280

source terms. For θ ≥ 0.5 the implicitness in the divergence and pressure gradient terms281

ensures stability independent of the external wave celerity Courant number.282

Here we define the coefficients αk = hk/H to represent the ratio of layer thickness to
the total water depth. The velocity depth-averaged over the entire water column is then

ū =
N∑
k=1

αkūk . (53)

The coupled equations (51) – (52) are first solved for the two unknowns η∗ and ū∗.
Based on (23), the layer-averaged velocities ūk are then obtained using this η∗:

ū∗k − ū
n
k

∆t
+ ūnk · ∇hū

n
k + g∇hη∗ = Fnūk , ∀k ∈ [1,N − 1]. (54)
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Note for the surface layer (k =N ), we do not need to solve for the velocity ūN , as this can283

be recovered directly from (53), i.e. ū∗N = ū∗ −
∑N−1
k=1 αkū

∗
k .284

Similarly, the vertical velocities w̄k are obtained:

w̄∗k − w̄
n
k

∆t
+ ū∗k · ∇hw̄

n
k = Fnw̄k , ∀k ∈ [1,N ]. (55)

In the second solution step, i.e. the non-hydrostatic step, the velocities from the first
step are corrected using the non-hydrostatic pressure:

ūn+1
k = ū∗k −∆tQ

n+1
k , ∀k ∈ [1,N ], (56)

w̄n+1
k = w̄∗k −∆t

qn+1
zk − q

n+1
zk−1

hk
, ∀k ∈ [1,N ], (57)

with

Qn+1
k =

1
2
∇h

(
qn+1
zk−1

+ qn+1
zk

)
−
qn+1
zk − q

n+1
zk−1

hk
∇h
zk−1 + zk

2
. (58)

The corrected velocities (56) – (57) are substituted into the constructed layer-averaged
continuity equations (30), yielding a Poisson equation for the non-hydrostatic pressure
q = [qz0

, qz1
, . . . , qzN−1

]T (with qzN = 0 at the free surface) in the form of

A∇2
hq+B∇hq+Cq+D = 0, (59)

where A, B and C are N ×N block matrices, and D is a N ×1 block matrix, in all of which285

the submatrices have the same shape which is dependent on the resolution of the 2D286

horizontal mesh. Note that the entries in the matrices A–D are associated with known287

terms, including α1, . . . ,αN , the total water depth H ∗, the intermediate and previous time288

step level velocities, etc.289

Finally, the layer-averaged velocities are updated using the obtained non-hydrostatic290

pressure, and are then used to advance the tracer and update the surface elevation by291

explicitly solving (25) and (31), respectively.292

4. Finite Element Discretisation293

4.1. Function spaces294

The proposed full 3D and multi-layer 2D non-hydrostatic algorithms adopt different295

types of mesh, where the prismatic elements used in the 3D algorithm are obtained from296

the extrusion of horizontal triangular elements which are used in the 2D algorithm. The297

common horizontal domain Γ is partitioned into a finite set of triangular sub-domains Γe,298

upon which a piecewise polynomial function space W is defined based on Lagrangian ba-299

sis functions φi : E ⊂ R2→ R which are polynomials of a specified order when restricted300

to an element (triangle) E ∈ Γe. In this paper we restrict ourselves to linear polynomials301

and no continuity is assumed between adjacent triangles, i.e. we consider the discontin-302

uous Galerkin discretisation using W = PDG
1 (Γe).303

Similarly, for the 3D domain Ω, the finite set of prisms is defined as Ωe where each304

prism E ∈ Ωe is the Cartesian product E = T × V of a triangle T ∈ Γe, and interval305

V ⊂ R which is a sub-interval of the vertical water column. The function space de-306

fined on Ωe is the tensor product of the horizontal and vertical function space, e.g.307

V = PDG
1 (Γe) ⊗ PDG

1 (Ve), where Ve is a sub-division of the water column into intervals308

V ∈ Ve. For simplicity of notation we have assumed a constant vertical water column309
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with the same sub-division throughout the domain, but this is readily generalized for310

variable bathymetry and layer depths.311

In addition to the scalar function spaces W = PDG
1 (Γe) and V = PDG

1 (Γe)⊗PDG
1 (Ve), we

define the vector function spaces

W×W =
[
PDG

1 (Γe)
]2

and V×V =
[
PDG

1 (Γe)⊗PDG
1 (Ve)

]2
for horizontal velocity fields in the 2D and 3D domains respectively.312

In terms of the depth-integrated equations, a velocity–elevation element pair (PDG
1 –313

PDG
1 ) is used to discretise this system. In the 2D algorithm which only involves 2D vari-314

ables, more flexibility over function spaces is currently available, e.g. higher order con-315

tinuous/discontinuous Galerkin finite element spaces (Pan et al., 2019). It should also316

be noted that a quadratic continuous Galerkin discretisation, P2, is used as the verti-317

cal function space for the 3D non-hydrostatic pressure. Although it is possible to adopt318

PDG
1 as well, our preliminary experiments indicated that this choice appears to deterio-319

rate the accuracy in solving the non-hydrostatic pressure, and thus does not resolve the320

the frequency dispersion as well. Formal assessment in terms of discretisations of the321

non-hydrostatic pressure will be investigated in future work.322

To make the derivation of the discretisation concise, we use the following shorthand
notation for the spatial integrals that appear in the weak forms:〈

•
〉
Γ

=
∑
E∈Γe

∫
E
•dxh,

〈〈
•
〉〉
IΓ

=
∑
I∈IΓ

∫
I
•dS,

〈
•
〉
Ω

=
∑
E∈Ωe

∫
E
•dx,

〈〈
•
〉〉
IΩ

=
∑
I∈IΩ

∫
I
•dA,

where 〈•〉 and 〈〈•〉〉 denote the integral over elements and their interfaces, respectively;323

IΓ and IΩ are the set of element interfaces (edges) in Γe and Ωe.324

In addition, we use the notation {•} = •−+•+

2 and [[•]] = •−−•+

2 for mean and jump
operators, respectively, which are defined for general scalar a and vector u fields as:

{a} = 1
2

(a− + a+) , {u} = 1
2

(u− +u+) ,

[[an]] = a−n− + a+n+, [[u ·n]] = u− ·n− +u+ ·n+, [[un]] = u−n− +u+n+,

where the variables on the negative and positive side of the interface are denoted by the325

superscripts − and +, respectively, and n represents the outward unit normal vector at326

the interface.327

4.2. Weak formulation of the 3D algorithm328

4.2.1. Horizontal momentum equation329

Multiplying the underlying equation (15) by a test function ψu ∈ V × V, and inte-
grating over the 3D time-dependent domain Ω, the following weak formulation can be
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3D non-hydrostatic algorithm

Field Function space

Free surface elevation η PDG
1 (Γe)

Depth-averaged velocity ū
[
PDG

1 (Γe)
]2

Horizontal velocity u
[
PDG

1 (Γe)⊗PDG
1 (Ve)

]2
Vertical velocity w PDG

1 (Γe)⊗PDG
1 (Ve)

Tracer (temperature & salinity) c PDG
1 (Γe)⊗PDG

1 (Ve)

3D Water density ρ′ PDG
1 (Γe)⊗PDG

1 (Ve)

3D Baroclinic head r PDG
1 (Γe)⊗P2(Ve)

Baroclinic pressure gradient p
[
PDG

1 (Γe)⊗PDG
1 (Ve)

]2
3D non-hydrostatic pressure q PDG

1 (Γe)⊗P2(Ve)

2D non-hydrostatic algorithm

Field Function space

Free surface elevation η PDG
1 (Γe)

Depth-averaged velocity ū
[
PDG

1 (Γe)
]2

Layer-averaged velocity ūk
[
PDG

1 (Γe)
]2

Layer-averaged vertical velocity w̄k PDG
1 (Γe)

Layer-averaged tracer c̄k PDG
1 (Γe)

2D Water density ρ′k PDG
1 (Γe)

2D Baroclinic head rk PDG
1 (Γe)

2D non-hydrostatic pressure qzk P2(Γe)

Table 1: Summary of the function spaces used in the 3D and 2D non-hydrostatic algorithms. The superscript
DG denotes a discontinuous function space.

14



obtained:〈∂u
∂t
·ψu

〉
Ω

+
〈〈

(uup{u}) : [[ψunh]]
〉〉
IΩ
−
〈
(uu) : ∇hψu

〉
Ω︸                                                 ︷︷                                                 ︸

horizontal advection ∇h·(uu)

+
〈〈
uup{w −wm} · [[ψunz]]

〉〉
Ih
−
〈
u (w −wm) ·

∂ψu
∂z

〉
Ω︸                                                            ︷︷                                                            ︸

vertical advection ∂(w−wm)u
∂z

+
〈
f ez ×u ·ψu

〉
Ω︸            ︷︷            ︸

Coriolis f ez×u

+
〈〈
gη[[ψ ·nh]]

〉〉
IΩ
−
〈
gη∇h ·ψu

〉
Ω︸                                     ︷︷                                     ︸

3D elevation gradient g∇hη

+
〈
g∇hr ·ψu

〉
Ω

+
〈〈
γ[[u]] · [[ψu]]

〉〉
IΩ︸                                       ︷︷                                       ︸

baroclinic pressure gradient g∇hr

= Visuh + Visuv ,

(60)

with

Visuh =−
〈
νh(∇hu) : (∇hψu)

〉
Ω

+
〈〈
{νh∇hu} : [[ψunh]]

〉〉
IΩ

+
〈〈

[[unh]] : {νh∇hψu}
〉〉
IΩ
−
〈〈
{σ }{νh}[[unh]] : [[ψunh]]

〉〉
IΩ
, (61)

Visuv =−
〈
νv
∂u
∂z
·
∂ψu
∂z

〉
Ω

+
〈〈
{νv

∂u
∂z
} · [[ψunz]]

〉〉
Ih

+
〈〈

[[unz]] · {νv
∂ψu
∂z
}
〉〉
Ih
−
〈〈
{σ }{νv}[[unz]] · [[ψunz]]

〉〉
Ih
, (62)

where IΩ = Ih ∪ Iv , and Ih and Iv are the set of horizontal and vertical interfaces, re-330

spectively; the colon refers to the Frobenius inner product: A : B =
∑
i,jAijBij , and uup

331

denotes the conventional upwind value at the interfaces. The extra Lax–Friedrichs flux332

is used to stabilise the baroclinic pressure gradient, with the parameter γ representing333

an upper bound for the fastest phase speed of internal waves (Blaise et al., 2010). Visuh334

and Visuv denote the weak forms of horizontal and vertical viscosity, respectively, which335

are based on the Symmetric Interior Penalty Galerkin (SIPG) formulation (Epshteyn and336

Rivière, 2007) with a new penalty factor σ introduced. More information on parameter337

choices may be found in (Kärnä et al., 2018).338

For the sake of simplicity, terms associated with boundary conditions have been omit-339

ted in the presentation of the weak forms here.340

4.2.2. Vertical momentum equation341

Similarly, the vertical velocity is first computed from the vertical momentum equa-
tion (16) without the non-hydrostatic term. The following weak form is derived as above
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with the test function ψw ∈ V:〈∂w
∂t
ψw

〉
Ω

+
〈〈
wup{u} · [[ψwnh]]

〉〉
IΩ
−
〈
wu · ∇hψw

〉
Ω︸                                             ︷︷                                             ︸

horizontal advection ∇h·(uw)

+
〈〈
wup{w −wm}[[ψwnz]]

〉〉
Ih
−
〈
w (w −wm)

∂ψw
∂z

〉
Ω︸                                                          ︷︷                                                          ︸

vertical advection ∂(w−wm)w
∂z

= Viswh + Viswv , (63)

with

Viswh =−
〈
νh(∇hw) · (∇hψw)

〉
Ω

+
〈〈
{νh∇hw} · [[ψwnh]]

〉〉
IΩ

+
〈〈

[[wnh]] · {νh∇hψw}
〉〉
IΩ
−
〈〈
{σ }{νh}[[wnh]] · [[ψwnh]]

〉〉
IΩ
, (64)

Viswv =−
〈
νv
∂w
∂z

∂ψw
∂z

〉
Ω

+
〈〈
{νv

∂w
∂z
}[[ψwnz]]

〉〉
Ih

+
〈〈

[[wnz]]{νv
∂ψw
∂z
}
〉〉
Ih
−
〈〈
{σ }{νv}[[wnz]][[ψwnz]]

〉〉
Ih
, (65)

4.2.3. Tracer equation342

Analogously, the weak formulation of the tracer equation reads:〈∂c
∂t
ψc

〉
Ω

+
〈〈
cup{u} · [[ψcnh]]

〉〉
IΩ
−
〈
cu · ∇hψc

〉
Ω︸                                          ︷︷                                          ︸

horizontal advection ∇h·(uc)

+
〈〈
cup{w −wm}[[ψcnz]]

〉〉
Ih
−
〈
c (w −wm)

∂ψc
∂z

〉
Ω︸                                                       ︷︷                                                       ︸

vertical advection ∂(w−wm)c
∂z

= Diffh + Diffv , (66)

where Diffh and Diffv also adopt the SIPG formulation to represent the horizontal and343

vertical diffusion. For brevity, the specific terms are not given since they are identical to344

(64)–(65) except with the use of a different test function ψc ∈ V, as well as the horizontal345

and vertical diffusivities κh, κv replacing the viscosities νh and νv .346

In this study, a linear equation of state (18) is assumed and used to compute density
as a function of the tracer fields. The baroclinic head (12) is solved for using the following
weak form: 〈〈

rnzψr
〉〉
∂Ωb

+
〈〈
rup[[ψrnz]]

〉〉
Ih
−
〈
r
∂ψr
∂z

〉
Ω︸                                                   ︷︷                                                   ︸

partial derivative ∂r/∂z

=
〈
− 1
ρ0
ρ′ψr

〉
Ω︸          ︷︷          ︸

density −ρ′/ρ0

, (67)

where ∂Ωb denotes the bottom boundary of the domain Ω, and the term for the free347

surface boundary ∂Ωs has been omitted since r |z=η = 0.348

When separately computing the baroclinic pressure gradient p, we use the following
weak form with the test function ψp ∈ V×V:〈

p ·ψp
〉
Ω

=
〈〈
grψp ·nh

〉〉
∂Ωb∪∂Ωs

+
〈〈
g{r}[[ψp ·nh]]

〉〉
IΩ
−
〈
gr∇h ·ψp

〉
Ω
. (68)

4.2.4. 3D Poisson equation349

The intermediate velocities û∗ = (u∗,w∗)T are solved for based on the derived weak
forms (60) and (63), which are then substituted into the continuity equation (3), leading
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to the 3D Poisson equation (50) for the non-hydrostatic pressure q. The weak formulation
of (50) is 〈〈

ψq∇q ·n
〉〉
∂Ω
−
〈
∇q · ∇ψq

〉
Ω︸                                ︷︷                                ︸

Laplace operator ∇2q

=
〈〈ρ0

∆t
ψqû

∗ ·n
〉〉
∂Ω
−
〈ρ0

∆t
û∗ · ∇ψq

〉
Ω︸                                      ︷︷                                      ︸

velocity source ρ0
∆t ∇·û

∗

, (69)

where ∂Ω denotes boundaries of the domain Ω, which includes the bottom ∂Ωb, free350

surface ∂Ωs and the lateral boundaries ∂Ωl , i.e. ∂Ω = ∂Ωb ∪ ∂Ωs ∪ ∂Ωl . No interface351

terms appear in the weak form since a continuous Galerkin discretisation is adopted for352

the Poisson equation.353

It should also be noted that boundary terms 〈〈•〉〉∂Ω in (69) vanish for closed bound-354

aries due to the zero Neumann and impermeability conditions, while in terms of open355

boundaries, e.g. at inflow boundaries and the free surface, q = 0 can be specified using356

the Dirichlet condition.357

4.3. Weak formulation of the 2D algorithm358

4.3.1. Hydrostatic equations359

In the hydrostatic step, the momentum equations are solved without the non-hydrostatic
terms. The depth-integrated horizontal momentum equation (32) is solved first in non-
conservative form, coupled with the free surface equation (9). The corresponding weak
formulation is obtained by multiplying each equation by an arbitrary test functions
φη ∈W and φu ∈W×W and performing integration by parts over each element in the 2D
domain Γ and summing, to yield:〈∂η

∂t
φη

〉
Γ

+
〈〈
{H}ūr · [[φηnh]]

〉〉
IΓ
−
〈
H ū · ∇hφη

〉
Γ︸                                          ︷︷                                          ︸

divergence ∇H ·(H ū)

= 0, (70)

〈∂ū
∂t
·φu

〉
Γ

+
〈〈
{ū} · [[φu(ū ·nh)]]

〉〉
IΓ
−
〈
ū · ∇h · (φuū)

〉
Γ︸                                               ︷︷                                               ︸

2D advection ū·∇hū

+
〈
f ez × ū ·φu

〉
Γ︸           ︷︷           ︸

2D Coriolis f ez×ū

+
〈〈
gηr[[φu ·nh]]

〉〉
IΓ
−
〈
gη∇h ·φu

〉
Γ︸                                      ︷︷                                      ︸

2D elevation gradient g∇hη

+
〈
g∇hr̄ ·φu

〉
Γ︸        ︷︷        ︸

2D baroclinity g∇h r̄

= Visūh , (71)

with

Visūh =−
〈
νh(∇hū) : (∇hφu)T

〉
Γ

+
〈νh
H

(∇hH) · ∇hū ·φu
〉
Γ

+
〈〈
{νh∇hū} : [[φunh]]

〉〉
IΓ

+
〈〈

[[ūnh]] : {νh∇hφu}
〉〉
IΓ

+
〈〈
{σ }{νh} [[ūnh]] · [[φunh]]

〉〉
IΓ
, (72)

where the starred variables are based on an approximate Riemann solver; here the linear
Roe solution (Comblen et al., 2010) is used:

ηr = {η}+

√
{H}
g

[[ū ·nh]], ūr = {ū}+
√

g

{H}
[[ηnh]]. (73)

The layer-averaged velocities ūk are then solved for using the known value of η∗, based
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on the weak form:〈∂ūk
∂t
·φuk

〉
Γ

+
〈〈
{ūk} · [[φuk (ūk ·nh)]]

〉〉
IΓ
−
〈
ūk · ∇h · (φuk ūk)

〉
Γ︸                                                       ︷︷                                                       ︸

layered advection ūk ·∇hūk

=
〈
− g∇hη∗ ·φuk +Fnūk ·φuk

〉
Γ︸                             ︷︷                             ︸

explicit layered terms −g∇hη∗+Fnūk

, ∀k ∈ [1,N − 1]. (74)

The vertical velocities w̄k and tracers c̄k are obtained analogously by solving (24) and360

(25), respectively.361

4.3.2. 2D Poisson equation362

In the non-hydrostatic step, substitution of the corrected velocity fields (56)–(57) into
the layered continuity equations (30) gives the layer-based Poisson equation for the non-
hydrostatic pressure q = [qz0

, qz1
, . . . , qzN−1

]T . With the test function φq ∈ WN the weak
formulation then reads〈

A∇2
hq ·φq

〉
Γ

+
〈
B∇hq ·φq

〉
Γ

+
〈
(Cq+D) ·φq

〉
Γ

= 0,

⇓〈〈
(A∇hq) :

(
φqnh

)〉〉
∂Γ
−
〈
(∇hA)∇hq ·φq + (A∇hq) : ∇hφq

〉
Γ

+
〈〈

(Bq) :
(
φqnh

)〉〉
∂Γ
−
〈
(∇h ·B)q ·φq + (Bq) : ∇hφq

〉
Γ

+
〈

(Cq+D) ·φq
〉
Γ

= 0, (75)

where boundary terms 〈〈•〉〉∂Γ are treated in a similar manner to (69).363

4.4. Implementation in Firedrake364

In this the weak forms given in the previous sections are specified using the Unified365

Form Language (Alnæs et al., 2014), in which the numerical model can be written in a366

concise form very close to the underlying mathematical presentation above. The discrete367

equations based upon the weak formulations are then assembled using low level C code368

which is generated at run time using the Firedrake finite element framework (Rathgeber369

et al., 2016); in turn the corresponding linear/nonlinear systems are solved using the370

PETSc library (Balay et al., 2019).371

For more details about the approach taken interested readers can refer to the previous372

multi-layer work of Pan et al. (2019) and an application of Firerake to fluid dynamics373

modelling (Jacobs and Piggott, 2015). The solution method in Firedrake is also briefly374

illustrated in AppendixA.375

In Thetis the 3D non-hydrostatic algorithm adopts the linear discontinuous Galerkin376

discretisation, PDG
1 , with vertex-based slope limiting (Kuzmin, 2010) utilised for 3D377

fields to help avoid any under/over-shoots. In terms of the discretisation under the 2D378

non-hydrostatic algorithm, three choices of basis functions are supported for the ele-379

ment pair representing ū and η, including equal order DG (DG–DG), Raviart-Thomas380

DG (RT–DG) and PDG
1 –P2. Except PDG

1 –P2, the other two choices are currently applicable381

to degrees p ≤ 2. For the test cases to follow, the PDG
1 discretisation is utilised in order to382

most fairly compare the 3D and 2D algorithms.383

5. Test cases384

In this section the non-hydrostatic algorithms introduced above are validated and385

compared using a suite of test cases. These involve a series of different wave processes,386

including dispersive surface waves and nonlinear internal waves.387
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5.1. Surface standing wave in a deep basin388

In this barotropic standing wave test case highly dispersive waves are simulated to389

test the model’s accuracy in computing wave celerity and frequency dispersion. The390

domain is a vertical slice (i.e. resolved in x-z space while only being a single element in391

the y direction), closed at either end with a length of L = 20 m and deep water depth of392

d = 80 m (so that kd = 8π where k denotes the wave number). Initially, the velocities are393

set to zero and the surface elevation is specified by η0 = acos(2πx/L). Here a small wave394

amplitude a = 0.1 m is used, and hence the standing wave dynamics can be considered395

linear with the expected wave celerity of c = 5.59 m/s based on the linear dispersion396

relation.397

To compare the proposed 3D and 2D based non-hydrostatic algorithms, identical hor-398

izontal mesh resolution and time step are adopted. In this case, the computational do-399

main is discretised with a split-quad mesh using 40 triangles with an element edge length400

of 0.5 m in the long x direction and a single element in y. The total simulation time is401

20 s with the time step taken as 0.01 s. All boundaries are impermeable, and no explicit402

viscosity or bottom friction are included.403

Fig. 2 shows comparisons of the surface elevation evolution in time at location x =404

17.5 m between the analytical solution and numerical results from the both 3D and 2D405

based non-hydrostatic algorithms with three vertical layers. Since the 2D algorithm can406

be considered similar to the use of a piecewise-constant (i.e. PDG
0 ) discretisation of the407

layer-averaged variables in the vertical direction, both PDG
0 and PDG

1 are applied to the408

vertical discretisation of the 3D algorithm in this case (with the same horizontal discreti-409

sation PDG
1 ) in order to provide a fair comparison against the 2D algorithm. The time410

series of elevation computed using the non-linear shallow water equations is also dis-411

played to indicate that the non-hydrostatic extensions improve results significantly since412

they admit frequency dispersion. For such deep water scenarios (kd = 8π), the 2D al-413

gorithm is able to represent the frequency dispersion correctly using only three layers,414

while the results from the 3D algorithm (with PDG
0 in the vertical) using the same num-415

ber of layers display clear phase deviation compared with the analytical solution, and the416

results from the 3D algorithm (even with higher-order PDG
1 discretisation in the vertical)417

show clear improvement however with discrepancies due to wave decay. With the verti-418

cal PDG
0 discretisation, the 3D algorithm requires more vertical layers (six layers in this419

case) in order to satisfactorily represent dispersion.420

For various numbers of vertical layers (1 – 10), the L2 error of the surface elevation421

is computed at the end of the simulation based upon comparing the numerical results422

with the exact solution from linear wave theory. Fig. 3a indicates that approximately423

second-order convergence (slope: -2.16) in the elevation field is achieved with the 2D424

algorithm for smaller numbers of vertical layers, while the 3D algorithm even with use425

of a PDG
1 discretisation in the vertical displays convergence below second-order with a426

slope of around -1.53, thus requiring far more layers to reach the same level of accuracy.427

It should also be noted that the convergence results discussed here are based upon use428

of the same horizontal resolution and time step, with only the number of vertical layers429

varying. Convergence studies associated with varying horizontal mesh resolutions have430

been performed previously for the hydrostatic form of Thetis (Kärnä et al., 2018) and the431

multi-layer non-hydrostatic form (Pan et al., 2019), indicating approximately second-432

order convergence for velocity and a convergence rate of around 3.2 for the elevation,433

respectively. The higher than expected convergence in the vertical for the 2D algorithm434

may originate from the underlying PDG
1 based shallow water solver, with multiple such435

solves utilised in the 2D algorithm. The saturation of the error for the 2D algorithm for436

higher numbers of layers can also be seen in Fig. 3a. This originates from the contribution437

to the overall error from the time step and the horizontal element size choices.438
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Fig. 3b demonstrates that for this test case the 2D algorithm has a lower CPU cost439

(based on a single Intel Xeon E5-1650 processing core) but at a more rapidly increas-440

ing rate compared to that of the 3D algorithm. Overall, this error vs cost information441

indicates that the 2D algorithm is likely preferable for surface wave simulations, where442

only a relatively small number of layers are generally required to represent dispersion443

accurately. In contrast, for the simulation of stratified flows and mass transport, the 3D444

algorithm is likely to be more advantageous since a relatively high vertical resolution445

is required to appropriately represent velocity and density fields. This will be shown446

further in later test cases 5.4 and 5.5.447

NSWE   3D with PDG0  in vertical    3D with PDG1  in vertical   2D with three layers

Figure 2: Comparisons of the wave elevation time-series at location x = 17.5 m for the surface standing wave
in a deep closed basin. The analytical solution (circles) and numerical results from the hydrostatic shallow
water equations (red dotted line), the non-hydrostatic 3D based algorithm with three layers adopting vertical
PDG

0 (green dashed-dotted) and PDG
1 (blue dashed) discretisations, as well as the 2D based algorithm with

three layers (black solid) are presented.
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Figure 3: Convergence of the L2 error in the free surface elevation at the end of the simulation (a), and the
corresponding CPU times (b) with increasing number of vertical layers (1 – 10) in the standing wave case
for both 3D (with PDG

0 and PDG
1 discretisation in the vertical) and 2D based non-hydrostatic algorithms. The

slopes of the local least-squares fitted linear lines (red: 3D; blue: 2D) are also given in the plots.

5.2. Surface wave shoaling over a submerged bar448

This test case is based upon the Beji and Battjes (1994) laboratory experiment in a449

wave flume. Regular waves propagate over a submerged bar and interact with the uneven450

bottom, leading to non-linear wave shoaling and significant wave transformation. In the451

process, higher harmonics appear on the upward slope of the bar, which past the bar452

are released as free waves with various speeds. In the numerical representation of this453

problem, good frequency dispersion accuracy is required.454

A sketch of the bottom geometry and model setup are shown in Fig. 4. The flume is455

30 m long and the still water depth is 0.4 m, which is reduced to a minimum of 0.1 m456

above the bar. The upward slope of the bar is 1:20 and the downward slope is 1:10. At457

the left-hand boundary, periodic regular waves with an amplitude of 1 cm and a period458

of 2.02 s are introduced. Here as addition 5 m sponge layer is placed at the right-hand459
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end of the domain to absorb reflected waves. The whole computational domain is thus460

35 m and is discretised with a split-quad mesh using 700 triangles with an element edge461

length of 0.1 m in the long x direction and a single element in y. In the z direction, three462

vertical layers are used. The time step is chosen as 0.01 s, and the total simulation time463

is 40 s. Again, no explicit viscosity or bottom friction are included.464

0 5 10 15 20 25 30
-0.4

-0.3

-0.2

-0.1

0.0

0.1
5

z 
(m

)

x (m)

4 76 8 9 10 11

Figure 4: Bottom geometry and the locations of wave gauges 4 – 11, located at x = 10.5, 12.5, 13.5, 14.5,
15.7, 17.3, 19 and 21 m respectively, for the wave shoaling over a submerged bar test case. Based upon Beji
and Battjes (1994).

Fig. 5 compares the simulated free surface elevation at eight gauges where measured465

data from the laboratory experiment is available. The time-series displayed indicate that466

the wave dynamics at all gauges are well represented by the both 3D and the 2D non-467

hydrostatic algorithms using three vertical layers, although the peak elevation at gauge468

5 – 6 is slightly over-predicted by the 3D algorithm. The proposed algorithms correctly469

describe the shoaling phenomenon on the upward slope of the bar (gauge 4), and resolve470

the high-frequency dispersion at gauge 5 – 8 properly. This indicates that for such a471

surface wave case with respect to strong non-linear shoaling, relatively few vertical layers472

(e.g. three) is sufficient to give much improved dispersion capability compared to the473

hydrostatic model which can be seen to generate completely unrealistic waveforms in474

Fig. 5. It should be noted that the total CPU time for the 2D algorithm for this case is475

11 min 1.32 s, which is significantly lower than the 23 min 37.93 s required for the 3D476

algorithm and is even still less than that in the 3D hydrostatic simulation (17 min 51.31477

s), where they all use the same time step size of 0.01 s. Note further that the 2D algorithm478

can run stably for this problem with a time step 0.05 s and achieve nearly identical results479

(Pan et al., 2019) whereas the 3D algorithm fails due to numerical instability.480

In addition, to demonstrate the model’s capability to utilise multi-resolution meshes,481

Fig. 6 compares the surface elevation time-series at eight gauges between experimental482

data and numerical results from the both 3D and the 2D non-hydrostatic algorithms util-483

ising multi-resolution meshes. A higher mesh resolution with an element edge length of484

0.1 m is used around the submerged bar region (x ∈ [10, 22] m), while a lower resolution485

with a larger element edge length (0.5 m) is adopted in the rest of the domain. As the486

time-series in Fig. 6 indicate both algorithms using this multi-resolution mesh represent487

the wave dynamics fairly well. A computational cost reduction of 24.8% and 33.2% is488

achieved for the 3D and 2D algorithm, respectively, compared to that of the simulations489

using uniform meshes. It should also be noted that the 3D algorithm displays a certain490

amount of wave dissipation, which can be improved by decreasing the time step size,491

increasing the submerged bar region, or slightly increasing the resolution in the coarse492

region.493

5.3. Surface solitary wave generation by a 3D landslide494

Submarine landslides represent important mechanism for tsunami wave generation.495

The subsequent free surface waves that are generated are often dispersive (Hill et al.,496

2014) and thus difficult to model accurately using hydrostatic models. In this test case,497
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Figure 5: Comparisons between numerical and experimental surface elevation time series at eight wave
gauges for the wave shoaling over a submerged bar test case. Laboratory data (circles) are compared against
the hydrostatic numerical results (red dotted line) and non-hydrostatic numerical results from the 3D (green
dash-dot) and the 2D (black solid) based algorithms, all using three vertical layers.
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Figure 6: Comparisons of surface elevation time-series at eight gauges between experimental and numerical
results using multi-resolution meshes for the submerged bar test case. Laboratory data (circles) are com-
pared against the non-hydrostatic numerical results from the 3D (green dash-dot) and the 2D (black solid)
based algorithms, all using three vertical layers. A higher mesh resolution with an element edge length of
0.1 m is used around the submerged bar region (x ∈ [10, 22] m), while a lower resolution (0.5 m element
edge length) is adopted in the rest of the domain.
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the proposed non-hydrostatic algorithms are used to simulate surface solitary wave gen-498

eration by an idealised 3D submarine landslide, based on a wave tank experiments per-499

formed by Enet and Grilli (2007).500

The geometry of the tank is 30 m long, 3.7 m wide and 1.8 m deep with a plane slope
of θ = 15°. The vertical cross section of the landslide is sketched in Fig. 7, and the plan
view of the domain and the landslide is indicated by the frames in Fig. 9. The slide shape
is defined by the expression

ζ =
T

1− ε [sech(kbx)sech(kwy)− ε] , (76)

where kb = 2C/b, kw = 2C/w, C = arccosh(1/ε), and truncation parameter ε = 0.717. The
centre of the slide is initially located at a submergence depth of d = 61 mm, and has
a length of b = 0.395 m, a width of w = 0.680 m, and a thickness of T = 0.082 m. Its
displacement down the slope is prescribed as

s(t) = s0ln
(
cosh

t
t0

)
, (77)

where s0 = u2
t /a0, t0 = ut/a0, with ut and a0 denoting the slide terminal velocity and501

initial acceleration, respectively. Here ut = 1.70 m/s and a0 =1.12 m/s2.502
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Figure 7: Vertical cross section of the landslide with length b = 0.395 m, width w = 0.680 m and thickness
T = 0.082 m. The plane slope has an incline of θ = 15°. Note that the second frame uses a local coordinate
system with the z’ oriented upward and perpendicular to the slope.

Due to the symmetry in this problem in the y direction, only half of the domain is503

included in the computational domain, and due to the limited length of simulation time504

only the leading portion in the x direction is considered. The computational domain505

in the horizontal is thus set as 6 m long and 1.8 m wide; it is discretised using 150506

elements in the x direction and 36 elements in the y direction, with ∆x = 0.04 m and507

∆y = 0.05 m. Three vertical layers are employed to capture dispersion of the generated508

short waves. The simulation is run for 4 s with a time step size of 0.005 s. All boundaries509

are impermeable, and at the left end wetting and drying is expected to occur. Again, no510

explicit bottom friction or viscosity is considered.511

In Fig. 8, the numerical results for the generated wave elevations are compared with512

the measured data at three gauges whose locations are given in the caption. Good agree-513

ment is observed for both the 3D and 2D non-hydrostatic algorithms indicating that the514
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wave generation mechanism has been implemented correctly, and the subsequent dis-515

persive wave propagation is represented accurately. Although the wave train from the516

3D algorithm seems less dissipative in the latter propagation, the main peaks and overall517

phase structure agree well with that obtained using the 2D non-hydrostatic algorithm.518

Additionally, the results from the 3D hydrostatic simulation are also displayed in Fig.519

8. In contrast to the non-hydrostatic results which consisted of a series of dispersive520

waves lagging behind the relatively faster moving sliding mass, the hydrostatic result521

essentially show a strong immediate drawdown of the water column above the moving522

slide, and as would be expected, the drawdown diminishes as the submergence depth523

increases. These results are further illustrated with the snapshots of the wave elevations524

shown in Fig. 9. The similarity between panels (a) and (b) show that there is good agree-525

ment between the 3D and 2D non-hydrostatic algorithms, while panel (c) demonstrated526

the lack of a generated wave train with the hydrostatic algorithm. These results demon-527

strate the importance of representing frequency dispersion for accurate assessment of528

landslide-tsunami in certain parameter regimes.529

Using four processing cores, the wall clock time for the 2D non-hydrostatic algo-530

rithm is approximately 76 min, which is approximately 64% of the time required for the531

3D algorithm. Compared to running in serial mode, the parallel run of the 3D and 2D532

algorithms were roughly 3.17 and 2.95 times faster, respectively, showing that the scal-533

ing efficiency does not drop significantly despite the relatively small degree of freedom534

counts considered in these problems. For a parallel scaling analysis of larger test cases,535

in the case of the hydrostatic version of the model, see (Kärnä et al., 2018).536
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Figure 8: Comparisons of surface elevation time-series for landslide-generated waves at three gauges. Mea-
sured data (black dashed lines) is compared to the hydrostatic numerical results (red dash-dot) as well as
non-hydrostatic numerical results (with the 3D algorithm: green dash-dot-dot; 2D algorithm: blue solid).
The (x,y) locations of gauges 2 – 4 from the experiment are given by (1.469, 0.35) m, (1.929, 0) m, and (1.929,
0.5) m, respectively.
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(a)

(b)

(c)

Figure 9: Two-dimensional plan view ((x,y)-coordinate) snapshots of landslide-generated wave patterns at
t = 2, 3 and 4 s (plots from left to right). Top panel (a): non-hydrostatic with the 3D algorithm, middle
(b): non-hydrostatic with the 2D algorithm, and bottom (c): hydrostatic simulation. The white lines are the
contours of the moving slide. The colour scale for the free surface elevation range ranges between -0.012 ∼
0.012 (blue to red) for all frames.

5.4. Internal solitary wave generation and propagation in exchange flow537

The non-hydrostatic algorithms are tested against an exchange flow test case where538

an initial tilt of the interface between two water masses with different densities is allowed539

to evolve under the effects of gravity. The case is based upon the laboratory experiment540

performed by Horn et al. (2001) in a rectangular basin, where the density difference (20541

kg/m3) between the light and heavy water masses results in a buoyancy difference of g ′ =542

g∆ρ/ρ0 = 0.2 m/s2. With nonlinear steepening balanced by dispersive effects (Kanarska543

et al., 2007), internal solitary waves are generated and propagate along the interface.544

Note that a similar case where over-turning Kelvin-Helmholtz billows are generated is545

considered below.546

The basin has a length of L = 6 m, a depth of H = 0.29 m, and a width of W = 0.3 m547

(Fig. 10). The amplitude of the initial tilt of the interface is η0, and the depth of the lower548

layer is h1. In the original experiment a series of seiche cases are considered with various549

dimensionless amplitude γ = η0/h1 and δ = h1/H values. In this paper we only consider550

the case γ = 0.3 and δ = 0.9 for brevity, which was also studied by Kanarska et al. (2007).551

Figure 10: Numerical and experimental set-up for the case of internal solitary wave generation and propa-
gation test case.

In the numerical set-up, to avoid an abrupt transition a pycnocline thickness of 0.015552

m is assumed in order to smooth the interface. The computational domain is discretised553

using 400 elements with an edge length of 0.015 m in the x direction and only a single554

element in y. In terms of vertical discretisation, 80 equidistant σ layers are adopted.555

The total simulation time is 250 s with time step size of 0.01 s. All lateral boundaries556

are closed with no-normal flow conditions. Constant viscosity and diffusivity values557

are applied, using molecular values 10−6 m2/s and 10−7 m2/s, respectively. To improve558
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numerical stability, vertex-based slope limiters (Kuzmin, 2010) are used for both velocity559

and tracer fields in this case.560

Fig. 11 displays frames showing the degeneration of interfacial waves into a train561

of solitary waves in the numerical simulation. Qualitative agreement between the den-562

sity evolution from the 3D based non-hydrostatic algorithm and the experiment (Horn563

et al., 2001) can also be observed. A time series of the interface displacement at the564

centre of the tank is shown in Fig. 12 where good agreement with laboratory data can565

be observed. This includes the correct propagation of the generated soliton train and the566

emergence of the seventh soliton after reflection. Since the 2D non-hydrostatic algorithm567

(layer-averaged) can be considered as a special form of a σ formulation with a low-order568

PDG
0 discretisation in the vertical direction, the leading soliton suffers from numerically569

diffusion at the same resolution (Fig. 13a). The 2D non-hydrostatic algorithm cannot570

describe the high-frequency solitary wave train generation process as well as the 3D non-571

hydrostatic algorithm, with higher resolution required to improve the result. In addition,572

as demonstrated by Vitousek and Fringer (2013), the implicitness parameter θ can affect573

the stability and consistency of non-hydrostatic models which utilise a first-order pres-574

sure projection method. In this case θ = 0.5 is applied and the truncation errors of both575

discretisation algorithms are formally second-order, but it has to be acknowledged that576

the solution error might be different which could affect overall accuracy (Vitousek and577

Fringer, 2013). The different time integration techniques used for the 3D and 2D algo-578

rithms might also be the cause of the differences observed in terms of density distribution579

in baroclinic flows. Fig. 13b also shows that the process cannot be represented correctly580

in a hydrostatic simulation.581

(a) t = 0 s

(b) t = 50 s

(c) t = 75 s

(d) t = 140 s

Figure 11: Comparisons between numerical (the 3D based non-hydrostatic algorithm) and experimental
(Horn et al., 2001) density evolution in the internal soliton generation and propagation case at times t = 0,
50, 75 and 140 s. The scale of the density range is 0 ∼ 20 indicated by blue to red colours.
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Figure 12: Time series of the interface displacement at the centre of the basin (x = 0) for the internal seiche
case. Laboratory data (red dashed line) is compared to the non-hydrostatic numerical results with the 3D
algorithm (blue solid).

(a)

(b)

Figure 13: Density distribution at time t = 50 s in the internal seiche case for the 2D based non-hydrostatic
algorithm (a), and a hydrostatic simulation (b). The scale of density range is 0 ∼ 20 shown by blue to red
colours. Compare with the corresponding time level from Fig. 11.

5.5. Non-hydrostatic lock exchange582

To further evaluate the validity of the baroclinic solver with the non-hydrostatic pres-583

sure correction, we adopt another exchange flow case that has been considerd in several584

other non-hydrostatic studies (Härtel et al., 2000; Fringer et al., 2006; Lai et al., 2010;585

Ma et al., 2013; Hiester et al., 2011). The model setup follows that considered in a direct586

numerical simulation (DNS) study (Härtel et al., 2000). Lighter fluid with zero salinity587

initially occupies the left hand side of the domain, while the right hand side is filled588

with heavier fluid with a salinity of S = 1.3592 psu. The two water masses are initially589

separated by a vertical barrier in the centre, which is a key difference from the small tilt590

considered in the previous test case. The constant mean density ρ0 is 999.972 kg/m3,591

and a linear equation of state (18) is used with parameters βS = 0.75× 10−3ρ0 psu−1 and592

αT = 0 K−1, giving a reduced gravity of g ′ = g∆ρ/ρ0 = 0.01 m/s2.593

The domain is a vertical slice with a length of 0.8 m and a depth of 0.1 m. The thin594

horizontal domain is taken to be one element wide and discretised by a split-quad mesh595

of 800 triangular elements (0.002 m edge length) in the x direction with a single element596

in y. and 100 equidistant layers employed in the vertical. The total simulation runs597

for 30 s with a time step size of 0.01 s. All boundaries are closed with no-normal flow598

conditions. The viscosity and diffusivity are set to a constant value of 0.5× 10−6 m2/s in599

both horizontal and vertical directions. The vertex-based slope limiters are used in this600

case to reduce overshoots in tracer and velocity fields.601

In addition to the hydrostatic algorithm, both the 3D and 2D non-hydrostatic algo-602

rithms are employed in this case with the same setup. Fig. 14 compares the resulting603

density fields at times t = 10 and 15 s. As can be observed and as expected, the genera-604

tion of Kelvin-Helmholtz (KH) instabilities does not occur in the hydrostatic simulation605

while the KH billows appear in both non-hydrostatic results. Furthermore, the 3D non-606
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hydrostatic algorithm (Fig. 14a) better captures the lock exchange flow and correspond-607

ing KH billows than the 2D one (Fig. 14b). Due in part to the higher numerical diffusion608

from the layer-averaged formulation with the vertical PDG
0 property, the 2D algorithm609

represents less billows. Higher vertical resolution (i.e. more vertical layers) can improve610

the density distribution and admit more billows, but as expected much higher computa-611

tional cost is required. It should be noted that the results from the 3D non-hydrostatic612

algorithm do appear favourable when compared to other results in the literature, e.g. Ma613

et al. (2013) which used an HLL scheme present results similar to those obtained with614

our 2D algorithm (see their Fig. 2). The time series of surface and bottom horizontal615

velocities are presented in Fig. 15. With the 3D non-hydrostatic algorithm (Fig. 15a),616

the maximum flow velocities before hitting the end walls are 1.62 cm/s and 1.67 cm/s617

at the surface and bottom, respectively. These values are close to the theoretical value618

(1.59 cm/s) derived from energy balance theory (Turner, 1979). Even with excessive dif-619

fusion, the 2D algorithm can also be seen to be able to reproduce the flow velocities with620

reasonable accuracy (Fig. 15b).621

(a)

(b)

(c)

Figure 14: Snapshots of density in the lock exchange case at t = 10 and 15 s (left to right). Top panel (a):
non-hydrostatic with the 3D algorithm, middle (b): non-hydrostatic with the 2D algorithm, and bottom (c):
hydrostatic simulation. The scale of the density range is 0.1 ∼ 1.0 shown by blue to red colours.

6. Conclusions622

This paper presents extensions to the hydrostatic DG-FE based coastal ocean model,623

Thetis, in which two alternative algorithms were used to incorporate non-hydrostatic624

effects. The 3D algorithm uses a two-stage ALE time integration scheme to advance the625

whole solution explicitly in time with SSPRK(2,2), which differs from the conventional626

mode-splitting method adopted in the hydrostatic Thetis. The multi-layer 2D algorithm627

is based on the existing depth-integrated 2D solver framework within Thetis, allowing a628

full 3D problem to be solved through a combination of 2D computations.629

Both algorithms have been implemented and validated using a suite of test cases630

involving dispersive surface gravity waves and strongly nonlinear internal processes:631

standing wave oscillation, surface wave shoaling, surface solitary wave generation by a632

landslide, as well as internal solitary wave evolution and Kelvin-Helmholtz instabilities.633

Based on identical problem setups, the two algorithms have been compared, allowing an634

analysis of their respective applicability and limitations. Our findings indicate that the635

2D-based algorithm is favourable for the simulation of barotropic surface waves due to636

its better computational efficiency and accuracy for cases where fewer vertical layers are637

required. The 3D-based algorithm is found to be better suited for fully baroclinic flows638

where higher vertical resolution is generally required in order to resolve density fields;639

in these cases the 2D-based algorithm is found to result in higher levels of diffusion. The640
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Figure 15: Time series of the horizontal velocities at the midpoint of the upper surface (black dashed line)
and bottom of the domain (red dash-dot line) with the 3D NH algorithm (a) and the 2D NH algorithm (b).
The blue heavy line indicates the theoretical value (1.59 cm/s) of the velocity (Turner, 1979).

resulting non-hydrostatic model, Thetis-NH, thus has good capability for accurately re-641

solving frequency dispersion in an efficient manner, and depending on whether the flow642

is dominated by baroclinic or barotropic dynamics, two alternative algorithms (i.e. full643

3D or multi-layer 2D) can be utilised.644

The work presented here has demonstrated non-hydrostatic extensions of both hydro-645

static (3D and 2D) solvers present in Thetis. The applicability of the Thetis model has thus646

been significantly enhanced in order to simulate a wider variety of geophysical flows. In647

future work the model will be applied to landslide-tsunami where the generation phase648

requires the simulation of non-hydrostatic baroclinic flows, and the propagation and in-649

undation phases generally require the consideration of dispersive wave dynamics. Other650

ongoing work includes the incorporation of goal-based mesh adaptivity and wetting and651

drying schemes within non-hydrostatic algorithms.652
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AppendixA. Solution method in Firedrake659

Firedrake seeks the solutions from a discrete system based on appropriate weak forms.
Here take the depth-integrated equations (70) and (71) as an example. By the DG-FE ap-
proximations η, d and ū are treated as η =

∑
iφiηi , d =

∑
iφidi , ū =

∑
kφkūk respectively,
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and (70) can then be expressed as〈
∂
∑
iφiηi
∂t

φj

〉
Γ

=
〈(∑

i
φi(ηi + di)

)(∑
k
φkūk

)
· ∇hφj

〉
Γ

−
〈〈(∑

i
{φi(ηi + di)}

)
ū∗ · [[φjn]]

〉〉
IΓ
, (A.1)

where φi and φk are basis functions of η and ū, φj denotes the test function, and ū∗ is
given by

ū∗ =
∑

k
{φkūk}+

√
g∑

i{φi(ηi + di)}
[[∑

i
φiηinh

]]
.

The matrix form of (A.1) can be written as

M
dE
dt

= Bη ⇐⇒ dE
dt

= (M)−1Bη , (A.2)

in which [M]ij =
〈
φiφj

〉
Γ

is the mass matrix, [E]i = ηi and Bη denotes the right hand side660

matrix of (A.1). Analogously, the matrix form of (71) can be obtained, which is coupled661

with (A.2) giving a full block-coupled system.662

In term of the time integration, (A.2) becomes

En+1 −En

∆t
= (M)−1

[
θBn+1

η + (1−θ)Bnη
]
, (A.3)

where the θ-scheme is adopted here, and if θ = 0.5, it is equivalent to Crank-Nicolson.663

The PETSc library is used to solve the full block-coupled system, via which various
choices of solvers and preconditioners are available. Consider the general form of the
system: M1 M2

M3 M4


EŪ

 =

BηBu
 , (A.4)

where M1, . . . ,M4 are matrix blocks and Bu is the right hand side of the momentum664

equation (71).665

Factorising the left hand side of (A.4) by LDU (lower-diagonal-upper) block factori-
sation (Elman et al., 2014), we have I 0

M3M
−1
1 I


M1 0

0 S


I M−1

1 M2

0 I

 , (A.5)

where S =M4−M3M
−1
1 M2 is the Schur complement. The inverse of the factorised system

is I −M−1
1 M2

0 I


M−1

1 0

0 S−1


 I 0

−M3M
−1
1 I

 . (A.6)

The fieldsplit preconditioner is employed to find approximations to the actions of S−1
666

and M−1
1 , for which a broad configuration space is available in PETSc, allowing various667

iterative solvers and preconditioners for S−1 andM−1
1 . In this study, incomplete LU (ILU)668

factorisation is used, and the convergence criterion adopts a relative error of 10−7 for the669

iterative solvers.670
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