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ABSTRAGQ |

In this thesis, we study vays of epproxinating the Mendslstan
representation, to give dynamical schemes for the evaluation of the
scattefing anplitudes, The stu@y originated in an cttempt to olarify the idea
of a bsotstrap calculation. By the use of the Mendelstanm representatibn and
Unitarity, onc hopes to be able to caloulate thé ¥ scetbering amplitude et
least at ;ow energies, and one-hopes that = sdlution'wili exist whioh agfegs
cldsely with experimentel findingSi-

‘e have used partial wave dispersion relations and partiél wave Series
throughout and have nede no use of Regge'p;lég.

In the first éhapfér,‘We éivé‘a discugsiog bf'aiépersion theory; 2
survey of bootstrap caleulations and-agdischs§i¢ﬁ of the distinction between
glementary and compositg paréicleé.'

In chapter two,lwe investigate the uéeaof,fixed'sldispersion ‘
reletions aﬁdthéifﬁroject’iom into the s chenmel.. Ve give an attitudo to
bootstrap,célculafions eqd try to develop concepts and‘%qys'of tﬁinking‘aboﬁt
spproxinate caiculations in disperSidp‘fhéony;”fwc‘shOW hov to 1ooaté
arbitrary paraﬁeters in approx?mafe’caloﬁlatioﬁ;:

In chapters three, four and fiﬁe, we cénsi@er the méthods of Balazs -
ahd Zachariasen and the veriational ﬁetho&‘of Hamilton. We systematicalky
study them numericeally and display their faults. Ve attempﬁ to remove the :
feults by d efining several modified methods.

" In chapfer six, we look at the ihferse.amﬁlitu&e approach. We
define néw inverse amplitude models, which are interesting but not useful
unle ss some way can be found of estimating the threshold'behaviour accurately.
In chapter seven, we considef three ideas relating to the solution -

of M. R. + U, but do no numerical work.



iii
1l The projection of the fixed s dispersion relation into the t channel,
to ‘give. an e xpression for Bi(v) in the low onergy physicel region, in terms
of physical region emplitudes in the crossed channel, and without using
unitaerity.
2. "Consistency checks", a consistency constraint on the simultaneous
continuation from the t and u chennels to the same region.
3., The trensformation of variables, fron (s, t) to curvilinear
coprdinates, enebling a fenmily of single dispersion relations to be
written, covering the entire s-, t- and u- physical regions, but avoiding
the double spectral regions. This leads to the ideea of a physical region

dynamical scheme, which is briefly discussed.
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NOTATION

Note the very free use of ~w to mean "goes like", "corresponds to", fis in
some relation to".

0 "~ of the order of

P {- _ noédulus, absolute magnitude
| =D inglies -3 goes to

¢y the seb

WeTelo with respect to

= equivalent to or identiezl with

€ is o member of, belongs to, is contained in

[a,b] the closed interval a, b

(a,b) the open interval a, b

5 Mendelstan variables
ot energy squared in s, t, . channels

2

V, cos 8 | s channel c.o.m. momentun squared and c.o.m., angular

variable.

W' cos 0 , t " " "

y'', cos @ " " " #

Pl Legendre function of lst kind

0 " " 2nd kind

P.5. ' possibly subtracted S¢C. 8Self consistent
Re,In real or imaginary part of

clv) 6(V) function introduced in Chapter 2

BW Breit Wigner formula

A “pi-pi coupling constant" = A(%, %, Z"é )

A(s, t) or A(s,t,..)

or F(s,t,u) orF(s z) emp Litule
&y (s,t) ' absorptive part in t channel decomposition
hy(¥), by (s) ,Al(t) partial wave amplitude
(V) usually refers to trial function
Fj jth symmetry point
vaj{’ the vl'*‘,j the set of symmetry points
r (s, 1), /35 (8st) double spectral functions
A, co cut off
I (a,b) K(a b) kernel funotion for N/D
By(V): 2+ Q_')._a»'p so0 BT): (2 B,(W) ) =S 1 (v) ' p.s.
~o0- ' / 20 (y! =

For numbering, there are 3 types of object, the reference, the figure and. the
teble. These are numbered locally within a chapter or preceded by a chapter
number. JAn index of figures and tables is given at the end of the thesis.



CHLPTER 1

"BASIC THEORETICALL INTRODUCTIONY

"Let thy tongue tang afguments of state; put
thyself into the trick of singularity."

Shekespeare. Twelfth Night.
(£dvice to Malvolio).

INTRODUCTION, KINEMALTICS AND SYMMETRIES

1. TINTRODUCTION

In attempting to describe the existence and behaviour of the experi-
mentally observed elementary particles, we first distinguish strongly end
wegkly interacting particles, then spacial and then electromagnetic properties
end finelly classify them (1) according to assignment of gquentum numbers. The ’
most tangible evidenoe for the existence of these very unsteble particles and
their interactions is probably from bubble chamber photographs where the paths
of particles are made visible by en acconpaniment of smell bubbles. To set up
o methenatical formelisn, we invoke the basic Meas of quantum mechanios,
notebly that the states of a physical system obsy & superposition principle end
are rays'%k'in e Hilbort space, end that acts of measurement correspond to
projections in the space. We then introduce the netion of invarience under o
symmetry operation (2), (3) and introduce relativistic inverience by requiring
that the inhomogensous Lorentz group be a symmetry. This leods to the concepts

of momentunm, mess, parity, snguler mementum, and e11dws the existensce of states

in irreducible representations which are sigenstetes of these operators.
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These single particle stetes ere elomentary in the sense that any deoomposition

will not be Lorentz inveriant., There will be states formed by taking the
direct produce of these, corresponding to 2, 3 eto. particle states. Whon we
oonsider interaoting perticles, new single particle "bound states" cen ocour;
which will be unsteble if m3:> 0, + mz,.and which have no enalogue in the non-
interacting systen. One expects these to be caloulsble from e dynaniocal law.
Ve have time reverszl and cherge conjugation syametries. We have also super-
selection rules (L), which are thet every physioceally reelizeble state must be
an eigenstate of baryon number, charge end have well defined statistics. From
the existence of multiplets of pearticles with very closely the seme Lorentz
properties, the differences expliceble es electronagnetic cffects, we are lead
to intornal symmetries, isotopic spin S‘J(l), which when combined with strange-
ness gives SQJQQ. Thus particles form degenerate rmltiplets, within which
rienbers are charaoterised by two quantum nunbers I3 and Y. We thus have the
symmetry schameozuéDSLﬂﬁ which oxpleins well nony observed features amd
predicts which processes are allowed. The octual amplitude of an ellowed
process can only be decided by the deteiled mechanism or physical law, that is
"dynenics." To describe en interection betwoeen two particles, we attempt to
caloulate the 8 mabrix, where

(Qfm& »‘\/(h) = (CQW. ) S\{/;)
The unitarity of S follows from "asymptotic completoness! (4) and can be

written

or docomposing

$= 1 + L(“)*sg(pé—\’\c%T

i

— k. 5 .
Lo %f et T4
v f kinenetic factor intormediete

statos



We work with the invarisnt amplitude
A= (Ty. E
which in an engular nonentun decomposition in the oé o: me system; oboys
unitarity oondition
Tua = -1Fl /¢

L will bo a function of the independent soalars in the probiem (5).

In this thesis, we shsll consider only the 2JU system, boing the
sinplest, and hopefully nost traotable, strongly interacting system.
2. UEE P3 MESON

The pion is en S.I,P. It hos isobtopic spin 1 and three ocharge states

+R-R© -
TTRTRT 14 hes zero strangeness.

124 -5¢+ o5 Tlev =273.2% 012w

2
=
H]

3y - 44 2 co5 Mev = 26y =27 X 0-31 Wy

where '('\, =c= | and unit of mass is Mew. Hereofter we assume ness difference

due to e/m effeets and teoke

Moy T Mg, 7

to define units vith & = ¢ = 1
ciny = IRy
c \noy = \®ey
No magnetic moment.

They have negative parity and zero spin, i.e, are pseudoscalars G-

parity is (-1) i.e. poler veector in isospace. It is unstable

At —> /Y,M* + ¥ 1 2.5 x ZLO“8 secs. week
- — M T ‘7/A
/
VAR S ¢ ! 2.2 x 10-'16 S00S. e/n

but stable under strong intersctions. If we adopt the isispin formalisn Su(2)

we heve a [ 3] space with '7\+7 | 7- b {7{0 > end en isotopic spin
)



.

—
operator I, with z- component, sey 13. s
- c1-0
'y s v o’
Rosabicas in isospace correspond to operetors <

Tt is rormally more convenient to teke the lineear conbinations

A,y = L (A=) 4 1r-y)
5 mam
I,y = L (17> = |n77)

Vg3
\ Ny 7 = l 7Y
el s~%5isfy
<\ﬂ‘\—’—\j> = f-)'.J-
<7 f[j | nky =+ Eijk

If 1> vse 23 SU(3) scherme, then the pions are pert of an [8] rep. of pseudo-

soalar mosons

N+ w°e W Kt k° Ke KT 1
L ) [ S [ ——— i___,_____:..J
T=1 \(;O',» T=2 Yz | T=4 Moo T2 X=0

o "'

egoin gonorators (A y ) can be written down, satisfying
|

M J A M )
‘ h) A - i}

whdeh @oternines thon un:.quoly. ThC«I‘u are two independent diagonal operators
corrszpoading to the conserved guentities I3 and Y.

5. KIOGSILTICS OF THE TWO PION SYSTEM

0< - Y n
\J / o, (55,0 distinguish the
7 charge state 1, 2, 3 o 5
L) ' timo-like metric p;  =m; = 1l all i.

b A ?\ §

d~7iy senllar veriablss s = (pl + p2)

(1landolsten vericbles) + = (pl + Py )
2

it

u
tlur\,‘ ar> caly two independent scnlar variables
s +t +1u2 =14
Teking the Py to have different signs gives 3 different "channels." The s
chrntal (p:), P, out) describes the rcaction
T(‘{)Fx) 4+ R ((—)) [’1’) —> 7 (y)'FZ) + 7 (g"Pq>

il wo define - E)

P =



then in the contre of mess sysbem with exes along the inoident direction

p, = (g, E) = (0,0, q, E)
p, = (a, E) = (0,0, -q, E) i
_P3=(q’s&&ch)%r@9;g\(€ , q’w,g(’Q‘E7 - (%f)-&)
- D, = (-tly?viec;a-s q ,—o\{G\-(‘Bcwlc() ) ~ACos L()'E) = (‘,;;! )E>
22 - 2,1

and defining V¥ = q2

z
= hfven) = (ZE) , hence physioal significance end
+£= -2V ({_. cosSly ) = ( 0 )orq') nomnenclature

W= ——'.‘lv(llfw-zﬁ)
7 '
The t channel has (pz, Py, out) and Y, cusb &5 can. varisbles.
S = = 2v/(1acoss”)
‘t* LI-(V'%-I)
V\:.—-').vl(’if-ces(l)"l)

) "
The U channel hes (p2, p3 out) and V” cos O hence

S = -':Lv”(l/(»c‘;g")
4 = —’.lv“'(l+ws@"7
w= W {v's )

The physical region for these channels is defined by

V> o 0s&  real in [-1, +1]
hence in s channel s 2 4
and -—S-4¢< £ <0 e wgo
'ti 9)
+. channel E >y S< © w< o
u channel AR S$¢ o t ¢ o

This is shown in Fig. 1. We also wish to record have some useful relations

between these variables:

vz =Y (l—-mve)—i
oS = (Vacos B) + (vai)

v/ (14ees @) +{v+1)



5§’ = | + ‘L(V_t‘)

vf
cos & = l + Q(Vil)
v
We heve only two independent sceler invariants, which the physics depends on;
vyie shall take 5 end ¥.

Isospin decompogition

-Systen of two pions with I = 1 fornms representatlon[ J.J’Jg)[l]rrhlch
decomposes into [2}‘4[1]* lO} i.c. we have states with I =2, 1, 0 and so we
only have three scalar asmplitudes % .AI(s, t)} to describe the socettering,
being reduced from the nine possibilities, ﬂ.t + T\i , by the isosbin symnetry.
| The scaler amplitudes cen only be funcj:ions gf scalar inveriant quanti-
ties of which there are two independent, say (s, t). We are thus trying to
desoribe the process TN+T —> T+Rby giving its trensition emplitudes from
initial to final states. We take the independent amplitudes

out <T"T‘ L lT\WI’)in = A * (§»J‘>
in corresponding eigenstates of I.

The differential cross section for soabtering in pure isospin state in

the barycentric system is
det _ & | AG,B)("
e kY

Partial wave decomposition

Since pions spinless only orbitel engular momentun end we can decon-

pose into anguler nonencum eigenchannels

/\'(v ws®) = Z (2+1). A{ (v)- T, (us@?

{=0

usueal F ¢ and normalisetion, A (V) is pertial wave amplitude and is ¢ func-
tion of one  varisble only. 4 knowledge of % AQ (")bfgives the entire
description of the W system. This is spin zero case of hel icity fornation
decorposition since ‘f'log (@) = PJ( (C'-’*e)

4. .
AQI(‘/) : %‘Ll-"‘("'-”'t-‘-)- A;(V, cn6) . Py (ot 8)

unitarity implj.gs 5§ 1(\/)
sF(v) =



II.

i i L&F&) .iif ) IW\Ai‘%V):“ ~
50 LA{ (V)’-J\%‘_\- € Csw 0T v € JV_:I .

TFinally renark thet Bose statistics require even symmetry of the total

state under exchange of the pions, so spacial symnetry x isosym. = even

g
(-1 *F
P +1I

1
even

So first few possible states (£, I) are (0,0), (0,9, (1,1), (2,0), (2,2),
(3,1) celled S,s 85, P15, D, D, Fy.
In most experiments, phenomenological formula bosed on a few low partial waves

it well.

DYNAMICS, THE M/IDELSTYM REPRESENTLTION

1. ORIGINS

We use the dynamicel theory put forward by Mandelstam (7) in 1958 and
called "Dispersion Theory" or "The M;gdelstam Representation”, The study of
field theorotic nodels had lead Chew and Goldverger to the study of dispersion
relations as & neans of solving the model problem and as a vehicle for
generalisation of the model., The relationship of dispersion relations to
causality in potentizl theory was investigated by Toll and van Keampen (8)

L nicroscopic causality principle in relativistic local ficld theory was nede.

[\.E"(,(‘) )(/(—b(\('x)]_: 0 (‘(‘——x.b7 spece like
This is not et all self evident and is a very powerful and deep requirenent.
Local operators have only becn experimentally justified down to 10~15an.

Sotie dispersion theorists argue the impossibility of measurenent of position
very accurately, due to the attendant emission of soft photons. Using
nicroscopic causality, some dispersion relations have been proved in 1ISZ field

theory and sone connections with Wightnan ficld theory estzblished (9).

2. MLIDELSTAH'S CONJECTURE

lMendelstom nade the big conceptucl step in combining the ides of

single dispersion relations et fixed nomentum transfer or angle and fixed



8
enargy dispersion rcletions, with a generclisation of the substitution law. e
conjectured that therc would be one amplitude L(s, t) which described all the
crossed processes and time reversed processes

L +B = C+D ; ©C4+De=x L +5
L +C=% B +D ; B +D -~ L 4T

L+ ¢ 48 = T 4B D 4+X
which heve different physical repgions which are, for stable particles, always
dis joint. By the same amplitude we meen that there is o connected regiom,
including all the physical regions in which L(s, t) is analytic in s and t., He

specificd the enalytio properties by a goneralisation of the two types of

single dispersion relation into o double dispersion relation

' ' r ! .

Al = & [ pue GHEddrdt e (16,0
LR €2

The support of /J st etec. to be the scme as in perturbation theory. The

asyiptotic behaviour to be like = polynonicl in s and to so the equeation
night have to be substracted N times. Thus for the W7\ system, the support
of (’ st is |
st = 4(hs £ %) =0
st = (4t +58) =0
and c¢yeclic for others.
113 physicel region for the s channel is cleerly
cos § wresl end in [—l, +l]
Y roel end in [ 0, o0
trensforming this repion to 5 end t varisbles (note one hos to check that
boundary of s end t region coiresponds Yo boundery of V , cos O region and is
not a ‘turning point) we obtain the regions showm in Fig. 1.
Thus, from this, one cen rogein the single dispersion reletions in s, %
or u, e.g. for fixed s

Als,0 = "j LA G) o L A5,

—————

T F gy n - /
whore 1‘;2 and I‘j are celled the obsorptive parts, since, for s, t+ in the
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’ !
physical region by, (8,8 ) = Inh(s, t ) However, this holds for all

1]
s and to and,in sone regions,Az(s, t ) will have an imeginary part. In fact,
!

Aa‘(s){’) = J- [AS/ f23 (‘ 5 i (5 /f )

§ -
1st equation is 1nuegral "1ong line 11ko A B, in Flg. 1, 2nd over line lilo

¢ D from which the integration linits can be deducod. Ve nay also usec the

notations f’23 = /)tu = iy = Atu etec. The cnalytic properties of the /° 2ro

23

not knovm, but it was ossuned they would be smooth. He also wrote down the

wnitary condition in the elastic cese
+ 1 Y0y % 3
A (s, 4(2)) = . E dz, [ AT Qs 4(z)Y . A S5 (23
) AT W\ —~1 v
7, = cos (initial final)

0
i

N
cos (initial intermediate)

[\
[H

. AR 2 2
cos (internediate final) = Z,, Z, - (L -2,7) (1 -2, cos %

azinuthal (initial intermediate)

Mendelston proposed an iterative procodurc using his representation and
unitarity, end that they would form a complete dynamicel basis for o theory,
although he did not attempt a vniqueness proof (but sce section V). o Uia.

web the Aol Anwro. .. culrltum
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When thex:é.aro se;vorai iﬁve.;iant anplitudes, ©.g. different I spins, there
will be a Mendelstenm reprosentetion for oach one, with separate double
spectral functions. Thus, in the TR ocase, we have three amplitudes, AT (s o)
= L \X s (s',k')ﬁ\i'_ﬂ“’ . Tor othor processes there will be stable
i D T i e
particles exchanged, i.e. pole terms as woll.

B G KT (10) showed MR was true in potential theory, with nonrelativis-
tic vericbles, cxcopt there wes only one double spectral region, two if there
was an exohanso potentials They also shoved that the solution by iteration
was unique and the theory besed on Mandelstan rep + unitarity (MR + U) was
eguivalont to the Schrodinger equation.

Bros. etel (11) have shovm, in ISZ, the crossing analyticity of 2
partiole scattoring enplitudes, for steble particles with 4+ve rasses. They
shoved that 3 an open (complex) neighbourhood in ell variables of all
physieeol points except the expected s, t, in oubs, Also that these physical
regions are oonnccted. This elso applies in other axiomotic schemes (9).

3. GHEW'S PHILOSOPHY

The fixionatic buproasch, Bootstraps

We have o theory independent of the theories from which it sprang. We
also have a philosophy. Tor every two particles =--» two particle process is
conjectured to obey M R + U. Evory higher process is conjecturcd to ohey sone
(unstoted) goneralisation. Unitarity in s chennel, say, connects & process
to all processes with some guentun numbers in the s channel; in the t, u
channels to a2ll processes with same g. n.as in the t, u channols., Crossing
connects o process to its orossed processes 0.g.

TiN - connected by crossing to TRT = M N

N 7N connects s channel with Tial —» v N¥

T — NN connects in u channel with wn — A N
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Thus every process affects every other. On the other hand, the requirements of
enalyticity and uniterity ere very powerful., Iurther, there are many solf-
consistency conditions to be satisfied, for example an analytic continuation
from s channel in 7UN to t channel should produce the same amplitudes, as this
channel is also X N. This loads to the Bootstrap conjecture of Chew, that
these egquations will be sufficient to determinc all the amplitudes for all
processes, in terns of & small number of percnetors,

To be able to obtempt to write down represontations for higher processss,
and to be able to handle other singularities which ngy be foreced by the
equetions but not explicitly displayed, Ohew has expressed the idea of
naxinal analyticity, that is, the smplitudes are as anclytic as they can be,
consistently with uniterity. Presunably this ncens that, if we have two
solutions which differ by an isoleted singularity, then we take the one with-
out this singularity. The idea is that strong interactions ere as strong as
en interaction can bo.

fis we shall probably not be able to solveo over 200 coupled non-linear
integral equations sinultaneously, then we hope that we can solve a subset
of these and thet the bootstrap idea holds in the subset, see sec.(I-IV-3).

We note that the it - iV systen, which will be studied in this thesis as
a prorotype bootstrap problem, is ideally suited for this purpose. For the
pions are spinless, elso crossing relates it to itself only. Uniterity
relates it to itself, right up to the threshold for 47U ,so we night roason-
ebly expect olastic unitarity to be a rcasonable cpproxination., &lso it has
no pole terms. The 4L K contribution is usually t aken to be douninated by the

two body coagulations KK and Ty .

Subscquently to Chew's idee, work has also been done on completely
isolating dispersion theory fron field theory and placing it on its owm

exionatic basis. Such werkers as Stopp and Olive have tried to deduce
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conoepts like time reversal and pole terms, purely from maximal enalyticity ideas.

Some extreme Snatricists have tried to cbandon the notion of Hilbert
space altogether, however J. R. Taylor (26) showed that attempts (27) to
construct a superposition principle sufficient for the neéds of Smatrix theory.

ref, H, Stapp. HMatscicnce Report 26
leed to assumptions sufficient for the construction of a Hilbert space of
asynptotic states aend & unitary S operator which naps this spece onto itself.

References to the more axiomatic Smatrix theory ere (28).

Uniqueness, Constraints on the scatfering amplitude
and rigorous results

e

We leave results on asymptotic behaviour until section IV, IFroissart (19)

showed. that if *bhere are a finite number of subtractions

) Aot .

A(S Jc,v\) ES [(;Au(g/{){”kas“"{."" + cyelic
Fgm
=

J 7.8 [s)ds’ + oyolic
V_(.,g)glr\

ST 4P g
+ L 4 Q!IFPC}

[
+ pole terms

thon, if the double spectral functions /9.,\ (st') are given, the subtraction
ternms are not arbitrery. Indeed the arbitrariness lies slmost in the six one

dinensional integrals and onc constent

/ / . 7

¢4 £ J.fo:s () A7y & j p_-_s_ﬁilif + oyelio
Psi-g)¢ 4l Sl

He obtained this result using a week high energy unitority condition.

Mertin (20) also used the existence of purely elastic reglons in one or two
chonnoels. He showed thot

(a) If in onc chamel 58y 8, there is a purely clastic region (s o’ lJ s
then e knowledge of f" fs,4) ancl/at (w,s)for s in [Sa)s,‘( is sufficiont to
determine completely the threce double spoctral functions, end the pole terms -

in the v ond t chennecls.



13
(b) If, in 2ddition, there is a purely clastic region in a second channel,
sgy n, then the sane infornation completely determines the whole amplitude.
Hence the subtraction terms do not contein any new information.

The applicetion of orossing syrmetry should yield an even strongor
result for, in neutral TN scattering for example, a knowledge of /VM(S,£7
in the elastio 5 strip deternines fy(f,hﬁn a wey which, a priori, does not
guerantec the crossing synmetry relation between then., This cen be further
rsonded (21);  in the 787 psoudoscelar ceso the amount of input information
to dctermiie the amplitudo is reduced to a knowledge of{O(%l) in an arbitrar-
ily snall region of s and t in the elastic regionc with an erbitrerily small
boundary with the boundory ocurve of the double spectral function., TFurther,
Martin (21) has recently shovm that, sterting from the analyticity region
provable fron axionatic local field theory and using uniterity, the region
of analyticity can be extonded to (\%’)»i FL\) QQ (s in out plene
5 = (HA tMg) 4 X, S= (MA *H@)L— V—f ) XJv;o) R is o fixed number =
L. fbrTTﬂ case, This domain can be extended by analytio completion end by
roposbod use of the unitarity condition.

Mendelsta:: (22) has also obteined a domain portly inside and partly
outside this domain, J[Ls o consequence of Moatin's work, the D waves and
highe waves for T ® ~3 7VO7 ° have positive scattering lengths. This is
tiue for the I = o particl weves of "A-=y KA, Sece also $23). Llso /\(9,(,M))
for TWOR® m#>7TO7T°> is bounded numericelly for s, t, n <L4. In fact,

—U < N<K A5
In the physical region, one has ebsolute linits on averages of the anplituds
or of the crogs-scotion. Henco, fron field theory, if we assume no AT\ bound
ssates exist, we have a limitoatdon on the strengbh of the Aiinteraction,
sco olso roforences (24). Tho generalised fiold theory of J. G. Teylor (25)

is en exemple of 2 model satisfying theS-ueirix postulates.,
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L. CROSSING MATRICES, 4BSORPTIVE PARTS, LEHMANN ELLIPSES,

PIRTTLL WAVE ANALITICS

Heving deconposcd into isospin states in one channel, sey S

4 T T
A(S,‘{’)M) = L.ﬂ\s (S)‘(:IU)‘/\
I=e
we can relete the anplitudes ASI to those obtained by decomposing in a crossed

channel say Atl, wvhich will be simply linear combinetions, from the super-

position of stetes, p

ASI(S,’C,M = _Z (413,, A{' (5,6, u)

We can obtain tho crossi ng mebrix F&f, by evaluating the recoupling coefficients
which relate the different coupling schemes in the combination of I spin
<(Jlj1)Jl‘L J}Ju?u‘ by J (J'J37J'5 (J«.Ju)\):\{\)/
‘ . - -t
50 ().ﬁﬁ St )1 (1 )yz) ol ( NI/ ) (1 T o)
1 1%
T
"o

= Loz )z)zng™ 00
(L)(I)(-—l)l’“"‘*z' \ IILiTl
(L)1 )71 Voo
where (I) = 2I +1
Hence |
i, l /s
(é: o T,
‘/\/ —’/'?' ’/L

the significeance of (ZII is thet the elements of the Ith row are factors for
projection of different stotes I' into the I stete and the elements of the
ot

I h column are factors for projection of the I stote into different T

states, Thus for P wove

<«

[ '
P—> I = 0 | b1t
1 t %, ]
2 - A
I = 1
P _'_'%‘ ER /'J
Elements of 1st cclumn are same, so I = O when projected into any state has

some fsctor,

4 further crossing condition but deriving from the identity of the
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crossed TTU process to the direcct one is the "self-consistency" stabtement
T 7/ T/ J 1 1t N/
AS (y" ws®) = A& (v cost ) = A (v , ws &)
Wo cen deconpose the Mandelstem representetion in the following weay, to obtein

o fixed S, sgy, dispersion relation

o9 00
Als &£, u) = A \ A*’(SJ_V "Hr+ l 5 An(s,m’)o\v\'
I w TF pes

A A& Vile v\’_m—'

whore A\ (s ¢n) = ;,‘S {)g{,(s)é.)ru . ’;R 5 /&m st) s’
, A -

wio. Ay Gow) 13‘@ Sw (s,_g«%uuﬂt L g (u.(s', w!) !

sinco T wh-w o B

e —— o t | ] ’
(L' EW(\A’V\.} L + \A"U\ L—L' \'——G—U\’]
the lover limits on the 1;1¥egrfxls are of courso the boundaries of the double

spoctral region. We zlso mote that, since L(s, t, u) is onalytic in this
region, it cen be expanded in e power series, or better in a Legendre series
end thet this is Juut the pertial vave expansion
Ay (s, e, n) s J{Z, (240 T A (). ‘L“ + S_l__t
=0 -

. . . . . . +
This oxpansion will converge in en ollipse which has focl Z = = 1 where

2t d.e. t =0 anl t =L -~ 8, the bounderies of the physical
=,

region, and which just touches the first singulerity. The information thet the

Z = 1+

series is destined to diverge al o certain point is contained in the coefficients

Imb, (3). Now,)_Cn P (2) converges in an ellipse semi exes

~ '_(p-l—_‘_/) ) (/7——->

whexo /) is redius of convergence oi Z (u - "

- I/
n
59, ('-” = /(ff.'.\"' L }C.\ J
> 00
yie mvo the single dispersion relation o
\ [T A el L Ton Als,0) dan!
Als bwr=d ALt - AR
T Jy -k N wi-n

Now, the partisl wave series diverges in most regions, however we cen still
defins the pertial wave amplitude, use it to calculate with, and finelly sun
~ it only in the ph:,rsicﬁl region

A((S} : 'F (o8)  Als % V')(‘\((,Vfg)

Perticl wave amp]j.‘l:ucleu are easier to work with because of' the simple form of

{
T
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the unitery condition., However crossing relations are slightly more compliceted.
Fron experinent, one expects that in the physical region the amplitude will be
well epproxinated by a few partiel waves, however this may not be true awey fron
this region.

If we insert the Mandelstam represontotion we obtain the anelytic
properties of the ; A{Jk)] , Wwhich are simply enclytic in the s plane with
cuts [0,00] , [-1, -dﬂ.

The right hend cut is the physical cut or rescattering cut and the left
hend cut is the unphysicel or force cut. The exchenge of particles mass in or
the intoraction with Yukewo potentiel range l/m, lead to force singularities
near s = -m2. Short range forces occur on the far left and for low physical
energies one oxpects them to bo unimportant., This leads to the "nesrest
singulerity" doctrine, which has been used extensively.

THE SIGNIFICLNCE OF THE.IEFT [LND CUT

For physicel intuition, one might turn to potentiel theory. Generel
anelytic properties have been the subject of ruch study. [ review article due
to Nevrton (12) covers squore well, zero range, rcpulsive core and exponential
potontials. . review by Bargmann (13) reviews soluble potentiszl nodels.
Yukawe potentials for s- waves are treated by (14) Mertin, Jost, Regge and

r.ertin, R, B, Pelorls

Juds,

RN

f:)-‘ ."{a E. :’:-'j'«l"lb‘
and for { #0 by (15) Martin

&, 1

Finite range potentisls heve left hend poles only e.g. renge 4,strength vo,
”Z‘kp‘ -k o d k/ , k.od R

S«(V\) z ¢ ' . ce Sk f{ (1 ‘ ko\ S‘Wﬂ, 1} k¢,7 ki"'l\’o\

© cos k, d -—(Lk/(/_b)- SR Ko d

and an essentielly sinpulaerity at \k\==a3.

has
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Infini%e renge potentials have left hand outs, except the expunentiel potential

which has poles only., Oscillating potentisls can give extrs poles ("redundent"
poles). The potential corresponding to a single pole is the Eckart potential,
see Bargnann.

Jin and Martin, assuging & finite number of subiractions in MR + U, heve
shoim that the left hand discontinuity rnust change sign at least £ tinos.
In genoral, there is no casy wey to extract the discontinuity on the left hand
cut, givea the potential, The best one can do is give an iteration procedure
for gredueally extracting more and further loft hand cut; the Born iteration
procadure,
THE BORN ITERATTON PROCEDURE

The Born term in potential scattering is (16)
\ 00
4(@“): —E d v ‘ngt\)
0 +
this occurs as & separatc term in the potential theory Mandelstam represcntation.
0 oo / / ,
£(s,{.7 = J:rs“) } ﬂ ( il - £ ’t—)—”"‘““
° > (s L-S—fq )(€’~{)
end es the inhomegeneous term in the integral cquation
% , 37T, ! Y — T i Cat
Lo fora - (LB V(ZR) 4050w
< (a7)3 k'F— ke
V is the Tourier transf. of potential,

Lre.ool sel i This has

- ~ . >
’[ .\' ) - L (k{. T )—Ej ? 3’ ':‘--E} )l 1‘() —%g (\ —(d(>
(o f (27) D(k)
I A D have uniforinly convergent series expansion., This generates tho

Trz ol series, each tern of which is enelytic in the desired cut plant.

Tiis 3ozn vern has partisal wave pro jection
e

(f C{.,\ f(,u)'._g‘ (L\A-M%S]

Spe L

K - '[l-&—‘/]
or for a sinple potential £ (v) = J/;»r' O VARE N

which only hes a left hand cut.,

The sccond Born term has parbial wave projection which oannat be.doner

explicitly, however it has cuts on



right and left, and ell higher Born terns slso have a ri%ht hend cut

s Tub () = 50 L@ 1+0%0)]" v2o
Indecd, eventually the right ha;d cut will satisfy unitarity. Thus, the Born
epproximation iz not unitery, but the usual procedure is to take the left hond
cut from the Bora approximation end unitarise by N/D.

Note that the Born series is a power series in gz. It is to be remarked
that a pole in t although ocecurring in the singularities of a Yukawa potential,
is not the vhole contribution, but the first Born term. In addition, the
Yukawa potential has other breanch points at

k™= —-/_&T') '/u\‘) "q/_:_‘: , .. _'i-* (v“/“)qz nth Born tern,
Thus single particle exchenge, in the reletivistic case, corresponds to the
first Born term of a Yukawa potentizl,

One cen projoct out right and left cubts fronm the non-relativistic
Mendelstam representation, The additionel cuts apert from the lst Born term

ere conteined in the double spectral tern

ST e 1)

, : N
o T Yyw? I3 Sl-¢—ig

giving left hand cut 00

- “ A
Lm(ﬂh"g&g): j ‘;{g

[+

oo, plsU) P L. 0f—s- L&’
tw? (?\ Lp;l s"‘:.s')"c[Hi?] (- éf‘)

end right hend cut 0 W (6" e0) | X L
T : - @ . § )E 7. . Q l -+ —_— Y ? 0
Lw\ {((() - “L"Mq‘ ./:T. ﬁ 25 1 ' ]

THE BORN APPROXTHATION

The Born approxination is valid at high enough energles in potential

scattering provided (17) {
] 4 g
{r}, (+) ~=» slower then ®

4+ >0
The extension to the relotivistic case wos argued by Noyes and Wong (17).

BGKT studied the oxponential potential and ooncluded that the epproximation

wes not nocessarily rclisble {sec also Seotion 7). In relativistic

calculations, because of difficulties of compubation, the inclusion of the Born
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term has been & popular approxination, since it has an appealing interprotation
es e single particle oxchange; however rooently several authors (18) have
indicated despeir of this nechanisn.

INELASTICITY
Whon there are soverel chamnels open, i.e., two incoming particles, there
ere various allowod outgoing states containing different types of particle, not
necesserily all two-body states. Unitarity reeds, from equation ebove
Twm A, = lqﬂ lz + Z 'C‘lﬁ ‘ *
can be written = R. (“ 1 l ¢
R
LK. =1 below inelestic threshold
It might olso be remarked thet R(y ) has cuts sterting at% yi% the inelastic
thresholds, In certain cases these will be below the elestic threshold, e.g.
NN — NN hes & 7% @ut, so thet R (V) function would have a branch cut
fron &4 mﬂz ~>00 , We discuss consequences of inelasticity in later sections.
Henilton (30) shows that
ifR — then o — O(—";)

vV —> o0 ) V=
this is self contradictory, hence R must remain bounded. Roughly speeking,
the incident wave strikes en arce 47K szd physically the bound demands thet o
finite fraction of the waves strikir;g this arce will be scattered or absorbed.
If conpletely inclastic then (2) —5 00 (6 = x4+ "(5 )

end S0 T 2
50 AV Je A(v) 0

V=

Ve

T A(y) — LAV

V o0

L
2

..+ . Experinontally 5k =~ 0,16 17 Gar TN, R =6

Chob
0.2, 19 Gev  FN, R

11
+



Models have been given (29) which predict
l”( ~ |
L = a0
h —
YS —> o0

THRESHOLD BEHLVIOUR
Ncer threshold we expect that behaviour will be as in Scohrodinger

cquetion and this is  Re Ap(v) « v

hence, from elastic uniterity, Jw Ae (V) X V:M+LL

This is due to the prosonce of the contrifugel berrier term X (£+10)
Y_'l

SUBTRACTIONS

If £ - constant, then apply dispersion relation to ('(’(”" '((’("))/(""Xo)

then (\(_y 0 __[vv\ '\(x’)ﬁl?(’
{x) = Yo) + [ °)f ————t"—-—‘ —
%(\( ) RQ.(( U) ( T< —oD (\(/—-\(a)(x’—ﬁ(w )( #Yo ,
principal value taken et both poles,
If £~ 0 (X7) and if analytic near X, on reel axis, then

[1) = (o) = (e f10e0) = T = (w7 (xxe)” £ 06

we !

(X = %,

R&F(x) = ﬁQ-F'(%n)-F (&—xo)t}&.{’/xo) PR

+ (t\.!)". (7("‘(0>b\ ‘\}.\)-Q{“(X )
N e

" - !
vy —_—) R _(h’)"(Y’\u)“I\Ima /V )J
(2= x)(x'— x, )™ - ()

The principel velue necd only be taken at X, for, neer XO

' Kot &

Awn dx' = o cauchy limit

E—o Xo—§ . ¢ Yo +8
hence can replace by v & —-j: } . it ordinery Iinite

e [y

THE SECOND SHEET OF THE PARTIAL WAVE LMPLITUDE
Using elastic unitarity, we can continue through the elastic out to the
second sheot, Bumps in observed amplitudes arc sssociated with the occurrence

of unstable particles in intermediate states, which cen be naturally related
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to pairs of poles on the socond sheet. In most models, varistion of parameters
continuously connects resonsnce, polecs with stable bound state poles. 4Ls the
poles retreet into the second sheet, it is not clear at what point they cesase
to qualify es particles and this will lead to trouble in broken symmetry schenes.
Compound structurc of e bound stabte can be essocieted with second sheet cut
structure.

OTHER REPRESENTATIONS

%o have not spaece to discuss important extensions of M.R, by Regge (31)
Khuri (32) Chew (33), Junes (34) and Eden (35) and others (36). / summery of

requirements end formulations hes been given by Eden (35).

EXPERTMENTAL INFORMLTION ON THE TWO PION SYSTEH
1., General features

Over the whole of strong interaction scattering processes, certain general
foatures emerge. Most of them have not been verified for the 7WA system, but
we assune they obtein in TN scettering.

(1) In the low energy region, the cross sections can be well fitted with o
few low partial waves, which can often bo expressed by an effective range
fornule. J{is the energy increases more and higher pertial weves ere nceded -
the threshold beheviour of higher waves lcads one to expect this t0 a certain
extent.

(ii) Most reactions have resonances each of which occurs in one pertiel

- wave only. There is usuelly only one resonance in any one partiel weve. S

wave resonences are more rere then those of spin 1 or spin 2,

(iii) Lt higher cnergies (37) nany chennels open end the scattering bocones
strongly inclestic. It becomes strongly poekod in the forward direction, with
usually o sneller peek in the beckward dircction. In theso "diffraction" peeks

the amplitude is olmost purely imeginery, corresponding to very strong
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ebsorption. Lt 15 Gov, thoro is atill 25 5% xaal pert loft in the furward
direction, The diffraction peck has form

de o o™
d N
(iv) 4t high energies (10 ~ 30 Gev.) and lerge ongles, the seettering for

several diff'crent processes agrees well, over a multiplinrative rangs of :'09}

with the Orear formuls (38) ff "= L. exp (-agsind)
in. 8§
l ~ 160 Mev/G for processes pp — PP
pp—r TR+

Deduction of XX date from other reections (39).

The mein fecturcs thet emerge are three resoncnces

So éo 740  Hev vridth 90 Mew
Py 765 £ 3 Mer (% = 6) width 124 Mew.
+
D, £ 1255 ¥ 20 Mev (3, =19) " 116 %6 Mew.

The S0 hes a large scattering length which is the subject of nuch speculation.

The 32 wave is sneller and less occessible. TFollowing Booth end [ibashiarn

(39) we list é:cisﬁing nethods of deducing the Ti7i emplitude from other processes.
(i) Tinel stete interrction (40)in pion production experinments

() p+a- Heo 4 2T
(b) W +N~—+ 27 +N.
(ii) finel state interaction in decay processes (41)

k +

-3 3K.
(iii) one pion exchange model in pion (42)
production experiments

R+ M= 27 +N.

(iv) other models of pion production
(&) stotic theory of Schnitzer (43)

(b) extraction of cherge oxohenge cross section (L4k)
(v)  threshold anomelies (45)

(vi) K - N scattering (46)
2K ocircular cut
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(vii) N - N scattering (47)

(J » UJ oxchange

Thoe 5, resonence, Eo’ is a recent discovery and not yet firmly e stablished
(48). Chew hes suggested (49) that the 8 o, Weve has a decreasing phase shi f%,
at 770 Mew, associated with a ghost state of a Regge pole with imaginary ness
m2 = ~1,0 G-ev2 where the Regge treojectory cuts J = 0. This would give |

] 2, ~ 0.6 end 6 = —’(/2 near 0.6 Geve. It would also mean 8, nogetive, in

direct contradiction with the results of Hemilton etal. The results of many
analyses lead to tho general result that the So scettering length is large
By 1.0. The 82 wave is not very well knowm, but is thought to be
~ ;g,SO Weve Cefe 8, 0.4, Some workers (5) believe in the existence of a
g ieson in 8~ 40O Mev. L rocent review is by Rosenfeld (51).

L recent expcriment (52) for T=p — -;;07-\°n ~ 2 Gov. pion momentun
detects neithor éo nord@ .,

The large S’ scattering length has been etbtributed to the presence of 2
virtual perticle. Bamt (53),
i, L. 9. 503a% -, Ll ' 3'73 642 uses o Regge {ormulation.
D. Ltkinson (54) cells it on entiboand state due to a pole below threshold on
the second sheot. Finelly we mention a recent ambitious £it (55) of o onc pion
cxchange model, with forn factor and off sholl corrections, to

‘ TN =R N 1.3 Gex’
obtains wost of the expocted effects including the £ y,put not the 0~ 'o and |
gets the {J width as 170 HMev. £, s Tlwo Mev )W"‘X Y Qo0 Mev,

He obtains curves for D2 end Fl waves elso

J'}SE = -‘0.33
+
£ 1250 width 40 Mov. - somuler sel @ i The - e

0



ASYHPTOTIC BEHAVIOUR LND BOUNDS ON THE LMPLITUDE

(2) Pomeranchuk theoren;
(b) Rigorous bounds;
(¢) tsymptotic behaviour of partial wave smplitudes.

THE POMERANCHUK THEOREUM

There have been meny proofs (56) of the theorcm

0

tot ) tot . -
LB ey 4B ONEYEY ey 5o 4B > UIB
lLlso if 6710’0 ~> constant, then the differcnce nust decrease as fast as

1/ (log E)%.

Martin (57) showed that the necessary ossumptions are

(1) inside the ~malyticity domain, the forward smplitude is bounded by
C(E). exp [_’- 1¢1], for arbitrarily smell £ .

(ii) for s physicecl ‘Fg S, q_)_l -» 0.
| st-|Log s|

6~ 0. s

(1i1) ( B I;B) approaches sone linit.
If eny of these threec essunptions ere relexed counter exemples can be found.
Eden (58) showed thet if

. s > L+ €
log B 2 tot 7~ (1log E)

then assunption (ii) can be replaced by unitarity.

RIGOROUS BOUXDS

llf‘( S, 02|

51 (iog d = °

There is en extension to the resl part: I
end if [B_G.}:-“.(S‘.)_,.t.%",l“(:ﬁ)i) ~ some linit,
then this limit = 0. 4lso to the modulus: If ‘ F(s, 0) ' is bounded by SN and

F(;‘: o)
F(-s, og

assunes that IoF(s, t) does not oscillate infinitely many tines at large

if limit oxists, then it is 1. This extends to finite t { o if one

energles,
L review of rigorous bounds has been published by Mertin (59). The bounds

dspend upon what assumptions arc used, of course. If onc assunes enalyticity
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in§ for o(¢t{1 then L(s, 8)< Os° o (b Ak

(s, D] < 167 5. 1og® (s )
9751 > 1og_23.

( Ttot)2
If one assumes full M.R, #nd & polynomial bound, then
ligs, | ¢ ¢ 10672 s/(1 - z%)

heeording to Martin, the linit on the strongth of intersction comes from tho
polynonisl bound, Jin and Martin (60)showed that in o t¢ 4, the number of
subtractions necded does not oxceed twv.

Eden (61) hes shown how to determine the phase in the high cnergy limit,
given the behaviour of G;‘;:ot and n crossing condition.
PLRTIAL WAVE {MPLITUDES

Fron the clastic unitarity condition
-1 Vv

f ) = e |

I/ 1( ) 5 o

call Imh = I, RC.[: = R

then I = / v .[12 +R2J.

Ny A
. [V - 1.R? [<5s =0
V4 1 v + ——
v
I = 1i‘ﬁ - L;RZV/‘H._%_ = %Jlti . [_15.‘ IJI 1 - m@.,.;m }
= v Y+ 1
- vl ..‘LJ e
when R = o, I = Sl Vi
when n_hg_i\{w > 1, - I becomes imaginary, which case
Y o+ 1 must be excluded.

We thus obtain the bounds

7
I < j %i*- ottained wvhen R = o
| ®| ¢ %_j'v;?”“ attained when I = %J/%:Lh

When inelesticity is included, the results saro only chenged slightly, for, es
discussed, R remains bounded. Thus we obtain the analogous results with

A/V = replaced by R/_J\-;E .
Fron the Froissart bound, Ik (v) < C.V 2, exp L _1(1;0/1{2) 5_‘

hence Imhq(V) bocomos negligible for 1 > L where
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L < 2(35-,-)2 . logs
o]

*e Inky (V) 0

ey )
[
but, qlrmé 1 ¢t 1= o
1 —=?ed 1300
e Ro./*l(\l) ) end negligible for 1 »>»> L.
1 -

These bounds for 1 ~= @ presunably include the fect thet for
(21 + 1) Irﬂ.[ul(v) Pl(z)
1

to converge, we must have

T%nzo\xml(v). (21 + 1)"1/1‘ = f

where the semi-axes of the ellipse of convergencec are

1 g 1
z(f+5), =2 (/’-— =)
f f
Most theorics also agree that gl(v) — nNe.
V —> o0
Trom the Phragnon-Lirmilof theorem, if we assune
(2) Al(y) continuous on real nxis apert possibly from finite interval

(b) It does not grow exponenticlly, as lvi-%oin w.hep., i.c., polynonially

= oVe) I3 7
bovaded o Los Lh(v) |

[ %]

(o) Idmits Ly(v) =3 oo oxist, then

vl s oo

.[\l( +OO) = .[11( —GO)'
Hence we heve o 1linit on the strength of the force discontinuity namely thet

Iztuﬁ.l("l) % gonst., = Rl( +oo)-
Yo~y T 00

In preparafion for considerations in the next chapter, we try to get a
cleer picture of tho partial wave series in the physical region. We have said
thet wo expect thore to be dominance of a few partial weves at low energies in
the physicel region. s [cos(’/l incrcases oubt of the physical region, higher
waves come in end accunulate at the boundories of the double spectral regions.

Ls the enorgy inerceses, more pertial waves occur, until we reach the

esynptotic region, Herc, most of the enplitude is in the forwerd end backward
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diffraction pecks with repid foll-off at lerger anglos. JLlso the totel

asynptotic behaviour is 4(s, t) = 8§ for t = o, It is also, probably,
5 =3 oC
purely inclestic. The pertiel waves thus iwust eithcr become pure ineginery or

clso cdjust thoir phases to concel out the real parts. hes 1 2 v
e3-boooe PUTT tnesinems aswoneed the series to converge, The diffreotion

poelk clerrly conteoins neny feirly equel pertiel iroves.
Loy fron the diffrection peak, the constructive interfercnce rapidly

becones Gestructive, end gives ¢ low volue to tho sum of the series.

HIGH ENERGY LIMIT OF PLRTILL WLVES
it high enorgics, the amplitude peeks strongly in the forward direction.,
For ony shape of peok wo cen estinete the pertial wove content of the

amplitude ot high energy by approxinating by o constent emplitude

= c(v) z = [1, zo(v)] , = © z:’m[zo(v), - 11
1
then 4q(y) = g‘('y‘)_J P.(z) da.
L 2 ] zo(y) 1 1\
novs Pl(‘l) = 1 111 . 3 7 >

end low weves 1ill be slowly vorying within a narrow peck. Hence

I"l(\") = C(y). L'I - Zo(v)] /2 ~ indep. of 1
the same for all weoves until sufficiently high 1, when oscilletions within
the pesk will czuso e reduction in the velue of I_l(y) . If now, wo take the
peck to very with Y , such as to retein a fixed width t, cs a function of t,

- the nmonentun trensfor

6,() = 1+ 28, = 1 + 2%0
S5 = 1+ l{.y
- £1(v) = c(v) - -to/y, 1> I(v) sey
henco if a/tot = tok 4 constent
S S e Y]

50 c(v) o V .

thon I'.l(v) Y constant > 1()
V = O ’
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clearly L(y) .o o0  ond the high weves approa¢h the sene constent, bub
VY > a0
progressively more slovwly.

If we oy o S - function peak
Y P

()= SvG-1) = 1. (3-1)
by :
we get all waves equel.

The phenomologicel peak is actually exponontisl in t, of course. Further

the pertiel waves are found to becone purely inagincry in the high encrgy

linit. The velue of I’L depends upon the nodel, for G\J;ot ~ Cq .10325

width of veck ¥ (s) ~ 02/10523.

+then bq o~ 01/02

For Regge model k\ - 1.

BXprriliontsl Asylhptdtie boHoVicur and

Theoreticel asyoptotic bounds
It is important to be clear exanctly what problem one is doing. If we are
looking at the co 'sequences of N.R. + U, then we cen use the rigorously proved
bounds, and we ere doing o nathenatical investigetion of a set of equetions and
even if dispersion theory turns out not to be physical i.e. be & nodel of the
real world, then our results still heve e neaning., IT we go further end put in
experinentel ssynptotic beheviour, then we cre assuming M R + U is physiceal.
The euthor fecls this is particulerly relovent when neking severel different
cpproxinations which ney lead to quite o different amplitude to the physicel
one, even if M R + U is true in its exact fornm. Thus, essuning elastic
uniterity ney leed to different solutions with different asymptotic behaviour
end inposing some experiuental constraint in this cese might be invelid end

lesd to distortion.
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THE LSYMPTOTIC BEHAVIOUR OF PRINCIPLL VAIUE INTEGRLIS (63)

To find the esymptotic behaviour of
20
£(y) = gJ fg__‘(’z:)” ) dyl/ (1)
o)

) 'Y

given the asymptotic bohaviour of /a(\,') is fairly simple for V values outsido
on engle including the out, but, within this angle, one has a nore complicated
situation and a knowledge of the asymptotic bound of /J'(V') is glso needed.
Then the theoren of Lenz and .Prosperi (63) is thet,if

(a) (1) exists o
- AV AR Y
® T v st lpON]< iy i
(@ [P () e (V) v >y

! . . PR 3 v
where 8o (V) is a continuous positive function not smeller than eonst/ y’°C+ 1

Q

then the following reguletions hold

of £ |
l£(v)| < "’C‘loc Llog (x g(x+1) ) + constl _
O | IvI> v 1@l 4
o, T i>v, 4l 2g
(1) | £O)] < ey . [2 log (X25(X)) + log x + const |
1 ’ -
| 0] < ,°V|2 . log. |v] MESIRLE i(\
ff(V)|< %o [v] > v,
and if - o = n"‘:x!"/' o « ¢ 1
and if j:o(-’(f),y"'év’:o, 1i=0 4+ 4. q- 3%
then, for g = =n
£(y) c,;' . 2 log (x1+ glx) ) + 4 log x + const
V) cj's 1 + const, , log =
Lor gl n g 2"
:q' £.1 o, ,"’-. lz \ 7\6'

R S YRy
where'y = X 4 iy, ¢ fidd in 0, /o -

.j H C T e G 11! " - Lt X ) ~’
1 2 \}1 \)2 ¥ o positive numberé',

"



20

Applying these results to I.l_( ) restricts Inl. (v) end Im.isl(y).

g
i

/
If the derivative Iw/.'(V ) is bounded by & power of )} then the rizht hand

1
integral is bounded by coustant.log l\/‘ . If we ossume thev Ial(\'l) ~ C, V(S
end that Inky —3 linit  then to se tlsfy‘.(_l(v)l < J Vil F <N
Y % o0
we nust heve I",nl( -s0) = Im[ﬂl( +o0) - to give c;ncellutn.on of the logerithns

from left ond right as V — +00). Then Ll(v) is bounded in every direction
of the complex plan..
If, on the othor hand, we merely assune IzJ.Al(v) bounded as ¥V — =~ 0D

and derivativo bounded by power of YV then ‘ .Ll(y)l-w) conste log |\/]

ey 0O
in 011 directions. This actually foroces Vo
l L(s, t)| ~—> const. s ]_og3 s

5 w00 oxcept snall angle neer

t (o negative rezl axis
This egrees with the Regge behaviour

X(t)
- P
L(s, t) — 8 o (0) < 1. (2)
. s -~y 00 ™

Omnes hes shown theb, cssuning (2)

|Im[-.1(v)l~r9 £ const. fv] X (o) - %
v - o0

.'.).Ll(v)\ -3 s const. '\’\ % (o) - 1_ log v
--,> OO

e
’.\A(s, t)\ v \sl (o) log3 s
§ =) o0 *
fnother consequence of the theorem is that to justify N/D nethod, since one
~ o N
needs the Ormes function D(v) bounded by I"l'{‘ 28 Vus 00 , one nercly necds
S(V) bounded as Y —=d>di.c. lin Sl(v) need not exist.

V= 0D
PLRTILL WLVE DISPERSION RELLTIONS

The /D nothod
If we define the subprobler, given the leit hand cut discontinuity, end
siven thet the auplitude obeys unitarity on tho right hend cut, construct the

anplitude, then a veariety of nethods have been suggested., The nost popular is
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the N/D method (65). One conjectures thet L(v) cen be written in the Torn
L(y) = 1(v)/O)

where N(y) only has & left hend cut end D(¥) only o right hend cut. This

separction is oer‘bﬁinly possible in potentizl theory (66)

. () e 'k
b (V) = {L ; el —felo] [ak

and can be cerried out in the elastic case sincc one can explicitly construct

the function ™ ~ ’ . "Vo)fo dy . SQ (v') ]
' DQ (v) - F [ ) (v’—V(,)(VI'V)

~
Now, 'LW\.N&(\,‘) = T Ay (v). Dy (v) ve-!
= o v o> - |
T De (v = — Nelv) Relv) i \;zg
R (DR 11' R O < 2 B R el B SO PR AT,
Tl Ty R ]-;o v ?_—_VL(_.l '
end writing D(y) in subiracted form
D(v) = v=v ) (Tdy ! T DO
(=1 e () A =i
= = () [T (2 REONTD
n 0 LAL B IVISRVA TRV VAR
Fron these N/D crustions one cem write en integrel equation for N or D:-
- )
D () = | = (=) [ A Mol v o ()
vthere I vy [ ¥ e o
HQJ\'), _‘{j 5’2(" )fv.:, (v._vo)(v—-v)(v"/>

Howevor, the equations are slnost ocertainly non -Fredholn,

Homilton (67) derives a necesszry condition f or the equation to be of
Fredholn type, §-‘l r\v"‘LA(V")lz L oo
vhich is alnost cer‘bai;l].?; not the cose.

The Urotsky forn of N/D_(68)
iS N(‘/) = ’3(\/) + l JO (jV"J v! . N{"'), [E(V’)'— v VD> B(V)J

7 vid viev v',-v;)
where R(y) - ‘_E_‘ alv'.'\/_!'__-[v’?(ﬂ-‘ v’G(v_'l],N(v')
o0 Vit v - A

The cquation for D as before. This is a much better form, as one only needs
B (¥) for V in Lu}eo'l and the integrel cquation for N(v) is not singuler,
however it is non Frodholn. Jnother form is due to Frye end Wernock (69) and

incorporates inelastioity in a netural way
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N J

R N = B+ f‘”’(m{z [ = v B0 ) N

! ;
n v + ¢ Y — Vv

They give a thorough discussion of this method.
The unsubtrected form of Uretsky N/D is

Miv) = B(v) + L {'é A [ N{v’)I 8(v) -@gw]

T At VvV — vy’
= 9 ' ] !
D(v) ’"Ho Af’gj _i\_f_’(_T/l
The /D nethod has also been extended to conplex 1.
THE CDD JMBIGUITY (70)
Given the left hand cut end given that uniterity holds on the right, we can
virite the N/D equotions, given in the previous scetion. If we 2dd poles to
D(v),then we obtain ¢ &ifferent solution L, but it has the same left hand cut
end sgbtisfios the sowe unitarity condition, Thus the problem has on infinite
number of solutions and an infinite number of arbitrery perancters. Ve have
not specified the asymptotic bohaviour of 4L we require, but this does not
appe ar to limit +the CDD poles.

e do.not kmow how nany solutions the integrel equetion for N(y) will have,
if any, anc¢ if so how nany parcmeters will be involved. Of course, adding &
self-consistency or bootstrep requirement will have & big effeet and will
elnost certainly greatly reduce the number of paraneters.

One can also introduce other prineiples to get over the dilemma, the
usuel oﬁe being to soy bluntly thet there shall be nc CDD poles in the
acceptable solution. This cen be enforced by requiring that Levinson's

theoren be setisfied

3 (=) ~8(0) = (“E'—V\QDD>-’T = g

b

Noto thatct CDD polc the emplitude = 0, so that it does not correspond exactly
to e particle. Perticles corrospond to zeros of D, but the ecrbitrary poraneters
of the CDD polec can ensure a zoro of D et an arbitrary plece vwith arbitrary
gredient. Henee CUD poles are closely related to the existence of incaleul-

eble particles. In their treetment of the Zachariasen nodel, Gell, Mann &
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Zachariesen (71) introduced an extra perticle by oxplicitly adding o pole %o
D, howtver thoy took the position of the particle to be the position of the
CDD pole. However, in e later trectment (72), the (DD pole parameters t*, u

ere used to introduce an elementary perticle gz, m2, the conditions
D(wm*) =0
()-,, = (sewmr) . T{s) ‘x=w\1

being used to eliminctc r end z in terms of 82, mz. In the treatment by
Goll-Mann and Zachariasen’the golution with no CDD poie corresponded to a
Lagrengien yith bubble interaction only and the solution with a CDD pole
corresponded to the addition of graphs containing en extra particle, which
appeared in the Lograngion.
IEVINSON'S, TIEOREM. (73)

Wle first list the significance of poles cnd zeros on the physical shect

pole of L - particle assumed alwcys on reel oxis, cennot occur on
unitarity cut

zero of &' - cen occur cnywhere
pole of D - cen occur (CDD pole)

zevo of D ~ perticle.
There will be no zeros of D on the physical cut. Resonances
correspond to zeros of ReD on the physical cut., CHI prove no
zeros of D in complex planc if N(v') does not change sign,
henes provided N hos no zero on real axis

polc of N - pearticle

zero of N ~ can occur, Probebly cen only coincide with & zero of D in a
single chamnel celeulation, not in all channels sinultencously
in a every channel calculsation. [ caheident zero of N end
zero of D is a ghost peorticle, end effects the assignment of
perticles uto zeros of D, possibly neking Levinson's thcorenm
en inoquality rather then cquelity,

pole of L. - nay corrcspond to zero of N or pole of
zoro of [ - particle, can be zero of D or pole of N. Moffat found =
condition for no conplex gzeros of L ', which wos satisfied
by his solution,
), . "'1 - P -.:
Lnother point s@bout 4 = is that, for a zerc of Rel, we con have either Rel =.

. -1
or « Tor o pole of L, vic nust have a zero of L .
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" If we have the following problen: "Given discontinuity on the left and

that o dispersion relation holds and uniterity holds on the right, determine
the amplitude", then the question arises, can we determine the nuinber of bound
states end their positions end residues uniquely? In potential theory,
Bergnan (74) hos shown EJ whole classes of potentials which all lcad to the
sene phase shift but differ in bound states.,

It is hopod)in reletivistic theory)thaﬁ the bound states will bc»caloul-
cble., This could well arise es a result of crossing synwetry and self
consistency deumends. In addition, it has beon widely proposed that thers should
be no CDD poles in the covrect solution., This is sometines desoribed as
Levinsont's theorcn being velid. It is certainly an extrea constraint on the
solution, Tor, suppose vwe cre given the above-nentioned information, then, in
order to deternine L we cssume it has an N/D deconposition. We do not know how
nany poles there will be in the N function. We assune there will be n say.

We erssume no poles in D and caleulate D. Irom the asymplotic phase of D we
deternine tho number of zeros of D. Ve can aolso determine their residucs and
positions. We can cerry out this process for n= o, 1, 2 , . We now look at
this femily of solutions and pick out the onc which obeys crossing i.e. that
ties up with equetions and bound states in other chanmels. Of coursc, it ngy
be true thet these are gbitrery and incalculeble, or they may be deternined by
crossing.

The theorem follows by using tho thcoren (75)

_ @’ﬁz‘ . dz = N-=P

AT J¢ T(—{T
where £(z) is snalytic inside and on closcd contour C apert fron = finite
nurnber of polesP end zeros N, ond is not zero on the contour. This theoren
is appliodtgo the D fu?ction% so the left hend side becomes
,E:'Tgo dz. 0(% oo | szy‘g) /D (w-ie))]

[ 0] [ & (o) =3¢ (]

| S
Sy Ay, 4 Lo
i )
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Levinson proved that D hos no poles in potential thoory, so thot
i 1 g( (0) - g_(, '/.90)] = no. of zeros of D

which is gevinson’s theoren, &eros of D correspond to pearticles. If N happens
to have a coincident zero then this will be ¢ ghost perticle. This neans that
strictly the assignnont of the number of perticles to the nunber of zeros of
D is an inequality.

Chew hes renarked (76) that "bound stetos tend to produce a decrcase of
phase shifts" which is an interesting wey of viewing Levinson's theorem.

Relativistic troasbments of Levinson's theoren

Wernock's proof (77) requires thot L satisfy a dispersion relation.
Inelasticity can occur, aond the inaginary part of the phasc shift was subject
to mild restrictions. The N/D integral equntion wes essumed to be of Fredholn
type with non-vanishing determinent. The theoren is

i [X(O) ~5{(w)] = We —

T
n- = no. of bound states. nec =‘numbbr of “CDD ppleé. Ve )

Tor complete gonerelity of solution, Warnock ellowed CDD polcs on the real axis
below threshold,

Cherap (78) on the other hand used LSZ with a scalar hermitian ficld, His

result weos _
LS(e) =S ()] = ne — p
K

3(00) neaning the réal part of £(w)

ne = no. of poles of D,

I

P nunber of pearticle poles with Z3 = 0, p is also the nunber of perticle

polos in the propegetor. Charap obtained his result by considering the integral
equation for the vertex function and some of the p poles occur on the seeond
shoet of this function.

Choudbury (79) showed thet the Zachariascn nodel obeys Warnock's form end not

Charap's.,
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Heg n (80) has given & field theoretic proof which agrees with Wernock's ond

the Zachariesen nodel, but disegrees with Charap's.

MANY CHAINEL LEVINSON'S THEOREM /IND THE EFFECT OF INELASTICITY

When considoering the relation between single channel calculetions, in which
the prescnce of obthor channels is representcd by an inelesticity function IQ(Y)
or (l(V) and the full multichannel nmatrix caleulotion, the quostion arises os
to whether one vill get the same result in cach case and also whether the
application of ILovinson's theoren in a single channel forn in coch chamcl is
reas.neble,

Bonder, Coulter and Shaw (81) showed that the two results could be differ=
ent when the foroes in the inelastic channel 2 were sufficient to produce o
bound state in thet chennel. On coupling to channel 1 this would produce &
resonence in A“(ﬂ. However, in this case, putting in the correct inelasticity
factor fron the multichannel solution into o single channel caloulation of chammel
1l gives.e. different function. D Atkinson etel (82) indicoted thet in order
to get the seome function, one hes to introduce e CDD pole into the single
channel caleulation. They proposcd on elternative Tori of Levinson's theoren,
applying to the ecigenemplitudes obtoined by diagonalising T above the highest

threshold, by a real orthogonel energy independent matrix 0. TFor two channels:
@ () "'"(L)
\ L“ - o T + \(3 I
«L - oA ( Tf\)“ T('A.-\
“j{‘]([)'x l‘:“" (S )

pr b (»’”T“’ ot T

Thus, the single chennel emplitudes ere sums of eigensmplitudes, best

represented un organd disgrem, The eigenamplituldes obey e unitarity condition
T T V) = IT“’IL (=1, 2 $ 25,

)
—_— () L6 .
re) PRLASFNE T

t R
() s the eigenphese shifts, ere rcel for 32 4% , however T Yﬂwill.have

2 ?

addition branch cuts fron 01, F and simple assumptions had to be made ebout

these,
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Defining S ‘(Sl) = D) the Levinson theoren e

; V\'B“) = ——'\E 6(;)(007
Z_‘ M r),(\} is the +totel nuaber of bounld states in oll chamnels, Thus the
nen physicel principle is thet the eigencmplitudos cre more netural physical
quentitics cnd compositeness is decided in reletion Yo thens  The poles in
the eijenenplitudos produce phase changes in thoem, end this is communiocated
in a complicsted wey by vector addition to the single channel e.mp]itudes.
Whotlicr or not o rosonence in on eigenenplitude produces o resonance in a
single chennel emplitude depends on the reletive sizes of the eigenanplitudes.
In the TN, \<\’<—, \)\’1 3 channel cese, e simple estimete for the f pole is

obtoined fron 'i:ho S u{ 737 conbinetio
- ! N
\ Sy o= ‘ll ‘TT)\/ + P!: ]Kh

Thus, fron the cronk-shaft rule, if the f occurs as & pole of &n c¢igen-

enplitude it 1/ill occur in the single chemmel 7T calculeation end no CDD
pole will be nccessary.

In = cose like this }'.'.'hore o resonance is lergely in one chennel,
then it can be obiteined in e sinile channel celculetion in that channel.

% cannot be obbainad in & single channel calcul:etion in enother chennel.

Thus [7 connot be bootstrepped in & K K ocnloulstion. In more compliceto
CaBC3y Ceile . .
= \ - - !
¥ -J.(LN) — k"_)-k.—!— ‘\Z k 2(7"/‘\_"(“‘
WoTTe Je T

LN -7 .
1353 1D 181 122 (v 35 (32
it iz diffdcult %o inc~ine the rocsonmnce occuring in ocny perticuler single

.

chexiale There is of coursce no ovidence for the truth of this many chonnel
Levinson throren, ~ni it does dopend upon the assuncd goold behaviour of

L(v) ed (l( v). Scuires hes romerked that 10 querks exist, then =11

portd 18, Cofia /) ey well be best considered cs bound stotes of quark
systcuas, so thet 21l hootstrep celes. would be thrown into doubt.

Turthe: work: hes beon carried out on many chennel celculations and

inclasticity by Squires (83) mnd others (&4 (85).
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VI, DYNAMICAL CAICULLTIONS

The first dispersion theorctic celeulation was made by Chew and Low in
1956, After the introduction of the Hendelsteal representation in 1958, the
first attenpts ot approxinote N7V calculntions were done meinly in 1960. There
wera three nain colculotions

(i) /D by Clew ond Mendelstan
(1i) Inversc amplitude by Barnsden and Hoifri
(1ii) The work .1 Shirkov otel.

Ihe Chewdizmlelstan equstions (80)
This wosthe first formuletion of the 7inproblen for ¥ R + U end the first
occurrence of nony ideas. They used o partiel wave serles in the t channel teo
continue to the nenr loi't of the s chennel. The parbtial wave amplitude ves
projected out ond o ncorby singulerity ettitude adopted. The partiel wave

series wes truncated, They essuned asynptotic behaviour

T A{(V) - ‘1 3 Ke A_}Q (v) — o0
Y= 2 vV - b
corresponding to diffrection scotbering., They used N/D method, on expeoted

inolesticity to be significant only ebove Vxlo, They introduced the symmetry

5\, L' =0, L2 2%

point s =t = u = 11/3, ond the constent X viore £°
at the symmetry point, Thoy suggested en 8 dominant caleuletion remarking that
it was usually true for marsinelly singular integrel cquations that, if the
singuler tern is less then some criticel veluwe, the oquetion had o unigque
solution obtainable by stendord nethods. They expccted this to be the case for
S dominent solutions, but not with & lorge P weve. CMN did numericel ecircula
i terotion and obteined 8 dominent solutions for diff'ercnt values of>\ .

For lerge P wave CM introduced the idoes of "netching" the erosseld chamacl
ot synnetry points. They used o two pole unitery form in the dircot cheonnel,
They Justificd this procedurs by showing it workclad. quitve well for the S wave.

They wvrrote down synietry point conditions of various orders by differentiation.
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They could obtain a P wave resononce for some values of )s)but the wvalidity
of this solution was dubious,
The work of Bransdon ond Moffat (87)

This is discusscd in Chepter 6. They used an inverse amplitude spproach
and & clever iterasiion procedure. The physical sssunptions were the same as
CM except that they wore using a neerby singularity cpproach for the inverse
amplitude which mekes it a different approximation. They obtained tho 8
doninant solutions of CMN wnd elso P weve resonant solutions, Their solutions
wero very sensitive to >~, but could give & sensible width for the /3 .

The Shirkov Eguations (88)

This used a different weay of lderiving couplod partisl wave dispersion
reletions from the hiandelstam ropresentation. Thoy used a pertiel wove series
ond substituted this for real end imeginary perts in a forwerd dispersion
rolation and its angulor derivatives . They studied a neutral S - P model,
which they could solvo explicitly and & charged S - P nodel for which the
asymptotic behoviour of .the solutions could be deduced analytically and
families of solutions idontified. Nunmcriocal solutions were obteined. These
involved many poraneters and a resonant PJI wave co..1d be obtained provided the
S, weve was lorpo, albihough not necesserily rcsonant, but if resonant thén S,
resonence width &~ 10 x width of[O . Thus the Shirkov equations indicate that
the najor forece produscing the/Jis the SO, whereas C M expooted the/)to produce
itself ond be self-supporting.

Criticism by Iovelace (89)

proved CM oguations with both S and P waves possess no exact solution, with
possible exception of solutions oscilleting at infinity. The normal iteration
procedures for solving will only be asymptotically convergent in the low energy
rogion, convergencs boing worse the lerger the P wave. A cut off is unavoideble,

Exact solution has much worse bchaviour than any order in expansion in powers
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which cannot be satisfiod unless P wave vanishes in the physical rogion.

Conparison with Shirk>v cquations by Pivarova (90).

BOOTSTRAP CALCULATIONS

It soon becone cleer thot, in spproximate calculations, ono did not know
how nany arbitrary paraneters therc would be and, therefors, how to apply the
constraint of crossing syrmetry in e sensible woy. This lead to the bootstrap
conjecture in witich one assumed thet there would be no free peremeters, This
is thus on instruction to epply enough cyproxiiicte constraints to determine
2ll paraneters, This is & dongerous assunption but can be nodified, c.ge
one con assunc there will be onc paranmeter like Dransden & Moffet or one can
try to discover numbericelly how meny free parancters there should be (see
next chaptor). The first bootstraop coloulation was performed for JCIT vy

Zoacharicsen (91).

FEYNMAN'S PRINCIPIE OF INDIFFERENCE (92).

That it was possible that there were scversl subsets of perticles whioh
could bo teken es elementery and the rest could then be caleculated. Further
that it would be inpossible to tell which of the subsets wes most elementary.
Fo E. Low hes renerked thot if one only used renormelisable interactions
between known sfrongly stable particles, then tho requirement of indifference
gives many more equebions between mess and coupling constants then unknowms,
so that unless sone remcrkable identitics occurred there would be no solution.
Even if one satisfied these therc was no guerautee thel all scattering
enplitudes will be identical for different choices of emementary subset.
Scelan has given an eppealing approach to this principle by including a1l
porticles in the Lagrangien and on an equel foobing, see scction 8., In e
praoticel calculation, the oligarchic tendencies reported by Morgen otel,

see seotion H,would noke things diffioult. Thot is sone composite porticles



41

nay be incaloulable in meny chermel calculeations with certein choices of subset
of particles and calculable in others.
The Bootstrep idea
If, take sone particles elementary i,c. occurring in basic equetions, e.g.
Lagrengien or S notrix, and the rest composite, i.e. calculable, derived fron
the equations, resgarded as bound states of elementary particles in iteration,
then, have unpleesant tnsk of soying which are eleumentery end whether this set dis
unique, for certainly in nodel field theories (see later) this is mocningless
in the form stated, One viay out is tr scy all arc composite i.e, all ealoulcble.
One can go furlher and sy thet all poles of the S metrix are Regge poles
ond all naturally occurring perticles lie on Regge trojectories. Repgpge poles
wore assumed obviously dyhemical end caleulable. However, sece (95) where in

nassive electrodynenics the clementary spin 1 particle cnd clementery spin &

[

particle occur in Logrengion and interact through conserved current. The spin
perticle is then found to lic on & Regge trejectory. Also there is no
restriction on its nass or cowpl.ng constent.

Tho spin 1 particle does not lie on a trajectory and thus if one uscs
Handelstan's conjecture (36) that ons ne=ds 2ll particles to be Regge like, then
one ney still prescrve the ideo thet if 211 perticles were Regge~likc then they
could be bootstrapped i.e. all determined fron dynanical equations,

It was also takoﬁ thet elenentary poaticles would be fixed poles in 1 and
would occur as CDD poles. Tnus one asswied CDD poles were inecalculable.

To keop things straight,wc note thet ODD poles introduce arbitrary para-
meters, which cen be used to give zeros of D producing extrec erbitrary porticles.
Thot pole terns ‘jj P(_ (("9(‘ & /( J:"W\"')
ere incaloulable froum sclf consistency is fer fron obvious, Indeed,Dragt and
Korplus showed that given the perameters of o pole in the processes L ¢ Sv b + L

the peareneters of a pole in the proce.s & + &L ~B + B  could be deducoed solely’

!
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by the use of M R + U.

Finally we note thoet the bootstreop hypothesis is unaffected by dynanicel
details such as whether the Regge reprosentobion is true or whether tho /’
bootstrops itself.

Bootstrap celouletions in disporsion theory

Whet has come to be meont by o bootsirep celeuletion is an approxincle snd
usuelly single chennsl partiel wave calculotion based on left hand singularities
fron single particle exclhinge terms only end solution by uniterising the
enplitudo. Zachericson's umethod is the nost populor es it is simplest. It will
be discusged in Ghap'_ber 4 in detail, but is based on the ansctsz

V) R(v)

The Balezs mothod will be discussed in Chopter 3 and is 2 nodification of Chew

1

& Moandelstan's nethod,

1

occur od for which the nain loftv hand singularibties ngy come from the sxchangoe

Zocherinson considored the P, wave in NTV in which the /—’ rneson should

of a ﬁ . Thus by demending self consistenoy in thet the position and residuo
of-the/b in the crossed chennel should be the sane as those in the direet
chamuael, he ves eble to deduce two equotions for o unknovms and a hopefully
wique muswer Tor the position and width of the /3 , to be compared with
oxporinent. The values were bad - 350 lev comprred with 750 Mev for position
end width 4 x too large. However, the feoct that valucs could be obtained at
£ll was cncovraging, In this case, the [J bootstreps itself. Jumother type
conjactured by Chew was the "reciprocal bootstrap" y exenplified by N & *, waoio
it wos conjoctured the dondinant "foree" "producing® the N wes the exchonge of ¥
s o :ﬂ.(l " n i n I.]’.,. " X
One can escnlatc such consideretions to bootstrepping whole Tanilies of
particles sinultancously. Howover, et botton, the basic idea is one of solving

¥ R + U by cpproxinate resns and using the obviou requirement of self consisbons:
s e aid,

a



SURVEY OF CAICULLTTONS

Bootstrap celoulebions using the Zachariasen noethod

1. A Wezed preprint Reciprocel for Querks, -
2, G.Pgme P.L. 15 63 3/65. K* s.c, with K7, p,f  oxchange.
3. Zachoriason end Zemach P.R. 128 849 10/12, 7%, mwooupled.
ho Lbors ond Zecherisson TN, rN* reciproesl bootstrop.
5. Gotsmen AL
6. L. Kenaszve enl N, Jokuda, P.I.P., 142  4/63.
¥¥, p»  exchenge, width of K* 4 x too large
7. R. Kavarurc. PJEP. 30 2685/63. -
8. L.D. Hartia end L. J. Vick H.C. 39 90k 10/65 K" in JUK unsuccess-
ful.

Boofishran cgloulations using the Bealazs nothod

1. S. K. Bose ond M. Descrkissian N.C. 30 678 163 D in NN

N.C. 30 8% '63 * N scattering
2, J.C.Pati P.R, 134 387 64 =% in KN\ _
3. G, L, Keme  PL,R. 135 843 6k A oan g
hoe S. R.Char 1y emd L. K, Pand., P,R. 135 1027 64 N7inK
5., V.8

nnt

ingh and B.li. Udgnowker P.R. 128 1820 11/62 Nuclegn ff.

6. ] 130 1177 63 N inT W,
7. Balazs P.R. 128 1939 10/62 in
8. il. Sviecki P.L. 19 333 11/65 T¥din W, K N coupled.

9. Wonzy P.R. 138 B246 '65  sinil,

The varistional nethod of Hemilton was used by Oades
ref, G.0. Oades U.,C.L. ond Sienna '64 for P N

Different formuletions of partiel wave celeulations have been &veloped by

1. Cmnés :

R. Ormes N.C. 21 52, 8/61
2. Tegrlor :nd Trupag.

Teylor rnd Prvon; M.C. 25 946 8/62
3. D. hitlinson CZRN  TH 399 1/64

Inbiborad states in So’ also in S o further awoy.
L. B. R.Desei P.R.L. 6 497 '61.

\N{ -~ 0,15, aoi 1.9

5. R. C. vz p.p. 176 1525  12/64
Go L. V. Lorbin's sethed

L0T Hexrdin DR. 135 B 967 '6h

A2 A ' =
Wiv) = B(v) + L S v rg_ N T e(y) = (v»vo)ﬁml
n v My 4 Y~y »T-.-:u
nelzes o rationel approxination to the kernel
O f v ._\/u
e = (e

Y -V :
N P\,\ (‘I,V')

-

(regular ot v=v')

(-QW‘ (v)v')



The kernel is now degerate end integral equetion reduces to an algebreic one.
It essentially nekes & cut off in B replecing logearithmic beheviour by constent
asyrptotically. Tho epproximation preserves Vo independence,

7o de TPranklin's nethod -
Jo Frenklin P.R. 139 B912 8/65

-
Dofinesthe seperetion  A(s) = B(s). 7 (s).
More generel nothods ere due to

l. Kenki and Tubis P,R. 136 723 11/6L
2. R Kreps etal., . PJR. 133 1526 '6.

Further nodels in

R, Xreps P.R. 141 1380 1/66 found to have no physical solutions.
3. Burkhardt end McCauley, N.C., 38 872 '65.

Tixed engle emplitudec can be suitably chosen to resemble partiel wave
anplitudos in any specifisd low energy reglion.

k., Burkherdt CERN TH. 593.

uses Tixed angle nethod to write dispersion relstions for the logarithn of the

anplitude which thus autonaeticelly onsures exponential beheviour at fixed angle.

For Inclestic celculations

1. Froissart's I'L nethod.,

Adventage of not nceding P.V. integrels unlike nethod of

2. W.Trager end J. Bell P.R.L. 7 204 '61.

Usod to0 explain cusps in inclastic orplitudes dvue to inelastic channeols c'npening.
Rerge calculetions

ref, Zacheriasen., Edinburgh '63.

The idea of o Regzo bootstrap (97) is to determine o set of Regge
trajectories by ecpplying crossing ond solf consistency. One has to define &
continuetion of the suplitude to couplex 1.

HORK, WITH TiE FULL APLITUDE

Work with the full enplitude, i.e. not in partiel waves, is a long and
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diffiocult process. Indced it has only beon possible since the advent of good
computing facilitics, The first one was due to Brensden, Burke, Moffeat,
Moorhouse end Morgen (98), which tried to performlfor'K7Tsystem)the iteration
procedure suggested by lMandelston., Trom the asymptotic behaviour of the double

spectral functions, they identified Rogge trajectories. Regge trajectorics wore

extrected and double spoctrel funciions found, Howevor the solution was not

sclf-condistent in needing the fo to produce the/O but not supporting the fo.
A nonrelativistic celeulation on the sane lines had previously been performed
with greet success by Burke and Tate (99).

Inother nethod is to use the full anmplitude in Regge form to caloulate
Bl(v) end then to solve by Uretsky N/D. This was perforned by Collins and
Teplitz for the /3 trajectory in7iR(100) ent, elthough they obteined o self-
consistent trajectory, it did not have e neson on it, but turncd down after
threshold. é disoussion of inadequecies ant further proposals have been given

by Collins (101).

.

In view of possible coupetition between channels ond lorge ineloastio
effects, many channel calculations have boon perfornmed., The nany channel

y -7

is due to Bjfrken (102), which is sutonatically unitery end symmetric.
The computation can be greatly simplified using the Zacharissen epproximetion
(103), but this formulation is sensitive to subtraction point and not symmetric.
Ln opproxinete formulation not suffering fron these drawbacks has been given by

Shaw (104).

Multi-channol caloulabions

P, Nath & G¢. L, Shew P.R. 137 B711 2/65°

also " & C, Iddings P.12 133 B1l085  '6k
"Uncoupled-phase" nethod.

H, Pegels P.R., 140 B1599 12/65

{ath & Shew P.R. 138 B702 5/65 _
Multichonnel effective range N/D
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Inelestic caloulctions

l. Coulter, Scotti and Shew P.R., 136  B1399 12/6L4
RN seettering -~ offect of inelastic uniterity.

2, TFulco, Sheov & Wong P.R. 137 Bl2h2 3/65
& ffect of closed inclastic channels.,
2. GCoulber & Show P.R. 138 B1l273 '065
with inelesticity. More narrow but still
no good.

SYMMETRIES MD BOOTSTRAPS

Onc can bootstrap rultiplets of perticles together in o nony-chaonnel
caleulation and one can also do bootstrsp caleculations assuning that degenerete
multiplets will occur. One con further celeulate splitting of one multdplet
due to the splitting of onother. However this is o seperete natter from the
idoa of bootstrepping the symnmetry itself,

The statement of the symmebtry is cquality of masses of partiecles in
multiplets anl certain relations between their coupling eonstonts, Thus one
con be said to have bootstrepped the symnetry if o calculation involving the
correct numbers of particles and having arbitrery meosses and coupling constents
obey #he synmetry requirements. No one has yet done such a celculation but
various more limited cttempts heve been nede (105) e.z. Fulco eni Wong (105)
using a nethod of Capps, found the effect that e noss splitting of pseudoscalar
nesons viould have on the nasses of the dyneamically produced vector nesons. It
gave twice the oxporimental splititing, but the experinentel ordering was
obtained. 4 calculation was done by Cutkosly (106) vhich considered veector
nesons bootstrapping themselves with coupling constonts Cijk, in which he
showed thosc satisfied

Cipe Cnae *Camc Came 1k G

ncking them the structurc fectors oi' o tie group end restricting the number of

+ C 0
perticles to 3, 8 otc. Other workers (107) hove triod to extond this idea of
deriving e nodel independont "bootstrep algebra". Querk nodels hove been

dovoloped by Dalitz ond others (108).



Other references: L7

R. Capps P,R.L. 10 312 '63
R. E. Cutkosky P,R, 131 1888 '63
E, Abers, ¥ Zeooh &
C. Zemeoh, P,R. 132 1831 163
M. Beker & S. Glashow P.R. 128 2462 462
Zgoh. & Zen. P.R. ;_5@ By4l  4/65 Perity.
J. TFrenklin P.R. 138 1202 6/65
R.C. Hwa & S.H, Potil, P.R.138 B933  5/65
Ls W. Merbin P.R. _5'5 B1515 12/64 Soluble stetio model and

prediotion of symnetries.
Martin and Weli N.C. 31 1324 3/64  Meson-Beryon resonancos proof
P.R. 130 2455 163 of independenco usos syrmoetrisod
N/D ref. Martin's thesis.
Y. Miyemoto P.T.P. 28 967 12/62
Hewr end Patil P.R. 139 969 'G5
Chan Hong-Mo etzal, CERN TH. 395
: N.C. 33 70 '6ix
P.R.L. 11 521 !'63

One should be able to bootstrap broken syrmotries as well and hopoefully
say why broken symmetrio solutions ocour rather then fully syumotrio. Othor
ideas src to bootstrop parity conservetion in strong intersotions end elso T
and C. After all, indispersion theories these ere Jjust relotions betwoen
positions and residues of poles.

BOOTSTRAP METHODOLOGY

Therc have been soveral pepors on the volidity of the bootstrep ideo or of
bootstrep celoulations., Massida end Pignotti (109) olaim that § wave bound
states oocurring in sceler-soazlar interaotion in o oaloulation, using N/D, by
Chon etal, were accidentel solutions., Chew and Lo have argusd (110) shout the
reciproosl bootstrap of N and N*, Din has exasined the Zachariasen model (sce
Chapter 4) end ooncluded it is unreliable. He elso ezamined an exactly soluble
nodel (111) whioh had e fonily of solutions, but vhen solved using the
Zecheriasen spproximoetion hed no solutions. Sgquires (112) has retorted that
Din's exeot solution docs not sotisfy Levinson's theorem end henoe has o CDD

pole. Huang end Low (113) heve also oonsidercd bootstraps in soluble nodels.



VII, FURTHER THEORETICLL RESUILTS

VALIDITY OF APPROXTMLTION, tested by potenticl socattering

ref. J.D. Bjbrken end L, Goldberg N.C. 16 539 '60
M. Luming P.R. 136 B1120 '64

Bjibrkon end Goldbers (114) tested verious approxi:.ctions used in dispersion
theory in o soluble potential theory namely 8 wave scattering by an exponentieal
potential. M. Luning (115) considered s, p, d waves for o Yukows potential.
Five epproxinetion schenes were considered by B =nd G

(1) Fredholn or deternincntal expension ise. oxpressing T as the retio of two
power series in )x’ecch of vhich converges for all X.

(ii) 4n spproxirnotion nethod duc to Wilson, of expending T-‘l in o power series
in A

(iii) Bxpansion of tan 1) o in pouers of N .

(iv) The Born approximation.

(v) Tho Chew-Mendelstan approxination. 3y this B & G nean that one uses‘
neerby singulerities in the s plone.

Only methods 1, 2, 5 in 2nd order wore in rcasonabla agreement with exeoct
solution by inspection of effective ronge plots i.e. k wtgo S, S, The
existonce of bound steotes wes also investigeteds The énergies of the bound
states wore only at best in quelitative egreoment with the execct values.
Method 2 gave 2 good velue in 2nd order., &A1l neothods except 1 predicted bound
states for repulsive potentisls. Method 1 precdicted no bound stetc for any
>\ « It was remarked thet os the oxponential potentiel isammocother thon the
Yukawa potential the epproxinetions should be worse for the latter.

Luning considered left hand configurations
(2) only lst Born cuts N/D

(p) 1st end 2nC Bora cuts N/D i.e. left hend cut part of the lst and 2nd
~ Born terns - 2nd Born term ninus its right hend cut port,only,
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end the solution for unitery omplitude by

1. Uretsky (exsct) N/D Imlleft = IuB
2. Determninantel spproximetion i.c. N = B.

for o single Yukews pobentisl. TFor j‘/y‘ =3,1; l=o,1, 2.
3« Tho Born Jpproxirstion '

Re!f1 =) % wx"gi =1 note this is 2 unitery Born epproxinction.
Tor N/D 2nd Born rensonsble spproxinmetion in low energy region

1st Born 1 necr tlreshold

vorse than Born epprox. at high cnergies. Roughly if correct left hand cuts
to -V, then correct right hand to +Vh. The determinantal nmethod wes not in
good agrecnent, First order geve a spurious P wave resonance and second order
gove spurious zero of N function and no bound stetes et all, Luming considers
& zoro of N nust appeer (as 52 incresses) after z zero of D corresponding to
phase shift going through 90O then 180°. The doterminental method is )in fact)
in its exact forn)o. ratio of two pover series j_n%;z. In the 8 wave first order
deterninental acein gives too strong attrection., 4s it could not give uniforn
results for different 1, it wes considered wnsuiteble for Regge continuation.
The 2nd Born spproxinction for 1 ) o was superior than both /D or determin-
antel i.,e. perturbation theory superior to unitarised form.

Finelly Luning remcrked that his studies lend support to low enorgy /D
enalyses of N = N senttering ete., where long renge forces end two-body uniterity

gilve reesonsble solution. On the other hand, they were of little relevence to

short renge problens like TA.

erginelly singuler forces (116)

Mex

Define os Inmi(¢ ) ~# constent, In potentisl scattering, this '\'\{(v) ~ L s
v=o bkt

for which gl ~=3 const ¥wi., One prrometer ombiguity in solutions (CDD poles

with 2 parometers ecch),

Morgen did not consider a self consistent problen, but only the problen
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"given the left hand cut ete." (116), TFor cortein forms of left hand cut 2ll
solutions hed o resonance in then,

Lssune no bound stete, spinlsss equel nass bosons. VWrite dispersion

relotion for f = A(v)/y . P wave

¢ T . v. ("'7
L= © ay ML’ + %{S ' “’/‘&‘—‘ (2.1)

': viev
AN ¥ -y
— " : 2.2
l«m*‘l‘\("f): ,:/_;—‘ |‘(’( )‘ ( )
Lssune \%(")l N (\,-£> E>o (243)
v -9 w0
Now A (2.4)
—]-V\A '?\’L (\‘) V:;)o(_)o ( v
hssume jv\h (’L— rV) — (s A/\/ (2'5)
. V- -0 ~
Define _(_( 1 ,‘,, T [, (w0 dv'/(V‘/‘() (2.6)
n -2 ' A 1
from (4 ‘ )~ bW 2.7
o (9\ p)( ) ,\() o % k&,()\//\/ ‘{ Y = 20 ( )
denand 2.8
enan T... /S“ (‘) = A/, (2.8)
«*e fron (2.2) . S (2.9)
giving linit strength of force.
Ls on exomplo, the function £(V) = J'_:l
v+ 1
has Inf(¥) —3 +l I JE —
YV .y~ o0 ij.,,‘:...1 / - i /.1“1
end Ref(v) 3y o v Y ""_1Fﬁ A ——
vV =32 00

Exrct solution of ) - -
{ / R — y’.B(v') ) ! D]
N(v) = B(¥) — ;{odv -L”Ww’v ”,l f( ). N v

) .
DO AN A NG
' L S viey
in the case B(v) ol & . logV/,
i<
Note we sre dealing with &(v)/v
w i
N(v) = BW) +J AVE(v,y) N(v)
" o
2 . . v e ns
K ¢ 0( - norginelly ie.e. logerithnic divergence.
Wioner~-Hopf suggested by Chew mnd by Jones (117)

Split K = IxK,I + Ko LK is asynptotic pert, X, is renainder end is Fredholn.



Using Wiener-Hopf gives explicit construction for resolvent kermel
0=(I-&K 1)"1

One then has o Fredholn equation with formel solution

N = 0o(I - 1{20)"1. B
i.eo ! N = I\IO + .[..K1 N'
NO= B + KZN

Dave Morgon solved by Wiener-Hopf
Dietz and Domokos (118) end Atkinson end Contoguwi's forVL =0
by Mellin Transforn.

Ltkinson end Contogriis for Vo # 0 by lMchler tremsforn.

The mein result of Morgen's (116) and Atkinson end Contogumis' (119) work is
thut Tor narginelly singular forces

BM) ~AA.logV
Al
there is one parameter fai1ily of solutions. The asymptotic pert of the

solubion for single vector meson exchenge

B(w) = N . _8v +l++m_2 . Q1[l+m?j
L 1%

asynptotic pert is thet dus to

B()’)~ >\ . log(v+zx;;)+0(1)

end f(y):\},fmlﬁuo\:g
log x

f(x) + _2\_,_2 JDO dx' log x'/x . f(x')

der, log x'/x
TJy

x! - x
This asynptotic equation hes a one paremeter infinity of solutions

f(x) = logx + }Spo dx .R(x, x';)s). log x!/ 41
x
1

it

+ 4P (2x - 1)
ere sinA A o { arc sin ¢ ﬁ/z.

f ase s tanh (Ks) o P4, (2x=1)P 4, (2x' = 1)
c - 5 . -3 ~Z4is
[ cosh™( = 5) -~ N

5o
R(x, x'; >\)

nf=+ S

resolvent kornel

P SO(2x - 1) is the general homogeneous solution ond A is arbitrary constent.

The contour C is given.
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The one parecmeter ambiguity has immediate implications for bootstrep
caleulations, TFor, supposc one carries out a bootstrep caloulation with vector
exchenge, then given .\,112 for the exchanged pertiole, there are an infinity of

solutions for the "output!" srplitude. One derends A in = > ¥y mz. = m2

in out
and hopes to determine both >\ and m2 uniquely. However, it would seen thot in
generel only one of these oan be deternined and the other can be chos';_gx
erbitrerily. The erbitrariness will not he complete os one nust choose)i;i ’
m? so as to obtein a resonant outpute Having done this,it is rcesonable %hat

2

one can vary the free perameter to obtain A in =¢}\ out ,vhonever n 1= out
?

et lerst for sone renge of mz.n. In the excct ciose,these considerations no
longer apply ~lthough we right still expect a onc peramcter fomlly of solf-
consistent solutions., Thus il wo teke I::;f.l(v) in the crossed channel ~nd hove
narginelly singuler asymptotic behaviour then, for coch umember of o rongs of
functions I:ull(v) , we will heve & one paroneter fridly of output functions.
However,for self consistency in the excet cesc,we necd Izrvi:l(v) ot =T 1(v)in’
for 211 v in [o,oo]. Thus it is impossible to tell from the result Just how
nany free perameters there will be. This throws light on the difficulty of
using o tricl function in such & calculetion, for given ImJ;in therse will be o
one parsmeter femily of Imi‘out functions, ncne of which will be equel to Im[:in
for any choice of pareneters. For certain cholices, the difference ney he small
and one has to assume thet one is then close to en enrlytic self consistent
solution; sgein suppose one now plots oontours, thon any prrenetric froedom will
be & distorted shadow of the true freedon.

A suiteble choice of C, the resolv. ent kerncl, can be node to only heve o
brench point atA= 1, end this will be true of the solution if we toke & = 0.
By this specification we can guet & unique solution end it is equivalent to

denanding onelyticity in A ot the origin or rcenornaliznbility of the intersctim.
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It is also remearked that th:c Zechariasen nethod viewed as the first ieretion

of an iterative method gives epproximete  solutions reguler ot X: 0, which
cen only epproximate to the regulcor exact solutions. One might expect good
ogreenent for smaJJ.A. When a cut-off 1s used, this repleces the singuler by
e ¥Fredholn kernel and rcplaces the cut in(X)by o sequence of poles. One expects
such & procedure to only be valid for smell )\.

L further result obteined by Morgen was that for certein families of
left hand cut every solution of esch contained o narrow resonence. He hoped
thet this mechenisnm night prove useful for expleining the existence of narrow
Tesoncnees.,

The consequenccs of pure absoppiion

The anclyticel consequences of absorption heve been considered in some

detail by Lyth (120). Do defines "pure absorption" as ‘
TnD - Shm' A, 4 oL 1

which corresponds to Sl(E)-=9 c ;E=>od c recl < 1
snd hende ‘ out l> = C linl> ¢ real 02< 1
for which therc is some experimentel evidence (121). However, ot highest
energiecs yet studied ImAl still shows apprecieble veriation for some processes.
He also defines "conplete absorption" as ¢ = o or £ = % ~ black disc, for
which there is little evidence cither wey. He considers briefly the possi-
bility of smooth bohoviour = oconstent, but not oscilleting.
If T(z) ~ i InT(z), then ImT(z) — o and R(z) - 00

zr_g_) . Y3 o, finite &

if R(z) = const. zjr +0 (2
then similer results to pure cbsorption.
If R(z) ~ log z (Regge pole theory);then T would decrease but no
fester then z-ﬁé(z)’and the N/) equetions are ot leost marginally singuler.
He considers the amplitude F=KT

> 1
§./, L. -+0(2J§

nn i

where ImT~1
T (z)
nn



ond K is the Kinematic factor

K(z) ~ 27 b (é > 0
K(z) reguler ot ooz = o0
z -p 57 -i
.0, K(z) = 2 Flfg ko 2

Find solutions more unique with increasing (3.
-0 -

Thus F(z) = ihK(z) +0(z | ~)

Llso assumes 4 Iof(z) = 0(z")

dz
Fron these asymptotic cssumptions and also the assumption of a disporsion

reletion, Lyth derives asymptotic forms for FL cnd FR the contributions from

right and left hand cuts.

(1) Fo(x)

- 4 cot(w({). K(z) +£;__ + e . +£;.;C°C+9(Zé~(%~d5

€= B-oC
., FR(Z) = - FL z) +0 (2 \ )‘C ~ G’:{: integex;..
W) F(z) = A lgz K(?(-) + g + + .'Ei; +—D('c‘.&’(\:"d
P(n) = F(s) +o(z€f%) § = tnteger
f. ererweal negntive nunmbers
i ) :
£, =-;_,_g azt, zt "1, InF(zt) 1«
A
Implications zre tﬁgt thgonearest singularity approoch which hes
<7
o F.(2) = 2, f.,.
L i iE

is only consistent vith pure sbsorption if {3 = integer + %. Iytih has carried
out the celeuletion in this case for N and I*, (122)
One con deduce the asymptotic behaviour of the discontinuity on the left

hend cut with further reasoneble assumptions.

b pover law  Inf(z) ~ Z-T
7 = -0 inters 1
nust have ¥ == (Z (Z' Zpaneger + 3
- 1 "
¥< - (5 - ol B

Kinematic factors, with ();. = integer + % have been extensively used in semi-
phenonenological calculations, e.g. by Homilton and co-workers.

Jnother conscquence of pure absorption is thet teking a finite number of
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AN

channels will not ncke the devietion from inelastic unitary smell at =1l high
cnergies. For demanding pure ebsorption and unitarity gives & = 0 or 1. The
use of R rather then YL is simpler in those oconsiderations. We nust have R
factors, even in & multichennel calculation.

Assuning the phasc setisfies

b(s) =4 (0) e o(z some o> o

>'1(z) = 0 (Zm) ' sone o
one obtains f%i%f) = : integor + %
IR

This contraedicts Levinson's theoren in single chennel cese.

Iyth suggestsi{{): iiﬁ,/g as & working rule to replece Levinson's
theoren.,

For F): integer + %, th N/D equetions are of Fredholm type and have &
unigque solution. If F’?f integer + r}Jwe hove marginelly singuler case and one
perametor ambiguity. Henece for (3 = integer + 3 there is only the CID
ambiéuity.

Further assumptions can lead to removel even of the CDD embiguity in the
single chennel case i.c. a unique solution giving a rigorous version of a

theorem due to TFrye and Wernock,

COMPOSITENESS

CONCZPT OF 4 BOUND STLTE

Our conception of a bound stete must stem in the first ploce from non-
reletivistic quentun mechenies or even classicel nechanics., In classicel
mechanics two particles cen coelesce to forn another compound perticle, or two
particles in & ecentrel ficld of force will continuelly orbit; conserving
enguler momentun, forming o compound system., In nonrelativistic quentun
mechanics two perticles con exist seperctely in steble states, or fornm
scattoring states end verious types of bound state. The nsturo of these bound

stetes has a very compelling interpretation a2s an amplgemation of constituent
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particles. Especielly in the case of cominant central foroe in which o good
epproxination to the state is obbtained by o sepercted wave funotion, i.e.
separated into weve functions deseribing the individucl constituents. Excita-
tions can be described as the result of individual execitation. In the case of
nucleer physics with nuch stronger noncentrel, short range forces,>this
decomposition becomes blurred., The energy stetes of o nucleus con be
deseribed in pert by & Yshell" nodel end in pert by collective excitations.,
The binding encrgiecs aro normelly feirly snall compgred with rest energies,
8 Mev per nuclecon of mess, 1000 Mev, Thus vhen we consider the highly
relativistic, very strong interactions of the elementery perticles, the neoive
idea of one perticle being & bound state of two or more others may well hove
no real nmeening., For the "constituent idcea to be at a1l useful one would like
properties like the following:
2o The composite state vector be separable into the direct produce of

constituent vectors;
b. Excitations and other bohaviour like scattoring of composite particles be

interpretable as due to constituents;
¢ Formation from and decomﬁosition into constituents should be physically

possible,

In regard to ¢, nost olementery porticles heve sceversl different weak

intorection decsy modes

e.g.'ﬂ—-—v) ;/\ :i%

also one can phenomenologically identify o perticle (as e pole term) es an
internediate state in meny different strong interaction processos

0ee NN —~3 N —3 TN

KN = Y1'"' —d AT

L& less confusing picture is then to take ezch perticle cs being an object in



its ovm right and forming scattering stetes with other particies. When

EN Y1* .“;.A7()we imagine the inconing perticles es interzeting so
strongly thet 21l individuel identities are lost and then the energy being
transformed into the finel stete particles. This sort of idec was proposed
sone tine ago with success in relation to nucleer processes. In e strong
interacion, certainly the interaction region is cquel in size to the size of
eaoh constituent, thet is, the weve functions completely overlap. The sctucl
distribution of netter within a perticle os messured by form factors is fairly

honogencous with no dense corc.

BOUND STATES TN PIELD THEORY

For the description of bound states in field theory, one can use the
Bethe-Salpetor equation (123). £Llso in g.e.d. one ozn extend the Feyman
Dyson formalism to b;und electrons by using the Furry picture (124).. Formally
a bound state cen be represented by e ficld which is presuned calculable from
the fields occurring in tho Lagrangian i.,e. it is 2 function of the other

fields.

Tn & historic paper, Zimmermann (125)

investigoted o causel inveorient scelar field theory involving a srtable bound
stete using 1ISZ formelisn. He showed thot the bound stote can be desoribed by
e locel and invarient field operator. Sec clso (126).

Heag (126) showed complete "symmetry" between composite field and
elementary field end proved corresponding asymptotic conditions. The bound
state operators for cxemple obey the microscopic ceousality co :dition. The
bound state field does not heve to be renomelised hence ell Z's = 0 for it.
However the elementeory ones opperently need non-venishing 2's. This lead
Salen (127) to conjecture that one should write down field theories with all

particle fields occurring in the Legrangisn but with the ronormelisation
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constents of the bound state fields equal to zero., This enebles one to set up
Feynen graphs for the intoractions between £ll particles. One can demend thet
21l perticles be composite by demanding thet all Z's = 0 for 21l particles,
Using this éondition, Selen was able to renormalise e vector field theary
which wes unrencrmalisable in the usueal scnse. This renormelisotion hes been
pursued further by J. Boyce.

Thus for & theory with the T, ¥ ond D, the renornclised Legrangian could be

Leg (Bl 4 2 [OMF 4 g

2r%1

p 2 wn __+
1 "~ ™
+ 2 L D) + MdZD 1 + By %q I NT
Td .+ A _+
+ Brg’ // .DT. DR + By Z1 D" NN + self nass terns.
One would then determine Mdz, /M,Z, K% and the g's be calculating

‘K -
expressions for Z,1 s Z1/\ d, ZI:Id, S Mdz, a 1{2, S‘/M'Z end then equating to

zero. This was doue in 4th order perturbetion theory with some success by
R. Delbourgo. There hcs been some debate on Selan's suggestion (128) under
three categories... Tirst the exsct meening has been looked at, for there has
been some suggestion that the order in which the limits % —) e ere teken,will
slter the result.

Seoond, the conditions Z = 0 have been looked at in mcdel fleld theories
end are showm to give very sensible effects.

.Third, the eorrospondence of the condition to the Levinson theorem
oriterion of composteness used in dispersion theory has been investigeted.

RESULTS FROM MODEL TIELD THEORTES

Voughn etzl (129) showed that two ele;non'bary particle theories
(1) Lee Model 2N +Q
(1i) Crossing symmetric Lee Model V&= N + O N v a+O
in vhich wave fu;m'bion renornalisation constent for the V particle - o,
wore equlvalent to two corposite particle theories.

(iii) Seperable potential model with fixed N and scalar G.
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(iv) generalisation of Wentzel's meson peir theory with complex & interact-
ing with N through quedratic interaction, - in which the V particle occurs es
& bound stete. However, there was an observeble distinction between tho
elenentery ond composite theories from high cnergy phase shifts in N - &
scattoring, using Levinson's theoren. Diu has argued sgainst this (132).
They also showed thet any nodel field theory with fixed source snd potential
interaoction with a bound stete between source and field could be obtained from
an elementary theory with 2 —3 0. |
Howerd and Jouvet (130 (131) showed that a 4 fermi interection theory and
a Yukewe coupling theory with an intermediate perticle were e quivalent when
Z —3? 0 for the intermodirte particle. By replescing Yukawe intersctions by
L Ferni interecctions vith Z = 0 one might hope to make the theory more
trectable,
Further peopers are (132). Low (133) considersd three models of A K and

A K. scattoring with N and = poles, with different Lagrengien formulations

. o.— .
(1) mA K Hy =g '\{(N'\.‘/AL{)K + h.c.
= as bound state in A E
(1) = | N, X
- o Ne-d, .
H2 = 8 /\i'_ A C<€K + hece
N pound stnte in AKX
(iii) N,= ,A, K
H3 =H1 +H2

He showed that for suitable choice of renornealised gy end &5 ell threo models
geve the same N K and A ¥ scettering and hence seme N end = mnesses. If this
wes the case in diéporsion theory, then Chew's reciprocal bootstrap was
autorieticelly satisfied cnd hed & two paraneter infinity of solutions.

o

Lardner & Woo (134) oxamined this point furt er., They elso noted thet

when a theory oon cccommodate additional porticles with gzero coupling to other
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p'\:c't:.cles, then Lev:.nson's theorem loses :Lts s:.gn:.f:.oanoe in chst:.ngu:.shlng
between oclenentary and’ oompos:.te part:.cles.

Rowe (135) considered threec theories of three scaler partieles, nuclecon .

L{) , pion A, deuteronD. . .

(1) "g'c(%’.a D as bound state
C (1) 5 [Cfc(iD + gfc(i D‘[ T es ({Z{) bound states.
(m) X/_L. c{ 4 D omd TU G I

These are renornaliseble theories, w:u.th o finite nunmber of renormal:.set:.on
constants equivelent to :putting in an equivalent number of physical paremeters. .
Thus the number of arbitrery paramoters is equel to number of ronornelisation
constants, In (i) there is only self energy divergence parameters n /’
(ii) m, M (iii) ¥ end infornation about {({ ﬁc(q scdcter:.ng, either the
value at some point or whether a bound stete exists. Two in each case, ons
hopes all éther peraneters can be fixed in terms of then, In more realistic
théories, onc has nore constonts e.g. vertex parﬁ divergonce constants, The
thesis showed that (i) and (ii) arc equivalent to (iii) if Z5 = 0.. This fixes
the boupling econstont in terms of the masses., Thus, t'he' iri%_erioﬁ of
elementarity as eppeering in the Lagrangian is meaningless; however one could
nodify this to éppearence in every e quivalent Lé.grangian.

| THE ZACHARLASEN MODEL (136)

This is a useful theory it .being easily expressible in dispersion theo:‘y
or field theory. It has two ‘Eypes of particle A, B spinless bosons, A its own
antiparticle, B ; B. Zacharissen obtained solutions by dispersion theory ond
by perturbat:l.on field theory, which were idontical.

~$ 0, the A part:.cle could be

D‘x«ker (137) shovied that in the limit Z3

tonsidered as o bound state.

The Ievinson theoren is .

5(o> -3 (oo) 7

0

[ I I
o o

i
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In the nonreletivistic linit, the theory with Z3 = 0 goes over to & singuler
potential theory.

Dowker and clso Lcharya (138) oonsidered only B L B interactions. It is
elso possible to include a contact intéraction,land this cese was considered
by Whippnan and Gerstein (139). They showed thet demanding equivalence of
elenentory ond composite theories without CDD poles fixes the residues and

positions of CDD polcs, the residues being ol 2 With 2, = 0 the solution

3° 3
was unique end the CDD erbiguity was by-pessod. They find that gz, the coupling

to tho composite state, has its mexinum value for Z, = ¢, which may relate ‘o

3
the ides of maxinal sitrength.

Linitotions of modol field theories

One must remcuber that these model field theories ere very unrealistic.
The Zachariasen model violates space like comnutebility, although because it
obeys & dispersion relation it is ceusal in some sense. It violetes corossing
synnetry, but obeys o unitarity condition. Thirring (140), hes given a
Lagrangion fornulation of the Zacherinsen model which has a continuous ness
distribution of porticles and is perfectly local and satisfies all axions
except the asymptotic condition, which was o full field theory, the only
restriction being to elastic uniterity., It wes showm that the field theoretic
criterion of Z3 = 0 wes cquivalent to tho disporsion theoretic eriterion of
the particles occurring os zeros of D in the N/D nethod.

Zimmermenn (L) hes recently shovm thot ono cen eliminate fields fwonm e
Lagrangian to obtain a new equivalent Lagrengien vhich is not in general locel,

Denonding 2, = 0 for the eliminated fields nskes the new Lagrangian loceal,

3

He suggests that one cen cchieve elonentary perticle democracy by elininatbing
fields from the Legrangien and requiring all the final sclf-interacting

Lagrsngians be local,
This ties up with the work of Woinberg (145) to extract bound states and

leave the rosiduel intersction week, and tracteble.



THE RELEVANCE OF THIS CHLPTER TO THE WORK
IN THE REST OF THE THESIS

In the rest of the thesis, we are going to consider approxinate
caleculations in pertial wave formelisms based upon M R + U. The work can be
considered as o computationel exercise and o study of approximations. | The
discussion in +this chepter is.an attenpt to gain perspective in the relation-
ship of these approxinate calculations to tho underlying ideas of dispersion
theory, to previous calculations in dispersion theory.carried out by other

workers, and to other theories of partiocle interaction.
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CHLPTER 2

THE FIXED S DISPERSION RELATION

DERIVATION FROM THE MANDEIST/M REPRESENTATION

i(s, t, v) = ﬁs s s’ + oyolie
(i=3) (4)
“ds at’ Pat (s’, t ) + oyclio

(s’ =8) (' = %)

_dis shown previously, this decompas es into

s, %, v) = as! Fs (d) + Jat‘ At(s, )
8 = 8 o~ (ii)
. jd C by (s, u )
it (s, t' )= L) +fas' Pet (8", t' )
8’ - 8
+ Jd ,/" (1i1)

Au(s,u.)= ﬁu()'-a- dsfs (s, u

-8 (1v)

J‘ t’u(t )

Now the integrals in (ii) lie for =32¢ 8 ¢ lg.\putside the double

spectral regions, and, from (1ii) dnd’ (iv), A, and 4 eve reel in these
regions. Henoe 4, and A, are the imeginery parts of 4(s, t, *) in these

regions,

Lt(s, ¢ ) = Imh (s, ¢ )
Henoce we don't have to wurry about /J t or /’u, they are automatiocally
inecluded.
dpplying orossing and, \drepping single spectral term for the moﬁent,
. r00, | . 1 -1 I
we obtein A4(s, t, u) = jdt\. ImA(s, & ). T+ 1:‘. -}u




Lssuming At(s, ¥ ) —> oonstent
| so
' =00 ) |
we see that this integrel diw.-rerges and needs one subtraction only. We 'aotual]y
only need Lt(s, ' ) =3 of4'): This is quite & resscneble essumption and is
given by & Regge hypothesis of
85 (s, ") o8 ¢ o)

’

t' — 00

where OC_(s) is the furthest right rogge pole in the 8 ohennel, From
Chew & Frantsohi (1) the expeeted trajecturies are re* 1(s)
‘ I=o
/;‘/Izl
b _ I=2
- 7 .
- -~ Fig.2-2
hence for sd{ b, MI(s) { 1. - Be *

As, t,u) = (s, t, )

s (- to)f at’,. mi(s, ' ).[
- b

?" (t’ - ll'co) L
1 + ( -»f
t - % £ - wu

the term fi(s, t; "o ) is independent of t end thus will only contribute to the
s weve projeotion, when projected into partisl waves in the s ohannel.
We now lock st the single spectral term, we dropped earlier. It is
elso independent of t, so the same remarks epply to it. _
| One may further remerk that upon projecting into the s ohannel in. .
the unsubtracted form, ell waves converge except the s wave whioh reqﬁires one
sibtraction. Thus as the subtracted and unsubbtracted forms ave identioal when

‘both oonverge we oan teke the unsubtracted form for projeotion into s ohannel



)
partial waves for '} l. To put it another wey, one could projeot using the

subtracted form and then re-insert the subtraction term into the integral.

LSYMPTOTIC BEHAVIOUR, as t = 60 , s. fixed.

I ®I Sy a | I
L*(s, %) =j A (sy t ) at t 1 + _(=1) J
4 t' -t t=u

We uso the result (essentially en application of theP:ragmen-Iindelof thssrem)
obtained by Kenagawa and Sugawara and desoribed in G. Barton's book (6).

"If £(z) is enalytio in a cut plane, with outs only on the real axis ; end if
bounded in * ,h.p. by & polynominel, end if f(z) ~—> limit along the cuts,
Then this limit is the same in any direction," *z‘qﬂgglyjng this result %o
~4%(s; t) in the t plane, with s fixed, we obbain

- I ,I
Lm &7 (s, t) — n( - )T, 8T (s, t)

t— +094+ i€ t— ~o0+if
lim IitI (s, t) = 0, for I odd.
t—3 ¥ oo

This oefbain.‘ly applies for 5 in [0, l.,.] ’ when the cuts in + do not overlap,
and probably aspplies for all s.

FROJECTION INTO _ S CHANNEL PART.”AL WAVES

Assuming, at first, no subtractions,
00

' /
i(s, t) =j)+ oy (s;;t )’L at C(4)
if & (s, £ ) -— 0 then (i) converges.
N ¢
+§: fixed. 00
by (s) = ;_I.I Pi(cus.»i':) . d(oos.t:)J L(s, t' )dt'
2} L t' -
cos 6 ~ s, t cosD = 1 -SE:T;.
cos 0= 41 ~ t=o0
=1l s t = - (S - )-l-)
d (cos®) = 24t

8~ 4



1 b, P |12t | L(s, ¥ ). dt
5 ~ L L 5~k - %
~(s-4) l
po , o
= at « Lt(s, v ) . 1 dt P [1 + 2t ]
Vh_ ™ S L 8 = }+
Jo,0 '
POO -(S-ll') K b
t ! !
= at . £ ). 1 2t i
Ju Ly (s, %) Q({ +s—l|-] (11)
for 1 © at P 1 2%
° =y t[ - ;:r]
-'(S-')-i-) £t - %
= 1 f {cos P0 ('cose
2 Ja1 % (1 - cosB)}
= 1 dz, Pt (z)
2 Lt' + (P.:lt] - (8) °°S®]
2
= '__;.!. a-Z- PQ (Z)
s -4 2t’ + 11 - =
~1 § [s-4 } }
= 2 e Q [ 14 mg"i:__“_"
(s=k) L Sedy. ]
Now, @, (®) = ol tH, el (1)

~% 0 RPe g y -1
sn, if A_b(s, % ) - consbert, then (ii ronverger ford =1, 2, « » » and
diverges logarithmically for = 0. The increased convcrgoues on 1ntevrat:.o'1
with P, (cosB ) presumably comes frcz mncellation, The second term in II(v)

involves

+1
-0 1 S __an_ P4 (2)
-1 Py

=t | * G P (2)
2 J Sl (—EIP)—(-I + 2) }




g 6
but (-1)I = (~1) Bose statistics 7

and (--1)“’:L . Qy (=z) = ’Qg_(z)

hence wo ohbteain

2 . Q£[1+ 21:']
Sy zs-l;.SA

identical with the lst term.
If we now use the subtracted form instesd

cO ' ‘
4(s; t,v) = A(s, to, uo) +_ZLJA [At(s. t ) - Li(s, t )J dt’.
l‘. .

e t -t t' - to
pro jecting into the s channel partisl waves, the 1lst term gives

~ +1
Ao(s) %j X Pf, (z) . &(s; to, uo)

A(s, to, wo). g

I

I}

Co.

1st term in the integral is the same as before and the subtraction term gives

L O .. +1 ,

y at  L(s, t ). ,;L_J dz., P4 (z)
2
o)‘

A "1[1:' + (azt) (1-50).]

where .. t

o -2V (1~ 2

at . L(s, t ). Sgo
L {( e 41) - zo]

Semly.

1]
4]
1 {n
S
s
b

the 2nd term in II(v) gives the same,except that it has the altemativé factor
()T .5
(2:.5'- e 1 + g
I =

The fact that the subtraction torm venishes for L+ o confirms that no
subtraction is necessary. It is because the term is independent of t, which
is the angular variable in the s channel.

For 2. = 0 we have
o)

L(s) = £ (s) *3—?'(%-"57 fu at’ 4, (s, t‘)j Q, [1 +;3§-—LJ
- ( 2'{7’ + 1) ‘
5 ]
[(51)1,, "*1)2 - Zoz}

Hence, the = waves cannot be determined using this expression.

It
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If we look at the disgremmatic representation of those formulese, Fig. 1,

the two integrals over £ in II(v) are along the line of constant s, AF. The
first term is an infegral along CF and the second =slong DA. The integran& must
be known at all points, in these ‘in'uervals, thus we must lmow & (s, t') in
U':..;.hysit:ﬁl regions, although we note that the major part of the integrals always
lies in the physicel region for small s, To obtein 4 (s, t' ) off the physical
region we must chouse a continuable representation and we shall discuss meinly
the use of the partisl wave series,

We teke
'

'
(v',») Z (2¢+ 1) 11[1 +2 (v_g‘)_} . :me;I& (v) .
end etso change over t't:jnew coordinates ¥, v'. As elready discussed, for
v »> o the series converges in a Lehman ellipse in the )V plane, whose extent
Zopende vpon V‘* and Whlch touches the double spectral region at points like
M and 7. |

This region is sufficient to give the absorp.tive part for our integrels.

Lue nsbove series is expre;sed in terms of I" the isospin in the t channel‘so we

have to take new linear combinations to obtain the absorptive part for isospin

eigenchannels in the s channel given by the orossing matrix, .

I, 28 o
LT (vy) =77 L (244). FII/ . P{ [1 + 2 (3_&)}. Imlx{,(\;f)

7! =0 (, =0 y!
ie cen consider the functions op _
. {
") = (24 41) (31:1' ) '[ ay Imtl{],: (v').lz‘[l + 2(&;)] 4, [1 +2 (v’+12]
e o v! v A

to be the conbribution from the £ I' wave in the t channel to the { I wave in

%h2 5 chanmel.

2
Cr V) =0 5 (v)
X0 A
C‘£ = é\ C{JU (V)'
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THE EVLLULTION OF Gzt (V)
A

I cav, mh, (V). P{,{l + 2(5_1)]. Q{&l+2(\#'+l}}

4

o
First two factors are regular in the interval but . & (l +2 (Y + 1) lhas a

logarithmic singularity. at U’= -V 1, as ocan be seen from the general

expression )
p {-1
QL (x) = P, (x) . Qo(x) + Z’—\ 8y Pi(x)
i=1
Q (x) = 1l log x4+1
2 x -1

latter having singularities at x = & 1, end the fact that the argument of QQ, in

our integral

x = 1+ 2§V'+12
U
=xl=1+l_/2_) -1 whenV =o. V<{-]|
= x, = 1+2(A+1) when W' = A\
¢{=-1 when ;);/'(-—l
S
x =-1 when V'= Ly~ 1.

T> do our integral,we can subtract any reguler factor of the integrend. We
A

°h°°sse fav‘. [ Ini(V ) B, [1 + 2(\%;)]- Ioh( -y~ 1)s P, (-1)}

[¢]
. Ql [Al+2(V'+J;)_l
v - .
om0 ) [ [3 02 2]
v
[¢]

f av’ QQ 1+2(y'_i__1)]
[¢]
X

Y
put =1+2(w+1) dzx=2a¢_  + ay = M . a
Y v i 2
v = O ~ X=X = L+2
»



pathological when ¥ = o, =1 or -/ - 1.
The eveluation of
~ X
I& (x) = S dz Qi (z) is found in en Lppendix, they are found to

be
Io(x) = xlog x+1 + 1log (x° - 1)
2 x=1 2
Il(x) = 1 (x2 -1) log. x+1 =~-x
L x -1 2
~ 2 2
I(x) = x(x"=-1) log. xs+l =~(x 1)
4 x=-1 2
o) 2 3
13(x) = (5x_-6x°+1)., log. x4+ 1 =~ 538:__+ 13 .
x -1 24

16 ‘
We now lock at the factor Q {1 + 2(V' + 1) J , the singular factor of

- Y,
Q {1 + 2(!.'1:,.3;)\
¢ v

- /
Q(x) = llog x+1 =log. V4Vl
2 x - 1 V' + 1
suppnse y = W L_yl.;- 1

v‘+1 /

' AN
then (y -1, (V +1) = y / N
a hyperbola _“_‘// ' I 3
i
~¥Y/ o
-1 o {1 ] .R//‘\ u’
/ 7
--y.,|
-l Al//
e
A Fig.2-3(a
t /’
y=owhen y == or =V~ 1.
y=-lwhen Y ==V =1 { Ovhen -V ( 2

il

owheny = V +1

v + 1 '>- - lwhen 3y )~ 2 i.e.v‘}-—i_t__.

3
Near the singularity the integrand is behaving like x log { x’ whieh looks

LA
3

like



_l/\ 0 /}x
VO Fig. 2 - 3(b)

thus the singular region is defined by the points x = -1, 0, + 1. In our case

the argument
[

Yy =0 when V ==V -1
=41 when V' = 00
= =1 whon v/ ==V -1
2

%o effectively numerically integrate one must have sufficient points within
thn;.s intervel, elthough one nsuelly veries the step length until the desired
ecourgoy is obtzﬁned. One elso has to be careful in computation becesusc near
the singular point one fector —» O the other -—%00, This is likely to cause
overflow or raunding, further any attempt to approximate in this singular
region needs careful essessment as one may introduce "large'corrections.
in easier subtraction mey woll be as follows, explicitly bringing out the
logerithmic factor from @ '
j Ca ten o e[ 2te)] Qe e 2 ()]

[
- jAdv'. T Ay (1) [ £ 2 ()] 25?&[ 2] Qo)+ 202

0
+ [ 4+ 2

and subtracting the s:mgular torm: A
TmA, (v Ppl-). Relon). (00“"- Q| | ”(v—ll")]

involving the eveluation of I (x) only but the numerical integretion of e

more complicated elgebraic expression.
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LILLYTIC PROPERTIES [ND LSYMPTOTIC BEHLVIOUR

Ls a function of ¥ , Iml, (v) is constent and P .« |{1 + 2 (}’_:!,‘-3_-,) is
H Q_I 1 v

enalytic and hes ssymptotie behaviour O(UQ,).
Now, Q{(x) is out [-—1, +1J with discontinuity %PL (x) as is showm by the
gonorsl oxprcssion .
QX(X) = 'P_%Lx)'. log x:—l +R (x)
* R1(x) is a polynominal of degree { -1.
hence, Q Y ‘_1 + 2 ()_l_-_l-_)} is ocut v [ —V'—l, —dJJ and the whole integral from
-1 to -0, with discontinuity s)

ImCII&v) = (22'+1). (311' .gj av'. Imn,(y) Py [1+2(v+1)
Ly v o Q'L vy )] -

Therc ere no other singularities, however, the partial wave series cennot be

used to continue
o LI(V) to the physical region uf the s channel
¥> 0 as it accumulates end diverges st

V= 0 It elso diverges at V¥ = -9,

A @

Fig. 2 - 4. Mlinalytic properties of a finite sum of partial waves.

TO OBTLIN THE LSYMPTOTIC BEHLVIOUR
-¢-1
x

—p 00 ¢!
r‘U (x) — X

Now, 0 t (x) =

X~ <0 ¢
Po(x) ey (1)
X ey 1
) (x) = Pe(x) .« log x+1 + Ry (x).
2 x-1 -

Co asxes 4l Oi(x) 3 (1) . log (x - 1)
-1 "o log (x +1)
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Henoe ,
' L
. Vo log V

I, ) (v) =__1Lj{-v..1 (22'41) ! Inky (v)p,[_1+2(y+ 1)J
Yo B [1+2( ____)J

¥
TaC, (V)V :?"oO i‘ . * 7 ©— for length of range of integretion
Hence ImC2¢! —> L
ReC, 4 log v
/
-1 / -
: = = L
hence ImCLQ, = L”,L(".,HI:...E S Ii — V
Re” + Im
- ¢~ ~L -
Recull = ReCee' =y llgg\/ v log V
Re2 + Im2 vt

(7} t
We can elso obtain the Left hend cut threshold behaviour.

For the Imeginary pert

Inky (V) = ay. Ink, L) P, [ 2(”+1ﬂ L[i 5 (ulel 1)]

o
wo wish to obtein tho 1ovest pover of (V + 1) in the expension about the point

= -1 } (from tho left only ,as it has singulerity there). Teke
(!t) . V’QH' % since contributes only in
[ 0, -v —l] end noer = -1 has contributions only from threshold of right hand
out, P-(’ [1 + 2 (Z_ﬁl)] gives puwer series in 3,:.,%.

starting with 1, conteins =211 powers
!

P( Ll + 2( M)J povers of Lf«}- or better —Jv-

to obtein lowest power in () + 1) we want lowest in V' end (v + 1). The feotor

P ‘(f is homogenewus

rmraa

1w a5+ b (5D
gives v +a(v+l). logy’ - b(\{__i7_l_)2
~ (va1) +a(v+l) log (v+1) fb(v+1).
The fector Py  has lowest power 1, hence lowest power from terms

S [1)

since 1  term from P no7 joins the rest in being homogeneous when

vl

]



7

integrated.

Hence the te is
e Irm 1 ; QQ’-f- 3/1

A/
Im.LL v) «~ (v+1)
)
Notoe independent of the direct chennel £ . Por a number of Wavesz‘Q N z in
crossed channel

Q{:ﬂir\“}- 3/1 '
~ (VY+ 1)

FIXED DISPERSION RELATION WITH S COMPLEX

I ] . i ’ * [
L(s, t ) = Ft(t) +st . st (s )
" 8" - 8
or something like this
T
hence for @ Lehman ellipse
Y
fixod real v ™
5 A
Ly(s, £ ) Fig. 2-5(a)

’
hence .Lt(s, t ) is anelytic in cut plene (which includes Lehman el]ipse).
[4
However L, (s, t ) is complex, in generel, off the resl mxis, and reel

enalytic

! * ¥ ’
At(s: t ) = L t(s » T ) ,
r 2%
Then LQ (s) = ! at' &y (s, ). QL [1 +'s‘:&'“:$

%
but 0"2. is also real analytic
hence 4, (s), obtained by this formula, is reel analytic.

Thus,. we{ejn use this formule 1or ell s in the cut plane.

We cen only put in the pertiel wave expansion in the Lehman Ellipss,
however this docs give a neighbourhocd of the real 8 exis, and its extent can
be calculated from the boundary of Lehman ellipse.

7 ')
cos ® = 1+ 25 . ' 8 ==2 (1=20c0sG)
t' - 1+ )
stendard result



diagrem in s plane ~

O 7

A4

Fig. 1-5(b)

Fig, 2 - é(2)

Wo cen see from the diagram thot the rogion of convergence of the intogral of

the sum is the smellest Lechmon ollipse over the integrsl which obtains at

V=-9,

v

S;—31 ey

So’in the ¥ plane)

it is on ellipse.

©

for left hend limit

Fig. 2 - 6(Db)

end the csymptotic ellipse
for right hend limit which
touches the imeginary axis.

However, this is cut awgy by
the neearer region near D.

Fig. 2 - 6(c)

v




: 76
DUGTIURY PIRTS OF PARTLLL WAVE [MPLITUDES

00 , '
Aﬂ(ﬂ) =__@.__X av, 2 ]'1-;-2(-1;&)1. Lt(\/v,v)

nv L.
For ¥ in [0 -9] ; ea.'L and OL is cut [1 oo:\
.. Im.A‘L v) = %J dv Py {1 + 2 (~-) Ly (v, )
-9< v¢-1

For Vin [0,00) , ¢ is reel, L is out with discontinuity /~‘st, the double

spectral function o0

b .
£(vy) = ;S s, {Ds,tﬁs's't) + lJ s’ f”‘ﬁfg-*‘—-),’ L
Tle 57T s S0 S
e T0) = kTavio [1a2 (9] Lst (s, 80)
d L oo . v
TY %

04 v 0
For ¥y { - 9 both ¢y, ond Lt are cut
above the out,we have

(@ +4P) (4 + i/!«) = (gh, - P/J) + 1 (Phy +[aq)
below the cut

(Q - iP) (At - lf) = (Ql;_t - P/a) - i (Plxt +)o )

. I'e b4 1. 7 ;
e Imby (W) =k dV’f%[lw(’":fw) -/am(v,v)

AV 0
[
+ T P£[1 +2(Y~§l)J .Roj.t(vl,v)§
2

The emplitude is reel for Vv in [0, -1].

-0 V{ =9

SHIRKOV'S CRITERION FOR THE RELL/BILITY OF CONTINUATION
OF THE PLRTTILL WAVE SERIES

tarm e \

Tho absorptive part obeys o dispersion relation of the form
1 ' -
A (\I)cose)-—j (“’Sk [_ﬁ_l'(i‘f_e_;_‘.’_). + C;zl(te;\b' \))l
eos 0, (V) ws6/-cas & s "4 ces S
and we ere making sn ElerDleotu continuation using a partiel wave expansion

A (V Cos &) = Z: (2€40). lW\A ,(v). ? (cose)

Shirkov etal. (2) (3) propos ed a way of estimating the error involved by

observing that it was the same as the error in cating the Heine develop-—
[~e]
ment 1 ~ = ;7 (2e'e0). QQ'("OSG ) Py (esB)

(os@l,(,o_gg ¢'=o
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For inserting the development into the dispersion reletion enebles 9ne
to factor out the P!L‘ ’'s since the spectral function is indopendent of cos O
slternatively, projoct the dispersion relation into pertiel waves by integre-
ting.

Telking VY = 3, the inelastic threshold, end 6 = 0, the edge of the double
spectrel region, then for an § & P wave trun cation, the error was

for O =o 2 - L% adequate

for 0O = N/, 3007 | inadequete
0f course, this gives the estinested error for a double spoctrel function
massed at the end of the ocut. Presumably the error will be less for those
spectrel functinns which give dominent S and P waves, in the physioal region.

On the disgrem one cen sec the locations of the points (¥ =3, & = 0)
end (v=3, 0= 7;;_-).

Disggram for Shirkov Criterion

Fig., 2 - 7(e)

Fig. 2 = 7(b)
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CONVERGENCE OF THE REAL PART SERTES

The real part ocen also be expanded in a perticl wave series in the
sicel region
phy &gt o0 )
<7 ] ]
=0
but this series converges in a smeller region then the series from the
imeginary part.

From M. R.

, b(s, ¢ ) 85 s veries with t fixed in [L, 2] ,will be

cut for s in | 4,0] end for W in {k4,0]. Hence the series converges only

in the .xegign s = -t to s = 4.

These considerations are mado transpare
\ t-o

The series diverges et L end B i.o, as soon as it "gets level" with the doubls
spectral rogion or as soon as it is level with the threshold in the s or . U

channel,

/
RESUITS OF CAIGULKTING Cpp (v )

Tables 1 gives the values obteined by numerical integration of the reel
and imeginery parts of C(¥) for the first six waves, i.c. up to Fi. Ve give o
breekdoym of the effects of different waves in the crossed chennel and the
total C(V) . We used'experimontel values discussed later in this chepter end
had .?8, SE, Pl, Do in the orossed channel, Figures 9 are grephs to total and
breekdown velues of C§V)., C(v) is displayed in doteil becsuse it is besic to

most of the thesis, The behaviour of C—l())) is discussed in Chepter 6.
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__ALL

=1.1307
=0.904
~0.850
-0.70“‘
-0:,532
'“%376
=b,21%1
04083

% g
‘ joq1§

2=0.,005
ot -0.012
«0.023
'00035
=0.045
'00037
'0.023
0,016
'00010

. =0.005 B

 ALL

“0. 733,
=0.791
=0.836
'00864
=0.867

=0.835:

-00758
.00628
°°o465

'003102
'0{195.
-00120

f00073
~0.042°
-=0.,021
A <p.004
¢ o.011
3 0 L2s.
L 0.039
& 0.042°
0.043
0.038

0.000
0.000
0.000

0.000

0+000

Teled o Erqudxunx,

.7ibﬁu2'i'u~.71*mk il e akAewrn

,
TE046T
0.016
0,019
- 0,024
0,024
0.027
0. 030
ﬂ0 Q§4

0. 041
§020%4
ey

?00020
200021
w0022
0,022
'0 022

m0.022 77

w0021
20,020
=0.018
‘20,016
=0.043
{ ?00009

»0.004|

oo 0,003
T 0.011
0.022!
.2 0.035
0.050

0.063-

0.065
0.063
0.054.

0.024: 0.032

0.000
0.000
0.000.
0.000
0.000

So ...

.b Ke. € ()
. v
'“:UTﬁhi"‘ wTs14%
-0 003 ~1.004
-0 008 -0+884
-0 007I f0-715
-o 010 <0393
-04 -U 230
éi. ~0.084
: :?o gfs 04024
"6- 0.01% 0.078
T-h 01 - 0-084
:E;glp ‘066
420,020 . 0,038
--0 020 o w0, OU?
«0,016 ~0.014
0,016 . =0.021
=0.011 =0.024
~0.,002 -0.024
0.003 -0.023.
0.008 «0.022
0,012 .=0,020
01014 -00018
0.010 '00015
0.005 ~0.,013
0q003 '00010
0,002 ~0.007
0,004  -0.003
e Sa P
0,008 =0.722
0-008 '00822
0 008 '0.849
_0.007 -0.852
U 007 '00821
0.006 ~0.743
0.005 “0.614
oy 0.004 -0,451
-0.003 -0.,297
T 0.001 ' ' p.184
A"0.001 QaT-0,110
“"0.003 1"00066
"0-006 -'0-039
'?00010 w022
=20.014 -0,012
=0.018 -~0.006
-0.022 “0.003
w023 -0.001
“0.023 =0.000
«0.020 «0.000
=0.045 -0.000
~0.008 -0.000
0.000 0.000
0‘000 0.000
0.000. 0.000
0.000 0.000
0.000 0,009

of Jmec) — P,

s Py

. y J

Tmil.000
,.100500

'100000
'90500
'90000
-80500
-8.,000
"70500
=7.000
-6 5||I

26,000
#5,500
5,000
«4,500
"opbb
+3,500
«3.,000
'2.500
'20000
'10800
1,600
~1.400
~1,200
=1.000
~0.800
=0'.600
~0.400

_.=0.200

—_ Y.
«11.000

«10.500

=10,000
-9,500
9,000
'8050&
-8,000
=7.,500
-7.000
~6,500
'69000
'50500
'50000
-4,500
'4-000
'3-500
‘3-000
f2.500
-2.000.
'1&800
-1.600
-1.400
-1.200
«1,000
=0,800
“0.600
0,400
-0.200
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ALL So Sy oo L P, o Pe v
0,025 0.024 0.747 “0,007 . «11.000
. 0,026 - 0,023 . 0.920 °© «0.006 10,500
0,026 . 0.022 1.083. <0,005 »10.000
0,025 . 0.020 1.298 =-0.003 -9,000
0.02% 0.0149  "1.309 =0.002 -8.500
J0,024 oo 018’ 1.298 -0,002 <8,000
0.024 0.017 1.239 =D0.001 «7.500
00,023 0.015 1.120 «0.001 " ~7,p000
E0.021 T 0.043]  0.927  _=0.001  -6.500
T 0, 019 ﬂ 0.011 0.673 =0.000 “6.000
0,017 0.008 0.397 . =0.000 -5,500
. 80,013 0,004 0,175 £-0.000  -5,000
‘ 0.008 «0,000 0 0.051 0.000 4,500

0,004 20,006 A 9,008 T 0,000  -4.000
.o 007 «0.011 T =-0.000 Cf 0.000 =3.500
.0 047" A-O 017 g.002 0,000 -3,000

=0 0?7 =0,021 ©70.005 0.000 -2.500

.o 011 -:0,017 0.007 0.000 =1,800

=0.024 -=0.012 ° 0.007 0.000 ~1.600

20,012 0,003 0,005 0.000 =1.,400

0.010 - 0,006 0.003 0,000 =1.000

0.003 0.002 0.002 0,000 -0.800 "

0,001 0,001 04002 0.000 ~0.600

0,000 0,000  0.001 -0,000 -0.400

0,000 - 0.000  o.000 .  0.000 _ -p.200
T”"‘*—L M ‘H'!’C‘-Mw ’(;MC(V)——’P’ )
A .
b % % T p, 1%

3 0,002 0.004 =1,705 =000 211,000 .
0.000 0.008 =1.553 =0.001 «10.500
0,002 0.007 -1.377 «-0.000 «10.000
0.004 0.008 1,177 -0,000 9,500
0.006 0.010 =-0.955 -0,000 -9,000.
0.008 20,004  -0.711 ~0.000  -g,500
0.041 0.013 -0.452 =0,000 =8.000
0.013  » 0.015 =0.186 =0,000 7,500

204006 A j,017 0.068 -0.000 =7.000
20.019 T 0.019 0.284 -0,000 “6.500
T0.022 | 9,021 0.423 j-o.oou 6,000
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=0.026 =0.,016 0.002 ~0.000 1,400
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It is difficult to give any conclusive statement sbout the rate of
oonvergence of C(¥) as more waves arc added in the orossed channel. We note
that the effeect of the Do wave is smell on the near left, sey in (-5, Q],but
this mey be due to the particuler experimental values for the Do wave. We do
not know if the velues of other weves like Fl will be lerge. In Figs. 10, we
give graphs of contributions to C(v) if resonances were present in various
vieves. To do this we used ¢ Breit Wigner form with correct threshold behaviour
in each wave, and took position and width the same as the /3 . The result is
to give o bump in C(V) neer - 73-1 with more repid felli-off towards the right
for higher £ waves.

We conclude that if tho experimentel volues used give a good representa-
tion of the emplitude in the low enorgy physical region of the crossed chennel
up to say V= 7, then we obtcin & reasonebly reliavle value of C(b? ouirt to

= =7. To get e relieble value out te -8, we might well noed a greet deal

more information.

L
A

The ecouracy of numericel integration wes checked to 10 ' by using a

variable accuracy routine QL02L. Setting the accuracy to 10 ' geve velues
identical to those used in the fixed accurecy routine. Only 4 significant figs.
were checked, Use of e veriasble accuracy routine takes at least twice as long
a5 & fixed acouracy one. The routine doubles the number of integretion points
until successive evaluations give snswers esgreeing to the desired acouracy.
Hence it saves a lot of time to first of all find out how many points will

give the‘desired accuracy end thon to stick to this number. Further, vhen the
integrend is o function of another variasble and when we went the velue of
integrel over a range of volues of this verisble, it is most importent to store
the values of the integrand at the integration points and to store tho valuos

of the kernel; this saves time by e factor of 20 or so. Such a procedure is

more difficult using a variable accurscy integration routine.
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THE g FUNCTION APPROXIMLIION

If ImAw (v') is dominated by & sherp resonance, then one cen meke the

approximation

mh, (v) = RGOS (vonp)
where \; is the half-yidth, This is shown in the Breit Wigner case in Section
ITI.

Fig. 11 compares the C(v) function eveluated by numerical integration
with the C(v) function obteined by approximating with a $ function. In the
letter cexe, the cut starts at - ‘}R -1, the discontinuity heving a finite
value a.t the end of the cut and the real part having an infinity. We can
regard the more exact C()) as e smoothed out version of this. It does

emphasise the correspondence between structure at y', in the crassed channel,

/
and at ~ V¥ =1, in the direct channel,

CONTRIBUTIONS FROM THE HIGH .t REGION

In truncating the pertiel wave expension, we have ncglected higher
waves, which ere important in the diffractien peak ot high t. £lso, meking
a % function approximation to Iml has the effect of neglecting high t
contributions,

Two weys of accounting for these contri‘;)utions have been suggested by
Singh end Udgeonker (5) and Bolazs (BV) (4).

Singh end Udgaonkar found thet these contributions were important in
the L N problem and Belaezs found thet a calculetion putting in estimetes for
bovh inelesticity andhigh t contributions, moved the self consistent value,
found by his bootstrap method, for the (3 , from 585 Mev to 712 Mev. The
present author dcas not consider either of these calculations to be very
relizble, but his numerical studies of the G(v) integral bring him to the

following attitude.
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8ince the integral converges (for £ 2 1) the very high energy region
cen only meke a smell contribution and sp ‘frtmcating the partial wave series
will not meke much differonce. The authcsr has evelueted the integrels numeri-
celly, frr a smell number of pertisl weves end found only a small chenge on .e:.:
nmoving & cut-off from v'= 10 tov' = 30. Now, es we sppraach the diffraction
pesk, i.e. VY — -1, the intogral gets less convergent until it only Jjust
(logarithmically) converges. So the very high rezion starts higher,end sne
nsy get contributions from higher weves in the intermedisate region. In this
case, one may well get contributioms from high ¥ , but we expcet this only in

the near left region of *he s channel say V¥ in [0, -2],

ESTIMATION OF THE CONTRIBUTION TO C(v) FROM THE HIGH t' REGION

-

Ls we wish to inoclude & smell number of waves at lov t , and the
diffraction peak et high t , which involves many partisl weves, onc simple
suggestion is to use e trwoated partial wave ser‘i_es for At(s, t, ) in the low
8 part of the integrsl for C(v), j,t(s, b ) ’"1'55 Lll(t') PE.(cose' ), end
use en explicit diffraction pesk for [,(s, t' ) at high t° . k(s t' ) =
exp. law (s, & ) {'>T. is there are no oxperimentel velues for the diffrec-

tion peak, we could toke the width erbitrerily es 1 Bev. We did not cerry out

this celculation.

REGGEIZED PROJECTION

Pro jection into physicel and pertial weves

For a single Regge polo .
Y . Yo [ 4- .‘%_i..
Afspr) = (Rxc@)+ 1) v P«Lcw 5 (1)
Sin L’R of",'(t')J '
contains both real and imeginary parts. TFor reel fixed t | it is cut in s

from s = l —% o0
B =k =t e = 00

ond as s ~p ©O0 s, t' ) —>

If we project into a pertisl wave in the t channel

A )~ T [ (- w )

X (81
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If projest into s chennel, get
o0
; 1 24’ 2w ()] e (v
Alsr= 2] 4 "Ll‘+g~:]' - )
TR

4 St | Y Ko Lm]

b( (L ) l\ 't"'#‘
end for rcal and imsginary partu need to disentangle from L.

For asymptotic behaviour
Agls) 52 * Jooale’, Pe[lablt’]- [2w.(#)41] ¥ ()
w )

S > e
D7y S =y S [T7oa, (4]

1+ 85,7507

If one now wants to cggtinue to unphysicel £ ., Gribor's suggestion of
’ -
04 (g): __q_'_J At . Q(’(LI_‘_ _?;f’ll ) A{‘ (v')v).
o4 nY ¢ S -y U

is used, and this gives en elternmative form,since At( yﬁ\/) will be the

inaginery pert of (1),

AN LTTITUDE TO BOOTSTRAP CLLCULLTIONS

In Chapter 1 we discussod the concepts of elementarity end composite-
ness., We went, in this section, to discuss bootsirep ¢ elculations in
dispersion theory, in which mathenseticel description of scettering proccsses
involving elementery end composite systems is attemptod.

We went tn discuss some principles of precticel bootstrep celeculations,
insofar as they have emerged in our work.

Dispersion theory is often called e model independent theory. Llso its
microscopic interpretation is uncleer. The effect of elementerity esnd
compositeness upon the deseription by dispersion theory is found in the number
of arbitrery perameters assumed, which wffects both tho formulation of the
specific equetions for the system ennsidered and the procedure for epproximete
celculation.

The number of arbitrary perameters is directly relected to the nuwber of

elementary perticles. If thero are erbitrary perameters in the theory then
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they cen be determined by exporiment. However, a perfoctly good nathematicel
solution of the equetions exists for ¢ renge of values of the persmeters, Jjust
es quantum electrodynemics hes solutions for o renge of values of e, the cherge
an the electron.

One does not know how neny erbitrary peremeters there will be. However,
héving written dowm tho equetions to be solved, the number of solutions is
fixed end cemnot be mede the subject of e further essumption. If there is
inelestiocity then one hed better tcke this es given. Thus either there are no
solutions, 1 solution, 2, . . .,27,etec., an infinite number peremetrised by
1 parameter, 2 « . » It has even been suggested that there will be en infinite
pumber of paremeters (erising from asymptotic exponentiel behoviour end the
infinite number of subtrsctions required), by C. Lovelace (7). Field theory
suggests that}in the K7 case,there v/ill be one porometer, corresponding to
the.A in tho A C€1» interection, This assumption was cormon in the literature
in 1960, but nowv several dispersion theorists conjecturc there +Aill be no
perameters and, further, thet thore will be 1 solution only. In the whole of
strong interactions i.c. the infinite number of coupled inte;rel equations,
field theory possibly suggests three poremeters ot least,
egein disporsion theorists have sugiested one solution only.

Discussions on the number of erbitrory peremeters heve been given by
Taylor and Truong ond by Ceopps.

We vwish to ergue here thet, not only is the number of peraneters
deternined by thc oxaet equetions, it is elsc possible to discover the
oxistonce of these parameters end identify them in epproximate caleulsations,

This attitude has crisen as a result of educetion by Dr. R, I, Streecter. Ve

nust first however discuss our nmunerical philosophy and the implicetions of

moking numericel approximotions.
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NUMERICAL PHITOSOPHY

The value of & function is very rarely given in closed form, but usually
in o series which hes & celeculeblenackim error, One tekes sufficient terms to
ensure the desired accuracy. In a chain of calculetions, one rust take
sufficient sccuracy &t each stage to ensure the desirod acouracy ot the finel
stege. In o long ccleulation on o computer, the arithmetic end storage is
cerried out to 38 significant figures, however the finsl snswer is usually
only reliasble to 10 significent figures, This rounding accuracy is very umuch
botter than other snurcos of insccursacy. An integrel usually has tn be
evaeluated numerically end mcy only be eccurete to 4 significant figurcs and
it is imporﬁant to check the errcrs on such steps

In tho nunericel solution of vory difficult sets of equations such os
¥. R. + U, one is Tseced with the tesk of representing the enalytic expressioné
in & numerical form, which ususlly mesns replacing integrals by sums and
oporators by matrices. Onc may choosc on iteretive method, not using & trial
function but using volues on & set of points, or one ney decide to use &
trial function es a bosic part of the celeulstion, so one heas gone further and

lasaumed thet the velues on the sets of points cen be repleced by a knowlsdge
rnf some snell number of perameters end ¢ suitable parametric funotion,
Parsmetrisation is disoussed laber in this cheptor. To determine whether

2
two functions are equal in & region, one can use & ?( test or some other

criterion like ncx ' f -f over the intervel. To demand an equation be

2

satisfied can also be achieved in this woy. In deman&ing to functions bo
cgual, one should find thet inereasing the munber of sompling points caouses
the fit to settle dowm to & stoady value. The density »f points et vhich
this ocours depends upon the smoothness of the curves. When this hes been
schieved thoro is no resson to teke eny more sampling points, in fact to teke

more would be bad since it weuld inoroese computing time. Wo would thus heve
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vsatursted" the constreint. A& similar effect should occur with the number of
paremeters. Whon the number is too low so thet the parametric functions are .&u
not sufficiently "flexible", then ecither no solutions or spurious effects will
oceur, On increasing the nwiber of paramcters one should reach a point at
which adding one necre poremeter nckes very little difference to the values
obteined, Too neny persmeters arc.a bed thing, since,not only do they increase
conputing time and space, they cen lead to spurious effects.

To decide whother two differently varametrised functions are
sufficiently equel in valuc, as to be taken as representing the state of
exaot equality in the snalytic solution is difficult. Too stringent a
eriterion can lead to no solutions baing accepted. Largely by subjective
means, one has to arrive et values in the ‘Xl'which will be acceptable fer
thy. fit of two functions together, or an equoation te be satisfied. Also one
must derive from this an idea of o "significent" change in tho funciion es
the perameters vary.

It is o fundemental tenet of numericel work that *he approximste
minerical forms and conditions can be made close snough as to give solutions
which are closo to the exact solutions. To test vhether we nay be close to
the exact solution, we nake sure our parametrisation is sufficiently flexible
end that our constraints are seturated, so that nur solution has ssttled down.
There is then reason to suppose that our solution is close to the exsot
solution, a condition one might term "mecaningful', If this is not the caso,
then our solution nay be fer from the exect solutioﬁ, it nmey even be unrelated
and its origin due to an cverlooked eftfect.

ILI~DETERMINED PLRAMETERS

In an approximate calculation, the oxistence of freoe parameters will
be revesled by the oceurrence of ill-deternined parsmeters., What interpreta-

tion must onc put on finding that e self-consistent solution (within pre-
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arronged numerical smollness criterion) exists for a range of velues of ono of
the parsmeters (or in general some function of the parameters 6hosen for the
caloulation i.c. some[ l]connected region in [ nl perameter space)? We will
sometines find a very flet minimum, but, beceause of approximations, never an
exactly flat curve. The paremeter slong the curve is thus " ill-dstermined" .
A more eosily detected effect *.-.".'Lil be thot this peremeter, determined as the
minimun point of the shallow valley, will be very sensitive to the e.%)proxima-
tion procedure, for the letter determines the slight slope of the valley.

™70 cases can arise, either
(i) The solution varies very little as the perameter veries; or
(i1) The solution varies significently.
Cese (:1.) will be called "extra", (ii) "arbitrary". One ogain needs some
numericrl criterion fer the concept “significant". Case (i) will arise when
the porameter, cell it &£ , is an extre trimming parameter relsting to the
detailed forn of the solution, but ill-determined becouse the constraints
cannot fix it vell, the approximation is Jjust too rough to allow its
determination., One might think of some peremcter in a weoekly coupled channel.
Cose (ii) vill erise when the paremeter, call it A , 1s a truly mathemati-
cally erbitrary porametor so thot o solution exists for a range of N\ end the
solutions fromn & ferdly labelled by )\ » Tor exonple,if one solves the
Schrodinger Equation with potential g;'ir,'then /Vv is truly erbitrexry. 4
solution exists Tor e renge of’}/k end 1':\;‘ho solutions for diff‘erent/l are
different. If one did a numericel approxinction and tried to include 88
a peremeter it would be ill-dotermined. Similarly if A is an evbitrary
peraneter fortho N system then a solution will exist for & renge of )\ .
,\, ocanot be determined meothomatically; it is a universel constent and nust
be determined experimentelly. As wo incressoe the accuracy of the approxina-

tion, we expect the shallow velleF to become flatter, but eventually we will



87

ﬁave‘baturated“ tho constreints. Onc can then meaningfully go ahecd end
locate "extra" end Yerbitrary" paramcters and producc a femily of solutions
lsbelled by the erbitrery percmetors end can discard the extre paremeters.
Of course, if one finds thet onc of the & priori inportant paremeters
is fextre", onc concludes that onc ia doing e bad calculetion.
To locete tho ill-deternmined parsmoters, o good method is to obtain a

L - "
plot of X in I_n] space. Then if X -0 on & surface

Then & solf consistent solution is obbeined for all {C(; is.~ t.
f({t’(ii Yy =0
Let us nov take new perametcrsa (3i § S.%. G,and F, ,for o particular sot
?f3"“' %,are coordinates in the surtecoc. Then @. and F, ere the ill~
deternined parcueters and? 3 } ere determined. So in general,
ﬁt = P! ( § oL t)
o - pa (101)
we can test whéther they ore ervitrory or freo by looking at the solution,
i.8., functions et different points on the surfoce., Of course, o ngy heve to
toke further coords.
Vo= Yo Lfay B
Y, = Y. ( (M,(;J
if one is orbitrery end the other free. We nmay went to do this enywsy, since
vwe may feel that the fomily of solutions)at constant 7&_)are)in sone SOnSO)
similer,ilse. we may vent to teke o "naturel" paranetrisation.
One ill-dstermined peremeter defines a linc in [‘n] space i;;.[i]
nanifold,

Tho next thing to observe is thot we mey not be acknowloedging the
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existence of an crbitrary paremeter and Tor example neglecting an influentisl

term, In this case even if we find that 2ll the perameters we have taken are
well-determined we may be in error in doclaring that there orc no arbitrery
parameters. Our calculstion may be only finding the perticular member of the
family with thet unconsciously assuned value of label. This mey still be
valusble however. To eliminote this cffect e nust evamine the neglectod
torns , meke sure thoy are snell end thet varying them does not vary the self-

consistent solution sisnificently.

APPROXTMLTITON THEORY

Walsh (8) gives an account of the epproximation of functions in the
complox domain. The possibility of approximnetion of any analytic function by
& polynomi &l or rotionsl function is discussed end the existence of best
(-t (2)]),

approxinations proved. The criterin or minimal (meximun ‘ f
d" P ZGR/ &pp
oo min (1,95 1D4EIP) ) oo

of gin.(nax. \ JA) {:(z)k ) (using ex. nodulus thoorem),
) i LC

mdofmin.(-gc\dz‘\ﬁ_c(z)\f) pro

lead to sinilar results. However, no ides of howr good an mpproximution to n

axact

terms is going to be,or how to choose & method of approxination aro given.
Sone useful ideas are given, In making o retvional function epproximation,
one cen choose the poles arbitrerily end thien obitein 2 best epproximation,
given their positions. The region of enclyticity used is releted to which
set of polynomir als one might naturally choose for approximetion purvwoscs.

This is in contrest to the work of Bolor and others on Paﬂé epproxi-
mants, who nokes intuitive zuesses as to regions of conversjence end best ways
of epproximeting. No other sets of functions for epproximation are ever

treated, other then polynomi als and retional functions.
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PADE_APPROXTMAITS
' £

The Pedé opproximant method (9) is o most promising wey of obteining a
good rational function approximetion for which the asymptotic bohaviour cen
be specifiod. The epproxinction puts poles over the singularities of the
given function and, because of its invariance under conformal trensformations,
probebly converges in most of the enalyiticelly comnected regions of the
function. Baker has proved o few results and conjectured others, see also
Chisholn (10) who is attempting rigorous proof of convergence of the approxi -
mation in the domein of meromorchy.

A truncsted Paﬁé epproximetion 1will hove poles neor and round the
singularities of' the exact function, but nlso it will sonetines heve isolated
‘spurious poles® wnroleted to the oxact singularities. These spurious poles
eventually diseppeer and are elways wcconpanled by & nearby zero. Chisholm
has conjectured that the totel nunber of poles of thic epproximant, in a region

of meromorphy, remecins finite as N «=320,

The convergence of the cortain series of Padé approximation in the oase
of functions wAdth o series o? Stielt jos hes been knovm by Baker and evplied to
fixed s dispersion relationé, sincc the absorptive part is alweys positive.
Two converpgont soquences of Padé spproxinents to ~ A(s, t) wore round which
were bounded by the exect function sbove znd belowr respectively

(wm,w-2] & 2¢s, v < (wrul.
Other applicetions to scattering problens have boen made by othor authiors (11)

but usually to non reletivistic probleums.

THE APPROXTHATTON OF CUTS BY SEQUECE OF POLES

Thus, the work of Welsh shows the possibility of epproximetion and the
Padé nothod gives o weay of obtaining the approxinate function, given a power
series for the excct function, eboul some point. To obtein a unitery function,

it is better to approximete only the lef't hend cut by poles and this can be
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done by o pole approxinetion to the N function, In practico, one do¢s nob
have en accurcte enough poier series to uso the Pa do nethod, Balaus used an
ewxiliary nethod to detormine the positions of the poles and gotv the residues
from the power series. Other euthors have determined the positions and resi-

dues by overall orossing and self mnsistency rcquirements.,
Bonder (12) hes described sn 1i/D pole uethod which iterates, adding an
extra pole to the left hand cut esch time.

Pole opproximations to the ri:ht hond cut, when inelasticity is present,

-

have been used by Gennel and kcDoncld (loc, oit.) in lov enersy n - &
scattering end by Bronsden, Moorhouse ond 0'Donnell in their inverse emplitude

parametrisations for phase shif't enclisis of high enerryy 7U - N scettering.

ANATLYTICLL CONTINVATION USING JUNERICAT, KETHODS

The problem of numericol continuatbion is fraught with dif'ficulti
We heve the phonomenon of over convergence of' subsets of power sories, also the
theoren that an onalytic function vliose values are given on a finite sot of
points cen be mede to have eany valuo whetsoever at eny other given point.

If one tries to continue usin: power series one is up against the
"re-errangement provlen," TFor suppose one has a power series sbout the origd
erd onc tries 45 oontinue by oxpanding ebout enother point end using values
from a truncated, version of the first series. Then onc is uercly rearronging
the series and the values of the tvo serics are equel everywhere end will
diverge togethor on the same boundery., Lewis (13) hes developed & vay of
;etting round this problem using suitebly chosen subseries and gives numorical
tosts of his work, The Padé epproxinant is probably the best nethod aof
continuation and givos oonvergent series of rational functions.

Anothor ey is Yo confornally nap the rogion until the two points it is
desirod to conbinue botween lic within o cirele within which o power series can

be used. Viewed in the originol plene this is a rigorously convergent procedure
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of expansion in terns of nonrationsl functions. In practice, ono truncates the

series end then has the problem of' estinating the error involved,

[}

MATCHEYG

In order o denend two funcitions be equal in o region, sonetines
natehing critorin ore used, that is the two functions are demanded egqual on a
(finite) set of points. Sometimes their derivetives arc used as woll. This
woes used by Chew-Mandelsten end by Bolozs and is certeinly o source of error in
their celeuletions as will be scen in Chapter 3.

Balachandron (14) hes considored the eifect of constreints on tiie port-
ial weve anplitude in the forw of apecification of its values on e finite set
of points, Ho derived e class of inequalities which aro neccssary conditions
for the existonce of such en emplitude, Further work (15) uses the method of
nonments., Hovever, natching is anothor nomo “for interpodébiinnand is quite
respectable if used properly. The oxcollent book of Welsh (8) gives o rigorous
presentation. The present euthor would like to porephrese Theorem 2. of
Chapter 9, "The retional function, srith preassisned poles &b ?oﬁh} , widch isg
the best approxination, fo &:funobion f(z))anelytio within end on the unit oir-
cle C, in the socnsc of least squarcs on C, im obvained uniquely by interpolation

to £(z) in the pointsg 9,3 V&nkk" A

REMARKS ON PROCEDURE FOR JUSTIFICATION OF Al APPROXTMATTON

(&) look st as neny types of consequence as possible, florirard ond boackwerd in
the coloulcotion;

(b) got porspective anongst other epproxinations by locking ot them end their
consequences;

(o) 1look at cffect of inereasing sccurcoy of the approxinction compared vo
estinatos of accuracy;

(d) where sucocessive gpproxinations very accuracies independently and noto

relative offects, vary dopondently and note intersction,
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BOOTSTRAP CATGULATTONS

Vle approach the probldn of +the solution of M R + U as one of continua~

tion from the t channcl to the s cheonncl consistent with the singularity - 7
struoturq implied by M.R. ond subjeet to o uniterity condition., One iirst
chooses e wey of obtaining & set of coupled intogral cquations for the partial
weve orplitudes from tho Mandelstean x;opresentation. The nethods of

(i) Chew and Hendelsten

(ii) Shirkov
oach introduce o different type of wpproximetion with difforent physical
content, The oxaot forns arc intractable snd one then chooses o way of
obtaining o unitery emplitude setisfying the equetions as well os possible.
One largze class of methcds can be degeribed as follows:-
1. Choosc certain pertial weves ond noglect the others a‘ts o first assunption,

2., Choose trial functions and starting velues of paraneters for emplitudes
in erossed channel z,A l(vf)g. If possible, autometically unitary.
X

3+ By crossing or en intersectin;: dispersion relation obtaoin inforneiion cbout
left hend side of s chennel (this only uses Ix.n(, (v')l.

4. By sone technique ,continue (or extrgpolate) to right hend side,consistent

tith unibverity.

5. Comparc in some sray the "output" funciion obteined with the input,
quantiiied by the evaluation of a discrepancy function X*.

L
€. Very paraneters to obtoin nininal X s &lving sclf consistenoy in an
spproxinate sense.

L rossonable essumption for selection of chennels is +to assune reson-

'
) iz so muoch

ent chennels will be nost importent, just sinply because I”AL'(V
larger and effoects the dispersion rela"ciov-. nore. This nay not be o correct
assunption due to the subtleties of the influsiee of left on rigl:rt.

Differont £ will hove differont kinematic factors, Vd, which will
tond to push the larsze part of the refleoted arplitude out to the further left

)
for higher L, The stecp rise of the s waves on the near left may meke then

inportant even though this effect docs not deopend upon the existence of
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resonances in the s wave. This is found using inverse emplitude methods, One
can choek finally the assumption by taking the solf consistent amplitudes end
working out tho va;uos of the neglected amplitudes i.e. teake tho chiosen ones in
the oroésmdﬂohamnol)go'ﬁurugh the oontinuation to the direct channels, for the
neglected chammels. If eny of these is large, then one will have discovered
an inconsistency. One can do o further test by putting 2 lorge neglected
channel together with the choson ones in the orossed channel snd opcin calcu-
leting 11 chonnels, If therc is o sisnificant change, then one had better

repeat with this chamnel included.

TUE_IDEL OF SUTOKATIC BOOTSTRAP GONSTRALT

In tho varistionol method, discussed in Chapter 5, the input and out-
put amplitudes ere autonaticelly nlitoys cqual and the peremeters are
determined by demanding uniterity be sabtisfied. Of course, wo don't gain
anything by this, we nerely nove the uncertainty to snother part of the

caleulation.

DLUITIVE AFFROACI 1O STNGULARITIES AID AN/LYDICITY

In trying Yo devolop intuition in dispersion theory,we run up certain
difficult ideas such as the fact that the values of an anelytic function
everywhere in o comnected anelytic reglon is detormined by its values on any
finite region (in faot on any sot with e linit point in o rogion of enely-
ticity). We should however like to dovelop some idez of the bohaviour of &
funotion duc to its singularities, in view of such ideas as forco cuts. A
simplo polc has an ccslly grespable ofi'oct end highor order polos heve

sinilar offects.

\o
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Two common typos of branch cut are the surd brenoh cut execmplified by 4EZ
end the logerithmic brench cut as in log z. Lt the surd branch point the
value is finite for positive powers and therc is ¢ discontinuous deri;ative of
some order and as the power increases the curve gets more smooth. Ar;—has 8
first order cusp et z = o« log 2z has an infinity at its branch point end a
finite imaginary part up to the branch point.

The relation between the resl and imaginery parts for z function
satisfying ¢ dispersion relation is fairly predictable. A bump in the
imeginary pert will cause the reel pert to tend to change sign giving the
normal resonance form; and vice versa., The effect of a singulerity dies away

/)
es we got further eway due to the demping

N
/£;7<:::\\\\\\\‘_ effect of the c&uchy  denominstor. However
e N

if there are significant singularitiesout %o

\

infinity, such as for marginelly singular

foroes where the singulerity strength remeins constant to infinity and the
resl part goes logerithmicelly in a1l directions, the nearby singularity idea
cen be invelid. In this cese, the distent singularities dominate and there is
not the same falling off in effect as we retrest from the cut, indeed: in the
marginelly singuler case discussed, the function increeses as we retreat from
the out.

Asymptotic behaviour and its importance are difficult to gra=mp
Indeed,in epplying intuition,we are trying to establish locel "oausal" rela-
tions between singularities end behaviour of the value of the function, in
situations where large scele and overall factors like asymptotic behaviour can
be the real key to understending.

Cancelletion by oscillation is another effect., If we want a
fast pelynomial fall-off at the edge of o out, the discontinuity must change

sign the same number of ‘tinies as the velue of the pover of {all-off. For



exponential fall-off we need a periodic function.

95

The effect of uniterity usually seems to betotwrn the function

towards the rcel exis, Thus given a rising B(V), solving by unitarity will

give an A(v), which turns towards tlo oxis compared to B(v), see Figs. in

Chapter 3.

The eficot of the roscattering cut in & reswnant situation will be

large, on the physical cut, compared to the contribution from the foree cut.

Thus, as found in Chep%er 5, and as discussed in Chapter 7, this makes ‘it

difficult to determin: the left hend singularities ,given the reel and imeginery

parts on the right hand cut,

When we oconsider the inverse smplitude as in Chapter 6, ouwr intui-

tion gets a Jjolt. TFor,regions that were importent are no longer end

asymptotic behaviour that was importent is not, and vioce versa.

CLASSTFICATTON OF METHODS

(1) Given the left hend imeginery pert we can either use:
(&) N/D which is usuelly singular
(b) The voriationel method

(c) Bransden & Moffat iteration procedure for
inverse emplitude

(2) Given real port on left:
Belazs
(3) Given real snd imaginary parts on left:

(a) 1i/D in constreint on left, e.z. generslised
Balazs

(b) Variational method end constreint on left
(c) My inverse amplitude method
(4) Given the force function B(y):

(2) Uretsky or F W. — N/D, no solution for some
~ types of B(v)

(b) Veriational method

(Che 3)
(Oedes and Ch.5)

(Brarsden &
Moffat)

(Belezs and Ch.3)

(Ch. 5)
(Ch. 5)
(Ch. 6)

(Morgen etal
discussed in
Ch. 1%

(ch. 5



(¢) Zachariesen method N = B (Zache.)r‘iasen and
Ch. 4

(5) Given inverse amplitude force function 1;‘( v):

My inverse amplitude method (ch. 6)
To obtain the left hend information, one either uses:
(1) continuation of cbsorptive part by partial wave seriocs,

(2) (3) (&) (5) either from fixed s dispersal or the S function form
of this,from a pole term .in field theory,

or use

Regge formula or modified Regge representations.

METHODS_GIVEN THE IMAGINARY PART ON THE NEAR LEFT

One must assume that nearby singularities dominete the emplitude. One
either outs off the far left contribution or one can represent the far left
by a pole form and hopefully determine the extra pole psremeters by either
oriteria e.g., self-consistency »r uniterity. To ebtain & uniterity emplitude
one can use /D which is of Fredholm type, since one has cut off end has e
uniqie solution epart from CDD poles, See Chepter 3. Or one can use the
veriational method following Oades; Sece Ch. 5. Or one can use Moffat's
iteretion procedure in an inverse emplitude formulation, See Chepter 6.

CIVEN THE REAL PART ON THE NEAR IEFT

One con use the Balazs method of choosing s perametrisation and determin-
ing the peremeters by the requirement of ocorrect real part on the left and
self'-consistency.

GIVEN REAL /D THAGINLRY PARTS ON THE }ELR LEFT

One has the previous methods with an additional crossing consiraint,
See Chapters 3, 5. Also a different inverse smplitude method, Sec Chapter 6.

GIVEN THE "FORCE FUNCTION" B(¥)

One can use the Zachariasen (determinantal) method (Cheptor L), Or a

verietionsl method. However, as discussed in Chapter 1, the Uretsky N/D
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formulation can be solved exactly for reasonable asymptotic behaviours,

The asymptotioc part of the solution in the logarithmic (merginally
singular) case have been expressed by Atkinson and Contogowds and the rest of
the solution obeys .a Fredholm equation.

-1
GIVEN THE INVERSE AMPLITUDE FORCE FUNCTION B (V)

One cen then write down the solution

AV) = (emw) . Tlvw) ¢ [RT) - 67T 4 AT ()

T~

where I,the right hand cut contribution,is known in closed form in the
clastic case.

THE USE OF THE REAL PART ON THE IEFT

How the real part on left helps to estimate the far left
=\ , 00 _
Re A(v) - 5 l’\MA(\/')G‘VI 4 j' %l/\(quv' - (4)
o]

v'i- Vv

=20 v'i—e v possibly subtracted

From datc we obtain estimates for Imk(v') in [0,«] end using crossing we
obtein estinates for Ima(y') in [-1, -9] and for Res(v) in [0, -9] then we

want to estimate the far left force function
Bi(v) = " T Alv)dv! | (i)
o0 vi-v
we have en estimate for B’ (v) in [0, -9] using the real part for

-1 )
Re Av) - S TuA () dv' -;J L Alv)dv' = B'(v) (111)
- vy Y ¢ {-—0 -4}
and if we also assume the analytic propertles implied by (ii) we can try to

estimate the velue of B (v) in [O,ooj. More realistically, we should only
ostimate a finite part of the right hand cut up to cut off A , and include

the rest in B (y) 80

T T AlvDde! L P T A(v) dv/
o) = g =T [

N viev (iv)
QQA[\/) - L‘q Y: = R (v) (v)

A reasoneble estimate for B (v) would be & pole form (vi)

"

B'(V) = Z_L

Lz Y=y
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vhere the ), arc in [-9, -], [A ,00] .

We only wish to know B’ (v) in the near region from a practical point of
view.

This procedure is carried out in the Balezs method, which obtains the
pl by demanding (V) be exactly true et n points in [—l, —9_] end using the i
uniquely obtained to substitute in (vi) as an estimate for B (v) in [0,10] .
To get an idea of B ' (y), we cen take ReA(v) = ReC(v), Imi(v )"=" IrC in [—1,—9].
so B'(v)= RecC(v) - g“zm Al dy!

o viev

This form has wrong analytic structure of course,

UNFEASIBIE METHODS USING THE REALL PLRT

1. inelytic continuetion using unitary functions
Obtein ,L\Q (v) Y n C°,-9]

Introduce sequence of unitary functions q: (v) and interpolate
n
EL(VC):A‘Q(VC) ved, -
on a set of points

Let n —» o0 and let the set %Vig have a limit point interior to the region
w .
of enalyticity. Then if E{i (v) +3, () wuniformly in & region of V, it is
l'W\ n 0
the continuation of L, (v ).

2. Conformal mepping method

Map the cut ) plane onto the unit circle and use o power series in the
new varisble to continue to the right hend side.

t
3 Pade epproximants

Lgain, in principle one can expand in e power series ebout some point on
the left, and usec a Padé approximant series which will probably converpe ina
large connected region.

These methods are unfeasible in practice beceuse one only has a smell
nunmber of terms at one's disposal which leads to very large inzccuracies.

Note that there is an exact continuation of e truncated series for C(v) , namely
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C(y) itself which has no right hand cut!l

ZEROS

& further remark c an be made about zeros. The Cx_(v) function has
usually one or two zeros on the left in the S function case. In the inverse
emplitude formulation, these may lead to dominating singularities.

None of the idesas previously expressed is feasible as one doss not have
a good enough ides of{ImAl'(t)} to make the continuations meaningful. The
only mathematically rcasonable dynamical scheme is to negleot all structure
ovtside the known region, perhaps assume Imf const.'a’ nt or cut off (which
maey have similar effects). One can try cubtracting a few times as well to
domp down effect of high energies, but one needs sccurate subtraction constants.

One could possibly do an 8 - P cealeulation assuming that the fo had
small effect and paremetrising the high energy P wave. Of course, two schemes,
truncated by the same amount, do not yield the same accurscy and cannot be
expected to agree hence cannot be used to check exactly Chew-Mandelstam.

Nevertheless, one expects some sort of order of magnitude check.

LSYMPTOTIC LSSUMPTION

Because of the importance ef asymptotic behaviour upon existence of
solutions, threshold behaviour ete., it is important to specify the asymptotic
behaviour, that is being assumed, in an approximate calculstion. Thus one is
searching for the existence of solutions of a specified typs. One does not
know what asymptotic behaviour the exact solution has or what asymptotic
behaviours are allowed, i.e. for which solutions exist. Ideally, as
equations, one should solve the asymptotic equation and determine the allowed
types of asymptotic behaviour. Then one should look for solutions of this
type of the full equations, or solve the "remsinder" equation using the
asymptetic solution. If one hes no lead whatsocever, then presumably one

should try a range of different behaviours, and see what happens.
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L ressonsble assumption for the fer left is the marginally singular case
Im. (v) - constant treated by Morgan end others, see Chapter 1, The pure
COY = -0 .
absorption assumption of Lyth (Chepter 1) also leads to restrictions on

asymptotic behaviour which one can incorporate.

There are also results from the diffraction peak and M.R.+ U.as a guide,

INELASTICITY ASSUMPTION

Lgain, one cen choose to look for elastic solutions, assuming this is a
valid sub-problem or one can put in en inelasticity function numerically, One
has to assume an asymptotic behaviour of the inelastirity function (see Chapter
1). There is also Lyth's pure gbsorption assumption which helps to tie down
the form of the solution.,

SEIF-CONSISTENCY CONDITIONS LND THEIR ATTAINMENT

To compars the output with the input functions, the first thing that

ocomes. to mind is a ﬁKL test, thaet is evaluate
Y L DAL o —a ol?
over a set ;f sample points ?\/i} .

Now the input and output functions are usually not members of the seme
family of parametrised triel functions, the parameters being the ones we are
wouyihgrans, If they are,then things ore much simpler}and less treacherous.
If they sre not theg we are left vith a lot of arbitrariness.

(1) Choice of Vi:
there is no need for them to be equally speced, What intervel do we place
them in, finite or infinite, what distribution?
(2) Weights, W*:
More generally, we should teke
Y= O owe] A, (ve) — A ()1
whether thebeffects can be simulated by choice of §VL§ , 85 can be done to

a certain extent in numericel integration,is not clear. ALt least, the bias
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is more transparent using W'. One might well expect different W €ef

| s el

to give different self consistent velues.

w\-
Choosing /" night be expected to play havoo, however how
does one . - e know that this is not effectively being
S . we
perpetrated 7, by teking

L .
with certain types of paremetrisetion?

(3) Which function to be used:
One cen use Rek or Ik or some function or both. If one has automatic
unitarity for Ain and. Aout then only ohe might be necessary, although different

choices could lead to different effects.

(4) Dynamical weighting
Some people might moke the obvious assumption as the % deviation
2
1 7 . . .
e Do w [fea b= Al

Out (.V )‘{f /\ln(V)
This gives a weight funotion which is not fixed like the W but woves as the

v

perameters move. More generally

Y Do [ Uy — i) 7

(Abwk—(\/ ) -+ A.m(\/ ')) Pz

Now, the % dev1atlon function is, in the author's opinion, a bad one to take

for the following reason. One is seekin; to demand siailerity of large scale
features of the input and output functions. For example one would be fairly

happy with

!
2
>

i.e. the bumps in the same place. Thus one would like most attention to be
placed on the bumps and little on the smaller parts. The % weighting makes
the effect of the large parts small and of small parts as important as the

large parts and is thus a bad thing. Better would be to take P = 1, p, ==L,
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(5) Tunotionsl weighting:

One can tcke this dynamic weighting one step further by taking

N

Xt F(XY)
Bele ‘:Kl: Le? ')(L ete,’
(6) Dynemicel variation of sempling region:

To obviate one's choice of parameters fixing the solution one ought to
make the sample region capable of varying with the parameters, Thus if a
respnant amplitude is trying to move to high energy, a low sample region can

hold it back.

~b

sample region

This idea can be extended to other parts of the calculation. TFor example, the
synmetry points sndmormalisation point can e made functions of the parameters,

Indeed this very thing is done in the Zachariasen calculation where
L; = = Vh - 1.

In order to determine those values of the paremeters for which the
emplitude most neorly s atisfy the desired conditions, we could use a graphical
method of drawing curves, in the paremeter space, which are the self consis-
tency equations, and finding their intersecction, 4s this method is not easy
to use for several parameters, we used the method of searching the parameter
space by iteration methods until e.)(’briterion was satisfied. We uged
stendard iteration programme which are quite gencral. Given AX’Las a function
of the parameters, such e programme 1ill vary the parameters, testing 7(1'
at each step, end optimising its search as a result, until it finds a mininum,

The numerical snalytic methods used ere sophisticated and are described in

computer literature. We ncihly used o programme called VAQ2 L written by
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M. Powell of LERE which is designed for functions which are a sum of squares,

whose minimum veluc is close to gzero.

2
THE NUMERICAL VAIUE OF ﬂK FOR SEIF CONSISTENCY

Of course, we want consistency boetween the various approximations and
criterie used in the calculation. In his veristional method, Hamilton found
that 0.1% self consistency was necessary before he considered the result to
be a solution (seec Chapter 5). In the euthor's opinion, this merely shows
thet one is solving near identities, for the dispersion relation end the many
epproximations used could not be relied upon to such a high accuracy, 5% at
the very most. In general, as expleined previously, the value of 7(2' which
determines self consistency must be found by experienoce, bearing in mind the

principles we have bcen describing.

RE/SONS FOR NOT EXPLICITLY INCLUDING REGGE POLES

Regge poles wero not used, for two main reesons. First the hypothesis
moy not be true. The leck of shrinking of the diffraction peek means that
neerly all the phenomenological support for Regge poles has disappesred. One
is driven to puttinz the shape of the diffraction peak into @ (s) and to the
conclusion that meny Regge poles contribute significently. The only remeining -
success is in charge exchange scattering. analised by
:..Rerita andPhillips .

On the theoretical side, the hypothesis is highly desireble as a simple
way of describing desired asymptotic behaviour uf the amplitude and double
spectral functions. It cen give dominance of strips, low energy resonances,
forward pesking at high energies all very naturally. However it is still not
clear that thore are no Regge cuts in the \j plane in the relativistic cese,
in particular the Gribor-Pomerarchuk branch point at j = -1. Second, to carry
out a calculetion using Regge poles is a much more complicated business then

for partial wave series, It involves a lot of progremming and & lot of
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execution time. A survey of different methods would be impossible. Further,
it probably would not be so easy to see what was going on in the celculation.
Thus two mein aims of our work, to survey methods and to understand the

mechanism of dynamical celculations, would not be possible.

PAREMETRISATION

In order to carry out self consistent oslculations especially by itera-
tive procedures one must often use & trial function with e small number of
parameters, which can be adjusted to give the best epproximation to self-
consistency. It is then assumed that the function obtained will be close to
the true analytic solution. To check this one should find that on making the
paramctrisation more flexible it gives a better fit and also that, on using a
different parametric form, the best fit has similar features. Desirable
features are thus flexibility with as few as possible parameters to limit
computing time., It is possible to have too much flexibility of course. One
usually would like the function representing a partial wave amplitude to
eutometicelly obey unitarity on the right. One would also like the funotion
to have similer analytig properties to the expected solution, in our case cuts

[—l, —w], fO, dﬂ.This is because the process of approximating functions,
with similer anszlytic properties by fitting over a region, very of‘ten leads to
the singularities moving to coincide as well as possible. In other cases, the
expected cut structure mgy be different and thus different parametrisations

more suiteble. TFor example, in the T N case with T wsingularities in the
complex plane the Layson form (16) has been used, which is a modified Breit-
Wigner form and puts poles in roughly the right region. 4is we often loock for
resonant solutions, the function must be able to assume resonant form, however

it must be able to assume non-resonant form, Thus the use of a Breit-Wigner

formula, cennot lead to non-resonant solutions and is not sufficiently flexible.
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We use a parametric form usually only in o closely specified region and do not
use it for continuation.

The most genersl unitary form may be written

A(V) - ( e
ECA_I(V) -t ‘R(V) JV-H

If one wants correct threshold behaviour one cen write
4
AG) = Y e
VEReA-I) = L RO¥). v EYUT,

One would also like eny poles to occur on the second sheet only, aithough this

is hard to arrange.
Thero is also asymptotic behaviour to consider., We shall consider 3
types of parametrisation for the amplitude

(1) extensions of the Breit Wigner formula starting from the standard
form

€
AG) = v
) (VQ'—V) -~ L I_*V{. VX;.I

This is the form used by Balazs (17). Verious forms of B~-W formulaec are

discussed in Oades! thests (18)
(ii) XN/D pole forms

A(V) = Ao + (v.-yo Z; F /(V'
‘ “’(V-V%) Ld Frok(v, vi)

[

(iii) L form obtained by having a pole in the inverse emplitude.

We shall also consider parametrisations for R(y) the inelasticity function.
We shall find fits to experimentsl deta using some of the forms, for later use.

LRIT VICNER EORLULLE

e e

(a) Stendard form

Fv) = e

K T
VR‘V) —-\,.‘V JV—;—]




NEV]e

—_— Vq_ "8/'2_
We define l\/Z = 4+ .2 z + 1&g  1lst sheet pos. real axis
\ (B/
+orme T 1st sheet neg. real axis
— ‘..‘/'1. ;6/1
AS z +1 2nd sheet pos. real axis
.oy 'O/
T et 2nd sheet neg, real axis
and we note that
v S o v >0 v -l
V4| for
< o v an [~ by ol
elso that
v +iE viva ) + g 487 _ v o4 ey @(EL)
Vivdy  rae tr = -
V4 l+ag (vi )+ €F v+

so that just above the outs in the ( v) plane corresponds to just above the

cut in the <'\71'}]“_“) plane,

@

(D

/]

@
"\

-
-/

N

1
\

A

v .
hence .t Vit =+ .
J“;"ﬁ V] 1st sheet on cut
+ i " 1st sheet off cut
- . 2nd sheet on ocut
- " 2nd sheet off cut
L
50 Re F(V) = v (VIL"V) both sheets Y > ©
(ve-v) 4 Pyt _Z_] v <l
V|
- N |
lmF(v+;£)= ol LAY el IV »> o0
V|
V< -
(ve =v)™ + I""v“_[__li ,
. v+ | .
L F(v) = v v M[u)-(].

Near V = o. (va-v) = PV{»J ‘v\‘/;—j

O+ .R“’» F(V)
- ReF(v)

(V(L—\/) - VE. r’

Tt e T
v

1]

(vg=v) = 0yt ,J_;.--;‘i;
O+ -— — - L 7.{
TwF(v) = il z

(va-v)* +

y¥t ot rv/lv+-!)]

My

Vo
Myt
YR

1

[

Y -

~
o™

28+
. ¥

>

e



BH,{.E-Wi%nw Fornmla .
| Read, FM“ P steaske
" 'SLN“L‘-'J“




Near V = -1

A ReF(v) = ba-v). ver

(Y‘L—V)L‘i— v“.’l" _-\—I—]

V4 |
~ (V-PI)(V(L-—V)V{F ~ '(V*l)(vﬁ+—;)
V’L{ r,'»v (‘f")j“-'. l"r
vt x *+ J{v+i]
(VR_.V) 2 Pyt ,—v7(v+,')

1

-1, ReF(v)

=L Twm F(V) = T Alv+i)

"1+ IV\AF(\’) = D .

-1 Re F’(v) = (veg+) /(__‘> -H. r
R

SECOND SHEET POIES

T he denominator has 3 roots, corresponding to 3 poles )a.ll on the 2nd

sheet. This can be suggested as follows: -

Dv)= vp-v F (vt ™
: V4|
if l" is smell venishes near

v:vg+«£

where ¢ = I L I’»,}J V&/(VR'PD

now - mvE
Dr(v+ic) = ve-v -cfva\;‘i, +0(€)
- . L | v
O (v -vg) = ove -V + il NV +0(e)
DE(vare) = vmv i Mve G, v o(e)
i 2T, . . A o€
D (\/.€ u;le = V-V — i Myt vF I i (7
at the point Vo + (£ DII o vanishes but not DI
. DII 1] "
VR"IZ‘
The third zero lies on the real axis in [O, - ] near = =1 as oan be seen

by writing

(V+ 1) . (Vg~\/)7’ = =T Wt
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putting Moo gives V = Yp twice
or =l

One can develop an expression for the position of this pole by the iterative

procedure 2 g0
vz -l = TV [(ve=v)"
2
Vyz o= = Y (e )t
- 2l 1
Vs = -1 - r VL /(Vm"vg) , to convergence.

This pole is ususlly week and close to ~-l.

Putting it et -+ x
- 2L
V(L:—l+xt’\/r7 (—l+x)
X
as x = 0 Vo —> A — 00
K____,_,___‘.__.——-
¢
— | Ve = AN(-1+x)" = o
1:: -X__ . (Vﬁ. +'—X)1
(-1 +x)3¢
as x 30 m"* - o .
x =31 "t o0

Thus for large “; or small [ , the pole is near -1 and fer small Vjp orlarge
r') nesr the origin,.

Tterative procedure will elso give the exact positions of the other two
poles, when £ » 1 there will be (2 £ + 1) poles on the second sheet. I"oxi the
s wave 3 poles, P wave 3. Thus one is solving progressively higher order
polynomials,

The width of a Breit-Wigner ocurve is not N , but 2.\-1VRQ .

The centre of the resonance is when the phase shift is-/T/2 and this

ocours otV = Vae To find the width, we find at what position the

l amplitude( 2 has half the resonant value,

e

— T 28 [V
_LW\F("/) = v Vi

~v)? L BN A
(vp=v)'+ 'y ,(V_H]
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Tuwflw) = [T

Ve

PRS-

teke half height to be at Yy + W, negleot the change in J X which cancels

. Va4
=
_‘_’— - r’ (Vr( + N}z

Nz WE & M vy +w)*t [(V&*W)/(Vﬂ*'w"")J
thus, to e good approximation

7 2 ¢ .
Wh= (ﬁ—l)- A Wt LN S S
W= PVRl e 0,645 or if R is _?msll I VRl IR

Yo+ 1

s0 the full width is 1.3 | v,
This is supported by numerical results obtained by the author.
For Vo =5.768, (& =1.970

T Flve) = 1,09
VY owhen LwmF(v) = L Tw Flva) = 0,505 is 3.1
giving W = 5,32
compared to (1l.3). VVP\Q = Gy
The suthor has also worked out the correct expression keeping in ell terms and

has obteined, for small [
L - ¢
\,\{: V\/& = O- 107 . FVR .
AT
which holds provided

R ‘J‘Z
ie€e W <& VR
202 €
For the /.), £ =1, V@'\—é) WA~
Vﬂ ~ 2
2dr ¢
for the f_, L=2 3 Vg ™~ %0 )Wml
\/R "3
272 ¢

which conditions are Jjust sbout valid. A graoph of the Breit Wigner formula,
its real and imaginary parts just above the real axis on sheets 1 end 2 is

given in Fig, 12.
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14

d funstion reduotion

Using the stendard formula
. 3
o) _ b

F— o R~ox*+e”

. R
TwFl) = N S
. (ny&)z_}_ vy LV /(y_‘_,)] S
- 7 Pyt [ [__l_ M ve Ao }
v+l T (v ~ v )T+ D[ 2])
— T r" { J S V-
l——z __? small " Ve Yo+ [ v&>

Y A S(v——vﬂﬁ

(b) Polynomial generalisation

£
v
F(V) - < ' SV 2
( LJ Gove ) — vV 'J Y+ |
a 4: 0 is related %o the scattering length

e.o = {(M [: V'a~l\/\;—-:_i' ‘ +ﬂ/\/\ S (v)]
y—> 0
b)) = e [0
. . 1
- 1

In the case n = 2, P(v) is eﬁuadratio, and one can sec how this allows &
general non-resonent bump, for with P(V) = v - ¥R, it is inevitable that
Re.lf'l(v) = 0 on the real axis ot Y = V. However, vhen P(y) = a+by +cv2,
it cen either out the axis or turn back just neer the axis giving either a
resonznce or a bump.

Exactly analogous forms to case (a) hold for the value of F(y) on the
two sheets. One is not sure where the poles will be end one hopes they are 2ll
on the second sheet.
. 57 ptotic b, nevieur

v \
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P(v)t 4+ v?*?t
thus if w < L , YV 2€ dominates the denominator and

InF(v) —>

_ (R )
n A T F(v) — v —_
a% v+ yrt ag + |
~ . o ( i
Wy A o Flv) — ERNLTeY — 0 ETEY:
w
this asymptotic bohaviour will emerge when [
w14t . Ti—2%~
U\“q— Vq‘ * A 2 a“_' ‘Ah‘l ’ V
Joe, v Y 20, _, / is esymptotic region;
~ A,

bulc onl oub

AP

T 7! T v< -l

T F7Uv) = 30 |57

ise. it sebisfies a unitarity condition on the left as well as the right; this
ir because we have removed the left hand singularities located in Rel‘:l(v).

The threshold behaviour on the left is the similar to case (&)

Re F(v) = Pv). vE(v+ ) — Ofva)
V’Le‘ '\/ {’l)(

i F(v) = ¢+ N lva+ i)

(o) Rationel function peneralisation

. N
F(v) =

P(V)/@(v) — LV{JV/(V.H)
P(v) = Z (A“’ VI..
W) = |y LY v

This allows us to get t{'x;e’asymptotic behaviour under control; but introduces
more singularitics over which we have little control, Zeros of Q(v) are poles
of .l«'.—l(\))‘ ‘ P ' Zeros of P(v)
correspond to poles of A(v) and should be on left hand cut or second sheet.
Asymptotic behaviour is now

By — o(un’m.)

1. R.:-.'Mn—-h £ 0
Re F(v) — © (v
T Flv) — 0 (vl(i'“‘"“\)—b 0

Lrun=n T
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2, i"“"\l\—v\ >0
e Fv) — o
T Flv) — |
3. Rim —wn =0
ﬁSLF(V) - :_—{_E_:‘________ = oconstant
~ 2 -
(A=) 1]
Twr F(,,) — _ | = oconstant.
[ (A=) +1 ]
Form=mn
ke F — o
T F— | £ > -
when
Re & =0 0 v w, > n -4
T F—o when A < e
@&F—> o m A nwn-4L
N/D_Pole formulao
F(v) N(v) / bv) _ |
N(V) = (V v ) L F /V v 4 A(Vo7 = (V'\‘o)\z’: F /(V;vl)
=y JE— o
=Y v/ ‘\({v:)
DV) = 1= -~V d . ;e
( (ﬂv ) (o v J A‘fl {V"'Va)(v/..v)
= 1 e - Vg &' L — .
(v_ﬁV) LZZO FeoTlhe,v)
vihere T = A( Vo)'
& T —
T.(VL' V) - j AV’- ’Yfi . ‘ - A (V) V:.')
) v vt (va)(vL.v;)

the eveluation of this integral and its analytic properties are discussed in

en Lppendix,

The result is

I(V)vb‘):

\fb'-—y

L e
“f‘/v i '[ef) [ Jvfﬂ]?
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This parémetric form can represent resonant or non-resonant emplitudes. It has
the correct cut structure on the physicel sheet, however the cut connects this
to an infinite number of sheets because of logarithmic behaviour. In the above
form it does not have subtomatically correct threshold behaviour, however some
celculations will constrain the Fi to give it., We cen take the Vi to be free
perameters, or, following Balezs (see Chapter 3)’we can take then fixed et
optimum values, determined in an euxiliary calculatiun.

A= P )

hes zeros on the left at Vi and poles at the zeros of N(»), one is not sure
that these will all be on the real axis. In any case, we have more control
over singularitics and the only ones we need worry sbout are zeros of D(v).
Figure 13 gives graphs of Rel/ and Imf and the contribution from the left hand
cut for e resonant emplitude using N/D peremetrisation. The N and D functions

can be seen in Figures 3 - 2.
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Lo Dt 4+ TV
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3. Inversefmplitude parametrisation

Besed on Mudel 2 of inverse emplitude

£
V- v il F" _‘Vo ’-v——-—\:b ) g
( o) ( Vp) f/_(‘r:-f (oo L)-{—A ( )4" ("v., >é‘\[‘:'::

r.h.R:{itde ;&K(v Yo) "—L(V’VD f_‘.___. + A° /V) +{ —\a>z ahg

Yorval (v
Inh = R(v). | ¥ A"
r.h, side (v) 'J—'V_-H l ]
A

1on B = N1 Fodlvov)

Refx = 1 . (
l.h. side - -
i k(" v+ ~-—\:/D,,)cfl'—fv,-) AT *'(M . Zi}

v vl

Thus ,for a single pole, vhich mgy be quite realistic, with elastic unitarity,

we have o (3 +£) perameter formula

.l':l = K(v)_vo) 4 (V"’o ) _,ﬁ_f——— + A, + ( % G .
Wzl vy~

Vp-va Y—vp
s0, S - wave ~ 3 parameters
P-weve ~ L perameters

henoe for S0 + S2 + Pl +DO heed 15

for (8, +8,) +P; +D_ meed 9 paremeters

8.C. in Model 2 when input pearemeters = output perometers
7
"
=9y
v’; k) V‘j
A, = A,

This ensbles the- scattering lengths ay to be varied independently of the rest
of the paremeters. Tig. 14 displays I and Aula If one used B W +then,
A(v) — % or more generally Ve

\‘"‘50 _.V& ql
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Would e
so the scattering length ° determined by position and width of resonance
0, = —VR / 7 *
In practice however Ve, = 6.0 1 mg" = 2 9.0

7 = 0.4
but 61 —30.0 -(-\"w-\ [ ﬁF{’

so if the calculation depends upon & ot all strongly it will be drastically

upset by using on unsuitable parsmetrisation, This is really Jjust the same
as the rational function generelisation of the Breit-Wigner formula, except
that we now directly paremetrise the threshold pole and the left hend
singularities of the inverse amplitude.

In the multi-chennel case (19),the real part of inverse amplitude goes
over to the inverse X:.obrix and is much used Tor multichannel effective range
formula otc. cbtained by expanding k™t in powors of V .

S =(@+i)7h (1-iK).
R
X is symmetric by time reversal, hermitisn by unitarity, hence real.

Effective range formulae by

-1 ] Y k"
= — + (]
I< -
e since T . kutd —ck , we have
keot§ = L o+ v k™3 .
Gy

Givon the funoctions

'Fl(v)z —3’: awnd _{z(v): (‘i:_\:a),l(v)vo)

v+ | ~

both with a right hand cut with discontinuity -j ;\-'-_‘-_—r , we can construct
perametrisations by paramctrising it -; £ (v),which will have no right hand
out, Using a power series in V gives Breit Wigner formulae. Assuming poles
on the left end threshold beheviour gives the inverse emplitude paremetrisation.
Using fl(V) gives e loft hand cut as well, So we have

| { P(v')) . !(‘(v)}

Qv
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The N/D pole form is o further extension using fz(v) .

The simple case

D R Y & E e T

P() + (v_:_v"’)' 1 (V; Vo)
Qlv) R . .
does not correspond to any of the paremetrisations previously diseassed.

VLIUES_OF PJR/IETERS

In order to he cble t> use experimental curves for Ail(v)’ wve fitted the
curves, obtained by other workers using diiferent perametrisations, to the
perametric forms discussed. This was donc by an auxiliery progremne whielr,
veried the paremeters to find a least squeres fit, between the curves. The
two pearameters in the simple resoneance formulac could be determined from the
position and width.

For the ﬁ and the fo described by & simple Breit Wigner, teking the

/0 as 763 Mew full width 124 Mev the correspondences are

701 Hey ~ 5,29 wmy
763 Mew ~ 6.11. Nﬂ"g i.lj ) 1.2

825 Hev 7068 wp) 1026
e Vpo= 6k o [Tvp o= 092 M = o0.1
or in terms of e in type 2 Breit Vigner

aq = 2h3; 8, = =3.78
For the fo 1253 Mew width 118 Mew.

1255 ~ 1900 ) 1) 1

1312~ 20,90 ) L%
S Ve o=19.00, TwvoE w7 < o.0000
or aqg = 2565.0; oy, = ~136.0

The /3 and fo amplitudes arc given in Table 2.
For S-wwaves, three different sets of deta with different scattering

lengths 2, were fitted
V4

(1) & = 0,67 ® risins to 20°
%2 a = 1,2 " 28°.
3) a = 0435 " 12°
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The results of the f£it for a four parasmeter polynomial BW formula werc, for
gl

(1) 1.478, 0.516; ~=0,059, 0,003

(2) 0.822, 0.363, 0.123, ~0.014

(3)  2.837, O.434, 0,239, -0.022

shown in Figure 15 end Tablss 2.

The 8 waves only had & smell effect in most calculations and the curves

deduced from these parameters were only used to give o general idea of the

effect of S waves. In the inverse emplitude calculations, the S woves had o

large effeot and all 3 f‘i’cs were used at times, Usuelly SO used £it 2 and 82

fit 3., A few searches were tried using the /D parametrisation but no ocon-

vineing fits were found, To find promising sterting volues in parametric

searches, o teohnique of "parametric matching" was used. This sinply nmeans

taking only the many date points as there ars paremeters and inverting the

linear equetions usually obtained (if we use ta.ng(vi) as date values) to get

unique values for the parameters which gives e curve going exactly throush the

small number of date points and perheps not fitting very well elsewhere.

Sterting from these values, the parameters cen now be varied by a minimising

roubtine to give & least squares fit.

ANELLSTICTIY
We used mainly the parametrisation dus to Qades

I N I\IT_;—E'L\,.,__:\ O(v-3)

which has 2 square root behaviour at the inelastic threshold and --¥ 2, His

V =¥ oG
values of e and b .were.:s*. ¢ = 75,0, b = 100,0. With these values, the
factor £, - \——,_0_‘_ = va4boa - Vv42¢€

vib Tv+b v 4+ 16V
| . _ ~ !
—EGV vzio | a(-lz I'?_E‘A-‘:i‘ ; v = lob -
°

V= 20 ) —Fl ~ LB } v =love ~ |

The factor £, = J\,_s ‘F"r v=b _Fi ™

—_— )
v v=lz f. = -9
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Thus the factor fl hardly varies in the near region.

The enalytic properties of the parametrisation are unimportent, as ws
only use the values of +the function in the regions where they were fitted. It
is a oonvenient wgy of expressing data.

& simpler form without the finite limit 2 at infinity is

R(v): \ - 9(\'—'57'- G\‘(V'3>

or if one is going to intepgrate it with A/TY;T , ona might take

RE) = )+ o(v-3). alv-3). [TFT

Ln extended form of the Oades parasmetrisation is

L) = ) + G(V"')‘,‘/_»:—_c'[\* LZ;'. \?:‘-L.‘,}

The evaluation of the inelastic kernel function

5”" A]”\T' R (1) dv!

' ’ . . -
vier (Viev)(vi- Vo) ) for this paremetrisation,
is showmn in the appendix.

Inelasticity can be incorporated in the other parametrisations by replascing
;‘%' — R %

The effect of inelasticity upon a resonant emplitude and upon the ¢(v) function

is shown in Figs., 16 and 17.

When inelasticity is present, especially rapidly verying inelastioity,
there is some arbitrariness in the definition of resonant behaviour and in the
position of the resonance, This is particulexrly important in phencmenological
analyses of datz end especially in phase shift snalysis. In this case ons uses
an ergand diagram Reh vs, ImA(ZO). A constant inelasticity Breit Wigner formula
gives a eirole, UAn inelastic resonance is identified by a closed loop and the
position of the resonance i_s_ arbitrarily taken az at the top of the loop.

Adwn A(v)

B-w wata  CenShewt V\.\e,\O\Sh"t‘/\"{-\’.

—~— Posi‘Hou O.F reSvna wcée

o +~“»:uu Fesulk of phase sGife
> (AV\G‘(\’S'IS .
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CHAPTER 3

THE BALALZS METHOD

THE ORIGINAL METHOD AS USED BY BALAZS

1, Statement of the method

Using e fixed s dispersion relation, in the\g function appro;;imation

discussed in Chapter 2, one obtains an estimete for the real part ef the ;
amplitude on the near left,

A ()~ (e = & T faee) Iz;fo(sn,,m;t AIRIEOIRIRE =)

TV Y=va

1]

where we have chosen to consider a finite set of partial waves in the crossed
(t) channel with en_ular momenta &'= Ui , -3, in each of which there
is a resonance, end we are neglecting all the other partial waves. Thus,
for any particular partisl wave we have this estimate for the e;'mplitude for
Vo % [.q,o] , in a form which has ¢nly a left hand cut. We wish to ob-
tain a form for J‘((v)approﬁmately equel to this on the left, but having o
right hand cut and obeying uniterity. Note that Cg (v) is an estimste for
the whole of A£[v), not just the contribution from the left hand cut.

In order to contirue to the right hend side, i.e. s channel physical

region, we matoh to an N/D po.fl.e form, which has & right hand cut and

satisfies unitarity.

NG = Al 4 (v-ve)§ _FL

v vy
o) = 1 - () L TR 1) ’

where I (v w{ ) 1is the kernel function discussed in Chapter 2.

1.



v 7
ey = § av re. (X - s
We dake Rlv)=1, all v/ in [o,0].
The positions of the poles on the left E %are not regarded as verisable
peremeters but are held fixed at values determined, in an suxiliary

celculation (see next section), as the best positions in some sense., In

order to determine \AQ(V) = Ne (V) everywhere, we need to find A v )end

De.(v)
( F'\’\ , and this we do by the already mentioned matching process. We

mateh N/D to G (v) at a finite set of "symmetry points" on the left, i.e.

we eguate

D(v- )

which gives linesr algebraic equat::.ons for the §FL ¢« The EVFJ- ;

C(ij)': ﬁ_{:’f_.x_) ) J':~\ ur\

ere supposed arbitrary but must lie in the region where C (¥) is known
viz [[4-9]. Ve must evoid the singulerity of C (v) at v=-vp—| , and
as the behaviour of C (v) in {_O"'Vg -1} is thought to be more relevent to
the right hand side then that in [—- ve—1, -9} , we teke the SVEJ ‘t in
EV;Z"' , o:\ , but not too olosito tl.le singularity.

Putting N(v) = (V—-vo) Z _E_‘:,...

L\=o V-— VL'

where [FO_ A(v.,)
the metohing equations are
(VF——vo) Z F/(VS——n,) - C(Vﬁ)‘,j:o..w
[1 ~ (_ﬁ-,_-_zg)i B T (we v.—a)}

™ o
i.e. Zj Eil FY . ¢a.
where e (A= ¢ (v; )
o . | J .
3l o —v). C9, % -
SN i T

T s . .
The IM_AL (v)’ - l lN ; function in the s channel .
physical region const:.tutes the output to be compared with the LA{.(V')

input from the t channel, and one demands rough self consistency by

121
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T = P
where ' Rlout = N in (g in). ( Rin = o)

This definition of (PVRC' )out is more convenient than and very close to
(FVKL)out = = Nowk (Vron) / RaDon (vei)
and is obtained from this by the linear gpproximation for D
R D'(v) = —| /(Vg;.\,"'vc)
which is Jjustified a posteriori.
The first condition is speocified by
Yo b {vey) = 0
The Balazs method was initisted in BI(1) and BII(1), BI explaining
the kernel approximation and BII carrying out the calculation for the

I

1 J =1 7K state, obtaining self-c on sistent velues Vg = 3.4,lvg= 2.6
i.e. vg ~ 585Mgy, full width -~ 150Mev, BilT(1) extended the calcula-
tion to I =0 J =2 end I =1 J = 1 coupled and also did a celculation

for I = 0o, 2 s waves. The method has been used by various other authors

(3) (&).

2. The Kernel approximation

The significance of the Balazs method is in the pole epproximation

which finds optimum positions for the poles depending only upon the kernel

!
T.A (v' ) D(V'Ldv'
s ("" vY(v - "o)

The kernel is gpproximated by 2 pole form which simultaneocusly expresses.

N = Alv) + (v_-_zo)i

FAY

it as a sum of degenerate kernels and gives N (\) a form which is easily

integrable t¢ give D (V). Writin(g ) = - 1N we approximate
n G.(x
. _ A~ _i = K (x v)
Kexact(‘{’v) Tl +xv 7 1+ x, app

i=1 1
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where the {Gi (x)} are Lagrange interpolatofy rational funciions having
s

values unity et { Xi—Q . One varies 2 xi’s to give the best agreement for
Vv fixed at some point in the range over vhich the approximation is to be
used, One elso chooses a cut off VL for generality, taking the integral
from V L to ~dd,

There is some freedom of interpretetion of the requirement if best
fit, and we minimised over a set of points in the range [0, VL] . The
distribution of points was determined by a power law

N VL. (-I%)P j= 1, wm

nm being the number of points, usually kept at value 20, and p an indexJ
which could be varied. The results of a typicel fit are shown in Fig. 1.
Values of the pole positions and an indication of dependence on VL, ¥ and
p are showvm in Table 1, also the change in CHI2 during optimisation. The
solution 6 (1) has a pole on the right hand side end may be permissible,
if we teke the N function to include the inelastic cut as well as the left
hand cut, &s expleined in BII. The effects on the Balazs calculation will
be seen later. Nobte that the difference in CHI2 produced by optimisation
is only of the sase order as that from increasing n by 1.

We wish to meke three points about the kernel approximation;

i. It is valid if and only if the dispersion integral converges.

For the exact integral

L(v)= 5_‘“ Aedy o [T ). Kexack (v 0.4’
o) V'

v’-—v .—m

is replaced by
Y '
I,‘(V) ""J ) AVM = G Ta(w) 4 € T (v
4

— o0 \/I —
where Y Ve
v 1
L= [ £ oot v
-—co v
for a two pole approx., and
Ci=u | GRS N

v, Xi—%g ! v, XaTX,



TLBLE 5 =1

(1)

(2)

(3)

(%)

(5)

(6)

Belazs Pole Positions

Basic Result:

Variation with p:
P = 0.5 V = =
n 2‘0 ) "

Varistion with y':

3-0 .-
5.0 bl
Variation with n:
= 3 i = - 501*'9, -
L " - 5.316, -
5 " - 5.13, ~
6(1) " -5.07, -
6(2) - 5.29, -
Chi-squared optimisgtion:
n imtlal'g
3 .9 x 10
L 8 x 10"
5 .5 x 1074
6(1) .3 % 10~
é( 2) o3 X 10710

6'33 L

V, = =12.3, =42.2

2o)+8 ,"' 8.696
L.h6.

n =2, U’=0.5,VL = =5, P =1,
V, = ~6.0, -25.0.

Variation with VL:

v, = -10 § =

u -2 n -

1 -1 n -

1. 25 =

5.78,-12.3
6.4‘5 ’-39-8

6.135,-22.5
6.25, -22.6
6.29, -23.4

9.62,
7419k,

-36.1.
~13.4k,
- 9.62,
- 8,13,
- 9.52,

..5()8

-19.3, -6k.5.

~11,55 ,=47.6, + Ls.6.
-13.89 ,-14,.28,- 19.23.

7.87,
6'94,

2
final
3 x 1070

. x 1071t

.8 x 10"15
.2 x 10716
3 x 10"17
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Now the conditions for convergence of Il(v) and I2(a) are identical,

and in practice reduce to

either (a) £ (V') — © -
vi oo |

or (b) £ (v') =sinfuv’). g (v'), ureal 3 4

g 5\/'! —» ©0 steadily.
4

v ]
V' =3 o0

for all finite v, a.

(13,) The asymptotic behaviour of the approximated integral is not

necessarily (O (5

For what the kernel epproximation asserts is that
v o~ @ _EL

‘viey L v, -V
in a small range of V , vwhere y is sufficiently far from the cut. It

does not attempt to be valid on the cut as V D.m v —» -0 {i)end
(d)indicate thet it is not a usual pole approximetion and not equivalent to &
cut off.

iii. It is still a good approximetion for oscillating functions, i.e.
conditionally convergent integrands. For, fromf{i)it still converges and, in
BI, Balazs gives an estimate for the % error for en oscillating function.
Now when the oscillations exzctly cancel the exact integral has a zero, so the
% error is infinite; however this is merely due to the fact that the
approximate integrel has a zero slightly displaced. Numerical estimates of

Balazs expression from BI for the % error, using the kernel approx. of Fig.l.

E = @'—@1']/[&—*92] x 100%
D, Dy ] D, ™
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If we teko the oscililations to exactly cancel at Y = -2, E = & , then

when y = -1 E =0.4%
+1 0.04%
+5 0.3%
0% &always.
Note from Figs. 2 the % error is zoro for =0 and 5% asV ~> -ocO.

The essertion is not that sny kernel approximation within 5% of the oxact
is accurate for oscillating funccions, for this is clearly untrue, but thet this
particuler epproximation is. w.e have moade it plausible thet the N(V) function
can be well epproxincted by the pole form in o certein finite range. For
oxenple, o twe polo fit is accurste to 10%, for V in [-—3, 6] , for all
Y ! in [VL, -oo], end & six pole fit is accurete to 1%, for V in [-3,15].
However, to forn the D(V) function we nced an cstimate for N(/) for the entire
range [0,00]. (8).

To scc hoiwr the epproximetion vearies in this range, we did two gtudies.
First, we found the optimunm \/i for n = 2, for a series of values of V in the
range. The resulis ere shown in Teble 1(4) end show that the optimum\)i changze
slowly end nonotonically frou V) = 1.0,V; = 6.17, 21.6, to Y= 100.0, Vi =6,80,
37.6, but thet the value of)(z ot the optimum velue changes repidly, sterting
at 10_5, rising to 107 et Vs 50, and then decrecsing to 10_3, for V= 10°.
Second, w& evalucted K exact - K approx. for o series of values of V/ , the Vi
being the"optinum values forV: 0.b. K execet = K epprox. was roughly constont
forY! in [ VI, -Oél, except thet, for large negativeV!, it rose by a factor of
10 or so. The values for typicalV! are plotted versusVin fig. 1(C). We seo
the following, (L) tho -~ "asymptotic" wvalue of K exact- K approx. is roughly
the same for 1l n, and is 10-1", so the % error = 10%.

(B) The error rises from very low velues for V £ 10 to 10~ or so for
Y = 50, for n = 2, K exact- K approx. = 10™2 end the % error £ 10%,

(¢) 4s n incroeses the error gets very small for) in EO,lOO_-_,.

Now, because we ere evalueting D())), the very high values in the integraol
will be demped by the Cauchy denominators. Also for large negativel !, the
error rises by a faotor of 10 for 211 )/ , however the contributions from this
region are demped by the (V' - Vo) denominator in the N(V) integral.

Thus, our cmclusion is thet, for e sufficient number of poles, one can
echieve sufficiently accurato velues of N(V), to mhieve an accurete value of
D(V), provided one has accurste values of 7.

We should finally like to compare the pole positions obtained by the
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Balazs optimisation prooedure with those obteined by using a numerical

integration formula. If we wish to integrate

f~vL dx. £(x)
- a0

then we cen first transform to = finite renge by

Z = X-VL
X

then z decreosses from 0 to -1 aos

x decreases fron -VL to ~ob

further
x = Vi _
1~z
so dx ..V

and we have

do Yoo v [z ]

w (1 - 2)°

. . . i
if we do this integration numerically, we teke n integration points z~ and

welghts v end teke the value of +the integral as

* Yz L ]
W g resarramme smem f .
—, (= G
i (4 - z,)



Thus for a dispersion integral

say

£ (x) = h (x)

(x =¥) (x =)

-V n .
I L h (x) dx . E wh vy . h[x(z_i)J

O (x -p) (x -Vo) ~ ot (1 -~ zi)2 [x(zi)—vj.[x(zi) -Vo:(

2 pole approximation with poles at

X(Z.) = VL
+ 1 - z.
1

This is vquivalent to approximetion of the integrand

fEc( z)] by polynomials gn( z)

(1-2)°
S0 f(x)  is approximated by gn (x " VL)
(1 - 2)2 X
x -V
S0 . . n L
f(x) is approximated by _Zé_ . g ( -
X

For Gaussian integration}the g'(z) are Legendre functions Pn( z) and 2t are
its roots. Hence f(x) is epproximated by poles of various orders at the
origine.

If we put in gaussian points zi and calculate the corresponding x( si),

the pole positions on the left hand cut, we obtain the results shown in

Table 2. If one tekes equally spaced points, omitting the end points, then

Zi— i i=1l=- =-n
T on+1
i L - (n+l).VL
1l- i
T n+l - 1

reorde r:i.ng,

vi _ (ns+1), VL
Jd = j
a harmonic series. The pole distributions are shown in Table 2.

j:.-l--—-n,

“e

The positions for Gaussian integration are remarkebly similar to the
Balazs positions and agree much better than those from equal spacing inte—

gration.



TIBLE 5 - 2

Gaussian Integration Pole Positions:

Tor ‘.'L =5
n=2 -6, =30
3 ~ 5.6 =10,0 =50.0
L - 5.4 - 7,5 =15.0 -70.0
5 ~5.15 = 6.0 - 8;05 -13.1  =29.4 ~143.0

frenly_spaced In“egration Pole Positions:

For "L = 5
n=2 =~ 75, =15.0
3 » 645,=-=10.,0, =-20,0
I - 6,25 - 8,33, -12.5, -25.0.

Beln~rs Pole Pe~itions:

To: ‘JL =5
n=2 -6, =25
3 - 5.49 - 9.62 -36.1
I - 5,32 - 7,19 -13.44 -50.8

5 - 5.13 = 6.33 - 9.62 -19.3 -64.5



Now, gaussian points can be generated by & best fit procedure (6)
and one wonders whether there is any connection between this and the
Balazs optimisation procedure.

Note that there is a simple connection between the pole positions
for different VL viz,

xt o v
If we look at the VL variation of the Balaezs poles, shown in Table 1 (a),
we see a similar behaviour.
Of course, in this treatment, there is no dependence on V, However, one
can see that, for V near the cut, some modification of the \l:'L to fit best
might be necessary. Further the Balazs poles become very insensitive to

V , when it is reasonably fer from the cut.

Since the integral is

0
Vi -1 hlx(z) ]
Vo (a2) (o,-2) (1 +2)°
v VL - 1
Bl o1 ; . l; a, 8, real > ©
v 0 Vo

then'presumably, the best positions are given by the roots of polynomislr

gn(zi) = Q
where gn(z) are defined by the weight function

W( Z) = L

(e-2) (ao-z) (1 + 2)2
and interval[?, -1] .

Now there is an essential difference between the numerical integre-
tion procedure and the Balazs procedure, namely that the Balazs Fi are
determined by matching the approximate form to the exesct integral, but th»
numerical integration procedure uses the £ x( zi) to get them. The
numerical integration procedure is only valid for integrends which can br

approximated by polynomials whereas the Balazs procedure is valid for e



much wider renge of integrands. ©129

The similarity between the two lies in the fact that if we tried to
spproximate a well behaved integral by the Balazs procedurs, then we should
got the same answer as by numerical integration, hence the pole positions
are the same,

3. The Py Channel

The Ii/D form is matched to the C(V) function at (n+l) symmetry points
to give Fi and A(Uo) . The properties of the pole form and the mechenism
of the process are shown in Fig. 2. Note the near linearity of Re D(V)
although of course D—» constant, Jjustifying the self-

V= oo
consistency conditions used by Balazs and supporting the linear spproxime-
tion of Pati and also Kene (3). Note that C(v) has a logarithmic singula-
rity at -4 ~ 1 but lthat N/D hes a pole at -6.

symmétzy points close together are equivalent to matching
derivatives. Because of the sensitivity to symmetry points, it was found
clearest to adopt two classes of distribution:

1. "“derivative" i.e.l. at the origin te give Vl' behaviour,

end (n-1) clustered round one point usually V= -2;

2. "distributed” i.e. spread out in[0, -2.5]

We did static studies, i.e, fix t channel, match and find s channel,
and dynamic studies, i.e. self consistent values of VR,FVR:L. The result
of & static study is thus a tabulation ef functions N(v) and D(¥) and we
shall in general display the function Re L(v) derived from them. The
result of a dynamic study is whether a se]f;'consistent acceptable solution
was obtained and, if so, the self-consistent values of V

1
R andrvn :

We obtained self consistency by minimising the function
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F= [Re Dut (VR :Ln)}z + [Vian in ~ Nout ( R in) .

2
\'4 -V
( R in- 'o)]
Figure 3 is a contour plot of it. We see a long shallow valley roughly
elong the line

| V-
Y'RMVIY

Instead of finding the absolute minimum and teking those values of ("' VR,VR)
es the soluti n, one ought to deduce that only I is fixed by the minimise- |
tion process to be~’ 1 and that VR is a free parameter.

Looking first at the I = I, J = 1 channel, the static results for
variation ofz VFig and n are shown in Figs. 4. The variation ofhé from -3
to @ produced no detectable change in Re 4(W) to 1% over the entire range
[—9 y + iOJ. The dynamic studies show a similar insensitivity to 16. The
dynamic results are shovm in Teble 3. It has been pointed out to the author
that the extreme insensitivity of the static studies to variation of Vo is
probably a rigoroﬁs result derivable from existing theorems. In fact, it
does follow easily, but not obviously, and a proof is given below.

The smell \{) dependence of the dynemic studies is due to the yo
dependence of the self-consistency criterion given by equation (11). Here
we orove that a once subtracted N/D pole form, with given left hand pole
positions Vi, whose n + 1 parameters ere determined by matching to values
G,j at points VF j)is independent of the choice of subtraction point. TFor,
given & = N/D

nv) = A+ (vev) § Ti

Vv -Vi

Y - V¥o X ' v N(V)
_o1. YoYe . d { , ,
D(Y) 1 j’ R (V). dv —— o )

! 1 ! 1 1
one can construct an N , D with the same form such that A =nx/D = A,

1
with different subtraction point VY, . This can be verified by direct

1 t 1
menipulation; N & D differ from N & D by & factor D( V |
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Dynemic Studies

i1l =cousistent values of (VR,PVR):

(1) ¥sriation v, .L'Fijf: . i VR VV R
-2:1 ~1.9 0,0 34308 2.525
-2,1 -1;9 -0.1 34436 2;721
~1.5 ~1,0 0.0 1,88 1,193
-2.5 ~2.3 0,0 3.82 3i129
=241 3.0 0.0 2,568 1,760
-2,8 ~2,2 ~1.6 5.02 4,71

(ii) Variation with Vj-a'
VO
-3 3.465 2,849
-2 3.308 2.525
~1 3,22 2,35
~0,001 3¢23 2437
(iii) vVariation with n:
n
2 3ok 2,6
b 2,08 0.15
3 )
S
7 no solution
S
6(1) ;
6(2)
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TIBIR 3 = 3 = G

Matching equstion - ‘f;or 8, = L.260 = ?:.“27
E. F = 4 Vg = -2+1, B 1:9,-0.0
_ ‘ v, s’-vz.o,‘—vé;o, ~50.0
1.00109 ~ 0.02499 =0.00191
0.99871 0.023%3 0,00188 |
1.000 . . 0.33333 . o.ouoodj‘
- 0.09985| - 0.09312|
- 128460 | = - 0.10529|
'13.20127 | oL 0.0 . |

L
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Then, if J, obeys the conditions
)% = 1 =
A(Fj) o, i=1.. na+l.
these will be linear equations for'Ao, i Fil and will uniquely determine
them, and hence A(V) at ell points.
!
Hence A = A st a1l points, in particular
1
v = . j =1 .. 1.

A ( FJ) CJ dJ n 4+
Thus, we can explicitly construct an identical N/D amplitude with different
subtraction point and obeying the same matching conditions. This proves the
desired result,

Sensitivity toz V{.% is very marked and makes predictions by the Balazs
method so unreliable as to be mesningless, Tho significance of.the %‘ls -2,8,
=242, =146 is tacl these” ard the positisns usedily Keni eid Tlfbls-(i. i o
Balozs il eoloulation using a different crossing continuation. Their result
wes (3,2, 3.0). .-

The pole positions were also varied to find what effect they would
have, The results are shown in Tsble 4. This enabled the cut off VL in
the kernel spproximetion to be varied and the effect seen. From Table L,
the values of (VR,PVR) are fairly sensitive to the pole positions but not
as much as to the symmetry point positions. For the last two entries, the
symmetry points had also to be moved in, in proportion, to Satisfy the
condition that{IIFig not too close to VL or —){2 -1,

Possibly nere striking than the {%‘i% dependence is the n dependence
where the position and width change dresticelly and the solution even
disappesrs for some n. In Fig. 4(b) the first six pole fit has Re A(V) = O
when VYV~ L, due to & zero of Re N, so phase shift is zero, indicating that
6 (1) pole positions do not belong to the seme epproximation es the others.
The seven pole fit has Re A(V) =Q at two points, the first being due to
a zero of Re N and the second to a zero of Re D, which are very close
together for both derivative and distributed matching and are presumably

striving to cencel each other out.



TIBIE 3 - L

‘ Sélf’-consistent velues

. Variation With?vij"s ,” the pole positions,

.§.Vlj} | ~ Vo Vh" | vy
- 6.0 50,0 o 3335 2525
- 6.0 - -25.0 -5 3,06 2.788 .
~10,0 25040 | | . 'z;'.17 | .3,.'00_;
- 825 0.0 ". R "'"lz;?é'
12,3 eh2.2 -0 hAl 3022
= 125 = L6  - 1‘ " ols 0.3

- 2024'80 _'." 8-696 :" 2 . 0.93‘ 3 1-17



IMBIE 5 - 5

; Single Channel Searches -  Values of (&&1, VVR)
n 2 2 3 3 b b
»%. distributed| derivative |[distributed |derivative | distributed|derivatiw
. vt -
:
S; - 2.048, 2,166 - - - -
S\ "' 1080, 1079 - - - -
2 .
Pl 2.57, 1076 3.1-}-’ 2.6 - - 1086, 0006 2.6, 0126
- - - - 2.0 0.1 -
Do
D1 - - - - 1.7, 0.06 -

ey

o b

- indicetes search done but no solution found.
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for in the cases So - 5,, 2 pole; So - P, 2 pols; Do - D2, L pole; .

2

Pl-DO-Dz, 4 pole; 30‘32

minimisation of discrepancy from given initial values and the only solutions

- P, 2 pole. Only one search was done, i.e.

found were for the case found by Balazs in BIII viz. P1 - Do’ 3 pole.
However, the sensitivity of the calculetion to the parsmeters and the
pathology of the discrepancy function lead one to believe that the search
is a difficult one. We even found a possible multiple solution i.e. two
sets of values both satisfying the self-consistency conditions. See Table
6. A pictorial breakdovn of the P, - D celculation is shown in Figs. 6.

Note the smallness of the D o B and D —;P interaction, so that the D,
wave comes malnly to P1 exchmge modlfled by Do exchange and the

P4 by self-stablllty nodified mumerically by D, axohange.
The effect of the DO upon the P channel for different n is s.own in Fig, 7

end P upon D, for different n in Fig. 8(c). Again we see the accidental
nature of the solutions in the P1 - D, case, where only n = 3 can give a
Do resonance as seen from Fig. 8(c). Hence only n = 3 can give Pl =D,
self-consistent velues. One expects) on intuitive grounds ’that the self-
consistency will become better resolved i.e. there will be sharper minima
for a larger number of component systems but that, due to complication,
solutions will be harder to find.

An attempt wes made to find the effect of the (0 upon other chennels
by teking the f pole only to give the left-hand side and then solving by
matching. The results are showvm in Figs. 8.

6. Conclusions

Clearly, the method as used by Balazs is very sensitive tokVFiSand
to n and is thus unreliable for making predictions sbout the KX system.

The kernel approximation seems reasonable where V is sufficiently
far from the cut. It is not obviously equivalent to a cut off. The pole

positions are close to those obtained by a Gaussian integration procedure.
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TYBIE 3 =6

T T T

P1 - Do Se]:f‘-con;istent Values

~moase e

(1) .'E‘or diiferent (VFi )S'

zvpi} 4 % 2
Vo Ty Vi Ty

~2,1  =2,05 ~1.0 0.0 453 L.26 4.817 1.378
~2,1 =2,05 ~0.5 0.0 4,26 4.08 37k 0.8L
~2,1 =2,05 =~0.2 0.0 4.02 3.82 3.09 0.58
~2,1 =2,05 -0.05 0.0 L4399 L4.37 340 0.75
~2,1  =2,05 =15 0.0 ho7h b33 5,90 2,007
“2,1 -2,05 =1.95 0.0 4489 L.37 6490 2,667
(2) With derivative configurction. B

P, V'R =5,76 T"R = 5,0

D_ Vg 29437 Tyg%= 558 *
which is neer Beolezs! result,
(3) Possible multiple solution

withi\)Fii = -2.05 -L.95 -0.05 0.0
in both P1 end Do weves,

Solution
P, Vo, = 6.663 TV, = 6.5u8
D, m 6,691 Ty, %= 2,766
Solution 2
P, Vo = b7 TV, = 372
D, "o 3,008 Tyg 2= 0.693

both appeared to satisfy the self-consistency requirements.
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The determination of the eFl;by matching points 2 ijs is justified’,

provided we have a reasonable estimate of the value of the integral and

provided the?Vsz ere sufficiently far from thegv_,

1y lies the source of instebility and is strongly indiceted by the sensi-

i. Herein almost certain-

tivity of | Fi(tof\%,jk . In short, -V -1 is too close toiVFj (andﬁxi?jg
are too close to Vj_>.‘

As one must take VFj < 0 and VL << VFj one must have a special
treatment of the near left, if only in specifically neglecting it, and use
the approximation only for the far left.

Other authors havel almost without excep’cion’used the kernel approxima-
tion only as & part of a more detailed treatment of the unphysival cuts,
The method is insensitive to varietion of the normalisation point VO. The
uncertainty of interpretation of the width can lead to comparable uncertain-

ties in both position and width of the self-consistent solution.

{e Other analyses of the originel Balazs method

M, L. Heh ta and P, K. Srivastava (2) exemined the bootstrap for two
poles only. They reported insensitivity to Yo. They also reported sensi-
tivity to VF’ where value and gradient were matched at one point V.,
concluding that no solution exists :E'orVF { -1.5. The present author finds
this Gifficult to understand as Balazs's own solution had VF = ~2, also |
Table 3 shows values for VF x~ =2.4 Thus the present author agrees with
Balazs end disagrees with Me h ta aad Srivastava, and concludes that the
latter mede a numerical error. They displayed their results by plotting
curves of Vg against Vi, vhere Pin is fixed and D( UK)
a family of curves, one for each value of F;n, with a ourve r;n =

= 0, This gave

out
cutting them and asymptotic to VF = -1,5 They also fixed i"in, found V‘2 and

[ . and plotted  [out = [in . 200% ageinst ¥, there being e curve

rout + [Nin
for each value of Fin' They also looked at the Dersarkissian calculafion
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(3) of deuteron parasmeters and disagreed with their numbers. Golowich (4)

studied the Balazs method in connection with a treatment of meson Boxyon
scattering = E;I = 0 and alsoyN,I = 3/,. He concluded that the position
of poles wasummportant but the matching process was important and that the
method could not be used unambiguously. He modified the method and got good

results by virtue of the representation of short range effects. He used two

poles only.

TIFROVEMENTS TO THE BALAZS HETHOD

In an attempt to remove the difficulties and sources of error of the
Balazs method, various improvements were tried. These can be loosely
categorised as

i. Replacing S function epproximation in the C(y) function

by the exact integral;

ii, Improving the matching procedure to a lerger number of

points, to real and imeginary parts and to replacement by

a fitting procedure rather then matching.
Some experimentation was also carried out' in looking at different self-
consistency conditions.

1, Taking a smooth C(¥) function

Since the 8 function approximation to the C(\*) function hed e
singularity at -VR - 1, it sras thought that the replacing of it by the more
exact smooth version would remove some of the instability. This would also
allow one to put the symmetry points over a larger region,hopefully giving
greater stability end in the vicinity of -VR -1,

We see from Table 7 that the change from Sfunction form to smooth
form mede a small change to the better, the self-consistent value having

larger VR and smaller FVR. However, the sensitivity to choice of }‘)Fi}



LEBIE 3 - 7

vesrirreta

Dynamic studies - real part matehing - continuous C(V)

l. Standard result:
n=2 V -2,46, ~1,35, 0.0

3 —
UR = 3.77, ‘ VR = 1. 98
2. Variation of VF e N o= 2:
dJ
Vpsin (3.5, 0] ro=188 v = 2.9
[-2.5, 07) none found
[-1.6, 0] none found
[-1.8, 0] 1.6 0.95
["‘1-2, O_J 0-86 0045
s+ Dthe <earches:
n=b g dn [-3.5, 0] v, = 3.69, vy = 5.0

n

n

5 [ " Jnone found,
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remained. The effect of taking more poles and hence mors symmetry points
and a better fit to the real part on the left is tabulated in Table 8.

The output & (¥) function is still very sensitive to movement of the
symmetry points, giving a good fit in the region of the symmetry points
but becoming very badly behaved, further left. Keeping the symmetry point
region fixed and varying the number of pnles causes some change but seems
to settle dowm as n gets large. However, it settles dowmn to an emplitude
with a zero on the physical cut, ReA is tabulated for n = 9 in Table 9
candghovm for n = 8 in Fig., 9.

2, Improverent and Generalisation of the Matching Procedure

To get a more realistic behaviour of the trial N/D form on the lef't,
the author augmented the matching equations by including the imaginary part
on the near left, Although the near left discontinuity only has a small
effect (and of wrong sign) on the physical region, it cen and does some-
times have a large effect in the near left region itself. We first
attempted to use the near imaginary part only by teking an N/D pole form
with seversl poles on the near left ( [~1, -9] ) end demending that the
imaginary part were equal to Im C. This is the same as numerically iptegrar
ting the near cut, which replaces the cut by poles. The outputamplitude
was small end negative in the physical region. We now added "far poles,"
to represent the far cut, the positions being obtained by the Balazs
prescription with \/L = -9'the limit of the near region. The residues
obtained ty matching real parts on the near left. This leads to complicated
matching equations since the near left hand cut contributes and the near
end far poles are ooupled together and have to be solved together in one
big linear equation set., Three approaches described werse called "real
part" - "imgginary part” and "complex" - mstching.

Finally, it is possible to include extra poles which enter into the



TBIE 3 = 8
Static studies: real part matching: input --VR = 3k, PVR = 2.6

(a) continuous C(¥)

n ?:g;ling comments
2 [1-0 .8, 0] output resonance at 8,75
2 (=25, 0 n 15
3 4, 0] Rel. negative
b4 n | Reki rises to 0.5 then falls
5 " zero of ReN at 0.8
6 " " 2.0
7 " " 3,0
8 n n 1.5 zero of ReD at 9.8
9 4,0 " 1.7
9 [-8,07] " 73
(b) & function spproximation in c(wv)
| 3 | [, 01 | Rel. negative, zero of ReD = 3.0
9 (-8, o]_ o | Reh Tises to 0.3 then falls.
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natching equation but are not determined by them but are free to be set by
some other requirement e.g. self-consistency. Also the symmetry points

could be complex and this could be used to represent amplitudes with

circular cuts etc,.

3, DBasic equations of Matching

KVp) = N (Y% i=1. .

oo VT
sV) = & (c‘v‘Z @iv). (i +1) . By
‘1 vl O

0

PL'[ 14 ‘L!:-&-l)] [ 2(v’ +1!1
~ crossed amplitude - given.

by N end D we mean the Bslazs pole form

wd i
N(V) = (V—Vo) Z: F
j. = 1 YV — Vi
vhere V' = Vv, ; Pl = A(V)C
D(V) = 1 - «-‘~~y-°)1~1 Fi.I(v,v)

for far left and possibly some treatment of the near left.
(il Real perts only

Y, = ad v - 5’
ReA(Fj)—A = (Vp; Vo)[‘_‘ e
- LR b .
1 -k Vo) TOoFh. I( Vps Vi
. . e i
o'- Z;: EJ:L- Fl = .A.J
Se v l . .
gt o (Vpy -v,) . . + K L TV ovi)
) ( I\J 1) —— E-E

The region of real ra/c matching can be extended. Note Im A(Vo) i'zo
ir Yo < -1.

(ii). Imaginary part matching, with just namxelisation point
restriction on real part ..

N(¥) = &( vo) + (v- Vo) 5_1 Im N(v') av
= )

(v=v) (v -v)
In N(V') = Im A(V'). D( V). -

NVv) = (v-v) Z‘i _.E.,l_..i.. 1—(:‘:0)“ Ton()dv!
i-1 Vv ™ deo (vi-v) (V'-Vy)




V' =V s T = A(VO)

A leaving only the near left

Ignore far poles and put Vo = o0 390 A Vo)

singularities in N(v). Now replace near integrel by numerical integration
nk

~ (V-v)) In_ N(Yi). W
Tz i=2i (v-v (voVv)
InN (vo) = Imd (v;) . D(v).
~ (V=) nk pl
‘El ZV -y 5
1 =
P Imm (V) . W
JC(VL"'_V) wlink i
; o= - W . ImA(Vg_).[ i_"zlle ¥ IlJ]
1i$ (Vl,._vo) J=1

SO nk 1
L [SJ“ Me-2%) 1 i3, A{J. FY.

Jg=1 7( ‘
. 1
oL L W Ima (v = +4
i FVmv) o1 .
ij i i 3 i
or I ° B [} F = B
g wevy. B | |
W T .
B = IIDA(V")

(iii, Imaginary part matching with NFP real poles with realSuiw-ckey : Poact
not on cut,.

-1
_ gv w) In N (V) dv .y
Nv) = &(W) + < (V V) (v =) (1)
Im N(v') = Im A( v’). p(v') . (ii)
represent far left by NF P real poles -1
(v_vo).g Im N(V' )dv'  (ii:)
—_— V
) = )+ W) Lo vp S I e e
denote Vo = V, A(Vo) = Fl . (.’."
NL ‘ :
replace integrel by EV -V } Z In W (V: .]'
X J=EP +1 (Vv § (V %) (+)
and further by (V-y,) 1\%7 FJ

J=NBP+ 1 v -V (vi)
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. J
where F9 W, In N (V) j = NP +1 .. NL (vii)
(v =vg)
NL F -
o NY) = (V) £ VA (viii)
Jd =
J L1 .
maD(v) = 1 - (V=Y A FT I ()
7 J
now match real perts et real sym. points\(Fi i=1 ... NFP
and imeginary parts . .« . a NFP + 1 . NL
to the crossed smplitude .Ai (Re A(VFi) i=1.,. NEP
ImA(VFi) i = NFP +1 .. NL)
50 2, (3ij .79 - W= N(V¥,) (x)
J
where for i & NFP
L VE, -
F” - F; - Y% (xi)
Vri 7Y
i > NFP
= - 7 V.o ) T
g i5 = AN ( Fi V‘) < i (x:L:L)
f W
ij Ld
A F .
i f » = 4 (xiii)
1- (Vi-'vb) LRI T
1y
LEY pd o A (xit
J . . s
i (;ij b Oy v £ T © (xv)
A
NFP T, WL . i
\ - - ¥ A
Thus (Vg ~V,) 30 e ¥ Vpi -Vl %5 = (Re A(V,))
i o/ . ‘ - e .
j=1 V. -vVv, J=NFP +1v; = V4 i
M i = 1..IFP
1 - Wy =Vo)5T gd g
7Y o
¥, -v). L
1 0 .ﬁ-jj-‘“ i
-
1 - (Vy-v )P FUI (1 &(V,) )
Y J

or more transparently



i

. 5. 5 i
MV, -v). T _ (Vl'v,?.?.' VIm-Av') %
J 41 ( o i

1. M-v) g FI ]
[ S 3
teof j >

I
i.ISE‘P Vi =V,

l i Y L

t_.Cij
0 R G
- b wi X

Note that real poles influence imaginary ones only by their occurrence in
the D function whereas liwag. ones influence real ones by occurrence in N
and D; this gives some insight into the relative roles of the real and
imeginary parts of the crossed amplitude end hence a bearing on the near
and far cut contributions,

To reconstruct ?.Ai‘ given ? Fj s

Matching equations are

(v, -v) »= S =4 1=1., NP
j=1 Yi~ vV (Re & (v, 1))
v
D(v,)
v, -v) -&x_ ¥ . 3= NFP + 1 .. DL
i W
(Im 20, )
(V)
. NL j T T
Je€Co (‘/i - VO) Z _*Fw = N i=1 «s» NEP
jzlvi_)jj (ReN(Vi) )
(Viuvo). —iﬂ . Fi = Ni l:NFP‘f'lc ® NL
W (Im ¥ (v; ) )
. NL j 3
ooy Oymv) o oRde®

j=1
hence reconstruction.

(n'v). Matching with real S\:}M\?Avrn Foin.i‘s on the i

Equations (i) .. (x), (xii) still hold, i.e. breskdown into poles and



iV

matching of imaginary parts same but naw the expression for contribution

r.
> N,
(V . - v ) lmmxa-:\-m 3’ 1
Fi 0 Pi " V;

521
because the denominator vanishes when Vm = V3

of near poles to real sﬂw“Mh‘U Fo;n-k-s
J L

Incidentally, the real

53“"’"‘*‘3 fowis on cut are taken to coincide with near pole positions so
that Im N(VFi) is given by a simple cumbination of F's, in fact by (vii);
otherwise an interpolated value would be necessary.

Going back to the integrsl form

' NP -1 ! !
v N (V
N(V) = (V—Vo) Z Fj + (v_vo) d : Im il )
=1 o (V=y) (Vv
V-ovy . IAS
J
we see that, for a value of V¥V on the cut, this is best written
NFP -1
F. -
M) = (v-v) s i e (v 4 [ o) - man(v)]
j=1 V=TV ~ Jeo (W=V) (V-v,)
+ImNV) . (V=v) -1 dy'
i veo (V-v) (V'-V )
where expression
Lo (v') - Imi(v )] has velue Iow' (v) ,
when V =¥

(vi-v ) , .
Nov, -1 Ay’ - [1"5 vV ] B
(V-VO)J’ w=-v) (v'=v,) vi—Ve
5 .

(1 +V) (co-Vo)A

log
(1 +vo) (co-y)
o NFP ) -1 ,
pony) = (vev) 3 Fi o+ (v-v ] dv[me) - vy
J=1V-vj K Jeo (V-v) (¥'-)

+  Im¥(v) log | (1 +v) . (co—Vo)
T (1 +4) . (o0-v)
We now replace integrel by poles, taking '

(v, ) - za(v, )

/
ImN (V.)
J - Vv

Visa Jg-1




So,

L2
NL .
N(v) = (V- v ) 2 N vy ST L InN( V) - mv(v)] W’
y=1 V7Y K = NP4l

ij -V) (Vj -Vo)

InN(v) . log (1 +V) (co = vo)
7 (1T +¥) (co =V)
This can be simply expressed in terms of 2 F B when

_Y —
Vv = Fi._)/J say
NP T. NL
M= (V-Vv) & 4 + ("’J"Vo) =
hE )
IR R
F,-T . W (J-v)
W (V "V)
Vy = Vv

J
J

- (V_ =~ i
(J V).I‘

. log (1+v) (co—vo)

v a—

J (1+V)(°°“~)
+ ImN/(VJ)' WJ
=
last term — _VZJ- [ImN(%J,]_)-ImN (VJ-l)]
n Visl T %o
+ 1
) (VJ+1- Vo)'FJ - (VJ..l"Vo)'FJ—l
WJ+1 w -1
( v

ge1- Yiod
Su¢ finally we have our expression for N(V) at one of the pole positions,
in terms of ? § .

¥ ) = v - v)Z F!

. J
_FY 4 (v -V)Z" [FJ-rJl:_g;r_.)]
1v3-va 03 =NFP+1 J ~V

3
J*J ( J"'V)
-(VJ.-V) A log (L +V.) (co=-v)
SR J 0
W (I +v,) (co-vy)
W
: J +1 . J -1
- "WJ ‘ﬂ—(g+l- Vo)' P - Y]’-l—vo)'F
(‘{7+1.-‘6-1)L P AL K]
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This expression is used for matching to the crossed emplitude at symmetry
points end for reconstructing the metched amplitude at other points on the out,

as well as at the symmetry points. Writing it as

g_ BJj'Fj"‘NJ Jd A, on out
leerly vtV
clear R S °) ; - il
Bys =V5 =V A T-1,3,3 +1 (xi)
Brg = ) (1 + Vo). (oo - Ve)
W - (1 +Vo). - (oo —-\)J)
N - B Y
o (VoY) J=IFP4L I 7 Sy AR N ]
: 1) W (d"\/j )‘)J )
BJj = (\i)[ \é - (\) + "’\/ )' ‘VVJ -
V- ‘ja N CA l).UJ !
3 23 %

One then obbeins L (i, Jj) using (xiii), (xiv), (xv). Note B has same

structure as beforc.

b - ]
"ol l
To reconstructiN {glvon (Fj} L '

W= N(Vpy) = H(J)

changing notetion for simplicity.

Ve simply use cquation (L) to define Ni'
I .
g B.. F. = w : -

B.., = \)i-\J

i, o i A~ on out
'}/i"‘),/j j-"’-100 NL
JETi-1, 4,1 +1

¥
’



= - - 4 -
Bis = M -V) - (i_» 1 v, W
(Vs -Vy ({a=%zy w¢
i+ on cut
j=1 4+ 1
Bij = - (Vi - Vo) . log (l +Vi) (BO - Vo)
W (1 + Vo) (co - Vi)
y 2 N .
+ ( i-.vo) 2 "'WJ
i J=NP + 1
W : (Vj- v) (¥, -V)

d

i =~ on cut

Jil

J= 1.
Note that decoupling of real and imaginary matching occurs if we average

out the D function, i.e. following Patil and Kane (3) we teke

. V.V
D) = 1- —&;Tf%-
0

i 3 . =V
thus Fo = - W - Ind (Vi). [1 - EV}__ o)]
N A Vo) -. Vg -v,)
i=1, nk.

(For Imaginary but not Real part matching, the far pole residues are

obtained from the real part matching equations.)

We can slso easily match N(V) to C(V), instead of N %\/;J to C(M), giving some
D (v
sort of analogue of the Zachariasen ensatz but with different asymptotic be-

heviour of No & .« & vewid aamvb -0 wiondy orddsr et g tisaeroion relztien
or €0},

:v.. Compatibility and Comperison ef Reel, Imaginary
and Complex Matching

EVY - 3t oAt (v, -v) ¥
1 ~ 0 <

l - O

Vi'- Vj
(b) Inaginery..
( oo gl =K513,(V1_V°)
o




U5
(¢) Complex:

Imaginary.
i
W
Real far gvi A 2
(Vi- \/J
Real near V., -v_ )
i 0 . . s
éVT"':‘"V‘."’> JF -1, 4,140
i d
complicated expressions. §=1-~1,1i, 1 + 1.

Incidentally, selthough the imaginery part matching is equivalent te numerical
integration Jf the N/D equations, this is not true for real or complex
matching., .:im, vhe locat!ion of poles and the choice of symmetry point
region allows a certain amount of scope for intuition snd allows one to see

what is happening in geometrical terms.

4o Modification to introduce extra poles on lef't

To be sble to simulate the Oades method (Chapter 5) and for general
completeness reasons, it is desirable to be able to put in extra poles on
the left to be either fixed or veried in self consistent calculetions.

Oades simply puts in poles in the A function but we are working with
an N/D form which is always unitary and it would be disastrous with many
unknown consequences oo simply add poles in A, meking it nonunitary etc,
Henoe, e must add poles to the N function, sutomatically modifying D and
leaving A unitary.

We should still like to be able to match at symmetry points, te’
determine the other poles,and this is seen to be possible, for

0Ly T §=1..ub

i=1 4 o- i
1 - (Vj Jvof?éf?ah Frord nl oxrdinary poles
—== 1 : nah extra ("2d hoc") poles
nl + nah .
(V. =v > Fl[
3 0
i= :

1

1 + 1 29ty < ad
Vj"Vi 7‘( j:l..nl



nl s s 6
(V,-v) YT |1 + 1 B
i=1 »3 TV &
. nl + neh s
= - (V-v) YT + 1 AJI”]
J o hiny
i=nl+1 7T
j:l.. nl
Fl,Vé. i=nl+1 , Bl + neh are data nr determined otherwise, so we see

that there is merely a correction to Aj leaving Eij unchanged.

In a self consisténqy calculation, it is importent that the parametrisa-
tion be (eble to be) identical for input and output functions, se we should
like to put the poles also in the input function automaticelly. This is
easily =ccomplished by putting nl —> nl + nsh in calculating ReD, ReN, Imk
for input funotion, thus no anumelies arise here.

An extra edvantage is seen in that we can now look for solutions with
various numbers of spare parameters and do not have to lean too hard on
matching and SQW—COﬂﬁSfEan to determine all the parameters, committing
ourselves to a full bootstrap with no free parameters.

One might think that poles in input aﬁd output functions are equivalent
to none, i.e. calcellation of effects., This is true in demanding self-
con=istency, but not at the mstching stage, so they do have a non-trivial
rle.

P+, Brtension %o cuts not on .the real axis

This is trivial.
i=1.. (n+1)

Inaginary perts.. Fo = 7Y

Divgy s@ A cotEbLous.

E 3
Real parts.., vV, -V f? i i
J ez ¥ V., =-y, *
V) T Jori = A(uj)
D(vj) J=21..(n +1)

U SR < SRR T N SN A 155 4

If t/j on the real exis, then imsginery parts vanish.

For far poles on real axis we need only use V% on real axis. The usual
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situation will be that the poles in complex plane will be determined by

“imaginary part" matching and fer poles will ocecur cn the far real exis and
will be determined by real part metching at real symmetry points,

O

[t

w
x

(d
-

far region near region physical region

6. Results of improved matching

The result of imaginery part matching only is shown in Fig. 10 and
tebulated in Teble 10, proving that the neer left discontinuity from the
exchange of the f’ is smell and haes the wrong sign and thet a nearby singu-
larity approac is either wrong or else one needs a lot more left hend cut
extending into the double spectrel region. The effect of imaginary part
natching in the case of S function approximation tu C(v) is interesting
since it shows that the near left discontinuity has a large effect and
probably determines smell scele structure of the real part on the near left.

The results for complex matching were erratic end disappointing. The
amplitudes obtained were similar to those fur reel part matehing only and
vere sensitive to? VF . [ and, tended to settle down as R increased, keeping
VFi fixed}to emplitudes with & zero in the physical region or else a
vague rise of Rek in the physical region. Very few resonant amplitudes
were obtained. The results are summarised in Table 11 and tabulated in
Teble 12 and shovn for n = 9 in Fig. 11, The fit to real and imagina;ry parts
on the near left was of course very good, and even the rapidly changing $
function form of G(V) could be reproduced results for real, imaginary and
complex matching are tebulated in Tables 13, 4, 15 and shown in Fig. 12,

Using the "Zachariasen" matching, N )Zrtj =0( )Fj was found to be -very

similar to the Balezs mabtching £ = C in the simple cases in which it was
looked at,
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. =0,038 0.000 =0.038 0.001 D.476 0.000 5.500 .
-0,039 0.000 <=0.039 0,001 0.51¢ n.000 6.000 :
“0.041 . 0.000 <=0.041 0,002 0,561 0,000 6.500
-00042 00000 0,042 0.002 - 0-0603 0-000 7.000
0,043 0.000 =~N.043 0,002 0,645 N.000 7.500
“0.044 0.000 =0.044 0,002 N.686 0.000 8.000
~0.046 0.000 =0.046 0,002 0.766 0.000 9,000 :
«0.,047 0.000 =~-0,047 0,002 0.805 0.000 9.500
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complex matching.

( 8) Continuous C(V). »

input (3eh, 2, 6)

AR

20

2.

[—o.a, J
e,
-3, 0]

NEP e | matohing ' oémments
' region A

0 20 | [o, -9] | Rek smell end negobive

1 20 [_0, —93 Rek rises 'to»O.'-l;l; | |

2 20 EO.’B, o) Reh rises to 0.5 then falls

2 20 E-2.5, 0] resonence -. self . oons:.stent

3 20 | [, 0] f BeA 'negative. Zero of ReD ~ «1;0
3 20 [9, 0] - ,Re.l negat:.ve._ 4 |

4 20 [L,. O} Ref rises t§ .38 then falls.. |

5 20 n : “Zero of Rell ab 40

6 20 o L s

7 20 ',' L . 5 3 ,

'8 22 " no " "'6.5.-zero"rof ReD ot 0.
sl e | e s
19 "o {[-8, 0) Rl rises %o 0.2 then fells,

9 20 E—8. O], . (Iniaﬁt'éztperimental values)

Zero of ReN at 6.6
;o_) ~—T:1: on approximation in C(v)
(S | -‘.2 i . 'J Rel: small and negative.

Rel rises to 0.55 then falls.
self consz.stent Tesonance

Rel rises ‘to 0.3 then falls.
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riA IMdp  Ren . IMN REA - IMA REC THC \'4
2,08/  0,0U00909.854  0.0Up00LB.464  0.000 <=3,229 0,261 -10.000
1,801 D.0UDBUAYSYL - 0.0U04491,874  U.0UD =34092 0,068 ~=9,500

PN

— - - . = - S ~%.,933 -0.135 ~8.973
1,464 0. U000-867.709 . =0.2n4-251,232 =0.180 =2.8%4 =~=0.140 <=B.B56
1.66& U.UUU '70.534 -U-\$b4'55o647 -00259 -20823 '10-259 -8.649
1.2724 U0.000 =12.691 . =0+454 =10.339. =0.870- =2,721 =0.370 <=B8.356
1,066 U 000 . =2,.743. =0.942 <=2,572 .-0.2N08 =2,572 «0,508 =7.985
0-691' U.UUU '1.918 wle29Y '2-1b2 ""-665 ‘2!385 ‘00665 ’7!544
o Ue/14 b.000 " -1.%42 «~0ed9Ys . =2,146 -0.831 -2,146 “0.831 =7,043

RICY W) 0,00 =1,018 =0.240 .~1.860 =~0.986 =1.,833 =0.986 =6,495

U.402 0.U00 =0.%91 =~0.449 =1,471 ~31.106 =1.471 <=1.,106 ~5.91i1

0.287 0. Uy  -0,804 =U.83L =1,U59 =1.153 =1,059 =1.153 =5.306

0.209 0.000 =-0,131° -0.22/7 =-0.020 =1.084 0,624 =~1.,084 =4.694

0.17¢ 0.U00 =~0,089 =U424y =0.22/ =-0.869 =0,227 =D.B869 =4,089

U.1/4 0.uo00 g.001 =-0.096 0.008 =D.552 0.016 =n.552 =3.505

Vo212 U, unu 0.011 =U.U057 0.058 =-0.269 0,053 “~0.269. =2.957

U.276 0.U00 U,004 =0.029 0.014 =-p.106 0.014 ~0,106 =2.456

085/ 0,U00 =-0,010 =-U.022 =0.029 =~0.034 =0,029 <«0,034 =-2.015

0,442 0.U0U0 =0,028 - =0.0u4 =0,052° =-0.,008 =0,052 =0,008 ~1.644

0.521 0,U00 =0,08% =~0»uvl =0,U6U0 =0,001 <=0,060 ..=0,001 ~1.351-
0,583 0.000 ~u.084 -0.000 -0.059 -0,000 =0.050 =-0.000 ~1.144
- - At =L e e . - -0'056 “N.000 -1.027

U,696 0,000 -y,034  O.v00 =-0.049  0.000 =0.048 0.000 <-0.800

0el67 0.000 =~U0,Ud0 DeUUD  ~0.08Y 0,000 <=0.088 0.000 ~0.600

U.842 0.000 ~0,028 - DeUUD =04028 0,000 =0.027 0,000 <~0.400

U.921 0,000 =-0.018 0.000 =0.015 ° 0.000 =0,014 N.000 «0.,200

1,000 o,UQU 0,000 UeUiL P.0U0 0.0007447.680 0.000 <«0.,000

1.u80 =-0,00/ 0,017 v.000 0.016 g.,0np 0,018 0.000 0.200

1,165 =0,020 0,087 0.000 0.082 N.UDL 0,040 0.000 0,400

1,258 =0.u38 0.062  0.00U U.049 0,001 V0,045 0.000 0.600

1,858 =0.U50 U.uou 0e000 U.066 n.0ug: b.062 0,000 0,800
" 1.46% ~0,086 U,12¢ 0.0u0 V.08 0.008: 0.070 n.000 1.000

1.580 =y.116 .17 D0y U.U99 n.u07 0.095 0,000 1.200

1./04 =0,450 0,196 Ue.0UL 0.214 n.010, 0,113 0,000 1.400

1.886 ~y.184 0.239 D.000 0.129 0.013 0,130 0.000° 1.600

1.9/6 -U.dZU 0.285 UOUOU -00142 0-016 0!147 00000 1.800

2130 =0.278 C0,83% . 0.005  0.155  0.020 04165  0.000 2.000

2e956 =~y.898 U.471 - 0.000 U.18U n.028 0.210 0.000 2,500

$.093 ~y.o3% - 0.622 D00 0.198 n.035% De254 0.000 3.000
S.028 ~=0.69U 0.782 U040 UeelB © 0,040 0,290 0.000 © 3.500

4,28/ =0,84/  (.947  0.0u0U 0.213 0.042 0,344 0.000 - 4.000

5,034 =1,u0$ .1,108 0s0UD 0.212 0.042 0348 0.000 4,500

S.874 =1.150  1.2690 DelUD 0.207 0.040 0,432 0.000 5,000

b.8UY =1.287 1,394 DeOUU - 0,198 0.037 0.476 N.000 5.500

/842 ~1,991  1.502  0.0u0  0.180 0,033 O.519 0,000  6.000

B.979 ~=1,468 1.277 U.ulU 0.171  0.028 0,561 0.000 6.500
0,20/ =1,204 1,617 0000, Ueldd N.023 0,603 -n.000 . 7.000
11.939 =1.920L 1.595 0.00U VD.136 0.018 0,645 N.000 7:500
12.96Y ~1,440 1,977 Oais1i0 0.116 n.013 0.686 0.000 8,000
14.497 =1.918 1.48v4 Betry t.095 p.009 0.724 0.000 8.500
16,11y  =1,128 1.1489  D.uud UelZS n.00% D.766 n.000 9.000
1/.889 ~={i,064 4,906 . DBe0uy ~U.UDL p.0p02 0,805 N.000 9.500
1v.,688 =y.21y  0.544  y.0uy G028 G.001  U.B44 0,000 10,000

.. CO,,\MYU;,K }rwcv\n.(\w».s e :
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RED  Tup - REN JuN  Rep THA v
.0+741 0,000-960,205 0.0001295.860 0.000 29,000
0.580 0,000 =17,086° 0.000 =29,478 . 0,000 *8,500
04437 : 0,000 <=2.631 0.000 6,017 0,000 «g,000
0314 - 0,000 =1.807 0.000 ~5.752 .0.,000 «7,500
- Ue211 0.000 =1.110 0.000 =5.262 0,000 87,000
0.128 0.000 ~0.573 0.000 nd,477 0&000 =6,.500
00066 00000 -00254 gof1QQ .\50875 D'DOD "6.000
0.024 0,000 =~D,087 D0.000 »3.,572 0.000 5,500
0.00% 0,000 =0.005 0.000 =1.076 - @,000 ©5,000
0,007 . 0,000 0.031 0.000 - 4,745 0,000 -4,500
0.031 0,000 t.041 g.000 1.336 0,.0ND 4,000
0,077 0.000 0.034 0.000 0,435 p,0np 3,500
De147 0,000 0.015 0.000 D.101 0,000 3,000
0.239 0,000 =0.010 0.000 =0,042 0,000 -2,500
D353 0,000 =~0.034 0.000 =0,097 . 0,000 «2,000
0.405 0,000 =0.043 0.000 eU.105 0,000 -1,800
0.460N 0,000 =0D.049 0.000 =»0.107 | 0,000 -1,600
0,519 0,000 =0.054 0.000 =0.104 0,000  wy,400
0.581 0,000 =0.056 0.000 =0.0097 0,000. 1,200
Deb4é6 0,000 ~0,0%6. 0,000 =0(,086 0,000 1,000
“0714 O.UDD '0-052 0.000 -00076 U.Unn -0.800
0.784 0,000 ~0.045 0,000 0,058, 0.000 -0.,600
0.856 0,000 ~0,034 0.000 ~D.040 . 0,000 ~0,400
0.929 0.000 =0.019 0.000 w0.021. 0,000 «0,200

14000 0,000 =-0.000 0,000 «0.000 0,000 -p.000
1,067 =0,010 0,024 0.000 U0.022 0,000 0.200
1.140 =-0,028  0.052 0.000 0.046 ¢ 0,001 0.400
1.219 =-0,052 0.086 0.000 0.070 0,003 0.600
1,308 ~0,083 0.124 0,000 0.095 0.006 0,800
1.394 «0,118 0.167 0.000 0.119 0,010 1.000
1,492 »0,159 0.215 0.000 0.143 0,015 1.200
1,597 =0,20% 0.268 0.000 0.165 0.021 1,400

1.709 =0,256 0.326 D.000 t.,187 0.028 1,600
14960 -0,373  0.456  0.000 0.22% 0,043 2.000
2:326 <-0,544 . 0.643 0.0n0 . 0,262 0,061 2,500
2¢757 0,740 0.854 0.000 0.289 0,078 3,000
34260 -0,957 .1.085 0.000 0.306 0.000 3.500
3,841 ~1.189 ., 1.329 0.000 0.316 0.098 4,000
5.257 -1.672  1.832  0.000 0.316 0,101 - 5,000
64201 ~1,910 2.077 0.000 0.310 0.097 5. 500
7.040 =-2,136 - 2.307 0.000, 0.300 0.091 6,000
8s074 ~2,342 2.516 - 0.000 t.287 0,083 , 6,500
©9e206 =2,521 2,695  0.000  0.272 0,075 7.000
10,435 =-2,665 2,837  0.000 0.255 0,065 7.500
11,762 +2,766  2.934 - 0.000 0.286 0,056  g,g0g
13.185 ~2,813 2.979 0.000 n.216 0,046 8,500
14,702 -2,814 2.966 0.000 0,195 0,037 9.000
164311 ~-2,746  2.887  0.000 0.172 0,029 9.500
18.009 «2,60¢9 2.737 . 0.000 t.149 , 0,022 10,000
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::00937' 00000 ‘0!‘22
0.938 - 0. ooo . =046l
00940 T %.473
0,941 0 n 3% “0.826
0.943 F,O =1.212
0,946 0,000 ~1.614
0,950 0,000 <«2.012
Qo956 0.000 =2.378
0'964 0.000 '20671
0.974 0,000 =2.828
0!987 00000 '2-744'
1.002 0.000 ~1.948
0.961 0,000 0.860
0,964 0,800 0.334
0,968 0.000 0.210
0.971 - 0,000 0.142
0.975 0.000 0.101
0.978 - 0,000 0.074
6,981 . 0,000 0.056
*_0p983ﬂ__0.0QQ__ 0.045
0,987 0.000 0.029
0!989 0.000 00021
0!992 00000 00013
0,996 0,000 6.006
1.000 0,000 =-0.000
1.006 0,002 =~0.006
1,010 0.008 =~0.012
1,013 0,010 <«0.017
1,015 0.014 =0.022
1,017 0,019 =0.026
1.019 0,028 <0.031
1,020 0.026 =0.035
1,020 0,030 =-0.038
~1.021 0.034 +~0.,042
1,021, 0,037 ~0.046
1.021 0,045 <=0,053
1,020 0,052 =0.060
1,018 0.058 <=0.066
1.017 0,064 =0.072
.1.015 0,069 =0.077
01,013 0.074 =0.081
1.011 0.078 =0.085
1,008 0.082 =0.089
4,006 - 0,086 =0.092"
1.004 0,080 =0,095
1.002 0.092 +~0.098
1.000 0,095 =0.101%1
0,998 0,098 =0.,104
0,995 0.100 =0.106
0'993 00103 -00108
0,991 0,108 =0,110

e

0.000

0.000

—

0.082

?0-140,

'0b464
0,896
'1-438
'2-093
2,854
'3.701
'4.576
=5.345
00000
DQOOﬂ
0,000
0.000
0.000
6.000
0.000
6.000

L

0.000

0.000

'0.000

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0,000
0.000
0,000
0.000
0.000
0.000
0.000
6.0n0
0,000
0.000
0.000
0.000
0.000
0.000
0.000

X - Sedann
._\.wuu.b Yt ?wr’c s c,\-«.w:) .

pEd
~0,450
_»0.494

—

=0-5D3

#0.878
©1.285

‘81.706

=2.117
v2.,487
=2.770
22,902
52'779
81.943

00895 ’

0.346
0.217
0.147

0.104

0.076
0.057

.0.046

e vt

0.021
0,014
0.006

s0.000

=0,006
=0,011
l00017
'l0-021
20.026
20,030
=0,034
«0,038
'0.041
=0.045
w0,052

90»059;

=0.065
s0.070
500075
0,080
«),.084
=0,088
=0,0091
«),094
s0.,097
®0.100
«,103
«0,105
=0.108
?01110

S‘ G\/\/\ L’\‘\'hv.

T 0.030

 TuAd REC
0,000 - w6,592
__0.000 =6,524
. .f~96.406
0.087 =6,373
*0,149 6,305 .
.0!492. -6.191
-00947 '6.000 ‘
"-1.513 "5.729
*2,189 =5,305
2,960 =4,668
3,798 -3,704
-.41634' "2’198-
-50333 0.628
0,000 1.680
0.000 0,435 .
0.000 0.083
0.000 -0.049
0,000 =0,097
01000 “00107
0.000 -0.103
*~Q-QQQ. =0,094
Lo m0.08R.
0,000 «0,073
0.000 ;-0.058
0!000 '00040
0,000, =~0,021
0,000 5742,000
0,000 0.022
0.000 0.045
0,000 0.069
0,000 0.093
0,000 0.119
0.001 0,145
0,001 00171
0.001  0.198
0,001, 04225
‘0,002 0.252
0,002 0,321
0,003 0,391
0,004 0.462
0.004 0.5482
0,005 0,603
0.007 0.742
0,007 0,811
0.008 00879
0.008 0,947
0.009 : 10014
0.010 1,080
0,040 1.145
0.011 1.2009
0,011 1,272
0,012  1.3$5

kyvqu;mﬂﬁm;‘

. Il bY
1.284 -10.000
0.783 =94500
04218 =8.973
0,087 =8.85¢

a,149 ~8.649

ﬂn!492 “81356

“0.947 =7.985

©4,513 =7,544

v2,189 -7.043

=2-960 -6u495

*3,798 ~5,911

'4'634 ’5.306

25,333 4,694
0.000 =~4,089
00000 '3.505
0.000 =2.957
0,000 2,454
0.000 =2.,015
0-000 ~1.644
0,000 =1.351
0.000 '10144
n,o000 3,027
0,000 =~0.800
0.000 ~0,600
0-000 '00400
00000 '00200
00000 0,000
0.000 0,200
0,000 D.400
0.000 0,600
‘0,000 0.800
0.000 1.000
n.000 1.200
0.000 1.400
n.000 1.600
0.000 1,800
0,000 2.000
00000 ‘2.500 °
n.ano 3,000
0,000 3.500
0.000 4,000
n.000 4.500
n.000Q 5.000
N.00N0 5.500
0.000 6,000
n.000 6.500
‘0.,000 7.000
0.000 7.500
0.000 B.000
n.aoo 8.500
n.a00 9.000
0,000 9.500
0,000 10,000



ol 0 kLo

. \
RED
0.721
Ne654
De564
Ued459
e349
-01242
0.247
y 0.07
S 0e027
0.0
0,031
0.081
“ DeldS56
N.249
UeS49
Ge447
0533
0.597
0712
07848
Us 855
0929
1.000
J.068
1.142
1.222
1.%08
1.400
1.500
1.607
1.722
10845_
1.978
2.351
2790
$ea02
. 3e092
4.567
5.829
6.282
74128
8170
2,308
10.541-
11.869
13291
14. 605
16,409
18,098

My .. ”ﬁ?k - JIMN REA Tud gecC

0.000-3136.661 0.065-189,.421 0.UB7. =6,37%

0,060 =27.663 =0.097 =42.307 =0,149 6,305
0,000 52570 =0.878 . =9.877 =0,492 6,191
0,000 «2.760 =0,435 <=6.009 =0,947 e@.a
04000 52.035 ~0.528 =5.835 =1,513 sbazéo
L5000 =1.282 -0.529 =5.305 «2,189  =9,.
D.05000 =0.667 - 04435 =4,540 ~2,960 =4.668
- 0,000 =0.,271 =D.278 =3.704 3,708 =3.704
0,000 -=0.059 =0.124 =2.198 «4,634 =2,198
0,000 0,015 =0,068 1.141 =5,333 0.628
0,000 0,052 0.000 1.680 0,000 - 1,680
0,000 0,036 0.U00 0.439 . 0,000 0,435

0.000 0.013 0.000 0.085 0,000 . 0.083

0,000 «0.012 0.000 =0,049 0,000 . =0,049
0,000  =0.034 0,000 =U,097 0.000 <0,097
0.000 =D.048 0.000 =0,107 0.000 «=0,107
0.000 <~0.055 0.000 =0,103 0.000 «D0,103
0,000 <«0,056 0.000 <«U0.094 0.000 =0,094

0,000 =0.0%2 0.000 =0.073 0,000 =0.073

0,000 <«0.045 _ 0.000 =0.057 0,000 =p,058

0,000 <«0.034 0.000 =0.040 0.000 w0,040

0,000 =0.019 0.000 w=0.021 0,000 =0,02%

0,000 0,000 0.000 0.000 0.000 742,000
-0,030 0,024 0.000 0.022 0,000 0,022
“0,028 0,052 g0.000 0.045 0,001 0,045
-0.052 0.085 0.000 0.069 0.003 0,069
-~0,082 0.123 0.000 0.093 0.00n6 0.093
-0,117 n.16% p.000 0,117 0,010 0.119
'0.157 0-212 U.UOU 0.140 0.“15 0.145
-0,202 .264 0.000 0.162 0. 020" 0,174
0,252 He321 0.000 0,183 0,027 0,198
“0,306 0.382 0.000 0.202 0.033 0.225
0.3h6 0.448 0.000 0.219 0,040 0,252
0,552 0.629 g.000 0.255 0,058 0,321
“N,9240° 1,053  0.000 0.296 0,083 0,462
1,149 1.284 p.000 6.304 -0,000 0.542
-1,%75 © 1.520 0.000 0.30%5 p.002 0.603
»1,601 1,754 0.000 0.302 0,091 0,673
-1,819 1.978° 0.000 0,294 0,0R7 0,742
2,022 2.184. 0.000 0,284 0,080 0,811
»2,35% 2.515 0.000 0.254 0,064 0,947
2,465 2.624 0.000 .0.236 0,055 1,014
~2.532 2,686 0,000 0.216 0.046 1.080
-2,54R 2.694 0.000 0.19% 0,037 l1.145
2,504 2.640 0.000 0.17$ 0,029 1,209
“2,396 2.519 0,000 0.1510 0,022 1,272
~2.217 2,325 0.0n0 - 0.127 0.015 1.3388

3-15.. (kwwuh. wwkﬁmLﬁ,. S e py cimmaken

A
=B.856
=R,649

"8.356

<7.985

‘874544

'7.043
6465
'50911
~5,306
-4.694
.40089
'30505
=2,957
'20456
-2.015
=1.644

- =3,351

'10144
'00800
0,600
'00400
~0.200
0.000
0.200
0.400
0.600
0.800"
1.000
1.200
1.400
1.600
l.800
.2.000
2.500
3. 000
3.500°
4,000
4,500°
5.000
5.500"
6,000
6.500"
7.000
7.500:
B.000:.
8.500
9.000
9.500
10 000
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To get a more realistic C(V) function, the S and D waves were included in
the crossed channel. The extra structure introduced, especially by the s
waves, on the near left caused the output amplitude to become pathwlogical

with zeros of N and D on the left and right. See Table 16 and Fig. 13.

L. _Experiments with self-consistency conditions

Taking the standard Balazs calculation with VFi = =2,1, -1.9, 0.0 and
2 left hand poles at —6.0 and -50.0, vwe looked at the effect of different
self-consistency criteria., In all previous work we used the rough self-
consistency criteria of course i.e., demanding the value and gradient of Rek
be the seme at the resonance position for input end ocutput. We now used

criteria of the types described in Chapter 2.

First we tried

X% = Zl' [Tk out (w;) - Inw.in(vi)] 2, W,
with the vy equelly spaced in an interval [o, co] , end with the W, constants,
independent of the variable‘paremeters. Ten sampling points were used through-
out, Im.ﬂin was a Breit Wigner formula with VR ,r’V&as parameters and Imf out
was the N/D form produced by crossing end matching from it.

The results were as fellows:-

(1) Cut-off = 10. Dependence on weighting function evenly spaced points (20)

o W' v v r

R R
J . .8 l.72
| LV 573 9.84 7
l/' ’)_ov rot 6'97 14.96 2.12+5
v
QO-\‘“ Ly, ~ 4o5h 5465 Lle2k
Z

Thus bothVR end [ increase as weight

swings to higher values
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Saverel wavess  real part matol_ru‘.ngi n=9V Fd :Ln [L-B; 0)

- P_; D,

1 P1+D +sores 82 13 Dg
P, zoro of N et 0.8
D, . " &t 65

2. Py +I}o +8, > } ":D.O
Pl negative

D, -zeros of N end D near the origin. - .+

_3‘- 5 +D +So > Pl’ 2,
P, ' zeros of ReD - &b ~2.o and s 12 Rel: negatlve

DO'E zeros of ReD et =245 and ab 040 =

.....

( zeros of Rell ab +7:5 and_at 0.0 -~
be Py 4Dy 48, +S, =+ Py, Dy
' P, Reh neg; -

D, (ReD szeros at «2,5 and 0,0 ~
(ReN zeros et -2.5, 0.8, 0.0 -
(Ret +ve.
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swing 20~ to 20+ gives factor 2 in [
and 1% in Vp

swing mainly ingoing from 20- to evens for r1

(ii). Dependence on cut-off, even weights.

V& f'va r
co = 10 5.73 9.84 1,72
20 10.6 37.2 3.51
5 3492 _ 3.87 0.988
40 122,33 18,22 6.62
Very stroag dependence not linsar
5 -3 10 10 —> 20 gives 5.73 —> 10.6 Sx2, A
ad  1.72 = 3.51 22,
5 =» 10 gives 3,92 => 5,73 i.eJ‘l.hG,Li
and 0.99 = 1.72 1.e.X1.72 , I
10 ~> 20 Ve o X185 % z.04
20 => 40 Vo X2,1 M x 1.89
Next we tried N 5
,\11‘2 } Z;_l (Tni out (V) = Inmi (V) )F

(Inf out (¥) + Inl, (v;) P2

Lll X . mtea]l medirvbing allows the desired weighting to be applied in the
sans Dlacos relative to the resonant kump and will follow the resonance °
es it moves. This should remove any constraint introduced by having the

rigid static weighting. Howevor, the Vi were again equally spaced in[jo,cq]

end not dyncaic.

The roc-lts are P4 p 2 VR rvR
1 1 507 476
1 0 5.73 9.84
1 2 4.71 9.6L

1 -1 6.70 13.57
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X? - L | (3ntout(V,) - Imain( )Pt 2
* [ (Tmbout(V,)PT + Inkin(v,)P2

with result, keeping ¥ =1 all i.

P4 P2 P3 El Vo A
1 1 1 0 5.41 8.73
1 1 0 1 5433 8.49

and combining functional end dynamic weighting:-

Wy P D p3 Pt v K
2

{VL 1 1 1 1 3.69 3.62

We also tried dynamical cut-offs described by an index P
P sampling region
-1 [VR —FVR’ VR: FUR}
0 E o, QVR]
1 [o, co]
P = 0 gave (2.81, 1.86)
and we also tried sempling the input function i.e. cutting off the ¢ (V)

integral in a dynesmical way with results

P input P output VR N UR
0 1 3.13 3.13
0 0 2,51 1.62

These experiments merely serve to show that one can slter the result for

positions and width independently by a factor of 2

, either nay)by a suitable

. 2 .. . C .
ohoice of X “ criterion and, as one has no ¢ fnorL way of choosing such

@ criterion, one's results must remain indefinite to this extent. This
applies to the comparison of Breit Wigner and N/D forms and will be different

for other clashes of parametrisation. The values of)(_z usually obtained were

~ 1072,
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8. _N/D persmetrisation
We next tried using en /D paremetrisation in the crossed channel and

it was felt desirable to take the same number of left hand poles in both

crossed and direct channels, so that 811 X% criteria would be identicel and

be equivelent to the paramtric self consistency criterion
P2
X o= § in ~ aout]
i i

whero 2 &y inSare the parsmeters (residues of poles) of the N/D form in

orossed channel and g .Sare those in the direct chennel., The C(}#)

% out
function using the residues appropriate to the Balazs Self czmsistert
solution in the case n = 2, was very similar to the previous one using the
BW formula end the result of matching also similar. A self consistent
calculation, which had to use afﬂ? criterion in the case of a parametrisation
which does not automaticelly give a resonant form, was performed and gave a
very smallX? and sedl consistnk  values

F* = - 0.0 34, - 1.5h, 13.66 (This was with poles at ~6, —50

VFj = —201’ 109, OQO)

very close to the Balaz solubion. The](z obtained was 10,—4 but would
proocbly have gone to a true zero if the numerical calculation had been
allovicd to continue.

The disedvantage of N/D parametrisation used with the matching process
in its present form is that to reproduce the deteil on the left one needs
many poles in the direct channel and hence many poles in the crossed channel
and hence many parameters to vary. Tor ten pole fits, one is having to search

a {lGA parameter space. Clearly we must decouple these two properties.

9. 7K 2 approach to matching
The enswer is to meke n the number of poles and nF the number of

symmetry points independent. We aelready have a sufficiently generasl matching
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procedure et our disposal which allows extra poles to be present. Thus we

can use N/D parametrisation and choose the number of poles to be used, say n.
This will be the seme in direct and crossed channels. We now choose the

number of symmetry points usually larger,ssy NF. We automatically meke the
residues Fi be the seme in both cheannels snd we vary them tu give proximity

to crossing of real.and imaginary perts on the left. The self consistency

on the right is of course now automatically satisfied. We are thus niniriising a
1;2 which can be obtained from the matching equetions

an giFt = gd j=1..Nf(=n).
A}
i=1
becoms 2 ¥ [ n 3.4 2
L ((.2.31F~A>.
. i=1
J 1

This approach’in the authorts opinion is the ultimate in the generali-

-

sation of the Balezs idea. A programme was constructed to carry out such
calculations but it was never completely debugged and hes never been used. It
was a diffisult programme to follow and would heve needed rewriting to debug.
Also by this time, the inverse amplitude calculations (Chapter 6) hed shown
an easier way of obtaining the same requirements. Also it was found that the
variational calculations (Chapter 5) could be easily modified to do this
generelised Balaz calculation., This was done and will be described in
Chapter 5; however no satisfactory solutions were obtained, although the
number of attempts was quite small. We ¥ried one search in each of the cases
(n =2, 3, &, 5) (X) (rF = 10). The most scceptable solution was found in

the case n = 3, which was close to the original Balazs solution.

FURTHER GENERALISLTION TO SMOOTH FUNCTTIONS

Instead of using pole furms, one might try to use the same matching idea using
unitary functions with smooth left hand discontinuities. The difficulty of

doing the D integrel is then present; however this approach would allow A(V)
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functions with different asymptotic behaviours to be explored. Such
considerations are to a certain extent realised in the veriational calcula-

tions in Chapter 5.
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CHAPTER 4

THE ZACHARTLLSEN METHOD

Stetement of the Method

Pirst introduced by F. Zachariasen (1), this is a siml;le, elegant method for
prelininary celculations. It has been used widely aad a list of references to
applications of the method to a variety of processes is to be found in Ch. 1,
The method is to make the ansatz
N ) = () (1)
where C()) is the crossing function introduced in Chapter 2, and has always

¢
beca teken as the simple pole form obtained by & function ¢ epproximation.

Thea DY) =1 - (¥ Y, r ”"\/, . c(y) ay’ .«
) : "ﬁm) o i 5-y) (vi- \1;) (id)

And  &(W) = g%j)%
D(v

This amplitude has some desirable features. It obeys unitarity, has cuts

ﬁo,ﬁ}], éL-l, (X.;], has correct threshold behaviour. The discontinuity on the
left is not ImC®) but %%3‘-%)- end hence is only correct when DM/) = 1 i.e.

et 5" Tor this reason, Zachariasen specified that V, should be always where

/

(/) is largest and in the function case i.e. & simple pole exchange, this

is at ¥ .—.c\‘ﬁ ~ 1, hence

Vo =-Vg-1 | (1i1)
So, as we vary V'R’R’& looking for a solution, W, also varies,
P‘é\ ’ \'/R are varied to obtain rough self consistency between the input
function

moain(y) = WL § (WE vy

and the output function, bout =

o=
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by demending the conditions

Re Dout (VRin) - 0.

1 ~Nout ( VRin) 1
(rv ) - out \YRin) _ ¢ [

R Tout Dout (VRin) V) in
Discussion

Zachariasen actually introduced this method as being the 1lst iteraction
of a successive substitution procedure, in which the 1st stage was to put
D, =1, Nl(\l) =C(~). 2nd stage D, would be given by (ii) and NZ(V) = c(v) D,
and so on., ThlS iteration procec’lureechverges.

Notice also that Re A(V) = 13-?-1]—'@1 , on the left, so that Re A(V) and
In A(V) differ by the same fector D(VW) from Re C(V) end Im C(V). So both the
reel end imaginary parts have similar forms to the estimated C(v). The {aotor
D(Y) however is very oft;n ~ 3 or so on most of the near left.

£lso note thot N(W) = C(V) everywhere, so that it has the same bad
asymptotic behaviour as the Born term. The discuntinuity Im Cg'ﬂ'! holds on
the whole of the left, not just the near left. It is this I;s;mptotic behaviour
which renders the method unreliable for equentitative prediction.
From Chapter 2 ’

é,(v) - \)Q-llog\}

v el g/
T Cep! ) v:"? we
The hehaviour of the integ and for D(v) is

V’éﬁ "2 loge'
and so the integral diverges for l.’7 1. Ve can only use the once subtracted
form, on which the method is based since it puts the one subtraction constant =1
by crossing symmetry, for S and P waves. Indeed, because of subtraction in the
fixed S dispersion relation required by the S -wave, the only wave in which we
ere safe is tl;ze P wave.,

To estimate asymptotic behaviours, we use the results of Lanz & Prosperi
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quoted in Chapter 1, for the asymptotic behaviour of the p. v. integral for

D(V).

~/

i I
) (v-v,)j £ ) N TR S T,

’7}—’ e« Y —\‘ LAY
PO VE2 Ty
Y u)ea )
/D(‘j) NG 12*"(7'7 o= 2-4 -
,D (9) —\}" =3, [1 "'({ 2). 10@))] £ ve’?-
this is =
,,4%3-7—5@-;1 NI RS E’*g , a1 ¢
Forel =0 oL = 2-—£ > 1

bev) | < So., D ~v £ constant
N1 Voo o

2= 1 o= 1 ¢ ¢ 1
T2V < Cl log V.« (1-£) + constant]

N ERS NEE3
‘< Gl inside forward cons.
| TITE
Y f(\))l < C.’2 outside forward cone.
TN
D As S Nﬁi i @l =1 all finite &.

which can probably be replasced in practice by
N n
— \< log V.
/
'6 r= 2 diverges,
."« Re D(V) —) < constent or "\( €3 logn\) ; @/= o or 1.
InD(Y) — ReN, & A Ve - 1 1oz V

Re N(V) NV@ 11037
. . _ReN.ReD ,, Vf llog?ﬂ [(Cons’c. or(C log V]
Re A(V) pl? {- 1 max(n l)
v AR

~ < constant or é C
Re N, ImD = vV,
] { 72 ‘ v{*’- 1 nax (n,l|2

> constant,

Im A(Y) =

L ] » -
« « Pure imaginary or complex or pure real,.



o : L1
ImA(V). _ ImD__ _ ¥V "tV .

Re £(V) Re D { constant or € 03log Ty
' for {': lifn=1 => constant. complex
2 ~=—> o puro real.

( R |
&: o if =2 log V - pure imaginery.

If we use the rough rule of multipilication of the imeginery part by

logV __

v : ‘l .

we obtain Re D(¥) —~ VT ;? log

Imp(v) — w1

2\\/.".
1ogV.
logyv
L Im Y)Y T e
_ log™ VvV

R 4) >

A %o - and purely real. .
hs YV - - o0
) ImD = o
. !

L
ImC —> VY
Vo — oo

1

Im N

n

R 4
Re N >V
' V —>—oe0

log vV

A - ‘
Re D —~>» < constent or £. C; 1057'nv y» L zoori,

3
/
_orV - 1 logzv)by rough method;
- Re NRe D
-ID‘Z
= Re N

Crmrr. ty

Re D

R (%)

\ loy oo )
e /v -, log V

=0 - constent Y,

V _\ =—ow rough me.thod 1c>g2 v..

.—.-.> ___]ﬁ——-tf-‘——-_—_ _‘9 .

L =1 03 1ogn V.

rough method. ZLog"'1 v)

-n +1
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Re D : ' -
9 | 1 5 oonstant.
=0 Constent '
V ., -0 )roggh method - 1;:{ ’ — .._,,..\é,.m
log \/ ST log™V/
o
rough method ]}/- long.

Threshold behaviour L
Re N(V) ~ V‘6
v “} o |
Re D(V) hes behav::.our dependenu upon

JT

v'-v

- te——

sa for —( = 0, D hes 1st order ciisp. i.e.” ,di'slqontinuous gradient.
L =1, | 2nd order etc. | |
Tn D(V) ~ J’ Re . ~ AV, VE
from this
A has finite value and lst order .cusp for Z =0

. ol V , 3rd order cusp for & =1,

Contributions to Re D and the effect of a cut-off

p(Vv) = 1 - (,,.,WM). rﬁ

Re G(V') dv'
-v) (v'- v)

w+l‘

TFor »)fixed on the near right, the effect of the part of the integral above it
has the same sign as Re G(v) Thus for the Pl .y Pj caseRe G(V) is positive
for V ‘ > 0, so that the upper part of the range of :Lntegrat:.on glves a
positive contribution and makes D(V) tend fo decrease from 1 and aip towards -
the exis i..e. tends to make it resonate. One might describe a,montonically
increasing Re G(V ) function thus as representing en attractive interaction.

Certainly for V < ¢, the whole of the integral contributes to this effect in
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“the same direction, but for V on the cut it is less easy  to"see what will

-

.happen., As for numerical contribﬁtions, for the Pl case the foilowing numbers

. have been obtained
{

v ROM) (V) (v RV )V-UY)
£0 843 | T 0.8
7.0 L " T
00 e e T em

LS o V - -
V—, 2 o 1 ST
contributed from [ 14-,:-7i] AL 3 X 0.6 me 1.8
[7,10:{ L3 ¥ 03 Y Lo
The ‘ef:[‘éct of a c'ut-bff“infsuch'é' case is to decrea se the attract:.ve effect

and similarly in other cases.

Self-consistency determination

We vary VR R r'\/'z{o satisfy t_hé \I"oughise"lfd-consistency conditions:
) Re Dou‘t (VRin) =0 - L (l)

rovt o (ii)

N out (Vg sg) = in ¥ Rin

|

] .
Dout ( VRin ) :
We sctually used Re & t ( Voi ) = Re Am (Vi) S : (iii)
Taking A n b0 be the Bre:x.t Wigner formule w:.thr, R as parameters,
,
Re 4., (V =-1/[]"v¢( v ]
Rln : vV rt l )
other authors used a graph:.cal method for detcrmlm.ng FVR' - self-

Zachar:l.asen end several

cons:.stency‘namely from the intersection of the two curves given by (i) end (i4)
in the IV e Vg plane. We found it more convenient to use a minimising
- routine end iterated until equations (i) enc (1ii) were very close to being

satisfied i.e, we searched the VR |"v Plane to minimise -

= [Re Dou{:.( VRin)] : * [Re‘ Aout ( R:Ln) (VR in)] ‘

. ) V * ) = V "‘V.
or one cen find Rout? L€ S.t. Re D_ . (l/R out) o and use ( Rout R:Ln)
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For sevei'al coupled partial waves the graphical method loses its simplicity

Choice of V'o

Zacha:r"iaSezil'chose vUn = - VR- 1.as being the positién of the.
singularity in theé C(V) functiosn. However, this singularity is logerithuic
é.ncl not so iﬁportant as a pole would be. It is aiso the end of the Vleftlhand
cut, and where ‘Im.G(V) is large ,7 which ié‘ more reasonabié. It is difficult to
see how to treat the case of a Qontinuoué‘ Im A( V’)' in thé c'rqssed channel which
do not produce théée “effeg‘;ts on the left, .'How‘év.ei', there is still structure ) |
from the orossed channel, near. V.= ".",VRF.]" whrich could motivate one o put

Vo there. From the inverse ‘amplitud‘e epproach, one might take Vo to be at the

zero of the C(V) function on the left.

The analysis of tho original Zachariasen method
A programme was 'WrittenA tu,‘é.b 'tﬁé ‘Zwach‘.ariasen calqulation and the meth~~”

was systematiéally studied. - Tables,aﬁd .‘éraphst of N, D, Re! and Imh wefe
obtained, Fig 1 and Table 1. ‘The eff"e'cgs;' of /9 exchange in other waves using
- this method Wére obtained as graphs of Re A, Fig 3, and are summarisedAin
T_ablé 2, secigi.on‘ 2, The effect of having a fixed Vo wes Towdd 40,03 Lorzes v
Llso, folloying Din, we did the caloulation fory/y =o¢ (~Vg - 1) for several
different® " 5 and found great sensitivity of the self consistent values toal.
Stetic variation of \/0 is showm in Fig. 2, '"self ’consist'ent' values are given in
ATable 2 (5) “* - 4¢ , The ei‘fect: ofi o out off in the Re D integral was found
to be not unreasohable. Two different self consistency criteria were tried,
one follov‘ring Zachariasen and the other following Balazs ,' the latter depends
upon epproximatelincarity of D end was f‘ouncl to be hot useful. The results of
these investigations are found in Ta;lale 2

 Next, contour plots were obtained and an _interesti-ng‘effeot was found,
For Vo Vfixed'indepehdent of parameters, t_he‘-self' coﬂsis#ent value lgy in o

narrow valley along the line r,= 1. Pig. 4. Tor Vo dynamic and equal to
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Tokice H- ] Q«d/\a wm\slwlf sods o \.O .ZWM,‘{D#-

eetind. . o
. RED . REN TN REA IMA Y
2.923 ;'5;441 10,043 w177 3,436 «10,000
- 24840 ;'5 ‘75 9,750 -=1,%312 50455 T w8,500
.20755 4,017 9.428 '10453 5-ﬂ22 29,000
"2.668 *=4.,317 900?5k! 1, 618 "33400 g 500
2,878 =4,623  8.679 =\, 793 3,%66 »8,000
2,486 =4,933 Be24) =1,984 3,315 7,500
. 24391 =5,245. T+¢750 =2,194 3.242 7,600
‘24292 *B5,555 7187 =2.424 3,140 ‘w8 ,4,8C0
2,190 =5.856 6,570 =2,674' 3,000 -»8,000
2.084 *"6,137 5,854 =2,945 2,809 ‘®5,500
1,974 =6,381 5,021 -=3,233 2.549 »54000
1.858 #6.56! 4,077 =3,530 2.194 =44500
14728 '%6,622 ' 2.907 =3.816 1.707 4,000
1,811 w6,516 1:674 =4,046 1.039 »3,500
1,476 =6,017 Oo1H4 =4,117 0.124 3,600
14323 #5,062 -=),45%5 =3,798 =1,090 . »2.5C0
C1e178 =249898 " =24924 =2.544 2,461 -=22,000
1ef13 '»1,700 -w3,231 -=1,528 2,903 . 4800
1.045 0,050 -=3,102 04048 “2.968 -1 ,600
0,978 0.8114 O 0.833 0. »),400
0,901 =0.070 0. *0.077 0o w4200
0.823 =0,258 0. =0 4313 0, u{,000
0,741 =0,286 .0, 0,386 0. =0,800
04653 =0,249 0, =0s3562 0o 0,800
0,558 '=0.161 O »0,324 Q. ‘a0 ed 00
0,453 =0,095 O 04210 0. '-0.200
05248‘"‘0{050“”‘0(‘”“"““00200“” 0:012- - 0vre0-
0,176 0.100 0. 0,542 0,127 0.2C0
0,044 0,204 0, 0647 {611 04400
‘0,073 04308 O ‘204549 1.421 0600
'00177 00412 00 .00683 1006‘ 0.800
=0,270 0.516 0. (04676 0,914 . 14000
“0,363 0.618 O =0,655 0.847 142C0"
~=0.429 04720 O, ®0.635 0.814 14400
0,408 0,820 O =0.,617 0 797 14600
0,560 0918 O ‘204601 04790 14800
‘-0|617 ‘00‘4 °l -00587 788 2.000
-0,728 14249 O w0556 0 794 24500
»0,0386 14473 0. _ =0,529 0.827 3.000
“0,916 1_0637 0. -=0.5086 0.822 3500
*(),96€0 1.891 O ~u( . 485 0.837 4,000
-], 022 2.087 0, =0,465 0,851 4,500
- 074 2,275 O, ‘0,447 . 0,864 - 5,000
“1,168 24456 O’ @04430 04876 5:500
e 135 24629 Q4 w0.414 0,887 6+C0C
w],165 24796 0o 04398 048697 . . 6.500
Tey, 190 249588 0. ‘=0,384 0,907 , T.000
1,181 3114 0, - w0,370 0.,918° 74500
-y ,188 . 3,264 O, =04356 0,923 " 'B4000
-] ,i62 5.410 0. ‘*0,344 0,930 8,500
-], 102 >.551 0. () ¢332 0.937 9,000
w160 3,688 0, -(,320 0.943 ‘94500

-l 166 * %.821 0, - =0,309  0.948 10,000



BIE b = 2

1. Static Dynemic V-

' (a) Static at V— - 1000

gives . 1.423, - 1 004
- - Ital.b.wé Pl,. o Iy
gives l|.20 480, 1060: - Maw

X oontours g:.ve r’ 1 valley.

(b) Dynmn:.c etV = ‘-V‘
gives . 0. 547, 1 161
‘teb ~2 py, D Fl .
340, 400 860 - Mawv
x2 contours e‘iro"-‘= " 1 valley.
2. Effect of /’ on other ohennels

TEBUTLTTONS . --> S4s 5pi Py :D D, Ty

'ob_ = —-1 1. : Re L negative becomes V. small as V increeses.
by = 085 . "Re &L nebat:.ve ‘and slowly varying
/54Ce TESON2NCE auV =07 :

resoncnce ot VR = 1.1

negat:.ve non :cesonant, sma]l slowly varylng

= = s v I V2 R v

0
2
1
o
2

Fl resonance atV = 8.7

3e_Self. consistency o'ond:.tio.n :
Zechariasen type - 8.547, -1.161 -

‘Belazs type . 0.121, -0.936 ox2 1_0‘3
L, Dependenoce on cﬁt‘off on righf \ N
v fixed 0417, ~0.563 ~ 30 Moew
tab. ‘—21 >D.o, ,,‘I“1',', ., SO‘
also
rising none . none {0
o _ zZaIo S ,
V. verisble . 0,351, -0.668  ~ 346 Manv
"SA.Véiiation with D;,seif consistont values
(1) static: .
. OC | -v ‘a‘. . -'_'32 : T'VR . T' F[/R
= 1.0 10423 <1004 . 1417 0,996 1.1l
- 0.5 3.831 -0.883 4,339 1,133 4,882
- 15 0.513. = -L17P 0439 - 04850 . 0.375
- 2,0 0.074  =L,335 0,056 0.750 0.042



'(2) dynamic

o
~1.0
-0.8

"=l.2
-1.5

-0,7 ‘

0.547
7 0:740
0.402
0.236
0.862

~

o2
-1.161
=1,113
/~1.20L

+121,26k

©-1,087

a472'

1665
33k
0186

 .79

0.861
Oa898
0.831

0,79
1 0.92

'I’UR

406
597
.278
o7
.73
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~\§ - 1, this was not so pronounced end the ccntouréfwere:mofe.reasbnable5
however there still was a slight valley connecting ﬁhe sgif consistent value
with the.trifial solution ¥}, =0, Fig. 5. ‘Thié valley is roughly elong the
Hne =1 % 0,8 {’ = -‘-_(7).'7VR.

For comparison, we show the cﬁrvés for the graphical mefhod of solution in a
diagram.‘ |

Tor the P wave onlj the graphlcal solutlon 1ooks llke this
v A

width equation

T/

positioﬁ equation

: 0 - " N . . \VR :. :
Thus, the choice of V ‘85 dynamlcal is important and the calculatlon is very

sensitive to the acfual‘dynamical chqice.:‘0n=the other hand, this choice of
V; is & structural part of the Zaohariasén nethod end it is difficult to see

how to modify it,to evoid this difficulby.

Other workers' analyses of the Zacheriasen method

Zacharissen's result has been obtained by Martin (2), his result was
np = 337 Mw\zath 55 Mey

4lso Diu (3) hes analysed the method He showed the ol dependence by the

fOIIOW1qg diagrenm

Curve 1 is I’ out ~s P in and is 1ndspendent ofof , finite at ¥, = o and

R
-3 00 as b& - =~ 1,
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Curves 2 are VR out V§ Vo oin for X=1, 2, 3 end show thet there is no
solution for oL > 2, this is supported by the author!s calculations, . Din's
self-consistent values forol = 1 were
m = 320Mey width = 50 Mea
Note that | is not the width, although Diu seems to be implying it is, but
hé also s eys that the width is 4 X too 1érge. Mortin is presumsbly also
meking a misinterpretation; | | |
Gervais (4) has generalised the model to-include the exchange of two-
piohs 8s well.us the /a;pole this gives a strong force, but no self consistent
solution exists, the two curves, in the graphlcal solutlon no longer meet.
Ina further preprlnt Abers and Zacnurlasen argued that the method would
give two solutions in general‘and:that bpotstrap caloulations in general WOuli
give two solutions for thé /9 . o |
| According~to them for every solutlon Just ebove threshold ‘there was one
Just below threshold. ThlS was because N behaves l;keA\/eénd'hence Dvnas an
( £+-1) order cusp at thfeshold. -Thus ljRin‘bG' U£ utlwiil‘have two
uOlu'tlonS if N varies smoothly with ’i' and LF r' s Vou‘t is also slowly
vanylng with V I ixl hu Gt a ‘Oliﬁ”o‘“ They also used this‘
.argument to show how an S wave amplltude tendo to avoid having solutions by
Re D turning away from the exis at threshold. ‘
. Wong replied to this aigumént, sayihg that ituonly applies in the
Zachariasen model end not in genersl. -
' The Zachariasen method in potentiel scattering for = Yukawa potenﬁiél
was studied by ILuring (5). |
The agréément‘with the exact ;olution Was poor. ’In the S wave ,too

strong attraction, in the P wave,a spurious bound state. This was not present

!

when the second born approximation was included, however the latter had 2 zern~

of N in the physical region vhich was not preuent in the exact solutlon.>
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Aleo no bound stetes at‘all wure found in second ordsr.

1st order

exaet
-/ - /2nr1 order

V

Lum.ng .,howed that the D :Lntegral could be obtalned in closed form in the
po uent:.al seautermg case whlch corresponds to S wave exchange and has a
.;:mpler {inematic factor

1l ss opposed ]

yrd

The author has been unable to f:md an analogous procedure in the relatlv:.st:.e

case and the 1ntegrals ere done nunerloally The dlfference in klnd is due to
the integral being over [ O,OU] thich is the entirs cut of 1 but not of

v .

;:"'_‘,_’" 1 ‘
The suthor feel thevc the occurrence of a spurious P wave 'bound state

in the potential case in the first Born approx:.matlon only may well be the
enswer to the stature of the P wave solution found by Zachariasen. That is o

s8y, it may be en accidental solution of the seme type.

. Comparison of notation with that of other workers

We record here the notations of Dim of Zachariasen & Zemach, end of

Zachariasen at Edinburgh '62, -

(a) D, uses 8 = 1+ e T

iu ‘ ~5

‘ ¢” + 1

so InkT = - = .j:myv-— , o

o : v+ o |
N(V) = fx2 . F.2.2 [2\/'+vR+2].2.Q‘[1+2(VR+1]
. LX v . e T ;
hence comparing with my equation ’ v :
T = 12, (ﬁ )

LT
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his self consistency condition for width is

fxa o= 3 - = 1. X
leCe :.I.L . f_',-rg,,z - N - PVR'& . .
12 Lr =~ pf
he obtained  fx - ~ 0. -«zxé!value ~ as
. L= ' . 8lso m ‘= 320 Mev,

He also said this ~ 50Mevwhich can't be right. -

(b) 2z & Z used

' ‘ They got for P
In Zechariesen's original letter. & = % & [ me = 350 Mo
‘ : X2: 0.6
(¢) Zeochariasen at Edinburgh '62 = A

Im t™% =

-aq
WAl ‘ y
N - K X2 ool =-1,
D 3 ' van) B

L ( ol A

5
1

o
'
]

2elt.~ohis s.c. value

Y2 _ 1.9 ~ 250 Mev n Balazs's s. c. velue
seme  relation to my | es in (v). | | |
Zechariasen's original letter (or rather its errabun) gave

| me 2150 Maov | |
and .a.x?h velue me v 750 Maev

1.

!
}
R
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" Further discussion

Severel chdﬁnélg'

For several chennels, one chooses n channels and fihds’SOIUtions of

" Re D out (VRJln) = 0  = 1~ ( ' _?_Q )Z:‘“ e . GkJ( v \/Rk)
, . -—*1---‘ - Nl: : =5
| . | ’ 1: K=1 (v ( v Rjn)
. , -
Re dout (Vo) = Re by " (s
A j = 1 . o n‘

‘-However, 1t is not clear how to choose V for each kth of the crossed channels

produces a dlfferent left hand cut in the ath direct channel startlng at

- VRL - l respectlvely 1ndependent of J,

_ Divergence as we add more partisl waves
If we are teking = "
¥ . YA N

as an estimete foi+
N (v
()

-

no
L a
I L\/_]S&
a’
=
S

. then, we are seriously wrong in- prlnclple for thls series dlverges “in the
phy51cal region, whers we are using our estlmate of N(V) Our estimate may
still be a.good one due to some unknqwn damping of hlgher waves or other

. obscure mechanismn. | |

(¥

It nay bé possible to view the ensabz
V) = v
N,(_() CLL'() .
in a dlfferent wey, not as: ‘a tncated series but e. zo 83 o dominant diagram,

1.@. leaﬂ;ng.term in a dlfferent,‘convergent, series.
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Attempt at Extension of the Zachariasen method for arb:.trary numbers ‘
of subtractlons :LnD : .

l
" Putting N(V) = C(V) —_— Vv - log v
'afv\md' I‘mD(V) = "“"“T'RE’N(\)) Ce— ) '1105\}

hence for ,L = 1 we nped one subtractlon and in general for - ﬂ wave exchange

we need 2, subtractlons to make the D 1ntegral converge. Tak:mg them all at V
¢

DY) = D) + (V=v) D' (Vr oo +('l—1)‘1(v vy
oo ' (V)
(v u) [ ImD(v)dV
= (v-v) (=)
actual]y Im D(V) should be replaced by : ‘. ¢
[ImD(V) - ImD(-VA)- S (£-1)3 (v v) ‘.ImD (V)J

but as we .shall always teke v ¢ o ea] these other terms W:Lll always be zero.
The D(V ), D (V) « . o @Te arb:.trary oonsta.nts end cennot be determined from
" the Im D :f‘unct:.on, however there is always a multlplloatlve f‘actor arbltrarlness
between N and D wh:.ch allows us to ohoose D(V) = l. If we . make more than @
subtractions, the further constants’, 0uge D (Vo) are not arbltrary end ‘can be

R

caeleculated from ImD:-

'"Dn(.y) i dn. | (v V)c o S
o/ = d "o In DV ) av'

& TR e T ()
! A

We emphasize that Q. is the angular momentum o:f‘ the exchanged partlcle, not of
‘ the partial wave we are oonsider:.r;g.
In the spirit of the Zacheriasen ensatz, which makes

Mv) = NVv) | )
Dy

V-V
. o
we can demand that ‘

= ' _ satlsfylng crossing symmetry at V
which mekes - SR . up to the nth derivative
n n S S
L (V =
A°(V) M [y =
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This is obvious, and can be seen explicitly for the first two derivetives as

follows:—’
! ! !
ND « DN N !
A = 5 = 5 = C
D , -
i - -t [ i t !
2 =g w4 mlow - p - pPwp
D D2 : DLF
! "
= o) / - G ]
D etC-4

The asymptof:‘i.c behaviour can be éstimated as f0110'Wa:"f

L.
Re N ~ V- 1 log V

"Re D ~ V ¢-1
InD m}y‘-(f ~L log V'
Imi = ~ImD.N  ~ constent = +1
p? R
Re A = Re D, N o N 1 > 0.
D2 log v

"L becomes purely 1nag1nary as V —-> co end ) —9 (Zn + 1) 7'V/?_

* .The threshold behav:.our remains correct

VYo v
his would not have been the oasé‘ héd"we subtracted at the origin, which might

have been desirable to obbtein the same derivatives at the arigin at c(v).

However in this case we have

Ln [z« BN . _
v o1 . Ny . oar o, [V
v L (vi-v) - dvrsl

o behaviour J ¥' - in the discontinuity gives .a. discontinuity in the l1st

(o]

derivative, hence as N (V) oy 6, and we heve a beheviour V' (¢ - ‘:).J—J"
we get a discontinuity in the ( L- L' 1) -st.dexivative. Indeed, for Lra
the integral div'ergeé because of behaviour éi‘ the integrand et the ‘origin.
Thus subtractions at the origin are unsa*bisfact_ozy.

In the numerical determination of D, we evaluate by separation thus
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.(___._)J Re’ N(V)AV o _ (v- V). j,[ReN(V) ReN(u)J_gv z
- v+ 1

oy (v ) (vev) TR e (V'...V) Vo 3¢
+ (v VO) _e.l\l_ﬁl’l r v T
R A

To evaluate, :

*(v) - (v-v)'[’j/v A
EER (vv )

g:.ven the velue of ‘

IV = (v-v)/' j:‘_l (:V"v)dv(t j
+ vt~

We note that TS Sl . R
- I(V) =]':(Vo)_‘+ '(V 'v) I (v o o+ (m‘.)"'l(v..vo)n (V)

, + (V= )" #3 vf":f & .'V’!" Ay [
- T~ : ) L A R N Y - n 4 1
. . R .' ..:(J'V)' (_.V:.'f Vo)

taking I(V )

il
o

‘Hence . . : : .
L’ i : 1 ¢-1°

) = :c(v) (- v> 1'(v,). ....—<<£-w) <V v> v)
where the derlvatlves are o'bta:x.ned by d:.fferentlatlng the enalytic express:Lon ‘
for I(V). -

..As shown in the appéndix

i S N
I (V) = - z_;d) [ 1. 4+ fé—):] S o g
" : (2v-1) + 2V . VD)
I(V) = [ - }
2(\14,1) Vo= ote.. Voo

where f£(V) = { Voo, log[ﬁ +, ANV+L ]
‘ ‘ ; V + 1 LT L

- The logical conclusion of this approzéch is to lock for convergence of the
sequence of amplitudes obtained by teking more and more waves in the crossed
channel end more and more subtractions in the direct channel.

.NL(v> Z-, Recu,m
=0 =

DI‘(v)‘.—_ 1 (V V)L Jolv ' VLQ(V)
L R 0 '*'vwl O P
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L 7
Does N.Q (V,

D (I(V) ‘
As T, increases, DL becomes flatter and flatter on the lef’t s0 'bhe amplitude

approach a limit as L~ —d> o0 ?

might become independent of V.; It elsn approaches exac‘b Qrossj.ng'closer and

closer. '
N (v) - v i-1
V e 0O
DL(V)/ —_— vI-1, log V
V 30

se leé has asymptotic behaviour not s':brongly'deﬁéfldeﬂ'b'~c‘>r;:--L'." It has cuts in
the right places and obeys uniterity. The, author has not beer_x gble to prove

that this sequence convergés; and sﬁspe'c'bs "b'hé:b it does not, for the following

reason | 4-——~— Z ‘Re Cgpqs (V')

AL-‘I(V) _ - '1 S - ( V U .)-L (ﬂ,j V‘ d 44, .

Lo Ty TR Y T R Re b i
= Rl o TV VY (V' —york

=0 ,
now ZRe C diverges in l:o oo] and converges in [O —9] Hence the first

ternm :Ls either finite or zero and 'bhe second 'berm nust either da.verge or vamsh
for in [0, —9} or \:O,oo] s that 1s ,at _least.one of these four posalblhtles
must be true, This is very strange behav:.our if one assumes 'bhat .LL(,::L is
. going to converge to a sensible function. | ..

With poupled» channels .one gets a slightly worrying effect. For example
if we have 2 P wave.ih the crqss-ed channel, we 6alcu1ate the effect on the P,D°
ete., ngés in 'Ehe direct chanﬁel uSiné one subtraction, | Theeffect of & D wave

on these would need two subtractions. If we now have P end D, 596 =0_ + DD’

P
then:weA need two subtractions and the D integral hes two p.arfs, the Dp part
sub'brac'béd twice and OD part 'also‘subt.ract‘ed: twice. Thus:the, oontz:iﬁu‘bion to D
from a‘ given wave depends vt.xgi)on whether waves ofv higher E.I are being used as well

Ls we 2dd more terms in.the par*blal wave series we have to subtract more times.

' Thus as we.add more waves, the effect on the direct channel is not just the .

additive one :Lt appeared to be,
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This is accentuated by our extended ensatz :

n
D( vq) =0 |
If we had left in the subtraction terms, we could have calculated their values
for the contributions from lower waves from J'_ntegralS with les$ subtractions
and merely put the incalculable part = 0. This gives o medified sei'ies,

rather unrelated to our original aims, but having addltlvz.ty of contributions

to N (V) fron different 4’ waves. ' | oo _
D) =1- 1[’04 V! . ReG, (\/')dv’ _ -v-_‘ﬁq)v I AV L Reg g (V) av
7 () Vi 1 _,,... ‘-.— ; vigl —(‘7"'—V) (V'-.. v

..(v v.)? ‘J:: Recz{(\l) dv';'

(v..v) (v'- Vo)

L {' ‘ ,
=1 -3, E”\_/;\"_g?_{ . \-"> Re.C - u(v ) av’
¢=° T oo AVHE vy (Viev)t
we no longer have D"( V ) = o L7 n<l 1
s D(v) =1 o

instead we have this’ property for all waves higher than nth for D (V) = o.

Thus the 4.. = o contribution violates D( Vo) =1 ‘
end the ¢ = 1 contribution violates p’ ( .V‘o). = o but satisfies D(V,)=1

end so on.

Lgain, the convergence as L —> 00 is an open question.

Further results

We lodked at the effect of 0, 1, 2 and 3 subtractions for 5, P, D, F
exchange and obtaihéd the tables ancl graphs'shown. Table. 3 and Fig. 6 show
the effect of a::.fferent numbers . of subtrac’clons for P1 - 1, Table 4 for

54 - l’ and I‘:Lg;. 7 shows P 4+ D — P for two subtractlons and P + D +F =P
‘ for 3 sub’craot:l_ons. These amplitudes are not encouraging and show the damping
tf‘ high energy bohanour,as L m,,creases.‘ It was hoped +to f:Lnd a mechan:.sm

for the spurious nature of the P wave’ éolution in ‘the ass:.gnmen’c of thse
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0.999
¢.898
0.596
0.992
0.988
0.982
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1.C00
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0|993 “0.010 “0.500
0,987 =“0.0058 "'00400
04977 =0.002 =0,200 -
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0,967 0.002 0.200
0,978 0,0C3 0,400
0.998 0.004 0.600
1,027 — 0,005 0,800
10067 02701006 1.000
14118 ' 0,008 14200
1182 0.007 1.400
1,259 0,007 1.600
14350 0.0C7 14800
1.486 0. 00F 2:000
14791 0,008 2.5C0
24236 0.0C9 3,000
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3.49 0,009 4,000
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74696 0+00% 6,000
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104755 0.009 7:.000

12.545 0.0c0 7.500

14.515 0.009 8.000 .

164RT0 04,006 8,800

19.015 0,009 9,000

21564 04008 9,5C0

24.291 0.0uB 10.000
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subtrection constant by crossing, but it is aifficult to shed light on such an

argunent from the results obtained.

Possible further modifications

(2) TImproved D function:
One night attribute several ills of the Zacharinsen nethod to the

choice . " D(V) = on the left to get I‘I(V)' = C(V) . Initially ve guess D1(V)

Then take 1_?_%% C(U)
: oW
Then find DZ(V) = J

‘ C({/),_ ,,,4 M LY. _'
V + E (U‘ V) ' | 4
If D (V) is close to D (U) then we w:Lll h eve better erossing synnetry 6n: the

near left,

Ono would like the form of D. (V) to be.close to D,, to have singularities

2’

only on the right, no poles e cep‘L poss:n.bly on r:.ght, :n(l to have reesonebla
’

asymptotic’ behuv:.our noss:.bly the 'Sene as D2, viz, [/I""1 :Ln subtr oted foru,
hovever thls would inoréase the esymptot:.c beh'»v:.our of V(u) by th:.s power and.

elso that of D,, The first idea is to follow Patil (6) end use
e s er s Y
Vo‘ A BT

. This hes roasonzble linccr fbrm .

D (V ) = 1, (11(\]
Y —> og " Vo Vp.\ :
This wes actually used by Pat:.l to modify the Belaz nethocl - To obtein

R)=0:

D 4 —> V2 » with o polynomial fom, we can tcke
Y —>e0 ‘
- D (V) = (,y_,_.._a) (V"\é )

V.V G Ty

vwhero 3 is on the re"l axis ond’ should be>V to obua.ln D (V R) < 0

V.S lS en arbitrary pJﬁreter of course, but could be ﬂ.dausted ‘o glve good

agreement betweon D1(V) and D 2(\/) .
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The second idea is to do two or more iterations, Thus

Dl(V), = 1

() = o(v) )

Dz(v) '=f%_ j v'v’;"'i"' \%% av’

Nyv) = C(v) . D(¥) | o
p(v)= -1 | [ v . oc(v). D (V) ay

3 V) 7? J\JL\T'—:T C . ‘ZI( ) v

this is not & good idea.' Lpert from the'lqrge computing time-required ‘this

t- l, so if L' 7 %

iteration procedure 1s a dlvergent one, for-( pd l D, & o( V
the N(V) functlon ﬂets a progres1vely Worse asymptotlo behav1our.

(b) More exact C functlon

-

One might txy the exact CG/) functlon raiher than its ~ function
approximation. o

c(v) “\-/rdv.lm.ﬁ_&u(v .(22+'1).(3 T

P I’ oo (ot 1)."_‘. ayg [ 142( .‘j’_"m,l,)] )

In this case, for neatness and for. mlnlmlsatlon of computetion, one would

interchange the orders of 1ntegrat10n in” : .
DY) = 1-(\{__;__)J av' ’v s ceg (V)
, viel o (vev) (vi-v)
This would involve the 1ntogro15' , o0

p ’ " "
dV. J V ° 1 I' ’ .l" a.V'. Im IL{‘ (V)-
Vo v+ 1 (vi=v) (v'-y ) v

Vi) o "+ 17)
2(,_.:': - Q L

. [ V” j ‘L[
r av'In .r; (v* rd v v 1 : -
y‘

Yo SV viey)

1'(, [1 + 2(,.,. m] QQ[ + 2 (mm)]

one might, hopefully, expeot to eveluate the 1nner 1ntcgral analytlcally
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(e) The use of en ansetz in other formelisms

We shall 1nvest1gate in Ghapter 5 the use of G(V) as an ansatz for

B(V) =J ~ I LV av'

| -
o V' =V

~in the vmatlonal method. It has also been used in a Uretsky N/D eppro'wh by

D. Ltkinson et. el as d:LsAcussed in Chapter 1. In Chapter 6, we ‘shall discuss

¢™H(V) as an ansatz for X -1 I di (V) av'
‘ o Vi

in an inverse amplltude approach. P

~ One dlf‘f‘lculty viith a.ll these ﬂpproachos except the 1ast is the

4 e
threshold behaviour. For 1f B(V)' Sy ‘and .u(V) °,>Vo
Vey o . R/ , :
then it follows that the contrlbutlon from the rlght ha.nd s:.de Im ALV) av’
- . . PR o vViey
must obey Vv _9_; V * The Zacharlasen method and the 1nverse amphtude nethod

do{ not suffer from tlus:dlfflculty'.‘ e
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CHAPTER 5

THE VARTLTIONAL METHOD
The idea of a variational method
Given the 1eft hand discontinuity, the problem of construocting the

amplitude s¢ that it oboys unitarity can be attempted by the N/D method., This
mnethod has several disadvantages, the main one being the singularity of the
integrel equations obtained., From a prectical point of view it is also more
difficult to incorporate physically reasonable conjectures, about the rough
forn of the solution, or sbout the ssymptotic behaviour, for exemple.

4s en alternative approach,Hemilton, among others has proposed a veria-
tional method, The idea is to conjecture, usually by a parametric form, the
discontinuities on the left, usually using crossing symmetry, and right, and
then to very the funotions inveolved until unitarity is satisfied in the physical
region, One way of looking at the method is that one is verying the left hend
singularities to the consistent by continuation, through uniterity,with the
second sheet singularities. If one has a paremetrisetion which is always
unitary, then one is verying the contribution from the unphysical singularities
of the parametric function to be close to the contribution from the unphysical

singularities estimated from crossing.,

The method of Donnachie and Hamilbon

Damachie end Hamilton (1) proposed a veristional method and applied it
to the 7U N system, in partiocular to (3, 3) resonance., Their method uses

Gilbert dispersion relations (2) ,Which we first discuss,
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Gilbert Dispersion Relations

These are obtained by writing a dispersion relation for the function

G-(:) = L(V 4.
(v -V ,)?

4
we define (V - -'l)o)2 to be cut along [lvo,w], hence

A(YV=-v) (+L0(€))v>vo cal
-[(v-v,) (*_ Lo(e)) v 7 v, real

iJvo-fV V< V) real

1

H

A
(V4 i€ = v )2
4
(V=it - vo)2

:'/z
(V= V)

1

on the first sheet
Hence G(V) has cuts [—oo, -rl]} (0, =], and

G(v+i2) =Re L(V) + i In A(V) V 2V reel
ettt ——————
TV =v,

G(v-if) =Re &4(V) + i Im L) V SV
"JV"VO .oreal

G(V +if) =Re L(V) + i Im L(V)

> Y
ifvg-v >\; real
(v - i£) =Re L(V) - i In L(V)
:i.}vo -y . v > Vo real

hence the discontinuity on the right is

2. .Re_£(V)

= Vo

2.Inm ASV!
VO"V

Cauchy's theoren then gives the dispersion relation
.7s} v

and on the left is

L) 1 Re h(v) av o+ 1 |% 1mily) av’
—_ . t . 1]
v, Ttl\v Vv, (v'=v) i [v, v V'=V)
(o} -a)

Lecocording to whero we take Vo’ we get different cuts and diccontinuities.

The situetion is represented in a disgrem. When Vo = 0, as teken by Oedes, we

have oo
L(V) = 1 Re 4(V') av' +1 J'l In L(V'). 4V’
i Hr (V- v ! oy (V' =V
fv 7( o ~) ( ) -0 1% ( j
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A we thus have an unusuel situetion, with
@ the disocontinuity on the right being

- determined by the real part of the

o (e) @plitude. Jackson (3) calls them
1) N
k “ﬁ"‘\/ 7 "inverse dispersion relations" since
o .
they interchenge the roles of real end
A ) imaginary oarts.
%) :
Rel.+ i In L. ~1 Rel + 1 Inl
) y (b)
L4 . . 4
Re i =1 In L4 Re L -3iInd

N @

id ARV + V-vé
}(0)

~1AdV-y
When Y is inED,oo] or [-—l, -ooJ’the two integrals overlsp, e.g. if V_is -

\n fo,m] »

-1
4(v) = .Z,L“_“ Int(v') av’ + 1 Re L(VY) aVv’
Iy 7(i | Vg - W(p'=yY) i V=, (V'-y)
o 0
+ 1[° met(v) ay’

T ey (v'av)

-1

e(v) = L!V )

Re i(V) + _iImd(¥)

—

A=V, V=¥, AV=v,
iz
M)V

dn.spers:.on integral

y
Re LV av' L iTReL (v )],L 1|° InAg ) av'
,Jv' Vo (V- v) V=V | T AV )

0 / o
. V) = - (v -
i 1o 2(V) 1 PJ Re A(Y') av i [VO e

"t vevy x|, Ao, V-V)
[0}
. R v 2]
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et Ini(¥) = -l Re .l;(V‘) av’ -1 Im I,SV') av’
AV= Vo ™y _/v’-vo (v=-v) % v'a-vov-v

Vreal > Y% 0 ~o
8. . V= ‘V}-Q-:LE_,
V<.
o(v) = Rei(V) +iInk (V)
ifﬂvo-ﬂ

= =3iRe (V) + Imi(V

[Vy = JVy -y
dispersion in’csgral 0o
Q U ' [} ‘
— —L[p Ini(V) dy _ EJ- Re L(V) 4V
v

7l vy, =y W=v) (V'=y) v =y,
c0
+ In LV )
Vo =V
o y o0
*s _Re L(V) = P In .nLV +;} Re L(V) aV'
Vo -V - .I V V) EAR Vo (v =v) Wr:Vo
V \V
real < °

Thus the Gilbert dspersion relation gives integral expressions for the
imaginary part on the right and the real part on the left,
We azlso remark thaet by teking the square root function to be cut along

the negative real axis, we get a different type of relation.

4
(V_ Vo)'é' - A}V_Vo v > \!o

(Veig=-V)® = +idV -y vy,
1

(V-1i€-V )% = 4 Vv VAV
oY + it = Re L (V) +1iIni(V) V PV
AV =V °

6(v - 1i¢€) = Re A(V ) =i In L(V) |
G(V + i&) = Re L \{2 + 1 In L(V) vy
1JVy=v o
a(V - 1i€) = Re L(VY) - i Inmi(V) YY),
. - 1.V = [o]

o]

00
oo A(V) = j Im.ngm) av’ - 1 © Re L(V av’
Vv, YOV WY R T, VW)

so the discontinuity on the left comes from the real part on the left.
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Also one ocan use ‘ Vv - as o liinematic faotor writing a dispersion relation for
-V +

L V). m\}i . The dlaoont uity is Re 4
A 'TRG Wy, [RER L av
- Vi -y

just above the oubt we have

v
loft hend side - [Re i(V) +1 In A(V) . J 5ot

ight hand side =»* Re 4(V) . _:__"__I - T% ,P Re A(y ). dv' /V +—I

V- "V

- V' L] v'
Ce ImLY) = {V’“l {'Re (). m{:&"l” \.7',%.;_

It is clear that there are four types of kinematic funection typified by

1, N out [o,obj s 'JV + 1 cut [:_1, —-oo], ‘\/%ﬁi cub [—1, ‘Q@,w

for vwhich the discontinuitics are obbained fron resl ond imaginary part as

follows

Av I R
JV+1 R I

Yy R R
v+ 1 |

Toking the linmit onto the oubt for the 2nd case

(1) if limit == point on right hand out
o . Re L(v) 4+ 1 InAfv)
left hand side = TR
right hand side -~ i Re .Lg ) +.lRe .L(m) av'

(2) If linit ~» point on loft hend out
. . . v
lef'b ll@.Ild. side .Y —Régu{*iav_‘)._t".:—lﬂn];ﬂnj%(’-)w
AV

right hend side = i In A(V) + ID A V) (lV

v 17 (V= v)
e « W& get a relotion 00 -1
In &(v) =14 Re (Y M Ima(v) av’
N i Nivy A -v) = r“ (v'-v)
o]
14 70 “of

for imaginary part on right
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end o relation

(-4 -1 .
Re A(V) = Re L(V') av' + T LV ) aV’
v v v=v) L ey
v £ ¢

And similarly for the other types.

Subtractions
0 , -1
() Imi(V) = _;.j Ro (V). ' 1| Ima). _av

VI, T TS RIS (V)
at the origin
mf (V) = ReAV) — 0¥
yi
integrel converges, has lst orcler cusp, but of course this is ironed out by the

JV' faCtoro

(b) Subtracting once at the origin

A0
.I.E‘.'{‘:(,!T) = - V, j Re L(V ) d\{' - ‘K"s.-l Im (V) 4 _‘f_’
y Z T AT Y (W =V) T o S v (vev)
now In f: (v) = lie;l: mg *\{l eed 8 diverges
V-0 y v o : .
but the integral converges. JLs e Tunction of Y , the integrel has & discontin-

uity ak V- 0. & socond subtraction would make it diverge.

(o) Write.dispersion relation for

{y) - ov
v i _ , 2
S0 In £ (V') = Re £(V') = &g V' —— 2y ..,,,._,_Lqmg.'f., ),,._
T IR ST T T S LW ’
v’ \)l_"} 0 V
2 5
— a,V +0 (v 72)

henco we can subtract once at the origin.
IniV) = -Y @eﬂ(v) S A
Av 1 v (b= vy ™
subtrecting twice

In 4(V) = FO§LRG AV - ali/] -v'. B ERG Lv') - 'llVJ/ }

1
V'.—O 4

Jv 7’,jo

Int(Y'). ay
J J’V:y(ls;"r;)

—0d

(\_)

. v'.2 (V=)
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=l B
Y Im &(v) -v'e 2 (1 &)
——— { '
Iy - - bl V.20
e J-vt vt (V=)
¢ ’ R t
_“l [Rel‘.(\/) - alt/] = 3 oe, VOE +O(V3/2)= 0
' 2
3 [ 40v)) - 2 [aly' Ya] - o
EAA 2V
V' ___9 [0} Vl _‘-9 o)
We obtein the equation
2 €0 - f ’ ’ -1
Ini(V) = -\L__,i [Re Lv) - aqV] av. - y? In 1.(\/’) v’
v T Jo v VR -y) A J_'VT vZ.(v-y)
of course, we could have written a dispersion relation for I (V)_- polynominal in V'

v

but there is no point and the extra terms would have cancelled under, the
integral sign, or cause the integral to diverge depending upon how many sub-
tractions we teke.
Tor general anpgular momentum we can teka
£ (%) L.L\{Zl

-1
50 InA()/&_ 1Jw Re .f(V) av’ -_I_L_j ImTA(V’) ay
VE YNV T ¥ E pE (yiiy)

and. one can subltract these if one likes, which transfers some high energy
information to the subtraction constants and is therefore useful if one has

accurate low energy information and poor high energy informetion.

The Hemilton varietional method

We write a Gilbert dispersion relation and an ordinary dispersion

relation for J,Q’,l

Re .f(V) {Jlm LV av' 4 Vﬁ Imrgvg av’ (1)
’rT (v'-y) v L (V' Pt

Im LV) = ("’" Re £L(V') dV V(~+ 2; In L(V') dv' (i)
V> Ve L, oVt z oV V) vtz
Vo is here the elastic threshold V the start of left hmd cuts V the inelastic

threshold. Ve estimate tho discontinuities on the cuts by using a trial
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funotion F(V ). We use it directly on the right

‘ i
In L(v') = InF(') viowv, (131)
Re K(V') <~ Re F(¥') A (iv)
and indirectly through crossingon the left, There may be other contributions

also on the left, leading us to the estimate

Imi(y) = p(v') Vi vy (v)
Thus we define the function Lout by the equations .y
~1
Re I ou‘b(V) = _:]; V{.i:,ﬁ In F(V') d.v‘ + y__f‘ 9! 2 d.V (Vi)
F-LF Yoo (y-vyvt AN _3'0 (v =Vt
.:_1; + | _‘L 1
In Lout(v) = —V-m-j:-m RG'F(V ) dZ+ e ™ ,\_/_,(’+ z £ (V) d\/’_ 4
T Jv (V-y)uthe s (v'-\D v ¢ +zZ
’ o0 (vii)

In general, of course, L out(y) is not a solution of the dispersion relations
(1) end (ii), however it cen be shown thet Re Lout and Iml out es here defined,

ere the real and imaginary parts of en analytic function lLiout which ha® cuts

Wysel, vy -] -

In general, Lout (v) will not obey unitarity. We define the discrepancy from

Y+ 1

uniterity by D(vy) ”

11

2 ( Re j.-outz + Im !.ou‘bz - In Lout

{_Re L.out + Im .Aout? + In Lout V\; 1
1))
A2=~1 2 SD(V)}Z ay
v L
2'Vo vV
o

i.e.. A is the root mean square deviation from unitarity.
We very the perameters to ninimise A o If we find e very small values~ 3%,

then we hope we hcve a function fout satisfying our physicel requirements.

Discussign of the Method

I. thorough discussion of the method can be found in (1). D & H
srgue that the constraint of unitarity determines the otherwise arbitrary K
function, i.e. function with right hend cut only, which satisfies homogensous

dispersion relations, i.e. with no left hand cut or force function, This,
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they claim, can be viewed as an adjustment of the second sheet singulerities of

the X funoction. However, the present author regards this as o tricky point
since the second sheet can only be reached when uniterity is sotisfied exactly.
A further argumont in (1) is that when thore is a pole on the 1lst sheet there

is often e pole nearby on the 2nd sheet. This is a little mystifying sinoce it
follows by the same analysis that there will be physical sheet poles sorrespond-
ing to 2nd shecet resonance poles. They remerk that the CDD embiguity is avoided
by choosing solutions not vanishing inl:fo,oq] . The present author believes
that the anelogue of the CDD ambiguity found in the N/D method in the case of
non N/D methods is to be found in the existence of arbitrary parameters and is
not necessarily associsted with zeros of J(J).

D & H demanded unitarity be satisfied and did not ask for self
consistency explicity in the X2. However they showed that solutions would
exist for which

B (V) = ByWv)
where B (V ) is the force function from crossing and Bt(v) is the left hand
contribution to the wnitary trial function. Further they regerded these as

desireble solutions and excluded other types by demanding a further “consis-

tency test" ‘7P —> 0 as X2 ~» ©
where sz = _1 ®2 a5’ , k<\ Re hout (g') -~ Re F(s') -S' 2
5, = 5 .

o .
D & H oxamine the analytic properties of &fout (V) (not necessarily unitary)

defined by the two dispersion relations. Thoy suggest that, if trial function
F(V) is a poor approxination, then

6V) = 40 dout(y) + F(v)§
will autonmetically have cgrrect singulsrities on the 1lst sheet and will be a
bettor approximetion, They olso give a general fornuletion in which the seocond

sheet singulerities can be directly perametrised.
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G. C. Oades spplied a similar variational nethod to the problem. The work

wes never published but eppeared as e U.C. London preprint and was prescnted at
the Sienna Confercnce 1962 and the Edinburgh Summer School 1962. Oesdes wrote dowm
two equations, an ordinery dispersion reletion and a twioe subtraoted Gilbert

dispersion relation, for P wave /\J\,

.w - ,
. A ay' Ina(V") V al a( V"
V) = R, T It W VPRV )
ma(V) = -2 f"ay'. Lres(V) - o - 2 j‘ (};’/I’“”“(V)L
Al v' 5% (v-V) 2 (V-V)

eq being the P wave scatbering length., He took a s:mele Breit Wigner trisl function
tion (our type 1) F(V). Ho estimeted the right hand cuts direc‘cly. For the left

hand cut, he estimatod the neg.r par‘c up to a cut—off from crossing

. o [¥=1
m(’v) = T/'j dv L 2(d +1) }'j Fn- Iniy 0
A <V<_1_ P&[ 2("*1} [1+2(V 1)]

actually teking just the contributions from 8§, S,, Pl in the orossed ohamnel,
Ir:u“g end Im.AQ2 in the crossed channel wers put in fron another calculation and
held fixed. Imlxi in the crossed channel was estimeted from the trial funotion '

mil (V) = mE(VY)

Usually /\ was = =9, The rest of the left hand cut was represented by e single

‘

pele giving contributions

Y. g, emd V5o -

Vo V=Y, LA
to the real and imeginery perts respectively. In fect, in the solution obtained
by Oedes, V = =7.3, so it is quite near in, He inserted these estinates in
the dispersion relations and evalu ted tho discrepenoy from unitarity, to which
he added the disorepancies from self consistency of the real and imeginery parts.
The amplitude in physicel region of the crossed channel is F(V‘S , for the
inaginary part was teken as (V) and by uniterity the reel part is ReF(V")

and self oonsistency betwecn orossed and direct channels was the deviation
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between F(V ) and Aout, Thus he took

2 %
A eLlE(A(V) +a (v, +A3(vj) )] X 100%

wd=1 1

A.(V) = 2. Re fout(V) - ReF(Y
1( ) [R: 11031:(7) + R:FE\II%]
4 2(\/) = 2., | In Lout(V) - In F(V)
In Loubt(V) + Im F(V)
Dyv) = 2. [Re sout®(y) + Inhous(V)? - / Vil . m Aou‘b(V;I '
V

Re Aoutz(\l) + In Jout( V)2 + Ji'-\-/i}- . Im .Lout(\/)l
the VJ. being sempling points. In fact, ho took ten points, equally spaced in
[o, 1(3 He varied FUR’ VR 8y Vp sinultoneously and obtained e minimum of
0.3 at Vo =5.7,TVy = 2.26, i,e. 725Mev, width 200Mev, and g, = -1.32,
V. = -7,
p Te3
The contribution to the right hand side o{ Recout from the near left hand cut

vi(y-v)
T Batdiets
d

2
ie0s V¥ av . 2 av's., In Ly ~(V
10 e 8] e pe

A -Pz{_ L Y1) .P—]:l+2(\"+l)]

'ﬁ-l I .
V} aV In bout(v )

A
We can n_n‘berchange the orders of integration (sec diagren) to give

oy
T e, 7 (HJ WIS

7T {=0
“-V-l )
av'., p,l1+ (V““l) L1+2( v“
RN I N ' =A -1 I
. ), (244) Z (QII ay'. m Lt (V) eln W)
T f=o T:=¢\>/,, Jo \
vihe re GLm(v",v) ZJ— L4y, e [1 + 2 (1\;”-5{). PL[l + 2 ("V,fl)]
A S 2 wiew)
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" '
Vz-y'-i /Py V’:_ — « \\/l

v
y

l AN
u ; , y
V 0 = =V - v -v'- | =2 A
Havo vV L o1 5 Hoom V7 0 > AL,
Similarly the contribution to Inkout (v) is
>h-| 1L " o
Z. (2 L41) Z’: S In £ (v By (vav)dv
7V =0 e T =
"
where H V"V = / [ MI_L_—{ [ V +1:)
w ( 3 ) a.V e Pm 1 - 2( V, ?_ . P i l + Vlo
A (-2 . (V-v)
. Oades gives closed expressions for Gem and Hem, for m =1, =o0, 1, in an

Appendix to his thesis,
. G. Oades U.C.L. thesis held in Senate House, London.
In practice, on a computer, it is quicker to use the previous form because one
has to evaluate the integrel over the left hand cut of the triel function,
numzrically.
If we choose Breit Wigner paremetrisation, then after subtracting the

dispersion relation for F(y), we have

Reh | L - RaF(V) _g_j ”lf:Ionut(v’ ) - ImF(V ﬂ ay!
LA I

o 1 v (V=-y)
Ink (V) - T0() = -2/ g} [ Intout(V ) - TV’ av’
T J- S 20y =)
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The Breit Wigner formula, of course, hes no poles on the physical sheet, We

notice that when the cut off is introduced, we still have to eveluate the
integrel over ItF(V ) to infinity on the left.

In the twice subtrected form, we have teken a, to be the same es that
in the disi)ersion relations for the Breit Wigner forrula, We could leave it
in es a separate paresmeter of course, giving an extre term to the second

equation o0

- V;/zj [- al\l' + altV'] ay’
° NEZERT)

8y being the scettering length of F(v ) end aq that of Aout. If we teke

&1 = 844 then we see that we‘ have a degeneracy as regards subtractions. For
taking enother subtraction would give e term 8.2\/'2 under the integral which
would be essumed the seme as for F(V ) eand therefore to cencel. Thus

In Aout - IoF(¥) = - V7/2f-lEIonut(\/') ~ Inf(V );] av’
LU v 2 (v-v)

such a procedure can be continued indefinitely beceuse even when the
subtraction constants are nonvanishing they sre equel for Acut(V) end F(V) . ul
Phis is cleerly a bad thing but s s.c.is approached it presumebly becomes more
Justified.

Investigation of the Qades Method

We constructed a programme to do the Oades caloulation end to investigate
its properties., We obtained slightly different values of self consistent
parameters, the reason for which will be explained shortly. We put in the
seme S wave emplitudes in the crossed channel by fitting our parametrisetion
to his curves of S ~2 andgz in an suxiliary calculetion, Our numomwical
integrations were nore a’ccurate. We first look at a breskdown of the solution
shown in the figures. We see immediately thet self consistency is obtained by

the left hand pole having equal and opposite value to the contribution from
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the near left. The contribution from the s waves is very smell and fron the

left hand cut of the Breit Wigner formulae also very small.

Next we investigated the effect ef varying the cut off on the left and
found that it had a very small effect. The‘left hand pole changed to
compensate, by changing only its residue, its position remeining more or less
fixed; See Teble 1(a). We ealso veried the region over which self consistency
was tested E{k, L]say. We looked st the effect of teking ag function
approxination in the crossed channel end found enly & smell chenge. We looked
st the effect of having the P wave only, in the crossed channel and found only
a small change.

Next we looked at a contour plot ageinst I VR and VR keeping gp,)/p
fixed., The result is shown in the figure and is rather a shock, for there are

"harriers" of high X2 along lines " =, constant, the constents being integers.

R
The reason for this was soon discerned and depends upon three facts:
(2) sempling points for X% were st = 1, 2,3 4 4 3

(b) the % deviation f ormula is only valid if Rebout™= Redin and
this is not true when Relin = o;

(¢) Rehin = 0 vhen V=V,
Thus, as VR varies and we celculate X2, when it passes through a sampling

point, the vealue of X2 shoots up, frum the contribution to X2 from this point.

Normally, et o sempling point Re.Aout:“: Reh,  ~s o2
.+ contribution fron this point
2
001
= 4. ( A

when\/R coincides with the sanpling point, see diegrem -

Rek - ,001
out

Ret in = 0
contribution

= 4. (-:—8%%) Y

larger by a factor of 160000,
H
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0588
0:670

0795

1.008 "

1455
2¢979
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We plotted values of X° as V_ passed through a sampling point and obteined

R

Figure 3(@ « The berrier is very wide and completely-invalida‘bes the contour
plot. It extends for 0.1 on either side of integer values. Thus the x2
surface is divided into compertments and a search would get trapped very easil&
slthough it might walk over them initielly if it were taking big strides. We
estinated the width of the berrier from the diagram, Supposing Relout to be
slow noving, so all change is due to change in Relin, we see that the barrier

hes diseppeared when Rebin —- Rekout. The gradient Re.l\in, (V) ".;""’"2%@“

from
the tabulation
Hence imagining the curve to move sideways with VR)v:ithOut deformity,

W . Rebin .001

W = .002

This estimete is 50 X sactual and this factor of 50 X nust be due to Rehout

following RelAin very closely as VR varies. This is a consequency of the Slow
variation of contributions from the left to Rekout.

If the barriers were as nerrow as.,002, then they would be no problem in
searching. Hence we redefined X2 to be

(Reliout — Rehin ) 2
( Rek in )

The contour plot and the berriers are shown in Figs.ly The contour plots sgainst

gp, \Jp keeping VR’FVR fixed were also obteined and are shown in Figs. Av.
We slso used the definition ) (Rekout - Rehin)®  i.e. simply numerical
.deviation and it wes with this criterion that the results in Table 1 were

obtained. The contour plots for this were also obtained,. ses Figs. 3.
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L further effeoct emerges, for we see thet there is a long narrow valley

in FVR; VR along which the value of X2 is very low and thus defining a
continuous family of solutions. We tried to fit simple curves to the line of

the vallej but nothing simple was found. Perhaps the best was

2
FVR = VR

12

The result of this is thet the calculation at most determines one paresmeter

}

namely the one going perpendiculer to the valley and has 2 free parasmeter which
runs along the valley. Hence in further investigations one should bear this
in mind. If we had e reliable law like the sbove relation between position
and width we could use it in a search. We could vary only VR and determine

R using the reletion. However tne author suspects that the ambiguity is
more far reaching than this and that in fact theré is a L4 region of which ¢
this valley is the intersection with a gp, Vp plane. In aupport of this idee,

we consider the effect of using a rough self eonsistency condition, for the real

parts only
Rebout ( Vg in) = 0 (1)
Refout ( vg in) = Rek 'in (Vg in) (ii)
A , /. — 1 A =1 (iii)
For a Breit Wigner formula Rek in( V) = el vay  wath
E’R‘*'l

It can be seen that when these self consistency conditions ere used,PVR and VR
becone completely arbitrery in caleculations using a left hend pole correction

term. For given arVR and V_ one can write down the self consistency

R
equations and solve for B v p* Clearly these equetions have the forn

Vo . &, = £ (P Vi vR) - (iv)
v VR - \/p
- VR - Vp 2 = fz ( rVR, .VR) (V)
e (:l.v)2 + (v) -VR2 . 8 = f12
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substitute g, in (iv)

2
v _ t V. 2
R ] V -]- L ] 1 - :\_/P_z - fl
Vp R VP f2 R
o.- - V f."
R = 1.2 . (VR —VP) _Vsz ( 1 - v )
Vv z I &
P s fl VR
. 2 £
TR v = V . 2
P R —
£y
(Vef2 - 1)
fl ,
2 .
-f 1 L2 £,
= —_— e . V, o
gp f2 VRE R 1
(Vefs 1)
)
2
= - VR . fz
£ 2
VR 2
(LE2.. 1)
51

Thus (gp, VP) are determined uniquely and (i) and (ii) are exactly satisfied,
for any (I %, VR)' L similer situetion mey obtein with the distributed s.c.
condition i.e. for any (FVR, VR) can we show that o (gp,»%) can be found to
neke the devistion ’S 10%, sey. This wes looked for: Table | ()

Theré certainly exists 2 2 subspeace in the 4 paremeter spaoce

( TQR’ Vps 8

p
of course, be addition erbitrariness from other sources, also. We could have

’ Vp) on which (1) and ($4) are satisfied exactly. There nay,

taken rough s. ¢. condition for the uniterity condition, but it is nore

difficult to anelyse and one feels it would lead to the same conclusions. This

provides insight into the contour plots obteined, if we think it reasonable
that the distributed s. c. condition will have a similer effect to the rough

Se Co conditions (i) snd (3i). The whole trouble really is that the left hend

pole is completely arbitrery and adjusts itself to patoch things up. It does

not ocour in the crossed channel, for there one takes the Breit Wigner formule

alons, If the crossed channel could be mede to include this left hand pole
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so that it ocourred in both channels, then it would not longer be arbitrary.

If one tokes the view that it represents effects of other channels, then a
better procedure would be to estimate it by other means end then to keep it

fixed.

TABIE 5 - 1 -- SYSTEMETIC INVESTIGATION OF ORIGINAL OADES METHOD

(a) Variation of left hend cut off, .

A X Ve YVR &p Y
4.5 1070 5,55 2,67 -0.206 -7.56
-9 1077 6,21 2,98 ~1.128 ~7.204
-18 1077 5.7 247 -1.806 -7.17
(b) Variation of self consistency region EO, L)
L x? Vo 7 8 Vo
5 1070 2.6 1,30 ~1.275 4507
10 1077 6.21 2,98 ~1.128 ~7.20k
. 20 102 ba6 2.65 ~1.07% 1566
(c) ¢ function approximation in crossed chennel
x? Va Mvg &, v
D
1072 5.5 2.96 -3,113 ~7.102

(d) P wave only in crossed cheannel
Ona solution out of presumned one parameter set
2 =107% Vg 5.82 T 2.95
. ' T ﬂ? ~0. 754 Vp -l 4673

(e) Other searches in (gp, VP) et constent (FVR, VR) .
(1) Vg = 535, Fgp=230
2
9p Vp = =1.033, -6.461 on plot X* = - 10.16
= =1,141, -5.563 after search 0.40
(2) Vg =12.15, Ty = 154
9p,Vp = -1,033, -6.461 on plot 4.76
= =0.608, -4.798 after search 0,76
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(a)
(®)
(e)

()

24

ke
(e)
(b)

TABIE 5 - 3 =~ Further Investigetion

Different self consistency conditions.

P, + (S; +8,) celoulation

. Vg Mvy & Vo

P2 =0 6.21 2498 ~1,128 ~7+204

P, =l 6433 3435 -1,065  -6.637

Re parts only 5.7 2.9 1.5k 6,77

Inaginary parts only R s ool
293 0.942 -1,826 =587}

Twe poles on left: 'FJ

only seme solution as gne pole found.

Py + (D)

Do very smell give same as Pl only.

(10,539, =1,923) -0.785  -4.458
VR = 5u46 2,62%

Pearemetrisetion by Breit Wigner type 3 with 4 parameters,

solutions same as original

11,88 ) -1.833 0,288 , 0.051 , -1%3
VR = 6.5 1.9%
14..00 ) -24259 /0.089 , ~0.c08 | 0.67
g = 6.2 0.95%

2,107

043%

35,1074

searches elso done with Breit Wigner type 2 with 4 parameters, again giving

similer solutions.
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FURTHER DISCUSSTOK, OF THE OLDES JETHOD

c(V) ayt
LA V)% v o)
e ImD (V)= (In!. - I ) + [pole tema + (V- 9_)5/2 =1 IL;C(V') - Io(V!) av'

(V - )5/j IP(V!)  ay! N ALY V) 'z ve -V
-0

1, The effect of cut-offs 5/, (-
() Cut off on the loft o.ge Imbout( )= {—_e c] (Z:gq) 2[

i )72 (vt -y)

so if we cut off in the expression for Imkout, we still have to subtract the ontiro
loft hond cut of the tricl function fronm the cut off left hand cut of the con-
tribution from crossing

(b) cut off on tho right

ouge Ink (V) oto.| + (V- _\_4 o [ Rav) ooV ave
e [o=] - f(w mYSEEIRTNY)

InA(V) o (l/-_%_)f’/z tReF(V’) - a v'J ayt
A A V' -V )5/2 (vt -V)

Of course, if the pwre motrisation has been chosen to match the physicel assunp-

InA (V)

tions,these "extre terms will be snoll.

2, The once subtracted forn for Imk ~l;(\/)

=
Inh_ W) = _v¥2  mer(v)_av! -,,\,/_f_/ Infiouy (V') aVy'
T oo V(i) T jeoVi¥2 (vt -V)

con be used.

3. Veriation of subtraction point

One can write the same equations with different values of , but in
goneral they will be norec complicated theon for V = 0. They will have
\subtmct:.on constents Rerut(VO) and Ir_u;ou_b(vo). Llso as previously discussed,
es moves it pulls nore cuts fron underneath the existing ones. If it noves
Tortvards negetive valucs, we need to know Re‘{‘out(v‘) on the left o obtein the
discontinuity on this cut.

4o _Other workers who heve looked at the Ondes method include

R. G. Moorhouse, who tried to bootstrap thoe ond failed because of
ninute left heand cut,

D. Morgen, who looked at it and wrote the preprint "Morginally Singular
Forces" as a rosult.
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H. C. Ree who tried to do D wave AN, given S = P waves., He couldnotfind

a suitable parametrisation and so used an inverse amplitude method.

D. H. Lyth did TN varistion calculations - Birminghem preprint.

H. Burkhardt gave a talk at the informal meeting of British theorists
at the Rutherford lsboratory in 1965, but has not written anything}le{' .

5 As the left hand cut ~2 0, the output amplitude becomes indeterminate
using the veriational method, whereas the output amplitude —=» 0 when using .

N/D. The author feels that the latter behaviour is more boutstrap oriented.

6o Autematic bootstrap aspect

If we use only the real part dispersion relation in a variational

method, then we have

Rei( V) =jw Tmh(v') av' +J'1 ImA(V') av’
VT =V) o W -v)
if we now make assumptions like
IoA(V') = IsF(V'), e trisl function V'S o
Ima(v') =__g_§-‘} - ay In®(V'). P [1+2(V;-ﬂﬂ -, ek,
V' 0 { |
or, as in my method ZSQL Loder sechors)
j’l Ima(v) &y = o(v') = & r IF( V') P. Q. efc.
) V""V wV J,

then, we have automatically guaranteed that ImhA(V )‘ v}o is the same in
the direct channel as in the crossed channel. We thus have automatically
incorporated the bootstrap hypothesis, however we do not have automatic
unitarity. We vary our bootstrapped amplitude until it satisfied unitarity.

On using both the real and imaginery part dispersion relations, the
formulation is no longer so bootstrsp oriented. The imaginary part on the
right has different values according to whether we teke one dispersion
relation or the other. Admittedly if we had the exact analytic solution these
would be the same, but when working with triel functions which ¢ en never be
exactly corréet, one msy introduce impossible conditions and spurious effeet:
by ocalculating a quantity in two different ways.

In the exact case, we can actuelly explicit by continuing the real part
relation from the right hend c. to the left hand c. to obtain the left hand
discontinuity end hence construct the imaginary part relation. ..

Hemilton & Damechie state that "it turns out in practice to be more

convenient to use both dispersion relations."
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e Inelasticity

Oades also locked at the effect of inelasticity on his calculetion. He

used the function

R(V) = 1 + 9<v-3)j_1—-5,.[1 - ﬁg‘]

te. represent inelasticity. Its properties were discussed in Chapter 2, Its
origin is a U.C. preprint '63 by N. Kronfli.

Inelasticity affects the caleouletion in two ways:

(1) +the unitarity condition is modified to

Imbout(V ) = R(V) E. E[mﬁoutz(l/) + Ru.Aoutz(V-)_‘_)

only effected for V ¥ 3, v o+l

(ii) the discontinuity on the left is modified becsuse of inelasticity
in the crossed channel. It only effects Imbout for V { - L.

Increased inelasticity will increese the contribution from the left hand
out,

Oades found thet inelasticity hed very little effect up to R( VR) = 1.2,
et which the solution, with A\ = 0.2% hed velues
6, [vy = 2.0k, i.e. 740 Mey, width 200 Mew,
~-1.2, VP= -843 velues of a and b were
= 75, b=100. After this A increased rapidly e.g.

A = 1,4% for R( Va) =13
We did not look at inelasticity.

R=

A
I

o
1

8. Self consistency criterion

The criterion of a good fit in the physicel region is seen to be a bed
, if the contribution from the left hend cuts of the parsmetric form and
from orossing ere smell
For % = B(y) = By(V)
RH.(V) + R.H. (V) +B(V) + B, (V)
which becomes smell when B(V), B.(V) < R.H.(V), ReHu (V)
one could instead take the function
B(V) - B (V)
BV) + By(V)

i.ee % discrepancy in contributions from the left.

& more generel atttitude is to look at the discrepancy on the left and

right. v [Izout(") - #in(v ) | ?w"'
bout(v) + A:Ln(v) J

sampled over say L-9 , + 10:] . This would allow for very smell right hand cuts

as well,
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A rough self consistency criterion can certainly be formulated

Re.Aout( Va in)
Rerut( v 1n)

0
ReAln(

]

Ri n)
but will probaebly not be useful in the veristional method. If a left hand

pole is used, a solution would exist for ell VR’ WR; also the criterion cammot b
be used for N/D parametrisation, which includes non resonent amplitudes for

which the criterion is meaningless.

TMPROVEMENTS TO THE OADES CAICULATIONS

(2) _Gilbert dispersion relations

We then tried to obtain solutions not involving a left hend pole. For
- this we used only the imaginary perts and imaginary part self consistency
conditions, i.e, we used Gilbert dispersion relations only., Two "solutions"
are given in Table L4, for a simple Breit Wigner two parameter form. We also
looked for solutions with 4 parameters and also with N/D pole form parametri-
sation, deseribed in the nemt section, but were unable to find eny. Conto@s

for the solution are given in. Figure 6, for x% and for K7

(b) N/D pole form parametrisation

We should like to explicitly demonstrete the paremetrisetion dependence
of the Oades method and we did some calculations with N/D pole form
paremetrisation, Further, if Balazs is to be believed, the N/D pole form
may be a good way of parsmetrising the aemplitudes in the low-energy physical
region. No solutions were found, the searches done are given in Table 4. The
contributions from left to ReF(Y) itself are tabulated in Teble 5 columns 1
and 4.

The Oades equotions for N/D parametrisation are easy to set up

CH-2 F(V) = (uo)yzf' [ReF(v') - 8V’ ] av’

n ° (vi-v)yY2 (v'-V)
A ) N
(Vy =V 2 ~(v-v?)




TABIE 5 - k

A) Gilbert dispersion relations

| . Solutions found.

(8) ForP, =0, P, = 1 end with 8, S, amd D in the crossed channel

2
Vr Mvg
X = 1070 e 26 1.84
(b) 22 = =1 5 Pl =1 SO’ 82 ‘C}Ir;]_y I,r-':véo.
X =10 6.8 0.87k
2. Searches also done for
(a) with N/D paremetrisation (q. v).
(b)  with generalised Breit Wigner.
(¢) with constraint on left (q. v).
B) N/D paremetrisation
searches for
n = 2 1 pale 12% minimum
pole no solution found

1 pole resl parts only 16% minimum
n = 5 1 pole no solution found.
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where et = i (vi -vo)
P i
1-(v -VO)ZF I(VY,V,)
s i
so

InA= (Imh - IF ) (correcting pole) + (N/D poles)
+ (V=Vv)) 5o J'l Ie(V') _av’
R, (Ve u)Y2 (v
Thus'in our equations for f/\ , the correoting poles gp, Vb end the N/D poles

Gi’\/i vcecur in very similer roles in a sum of terms.

(¢). __Constreint on the left

Seversl searches were done with
(2) wi
(b) W?

0.3, 0.3, 0.3 ten ports on right, ten on left

1, 0, 0 " "

end "solutions" obtained. This was always schieved by a drastic narroWing of
the resonance to give very smell contribution from the left hend singularities.
This was true with or without spare left hand poles end with or wifhout static
S waves. The best solution obteined is shown in Fig. 7. The left hend pole
had negligble contribution and the agreement between real parts on the left
was achieved by a narrowing of the resonance and consequent localisation of

singularity into the neerby left integrel ceausing this to be close to G{V ).

C( V) ANSATZ MODEL

In the form proposed by Oeades, only the near left discontinuity is used,
end this ,- as shovmn in Chapter 3, oanno'b. possibly be correct if MR + U is to
describe the real world, since it gives a week repulsive contribution where .~
a strong attractive contribution is required to give a P wave resonance.

As an estimate for the force function B(V ), with merginally singular,
i.o. esymptotically logerithmic, behaviour we used the Ansatz B(¥) =C(V), in
a real part only. caloulation with real part self consistency conditions only.

Thus we take
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od)

ol = ( V-V ma(V') av' ReA( V c(V

Rek_ (V) (‘-T°)Jo el s o (V) + o(¥)
. !

¢( V) being determined from ImA(V ) in the orossed ohennel as desoribed in
Chapter 2 and Imh( V) in the physical out dispersion integral being automo-
ticelly the same as in the crossed chennel, ImA(V ) was obtained from a
unitery persmetrised form. The peremeters were veried until ReA( V) obtained
from this equetion, was close to Ret(V ) in the crossed channel, obtained from
the resl part of the perametric form. \{) = 0 but threshold beheviour is
incorrect except when emplitude is self consistent. The solution thus
satisfies most of the desired requirements for the physical amplitude. As
before, the sulution is such that the contribution from the left hand cut of
the parsmetrised form is equal to C(V ) on the right. We always parametrised
with the N/D pole form. We also considered oonstraint on the left i.e.
addi’cio\is\el X? from the discrepancy between Reru‘b and crossing on the near
left. Wi’c’{;\ N/D paremetrisation, such a cslculation is equivalent to a Balazs
calculation I.\witlh X2 matching 45 dsscribed et the end of Chapter 3. Tabulation
for original Balazs values of the paremeters is in Table 5(a). The results

3,

obtained ware as fqllows:-

n = 2, 5, searches with and without constraint on left, no solution found.
n =1k, 5, "solutions" found with X° < 107T.
n=k oA X2 =0, 1072,

FL = 0.0, 5.859, -15.377, 19.57%, 6.001
resonance at VY = 6,25
n=5 a I =602
Pt = 0.0, 18.997, -33.272, 27.18k, 0.086, 5.087
resonsnce at V = 2,0
No real chenge could be produced by an additional left hand conétraint,

however the n = 4 solution had much bettsr sgreement with crossing in [_O,—Z],
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-3.764 =1.066 =4,705 =3.195 '7.900 =9.000
i+ ~4,076 =1.065 <+5.017 =3.384 ~8,400 *8.,500
4,591 =~1.044 «5,511 -«3.706 =-9,217 =8,000
“5.526 -0.986 «6.388 =4.302 -10,689 . =7.500
“7:574 =0.891 -~8.,341 '=5.630 =13,970 . =7,000
. =14,908 =0.757 =45.541 =10.432 -»25,974 - =6,500
‘51,743 ~0.583 51.284 33.409 'B4,694 =6.000
7.412 =0.367 7.169 4,285 11,455 =5.500
1.246 . 0.458 1.828 0.307 2,135 “4,000
0.814 0.657 1.595 " 0.052 1,648 -=3.500
0.538 0.631 1.294 =0.096 1,198 -3.000
0,353 0.420 0,898 <=0.182 0.716 - =24500
0.226 0.241  0.591 =0.226 - 0,365 -2.000
0.186 0.194 0.504 «0.234 0,270 =1.800
0,154 " 0.159 ° 0,434 =0.239 0.196 =1.600
" 0.095 0.111 0.331 =0.234° 0,096 ~1.200
0.073 0.087 .0.,284 '=0,226 - 0,057 =1.000
0.053°- 0.064 0.241 '=0.261 =-0,019 =0.800
0.037 0.,045 . 0,205 -©0.,206 -0,000 =0.600
0.022° 0,028 . 0.174 '=0.176 .-0,002 =0,400
. 0,020 0,013 0.147 =0.150 <-0,003 0,200
*0.,000 =-0.001 0,123 0,123 0.000 . =0,000
=0.009 =0.013 0.102 -=0.093 0,010 . 0.200
“0.016 =0.024  0.084 :=0.052 "~ 0,032 0.400
=0.022 =~0.035 0.068 0.002 0,070 . 0.600
“0.026 =0.044 0.054 0.073 0.127 . 0.800
“0.,029 =0.053  0.042 0.164 0,205 . 1.000 -
*0.032 =0.,062° 0.03%1 . 0.277 0.308 - 1.200
- =0.,033 . -0.069 . 0,022 0.406 - 0,428 - 1.400
“0.033 =0.077 - 0.014- 0.532 0,546 . 14600
~0.033 -~0.084 . 0.008 - 0.611 0,649 . 1,800
.. . =0.031L =0.090 0,003 - 0597 0.599 2.000
'U'-026: =0.,105 ‘=0,006 ‘00‘216 ' 0.210 . 2-500

=0.017 ~=0,117 =0,010 . =0+126 =0,136 3.0
© «0.005 =0.128 :=0.009 «0.291 :=0,300 3.50
04009 =0.138 =0,005 -«0.366 =-0,371 4,000
0.025 =0,147 0,002 -=0.402 =0,400 4.500
0.043 * =0.455 0,012 :*0.420 -=0,408 5,000
0,061 =0.462 . 0.023. -*0.429 =0,405 5,500
0,081 <=0.169 0,036 ‘=0.432 =0,396 6.000
6.500

7.000

7.500

8.000

8.500

00
0

00101 =0.175° 0.051 w0.432 --0,381
© 04122 ~0.181":.0,066 0,430, =0,364

.. 0.144 ~0.186- . 0,083 'w0.427 =0,345

0,166 =-0.190 . 0,400  -=0.424°. ~0,323

0,489 =0.195 -0,148--=0+449"=0,301 . 8, .
0.211. =0.199 0,437, ‘%0414 40,277 9.000
04234 =0,202 . 0.486° #0.409. -0,253 ' 9,500
0.237  -0.206", 0. 175 -03404 ~qigza- | 10.000
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~46,011
8,141
4,741
'2;971
- =1,950
=1,320
»0.915
=0.644
“0.,45¢
’b1329
=0,237
'00170
=0,121
‘=0.084
'00072
=0.060
=0,050
=0.041
903033
'00025
=0.,018
'00012

- *0+005

0.000
0.006
0.011
0.016
0,020
0.025
'00029
0.034
0.038
0.042
" 0046
0.055
0,065
0,075
0.084
0.094
0.104
0.114
0.124
0,134
0.145
0.155
0.166
0.177
0.188
0.199
0.211

e Cl)

=1.406
*0.857
“0.612
“0.412
'03228
'0-054
0.105
0.241
0.340
0.391
0.592
0.349
0.283

0.211

0.145
0.121

0.200.

0.082

0.065

0,051
0.038
0.027
0.017

0.008.

0,000
*0.008
*0.015
0,022

‘»0,029

0,034
*0.040
90-045
'00950
“0.055
*0.059
*0.069
0,078

«0,086

*0.004
“0.100
*0.106
=0.111

'00116,

’0.121

0,125

'0.129
0,132
700136
“0,130
=0.142
»0.145

oD Tfl) Fofoutl)

»45,999
‘*16.866
'8-752

“'50152'

’f30197
-2,002
=1.,214
=0.672
0,303
=0.,066
D.064
0.114
0.114
0.091
0.062
0,051
0.041
0.032
0.025
0.019
0.015
0.010
0.007
0,004
0.001
*0,001
'0.003
=0,005
"00007
-»0.,008
'00009
'00010
0,011
-0.012
'00012
'0.013
=0,012
*0,011
*0.008
'00005
"00001
‘0,004
0,009

0.015°

0,021
0.028
0.035
0.043
0.051
0,059
0,068

5454599
'cl6.434

'89436
‘4,995
‘23,213
--2.188

'10558
'=1.151
‘%0«878
‘80+687
'300550

'300446~

‘80+365
#0.297
s0.238

®0+215

'l00193~

wl.171
s0.149
-0l126
'.Un113
-«0,080
BU:054
‘®0+028
0.000
0.031
0.066
T 04104
0.146
0.191
0.238
D.288
0.340
0,391
0.440
0.539
0.577
0.538
0,441
0+320
0.203
0,101
0,020
500045
500“95
ﬂ00134

204164

s0.187
900205

%0220

s0.231

91,599
33,300
17,187
10,147
-6,410
‘-4,191
2,772
»1.824

=1.180

0,753
»0,486
0,332
«),251
=0,206
0,176
=0.164
0,152
0,138
“0,124
-0,107
=0.098
=0.070
-0,047

1'00024.

0.001
0,030
0,063
0,099
0.139
0,183
0,229
0,278
0,328
0,379
0.427
0,526
0.564
0.528
0,433
0,315
0,202
0.105
0,028
‘0,030
»0,074
=0,106
*0,129
*0,144
*0,155
=0,161
'.0 .163

'©9+000
68500
'580000
67500
'§7.000
‘960500
‘961000
‘959500
'?53000
‘?4-500
‘940000
53+500
‘§80000
1524500
‘923000
'91b800
1544600
'51%400
112200
'515000
'500600
'e0,600
‘50400
'?00200
£0.000
0.200
0.400
0.600
0.800
1.000
1,200
1.400
1.600
1.800
2,000
2.500
3.000
3.500
4.000
4.500
5.000
5.500
6,000
6,500
7.000
7.500
8.000
8.500
9.000

. 9.500
10.000
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then the n = 5. and one might call this a Balazs solution. It is tabulated in

Teble 5 (b). Seszrches were done with n = % but no solutions found., The n = 5
solution was obteined by optimising from the n = 4 solution, but, of ocourse,
when n chenges the positions of ell the left hond roles change, so there is no

correspondence between residues.

THE_SHIRKOV MODEL

L. The neutral Shirkov model

As an exercise in the solution &f o soluble model by the variational
method, the neutral Shirkov model wes considered (see Chepter 1). From the
Shirkov equetions, the estimate of the left hend cut from crossing in the P
wave only case is

ImAl(V) = ImAl( =V).
As shown by Shirkov etal, the resulting equations have femilies ef resonent
and non-resonent solutions. A tabulation of contributions to Aout is given in
Teble 6(b). We tried one search with N/D (n = 3) parametrisation and found no
2

solution, however, the X“ for the random sterting values wes quite low a0~

2. ___The charged Shirkov model

We looked also at the charged Shirkov model, with a view to finding
solutions of it by the veristional method, since it appears impervieus to
analytical solution. A tebuletion for P and S waves with a cut-off et —9,is
given in Table 6(e). Here the x? is quite large. We did one search with P
wave only and N/D (n = 2) parametrisetion but found no solution, but as the

soluble neutral model did not seem promising, we did not continue the search.
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;0,040 =0,259 =~0,218 #*0.150 ~0,369 09,000
0.04b -00229 '00134 .00147 '0.331 .80500
0.048 =-0.156 <-0.107 =0.143 =-0,250 *8.000
0.052 -0.019 0.033 «0.139 =0,106 *7.500
0.055 0,152 0.208 =0.135 0,073 ©7.000
00058 00263 0-322 -00130 0.192 . .60500
0.051 0.280  0.342 <«0.125 0,217 6,000
0.06% 0,247 0.312 =0.120 0.192 . =5.,900
0.068 0.202 0.270 =0,114 0,156 5,000
0,071 0.160 0,232 <«0.107 0.125 »4,800
0.074 0.126 0,201 =0.100 0,101 4,000
0.077 '0.098 0.175 =0.092 " '0,083' . ‘=3.500
0,077 0.076 0,153 =0.083 0,070 3,000
0,073 0.057 0,130 «0.073 0,057 *2,500
0.067 00042 00099 . '0-062 0.037 .20000
0.044 0.036 0,081 =8.057 0.024 1,800
0.025 - 0.031 0,057 <«0.052 0,005 ‘04,600
-0.008% 0.027 .0.023 «0.047 ~-0,024 04,400
-0,046 7.023 =-0,033 =~0.041 =~0,074 1,200
-0,134 0.023 -0,110 =0,000 =-p,110 »1,000
-0,048 0.015 =-0,032 <«0.031 =0,063 »0.800
<0.,02¢6 0,011 =-0.015 =0.,023 -0,038 ©0.600
-0,.014 00007 -0.,007 =01.,016 '0.022 »0,400
-0,006 0,003 =-0,002 <=0.008 <-0,010 " 0,200
0,000 -0.000 9.001 =0.000 . 0,001 ©0.000
0,006 =0.003 0.002 0.008 0,011 0.200
0.008 =-0.006 0.003 0,018 0,020 0.400
0,014 =-0.009 0,003 0.027 . 0.030 0.600
0,014 =-0.011 0,003 0.038 0,041 0.800
0.918  =0.016 0,003 0.061 0,063 1.200
0,020 =-0.018° 0.002 0.073 . 0.075 1.400
0,023 -0.022 0,001 0.102 0,103 1,800
0.024 <-0.024 0.000 0.118 0.118 2.000
0.026 =0.028 =0.002 0,165 0,163 2.800
0,028 =-0.032 =~-0.004 0.223 0,219 3,000
0.030 -00036 -0.005 0‘293 0.288 "‘3.500
0.032 =0.039 =-0.007 0.378 0.371 4.000
0.033 -D.042 -0,009 0.471 0.461 4.500
0,034 =-9.045 =-0,011 0.540 0,529 5,000
0,035 =-0.048 =~0.012 - 0.509 0.497 5.500
" 0.,034 -0.050 -0.014 0.290 0,276 6.000
0,037 -0.052 -0.015 =0.048 =-0.063 6.500
0,037 <-0.,054 =-0,017 ‘*0.318 =-0,335 7.000
0,038 =-0.056 -0,018 =0,460. -0,478 .7.500
0.038 -00058 -00019 -00516 '0-535 80000
0.039 =0,060 =-0,021 «0,528 =~0,549 8.500
0.039 -0-062 -00022 .00523 '00544 90000
0,040 =0.0m63 =0.023 =0.%10 =-0,532 9,500

0,040 =-0.086% =0,024 <«0.494 ~-0,518 . 10.000
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2.69n .0.485 3,175 - 2.538° 5,713 -«5,000
1.524.  0.616 2. 140 1.370  3.514 ' .«4.800 -
0.%99" 0.580 L. 180  0.454. 4, 614 »3.500
0.3R%' - 0,454 0.840° 0.249 1,0AR . 3,000
0.244 0.327° 0.%72° 0.1i0° f.60% %0, 800"
0.1%0: 0.222° 0,372 -0.039 n.419 2,000
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<0.007 =0.027 -=0.033 0.034 0.00> 0.400
=0.0AR =0.038: =05046 0.058 0.012 . 0,600
i =20.009 ‘=0.049° =0.057" 0.086 0.02n 0.800
t -=0.00A" =0.060" ‘'=0.068 o0.118" 9. 0%4- 1.000
=0:007 =0.070° "=0%076 0.4%6 0.0AQ . 1,200
=0.005 =0.080° =0.084. 0.199° p.i18® 1,400
“0.002 . =0.089 -=0.090 0.247- 1. ELT 1.600
o,oni"-o 097" -=0.096 . 0.298 0. 203 1,800
© 0,005 -=0. 108 *0.100 '0.3%3 n.28¥% 2,000
0.047 =0.125 ‘=0.4n7 0.487 0.380 2.500
0.031 -0.4142: -=0.410 0.568 0.4%a 3.000
0,048 -=0.1%8: =0.109 0.546 0n.437 ‘3,500
'\ 0.06A =0.4172° -=0.105 - 0.430 - 0.378% 4,000
0.08% =0.185 '=0.099° 0.280 0.1R1 4,500
0,108 =0.197° :=0.000° 0.141 ' _0.081 5. 000
0.128° =0,208° =~0080 _0.032 =0.04a 8,300
0.1%0 =0.210° -*0,068  .=0.050° =n.11A 6,000
0.473 -=0.229 =0.05% -=0.109 =n. 144 6. Soo
. 0.104 =0.238° ‘=0.041 '-=0.152 =n.10% 7.000
0. 219 “0.246 *0.026 '=0.183 =p.21¢ y 500
0,283 20,254 0,010 =0.206 -=n.217 8.000
0. 267' =0,282° 0.006  -=0.223 =N, 217 8.800
" 0,201 =0.260° 0:023 =0.235 =0.212 9,000
0.315. =0.27% . 0.040° -=0.244 -=p.20%: 9.500
0.330 _-n.282° 0.058 “0.109

=0.250

10.000
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CHAPTER 6

"INVERSE LFLITUDE METHODS"

Discussiow of Properties of the inverse caplitude

The idea of writing down. and ‘attempting to solve dispersioh relations for
the inverse amplitude suggests iself from the uniterity condition

Methods have been proposed by Ma‘hthewé and Selam (1) (2) and Moffat (3) (&)
where refs 1, 3, 4 define separate different inverse amplituds procedures, If

the amplitude Aﬁ (v) obeys the eus al dispersion relation ’

o , el |

A () = 1} av Ima(w) 4 1 du'Imb(v’ 1)

t > ' X TV STy pes (1
/o oY) it

o= X
then A"&l (¢) vwill have oubs in the same places ['.o,aoj > §-1, —ev}. In eddition,

because of the threshold behaviour

A (v) w ¢ 4 :
‘T vero | . o (411)

_A}l(v) will have an { th order pole st threshold and will have a term

:w:!' gn . . h | -1 |
n o S where g = t A7 () dw
n=1 i . 2. () n+l ' (iv)

.i.n‘i‘ts dispersion relétiqn , n;)te the:fe is no constant term, In eddition, the
only ether.singularities A Zl(») cen have are isoleted poles of any order end
these can be anywhere,:in fhe plane, where they must o‘cc‘ur‘.in conjugete peirs
because !.{:'1 is reel snalytic, or on the real exis, except oﬁ the physical cut
where ImA;l cannot become infinife by unitarity. These poles introduce an
epparent arbitrariness into the equati.qné. There is no reason why they

should not ecour, and it is not cleer that they all correspond to CDD
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ambiguities and .can be excluded by demanding a special form of Levinson's
theorem hold, In the interests of simplicity, we shall assume there are no swh
~ poles. ' oA

We oan now write the dispersion reletion

po » .=l ~:'I .

1(u) =1 Imativ) av’ o4 13 T oaie’) av’
RJo LR IS A5 K AN 4 ' i (v)
(1 . o ‘ : . :

+ Z::\ . EQ . o PeSe

We nnw see the big advantagero‘f- using the inversé .amplitude. }Sy substituting (1)
into (v ), we 3.mme6.:|.ate1y obtain the contrlbutlon from the rlght hand cut and
sutomatically have Lli.nltarlty satlsfled We also have control over the threshold
behaviour. On the other hand we need to know It~ -1 on the left, ané. the .
Hendelstan representation can more eas:t.ly glve values of ImA We thus need to-
know Rel on the left :Ln order to construot Im.u 1.’ _Two_ procedures have been.
adopted, one can ne.gleot the left hand eut,or ‘one cen use the clever iteration
precednre of Moffet W.hich uses the value .of Rel. on- the left from the previous
iteration, starting the _first iteratien“with Imi‘s'_;l =0 i'a{%‘l‘. If one assumes
that Imf behaves like .a p'crlynominal at ini‘inity, then the inverse emplitude will
be a good method for in that case Im.l. -% 0, so we have good asymptotic beha~
viour,., If, on the other hend, Imk has violent escillations, then so will
Iinl;nl. Most workers take one subtraction and t_hat this is rea'senable followsr‘
fr‘om d.'Lscuss:Lons in Chapter 1. Then o : .
"1( v) =L ."1(v )+ (w-v)f ind;"l(v') avw' 4 (v .voj—l Imh~ (v')'du;
(v -f) (v'=y) ® ], (v (V)

»

+ (e ")L

n=1
. yn . . .
. Bramsden and Moffat take = -2/3, the centre of the £ . Theywrite
L 4 ( y ) 1l  and oai'eimust be taken not to confuse these 8¢ Wwith the '
ag

scattering lengths.' The threshold.u_residn'ee,. g‘C' , have ,te be determined,

et e u..t-.a
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possiblyz by self consistency, as in D emsden end Moffat's work. The mein
disadvah"tages‘,‘ as far as the author can see, are the pole ambigui'f:y and general .
accountancy in numbers of parameters, and 1.:h‘e ‘need for the Av‘a.lue of Rel. on "‘b‘he
left t0 which the calcuj.a'bion is very sensitive since Rel. probably hes zeros on
the near left. |

Zeros of & _vd.]_]_fiéqrresiddnd to Pélés‘of L iies. to particles. We thus
have to constrein AT to the requirement of no complex zeros on the physical.
sheet: This is a difficult rs;luiremeri_i; to imp]..emsnt'. One can obtain ofiteria
' for the certain nonexistence of zeros, ;but if these ere not sstisfiea, one has
to do & numerioal ssérch 6flﬁ the compiex plans,;sr ra'bhei; , the rvle‘ar pert of it.
The main disadvantages of using the inverse smpl:x.tudc are thus.

(a) The pole amblgun.ty - there is no ‘reasun why one should not have complex’ '

]',and maybe the correct so’lu'b;.or; hasthem. There is general

poles of 4L
complicatiop in eccountancy of the ﬁu"h‘b'c‘r ‘of inarametez"s, which eﬁends %o the

. threshold residues. One can hope to remo;r.s these 'ambiguities- by careful self'
voonsistent calculations.

(b) Zeros of £ - one hes to check that one's solution has no complex 40705
whish is not & simple matter;A : | ,

(¢) One needs to know ths velue of Rel on the left to which the calculation :LS
very sensitivssince Rel probébly has zeros on the near left,

“One can write dn.spers:.on relations for M{. A (\!) 'bo remove the threshold
poles but this will probably cause bad asymptotl., ‘behav:.our snd so will not help.
We remark that the nearby slngularlty assumpt:.on for I does not correspond. to &
nearby tnngularluy essumption for 1. 1, in f.‘acts'.n some ways the'opposite. If 4
inoresses rapidly a‘b infinity, then we can dsvelop a nearby s1ngular3.ty method
for L".l, with impunity . .
 To complete the introduction, ‘one might ask whether one ought , because of

autometic uniterity, to reformulate dispersion theory using .é’»—-l. However, it
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does seen that L is o lmuoh better quantity. For‘ poles in A oorrespond to
particles in ell known theories and the value of &L is the propability 'of' the
. process concernecl happen:.ng.. High values of [ ‘corvréspond to large nunbers of
events occurring. On the other hand, .L . must be a measure of the absence of
events. High values of £~ -1 correspond to very little teking place.

PREVIOUS WORK L | |
In their first paper (1) Met'bhe‘ws "and Salan proposed a r~1 notrix forma-

lisn for o finite number of two body channels and.in their second (2) they
_ applied it to K—-p end sca‘btermg.‘ The:.r nain purpose was to se'b up a forma-

lism to handle the KN end s systens, Where un:u:bdrrby is very compl:.oa‘becl

They ignored poles of T-‘l..' They =2lso supposed T =B .vhenover the letter was

infinite and that there wes a point V_ et ‘which BM(V,B) __oo This leads to the

‘dispersion relation :f‘or T-'JI . B

B

2! B 1 - (V= ) © _Iol” B - A.;-.,d)"/
nm’;‘ cu‘bsm ;T(V-V)
he present au‘bhor remarks thet the es‘b:.nate of' S function approx:.ma‘be to
civ) for B(v) has such a slngularrby et VB _g VR -1. They also general:x.sed

"bhese equetions to meny two body channels.v They then wrote down the "R § wav

solution in tho case of no left hand cut, which is

V_ .ot =1 + (v- AR I(V\))

—--_- -

: V. +1 re ezl '
In his first paper (3) -Moffeat 1n’croduceu ? very s:.nplo inverse "mpln.‘bude

nethod, which neglected the left hend cut and assumed [~ -->(0) He applied it '
VAT
to ob'balm.ng a resonance formula for N sca tcer:u.ng. In h:u.s sccond paper (4) he ,

. proposed a new nethod in gencrel, onece subtractecl, straightforwerd dispersion
relotion for 41 (v). He nentioned the arbitreriness in the poles of £~ ena
neglected theri, He proposed his iterative procedure for generating solutions,
follows: - o ' o
~as fo 9 5 E‘I; Choose Inh~ (v') v<, =0

2) Calculate Ro.[.(v)w -and Ink(v) V> fron the inverse
‘ amplitude 101""0101‘1

(3) Caloulete Imk(v)v< 4 using Inh(v) V) 0, and cross.;.ng on
the near left
(4) Hence calculate & new value of InA (V) v<, , end cycle to

_convergence. : , ‘
He used this rnethod to find P wave only solutions. Sterting fron the
previous solution, he found the left hand cut gave only a2 small contribution.
"He produced a criterion for no eomplex zeros and verified h:u.., solub:u.on
satisfied 11; , o .
' Brensden ond Moffat (5) (6) applied a slm:.ler iteration procedure to an
S=P caleulation.
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In this oaicul;ation, theiii'e. .were (&-;. 1) constraints .:l'Lne ach partial wave
vig .A"—l._( v ) and ‘g;n .. Suff:"wien_t 6rossing conditions at the symmetry
point ¥ == 2/3, wore 1ntroduced“to leavs one free parameter . They
TLirst expi‘éssed &, and aoz in terms of N | loav:mg 3 paramsters 3\ ’ 8’1 and
gi . Théy‘*bﬁen veried the paremeters‘ él"Agl systematlcal]y, keepmg X
fixed at each'stage ar nz the itei'ationiproc‘edure and calculating 'the-'
‘solution. When cross:mg was satlsfled ‘bxlls was, taken & a soa.utlon for
thet value of )\ They also. checked for cons stency by lcok:.ng at the
next hlgher order derlvatlve cross:mg COIldl'thnS.q For a range of velues of
X the iteration procedure d.:Lverged but for the rest they were able $o give
tebles of solu‘blons. Perhaps the most rea.'l:l.stlc is for \ =0 1 |

ey = =0.005," g = +1995 o

B R 5.25 700 t’uvu,,

[

R -

Pu = 0.2 63 Mev
&2 = 0.67 } S weve sqattermg_iéngths' |
a2 ,= 002

Thei;' solutions depen:l'eyd very strongly u‘p;n‘x . We sec that there is véry'
strohg cancellation betwee;; the two large ;be‘xjnis 1 and (V- V) 5? .

| B o i T A
The - S waves depended only weskly on the P Wwaves and the P waves deptiaded
stroﬁg]y upon the S waves. Théy ‘also fouﬁd the CMN small'P wave solutbions
and éhowed théy 4id not satisfy the higher deriva‘bive check; Their paper
was oriticised by Ball end Wong (7). vheé said ithet 4 =} has o zere Just
beyond the left hend cut off and that th:'ss gives a stroz}g distent .singularity
" in L which is producing the resonance. Howe;ver | they replied strongly (6)
. with numerloalev:Ldence for very smell dgpehdence on cu“L off on i?eft .

They remark that the P wave resonance is determined malnly by 81 and gi which

in turn are determined by deriirative matching con&itions"to the 8 waves at

o= =5
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PROPOSED NEY] INVERSE flPLITUDE METHOD

| The Moffat iteratlon procedure g:Lves exact solut:.ons not 1nvolv1ng
trlal functions, but seems very dlfflcul’c to use. The iteration procedure
is not always stable and becomes very onmpl:.ca’ced for large num'bers of waves,
The main objection is tlaat one cennot seo olearJ;y' what is going un. We
’cheréfore proposed & différent epprosch using the real part en the lef
obteined from & fixed S dispersion reletion considéersd in Chapter 2.

THE LEFT HLXD GUT

We used "crial functions A'in"'t.he' créséed .c"qa.nnél and by fixed s dis-
persion relations ob’calned Re! (v) and ImL (w) in LO —"_. The form of
the functions o'b’ca.lned is shown in the- flgure., and one is 1mmed1ately struok
| by the nearby smgularl’cy nature of the sﬁ:aatlon. For most waves, Imh - (\')
has high values near the beginning of tho lef’c he.nd cut and becomes much
smaller near ¥ = ~9. Thus we might hopa that this would give a good
approx:.matlon to the total contribution from the lef’c hand cut. The solﬁtions

of Brarsden and Moffet show g similar behaviour. &t

THE LEFT HAND POLE

, : . - o
Wo see that the large value of Imh l(u) is often, but rot always,
associated with & zero of Reh(y) in a region where Imifw) is very small
(see d.i'agrsm}. In this case, the contribution oen be fepresehted by a pole.

Fo;c', in the neighbourhood of the zero, M, , say

77
Reﬁ(“) ("-3') f-(v) + 0 ( (*“ v,)? )
Talking Imh rough]y oonstant = G, then
ey = - . .
. | (M=v)R L7 (v)? 4o
so Ini~H( v+ = c
; ' L 0+ C

N



Table 6-1. - FPzC@) Rt f vde

Fl) = Buitwigmee fer B for Y30,
N A X }(\w S’f&«%mwﬂm ’cocm
.,Jlgcs RECS' . REF e ReF-1{ THF ~{ ,
w).760 “0s45) =0.551  =0.,72 ~0.669 0.875 -9, 500
.-1 633 lo 477 ~0.418 -0.733 ] ‘00587 -14029 ’90000,
.01.475 --0.451 ‘00274 -0.713 '00470 1,222 ”8-500
_ =1 ,270 . w0,408 =-0.130 '9.641 -0.303. 1.498 -8.000
»{,006 =0+334 =-0.002 -0.503 -0.010 1.988  -7.500
“0.65) w0,221 0.084  -0.328 - 0.732 2.865  =7.000
w0.127 w0.041 0.107  -0.188 2.295 4,018  =6.500
1.075 0.229 0.088 -0.,105 40700 (,5-605 -6.000°
0.615 1.626 0.058  =0.059 8.406 8.579  -5.500
0.260 . 3.846 0,032 -0.034 14.537 | 15.581. ~5,000
0,117 8,550 0.012 -0.020 22.343  .36.833 -4,500
0.044 22.939 -0.002 -0.011 -14.941 ..85.929 . =~4.000
0.00% 291,276 =-0.011 -0.006 =69.075 38.683 ~3.500
0,018 55,408 ~0.016  -0.003 -59.708  11.523  -3.000
~0.02g »35.,756 =-0.018  -0.001 -54.691 4.077  -2,500
0,020 -5; 029 70.018 -0.000 -56.211 1.366 ~2.000
‘0,030 ‘33 7€y -0.017 -0.000 -584679 0.790 -1.800
| e -0.,016 =0.000 ~62.407 0.389 ° ~-1.600
0,02 “38.,086 -0.015 . ~-0.000 -67.874 0.138 ~1.400
0,024 «42.180 -0.013 =0.000 -75.798 0.020 -1.200
=0,02) ‘=4Bs3€EQ -0,011 - 0.000 ~-87:.566 0.000 -1.000
"=0.017 =5R.6SY ~0.009  0.000 -105,890 0.000  <-0.800
' Wno.o15 M74‘761 «-0.,007 0.000 '1370090 0.000 -0.600
0,009 »108,659 =0.005 0,000 -200.272 0.000  --0,400
=0,008 ~211,26% =0.003 0.000 -391.094 0.000 =0,200
e 0.003" 0.000 338.120 -0.302. 0.100
0.006 0.000 - 166.385 -0.,408 0.200
1 0.012 0.000 80.518 -0.535 0.400
0.019 0.000 - 51.895 -0,612 0.600
0,027 0.000 37.584°  <=0.667 0800
0.034 0.001 28.997 =0,707 1.000
0.043 0.001  23.273  ~0.739 1.200
0.052: 0.002 19.184 -0.764 1,400
00062 0.003 160117 ) '00784 10600
0.073 0.004 13.732 -0,802 1.800
0.084 - 0.006 11.824 -0.816 2.000
‘0.118 0.012 8.389 -0.845 2.500
0.161 0.023 6.099 ~0.866 3.000
0.216° 0.043 40463' “0!882 ) 3,500
0.287 0.079 3.237 -0.894 4.000
0-379 ) 0-150 20283 '0!905 4.500
0.484 0.291 - 1.519 -0.913 5,000
0.375 . 0.928 " 0.374 ~0.,926 . 6.000
~0.076 1:069 =0.066 ~0.931 6.500
-~0.414 0.873 ~0.443 -0.935 7.00Q
-0.522 ~ 0.636  -0.770 . -0.939 7.500
~0.527 0.470 -1.057 ~-0.943 8.000
~0.502 0,363 ~1.309 -0.946 ~ 8.500
-0.472 0.292 -1.534 ' ~0.949 9.000
'00443 0-243 '10735' '00951 9.500

-0.418 0,208 =1.915  ~0.953 10,000
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R,

1 Imi (¥ _av' 7 -

1. , c . dw
. = x| T2 T =
Pregion of . ¥ =V = Wy oE o+ 0 o' -y
Zero 4 Lo ' ,
b oco=0 (v osx) o SRE(n - - M
. . g N
50 con'bri'bu'bion -_— - g, 1
(v, -v) . ,
Th:.s involves the reasonsable aosump’c:.on thet 1 . is slowly varying in
: v -w

the region of the bump, .Th:Lch is clearly true for ;{ dn_'the right hend

o Sldeo

: ﬁence fdr small ¢, we ‘expect this re‘.gion of the cut to be represen‘b-
eble by a pole with residuev. | o | |

f,l/Réf.'“(vz). |
If this is the meincontribution from the whole of the out, theh we heve &
one pole e.ppfdximat‘ion. L difficulfb point ar.isés when we realise that, lfor
small +ve o, g = -ZI/ReI._’( v,), but for s‘m.alvi'_"—vec, g = +1/Rel ( V). |
Ls Tmh changes from.+ve to -ve y lIfn.{;-Jf flips f':rom & lerge -ve peek to large
+ve peak. This sign change will norméi]y_ be under the control of the S
weves in the crosséd channel since the zero usuaily occurs on the near left
whero the S veves dominate, in the ’crvnor.’.:o;'. sum et least. Thus the effect
of the exchal.qlge éf hig;her weves can be reversed in sigh acédraing to the

" value of the § waves. This is e very strange circumstence, though not

necessarily incorrect.

% FunczIoN APFROXTMATION TN THE CROSSED CHANNEL

In this case, the cut starts at ,-“'R'- - 1‘and is very small end one
might sus_pect thet there had been a é:ramat:.c ch ange in go:.ns from the
distributed case to the S function case. Ho*rever, ReC(V) has & zerv in
[ 0, = Vg -1] end so we have a pole there and it hes res:.due -J,/ReC (‘J )
It seems it will be e good approx:.matlon to negloct the rest cf the left

hanc'i cut. See diagram a,nd compare with distributed form.
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'Whether to take a +vo or -ve sign must be decided with refercnce to

~more exact forms.

alen i‘uhwous

N Vad
:ﬂ\tw . 3y
K 'u\ INA-'
/L 3V -
J“er {(r —.LL.;m“::Lon R
- 8pproX, in

h cros.,e» channel

VALUE OF SUBTRACTION CONSTANT

- We propose'to either trea"c this as
parameter or' o, estimete it from G(V).

;'?( ,v.) = 7'1( Vo) ¥, in [_-9, O)

THRESHOLD RESTDUES :

We propose to either treat these as para-
iﬁetefcs 'fo bé detémined self consisteutly
or to estlmate then from C(w) This we do

&s fo]lows-- o

"We take the '5ame res:Ldues as the C -1 func-~

ST Iy o
.t:L.qn. - G( (ﬂ) = i:‘ d
Ce . W=

e

yo o

\

..To evalu te them, Ve first evalunte the

)

expanulon of © (v) ): Clj{: v Ll

k=1
SO _‘L(V_)' Zd Cl ' vk"'l '

be’ obta:.ned from the der:.vatlves evaluated at the orlg:.n, but

\/ < 3 v
: A‘"'.fl'l\“;i'

"‘“’J v
The } Cll{)} can

it was found to be muoh easier to ovaluete the expansions about the origin of

end

then

where

. (t
) ‘A (z‘ +l) - d
o [12 } - Z__':(,) D, ¥
= _
JHE 2("*“1)] o
_ << i=1
SIS
- _{tf o B et Lo =T O
l“' [0 I ":’ 3 it .
. | ;\' . Gk“.')(V’)
.C;l‘. = &4, b N '
02 = a2b +81b1
cé = aébo' + 850y + a.b,  eto,



. , .
~dees O x = Jél 8. bk—i'

The values of the coefficients 2 ai'g ,,}'IJ\ which depend on W in generel

are displayed below: -

[§
v 41 © :
L [ te2 (3 ] = L. e ¥
- ‘ - . 1=1 : .
]

& 4 1 2 L3
_1_( 1 - )’ - 1 2 ‘ 1 ) 1
=) |G [ ghns

1 . s eto,

L (Va2 :
1 1 ‘
2 . - | = : o etel
& (vi)® |8 GPPpR
3 i . 1 -t (v'+ 1)5 gr( 1’:"4— 1).,6‘ o etc, |
a
P, {1 2("“,l] = L b, ¥
j:O J
> — —
0 I B
1 1 + '—%, -2
. oo, * v
2 l+6 +. 6 ' 6 + 12 6
v 2 b v' 2 at 2

Haﬁng obtained 'the G, we ean evaluate the dn by binomi al expansion: -

M5

_ . ! v i
| | = {_1 =
. =1 > Tk*
‘ % B ,
el 7 R SE 1 |
L AN £1+ %2 v & G, 2
. s . . + C o »
. R DR —= V< cé A . ]

5 o s 1 1
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Y, C
NG A R G
2 C
8"
. ' y{.;'l
P YE Lyl
o - |
1 v
1 &,
a, = Oo
2 T
1
= =a. 2
% -i?-é- + o8y
al 8-1 .eto.

These formulee are probably not Valld for the P. wave, since one probably needs'
two subtract ons in the flxed 8 d::.spers:.on relatlon for v in. {-l 0} leaw.ng
the P wave undeterm:.ned.' Thls dlfflculty is not present for the D and hn.gher
waves, ‘however there o'blll remains the problem of the accumulatlon of higher
pa.r'tlal waves 1n the orossed channel dlffractlon peak for ¥ in L':-l,: 0 !*_'.,:
The partial wave serles in the crossed ohe.nnel d.:werges for w. ._'0 ‘ho.ve\.rer L
this dves not necessarlly mean that uur formulae are incorrect since they

t
converge right. up to )f 0 and sach term in ReC(v) ol 16' . Tt cuuld still
V - _

D

be true that we have &8 reasonable estlmate.

MODELS 1 AND 2

We can now define two "models" ,
(e) Model 1
Integrate the near left hand cut.exaé'tly.

(b) Mudel 2

Replsace the 1eft hénd cut by & pole, whose residue = = EI-_,,..,,...
| o o (vy)

- In either of these models, we either calculate from C(v) or teke as free the

term A_-Al( Vo) and the threshold residues. The right hand cut is teken to -be



o ' 209
elastic, :m:.t:.a]_ly

c(v) cen either be taken in a distributed or. S funct:.on fnrm, but the "
S- funotion form is not mean:n.ngful for Model 1.

Ta :Lntegrate the left hend cut. accurately Wb usua.l]y use 40 points in.
the interval [—l, B}

Different’ proced.u.res were needed acoordlng to ':hether vV, was on or: off
the out, see Lpponé.:bc 3 | |

To evaluate the left hand pole pos:.tlon and res:Ldue, we used an
auxlllary search routine which mlm.m:.sed ‘[ReC( Y )] 2 and hav:.ng found the
: :m:!.nlmum velue to. be zero, calculated ReC. (V) at thet point.. “To evaluate the
threshold res:Ldues from the expres.,lon given above, we s:mely :Lntegrated.
numerica;]y,the integral is well behaved, - | |

The effeet of P waves only in tl-e "‘orossea-:ohannel’ is shown in the f'igures‘.
They show that the Moﬁel 2is a good' one :Ln th.;;Ls case e.ndl thet toking a % -
fenction approximation in the orossed che.nnel is a reasonable thing to do (anﬁ.
highly desirable for conserving comput er time). We show further thaet :these'"
Models arse independent of -V. o2 €ven when ® C’,moves. through the highly singular |
‘near"le:f't region where A—lﬂ( )‘co) varies wildly in vaiue and s:Lgn over &
numericeal range 0.3 to 20C. | | |

Model 2 also def:.nes a perametrisation, Wh:l.Ch wie d;Lscussed in Chc.pter 2

F(y)': - 1

‘“;:o_;.(_%g e e (V=) T4 ) 4T
R U o (.

{V "Vo " -y ) , . ”

Using this perametrikation in the crossed ché.hnel in a Model 2 calculation

enebles one te*heve the same perametrisetion in both channels, which is .a

desirable feature in self consistent celculations.

We note that the rlght ha.nd cut g:.ves e very small oontrlbution in Models

1 end 2 end that _8s we can choose )(o far ‘on the left, where we expeot
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(’# ) 2 0, the main terms are the threshold poles and the left hand cut
(pole) The existence of resonances must be due to these terms alone. Tor a
single left ha.nd pole in the Pl wave a resonance can only arise by oanoellat:.on
of the left hand pole and the threshold term . Beoeuse the threshold pole ferm
:Ls :meorta.nt and its est:.metlon by the fixed S d:.spers:Lon relation :Ls not very

accurate, it is probably better to treat the threshold Ifes:Ldues as parameters
to be determined by self oonsistenoy re'quirements.'

'MODEL é
| It was a.lso realised that one cen use G~ (v) 1tself' to reoresent the

left hand s::.ngular:.tles and this def:Lnes "Model 3.““

In a once subtreoted form

R O e A L >J PR
EX (v) + (V—v) ::(v u) doe
This hes I.mA.{ (u) = - ‘/_;‘_"E ’ 5.:" ‘ v, in f:O,oOJ
o= Imc,&l (v . v in [-1, —iwl
'Note - s, () ¥ InG (v) o v < -l

[
Also AQ-, has threshold poles of orders 1 . « ((-1) with residues the same

as those of‘C;_(v'). It has %he nesr left hend out eicac‘lfly integrate_d,‘bilt has‘
the (very small) far left hand cut of C;l(V), also added. o ,

If 3—1()1') is takeo with ¢ - funotion approximetion in the orossed o’ha.nnel,
then it will have the currect left hend pole. |

Tabulations in the Pl only case are rshown and are close to those""for
'Models 1 arlld‘2., This confirms the avecuracy of the 1ntegrat:.ons in Mcdel 1l and
also 1nd:1.cates that Hodel 3 does not have any oomplex poles, since Model 1
only has the ooncr:.but:.on from the cut a.nd neglects oontrlbutlons from any
oomplex poles.

‘This' model is parallel to the Ansatg prooedures for the Zachariasen
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method and the var:.atlonal method but here 'Ve have autometic unitarity a.nd
automatlcally correct threshold behavlour. o

The unsubtracted version is .. _ . i ,

.A-'l(y‘) = C_l(v‘) ; + 2 A/z . log [ 1\/.—" +alv+1 \

. ) v +L
One can see that Model 3 is unlikely to produce resonances since G~ (av) usually

has a s:.ngle sign for ¥ > o for oneA or two uxcha.nged particles, end -is mich
larger than the second term. TFor a re>sonanoe',.‘ we need A—l( VR) = 0. 4

difference between Model 3 and Models 1 and 2 is their asymptotic whaviour,

lwon
Y

which we now discuss in general.

.V.ASYMPTOTIC BEHAVIOUR

'A. . Behav: our of r:.h__ht ha.ud cut threshold term and constant term

Right hond cut I(u ,v Y. e (= vo) . Red ~L(¥y — - comst.
, , T ‘. °V -y Jov
Re(RHC(W 1 g .1
e( ( ) ) 0& e (v V) ._,5._{1;1... g
~-) oO ' : : : n:l n - 1
e v e Voe— 2ol
In(RHG() ) "= \é v LR i R(J:)) probably flnl“be.. |

v +1 : V"’>

' B.__Behaviour of C-l(‘f)‘

as discussed in Chapter 2. (
" ImC ¢ (%) — ¥

' V) "'Lool _
ReCy (V) v logw
ey Fpa ,
‘.‘,' IIHC( m. ""-'\-3‘ y "_-_‘* O
ReGlm W ) wlogv V4 420 ‘ ‘
-1 - 1 . NI
BT T
’:.* ».*’? 3 - "..: m
-1 ,
ReG(mA = RGCCm
‘ Re? +Im2' _
vt v o avmt ey
V= "o NCT ‘ |
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C. _MODEL 3 -

ot oLt + RHO

for { 2 1 -RHC dominetes dSV ——t +6v.)

“end £ — 0 (log‘v).‘ + i R@‘;‘}l)

Y e T2

for (=0  C =1 dominates ‘
" so I:i‘um\o(v/logy) +1RQX))
As ¥~ —oORHC domlnatgas for all {

A”:f-‘.‘n,'.g 0 (iogv) .‘+}i:R‘(‘Y§)).

D. _ MODEIS 1 and 2

Models 1 end 2 LHC | -=-> 0 ( ) i.0
Yoy X O& .

.. RHC dominates as = ~=? vﬂ
- s r\." l N .

at -, ‘*(1ogu) ¥ i R(oO)

B R TR S .

- E, MARGINAL SINGUL/RITY £ND PJBE ABSORPTIO'\T

In these mod.els, we see that the amphtude becomes purely real es

' . finite,
YV~ +o3. If we want it to.becomo pureJy 111avlna:c'y, assumn_ng R(w) stays/then
o A -1 ResTt .
since Imt = - IuLl». 11" .fa'l, , end Reh = Re A" / j : and we want quA 0
we need ReA S e 0.
mtr ‘ : ‘
( v ) " comst. real
V err m) : o
(v —\7) e 1 real
0 )__"_\ .6.?1.,. oy -8 s -
= ¥
| ‘n=l.’ YY"
RHC —% 0 (log¥ ).  + 1.R(e0)
¥ o o , A
_«". if follows that ~ Re LHC ~— logv
v — ‘oo

"in order to cancel this: and. further that the. real constant terms cancel out
eash other, so LT =3 1REE).
'l‘hus, if we essume this beheviour, we only need 1 subtraction of our partial '

wave dispersion relation.



_‘ o213
if, we assume Imd ~——p cb'nstaht , Rek —30 jthen Im!x"]f; -m-z’ consta.n'(;, Reﬂ":-]'vﬂ'-"?‘. 0.
Alsy since RHC (f:."l) — 1ng B
then IHC (£°1) w—rp _1qg- (independeﬁt of' [ )
'e.ﬁd Lj.f‘ we take ‘ ImB"1 — _constént h
ImB. = ~—3 \oons{'éant
then it fullows that ‘deB:=~+ 0. c
(note here B™T =j‘f; ALy ) dv | 3& 1 Y.

The condition LHCF"‘) log¥. is not satlsf:.ed by any ‘of our models, 'Whlch all
' glve purely real behav:!.our at :.nflnn.ty Of course » 1:E‘ we are.pursulng a

purelyelastlo modevl, these cons:.deratlons are less Ifel_ew_ré.nt.

MODEL 3 _RESULTS AND. DISGUSSION '

In ing has deflned a similar approxlmatlon 3.n potentiel scattering
“which he cells a "unitarised Born anprox:.mat:.on."'
Since A_l = ]3'_l +K. a pole of B -is not -a pole of A but a zero Qf A. '
A pole of A is obta::_ned by BK +1 =0 a.nd w:Lll ‘be near a pole of B :1.f Kgp is
small w.r.t. ()/—VP) where ‘Sp’ UP are its residue snd position. Ih the ;nulta.-
channel case, 'A“l is the Kﬂl natrix and Dalitz hés defined a partich'.to be a
pole of K not of T. These are not always the same a.nd‘ there is sometimes (9)
N0 nearly qssoon.ated pole of the T matmx. Model 3 is not independent of V o?
unless we take o :
' -1 -1 . v -l
ANw) = £ () s Lc o) - o (v,)]
. : . [+]
: R
If we take
“lpy . =L y . |
A7) = )+ (V=) W T (¥,y)
the second. term varies logarithmically with Vo . . We showed the Model to be

fairly insensitive in the near region. Tebles 6 and 7 - C show Pl — Py
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for ‘R = 5'0*.;1‘/}1 = 1.25 and show reasonsble asgreemont with crossing of real
end imaginary parts. Tebles 7 énd Figures 5 show estinates of effect of {0 in -
chennels 8 , S,, Py, D, D,, ¥, usmg Model 3. We did verious searches with

various types of parametris atien and self consis’cency condition but were unsble

to find any self consistent vealues.

/MODELS .1 end 2 RESULTS AND DISCUSSION

- - . . - . - .aw a.

‘Dh@ faot thet a cut off- dlspers:.on :.n’cegral f‘or c- agreed. with ’che
oxact value of C -1 shows the nearby sn_ngular:.’cy na’cure of the Pl -3 Pl casa,
Fur’cher the close approx:.ma’c:.on ob’camed. by a sn.ngle pole Jus’c:.f:.es the use
of Model 2 in this cag,e,. Such a s:a_tua’c:.bn (:L) affords ar sn.mple parame’crn.sa’cn.on
of the P wgve emplitude and (ll) gives a physn.cal p:.c’cure of a s:.ngle "force
pole", given by the pole of C-]f(v)". ."SveéxJChes’ were attempfed using the same
peremetrisation in the crossed channel, 'u'sing; the exact form of G'"l(v) ,
'exffaotihg the pole term to give the :diréct channel ampli’cude; Thus we heve & . '
bootstrsp celeulation with the same p'ai'anié'ffisation- in both channels, a desir—
able ,oircumstanée', as diséuésevd in Chapter.2. However, w3 were unable to find
any self consistent solutions, .

Model 2 can be used with 2 & function approﬁma’cian in C-l(v) , but
‘this cannot have the same parsmetrisstion in both channels. In more complicated
situations, with several waﬁes, the number.of zeros of ReC on the leff inoreases
. and Model 2 becomes inapplicable in many déﬁées. One can estimete the numbsr of

zeros from ths S funct:.on form

o) of 1Py [1+2(11ﬂ~%[1+2(33~—)] 5 o

Number §f yeros =’ x ', but some of these zeros are at y = =1 or V=
on the far left. |
However, the force pole in the Py -¥Pl case at least, asctually comes

from the zero associated with the singﬁlarity at -\)R -l. This ;ingularify has -
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2 zoro on each side of :L‘c and the one not on ‘che. tu‘c has a much smalla%
gradlen‘b and ‘ch:r.s g:.ves the dominsnt foroce: pole :Ln'-’l»\ In pursul‘c of the force
~ pole idea, one would like each exchanged part:.cle ‘co pmduce one or a set of
force poles. This can happen underu’-*r’caln cond:.‘c:.ons. If the pos:.‘c:.ons of
the narrew resonances in the crossecl" cha.nnel e.re m.dely separa‘ced then ‘che
clv) :f’unc‘c:.on is the sum of ‘chose due to :LndJ v:.dual waves ‘in ‘che crossed channel
and, :L:f' we use o 5 :E‘u.nc‘c:.on approx:.me‘c:.on in C(w) ‘chere “will be a-region near
- VRJ -1 Where the Jjth resonance Wlll dorrlna‘ce due to its smgular:_‘cy. It will

| give two zerus of G(,V), and :1.f' it is like the SR P, case we have lotked at,

1.

one of ‘chese has 2 much smeller grad:.ent than the other and Wlll be the force
pole due to ‘che e\:cchange of ithe J‘ch resonance.-‘ If the resonances are widely
separeted, the contribution ‘co C(\J) from ‘che other waves will be slon]y vary- |
ing in this reg:.on and will merely displace ‘che Zeros sllgh‘cly and he,rcuy al‘cer"
the gradient at ‘che zero, Thus the 1eft ha.nd s:_néula,rl‘cles of A ( ) will
simply be a sum of force poles, poss:.bly.‘c_ne from each e xchanged par‘bicle.
This :f’or.ce-'pole picture does -notl S en ‘cc apply in the more reslistic cases weo. .
looked a‘c; ' f[ndeed, in meny cases, the main s tructure of the left hend dis-
con‘cinuity wes ﬁo‘c associa»‘cedlwith zeros of ReC(v). We showed Mod€ls 1 and 2
to be independen‘c of and ‘ce agree with eeclﬂ‘. other. ,
Table 3 shows a Model 1 amplitude for P, — Pi. Tables 4 and 5 show

Model 2 emplitudes fo}c P, = Pl,'using the continsous G(¥) function and its

%.. function approximation respecfive]y. We see that the axﬁpli'bude p:lr'oduced
agrees well with c.rossing on the near left s Drobably better than the_ other
methods discus'ved in othexr chap‘cers. Comparing Model 2 lefh the ‘Balazs me‘chod‘,
we ob‘ca:.n a verv good fit to C(v) on the near. I].e:f’t by Jus‘c us:.ng the single
pole, i.e. with two parame‘ce"s, compared to ‘che nany parame‘cer fits using the

Balazs me‘bhod. We tried searches but founcl no solub:.ons. We searohed with

the ‘chreshold paresneters (a) :f’:.xed ('b) deduced from G~ (-v) (c) as veriable
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parameters., However it is obvious that resonant solutions can be obteained for
by choosing gi say in the P wave the amplitude can be made to have a zero at VR
say. In the D wave glz, gg allow both position ahd gradient to be chosen
arbitrerily. We cen generate a P wave resonance st the position of the
by choosing g% = 50,35, for /” exchange Model 2, function in crossed chennel,
However the width is then 2—;— x too small. We can generate the fo By choosing
gg = -145.0, gé = 275.0 where we neglect the left hand cut and obtain the
resonance by cancellation of the two threshold terms. We display é resonant
P wave in Table 8 and Figure 6. In the P wave case, this leads to a simple

possible explanation of description of the one paremeter ambiguities "disoovered"

by the contour plots of previous methods.

EXPLANATION (OR PARAMETRISATION) OF ONE PARAMETER AMBIGUITY
BY THRESHOLD POL RESIDUE _

Lssume that P wave does not influence itself very sensitively to VR'

|
i.e. for all VR get ‘L

vaguely \\——/l

Fix S waves, Then varying threshold pole in crossed channel won't affect

v

ReC( P—P) very much as § wave dominates on near left? Varying it in direct
channel waries VR strongly but with correlated rVR‘ If the terms other than

threshold give a negative inereasing function f(v), whichvie take to be

N 7
\\\_ “/v independent of (F))R, UR),

\\\

\\w

w0

P | fixed
— - '{(V )

and the “threshold tern gives &, . Then Vo is such that a = -£( k*h)

-1 v )/R
YTvg X Ret™  (vy)
/
= T (VR) -
) g2

/
= f (VR) + ;:l_-,_ f(VR)
VR
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In the caso of a Model 2 amplitude, with force pole residue relatively

insensitive to (FV B VR)
.1;-1(V) = R - S ‘.F &
R v
AV )= 0 = J
R/ = = g;*"ﬁ*':" + (1)
R “Vp VR
-1 !
"_:_L__. = L (VR) R S & ( )
V —
rvg (g -V (vg)
parametrised by a
&= ~gV
(R =7y

He = B + (erg) 1
" VR )J —-V) (VR-VP) (yR)Z

" T [ -t (Ve ]

. 2
e Vpe (vp = V)

L R e i ot

- 8- VP |

Thus if we vary the threshold pole in the crossed and direct channels, we can
maintein self consistency provided PVR and VI.{ are related by the above
relation. Thus, a the threshold residue,provides a paranetrisation of the
arbitrariness in determination of |7NR and VR. We cen also deal with a one
parameter ambiguity by choosing \-‘o = VR sn? Re.l'l-l( Mo) =0,

Turning our attention to the requirement of a resonant P wave, we took
a cereful look &t C“:L and its contributions from various waves in the crossed
channel, The effects of the P wave was always small and the main structure cams
from the zero of ReC which was supplied mainly by the P wave and the small
imapinary part supplied by the S wave. The values of ImCNl for three different
choices of S waves are given in Table 9 and Figure 4. We see that ImG~
very sensitive to the S waves although f _I__r_n_(}_:ig;)_dv'is not so sensitive.

v -y
Furtiher a change in sign of the total B 1 can be effected by variation of the
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0,000
0.000
0,000
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0,000

0.000
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©20.901 114.056 0.800
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=17.941 55.864 1.800
=17.501. 51.209 2,000
‘216.551 42.829 2.200
=15¢770. 37.246 30”00
.-15.1171 3%.252 S3¢200
'14-563‘ 300260 4.000
©14,087| 27.932 4.500
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=12.704 22.202 6490
=12.448 21.282 7.00¢(:
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'“120009‘ 19.785 . 80001
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S waves, Thus physically the force is determined in magnitude principally by

the P wave exchange, and in sign by the S waves; one might picture exchanged
resonating P wave particles ip an atmosphere of S waves causing their effeot to
be completely sltered in sign. In practice, it was found very difficult for
sensible § waves to get a repulsive force, however it was also difficult to get
8 very strong attractive force and a resonance could not be obtained except by

choosing the threshold residues appropriately.

FURTHER DISGUSSION
Effect smail, putting Oades inelasticity function with parameters at
his values, the right hand cut term became more negative, see Table 2, tending

towards the production of a resonance, but not by a large amount numerically.

LN LTTEMPT TO MEET MARGINAL SINGULARITY IN
1N INVERSE_/MPLITUDE MODEL

One might try a model in which the near singularities are given by
crossing and the far ones by the condition of pure absorption and marginal
singularity.

Thus we take

O y_%_go)]i(v,%)a.‘l( V) o« 1)
+ L (v ,A{’)
whero ‘ (v-v )"]L me”H() v
v,y = Oj , / + FL(Y,V)
x Jy (v=v) (V=x)

now all we know about FL ( V, 0) is that it is cut [‘A, ~ o) end must

-%‘ C. logv , C independent of \/o. There are many functions satisfying
Y =370
these conditions, but one might choose the simplest, viz.

[206 (v-4) ~ 1og (v, =A)]
One can also teke (Vv =y ). I (N-¥%, V)

R ]

Al
This defines a purely absorptive model, but of course the far left hand term

is
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is large and unknovmn, one caen add any term cut[l\ , =00 ) end —= 1 to it.

V =300
Ls it happens a term - log (V + 9) has value, at ¥ = +5, of = log( 14) = =2.3

which would tend to produce 2 resunance in the P wave,

THE CASE FOR THE PHYSICAL SIGNIFICLNCE OF THE LEFT
HAND CUT OF THE INVERSE SMPLITUDE

For an exponential potential, the left hand cut is replaced by poles.
If the potential is repulsive, the residues of neighbouring poles have the
seme sign; if attractive, opposite signs. Hence the singularities of the

inverse amplitude in this case are as follows:-

Reh, Tnk ot

L

strongly
repulsive

weakly
’ ‘ ’ repulsive

\\ / weakly
A |

| attractive

\ / ' strongly
i , ' attractive
T | —

Thus, in the strongly repulsive oase, there are no left hand singularities in

e

o

tho inverse amplitude, and when there is attrgction there are'singulari'ties-
However, this is a very naive argument, since 'we disregard the irrelevance of

potential theory and the inapplicability of the concepts of overall attractive

or overall repulsive interaction,
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Finzlly notice thet, in some sense, wheroas unitarity exerts sone

restriction upon Iml, it has not so direct a constraint on Imﬂfl' Of course,
ImL~l is no longer e sum of contributions from partial weves in the crossed
channel, but in this highly nonlinear problem, this is not necessarily wrong in
principle. However, it does neke it more difficult to use a partial wave

expansion in the crossed channel.

ATTEMPS TO SOLVE INVERSE AMPLITUDE DISPERSION
RELATIONS ANALYTICALLY

If we are given ImA ™~ on the left and the threshold residues, the whole
amplitude follows immediately. If on the other hand we are given ImA on the
left end the threshold residues, is it possible to obtain the ampditude using
an inverse amplitude dispersion relation?

Woll 5 ) s T ) o+ T ()
where I, the right hand cut contribution end T, the threshold contribution arc
known functions.

Then consider the function

£(v) = BHY) = U+ iv
it is real analytic reel in (-1, +o0] , cut [ -1, - o]
Im.ﬁ = o v
L(I +7) + U] 2 P
50 u? 4 V2 4 . (I +T) +(x +vT)2
= =Y
Tmh

e £( ) satisfies a non-linear condition on its boundary, of the type

s V2P 4av £+ b = 0
functions satisfying the seme conditions as f except that they obey a linear
relation, with given coefficients, on the boundary considered can be found by

standerd methods (this is the Rieman-Hilbert problem (lﬁ)ﬁ However, non-linear

problems seem to be intractable.



521
INVERSE AMPLITUDE WITH COMPIEX £

Looking at Model 3, we have

00 =37+ WL 1 (v,

The right hand cut is independent of £ in the elastic case.
B ;l(v) = 1.
4 . (20'). Bt . B, [1 + 2(3;;)}.13 [1 + 27 +1)J
vV I 4 VRl ¢ _%.._

Thus the amplitude has a continuation in § (and ¢’ ). Now Q3 is meroxorphic.

with poles at the negative integers for all velues of its argument. Regge

poles will scour for those velues of (4 ,v) for which it (v) is zero.

GIIBERT DISFERSION RELATIONS

It is possible to write Gilbert dispersion relations for the inverse

amplitude o0 —
-1 _ Jv+1J av' ANV
©e8e Reb 7(v) = Ko Cwed) (vi=v)
-1 -1 !
vy -1 + vl Ret (V) av
p _Oo(v'-'v)- w1

THE PROBLEM OF ZEROS IN THE COMPLEX PLLNE

As we have alrcady discussed, there may be zeros in the complex plane
for the amplitudes in our models and for the exact (unknown) emplitudes.

We obtain expressions for the real and imaginary parts at a complex
point (VR , yI) by substituting .

Vo o=V_ 4+ iV

R I

then 1 = 1 = (v=wg) + iV
vy v y=-vg-iyvs Y 2
(v=wp)® + Vg
VoY, = (Vg -V,) + iV

PO =1) (=) —VIQS+iVI(v'-VO)"
[ (v-vp? 4 vi® ]
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In ¢ (V=V,) K mt ) ar
? JET ) © -u)'i
= Vi o o- IDL—'IL_')_. at
o S Lo =vp? +v ]

We see that, f or a zero, Im.[.-1( ') must at least change sign in the region of

integretion. Hence for en elastic amplitude with no left hand ocut there are mw
zeros in the plane. For o Model 2 elastic amplitude with one pole whose resid
has the seane sign as Im[:"l on the physical out, agein there will be no zeros,
In nore complicated cases, the integrals will have to be done numerically.
Criteria of this type have been used by Moffat and by Chew and Mandelsten.
One cen search for zeros in the conplex plane by ninimising L(Real pars
+ (Inaginery p.e:r't)2 ].
COMPLRISON
Vie can view all the celculations in Chapters 3, 4, 5 and 6 as stemning
from the projection of a2 fixed s dispersion relation into the s channel., In
the author's opinion, of these the only ones likely to sucoceed are
(i) the marginally singuler B(N) solved by Urctsky N/D, mentioncd
in Chaptor 1;
(ii) +the nearby singularity celculations for the inverse amplitude in
Chapter 6. The difficulty here is in the estimetion of the

threshold pole residues from crossing or self consistency.



CHAPTER 7

"FURTHER THEORLTICAL IDEAS"

In this chapter, we consider three ideas relating to the solution of
MR +¢ for thef[ Tl system. We have not done any numerical work on these
ideas.
1. The Projection of the fixed s dispersion relation into the  chamnel, to
give an expression for B (/) in the low cnergy physical region, in terms of
physical region amplitudes in the crosscd cehannel, and without using
uniformity.
2. "Consistency checks". A consistency constraint on the simulbtaneous
confirmation from the ¥ and v chenncls to the same region,
3. The trensformation of variables, from (s,t) to cwvilinear coordinatns,
enabling a femily of single dispersion rolations to be writton, covering
the cntire s-, t- and u- physical rugions, but avoiding the double spectral
regionse  This leads to the idea of a physical region dynamical scheme.

FROJECTION OF THY FIXED s DISPERSION R¥LATION INTO THE & CHANNLL.

This is a fircd momentum transfer dispersion relation and may be thought
of as a fixed t rclation as opposcd to the proevious fixed encrgy treatment
in Chapter 2 which is f'ed s, however we arc here going te use again a fixed
58 dispersion rclation but use the £ channel as the physical channel we are
considering.
Starting from <o . T

I , L), |- [y o (0

A (s, tv) ”B Ay (st ) S

£y -t -u )
possibly subtracted

Vv

L= 9\, >
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we first ro-express thesc cquations as relations between A (s, t, n) the
amplitudes for isospin eigenchanncls in the t channel. Labelling them s

and t for emphasis,

but T
> $1 v L
é /DLIH 2[51'1_'/_\ s
T:=2

If we take thest combinations of cquetions (i), the absorptive parts combine

as follows . _ '

ﬁ' L\'“I _ 41
”2_ (11 v 7 AJ{
4 =5
z 1 < 2 - 4+ TN
PR L SN -~
I~ (_‘ A = (5 ' - \\
;aﬁ)‘f ) Tt 2 II( 2 “II"Qt
I b I :l/
2 !
_ - , {_ ‘ Q]
=g é AN
L i ‘- -
—I_ -0 I 1 _t
where ( 2. 1
/7 . _ ) F’_,_ —~ i
g = 2 ?1'1(‘ L=
- 1T -0 ’ ”
_ (_ \SI+ 2
Hence: , 41 ! P2 T"
- < / N {l S é 2
A (s,iu\-—hgat.[%’(ﬂ N '[I + (s, )
L - JL - —% . U
n
possibly subtracte.d. ( )
Making the asymptotic possible for A \ (‘—'—E'> s that
T (54" L)
)ql: ’ o 't T ( 18 3
% / Ly %
where KQ_ K 1! (g/\ L1 for S ~ O
wc nced ont subtraction at some point to, at which point B =5 =4 -5 - ¢ ,

giving
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AT (s tV) = A7 (5t v
ro{r-v) S“ AL {AL_ AV, s o ;c(s'\
T + @L{J y -t 173 L
We can now projuot this cquation into partial ca es in the t channel, (\«

1! A4

AL (t) -~-‘:L SVL(MQ)L(QSU ) A (5*0\

! -\ {

oy & - |+ 2%
I!{\ £ - .y |
* SR S ; P ] 1
T (O O (T ¢
¢ -t -4
! a2 ! ! .
Y T N TP DRI
k 4 - . 4 .t

the intcgration is at constant t and runs along a linc of oonstant &

1
L

N
between the lines ¢os@ = 1 which bordcr the t physical rcgion. S
! . .
is the running coordinate and B =L - t = s ., scc Fig. A, Applying
this to (iv) and taking to, thc subtraction point in the fixed s dispercion

rclation, as the same for all s, we obtaln <o

AQ’X(‘C)—HLJGQ"”{*\S a\‘tl %

Jc't

FQ\.\ +t%1 ' ‘, Lg *) + 1 @ l’& (Q ’C)l

L=
The imaginary part is glVLn by

1/
Tw Ak ) = &

+_‘t

Vs (o

xu
U'}
. |

Refcrring to the figure, (1) - the fixed s dispersion
relation runs along CD and EF giving the value at some point P as an
integral over the absorptive parts albng CD and EF from the b and o

channels respectively.,  Such a relation can be written for all points on



Fig, 7=1. Mandelstem diagren for projection of

fixed s dispersion relation into + channel.
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the scgment AB, a linc of constant t, and by intcrgrating along AB weighted
by a Legendre polynomial we obtain the partial wave amplitude at .

The real and imaginary paris of (vi) should bc re¢lated by the unitary

condition

1:\\ .. t) = /;—:———T y v !
4 v

One can now take to =2 4 giving

Ty o nifey ot (4 g ’
AQ = "\'t (a - j As j Sé'f..._. ‘ i 1 S (i )
Ny ~ud

g b ;
and use the. fact that

O T S Y

Y

. . e - fN
at bcing tht s wave scatbiering lbngfgﬂa Lk

For to = 4, the at’ integral apprars to diverge at its lower limit,

however L
; oy A (L Z
AS (s £ 5b 4 (e -u)
e / \ ) ! ( ')
. . \ _ \ \ iy D !
since /-\.J (Si o ?‘ (240 Tuang (89 & ‘U . l -
.L'7 - s

LRt
A

A ¢ach tecrm —_— Ck - )

—

A
Henee the inbtegral converges, however AQ“ (t) apprars to have a discon-

tinvous first dcrivative, One hop:s this is not a real eff'ect and will be
cancclled by somebhing « lse, once the cguations arc independent of to and Qt

AQ(to) should be confiinuous up uU the QQ derivative at to = !

=L,
in f'act Rc A[ (* \ 4 ({ - 4\
‘t:) -7
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To estimate A\}/{_}: '), onc can use the partial wave scrics (yi) provid:d
3> =30 , which rcstricts its uscfulness in (ix) to $/¢ 365 i.c. v'( 8.
Refcrring to the figure, in order to obtain the partial wave ampliftud
for the valuc of t at P, we nucd valucs for the whole of AB. For the valu-
of ¥ at Q@ wc¢ nced values for whole of I, In the latter casc on¢ nocds
for example the valuc at T and hence the values of' the absorptive pary a’c
kS, some of which lies in thr double spechral roegion. Thus when using a
partial wave serics rstimate f'or tht absorptive part, onc 1s restrictcd ‘o
values of t below the line JK, which has & = 36 0 v = 8.
However, note that fQ ( ’Z)

is ¢ithor cven or oda

i
' L - - '
Lo N = 3 g F(=). A (V,2) de
A
Now , A if I = 1 only contalns odd waves
1 ! . .
AT (\)) 2.3 is odd in Z.

P\Q(«‘)‘} = O ‘l‘w L caen

- &H A A, )

-1\
-1 + | }
AQ (\)‘) = & (C_(l) [’\(\Jal)
for 1 - O, 2 only even waves
1

' 1, - X \/i \
.. B oY) = & y U—X ”( E3R
'y L Q b
o
Apart {rom providing 2 con~istuncy constraint, this cnables us to obtain

AN
P’i (v J  for higher values of {,  For, w. can now go to that value of *

such that the fixed s dispersion relation passing through 2 =:O, Just Lo’
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the double spictral region. 3

Substltu'tlng (x1) ..nto (ix),
At (£) - Pl (a) s 7}&
g -~

-L ‘ — U
intcrchanging orders of $uwsqfiow and integration, the first term gives
SO

oo
S &y ~ TR NICRR 25 ]
4_2¢.+~)-~-S<it-~mo J \+ 1 [\4
U=o Ty TREOER g PQL b
vt
and the sceond term gives w
60 E \ A ( l‘)‘
'é AL'\'\\ i (T"L -TJ-; S & w Q + &ds (ll_ (_‘ + l ¢ L\‘\—:{__—qi(
Uzo s St L‘—(L\-s -*t>:(
where we leave isolated the part that could be donc analytically.
Henee oo ac .
AT =2 5 (ag ca) ) ML T t*) 58
Q. L\: d«(t'
3 £\ £ (
**2_6‘»\ 5 Y&
T, Tt *"H\\\)
4 at, B(La
|
— )
where | Tz la a2 | W
b o+) = - . '\Q_\ \-\4 . & J‘[ T N
XQ)Q_( ) ‘L\~+' L Qr PO 4 -d
¢ N R A TR 2
‘Q:Lk)t 1jc r - & as . L L\ Jr_\;,_\l &' ‘)Q L\ *;.:—._\_‘k — (\{‘- .

‘\""L (ﬁ"‘\/ ;
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One can now postulate cquations (viii), (xii), (ziii) as a basis for a
dynamical caloulation,
DISCUSSION

The wain advantag:. of tht method is thab we do not need to know the
asyuptotic bchaviour in the double spuctral region,

The integrals 1ie in the physical regions {'or the t and n channcls,
and we can makc reasonable asymptotic assumption:s hcre like /)&_(S/T"S -7
constant or bctter, _{, > oo S 4o
However, using a partial wave scrics onc cannob calculatLQ\epAQ(k\ for t=7"
so that the mcthod is not comple te in this casc; in the scnse that not all
the input material can be cowpared with and de tcrminced by the o;tput
matsrial. One can assumc that the ImAQ(t)ﬁ>constant smoothly. The

{
integral is damped by the denominators (1 -a) Lk‘— £

One might hope to gt thaf’mason ab :V'= 6, t = 28, but possibly not the
{o me.son ab rv'= 12, t = B0. On thc other hand, the method ncither usere
determines the values of bhe partial wave amplitudes on the left i.e. for
t{ 4. This is an erample of how the Mande Lstain re presentation can give
relations befween limited parts of the complcte deseription.

Crossing is well reprisented.  The n channel cxplicitly appears and
the cquations express the relation botween crosscd channcls as given by the
Mandclstem representations i.c. analytical corrcctedness. We get automati-
cally the sam¢ amplitude and same parsmetrisation in all (three) channe ls
and uniformity in all thrce channels.

The main drawbacks arc , first the @if'ficulty in deternining bhe
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amplitude for large ! alrcady mentioncd. Sccond, the orpericnce of the

Oades variational method ifnlicates that the coniribution from the t channcl
absorpbive part to the amplitude in the t channel phys.cal region may be
much larger tnan the contribution from the ¥ channcl, This would lcad %o
poor determination of the paramcters and fo sunsitivity to cholce of para-
muhisation,

Thirdiy, thcre may be sensitivity to crrors in continuation off the
physical region.

The equations can bc uscd to determine  waves., The constants &
may or may not b¢ arbitrary, if arbitrary they can be put in from other
analyscs {rom which thiy arc accuratbely determin d, if not arbitrary they
can be dotermined by self consisiency.  Onc can tell whedhier or not they
arc erbitrary by frying the letter and scoing how well dot: rmincd they arc

The: method is only applicable in its partial wave serics from to
process with doublu spectral vcgions suff'iciently set back to draw lipr-
like ¥D through. The method can be considercd to be an citension of
trieatments using just the forwerd dispersion relstion, which is a f'ixed s
dispersion rclation with s = o.

|
Increasing the number of turms in the Q sumation should improve the

method, and the {ormulac convtrge satisfactorily as Q\ —> T

The method will not $ake much computing time.  Sinece the X and Y
functions can be ¢valuatid analytically and cxpressed in terms of elementar)
functions, on. hes simply to ¢valuate two numerical intcgrals poer partial
wave poi sclf consistoncy point tL

The first term only is singular for & > L,, i% is out from t =4 —? <
and has the corrcet imaginary part T -

z |
fee) = -——3’{’ (20" +1) Tonpy . S(* - R

'gd, dg PQL‘ «4,-] 3 i” ]
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The sceoond term appoars to be singular fromn = 4 —5 =0

The denominator is -
I-(h-s/-t)
vanishes when £ = L -t -8’
when s/= L -t t’:o g'f LL}.)OO].
when s =o ) t/=!+-t
and for t > 4 b ¢ (o, ee]

Thus the sccond term is actually cut in ¢t for t = 0 — -co. i.c,

v '-_ - 1> - co, Of oourse, the cxpression for A Q (’\") is not contin-
uablc to & < L sincc the partial wave scrics has not been proved to con-
verge therc, and in fact probably diverges., The above analytic structure
holds cven if the partial wave serics is truncated,

Thus, using fixcd s dispersion rclations, from a knowledge of

iT_MAQ@')j fL‘——o] L2o. - -

onc can obtain T owe Lo, 00] )
(1) In Ag(t) 1=0,1,2....
t in[o0, - 32]
(2) Rc Ae(t) t in [l’-, - 32} actually a complex rcgion including
this ,
(3) Re A,(t)  tin]L, 68 ] . "
This is illustratcd on the diagrams
A (s, t) known oomplctcly gu.on'
/ = - 32
— \ /_ =« 32
=4 = 8§ =- 1]
= 68 7 4
S/
oy 7y

/ //ﬁi\




4 (%) known complctely in

At(s,t) known in this rigions~

/

)

using {ixcd s dispcrsion relations only.
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Unfortunatcly, for a closcd dynamical schcm¢ on¢ neuds

Re 4)(t) for t in[ 4, o]
If onc had this, thcn onc would have an cxact sct of cquations for A(s,t)
in thc physical rcgion without nucding a knoﬁlcdgc of thc doublc specctral

function.

A(s,t) is also known in thc d@iffraction strips using fixed s dispersion
relations

One. also has consistency checks, scc Scotion 2.
Onc can writc down various "modcls":
l, P-WAVE DOMINANT EQUATIONS
A£(€)= 1 NTMA{(V)"'*’Jr (' 1), (3 [ JWA(:(U).
: 7

Al T -t
f ds’. &’[) J[z[‘_+ls]

€ Ef’—(u-*'*)]

comparc C-} P dominant, n no cut-off offer

/

® ST YL R
R () = L () ¢ [ A" Tun A (8 | P{,LHE]Q‘%{

P
T

w' -4

intcrchanging intogrations (scc Chapter 5):

-~33
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2, FUNCTION APFROXIMATTION

b ;- .
Blv = (W), (1 Fm[ a ol Z ORI A
)

{ {-(L»q.

£

-t Ls'—{u-te-t))

—_ ~ /(Jef') ("’ _"“')
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i
—
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b
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52
~
—
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™
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3. COMPLYXX 1,

APPLICATION TO OTHER PROCESSES

The appliocation to other prooetsses is less likely to succced becausc

the double spcctral regions are comparatively nearer in,  General Mandelsten

diagrams have been given by Kibble.
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Physical regions

as;'mptotic to. = 0, S = 0, t =o0
WSty ~ pole terms, if any

s "'.e ~ nasses of lowest two

s 't 2
a a
particle intermediate states.

b pm*
// .
St

For J{ p, there arc no intermediate states with lower mass. There is a pole
term p, For 7\4M~ ~>» P p, there isT N intormediate state, hence cut
lower than threshold. What matters for our eyvations is the location of line
just touching the double spectral regions., Given A — p ~> K - p in the
strip, one can obtein the low energy force function forM 47\~ ~3 p 5 etc,
DYNAMICAL CALCULATIONS
Given B(V) in low energy mgion only one can define verious approximate
solutions for A(v).
(1) unitarity variational method. A possible procedure using a veriational
method is as follows: |

(a2) Choose trial functions, %Imﬁl(é)'& , With parameters é ajlz , for a
finite set of waves, supposed to dominate., It would be best if they were

autonatically consistent wityr unitarity

ev5.  Im(t') § Ll 2ll t' and all values of other parans.
' - L

(b) Using (xii) and (xiii), calculate ReAl(t) , for all the chosen waves.

(¢) Calculatc the discrepancy fron unitarity
2 2 . -~
A = Rely(9)° 4 Tam(9)® - [ E L s (y) t=¢;
T,
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on & set of points ti in ['O, 36] )
(2) Vary the peremeters § ajl} , to minimise

XF = A

Depending on how low a value ofj&z was obtained and how well detcrmincd

the 331:3 werc, one would then have a variational solution to tho problen.

-

(2) Uretsky N/D. To suppross high cnergios, one nust cut off, possibly

af'ter msking sone subtractions

A
Ny) = B(Y) + _1_[ BOO) 2 B0 w1 e,
A T~ Jo
D) = J f(v') . N(y') av!

vt =Y

To include diffrection peak in crossed channcl

1.7 (21t 41) . dt! Pt {1 w2st 1o (ar)
1! 4-45 11 1
= 1'-4
Py L1+ zsm ”]
= 4
[ s -(4-t'-t)_'|
For high t', put in an explicit exponential po-’

[0} -

as! aste Pof1+ 28 1. £%s', t
L-t 1} t-h'} 5 (51 )
A [s' - (-t -t)]

ﬁtI(S” £') ~ b, exp.(_as').

0.K. to truncate for low t!.

x
Tt

f o] go
change L - % to ¥
being width of diff. peak.

So we have 4 parameters A, 7(, b, a. For high encrgy contribution. Notc

that because of fixed width 7(, the esymptotic behaviour as t = +00 , is

smaller by fact or ;t‘)but asymptotic behaviours are irrelevant anywey.
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COMPARISON WITH METHODS BASED ON PROJECTION INTO THE S CHANNEL

The projection of fixed dispersion relations into the t channel gives a
different class of calculations entirely, f rom the calculations in Chapters
3, 4, 5 and 6. The equations are not the same as the Shirkov equations (sce
Chapter 1) being convergent in a much larger region, We remark that statement
like "the dominant force for the P1 wave comes from the P1 wave in the crossed
channel" depend upon the approximation scheme used, and it is conceivable that
waves importent in proégction into the s channel oould be unimportant in
projection into the t chennel, and vice-versa, even though each calculation
converged to the same solution.

CONSISTENCY CHECKS

~

The sbsorptive parts in thé t and u channels arc related by crossing synnetry.

Each can be expressed as a pertial wave seriés in ité own physical region. Now
these expansions are convergent out to the double spectrel region and there is
thus (see diagram) a region in which beth converge, this is (t‘} Ly «> 4 ;
fgtu = 0). Over this rcgion, the two e xpansions must agree and this brovidos

e consistency constraint upon the absorptive parts. The two expansions nust
"dovetail" together. This is a generalisation of the symmetry point ideas of
Chew and Hondelstam. The requirement is non-triviel since the t, say, veriatio
in one expansion is the anguler variable and)in the other expansion the energy
variable. Thus we get a correlation of energy end angle in the low enecrgy
region. In order to use the requirement, we truncate the two series and

estimate over what rebion,wu cxpect the truncated series to be a good



3

epproximationi Thenvwe demand |
L 2 I&
L Co .
$7 (21 + 1) maTy(6). By [1 +:_,2§_.,_] =57(21 1) 2] /?;IeImAla (L)
1 =0 tely 11=0 I'=o .
Py, [1 + _g_gmj
U=l
I=0,1,2 |

over the region. This could be achieved numerically cither (i) by using trial
functions for the ImAl and verying pareameters to m:i.n:‘.m:i.:zaex2 over the region or
(ii) by using a mesh of values of Inh, and verying them %o ninimise X 2.

To got an idea of the mechanism, wtz‘.consider the oase of P wave dominance

Even in this simple ease, we get a Aiffibilt functional equation to solve
enalytieally
Ir.ll-'L,}(l;. -3=u) =(311’. ImA1(u). Pj {1 + 28 l

pdp
P‘I[ 14 2s l

-5

4

The equetion cannot be satisfiod over a whole region but we cen take it on &

line., Suppose we tako tho line u = 8, dofing z = = =4, then

- o1 . 2k
Ink,(z) = (311f. Ink((8). (<1 AL
- {'zm-p 12
z =L
= 1. ImA1(8). (L+22y , (2 -:,12
7 +
This has a vaguely rising form ImA;l(z)
with & zoro at threshold., Note /"—
Sz-h)not(z-lp)52as \ /
requi_rygd by uniterity. ~3—% ;z

One tould deduce from this that a P, wave resonance in the u channel would de-
nend a rising Py weve in the s channol, however a detailed caleulation nust be
done to produce a relinble prediction,
TRANSFORMATION OF VARIABIES

&n attempt to exbtend the stope of fixed s relations. The divergenove of
both forms, obiained from the fixed s dispersion reletion, sof or discussed, is

due to the netessity for velues of the amplitudo in the double speetral regions



where the partial wave series diverges. We attempt to circumvent this
difficulty by chenging varisbless A fixed s dispersion relation is obtained
by viewing A(s, t) as a function of t, whilst s remains fixed. Can one define

new variables X
¥y

x(s, t)
¥(s, t)

and considerA(s(x,y), t(sx,¥)) as a function of x with y fixed, so as to give

I

more useful cquations? One might be gble to arraenge the curve ¥y = constant to
avoid the double spectral region but penetrate the physical regions. Of course
one needs A(x) to satisfy a dispersion relation in @ and this limits one's
choice of transformation. TFor example, orthogonal coordinates

s +t -4 d cos hx cos ¥y

s -1

d sin hx sin y

with x closely related to arc length and y a label for the family give curves
N
~L> x7><,2‘1\ /
GRS 4
;E‘\ 5 &

7
14
/ \\
which c an be constrained to go througﬂ\(s >t, t=0) and (s =0, t =4 by

.’—T——__—-_‘ f
= + l;.Jsec y - coseczy .

However, the extra kinematic singularities generated by this transformation
nay meke it difficult to use. Fixed angle dispersion relations are élong

curves of constant =z

z -
(S = k)
for qrqr are cortainly straight lines. for A N,

t = -202(1- z)

q2= ;11: is-Z(Mz +/u.,2) + (ﬁ%g“g)z(

)

[s - 2(1° +/f) + (2 _L‘;’zzz-\

I
| =
4
INY IS
L ]
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25%
= 1 + e

[ % - 25(1° +/u2) + (% —/2)21

clearly a curve (which bounds physicel region for z = ¥ 1, see diegrem in
o
section 1), Hence, for fixed engle dispersion relations (3), we heve ourves in

the (s, t) plene, We shall use [2]Mandelstmn diagran (Fig. 2)

Now,
(s t.1) = AT S LU Y s L/f
L(s, t,u) ggc(st_s) (‘b'-‘b) f(s:t)

v

has singularities for complex s real t l t
complex t real s
roel s real t
but not complex s complex t
For z real
z=1 + _ 2t
8 - L4
then if t is complex so is s. Hence no singularities. Coinot heve one
complex without the other. Hence only singularities ere to be found in the
real (s,t) plane.
Suppose we choose to fix some other variable
2 L2
X = as -+ bst +ect” + dt 4+ es 4+ f
Then fix x real. Then singularities will occur for s and t real and not for

s end t complex. However for s complex, it megy be possible that t is real,
for certain choicos of s, giving singularities as a function of so with x fixed
In general, there will exist some complex points of s for which this is true.
For fix x real and fix + reel in its spectral region. Then s must be the
solution of

8s” + s(bt +e) + (c‘b2 +dt +f=-x) = O.
which will sometimes be recel, if

('b‘b+e)2—24.e.(c‘b2+d‘b + T = %) >0

and sonmetimes complgx if < 0.



Figse 7 = 2.

Mondolsten diagram in ordinary (s, t) coordinates.
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Hence for these values of s and t there will be singularities, giving complex

cuts in the s plane, \
§ ©

—

4
{

What we want is that for this fixed x, then L(s, t) have simple analytic
properties as o function of so, so a dispersion relation can be written.
Note thet for a = o it is always true, i.e. For rcal s and real t there will b
singularities, for real and complex t there will be complex's end real t
there cannot be singularities provided b and c are real. .Complex s complex t
none. Hence all cuts on rcal axis of s plane.

Fix x real and s rcal, then t is the solution of a quadretic

¢ > + (bs +d) t + (es *f-x) = 0

and is either real or complex:

resl if (bs +d)% = c.(es + £ = x) » 0
Hence )reall:y' we went t. to be either real or complex and inside Lehman ellipse
for this partioular value of s. If this is a line on the (s,t) diagram then
there iz a real t satisfying the equeticn. We have already ensured cuts only
on real s axis by meking a = o. Hence by ensuring that it is quadratic relatio
so that a1l (both in this case) values of t are’ either both real or both comple
and by ensuring that

X = bst +c'b2+dt +es + 7

is a curve in the (s,t) plane we have ensured that for each real s there are
only real values of t satisfying this equation, Further, the imeginary part is

Just given by its valuc on the diagram. This is thus the most general curve fo
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which this can be donc.

Further requirement is of course that we remain off the double spectra’
region. With a 2 term we have a double valued function of s leading presunab”
to +two sheets, s channel on sheet 1, t channel on sheet 2. We can ensurc the*
t is real for s real, giving discontinuities from physical region values, and
also meke s single valued on the curve x = const, by dropping the t2 term.

Thus we ".are lead to the iyperbolee (s - &). (£t = b) = c2.
Dropping the t2 term neans that we have curves asymptotic to s = const. or t =

const., we now have D S l

\
P
!
\
A '

These curves lie entirely in physical regions. L{s a function of s, with x

fixed, L(s,t) is analybic in a cut plane outs [o, —et], | L,00]

& P BG 0 b D

It is real in [0,4 ], (s,t) being in the central triangle and the dis-
contiﬁuity on the cuts is twice the imaginary part. The imaginary part is -
the Im/(s,t) in the physicel region and cen be represented by the approprisi.
partial wave serics., The problen remaining is the nature of the behaviour &
B and C. . Now, as s approaches B from below the point (s,t) in the (s,t)
plane moves off to t = =00 and remerges at t = +00 . Ls it does so, Im’

certainly has 2 continmuous valuo by the Phragmen-Lindel®f theorem (sec Ch. .



i
but its higher derivatives may be discontinuous., Jlso if we look at the phase

of (s - a), for 02 real, we always have phase of (t - b) = - phase (s - a).

(4 )2 11 Na
y | l A

so, referring to the diagram, as (s - a) noves across its real axis on eithe:
side of zero, (t - b) moves the opposite wey. This should not invalidate a

dispersion relation in s, of the forn
o

(9]
4(s) = ;l.j‘ Inf(s!) ds? + 1 Imi(s') ds!
/AN st -5 -

st = 5
e oo

We now have a family of hyperbolae with 3 parameters a, b, c and can make a

curve go through any point in the plane.
Cean we define family
(s =a). (t-2a) = o?
which covers entire physical region and avoids the double spectral region?

(1) Suppose we want it to go through s = o, t =4 and t = 0, 5 =4

then =~ a . (4~2a) = o?
a2 - La - c2 -0 2 solutions \
we teke the smaller a ~ — }‘}__
a=k +—-ém \1 \
= 2% JZT? N
i.e., take a=2-m : \

Then different velues of c2 define the femily., Cean we span physical region?

as g~} o0, c —» o©
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(s=2) (t-2) = c?
gradient at t = o

(s = a) = c?

mrsx sy

t =-a

dS = -C = - C = - C

3% F=a2 |t=o0 [ED): a2

for = =1 neod ? = o2

but a=2 - 4 + oz

clearly ¢ and 2 ~3 00

The u branch retreats to infinity and the s, t branch lies along u = o.

Thus the fanily

(s = a) (t—a):czz e=2- L +o°
is a one peremeter family, exactly covering once all the physical regions.
Every member through s =4, t+ = 0 and s = 0, t = 4 and the central A , which

is covered once ' 4

s b par't
\\ \’
u=20

——— e e

u pa}t\\\
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PROJECTION INTO PLRTILL T:LVES

“Suppose now we wish to project out the pertiel weve emplitude in the t chammel

Thon Ak, ¢3) = 1 [Im[x(t’cz) at! N
L - %
R(c”)
The value of z is 1 + 2s 7 % tonst
+ - 1+ \.,\\\‘
[ o ] _— = e —
cC.__ +2
z = 1 +2 T |
t -4
We can neke z replece ¢ es the varisble
now by solving w.r.t. %
2

: o 3
(z -1). ('b}—- L)Y = 2 '[‘b_:-e. + a
will heve two roots for t. Tcke the one Y 4. Now we want to integrate

2 . . - 2 .
Werete 2z ot constent t,so ¢” will very, hence we mws t eliminate ¢ in

favour of z lecving.

f Imi(t', z) at!

M, 2) = o

j

43

1

Ly(%) = % p(s) . L(t, ) ds.

Thus we obtein ‘[‘l(t) ;.111 the entire physicel region expressed in terms of

integrels over the three physicel regions. From the point of view of dynamics

the mein thing wo went is Bl(‘b) in terms of integrals over the two orossed

regions (s end u chamels). From this we could solve for hy(t) using uniterit

Howover, the 3 physicel rogions ell contributo to each other in a form not

easily sepereblo into left hend cut end right hend cut. 4 dynamicel

celculation besed on the equetions would have to be an overall mesh scheme.

NOTE TWO' CORRESPONDENCES BETWEEN HYFERBOLLE ALND EXFERIMENT

(1) beheviour as t —3 0 becomes s independent.

(2) es one branch retreats to wide engle asymptotic rogion, it becomes
uninportent.

THE IDEL OF /. PHYSIC.L REGION DYNIMICALL SCHEME

Thus using the hyperbolic and othor coordinetes we cen write down

dynenicel equetions which enable us to obtein en expression for Bl('b) for 211
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t in [Ll_, 0] is0. all physicel region end ell 1 waves, given only the

emplitude in the orossed physical rogions. This is a very happy statc of
effairs since

(i) the behaviour of the emplitudc in the double spectral region is very bed
possibly not even polynomielly bounded. In this case M.R. breeks down, but
our equetions do not, being besed upon & more generel enslyticity postuleate
which is more easily provable sigorously.

(ii) the beheviour in the physical region is good ond reasonsble estimates
of esymptotic behaviour are aveilable fron experiment. We can usc experimenta
data diresctly in the crossed channcl if. we like.

(iii) the double spectral region cen be explored from enalyticelly solved
nodels based upon the cquotions.

If we ca;1 obtain a set of cquetions based only upon enelyticity
propertics in the three physical regions (s-, t-, ,~) ond reelity in the
central triongle, then we cen consider the possibility of using this set as
o dynamicel scheme in its own right, independent of MR. MR would then be a
speciel case. The uniterity condition would still be sppliceble. The
advantages of cbandoning the double spectral regions are several. We avoid
the bed behaviour in these highly unphysiocel regions, but we retein the
essentiel attrective enalyticity postulates of Mendelstem and the ides of
crossing symnetry. Philosophically, v concern ourselves more with physical
regions, whore the physics tckes place,

The diffioul'i;i_.es are in treotebility. Such & scheme may well be very
compliceted and not easily projected into partiasl weves and not eesily app-
roximated. The whole attitude to solution is differcnt , depending more on
the idee of setting up epproximetions, which allow continugtion to other

regions, then upon the direct parametrisation of singulerities. The bad

behaviour in the double spectrel region may be difficult to paremetri'se.
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Many questions remein:
(1) Cen we find more suiteble transformetions of coordinstes?
(ii) Cop we neke the equations more obviously crossing symmetric?
(iii) ‘Whet is the exesct region of enalyticity in s and t, implied by the
equetions?

(iv) Can we write approximete sohemes and will these give a natural
breekdown of the emplitude into individuel terms, each of which has the full
enalyticity properties? Eoch term would then be a natural physical object

or concept,



SUMMARY

1

In Cﬁgﬁtdb 2, we studied fixed s dlSper31on relations.

1(9 £) > -S k! A k')[ v T (—')1] |

= -

P. L.

I relates to an 1505p1n decomposition in the s channel., We considered
asymptotic behzviour and noted that we need at most one substraction for
s<o , two for o<s<4ts The Phragmen - Lindelhof theorem gives the result
I T odd |
A{, (9 U)&.’ ) for
xmx(-

We looked at the progectlon into partial waves in the s channel, obtaining
a convergent expr3881on for the real and imaginary partsgof the partial wave

amplltude, for v in [ 9,0] .
CJ‘(V) = %J avl. A (V). Q{U +7'(V—$—")_]

~f4¢v<o
Putting in

A L gt I w0 Tnker ()R] ¢ 2 (2]

we found the complex domain of convergence in VY , which includes [—9,0], of

A4

course.

_We{evaluated numerically contributions to Czﬁ?fiom the first few partial
.waves in the t chahpel, using the expected experimental forms, and concluded
tha?, for So, SZ’P]’DO in‘ﬁhe t channel,'we probably had reliable ?alues in - =
[-6,-1].

We went on to discuss approximations in dispersion theory from & numerical
analytic view;ioint and discussed Streater's attitude thet arbitrary

Lparameters,4occurring in analytical solutions, could ahd should be detected

‘and isolated in the corresponding approximate dalculations.

In Chapter 3, we systematically studied the original Balazs method numerically.

The methad is to tpke a unitary parametric formf?%}dﬁ)fbr the amplitude, and

\




to0 determine the par&meters'by equating (?r 'matching') the real part on
the near left to the real part obtamkd from the crossed channel, using a
fixed s dispersion relation, He used an N/D pole form with parameters
the residues of the poles. The positions of the poles were determined in
an auxiliary caiculation. In the auxiliary calculation a separable

approximation is made to the kernel in the dispersion relation for N.

l T Co(d)
I v) = ~ c(x) = k x! .
Kenor ') Pax'V Z’ ?ﬁ o rpeex (x/yv) x'= =1/

12

The positionsof the poles areobtained by optimsing the £it of Kexact to Kapprox.

Thus it is. asserted that these pole positions are the best ones for any

reasonable diSCOntinuity of No. Ve studied this approximation and concluded

that

(1) it is valid if and only if the dispersion relation convefges.

(2) the as&mptotio behaviour of the approximated integral is not neeessarily
o(;).

Y

(3) the Balazs contention, that it was still a good approximation for
oscillating functions, was correéﬁ for the actual approximate forms
found by this procedure. ‘

(4) the positionsof the poles are close to those obtained by an orthodox
numerical integration procedure.

We studied the Balazs method, as used by Balazs, and found that

(1) it is i;dependent of normalisation pointy, + An analytical proof is
given;."

(?) it is very sensitive to the matching region. In an n = 2 calculation,

| for symmetry points at -2.5, -2.3, 0.0, the self-consistent resonance

‘had position and width (3.82, 3.13) and at -~1.5, -1.0, 0.0 had (1.88,

1.19).
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(3) on increasing the number of poles, r, the solution disappears.

(4) there wes a one parameter ambigwity, the width, ['Ve. , being determined
by the calcula%ion and the position,Y,, being a free parameter.

(5) we looked at other partial waves and found some self-consistent
solutions’for certain values of n, and riot for others. This

consolidated the conclusion that the solutions are spurious.

. Vie attempted to modify end generalise the Balazs method, to use thse idea of

crossing on the left,%but to remove the difficulties found for Balazs

+

- original method. We ‘took a smooth trial function in the crossed channel,

instead of aﬂS, funaotion and gemeralised the matching equations to match the

real and imaginary parts in detail on the near left. We found

(1) +that, by this procedure, we could get very good fits on the left, but
the 'output' amplitude on the right was still sensitive to details of
matohing, For a fixed matohing region, the solution setiled Gowm,

as n increased, to & non-resonant output for resonant input.

‘.(2) the contribution from the near left discontinuity was small and repulsive.

r

(3)' the structure of the real part on the left wasrelated in detail to the
discontinuity on-the near left. This structure could be reproduced, —
bﬁt was irrelevant to the right hand side.

Ve fried.minimisation of?(tdeviation from crossing to determine the parameters

rather then ﬁatching. Using this method, the only solutions foupd vere

similar to that of Balazs for n = 2..

We looked at different self-consistency conditions and found that the width

and position of the self-consistent resonance could be varied by a factor of

2 either way by a suitable choice of self-consistency condition.

~ We also found that an uncertainty?f, in the crossed amplitude, produced the

1

1
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same uncertaintyb'in the width and position of the self-consistent resonance.

In Qpapter 4, we looked at the Zachariasen method and found results eimilar

to that of other workers. The Zachariasen method consists of an ansatz for -
continuation from left to right

N{v) = () 0 = Clv') ool
D(V) = l— (V‘-V.)f ;7_*’: (V,fVXV'rVO)

Yo = —vp—|
JWelfound that, takinng=uny%the resonant solution was vény sensitive tohl,
as o changed from 0.8§to 1.5,\ﬁ.changed from .665 to .186 andntfrom .597 to
.1&7.With a fixedV,, independent of(vn,ﬂﬁl there was a definite one parameter
ambiguity with[ = 1,vgfree. For dynamic % G |, this was not so marked.
We extended the model to exchange of higher waves by further subtractions at
Y, , putting the subtraction terms = 0 to get agreement of higher derivatives

ofCP?am&' atv2y, Using this, we looked at the effect of higher wavesin the

t ohannel upon various waves. in the s channel. This was inconclusive.

_ In Chapter 5, we imestigated the variational method of Hamilton. This method

estimates directly the contributions from left and right using a trial function -

F%O, and crossing, and then directs us to varyti)until unitarity is closely

satisfied in the physical region. ' The right hand cut is taken to be the same

as fnr the trial function. Two disPersiQn relations are used, one for ths real

2

part and a Gilbert dlsper51on relation for the imaginary part.

Rouar () B (o) Sl e A 9

LM(V)""’(L’.:E) I ___F_Q)_ 'y, — lv v&)y"[ AW’ /+J.,.~M(va):

Yo (viev)(¢/=v, =v)(v/=vg)
It is immediately ohv:ous that the m thod is sen51t1ve to choice of parameter—

isation, by writing similar dispersion relations for the unitary trial function

- (in fact, Breit-Wigner) used. -

= \v-ve wI’V\-F(v')J”' v-vs) T E() o’ $o Bl .
LR b vev fwﬁi + B Fle)

v'—-v)(v'__vo) ' )8 viev (V,"’o)




Thus, the 'solution' is that which minimises the difference between the

!
|

.contributions from the left and cuts. If we choose Breit-Wigner‘

perametrisation, it has an extremely small left hand cut and we need a

small contribution from crossing. If we choose N/D parametrisation, this

gives a large left hand cut contribution. However, each parametrisation

‘gives a believable resonant form on ‘the right. Vhen unitarity is attained,

we get a very small <Ze:r."'ror'v .BZ but this ismerely an indication of the

smallnessof* the contribution from crossing. Further, we found a marked

one parameter ambiguitj from contours in the (Vp,,f'r,.) plane.

Oades used the method for theAAX problem with a correcting pole on the left

to represnn{:t:pntributiOnsfrom higher waves. Our investigation shows the

solutions are spurious. We tried to define sensible variational calculations. =

(1)

(2)
(3)

We did obtein various solution, but believe them all to be spurious.

We looked at the solution of the Shirkov. equations, which are knovm to have

solutions.

using N/D parametrisation, no left hand correcting pole, Gilbert diapersioﬁ-.
relation only. ' N
representing the left hand contribution by the ansatz (/(V) .

uskng & crossing oconstraint on the real part on the left,

' families of resonant solutions, by the variational method, but found no - ;

(
1 .

In Chapter 6, we used the real and imaginary partson the left to obtain
IMA-'(V)’ giving en immliate utiary solution by inverse ampli.tude dispersion’
relations, provideti one can calculate the threshold residues. Tm A-\(Y') was -

" @stimated from thé first few partial waves in the t channel, with experimental-

valugs and was found to be massed in the mear left, i.e. there was the

possibility of a negrby‘ singularity approximetion. Indeed, in some cases,

i e s R LI I



the left hand side was well represénted by a single pole. Using threshold
residyes estimé.teq. from C&))we could not get any self-consistent eolutions,
howevar the threshold term is such a large one thut a élight variation in it
could produce a resonant P wave. The corresponding P wave scattering length
was nat unreasonable. We also looked at a unitarised Born approximation,

A6y = ') + 9.;[}_:‘ log [ +-vFT]

"which yielded no self-cénsistent-solutions. - We remark th:zt uncertainty in

P. <.

the threshold residue gives a one parameter ambiguity similar to those found

for the methods in Chapters 3, 4 and 5.

P., D,D

One can compare the preductions for the effect of the on So, S 12 DysDy
b

2’
Fl, Born approximation by looking at Figures 3-8, 4-3, and 6-5.

Our overall conclusion is that noncof the methods is suitable for bockstrap

calculations and that any 'solutions' obtaned are spurious. Some methods
might be reliable for low energies up to V= 3, at the most.

As alternatives, we proposed, in Chapter 7, three ideas.

(1) ‘consistency checks' - a consist@rcy contraint on the simultaneous
continuation from the t and %. channels to the same region. This could
be used for low energy work.

(2) the proaectlon of the flxed s dispersion relatlon 1nto the ,t channel.,

AF(D - LT ()| ré"f) [Tedk G0 L X, (4,6

N 4oy
+ 2_- (31-/1-" ({_() Y, (7( (:)J 8 IO OLI". S-Co
where T ‘o ' /
48’ ? Il 7 1‘
X&l& ({7,,4’) = {;’—'-{: Sq—b ¢ U iz ] [l ]

- W

Y-t

This'gives an expressionBG)in the low to medium energy physical region,
)

Ce e e - e Tl
B g e e e



given partial waves in the crossed channel. The series diverges atV= 16,
50 it sh%uld be reliable out toV = 8, but this may not be sufficient for
bootstrap calculations Tt has the advantage of not needing to be continued
(1ike the¢ Born term for example) from the left ‘but being a direct physical
region estimate. ‘ '

(3) by transforming variables, wée outline how it is possible to arrive at

a complete dynamical séheme, based pnlj upon values of the amplitude in the

l

three physical regions.
|

B . -
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SPFENDIX 1., LEGENDRE POLYNOMIALS

(1) Gonerel referenoes (1)

§ome useful stenderd results (for € integrel).
1 oQ
b =i =] (2 +2) Pa(z) @u(t)

t-s oo
be If I" > 1 is yedius of oonvergence of Z c.‘fz'.“then Z' CwPufz)0onverges in

qllipse semi pxes %‘.(f"”lf))"i (f "-/—'3) ; with fooi <1, +1.

0. B (2) have fopus

/
P (2) =1, Pi(s) =5, Py(z) = % (322 - 1) . ! ////['
) = Yegd o B /
Py(a) = %(5%7 - 33) } 1 //,ﬁ
: . s g B; A AL LN
P (2) is entire funotion Eeao —%j\ 1;7 <f, » / [ / .
. n . | LA 7 v _A . £ Jl..
e 2R . /, \><l \ ><\ T /}_4
Izl » <0 w7 K AN ]
e Q(a) NS NN Jiim
|1~ N A | N ...} A /
=Pn(z). [ Qo(z) "Fh(z)J 12 S+ R ALY X/
// — n n J2.
whare . R ____"a: i ] £] . ¥ . 3 13027 \Jx-
1 % +1 | 0-0 05 ol
Qo(z)='é"1°3z_l ‘
2 2 c 2 Pul)
Bh(z) = % + .]_-_‘ + 2__ . . e +ine~1
5z 5 2n -1
B L e
S0 Q_ is out | -1, 41 ‘ : J4dNE =
>t [ 8] ' el
with disoontinuity -Pn( z) wl | /Qyu/ ]}
oS £ - /
Qn(z) L1 a6 < LA N /7
1 ? |~ < A" ~ N Y
= 3 B aw el L AN ~
-1 -%-:7-1 =, ml Vj/\\\ AN N 4 J/
q- ' -02 ,/ \\ va / / ]
Qn( Z) ""‘) z- -1 [ /71 ] N 4 \\ A/
lzl ——p ©0 i-q‘:: . ~y v \\ \/ //
| o8 ~ 1.1 | /]
Loz ) =] ol | | B8
-z £ ]
-1k
_lr ?l [1] a3 (D as . [ a1 [7] [T 0
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(ii) Derivatives of C(y) functions

=1+ 20 4L,
v
y=1+ 2(13;};:_1_)
).)!
dz = =2(¥ 41)
dy Y 2
&y = 2
dy u/
P g(y) = 0.0 ¢=o0
Gy 1.0 1
1
fod<td ...é 3
2 3
) .a_;%w’ = :s ]:_-‘..-O‘v\ts’ —_
Iz el mo= 0
Q) - .z ...
© zé - 1 1
: 2 -
3e20 @, = A (32_ 1) - 3 2
2 g -1 2
4 2 . 3
#3152 = 3). @ - 1. (1527 = 132) 3
° 22 = 1
o Cen®™ o h (2042 . (- 9m.PC+&. 45 +0g.4B &7 )
dwv V Y To a Ty G
In 40g®) = 2K (& +1) . (- QpPg  +d . Ay . P 4 dPy
dy v v dy dy BT



' x
(1ii) The Eveluation of‘f Qﬁ(x)dx

1 lop Et2
Qo(x) = 7 log % - 1
Q.(x) = x log "'-;L-l
1 = E LY
2
2 2
00 = (Gx%-D . log xxl - 3x
l;. x~-1 2
o5(x) = (= 3. los xal - 2 4+ 2
Iy -1 2 3.
jlog Xj-l dx + (x+1) log(x +1) =~ (x +1)
x -1

-(x~1) log (x = 1) =~ (x-1)

= xlogx il - 2 + log (x° - 1)

ereue- s

2 2
= X. log x4l - X. =2 . dx

2 x -1 2 x¢ -1

(simce & . logx sl = L. -_1 = 2.

dx x -1 x + 1 x -1 x4 1
= X log x +1 + _25'2 -1l +1 dx

2 h- PR xZ - 1
=X log x + 1 + X - {;g' o - 1 “ dx

2 xz -1 \,,. + 1 X - 1,
=2~ log xal 4=
2 x -1
7
J' x"log x +1 dx = d (x'Vlog x.+1
b 3 x -1

= .log xal - rch- =2, &

3 x -1 “ 3 %% 1
= x° log x4l + 2 V(& }_g_i- 1) +x ) &

3 x - 1 3 X

5 2
= x .log x 1 + 2. x + 2 . log (x°-1).
3 x~-1 3 2 3
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_Ji". log x 41
L X - 1
£ log xd
L x -1
35_4 log x 4+ 1
L x -1
5__1" log x + 1
L x -1
£ = 1) log
‘[ QO(X) dx =
( Q1(x) dax =
g QZ(X) dx =
SQB(X) & =
+

252

L x2 <A
+ 2 (xz(x ) 4+ (xr=-1) +1 ) &
b 3 ¥ "1
+ % 3;- + X)) o+ = d¥ dax
] x° -1
3
+ i (33:» + X) == % log x-F;l
x—
x + 1 + S+ x
x -1 &K 2
x log x+1 + % 1og(x2 - 1) (+ const.)
2 x -1
2
(x% = 1 log x +1 - X .
N x - 1 2
g ;g_3 log x +1 + 3:_2_ + 1 log (x2-1)]
3 x -1 3 3
& xlog x +.1 +1og(.:x2,-1)‘ - 3 . 352
x -1 2 2
x(x% = 1)  1log x +1 = (x2-1)
L -1 2
(W 3
5 \‘(x -1) log x+1 + X + X
N N X - & 2 _
31 (xZ=1) log zxz+1 +x
L 2 x =1
5. © o+
2 3 3
(5X -5 =X +6) log x + 1
16 X -
50 ((A-1) +x(3 - 3+ 2)
& 3
bx" - 6x° 41 log x+1 = x 3+13 « x
T ) 3 %
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JPPENDIX 2. /D POIE FORNS

Here we consider the evaluation and properties of the integrals occurring in

/D pole forms, sometimes known os kernol functions.

W=t [ dy
1’ ‘}) j' "N+ (V'-‘V)f\’"" Yo )

l_
Lo)- | [ 44 R
Jo \YAR N | (y/_y)(vl'_vo)
Wo elso wout to kmow the values of these integrals with infinite upper limit.

If we write
- - ,
Loy={ [ Reodef L 1
. — . - —
do V"", (v_vo) ViV AY VY
we see thet we need to investigeto
- ———
= [ dv. [X. Re T J
3 7 -H
- 0 ALY 41 v 0 v -—\1
where one choioce of R(y') is R(W') = 1,

We might want to use a parametric

forn for R(vw')

R(v) = l+e(v' 3)- Jv -3 ]r\—- ﬁj

J‘L‘ L dv _,_EL V-3_ U_
Y . Yl -
0)\J+l y' -y 3 Vi y {

[I(w 1, 3, I)
) - 5(1 1, 3, L)]

. o }
oo, 0T o L T e

So,

0

I

I)+(v) + IE( V’ i, 3, I‘) ",,\;

It

1""“ e 5
alsu) I“(u) = j 1!_‘___9!1’;__ = —15' (v)ﬁ)oJL)

AV Yy
; o
N b L [L yoc . _é%
Le(oybycyb) = Jo Nvieb  vea
bs>e co
Note also
I{(ﬂ)‘ - (v Vo [ LL() L n)J

T,0) 2 gy [ s ~ Tat)



T{-' W ‘}tvk,e,
R = | + 9("-3);}73—3. . [f -~ ;VE:‘Q‘}
Hem

Ig(V)—'f- 1_1',(‘") + Ig‘ (y)|)6) L-)
- 7; ;%—3: [IS (r,1,%, L)—IS'({—;,)')3,L)J-

wo tuld also  counsider  Hhe forves

A= | ret-2). vz, [{ -0 e

Gand: A
B = ‘4& 6(v-12). ,[‘7*;1—‘ [l - Z;‘;g':!j{‘

We need wls\ comeider Iq-:

‘ ) Yoo Lo
I.;-(&-)b)c,i-)z j J"~———-’"°‘ Ly -

¢ vieb (Y -a)
2

pub 27z ye Ve ob 4 (ba0)
Wb T

C!V,: (b+‘) .Q.ZA'Z,

[1-2%)"
YI-'-C v &:’o
V': t ~ 7 = T, = L—c
L+b

z

L
J‘ 2rdz (bee) | y |

N =T

k

{ - 2%

’j‘hi' (%—%) 224z

0 (t=2*) [3%+ &)

: e-a k>e if a € [-b,c]
o+b <o “ ¢
z

f“g,(‘ﬂ-c . dz o?‘ ] - k }
o at+b fek | tez2? 22+
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(ot e bl e

1)

S2) S5 [f- N
ke e, Vinlsb,

= 2 (03(14-1 - (C_:_f__ N LA {«/E: 'JEZ!

vk 2 % /J:':Z_J:

,((0 fe. ¥ vot - !__"")C]

Now we necd not consider the lst term since it does not depend upon v
ond we shell never be using I5 by itself but olways in combinations like
(15 (\)1) — 15( \)2):} so that the lst term goos out. It is in foot the

divergent part as L —» ©°

L~-c

1st term e (03 ( { + .L*b
| =

L4




PR R

- log (1 - Jl-(%;g))

—
—3 = log (+% (bro)
(L +Db)
__‘_9 - 106 Lo

so 2nd torn finite.

hence I5’ v fixed L -, —> log L.

Putting in the limits ¢, L, we consider the function

- PRREY) -1 - . .
.L-,{V) = -‘:,L' y*b. QA [/ L-LL-;-EGJ,*‘ ] N fry L"b,‘lv]

-
: J + Y —c
y== Lou L.Ho v4b g
J P +b { J ,.-::.'1'.‘.’-:-_‘; Y retia 1o -’)CJ.

and )since

L. I )

i

=
<
0

= 0
we see that the continuation of
k. "- * jvz
I.»= YIE - e
1 o NV +B MR 4
to complex values of VYV is

= \0[3[

= JV:__C‘ : (oq) ‘*3._

v+ b
w = lrz _
"‘t--g»L - .__"‘_' ..
7. = Ju—-c \(L_J—b
3 V-rb N L —¢
v<-b ~b<v< e Y

</\

=L = L= =
v +h v +b i N vab v +b
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v<-b Lo v< e < v < L
Z Lok > | {J\A.M_ imcxﬁ, v el
b . C_:V ’l—"“: 1
o8 > ;\ + ‘*Jv«-qu_‘f—; et <1
_ 1y |Lxb
— ‘+ LJC\T“{;KJLWL_
JL"J'\SQ = - :LJ(‘CVV\—‘ | 9_:‘_’ . l’_'__":_b
Y N v+h JL-C
-
Wodulus = { .
oy = ] vY-c oo w
I,)= | = 9
LCO) Wy = ~\4.“-’\ \W: +'.‘-F
<=k
’ | — . - o J'~C \
1 (v) = J Y- . “3 ! +b Nv+b .0
o b T _ [v=s
JL—.:‘!) '\Jv_—b |
— v £ C 3
b< le-v — QL'}'(AV\—‘l_ )C__"_.‘? . JL*‘L
T, )= R wab N L —c
= 2 J (~-v +'ka’l "J c-v .L_t‘ L0
N v+eb [ Vb L—-c
C<v< L .
g ' o | JE o+ f oo
I,v) = ft:f 9 1M L4b My +b +1.T0. |v=c
vl N oY+ b ‘[:—:-E, ‘\‘;‘_:"C V+b
15 s
L <V | o=, —
i (»J = o< log L+b Yy + b
Y vib == —
J b '\/ S

explicitly showing t%g cut

%
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Lsymptotic behaviour 258

L fixed v —» °©

—%L@«D\JE¢+4 & T

C¥b l
— | | e

—_—— LOQV 4+ T
s 1. o

In the speciel case L =00, c =0, b = 41, the usual kernel function,

Nl = -—l—_’:- Lo \ +’Jv/(v"f")7
“L"l (V) '\(\’4—! 0) [ ‘ -——J 7(y+|)1

in this case it can be written as

9 J—z . (LZ) [—J—’; * 'J'\’-‘l:]

VI

since [ + v = — ‘_j ) identically
d=v — Ad=-v-=i

for all coinplex Y.
Derivatives of I( V, Vo>
Tow) e (vevo) [© [, /

Wo )= - Yo jo vie (vi=v)(v/-vy)
-2.[ _{:(,) - _F(Vo)_]
[ - g L w77

NY 4+

t&)

%wﬁ(v)= g [4v4~1v+l ; VH'(\,H) j
‘ ‘ * an Lr‘:‘-l-‘_]h/[ .L.JLV +14V+:4L
L) _iivf"[)l Elxi>/;]—. SO
—t > (ve1) - . i 1
(V)z (—v+l~n . “ * JF(V)/VJ l 1/
B e e ) G ) ey
2(«+u{fv' % (2v—=1) + (H-\;'*") ff(‘f)?
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LPFENDIX 3. NUMERICAL METHODS /XD PROGRAMMING

Numericol Methods.
1. Integrations.

These were discussed in Chepter 2., We used a fast 20 point gaussian
routine which we wrote ourselves and checked the accuracy using o libroxy
routine QAO24,

Infinite integrals were performed by transforming to o f:?_no':g:e range,
integrating, and transforming back agein, using in the case J dx, the

tronsformation z = X - & .

e s

X

Principel value and other singuler integrels wore performed by subtracting

out the singulaority, c.g.

J4<x>-dx iy S LI -{=]dx | {(=). j

X-z X—2Z
Another method has besn given by Longman (1).

X—=2Z

To evalusate b
(y_vo)g £(v')o\\)y (1)
w (V=) vI-v,)

in the L cases v on ocut. (i) Y. on cut (ii) Y, off cut.
V off cut. (iii) Vv, on ocut (div) 1y, off cut.

(iv) ¥, off V off .
nonsingular y .
evaluate (v —-1Y,) J -E(V') dv! (1)

v - A

(i1i) Vion V off (V=)= )

(V-Vo)f LH\’)‘HVU)]J\/ + (v=vy)- \['(vu J dy’

(Vv )v'=vs) (V"'V)(\/Il—)-Vu)
= (v=vo) [b [£v) = £(v0) }av’ + L(v,). [h) viey
(T e o 1
(i) VY on Vo oif ’ b

v’#yo H& (iv,

i R

(i) 1% on \Vp
v!

J fory dyt [(7,:3) - 'v’ivak |

] - [l bof A

6N av /ey,

i

o



j"s [ £ =E0)] - [t \C(VO)HAY'- 4 260
. ,

t vi—v ~! —vo b
E)(v). \03 Wvi-vi — ‘F(V")'\OS \v’-—\ruila
If renge infinitc and these integrals do not converge, then
Js[(ifv'w'—%(v)-v } _[J;m- v — %owonw
2 (v/=v).v! (vievy). v!

. v’
FL) v {FL_’_, — f0ve). voﬁ(y‘j"m_y,

v). v/

L% UM v/=L(v). vJ - I#m-v'— 4(vo>.vu] l dy’

(v'=v) . v/ (vi—=vp )« v/

.{.L_F(u). bb Y_’S-_Tv — —(-(vo’)- L05 v_;—;o]b (Vi)

A

One might remark thet )when V, is on the cu‘cja large importence is givon to
the region near V' = V,only if £(v') is changing rapidly here,in which case
the real part of the integral will also have a large value and thus so will
the sub‘craction constant.

Note that gradient of density function is elso required for evalusting
contribution from singular part neighbourhood.

& bibliography on nunerical integrotion has been given by Stroud (2).
The integration of oscillatory functions over an infinite range is treated in
(3).

2. Matrix inversions.
These were done using a standard routing MAO2A.
5« Tteration.

We looked at threc standerd routines, VAOLA, VLO2Lh ond VAOLE and docided
to use VA02L. The numericel analysis has besn published by M.J.D. Powell in
Computer Journal. The assumptions on the behaviour of the Y} function are
that it is a sum of squares and that, in the expression

__Ei: ZQ~ ’()_4_}‘ -B'(('_!_'{‘C_Bi{_ﬁ_\)

—

3 X ?XJ : Yx 'bxk%(\]‘

where (— L ‘g' (SX})
% ,the pecond term 1... much smeller than the first , alloving en estimation

of the curvature from the gradientS.
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PROGRAMMING

A11 progremmes were written in FORTRAN which uses subroutine structure..
Detoils of the progremmes can be obtained from the author. The computers used
were the I.C,T. ORION end ATLAS at Chilton, Berkshire and the computation was
carried out under the auspices of the Rutherford Leboratory.

The use of subroutines allowed the same sub-computations to be used in
different progremmes, for example one subroutine calculsted the Breit Wigner
function and was used as part of severcl different programnmes.

The layout of a typical programme wns as follows:

STLRT ————  MAIN 5 MASTER & 5 INPUT .
ROUTINE ROUTTNE __‘ROUTINE _
sets up 5" OUTRUT ]
universal ROUTINE
constants

ITERATION
ROUTINE
0
'Xl ¢ C ()/ )
ROUTINE |[¢ s PLREMETRIC
FORMS
Q' 3 - OTHER
ERROR ROUTINES
ROUTTVE

called fronm
anywiere’ on
BrTror occurs

Typicaelly thore were about 30 routines in one programme. Each programme could
handle all aspeots of one method as well as some modifications. One could
automatically tabulate any functions in the method, or print Xlor iterate for
ony given subset of variables, then test the valus of X , then finally tabulate
all relevant functions. & typical time on htlas for a 30 step search (adequate

for 2 variables) followed by & complete tabulation was 30 seconds.
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