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Abstract
We explore large peak-pit Condorcet domains (CD), an active research area in voting
theory. The search for large CDs, defined combinatorially, serves as a benchmark for
heuristic-based optimisation algorithms. Since 1996, Fishburn’s alternating scheme
produced the largest known CDs for n ≤ 15 alternatives until recent discoveries
surpassed it for n = 8 and n ≥ 13. For 8 < n < 13, exhaustive searches are infeasible,
necessitating the design of heuristic methods. We developed a novel algorithm using
a specially designed heuristic function and a 5-alternative subset lookup database to
obtain new record-size CDs in this critical range. This approach, distinct from existing
methods used for n ≤ 8, found new large peak-pit CDs: size 1082 (previously 1069)
for n = 10, and 2349 (previously 2324) for n = 11, establishing new lower bounds
for these cases. Notably, these new CDs hold restrictions of remarkably small size.
These findings fill a significant gap in our knowledge of CDs on 8 < n < 13 and offer
new insights into the structure of large CDs.

Keywords Condorcet domain · Combinatorial optimisation · Machine learning ·
Heuristic algorithms

Mathematics Subject Classification 03 · 68

1 Introduction

In social choice theory, the study of preference aggregation and decision-making
often grapples with majority rule. For each value of n (representing the number of
candidates or alternatives), a Condorcet Domain (CD) is a collection of linear orders
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(permutations). Crucially, for a CD, every triple of candidates satisfies a specific never
condition. This condition, often represented symbolically as x N y, stipulates certain
forbidden rankings of candidates. This ensures that cyclical majorities, a situation
where no candidate can emerge as a consistent winner in pairwise comparisons, are
avoided.

The investigation of CDs, sets of linear orders with an acyclic pairwise majority
relation, has been a subject of interest formathematicians, economists, andmathemati-
cal social scientists since the 1950s (Danilov andKoshevoy 2013; Fishburn 2002). CDs
also have applications in the Arrovian aggregation and social choice theory (Puppe
and Slinko 2024).

In the 1970s and 1980s, researchers initiated studies into the potential magnitude of
CDs (Abello and Johnson 1984; Fishburn 1996), leading to a significant breakthrough
in 1996 when Fishburn discovered many of the largest CDs, a record that has remained
unchallenged for nearly three decades (Fishburn 1996). Since then, researchers have
continued the quest to find large CDs (Danilov et al. 2012; Fishburn 1996; Galambos
and Reiner 2008; Karpov and Slinko 2023; Monjardet 2009; Leedham-Green et al.
2024), which is closely related to the goal of optimising personal preference freedom
while adhering to the requirement of a transitive majority relationship (Raynaud 1982;
Puppe and Slinko 2024). In operations search, it is a complex, unsolved combinatorial
optimisationproblem.StudyingCDshas important implications for voting systems and
democratic decision-making processes. By identifying large CDs, researchers can gain
insights into the properties of voting systems that are more likely to produce outcomes
that reflect the electorate’s preferences, the strengths and weaknesses of different
voting systems, and democratic decision-making processes (Lackner and Lackner
2017). Thus, a key effort in the literature is identifying large Condorcet domains with
a paramount objective to uncover the largest CDs (Puppe and Slinko 2024; Karpov
2022; Leedham-Green et al. 2024). To this end, Fishburn (1996) introduced the size
function to record the largest CDs on n alternatives

f (n) = max{|D| : D is a Condorcet domain on a set of n alternatives}.

Additionally, Karpov and Slinko (2023) introduced the following functions:

h(n) = max{|D| : D is a peak-pit Condorcet domain on a set of n alternatives}.

One important class of large CDs is based on Fishburn’s alternating scheme, which
involves alternating between two never conditions 2N1 and 2N3 on 3-alternative sub-
sets of candidates (commonly referred to as triples) and has been used to construct
many of the largest known CDs on a small number of alternatives. The domains built
by the alternating schemes are referred to as Fishburn domains (Slinko 2024) (see
Sect. 2 for details). Subsequent research by Galambos and Reiner (2008); Danilov
et al. (2012); Monjardet (2009) and Karpov and Slinko (2022) extended and refined
this work. Despite extensive work, these Fishburn domains and their design play a
central role in constructing large CDs. For instance, the approach introduced in Kar-
pov and Slinko (2023) was built upon the Fishburn domains to construct new CDs
of record-breaking CDs for n ≥ 13, but it does not apply for n < 13. Karpov et al.
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(2023) introduced the set-alternating schemes that could construct CDs whose size is
larger than the Fishburn domains on n ≥ 16. Their new large CDs also improved the
asymptotic lower bound for the size of the largest Condorcet domains (Karpov and
Slinko 2023; Karpov et al. 2023).

Another line of studies focuses on developing efficient search algorithms to generate
CDs. Akello-Egwel et al. (2024) developed a custom search algorithm that generated
all the maximal non-isomorphic CDs on seven alternatives and found the largest CDs
on eight alternatives (Leedham-Green et al. 2024) but it does not scale to a larger
number of alternatives.Markström et al. (2024) designed a depth-first search algorithm
to generate non-isomorphicmaximalArrow’s single-peaked domains on 9 alternatives.
On a higher number of alternatives, completing their search requires a prohibitively
demanding amount of computation. In contrast with these existing search algorithms,
our algorithm is universal in the sense that it is applicable to any number of alternatives,
and it does not aim to compute a complete set of CDs but focuses on the large ones.

Given the fact that Fishburn domains are not the largest domain on eight alternatives
(Leedham-Green et al. 2024) and n ≥ 13 alternatives (Karpov and Slinko 2023), it is
a valid conjecture that for 9 < n < 13 they are also not the largest. However, existing
search algorithms failed to find such CDs. One of our contributions is on the discovery
of many CDs larger than the Fishburn domain on n = 10 and 11 alternatives. It is
worth noting that on n ≥ 9 alternatives, finding the largest Condorcet domain remains
an open problem.

In this paper, we present a heuristic search algorithm for generating and discover-
ing large CDs on n ≥ 6 alternatives. We first pinpoint the challenges associated with
finding large CDs and demonstrate that these challenges pose significant obstacles for
common learning algorithms applicable to tackle complex combinatorial optimiza-
tion problems to find large CDs, especially when dealing with a substantial number
of alternatives. This motivated us to develop a heuristic search algorithm tailored to
overcome these challenges. Our search algorithm employs an efficient heuristic func-
tion that evaluates the goodness of partial CDs based on the size of restriction on 5
alternatives. This idea is grounded on our empirical finding that many locally large
restricted CDs also tend to be large, indicating the existence of a linear relationship
between the size of a CD and the size of its restriction. Our heuristic function exploits
this property and uses a database that contains a complete set of pre-calculated CD
restriction information on five alternatives. This idea resonateswith the core concept in
dynamic programming (Bellman 1966) where a problem is broken into smaller, over-
lapping subproblems, and instead of solving each subproblem independently, solutions
to these subproblems are pre-computed and then stored, so they can be reused when
the same subproblem arises.

We further report on new record-breaking CDs on n = 10 alternatives (size of
1082) and n = 11 alternatives (size of 2349). This discovery has further improved the
largest CD since 1996 and opens new directions for research in the theory of CDs,
with implications for the theoretical study of voting systems.

The largest domains our search algorithm found on the number of alternatives
ranging from 6 to 11, along with the size of their corresponding Fishburn domains,1

1 Size of acyclic domain of size n based on the alternating scheme: https://oeis.org/A144685.

123

https://oeis.org/A144685


196 B. Zhou, S. Riis

Table 1 The largest Condorcet
domains discovered by our
search algorithm on the number
of alternatives ranging from 6 to
11

n Fishburn domain f (n) and h(n)

6 45 45

7 100 100

8 222 224

9 488 ≥488

10 1069 ≥1082

11 2324 ≥2349

Our work found improved lower bound CDs of size 1082 and 2349
on 10 and 11 alternatives (in bold), respectively and rediscovered the
largest CD of size 224 on eight alternatives (underscored)

are presented in Table 1. It is worth noting that along with the new improved lower
bound CDs on 10 and 11 alternatives, it also discovered some CDs whose size is larger
than those of Fishburn domains for n = 10 and n = 11 that were the largest known
CDs on these number of alternatives.

This paper is organised as follows. In Sect. 2 we provide the preliminary and
background knowledge about Condorcet domains from the operations research per-
spectives, along with defining and explaining the notions and terminologies used
throughout this paper. Section 3 illustrates the challenges facing a wide range of
existing learning algorithms in finding large CDs and analyses their strengths and
weaknesses in addressing this problem. Section 4 introduces a heuristic function and
shows its effectiveness in establishing a linear relationship between a CD and restric-
tions, and further elaborates on integrating it into the heuristic search algorithm. In
Sect. 5, we demonstrate the importance of the ordering of triples by which they are
assigned and propose a new triple order that contributes partially to the success of the
search algorithm. Its detailed configurations, along with an approach that enables it to
run on thousands of CPU cores in parallel, are also discussed here. Section 6 contains
a detailed analysis of the restrictions of the new large CDs we discovered on 10 and
11 alternatives. We conclude our work in Sect. 7.

2 Preliminaries and background

Let Xn = [n] = {1, 2, . . . , n}, in which each element in the set is referred to as
an alternative or candidate in voting theory. A linear order is a set of alternatives
with an ordering, where the comparability and transitivity properties hold. Here the
comparability property ensures that any pair of alternatives can be compared, and the
transitivity property ensures that the ordering of alternatives is consistent. Let L(Xn)

denote the set of all linear orders over Xn . In voting theory, voters have to make
a collective choice of which alternative to choose. Each voter can be referred to as
an agent. Given N agents, each agent i ∈ N has a preference order Pi in Xn (each
preference order is a linear order and can also be viewed as a permutation). For brevity,
we represent a preference order as a string, e.g. 12 . . . n means 1 is the most favoured
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alternative, and n is the least. Note that in this paper, we use preference order, linear
order and permutation interchangeably.

A subset of preference orders D ⊆ L(X) is called a domain of preference orders
or permutations. A domain D is a Condorcet domain if whenever the preferences of
all agents belong to the domain, the majority relation of the preference profile with
an odd number of agents is transitive. Thus a Condorcet domain is essentially a set
of permutations where there is always a clear majority preference for any pair of
alternatives.

Sen (1966) proved that a domain is a Condorcet domain if and only if restriction
of it to each triple of alternatives satisfies some never condition i N j , i, j ∈ [3].
A triple consists of 3 alternatives (x, y, z) where x < y < z and x, y, z ∈ [n].
The never condition i N j dictates that i th alternative from the triple does not fill
in j th place within this triple in each order from the domain. Here i takes on the
value 1, 2, or 3, representing the smallest, middle, or largest alternatives in the triple,
respectively. Similarly, the value of j can be 1, 2, or 3, corresponding to the first,
middle, or last position in the triple. For instance, triple (3, 4, 5) on five alternatives
with never condition 1N3 dictates that the smallest alternative, 3, cannot present at the
last position, forbidding the permutation [4, 2, 5, 1, 3] from presenting in the resulting
CD. There are, in total, nine never conditions (1N3, 3N1, 2N1, 2N3, 1N2, 3N2, 1N1,
2N2, 3N3).

A CD’s size is defined by the number of permutations contained within it. For any
n ∈ Z≥3 alternatives, a CD is associated with a set of m = (n

3

)
triples, all of which

must be assigned with one of the nine never conditions. A domain is not a CD if there
are unassigned triples from which it is created, and we instead call it a partial CD.
To avoid repetition, we use the acronym TRS (triples and rules2) to refer to a list of
triples and their assigned never condition. A TRS produces a CD if all its triples are
assigned with a never condition. Otherwise, it is a partial CD. See Zhou et al. (2024)
for details on how to construct a CD from a TRS.

A domainwhich satisfies a never condition of the form x N3 for every triple is called
Arrow’s single-peaked domain (Arrow 1963; Raynaud 1981). Slinko (2019) proved
that maximal Arrow’s single-peaked domain on n alternatives has size 2n−1 (see their
Theorem 1). A domain D is a peak-pit domain if, for each triple of alternatives,
the restriction of the domain to this triple is either single-peaked (satisfying never
conditions i N3 ) or single-dipped (satisfying never conditions i N1). A Condorcet
domainD is unitary if it contains order 123 . . . n. Since it is without loss of generality
to consider unitary CDs, it is sufficient to consider the six never conditions 1N3, 3N1,
2N1, 2N3, 1N2, and 3N2. In the searches, as we focused on discovering peak-pit
domains, we narrowed the number of available never conditions down to four (1N3,
3N1, 2N1 and 2N3).

Two unitary CDs are isomorphic if the alternatives can be re-enumerated in a way
that they consist of the same set of permutations (Leedham-Green et al. 2024). Given
two linear orders P1 and P2, a transformation π is the application of a mapping that
converts P1 to P2, denoted as P2 = π(P1). Given a permutation P ∈ D, a transfor-

2 Here rule is a short name for never condition.
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mation πP converts it to its identity form, i.e. 123 . . . n and we use πP (D) to denote a
domain obtained from converting all the permutations inD by the transformation πP .

Any non-empty CDD is isomorphic to a unitary CD because we can always select
a permutation P ∈ D and then enumerate the alternatives according to the transfor-
mation πP such that the permutation P becomes the identity permutation. Thus, we
do not lose any generality by assuming all the CDs we discussed in this paper are
unitary.

The restriction of a domain D to a subset A ⊂ X is a domain with the set of linear
orders from L(A) obtained by restricting each linear order fromD to A (Karpov et al.
2024). Given k ∈ [3, n − 1] alternatives, a CD on n alternatives can have restrictions
on k alternatives by removing the alternatives in every linear order (permutation)
within the CD that are not these k alternatives and retaining only one of the duplicated
resulting linear orders. The resulting restrictions contain the linear orders that only
contain these k alternatives.

Analogously, given k ∈ [3, n − 1] alternatives, a TRS for n alternatives can also
be restricted to k subset triples by retaining the triples that are included in these k
alternatives, which is equivalent to removing the triples that include least one of (n−k)

alternatives that are not in these k alternatives. The never conditions are transferred
from the original triples to the subset triples. A set of triples for n alternative, when
restricted to k alternatives subset, produces

(n
k

)
sets of subset triples, each of which

corresponds to one combination of k alternatives from n alternatives. For example, a
set of 11 alternatives produces 10 sets of subset triples when restricted to 10 alternative
subsets and 55 sets of subsets when restricted to 9 alternative subsets.

Before our results, the largest known CDs on 10 and 11 alternatives were Fishburn
domains. A domain D is called Fishburn domain if it satisfies the alternating scheme
(Fishburn 1996): there exists a linear ordering of alternatives a1, . . . , an such that
for all i, j, k with 1 ≤ i < j < k ≤ n the restriction of the domain to the set
{ai , a j , ak} is single-peaked if j is even, and it is single-dipped if j is odd. When
applying the alternating scheme to the list of triples (xi , yi , zi ), it dictates that if the
middle alternative yi in a triple is even, it is assigned with never condition 2N3,
otherwise 2N1. Despite its simplicity, it turned out that the list of generated never
conditions built large CDs that had held the records for almost three decades until
recent studies discovered some new large CDs on eight alternatives (Leedham-Green
et al. 2024) and n ≥ 13 alternatives (Karpov and Slinko 2023).

The first complete list of all maximal CDs on five alternatives has been obtained
by Dittrich (2018). CDs on five alternatives are constructed on 10 triples, as demon-
strated in Table 2, where their never conditions are assigned by applying the alternating
scheme. The resulting Fishburn domain on five alternatives has size 20. The permu-
tations inside the CD are presented in Table 3. It is the largest CD on five alternatives.

The Fishburn domain on five alternatives has five restrictions on four alternatives,
whose sizes are 9, 9, 8, 9, 9 as demonstrated in Table 4 where each restriction has
one alternative removed from the original CD. For example, the restriction on four
alternatives produced by removing alternative one from these 20 permutations in this
Fishburn domain contains nine permutations.

There is a positive correlation between the size of aCD and the size of its restrictions
(Karpov et al. 2024), and to illustrate we use the lattice structure to show the size of a
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Table 2 The list of triples for
five alternatives and their never
conditions are assigned
according to the alternating
scheme

Triples Never conditions

(1, 2, 3) 2N3

(1, 2, 4) 2N3

(1, 2, 5) 2N3

(1, 3, 4) 2N1

(1, 3, 5) 2N1

(1, 4, 5) 2N3

(2, 3, 4) 2N1

(2, 3, 5) 2N1

(2, 4, 5) 2N3

(3, 4, 5) 2N3

Table 3 The Fishburn domain
on five alternatives

Fishburn domain on five alternatives

12,453 12,435 12,345 54,321

45,321 54,231 45,231 42,531

24,531 54,213 45,213 42,513

42,153 42,135 24,513 24,153

24,135 21,453 21,435 21,345

It consists of 20 permutations built from the triples and never conditions
in Table 2

Table 4 The four alternative
restrictions from the Fishburn
domain on five alternatives

Removed alternative Restrictions

1 4253 4523 5432 2345 5423

2453 4532 4235 2435

2 4531 5413 4513 5431 4135

1453 4153 1345 1435

3 4521 4215 2145 2415 1245

4251 5421 2451

4 1235 2513 2153 2135 2531

1253 5213 5231 5321

5 2143 2134 1234 2431 4213

4231 2413 1243 4321

Fishburn domain on five alternatives and the sizes of their restrictions when restricted
to 4 alternatives in Fig. 1. The number sitting aside the arrows is an alternative and
indicates that the restriction is built by eliminating that alternative from permutations
in the original CD. The largest CD on four alternatives is of size 9. Four restrictions
are of the maximum size for four alternatives, and only one CD is of size 8. To
make a comparison, we also show in Fig. 2 a CD on five alternatives of size 17 and its
restriction sizes on 4 alternatives. Two of the restrictions are of size 7. It is evident that,
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Fig. 1 The restriction sizes for
the Fishburn domain on five
alternatives when restricted to
four alternatives

Fig. 2 The size of five
restrictions on four alternatives
from a five alternative CD of
size 17

in this case, a larger CD leads to a set of larger restrictions. We further discovered that
this monotonicity property holds for many CDs in general, though not all larger CDs
induce larger restrictions. Based on this finding, we constructed a heuristic function
that captures this correlation.We show in Sect. 4 that this heuristic function establishes
a nearly linear relationship between the size of a CD and a value calculated from an
aggregation of its five alternative restriction sizes.

3 Suboptimality of existing learning algorithms

The search for large CDs is a challenging discrete combinatorial optimisation prob-
lem that requires significant effort and faces several challenges where many common
learning algorithms struggle. While learning algorithms like reinforcement learning
algorithms, genetic algorithms, and local search algorithms have proven their effec-
tiveness in solving some combinatorial optimisation problems (Fawzi et al. 2022;
Mankowitz et al. 2023; Radhakrishnan and Jeyakumar 2021; El-Shorbagy and Has-
sanien 2018; Lauri et al. 2023), they encounter immense difficulty in finding large
CDs for n ≥ 8 alternatives.

We tested a range of algorithms that can solve discrete combinatorial optimisation
problems such as finding large CDs. All the programs we used are publicly available.3

To ensure a fair comparison, all algorithms were run on a single CPU core and termi-
nated after 24h if no improvement was observed. We set up these experiments in this
way because we compared many algorithms each of which has unique characteristics,
it is unfair to compare them given the same amount of running time. Instead, we ran
them to their full potential and also gave them more time to ensure they had reached
their full capacity. The large CDs they found on four to eight alternatives are presented
in Table 5. Apart from the simple hill climbing algorithm, all the tested learning algo-
rithms found the largest CD on four and five alternatives. But on seven and eight
alternatives, none of them found the largest known CDs. This indicates that while
these algorithms can find large CDs, there are challenges for them in finding higher
lower bounds for CDs on a higher number of alternative alternatives. We summarize
these challenges as follows.

3 GitHub https://github.com/sagebei/cdl/tree/main/algorithms/benckmarking.
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The most prominent difficulty facing them is the exponential growth of the search
space. As the number of alternatives increases, the number of potential solutions
expands exponentially, making exhaustive exploration impractical or computationally
infeasible for n ≥ 6 (Leedham-Green et al. 2024). To overcome this issue, prior
works have designed search algorithms capable of significantly reducing the search
space. Akello-Egwel et al. (2024) released complete sets of isomorphic CDs on 4 ≤
n ≤ 7 alternatives, which were obtained from a search algorithm they developed
that produces all the maximum CDs on a given number of alternatives whose size
is larger than or equal to a cutoff value. Using a paralleled version of this algorithm
on a supercomputer, Leedham-Green et al. (2024) found the largest CDs on eight
alternatives. However, their algorithms are not practically applicable to finding the
maximal CD for n ≥ 9 as the search tree that the algorithm needs to build is too large.
For a full peak-pit CD of 9 alternatives, there are 84 triples, and thus, when each of
them is assigned a never condition chosen from a list of 4 never conditions, it results
in a search space of size 484. In practice, though their algorithm can reduce the search
space, it is still impossible to search through the reduced search space exhaustively.
Additionally, although many structures in the search space could be exploited (Puppe
and Slinko 2024), greedy strategies that reduce the search space by narrowing the
search to focus solely on large partial CDs failed miserably.

Consequently, these algorithms often use approximate methods to navigate the vast
solution space efficiently.However, the intricate interdependencies among these triples
exacerbate the problem. The presence of complex relationships significantly restricts
the feasible search space, making it challenging for algorithms to explore all potential
solutions effectively. A mistake at any step is likely to spoil the whole solution.

The existence of many local optima corresponding to suboptimal solutions poses
another significant hurdle for these algorithms. Local search algorithms and evolution-
ary techniques, including genetic algorithms, are particularly prone to getting trapped
in local maxima due to their reliance on iterative refinement processes. Escaping these
local optima and effectively exploring the entire solution space to converge to the
global optimum is a challenging task. From a general understanding of the complete
set of CDs on seven alternatives (Akello-Egwel et al. 2024), many large domains have
sizes that are close to the maximum possible, but they represent different local optima.
Thus,many learning algorithms get trapped in the swamp of the large domains,making
it hard to escape and find the largest domain.

Calculating the size of the CD on a large number of alternatives is computationally
heavy and time-consuming (Zhou et al. 2024), leading to another major issue where
it is computationally demanding to compute the resulting CD sizes millions of times
needed for the learning algorithms to improve on the feedback.

Finding large CDs can be naturally cast as a reinforcement learning problem where
it can be modelled as a single-player game. The game starts with an initial position, a
list of empty triples with no never condition assigned. In each game step, the player
assigns a never condition to the next triple in the sequence. It ends when all the triples
are assigned. There are no intermediate rewards, and the final reward is in proportion
to the size of the constructed Condorcet game at the end of the game. In this setting,
an RL agent sequentially assigns a never condition to the list of ordered triples and
gets a reward.
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Table 5 The largest CDs found by a range of learning algorithms

n Largest size Deep RL EC Local search

DQN PPO A2C GA ES PSO HC SA

4 9 9 9 9 9 9 9 9 9

5 20 20 20 20 20 20 20 16 20

6 45 44 45 41 44 41 45 41 45

7 100 86 94 85 96 81 92 71 97

8 224 180 199 181 194 162 182 145 216

Common learning algorithms are vulnerable to local traps and victims of huge search space in finding large
CDs
DQN, Deep Q learning; PPO, Proximal Policy Optimisation; A2C, Advantage Actor-Critic; EC, Evolution-
ary Computation; GA, Genetic algorithms; ES, Evolutionary strategies; PSO, Particle SwarmOptimisation;
HC, Hill climbing; SA, Simulated annealing

Deep reinforcement learning (DRL) algorithms, while powerful, still have limita-
tionswhen it comes to solving hard combinatorial optimisation problems (Mazyavkina
et al. 2021; Barrett et al. 2020). Deep Q learning algorithms (Mnih et al. 2015),
Proximal PolicyOptimisation algorithms (Schulman et al. 2017) andAdvantageActor-
Critic algorithms (Mnih et al. 2016) in their original form are prone to converge to
local optima as Barrett et al. (2020) described. In our experiments, they all failed at
finding the largest CDs on n ≥ 7 alternatives.

Given these identified challenges, we analyze the following factors contributing to
this issue. One of the main limitations is the curse of dimensionality, which refers to
the exponential increase in the number of possible solutions as the problem size grows,
which is the exact problem facing finding the largest CDs. This canmake it difficult for
DRL algorithms to search through all possible solutions and find the optimal one in a
reasonable amount of time. Another limitation is the presence of local optima, which
traps the algorithm in a sub-optimal solution. This is particularly true in our case where
the reward function is sparse (i.e. a reward is given only at the end of the game), making
it difficult to differentiate between good and bad solutions.While the size of the partial
CDs is a good choice for intermediate rewards, they do not strongly correlate with the
size of the resulting full CD and sometimes can be misleading. DRL algorithms also
require a lot of computational power, memory, and data to train effectively, which can
be a challenge for working with large alternative CDs. Additionally, finding the set of
never conditions that construct a large CD requires a high degree of precision, which
is difficult to achieve with reinforcement learning algorithms.

TheAlphaZero-style algorithms, oneof the deep reinforcement learning algorithms,
has achieved remarkable success on board games like Chess and Go by utilizing
a value function4 that evaluates the current board position without waiting for the
game’s completion, as described by Silver et al. (2018). The AlphaZero algorithm
and its variations do not only apply to board games but are also applicable to solving
combinatorial optimisation problems (Laterre et al. 2018). For example, Fawzi et al.

4 Note that AlphaZero algorithms also use policy function to cut off poor branches, but it is out of the scope
of this paper to discuss the details.
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(2022) applied a variation ofAlphaZero calledAlphaTensor to improve the best-known
matrix multiplication algorithms, and Mankowitz et al. (2023) developed AlphaDev
that found fast sorting algorithms, further showcasing the algorithm’s potential on
tackling hard combinatorial optimisation problems.

However, training or building an accurate optimal value function is challenging.
A recent study has shown that when the estimations of the value function are not
accurate, i.e., it fails to predict the precise optimal value of states, the direction of the
search could be misled to the points where the algorithm fails to learn to play the child
game of Nim, one of the classic impartial games (Zhou and Riis 2022). That, along
with some of the literature it referred to, also shows that modelling parity function
by neural networks on long bitstrings is a non-trivial task. To some extent, the parity
issue that characterizes the challenge of learning Nim-like games also arises in CDs.
Their study also highlights the difficulty of modelling the parity function using neural
networks on long bitstrings, which characterizes the challenges of learning Nim-like
games and CDs. As discussed in Sect. 2 all previously known CDs have utilized the
alternating scheme, which explicitly employs the parity function.

We experimented with two local search algorithms, random-restart hill climbing
and simulated annealing with restarts. As expected, they struggled. On four, five,
and six alternatives, the latter found the maximal size of 9, 20, and 45 (both when
searching with the four pit-peak never conditions and all six never conditions). For
seven alternatives, the largest CD size it found was 97, and for eight alternatives,
it found a CD of size 216. A major issue is that it is computationally demanding
to compute CD sizes the millions of times needed for the algorithm to get enough
feedback to efficiently explore the search space and escape from the local trap to reach
the global optima.

Since simulated annealing proved to be themost efficient algorithm for this task, we
thus used it to find large CDs for 9 and 10 alternatives. After running for 24h, the sizes
of the largest CDs it found were 455 and 937 for 9 and 10 alternatives, respectively.
While it was not feasible to test all parameter combinations, we selected reasonable
ones and refined them when the results were unpromising. Despite these efforts, it did
not find any CDs larger than the corresponding Fishburn domains.

The fact that the genetic algorithms and simulated annealing found relatively larger
CDs for seven and eight alternatives in comparison with other algorithms shows that
focusing on a small population of good solutions and further exploring them is a good
strategy, and on the contrary, striving to build a good solution from scratch tends
to end up in local traps. The utility of value functions in RL algorithms in solving
mathematical problems (Fawzi et al. 2022) and combinatorial optimisation problems
(Mazyavkina et al. 2021), along with the benefit of focusing on a set of good candidate
solutions as in GA and SA inspired our heuristic search method in which we designed
a handcrafted heuristic function to calculate a value estimating the goodness of a set
of partially assigned triples, and the search further explores the ones that have high
evaluations.
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4 The algorithm

Using the partial CD size as a measure to evaluate it leads to two issues. Calculating
the size of a partial CD on a large number of alternatives entails prohibitively costly
computation.More importantly, there is no guarantee that a large partial CD could lead
to a large full CD, which is why the greedy algorithms stumble, indicating that using
the size of a partial CD as a measurement to rank them is erroneous. This promotes
the need to develop heuristic functions to evaluate them. A best heuristic function
establishes a strong linear relationship between the size of a CD and its value for all
the CDs where for any two CDs, D1 and D2, if the size of D1 is larger than that of
D2, the value ofD1 is also higher than that ofD2. However, training or building a best
heuristic function is challenging. In this section, we present a search algorithm that
applies a manually designed heuristic function using a database that could capture the
positive relationship.

4.1 Database construction

Our empirical observation that the size of a CD and the sizes of its restrictions are
linearly correlated suggests that the sizes of the restrictions of two CDs can be utilised
to measure their relative size. To extrapolate, the largest full CD size reachable from a
partial CD is also correlatedwith the sizes of the largest full restrictions reachable from
its restrictions. On a small number of alternatives, we designed an efficient algorithm
to find out the size of the largest CD any partial CD can end up with, and store them
in a database to enable fast look-up.

The database contains a set of precomputed (key : value) pairs where the keys are
the states of fully and partially assigned triples for all combinations of never condition
assignment on five alternatives and their corresponding value is the largest possible
full CD size obtainable from a partial CD or the actual CD size for a full CD. The
TRS state conception was proposed in Zhou et al. (2024), which refers to the string
representation of the never conditions assigned to a list of triples in an order. This
database enables swiftly obtaining the largest possible size of any five alternative CDs
given their state by simply looking it up. An efficient algorithm that constructs the
database on 3 ≤ n ≤ 5 is given inAlgorithm 1. Considering the exponentially growing
computation complexity of building the database as n grows larger and the memory
needed to store the dataset, it is impractical to construct it on n ≥ 6 alternatives.

4.2 The heuristic function

The main objective of a heuristic function is evaluating partial CDs. For a partial CD,
the heuristic function should calculate a value in proportion to the largest possible full
CD size obtainable from it. That is, for any given CD, the heuristic function should
establish a trend in which the larger the full CD that a partial CD can be, the larger
its value. Given that all the CDs for n ≤ 7 have been studied, we aim to develop the
heuristic function that applies to the CDs on n ≥ 8 alternatives.
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Algorithm 1 Construct the database

For any TRS on n alternatives where n ≥ 6, the heuristic function given in Equa-
tion (1) takes as input a complete set of s(= (n

5

)
) subset states and look them up in

the database to fetch their values v = [v1, v2, . . . , vs] where vi ∈ [1, 20]. They are
then aggregated to obtain a single value estimating the goodness of this TRS. The
aggregation is a linear weighted combination of the number of occurrences of the size
of each of the five alternative CDs.

f (w, v) =

⎧
⎪⎨

⎪⎩

−1 if min(v) ≤ 15
20∑

i=16
mi · wi otherwise

(1)

where mi denotes the number of occurrences for five alternative CDs of size i , and
wi is its corresponding weight. To lead the search to find the largest CDs possible, the
heuristic function does not account for the 5 alternative restrictions whose size is less
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than 16 because the size of the 5 alternatives restrictions on the largest CDs on n ≤ 8
alternatives is larger than or equal to 16 Karpov et al. (2024); Leedham-Green et al.
(2024).We conjecture that this also applied for n > 8. Considering that the larger CDs
should, in general, contain higher numbers of larger restrictions, we set the weights
with increment values [1, 2, 3, 4, 5], i.ew16 = 1, w17 = 2, w18 = 3, w19 = 4, w20 =
5.

Akello-Egwel et al. (2024) released two complete sets of unitary non-isomorphic
CDs for six and seven alternatives.5 These CDs enabled us to evaluate the heuristic
functions by examining the relationship they give rise to between their sizes and
their values. Using these CDs, we show in Fig. 3 two scatter plots for six and seven
alternatives, demonstrating the relationship between the size of the CDs and their
values from our heuristic function. It is conspicuous that for n = 6 CDs whose size is
larger than 28 and for n = 7 CDs whose size is larger than 44, the heuristic function
builds a linear relationship between the size and the values of CDs. The fact that the
correlation is not strong on small CDs is not problematic as this issue can be resolved
by the prioritisation strategy employed in the search algorithm that could rule them
out. Overall, our heuristic function, though not perfect, serves its purpose well.

4.3 The heuristic search algorithm

In the selection phase of genetic algorithms, solutions in the population are evaluated
using a fitness function, which measures howwell they solve the problem and the ones
that perform have higher fitness are more likely to be selected for the next generation.
Owing to its effectiveness, we employ the same strategy in ruling out inferior TRSs
that are not likely to end up producing a large CD.

An exhaustive search algorithm that builds an entire search tree begins with a root
node corresponding to an empty TRS where the triples are all unassigned. The root
node is expanded by adding four child nodes, representing 4 TRSs where the first
triple is assigned to one of the four never conditions, 2N1, 2N3, 1N3, and 3N1. Each
child node will then be expanded, and this process continues iteratively until all the
triples are assigned. To avoid building an enormous search tree, at each search step our
heuristic search algorithm keeps N high-ranking nodes for the next step. The heuristic
search algorithm that uses the heuristic function with access to the database is given
in Algorithm 2.

Choosing a larger value of N may not always lead to better search results. In fact,
due to the nonmonotonicity of the heuristic function, increasing N with the same
heuristic function can sometimes result in worse search results. This happens because,
at the early stage of the search, many TRSs with higher values that lead to smaller
CDs outcompete the ones with lower values that could construct larger CDs. Thus,
retaining more TRSs could potentially introduce more inferior TRSs.

In such cases, adjusting the parameters in the heuristic function to build a stronger
correlation may be necessary. However, our aim is to provide a new paradigm to
search for large CDs and we do not presume the heuristic function we developed is
optimal. To find better parameters, simply testing out various weight combinations

5 Condorcet Domains: http://abel.math.umu.se/~klasm/Data/CONDORCET/.
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Fig. 3 The correlation between
the sizes of domains and their
values evaluated by the value
function for six and seven
alternative CDs. Plot a includes
all the six alternative isomorphic
CDs; plot b uses 100,000
randomly sampled n = 7 CDs
for each size since the number of
CDs is too many

does not help significantly as our experiences indicate. We instead propose to utilise
machine learning techniques to find better parameters using the data in Akello-Egwel
et al. (2024). Another example suggesting the non-monotonic property is that the
search algorithm using a heuristic function calculating the value from restrictions on
6 alternatives did not find any larger CDs than the Fishburn domains. Here, as it is
prohibitively impractical to build the dataset for 6 alternatives, we computed the largest
possible restriction sizes using the process described in Algorithm 1.

Searching for large CDs entails a significant amount of computation, especially
on CDs with many alternatives. One of the advantages of our algorithms is that the
computation needed to evaluate each partial CD by the value function is much less
than calculating its actual size, and the overhead of working with a larger number of
alternatives only increases slightly. While our search algorithms have discovered new
unknown large CDs for 10 and 11 alternatives, we conjecture there are larger CDs for
n = 9 that our search algorithms have not found, indicating that there is still some
room for further improvement. The heuristic function we developed, based on the 5
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Algorithm 2 The heuristic search algorithm

alternative restriction sizes, is practically accurate, but it is by no means perfect. Its
success shows a strong correlation between the actual CD size and its corresponding
subset sizes, and exploiting this feature inmore innovativeways opens a door for future
research. At least, given the current construction, many other weight combinations can
also be tested out.

5 Experiments and results

All our experiments were built on top of the Condorcet Domain Library (CDL) (Zhou
et al. 2024) which provides a wide range of functionalities for CD-related calcula-
tions. This library was initially developed to support this work. It has underpinned
some research studies (Karpov et al. 2023; Akello-Egwel et al. 2024; Karpov et al.
2024; Markström et al. 2024) since its initial release due to its flexibility and fast exe-
cution speed. The fast computation enabled by this library contributes significantly
to the success of our algorithm. Especially, the subset_states function it pro-
vided, which converts a TRS to its subset states for n ≥ 6 alternatives, facilitated the
implementation of our search algorithms.

Our search algorithm found the largest CD for n = 6 within a second, as shown in
Table 6. As the number of alternatives increased, the time it took to find a large CD
skyrocketed not only because the search space was growing exponentially but because
more high-value nodes were needed to participate in the search to get good results. It
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Table 6 The time consumption
of our method on rediscovering
the known largest CD for n ≤ 9
on a Macbook Air with 1.1 GHz
Dual-Core Intel Core i3 and 8
Gigabyte memory

n Size of largest CDs found Time consumption

6 45 0.605s

7 100 1.31 s

8 222 93s

9 488 31min

is worth noting that this heuristic search algorithm has been integrated into the CDL
library. The codes are available at the CDL GitHub repository.6

On more than nine alternatives, the order of the triples by which they are assigned
with a never condition is crucial and has a non-negligible impact on the CDs found by
our search algorithm. A well-chosen ordering helps cut off unfruitful branches at the
early search stage. To verify this, we developed an approach that selects the next triple
to be assigned a never condition dynamically, aiming to find the triple among all the
unassigned ones that reduce the size of the CD the most once assigned. This approach
records the size of a partial CD for each unassigned triple when assigned with one of
the 4 never conditions that maximize the size of this partial CD and choose the one
with the lowest value. Dynamically selecting the next triple gives good results, but it
requires a large amount of calculation to access all the unassigned triples, and it is
prohibitively expensive to employ this strategy when working on n ≥ 8 alternatives.

We experimented with different static triple orders where the triples were listed
randomly or sorted, and the order was fixed throughout the search once determined.
One of our special static orders based on various mathematical heuristics and propri-
eties stood out and led to the discovery of record-breaking CDs. The ordering of the
triples we used is a type of static ordering and is defined such that triple (x1, y1, z1) is
before (x2, y2, z2) if x1 < x2 or (x1 = x2 and z1 < z2) or (x1 = x2 and z1 = z2 and
y1 < y2). This choice of triple order is a contributing factor that enables our method
to find the existing large CDs constructed by alternating schemes quickly. We call this
ordering RZ-ordering, where RZ is the authors’ initials.

Onemajor benefit brought by RZ-order is that the order of the list of triples in a TRS
on n ≥ 6 alternatives when restricted to five alternatives remains unchanged, which is
to say that when the triples in the five alternatives database are in RZ-order, for n ≥ 6
alternatives the restricted triples to five alternatives are also in RZ-order, meaning that
they can be looked up in that database without reordering. However, for other orders
of triples that do not hold this property, like the lexicographic order, many of the orders
of triples restricted to five alternatives are not in lexicographic order. They have to be
reordered before being able to be looked up in the dataset where triples are also in
lexicographic order, incurring extra cost of computation.

In the experiments where the new CDs are found, we kept the top N = 200000
and N = 100000 high-value nodes for 10 and 11 alternatives, respectively. These
experiments were conducted on high-performance machines, but we did not record
the exact execution times. Based on our estimates, for n = 10, the computations took
approximately 25h, while for n = 11, they required around 100h. Table 7 displays

6 GitHub https://github.com/sagebei/cdl/tree/main/python.
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Table 7 The sizes and counts of new large CDs on 10 and 11 alternatives, discovered by the heuristic search
algorithm

n New large CD sizes and their count

10 Size 1070 1071 1072 1074 1078 1079 1082

Count 80 29 70 37 13 8 5

11 Size 2328 2329 2334 2337 2349

Count 330 16 8 67 122

the size and their counts of the CDs that are larger than the Fishburn domains which
are the largest known CDs on 10 and 11 alternatives. The largest CDs we found on 10
alternatives have size 1082, while the size of other smaller CDs ranges from 1070 to
1079. On 11 alternatives, there are CDs of 5 different sizes larger than the Fishburn
domain discovered by the search algorithm, with the largest one being 2349.

It is sensible to claim that the larger the size of CDs, the harder they are to be
discovered. However, our method found more (isomorphic) CDs of size 1072 than
those of size 1071 for 10 alternatives and more CDs of size 2337 than those of size
2334 for 11 alternatives. This reflects one of the challenges mentioned above in the
search where designing a successful heuristic function that prioritizes the large CD
is challenging. It also insinuates that the heuristic function we crafted, although with
significant efforts, is imperfect. We see it as an open research problem to design an
efficient and effective heuristic function that distinguishes the CDs of different sizes
with a large margin such that the unpromising partial CDs can be ruled out with high
confidence.

This search algorithm, though relying on access to a database, can be scaled to run
on thousands of CPU cores on parallel, each of which independently starts a search on
a partial CD. We experimented with this technique by starting 1000 searches on 1000
CPU cores on QMUL HPC machine (King et al. 2021), and found CDs whose size is
224 for eight alternatives, the largest CD for n = 8 (Leedham-Green et al. 2024).

The whole search was split into two stages. In the first stage, the search began with
a TRSwith no never condition assigned and stopped after a given triple (the 15th triple
in our experiment) in TRSs was assigned, resulting in a large collection of TRSs where
the top triples above that triple (the first 15 triples in our case) were all assigned. The
first stage ended with evenly splitting the list of TRSs into 1000 chunks. They were
shuffled before splitting to ensure that the TRSs in one chunk were not similar. In the
second stage, we resumed the search on 1000 CPU cores with the N , the number of
high-value CDs kept being 10,000, each of which searched for a chunk independently.
When they were finished, the size of all the CDs found by the search was calculated,
and we found 17 CDs of size 224.

Paralleling the search algorithm in this way undoubtedly accelerates the computa-
tion by engaging in many CPU cores, but it has one drawback. As the list of TRSs is
segregated into isolated blocks, and the search is conducted within each block, each
block is only aware of the values of the TRSs in itself.
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Table 8 The 10 alternative restriction sizes of these n = 11 CDs larger than the Fishburn domain

n = 11 CD sizes Restriction sizes on 10 alternatives

2328 1003 1005 1022 1043 1053 1072 1074 1079

2329 1013 1028 1039 1040 1041 1044 1057 1058 1063 1079

2334 1021 1030 1035 1039 1043 1057 1063 1064 1078

2337 1017 1022 1031 1045 1053 1062 1072 1074

2349 1021 1026 1035 1045 1053 1068 1074 1078

Each contains at least one n = 10 CD larger than the Fishburn domain when restricted to some 10 alterna-
tives. These CD sizes are highlighted in bold

We devoted considerable effort to obtaining new record CDs for n = 12 and
n = 13.However, our progresswas constrained by the limited computational resources
available. The core of our algorithm requires storing a substantial number of TRSs in
RAM, and identifying larger CDs for higher n values demands an even greater volume
of TRSs, significantly increasing memory usage. Furthermore, the computational time
required grows exponentially with the number of alternatives, presenting an additional
challenge.

6 Analysis of discovered new large CDs

The most commonly discussed properties of CDs, such as their width and radius, etc.,
have been calculated for these new large CDs and are provided in the supplementary
material. Besides that, as the restrictions of a CD reveal its inner local structure and
their application plays a central role in the heuristic function employed in the search
algorithm, we use the size of restrictions and their counts as a measure of the CD
structure. On 11 alternatives, the search algorithms found five CDs of different sizes
larger than the Fishburn domain. Table 8 shows that each of these large CDs when
restricted to 10 alternative subsets, produces at least one restriction larger than the
Fishburn domain. Still, they were all found by our method, indicating our method is
consistent across different numbers of alternatives. It is also worth pointing out that
none of the restrictions is identical to the Fishburn domain, showing that the inner
structure of these new CDs differs fundamentally from that of the Fishburn domain.

On 10 and 11 alternatives, the Fishburn domains had the largest size before our
results. Here we compare the largest CDs found by the search algorithms with them.
We calculated the restriction sizes for the largest CD we found on n = 10 and 11
alternatives when restricted to a range of 4 to n −1 alternatives. Their sizes and counts
are listed in Tables 9 and 10 for 10 and 11 alternatives respectively. We observed
that at least one of the restrictions on the 10 alternative Fishburn domain is also a
Fishburn domain. However, for the largest n = 10 CD our algorithm found, the size
of its largest restriction on nine alternatives is 485, which is smaller than the n = 9
Fishburn domain. We thus speculate that it is not the largest CD on 10 alternatives. It
provides an improved low bound, but there is no evidence showing that it is the high
bound on the domain size.
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Table 9 The restriction sizes and their count for the 10 alternative CD of size 1082 when restricted to 4 to
9 alternative subsets

Subset n Restriction sizes and their count

4 Size 8 9

Count 90 120

5 Size 16 17 18 19 20

Count 6 30 6 162 48

6 Size 36 39 40 41 42 43 44 45

Count 6 6 2 44 86 40 6 20

7 Size 87 89 91 92 93 94 95 96 97 98 100

Count 6 2 4 16 22 18 8 16 6 16 6

8 Size 200 204 205 209 211 212 214 216 218 219 222

Count 2 4 4 4 3 2 7 10 4 4 1

9 Size 473 481 485

Count 4 2 4

Furthermore, the restrictions fromFishburn domains generally have a larger number
of large CDs than the ones from the CD of size 1082. For example, when restricted
to eight alternatives, only one restriction is of size 222, in contrast to the ones from
the Fishburn domain, which contain 15 restrictions whose size is 222. This shows
that larger CDs do not always produce larger restrictions or a higher number of larger
restrictions compared to those from smaller CDs. This aligns with the conclusion in
Karpov et al. (2024) that suggests CDs that have the largest restriction might not be
the largest.

We observed a similar pattern with the restrictions on the 11 alternative CD of size
2349. As shown in Table 10, some of these restrictions on the 5, 6, and 7 alternatives,
have the same size as the the Fishburn domains. But it also has relatively small restric-
tions, especially on seven alternatives where the size of the smallest restriction is 74.
All the restrictions on 9 alternatives are smaller than Fishburn domains.

Our findings here show that on this n = 10 CD, there exist restrictions on 4 and 5
alternatives with size 8 and 16, respectively, meaning that for k values of 4 and 5, n
value of 10 already satisfies the condition. On the 11 alternatives CD of size 2349, the
condition for k = 6 is satisfied on the largest CDwe discovered on n = 11 alternatives
where some of the restrictions on 6 alternatives have size 32.

7 Conclusion

In this paper, we present a heuristic search algorithm capable of generating large
CDs on any number of alternatives, which also has the potential to discover unknown
larger CDs. This is evidenced by the fact that the large CDs it found on the 10 and
11 alternatives improved the existing lower bounds. The success of our algorithm lies
chiefly in its utilisation of human domain knowledge on this subject which existing
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learning algorithms for general combinatorial optimisation problems have no apparent
way to assimilate. Our results were obtained without applying any statistic planning
approaches, like Monte Carlo Tree Search, but by traversing the tree using a purely
manually designed heuristic function to guide the search. The way we traversed the
search tree only used a pure heuristic function but did not explicitly use any reinforce-
ment learning techniques like Q-learning (Watkins and Dayan 1992). Despite having
access to limited computational resources, our algorithm found many new large CDs.

Although the application of the database does cut away a large part of the search tree
at a cheap cost, it has certain limitations. With a reasonable amount of computations,
the algorithm could not find a new lower bound for CDs on 12 alternatives, suggesting
that the CDs with a larger number of alternatives have more non-local implications,
and the upper bound given by the database will more often differ from the actual size
of the local restriction.

Finding the largest CDs is a challenging yet unsolved problem.Many existing algo-
rithms can be applied to finding large CDs.We evaluated various standard approaches,
including reinforcement learning algorithms, evolutionary algorithms and local search
algorithms. In our preliminary experiments, they only managed to find local maxima
solutions and had great difficulties finding the largest known domains for low values
of n, such as n = 7 and n = 8. These algorithms did not benefit from longer execution
times, as they were often trapped in local optima that are ubiquitous within the search
space.

The new CDs we report suggest that there may be more complex mathematical
patterns underlying the CDs than previously thought. Our results indicate that the
maximal size of CDs on n ≥ 8 alternatives can serve as a benchmark for heuristic
search algorithms. The problems are challenging because the search space is enormous
on large alternatives, and there are no obvious, simple criteria for searching. At the
same time, many inherent structures in the CD can be exploited as the restrictions to
each subset of alternatives also form a CD. An efficient search algorithm should be
able to leverage this rich underlying structure to guide the search.
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