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Abstract

The topic of this thesis is the study of approximation schemes of jump processes whose
driving noise is a Lévy process.

In the first part of our work we study properties of the driving noise. We present a
novel approximation method for the density of a Lévy process. The scheme makes use
of a continuous time Markov chain defined through a careful analysis of the generator.
We identify the rate of convergence and carry out a detailed analysis of the error. We also
analyse the case of multidimensional Lévy processes in the form of subordinate Brownian
motion. We provide a weak scheme to approximate the density that does not rely on
discretising the Lévy measure and results in better convergence rates.

The second part of the thesis concerns the analysis of schemes for BSDEs driven by
Brownian motion and a Poisson random measure. Such equations appear naturally in
hedging problems, stochastic control and they provide a natural probabilistic approach
to the solution of certain semi linear PIDEs. While the numerical approximation of the
continuous case has been studied in the literature, there has been relatively little progress
in the study of such equations with a discontinuous driver. We present a weak Monte
Carlo scheme in this setting based on Picard iterations. We discuss its convergence and

provide a numerical illustration.
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Introduction

Axiomatically, mathematics is concerned solely with relations among undefined things.
This aspect is well illustrated by the game of chess. It is impossible to “define” chess
otherwise than by stating a set of rules. The conventional shape of the pieces may be
described to some extent but it will not always be obvious which piece is intended for

“king”... The essential thing is to know how the pieces move and act.

(W. Feller, An introduction to Probability Theory and its Applications, Vol 1.)

The topic of this thesis is the study of weak discretisation schemes for continuous time
stochastic processes with discontinuous paths. Discretisation of stochastic processes is a
recurring theme in probability theory and has proved its fruitfulness in a plethora of ap-
plications. Historically, it has been used to deduce results on continuous-time processes
from similar results for discrete processes: for instance, Markov processes may be con-
sidered as a limit of Markov chains, which are easier to analyse; the law of a stochastic
differential equation can be approximated by solving an associated discrete-time prob-
lem; even the construction of Brownian motion, arguably the most fundamental of all
stochastic processes, can be carried out by taking the limit of random walks in what has
become known as the “Donsker invariance principle” — a pinnacle of the modern theory
of probability.

Aside from its theoretical interest, the procedure of discretising a process has become
increasingly popular due to the rise in interest in Monte-Carlo simulation, which enables
one to compute expectations of random variables, often given in the form of complicated
functionals of a stochastic process. Set in this background, weak approximation schemes,
traditionally defined to approximate the law of the process, as opposed to its sample paths,

become particularly relevant and can be converted into easily implementable algorithms
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since the original process and the sequence defined by the scheme need not live on the
same probability space.

Within the class of processes with discontinuous paths, we will focus our attention to
the subclass of processes for which the driving noise is given by a Lévy process. Lévy
processes arise naturally in the theory of stochastic processes as the continuous time ana-
logue of random walks. They serve as a basic example of both a Markov process and
a general semimartingale and constitute the simplest class of stochastic processes that
have discontinuous sample paths. Despite their simplicity, they exhibit a rich structure
and their distributions display a wide range of statistical properties. It is this flexibility
that has determined their use in applications and made them play a central role in several
fields of science such as physics (study of turbulence, quantum field theory), engineering
(study of networks, queues and dams), economics (time series analysis) and mathematical
finance. Some standard references on Lévy processes and infinitely divisible distributions
are given by [5, 13, 22, 119] while an overview of application of Lévy processes in option
pricing can be found in Cont & Tankov [33].

Mathematical finance has perhaps witnessed the biggest surge of activity due to the
ever-growing need for modelling irregular behaviour, jumps and extreme events which
are regularly found in financial data. The introduction of jumps in the modelling of asset
prices began with Merton [92] and it has led to many tractable and attractive models since
these generally give rise to a more realistic description of the distribution of returns and
tail behaviour. It is in fact well-known that the classical, diffusion based, models fail to
capture in a natural way some commonly observed features in financial data such as heavy
tails or asymmetry. Furthermore, introducing jumps in the modelling of these phenomena
provides us with a tool to adequately describe sudden, discontinuous price fluctuations, a
feature which any diffusion-based stochastic volatility models lack.

Although this provides sufficient support for incorporating discontinuities, it also
leads to several problems of a different nature. In particular, the introduction of jumps
results in incomplete markets, i.e., markets in which it is not always possible to con-
struct a portfolio which replicates a given contingent claim. A convenient framework for
the study of valuation and hedging of contingent claims in an incomplete market setting

is that of backward stochastic differential equations (BSDEs). While this concept was



TABLE OF CONTENTS 10

originally proposed in the theory of optimal control, BSDEs have proved to be useful in
a variety of applications, such as stochastic target problems and problems of valuation
and hedging of contingent claims under uncertain volatility, transaction cost, or limited
liquidity, or by using recursive utilities or non-linear risk measures. Outside the sphere
of applications, another interest of BSDEs springs from their intrinsic connection to cer-
tain non-linear partial integro-differential equations. Non-linear Feynman-Kac formulae
provide stochastic representations of solutions to related non-linear integro-differential
equations in terms of the solutions of such BSDEs. Since analytical solutions to many of
the above mentioned problems are typically not available, the evaluation of the solution
becomes a numerical task, leading to a need for efficient numerical schemes to solve such
stochastic differential equations.

The purpose of this work is to study approximation methods and develop numerical
schemes for cases in which the driving noise is given by a Lévy process.

In the first part of our work we study properties of the driving noise. In the second part
of our work we focus on developing numerical schemes for FBSDEs driven by a Brownian
motion and a Poisson random measure. In particular, we will focus our attention on the
case of a forward-backward stochastic difference equation (FBSAE) and discuss the issue
of convergence to the continuous case.

In Chapter 1 we introduce a discretization scheme based on a continuous-time Markov
chain for a class of Lévy processes, and we investigate the convergence rate of this scheme
for one dimensional distributions. In particular, we will start by examining Lévy processes
with Gaussian component and establish the rate of convergence under mild assumptions
on the behaviour of the Lévy measure. Rather than defining the chain starting from the
characteristic exponent, we choose to work at the level of the generators: in the first
section we give a definition of the chain, based on an approximation of the generator of
the continuous state space process, and we fix the coefficients of the generator of the chain
by matching moments. We then derive integral formulae for the transition probabilities
of the processes: to this end, we obtain a spectral decomposition of the generator of the
chain, given in terms of the semi-discrete Fourier transform. An accurate comparison of
these integral expressions for the transition probabilities allows us to analyse the rate of

convergence of the error: we shall see how this rate depends on the behaviour of the Lévy
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measure in a neighbourhood of the origin, thus making lattice models for jump processes
more subtle to implement than the analogous models for diffusions. The remaining part
of the chapter is devoted to the analysis of pure jump Lévy processes with paths of both
bounded and unbounded variation. We discuss how, in a pure jump setting, it is either not
possible or not useful to match the second moment and investigate how the absence of
Brownian motion intrinsically reduces the speed of the scheme.

In Chapter 2 we study the problem of approximating the density of a multi-dimensional
Lévy process given in the form of subordinated Brownian motion. Subordination is a type
of time change introduced by Bochner [17, 18] in the context of harmonic analysis and
is particularly useful since it leads to some analytically tractable expression for many
quantities of interest. This is especially relevant since many Lévy processes used in appli-
cations take this form. After a brief review of the Phillips theorem and some basic facts on
subordination, we tackle the problem of the approximation of the density of the Lévy pro-
cess. Instead of approximating the Lévy process directly, we replace the Brownian noise
by a random walk and study the subordinated random walk. We believe an advantage of
our method over a direct approximation of the jumps lies in the fact that we not not at-
tempt to approximate the law of the subordinator; this results in faster convergence of the
transition kernels and provides an easy way to simulate transition probabilities since the
approximating process is a continuous time Markov chain and the computation reduces
to the exponentiation of a matrix. The main result of the chapter is to derive the first term
in the expansion for the error given by the difference between the transition probabilities
and identify the exact constant.

In Chapter 3 we move to the study of backward stochastic differential equations. At
the beginning of the chapter, we start by reviewing some classical results in a Brownian
setting; in particular, the connection with the solution of a Cauchy problem is presented.
We then examine the case of BSDEs where the filtration is generated by a jump process,
namely a Wiener process and an independent Poisson random measure. The following
part of the chapter is devoted to the study of a weak discretisation scheme: we replace
the continuous driving noise by suitably chosen random walks and analyse the associated
FBSAE. This discrete problem differs from the continuous one for the presence of an

extra (martingale) term, due to the loss of the predictable representation property in the
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discretisation procedure. A solution to the BSAE is found and we briefly discuss the
issue of the convergence to the solution of the continuous BSDE. We then propose a
numerical scheme using the regression on function bases technique for the computation
of the conditional expectation; extensions to the case of a filtration generated by a forward
stochastic equation are given.

The recent development of comparison theorems for BSDEs driven by discontinuous
processes (see [8]) has made it possible to extend some results on g-expectations (in par-
ticular the inverse theorem) to a Lévy setting [117]. Drawing inspiration from the latter,
we close the chapter with a numerical illustration where we carry out the computation of

some non-linear expectation in a jump setting.
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Chapter 1

Lattice approximation of Lévy

Processes

1.1 Introduction

In this chapter, we look at the problem of approximating a Lévy process by a Markov
chain defined on a lattice and to determine the rate of convergence of the error term.!
More precisely, we determine the rate of convergence of the transition kernel of the chain
to that of the Lévy process. Instead of starting from the characteristic exponent, thus
exploiting the time and space homogeneity of the process, we choose to work at the level
of the generator. This approach suggests that the results allow for generalisation to the

more general setting of space and time inhomogeneous Markov processes.

Literature review

The identification of conditions for the weak convergence of processes have received a
considerable amount of attention in the literature. Their importance is both theoretical
and practical since functionals of stochastic processes often arise in many areas of appli-
cations including finance, filtering and statistics. The article [82] discusses some suffi-
cient conditions for the weak convergence of a sequence of semimartingales to a process

of diffusion-type. Kurtz & Protter [77] show that, given a suitable sequence {(X,,Y,)}

"We thank Aleksandar Mijatovié¢ for useful conversations.
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of processes converging weakly to (X,Y") (in the Skorokhod topology), the sequence
{[ X, dY,,} converges weakly to [ X dY. In the spirit of the work of Gikhman & Sko-
rokhod [60], Markov chain approximation methods were put forward by Kushner [78],
who shows how a certain family of Markov chains, satisfying the so-called “local con-
sistency” conditions, converges in law to a diffusion. The proof of this result relies on
showing that a certain sequence of probability measures is tight. This fact is further ex-
ploited in the context of stochastic control by Kushner & Dupuis [79], where numerical
methods based on Markov chains are refined. Stroock & Varadhan [120] developed a
theory of diffusion approximation which makes use of the connection between solution to
SDEs and the martingale problem and show a link between rescaled Markov chains and
certain diffusion processes. This constituted a change of paradigm since most methods
deployed until then to tackle approximation problems were analytical in nature. Platen
[112], also constructs a Markov chain to approximate a diffusion process.

Discretization schemes for stochastic processes lie at the heart of computational fi-
nance too and their importance has been highlighted in the seminal paper by Cox, Ross &
Rubinstein [36], who introduce a no-arbitrage pricing method based on recombining bino-
mial trees. The convergence in law of the discrete-time approximation to the continuous-
time Black-Scholes model was proved in [63] and [3]. This led to many attractive pric-
ing algorithms for contingent claims for which closed-form solutions of continuous-time
models are not available. Because of the importance and usefulness of discrete-time mod-
els, a considerable effort has been made to extend and generalise them, examples of which
include [89, 44, 66]. The key issue of the rate of convergence of the discrete option prices
to their continuous counterpart was solved by Heston & Zhou [64]. The rate of conver-
gence measures the speed at which the numerical method converges to its limit and it is
particularly useful since convergence-enhancing techniques, like the Richardson extrap-
olation, are no longer useful if the rate of convergence is unknown. They also show that
the convergence rate of discrete-time multinomial option prices depends crucially on the
smoothness of the option payoff. The latter is slower than generally believed, since often
payoff profiles present a discontinuity in the first derivative. However, they proceed with
proving that the convergence rate of a binomial model to the price of a derivative whose

payoff is twice continuously differentiable and defined on a bounded interval, converges
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at the rate of O(n~1), with n being the number of time steps in the tree. A detailed study
of the convergence of the binomial tree was also carried out by Walsh [124], who obtains
sharper results using probabilistic methods. He embeds the tree scheme in the diffusion
by means of Skorokhod embedding, thus defining the approximating sequence and the
diffusion on the same probability space. The strong rate of convergence and the exact

constant are thus determined.

Contribution

A number of authors, [76, 122], have given sufficient conditions for the convergence of
a sequence of operator semigroups in terms of their infinitesimal generators. They use
operator-theoretic techniques in their proofs, which seem ill-suited for the analysis of the
accuracy. Mijatovi¢ & Pistorius [93] tackle the problem of pricing barrier options in a
one-dimensional Markov model defining a continuous-time Markov chain that closely
mimics the dynamic of the underlying. The related problem of determining the rate of
convergence of the probability kernel of the discretized model to the probability density
function of linear Brownian motion and to the probability density of a Lévy process has
been examined by Albanese and Mijatovi¢ [2] and Mijatovi€ et al. [94] respectively. The
discretization scheme proposed in [94] is based on a continuous-time Markov chain whose
infinitesimal generator is defined in such a way as to approximate the generator of the
Lévy process. Their approach, however, differs from ours in that they restrict the analysis
to a subclass of Lévy processes whose marginal densities have derivatives of all orders,
namely the processes that have Gaussian component or satisfy the “Orey condition” while
we impose weaker conditions on the decay of the characteristic exponent. Furthermore,
by matching the moments of the ‘small jumps’ we obtain faster convergence rates in all
cases covered, as shown in Table 1.1, provided that the conditions for the existence of the
generator are satisfied.

The scheme we use in the case of a Lévy process with Gaussian component is sum-
marised by Table 1.2 whereas in the case of a pure jump process we shall utilise the
scheme in Table 1.3 and in Table 1.4 depending on whether the paths of the process are

of bounded variation or not respectively.
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Bounded variation Unbounded variation
o>0 @) (h2) O(h)
o=0 O(h) O(h)

Table 1.1: The table above shows the speed of convergence of the transition kernel of
a continuous time Markov chain to that of a Lévy process with characteristic triplet
(i, 0,v). The headings “Bounded variation” and “Unbounded variation” refer to whether
or not the condition | (L) |z| v(dz) < oo is satisfied. The parameter / represents the mesh
of the lattice.

1 ify=xz+h,

0 otherwise.

1 ify=uax+h,
Ap(z,y) = # -2 ify =u,

0 otherwise.

Ah(x,y):f(y—x)h, a:;«éy

5.2
Lh = /thh + ThAh + Ah.

Table 1.2: The exhibit describes the generator L, of the continuous time Markov chain
used in the case of a Lévy process with Gaussian component. The operators above ap-
proximate the drift, Brownian and jump part of the generator of the Lévy process. The
expression for the parameters /iy, 0y, are given in Equation (1.2.4) and (1.2.5) respectively.
The states z and y lie on the lattice hZ, where h represents the spacing.

We remark that the techniques used in this chapter are well suited to extensions of our
work to a more general class of Markov processes since they do not rely essentially on
the stationarity and independence of increments that Lévy processes enjoy. This suggests
that there is a wider range of validity and that such an approximation could be developed
for Markov processes for which the generator is known in closed form, like Feller pro-
cesses; this, however, is left for future research. In a generator based approach, in the
general case, sufficient conditions to guarantee the existence of a process given a gener-
ator, such as the ones given in Kolokoltsov [74] for the class of Feller processes, would
be needed. For an exposition of the theory of Markov processes with an emphasis on the
interplay between stochastic and functional analytic methods, we refer to the recent book
by Kolokoltsov [75]. In [75] general results show that convergence of the generators un-

der suitable conditions implies the convergence of semigroups (see for example Theorem
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1 ify=x+h,

0 otherwise.

1 ify=x—h,
Vilz,y) =34 —1 ify=u,

0 otherwise.

An(z,y) = fly—x)h, x#y.
Ly = /:Lth + Ay,.

Table 1.3: The table describes the generator of the continuous time Markov chain used
in the case of a pure jump Lévy process with bounded variation paths. The operator fo
approximates the drift part of the generator depending on the sign of p while A;, mimics
the jump part of the generator of the Lévy process. The parameter [Lth is obtained by
matching the first moment and it is given in Equation (1.3.4). The states x and y lie on
the lattice hZ, where h represents the spacing.

8.1.1 in [75]).

The remainder of this chapter is structured as follows: in section 1.2 we study the case
of a Lévy process with Gaussian component: in section 1.2.1 we define the generator of
the Markov chain and determine the parameters in such a way that the first two moments
are matched; in section 1.2.2 we obtain a spectral representation of the generator of the
chain and identify the characteristic exponent of the approximating process; this will be
used to obtain an integral expression for the transition kernels. Finally, in section 1.2.4
we prove the error estimates. In section 1.3 we treat the case of a pure jump Lévy process
with bounded variation paths: building upon the work in the previous sections, in 1.3.1
we explain the challenges arising from dealing with a pure jump process; in section 1.3.2
we define the generator of the chain and prove convergence estimates. In section 1.4,
we examine the case of a pure jump, unbounded variation Lévy process and we prove
convergence estimate for the transition probabilities. The proof relies on introducing an
auxiliary process with Gaussian component and we are thus able to reduce some of the
proof to a case covered in section 1.2. The chapter closes with an appendix where we

collect some useful results used throughout the chapter.
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1 ify=ux+h,
Vilr,y) =44 —1  ify=x-h,

0 otherwise.

1 ify=x=+h,
Ap(z,y) = % -2 ify =u,

0 otherwise.

Ah(xuy) :fG(y—ZL')h, I%y

5.2
LY =V + 20+ Ay

Table 1.4: The table describes the generator of the continuous time Markov chain used
in the approximation of a pure jump Lévy process with unbounded variation paths. The
operator V;, approximates the drift part of the generator while A; mimics the Brownian
part of the generator of a Lévy process with Gaussian component X approximating the
original process X. The parameter ji;, is obtained by matching the first moment and it is
given in Equation (1.4.7). The states = and y lie on the lattice hZ, where h represents the
spacing.

1.2 Lattice approximation of Lévy processes with Gaussian compo-

nent

1.2.1 Definition of the generator and construction of the chain

Let X = {X}; t > 0} be a Lévy process with characteristic triplet (1, o, ) and such that
v(dx) = f(z)dz. Our (sequence of) processes will be a discrete version of the process
X taking values in hZ for some positive h in a sense that will be made clear later. We
proceed to define a continuous time Markov chain (which has stationary and independent
increments, i.e., a Lévy process) by defining its generator, which in this simple setting,
can be thought of as an (infinite) matrix.

Let [?(hZ) denote the Hilbert space of maps from hZ — C which are square summable

and let us consider the set {9,,y € hZ} C [*(hZ) where

1 ifx =y,
oy(z) =

0 else,

which is a Hilbert basis for [?(hZ). Define V, : [*(hZ) — [*(hZ) and Ay, : I*(hZ) —
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I2(hZ) in the following way:

(Vig)(r) = HEEH ATl

¢(@ +h) + oz — h) — 2¢(x)

(Ah¢)<x> = 2 )

where x € hZ. Note how the two operators defined above are respectively the discreti-
sation of the first and second term in the expression for the generator of a Lévy process
(1.A.1). The operator A, defines a chain with equal probabilities of jumping one state up
or one state down from the current state. Its expression in coordinates with respect to the

standard basis {0,;y € hZ} is the following:

1 ify=ax+h,x—y,
1
Ah(ﬂf,y) = Ah(éy)(x) = ﬁ _2 lfy = 1’7
0 otherwise.

On the other hand the discrete gradient operator V, as defined above, is not a Markov gen-
erator since it has negative elements off the diagonal. It can be expressed in coordinates

as follows:
1 ify=xz+h,

-1 ify=xz—nh,

1

Vi(z,y) = Vi(d,)(z) = o

0 otherwise.

Define A C [?(hZ) to be the space of compactly supported sequences in hZ (i.e., se-

quences which are eventually zero). A is clearly dense in [2(hZ). We are going to define
Ay 12(hZ) D A — I*(hZ), h >0,

where A is the domain of A, in the following way: we start by defining A; on the

elements of the Hilbert basis {6,,y € hZ}.

Ah(x7y> = Ah(ay)@j) = f(y - l’)h, r# Yy, x €hZ, (1.2.1)
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and

Ay, y) = M) (W) == > My, 2).

r#y,xERL
Lemma 1.2.1. Under the conditions of Theorem 1.2.13, Ay, : A C I?(hZ) — I*>(hZ) is a

well-defined operator.
The proof follows from an application of Theorem 1.A.6.

Remark 1.2.2. The definition of the jump part of the generator as above shows that
A(z,y) only depends on the difference x — y and this means that the resulting Markov
chain will be spatially homogeneous. Furthermore, it will also be time-homogeneous
since there is no time dependence. The resulting Markov chain will therefore be a Lévy

Process.

Remark 1.2.3. The meaning of Equation (1.2.1) becomes clear when we think about the
expected number of jumps of our process. Let X = {X;;¢ > 0} be a Lévy process and
let N(-,w) be the associated Poisson random measure. The latter encompasses all the
information about the jumps of the process. The expected number of jumps in [0, ¢] of

sizey —x — h/2 <& >y—x+ h/2, with z,y in hZ is given by

E [N ([o, t] x By (y - x)ﬂ - t/B v(du) ~ tf(y — z)h, (1.2.2)

n(y—2)
2

where B (y — x) denotes a ball of centre y — x and radius h/2. In other words, the
expected number of jumps per unit time of the Lévy process within the range [y — x —
h/2,y — x + h/2) is approximatively equal to with the expected number of jumps of the
chain of size y — x. Differentiating with respect to ¢ we obtain the rate of going from z to
. One can also think of this procedure as constructing another Lévy process whose jump
measure is a sum of delta masses centred on the points of the grid 2Z and with coefficients

given by the right-hand side of (1.2.2).

We now define the operator A, on the whole space A. This is done by setting:

A (©)(x) = > (60,0 Mn(x,y), & € P(hZ),

yERZ



Chapter 1. Lattice approximation of Lévy processes 21

where (-, -) is the /2 inner product. With this definition, it is easy to see that the mapping

- o
Ly = Vi + fﬁh + Ay,

with fiy,, o, real coefficients that depend on A, is a densely defined unbounded operator. It
now remains to define the coefficients ji;, and 6}, in order to ensure that £, is a generator.
By the Lévy -Khintchine formula, the characteristic exponent of the Lévy process X with

characteristic triplet (1, o, ) can be written as ¥ = U 4+ U, where

1

Loy / (€ —1—iuz)v(de),  (1.23)
{lz|<1+%}

Uyi(p) =ipp — 5

and

The choice of 1 + % as a cut-off point to separate the small jumps from the large ones
is arbitrary and could be replaced by any real = such that z = % mod h. The reason for
doing this lies in the fact that while the value of the Riemann integral, unlike its stochastic
counterpart, is not affected by the choice of the sampling point for the integrand, its rate
of convergence is and it is maximised by choosing the midpoint (see Appendix). Note
that W, is the characteristic exponent of a compound Poisson process. In the following
we set [ to be the interval [—-1 — h/2,1 + h/2] and J to be the set {k : |kh| < 1,k # 0}.
We shall show in the next section that, with the choice of parameters fi;,, 7, that we are
about to make and under the conditions that we are going to specify, the approximating

Markov chain X" is a compound Poisson process with characteristic exponent:

ey - sin(hp) _ycos(hp) —1 oikh
V) = i o Y -
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We can then treat U” in a similar fashion, namely write it as U" = ¥ 4+ W% where

_ sin(hp _ycos(hp) —1 i
i (p) = fin 2 )y & ( hg) +) (e — 1) f(kh)h,
J

Wh(p) = Y (€M% —1)f(kh)h.

hZ\J

X" can then be thought of as being the sum of two independent Lévy processes X" and

X2, corresponding respectively to U" and W%, If the condition (BV) holds:

/ lz| v(dz) < oo,
[_111}

then (1.2.3) can be rewritten as

AN 1A2 2 i . pQIQ
Uy (p) =ijp — 30D +/ e?” — 1 —ipr + 5 v(dx),
I

where

ﬂ:,LH—/xz/(dx), 62:a2+/x2u(dx).
I I

and the latter makes sense because v is a bounded variation Lévy measure. If the condition

(UV) holds: [, ,; |z|v(dz) = oo, (1.2.3) reads

. 1A2 2 i . pQIQ
Uy (p) =ipp — 30D +/ e”” — 1 —ipr + 5 v(dx),
I

where
6% =0+ /x2 v(dz).
I

The key idea is to match the first two moments of the “small jumps” processes; in other

words we want, forall ¢ € R,
E[X, ()] = BIX7()],  EXi(t)*] = BX[(t)?,
or equivalently

17 (04) = 171U (04),  —WY(0+) = —(97)"(0+).
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It is a matter of simple calculus to verify that the coefficients fi;, 75, should be set equal

to
p+ [yzv(de) =3 khf(kh)h  if (BV),
h= (1.2.4)
=3 khf(kh)h if (UV),
and
~2 2 2 2
52 =0+ /m v(dx) = (hk)*f(kh)h, (1.2.5)
I 7

in order to satisfy the previous equations. Since V}, is not a Markov generator, we need

to check that £, (x, x + h) > 0, or, more explicitly:

Hn oy,
Ly(x,x —h)=——+ =5 + f(=h)h >0,
2h - 2h? (1.2.6)
_Ph  "h > 0.
Lp(x,x+h)= 2h+2h2 + f(h)h >0

If (BV) holds, an application of a result on convergence of Riemann integrals, Theorem

1.A.6, shows that it is enough to require

f[—l,l]\[—h,h] |f(z) + xf'(x)|dz =0 (1/h),

(A)
f[fl,l]\[fh,h] 2 f(x) + 2*f'(x)|dz = o (1/h),
in order for
/xudaz Zkhf (kh)h /a: v(dx) Z h| — 0.
I J
The condition
o? o?
—— << — 1.2.7
S HS 5 ( )

is sufficient for (1.2.6) to be satisfied. This condition, however, will be satisfied for an
arbitrary p and positive o, provided the lattice space h is small enough. Since we are
interested in the behaviour of the discrete model in the limit as i goes to zero, we can as-

sume without loss of generality that (1.2.7) condition holds. This implies that the operator
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L, is a Markov generator. If (UV) holds, then assume that

p— G = 2f(=h)h? < 3 khf(kh)h < p+ § + 2f (h)h2,

2h

f[—l,l]\[—h,h] [z f(z) + a:2f’({p)| dz =o(1/h).

(B)

Note that the first condition in (B) is just restating explicitly that £, (x,x £ h) > 0 and
is satisfied by all alpha-stable processes and by any process whose Lévy measure v is
symmetric. The second condition in (B) guarantees that | [, 2% v(dz) — >~ ;(kh)? f(kh)h|
goes to zero. In the remaining part of the chapter we shall assume that (A) or (B) hold, so

that it is guaranteed for £, to be Markov generator.

1.2.2  Spectral representation and transition probabilities

In this section we discuss an application of the Kolmogorov backward equation, that we
briefly review, and find the transition probabilities of the stochastic process that we de-
fined in terms of the generator £;,. More precisely, we want to find P/ (z,y) = IP(X} =
y| X2 = x), where the process {X/*;¢ > 0} is the continuous-time Markov-chain cor-
responding to L£;. The main tool that we are going to use in order to find those is the
Kolmogorov backward equation. In the case of a Markov chain with infinite state space,

the backward equation is an infinite system of differential equations:

pl(t) = Lali, k)prs(t),  pi(0) = 645, (1.2.8)
kes

and the standard results on matrix exponentials no longer apply. In fact, in the finite state-
space setting, a solution to (1.2.8) is just given by (e'“"§;); where the latter is the standard
matrix exponential. A simple way to compute this expression is to diagonalise (when
possible) the matrix £, = S~'AS and to observe that e’“» = S~1e!AS. In the infinite
state space case, the generator £}, is a linear operator (on some linear space) which can be
regarded as an “infinite matrix”. Then, in our case, the Kolmogorov backward equation

reads
U= Ehu,
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for a function u : [0, 00) — D(L},), where D(L;,) represents the domain of the operator
Ly,. The latter is an operator-valued differential equation in that u(¢y) for any ¢, in [0, 00)
is an element of a linear space, possibly infinite dimensional 2. It is possible to show that
the solution is again given by “u(t) = e*“»§,” provided we make sense of e*“#, especially
in the case of £;, unbounded. However, by using functional calculus (see chapters VII and
VIII in Reed & Simons[114]), this turns out to be possible and, much as before, we shall
see that in order to get a workable expressions we will need to “diagonalise” the operator

L. The analysis carries over in a surprisingly similar way. Then
P = yl¥g =) = e""4,(-),

where the latter is an equality between two square summable sequences and the right hand
side is to be interpreted as the operator e’“* acting on §,. We now set out to do this.

Consider the family of functions defined on the interval [—7, 7] in the following way:

=03

h
Gn D>\ —exp(—inhp), n € Z.
27

The functions {g,;n € Z} form a countable orthonormal basis of the Hilbert space

L?([—%, %]) with respect to the Lebesgue measure. We will now define the semi-discrete

Fourier transform which is an isometry Fj, : [?(hZ) — L*([— 7%, %]). Let f be an element

of [>(hZ) and let f(hn) denote the n™ element of the sequence, where n € Z. Then’

FaD®) =Y fhm)g0).  pe |57

nez

The transformation 3, maps sequences into periodic functions on R with period 27” It fol-

lows from the definitions of the respective inner products on [?(hZ) and L*([—F, Z]) that

T
h'h
(

Fp is a unitary transformation. It is a well-known fact that any function ¢ in L? [— e ﬂ )

%In this case, u(to) will be a square summable sequence specifying the transition probabilities from time
zero to .

3The following series converges in L? by using, for instance, the classical result (Riesz-Fisher): Let
{ei} be a countable orthonormal basis in a Hilbert space H. The series y | ;e; converges in H if and only
if the sequence {;} isin [2 .
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can be expanded uniquely by a Fourier series:

6=> (6 9n)9n,

nez

where (-, -) is the inner product in L? and (¢, g,,) in turn coincides with (;Aﬁ(n), the Fourier
transform of ¢ evaluated at n. The series converges to ¢ in the L2-norm and not nec-

4

essarily pointwise”. This allows us to conclude that the inverse transform F, ! can be

expressed as
Fi (8)(hn) = (@, gn),

for any ¢ in L?( [—%, E] ) and all points hn in hZ. The following theorems are important

to what follows; their proofs are inspired from the continuous state space case.

Theorem 1.2.4. Let X' be a Lévy process with state space hZ and characteristic expo-

nent 1. Let f € I>(hZ) and & € hZ. Then the associated semigroup is given by:

E[f (X! + z)] \/»/ e P (7, £)(p) dp (1.2.9)

Proof. We use the invertibility of the semi-discrete Fourier transform to write any f €
I2(hZ) as f(hn) = F; '(Fnf)(hn) for n € Z. Using the explicit formula for F, * within

the expectation sign, we obtain, forallt > 0, , z € hZ,

Bl (X + [/_/WX”z fx>]

;r

Moreover:

[J_/ﬂ e f”“\]é[ﬁuwwwm<m

where the last inequality follows from the fact that L*([— 7, 7]) and is contained in L' ([T, %]),

3‘

since the interval [—7, 7| has finite Lebesgue measure. This entitles us to apply Fubini’s

“However, note that Carleson theorem ensures convergence almost everywhere.
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theorem and obtain:

BLACKE + ) = 1 [ et (B
Vo [Femen Fe

=3 :\ﬂ

3

;w

]

Theorem 1.2.5. Let X' be a Lévy process with state space hZ and characteristic expo-

nent n. Let A be its infinitesimal generator, f € D(A) C I*(hZ) and x € hZ. Then the
)=y / 4 1(p) (Fif)(p) dp

E[f(X} + ;c)] — f(z)

following holds:

t‘

Proof. By result (1.2.9), we have

(Af)(x) = lim

10
- [ e F e a

L = a, we have that the integrand converges point wise to e**? 1(p) (F,.f)(p).

D“

Furthermore, by the mean value theorem

etn(p) _ 1

e L AN < HOEDE]L weR

and since 7 is continuous at every p we have that the right hand side is then bounded on

the compact interval [— by an element in L!. A straightforward application of the

h’h]

dominated convergence theorem yields the result we set out to prove. 0

The result of Theorem 1.2.5 can be written in convenient shorthand form

Af = F, \(nFrf), FrAf =nFunf.

Furthermore by taking f € Im(F, ') ie. f = F, '¢, for some ¢ € [2(hZ), (1.2.10)
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becomes the so-called “spectral representation” of the operator A:
FhAF, o = no.

Theorem 1.2.5 says that for any Lévy process defined on a lattice the operator F, AF, Lis
a “multiplication operator”, in the sense that it simply multiplies the element it acts upon
by a function of real variable which is its characteristic exponent. Incidentally, note the
similarity of the previous two results to the next well known theorem, which is of great

importance in the analytic study of Lévy processes and their generalisations.

Theorem 1.2.6. Let X be a Lévy process with Lévy triplet (vy,0,v) and characteristic
exponent V. Let (P,) be the associated (Feller) semigroup and let A be its infinitesimal

generator.

1) Foreacht >0, f € S(R?), z € RY,

(Puf) () = (2m) / ) 0 (),

Rd

where S(R?) is the Schwartz space of rapidly decreasing functions on R¢ and f is

the Fourier transform of the function f.

2) Foreach f € S(R?), z € RY,

(Af)(w) = (2 [ 0wl du
R
For a proof of the latter, the reader is referred to [5]. The previous result can be
rephrased in the language of pseudo-differential operators and says that P, and A are
pseudo-differential operators with symbol e’ and W respectively. We can now proceed
to find a spectral representation of the generator £;,. This has a twofold purpose since,
by virtue of the backward equation and Theorem 1.2.5, will allow us to find the transition

probabilities of the process and to identify its characteristic function.
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Let a be a sequence in [2(hZ). Then, exploiting the relation g,,,1(p) = e~ "¢, (p),

Fulan(a)(p) = alhlin +1)) + G(Z(Qn =b) 2a(hn))9n(p)
- % (e_ihp + ethr — 2) Z a(hn)gn(p)

neL

_ Z(COS(Z]2?> — 1).7:h(a)(p).

So that if we take f = F, *(¢) for some ¢ € L?, we get

2(cos(hp) — 1)
h2

FuSnFy (@) (p) = o(p).

A similar calculation shows that 7,V (a)(p) = i%}"h(a) (p). Let us now focus on
the jump part of the generator, A,. Denoting by y = hm an element of the grid hZ and

by 4, the sequence in [?(hZ) that has one in the m™ position and zero everywhere else,

we obtain:
«FhAh ZAh hn gn )
nez
= Z Ah(hn, hm)gn(p) + Ah(hma hm).gm(p>
n#m
—hZf kh)gm—k +h Z Fk) g — 1Y f(kh)g
k=—o00 k#0
_ hZf(kh)eikhpgm _ hZf(kh)g
k0 k#0
=hY_ f(kh)(e*" — 1)F(5,)(p)-
k£0

It is then possible to show that, with a similar procedure, for a € A we obtain:

Fuln(a)(p) = b > (e — 1) f(kh) Fiu(a) (p).
k#0

Take Fj, to be the semi-discrete Fourier transform. We have the following “spectral de-
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composition’:

FnlnFi'® = £,

where th is a “multiplication operator” and ® € Fj(A). Z;: is a “multiplication operator”
in the sense that it simply multiplies the element it acts upon by a function of a real
variable; in other words:

Lp® = U,

where

Wh(p) = iﬁhsméhp) +525% hpQ mE R (1.2.10)
k40
Theorem 1.2.5 guarantees that (1.2.10) is in fact the characteristic exponent of X". A
closer look at this expression tells us that the last term in the right hand side of (1.2.10)
is nothing but the discretization of [ (e — 1) v(dx), the characteristic exponent of a
pure jump, bounded variation Lévy process (in particular, a compound Poisson process).
Its form comes as no surprise as X" is forced to live on the lattice hZ and hence its
Lévy measure must take the form of a Dirac comb, turning the integral part of the Lévy-

Khintchine formula into an infinite sum.

Remark 1.2.7. There are criteria that allow one to establish when certain linear operators
admit a spectral decomposition i.e. can be modelled by multiplication operators, which
are as simple as one can hope to find. This is always true, for instance, for the class of
bounded, self-adjoint operators. Spectral theorems for self-adjoint operators may take
several equivalent forms °; however, we did not invoke such results but rather found an

explicit decomposition for our case.

More importantly, this enables us to define objects of the form )(L},), where 1 (-) is

SFor the sake of completeness, we give one possible formulation: For each self-adjoint operator 7" acting
in a Hilbert space H, there exists a unitary operator, making an isometrically isomorphic mapping of the
Hilbert space H onto the space L?(M, 1), where the operator T is represented as a multiplication operator.
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an entire function®. For any elements z,y € hZ, define
P(z,y) == P(X]" = y|Xg = z) = (" (3y)) ().
The transition probabilities can then be obtained in the following way:

Pl(z,y) =T, e " Fiu(d,)(@) = [ b e ®) g, (p)gm(p) dp

%)

B

etV (@) gir(e—y) dqp. (1.2.11)

>3

Formula (1.2.11) has the property that the time variable ¢ and the space variable x,y

feature in an separated way.

Remark 1.2.8. The transition probabilities could be determined without invoking spectral
theory if we were to start by defining the characteristic function. It is a well known fact
that the characteristic function uniquely determines the distribution. This distribution can

be computed by the so-called “inversion formula”:

Theorem 1.2.9. Let i be a probability measure on R and let ¢(t) = [, " pu(dx) be its

characteristic function. If a < b, then:

T ,—ita _ ,—itd
lim / C () dt = (e, b) + (e, b)),

T it

1.2.3 Transition density

In order to define the transition density of our process Y let us take a step back and look
at the problem from the point of view of Markov processes. For a Markov process taking
values in R?, we can define its transition semigroup 7} ; on a suitable space of measurable

functions from R¢ to R by

Torf (z) = E[f(Xy)|Xs = 2],

A function is said to be entire when it is complex valued and holomorphic over the whole complex
plane.
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In the same spirit it is possible to define the transition probabilities, also known as transi-

tion kernel or transition function:
Pi(x,A) =IP(X; € AlX, = ).

The Markov property yields the following relation between transition functions, also

known as Chapman-Kolmogorov equation:

P, (z,A) = /d P i(z,dy)Pru(y, A).
R

By the properties of conditional probability, each Ps(z,-) is a probability measure on

B(R?). A transition function is said to be spatially and time homogeneous if, respectively:
Pii(x,A) = P4(0,A—x) and Pi(z,A) = Pyis(z, A).

It is easily seen that independence of increments yields spatial homogeneity while station-
arity gives time homogeneity. Putting these two together we conclude that Lévy processes
satisfy:

Pi(x,A) = Py1-s(0,A —x). (1.2.12)

In fact, Lévy processes are completely characterised by this condition, being the only
Markov processes which are homogeneous in space and time’. It is now possible to

define the transition density:

Definition 1.2.10. A Markov process is said to have a transition density if for each z €

R?, 0 < s <t < oo, there exists a measurable function y — p;(, y) such that

P (x, A) = / psi(z,y) dy.
A

An application of (1.2.12) shows that any Lévy process { X;;t > 0} has a transition

7[119] offers a proof of this result (Theorem 10.5)
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density if and only if IP** has a density f; for each t > 0 and

psi(w,y) = fios(y — 2), (1.2.13)

foreach 0 < s <t < oo, z,y € R%. However, X; does not always have a density: for

instance, if X is a compound Poisson process (with parameter \), we have
P(X, =0) > IP(N, =0) =e >0,

where NV is the associated Poisson process; it follows that IPX* has an atom at zero for
all t. In general, given a Lévy process (on R?) generated by (v, ¥, v), it is enough to
require that ¥ # 0 or (R?) = oo to make IP*** continuous®; however, in the case ¥ = 0,
conditions for absolute continuity are a hard problem. Sufficient conditions are given in

Tucker [123] and Orey [102]. Here we present the so-called Orey condition:

Theorem 1.2.11. Let X be a real-valued Lévy process with characteristic triplet (7, o, v).
If there exists 3 € (0, 2) satisfying
lim inf 7 / 22 v(dz) > 0,

r—0 _r

then X, has a C* density p(-) for every t.

In other words, continuity properties of the cumulative distribution function depend
on the behaviour of v near the origin. For a proof of this we refer to Orey [102] or Sato
[119]. This condition however is sufficient but not necessary. To see this, consider (in
the one dimensional case) the Lévy process X with triplet (v, o, v), with ¢ # 0. The

characteristic function of X, is given by

(bt (U) — et\II(u)’

8 A measure p on R is said to be continuous if p({z}) = 0; a classic example of a measure which is
continuous but not absolutely continuous is given by the measure induced by the Cantor function, which is
mutually singular with respect to the Lebesgue measure.
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where

1 .
W) = 1 — St + / (€ — 1 — durl_y y(x)) v(d).
R

It is easy to check the integrability of ¢:

/ |p(u)]| du < /6_5‘72“2 du < o0,
R R

since | exp(iyu + [p e — 1 — iuxl_yj(z)) v(dz))| < 1 and hence X, admits a den-

sity that is uniformly continuous ° and given by

fl(x) _ (2’/T)_1 / e—iuxet\I/(u) du.

R

Remark 1.2.12. The example just considered shows that the decay at the tails makes
the characteristic function integrable and this enables us to obtain a density. A similar
calculation explains why Lévy processes with a Gaussian component admit a density, no

matter what the Lévy measure does.

By (1.2.13), X, admits a transition density p;(x, y) which is given by f;(y — x), which

1s:

1 .
pi(x,y) = o /R ) gir(@=y) qp (1.2.14)

1.2.4 The convergence

In this section we examine the convergence of the discrete probability kernel in P} to the
conditional probability density function p,(z, y) of the Lévy process. It is clear that when
trying to estimate

D, ,(h)=2m

1

Let Y be a random variable and let ¢ : R — C be its characteristic function. If ¢ € L'(R) i.e.
Jz [#(€)| d€ < oo, then Y admits a density f which is uniformly continuous and given by:

fla) = (2 [ o) de.
R
The integrability of the characteristic function is a sufficient but not necessary condition for the existence of
a density: the uniform distribution (on, say, (—1,1)) admits a density but its characteristic function is not
Lebesgue integrable.
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where

1

- ho 7w .
pulz.y) = o / VW) @) qp  Ph(z,y) = o / V" B) girla) 4y,
R _

>3

the fundamental quantity is the difference between the two characteristic exponents ¥"

and . This can be seen by writing:

1

h _
p(x,y) — EP?(m,y)‘ < / - |et\1/(p)| ’et(\lf (»)—T(p) _ 1|dp+/ ‘et\I/(p)’dp’

hoh R\[_%’%

and we can take this a little further by writing |U" — ¥| = |U" — ¥, + U — U, |. Spelling

out the latter a bit more, we note that we can write:

__ sin(hp _ocos(hp) — 1 i
Wi(p) = 5, )y a PN 2L S 1) plenn
J

Ui(p) =1 (ﬁh Y khf(k'h)h> -3 <a - Z(hk)zf(kmh) 7

2,2
+/<eipz—1—ipx+p; ) v(dx),
T

which in turn can be rearranged in the form:

cos(hp) — 1 2
(hp) +%

Ui (p) — Wi(p)| < | 12

sin(h -
ng) —p'—i—ai

2,.2
+ /(eipx—l—ipx—kpw ) v(dz)
; 2
2 2
-y (eikh” 1~ ipkh — 1@) F(kh)h|,
J

the inequality simply being an application of the triangle inequality. Note how the ex-
pression within the last modulus sign should be small since the sum is nothing but a

discretization of the integral. The same can be said for:

W) = W) = | [ (€= 1)wde) = Y@ - fkhh)

R\ hZ\J
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Define the quantities:

cos(hp) —1  p? sin(hp
en(p) = 2 T o = )

and

anp) =3 (eikhp 11— ikhp+ W;p)Q) F(kh)h — /I <eip”” 1 ipz+ (p;)z) f(2)du,

J
BMﬁZEJJW—nﬂMm—/‘wm—nﬂwm.

hZ\J R\
The strategy to find an upper bound of (1.2.15) will be to choose a positive function K (h)
which goes to infinity but is bounded above by 7/h and to express the aforementioned

difference as:

K(h) N
/ €2V |V () -¥ () _ 1 g
K(h)

+2/h |e“”‘<P>|dp+2/ @) dp. (1.2.16)
K(R) K(R)

The reason for doing this is that the functions ¢, and pj, for a fixed value of h, can take
large values as p approaches 7 /h. This can be seen for the function ), by developing the
cosine with its Taylor polynomial:

cos(hp) =1 p? h2p*

e~ g sl

for some 0 < & < hp. Hence

valid for all p in R. As p — m/h, the right hand side converges to % and this in turns
goes to infinity as h goes to zero. From this, emerges the need to find a function K (h)
such that the quantities y,, p;, are uniformly arbitrarily small on the set [— K (h), K (h)]
i.e. they converge to zero uniformly on the interval above. This turns out to be pos-

sible as long as K (h) is chosen such that limj, ,o K*(h)h?> = 0 or, equivalently, any
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K(h) = o(1/v/h) as h — 0 will satisfy this requirement. On the other hand we want
K (h) to go to infinity (albeit, as we said, slower than 7/h) since this makes the last two
summands in Eqn (1.2.23) integrals of two integrable functions on sets whose measure is

going to zero, and hence going to zero themselves.

Before moving to the main result, observe that the limit as & goes to zero involves a
passage from a discrete state space hZ to the continuum of R. This limiting procedure
should be interpreted in the following way: we need to fix a strictly decreasing sequence of
positive real numbers (h,,),en such that: (i) lim,, h, = 0 and (ii) Z—] is an integer for every
7 > i. The second property ensures that this gives rise to a nested grid, i.e., the lattice
h;Z contains the lattice h;Z. This is important since the domain of Pi” is h;Z X h;Z so
we want to ensure that when fixing two points x, y on the lattice h;Z, they will belong to
all subsequent /;Z so that P? ?(z,y) is well defined for all j > ¢ and can thus be regarded
as a function of the index j. An example of such a sequence is given by h, = (%)” In
the sequel, we will drop the subscript n when dealing with the lattice spacing h,,; being
clear that h,, — 0 as n — oo, we will just take A to be the parameter and write 2~ — 0. In
particular, when dealing with limits where spacing goes to zero, we will be assuming that

the parameter h visits all elements of the sequence (h,, ),y for some index n onwards.

Theorem 1.2.13. Let X be a Lévy process with characteristic triplet given by (u, o, v),
where o # 0. Assume that the Lévy measure is absolutely continuous with respect to the
Lebesgue measure with Lévy density denoted by v(dx) = f(x)dx and that f is C* on
R\ {0}. Let P! be the transition probability of a stochastic process that takes values in
hZ, given by expression (1.2.11). For any two elements x and y in hZ, let p,(x,y) denote

the transition density of the process X as defined in (1.2.14). The following hold true:

(BV) Iff[_1 1 |z| v(dz) < oo assume that (A) holds and

1
/ |2 f" () +2? f'(x)+af(2)|dz < 0o and / |f (z)+xf"(z)|de < .
1 R\[~1,1] (12.17)
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Then the following holds for any x and y in hZ and for any positive t:

1
sup D, ,(h) :=: sup |pi(z,y) — EP?(m,y)' = O(h?), h — 0.
z,yehZ z,yeEhZ

(UV) Iff[_1 1 |z| v(dx) = oo assume that (B) holds and

1
/ |zt f" (z) + 2° f'(z) + 22 f(z)|dz < 0o and / |f'(z)] dz < .
-1 R\[-1,1]
(1.2.18)
Then the following holds for any x and y in hZ, and for any positive t:

sup D, ,(h) :=: sup
z,yEhZ z,yehZ

1
plas) = PG| =0m). h o
Remark 1.2.14. Observe that for h small it is intuitively clear that the two quantities of

interest should be comparable as it is shown by the following

y+h/2

P?($7y) ~ / pt('ra Z) dz ~ hlat<x7y)
y—h/2

Remark 1.2.15. Infinite activity Lévy densities have a singularity at the origin; the inte-

gral in (1.2.17) is then an improper integral and it has to be interpreted as:

1
lim / |23 f"(2) + 22 f'(z) + 2 f(z)| dz + lim /77 |2® f"(2) + 22 f(z) + 2 f (z)] da.
€ n—0— -1

e—0F

and analogously for (1.2.18)

Remark 1.2.16. Condition (1.2.17) is saying that the Lévy density and its derivatives
cannot have too much mass around the origin. In particular, we require the Lévy process

to have jump part with paths of bounded variation.

Remark 1.2.17. The argument used in Theorem 2.4.1 can be applied to show that the

convergence rate obtained is optimal; more precisely, it can be shown that for any function
f such that lim, o f(h) = 0, the convergence at the rate O(h%f(h)) and O(hf(h)) cannot

be attained.

Remark 1.2.18. The fact that formulae (1.2.11) and (1.2.14) have separated space and
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time dependency is sufficient to have a uniform (in space) estimate of the difference be-

tween the transition kernels, rather than just ‘ pi(x,y) — + Pz, y) ]
We are now ready to give a proof of the theorem.

Proof. The proof will be divided in two parts: in the first, we will show convergence of
the characteristic exponents, while in the second we will prove the convergence rate for
the transition kernels. More specifically, the goal of part one is to show that we can find a

function K (-) such that

lim  sup |[U"(p) - ¥(p)| =0.
h=0 pe[—K (h),K (b))

Using the notation previously introduced, the difference between the characteristic expo-

nents can be rewritten as U"(p) — ¥ (p) = U (p) — Uy (p) + Wi (p) — Wy(p), where

UL (p) — Ui(p) = finpn(p) + Gron(p) + an(p),  Wh(p) — Wa(p) = Bu(p).

Note the following inequality, which holds for all p in (—3, 7):

>

(p

6
6!) <a(p) <0, (1219

ho — 1 2 h2 4
R %: b +e1(p), where —

2 Al

from which it follows that

IN

0 < h2p* B hp® o cos hp — 1 N p_2 h2p*
- A4l 6! — h? 2 41

The condition p € (—,1—1, ,—11) ensures that cos(hp) can be written as an alternating series
with monotonically decreasing terms. Equation (1.2.19) follows from the fact that the
error of a partial sum of an alternating series with decreasing terms is bounded above by

the absolute value of the first element in the series, after the partial sum'’. In a completely

10In mathematical terms, given a positive sequence (a,,) such that a,, | 0, we have

oo n

Z(il)kak’ - Z(fl)kak < ‘an-&-l‘-

0 0
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analogous fashion, we have that

0),
).

in(h 0<eyp) < -2 if pe (=
Sm% p) =p+e(p), where o 32(p> 3 pel
—5 <e(p) <0 if pe (0,

= =

Putting the two together it follows that the absolute value of the errors are in fact bounded

by
h2p3 h2p4 1 1
<22 Vpe(———).

A

Let us now consider «;,, where, using the notation previously introduced we set [ to be

the interval [—1 — h/2,1 4 h/2] and J to be the set {k : |kh| < 1,k # 0}:

S (eik’w 1 ikhp+ (kzp>2> F(kR)h — /1 (eipx 1 ipz+ <p§)2> f(z)dz] .

J

Define
((x) = (e — 1 —ipx + (px)*/2) f(2),

and consider only the intersection of I and .J with the positive real line, [T = I N R™,

Jt =JNRT, I~ and J~ being defined analogously. We can rewrite

h/2 1+h/2
N C(x)da =Y ((kh)h (z) dz + /h C(x)da = ((kh)h|.

0 /2

Set D}[lh/2’1+h/2} ={kh+h/2;k =0,...,1/h}, aregular partition of [h/2,1+ h/2] with
spacing h. Note that the sum over J* in the previous expression is exactly the Riemann

sums R(-) of C on [h/2,1 + h/2], sampling at the midpoint. In other words
> " C(kh)h = R(¢, D>,
J+

For any given h, an application of the triangular inequality and part (d) of Theorem 1.A.6
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to the difference on the interval [h/2,1 + h/2] yields:

4 1+h/2
/ C(z)dz + / ((x)dz = ((kh)h
0 h It

/2

[

s/ !C(m)|dx+TV[%71+%](C’)h2, (1.2.20)
0

where T'V represents the total variation of (" over [%, 1+ %] and the inequality has to
be considered as one between two functions of A. In the left hand side of (1.2.20) two
opposite forces are at work: as h goes to zero, the mesh of the partition becomes smaller
but at the same time the interval under consideration becomes larger. The integral around

the origin is estimated in the following way:

/

where in the last inequality we used that for allz € Rand n € N

[N

e'’” — 1 — ipx +

(p;)z s < / ol @) do < h2L(h) if (BV) holds,

_k hL(h) if (UV) holds,

h
2

oSG0t el
e’ = + 60—, with some 6 € C satisfying |6| < 1, (1.2.21)
k! n!
k=0

and L(h) = o(1) is the function which is given by f_gg |z| f(z) dz in case (BV) and
S _i 22 f(z) dz in case (UV). Note that by the dominated convergence theorem both func-
tiorzls go to zero being integrable over a set whose measure goes to zero. Since we assumed
that f is twice differentiable away from the origin, an application of the mean value the-

orem Yyields the following

) R2 [lh/2 , [
BTV ) =% [ IC@lde<n [ @)
h/2 h/2

for some € > 0. Observe that, for a general Lévy measure, the quantity 7T V[ 5] ("
27 2

diverges as h goes to zero. An application of (1.2.21) gives

1+4e€ 1+e€
[l de < [ o) + et ) + () de
h

/2 h/2
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If (BV) holds we have that the right hand side of (1.2.22) can be bounded by /> OHE |z f(x)+

2?2 f'(x) + 23 f"(x)| dz, where the integral is finite by hypothesis. Analogously,

1

1+e€ +e€
h2/ |z f(z) + 22 f'(x) + 23 f"(2)| do < h/ 2% f(z) + 2* f'(z) + 2* f"(2)| dz,
h

/2 h/2

and the last integral is in turn less than or equal to f01+€ |22 f () + 23 f'(z) + 2* f" ()| dz,

which is finite if (UV) holds. Summarising, we have proved that for all p € R

Cpyh? if (BV) holds,
Cth if (UV) hOldS,

|an(p)| <
where C'gy and Cypyy are two constants which can be identified explicitly. Define n(z) =

(e*? — 1) f(z) and once again consider the positive part of the sets hZ \ J and R \ [ for

typographical reasons. The last term to consider is (3,:

Bl =

(kh)h — h (x)dx|.
I;n / n

14-h/2

By the definition of limit it is possible to find two functions, G/(h) and H (h) such that

G(h) 00 H(h) 00
/ n(z)dz — / n(z)de| < B2 > n(kh)h = n(kh)h| < h*.
1+h/2 1+h/2 2 2

Set J(h) = [G(h)] V H(h), where we use the function [x| denotes the smallest integer

larger than z. Then

o0 o0 J(h) J(h)
Zn(k:h)h—/ n(z)dz| < Zn(k:h)h—/ n(z) dz| + 20>
o 1+h/2 o 1+h/2
Another application of Theorem 1.A.6, provides us with the estimate:
J(h) J(h) h_2fJ(h) & :
n'(z)|dz if (BV),
algh = [ paydal < & F e |
P 1+h/2 = th/Q | (z)|dz if (UV),

where both integrals on the right hand side are finite if (BV) and (UV) hold respectively.
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6" log(1/x)"?
T T T

Figure 1.1: Graph of K (h) for o = 1 and \/ig Observe the slower divergence of K at the
origin.

Summarising, we have obtained that

3 4
M2 (145 + 5,

()~ W(p)| < o
Mh (145 + 1),

where M is a generic constant. Define the function K : (0,00) — R to be:

K(h) = %log (%)

K(h)> K(h)*
up () - ()| < a (1 S 4 SR
pE[—K(h),K(h)] 3! 4!

Then,

and the right hand side goes to zero since K (h) = o(1/+v/h). The second part of the proof

consists of studying the convergence of

h

1
pi(a,y) — TPy (z, y)‘ : (1.2.22)

For ease of exposition we will prove it when (BV) holds but exactly the same proof

applies using the estimate of the characteristic exponents for case (UV), that we have
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provided. Since in part 1 we showed that sup,c(_ g ) xny [9"(p) — ¥(p)| = 0as b\
0, we split the estimation of (1.2.22) in three terms: the integral over [—K (h), K(h)],
which we can control since we have uniform convergence, and separate integrals over
(=%, —K(h))U (K(h),F)and (—oo, =K (h)) U (K (h),cc), which will go to zero since
the integrands are integrable. Note also that this is possible since K (k) goes to infinity as
h approaches zero but is bounded above by 7. Following this programme, the application

of the triangle inequality shows that (1.2.22) can be bounded from above by

K(h) z 00
/ ()| |V )= _ 1| dp + 2 /h " @) dp + 2/ )| dp,
—K(h) K(h) K(h)

where the factor 2 in front of the second and third integral follows from the fact that we
are integrating over symmetric regions. Let us focus on the first integral. Observe the
inequality

le* —1]<elfl—1  VvzeC. (1.2.23)

This inequality follows from taking the absolute value of the Taylor series for the function
z + e — 1 and applying the triangle inequality to it: [e* — 1| = | > 0" £| < 21 n, =

el?l — 1. Using (1.2.23), the inequality e* — 1 < 2, which holds for x small and positive

and the estimates obtained in part 1, we have:

K(h) )
/ V0| V()Y _ 1

K(h)
K(h) 522 N
< / ot (etmf D) _ 1> dp
—K(h)

K)o
gzt/ et | (p) — U(p)| dp

—K(h)
K(h) o2p2 4 3
§2h2t/ et 2 ( b —i—crhp —I—C’) dp
—K(h) 4' 3!
00 522 p4 p3
< 2h2t/ et (ﬂhz o+ (J) dp. (1.2.24)

Note that any function of the form P(p)e~ 277", where P(-) is a polynomial of any degree,
is integrable over the real line, hence the integral (1.2.24) is finite. Now consider the

second integral; since the Fourier transform of a probability measure is always less than
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or equal to one, the use of the elementary inequality |e?| < el*| yields

% % cos(hp)—1
K(h) K(h)

Since the function p COS(Z# is monotonically decreasing on the interval [K'(h), 7]

we can proceed with the estimate:

% cos(hp)—1 cos(hK(h))—1 2 2
/ QHEEIDL T gy eI T g2y KOO ety Q—We“’%m;) ’
K(h) h h h

where we used the estimate (1.2.19) in the third inequality and the fact that h2 K (h)? is
less than log‘# for small £ in the last one (it goes to zero). Using the definition of K (h)

in the last expression then gives

2r  Kw?
_e 2

- o*t < orh?,

The third integral is handled in the following way:

[e’e] oo 02 2 2
/ )] dp = / et dp < V2motte T — Voro?t b,

K(h) K(h)

where once again we used the fact that the modulus of the Fourier transform of a prob-
ability measure is less than or equal to one and the well-known estimate for the tail of a

standard normal X that reads

2
ey/27

1
P(X >y) <
V2T
whenever y is greater than one. Putting the estimate of the three integrals all together and
observing that the result does not depend on x and y proves the convergence estimate in

the theorem. O]
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1.3 Lattice approximation of a pure jump, bounded variation Lévy

process

1.3.1 Introduction

In the previous analysis, we examined the rate of convergence of the transition proba-
bilities of the approximating process to a Lévy process which has Gaussian component.
While the density of a Lévy process is a very useful quantity in a variety of problems, it
can be especially hard to obtain in explicit form. This is even more true in the case of a
pure jump Lévy process since we are not able to exploit the Gaussian decay of the char-
acteristic function on the tails to ensure integrability away from the origin. We now turn
to the study of convergence and its rate for a pure jump Lévy process i.e. a Lévy process
whose Gaussian component is not present. Note that the paths of such a process will be
almost surely discontinuous everywhere.

More specifically, let us consider a Lévy process X = {X;;¢ > 0} with characteristic
triplet given by (i, 0, ) and such that the jump process associated has paths of bounded
variation. As we observed in the introduction this condition can be made explicit in terms

of the Lévy measure v which is required to integrate the function |x| on the unit ball i.e.

/ |z| v(dx) < oco.
(7171)

This condition specifies how much mass the Lévy measure can have around the singu-
larity at the origin. Observe that such a process can still have an infinite number of jumps
on any compact subset of the positive real line and many processes of interest fall into
this category. Building upon the work already done, we may wish to approximate the
drift component of the generator of the Lévy process X by discretising using a central
difference approximation for the first derivative as in equation (1.2.1). Although X has
no Brownian component, taking inspiration from the work of Asmussen and Rosinski [6],
we know that Brownian motion can well be used to approximate the small jumps of a
Lévy process and we may want to include a discretization of the second derivative when
defining the Markov chain as in (1.2.1). The interpretation of the Lévy measure v(A) as

the expected number of jumps per unit time with size in A supports the definition of A in
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equation (1.4.6), which corresponds to a simple discretization of of v(A) = [, f(z) dz.
With this setup, using the notation previously introduced, we can write the generator of

our continuous time Markov chain as

~2
- g
Ly = Vi + ?hAh + Ap,

where [i, and G, are parameters, possibly dependent on h, which will be used to match
the moments of X" with those of X. Carrying out the moment matching procedure as in

Section 1.2.1, we obtain the following expressions for the parameters ji;, and o0:

i = wet [ lalvld) = 32 k(R

5 = /xQV(dx)—Z(hk;)zf(kh)h.
I J

Note, however, that there are several problems with this expression: even assuming that
G2 — 0 as h N\, 0, its sign is not clear. This seemingly innocuous fact turns out to
be problematic for the definition of the Markov chain. In fact, it is well known that
the mapping L}, defines a generator (and hence a Markov chain) only if the off-diagonal

elements of the matrix associated with £;, are non-negative. This enforces:

~ ~2
Lr(wa—h)= =24 2L 4 f(—h)h >0,
i ~2 3.
Fn | T
h) = — + = h)h > 0.
Ly(xz,x + h) 2h+2h2+f( Yh >0
Note also how the term f(h)h is not sufficient to compensate the negativity of —%, at

least in the bounded variation case; an easy example is given by a process with alpha
stable jumps, for which we have f(h)h = 1/h®, which does not go to infinity fast enough
for w € (0, 1). This suggests to change the definition of V, in the case when f(-) is of
bounded variation since the source of the problem is the fact that V;, defined as above
(i.e. using central difference approximation) is not a Markov generator, having negative
elements off the diagonal. The solution that we will adopt will be to define V), using
one-sided derivatives: this has the advantage to make the discrete gradient operator a

Markov generator but comes at the price of losing accuracy when approximating the first
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derivative. In fact, by using one-sided derivative approximation we make an error of order

O(h) as it can be easily deduced by looking at the Taylor development

¢(z + h) — ¢(z)
h

= ¢'(x) + O(h).

This means that the rate of convergence of the scheme cannot be faster than O(h) and
therefore we will not deploy the discrete Laplacian operator A, since matching the sec-

ond moments would not lead to any improvement.

1.3.2 Construction of the chain and main theorem

The discretization of the drift part of the generator of the Lévy process will now depend

on the sign of the drift of the Lévy process. Namely, if ;© > 0 define

¢(z + h) — ¢(x)

Vii(0)(x) = S R
whereas if ¢ < 0
Vi (6)(a) = AT =0

In coordinates (recall that V7 (z, y) is defined to be V5 (6, )(x)):

1 ify=x+h, 1 ify=a—h,
1 1
Vitey) =30 -1 fy=ax, Vilew =g -1 dfy=a
0 otherwise. 0 otherwise.

The equations above implies that V5 is a Markov generator (on [?(hZ)) and thus de-
fines a Markov chain (with state space [?(hZ)). The behaviour of this chain is very
simple: if the drift of the Lévy process is positive(negative), the chain can only move
upwards(downwards) at a rate of 1/h. Summarising, the scheme we propose to approxi-

mate a Lévy process with bounded variation and characteristic triplet (x, 0, v/) is:

L = Vi + Ay,
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where A, is defined as in (1.4.6). A calculation similar to that of Section 1.2.2 leads to

Tl R, AVi@m) =

FrnVi(a)(p) = Fu(a)(p), (13.2)

for a € [*(hZ). An application of Theorem 1.2.5 allows us to find the expression of the

characteristic function of £;-

ethr — 1

Vi) = S S ) (ki
kA0
h _eitr 1 ikh
V2 (p) = fp——— > (@ —1) f(kh)h.
k0

The characteristic exponent corresponding to the Lévy process with characteristic triplet

(i, 0,v) can be written as

U(p) =1 (u+ /wa(w) dx) p
+ /(eim —1—ipz)f(r)de +/ (e” — 1)f(z)dz. (1.3.3)

I R\J

Matching the first moments in order to determine the coefficient fi;, gives:

iy = p+ [;zv(de) =3 khf(kh)h if p >0, (13.4)
—p— [;xv(dz)+ 3 khf(kh)h if p < 0.

In the following, we shall assume that f[_m}\[_h,h} |f(z) + zf'(z)|dz = o(1/h) as h
goes to zero which ensures that | [, zv(dz) — Y, khf(kh)h| — 0 by Theorem 1.A.6.
This implies that £f with /i, defined above satisfies the requirements for being a Markov
generator, at least for h small enough, since lim;,_,q /i, = |u| and hence the positivity

of the off diagonal elements is preserved. Equation (1.3.3) rewritten using the “adjusted

mean” [, reads:

U(p) = ifinp+ /(eipx —1—ipz)f(z)dz +/

1 R\I(em —1)f(z)dz+1i ; khf(kh)hp.

The main result of this section is the following:
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Theorem 1.3.1. Let X be a Lévy process with characteristic triplet given by (u,0, ) and
let t > 0. Assume that the Lévy measure is absolutely continuous with respect to the
Lebesgue measure with Lévy density denoted by v(dz) = f(x)dx and that f is C' on
R\ {0}. Let P} be the transition probability of a stochastic process that takes values
in hZ, given by expression (1.2.11). For any two elements x and y in hZ, let pi(x,y)
denote the transition density of the process X as defined in (1.2.14). Assume also that the

following conditions are satisfied:

(@ [y 220 (@) + 2 f (@) de < oo, and [, F (@) + of ()] da = o),
(D) fu g (@) +2f (@) do < s,

(c) @ = <<p2(10g |p|)(1+6))_1>,f0r some € > 0, as p — Q.

Then

1
pe(,y) — EP?(x,y) =0O(h), h—0.

sup D, ,(h) := sup
z,yehZ z,yEhZ

Remark 1.3.2. The first two conditions are required to ensure that the characteristic ex-
ponent of the discretized process converges to the characteristic exponent of X with the
prescribed rate. The third is simply a condition on the decay of the characteristic ex-
ponent of the Lévy process. Note that (c) is sufficient to guarantee the existence and
differentiability of the density of X; for all ¢. The latter follows since [ |e"*®)|pdp <
[(p(log |p|)1*9)~1dp < oo away from the origin and the same quantity around the ori-
gin is bounded since ') is uniformly continuous. We observe that condition (c) is

indeed quite mild and it is satisfied, for instance, by all stable processes.

Proof. To fix the ideas, in this section we shall be working in the case of p positive, the
other being completely analogous. The idea of the proof is to split the quantity of interest
in three parts and to control each one separately. The challenge here is to find a suitable
function K (-) that grows slowly enough as to make sup,,c(_ (). rc() |V (2) —¥"(p)| small
and yet fast enough that the quantity | ;c() h) et ()| dp goes to zero with the required rate.

This can be translated into a twofold requirement on the function K:

(1) forall h € (0,00) we have f;?zh) I)Q(; dp = h,

log p)1+e
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(2) the function I'(h) = sup,e(_ km).x(m) 1Y (p) — ¥"(p)| is such that limy, o T'(h) = 0.

The difference between the two characteristic exponents reads:

[T (p) — Wi(p)| =

~ eihp —1 . i .
fin ( — - 1p) + Z (e"™ — 1 — ipkh) f(kh)h

7
—/(eipz —ipz) v(dz) + Z (e™ — 1) f(kh)h — / (e — 1) v(dx)|.
I o R\J

(1.3.5)

We now show that, under conditions (a) and (b), there exist two constants M; and M,

such that, for all p € R:

> (e — 1 — ikhp) f(kh)h — / (e =1 —1ipz) f(x)de| < Mih,  (13.6)
I

J

> (e — 1) f(kh)h — /R \I(eipx — 1) f(z)dz| < Myh. (1.3.7)

hZ\J

We prove (1.3.6), (1.3.7) being similar in spirit. Set ¢ to be the function ((x) = (e*P* —
1 — ipx) f(z); to avoid unnecessary complication in the notations, we consider only the
intersection of I and .J with the positive real line, I™ = I NR*, J© = JN R, the other

case being similar. We can rewrite

v)dz — Y ((kh)h| =
J+

h/2 14+h/2
C(z)dx + / ((x)dax = ((kh)h
0 h/2 Tt

Set D[h/2 Lrh/2) ={kh+h/2;k=0,...,1/h}, aregular partition of [h/2, 1 + h/2] with
spacing h. Since ) _ ;. ((kh)h is exactly the Riemann sums of the function ¢ on the parti-
D,[lh/2’1+h/2] and sampled at the points in J*, which we denote by R((, DLh/Q’Hh/Q] ,JT),

tion

we can then control the difference by applying Theorem 1.A.6(e)

1+h/2
/ C(x)dz — R(C, Dl[lh/2,1+h/2]’J+)
h

/2

B flth/2 1

<5 [ K@l <h [ 0@l 039
h/2 0
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where the last inequality holds for h sufficiently small. Note that the integral in the right
hand side of the previous inequality is finite by hypothesis and does not depend on h. The
integral around the origin is not compensated by an element in the sum. However, we can

estimate this quantity from above to obtain the desired bound:

h
2
_h

2

1 apal f()de < [ foP o) do < 5 [ Jal (o) e

h
2

[N

Observe that the integral on the right hand side of the previous display defines a function
of h that goes to zero as h goes to zero by virtue of the integrability requirement in the
hypothesis. By virtue of (1.3.6) and (1.3.7) we have that the second and third differences
in the absolute value in (1.3.5) go to zero uniformly on the whole real line as h goes to

zero. It then follows that

ethr — 1
h

sup  |U(p) —P"(p)| < sup | —ip| + €(h)

pE[—K(h),K(h)] pe[—K(h),K(h)]

< C%th(h) +e(h),

ethr_1

where the last inequality is a consequence of the elementary fact |=—— — ip

1 2
<§hp,

€(h) = o(1),h — 0 and C'is a generic constant. It therefore suffices to require for K to
satisfy limy,_,o vAK (h) = 0 in order to fulfil (2).
Let us now focus our attention on (1). Performing the change of variable p = e" we

obtain, for all ¢ > 0, the identity

o0 1 o0
————dp = / e “u " 'du =T(—¢loga).
/a p2(10gp)1+6 loga ( )

The function I" used in the previous equation is the upper incomplete gamma function. Its
definition is given by

I‘(s,x):/ e ‘57t dt,

and we will write I'(z) to single out the dependency on the second variable. The above
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mentioned condition (1) then reads I'(log K (h)) = h, or equivalently:
K(h) =e" '™,

Furthermore, we need to check that the growth conditions on our function are satisfied.
More specifically, we need to verify that K (k) = o(h~/2) as h — 0F. Observe that,
by an application of L’Hospital’s rule, I'(z) = o(e™*) for x — oo. Since I'(x) goes to
zero faster than the exponential function, we have that -t goes to oo slower than — log;
in other words, lim, o+ I"!(z)/ — log(x) = 0. In particular, for all > 0 we have
that T=!(z) = o(—log(y/z/n)), as z — 0T By the definition of Landau symbol little-o,
it follows that, in a right neighbourhood of zero, we get I'"!(z) < —log(y/x/n) for all
positive 7). Thus, el ' < p / v/'h and yields the condition we set out to prove. Once the
function K (-) has been determined, the estimation proceeds as in the previous case:

K(h)

Dm,y(h) S/ | t¥(p H t(T" (p)—¥(p)) 1|dp
—K(h)

% oo
- 2/ " @) dp + 2/ @) | dp. (1.3.9)
K(h) K(h)

Let us now focus our attention on the first integral of the above. By use of the inequal-

ity [e* — 1| < el*l — 1, which holds for any complex z we obtain the upper bound:

K(h) K(h)
/ I ’ |e t(E"(p)—¥(p)) _ 1 dp < / ’et\l’(p)| (etl‘Ph(p)*‘P(p)\ —1)dp. (1.3.10)
—K(h) —K(h)
Since sup,e(_ xn).(my) 1Y"(P) — ¥(p)| — 0 as h goes to zero, we can use an inequality

of the exponential function e” — 1 < 2x for x small and positive to obtain an upper bound

on the right hand side of (1.3.10):

K(h) K(h) p2
2 [ )~ wldp < on [ e (— M+ MQ) dp
—K(h) —K(h) 2
() 2
< 2th/ etV (P)| (% + My + MQ) dp,

where in the second inequality we used [¥"(p) — ¥(p)| < h (p?/2 + M, + M) for all p
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in [-K(h), K(h)]. Note that the convergence of the integral on the right hand side of the
inequality is guaranteed by condition (c). Let us now turn our attention to the estimation
of the third integral in (1.3.9). Here, most of the work has already been done in our careful

selection of the function K (-):

00 ) 2 1+e oo
p*(log p) 1
Oy [ et < [
/K(h) K(h) p*(log p)t+te K (n) P*(logp)+e

where in the latter, the constant M is given by the definition of O(-) in condition (c¢) and

the right hand side is equal to i by our careful choice of K. It now only remains to

estimate the second integral in (1.3.9): [ é(h) ™" ®)| dp, where:
h _ et —1] ikhp . ikhp
V' (p) = fin— + Y (e —1—ikhp) f(kh)h+ > (e — 1) f(kh)h.

J hZ\J
Observe that we can rewrite eihz_l = %(cos hp — isinhp — 1), and the exponential
becomes

_ et 1] _ coshp—1

ex =ex s m
P\ K h P { K h )

and the latter is less than or equal to one since —% < Mhp_l < 0, and fuy, is positive for

h small enough (fi, — |u|). Using the elementary identity |e?*3’| = e”, we obtain

= exp (Z(COS khp — 1)f(kh)h> .

J

exp (Z(eikhp —-1) f(kh)h)

J

From (1.3.6), the rather crude bound,

z| > |PRe(z)|, valid for all complex z, yields

Z(COS khp — 1) f(kh)h — /(cospx —1)f(z)dz

7 I

S M1h7

and hence we obtain

exp (Z(eikhp —-1) f(kh)h)

J

< exp (/(cosp:c —1)f(x)dz + M1h> . (1L.3.11)
I
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In a similar fashion, condition (b) allows to get estimate (1.3.7), which in turn gives

exp Z(eikhp — 1) f(kh)h || < exp (/ (cospr — 1) f(z)dx + M2h> . (1.3.12)
R

RZ\J \I

Putting the inequalities (1.3.11) and (1.3.12) together:

& h
/ |et\11hr(p)| dp < / efR(cospz—l)f(m) dz+(Mi1+M2)h dp
K(h) K(h)

<C eJr(cospr—1)f(z) dz dp = C'/ |e‘11(p)| dp,
K(h) K(h)

where C' is a constant. By definition of K (h) and assumption (c) the latter is less than or

equal to a constant times h. [
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1.4 Lattice approximation of pure jump, unbounded variation Lévy

process.

Introduction

In this section, we examine the problem of approximating a pure jump, unbounded varia-
tion Lévy process X with a continuous time Markov chain X" with state space hZ. We
analyse this problem by introducing an auxiliary Lévy process with Gaussian compo-
nent X“. The estimate we derive makes use of the triangle inequality on the transition

probabilities, informally written as
X — X" <X — X9 4+ | X9 - X",

so that the second term reduces to a case previously covered in section 1.2 with the only
difference that additional caution is required since the Gaussian component of X goes

to zero as h goes to zero.

Description of the method and proof of convergence

Let X be a Lévy process with characteristic triplet (x4, 0, ). Define a Lévy process with

Gaussian component X, (u¢, 0%, v%). We choose the measure v to be the truncated

Lévy measure i.e. v%(dz) = v(dz)1Lg\[_p,x. Matching moments of X and X we obtain

0% = /_1 z? v(dr) — /_1 2?v%(dz) = /_h 2? v(dx) = L(h).

1 1 h

Summarizing, the characteristic triplet of X ¢ is given by (11, L(h), v(daz)Lg\(—p p))-

Proposition 1.4.1. Given a Lévy process X with characteristic triplet (1,0, v) and char-

acteristic exponent V(-), and t > 0, and assume that

i) There exists a function K(h) : (0,00) — R satisfying K(h) = o(L(h)3), as
h — 0,

ii) limsup,_,, 7 ff(?zh) et ®)| dp < oo,
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i) [ |e""Pp3|dp < oco.

Then the Lévy process X with characteristic triplet (p, L(h),v(dz)Lg\(—ppn) is such

that
sup |pi(z,y) — ptG(x, y)|=0O(h), h—0. (1.4.1)
x7y

Before proving the proposition, we show the following Lemma:

Lemma 1.4.2. Let U be the characteristic exponent of X©. Ifii) holds, then

1 o
lim sup —/ 177 ®)|dp < . (1.4.2)
h—0 K(h)

Proof. The characteristic exponent U can be written as

W) = 0p) - [ (@1 aprt ) v(do)

—h

=U(p) — /_h{(cospx -1+ %p2x2) + i(sinpx — pz)} v(dx).

An application of Fatou’s lemma yields

h
1
lim inf/ (cospr — 1 + =p*2®) v(dz) > 0,
p=oo J_p 2

from which it follows, in particular, that | f’h (cospr — 1+ +p*2?) v(dz) is bounded from

below as a function of p and hence

o0 G
. fK(h) e ] dp Y
lim sup = lims

oo — [P COS pTr— 1 2332 v{axr
w fK(h) |e! (V)= op eos pr—1+gp%a) v(da)) | ),
h—0 h h—s0 h

< 00.

Remark 1.4.3. Under the Orey condition, conditions i) and ii) are satisfied.

Proof of Proposition 1.4.1. The difference between characteristic exponents can be writ-
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ten as

h h

. 1
(@7 =1 = iprdy (o)) vlde) + / 22 v(da)p?
—h

U(p) — V(p) = /

—h

hoo 1 h
= / (e — 1 —ipx + §p2x2) v(dz) < M/ |p*2?| v(dx)
—h —h

< Mh|pPL(h), (1.4.3)

where M is a positive constant. By assumption 7) we have that sup,,¢;_ ) k) ¥ (P) —
U (p)| < hL(h)K3(h) — 0, as h goes to zero. The difference between the transition

probabilities is given by

1

/ ) V)[R IOW) _ )
R

2m
Ky ¢
< / )[BT B) _ 1| g
—K(h)
+2 / P dp + 2 / P dp. (144
K(h) K(h)

Since we have uniform convergence of the characteristic exponents on [—K (h), K (h)]

we have that
! OYEED 1| < 2t|W(p) — WC(p)| < 2MERL(h)|p],

for all p in [— K (h), K (h)]. Furthermore, using the simple bound

’et\I’G(p)| _ |et(‘l!(p)—ffh(eipz_1—ipx) u(d:c))‘ S C«|et\Il(;z))|7 (145)

and hypothesis iii), we have that the first integral is O(h) for some generic constant
C'. The second and third integral are O(h) by hypothesis ii) and by the above Lemma

respectively. L

Our strategy now consists of defining a continuous time Markov chain X" that ap-

proximates the process X“. The generator is defined to be

~2

- o
LY = i,V + ?hAh + Ap,
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where the operators expressed in coordinates are given by:

1 ify=z+h,z—y
1
Mnlr,y) =359 -2 ify=u,
0 otherwise.

On the other hand the discrete gradient operator V, as defined above, is not a Markov gen-

erator since it has negative elements off the diagonal. It can be expressed in coordinates

as follows:
1 ify=x+h,
1
Vi) = Val0,)(@) = 358 <1 ity=a—h,
0 otherwise.

Define A C [?(hZ) to be the space of compactly supported sequences in hZ (i.e., se-

quences which are eventually zero). A is clearly dense in [2(hZ). We are going to define
Ay 12(hZ) D A — I*(hZ), h >0,

where A is the domain of Ay, in the following way: we start by defining A, on the

elements of the Hilbert basis {d,,y € hZ}.

Ap(z,y) = Ap(0,) () = fly —2)h, z#y, x € hZ, (1.4.6)

We shall show that with the opportune choice of parameters i, and 2, X" is a compound

Poisson process with characteristic exponent given by

h o~ sin(hp) = _,cos(hp) — 1 ikh G
W (p) = fin—p— + +I§O(e P —1)f%(kh)h.

Furthermore, we can write " (p) as U"(p) = Uk (p) + W2(p), where

i -1
\I/’f(p) _ i’ahSIIlthp) + 5_2(305 hhp2 + Z ikhp kh)h
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In a similar fashion, write U (p) = ¥ (p) + ¥ (p), where

1 .
U (p) = ipp — §L(h)p2 + / (e — 1 — iux) v (dx).
1

Matching the first moments of X“ and X" we obtain

fin=p— Y khfe(kh)h,
J

while we do not match the second moment since we are aiming at a speed of convergence

of O(h). In other words, we define

&h = O'G.

In order to ensure that £ is a generator we assume the following condition
a) p— S —2f(=h)h? <30, khfE(RR)D < p+ B3 + 2f (h)h?

b) iy |26 (@) + 22f€ ()] do = o(1/h)

In particular, a) guarantees that £§ (x, 2 + h) > 0 and b) that

/ ) = _(kh)* O (kh)h
1 J

goes to zero.

Remark 1.4.4. Note that the parameter /i;, can go to infinity but i, = (’)(%) Indeed,

Z khfC (kh)h % Z(k;h)QfG(k:h)h

and the right-hand side is bounded for b).
Remark 1.4.5. Observe that

- Condition a) is satisfied whenever the Lévy measure v is symmetric.

- the sum |}, khfC(kh)h| < £ for some constant D. In order to make con-

dition a) satisfied we can define the same approximation scheme on the lattice
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{...,—(c+ 1)h,—ch,ch,(c + 1)h,...}, for some ¢ € N, instead of hZ \ {0}.
This will not change the rate of convergence of the scheme but will allow to have a

smaller constant D = D(¢) and thus make condition a) satisfied.

The difference between characteristic exponents can then be bounded by

2

_ . lsinh o, |coshp —1
W (p) — 9 (0)] < | hp—p‘ﬂai wshp =1, 2

/ (€7 — 1 — ipm)C(dz) — 3 (e — 1 — ikhp) E(kh)h

+
I J

We then bound each summand of the right-hand side like in previous cases: we have
h2p* 11

< —=. ).

=T P < A h)

Furthermore, defining ((z) = (e*?* — 1 — ipx) f¢(x) and I* = I NR*, J* = JN R,

: 2,3
smhp_‘<hp
3 <

rewrite the last summand of the previous inequality as

— ‘/_ C(z)dz + /N_h . C(x)da = ((kh)h

h
2 J

/I Cw)de — 37 C(kh)h

However, the first summand on the right-hand side is zero since f¢ is zero on [—h, h.

Therefore, the previous expression can be bounded by

h2
TVoy )y <1 1¢(@)] e,

[~1-e14e\[-5.5
for some ¢ > 0, which in turn is less than

n 2219 (@) + 29" (2) + 2 " (2)] da
[7176,14’6}\[7%,%]

Assume that

1
2 f(2) + 2 () + 22 f(2) dx < 00 and / /()| de < oo.
-1 R\[-1,1]

The difference |¥%(p) — ¥ (p)] is dealt with like in the previous sections and is O(h).
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Summarizing, we have obtained that

R bt
[0 (p) — ¥ (p)| < |Mh|7 + |0h|T + Coh + Csh

hp3 h2p4
<C <? LT h> : (1.4.7)

for some generic constant C'. We are now ready to prove the following result

Theorem 1.4.6. Let X be a Lévy process with characteristic triplet given by (u,0,v),
where f[—1,1] |z| v(dx) = oo and let t > 0. Assume that the Lévy measure is absolutely
continuous with respect to the Lebesgue measure with Lévy density denoted by v(dz) =
f(x)dz and that f is C?> on R\ {0}. Assume that conditions a) and b) for the well-
definedness of the generator of the process X" are satisfied. Let P} be the transition
probability of a stochastic process X" that takes values in hZ; for any two elements
and y in hZ, let p,(x,y) denote the transition density of the process X. Assume that the

following hold true:

i) There exists a function K(h) : (0,00) — R such that K(h) = o(L(h)™3 A h™2),

as h — 0,
ii) limsup,_ 7 f;&h) et ®) | dp < oo,
i) [*_ [P ptdp < oo,
iv) f_ll |zt f"(x) + 23 f(x) + 2% f(2)|dz < 0o and fR\[_Ll] |f(z)|dr < oco.

Then the following holds for any x and y in hZ:

sup
T,y€hZ

1
o) — EPf@,y)] —o(h),  h—o
Proof. The difference between the transition probabilities can be estimated by

G L on KO w6 e -v )
p(z,y) — P (z,y)| < le” le — 1| dp
h ~K(h)

% 00
+2 / e )| dp + 2 / eY°®)| dp,
K(h) K(h)
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where K (h) is the function in assumption i). Since we have uniform convergence of
the characteristic exponents, namely sup,c(_ () k) [¥"(p) — ¥9(p)| = O(h), the el-
ementary bound e” — 1 < 2z, which holds for x small and positive, and assumption iii)

yield
K(h) G h G
/ 7))V @-TE®) _ 1) qp

K(h)
<2 0l p) - 160 dp
—K(h)

K(h)
< 2h / V@[] dp

—K(h)
< 2h / e ®||p*| dp. (1.4.8)
The third summand || ;Eh) e¥“®)| dp is O(h) by Lemma 1.4.2. We will make use of the

following bound

’e\I/h(p) | S ’eth\{O}(COS khp—l)fc (k:h)h | .

Since

> (coskhp — 1) € (kh)h —/ (cospr — 1) fC(z)dz| = O(h),  (1.4.9)
hZ\{0} R\{0}

we then have

™

% n
/ V" )| dp < / efi(cospa=1) () do+Ch gy (1.4.10)
K(h) K(h)

where C' is a generic constant. The right-hand side can be bounded from above by
Cf;;h) ele(cospr=DI@dr qp where f¢(x) = f(z)Llg\(_np(z). Observe now that the
expression in (1.4.10) is less than or equal to C || I?Eh) le?®)| dp, which by hypothesis is
O(h). ]
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1.A Appendix

Preliminaries

A random variable taking values in b 4+ hZ for some constants b and h is said to have a
lattice distribution. If X is a lattice distribution and we can take b = O i.e. IP(X € hZ) =
1, X is said to be arithmetic. It is possible to show that the characteristic function ¢ of an

arithmetic random variable is periodic of period 27/h, and

~or

ho [h
P(X = ) /Wewwmﬁm for = € hZ.

=3

For further information about arithmetic random variables and their properties check
Durret [48] or Mukhin [99].

We shall now introduce the concept of infinitesimal generator and semigroup on an

abstract Banach space. We will then restrict our attention to the important case of Lévy

Processes.

Definition 1.A.1. A family (7;);>o of bounded linear operators on a Banach space (B, || -

||) is called a strongly continuous semigroup if

PP;=P,, t,s€][0,00)
P=1
ltli%lptf =f [€B,
where the limit in the last expression is to be considered with respect to the norm of the
Banach space || - ||. Moreover, the semigroup is called a contraction if || ;|| < 1 for all ¢.

Definition 1.A.2. The infinitesimal generator L of a strongly continuous contraction

semigroup (P,) is defined by

Pf—
szhntf ﬁ
tl0 t
where the limit is once again with respect to the norm of B and f belongs to the subset
of B such that the limit on the right-hand side of (1.A.1) exists. It is worth reminding that

by virtue of the celebrated Hille-Yosida Theorem, the infinitiesmal generator determines
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the semigroup. That is, two strongly continuous contraction semigroups coincide if their

infinitesimal generators coincide.

Remark 1.A.3. For any bounded linear operator L on B, the exponential e’ is defined to

be a bounded linear operator such that

o
LEf
Ly __
e f = Z o
0
If a strongly continuous contraction semigroup (F;) has a bounded operator L as its
infinitesimal generator, then we can prove that P, = e'*. Note that it is still possible
to define functions of unbounded operators by finding a spectral representation of the

operator.

The infinitesimal generator of a Lévy process is given by the following (Theorem 31.5

in [119]):

Theorem 1.A.4. Let L be the infinitesimal generator of a Lévy process with characteristic

triplet (v, 0,v). Then C° is a core of L, C? C D(L), and, for f € C3

Lf@) =25 () +

" / (f(z+9) — £(2) — uf ()L (@) v(dy). (LAD)

The first, second and third term are called respectively the drift, Brownian and jump
part of the generator. Note how they are respectively given by a first and second or-
der differential operator and by a superposition of difference operators. This enables to
understand some of the path structure from the form of the generator and can be very
useful for more general classes of processes where we no longer have a Lévy -Khinchine
formula. From the general theory (see, for reference Ethier and Kurtz [53]), we know
that convergence of generators (in some suitable sense) implies convergence of the semi-
groups. A more precise statement is given by the following theorem for the general case

of Feller processes, of which Lévy processes are a subclass.

Theorem 1.A.5. Let X,, be a sequence of Feller processes with semigroups P, ; and
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generators L, and let X be another Feller process with semigroup P; and a generator L

containing a core D. Then the following are equivalent:

1. If f € D, there exists a sequence f, € dom(L,) such that ||f, — f|| — 0 and

2. Foreveryt >0, P,.f — P.f forevery f € Cj.
3. If X,(0) —4 X(0) in distribution, then X,, —, X in D.

Part 3 of the previous theorem also states that we have convergence of X" to X as

processes i.e., on the Skorokhod space D; we will discuss this matter further in the sequel.

Approximation of indefinite Riemann integrals by Riemann sums

Let [a, b] be a bounded closed interval. We take an partition A of [a, b] defined by:
Aia=s590<81--<8,1<8,=b. (1.A.2)

We denote by DI or simply D,, when it is clear from the context, the partition of [a, b]
defined by s; = a + i(b — a)/n and call it the regular partition. For a function f defined
on [a,b] and ;1 < & < s, define the Riemann sum R(f, A, &;) by

R(f,A&) = Z (si —si—1) f(&)- (1.A.3)
i=1
The mesh ||A|| of the partition is defined as ||A|| = max{s; — s;_1;1 < i < n}. The

Riemann integral of f is defined as

b

A[=0

and textbooks on calculus show that this limit exists for a continuous function f. It is of

interest to consider limits of the expanded error term, such as

b b
n/f(x)dx—R(f,A,&) . n? / f(x)de — R(f, A, &), (1.A.5)
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as n goes to infinity. Recall that the total variation of a function f on the compact set
a, b], denoted by TV[, (), is defined by limyaj—0 Y a |f(tix1) — f(E:)]. If f € C*a, b],

a simple application of Lagrange’s theorem on the increments of the sum yields

b
TVin() = [ I @)]de, (1.A.6)

Some well-known results are presented in the following theorem, where we denote the

Riemann integral of f on [a, b] by Z:

Theorem 1.A.6. (a) If f is Riemann integrable on [a, b], then

R(f,A &) —T =0(1), n— oc.

(b) If f is a function of bounded variation on [a, ], then

R(f,A,&6) =T =0(/n), n— oo

(c) If f is absolutely continuous on [a, b, then

Si—1+ S;

D
R(f? ny 2

) —T=0(1/n), n— oo

(d) If f is differentiable on [a,b] and [’ is of bounded variation on [a, V), then

Si—1 + S;

D
‘R (f7 ny 2

) —I‘ < TViuy(f')/8n*  foralln

where TV, 4 (f') represents the total variation of f' on |a, b].
(e) If f is a function of bounded variation on |a, b, then

Si—1 1 8;

Dy,
R (5.0,

) —I‘ <TViey(f)/2n  foralln.

In light of (1.A.6), we can reformulate part (d) of Theorem 1.A.6 as follows: Assume
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f is of class C?[a, b] and f: |f"(z)|dx < oo, then

‘R (f,Dn,SllT—i_sl) —I‘ S/ |f"(z)|dz/8n* for all n.

A proof of this theorem is given in [29], where it is also pointed out that the Riemann
sums in points (¢) and (d), R (f, Dy, (si—1 + $;)/2), cannot be replaced by any of the
R(f, D,,&). Moreover, [29] also shows that O(1/n?) is the best possible estimate for
R(f, Dy, (si—1+ s;)/2) — I in (d), no matter how smooth the function is. Note that
extending this to complex-valued integrands is straightforward since we simply apply the
theory developed for real-valued integrands to real and imaginary parts, and no new ideas

are involved.

Proof. Without loss of generality we prove the theorem on the interval [0, 1]. Define the

following function for all n € N:

sn= ) A 1, (1.A7)
k=1

and consider the “saw tooth” function v, (t) = s,(t) — nt. For each n, we have v,,(0) =
v,(1) = 0, v, jumps at each of the points (k — 1/2)n,k = 1,...,n and it is linear in

between. If f is Riemann integrable on [0, 1] then

1
R (f, D., ﬂ) A / F(8) du, (1), (1A8)
2 n Jo

where the last integral is to be considered in the sense of Riemann-Stieltjes. Moreover,
if f is of bounded variation on the unit interval, we are entitled to use the integration by

parts formula which yields:

1
R (f, Dn,w> 7= —1/ on(®) dF(8). (1.A.9)
2 n Jo

Since v, lies in [—1/2,1/2] for all n, taking the modulus inside the integral gives

Si—1+ S 1 ! . 1
R (10,5 g < o [ sl = T aA0)
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Figure 1.2: Graphs of s9, s3 and vy, vs.

If f is absolutely continuous on [0, 1], then f’ is Lebesgue integrable there and

Ro(f)— T = —%/0 F(Eon(t) dt, (LA11)

so that by a proof similar to that of the Riemann-Lebesgue theorem, we see that R,,(f) —
I = o(1/n). Now, let f be differentiable with f’ of bounded variation on [0, 1]. Let

TV (f") denote the total variation of f’ on [0, 1], and let
up(z) = /x vy, (t) dt. (1.A.12)
0
Then u,(k/n) = u,(0) for k = 1,...,n, each u, is periodic with period 1/n and
max |u,(t)| = /2“ —v,(t) dt = —. (1.A.13)
0

But
R.(f)—ZT = ——/0 v () f (1) dt = —/0 un () df(1). (1.A.14)
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Hence,
TV ()
R.(f)—Z| < ) 1.A.15
BalH) = T1 < 5 (1.A.15)
and this completes the proof of statement (d) of the Theorem. 0

Convergence of processes

In the previous section we showed that we have convergence of the transition kernels of
the approximating process to the transition kernel of the Lévy process. A natural question
to ask is weather we have convergence in distribution of the marginals or convergence in
distribution of the processes. Let us now recall what it means for a sequence of random
elements of a general metric space to converge in distribution.

An F/E-measurable map from a probability space (€2, F,IP) into a set £ with o-
field £ is called a random element of F. If E is a metric space the set of all bounded,

continuous, £/B(R)-measurable, real valued (i.e. functionals) on £ is denoted by C(E, £)

Definition 1.A.7. A sequence { X"} of random elements on E converges in distribution
to a random element X, denoted by X" 5 X, if E[f(X™)] — E[f(X)] for all f in
C(E,E).

A sequence of probability measures IP,, on £ converges weakly to IP, denoted by

P" 5 P, if P, (f) — IP(f), forall f in C(E, £).

Note that this notion of convergence does not specify the limit random element uniquely,
since, if X and Y have the same distribution, X" £> X means the same as X" £> Y. The
space £ = CJ[0, 1] endowed with the uniform metric || - ||, is convenient when dealing
with Brownian motion. In fact one of the main ingredients in the proof of the Donsker’s
invariance principle was Prohorov’s Theorem which relates tightness of probability mea-
sures on C|0, 1] endowed with || - || to weak convergence. However, many important
processes in practice are not continuous, due to discrete quantities involved. Let us then
define the space D[0, T to be the set of cadlag functions on [0, 7']. In principle we could
study this space using the uniform metric again, since all cadlag functions on [0, 1] are
bounded and || - || is again a metric; let us consider two functions x,y in D[0,7T]. We

are given a,a + 6 € [0,7] and define z(t) = 1{t > a} and y(t) = 1{t > a + J}.
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Despite the fact that 2 and y coincide everywhere but on a small interval [a, a + §), we
have ||z — y||ooc = 1, for arbitrarily small . Since it makes sense to assume that x and y
are ‘close’ to each other, we conclude that the uniform metric is inadequate to deal with
discontinuous functions. The problem with the uniform metric here is that if we allowed
for a deformation in time, the two functions would indeed be close (they would coincide

in fact).This inspires the following definition:

Definition 1.A.8. Let A be the space of strictly increasing continuous functions [0, 7] —
[0, T']. The Skorokhod metric o on D[0, T is defined by
(A =Tl V llz =y 0 Allso)

o(z,y) = inf

for all z and y in D[0, T’ and where I € A is the identity function.

Thus, by definition, this distance is less than ¢ if there exists A € A such that
sup [|A(t) —t[| <e and sup|lz(t) —y(A@))| <e.
t<T t<T

The proof that ¢ is a metric contains no surprises''. The main difference between con-
vergence in the uniform sense and convergence in the Skorokhod metric is appears most
clearly at the discontinuity points of the limit function. If {z,,} converges uniformly on
compacta to x and if x has a jump at ¢, then each z,,, for n large, must have a jump of al-
most the same magnitude precisely at ¢,. Skorokhod’s metric still forces x,, to have a jump
of almost the same magnitude, but not precisely at ¢y. However, the Skorokhod metric and
the uniform metric coincide on the subspace C[0, 1]. Necessary and sufficient conditions
for convergence in distribution on D[0, 7] with the uniform and the Skorokhod metric,
can be found in [113]. The following theorem says that for a Lévy process, convergence
in distribution of the marginals ensures convergence in distribution of the process. For a

proof, we refer to [69]:

Theorem 1.A.9. Let { X"} and X be Lévy processes. If there is convergence in distri-

. : . c . . .
bution of the marginals i.e. X]" = X, if and only if there is convergence of the processes

Hsymmetry follows from the fact that \ has an inverse A™1: ||z —yo M| = [z o A™1 — y|
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X" 5 X in the Skorokhod topology.

Remark 1.A.10. Suppose we are given a Lévy process X = {X;; ¢t > 0} and the
continuous-time Markov chain X" = {Xth; t > 0}, as described in the previous sections;
the processes X and X" are both processes with independent and stationary increments
and can both be regarded as random elements taking values in D[0, T'|. The proof of The-
orem 1.2.13 hinges upon the fact that the characteristic exponent of the approximating
process W converges to the characteristic exponent of X as h goes to zero; an application
of the Lévy continuity theorem guarantees that this is equivalent to having convergence

of the one-dimensional distribution: X 5 X 1. This yields the following simple result:

Corollary 1.A.11. Let X be any Lévy process and consider a continuous-time Markov

chain X" with transition probability given by (1.2.11). Then X" £, X in the Skorokhod

topology.
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Chapter 2

Time change: Approximation of

Subordinated Brownian Motion

2.1 Introduction

Literature review

The introduction of time change in probability theory can be traced back to the work of
the French mathematician Doeblin who provided a way to transform a stochastic process
into another by stretching and shrinking the time scale. This idea has proved very fruit-
ful and a plethora of contributions have been obtained: 1t6 & McKean [67] carried out
a profound study of the sample paths of diffusions and showed that time change allows
to replace the study of diffusions by that of Brownian motion. Since then, time-changed
Brownian motion emerged as a pivotal object in probability. We need to mention the
theorems by Dubins & Schwarz [46] and Dambis [42] which show that every continuous
martingale can be written as time-changed Brownian motion. Monroe [96] extended this
important result and proved that every semimartingale can be written as a Brownian mo-
tion (possibly defined on some extended probability space) evaluated at a random time
change.

Subordination is a type of time change introduced by Bochner [17, 18] in the context
of harmonic analysis. In this case, the time change is given in terms of a non-decreasing

Lévy process, independent of the driving process, called subordinator. Subordination
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transforms a temporally homogeneous Markov process into another temporally homoge-
neous Markov process, and hence a Lévy process into another Lévy process. We refer
to Sato [119] and Bertoin [13, 14] for an exhaustive treatment of subordination of Lévy
processes.

In the finance literature, time changed Brownian motion has first been used as a model
for (logarithmic) asset prices by Clark [31]. He considered subordinated processes that
evaluate geometric Brownian motion at a random time given by a process of indepen-
dent and stationary increments which is itself independent of the Brownian motion. The
economic interpretation of the subordinator is that it measures the level of the activity
of the economy. German et al. [59] consider pure jump Lévy processes of finite vari-
ation as a model for the logarithm of asset prices. Such processes may be written as
time-changed Brownian motions and the authors investigate the relationship between the
time change and the price process. Note that many popular models in finance are based
on time changed Brownian motion where the time change is chosen to be a subordina-
tor: important examples are the Variance Gamma process [88], which can be represented
as Brownian motion time changed by a gamma process and the Normal Tempered Sta-
ble process (including the Normal Inverse Gaussian process [9]), which can be written as
Brownian motion time changed by a tempered stable subordinator. Simulation of stochas-
tic processes has become increasingly important over the last two decades; in particular
Monte Carlo methods have established themselves as a popular probabilistic method to
solve PDEs (PIDEs) by virtue of the fact that the dimension of the problem has a very
small effect on the complexity of the algorithm. However, simulation of Lévy processes

can be challenging: we now list three of the main methods to simulate sample paths

i) The so-called random walk approximation relies on the fact that an infinitely divisi-
ble random variable can be written as a sum of i.i.d random variables and hence the
law of a Lévy process at time ¢ can be obtained as the convolution power of the law
at time one. Simulation is then typically possible when the law of the increments

lies in the same convolution closed class.

ii) Series expansion given in Rosiniski [116] represent a Lévy process as an (infinite)

sum of random variables and provide uniform along sample paths approximations;
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while they are often easy to simulate, they have the drawback of working only in

dimension one.

iii) The small jump approximation of a Lévy process consists in neglecting the jumps
smaller than € and in simulating the remaining compound Poisson process. When
the intensity of small jumps is high (e.g. infinite variation paths) this method may
lead to a significant error. It has been proposed in [6] to approximate such small
jumps with a Brownian motion with matched variance; as it has been rigorously

discussed, adding such a process improves the approximation in general.

There are several issues related to extending these simulation methods in higher dimen-
sion, as discussed in Cohen & Rosinski [32]; in fact contrary to the one-dimensional case,
analytically tractable characterisations for simulation of increments of multidimensional
Lévy processes are seldom available. The authors, extend the work of [6] to the multi-
dimensional case and propose a method for simulating multivariate Lévy processes.

A general class of methods (sometimes denominated “lattice methods™), which found
its origin in stochastic control problems with the work of Kushner [79], is to approximate a
process with continuous state space with one with a discrete state space. Apart from being
interesting in its own right as it concerns the interface between discrete and continuous
processes, this approach has proved fruitful since complex functionals of the continuous
state space process can often be approximated by a workable expression involving the
discrete process. In the context of mathematical finance [93] exploit this technique to price
barrier option in a very general framework. In his paper, Walsh [124] studies the detailed
convergence of the binomial tree scheme; the analysis is carried out by embedding the tree
scheme in the Black-Scholes diffusion using Skorokhod embedding. The work of [94]
presents a continuous time Markov chain approximation of the density of a general Lévy
process and provides rates of convergence. In this chapter we provide a novel Markov
chain approximation for subordinated Brownian motion based on a comparison of the

generator and that of the chain.
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Contribution

In this chapter we study the problem of approximating the density of a multi dimensional
Lévy process which has the form of a subordinated Brownian motion (with general covari-
ance matrix ). Instead of approximating the jumps of the Lévy process we approximate
the driving Brownian motion by a random walk in a classic fashion and then consider
the subordinated random walk. We derive convergence of the transition probabilities of
the subordinate random walk to that of the Lévy process, establish the optimal rate of
convergence of the method and identify the exact constant. We believe an advantage of
our method lies in the fact that we do not attempt to approximate the law of the subor-
dinator but rather work solely at the level of the generators; this in turn provides an easy
way to simulate transition probabilities since the approximating process is a continuous
time Markov chain and the computation reduces to the exponentiation of a matrix. It is
well known that the optimal rate of convergence of a Markov chain approximating linear
Brownian motion is a quadratic function of the mesh of the lattice. It is a natural ques-
tion to ask oneself whether such a rate can be extended to a more general class of Lévy
processes: an answer in this direction has been given in [94] and in Chapter 2, where we
prove that, in all cases apart from Lévy processes with Gaussian component and jumps of
bounded variation, the rate worsens to linear or sub linear. In particular, for a pure jump
Lévy process with Blumenthal-Getoor index b > 1, the rate becomes h2~%, which is very
slow for b close to 2, like in the case of a stable process with index 1 < b < 2. In this
chapter it is shown that for Lévy processes that take the form of subordinated Brownian
motion, the quadratic rate can be maintained and substantial improvements on methods
that discretise the Lévy measure can be achieved. An important difference of our work
with the small jump approximation lies in the fact that our approach is based on Phillips
theorem, thus avoiding a direct approximation of the small jumps.

This chapter is organised as follows: in section 2.2, we lay down some preliminaries,
Phillips theorem and a characterisation of the processes arising as subordinated Brownian
motion in terms of their characteristic triplet. In section 2.3, we explain the approximation
procedure and derive the first term of the expansion of the density, which constitutes the

main result of the chapter. At the end of the chapter we explain how to extend the validity
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of our result to the case of non rotationally invariant Lévy measure. The chapter closes

with an appendix collecting some results on regularly varying functions.

2.2 Preliminaries

First of all, recall the following important Theorem (Sato [119], pp 196) is related in spirit
to the seminal work of Phillips [111] and since it will be used in an important way in what

follows.

Theorem 2.2.1 (Phillips). Let {Z;;t > 0} be a subordinator with Lévy measure p, drift 3,
and Pz, = . Let {P,;t > 0} be a strongly continuous contraction semigroup of linear

operator on a real Banach space B with infinitesimal generator L. Define

Quf = P, fA'(ds), feB.

[0,00)

Then {Q¢;t > 0} is a strongly continuous contraction semigroup of linear operators on
B. Denote its infinitesimal generator by M. Then the domain of L, D(L), is a core of M
and for all f € D(L) we have:

MfzﬁLﬂ+/ (Pof — f)plds)

[0,00)

It is also possible to give an explicit expression for the characteristic function and

characteristic triplet of a subordinated Lévy process.

Theorem 2.2.2. Let {Z;,t > 0} be a subordinator (increasing Lévy process on R) with

Lévy measure p and drift 5. Its Laplace transform can be written as
E[e %] = !®(-w), u >0,
where, for any complex number w with Re(w) < 0,

D) =+ [ (e = 1) plds).
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with

1
5>0 and / sp(ds) < 0.
0

Let X be a Lévy process (on R?) with generating triplet (1, %, v) and let its characteristic

function be given by [E[e*"Xt] = YW Suppose that X and Z are independent and define
Y, = Xz, t>0.
Then'Y is a Lévy process and its characteristic function is given by
B[t Y] = (VW) u € R
The generating triplet (u*, %% v#) of {Y,} is given by

= / p(ds)/ xIP(X, € do),
0 lz|<1
>* =48,

v#(B) = uv(B) + /OO IP(X, € B) p(ds) B € B(R?).

Theorem 2.2.2 yields that the characteristic exponent of Y is given by the composition

Uy (u) = ® o Wx(u). Note that this is expression is always well defined since

2,,2

Re(Vx(u)) = _a2u + /_00 (cos(ux) — 1) v(dx) <0, Vu € R.

(0.9]

Remark 2.2.3. Consider a Borel measure v, on (0, c0) with density

C
I/a<d£L') = Wﬂ(o’(x,) (.Z') d.’L',

where ¢ > 0 is a constant and dx denotes the Lebesgue measure. Then it is easy to
show that v, is the Lévy measure of some Lévy process if and only if a € (0,2); the
corresponding Lévy process is called stable process. Furthermore, v, is the Lévy measure
of some subordinator if and only if &« € (0, 1). A stable subordinator with index o € (0, 1)

is a subordinator with zero drift and Lévy measure v,,. It is easy to check that the Laplace
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exponent of a stable subordinator is proportional to

O(—u) = —u* = ﬁ/{) (e™ — 1z~ '"*duz, Yu > 0,

and where the constant of proportionality is given by some constant ¢ > 0. Without loss
of generality we shall assume henceforth that Z is normalised so that ¢ = 1. Given Z
and an independent standard Brownian motion IV, an application of the strong Markov
property shows that Y; = Wj, is a symmetric stable process of exponent 2c;, where
by symmetric we mean that Y; has the same distribution as —Y;. Further background
on the rich and interesting class of stable processes can be found in Samorodnitsky &

Taqqu [118].

Let W be Brownian motion and Y; = Wy, the subordinated process. Observe that
‘IE[eiW,Yt)H < eﬁ\I’W(u)’

which is integrable as a function of u on R? and hence the probability measure IP** is
absolutely continuous with the Lebesgue measure (on R?) for all ¢. Sufficient conditions
for the existence of a density in the case of a generic Lévy process are hard to find.
For a partial solution we refer to Orey [102]. We now state the well-known conditions
describing when a Lévy process is a subordinate Brownian motion (for a proof, we refer

to Jacob [68], pp 190-192)

Proposition 2.2.4. Let Y be a d-dimensional Lévy process with characteristic triplet
(1, X, v). ThenY is a subordinate Brownian motion if and only if v has a rotationally
invariant density x — u(|z|) such that r — u(/7) is a completely monotone' function

on (0,00), ¥ = ¢l for some ¢ > 0 and j = 0.

We will now define a continuous time Markov chain X" with state space hZ that

approximates W and we will do so by defining its generator %Ah. The operator A, defines

'A function f defined on (0, o0) is said to be completely monotone if it has derivatives of all orders and
(—1)* @) >0,  te(0,00),k €N

In particular, this implies that each completely monotone function on (0, o) is positive, decreasing, convex
and with concave first derivative. The interested reader is invited to consult [55].
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a chain with equal probabilities of jumping one state up or one state down from the current
state. Its expression in coordinates with respect to the standard basis {6,; y € hZ} is the

following:

1 ify=x+h,z—h,
1
An(z,y) = Mul0y) (@) = 554 -2 ify=u, (2.2.1)
0 otherwise.

The process X" thus defined in terms of the generator A, can be written as

N(t)

i=1

where {N(t);t > 0} is a Poisson process with rate 2/h? and {(;} is a sequence of i.i.d.
Bernoulli random variables taking values +h with probability 1/2. For background ma-
terial about Markov chains we refer to [100]. The process X" is then a Lévy process,
namely a compound Poisson process, and it is possible to show that its characteristic ex-

%. Let us now define Y" to be the subordinated

ponent is given by ¥y (u) =
process of X", in other words: Y = X . In the following we will also write X, T in
place of X" and T", the functional dependence on h being clear. Observe that, since we
have convergence of the characteristic exponents, (VU yr(p)) — (¥ (p)) pointwise
as h to zero, by virtue of Lévy continuity theorem, we obtain that T TN Y;. Observe
that, in the special case of a Lévy process, convergence in distribution of the marginals
is equivalent to convergence in distribution of the processes on the Skorokhod space, see
[113]. The rest of this chapter is devoted to studying the convergence of the transition ker-

nels and deriving the exact rate and constants. Since Y is a so-called arithmetic random

variable, its transition probabilities are given by

ho [h . ‘
Pl (z,y) =TP(Y, = y|To =) = %/ e VR dp, =,y € hZ.

h
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Figure 2.1: Example of the shape of the Laplace exponent ®(w). The solid convex curve
corresponds to the case of an alpha stable subordinator with index .2. The dashed line
highlights the fact for a process with infinite mean we have ®'(0—) = oc.

An application of the Fourier inversion formula yields the transition density of Y:

1 [ . ,

o0

2.3 Description of the method

In this section we tackle the extension of our previous result to the multidimensional case.
This is particularly relevant since some of the main methods to simulate infinitely divis-
ible distributions typically do not extend to higher dimensions. On this note, we refer to
the literature concerning the so-called series expansion for the density of a Lévy process
[116]. We first fix some notations: in the following p = (p1, ..., p,) will denote the Eu-
clidean vector in R" and - the inner product on this space. Let W be Brownian motion in
R" i.e. an R"-valued random process with independent one dimensional Brownian mo-
tion as components. Let X be the hZ"-valued Markov chain consisting of n independent

copies of the process defined by (2.2.1). Thus, it follows that the characteristic exponents
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are given by

n

COS hpl -1 1 - n
o) = Y PRI g )= LS pewe
1 1

Denote by o : R” x R” — R" the Hadamard product, p o ¢ = (p1¢1, - - -, PnGn)- In the
following, unless otherwise specified, p°* := p o --- o p. Note the following inequality,

which holds for all p in (—+, +)™:

h'h
Wx(p) — Ui (p) = 2; coshpio ] B 2 ). @3
where — (hé’;)ﬁ < n(p;) <0, from which it follows that
1=y - s - mm <S5 we ()
The condition p € (—%, %) ensures that cos(hp) can be written as an alternating series

with monotonically decreasing terms. Equation (2.3.1) follows from the fact that the
error of a partial sum of an alternating series with decreasing terms is bounded above by
the absolute value of the first element in the series, after the partial sum.

Let W be Brownian motion on R” with positive definite covariance matrix> ¥ = LL*,
where * denotes transposition and L is the unique (positive definite) lower triangular
matrix given by the Cholesky decomposition. A simple computation yields W = LW;

furthermore, we set X = LX. Consider the subordinated processes

7t:WZM }/t:WZu

_ (2.3.2)
Tt:XZtv Tt:XZtv
and their respective transition probabilities for x and y in hZ™:

pt($>y> = IP(?t € dy‘?() = LC), pt(xvy) = ]P(Y;/ € dy‘Yb = ‘I')a
_h J— —
Pt (I,y) :]P(Tt :leO :ZL‘), P?(l’,y) :]P(Tt :leO :1‘)

%A covariance matrix is always positive semi-definite and it is positive definite unless one variable is an
exact linear combination of the others.
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2.4 Main result

In this section we examine the convergence of the discrete probability kernel F? to the
conditional probability density function p,(z,y) of the Lévy process Y. Observe that the
limit as / goes to zero involves a passage from a discrete state space hZ"™ to the continuum
of R™. This limiting procedure has already been described in the previous chapter but we
recall it here for the sake of completeness: consider a strictly decreasing sequence of
positive real numbers (h,,),en such that: (i) lim,, h, = 0 and (ii) Z—] is an integer for every
J > . The second property ensures that this gives rise to a nested grid i.e.the lattice h;Z"
contains the lattice h;Z". Since the domain of Pi“ is h,Z™ x h;Z"™, we want to ensure that
when fixing two points x, y on the lattice h;Z", they will belong to all subsequent h;Z"
so that P? ?(x,y) is well defined for all j > 7 and can thus be regarded as a function of
the index j. An example of such a sequence is given by h,, = (%)" In the sequel, we will
drop the subscript » when dealing with the lattice spacing h,,; being clear that h,, — 0
as n — oo, we will just take / to be the parameter and write h — 0. In particular, when
dealing with limits where spacing goes to zero, we will be assuming that the parameter
visits all elements of the sequence (A, ),en for some index n onwards. We then have the

following theorem

Theorem 2.4.1. Let {Z;;t > 0} be a Lévy subordinator with Lévy measure p and drift
B. Let the Laplace exponent of Z be given by the function ® and assume that, in a

neighbourhood of +o0, the following growth condition is satisfied:
P(—u) < —(2(n+3)+1)log(2u), u > 0. (2.4.1)

Let ¥ = LL* be a positive definite covariance matrix, Y, Y be the processes defined as

in (2.3.2) and denote their transition kernels by p,, Fil . Define the increasing function

U(x):/oxsp(ds), x>0,

and let us assume that U is regularly varying at infinity with index 1 — o (o € (0, 1]).
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Then, for any x and y in the lattice hZ.", we have the following expansion

Piy) = 1P (wy) + ()

where e(h) = e(h,t,x,y) and, as h 0

2 ) o (L)t - 1 o «
e(h) = (%n / et ettt (- ”)% (5 + / VWL’ dU(s)) | det L*| dg+O(h?).
n . 0

Remark 2.4.2. The subordinators satisfying the assumptions in Theorem 2.4.1 include
the subordinators Z with finite first moment and the stable and gamma subordinators,
which are encountered in many applications. To see that the former is the case note that

the first moment of Z; is finite if and only if

/ s p(ds) < oo,
1

which in particular means that the function U is slowly varying . Note that requiring

finite first moment is equivalent to ®'(0—) < co.
Remark 2.4.3. Explicit knowledge of the exact rate and constant allow us to use Romberg’s

extrapolation and thus obtain a method of order 3. Namely

41 11 ,
_—Ph _ __P2h . _ O h5 '
:c,yse%]i?Zn 3h ¢ (9) 395 ¢ (#,y) = plx,y) (R?)

We will now prove two preliminary lemmas. In order to ease the notations, we will

denote the hypercube of side 2/ by
H(l) = [-1,]]* andby B(r)={rcR":|z|<r},

the ball centred at the origin with radius 7.

Lemma 2.4.4. Let us consider the following ODE:

dy _ _xn+2e*q’<*%>, (2.4.2)
dx

3 Any function with a finite limit at infinity is slowly varying at infinity.
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If © satisfies (2.4.1), then there exists a solution y defined on a right neighbourhood of
zero such that y(x) — oo and y(x) = 0(%), as x N\ 0.

Proof. Let us first consider the autonomous ODE defined for z > 0

)

dz 1 ,q><,%>

dz n+3e

, (2.4.3)

and let z be a solution to (2.4.3) defined on its maximal interval I = (a,b), where —oo <
a < b < 0o. Observe that the ODE is autonomous and has no equilibrium solutions since
e~ ®(¥w ) £ ( for all u. Itis then clear that lim,_,+ z(x) = oo and lim,_,;,- z(z) = —oc0.
By virtue of (2.4.1), ffooo eq)(*%) dz < oo we have that b — a < oo too and hence [ is
a finite interval. It then follows that Z(z) = z(x — a) is a solution to (2.4.3) defined on
I = (0,b — a) and such that lim,_,o+ Z(z) = co. Moreover, the function g(z) = z(2"*?)
is a solution to (2.4.2) and once again we have lim,_,o+ §(x) = co. Let us take a couple
of points (z, 7o) that belong to the graph of 7 i.e. zy € (0, "V/b — a) and 7y = 7(z0)

and let us move backward in time. If the solution exists at time x; < xg, then we have

v 7 L nis_ nia
S —= dy = e M.
/1170 exp< < 2)) Yy n+3<$0 x1 )

For x — 0% we have shown (x) — oo; by continuity and introducing an arbitrary x > 0

instead of xy we have

~2
o - .
By (2.4.1), for sufficiently large i we have e ( ? ) < |y|=**+3)=2, which in particular
2
implies e (_7> = o(|y|=*®™*3-1), as y — oo. Therefore, for z sufficiently close to

zero and arbitrary positive €, we have

T

- / Ten (o (L)) a< / Tl gy ‘
= ex —= € ————dy =
w3 Sy 2 Y= S P T A 3) () i)

which in turn yields

_4(n+3) €
Y (:L’) =< 4xn+3’
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Figure 2.2: Some solutions to (2.4.2) forn = 1 and ®(—u) = —u® (u > 0) witha = .5
and the corresponding direction field. Solutions corresponding to (xg,0) with |zo| <
v/2v/2 (like the green one in the picture) lead to explosive behaviour.

which is what we set out to prove. [

Lemma 2.4.5. Let {Z;;t > 0} be a Lévy subordinator with Lévy measure p, drift 3 and

Laplace exponent given by the function ®. Define the increasing function

U(a:):/owsp(ds), x>0,

and let us assume that U is regularly varying at infinity with index 1 — a (o € (0, 1]) i.e.

cr' ()

Y~ Te—ay

T — 00,

where ¢ > 0 and [ varies slowly. Let K (-) be the solution to the ODE given by (2.4.2) and
hence satisfying K'(h) = N P S D P

Bx(p) - 0w () Lo = 123 (5 -+ 00 ) .44

X(ﬁ+[f£”W@dU®0(l+dRMWﬂmm»
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where e(p, h) and 7i(p, h) are o(1) and |7j(p, h)| < “E=. Furthermore we have that ®(¥ x)

converges uniformly to ®(Vy,) on the set H(K (h)) as h goes to zero:

sup  @(Ux(p)) — 2(¥w(p)) =o(h), h—0. (2.4.5)
pEH (K (h))

Proof. By the definition of ®, we can write

O(Wx(p)) = 2(Ww(p)) = A(¥x(p) — Yw(p)) + /000(65“(”) e W) p(ds).

Using Fubini’s theorem, the integral in the last expression can be written as

/ ( sUx(p) _ s\Ifw(p ds / / Sydyp ds / / se’ p ds
0 Y (p) Y (p)

Since, forp € H(K(h)), 0> ¥x(p) > Yy (p), we obtain the upper and lower bounds
(Wx(p) — \I/W(p))/ seS‘I’W(P) (ds) / / se® p(ds) dy
0 Y (p)
< (Walp) — V(o) [ 560 p(ds),
0

and

Then, dividing by the left hand side,

o (T x(p) — (T (p)) B fT e 0 dUs)
= Wxlp) = U (p) (B + f5 o™ @ dU(s)) ~ B+ o~ e dU(s)

By a careful comparison of the characteristic functions we have that

B+ [t dU(s) B+ [ eV KM qu(s)
su = = ,
pertm) B+ Jo v )dU(S) B+ [ estwE WD U (s)

and the right hand side goes to one (for all 5 > 0) as h goes to zero by virtue of the



2.4 Main result 88

dominated convergence theorem. This is equivalent to saying that, on H (K (h))

DU () — DT () = (Vx(p) — T (p) (5 # [Temw dU<s>) (1 + e(p, ),

where limy,_,o €(p, h) = 0 and €(p, h) < é(h) with € a function that does not depend on p
and € = o(1) as h N\, 0. Observe that, although lim,_,, fo‘x’ e*Yw () dUJ(s) can be infinite,

the right hand side of the previous equation is bounded at zero since, by Karamata’s

tauberian theorem®

[T ave) ~ cw i (<) e,

and hence the integral cannot go to infinity faster than ()", p7)~'I(1/ >}, p?). Further-

n thfL-1

more, we can write W x (p) —Vw(p) = >, I +h27(ps, h), with limy, o 7(p;, h) = 0°,

from which it follows that

Bx(0) = B ) Ly =12 Y (% i)

Taking the supremum we obtain

o4 | 1 o]
sup  P(Ux(p)—@(Pw(p)) < h*(1+€(h)) sup b ' <5 +/ e*tw(p) dU(s)) .
PEH(K(h)) per(K(m) 4 0

Since fooo esYw () dU(s) — 0 as p oo, there exists N (independent of h) such that for
all p such that [p| > N, [*e**w®) dU(s) < 1. Then, for h small enough

71 <B+/OO ) i >) < max 21 (5+/°° ) g7 ))
sup (] S S Inax € S
peH(K(h) 4! 0 peB(N) 4! 0

o4 [e'e}
p> -1 / sy (p) )
+ max + e WU (s) | .
peH(K(M)\B(N) 4! (ﬁ 0 )

more specifically the abelian implication.

4

Sand 7j(p, h) < 0 on H(K (h)).
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Defining C to be the first term on the right hand side of the inequality®, we obtain:

o4 | 1 o)
sup p . (5+/ esYw () dU(s)) <
: 0

pEH(K(h))
1 1
pEH (K (h)) 4! 4!

Equation (2.4.5) then follows since K (h) = o (%ﬁ) and this completes the proof. O

Proof of Theorem 2.4.1. For typographical reasons we choose to prove the theorem for
t = 1 but exactly the same method of proof applies to any ¢. Let us begin by defining the

function K (-) to be the solution to the ODE given by Lemma 2.4.2 and hence satisfying
K'(h) = _prt2em@(ZK(P2) A simple application of Theorem 2.2.2 yields

)" () - o) ) =

/ el (@Y (Tx(r) dp—/ el (@ ve®(wr) qp. (2.4.6)
H(r/h) n

In Lemmas 2.4.4 and 2.4.5, we showed the existence of the function K which goes to

infinity slowly enough so that we have uniform convergence i.e.

sup | ®(Ux(p)) = 2(Yw(p)| =0,  h\0.

pE[=K (h),K(h)]"

This suggests to split our estimation of (2.4.6) in three parts: the integral over the hy-
percube in R™ with side 2K (h), H(K(h)) which we can control since we have uni-
form convergence of the characteristic exponents, and separate integrals over A; :=
H(%)\ H(K(h)) and Ay := R" \ H(K(h)), which will go to zero since integrals of
integrable functions on sets whose measure goes to zero (K (h) — oo and the integrands
are integrable). In the following we will denote by B(r) = {z € R" : || < r} the ball

centred at the origin with radius r and by S the area of the n — 1 unit sphere (the sphere

®C is independent of h.
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in R™ with radius one). The right hand side of (2.4.6) can be rewritten as

/ P (P (P) _ 2D gp 4 / e a=1) (VX (1)
H(K (1) A

N / P T w ) ) (2.4.7)
Az

The Fourier transform of even functions is a real even function. Consider the first integral
in the above equation. An application of the elementary fact e” — 1 = x(1 + ¢g(z)), where

q(z) = O(x) yields:

/ e P T0) P (Vw (D) (2(Vx(P)=2(Ww () _ 1) dp =
H(K(h))
/ et (@)W ) (O (W (p)) — (T (p)) dp+
H(K(h))

/H(K(h)) el (@)W ) (B(Vy (p)) — (T (p)) ¢(P(Tx(p)) — ®(Ty (p)) dp.

Observe that, since q is increasing for z > 0,

9(@(Vx(p)) — (Tw(p)) < q(H(S;g)) O(Vx(p)) — 2(Tw(p)),

and hence ¢(®(¥x(p)) — ®(Vw(p)) = O(h). Thus, for h small enough there exists a

real constant M independent of i such that

/H(K(h)) el (=) o 2(¥w (p)) (P(Tx(p)) — 2(Tw(p)) ¢((Tx(p)) — D(Tw(p))dp <

Mh / e NP0 (B y (p)) — (T (p) dp.
H(K(h))

Using (2.4.4) and repeated applications of the dominated convergence theorem 7, we

"Using for instance the bound

S +1) )
Loy @™ (54 [ aue) | < v (o LDyt e,
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obtain

/ el (@)W ) (B (W y (p)) — (T (p)) dp
H(K(h))

o4 oo
_ hz/ eip-(xfy)eé(\l/w(p))p_"l (ﬁ+/ esYw(p) dU(s)) dp + o(h?)
HK () £ 0

o4 o]
— h? / etP (1) (T (n) P 4" 1 (5+ / s VW (D) dU(s)) dp + o(h?),
n . O

where the last equality follows since

o4 oo
/ eip (@) o @(Tw (p) P 1 5_1_/ eV P qu(s) | dp| <
R™\H (K (h)) 4! 0 -

o4 oo
/ eip (@) o @(Tw (p) P 1 5_1_/ eV P qu(s) | dp| <
R™\B(K (h)) 4! 0 -

28 + 1
(54_T) / 2w ) ot ]
b Jresm)

which is of order o(h?) as h — 0. Indeed, note that by changing to polar coordinates and

using the elementary estimate |p;| < r

[e.9]

/ et 1 dp < Snl/ e pydpnl dy
R\B(K (k) r=F(h)

and, by I"Hospital’s rule and the definition of the function K'(h), we have

2
- nStt fl?zh) e®(=3)pnt3 gy
lim =

h—0 h?
' _nSn—lK/(h)efb(—K(;)Q)Kn+3(h) _ RPLET(R)
e 2h =2 O

Next we show that the second integral in (2.4.7) is o(h?) as h — 0. By an application

of the triangle inequality we have

/ 1P (1) 2 x (7)) dp‘g / (W) g,
A1 Al
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Ay

(h)

Figure 2.3: The regions H (K (h)) (in white) and A; (in cyan)

It is clear that p € H(}) \ H(K(h)) if and only if [p;| < 7 for all £ and there exists i

such that |p;| > K(h). Since p — COS(Z# is monotonically decreasing on the interval

[0, Z]* we have that

Ux(p) < ¥x(p"), Vp € Ay,

where p* = (0,...,0,£K(h),0,...0), the non-zero element being the ith entry and its

sign being equal to the sign of p;. Then, since ¢ is monotonically increasing, we get

K4(h)

n oS n _L 2
/ e<I>(\IIX(p)) dpS (Z) e@(%) < (E) e@( th +h . )
H(E\H(K (1)) h h

K2(h) | h2K%*(h)
T2 47

2
<1>(—K <h>) .. .
We now show that e ( ) < (Ce * /) for some positive constant C'in a

neighbourhood of zero by proving that

2 2 -4 2
_ ¢(_M+M)_¢<_M>
lime ? y ? =1.

h—0

$and monotonically increasing on [— 7, 0].
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By the mean value theorem we have that

() ()

where —@ <¢< —@ + W. Using the growth condition on K (h) and the fact
that ®’'(—o0) = [, we have that the above difference tends to zero as h goes to zero; the
continuity of the exponential function proves our claim. By applying De I’Hospital’s rule

to the following limit we obtain

2 ) K2 (h)
) ) %)
0 B2 hso (n + 2)hnt1

h—0 n-+ 2

where in the previous equation we used the definition of the function K and the fact that

K = o(1/+v/h). In order to complete the proof, we are going to show that

- [, e" @ dp
h—0 h?

0,

which in particular imply that the numerators are bounded from above by h? on some

interval around zero. De I’Hospital’s rule yields

bW
. ng e®(Ww (p)) dp . fR”\B(K(h))e (Tw (p) dp B
h? - h? B
n— o0 d 2 n— K(h)?
- Sn—t fK(h) e T)prldry i —S"_lK"_l(h)K/(h)e‘P(— 5 ) 0
h? 2h ’
and the limit on the right hand side is equal to zero since — K’ (h)e®(Yw(K(R) — pnr+2,

To finish the proof, observe that
_ _ _ =h _ _
Iot<x7y) :Pt(L 1I7L ly)a Pt (x,y) :P?<L 11"7-[/ 1y>7

where the matrix L is invertible since it is positive definite. By making the (linear) change
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of variable ¢ = (L~')*p, we obtain the desired result. O

Corollary 2.4.6. Under the hypothesis of Theorem 2.4.1, the following uniform error

estimate holds true

1
sup |\pi(,y) = 3P} (z,y)| = O(%),  h\0.
x,yEhZ

Furthermore, this convergence rate is exact in the sense that for any function f = o(1),

as h \ 0, the convergence rate O(h*f(h)) cannot be attained.

Proof. The claim that the error term is uniform with respect to the spacial variables z, y
is easily obtained by using the triangle inequality and taking the absolute value inside the

integral sign:

2

1
pi(z,y) — ﬁP?(ﬂ:,y)‘

|/ ePE—v)e®(¥x(P) qp — /OO P (w ) qp

o (2.4.8)
< / P ) (PEx ()20 (P) _ 1)
—K(h)
x 00
L9 / (VX)) g 4 2 / eIw ) g
K(h) K(h)

A calculation similar to that in the Proof of Theorem 2.4.1 then yields the claim. We shall
now prove that the order of convergence h? is in fact the best attainable and we shall do so
by contradiction. Take a function f = o(1) and assume that the left hand side of (2.4.8)
is O(h%f(h)). It suffices to show a contradiction for n = 1 and x = y which we assume
henceforth. Take the function K corresponding to the ODE ¢/ = —z*exp(®(—y?/2))
and such that the growth condition in (2.4.1) (with n = 1) is satisfied. Then we get, by a
calculation similar to that in the proof of Theorem 2.4.1, that the second and third integral
on the right hand side of (2.4.8) converge to zero like O(h?). Under our assumption this
implies that ff(lg(z})l) e®(Wwr) (e(Tx@)=®(w®) — 1) dp is of order O(h?g(h)), where

g(h) = max{f(h),h}, since it can be bounded by a linear combination of the other
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terms. We shall obtain a contradiction by showing that

K(h)

B2g(h) = o / PP (P ()W B) 1) dp | | (2.4.9)
—K(h)

which implies that ff([g&)b) e®?(Tw @) (eP(PxE)=*(Fw () — 1) dp < Ch%g(h), cannot hold

(for all h) for positive C', no matter how big we choose it to be. Indeed, using equation

(2.4.4) and the elementary inequality e* — 1 > x, valid for all positive x, we obtain
K(h)
/ P (HEx ()2 () _ 1) g
—K(h)

K(h)
> / WD) (B(Wy (p)) — B(Tyy(p))) dp
—K(h)

K(h) oo
— h? / e®(Vw @) (6 + / esVw® dU(s)) (Z—T + 7(p, h)) (14 €(p, h)) dp.
— 0 .

K (h)

Therefore

L e (e?Wx D2 ®) 1) gp
h2g(h) J_ k)

1 K(h) ) p4
> [T (5 b [T dU<s>) (— . h)) (1 + €(p, b)) dp,
g(h) —K(h) 0 4l

and the limit of the right hand side goes to infinity since the integral converges to a finite

positive value, proving (2.4.9). [

Remark 2.4.7. Observe that it is possible use the same technique to extend our result
to the case of a subordinated linear Brownian motion ut + oW, thus allowing the Lévy
measure not to be rotationally invariant. In fact, it suffices to define the Markov chain X

with generator given by
2

o
Mvh+7Ah,
where
1 ify=x+h,z—uy,
1
Ah(l’,y):ﬁ -2 lfy:$7

0 otherwise.
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and
1 ify=x+h,
1
Vh(x,y):% —1 ify::v—h,
0 otherwise.

Since V, corresponds to a central difference approximation of the first derivative, the error
term is of order O(h?) and our result carries through. Here we chose not to include the
drift term for clarity of exposition but we will be interested in getting the exact expression

for the error term.

2.A Appendix

The basic theory of regular variation concerns the study of asymptotic relations of the

type
. f()
e

for some function g, and their consequences. Aside from their intrinsic theoretical inter-

=g(\), VA € (0,00),

est, regularly varying functions have proved to be useful in several branches of probability

theory, for instance asymptotic first passage of Lévy processes.

Definition 2.A.1. A function f : [0, 00) — (0, 00) is said to be regularly varying at zero

with index p € R if, forall A > 0,

fow) o,

g ey

If the above limit holds as x tends to infinity then f is said to be regularly varying at

infinity with index p. Moreover, if p = 0, f is referred to as slowly varying.

Notice that any regularly varying function may always be written as

f(2) = 271(),

where [ is a slowly varying function. It is easy to check that any function that has strictly
positive and finite limit at infinity is slowly varying and hence the set of regularly varying

functions is clearly non-empty. Simple examples of slowly varying functions that tend to
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infinity are given by the logarithm and repeated composition of the logarithm with itself.
We are now ready to state the following theorem that relates the behaviour of a function

with that of its transform.

Theorem 2.A.2 (Karamata Tauberian Theorem). Let U be a non-decreasing right-continuous
function on R with U(xz) = 0 for all x < 0. If | varies slowly and ¢ > 0, p > 0, the fol-

lowing are equivalent:

U(x) ~ cxll(x)/T(1 4+ p), T — 00, (2.A.1)
U(s) ~es™l(1)s),  s— 0%, (2.A.2)

where U(s) = J,” e " dU(x) is the Laplace-Stieltjes transform of the measure U.

This theorem belongs to a class of classical results in which regular variation plays a
role. The general idea behind it is that it is possible to put some condition on the measure
at infinity to establish the behaviour of its transform near the origin and vice versa. ° U is

regularly varying at infinity with index 1 — a (o € (0, 1)) i.e.

cr'=(x)

Y~ Te—ay

T — 00,
where ¢ > 0 and [ varies slowly. For a thorough discussion of the theory of regular
variation the reader is referred to Bingham ez al. [15]. An account of the theory and some

of its applications in probability theory are given in Feller [56].

More specifically, the passage from (2.A.1) to (2.A.2) is called Abelian and the converse Tauberian.
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Chapter 3

Backward stochastic differential

equations with jumps

Une intelligence qui, a un instant donné, connaitrait toutes les forces dont la nature est
animée et la situation respective des étres qui la composent... rien ne serait incertain
pour elle, et I’avenir, comme le passé, serait présent a ses yeux.

(P.S. Laplace, Essai philosophique sur les probabilités.)

3.1 Introduction

Literature review

Backward stochastic differential equations (BSDEs in the following) were pioneered in
a paper by Bismut (1973) [16] who introduced the linear case in the stochastic version
of the Pontryagin maximum principle. Other work in this area was done using linear
BSDEs but their development took off only several years later with the seminal work of
Pardoux & Peng (1990) [104], who introduced the general case and proved existence and
uniqueness of solutions. Several people extended their results, in particular Antonelli [4],
Ma, Protter & Yong [86], Pardoux & Peng [103, 105] and Peng [110, 108, 109, 106, 107].
The emergence of the theory of BSDEs has been accelerated by their use in applications:
these equations have proved useful in control theory, stochastic finance theory, and for

the probabilistic study of certain partial differential equations. Backward SDEs arise
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naturally in the problem of pricing and hedging contingent claims since the dynamics of
wealth processes can be written naturally in such a form. These equations become then
ideal tools to solve problems in a framework beyond the classical Black-Scholes-Merton
paradigm. For instance, they have been used in the study of pricing contingent claims
with trading constraints as in [41, 70] or in incomplete markets [52]. Work has also been
done on the stochastic differential formulation of recursive utilities as in Duffie & Epstein
[47] and in the context of utility maximisation, see Hu et al. [65], Kloppel & Schweizer
[72], Mania & Schweizer [91] and Morlais [97]. The connection between the pricing of
American option and reflected BSDEs was studied by El Karoui ez al. [50]. An in-depth
review article of applications of BSDEs in stochastic finance is given in [51]. Solutions of
BSDEs provide a probabilistic representation to the solution of some nonlinear PDEs and
their connection was studied by Pardoux & Peng [103, 105] and Peng [106, 107]. Crisan
& Manolarakis provide an overview of probabilistic methods for semilinear PDEs in [38].

Numerical schemes to solve decoupled BSDEs can be divided in two categories, de-
pending on whether they rely on a finite difference approximation of the associated PDE
problem or whether they use a backward induction scheme typically involving the com-
putation of conditional expectations. We do not discuss schemes that fall in the former
category and refer the interested reader to the work of [86, 45, 95, 87]. The latter type
of algorithm works backwards in time and tackles the problem by probabilistic means,
i.e., avoiding the resolution of a PDE. Bally [7], Chevance [28] were the first to develop
this kind of algorithm with a random time partition (given by the jump times of a Poisson
process) and Zhang [125] and Bouchard & Touzi [21] independently proved convergence
of this backward approach with deterministic partitions. A variety of algorithms based
on this discretization has since then been developed and they differ mainly in the way the
computation of the conditional expectation is carried out. These algorithms fall mainly
in four categories, namely, the quantisation method, the Malliavin calculus regression
method, the regression on function bases methods and the cubature method. The Malli-
avin calculus regression method was introduced by Bouchard & Touzi [21]; the algorithm
makes use of the Malliavin integration by parts formula to obtain an expression for the
conditional expectation which is amenable to Monte Carlo simulation. This approach

builds upon the work done in [19] by Bouchard, Ekeland & Touzi. The regression on
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function bases method, (sometimes called regression based least squares Monte Carlo)
was introduced by Gobet et al. [61] and computes the conditional expectation by project-
ing it on a subspace of function bases and then estimating the projection by Monte Carlo
simulation. This method was first introduced by Longstaff & Schwartz [83] in the context
of American option pricing. The cubature method was used by Crisan & Manolarakis
[39, 40] and is based on the work of Lyons & Victoir [85]. This method relies on the fact
that the solution of the BSDE can be expressed as an integral with respect to the law of
the forward diffusion; the cubature of Lyons and Victoir provides an approximation of
the Wiener measure and can therefore be used implicitly as an approximation of the law
of the forward component of the BSDE. A different discretization scheme was developed
by Bender & Denk in [11]: they propose a Picard type iteration method which has the
advantage of avoiding nesting of conditional expectations through the time steps. They
claim this to be a major advantage and makes it for a very implementable scheme. Higher
order discretizations have also been studied by Chassagneaux & Crisan [26].

The development of discretization schemes for the fully coupled FBSDE case has
been much slower. Most numerical algorithms for fully coupled FBSDEs exploit the
relation to quasilinear parabolic PDEs via the so-called four step scheme by [86] and for
further references see also [45, 95, 87]. The problem with this approach is that it becomes
more and more difficult with increasing spacial dimension. To the best of our knowledge,
the solution of this problem by probabilistic means has been tackled only by Delarue &
Menozzi [43] and by Bender & Zhang [12].

While many methods have been developed for the classical case of decoupled FBSDE
in a purely Brownian setting, much less work has been done in the presence of jumps.
BSDEs driven not only by Brownian motion but also by a compensated Poisson random
measure are considered by Barles, Buckdahn & Pardoux [8], Nualart and Schoutens [101],
whereas existence and uniqueness of BSDEs driven by a general cadlag martingale are
addressed in El Karoui & Huang [49]. BSDEs with jumps play an important role in many
optimal control problem, see for instance Tang & Li [121], Eyraud-Loisel [54] or Lim
[81]. For the problem of utility maximisation in a setting with finite and infinite jump
activity we refer to the article by Becherer [10] and Morlais [98]. Royer [117] studied

BSDEs driven by Brownian motion and a Poisson random measure, and their application
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to g-expectations.

Contribution

We consider the problem of approximating the solution of a FBSDE driven by a Wiener
process and an independent Poisson random measure. A common way to approximate
FBSDEs is to discretise time and to replace the FBSDE by an appropriate backward
stochastic difference equation (FBSAE). Exact sampling methods from the distribution
of the increments of the driving Poisson random measure are in general not available,
which is an issue in the practical implementation of approximation schemes for BSDEs
with jumps. Motivated by this observation, we present a weak approximation scheme
for FBSDEs driven by a Wiener process and an independent Poisson random measure:
we will consider the sequence of FBSAEs driven by d;-dimensional and d»-dimensional
random walks approximating a Brownian motion and a pure-jump Lévy martingale. We
obtain a solution of the FBSAE and give heuristic explanation of its convergence to the
solution of the FBSDE with jumps. We also allow the driver to take a general functional
form which is encountered in many applications. Convergence results for BSDEs driven
by general random walks have been obtained in Briand et al. [24, 23], Madan et al. [90],
and Cheridito & Stadje [27] typically using results on convergence of filtrations (see, e.g.,
Coquet et al. [35]).

Aazizi [1] recently has extended convergence results of Bouchard & Ellie [20] from
a pure jump setting to an infinite jump activity process for forward backward SDEs with
driver functions taking the form f(¢,y, fRd2\ ) p(x)Z(x)xv(dr)), for a bounded func-
tional p.

This chapter is structured in the following way: section 3.2 provides a review of clas-
sical results in the Brownian settings; section 3.3 presents a formulation and solution of
the problem in discrete time; a heuristic motivation of the weak convergence is also given.
in section 3.4 we put forward a numerical scheme for the solution of the FBSAE using a
regression on function bases for the computation of the conditional expectation. Exten-
sion to the case of a (decoupled) forward-backward SDEs are also presented. Finally, in

section 3.5 we apply our method to compute numerically some non-linear expectations
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and check the behaviour of the solution qualitatively.

3.2 Backward stochastic differential equations

In this section we are going to present a brief overview to the theory of Backward SDEs
and their extensions. Let us consider a probability space (€2, F,IP) and an R"-valued

Brownian motion W. First we fix some notations.

- F = {F;t € [0,T]}, the filtration generated by Brownian motion and augmented
and P the o-field of predictable sets of Q2 x [0, T].

- L2, the space of all Fr-measurable random variables X :  — R? satisfying
IX s = E[X]] < oc.
- H%(R?), the space of predictable processes ¢ : © x [0, 7] — R? such that

< 00.

T
6B = E { [ 1o

When no confusion arises we will denote H?(R%) by H2.

A Backward SDE is written in differential form as
_d}/; :f<t7§/;f7Zt> dt_Z:thy YT:§7

or equivalently

T T
Yt=5+/ f(s,i/S7Zs)dS—/ Zraw,,
t t

where the data is a pair (f, £) called the generator (sometimes driver) and terminal value
such that ¢ : Q — R%is Fr-measurable and f : Q@ x RT xR xR"*? — R?and is PRBI®
B"*-measurable!. A solution is a pair (Y, Z) such that {Y;;¢ € [0,7]} is a continuous
R?-valued adapted process and {Z;;t € [0,T]} is an R"*%-valued predictable process

satisfying fOT |Z,|?ds < oo, IP-a.s. Heuristically, one starts at the final time 7" with

Note that the generator itself is possibly random.
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Yr = £ and then Y is constructed backwards in time for the whole of the interval [0, 7).
At first glance, this problem seems ill-posed since finding a solution amounts to solving an
equation in two unknowns. It is the constraint that the processes (Y, Z) are adapted to the
filtration (F )te[o,T] that makes it possible to find a solution to the problem; for instance,
in the case of f = 0, the pair Y; = £ and Z = 0 is not admissible. Let us consider the
process defined by Y; = E[¢|F;]; this is an adapted process (martingale) satisfying the

final condition. However, by virtue of the martingale representation theorem, Y; satisfies
t
Yi=Yo+ [ z.aw,
0

or, in differential notations: dY; = Z,dW,, Y = &£. It is the freedom to choose the
process Z that makes it possible to construct an adapted process Y and hence to find a
solution to the problem.

Suppose that ¢ € L%, f(-,0,0) € H? and f is uniformly Lipschitz in its spacial

variables, i.e., there exists a constant C' > 0 such that IP ® d¢-a.s.

|f(w7t7y17 Zl) - f(w7t7y2’22)| < C(|y1 - y2| + |Z1 - Z2|) \V/(yl, Zl)vv<y27 ZQ)'

Then (f, &) are said to be standard data, or parameters, for the BSDE.

The next theorem is a fundamental result, proving existence and uniqueness.

Theorem 3.2.1 (Pardoux-Peng,1990). Given standard parameters (f,§), there exists a
unique pair (Y, Z) € H2(R?) x HZ(R™*?) which solves (3.2.1).

It is worth noting that it is possible to relax the Lipschitz condition on the generator f
by simply requiring continuity in (y, z) and assuming some growth conditions on (y, 2):
we refer to [80, 73] for further details. The martingale representation property of W is

key to proving that such equations have got solutions 2.

2If ¢ is a scalar random variable in L2., then Y; = E[¢|F}V] is a square integrable martingale that can
be represented as a stochastic integral with respect to W of the unique adapted process Z € H?:

T
& = ]E[f]Jr/O ZsdWy,

t T
Y, = IE[f]—i—/ZSdWS:g—/ Z, dW,.
0 t
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We now state a very useful comparison principle for BSDE:s.

Theorem 3.2.2 (Comparison Theorem). Let (f1,£Y) and (f?,£?) be two standard pa-
rameters of BSDEs, and let (Y, Z') and (Y?, Z?) be the associated square integrable

solutions. Suppose that

- &> 2 P-as.,

- Oofy = fUE Y2 Z2) — f2(L Y2 ZE) >0, P @dt-as.,
Then we have that almost surely for any time t, Y, > Y2,

It is now possible to deduce a sufficient condition for the non negativity of the BSDE

solution.
Corollary 3.2.3. If{ > 0 a.s. and f(t,0,0) > 0 IP ® dt-a.s., then Y > 0 IP ® dt-a.s..

This is an immediate consequence of the comparison theorem with (f2,¢%) = 0,

whose solution is obviously (Y2, Z?%) = 0.

Connection with PDE and nonlinear Feynman-Kac formulae

Consider the linear parabolic PDE

ou+ Lu+ f(t,x) =0, (t,z)€[0,T] xR"
(3.2.1)
(T, z) =g(z), =eR"

It is a well-known result that
T
v(t,x) =1E {g(X;x) —l—/ f(s,Xg’x)ds} ,
t
where { X%*; s € [t,T]} is a solution to the SDE

dX, = b(X,)ds + o(X,)dW,,

Xt::L’.
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is a solution to (3.2.1), where L is the infinitesimal generator of the process (3.2.2), which

in this case is given by

1
Lv = Z bi(x)0v + 9 Z(JU*)z;j(x)aiQ,jv‘
i 1,J

In this chapter, we seek to extend this probabilistic representation to solution of semi-
linear PDEs and in order to do this we introduce the concept of Forward-Backward SDEs.
To be more precise, we consider solutions of backward SDEs associated with some for-
ward classical stochastic differential equations. Suppose that the randomness of the data
(f, &) comes from the state of the forward equation. When the initial conditions of the for-
ward equations (¢, z) are taken into account, the backward solution (Y, Z) can be thought
of as a parametrized BSDE, where the parameters are the initial conditions (¢, z).

Suppose that f and ¥ are R%valued Borel function defined on [0, 7] x R? x R x
R"*? and RP respectively. Furthermore, suppose b and o are RP-valued and RP*"-valued
functions defined on [0, 7'] x RP. Note that now we assume the generator of the BSDE to
be deterministic. For any (¢, 2) € [0, 7] x R? denote by { X'*; s € [t, T|} the solution to
the (forward) SDE (3.2.2)

dX, = b(s, X,)ds + o(s, X,)dW,,

(3.2.2)
Xt = .
and consider the associated BSDE
—dY, = f(s,Xﬁ’z, Ys, Zs)ds — ZXdW,
(3.2.3)

Yr = U(X5).

The solution to (3.2.3) is denoted by {(Y!*, Zt*); s € [0,T]} and the system (3.2.2) and
(3.2.3) is said to be a (decoupled) Forward-Backward SDE (FBSDE), whose solution will
be denoted by {(X5* Y5* ZL¥):s € [0,T]}. This equation is said to be “decoupled”
since the coefficients b and o of (3.2.2) do not depend on Y and Z. In some sense, the

system consisting of (3.2.2) and (3.2.3) is made of two independent parts and can be
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solved in two stages: heuristically, this means that we can go forward in time to solve
(3.2.2) first and then backward to find a solution to (3.2.3). The analysis of the “fully
coupled” case from both an analytical and numerical point of view is much more complex
due to the interdependency of backward and forward component. Lipschitz and growth
conditions are required on the coefficient to ensure existence and uniqueness of solutions

(both for the forward and backward part); namely there exists a constant C' > 0 such that

‘O’(t,l‘) - 0<tay)| + ’b(ta 33') - b(t7y)‘ < C"% - y’? (3.2.4)

|f(t7$a W, Zl) - f(t7$a Y2, 22)| < CHyl - y2| + |2’/1 - ZQH (325)
Moreover we require that there exists a constant C' such that for all (¢, z, y, 2):

|o(t, 2)] + [b(t, )| < C(1 + |2]), (3.2.6)

[F(t 2y, 2)[ + [ ()] < C(1 + [z]). (3.2.7)

Note that (3.2.4) and (3.2.6) guarantee that (3.2.2) admits a unique, adapted solution
{X:;0 <t < T} satistying
E | sup |X,|*

0<t<T

< 00,

see, e.g. [71]. Using the latter, (3.2.7) ensures that that £ € L2, f(-,0,0) € H? which,
with the Lipschitz condition (3.2.5), guarantee existence and uniqueness of the solution
of the BSDE. The following result investigates measurability properties of the solutions;

for its proof, the interested reader is referred to [51], Proposition 4.2.

Theorem 3.2.4. The solution {(Y*, Zt%); s € [t,T|} of (3.2.3) is adapted to the future
o-algebra of W after t Ft, where, for each s € [t,T], Ft = o{W, — Wyt <u<s}. In

. tx . e
particular Y;”" is deterministic.

An application of the last result allows us to conclude

T
Vi = B[V | Fl] = B {‘If (X5") + / O X0V 200 dr | F } |
- s (3.2.8)
Vi — R {\IJ(X?I) + / flr, Xom, Y0, Z07) dr] :
t
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Theorem 3.2.5. There exist two measurable deterministic functions u(t,x) and v(t, )

such that the solution (Y2*, Z"*) of BSDE (3.2.3) is

Y = u(s, X07), 7 = o*(s, X! (s, XP7), t<s<TIP®ds-a.s.
(3.2.9)
Furthermore, under additional smoothness assumptions on the data and coefficients of

the FBSDE we have that
Z0 = o*(s, X1 )Vu(s, X07).

For additional details about the measurability of u and d and the smoothness require-
ments we refer to [51] Theorem 4.1 and Corollary 4.1. To get some intuition about the
last result, consider the case where the generator f does not depend on vy, z. Then the
representation (3.2.9) follows from the Markov property of the forward diffusion X%,

namely:

T
yie — I [MX%‘””) + / flr, X0 dr !fﬁ] = (s, X7"),

where

O(s,y) = [xy(x;:y) + / "l x du] |

This result can be deduced from [30] but it should be intuitively clear. Observe that, by
taking (3.2.8) and substituting the expressions for Y and Z given by Theorem 3.2.5, we

obtain
Y, [ T(XET) + / flr, X5 u(r, XE®), o (r, X5 Vu(r, Xﬁ’x))dr} ,
and thus we deduce the existence of a functional A; : C([t, T]; R?Y) — R such that
YPr = BIA(X)],

where C([t,T];R?) is the space of continuous functions from [t, 7| into R? and X*®

denotes a path-valued random variable. We thus obtain the rather surprising fact that the
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solution to a BSDE can be written entirely as an expectation of the future distribution of
the forward component.
The next results were found by Pardoux and Peng [103] and provide a connection

between BSDESs and nonlinear PDE:s.

Theorem 3.2.6 (Generalization of the Feynman-Kac Formula). Let v be a function of
class C'* or smooth enough to apply 1t6’s formula to v(s, X'*) and suppose that there

exists a constant C' such that, for each (s, x),
lu(s,x)| + 0" (s,2)Vu(s,z)| < C(1+ |z|).

Suppose also that v is the solution to the following quasilinear parabolic partial differ-

ential equation:

dyo(t,z) + Lo(t,x) + f(t,z,0(t,z),0"(t,2)Vo(t,z)) = 0 (3.2.10)
(T, x) = V(x),

where L denotes the second-order differential operator
1 *
Lo = Z bi(t, z)0w + 3 Z(oa )iy (t, 2) 87 jv.
7 5]

Then (Y5:* Zb%) = (v(s, XL®), 0% (s, XE")Vu(s, Xb7)), t < s < T, is the unique
solution of the BSDE (3.2.3).

This result follows from a straightforward application of Itd’s formula to the process
v(s, X5*). Note that the last theorem allows us to construct a solution of a BSDE by
knowing the solution to the semilinear PDE. While under the assumptions we made at the
beginning of the section one cannot expect that equation (3.2.10) will have a solution in
the classical sense, it can be shown that the converse of the last theorem also holds in the

viscosity sense, as was found by [103].

Theorem 3.2.7. We suppose that d = 1 and that f and V are uniformly continuous with
respect to x. Then the function u defined by u(t,z) = Y, is a viscosity solution of the

PDE (3.2.10).
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For background material about viscosity solutions we refer to the book by Fleming
and Soner [57] or to the original paper by Lions and Crandall [37] where it was applied

to the study of the Hamilton-Jacobi equation.

3.3 Weak approximation of Forward-Backward SDEs with jumps

BSDEs with respect to Brownian motion and Lévy process

In the previous discussion, we dealt with (F)BSDEs where the filtration was generated by
a Brownian motion. In this section, we generalise some of the previous results (in partic-
ular existence and uniqueness) to the case of BSDEs whose solution is measurable with
respect to a filtration generated by a forward SDE driven by Brownian motion and a pure
jump Lévy martingale. Let (€2, F, (F), IP) be a stochastic basis such that 7, contains all
the IP-null elements of F and the filtration (F;) is right-continuous and generated by the

following two mutually independent processes:
- an d;-dimensional standard Brownian motion W,

- a do dimensional, zero-mean, square-integrable Lévy process without Gaussian

component X . By the Lévy -1td decomposition the following is given by

X, = / z(N(ds,dx) — v(dz)ds) = / N (ds, dz),
[0,t] xR92\{0} [0,¢] xR92\{0}

where N is the Poisson random measure associated to the Poisson point process of
jumps of X, N (ds,dz) the corresponding compensated Poisson random measure

and v the Lévy measure of X.

Incidentally, we remind the reader that for any A € R% \ {0} with v(A) < oo, the
compensated poisson random measure N ([0,7] x A) := (N — v ® ds)([0,t] x A) is a
martingale.

Let us now introduce some notations.

- 8? be the set of F;-adapted, cadlag processes {V;;0 < ¢ < T} with values in R
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such that

< Q.

V][5 = [ sup |V;[?
te[0,7)

- H?2, the space of predictable processes ¢ : 2 x [0, 7] — R such that

< 00.

T
161 = E [ [ 1o

- L*(IP ® v ® ds), the set of mappings U : Q x [0, 7] x (R%\ {0}) — R which are
P @ B(R% \ {0})-measurable and such that

T
IU]% = E // Ut e)? v(de) dt
0 Jra\(o)

A proof of the next result can be found in Tang and Li [121], Lemma 2.4.

< 00.

Theorem 3.3.1. Let F € L?and f : Q x R x R4 x L2(v) — Rbe P®B(R) @ B(RM) ®
B(L?*(v))-measurable and f(t,0,0,0) € H? Furthermore, suppose the generator is
uniformly Lipschitz in the state variables, i.e., there exists K > 0 such that, for all,

v,y ER 2,2 € RM 2 7 € L%(v)

[f(ty,2,2)=f(t,y, 2 F) < K <|y —yl+lz =2+ \// |2(z) = 5’(37)!2”((13?)) :
R¢2\{0}
Then, there exists a unique triple (Y, Z,7Z) € §* x H? x L*(IP ® v ® ds) which solves
T 3 T T R 3
Y, = F+/ f(S,YS,ZS,ZS)dS—/ Zs dWS—/ / Zs(x) N(ds,dx), 0<t<T.
t t t  JR2\{0}

Such a triple is then called the solution of the BSDE with data (F, f).

Incidentally, we remark that the solution of an equation of such type provides a viscos-
ity solution of a parabolic integral-partial differential equation. Further information can
be found in [8]. Important work has been done by Royer [117] to introduce the notions of
g-expectations and of non-linear expectations in the jump set-up.

The goal of this section is to study the forward-backward stochastic differential equa-

tion, for0 < ¢ < T
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ft—x+/t (§S)ds+/ (& dW+//C€s, N(ds, de)
Y, = 1W+/ f(s @,Z&Z(»d&—[ Z, AW, — / / N(ds, de),

where 1 : R - R, 0 : R" - R, ( : R x £ — R and E denotes the the set R% \ {0}.

(3.3.1)

Before starting the discussion we briefly recall the condition that guarantee existence
and uniqueness of the forward component. Assume that y, o are globally Lipschitz and

let ( be measurable and such that there exists a real constant C' such that, forall e € F,

[z, e)f <CANe]), zeR,

Gz, e) = (', )] < Cle — 2|1 Afe]), 2" €R
Consider the following SDE:

A, = p(€)ds + o (€.)dWV, + / (€ e) N(ds, de) o

Xt:l',

or, equivalently, in integral form

ft=x+/0tu<5s>ds+/ gsdw+//<£s, N(ds, de).

We denote by {&4*;s > t} the unique solution to (3.3.2). Some of its properties and
existence and uniqueness are proved, for instance, by Fujiwara and Kunita [58].

The above SDE can model dynamics involving infinitely many small jumps per unit
of time. The jump behaviour is controllable via the jump coefficient ¢ that depends on the

mark e. We remind that

/ / (6w ) N(ds, de) /0 N [E ((6, ) N(ds, de)

- / (€. )N (ds, de).
Ex{t}
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This means that if at a jump time 7, the Poisson random measure generates an event with
mark e, then the change in value of the corresponding integral will be 5(7—, ¢). We deal

with time homogeneous dynamics but time dependence is easy to introduce.

BSAEs, formulation and solution

As approximation to the FBSDE (3.3.1) we consider FBSDE in discrete time (also called
FBSAE) driven by processes with independent increments (1™, X (™) that are constant
outside uniform time grids 7 = {mx}, where 7y = {to,t1,...,tn} where t; = iT/N,
1 =0,..., N. Note that the approximating processes can be defined on filtrations that are
different from the one associated to the BSDE. When no confusion arises we shall write
7 = 7y and the denote the mesh of the grid by A = Ay by T'/N. We shall also identify
the process (W™ X (™) with the discrete time process (Wt(f), Xt(:r))tie,r.

Assume that (™) and X (™) are independent square-integrable martingales. In partic-
ular, let W(™ be a zero-mean random walk whose increments Athﬂ) = Wt(;)l — Wt(f)

match the corresponding second moment of a Wiener process
E, [(AWJ)) (AWtf))] —A-Iy, i=0,1,....N—1, (333)

where I;, denotes the d; x d; identity matrix and IE, [-] denotes the conditional expectation
taken with respect to the standard filtration generated by (W™, X (™) F .= {.7-}(1_”); t; €
7}. As an example, W™ could be chosen to be a random walk with suitably chosen
Bernoulli, trinomial or Gaussian distributions, as in Briand et al. [24].

Assume that X(™ is a zero-mean random walk with distribution of the increments

given by G(™, satisfying the moment conditions

ATE|AXT) =0, A0, (3.3.4)
E, [(AX,@) (AXt(j)ﬂ = A (Uehimtdy, i=0,...,N—1,(33.5)

where * denotes the transpose of a matrix and

Vg = /hk(i)hl($) V(dCB), hk($) = Tk, k= 1, ce ,dg.
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Furthermore, define measures
V™ (dz) = ATG™ (dz),

and assume that

AR (3.3.6)

as the mesh goes to zero, where — denotes vague convergence of measures, namely
vM(C) — v(C) for all closed compact sets C' C R% \ {0}. Observe that Equation
(3.3.4) is satisfied when we take AXt(Zr) equal to the increment of X: since X is square
integrable, we have that the first absolute moment satisfies IE[|AX;|] = O(t) for small ¢
(see, e.g., Luschgy & Pages [84]). Under the conditions in Equations (3.3.3), (3.3.5) and
(3.3.6) there is functional weak convergence of (W™, X (™) to the Lévy process (W, X)
in the Skorokhod .J;- topology. This is a consequence of classical weak convergence
theory (Jacod & Shiryaev [69] Theorem VII 3.7) given the conditions in Equations (3.3.3),
(3.3.4) and (3.3.6).

As an approximation to the forward process X in Equation (3.3.1), we consider the

stochastic difference equation given by f((f) = z and, for ¢, € m:
&n) =&V (ED) A+ (ED AW+ (D, AXID)— T, [( (7, AXT)],

where ;™ (™ (™) are piecewise constant approximations of ji, o, ¢ respectively.

Observe that, in a discrete setting such as ours, the natural filtration generated by the
process &™), {fé(ﬂ)}, and {.E(i”)} do not coincide. This is intuitively clear in view of
the fact that, in discrete time, it becomes more difficult to identify the contribution given
by the jumps from the increments of (™. We choose then to set the forward-backward
difference equation on a probability space endowed with the filtration {]—",ff)} rather than
with the natural filtration generated by the forward process; conditional expectations will
therefore be taken with respect to {]—"t(f)} in what follows. Observe that we are entitled
to work on the latter since in the limit the two filtrations will coincide (under reasonable
assumptions on the functions o and (, e.g., invertibility).

As noted by [24], when switching from the Wiener process W to the process W (™) we
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lose the predictable representation property. Indeed, in the discrete case, a real martingale
with independent increments has the predictable representation property ° if an only if the
increments are supported by two points. If follows that, in the formulation of the FBSDE
driven by W™ and X (™, we have to add an orthogonal martingale term { M (™} so that

the equation under consideration becomes:

&n) =™ + 1™ ED)A + o™ (M) AW + (@ (e AXT) — B, (77, AX )],

N-1 N—-1
Vi = FO 43 10,670 Y, 20, 208 = 3 20 AW
j=t Jj=t

N—1
N Z {Z’E:)(AXt(;))]l{AXt(ﬂyéO} - E, [Zt(:)(AXg))ﬂ{Axt"_”;éo}] } T Mgr) - Mt(iﬂ)’
]:Z J J
(3.3.7)

where (™ is a v(™-regular driver that is piecewise constant, i.e., f™(s,:) = f(t;,-)
for s € [ti,t;11). The random variable F™ € L?(Fr) is the terminal condition and
vz e 12(FD), 2D e LX(G™(dz) ® dIP, B(R® \ {0}) @ F;,) and M(™ =
{Mt(f)} is a F-martingale on 7 that is orthogonal to {Wt(f)} and to the martingales with
increments

O (AXT) =y, [0 (A X)),

for any function Ut:r) with Utf) € LOO(]:J) ® B(R% \ {0})).

Equation (3.3.7) can be written in differential notation as

AT =y EA + o™ (AW 4¢P (el AXTY 1By, (P, AXD)),

AV = — @, ¢ v 70 2NN 4 20 A

1

(3.3.8)
v = Fm,
fori = 0,...,N — 1. Note that Equation (3.3.7) is equivalent to a backward recursive

3 for background material on the predictable representation property see, for instance Revuz & Yor [115]
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system beginning by YT(”) = F(™ and followed by the expressions given in the following

Theorem 3.3.2. Given a FBSAE (3.3.7) with standard parameters (f™, F(™)) and Lip-
schitz constant of f™) given by K. Then, for A < 1/K the BSAE (3.3.7) has a unique
solution (Y(”), Z, Z (™ M (”)) that satisfies the relations:

N—-1
VD =By, |[FO+ Y f@(,67, v\, 27, Z7)A (3.3.9)
Jj=t
= fOt, & Y, 27 2T A+ YT, (3.3.10)
2" = ATV, YD AW, (3.3.11)
Zi7 () = B, [V 0 |AX"Y = 2] - B, [Y, D |AX,” =0], zeR®Z  (33.12)

AMT =y B, [y - 27 Aaw™

tit1 tir1

—{Z7(ax{), axiPs0) ~ Iy, (27 (AX{)T, axPall G313)

Proof. The proof is inspired by that of [90, Proposition 1]. First note that Ytgﬂ) is de-
termined uniquely by the implicit equation (3.3.10): indeed, the map VU : LQ(}}(?)) —
LQ(]: )) given by U(Y) = f’r)(tl,YZ Z N+ B, [Y7r

1., 1s a contraction in the

case KA < 1, as a consequence of the Lipschitz continuity of f(™. Taking conditional
expectations with respect to ]-"Sr) on both sides of (3.3.8) yields (3.3.10). Moreover, mul-
tiplying both sides with AWt(f) and taking again conditional expectations with respect
to ]-"t(f) leads to (3.3.11). Observe that, given (3.3.10), (3.3.13) is equivalent to (3.3.8);
in other words, if AMt(Zr) and Zt(:r), are uniquely determined, the expression in (3.3.10)
yields (3.3.13).

As a consequence of the discrete martingale representation property (see Jacod &
Shiryaev [69] Lemma III 4.24), given a martingale with increments given by Yt(I)l —
E, [v,™] - Z,fzr)AWt(i”), there exist Zt(f) () e LOO(E(:) ® B(R%\ {0})) and AMt(i”) such

tit1
that
AR O A B AN
72 (AX )1 —E,[Z7(AX |+ AM™
t; t; {AXt(:)7é0} ti|“t; t; {AXt(:)7£0} t;
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The expression for Zt(zr)

is then obtained by imposing the orthogonality requirement. To
complete the proof, we then need to define Zt(ﬁ) by the right hand side of (3.3.12) and
with definition show the orthogonality of the right hand side of (3.3.13) to W (™) and the
martingales induced by X (™ (see above). Once we have shown this fact it will follow
that (a) Zt(w) solves the BSAE (which follows by combining (3.3.13) and (3.3.10)), and
(b) that it is its unique solution.

Next we verify the orthogonality of the martingale M (™). We note, using (3.3.11) and

the tower property of the conditional expectation
(m) (m) (™ _ (m) (m) (my _
E, [AM AW | = E, [V, AW = B, [Z, AW - AW, ] = 0.
Furthermore, for any function k& € Loo(ft(i”) ® B(R% \ {0})) with £(0) = 0, it holds

Ey, [AMT {(AXT) — By, [H(AXT)]} = (3.3.14)

E, [V, — B, [v,"

tit1 tir1

DERAXT) — By [k(AXT)]} -

By (27 (AXT)E g0y = B2 (AXITT g o sy DIRAXET) = B [R(AXT)]].
Inserting the form of (3.3.12), using the tower property of conditional expectation and

denoting by ¢(z) the random variable IE;, | AX = x|, we obtain

t+1‘

By, [(Z7 (AX)1 B, (27 (AXI) o s DRAXT) = B [R(AXT)])]

{ax{Mzop T
= 0 [ 27 (AXI) o (RAXET) = B [R(AXET)]}]
= E,[{o(AX") — p(0) HE(AX™) — By, [k(AX)]}]

= B, [V, {H(AX™) — By [(AXT)Y],

tir1

where in the third equality we used the fact that Z (0) = 0. It is a matter of collecting
terms to verify that the first term on the left-hand side of (3.3.14) is equal to zero, so that
M (™) is orthogonal to the martingale with increments k:(AXt(Z’)) — E, [k:(AXt(ZT))] As k

is taken arbitrary, this establishes the orthogonality and completes the proof. [
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Donsker-type theorem for BSDEs with jumps

The solution to the FBSAE given in Theorem 3.3.2 can be obtained by solving the back-
ward recursive system. We choose to follow a “forward approach” like the one pre-
sented in Bender & Denk [11]. More precisely, the process (Y (™), Z(™) 7)) satisfy-
ing the BSAE can be obtained as the limit of a recursively defined Picard sequence
(Y(mp)| z(mp) 7(mP)) which is initialised with (Y (™0 z@0) Z@0)) —= (0,0,0) and is
defined for p € Nand ¢; € 7 by

, (3.3.15)

Y;Emp) :IEt,- +Zf(7r) j’ 7T)7 7rp 1) Z(”P 1) Z(WP 1)())A

Zt(_ﬂ—’p) - AillEti

(3

AW <F(“) + Z FO &0, YD, e Zi ’P”<~)>A)

j=it+1
N-—1
™ g T 7T ,p—1 m,p—1 T 1)
2 (@) = By, [FO 4 37 f0(, 67, v, 2D, 2 )a | ax(D -
J=i+1
N—
s T T m,p—1 m,p—1 T 1
FO 4 N fo 60 ylmemh zime=h zime=h(. \AX =o],
j=it+1

for z € R%. We may associate to the sequence (Y (™) Z(mp) Z (”’))peN a sequence of
square-integrable orthogonal martingales (M (”’))peN solving the corresponding BSAE

which is defined by M (™% = 0 and for p € N by

VT BV 2P AW AL AX o

— I [Zt(?p)(AXt(;r))]l{AXt(%éo}” — AMP).

A fixed point argument shows that the Picard sequence (Y (™), Z(™») | Z(m») () AN (7))

converges to (Y™ Z(™ 7™ () AM ™)) as p tends to infinity. This is made more precise

by the following
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Corollary 3.3.3. For some C' > 0 and ny € N it holds

sup B | sup [V~ Y, "P 4+ Y {127 - ZTVPA + (AMT - AMTT)’)

Tn:N>ng t;emN

tiemn
+ Z {fo)(AXff))]l{Axgﬂﬂ} - ZISZT’p)(AX'f(:T))]l{AXy)#O}
tiemn ¢ !
~E,[Z7(ax{7)1 ~ ZM(AX ) 2| <o4r
ti[ t; ( t; ) {AX@#O} t; ( t; ) {AX§?>¢0}]} = .

The proof is omitted since it follows from a straightforward adaptation of Corollary
10 in Briand et al. [24].

With the results concerning the solution of the discrete time BSDE in hand, we now
turn our attention to the question of weak convergence of BSAEs to the limiting BSDE
as the mesh size goes to zero.

Assume that the driver f(™ is a smooth functional with bounded derivatives (uni-

formly in ¢ and 7) and that F', F’ () are of the form

F=HWg,...,Ws , Xq,..., Xs,),
™ — H(W(”) W x () x (m)

for some smooth function H. Let (7) be a sequence of partition whose mesh A tends to

zero. If F' converges to F (™) in L2, then
Y™ 5 Y and in particular Y™ — Y,

where 5 denotes weak convergence in the Skorokhod .J; topology.
We briefly sketch the main ideas of the proof of convergence and will present the full
proof elsewhere.

Define the sequence of processes (Y (°0P), Z(oop) 7Z(oop)(.)) _ by setting

(}/'(OO,O)7 Z(OO»O)7 Z(O0,0)(_)) = (O, O7 O),
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and

T
Yt(oo,erl) — F+/ f(s’ésj}/;(w,p)’zgw,p),Zéoo,p))ds
t
T T - ~
_/ Z(eort1) dWS—/ / 7o) (1) N(ds, dx).
t t  JRI2\{0}

The key point of the proof of convergence is to use the following decomposition
Y@ _y —y@® _y@p)  yp) _yleop) | ylon) _y, (3.3.16)

Note that the first difference has been shown to go to zero in S? norm in Corollary 3.3.3,
while the third has been shown to go to zero in norm by Tang & Li [121]. To prove the
convergence of Y (™) to Y(°P) in the Skorokhod .J;-topology in probability for any p,

the idea is to deploy results on the weak convergence of filtrations.

3.4 A numerical forward scheme with jumps

For numerical implementation of the iteration proposed in the previous section in Equa-
tion (3.3.15) one has to approximate conditional expectations. We adopt the point of view
of conditional expectation as a projection operator in L2, This is not the only possible

choice but has the advantage to provide robust theoretical error estimates (see Appendix).

Orthogonal projection on subspaces

We will first replace the conditional expectation by orthogonal projections on (finite di-

mensional) subspaces of L2(]:t(”)). In particular, choose d; +1 subspaces Az;, 0 < d < d;

of LQ(J'-}(?)) and d; subspaces I'y; of LQ(]-}Z,W) v O'(AXt(ZT))), 0 < d < dy, where ]-"t(f) is
the filtration generated by {(I/Vt(;r)7 Xt(: "N} io...i and AXt(:r) = X\ — X Denote the

----- it i

projection operators by

Py L*(F,) — Ay, Qai: L*(F, Vo(AXy,)) — Tay.
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In the following, to avoid an overload in notation, we will focus on the case d; = dy = 1.
Consider the approximations (yff’p ), Zt(:’p ), éff’p )(-)) obtained by replacing the condi-
tional expectation in (3.3.15) by the projection operators Fy ;, Py i, Qo -

Assume now that the projection spaces from the previous section are all finite dimen-

sional and denote by

{6117767}{(z)}7 {f{aaf}{(z)h {giaag?](z)}

a basis of Ag;, Ay, To,. Since g, k = 0,...,J(i) is measurable with respect to the

filtration F™ v o(AX™), we can write it as
G = G W 5o, X o, AXT),

where g is a scalar, deterministic function on R x R’ x R and W ] ;<w>> \ 7o are
the discrete paths of the process (W™, X (™)) up to time ¢;. Observe that when writing
g.(+) we will only consider the dependency with respect to the third variable. Introduce

the shorthand notation
LO(i,p—1) = F™ + Z FO (g, 60, Yy Zimee ) ZImeD)A,

Under these hypothesis the processes Y™, Z(™») and Z (@) (-) may be rewritten as

K(9)
Z Oé?lrc’p eka

70
2 =N "B

k=1

J(i)
P a) =" (Gh(x) — i(0)),
k=1
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where
- () 2
(agf’p)) — argminIE | | LM (i, p — 1) Zakek )
a€RE®)
. (m) ’
_ ' _ AW,T ;
(ﬁi(’_’p)) = argmin IE Uﬂ)@*’LP‘UTtl_Zﬁkf’z ’
56RH(1) —
- , 2
(%.(f’p)) =argmin® | [ LD +1,p—1) - Z’Ykgli
~ERI (%)
Define

T T s T,p—1,M w,p—1,M S (m,p—1,M
A O) = fO (060 yire D gt g imem b ).

In practice, the expectations above will be replaced by their empirical estimators

2

M N-1 K(i)
s 1 T ™ i
(0457,’p’M)) —argmmﬂz va )—i-z,\f( )(tj)A_ZO‘k)\ek ’
j=i k=1

a€RE () A=1

2
Zﬁk)\fk ’

ANGE

1 AW 2
(BT = argmin — ) —t

N-1
(AF(“) + ) AP ()A

ser M A—=1 j—it1
2
M N—1 K (i)
(m,p,M) 1 () ()
(u7") = amgmin 7 B (WFT 4+ B A fO()A - § Ve AGh
YERIE A=1 j=it+1

where (A W™\ F™ i\ fi\gi)are M > max,{K (i) V H(i) V J(i)} independent

copies of (AW ™ F™ ¢i fi gi)and (\YTPM) | Z(mpM) | Z(mpM)(.)) are M indepen-

dent copies of the simulation based estimators
(m,p, M) Z (mp,M)
a; el >
M) . (m.p,M) ri
" Z/f-fzp i

(m M s M —_q
” Z% P (g (x) — g1.(0)).
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The column vectors (in RY) of these copies will be denoted by

(m,p,M)

(AW, F™) el fi gi(-), Y zmed) Z ();

furthermore, we will define £ (¢;) := (,f™(t;)) The above can now be expressed
concisely using vector notations: denote by
B.; = Ele}ejlri=1. .1x0) AN = L(Aei)xﬂ Mk=1,...K(i)
€2 k-lIR=1,..., 1)) e,i \/M kJA=1,..., k=1,...K(%)>

1 .
E[fi k=, 06), AY = \/—M(Afé)Aﬂ ..... Mok=1,.H(i),
1

Bg,i = ]E[Q/igﬂk,z:l ..... J()s Aéw,i = \/—M(Agi)le ..... M,k=1,...J(i)>

the inner product matrices associated with the chosen basis. Then

o7 = B[ L0 p - 1))

W(W)
(777p) %
\ 1.p—1)—%t
Bi. E|f-LM(i+1,p-1) A |
W =B [g - L7 +1,p-1)].
The simulation based analogue of B. ; is given by

Since the inverse of B]\f may not exist, we shall make use of the pseudo-inverses (-).

Note that
(A =By AN =efg
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If we denote by o pointwise multiplication, the method can be expressed as

alr 940 _ glrosh _ froan _
K(7)
yg:rzpuM) — (Ayt(:rvpzj\/[ 1, ’ — Z Oé(ﬂ—apv ek-,
H(’L
B = (= Y3
= (m,p,M) , ,M \Ds z =i
Z," ) = 6T Z@ M (gi.() - &i(0)),

\/_M
m,p,M 1 AW,
it = \/_M(A {( )+ Z o > A },

Jj=i+1

(mpM) _ _* AM F™ ™) (¢ 3.4.1
% \/M( { +Zf } (3.4.1)

Jj=i+1

The following Lemma is a direct consequence of the law of large numbers:

Lemma 3.4.1. Under the Lipschitz condition outlined in the introduction we have that

(a(ﬂ',ILM)’ /ngvva) /y(ﬂ-vva

i, ) 14,

(ﬂ-vp) /6 7p) (7’1’7]))

)) converges IP-a.s. to (o ;Y. ) as M goes to infin-

ity.
The following Theorem is then an easy consequence

Theorem 3.4.2. Under the Lipschitz condition outlined in the introduction we have that
(YmpM) | z(mpM) z(@pM)) copverges P-a.s. to (PP, 2P ZTP)) a5 M goes to
infinity.

Markovian setting

While the general setting concerns BSDEs with random terminal condition and generators
which depend on a Brownian motion and a random measure in an arbitrary way, in this
section we will assume that the randomness of the terminal condition and generator comes

from the state of a Markovian forward SDE. These conditions are usually referred to as
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“Markovian setting”. Note that the solution of the backward component of the BSDE will
now have to be measurable with respect to the filtration generated by the forward compo-
nent. Intuitively, in the Markovian setting, the solution to the BSDE can be represented
as a function of time and the (forward) state process. The results of the previous section
can now be made more explicit. To avoid unnecessary overloads in notations once again
we shall deal with the case d; = dy = 1.

Let us now consider the forward-backward stochastic differential equation, for 0 <

t<T:

b=r+ [ i [oeraws [ [ e a N,
}Q:\II(X(T))+/tTf(s,§S,ZS,ZS(-))ds—/tTZSdWS—/tT/RZS(e) N(ds, de).

From now on we shall restrict to a strong scheme (which is a particular case of a weak)
and detail the implementation of the method in this setting.
We choose a partition 7 = {t;;0, ..., N} of [0, 7] with mesh size |7| = max; [t;11 —

t;|. In the following denote by A; = ;1 — t;. We discretize £ by the Euler scheme

) (3.4.2)
&n =&+ p(E™)A + o (67)AW; + / C(ET, €) Nty tis1] de.
R

Clearly, there exists a unique F~ (W)—adapted, square integrable solution £(™ to (3.4.2).
We extend £ to a cadlag process by piecewise constant interpolation. The terminal
condition F(™) of the previous section will be of the form

Fm \p(ﬂ)(@(ﬂ))’

tN

where {@g% }"t(f)} is a Markov chain with St(i”) as first components and can be extended
to take into accounts functionals of the paths of the process. By the Markov property,
the conditional expected values in (3.3.15) can be represented as functions of the state
process £ only (£ and A&(™) respectively); in other words, instead of conditioning

on the whole filtration generated by the (discretised) forward process .7-}(2_”), it is enough
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to condition on the sigma algebra generated by the terminal value @gr). Introduce the

shorthand notation
L™ (i,p) = F™ + Zf(”) t;, &7, Y\ ZimP ZTP ())A.
Jj=t
Then, we have

s . s s AW
v —E [ -nfe], 20 —e |8

L4+ 1,p 1) ‘@ ]
and

Zt(zr,p)(x) —E {L(”)(i +1,p—1) ’@g)’/ eN(dS,de) = x]
(t

irti+1]xXR
@gr),/ e N(ds,de) = O] .
(ti,ti+1}XR

Choose two set of functions {1, (z), ne(z), . .., n.(z)} and {71 (x, y), 2 (x, y), ..., 7. (x,y) }
and define the basis

~E [L(”)(H— 1,p—1)

e =f=n0]), ¢ =00 AX,)

In the multidimensional setting the choice of basis functions 1 and 7) may depend on d;
and ds but for simulation purposes it is more convenient to work with one set of functions

only.

Y y (m) y (7.p) Y@p) Y(mpM) M)
7 7(m) 7/(m.p) Z(mp) Z(m.p,M) Z(mp, M)

()

= - ~ (m,p,M)

Z() | Z™() Z(w,p)(.) gw,p)(.) ;gmp,M)(.) Zz

Table 3.1: This table summarises some of the notations used in this section. The columns
from left to right denote respectively: the solution of the BSDE with jumps, the solution
of the BSAE, the solution of the forward scheme at the p™ iteration, the projection of
the solution of the forward scheme on a finite dimensional subspace, the Monte Carlo
estimator of the the projection of the solution of the forward scheme with M paths and
the vector column of the latter.
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3.5 Numerical Illustration

In this section we present some simulations for a g-expectation with respect to (F;)o<t<r,
the natural filtration generated by an exponential Lévy process .S. Throughout the section,

S is one dimensional representing a stock with (QQ risk neutral) dynamics given by

_ BWe+Xi—kt
St = Soe Erat s

where WV is standard one-dimensional Brownian motion, X is a VG process independent
of W and « is the “convexity adjustment” given by
S | 1
m:/B———log 1—0v—=c’v).
2 v 2
The convexity adjustment is equal to the characteristic exponent of W + X evaluated

at —i and makes S into a martingale. If we denote by ~(¢; i, ¥) a gamma process with

mean p and variance v, and by B a Brownian motion independent of -, and by
b(t;0,0) =0t + o By,
an arithmetic Brownian motion, then X is defined to be
X; =b(v(t;1,v);0,0).

In other words, the VG process is obtained by evaluating arithmetic Brownian motion
with drift # and volatility o at a random time given by a gamma process having a mean
rate of 1 and a variance rate of v. The VG process is a pure jump Lévy process of infinite
activity and bounded variation. This means that it has an infinite number of jumps in any
time interval but, unlike Brownian motion, the sum of absolute increments converges to
a finite value. For the use of the VG process in option pricing we refer, for instance, to
[88]. We discretise the process S by the log-Euler scheme on an equidistant partition of
the interval [0, 7'] consisting on NV + 1 points and denoted by 7. In the following, we set

the parameters
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Table 3.2: Parameters

So=100|5=02|0=-033|0=012 | v=0.16 | T =1

For any £ € L?(F;) denote the solution of

T T T
Yt:g_i'/ f(SaY:%ZsaZS)dS_/ stWS_/ /ZS(J))N(dS,dZL'),
t t t R

by (Y€, Z¢, Z¢) and we define £(€) = Y;. It is possible to show that under suitable con-
ditions on f, namely the ones that guarantee uniqueness and under which a comparison
theorem holds, £ is a non-linear expectation called f-expectation. A non-linear expecta-
tion is an operator preserving monotonicity and constants; it is very close to the classical
concept of expectation in the sense that it satisfies almost all the classical properties except
linearity. General non-linear expectations and the notion of g-expectation (in a Brownian
setting) were introduced by Coquet et al. [34]; their results were subsequently extended
to the setting of a filtration generated by Brownian motion and a compensated Poisson

random measure by Royer [117]. Following [117], we denote by
e =& and  EMCr = Efe
two particular non-linear expectations, with f,, ¢, and f_mcl defined by

Fucrlt zyu) = ullzll + / (1A 2yt (2) A(dz) — C / (1A 2)u™ () A(dz),

Fucaltszu) = —ullzl] — |ul / (1A 2)u(2) A(da) + O, / (1A 2yt (z) A(da),

where ) is the Lévy measure associated to the compensated Poisson random measure. In
our setting A will therefore be the Lévy measure of the VG process which is given by the

expression

[

o
———|z ——Tz
(,u2_e = ple

1w —
v_ |7 (—o0,0) (¥) + v,

]1(0’00)<£C>> d(l?,
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with pe = $4/62 + 22 £ % and vy = ;2 v. Let us denote by M? the set of square inte-

grable martingales. By the martingale representation theorem we can define the mapping

t t
b M~ (0,v), M, :/ 0, AW +/ /US(Z’) N(ds,dx).
0 o Jr

The following is Proposition 3.6 in [117], which we recall

Proposition 3.5.1. Fix p > 0 and —1 < C; < 0. Consider the set of probabilities
O = {dQ := & (M)AQ| M € M} with

—~

M ={M e M2[||0,]| < p, 57 < p(LAJ2]), 55 < Ci(1 A |z|) where (6,0) = ®(M)}.

Then

R\ F) = inf B¢ ], £ F) = sup EQE|F.
QeQ Qed

As illustration, we numerically evaluate the non-linear expectation £/C1(€) with £ =

1Sr— K

, I = 100. Observe that by making the choice of y = C; = 0, we have that Y} is
given by the expectation of the final payoff and therefore is the (risk neutral) price of an at
the money straddle. By virtue of the previous proposition £#1(£) can then be interpreted
as the supremum of linear expectations over a set of measures that “move away” from Q
in a manner dictated by the parameters ;o and C';. Observe that, when rates are zero, by a
no-arbitrage argument, the price of a straddle at time 0 is given by: 2C7(K) — Sy + K,
where C7(K) is the price at time zero of a call option maturing at 7" with strike /C. The

price of the call option is known analytically using the inverse Fourier transform

e—alog(K) /oo e—ivlog(K) ¢T(U _ (O./ + 1)1)

Cr(log(K)) = or . a?+a—1v2+i2a+1)v

)

where 17 is the characteristic exponent of log(.S7)
) 1 —Thv
¢T(u) — eiu(log(SO)—mT)—E,BQTU2 (1 — Qv + —021/11,2)
2 )

and « is a fixed positive value called dampening factor. Setting o = 1.5 and performing

the Fourier inversion numerically we obtain a value for the straddle of 20.93, which we
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shall use as a benchmark. For further information on option valuation using Fourier tech-
niques we refer to Carr & Madan [25]. The bases function for the empirical regression on

Y and Z are given by monomials and the straddle payoff; more precisely:
m(z) = |z — K|, m=(r— )" 2 2<k<K.

For the computation of Z we used the bases Me(x,y),1 < k < J that need to satisfy the
condition

(67, 0) =0,

which from a financial viewpoint corresponds to the fact that if there is no jump in the

underlying, the jump-delta should be zero:

ﬁ1($7y) =Y,
ﬁQ(ﬁ,y) =2y, 7~73($7y) - y2’
iz, y) =2y, is(z,y) =2y’ 7e(z,y) =y’

(3.5.1)

We chose K = J = 7 (independently of 7) and denote the total number of calculated
iteration by np;.qq. Typically the convergence in the number of Picard iterations is quite
fast and in the following simulations we set np;c.-¢ = 5. Fig. 3.1 shows the empirical
mean and empirical standard deviation of £#1(¢) with u = 0.5 and C; = 0 from 30
launches of the algorithm as a function of the number of simulated paths per launch.
For this, we chose N = 10. Fig 3.2 represents £/¢1(¢) as a function of the number of
partition points. For each run of the algorithm, we simulate 100000 paths of the forward
component. As expected in view of the representation of E#1(€) given in Proposition

3.5.1 we notice that £#1(£) is indeed an increasing function of .

3.A Appendix

Recall that, by the L? theory of conditional expectation, if a scalar random variable X €

L?, then its conditional expectation given another (possibly multidimensional) random
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Figure 3.1: Empirical mean (in blue) and empirical standard deviation (in red) of 30
launches as a function of the number of paths in the case of 4 = 0.5 and C; = 0.
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Figure 3.2: Y{ computed with M = 100000 paths and np;..-¢ = 7 as a function of the
number of partition points for different values of ;. We verify the theoretical result that
the solution is an increasing function of s.

variable Y is given by its projection on L?(c(Y))) i.e.

E[X[Y] = argmin E[|X — (V)
e(Y)
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where (+) is a measurable function such that IE[¢(Y)?] < co. This is a least square
problem in infinite dimension known in the literature as regression problem. Since L? is a
Hilbert space, it has a countable orthonormal basis and the conditional expectation can be
represented as a (limit) of linear combinations of elements of the basis. To approximate
the regression function ¢ we project on a finite dimensional space by considering the first
K elements of the basis {n;} X ,. We then proceed to compute the coefficients of the basis

by solving a empirical least square problem

a€RE

M K
1
(o) = argmin = 37X = 3 ()2
i=1 j=1

where (X;,Y;),7 = 1,..., M are independent simulations of the couple (X,Y"). For the

approximation of ¢(-) = IE[X|Y = -] we set

pu) = D admy(.).

Without further assumptions it is possible to derive error estimates on the approxima-

tion. For further details, see [62].

Theorem 3.A.1. Assume that IE[X|Y]| = oY) and that (X;,Y;), ¢ = 1,..., M are
independent simulations of the couple (X,Y'). Furthermore, let 02 = sup, Var(X|Y =
y) < oo and let V be the linear space given by the span of the K basis elements {n;} £ ,.
Then, we have

M

K
2 2 : 2
E | 37 2 (pu(Y) = 9(¥))*| <o 5o 4 min[Y = ll7apr)

=1

The first term in the right hand side above is interpreted as the statistical error term,
while the second summand is the error due to the projection onto a finite dimensional
space. As K goes to infinity, the first term goes to infinity while the second one converges

to zero.
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He did not know that the new life would not be given him for nothing... But that is the
beginning of a new story — the story of the gradual renewal of a man, the story of his
gradual regeneration, of his passing from one world into another, of his initiation into a
new unknown life. That might be the subject of a new story, but our present story is
ended.

(F. Dostoevsky, Crime and Punishment, Epilogue.)
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