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Introduction

In this dissertation we review the work of Faddeev on non-
relativistic three-particle systems. The approximstion scheme spplied
to the Feddeev equations, developed by Lovelace, which uses the non
local separeble potential, for the practical study of the three hody
systenm is studied. We include the application of the Lovelace theory
to the low energy three-nucleon problem, with the inclusion of the three
body foree, work of A.C. Phillips, which represents the effects on the
three-nucleon system of the nucleon-nucleon tensor and short range
foreces. We give a brief account of the formalism for the three-nucleon
scattering state, bound state, disintegration process, and bound state
wave function, We also present the results of the numerical calculation
carried out by A.C. Phillips for the triton binding energy, quartet,

and the doublet secattering length for n - 4 scattering.
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Part I. Jome UGeneral Aspects of Whree-particle Beabtering
1. Drelinminaries,

Cousider particles a, i, and y formiung g non relativistic tiiree~
particle systeai. L ku’ and Ycz represent uass, womentwa, and position
of particle a ete. Phe total momentum is

K=K +k +&k
a ) v
we can use another scet of coordinates, to describe the momenta cf the

particles, nauely,

p, = - B 8 02 (1.1)

which is the relative momentum of the (d,y) subsystem. And

kK {m, + - {k, +k
o Tl e (1.2)

-q'a - _i‘zim-i-.ﬁn',; +n
o ¥ Y
which is tie wmomentun of partiele a relative to the centre-of-imass of the
{3,v) subsysten, e, 5, and y are itaken crelically. Yhus altogether we
have esix momenta
Py Gyo Py Ao PY CJY
only two of wihieh are linearly independent, and the relation between then

can be obtained from (1.1) and (1.2). e.g.

n
= R
Py T YT Y (1.1a)
.
m'éma m’a
= v ot — - L SO 0
P8 1, {n. + 2 )(u +mnm )) Y Py (1.22)
» Y o Y o Y



It sinould be mentioned taat the Jacchian of paqa > p%qg is equal
2

to 1, i.e.

{ 3
g Py
9 " E)pa
‘ = 1
o, 3y
3 3
. Qu Qa /

We make the convention that whenever we use two of these momenta in &
formulea, they are linearly independent.if they have different number of
primes. Ve will oumit the subsceript o on Py and q, when it is not

relevant. Yor the kinetic energy ve have

2 2 2
5;0 = ‘éj + ?g” + %q__ {(1.3)
21-iu Zua

viere i is o total mass, u tae reduced mass of {3,v) suvsystem, and M_,
[ 8.4

reduced mass of (a,(s,y)) scattering system.

i.e.
1 =31+ 1
i m. n
Loy (1.4)
and
A= 31+ 1
it m, +om
ua “a i} B,

In three nucleon systems., we have equality of nasses, and we shall work

in units in whieh nucleon wass is wuity. “hus, we have

2 -

TFor the three particles, therz are two Liinds of asymptotic basis

states, or channel states. The first is the eigenstates of the free



iavdltonian, deseriting the free notion of three wibound narticles.

Their monentunm svace representation is given by

<Ll~

e ¥ ki (™
-

(T H o Boa. gt e 1! — ¥
sy %7 S5k - & )53(Eu By )63(90 9 ) (1.6)

Yhe second is tue eigenstates of the free mwtion of one perticle with
raespect to tiue other two. For illustration suppose that particle o is

*

free, 3 and y are in a bound subsyeiten wuniﬁu)’ then woe have

LI P B R B 5 - . K' . ] 3 i . .
D ky v % 63(§‘ “')SS(QQ B )Qan(ﬁa) (1.7)

We will refer to this state as an channel state. If €an denotes the
pinding energy of the (8,y) bound state, the kinctie energy is given by
Kz 2
E = ‘ + qa - £ . (1-8)
an s vt on
ol dua
The delta-funetion arising from the conservation of total momentum will
be factored out, so we work in three-particle centrz of massz system,
The Hilhert space which iz being considered is I,z(p,q) -~ the gapsace
of square - integrable functions of two momentum vectors p,g>, or of
six resl verisbles. The operators will be written in this /iljert space

without hats. The free particle Hamiltonien onerator Ho is given by,

2 2
cpg i > = (% e B8 (o - )6 (q - al ) (1.9)
Bogilly 1Dy Gg 1 7 2y °3'Bg T B3y T Yy )

and its resolvent is

Go(s) = (xo . 517t (1.10)



where 1 indicates a unit operator and s is a complex variable outside

the spectrum of Il . For the matrix element of the Go(s) we have

2 2
< p g (G (s)ipta > = (&t % - 5) L5 (@ - a')oule - ') (1.11)
Pl Vo' 87 1R, i " 2u 39y T 570318, ~ By .

dext the (u,(B,y)) scettering system is considered:
The Hamiltonian of this system is

Ha = Ho + Vﬁ
and for the corresponding resoclvent operator

G (s) = (i -s1)7h (1.12)
In addition to Ha and Gm(s), one also needs the total Hamiltonian and
its resolvent operator. They are given by the following expressions
i = Ho + Vv
G(s) = (H - s1)
3
where V = X Va, Va being the two body interaction potential. By
=1

using the following identity

1 1 v
i+ v - 31) (i, < e1) ~ (i, = s +V - s1)

and equation (1,10), one can express the G(s) in Lippman~Schvinger form
&(s) =G (s) - G _(=)v(s) (1.1h)

The solution of tie (1.14) will give all the interesting information
gbout the physical system under consideration. This can be done by

applying Fredholm methods if the iterated kermel, X(s) = Go(s)v is a



square-integrable or “iilbert-Schmidt” operator i.e,

[ fa% kpp") F < =
vhich reduced to Tr(KK*) < o,

In the ease of the two body problem, the required condition cen be
satisfied under reasonable restriction on two body interaction. But for
the three body interaction this is not so. The reason being that one of
the particles may be too far from the other two to be able to interact
with them. In order to make this point clear, one can write the explicit

form of the matrix elerment of K(s) as:

1
! 1t =
< Ragu‘Go(B)vt g 2 q2

P
a . [+

(i * 30 = ®)
o o

7 <ai¥yizg >
o=l
S3ley - g5 )

Here the term <Ruivu§90 > 53(gu - g% ) represents the situation where
the interaction does not occur, so tiue momentum of the partiecle a is
conserved. Bbut for the complete interaction, the momentum of o particle
is not conserved and consequently the related §- funection cannot be
factored out. So the Tr(¥k ") will contain the terms of the form
[§3(g_ - gf)Je. Furthermore, by iterating the kernel we will not be able
to get rid of these terms. 5o the presence of the § function prevents
us to use methods which worked well for two-body problem. In the elegant

theory of Faddeevl, this difficulty has been considered. The kernels in



this theory depend on the two body sca@ter@ng amplitude off the energy

ey, PR |
shell, A decided advantage which makes theory to be generalized in 4

]

relativistic region where potential model faila’

2. ‘The Lovelace~Faddeev Equations

e
S

The S matrix for a process describing the scattering from asymptotic

-\

state |¢ g O the state iea o>+ is defined by

- 3 R i +
Ses = Sag ~ 21rz.6(Eu - ha""anwas(“”%m’ (2.1)
The state < @uni , refers to a free motion of particle a, relative to the

bound state of (8,y) subsystenm. is the transition operstor, from

+
Uo.B
an incoming state with free Hamiltonian Ha, to an outgoing state with
free Hamiltonian HB' Tor a physical process s » E + ie = I + ig¢',

An attempt can be made now to get an expression for the transition
amplitudes UZB(S). The outgoing scattering state in Sm chennel can be
represented by }¢8m> " It is given by the following Lippman-Schwinger
equation

¥, > = |¢

3
on”+ o> - G(B + ic) 6§B Vglog, > (2.2)

B
=1

A similar relation holds for the incoming scattering state, I‘P(m>_

3
= |9,> ~ G(E - ie) 55 Vle, > (2.3)
s ]

=]



Te

For the 5. matrix elements we have

<@anisi¢8m? =<y i > (2.%)

By using the following identities

1 TE— ¢ tas(k ~ E) (2.5)

G5 tie) = FTYET Y "

where p stands for Cauchy principal value, and relations (2.2) and (2.3),

we get

Yg”s = 1¥gp”. = -2mi8(L - E) z G,@Sm . (2.6)
é=1
Insertion of equation (2.6) into equation (2.h4) gives
sev d -7 o - T
<@ aiSitey> = 8o -2uis(E, - E,)
‘ 3
“Pon | v; V. ¥, (2.7)

=1
The relation (2.7) is then compared to the relation (2.1) in order to get

the boundery value of the U;é:

! ) =
<@ . U gL+ e >=<o | { v Vem R (2.8)
W y=1 Y
#a
Replacing the value of (¥, >, in (2.8) from (2.2), cne gets the followingz

fu +

relation for qu(B)

Ur(s) = ;a Y; 55 v sV, . (2.9)
a



Similarly one can express the transition operator U;B(s), which is

defined in terms of the incoming scattering state i?an>_, i.e.

o ' = i
<@uniUmB(E + ie)i¢3m> :?“niags V6!¢Bm>

thus

Uyale) = Gzﬁ A yZa 6;vaa(s)va. {2.10)

Considering the fact that k@un> and ¢ n> are eigenstates of H +V

B

and Ho + va respectively, one must have
I 1 4 [ ;

<¢anan3(8)5@6m? = <”@unlua6(8)’¢6m?

on the energy shell

o 42
o e i 8 _
By, = u, " San " Bg = 2y, " Sem =

Therefore the t sign in Uas(s) represents the exten;iona to off-the-eneryy
shell. In order to accommodate the disintegration transition operator
into equation (2.9), V, is put equal to zero and au, B, y and § sre
allowed to run from O to 3, so the matrix element from ‘ésm? to <@ |

(the final state of three particles) will be

3
+ ! 1 :
<¢°tU°B(s),¢3m§ = <o_| 21 Vo i¥en 4> (2.11)

For the caleulation of the wave function §¥Qn>+ and transition

operators Uz we need to solve equation (1.1h), whose kernel is not

B
square-integrable. The underlying principle of Faddeev equations is to



solve exactly two particle subsystems which in terms of the resolvent

Ga(s) are given by

fa(s) =V - vaua(S)vﬁ (2.12)
(remerber discussion leading to the derivation of the (2.9) and (2.10)).
Here Ta(s) and Ga(s) are operators in the three particle Hilbert space
L,(p,a). The differences between them and 7(s), 6(s) are of two kinds.
First, one must multiply the matrix elements of <20§T(s)§p&> and
(G ' - {om i ot
<pu,G(s)]pa> by é-function in other momentum 63(ga al)-
Second, the total energy of the two body subsystem in this case is not s
2

but 5 - qa « Thus we have

2ua

- 2
T i 0 fa  Se Yin?
< B,IT(0) By 87 T < ITy(e - Za ) imy
Mo
- 1
63(30 a',). (2.13)
lmEpy?
Here the matrix elements <p g {Ta(s),paqa> corresponds to a situation
where particle o does not interact. A similsr formula holds for Ga(s).
It is now attempted to get an expression for three body wave function

in terms of the solution of our two-particle subsystem. The three body

wave function iwan> can be defined by

3

> - Zc(s)vB}oan>. (2.1k)
=1
fo

Awan> = lQun

From the definitions (1.11), (1.12), and (1.13), one gets the following

identities



10,

¢ (s) = G(s) - C (8)V .G (s) (2.15)
= Go(”) - G (s)V G (s)
6(s) = G (s) - Y G (8)V, G(s)
s o 8 B;q o B8 (2.16)

= Gu(s) - B;aG(s)VBGu(B).

Furthermore, comparison of (2.15) and (2.12) gives the following relation
GG(S)VG = Gb(s)Ta(s). (2.17)
Now from (2.17) and (2.16)
&s)v, = ¢ ()7 (a) - 8zac(s)vﬁco(s)ﬁ‘“(s) (2.18)

Successive approximation to 1vmn> ecan be obtained by inserting the value

of G(s)Va from relation (2.18) into (2.1%) and iterating. For example

¥y> = (o> G (2)T,(s) {0, >

(2.19)

~ G (s)14(s) |2, >

+ Go(s)TB(s)Go(s)Tg(s)i¢lm>

+ Go(s)Tl(s)Go(s)Ta(s)§¢lm}

+ Go(s)Tl(s)Go(s)T3(s)E@lm?

+ G (8)1,(8)G (a)uy(a) (o, >

R

By defining
(8)

i > ] >
0 > = fasie



the equation (2.19) can be written in the following forn

v, > = v

where

e,

i

§

-+

4

(1)
m > + éylm(zl + §wlm(2)>

i@m(a)>

Gb(s)Ta(s){;élm(Bl + i@lm(7)> }

Go(s)Ta(s)Go(s)TS(s){i@lm(72 +

Go(s)Ta(s)Gb(s)Ty(s){j@lm(“l .

* o s o @ ® & o & & o & e & »

}élm('l }

E@m(BL }

cooo.}

11.

(2.20)

It is easy to see that the iteration of the following relation produces

the equation (2.20)

zvlm(a)> =

Therefore the scatteri

(8)

where i?an

¥
an

o 8 ¢ (e (e) § v
1 o o g=1
to

in

ng state is given by

Y=1
#8

(8)

>

> satisfies the linked set of integral equation

3
s« o B~ 6 ermye) T v Vs

(2.21)

(2.22)



iz.

fin interesting feature of the equation (2.22) is that although its kernel

4 \
4] GoTl Go'I'l
0
K(s) = 00;2 4] G°T2
(24
\G T3 GO.LB o J

has in its matrix elements the 6- function, they do not appear in the

metrix elements of the Kg(s), i.e.

[ <paji(s) p"q" > a3pa3qep”q" |K(s) lp'q'>

2

In fact, it has been proved by Faddeev® and Lovelace® that £2(s) is

coupletely continuous for a wide class of potentials, i.e:

Trace K?(s) Kg(s)f<w

In particular if the potentials Va are superposition of Yukawa potentials,

vip) = [ a(e)/6F+ )
uu

and the nondecreasing function (£) is such that the integral

o
Ia(s) = fc‘a(n)dn igs of the bounded variation on ("a’ o),
u

Then this condition if true for all values of the s which is not equal
to the energy of a physical state. The integral equations having the

kernel form like (2.22) will bte referred as the Faddeev equations.



13.

By inserting equation (2.21) into equation (2.8), on itereting

equation (2.21) and rearranging terms, we obtain

+ +
U (s) = v - u .(s)6 (8)1.(8) (2.23)
VT 8 Y;g Y sgs ad o §'\8

similarly U;B(s) is given by

v (s) = ; vV, - Z T {8)¢ (s)U _(s) (2.24%)
oB 45 & yda ¥ O VB
There are two kinds of contributions for the imaginary parts of
Uig(s). First, by the three particle seattering cut, starting from s = 0.
Second, from the bound state scattering cuts, starting from the branch
points below the three particle threshold in on channel, i.e. s = “€an®

n
The unitarity relation for the U;B(s) has the following ex;:ression2
+ t +
N 3 - D . i e el [
Uuﬁ(L + ig) UaB(L ie) = Uao(L 1e)A°(E)

- &4 poy
B -1 4] u " U E -~ 4 2
x Uoﬁ( ic) + Y£1,2,3 E av( + te)Ayn an( ic) (2.25)

vhere AO(E) indicates the projection operator for three free particles
with energy O, and Ayn(E) is the projection operator for the yn bound

state plus a free particle y. i.e.

2
2
<mlsliipe> = oy + £y

63(9_ - 13_’)63(51 -q') (2.26)



1L,

and
pa
i ™ i = -l-- - - I
< EQJAYH(L)IP'Q'> 5(2"7 eYn E)
- t
8la, - a' )0 (py)

*
% ey (2.27)

Consider now the three particle bound state. If Et is the binding

energy of the three perticles, then the wave function satisfies the
following Schrodinger equation

, 3

¥> = -6 (-E,) uzl V¥ .
The procedures similar to those used in derivation of (2.20) and (2.21)
will give us

TR TCR
a=)

(a)

vhere |Y has the following forms

3
9 = o (m )T (-8,) Bgliv“sk
#a

The three body force Vh can be accommodated in the gbove formmlation,
As a result the bound state of scattering state is given by
I
0> = 18> - ) G(a)Vyjo >

o B=1

$a



Y > o= b > . % C{s)v, ;@ >
an an el o on
#o

By defining Th(S) as

(2.20)

the generaligzed form of the equetions (2.21) and (2.22) can be obtained:

‘Thus
1Y
; (5)
g‘i’ > = z ,‘i’ >
i
where
L (8) () 3 R
v, = e > - Go(s) ) TB(B)évun
v=1
¥B
How the relation for Uzs(s) is
NN T
U (s) = v - U (s)C (s)2.(s5)
af ¥30 Y gm0 ad (o} §
¥o #n
The bound gstate wave funciion becones
Y
> = ¥ QW(“)>
(1=1

vhere

b
pleds o -G (- )2 (=) ] (B

B=1

#o

(2.29)

(2.30)

(2.31)

(2.32)'

(2.33)
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Part II. Approximetion iethod

3. Introduetion

In chapters I and II the formal aspects of three~particle
scatiering have been considered. In particular it was pointed out that
from equations (2.30), (2.31) and (2.33) one con derive properties of
the three-particle system, as long as one knows the exact scattering
amplitudes (off-the-energy shell) for the two-particle subsystem, plus
information on the form of the three-varticle force.

In the case of the two-particle interaction, the scatterings data
determines the scattering amplitude on the energy shell. One may
attempt to use the Feddeev equations as the basis for the study of the
off-shell behaviour and its effects on the three-particle cystem. How-
ever, this doaz not seem desirable as the number of deprees of freedon
involved in three body problems uakes any attempt for numerical solution
irmossible, therefore one is forced to approximate the two body inter-
action in order to treat the three body problem exactly. There hes
been several attempts to deal with three-body problems using this form

of approximation19’3?? However tho most comprehensive study is due to

Lovelacee.

The Lovelace theory denls with threc-particle systems, vhen the two
partiele subsystems can forn the bound states and resonances. In this
theory one tokes into account the fact that the enerygy and form factor of

the bound and resonance states can determine the behaviowr of the two-

particle smplitude (off end on the emergy shell) in the vieirity of the



7.

poles associated with these states. The assumption that the two particle
scattering amplitude is dominated by the bound states and resonances,
gives rise to an approximation of the two~perticle amplitude which is
separable in the initial and final variables. Using this type of inter-
action in the three-body problem, reduces the Faddeev equations which in
general are coupled integral equations in two varisbles, to coupled
equations in a single variable.

Yamaguch16 first used the separable approximation of the two nucleon
gystem. Since then it has been used by many peopleT. The approximation
gives a good representation of the low energy two-nucleon data. The
inclusion of the nucleon-nucleon short range and tensor forces, and the
effects of the three-nucleon force if taken into theory would greatly
increase the numerical difficulties involved in the solution of the three
nucleon problem., Assuming that their effects are small we represent them

by a single adjustable parameterl7.

4, The separsble approximation of the two-nucleon system

(a) The Separable Interaction

Consider the two nucleon systew interaeting through potential V.

The total Hsmiltonian has the form

-~

H = H +V
Q

H is self-adjoint and its eigenstates form a complete set. Let A(E) with
E > G be the projection operators for the continuous eigenstates of H.

on the positive real axis, and Jn the projection operators for the bound
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states of binding energies En. The fact that the eigenstates of H

form a complete set nmeans

A
<

Ja + [ama® = 2 (4.1)
n [+

For the H and G{s) one can construct the following spectral representation:

Ro= [ azEA(®) - BT (4.2)
o n
o(s) = [ am(z - 8)Ra(E) - § (2 + o) (4.3)
[¢) n

The equation (2.12) gives the reletion between the T matrix and the
resolvent of H in the following form:

T(s) = V - VG(s)V.
Thus, whenever H gives rise to a bound state Qn vith binding energy €,
G(s) and consequently T(s), will have a pole at s = ~s,+ From the

relation (4.3) one ean obtain

<pi6(s)ip'> = - ] <pio ><¢ ip'>
n B . ol A A T WS A

En + 8 (k.h)

+ [ av <RjK(E)ip'>

How the assumption thaet the two-body interaction is dominated by bound

states, makes it possible to write the following approximate relation



19.

<pje ><¢ ip'>

<plals)fp'> = -] (h.5)
s + ¢
n n
then from relation (2.12)
. ' <R}n><nlp_'>
<p(T(s) [p'> = 2‘“‘;;:}:;*'“‘ (4.6)
n n

where

<plp> = <P_ivltbn> = -(p2+en)<gl<bn>.

<p|n> is ealled the form factor of the bound state. The relation (4.6)
shows that the scattering amplitude is separable in off shell variables
p and p'. The property which is going to cause a considerable simplifi-
ecation in the three-body problem.

The inspeetion of the relations (4.,5), and (b.6) reveals that they
do not contain the unitarity cut due to our approximation. In order to
include this cut, these eguations can be rewritten in the following 1“orm2

. <pjé >8 (s)<e p'>
<pi6(s)[p'> = -] ~-"5F &

S+ ¢
n
and
~ <p|n>8_(s)<njp’>
<E<§T(S) i2'> - _..._-.-....é‘_:':_...e.,....,.-..,..,.‘
n n

vhere Sn(s) contains the branch cut demanded by unitarity. By setting
Sn(-en) = 1 the correct residue of the bound state pole is obtained. If

there is one bound state per partisl wave, we have
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<§{n£>sn£(s)<n£;p'>

T, (D0 8) = —mm P (4.8)
ng

The relation (4.8) can be achieved by approximating the potentiel
by the sum of the separable potentisl adjusted to give a good represen-

tation of the bound state, {®_ > 2. One cen write

'"'ng
<|Vip'> = ] (20 + 1)p, (op' W, (p,") (4.9)
2
where Gg(y,p') is given by
G@(P,p') = Anf<p ni><nfp'> (4.20)

In the case of the bound state, one has

~ -~ g . 3
(HO + enl)l@n£> s V£l¢n£> —Anz/]n2><n£[¢ﬁ£> (4.11)

The equation (h.11l) accepts a solution in the following form:

o > = =G (- )int > (b.12)

if and only if, there is a positive €t such that

A <nhi® > = 1
n a

L L

i.e. Anz<nzlGo(*s‘2){n£> 2 -l (4.13)

Due to positive definiteness of Go(s) for s < o equation (4.13) has ne

aolution for Xx__>o,
nL

For the continuum states, the substitution of equetion (4.10) in the

two particle version of (2.12) gives



n
[and
-

-~

Tﬁ(s) = anninzxmﬁ{l - A5 nk{G(s)!nb}& (h.1%)

Equation (1.14) in the case of the two particle interaction becomes

<nziao(a)§nz>

<ng |G(s) |nt> T lnz‘n“a-;(ﬂ) 52> (k.15)
Insertion of (4.15) into (4.1h) gives

Tz(s) = [n2>tn£(s)<nz[ (4.16)
where

t () = {33+ <nt{G (s) ne>}t (4.17)

nf
In the base of a bound state, equation (4.13) holds and from equstion

(4.17) one can obtain

2 : 2 -1
1 g, = dpp”|<nt|p>]
tnl(s) = ste, Elm / g 5 i (4.18)
o (p° & €n£)(P ~ 5 - ig)

The T (s) will be given by

~ ine>s, o (s)<nt|
T 2( g) = e e

nt

where
2, . 2
dpp“ |<nt jp>| -1

s ,(8) = {haf | } (k.19)
nl 2 2 )

How the relation for Tz(s) has the unitarity cut eand a pole at g = € "

From (4,12) the bound staze‘pole has the residue
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5,0 ,) = (urf appiey (p)2¥T (4.20)

vhere the bound state wave function @nz(p) is given by

<p|nt>

*welP) = @ity = T

o

one can see that, by normalizing the bound state wave function to 1, it
is possible to get the separable potential scattering amplitude in the
desired form of (4.8).

Writing the separable amplitude as the off-shell form of the /D

2,17

equations, the equation (4.16) gives

N 1 2 (p?)N_2(p*3) (4.21)
T ( ’p,; ) = nd nl
g \PoP 38 D, &s)

where

s |
Hn!.(P ) = <pinf> (4.22)
and
1 -y
Dnz(s) = i;;'+ <n£3Go(s)[n2> (4.23)

Inserting (L4.22) into (14.23) gives

=

, 1 = ono/sty o(s')as!
Dnz(s) =5 Yt s' ~ : - ig (k,24)
nt o *

and by using (4.13), we have

(s + Enz) I aw2/§‘ﬂnz(s‘)ds' (k.25)

Dnﬂﬁs) = 1 o (s’ + gnl)(s' -3 .. iEj
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The equation (4.22) shows that the funetion Nni(s)’ can be evaluated
by the form factor of the bound state. Thus 1t contains the left hand
cut, The form factor which is going to be used corresponds to the pole
or double pole approximation to the left hand ent. The condition for

no bound state from (4.13) is

lim < nt{G_(B)|nt><- %~m (1.26)
0~ nf

because <nz{§°(~x)jnz-< decreases with increasing X. By equation (h4.26)
Dnl(a) will have no zero on the physical sheet, end Dnz(s) can be contin~
ued through the two particle unitarity cut by using (L.2h).

The relaetion for the analytie continuation of Dng(s) onto the second

sheetl7 is

Digls +de) = D ,(s - ic) (b .27)
= Dnl(s + ieg) - QiImDnz(s + ic)

By using the relation

1 3 74
FTE VI T xox, ¢ -x)

and equation (%.2L4), the equation (4.27) reduces to

11 2
(s + 4e) = (s + 1) ~Fi-P/E0_ (s) (4.28)
Let ¢ have the negative value then we get from (4.27)

IT
Dnz(s - de) = Dng(a + ie)
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Thus wnitarity cut connects just two Riemann sheets through above
relation.

For ¢ = -X one gets
DX (x) = D (-x) + 420 (-x) (k.29)
- "nk nf ni *

Inserting equation (L4.23) in (h.29), the condition for having zero for
Dii(s) at 8 = -X is

1 - 2m
- 3—;: <n!.!(}o(-x)]n£> +4: &Nng-x) (4.30)

Thus, if (4.26) is true, then Dii(s) will have a zero for real s below
the elastic threshold. Moreover if this zero is near to the physical
region, it will have a considerable effect in the low energy scattering.
This zero corresponds to an anti-bound state. Our spectral representation
(4.4) does not give the behaviour of the off-the~enery; shell amplitude

in the neighbourhood of the anti-bound state. If by relation (4.26) Ao
is nade more negative, the anti-bound state goes over to a zero emergy
bound state. So equation (h.4) can give the residue of the associated
pole in the off-ghell variebles., Assuming that this behaviour is inde-~
pendent of slight variations in lnz’ the use of separsble potential,

when an smplitude is dominated by anti bound state, is jJustified.
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(p) The Two-Nucleon System

The essumption is that the low energy two-nucleon scattering ampli-
tude is dominated by the deuteron bound state d, and the singlet anti-
bound state s. If the small D wave component of the deuteron is ignored,
it has spin 1, isoppin O and orbital angular momentum O. For the anti-
bound state s, isospin is 1 spin and orbital angular momentum both are O.
We take our scattering amplitude pure S-wave, and with the assumption of

charge independence, (4.16) gives

~

T (psp',8) = <pla>ty(s)<ajp'>

, (4.31)
+ <pls>ts(s)<s ip'>
Here
t.(s) = D (s)1 = { -+ <njG (8)jn> (k.32)
= n o
An
and
! T
<p|n><njp'> = p- &,(ple,(p') (1.33)
T ;’L' RS N
ﬁ;‘ corresponds to the spin-isospin operators and gn(p) is the radial

part of the form factor for the bound state n. For the deuteron wave

function the Hulten wave function hes been adopted

(6% + u )% + <) (4.34)

¢d(p) =

where o is the binding energy of the deuteron in units m = nucleon mass = 1.

Mg is the average mass of the particles whose exchange produces the poten-

tial, and n, cen be determined by the normalization of deuteron wave



function, 1.2,

W f dppaﬁéd(P)iz = 1
o

using (4.3k%)
o 1/2

ng = f{ugaluy + )/}
The parsmeters Byo Ad’ L AB gnd ng are deternined by the deuteron
binding energy, the triplet and singlet scattering lengths, and the
singlet effective range.6 From (4.7) and (4,.34) one can obtain the s
and 4 form factors

R . (1.35)
n

Equation (4.22) shows that the N (pa) can be obtained by the form factor
of the bound state. So from the /D point of view equation (%.35) is a
double pole approximation to the left hand cut, The reletion between
the on shell scattering amplitude and the effective range aspproximetion

is given by the following equations

2 2 1

here k2 = g

80
T

a
2w P(,k kD) = ] - s

11 .
nss,d - a;*E'rnk =p, T, ~-ik (k.37)
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vhere 8. Yoo and p, are scattering length, effective range and shape
dependence corresponding to the state n, and have simple relations with
the parsmeters u and ln.8 One can choose an alternative form for the
form factor of our s and 4 statesm i.e.

T

-

— g

%+ u,2) (b.38)

vhich corresponds to a single pole approximation for the left hand cut.

gn(p) =

Consider now the data for the low-energy neutron-neutron and neutron-
proton systems. The pp system is excluded because it is not desired to
consider the coulomb effect. The triplet parameters are known accurately
but there is no such accuracy for the singlet parameters. By the assump~
tion of charge independence one must consider an sversge neutron-neutron
and neutron-~proton interaction. Taking the average of

1 - 1
k cot §
1)

+ rkznpr3

© -
1O jir

For the singlet scattering length and effective range one obtains the

following relationsl7

1, np nn
e, = Saf +a’} (4,39)
2 __{ ,op np nn nn|
r, = op , on 8 8 % %
8 s | np nn, np nn
an? ap (=h? + ) (4.%0)

n n
e +a’




TFrom the experiment, the singlet neutron-proton scattering length is

-23.68F,12 and for the neutron-neutron system it hes the value 17 b 1F,8-10
vhich is consistent with the charge symmetric value of ~16.9§F.ll There

are no experimentsl meassurements of the neutron-neutron effective range,
80 the charge syrmetric value of rgn = 2.8&55?11 has been adopted in
the present work.

It will not he sttempted to take into account effects duc to nucleon-
nucleon tensor and short range forces as they complicate the ezlenlations.
However for the following ressons they should be taken to be smell.

First, it has been shown by the Tahskin that thz effect of the high energy
nucleon-nucleon repulsion, usually represented by hard core, on the
binding energy of the triton is of the order of 5%.13 Second, the
deuteron is known to have a small D state component, and since the Faddeev
equations depend on the solutions of the two-body systems, end not on

the original forces between thenm, it is ressonnble to assume that the
effect of the tensor force iz omell. Third, it has been shown by the
Gruberlh that, with respect to three nucleon force, the effect of a meson
field-theoretic force of this kind on the binding energy of the triton

is less than 2%. ‘Thus, it is reasonable to represent these effects on
the three nucleon system by a single adjustable paramtter.17 It is
preferable to introduce an additional interaction, for the effects due to
tensor, short renge, and three body forces by a phenomenological three-
body force. One can asswme that this force iz separeble in the initial

and final variables, i.e.
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v, = Al hs<lh (h.h1)

The corresponding form factor will be

; 1
Rudy i T T
[+]

P a

a 2

T TR (k.42)
[4 3 [+ }

in (,41) X4 represents the single adjustable parameter. Using (2.28)

one gets
7,(8) = (b7, (s)<h (4.43)
where Th(s) = {%;-+ <h;Gb(s)[h>} -1 (L.4d)

5. The Separable Approximation of the Lovelace-Faddeev liquations

It is novw attempted to find out what the Lovelace-Paddeev equations
(2.23) and (2.24) reduce to, when one assumes that each of the two particle
sub-systems, are dominated by a finite number of bound states. In section L
it was shown that the two particle amplitude in (B,y) subsystem has the
following form

Ta(s) = E iun>tan(s)<ang (5.1)
vhere n stands for different bound states within one subsystem. In the
three particle Hilbert space, (5.1) becomes

'ru('s) = Einnnun(skani (5.2)

vhere ian> related to the asymptotic state {@an> by (k.12)
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~G°(s);an> = 9 (5.3)

and tmn(s) is an operator in the Hilbert space, corresponding to bound~

state scattering by the third particle, and has the following form
q2
<9n41an(s)‘g-a> = 63(9u 9y )tan(s 2“a) (5.4)

By inserting (5.3) into (2.8), the amplitude for elastic and rearrange-

ment, bound state scattering is given by

Bm(s) = <an|G (s)U (s)G (s) {Bm> (5.5)
9

Here o and R can also take the value 4, so that the three body force can
also be included. Inserting the U:B(s) from (2.23) in (5.5) gives

xﬁnﬂm(s) = Y;:uniGb(s)lvr>lyr<yr§09(s)iﬁm>

—’ags Ix an, sp(8) 15 (s)<6r{G°(s)iBm > (5.6)
r

Equation (5.5) can be redefined by adding an additional term to it in
such a way that it does not affect any physical observables. As a

result one can obtain a compact form for relation (5.6). Thus:

. - ; + g
kan’ﬁm(s) <an;Go(s)UaB(s)G°(s),sm>

- (1 - 6u8)<an§G°(s)IBm>

{1+ <Bm;G°(s)%Bm>} (5.7)

Bm
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The additional term in relation (5.7) modifies the unphysical amplitudes
Kh Gm(s) or X h(s) tut vhen o and B run from 1 to 3 it cancels; sinece

according to (4.13)

A6m<5m|Go(s)gem> = .1,

Howr the relation (5.6) takes the following form

Xun,gm(S) = "Z(m,Bm Yg Xan Yr( )1’ (S)Zvr,gm(s) (5.8)
vhere
Zon,gal®) = (1 - 8 JcaniG (a)]om>. (5.9)

Solution of equation (5.8) for the three-body force leads to

xan’h(s) = l‘(B) - z X

e (805 (8) (5.10)
Yr 9 ]

Here @ runs from 1 to 3 since according to (5.9), %) , end thence ), ),
? .

vanishes. Inserting (5.10) into (5.8) one gets the following relation

for xan,Bm with a and # running from 1 to 3
xan,ﬁm(S) = - {Zan,sm(s) + Z&n,em(S)}
- YE an,yrt S T (8)Z (5] + Z'gr,am(a)} (5.11)
where
SO RERE SN O LN ORI S (5.12)

(5.11) is the equation for the transition to and from the bound state

seattering channels only. The terms 2 (s), 2!

on 4B on, Gm(s)’ Tan(s) and
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Xan,am(s) are operators in the bound state scattering Hilbert space
LQ(Q) i.e. vhen a bound state is scattered by a third particle which
corresponds to effective two-body system. IHence equation (5.11) is an
integral equation in a gingle momentum varieble., Thus, if the two
particle subsystem is dominatel by & finite number of bound states,
the three particle equetions reduce to many channel two particle
Lippman~Sehwinger equations. The effective "potentials” and propagators
are "{Zan,Bm(s) + Z&n,Bm(s)} and -tan(s) respectively.

Writing an expression for the disintegration processes, to describe

the tranasition from o channel into the state of three final particlesa

the scattering emplitude is given from (5.5), (remembering (5.3)) as

F_(s) = -<an iGo(s)U+m(s) (5.13)

Inserting U:O(s) from (2.31) into (5.13), and using (5.2), (5.9) and

{(4.10) we get

F . (28) = (s)tsm(s)qsmi

am Xom,Bm

after eliminating yn Fan(s) reduces to

Fan(ﬁ) = *Zan’h(S)Th(3)<,‘%

+Bm Xan’em(a)tam(s){<8m!—Zsm’h(s)th<hi} (5.14)
B#L
The equations (5.11) and (5.1k) are the exact solutions of three-body

problenm for seperable potentials.



It is now stteupted to obtain a relation for the bound state wave

function. By imserting (5.2) into (2.33), we get

L
iy> = J §¥(a)>
a=l
and
"F(Bg G ( v ) ! : > (;— 6)
| = -G (-B,) ] lom>jq 5.1
m
where
i o t ("E )i
s 8> = “1am(‘bt) Yz Lam,yr s ‘er> (5.17)

solving (5.17), for the three body force by eliminating |Q,> one gets

Q> = ~Tl-B) 1 1z
yr
v#h

These sets of homogeneous integral equations have solutions only at an

Yr(»ﬂt) + 2! ('Et)}p7r> (5.18)

am, om, Yy

enargy equal to the binding energy of the three-perticle system. As
rentioned previously, the terms involved in these eguations are opersators
in L,{q). Thus these equations have a single momentum varisble due to

Aeparsble character of T, end elimination of iQh>'
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6., The Three-jucleon System

(a) The Elastic scettering Amplitudes

In the following section the Lovelace-Faddeev equations are applied
to three nucleon system, with the consideration of the approximation
method developed in the previous sections. The omission of tensor
foreces and the sssumption of charge independence iwplies that the iso-
spin, spin, and orbital angular momentum are conserved., Therefore, it
is convenient to choose L.5. representation. One is interested in the
quartet and the doublet states with S = 3/2, I = 1/2 and 8 = 1/2, I = 1/2
respectively, The bvound state wave function is associated with the
doublet state,

Consider now the ot channel state, represented by the total spin
and component S and s and isospin and component I,i., Likewise Ia’ ia’

end 137’ i denote the isospins and components of the y-nucleon, and

By’
(8,y) subsystem of two nucleons respectively. With 8,» 8, and SBY’

SBY’ the ecorresponding spin quantun numbers, the channel form factor

civen by (5.3) is

<p q jon> = ‘(IBIY)ISY’ I, I,4>
}(SBSY)ssy, 5, S,8>

63(gu - 9,)8,(p,) (6.1)

vhere q, is the relative momentum of o partiecle with respect £o the (8,y)

subsystem, For n = s, thc singlet enti bound state, I, =1, and S, = 0.

By By

For n = 4, the deuteron bound state, IBY = 0 and SﬁY =1, (6.1) is the



expression for the form factor of totel spin © and isospin I. Im all
the expressions used one is concerned with a single, general spin-
isospin state. Thus omiseion of labels S and I ecauses no confusion.
But for the amplitudes associasted with a particular S and I, these
labels wilil be used. As thres identical partiecles sre being considered
(three nucleon system), the channel states will be lsbelled by n only.
Therefore the completely antisymmetric channel state of three identical

nucleons is given by

3
n> =} jon> (6.2)
a=l

In all relations particles are ordered cyclically, i.e.

¢ = 1 corresponds to (2,3) + 1

a = 2 corresponds to (3.1) + 2

a = 3 corresponds to (1.2) + 3

Due to the identity of the particles, the bound state form factor

gna(pa) is independent of «, but not of n which denotes the different
bowund states within one subsyster., Therefore, the nondiagonal elements
(o # 8) of Zaﬂ,sm(s)’ in relation (5.9) are independent of a end 3. They
will be represented by Zn,m(s)' For the diasgonal elemen ts, one has,
from (5.9), Zun,sm(s) =0 for a = §. Similarly tm(s), vhich is inde-
pendent of «, will be represented as tm(s). In the expression for the
xﬁn,ﬁm,(s)’ (5.11), all the non diagonal elements (a # §), as well as

diagonal elements (a # B), are independent of o and B. However, the

diagonal elements are not necesserily equal to the nondiagonal ones.



Therefore they are represented as
X ql®) = X (s) for a =8 (6.3)
Xan,Bm(s) u Jgjm(s) for o #8 (6.h)

Then from the equation (5.11) the following relations are obtained:

Xg,m(s) = -{z;f:m(sn -2£x’§,r(s)tr(s)

N (K
z (8) + 3 (a))

- gxg’r(s)tr(s) z;}jm(s) (6.5)
and
U] N WX
Xy ale) = - 17y (s) + 22 (a))

(B (sME] (8) +20) () + 21" (a))

1%,

r

I X o(a)r(s)(z] (s) + 2 (2)) (6.6)
r 3 2

Here the y summation is carried out in equation (5.11). ‘he Zi,m(s)

1D

£ are
> “nm?

represents the non diegonal elements of Z (s) and ZLNm(s)
®
the non-diagonal and diagonal elements of Z‘ Bm(s) respectively. 'The
’
suitable combination of the XD (s) and X: (a) could couple the equetions

(6.5) and (6.6).by writing
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xn’m(s) = An’m(s) + 2}«.n,m(5) (6.7)

Y, a(s) = X (8) - X} (=) (6.8)

The term Xg m(s) represents the observed bound state scattering amplitude,
]
because the final pairings of the particles (« = 1,2,3) are indistinguish-

able and summing must be carried out over them. The term Yn m(s) does

o

not represent anything observable, and there is no need to calculate it.

Insertion of the equations (6.5) and {(6.6) into equations (6.7) and {6.8)

give:
X, o(8) = ~(ezg () + 220 (s) + 200 (6.9a)
-1 X, (s)7 (s)i2z] (s) + 221" (s) + 220 (s))
and
Yn,m(S) - {Zg,m(s) + Zx‘fjm(a) - Zz'l?m(s)}
+ E Yn’r(s)rr(s){zif,m(s) + Z;I:m(s) - Z;_Iim(s)} (6.9v)

it can be seen that the equations for Xh m(s) are independent of those
-4

for Y m(s). With the aid of (5.4), the eguation (6.9a) can be written

b ]

in the following form

i

<Qi%, o(8)ia’> = «aju,  (s)ig’>
2
+ z Jag"<qix, (s)ig"t (s - 3

<q” (U, .(s)ia'> (6.9)



where

. - i N ,D
un,m(s) a{zzn,m(s) + 2Zn,m(8) + zn’m(s)}

2
and tr(s - g;) is given by (%.32). By using wquations (5.9) and (6.l) one
obtains the following relation for the dominant contribution to the

effective neutron-deuteron potential

N ;
~2<g-.l Zn ,m( s ) 19-' > = —QSRII ,mIRn amgn(nl)

3

a3 <Py, i Go( s)ip' 29" 2>d3

[83(a - 3,)8%,a pradale (p'5)04(a" - af) (6.10)

vhere SRn m stands for the three-particle spin recoupling coefficient
b}

and has the following expression
sRn,m = <(szs3)sz3,sl,s](5381)331,52,s>

IRn n’ is the corresponding isospin recoupling coefficient. Inserting
b
(1.1a) and (1.2b) in (6.10) witii ma = m3 = n = 1, and after carrying out

integration one gets:
- Loy ialt -
2<9*‘fo,m(s) ig'> = QSRn,mIRn,m

gn(%g:"g,' )gm(g_%q_' )
q2+q ' 24-9&' ~g~i€

(6.11)

Similarly, for the terms Z;,‘:m(s) and Zz'xum(s)’ using the equations (5.12)

and (6.1) the following relation is obtained:



- I&3pgn(p)<ngjh>th(s)

2

~<qz” (s)|g'> =

n,m 5

p +3q -s~ic
in

[ a’p'<kp'g'>g (p')

p'2+%q'2~s-ie (6.12)
and
~2<ng£?m(s)igf> = - °Rn’%3n’mfgjzg?m(s)lgf> (6.13)
Using the well known formule
1 = B + iar6(p2 -~ 5)

p2 - 8 -le pa -8

and (4,35) from the equations (4.17) and (4.18) one gets

22 2 2 2 2
cld - Lot 0f - | orfied
2
n lln ].lu (ui + k2)2 (Golh)
a¥ove the elastic threshold, and
22
T n
-1 2 1 da .
_ R 6.1

for energies below., For the deuteron-nucleon propagetor from equation

(4.18) one obtains

bfappoe, (p)? -1
tgls - 2 = R 55 (6.16)
Q" - q = die [(p"+a")pHg  -s-ie
2u /

2
- -
2usd(s 2y3

=2 e 2t s A 5

[ 4 »
9 - ag -ie
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i e
wnexr P

end 8.(s ~ 2
d %ﬁ) is given by (k.19)

The partial wave analysis reduces equation (6.9) to an integral
equation in & single variasble. The partial wave bound state scattering

amplitude is given by

| L
xn,m,?.(q":l '8) = Un,mz(q’q 8)
2% g%
v v, -
- g Jhmaq” n,re (@0 80t (s = 50

Ur,mz(q"aq';S) (6.18)

Inserting (4.35) in (6.11) and introducing the variables

Y, = (q2 + q‘2 - 8 - i€)/qq’ (6.19)
2 2., .2

Y, = (%-+ q'c + un)/qq' (6.20)
2 q'¢ 2

Yy o= (o + 3+ u))/ag! (6.21)

T
the %" (a,q';8) is given by
n,m

2
(nd)

. -
(Yl+cose)(¥2+cose)(Y3+cose)

N 1. [&
zn’mtq,q 35) Stn miRn,m ey

from which:



b,

A CILEL I N S e
(qq')
3 () Q,(¥,) 4, (¥,) ZS
2(“-Yiﬁ”3i7 (¥, = T, - Y0 ﬁ ~YHY~YQ
(&.22)

vhere (‘.l,g(“f) is the Legendre function of the second kind and is given by

1 B
Q. (Y) = (:.1.%..,.. [ alcos 8)Fy(cos 8)
. 2 -1 Y + cos 6

and for g =0 or q' =0
2

a
“Rn !m,IRg.pmnd 69-0

Hn
]
(aa' )Y, ¥,Y,

(g.q';8) = (6.23)

,ms‘l.
With regerd to the contribution for the partial wave potential of three-
body forece (4.41), the terns <11 (s) g'> and <gJ (s)‘ '> are pure
s wave, Because the term q.q' does not sppear in the equatlons (6.12)
and (6.13).
Equation (6.18) forms the basis of the predictions for n-d
seattering. The spin-isospin recoupling coefficients used in these

calculations are given by the notation of Zidmondsm as

2045 +G . . 1/2
= (-1} Ry sv{(asas + 1)(253‘ + 1)}

e
|
=3

2
Q
<2
J

(6.24)



a similar relation holds for the isospin recoupling coefficients. In

the problem under consideration, S, =85, = 5= %b while S, and Sg

a Y Y

are 1 for the 4 particle, or 0 for the s particle., The isospin recoupling
coefficients are exactly similar, except that the roles of the s and d
particle are now interchanged. From the equation (6.2h), for the three

nucleon system:

8 d
s -%- - ¢372
sRn,m = L (6.25)
dar3/2 3
and
8 d
8 --;‘- Y372
I ==
Rn,m 1 (6.26)
d -v3/2 -3

For the quartet state, from (6.24)

“2SRn,mIRn o c 1 (6.27)

and for the doublet state
8 qd
g 23 3/2

2
2 n i Rn,m J (6.28)
d 3/2 ~§

Thus the quartet state is independent of the singlet two-nucleon inter-
sction, and equation (6.13) reduces to a single channel Lippmann-
Scuwinger equation. The correction s wave terms -2%;%n(s) and -%:?n(s)

which arise from the three-body force in equation (6.18) cancel, because
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28 = 1 (see equation (6.13)). "he doublet partial wave empli-

Rn,m;Rn,m
tude, on the other hand, satisfies a two-channel Lippman-3chwinger
equation equation related by (6.25). Here the triplet and singlet

tvo-nucleon interactions contribute, and the effect of the three-body

force is to weaken the overall attractive forces in the s wave state,

(b) The Disintegration Amplitudes

If the small three-body force contribution in (5.1k) is negleeted,
then the quartet and doublet neutron-deuteron disintegration amplitudes

will be given by2’17

<ijF (s)|f> = g 1jX ad an(8)7,, (8)<Bair>
Bl
= g <iix§fm(s)tlm(s)<lm§f> (6.29)

+

Y <i|X§Bm(s)12m(s)<2m§f>
o 2

+*

) <i|XHfm(s)13m(s)<3mif>

m

By using the equations (6.7) and (6.8)

%, o(s) = i;-xD (s) + x“ (s)

3
1 1 1 _H
$hau® = 3% 35 )

®

the relation (6.29) reduces to



<i ;Fid(s) > = '}3' Z 51:1 ,:&z m(s)‘rﬁm(skﬁmib
m 3 i
1 PR | o ;
3 £{2<1ild’m(s)rlm(g)<lm‘f>
~<iEY§’m(s)12m(s)<2me> (6.30)

s [¢8 :
”<1;Yd’m(3)13m(5)<3mgf> }

If the forces are charge independent, then the contributions depending
on Yn n cancel out because the finsl pairings of the particles cannot
3

e distinguished.

(e) The Three-Nucleon Bound state (Triton)

Consider (nnp) bound state (triton) with I = § = %; The bound state
wave function is given by (2.32), (2.33), (5.16) and (5.18). In the case

of the identical particles the bound state wave function is

h
o= e

a=l

where

Yoo
Ew(°l = -G (-8 )7 (-L,) BZiw(B) >

For o ¥ 4 ve get from (5.16)

; (ﬂ ) 1 i £
‘Paqa i ¥ > = o N 3 2 ‘o Z <Pa i am>(:)m( qu) ( 0.31 )
Py "% Ty 8,d
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where 4 (q.) is given for the identicel particles, by using (5.18),

through the following relation
-;‘1 3 2 - o A
Qm(qa) = -tm(-.‘t - q ) ngm’ro(q,q_ }':.t)

b q'%aq"q (a’) (6.32)
If o = L, then we have

<p“qaiw(“)> = 3 3"; <PoG, 14>, (r a, ) (6.33)

Pa + 1% * Et

How, it can be seen that if the two nucleon system is dominated by d
bound state and singlet anti~bound state s, then the three nucleon wave

function is represented as the sun of products of d or s wave function

-1
2

<p, jom>
32 " o
Py + % + L’

and the corresponding relative wave function of the gpectator nucleon,

qm(qu). Those parts of the wave function that cannot be represented in
this way are erudely accounted for by the three-body force term iw(h)>.
50 by knowing the s and 4 form factors, the three-nucleon wave function
can be found by solving equation (6.32) for the spectator wave function
Qm(q) and inserting it into (6.31). The equation (6.32) also gives the

binding energy of the triton if it is written in the following form.l7



W,
ir Et is the binding energy of the triton, Mny = 1.

If the bound state wave function ie studied in more detail, the

spin-isospin structure of Y(a), is ineluded in the term jom). e.g.

<ppidm> = g (py )X, (6.35)
vhere

M = i{TpI3) 155,15 ,104> (6.36)

m = i(3283)323,sl,s,s> (6.37)
If W(h) igs negleeted, by assuning that it is small for all reasonable

values of V), fron equation (6.31) one can write:

3
10> = ] )1 X n £ (p,q) (6.38)
a=1 n=g,d
where
i - ~1
fam(pa’qu) 5 S gm(pa)Qm(qa) (6.39)

Py * [Uy * By

Of six spin states Xam only two are linearly independent, e.g. Xas’ Xad

similar situation hold for isospin states Mo ® The corbination of spin

end isospin states is formed in the following manner:
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% T /7 ighs ~ Naia) (6.4o)
A .

% = /7 KiaMa - ¥ (6.h1)

3 :..]:..‘

2 = /7 Kghs * Xrgha) (6.42)

The function ¢° is fully antisymmetric for the interchange of nucleons
2 and 3. Whereas the functions Ol end ¢, are symmetric and antisymmetric

respectively., By introduecing the following function

By (pysq,) = "-Cg* {2 3(pysa,) + £ :(p -q,)} (6.43)

the triton wave function (6.33) becormes

Pyl (V> = dgut (9,7, - V)

where

3
u = ) 0 = Tog!
=]

g
2
vV, = A {g, + g, -~ 28}
1 /e & 3 1L

. -
v, = — {g3 g2}

The term @ou, which is fully symmetric in the space coordinates of all
three nucleons, is dominent state. The term (@lvz - wavl) corresponds
to the state of mixed symmetry.



7. ©She Triton Binding inergy and the Leutron-Deuteron scattering lengih

The doublet and quartet scattering length, and the triton binding
energy are of most theoretical interest. Their experimental values can
be read in the first row of table 1.2 There are two sets of scattering
lengths, set 1 and set 2, both of which are consistent with the low-
energy neutron-deuteron data. The solution of the s wave equation (6.13)
at the elastie threshold gives the scattering lengths. The Triton binding
energy is determined by (6.32).

The quartet scattering length from table 1 is 6.28F. which agrees

with previous theoretical valuesh'la’lb

and with the experimental results
associated with set 1 (teble 1). The triton binding energy and the
doublet scattering length have been caleulated for the charge symmetric
value of np singlet effective range of 2.73F, are 11.1 Hev and -0.T9F.
Now it can be seen that the low energy two-nucleon interaction while
giving a reasonable description of the quartet state, gives too much
attraction in the doublet state.

Consider the results when the effects of the nueleon-nucleon tensor
and short range forces on (nmp) system are represented by the three body
force V), {equation (h.k1)). Tor the quertet state the terms 2%:2(3) and
Z;?m(s) in {6.9) cancel and so this state is independent of the three-
body force. The doublet state seems to be sensitive to Vh. However, it
appears that one cannot obtain the set 2 doublet scattering length for

any reasonable value of Vh’ nevertheless a good value for the triton

binding energy and set 1 doublet scattering length haes been ohbtained.
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In particular for a singlet effective range, rgp = 2.,73F%, the value
of Vh which corresponds to a doqblet scattering length of O.TF is
repulsive end is associated wité;h.B%.effect, i.e. the value of
<ng'n’m(s)§gf> in equation (5.11) is 0.0k3 of <gjzn’m(s)lg‘> for
g = q' = 0 at the elastic tareshold. It seems reasonable to consider
L% as a good measure for effects due to nucleon-nucleon tensor and
short range forces.

Table 1 contains the values of scattering lengths, and triton
binding energy, both for V) = 0 and V) # 0. 'hese values are compared
with similar theories, i.e. theories by Mitrs and Bhasin (MB)lS, Sitenko
and Kharenchenko (SK)lé, end Aaron, Amado and Yam (AAY)h. The parameter
Z introduced in (AAY)'s theory corresponds to the deuteron wave function
renormelization. They have taken into account the effects of tensor
forees by increasing Z, from Z = O wvhiech corresponds to the separable
potential liwit of their theory. The table 1 shows that the results
obtained with V), = 0 agree vith the results of (AAY) with Z = O, The
calculation with Vh # O rives the set 1 scattering lengths and o reason-

able value of the triton binding energy.
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Triton Doublet Quartet
binding scattering scattering
energy length length
(tiev) (r) (r)
21
Experimental
8.49 Set 1, 0.7% 0.3 6.38 *0.06
Set 2, 8.26 *0.,12 2.6 0.2

Phillips (this work)

V=0 11.1 ~-0.79 6.28
vy £0 9.1 0.7 G.28

MB
9.25 5.9

8K
1205 "'2.76 6028

AAY
420 11,0 -1.01 6.28

Z = 0.0488

8.76 0.7 6.1k
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Conclusions

Recelling the ideas behind the Lovell's approximation method
presented in the previous chapters, the main philosophy is to approxi-
mate the nueleon-nucleon interaction, and to treat the three-body
aspect of the problem exactly. The advantage is that the approximation
is applied to that part of the problem which is relatively better known.
Particularly, having chosen the two-nucleon scattering amplitudes, one
can predict several aspects of the three-nucleon problem. For example,
the binding energy of the triton, the values of the s-wave doublet and
quartet scattering lengths, and the structure of the three nucleon bound
state wave function. With the help of the low energy two-nucleon para-
meters, and & small contribution due to phenomenological three-body
force vhich represents the two-nucleon tensor and short range forces,
quantitative agreement with the experimental data has been obtained for
the triton binding energy, doublet and quartet scattering lengths. So
it could be argued that this agreement supports the basic assumptions

of the approximation scheme.
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Criticism

The standard theory of three-body problem these days is the Faddeev
equations or one of its variants. In order to obtain any of these
systems of equations., the Lippmann-Schwinger equations are rearranged
in such a way that one avoids the §~function singularities which are
present in the kernel of the Lippmann-Schwinger equations and accounts
for the disconnected diasgrams indicating that one of the particles is
disconnected while the other two interacting. In the Faddeev equations
the kernels depend on the off-shell two body T-matrix and as shown by
Faddeevl that the kernels are mathematically well defined and square
integreble, so that the equations admit solution by the Fredholm method.
But to ecarry out such a solution with a full nueleon-nucleon potential
is a tremendously difficult job and with present day computational
facilities almost impossible. So when one speaks sbout the “exact”
solution of the three-body perlem one must bear in mind its limitations.
However, one tries to find some simplified form of two-body interaction
vhich would facilitate a three body treatment in an exact fashion.

Apparently the choice of the non-local separable potential in the
Lovelace'52 approximation method was in response to such a motive. 1In
fact, Yamaguchi6 earlier had discovered that the two nucleon problem
happened to have an explicit algebraic solution with separable potentials
vhich fitted the two-nucleon data in sufficient details through the
inclusion of the tensor forces. But such an artificial choice only
could be defended on the ground that our ignorance about the exact form

of the two body interaction might well be turned to our advantage in
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treating the three-body prcblem,

Let us look at the s:ortcomings of such an approach. First of all
one does not solve the three-body problem exactly and by choosing such
a potential one reduces tle magnitude of the three body problem in a way
that no further approximation in its final solution is necessary.
Obviously this is not a good substitute for a true potential and the only
Justification seems to be that the true potential is not known. On the
other hand, the separable potentials are highly non-local which is not
desirable due to our intuition and experience. Furthermore, it is now
well established that the longest-range part of the nucleon force - the
one pion exchange region ~ can be characterized by & Yukawa type poten-
tial which is local. Thus the essential physics behind the lovelace's
approximation scheme has been confined to very simple (rather ideaslized)
forms of the input potentials which are easy to manipulate mathematically.
It seens that one is not justified to claim that such an approach could
provide new physical information over what can be done by less sophisti-
cated techniques, e.g. Schrodinger equation with the seme input informa-
tion. In other words, one can get more output information by feeding in
more input information. For instance, adding terms like tensor force,
short range repulsion etec., parameterized in a suitable manner and
inserted in three-body fremework., The A.C. Phillips's calculation of
Lovelace's theory has taken into account such effects by introducing a
phenomenological three-body forcein the doublet channel with & single
sdjustable parameter in order to get an agreement with the triton binding

energy and the n-d scattering length. But because tensor force and hard
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core are typically potential concepts, it has its natural place in
Schrodinger equations rather than Faddeev formalism, where the emphasis
is on scattering amplitudes. As shown in previous chapters, the
separesble interaction is not justified if the condition of pole dominance
of two body interaction is not satisfied. Indeed, the original work of
Lovelace2 suggested that the approximation is not velid for the p-wave
interaction and tensor forces, So the inclusion of tensor forces in a
separable form by A.C. Phillips can be thought of as disregarding this
mathematical criterion.

Finally if we take p and p' as the centre of mass momenta of two
nucleons before and after interaction respectively, then as demonstrated

in previous chapters, the central separable potential can be written:

<piVip'> = -aglplelp')
where \ is a positive constant for attractive interactions and g(p) is

glven by the equation

g(p) = (2“)~3/2 fdgpigégaﬁgio
Subsequently the Schrodinger equation in momentum space assumes the
following form:
(0% - Eo(p) = Afap'elp)elp’ ulp')
vhere E i3 the centre of mass energy of the system. For the bound state
(deuteron) one puts

B = +EB = g,

and one gets the eigenvalue equation



- 2 2 -
ylo= quga(q)(q + o,

3 4 SR,
and the (normalized) wave function Wp) = Hg(p)(e™ + qe) 1, where

a2 = faggP(ale® + D)2,
It appears tnat in a separable interaction treatment one tries to ;et
the eigenvalue of the strength perameter, ), rather than of the binding
paraneter, o, although the physical problem is in reality the opposite.
‘‘his sort of structure is characteristic of treatment with separable

potential,
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Appendix A

Humerical Method

a. Quadrature Rules

In this appendix the numerical method for solving a one~variable
integral equation is giVen(eo). The eim is to approximate an integral
equation by a finite linear system which can be solved with & computer.

For illustration, suppose an integral equation in the following forum:

f(m) = glx) + ? K(x,y)f(y)ay a€x<h (A.1)
where f£(x) is an unkno:n funetion, and g(x), K(x,y) are known functions.
Furthermore it is assumed that a unique solution f(x) exists. In order
to transform eq., (A.1) into a finite matrix problem, the integral should
be replaced with a sum.

The technigques which allow us to approximate integrals by finite

sums are called quadrature rules. Let the set

D(F) = {Y, : Y;ela,b) i <N}

i
be a discrete set of N points on the interval (a,b) of integration. The
integrand can be split to a product of two factors, W(x), h(x), where
W(x) contains all the singulerities and rapidly varying portion of the
integrand, and h(x) is a smooth, singularity-free function with a
rapidly converging Taylor series. With these requirements the general

form of a quadrature rule is

b N
{h(y)w(y)dy = izlh(yi)wi + ey(n) (a.2)



fere Y(y) is ealled the veisuting fumetion, Wi are the weiphts, and
€§;(h) is the ervor asscciated with thie technique. {‘w‘i} are g set of

I numbers deternined by the condition that ©.(b) be smell. 7o be
specific, one can ealculate the weiphts by requiring that %(YR) Le zero
for all values of

E 27 0,dyeeeeyf ~ L. Ghat is, the following interrsl:
I . ¥ Yu(r)ay
) a
ean be ecalculated aither snalrtienlly or by some mmerical schewe for
aesch intemer value of k, so that th.e ¥V, are the solution of linear WAN
matrix problem given by

L, = v e A A SRR AN (A.3)

k = G,.-oo--, B o~ l

There exists a siuple reletion between such a technique and the

Taylor series expansion of 1(Y). Lot the series be written

L ]

w(yy= § . |
A a.nfz’n Ye(a,i) {r.4)
L7 N
= n-z-o&“y + E (Y)

where 7.(Y) is the remeinder term. The definition of the ¥, {rplies

that the error term is just

b
e(n) = [ (¥)w(v)ar. (4.5)
o

So the firat i termn in the power ceries for %(y) car bo inlesrated by
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the quddrature rule, eq. (A.2). The quadrature rule iz velid if
}eN(h)E 2 §, where § is some small positive number. For a given §,
i can be increased in such a manner as to satisfy the above inequality.
Tow the equation {A,1) can be transformed into & matrim equation
by using & quadrature rule to replace the integral term. Thus f£{x) is
given by:
I

£(x) = glx) + .'zl K(x,y; )2y W, + ef(K(x,2)2(0)). (8.6)
1=

This relation is true for all x (a,b). If x is considered as K point
subset D(N) of (a,b), then eq. (A.6) becomes N equations for N unknown
f(yi). The assumption that the quadrature rule is accurate enough
implies that eN(K(x.o)f(o)) < §, where § is small enough so that
eN(K(x,o)f(o)) may be rneglected from the right hand side of eq.(A.6).
The resulting NXN metrix equation is then

- N ~

£lx;) = alx) + ;Zl KXy ¥, )20y, v, (A.7)
The tilde over f has been used to indicate that this equation is
different from eq. (A.6) because the term eN(K(x,o)f(o)) is neglected.
The linear system (A,7) can be solved on a computer if N is not too

large.
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b. FError Analysis
The fumetion eN(K(xi,o)f(o)) is not known unless the form of f({x)
is given exactly. THowever, it can be small enough when the integration
rules are adequate, We now examine the consequences of neglecting
eN(K(xi,o)f(o)). Let ?(xi) be the solution of eq. (A.T), and f(xi)
the solution of following equation
b

£(xg) = alx) + le Rxg ¥, )20, 0, + ep(Kix, )£(o)) (A.8)
The E(xi) is defined as

E(xi) = f(xi) - f(xi)

and satisfies

i)
E(x; ) = eglk(x; )2(o)) + J__z_l K(x; Y, )ECY, )W, . (A.9)
Thus the error term is given by
q -1
B(xy) = ] [1-K0"= ep(K(x, )£(o)) (4.10)

J=k iJ

vhere [1 - KW]E} is the inverse of the matrix determined by

Gij - K(xi’yj)wj’ So it can be concluded that if

ley(Klxy )2(0))iec|alx; )],

a small percentage orror is expected in replacing f(xi) by ?(xi). Once

the f(xi) has been obtained, then f{x) can be found for sll x by using

eq. (A.5) and neglecting the error term.
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