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(ii) 
LBSTRACT 

In this thesis, we study ways of approximating the Mandelstam 

representation, to give dynamical schemes for the evaluation of the 

scattering amplitudes. The study originated in an attempt to olarify the idea 

of a bootstrap calculation. By the use of the Mandelstam representation and 

Unitarity, one hopes to be able to calculate th)PC3t scattering amplitude at 

least at low energies, and one hopes that a solution will exist which agrees 

clasely with experimental findings.. 

We have used partial wave dispersion relations and partial wave series 

throughout and have made no use of Regge poles. 

In the first chapter we give a discussion of dispersion theoryi a 

survey of bootstrap calculations and.a , discUssion of the distinction between 

elementary and composite particles. 

In chapter two, we investigate the use of fixed s,dispersion 

relations and their projection into the s channel. We give an attitude to 

bootstrap oalculations and try to develop concepts and ways of thinking about 

approximate calculations in dispersion theory. We show how to locate 

arbitrary parameters in approximate calculations. 

In chapters three, four and five, we consider the methods of Balazs 

and Zachariasen and the variational method of Hamilton. We systematically 

study them numerically and display their faults. We attempt to remove the 

faults by defining several modified methods. 

In chapter six, we look at the inverse amplitude approach. We 

define new inverse amplitude models, which are interesting but not useful 

unless some way can be found of estimating the threshold behaviour accurately. 

In chapter seven, we consider three ideas relating to the solution 

of M. R. + U, but do no numerical work. 



1. The projection of the fixed s dispersion relation into the t channel, 

to •givei.anexpression for Bi(v) in the low energy physical region, in terms 

of physical region amplitudes in the crossed channel, and without using 

unitarity. 

2. "Consistency checks", a consistency constraint on the simultaneous 

continuation from the t and u channels to the same region. 

3. The transformation of variables, from (s, t) to curvilinear 

coordinates, enabling a family of single dispersion relations to be 

written, covering the entire s-, t- and u- physical regions, but avoiding 

the double spectral regions. This leads to the idea of a physical region 

dynamical scheme, which is briefly discussed. 
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NOTATION 

Note the very free use of "r to mean "goes like", "corresponds to", "is in 
some relation to". 

0 	of the order of 

t" 	modulus, absolute magnitude 

~~ 	 implies 	 -4 goes to 

the set 

w.r.t. 	with respect to 

equivalent to or identical with 

is a member of, belongs to, is contained in 

the closed interval a, b 

the open interval a, b 

Manaelstam variables 
energy squared in s: t, . channels 

1/1 cos 9 	s channel e.o.m. momentum squared and e.o.m., angular 
variable. 

tit , cos 9 e 
ft cos Q 

P1 

Q1 
p.s. 

Re,Im 

C(V) 

H 
	 ft 

It 
	 ft 	 ft 

.4 

Legendre function of 1st kind 

2nd kind 

possibly subtracted 	s.e. self consistent 

real or imaginary part of 

C(V) function introduced in Chapter 2 

BW 	 Breit Wigner formula 

"pi-pi coupling constant" = A(14, 144, 	) 
A(s, t) or A(slt,-) 
or F( s ,t ,u) or F( s z) 
At (s,t) 	absorptive part in t channel decomposition 

Al(s),A1(t) partial wave amplitude 

F(V) 	usually refers to trial function 

Fj 	jth symmetry point 

f
1/14 the lipj 	the set of symmetry points 

p (s, t),( t(s,t) double spectral functions 

A f CO 	 cut off 
I (a,b) ,K( a,b) 	kernel function for N/D 

BI(V)•.:44. 	 ' B-1(v): (% B1
(V) -1) S

no (111-
-1 Imr1(10)  dVi p.s. 

J - 0 v ' 	v  y) 
For numbering, there are 3 types of object, the reference, the figure and the 
tablJB. These are numbered loonlly within a chapter or preceded by a chapter 
number. An index of figures and tables is given at the end of the thesis. 

amplitude 



CHLPTER 1 ..--------------- 

"B/SIC TBEORETICLL INTRODUCTION" 

"Let thy tongue tang arguments of state; put 

thyself into the trick of singularity." 

Shakespeare. Twelfth Night. 
(tdvice to Malvolio). 

INTRODUCTION KINEMLTICS /BD SYMMETRIES 

1. INTRODUCTION 

In attempting to describe the existence and behaviour of the experi-

mentally observed elementary particles, we first distinguish strongly end 

weakly interacting particles, then spacial and then electromagnetic properties 

and finally classify them (1) according to assignment of quantum numbers. The 

most tangible evidence for the existence of these very unstable particles and 

their interactions is probably from bubble chamber photographs where the paths 

of particles are made visible by en accompaniment of small bubbles. To set up 

a mathematical formalism, we invoke the basic Ideas of quantum mechanics, 

notably that the states of a physical system obey a superposition principle and 

are rays *e in a Hilbert space, and that acts of measurement correspond to 

projections in the space. We then introduce the notion of invariance under a 

symmetry operation (2), (3) and introduce relativistic invariance by requiring 

that the inhomogeneous Lorentz group be a symmetry. This leads to the concepts 

of momentum, mass, parity, angular momentum, and all8ws the existence of states 

in irreducible representations which are eigenstates of these operators. 

1 
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These single particle states are elementary in the sense that any decomposition 

will not be Lorentz invariant. There will be states formed by taking the 

direct produce of these, corresponding to 2, 3 etc. particle states. When we 

consider interacting particles, new single particle "bound states" can occur; 

which will be unstable if m3> ml  4. m2, and which have no analogue in the non-

interacting system. One expects these to be calculable from a dynamical law. 

We have time reversal and charge conjugation symmetries. We have also super-

selection rules (4), which are that every physically realizable state must be 

an eigenstate of baryon number, charge and have well defined statistics. From 

the existence of multiplets of particles with very closely the same Lorentz 

properties, the Rifferences explicable as electromagnetic effects, we are lead 

to internal symmetries, isotopic spin SOW, which when combined with strange-

ness gives S(4.9. Thus particles form degenerate multiplets, within which 

members are characterised by two quantum numbers 1
3 

and Y. We thus have the 

symmetry schemeoCOS03) which explains well many observed features and 

predicts which processes are allowed. The actuaL amplitude of an allowed 

process can only be decided by the detailed mechanism or physical law, that is 

"dynamics." To describe an interaction between two particles, we attempt to 

calculate the S matrix, whore 

) 

The unitarity of S follows from "asymptotic completeness" (4) and can be 

written 
S 

or decomposing 

S = S(1)C, — 4). T 

 

k c- 
T . 

I 

intermediate 
states 

.T 
-4 kinematic factor 
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We work with the invariant amplitude 

A= < 	. E 

which in an angular momentum decomposition in the co or, m. systems oboys 

unitarity condition 

w, A R. 
	" 

L will bo n function of the independent scalars in the problem (5). 

In this thesis, we shall consider only the 2J. system, being the 

simplest, and hopefully most tractable, strongly interacting system. 

2. 	THE Pi MESON 

The pion is an S.I.P. It has isotopic spin 1 and three charge states 

C 4-  7•-•• °. It has zero strangeness. 

1.‘ 	= 	3 (1 • 5'$ ±. • os-  riev 	13 . Is— 	„,„_e_ 

1-% 
D 
	13t+ • 91 ± 	M e V 7  ;-).Gq • 	±: 0 . 31 

where 	I and unit of mass is Meg*. Hereafter we assume mass difference 

due to elm effects and take 

r v\ A 0  

to define units with L = c = 1 

= 

	

A ° > 	\ 
No magnetic moment. 

They have negative parity and zero spin, i.e. are pseudosoalar. G—

parity is (-1) i.e. polar vector in isospace. It is unstable 

AP. 4.. 	4- 	1.1  
1 	2.5 x 10-8 secs. weak 

4- 

2.2 x 10-16  sees 	o/m 

but stable under strong interactions. If we adopt the isispin formrlim SO(2) 

we have a 3] space with k+>, 1 r >, k° 
	and en isotopic spin 



operator I, with z- component, say 13. 

Rotaticns in isospace correspond to operators 

L. 

combinations It is mormal3;7 more convenient to take the linear 

( I TV > - f• Ir - >) 

I Ti > = L ( Irk+  > 	) 

I F°  
;10.c. s-,tisfy 

Ti 	11 1  ;> 

c I I • I r k 

If wo 	an Sli(3) scheme, 

sen.lar .rs.esons 
71' TO)  
1s1 `C --3o  

again generators(K) can be written down, 

K 3 	K °  

= 	F. 1 k 

then the pions are part of an [81 rep. of pseudo- 

I< - 

satisfying 

deterninas thLr:: uniquely. There are two independent diagonal operators 

cc,:respending to the conserved quantities 13 and Y. 

K7E;cJLTIC3 07 THE TWO PION SYSTEM 

y ) 	) 	distinguish the 
charge state 1, 2, 3 
time-like metric101 .2 = m.

2 
= 1 all i. 

(pl p2)2  
(i:andelsta: variables) 	t = (p1  p3)2 

u = (pi  + 1)4)2  

there aro cnly two independent scalar variables 

s 	.02=4 

Taking the p1  to have different signs gives 3 different "channels." The s 

chnu...lel (13_, p, out) describes the reaction 

if we defne 

SC^:'.a7 variables S = 



5 
then in the centre of mass system with axes along the incident direction 

pi = (q, E) = (0, 0, q, E) 

p2 = (q, E) = (0, 0, -q, E) 

p3 = (9,5v:-.0- Lock 	1, 

(\, 	& 

. 	E 2 = q2 1 

and 'defining V= q2 

) ()-c-6-'"Ai E) -  
, -6\icas 	- ( -0v ) E) 

s= f ~+I) 

( 
-__.. Ns 

0 )(\,.- 1 ) 
hence physical significance and 
nomenclature S ) 

v 	4-c-oL (5) 

B 

	

The t channel has (p2, p4 out) and. ) cus 	e.om. variables. 
S 	(I 4 c-cgo i ) 

1-1-(v'4-1) 

( I — c-c3s 6 ' ) 

" The al channel has (p2,  p3 out) and V 	a cos hence 

S 	v rr ( -- 	") 0'') 

IA 	(v h + I) 

The physical region for these channels is defined by 

V >0 	 ), cosLc real in L-1, +13 

	

hence in s channel 	S 

	

and 	- 	< 	 ti c 0 
4, < 0 

	

t. channel 	 5 c o 	(A 	0 

	

u channel 	(4. 	s $: 

This is shown in Fig. 1. We also wish to record have some useful relations 

between these variables: 
( I - 	e) - 

( 	) 	4- (Ne .4- ) 

—v/). ( 	e) +- 	) 



4- 2. (0-+- 

We have only two independent scalar invariants, which the physics depends on; 

we shall take s and t. 

IsospindeccRppsition 
-soma . 	TVIe•r•--1. 	. 	.ar-amenszac -•sr.ss 

System of two pions with I = 1 forms representationt10[1phich 

decomposes into L2141P401 i.e. we have states with I = 2, 1, 0 and so we 

only have three scalar amplitudes Li(s, t) to describe the scattering, 

being reduced from the nine possibilities, 7  4- 714 , by the isospin symmetry. 

The scalar amplitudes can only be functions of scalar invariant quanti-

ties of which there are two independent, say (s, t). We are thus trying to 

describe the process /1-4--rC--)Ti4-Tiby giving its transition amplitudes from 

initial to final states. We take the independent amplitudes 

out < 7T 1-‘ 	 = A I  

in corresponding eigenstates of I. 

The differential cross section for scattering in pure isospin state in 

the barycentric system is 

	

d 	if 1 A (s)  ,E) 

Partial wave decormosition 
• 

Since pions spinloss only orbital angular momentum and we can deem- 

pose into angular momentum oigenchannels 
05 

11-  (v)(15&) 	E (2- k i) • 	(\i) • 	(C4 Sb) Al I  
:0 

n 	 T 
usual r. s' and normal;  sation, 

A
lvi is partial wave amplitude and is a func-

tion of one variable only. A knowledge of A k i(`qgi.ves the entire 

description of the Ti Ti system. This is spin zero case of her icity formation 

r.l0: (e 
r4  :(1( 	( v, u;s  ) . Pk.  r c.0-s 

-51 
unitarity implies 	grL(•/) 

(v) 

decomposition since 

Aj(v) 
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so 	
(At (v) 	1,1 v4.1 

Finally remark that Bose statistics require even symmetry of the total 

state under exchange of the pions, so spacial symmetry x isosyn. = even 

k 4. I 
(-1) 	= 1 

e4. = even 

So first few possible states (1 , I) are (0,0), (OA, (151), (2,0), (2,2), 

(3,1) called So, S2, P1, Do, D2, F1. 

In most experiments, phenomenological formula based on a few low partial waves 

fit well. 

II. 	 MIMICS THE MLBDELSTIM REPRESENTLTION 

1. ORIGINS 

We use the dynamical theory put forward by Mandelstam (7) in 1958 and 

called "Dispersion Theory" or "The Mandelstam Representation". The study of 

field theoretic models had lead Chew and Goldberger to the study of dispersion 

relations as a means of solving the model problem and as a vehicle for 

generalisation of the model. The relationship of dispersion relations to 

causality in potential theory was investigated by Toll and van :Kampen (8) 

L microscopic causality principle in relativistic local field theory was made. 

41(1) 	4-1.(Vs)L 	(<~ —x1 ) space like 

This is not at all self evident and is a very powerful and deep requirement. 

Local operators have only been experimentally justified down to 10-13an. 

Some dispersion theorists argue the impossibility of measurement of position 

very accurately, due to the attendant emission of soft photons. Using 

microscopic causality, sone dispersion relations have been proved in LSZ field 

theory and some connections with Wightman field theory established (9). 

2. MLEDELSTLM'S CONJECTURE 
.a•Ma•sniatiarar 

Mamdelstam made the big conceptual, step in combining the idea of 

single dispersion relations at fixed momentum transfer or angle and fixed 
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energy dispersion relations, with a generalisation of the substitution law. Ho 

conjectured that, there would be one amplitude gs, t) which described all the 

crossed processes and time reversed processes 

C +D 
B +D  
C + 

+D -4 J + 

	

B +D 	+ 

	

+ B 	b 

which have different physical regions which are, for stable particles, always 

dis joint. By the sane amplitude we mean that there is a connected region, 

including all the physical regions in which gs, t) is analytic in s and t. He 

specified the analytic properties by a generalisation of the two types of 

single dispersion relation into a double dispersion relation 

7̀ 2. 	(c`-c)(k f-t) 
The support of (2st etc. to be the sane as in Perturbation theory. The 

asymptotic behaviour to be like a polynomial in s and to so the equation 

might have to be substracted N times. Thus for the 	system, the support 

of rst is 

st 4(4s t) =0 

st 4(4t s) -0 

and cyclic for others. 

Th3 physical region for the s channel is clearly 

cos 	real and in [-1, +1] 

V real and in [ 0, 00 

transforming this region to s and t variables (note one has to check that 

boundary of s and t region corresponds to boundary of V , cos a region and is 

not a turning point) we obtain the regions shown in Fig. 1. 

Thus, from this, one can regain the single dispersion relations in s, t 

or u, e.g. for fixed s 

7i 	) 	4_, _ e. 	 Ai 	-t i-  t 
where112 and./..are called the absorptive parts, since, for s, t in the t 



-,!`-t 00A, ets. A.t A 004,., OV 0%. o.44-tv.n.A. 

I 
/1••••••••••••1••• 

..... 7.: 3 

S a 0 

- C. tr...tAnto.•..C...1... 
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/ 

physical region 	A2  (s" t
/ 
 ) = 'rags, t ) However, this holds for all 

/ 
s and to ands  insome regions,A2(s, t) will have an imaginary part. In fact, 

	

11 1(514')r- , i Ass (-7_ 3 ( k yt I  ) 4_ _ 	( t 4- Wi f__)  
ri. 	 7-, --- s 	 1 	s '— s 

1st equation is integral along a line like J B, in Fig. 1, 2nd. over line lila) 

C D from which the integration limits can be deaucod. We nay also use the 

notations r 23 = (tu = 1.23  = Atu  etc. The analytic properties of the f°  arc 

not known, but it was assumed they would be smooth. He also wrote down the 

unitary condition in the elastic case 

3a.Av4 	 a 

Zi  = cos (initial final) 

Z2  = cos (initial intermediate) 

Z
12 = cos (internediate final) = Z Z2 	2.3

2) (1 - Z2
2) cos 

= azinuthal (initial intermediate) 

Mandelstan proposed an iterative procedure using his representation ana 

unitarity, and that they would form a complete dynamical basis for a theory, 

although he did not attempt a uniqueness proof (but see section V). 

.z 	= • •:::t 

:o:. 
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When there aro several invariant amplitudes, e.g. different I spins, there 

will be a Mandelstam representation for oaoh one, with separate double 
A 

spectral functions. Thus, in the
I / 

case, we have three amplitudes, m (J4,u) 

.1 	s ( s , • 	. For other processes there will be stable 
-4- :AA tA.n6C 

particles exchanged, i.e. polo terms as well. 

BGKT (10) showed MR was true in potential theory, with nonrelativis-

tic variables, except there was only one double spectral region, two if there 

was an exchange potential. They also showed that the solution by iteration 

was unique and the theory based on Mandelstau rep + unitarity (MR U) was 

equivalent to the Schrodinger equation. 

Bros. etal (11) have shown, in LSZ, the crossing analyticity of 2 

particle scattering amplitudes, for stable particles with +ve masses. They 

showed that JA an open (complex) neighbourhood in all variables of all 

physical points except the expected s, t, in outs. Also that these physical 

regions are connected. This also applies in other axiomatic schemes (9). 

3. CHEW'S PHILOSOPHY 

Tho Lxiomatic Is roach Bootstraps 

We have a theory independent of the theories from which it sprang. We 

also have a philosophy. For every two particles 	two partiole process is 

conjectured to obey M R + U. Every higher process is conjectured to obey some 

(unstated) generalisation. Unitarity in s channel, say, connects a process 

to all processes with seine quantum numbers in the s channel; in the t, u 

channels to all processes with sane q. n.as in the t, u channels. Crossing 

connects a process to its crossed processes o.g. 

7iN 	r ri 	connected by crossing to TY/1 -4 r174 

connects s channel with "rk --> 

TO‹. 	N 17.1 	connects in u channel with -A--A -a A A 
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Thus every process affects every other. On the other hand, the requirements of 

analyticity and unitarity are very powerful. Further, there are many self-

consistency conditions to be satisfied, for example an analytic continuation 

from s channel inizN to t channel should produce the same amplitudes, as this 

channel is also N. This loads to the Bootstrap conjecture of Chew, that 

these equations will be sufficient to determine all the amplitudes for all 

processes, in terms of a small number of parameters. 

To be able to attempt to write down representations for higher processes, 

and to be able to handle other singularities which nay be forced by the 

equations but not explicitly displayed, Chew has expressed the idea of 

maximal analyticity, that is, the amplItudes are as analytic as they can be, 

consistently with unitarity. Presumably this means that, if we have two 

solutions which Ojffer by an isolated singularity, then we take the one with-

out this singularity. The idea is that strong interactions are as strong as 

an interaction can be. 

Is we shall probably not be able to solve over 200 coupled non-linear 

integral equations simultaneously, then we hope that we can solve a subset 

of these and that the bootstrap idea holds in the subset, see sec.(I-IV-3). 

We note that the n- - II-  system, which will be studied in this thesis as 

a prorotype bootstrap problem, is ideally suited for this purpose. For the 

pions are spinless, also crossing relates it to itself only. Unitarity 

relates it to itself, right up to the threshold for 47t ) so we night reason-

ably expect elastic unitarity to be a reasonable approximation. Also it has 

no pole terms. The 4.7( contribution is usuallytaken to be dominated by the 

two body coagulations KZ al:1(1716J 
Subsequently to Chew's idea, work has also been done on completely 

isolating dispersion theory from field theory and placing it on its own 

axiomatic basis. Such workers as Stapp and Olive have tried to deduce 
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concepts like time reversal and pole terms, purely from maximal analyticity ideas. 

Some extreme Snatricists have tried to abandon the notion of Hilbert 

space altogether, however J. R. Taylor (26) showed that attempts (27) to 

construct a superposition principle sufficient for the needs of Smatrix theory. 

ref. H. Stapp. Watscionce Report 26.  

lead to assumptions sufficient for the construction of a Hilbert space of 

asymptotic states and a unitary S operator which naps this space onto itself. 

References to the more axiomatic Smatrix theory are (28). 

Uniqueness, Constraints on the scattering amplitude  
and rigorous results 

We leave results on asymptotic behaviour until section IV. 

showed that if there ero a finite number of subtractions 

A (s,4,1A) .- Sr4 4:( c  PIA ( )t  ') C'r  (Ct1-1- 	+ cyclic 
Ti 	) J 1 (st—si(tf —F.  SI "' C ° 

FA.4. Nt 
F + 	

.E.  s  rii 
_ _—_—_.------ T LS  ( c") as• 	+ cyclic 
( 	1.._ c  ) 3  1 r% rs-u 	jC 

lroissart (19) 

'° 
+ pole terms 

then, if the double spectral functions O, s 9 are given, the subtraction 

terms are not arbitrary. Indeed the arbitrariness lies almost in the six one 

dimensional integrals and one constant 

	

C 4 S 	fo)s (3') ds'4. 	 s 	ctr , 	
+ cyclic 

	

n 	 s'--s 
He obtained this result using a weak high energy unitarity condition. 

Martin (20) also used the existence of purely elastic regions in one or two 

channels. He showed that 

(a) If in one channel say s there is a purely elastic region [ so' 
s1 ' 

then a knowledge of /0,, (s1 t) andrib Mfor s in ( S,,)Sl l is sufficient to 

determine completely the three double spectral functions, and the pole terms 

in the u and t channels. 
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(b) If, in addition, there is a purely elastic region in a second channel, 

say n, then the same information completely determines the whole amplitude. 

Hence the subtraction terms do not contain any new information. 

The application of crossing symmetry should yield an even stronger 

result for, in neutral 	scattering for example, a knowledge of rIA (S ) t )  

in the elastic s strip determines ()34k )h)in a way which, a priori, does not 

guarantee the crossing symmetry relation between them. This can be further 

emtenaed (21); in the 7C/i. pseudoscalar case the amount of input information 

to determine the amplitude is reduced to a knowledge of (0(s,t) in an arbitrar-

ily small region of s and t in the elastic regions with an arbitrarily small 

boundary with the boundary curve of the double spectral function. Further, 

Martin (21) has recently shown that, starting from the analyticity region 

provable from axiomatic local field theory and using unitarity, the region 

of analyticity can be extended to (4) R) 0 (s in out plane 

3 = (HA  4t-ig)2  4 >, 	S = (M, 	- 	\) v?„ 	R is a fixed number = 

4 forlTA case. This domain can be extended by analytic completion and by 

repeated use of the unitarity condition. 

Mandelstal (22) has also obtained a domain partly inside and partly 

outside this domain. La a consequence of Martints work, the D waves and 

higher waves for/070.-) 707i°  have positive scattering lengths. This is 

true for the I = o partial waves of Oli--47V7(. See also '23). Llso /k(Sct,v0)  

for 7;°7°  -471-071 0)  is bounded numerically for s, t, 31 4  4. In fact, 

< 

In the physical region, one has absolute limits on averages of the amplitude 

or of the cross-section. Hence, from field theory, if we assume noiraibound 

sjC,e,:es exist, we have a limitation on the strength of theliainteraction, 

see also references (24). The generalised field theory of J. G. Taylor (25) 

is an example of a model satisfying the8-matrix postulates. 



4. 	CROSSING MATRICEStonSORPTIVE PARTS , LEHMANN ELLIPSES, 
PARTIAL PAVE ANALYTIC'S 

Having decomposed into isospin states in ono channel, spy S 

7  A 
i= 0 

we can relate the amplitudes L
s
I to those obtained by decomposing in a crossed 

channel say I
t' 

which will be simply linear combinations, from the super- 

	

position of states, 	ti 
/ 

	

As
I 
 (S ) .t) tA-) 

	2Z 	A 7 ,,  
7 1,-- 0 

A 	(s,.1 )%0 

Pe can obtain the crossing matrix II', by evaluating the recoupling coefficients 

which relate the different coupling schemes in the combination of I spin 

< (St i 2. )J11. (13 ji+ ) J3'1' ) j 1 (JI J3) 113 (II it.i.) j'r-{- i / 

< ((1 	I )1 	(( 	I ) -il) 0 1 ( (1 
[ (-1?(T 	 5 ' 	►' 1 
(L)(L)(-01-* --c-Fi 	iii T' 

• I 7 

C (0(7.) 	 I 3--
where (I) = 21 + 1 

Hence 

v ) ( I 1) 
	) 0 > SO 

1

/1  

1/3  

the significance of 

  

-57; 
/i 

th 
that the elements of the I row are factors for 

projection of different states 1' into the I state and the elements of the 

th 
I 	column are factors for projection of the I

/th 
state into different I 

states. 	Thus for P wave 

P ----)I= 	0 
1 
2 

1, 	t  
I 
I 	1 1  
I 	

i 	I 

I 
I 	-ff 	I 

4,r . 0 	1 	2 _ 
P 	

_ 
r -1 - 
3 	-f --if 6 _ _  

Elements' of 1st column Oe same, so I = 0 when projected into any state has 

same factor. 

L further crossing condition but deriving from the identity of the 



v, 
2 

•;:horo• 
(

O is radius of convergence of 

1/ i 
00 

3,3 	
(
.1 

15 
crossed. TM. process to the direct one is the "self-consistency" statement 

S
A 	 ) 	 //) 

(v., CA" S 	
lit 

) cos 6 / 	P,11 	v , 	s 
 

We can decompose the Mandelstan representation in the following wry, to obtain 

a fixed 8, say, dispersion relation oo 
Pik (S kr2CA-te 	

'‘ 
i 	A.  (s, vi)  A)" ' 

 7 	 4- _ 	 _...._ 

whore 	A (5  LI) -_- 15 4. 	p5i.. ( s'') E') at,   	('''' fik  LA  L22„,...) A s' 
I 	S -S 	7. i 4 	1  S '— S 

r 	V 	4_ 	I 	I 
1( v, 1--. ,t ) 	L 	{- 	 J 

the lower limits on the integrals are of course the boundaries of the double 

spectral region. We also note that, since lit(s, t, u) is analytic in this 

region, it can be expanded in a power series, or better in a Logendre series 

and that this is just the partial wave expansion 
00 

) " )
2 t- 

( 3j?  + ).--Lk A (s), 

This expansion will converge in en ellipse which has foci Z = 1 where 
2t 	i.e. t = o and. t = - S , the boundaries of the physical - 1 s 

region, and which just touches the first singularity. The information that the 

series is destined to diverge at a certain point is contained in the coefficients 

ImA (3). No),7,en  Pn  (Z) converges in an ellipse semi axes 

d 	) 
C h  

WO 7.r..70 the single dispersion relation ,....7,  v0 _ 
/1 (5 )  i- , IA 1 = 2- -t\ I., 7114 	-' — 	 IA 1 _ vk 

:ge.:„. t"..1,-; partial wave series diverges in most regions, however WO can still 

definD the partial wave amplitude, use it to calculate with, and finally sum 

it only in the physical region 
4-1 

Ak 	= 	(co,‘`)? . A ( s 	, ) 

Partial wave amplitudes are easier to work with because of the simple form of 

Stu:._ . 	( )  
simp 	 T 4 	tn — 	 \ J 	1  V 
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the unitary condition. However crossing relations are slightly more complicated. 

From experiment, one expects that in the physical region the amplitude will be 

well approximated by a few partial waves, however this may not be true away from 

this region. 

If we insert the Mandelstam representation we obtain the analytic 

properties of the ilc(c)] which are simply analytic in the s plane with 

cuts [0,003 , [-1, -4 

The right hand cut is the physical cut or rescattering cut and the left 

hand cut is the unphysical or force cut. The exchange of particles mass in or 

the interaction with Yukawa potential range 1„/ lead to force singularities 

near s = -n2. Short range forces occur on the far left and for low physical 

energies one expects them to be unimportant. This loads to the "nearest 

singularity" doctrine, which has been used extensively. 

THE SIGNIFICJINGE OF THE LEFT MLND CUT 

For physical intuition, one might turn to potential theory. General 

analytic properties have been the subject of much study. .L review article due 

to Newton (12) covers square well, zero range, repulsive core and exponential 

potentials. .L review by Bargmann (13) reviews soluble potential models. 

Yukawa potentials for s- waves are treated by (]4) Martin, Jost, Regge and 

R. E. Peiorls 

Jai;, 

m, 

s7.:11. 	E . "2.xi ‘.rbi 

and. for *0 by (15) Martin 

Finite range potentials have left hand poles only e.g. range d, strength vo, 

f-(A/kol.  
L cos 1 ,, 	— 	 A 	k:- 

and an essentially singularity at W= co. 

has 	So 
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Infinite range potentials have left hand cuts, except the expunential potential 

which has poles only. Oscillating potentials can give extra poles ("redundant" 

poles). The potential corresponding to a single pole is the Eckart potential, 

see Bargmann. 

Jin and Martin, assuming a finite number of subtractions in MR U, hrve 

shon that the left hand discontinuity must change sign at least ,e times. 
In general, there is no easy way to extract the discontinuity on the left hand 

cut, giiei the potential. The best one can do is give an iteration procedure 

for gradually extracting more and further loft hand cut; the Born iteration 

procedure. 

THE BORN ITERATION PROCEDURE 

The Born term in potential scattering is (16) 
oo 

0 	'• E 
this occurs as a separate term in the potential theory Mandelstam representation. 

0 0  

t) 
	 ) 4 	

0 

 C 
s 	(3',  

0 
anti as the inhomogoneous term in the integral equation 

re , 
, • 	I • 	

v 	• )  
- 

V is the Fourier transf. of potential. 

;103. 	This has 

) = to ITT 	) 
c7r1 P have uniformly convergent series expansion. This generates the  

T.Pr71-: series, each term of which is analytic in the desired cut plant. 

3o:m term has partial wave projection 

or for a simple potential a.f. (q) = (Ay • 

which only has a left hand cut. 

The second Born tern has partial wavo.projection which cannat'be,clono:' 

explicitly, however it has cuts on 
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right and loft, and all higher Born terms also have a right hand cut 

e.g. TIm )t 	L Qt( (*)4.) ] 7- 	v > 
4 11- 

Indeed, eventually the right hand cut will satisfy unitarity. Thus, the Born 

approximation is not unitary, but the usual procedure is to take the left hand 

cut from the Born approximation and unitarise by N/D. 

Note that the Born series is a power series in g2. It is to be remarked 

that a polo in t although occurring in the singularities of a Yukawa potential, 

is not the whole contribution, but the first Born term. In addition, the 

Yukawa potential has other branch points at 

- k _ --I (^,tAY 
' 	nth Born term. 4:1 --)AA') 

Thus single particle exchange, in the relativistic case, corresponds to the 

first Born term of a Yukawa potential. 

One can project out right and left cuts from the non-relativistic 

Mandelstan representation. The additional cuts apart from the 1st Born term 

are contained in the double spectral term 

Jo 

oksfra 6Ck: 
' 	 

o 	7~ 	Si- r - 

giving left hand cut 

q.c 

(51,1). pe [I 

I 	L 4- f]2S 	4 

x0< 	< — vv,4. 

t (,. t>0 oil 

vin ( -ft. — -( g) 	
1 

= 

	s • calff . 
-I 0 	) Lk441" 	Tc. 	4-E 

	

and right
` 
hand cut co 	rut. 	(c,,b,). 	64 	

?- 
4- 

1.-tm c 	= 

	

4-v., 	 2.s 
THE BORN LPPROXIMLTION 

The Born approximation is valid at high enough energies in potential 

scattering provided (17) 

fa (-° 	slower than 4L 4
6 1 1-4- 

The extension to the relativistic case was argued by Noyes and Wong (17). 

BGKT studied the exponential potential and concluded that the approximation 

was not necessarily reliable (see also Section 7). In relativistic 

calculations, because of difficulties of computation, the inclusion of the Born 
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term has been a popular approximation, sinoe it has an appealing interpretation 

as a single particle exchange; however recently several authors (18) have 

indicated despair of this mechanism. 

INELASTICITY 

When there are several channels open, i.e. two incoming particles, there 

are various allowod outgoing states containing different types of particle, not 

necessarily all two-body states. Unitarity reads, from equation above 

1 
Lk 	`', 	„ = 	t i` i L cttk.1

2 
 

can be written 	 Jam• ci I I 

= 1 below inelastic threshold 

It might also be remarked thet R(V) has cuts starting at 	the inelastic 

thresholds. In certain cases those will be below the elastic threshold, e.g. 

N N —*NW has a Tit, qtut, so that R(1)) function would have a branch cut 

from 4 m 2 	Vie discuss consequences of inelasticity in later sections. 

Hamilton (30) shows that 

if R —4 °O 
v —> cx..) 

then 	of  > 0 ( 
oc) 

this is self contradictory, hence R must remain bounded. Roughly speaking, 

the incident wave strikes an area Alt and physically the bound demands that a 

finite fraction of the waves striking this area will be scattered or absorbed. 

If completely inelastic then 

and 	Y.00 = 

so 	 jam. (v) 	° N,_>  00 
Tv, 	( v 	) --; —rc) 

4-72_ ,,o 

00 	l b  '7  -x -4  

Experimentally 
	

6-1a = 0.16 	17 Gov 	7-  N, 	R = 6 

640 	
0.24 
	

19 Go v 	R = 4 
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Models have been given (29) which predict 

—) 
od 

THRESHOLD BEHLATIOUR 

Near threshold we expect that behaviour will be as in SchrOdinger 

equation and this is 	11(. (v (>( ) 

hence, from elastic unitarity, 	S w A e  (V) o 

This is due to the presence of the centrifugal barrier term 

SDBTRLOTIONS 

If f 	constant, then apply dispersion relation to 

then 	 Tv, -{? (K ')k  Re,c()e) 	grz.-[(x0 4-  (1`=)(°  Tc  )-f
00 

  , —00 (x'—v,)(x ,—x-) 
principal value taken at both poles. 

If f--.) 0 (Xn) and if analytic near X0  on real axis, then 

f(x)- 	—(\--)< D)fqxo) - 	- 	(K —x 0 )1".. 	1 0 )  

(X -- x 0 )" 
(4 [(A) = Rcf.(,(,)) 	 1(x,) 	- - 

+ („! 	`C E, Y1 . rkk f l' ()( 0 ) 

--,( 0 )'14.°°  [T. C., (•<') — 	C. (Y.) — 	• 

Tk 	 •,0 	 — 	 T„, "(vorie,lx/ 
• (ii) 

The principal value need only be taken at X, for, near X0  

i 	
a 

)(0-E 
	' 	0 	

Yo48- 
	 cauchy limit 

hence can replace by 	
ordinary limit. 

THE SECOND SHR1T. OF THE PLRTI.P.L WOE JMPLITUDE 

Using elastic unitarity, 70 can continue through the elastic out to the 

second sheet. Bumps in observed amplitudes arc associated with the occurrence 

of unstable particles in intermediate states, which can be naturally related 

24. 4_ 

(_f(x)- f()(0))/(K-x0) 

)( 4 \P O 
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to pairs of poles on the second sheet. In most models, variation of parameters 

continuously connects resonance, poles with stable bound state poles. As the 

poles retreat into the second sheet, it is not clear at what point they cease 

to qualify as particles and this will lead to trouble in broken symmetry schemes. 

Compound structure of a bound state can be associated with second sheet cut 

structure. 

OTHER REPRESENTATIONS 

We have not space to discuss important extensions of M.R. by Regge (31) 

Khuri (32) Chew (33), Junes (34) and Eden (35) and others (36). 1 summary of 

requirements and formulations has been given by Eden (35). 

III. EXPERIMENTAL INFORMATION  ON THE T\70 PION SYSTEM 

1. General features 

Over the whole of strong interaction scattering processes, certain general 

features emerge. Most of them have not been verified for the 7c7i system, but 

we assume they obtain in 7"‘- 7i-  scattering. 

(i) In the low energy region, the cross sections can be well fitted with a 

few low partial waves, which can often be expressed by an effective range 

formula. As the energy increases more and higher partial waves are needed — 

the threshold behaviour of higher waves leads one to expect this to a certain 

extent. 

(ii) Most reactions have resonances each of which occurs in one partial 

wave only. There is usually only one resonance in any one partial wave. S 

wave resonances are more rare than those of spin 1 or spin 2. 

(iii) At higher energies (37) many channels open and the scattering becomes 

strongly inelastic. It becomes strongly peaked in the forward direction, with 

usually a smaller peak in the backward. direction. In these "diffraction" peeks 

the amplitude is almost purely imaginary, corresponding to very strong 
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absorption. 	.Lt 15 G-ov, thoro i.s 9ti l L 2j x.r.! 	1)83.-t Icrf -6 irr the forvard 

airection. The diffraction peak has form 
ot 	o 	A+ 

GI 
(iv) Lt high energies (10 —4 30 Gov.) and large angles, tho snettering for 

several different processes agrees well, over a multiplinntivc) ranE.4 

with the Orear formula (38) 	= L. 'exp (-aqsine) 
472, 	S 

1 	160 MeV for processes pp —4 pp 
fang 

a 	 pp 	7t +d 

Deduction of 1c 7( date from other reactions U9). 

  

The main features that emerge are three resonances 

740 Hey 	width 	90 Mar 
765 ± 3 Mer ( VR  = 6) width 124 Her - 

+ I.  
1253 ± 20 Melt ( VR  = 19) 	" 	118A. 16 Mer. 

The So has a large scattering length which is the subject of much speculation. 

The S2 wave is smaller and less accessible. Following Booth and Lbashiarn 

(39) we list existing methods of deducing the 717i amplitude from other processeS. 

(i) Final state interaction (!)in pion production experiments 

(a) p a —4 He3 	271 
(b) 	1i +N —4,  2n +N. 

(ii) final state interaction in decay processes (4.1) 

k+ 	3 i . 

(iii) one pion exchange model in pion (42) 

production experiments 

+N•—' 27r, +N. 

(iv) other models of pion production 
(a) static theory of Schnitzer (43) 

(b) extraction of charge exchange cross section (44) 

threshold anomalies (45) 

N scattering (46) 
2 7k circular cut 

so 
P1 
Do 

to 
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(vii) N N scattering (47) 

tjj exchange 

The So  resonance, Co, is a recent discovery and not yet firmly e stablished 

(48). Chew has suggested (49) that the So  wave has a decreasing phase shi ft, 

at 770 Mew, associated with a ghost state of a Regge polo with imaginary Maass 

n2 = -1.0 Gev2 where the Rogge trajectory cuts J = 0. This would give 

aol ".• 0.6 and C = 1.4 near 0.6 Gev2. It would also mean ao nagat-21ve, in 

direct contradiction with the results of Hamilton etal. The results of many 

analyses lead to the general result that the So  scattering length is large 

no  4,  1.0. The Sr,
6 
 wave is not ver3 well known, but is thought to be 

2,S0  wave e.g. ar 0.4. Some workers (5) believe in the existence of a 

C' meson in S
o 	1+00 Mov. L recent review is by Rosenfeld (51). 

L recent experiment (52) for 7c p 	-7-, °n — 2 Gay. pion momentum 

detects neither 6 	nor67. 

The large SI  scattering length has been attributed to the presence of a 

virtual particle. Baxu.t (53)) 

0 . Lr] 	J$73 	.f,2 uses a Regge formulation. 

D. Ltkinson (54) calls it an antibannd state due to a pole below threshold on 

the second shoot. Finally we mention a recent ambitious fit (55) of a. one pion 

exchange model, with form factor and off shell corrections, to 

Ti N 	N 	1.3 Gev 

obtains -aost of the expected effects including the 5.vlbut not the 0-'0  nud . 

gets the r  width as 170 Mev. 	E0  s -114- o M 	1-L 0 Me v 

He obtains curves for D2 and F1 waves also 

ns2 = -0.33 

d 	= 21 1. so 

fo 1250 width 140 Mov. 
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IV. 	ASYMPTOTIC BEHL.VIOUR /ND BOUNDS ON TIE L1IPLITUDE 

Pomeranchuk theorem; 

Rigorous bounds; 

Lsymptotic behaviour of partial wave amplitudes. 

THE POMERANCHUK THEOREUM 

There have been many proofs (56) of the theorem 

0--  
tot 	 (5-tot 

- 123 LB energy. 	 LB 

Llso if 	6 
tot 

1/ (log E)2. 

constant, then the difference must decrease as fast as 

Martin (57) showed that the necessary assumptions are 

(i) inside the analyticity domain, the forward amplitude is bounded by 

C(E)• exp 	cl] , for arbitrarily small 

(ii) for s physical 	 O. 
s( 

(iii) ( 6-j 	LB ) LB 	approaches some limit. 

If any of these three assumptions are relaxed counter examples can be- found. 

Eden (58) showed that if 

log E ot % (log E)-1 + C 

then assumption (ii) can be replaced by unitaxity. 

RIGOROUS BOUNDS 

There is an extension to the real part: If I1-2-CL2-2 1sIllog 4 --) 
end if R 	 -4 some limit, 

then this limit = 0. Lase to the modulus: If ( F(s, o) 1 is bounded by SN  and 

if limit F(s, o exists, then it is 1. This extends to finite t o if ono 
5T-s, o) 

assumes that InF(s, t) does not oscillate infinitely many times at large 

energies. 

L review of rigorous bounds has been published by Martin (59). The bounds 

depend upon what assumptions are used, of course. If one assumes analyticity 
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in S for 9 ‹t ( 1 	then 11(s, t) < Cs2 	v ‹t <,4 

s, 	1 < 16 77. 	s. log2 ( 3 	) 
S o 

0-- ol > log 2S. 

( (5-tot)2  

If one assumes full M.R. and a polynomial bound, then 

11.(s, z) I < 	C log3/2  s R 1 - Z2) 

liccording to Martin, the limit on the strength of interaction comes from the 

polynomial bound. Jin and Martin (60) showed that in o(t<14., the number of 

subtractions needed does not exceed two. 

Eden (61) has shown how to determine the phase in the high energy limit, 

given the behaviour of 	tot and a crossing condition. 

PLRypL L1JE LMPLITUDES 
From the elastic unitarity condition 

Ird
-1
(9) = 	V 

call DEL = I, Reit . R 

then I .,.: / v_  . [12 + R21.  

Al I/ 4. 1 

I2. f v 	- I 4- R
2 

= 0 
)/.17 	Al v+  -T 

1 	. 1+ ji - 4112 	v +1. .. [ l+  Ail  1- 
when R = o, I 	1.7,;...,_  . 	 - V .4- ) 

when R  4R
21.1  > 1, 

V + 1. 

We thus obtain the bounds 

I \ 	 — / / v +.7. attained when R = o 

R I < 2 17— 	attained when I - 2,4 v  - t iv+1  

When inelasticity is included, the results are only changed slightly, for, as 

discussed, R remains bounded. Thus we obtain the analogous results with 

Al V I  -r:'. 
r y  

replaced by Ral--T 

From tho Froissart bound, Ii il1(V) < C.V
2. exp -1(to4 2 

hence 	 1(V) becomes negligible for 1 >> L where 

imars-mwarl,m. ege, 

+ 1 

I becomes imaginary, which case 
must be excluded. 
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L ( 	 . log s 

0 
• 

• • 	Inta (v) -4 0 
1 -4 on 

but, 	fi 1 	
c 

1 	L 1 	o 
1 -?c,NO 	1 

. . 	Roli(v) --> 0 	and negligible for 1>i,  L. 
1 --op 

These bounds for 1 -4049 presumably include the fact that for 

1
(21 + i) ImLi(y) P1(z) 

to converge, we must have 

j4it, lImill(v). (21 .1- 1)-1/1  
00 

 
1-1.  

where the semi-axes of the ellipse of convergence are 

1 
(f + 'IF)) -k( r - 

Most theories also agree that ii 

	

C  1(v) 	n .  
V oU 

From the Phragmen-Lin7.-alof theorem, if we assume 

(a) 111
(V) continuous on real axis apart possibly from finite interval 

(b) It does not grow exponentially, as Ilikooin u.h.p.)  i.e. polynomiafly 

	

bounded 	Ii m 	log_fa(V) = 0 

I VI 	op 

	

(0) 
	

Limits L1(v ) 	± 00 oxist, then 

L1( +co) = Ai( -,0). 

Hence we have a limit on the strength of the force discontinuity namely that 

In 1(v)-4 const. = R1( +09) 
- 00 

In preparation for considerations in the next chapter, we try to got a 

clear picture of the partial wave series in the physical region. Vie have said 

that we expect there to be dominance of a few partial waves at low energies -in 

the physical region. ins (cos(O increases out of the physical region, higher 

waves cone in and accumulate at the boundaries of the double spectral regions. 

Ls the enertz,  increases, more partial waves occur, until we reach the 

asymptotic region. Here, most of the amplitude is in the forward and_ backward 
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r1-iffraction peaks with rapid fall-off at larger angles. Lase the total 

asympto-tic behaviour is gs, t) 	S for t = o. It is also, probably, 
s 	c,c  

purely inelastic. The partial waves thus nust either become pure imaginary or 

else adjust their phases to cancel out the real parts. 

• - 

peak clearly contains many fairly equal partial waves. 

.Lway from the rlif'iraction peak, the constructive interference rapidly 

becomes destructive, and gives a low value to the sum of the series. 

HIGH ENERGY LIMIT OF P.LRTILL IMES 

Lt high energies, the amplitude peaks strongly in the forward direction. 

For any shape of peak wo can estimate the partial wave content of the 

amplitude at high energy by approximating by a. constant amplitude 

= 0(V) 	z = i 1  / z0(v) 	, = o 	z in [ z0(v)  - 1 i 

then 	=
, 	P1(z) dz. 
2 zo(v) 

%.j/ 

Z o 
and low waves will be slowly varying within a narrow peak. Hence 

112.(v) = C(V). L1 - Zo(w)] /2 	^- 	indep. of 1 

the sane for all waves until sufficiently hiGh 1, when oscillations within 

the peak will cause a reduction in the value of La.(v). If now, we take the 

peak to vary with )) such as to retain a fixed width to as a function of t, 

the momentum transfer 

	

s — 4 	4 

• • 	Li(v) = c (v) 	—to./41i 	 1 > L(v) 	say 

henco if 	 = 

	

0.--11-  •• 	 constant 
S 	00  

so 	C(V) 0C V 

then 1:1(v) constant 	 I > 	) 
V c0 

• I 

1 	S 	P 0,_±,0—P-Qauzar.ge-. The diffraction 

now P1(1) = 1 	all 1 

2,001) = 	 1 + 2-bo 
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clearly L(v) 	00 	end the high waves approach the same constant, but 

o0 
progressively more slowly. 

If we try a b - function peak 

S (t) 	(4v(z — 1) ) = 	1. 	(z-1) 
24-V 

we get all waves equal. 

The phonomological peak is actually exponential in t, of course. Further 

the partial waves are found to become purely imaginary in the high energy 

limit. The value of 	depends upon the model, for 

width of peak I (s) 	C2/log2s. 

then S Ar cvb 
2 

For Regge model h(-4 1. 

tot, /N-   C I .log
2s 

t.sy4totla beliaViour and 

Theoretical asimRtotic  bounds  

It is important to be clear exactly what problem one is doing. If we ani) 

looking at the co ..seauences of M.R. + U, then we can use the rigorously proved 

bounds, and we aro doing a mathematical investigation of a set of equations and 

even if dispersion theory turns out not to be physical i.e. be a model of the 

real world, then our results still have a.. meaning. If we go further and put in 

experimental asymptotic behaviour, then wo are assuming M R + U is physical. 

The author feels this is particularly relevant when making several different 

approximations which may lead to quite a different amplitude to the physical 

one, even if Li R + U is true in its exact form. Thus, assuming elastic 

unitarity may lead to different solutions with different asymptotic behaviour 

and. imposing some experimental constraint in this case might be invalid and 

lend to distortion. 
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THE ASYMPTOTIC BEHAVIOUR OF PRINCIPAL VALUE II\TEGRLLS (63) 

To find the asymptotic behaviour of 

f(v) = P L.4)  O f  1 • 	V
( (1.) 

"gio 	11' — 
given the asymptotic bohaviour of ()(v9 is fairly simple for V values outsido 

an angle including; the cut, but, within this angle, one has a more complicated 

situation and a knowledge of the asymptotic -bound. of 01('Y') is also needed.. 

Then the theorem of Lanz and. Prosperi (63) in that )if 

(a) (1) exists 
> v 

(b) v 	sit. 	1r ( v' ) < 	v  
0 

(c) 1 	(v') 	(V) 	 v > v 
where go  (v') is a continuous positive function not smaller than oonst/ 	+ 1 

then the following regulations hold. 
< 

If(Y)1 <
c 	[log (x 6(.3c +1) ) 

Iv I f(V) I 	.,02 I°C  

E°4 	 IV I > rz 	ILi I j,  c7r 
o< 

(ii) I f(v)I < cy . L2 log (x2g(x)) + log x 	const] 

f(v )1 < 	• log. I vl 	
IV I> 	I cP  I < 

(iii) > I 

	

	I v I
A-0 	 I v I> r•-•-••:-• • 

f(S1)  I  < 	CO 

	
ICI  > t'D 

` ••••--, 

and if - 	= n+ 	I
-•• 	

< 
end S

o
.0 	, 	GlY i= 0 ; i = o • w • 	 q 

then;  for q = n 

	

f(V) 	c1 	• 2 log (x1+  g(x) ) 	+ 	1  log x 	coast 

	

*) 	c2 ' • 1 4. const. 	, log 	x 
tt 

tor 	q 4 n 	 z 	2 ,/ ....-Lai 41 	o, 	 t ° I ? \lb t  . ,—. 
I f(v) I.  '<,* cot/i v 1 . •P 

. 	 ..... 

where - 9 = 
. .. 

x 4, iy, 	y fixed in 0, 174 	. 
 

.4 	• 	.. 	. 	. 

	

. 	• 	I 	 . 	-% • — i 	1. c 
.1 	• C1 : • °..2 	) 	Vi • 	V 2 	

. 	i 
7c 	o positive numbers, 

4.1 

(i) 
consti 
Iv) > v-1 	I cel< 



04 (0) 	1. 	 (2) 
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1pplying these results to Li( ) restricts a_ Im/l(v) and Im11(Y). 

If the derivative Imd1TV) is bounded by a power of V then the right hand 

integral is bounded by constant.log M . If we assume that 11(0),‘, 

and that Im11 	limit then to satisfylL1(v)1 <k-1-1 	< N 

00 	 V 
we must have Im11( -01) = ImL/(+00), to give cancellation of the logarithms 

from left and riEllt as V 	+00. Then Ll(v) is bounded in every direction 

of the complex 

If, on the other hand, tire merely assume InL1(v) bounded as V 3 - Od 

and derivative bounded by power of V then 11-1(v)l-4 const. log IV1 

V 00 

except small angle near 
negative real axis 

.71 

This agrees with the Rogge behaviour 

L(s, t)4 	g
(t) 

s-) 00 
Omnes has shown that, assuming (2) 

Im11( v ) 	< const. 

***ILI(v)1 
V "') 

...11(s, t)I 	I sly (°) 	log s. 
s 	op 

Lnother consequence of the theorem is that to justify N4 method, since ono 

needs the thanes function D(v) bounded by 111 1(asv„.: 00, one merely needs 

S. (v) bounded as V -1>o0i.e. lip r~1(v) 
oD 

V. 	PLRTILL 'alVE DISPERSION RELLTIONS 

The NJD method 

If vie define the subproblem, given the left hand cut discontinuity, and 

given that the amplitude obeys unitarity on the right hand cut, construct the 

amplitude, then a variety of methods have been suLgested. The most popular is 

in all directions. This actually forces 

	

L(s, t)I 	--> const. 	s 	log3 
s 

	

t 	o 

const. 

need not exist. 
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the NA method (65). One conjectures that 11(v) can be written in the form 

.1•(v) = N(1))/D(v) 

where N(') only has a left hand cut end D(V) only a right hand cut. This 

separation is certainly possible in potential theory (66) 

• -Ft (V-) 	(-0] /:t.i:k 11 (v) •*- 
L (-1(-)  

ana can be carried out in the elastic case since one can explicitly construct 

the function 
00 

[ — j Y —v)f ok,', SE  (v I ) 
io 	(vi— vo) 

Now, 	cwt N  (v ) --= 	 3,,, A t  (v). 1)), (v) 
, 0  

Tv, Dt  m i  -: — Ntk ( v) - ge ('') . 547-i 
N( v ) 	. 	1  1 - ci-, , . -s...,,, ,..., (v  , ) 	_ 	I.  

7 	-a) 	Y.- v 	r
1 i . 1 a v  r ... 

and writing D(-1)) in subtracted form 

NY) = 1 4- (v:-1,,rav f  .1--- D(v r  )  

	

T. 	J 0 	(0..- v)( v I— vu) 

..... I ^( vz Nej  ) C d , , 4 2_,, 	g ( ,, ) N (v')  04 

7. 	)0 	l' '$- I 	(., ' - v)(v/-vo) 
Fron these NiD eruatiens one can write an integral equation for N or 

v  ' ) 	
D:- 

-.0 	
. --I 

-r.. 	.1--0o 
GI,/ . 	1-1c, (v ) 	0 	(y 1  k 	) 0• (-I) = I — (v--v()) . 

03  
where A-t 

 (,, 
) 
v l ) . . . - — 1 ) 	c l v ti  S (vt / ) 	V " 	. --------- 

— — 
' vq .x. 1  r' 	u 	 (''''- vo )( v"- v )( v"- vi) 

However, the equations are almost certainly nonTredholm. 

Hamilton (67) derives a necessary condition for the equation to be of 

Fredholm type, 	S 	dr ITS-,,,A(v")1 2-  < 00 

which is almost certainly not the case. 

The Urotsky fprpoLN/D s68) 
, 

Nvi.4 	vi_ v 

where gr,) - 0L,', 	N . 	v P6A — 	(3(,-') 1 , Ni(v9 

— 0.0 	 Y 
The equation for D as before. This is a much better form, as one only needs 

B (v) for v in L0) 41 and the integral equation for N(y) is not singular, 

however it is nonFreaholu. 1,nother form is due to Frye and Warnock (69) and 

incorporates inelasticity in a natural way 

-v < 
— 1 

V > 0 
v 0 

-1--/11( t  v)D(v") 



1164- N(Y) = 	
am 

 B(Y) 
A 	Ju 	NY' 4 

  

32 /""V 6(v) - v  g(v 1)  

--- 

( c  ) 

  

They give a thorough discussion of this method. 

The unsubtracted fern of Uretsky N/D is 
NrT • Nivi) 3(v)  f-l(N = [(v 	clv 	v 

0 	 y 1 

NW) 
.41 	V t .--  V 

The NA method has also been extended to complex 1. 

THE CDD LMBIGUITY (70) 

Given the left hand cut and given that unitarity holds on the right, we can 

write the N/D equations, given in the previous section. If we add poles to 

D(U) then we obtain a Nfferent solution L., but it has the sane left hand cut 

and satisfies the sane uniterity condition. Thus the problem has an infinite 

number of solutions and an infinite number of arbitrary parameters. We have 

not specified the asymptotic behaviour of L we require, but this does not 

appear to limit the ODD poles. 

We do. not know how many solutions the integral equation for N(V) will have, 

if any, and if so how many parameters will be involved. Of course, adding a 

self-consistency or bootstrap requirement will have a big effect and will 

almost certainly greatly reduce the number of parameters. 

One can also introduce other principles to get over the dilemma, the 

usual one being to say bluntly that there shall be nc CDD poles in the 

acceptable solution. This can be enforced by requiring that Levinson's 

theorem be satisfied 

Note thatat CDD pole the amplitude = 0, so that it does not correspond exactly 

to e particle. Particles correspond to zeros of D, but the arbitrary parameters 

of the CDD pole can ensure a zero of D at an arbitrary place with arbitrary 

gradient. Hence COD poles are closely related to the existence of incalcul-

able particles. In their treatment of the Zachariasen model, Gall, Mann & 



Zachariasen (71) introduced an extra particle by oxplicitly adding a pole to 

D, however they took the position of the particle to be the position of the 

CDD pole. However, in a later treatment (72), the CDD pole parameters t', m 

are used to introduce an elementary particle g
2
, m

2
, the conditions 

D (,4') 
.6) 1- 	S 	tgAl" ) • 	(5) wt 

being used to eliminate r and z in terms of g21  m2. In the treatment by 

Goll-Mann and Zacharias= the solution with no ODD pole corresponded to a 

Lagrangian with bubble interaction only and the solution with a ODD pole 

corresponded to the allition of graphs containing an extra particle, which 

appeared in the Lagrangian. 

We first list the significance of poles and zeros on the physical shec-:: 

polo of L 	particle assumed always on real axis, cannot occur on 
unitarity cut 

zero of L - can occur anywhere 

pole of D - can occur (ODD pole) 

zero of D 	particle. 
There will be no zeros of D on the physical cut. Resonances 
correspond to zeros of RoD on the physical cut. C}1I prove no 
zeros of D in complex plane if NW) does not change sign, 
hence provided N has no zero on real axis 

pole of N - particle 

zero of N - can occur. Probably con only coincide with a zero of D in a 
single channel cylculatim, not in all channels simultaneously 
in a every channel calculation. L cahcident zero of N and 
zero of D is a ghost particle, and affects the assignment of 
particles uto zeros of D, possibly making Levinson's theorem 
an inequality rather than equality. 

pole of L- 	may correspond to zero of N or pole of D 

71 
of I. zero 	- particle, can be zero of D or pole ci N. Moffat found' a 

condition for no complex zeros of 1. , which was satisfied 
by his solution. 

Lnother point about L-1  is that, for a zero of Rol., we can have either Ref: 

or 	For a pole of LI  we must have a zero of L
-1
. 
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If we have the following problem: "Given discontinuity on the left and 

that a dispersion relation holds and unitcrity holds on the right, determine 

the amplitude", then the question arises, can we determine the number of bound 

states end their positions and residue's uniquely? In potential theory, 

Bargman (74) has shown 3 whole classes of potentials which all lead to the 

same phase shift but differ in bound states. 

It is hoped
)
in relativistic theory)

that the bound states will be calcul-

able. This could well arise as a result of crossing symmetry and self 

consistency demands. In addition, it has been widely proposed that there should 

be no CDD poles in the correct solution. This is sometimes described as 

Levinsonfs theorem being valid. It is certainly an extra constraint on the 

solution. For, suppose we are given the above-mentioned information, then, in 

order to determine 1. we assume it has en N/D decomposition. We do not know how 
many poles there will be in the N function. We assume there will be n say. 

We assume no poles in D and calculate D. From the asymptotic phase of D we 

determine the number of zeros of D. We can also determine their residues and 

positions. We can carry out this process for n= o, 1, 2 . . Re now look at 

this family of solutions and pick out the one which obeys crossing i.e. that 

ties up with equations and bound states in other channels. Of course, it may 

be true that those areatitrary and incalculable, or they may be determined by 

crossing. 

The theorem follows by using the theorem (75) 
I 	.r( 	-z_ 	N— P 

AT c 
where f(z) is analytic inside and on closed contour C apart from a finite 

number of poloeP and zeros N, and is not zero on the contour. This theorem 

is applied to the D function so the left hand side becomes 

d 	. ( D(7 4 1E ) / D 	_,,c)  )1 
L 

Utz , 	
L' 

t- 	
1 
	 L be  ( o )  .4-rk rt. 

— 	) 
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Levinson proved that D has no poles in potential theory, so that 

	

g(  (0) — (571, clot)) 	= 	no. of zeros of D 

which is Levinson's theorem. Zeros of D correspond to particles. If N happens 

to have a coincident zero then this will be a ghost particle. This means that 

strictly the assignment of the number of particles to the number of zeros of 

D is an inequality. 

Chew has remarked (76) that "bound states tend to produce a decrease of 

phase shifts" which is an interesting way of viewing Levinson's theorem. 

Relativistic treatments of Levinson's theorem 

Warnock's proof (77) requires that A satisfy a dispersion relation. 

Inelasticity can occur, and the imaginary part of the phase shift was subject 

to mild restrictions. The N/D integral equation'was assumed to be of Fredholm 

type with non-vanishing determinant. The theorem is 

[ S(0) 
	

tic 
1K 

n. 	= no. of bound states. 	no = nuffebr of'CDIS pol61s. 

For complete generality of solution, Warnock allowed CDD poles on the real axis 

below threshold. 

Charap (78) on the other hand used LSZ with a scalar hermiticn field. His 

result was 

I 	LS(o ) 	(.:o.) j 7 VI e — 10  

S(00) meaning the real part of ;100-)  

ne = no. of poles of D. 

p = number of particle poles with Z3  = 0. r is also the number of particle 

poles in the propagator. Charap obtained his result by considering the integral 

equation for the vertex function and some of the p poles occur on the seeend 

sheet of this function. 

Choudhury (79) showed that the Zachariasen model obeys Warnock's form and not 

Charap's. 
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Hag n (80) has given a field theoretic proof which agrees with Warnock's and 

the Zachariesen model, but disagrees with Champ's. 

MANY CHANNEL LEVINSON'S TIMM LID TEE EFFECT OF INELASTICITY 

When considering the relation between single channel calculations, in which 

the presence of other channels is represented by an inelasticity function R(Y) 

Or ((V) and the full multichannel matrix calculation, the question arises as 

to whether one gill get the same result in each case and also whether the 

application of Levinson's theorem in a single channel form in ocmh channel is 

reasonable. 

Bender, Coulter and Shaw (81) showed_ that the two results could be differ-

ent when the forces in the inelastic channel 2 wore sufficient to produce a 

bound state in that channel. On coupling to channel 1 this would produce a 

resonance in A,M. However, in this case, putting in the correct inelasticity 
factor from the multichannel solution into a single channel calculation of channel 
1: givos.a. different function. D Atkinson etal (82) indicated that in order 

to got the same function, one has to introduce a CDD pole into the single 

channel calculation. They proposed an alternative form of Levinson's theorem, 

applying to the eigenamplitudes obtained by diagonalising T above the highest 

threshold, by a real orthogonal energy independent matrix O. For two channels: 
04 1
7 

(,)

/ 	

(t) 

21 1" 	 ( T r q 
	"T 

_ 
4r , r , 

T (')  
L.1  

Thus, the single channel amplitudes are suns of eigenamplituaes, best 

represented on argand diagram. The eigenamplituaes obey a unitarity condition 

Tor,  1—  ( L. ) , 	1 --/- ti. )  I '-- 	 t.  7. ) 1  2. 	S ›,.... S2  

se 	 ":) 

S ` (s ) , the eigenphase shifts, are real for S however T(,)
(()will have " ..- C 2.  , h , 

addition branch cuts from 0/1 	and simple assumptions had to be made about 

those. 
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Defining 	0  lS1) = 0 the Levinson theorem 	15, 

c 	() 
Vkp is the total number of bound states in all channels. Thus the 

now physical principle is that the eigenannlitudes are more natural physical 

quantities and compositeness is decided in relation to them. The poles in 

the eionamplitudes produce phase changes in thom, and this is communicated 

in a complicated way by vector addition to the single channel amplitudes. 

Whether or not a resonance in an eigenamplitude produces a resonance in a. 

single channel amplitude depends on the relative sizes of the eigenamplitudes. 

In the 7C7K ) 	In 3 channel c-se a simple estimate for the d pole is 

obtained from the S l)(-0 combinations 
L `r,  	rc 4 — 	 k 

Thus, from the crank-shaft rule, if the r occurs as a polo of en eigen-

amplitude it will occur in the single channel 7T7 calculation and no OD 

pole will be necessary. 

In a case like this,,whore a resonance is largely in one channel, 

then it can be obta.nod in a sin4e channel calculation in that channel. 

cannot be obtained in a single channel calculation in another channel. 

Thus . 	cannot be bootstrapped in a. k K calculation. In more complicated 

C171;iO3, 09i-j0 	 7 •  
\, 4f 	-- 1  ( I7.:  r'l ) 4- 1  h .:: ) 4— 1  riet E ) '- — ( 71-n) --1- ( 7  f 0 

i 

1  k 	7 	IG 	-IT u 	— 	
1. 	• 	

..., ( 

1>i :3-- 	i ,-i- -L, 4. 	IR 12_ 	11", 1 	(z- 53 	I :s 4  2. 
it is difficult to imaTine the resonance occuring in any particular single 

chann31. There is of course no evidence for the truth of this many channel 

Levinson th,:orem, rnd it does depend upon the assumed good behaviour of 

uav) and -(v) . Douires has remarked that)
if quarks exist, then all 

pert 	ls, 0.c, ) may wall be best considered as bound states of quark 

systems, so that all 1)ootstrap talcs. would be thrown into doubt. 

Further' work hes boon carried out on many channel calculations 

inelasticity by Squires (85) and others (84 (85). 

and 
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T. DYNAMICAL CATBUMTIOI'IS 

The first dispersion theoretic calculation was made by Chew and Low in 

1956. After the introduction of the Mandelstam representation in 1958, the 

first attempts at approximateT17i-  calculations were done mainly in 1960. There 

were three main calculations 

(i) by Chow and Mandelstam 

(ii) Inverse amplitude by Barnsden and Moffat 

(iii) The work 	Shirkov otal. 

The Chew-Maidelstan equations 86) 

This wasthe first formulation of the Try problem for M R + U and the first 

occurrence of many ideas. They used a partial wave series in the t channel to 

continue to the near loft of the s channel. The partial wave amplitude was 

projected out and a nearby singularity attitude adopted. The partial gave 

series was truncated. They assumed asymptotic behaviour 

ImAt("0) 	/A (-4) 
Y ,x) 	 v 

corresponding to diffraction scattering. They used 0 method, an expected 

inelasticity to be significant only above 1/x10. They introduced the symmetry 

point s = t = u = b/3, and the constant X where e = -5 	Li = 0, 1.2= ,  

at the symmetry point. They suggested an S dominant calculation remarking that 

it was usually true for marginally singular integral equations that, if the 

singular torn is less than some critical value, the equation had a unique 

solution obtainable by standard methods. They expected this to be the case for 

S dominant solutions, but not with a large P wave. CMN aid numerical circular 

i toration and obtained S dominant solutions for different values ofX . 

For large P wave CM introduced the idea of "matching" the crossed channel 

at symmetry points. They used a two pole unitary form in the direct channel. 

They justified this procedure by showing it worked quite well for the S wave. 

They wrote down symmetry point conditions of various orders by differentiation. 
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They could obtain a P %*/ave resonance for some values of XI but the validity 

of this solution was dubious. 

The work of I3ransden and Moffat j87) 

This is discussed in Chapter 6. They used an inverse amplitude approach 

and a clever iteration procedure. The physical assumdtions were the scvm as 

CM except that they wore using a nearby singularity approach for the inverse 

amplitude which makes it a different approximation. They obtained the S 

dominant solutions of CMN and also P wave resonant solutions. Their solutions 

were very sensitive to X, but could give a sensible width for the . 

The ShirkozAvations 188) 

This used a different way of deriving couplod partial wave dispersion 

relations from the Enndelstam representation. They used a partial wave series 

and substituted this for real and imaginary parts in a forward dispersion 

relation and. its angular derivatives . They studied a neutral S - P model, 

which they could solve explicitly and a charged S - P model for which the 

asymptotic behaviour of.the solutions could be deduced analytically and 

families of solutions identified. Numerical solutions were detained. These 

involved many parameters and a resonant Pi  wave could be obtained provided the 

So wave was large, although not necessarily resonant, but if resonant then So 

()resonance width 	10 x width of . Thus the Shirkov equations indicate that 

the major force producing thefis the So' 
whereas C M expected there produce 

itself and be self-supporting. 

Criticisaja_povelace CV 

proved CM collations with both S and P waves possess no exact solution, with 

possible exception of solutions oscillating at infinity. The normal iteration 

procedures for solving will only be asymptotically convergent in the low energy 

region, convergence being worse the larger the P wave. A cut off is unavoidable. 

Exact solution has much worse behaviour than any order in expansion in powers 



of )\ . For finite 
	A(1(4 need 	Ati  (-00 = 	At (4-0)  ) 

which cannot be satisfied unless P wave vanishes in the physical region. 

Comparison with Shirkpv equations by Pivarova (90). 

BOOTSTRIP CALCULATIONS 

It soon become clear that, in approximate calculations, one did not know 

how many arbitrary parameters there would be and, therefore, how to apply the 

constraint of crossing symmetry in a sensible way. This lead to the bootstrap 

conjecture in which one assumed that there woula be no free parameters. This 

is thus an instruction to apply enough rpproxincto constraints to determine 

all parameters. This is a dangerous assumption but can be modified, e.g. 

one cnn assume there will be one parameter like Dransden & Moffat or one can 

try to discover numberically how many free parameters there should be (see 

next chapter). The first bootstrap calculation was performed for 71:JC by 

ZachariL.sen (91). 

FEYNMLN1 S PRINCIPLE OF INDIFFERENCE (92). 

That it was possible that there were several subsets of particles which 

could be taken as elementary and the rest could then be calculated. Further 

that it would be inDossible to tell which of the subsets was most elementary. 

F. E. Low has remarked that if one only used renormalisable interactions 

between known strongly stable particles, then the requirement of indifference 

gives many more equations between mass and coupling constants than unknowns, 

so that unless some remarkable identities oncurrad there would be no solution. 

Even if one satisfied these there was no guarantee that all scattering 

amplitudes will be identical for different choices of emementary subset. 

Salem has given an appealing approach to this principle by including all 

particles in the Lagrangien and on an equal footing, see section 8. In a 

practical calculation, the oligarchic tendencies reported by Morgan eta', 

see seotion 5, would make things difficult. That is some composite particles 



41 

may be incalculable in many channel calculations with certain choices of subset 

of particles and. calculable in others. 

The BootstralLidea 
at•--Jwa r • . s•-•r•‘•xar- an's: 

If, take some particles elementary i.e. occurring in basic equations, e.g. 

Lagrangian or S matrix, and the rest composite, i.e. calculable, derived from 

the equations, regarded as bound states of elementary particles in iteration, 

then, have unpleasantinsk of saying which are elementary and whether this set is 

unique, for certainly in model field theories (see later) this is meaningless 

in the form stated. One way out is t' say all are composite i.e. all oalculable. 

One can go further and say that all poles of the S matrix are Regge poles 

and all naturally occurring particles lie on Rogge trajectories. Rogge poles 

were assumed obviously dyhamical and calculable. However, see (95) where in 

massive electrodynamics the elementary spin i particle and elementary spin -;fr 

particle occur in Lagrangian and interact through conserved current. The spin TE  

particle is then found to lie on a Rogge trajectory. Also there is no 

restriction on its mass or coupL.ng  constant. 

The spin 1 particle does not lie on a trajectory and thus if one uses 

Mandelstam's conjecture (96) that ono needs all particles to be Rogge like, then 

one may still preserve the idea that if all particles were Regge-like then they 

could be bootstrapped i.e. all determined from dynamical equations. 

It was also taken that elementary particles would be fixed poles in 1 and 

would occur as CDD poles. Thus one assu2Aed CDD poles were incalculable. 

To keep things straightlwe note that ODD poles introduce arbitrary para-

meters, which can be used to give zeros of D producing extra arbitrary particles. 

That pole term _ s 	7  Pf (w / 

are incalculable from self consistency is far from obvious. Indeed,Dragt and 

Karplus showed that given the parameters of a polo in the processes A 4.13!-IA. 4 

the parameters of a polo in the proce.s A +A ---D + B could be deduced solely' 
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by the use of ii R + U. 

Finally we note that the bootstrap hypothesis is unaffected by dynamical 

details such as whether the Regge representation is true or whether tho r  
bootstraps itself. 

Bootstrap calculations in _emersion theory 

What has come to be meant by a bootstrap calculation is an approximate and 

usually single channel partial wave calculation based on left hand singularities 

fror2, single particle exchange terms only and solution by unitarising the 

amplitude. Zachariason! s method is the most popular as it is simplest. It will 

be discussed 'in Chapter 14. in detail, but is based on the ansatz 

INI(N) 11: 	g(v) 

The Balazs mothod will be discussed in Chapter 3 and is a modification of Chew 

& MandelstanlEi method. 

Zacharias= considered the P1 wave in 701  in which the f meson should 

occur and for which the r1C,,ill loft hand singularities may come from the exchange 

of a O . Thus by demanding self consistency in that the position and residue 

of. the r  in the cros sod channel should be the sane as those in the direct 

charnel, he was able to deduce two e quations for two unknowns and a hopefully 

unique answer for the position and width of the 	, to be compared with 

experiment. The values were bad - 350 Mev compared with 750 Nov for position 

and width 4 ::: too large. However, the fact that values could be obtained at 

all was encouraging. In this case, the 	bootstraps itself. ',nether type 

conjectured by Chow was the "reciprocal bootstrap") exemplified by N & N4 , whore 

it was conjectured the dominant "force" "producing" the N was the exchange of N 

and " 	11 
	

II 	fl 
	

tt 

One can escalate such considerations to boot strappi/y; whole families of 

particles simultaneously. However, at bottom, the basic idea is one of solving 

M R 	U by approximate re s and using the obviou requirement of self consistenz7 
as an aid. 
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SURVEY OP C1..LCULLTZONS 

Bootstrap calculations using; the Zachariasen nether]. 

1. A Wazed preprint Reciprocal for Quarks.  
2. G. Pie 	P.L. 15 	63 3/65. Kx s.c. with K-, il l f o  exchange. 
3. Zachcriason and. Zemach P.R. 1.?§ 	849 	10/12. 1 .7-cT, Tito coupled. 

Abors and Zacharicson ri ) 	reciprocal bootstrap. 
5. Got sum -0.. 
6. A. Kanazawa and. N. Jolcuan., P.T.P. 	142.  

K21,/3 exchange, width of K4: 
R. Kavanura. 	P.T.P. .32 2685/63. 

D . Liartin and L. J. Vick 	N.0 N.C. 	;59, 

Bootst-cap calculations usin; the Balazs method 

1. S. K. Bose and H. Descrkissian N.C. X.  878 	'63 
N.C. .3.o 	894 	1 63 

2. J. C. Pa ti P.R. 	1,3!4:  387 	'64 & in E A 

D in NN 
A- 	scattering 

3. G. L. KE:10 	P.R. 	135 	8/4.3 	64 	 -11- in i 
4. S. R. Chas_ 11-7,7-  cn.f,. L. K. Pant .. 	P.R. L3.5. 	1027 64 11.".  in it" . ... 
5. V. S Lash and 	gi B.I. Thloukar P.R. 128 1820 11/62 Nucleon ff. 
6. I, 	 i".,3p: 	1177 	63 	ec  in TT N. 
7. Balazs P .R . 	12.8 1939 10/62 	in 
8. Li. S-,-.-iecki P.L. 	.19 	333 	11/65 	Y. in 	N, 	if N coupled. 
9. Wong 	.R. 	138 	B246 	' 65 sinil. 

he variational method of Hamilton vas used by Ondes 
ref. G.C. Oados U.C.L. 	and Sienna 	614. for /7  inTric,, 

Different formulations of partial wave calculations have been cbveloped by 

7.  
8.  

4/63. 
x too large 

904 	10/65 K in T. K unsuccess- 
ful. 

1. CL2n6s 
R. 07111; 	.0 	21 	524 	8/61 

2. Tc:,71or 	Trutrag. 
nylo.2 rnd. `i'ruon 	N.0 . 	.25 	91+6 	8/62 

3. D. Zith::_nson 	CERN Tii 399 	1/64 
1.:ritibot- 2,1. states in Sol  also in S2  further agay. 

4. B. R. Desai P.R.L. 	6 497 	'61, 
< - 0.15, 	ac) ::,: 1.9 

5. R. C. 	 1525 	12/64 
v.. .:..rain's methe,1_ 

B 967 '64 

Tqy 	) 4-- I ( 	Lk-' 	1\((  yr) 	
[ (v  ) 

V 

s a rational a,pDroximation to the kernel 

_A- 	P, (i,v , ) 

v 

J. 

v. ) .13 (,)] 
v 

(regular at v = v' 
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The kernel is now degerate and integral equction reduces to an algebraic one. 

It essentially makes a cut off in B replacing logarithmic behaviour by constant 

asymptotically. Tho approximation preserves o independence. 

7. J. Franklin's method 
J. Franklin P.R. w B912 8/65 

DefineSthe separation 	A ) = 	r- (s ) . .q --1(s) , 

Moreivneral methods are due to 

1.  Kaki and Pubis P.R. 136 723 11/64 
2.  R. Kreps etal. 	. P.R. 133.  1526 1 64. 

Further models in 

R. Kreps P.R. yo, 1380 J/66 found to have no physical solutions. 

3. Burkhardt and McCauley, N.G. ,38  872 	165. 

Fixed angle amplitudes can be suitably chosen to resemble partial wave 

amplitudes in any specified low energy region. 

4. Burkhardt CERN TH. 593. 

uses fixed angle method to '.Trite dispersion relFtions for the logarithm of the 

amplitude which thus automatically ensures exponential behaviour at fixed angle. 

For Inelastic calculations 

1. Froissart's method. 

Jdvantago of not needing P.V. integrals unlike method of 

2. VT. F razor and J. Ball P.R.L. 2 204 	161. 

Used to explain cusps in inelastic amplitudes due to inelastic channels opening. 

Fewcalculations 

ref. Zachariasen. Edinburgh '63. 

The idea of a Reggo bootstrap (97) is to determine a set of Reggo 

trajectories by appayThg crossing and self consistency. One has to define a 

continuation of the amplitude to complex 1. 

WORK WITH TI FULL 11'IPLIT'JDE 

Work with the full amplitude, i.e. not in partial waves, is a long and 
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difficult process. Indeed it has only been possible since the advent of good 

computing facMties. Tho first one was due to Bransden, Burke, Moffat, 

Moorhouse and. Morgan (98), which tried to perform i for TcTcsystem)the iteration 

procedure suggested by Mandelstam. Prom the asymptotic behaviour of the double 

spectral functions, they identified Rogge trajectories. Rogge trajectories wore 

extracted and double spectral functions found. However the solution was not 

self-condistent in needing the 1'0  to produce thop but not supporting the fo. 
1 

A nonrelativistic calculation on the same lines had previously been performed 

with great success by Burke and Tate (99). 

Another method is to use the full amplitude in Regge form to calculate 

B1(V) and then to solve by Uretsky N/D. This VPL1 performed by Collins and 

Teplitz for the (D trajectory in7A(100) anal  En1101101 they obtained a self-

consistent trajectory, it did not have a meson on it, but turned down after 

threshold. A discussion of inadequacies and further proposals have been given 

by Collins (101). 

laachannel calculations 

In view of possible competition between channels and large inelastic 

effects, many channel calculations have been performed. The many channel 

N D-1  is due to BjOken (102), which is automatically unitary and symmetric. 

The computation can be greatly simplified using the Zachariasen approximation 

(103), but this formulation is sensitive to subtraction point and not symmetric. 

An a)proximate formulation not suffering from these drawbacks has been given by 

Shaw (104). 

Multi-channel calculations 

P. Nath & G. L. Shaw P.R. 137 B711 2/65 
also 	& C. Iddings P.12 13.3.  B1085 	164 

"Uncoupled-phase" method, 
H. Pagels P.R. 140 B1599 	12/65 
Nath.& Shaw P.R. 13§.  B702 5/65 

Multichannel effective range N/'D 
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Inelastic calculations 
tleile-ranibm-  agas10 • art arlancwalk-ant-rwver a-  cr.-a-tar: 	setradiv: 

1.  Coulter, Sootti and Shaw P.R. 	116 	B1399 	12/64 
NN scattering - effect of inelastic unitarity. 

2.  Fulco, Shaw & Wong P.R. 	137 	B1242 	3/65 
ffict of closed inelastic channels. 

3.  Coulter & Shaw P.R. 	38 	B1273 	'65 
p 	with inelasticity. 	More narrow but still 
no good. 

SYMMETRIES All BOOTSTRAPS 

One can bootstrap nultiplots of particles together in a many-channel 

calculation and one can also do bootstrap calculations assuming that degenerate 

multiplets will occur. One can further calculate splitting of me multiplet 

due to the splitting of another. However this is a separate matter from the 

idea of bootstrapping the symmetry itself. 

The statement of the symmetry is equality of masses of particles in 

nultiplets and certain relations between their coupling oonstants. Thus one 

can be said to have bootstrapped the symmetry if a calculation involving the 

correct numbers of particles and having arbitrary masses and coupling constants 

obey the symmetry requirements. No one has yet done such a calculation but 

various more limited attempts have been made (105) e.g. Fulco and Wong (105) 

using a method ofCapps, found the effect that a mass splitting of pseudoscalar 

mesons would have on the masses of the aynamica 	produced vector mesons. It 

gave twice the experimental splitting, but the oxparimental ordering was 

obtained. A calculation was done by Cutkoslzr (106) which considered vector 

mesons bootstrap ding themselves with coupling constants Ciall  in which he 

showed those satisfied 

C i 	C jk 	Cak C  ink 	Clik C  ink = 0  

making thorn the structure factors of a tie group and restricting the number of 

particles to 3, 8 etc. Other workers (107) have trioa to extend this idea of 

deriving a model independent "bootstrap algebra". Quark models have been 

aevolopea by Dalitz and others (108). 



Other referonces: 

R. Capps 	P.R.L. 10 	312 	'63 
R. E. Cutkosky 	P.R. 131 1888 	'63 
E. Abers, F Zach & 

C. Zomach. 	P.R. la 1831 '63 
M. Baker & S. Glashow P.R. 128 2462 .'.62 
Zach. & Zen. 	P.R. 278 BW  4/65 Parity. 
J. Franklin 	P.R. 10.  1202 6/65 
R.C. Hwa & S.H. Prtil. P.R. 38 B933 5/65 
L. W. Martin 	P.R. 13g B1515 12/64 Soluble static model and 

prediction of symmetries. 
Martin and. Well 	N.C. 	31 1324 3/64 Meson-Baryon resonances proof 

P.R. 	130 2455 '63 	of indopendenoe usos synnotrisod 
N/D ref. Martin's thesis. 

Y. Miyamoto 	P.T.P. 	28 	967 12/62 
Haw anaPatil 	P.R. 3,0. 	969 	'65 
Chan Hong-Mo otal. CERN TH. 395 

N.C. 32 70 '64 
P.R.L. 11 521 '63 

One should be able to bootstrap broken symmotrios as well and hopefully 

say why broken symmetric solutions occur rather than fully syumotric. Other 

ideas are to bootstrap parity conservation in strong interactions and also T 

and C. After all, indisporsion theories these are just relations between 

positions and residues of poles. 

BOOTSTRAP METHODOLOGY 

There have been several papers on the validity of the bootstrap idea or of 

bootstrap calculations. Massida and Pignotti (109) claim that S wave bound 

states occurring in scalar-scalar interaction in a calculation, using N/D, by 

Chan etal, were accidental solutions. Chew and Low have argued (110) about the 

reciprocal bootstrap of N and N*. Din has exaninoa the Zachariasen nodal (see 

Chapter 4) and concluded it is unreliable. He also examined an exactly soluble 

moael (111) which had a family of solutions, but when solvod using the 

Zachariasen approximation had no solutions. Squires (112) has retorted that 

Diu's exact solution (loos not satisfy Levinson's theorem end hence has a ODD 

pole. Huang and Low (113) have also considered bootstraps in soluble modals. 

14-7 
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VII. FURTHER THEORETICAL RESULTS 

VALIDITY OF APPROXIMATION, tested by potential scattering 

ref. .T.D. B*ken and L. Goldberg N.C. .16 539 	160 
M. Luming 	P.R. 136 B1120 '64 

BYrkon and Goldberg (114) tested various approxiations used in dispersion 

theory in a soluble potential theory namely S wave scattering by an exponential 

potential. P.I. Luming (115) considered s, p, d waves for a Yukawa potential. 

Five approximation schemes wore considered by B end G 

(i) Fredholm or detorrainantal expansion i.e. expressing To  as the ratio of two 

power series in )\)occh of which converges for all\. 

(ii) An approximation method duo to Wilson, of expanding T
-1 in a power series 

in X. 

(iii) Expansion of tan S o  in powers of . 

(iv) The Born approximation. 

(v) The Chew-Mmdelstam approximation. By this B G mean that one uses 

nearby singularities in the s plane. 

Only methods 1, 2, 5 in 2nd order wore in reasonable agreement with exact 

solution by inspection of effective range plots i.e. kc-ot'So N.S. S. The 

existence of bound states was also investigated. The energies of the bound 

states wore only at best in qualitative agreement with the exact values. 

Method 2 gave a good value in 2nd order. A11 methods except 1 predicted bound 

states for repulsive potentials. Method 1 predicted no bound state for any 

X . 	It was remarked that as the exponential potential is 	smoother than the 

Yukawa potential the approximations should be worse for the latter. 

Luming considered left hand configurations 

(a) only 1st Born cuts NYJD 

(b) 1st and 2nd Born cuts VD i.e. left hand cut part of the 1st and 2nd 
Born terms - 2nd Born term minus its right hand cut parts  only. 
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and the solution for unitary amplitude by 

1. Uretsky (exact) N/D Inl left = IMB 
2. Doterminantal approximation i.e. N = B. 

for a single Yukawa potential. For 	= 3, 1; 1 = o, 1, 2. 

3. Th-, Born .:.-,r)roxim,ation 

c 
ReL-I = )) 2. cer°k = 1 

B 
note this is a unitary Born approximation. 

For 0 2nd Born reasonable approximation in low energy region 

1st Born 
	11 	 noar threshold 

worse than Born approx. at high energies. Roughly if correct left hand cuts 

to -Y., then correct right hand to 44. The determinantal method was not in 

good agreement. First order gave a spurious P wave resonance and second order 

gave spurious zero of N function and no bound states at all. Luming considors 

a zero of N must appear (as g
2  increases) after a zero of D corresponding to 

phase shift going through 90°  then 180°. The doterminantal method is dinfact)  

in its exact forma ratio of two power series 	2. In the S wave first order 

determinantal again gives too strong attraction. ;Is it could not give uniform 

results for different 1, it was considered unsuitable for Rogge continuation. 

The 2nd Born approximation for 1 > o was superior than both N/D or determin-

antal i.e. perturbation theory superior to unitarisea form. 

Finally Luning remarked that his studies lend support to low enorgy N/D 

analyses of N N scattering etc. where long range forces and two-body uniterity 

give reasonable solution. On the other hand, they were of little relevance to 

short range problems like W. 

Marginally sincHlarforces1.120 

Define as Ir14) -.0 constant. In potential Scattering, this .•,N(r) 
v-.›0 

for which 1 -3 const 	One parameter ambiguity in solutions (ODD poles 

with 2 parametors each). 

Morgan aia not consider a self consistent problem, but only the problem 
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"given the left hand cut etc." (116). For certain forms of left hand cut all 

solutions had a resonance in them. 

iissume no bound state, spinaess equal mass bosons. Write dispersion 

relation for f = A(.4))/v . P wave -1 
c(y) 	 T„....c. ( (y , ,  4- J- 	Qtv 	 (2.1) l• 

JIti u 	 v 	 vt-v  

12, (v .) 	 • I "cL  ( v) 	 (2.2) 
vi I 

Assume 0 	 (2.3) \ 1 () 	o (y -E) 	E  
- 

Now ( 2.4) 
( 4> ) 

Assume, (v) 	A A/  (2.5) 
c  

-- Define 	 "/(0-y) 	 (2.6) 

'1(v) 	 c.:),/ 	. 	-1'6,•)-t4 	 (2.7) 6(v) r 	''(.1.9 

from (g,• ,c)  .70 v—) 
demand 	 (2.8)  

--)co (2.9) 

(2.10) 

As an example, the function f(V) ...,1 = 	— ••f 
1,  + 1 

) I  • I 	1.7)(1' 	I. 13_(_112-1 • 
co 

1)(Y) 	y_ 1'00 di/. r (vf) 	Ni., ) 
It Jo 	 yr_• v 

in the case B(v) c>(:_ F, , log v/ v  

Note we are dealing with L(V)/v 

N(v) = B(v) +1d , K( 	N (v ) 

K e o  morginally i.e. logarithraic divergence. 

Wioner-Hopf suggested by Chew and by Jones (117) 

Split K = AK/  + K2. LKi  is asymptotic part, K2  is remainder and is Fredholn. 

.6 . from (2.2) 
r A. 8 ti A 

c < 

giving limit stronGth of force. 

has Imf()/) -4 4.1 
-1) 

cnd Ref(v) 	o 
V --> 00 

Exrctsolution of 

- 
.1.11M,W,0 

1 



Using Wiener-Hopf gives explicit construction for resolvent kernel 

0 (I — 

One then has a Fredholm equation with formal solution 

N = 0(1 - K20)-1. B 

i.o. 	 N = No + 1..,K1 N 

No= B K2N 

Dave Morgan solved by Wiener-Hopf 
Dietz and Domokos (118) and Atkinson and. Contocitu2-..i's for)) L = 0 

by Me 	Transform. 
Atkinson and Contogr,:....-2. s for V L  0 by Mohler transform. 

The main result of Morgan's (116) and Atkinson and Conto:gunis' (119) work is 

that for marginally singular forces 

B (SI  ) 	 X • loG 
OLT 

there is one parameter fmily of solutions. The asymptotic part of the 

solution for single vector meson exchange 

B(v) = 	. 8 	m
2  C1 [1 + m2 

asymptotic part is that clue to 

B(y) -‘, 	)1 /4  . 	log (V + m2) ÷ 0(i) 
4:7 	 1. 

and 	r  (v) = LT-.7-_- A. 1 4. 0(1)
-.Fr+ 1 	7.) 

f(x) _ 190 x + \ SD°  (ix?, lob; WI., • 	f(xl) 
x 2 	--_-_-- 

A 	 x' - x 
— 

	

1 	
... 

 
This asymptotic equation has a one parameter infinity of solutions 

f(x) = lox 	+ X 
	

dx .R(x, x' ;)k) . log xf/xf  

(2x - 1) -so 
So = 1 arc sin 

7i 

	

	
o /, arc sin < 2' t,,r 

R(., Jo ;  )) 

	

2 CIS • s taxi.th 	. P 	. (2x - 1) P 	(2xt - 1) 
[cosh2(7C s) 	>k] 

P -so(2x  - 1) is the general homogeneous solution and A is arbitrary constant. 

The contour Cis given. 

resolvent kernel 



The one parameter ambiguity has immediate implications for bootstrap 

calculations. For, suppose one carries out a bootstrap calculation with vector 

exchange, then given m
2 for the exchanged particle, there are an infinity of 

solutionsforthenoutput"amplitude.OnedenandsAin=>Am2.In =171
2
out 

and hopes to determine both X and m2  uniquely. However)  it wouldseen that in 

general only one of these can be determined and the other can be chos011 

arbitrarily. The arbitrariness will not he complete as one must ohooso)n , 

m.2  so as to obtain P. resonant output. Having done thisl,it is reasonable that 

one can vary the free parameter to obtain A in ..-;\ out 1whenever m2in=
2
out, 

atlefstforsomerangeofm
2..In the exact cse,these considerations no 
In 

longer apply although we night still expect a one parameter family of solf-

consistent solutions. Thus if wo take IT:1  (v) in the crossed channel and have 

marginally singular asymptotic behaviour then, for each member of a range of 

functions Liki(v), we will have a one parameter family of output functions. 

However,for self consistency in the exact onse,we need ImL1(v)outmi111(v)in' 

for all v in [0,0]. Thus it is impossible to tell from the result just how 

many free parameters there will be. This throws light on the difficulty of 

using a trial function in such a calculation, for given Imlin  there will be a 

one parameter family of Im out  functions, none of which will be equal to ImLin  

for any choice of parameters. For certain choices, the difference may be small 

and one has to assume that one is then close to en analytic self consistent 

solution; again suppose one now plots contours, then any parametric freedom will 

be a distorted shadow of the true freedom. 

A suitable choice of 0, the resolv. ent kernel, can be made to only have 

branch point at,\= 1, and this will be true of the solution if we take L = 0. 

By this specification we can get a unique solution and it is equivalent to 

demanding analyticity in Ant the origin or renormalizability of the internon-I. 
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It is also remarked that the Zachariasen method viewed as the first ieration 

of an iterative method gives approximate solutions regular at 	0,which 

can only approximate to the regular exact solutions. One might expect good 

agreement for small X . When a cut-off is used, this replaces the singular by 

a Fredholm kernel and replaces the cut inG) by a sequence of poles. One expects 

such a procedure to only be valid for small . 

L further result obtained by Morgan was that for certain families of 

left hand cut every solution of each contained a narrow resonance. He hoped 

that this mechanism might prove useful for explaining the existence of narrow 

resonances. 

The consequences of pure absorption  

The analytical consequences of absorption have been considered in some 

detail by Lyth (120). Do defines "pure absorption" as 

Tnn 	. A. i 	o< L< nm 

which corresponds to Sl(E) 	c 	ap c real 	c2 < 

• 
and hende 	I out 1) = C 	> 	c re al 	c

2
< 

for which there is some experimental evidence (121). However, at highest 

energies yet studied IrA1  still shows appreciable variation for some processes. 

Ho also defines "complete absorption" as c = o or L = 	black disc, for 

which there is little evidence either way. He considers briefly the possi-

bility of smooth behaviour -74 constant, but not oscillating. 

If 	T( z) 	i ImT( z) , then ImT( z) 	o and R( z) -4 04) 

Y-E 
if R(z) = const. z 	o (z 	) 	1 o, finite 

then similar results to pure absorption. 

If R( z) ti  log z (Rogge pole theory), then T would decrease but no 

faster than z %(z) and the N/) equations are at least marginally singular. 

He considers the amplitude 	F = K T 

where ImT
-1 

T 	( z) = nm 

> 1 6C 
L. 	4- 0(z_ ) nm I 



and K is the Kinematic factor 

K(z) 

K(.z) regular at z = DO 
co 

i.e. K(z) = 	
V7 

k.. Z 
i=o 1 

0 

Find solutions more unique with increasing 

Thus F(z) = ILK(z) + 0(z 	) 

Llso assumes d inp(z) = o(zm) 
Tis 

From these asymptotic assumptions and also the assumption of a dispersion 

relation, Lybh derives asymptotic forms for FL and FR the contributions from 

right and left hand cuts. 

(i) FL(z) = - L cot(1 	. 

	

). K(z) + fl_ 	+ . + f - 0C+ 0.(Z6"-- c2' — (14 ) Z_ 
z c. , 

F11 (z) = - F /z) + o (Z 	,., II 	 I, 	

—e 	...,,c,
) 	 (•* integer. 

(11) 	FL(z) = A. Lo-r) -z_ IC (V... L:e. 1. /-'z' 	4- 	jr IL- 4- 0 ( z: e---( —''' 
FR(z) = -FL(z) + o(Z 	) 	Z '''' 	c; = integer 

f.are/eal negative numbers 

f1 	= -- 1 	azi. zti - 1. ImF(zI) 	i / () 

zt 
Implications are that the nearest singularity approach which has c6 

FL(z) = / 
'7 
	f. . 

i=1 	21Z1 

is only consistent with pure absorption if 3 = integer + 1. Lyth has carrie 

out the calculation in this case for N and N*. (122) 

Ono can deduce the asymptotic behaviour of the discontinuity on the left 

hand cut with further reasonable assumptions. 

A power law 	ImF(z) 
z 

must have 	I = - 

-~- oL  

Kinematic factors, with 	= integer + 1 have been extensively used in semi- 

phenomenological calculations, e.g. by Hamilton and co-workers. 

/mother consequence of pure absorption is that taking a finite number of 

integer + 
= 



channels will not make the deviation from inelastic unitary small at all high 

energies. For demanding pure absorption and unitarity gives J. = 0 or 1. The 

use of R rather than q is simpler in those considerations. Vie must have R 

factors, even in a multichannel calculation. 

Assuming the phase satisfies 

4'-'(z) =4)  (c0) + 0(z1 

4'(z) 	
= 0 (el) 	some m 

ono obtains f7(°0) = 	: integer 1- 
"A 

This contradicts Levinsonts theorem in single channel case. 

Iuth suggests 0)L-. ..277:/2 as a working rule to replace Levinson's 

theorem. 

For 	= integer + 71, th N/D equations are of Fredholm type and have a 

unique s-aution. If // integer + 7-)  we have marginally singular case and one 2 
1 

parameter ambiguity. Hence for S = integer + 2  1  there is only the ODD 

ambiguity. 

Further assumptions can lead to removal oven of the CDD ambiguity in the 

single channel case i.e. a unique solution giving a rigorous version of a 

theorem due to Frye and. Warnock. 

V1II COMPOSITENESS 

CONCEPT OF L BOUND STATE 

Our conception of a bound state must stem in the first place from non-

relativistic quantum mechanics or even classical mechanics. In classical 

mechanics two particles can coalesce to form another compound particle, or two 

particles in a central field of force will continually orbit, conserving 

angular momentum, forming a compound system. In nonrelativistic quantum 

mechanics two particles can exist separately in stable states, or form 

scattering states and various types of bound state. The nature of these bound 

states has a very compelling interpretation as an amalgamation of constituent 

some 0e2. 

2 



particles. Especially in the case of cominant central force in which a good 

approximation to the state is obtained by a separated wave function, i.e. 

separated into wave functions describing the individual constituents. Excita-

tions can be described as the result of individual excitation. In the case of 

nuclear physics with much stronger noncentral, short range forces, this 

decomposition becomes blurred. The energy states of a nucleus can be 

described in pert by a "shell" model and in part by collective excitations. 

The binding energies are normally fairly small compared with rest energies, 

8 Mev per nucleon of mess, 1000 Mev. Thus when we consider the highly 

relativistic, very strong interactions of the elementary particles, the naive 

idea of one particle being a bound state of two or more others may well have 

no real meaning. For the "constituent idea to be at all useful one would like 

properties like the following: 

a. The composite state vector be separable into the direct produce of 

constituent vectors; 

b. Excitations and other behaviour like scattering of composite particles be 

interpretable as due to constituents; 

c. Formation from and decomposition into constituents should be physically 

possible. 

In regard to c, most elementary particles have several different weak 

interaction decay modes 

K 
K 

also one can phenomenologically identify a particle (as a pole term) as an 

intermediate state in many different strong interaction processes 

e.g. Tt-  N ---4 N 	N 

Ii N 	Yi* 	A 11; 

L less confusing picture is then to take each particle as being an object in 



its own right and forming scattering states with other particles. When 

K N -4 Y
1* 	1.7c we imagine the incoming particles as interacting so 

strongly that all individual identities are lost and then the energy being 

transformed into the final state particles. This sort of idea was proposed 

some time ago with success in relation to nuclear processes. In a strong 

interadion, certainly the interaction region is equal in size to the size of 

each constituent, that is, the wave functions completely overlap. The actual 

distribution of natter within a particle as measured by form factors is fairly 

homogeneous with no dense core. 

BOUND STLTES IN FIELD THEORY 

For the description of bound states in field theory, one can use the 

Bethe,Salpeter equation (123). Llso in q.e.d. one can extend the Feyman 

Dyson formalism to bound electrons by using the Furry picture (124). Formally 

a bound state can be represented by a field which is presumed calculable from 

the fields occurring in the Lagrangian i.e. it is a function of the other 

fields. 

In a historic paper, Zimmermann (125) 

investigated a causal invariant scalar field theory involving a vtable bound 

state using LSZ formalism. He showed that the bound state can be described by 

a local and invariant field operator. See also (126). 

Haag (126) showed complete "symmetry" between composite field and 

elementary field and proved corresponding asymptotic conditions. The bound 

state operators for example obey the microscopic causality co dition. The 

bound state field does not have to be renomelised hence all Z's = 0 for it. 

However the elementary ones apparently need non-vanishing Vs. This lead 

Salon (127) to conjecture that one should write down field theories with all 

particle fields occurring in the Lagrangian but with the renormalisation 



constants of the bound state'fields equal to zero. This enables one to set up 

Feyncn graphs for the interactions between all particles. One can demand that 

all particles be composite by demanding 

Using this condition, Selam was able to 

which was unrenormalisable in the usual 

pursued further by J. Boyce. 

Thus for a theory with the T , N end D,  

that all Z's = 0 for all particles. 

renormalise a vector field theory 

sense. This renormalisation has been 

the renornalised Lagrangian could bo 

L = Z2N+  (X +K) N + 
z
3
[07)2 4. t2ic 2 1 

+ z
3
' [ () D)

2 
+ 	M a2I)2 1  A + 
, 

g-k z1
7-i N+ N7 

+ 	glva. Z 
it a+ DT 

. D - .+ g -NNd 
. zi

Nd D
+ N N + self mass terms. -  

One would then determine Ma
2,/frk,

2, K
2 and the gts be calculating 

Wa 
f 	1 z

Na 
	V' il 
c v 

a  2  , Li 1 

k2,  s-,/,.2 
zI 	 and then equating to 

zero. This was do.Le in 4th order perturbation theory with some success by 

R. Delbourgo. There has been some debate on Salem's suggestion (128) under 

three categories... First the exact meaning has been looked at, for there has 

been some suggestion that the order in which the limits Z 	• are taken,will 

alter the result. 

Second, the conditions Z = 0 have been looked at in model field theories 

end are shown to give very sensible effects. 

Third, the correspondence of the condition to the Levinson theorem 

criterion of composteness used in dispersion theory has been investigated. 

RESULTS FROM MODEL FIELD THEORIES 
•Sras•• 

Vaughn etal (129) showed that two elementary particle theories 

(±) Lee Model V N 6 

(ii) Crossing symmetric Lee Model V 	N+ 8 	N r V +(p 

in which wave function renormalisation constant for the V particle 	o, 

were equivalent to two composite particle theories. 

(iii) Separable potential model with fixed N and scaler '. 

7t 
expressions for Z

1 



(iv) generalisation of Wentzells meson pair theory with complex €7 interact-

ing with N through quadratic interaction, • in which the V particle occurs as 

abound state. However, there was an observable distinction between the 

elementary and composite theories from high energy phase shifts in N 0 

scattering, using Levinson's theorem. Diu has argued against this (132). 

They also showed that any model field theory with fixed source and potential 

interaction with abound state between source and field could be obtained from 

an elementary theory with Z 	0. 

Howard and Jouvet (130 (131) showed that a 4 fermi interaction theory and 

a Yukawa coupling theory with on intermediate particle were equivalent when 

Z --) 0 for the intermediate particle. By replacing Yukawa interactions by 

4. Fermi interactions with Z = 0 one might hope to make the theory more 

tractOpIe. 

Further papers are (132). Low (133) considered three models of A K and 

scattering with N and ; poles, with different Lagrangian formulations 

o -- 
(i) 	N, 	K 	H1  = gi  "*N  4 t1/4. 	+ h. c. 

as bound state in A  R 

( ii) = A 	K - 	, 
H2  = g2

o 
C (,() K  + h.c. 

N hound state inAK 

(iii) 	K 

H3 = H1 + H2 

He showed that for suitable choice of, renormalised gi  and g2  all three models 

gave the same A K and A K scattering and hence same N and = masses. If this 

was the case in dispersion theory, then Chow's reciprocal bootstrap was 

automatically satisfied and had a two parameter infinity of solutions. 

Lardner &Woo (134) examined this point furt or. They also noted that 

when a theory can accommodate additional particles with zero coupling to other 

A K.  



particles, then Levinson's theorem loses its significance, in distinguishing 

between elementary and-  composite particles. 

Rowe (135) considered three theories of three scalar particles, nucleon 

1, pion A, deuteron D. 

D as bound state 

	

(ii) 	[cf p. 	I E(  Da 	/K.  as 	it bound states. 

	

" , 	
2 X/7- 

, 	7T 	0,-1  
Those are renormalisacle theories, with a finite number of renormalisation 

constants'equivalent to .:putting in an equivalent number of physical parameters. 

Thus the number of arbitrary parameters is equal to number of renormalisation 

constants. In (i) there is only self energy divergence parameters 

(ii) m, M (iii) n and information about 'IN —...)cfcf scattering, either the 

value at some point or whether a bound state exists. Two in each case, one 

hopes all ether parameters can be fixed in terms of them. In more realistic 

theories, one has more constants e.g. vertex part divergence constants. The 

thesis showed that (i) and (ii) are equivalent to (iii) if Z3  = 0... This fixes 

the coupling constant in terms of the masses. Thus, the criterion of 

elementarity as appearing in the Lagrangian is meaningless; however one could 

modify this to appearance in every equivalent Lagrangian. 

THE ZAOHLRIASEN MODEL  (236) 

This is a useful theory it being easily expressible in dispersion theory 

or field theory. It has two types of particle A, B spinless bosons, A its own 

	

antiparticle, B 	B. Zachariasen Obtained solutions by dispersion theory and 

by perturbation field theory, which were identical. 

brker (137) shoWed that in the limit Z3  .4 6;  the A particle could be 

considered as a bound. state. 

The Levinson theorem is. 

Z3 
. 0- z3 	0  

(0) 
	

(00 



Cl 

In the nonrelativistio limit, the theory with Z
3 

= 0 goes over to a singular 

potential theory. 

Dowker and also Acharya (138) oonsidered only B L B interactions. It is 

also possible to include a contact interaction, and this case was considered 

by Whippman and Gerstein (139). 	They showed that demanding equivalence of 

elementary and composite theories without CDD poles fixes the residues and 

positions of CDD poles, the residues being 04 Z3. With Z3  = 0 the solution 

was unique and the CDD ambiguity was by-passed. They find that g2, the coupling 

to the oonposito state, has its maximum value for Z3  = 0, which may relate to 

the idea of maximal strength. 

Limitations of model field theories 

One must remember that these model field theories are very unrealistic. 

The Zachariasen model violates space like commutability, although because it 

obeys a dispersion relation it is causal in some sense. It violates crossing 

symmetry, but obeys a unitarity condition. Thirring (140), haa given a 

Lagrangian formulation of the Zachariasen model which has a continuous mass 

distribution of particles and is perfectly local and satisfies all axioms 

except the asymptotic condition, which was a full field theory, the only 

restriction being to elastic unitarity. It was shown that the field theoretic 

criterion of Z3  . 0 was equivalent to the dispersion theoretic criterion of 

the particles occurring as zeros of D in the NAD method. 

Zimmermann (144) has recently shown that ono can eliminate fields from a 

Lagrangian to obtain a new equivalent Lagrangian which is not in general local. 

Demanding z3  = 0 for the eliminated fields makes the new Lagrangian local. 

He suggests that one can achieve elementary particle democracy by eliminating 

fields from the Lagrangian and requiring all the final self-interacting 

Lagrangians be local. 

This ties up with the work of Weinberg (145) to extract bound states and 

leave the residual interaction week, and tractable. 



V 2: 
THE RELEWINCE OF THIS CHAPTER TO TIM WORK  
IN TIM REST OF THE THESIS  

In the rest of the thesis, we are going to consider approximate 

calculations in partial wave formalisms based upon M R + U. The work can be 

considered as D. computational exercise and a study of approximations. : The 

discussion in this chapter is an attempt to gain perspective in the relation-

ship of these approximate calculations to the underlying ideas of dispersion 

theory, to previous calculations in dispersion theory carried out by other 

workers, and to other theories of particle interaction.. 



CHLPTER 2 

I. 	THE FIXED S DISPERSION RELATION 

DERIVATION FROM THE MANDEL'S= REPRESENTATION  

	

A(s, t o  u) = 	Ps( st) + cyclic 
JJJJJJ4 	(si-s) 

+(ids' dt' lost (s'. t ) 	oyclic 
(s' — s) (t' 	t) 

As shown previously, this decomposes into 

A(s o  to 	= 	do f  Ps (8') + 	at At(s. ti  )  
s' 	s 	 t 	t 

+ id. 	. At;  (8, u ) . 
r -. 

 

At (s, t' ) = f)e 	. t(4.1 ) + f  d134  (St! S: • t'  )  

+ a  /3.  (iii) 

lig 

 

(s, 11 ) = 	tb 11( 	1 as' f a (s. u, )  
Si  4+ S 	 (iv) 

Now the integrals in (ii) lie for -32 ( S < ,,outside the double 

spectral regions, and, from (iii) and'(iv), At  and I. are real in these 

regions. Hence At =IA, are the imaginary parts of A(s o  t, ') in these 

regions. 

At(s o  t' ) = ImA (s o  tt  ) 

Hence we don't have to worry about f t or no  they are automatically 

included. 

Applying crossing and, Aropping single spectral term for the moment, 
i• 

we obtain A(s o  t u) 	
op 
di . ImA(s o  t '  ) 	+. ± 1v)  

t' 	t 	t -u 

63 

(±) 

Idt'etu (t', u )  
ft' - t 



10 
I=1 

1=2 

Fig. 2 — 2. 

4ssuming 
	At(s p  tr ) 	constant 

S < 0 

t 

we see that this integral diverges and needs one subtraction only. We actually 

only need Lt(s, t'  ) 	o(C). This is quite a reascnable assumption and is 

giVen by a Regge hypothesis 

htI (s, t  ) 

ti  

cC 
GC t' '(3)  
—4. eti 

where CC 1(s) is the furthest right regge pole in the 8 channel. Frcm 

Chew & Frantsohi (1) the expected trajeoturies are 	e0C1(s) 

s< 1., bel(s) ( 1. 

A(s, t, u) = A(s, to, uo)00  

(t 7f-to)fii. 	at f. Digs, t4  ). 
(t 	t0) 

t' 	t 	
( -1)/  

the term A(s, to  v ) is independent of t and thus will only contribute to the 

s wave projection, when projected into partial waves in the s channel. 

We now look at the single spectral term, we dropped earlier. It is 

also independent of t, so the same remarks apply to it. 

One may further remark that upon projecting into the s channel in 

the unsubtracted form, all waves converge except the s wave which requires one 

subtraction. Thus as the subtracted and. unsubtracted forms are identical when 

both converge we can take the unsubtraoted form for projection into s channel 

henoe for 



of 

partial waves for > 1. To put it another way, one could projeot using the 

subtracted form and then re-insert the subtraction term into the integral. 

ASYMPTOTIC BEHAVIOUR, as t 	--4. so , 	s, fixed. 
00 

LI(s, t) = At-: (s s t' ) at' I1 (1)~  
t 	- tt' u 

We une the result (essentially an application of theParagmen-Lindelof thasrem) 

obtained by Kanazawa and Sugawara and described in G. Barton's book (6). 

"If f(z) is analytic in a out plane, with outs only on the real axis, and if 

bounded in..h.p. by a polynominal, and if f(z) 	limit along the. outs. 
z1—) of) 

Then this limit is the same in any direction." 	Applying this result to 

.11."(s, t) in the t plane, with s fixed, we obtain 

At
I (s 	41•1•11W/M• 3Sin( - 1)1 . 

rg. 	i 	t 	-00 i f 

lirrti 	Ati (s, t) 	= 0, for I odd.. 

t --) 	co 
This certainly applies for s in CO, 4.j , when the outs in t do not overlap, 

and probably applies for all s. 

PROJECTION INTO S CHANNEL PART.:  AL WAVES 

Assuming, at first, no subtractions, 
00 

A(s, t) =i‘ 	(s 	) d t i  
t 

(i) 

if At(s, t$ ) 	0 	then (i) converges. 

	

t 	00 
s fixed. 00 +1 

(a) = 1 
f 

(cis.::) 	d.( oon,r: ) 
"i  

	

-1 	 t - t 

cos s N s t 	cos Q= 1 + 	2t 

cos 8 = 4 	t=o 
t 	14 

d. (cost') • 	2a.t 
s 

s - I. 



1 	
o 

dt. 
-10°  

+- 	2i.  
s 	4:1 	

.t.t(s,  t ).  
t 

66-  

s 
—(s-4) 

 

joo 0 
at`. 	t ) • s_4s- 	I • 

%.) 
00 	 -(s-4) 

= 	il 	dt ' . 
4 	

it  (s, "/ ) • Q k [ 1 + 2t i  
s - LI. 

3...7.74.   ° 	at P r 3. 4. 
t 1.. 	4. 

?il for 

-(s-4) 	
_._-,.__.r -E7 
	

5- 
 - t 

t +1 
= 	1 	d ppss  ) FP_ c.o.° 	 

(s 	43-  (1 -• cosi3 )1 
2 

2 -1 

= 1 
2 +1 

dz. P 
-1+ 501 -- cosei 

2 	2 
+1 

dz._PS (z) 
s 	tr  2 ' 	+ 11 	z 

-1 	s-/i. 	j 

dt P [1 + 2t 
s  

t t 

2 	. Q [ 1 + 
ts;14.T. 	 S 

Now, Q  (x) 	0( C. IS *'1) all 	, 
- 00Fet> -1 

so, if At(s, t, ) 	con:Item-t o  then 	onvcrt;cr: for 	= 1, 2, . . . and. 

diverges logarit.hmically for = 0. The increased. convert;mor, 	integration 

with Pe  (oose ) p:...esumablzr comes from cancellation. The second term in 11(v) 

involves 

(-1) I  d.z 	Pk ( z) 
-1 	— . 

 

 

= (_1)I 	j +1 	(z) 
2 	-7t7+ CLOT-1 z) 1 

-1 	2 
+1 d.z . ELLE) 

f 	 +zc  

Q ..t 	( 1 +- 2t ' )] 

+1 



Lt(s, ti  )  
- to 

I 
dt . 
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but 	

( _1)  I 	Bose statistics 

and 
	

( 1̂)t +1  • Q 	(-z) = qt (z) 
hence we obtain 

, 
2 	. 	g t  [.1 	2t'  

77/7 	 (s-4) j 
identical with the 1st term. 

If we now.  use the subtracted form instead 
OD 

/.1(s t, u) = L(s, to, uo) + 1 f 
t t TC 4 

projecting into the s channel partial waves, the 1st term gives 

4 	 "1  {I t ' + ( s-4)  (1 - so)} 

	

where .. to = -2V (1 - 	

2  

zo). 	
z 

s - 4.- 

	

2 	jb °CI  dti  . 	gs, t ) • t 0  
. 

= 

	

4 	f-  ( L 1 	+ 1) 

	

---- 	- zo] 
s--4 

the 2nd term in II(v) gives the samel except that it has the alternative factor 

(_1)I . Sc.  

	

r(2-v 	+ i) 4. z  i 

	

L s-4 	o 

The fact that the subtraction term vanishes for 2,..16- o confirms that no 

subtraction is necessary. It is because the term is independent of t, which 

is the angular variable in the s channel. 

For R. =owe have 

	

.... 	00  

	

.Lo(s) = J.. 	(s) 4,- 	4 f 	at At( s • ts  ) 	0 1 

	

o 
	+ s  _ 4. .1 2t 

77:17 4. 	 -o 	a.  

- 	( 2t1 	+ 1) 

r 	
s - /4.  

	

(s2t4.' 	* 1)2 
- 

zo2i 

Hence, the s waves cannot be determined using this expression. 

+1 

Lo(S) = 1 	Pt  (z) 	L(s, to, 110) 
2  -1 
.tt(s, to, 110). 

to. 
1st term in the integral is the same as before and the subtraction term gives 

G°

+1  
dt 	Ji(s, t'  ). 1 ji dz. Pl. (z) 
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If we look at the diagrammatic representation of those formulae, Fig. 1, 

• 
the two integrals over t in II(v) are along the line of constant s, AF. The 

first term is an integral along CF and the second along DA. The integrand must 

be known at all points, in these inuervals, thus we must knowAt(s, t 
) 
in 

regions, although we not() that the major part of the integrals always 

lies in the physical region for small s, To obtain At(s, t'  ) off the physical 

region we must choose a continuable representation and we shall discuss mPinly 

the use of the partial wave series. 

We take 
t 	00 	 t 

I 	 . L 	(V I  V) : 	= E ( 2 tr  + 1) P { 3: + 2 ( V±11  . ImAi  , (V') . 
t 	e=r) 	2: 	, 	V' 	t: 

and vl:so change over to new coordinates V „V . As already discussed., for 

V > o the series converges in a Lehman ellipse in the V plane, whose extent 

2opends Upon V .and which touches the double spectral region at points like 
H and J. 

This region is sufficient to give the absorptive part for our integrals. 

above series is expressed in terms of 	the isospin in the t channel so we 

have to take new linear combinations to obtain the absorptive part for isospin 

eigenchannels in the s channel Lven by the crossing matrix. 
2 op 

=E 	(20.1.)• pa / 
r .oc=c, 

I  

[3. + 2 (LAI. 

t 7o can consider the functions 

Crk,,) 	= (2/:+1) 
Qtr 	

Till 
to be 	contribution from thee 

AP 

f 
0 
I' 

If , 'iv' That, 	kV' ) .1:3(,[1 

wave in the t channel 

2()„.:La).1 .Q•  

the 1. 

[1 +2  (11:...L.1,1 } 
V, 
to I wave in 

tho s channel. 

C 
I, 
 (V) 

4 ' 
t  

c4.
I\ ) 

2 
m 	I/  

= 	V  I = 0 te 470 
c 	(v). 

4,1 = 0 
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THE EV.L.LULTION OF C 	(11.) 
A 

d V . 	(If). P
t` 
[ + 2 OLLZ) 	Q 	1 + 2  ( vti+  

v/ 
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First two factors are regular in the interval but Q 1 + 2 (V+ 1)  has a 
V 

logarithmic singularity. at V = 	v- 1, as can be seen from the general 

expression 
g - 1 

• _Q s  (x) 	(x) • go(x) 	EF.N 	a. Pi(x) 
i=1 

Qo (x) 	1 log x + 1 
2 	x 1 

latter having singularities at x = .41, and the fact that the argument of Q in 

our integral 

x = 1 4. 2(V 1+ 3.) 
u.  

x1 

	

= 1 + 2 	-1 	 =o. V <-) 
V 

= 
 

	

x2  = 1 + 2 	(A + 	when V1  = A  
V 

<- 1 when v' < - I 
A' v 

x = -I when V '= 	- 1. 

T. do our integrallwe can subtract arty regular factor of the integrand. We 

I= 

choose 

1
, 

o v  

A 

	

	 V 
ay Q, [ 1 + 2 (1+ 1) 

f
dvi . [ Im11(/1  ) P4, [1 + 2(1)4- 	1). Pt, (-1)) 

o vi 

A 

+ Dag — y- 1). P, (-1). ..i'A al// Q. 

it. 

	

. Qt  11 + 2 (V i + 1.4 

I 

	v o 
 

t . 1 + 2 (11.)} 

put d v / x = 1 + 2 ( V+ 1) ; dx = 2 dot' 	 = V . dx 
/ 	A/ 	U i 	 2 
v = a ", x=x1  = 1+2 

/ 
v 	= A dv x = x2 = 1 + 2 .(.A + 1) 

V 
2  x2 dx. Q (x) I = 

x1  

- 1 



be 

I0(x) 

I1(x) 

I2(x) 

I3(x) 

= 

= 

= 

= 

x log 	x + 1 
2 	x - 1 

t I kx2 	- 1) 	log. 
ri- 
x (x2  - 1) 	log. 
i  
(5x 	- 6x2  + 1). log. x + 12g2.  

1 	24 16 	 x - - 
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pathological when y 	o, -1 or - A - 3.. 

The evaluation of 

I (x) 	d.s O A  (z) is found. in an .Lppendix, they are found. to 

We now look at the factor 0 1 + 2( V + 1) , the singular factor of 
V 

Q. 	1 + 2(Zt .1) 
I; 1 	 # Q0(x) = 1 log x t 1 = log. V,..+ V + 1 

2 	x - a 	 7 4. 27-  v 
V+ V/  + 1 suppnse y 

111 + 1 
A y  then (y 	, ( V l  + 1) = y 

a hyperbola 

V 

Y = o when v = 00 or -V - 1. 

y = -1 when .1
• =-- 1 	( 0 when - V ( 2 

2 
o when y = Y + 1 

Fig.2-3(a: 

x 

	

1.,* + 1 \ 	V - 	- 1 when ix > - 2 i.e. V .> -4.   

	

"- 	2 	 2  
Near the singularity the integrand. is behaving like x' log .ixl which looks 

like 



Fig. 2 - 3(b) 
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thus the singular region is defined by the points x = -1, 0, + 1. In our case 

the argument 

y = 0 when V 	= -V -1 

= +1 when V r  = 00 

= -1 when V/  = 	Y -1 
2 

effectively numerically integrate one must have sufficient points within 

this interval, although one usually varies the stop length until the desired 

accuracy is obtained. One also has to be careful in computation because near 

the singular point one factor -4 0 the other —40. This is likely to cause 

overflow or r'unding, further any attempt to approximate in this singular 

region needs careful assessment as one may introduce "largencorrections. 

Ln easier subtraction may well be as follows, explicitly bringing out the 

logarithmic factor from Qf  . 

A  dyi.14,At ( v9 	P.c  [1 4. (v__•,1)] • Q t  [ 4 ')-(v2-91 

A
dv'. Ly, At  (v0 • P4, + 2  (viY)1 • 	rPc  [ 14 	I)]* Q° 	Iv 1jjd 

0 	 t_t 
1-  1.7, K,0 

and subtracting the singular term: 

 

A 
( 44).  Q.[ 4_ 2fvf4 Ivi4  A (-v-1). Pt i(-1). Pt( -t) • 

involving the evaluation of I0(x) only but the numerical integration of a 

more complicated algebraic expression. 

P 	[ I 4 ( vtL I } 
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.LNILLYTIC PROPERTIES 1.ND LSYMPTOTIC BEHLVIOUR 

(Y+1\  .Ls a function of V , 	, (v') is constant and P 	[1 + 2 V' /I is  
analytic and hcs asymptotic behaviour 0(Vti  ). 

NOW, 9,{(X) is out [-17  -faj with discontinuity 2Pt  (x) as is shovm by the 

general expression 

log x + 1 + R t.  (x) 
. — 1 

R1(x) is a pol,ynominal of degree t -1. 

hence,Q [1 + 2 (.61.)] is cut v [ 1  -V-1, -ed and the whole integral from 
V 

-1 to - o0 , with discontinuity 	..4) , 
ImCII  (V) = (2 + 1). 	 111  . _ 2 	d v '. Iml,I, (y! ) . P , (.3. + 2(1,4) 1 

et 	 y 0 	 t 
P
t 

1...1 + 2 6../..1.4-111 . V  - 
v 

There are no other singularities, however, the partial wave series cannot bo 

used. to continue 
I/ kv) to the physical region of the s channel 

> 0 	as it accumulates and diverges at 

V = 0 It also diverges at V = —9. 

Fig. 2 - 4. Lnalytic properties of a finite sum of partial waves. 

TO OBT.LIN  THE 14337.11PTOTIC  BEHISIOUR 

Flow, 	Q t  (x) 	x 

	

ti (x) 	 x t /  

Pk,(x)
x-- 	

(-1)
el  co 

x-4 1 

	

p, z  (x) = ELLE" 	log x 	+ R e  (x). 
2 	 x - 1 

as x •-•* 	 le  (x) --4 (-1) . log (x 

	

-1 	 " 	. log (x + 1) 

Qt  (x) = 
2 

• 
• • 



Hence 
t 

4111•SM.• 	 1 0 	
1/ 	. log V ReCtif  (v) 

v __4. ...1-  00 V 
- 11  -1 

Lactti (v) = 14- 	(2.'+1) II'  Int,,e 	— 
I (V I ) ) pts Cl + 2 (V+ 

Tr 
1)] 
- 

717'3 0 	 Pc!  {1 + 2 (v'±1).] 
t 
	 --V 

ImC f (v) —4_ 	1 . v • vf—___. EL 	v --4 Do v 	for length of range of integration 

Hence 	ImCte  

Re )  C  t 4 ' 	log  
—1 	1 	 — e hence 	ImC 	= - ImC ft 	1 

4/ 	----------, 	„.....). V 

Re2 +Im2 	--'e Im 
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/ - 
ReC

Le 1 
1 = ReCit t 	logV 	=V

--e—.3. . logy 

Re 
2  + Im 2 

= V  e —1 

v 
1 e. 

We can also obtain the Left hand cut threshold behaviour. 

For the Imaginary part, 
-V-1 

imL t (v) = ay. DIL
I., 

 (v') . P [1 + 	 ( 
J t i 	V' o 

we wish to obtain the lowest power of (V + 1) in the expansion about the point 

= -1 : (from the left only ,as it has singularity there). Take 

Iml, Off) 
L 

[0, -v-1] and noarV= -1 has contributions only from threshold of right hand 

v'1) + 

[ 	1 	
V g  

out. Pe 1 + 2 ( y- - gives purger series in 	'+ 1 

starting with 1, contains all powers 
_ 

P 	J. 4- 2(1)--. 
V 
1 powers of /- 

V  
1--t-2- 	

V
*- ur better 	-311  

1  

to obtain lowest power in (ii 4. 1) we want lowest in V' and (V + 1). The factor 

P.e,  is homogeneuus 

1 + 	v 4. 1- 

	

) 	b ( 	2  ` 'V' 
gives 	V 	÷ a( ), + 1) . log 	- b (11 +2)2  . 

(v 4. 	+ a ( v + 1) log ( + 1) - b ( v+ 1). 
The factor Pt  has lowest power 1, hence lowest power from terms 

zi 	et .1- 1 

since 1 term from P 	Alga joins the rest in being homogeneous when 
VI 

€.4 • '1. 1)12 
	2  since contributes only in • 



crossed channel 
24 4- 3/ 

Ski 

It (s) t '  ) = Ct(ti  + i ds . ii  st (s 
s' - 	s 

or something like this 

c-ose 	Lehman ellipse 

Fig. 2-5(a) 

hence for 

fixed real 

t 

t(s' t ) 

integrated. 
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Hence the term is 

V 
# 2E '+ 3/1  

(v) 	(Y+ 1) 

Note independent of the direct channel t . For a number cf waves . 	in 

FIXED DISPERSION REL(TION WITH S COMPLEX  

hence I.
t
(s' t) is analytic in cut plane (which includes Lehman ellipse). 

However it(s, t 	) is complex, in general, off the 

analytic 

L (8 1  tt 	) 	= 	L t(SY-1  t' 	) 

Then 	
L 	

dt
I  

(s) 	= 	(s, ti ). 	Qt  

but 0 	is also real analytic 

hence 	Jr..
Z
(s)
' 	

obtained by this formula, is real 

td j 

 

reel mxis, 

[ 1 + s2 

analytic. 

and reel 

Thus,. we(e* use this formula 3or all s in the cut plane. 

We can only put in the partial wave expansion in the Lehman Ellipse, 

however this does give a neighbourhobd of the real S axis, and its extent can 

be calculated from the boundary of Lehman ellipse. 

cos e = 1 	. 	s = -2 (1 - cose ) 
t' - 4 

standard result 



diagram in s plane 
75 

Fig. 2 - 6(a) 

We can see from the diagram that the region of convergence of the integral of 

the sum is the smallest Lehman ellipse over the integral which obtains at 

V= -9 . 
for left hand limit 

A Fig. 2 - 6(b) 

So in the V plane
)
it is an ellipse. 

and the asymptotic ellipse 
for right hand limit which 
touches the imaginary axis. 

HaJever, this is cut away by 
the nearer region near D. 

o 	 Fig. 2 - 6(c) 



E*11  -.°°] 

• lit  ( 

, L. is real and Qt.  is cut 
• w i 

4.1 2I ay/  Pk 	+ 2 (--) 
21 0  LL 

ti ) (s, + 2 ( -X--11)] . 	r  St 

. RoLt  + s?T.' P
k. 	V 

1 + 2 (Y:--f1)) —2  
in 10, -1.] 

c.ov< —9 

The amplitude is real for 

DILGINLRY PLRTS  OF PARTILL WAVE LMPLITUDES.  
DO 	, 

(I)) = 24- d v .Q 	1 + 2 (1;---1-1-)1. 	v, ) 
Ti 1.1  .c 0  
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For 1/ in O, -9] 

ImL e,  (V) = 

-9<v‹ -1 

For V in [0, co] 

spectral function 

t( 

t(y) 

0 < 	o 0 

is real, 1.1.t  is cut with discontinuity /2st, the double 

b 
ds 	 + 1 

s' 	s  

DO 

For y — 9 both Cj L  and Lt are out 

above the cut)  vie have 

(Q + iP) (Lt  + 	(chLt  Pp ) + i (P.Lt  ii0Q) 

below the cut 

SHIRKOIPS CRITERION FOR THE RELILBILITY OF CONTLNULTION 
OF THE P./MILL UM SERIES 

r_ I 

making an approximate continuation using a partial wave 
L-. 

A: (v ) c s  e) = 	4  'Vim 	(v)• 	( ,0-5(9-) 
v,0 

Shirkov etal. (2) (3) proposed a way of estimating the error involved by 

observing that it was the same as the error in 
00 

— 	(7_e I+ 	qc (c_ose' ) 	( cos ) - 
e-- o - 

The absorptive part obeys a dispersion relation of the form 
Do 	J. ( 

At'6/)c,c,se):: 	(coso1)1 , 
c-os 0„ (v) 	 _ cos lcI  

r  
I  cc; e 4 ce.S 

t  

and we are expansion 

eating the Heine develop- 

(Lt if) = (QL, 
100 	l e 

= 	dv )) Qt..1 + 
v JO 

— Pe) — i. (P.Lt  

2 (-:-1) 1  • „(,,y) 

ment 
cc s v 	s 

- iP) 
• (v) •  



v -; S Fig. 2 - 7(a) 

Fig. 2 - 7(b) 

)
7Ti.,_ D : 0  cos 90  

77 
For inserting the development into the dispersion relation enables no 

to factor out the P 	s since the spectral function is independent of cos 6 

blternatively, project the dispersion relation into partial waves by integra-

ting. 

Taking V= 3, the inelastic threshold, and 0 = ao  the edge of the double 

spectral region, then for an S P wavetwun cation, the error was 

for 	= 0 	2 - 4p 	adequate 

3001%for 0 = 	 inadequate 

Of course, this gives the estimated error for a double spectral function 

massed at the end of the out. Presumably the error will be less for those 

spectral functions which give dominant S and P waves, in the physical region. 

On the diagram ono can see the locations of the points (V= 3, a = 
and. ( y = 3 , 	= 

Diagram for Shirkov Criterion 



are These considerations 

s = 4 
s = o 

made transparent by a Mandelstam diagram 
\ 	tIO t'  ' 

/ 

Fig. 2 - 8 

\/ 

A 
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CONVERGENCE OF THE PELL PLRT SERIES 

The real part can also be expanded in a partial wave series in the 

physical region 	
00 

1-1(S 	c,1 
t=o 

but this series converges in a smaller region than the series from the 

imaginary part. 

From M. R. ) A 	
# 

(s, t )
)
as s varies with t fixed in [4, oejiwill be 

cut for s in 114-,03 and for U. in [4,003. Hence the series converges only 

in the.reapn s = -t to s = 4. 

The series diverges at L and B i.e. as soon as it "gets level" with the double 

spectral region or as soon as it is level with the threshold in the s or U 

channel. 

RESULTS OF CLICULLTING CI' (v ) 
1110110.,11/11.1,,, 

 

.larral•-••-Velli•••111.41L-1.-11.1.1 

 

Table:: 1 gives the values obtained by numerical integration of the real 

and imaginary parts of C(v) for the first six waves, i.e. up to Fl. We give a 

breakdown of the effects of different waves in the crossed channel and the 

total C(V) . We used'experimental values discussed later in this chapter and 

had 281  Si, P1, Do  in the orossed channel. Figures 9 are graphs to total and 

breakdown values of C1)). C(V) is displayed in detail because it is basic to 

most of the thesis. The behaviour of C-1(14 is discussed in Chapter 6. 
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.007 •11.000 
.006 -10.500 
.005 010.000 
.004 .9.500 
.003 -9.000 
0002 -8.500 
.002 -8.000 
.001 -7.500 
.001 .7.000 
6001 -6.500 
.100 "66000 
.000 -5.500 
.000' -5.000 
.000 -4.500 
.000 .4.000 
.000 -3.500 
.000 -3.000 
.000 -2.500 
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.000 -1.800 
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.000 010.000 
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.000 .9.000: 
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.000 -3.000 
.000 -2.500 
.000 -2.000 
.000 -1.800 
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.000 .1.400 .  
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.000 -0.600 
.000 -0.400 
.000 -0.200 

let, C (i) :-4 1, i.t..tort.,,J 
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VO 

a _ 
T 

.007 011.000 

.006 .10.500 

.005 .10.000 

.004 -9.500 

.003  -9.000 

.002 -8.500 

.002 -8.000 

.001 -7.500 
001 -7.000 
,001 -6.500 
.000 -6.000 
.000 -5.500 
.000 -5.000 
.000 -4.500 
.000 -4.000 
.000 -3.500 
.000 -3.000 
.000 -2.500 
.000 '-2.000 
.000 -1.800 
.000 -1.600 
.000 -1.400 
.000 -1.200 
.000 -1.000 
.000 -0.800 
.000 -0.600 
.000 -0.400 
.000 -0.200 

Do V 
.0.001 .11.000 -0.001 -10.500 -0.000 .10.000 -0.000 -9.500 -0.000 -9.000 -0.000 -8.500 -0.000 -8.000 -0.000 -7.500 S-0.000 -7.000 14-0.000 .6.500 A.0.000 

a-0.000 -6.000 
-5.500 T-0.000 -5.000 

-0.000 -4.500 
4=s.-0.000 -4.000 

-0.000 -3.500 
-0.000 -3.000 
-0.000 -2.500 
-0.000 .2:000 
-o.000 -1.800 
-0.000 -1.600 
-0.000 -1.400 
-0.000 -1.200 
0.000 -1.000 
0.000 -0.800 
0.000 -0.600 
0.000 -0.400 
0.000 -0.200 

.000 

.001 

.001 

.001 

.001 

:001501 
.001 
.002 
.002 

:0(01 
.002 
.002 
.002 
.002 
.002 
.001 

" : (1. 1 - 
- .001 
R .002 
.001 
000 
.000 
.000 
.000 
.000 

Cif? ta, 

A 

I 1,4)A. 

TAU 

1 14 

C 

-0.629 
• -0.632 
.0.626.  
-0.596 
-0.536 
-0.439 
-0.312 
-0.175 
-0.064 
-0.003 
0.016 

A 	0.018 
0.012 
0,005 

.4003 
‘1 .0012 
4t..0022 

.08032 
-0.036 
-0.035 
-0.027 
.0.013 
0.007 
0.010 
0.003 
0.001 
0.000 
0.000 

6 PO. 

CI 
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. 	. 

.025 

.026 

.026 

.025 

.025 

.025 

.024 
424 

:13X 
.019 
.017 
.013 
.008 
.001 
.007 
.017 
.027 
.033 
431 
.024 

:00g 
.010 
.003 
.001 
.000 
.000  

C 

40. 

C/1 

- 
a 

- 

. 

- 

('+) 

.002 

.002 

.002 

.002 

.002 

.002 

.002 

.002 

.002 

.001 

.001 

.001 

.000 

.000 

.001 

.001 

.002 

.002 

.002 

.002 

.001 . 

.000 

.001. 

.001 

.000 

.000 

.000 

.ono 

P I  
.0.649 
-0.654 
.0.649 
-0.619 
.0.560 
-0.463 
-0.336 
.0.199 
.0.088 
.0025 
-0.004 
0.000 

A-o.00l 
cl-o.on3 
'T-0.004 

-0.004 
P...0003 
-0.002 
-0.002 
-0.001 
-0.001 
-0.001 
-0.001 
-0.0no 
-0.000 
-0.0no 
-0.000 
-o.ono 
b), 

ALL 
.475: 
.356 
.229 
.098 
.027 
.133 
.199 
.210 
.166 
.100 
.046 
.011 
010 
.022 
.029 
.031 
.029 
.020 
.001 
.009 
.020 
.028 
.024 
.000 
.000 
.000 
.000 
.00U  

SI 
-0.002 
0.000 
0.002 

'0.004 
00.06 
0.008 

0 0.011 
p 0.013 

0.016 
I 0.019 ...) 0022 
LA 0.025 

0.028 
. 0.030, 
0.032 
0.032 
0.029 
0.020 

; 00002 
a  0.008 
'0.018 
'0.026 
'.0.023 .  
0.000 
0.000 
0.000 
0.000 
0.000 

PI  
0.478 
0.356 
0.226 
0.093 
-0.034 
-0.142 
-0.211 
-0.224 
-0.183 

v1

.0.121 

.0.070 
-0.038 

v-0.020 
-0.011 

1.0.006 
_-0.003 

c'.1.002 
-0.001 
-0.000 
-0.000 
-0.000 
-0.000 
-0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

TaA-P4, 	- C 	C (4) 
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... 1d 

-0.181' 
*0.346 
-0.545 
=0.775 
*1.043 
-1.356 
-1.707 
-2.006 
*2.028 

)0 C;109 
.007 
.005 

:g‘43 
.002 
.002 
.001 
.001: 
ant 
.001 
.000 
.000 

. .000 

.000 

.000 

.000 

.000 

.000.  
- .000 
.000 

- 000 
- :NO 
.000 
.000 
.001 

- .004 

011.000 
010.500 
010.000 
-9.500 
-9.000 
*8.500 
-8.000 
-7.500 
-7.000 
-6.500 
-6.000 
-5.500 
-5.000 
-4.500 
-4.000 
-3.500 
-3.000 
-2.500 
-2.000 
*1.800 
-1.600 
-1.400 
-1.200 
*1.000 
-0.800 
-0.600 
-0.400 
.-0.290 

c 

.460 	.61.3 	.4 
,453 	.014 	'- 
.419 	.014 	.. 
.356 	.015 	.. 
.267 	.016 	- 
.162 	.017 	- 
.060 	.017 
.010 	.018 U.:* 
.032 	.018 

T" .022 s  .018 
.006 a $01.8 A- 
.004 U" .017 4.1" 
.008 	.015 	w 
.009 

	

, , 
.012 	.. 

.007 	.007 	* 

.003 	0 .001 

.003.. 0007 . 	. 

.010 	., .016 

.014 	.0 .019 

.013 	.. .016 

.008 	., .009 

.001 	.003 	- 

.009 	.012 ' * 

.000 ` .000 

.000 	.000 

.000 	.000. 

.000 	.000 

.000 	.000 

a . 
. 

WI 

t 	• 5). 	 C (1*) 

.A 1.4 
-0.146 
.*0.320 
-0.524 • 
-0.757 
*1.028 
-1.342i 
-1.695' 

3.•994 
g_*2•017'. 

*1.673 
o
*1.663 

	

*1.205. 	ck*1.217 

	

C*0.826 	 -0.840 

	

*0.565; 	 '*0.585 
*0.420 

	

' ..0•250 	 T*0.311 

	

kel..0.109 	c,:*0.236 

	

CN 0.110 	 -0.181 

	

01* 0.610 	 -0.135 

	

2.093 	 -0.089 

	

3.456i 	 -0.069 

	

5.833, 	 -0.048 

	

1040941 	-0.026 

	

17.266 	 -0.008 

	

' *01003 	 -0.000 

	

*0.000. 	-0.000 

	

0.000. 	 '0.000 

	

0.001 	-o l000 	0.000 	0.000 

	

-0.004 	0.000 	-0.001 

cp 
0.035 
0;027 
0.023 
0;021-
,04020 
0.019 
0;018 
0.018 
0.019 
0.022 
0.026 

C4  0.035 
i 0.053 
" 0;087 
/ 0.154 
0.298 

(dg 0;626 
1.453 
3.826 
5.886 
9.309 
15.078 
03.927' 

.:0;001 
-0.000 

=0:009 
*0.008 
0.007 
*0.007 

_%:0.007 
a:0.007 
...08007 

-0.009 
T:0.011 
*0.015 A- . 0,1:0.022 

.*0.055 
:04094 
:0471 
-0.335 
0.709 

:1.643 
*2.361 _ 
*3

,
.428 

-6.654 
o:ont 
0.000 
0.000.  

• _ • 	 _ 	. _ 
TViek 	Arv, 	60- C. . tn.%) 	 C 6/) 	• 

.006 .... 

.006 

.006 

.007 

- - PI 
.453 
.445 
.411 
.348 

P 
-0.000 
-0.000 
-0.000 
-0.000 

0116000 
010.500 
010.00V 
-9.500 

.007 .258 -0.000 -9.000 

.007 .152 -0.000 -8.500 

..007 .050 -0.000 *8.000 

.007 - .021 *0.000 *7.500 

.007 - .044 -0.000 -7.000 

.006 - .034 -0.000 -6.500 

.006. 11:  .018 -0.000 -6.000 

.015 

.004 67. 
.008 
.003 1-1

00.000  
*0.000 

-5.500 
-5.000 

.002 

.000.000 
.'- 1   .001 U:*0.000 

„*0.000 
-4.500.  
-4.000 

.002 0-:  .000 F00.000 *3.500 

.004 

.006 
.U00 
.000 

.11 *0.000 
''*0•000 

-3.000 
-2.500 

.005 - .000 *0.000 -2.000 

.004 - .000 0.000 -1.800 

.001 - .000 0.000 -1.600 

.002 - .000 . 	0.000 -1.400 

.003 - .000 0.000 *1.200 .  

.000. .000 0.000 -1.000  

.000 .000 0.000 -0.800 

.000 .000 0.000 -0.600 

.000 .000 0.000 -0.400 

.000 .000 0.000 -0.200 
M-( - - . C(4) .e.0.f 	^A-1444A. 



It is difficult to give any conclusive statement about the rate of 

convergence of CM as more waves are added in the crossed channel. Ne note 

that the effect of the D
o wave is small on the near left, say in (-5, 0J but 

this may be duo to the particular experimental values for the Do wave. We do 

not know if the velues of other waves like Fl will be large. In Figs. ID, we 

give graphs of contributions to C(v) if resonances were present in various 

waves. To do this we used a Breit aligner form with correct threshold behaviour 

in each wave, and took position and width the same as the 	. The result is 

to give a bump in C(v) near - )1)49 -1 with more rapid fall-off towards the right 

for higher t waves. 

We conclude that if the experimental values used give a good representa-

tion of the amplitude in the low energy physical region of the crossed channel 

up to say V= 7, then we obtain a reasonably reliable value of C(11) oult to 

-7. To get a reliable value out t -8, we might well need a greet deal 

more information. 

The accuracy of numerical integration was checked to 10-4 by using a 

variable accuracy routine 0141.021.. setting the accuracy to 10-4 gave values 

identical to those used in the fixed accuracy routine. Only 4 significant figs. 

were checked. Use of a variable accuracy routine takes at least twice as long 

as a fixed acouracy one. The routine doubles the number of integration points 

until successive evaluations give answers agreeing to the desired accuracy. 

Hence it saves a lot of time to first of all find out how many points will 

give the desired accuracy and then to stick to this number. Further, when the 

integrand is a function of another variable and when we want the value of 

integral over a range of values of this variable, it is most important to store 

the values of the integrand at the integration points and to store tho values 

of the kernel; this saves time by a factor of 20 or so. Such a procedure is 

more difficult using a variable accuracy integration routine. 
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MEC FUNCTION IPPROXIULTION 

If( v ) is dominated by a sharp resonance, then ono can make the 
V 

approximation 

(v ) 	= 	 ( V - 

where CA is the half-width. This is shown in the Breit Wigner case in Section 

III. 

Fig. 11 compares the C(v) function evaluated by numerical integration 

with the C(v) function obtained by approximating with a S function. In the 

latter ca-ze, the cut starts at -
R  -1, the discontinuity having a finite 

value at the end of the cut and the real part having an infinity. We can 

regard the more exact C(v) as a smoothed out version of this. It does 

emphasise the correspondence between structure at y , in the crossed channel, 

and at - V -1, in the direct channel. 

CONTRIBUTIONS FADE THE HIGH .t REGION 

In truncating the partial wave expansion, we have neglected higher 

waves, which are important in the diffractian pJak at high t. Also, making 

a S function approximation to Init. has the effect of neglecting high t 

contributions. 

Two ways of accounting for these contributions have been suggested by 

Singh and Udgaonkar (5) and Brlazs (BV) (4). 

Singh and Udgaonkar found that these contributions were important in 

the it N problem and Balazs found that a calculation putting in estimates for 

both inelasticity andhigh t contributions, moved the self consistent value, 

found by his bootstrap method, for the (' from 585 Mev to 712 Mev. The 

present author dcas not consider either of these calculations to be very 

reliable, but his numerical studies of the C(V) integral bring him to the 

following attitude. 
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Since the integral converges (for g •i 1) the very high energy region 

can only make a small contribution and sp truncating the partial wave series 

will not make much difference. The author has evaluated the integrals numeri-

cally, for a small number of partial waves and. found. only a small change on . e r:. 

moving a cut-off from v t = 10 to v' = 30. Now, as we approach the diffraction 

peak, i.e. V 	-1, the integral gets loss convergent until it only just 

(logarithmically) converges. So the very high region starts higher, and .one 

may get contributions from higher waves in the intermediate region. In this 

case, one may well get contributims from high t , but %ie expect this only in 

the near left region of the s channel say V in [0, -23. 

KSTIPALTION OF THE CONTRIBUTION TpCiviFROKM HIGH t1  REGION 

Ls we wish to include a small number of waves at low 	, and. the 

diffraction peak at high t' which involves many partial waves, ono simple 

suggestion is to use a. tnimated partial wave series for At( s, t'  ) in the low 
• 

t part of the integral for C(:/), Lt(s, t'  ) = 	1_0W) P (cos 	), and i t= 	x 

use an explicit diffraction peak for I t(s, 	) at high t' . Lt(s, 	) = 

exp. law (s, t ),4."> T. Ls there are no experimental values for the diffrac-

tion peak, we could take the width arbitrarily as 1 Bev. We dad not carry out 

this calculation. 

REGGEIZED PROJECTION 

Pro jesitoa. ...krtc:1pjlysic al and? artial waves 

For a single Regge polo 

A(St') = 	°C;, 	-1- 1) • i t, (t/ ). p 
[ 

	

s 	A- 0C;; (V) I 
contains both real and. imaginary parts. For real fixed 

and ass 	 14 , t ) 	s 13‹ (t t ) 

If we project into a partial wave in the t channel 

tti) 	— De CV)) 

from s = 	00 
s —1+— 	— 00 
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If project into s channel, get 
a) 

A (0= _14:. 1 	
al:. 	Pt  LI -4- 9.__.4-1 1. 1.;z,./-,“- , )-t-•13  . ),-,-(ti) 

..t 	7.-;1/ . 	 c- 4- i 	5 1.;.‘, 	T; 'r,  L Lti ) i 

btL(t: ) il ) 4- - 1's  -1, 1  - gl- and for real and imaginary parts )need to disentangle from L. 

For asymptotic behaviour 

A (s) 	 mat'. Pt s 	v  'Ai -1 • 	6/.: (÷9 + 11 • 
S-4 	 (+93 

I  + 2s- 
J 

If one now wants to continue to unphysical t., Gribor's suggestion of 
oo 

. A t_ (vi,v ) u4 04  ( 5 ) w 	91 { 1. 7C V 4. 	 S 	I 
is used, and this gives an alternative formlsince Lt( y', V) will be the 

imaginary part of (1). 

II. 	IAN LTTITUDE TO BOOTSTRLP CLICULLTIONS 

In Chapter 1 we discussed the concepts of elementarity and composite-

ness. We want, in this section, to discuss bootstrap calculations in 

dispersion theory, in which mathematical description of scattering processes 

involving elementary and composite systems is attempted. 

We want to discuss some principles of practical bootstrap calculations, 

insofar as they have emerged in our work. 

Dispersion theory is often called a model independent theory. Jlso its 

microscopic interpretation is unclear. The effect of elementarity and 

compositeness upon the description by dispersion theory is found in the number 

of arbitrary parameters assumed, which cifects both the formulation of the 

specific equations for the system considered and the procedure for approximate 

calculation. 

The number of arbitrary parameters is directly related to the number of 

elementary particles. If there are arbitrary parameters in the theory then 
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they can be determined by experiment. However, a perfectly good mathematical 

solution of the equations exists for a range of values of the parameters, just 

as quantum electrodynamics has solutions for a range of values of e l  the chaxge 

In the electron. 

One does not know how many arbitrary parameters there will be. However, 

having written down tho equations to be solved, the number of solutions is 

fixed and cannot be made the subject of a further assumption. If there is 

inelasticity then one had bettor take this as given. Thus either there are no 

solutions, 1 solution, 2, . . .,27,etc., an infinite number parametrised by 

1 parameter, 2 . . . It has oven been suggested that there will be an infinite 

number of parameters (arising from asymptotic exponential behaviour and the 

infinite number of subtractions required), by C. Lovelace (7). Field theory 

suggests that)in the TOI case/there will be one parameter, corresponding to 

the A in the X CP interaction. This assumption was cannon in the literature 

in 1960, but now several dispersion theorists conjecture there will be no 

parameters and, further, that there will be 1 solution only. In the whole of 

strong interactions i.o. the infinite nunber of coupled integral equations, 

field theory possibly suggests three parameters at least; 

again/dispersion theorists have suggested ono solution only. 

Discussions on the number of arbitrary parameters have been given by 

Taylor and Truong and by Capps. 

We wish to argue here that, not only is the number of parameters 

determined by the exact equations, it is alsc possible to discover the 

existence of these parameters end identify them in approximate calculations. 

This attitude has arisen as a. result of education by Dr. R. F. Streator. Vie 

must first however discuss our numerical philosophy and the implications of 

making numerical approximations. 
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NUINTRICAL PIIIIDSOPHY 
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The value of a function is very rarely given in closed form, but usually 

in a series which has a calculablematiin error. One takes sufficient terms to 

ensure the desired accuracy. In a chain of calculations, one -lust take 

sufficient accuracy at each stage to ensure the desired accuracy at the final 

stage. In a long calculation on a computer, the arithmetic and storage is 

carried out to 38 significant figures, however the final answer is usually 

only reliable to 10 significant figures. This rounding accuracy is very much 

bettor than other sources of inaccuracy. An integral usually has to bo 

evaluated numerically and may only be accurate to 4 significant figures and 

it is important to check the errors on such steps 

In the numerical solution of very difficult sets of equations such as 

M. R. + U, one is faced with the task of representing the analytic expressions 

in a numerical form, which usually moans replacing integrals by sums and 

operators by matrices. One may choose an iterative method, not using a trial 

function but using values on a set of points,' or one nay decide to use a 

trial function as a basic part of the calculation, so one has gone further and 

assumed that the values on the sets of points can be replaced by a knowledge 

of some small number of parameters and a suitable parametric function. 

Parametrisation is discussed later in this chapter. To determine whether 

-...1  
two functions are equal in a region, one can use a A test or some other 

criterion like max f — f2  over the interval. To demand an equation be 

satisfied can also be achieved .in this way. In demanding two functions bo 

equal, one should find that increasing the number of sampling points causes 

the fit to settle down to a steady value. The density of points at which 

this occurs depends upon the smoothness of the curves. When this has been 

achieved there is no reason to take any more sampling points, in fact to take 

more would be bad since it. would incrocse computing time. We would thus have 
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"saturated" the constraint. 1, similar effect should occur with the number of 

parameters. When the number is too low so that the parametric functions are c 

not sufficiently "flexible", then either no solutions nr spurious effects will 

occur. On increasing the number of parameters one should reach a point at 

which adding one mere parameter makes very little difference to the values 

obtained. Too many parameters are •a bed thing, since,not only do they increase 

computing time and space, they can lend to spurious effects. 

To decide whether two differently parametrised functions are 

sufficiently equal in value, as to be taken as representing the state of 

exact equality in the analytic solution is difficult. Too stringent a 

criterion can load to no solutions being accepted. Largely by subjective 

means, ono has to arrive et values in the ,, which will be acceptable for 

tht:. fit of two functions together, or ane-quation to be satisfied. Also one 

must derive from this an idea of a "significant" change in the function es 

the parameters vary. 

It is a fundamental tenet of numerical work that 4-he approximate 

numerical forms and conditions can be made close enough as to give solutions 

which aro close to the exact solutions. To test whether we may be close to 

the exact solution, we make sure our parametrisation is sufficiently flexible 

and that our constraints are saturated, so that our solution has settled dorm. 

There is then reason to suppose that our solution is close to the exact 

solution, a condition one might term "meaningful". If this is not the case, 

then our solution nay be far from the exact solution, it may even be unrelated 

and its origin due to an overlooked effect. 

ILL-DETERMINED P1RAHETERB 

In en approximate calculation, the existence of free parameters will 

be revealed by the occurrence of ill-determined parameters. What interpreta-

tion must one put on finding that a self-consistent solution (within pre- 
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arranged numerical smallness criterion) 'exists for a range of values of ono of 

the parameters (or in general some function Of the parameters ()lumen for the 

calculation i.e. somei 1 loonnected region in [ n1 parameter space)? We will 

sometimes find a very flat minimum, but, because of approximations, never an 

exactly flat curve. The parameter along the curve is thus "ill-determined". 

Amore easily detected effect will be that this parameter, determined as the 

minimum point of the shallow valley, will be very sensitive to the approxima-

tion procedure, for the latter determines the slight slope of the valley. 

Two cases can arise, either 

(i) The solution varies very little as the parameter varies; or 

(ii) The solution varies significantly. 

Case (i) will be called "extra", (ii) "arbitrary". One again needs some 

numerical criterion fir the concept "significant". Case (i) will arise when 

the parameter, call it E , is an extra trimming parameter relating to the 

detailed form of the solution, but ill-determined. because the constraints 

cannot fix it well, the approximation is just too rough to allow its 

determination. One might thinh of some parameter in a weakly coupled channel. 

Case (ii) will arise when the parameter, call it )\, is a truly mathemati-

cnily arbitrary parameter so that a solution exists for a range of X and the 

solutions from a family labelled by X. For example,if one solves the 

- " 
Schrodinger Ecivation with potential C ithenr- is truly arbitrary. A. 

solution exists for a range of It. and the solutions for different /1 are 

different. 	If one did a numerical approximation and tried to include 	as 

a parameter it would be ill-determined. Similarly if n  is an arbitrary 

parameter forthollirsystem then a solution will exist for a range of /\ . 

X cannot be determined mathematically; it is a universal constant and must 

be determined experimentally. .As wo increase the accuracy of the approxima-

tion, we expect the shallow vellej to become flatter, but eventually we will 



f(loei j ) 	= .0 

Let us now take now parcneters1 ri 	s. t. ())land 1)for a particular sot 

Lave coordinates in the surf ace. Then (2), and N are the ill-

determined parameters anflf3,.. Ian) determined. So yingeneral) 

= 	( 

--- (2)1- 
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have taturated" the constraints. Ono can then meaningfully go ahead and 

locate "extra" and "arbitrary" parameters and produce a family of solutions 

labelled by the arbitrary parameters and can discard the extra parameters. 

Of course, if one finds that ono of the a priori important parameters 

is Axtre, one concludes that one is doing a bad calculation. 

To locate the ill-determined parameters, a good method is to obtain a 

plot of A in [ n1 space. Then if Y L-0 on a surface 

t 

3 
Then a self consistent solution is obtained for all q,s.- t. 

DO can test whether they are arbj.trary or free by looking at the solution, 

i.e. functions at different points on the surface. Of course, we nay have to 

tali: further coords. 

if one is arbitrary and the other free. We may want to do this anyway, since 

we may feel that the ftmily of solutions at constant )
are

)
in some senso

r 

dmilar)i.o. we may want to take a. "natural" parametrisation. 

Ono ill-dattermined parameter defines a lino in [ n space i:e. 

manifold. 

The next thing to observe is that we may not be acknowledging the 
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existence of an arbitrary parameter and for example neglecting an influential 

term. In this case even if we find that all the parameters we have taken are 

well-determined we may be in error in doclaring that there are no arbitrary 

parameters. Our calculation may be only finding the particular nembor of the 

family with that unconsciously assumed value of label. This may still be 

valuable however. To eliminate this effect we must e-camino the neglected 

terms , make sure they are small and that varying them does not vary the self-

consistent solution significantly. 

LPPROXIMILTION Ti ORI 

Talsh (8) gives an account of the approximation of functions in the 

complex domain. The possibility of approximation of any analytic function by 

a polynomial or rational function is discussed end the existence of best 

approximations proved. The criteria of minimal (maximum 
t 
 f app(z)-fexant(z)I  )) 

of 	( ik dS 1A4'(7- )1? ) 	p> 0 

of 	9in.(max. 	(using 	modulus theorem), 
7.k 

and of min. 	
c1-41 \6“-z)Q 	0 

lead to similar results. However, no idea of how good an npproximLtion to n 

terms is Going to bey  or how to choose a method of approximation aro given. 

Some useful ideas are given. In making a rational function approximation, 

one can choose the poles arbitrarily and then obtain a best approximation, 

given their positions. The region of analyticity used is related to which 

set of polynoni:els one might naturally choose for approximation purposes. 

This is in contrast to the work of Baker and others on Pade approxi-

mants, who makes intuitive guesses as to regions of convergence and bast ways 

of approximating. No other sets of functions for approximation are ever 

treated, other then polynomi .als and rational functions. 
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PACE APPROXWNTS 

The Pads!) approxinamt method (9) is a most promising way of obtaining a 

good rational function approximation for which the asymptotic bohaviour can 

be specifiod. The approximation puts poles over the singularities of the 

given function and, because of its invariance under conformal transformations, 

probably convergos in most of the analyltically connected regions of the 

function. Baker has proved a few results and conjectured others, see also 

Chisholm (10) who is attempting rigoro'.ls proof of convergence of the approxi. 

mation in the domain of moromorphy. 

L trunoated Pado approximation will have poles near and round the 

singularities of the exact function, but also it will sometimes have isolated 

''spurious polo& unrelated to the exact singularities. Those spurious poles 

eventually discpp,lar and are always accompanied by a nearby zero. Chisholm 

has conjectured that the total number of poles of the approximant, in a region 

of meromorohy, remains finite as 	. 

Tho convergence of the cortain series of Fade approximation in the case 

of functions with a.series of Stieltjos has been known by Baker and awlied to 

fixed s dispersion relation's;, since the absorptive part is always positive. 

Two convergent soquonces of Pade approximants to 	A(s, t) wore found which 

were bounded by the exact function above End below respectively 

I N, N - 	L (s, t) 	N 3 . 
Other applications to scattering problems have boon made by othor authors (11) 

but usually to non relativistic problem. 

THE APPMXTP-5-WN,....°11:-.CHTS BY  4E.WEEPEPPTPRIs. 

Thus, the work of Walsh shows the possibility of approximation and the 

PadO mothod gives a way of obtaining the approximate function, given a power 

series for the exact function, about sono point. To obtain a unitary function, 

it is bettor to approximate only the loft hand cut by poles and this can be 
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done by a pole approxination to the N function. In practice, one does not 

have en accurate enough power series to use the Pado method. Balass used an 

auxiliary method to determine the positions of the poles and got the residues 

from the power series. Other authors have determined the positions and resi-

dues by overall crossing and self consistency requirements. 

Bender (12) has described an N/D polo method which iterates, adding an 

extra pole to the left hand cut each time. 

Pole approximations to the riLht hand cut, when inelasticity is present, 

have been used by Cannel and HODonald (lee. oit.) in low energy n d 

scattering end by Bransden, Moorhous,) and O'Donnell in their inverse amplitude 

parametrisations for phase shift analysis of high onerRy 	N scattering. 

ANALYTIpi: L 9 90754 	1.7J.TROpq 

The problem of numerical continuation is fraught with difficulties. 

We have the phenomenon of over convergence of subsets of power series, also the 

theorem that an ana 
	

function whose values are given on a finite sot of 

points can be made to have any value whatsoever at any other given point. 

If one tries to continue using power series one is up against the 

"re--arrangement problem." For suppose ono has a power series about the origin 

and ono tries to oontinue by expanding about another point and using values 

from a truncated. version of the first series. Then one is :.erely rearranging 

the series and the values of the two series are equal everywhere and will 

diverge together on the same boundary. Lewis (13) has developed a way of 

getting round this problem using suitably chosen subseries and gives numerical 

tests of his work. The Fade epproximant is probably the best method of 

continuation and gives convergent series of rational functions. 

Lnothor way is to confornally map the region until the two points it is 

desired to continue between lie within a circle within which a power series can 

be used. Viewed. in the original plane this is a rigorously convergent procedure 
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of expansion in terms of nonrational functions. In practice, one truncates the 

series and then has the problem of estimating the error involved. 

141.11.TCHDTG 

In order to demand two functions bo oaual in a region, sometimes 

matching criteria aro used, that is the two functions are demanded equal on a 

(finite) set of points. Sometimes their derivatives are used as well. This 

was used by Chew-Mandelsten and by Balers and is certainly a source of error in 

thoir calculations as will be seen in Chapter 3. 

Belachandran (14) has considered the effect of constraints on the part-

ial wave amplitude in the form of specification of its values on a finite set 

of points. Ho derived a class of ineauallties which are necessary conditions 

for the existence of such en epplitude. Further work (15) uses the method of 

moments. However, matching is another name -for interpolitiAlnand is quite 

respectable if used properly. The excellent book of Tfalsh (8) gives a rigorous 

presentation. The present author would like to paraphrase Theorem 2. of 

Chapter 9. "The rational function, with Preassigned poles at ioci which is 

the best approximation, to t,funotion f(z)l analytio within and on the unit eir-

cle C, in the sense of least squares on C, is Obtained uniquely by interpolation 

to f(z) in the points 0)) /M." 

REP.4I KS ON PIP. °P 137, 	 q 1: F 14TR0744,-17 
(a) look at as many types of consequence as possible, forward and backward in 

the calculation; 

(b) got perspective amongst other approximations by looking at then and their 

consequences; 

(o) look at effect of increasing eccuraoy of the approximation compared to 

estimates of accuracy; 

(d) whore successive approximations vary accuracies independently and note 

relative effects, vary dependently and note interaction. 



BOOTSTRAP C4CULLTIONS 

'7o approach the problon of the solution of M R U as one of continua4  

tion from the t channel to the s channel consistent with the singularity 

structure implied by M.R. and subjoot to a unitarity condition. One first 

chooses a wcy of obtaining a set of coupled integral equations for the partial 

wave amplitudes from the Mandelstam representation. The methods of 

(1) Chow and Mendelstan 

(ii) Shirkov 

oach introduce a different typo of approximation with different physical 

content. The oxaot ferns are intractable and one then chooses a way of 

obtaining a unitary amplitude satisfying the equations as well as possible. 

One large class of methods can be described as follows:- 

1. Choose certain partial waves and neglect the others as a first assumption. 

2. Choose trial functions and starting values cf parameters for amplitudes 
in crossed channel 51; 

'
(vi). If possible, automatically unitary. 

3. By crossing or an intersectimr. dispersion relation obtain information about 
left hand side of s channel (this only uses ImI tt 

4. By some technique continue (or extrIpelato) to right hand side;consistent 
with unitarity. 

5. Compare in some way the "output" function obtained with the input, 
quantified by the evaluation of a discrepancy function )(L. 

6. Wry parameters to obtain minimal -',r; giving self consistency in an 
approximate sense. 

/i reasonable assumption for selection of channels is to assume roson-

ant channels will be most important, just simply because 171k ,(v ) is so muoh 

larger and affects the dispersion relation more. This may not be a correct 

assumption due to the subtleties of the influence of left on right. 

Different .e will have different kinematic factors, V , which will 

tend to push the large part of the reflected amplitude out to the further left 

X for higher X . The steep rise of the s waves on the near left may make then 

important even though this effect does not depend upon the existence of 



resonances in the s wave. This is found using inverse amplitude methods. One 

can chock finally the assumption by taking the self consistent amplitudes and 

working out the values of the neglected amplitudes i.e. t eke the chosen ones in 

the oro5104i.oha2hvo1)go -through the continuation to the direct channel.., for the 

neglected channels. If any of these is large, then one will have discovered 

an inconsistency. One can do a further test by putting a large neglected 

channel together with the chosen ones in the crossed channel and again calcu-

lating all channels. If there is a significant change, then one had better 

repeat with this channel included. 

THE IDEA Or AUTOMATIC BOOTSTRAPCO:rqTRLIITT 

In the variational method, discussed in Chapter 5, the input and out-

put amplitudes are automatically always equal and. the parameters are 

determined by demanding unitarily be satisfied. Of course, we don't gain 

anything by this, we merely move the uncertainty to another part of the 

calculation. 

INTUITIVE TIDROACH TO SINGUIARITlp i4110.11N4Mgyr 

In trying to develop intuition in dispersion theorypwn run up certain 

difficult ideas such as the fact that the values of an analytic function 

everywhere in a connected analytic region is determined by its values on any 

finite region (in fact on any sot with a limit point in a region of analy-

ticity). We should however like to develop some idea of the behaviour of a 

function duo to its singularities, in view of such ideas as force cuts. A 

simple pole has an easily graspable effect and higher order poles have 

similar effects. 



Two common typos of branch cut are the surd branch cut exoomplified by Ari 

and the logarithmic branch cut as in log z. At the surd branch point the' 

value is finite for positive powers and, there is a discontinuous derivative of 

some order and as the power increases the curve gets more smooth. hrThas a 

first order cusp at z = o. log z has an infinity at its branch point and a 

finite imaginary part up to the branch point. 

The relation between the real and imaginary parts for a function 

satisfying a dispersion relation is fairly predictable. A bump in the 

imaginary part will cause the real part to tend to change sign giving the 

normal resonance form; and vice versa. The effect of a singularity dies away 

as we get further away due to the damping 

effect of the 	denominator. However 
\\N\  

infinity, such as for marginally singular 

forces where the singularity strength remains constant to infinity and the 

real part goes logarithmically in all directions, the nearby singularity idea 

can be invalid. In this case, the distant singularities dominate and there is 

not the same falling off in effect as we retreat from the cut, indeed; in the 

marginally singular case discussed, the function increases as we retreat from 

the out. 

Asymptotic behaviour and its importance are difficult to grGnp 

Indeedl in applying intuition,we are trying to establish local "causal" rela-

tions between singularities and behaviour of the value of the function, in 

situations where large scale and overall factors like asymptotic behaviour can 

be the real key to understanding. 

Cancellation by oscillation is another effect. If we want a 

fast polynomial fall-off at the edge of a cut, the discontinuity must change 

sign the same number of tines as the value of the power of fall-off. For 

if there are significant singularitiesont to 
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exponential fall-off we need a periodic function. 

The effect of unitarity usually seems to bete turn the function 

towsrds the real axis. Thus given a rising B(V), solving by unitarity will 

give an A(v), which turns towards the axis compared to B(v), see Figs. in 

Chapter 3. 

The effect of the roscattering cut in a resultant situation will be 

large, on the physical cut, compared to the contribution from the force cut. 

Thus, as found in Chapter 5, and as discussed in Chapter 7, this makes 'it 

difficult to determine the left hand singularities giventhe real and imaginary 

parts on the right hand cut. 

When we consider the inverse amplitude as in Chapter 6, our intui-

tion gets a jolt. For regionsthat were important are no longer and 

asymptotic behaviour that was important is not, and vice versa. 

CLASSIFICATION OF METHODS 

(1) Given the left hand imaginary part we can either use: 

(a) 11/D which is usually singular 
	

03h. 3) 

(b) The variational method 
	

(Oades and Ch.5) 

(c) Bransden & Moffat iteration procedure for 	(Bransden 
inverse amplitude 	 Moffat) 

(2) Given real part on left: 

Balazs 	 (Balazs argiCh.3) 

(3) Given real and imaginary parts on left: 

(a) H/D in constraint on left, e.g. generalised 
Belem 	 (Ch. 5) 

(b) Variational method and constraint on left 	(Ch. 5) 

(c) My inverse amplitude method 	(Ch. 6) 

(4) Given the force function B(v): 

(a) Urotsky or F W. — 0, no solution for some 	(Morgan etal 
types of B(v) 	 discussed in 

Ch. 
(b) Variational method 	 (Ch. 5 



(o) Zachariasen method N = B 	(Zachariasen and 
Ch. 4.) 

(5) Given inverse amplitude force function B( 

My inverse amplitude method 	(Cii. 6) 

To obtain the left hand information, one either uses: 

(1) continuation of absorptive part by partial wave series, 

(2) (3) (4) (5) either from fixed s dispersal or the S function form 
of this from a polo term .it field theory, 

or use 

Regge formula or modified Regge representotions. 

METHODS GIVEN THE IMAGINARY PART ON THE NEAR LEFT • 

One must assume that nearby singularities dominate the amplitude. One 

either outs off the far left contribution or one can represent the far left 

by a pole form and hopefully determine the extra pole parameters by either 

criteria e.g. self-consistency )r uniterity. To obtain a unitarity amplitude 

one can use 	which is of Fredholm type, since one has cut off and has a 

unive solution apart from CDD poles, See Chapter 3. Or one can use tFle 

variational method following °tides, See Ch. 5. Or one can use Moffat's 

iteration procedure in an inverse amplitude formulation, See Chapter 6. 

GIVEN THE REAL PART ON THE NEAR LEFT 

One can use the Balazs method of choosing a parametrisation and determin-

ing the parameters by the requirement of correct real part on the left and 

self-consistency. 

GIVEN REAL LND IWINLRY PiRTS ON THE NEbR LEFT 

One hes the previous methods with an additional crossing constraints  

See Chapters 3, 5. Also a different inverse amplitude method, See Chapter 6. 

GIVEN TEE FORCE FUNCTION"  Ey...') 

One can use the Zachariasen (determinantal) method (Chapter 4). Or a 

variational method. However, es discussed in Chapter 1, the Uretsky 
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formulation can be solved exactly for reasonable asymptotic behaviours. 

The asymptotic part of the solution in the logarithmic (marginally 

singular) case have been expressed by Atkinson and Contogoads and the rest of 

the ,solution obeys a Fredholm equation. 

GIVEN THE DIVERSE  AMPLITUDE FORCE FUNCTION B (y) 

One can then write down the solution 

) = (v-yo) • I 	[ (v)  vo) F -1(v) 

where I,the right hand cut contribution,is known in closed form in the 

elastic case. 

THE USE OF THE REAL PERT ON THE LEFT 
. 	-10,1•—oress. 	 . 	 . 	,amsr.on •—,-wrm-ca-=1r 

How the real 	on left helps to estimate the far left 
(>0 

.PE:- A(v) - 	) Giv 1  
v v 

+ 
o 

1-.AA 	
vv 

A (v 	' (i) 

possibly subtracted 

From date we obtain estimates for ImL(N,I ) in c.0, c -1 and using crossing we 

obtain.estimates for ImA(vi) in [-1, -9I and for ReL(v) in [O, -9] 

want to estimate the far left force function 

B 1( v ) -.7. f 
- 

- 1  -1. 
v

. wk  A  ( v '.) 4 v  / 

— V co 
we have en estimate for B / (v) in CO, -91 using the real part for 

	

I 	00 
_Re A (v) — 1 71-_., A (vs) (Ay' -, 5 Lt. ilVy 9 ot v ' = 	B '6)) 

	

-9 	v.- v 	0 	Y — V i 	 Y i[0- ) 91 
and if we also assume the analytic properties implied by (ii) we can try to 

estimate the value of B 
i 
 ('v) in [0,06]. More realistically, we should only 

estimate a finite part of the right hand cut up to cut off A , and include 

the rest in B (v) so 

	

1.-vv.A(v
v
i)(I v i 	r°0 	 61v  / 13 1(v) = S J 	v v 

PeA(v) — [--' 	 (y) 
JO 

A reasonable estimate for B (v) would be a pole form 

Bi( = C7 FL'  
,, 

• / I 

then we 

(ii) 
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where the V aro in C-9, -co], [ A , 003 . 

We only wish to know B 1  (v) in the near region from a practical point of 

view. 

This procedure is carried out in the Balazs method, which obtains the 

F1  by demanding (v) be exactly true at n points in [-I, -9.1 and using the F1  

uniquely obtained to substitute in (vi) as an estimate for B (v) in [0,10] . 

To get an idea of B (y), we can take ReA(v) = ReC(V), ImA(v)--='InC in [-11-9.1. 

so 	gl(y) = J2e C (v) —( 	kvi)(iy  
)0  v - v 

This form has wrong analytic structure of course. 

UNFFISIBLE METHODS USING THE RELL PLRT 

1. 	Lna ic continuation usi:la12nitary functions 

Obtain 	AQ  (V) 	V (v. 	) -9] 

Introduce sequence of unitary functions -1 (v) and interpolate 

( v ) 
on a set of points 

Let n --i!,00 and lot the set vi  have a limit point interior to the region 

of analyticity. Then if .1:()) 	uniformly in a region of 11 1  it is 

the continuation of Lc 	) • 

2. 	Conformal mElpyKLimethod 

Map the cut V plane onto the unit circle and use a power series in the 

new variable to continue to the right hand side. 

!:gain, in principle one can expand in a power series about some point on 

the left, and use a Pade approximant series which will probably converge ima 

large connected region. 

These methods are unfeasible in practice because one only has a small 

number of terms at one's disposal which leads to very large inaccuracies. 

Note that there is an exact continuation of a truncated series for C(v), namely 
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0(y) itself which has no right hand cut: 

ZEROS 

1, further remark can be made about zeros. The S. (v) function has 

usually one or two zeros on the left in the S function case. In the inverse 

amplitude formulation, these may lead to dominating singularities. 

None of the ideas previously expressed is feasible as one does not have 

a good enough idea oflImk (t) to make the continuations meaningful. The 

only mathematically reasonable dynamical scheme is to neglect all structure 

outside the known region, perhaps assume InaL const.'a.nt or cut off (which 

may have similar effects). One can try subtracting a few times as well to 

damp down effect of high energies, but one needs accurate subtraction constants. 

One could possibly do an S - P calculation assuming that the fo had 

small effect and parametrising the high energy P wave. Of course, two schemes, 

truncated by the same amount, do not yield the same accuracy and cannot be 

expected to agree hence cannot be used to check exactly Chew-Nandelstam. 

Nevertheless, one expects some sort of order of magnitude check. 

LSYMPTOTIC LSSUMPTION 

Because of the importance of asymptotic behaviour upon existence of 

solutions, threshold behaviour etc., it is important to specify the asymptotic 

behaviour, that is being assumed, in an approximate calculation. Thus one is 

searching for the existence of solutions of a specified type. One does not 

know what asymptotic behaviour the exact solution has or what asymptotic 

behaviours are allowed, i.e. for which solutions exist. Ideally, as 

equations, one should solve the agmptotic equation and determine the allowed 

types of asymptotic behaviour. Then one should look for solutions of this 

type of the full equations, or solve the "remainder" equation using the 

asymptilv&ic solution. If one has no lead whatsoever, then presumably one 

should try a range of different behaviours, and see what happens. 
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reasonable assumption for the far left is the marginally singular case 

Tmh (v) -4 constant treated by Morgan and others, see Chapter 1. The pure 
t V -44-0 

absorption assumption of Lyth (Chapter 1) also leads to restrictions on 

asymptotic behaviour which one can incorporate. 

There are also results from the diffraction peak and 	U.as a guide. 

INELLSTICITY LSSUMPTION 

Lgain, one can choose to look for elastic solutions, assuming this is a 

valid sub-problem or one can put in an inelasticity function numerically. One 

has to assume an asymptotic behaviour of the inelastinity function (see Chapter 

1). There is also Lyth's pure absorption assumption which helps to tie down 

the form of the solution. 

SELF-CONSISTENCY CONDITIONS JND THEIR ATTAINMENT 

To compare the output with the input functions, the first thing that 

t „ 
comes. to mind is a 	test, that is evaluate 

--)(q- 	[ kuk (v,I) 	(-or 
ever a set of sample points 	. 

Now the input and output functions are usually not members of the same 

family of parpmetrised trial functions, the parameters being the ones we are 

varyingx:tn:. If they areithen things are much simpler and.less treacherous. 

If they are not then we are left with a lot of arbitrariness. 

(1) Choice of V.: 

there is no need for them to be equally spaced. What interval do we place 

them in, finite or infinite, what distribution? 

(2) Weights, Wl: 

More generally,we should take 

11 = {7, 	A„,t 	) - 	(v, 
whether the effects can be simulated by choice of hi:c i es can be done to 

a. certain extent in numerical integration,is not clear. Lt least, the bias 



is more transparent using W. One might well expect different Wi  e.g. 

to give different self consistent values. 
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Choosing 

does one 1. • 

perpetrated  	by taking 

with certain types of parametrisation? 

know that this is not effectively being 

might be expected to play havoc, however how 

(3) Which function to be used: 

One can use Rep. or Ith or some function or both. If one has automatic 

unitarity for Lin  and Lout  then only one might be necessary, although different 

choices could lead to different effects. 

Dynamical weighting 

Some people might make the obvious assumption as the % deviation 

A = 	,(  AoLA (V; ) 	6, (V 

Aoue  
This gives a weight function which is not fixed like the Wi  but =vas as the 

parameters move. More generally CI 	[ AotAlr 	) 	(v0 )  
( 	)  

Now, the % deviation function is, in the authors,  opinion, a bad one to take 

for the following reason. One is seeking to demand similarity of large scale 

features of the input and output functions. For example one would be fairly 

happy with 

i.e. the bumps in the same place. Thus one would like most attention to be 

placed on the bumps and little on the smaller parts. The weighting makes 

the effect of the large parts small and of small parts as important as the 

large parts and is thus a bad thing. Better would be to take pl  = 1, p, . —1. 

(4)  
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( 5) Functional weighting: 

One can take this dynamic weighting one step further by taking 

-)(1' 

e.g. 
	1"1 	etc. 

(6) Dynamical variation of sampling region: 

To obviate one's choice of parameters fixing the solution one ought to 

make the sample region capable of varying with the parameters. Thus if a 

resonant amplitude is trying to move to high energy, a low sample region can 

hold it back. 

sample region 

This idea can be extended to other parts of the calculation. For example, the 

symmetry points andnermalisation point can be made functions of the parameters. 

Indeed this very thing is done in the Zachariasen calculation where 

= v - 1" 

In order to determine those values of the parameters for which the 

amplitude most nearly satisfy the desired conditions, we could use a graphical 

method of drawing curves, in the parameter space, which are the self consis-

tency equations, and finding their intersection, As this method is not easy 

to use for several parameters, we used the method of searching the parameter 
3. -\/ 

space by iteration methods until a 1( criterion was satisfied. We used 

standard iteration programme which are quite general. Given 	as a function 

of the parameters, such a programme will vary the parameters, testing 

at each step, and optimising its search as a result, until it finds a minimum, 

The numerical analytic methods used are sophisticated and are described in 

computer literature. We maihly used a programme called VL02 L written by 
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M. Powell of LERE which is designed for functions which are a sum of squares, 

whose minimum value is close to zero. 

„ 
THE NUMERICLL VA 	

1  
LUE OF N FOR SELF CONSISTENCY 

Of course, we want consistency between the various approximations and 

criteria used in the calculation. In his variational method, Hamilton found 

that 0.1% self consistency was necessary before he considered the result to 

be a solution (see Chapter 5). In the author's opinion, this merely shows 

that one is solving near identities, for the dispersion relation and the many 

approximations used could not be relied upon to such a high accuracy, 5% at 

the very most. In general, as explained previously, the value of --v  which 

determines self consistency must be found by experience, bearing in mind the 

principles we have been describing. 

RELSONS FOR NOT EXPLICITLY INCLUDING REGGE POLES 

Regge poles were not used, for two main reasons. First the hypothesis 

may not be true. The lack of shrinking of the diffraction peak means that 

nearly all the phenomenological support for Rogge poles has disappeared. One 

is driven to putting the shape of the diffraction peak into (3(s) and to the 

conclusion that many Rogge poles contribute significantly. The only remaining -

success is in charge exchange scattering, analised by 

Rarita.andPAiJ_Ap§ . 

On the theoretical side, the hypothesis is highly desirable as a simple 

way of describing desired asymptotic behaviour of the amplitude and double 

spectral functions. It can give dominance of strips, low energy resonances, 

forward peaking at high energies all very naturally. However it is still not 

clear that thore are no Rogge cuts in the j plane in the relativistic case, 

in particular the Gribor-Pomerarchuk branch point at j = -1. Second, to carry 

out a calculation using Regge poles is a much more complicated business than 

for partial wave series. It involves a lot of programming and a lot of 
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execution time. Lsurvey of different methods would be impossible. Further, 

it probably would not be so easy to see what was going on in the calculation. 

Thus two main aims of our work, to survey methods and to understand the 

mechanism of dynamical calculations, would not be possible. 

III. PERLIE TRISAT ION 

In order to carry out self consistent calculations especially by itera-

tive procedures one must often use a trial function with a small number of 

parameters, which can be adjusted to give the best approximation to self-

consistency. It is then assumed that the function obtained will be close to 

the true analytic solution. To check this one should find that on making the 

paramotrisation more flexible it gives a better fit and also that, on using a 

different parametric form, the best fit has similar features. Desirable 

features are thus flexibility with as few as possible parameters to limit 

computing time. It is possible to have too much flexibility of course. One 

usually would like the function representing a partial wave amplitude to 

automatically obey unitarity on the right. One would also like the function 

to have similar analytic properties to the expected solution, in our case cuts 

[ —1 , —,q, fo, c,01.This is because the process of approximating functions, 

with similar analytic properties by fitting over a region, very often leads to 

the singularities moving to coincide as well as possible. In other cases, the 

expected cut structure may be different and thus different parametrisations 

more suitable. For example, in the T N case with IT7i.singularities in the 

complex plane the Layson form (16) has been used, which is a modified Breit-

Wigner form and puts poles in roughly the right region. Ls we often look for 

resonant solutions, the function must be able to assume resonant form, however 

it must be able to assume non-resonant form. Thus the use of a Breit--aligner 

formula, cannot load to non-resonant solutions and is not sufficiently flexible. 
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We use a parametric form usually only in a closely specified region and do not 

use it for continuation. 

The most general unitary form may be written 

A(v) 
gc.A l(v) — R(1)' I -Il- i N11+1 

If one wants correct threshold behaviour one can write 

A(v) = 	  
v 	(v) 	R(Y)• 

One would also like any poles to occur on the second sheet only, although this 

is hard to arrange. 

There is also asymptotic behaviour to consider. We shall consider 3 
types of parametrisation for the amplitude 

(±) extensions of the Breit Wigner formula starting from the standard 
form 

A (Y) 	
(vR  —v) 	1/41-1 

This is the form used by Balazs (17). Various forms of B-W formulae are 

discussed in Oadest thesis (18) 

(ii) NA pole forms 

() 	
A. 4_ (v- v.) 2: (-7  /(v-v,..) 

- 	. 	F K (v, vz  7=7- 	, 

(iii) L form obtained by having a pole in the inverse amplitude. 

We shall also consider parametrisations for R(j) the inelasticity function. 

We shall find fits to experimental data using some of the forms, for later use. 

1. 	LICIT =1ZIEU  roxuwz 
(a) Standard form 

e••••ge ••••••• 	11.02ar.• •Vioar• 

F(v) = 
(V— v) — 	v t  • ti v 

r7 v -€ 

r 



1st sheet on cut 

1st sheet off cut 

2nd sheet on cut 

2nd sheet iff cut 

+i If 

it 

hence 
1,171-11-  .1) 	

v 	E 

1 np,lyt4c :prover:Jct./ 4 

le 
- 

le define 	Ai ..7_ = 4- 1—  . e, 	z + i E. 	1st sheet pos. real axis 
Li 	L: e/2.  

	

+ L. r- 1-. € 	1st sheet neg. real axis 

z + i 	2nd sheet pos. real axis 
Y, 	L.9./7.  

+. 1.- 	. € 	2nd sheet neg. real axis 

and vie note that 

	

0 	 v > o 	v < - 1  
v 1 	

K 0 
	for 	

v Iti 	o ] 
also that 

V 4- L.E 	
= 	v (v 4 I ) -1- I.  E -I E I 	v 	_4_ f‘ E j  + 5 (C "L) :T. _ 	  

v + I + 1* E. 	(v + i ) ' + e ' 	v+ 1 
so that just above the cuts in the ( v ) plane corresponds to just above the 

cut in thev 
+1 
 plane. 

so 	 F (v) = 	r v (v,-v) 	both sheets 

I 	
t"2 — v)7- 4- P ly." [ v  

V+-( 

- v ) + r • 2 t [ 	
< 

F = 	  

• > b 

✓ < -1 

Near V = o. 
(vm  - v) + rvt,J IN/ 

(v(2. —v) . ye. ' 

  

r V 
rR 

 

VA  

  

cva _vr- + 
rvt 

    

   

 

+ LI) v+

—  vr 4- v" . r71. r- v/tvi-01 
n , 
v - 



S 
-c 

- "rriAm-Loi 
el 4 

. 



1-71/ e V4 

rYt YT-1 °(C) 
0(e) 

Near V = 

r 
(ye_ 	 r v.+ 

(v..4-1) (ye_ -V) -t 
ti 7.t v 	v 

""1+ Re IC ) 	 rYL 

v4- I) (VA 4- I) 

4 iv 4- i I 

-1 	TtAA F 	= 
-1+ 	7 vv, F(.) 
-a._ 	F r (v) 
-1~ Re F i(v) 

( vic -v)  
"ilv4-11 

0 

(v2 + 1 -) 

/ 	 _ 
,/ v4-1 

r 

SECOND SHEET POLES 

T he denominator has 3 roots corresponding to 

sheet. This can be suggested. as follows:- 

D(v) 
	Viz —V 	 ry t 

1/4-1 
if r 
	

small vanishes near 

v = V R + I E 

where 	E 	-T- 	r rtt 
	

Vrz.. /frit + 0 

3 poles allon the 2nd. 

now 

r.,3r 	2-rt, 
i) 	(v. -e 	le) 	viz. — V 

t~l (v 	= 

1)71- v + 	) 

c_9-1C `- 1E 

-V - i FV -e" 

v -v 

—V 

at the point YR L 
vg - 1'1 

D 	o vanishes 
Du  

but not DI 
?I 

The third. zero lies on the real axis in [0, -1 near = -1 as can be seen 

by writing 

(V+ i). ("R` - g.- 



putting 	r7= 0 gives V = 
or -.1 

twice 

One can develop en expression for the position of this pole by the iterative 

procedure 
V = 	r 

2., 2..€ 

V I 	— 1 ( 	i) 

( v, „; )1  

  

V t: 4. 	= 	1 1 	V 
ve 

) 
to convergence. 

This pole is usually weak and close to -1. 

Putting it at 

(Z. = 	1 

as x -4 0 

t 4- X 

	

+ x 	r 42-  - +X 
X 

	

R 	1 	--> 00 

  

tit 

/FT 
---> 0 

x vo. 	4- 	) 
( 1 + x ) t  

0 r 0 
1 00  

Thus for large R or small ri  the pole is near -1 and for small VR  orlargo 

(11  near the origin. 

Iterative procedure will also give the exact positions of the other two 

poles, when t 1 there will be (2k + 1) poles on the second sheet. For the 

s wave 3 poles, P wave 3. Thus one is solving progressively higher order 

polynomials. 

The width of a Breit-Wigner curve is not r/ 1  but 2.1Vrt" • 

The centre of the resonance is when the phase shift is! /2 
and this 

occurs at V .2 vit.' To find the width, we find at what position the 

!amplitude( 2  has half the resonant value. 

P F 	
vv 

4.1 

p/ 

x 



whir h cancels v 
V 4- 
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_Lv„, F(vrk) 

   

    

take half height to be at Yr, + W , neglect the change in 

I — 	r2 (YR. 4- K 1 ) -2.  L  

47 	w L 	r 'L ( viz_ .1- t Ni ) 2-t. [..(v (t. 4- WV ( V A + t^.1 + 1)j 
thus, to a good. approximation 

Vv ii- ;- (-ri. —1). r2  v(t." 	•" . 	• 
VI = f r  vR1  . 	0.645 or if' R is smell 11. NIR1  PR 

••• J-10. ,11,0 

• . 	 V
R 

+ i 

so the full vidth is 1.3 r vp.Q. 

This is supported by numerical results obtained by the author. 

For 	Vg. = 5.768, 	= 4..970 
1 IAA Kvps ) = 1.09 

	

11  when I F (Ni) = 	F (vo.) 	0,505 is 3.1 

giving 	W = 5.32 
r7 t 

CICO mpared to (1.3). I v 	= 6.L. 

The suthor has also worked. out the correct expression keeping in all terms and 

has obtained, for small r 
t 

which holds provided 
Clyx ( - 2•e. « 

V12.. 

	

i.e. 	V\I 

For the r 	=1, 	) 
y(k  	 ti 

for 
- 

for the fo' 	X.. 7:- 2 	Vg 	2 0 	W — I 

which conditions are just about valid.. k graph of the Breit Wigner formula, 

its real and imaginary parts just above the real axis on sheets 1 and 2 is 

given in Fig. 12. 

0•10. rya! -1  



T.( . W 	v 

Lbl  Po lEnonie.2z9•2.9zalisation 

( "4, 
L, v 

ao 	0 is related:Vo the 

a 
o 

tan ( 

1 
a 

v 

scattering length 

• (•,)] 

F(v) 
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S function reauction 

Using the standard formula 

	

Si (')()= 	t6...,... 	1 

E ---)  0 7K 	)( 1 -+- Cu  

	

-vv‘C(v) = 	rl-  1,34. 4v 
v -I-  I 

( \I  — vit ) 1-  -1- r , 1,1-c-.E1'i(y_4-0)] 

	

= 	77 11 1, 4- F.' -- 	{ _ . 	 • v-t- i 	
f" \ , - 

r-rc 	( v. _... \iris  )1" ÷ 

E 

r small 
	Tk 1 vr, 	

+1 
	(v 	) 

In the case n = 2, P(v) is ilauaAratic, and one can see how this allows a 

general non-resonant bump, for with P(v) = V - 11 R, it is inevitable that 

Re/. I(V) = 0 on the real axis at V = V R. However, when P(u) = a..11)1, +cv 2 

it nen either out the axis or turn back just near the axis giving either a 

resonance or a bump. 

Exactly analogous forms to case (a) hold for the value of F(y) on the 

two sheets. One is not sure where the poles will be and one hopes they are all 

on the second sheet. 

ny' 	b0:1;,.vibur 

as  V 	00 
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V e t 

ImF(y) 
P(v)1. 	v't 

thus if 	v\ < t_ 	) y 2 e 	dominates the denominator and 

(v) 	I 
s 

--C 	F- (v) —> 	  
v2 c v 	 at' 4- I 

IA> 	 F(v) 

	

( 	 
a '11 

this asymptotic behaviour will emerge when 
2. LA. 

A.. 	2 

. 	v 
	2 A 	/ a,„. 	 is asymptotic region• 

1.6fc h..12:. cut 

Ivy, F -t (v) v< - 1 
v+ I 

i.e. it satisfies a unitarity condition on the left as well as the right; this 

it because we have removed the left hand singularities located in ReA-1(v). 

The threshold behaviour on the left is the similar to case (a) 

	

Rg.  1= (v) 	 P(v). V e  (v+1) 	_U (V )) 

	

v 	
(.1) 

	

E ( VI ) 	 ± 4 1V4-  I 1 

In)  Aatl.one.1 f'upptipg.e...119r ells ation 
F(v) v  t  

— v 

	

P(v) 	v 
viA 

	

Q(v) 	= 	, yJ 

Thisallowsustogeteasymptotic behaviour under control; but introduces 

more singularities over which we have little control. Zeros of Q(v) are poles 

	

of -1(v). 	•. 	 Zeros of PH 

correspond to poles of A(v) and should be on left hand cut or second sheet. 

Asymptotic behaviour is now 

P/Q 	0(1 n—m) 

1. 	Q ± wt - 	o 
F(v) 	0  (v 	0 

--> 0 (v1• (44-vv --)  )--) 0 

r(v)/ L  v nv  



3. 	--Q. 4- 	= 

12z constant 

 

F(v) --> 	1  
[(ck7b —  + I 

constant. 

  

For m = n 

  

A ( 	= 
v ,/ 	t„( (vi)  

/04-1 

v) 

2. 	.4- 	> 0 

SZQ E(v) 	o 

-1„ F(v) --/ I 
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A > o 

when 
o w 

when 

> 	tA". 
%AA_ > 

11../1/-?°1.eY01711111)-0.9.. 

F(Y) 	
N (y) 	b(v) 

N(v) 	 (v-vu) 	 /v -ti;  

D(v) = 1 - (v 	. v 
f 	t o 

1 	v - v. )F L , 
L.so 

= g VO). where F 
d) 

(Vt" )  v) = 	y ) V 	•  	 (v/ 1/0 
J o 	 (vf-v) (vf--xf,:) 

the evaluation of this integral and its analytic properties are discussed in 

) 

en Appendix. 

The result is 

(v) 	) =  
2 , 	v 

V 4- / 
1/„: - V 

v1.177‘-4- ij 

G 1i + v,4-1 
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= 

Im.t.. = 

v I 
InD = 

-- • • • 
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This parametric form can represent resonant or non-resonant amplitudes. It has 

the correct cut structure on the physical sheet, however the cut connects this 

to an infinite number of sheets because of logarithmic behaviour. In the above 

form it does not have automatically correct threshold behaviour, however some 

calculations will constrain the Fi  to give it. We can take the 1,1 to be free 

parameters, or, following Balazs (see Chapter 3))we can take them fixed at 

optimum values, determined in an auxiliary calculation. 

haszerosontheleftatV.and poles at the zeros of N(V), one is not sure 

that these will all be on the real axis. In any case, we have more control 

over singularities and the only ones we need worry about are zeros of D(v). 

Figure 13 gives graphs of Ref_ and Imt, and the contribution from the left hand 

cut for a resonant amplitude using N/D parametrisation. The N and D functions 

can be seen in Figures 3 - 2. 

A 	
=v 

14 v.4- 

Re 

N(v) = 	-v.) 	F 	 F 
D(v) = 1 	-- ( v__--:_y. ) f c= (-, a (,/, v, 2 , 1(v. 	) 	. 	,) it v 	 j f ----: • Lb5  1 -,(7 4- -1771 3 

(v , — v) LA/ V' .4 i 

'10 	— v 

— v  

. 5V 7v  ReD(v) 	(v-v,).  F 
-r, 

: F 
In 

Y4I 

	

(i 	V-1- 1 
- 1-7(  • 711. 1 Lo  \-2 

   

J v 

indep.Vi  (although these 
affect where asymptotic 
region starts) 

clef 	v; ,F 	14, e. 
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4-°O 	I I"- 	!r  LeLey 	FZ 	(429 v 

	

11 ik , 	p_ure1,7 re al 
V -) 00 

Po:lAblo rn.:,i'brN,' of B 	W to N/D  

if ReD = X 

ReN 

then Irati. 	Re. rs-t 
D + 	• 

but ImD 

. • • Imti =  
r+- I 

-14- DI- 	E v /6, 4- 	]. R41,( 

TNI "t:4-  I 
	x 

4- X 7". \7÷1  

if r 	= x 

= Y 

then Irak = 

  

/e v v 	v I 

(viz -v ) 2-  4- 	r 
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)0-  

1 2  4 X 1: [4-11 

thus 	rv' 	analogous to ReN( ) 

V — V 	ft 	11 ReD 

 

/.. Re ts4(,) 

 

    

    



YO-It TIT 

4_71 	) F, 
—vo  _ L 

Reis = 
1.h. side 

4-- A Yv.) 
1,..-- 

aesassr—a--air-aav-a 	•••...-nnto •-eassualem-as 

v,' 
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. znverse  

Based on Model 2 of inverse amplitude 
= 	(v — 4,0) .7 v  

Rea = _pa  („) ,0?  
rill. side 

VD) 

 

Ft. 	A — '(v.) 

(v— 

   

    

 

I 
v -̀ 

e. 
4- 

l —yam 	 v"- 
4_Z v 

y, — vo) 

Imb = 	(y). 
r.h. side 	 1'v+ I 

ma 	\ F g 1.h. side = 

V 

Thus )for a single pole, which may be quite realistic, with elastic un.itarity, 

we have a (3 +42) parameter formula 

t 	v )  -4- 	v- vo 	. 	.4-- A, +  
t„=1 y r -  vo 

	

so, S- wave 	3 parameters 

	

P - wave 	/4. parameters 

henoe for So + S2 + P1 + Do 

(So + S2)  + P 	1)  1 + o 
S.C. in Model 2 

r 	r 
Yr  s V 
4 0  - 

heed. 15 

need. 	9 parameters 

when 	input parameters = output parameters 

for 

This enables the scattering lengths an  to be varied independently of the rest 
-1 of the parameters. Fig. 1/4. displays L and. .L 	If one used B VT then, 

A (v) 	 or more generally 	V e 
0 

	

	 ai Vg. 



•. 

I j -- 

01.. 

oi— 

frt.-  S•0 
i_v `/+ 
'WO °WI+ 1-1  

Arygol 	r 
°Imo 

VI' 	I 1"ivvo 
• - 	ro 3 :taie-e-Amuro 	V 

+1 I — "liti 0.1 V'aei 



	

tiQut,1 d 	 116 
so the scattering length • determined by position and width of resonance 

a, , - 
	

/ 
In practice however 	= 6.0 	= 9.0 

11  = 0.4 

but 	a/  = -30.0 
	

4-rtiv11, 

so if the calculation depends upon al  pt all strongly it will be drastically 

upset by using an unsuitable parametrisation. This is really just the same 

as the rational function generalisation of the Breit -Wigner formula, except 

that we now directly parametrise the threshold pole and the left hand 

singularities of the inverse amplitude. 

In the multi-channel case (19))the real part of inverse amplitude goes 

over to the inverse K:..atrix and is much used for multichannel effective range 

formula etc. obtained by expanding K-1  in powers of V . 

S 	=. (1 + 	( 1 - iK). 

T
-1 

= K
71 
 ik. 

K is symmetric by time reversal, hermitian by unitarity, hence real. 

Effective range formulae by 

+ 	k‘ 
(A 0  

	

s ince T - 	(.0+ 	k 	we have . • 7_ 

	

k co+ s 	rc, 
a , 

Given the functions 

v\ d 	2. 	) = (v— vo) 	, vb ) 

both with a right hand cut with discontinuity 

parametrisations by parametrising L
-1 

7,  f (Y) which will have no right hand 

out. Using a power series in V gives Breit Wigner formulae. Assuming poles 

on the left and threshold behaviour gives the inverse amplitude parametrisatim. 

Using fl(v) gives a loft hand cut as well. 

P(‘;) 	'-(v)1 
L ((Y) 

So we have 

we can construct 



1194 	17.15 
1253 ^- 19.00 
1312 	20.90 ) 

1.88 1.85 )  
1.90 
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The Nib pole form is a further extension using f2(v) . 

The simple case 

1 
PG') 	(v—vo),1 (v, vo ) 
0(v) 

does not correspond to agy of the parametrisations previously dissas,sed. 

VLLUES OF PLRLITETERS 

In order to be able to use experimental curves for ht  (u), we fitted the 

curves, olAained by other workers using different parametrisations, to the 

parametric forms discussed. This was done by an auxiliary programme whiej.„ 

varied the parameters to find a least squares fit, between the curves. The 

two parameters in the simple resonance formulae could be determined from the 

position and width. 

For the (0 and the fo described by a simple Breit Wigner, taking the 

as 763 Me'y full width 124. Mev the correspondences are 

• • • 

701 Mev 
763 Mev 
825 Mev 

R 

• 5.29 Mi.:1') 1.13 \ 
—• 6.4g8 	1.26 7.

6.4 	r vR  = 0.92 

1.2 

▪ = 0.14/4  

or in terms of a. in type 2 Breit 7igner 

01. . 24.3; 	a2 = -3.78 

For the fo 	1253 MeV 	width 118 Mev, 

• v R 	= 19.00, 	rly
R
`2

= 	1.44, 	= 0.00040 • 

or 	al  = 2585.0; 	a2  = -136.0 

The (3 and fo amplitudes are given in Table 2. 

For S- waves, three different sets of data with different scattering 

lengths a, were fitted 

S risin to 20°  
28°. 
12° 

2 
3 

a 
a 
a 

= 
= 
= 

0.67 
1.2 
0.35 
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0.510 0.5001 
0,500 1.000.  
0.452 1.500 
0.400 2.000. 
'0.354 2.500; 
0.516 
0,285 

3..001 
3.500 

0.260.  4.000 
0.240 4.5001 
0.224 560001 
0.212 5.500 
0.204 6.000! 
04199 6.5001 
0.195 7•0001 

7.500; 
0.202 8.000; 
4.212 8.500 

0514--- -t 	00-0 
0.067 0.255 9.500 
0.092 0.300 10.000 
0.146 ;J.383 10.500 
0.302 	568 116000' 
0.840 1.115 11.500, 
0,657 0.91B 12.000' 
0.177 5.425 12.500, 

t 	1.4 

F 

(0 
0.045. 0.0_67 0.010 
041.24 0.195. 0.100 
Gs154 0.253 0.200 .  
0.167 0.287 0.300 
0.173 0.309 0.400 
0.175 0.324 0.500.  
0.166 0.350 1.000 
0.151 

0so 0.138 
0.349 
0.342 

1.500 
2.000 	• 

0.126 7- . 	0.118 
-- 0.110 

0.333 
0.325 
0.317 

3400cr 
3.500 

d 0.105 0.311 4.000 
0.100 0.305 4.500. 
0.096 

ez) 0.092 
01300 
0.295 

5'000 
5.500 

0.089 C•291 6.000 
0.086 0.2E7 6.500 	• 
0.083 0.283 7.000 
0.080 0.270 7.500 

F IT 

2- 
As,  

0.14.3ef 	 01,2 _ 
0 • 3 63 	O. 0.3 	-01 • oly. 
0 • 	b 	- 0 .05-9_ 	' erc43  
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The results of the fit for a four parameter polynomial BW formula were, for 

al  

(1)  1.478, 0.516, -0.059, 0.003 

(2)  0.822, 0.363, 0.123, -0.014 

(3)  2.837, 0.434, 0.239, -0.022 

shown in Figure 15 and Tables 2. 

The S waves only had a small effect in most calculations and the curves 

deduced from those parameters were only used to give a general idea of the 

effect of S waves. In the inverse amplitude calculations, the S waves had a 

large effect and all 3 fits were used at times. Usually So  used fit 2 and S2  

fit 3. 	few searches were tried using the 0 parametrisation but no con-

vincing fits were found. To find promising starting values in parametric 

searches, a technique of "parametric matching" was used. This simply means 

taking only the many data points as there are parameters and inverting the 

linear equations usually obtained (if we use tan (vi) as data values) to get 

unique values for the parameters which gives a curve going exactly through the 

small number of data points and perhaps not fitting very well elsewhere. 

Starting from these values, the parameters can now be varied by a minimising 

routine to give a least squares fit. 

;NuitoTTpITY.  

We used mainly the parametrisation due to Oades 

tjv-3 .L1 	• D(v-3) 
v4 b 

which has a square root behaviour at the inelastic threshold and -42. His 
V '-'v01,0 

values of a and b ...-imore:4:IL 	= 75.0, b = 100.0. With these values, the 

factor f1 	
-- 6" 	= V .4- ip - C. = V + 2 5-  

V 4.D v -4- la 	v +—I  Li v 

.-c.-v• 	V 7.... 1V 	, 	4.1 = 	3s --- 	1 
, 	I 	v -.: InD , _ I 

u 
0 0 

v= 710 ) f1 	
, ,.._ _ 
1 	) 

V 	, 1 0-,, 0 	, 1  

The factor f2 = J y=3 
	

-kr v :.-- 6 	-I, == . -1 
) 

(,) 



119 
Thus the factor fl hardly varies in the near region. 

The analytic properties of the parametrisation are unimportant, as 

only use the values of the function in the regions where they mere fitted. It 

is a convenient way of expressing data. 

.11. simpler form without the finite limit 2 at infinity is 

(y) 	4- t4  (v- 	• a  ' (v — 
or if one is going to integrate it with ••-.7; 	p  one night take 

,R(v) 	a(v_ 	iv -! 
v  

An extended form of the Oades parametrisation is 

) 	4 	(v c ) 	• [ 

The evaluation of the inelastic kernel function 

 

(v ( — v)( vi— v0 ) for this parametrisation, 
is shown in the appendix. 

Inelasticity can be incorporated in the other parametrisations by replacing 

j4v) 
10.4- 	 V4 

The effect of inelasticity upon a resonant amplitude and upon the O(v) function 

is shown in Figs. 16 and 17. 

When inelasticity is present, especially rapidly varying inelasticity, 

there is some arbitrariness in the definition of resonant behaviour and in the 

position of the resonance. This is particularly important in phenomenological 

analyses of data and especially in phase shift analysis. In this case one uses 

an argand diagram 11.0A vs. ImA(20. A constant inelasticity Breit Wagner formula 

gives a circle. An inelastic resonance is identified by a closed loop and the 

position of the resonance is arbitrarily taken as at the top of the loop. 
TwOM-0) 
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CHAPTE2_2 

THE BALMS METHOD  

I. THE ORIGINAL METHOD AS USED BY BALM  

1. Statement of the method 

Using a fixed s dispersion relation, in the\g function approximation 

discussed in Chapter 2, one obtains an estimate for the real part of the 

amplitude on the near left. 

62 

(Y) 
 

t=4A 	1= o 	 j 

where we have chosen to consider a finite set of partial waves in the crossed 

(t) channel with an„ular momenta k = LI L2, 	in each of which there 

is a resonance, and we are neglecting all the other partial waves. Thus, 

for any particular partial wave we have this estimate for the amplitude for 

v 	L-9 0) in a form which has only a left hand cut. We wish to- ob-

tain a form for J (v)approximately equal to this on the left, but having a 

right hand cut and. obeying unitarity. Note that CeWis an estimate for 

the whole of )yv), not just the contribution from the left hand out. 

In order to continue to the right hand side, i.e. s channel physical 

region, we match to an N/D pole form, which has a right hand cut and 

NI 	= A (144 ) 4- (v — vo) 	T7 L  
vt  

D(v) = 1 
where I ( v 

) 

n" 
is the kernel function discussed in Chapter 2. 

1. 
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satisfies unitarity. 
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e T 	 y (4,6) 	AY' R(Y1 ) • jy+1 	
4 

—0 	 (—,1/4)(v.-6) 

We. .valu. 	R(v.)=-_ 1 	qAA 	Co / 063 . 

The positions of the poles on the left,vare not regarded as variable 

parameters but are held fixed at values determined, in an auxiliary 

calculation (see next section), as the best positions in some sense. In 

order to determine Jlt(v)= 1\lt.(v) everywhere, we need to findj 110) and 

, 
	

Ov 
and this we do by the

e( 
 already mentioned matching process. We 

match 10 to C (v) at a finite set of "symmetry points" on the left, i.e. 

we equate 

D(v6) 
which gives linear algebraic equations for the 	F,L'? . The • 

usl 

are supposed arbitrary but must lie in the region where C (v) is known 

viz Cg.-1] . We must avoid the singularity of C (,) at v 	-1 , and 

as the behaviour of C (v) in Le, -viz  -0 is thought to be more relevant to 

the right hand side than that in [vg  -1 -9], we take the N/F-3 

PVR -1 j  0 
	but not too close to the singularity. 

Putting 
	) 	(v vo) 

where F° ,A(„) 

the matching equations are 

-vo  ) . 

where 
	

C.-) = c (vc:J ) 

The 	1.,,, ALT (v  ) , , _ ry LI  1. 
) function in the s channel 

physical region constitutes the output to be compared with the 1....,A
{
:(v ') 

Eil:17— (y6— v.) • 1:—]---- 4_ (1J, I ( v., v0] 
v 	— vi., 	 lc 

input from the t channel, and one demands rough self consistency by 

FL) 	(vL) v6  s)] 
yv I rn.° 

	

. 	• 	. 
i.e. 	

. 
1-• 	C--1  . 

L.* 

V - 	' 

I 

	
in 

= o 
 



VIZ CrUk -r-- VP, t;iN. 

	

Fr  
0,0„

V -L 	 ... R ...AA.. — r,,,, 
vgt  ,,'   

where 	R1out = 	N in' ( R in). 	( Rin - o) 

This definition of 	( livR  t- )out is more convenient than and very close to 

( X 	= 	— N 0'%A.*0 ( \'' ILV:V) / Sa. Deo_oti 	(VR,;,) rvt) out 

and is obtained from this by the linear approximation for D 

[)'(v) = —1 hvot„, 
which is justified a posteriori. 

The first condition is specified by 

Piz D 	 0 
The Balazs method was initiated in BI(1) and BII(1), BI explaining 

the kernel approximation and. BII carrying out the calculation for the 

I = 1 J = 1 7CA-  state, obtaining self-c on sistent values vi,_. 3.4.,rry,. 2.6 

i.e. srp, -- 585 viz.v, full width -,•-• 150K4r. 6117(1) extended the calcula-

tion to I = o J = 2 and I = 1 J = 1 coupled and. also did a calculation 

for I = o, 2 s waves. The method has been used by various other authors 

(3) (4). 

2.  The  Kernel ,proximation 

The significance of the Balazs method is in the pole approximation 

which finds optimum positions for the poles depending only upon the kernel 

in 

	

)= A (vo ) + 	 T,  A (v') 	dvi 
(vi-v)(V-y.) 

The kernel is approximated by a pole form which simultaneously expresses 

it as a sum of degenerate kernels and gives N (v) a form which is easily 

integrable tc give D (V). Writing 
= 1 M n G-. i(x) = 	K 	(x

' 
 v) Kexact(x 'v) 	1 + xv  "e 

J. + X . 
app 

1 
1 = 1 

122 

X 	- I /v' we approximate 
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where the 1LG, (x.)/ are Lagrange interpolatery rational functions having 4 

valuesunitratix.11 .One varies, x. to give the best agreement for ) 	I 

V fixed at some point in the range over which the approximation is to be 

used. One also chooses a cut off VL for generality, taking the integral 

from%)
L 
to -0. 

There is some freedom of interpretation of the requirement if best 

fit, and we minimised over a set of points in the range CO, VI) . The 

distribution of points was determined by a power law 

V 	V 	
( -1)13 	= 1  

L' 

m being the number of points, usually kept at value 20, and p an index 

which could be varied. The results of a typical fit are shown in Fig. 1. 

Values of the pole positions and an indication of dependence on Vij 	and 

p are shown in Table 1, also the change in CHI
2 during optimisation. The 

solution 6 (1) has a pole on the right hand side and may be permissible, 

if we take the N function to include the inelastic cut as well as the left 

hand cut, as explained in BIZ. The effects on the Balazs calculation will 

be seen later. Note that the difference in CHI
2 produced by optimisation 

is only of the same order as that from increasing n by 1. 

We wish to make three points about the kernel approximation; 

i. It is valid if and only if the dispersion integral converges. 

For the exact integral 
(VI_ .(v')

' 1(e4("c 6(vi 
S VL II  (V ) = 	-JiLLIV 1  = 

V ' -- V ,..0 	--.. 	v ,  
is replaced by 

I1' (v) 7:- j 

where 

Ill' 
—04 

AY / . ka t'?  (viiv) 
v' 

7-- Cy . 1-3. (vi.) + CL. 12 	__(‘_di  
v —v L v, _v 

(m) = vL 	4v 

for a two pole approx.j  arta 

vJ   2 - X 1  

C • 	V, 
••=0. 1,11.  



TI, BI 	
Balazs Pole  Positions  

(1) Basic Result: 

n = 2, V = 0.5, VL  = -5, P = 1. 
V. = -6.0, -25.0. 1 

(2) Variation with V • 

	

VL  = -10 	v i  = -12.3, -42.2 

	

- 2 	" 	2.48,- 8.696 
1 	-1 	-1.25,-1+.4.6. 

(3)  

(4-) 

Variation with p: 

p = 0.5 

2.0 

Variation with 

V = 1.0 

-.= 5.78,-12.3 

- 6.45,-39.8 

yi  = 6.135,-22.5 
3.0 
5.0 

- 6.25, 
- 6.29 , 

-22.6 
-23.4. 

VariatiOn with n: 

n = 3 . = - 5.49, - 9.62, -36.1. 

5 
6(1) 

- 5.316, 

- 5.13, 
- 5.07, 

- 7.194, 

- .6.33, 

- 7.87, 

-13.44, 
- 9.62, 

- 8.13, 

-50.8. 

-19.3, 	-64.5. 
-11.55,-1,7. 6, + 14.6. 

6(2) 11 - 5.29, - 6.94, - 9.52, -13.89,-14.28,- 19.23. 

(6) 	Chi-squared optimistion: 
2 

n 	initial W. 	final W. 

3 	.9 x 10- 	.3 x 10-8  

4 

5 
6(1) 

6(2) 

(5) 

- 
.8 x 10 11  

.5 x 1024  

.3 x 10-14  

.3 x 10-15 

.1 x 10-11  

.8 x 10-15  

.2 x 10-16 

.3 x 10-17 



t\ 
2.2 - 	 V .T-5- 	v., -4. 

2.0 V It-3 

6.000 0025 0.050 0.075 0.100 	0.125 
' 	>X  

0.150 
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Now the conditions for convergence of I1(11) and I2(a) are identical, 

and in practice reduce to 

either (a) f (v') 
V -r 00 

or (b) f (v') = sin(u v /). g (v/), u real > 0 
\ steadily. 

v 
V 	00 

for all finite v, a. 

04 The asymptotic behaviour of the approximated integral is not 

necessarily 0(6). 

For what the kernel approximation asserts is that 

r 	 (v.)  ay/ 	E 
L vt,•-v 

in a small range of V  , where V is sufficiently far from the cut. It 

does not attempt to be valid on the cut as 	v 	-co, 	- 	.(1) and 

Mindicate that it is not a usual pole approximation and not equivalent to a 

cut off. 

iii. It is still a good approximation for oscillating functions, i.e. 

conditionally convergent integrands. For, from(i)it still converges and, in 

BI, Balazs gives an estimate for the % error for en oscillating function. 

Now when the oscillations exactly cancel the exact integral has a zeroo so the 

% error is infinite; however this is merely due to the fact that the 

approximate integral has a zero slightly displaced. Numerical estimates of 

Balazs expression from BI for the %error, using the kernel approx. of Fig.l. 

[41' Altti] 
r Di 	Di. 	• 	Di 	rk 

x100% 
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If we take the oscillations to exactly cancel at V = -2, E = oco , then 

when 	y 	-1 E = 0.4% 
+1 	0.04% 
4-5 	0.3% 

0% always. 
Note from Figs. 2 the % error is zero for = 0 and 5% as V -30. -o0. 

The assertion is not that any kernel approximation within 5% of the exact 
is accurate for oscillating functions, for this is clearly untrue, but that this 
particular approximation is. We have made it plausible that the NM function 
can be well approximated by the pole form in a certain finite range. For 
example, a two polo fit is accurate to 10%, for V in r-3, 6] , for all 

in [VL, -00j, and. a six pole fit is accurate to 1%, for V in L-3,15]. 
However, to form the D(V) function we need. an estimate for N(../) for the entire 
range [ 0, 00]. (8) . 

To see how the approld.mation varies in this range, we aid. two ctudies. 
First, vie found the optimum V. for EL = 2, for a series of values of •V in the 
range. The results are shown in Table 100 end show that the optimum V1  change 
slowly and. monotonically from V = 1.0, Vi  = 6.17, 21.6, to V= 100.0, 1  =6.80, 
37.6, but that the value of)(2  at the optimum value changes rapidly, starting 
at 10-5, rising to 1.0-1  Ft V= 50, and. then decreasing to 10-3, for V= 103. 
Second., VI* evaluated. K exact - K approx. for a series of values of 	, the Vi  
being the".optinun values forV= 0.5. K exact - K approx. was roughly constant 
fore' in [VL, _04) except that, for large negativeV', it rose by a factor of 
10 or so. The values for typical/ I are plotted. versusV in fig. 1(0). We see 
the following, CO the "asymptotic" value of K exact- K approx. is roughly 
the sane for all n. and. is 10-4, so the % error = 10%. 

(B) The error rises from very low values for V 4_10 to 10-3 or so for 
= 50, for n = 2, K exact- K approx.. = 10-2 and. the % error <10%. 

(C) La n increases the error gets very small for V in [0,1001 
Now, because we are evaluating D(V), the very high 	values in the integral 
will be damped. by the Cauchy denominators. Also for large negativeV t the 
error rises by a factor of 10 for all 11 , however the contributions from this 
region are damped by the (V t- Vo) denominator in the N(V) integral. 

Thus, our c-cmclusion is that, for a sufficient number of poles, one can 
achieve sufficiently accurate values of NW), to achieve an accurate value of 
D(V), provided one has accurate values of Fl. 

We should. finally like to compare the pole positions obtained. by the 





Balazs optimisation procedure with those obtained by using a numerical 

integration formula. If we wish to integrate 

-1/1, dx. f(x) 

then we can first transform to a finite range by 

z = x -V L  
x 

then z decreases from 0 to -1 as 

x decreases from -VI, to -00 

further 

x = L 
1 - z 

SO ax dz 
LO 77iT2 

and we have 

12: 

dz. L 
( 	z) 2 

f ~ x(z) J.  

if we do this integration numerically, we take n integration points z1 and 

weights w1 and take the value of the integral as 

n 

wi. _V _ L_ 
, 2 

(1 - 

fLx  
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Thus for a dispersion integral 

f (x) 	h (x) 	
say 

(x -N) (x 
- V L h (x) dx 	 V 	%I  L 	. 	h Ex( z )] 

-440  (x -yr) (x -V0) 	i = 1 	(1 - zi)2  Pzi)-1g.Ex(zi) 

a pole approximation with poles at 

x(z) VL 
1 - z. 

This is uquivalent to approximation of the integrand 

f[X(z)3  by polynomials gn(z) 
( 1 	z  2 

so 	 gn x f(x) 	is approximated by 

(1- z)2  
x - VL) so f(x) is approximated by i . 

For Gaussian integrationthe gn(z) are Legendre functions Fn(z) and z
i are 

its roots. Hence f(x) is approximated by poles of various orders at the 

origin. 

If we put in gaussian points zi  and calculate the corresponding x(Ai), 

the pole positions on the left hand cut, we obtain the results shown in 

Table 2. If one takes equally spaced points, omitting the end points, then 

i z 	i i = 1 - 	n 
n + 1 

( n + 3.).vL  

    

reordering,  

1 	i 
n + 1 

 

n + 1 - 1 

= 	V j  = 1 - n, 

a harmonic series. The pole distributions are shown in Table 2. 

The positions for Gaussian integration are remarkably similar to the 

Balazs positions and agree much better than those from equal spacing inte- 

gration. 



TABLE..5 - 

Gaussian Integration Pole Positions: 

For" =5 

n = 2 6, -30 

3 - 5.6 -10.0 -5040 

- 5.4 - 7.5 -15.0 -70.0 
-5.15 - 6.0 - 8.05 -13.1 -29.4. -343.0 

Evc•ily.  spaced Irrilegration Pole Positions: • 

For VI,  = 	5 

n = 2 	 - 7.5, -15.0 

3 	- 6.5,-10.0, -20.0 

11. - 6.25 - 8.33, -12.5, -25.0. 

Bel -s Pole Pc-itions: 

Fo 	= 5 

n = 2 --6, 	-25 

3 - 5.4.9 - 9.62 -36.1 

4. -5.32-7.19 -13.44 -50.8 

5 - 5.13 - 6.33 - 9.62 -19.3 -64.5 



Now, gaussian points can be generated by a best fit procedure (6) 

and one wonders whether there is any connection between this and the 

Balazs optimisation procedure. 

Note that there is a simple connection between the pole positions 

for different V
L viz. 

V 

If we look at the V
L variation of the Balazs poles, shown in Table I (a), 

we see a similar behaviour. 

Of course, in this treatment, there is no dependence on V. However, one 

can see that, for V near the cut, some modification of the V1 to fit best 

might be necessary. Further the Balazs poles become very insensitive to 

V , when it is reasonably far from the cut. 

Since the integral is 
0 

V L 1-1 	x_LE13  
v. I./ 	 (a-'z) (ab-z) (1 + z)2  
a = 

	

VL 	
- 1 ; 	a = VL - 1; 	a' ao real 

	

V 	o
tio 

then presumably, the best positions are given by the roots of polynomialr 

gn(zi) = 0 

where gn(z) are 

w(z) 

defined by the weight function 

1 

(a-z) (ao-z) (1 	z)2  

and interval[FJ, -1] . 

Now there is an essential difference between the numerical integra-

tion procedure and the Balazs procedure, namely that the Balazs Fi  are 

determined by matching the approximate form to the exact integral, but tho 

numerical integration procedure uses the f x(zi) to get them. The 

numerical integration procedure is only valid for integrands which can br 

approximated by polynomials whereas the Balazs procedure is valid for a 



much wider range of integrands. 
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The similarity between the two lies in the fact that if we tried to 

approximate a well behaved integral by the Balazs procedure, then we should 

get the same answer as by numerical integration, hence the pole positions 

are the same. 

3. The P1  Channel 

The B/D form is matched to the C(V) function at (n+1) symmetry points 

tegiveF.and 1.(Vo
). The properties of the pole form and the mechanism 

of the process are shown in Fig. 2. Note the near linearity of Re D(V) 

although of course D--> constant, justifying the self- 
V-4 co 

consistency conditions used by Balazs and supporting the linear approxima-

tion of Pati and also Kane (3). Note that C(v) has a logarithmic singula-

rity at -y2,  - 1 but that N/D has a pole at -6. 

Symmetry points close together are equivalent to matching 

derivatives. Because of the sensitivity to symmetry points, it was found 

clearest to adopt two classes of distribution: 

1. "derivative" 1..0.1. at the origin to give v 1 " behaviour, 

and (n-1) clustered round one pointjusually V= -2; 

2. "distributed!' i.e. spread out in[O, -2.5] 
We did static studies, i.e. fix t channel, match and find s channel, 

and dynamic studies, i.e. self consistent values of V
R'

17V.R1
' 

The result 

of a static study is thus a tabulation of functions N(V) and D('') and we 

shall in general display the function Re .6(V) derived from them. The 

result of a dynamic study is whether a self-consistent acceptable solution 

r I 
was obtained and, if so, the self-consistent values ofVR and! V . 

We obtained self consistency by minimising the function 



0I 
A 	 



:a. 

an V 
1
. 	Nout R in ) F = [Re D 	(1) 	12  + 	R an 

out R in 
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(V -v)12  
R in o 

Figure 3 is a contour plot of it. 	We see a long shallow valley roughly 

along the line 

= 

Instead of finding the absolute minimum and taking those values of (71111 1/R) 

as the soluti n, one ought to deduce that only r  is fixed by the minimisa-

tion process to be '.% 1 and that V R  is a free parameter. 

Looking first at the I = I, J = 1 channel, the static results for 

variation of?I/Fi3 and n are shown in Figs. 4. The variation ofilii)  from -3 

to e produced no detectable change in Re 104 to 1% over the entire range 

[79, 103. The dynamic studies show a similar insensitivity too. The 

dynamic results are shown in Table 3. It has been pointed out to the author 

that the extreme insensitivity of the static studies to variation of Vo is 

probably a rigorous result derivable from existing theorems. In fact, it 

does follow easily, but not obviously, and a proof is given below. 

The small V dependence of the dynamic studies is due to the 

dependence of the self-consistency criterion given by equation (11). Here 

we prove that a once subtracted N/D polo form, with given left hand pole 

positions V., whose n 1 parameters are determined by matching to values 

Ci  at points V;,j)is independent of the choice of subtraction point. For, 

- V ) 
t 	 t , 

one can construct an N , D with the same form such that Al 	/ D = A , 

with different subtraction point Vo  . This can be verified by direct 

manipulation; N & D f  differ from N & D by a factor D()/0  A . 

given J = N/D 

N(v) = 	Ao  (v -V) 1 
F.  

V -1/i  

D(V) 	= 	1 - 
V- vo 

R (y ). ckv •
N (v ) 

1/-1- ( 



TAMS 3 - 3-4 a 
P7A8P11c Studies 
f.,:,1: -coAsistent values of ( vR,r7vR): 

(i) VaYiation w. -I.  pris: ' - V R 

-2.1 	-1,9 0,0 3.308 

-2,1 -1:5 -0.1 3.436 
-1.5 -1.0 0.0 1,88 
-2.5 -2.3 0.0 3.82 
-2.1 4.0 0.0 2.568 
-2.8 -2.2 -1.6 5.02 

CV R 

2:525 
2:71 
1.193  

3.129 
1,760 

4.71 

(ii) Variation with V ii 
Vo  

65  -3 	

33:43:: 	2  22:•E:  

-2 
-1 	3.22 

-0.001 	 3.23 	2.37 

(iii) Variation with n: 
n 
2 	3.4 	2.6 

4 	2.08 	0.15 

3 

5 
7 
1 
6(1) 
6(2) 

no solution 
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Then, if J. obeys the conditions 

c j 	j . 1 . . n +1. 

these will be linear equations forA0, Fit and will uniquely determine 

them, and hence A(14 at all points. 

Nonce 	A 	A at all points, in particular 

I  
11 ( lip j) = C j 	j = 1 .. 	n + 1. 

Thus, we can explicitly construct an identical N/D amplitude with different 

subtraction point and obeying the same matching conditions. This proves the 

desired result. 

Sensitivity to 112. is very marked and makes predictions by the Balazs 
method so unreliable as to be meaningless. Tho significance of thep6i  -2.8, 
-2.2,--1.6 is that those'rd tilt positiigns used:-by Mull Ltd TUlais-U) in a 
BalazsrlI calculation using a different crossing continuation. Their result 
was '0,2, 3.0). . • 

The pole positions were also varied to find what effect they would 

have. The results are shown in Table 4. This enabled the cut off 11L 
in 

the kernel approximation to be varied and the effect seen. From Table 4, 

the values of (VR/  171,R  ) are fairly sensitive to the pole positions but not 

as much as to the symmetry point positions. For the last two entries, the 

symmetry points had
) 
 also to be moved in, in proportion, to aatisfy the 

condition thatki? not too close to 1/14  or - 	- 1. 

Possibly mire striking than the.k,i 
dependence is the n dependence 

where the position and width change drastically and the solution even 

disappears for some n. In Fig. 4(b) the first six pole fit has Re A(V) = 

when 1,/"° 4)  due to a zero of Re N, so phase shift is zero, indicating that 

6 (1) pole positions do not belong to the same approximation as the others. 

The seven pole fit has Re A(V) =0 at two points, the first being due to 

a zero of Re N and the second to a zero of Re D, which are very close 

together for both derivative and distributed matching and are presumably 

striving to cancel each other out. 



V
L 	vR 

3.33 2.525 

-3706 2.788 

 4.17 3.00 

3.55  ' 2.29 

 : 	4.41.  3.22 

0.08 0.3 

- 6.0 -50.0 

- 6.0 	. -25.0 

-10.0 -50.0 

....6.25 -100.0 

-12.3 ',42.2 

4... 1.25 -. 4.4 

Self-consistent values  

Variation uith/ 	the pole posiiions, 

- 2.4e0 - 8.696 	.7  2,: 	0.93,: 	447 
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Single Channel Searches 	- Values of (VR, city 

n 

VF1 
‘ 

2 

distributed 

2 

derivative 

3 

distributed 

3 

derivative 

4 

distributed 

4 

derivativ( 

- 

co 2.048, 2.166 - - - - 

- 1.80, 	1.79 - - - - 

2,57, 1.76 3.4., 	2.6 - - 1.86, 0.06 2.6, 0.26 

0 D - - - - 2.0 	0.1 - 

1.7 , 	0.06 - 

- indicates search done but no solution found. 



01 	g 
e. 

"at.1-4-ev, 

YY 	, 	7Nxtivrs - 



133 
for in the cases So  - S2, 2 pole; So  - P, 2 pole; Do  - D2, Z pole; . 

P1  - Do  - D2, 4 pole; So  - S2  P, 2 pole. Only one search was done, i.e. 

minimisation of discrepancy from given initial values and the only solutions 

found were for the case found by Balazs in BIII viz. P1  - Do, 3 pole. 

However, the sensitivity of the calculation to the parameters and the 

pathology of the discrepancy function lead one to believe that the search 

is a difficult one. Vie even found a possible multiple solution i.e. two 

sets of values both satisfying the self-consistency conditions. See Table 

6. A pictorial breakdown of the P1  Do calculation is shown in Figs. 
6. 

Note the smallness of the Do o  D and. Do  - P1 interaction, so that the Do 
wave comes mainly to P1 exchange modified by Do  exchange, and the 

Pi by .self-stability modified numerically by Do  exchange. 
The effect of the D

o upon the P1  channel for different n is s.iown in Fig. 7 

and. P1 upon Do for different n in Fig. 8(c). Again we see the accidental 

nature of the solutions in the P
1 
- D

o 
case, where only n = 3 can give a 

Do  resonance as seen from Fig. 8(c). Hence only n = 3 can give P1  - Do  

self-consistent values. One expectsi on intuitive grounds1that the self-

consistency will become better resolved i.e. there will be sharper minima 

for a larger number of component systems but that, due to complication, 

solutions will be harder to find. 

An attempt was made to find the effect of the (0 upon other channels 

by taking the r  pole only to give the left-hand side and then solving by 

matching. The results are shown in Figs. 8. 

6. Conclusions 

Clearly, the method as used by Balazs is very sensitive to{ Find 

to n and is thus unreliable for making predictions about the nsystem. 

The kernel approximation seems reasonable where V is sufficiently 

far from the cut. It is not obviously equivalent to a cut off. The pole 

positions are close to those obtained by a Gaussian integration procedure. 
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TABTA _3= 6 

P1 - Do Self-consistent Vnlues 

(1)  For diYferent 	„ipi  1. 

VR 

1 
r VR VR 

Do 
Ti VR

2 

-2.1 -2.05 -1.0 0.0 4.53 4.26 4..817 1.378 

-2.1 -2.05 -0.5 0.0 4.26 4.08 3.74 0.84 

-2.1 -2.05 -0.2 0.0 4.02 3.82 3.09 0.58 

-2.1 -2.05 -0.05 0.0 4.39 4.37 3.40 0.75 

-2.1 -2.05 -1.5 0.0 4.74 4.33 5.90 2.007 

-2.1 -2.05 -1.95 0.0 4.89 4.37 6.90 2.667 

(2)  With derivative conficurntion pi  

P1 	V .5•  76 	
14  = 

R 	VR  5.0 

Do 	VR  =9.37 	TVR2= 4.58  
which is near Balazsf result. 

(3) Possible multiple solution 

witlqVpis( .--- -2.05 	-1.95 -0.05 	0.0 

in both P1 and Do waves. 

Solution :;. 

	

1 	= 	6.663 	11):R _ 6.548 

	

Do 	
If 	6.691 	v, 2= 2.766 

Solution 2 

P 

D 	tt 

 

both appeared 

	

= 4.378 	rVR  = 4.372 
r 

	

3.228 	NI 2  = 0.693 

to satisfy the self-consistency requirements. 
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provided. we have a reasonable estimate of the value of the integral and. 

provided the?V j  are sufficiently far from thOlV. Herein almost certain-

ly
F 

 lies the source of instability and. is strongly indicated by the sensi- 

tivity of 	 j/ . Ln short, -VR  -1 is too close tolLS, and 1,/ivi  

are too close tov . 

As one must take lir  < 0 and VI,  < < Vpi  one must have a special 

treatment of the near left, if only in specifically neglecting it, and use 

the approximation only for the far left. 

Other authors have almost without exception used the kernel approxima-

tion only as a part of a more detailed treatment of the unphysival cuts. 

The method is insensitive to variation of the normalisation point yo.  The 

uncertainty of interpretation of the width can lead to comparable uncertain-

ties in both position and width of the self-consistent solution. 

Lt.  	Balazs method. 

M. L. Me h to and. P. K. Srivastava (2) examined the bootstrap for two 

poles only. They reported. insensitivity to Vo. They also reported sensi-

tivity to V2, where value and. gradient were matched at one point 12, 

concluding that no solution exists forVE  < -1.5. The present author finds 

this difficult to understand as Balazs's own solution had VS, = -2, also 

Table 3 shows values for VF  ^- -2.4 Thus the present author agrees with 

Balazs and disagrees with Me h to aid. Srivastava, and concludes that the 

latter made a numerical error. They displayed. their results by plotting 

curves of V1  against VF , where rin is fixed. and D( 	= 0. This gave 

a family of curves ;  one for each value of r. n , with a curve F.1n  = out 
cutting them and. asymptotic to VI, = -1.5 They also fixed rin, found viz  and 

rout andplotted 	rout - 	. 200% against V
F'  there being a curve 

rout + Pin 
for each value of r in. They also looked at the Dersarkissian calculation 



13.5 
(3) of deuteron parameters and disagreed with their numbers. Golowioh (L) 

studied the Balazs method in connection with a treatment of meson BarAyon 

scattering = K,I = 0 and alsonNii = 3/2. He concluded that the position 

of poles wasuamportant but the matching process was important and that the 

method could not be used unambiguously. He modified the method and got good 

results by virtue of the representation of short range effects. He used two 

poles only. 

. IMPROVEMENTS TO THE BALAZS METHOD  

In an attempt to remove the difficulties and sources of error of the 

Balazs method, various improvements were tried. These can be loosely 

categorised as 

i. Replacing g function approximation in the 0(v) function 

by the exact integral; 

ii. Improving the matching procedure to a larger number of 

points, to real and imaginary parts and to replacement by 

a fitting procedure rather than matching. 

Some experimentation was also carried out in looking at different self- 

consistency conditions. 

1. Taking a smooth CC!) function 

Since the 5 function approximation to the 0(v) function had a 

singularity at -YR  - 1, it was thought that the replacing of it by the more 

exact smooth version would remove some of the instability. This would also 

allow one to put the symmetry points over a larger region hopefully giving 

greater stability and in the vicinity of 	-1. 

We see from Table 7 that the change from S'function form to smooth 

form made a small change to the better, the self-consistent value having 

larger VR and smaller %'  However, the sensitivity to choice of Fi 



Dynamic studios - real part matching - continuous C(ti) 

1. Ctandard result: 

n = 2 V = -2.46, -1.35, 0.0 F j 

R = 3.77, 	= 1° 98  

VFj• n = 2: 

[-3.5, 03 
E-2.5, 

o3 
Oj 

E-1.2, 

R  = 1.88 

none found 

none found 

1.64 

0.86  

(1  V 
R = 2.4.9 

0.95 
0.4-5 

2. Variation of 

F in 

Othc-  ''earches: 

=4 
n = 5 

0] 	VR  = 3.69, 	= 5.0 

]none found. 
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remained. The effect of taking more poles and hence more symmetry points 

and a better fit to the real part on the left is tabulated in Table 8. 

The output A (1.0) function is still very sensitive to movement of the 

symmetry points, giving a good fit in the region of the symmetry points 

but becoming very badly behaved, further left. Keeping the symmetry point 

region fixed and varying the number of pales causes some change but seems 

to settle down as n gets large. However, it settles down to an amplitude 

with a zero on the physical out. ReA is tabulated for n = 9 in Table 9 

:and-shown for n = 8 in Fig. 9. 

2. Improvement  and Generalisation of the Matching Procedure 

To get a more realistic behaviour of the trial N/D form on the left, 

the author augmented the matching equations by including the imaginary part 

on the near left. Although the near left discontinuity only has a small 

effect (and of wrong sign) on the physical region, it can and does some-

times have a large effect in the near left region itself. We first 

attempted to use the near imaginary part only by taking an N/D pole form 

with several poles on the near left ( 	-93) and demanding that the 

imaginary part were equal to Im C. This is the same as numerically integra- 

ting the near cut, which replaces the cut by poles. The outputatiplitude 

was small and negative in the physical region. We now added "far poles," 

to represent the far cut, the positions being obtained by the Balazs 

prescription with VI,  = -9 ithe limit of the near region. The residues 

obtained by matching real parts on the near left. This lead to complicated 

matching equations since the near left hand cut contributes and the near 

and far poles are ooupled together and have to be solved together in one 

big linear equation set. Three approaches described were called "real 

part" - "imaginary part" and "complex" - matching. 

Finally, it is possible to include extra poles which enter into the 
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Static studies, real part matching;, input - )/R  = 3.4, NR  = 2.6 

(a) continuous C(Y) 

n matching 
region cpmments 

2 L-0.8, 0] output resonance at 8.75 

2 [2.5, 0] 11 	 1,5 

3 E.4_, ol ReL negative 

4 ReL, rises to 0.5 then falls 

5 n zero of ReN at 0.8 

6 n n 	2.0 

7 n 11 	3.0 

'8 It ft 	 1.5 zero of ReD at 9.8 
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(b) 
	

function approximation in C(v) 
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Rel. negative, zero of ReD 	- 3.0 

Rei rises to 0.3 then falls. 
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0.000 	-2.5/8 
0.00.0 
0400 

--.?',.7)N 
-2.70 

1.26/ 
1.046 

	

.0.000 	-2.835 

	

0.000 	-2.220 

	

0.000 	-2.238 

	

0.000 	-2.12S 
0.110'0 
0.000 

.21,364 
• .2.123 

0.850 0.000 	-1.583 0.000 	-1.86S 0.000 -1.836 
0.680 0.000 	-1.042 0.000 	-1.5dd 0.000 .1,533 
0.5d/ 0.000 	-0.633 0.000 	-1.119 0.000 .1.202 
0.421 0.000 	-0.346 0.000 	-0.820 0.000 .0,820 
0.336 0.000 	-0.160 0.000 	-0.4/6 0.000 -0.479 
0.280 0.000 	-0.051 0.000 	-0.184 0.000 .0.184 
0.254 0.1100 	0.001 0.000 	0.002 0.000 0.017 
0.160 0.000 	0.014 0.000 	0.055 0.000 0.055 
0.199 0.000 	0.006 0.000 	0.020 0.000 0.020 
0.471 0.000 	-0.012 0.000 	-0.031 0.000 -0.030 
0.4111 0.000 	-0.019 0.0.00 	-0.046 0.000• .0.044 
0.454 0.000 	-0.025 0.000 	-0.055 0.000 -0.054 
0.504 0.000 	-0.030 0i000 0.000 .0.059 
0.559 0.000 	-0.033 0.000 	-0.059 0.000 -.0,060 
0.619 U.000 	-0.034 0.000 	-0.055 0.000 -0.055 
0.686 0.000 	-0.033 0.000 	-0.048 0.000 -0.048 
0./5/ 0.000 	-U.029 '0.000 	-0.038 0.000 -0.038 
0.864 0.000 	-0.022 0.000 	-0.027 0.000 .0.027 
0.916 0.000 	-0.013 0.000 	-0.U14 0.000 -0.014 
1.000 0.000 	0.000 0.0J0 	0.000 0.000 0262.400 
1.08/ -0.006 	0.015 0.000' 	0.014 0.000 0.015 
1.182 -u.018 	0.034 0.000 	0.029 0.000 0.030 
1.186 -0.034 	0.055 0.000 	0.043 0.001 0.046 
1..599 -0.053 	0.079' 0.000 	0.056 0.002 0.062 
1.521 -0.074 	0.11)5 0.000 	0.069 0.003 0.079 
1.6.53 -0.099 	0.134 0.000 	0.081 0.005 0.095 
1./96 -0.12o 	0.164 0:000 	0.091 0.006 0,113 
1.950 0.197 0.000 	0.100 0.008 0.130 
1.116 -0.185 	0.230 0.000 	0.108 0.0091  0.147 
2.294 -11.117 	0.265 0.000 	0.115 0.011 0.165 
2./89 -0.199 	0.654 0.000 	0.1kb 0.013 0.210 
6.46/ -0.682 	0.441 0.0110 	0.129 0.015 0.254 
4.031 -0.457 	0.518 0..000 	0.127 0.014 0.299 
4./85 -0.518 	0.579 0.000 	0.120 0.013 0.344 
5.630 -0.556 	0.615 0.000 	0.108.  0.011 0.388 
6.570 -U.565 	0.619.  0.000 	0.094 0.008 0,432 
/.60S -0.536• 	0.582 0.000 	0.0/6 0.005 0.476 
8./31 -0.461 	0.497 0.000' 	0.051 0.003 0.519 
9.951 -0.632 	0.357' 0.0110 	0.036 0.001 0.561 
11.265 -0.144 	0.153 0.000' 	0.014 0.000 0.603 
12.666 0.113 	-0.120 0.000 	-0.009 0.000 0.645 
14.154 0.44.3 	-0.470 0.000 	-0.043 0.001 0.686 
15./26 0.854 	-U.903 0.000 	-0.051 0.003 0.726 
1/.676 1.651 	-1.414 0.000 	-0.081 0.006 0.766 
19.101 1.939 	-2.039 0.000 	-u.106 0.011 0.805 
20.89/ 2.024 	-2.752.  0.000 	-0.130 0.016 0.844 



by N and D,we mean the Balazs pole form 
ckt 

;E: 
i . 1 

N(v) = V - vo) 
V — v 
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matching equation but are not determined by them but are free to be set by 

some other requirement e.g. self-consistency. Also the symmetry points 

could be complex and this could be used to represent amplitudes with 

circular cuts etc. 

1. Basic e uations of Matching 

A( VF i) = N ( 	.) 

oo 7"-(WIT 
A(v) = 	ot v. E7  Im 	) . 
-P. I 	7T V 	-Cr 

1. 0 	X  

( 	) • 

j = 1 . • 

P
4: 

.,, crossed amplitude - given. 

1 
V , 	J 	 + V

i.e
+ 1)1 

where 	= Vo 	F1 = 	) 

D(V) = 1 - 	1 
	F' . I v ,v) 

for far left and possibly some treatment of the near left. 

Real_ parts only 

Re A (Vpi) = Aj  = ( vpi  - vo) 	F 

2: Eji. F i  = Aj  • • 

F j 
7C 

vr F1. I( VF  

Aj . Pa'  . vi)] 

The region of real 	matching can be extended. Note Im A(/0) '7.:0 

if 	< -1. 

(ii). Imaginary part matching, with 
_ restriction on real part .. 

N(v) = A( o) + (V- v°) 	-1  
7c  

Im N(V') = Im A( v1). D( 	• 	-.I 

N(V) = (V - v(:)) 	
Fi  

i 	ir 
t ( 1,- vc)1 	 ,, r,i(v.) Avi 

v 

u 4. 

i= 	-v 	co OP- v) (1/ 1- vj) 

just namtlisation point 

Im N d v 
- v 0 



V - v' 

-1 

CO 

Im N 	 W 
J -v (i)j. —TT/0 
F 

= V0 	F = A(yo) 

Ignore far poles and. put Vo  = o so II( vo) = leaving only the near left 

singularities in N(v). Now replace near integral by numerical integration 
nk - vo) 

W
i 

i =3. 1 	(v -1") (ve: ,v  ) 
Im N (lit) = ImA (vt:) . D(v(:). 

F1  
(v - 	) 

= 1 

Fi  = Im N (VC) . Wi  
Jt 

ri _ Wi _ Im A( vi.) . [1 
( 	Vo) 

 

tACink 
T1  '3  

j =3. 

 

 

  

i=1 . . nk 
nk so 	. 

r s ± i + 	_ val  Iii.    Al 
	F j. j = 1 	L.- 	 --- 

i'11. Im A 	 = + Ai  
Ai  = ve- 

or 	r,  cv— v). 
	70_ 10 

+ —,—,--. Iii . Bl. F j  = Bi  nk 

j = 1 	 Bi  = ImA (Vt..). 

(did'. Imaginary part matching with NEP real poles with real-Sit 
not on cut. 

1 	Im N V i ) 
- v) (v' Vo) 

ci vs  
-TC 	oo 

Im N(v') = Im .A( V). D( V') 

N (v ) = A(',) + ( I)  

represent far left by N F P real poles 
v F j 
77-71777 

denote V0 = ).1 	A(V0) = F1  
NL 

replace integral by i/ 	E, 
J=.17P +1 

and further by 	 R_1 
J=NPP+ 1 

Im N( 10' ) d v 	(ii'.) 
-v ) (1/4  -vc) 

(v) 
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J 	Wi. Im N (Vi) where I' 	 j = NFP + 1 	NL 	(vii) 

( 	• 	- v0) 
NL 	F 

so 	N(V) = (11-v0) n 
j = 1 	v - v. 

and D( V ) 	1 	(V- V o) E F j Ii  I. 
7i 	j 

now match real parts at real sym. points Vpi  i = 1 ... NFP 
and 	imaginary parts . . . . 	 NFP + 1 . NI 

to the crossed amplitude Al  (Re A(Fi) i = 1 	NFP 

Im A(Vri  ) i = :FP + 1 • • 

so 	 . FJ = Nl = N( Vi) 	 (x) 
j 

where for i 	NFP 
Fv 1 	 (xi) 

(xii)  

(xiii)  
E Fi 

2: Eij F j  = Al  (xir' 
Ei 	= r 	1Z? • Li  Ii (xv) 

NET 
Thus ( VFi  po) 	 + (1)Fi  - vo) 

j =NFP +1 	- = Vii(R=e1.A.(1)  

(v. - v ) 
1 0 

   

  

= Ai 	= NFP + 1.. NL 
(Im A(Vi) ) 

I
1 	(y - v ) 	F i  I ji  

or more transparently 

(viii) 

rem 

V 	 V • Fi 
i 	NFP 

Fi _ ve 	i w i 

z 3 F 
= A 

j = 1 1- 	. 

[ 1 - 	(vi  -vo)E F I ji 1  
7C 



(Re A ( Vi 	) 

. Ai 
(Im 1(/1. 	)) 

i = NFP + 1 	NL 

110 

= 

(Vi  - V0). F1 
=o 	

, i (V, .. V 	Im 	. 
-------- (V — v.) o 

Vi  v o 
V. 	- V . 
— . 	— — — 

-AP-i (V 	) 
0 	1 	i o 

1 	Gel  
Note that real poles influence imaginary ones only by their occurrence in 

the D function whereas Iallag.ones influence real ones by occurrence in N 

and. D; this gives some insight into the relative roles of the real and 

imaginary parts of the crossed amplitude and hence a bearing on the near 

and far cut contributions. 

To reconstruct / All given 

Matching equations are 

( vi 	1,00)  NL 
_ 
- 

Ai 	i = 1 .. NFP 
j=1  - ;  

D( i) 

- 	- 7L 	F'  
W
i 

D(Iii) 

NL (V. - vo) 	pi 	.. 

	

Ni 	i . 1 .. NFP i  = 	(Re N (Vi)  ) j . I vi - V j 

(Ili - V0) • - 71-  

	

--- . Fi  = Ni 	i . NFP + 1 . . NL 
VII  (Im N (Vi  ) ) 

Di . 1 - (Ili 
 _ vo)  NL Fj I'll' 

TC j = 1 
hence reconstruction. 

Oa Matching with real 	 ‘e*rj ?o-6-0-S or tLe. ujr. 

Equations (i) 	(x), (xii) still hold, i.e. breakdown into poles and 

vo ) E  
7C 

( V i  

i.e. 
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matching of imaginary parts same but nJw the expression for contribution 

of near poles to real sui v.,,,,st..4%-ci poirt-s 
NL 	J F. 477 N 

Fi 	
v o) = 1  Vpi  -vj  

because the denominator vanishes when V 1. Vj• 
Fi 

Incidentally, the real 

Sr .4 170...is on cut are taken to coincide with near pole positions so 

that Im N(V.) is given by a simple cumbination of F's, in fact by (vii); Fi 

otherwise an interpolated value would be necessary. 

Going back to the integral form 

1NTP 	 1 1 	
Im N (V i)  

N(Y ) = ( V-  Vs) E 	J 	
+ ( - V 0 ) F. 

( - ) (V`—v0) J . 1 	
V - v 	7( 	co 

i 
we see that, for a value of 1/ on the cut, this is best written 

	

NFP 	-1 	_ 

	

j = 1 	v- V J 

+ ( V - V ),1 	el I/ F 0. 
N(V) = ( V - Vo) Z 	

"A 	co 	 1/ - V o) 

Im N(V) . (V - v ) 	1)  -1 

co 
Gly 

where expression 

ramN 	has value ImN I  (V) 

	

( V"- 	) when V = V  

	

Now, -1 	ay' 	 = [log 1./ 7. 	-1 
( v 	0 ).1 

7-  V) (V - yo) 	 v' 0  
co 

oo 
= log 1 4. V) (co - V0) 

(1 + Vo) (co - V ) 
NFP So/ 	NO') = (V - V o) 	Fj 	+ ( V - 11 

j=1 V-V j 

	 e log 	(1 +v) . ( co - V 0) 

7r 	 (1 +) . (00 - v) 
We now replace integral by poles, taking 

CO 

ci V atnN(V) 	ImN(Y  
( 	- 	) (Y 1  - Vo) 

IrnN (V) = ImN( 	- ImN( v 	1  
I 	

) 
-"V j + 1 - 	j - 1 



11+2 
so, NFP 
N(V) = (V- Vo) 

j ='1  

NL F . 	 + (V - V ) 	E.  ImN( 	inv(v)j  ,w 
v 	7c 	j  = NFP +1 ( vj 	(Vi  -Vo) 

+ 1.11.111/1 . log 

  

+vo) (co —vo) V ) 
— (CO  

  

    

This can be simply expressed in terms of F j j when 

V ..Vpi  =1/.1 	say 

N( 	( V- Vo) 	5‘13  
= 1 (11.5 Vo)  V -V J 	j 

NL 
j = NFP + 1 
i+ 

(Vj 

,... 

F 0  - FuT  . 
.; 

VT*" (V j  - v o) 
J W 	(V. -ti  

,.. 

Vo)  

V 3  

F j  

e 

- 	vj  

. 	log (1 
(1 

+ V j)• (co - vo) 
+ 	vo ).(co - V3) 

wJ 
+ Id( Vd. 

TC 

last team 

Wj  

• 

( 

Ei-mN( v,i+ 1) - ImN 	Vj - 

- V0) VJ + 1 

+ 1 	- 	15' - 1 

- 	Vo) 	Fj 	1  ( V 
+1 71J - 1 

. Fj  - 

( 	V J+1   - VJ - 1)  
Sc, finally we have our expression for N(V) at one of the pole positions, 

in terms of ) F . . 
NFP 

N (1/j) = (Vj  Vo) 	Fi  

	

- V . 	(11J - Vo)  j=NFP+1 F
j  - lvj* 

= 1 V
[  

J 	0 i*J 	t Vj  V. 

- (J -o) . 	. log (1 +1,j) (co -v o) 
J (1 + vo) (co -v j) 

oi 
wJ + 1 

Vo). FIT  - - -N• T" 	( 	v 	FJ + 1 	v 

(A) 



-V0). log 
j 	(1 + 1.1j) • (co 	Ve) 

(1441)Th'co -`)
J
) 

NL 

• "IJ Vo) jr4NEP+1 	
- Wii 	(j  - o) 

jAT 	 )  
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This expression is used for matching to the crossed amplitude at symmetry 

points and for reconstructing the matched amplitude at other points on the cut, 

as ¶1011 as at the symmetry points. Writing it as 

Bjj  . Fj  = Nj 	J 	on cut 
j1.1 

clearly 	‘itT /l o  • BJ j 	
j A  J 	1, J, J + 1 

T B. 	(g 	\(),) 	- 	(\)J 	) • 	Vij 
	

j 

J -1 • 
j Z j 	1 

One then obtains L- (i, j) using (xiii), (xiv), (xv). Note B has same 

structure as before. 

1 	I 	
$.________ i 

B 	= 	i 	ITP

- - 	

- I .1, 	- 

To reconstruct/Niigiven tFil .L  

Ni  = N(%)Fi) = N(‘)i) 

changing notation for simplicity. 

We simply use equation (L) to define N 

	

B. . 	. = 
0=1 	1-3 	

111 

B.. = 	- 
3.3 	10 

V• j 

i. 

i "0  on out 
j = 1 	NL 

j 	i - 1, i, i + 1 



= (1 - 110) 	- 	( V. + 1 - v 0 ) vi  

(vi - 
	

Vi 1 
i 4' on cut 
j = i + 1 

B10. . 
_ Vi  _ vo) 

NL + 	( v. 	vo)2 	,  

(1 + Yi) (00  _ vo ) 

(a. + Vo) (co — vi) 

- Wi  

log 

WI j = DTP + 1 
j 1 

(V. — vo) ( 	- V.) 

i •.%-- on cut 
j 	± • 

Note that decoupling of real and. imaginary matching occurs if we average 

out the D function, i.e., following Patil and. Kane (3) live take 

D (V) 
R 0)  

CV-R.  
thus F1 	 (vi). 	- (1)1 vo)  

i = 1, nk. 

(For Imaginary but not Real part matching, the far pole residues are 

obtained. from the real part matching equations.) 

We can also easily match N(V) to C(V), instead. of N 	to C(i), giving some 
D 

sort of analogue of the Zacharias en ens at z but with different asymptotic be- 

haviour of N. J. 	t..... ; 	:117 CT' 	 is " 	at% T 

or C( ). 

 

Compatibility and. Comparison 
and. Complex  Matchin 	 

Real, Imaginary 

  

ildr.11M1116.1-M.1.-41,1i. 

  

Eij = Bij 	( V. - V ) 
o- 7L 

  

(a) Real.. Bij 

(b) Imaginary.. 
Bij 

.- v o 
V • - V • 

= 
W1 

 

  



(c) Complex: 

 

D4-5 

-7C ij  Imaginary. 

 

Real far 	
i 

- vo  

	

1 	j 

Real near 	- V ) o ) 
V. - V. 1

j  

complicated expressions. 

j 	i - 1, i , i+1 

= i - 1, i, i+1. 

Incidentally, although the imaginary part matching is equivalent to, numerical 

integration Jf the N/D equations, this is not true for real or complex 

matching. 	location of poles and the choice of symmetry point 

region allows a certain amount of scope for intuition and allows one to see 

what is happening in geometrical terms. 

L._ Modification to introduce extra oles on left 

To be able to simulate the Oades method (Chapter 5) and for general 

completeness reasons, it is desirable to be able to put in extra poles on 

the left to be either fixed or varied in self consistent calculations. 

Oades simply puts in poles in the A function but we are working with 

an N/D form which is always unitary and it would be disastrous Kith many 

unknown consequences t.,o simply add poles in A, making it nonunitary etc. 

Honoe,iwe must add poles to the N function, automatically modifying D and 

leaving A unitary. 

We should still like to be able to match at symmetry points, te" 

determine the other poles and this is seen to be possible, for 
nl + nah . 

(V. -voZ...„  )C-7 	Fi 	= A i 0  
j = 1 ... 44 C i = 1 	j - i 

[ 	(V. --V )111 +nah  Fi  o • =, 
T 	1 = 1 

nl nah (v i  - v 0)T, 	F 

= 1 

	

1 	= Aj  

	

7t 	 j = 1 . . n1 
1 

nl ordinary poles 
nah extra (1,3a hoc") poles 



[ 

1 	+ 1 AiIij  
vi  _ vi 	7r 

.- 
	 n1 + nah 	

Fi 

i = nl + 1 
j = 1 . . n1 

n1 

Vj "0) E Fi 
= 1 

a. A 
i-6 

Fi  V . i = nl + 1 	nl + nah are data mr determined otherwise, so we see 

that there is merely a correction to Aj  leaving Eij unchanged. 

In a self consistency calculation, it is important that the parametrisa- 

tion be (able to be) identical for input and output functions, ao we should 

like to put the poles also in the input function automatically. This is 

easily Accomplished by putting nl 	n1 + nah in calculating ReD, ReN, 

for input function, thus no anumalies arise here. 

An extra advantage is seen in that we can now look for solutions with 

various numbers of spare parameters and do not have to lean too hard on 

matching and Seq.- cansistenci  to determine all the parameters, committing 

ourselves to a full bootstrap with no free parameters. 

One might think that poles in input and output functions are equivalent 

to none, i.e. calcellation of effects. This is true in demanding self-

conctistency, but not at the matching stage, so they do have a non-trivial 

role. 

j5. Extension to cuts not on ,the real axib  

This is trivial. 
1 

i= 1 .. (n + 1) Imosinary parts.. 	Fj 	= FJ   
-717J7 	,p-,1v.: Courtigls. 

. * 
0/ j _v oEr -Fi 	+  F1  

t. d 
of i  -. I/ . V 	''' Y 3 	a.  

*/ 

D(V. 
J 

:1„:,  • er.s 

If `,/ ,1  on the real axis, then imaginary parts vanish. 

For far poles on real axis we need only use 1/, on real axis. The usual 

Real parts.. 

= A(Vi) 

j = 1 	(n + 1) 



situation will be that the poles in complex plane will be determined by 

'imaginary part" matching and far poles will occur on the far real axis and 

will be determined by real part matching at real symmetry points. 

far region 	near region 	physical region 

6. Results of ir9proved matchinE 

The result of imaginary part matching only is shown in Fig. 10 and 

tabulated :111 Table 10, proving that the near left discontinuity from the 

exchange of the ) is small and has the wrong sign and that a nearby singu-

larity approac is either wrong or else one needs a lot more left hand cut 

extending into the double spectral region. The effect of imaginary part 

matching in the case of g function approximation to 0(,) is interesting 

since it shows that the near left discontinuity has a large effect and 

probably determines small scale structure of the real part on the near left. 

The results for complex matching were erratic and disappointing. The 

amplitudes obtained were similar to those fur real part matching only and 

were sensitive tcq 	1 and, tended to settle down as n increasedi keeping 

ti
Fi fixedI

to amplitudes with a zero in the physical region or else a 

vague rise of Rely in the physical region. Very few resonant amplitudes 

were obtained. The results are summarised in Table 11 and tabulated in 

Table 12 and shown for n = 9 in Fig. 11. The fit to real and imaginary parts 

on the near left was of course very good, and even the rapidly changing 

function form of C(Y) could be reproduced results for real, imaginary and 

complex matching are tabulated in Tables 13, ]4, 15 and shown in Fig. 12. 

Using the "Zachariasen" matching, N( )31j, = G()Fj was found to be -very 

similar to the Balazs matching .L 	in the simple oases in which it was 
looked at. 
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0.972 
0.973 

0.000 
0.000_ 

.174 

.196' 
0.000 
0.000 

-0.179 	0.000 
-0.201 . ___0.000 

•3•R29 
...3•092 

0.261.*10.000 
0.068 	*9.500 

-2.933 *.8.97 
0,974 0.000 .514 -0.175 -0.528 	.0.180 *20694 .0.180 	*8.656 
0,974 0.000 .574 -0.253 -0.590 	.0,259 .2.823 P0.259 	*8.649: 
0.979. 0.000 11. 4658 -0.361 -0.673 	-0.370 -2.721 -0.370 	*80356: 
0,976 0.000 ../.41. *0.496 -0.759 	-0.508 -2.572 -0.508 	-7.985 
0.978 0.000 Al t  -0.651 -0.833 	-0.665 -2.385 -0.665 	*7.544 
0.980 0.000 Al .861 -0.814 *0.878 	-0.831 -2.146 -0.831 	-7.043 
0.983 0.011) .865 -0,969 -0.880 	-0.986 -1.833 '0.986 	*6.495. 
0,985 0.000 .811 -1.090 .0.823 	*1.106 -1.471 -1.106 	-5.911, 
0.988 0.000 .687 *1.140 .0.695 	.1.153 -1,059 -1.153 	-5.306 
0..00 0,000 .492 -1.073 -0.497 	-1.084 *0.624. -1.00 	-4.694',  
'0'091 0.000 .257 *0.861 -0.259 	-0.869 -0.227 -0.869 	-4.089 
'0.990 0.000 •111 .053 -0.546 -0.053 	-0.552 0.016 *0.552 	-3.505 
0.989 0.000 .054 -0.266 0.054 	.0.269 0.053 -0.269: 	*2.957, 
0.989 0.000 .075 *0.104 0.076 	-0.106 0.014 -0.106 	-2.456'- 
0.989 0.000 .062 -0.034 0.063 	-0.034 -0.029 -0.034 	*2.015 
0.9.90 0.000 .045 -0.008 0.045 	.0.008 *0.052 *0.008 	*1.644' 
0.991 0.000 .032 *0.001 0.032 	-0.001 -0.060 -0.001 	-1.351 
A.992_ 0.000 .024 4.000 0.025 	_70.000 *0,059 *0.000 	-1.144 

*0.056 -0.000 	-1.027 
0.000 0.994.  0.000 .015 0.005 	0.000 -0.048 0.000 	-0.800 

0..995 0..000 .011 0.000 0.011 	0.000 -0.038 0.000 	-0.600. 
0.996 0.000 .007 .0.000 0.007 	0.000 -0.027 0.000 
0.996 0.000 .003 0.000 0.003 	0.000 -0.014 0.000.. 	-0.200 
1.000 0.000 .000 0.000 0.000 	0.000 7447,680 0.000 	-0.000 
• 1.003 0.001 .003 0.000 -0.003 	0.000i 0.015 0.000 	0.200 
1.004 0.003 .006 0.000 -0.006 	0.000 0.030 0.000 	0.400 
1.006 0,005 .008 0.000 -0.008 	0.000 0.046 0.000 	0.600 
1,007 0.007 MI .010 0.000 -0.010 	0.000 0,162 0.000 	0.600 
1.008 0.009 .012 0.000 -0.012 	0.000 0.079 0.000 	1.000 
1.008 0.011 .014 0.000 -0.014 	0.000 0.095 0.000 	1.200 
1.006 0.012 .016 0.000 -0.016 	0.000 0.113 0.000 	1.400 
1,009 0.014 ID .018 0.000 .0.018 	0.000 0.130 0.000 	1.600 
1.009 0.016 .019 0.000 .0.019 	0.000 0.147 0.000 	1.800  
1.009 0.017 .021 0.000 -0.021 	0.000 0.165 0.010 	2.000, 
1.008 0,021 424 0.000 -0.024 	0,000 0.210 0.000 	'2.500 
1,008 0,024 .027 0.000 -0.027 	0.001' 0.254 0.000. 	3.000 
1.007 0.026 .030 0.000 -0.030 	0.001 0.290 0.000 	3.500 
1.006 0,029 .032 0.000 -0.032 	0.001 0,344 0.000 	4.000 .  
14005 0,031 .034 0.000 -0.034 	0.001 0.388 0.000 	4.500 
.1.004 0.033 .036 0.000 -0.036 	0.001 0,432 0.000 	5.000 
1.003 0.035 .038 0.000 -.0.038 	0.001 0.476 0.000 	5.500 
1,002 0.036 OM .039 0.000 -0.039 	0.001 0.519 n.000 	6.000 
14001. 0.038 OD .041 0.000 -0.041 	0.002 0.561 0.000 	6.500 
1.000 0.039 .042 0.000 -0.042 	0.002 --0-,603 0.000 	7.000 
• 0.999 0.041 .043 0.000 -0.043 	0.002 0.645 0.000 	7.500 
0,998 0.042 .044 0.000 -0.044 	0.002 0.688 0.000 	8.000 
0,997 0.043 .045 0.000 -0.045 	0.002 0.726 0.000 	8.500 
0.996 0.044 DI .046 0.000 -0.046 	0.002 0.766 0.000 	9.000; 
0.995 0.045 .047 0.000 -0.047 	0.002 0.805 0.000 	9.500, 
0.995 0.048 .048 0.000 -0.048 	0.002 0.844 0.000 	10.000 
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2.08/ I" 	RFN 
0.0000909.834 

Imd 	REA 
0.01100018.464 

INA 
0.000 

REC 
-3.229 

4C 
0.261 -10.000 

1;811 0.000 089.395 0.01104491.874_00100  -3.092 0.068 -9.500 
-0.135 "8.973 

1.464 U.UOU 	30/.709 -0.2n4-251.232 -2.894 -0.180 -8.856 
1.363 0.000 	44/9.534 -0.654 4458.647 -0.259 -2.823 n0.259 -8.649 
1.228 0,000 	-12.601 -0.454 -10.339. -0.670 -2.721 -0.370 -8.356 
1.066 0.000 	-2.746 -0.542 -2.572 -0.5118 -2.572 "0.508 -7.985 
U.891 0.000 	-1.918 -0.596 -2.152 -0.665 -2.385 -0.665 44.544 
U.114 0.000 	-1.562 -0.596 -2.146 -0.631 -2.146 -0.831 .-7.043 
0.54/ 0.000 	-1.018 -0.540 -1.860 -0.986 -1.833 -0.'986 -6.495 
0.402 U.0011 	-0.591 -0.444 -1.4/1 -1.106 -1.471 -1.106 -5.911 
0.28/ 0.000 	-0.304 -0.631 -1.U59 -1.153 441.054 -1.153 -5.306 
U.209 0.001) 	-0.161 -0.22/ .411.626 -1.084, -0.624 -1.084 -4.694 
U.1/e 0.000 	-0.069 -0.149 -0.22/ -0.,869 -0.227 -0.869 -4.089 
0.1 /4  0.000 	0.001 -0.096 0.0(18 -0.552 0.016 "0.552 -3.505 
0.212 11.000 	0.U11 -0.057 O.U56 -0.269 0.053 -0.269. -2.957 
0.276 0,000 	U.004 -0.029 0.014 -0.106 0.014 -0.106 442.456 
0.65/ 0,000 	-0.010 -0.012 -0.029 -0.034 -0.029 -0.034 -2.015 
0.442 0.000 	-0.026 .0.1104 -0.052 -0.008 -0.052 -0.008 -1.644 
0.521 U.UOU 	-(1.061 -0:0U1 -0.060 -0.001 -0.060 .  .r.0.001 

U•583  0.000 	-0.064 
•••••••••• 

.0.000 -0.059 -0.000 40.059 
..00056 

-0.000 
-0.000 

-1.144 
'41.027 

0.696 0.000 	-0.034 0.0 (111 -0.049 0.-000 0.0411 0.000 4'0.800' 
0.16/ 0.000 	-0.030 0.11110 -0.039 0.000 -0.038 0.000 -0.600 
U.842 0.000 	-0.026 0.000 -.04028 U.000 40.027 0.000. -0.400 
U.921 0.000 	-0.016 0.000 -0.015 0.000 -0.014 0.000' •0.20. 0 
1.000 U.U00 	0.000 0.000 '0.000 0.0007447.680 0.000 -0.000 
1.080 -0.00/ 	0.017 U.000 0.016 0.000 0.015 0.000 0.200 
1.165 4.0.020 	U.067 0.000 0.062 0.001 0.060 0.0(10 0.400 
1.258 4.0.038 	0.062 0.000 0.049 0.001 0.046 0.000 0.600 
1.358 4-0.0hU 	0.090 0.000 0.066 0.003 0.062 0.000 0.800 
1.465 ^(1.0136 	0.122 0.000 0.083 0.005 0.07o 0.000 1.000 
1.580 4-0.116 	U.151 0.000 U.U99 0.007 0.095 0.000 1.200 
1./04 -U.150 	U.196 0.000 0.114 0.0101 0.113 0.000 1.400 
1.866 ."0..188 	U.269 0.000 U.129 0.013 0.130 0.000 1.600 
1.9/6  4'0.229 	0.285 0.000 0.142 0.016 0.147 0.000 1.800 
2.13 U 4.0.276 	0.635 0.000 0.155 0.020 0.165 0.000 2.000 
1.556 -0.698 	0.471 0.0110 0.180 11.028 0.210 0.000 2.500 
6.056 4.0.569 	0.622 0.000 0.198 0.035 0.254 0.000 3.000 
6.628 40.69U 	0.782 0.0o0 0.208 0.1140 0.290 0.000 3.500 
4.28/ '40.84/ 	0.947 U.000 0.216 0.042 0.344 0.000 4.000 
5.064 '41.006 	.1.108 0.0U0 0.212 0.042 0.388 0.000 4.500 
5.874 41.150 	1.260 0.000 0.207 0.040 0.432 0.000 5.000 
6.1309 -1.282 	1,694 0.00U • 0.198 0.037 0.476 0.000 5.500 
/.842 -1.691 	1.502 0...000 0.180 0.033 0.519 0.000 6.000 
8.9/5 -1.468 	1.5/7.  0.00.0 0.1/1 0.028 0.561 0.000 6.500 

1U.2(I/ 441.508 	1.612 0.010, 0.15 0.023 0.603 0.000 7.000 
11.539 1.590 0.000 0.136 

°.0°n 
0.645 0.000 7.500 

12.969 -1.440 	1.52/ 0.000 0.116 O  0.686 0.000 8.000 
14..49/ -1.s18 	1.394  0.011 U.U95 

1.0000 (.,766 0)95 
0.000 8.500 

16.119 -1.128 	1.169 0.000 0.0/3 0.000 9.000 
1/.864 -0.d64 	0.908 0.000 -„,p.01 0.u02  0.805 0.000 9.500 
19.668 -0.51v 	0,544 0.0do  0'.028 0.001 0.844 0.000 .10.000 

% 
C°W1(.g.g. CAAN.A..A. tS‘ 
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TRA) 41. 	3 

RFD 
.0.741 

- 13 	 to,A ,4; 
elryto< vvsemki 

IMD 	.TNN 	. ReA 
0.000•960.205 	0.0001295.860 

AA°:. 

1-4-4A 
0.000 

“N". 

V 
.9.000 

0.580 0.000 	017.086.  .0.000 	•29.478.. 0.000 .8.500 0;437 0..000 	.•2.631 0.000 	06.017 0.000 68,000 0.314 .0.000 	-1.807 0.000 	•5.752. •0.000 4'7.500 0.211 0.000 	-1.110 0.000. 	115.262 0.000 07.000 0.128 0.000 	-0.573 0.000 	114.477 	• 0.000 -6.500 0.066 0.000 	-0.254 0.000 	n3.875 0.000 06.000 U.024 0.000 	•0,087 0.000 	03.572 0.000 4'5.500 0.005 0.000 	-0.005. 0.000 	n1.076 0.000 5.000 0.007 0.000 	0.031 0.000 . 	4.745 0.000 -4.500 0.031 0.000 	0.041 0.000 	1.336. 0.000 "4.000 0.077 0.000 	0.034 0.000 	0.435 0.000 143.500 0.147 0.000 	0.015 0.000 	.0.101 0.000 4'3.000. 0.239 0.000 	-0.010 0.000 	.0.042 0.000 '1 2.500 0.353 
0.405 

	

0.000 	-0.034 

	

0.000 	-0.043 

	

0.000 	n0.097 	. 

	

0.000 	00.105 
0.000 
0.000 

'42.000 
"1..800 0.460 0.000 	-0.049 0.000 	110.107 0.000 "1.600 

0.519 0.000 	.0.054 0.000 	•0.104 0.000 111.400 0.581 0.000 	-0.056 1 0.000.  n0.097 0.000 
0,646 0.000 	•0.056 0.000 	.0.086 0.000 •1.000 
0.714 0.000 	-0.052 0.000 	110.073 0.900 -0.800 0.784 0.000 	-0.045 0,000 	.0.050. 0.000 •0.600 0.856 0.000 	-0.034 0.000 	n0.040 0.000 -0.400 
0.929 0.000 	-0.019 0.000 	n0.021. 0.000 -0.200 
1..000 0.000 	-0.000 0.000 	.0.000 0.000 -0.000 
1.067 -0.010 	0.024 0.000 	0.022 0.000 0.200 
1.140 •0.026 	. 0.052 0.000 	0.046 	i 0.001 0.400 
1.219 •0.052 	0.086 0.000 	0.070 0.003.  0.600 
1.303 -.0.083 	0.124 0.000 	0.095 0.006 0.500 
1.394 -0.118 	0.167 0.000 	0.119 0.010 1.000 
1,492 00.159 	0.215 0.000 	0.143 0.015' 1.200 
1.597 •0.205 	0.268 0.000 	0.165 0.021 1.400 
1.709 -0.256 	0.326 0.000 	0.187 0.028 1.600 
1.830 -0.312 	.0.389 0.000 	0.207 0.035 1.800 
1.960 4'0.373 	0.456 0.000 	0.225 0.043 2.000 
2.326 -0.544 	. 	0.643 0.000 	0.262 	, 0.061 2.500 
2.757 •0.740 	0.854 0.000 	0.289 0.078 3.000 
3.260 -0.957 	,,1.085 0.000 	0.306 0.090 3.500 
3.841 v1.189 	/1.329 0.000 	0.316 0.098 4.000 
4.505 •1.429 	1.580 0.000 	0.319 0.101 4.500 
5.257 .41.672 	1.832 0.000 	U.316 0.101 5.000 
6.101 -1.910 	2.077 0.000 	0.310 0.097 5.500 
7.040 -2.136 	• 	2.307 0.000, 	0.300 0.091 6.000 
8.074. .-2.342 	2.516 	• 0.000 	U.287 0.083 6.500 
9.206 -2.521 	2.695 0.000 	0.272 0.075 7.000 

10.435 •2.665 	2.837 0.000 	0.255 0.065 7.500 
11.162. -2.766 	2.934 	. 0.000 	0.236 0.056 8.000 
13.185 -2.818 	2.979 0.000 	0.216 0.046 8.500 
14.702 -2.814 	2.966 0.000 	0.195 0.037 9.000 
16.311 •2.746 	2.887 0.000 	0.172 0.029 9.500 18.009.  •2.609 	2.737 '0.900 0.149, 0.022 10.000 
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0.937' 
0•930.. 

7 Hi) 

	

0.000 	1101122 

	

0.000 	,4:14.614 

:WU 
0.000 

. 	0.000 

PTA 
"0.450 
"0,494 

	

a.rtd 	121-C 

	

0.000 	' 	"6.592 

	

o.poo 	06,524 

. 
1.284 
0.783 

-10.000 
•9:500 

• 0, 940 
0,941 

	

o.„110 	v0.473 

	

„omp 	-0.826 
.082 
.140 

=0.593 
..70.878 • 

.6.406 

	

.087 	-6.373 

	

.149 	m6.305 

0.218 
0.087 

.0.149 

T8.973 
.3.856 
-8.649 

0.943 04190 	"1.212 • '464 01,285 .,492. 	06•191 00.492 -8.356 
0.9 6 4.000 	. "1.614 .896 01.706 " .947 	-6.009 "0047 -7.985 
0.9,50. 0.000 	"2.012 • .438 "2,117 •si .513 	05.729 01.513 
0.956 0.000' 	"2.378 .093 "2.487 .189 	"54305 "2.189 -7.043 
0,964 0.000 	-2.671 .854 -2.770 • .960 	"4.668 02.960 -6.495 
0,974 0.000 	-2.828 .701 02.902 .798 	-3.7.04 "3.798 -5.911 
0.987 0.000 	-2.744 .576 m2.779 .634 	"2,198 .4.634 -5.306 
1.002 0.00Q 	'"1.948 • .345 01.9A3 • .333 	0.628 05.333 -4.694 
0.961 0.000 	0.860 .000 0.895 .000 	1,680 0.000 -4.089 
0,964 .0.000' 	0.334 .009 0.346 .000 	0,435 n.000 -3.505 
0,968 0.000 	0.210 .000 0.217 .000 	0.083 0.000 -2.957 
0,971 	• 0.000 	0.142 .000 0.147 .000 	-0,049 0.000 -2.456 
0.975 0.000 	0.101 .000 0.104 .000. 	-0.097 n.000 -2.015 
0,978 	• 0.000 	0.074 .000 0.076 .000 	"0.107 0.000 -1.644 
0,981 	. 0.000 	0.056 .100 0.057 .000 	-0.103 0.000 .q.351 
0,983 0.009_ 	0.045 .000 0.046 _ .011 	'4.094 0.000 -1.144 

0.000 -1.027 
0,987 0.000 	0.029 0.000 0.030 .000 	00.073 0.000 -0.800 
0;989 0.000 	0.021 0.000 0.021 .000 	-0,058 0.000 TO.#600 
01992 0.000 	0.013 0.000 0.014 .000 	m0,040 0.000 -0.400 
0.996 0,000 	0.006 0.000 0.006 ,000. 	"0.021 0.000 -0.200 
1.000 0.000 	"0.000 0.000 x0.000 .0005712.000 0.000 -0.000 
1,006 0.002 	"0.006 0.000 -0.006 .000 	0.022 0.000 0,200 
1,010 0.006 	"0.012 0.000 00.011 .000 	0,045 0.000 0.400 
1,013 0.010 	-0.017 0.000 80.017 .000 	0,069 0.000 0.600 
1,015 	. 0.014 	-0.022 0.000 .0.021 .000 	0.093 0.000 0.800 
1.017 0.919 	"0.026 0.000 80.026 .000 	0.119 0.000 1.000 
1.019 0.023 	"0.031 0.000 .001 	0,149 0.000 1.200 
1,020 0.026.0,035 0.000 .0.034 .001 	0.171 0.000 1.400 
1,020 0:03.0 	-0.038 0.000 "0.038 .001 	0.198 0.000 1.600 
1.021 0.034 	"0.042 0.000 "0.041 .0011 	0.225 0.000 1.800 

0.037 	-0.046 0.000 -0.045 .002 	0.252 0.000 2.000 
1,021 0.045 	"0.053 0.000 00.052 .002 	0.321 0.00n 2.500 
1.020 0.052 	"0.060 0.000 m0.059 .003 	0.391 0.000 3.000 
1,018 0.058"0.066 0.000 "0.065 .004 	0.462 0.000 3.500 
1.017 0.064' 

	
-0.072 0.000 m0.070 .004 	0.532 n.000 4.000 

1.015 0.069 	-0.077 0.000 .0.075 .005 	0.603 n.00n 4.500 
1,013 0.074 	• "0.081 0.000 00.080 .006 	0,673 n.000 5.000 
1.011 0.078 	"0.085 0.000 "0.084 .007 	0.742 0.000 5.500 
1.008 0.082 	"0.089 0.000 "0.088 .007 	0,811 0.000 6.000 
1,0.06 	• 0.086 	"0.092 0.000 00.091 .008 	0,879 0.000 6.500 
1,004• 0.089 	"0.095 0.000 4.0.094 .008 	0.947 0.000 7.000 
1.002 0.092 	-0.098 0.000 80.097 .009 	1.014 0.000 7.500 
1;000 0.095 	-0.101 0.000 00.100 .010 	1.080 0.000 8.000 
0,998 0.098 	"0.104 0.00o "0.103 .010 	1.145 n.000 8.500 
0;995 0.100 	-0.106 0.000 "0.105 .011 	1.209 0.000 9.000 
0,993 0,103 	-0.108 0.000 -0.108 .011 	1.272 0.000 9.500 
0,991 0.105 	-0.110 0.000 00.110 .012 	1.335 8.000 10.000 
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0.721 0.00.0-1...661 0.- 066.189.421 0.087 .6073' 0.087 -8.856 
0.654 • 0.000..27.,663 .0.097 -42.307 .0.149 46.4US 110,149 •8.649 
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0.459 

0.000 
0.000 

..'54570 
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-6.009 

-0.492 
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0.349 DA00 -0.528 .5.835 -1.513 41-; "'7•544 
0.242 
0.147 
01073 

4.4000 
,01:00,0 
0.000 

-1.282 
-0.667 
-0.271 

-0.529 
-0.435 
-0.278 

-5.305 
-4.540 
-3.704 

.2.189 
-2.960 
-3.798 

.4.6h8  
-3.704 

02:1817 
02•96T 
-38748 

-7.043 
.6.495 
-5.911 

0;027 0.000 ..0.059 -0.124 -2.198 .4.634 -2.198 .4.634 -5.306 
0.013 0.000 • 0.015 -0.068 1.141 -5.333 0,628 .5.333 -4,694 
0.031 0.000 0.052 0.000 1.680 0.000 1,680 0.000 -4.089 
0.081 0.000 0.036 0.000 0.439 0.0no 0,435 0.000 -3.505 
0.156 0.000 0.013 0.000 0.083 0.1)00 0,'043 4).000 -2.957 
0.249 0.000 -0.012 0.000 -0.049 0.000 .0,049 0.000 •26456 
0.349 0.000 • -0.034 0..000 40.097 0.000 -0.097 0.000 -2.015 
0.447 0.000 -0.048 0.000 -0.107 0.000 +0.107 0.000 -1.644 
0.533 0.000 -0.055 0.000 .0.103 0.000 u0.103 0.000 -1.351 
0.597 0.000 -0.056 0'.000 "0,494 0.000 -0.094 0.000 .1.144.  
0012 0.000 -0.052 0.000 -0.073 o.noo -0.073 0.000 -0.800 
0.783 0.000 -0.045 0.000 -0.057 0.000 .0.058 0.000 -0.600 
0.855 0.000 .17.034 0.000 .0.040 0.000 .0.040 0.000 •0.400 
0.929 0.000 .0.019 0.000 m0.021 0.000'  00•021 0.000 -0.200 
1.000 0.000 0.000 0.000 0.000 0.000 5712.000 0.000 •0.000 
1.068 -0.010 0.024 0.000 0.022 0.000 0,022 0.000 0.200 
1.142 .0.028 0.052 0.000 0.045 0.001 0,045 0.000 0.400 
1.222 -0.052 0.085 (1.000 0.069 0.003 0.069 .0..000 0.600 
1.308 -0.082 0.123 0.000 0:093 0.006 0.093 0.000 0.800 
1.400 -0.117 0.165 0.000 0.117 0.010 0.119 0.000 1.000 
1.500 -0.157 0.212 0.000 0.140 0.0t5 0,145 0.000 1.200 
1.607 .0:202 0.264 0.000 0.162 0.020 0.171 0.000 1.400 
1.722 -0.252 0.321 0.000 0.183 0.027 0.198 0.000 1.600 
1.845 -0.306 0.382 0.000 0.202 0.033 0.225 0.000 1.800 
1.976' -0.366 0.448 0.000 0.219 0.040 0,252 0.000 ,2.000 
2.351  .0.532 0.629 0.000 0.255 0.058 0.321 0.000 2.500 
2.790 -0.721 0.833 0.000 0.280 0.072 0.391 man( 3.000 
3.302 -n.920 1.053 0.000 0.296 0.083 0.462 0.000 3.500' 
3.092 -1.149 1.284 0.000 0.304 0.000 0.532 0.000 4.000 
4.567 -1.375 • 1.520 U.000 0.305 0.002 0,603 0.000 4.500' 
5.329 .1.601 1.754 0.000 0.302 0.091 0,673 .0.000 5.000 
6.182 -1.819 1.978 0.000 0.294 0.087 17,742 0.000 5.500' 
7.128 .2.022 2.184. 0.000 0.284 0.080 0,811 0.000 6.000 
8.170 -2.203 2.366 0.000 0.270 0.073 0.879 .0.000 6.500. 
9.308 -2.353 2.,515 0.000 0.254 0.064 0,947 0,000 

10.541- -2.465 2.624 0.1100 .0.236 0.055 1.014 '04400 7.500 
11.869 -2.532 2:686 0.000 0.216 0.046 1.080 0.000 8.000:. 
13.291 .2..548 2.694 0.000 0.195 0.037 1.145 .0.000 8.500 
14.805 -2.50', 2.640 0.000 0.173 0.029 1.209 0.000 9.000 
16.409 -2.396 2.519 0.1)00 0.150 0.022 1.272 0.000 ' 	9.500 
18.098 -2.217 2.325 0.000 0.127 0.015 1.335 0.000 10.000 
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To get a more realistic C(V) function, the S and D waves were included in 

the crossed channel. The extra structure introduced, especially by the s 

waves, on the near left caused the output amplitude to become pathwlogical 

with zeros of N and D on the left and right. See Table 16 and Fig. 13. 

7. Experiments with self-consistency conditions  

Taking the standard Balazs calculation vithi/ri  = -2.1, -1.9, 0.0 and 

2 left hand poles at -6.0 and -50.0, we looked at the effect of different 

self-consistency criteria. In all previous work we used the rough self-

consistency criteria of course i.e. demanding the value and gradient of Rek 

be the same at the resonance position for input and output. We now used 2  

criteria of the types described in Chapter 2. 

First we tried 

7K2  = 	[ImL out (Vi) - ImLin(1,11.)] 2. Wi  

with the V. equally spaced in an interval [0, co], and with the W. constants, 

independent of the variable parameters. Ten sampling points were used through- 

out. Inflin  was a Breit Wigner formula withVR' 
 ri/ as parameters and ImL out 

was the N/D form produced by crossing and matching from it. 

The results were as follows: - 

(i) Cut-off = 10. Dependence on weighting function evenly spaced points(20) 

V 
R 

5.73 
r'R 
9.84 1.72 

6.97 14.96 2.145 

ti 4.54 5.65 1.24 

A/ 
5.4.6 8.85 1.62 

Thus bothl/
R and rincrease as weight swings to higher values 
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3overbi waves a real part matching 9a  VE,4  in 1681 0) 

14 	+ So ros 4.  32 	P13  

P1 
	zaro of N et .0 i6 

Do 	at 6,5 

2: 	P1  + 	+ So  —* 	 ,Do 

P1 negative 

D 	zerps of N and D near the. origin. • 

P Do  

P1 ' - zeros :of ReD 	at 	and +.1.2 Rek npgatiVe. 

zeros of ReD at -2,5 and. at 0,0 
( zeros .of ReN 	at.  +7.5' and at 0.0 - 

+.so + 32 --)• P Do   

P1 Reit neg. 

Do  (ReD zeros at 	and. 0.0 - 
(ReN zeros at -2.5, •?0.8 , 0.0 
(Re.t. +ve 



Very strong dependence not linear 

	

5 	10 	10 

	

5 	-; 10 gives 	3.92 --3.5.73 i.e.X1.46)1/11  

and 	0.99 - 1.72 i.e .x1.72 r 

	

10 	20 	V R 	)4: 1.85 	1 X 2.04 

	

20 	40 	V
R 	X2.1 	r x 1.89 

20 gives 5.73 --> 10.6 

and 1.72 -4 3.51 

Next we tried 

(Imp out (vi) 	Imi,in(yi) )P1  11 

(ImL out ( Vi) 	vi) P 2 

2 

swing 20- to 20+ gives factor 2 in f7  

and 12 in VR  

swing mainly ingoing from 20- to evens for r 

(ii). Dependence on cut-off, even weights. 
Vg 	r Vg. 	r' 

0. = 10 5.73 9.84 1.72 

20 10.6 37.2 3.51 

5 3.92 3.87 .0.988 
40 22.33 148.22 6.62 

<:x2, R x2, R  
,?)(2, r 
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^n1 ---ifdating allows the desired weighting to be applied in the 

sam: -places relative to the resonant lump and will follow the resonance 

as it moves. This should remove any constraint introduced by having the 

rigid static weighting. However the Vi were again equally spaced iniolco] 

and not dyncmic. 

The roa-lts are Pi 	P 2 	1114 	
rVR 

1 1 4.07 

1 0 5.73 

1 2 4.71 

1 -1 6.70 

4.76 

9.84 

9.64 

13.57 



1 	 0 	5.41 

1 	1 	 1 	5.33 

and combining functional and dynamic weighting:- 

   

  

P1 	P2 

1 

  

  

   

vt, 

V
R 

We also did 

[ 

= E (ImLout(V) - ImLin(ii)131  

i 	(Imkout(Vi)P1 + InLin(Vi)P2 

with result, keeping W1  = 1 all  i. 

P1 	P2 	P3 	P4.e.  

150 

riVi 

8.73 

8.49 

171/R 

3.62 

2 W
i  

V
R 

3.69 

We also tried dynamical cut-offs described by an index P 

P 	sampling region 

V ry v 
R' R ., 
2R

-3 

[0, oo] 

cutting off the C (V) 

P input P output 
	

V
R 	V R  

0 1 3.13 3.13 
0 0 2.51 1.62 

These experiments merely serve to show that one can alter the result for 

positions and width independently by a factor of 2 l either way)by a suitable 

choice of 72  criterion and, as one has no 0 ort'orE way of choosing such 

a criterion, one's results must remain indefinite 

applies to the comparison of Breit Wigner and N/D 

for other clashes of parametrisation. The values 
- 2 

10 . 

-1 

0 

1 

p = o gave 	(2.81, 1.86) 

and we also tried sampling the input function i.e. 

integral in a dynamical way with results 

to this extent. This 

forms and will be different 

of ,',2  usually obtained were 
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We next tried using an 01 parametrisation in the crossed channel and 

it was felt desirable to take the same number of left hand poles in both 

urossed and direct channels, so that all X2  criteria would be identical and 

be equivalent to the paramtric self consistency criterion 

Lain - aout] 

where 	ai 	are the parameters (residues of poles) of the NA form in 

crossed channel and ai out3axo  those in the direct channel. The C(V) 

function using the residues appropriate to the Balazs Sta(11- ca.,sZsiv4-4. 

solution in the case n = 2, was very similar to the previous one using the 

BU formula and the result of matching also similar. A self consistent 

calculation, which had to use /1-,
2  criterion in the case of a parametrisation 

which does not automatically give a resonant form, was performed and gave a 

very small 	and st4 V 	c,or,v5-kt-,A-  values 

Fi  = 	0.0 3Ii , - 1.54, 13.66 (This was with poles at -6, -50 
V 
j 
= -2.1, 1.9, 0.0) F 

very close to the Balaz solution. The 	 obtained was 10,-4 but would 

probably have gone to a true zero if the numerical calculation had been 

allowod to continue. 

The disadvantage of NA parametrisation used with the matching process 

in its present form is that to reproduce the detail on the left one needs 

many poles in the direct channel and hence many poles in the crossed Channel 

and hence many parameters to vary. For ten pole fits, one is having to search 

a 1C; parameter space. Clearly we must decouple these two properties. 

9. 3E.
2  

aEP-2M91±99hina 

The answer is to make n the number of poles and nF the number of 

symmetry points independent. We already have a sufficiently general matching 
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procedure at our disposal which allows extra poles to be present. Thus we 

can use N/D parametrisation and choose the number of poles to be used, say n. 

This will be the same in direct and crossed channels. We now choose the 

number of symmetry points usually larger,say NF. We automatically make the 

residues Fi  be the same in both channels and we vary them to give proximity 

to crossing of real-and imaginary parts on the left. The self consistency 

on the right is of course now automatically satisfied. We are thus 	a 

x2 which can be obtained from the matching equations 

Ill EjiFi  = Qj 
	

j = 1 .. NF(=n). 

i r: 1 

become: 

	

-1(  2 . E 	E., ..1 _, x.   

j = 1 

	

NF 	1( . 
I = .,. 

n 	, ji,i _ A  j\   2 

This approachiin the authorts opinion tis the ultimate in the generali-

sation of the Balazs idea. A programme was constructed to carry out such 

calculations but it was never completely debugged and has never been used. It 

was a difficult programme to follow and would have needed rewriting to debug. 

Also by this time, the inverse amplitude calculations (Chapter 6) had shown 

an easier way of obtaining the same requirements. Also it was found that the 

variational calculations (Chapter 5) could be easily modified to do this 

generalised Balaz calculation. This was done and will be described in 

Chapter 5; however no satisfactory solutions were obtained, although the 

number of attempts was quite small. We tried one search in each of the cases 

(n = 2, 3, 4, 5) (X) (a = 10). The most acceptable solution was found in 

the case n = 3, which was close to the original Balazs solution. 

FURTHER GENERALISATION TO SMOOTH FUNCTIONS  

Instead of using pole forms, one might try to use the same matching idea using 

unitary functions with smooth left hand. discontinuities. The difficulty of 

doing the D integral is then present; however this approach would allow A(V) 
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functions with different asymptotic behaviours to be explored. Such 

considerations are to a certain extent realised in the variational calcula-

tions in Chapter 5. 
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CHAPTER4 

THE ZACHIMSEN METHOD 

Statement of the Method 

First introduced by F. Zachariasen (1), this is a simple, elegant method for 

prelininary calculations. It has been used widely and a list of references to 

applications of the method to a variety of processes is to be found in Ch. 1. 

The method is to make the ansatz 

N( ) = 	 (1) 
where CM is the crossing function introduced in Chapter 2, and has always 

boon taken as the simple pole form obtained by D function L.  approximation. 

Than 	= 1 - 
Tr- (ii) 

And A(') = 
D(V) 

This amplitude has some desirable features. It obeys unitarity, has cuts 

EoA, [711 4, has correct threshold behaviour. The discontinuity on the 
left is not ImOV) but Ln.i9 

D(
si9  

\/ 
and hence is only correct when OJ) = 1 i.e. 

at 0. For this reason, Zachariasen specified that to'0 should be always where 

C(V) is largest and in the function case i.e. a simple pole exchange, this 

is at =,,VR  - 1, hence 

= 	- 1 

So, as we vary V R, rvit looking for a solution, Vo  also varies. 

\G.  are varied to obtain rough self consistency between the input 

function 

Im Ain(V4) = 	R) 

and the output function, .gout = 



by demanding the conditions 

\)Rin)  = 0• Re Dout ( 

-Nowt VRin) r 	I R) 777757,77 

Discussion  

Zachariasen actually introduced this method as being the 1st iteraction 

of a successive substitution procedure, in which the 1st stage was to put 

D1  = 1, N1(') = CH. 	2nd stage D2  would be given by (ii) and N2(1/)=C(.1).D2  

and so on. This iteration procedureidiverges. 
, 

e 41, Notice also that Re A(v) _ R DC 
	

on the left, so that Re A(V) and O
1,1 

Im AM differ by the same factor D(1.)) from Re C(V) and Im C(V). So both the 

real and imaginary parts have similar forms to the estimated C(V). The factor 

DM however is very often 3 or so on most of the near left. 

Also note thet N(#) = c(10) everywhere, so that it has the same bad 

asymptotic behaviour as the Born term. The discontinuity Im 10)  holds on 
DO/ 

the whole of the left, not just the near left. It is this asymptotic behaviour 

which renders the method unreliable for iientitative prediction. 

From Chapter 2 

_. 
Re C e ( V) -4 " e l log 6 	v c erv) 	$if 

The behaviour of the inter; and for D(V) is 

.(11-1  I 	- 3  log fit" 

and so the integral diverges for 1_)' 1. We can only use the once subtracted 

form, on which the method is based since it puts the one subtraction constant =1 

by crossing symmetry, for S and P waves. Indeed, because of subtraction in the 

fixed S dispersion relation required by the S  -wave, the only wave in which we 

are safe is the P weve. 

To estimate asymptotic behaviours, we use the results of Lanz & Prosperi 
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in 
( ry  1N  

R lout 



,e N. constant 	or 
Re N. Im D 

 

D1 2  

   

constant. 

1% 
quoted in Chapter 1, for the asymptotic behaviour of the p. v. integral for 

DN). 

ot  Vi - V' 	 A-.  

P 
(1y) 	,„ ve i- 2  ' logV 

i 

e  i 
.. /0 . 	(4) Z ____L_ 1' 	2 -er:c 	off = 2 - fi ' - v. 

4  g 
p' (16 = y il  t  -3. [1 .± (e_ 2). log )) I 4. \iC - 2  

this is 4? 	1 — = 	1 all e..' 777Z77,1; we 

For t,
Ap 

1, = o 	C:4 = 2 -. 	> 1 

)12(v) 1 < 	Co , 	D eN-*/ < constant ...; 
1V1 	)) --Y 00  

4  / 
(... = 1 	06= 1-  E 	< 1 

, L 	logy?.   (1 -c ) : fN) _ 4..-  ,+ constant  
Ni 1 4  

inside forward cone. 

f N) 	< 
	C2 	outside forward cone. 

D 	-' 
r111.  

= 1 	all finite 6. 
which can probably be replaced in practice by 

logn  

P= 2 diverges. 

Re D(V) 4 < constant or < C -- logn•j 	e= o or 1. \ 	..., 
Im D(U) 4 Re N I /„ ) - 1  log V 

Re N(v) 	"I V e- 1 log . c 1  
\ 	Re N. Re  D 	 k Const. or :5,  C3  lognV / 

Re AN) = -1.  1., r 2  	77:7—  max(71, .17 —  2---.  ! P I 	 V  log  V 	I,  

3 e l 1 	- 1os 	. 	lo Y 
1 max n, 12 log y 

.•. Pure imaginary or complex or pure real. 

Cl  
1 a. " 

• . • 

• 
• • 



- n + 1 
V 
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Li  

. Im 11(1/L. 	Im D 	_ 	
1 V 	10...a  „„.2_, .....,....: ..,.. —.....—  

Re A(V) 	Re D 	( constant or '. D3log n  V 

for -?....1 = 1 if n = 1 --> constant. 	complex 
2 --> o 	 puro real. 

t.1.= o if -4 log V 	pure imaginary. 

If we use the rough rule of multiplication of the imaginary part by 

log!  

I  we obtain Re D(V) 	v L - 1 log2  
-' 1m D(I) 	 log V 

Re IV 	 1  
log 

1m A(Y) 	 1 
2 • log 

A 	o 	and purely real. 

As 1)  --) 	- co 

Im D = o 

Im N = Im C 	VC 
V -4 - co 

Re N 	lie- 1  log V 
V --> oo - 

Re D 	`constant or <. C3  log n  v 	o or 1. 

or 	- 1,v 	log2v by rough method. 

Fo 1.,(f1) = ReNReD 
ID12  

Re 
Re D 

10;/V 
= ° 	9  constant 

- 00 rough method log2 .. 

= 1 03 
log V.  

rough method. log-c̀  (v) 

• 
0 0 

V 



D(V) = 1 rtV Vo 

0-mr•-•••-•...- • ••ft... 
Re C( VI)  AV' 

(Vi  -V) ( V"- v0) N.. 0 

. 	Im A(V) = Im 
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Re D 
1 . 	constant. 

o 	Constant 

1.1 	-001rough method . 1 

.Ln d/ og •‘i 

  

Ha 
•••rer-ss 

log2 t/ 

  

7-4  = 1 	logn  v 

rough method 

    

 

log2  

  

Threshold behaviour 

Re N(V) 	"".* V t  
v 	0 

Re D(V) has behaviour -dependent upon 

v - v 

so for g, = o, D has 1st order cusp. i.e. discontinuous grnaient. 

1, 	2nd order 

Im D(V) 	JT/ Re N 	M',6;.1/1  

from this 

A has finite value and 1st order cusp for £ = o 

ce.v , 3rd order cusp for '£ = 1. 

Contributions to Re D and the effect of a cut-off 

1'0 

For k) fixed on the near right, the effect of the part of the integral above it 

A 
has the same sign as Re C(V). Thus for the Pi 	P, case Re COI

1 
 ) is positive 

for V 4  ) o, so that the upper part of the range of integration gives a 

positive contribution and makes D(V) tend to decrease from 1 and dip towards 

the axis i.e. tends to make it resonate. One might describe a montonically 

increasing Re C(V ) function thus as representing an attractive interaction. 

Certainly for V < ol  the whole of the integral contributes to this effect in 



Re C(V1) 

8.3 

13.4 

17.6 

-v) (V'-vo) .ReC(V1 )/(17- V) Of -1/0) 

0.8 

V I  

7.0 

10.0 
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the same direction, but for V on the cut it is lest; easy.  to-see what will 

. 
.happen. As for numerical contributions, for the P1 case the following numbers 

have been obtained 

	

V = 2 	Vo = -I 

contributed from E 4;71 -- 3 X 0.6 N 1.8 

	

[7,10j 	3 g,  0.3 	1.0 

The effect of a out-off in.  such a case is to decrease the 'attractive 

and similarly in other oases. 

effect, 

Self-consistency determination 

We vary R' V12- to satisfy the ,rough, self-consistency conditions: 

r N  - out ( V R in) 	 in 	fin 
_  

Dout (VRin ) 

We actually used Re A / out  ( V Rin) = Re A n ( V. ) in 
rt 

' Takini, in  A • to be the Breit Wigner formula withi ik' vR  as parameters, '  • 
Re Ain ( tiRin) 	[-r- 	( 	V 	R 	).3 v R+ 1 
other authors used a graphical method for determining rvg  v 	self-

consistency, namely from the intersection of the two curves given by (i) and (ii) 

in the 	v R' 1../ R plane. We found it more convenient to use a minimising 

routine and. iterated until equations (i) anc:t (iii) were very close to being 

satisfied i.e. we se arched the 

X2 	= • [Re D out -( VRin  ) 	2  

V R Fit/ R plane to minimise 
/ L Re 'out (V  .Itin )  - Re in(.n) a. I 2  

Re D out (VRin ) = o 

Zachariasen and several 

or one can find II Rot. 	i.e. s,t. Re Dout ( VR out ) = o and use & 	) 2  
Rout Rin 
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For several coupled partial waves the graphical method loses its simplicity 

Choice of V 
 

Zachariasen chose V n  = 	VR 1 as being the position of the 

singularity in the C(V) function. However, this singularity is logarithmic 

and not so important as a pole would be. It is also the end of the left hand 

cut, and where Im C(V) is large , which is more reasonable. It is difficult to 

see how to treat the case of a continuous Im A(V) in the crossed channel which 

do not produce these effects on the left. However, there is still structure,  

from the crossed channel, near. V.= 	VR.  1' 
 which could motivate one to put 

'o there. From the inverse amplitude approach one might take Vo  to be at the 

zero of the C(V) function on theleft. 

The analysis of the original Zachariasen method 

A programme was written to.do'the Zachariasen calculation and the metilf' 

was sYsteMatically studied. Tables.and:graphs of N, D, Re7 and ImA were 

obtained; Fig 1 and Table 1. The effeets.  of /0  exchange in other waves using 

this method were obtained as graphs of Re Al  Fig 3, and are summarised in 

Table 2, section 2. The effect of having a fixed V was foul 4i5bo larguv.r. 
Also, folloying Din, we did the calculation fort/0  2.- c,c(-VR - 1) for several 
different0e, s and found great sensitivity of 'the self consistent values tone. 

Static Variation'of V is shown in Fig. 2, self consistent values are given in 

Table 2 -(5) : 	• tc . The effect of a cut off in the Re D integral was found 

to be not unreasonable. Two different self consistency criteria were tried, 

one following Zachariasen and the other following Balazs, the latter depends 

upon approximatelinearity of D and was found to be not useful. The results of 

these investigations are found in Table 2. 

Next, contour plots were obtained and an_interesting effect was found. 

For V fixedindependent of parameters, the self consistent value lay in a 

narrow valley along the line rr. 1. Pig. 4. For V o dynamic'and equal to 
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RFD 
• 

C',,w 

. 

9-A444: Ww 	0. 

1MA 
2,923 3.441 10.043 '101'0

RSA
77 3.436 4610•000 

2.840 "3;'725 9.750 -64;312 '3.433 
2.755 -4.017 9.428 ..9•000 
2.668 .40317 9.073 ,.r 1 4:6:1 8 '818.500 
2.578 04.623 8.'6479 . 40'093 3.366 ..8•000 
2.486 
2.391 

.2.292 

"144933 
'54245. 
1.5,555 

8.241 
7.750 
7.197 

..11.954 

.m.2094 
.•28424 

3•31S 
3.242 
3.140 

"'MOO 
'..7•000 
•616s5.00 

2.190 41'54956 6.570 ".!2•674 3.000 -.66000 
2.084 -6.137 5.854 sq.945 2.809 -1'54500 
1.974 .64351 5.031 -m3•233 2.549 ••5•000 
1.858 *6.561 4.077 -"34530 2.194 .4.500 
1.738 '06.632 2.967 a..34816 1.707 •°41000 
1.611 "6.516. 1.074 .1.44046 1.039 •..3.500 
1.476 "6.077 0.184 0.124 *3•000 
1.333 ."5.052 .013098 -1.090 --2•500 
1.178 •°2•995 ..12.924 "12.544 '2.481 ' 612.000 
1.113 .016700 '03.231 -"1•528 .1'2.903 •°1•800 
1.045 06.050 -0.3•102 0.048 4'2'968 ••1•600 
0.975 0.811 0. 0.933 0. .01.400 
0.901 -0.070 0. "0.077 0. -"1•200 
0.623 110,258 0. 40413 0. --1.000 
0.741 .0,256 .0.' .10.386 0. 00000 
0.653 "0.249 0s O. •-0•600 
0.558 •.0•10 Os O. ••0•400 
0.453 
0.148 

*0.095 0s '4'04210 
- 

O. 
• 0.012- 

•04200 
0.110.- 

0.176 04'100 O. 06. 542 0.127 08200 
0.044 0.204 0. 0.647 1•611 0,400 

'1108073 0.308 0. .60.549 1.421 0.600 
•0•177 0.412 0. --0.683 1.061 0.900 
•0•270 0.516 O. •1..0.676 0.914 1.000 
-0.353 0.618 0. n0.655 0•841 1.200 
'1'0.429 0.720 O. '00.635 0.814 1.400 
'"00198 0.920 0. 40.617 0.797 1.600 
•"0.S80 .0'918 0. -0.601 0.790 1.800 
••O.617 1.014 O. -0.587 0.788 2.000 
-oine 1.249 0'. '-01456 0.794 2.500 
.i■Ose36 1.473 0s -..0•529 0.807 3.000 
'1'0,916 1..657 O. 40.506 0.822 3.500 
-0.980 1.891 O. -00.485 0.837 4.000 

2.067 O. 40.465 0.651 4.500 
41.074 2.275 0. 40.447 0.864 5.000 
01.108 2.456 404430 0.876 5.500 
.01.135 2.629 Os .00.414 0.887 6.000 
41.155 2.796 O.' 00.396 0.897 6.500 
-1.170 2.958 O. 40.384 0.907 7.000 
41.181 3.114 0.' 40.370 0.915 7,500 
416188 3,264 O. 00.356 0.923 8,000 
41.192 3.410 O. 40.344 0.930 8,500 
41.192 3.551 0. 40.332 0.937 9.000 
.01.190 3•6;:d9 .0. 40.320 0.943 9.500 
.01.106 3.821 O. 00.309. 0.946 10.000 



TliBLE 4 2 

1. Static Dynprri  Vo  

(a) Static at loc;= - 1.000 

gives 	1.423, - 1.004 

tab -4 P1,  Do, Fl 
gives 	420, 480 1060 	• M eAr 

X2  contours giVe r.= 1 valley. 

(b) Dynamic at V = 	pt  1 

gives 	• 6:50, a. 
tab 	Do, P1 
340, 400', 860.',. 	ti 

x2  contours G.J.760e.-= 1 valley. 

2.  Effect of i° :on other channels 

TABULLTIONS ' 	S 

	

,74 	• 	.;' 	' 

	

. 	. 	o' S  2'  P  1,  , 1)  o'  D 	F 2' 1 
S 	= -1.1 	. Re negative becomes V. small as o 	o 
S2 	i172 = -b.85 . Ale l.' negative and slowly varying 

s,c. resonance at V
R  =do:47 P1 ,   

Do resonance at VR = -1,1 

D2 negative l  non' resonant, smallalOWly varying 

P1  resonance at VR  = 8.7 

Self consistency condition 

Zachariasen type 	—1.161 
Balazs type, 	0.121, -0.936 2 = 10-3 

4. Dependence on cut off on right 
V fixed 	0:417, -0.563 	370 11 e'v 

	

tab. 	"". y > Dbf 	Bo  

also 
rising none . none ( o 
zero 

—0.668  V variable 	0.351,  
0

:346 V1 

5.. Variation with V
a 
 self consistent values 

• ---- 

increases. 

(1) 	static: 
oe ai 

. 
a2 VR 

r rIV 
R 

1.0 1.423 -1.004 1.417 0.996 1.411 
- 0.5 3,831 -0.883 4.339 1.133 4.882 
- 1.5 	• 0.513 -1.170 0.439 0.:850 0.375 
- 2.0 0.074 -1.335 0.056 0.750 0.042 



(2) dynamio 

a1 . 	̀ 2 
VR 17  • rfril  

0.547 -1.161 .472' 0.861 .406 

0.740 . -1 4113  .665.  0.898  .597 

04402 .-1.204 .334 0.831 .278 

0.236 *1.264 .186 '0.79 	• .147 

0.862 ,-1.087 .79 ' 0.92 .73 
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-V - 1'  this was not so pronounced and the contours were more reasonable; R  
however there still was a slight valley connecting the self consistent value 

with the trivial solution V = 0, Fig. 5. This valley is roughly along the 

line 	
-1 ÷ 0.8 V = - 0.7 Viz. 

For comparison, we show the curves for the graphical method of solution in a 

diagram. 

For the P wave only the graphical solution looks like this 
11  Vg.  A • 

width equation 

Thus, the choice 

position equation 
•	 

of Vo as dynamical is important and. tho calculation is very 

sensitive to the actual dynamical choice.. On the other hand, this choice of 

V is a structural peat of the Zachariasen method and it is difficult to see 

how to modify it/ to avoid this difficulty.• 

Other workers?'ayses of the Zachariasen method 

Zachariasen? s result, has been obtained 'by Martin (2), his result was 

m
P  = 337 Plev12ittfl 53 Me t, 

• Also Diu (3) has analysed the method. He showed the at dependence by the 

following diagram 
774\ ry R. 

2-3 • 

z. 

V g 
in and. is independent of cse , finite at LiR  = o and. 

--.00 as V --> - 1. 

0 
Curve 1 is 1' out NS 

2- 2.. 
7  



-c c Ati  

4 
• 0 	IA14 -~,t,̂4-) 

- 

•°Vl. 
 



.0 

4.elA 

-.3 — 4/ q.,t3 

101 

0 I a 
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Curves 2 are 

li'II 
out VS 	t/

Rin for 
0.=  1, 2, 3 and show that there is no 

solution for 04> 2, this is supported by the authorts calculations. Din's 

self-consistent values fora = 1 were 

= 520titki width = 50 PAW". 

Note that 11  is not the width, although Diu seems to be implying it is, but 

he also s &Ts that the width is 4. X too large. Martin is presumably also 

making a misinterpretation. 

Gervais (z) has generalised the model to include the exchange of two- 

pions as well as the 	pole, this gives a strong force, but no self consistent 

solution exists; the two curves, in the graphical solution, no longer meet. 

In a further preprint, fibers and Zachariasen argued that' the method would 

give two solutions in general and"that'bootatrap calculations in general would 

give two solutions for the. r  

According.tothem, for every solution just above, threshold there was one 

e, 
like just below threshOld. This was because N behaves 	 e V and" hence D has an 

( t+ 1)th  order cusp at threshold. Thus ti 
in 	Rout 

VS. ii 	will have two 
R  

solutions 'if N varies smoothly with V
in  and iJ r. 	ids out  is also slowly R 	in 	Pr   

. i' -7,1 All i.se .,:is z.o1.1t.l.e:kr. They also used this 

.argument to show how an S wave amplitude.  tends to avoid having solutions by' 

Re D turning away from the axis at threshold. 

Wong replied to. this argument, saying that it,;onlSr applies in the 

Zachariasen model and not in general: 

' The Zachariason method in potential scattering , for a Yukawa potential 

was studied by Lutang (5). 

The agreement with the exact solution was poor. In the S wave)too 

strong attraction, in the P wavei a spurious bound state. This was not present' 

when the second born approximation was included, however the latter had a ze:;--

ofii in the physical region which was not present in the exact solution. 

varying with VD:  



0 1 3 

1st order 

exact 

2nd order 

V 

2 f . 2.4. 2 
hence comparing with my equation 

{. 2 	2J . 2. Q 

12. rTV \t-a- 

N (v) 
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Also no bound states at all wore found in second order. 

8, 
7C 

Lumingshowed that the D integral'could be obtained in closed form in the 

potential scattering case which cOrresponds to 'S wave 'exchange, and has a 

simpler 1:inematic factor 

as opposed 

The author has been unable to find,an analogous' procedure in the relativistic 

case and the integrals are done numerically. The difference in kind is due to 

the integral being over [0,003 which is the entire cut of 	1 	but not of 

V + 

The author feel-  that the occurrence of a ipurious P wave bound state 

in the potential case in the first Born approximation only may well be the 

answer to the stature of the P wave solution found by Zachariasen. That is to 

say, it may be an accidental solution of the same type. 

Comparison  of notation with that of other workers 

We record here the notations of Din of Zachariasen & Zemach, and. of 

Zachariasen at Edinburgh '62. 

(a) D. 2.1,1 
 uses 	S = 1 4- , 

4. . .1. 

1  Im A7 so 	= 	2 • 
V + 1  



z<
gr —i 

 1\ 
---  

t—
v R 

 1: i 
. \ 3 	+1) 

R 

his self consistency condition for width is 
2 	 N f r . =

D  
3 	 = 	12 	N  

	

if % 	--ic 	iN • VR  • 	_ a D 
S 	 Z. v 

i.e. V • 	 = rt,Re' 

	

P. 	fiL2  .. 	N 

	

12 	11-1‘ 	- D' 
he obtained 	ES--- ''' 10. 	..c.* f. value ".• 	2.5 

	

also m (o • = 	32o I-4 sa v . 
He also said. this "-- 50 Me.viwhich can't be right. 
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(b) 	Z & Z used. 

vC = 

Im t 

N 

14- 

1 
- 	3 

1 
3 

VR 4.1 

•\/2 . 
/4-7C-.  
'y2 

d. Re.  D .  
att. 

	

VR 4.1 	t 71 

R 
They got for Pi  only . 

I 2 	( 	= 350 rizv- 
)s 2  = 0.6 

2i 

• 24-A" 

In Zachariasen's original letter 

) 	Zachariasen at Edinburgh ' 62 

= 

2 	i 

	

.... 	 . 1. )3  . 
71-i 	12. t V  x. 	. 	17 -i. vp.;_ . 12. 

........:E_ = 	_ 	. w  2 ' , 0( - 1\  3/2  t::. dRe D.. 	3 	
1 /4 	 o) 	. 

4IK ds 
2 = 2.4.." his s.c. value 

7471-K..-  
1/ 2  = 	1.9 ", 250 1\44.,  
/1- ix 

same relation to my r as in (b).- 
Zachariasen's original letter (or rather its erratum) gave 

MGM r 	 Ms  

and .a.$. . value nate, 
2 

—TT 

750  taw 

1. 

Balazs's s. c. value 
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Further discussion 

Several channels 

For several channels, one chooses n channels and find6 solUtions of 

Re D out ( VRjin)  = 0 = 1  V — V 	ve-T 
0  n  "`- 

Y 1+1 K=1,' 

 

Ckj( 
1",  YID) 

Vo  .) ( 
Rjn 

   

Re lout (V 	= Re A. / (V 	) 
Rjin)  In Rjin 

= 1 . n 

However, it is not clear how to choose V
o'  6 for each kth of the crossed channels 

produces a different left hand cut in the jth direct channel, starting at 

_V 	- 1 respectively independent of j. Rk 

Diverpence as we add moreRartial waves 

If we are taking 

N (V) = tem 
as an estimate for 	oa 

N (L) 
	

(v) 
= o 

then, we are seriously wrong in, principle, for this series diverges, in the 

physical region, where we are using our estimate of N(V). Our estimate may 

still be a good one due to some unknown damping of higher waves or other 

obscure mechanism. 

It may be possible to view the ansatz 

Ni  (V) = c ix  (v) 

in a different way, not as, afrancated series but e.g. as a dominant diagram, 

i.e. leading. term in a different, convergent, series. 
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Attempt at Extension of the Zachariasen method: for arbitrary numbers 
of subtractions in D  

Putting N(V) = C(V) —4. V i  -1' log 1/ 
042/5 1.0,0{v) . 	' :4---4—T•ReNM 	N.) 11 -1  lo g 

hence for it  = 1 we 1.19 e a one subtraction and in general for E.. wave exchange 

we need R., subtractions to make the D integral converge. Taking them all at Vo  

D(1)) = D( Vo) 	(1,  110) D 1  ( 	_ _ 	(t-)-1(V -V )6-1  

4. 0/_v0) 
	'imp(v') a 	I/ ' 

- 0  (v• -v) (V-V0) 

	
D 	( Vo) ° 

actually Im D( V) should. be  replaced by 	
1(.,1 	e_i [D. pc I") 	 . • vi-vd: 	(vo)1 

0 al] these other terms will always be zero. we shall always take 11  

The D( p), D (vo) . . 'are arbitrary constants and. cannot be determined from 

the Im D function, however there is always a multiplicative factor arbitrariness 

between N 1  and D which allows us to choose D(Vo) = 1. If we make more than 
4' subtractions, the further constants, e.g. D (1/o) are not arbitrary and. can be 

but as 

calculated. from IDD:- 

DUO/  = a 0 
avn  

We emphasize that t is the angular momentum of the exchanged particle, not of 

the partial wave we are considering. 

In the spirit of the Zachariasen ansatz, which makes 

AO, 	N(V,) 
D (1/1— 

we can demand_ that 

(t,  ) v = V0  

which makes 

( Dn( V0  = 0 	 n = 1 . . . 	1 
satisfying crossing symmetry at V 
up to the nth derivative 

e(y) 	
= cn(Y) v =0.. 
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This is obvious, and. can be seen explicitly for the first two derivatives as 

A = 
	D N 

D 
it 	ir 	1 	 1 	, II 	2 ' / A 	= ii - N D 	+ ND . 2 DD - D 	 N D  

J) 	—D-2.  D4 
tf = N 	= 0 . 

D etc. 

The asymptotic behaviour can be estimated. as follows:- 
)  Re N ".• V I -1 log V 

Re D 	n... V Zs  -1 
C Im D 	•••••• V. . -1. log It 

Im A = -Im D.N 	.",,, constant = + 1 
D2 

Re J= Re D. N 	 1 
°‘ D2 	 log  

becomes purely imaginary as V 	co and ' 	(2n + 1 

The threshold. behaviour remains correct 

A(V) 01, V -6. 

This would. not have been the case had. we subtracted. at the origin, which might 

have been desirable to obtain the sane derivatives at the Irigin at C(V). 

However in this case we have 

is v e ' 1 
o 	v.  t' NO

V') .  
— v ) 

 

„F
v1+1 

 

a behaviour .4 it' in the discontinuity gives a discontinuity in the 1st 
r )  

derivative, hence as N (V) of V e , and we have a behaviour V 

we get a discontinuity in the ( L- t+ 1) st derivative. Indeed., for .5LI  

the integral diverges because of behaviour of the integrand at the origin. 

Thus subtractions at the origin are unsatisfactory. 

In the numerical determination of D, we evaluate by separation thus 

D = 

2- 
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ay' 	 V'  
(v' 
	 V + 1 0 

given the value of 0.9  
1 (V) = (V - 0) 

We note that 
fo 

• d. v'  

 

1(v) = 1( vo) ( v a) 
+ 1 • .1.00  

v ...vo  

a."' 

In( V 0) . . • 

(‘I-v) ( 1/: vd21  + 1  

(y _vo ). 	(v 0 ) 	. 	( 	
I 	

(v- o). I 	( ic,) 

taking I( V • 

Hence 

I 1,‘(V) = I (V) 

J o  

( V") (VI-
Vo) , ReN (V)  

Re ;N ( ) AV'  

Qt (4r 
( v—vd 	pe N( v') -ReN(v )1a  v." 

5e' • 
ILL=2../ 0) 

( 

To evaluate, 

where the derivatives are obtained by differentiating the analytic expression 

for 1(V). 

As shown in the appendix 

= - 1_ .  [ 1 + 121] 
V 4.1) 

[ 1 	 (2 V -11 + ftv) . 	(14. V 4. 1) 
V etc. 

where f(Y) = 	V 	log[ 17 + dv-f- ! .,.. 1 
V +1 

The logical conclusion of this approach is to look for convergence of the 

sequence of amplitudes obtained by taking more and more waves in the crossed 

channel and more and more subtractions in the direct channel. 

NL  (V) = L  Re C _LC (v) Z-7, 
po 

D
L( V) I:. 	= i -.

(V- V 0)1' . _1 otv, i 	 .  N Q  ( VI. ) 

71 	 V' +1 	(V1-1 	(vs- V0)-1-1  

2( V +1) y 



Does .N (v) approach a limit as L 	ao ? 
D ii(V) 

As .L  increases, D t  becomes flatter and. flatter on the left, so the amplitude 

might become independent of Vi . It elan approaches exact crossing closer and. 

closer. 

N L(V) .- 	- 1  
V ao 

DL(v)" y L 1  log V 
V ,,400  

se liA has asymptotic behaviour not strongly'dependent -on-L. It has cuts in 

the right places and obeys unitarity. The, author has not been able to prove 

that this sequence converges and suspects that it does not, for the following 

( V-V)L. v 
tr''9 C.ct, (v') • 	. 

.. 	• 	: 	• 	, . 
—7"-c" 

TC 	t ° (V' V) (V'  —Vo gl. 
now 	ZRe C diverges in [ o l o;} ;and. converges in D I  -9] . Hence the first 

term is either finite.  or zero and the second. term must either diverge or vanish 

for 	in [0, -93 or [0,001 , that Is ,atileast. one of these four possibilities 

must be true. This is very strange behaviour if one assumes that L.14-ti  is 

going to converge to a sensible function. 

With coupled. channels ,one gets a slightly worrying effect. For example 

if we have a P wave in the crossed. channel we calculate the effect on the P,D 

etc. waves in the direct channel using one subtraction. Theeffect of a D wave 

on these would need. two subtractions. If we now have P and. D, 	C = Cp + 

then we need. two subtractions and. the D integral has two parts, the D part 

subtracted twice and. OD part also subtracted. twice. Thus . the contribution to D 

from a given wave depends upon whether waves of higher e are being used as well. 

As we add more terms in the partial wave series we have to subtract more times. 

Thus as we add. more waves, _the effect on the direct channel is not just the 

additive one it appeared to be. 

reason 

fiL  (v) = 
-C L 17  Re C,

t. 
 ( t)) 

'L t 0  f =  



( v' ) 	a.vi 
v.+1 (V'-':) 	voTt;  

> n 	1 

170 
This is accentuated by our extended ansatz 

Dn( V 0) = 0 

If we had left in the subtraction te 	 we could have calculated their values 

for the, contributions from lower waves from integrals with less subtractions 

and merely put the incalculable part = 0. This gives a modified series, 

rather unrelated to our original aims, but having additivity of contributions 

to N (V) from 

pl,  (v) . 1 - 111 
different 4!  waves. 

Re0ot( V') d v 
v' 	. 

0 	vi +1 

( V _•vo),2 

v' - V 
.0P 

Vi)
7 

( v—v o)tir =   
we no longer have Dn( Vo) 

D(VO) =1 

instead we have this property for all waves higher than nth for D V = o. 

Thus the V= o contribution violates D( V ) = 1 

and the e = 1 contribution violates D r  ,( v.0) = o but satisfies D(V0)= 1 

and so on. 

',gain, the convergence as L 	09 	is an open question. 

Further results 

We looked at the effect of 0, 1, 2 and 3 subtractions for SI  P, D, F 

exchange and obtained the tables and graphs shown. Table, 3 and Fig. 6 show 

the effect of different numbers of subtractions for P1 -4' P1, Table 4 for 

So P • and Fig. 7 shows P D 	P for two subtractions and P + D + F 

for 3 subtractions. These amplitudes are not encouraging and show the damping 

of high energy behaviour as L inc reases. It was hoped to find a mechanism 

for the spurious nature of the P wave solution in the assignment of the 

v 	
1P (V 	 

► f 
I, +1 ' (Ite/-14.  ((1).- v0)Q11  

a 

TK 

C 	 o ( NI-V) 	V0)2  

Re  G2t, 
• • 
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dir 	Sy Jle, 	tk.C•t-: 0.04 

. 

	

.06108 	2.656 

	

'm106013 	2.436 

	

0.080 	2.233 
. 	0.170 	2.047 

	

0.258 	•16678 
• 0043' 	1.724 

	

0.426 	1.587 

	

;0.505 	18466 

	

0.580 	1.360 

	

0.652 	18269 

	

0.720 	1.193 

	

0082 	14131 

	

0.839 	1.082 

	

0.890 	
• 

	16046 

	

0.933 	1.022 

	

0.967 	-16007 

	

0.990 	1,001• 

	

0.996 	1.000 

	

0.999 	1.000 

	

1.000 	1.000 

	

0.997 	1.000 

	

0.990 	0.999 

	

0.979 	•06 997 

	

0.963 	0.992 

	

0.939 	0.983 

	

0.905 	0.966 

	

0.814 	0.689 

	

.0.784 	r' 	0.848 

	

(.4 0.743 	u 	0.770 

	

0.728 	0.712 

	

0.742 	06684 

	

r  0.785 	0.702 

	

U 0.859 	(-1 	0.779 

	

0.964 	0.929 

	

1.100 	1.169 

	

1.269 	1.512 
• 1.470 	1.973 

	

2,115 	3.739 
. 

	
2.961 	6.566 

	

4.007 	10.681 

	

56248 	16.306 

	

6.682 	23.657 

	

86303 	32.946 

	

10.108 	44.378 
. 	12.093 	58.155 

	

146253 	74.471 

	

16.583 	93.516 

	

19.081 	115.476 

	

21.742 	140.532 

	

24.564 	1686'658 

	

276541. 	200.629 

	

30,671 	236.011 
336951 	2/54168 

V 

.10,060 
-9.500 
"*91000 
-8.500 
-sem) 
•76500 
'4471.000
-6,500 
...168000. 
-5.500 

-6.56000 
-4.500 
.1'46000 
•..38500 
• '038000 

-•26500 
...24000 
-.16800 
..016600 
..16400 
-1.200 
•.16000 
-0.800 
-.08600 
...06400 
-0.200 
0.100 
0.200 
0.400 
0.600 
0.800 
1.000 
1.200 
1.400 
1.600 
1.800 
2.000 
2.500 
38-000 
3.500 
4.000 
46500 
5.000 
5.500 
6,000 
6.500 
7.000 . 
7.500 
86000• 

,.64540 
9.000 
9.500 

106000 
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0 
'1°06006 
-0.006 
'4'0006 
.1108006 
'600006 
1'08006 
'1+0006 

' '11 06006 
-1.0,007 
'1'06007 
-0.007 
..60•007 
...08007 
.-osooe 
.P0008 
.n06008 
°n08009 
."08009 
.+0,009 

. 4'0009 
."00009 
...00010 
'moot° 
, wo.cio 
..0.011 
..0.011 
..°00010 
'"0•008 
w0,004 
-110001' 
0,002 

o 0.004 
. 0.005 
0.007 
0.008 
0.009 
0.010 
0,012 
0.013 
08014. 
0.015 
0.015 
0.016 
0.016 
0.016 
0.016 
0.016 
0.016 
0.016 
0.016 
0.016 
0.015 
0.015 

1.048 
1.046 
1.044 
1.042 
1.040 
16037 
1.035 
1.033 
1.030 
1,027 
10025 
1.022 
1.019 
18015 
1.012 
1.008 
1.005 
1.003 
1.001 
0.999 
00997 
0.996 
0.993 
0.991 
0.989 
0.986 
0.985 
0.987 
0.993 
0.998 
1.004 
1,009 
160t5 
1.020 
10025 
1.031 
1.036 
1.048 
1.060 
1.071 
1.081 
1.091 
1.101 
1.110 
1.118 
1,126 
1.134 
1.142 
1.149 
1056 
1,163 
1.1.69 
1,175  

0.588 4.515 00'00 410'000 
0.629 	3.982 	.00011 	6.98500 
00668 3.502 0.013 .1.90000 
0.705 3.073 0.015 ..80500' 
0.741 	2.693 0.017 ' 
0075 2.359 0,019 "1/8500 
0.606 2.070 0.023. ...7000 
0.836 10-123 .0002f -5.84500 
0.864 	1.615 	0.030 	•66000 
0.090 	1.444 	0.036 	'.‘88500 
0.913 10306 0.042 ...5000 
0.934 	1.199 	0.050 	'..48500 
0.953 1.119 06059' -4.000 
0,969 	1.064 	0.071 	.4..38500 
0.982 1.028 0.085 ...3,000 
0091 1.009 0.099 '.620500 
0.,998 	1.001 	0.097 	-2.000 
0.999 	1.000 	0.074 	.0.10800 1 . 
1.000 1.000 -0.004 10600 
1.000. 1.000 4.08121 -.■10100 
0.999 1.000 . m0048 ...1.2200 
0.998 0.499 -0.027 .0.18000 
0.996 0.997 .■06016 .100800 
0.992 0.993 -0.010 .100600 
0.988 0.987 w08005 -0.400 
0.982 0.977 -06002 '...0.200 
0.977 	0.964 	0.001 	0.100 
0.980 0.967 0.002 00200 
0.9e9 	0.978 	0.003 	0,400 
1.000 	0.998 	0.004 	08600 
1.0141.027 .7 08005 	0.900 
1.029 	1.067 Q.408 006 	1.000 
1047 	1.118 	0.005 	1. 6200 
1.067 	1082 	0.007 	1.400 
1.088 	1.259 	0.007 	1.600 

441012 	1.350 	0.007 	1,800 
1.137 18.456 moe 2.000 
10207 	1.791 	0.008 	2.500 
16286 	2.236 	0.009 	3.000 
1,!173 	22799 	0.009 	3500 
1.468 	3.491 	0.009 	4.000 .  
1.570 	4.31 9 	0,009 	48.500. 
1.679 	5.291 	0.009 	5.000 
1.794 	6.415 • 0.009 	5.500 
1.915 70696 06009 6.000 
2.042 	9.141 	0.009 	6.500 
2.174 10.755 0,009 7.000 
2.310 12.545 0.009 7.500 
2.452 14.515 0.009 88000. 
2.598 	16.670 , 0.009 	8.500 
2.748 19.015 0.009 9.000 
.26902 21.E54 '0008 90500 
3.060 24.291 0.008 10.000. 
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subtraction constant by crossing, bit it is difficult to shed light on such an 

argument from the results obtained. 

Possible further modifications 
-Inennaa• 

(a) Improved D function: 

One might attribute several ills of the Zacharias= method to the 

choice 'D(V) = on the left to got N(41).  = 0(/). Initially we guess D1(V) 

Then take N V = C(V). 

I I  

	

Then find D2  (1,6 = -1 	
V 

	

Pt 	+ 1 

 

(us— v) 
If D2(V) is close to D1(V), then we will have better crossing symmetry on the 

near left. 

Ono would like the form Of.D.I 
 (V) to be.c166e' to D2, to have singularities 

. 	• 
	

: 	“ 

only on the right, no poles except pOssibly on right, and to have reasonable 

asymptotic behaviour possibly the same as D2' viz. V 	
in subtracted form, 

however this would. increase the asymptotic behaviour of N(/) by this power and 

also that of D2, The'first idea is•  to follow Patil (6) and. use 

Dl(V) 11:1/ 	) = I 	( 	o) 	1 

70-114. 	 KVT-:-C10') AD, ) 

oc 	Vc. 	Vr, 
This was actually used by Patil to. modify the Balaz method. .o obtain 

D (V),--30 11 2, with a polynomial form, we can take 
00 
D1(V) = (1-144.) ( 	) 

(Vo R)  (i7o-Tid) 
where 	is on the real axis and should be>VR  to obtain Di  ( V R) < O. 

V 
S  is an arbitrary parameter of course, but could be adjusted to give good 

agreement between D1(V) and D 2(1)). 

This has reasonable linear form 

D1( )10) = 1, di(Vid = 0 

D1 (V ) 	V 	>11  
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The second' idea is to do two or more iterations. Thus 

D1(Y) = 1 

N1(V) = C( V) 

2 —lc v+r •  D (V) - - 

N2(V) = C(V) . 	2( V ) 

D (V ) - -1 j  	. 	C()) . 	dy' 

this is not a good idea. 'Apart from the large computing time required,' this 
I 

iteration procedure is a divergent one, for ti  1, D2  c4 V ' -1  

the N(V) function gets a progresively worse asymptotic behaviour. 

(b) 	More exact C function 

One might try the exact C(V) function rather than its r  function 

approximation. 

me... -0 	-- vt + 1 -0 	 v'. (vi-v) (vi_v) 0 it  
. 	 " P1, [1 + 2(111--13.2) . Q. 1 + 2 (1.---4----1) V 	X 	VI 

one might, hopefully, expect to evaluate the inner integral analytically. 

1 

	

31"+ 
	1

I10.2,0,51112,11 

interchange the orders of integration in 
'44  

	

D(V) = 1 - ( V 
1,1/ 02•.•,• 
- Vo) i 	d V' 	V I  

11 1“110 

	

7c 	
0 	 V' .1.  a. 	

777,  _i_v7:7,7;)c kr iv') 3. 

This would involve the integrals • 	 Do 
d Y . I V` 	. 	1 	? 	1 5 d V . Ira /..ti (V If ). i 	 it 

t , c ) 	7 7 1 IT 	rvi-v ) ( v'- vo)4.' 	vi 0 

,00P L  P P. Fl + 2( V'+. 1)1 . 

	

V" 	t'.) 1 + 2 ( . 

. 
--...--- 

	

Y!.-. • 	 a. • ano-narmar-Jr•-esoralokame... -0 	-- vt + 1 -0 	 v'. (vi-v) (vi_v) 0 it  
. 	 " P1, [1 + 2(111--13.2) . Q. 1 + 2 (1.---4----1) V 	X 	VI 

one might, hopefully, expect to evaluate the inner integral analytically. 

o(v1 )..  
v dV 

3 v' + 1 V' - v 
etc. 

, so if 	1 7 



(0) The use of an ansatz in other.formalisms 

We shall investigate in Chapter 5 the use of .0(v) 
-1 

f B( V) r.- 	iriliVL  

-00 	Vt - V 

in the variational method. It has also been used in a Uretsky N/D  approach by 

D. Ltkinson et. al as discussed in Chapter 1. In Chapter 6, we shall discuss 

0-1(v) as  
an ansatz for 1 -1  IlIZILLavi  

V,  -v -oo 

in an inverse amplitude approach.,  

One difficulty with all these approaches except the last, is the 

... 
threshold behaviour. For if B(V 	0C ) 	V 

t 
 ana A(V) `-'%,9  

2 	V-3 o • 	V  -... 0 	i on 	f 

then it follows that the contribution from the right hand sidejrIm 11(V) d.11  
o 	V'- V 

41  must obey v 0C. o 	The.Zachariasen method and :the inverse amplitude method 

do not suffer from this difficulty. 
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as an ansatz for 



THE VJRILTIONkL METHOD  

The idea of a variational method 

Given the lait hand discontinuity, the problem of constructing the 

amplitude se that it obeys.unitar5ty can be attempted by the N/D method. This 

method has several disadvantages, the main one being the singularity of the 

integral equations obtained. From a practical point of view it is also more 

difficult to incorporate physically reasonable conjectures, about the rough 

form of the solution, or about the asymptotic behaviour, for example. 

Ls an alternative approachillemilton, among others has proposed a varia-

tional method. The idea is to conjecture, usually by a parametric form, the 

discontinuities on the left, usually using crossing symmetry, and right, and 

then to vary the funotions involved until unitarity is satisfied in the physical 

region. One way of looking at the method is that one is varying the left hand 

singularities to the consistent by continuation,through unitarity)vith the 

second sheet singularities. If one has a parametrisation which is always 

unitary, then one is varying the contribution from the unphysical singularities 

of the parametric function to be close to the contribution from the unphysical 

singularities estimated from crossing. 

The method of Donnachie and Hamilton 

Damachie and Hamilton (1) proposed a variational method and applied it 

to thelt N system, in particular to (3, 3) resonance. Their method uses 

Gilbert dispersion relations (2))which we first discuss. 

711. 
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Gilbert Dispersion Relations 

These are obtained by writing a dispersion relation for the function 

G(r) = g_111— I 
-11 0)2  

we define ( - V0)72-  to be cut along I.  V0,00], hence 	:.• 
1 

	

1.6  - 110)2  = 	( V ve) 	C(E)) 	Vo real 

(V- iE - 110):1  = - j(v - 	) 	Lo(E)) y7 Vo  real 

	

( V- V.) z' = 	vo  - V 	V < a real 

on the first sheet 

Hence G(V) has cuts [ots, -r1])  [o, •30-3 , and 

G( V + 12) = 	 V ›Vo  real 
v 0  

G( v   i La 	)  
—,1 v — v 

G() + ±E) = Re .L(v) 	i Im L(v)  

i-5-1O-7--  
G() - 1E.) tz Re LOLL i Dalt& 

-v 

hence the discontinuity on the right is 

Z,Re .11(v)  
"— vo 

and on the left is 
.irn A(v)  

—1 	v 

Cauchy's theoren then gives the dispersion relation 
c43 	 11 

.14.11 = 	1 	Re L.(v• 	d. 	1 	° 	IM L V 
Fri 1T-7-Vo 	 r7) -1-71; 	11) 	 V`-V) 

o 	 -cx.) 
Lccording to where we take Vo, we get different cuts and discontinuities. 

The situation is represented in a diagram. When Vo  = 0, as taken by Oades, we 

N/ >V real 

V >V  real 

> V real 

• V 

have 

Re .1,(V)  
,17,7 (v'— v) 

 

+ 1 	
-1 Its  

(v'-v) 

  



   

i/.1 V — v 
(a) 

(V) 

Im L. 

Re L - i Im 

Rel. + i Iii L (b) 
ReTh - im A 

i..1V0  -v 

When Vo  is in ED, co] 

n -kw] 
or E-1, -.03 the two 

176 
vie thus have an unusual situation, with 

the discontinuity on the right being 

determined by the real part of the 

Amplitude. Jacks on (3) calls them 

"inverse dispersion relations" since 

they interchange the roles of real and 

imaginary oarts. 

e .g . if vo  is integrals overlap, 

= 	1 1 mt.( V ) av '  + 1 
Tri1.-/7 =v,  ( v s  - 0 WS: 

-1 	 fop 

0 
V 00 

+ 1 I ° It_egya_ a_y: 
7C i 	( ' - v ) 

-I 

G(v ) =  12.1v 1.  
hi-iT; 

V ......,04-1- 2  
)vliVo  

dispersion integral 
_4 	1 prRe L( V) d v 1 + i71. Rat. (Y)  + 1 V°  TragYL) (iv' E 

Ai s  j....1/0  (Y' -  v) 	iy-v 0 	Ti 	• t/71 -7----vi-77-3./) 
„,(19 	 - 

.7c 	
-c° - a p 	IY3 .L.(y'l ay'  

v 1J-77-77/0  -67'7) 
o 

Re 2,(V )  
o 

+ i Im LULL.  
v - v. 

• 	 = 
• • 	

A-17717; 

-i ive 
- -co 



V .6* 
• .(V) =  •••• 1 p 	Re L( v`) av' 	-1 dV'  

v 	cv — v) 7( v y( - V) 
vreal Vo 

co.., 	 + iE, 
V <V0. 

G(1/ ) 	Re L. 	+  i Im 	( v) 

""OD 
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LL/) 	g V L 
vo  - v A/O - 

dispersion integral 
1 [pl

y° 

in g  )  a v  
7T 11 	-' vo 	CV- 0 

+ 
v 

0 00 
Re 	 (Y)

ax• 
= 	 EL V 	1 

.or 

k
o 	Vr .. 	 "jc - 	vo 

 
r 	 " ( V '-  

o V K v o real 

Thus the Gilbert dfspersion relation gives integral expressions for the 

imaginary part on the right and the real part on the left. 

We also remark that by taking the square root function to be cut along 

the negative real axis, we get a different type of relation. 

(V- V0)-2-  = d v- v o 	 V > vo 
1 

(V - IE - 1/0) 2  = 	,fro 	V 	 V Z., V 
0 

G(y + IE) 	= Re L. (v) 4. 	gy 	V ),v 
v 	0 0 

G(V — 1E.) 	= Re L(V ) - i Im  
-1 v Vo 	 o 

+ 	 13.2..:1 	Ira  4.10,.  
,rvo  v 

GO)  — iE ) 	= Re  ./.(V) -  i 	 
oo 	 - 117-7--  V o 

v< o 

<).) 
0 

Re L 

. • A1/1._  = 1 	Im 	d. V - 1 
7:1-1/7-  V :TV' -v) 	j_00  

Re 
3-v) 

so the discontinuity on the left comes from the real part on the left. 



as a kinematic factor 

uity is Re A 

Re 11( VI). 
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writing a dispersion relation for 

V + 

a v' 
•

aabaara.• 

/0/ 

Also one can use 1 V 
N/-1- 1 

A (V). TY-±-1 
I
. The disoont* 

V 
• • 	/41/) . j-1 = V 4.   

V' Im LL(‘L.) a v 
—Tv; v'T 

-00 

just above the out we have 

left hand sine --). Lilo 1.(V) + i Ira L(V ) ] . -12-31. 
- 

right hand side .--) Ro gV) . j
77 
v 	-- I r, ..r Re 13.( /4). a V _it/10 

v -v v 

71— 	i f 

.. • 	Im 1.(v) 	= .=-. 

	

1 	vv 	Re /,( V ). 	.V.+_.1 . 
F7 

di,' 

	

7C 	V ' 	V 

It is clear tint there are four types of kinematic function typified by 

1, 	IT/ out [o 1 ob.] , 	•••1 V + I cut r-1, -0a3 , -477.V7 cut E-1, -4 

for which the discontinuities are obtained from real and imaginary part as 

follows 

L R 

1 I I 

I R 

R I 1/475 

R R J2— V ÷ 1 

Taking the limit onto the out for the 2nd caso 

if limit 	point on right hand out 

left hand side -4, Re L(V) 	i Im ii~l 
1147 

right hand side 	i AeLly1 	Re L.(1) ay' 
v •  

(2) If limit -4,point on loft hand cut 

LIY) i In loft hand_ side -4 Ro 	
Fv-: 

right hand sidoiIm  41?) 	Im 
,rvi 	 V 

(1) 

cen 

we get a relation 

Im Re A (y' 
-' 

V >0 
for imaginary part on right 
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and a relation 

ofs,  

Re  AO!".  = 	Re L 

417 

+.
f -1 

.111LOLLUL 
J-9-7 	- V ) V V 

-t70 

V 4, 0 

And similarly for the other types. 

Subtractions 

ay' -1  1m 1,0.1.1..1.  _- 1.11  
7-77    r' _ 	_PT (y' - v) 

at the origin 

Ira f (V) 	= Re AO/1 ---> 	al  ,677  
curwrvslrit.• *. sv 

'457- factor. 

41.  L( ... Y ) _ a., v 
=17  v'(v-  v ) 

now In f (V) = Roll (V) ---- 
alm...- 	diverges 

1/ 1-4 0 	vs77- 
but the integral converges. Ls aketion of V , the integral has a discontin- 

uity ctk 1/= 0. L second subtraction would make it diverge. 

(0) Write .dispersion relation for 

L(v ) - 02V 

(a)  Ill_kiY4 = -1 
fo 

R© LCYL) 
V 2 n 0 .117" 

47Fr  
integral converges, has 1st order cusp, but of course this is ironed out by the 

(b)  Subtracting once at the origin 

In 1):(4) 	= 	- 	V. 

Y "z 	n 0 
fRe ./.0ii 	ay' 	- y . 

7., 
-1  

-09 d77. vi(vi- v ) 

‘ y
, 2 

+ 0 k
.  ) so 	Ire f (V') = Re L.( V) - al  V' 

ens Nexas 

V 1 	0 

a, V/2  + 0 (v 5/2) 

hence we can subtract once at the origin. 

In LOU = - V 	ajYlaV. 	v -1  

d-t7 	—1-771-677-211) • 	7r 	V( - 
IsaL01). ay_ 

subtracting twice 

Im gya 	- V2  n [Ro!1(V)   - 1611  Vs  j
t

'a. 	[Re L(V' ) 	1.11/111 
—T  

/C.  J 	 V'.0 
.2ms 

17'  • VO

2 

( tOg 

-00 



U' ..,..._ ° 	 __..› o 

a[ Im ii( vi )] 	= 	vi 3/2] = 0 
3Y1 	-3  

-) 
v` 
 {•ril 
 

V' —b ° 	V' —4 o 

We obtain the equation 

_ v 2 %-1....T_LB  

,r=17. V2.(Vi -v) 
-c0  / 

1..m1.(1.1 = 
0  

- V....Z 
7V 

CO 

o 

r  
I_ Re .1.(V) 	- 	ai  V i] 	cIV 

...N.- ,h7 .V2  (V-V) 

of course, we could have written a dispersion relation for 1(Y) - polynoraina1in V1  

180 
Im A( v') — 	Cm A(V)] 

v) 

-a 	[Re L(V) 	alti] 	 a, V 2  + 0 ( 11. 3/2  ) = 	0 
2 "DV'  

:57 
but there is no point and the extra terms would have cancelled under.tha 

integral sign, or cause the integral to diverge depending upon how many sub-

tractions we take. 

For general angular momentum we can take 

so TIP 40 
vf. V 

f (v ) = 
.0 	vz,  

= 	- 	Re ./..( V) 	
, 	

- 1 	im 1L(V1  ) d)/  
o V i.e( IP- V!) 	/I -00  Y' 	(I/̀ — 

and one can subtract these if one likes, which transfers some high energy 

information to the subtraction constants and is therefore useful if one has 

accurate low energy information and poor high energy information. 

The Hamilton variational method 

Vie write a Gilbert dispersion relation and an ordinary dispersion 

relation for Icyj..  

Re 41/) = 	ti Im L(V) dvs  
, 	 In .4)11._  

, (v'-1/) 	 01)(1/ 1  

y V 
Im .1.(/) 	— U CH 	Re 1:(1V') 	 Im L(V1 )  

V > Vo 	
A- 	

v) Vit+ 	 (11-1/) %i t+ if  V -PO 
Vo  is here the elastic threshold, L/1  the start of left hand cut; 2 the inelastic 
threshold. Vie estimate the discontinuities on the cuts by using a trial 

(i)  



t v 	V(V) av‘ 
7( 	...0.1.0  (V ' - V)y.'t: 

i.  1 r  
v. - vi v all' 

7c 	 y' I  -77  -, (vii) -00 

(vi) 

function F(V). '7e use it directly on the right 

In L(VI) -r1-- In XV / ) 

Re L(Vi) 	Re F(V1) 

and indirectly through crossingon the left: There may 

also on the left, leading us to the estimate 

Im L(YI ) = c (v1) 

Thus we define the function Lout by the equations 

Re 1 out(V) = 1. V
t 

 . v  Im FV) Dij  

	

Tr 	° 	V'- V) V' e• 
(+ I r00 

	

Im Lout()) = V 	 Re 

lC 	QVC 	
1/ ( - V) V' 

In general, of course, L out(y) is not a solution of the dispersion relations 

(i) and (ii), hanever it can be shown that Re Lout and ImL out as here defined, 

are the real and imaginary parts of an analytic function Lout which hae cuts 

[Vo'°0, 	-00.] 
In general, Lout (y) will not obey unitartty. We define the discrepancy from 

+ unitarity by 	D(y) = 2. Re ;out2 + In Lout2 - Im Lout V
V  1  

Re Lout2  + Im Lout2  + Im Lout 
V2 	 V  

V2_ Vot 
XVI 2  dV 2 	1  

0 

i.e. LI is the root mean square deviation from unitarity. 

Me vary the parameters to minimise 	. If we find a very small value.",  

then we hope we hcve a function Lout satisfying our physical requirements. 

Discussion of the Method 

1 thorough discussion of the method can be found in (1). D &H 

argue that the constraint of unitarity determines the otherwise arbitrary K 

function, i.e. function with right hand cut only, which satisfies homogeneous 

dispersion relations, i.e. with no left hand cut or force function. This, 

181 

	

V' ) vo 	(iii) 

	

V Vo 	(iv) 

be other contributions 

	

c V1 	(v) 

A 
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they claim, can be viewed as an adjustment of the second sheet singularities of 

the K function. However, the present author regards this as a tricky point 

since the second sheet can only be reached when unitarity is satisfied exactly. 

11 further argument in (1) is that when there is a pole on the 1st sheet there 

is often a pole nearby on the 2nd sheet. This is a little mystifying since it 

follows by the same analysis that there will be physical sheet poles correspond-

ing to 2nd sheet resonance poles. They remark that the CDD ambiguity is avoided 

by choosing solutions not vanishing InfiSo,cooll . The present author believes 

that the analogue of the CDD ambiguity found in the N/D method in the case of 

non NA) methods is to be found in the existence of arbitrary parameters and is 

not necessarily associated with zeros of 1.(V). 

D & H demanded unitarity be satisfied and did not ask for self 

consistency explicity in the X
2. However they showed that solutions wouli 

exist for which 

B 	) 	Bt(V) 

where B (V ) is the force function from crossing and Bt(v) is the left hand 

contribution to the unitary trial function. Further they regarded these as 

desirable solutions and excluded other types by demanding a further "consis- 

tency test" 	C1 o as A2  -› o 

where gp 	1 2  = , < Re out (S") - Re F(Sr) 	2 
v 	

s
2 ds' 

1. 
bout 

 s 	s 
2 o 

o 
D & H examine the analytic properties of liout (V) (not necessarily unitary) 

defined by the two dispersion relations. They suggest that, if trial function 

F(V) is a poor approximation, then 

G(V) =;17 „out(V) 	F(V) 

will automatically have correct singularities on the 1st sheet and will be a 

better approximation. They also give a general formulation in which the second 

sheet singularities can be directly parametrised. 
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G. C. Oades applied a similar variational method to the problem. The work 

was never published but appeared as a U.C. London preprint and was presented at 

the Sienna Conference 1962 and the Edinburgh Summer School 1962. Oades wrote down 

two equations, an ordinary dispersion relation and a twice subtraoted 

dispersion relation, for P wave7I7V. 

W 0  
IT al/ rat,0/5 	V v (1`-v) + 

f 

ink(v) . 4/2 way/ 1:Reg 	- ,71  

7f 	V` s/z 
a1 

being the P wave scattering length. He took a simple Breit aligner trial function 

tion (our type 1) F(V). Ho estimated the right hand cuts directly. For the left 

1311- 1 
Img 	

‘--t 
) 	= 2 , 	

e4 
d V 

-t=o 
2(t. +1) 

	

-t=o 	I =° 

2. A < 4-a. 

	

[ + 2 (121-3;)]. 	ri 4. 2 (I--±;)] 

actually taking just the contributions from So'  S2, 
P1 

ImLo and ImLo
2 in the crossed channel were put in from 

1 
hold fixed. MA1 

in the crossed channel was estimated 

H. Irv,. (V) = imp(vi) 
Usually A was = —9. The rest of the left hand cut was represented by a single 

pble giving contributions 

V 	. _g_11._  and 0/2 	. 

P V-14) 	V 5/2 	tr.: 

to the real and imaginary parts respectively. In fact, in the solution obtained 

by Oades, Up  = —7.3, so it is quite near in. Ho inserted those estimates in 

the dispersion relations and evaluated the discrepancy from unit arity, to which 

he added the discrepancies from self consistency of the real and imaginary parts. 

k 
The amplitude in physical region of the crossed channel is 1

,
.V), for the 

imaginary part was taken as ImFM and by unitarity the real part is RaF(V) 

and self consistency between crossed and direct channels was the deviation 

Gilbert 

-1 
ReL(W) = 

oo 	vic ve—v 

A — v5/2  ri  ow' 	vI)  
j _00'15/2  (I/ -U) 

hand cut, he estimated the near part, up to a out-off, from 
2 

crossing 

in the crossed channel. 

another calculation and 

from the trial function 



between F( V ) and Lout. Thus he took 
184 

= ri 	(2( .) 	e (V.) 
i=i 1 ' 	2 	"I  

2 2 

3 ( v 1130% 

63(v) 

= 2. [ 

2. 2

) ReLout(?) + ReF(V 

= Lout(V) 	in F(11 [Ira 
1-7.tot-)T(V) 	1"W)-  

= 2. Re flout2(V) + ImAout(I)) 2 -JV. Im Lout(V) 

Re  Lout2(V) + In Lout(V) 2 .In Lout(V) 

the V j  being sampling points. In fact, ho took ten points, equally spaced in 

Co, ig He varied PVR, VR  gp , Vp  simultaneously and obtained_ a minimum of 

0.3% at VR  = 5.7 rvR  = 2.26, i.e. 725 Mev, 
V = _7,3 

The contribution to the right hand side of Re out from the near left hand cut 

is 

V ,r 
7f 

i.e. 

We can interchange the orders of integration (see diagram) to give 
c'v 	2 / -A -1 	, 

W 

	

. E (2 t + 1). 7-7 	II (s 

	

._.1 	aVii  . in L I  ( V  
V 	

) e 71 1_=o 	='=o o 

	

r
_V _i , 	 , 

a v . Pwl [;.1  + 2 -- 1 P 1_1 + 2 (--- -.).1 V' _ t  
( V'+1) 	 If.1 

= 	V 	. E ( 2 t+1) Li (3 III  T - -1  a yil  . Im L I  (v") G tm (v'v) 
71" 

4 4:1 + 2 (—‘'--A Pi [1 + 2 011 ° 

• (V4-0 

width 200 Mot, and gp  = -1.32, 

V
I-1 

l_YLImllout(1.1 
1/ 1111;-:7) 	, 

d V .... 	________ . 	2 	. -V -1  
) 

.. 
2 

derr  ,z,(v-a) E 
C,=o 	T'=o I 

• Pm  [1 + 2 (.y"+ 

pi; II 	Im 

1 )] v,  

Le,i(vv) 
1/7-( Y' -v) 	V' 	0  

11 .P 	Li + 21-Y-± E 	v" 

e=0 	Tr=0 , 	0 
where ( G ra V":V) 	 au'. 

A 2 
V 
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I/ 
V I 0 	- 

v 1 	- I -4 A 
- y"- 

V11  • 	0 	-4-  I . 

Similarly the contribution to Imkout (V) is 
oct 1 	 /1.• 1 	1 

K 	 •...5/2  . E (2 t,+1) 	r •.I. .„.I ( ul . li  C in(  Y"  ' V)  dv ii  
IT' 	

-. 

1V- 	G =o 	, T' =0 
- -1 

where HLlii ( vu,V) = 	ay'. Pm El + 2kV  —.- 	. I "  
1-71ii  P E + 2 

A 	(--V)7/2  . (V- V) 

Oades gives closed. expressions for Gem and. Hem, for m = 1, = o, 1, in an 

Appendix to his thesis. 

C. Oad.es. 	thesis held, in Senate House, London. 

In practice, on a computer, it is quicker to use the previous form because one 

has to evaluate the integral over the left hand. cut of the trial function, 

numrical]zr. 

If we choose Breit Wigner parametrisation, then after subtracting the 

dispersion relation for F( v), we have 

7vc  1_ 
-
,IlniAout(V ) - ImF(V . ay/ 

v' ( if v) 

A (v) - ImF(V) = - V 5/2  -1  im 	 . rImAout(Vi  ) - InF(V1 )3 j 	 dv'  out 

• • • ••••• • I 

RoA0 1 — RoF(V) = 

'54(v' - v) 
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The Breit Wigner formula, of course, has no poles on the physical sheet. We 

notice that when the cut off is introduced, 1913 still have to evaluate the 

integral over ImF(V) to infinity on the left. 

In the twice subtracted form, we have taken al  to be the same as that 

in the dispersion relations for the Breit aligner formula. We could leave it 

in as a separate parameter of course, giving an extra term to the second 

equation 	ex:o 
et 

[- al  V' 	aitv] dV' 
v,5/2 v 

DLit  being the scattering length of F(v ) and al  that of tout. If we take 

al  = alt  then we see that we have a degerieracy as regards subtractions. For 

taking another subtraction would give a term a2  V'2 under the integral which 

would be assumed the sane as for F(V ) and therefore to cancel. Thus 

= 	V7/2  r rImAout( V t) - ImF(V'2 Im tout - ImF(V) dV' 
7V -01.0 7/2  ( V- V) 

such a procedure can be continued indefinitely because even when the 

subtraction constants are nonvanishing they are equal for Adut(v) and. F(V) 

This is clearly a bad thing but as s.c.is approached it presumably becomes more 

justified. 

Investigation of the Oades Method  

We constructed a programme to do the Oades calculation and to investigate 

its properties. We obtained slightly different values of self consistent 

parameters, the reason for which will be explained shortly. We put in the 

sane S wave amplitudes in the crossed channel by fitting our parametrisation 

to his curves ofA
0  2 

 and °
o 
 in an auxiliary calculation. Our num7rical 

integrations were more accurate. We first look at a breakdown of the solution 

shown in the figures. We see immediately that self consistency is obtained by 

the left hand pole having equal and opposite value to the contribution from 

o 
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the near left. The contribution from the s waves is very small and from the 

left hand. cut of the Breit Wigner formula also very small. 

Next we investigated the effect of varying the cut off on the left and. 

found that it had. a very small effect. The left hand pole changed to 

compensate, by changing only its residue, its position remaining more or less 

fixed: See Table 1(a). We also varied. the region over which self consistency 

was tested. F., LI say. We looked at the effect of taking a b function 

approximation in the crossed channel and. found "ray a small change. We looked 

at the effect of having the P wave only, in the crossed channel and found only 

a small change. 

Next we looked at a contour plot against rIV R  and. VR  keeping gp,)/p  

fixed.. The result is shown in the figure and. is rather a shock, for there are 

"barriers" of high X2 along lines "R =' constant, the constants being integers. 

The reason for this was soon discerned and depends upon three facts: 

(a) sampling points for X2 were at = 1, 2, 3 . . ; 
(b) the % deviation f ormula is only valid if Re.P.out-±. ReAin and. 

this is not true when ReAin = o; 

(0) ReAin = 0 when V = VR. 
Thus, as V varies and we calculate X2, when it passes through a sampling 

point, the value of X2 shoots up, from the contribution to X2 from this point. 

Normally, at a sampling point 	ReA 	ReAin  e,-/ out 
ReAout 	ReAin  IN' .001 

contribution from this point 
= 	( 14.042 

whenVR coincides with the sampling point, see diagram - 
ReAout 	.001 
ReAin 	0 

contribution 
. 4. (.001N  = 4  

.001' 
larger 'by a factor of 160000. 

• 
• • 
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• ar"irel 
!pow 	0,4*-10,0 
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l
S

rr 
¶7  c, Pe „, 

1"0;VJ.41:: 

0.588 -0.004 '1.449 -0.865 .286 -1.152 .9.000 
0.670 0.005 "'0.782 .4.107 OD .281 '0.388 -8.500 
0.795 0.009 m0.478 0.327 .275 0.051 -8.000 
1.008 0..013 -0.233 0.788 .269 0.519' -7.500 
1.455 0.016 ^0.018 1.454 .262 1.191 -7.000 
21979 0.018 0.164 3.163. .255 2.908 -6.500 

*.13.426 0.021 0.299 -13.102 .247 ..16,349 -6.000 
"1.788 0.024 0.671 -1.391 .238 -1,629 -5.500 

."0.876 0.027 0.683 -0.465 .228 -0.693 -5.000 
'00540 0.030 0.650 .4,158 .216 -0.375 -4.500 
-0.•365 0.033 0.297 -0.034 .204 -0.237 -4.000 
'0.257 -0.035 0.240 0.018 OP .189 -0.171 -3.500 
'00185 0.034 0.187 0.038 .173 .4.135 -3.000 
-0.132 0.030 0.141•  0.040 .154 .4.114 
'0.096 0.017 0.103 0,028 10 .132 -0.104 2.000 
-0.080 0.008 0.089 0;019 OP .122 -0.104 -1.800 
-0.068 .4.003 0.077 0.007 .112 .4,105 -1.600 
-0.057 -0.016 0.065 -0.007 .100 -0,107 -1.400 
-00046 -0.028 0.055 -0.019 .087 .4.106 -1.200 
-0.037 -0.021 0.079 0.021 .900 0,021 -1.000 
'0.028 -0.010 0.040 0.002 .075 '0,073 •0.800 
"00020 -0.006 0.027 0.001  0 .054 .1.053 -0.600 
"0.013 -0.003 0.016 0.001 .036 -0.035 -0.400 
-0.006 .4,001 0.008 '0.001 .018 -0,018 -0.200 
0,000 0.000 .4.000 0.001 OP ..000 0.001 .0.000 
0.006 0,001 -0.008 0.001 .019 0,020 0.200 
0.012 0.002 '0.014 0.001  .040 0:041 0.400 
0.017 0.003 -0.020 0.001 .063 0,063 0.600 
0.022 0.003 -0.026 0,001 .087 0,087' 0.800 
0.027 0.004 -0.031 0.001 .113 0.114 1.000 
0.032 0.004 '0.036 0.001 .141 0,142 1.200 
0.036 0.005 0.000 .172 0.17.2 1.400 

. 
	

0.040 
0.044 

0,005 
0.005 

-0.045 
-0.049 

0.000 
0.000 

.204 

.239 
0.205 
0.240 

1.600 
1.800 

0.047 0.005 -0•.053 0.000 .276 0,277 2.000 
0.056 0.006 0.000 .377 0.377 2.500 
0.063 0.006 -0.070 0.000 .478 0.478 3.000 
0.070 0.007 -0.077 0.000 .551 0.551 3.500 
0•U76 0.007 '0.083 0.000 .549 0.549 4.000 
0.081 0,007 -0.089 -0.00U .437 0.437 4.500 
0.086 0,007 -0.094 -0.000 .234 0.234 5.000 
0.091 0.007 -0.099 -0.000 .012 0.0111 5.500 
0.095 0.008 -0.103 -0.000 • .173 "0.174 6.000 
0.099 0.008 .4.107 -0.000 305 .4.306 6.500 
0.102 0.•0'08 •0.111 .4.001 .392 .4.392 7.000 
0.105 0.008 -0.115 -0.001 .447 -0.447 7.500 
0.108 G.008 •0.118 -0.001 01 .480 •0.481 8.000 
00111 0.008 ;-0.001 .501 -0.502 8.500 
0.114 0.008 -0.124 -0.001 .513 '0.514 9.000 
0.116 0.00$ '0.126 -0.001 OD .519 -0.520 9.500 
0.119 0.008 -0.129 -0.001 .522 10.000 



P- 
L. 

(4) 4. 	 6, 

1.058 .180 .533 1.770 .097 
1.107 .160 .019 1;286 .093 
1.199 .  .147 .116 1.229 .090 
1.381. .134 - 6179 1.336 .086 
1.796 .123 - 

-. 

.205 1.715 .082 
.3.290 .204 3.199 .077 

-13.142 .104 •186 -16.224 $073 
'1.536 .096 11.• •158 -1.598 .068 
'0.652 .089 0 •131 "00694 .062 
-0.343 so .110 -0.368 .057 
-0.194 .096 -0.207.  .051 
'"0.112 .085 .085 "0.112' .045 
"0.064 .093 1. 4076 -0.047 .038 
-0.035 .108 .068 0.0 05 .032 
'0.017 .127 .062 0.048 .026 
'0.013 .134 .060 0061 .023 
'0.009. .134 .060 0.065 .021 
'0.006 .062. 0.051 .020 
-0.004 .073 "00005 .020 
'0.002 .013 .036 . 	0.020 .000 
'0.001 .004 .006 0.001 

' 
	

0.000 
.000 

. "0,001 .001 .002 .000 
'0.000 .000 .001 0.000 .000 
'0.000 ..000 .000: 0;000 .000 
.0.000 • .000 .000 0.000 .000 
-0.000 4000 .000 0.000 .000 
'0.000 .00o .000 0.000 .001 
-0.001. • .001. .001 0.000 .002 
'0.001 .002 • 0.000 .005 
'0.002 . 0  .002 .004 0.000 .009 
"0.003 .003 .006 0.000 .015 
-0.004 - .0.04 .008 0.000 $023 
-0.005 - .005 .011 0.000 .034 
-0.007 .006 .014 0.000.  .048 
'0.009 .008 .017 0.000 .066 
"0...015 .012 .027 0.000 .135 
-0.022 .017 .039 0001 .253 
"0.031 .022 .053 0.001 .432 
-0.041 .028 .070 U.001 .663 
"0.052 •035 .087 06001. .891' 
'0.064' .042.  .107 0..001 1.043 
'0.078 .049 .128 0.0'01 
-0.093 .057 .151' 0.001 1.'052 
'0.109 ' .065 .1•76 0.001 0.979 
'0.127 - .074 .202 0..001 0.898 
-0.145 •- .083 •229 0;001 
-0.164 
-0.184 

- 
- .01!); 6  

.258' 
„288 

0.002 
0.002 

0'6755 
0.698 

-0.206 - .113 .320 0.002 0.649 
-0.229 ' .123 .653 -0.002 0.608 

.134 .387 -0.002 0.573 

.867 

.380 

.319 
6422 
;797 

.1  17')6 
.662' 
.312 

• T65)7. 
.009 
.066' 

.086 

.071 

.015 
;020 
.001 
.000 
.01 
.00 

.000 

:rot 
':o05 
.009 
015 

.023 
;034 
;048 
.066 
6166. 
.253 
;462 
.663 
.892 
.044 
;088 
1.053 
0;980 
0.899 
0.82 
0.757 
T;7110 
0.651 
0.610 
0.575 

-9.000 
'8051)0 
8.000 

"7.500 
-7.000 
-6.500 
"6.000 

-5.000 
'4.500 
•4.000 
.4'3.500 
-3.000 

-2.000 
"1.800 
-1.600 
1.1.400 
-1.200 
-1.000 
-0.800 
-0.600 
-0.400 
-0.200 
"0.000 
0.200 
0.400 
0.600 
0.800 
1.000 
1.200 
1.400 
1.600 
1.800 
2.000 
2.500 
3.000 
3.500 
4.000 
4.500 
5.000 
5.500 
6.000 
6.500 
7.000 
7.500 
8.000 
t.50-0 
9.000 
9.500 

10.000 
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We plotted values of X2 as V passed through a sampling point and obtained 

Figure 101) . The barrier is very wide and completely invalidates the contour 

plot. It extends for 0.1 on either side of integer values. Thus the X2 

sirf ace is divided into compartments and a search would get trapped very easily 

although it might walk over them initially if it were taking big strides. We 

estimated the width of the barrier from the diagram. Supposing ReAout to be 

slow moving, so all change is due to change in ReAin, we see that the barrier 

has disappeared when Rain -4- Rekout. The gradient ReAin i(V) JL-12211- from .5  

the tabulation 

Hence imagining the curve to move sideways with yR,without deformity, 

V4  . ReAin = .001 

1,1 	.002 

This estimate is 50 X actual and this factor of 50)( must be due to ReAout 

following ReAin very closely as VR  varies. This is a consequency of the 5(okt 

variation of contributions from the left to ReAout. 

If the barriers were as narrow as.002, then they would be no problem in 

searching. Hence we redefined X2 to be 

E  (ReAcut ReLin  ) 2 E ( 
ReL in 

The contour plot and the barriers are shown in Figs./ ,The contour plots against 

gp, Up  keeping 1/31,11/11  fixed were also obtained and are shown in Figs. /4-. 

We also used the definition 	2: (ReAout ReAin)2 	i.e. simply numerical 

deviation and it was with this criterion that the results in Table 1 were 

obtained. The contour plots for this were also obtained,. see Figs. 57 
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A further effect emerges, for we see that there is a long narrow valley 

inr7VR'  VR  along which the value of X2  is very low and thus defining a 

continuous family of solutions. We tried to fit simple curves to the line of 

the vallej  but nothing simple was found. Perhaps the best was 

IVR = VR2  
12 

The result of this is that the calculation at most determines one parameters  

namely the one going perpendicular to the valley and has a free parameter which 

runs along the valley. Hence in further investigations one should bear this 

in mind. If we had a reliable law like the above relation between position 

and width we could use it in a search. We could vary only 1/R  and determine 

R using the relation. However tne author suspects that the ambiguity is 

more far reaching than this and that in fact there is a 	4. region of which , 

this valley is the intersection with a gp, V plane. In aupport of this idea, 

we consider the effect of using a rough self consistency condition, for the real 

parts only 

Rollout (VR  in) = 0 	 (i) 

	

/ 	, Rebut ( VR  in) = Re!, in 0/
R 
in) 	(ii) 

/, ., ‘ 	-.1 	A_ 	-1 	(iii) 

	

For a. Breit Wigner formula ReL ink, V R) - 	 
r v R t E  v,:,  tvidth 

v
R+ - 

It can be seen that when these self consistency conditions are used, FIVR  and V
R 

become completely arbitrary in calculations using a left hand pole correction 

term. For given an/
R 
and v R one can write down the self consistency 

equations and solve for a
no  1 

 V 
P
. Clearly these equations have the form 

VR 	• 	f1 (Pi/R, vR) v p 	VR - Vp 

f2 ( R,  VR) 

(iv)2 	(v) - vR
2 
. f1

2 

Vp2 
f2 



substitute gp  in (iv) 
190 

V 1 

Vp 	 V
R  -Vp 

f, 2 
	

2 
• 

fz 	V R2 
	f l  

• 
• • - V

R = f2 . (VR 	Vp) =VRf2 ?"- Vp 	 1 ; .1 

1 - 122 ) 
VR 

V 	= VR
2 f2 

f1  

( VR f2 
f1 

. . 
-fi 	1 	VR 

f  2 
 r-z f 2  VR 	1  

( 
v
R
f
2 - 1 )

2 

f1 

--V
R
2 

• 
f
2 

( V R
f 
 2 	) 

2 
-  

1 
are determined uniquely and (i) and (ii) are exactly satisfied, 

VR). A similar situation may obtain with the distributed s.c. 

Thus (gp, 

for any (rxR , 

- 1 

gp 

condition i.e. for any (I'VR,  VR ) can we show that a (gP P  
,V) can be found to 

make the deviation < 10%, say. This WE'S looked for: ‘okAlle 1(e) 

There certainly exists a 2 subspace in the 4 parameter space 

( TVR, VR, gp, Via) on which (i) and (a) are satisfied exactly. There may, 

of course, be addition arbitrariness from other sources, also. We could have 

taken rough s. c. condition for the unitarity condition, but it is more 

difficult to analyse and one feels it would lead to the same conclusions. This 

provides insight into the contour plots obtained, if we think it reasonable 

that the distributed s. c. condition will have a similar effect to the rough 

s. c. conditions (i) and (ii). The whole trouble really is that the left hamd 

pole is completely arbitrary and adjusts itself to patch things up. It does 

not occur in the crossed channel, for there one takes the Breit Wigner formula 

alone. If the crossed channel could be made to include this left hand pole 
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so that it occurred in both channels, then it would not longer be arbitrary. 

If one takes the view that it represents effects of other channels, then a 

better procedure would be to estimate it by other means and then to keep it 

fixed. 

TABLE 5 - 1 	SYSTEM1CIC INVESTIGATION OF ORIGINAL OADES METHOD  

(a) Variation of left hand out off, . 
,2 

A 	 VR 
-4.5 	

3.0-3 

-9 	10-5  

-18 	105  

5.55 2.67 -0.206 -7.56 

6.21 2.98 -1.128 -7.204 

5.7 2.74 -1.806 -7.17 

VVR  gP 	VP  

(b) Variation of self consistency region CO, lip 
L 	X2 VR 111/11 gP 

5 10-3  2.46 1.30 -1.275 

10 105  6.21 2.98 -1.128 

20 103  4.6 2.65 -1.074 

V p  

-4.407  
_7.204 

-4.566 
C. 

(o) ," function approximation in crossed channel 

X2 	V R 	rVR 	gP 	V P 
10-3 	5.5 	2.96 	-3.113 	-7.102 

P wave only in crossed channel 

Ono solution out of presumed one parameter set 

X.2 = 104 	. VR  5.82 rVia.  2.95 

jp' -0.754 	lip -4.673 

Other searches in (gp, vp) at constant (NR,  V R). 
(1) V R  = 5.35, F R  = 3.0 

q P  I VP  = -1.033, -6.461 on plot X
2 = • 10.16 

_J  
= -1.141, -5.563 after search 	0.40 

(2) VII  = 12.15, rVR  = 15.4 
pd/p  = -1.033, -6.461 on plot 4.76 

= -0.608, -4.798 after search 0.76 

(a) 

(e) 



- Further Investigation  
1. Different self consistency conditions. 

P1 	(So2) calculation 

• 1/R 	ryR 	gP 	1/17) 	X2 

(a) P2 = 0 	6.21 	2:98 	-1:128 	-7:204 	2:10-5  
(b) P2 = yl 	6.33 	3.35 	-1.065 	-6.637 
(c) Re parts only 	5.7 	2.9 

-1.254 4.717 	0.3% 
(d.) Imaginary parts only  

2.93 0.942 -1.826 -5.874 3.10-4  

2. Two poles on left: 
cor only same solution as one pole found. 

3. P1 (Do) 
Do very small give same as P1  only. 

(10.539, -1.923) -0.785 	-4.458 
VR  = 5.46 	2.62% 

4. Parametrisation by Breit Wigner type 3 with 4 parameters, 

solutions same as original 
gp 

(a) 11.88 , -1.833 0.288 ) 0.051 1  -1.33 	-5.280 
VR  = 6.5 

	

1.9% 	
P 	P 

(b) 14.00 	I 	-2,259 i  0.089 1 -o.eos 0.67 -5.0 

R 

	

6.2 	0.95% = 
searches also done with Breit Wigner type 2 with 4 parameters, again giving 

similar solutions. 
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FURTHER. DISCUSSION OF  T OLDES 1021-IOD_ 
1The effect  of  cut-offs 
(e) Cut off on the left e.g. ImLcut( ) = Leto] 4. _ (V-  yo )5,2

..1 
 AV!)  a v 

WUNT.IrtMem.•••••.VVEIPSAWat r 

-7(-  
i  J 	A()? - vo).5 (Vt -V) 

. • 	In 6 (v )= (Ir.v.0  - LT.) + [pole term'+ 02- Vo.1/ 2 ri IL (),  - 1. r...EV  a V' 
. ... (v_ v i )5/2 ARIF(V1) 	
'ft* 	 , (U' -V ) 

ay! 	 JA (1/ -9o)  

71- 	-,0 (tit -v0)5/ 2  NI -v) 
so if we cut off' in the expression for Imbout, we still have to subtract the entire 

left hand cut of the trial function from the cut off left hand cut of the con- 

tribution from crossing 

(b) cut off on the right 

Gage / Dia o ut(V ) = E 0 t 0 ] + ( V ''. ‘1.0  ) 5/ 2 La GLCV±)  7,„t'• V.  ;1 aV f _ 
W-. 	0  (vt -Vd711-2. (llt -11) 

Ira.8 ( I) ) = I:16(V) 	- (1)-LD5/2  1tReF(V1) - al  lit j ay! 

1\ 	(U' -
V0) J'2 (U' 

Of course, if the peranotrisation has been chosen to matoh the physical assump- 

tions,those "extra terms will be small. 

2. The once subtracted  form  for Imb (V) / L.1 
Imilout 	= - 0/2 ReF(Y0 	V 3/ 2 	Irlout (V') av' 

0 1)7372 (v r  -v ) 	-0077572 (V' V) 
can be used. 

 

 

2a171EAkzof subtraction_point 
One can write the sane equations with different values of 

 

 

but in o' 
general they will be more complicated than for V0  = 0. They will have 

subtraction constants ReAout(V°)  and Inkout(Vo).  Lisa as previously discussed, 

as 	o  moves it pulls more cuts from underneath the existing ones. If it moves 

fortvards negative values, we need to know Rel'out°6  on the left Jo obtain the 

discontinuity on this cut. 

4.. Other workers who have looked at the Oades method include 
R. G. Moorhouse, who tried to bootstrap tho and failed because of 

minute left hand cut. 

D. Morgan, who looked at it and wrote the preprint "Marginally Singular 

Forces" as a result. 
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H. C. Rae who tried to do D wave 7i-lc, given S = P waves. He couldrptfind 

a suitable parametrisation and so used an inverse amplitude method. 

D. H. Lyth did A- N variation calculations - Birmingham preprint. 

H. Burkhardt gave a talk at the informal meeting of British theorists 

at the Rutherford laboratory in 1965, but has not written anything vet, 

5. As the left hand cut -9 0, the output amplitude becomes indeterminate 

using the variational method, whereas the output amplitude —+ 0 when using 

N/D. The author feels that the latter behaviour is more bootstrap oriented. 

6. Automatic bootstrap aspect 

If we use only the real part dispersion relation in a variational 

method, then we have 

ReA( V ) = avi  ImA 
) 

if we now make assumptions like 

ImA(Vi) =ImF(V1), a trial function 	V I  > 0 

(V i  ) ImA = 	2 	aV i  ImP(V 1 ). 	P 	+ 2 ( V  eg  ) • . ckc. 
V' 	0 	t 

or, as in my method (sid2._ tolo-Sec-kor.$) 

ImA( 	v') 

V 7V
4.  IraF( V")  P.Q.. 

then, we have automatically guaranteed that InV1( V )1  V>0 is the same in 

the direct channel as in the crossed channel. We thus have automatically 

incorporated the bootstrap hypothesis, however we do not have automatic 

unitarity. We vary our bootstrapped amplitude until it satisfied unitarity. 

On using both the real and imaginary part dispersion relations, the 

formulation is no longer so bootstrap oriented. The imaginary part on the 

right has different values according to whether we take one dispersion 

relation or the other. Admittedly if we had the exact analytic solution these 

would be the same, but when working with trial functions which c an never be 

exactly corriaot, one may introduce impossible conditions and spurious effect 

by calculating a quantity in two different ways. 

In the exact case, we can actually explicit by continuing the real part 

relation from the right hand c. to the left hand c. to obtain the left hand 

discontinuity and hence construct the imaginary part relation...  

Hamilton & Daralchie state that "it turns out in practice to be more 

convenient to use both dispersion relations." 
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7. Inelasticity 

Oades also looked at the effect of inelasticity on his calculation. He 

used the function 	

11  R( V ) = 1 	9 ( v 3) j 	 . [ 1 - a 
V 	V 1D 

tr represent inelasticity. Its properties were discussed in Chapter 2. Its 

origin is a U.C. preprint '63 by N. Ercnfli. 

Inelasticity affeots the calculation in two ways: 

the unitarity condition is modified to 

ImAout(V) = R( 	V  . [FmAout2(V) + RuAout20/ 

V +1 only affected for V ) 3. 

(ii) the discontinuity on the left is modified because of inelasticity 

in the crossed channel. It only affects ImAout for V ( - 4. 

Increased inelasticity will increase the contribution from the left hand 

cut. 
Oades found that inelasticity had very little effect up to R(1/0 = 1.2, 

at which the solution, with 6, = 0.2% had values 

VR  = 6, FIVR  = 2.04, i.e. 740 Met; width 200 Merv, 

gp  = -1.2, yr= -8.3 	values of a and b were 

a = 75, 	b= 100. .After this 	increased rapidly e.g. 

6 = 1.4% for R( VR) = 1.3 
We did not look at inelasticity. 

8. Self consistent criterion 

The criterion of a good fit in the physical region is seen to be a bad 

one, if the contribution from the left hand cuts of the parametric form and 

from crossing are small 

For% = 	B(y ) 	Bt(V) 

R.H.(V) 	:R.H.t(V) +B(V) +Bt(V) 

which becomes small when B(V), Bt(V) <4 R.H.(V), R.H.t( V) 
one could instead take the function 

B(V) 	Bt(V ) 

B(V) + Bt(V 
i.e. % discrepancy in contributions from the left. 

A more general atttitude is to look at the discrepancy on the left and 

Aout(v + Ain( ..) 
[Aout(

)  
) 	— Ainv ).]  right. 

17. -9; 4. 10j . This would allow for very small right hand cuts sampled over say 

as well. 
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A rough self consistency criterion can certainly be formulated 

ReAout( VR  in) = 0 

ReAout( VRin) = ReAin( VRin) 

but will probably not be useful in the variational method. If a left hand 

pole is used, a solution would exist for allVR' R  CV ' • also the criterion cannot bi 

be used for N/D parametrization, which includes non resonant amplitudes for 

which the criterion is meaningless. 

IMPROVEMENTS TO  THE OADES CALCULATIONS  

La) Gilbert dispersion relations 

We then tried to obtain solutions not involving a left hand pole. For 

this we used only the imaginary parts and imaginary part self consistency 

conditions, i.e. we used Gilbert dispersion relations only. Two "solutions" 

are given in Table 4, for a simple Breit Wigner two parameter form. We also 

looked for solutions with 4 parameters and also with N/D pole form parametri-

sation, described in the nest section, but were unable to find any. Contours 

for the solution are given in. Figure 6, for X2 and for *la 

(b) 	N/D pole form parametrization 

We should like to explicitly demonstrate the parametrisation dependence 

of the Oades method and we did some calculations with N/D pole form 

parametrization. Further, if Balazs is to be believed, the N/D pole form 

may be a good way of parametrising the amplitudes in the low-energy physical 

region. No solutions were found, the searches done are given in Table 4. The 

contributions from left to ReF(V) itself are tabulated in Table 5 columns 1 

and 14. 
The Oades equations for N/D parametrization are easy to set up 

e.g. 	TriP (V) = ( V - V o)5/2 	[ReF(V) - a1V' ] 	d vi  

TC 	
%./ 

ImF( Vo
) ( v 0)5/2 NL 

Vi--LV075/2 —1=1 

 

 

• ( v- v 

( V'_  V5  2 	(1/1 -11) 



TABLE 5 -  

A) Gilbert diszersion relations 

I. Solutions found. 

(a) For P2 = 0, P1  = - 1 and with So' S2  Fund Do in the crossed channel 

VR 	171/R 

X2 = 10-5 	4.26 	1.84 

(b) P2  = -1 	P/  = 1 So, 

X2 = 10-5  
S2  only 

6.8 
L  v r = 20. R  
0 .871,. 

2. Searches also done for 

(a) with N/D parametrisation (q. v). 

(b) with generalised. Breit Wigner. 

(0) 
	

with constraint on loft (q. v). 

B) N/D parametrisation 

searches for 

n = 2 	1 pale 	12% minimum 

pole 	no solution found 

1 pole real parts only 16% minimum 

n = 5 	1 pole no solution found.. 
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i where 	G  = 	Fl  . ( V - V G ) 

— (V — V) u  T71,i 	(v., V.) 
0 	 1 

Tr i 

ImA. (1mA. - ImF0) (correcting pole) 	(N/D poles) 

( V - 	5/2   -1Inc 	 s 

7c 	A 	(Y'  

Thus in our equations for 11 , the correcting poles gp, V and the N/D poles 

G. \/: uccur in very similar roles in a sum of terms. I' 

SA 	Constraint on the left 

Several searches were done with 

(a) W = 0.3, 0.3, 0.3 	ten parts on right, ten on left 

(b) -) = 1, 0, 0 	 It 	 11 

and "solutions" obtained. This was always achieved by a drastic narrowing of 

the resonance to give very small contribution from the left hand singularities. 

This was true with or without spare left hand poles and with or without static 

S waves. The best solution obtained is shown in Fig. 7.. The left hand pole 

had negligble contribution and the agreement between real parts on the left 

was achieved by a narrowing of the resonance and consequent localisation of 

singularity into the nearby left integral causing this to be close to C(V ). 

C.1)11111. 4.7 MODEL 

In the form proposed by Oades, only the near left discontinuity is used, 

and this, as shown in Chapter 3, cannot possibly be correct if MR U is to 

describe the real world, since it gives a weak repulsive contribution where 

a strong attractive contribution is required to give a P wave resonance. 

As an estimate for the force function B(V ), pith marginally singular, 

1.0. asymptotically logarithmic, behaviour we used the Ansatz B(V) = C(V), in 

a real part only calculation with real part self consistency conditions only. 

Thus we take 

SO 
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Alb  

Out(V) = ( .-Vdj 	rImASIs 	d.V1  ) 
-‘v1 -‘)  

ReA 

71 	0 

c( V) being determined from IrnA(V) in the crossed channel as described in 

Chapter 2 and ImA( V) in the physical out dispersion integral being automa-

tically the same as in the crossed channel. ImA( ) was obtained from a 

unitary parametrised form. The parameters were varied until ReA(V) obtained 

from this equation, was close to ReA(V) in the crossed channel, obtained from 

the real part of the parametric form. V = 0 but threshold behaviour is 

incorrect except when amplitude is self consistent. The solution thus 

satisfies most of the desired requirements for the physical amplitude. As 

before, the solution is such that the contribution from the left hand cut of 

the parametrised form is equal to C(V) on the right. We always parametrised 

with the NA pole form. We also considered constraint on the left i.e. 

additioitel X2 from the discrepancy between ReAout 
and crossing on the near 

left. WitkNVII parametrisation, such a calculation is equivalent to a Balazs 

calculation with X2 matching t5 d.scribed at the end of Chapter 3. Tabulation 

for original Balazs values of the parameters is in Table 5(a). The results 

obtained Ware as follows: - 

n = 2, 3, searches with and without constraint on left, no solution found. 

n = 4, 5, "solutions" found with X2 < 10-1. 

n = 4 Al x
2 
=0.4, 10-2" 

F1  = 0.0, 5.859, -15.377, 19.57", 6.001 

resonance at V = 6.25 

n = 5 	x2  = 6.10-2  

Fi = 0.0, 18.997, -33.272, 27.184, 0.086, 5.087 

resonance at V = 2.0 

No real change could be produced by an additional left hand constraint, 

however the n = 4 solution had mach better agreement with crossing in L0,-2], 

+ Reg Vo) 	C(1./ ) 
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than the n = 5. and one might call this a Balazs solution. It is tabulated in 

Table 5 (b). Searches were done with n = %but no solutions found. The n = 5 

solution was obtained by optimising from the n = 1. solution, but, of course,  

when n changes the positions of all the left hand poles change, so there is no 

correspondence between residues. 

TiE SHIRKOV MODEL 

1. The neutral Shirkov model 

As an exercise in the solution e.f a soluble model by the variational 

method, the neutral Shirkov model was considered (see Chapter 1). From the 

Shirkov equations, the estimate of the left hand cut from crossing in the P 

wave only case is 

ImA
1
(10 = ImA1(  

As shown by Shirkov etal, the resulting equations have families of resonant 

and non-resonant solutions. A tabulation of contributions to Aout 
is given in 

Table 6(b). We tried one search with N/D (n = 3) parametrisation and found no 

solution, however, the X2 for the random starting values was quite lowiv10
1 

2. The charred Shirkov model 

We looked also at the charged Shirkov model, with a view to finding 

solutions of it by the variational method, since it appears impervious to 

analytical solution. A tabulation for P and S waves with a cut-off at -911s 

given in Table 6(a). Here the X2 is quite large. We did one search with P 

wave only and N/D (n = 2) parametrisation but found no solution, but as the 

soluble neutral model did not seem promising, we did not continue the search. 
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CHAPTER 6 

"INVERSE haviiITUDE METHODS" 

Discussion. of properties of the inversectplitude  

The idea of writing down and .attempting to solve dispersion relations for 

the inverse amilitude suggests iself from the unitcrity condition 

j
......m.. 

ImA4  -15,(y) = - vi, 	. R(int) 	V > o (i)  
1,/ 4,1 

Methods have been proposed by MatthewS and Salem (1) (2).  and Moffat (3) (4) 

where refs 1, 3, 4. define separate different inverse amplitude procedures. If 

the amplitude A, (t/) obeys the c.us al 
. 	,t)  

dispersion relation 

-1-  A t  (V) = 1 	dy ' ITO/ )  
fir- o 	- 

1,1 	alJ i irnii(4  
1)' V 	X 

- 
v' 	V 	P.S. 

-1 , 	 40 
-+

then A vo) will have cuts in the same places t 0,00,3?  (-1, -col. In 

because of the threshold behaviour 

A (v) 
	

)k)  
41.1 o 

-1 A1 (y) will have an (..th order pole at threshold and will have a term 

gt  where gt 	 A--1.0,0 at.)  
n=1 --ri 

	

2.a. 	(0) 11+1 

in its dispersion relation, note there is no constant term. In addition, the 

only ether. singularities A (0 can have are isolated poles of any order and 

these can be anywhere, in the plane, where they must occur in conjugate pairs 

1 because J. 	is real anatytic, or on the real axis, except on the physical cut 

where ImA-1  cannot become infinite by unitarity. These poles introduce an 

apparent arbitrariness into the equations. ,There is no reason'why they 

should not ioccur, and it is not clear that they all correspond to ODD 
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ambiguities andtan be excluded by demanding a special forth of tevinson's 

theorem hold. In the interests of ,simplicity, we shall assume there are no such 

poles. 

We can now write the dispersion relation 
GO 	r -1 

II 	(ii) = 1 	ImA-l( vi)  Do r 	4. 1 
`
I
1 	II-14:0L)...di/ 

MI* 	4—JR•r.•••••=•••31r. 
$ 	

mrm 	 IF 	lemo*mmire• 

	

A 	0 	-v - it • 	A -co ' 	vi - v 
(-1 

_$ 	 P.S. 
• 4-3 

n=1 	h  

We nnw see the big advantage of using the inverse.amplitude. By substituting (1) 

into (V ), we immediately obtain the contribution,  from the right hand cut and 

automatically have unitarity satisfied. We also have control over the threshold 

behaviour. On the 'other hand, we need to know. ImA
-1 

on the left, and the 

Mandelstam representation can more easily give' values of ImA.. We thus need to 

ReL on the left in order to construct ImA 
	

Two procedures have been 

adopted, one can neglect the left hand -cUt.ortne can use the clever iteration 

procedure of Moffat which uses the value of ReA on the left from the previous 

iteration, starting the first iteration with ImA
-1 
 = 0I. If one assumes 

that Ira, behaves like a polynominal at infinity, then the inverse amplitude will 

be a good method for in that case ImA
-1 
 -4 0, so we have good asymptotic beha-

viour.. If, on the other hand, I'd_ has violent oscillations, then so will 

Imh
1. Most workers take one subtraction and that this is reasonable follows 

from discussions in Chapter 1. Then 
01 . 

= L 	 1(1)0  ) 	(14 	ImL-1(v') + 	g -  V ) 	tilirlOt f rd.11 1  -0 • --- ---------.-- 
* (+i'— v)v'—+f)) 7-3F7-- o (v' —t) 

) 	n  
o 	• 
. n=1. n 

 

 

Brareden and Moffat take 10 = -2/3' the centre of the 	. Thaywrite 

4  ( 	---- 1 	and care:must be taken not to confuse these at  with the 

(v) 

al  
scattering lengths. The threshold residues 

n 
have to be determined, 

• ' 
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possiblyz by self consistency, as in D.r ansden and. Moffat's work. The main 

disadvantages, as far as the author can see, are the pole ambiguity and general 

accountancy in numbers of parameters, and The need for the value of ReL on the 

left th which the calculation is very sensitive since Rel_ probably has zeros on 

the near left. 

Zeros of 11"  will Correspond to poles of Li.e.,to particles. We thus 

have to constrain A-1  to the requirement of no complex zeros on the physieal 

sheet: This is a difficult requirement to implement. One can obtain criteria 

for the certain nonexistence of zeros but if these are not satisfied, one has 

to do a numerical search of: the complex plane, or rather, the near part of it. 

The main disadvantages of using the inverse amplitude are thus: 

(a) The pole ambiguity - there is no reason why one should not have complex 

poles of L-1  and maybe the correct solution has them. There is general 

complication in accountancy of the =labor Of parameters, which extends to the 

threshold residues. One can hope to remove these ambiguities by careful self 

consistent calculations. 

(b) Zeros of L-1  - one has to check that one's solution has no complex zeros 

which is not a simple matter. 

(c) One needs to know the value of ReL on the left to which the calculation is 

very sensitive since ReL probably has zeros on the near left. 

One can write dispersion relations for i £. Ail( d) to remove the threshold 

poles but this will probably cause bad asymptotic behaviour and so will not help. 

We remark that the nearby singularity assumption for L does not correspond to, a 

nearby singularity assumption for 	
, in fact in some ways the opposite. If 11 

increases rapidly at infinity, then we canevelop a nearby singularity method 

- 	
impunity. L 1 1  with  

To To coMplete the introduction; one might ask whether one ought, because of 

automatic unitarity, to reformulate dispersion theory using II
71
. However, it 
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."/ 
does seen that L is a much better quantity. For poles in 1, correspond to 

particles in all known theories and the value of h. is the probability of the 

process concerned happening. liigh values of L correspond to large numbers of 

events occurring. On the other hand, .L must be a measure of the absence of 

events. High values of 1:-1 correspond to very little taking place. 

PREVIOUS WORK 

In their first paper (1) Matthews sand Salem proposed a T
-1 matrix forma-

lism for a finite number of two,body channels and,in their second (2) they 

. applied it tof:-p and. scattering. Their main Purpose was to set up a forma-.  

lism to handle the KN and s systems , whore unitarity is very complicated. 
They ignored poles of T. They also supposed T = B whenever the latter was 

infinite and that there * as a -pointli.B  at 'which KVB) =A0 

dispersion relation for T-1.. B 
-1 

T-. B '= 1 	(v  ..V ). 	: 	IlaT71   
"......-.."-.11-- 	! .........., 

- 	'A- 	cutsrY-;T. Cr  - t/B)  

' be present author remarks that the estimate of.a S function approximate 

Ov.) for B(y) has such a singularity at Vt,  = 7 IS -1. They also generalised 

these equations to many two body channels. They then wrote down the 	S wave 

solution.in the case of no left hand cut, which- is 

AFT,c
v 

ot-S
o 
 = 1 	( 	) . 	(v, V0) 

4-71-  

proposed a new method in general, once subtracted, straightforward dispersion 
-1 

relation for L
-1  (y). He mentioned the arbitrariness in the poles of .L . and 

neglected them. He proposed his iterative procedure for generating solutions, 

as follows:- 	-1.
.)) ( 	Choose Imt, 0 11.<0  = 0 

(2 Calculate Regv)1,49  and Imtt(v) V> 0  from the inverse 
amplitude relation 

(3) Calculate Im./.(Y))/<,,using Imgv)1/} 0, and crossing on 
the near left -' 

(4) Hence calculate a new value of ImL (Y)Y40)and cycle to 
convergence. 

Ho used this method to find. P wave only solutions. Starting from the 

previous solution, he found the left hand cut gave only a small contribution. 

Ho produced a criterion for no complex zeros and verified his solution 

satisfied it. 

Bransden and Moffat (5) (6) applied a similar iteration procedure to an 

S-P calculation. 

This leads to the 

to 

45 
In his first paper (3),.Moffat introauced a very simple inverse 

method, which neglected the left hand cut and assumed L-1  +(0)' He 

to obtaining a resonance formula for N scattering. In his second paper 

amplitude 

applied it 

(4) he 
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In this calculation, there were ( 	1) constraints in e ach partial wave 

-1, 
Y;S,' A 	) and g n  . Sufficient crossing conditions at the symmetry 

. They point uo = - 2/3, were introduced to leave one free parameter, 

first expressed a°  and ao2  in terms of 	a leaving 3 parameters 	al  and 

gl
1  
. They then varied the parameters a/  gl  systematically, keeping X 

fixed at each stage alr ng the iteration procedure and calculating the 

solution. When crossing was satisfied, thiS was taken ES a solution)for 
. 

that value of X . 	They alSO checked for consistency by lcoking at the 

next higher order derivative crossing. conditions. 'Yor a range of value's of 

k 	the iteration procedure diverged but for the . rest they were able to give 

tables of solutions. Perhaps: the most realistic is for 	= -0.1 

al = -0.005, gl1 = 	4. '199.5 

	

= 5.25 	700 ri,R. 

	

0.2 	63 Mitv 

ao 	0.67 	S wave Scattering lengths 

ao 2 	0.2 

Their solutions depended very strongly upon) . We see that there is very 

\ strohg 'cancellation between the two large terms 1 and (1J- yo)  gl  
al to( 

The S waves depended only weakly on the P 'Waves and the P waves deix,nded 

strongly upon the S waves. They also found the CMN small P wave solutions 

and showed they did not satisfy the higher derivative check. Their paper 

was criticised by Ball  and Wong (7) . rrh4 void ithet 1,-1  has a zeri just 

beyond the left hand cut off and that thJa gives a strong distant ..singularity 

in L. which is producing the resonance. Ijowever, they replied strongly (6) 

with numerical e vidence for very small dependence on cut-off on left 

They remark that the P wave resonance is determined mainly by al  and gi1  which 

in turn are determined by derivative matching conditions to the S waves at 

o = 
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PROPOSED NEW INVERSE 12IPLITUDE METHOD 

The Moffat iteration procedure gives exact solutions not involving 

trial functions, but seems very difficult to use. The iteration procedure 
1 

is not always stable and becomes very onmplicated for large npbers of waves. 

The main objection is tiat one cannot see clearly what is going on. We 

therefore proposed a different approa:ch using the real part en the left 

obtained from a fixed S dispersion relation 'considered in Chapter 2. 

THE LEFT H.1.ND  CUT 

We used trial functions in the crossed channel and. by fixed s dis-

persion relations obtained Re.t.-1(W) and. Imt.-1(v) in LO, -93.. The form of 

the functions obtained is shown in the figures and one is immediately struck 

by the nearby'singularity nature of the situation. For most waves, 	) 

has high values near the beginning of the 'left hand cut and. becomes much 

smaller near V = -9. Thus we might, hope that this would give a good 

approximation tG the total contribution from the loft hand cut. The solutions 

of Brarsden and Moffat show a similar behaviour. 

THE LEFT HAND POLE 

We see that the large value of ImL-  (o) is often, but not always, 

associated ',/ith a zero of Reh(p) in a region where ImI4V) is very small 

(see diagramA In this case, the contribution can be represented by a pole. 

For, in the neighbourhood of the zero, toz , say 

Re.k(V) = (t) - 9z). 1.( , )/z) ÷ 0 ( 	w z)2  ). 

Taking ImL. roughly constant = C, then 

Iml-1  (V) 	= - 	
•••••••••••ft 

Wz) 
%2. 	/ 	N2 4. 0 2 

z  

SO DIA. 1( 

    

C  
1112••••000•019.1MIM 

    

.2 

 

   

g 
2 
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1 
.-1 

dv - 1 

region of 	. 1/1-  V 	)C 
C 

2Q5 

  

zero 

Az 	C -4 • 0 Larl  ( Yz x) 	.( 
	

(x) 

SO contribution ..0111•111 - g . 	1  
- V ') 

This involves the reasonable assumption that 	1 	is slowly varying in 
• v 

the region of the bump, which is clearly true for AA, on the right hand 

side. 

Hence for small c, vie expect this region of the cut to be represent- 

able by a pole with residue 

- 11 t 	( 	z ) . 
• 

If this is the Maincontribution from the whole of the cut, then we have ‘T. 

ono pole approximation. a difficult point arises when we realise that, for 

small tve e l  g 	et- ( #.1 z ), but for small Sec, g = +1/Re11, 
• . As 	changes from.+ve to —Ve ImA
-1 

 flips from a large -ve peak to large 

+VS 	peak. This sign change will normally be under the control of the S 

waves in the crossed channel since the zero usually occurs on the near left 

where the S waves dominate, in the truncrtoL sum at least. Thus the effect 

of the exchange of higher waves can be reversed in sign according to the 

value of the S waves. This is a very strange.circumstance, though not 

necessarily incorrect. 

FUNCTION. APPROXIMATION DI TIE CROSSED CHANNEL 

In this case, the cut starts at -v R  - 1 and is very small and ono 

might suspect that there had been a dramatic change in going from the 

distributed case to the .function case. However, ReC(v) has a zero in 

C 0, -VR  -1] and so we have a pole there and it has residue -1 	
, 

/RoC 	). 

It seems it will be a good approximation to neglect the rest cf the left 

hand cut. See diagram and compare with distributed form. 



it was found. to be much easier to evaluate the expansions about the origin of 
(4 

b..  

end. 

1 
' 	(t* +1 )J  [1 + 2 7- 
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Whether to take a +vo or -ve sign must be decided with reference to 

VALUE OF SUBTRIICTION CONSTANT  

We propose to either treat this as 

a parameter or to estimate it from C(y).. 
L-1( v •) = 0-1( vo) 90 in 1-9, 03 • 

THRESH6L15 'RESIDUES 

We propose to either treat these as para- 

meters to be determined self consistently 

or to estimate them from C(b). This We do 

&S 'follows: - 

We take the same residues as the C-1 Alm- 

.tion 	CI-1(w) 	an . 14_ 
	y n 

.To evaluate them, we first evaluate the 

expansion of C((w)= 	cki . (44c-1 • 
0,Q 	k=l 

SO IP. I k-I 
= 	ak ' v 

k=1 L 
Ck / can be obtained from the derivatives evaluated at the origin, but 

where 	C1 = a1. bo 
C; = a2b0 + 

ab +ab + 3 	o 	2 1 

The 

etc. 



a.. b 1 k-3. i.e. C k 

which depend on Win general The values of the coefficients 

are displayed below:- 

.r, 	t. V 
i=1 

i  1 ± 2 ( g+1  

A - - V 

P• 1‘ + 2 

- • 
4L-7 

b; vJ 

1 

0 
1.(
2  

1 1 	1 

V +1 
VI +1) 
) 

r + r 7+73 

— . 12 

• 1 etc. 
,—, (v+1)2 

.. _____. 
( v'+1)3 v'''' 

1 etc. 
. 1) 0 

3 1 1 — t 
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2 
v' 

2 1 + 6 
v 

+ 	6 
it 2 v 

6 
3!' 

+ 	12 
 vo 	,2 

6 
tto, 	2 

Having obtained the Ck  we tin evaluate the dn by binomi al expansion:- 

C• V k-1 
k 

1 
C 	2 

t1 + 2 v + 	. . . 
- 	ci 

'er 

i' 	' 	1 Or .(-1) . 
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i.e. = 
Ci  

d2 = -C2 

C
2 
1 

= 

- 2 
al 

These formulae are probably not valid for' the P. wave, since one probably needs 

two subtract,ons in the fixed s dispersion relation for v in. [_11  011eaving 

the P wave undetermined. This difficulty is not present for the D and higher 

waves, however there still remains the problem of the accumulation of higher 

partial waves in the crossed channel diffraction peak for it. in 	L7,11, 0 II'. 

The partial wave series in the crossed channel diverges for V, = 01. however, 

this dues not necessarily mean that uur- formulae are incorrect since they 	• 

converge right,up to y = 0 and each term in ReC(y) 	
Ov. 
 It cuuld still 

be true that we have a reasonable estimate. 

MODELS 1 .AND 2 

We can now define two "models". 

(a) .MOdel 1 

Integrate the near left hand cut exactly. 

(b) Mudel 2 

Replace the left hand cut by a pole, whose residue 
ReC (vs) 

In either of these models, we either calculate from C(w) or take as free the 
-1 term A, (te o) and the threshold residues. The right hand cut is taken to be 

a2.? 

ai
3 	

etc. 
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elastic, initially. 

0(V) can either be taken in a distributed or 	function farm, but the,  

i-funotion form is not meaningful for Model 1. 

Tn integrate the left hand cut accurately we usually use 40 points in 

the interval (-1, --81.4 

Different procedures were needed according to whether V was on or off 

the out, seekmonaix_3: 

To evaluate the left hand pole position and residue, we used an 

auxiliary search routine which minimised f:ReC(A, )3 2  and having found the 

minimum value t be zero, calculated ReG. (v) at that point. To evaluate the 

threshold residues from the expression given above, we. simply integrated 

numerically,the integral is well behaved. - 

The effect of P waves only in the crossed channel is shown in the figures. 

They show that the Model 2 is a good one in this case and that taking a S - 

function approximation in the crossed channel is a reasonable thing to do (and 

highly desirable for conserving computer time). Ue show further that these 

Models are independent of o, even when wo moves through the highly singular 

near left re8ion where A
-1
( *o  ) varies wildly in value and sign over a 

numerical range 0.3 to 200. 

Model 2 also defines a parametrisation, which we discussed in Chapter 2 

= 
	 1 

a +(v_.. 	). I (v, v o) 4 Tt  

Using this parametribation in the crossed channel in a Model 2 calculation 

enables one twohave the same parametrisation in both channels, which is a 

desirable feature in self consistent calculations. 

We note that the right hand out gives a. very small contribution in Models 

1 and 2 and. that, as we can choose Idro far on the left, where we expect. 
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A (10
o) 	0, the main terms are the threshold poles and the left hand cut 

(pole). The existence of resonances must be due to these terms alone. For a 

single left hand pole in the P1  wave a resonance can only arise by cancellation 

of the left hand pole and the threshold term . Because the threshold pole term 

is important and its estimation by the fixed S dispersion relation is not very 

accurate, it is probably better to treat the threshold residues as parameters 

to be determined by self consistency requirements. 

MODEL 3  
. . 	

- It was also realied that one can. use 0 1(v) itself to represent the 

left hand singularities and this defines "Model 3.'", 

In a once subtracted forth 

11:0  

. 1;7 
41 ly 
	

V in 

v in (-1 - (v) 

ImAt  (0) 	4 Im0(  (v), 	V .< -1. 

threshold poles of orders 	. . 	-1) with residues the same 

- as those of C4 1  (,V). It has the near left hand cut exactly integrated , but has 

the (very small) far left hand cut of C-1( ). also added. 

If 0-1(W) is taken with s - function approximation in the crossed dhannell  

then it will have the correct left hand pole. 

Tabulations in tiE P1 only case' are shown and are close to thoseVor 

Models 1 and 2. This confirms the accuracy of the integrations in MIldel 1 and 

also indicates that Model 3 does not have any complex poles, since Model 1 

only has the contribution from the cut and neglects contributions from any 

complex poles. 

This model is parallel to the Ansatz procedures for the Zachariasen 

, 
This has ImA 1 04) 

1 A (w) t72..(v)  

O )  

(141°)1 
(v 	). I ( , ..P 

-17 

Note 

.Also Alt,1  has 
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method and the variational method, but here we have automatic unitarity and 

automatically correct threshold behaviour. 

The unsubtracted version is 

A-1(v) = C-1(V) + 2 f Y 	log [nl v +41V+1 
71 	V +1 

One can see that Model 3 is unlikely to produce resonances since C-1(w) usually 

has a single sign for V > o for one or two oxchanged particles, and is much 

larger than the second term. For a resonance,. we need A 1( IIR) = O. A 

difference between Model 3 and Models 1 Elnd 2 is their asymptotic belay-lour, 

which we now discuss in general. : 

ASYMPTOTIC BEHAVIOUR 

A. Behaviour of right hand. cut threahold term and  constant term 

V ). 0 

4.  y....._.  . R(v) 	—4 	, .13.4, ), probably finite. 
.%;"- 	+

. 
1. 	V --> Of> 

B. Behaviour of C-1  1Y)  

as discussed in Chapter 2. 
Ime t m(v) 	- 	V 

ReC 	m( v) 	vt.  llogut 
±ca 

ImC m 	 0 

ReC —m 	- logy 14  —4 +00 

1 • •--s   , 
tlImC 

= ReC m  

Re2 Im2 

Right hand cut 	I( lit 

Re(RHC(N) ) 	-.106- 
'. V 	coo 

Im(RHC(i) ) 

-v°) 
1const. ReA ( I,  )  

t 	n 
(v-i)o) 	

1  
	 - 	

g1 
l n=1 n 

• 
• -. 

• 
• • Lc m-1  

ReC -1 
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C. 	• MODEL 	• 

+ RHO 

for 	1 RHG dominates as V 	+ 

and A-1  — 0 (log V) + i R(?,) 

for ( = 0 	C-1  dominates 

so A-1 	0 ( 1./ / log ) 	R.(") ). 

As V 	-00RHO dominates for all t 

A-1 	0 (logy) + 42 ). 

D. MODELS 1 and 2 

Models 1 and. 2 LHC 	0 	+ 1.0 

.•. RHO dominates as 
- 	• - 'A 1 	 R.(>0) 

E. MARGIN.A.L_SINGULI.RITY ANI? PURE ABSORPTION 

In the se models, we see that the amplitude becomes purely re al as 
finite, 

V -4 + . If we want it to. become purely imaginary, assuming R(..:..)) stays/then 
'1 ,, • -a p• 	I 2, and Rat. ReA-1  / -1 	 ReA _ 

since Imp"_= 'LILL 	4 f 	 and we want ra - 
we need ReA-1 	0. 

Re.L ( V ) 	eonst. 	real o v  

-110) • g , re 0- 
1 

n n=1 -,-a' 03c 
RHO 	0 (1og:4 ). + i.R(c.o) 

+0,-2 
• if follow's that 	Re LEG — log 

-4 +00,  
' in order to cancel ',this 'and. further that the, real constant :terms cancel out 

each other, so 	 L.-1 7-3 i 	) . 

Thus )  if we assume this behavioura  we only need. 1 subtraction of our partial 

wave dispersion relation. 
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If we assume Ia.. 	constant ) ReA 	1 ImA-1..--4 constant Red.-1 	. 0.... 

Also since RHO W1) 	log 

then LHC (A-1) -- log 	(independent of 

and. if we take ImB-1 	constant 

constant 

then it follows that ReB 	0. 
-1 

(note here B = 	• 

The condition LHC 	log)/ is not satisfied_ by any 'of our models., which all 

give purely real behaviour at infinity; Of course, if we are pursuing a 

purely e lastic model, these considerations are less relevant. 

MODEL 3 RESULTS  AND.  DISCUSSION 

Lu ing has defined. a similar approximation in potential scattering 

which he calls a "unitarised Born approximation." 

Since A-1 = B-1  + K. a pole of B.  is not •a pole of, A but a zero e.„A.. 

A pole of A is obtained by BK 1 = 0 and. will be near a pole of B if Kgp  is 

small w.r.t. (1/-1/p) where gp, tip  are its residue and position. In the multi-

channel case, A-1  is the K matrix and. Dalitz has defined a particle to be a 

pole of K not of T. These are not always the same and there is sometimes (9) 

no nearly associated pole of the T matrix. Model 3 is not independent of c, 

unless we take 

 

)• 

 

I, . A 	k) = f l ( 1., ) 4  [ 0-I (0 	c_1(' )j - 0  
k  ' 	 1  

( Ji - A) . 	I ( V y V 

7c 
If we take 

A-1(Y) = c"i(v) 	( -14) 

the second. term varies logarithmically with Vo  . . We showed the Model to be 

fairly insensitive in the near region. Tables 6 and .7 - C show Pi 	Pi 
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for 	= 5.0, r R = 1.25 and show reasonable agreemont with crossing of real 

and imaginary parts. Tables 7 and Figures 5 show estimates of .effect of p in 

channelsSo,S2' P1,  Do' D2,  i' F 	using Model 3. We did various searches with 

various types of parametrisatien and self consistency condition but were unable 

to find any self oonsistent values. 

,••'MODELi ,1 and. 2 RESULTS AND DISCUSSION 

TiliA that a out off dispersion integral for C agreed. with the 

exact value of C-1  shows the nearby singularity nature of the Pi 	Pi  case. 

Further, the close approximation obtained by a single pole justifies the use 

of Model 2 in this case.. Such a situation (i) affords aeimple parametrisation 

of the P wave amplitude and (ii) gives a physical picture of a single "force 

pole", given by the pole of C-1(v). Searches were attempted using the same 
• 

parametrisation in the crossed channel, using the exact form of C
-1(11/), 

extracting the pole term to give the larect channel amplitude. Thus we have a 

bootstrap calculation with the same parametrisation- in both channels, a desir-

able circumstance; as discussed in Chapter 2. Howeveroro mre unable to find 

any self consistent solutions. 

Model 2 can be used with a S function approximation in C-1(v) , but 

this cannot have the same parametrisation in both channels. In mire complicated 

situations, with several waves, the number of zeros of ReC on the left increases 

and Model 2 becomes inapplicable in many cases. One can estimate the numbor of 

' zeros from the t function form 

C(v) 0( 1 . P
1: 	

(v 41 {1 + 2 	.1. [ 1 2 (.1±3..- )1 

Number k zeros .4.4 x J , but some of these zeros are at v = -1 •r; 71 = - ap 

on the far left. 

However, the force pole in the P1  -4 P1  case at least, actual:Ey comes 

from the zero associated with the singularity at .71VR  -1. This singularity has • 
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a zero on each side of it, and the one not on the.pout has a much smalle* 

gradient and this gives the dominant force- pole ler'. In pursuit of the force 

pole idea, one would like each exchanged particle to produce one or a set of 

force poles. This can happen underleartain conditions. If the positions of 

the narrow resonances in the crossedlchannel are widely separated, then the 

C(v.) function is the sum of those due' to individual waves in the crossed channel 

and, if we use a 'Ofunctien approximation in C(v), there -will be a region near 

- VRj  -1 where the jth resonance will dominate due to its singularity. It will . 

give two zeros of C(Y), and if it is like the P, -4 P1  case we have looked at)  

one of these has a much smaller gradient than the other and will.be the force 

pole due to the exchange of the, jth resonance.- If the resonances are widely 

separated, the contribution to 0(v) from the other waves will be slowly vary-

ing in this region and will merely displace the, zeros slightly and hardly alter 

the gradient at the zero!  Thus the-left hand singularities of A
-1
(v) will 

simply be a sum of force poles, possibly one from each exchanged particle. 

This force pole picture does not s em to apply in the more realistic cases we., .v_ 

looked at. Indeed, in many cases, the main structure of the left hand dis-

continuity was not associated with zeros of ReC(v). We showed Meals 1 and 2 

to be independent of 	and. to agree with each other. 

Table 3 shows a Model 1 amplitude for P1 	Pl. Tables l and 5 show 

Model 2 amplitudes for P1  -4.  Pli  using the continuous C(v) function and its 

IL function approximation respectively. We see that the amplitude produced 

agrees well with crossing on the near left, probably better than the other 

methods discussed in other chapters. Comparing Model 2 with, the. Balazs method, 

we obtain a•  very good fit to C(v) on the near. Ieft.by just using the single 

pole, i.e. with two parameters, compared to the many parameter fits using the 

Balazs method. We tried searches but found no solutions. We searched with 

the threshold parameters (a) fixed, (b) deduced from C
-1
(w),.(c) as variable 
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parameters. However it is obvious that resonant solutions can be obtained for 

by choosing gI
1  

say in the P wave the amplitude can be made to have a zero atVR 

say. In the D wave g12, g22 allow both position and gradient to bo chosen 

arbitrarily. We can generate a P wave resonance at the position of the 

by choosing gi
1  

= 50.35, for p exchange Model 2, function in crossed channel. 

However the width is then 22 x too small. We can generate the 1'0  by choosing 

2 	1 
g2  = -245.0, g2  = 275.0 where we neglect the left hand cut and obtain the 

resonance by cancellation of the two threshold terms. We display a resonant 

P wave in Table 8 and. Figure 6. In the P wave case, this leads to a simple 

possible explanation of description of the one parameter ambiguities "discovered" 

by the contour plots of previous methods. 

EXPLANATION (OR PARAMETRISATION) OF ONE PARAMETER AMBIGUITY 
BY THRESHOLD POL RESIDUE 

Assume that P wave does not influence itself very sensitively to V 

i.e. for all VR  get 

vaguely 

Fix S waves. Then varying threshold pole in crossed channel won't affect 

Re0( P-4P) very much as S wave dominates on near left? Verying it in direct 

channel varies VR  strongly but with correlated 1-1JR. If the terms other than 

threshold give a negative increasing function f(v), which we take to be 

"/ 	independent of (rIVR, 

fixed 

4('')  
and the-threshold tern E4ves a . Then V

R 
is such that a = -f( ) 

r R 
	Rely-1 (v R) 

	V 

f VR)  
R- 

f (V R)f(V R ) 
lJ R 
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SPA 	Itol 	W- I 	34.4A -I 	L-141 	T? 	V 
-0.873 	-0.382 	-1.124 	0.637 	-1.175 	0.467 	-10.000 
-0.652 	-0.604 	-0.825 	0.752 	-0.640 	0.246 	-9.500 
-0.461 	-0.906 	-0.446 	0.877 	0.000 	*0.000 	-9.000 
0.046 	-0.957 	0.050 	1.043 	0.786 	.0.275 	-8.500 
0.654 	-0.597 	0.736  1.239 	1.798 	•0.583 	-8.000 

1.816 0.324 	-0.271 	1.519 	3.247 	.0.933 	-7.500 
0.214 	-0.113 	3.663 
0.185 	-0.123 	6.756 

4.921 	

1.929 	5.513 	.1.333 	-7.000 
2.491 	6.088 	.1.795 	-6.500. 

0.136 	-0.095 	3.446 	7.814 	.2.333 	-6.000 
0.101 	-0.077 	6.253 	4.779 	9.805 	.2.970 	-5.500 
0.067 -0.061 	8.186 	7.404 	12.528 	-3.733 	-5.000 
0.045 	-0.050 	9.863 	10.944 	15.166 	*4.667 	-4.500 
0.028 	-0.042 	10.799 	16.564 	17.297 	45.833 	-44000 
0.017 	-0.035 	11.219 	23.257 	19.256 	.7.333 	.3.500 
0.010 	-0.027 	11.420 	32.349 	21.496 	*9.333 	-3.000 
0.005 	-0.019 	13.366 	49.417 	26.287 	.12.133 	-2.500 
0.002 	-0.009 	19.876 	109.775 	37.052 	616.333 	-2.000 
0.000 	-0.005 	11.711 	218.439 	31.245 	.18.667 	-1.800 

-0.002 	-0.000 	-490.927 	28.057-468.449 	.21.583 	-1.600 
-0.11 04 	0.005 	-91.530 	-115.192 	-65.271 	.25.333 	-1.400 
-0.011 	0.009 	-54.722 	.43.913 	-23.429 	430.333 	-1.200 
-0.017 	0.000 	-57.240 	0.000 	-18.907 	.37.333 	-1.000 
-0.013 	0.000 	-76.479 	0.000 	-28.420 	.47.833 	-0.800 
-0.011 	0.000 	-94.704 	0.000 	-28.426 	.65.333 	-0.600 
-0.008 	0.000 	-128.908 	0.000 	-27.294-100.333 	-0.400 
-0.004 	0.000 	-232.814 	0.000 	-25.992-205.336 	-0.200 
0.003 	0.000 	398.923 	*0.302 	-24.167 	424.667 	0.100 
0.005 	0.000 	189.526 	.0.408 	-23.617 	214.667 	0.200 
0.012 	0.000 	85.b28 	-0.535 	-22.606 	109.667 	0.400 
0.019 	0.000 	51.604 	*0.612 	-21.705 	74.667 	0.600 
0.029 	0.001 	34.971 	.0.667 	-20.901- 	57.167 	0.800 
0.040 	0.001 	25.246 	.0.707 	-20.182 	46.667 	1.000 
0.053 	0.002 	18.941 	.0.739 	-19.535 	39.667 	1.200 
0.0A8 	0.004 	14.568 	.0.764 	-18.951 	34.667 	1.400 
0.087 	0.006 	11.386 	-0.784 	-18.422 	30.917 	1.600 
0.110 	0.010 	8.986 	.0.802 	-17.941 	28.000 	1.800 
0.139 	0.016 	7.126 	-0.816 	-17.501 	25.667 	2.000 
0.242 	0.052 	3.946 	*0.845 	-16.551 	21.467 	2.500 
0.423. 	0.184 	1.987 	-0.866 	-15.770 	18.667 	3.000 
0.550 	0.70.3 	0.691 	*0.882 	715.117 	16.667 	3.500 

-0.249 	1.059 	-0.210 	-0.894 	-14.563 	15.167 	4.000 
-0.552 	0.580 	-0.861 	-0.905 	-14.087 	14.000 	4.500 
-0.5r)9 	0.346 	-1.345 	•u.913 	-13.673 	13.067 	5.000 
-0.43 	0.243 	-1.713 	-0.920 	-13.310 	12.303 	5.500 
-0.412 	0.191 	-1.999 	-0.926 	-12.990 	11.667 	6.000 
-0.682 	0.160 	-2.225 	-0.931 	-12.704 	11.128 	6.500 
-0.6A1 	0.140 	-2.405 	•0.965 	-12.448 	10.667 	7.000 
.0.645 0.127 	-2.551 	*0.939 	-12.218 	10.267 	7.500 
-0.633 	0.118 	-2.670 	-0.943 	-12.009 	9.917 	8.000 
-0.324 	0.111 	-2.768 	-0.946 	-11.818 	9.608 	8.500 
-0.616 	1).105 	-2.849 	*0.949 	-11.645 	9.336 	9.000 
-0.61 	11.101 	-2.917 	-0.951 	-11.485' 	9.088 	9.500 
-0.6115 	1.098 	-2.973 	.0.956 	-11.338 	8.867 	10.000 
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In the case of alAodel 2 amplitude, with force pole residue relatively 

insensitive to (1%, VR) 

-1v
) 	 a 

V 	V 

.h.-1( V ) 	0 	 - 	-P..-. 
ItRp 	R 

1 = .1:1  

r R 
vR) = 	_2  

( VR  - Vp) 

parametrised by a 
EL = 	g VR 

VAP•a• 

( )/R 
	 p) 

10-.Mea = ▪ 	( 	6  YR)  4 	1  
F 	

) 2 
R 	pi 	( VR Vp) ( VR)2  

Y
_ 	- 	4  (YR VP) 
RC 11R - VP 

. r 
0C 	 )2  • • 

- g. 
v 

Thus if we vary the threshold pole in the crossed and direct channels, we can 

maintain self consistency provided I\ and VR  are related by the above 

relation. Thus, a the threshold residue,provides a parametrisation of the 

arbitrariness in determination ofVVR  and),R. We can also deal with a one 

parameter ambiguity by choosing )1
o 
=11R in'  ReA

-1
( o) = 0. 

Turning our attention to the requirement of a resonant P wave, we took 

a careful look at 0
-1 

and its contributions from various waves in the crossed 

channel. The effects of the P wave was always small and the main structure came 

from the zero of REC which was supplied mainly by the P wave and the small 

ima:j.nary part supplied by the S wave. The values of IrC-1  for three different 

choices of S waves are given in Table 9 and Figure 4. We see that Im0
-1 

 is 

$ 	

. very sensitive to the S waves although 	Ima-1  QU Ais not so sensitive. 
-1 	)i-  V  Furtl:er a change in sign of the total B can be effected by variation of the 
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S y 	-a 	1.154 ) 0•4s4 
Pi  
0' 1- 71 

THC- 1 

S 	1+ 	- 0 	o r 9 

LH 3 	Tl4i'oLt 	ItiC- i 	V L H I . 	T gvot. E. 
"0.041 	0.265 0.756 -0.640 	0.490 	0.752. .9.500 

0.000 	7.0.000  0,893 0.000 	=0.000 	0.877 	.09.000 
0.087 	=0.296 1.074 0.786 	=0.546 	1.043 	.06.500 
0.269 	'7.0.630 1.285 1.798 	=1.164 	1.239 	08.000 
0.721 	.-r.1.008 1,580 3.247 	•=1.662. 	1..519 	-7.00 
1.759 	=1.459 2.000 : 	5.513 	=2.660: 	1.929 	=7.000 
0.664 	.=1.938 2.560 6.0887.3.581' 	2,491 	06.500 
0.279 	-=2.519 3.382 7.814 	=4.655 	3.446 	.0.6.000 

-0.613 	=6.206 4.388 9.805 	=5.925 	44,779 	.=5.00 
-1.765 	.=4.030 6,395 H 	12.528 	;7.449 	7..404-05.000 
-4.757 	m5.038.  8.468 15.166; 	=9.311 	10.944 	.4.500 

.11.919 	. =6.297 .  11.378 17.297 	=11.636' 	16.564 	04.000 
26.114 	=7.917 6.940 19.256 	;14.631' 	23.257 	.3.500 

.32.556 	=10.076 =19,989 21.496.=16.621 	32.349 	..3.000 
"6.098 	=13.098 033.464 26.287;:24.206 	49.417 	=2.500 

	

8.651 	;17.632 

	

12.229 	X20.151 
a254904 
.22.534 

	

37.052:  =32.587. 109.775 	.p2.000 I i 	31.245 	=37.243:218.439 	.5.1.800 
15.027 	.23.300 .18.604 *468.449 	7:46.062; 	28.057 	-1.800 
17.631 	X27.348 .15.016 =65.271 	v50.5444115.192 	.=1.400 
19.910 	p32.746 • 9.4/2 -.23.429 	;60.519 1  ..43013 	.01.206 
17.475 	.40.303 .  0,000 -18.907 	=74.465 	0.000 	. p1.00 0  
12.029 	i7,51.638 0.000 -28.420 	=95.434 	0,000 ..m0.800 

9.774 	;70,540 0,000 ...28.426r130.349 	0.000 1 .•0.600 
8.334 0108.613 0.000 *27.294.2000179 	0,000 	,80.400 
7.304 .221.664 0.000 •=25.992.409.669 , _ 	0,000 =.0.200 
6.195 	458.442 :=24.167 	847.270 	 0.100 
5.903 	231.740 ..23.617 	428.290 	 0.200 
5.401 	118.389 .1222.606 	218.801 	 0.400 
4.985 	80.605 -21.705 	148.971 	 0.600 
4.634 	61.713 ..20.901 	114.056 	 0.800 
4.333 	50.378 .020.182 	93.107 	 1,000 
4.073 	42.822 19.535 	79.141 	 1.100_ 
3.846 	37.424 - Q18.951 	69.165 	 1.400 
3.646 	33.376 .18.422 	61.683 
3.469] 	30.227 =17.941 	55.864 	 t= 
3.310' 	27.708 ..17.501. 	51.209 	 2.000 
2.979 	23.174 ,=16.551 	42.829 	 2.500 
2.718, 	20.151 =15.770 . 	37.246 	 3.000  
2.507; 	17.992 

! • 	2.334: 	16.376 
15.117 	33.252 	

3  

	

- -14.563=30.260 	 4= 
2.188 : 	15.113 -14.087 	27.932 	 4.500 

	

2.0651 	14.106, 

	

1.959 ' 	13.282 
016.673 
.013.310 

	

26.070 	
: 

	

24.546 	 4:5104 
1.867 	12.595 .12.990 23.277 	 6.00 
1.786. 	12.013 .012.704 	22.202 	 6.500 
1.715 	11.515 =12.448 	21.282 	 7.04  
1.652 	11.083 012.218 	20.483 	 7.50C 

	

141595 	10.705 

	

r1:544 	' 	10.372 
. 012.009, 	19.785 	 8.00( 
''.11.818 	19.169 	 8.50i  

1.498 	10.076 . .11.645 	18.621 	 9.U00  
1.457 	9.811 -11.485 	18.131 	 9.50C 
1. 419 	. 	9.572 -11.338 	17.690 	;_10.000 
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S waves. Thus physically the force is determined in magnitude principally by 

the P wave exchange, and in sign by the S waves; one might picture exchanged 

resonating P wave particles iA an atmosphere of S waves causing their effect to 

be completely altered in sign. In practice, it was found very difficult for 

sensible S waves to get a repulsive force, however it was also difficult to get 

a very strong attractive force and a resonance could not be obtained except by 

choosing the threshold residues appropriately. 

FURTHER DISCUSSION 

Inelasticity.  

Effect Small, putting Oades inelasticity function with parameters at 

his values, the right hand cut term became more negative, see Table 2, tending 

towards the production of a resonance, but not by a large amount numerically. 

AN ATTEMPT TO MEET MARGINAL SINGULARITY IN 
fiN =VERSE AMPLITUDE MODEL 

One might try a model in which the near singularities are given by 

crossing and the far ones by the condition of pure absorption and marginal 

singularity. 

Thus we take 

-1
(v) = (

—v--0 	0 
v )41 )I(v)41-1:1( v 0) 	T(v) 

L ( V , Vo) 

-1 where ! F L ( v Yo) L( V , vo) 	(  -110)i 	Irak 	, ay/ 

( 11 1  A 	- ) (v - loo) 

now all we know about FL ( V, 100) is that it is cut [A, -d01 and must 

--4 	C. log V , C independent of Vo. There are many functions satisfying 

these conditions, -but one might choose the simplest, viz. 

L log (*V - A) 	- log ( vo  -A )1 

One can also take ( V - p0) . I ( - , vo) 

This defines a purely absorptive model, but of course the far left hand term 

is 
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is large and unknown, one can add any term cut [A , -col and —4:0 to it. 

V -4c5 
As it happens a term - log (v 4. 9) has value, at V = +5, of - log( 14) = -.2.3 

which would tend to produce a resonance in the P wave. 

THE CASE FOR THE PHYSICAL SIGNIFICANCE OF THE LEFT 
HAND CUT OF THE IN ARSE AMPLITUDE  

For an exponential potential, the left hand cut is replaced by poles. 

If the potential is repulsive, the residues of neighbouring poles have the 

same sign; if attractive, opposite signs. Hence the singularities of the 

inverse amplitude in this case are as follows : - 

ReA, linA 
• 

Im
1  

A 
/'  

strongly 
repulsive 

weakly 
repulsive 

weakly 
attractive 

1 

-4 
strongly 
attractive 

Thus, in the strongly repulsive case, there are no left hand singularities in 

the inverse amplitude, and when there is attrese Ltion there are singularities. 

However, this is a very naive argument, since .we disregard the irrelevance of 

potential theory and the inapplicability of the concepts of overall attractive 

or overall repulsive interaction. 
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Finally notice that, in some sense, whereas unitarity exerts some 

restriction upon ImA, it has not so direct a constraint on ImA
-1, 

 Of course, 

InA
1 
is no longer a sum of contributions from partial waves in the crossed 

channel, but in this highly nonlinear problem, this is not necessarily wrong in 

principle. However, it does make it more difficult to use a partial wave 

expansion in the crossed channel. 

ATTEMPS TO SOLVE INVERSE AMPLITUDE DISPERSION 
RELATIONS ANALYTICALLY  

If we are given ImA
-1 on the left and the threshold residues, the whole 

amplitude follows immediately. If on the other hand we are given ImA on the 

left and the threshold residues, is it possible to obtain the amplitude using 

an inverse amplitude dispersion relation? 

1 Veil 	-
04)  = B-1(v) + I (v) + T (v) 

where I, the right hand cut contribution and T, the threshold contribution are 

known functions. 

Then consider the function 

f(v) 5 B-1(1) = U + iV 

it is real analytic 	real in [ -1, +00j cut L -1, - nO] 

ImA 	-V  

E (I + T) +111] 2  +V2  

2  U + so 	+ 2U. (I + T) + (I + T)2  

- V 
MIA 

f( ) satisfies a non-linear condition on its boundary, of the type 

U2 + 72 + o,V + b = 0 

functions satisfying the same conditions as f except that they obey a linear 

relation, with given coefficients, on the boundary considered can be found by 

standard methods (this is the Rieman-Hilbert problem (101. However, non-linear 

problems seem to be intractable. 



INVERSE AMPLITUDE WITH COMPLEX .e  

Looking at Model 3, we have 

-1 	
B 

f 	(V 
L (V) = 	kli) + "----- . I (v ) vv) 1 	1 	IC 

The right hand cut is independent of Z. in the elastic case. 

B -1(v) = 	1  

W V 
. (2/1 +1). (;Iit . P

/
, (.1 + 2(Y+1).Q 0  [1 + 2( >i  +1).] mummilmo 

v R 

Thus the amplitude has a continuation in L  (and .(1  ). Now Q A  is meroxorphic 

with poles at the negative integers for all values of its argument. Rogge 

poles will .tour for those values of (-E• ,'i) for which A
-1 

(v) is zero. 

GILBERT DISPERSION RELATIONS 

It is possible to write Gilbert dispersion relations for the inverse 

amplitude 

-19+1 	d.)7' 	V /  Rely 	
( 

	

kv i  = 	
,ti 	

, 
'+1) 	1/- v 

-1 	-1 .j 

	

+ 	4v +1 	ReL v 	d. 
v' -v 

-00 

THE PROBLEM OF ZEROS IN THE COMPLEX PUNE  

we have already discussed, there may be zeros in the complex plane 

for the amplitudes in our models and for the exact (unknown) amplitudes. 

We obtain expressions for the real and imaginary parts at a complex 

point ( R ,  yi) by substituting 

'V =
I 

then  1  = 	1 	= (V- + iyI i y 

= (viz -v0) + i V 1  

= 	0111 	(Y'- vR) 	vi (v.-vo  
1i 

e.g. 

— y' - V R 
( VR) 

2  + 	VI
2 
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We see that, for a zero, In/.  
71
( ') must at least change sign in the region of 

integration. Hence for an elastic amplitude with no left hand cut there are n 

zeros in the plane. For a Model 2 elastic amplitude with one pole whose resid 

has the sane sign as ImL
-1 on the physical out, again there will be no zeros. 

In more complicated cases, the integrals will have to be done numerically. 

Criteria of this type have been used by Moffat and by Chew and Mandelsten. 

One can search for zeros in the complex plane by minimising c (Real part.  

+ (Imaginary part)2  ]. 

COMP. IIISON 

.7c can view all the calculations in Chapters 3, 4, 5 and 6 as stemming 

from the projection of a fixed s dispersion relation into the s channel. In 

the author's opinion, of these the only ones likely to succeed are 

(i) the marginally singular B(J) solved by Uretsky NA, mentioned 

in Chapter 1; 

(ii) the nearby singularity calculations for the inverse amplitude in 

Chapter 6. The difficulty here is in the estimation of the 

threshold pole residues from crossing or self consistency. 

1m 



CHAPTER 7  

"FURTHER THEORETICAL IDEAS" 

In this chapter, we consider three ideas relating to the solution of 

MR +c) for theft r( system. Vie have not done any numerical work on these 

ideas. 

1. The Projection of the fixed s dispersion relation into the channel, to 

give an expression for B (V) in the low energy physical region, in terms of 

physical region amplitudes in the crossed channel, and without using 

uniformity. 

2. "Consistency checks". 	A consistency constraint on the simultaneous 

confirmation from the t and u channels to the same region. 

3. The transformation of variables, from (slt) to curvilinear co0rainni:np, 

enabling a family of single dispersion relations to be written, covering 

the entire s-, t- and u- physical regions, but avoiding the double spectral 

regions. 	This leads to the idea of a physical region dynamical scheme. 

I. PROJECTION OF THE FIXID s DISPERSION RhLATION INTO THE t CHANNEL. 

This is a fixed momentum transfer dispersion relation and may be thought 

of as a fixed t relation as opposed to the previous fixed energy treatment 

in Chapter 2 which is f'.7.ed s, however we arc here going to use again a fixed 

s dispersion relation but use the t channel as the physical channel we are 

considering. 

Starting from 	co 
160-1  

, ± u 
possibly subtracted 

71- 

22 
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we first re-express these equations as relations between g-(5, t, tn) 	the 

amplitudes for isospin eigenchannels in the t channel. Labelling them s 

If we take thus& combinations of equations (i), the absorptive parts combine 

T 
A 

'CI  

Hence 
k T 
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fl 
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possibly subtracted. 

Making the asymptotic possible for A k 	--E. ' 	, that 

we need one subtraction at some point to, at which point g = n = 4 	s - t , 
giving 



relation, as the same for all s, we obtain 
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We can now project this equation into partial ca es in the t channel. 
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the integration is at constant t and runs along a line of constant't 

	

between the lines coN U = 	1 	which border the t physical region. S 

is the running coordinate and LI = 4 	t - s 	see Fig. 	. 	Applying 

this to (iv) and taking to, the subtraction point in the fixed s dispercion 

    

(4 L 	-1) 	(c 
Q - 

t' 

  

   

The imaginary part is given by 
0 

I 	Al' (k)  	ds l  .c)Q_ 

Referring to the figure, (1) 

T 	
( s 

the fixed s dispersion 

relation runs along CD and EF giving the value at some point P as an 

integral over the absorptive parts along CD and EF from the b and 

channels respectively. 	Such a relation can be written for all points on 



Pia.  7 - 1. Manclelstara diagron for projection of 
fixed. s dispersion relation into t channel. 



the mgment AB, a lino of constant t, and by int(grating along AB weighted 

by a Legtvdre polynomial w( obtain the partial wave amplitude at t. 

Thu real and imaginary parts of (vi) should be r(latEd by the. unitary 

condition 

It)F (   1 

One can now take to 7 4 giving 

'Q 
_ 

iT 

and use; the, fact that 

1-)11  (L4 
	v 

(x -r1 	being the, s wave scattering len.7;-p. 

For to = 4, the dt /  integral appears to diverge at its lower limit, 
however 

' 

ki 	

I. 	, 
/) 	s

r
4 
	

-e4 >z  

I c„.. 
since p‘.I ' (S I, 	) 	2 ( 14 %> I. ,-, f-4.  	) ek i  

• I 

:).s 	
) q 	 ' , 

.... 	
..-‘,...., 

...1.  _  

s 	( each term 	(E - L-1 ) 

Hence the integral converges, howEvr.r 	(0 appears to have a discon- 

tinuous first derivative. 	One hops this is not a real effect and will be 

cancelled by something else:, once the equations arc independent of to and 

AQ(to) should be continuous up to the Qt1, derivative at to = 4. 
in fact Et Ai ("k".) 	(1- — 4-) 

—) -+ 
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To estimate 40-11 t-- ), one can use the partial wave series (yi) provi6ei, 

> 	, which restricts its usefulness in (LK) to t'4,  36, i.e.v< 8. 

Referring to the figure, in order to obtain the partial wave amplit..1c7. 

for the value of t at P, we need values for the whole of AB. 	For the 

of t at Q we need values for whole of M. 	In the latter case one needs 

for example the value at T and hence the values of the absorptive part 

1-1, some of which lies in thy double; spectral region. 	Thus when using a 

partial wave series estimate for the absorptive part, one is restricted 

values of t below the line JK, which has t = 36 	= 8. 
However, note that rdz) 

is either even or odd 

I t  • 

Now, 
	A 
	

if' I = 1 only contains odd waves 

• 

I 	Si 

in odd in Z. 

Pi t  (0') 	4,7- 	 kit-01A- 

A Q_
_ 1

(J') 
	 o(,)' -7-) 

for 
	I 	 only even wa7es 

0 
Apart from providing a cormistency constraint, this enables us to obtain 

for higher values of t. 	For, we can now go to that value of 

such that the fixed s dispersion relation passing through Z = 0, just t7n,--. 



the double spc ctral rcgion. CI>  

Z 0 

C4,:t 
\ 

Z.- 

-Is 
LI 	• 'Q L\ 	A 

Substituting (xi) into ( ix) ,  
7 I 

4 -4 

Z. G41 4-1) 

-11-4 

A' --k- 

ILL.1 .1 	• Q 	..6.-i_t_ ... 

• 

interchanging orders of su  NpA tov‘ and integration, the first tern gives 
op 	

I 

	

. 
TT  
2- 	a.  E 	A01(+ 1 ) . 

Pft' Li 42=1_1 e..‘ 
w-4)  (-t 	 9- i—t 	 ' 

and the second term gives 
, 	 1 /.0 	2. 	(:), 1 	 , r 	z,1  1 	/ II c(s i  (Q." . 	c t14

s 	
--, ' — 4  q. ' - 0 	7`_,  

where we leave isolated the part that could be done analytically. 

Hcnce 0,‹• 

(2-)  o 	(L t 11-) 

a' 
) 

Q t 	• 	Q. 

   

-I" (k'\.  y 

where 
X 1  (tl -t) 

Q Q. 	' 	-LI  - -E-- 

\/ ‘ lk  ,' ) ' yac.1  
_.k. 



One can now postulate equations (viii), 	as a basis for a 

dynamical calculation. 

DISCUSSION 

The main advantage of the method is that we do not need to know the 

asymptotic behaviour in the double spectral region. 

The integrals lie in the phys)cal regions for the t and n channels, 

and ye can make rcasonable asymptotic assumption:: here like /yszt 	—27 

constant or better. 	
- 	 o 

However, using a partial wave series one cannot calculate 6\e rk(0 for f...-”P  

so that the method is not complete in this case, in the sense that not all 

the input material can be compared with and determined by the output 

material. 	One can assume that the ImApp)-7constant smoothly. The 

	_1_ 	 
integral is damped by the denominators 	

(t -4-) (. 1 - 

One might hope to get the. meson at 2V = 6, t . 28, but possibly not the 

-\03  meson at 1-‘)= 19, t = 80. 	On the other hand, the method neither osvr 

determines the values of the partial wave. amplitudes on the left i.e. for 

t< 4. 	This is an ezample of how the klandelstain representation can give 

relations between limited parts of the complete description. 

Crossing is well represented. 	The n channel ey.plicitly appears and 

the equations express the relation between crossed channels as given by the 

Ilandelstam representations i.e. analytical correctedness. 	We get automati- 

cally the same amplitude and same parametrisation in all (three) channels 

and uniformity in all three channels. 

The main drawbacks are , first the difficulty in determinily the 
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amplitude for large t f  already mentioned. 	Second, the c3:perience of th. 

Oades variational method iflaentes that the contribution from the t channel 

absorptive part to the amplitude in the t channel physical region may be 

much larger than the contribution from the U channel. 	This would lead to 

poor determination of the parameters and to sensitivity to choice of para-

mubination. 

Thirdly, there may be, r,,ensitivity to errors in continuation off the 

physical region. 
I  

The equations can be used to determine 	wave s. 	The constants Gil, 

may or may not be arbitrary, if arbitrary they can be put in from other 

analyses from which they are accurately determined, if not arbitrary they 

can be determined by self consistency. 	One can tell whether or not they 

are: "arbitrary by trying the latter and seeing how well determined they are. 

The method is only applicable in its partial wave series from to 

process with double spectral regions sufficiently set back to draw 

like FD through. 	The method can be connidered to be an e_tension of 

treatments using just the forward dispersion relation, which is a fixed a 

dispersion relation with s = o. 

Al 
Increasing the number of terms in the q, sumation should improve the 

method, and the formulae converge satisfactorily as 

The method will not take much computing time. 	Since the X and Y 

functions can be evaluated analytically and expressed in terms of elementarL 

functions, one has simply to evaluate two numerical integrals per partial 

wave pc,12 self consistency point ti. 

The first term only is singular for t 4., it is out from t = 4 

and has the correct imaginary part 	
\ 	 ! rj  

, 	
7 ' 

"3'1 	k."(‘) 	(k -7- 

1 	
D 



This is illustrated on the diagrams 

A (s, t) known completely in region:- 

\ 

/, 7 
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Thc second term appears to be singular from n = 4 ••••••-.) CK) 

Thc denominator is 

t '  - (4 - s / - t) 

vanishis when 	t'  = 4- t- s' 

when 	s = 4 - t 	t = o 

when 	s = o 	t = 4 - t 

and for t 4 

Thus the second term is actually cut in t for t = 0 7 -co. i.e. 

V 	- 1-> - 00, Of course, the e:cpression for AQ.,(jk")  is not contin-

uable to t < 4 since the partial wave series has not been proved to con-

verge there, and in fact probably diverges. The above analytic structure 

holds even if the partial wave series is truncated. 

Thus, using fixed s dispersion relations, from a knowledge of 

t 	Q  C-t) 
	

":7- 0, 1,2 

one can obtain , 	cx, 	, 

(1)  In A6(t) 1 = 0, 	1, 2 	.... 

t in [O, - 32] 

(2)  Rc Ae(t) t in [ii., - 32] actually a complex region including 
this 

(3)  Rc Ae(t) t in 1- 4, 68 

S = - 32 
= - 

t = 4 	s - t 
/ = 68 / 

= l6 	i 
'/ 



A
t
(s,t) known in this region:_ / 

 from a knowlcdgr. of A
't
(s,t) in 

A, (t) known complctely in 
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0 3 	'68 

using fiNcd s dispersion relations only. 



A(s,t) is also known in the diffraction strips using fixed s dispersion 
relations  

\\:,/ • 

I . \ 
! \ 
\ / 

/ 

One also has consistency checks, sec Section 2. 

One can write down various "models": 

1. 10-WAVI DOMINANT EQUATIONS 

A(0 = 	I Is^^ At (k9 d'k  I  1 ,At f  7,, Ac,ift1). 

1' 1 

Unfortunately, for a closed dynamical scheme one needs 

Re Al(t) for t 	063 

If one had this, then one would have an exact set of equations for A(s,t) 

in the physical region without needing a knowledge of the double spectral 

function. 
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r 	
,[1+ 
	r) 	4  4-147  I 

cc_ ( 4 _4-'-)) 

compare C-4/1 P dominant, n no cut-off offer 

interchanging integrations (sec Chapt(r 5): 
oo 

Q. R) 	
(Its I) • H 	3w, I 

0 

't() 	
tf -E I 	r 	2.1  

(A--( 
--23 



— ti 

0 

E 3 I— ( 	— 	) 1 

z 	4- 

.4- — 1) (k —4-) 

2. 	FUNCTION API-R=01'0N 

r YR 	Si si  V'e) 

L s '--  (4 — Luz —0) 

r1 
cl 7 	Q  (-4 

[ 2-Z 4 I 

-1 I 

_ 	— .9 .x. . 	Q k.  ( _` `..)- 	it 
--- 4- 

-) 	"... ,L444-1  (-C,  — ‘4- 
4- --) .1-- c)0 	

LI 

••••••• 
4.0 
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(3. 



po (-z) 	C 	P t  (7 ) 

a 0 	
)A 

• 4 C C 	(.1 u e. 	lS 	 v E. -e. 

  

[ LvT 	
(t) 

.I- 
Cn CO 	( ) z 

— 

(w)Gz (w) 
	-C 

L -Om 

Ir 	• 

235 

3. COMPLEX 1. 

APPLICATION TO OTHER PROCESSES 

The application to other processes is 1(ss likely to succeed because 

the double spectral regions arc comparatively nearer in. General Mand.elstan 

diagrams have been given by Kibble. 



Physical regions 

asymptotic to = o, s = ol  t = o 

u = tAt  -epole terms, if any 

s
a
, t

a
, la 	masses of lowest two 

particle intermediate states. 
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The h  N case is well known (1) 

U 

For 7Cp, there are no intermediate states with lower mass. There is a pole 

term p. For 	p p, there is7v7i intermediate state, hence cut 

lower than threshold. What matters for our etpations is the location of line 

just touching the double spectral regions. 	P 	p in the 

strip, one can obtain the low energy force function forT‘ 	p p etc. 

DYNAMICAL CALCULATIONS 

Given B(v) in low energyngion only one can define various approximate 

solutions for gy). 

(1) unitarity variational method. A possible procedure using a variational 

method is as follows: 

(a) 	Choose trial functions, 	, with parameters a jl , for a 

finite set of waves, supposed to dominate. It would be best if they were 

automatically consistent with-  unitarity 

e.g. ImAl(t1) 	Ai tf 	all t' and all values of other parans. 
tf -. 4 

(b) Using (xis.) and (xiii), calculate ReAl(t), for all the chosen waves. 

(c) Calculate the discrepancy from unitarity 

6 (t) = ReAl(t)2 	ImAl(t)2 - A( t 	. ImA (t) 
r-2714.  



2.) i 
on a set of points ti  in [ 0, 361 

(d.) Vary the parameters 	ail , to minimise 
2 	/N (ti) 2 

Depending on how low a value of 	was obtained. and. how well detorminoe.. 

the'jl were, one would. then have a variational solution to tho problem. 

r 	• r. 

(2) 	Uretsky N/D. 

after making some subtractions 

N(y) 	= 

D(v) 	= 

To 

B(v) 
A 

f 

suppross 

+ 	1  

(v) 	• 

high energies, one must 

A 13(y0 	B(y..) . 

cut off, possibly 

(y!). 	a vf. 
- V 

N(y ') dV 
- 

To include diffraction eak in crossed channel 

1 . L r  (21' +1) . 	dt 	as' P1 	1 + ?ALL\ .iAll(o) 
Ir( 	 /4-t 

.P1 V t 
— (h. — tf 	-0] 

O.K. to truncate for low t'. For high t', put in an explicit exponential 

1 + 	 1(3' -0) 

	

- 	t)1 
tI(st, tt)  b. exp.(-as').   

e  0 	 o 
charge34. _ t 	to 

-.6** 
being width of diff. peak. 

So we have J. parameters 6 , 1, b, a. For high encrgy contribution. Note 

that because of fixed width 1, the asymptotic behaviour as t 	+00 , is 

smaller by fact or ; t ,)but asymptotic behaviours are irrelevant anyway. 

1 ate d.,st . P11.  
71 4-t 

s' 	- 
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COMPARISON WITH METHODS BASED ON PROJECTION INTO THE S CHANNEL 

The projection of fixed dispersion relations into the t channel gives a 

different class of calculations entirely, from the calculations in Chapters 

3, 4, 5 and 6. The equations are not the same as the Shirkov equations (see 

Chapter 1) being convergent in a much larger region. Vie remark that statement 

like "the dominant force for the P1 wave comes from the P1 
wave in the crossed 

channel" depend upon tho approximation scheme used, and it is conceivable that 

waves important in prolption into the s channel could be unimportant in 

projection into the t channel, and vice-versa, even though each calculation 

converged to the same solution. 

2. CONSISTENCY CHECKS 	\ 

/ / 

The absorptive parts in the t and u channels are related by crossing symmetry. 

Each can be expressed as a partial wave series in its own physical region. Now 

these expansions are convergent out to the double spectral region and there is 

thus (see diagram) a region in which both converge, this is (t> 14-, 0> If 

= 0). Over this region, the two expansions must agree and this provides rtu 

a consistency constraint upon the absorptive parts. The two expansions must 

"dovetail" together. This is a generalisation of the symmetry point ideas of 

Chew and Mandelstam. The requirement is non-trivial since the t, say, variatio 

in one expansion is the angular variable and, in the other expansion,the energy 

variable. Thus we get a correlation of energy and angle in the low energy 

region. In order to use the requirement, we truncate the two series and 

estimate over what reQ
J
ion

) 
 we expect the truncated series to be a good 



UD 

I; 
approximation: Therm demand 

17: (21 + 1) luIl(t). P1 1. = 0 

L 	, 	2 
44 2s 	(21' +1)7, 

r=o 11  =o 
.Plt  [1 + 2s 7] 

(-10-4 
I = 0, 1, 2 

over the region. This could bo achieved numerically either (i) by using trial 

functions for the ImAl and varying parameters to minimise 110 over the region or 

(ii) by using a mesh of values of ImAl  and varying. them to minimise 

To got an idea of the mechanism/ e consider the ease of P wave dominance 

Even in this simple case/  we get a difficult functional equation to solve 

analytically 

ImA1(4 - 3 - 1.1) 1311 1. ImAi(u). P4 l + 2s  

	

P1 	1 + 2s 

The equation cannot be satisfied over a whele region but we can take it on a 

line. Suppose we take the line u = 8, define z = 	-4, then 

	

ImAi(z)  = (311f. ImL1(8)* 	("; 
12 

(z -41  
= 	. ImA1(8). 

This has a vaguely rising form 
with a zero at threshop. Note 

st4) not (z 4)5/2  as 
reqtand by unitarity. 

One could deduce from this that a P1 wave resonance in the u channel would de-

mand a rising P1  wave in the s channel/  however a detailed calculation must be 

done to produce a reliable prediction. 

3. 	TRANSFORMATION OF VARIABLES 

An attempt to extend the scope of fixed s relations. The divergence of 

both forms, obtained from the fixed s dispersion relation, sefar discussed, is 

duo to the necessity for values of the amplitude in the double spectral regions 

IL:- 
z +12 

ImAi(z) 



with x closely related to arc length and y 
\ AS 

A / 
( 

a label for the family give curves 

	> 4; 

which c an be constrained to go through t = o) and.  (s = o, t = 4. 	by 
d = 	+ 24..A/ sec y - cosec y . 

240 
where the partial wave series diverges. We attempt to circumvent this 

difficulty by changing variables: J fixed s dispersion relation is obtained 

by viewing A(s, t) as a function of t, whilst s remains fixed. Can one define 

new variables 	x = x(s, t) 
y = y(s, t) 

and considerA(s(x,y), t(x,y)) as a function of x with y fixed, so as to give 

more useful equations? One might be able to arrange the curve y = constant to 

avoid the double spectral region but penetrate the physical regions. Of course 

one needs A(x) to satisfy a dispersion relation in 	and. this lirrits one's 

choice of transformation. For example, orthogonal coordinates 

S + t 4- 	d. cos h x cos y 

s 	t = d sin h x sin y 

However, the extra kinematic singularities generated by this transformation 

may make it difficult to use. Fixed angle dispersion relations are along 

curves of constant z 

z = 1 + (7
2t

14 ): 

for -Trir are certainly straight lines. for 	A N 

t= -202 (1-z) 
2 i I 

q = z 	•S •-• 	+ /2) 

= 1 	t 
2(12 

= 	t • 
2 

 

4 
2(M2 ÷itt.) 	(m2 

  

   

    



= 1 
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clearly a curve (which bounds physical region for z = 1, see diagram in 

section 1). Hence, for fixed angle dispersion relations (3), we have curves in 

the (s, t) plane. We shall use [23Mandelstan diagram (Fig. 2) 

Now, 1N 

  

   

c(s' - s) 
1.(s, 15,u) = 	ds'  dtt 	. /) 

(t' t) 
(s1 , t 

	

has singularities for complex s 	real t 

	

complex t 	real s 
real s 	real t 

	

but not complex s 	complex t 

For z real 

Z = 1 + 2t 
S 

then if t is complexiso is s. Hence no singularities. Caanot have one 

complex without the other. Hence only singularities aro to be found in the 

real (s,t) plane. 

Suppose we choose to fix sone other variable 

x = as2 bst J  
+ ct2  + at 	es + f 

Then fix x real. 	Then singularities will occur for s and t real and not for 

s and t complex. However for s complex, it may be possible that t is real, 

for certain choices of s, giving singularities as a function of so with x fixed 

In general, there will exist some complex points of s for which this is true. 

For fix x real and fix t real in its spectral region. Then s must be the 

solution of 

as2 + s(bt + e) + (ct2  + dt + f - x) = 0. 

which will sometimes be real, if 

(bt + 2 - 4a (ct2  + dt + f x) > 0 

and sometimes compliqx if < 0. 



Fl„,._.  7 - 2. Mandolsttm diagram in ordinary (s p  t) coordinates. 
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Hence for these values of s and t there will be singularities, giving complex 

cuts in the s plane. 

What we want is that for this fixed x, then gs, t) have simple analytic 

properties as a function of so, so a dispersion relation can be written. 

Note that for a = o it is always true, i.e. For real s and real t there will lac 

singularities, for real and complex t there will be complex's and real t 

there cannot be singularities provided b and o are real. Complex s complex t 

none. Hence all cuts on real axis of s plane. 

Fix x real and s real, then t is the solution of a quadratic 

+ (bs + a) t 4. (es af f x) = 0  

and is either real or complex: 

real if (bs + 11)2  = c.(es + f - x) ,> 0 

Hence really wo want t. to be either real or complex and inside Lohman ellipse 

for this particular value of s. If this is a line on the (s,t) diagram then 

there ia a real t satisfying the equation. We have already ensured cuts only 

on real s axis by making a = o. Hence by ensuring that it is quadratic relatio 

so that all (both in this case) values of t are'either both real or both comple 

and by ensuring that 

x = bst + ct2 + dt + es +f 

is a curve in the (s,t) plane we have ensured that for each real s there are 

only real values of t satisfying this equation. Further, the imaginary part is 

just given by its value on the diagram. This is thus the most general curve fo 



which this can be done. 

Further requirement is of course that we remain off the double spectra-

region. With a t2 term we have a double valued functiora of s leading presumab' 

to two sheets, s channel on sheet 1, t channel on sheet 2. We can ensure thr: 

t is real for s real, giving discontinuities from physical region values, and 

also make s single valued on the curve x = const, by dropping the t2  term. 

Thus we .are lead to the Ilyperbolae (s - a). (t b) = c2. 

Dropping the t2  term means that we have curves asymptotic to s = const. or t = 

const., we now have 

 

S 

0 

 

D 

a \ 	 t 

C 
b-- 

These curves lie entirely in physical regions. Ls a function of s, with x 

fixed, gs,t) is analytic in a cut plane outs 	-4, L4,0011. 

P 	B C 	0 

It is real in [0,41, (slt) being in the central triangle and the dis-

continuity on the cuts is twice the imaginary part. The imaginary part is Cf--

the ImL(s,t) in the physical region and can be represented by the appropriat_, 

partial wave series. The problem remaining is the nature of the behaviour L' 

B and C. Now, as s approaches B from below the point (s,t) in the (s,t) 

plane moves off to t = -Do and. remerges at t = +ND . Ls it does so, Int.'s  

certainly has a continuous value by the Phraguan-Lindel'f theorem (see Ch. 

D 



2,44 

but its higher derivatives may be discontinuous. ids° if we look at the phase 

of (s a), for e2 real, we always have phase of (t b) = - phase (s - a). 

 

 

(i 	 

 

   

so, referring to the diagram, as (s - a) moves across its real axis on either 

side of zero, (t - b) moves the opposite way. This should not invalidate a 

dispersion relation in s, of the form 

L(s) = 1 f bkifa_ast 	1 	1:2ALL121!- 
7  4 s' s  

s 	s 

Ile now have a family of hyperbolae with 3 parameters a, b, c and can make a 

curve go through any point in the plane. 

Canwe define family 

(s 	e). (t - a) = 02  

which covers entire physical region and avoids the double spectral region? 

(1) Suppose we want it to go through s = ol  t = 4 and t = o, s = 4 

then - a . (4 - a) = 0
2 

a
2 - 4a - c2 - o 	2 solutions 

we take the smeller a 

kj+-4.11722 

= 2 ± 14. 	o2  

i.e. take a= 2 - /14 2 

Then different values of c2 define the family. Can we span physical region? 

as a o. 	c o 



u part 
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(s - a) (t 	a) = c2 

gradient at t = o 

(s - a) = 	c2  
t - a 

ds 
at 	(t - ) 	t=o 	

c2 = - 02 2 

	

7E72 	a2  

for -4 - 1 	mod 	c2 	a2 

but a = 2 -,17,;(? 

clearly c and a -4 00 

The u branch retreats to infinity and the s, t branch lies along u = o. 

Thus the fanily 

(s 	a) (t - a) = c2 a = 2 -4+c2   

is a one parameter family, exactly covering once all the physical regions. 

Every member through s = 4, t = o and s = o, t = 4 and the central 6 , which 

is covered once 
t part 

u = o 	t = o 

= 0 
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PROJECTION INTO PARTIAL TIMES 

Suppose now we wish to project out the partial wave amplitude in the t channel 

Then /(t, 02) = 1 f 	c2)  att 
t 

R(02) 

The value of z is 1 + 2s 
t - 4 

02 + I z = 1 + 2 t a 
t - 4 

We can make z replace c as the variable 
now by solving w.r.t. t 

2 
(z - 1). (t 	= 2 .[ t 	

+ a 

will have two roots for t. Take the one 

Go t" 

11- Now we want to integrate 

w.r.t. z at constant t)so c2 will vary; hence we rats t eliminate c2 in 

favour of z leaving, 

11(t, 	z) 	= 

L1(t) 	= 	z 

n +1 

-1 

R  

IIPACtLLA_W 

dz. 

t 

P1(z) 	. 	z) 

Thus we obtain L1(t) in the entire physical region expressed in terms of 

integrals over the three physical regions. From the point of view of dynamics 

the main thing we went is BIM in terms of integrals over the two crossed 

regions (s and u channels). From this we could solve for Al(t) using unitarit 

However, the 3 physical regions all contribute to each other in a form not 

easily separable into left hand cut and right hand out. L dynamical 

calculation based on the equations would have to be en overall mesh scheme. 

NOTE TWO CORRESPONDENCES BETWEEN BYPERBOILE AND EXPERIMENT 

(1) behaviour as t -400 becomes s independent. 

(2) es one branch retreats to wide angle asymptotic region, it becomes 

unimportant. 

THE IDEA OF L PHYSICAL REGION DYNAMICAL SCHEME 

Thus using the hyperbolic and other coordinates we can write down 

dynPnical equations which enable us to obtain en expression for B1(t) for all 
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t in [4,col i.e. all physical region and all 1 waves, given only the 

amplitude in the crossed physical regions. This is a very happy state of 

affairs since 

(i) the behaviour of the amplitude in the double spectral region is very bad 

possibly not even polynomially bounded. In this case M.R. breaks down, but 

our equations do not, being based upon a more general analyticity postulate 

which is more easily provable Rigorously. 

(ii) the behaviour in the physical region is good and reasonable estimates 

of asymptotic behaviour are available from experiment. We can use experimenta 

data directly in the crossed channel if we like. 

(iii) the double spectral region can be explored from analytically solved 

Models based upon the equations. 

If we can obtain a set of ovations based only upon analyticity 

properties in the three physical regions (s-, t-„;-) and reality in the 

central triangle, then we can consider the possibility of using this set as 

a dynamical scheme in its own right, independent of MR. MR would then be a 

special case. The unitarity condition would still be applicable. The 

advantages of abandoning the double spectral regions are several. We avoid 

the bad behaviour in these highly unphysical regions, but we retain the 

essential attractive analyticity postulates of Mandelstam and the idea of 

crossing symmetry. Philosophically, e concern ourselves more with physical 

regions, whore the physics takes place. 

The difficulties are in tractability. Such a scheme may well be very 

complicated and not easily projected into partial waves and not easily app-

roximated. The whole attitude to solution is different, depending more on 

the idea of setting up approximations, which allow continuation to other 

regions, than upon the direct 2r. 11:2etrlAation of singularities. The bad 

behaviour in the double spectral region may be difficult to parametrise. 
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Many questions remain: 

(i) Can vie find more suitable transformations of coordinates? 

(ii) Can we make the equations more obviously crossing symmetric? 

(iii) What is the exact region of analyticity in s and t, implied by the 

equations? 

(iv) Can vie write approximate schemes and will these give a natural 

breakdown of the amplitude into individual terms, each of which has the full 

analyticity properties? Each term would then be a natural physical object 

or concept. 



SUMMARY  

In Cgattal- 2,  we studied fixed s dispersion relations. 

A-1-(g 0 -1-r°141  h (C't9"r 	+ (-1)1-1  J 14- 	
L 4L-4- 	 J 	p. s . 

relates to an isospin decomposition in the s channel. We considered 

asymptotic behaviour and noted that we need at most one substraction for 

84:o , two for o<5.4. The Phragmep - LindeihOf theorem gives the result 

AJ(s,e2 47.1% 7  
S f-i' PA-4 • 

We looked at the projection into partial waves in the s channel, obtaining 

a convergent expression for the real and imaginary partsi of the partial wave 

amplitude, for V 111 [-9,0) 

CtI 	71V (v) = a j ow'. Lit-ti(v',v). 64 1
r I -I- 1- (v41  0] 

o 
Putting in 

(1-(vi)v) = Z 	 z 	 (vi). Pe r [1 
r-o 

we found the complex domain of convergence in V , which includes E-9,0], of 

course. 

We evaluated numerically contributions to e0from the first few partial 

waves in the t channel, using the expected experimental forms, and concluded 

that, for So, S2,PI,D0  in the t channel, we probably had reliable values in 

r_61_11. 
We went on to discuss approximations in dispersion theory from a numerical 

analytic view-point and discussed Streater's attitude that arbitrary 

parameters, occurring in analytical solutions, could and should.be detected 

and isolated in the corresponding' approximate dalculations. 

In Chapter 3,  we systematically studied the original Balazs method numerically. 

The method is to tp.ke a unitary parametric formF(01q)for the amplitude, and 

-fur Z ovLt 



it is valid if and only if the dispersion relation converges. 

the asymptotic behaviour of the approximated integral is not necessarily 

op). 

to determine the parameters.by equating (or 'matching') the real part on 

the near left to the real part obtanbd from the crossed channel, using a 

fixed s dispersion relation. He used an N/D pole form with parameters 

the residues of the poles. The positions of the poles were determined in 

an auxiliary calculation. In the auxiliary cAlculation a separable 

t(tesack(XI )v)  ---- 2; 1.4-x1 V 

The positionsof the poles areobtained by optimsing the fit of Kexact to Kapprox4 

Thus it is. asserted that these pole positions are the best ones for any 

reasonable discontinuity of N. We studied this approximation and concluded 

that 

(I) 

(2) 

(3) the Balazs contention, that it was still a good approximation for 

oscillating functions, was correct for the actual approximate forms 

found by this procedure. 

(4.) the positionsof the poles are close to those obtained by an orthodox 

numerical integration procedure. 

We studied the Balazs method, as used by Balazs, and found that 

(1). it is independent of normalisation pointy. An analytical proof is 

giyen.. 

(2) it is very sensitive to the matching region. In an n = 2 calculation, 

for symmetry points at -2.5, -2.3, 0.0, the self-consistent resonance 

.dad position and. width (3.82, 3.13) and at -1.5, -1.0, 0.0 had (1.88, 

1.19). 

approximation is made to the kernel in the dispersion relation for N. 

I 4- X I". 



(3) on inoreasi.ng the number of poles, nis  the solution disappears. 

(4) there was a one parameter ambigi%ity, the width, I've.. , being determined 

by the calculation and the position, being a free parameter. 

(5) we looked at other partial waves and found some self-consistent 

solutions'for certain values of n, and mot for others. This 

consolidated the conclusion that the solUtions are spuriou.s. 

We attempted to modify and generalise the Balazs method, to use the idea of 

crossing on the left, but to remove the difficulties found for Balazs 

original method, We-took a smooth trial function in the crossed channel, 

instead of aS'r function and generalised the matching equations to match the 

real and imaginary parts in detail on the near left. We found 

(1) that, by this procedure, we could get very good fits on the left, but 

the 'output' amplitude on the right was still sensitive to details of 

matching. For a fixed matching region)  the solution settled down, 

as n increased, to a non-resonant output for resonant input. 

(2) the contribution from the near left discontinuity was small and repulsive.: 

(3) the structure of the real part on the left wasrelated in detail to the 

discontinuity on the near left. This. structure could be reproduced, 

but was irrelevant to the right hand side. 
ti 

We tried minimisation oft% deviation from crossing to determine the parameters 

rather than matching. Using this method, the only solutions found were 

to that of Balazs for n = 2.. 

We looked at different self-consistency conditions and found that the width 

and position of the self-consistent resonance could be varied by a factor of 

2 either way by a suitable choice of self-consistency condition. 

We also found that an uncertainty I, in the crossed amplitude, produced the 



same uncertainty in the width and position of the self-consistent resonance. 

In Chapter Z.,  we looked at the Zachariasen method and found results similar 

to that of other workers. The Zachariasen method consists of an ansatz for' 

continuation from left to right ' 
N 	C(i) 	co 

b (4) = 1 — (v-  v9f 
vc  —vi,_ 1 

We found that, takingv.4A10)the resonant solution was very sensitive to 1, 

as ce.changed from 0.8 to 1.5, A. changed from .665 to .186 andkfrom .597 to 

.]i+7.With a fixed\,, independent of(YA I NI there was a definite one parameter 

ambiguity withr= 1,vafree. For dynamicvorvilithis was not so marked. 

We extended the model to exchange of higher waves by further subtractions at 

X, putting the subtraction terms = 0 to get agreement of higher derivatives 

of(6)ait atv°4i. Using this, we looked at the effect of higher wavesin the 

t channel upon various waves, in the s channel. This was inconclusive. 

In Chapter 5, we investigated the variational method of Hamilton. This method 

estimates directly the contributions from left and right using a trial function 

g(), and crossing, and then directs us to varyFOuntil unitarity is closely 

satisfied in the physical region. . The right hand cut is taken to be the same 

as far the trial function. Two dispersion relations are used, one for the real 

part and a Gilbert dispersion relation for the imaginary part. 
9e., A 04. (V) IL 	

' 	
F(v') cA,,  4_ (v-  - v.) 	"f-, C6,9 ['le' 	 (v0 

-A 	Ye (vi—v)(0—vc,) 	k  T 	J /1/4  (o_v)(0--0) 

At44,(v) •••. 	st1,00 	F-(v,  )ctv 	— 	 31  + 
VD tvi—v)(fi—v r 3/ 	 A Od-v)(yi-vo) 	. 

It is immediately obvious that the method is sensitive to choice of parameter- 

isation, by writing similar dispersion relations for the unitary trial function 

(in fact, Breit-Wigner) used. 

RAY)  (Y—Y0)f .  TA, :60 411  
YO (v 1.-v)(0_,..vo) 

—1 
(v— vo)f 	Ho AA/ 4_ ga, F(vc) 

it 	—to (1,1--v (0—vo) 
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Thus, the 'solution' is that which minimises the difference between the 

.contributions from the left and cuts. If we choose Breit—Wigner 

pararnetrisation,,it has an extremely small left hand cut and we need a 

small contribution from crossing.  If we choose N/D parametrisation, this 

gives a large left hand cut contribution. However, each parametrisation 

.gives a believable resonant form on'the right. When unitarity is attained, 

we get a very mnall!eeiror^' .3Z but this ismerely an indication of the 

smallnessof the contribution from crossing. Further, we found a marked 

one parameter ambiguity from contours in thekNplane. 

Oades used the method for thelMproblem with a correcting pole on the left 

to representeontributionsfrom higher waves. Our investigation shows the 

solutions are spurious. We tried to define sensible variational calculations. 

(1) wing RA parametrisation, no loft hand oorrootin& polo, Gilbert dispersion 

relation only. 

(2) representing the left hand contribution by the ansatz C(v). 

(3) using a crossing constraint on the real part on the left. 

We did obtain various solution, but believe them all to be spurious. 

We looked at the solution of the Shirkov equations, which are known to have 

families of resonant solutions, by the variational method, but found no • 

solutions. 

In Chapter 6,  we used the real and imaginary partson the left to obtain 

L03), giving an immdiate utiary solution by inverse amplitude dispersion 

. 
relations, provided onecan calculate the threshold residues. Twakirl) was• 

estimated from the first few partial waves in the t channel, with experimental- 

values and was found to be massed in the dear left, i.e. there was the 

possibility of a nearby' singularity approximation. Indeed, in some cases, 



the left hand side was well represented by a single pole. Using threshold 

residues estimated fromqv))we could not get any self-consistent solutions, 

however the threshold term is such a large one that a slight variation in it 

could produce a resonant P wave. The corresponding P wave scattering length 

was not unreasonable. We also looked at a unitarised Born approximation. 

A-I(Y) 	C-1(v) 	,17. • ill 

'which yielded no self-consistent solutions. We remark that uncertainty in 

the threshold residue gives a one parameter ambiguity similar to those found 

for the methods in Chapters 3, 4 and 5. 

One can compare the preductions for the effect of the on So, S2, Pl, Do,D2,  

F1, Born approximation by looking at Figures 3-81  4-3, and 6-5. 

Our overall conclusion is that nomof the methods is suitable for bodtstrap 

	

calculations and that any 'solutions' obtained are spurious. 	Some methods 

might be reliable for low energies up to vz 3, at the most. 

As alternatives, we proposed, in Chapter 7,  three ideas. 

(1) 'consistency checks' - a consistarcy contraint on the simultaneous 

continuation from the t and *.channels to the same region. This could 

be used for low energy work. 

(2) the projection of the fixed s dispersion relation into the,t channel. 

A 4.(e-u 	J c° 
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This gives an expression 1(') in the low to medium energy physical region, 



given partial waves in the crossed channel. The series diverges atV= 16, 

so it shuld be reliiable out toV= 8, but this may not be sufficient for 

bootstra calculation. Tt has the advantage of not needing to be continued 

(like the Born term for example) from the left'but being a direct physical 

region estimate. 

(3) by transforming variables, we Outline how it is possible to arrive at 

a complete dynamical scheme, based only upon values of the amplitude in the 

three physibal regions. 
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(iii) The Evaluation °CSQ (x)dx 
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.APPENDIX 2. 	EP POLE FORMS 

Here we consider the evaluation and properties of the integrals occurring in 
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Now we need not consider the 1st term since it does not depend upon 

and we shall never be using 15  by itself but always in combinations like 
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asymptotic behaviour 
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ct 	f (,) =  i,,,, LiT 4 4 \--7-4- I .1 - 5 .1.)V4-1 . ,,,_ 	, 
oiv 	1 	v 	0  

1 1_, 	4_ 	I 	] 
4-- -I N' 4" I [ -FT -I -171----1-- I j L :1_, y 	1-4 v-f- I 

= 47-I
• 

• (v 4- 1)  '[I -1- 	i  - ..1- — [ 	4 -iv+ iji 
), 

4czT) . 	i 	1('')/%) i 	

v.pi 	,5 1 	 5 

	

ii(,) = 	-I__• { i .i, -- (-/)/y 
( V 4- f ) 

• • I j/(Y) -= 	
r 	1 	4.. 	 J_.1 . (__1 d.) 4- 	I 	. 1 

( ,,L )1. + I_ Y(Y4-1)1 	y(v..h.) .] 	7 	, 	av(v+1) 

	

= 	I 
“,4_ 1)n v  . 	0-  Y -I) 	4-  ( 1+ v-I- 1) . _.c (v) 

V 
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Numerical Methods. 

1. 	Integrations. 

These were discussed in Chapter 2. NO used a fast 20 point gaussian 

routine which we wrote ourselves and checked the accuracy using a library 

routine QA02A. 

Infinite integrals were performed by transforming to a finite range, 

integrating, and transforming back again, using in the case 	dr, the 
ok. 

transformation z = xj. a . 

Principal value and other singular integrals wore performed by subtracting 

out the singularity, e.g. 

j -(0006( 	4(x)T (z):.1 d X  

X- Z 	 X - 7_ 
Another method has been given by Longman (1). 

To evaluate 

Vo) 	-c-(v/)civ'  
ja.(vi—v)(vi—vo) 	 (1) 

in the L. cases 

	

	v on cut. (i) 	)4 on cut (ii) V, off cut. 
V off cut. (iii) V, on cut (iv) 100  off cut. 

(iv) Yo  off V off 
nonsingular 	ID 
evaluate (i-±) (v - vo I ) 	- ( V) ONI I  _ 

0- (V —  » )611 —»0 ) 
(iii) Voon V off 

(v-Vo )f LI RP)  - f  (vo) 1 blyt 4- ( v-vo ). -E (

v 

o ) . 	a v 

(0-v)(vf-vo)--1 	 _1(,,_„ (,,_,,„, 
.(v—vo) 1 6  rkv i ) - f (Y.)  	d v / 4-  -f-(Yo) . [1)3(:) vi-ti 

	

vf-v„ \ 1 b 
	) 

(1t! ) 
-14- L (v i--- v)(v i-1, ).3 	 a. 

c 6  r :F,(::,),;(v.,;(:,4_vov)_\ ay/ 4- Irv) • 	5 	)//--\/ 	b 	. 

(ii) I)  on Vo off 	_ 
-.7 	(v- vo  ) 	

(iv; 

J ck L-. ( 	 v '--vo  1 .1 l'k 
(i) 	V on ))0  on 	

0 
= 16  -f(vi) (bet . r __I_ 

	

v 	
I 

iJo, 

	

	ci—v) 	111— VD 	 b 
....._ 

c b  	(vf) --C-(v) 	r -[(y,) —fivoicivi  4, 4(v) 	dvi  
)c, L L. 	„,___\, 	, 	L 	, , __vo 	, ,,, ,f_ V 

_--f (v.) 	avVvi—vo 

z 
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- 4(v.).ict  VI—Vo 	
(v) 

11 a 
If range infinito_and these integrals do not converge, then 

[ 	Ni t  — f(v) • 	[ 	(v 	. v 	_F (v0) . vo] 

(v/—‘)). 

	

	 (yi—vo). y/ 

 	— 4 (v0). V° t  d VI 
(y_v ).v / 	 J 6d— y o ). 

L 	L (vf ) ,  — f(y)  •  V 	(v f ). 	--4(v,) Yo 	d v  

) • v/ Cy' —v 0 ) . 

4- 	--
v / V 
	-- 4: (,;)• 1,05  , _Y01 

/ 	rA 
One might remark that when Vo  is on the cutia large importance is given to 

the region near V I  = Vo only if f(,01) is changing rapidly heroin which case 

the real part of the integral will also have a largo value and thus so will 

the subtraction constant. 

Note that gradient of density function is also required for evaluating 

contribution from singular part neighbourhood. 

1 bibliography on numerical integration has been given by Stroud (2). 

The integration of oscillatory functions over an infinite range is treated in 

(3)- 

2. Matrix inversions. 

Those wore done using a standard routing MA02A. 

3. Iteration. 

We looked at three standard routines, VA01A, 111,0211 and VA0/41. and decided 

to use VA02A. The numerical analysis has been published by M.J.D. Powell in 

Computer Journal. The assumptions on the behaviour of the Y, functionare 

that it is a sum of squares and thatjin the expression 

	

2  ( "?4, 	)1  • 
6 X 	a X x 

vvLEr—e. 	F (a. )(2-) 	

x. 	t( 	
)(51) • 

...4-.)the second term is much smaller than the first, allowing an estimation 

of the curvature from the gradients. 
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PROGRAMMING  

All programmes were written in FORTRAN which uses subroutine structure.. 

Details of the programmes can be obtained from the author. The computers used 

were the I.C.T. ORION and ATLAS at Chilton, Berkshire and the oomputation was 

carried out under the auspices of the Rutherford Laboratory. 

The use of subroutines allowed the same sub-computations to be used in 

different programmes, for example one subroutine calculated the Breit Wiper 

function and was used as part of several different programmes. 

The layout of a typical programme was as follows: 

Typically there were about 30 routines in one programme. Each programme could 

handle all aspects of one method as well as some modifications. One could 
, 

automatically tabulate any functions in the method, or print A or iterate for 

\tx 
any given subset of variables, then test the value of (\ 	then finally tabulate 

all relevant functions. A typical time on Atlas for a 30 step search (adequate 

for 2 variables) followed by a complete tabulation was 30 seconds. 
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