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1. 
ABSTRACT  

Some of the mathematical models of the Mach 

effect which have been proposed since Mach's time are re-

viewed and numerically calculated, to obtain the predicted 

subjective luminance distributions from an abrupt edge and 

from the edges of various luminance gradients and contrasts. 

A new model is proposed and the model of Fry is modified. 

Both of these models give substantially the same subjective 

distribution for the same viewed luminance distribution, 

even though they propose different forms of inhibitory res-

ponse due to distance from points lying around a particular 

point on the retina. 

The visual Mach effect has been studied on an 

abrupt aluminized edge on a clear glass plate and on various 

luminance gradients and contrasts on the photographic edge 

gradients which are produced with a variety of profiles. The 

characteristics of the bands seen on the edges have been 

measured under incoherent illumination. 

When the widths, positions, and brightnesses of 

the observed bands were compared with those calculated from 

mathematical models as well as with those predicted by 

Ludvigh's second derivative theory of perception of visual 

Mach bands, some agreements between them were obtained. Some 
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models predict bright bands approximately in the same 

positions as the minima of the second derivative of the 

luminance distribution with respect to the distance along 

the retina, 

It has been found that the individual varia-

tions in seeing the Mach pattern are great, This makes it 

a difficult task to decide as to exactly which model is in 

the best agreement with experimental results, 
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6. 
CHAPTER I  

THE PERCEPTION OF THE MACH EFIECT. 

1:1. Introduction to Mach Bands. 

When a field in which a luminance gradient 

exists between two uniform bright and dark areas is viewed 

under suitable conditions, a bright line will be perceived 

at the contrast border between the gradient and the higher 

luminance level and a dark line at the junction of the 

gradient and the lower luminance level. The lines can also 

be seen in a less steep luminance gradient, but the bright 

and the dark lines are somewhat weaker and less distinct. 

It is not essential that the field of view be the one 

mentioned above, a bright or a dark line may be visible 

where there is an inflection in the light curve 	The 

phenomenon is purely subjective since it cannot be detected 

by any light detector; physical measurement of the luminance 

involved shows no luminance higher or lower than the two 

between which the gradient exists. These lines are known 

as 'Mach bands' after Ernst Mach, an Austrian Physicist, 

Psychologist and Philosopher, who first observed them in 

1865. 
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One who is familiar with the phenomenon can 

observe the bands easily at the edges of almost any shadow 

cast on a fairly uniform surface)by an object in the sun-

light. The transition from the umbra to the graded penum-

bra provides a dark band; the transition from the penumbra 

to the fully illuminated area provides a bright band. Even 

indoors, Mach bands can be seen at the edge of a shadow 

cast on a piece of white paper by an object held close to 

the paper under a lamp which provides the necessary extended 

source of light. The bright line, howevea. 	is more 

prominent than the dark one. 

Mach (1865,1866 a-b,1868 a-b,1906) regarded 

this phenomenon as a 'simultaneous contrast phenomenon'. 

Much work had been carried out with some assisstance from 

his son. The results can be summarized as follows: 

1). On rotating a disc with a certain shape of white 

or dark sectors on a dark or white background respectively 

with a sufficient angular velocity, he noted that at every 

point where the intensity distribution had an inflection, 

a brighter or a darker line than the surroundings would be 

perceived. The location of the line was roughly determined 

by the point of inflection of the light distribution. The 

point where the inflection was concave towards the axis 
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representing the distance along the retina showed a bright 

line while the point of convex inflection showed a dark line 

as illustrated in figure 1:1. Point A on the luminance 

distribution curve, concave towards the abscissa, gives a 

subjective bright band. A subjective dark band is seen at 

B where the inflection is convex towards the abscissa. 

2). The phenomenon was purely subjective since the 

physical intensity distribution calculated by using the 

Talbot-Plateau law did not show any higher or lower intensity 

at the point where the bright or the dark line was seen. 

Thus Mach concluded that the cause was not in the object, 

but in the visual mechanism of the eye. 

3). The bands were observed under the electric spark 

light from a Leyden jar, which is rapid enough to eliminate 

eye-movement; it was inferred that the phenomenon did not 

result from eye-movement, Mach suggested that the phenomenon 

was based on a reciprocal action of the neighbouring areas 

of the retina; the neighbouring retina elements had a 

physical relation to one another. The intensity of sensation 

of an area could be different for equal intensities of 

illumination of the area, due to the influence of its 

neighbours. 

4). The bands were very distinctly seen when their 
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images were fixated on the fovea, but they would disappear 

when the fixation point of the eye was about three degrees 

to one side. 

5). Mach suggested a relation between retinal illumina-

tion and sensation of the form, 
k F 	1- 71- a log( 	+ 	(d2  I/dx2  ) ), 	.(1:1)  

where I is the objective brightness at the retinal coordinate 

x; F is the sensation ; as  b, and k are constants; and the 

upper sign holds for a negative value of d2I/dx2.The equation 

was considered to be verified from the following observed 

facts:- 

a). In observing bright and dark lines in bright sun-

shine, twilight and candle light, Mach found that the lines 

remained equally distinct, that is, the lines remained un-

changed when the light curve I = f(x) was changed to 

I = q.f(x). 

b). The lines disappeared when the light curve I = f(x) 

was changed to I = p + f(x)t  where 2 is positive and large. 

c). The distinctness of the line was an increasing 

function of d2I/dx2 

Furthermore, he noted that even though the 

lines were visible on the rotating disc, the brightening 

and darkening were insignificant and the disturbance due to 
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the surrounding conditions too great to permit accurate 

measurements. The facts were about as well represented if 

the equation was; 
( I F a log  -7 k 

Fr 1' 	 (1.2) 

where r is the radius of curvature of the light curve at 

the point involved. 

Both equations 1:1 and 1:2 are only approximate; 

they are no longer valid when d2I/dx2  becomes very large, 

or when r is very small. 

6). In 1868,ather expression for the sensation was 

derived by Mach from the assumption that the two retinal 

points had a smaller reciprocal action on one another if 

they were further away from each other. The expression is; 

'107 0(r)/Nv 
F = I .   	(1:3) 
P 	P j  0(r)CSY 

where I is the retinal distribution at a particular point 

p. 10  signifies the intensity on each of the several sepa-

rate neighbouring points j, each of a small area zsv. 0(r) 

is a funtion of the reciprocal action between two retinal 

points and is determined by the distance between them. 

From this equation, another expression was 

derived, 

F. I. I 	(1:4) 
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where k is a constant. 

When the diameter W of the pupil of the eye was 

introduced, 

F = WI. I  

  

(1:5) 

    

 

I k ( d2I d2I + + 	) 
2 dx2 dy2 

  

If the intensity of the illumination was 

increased p fold, 

F' = .pI.  	F . 	(1:6) 
pi .1_ 2.1(  d 	• 2I 	2) 

2 dx2  (1.7 

If the intensity of illumination was increased 

by an amount a, 
WI 
a+1 .(a+I). 	

a + I 
......(1:7) 

8.+I-1- 	( a9 dI 
 ) 

2 

and if a became large, the influence of the second derivative 

term would diminish. 

From th6se equations it can be seen that it is 

not only I which influences the sensation but also its 

second derivatives. And since the structure of the retina 

is not everywhere uniform and equally fine, the equations 

are not universal; they can only be regarded as an approxi- 

mate representation of the phenomenon. 

The effect has been investigated widely in detail 

since the beginning of this century. McDougall(1903),Thouless 

(1922-3), and Ludvigh(1953) used the same method as Mach in 
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order to produce artificial luminance :sradients and studied 

the characteristics of the bands. Ludvigh showed that the 

amount of the change in flux density or illumination energy 

on the retina has little effect upon the appearance of the 

bands; the lowest derivative of flux density with respect to 

the retinal distance which is significant for perception of 

the bands is the second, Fiorentini, Jeanne and Toraldo di 

Francia (1955), McCollough (1955), Hartwig (1958) and 

Fiorentini (1956) have studied the effect by observing the 

luminance distribution of a penumbral shadow of an illumin-

ated straight edge. Every observer reported only one bright 

and one dark band seen in the dark and bright regions res-

pectively. 

Looking through a microscope onto a slide of 

an aluminized straight edge, Watrasiewicz (1963) was able 

to see at least one bright and two dark bands on the dark 

side of the edge. He called them " the multiple Mach bands". 

The effect has been shown to play an important role in the 

microscopy where small sharp-edged particles are observed; 

the visual bands occurring on the edge of the image can cause 

an error in sizing. Furthermore, they can give rise to 

spurious detail in the image. 

It was found that the multiple Mach bands 
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could also be seen when one looked directly at a knife edge 

through an eye pupil of which the size was restricted to be 

under a certain value ( Leelawongs 1964 ). 

Many factors, found btth in microscopic and 

macroscopic vision, influence the widths, positions, bright—

nesses and occurrence of the bands. Many mathematical 

expressions have been proposed to predict the phenomenon. 

So far, they are not very successful since the mechanism 

of the eye is highly complicated. A number of hypotheses 

explaining various mechanisms for the perception of the 

bands have been proposed which will be discussed later. 

1:2 Factors Affectinz the Perception of Bands. 

Several factors are found to influence the 

phenomenon.The various ways in which the object is illumin—

ated together with the distribution over it of the light 

intensity will be considered, and also many factors of the 

eye which influence the effect will be discussed. 

It is well known that the wavelength of light 

used to illuminate the object has an influence on the 

sensitivity of the eye. In low intensity or scotopic vision, 

the sensitivity of the eye is a maximum to light of wave—

length 0.510 micron; the maximum is at 0.555 micron in 
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wavelength in high intensity or photopic vision. Figure 1:2 

shows the effect of changing the wavelength of the light, 

microscopically observed on a sharp border between dark and 

bright fields by Watrasiewicz (1963). The changes in the 

locations and the widths of the bands are noted. In the 

figure, the abscissa units are the dimensionless units in 

diffraction theory, defined by 

Z = 	27r  (N.A.)11 , 	(1:8) 
1l 

where is actual distance in the object space, (N.A.) is 

the numerical aperture of the objective, and.\ is the wave—

length of light used. 

F.,:om the figure, it is obvious that an exact 

conclusion on the relation between the nature of the effect 

and the wavelength still cannot be drawn. 

The mode of illumination of the object is an—

other important factor, as shown in figure 1:3, where $ can 

be regarded as a measure of the degree of coherence; it is 

the ratio between the numerical aperture of the condenser 

and that of the objective. Thus, S . infinity, and S = 0 

correspond to a complete incoherence and perfect coherence 

respectively. When S has a finite value the illumination is 

partially coherent. 

It was found that the bright band shifts to 
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the dark side of the geometrical edge when the mode of ill-

umination is changed from coherence to an incoherence. 

The influence of the intensity distribution 

in the object on the phenomenon has been studied by many 

observers. It has been concluded that the exact appearance 

of the bands in any case is dependent upon the luminance 

level, the luminance gradient and the contrast between the 

object and the surroundings. This is contradictory to Mach's 

result who found no change in the distinctness of the 

subjective impression when observing the dark and bright 

bands on the rotating disc at various luminance levels. 

However, when the detailed response of the eye to these 

factors is considered it can be seen that several changes 

are involved at the same time. The luminance level can 

cause changes in the visual acuity and sensitivity of the 

eye. The visual acuity of the eye is improved with increase 

in the level of the illumination. Furthermore, the lumi-

nosity curve for scotopic or low intensity vision ( lumi-

nance level below 10 candelas per square metre) is 

different from that for photopic or high intensity vision 

(luminance level above 100 candelas per square metre ). 

According to the duplicity theory, high intensity vision 

is mediated through the cones, and low intensity vision 

through the rods. Thus a change in perception is expected 
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when a change in the luminance level occurs. 

Ercoles and Fiorentini (1959) noted that bands 

are not visible at low luminance levels and the threshold 

of the perception for the dark band is higher than that for 

the bright band.The ratio required for the visibility of 

the dark band is about four times greater than that for the 

bright band. Furthermore, in 1955, Mc Collough found that 

the width of the bright band decreases and that it shifts 

towards the dark side of the edge as the luminance is incr-

eased, while the luminance gradient remains constant. At 

higher luminance level, the width of the band tends to a 

constant value. When the luminance gradient is increased 

and the luminance level is held constant, the width of the 

bright band will decrease. In 1958, Fiorentini and Radici 

reported that the luminance gradient must exceed a certain 

minimum for the bands to be perceived. The minimum value of 

the luminance gradient at which the bands disappear depends 

on the luminance level and the contrast of the object. When 

the luminance difference between the dark and the bright 

areas of the object is increased the bands become narrower. 

Similarly, when the slope of the luminance gradient is incr-

eased the bands will be narrower and more distinct and s  

according to these authors, they will disappear when the 

slope becomes an abrupt one.In fact, when one looks at a 
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sharp transition or an abrupt edge, owing to the diffraction 

and aberrations of the eye, the image appearing on the retina 

will not have the same transition of luminance as that of 

the object. It yields a slope which is not infinite. Under 

suitable conditions of observation,the Mach bands can be 

seen. This will be discussed in more detail in Chapter III. 

Lowry and DePalma (1961) also showed how the 

widths of the bands change when the luminance gradient is 

altered, but little change in amplitudes is noted. This is 

shown in figure 1:4; the bright band is more pronounced 

than the dark one. They also concluded that for a really 
sharp transition edge the eye may not be able to disting—

uish any band differing in apparent luminance from the 

objective luminance. The effect of contrast was also stud—

ied by Ronchi, Bittini and Adachi in 1963; they observed 

that the visibility or the sharpness of the bands varies 
according to the contrast of the object. 

As has been mentioned, the eye itself is an 

essential factor in such subjective phenomena. Diffraction 
and aberrations of the eye cause blurring of the retinal 
image. Furthermore, the image itself has some movements on 

the retina even if we attempt to fix the eye steadily on 

an object. This is owing to involuntary movements of the 
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eye. These involuntary movements have been widely investi—

gated by many observers, such as, Ditchburn and Ginsborg 

(1953), Fender (1955), and Ditchburn (1955) who used a lens 

tightly contacted to the eye reflecting a light beam onto 

a recording apparatus, The movements are divided into three 

types' i) tremors, ii) flicks or sacades, and, iii) drifts. 

The effect of tremors is to move the retinal image back and 

forth 30 to 100 times per second. The shifts produced by 

tremors are very small. The mean amplitude of tremors corr—

esponds to a displacement smaller than the width of a single 

receptor in the fovea, while the maximum amplitudes corres7  

pond to two or three receptor widths. The drifts make the 

image shift slowly across a few cones. Cornsweet (1956) 

suggested that the drifts are not under direct visual 

control since the drift rates measured during fixation are 

essentially identical to the drift rates recorded while 

the subject is in total darkness. However, the effect of 

the flicks Ls  to bring the image of the observed object back 

to the centre of the fixation area, where the visual acuity 

is highest, when it has been shifted away by drifts. Flicks 

are so rapid and large that they would be expected to pro—

duce a considerable amount of blur in the perceived image. 

These three involuntary movements will continually shift the 

image of the object being fixated to and fro across a number 
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of receptors, 
Mach himself reported the presence of the bands 

with spark illumination. In 1960, Keesey, observing the eff—
ect of eye movements on visual acuity, showed that human 
acuity is neither enhanced nor impaired by involuntary eye 

movements which occur during a short observation of a test 

object; the contours are perceived clearly in motionless 

objects during thefirst critical few seconds of viewing. 

Thomas (1963,1965) was able to measure the threshold of 
bands at exposures as brief as 0.01 second. Moreover, in 
1966, Matthews showed that. the bright band is seen on a 
photographic edge, with a luminance of 5400 millilamberts 

(about 104cd/m2) in the brighter lield and luminance of 
250 millilamberts (It'800 cd/m2) in the darker field, even 

for exposures of 0.002 second. These results confirm that 
the eye movements are not essential for the formation of 
the bands. 

However, in 1952, Cheatham investigated the 
effect of movement of the retina on the visibility of the 

bands. He observed that the sharp contours take a finite 
time to be perceived ; the time needed is from 0.03 to 0.1 
second when the luminance level decreases from 0.46 milli—
lambert (11.46 cd/m2) to 0,0046 millilambert (:~0.015 cd/ 

m2). However, the conditions under which the bands were 
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studied by each of these throe observers differed in the 

luminance level and the luminance gradient, not to mention 

possibly other factors. The luminance in Matthews's case was 

about 104 candelas per square metre (photopic range) while 

in Thomas's case'  it was 34 candelas per square metre (mes-

opic range) and in Oheatham's case, 1.46 to 0.015 candelas 

per square metre (scotopic range). 

Fiorentini and Ercoles (1957) also observed the 

bands with a stabilized image on the retina, using apparatus 

on the same principle as that used by Ditchburn and Ginsborg.  

(1953). They found that the bands which are clearly seen at 

the beginning of the observation disappear in 5 to 10 seconds 

and fail to reappear unless the eye makes a very sharp move-

ment which possibly destroys stabilization, Furthermore they 

noticed that, with an oscillating target showing: Mach bands 

perpendicular to the line of sight, the eye tends to follow 

the oscillations when the frequency of the movement is low. 

Thus, the visibility of the Mach bands is then improved sig-

nificantly by slow oscillatory movements of the observed 

pattern. Using the same method, Bittini, Ercoles, Fiorentini, 

Ronchi and Toraldo diFrancia (1960) reported that for any 

given angular amplitude of motion, visibility at first in-

creases with increasing frequency of motion until a maximum 

value is reached; it then decreases with increasing freque-

ncy, For several amplitudes, the larger the amplitude used 
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the larger the maximum width of the gradient needed in order 

to produce just-visible bands. In stabilized retinal images, 

Riggs, Ratliff, Cornsweet and Cornsweet(1953) noted that 

the contours gradually fade from view. The normally viewed 

bands tend to disappear also, but their disappearance times 

are generally much longer than those for the properly stab-

ilized images. 

Many reports on the Mach effect have mentioned 

the influence of retinal illumination on the appearance of 

the bands. The retinal illumination has been defined as the 

product of the object luminance and the area of the eye 

pupil. Thus, a study of the changes in the appearance of 

the bands due to changes in the retinal image can be carried 

out by varying either the object luminance or the size of 

the eye pupil. Figure 1:5 shows the influence of the retinal 

illumination on the widths and locations of the bands macro.-

scopically observed through an eye pupil of 0.52 millimetre 

diameter on an incoherently illuminated knife edge by 

Ieelawongs in 1964. 

The unit of retinal illumination was called by 

Troland in 1922, a "photon", but this was later changed to 

'troland' by the Colorimetry Committee of the Optical Soci-

ty of America. One troland corresponds to a luminance of 

candela per square metre seen through a pupil of 1 square 



Dark side of the edge. Bright side 
of the edge. 

1,600 

1,400 

1,200 

1,000 

800 

a 
I- ...., 
z 

-0 
r 
z 

600 -5 
0 _J _J .--4 

400 .., 4 z 
F- 
u.i a: 

200 

,7 	A 

I 	V 	A 

GEOMETRICAL EDGE, 

i min. of arc. 
Z- UNITS. 0 

0 

26. 

-10 	-8 	-6 	-4 	-2 
	

0 
	

2 
	

4 

Fig. 1:5. Effect of retinal illumination on the widths 

and 'positions of Mach bands ( Leelawon gs 1964). 



27. 
millimetre area, 'or to a luminance of one equivalent lux 

seen through a pupil of one millimetre radius.Therefore, 
the photopic range of luminance level refers to the level 
above 103  trelands, and the level below 10 trolands occurs 
in scotopic vision. 

Mach bands are also affected when the linear 
scale of the distribution of the retinal illumination is 
changed owing to a change in either the eye-piece power in 
microscopic vision or the pupil size in the macroscopic 
vision, even if the retinal illumination is kept constant. 

Figure 1:6 shows the influence of the eye-piece power 

reported by 0harman and Watrasiewicz (1964), while figure 

1:7 shows the influence of the pupil size on visual Mach 

bands. The bands in the latter case were observed on the 

edge of an incoherently illuminated razor blade. Looking 
through various sizes of apertures,without any intervening 

optics; more bands were obtained when the eye pupil was 

decreased in size. From the figure, it can be seen that Mach 

bands represent details smaller than the formal resolution 

limit of the eye. 

When an object in the form of a step function 

(half-plane object) is presented to the eye, without any 

optics lying between, the distribution of the image can be 

determined from the convolution of the object intensity 
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Fig. 1:6. Effect of eyepiece power on the subjective luminance 

distribution of the microscopic image of a straight edge. 

( Charman and Watrasiewicz 1964 ). 
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distribution with a line spread function of the eye. This 
line spread function will change as the size of the eye 

pupil is changed, the larger the pupil size the smaller the 

spread in the function along the retinal distance, as shown 

in figure 1:8 where the line spread functions for various 

pupil diameters are computed. Therefore, the image distri-
bution from the convolution of a step function with a line 
spread function of a smaller' eye pupil is broader than the 

one obtained from the convolution of the same step function 

distribution with a line spread function of a larger eye 
pupil. That is, when the diameter of the pupil increases 

the inflection points in the retinal image profile come 

close together and, therefore, the Mach pattern shrinks. 

With larger pupils, those inflections may come too close 
to be effective in producing the bands. Besides this, more 

scattered light reaches the receptors causing the effect 

of inflections in the luminance distribution curve to be 

diminished. 

In microscopic vision, an increase of eye-piece 

power increases the scale of the retinal image. Therefore, 

the image contour covers a greater number of receptors than 

before and a greater number of neural units are involved 

in the interaction, The bright bandslthus, should appear 

less bright because of the greater inhibitory effect. 
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Furthermore, many observers have noticed that:  

the characteristics of the bands also change from individ-

ual to individual. The differences are great, as shown in 

figures 1:9a and 1:9b. In both figures/the bonds were obser-

ed microscopically with S= 0.60 by Rowe(1966), and S= 1 by 

Watrasiewicz (1964), respectively. 

With the parameters mentioned above, it is 

obvious that to elucidate theoretically the exact locations, 

widths, and brightnesses of the bands is an extremely diff-

icult job. 

1:3 The Visual. Paths. 

The essentials for perception of the visual 

stimuli from the outside world con be listed as follows: 

1). the physical process by which the external physical 

stimulus reaches the rod and cone receptors in the retina, 

and, 2). the physiological process which deals with the 

transformation of the light energy into the nervous energy 

and with the transmission of the resulting afferent nervous 

impulses to the brain. 

The retina consists of many layers of elements 

of various structures and functions. Curiously enough, their 

arrangement is inverted. The light falling on the retina 

reaches the sensitive nerve cells only after it has pene- 
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-crated all the layers of the retina, which are, fortunately, 

transparent. The sensitive nerve cells or visual receptors 

are of two kinds, known as rods and cones. The light energy 

is relayed through the bipolar cells to the ganglion cells 

whose axons form the fibres of the optic nerve.The impulses 

elicited from the retina are then conveyed to the brain 

through the nerve fibres which spread out over the surface 

of the retina and run along the optic nerve, 

Electrical impulses in the ganglion cell stage 

can be measured when there is activity. But, the 

actual mechanism that transforms light energy into electric 

energy in the retina is not yet clearly understood. 

The visual pulses from each eye which pass 

along the optic nerve meet each other at the optic chiasma, 

and here, the fibres from the retina of each eye divide. 

The fibres from the temporal half of the left retina and 

the nasal half of the right retina join and go along the 

optic tract to the left side of the brain, while the fibres 

from the nasal half of the left retina and the temporal 

half of the right retina also join and goto the right Side 

of the brain. 

The centralnervous system which is situated in 

the brain is also still imperfectly understood. It contin—

ually receives signals from the nerve fibres. The system 
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contains altogether some 1010 neurons. Moat of-them are in 

the cerebral cortex. Each neuron is an independent cell 

consisting of one cell body which contains the cell nucleus, 

a long fibre called an axon which will pass out the mater-

ials synthesized in the cell body, and, several receiving 

branches called dendrites. Impulses travel from one neuron 

to the others through dendrites and it is found that they 

are electric in nature. Figure 1:10 shows a schematic dia-

gram of the visual paths from the eye to the brain. 

It is believed that the impulses received from 

both eyes are co-ordinated in the brain. Then, the visual 

pattern is interpreted by the mind. 

1:4 The Retinal Mechanisms. 

Many workers on the Mach phenomena have tried 

to explain the mechanisms which cause the formation of the 

bands. They postulated that these mechanisms might be loc-

ated in the retina, Some suggested an inhibiting mechanism 

which is electrical in character, and some explained that 

it is owing to diffusion of some substances from one region 

of the retina to another. 

AtMachis time it was not possible to study 

directly the neural events in the retina. He obtained in-

direct evidence from his psychophysical experiments. The 
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phenomenon was explained on the basic of a reciprocal 

action of the neighbouring areas of the retina. He assumed 

that the central excitatory area was surrounded by an inh—

ibitory area. Since the points nearest to one another 

predominantly exerted the greatest influence upon each other, 

the magnitude of the reciprocal influence would diminish 

with distance. It was probably an exponential function, 

decreasing rapidly at first and then more slowly as shown 

in figure 1:11, However, the magnitude of the influence at 

the excitatory area and in the inhibitory surroundings were 

pJ..oportional to the intensity at the central element. 

In 1933, Granitl  on studying the electrophys—

iclogy of the retina and the optic nerve of the cat's eye, 

deduced that the mechanism for inhibition was an electrical 

effect,. He was able to analyse the response which was gene—

rated by a potential difference between the front and the 

back of the retina into three components. The first compo—

nent was not connected with the discharge in the optic• nerve 

and was present only in the dark adapted eye. The second 

component was connected with the discharge of impulses 

through the optic nerve. The third one was associated with 

the inhibition of impulses but was not associated with 

either the photochemical reaction of the photoreceptors or 

the discharge of the impulses in the photoreceptor axons. 



38. 

THE DIMINUTION OF INHIBITION WITH DISTANCE. 

Fig.1:11. After Mach ( 1865). 

dE 
d A 

DISTANCE (mm.), 

   

0.1 	0.2 	0.3 

Fig .1:12, After Fry (1948). 



39. 

The frequency response of a ganglion cell Locon recorded 

with a micro—electrode could be enhanced or inhibited by 

causing a current to flow through the eyeball from an 

external source, depending upon the direction of the current 

flow. 

In 1935, Granit and Thermal worked on the 

Hungarian frog ahich they found to be the most suitable 

preparation for comparing retinal action potential with 
the discharge in the nerve. They found that the latent 

period of discharge in the nerve consisted of two phases; 

as inhibitory phase and the latent period of the excitation. 

A third factor might be added, that is, the duration of the 

initial photochemical process, of which nothing was known. 

Granit's assumption was confirmed by Schouten.  

and Ornstein in 1939. They proposed the following hypothesis: 
" When the retina is illuminated there is induced at the 

illuminated part and also in the surrounding area, an 

electric stata which manifests itself to the light—sense 

by a diminished sensitivity% An experiment to demonstrate 

subjectively the inhibitory and enhancing effect produced 

by the electric current was carried out in which the right 

eye could perceive only a test field and glare light from 

a light source, while the left eye saw only a comparison 

field which was placed adjacent- to the test field. No light 
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from the light source was allowed to fall upon the eye in 

the beginning and the two fields were matched under this 

condition. When the glare source was switched on, the test 

field suddenly appeared to be much darker than the compari-

son field. After short times of exposure the brightness 

quickly returned to its original value. With a pupillometer, 

they proved that this effect, viz; the drop in brightness, 
was not because the pupil of the illuminated eye was narr-

ower than that of the other eye, because when one eye was 

illuminated both pupils changed to the same extent' and with 

the same dependence upon time. 

Hartline (1938) reported that three types of 

ganglion cell axons which formed the optic nerve existed in 

the eye of the frog. They were as follows: 

1). Those which were either silent or discharged 

very slowly under steady illumination btit responded vigor-

ously when the illumination was increased. The responses 

were called "on" responses. 

2). Those which yielded a burst of impulses when 

the light was turned on, no further activity as the light 

stayed on, and a final burst' after the light was turned. off. 

They were called "on-off" responses. 

3), Those which would remain completely inactive 

during maintained illumination and then yielded a burst 

when the light was turned off. They were termed "off" 
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responses. 

He pointed out that the "on-off" and "off" 

responses might be the result of the complex interplay of 

excitatory and inhibitory influences by showing that the 

experimental manipulation of these influences could yield 

transient responses. 

In 1940, Ludvigh assumed that three different 

sets of elements existed in the retina. One was for the 

perception of contours and it consisted of "on-off" elements 

which would mediate contour perception, while the other two 

were involved in the illumination level and discrimination 

of brightness. Owing to eye movement, the "on-off" element 

would be maximally excited in the vicinity of regions where 

the first derivative of illumination was a maximum, but the 

rate of change of the excitation of "on-off" elements would 

be a maximum where the second derivative was a maximum. 

The photochemical process in the retina was 

considered as a mechanism of the eye for the perception of 

the contours by Byram in 19/111. He explained that in the 

absence of any eye movement, the receptors at either side 

of the border between the bright and the dark areas would 

adapt themselves to the respective levels, and the rates 

of the photochemical reactions would become the same in the 

two regions. There would be no brightness discrimination 
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after :laving 	reached such a steady state of adaptation. 

The movement of the eye would change the equilibrium of the 

photochemical reaction rates between two sides and make the 

rate of reaction on the side of the border where the illum-

ination was higher greater than on the other side. 

Fry published his hypothesis in 1948. He prop-

osed the interactions between the retina-cortical pathways 

as mechanisms for inhibition and frequency-equalization. 

The mechanisms for the inhibition were located at a very 

low level in the retina-cortical transmission system; when 

any point in the retina was stimulated not only the excit-

ation which spread to adjacent retino-cortical pathways was 

stimulated but also the inhibiting potential which inhibi-

ted activity over a wide area centred around the point 

stimulated; this would diminish with increasing distance 

from it as shown in figure 1:12. The magnitude of the pot-

ential difference at each point in the field was proportional 

to the magnitude of the stimulus.The potentials at any point 

produced by stimulation of a number of surrounding points 

were additive. Furthermore, the inhibition depended on the 

potential difference; the greater the potential difference 

the greater the inhibition. The frequency-equalizing mech-

anism, however, would operate at a higher level to equalize 

the frequencies in adjacent pathways, except at contrast 
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borders where the mechanism tended to smooth out the freq-

uencies on ilhe two sides of the border. 

Lateral inhibition in the retina was postulated 

for the perception of Mach bands by Green in 1957. He ass-

umed that there were two sets of elements which were resp-

onsible for the percept presented by the retina; the first 

set whose response was proportional to the level E of local 

stimulation and the second set whose response was propor-

tional to r, the mean of E over a certain area of the retina. 

The response from the second set of elements inhibited the 

response from the first set, so that the resulting response 

would depend on E -15, A. contour would be perceived where 

the first derivative of E E with respect to distance had 

a sharp variation, 

In 1958, Green also concluded that the second 

and the fourth derivatives of the retinal illumination were 

important in the occurrence of the bands. 

Hartline et al (1954, 1956, 1957, 1958) perfor-

med a series of experiments on the eye of the horseshoe 

crab , Limulus, which is a compound eye containing approx-

imately 800 to 1000 ommatidia(receptor units). Each omma-

tidium contains approximately a dozen cells; the nerve fibres 

arise from the ommatidia in small bundles and come together 

to form the optic nerve. The discharge of impulses of the 

single fibres dissected from the optic nerve were recorded 
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by means of microelectrodes. They found that there were 
inhibitory influences exerted mutually among the receptor 

units. If two groups of receptors were illuminated together 

the total inhibition they exerted on a test receptor near 

them would depend on the combined inhibitory influences of 

the two groups. If those two groups were widely separated 

in the eye, their total inhibitory influence on the test 

receptor would equal the sum of the inhibitory influences 

they each produced separately. If the two groups were close 

enough together to interact, each group would inhibit the 

activity of the other and hence reduce its inhibitory inf-

luence; their effect was usually less than the sum of their 

separate effects. Moreover, the disinhibition could happen 

when the test receptor was illuminated such that it could 

only inhibit: one of the other two receptors. Then the fre-

quency discharge of the other would decrease due to the 

partial release from inhibition of the first receptor which 

was now inhibited by the test receptor. Thus, the frequency 

of the discharge of impulses in a single optic nerve fibre 

decreased and could be even stopped by illuminating areas 

of the eye in the neighbourhood of the sensory element from 

which the fibre arose. The greater the intensity on neigh-

bouring receptors the greater the inhibition they exerted 

on the test receptor, and the greater the nrmber of the 
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neighbouring receptors illuminated, the greater the inhi-

bition. Furthermore, it was found that: 1) the threshold of 

inhibitory action increased with the increasing distance 

between the units involved, and 2) the coefficient of 

inhibitory action decreased with the increasing distance. 

Figure 1:13 shows the experimental results of 

Ratliff and Hartline(1959); the pattern of illumination is 

shown on the top right of the figure. It was focussed on 

the eye of Limulus. A mask with a very small aperture, much 

smaller than the aperture of a single receptor unit, was 

used in order that no inhibitory influences should be exer-

ted on it by the neighbours, The response is shown by the 

upper curve. When the mask was removed, the response of 

the same receptor unit which was now inhibited by the neigh-

bours is represented by the lower curve. 

Ratliff, Hartline and Miller (1963) suggested 

that the activity of each element was the resultant of the 

excitatory stimulus of that receptor unit and the inhibitory 

influences exerted back upon it by the others, This inhibi-

tory network was called recurrent or Renshaw inhibition. In 

the recurrent system influences were not only exerted on 

neighbours, but also indirectly on others by way of those 

affected directly, 

In 1957, Barlow, Fitzhugh and Huffer suggested 

that the effect of lateral inhibition was highly reduced 
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when short observation times were used. This could be because 

the inhibitory mechanism took a longer time to build up its 

full activity than the excitatory mechanism. 

Ercoles and Fiorentini, in 1959, concluded from 

their experimental results that at low luminance levels the 

mechanism responsible for the perception of the subjective 

contours became less sensitive and a higher value of E E 

mentioned by Green was required in order that the contours 

could be perceived. Different mechanisms were responsible 

for the dark end the bright: bands since the dark band was 

perceived at level lower than the minimum level at which 

the bright band was visible. 

Be
/
kesy(1959, 1960) also considered the mecha-

nism as a lateral neural interaction. The assumption was 

that every stimulus produced an area of inhibition around 

the area of sensation as illustrated by figure 1:14a. For 

simplicity in calculation the inhibitory regions were 

assumed to be uniform throughout as shown in figure 104b. 

The area of inhibition was called a refractory area ; the 

whole combination of the sensation and the refractory areas 

was a neural unit, The inhibition covered a larger area 

than the sensation and spread out to a certain distance 

with the same effectiveness; beyond this distance inhibi-

tion was no longer present. At a certain value of the 
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intensity(100 milli-lamberts), the width of the refractory 
area or R/2 in figure 1:14b equals 0.9 millimetre in object 
space for an object seen at a distance 25 cms. away, S/R 

equals 1.6 . 
R and SIR would change with the change of int-

ensity of illumination. Furthermore, the sensation area had 

positive value while the refractory area had negative value. 
The width of the band seen in the sensation pattern would 
depend on the width of the inhibitory region. 

1:5 Predictions on the locations of Mach Bands. 

Equations 1:1 and 1:3, which were set up by 
Mach, imply that the second derivative term of the illumi-
nation with respect to the distance along the retina has a 
significant influence on the sensation of brightness. The 
bands will be perceived where the second derivatives are 
maximal or minimal. The bright band occurs at the position 
of the maximum negative value while the dark band occurs 

at the maximum of the positive value of the second deriva-

tive curve. 

There are a number of observers whose works 
agree with Mach's conclusion. For example, Ludvigh(1953), 

on studying the location of the bands, considered the 

spherical and the chromatic aberrations of the eye as the 

chief causes of image blurring. With an artificial pupil 
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of 1 millimetre diameter and a source of 5600 to 58500A in 

wavelength, he looked at the visual bands on a rotating 

freshly cut white paper disc placed against a black back-

ground. He found that the energy incrementAE on the retina 

had little effect upon the appearance of an edge, and the 
rate of change of illumination with respect to retinal 
distance was an unimportant factor for the formation of a 

contour. The lowest derivative which was implicated in the 

perception of bands was the second. The results are shown 

in figure 1:15. Each curve represents a different energy 

distribution on the retina; the squares represent observed 

points. Curves 1 and 2 present only three contours while 

four contours can be seen on curves 3 and 4. At B and B', 
the second derivatives of the retinal stimulus with respect 
to the distance along the retina are maximal and minimal 

respectively. Contours El  and E2  are symmetrically distri-

buted as a doublet about B; contours E
3 

and E4 are symm-

etrically distributed as a doublet about BE. The brightness 
of the region between E2  and E3  will be between the bright-

est and the darkest regions. On curve 2, C indicates the 

point at which (dE/dx)/E is maximal; no contour edge or 

apparent discontinuity in the figure occurs at C. Them fore*, 
1E/dx is not a .subotaLitial factor in determining the perception,  
of the band. The separation of the contours, i.e; the width 
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of the bright; or dark bands perceived depends on the fourth 

derivative. The greater the fourth derivative the smaller 

their separation. Finally, he concluded that the maximum 

perception of a line depended upon the magnitudes of El  
d2E/dx2  and d4E/dx4. If d4E/dx4  was greatly increased the 

line might be made too "small" to be seen; if d2E/dx2  was 

greatly decreased the line would have too little "contrast" 

and would not be seen; and if E. 'was greatly reduced, all 

derivatives would decrease and the line would become too 

"dim" to be seen easily. 
Figure 1- 216 was obtained by Charman. and Watra-

siewicz (1964) on measurement of the bands seen through a 

microscope. They were the first to use a microscope in 

studying, the characteristics of the Mach effect Al , A2 , 

A32  and A4  in the figure indicate the points of maximum 

values of second derivatives; B12  B25  uld B3  are the points 

of minimum of second derivatives. It can be seen that the 

positions of the observed bands are in good agreement with 

the positions of the maximum and the minimum of the second. 

derivatives of the luminance with respect to the distance 

along the retina. 

The eauations given by Hartline and Ratliff 

and by Fry, do not have the second derivative term explicit,-

ly in them, but- the computation work shows that the bright 
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band occurs approximately at the position of the maximum 

of the second derivatives. And sometimes, the dark band 

occurs at the minimum of the second derivative. This will 
be discussed in Chapters III and IV, 

However, most of the observers report that the 

bright band is more prominent and more nearly centred on 

its corresponding inflection in the light curve than in 

the dark baud, 
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CHAPTER IT 

MATHEMATICAL MODEIS OF THE MACH EFFECT 

2:1 Introduction. 

Many attempts have been made to obtain mathe-

matical expressions describing the visual phenomenon since 

Machls time, Various theories which have been proposed have 

some basic ideas in common, such as, the use of the retinal 

illumination instead of the actual luminance distribution 

of the object, the inhjbltory action among neighbouring 

elements in the retinal network and the diminishing of its 

influence with the distance between them. Mach considered 

the diminishing of inhibition as an exponential function, 

decreasing rapidly at first and then more slowly, as illus- 

trated in figure 1:11. 	Bekesy and Taylor, for simplicity 

in calculation, assumed that the inhibitory zone was uniform 

throughout a certain area, However, the form of inhibition 

in each model is not identical. Some consider inhibition as 

being stimulus-dependent but others take it as response-

dependent. 

Furthermore, there are many bases on which the 

assumptions depend, Some, for example, are based on phys-

iological observations in which the excitatory and inhibit,-

ory influences seem to be the fundamental mechanisms in the 
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retina. Others are based on the supposition that the human 

visual system operates under steady-state conditions, 

although as a matter of fact, the eyes of the observers 

are always in continual motion even during a supposedly 

steady fixation, Moreover, some are based on psychophysical 

experiments where the entire visual system is practically 

involved, making it difficult to identify the various pro-

cesses which have been taking place in the retina. 

The relations between the subjective and objec-

tive distributions of intensity are expressed variously in 

terms of lineas equations, non-linear equations and simul-

taneous auasi-linear equations. In a.linear system, inhibi-

tory actions are additive and their sum is subtracted 

directly from the excitation to determine the response. The 

influence of a constant term, then, will have a constant 

effect on the response, Therefore, the equation will yield 

the same magnitudes for the dark and the bright bands. The 

inhibitory effects in a non-linear system, however, are also 

additive, but the excitatory influences are divided by the 

sum of the inhibitory influences. Thus, a constant inhibi-

tory influence exerted by an element in this system may 

produce different inhibitory effects, depending upon 

whether it acts alone or in conjunction with others. 

The observations so far support the view that- 
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the amount by which the bright bands are brighter than the 

surroundings e:7ceeds the amount by which the dark bands are 

darker than the surroundings for incoherent illumination, 

that is, the overshoot of the subjective distribution curve 
is greater than the undershoot. This seems to suggest that 
the system is non-linear. In 1953, Marimont drew attention 

to this point, The curves shown in figure 2:1 were the ones 
she used to demonstrate the non-linearity of the human 

visual system with regard to the Mach phenomena. 01(x) and 

02(x) are object functions. I1(x) and I2(x) are correspon-

ding image functions.It is obvious that the sum of 01+2(x) 
is equal to a constant which will give a constant subject-

ive reponse, that is, I1+ 2(x) is constant. One necessary 

condition for linearity is 

I14.2(x) = I/(x) + I2(x). 

If we consider the left half of the figure, at the point 

where the luminance of the object start to change its slope, 

we have.  
I1(x) 12(x)  = Ilr -110 12r 12u 

But-  , at the fax left end of the figure I1(x) and I2(x) are 

constant and 
I (x) + I2(x) = Ilr  + I 1 	2r 

If this system is linear, these last two equations must 
be equal, that is, I10  = I2u  a Since 01(x) and 02(x) are 
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mirror objects, I1(x) and 12(x) will also be mirror images. 

So we can write, Liu 	I2u  . Therefore, Igo  = Ilu , But, 

in the experimental work the overshoot(I10) is always 

greater than the undershoot(Ilu). Thus, Marimont concluded 

that the visual system was non-linear. This was contrary 

to the assumption of Lowry and De Palma in 1961 where the 

eye was presumed to behave linearly when the transfer func-

tion of the eye was evaluated. However, their experimental 

data showed the non-linear characteristics of the system 

(the bright and the dark bands in the subjective images were 

not symmetrical in their forms). 

Moreover, it has been observed that the border 

between the dark and the bright bands does not occur at the 

geometrical position of the edge. This border gets displaced 

to one or the other side of the edge, the displacement 

depending on many factors. The right mathematical model, 

therefore, should contain a parameter which could influence 

the position of this border relative to the geometrical edge. 

Observers who are not used to the effect may be led to 

believe that the dark band occurring near the edge is the 

border between two areas. This consideration would give .a 

great error in small particle sizing. 
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2:2 Mach's Model. 

In the year 1868, Ernst Mach, starting from 

psychophysical experiments, set up a non-linear equation 

to represent the reciprocal inhibition in the retina in the 

effect which he called the 'contrast-phenomenon'. 

Let the distribution of the illumination, i.e; 

lumens per unit area,at a point p on the retina be described 

by 1= 1p= I(x,y); when a nearby retinal point which 

participates in a reciprocal action with the first point is 

considered, then the reciprocal relation between these two 

points depends on a function of their separation r, say, 

0(r). The response F at p when several neighbouring points 

come into play is then given according to Mach by 

IpC 6  0(r6p) Lai  
F 	

I• 
	(2;1) 

P 	p  7,Z6  I6  grip)AP-61  

where I6  is the illumination at another retinal region of 

area Aar  I can be written according to the Taylor 

expansion,, 

Ia  . = I(x+hly+k) 

I(x,y) 
iYI(xly).h : C3I(xly).k  , I 1-61(x1Y).h

2  
= 	lbx 	. 	by 

2. -021(x,Y).hk 	 l(xly).k2- 

ax ay 2  "ay 
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The factor Ip2:i  0(rjp) ai  in equation 2:1 

is supposed to be the excitatory influence. If 0 is the same 

function everywhere in the network andLa is the same for 

all elements,`]  0(rjp)Zaj  can be expressed as a single 

number. The whole factor then can be replaced by IpK, The 

denominator, 21jIi  0(rip)Aajo  is the inhibitory influence 

in the network. Since I may be different for each element, 

the factor can be expressed as 
J-J  
.T.k.

ap 
 . Hence, the formula 

can be modified to ; 
I p  ph 

I 	 
P=  p .I.k. 

0 J JP 

That: is, the neural network in the retina as described by 

Mach consists of elemental networks, in each of which there 

is a central excitatory component surrounded by an inhibitory 

component that diminishes with distance. The individual 

inhibitory influences exerted on any particular element are 

additive. 

From equation 2:1, it can also be seen that 

when the intensity distribution across the retina is uniform 

the intensity at any observed point p will be the same as at 

a surrounding point j. Therefore, Ip.2:j  0(rjp)6aj  equals 

jIj  0(rip).6%. The sensation then is determined solely 

by I and is the same for every observed point. Furthermore, 

when the intensity at point p is greater than the intensities 

at the other points in the neighbourhood, the value of the 
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fraction Ip 
0(rip)raj  

j 1i 0( rip) Aaj 

is greater than 1, and 

then the sensation also will be correspondingly greater. On 

the other hand, if the intensity at the observed point is 

decreased , Ij  becomes greater than Ip  and the value of the 

above fraction becomes less than 1 . The observed point will 

appear darker than if it were in the uniform intensity area. 

There is one case for which the formula fails 

to give a satisfactory explanation. That is, when only the 

point p is illuminated, thevalue of 1j  is zero and, therefore, 

the value of the fraction approaches infinity. The response 

will become infinitely large. This can, however, be avoided 

by supposing that the group of elements j includes the ele-

ment p The value of the fraction then cannot increase 

beyond a certain finite value as Ip  appears in the numerator 

as well as in the denominator. 

Let us consider four typical points surrounding 

the point of illumination I, that is, the points I (x+hly+k), 

I(x+h,y-.k), I(x-hly+k) and I(x-hly-k) : these points have 

illuminations given by 

I(x+hly+k) I  h 6I k 1 + 1 11-62121?_, 2 a hk 	21  
Zx 	by j 	

, 	
xdy 	6y  2 

 

   

I(x+h,y-k) 	k+ 1.1 
L 6x 	6y 	21 

 

-6 2i „tr.., -a --• ,..r.••••1
i 

x, 2 
	 ax, Y 	a y2 
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I 	DI ; 	h2 2a2Ihk + 02 I 
ITTch 4 

?Y + 21 	x2 	-ax-as 	6 y2 

 

I (x-h ,y+k) = I + 

   

[.(:) I(x-hl y- 	+ 	Ik) = 1 	—h 
.b x 

0(r) can be 

.6 	I — 21 	2 ?) 21 	2 
IV —Ik 	h54. 	hk 	I —c2  

by 	20.- 	ax a y 	37-4 
written in the form 0(117+k2) and 

the area 4„ai will be dhdk, then we have, writing the summa-
tions as integrals over the positive quadrant, 

0(r)4a a • = 4 110 W 	h2+ k2) . dhdk. 

0(r)Aa.a .fli(x+h,y+k) 0(41 h2+ k2) dhdk 

ri,(x+h ,y-k ) 0( /h2+ k2) dhdk 

+fli(x_h,y+k) 0( A.2+7 dhdk 

+ if I (:',c-h y--k) 0( /h2+ k2) dhdk 
2 

+ 2 1:!.--T10(ih24,1,)?-andk 
-6 x2 

2 
+2 	T

Odh2+ k2 c dhdk. 

Therefore, 
/ I. 4 If 0 (J h+  kA) dhdk  

	

III~ jf( 
	

1. 11 .-+1c2-)dhclk+2— ( h +k2 )h2 dhdk+2 
2 
I 40 (1h-lca)k2. 

x 2 	 6 y dhdk 

	 (2:4) 

41 ff (1h2+ k2 )dhdk 



*ocne****(2:5) I0 ._.._.,._.." 

+ 
2 

4mI + 

6L. 

Since 0(j h2  k2 ) mush vanish for large values of h and k, 

we can simply carry out the integral from 0 to to, putting; 

J10(4 	h2  + k2  )dhdk 	m 
°oo 	 oo 

fif  C6(4 h2 	)h2,dhdk = 	0(jg7-7 )k2dhdk = n 

We then obtain: 

where k/2 2n/4m . 

When a luminance distribution as shown in 

figure 2:2 (full line) is observed the predicted bands 

from this luminance distribution can be evaluated by using 

equation 2:5 , The luminance distribution is constant along 

the y-axis and varies along a perpendicular direction, the 

x-axis. Therefore the equation becomes 

P = I. 	
kei 
2 a 2  

The second derivative values of the objective luminance. 

distribution are obtained from a formula which will be 

derived in section 4:3 , Using k = 0.12, the predicted 

luminance distribution is shown by the dotted line in the 

e 

I 
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Fig : 2:2. Subjective luminance distribution (dotted 

line) of a graded luminance distribution 

(full line) calculated from Mach model 

Ceq • 2:5). 
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same figuxe, The fact that the bright band is more pronounced 

than the dark band, clearly shows the non—linearity of the 

model. However, the widths of the bands are smaller than the 
ones actually obtained from observation. 

2:3 Pryls Model, 

The mathematical model due to Fry (1948) is 
the first which is based on direct electrophysiological 

observation. It- was developed on the hypothesis that: stimu— 

lation at any given point on the retina sets up an electrical 
field in which the potential differoace at. another point: 

at a certain distance away is some function of that distance. 

The magnitude of the potential difference is proportional 

to the magnitudenf the stimulus generating it. 

In figure 2:3, Q is a given point of area dA 

on the retina which is stimulated by retinal illumination 

I. Stimulation at• point Q will set up an electric field at: 

point P which is at a distance r from Q . The potential 

difference(dE) at point P can be expressed in some such 

form as 

2 
dE = kI.exp(— 	).dA 

262  

 

(2:6) 

 

where k and 6 are constants. 

The total potential difference (E) produced by 

all the elements of surrounding area then can be written in 
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Fig. 2:3. Analysis 	of inhibition in the retina. 
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the form 	+oo 

Ekl 	I(r).xp(---is2/212).(31,   (2:7) 

-00 or, 2 2 
E = ki jII(x•iy).exp( 	Y  ),440Idy, 	(2:8) 

2(Y2  

in cartesian coordinates. The constant, a will express 

the extent of the region which contributes to E. 

This total potential difference will reduce 

the frequency of impulses transmitted through the retina 
at point Q. The inhibition is greatest where the potential 

difference is greatest. 

This inhibiting potential affects the frequency 

of impulses in a bipolar cell according to the following 

relation: 
F=Fl + k2 log Q, 

 

(2:9) 

 

where .7 represents the frequency of impulses after inhibition 

by potential :2  F' is the frequency that occurs in the 

absence of inhibiting potential; k is a constant, and Q 

is a function of E. 

It is assumed that the relation between Q and E is of the 

form, 	
Q = 1/( 1 + k

3
E ) . 	(2:10) 

It is experimentally found that the frequency 

F' is related to the luminance(R) of the surface seen by 

the eye by the following equation, 

Fl = k2  log R + k4 	(2:11) 
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where k1  is a constant. 

For a given pupil size, the retinal illumination 

(I) is directly proportional to the luminance R, ise 

R = k51 	(2:12) 

Therefore, 
Fe = k2  log (k51)+ k4.  

k2(log k5  + log I ) + k4 • 
At • any point P (x ,y), 

F = lt.-2(log k5  + log Ip  ) + kJ+  + k2  log( 

Ip 
= 	 log 	+ (k2  log k5  + k4 ) k2  

1 + k3E 

+ k 7  I 
t-
II(x1Y).exp( 
-oo • 

j 	
262 .dxdy 

—op 	(2:13) 

In figure 2:4, the edge is shown in full line; 

the model predicts only two peaks, a maximum and a minimum, 

which resemble Fisch hands reasonably well, occurring nearly 

at the extreme values of the rate of change of gradient of 

luminance distribution. Figure 2:5 shows the dark and the 

bright bands ( dotted line ) when the inflections of the 

intensity distribution curve (full line) of the object are 

significant. Both were calculated by Fry in 1948. 

	 ) 
1 + E 

= k,)  log + 
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Fig. 2:4. 	Calculated subjective luminance distribution 

F(x)) of a blurred edge (1(x)). 

C Fry 194 8 ). 
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2 4 	The Model of Hartline and  Ratliff. 

Hartline and Ratliff (1957,1958) proposed a 

model based on electro-physiological observations of the 

inhibitory network in the compound eye of horseshoe crab, 
Limulus. They postulated that there are mutual inhibitory 
influences among the receptors in the eye so that each 

inhibits, and is inhibited by, its near neighbours. The 

strength of the mutual inhibitory influence is determined 
by the degree of activity of each of these receptor units 

and also depends on the number and location of units inter-

acting. 

Consider two receptors, A and B ; when they are 

stimulated they inhibit each other mutually. Responses to 
steady illumination may be described quantitatively by two 

simultaneous quasi-linear equations, 

fA = eA KAB(fB fILB) for receptor A 1 	(2:14) 

-LB = eB Ka(fA4" fBA ), for receptor B 	(2:15) 

where f is the response, measured by the frequency of 

discharge of impulses in its optic nerve fibre; e is the 
excitation of the receptor; fo is the threshold frequency 

which must be exceeded before a receptor can exert any 

inhibition on a particular neighbouring unit. Therefore, 

fAB is the frequency of the receptor B at which it begins 
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to inhibit receptor A. ; fSA  is the reverse. K is the inhi-
bitory coefficient B is the coefficient of the inhibitory 
action of receptor B on receptor A 5 K.R4.  is the reverse. 

When the inhibitory term K(f fo) is greater 

thr.n e, the corresponding response f must be set equal to 

zero because negative frequencies have no meaning. Further-

more, if (f fo) is negative the inhibitory term must be 

However?  these equations are so far only for 

the interactions of two elements. If there are n interacting 

receptor units in the network, the equations become a set: 
of simultaneous quasi-linear equations, each with (n 1) 
inhibitory terms, that is,  

n 
f
i 
 .. e2.  . >7  Kl

..(f - f9 

) 
	a i Ii 

)-4i 

) , 	04y 	  (2:16) 

where i = 1,2,3, to....., 	Negative frequencies cannot 

occur since ell the solutions of the eouation must be post-

tive, therefore the set must fulfil the following conditions; 

if:
"•-- ei` .4:- "ij 
j=1  
4i 

(fj  
0 
f. a ) then.fi  . =0 

011,###(2:17) 

if, x„o . 	f. 
a 

then f. = e1  

The numerical work must be cairied out step by 
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step. Suppose i represents any particular element out of n 

elements in the network and let j represent all the others. 

The first step in the iterations is, 

f (l  ) 	ei  	 (2:18) 

which gives the uninhibited response of any particular 

element in the network. 

The first approximation to the inhibited response 

or the second step in the iteration is to use these uninhibi—

ted responses to determine the inhibition on any particular 

element, 
fi2) el  .   K..(fC1). f9 ). 	***** ....(2:19) 

j=1 1.0 0 	ij 

Similarly, using the inhibited responses deter-

mined in the second step in the iteration to determine the 

responses in the third step we obtain, 

43)  = 	Kid( r(2) .po -ij ) 2 	(2:20) 

and so on to the 	step in the iteration, 
n. 

fCs1)  = e. .77,  K. ( fps  " 	). 
1  1711 Ij 	j 	

1). 	(2i21) 

Generally,if the inhibitory coefficients are 

small, convergence is rapid; if they are large, convergence 

is slow and the system may even be unstable. 
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In 1959, Ratliff and Hartline found that the 

threshold of inhibitory action f°  increased with increasing 

distance between the receptors, and the coefficient of 

inhibitory action K decreased with increasing distance. 

Using equation 2:16, Watrasiewia2(1964) assumed 

that the inhibitory coefficient K varied inversely as the 

separation between the receptors, and the threshold of 

inhibition f°  varied directly as the distance, i.e; 

 

Kia..  

fob  

= 	r j  )2  

C(i j)2  

	(2:22) 
and. 

   

The results obtained are shown in figures 2:6 

and 2:7 , The multiple Mach bands are clearly visible in 

figure 2:7, a consequence of the two dimensional model. 

2:5 aylgLLE21ale 

Taylor(1956) also proposed a model based on 

electro-.physiological experiments, in this case on the 

ganglion cells in the cat's retina. He found that the area 

of the receptor mosaic which was illuminated to cause a 

discharge of impulses had a sensitive central excitatory 

region surrounded by a less sensitive inhibitory region. 

The interaction was specified by two parameters, the avarage 

magnitudes and the spread of interaction. The relation 

between the logarithm of light intensity and the frequency 



76. 

es / 	\ 
/ 	\ 

/ 	‘ 
I 	\ 
i 	\ 	—_-- 

I 
I 

I 

I 
I 

r 
r 
t 

10 0 X I recepto- 
rs. 

i 
i 
i 
I 
I 
i 
I 
I 
i 

RECEPTORS. 
‘ \ ‘ ........ 

/ 
/ 

1.2 

• 

0.4 

ui 

0.2 

0 
-6 	-4 
	

0 
	

2 

Fig.2'.6. One-dimensional model of Hartline and 

Ratliff calculated by Watrasiewicz (.1964). 



Fig. 2:7. TwO-dimensional model of Hartline and 

Ratliff calculated by Watrasiewicz (1964). 
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of response was again assumed to be approximately linear, 

as in the eye of Limulus. 

The basic properties of this mathematical model 

are similar to those of the others; central excitatory 

influences are opposed by the surrounding inhibitory influu-

ences; these inhibitory influences are additive and they 

diminish with increasing distance, But, in agreement with 

the model of Hartline and Ratliff, Taylor's assumption 

differs from the others in that the inhibitory influence 

exerted by any element is response-dependent or recurrent, 

rather than stimulus-dependent, The interaction is expressed 

by the equation 

+s 
fi 	e, + K 	f4  

ti ••••GoonsittIso(2 :22 ) 

where f and e are respectively the response and the average 

frequency of the ganglion cell discharged at a given point, 
The spread of the inhibitory influence is governed by the 

choice of s. K is the average magnitude of interaction 

When K = 0, the response will equal the excitation at the 
point resulting from the illumination on the receptor. The 

sign of the coefficient of interaction may be changed with 

the intensity; at low intensity K can be positive and thus 

lead to additive excitatory effects; at higher intensity K 

will become zero, and at a still higher intensity it will 
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be negative so that inhibition would result. This changing 

of sign is unique to this particular model. 

For a two dimensional model the equation becomes, 

2(i,i) = °(i,j) K2  (1-110 I 

 

(2:23) 

 

where A is the area over which the summation is taken. The 

calculation must be carried out step by step as in the 

model of Hartline and. Ratliff, 

Figures 2:8 and 2:9 show the light distribution 

calculated from both equations by Watrasiewicz(1964) by 
assuming the inhibitory constant, K, = b.exp(— alt—j ) 
where a and b are constants. If in the one dimensional 
equation the integration was carried over a range, say, h, 

the integration for the two dimensional equation would be 

taken over an area of 40. With the two dimensional model 
the multiple Mach bands and obtained (figure 2:9). Using 
Fourier analysis Watrasiewicz demonstrated that the inhibi—

tory term of the two dimensional model was much more comp—

licated than that of the one dimensional model. The two 
dimensional inhibitory function consisted of terms which 

would give sharp variations in luminance distribution. This 
might lead to a multiple band structure of the Mach effect. 



Fig. 2:8. One-dimensional model of Taylor 

calculated by Watrasiewicz (1964), 
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Fig 2:9. Two-dimensional model of Taylor 

calculated by Watrasiewicz (19 6 4 ). 
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2:6.  O'Brien's Model 

O'Brien (1958) used an apparatus similar to 

that of Mach, the subjective intensity distributions being 

observed on a rotating disc in order to confirm her assump-

tion about the contour perception mechanism of the eye. Her 

model is also based on Mach's model, She started from Mach's 

model, equation 2:5, where the response(F) is given by, 

P = 1, 

+ 	+ 
2 x2  ° y.2  

This equation can be written in the approximate form, 

:51  = I - 
k re' 	b2I ) 
2 	x2 	a y2  0006040+100(2:24) 

if k is small. From this equation it; would follow that the 

second partial derivatives of the luminance distribution on 

the retina act as a determining factor for the occurrence 

of the bands. O'Brien suggested that: since the retinal 

mosaic has a finite spacing it:would be better to consider 

finite differences instead of the above partial derivatives. 

Therefore, the above equation can be written in one dimension 

as, F(x) I(x) 	2I(x),  • 

( bx )2  

1(x) - 	62I (x) (2:25) 
2 
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where, 0 2  I(.7) = I(x 	- 21(x) 	I(x -4)x), ......(2:26) 

and, 1(x) is the retinal illumination. 

The luminance distribution of the image on the 

retina is considered by assuming the eye to be a Gaussian 

filter, i.e; owing to the aberrations and diffraction of 
the eye the luminance of the image on the retina will have 

(x r 	x )2 

-00 
	2d2 

where, i(xl) is the luminance distributioa of the object 

(ioel external stimulus), a end ( are constants. C  varies 

approximately inversely as the diameter of the eye pupil. 

From equation 2:25 we can see that the subjective 

bands are visible whenever the second difference corrections 
ere high enough. 0,  Brien inferred that when one observed 
through small apertures(i.e;6 is big), the retinal image 

would have a greater broadening and correspondingly there 

would be smaller second difference corrections. Therefore, 

the contours got softened and disappeared. Her experiment 

also showed that with a normal pupil the bands of an external 
stimulus could be clearly seen, but when an artificial pupil 
of 0.2 mm in diameter was used those bands disappeared. This 
is contradictory to Watrasiewicz's (1964) results, by whom 
the multiple Mach bands weve seen under a microscope with 

the form, 

1(x) a 1 exp( ). i(x , )dx, 
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an eye pupil of 0.23 millimetre diameter*  However, O'Brien 

did not give enough experimental details to make a careful 

comparison. The disappearance of the bands could have been 

caused by using too low retinal illumination since the small 

pupil was introduced into the system. 

O'Brien also claimed that in her experiments 

the variations with absolute intensity level were practically 

negligible; placing the light. source at varying distances 

giving factors of illumination up to 16:1 on the object had 

little influence on the subjective impression until glare 

interfered. This also seems to contradict reports by many 

observers, such as, McOollough (1955) and Ercoles and 

Fiorentini (1959) whose results show changes in the Mach 

bands with changes in the luminance levels. 

The intensities of the subjective bands in 

O'Brieea model depend on the value of (5 x', and their 
positions depend on the value of dr. s x' must have a 

sufficiently high value to produce the subjective bands; 

beyond sucha.7a-lue the intensities of the bands increase 

with the increase of 6x'. When (5.ixl exceeds a certain 

value the dark band shows a negative intensity. This influ—

ence of 6x' is shown in figure 2:10. Keeping erconstant 

(01  -19), the curves calculated by using O'Brien's model 

with 610 ;9,12 and 1.5 are shown.. When 8x1  = 15 the negative 
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value of intensity of the dark band is obtained. This must-

be avoided and will be further discussed in Chapter VI. 

When the value of 8  is varied, the change in 

the positions of the bands will be as shown in figure 2:11 

where the values of loct are chosen to give positive values 

of intensities of the dark bands. 

2:7 Bekesyls Model, 

Bekesy (1960) proposed a model in which the 

inhibition cove2s a larger area than the sensation and, as 

for the other models, the inhibition generally decreases 

with the increasing distance from the point of stimulation. 

However, for simplicity, the inhibition is assumed to spread 

out around the area of sensation to a certain distance 

with equal effectiveness.. Beyona this distance no inhibi-

tion occurs. The width of the sensation area is very small 

compared to that of the inhibitory area. The area of inhi-

bition is called the refractory area. The combination of the 

Sensation area and the refractory area is termed a neural 
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unit (see figure 1:14). By applying neural units of various 

widths of sensation areas to a stimulus curve, Bek‘sy demon-

strated that the width of the sensation area was not import--

ant in the formation of Mach bands, provided the width of 
the refractory area was much larger than that of the sensa-
tion area and the ratio of the sensation area to the refra-
ctory area stayed the same(1.6). 

In order to transform the stimulus pattern 

into a sensation pattern, two assumptions are made: 1) Every 

narrow vertical section of stimulus has to produce a neural 

unit whose height is adjusted to be the same as that of the 
stimulus at any given point; 2) the threshold sensation 
magnitude at any given point is the arithmetic sum of all 
magnitudes of the neighbouring neural units. 

With his neural unit and these two assumptions, 
/ 

Dekesy obtained, by geometrical drawings, many results as 

shown in figures 2:12 and 2:13 where the influences of 

luminance gradient and the radii of inflection points of 

the intensity distribution of the object on visual bands 

are shown (the dotted lines are the subjective impressions). 
Furthermore, he noted that the width of the refractory area 
does not change the sensation distribution, provided the 
ratio of the sensation and refractory areas of the neural 

unit stays the same. 

An equation giving the sensation. magnitude 
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d ) 

b) 
NEURAL UNIT OF S / R= i . 

c) 

STIMULUS. 

A (x) 	SENSASION. 

Fig. 2:14. Development of 13eksy's model. 
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produced by any given stimulus distribution was proposed 
/ 'may Bekesy. From figure 2:14 where any stimulus distribution 

1(x) is divided into a series of equal steps, the equivalent 

sensation distribution for each step can be drawn by appli-

cation to a neural unit. For simplicity, a neural unit of 

S/R = 1 is used so that the sensation distribution produced 

by each step is the same and the magnitude is stimulus-

independent. The result of applying each step (figure 2:14c) 

on the neural unit (figure 2:14b) is a sensation distribution 

(figure 2:14d) with equal areas of positive and negative 

magnitude, A(x). The sum of these sensation steps along the 

x-axis gives the sensation magnitude corresponding to the 

stimulus distribution, 1(x). As the step becomes smaller 

and smaller, an integral is approached. From figure 2:14d, 

the areas above and below the zero line are equal, that is, 

a sensation distribution can be represented by any straight 

line2A(x) . 0 . Therefore, only a curvature of the stimu-

lus function 1(x) can produce a sensation magnitude which 

is negative for a stimulus distribution convex towards the 

axis of abscissa and positive for a ccacave distribution. 

The sensation magnitude for a neural unit of 

S/R . 1 is given by, +oo 

 

A(x 	),Ii(\ ) aX ......(2:27) 
4‘00 

where It(.10 is the derivative of 1(X). 
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Fig. 2:15. A calculated subjective luminance 

distribution C B¢kesy 1960 ) 
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Then adding to it at every point a sensation 

magnitude corresponding to the excess, S - So  , 

E = (S . S0 ),I(x) + E0  . 	se 0000000 ..,(2:28) 

Figure 2:15 shows the result calculated by these 

mathematical expressions. However, Bekesy noted that the 

widths of the calculated Mach bands were equal to the full 

width of the inhibitory zone, and because the widths of the 

bands depended upon the intensity levels of illumination 

and other factors, the widths of the inhibitory zone might 

not be constant. 

Beicesy's and O'Brien's models are linear, as is 

shown by the fact that for an antisymmetrical distribution 

the subjective bright and dark bands obtained will be symm-

etrical about the origin. This does not seem to fit the 

observed results where the bright band is always more pro-

nounced than the dark band. 

2:8 Discussion.  

If we return to figure 2:4 in which the subjec-

tive impression calculated by Fry is shown, it will be seen 

that the magnitude of the overshoot of the distribution is 

less than that of the undershoot. In fact, the response in 

Fry's equation is expressed in terms of the frequency of 

impulses of the receptors while the input is in terms of 

the intensity stimulating the retina. Using the assumption 
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that the frecuency of the output is proportional to the 

logarithm of the stimulus, as in the eye of Limulus, one 

can write Fry's equation in terms of the subjective bright-

ness, that is, 

log B = k.lo 
+co I(- 
	+ 16  , 

2 .,_ ,2 
1 +A 	I(xly).exp(- ' , - 	4).dxdy 

dr2-  
....co _ 	 -, k 

or, 	I(x,Y)  / B = K 	- . 

L 

(2:29) 

where B is the output in terms of brightness; K,k and A are 

constants. 

Calculations were carried out with this equa-

tion and with equation 2:13 for a gradient edge wtich is 

shown in figure 2:16. The result obtained from equation 
2:29 is shown by curve 1, the bright band is more prominent 
than the dark band, which is in better agreement with the 

experiment than the results from Fry's original equation 

(equation 2:13), shown by curve 2, where the undershoot is 

greater than the overshoot. 

The theories behind these mathematical models 

are based only on psycho-physiological experiments. The 

physical mechanism of the eye in the perception of light 

+ A' 
ji -0. 

+00  
x2  + 

I(x,y).exp( - 
v2  
v  ).dxdy 

2 4r 2  

9 
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has never been determined. It is thus worth seeing whether 

the transformation from the physical image to the visual 

image can be modelled mathematically without appeal to the 

details of the physiological mechanisms. 

We start from fact that the inhibitory action 

exerted on neighbouring receptors when the light stimulates 

any point Po on the retina increases at first rather rapidly 

and then decreases slowly with increasing distance from 

that point, A simple mathematical expression for this action 

contains as exponential, that is, the influence of distance 

between two given points on the inhibitory action will 

depend on 1 x2, ex-o(-Bx2)1 where B is a constant and x is 

the retinal distance. With x2 the function will give a sym-

metrical distribution about the origin, as required. 

However, the strength of the inhibitory action 

does not depcnd only on the distance between receptors, but 

also on the level of illumination. Suppose element P of an 

area dxdy is stimulated by illumination of an amount I(x,y). 

P will exert an inhibitory action on Po; the inhibition 

could then be dependent on the expression, now written two-

dimensionally, 

2 	2 N2  -xo  ) +(y-y0)21.expL- ----{ . -x0)+(y -yo) 	dxdy, 
62 2 

where tr is a constant. 



+02 	
-x (x )

2 
(Y-Yo) 

jI(x.Y).exP 
-00 

 

2 6 2  

2 
dxdy 

	(2:31)i  
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In order to get the overall inhibition, an 

integration over the whole area must be carried out with 

respect to distances :c and y along the retina. The response 

then appears as, 

I(xo5y0) 

(
x,....x0 )24.(y....7  )2 ) 

,dxdy 

040.0.04(2:30) 

where A is a constant,. The denominator of the equation is 

put in such a way that a large value o: the inhibition will 

affect I(yo  y ) while a small value will not. - 
Figures 2:17 and 2:18 show respectively the 

one dimensional and two dimensional subjective luminance 

distributions calculated from this equation; the non-linear-

ity is obtained, 

If now the inhibitory action in equation 2:30 

is normalized co that the whole function does not change 

when the overall light level in the physical image is alter-

ed, we have, 
I(xyo) 

00 fv• 
AC4r.t7)4(x...x)2+6,,,,,eyc?2

1r.expl... 	 dxdy 

-db 	
2 6' 

r(xotYo)=  

1+A \k(--c
1" 
v)r(x-x 

0  )
2+(y-y 

0
)21exf- 

J 	I  

-co 2 6 2  
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The results are shown in figures 2t19 and 2:20 for the one 

dimensional and two dimensional models respectively. 

Let us now consider in more detail the inhibi-

tory actioi whicl,  is as above only a function of the distance 

along the retina from a given point of stimulus. Ix this new 

model, the inhibition has the form, 

f(x) 	0:K1D 2/2  6 2 ) 

The 61aph of this function is shown in figure 2:21, Two 

factors are found to depend on 6 ; the extent of the inhibi-

tory field involved and the porI,5-iolis of the maxima of the 

inhibitory action. 

If we return to Fryts model(equation 2:13) or 
to the modified model of Fry (equation 2:29), the inhibition 

is desced bys  

f(x) = exp  x2/2 (5  2 ) 

The results of the calculation for various values of (5 are 

shown in figure 2:22 6 only influences the extent of the 

inhibitory field around the stimulated point ,Thus the new 

model may provide more flexibility in fitting to experimen-

tal results, 

Another way of sbudying the neural mechanism 

in the human retina is by Fourier analysis calculations, 

although experimental observations on these lines are not 

yet possible. Since the object distribution and the spread 
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function of the optical elements of the eye may be measured 

independently, the image form by an eye can be determined 

by making a Fourier analysis of the spatial frequencies 

which make up the object pattern, multiplying these by the 

optical transfer function of the eye, and then slinming the 

results to obtain the image distribution. 

However, to evaluate accurately the transfer 

function for the optical media of the human eye, especially 

for the higher spatial frequencies, is very difficult. In 

1959, Menzel evaluated the composite transfer function for 

the human eye by measuring the relative visibility of several 

sinusoidal distributions of illumination with different 

spatial frequencies. The average result obtained by five 

observers is shown in figure 2:23 where the function incr—

eases rapidly at low frequencies, remains constant for a 

while, and then decreases with increasing frequency. When 

the subjective distribution was calculated, a fair approxi—

mation to the observed one was obtained, The Mach bands were 

seen as expected but the calculat6d bands were symmetrical 

while the observed ones were not, and the calculated widths 

of the bands were larger than those observed. 

In 1961, the average composite transfer function 

for the whole visual system was calculated by Lowry and 

DePalma . They approached the problem by mnicing measurements 
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on the objective luminance distribution pattern and the 

corresponding subjective distribution seen by the observer; 
then the spatial frequencies contained in these two distriw 

butions were analysed. The calculated composite transfer 
function obtnined for the whole visual system is shown in 
figure 2:24. 

However, in these frequency response methods 

linearity of the system is assumed, This is contrary to the 

results observed by many workers and to the proof which was 

given by Marimont in 1963 (already discussed in section 2:1) 
where non—linePrity in the visual system was demonstrated. 
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CHAPTER III 

THE MACH E/hCT AT AN ABRUPT EDGE. 

3:1 Introduction, 

A sharp transition edge presents another problem 

which has been discussed by many observers. For example, 

Fiorentini and Radici (1958) claimed that Mach bands would 
not be seen on en abrupt step function object. Lowry and 

DePalma (1963) suggested that for a given luminance distrib-

ution, the width of the bright and dark bands became less, 

the steeper the gradient. As the width of the edge approached 

zero the widths of the bright and dark bands also approached 

zero, For a really sharp edge the eye might be unable to 

distinguish any bands differing in apparent luminance from 

those luminances which formed the edge itself. On the contrary, 

Charman and Watrasiewicz (1964), observing through a micro-

scope, were able to see multiple Mach bands on aluminized 

straight edges. In 1966, Matthews showed that a. bright band 

on a straight edge could be observed by the great majority 

of subjects. 

If the luminance distribution of a step function 

object is considered, the distribution as a function of dis-

tance(x) is defined by, 

f(x) =0 1 	when x=0 ,  

= 	when x > O. 



109. 

This type of function is also called a Heaviside unit func-

tion. The function and its derivatives are shown in figure 

3:1. The first derivative is only a line (actually a delta 

function ). The minimum and maximum orthe second derivative 

curve fov this case appear et the same position as shown in 

figure 3:1c. 

In facts  the luminance distribution in the 
image of a step function on the retina is not a sharp tran-

sition distribution. The diffraction and aberrations of the 

eye cause blurring of the retinal image. The blurring which 

is due to the chromatic aberration depends on the wavelength 

of light used, and will be minimized when the eye is presen-

ted with the monochromatic light, Figure 3:2 shows the results 

of the mean chromatic aberration of the human eye reported 

by Ivanoff (1953) and Wald and Griffin (19!17), compared 

with the calculated values (Ivanoff 1953). From this graphs  

the dioptric power of the refracting system of the eye varies 

from -.0.62 dioptre at A= 0,750 micron to +2.63 dioptres at 

0.365 micron, Those values are referred to =0.578 mi-

cron as origins  where the chromatic aberration is taken as 

zero and the power of the refracting system of the eye is 

60 dioptres. 

Blurring produced by monochromatic aberrations 

and diffraction of the eye depends very much on the pupil 



a) Heaviside function. 

b) second derivative. 

c) first derivativative. 

(delta function) 

Fig. 3:1. The light distribution of an abrupt edge 

and its derivatives. 
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size, The major monochromatic aberration of the eye in the 

forveal region is spherical aberration. The presence of 

spherical aberration in the human eye appears to have been 

recognized in 1801 by Thomas Young. Koomen, Tousey and 

Scolnik (1949) showed that positive (under-corrected) sphe-

rical aberration is present in the non-accommodated eye; 

this aberration is reduced when the eye is accommodated. 

They suggested that when the effect of spherical aberration 

on vision was considered the aberration had to he measured 

for the individuel under observed conditions. Figure 3:3 

shows the mean spherical aberration of 10 observers reported 

by Ivanoff (1956); the spherical aberration varies from 

under-correction to over-correction as accommodation changes. 

The luminance distribution in an image of an 

abrupt edge in incoherent illumination is known in terms of 

the Struvo function and from this the second derivative 

curve ceo, be derived. A number of inflections on the lumi-

nance distribution curve which are not actually maxima or 

minima are found, Even though these inflections are very 

small they still give extreme values in the second deriva-

tive curve, and they are amplified by the visual mechanism 

into bright and dark bands when viewed under proper condi-

tions. The exact positions where the second derivative has 

maximum and minimum values are determined by the vanishing 
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of the third derivative. Again, referring back to the second 

derivative theory of Mach phenomena, a few bands could be 
seen at those points where the third derivative vanishes 

or the second derivative has the extreme value. 
Iudvigh (1953) mentioned that in a family of 

retinal energy distributions, the widths of the bands were 

reduced when the magnitudes of the fourth derivative of the 

energy with respect to the distance along the retina were 

increased. The formula for the fourth derivative of the 

image distribution of en abru-et edge and the numerical cal—

culations from it will also be given, The computations of 

the edge intensity distribution and its derivatives were 

carried out on a National Elliot. 803A computer, 
An optical system was set up for measuring the 

positions of the Mach bands at an incoherently illuminated 

edge, in order to see how the second derivative theory and 
other_ mathemc,tical models fit the experimental results. 

The results are given in terms of the diffrac—

tion units es well as in units of minutes of arc subtended 

from the eye, The distance Z in diffraetion units is defined 

by, 
Z 	2 Tr(N,A) 

I t 

where N is the wavelength of light used, 1 is the

size, and (NJ.) is the numerical aperture in the object 
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space of the optical system. The numerical aperture in the 

object space of a lens is n.sinc4, where n is the refrac-

tive index of the medium in which the object exists, and 

c< is half the angle subtended by the aperture of the lens. 

The Abbe sine cpudition gives the generalised form of 

Lagrangets relation as follows: 

= 1.(N.A) in image space, 

(3:2) 
1.(N.A) in object space 

ir or, 	Yl.n.sinc< = yrntsinot. . 

Thus, we can write, 

Z . (2 / X ), n.sino< r 7 	in object space, 

and, 	Z 	Ti! ?, ).nIsintAi.r( 	in image space. 

In this way the geometrical optics sizes of object and 

image are equal in Z units. Suppose the size measured in 

the object space is )1 millimetres, the distance from the 

object to the eye _Ls D millimetres, end the eye pupil dia-

meter is d millimetres, then the object size in diffraction 

units will be, 

Z = (2 1 jX),:a„ (d/2D). YI 	• • • • • • • • (3 ) 

The same result will be obtained if we consid-

ered it in the image space, The table of optical proper-

ties of the eye which was prepared by Stenstrbm (1964) gives 

the object focal length as 1r.2055 :millimetres, the image 

focal length as 22785 millimetres. and the refractive 

index of the aqueous humour arid of the vitreous body as 
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1.336. Then, 
17.c/55  

= 	D 

and, 
z 	d 	 17.055  

2(22.785) 	D 	2 

2 11. 	d  
X • 2D • f 

3 5 ) 

 

3:2 The Physical Distribution of Illumination in an Edge  

Imapje  and Its Derivatives. 

The image of an incoherently illuminated edge 

was computed by Struve in 1882. The well—known formula 

giving the intensity of the normalized retinal image at 
distance z from the geometrical image is of the form, 

H1(2z) 
I(z) . 	----odz , 	r ********* G641,6,026) 

IT (2z)2  

where H1 is the Struve function of tho first order, 
The Struve function of order v(see Abramowitz 

and Stegun 1965) is defined by 
11),  

H2z) 
r N+  1/2)N-1/2) 
2(z)  jkn(2z.cos N 

mm. 

2)) 	• 
sin( ). 

oo  
111)(2 ) =10-(g :(;)/:Yg:"11-1Fm 

or, 

The first derivative of the expression 

3/2) 
• 	• • 4 
	(3:8) 

3:6, then, will be, 



H1(2z) 

From 

2(2z)2, 

.3- 7C 

2(2z)4  

32.5.7 
2(2z)6  

32.52.7.1T  

equation 3:8 we get, 

(3:13) 
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I,(z) - 4.  Hi(2z) 

(2z)2  

and the second derivative is, 

I"(z) H (20 
— 2 Z 

Also the third derivative is, 

A Z3 
.H1(2z). 

• (3:9) 

(3:10) 

I"'(z) 
7.c2z2 

10 
----.H0(2Z) 
AZ3  

	

+ ( 12 	4 	t2-1 	..(3:11) * 
4 	2 

	

Z 	AZ 

and the fourth derivative is, 

IIV(z)  . 	56 	2 (4- 	27 ).H (2z)+ 24 	)11 1(2z). L_ 	15 N. 
2z3 IN z2 z4 ° Ti z3  z5  

	(3:12) 

The recurrence relations for the Struve functions (see Abra-
mowitz and Stegun. 1965 ) were used to put these formulae in 

terms of Ho  and hl , which are tabulated by jahnke and Emde 

(1945) where the symbols So  and S1  have been used instead 

of Ho and H1. 

The equations mentioned above become indetermi-

nate at the origin; it is necessary to obtain a direct 
power series expansion. 

and from equation 3:6 we can write, 



HI 	(2z,). dz 
a 

r Al  C2Z ). at-7  

(2z )2 	to (2z )2  

    

1(z) = 4 
71.  

  

 

L 

 

(2z)3 	(2z)5  
2 	2 2 	2 1.3 1.3,3.5 1.3.5.2  5.7 

1(z ) ..... .. • • (3:15) 

  

2z 
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......(3:14) 

Substituting equation 3:13 in equation 3:14, we obtain, 

The derivatives, then, are obtained; 

Ii(z) = — 2 	
1 	—S.?.)2  F. 	

(.2z,)4 

71 ' 13 	1.3.5 2 2 	1.3.5.7 2 2 2 

32 rzL , 2(.2z )3  
2 	2 2 	2 2,- 71 1.3.5 1,3.5.7 

In ) = 

..(3:16) 

Dilate ....(3:17) 

  

(PrZt)5  a 	.0* • 
2 1.2  3.5,2  7.2  9 

Int (z) 

 

••••• 

    

...(3:18) 
112 '1  12.-3257 2 2 2 2 1.3.5,7.9 

• • • 

        

        

and, 

   

 

1.,2,;5(.2z,) 	2, ,"..5(z)3 	J.4,7(22)5  

 

 

23'2527 	12325272.9 0 123252729211 

Therefore, at the origin, 
1(z) = 1/2 

f•lb 

3 Tc2 
I 

(3:19) 

I"(z) = 0 $ 

Iitt(z) = 	 
45 r2 
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IIV(z) = 0. 

An asymptotic expansion can be obtained for large values 

of z; we have, 
,r- 

H (2z).= N (2n) + 	 

71)--0.5). 

0.5. 1.5  
())+0.5)z2  N+0.5)(+1.5)z4  

• 4 • I 2 	(3:20) 

  

( see Jahnke and Emde, 1945 2  page 211) 

where, 
( 	7r 

N 0014/7rx  - P (x).sintx-0+0.5) 41.... + 
1) 	2 	i 	2 

Q (x).Cosix - (1)+0.5)-1E- 
1) 	i 	2 

(Jahnke and Emde, 1945, page 138 ) 

.....(3:21) 

PA) 
(x) = 1 

 
(41)21 ) (4) 2-9 )  +(441)(4:92-9 )(4))-2-25)(4- 49) 

21 (8x)2 	41 (8x)4 
(3:22) 

4 i)21. 	(1.02.1 ) (4i&) ) (02-25)  

8x 	31 (8x)3  

 

(3:23) 

 

( Jahnke and Emde, 1945, page 137 ). 
Therefore 

H0(2z) = No(2z) + 	1  

 

(1+ 	+ 	+ ...), 
z2 	z 

 

  

( 	0•5 ) 1 z 
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)sin(2z- 
41i 

 
Z 	512z2 4 

•--1—.cos(2z— /T  ) 
16z1-1-7 z 	4 

1 	(1+  _1.  + 
211- 22 24 ) , 	(5.24) 

and, 

H1(2z) = N1(2z)+ 	
1 	I1+ 	+ 

vrT (0.5)1 	3z2  5z4  

_ 15)..sin(a 	 21.) 

vrif z 	512z2 	4 IT z 16z 	4 

	

). 	(3:25) 

	

3z 	5z4  

The luminance distribution and its derivatives, omitting 

higher power term, are obtained; 

1(z) 2 1 	1 1  cos(2z+1T/4) 	(3:26) 
2 z 	12z2 210/2  z5/2 

= 2 ( 1 + -1-) 1  + 	. 1  .sin(2z-311/4) 
-.2 z2 	3z4 Tr  3/2 75/2 

3 - 	.cos(2z-3174), ..(3:27) 
16 Tr3/2  z7/2  

(z) 1 	23 .sin(2z-311./4) 
(x32 

1 + 2 ) 
3z5 	1/3/26  s27/2 

1  2 + 	 .cos(2z-31I/4), 
113/2 z5/2 

 

(3:28) 
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10 
3 z6 z14. 

4  . an(2z .21) 
3/2 4 Z5/2 

Cos(2z -1E-)1  

-c3
/2 4. z?/2 	4 

 

(3:29) 

 

IN(z)  . 	 63  .Sin(2z 	3 /r  ) 
,;) 	z5 	3 z? 	y2 	/ 	 4 7I 	 7T 	2 z2 2  

. 	1 	8  - .Cos(2z 	37.). 

7T
3/2 z5/2 	4 

 

(3:30) 

 

When the illumination at the objeot plane is 
extended from -'co to +a) we have, 

That is, the luminance distribution of the incoherently 

illuminated edge image is antisymmetrical about the origin, 
or, the intensities at two points equally distant,  from the 
geometrical edge but on opposite sides of it, are together 
equal to tha full intensity. 

Using the equations given above, the intensity 
distribution of an incoherently illuminated edge image and 

its derivatives were calculated. They are tabulated in 
Appendix A. Equations 3:9 to 3:12 were used for small values 
of z(from 0 to 8.0); Ho  and Ill  from the tables of Jahnke 

and Emde(1945) were used.For large values of z(from 6.2 to 
15.0) the asymptotic equations (equations 3:26 to 3:30) were 
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used. The results are shown in figures 3:4 to 3:6 where the 
asymptotic formulae are used when z is greater than 6.8. 

The inflections of the luminance distribution of the retinal 

image, which is shown in figure 3:4, correspond to the 
maxima and minima of the second derivative values, shown in 

figure 3:5, in which the extreme values can be determined 

by the vanishing of the third derivative. The fourth deriva-

tive curve is shown in figure 3:6. 

3:3 The Visual Mach Bands. 

An arrangement must be devised in order to obs-

erve directly the phenomena occurring on the edge without 
intervention from the optics. Clearly, visual photometric 
matching is the only way to measure the intensities of the 

subjective bands. Therefore, an optical system as shown in 

figure 3:7 was set up for the study of widths, positions 
and brightnesses of the bands produced by an edge. Two 

channels were used to produce respectively the edge image 

and a photometric comparison beam, 

The system on the left of the figure produces 

a comparison beam for photometric matching. The source(A) 
is an Osram mercury vapour lam The light from the lamp 
passes through a conapnser (B) and focusses on a rectangular 

slit (D). With a green filter (C) of wavelength 0,55 micron, 
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Fig . 3:7. 	Apparatus for measuring visual Mach bands at 

a straight 	edge . 
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the monochromatic light from slit D forms an image on a 

neutral density wedge (F) after passing through an achro-

matic lens (E). The final image is formed by another achro-
matic lens (G) in the same plane as the edge (L), this 
being viewed by means of the system on the right. The final 

image in plane L could be shifted across by means of a rota» 
tins front aluminized surface (11), which is placed between 
the achromatic lens E and the final image in plane LI  so 
that the comparison field could be brought in line with the 
band being observed, 

The lamp A is a high pressure mercury lamp (250 

Watt,, ME/D), situated in a lamp house with circular glass 

window of 4,5 ems. diameter, as shown in figure 3:8 a. The 

lamp runs from the mains (240 V) through a choke which limits 

the current to a correct value. The starting current for the 

lamp is 4 - 5 amperes and then the operating current is 3.7 
to 4.6 amperes. The maximum arc brightness is stated by the 

maker to be approximately 20,000 stilbs ( 2.4 candelas 

per square metre). The spectrum is the line spectrum of 

mercury at high pressure which gives the principal wave-

lengths at 3650°A (ultraviolet), 4046°A (violet), 4358°A 

(blue), 5460°A (green) and 5790°A (yellow). The ripple due 

to the lamp is about 100 cycles per second. Thus, the visual 

measurements will not be affected since the critical fusion 
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Fig. 	. Vapour mercury lamp. 
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Fig . 	3:(2) b. 	Neutral density wedge, 
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frequency of the eke is about 15 cycles per second. 

The neutral density wedge is made by Ilford Ltd. 

It is about 15 ems. long, and the nominal diffuse density 
gradient is 0.10 density unit per cm. . It is mounted on a 

carrier which can move the wedge perpendicular to the optical 
axis (see figure 3:8b). The position of the wedge is noted 
from a vernier scale on the carrier. The calibration for 
transmission was done by directing the beam onto a pinhole 

in front of a photonultiplier and noting the output signal 
at various positions of the wedge. Figure 3:9a shows the 

transmission curve of the wedge while figure 3:9b shows the 

optical density curve calculated from, density d 	log T, 

where T is the transmittance. The density gradient obtained 
from figure 3:9b is 0.21 density unit per cm, 

In the right hand system of figure 3:7, the 

sharp transition edge (L) is viewed directly, 25 ems. away, 

through an artificial pupil (M) of 0.64 mm.diameter. The 

edge is incoherently illuminated from behind by a diffusing 

source • provided bi putting a ground glass screen (K) in 

front of another high pressure mercury lamp (I) with a green 

filter (J). The widths and positions of the bands were 

measured directly with a very fine wire, placed at; the 

same plane as the edge, moving across the length of the 

edge. The position of the pointer (i.e; fine wire) could. 
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Fig. 3:9a. A wedge calibration. 

0 6 3 

130. 

N) 
-\.., 
z 
0 
cn 
cr) 

in -Z 
< 
cC 
1--- 

I 0 0 

90 

75 

60 

45 

30 

15 



2 4 6 8 to 12 14 

131. 

20 

1.8 

1.6 

1.4 

0.8 

06 

0,4 

0.2 

0 

Fig. 3.9b. 	Density along the wedge. 

DISTANCE ALONG THE WEDGE  



132. 

be noted by a vernier scale to which the pointer is fixed. 

There was no perceptible stray light in the 

system, so that the pointer could not be seen when it was 

on the dark side of the edge. Thus instead of an opaque 

knife edge, a glass plate with a sharp transition border 

between a clear part and an aluminized part was used. The 

aluminizing covered one half of the plate, and the film 

had a transmission of about 7, The miorophotometer trace 

for the transmission of the plate gave a graded zone between 

two uniform areas; no physical band was obtained. The graded 

zone occupied a distance of 0.05 mm. on the plate, When the 

plate was viewed at a distance 25 ems. away, with an eye 

pupil of 0.64 mm. in diameter, the graded zone corresponded 

to about 1/2 Z-unit which was negligible and the plate 

could be said to have an abrupt luminance distribution.With 
this plate, under the conditions used, it was found that 

the pointer could just be seen when it was moved into the 

dark region. The transmission of this aluminized area is 

another factor which must be selected carefully; if the 

transmission is too high, the contrast between the bright 

and the dark areas (as measured by the ratio between the 

difference of the intensities of the two areas and the sum 

of these two intensities) will be very low, causing diffic-

ulty in perceiving the bands, and if the transmission is too 
low, the pointer cannot be seen in the dark area. 
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As has been mentioned the retinal illumination 

is defined by the product of the luminance of the object in 

candelas per square metre and the area of the eye pupil in 

square millimetres. The luminance of the clear area of the 

plate, in this case, is determined by the luminance of the 

object. It was measured by an S.E.I photometer while the 

plate was in the system. With this photometer, the luminance 

can be noted directly in candelas per square metre when the 

brightness of the measured field is matched to that of the 

field produced by the instrument. The luminance of the bright 

region of the area being observed, measured with this instr-

ument, was 3,430 candelas per square metre. With an artifi-

cial pupil, the size of the eye pupil was restricted to 0.64 

millimetre in diameter in order that the multiple Mach bands 

could be seen. Both, the eye pupil and the luminance of the 

object were kept constant during the observations. Therefore, 

a retinal illumination of about 1100 trolands ( which is 

in photopic region) was obtained throughout the work. 

Under the observed conditions of 90% contrast 

object, 1100 trolands retinal illumination and an eye pupil 

of 0.64 millimetre diameter, three bands were seen; one 

bright band in the bright region, and, one dark and one bright. 

band in the dark region. 

It is necessary to know the pointer reading 
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corresponding to the geometrical edge position; this was 

found as follows. During the measurements, a part of the 

clear field of the aluminized plate was covered with a 
piece of paper having a straight edge which was placed 

parallel to the aluminized edge (see figure 3:10a). The 

distance between these two edges (i.e; distance OE in figure 

3:10a) was measured by a travelling microscope. Then the 
plate was put in the system. With a large viewing aperture, 

about 4 mms, in diameter, and frontal illumination from an 

ordinary reading lamp, the light from behind having been 

shielded, the pointer was brought to the border between the 

paper and the clear field. The reading for the position of 

the pointer was noted, Then the large aperture was replaced 

by an aperture of 0,64 mm. and the reading lamp and the light 

shield were taken away. In this way the geometrical edge 

position was found. 
In order to measure the positions of the bands 

the pointer was made to coincide successively with 1) the 

first margin of the first bright band (in the bright field), 

2) the border between the first bright band and the dark 

band, 3) the boTder between the dark band and the second 

bright band ( in the dark field)c  and, finally with, 4) the 

margin of the second bright band remote from the edge ( see 

figure 3:1011). In this way, the widths and the positions 
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of the bands were obtained. 

Brightness matchings were made only for the 

two uniform fields and the two bright bands. The intensity 

of light produced by the wedge could not be made low enough 

for comparison with the intensity of the dark band and hence 

the latter was assumed to be zero. 

Five different subjects have made the above-

mentioned observations under similar conditions and using 

the same edge. These five observers were chosen from eight 

people; two of these eight could not see the second bright 

band(the bright band in the dark region) and one could see 

one extra dark and one extra bright band in the bright and 

dark regions respectively away from those shown in figure 

3:11 ; unfortunately, this observer gave up the measurements 

as they were very tiring for the eye. The subject had to 

have a few minutes rest after taking a set of readings.The 

results obtained from these five subjects are shown in 

figure 3:11 Each of the curves was obtained from ten sets 

of readings.On the top of the figure, the second derivative 

curve of the incoherently illuminated edge image is shown. 

3:4 The Mach Bands Predicted By Mathematical Models. 

Numerical work was carried out on a National 

Elliot 803 A computer and an IBM 7090 computer for all the 

mathematical models described in Chapter II. Taking the 
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Fig. 3'.11. 	Visual Mach bands seen at an incoherently 

illuminated abrupt edge by five observers. 
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distribution of the retinal image of a sharp edge (calcu—

lated in section 3:2),as the stimulus for each model, the 

subjective impression was worked out and compared with the 

second derivative of the luminance distribution of the 

retinal image which has already been calculated and shown 

in figure 3:5. The best value of each parameter in each model 
was chosen in order to bring the maxima and minima of the 

predicted subjective curve as close as possible to the 

visual bands obtained by five observers, as shown in figure 

3:11. For further discussion on the computations see Appen—

dix B where the details of the programming and the values 

of constants are given. 

Figure 3:12 shows Mach's model on the retinal 

image distribution calculated from equation 2:5. The second 

derivative curve of the stimulus is shown at the top of the 

figure..  

The modified model of Fry in which the response 

eras expressed in subjective brightness (equation 2:29) was 

also applied to this distribution; the result is shown in 

figure 3:13. It yields the same positions of the bands as 

those from Mach model but the bright band in the Mach 

model is somewhat narrower than the one in the modified 

model of Fry, and the dark band of the former model is 

broader than that of the latter. 
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Fig. 3:13. The modified model of Fry for an edge image. 
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The Hartli.re and Ratliff model;  which made good 

predictions in the case of the luminance distribution with 

sharp inflections, as shown in figure 2:6 and 2:7, seems 

to fail when applied to the distribution of the retinal image 

mentioned above where the great rounded curvatures are pre-

sent, The subjective distribution gives only the bright 

band near the edge as shown in figure 3:14, no band in the 

dark area is obtained, 

Figure 3:15 shows Taylor's linear model which 
gives the same magnitudes of bright and dart bands. The 
bands are at equal distance Mc= the edge but: on the oppo-

sides of it. The second dark and the second bright bands 

can just be seen next to the first bright and the first 

dark bands (which are near the edge ) respectively. 

Other linear distributions, from the models of 

O'Brien and Bekesy, are shown in figure 3:16, Both of them 

give negative intensities for the dark bands when the bright 

bards are brought above the relative luminance of 100%. 

The results of the proposed new model, equations 

2:30 and 2:31, are shown in figures 3:17 and 3:18 respecti-

vely. Figure 3:17 and figure 3:13 (modified model of Fry) 

give almost the same results, In figure 3:18, the dark band 

cannot be seen; various parameters were tried, but no good 

results were obtained. This model suffers from the same 
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drawbacks as the Hartline and Ratliff inoLel. Both of them 

show no dark band at low intensity with flexions of big 

values of radius of curvature. But they would give good 

agreement with observations where the luminance level is 

high enough. 

3:5 Discussion. 

The result obtained by Charman and Watrasiewicz 

(1964) in observing an edge under a microscope is put to-

gether in figure 3:19 (the ordinate represents, on a logari—

thmic scale, the relative luminance) with those obtained by 

five observers on macroscopical visual Mach bands so that 

comparison can be easily made. The conditions for the ob—

servations were not exactly the same; the edge was illumi—

nated with S=5.7 in the case of Charman and Watrasiewicz, 

and incoherently illuminated in the present five—observer 

experiment. In microscopy, however, an illumination of S=5.7 

yields approximate incoherence. Furthermore, the contrast 

between the bright and the dark areas in the former case was 

100% while in the other 90% contrast was used. The retinal 

illumination is another factor; it was approximately 10
4 

trolands in the Charman and Watrasiewicz experiment and only 

1100 trolands in the present case. 

The dependence of the characteristics of the 

effect on the individual observer are clearly seen in the 
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visual results obtained (see figure 3:19), The variations are 

about the same as those reported by Rowe (1966) microscopi-

cally observed by ten observers in partially coherent light 

(S=0.22),as shown in figure 3:20. 

The second derivative of the luminance distribu-

tion of the retinal image was drawn at the top of each figure 

of the mathematical model. It is obvious that there are 

partial agreements between the non-linear models and the 

second derivative curve. For example, in Mach model (figure 

3:12), the modified model of Fry (figure 3:13) and the new 

model (figure 3:17), the bright bands predicted by the models 

occur exactly at the minima of the second derivative curve 

shown on the top of the figure. But the dark bands are 

slightly shifted with respect to the maxima of the second 

derivative curve. Furthermore, in each non-linear model, a 

greater magnitude of intensity of the bright band than that 

of the dark band is obtained, 

In the linear models of Taylor (figure 3:15), 

O'Brien, and B6k6sy (figure 3:16), the positions of the bands 

differ from those of tills maxima and minima of the second 

derivative. The magnitude of the intensity of the bright band 

obtained is equal to that of the dark band, which contradicts 

the effect visually observed where the first bright band is 

always more pronounced than the dark band. Moreover, when 

the overshoots of the predicted curves are brought over 100% 
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of the relative luminance,. the undershoots acquire negative 

values, which is practically impossible. 
The structure seen by each observer as shown in 

figure 3:11 is non-linear. But, it is hard to draw any 
conclusion as to which model fits the experimental results, 
since the individual variations are great, not only in the 
band widths but also in the positions, 
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CHAPTER IV 

CALCULATIONS OF THE VISUAL IMAGES OF 

EXPERIMENTALLY PRODUCED GRADIENTS. 

4:1 General. 

In the last chapter the phenomena occurring 

with an object having a sharp transition of luminance from 

bright to dark were considered: owing to diffraction and 

aberrations in the eye, the luminance distribution in the 

image on the retina differs from that of the object in 

object space, Since the Mach phenomena can occur on an 

object with a graded luminance distribution as well, the 

mathematical models of the effect can also be studied by 

using this type of object. 

There are many methods by which edges with a 

finite imminance gvadient can be produced. For example, 

one can use a rotating disc with black and white sectors, 

as used by Mach (1865), Sherrington (1897), McDougall(1903), 

and Ludvigh (1953).  Alternatively one can use optical 

systems such as the one used by Fiorentini, Jeanne and 

Toraldo di Francia in 1955, and that used by Thomas in 

1965. 

Figure 4:la shows the sketch of the apparatus 

used by Fiorentini, Jeanne and Toraldo di Francia. Source S 
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Fig.4:10. The apparatus used by Fiorentini, 

Jeanne and Toraldo di Francia. 

HORIZONTAL DIRECTION OF 

THE FIELD. 

Fig.4:1b. Luminance di stribution obtained with 

the above apparatus. 
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is a 100 watt filament lamp. Light passes through a field 
lens(C) and uniformly illuminates the ground glass screen 

(G). H is a black diaphragm with a square aperture and is 
placed in contact with the ground glass (G:). Light is then 
reflected by a mirror (M) and falls upon a diffusing surface 

(D) which is a magnesium carbonate plate. N is a screen 
with a straight vertical edge parallel to one side of dia—

phragm G. The screen (N) will produce a shadow on the surface 

D. The light distribution on D is as shown in figure 1l:1b, 
The illuminated area was 8 cm. by 10 cm, The Mach bands were 
seen at the inflection points. Their brightnesses were 

measured by using photometric matching method. The comparison 

field was produced from the following system. A lens Al  
focusses the image of the source S on lens A2. A diaphragm 
(V) having five small holes aligned in the vertical direc—

tion is in contact with the lens Al  and the holes are imaged 

on D by lens A2. The images of these holes can be horizon—
tally displaced across D by moving. A2  along a direction 

perpendicular to its optical axis by means of a micrometer 
screw.The luminance of these five hole images can be varied 

by means of a wedge W. The observations were performed in 
a dark room. The observer (0) had been dark adapted for 

ten minutes before taking the measurements. 

Figure 4:2a shows the optical system used by 
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Thomas for projecting luminance stripes. An incandescent, 

ribbon filament is imaged (dotted line) on an aperture (A). 

Each point in the aperture A radiates equally towards every 

point in another aperture (B). A spherical lens (Ls) forms 

an image of A in plane AgB(dotted figure). A cylinderical 

lens (La) increases the power along the vertical axis and 

at the same time it focusses the aperture B in the plane 

PIP. The result is the stripe shown by the solid line. The 
luminance along any vertical line of the stripe is uniform 

from top to bottom and is proportional to the height, at 

the same vertical, of the image of aperture A formed by the 

spherical lens (Ls) alone. The variation of luminance along 

any horizontal axis is shown in figure 4:2d. The dotted 

lines in the figure show the effect of filtering when the 

wedge W in figure 4:2a is in place. Different luminance dis-

tributions can be obtained by placing different shapes of 

apertures at A. The aim of Thomas's experiments was to find 

the threshold for the Mach bands by filtering the disconti-

nuous luminance gradients until the bands disappeared. 

Therefore, the subjective brightness measurement was not 

needed. Thomas showed two ways of viewing arrangements as 

shown in figures 4:2b and 4:2c. The background illumination 

is provided by a tungsten lamp and a collimating lens. In 

figure 4:2d, B is the luminance level of the background. In 
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figure 4:2b, a rotating white disc is placed at A'B'. An 

artificial pupil of 2.8 millimetres diameter was used in 

both figures (41.2b and 4:2c). The luminance stimuli were 

calibrated with a photometer. 

For the work described in this chapter an optical 

system was constructed which produced a number of photogra. 

phic plates of various density distributions; each had a 

transmission graded between uniform bright and dark areas. 

The physical luminance distributions produced by incoherently 

illuminating the plates could be directly recorded with a 

microphotometer. Then the theoretical distrtbution curve 

from each mathematical model mentioned before could be 

evaluated. 

In preparing these plates precautions must be 

taken to avoid various effects which could occur, for exam—

ple, the border effect and the fringe effect, since these 

photographic effects might lead the observer to confuse them 

with the Mach effect. 

The edge effect, or the Mackie line, is a 

general term used for various effects which occur at the 

boundary between areas of different intensities in the 

developed image. During development, the developer in a 

heavily exposed area becomes rapidly exhausted and the rate 

of development decreases. I.n the less exposed area which is 
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adjacent to the heavily exposed one, however, the developer 

remains comparatively active. A more active developer will 

diffuse laterally across the boundary between two areas and 

make a small increase in the rate of development in the 

region just inside the boundary of the heavily exposed area. 

This narrow strip develops to a higher density. The increase 

in density at this heavily exposed area is sometimes called 

the ' border effect'. Similarly, the exhausted developer on 

the heavily exposed side diffuses across the boundary into 

the lioss exposed area and lowers the activity of the solution 

at this point. Thus, a line of lower density is to be found 

just inside the edge of the low density area, The decrease 

in density at this less exposed area is called the ' fringe 

effect'. These effects may be minimized by using fresh 

developer and providing sufficient agitation while developing, 

In working with photographic plates which were 

exposed to light through circular openings in contact with 

the plates, Eberhard noticed that they did not have uniform 

densities on the developed areas. The openings were ranged 

from 0.3 to 3.0 millimetres in diameter; he found that the 

smaller images were denser than the larger ones, as if the 

smallest had received from one and a half times to twice 

as much exposure as the largest. The effect increases with 

increasing thickness of the emulsion. This is called the 
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'Eberhard effect'. It rises to a maximum for moderate degrees 

of developementI then decreases as development is continued. 

(For details of these photographic effects see Mees 1954). 

However, these photographic effects are objective 

and with a suitable physical light detector, it is easy to 

determine whether they are actually on the plates or not. 

The plates used in the present work were Ilford 

HP3.(HP stands for Hypersensitive Panchromatic). Response 

curves obtained by plotting density against log(exposure) 

(knovin as characteristic curves or H and D curves, see the 

Ilford Manual of Photography 1958) of an Ilford HP3 plate 

are shown in figure4:3a. They indicate the effect on the 

emulsion, of every degree of exposure, from under-exposure 

to over-exposure, for development times of 4,8 and 16 minutes, 

using an ID-2 developer. The HP3 plate is a fast panchromatic 

plate, sensitive to all colours. The wedge spe,otro6ram, 

which indicates the relative sensitivity of the emulsion at 

different wavelengths through the spectrm, is shown in 

figure 4:3b. 

The plates were measured on a Hilger and Watts 

recording microphotometer (see figure 4:4). In this micro-

photometer light from a 6 Volt 8 Watt line filament lamp(M), 

passes through a cylinderical lens(L) and is reflected up-

wards by a right-angled prism(H) through a 25 millimetre 
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Fig. 4:4. Hilger and Watts microphotometer. 
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microscope objective(F) onto the plate, which is held on a 

plate-carrier (E)„ The movement of this plate-carrier is 

controlled by an electric motor. The width of the image on 

the plate is one-tenth of the width of the filament and its 

length is two millimetes. The beam then passes through the 

plate and through an upper objective (T) and forms an image 

of the plate on a symmetrical slit (0) of which the length 

and width are adjustable, The magnification of this system 

is 10. Behind the slit, a photomultiplier (N) is mounted 

and the light flux is registered with a pen recorder of 

which the full scale deflection is about 10 mV.K is a sphero-

cylindrical lens. It can be introduced into the beam as 

required; and is known as a viewing lens. 

The resolving power of the 25 millimetre objec-

tive, or the smallest distance between two points which the 

lens will render as separate images, is about 2 microns. 

This distance is defined as the radius of the first dark 

ring of the Airy disc given by the lens. Therefore, it can 

be written as, 

h 
	0.61 X 

(N.A) 

where Xis the wavelength of light used in the system, and 

(N,A) is the numerical aperture of the lens. 

Knowing the numerical aperture of the lens,which 

is 0,20 for a 25 millimetre objective (Martin and Johnson 

I 
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1958), the resolving power can then 	calculated. This is 

then found to be very much smaller than the smallest detail 

which can be resolved on the plate under the conditions of 

use to be described. 

4:2 The Production of Graded Luminance Distributions. 

The apparatus shown in figure 4:5 was set up on 
an optical bench. The light source A is an Osram sodium lamp. 

The condenser B focussed the light source A onto a wide slit 

C, Two cylinderical lenses (D and E) were used to form an 

image of the slit on a ground glass screen F which could be 

replaced by a photographic plate. The first cylinderical lens 

D produced a uniform distribution of light from the slit on 

the screen. With the aid of a low power eyepiece, the exact 

position of the screen could be obtained. The second lens 
E which was placed with its axis perpendicular to that of 

the first lens, produced on the same screen(F) a variation 
of light intensity along one direction caused by a mask M 
placed just behind the first lens. Thus, in the image plane, 

a rectangular patch of light with constant luminance distri-

bution along one direction and varying along a perpendicular 

direction would be obtained. 

The sodium lamp (A) which operates at 20 V11.3 A l  

needs a resistor in series to drop the voltage as it works 

off the 220 V mains supply. The lamp emits about 990 of its 
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visible radiation at wavelengths of 5890 and 5896°A. The 

brightness is about 7 candelas per square cm. The area of 

uniform brightness inside the lamp is 2x1 square ems. 

The focal length of the lens B is 7 cms, and 

the distance between the lamp A and the lens B is 15 ems. 

The lens focusses the image of source A onto slit C which 

is 13 ems, away Thusl an image of the area of uniform bright-

ness on plane C will be 1,74x0.87 sq.cms. This will cover 

the whole slit C of which the size is 0.4x. 0,6 sq. cm. 

The axes of the cylincical lenses used in the 

system are indicated by the lines with arrows above the 

lenses, which were plano-convex. Figure4:6 shows refaction 

by a cylindrical lens; it behaves like a plane parallel 

plate for the dimension of the object parallel to its length 

and as a convex lens for the dimension perpendicular to its 

length. Light from a luminous point B on the optical axis 

of the thin cylindzizal lens continues unchanged in diver-

gence in the axis plane after leaving the lens. In another 

plane, the light is refracted by an amount dependinq; on the 

power of the lens in that plane. In the figure, the light 

in the plane at right angles to the axis is shown conver-

ging to B'. The refraction in oblique sections is such that 

all the light from the object point on leaving the lens will 

pass through the focal plane at B'. The position of this 
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line focus can be found from the usw,..1. formula for conjugate 

foci; its direction is parallel to the cylindrical axis. 

Each metal mask M which was put after the first 

cylindrical lens D (see figure 4:5) had three straight 

sides and one side having a profile like that shown in 

figure 4e7 with a flat top and bottom. Different light dis-

tributions could be obtained by changing the shape of the 

curved side. 

The screen F was then replaced by a photographic 

plate. An exposure was taken with each mask so that the 

required luminance distributions would be obtained. The 

exposure time was 4 seconds. The development was carried out 

with ID-.11 which is a fine grain developer. The time needed 

for development was 7 minutes in a dish with continuous 

agitation at 68°F (i.e; 20 ° C). The unwanted silver halide 

was then removed by Ilford Hypam fixer which is a rapid 

fixer. The fixing time was 1 to 2 minutes. In order to avoid 

photographic effects mentioned in section 4:1, the develop-

ment was carried out as suggested by Ilford (the Ilford 

Manual of Photography, 1958). Fresh developer was used. The 

plate was lying flat in the dish, emulsion side upwards. The 

surface of the plate had to be wetted quickly and evenly, 

otherwise developing marks would result. During development, 

the dish was rocked continuously to provide agitation. The 
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rocking should not be too rapid and had to be varied at 

intervals (e.g; first to and fro, then from side to side) 

to avoid patterns of uneven density caused by regular waves. 

It was found that in order to get a smooth distr-

ibution of density, without any objective bands, care had 

to be taken over the following points : 

1). The rectangular slit C(see figure 4:5) should 

be sufficiently large (this was to avoid diffraction bands). 

2). The vertical edges of the slit C had to be 

parallel to the axis of the cylindrical lens D, otherwise 

sharp images of the edges would not be obtained. 

3). The edges of the metal mask N had to be filed 

smooth, and cleared from dust in order Lot to get any 

physical bands on the photographic plates. 

4). All angles of the rectangular patch of light 

would not be 90°  unless the axes of the two cylindrical 

lenses ( D and E) were exactly perpendicular to each other. 

Figure 4:8 shows the negative photograph of the 

patch of light on one of the plates produced by this process. 

The size of the photograph is the same as in the original. 

The developed photographic plates were then 

scanned with Hilger and Watts recording microphotometer. 

The recorder of the microphotometer was adjusted to maximum 

deflection when the image of the light source was focussed 



169. 

F4 E. LI.:3 A luminance gradient experimentally produced 

on a photographic plate. 

on the uniform bright area of the photogiTpllic plate, and 

to give zero deflection when there was no light on the photo—

cell. In this way;  relative transmissions were directly 

recorded, 

The transmission distributions of two sets of 

plates, prepared as described above, are shown in figures 

4:9 and 4:10. In the first set (A), figure 4:9, a variety 

of luminance gradients was obtained while the higher and 

lower luminance levels remained constant. In the second 

set(B), figure 4:10, the lower luminance was altered to 

give various luminance contrasts between the bright and the 

dark regions while the higher level remained constant. These 
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ten plates were used as the objects for the observations to 

be considered in the next chapter. 

4:3 The Retinal Image Distribution and Its Derivatives. 

One way of obtaining the distribution of the 

image of an incoherently illuminated object is to take the 

convolution cf the intensity distribution in the object 

with the spread function of the optical system forming that 

image. When the eye is considered as the optical system, the 

spread function of the eye has also to be determined. 

Westheimer and Campbell(1962) and Krauskopf 

(1962), have independently obtained estimates of the spread 

function of a bright vertical thin line-object on a uniform 

background for an eye in best focus, with various pupil 

diameters. An image of a line was formed on the retina and 

then the light was reflected out of the eye along the path 

by which it entered, forming an image outside the eye. The 

light distribution of this aerial image was measured by 

photoelectric scanning, In this way the spread function was 

obtained for a series of pupil diameters. The results obtai-

ned by Krauskopf are shown in figure 4:11, where the distri-

butions of the retinal images with eye pupil diameters 3, 

4,5,6,7, and 8 millimetres are shown. With the same tech-

niques, Campbell and Gubisch (1966) measured the line spread 

functions of the eye at eight pupil sizes (see figure 4:12). 
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Fig.4:I I. Reconstructed retinal images of bright 

vertical line target (1.6 second wide) for 

various pupil diameters (Krauskopf 1962). 
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They obtained broadly similar results to those shown by 
Krauskopf but the spread of the light distributions are 

narrower than Krauskopfls. In each case the same assumptions 

were made in order to obtain the retinal image from the 
luminance distribution of the aerial imice traced by photo—

electric scanning. The basic assumption in the treatment 
was that the optics of the eye form a reversible optical 
system, Since the aerial image was formed from a double 

passage, the response for a single passage was computed for 
each spatial frequency by taking the square root of the 
response for the double passage. The luminance distribution 
of the retinal image was then deduced by multiplying the 

Fourier transform of the object by the appropriate responses 

and computing the inverse transform, 

In the previous chapter it was noted that the 

intensity in the image of an incoherently illuminated edge 

is given by 

1(z) = 

 

H1(2z) ,dz. 	(4:1) 
(2z)2  

 

Hence, the intensity of a line image, i,e; a line spread 

function can be written as, 

W(z) 	
H1(2z) 

V 	(2z )4  

H1(2z) = 	(4:2) 

z2 
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The value of W(z) can also be determined from (as shown in 

the last chapter), 

4 2z (2z)3 	(2z)5  

7i 42.3 12.33.5 1W?.5.7 ' 

which will give, 

   

1 
..(4:3) W(z) = 	2 

2 
1 	(2z)2 	(2z 11.  

12.3 	123.2  5 	1.2  32527  

 

 

    

Therefore, at the origin where z =0, 

W(z) = 8/3;12  . 	(4:4) 

Figure 4:13 shows the line spread function calculated from 

equation 4:24  There are no completely dark minima separating 

the maxima of intensity as in the point spread function. 

If we look closely at figure 4:11 and figure 

4:127  some minute inflections on the sides of the distri-

bution curves will be seen. When the size of the eye pupil 

is decreased, the inflections become =re pronounced. For 

a 3.0 mm. diameter eye pupil, the first dark ring appears 

at about 5 minutes of arc from the centre in figure 4:11 

and at about 1.5 minutes of arc in figure 4:12. These corr-

espond to distances 0.032 and 0.010 mm. respectively on the 

retina. Campbell and Gubisch claimed that there were many 

improvements in accuracy in their measurements so that 

narrower responses were obtained (figure 4:12). From figure 

1(z) 
2 

1,40.111.1 



Fig. 4:13. 	A line spread function calculated 

from equation 4:2 • 
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4:13, the line spread function is obtained theoretically; 

the first dark ring appears at about 3.7 Z-units which is 
equivalent to a distance 0.004 mm. on the retina. In the 

experimental results, however, one would expect a broader 

spread of the light distribution due to scattered light 

entering the eye and the aberrations of the eye while in 

the theoretical work perfect imagery is assumed. 

The intensity distributions obtained from the 

microphotometer traces in the last section are the object 

luminance distributions, The distribution in the image spacel  

when the object is incoherently illuminated, can be deter-

mined by the convolution of the line spread function of the 

system with the luminance distribution of the object 2that 

is 	 +CO 

E(zt) = IrF(z).W(zz-z).dz 	tio*W4 ****** (4:5) 

where E(z1 ) is the luminance distribution of the image,_ 

F(z) is that of the object, z and zi are spatial coordinates 

of object and image spaces, and W(z) denotes the line 

spread function. 

Since the experimental line spread function is 

not yet known with confidence, we decided to use the theo-

retical line spread function in the calculations. The con-

volution integration was carried out numerically for the 
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luminance gradient plate IA which was the one with the 

steepest gradient among the produced plates;taking the eye 

pupil of 3 mm. in diameter and. the distance between the 

plate and the observer 5420 mms. The dimension of the exp-

osed area on the plate was 25x 50 square mms.(the luminance 

varied along the side of 50 mm. length). The distance along 

the x-axis of the line spread function(figure 4:12) was 

converted from Z-units into mm.-units (one Z-unit = 0.34 mm. 

in object space). The result of the convolution of the 

luminance distribution of plate 1A with the line spread 

function is shown in figure 4:14.The image distribution 

curve (dotted line) does not differ much from the object 

one (full line). The second derivative curve of the lumina-

nce distribution of the object gives the stationary values 

neatly in the same places as those given by the intensity 

distribution of the image. When the slope of the luminance 

gradient is loss steep, as shown by the full line in figure 

4:15, the blurring of the image obtained by the convolution 

of the luminance distribution of the object with the line 

spread function will be much less, as shown by the dotted 

line in the same figure. In this case, the difference 

between the luminance distribution of the object and that 

of the image is insignificant. A considerably blurred image 

is yielded only when the line snread function is applied to 

a luminance distribution with a fairly abrupt step. 
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•tained from the convolu tion of the object 

luminance dis-tribution with the line spread func-

tion, and their corresponding second derivatives. 



1.0 

0.9 

08 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0 

- _ 

e 
/ 

/ 

/ / 

( 

R
E
L

A
T
IV
E
 LU

M
IN

A
N

C
E
,  

/ 
/ 

/ 
/ 

/ 

/ 

/ 

/ 
/ 

/ 
/ 

/ 
/ 

I 
I 

.., 

.... ..., 

/ 
/' 

Z— UNITS, 
10 20 30 40 50 60 70 

Fig. 4:15 .The object luminance distribution Cf ull line) and 
the 	retinal luminance distribution C dotted line), 
obtained from the convolution of the object 

luminance distribution with the line spread 

unction 

181. 



182. 

Since plate IA had the steepest gradient in this 
work but gave rise to very little blurring, the blurrings 
produced by all the other ple:,:es were expected to be neg-

ligible. Therefore, the distributions of the objects themselves 
were considered as the distributions of the retinal images 
in doing the calculations on the various models. 

Let us now consider how a second derivative of 

any curve, when its equation is not known, can be obtained 

(see Hartree 1952). 

If the values of a function f(x) at various 

points along the x-axis are tabulated and Sx is a small 

interval along x-axis, as shown in figure 4:16, then, at 

any point 

f(x+ x) = f(x) + 	x)-Cl-f(x) LLO2cf(x) 
	

(6x)3  a3  f(x) 

dx 	2! dx2 
	

3! cbc3  

+ 	 

If D is the differential operator, D a d/dx, Taylor's 

expansion can be written as, 

f ez)  ; CL:)Df(x) 	(x)2D2f(x) 	( iSx)3D3f(x)  

1! 	 2! 	 3! 
+ ......... 

= exp(( 	)D).f(x) = E.f(x), 	(4:6) 

where E = exp( ( x)D). 
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Fig. 4:16. The determination of the derivatives of 

any function where its equation is 

not known. 
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A difference can be expressed in terms of the 

function values, that is, 

f(x) = f(x+ 1/2) 	f(x - 1/2), 

1 = E/2  f(x) E1/2f(x), 

or, 	Ls = E1/2 - E-1/2,  

 

(4:7) 

 

exP((6 	--2— x)D) exp(- (&x)D), 
2 	2 

x)p). 	(4:8) 
2 

Suppose )A is RTI  averaging operator, we can write, 

/tA f(x)- 1 f(x+1/2) + f(x -1/2) ), 
2 

= 	E1/2f(x) + E.-1/2f(x) )t  
2 

or, 	( E1/2  + E 
	(4-9) 

2 

= 	 1  (eXP( 1  (U x)D) 
2 	2 

+ exp( 	x)D) 
2 

Cosh(-14(Sx)D ). 	(4:10) 
2 

From equations 4:7 and 4:9 we obtain, 

2= 1 + 	0 < 2 . 	••e m e•C. e 0! (4 :11 ) 
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And from equation 4:8 we can write, 

. 

	

nh 	x) 1.) - 	- 	. 	. 	 (4:12) 
8 2 

Taking the nth power of both sides, 

n 
Un 	Sinh-1(-0)1.  s 

j 

 

(4:13) 

 

Since Sinh
.1 

 z/z is an even function of z, this expresses 

Un 	(t x)n. D  n in even powers of S if n is even, and in 

odd powers of c if n is odd. The available central differ-

ences 0 fo  of even-order have integral values of j where-

as those of odd-order have (integer +1) values of j. Hence 

eauation 4:13 can be used to obtain expressions for even-

order derivatives at tabular values, or odd-order derivatives 

half-way between tabular values. 

The useful formula for odd-order derivatives 

at tabular values can be determined from 

Un  = I 1 j  sinh-1(- 6 )  	(4:14) 
I_ 

Bickley (1948) has given the expansion for 

(U/E ) n  as follows:- 

(Tv  6 )n =1....  nS 2+  5n2  + 22n  . 4_ 35 n3  + 462  n2+1528 n 
24 	5760 	2903040 

c 6 .0 
+ 
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175 n4+ 4620 n3+ 407242+119856 n 8 8 
1393,459,200 

Therefore, for n=2, it gives, 

oc 8 x)/P 	(4:15) 

 

e".  

 

4 	6 1  .1_ S2+  1 	1 • s- 
12 	90 	560 

 

ow )2  = 

  

1 + 	x)8  

      

or, 
df 

(6x)2  
dx 

. 4f  ....L.S6f 	S 
12 ° 90 ° 560 - 

+ 0((5x)10. 	(4:16) 

 

    

When n=4 
2 

(U/8)4=11 	—2—. S4  + 0(8 x)6  
6 	240 

or, ((Sx)4  d---q  = a 
1...,s4 	

- 
A 861.  + 	+ 0( sx)19  

- 
dx 	° 6 ° 240 ° 

. ... ... "(4:17) 

For n= 1, we obtain , 

(U/6) = 1 - 1 ,2  + 	811- 	5  - .66 +  35   S8  
24 	680 	7168 	294.912 

+ 0(tSx)10. 

But the first order derivative at the tabular values can 

be obtained from U//t.A, as has been mentioned before. There- 
fore, 

1 62+ 	
35  .b8 \,.1. c)(, x)101 

24 	680 	7168 	294912 

82 1
-1

.
/2 

+ -2; 



▪ '"1-4 S9fA 
630 	2 

fl *'" 1. •1 

+ 0 ( S x )11 

5- ( 2fi 	) 

+ 9f 1)1  

187. 
1:1 	5  .1.  35 : 

+o  (5 x)lsrd 
24 	680 	7168 	294912 	.1 

8 	128 

[ = 	1 

'On,  1  . ,,f + 1  4 1).1" M 	 1  4 .46 6+ 1  e g + 0C 101°, 
6 	30 	140 	630 

Or, 1 	• 63f + -1-/kA 5fo cbc 6 o 	30 

p. f 
630 O 

+ 0( S x)11  

   

( 	+&f.4) 16:( 	(S 3f ) 
Ow. 

2• 4 8.5f + 	1) —L.( 67f -1-67f ) 
30 	1 	---2" 	140 	2  

i_ 

 

140 

= 3  

1• 	( , 4 4„. 	) 	1 
(4

6 6,. 	C 6 ) 
30 140 	.1 

+ 1 
630k V 

8f1 8f-1)  + 0(x)10  ...(4:18) 

It is sometimes convenient to have differences 

expressed in terms of the function values from which they 
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are derived, 

c2 fn =fn+1 - 2fn  + fn-1 

fn = fn+2 - 4fn+1 + 6fn 4fla  + fn-2 

6 0 fn = fn+3 - 6fn+2 + 15fn_vi  20fn +15fn-1 6fn-2 ÷c).-3 

8 fn  = fn+4 8fn+3 28fn+2 - 56fn+1 + 70fn  - 56f n-1 

+ 28fn-2 - 8f 	+ n-3  fns 

From equations 4:16, 4:13, and 4:14, by substituting the 

above values of differences, using formulae for the first, 

second, and 4th derivatives are obtained, as given below:- 

ft 
Ox 
	0.038f..3  + 0.200f..2 	0,800f_1  

+ 0.800f1 	0.200f2  + 0.038f3  0.0035f4).(4:19) 

fo 

	

	7 	0.150f..2  + 1.500f...1  - 2.722f0  

(6)02  

+ 1.500f1 	0.150f2  + 0.011f3). 	(4.20*: 

fIV 	1 	0.400f..3  + 2.817f..2  --8.133f...1  
(8x)4  

+ 11.375f0  8.133f1  + 2.817f2  0.400f3  

+ 0.029f4). 	(4:21) 

The derivatives can thus be obtained directly from a tabu- 

lotion of the ordinates of the curve. 
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But it is advisable that for better results in 

obtaining the higher-order derivatives of a curve, the cal-

culation should be carried out step by step. For example, 

if a second derivative is wanted, the first derivative is 

first determined; its values then are smoothed. Once again, 

the formula for the first derivative is applied to the 

smoothelUinatiues. This will give better approximated values 

of second derivatives than can be obtained directly from 

the equation for the second derivative (equation 4:20). 

4:4 Theoretical Subjective Luminance Distributions.  

In order to be able to predict the luminance 

distribution seen on each photographic plate, various math-

emati.cal models were applied to the physical luminance dis-

tribution on the plate, as recorded by the microphotometer. 

With the same computer programmes used in chapter III (see 

also Appendix B) the predicted luminance distributions were 

calculated. The results are shown in figures 4:17 to 4:26. 

The second derivative of the luminance distribution of the 

object with respect to distance, as calculated from the 

method mentioned in the last section, using the National 

Elliot 803A computer, is also shown on each figure. 

The model of Hartline and Ratliff (eqn. 2:16) 

is an interesting one in that it is response-dependent and 

does not give a dark band on the distribution due to an 
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image of an abrupt edge on the retina (see figure 3:14) 

even though many differant values of the parameters were 

employed. However, with the luminance distribution on these 

plates, a dark band was obtained when the slope of the lumi-

nance gradient was sufficiently steep. On plate 4A, the 

dark band predicted b7 this model is very small and it 

disappeared completely in plate 5A where the slope becomes 

shallower. The proposed new model with the normalized func-

tion (eqn. 2:31) is another model which fails to show dark 

band when it is applied to the luminance distribution of 

the image of a sharp transition edge (see figure 3:18). It 

seems to give some evidence of the dark bands when employed 

with the luminance distributions on the plates depicted in 

figures 4:17 to 4:26. The reasons for obtaining the dark 

bands from these two models on these luminance distributions 

possibly are that, 1) the lower luminance levels of the 

plates were higher than that belonging to the edge image, 

and, 2) the fictions on their luminance distribution curves 

had smaller radii of curvature than those of the image of 

a sharp edge. 

From figures4:17 to 4:26, as far as the non-linear 

models are concerned, the following conclusions can be made:-

1) The luminance distribution with a steep gradient (plates 

1A, 4B and 5B) gives the maximum and the minimum of the 

second derivatives at the same positions as the predicted 
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2) :£lhe bright bancls given by r20st of the models on the lumi-

nance dist7'ibution iflith a shallovJer gradient occur app:r'C'xi-

mately at the minimum of the second derivative of the object 

lU-l:1inance distribut:i.oll. 'j b1.r~ the dark banets are slightJ.:, d.is-

placecl into the o.a:r'lc area 1~;:Lth respect to th8 maximu.m of 

the second d9rivativ9. 

3) Most of the models predict the occurrence of the bru1ds 

at about the same pos~_tions. 

l~) Tn~ luminance distributions p::-edi0ted by the !nodel of 

Hartline and Ratliff 8l1.d r-1ach' s model give very narrovi f-1ach 

bands vThen compared to. the others. 

5) From the firstset of the plates(figs.4:17 to 4':21),the brigh 

-ness of the predicted band becomes smaller when the radius 

of curvature of the flexion on the luminance distribution 

incree.ses. No dark band has been predicted on plate 5A. 

6) The seconu set of the plates (figures 4:22 to L~:26), of 

which the oont~ast has beGn decreased by increasing the 

lo\ver luminance level of the pattern, Sh01.'18 a small increase 

in the amplitude o~ the dark band when the contrast decreases 

from 749b to 645~ '; when the contrast decreases from L!·69~~ to 

36>.; the amplitude of the dark benet tends to be constant. 

The linear models all predict different posi­

tions and widths for the l"lach bancls, and. these a.re e130 

different from those given by the non-linear models. 
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CHAPTER V  

AN EXPERIMENTAL STUDY OF GRADED LUMINANCE PROFILES. 

5:1 Introduction.  

Using the photographic plates with known density 

distributions, prepared as described in chapter IV, the 

characteristics of the bands ocCurring on graded luminance 

objects can be observed. The purpose of the work described 

in this chapter was to observe the effect on the Mach bands 

when varying, 1) the luminance gradient, 2) the luminance 

level, 3)the contrast, and, 4) the size of the illuminated 

area on the retina. The influences of some of these factors 

on the Hach phenomena have been discussed by other workers 

in different connections, but the numerical data are not 

accurate and detailed enough for the present purpose, i.e; 

studying mathematical models of the Mach effect. The visibi—

lity of the Mach bands was studied by Ercoles and Fiorentini 

(1959) as a function of luminance; only the luminance thres—

holds for dark and bright bands were measured. McCollough 

(1955) measured the width of the bright band as a function 

of the luminance of the observed field, but the brightness 

of the band was not included. The experimental results 

showed by Lowry and De Palma (1961) were quite extensive, 

but some details, such as the diameter of the eye pupil and 

the distance between the object and the observer,were not 
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given. The effects of luminance level and contrast on the 

Mach effect were also studied by Ronchi, Bittini and Adachi 

(1963)i The luminance and the contrast thresholds of the 

sharpness of the contour border were measured. The border 

between two different zones of luminances was said to be 

sharp when two thin Mach bands were seen to delimit the 

graded zone. 

In the present experiments the physical luminance 

distributions in the objects were obtained from microphoto-

meter traces to determine transmissions and S.E.I. photome-

ter readings to determine the absolute luminance levels. 

Together with the geometrical conditions of measurement, 

this makes it possible to calculate the illumination distri-

bution on the retina. The observed visual distribution then 

can be compared with the calculated physical one. 

The apparatus for observing the effect on photo-

graphic plates must be arranged such that the luminance on 

the photographic plate and the angle subtended by the plate 

on the eye can be easily varied. Visual photometric match-

ing is needed for measuring the brightness of a band. The 

system which was used to produce the comparison slit as 

described in chapter III was found to be usable with modifi-

cations for the present work. A telescope of unit magnifica-

tion was used in the viewing system. The angular magnifica-

tion M of a telescope may be defined as, 
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m AlLiziapalnifaded by the image as seen throujh the instrument 
Angle subtended by the object as seen by unaided eye 

Therefore, when a telescope of unit magnification is used to 

view an object of dimension 	at a distance D from the obser- 

ver, the object subtends an angle of sin-1(A/D) (where 11 

and D are in the same units), or 1/D radians when the angle 

is small. That is the zize of the retinal image is 

If 

where n' is the refractive index of the aqueous and f is the 

front focal length of the eye. When the same object is viewed 

from various distances, the size of the retinal image will 

change, i.e ; the number of receptor units involved in the 

mechanism of perception is changed. 

The entrance pupil of a telescope is determined 

by the aperture of the telescope. Knowing that the exit pupil 

is the image of the objective formed by the eyepiece, the 

size and the plane of the exit pupil can be evaluated. For 

a unit magnification telescope, the exit Pupil will be found 

outside the telescope at some distance away from the principal 

plane of the eyepiece.This distance equals the distance bet-

ween the objective (i.e: entrance pupil plane) and the prin-

cipal plane of the eyepiece. The diameter of the exit pupil 

will then equal that of the entrance pupil. 
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5:2 The Apparatus. 

Figures 5:la and b show the arrangement which 

was set up for measuring the widths, positions and bright-

nesses of the bands seen on incoherently illuminated gradient 

edges. The photographic plate M which served as the object 

was incoherently illuminated with an illuminating system 

from behind. Light,which passed through the plate M, an 

objective lens N and a glass block unit 0, formed an image 

coplanar with a pointer at P, which was used for taking 

measurements. The lower half of the field of view in that 

plane was covered with black paper, in the centre of which 

a narrow vertical strip of white paper was fixed. Looking 

through an eyepiece Q an image was seen of the same size 

as the object. 

The viewing system was in fact a telescope of 

unit magnification built up from 3 thin lenses, one for the 

objective(N) and two for the eyepiece(Q). The diameter of 

each lens was 3.4 ems. The magnification of a telescope 

may be defined as, 

focal length of objective (f0G) 
focal length of eyepiece (fE2) 

The power of the objective lens in the present work was +5 

dioptres (or 20 ems. focal length). In order to get a unit 

magnification telescope, the focal length of the eyepiece 
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had also to be 20 cms. The eyepiece was built up from two 

thin lenses, each of power +3 dioptres. The formulae for 

two thin lenses separated by a distance d (see figure 5:2) 

are as follows:- 

f1 x f2  The equivalent focal length, fE  
f1 f2 - d 

f
2(f1 	d) 

The back focal length,fB  = 	(5:2) 
f2 + f1 d 

where f1  and f2  are the focal lengths of the lenses. From 

equation 5:1, in order to obtain an equivalent lens of power 

+5 dioptres from two thin lenses of powers +3 dioptres each, 

the separation 69.) between the two lenses must be 11.1 cms. 

And from equation 5:2, the distance fB  will be 13.3 cms. 

Therefore, a telescope was built as shown in figure 5:3. The 

magnification of the telescope was checked by a direct 

observation method, i.e ;one eye looked through the tele-

scope and at the same time the other eye looked directly onto 

a scale which was about 10 yards away, the sizes were then 

compared, and found to be equal. Thus, the magnification of 

the telescope was unity. 

The block unit(0) which was placed between the 

objective and the first image plane of the telescope (see 

figure 5:1) was used for shifting the image across a hori-

zontal plane perpendicular to the line of sight so that the 
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widths and positions of the bands could be measured and the 
photometric matchings could be easily done. The rotating of 
the block was controlled through a lever by a micrometer 

head. Good linearity of the image displacement with respect 

to the rotation of the micrometer was desirable. The two 

faces of the block which were perpendicular to the optical 

axis were required to be adequately flat and parallel arid 
the material of the block was to be homogeneous. These 

factors are important because they can cause errors in the 

displacement of the image. This block unit was the one 

used by Charman in 1961. He had tested the homogeneity of 

the glass and the optical flatness of the faces with a 
Twyman and Green interferometer and the parallelism of the 

faces was verified with an autocollimator.It was found that 

the opposite faces were parallel to within 0.2 second of 

arc and the optical thickness of the block was constant to 

within )V4 over the full area of the faces. Thus, the 

aberrations introduced by the insertation of the micrometer 
block unit into the system was within the Rayleigh toler-

ance , i.e ; the aberrated wavefront after passing through 

the objective and the block unit departed by much less than 

X/4 from a reference sphere centred at the Gaussian image 

point. 

Figure 5:4 shows the calibration of the displa-

cement in the final image plane with respect to the rotation 
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of the block unit. The measurements were made when the 

image was 5.22 metres away from the observer. A linear in-

crease was obtained within a certain range (about 0 to 3 

units on the micrometer scale). All the measurements in this 

chapter, therefore,were carried out using this range of the 

micrometer scale. 

In the illuminating system of figure 5:1 a 

high pressure mercury lamp (I) was used as a light source. 

A condenser (J) focussed light on an aperture K of which 

the diameter was about 4 millimetres. Light passing through 

the aperture K filled the whole aperture of a field lens L 

which was 34 ems. away. The photographic plate was put 

after lens L. 

We now examine the question of the extent to 

which the illumination of the plate can be assumed to be 

incoherent. In the first chapter it was noted that the 

mode of illumination is governed by the ratio S of the 

numerical aperture of the condenser to that of the objective-

Incoherent, partially coherent, and coherent illumination 

is obtained when the value of this ratio is respectively 

infinity(nominally), finite tand zero. This method of speci-

fying the coherence of the illumination is useful in systems 

where the object is placed between a condenser and an ob-

jective, as in tho microkiope. Fcce the cyst,-em & figure 5:1 
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the effective numerical aperture of the condenser is equal 

to the radius of the aperture K divided by the focal length 

of the field lens (condenser) L, which is 2/340 	0.006. 

The numerical aperture of the objective is equal to the 

radius of the objective N (17 mms.) divided by the distance 

to the object (5220 mms.), i.e ; about 0.003.Thus the ratio 

S is approximately 2 and this can be taken as near enough 

incoherent illumination. It is assumed here that the aperture 

K is incoherently illuminated, which is near enough true 

for the large condenser used. 

The system on the left of figure 5:1, by means 

of which the comparison slit was produced for making the 

visual photometric matching, was the same as that used in 

chapter III, but the reflecting surface in the preuent 

system was fixed; it produced an image on a strip of white 

paper which was placed vertically at the centre of the black 

paper in the first image plane of the system on the right. 

Each region of the image of which the brightness was measured 

was brought in line with this white strip, for the greatest 

accuracy in brightness matching. 

5:3 Measurements  and Results. 

Each photographic plate was observed with an 

unrestricted eye pupil, i.e ;without an artificial pupil. 
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Since the aperture of the objective of the telescope was 
3.4 ems., the exit pupil of the system was then big enough 

to cover the whole area of the pupil. The luminance of the 
bright area of the plate was again measured with the S.E.I. 

photometer. The size of the eye pupil could be obtained from 

the table of pupil diameters at various luminances tabulated 

by LeGrand in 1957, and it could also be measured with the 

aid of a semi-reflecting surface and a scale as shown in 

figure 5:5. While light from the system under examination 
is shining upon the eye, and while the observer is looking 

through the semi-reflecting surface R, the image of the eye 

is seen on the scale S; thus the size of the eye pupil can 

be read off. In the present work, the measurement of the eye 

pupil size was done by the above-mentioned method. The eye 

pupil was found to be 3.0 mms. in diameter. It has been 
noticed that, in this method, the pupil of a brown eye 

is more difficult to measure than that of a blue eye. The 

size of the eye pupil was then checked by Le Grand's table. 
The luminance of the light from the system measured by the 

photometer was 343 	; according to the table a pupil 

diameter of about 2.8 mms. would be obtained. 

The widths and positions of the bands seen on 
the plates were measured and the brightnesses were visually 

matched with those of the comparison slit. Each distribution 

pattern was obtained from the results of 10 sets of 
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measurements. Measurements for the widths and positions of 

the bands were made starting from the outer end of the dark 

region, and, moving across towards the dark band, and so on, 

until the far border of the bright band in the bright region 

was reached. The results were as follows:- 

1). Luminance gradient. The first set(A) of five plates 

of which luminances were shown on figure 4:9 were observed 

from a constant distance. The distance from the final image 

plate to the eye was 5.22 metres. The luminance on the uni-

form brl.ght region of each plate measured with the S.E.I. 

photometer was 343 candelas per square metre. With the eye 

puT)il of 340 millimetres, which corresponded to this lumi-

nance level, the retinal illumination would be about 2425 

trolands. The Mach bands seen on each plate were measured. 

The results are shown in figures 5:6 to 5:10 where the second 

derivative curves and three of the predicted luminance dis-

tributions are also drawn so that the comparisons can be 

easily made. These three predicted luminance distributions 

were obtained from the last chapter where various models 

were applied to luminance distributions of produced gradients 

on ten photographic plates. It was also mentioned in the 

same chapter that with an eye pupil of 3.0 mms, and a dis-

tance between the observer and the plate of 5.l- metres, the 

retinal image which was obtainea by the convolution of the 
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object luminance distribution with the line spread function 

was not much different from the luminance distribution of 

the object itself. Therefore, instead of using the retinal 

luminance distribution in the calculation for the predicted 

one, the luminance distribution of the object was used. 

The results from the observations showed that the 

bands were hardly visible for the plate with the slowest 

varying luminance (figure 5:10). A grey strip, lighter than 

the uniform dark area and darker than the uniform bright 

area could be seen between the dark and bright bands when 

the luminance gradient occupied a space greater than 6 mi-

nutes of arc, as in plates 4A and 5A. 

2), Luminance contrast. Using the same conditions under 

which the set A of plates were observed, the second set B 

of five plates was examined, The plates of this set had 

various contrasts, the upper luminance level on them being 

constant (see fig. 4:10). The results are shown in figures 

5:11 to 5:15. The strength of the dark band seems to increase 

slightly when the contrast decreases from 74% to 36% A grey 

strip could be seen on plate IB where the width of the lumi  

nance gradient was about 8 minutes of arc. 

It should be noted that the contrast C is defined 

as, 	
C Imp'  Imp' " 

max + 'min • 

Imi, 

. 
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3) Luminance level. Plates 1A and lB were observed 

under the luminance levels of 17442  715, 343 and 220 cd./m2 

(the luminances were measured on the uniform bright fields 

of the plates). Various levels of illumination on the plates 

were obtained by means of inserting neutral density filters 

into the illuminating system. An artificial eye pupil of 

2.4 mm41.was used since the diameter of the eye pupil comes-

ponds to 1744 cd./m2is about 2.4 mma.(from Le Grand's table), 

and will be bigger when the luminance is decreased. The 

retinal illuminations were then, 7983, 4526, 1552 and 996 

trolancl :?aspectively. The distance between the image and 

the observer for each plate was 520 ens. as in the former 

measurements. 

From figures 5:16 and 5:17, it is clearly seen 

that the change in the strength of the bright band with 

respect to the luminance level is more marked than in the 

case of the dark band. There are also small shifts of the 

bands towards the dark side when the luminance level is 

increased. Furthermore, when the luminance was made less 

than 100 cd/m21  it was found that the bands became very 

faint, and finally they disappeared completely with further 

decrease of luminance. 

4) Viewing distance. The distance between the image 

and the observer was now altered. The largest distance which. 
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could be accommodated in the laboratory was 5.22 metres. 

Plates IA and IB were observed with the telescope of unit 

magnification at distance 5.22, 4.22 and 3.22 metres away 

from the objective. During measurements, the retinal illum-

ination remained constant. The results are shown in figures 

5:18 and 5:19. There are no significant differences in the 

sizes and brightnesses of the bands seen at each distance. 

5:4 Discussion. 

For clarity, only the second derivative curve 

and three of the predicted luminance distributions (two of 

them are from non-linear models and one from one of the 

linear models) obtained from chapter IV were drawn with 
each measurement of the visual luminance distribution. The 

results clearly show that the second derivative theory of 

Mach band pereption js not sufficient to predict the -oosi-

tions of the bands since it gives only approximate positions. 

The position of the bright band is in good agreement with 

the position of the minimum of the second derivative of 

luminance with respect to the distance along the retina. 

However, the dark band does not occur at the maximum of the 

second derivative unless the luminance gradient is suffi-

ciently steep. 

The two non-linear models (the modified model 

of Fry and that represented by equation 2:30) chosen in 
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each diagram give approximately the same positions of the 

bands as those from observation. If we look at the calcuao-

ted results in the last chapter (see figures4:16 to 4:25) 

we will see that all the non-linear models predict the sar 

positions of the Mach bands. Therefore, it can be said that 

any one of the non-linear models is good for prediction 

purposes. 

The O'Brien model (a linear model) which is also 

given in each of figures 5:6 to 5:15 shows less agreement 

with the measurement than do the others. 

However, from figures 4:16 to 4:25 we can see 

that all the models predict different widths of the bands. 

The brightnesses of the predicted bands can be brought close 

to those of the visual bands by adjusting the parameters in 

the equation concerned; but nothing can be done to increase 

the widths of the predicted bands. The visual Mach bands are 

always broader than the ones predicted. Clearly the models 

tested are all inadequate in this respect. 
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CHAPTER VI  

DISCUSSION AND CONCLUSION. 

The investigations described in this thesis 

have drawn the author's attention to a number of unsolved 

questions, some of which have indeed hardly been asked as 

yet. Two of these are concerned with, respectively, the 

nature of the subjective luminance scale and the method of 

convolving the physical image formation of the eye with a 

proposed mathematical model of the Mach effect. 

As regards the first of these questions, it is 

usual to plot retinal illumination linearly as ordinate and 

to assume that this represents a suitable physical magnitude 

on which to base the theory; however, one could make a good 

case for taking a logarithmic scale of illumination, since 

most sensations, including vision, seem to be logarithmic 

over an extended range. This was tried out during the present 

research (sae sect2:0but the results were inconclusive. A 

related question is that of the zero of the ordinate scale 

in graphs illustrating the Nach effect; in some of the 

models it is necessary to have a non-zero luminance level 

on the darker side of all edge in order to give sensible 

results and it is conceivable that one could obtain from 

a model a level in the dark bands lower than this dark 
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side level; it may be asked what is the significance of 

such a result and whether it could happen in practice. To 

settle the latter question a simple experiment was set up 

in a dark room as in figure 6:1. 

Black bellows were used to prevent scattered 

light from reaching the eye. Half of an aperture A at one 

end of the bellows was covered with a razor blade which was 

illuminated with a bulb S through a ground glass plate G. 

The bulb S was placed in an enclosure so that no light could 

escape into the room. After being dark adapted for half an 

hour, the observer looked at the edge of the incoherently 

illuminated blade through a metal hole B which was at the 

other end of the bellows. This hole was about 0.5 mm in 

diameter and had been honed clean with a needle. A dark 

adapted-eye will give a much greater response to a given 

stimulus than a light adapted-eye, that is, with a dark 

adapted-eye a much smaller amount of light can be detected. 

The multiple Mach bands showed up very well under 

these conditions of observation. No measurement was needed; 

the aim was merely to observe if the dark band seen through 

the system appeared darker than the dark area present be-

hind the blade. A few subjects were asked to observe the 

phenomenon occurring on the knife edge; they all agreed 

that the intensity of the dark band in the dark area was 
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Fig. 6:1. Apparatus used in observing Mach bands . 
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about the same as that of the surroundings. A fine bright 
line separated it from the rest of the dark area. This 

enables us to consider it clearly as a 'dark band'. The 

bright band in the bright region was, of course, brighter 

than the bright area itself. 

Hartline and Ratliff, in their model formula-

tion, pointed out that the output frequency in the response 

of the eye cannot be negative since a negative frequency has 

no meaning; however, this seems a very forced approach to 

the question of negative intensities. 

The second major question mentioned above, that 

of the convolution of the physical response of the eye with 

a Mach effect model, involves the question, what is to be 

taken as the actual retinal illumination distribution?There 

are two cases to consider; in the first case the effective 

pupil is very small (<<, mm.) as in the studies in chapter 

III and in ordinary microscopy, and in this case it might 

seem reasonable to treat the eye as a diffraction limited 

optical system, as was done in this thesis. The second case  

involves pupils of 2-3 mins., as in ordinary vision and in 

the experiments of chapter IV; here there are a few exper-

imental measurements of the spread funetion of the 

eye as an optical system ; the results of the different 

authors quoted are not in agreement and also they 

do not agree with what one would expect in the diffraction 
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limited case. Unfortunately it is not known whether the wider 

spread is due to aberrations or scatter or both and it is also 

not known how much of the inconsistencies are genuinely errors 

on one or other side and how much is due to variations between 

individuals. Thus the whole question of the performance of 

the eye as an optical instrument,i.e; leaving aside psycho-

physical aspects,needs more study. 

Returning now to the work of this thesis, some 

calculations using the modified model of FrY(eqn. 2:29) men-

tioned in chapter II were carried out in order to show theo- 

retically the influences of luminance gradient and contrast 

on the model. 

The results of these calculations are shown in 

figures 6:2 and 6:3. Figure 6:2 shows the obvious changes of 

brightness of the bands when the luminance gradient between 

two constant and uniform luminance levels is changed. These 

curves show clearly that the bands increase in their inten-

sities as the slope of the gradient becomes steeper. Also 

they make their appearances at the points where the changes 

in the gradients of the slope take place. Finally, when the 

transition between two luminance levels becomes abrupt, the 

bands, still visible, become narrower but in fact more dis-

tinct. This agrees with the experimental work reported in 

chapter III where Mach bands were reported to have been seen 

at an abrupt edge. Furthermore, from the figure, we can also 
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see that the changes in brightness of the bands are more 

prominent than the changes in their widths. 

The influence of changes in the luminance contrast 

is shown in figure 6:3, where the higher luminance level is 

kept constant but the lower one is changed. The mathematical 

model predicts a wider dark band when the contrast decreases, 

and also an increase in the amount of the undershoot. This 

seems to agree with the results shown in the last chapter 

and also with those reported by Watrasiewicz(1964) who men-

tioned that the dark band became wider and fainter as the 

contrast decreased while the undershoot grew bigger at the 

same time. 

The method employed in measuring the brightnesses 

of the bands, however, has yielded only crude results and it 

gives only approximate estimations of the brightnesses. 

However, visual photometric matching is the only way at present 

conceivable for measuring a subjective brightness. 

The large /limber of factors,(the wavelength of 

light used the mode of illumination of the object, retinal 

structure, retinal illumination and the size of eye pupil, 

on which the Mach phenomenon depends) make the mechanism for 

the perception of the bands highly complicated. No model goes 

into so much detail as to describe how these factors are in-

volved in the mechanism. The important factors considered 
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in each model are the brightness at the stimulated point on 

the retina which sometimes is expressed in terms of frequency 

of impulses, and the distance from the stimulated point to 

the neighbouring receptor. In fact, in the inhibitory mecha-

nism which is presumed to be essential for the Mach band 

perception, there are many details which are not understood. 

Where and how it mediates are still topics for further inves-

tigation. The significance of the individual variations in 

the perception of the phenomenon, which was mentioned in 

chapter III, makes it more difficglt to determine the use-

fulness of any model. The intensities of the predicted bands 

can he brought to agree with those of the visual bands by 

varying the constants in the model, but the values of these 

parameters in every model may need to be chosen suitably for 

each individual. Those constants are then applied to the 

rest of the stimulating patterns such that the subjective 

patterns may be predicted.However,thore are'mparameters in 

any model which can shift the bands according to individual 

differences although the observed individual shifts are 

quite large. 

Some models give fair approximations for the 

positions of the bands, but none gives good estimates for 

the widths. The widths of the predicted bands are always 

smaller than those of the visual bands. The newly proposed 
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one dimensional model with the normalized function (eqn.2:31) 

gives rather broad bands but their brightnesses cannot be 

brought higher without increasing the value of the parameter 

(5 . The bigger the value of s , the larger the inhibiting 

area involved (see figure 2:21) and hence, the more time needed 

on the computer. At the same time as the intensities of bands 

increase, the predicted bright band will move further into 

the bright area, and the corresponding dark band will shift 

into the dark area. Figure 6:4 expresses the changes in the 

subjective luminance distribution as a result of changes in 

the value of 6 for the plate 1A; the bands become broader 

and shift away from the gradient when the value of 6 increases. 

If the dimensions of the predicted bands are 

ignored, the modified model of Fry(equation 2:29) and the 

proposed new model (eqn. 2:30) are the ones worth pursuing 

further. They give the right positions of the visual bands 

and the computation time needed is much less than for the 
moaol of Hartline and Ratliff. 

However, a more precise model is needed so that 

the correct positions and widths of the bands can be obtained 

at the same time. It should involve all the factors which 

have influence on the phenomena. 
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APPENDIX A 

The Intensity of the Edge Ipla:Ep and its Derivatives. 

The values of the intensity of an image of an 

abrupt edge along the retina and the first to fourth deriva-

tives are tabulated below with intervals of 0.2 Z-unit. For 

small values of Z (from 0 to 8.0) the calculations were done 

using eauations 3:15, 3:9, 3:10, 3:11, and 3:12 for I(z);  

I'(z), I"(z), I'"(z) and IIV(z) respectively. The values of 

Ho  and Hi  were found from the tables prepared by Jahnke and 

Emde (1945). The asymptotic expressions (equations 3:26, 3:27, 

3:28, 3:29 and 3:30) were used for the large values of.Z(from 

6.2 to 16.0). 

z 	I 	1(z) 	I'(z) In(g) I'"(z) IIV(z: 

0.0 .50000 	.26997 0 -,14399 0 

0.2 .55380 	.26721 -.02354 -.14006 .03899 

0.4 .60647 	.25877 -.05554 --.13068 .07505 

0.6 .65693 	.24520 -.07945 -.11137 .10548 

0.8 .70422 ,22723 -.09937 -.08746 .13264 

1.0 .74755 .20579 -.11409 -.06014 .14380 

1.2 .78634 .18196 -.12319 -.03124 .14622 

1.4 .82022 .15690 -.12652 -.00268 .13930 

1.6 .84907 .13173 -.12434 .02366 .12377 

1.8 .37295 .10749 -.11725 .04619 .10118 
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Z I(z) I' (z) I n(z) 

2.0 .89217 .08509 -.10616 

2.2 .90715 006522 -.09214-

2.4 .91845 .04835· -.07637 

2.6 .92670 .03471 . -.06005 

2.8 .9325Ll- ~024-30 - .. 04428 

3.0 .93661 .01691 -.02996 

3.2 .93948 .01217 . I -.01778 

3.4 .94163 .00962 - .. 00819 
.. 

3.6 • 9l~341+ .00871 I -.00133 
I 

3.8 .94518 .00891 .00288 

4.0 .94804- 0 00971 .00474-

4.2 • 91}908 .01068 j ,00462 
! 

4- .Ll- .95;130 • 011L~ 9 ! .00326 

4.6 •9536lj- .0119 :3 .00103 

1}.8 .95603 ,01188 -.00147 

5.0 .95836 .01135 -.00379 

5.2 .96054- e01040 -.00560 

5 .. 4 .96250 .00916 -.00671 

5~6 • 96L!-19 .00777 -.00703 

5.8 .96561 .00639 -000662 

6.0 .96676 .00516 -.00563 

6.2 
j 

.96769 .00417 -.00425 

6.4- .96845 .OO31J.-7 -.00270 

j 6.6 .969"1 :J .00308 -.00122 

IttI(z) 

.06369 

.07541 

.08111 

• 0809L~ 

.07588 

.. 06666 

.05463 

.03122 

.02815 

.01786 

.00406 

.... 00417 

-.00959 

-.0122L~ 

-.01240 

-.01058 

-. 007L~2 

-.00361 

.000277 

.0036'+ 

.00612 

.00750 

.00774-

.00697 
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rIVe z) 1 
.07367 

oOL~370 

.01379 

-.01372 

-.03685 

-.05417 

-.06490 

-.06889 

-.0666 L 

-.0591 5 

-.04781 

-.03421 

-.0'200 o 

-.006E5 

.00464 

.01301 

.01805 

.0197·>:: 

.018l~ 7 

• 01L~86 

.00976 

,OOLI-O} 

-.0014-

-.0060 

7 
;; 
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z I(z) I r (z) I fI(Z) 

6.8 .96976 .00297 .00003 

7.0 .97030 ,,00307 .00093 

7.2 I .97093 .00331 .00139 

7.1+ c97162 .. 00360 .00143 

7.6 .97237 .00386 .00111 

7.8 .97316 .00403 .00054-

8 0 0 .97397 .004-06 -.00018 

, 

I z I(z) I I (z) I II(Z) 

6.2 .96804- .004-18 -.0OLJ..29 

6.4- .96876 .00348 -.00274-

6~6 .96939 .00309 -.0012lJ-

6 .. 8 .96999 .00297 .00002 

7.0 .97061 .00307 .00092 

7.2 .97128 .00331 .00139 

7.4 .97200 .00360 .00144-

7.6 .97278 .00386 .00112 

7 ... 8 .97359 .00403 .00055 

8.0 • 97LJ.4.2 .00406 ..... 00016 

8.2 I .97523 .00396 - .. 00088 

8.4- .97600 .00372 -.00150 

i 
--.... ~-~- .. 

ItT! (z) 

.00542 

.00339 

.. 00123 

-.00076 

-~00234-

-.00333 

-.00368 

IT (z) 

.00783 

.00816 

.00740 

.00580 

.00368 

.0014-0 

-.00070 

-.00237 

-.0034-3 

-.00382 

-.00356 

-.00277 

248. 

IIV(Z) 
-----

-.00922 

-.01074-

-.01063 

-.00909 

-.006-50 

-.0033L~5 

-~00012 

--

II 
----1 

V (z) 

.0 0408 

-.00 1lj-1 

-.00 

-.00 

-.01 

-.01 

-.00 

600 

918 

073 

064-

911 

65l~ 

3!j-0 

018 

267 

480 

-.00 

-~OO 

-.00 

.00 

.00 



z 

8.6 

8.8 

9.0 

9.2 

9.4-

9.6 

9.8 

I(z) 

097670 

.97731 

.97785 

~97830 

.97869 

.97902 

.97933 

r:'cz-:r 
,,00337 -CloO~192 

11 00297 -.00211 

.00255 -000205 

.00216 -" 00178 

~00185 -~00135 
.. 

9 00163 - .. 00083 

.. 00152 - .. 00031 

10,,0 .97964- .00'150 

10.2 .97995 .00157 

10,4 .98028 .00168 

10.6 ,98064 .00181 

10.8 .98'102 .00193 

.00014-

.00047 

.. 00064 

.00064-

,,000 ;0 

.00024 11$0 

11.2 

11.4-

11.6 

11.8 

12.0 

12.2 

12.4-

12.6 

12.8 

13.0 

098142 

_98183 

"198223 

.98261 

.98297 

.98329 

.98357 

.98381 

.98403 

.,00200 

..;00202 

~00197 

~00187 

.00171 

.00153 

.00134-

.00117 

800104 

.984-22 000095 

.98441 I • 00091 

-.00007 

-.00039 

-.00066 

-.00086 

-.00094-

-.00091 

-.00078 

-.00057 

-.00033 

-.00008 

-.000"36 

+.0008.6 

.,00185 

11.00249 

000272 

.00255 

~00618 

.00544 

~.00399 

e00210 

.00009 

- .. 001'75 

.00204 -.00316 

(J00129 -.00399 

.00045 -. 00L~16 

-.00037 -.00372 

-.00105 -.00278 

-.00149 

..... 00166 

-.00156 

-.00122 

-.00072 

-.00014-

.000L!-2 

.00088 

.00118 

.00129 

.00120 

-.00151 

-.00014-

.00113 

.00213 

.00272 

.00286 

.00256 

.00191 

,00101 

.00003 

-.00088 

249. 
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z I(z) II (z) InCz) IfI'(z) IIV(z) 

13.2 .98459 .00091 .00014- .00094- -.00159 

1304- .98478 .00096 .000287 .00057 -.00202 

13.6 •98Lt-98 .00102 .00036 .00015 -.00212 

13.8 .98520 ,00109 .00035 -.00026 -.00189 

14-~ 0 .98542 .00116 .00026 -.00060 -.00140 

14.2 .98566 .00119 ,00011 -.00082 -.00073 

14.4- .98590 .00120 -.00006 -.00090 -.00000 

14.6 .98614- .00117 -.00023 -.00083 .00068 

14.8 .98637 .00111 -.00038 -.00063 .00121 

15.0 .98658 ,00102 -.0004-7 -.00035 ,00152 

15.2 .98677 000092 -.00051 -.00003 .00159 

1504- .98694- .00082 ..... 00049 .00028 .00141 

15.6 .98710 .00073 -.00041 .00052 .00102 

15.8 .98723 .00066 -.00028 .00068 .00051 

16.0 .98736 .00062 -.00014 .00073 -000005 
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APPENDIX B  

Computer Programmes. 

Besides a desk calculating machine, two computers, 

a National Elliot 303A and an 13M7090, were used in the 

present work for the theoretical calculations. The National 

Elliot 803A is a slow computer compared with the =17090. 

In the beginning, a program for the two-dimensional proposed 

new model (equation 2:31) was written for the National Elliot 

803A. It was found that the running time required to obtain 

each point on the curve was nearly one hour (for 130 X 65 

recepter units). Therefore, it became necessary to change 

the program to Fortran IV language for use with the IBM7090 

computer, and then only 4.6 minutes were taken for the whole 

curve (40 points). The IBM7090 was then used for the proposed 

new models (equations 2:30 and 2:31) for one and two dimen—

sions, the modified model of Fry (equation 2:29), the 

Hartline-Ratliff model and the Taylor model. The National 

Elliot 803A, however, was used for the incoherently illumi-

nated straight edge image and its derivatives, the second 

derivatives of the luminance distributions of the experimen-

tally produced gradients, the O'Brien model and the Bekesy 

model. 

In fact, for the IBM7090, two main programmes 

were needed, one for the Hartline-Ratliff model and another 
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one for the two-dimensional proposed model (equation 2:31). 

Then, the program for the Taylor model could be modified 

from the program of the Hartline-Ratliff model; and the pro-

grammes for the modified model of Fry (equation 2:29) and 

another proposed new model (equation 2:30) could be modified 

from the program for equation 2:31. Here the two main pro-

grammes are given. 

1. The program for the two-dimensional proposed new 

model (equation 2:31). 

The response of this model is given by, 

F I(x,y)  

Jj 	
(x-x02+ (Y-Y 02 e 

1+ 

    

f- x-x 	(y-y ')21c1xdy. 
2 62 

     

r  
I(x-x ily-y1). exp. L. (x-x°,Pf(Y-Y021dxcly. 

2 62 

where A and 6 are constants. The program is as follows:- 

Subroutine. 

SUBROUTINE SIM21(AA,NIS,E) 

DIMENSION AA(N) 

B=AA(1)+AA(N) 

M=N-1 

C=0.0 

DO 5 1=20'1,2 

5 C=C+AA(I) 
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C=4.0*C 

H=N-2 

D=0.0 

DO 6 I=3,M,2 

6 D=D+AA(I) 

D=2.0*D 

E=(B-1-04-D)*(S/3.0) 

RETURN 

END 

Main. 
DIMENSION F(250),T1(131),T2(131),T3(65),T4(65) 

READ(5,106) IF 

NF=0 

300 NF=NF-1-1 

IF (NF,GT.IF) GO TO 600 

READ(5,102) (F(I),I=1,250) 

WRITE(6,104) (F(I),I=1,250) 

READ(5,106) IS 

NS=O 

400 NS=NS+1 

IF (NS.GT.IS) GO TO 300 

READ(5,101) S IA,K,N1,N2 

WRITE(61103) S,A,K 

IX=N1 

200 N3=50+IX 
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DO 20 J.1 265 

JZ:=4-1 

DO 13 1=.1 165 

ID.66-I 

IZ.N3-I 

Z=FIOAT(I**24-JZ**2) 

Y=EXP(-Z/(2.0*(S**2))) 

Tl(ID)=F(IZ)*Z*Y 

13 T2(ID)=F(IZ)*Y 

Z.FLOAT(TZ**2) 

Y.EXP(-Z/(2,0*(S**2))) 

T1(66)=F(N3)*Z*Y 

T2(66)=F(N3)*Y 

DO 15 1=1,65 

ID=664.1 

IZ=N3+I 

Z.FLOAT(I*v2+JZ**2) 

Y.EXP(-Z/(2.0*(S**2))) 

Tl(ID)=F(TZ)*Z*y 

15 T2(ID)=F(IZ)*Y 

CALL SIM21(T1,13111.0,G1) 

CALL SIM21(T2,131 11.0,G2) 

T3(J)=G1 

20 T4(J)=G2 

CALL SIM21(T3,65,1,07111) 
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CALL SIM21(T4,6511.0,H2) 

B=2.0*H1-T3(1) 

C=2.0*H2-T4(1) 

E.(K*F(N3))/(11-(A*B/C)) 

WRITE(62105) IX,E 

IX=IX+3 

IF (IX.LE.N2) GO TO 200 

GO TO 400 

600 CONTINUE 

101 FORMAT(3F10.522I10) 

102 FORMAT(50(5F10.5/)) 

103 FORMAT(11H INPUT DATA/,8H SIGMA.,F10.523H 

A=1F10.513H K= 1F10.5) 

104 FORMAT(7H I(X,Y)425(10F10.5/)//) 

105 FORMAT(4H X0=1I3,3H E=1F10.5) 

106 FORMAT(I2) 

STOP 

END 

The subroutine program was for summing up all the 

areas under the curve. Simpson's rule was used. The inhibito-

ry area on the retina was limited by the value of 6 (SI  in 

the program). The bigger the value of 4 the bigger the 

inhibitory area involved. The proper parameters were chosen 

to give the amplitudes of the bands nearest to those obtained 

from the experiments. 6 =0.9 was found to give good predic- 
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tions on the positions of the subjective bands. A=0.2 was 

then found to be the suitable value when 6 .0.9. The final 
results were normalized to the same as the upper luminance 

levels of the physical distributions by the factor K in the 

main program. The computation time needed for one set of 

data was 4.6 minutes. For the one-dimensional model the time 

taken was 0.6 minute .for the same set of data. The same amount 

of the time was needed when the program was adapted for 

equation 2:29 (the modified model of Fry) and equation 2:30. 

The one-dimensional model of Fry, however, gave the same 

results as those given by the two-dimensional newly proposed 

model. 

2. The program for the  Hartline-Ratliff model. 

The program is based on the following equations:- 

fi = ei 	Ki,j(fr  f.7 	), 

J=1 
/i 

where, 	K. . B/(i-j)21  il a 

o = 
and, 	, 	C(i-j)21 

B and C are constants. All the limiting conditions were 

taken into account. 
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Main. 

DIMENSION F(15017),V(15077),VI(150) 

READ(5,101) 78,C,T1 ,IP,K 

WRITE(6,102) B,C,H 

READ(5,103) (vI(I),I=1,150) 

DO 10 J=1,IP 

DO 40 I=1,IR 

40 V(I,J)=VI(I) 

10 corTiruE 

DO 90 L=1 1 N 

WRITE(6,105) L 

DO 50 I=1,IR 

DO 60 J=1,IP 

Y=0.0 

DO 70 N=1 

DO 80 M=1,IR 

IFOIJ=((I-M)**2)-1-((J-N)**2) 

TF (IFOIJ.EQ.0) GO TO SO 

=IJ=FLOAT(IFOIJ) 

70TJ=C*AKIJ 

21:IJ=B/AKIJ 

Z=AKIJ*(V(NIN)-FOIJ) 

IF (Z.LT.0.0) GO TO SO 

Y-1-7, 

80 CONTINUE 
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70 coETIruE 

‘P(I1J)=TE(I)-Y 

60 COrTTNUE 

WRITE(6,106) T (F(I,J),J=1,I1) 

50 CONTINUE 

DO 20 J.1,IP 

DO 30 I=1,IR 
30 V(I,J)=F(I,J) 

20 CONTINU 

90 CONTINUE 

101 FORT'ET(2710.513-110) 

102 FORMAT(3H B.,F10.513H 0= 1-210.5,3H K.113) 

103 FORMAT(30(5110.5/)) 

105 FORNAT(3H L.,I2) 

106 FORNAT(1H ,13,2X5(212.5,3X)) 

STOP 

END 

The symbol IC in the program denotes the number 

of iterations. The running time for one iteration was 3.1 

minutes for 150 x 5 receptors. It was found that for 3=0.1 

and C=0.024  10 iterations had to be carried out to obtain a 

solution accurate to the second decimal .olace. Therefore, the 

number of runs was limited. The values of parameters could 

not be chosen properly in order to bring the brightness of 

the bands up to the same as those obtained from experiments. 
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