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Abstract

We investigate the arithmetic of p-adic automorphic forms for certain quaternion algebras
over totally real fields (including GL5/Q), focussing on the question of the relationships
between p-adic automorphic forms with different levels at a prime [ different from p, and
the relation between p-adic automorphic forms for (the multiplicative groups of) different
quaternion algebras (i.e. a p-adic Jacquet—Langlands correspondence). In chapters 2 and 3
we prove results of ‘level raising’ type, showing that certain families of p-adic automorphic
forms with level prime to [ (/-old forms) intersect with a family of p-adic automorphic
form with Iwahori level at [, where all the classical points in this second family are [-new.
Chapter 2 works with definite quaternion algebras over Q, whilst chapter 3 works with
GL2/Q. In chapter 3 the main tool is Emerton’s theory of completed cohomology. In
chapter 4 we study indefinite quaternion algebras over totally real fields F, split at one
infinite place, and prove level raising and lowering results. Finally, also in chapter 4, we
give an example of a cohomological construction of p-adic Jacquet-Langlands functoriality,

using completed cohomology.
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Chapter 1

Introduction

This thesis investigates the arithmetic of p-adic automorphic forms for certain quaternion
algebras over totally real fields (including GLs/Q). It comprises three (more or less inde-
pendent) chapters, with common themes: the question of the relationships between p-adic
automorphic forms with different levels at a prime [ # p, and the relation between p-adic
automorphic forms for (the multiplicative groups of) different quaternion algebras (i.e. a
p-adic Jacquet-Langlands correspondence). Chapter 2 is based on the publication [32],
chapter 3 is based on the publication [33]. In the rest of this introduction, we will take the
opportunity to summarise some previous work in this area, underpinning our research, and

then summarise the results contained in this thesis.

1.1 Eigenvarieties

An eigenvariety is a rigid analytic space, p-adically interpolating the systems of Hecke
eigenvalues arising from certain automorphic forms. The first construction of an eigenva-
riety (which was named ‘the eigencurve’ since it is one-dimensional) occurs in [13], and it
is constructed using Coleman’s theory of overconvergent modular forms [12]. Buzzard ex-
tended this construction to automorphic forms for definite quaternion algebras over totally
real fields [2, 3] and provided a ‘machine’ which has enabled the construction of eigen-
varieties in certain other situations [9, 29]. A related construction is also carried out in
[45].

A rather different approach to the study of p-adic automorphic forms can be found in
[19]. Emerton’s approach has recently led to a proof of many cases of the Fontaine-Mazur

conjecture [20] and has therefore been the subject of much interest. Emerton’s completed
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cohomology and construction of eigenvarieties is the object of study in chapters 3 and 4,
where we study p-adic automorphic forms for GL,/Q and indefinite quaternion algebras

over totally real fields, split at one infinite place.

1.2 Levels of modular forms

Much of this work is inspired by work of Diamond, Ribet and Taylor from the 80s and 90s
[37, 44, 38, 14, 15] together with more recent generalisations of Ribet’s work due to Jarvis
and Rajaei [25, 36]. Chapters 2 and 3 are influenced by work on level raising results for
modular forms. These results describe congruences between modular forms of different
levels, for example if f is a weight &k cuspidal eigenform of level I';(IV), with its Hecke
eigenvalues at [ satisfying a certain congruence condition modulo a prime p, then there is
a weight k cuspidal eigenform g of level I'; (N') N I'g(1) which is [-new and congruent to f
modulo p (more precisely g is congruent to an [-old form of level I'; (N)NT'y(!) constructed
from f). In Chapters 2 and 3 we prove results in the same spirit, but for families of p-adic
modular forms. This comes down to showing that a family of /-old modular forms intersects
a family of /-new modular forms at a point corresponding to a non-classical p-adic modular
form which is simultaneously /-old and [-new.

On the other hand one can consider level lowering results for modular forms. These are
of the following type: given a weight k cuspidal eigenform g of level I';(N) N Ty(1), such

that the mod p Galois representation

7, : Gal(@/Q) — GLy(F,)

attached to g is irreducible and unramified at [, then there should be a weight £k cuspidal
eigenform f of level I';(N) such that p, = p,. Chapter 4 investigates these questions in
the setting of p-adic automorphic forms for indefinite quaternion algebras over totally real
fields, split at one infinite place (so the relevant Shimura varieties are one-dimensional)
— we will be interested in the situation where the characteristic 0 Galois representation

attached to a p-adic automorphic form is unramified at /.
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1.3 Jacquet-Langlands correspondence

The Jacquet-Langlands correspondence [24] provides a way to pass from automorphic rep-
resentations of the multiplicative group of a quaternion algebra D’ over a local field to
automorphic representations of the multiplicative group of a different quaternion algebra
D (ramified at a subset of the places where D’ is ramified) — for example from automor-
phic representations of the multiplicative group of a definite quaternion algebra over Q to
automorphic representations of GL,/Q. In this case, the transfer of automorphic repre-
sentations was p-adically interpolated by Chenevier [10] to produce a rigid analytic map
between the eigencurve for the definite quaternion algebra over (Q (as constructed in [2])
and the Coleman-Mazur eigencurve for GLy/Q [13].

In Chapter 4 we will be concerned with the Jacquet-Langlands transfer between auto-
morphic representations of the multiplicative group of quaternion algebras over a totally
real field /', which are split at one infinite place (so the attached Shimura varieties are one-
dimensional). These quaternion algebras will always be split at places dividing p. For the
purposes of this introduction we will suppose that F' = Q. Let D be a quaternion algebra
over Q, split at the infinite place and with discriminant N, and let D’ be a quaternion algebra
over , split at the infinite place and with discriminant N ¢! for ¢, [ distinct primes (coprime
to N). In this situation there is a rather geometric description of the Jacquet-Langlands
transfer from automorphic representations of (D’ ®g Ag)* to automorphic representations
of (D ®q Ag)*, arising from the study of the reduction modulo ¢ or [ of integral models
of Shimura curves attached to D and D’ (where we consider Shimura curves attached to
D with Iwabhori level at ¢ and /). For the case N = 1 and F' = Q this is one of the key
results in [38], and it was extended to general totally real fields F' by Rajaei [36]. Using
the techniques from these papers, together with Emerton’s completed cohomology, we can
then describe a p-adic Jacquet-Langlands correspondence in a geometric way — the result
obtained is rather stronger than just the existence of a map between eigenvarieties, which

is all that can be deduced from interpolatory techniques as in [10].

1.4 Summary of main results

In this subsection we will summarise the results contained in the following three chapters.
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1.4.1 Level raising

Let D/Q be a definite quaternion algebra. We consider families of finite slope overconver-
gent p-adic automorphic forms as in [2]. We fix an integer /N and a prime [, such that p, [
and N are all coprime to each other and the discriminant of D. We use U; (V) and Uy(l) to
denote level structures as in Ch.2 §2.2.2. In Ch.2 §2.3 we prove the following result (stated

here in a slightly vague form, see Ch.2 Theorem 2.3.4 for the precise formulation):

Theorem 1.4.2. Let f be an overconvergent eigenform of finite slope and tame level Uy (N),
with T} eigenvalue t; and S; eigenvalue s; related by the equation tl2 —(l+1)%s;=0. The
roots of the lth Hecke polynomial attached to f are equal to o and la for some o € C,, and
the l-stabilised oldform, with tame level Uy (N) N Uy(l), corresponding to the root « lies in

a one-dimensional family of [-new forms.

In Ch.3 Theorem 3.4.2 we prove the same result for families of finite slope overcon-
vergent p-adic modular forms [12], with the added condition that their associated Galois
representations have irreducible reduction mod p. In fact we prove an equivalent formu-
lation of these level raising statements, described in terms of the equidimensionality of a
rigid analytic subspace of the appropriate eigencurve (the ‘/-new’ subspace). The strate-
gies adopted in Ch.2 and Ch.3 are completely different. In Ch.2 we approach the problem
similarly to the way the classical level raising problem for automorphic forms for definite
quaternion algebras is solved in [15, §2]. In Ch.3 we instead use Emerton’s approach to
constructing the eigencurve [19] and prove an equidimensionality result using Emerton’s

Jacquet functor [17] and certain modules over non-commutative Iwasawa algebras.

1.4.3 Level lowering

In Ch.4 we study the completed cohomology of Shimura curves. Using techniques from
[25, 36, 19, 20] we can prove an analogue of Mazur’s principle for p-adic automorphic
forms (see Ch.4 Theorems 4.4.26 and 4.4.29 for precise statements). Roughly speaking,
we show that if a two-dimensional p-adic representation p of Gal(F/F) (F a totally real
field) is unramified at a finite place q 1 p and occurs in the completed cohomology of a
system of Shimura curves with tame level equal to Uy(q) at the g-factor, then the system of
Hecke eigenvalues attached to p occurs in the completed cohomology of Shimura curves

with tame level equal to GL,(O,) at the g-factor.
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One motivation for this result is its use in applying the machinery of [20] in the special
case where p splits completely in F' (so if p is a prime of F' dividing p the p-adic local
Langlands correspondence is well defined for representations of GLo(F},) = GL2(Q,)) —
this should have applications to some cases of the Fontaine-Mazur conjecture for GLy/F

(see also [27]) and the (generalised) weight part of Serre’s conjecture (see [4] and [22]).

1.4.4 A p-adic Jacquet-Langlands correspondence

Finally, also in Ch.4, we show the existence of a short exact sequence of admissible uni-
tary Banach representations of GLy(F ®g Q,) (Ch.4 Theorem 4.4.34 — in fact the exact
sequence is defined integrally) which encodes a p-adic Jacquet-Langlands correspondence
from a quaternion algebra D’/ F, split at one infinite place, with discriminant 91q;qs, to a
quaternion algebra D/ F, split at the same infinite place and with discriminant 9t. Applying
Emerton’s eigenvariety construction to this exact sequence gives a map between eigenva-
rieties (Theorem 4.5.18), i.e. an overconvergent Jacquet-Langlands correspondence in the
same spirit as the main theorem of [10]. As a corollary of the results in Ch.4 we also obtain

level raising results (Corollary 4.5.19).
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Chapter 2

Level raising for p-adic automorphic

forms
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2.1 Introduction

Classical level raising results typically show that if the reduction mod p of a level N modu-
lar form f has certain properties (depending on a prime [ # p), then there exists a modular
form g of level NI, new at [, with ¢ = f mod p. An example of a level raising result for

classical modular forms is the following, due to Ribet [37]:

Theorem. Let f € Sy(To(N)) be an eigenform, and let p|p be a finite place of Q such that
p > 5 and f is not congruent to an Eisenstein series modulo p. If | ¥ Np is a prime number

such that the following condition is satisfied,
ai(f)* = (14 1)* (mod p),

then there exists a l-new eigenform f € Sy(Io(N1)) congruent to f modulo p.

In this chapter we prove an analogous level raising result for families of p-adic au-
tomorphic forms. In [2] and Part IIT of [3], Buzzard defines modules of overconvergent
p-adic automorphic forms for definite quaternion algebras, and constructs from these a so-
called ‘eigencurve’. The eigencurve is a rigid analytic variety whose points correspond to
certain systems of eigenvalues for Hecke algebras acting on these modules of automorphic
forms. This space p-adically interpolates the systems of eigenvalues arising from classical
automorphic forms. Emerton has constructed eigenvarieties in a cohomological framework
[19], but in the following we will work with Buzzard’s more concrete construction. We
have also proved some cases of level raising for p-adic modular forms using the completed
cohomology spaces investigated by Emerton (see Ch.3).

The first construction of an eigencurve was carried out for modular forms (automorphic
forms for GL5) in Coleman and Mazur’s seminal paper [13]. An important recent result
is the construction of a p-adic Jacquet-Langlands map between an eigencurve for a defi-
nite quaternion algebra and the GL, eigencurve (interpolating the usual Jacquet-Langlands
correspondence), as carried out in [10].

We follow the general approach of the first part of Diamond and Taylor’s paper [15],
and our Theorem 2.2.22 is an analogue of [15, Theorem 1], but several new features appear
in our work. In particular, the level raising results in [44] and [15] for definite quaternion al-
gebras are proved by utilising a pairing on finite dimensional vector spaces of automorphic

forms. In our setting, the spaces of automorphic forms are Banach modules over an affinoid
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algebra, so we introduce spaces of ‘dual’ automorphic forms and work with the pairing be-
tween the usual space of automorphic forms and the dual space. We then prove suitable
forms of Thara’s lemma, our Theorem 2.2.19 (cf. lemma 2 of [15]), for the usual and dual
spaces of automorphic forms. An interesting asymmetry between the two situations can be
observed.

This investigation of level raising results was motivated by a conjecture made by A.
Paulin, prompted by results on local-global compatibility on the eigencurve in his thesis
[35]. Paulin’s conjecture was made for the GL,-eigencurve; we may apply our theorem to
the image of the p-adic Jacquet-Langlands map there to prove many cases of his conjecture.
Since we have applications to the eigencurve for GLy/Q in mind we work with definite
quaternion algebras over (Q in this chapter, but some of the methods of section 2.2 should
apply to definite quaternion algebras over any totally real number field, although we do use
the fact that weight space is one-dimensional in our arguments. We end this introduction

by stating the conjecture made by Paulin.

2.1.1 A geometric level raising conjecture

We fix two distinct primes p and [, and an integer /N coprime to pl. Let & be the cuspidal
Eigencurve of tame level I'y(/N]), parameterising overconvergent cuspidal p-adic modular
eigenforms (see [3] for its construction). If ¢ is a point of &, corresponding to an eigen-
form fy, Paulin defines an associated representation of GL4(Q;), denoted 7 ,.1- We call an
irreducible connected component 2 of the Eigencurve generically special if the GLy(Q;)-
representations associated to the points of 2 away from a discrete set are special. We
define generically unramified principal series similarly. Denote by a and /3 the roots of the
polynomial X? — ;X + [s;, where t; and s; are the 7} and .S; eigenvalues of fs. Paulin

makes the conjecture:

Conjecture. Suppose Z is generically unramified principal series. Suppose further that
there is a point ¢ on % where the ratio of o and 3 becomes |*! and 7 4.1 Is special. Then

there exists a generically special component %' intersecting 2% at ¢.

Chenevier raised the same question (in a slightly different form) in relation to the char-
acterisation of the Zariski closure of the /[-new classical forms in the eigencurve. We ad-
dress this issue in section 2.3.5. Finally, in a recent preprint [34] Paulin has proved versions

of his level raising (and lowering) conjectures (even for ramified principal series). His tech-
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niques are completely different to ours, making use of deformation theory and requiring a
recent important result of Emerton [20] showing that the space X, constructed by Kisin
in [26] is equal to the GLy-eigencurve (if one restricts to pieces of the two spaces where

certain conditions are satisfied by the relevant mod p Galois representations).

2.2 Modules of p-adic overconvergent automorphic forms and Ihara’s

lemma

In this section we will prove the results we need about modules of p-adic overconvergent

automorphic forms for quaternion algebras.

2.2.1 Banach modules

Let K be a finite extension of (Q,. We call a normed K-algebra A a Banach algebra if it

satisfies the following properties:
e A is Noetherian,
e the norm | — | is non-Archimedean,
e A is complete with respect to | — |,
e forany z, y in A we have |zy| < |z||y|-.

We will normally assume A is a reduced affinoid algebra with its supremum norm. A

Banach A-module is an A-module M endowed with a norm | — | such that
e forany a € A, m € M we have |am| < |a||m],
e M is complete with respect to | — |.

Given a set / we define the Banach A-module ¢;(A) to be functions f : I — A such that
lim;_o f (i) = 0, with norm the supremum norm. By a finite Banach A-module we mean
a Banach A-module which is finitely-generated as an abstract A-module.

Suppose M is a Banach module over a Banach algebra A. We say that M is ONable
if it is isomorphic (as a Banach module) to some c;(A). Note that this terminology differs
slightly from that of [3], where ONable refers to modules isometric to some c;(A) and

potentially ONable replaces our notion of ONable. The Banach A-module P is said to
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satisfy the universal property (Pr) if for every surjection f : M — N of Banach A-
modules and continuous map « : P — N, « lifts to a continuous map S : P — M such

that the below diagram commutes:

M
B 7

~

pP—2~N
As explained in [45, 2.1.4], the universal property (Pr) is the property of being projec-
tive in the category of Banach A-modules, where the notion of projective is defined using
strict epimorphisms of Banach modules (which are just the set-theoretically surjective epi-
morphisms of Banach modules). This is the correct notion of projective object, since the
category of Banach A-modules is an exact category, not an Abelian catefory. A module
P having property (Pr) is equivalent to P being a direct summand of an ONable module.

(See the end of section 2 in [3]).

2.2.2  Some notation and definitions

Let p be a fixed prime. Let D be a definite quaternion algebra over Q with discriminant
d prime to p. Fix a maximal order Op of D and isomorphisms Op ® Z, = M(Z,) for
primes ¢ 1 . Note that these induce isomorphisms D ® Q, = M(Q,) for ¢ 1 . We define
Dy = D ®q Ay, where Ay denotes the finite adeles over Q. Write Nm for the reduced
norm map from D to Ajf. Note that if g € Dy we can regard the p component of g, g,, as
an element of M(Q,).

a
For an integer o > 1, we let M, denote the monoid of matrices <
c

Z) & M2,
such that p®|c, p t d and ad — be # 0. If U is an open compact subgroup of D} and a > 1
we say that U has wild level > p* if the projection of U to GL2(Q,) is contained in M,,.
We will be interested in two key examples of open compact subgroups of D;. For M
any integer prime to 0, we define Uy(M) (respectively U, (M) to be the subgroup of D}

given by the product [ [ U, where U, = (Op ®Z,)* for primes ¢|d, and U, is the matrices
* %k * %

in GLy(Z,) of the form ( ) (respectively ( )) mod ¢"*«(™) for all other . We
0 =* 01

can see that if p* divides M, then U; (M) has wild level > p°.
Suppose we have o > 1, U a compact open subgroup of D; of wild level > p® and A
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a module over a commutative ring 2, with an R-linear right action of M,. We define an

R-module £ (U, A) by
LU, A)={f:Dj — A: f(dgu) = f(g)u, foralld € D*,g € Df,u € U}

where D* is embedded diagonally in D;. If we fix a set {d; : 1 < i < r} of double coset
representatives for the finite double quotient D*\ D} /U, and write I'; for the finite group

d; 'D*d; N U, we have an isomorphism (see section 4 of [2])

Z(U,A) - P AT,
i=1
given by sending f to (f(dy), f(da), ..., f(d,)). fU C Uy(N) for N > 4, then the groups
I'; are trivial (this is proved in [15]).
For f: Df — A, x € D with 7, € M, we define flz : Df — Aby (f|z)(g) =

f(gz~")z,. Note that we can now also write
LU, A) ={f:D\Dj - A: flu= fforallu € U}.

We can define double coset operators on the spaces .2 (U, A). If U, V' are two compact
open subgroups of DJT of wild level > p®, and A is as above, then for n € DJT with
n, € M, we may define an R-module map [UnV] : L (U, A) — Z(V, A) as follows: we

decompose UnV into a finite union of right cosets [ [, Uxz; and define
AUV =" fla.

2.2.3 Overconvergent automorphic forms

Let % be the rigid analytic space Hom(Z, G,), defined over @Q,. The reader may consult
lemma 2 of [2] for details of this space’s construction and properties. For example, 7 is a
union of finitely many open discs. The space #  is the weight space for our automorphic
forms. The C,-points w of % corresponding to characters r,, : Z — CX with r,,(z) =
x¥e, () for some positive integer k and finite order character ¢, are referred to as classical
weights. Let X be a reduced connected K -affinoid subspace of %, where K /Q, is finite,
and denote the ring of analytic functions on X by O(X). Such a space X corresponds to a

character x : Zy — O(X)* induced by the inclusion X C #. If we have a real number
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r = p~" for some n, then we define B, x to be the rigid analytic subspace of affine 1-space

over K with C,-points
B, x(C,) = {2 € C,: Jy € Z, such that |z — y| < r}.

Similarly (for » < 1) we define IB%Z i to be the rigid analytic subspace of affine 1-space over

K with C,-points
BZK(Cp) ={zeC,:y € Z; such that |z — y| < r}.

A point z € X (C,) corresponds to a continuous character r,, : Z; — CJ. Such maps are
analytic when restricted to the set {z € Z, : |1 — z| < r} for small enough r. If x, and
r have this property we call z an r-analytic point. A point is r-analytic if and only if its

corresponding character extends to a morphism of rigid analytic varieties
Ky @ B = G

Let X be a K-affinoid subspace of #  as before, with associated character & : Z; —
O(X)*. We say that « is r-analytic if every point in X (C,) is r-analytic. Fix a real number
0 < r < 1 and let &y, be the O(X)-Banach algebra O(B, x X X), endowed with the
supremum norm. If x is rp~“-analytic we can define a right action of M, on .&Zx , by, for

a b
fE%X,r’7:< )EMau
c d

(f ’ 7)(3772) =

/fm(cz—l—d)f . az+b
(cz+d)? Tez4d)

where x € X (C,) (with k, the associated character) and z € B, x(C,).

Definition 2.2.4. Let X be a K-affinoid subspace of W as above, with . : 7\ — O(X)*
the induced character. If we have a real number r = p~", some integer o« > 1 such
that K is rp~“-analytic, and U a compact open subgroup of D? of wild level > p®, then
define the space of r-overconvergent automorphic forms of weight X and level U to be the
O(X)-module

SYU;r) == LU, ex ).
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If we endow S (U;r) with the norm | f| = MaXyepx |f(g)|, then the isomorphism

SR(U;r) = P o, 2.1)
=1

induced by fixing double coset representatives d; is norm preserving. Since the ['; are finite
groups, and @7y, is an ONable Banach O(X)-module (it is the base change to O(X) of
(’)(IB%T, k), and all Banach spaces over a discretely valued field are ONable), we see that
SP(U;r) is a Banach O(X )-module, and satisfies property (Pr).

Note that if m is a maximal ideal of O(X), corresponding to a point x € X (K’)
for K’/K finite, then taking the fibre of the module S¥(U;r) at m gives the space of
overconvergent forms S2(U; r) corresponding to the point z of % (K') (note that a point
of # (K") is a reduced connected K'-affinoid subspace!).

These spaces of overconvergent automorphic forms were first defined in [2], using ideas

from the unpublished preprint [43].

2.2.5 Dual modules

Suppose A is a Banach algebra. Given a Banach A-module M we define the dual M* to
be the Banach A-module of continuous A-module morphisms from M to A, with the usual
operator norm. We denote the O(X)-module <75 , by Zx,.

If the map « corresponding to X is rp~“-analytic, then M, acts continuously on #x ,.,
s0 P, has an O(X)-linear right action of the monoid M! given by (f - m™1)(z) :=
f(z-m), for f € Dx,, x € ox, and m € M,. If U is as in Definition 2.2.4 then its
projection to GL2(Q),) is contained in M, N M;l, so it acts on Zx ,. This allows us to

make the following definition:

Definition 2.2.6. For X, k, r, o and U as above, we define the space of dual

r-overconvergent automorphic forms of weight X and level U to be the O(X)-module
VR(U;r) = 2L(U, Zx.,).

As in 2.2.3, we have a norm preserving isomorphism

VR(U;r) = P 2y, (2.2)
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Thus VZ(U; r) is a Banach O(X)-module. We note that it will not usually satisfy property
(Pr), since (unless X is a point) we expect that Zx ,- will not be ONable.

If U, V are two compact open subgroups of D; of wild level > p®, then for n € D]f
with 77, € M;! we get double coset operators [UnV] : VR(U;r) — VE(V;r).

2.2.7 Hecke operators

For an integer m, we define the Hecke algebra away from m, T, to be the free commuta-
tive O(X)-algebra generated by symbols 7, S, for m prime not dividing m. If op divides
m then we can define the usual action of T(™) by double coset operators on SE (U;r): for

7 1 m define w, € Ay to be the finite adele which is 7 at 7 and 1 at the other places.

m 0
Abusing notation slightly, we also write w,. for the element of D? which is ( ) at 7
0«

wy 0
and the identity elsewhere. Similarly set 7, = ( ) to be the element of DJT which is
0 1

0
<7T ) at w and the identity elsewhere. On SL(U;r) we let T} act by [Un,U] and S, by
01

[Uw,U]. Similarly on V(U; r) we define T} to act by [Un U] and S, by [Uw_ 'U]. As

usual we also have a compact operator acting on S{(U; ), namely U, := [Un,U].

2.2.8 A pairing

In this section X, x, r,  and U will be as in Definition 2.2.4. We will denote by V'
another compact open subgroup of wild level > p®. We fix double coset representatives
{d; : 1 <i < r} for the double quotient D*\ D /U and let ~; denote the order of the finite
group d; ' D*d; NU. We can define an O(X)-bilinear pairing between the spaces S% (U r)
and V2 (U;r) by

(FA) =D (o), M),
i=1
where f € S2(U;r), A € VE(U;r) and on the right hand side of the above definition (-, -)
denotes the pairing between <7y, and Zx , given by evaluation.

This pairing is independent of the choice of the double coset representatives d;, since
foreveryd € D*,g € DY, u € U, f € SR(U;r)and A € VE(U;r) we have

(f(dgu), M(dgu)) = (f(g)up, Mg)up) = (f(9)upu,*, A(9)) = (f(9), Mg))-



Chapter 2. Level raising for p-adic automorphic forms 21

Combining this observation with the isomorphisms (2.1) and (2.2) we see that our pairing
identifies VL (U; r) with S2(U; 7).

The following proposition summarises a standard computation [44, 15] (although these
assume the level group is small enough that the finite groups I'; are trivial), telling us how
our pairing interacts with double coset operators. In particular, it implies that (T}, f, \) =

(f, Tx\) for 1 §p when T, acts in the usual way.

Proposition 2.2.9. Let f € S2(U;7r) and let A\ € VE(V;r). Let g € D with g, € M,.
Then
(fI[UgV], A) = (£, A[Vg~'U)).

Proof. Ford € Dy setvy(d) = #(d"'D*dNV). We have

fllugvi= " > fllgv),

vE(g—tUN)NV\V

hence

FlIUgVEN) = D Ad) flUgVI(d), A(d))

deD*\D} /V

= > Yo @S (gv)(d), A(d))

deD*\D /V ve(g~tUg)NVAV

= XY @U@ g M)

deDX\D¥ /V vE(g~ Ug)NV\V

= > (flag ) A@) g

zGDX\D?/(gflUg)ﬁV

= > (F(), Ayg) - g, )
yeD*\D} /UN(gVg~1)

= ([Al[Vg'U))

where we pass from the third line to the fourth line by counting double cosets and the final

line follows by similar calculations to the first 5 lines. [

By the results of section 5 in [9] and section 3 of [3] we know that for a fixed d > 0, if
X 1s a sufficiently small affinoid whose norm is multiplicative (with a precise bound given

by Théoréme 5.3.1 of [9]) then since U, acts as a compact operator on S¥(U; ), we have
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a U, stable decomposition
SX(Usr) = SR (Usr)=' @ N,

where SL(U;7)=? is the space of forms of slope < d. We need X to be small enough that
the Newton polygon of the characteristic power series for U, acting on S (U;r) has the
same slope < d part when specialised to any point of X.

From now on we fix d and assume that X is such that this slope decomposition exists.
The key example of such an X is an open ball of small radius.

The space SE(U;7)=? is a finite Banach O(X)-module with property (Pr), i.e. a
projective finitely generated O (X )-module. In fact this decomposition must be stable under
the action of TP, since the T}, and S, operators for 7 # p commute with U,. We define
VE2(U;r)=% to be the maps from SE(U;r) to O(X) which are 0 on N. This space is
also stable under the action of T(°?) and is naturally isomorphic to the dual of S (U; )=
The following lemma implies that our pairing is perfect when restricted to SL(U;r)<? x
VE2(U;r)=

Lemma 2.2.10. Let M be a finite Banach O(X)-module with property (Pr). Then the
usual natural map M — (M*)* is an isomorphism. In other words, the O(X )-module M

is reflexive.

Proof. Since M is finite we have a surjection of Banach O(X)-modules O(X)®" — M
for some n. Applying the universal property (Pr) to this surjection shows that we have a
Banach O(X)-isomorphism M & N 2 O(X)®" for some module N, so M is a projective
O(X)-module. Proposition 2.1 of [3] states that the category of finite Banach O(X)-
modules, with continuous O(X)-linear maps as morphisms, is equivalent to the category
of finite O(.X)-modules so we can just compute duals module-theoretically. We have exact
sequences

0—>M—O(X)®" —>N—>0
0—=N—O(X)®" —=M—>0

and since M, N, M* and N* are all projective as O(X )-modules we can take the dual
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of these exact sequences twice to get commutative diagrams with exact rows

0 M o(x)® N 0

where the vertical maps are the natural maps from a module to its double dual. Since the

central maps are isomorphisms, we conclude that the outer maps are too. [

Direct limits and Fréchet spaces

We should remark here that our use of the dual Banach modules VZ(U; ) is slightly un-
satisfactory. For example, the modules do not satisfy property (Pr), and we must restrict
to ‘slope < d’ subspaces to get a perfect pairing. One could alternatively work with mod-
ules of all overconvergent automorphic forms, rather than imposing r-overconvergence for
a particular 7. One defines

SR(U) = iy SR(U: 1),

where the (compact) transition maps in the direct system are induced by the inclusions
Bs x C B, i for s < r. If X is a point (so O(X) is a field) then it is a standard result that
the vector space SZ(U)T is reflexive (see Proposition 16.10 of [40]). Using this fact it is
fairly straightforward to show that for any X, SZ(U)' is a reflexive O(X )-module, with
dual the Fréchet space

VRO = m VR(Usr).

2.2.11 OlId and new

Fix an integer N > 1 (the tame level) coprime to p and fix an auxiliary prime [ { Npd.
Let X be an affinoid subspace of weight space with associated character x which is rp™®

analytic, for some integer « > 1. Set U = Uy (Np®), V = Uy (Np®) N Uy(l). To simplify
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notation we set

L = SR(U;r)=?
L' = VR(U;r)™
M = SR(V;r)=?
M* = VR(V;r)=

We defineamap: L x L — M by

i(f,9) = fIlUVIVI + gllUnV].

Since the map 7 is defined by double coset operators with trivial component at p it commutes
with U, and thus gives a well defined map between these spaces of bounded slope forms.
A simple calculation shows that these double coset operators act very simply. Regarding f
and g as functions on Dy we have f|[U1V] = f, g|[UnV] = g|n. The image of i inside
M will be referred to as the space of oldforms.

We also define amap if : M — L x L by

i'(f) = (fIVIU], IV ' U)).

The kernel of ' is the space of newforms. The maps i and i' commute with Hecke operators
Ty, Sy where ¢ t Nplé.

The same double coset operators give maps
jiL*x L*— M*,
U M* — L* x L*.
Using Proposition 2.2.9 we have
(i(f,9),2) = ((f,9),5™0)

for f,g € L, \ € M*. Similarly

(f i) = (' f, (A )
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forde M, \, € L*.

An easy calculation shows that i7i acts on the product L x L = L? by the matrix (acting

I+1 [Uw 'UNURUL\  (1+1 S7'T
[UnU) [+1 T, 1+1)
We have exactly the same double coset operator formula for the action of ;75 on the product

L* x L* = L*2. The Hecke operators .S;, T} act by [Uco; 'U], [Un; ' U] respectively on L*.

on the right)

Also, the double coset Un,U is the same as U, 'U, since the matrix which is the identity

0
at every factor except [ and ( ) at [ is in U. From these two facts we deduce that, in

10
terms of Hecke operators, j'j acts on L* x L* by the matrix (again acting on the right)

I+1 T
ST l+1)

If the affinoid X is sufficiently nice, then we can show that the map 47 is injective.
Before we prove this, we note that in our setting a family of p-adic automorphic eigenforms

over an affinoid X C % is just a Hecke eigenform f in S (U; 7).

Proposition 2.2.12. If X is a one dimensional irreducible connected smooth affinoid, then

the map i'i is injective.

Proof. Let Ly be the projective (since O(X) is a Dedekind domain) finite Banach O(X)-
module ker(i77), and note that Ly C L? is stable under the action of all the Hecke operators,
since they all commute with i7i. Suppose Ly is not zero. For (f,g) in Ly we have (I +
f + S '"Tig = T,f + (I + 1)g = 0. Eliminating g we get T2f — (I + 1)25,f = 0,
so projecting Ly down to L (taking either the first or the second factor) we see that the
Hecke operator 7 — (I + 1)%S; acts as 0 on a non-zero projective submodule of L. This
(applying the local eigenvariety construction as described in section 6.2 of [9]) implies that
there is a family of eigenforms over some one dimensional sub-affinoid of X, all with the
eigenvalue of 77 — (I + 1)25; equal to 0. Now the Hecke algebra element 77 — (I + 1)25;
induces a rigid analytic function on the tame level N eigencurve for D (by taking the
appropriate eigenvalue associated to a point), so this function must vanish on the whole
irreducible component containing the one dimensional family constructed above. However,

every irreducible component contains a classical point, and these cannot be contained in the
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kernel of 77 — (I + 1)S; since this would contradict the Hecke eigenvalue bounds given

by the Ramanujan-Petersson conjecture. [

Note that the injectivity of 717 implies the injectivity of 7. The above shows that if X is
as in the statement of Proposition 2.2.12, we have ker(i") N im(i) = 0 so our families in
M are not both old and new at [. However, if X is just a point, then it may have a kernel -

this corresponds to p-adic automorphic forms which are both old and new at /.

2.2.13 Some modules

We denote the fraction field of O(X) by F'. If A is an O(X)-module we write Ap for the
F-vector space A ®o(x) I
We begin this section by noting that the injectivity of i'i implies the injectivity of j75:
Suppose j1j(A, 1) = 0. Then ((f,g),j1j(\ 1)) = O for all (f,g) € Lp, so (by
Proposition 2.2.9) (i'i(f, g), (\,u)) = 0 for all (f,g) € Lr. Now since i'i : Ly — Lp
is an injective endomorphism of a finite dimensional vector space, it is an isomorphism, so
we see that A\ =z = 0. Hence ;75 (thus a fortiori 7) is injective.

We now define two chains of modules which will prove useful:

Ay = L? Af =L

A =it M Aj = jTMr

Ao =il (M Oi(L%) Ay = 1M N j((L5)?))
Ay = itiL? Ay = j1iL%,

We note that Ay D A; D Ay D Az, and that
AQ/Ag = ZT(M N /L(L%—,)/ZLz) — iT((M/,L'LQ)tors)’

with analogous statements for the starred modules.
We fix the usual action of TX) on all these modules. We can now describe some

pairings between them which will be equivariant under the T("°P)

action. They will not all
be equivariant with respect to the action of 7;.

We have a (perfect) pairing (,) : L% x (L%)* — F which, since j is injective, induces
a pairing

Ao x (M*Nj((L)*) = F/O(X),
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which in turn induces a pairing
Py: No/Ay x (M*Nj((Lp)") /(L) = F/O(X).

The fact that this pairing is perfect follows from the following lemma:

Lemma 2.2.14. The pairing on L% X (L%)? induces isomorphisms
Homo(x) (A1, O(X)) = M* 0 j((Ly)*)

and

Homo(x)(Ag, O(X)) = j(L*?).

Proof. For the first isomorphism, elements of the module Homex)(A;, O(X)) correspond
to !l € (L%)? such that (i'm,l) € O(X) for all m € M. We have (i'm,l) = (m, jl) so
(i'm,l) € O(X) for all m € M if and only if (m, jl) € O(X) for all m € M, i.e. if and
only if jl € M*.

The second isomorphism is obvious, since j is injective. 0

In exactly the same way, we have a perfect pairing
Py (M Ni(L3))/i(L?) x As /AT — F/O(X).

The final pairing we will need is induced by the pairing between M and M*. It is

straightforward to check that this gives a perfect pairing:

Py :ker(i') x M*/(M* 0 j((L})?) — O(X).

2.2.15 An analogue of Thara’s lemma

In classical level raising results (such as [15, 37, 44]) analogues of ‘lhara’s lemma’ (Lemma
3.21in [23]) are used to show that prime ideals of a Hecke algebra containing the annihilators
of certain modules of automorphic forms are in some sense ‘uninteresting’, or even to show
that these modules are trivial. In this section we prove the appropriate analogue of Thara’s
lemma in our setting.

From this section onwards we will assume that X is a one dimensional irreducible con-

nected smooth affinoid in weight space %, so we can apply Proposition 2.2.12. We want
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to obtain information about the T(V%P) action on the quotients Ay/Ag = 4f (M /iL?)%™,
A5 /NG =2 T (M*/jL*2)%, Ag/A; and Aj/A;. The pairings P, and P, allow us to use an
analogue of Ihara’s lemma (the following two propositions and theorem) to obtain crucial
information about all four quotients. Recall that the radius of overconvergence r equals p~"
for some positive integer n. Fix a positive integer ¢ such that Nm (U, (Np®*™)) contains
all elements of Z* congruent to 1 modulo c. We first need a lemma allowing us to control

certain forms with weight a point in weight space.
Lemma 2.2.16. Let x € W (K') for some K' a finite extension of Q,,.

1. Lety € SP(U;r) be non-zero. Suppose y factors through Nm, that is y(g) = y(h)
forall g,h € D} with Nm(g) = Nm(h). Then k, is a classical weight z +— 2%¢,(2),
and for all but finitely many primes ¢ = 1 mod c, (where c is the fixed integer chosen

above), (T, —q— 1)y = 0.

2. Lety € V2(U;r). If y factors through Nm, that is y(g) = y(h) for all g, h € D;
with Nm(g) = Nm(h), then y is zero.

Proof. We first prove part (i). Suppose y is as in the statement of that part. For u, €

y . 1 a
SL2(Qp,) N U we have y(g) = y(gu,) = y(g) - u, forall g € Dy. Noting that 01 €

SLy(Q,) NU for all a € Z,, we see that y(g)(z + a) = y(g)(z) forall a € Z,, z € B, k-

so y(g)(z) is constant in z, since non-constant rigid analytic functions have discrete zero

1 0
sets. Recall that U = U; (Np®), so ugy := ( > is in SLy(Q,) N U, and for z € B,
p* 1
we have )
B _ Ke(p¥z 41
y(9)(2) = (y(g)uo)(2) = S y(9),

S0 K, must correspond to the classical weight given by z — 2%¢,(z) for some character ¢,
trivial on 1 + p**"Z,, where r = p~". This now implies that for each g € Djf we have
y(g)y = y(g) for all ~y in the projection of Uy (Np*™™) to M, since these matrices all
have bottom right hand entry congruent to 1 mod p®*".

We now follow [15] to complete the proof of the first part of the lemma. There is a dy €
D* with Nm(dy) = q, so Nm(dy'n,) € A7 is actually in 7 and is congruent to 1 mod c.
Thus (by the way we picked c) there is ug € Uy (Np®*™) such that Nm(ug) = Nm(dy'n,).

Now we have
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Ty(y)(g) = y(gu='n") - u,

2.
u€(ng ' Ung)NU\U
2.

y(gng 'u™) -,

u€(ng ' Ung)NU\U

= > ylgny) =g+ ylgn, ")

u€(ng ' Ung)NU\U

= (¢ + Dy(gn, 'dody™) = (¢ + Dy(gug dy ') = (¢ + )ylgug') = (¢ + Dy(g),

where to pass from the first line to the second we use the fact that y factors through Nm
to commute y’s arguments, from the second to the third we use that y is modular of level
U and in the final line we first substitute uq for d 'n, (since they have the same reduced
norm), then commute y’s arguments and use the left invariance of y under D* followed by
the fact that u, ' € Uy (Np*™™) implies that y(gug ') = y(g)ug, = y(g).

We now give a proof of the second part of the lemma. First we perform a formal

calculation. Fix an isomorphism
opp = [[ K1T)
a=1

where K'(T') is the ring of power series with coefficients in K’ tending to zero (7" a formal
variable), and n is a positive integer depending on r. Such an isomorphism exists since
B, k- is just a disjoint union of finitely many affinoid discs. We then have an identification
of 9., with [[>_, K'([T]), where K'([T) denotes the ring of power series with bounded

coefficients in K, and the pairing between 7, , and Z, , is given on each component by

0 1
Let f = (fa)a=1..n be an element of Z, ., with f, = > b; ,77. Foreach &« = 1, ..., n and

. . 1 -1
> a; T, b;T7) = > a;b;. Now we can compute the action of y = ( ) on I, .

© > 0 fix e, 4 to be the element of <7, , which is T at the o component, and zero elsewhere.
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‘We have

1 -1 . (1 1
<ew,f-<0 1>>=<T7(ij,aT)-<0 1>>

Il
~
-~
—_
[—
N~
Q@‘
[
~

1 -1 . .
We can now see that if we have f = f - (0 , ) we get g (;) bjo = bio for all i and

«, which implies that f = 0.

Now we return to the statement in the lemma and suppose y € V2 (U;r) factors
through Nm. Let u; be the element of U C DJT with p component equal to v and all other
components the identity. For all g € D7, y(gu1) = y(g) since u; € U and y(gu,) = y(g)
since Nm(u,) = 1. Hence y(g) = y(g)v and the above calculation shows that y(g) = 0
for all g.

H

The following two propositions apply the preceding lemma to give a form of Ihara’s

lemma for modules of overconvergent automorphic forms and dual overconvergent forms.

Proposition 2.2.17. For all but finitely many primes ¢ = 1 mod c, T;, — q — 1 annihilates
the module Tor?(X) (M/iL? O(X)/m) for each maximal ideal m of O(X).

Proof. Fix ¢ = 1 mod ¢ with ¢ t Npédl and set H, := T, — g — 1. Let m be a maximal ideal
of O(X) and set K’ = O(X)/m. The maximal ideal m corresponds to a point x of X (K”),
with corresponding weight r,, : Z) — K’ the specialisation of « at m.

We have a short exact sequence

0 L2 M M/il? —=0.

Noting that L? and M are O(X)-torsion free, hence flat, and taking derived functors of
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— ®o(x) K’ gives an exact sequence

0 — Tor®) (M /iL?, K') " L* ®ox) K.

).
J

(U — .7\4/2'[/2 ®O(X) K<~———M ®(9(X) K’
We have a commutative diagram

M M/il?—0,

e

M M/il? —0

so by the naturality of the long exact sequence for Tor the diagram

Tor® (M /iL?, K') = L? ®o(x) K’

Tor? ) (M/iL?, K" b L2 ®ox) K
commutes. To complete the proof it suffices to prove that /1, annihilates the kernel of
i L? o (x) K — M@@(X) K'.

We proceed by viewing these modules as spaces of automorphic forms with weight = (a

single point in weight space). We define two finite dimensional K’-vector spaces:

L, = SP(U;r)**
M, = SP(V;r)=

There are maps i, : L2 — M, and zl : M, — L, as defined in section 2.2.11 (taking the
weight X in that section to be the point x), but note that as now the weight is just a point
in weight space, Proposition 2.2.12 does not apply. In particular the map 7, might not be
injective.

Recall that L and M are finitely generated O(X') modules, whence L ®o(x) K’ and
M ®ox) K' are finite dimensional K’-vector spaces. Since the Newton polygon of the

characteristic power series for U, acting on S¥(U; r) has the same slope < d part when spe-
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cialised to any point of X, and the specialisation of the Banach O(X )-modules SL(U; )
and S (V;r) at m gives SP(U; ) and SP(V; r) respectively, we have isomorphisms

L ®ox) K" — Ly and M ®o(xy K" — M, which commute suitably with

i L?®ox) K' = M ®o(x) K" and i,, : L2 — M,. These isomorphisms also commute
with double coset operators, so to prove the proposition it suffices show that /, annihilates
the kernel of 7,,.

Suppose i, (y1,y2) = 0. Then y; = —ya|m, so we have yo € S2(U;r), ya|m €
SD(U;r). Therefore y, and y»|n; are both invariant under the action of the group U, so 5
is invariant under the action of the group generated by U and n,Un,;” Lin Df. (Note that
every element of this group has projection to its pth component lying in M,.) Since by

I1.1.4, Corollary 1 of [42]

SLa(Q1) = (SLa(Zy), ((l) (1]) SLo(Zy) (é ?) ),

and the [-factor of U is GLy(7Z;), we have that y, is invariant under SLy(Q;), where we
embed SLy(Q;) into D} in the obvious way.

Denote by DV¥™=! the algebraic subgroup of D* whose elements are of reduced norm
1. We have DV™=1(Q;) = SLy(Q;), since D is split at /. The strong approximation theorem
applied to DV™=" implies that D""=1(Q) - SL,(Q;) is dense in DY™=" := DN™=1(Ay),
where DV™=1(Q) is embedded diagonally in D}V m=1_Foreach g € D? we define

X9 :={h € D™ : ya(gh) = y2(9)}.

Since y, is continuous, X9 is closed, and for § € D¥N™=1(Q), v € SLy(Q;) we have
y2(99~'079) = y2(679) = v2(7v9) = y2(99™7v9) = y2(g), since g~ 'vg € SLy(Q). There-
fore X9 contains the dense set g~ DV™=1(Q)SLy(Q;)g, so X9 is the whole of D}Vm:l.

This shows that g factors through Nm. Now the first part of Lemma 2.2.16 applies. [

Proposition 2.2.18. The module Tor?(x)(M */5L*%, O(X)/m) is 0 for all maximal ideals
mof O(X)

Proof. We again set K’ = O(X)/m, and let z € X (K”) be the point corresponding to m.
Proceeding as at the beginning of the proof of Proposition 2.2.17 we see that we must show
that the map

i L? @ox) K — M* ®@0x) K’
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is injective. We define

L: = VP(U;r)=?
M; = VI(V;r)=

As in the previous proposition, it is sufficient to show that the map j, : L** — M} is
injective. Now we continue as in the proof of Proposition 2.2.17, and finally apply the

second part of Lemma 2.2.16. [

The following consequence of the preceding two propositions will be the most conve-

nient analogue of Thara’s lemma for our applications.

Theorem 2.2.19. 1. There is a positive integer e such that for all but finitely many
primes ¢ =1 mod ¢, (T, — q — 1)° annihilates (M /iL?)*'s. Therefore these Hecke
operators annihilate the modules Ao/ A3 and, by consideration of the pairing P,
A/

2. The module (M*/jL*?)*™ is equal to 0. Therefore the modules N}/ A% and, by con-
sideration of the pairing Py, Ao/, are also equal to 0.

Proof. We first prove the first part of the theorem. Fix a ¢ = 1 mod ¢ with ¢ 1 Npdl. The
module (M /iL?)*" is finitely generated (and torsion) over the Dedekind domain O(X),
so it is isomorphic as an O(X )-module to &, O(X)/m* for some finite set of maximal
ideals m; in O(X). We set e to be the maximum of the e;. Set H, := T, — ¢ — 1 as before.
We will show that H annihilates (M /iL?)"".

Indeed, suppose that m € M represents a nonzero torsion class in M /iL2. Thus, there

exists a nonzero o € O(X) such that am € L. We have
Tor Y (M /iL?, O(X)/(a)) = {m € M/iL*: am = 0}.
So we are required to prove that H; annihilates
Tor" (M /iL?, O(X) /().

Since

(M/iL?)" = @ O(X)m,
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we can assume that (o) D [], m*, so it is enough to show that H annihilates
@ Tor? X (M /iL?, O(X)/mS).
Taking derived functors of — ®o(x) M /iL? of the short exact sequence
0——m;/m; — O(X)/m{ —= O(X)/m; —=0

and applying Proposition 2.2.17 and induction on e; (note that m;/m?* is isomorphic to
O(X)/mS "), we see that for each i, Hg annihilates Tor?(x)(M/iLQ, O(X)/m:"). Now
e; < e for all 4, so H; annihilates all of Tor?(X)(M/iLQ, O(X)/(«)). Since a was arbi-
trary, H annihilates (M /iL?)"".

The second part of the theorem follows easily from Proposition 2.2.18. [

2.2.20 Supporting Hecke ideals

We will call a maximal ideal 901 in the Hecke algebra TN°P) Eisenstein (compare [30]) if
there is some positive integer ¢ such that for all but finitely many primes ¢ = 1 mod ¢,

T, — q — 1 € 9. The motivation for this definition is the following well-known lemma:

Lemma 2.2.21. Suppose we have a Galois representation p : Gal(Q/Q) — GL»(Q,),
continuous and unramified at all but finitely many primes, and a positive integer c such
that for all but finitely many primes ¢ = 1 mod ¢, p is unramified at q and the trace of
Frobenius at q, Tr(Frob,) = ¢ + 1. Then p is reducible.

Proof. The formula for the traces implies that p restricted to the absolute Galois group
of the cyclotomic field Q((.) has semisimplification isomorphic to 1 & x, where 1 is the
trivial one dimensional representation, and x is the p-adic cyclotomic character. Denoting
Gal(Q/Q) by G and Gal(Q/Q((.)) by H and applying Frobenius reciprocity we conclude
that

Hom(Ind% (1 @ x), p)

is non-zero. Indfl(l @ x) is just a direct sum of one dimensional representations, so p is

reducible. O]

We recall that for an arbitrary (commutative) ring R the support of an R-module A

is the set of prime ideals p <1 I such that the localisation A, is non-zero. If A is finitely
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generated as an R-module then the support of A is equal to the set of prime ideals in R
containing the annihilator of A. We write T, for the image of TNoP) in Endo X)(L) and
similarly T}, for the image of TV in Endo(x)(M). Analogously we define T;- and
T~ to be the image of the Hecke algebra in the endomorphism rings of the relevant dual
modules. Note that there are natural maps Ty; — T, and Ty« — Tp-. If I is an ideal of
N&pl)

TN%P) we write I, for the image of I in T, and I, for the image of I N T( in Ty,

We can now state and prove the main theorem of this section.

Theorem 2.2.22. Suppose M is a non-Eisenstein maximal ideal of T™NP) containing T} —
(I + 1)%S,. Further suppose that My, is in the support of the T-module L. Then M, is in
the support of the T y;-module ker(i") C M.

Proof. We write M- for the image of 9 in Ty and M),. for the image of M N TP
in Tps+. Since 91, is in the support of L, and the perfect pairing between L and L* is
equivariant with respect to all of T?VP) (including 7}), we know that 9%, is in the support

of L*. Consider the module

[+1 T
Q — AS/A;;:L*Q L*2 l :
S 1+1

I+1 T

S 1+1
the support of (). We can view () as a T ;--module, with 91, in its support.

Since Lg; . # 0 and det ( ) € M we know that Qon,. # 0, i.e. M- is in

Theorem 2.2.19 implies that if 9t),. is in the support of Aj/A} or Aj/Aj then it is
Eisenstein, so it must be in the support of A}/Aj. This quotient is a homomorphic image
of M*/(M* N j(L3?)), so M. is in the support of M*/(M* N j(L3?)). Finally we can
apply pairing P; (which is equivariant with respect to T(VoP)) to conclude that 9T}, is in

the support of ker(i'). O

2.3 Applications

In this section we explain some applications of the preceding results, including the proof

of some cases of the conjecture mentioned in the introduction.
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2.3.1 Geometric level raising for p-adic modular forms

We firstly describe the application of Theorem 2.2.22 to the conjecture of our Introduction.
Chenevier [10] extended the classical Jacquet-Langlands correspondence to a rigid analytic
embedding from the eigencurve for a definite quaternion algebra to some part of the GL,
eigencurve. We may use this to translate the results of the previous section to the GLo
eigencurve.

We state the case of Theorem 3 in [10] that we will use. We have primes p,[ and a
coprime integer N > 1. Fix another prime ¢ and a character ¢ of Z/NpZ. Let & be the
tame level I'; (V) N I'g(q) and character ¢ reduced cuspidal eigencurve. Let D/Q be a
quaternion algebra ramified at the infinite place and at ¢, and let & be the corresponding

reduced eigencurve of tame level U; (V) and character .

Theorem 2.3.2. There is a closed rigid analytic immersion
JL,: P — &

whose image is the Zariski closure of the classical points of & that are new at q. This map

is defined over weight space and is Hecke equivariant.

We get the same result if we change the level of & to I'; (V)NI'y(¢l) (call this eigencurve
&") and change the level of &P to U;(N) N Uy(l) (call this eigencurve &), where we
construct these eigencurves using the Hecke operators at [ in addition to the usual Hecke
operators away from the level. This allows us to relate & and the two-covering &°'9 of &

corresponding to taking roots of /th Hecke polynomial.

Lemma 2.3.3. There is a closed embedding £°'% — &', with image the Zariski closure of

the classical l-old points in &'

Proof. Given X an affinoid subdomain of #/, let Mx and M denote the Banach O(X)-
modules of families (weight varying over X) of overconvergent modular forms of tame
levels I'y(N) N T'y(q) and T’y (N) N To(gl) respectively, as defined in section 7 of [3]. The
two degeneracy maps from level I'y(N) N T'y(ql) to level T'1(INV) N Ty(q) give a natural
embedding M2 — MY’. Denote the image of this map by M - it is stable under all
Hecke operators (including at /). The lemma follows from the observation that applying
the eigenvariety machine of [3] to the Banach modules M (with X varying) gives the

space &°\, O
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Let 2 C &' be the Zariski closure of the classical points in &’ corresponding to forms
new at [. Proposition 4.7 of [10] shows that 2 can be identified with the points of &”
lying in a one dimensional family of [-new points, where /-new means they come from
overconvergent modular forms in the kernel of the map analogous to i' in the G L, setting.
The following theorem corresponds to the conjecture in the introduction for points of &” in

the image of JL,,.

Theorem 2.3.4. Suppose we have a point ¢ € & lying in the image of J L, with T}?(¢) —
(I 4+ 1)25(¢) = 0. Let the roots of the Ith Hecke polynomial corresponding to ¢ be o and

la where o € C,,. Then the point over ¢ of &9 corresponding to « lies in Z.

Proof. We pick d, r and « such that the automorphic form corresponding to the preimage
of ¢ under J L, is r-overconvergent of slope < d and level U, (Np®). Now fix a closed ball
in %/, containing the weight of ¢, which is small enough (note that ‘small enough’ depends
on d, r and «) to apply the local eigenvariety construction described in section 6.2 of [9].
Denote this ball by X. As usual the rp~“-analytic character Z, — O(X) induced by the
embedding X — % is denoted by k.

The system of Hecke eigenvalues given by ¢ corresponds to a maximal ideal 90t in
the O(X) Hecke algebra TVP9), We know that 77 — (I + 1)2S; € M. If we set L =
SP(U,(Np~);r)=? as before, and use the notation of the previous section, then 9y, is
in the support of L. At this stage Theorem 2.2.22 applies to the ideal 91, which is not
Eisenstein since the Galois representation attached to ¢ is irreducible (recall that we are
working on the cuspidal part of the eigencurve). Therefore we know that 9t is in the
support of ker(i") C M. We can then take a height one prime ideal p C 9t in the support
of ker(i') C M, and then this corresponds (by proposition 6.2.4 of [9]) to a p-adic family of
automorphic forms, new at [, passing through a point ¢’ with system of Hecke eigenvalues
the same as those for ¢ away from [. Now applying the map JL, we see that one of the
points over ¢ must lie in 2. A calculation using the fact that ¢’ comes from an eigenform

in the kernel of i' shows that the point corresponds to the root . O

To translate this theorem into the language of the introduction, note that &°'¢ corre-
sponds to the generically unramified principal series components of &”’, whilst 2 corre-
sponds to the generically special or supercuspidal components. We may identify the point

over ¢ lying in 2 as the one whose attached GL,(Q;)-representation is special.
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2.3.5 Eigenvarieties of newforms

We return to the situation of a definite quaternion algebra D over Q with arbitrary discrim-
inant 0 prime to p. Denote the levels U; (Np®) by U and U; (Np®) N Uy(1) by V, as before.
We denote by & the tame level U (N) N Uy(l) reduced eigencurve for D. Suppose ¢ is a
point of &7, with weight 2. We say that ¢ is [-new if it corresponds to a Hecke eigenform in
the kernel of the map il : S (V;7) — SP(U;r), where this is defined as in section 2.2.11
by il (f) := (f|[V1U], f|[Vn;'U]). Denote by 2 the Zariski closure of the points in &

arising from classical [-new forms. We have the following proposition, due to Chenevier.

Proposition 2.3.6. 1. The set of x in &P that are l-new is the set of points of a closed

reduced analytic subspace &2 C &P.

new

2. Z is a closed subspace of &2, and its complement is the union of irreducible com-

ponents of dimension 0 in &2

new*

3. A point of 2 lies in Z if and only if it lies in a one-dimensional family of points in
(goD

new*

Proof. Exactly as for Proposition 4.7 of [10]. [

We now apply the results of section 2.2 to show that a point of &2 \ % lies in a one-

so by contradiction we can conclude that &2 is

dimensional family of points in &2 o

new?

equal to 2.

Theorem 2.3.7. &7

new

is equal to Z. In particular, &2 is equidimensional of dimension 1.

new

Proof. Let ¢ be a point of &2\ 2 with weight z. The proof will proceed by showing that
¢ is also [-old, then raising the level at ¢, as in the previous theorem, to show that it lies in
a family of /-new points.

We pick d, r and « such that ¢ comes from a r-overconvergent automorphic form of
slope d and level U = U;(Np®). Now fix a closed ball in %, containing the weight of ¢,
which is small enough (note that ‘small enough’ depends on d, r and «) to apply the local
eigenvariety construction described in section 6.2 of [9]. Denote this ball by X. The point
zin X corresponds to a maximal ideal m of O(X). If we set M = S%(V;r)=? as before,
then ¢ lies in a family corresponding to a Hecke eigenvector in M.

As in the previous subsection, we have a closed embedding &7, < &P, where &7,

is a two-covering of the tame level U reduced eigencurve for D, and the image of this
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embedding is the Zariski closure of the classical [-old points in &7, which also equals the
space of [-old points in & (as is clear from applying the proof of Lemma 2.3.3 to modules
of overconvergent automorphic forms for D). Since the space & is equidimensional of
dimension 1, but ¢ does not lie in a family of points in &2, , ¢ must lie in a family of points
in &1 So ¢ is l-old and [-new.

We now ‘raise the level’ at ¢. As in the proof of Proposition 2.2.17 we specialise the
O(X) modules L = SZ(U;r)=? and M at the maximal ideal m to give vector spaces L,
and M,. Since ¢ is I-new and [-old, it arises from an eigenform g in im(i,) N ker(il).
Now a calculation using the explicit matrix for the map ili, shows that g is of the form
i(af, —f), where f is an eigenform in L, with (T — (I + 1)25;)f = 0, and the roots
of the /th Hecke polynomial for f are a and [« (note that with our normalisations g is the
[-stabilisation of f corresponding to the root o). Now applying the proof of Theorem 2.3.4

we see that ¢ lies in 2, so we have a contradiction and therefore must have &2 = 2. [

new

Modules of newforms and the eigenvariety machine

Define the Banach O(X)-module M55} for varying affinoid subdomains X C % (with

corresponding character x) to be the kernel of the map
i SR(UL(NP™) N Up(1);r) — SK(UL(Np*)i7) x SR(UL(Np*)s ).

One might wish to construct the rigid analytic space &2 from these modules using Buz-
zard’s eigenvariety machine [3]. The key issue is to show that the modules M behave
well under base change between affinoid subdomains. The author is not sure whether this
should be true or not - the results in this chapter can be viewed as showing that these mod-
ules behave well under base change from a sufficiently small affinoid to a point and it is
not clear that one can conclude something about base change between open affinoids from

this.
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Chapter 3

Completed cohomology and level raising

for p-adic modular forms
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3.1 Introduction

In this note we describe an application of Poincaré duality for completed homology spaces
(as defined by Emerton) to level raising for p-adic modular forms. Fix a prime [ # p and
a positive integer N coprime to pl. Let D(N) and D(N, ) be the reduced eigencurves of
tame level I'y (V) and T'y (V) N Ty (1) respectively, constructed using the Hecke operators
away from N (we do use the Hecke operators at [). Let D(NN, ). be the equidimensional
closed rigid analytic subvariety of D(N, 1) whose points are those with irreducible attached
residual Galois representation p : Gal(Q/Q) — GLy(F,), and denote by D(N), the anal-
ogous subvariety of D(N). Define D(V,1)2°" to be the the closed rigid analytic subvariety
of D(N, ). whose points come from overconvergent modular forms which vanish under
the two natural trace maps from forms of level I'; (V) NT'y({) to forms of level I'; (V). Our

main result is the following, proved in section 3.4:

Theorem. D(N, )2V is equidimensional of dimension 1. It is equal to the Zariski closure

of the classical l-new points in D(N,1)..

This answers a question raised by the main theorem of [10], where the image of a p-adic
Jacquet-Langlands map is identified as the Zariski closure of the classical [-new points in
D(N,1). At least in the subspace D(N, )., the above theorem allows a point in this image
to be identified by a natural condition on the corresponding overconvergent modular form.

This theorem is equivalent to a level raising result on the eigencurve. For each point
x of D(N), there are 2 points x1, 25 of D(N, ). corresponding to the two roots of the
Ith Hecke polynomial for z. Suppose T7(x) — (I + 1)2S;(z) = 0. Equivalently, one of

the two points z1, x5, say xy, is in D(N,1)2°V. The above theorem implies that there is a

new

1-dimensional irreducible component of D (N, 1)~

passing through x;. This irreducible
component is an irreducible component of D(N, )., with the property that every classical
point on it is [-new. The point z; is not smooth, since two irreducible components (an old
one and a new one) intersect there.

This short chapter builds on Ch.2 above, where an analogous theorem is proved for the
eigencurve corresponding to overconvergent automorphic forms on a definite quaternion
algebra - in fact in that setting our results include the points where the attached residual
Galois representation is reducible. This difference arises because in Ch.2 a form of Thara’s

lemma in characteristic 0 is used, whereas in this chapter we make use of the classical

Ihara’s lemma to show the injectivity of a level raising map between completed cohomol-
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ogy spaces. We make use of completed cohomology (and homology) because Poincaré
duality provides us with a natural pairing between completed homology spaces, which
are finitely generated modules under a non-commutative local ring. Constructing a suit-
able pairing between spaces of overconvergent modular forms, the approach taken in Ch.2,
seems to be rather more difficult in the more geometric setting of overconvergent modular

forms.

3.2 Completed cohomology

We begin by defining completed homology and cohomology spaces, following Emerton’s
seminal paper [19] and Calegari and Emerton’s survey [5]. Fix a finite extension E of
Qp, with ring of integers O and uniformiser . Let K? be a compact open subgroup
of GLy(A}). If K, is a compact open subgroup of G := GL,(Q,) then we denote by
Y (K, K?) the open modular curve (over C) of level K, K” and write

HY(K?, A) = limg H'(Y (K,K"), A),
Kp

where the limit is over all compact open kK, and A is either £, O or O/w® for some
s > 0. Note that there is a natural G action on H'(K?, A), and a natural G-equivariant
isomorphism

HY(K? 0)/@*H (K?,0) = H(K?, O/wz).

Definition 3.2.1. We define the completed ith cohomology space of tame level KP to be
H(K?,0) == lim H'(K”,0) /" H'(K”,0) = lim H'(K?, 0 /"),

Applying the analogue of this construction to compactly supported cohomology, we
obtain the space H I(K?, ). We can also form completed homology spaces in a dual man-

ner:

Definition 3.2.2. The completed ith homology space of tame level K? is

Hy(K?,0) == lim H(Y (K,K"),0).

The same construction with Borel-Moore homology gives ]TIPM(K P, O). We write Gy
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for GLy(Z,) C G. The key finiteness property for the spaces we have defined above is

contained in the following result:

Proposition 3.2.3. . PA[Z(K P Q) and PAIlBM(K P Q) are finitely generated left modules
under the natural action of O[[Gy]]. The topology induced by the O[[Gy]|-module

structure is equivalent to the projective limit topology on these spaces.

2. We have Homg(HBM(K?, 0),0) = HY(K?,0) and Homy(H:(K?,0),0) =
HBM(K?, 0).

Proof. The first part of the proposition follows from the first part of Theorem 1.1 in [5]. As
for the second part, Proposition 4.3.6 of [19] shows that i 2(KP,O) = 0, whilst viewing
Borel-Moore homology as the homology of the compactified modular curve relative to the
cusps, it is easy to see that }AI(})BM(K P @) = 0. Our proposition now follows from the third

part of Theorem 1.1 in [5]. O

Remark. The statement of Theorem 1.1 in [5] also describes the connection between
ﬁi(K”, O) and ﬁ]i(Kp, O), which is slightly more complicated than in the compactly sup-

ported case, since H°(K?, O) is non-zero.

Definition 3.2.4. The Hecke algebra T(K?) is defined to be the weakly closed O-algebra of
G-equivariant endomorphisms of H L(K?, O) topologically generated by Hecke operators
Ty, S, for primes q { p that are unramified in KP.

3.3 Non-optimal levels

We now work with two fixed tame levels,

K(N) ::{geGLg(ip):gEC; j) mod N}

and

K(N,I) = K(N)N {g € GLy(Z%) : g = (; *> mod [}

We have a continuous morphism T(K (N, 1)) — T(K(N)), with image T(K(N))® the
subalgebra of T(K(N)) generated by the Hecke operators away from [. The following

definition can be found in section 1.2 of [1].
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Definition 3.3.1. An ideal I of T(K(N))W is Eisenstein if the map \ : T(K(N))?» —
T(K(N)W/I satisfies \(T,) = €1(q) + €2(q) and \(qS,) = €1(q)e2(q) for all q t pIN, for
some characters €, € : Ly — T(K(N))®/I.

Fix a maximal ideal m of T(K (NV))® which is not Eisenstein. We can pull back m to a

maximal ideal m of T (K (NN, [)) (maximal since m will certainly contain p).

Proposition 3.3.2. The natural maps o : HX(K(N), ©) — HY(K(N),O) and
8: HY(K(N,1),0) — H'(K(N,1),©) become isomorphisms after localising at the non-
Eisenstein maximal ideals m and m respectively. The same holds for the maps from usual

to Borel-Moore homology.

Proof. Proposition 4.3.9 of [19] shows that the maps « and [ are surjective. Let M denote
the kernel of c. Note that M is a torsion free O-module, since H HK(N),O) is a torsion
free O-module. Corollaire 3.1.3 of [1] shows that M is ‘Eisenstein’, i.e. if there is a system
of Hecke eigenvalues A : T(K(N))® — L, L a finite extension of E, with M} # 0, then
ker(\) is an Eisenstein ideal.

Note that M contains a dense subspace M := ker(H}(K(N),0) — H'(K(N), 0)).
In fact M is equal to the tw-adic completion of M, one way to see this is using the explicit
description of M (and M) given by Proposition 3.1.1 of [1]. The space M ®¢ FE is spanned
by Hecke eigenvectors, which have Eisenstein systems of eigenvalues, so (M ®¢ E)y = 0
and hence M,, = 0, since M is O-torsion free. Now M\m is a direct summand of ]\/4\ , and the
projection M — J/\/[\m is w-adically continuous, with M in the kernel, hence this projection
is the zero map and J\/Zm = 0. So « does give an isomorphism after localising at m.

The same argument applies to the map 5. The statement for homology follows from
the duality of the second part of Proposition 3.2.3 (note that this duality holds for usual
homology and cohomology after localising at a non-Eisenstein maximal ideal, since this

kills H O(K?, ) by the same argument we used to show that M, = 0). O

Remark. In the proof of Proposition 7.7.13 of [ 18] the fact that localising at non-Eisenstein
maximal ideals induces an isomorphism between compactly supported completed cohomol-
ogy and completed cohomology is used. The author thanks Matthew Emerton for commu-

nicating the above argument for why this follows from Corollaire 3.1.3 of [1].

Since the Hecke algebras are semilocal, localising at the maximal ideals m and m

gives us direct summands of the original (co)homology spaces. Note that the second
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part of Proposition 3.2.3 now gives us dualities between H YK(N),O), (respectively
HY(K(N,1),0)x) and Hy(K(N), O)s (respectively H (K (N, 1), O)s).
For each compact open K, C G there are two degeneracy maps from Y (K,K (N, 1))

to Y (K,K(N)), which in the limit give rise to a natural level raising map
i HY(K(N),0)% — HY(K(N,1), O)s.
There is a map in the other direction
it HY(K(N,1),0)s — H (K(N),0)?
given by the inverse system of maps
il Hy(K,K(N,1),0/w") = Hy(K,K(N),0/w")*

where i is the adjoint under Poicaré duality of the usual level raising map (as described in
section 3 of [15] for the Shimura curve case). We can form the (O-duals of these maps to
get maps i*, i between homology spaces.

A standard calculation shows that the composition ' - 7 acts by the matrix
I+1 T
SO 1+ 1

Definition 3.3.3. We define the [-new space to be

on H'(K(N), 0)?

m*

H (K(N,1),0)s := ker(i").

new

By duality, we can identify the dual Home(HL, (K(N, 1), O)s, ©) with

new

H(K(N,1),O)g = Hi(K(N, 1), O)s/i™ (H; (K (N), 0)2).

m

There is a form of Thara’s lemma in this situation, which follows easily from the classi-

cal Thara’s lemma:

Lemma 3.3.4. The map 1 is an injection. Dually, the map i* is a surjection.
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Proof. It is enough to show that the induced map
it HY(K(N),0)%/w* — H'(K(N,1),0)x/w"

is an injection for all s. Let T be the abstract Hecke algebra over O generated by 7, .S, for

primes ¢ 1 plN. Tt is clear that m and m pull back to the same non-Eisenstein maximal ideal
M of T. Since fll(K(N), O)n/w* = HY(K(N),O)g/w® and }AII(K(N, 1), 0)g/w® =
H'(K(N,1),O)sn/w*® we just need to show that the map

i i H(K(N),0)%, — H'(K(N,1),0)m

is injective with torsion free cokernel, which is the usual Thara’s lemma as in [37]. O

Poincaré duality at finite levels also gives rise to a duality between completed homology

spaces:
Proposition 3.3.5. There are O|[K,||-module isomorphisms

81 : Hom(H,(K(N),O), O[[K,)]) = Hi(K(N),O)n

52 : Hom(ﬁl (K(Nv l)? 0)57 O[[KPH) ]/—\II(K(Na l)v O)ﬁy

I

where K, is any open subgroup of G\.

Proof. This follows from localising the Poincaré duality spectral sequence that can be

found in [5]. ]
Lemma 3.3.6. We have a commutative diagram

Hom(H (K(N), 0)2, O[[K,])) —* Hom(H\ (K (N, 1), O}, O[[E, ]}

m?

Nl51€951 leb

I/—\Il(K(N)vo)Q

m

where the map *(i*) is the O[[K,||-dual of i*.

Proof. It suffices to check that for each K an open normal subgroup of K, the map
induced by *(*) on the finite level quotient H (K (N)K,, O) is equal to the map induced
by ™. This follows from the adjointness of i and i' under classical Poincaré duality, and
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the fact that the duality of Proposition 3.3.5 is induced by the maps

Homoyx, /x5 (H1(K(N) K}, 0), O[K,/K}]) = Homo (H1 (K(N) K}, 0),0) — HPM(K(N)K,, 0),

P’

where the first map is a canonical isomorphism of O[K),/K]]-modules (as in Lemma 6.1

of [16]) and the second map is given by classical Poincaré duality. 0

Say that a compact open subgroup K of GL2(Ay) is neat if GL2(Q) acts on (C\R) x
GL3(Ayf)/ K without fixed points. The following proposition is due to Emerton [20, Corol-
lary 5.3.19], see also Proposition 4.5.6 and Corollary 4.5.8 below for the proof of a similar

result:

Proposition 3.3.7. For a compact open K,, C G which is pro-p, such that K, K(N) and
K,K(N,) are neat (equivalently K, K (N) is neat), Hy(K(N),O)wand Hi(K(N,1),O)s
are free O[[K,]]-modules.

Theorem 3.3.8. If K, satisfies the conditions of the above proposition, then
H2¥(K(N,1),O)w is also a free O|[[K})]-module.

Proof. By lemma 3.3.4, there is a short exact sequence

0 — ker(i*) — H,(K(N,1), O)s —— H, (K (N),0)2 —=0.

m

Since H, (K (N),0)2 is free, there is a section to i*, and so ker(i*) is a direct summand of

the free module H; (K (N, 1), O)x. Hence ker(i*) is projective. But we assumed K, pro-
p, so O[[K,]] is local implying (by the noncommutative version of Nakayama’s lemma)
that ker(i*) is free. Now applying the functor Hom(—, O[[K,)]]) to the above short exact
sequence of free modules, we get a diagram

0 — Hom(H,(K(N),0)2,0[[K,]]) — Hom(H;(K(N,1),0)m, O[[K,]]) — Hom(ker(i*), O[[K,]]) — 0

(K (N),0)2 i, L (K(N,1),O),

where the first row is short exact, the vertical maps are the isomorphisms provided by
Proposition 3.3.5 and the horizontal map on the second row is identified as i™* by Lemma
3.3.6. Hence this diagram gives an isomorphism of O[[K]]-modules between the free
module Hom (ker(i*), O[[K,]]) and coker(i™*) = H™(K(N,1),0)s. O
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3.4 Eigencurves of newforms

We now recall Emerton’s eigenvariety construction (see sections 2.3 and 4 of [19]), which
we will apply to the space H. (K (N, 1), E)w, with the slight variation that we will use
Hecke operators at [ as well. Applying the Jacquet functor (see [17]) to the locally ana-
Iytic vectors in H., (K (N, 1), E)w we get an essentially admissible T'(Q,) representation,
where 7" is a maximal torus of GL,. This corresponds to a coherent sheaf & on the rigid
analytic space T which classifies continuous characters of T(Q,). Let T, be the abstract
Hecke algebra over O generated by 7, .S, for primes ¢ { plN and the operator U;. The
algebra T, acts on &, generating a coherent sheaf of algebras <7 on T'. We have the relative
spectrum Spec(./) of .27 over T, a rigid analytic space over F. We define D" {0 be the
reduced rigid analytic space Spec(«7)™

We have the following corollary of Theorem 3.3.8:
Corollary 3.4.1. The space D™V s equidimensional of dimension 2.

Proof. Fix a pro-p compact open subgroup of G, which is small enough so that K, K (N)
is neat. Now Theorem 3.3.8 implies that H™" (K (N, 1), O)g is a free O|[[K}]]-module, i.e.
isomorphic to O[[K,]]" as an O[[K}]]-module for some integer . For ease of notation,
let V' denote the G-representation f[gew(K (N, 1), E)w. By duality (and then inverting p),
V' is isomorphic to €' (K, E)" as a K,-representation, where % (K, E) is the space of
continuous functions from K, to F, viewed as a representation of K, by letting K, act
by right translation on functions. This shows that the space of locally analytic vectors V,
is isomorphic to ¢'*(K,,, E)" as a K,, representation, where €"'*(K,, E) is the space of
locally analytic functions from K, to £/. We let I;, denote the compact subgroup 7' N K,
of T', and write M for the strong dual of the Jacquet module J5(V},);, noting that M is the
space of global sections of the sheaf & over T. The rigid analytic variety fo parameterises
the characters of 7, and there is a natural map T — IA}) induced by restriction of characters.

The proof of Proposition 4.2.36 in [17] shows that, writing fo as a union of admissi-
ble affinoid subdomains MaxSpec(A,,), there is an isomorphism of E{{z,27'}}®grA,-

modules

M, = M®%an(fo,E)An = E{{Z7 Z_l}}®E[Z](W”®EA”)’

where W, is an F-Banach space and z is a certain element of 7" acting as a compact operator
on W,®gA,. Let Y be the subgroup of 7" generated by z, with corresponding rigid analytic

character variety Y. We can now describe how to apply the machinery of [3, 9] to get our
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desired equidimensionality result. Let &, be the pullback of & to T X7, An, let o7, be the
pullback of <7 to T X7 A, and let Z,, — Y x g A, be the Fredholm variety cut out by
the characteristic power series of z acting on W, ®grA,. Since &, is the sheaf associated
to M, there is a finite map M(ﬂfn) — Z,. In the language of [3], Z,, is the ‘spectral
variety’, and MaxSpec(A4,,) is ‘weight space’.

An admissible cover € of Z,, is constructed in section 4 of [3], so that for X € ¥, with
image V' in MaxSpec(A,) under projection, the pullback of Spec(.%7,) to Y is given by the
spectrum of a commutative algebra of endomorphisms (coming from the Hecke operators
and the action of T') of a locally free, finite type O(V')-module. Now Lemme 6.2.10 of [9]
applies, in the same way as the proof of Proposition 6.4.2 in [9], to deduce that Spec(.#7,) is
equidimensional of dimension 2, for all n, hence M(% ) is equidimensional of dimension

2. U

It follows from Proposition 4.4.6 in [19] that D™ is a product of an equidimension
1 space D™V and weight space, by left exactness of the Jacquet functor and the fact
that H. (K (N,1), E)s is stable under the action of €(Tp, E) induced by the map la-
belled 4.2.5 in [19]. This fact holds since this twisting action is induced from a GLy(A)-
equivariant action on the direct limit of completed cohomology spaces over all tame levels,
so it will preserve the kernel of i" (which was defined by means of degeneracy maps). Note
that we can also apply the same construction to H* (K(N,1), E)x to get an equidimension
1 space D.

We now return to the notation of the introduction. For each non-Eisenstein max-
imal ideal m of T(K(V,1)) let D(N,[)x be the equidimensional closed rigid subspace
of D(N, ). whose points have residual Galois representation corresponding to the Hecke
character induced by m. Set D(N,{)2" = D(N,1)2¥ N D(N,)z. There is a natural
isomorphism between D(N, )z and D, since both spaces are reduced, equidimensional
and contain a Zariski dense set of points corresponding to the systems of Hecke eigenval-
ues arising from classical modular forms of tame level I'y(N) N I'y() (see the proof of
Theorem 7.5.8 in [18]). Similarly, since D"V is equidimensional, it is isomorphic to the
Zariski closure of the classical [-new points in D(N, [)g, so there is a closed embedding

D % — D(N,[)2¥. We can now prove the theorem stated in the introduction.

Theorem 3.4.2. D(N, 1)V is equidimensional of dimension 1. It is equal to the Zariski

closure of the classical l-new points in D(N,1)..
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Proof. 1t is enough to show that the closed embedding D**V < D(N,[)2" is an isomor-
phism (for each non-Eisenstein m). As in Proposition 4.7 of [10] the complement of the
image of this embedding is a union of irreducible components of dimension 0. Suppose
the complement 2 is non-empty, containing a point x;. This point must lic over a point
x of D(N )y, since in D(N, ) it lies in an irreducible component of dimension 1 which
only contains [-old classical points, since x; € 2. We can now compare the completed
cohomology side and the overconvergent modular form side, since we can characterise
‘old and new’ points like x; using Hecke operators - they come from points z satisfying
Ty(z)*—(1+1)2S;(x) = 0. On the cohomology side this corresponds to an eigenclass in the
kernel of i - 4 (recall that this composition can be expressed in terms of Hecke operators),
so in particular x; corresponds to an eigenclass in the kernel of i - therefore it lies in D",

contradicting the assumption that x; lies in the complement. 0

3.5 Addendum: a remark on the level at p

This chapter has concentrated on the local behaviour at a prime [ # p of families of (finite
slope, overconvergent) p-adic modular forms. Of course, one is also interested in the be-
haviour at the prime p. A serious study of this question really requires the consideration of
p-adic representations of GL2(Q,) attached to p-adic modular forms, and the p-adic local
Langlands correspondence (see [20]). In this section we will limit ourselves to making a

few remarks about the ‘level’ at p of finite slope overconvergent p-adic modular forms.

Lemma 3.5.1. Let f € Si(['1(Np"),€,C) be a newform, for some nebentypus €, v > 1,
p 1 N and suppose that f is a Hecke eigenform (for all the Hecke operators, including
U, for primes q dividing Np). Suppose that U,f = af, with « # 0. Let 7 denote the
cuspidal automorphic representation of GLy(Ag) generated by f. Then there are two

distinct possibilities for the local factor of 7 at p:

1. The local factor m, is a (ramified) principal series representation PS(ji1, j12) (the
normalised induction of |11 X ps) with juy unramified and jio conductor p”. In partic-

ular, the p-power part, €, of € has conductor p".

2. The local factor m, is a special representation of conductor p. In particular, € has

conductor prime to p and r = 1. The eigenvalue « satisfies o = ey (p)p" 2.
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Proof. This follows from analysing the possibilities for the conductor ¢ of €,. If ¢ equals p"
then we are in the situation of case 1 (see the example in [8, pg. 119]). If ¢ is smaller than

p", then we are in the situation of case 2 by the third part of [28, Theorem 3]. L]

For an integer N, coprime to p, let D(NN), denote the (reduced) cuspidal tame level
I'1(N) eigencurve. We define two subsets of the classical points of D(N),. Firstly, denote
by 2P~PS the points whose associated automorphic representation have local factor at
p a principal series representation (unramified or ramified). Secondly, denote by 27~5P
the points whose associated automorphic representation have local factor at p a special
representation (which is then necessarily of conductor p, by lemma 3.5.1). Note that the

union 2°P~FS J 2°P~5P is the set of classical points of D(N ), by lemma 3.5.1.
Proposition 3.5.2. The set of points 2°P~Y5 is Zariski dense in D(N),.

Proof. We claim that any affinoid open neighbourhood U of a point z € Z°?~5P contains a
point in 2°P~FS_ This claim establishes the proposition, since the classical points are Zariski
dense in D(NN)g. To prove the claim, first shrink U so that the slope and nebentypus (with
conductor prime to p) of points in U are constant. For z € U let a(x) denote the U,
eigenvalue of the overconvergent modular form corresponding to the point x. By Lemma
3.5.1 we have v,(a(z)) = (k — 2)/2, where k is the weight of z. The neighbourhood U
contains points 2’ with arbitrarily large classical weights &', but v,(a(2")) = (k — 2)/2 by
our assumption on constancy of slope. Pick 2’ so that v,(«a(2')) < k' — 1 (i.e. K’ > k/2)
and k&’ # k. Then Coleman’s classicality criterion implies that 2’ is a classical point, whilst

vy(a(z’)) # (K —2)/2 so by Lemma 3.5.1 2’ must lie in 275, O

Note that the proof of the above proposition in fact shows that given a sufficiently small
neighbourhood U of a point z € 2°P~5P, all the classical points in U lie in 2?~FS, In other
words, ZP~5P is closed in the p-adic topology. One might conjecture that it is also Zariski
closed. The following corollary of some results due to Chenevier [11] gives some evidence

towards this conjecture.

Proposition 3.5.3. Suppose N = 1 and p = 2,3,5 or 7. Then the set of p-special points

PSP s Zariski closed.

Proof. Let 7 be the map D(N)y — # x G,, sending a point x to the pair (k(x), U,(x)?),
where x(z) is the weight of = and U,(z) is the U,-eigenvalue of x. The image of 7 is

a reduced curve 2 (note that this is not quite the spectral curve for U, since we took
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U,(z)~2 as the second factor of the map). Let .# be the set of integers &k such that
dime (S(To(p), C)P~%) > 2. Let 22 C 2P~5P be the subset consisting of points
with weight in . . Its complement is a finite set, since the dimension of Si(I'y(p), C)P~ ¥
grows with (even) k. It follows from the main theorem of [11] that 7(2° )pg_Sp ) is precisely
the set of non-smooth points in 2", whence we deduce that 2 %p,_Sp 1s Zariski closed, and
therefore adding a finite number of additional points we see that 2P~SP is also Zariski

closed. O]
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Chapter 4

Completed cohomology of Shimura
curves and a p-adic Jacquet-Langlands

correspondence
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4.1 Introduction

In an important paper [38], Ribet proves the ‘e conjecture’ of Serre, on optimising the level
of mod p Galois representations. A key result of Ribet’s paper establishes a relationship
between the arithmetic of Shimura curves and modular curves (Theorem 4.1 in [38]), which
provides a geometric realisation of an integral Jacquet-Langlands correspondence. More
recently, Rajaei [36] extended Ribet’s techniques to the case of Shimura curves over totally
real fields.

In this chapter we use Rajaei’s results together with Emerton’s completed cohomology
[19] to construct an integral p-adic Jacquet-Langlands map between completed cohomol-
ogy spaces for Shimura curves of different discriminant. Applying Emerton’s eigenvariety
construction to these spaces gives a Jacquet-Langlands map between eigenvarieties - we
note that our approach to proving this kind of ‘p-adic functoriality’ is rather different to
that followed in [10].

The techniques of this chapter also allow us to prove a p-adic analogue of Mazur’s
principle (as extended to the case of totally real fields by Jarvis, [25]), which should have
applications to questions of local-global compatibility at [ # p in the p-adic setting - this
generalises Theorem 6.2.4 of [20] to totally real fields. Having proved a level lowering
result for completed cohomology, we can deduce a level lowering result for eigenvarieties.
For F' = Q these level lowering results have already been obtained by Paulin [34], using
the results of [20] (in an indirect way, rather than by applying Emerton’s construction of

the eigencurve).

4.2 Preliminaries

4.2.1 Vanishing cycles

In this section we will follow the exposition of vanishing cycles given in the first chapter
of [36] - we give some details to fix ideas and notation. Let O be a characteristic zero
Henselian discrete valuation ring, residue field & of characteristic [, fraction field L. Let
2 — S = Spec(O) be a proper, generically smooth curve with reduced special fibre, and
define ¥ to be the set of singular points on .2” ® k. Moreover assume that a neighbourhood
of each point z € 3 is étale locally isomorphic over S to Spec(O[ty, to]/(t1ts — a,)) with

a, a non-zero element of O with valuation e, = v(a,) > 0. Define morphisms 7 and j to
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be the inclusions:
P Xk =2, XL X .

For .% a constructible torsion sheaf on 2", with torsion prime to [, the Grothendieck (or
Leray) spectral sequence for the composition of the two functors I'(2", —) and j, gives an
identification

RU(Z @ L,j*F) = RU(Z, R(j).j*F).

Applying the proper base change theorem we also have
RU(Z ,R(j)+j*F) ~ RU(Z @ k,i*R(j)+j*.F).

The natural adjunction id = R(j).j* gives a morphism i*.% — i*R(j).j*.# of com-
plexes on 2 ® k. We denote by R®(.%) the mapping cone of this morphism (the complex
of vanishing cycles), and denote by RV (.%) the complex i*R(j).j*% (the complex of

nearby cycles). There is a distinguished triangle
i*"F — RY(F) — RO(F) —,
whence a long exact sequence of cohomology
o H(Z @k, i*"F) —» H(Z @k, RY(F)) - H(Z @k, RO(F)) — ---

As on page 36 of [36] there is a specialisation exact sequence, with (1)’ denoting a Tate
twist of the Gal(L/L) action:

0—HY(Z @ Fi"Z)(1) —= H'(Z @ T, F)(1) — > B,ex, BO(F)(1)

e B2 9, ) 1) 2R (2 9 L) (1)

4.1)
We can extend the above results to lisse étale Z,-sheaves (p # [), by taking inverse limits
of the exact sequences for the sheaves .% /p’.Z . Since our groups satisfy the Mittag-Leffler
condition we preserve exactness. In particular we obtain the specialisation exact sequence

(4.1) for .#. From now on .# will denote a Z,-sheaf, and we define
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X(F) = ker(y) = im(8) € @ R'D(F).(1),

TEX

so there is a short exact sequence
00— HY(Z ®k,i*7#)(1) — H (Z @ L, j*F)(1) — X(F) —=0.
As in section 1.3 of [36] there is also a cospecialisation sequence

—~ —~—— ’
ol

0—=HYZ @F RU(F)) = H(Z ok F) = Boex Ha (2 @ k, RU(F))

B2 @F, RU(F)) — H(Z @k, F) 0,

4.2)
where we write 2° ® k for the normalisation of 2" ® k, and (in the above, and from now
on) we also denote by .# the appropriate pullbacks of .# and RV (%) (e.g. i*.%#). The

normalisation map is denoted r : 2° ® k — 2~ ® k. We can now define
X(F) = im(8),

and apply Corollary 1 of [36] to get the following:

Proposition 4.2.2. We have the following diagram made up of two short exact sequences:
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Note that the map X (%) — H' (2 ® k,.F) is the one induced by the fact that
X(ZF)Cc H(Z @k, RU(F))
is in the image of the injective map
HYZ @k, F)— H(Z @k RU(F)).
Finally, as in (1.13) of [36] there is an injective map
A X(F) = X(F)

coming from the monodromy pairing.

4.3 Shimura curves and their bad reduction

4.3.1 Notation

Let F'/Q be a totally real number field of degree d. We denote the infinite places of F' by
Ty, ..., Tq. We will be comparing the arithmetic of two quaternion algebras over F. The
first quaternion algebra will be denoted by D, and we assume that it is split at 7y and at
all places in F' dividing p, and non-split at 7; for ¢ # 1 together with a finite set S of
finite places. If d = 1 then we furthermore assume that D is split at some finite place
(so we avoid working with non-compact modular curves). Fix two finite places q; and s
of F', which do not divide p and where D is split, and denote by D’ a quaternion algebra
over I’ which is split at 71 and non-split at 7; for i # 1 together with each finite place
in S'U{q1,q2}. We fix maximal orders Op and Op' of D and D’ respectively, and an
isomorphism D ®p A% =~ D/ @ A'%) compatible with the choice of maximal orders
in D and D'.

We write ¢ to denote one of the places q1, g2, and denote the completion F; of F' by L,
with ring of integers O, and residue field k4. Denote /"N O, by O(,). We have the absolute
Galois group G, = Gal(L/L) with its inertia subgroup I,.

Let G and G denote the reductive groups over Q arising from the unit groups of D and
D' respectively. Note that G and G’ are both forms of Resp/qg(GLy/F). For U a compact
open subgroup of G(Af) and V' a compact open subgroup of G'(A;) we have complex
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(disconnected) Shimura curves

M(U)(C) = GQ\G(Af) x (C-R)/U
M'(U)(C) = G'(Q\G'(Af) x (C=R)/V,

where G(Q) and G'(Q) act on C — R via the 7 factor of G(R) and G’(R) respectively.
Both these curves have canonical models over F', which we denote by M (U) and
M'(U).

4.3.2 Integral models and coefficient sheaves

Let U C G(Ay) be a compact open subgroup (we assume U is a product of local factors
over the places of F), with U; = Up(q) (the matrices in GL2(O,) which have upper trian-
gular image in GLy(k,)), and U unramified at all the finite places v where D is non-split
(.e. U, = Op,). Let ¥(U) denote the set of finite places where U is ramified. In Theorem
8.9 of [25], Jarvis constructs an integral model for M (U) over O, which we will denote by
M, (U). In fact this integral model only exists when U is sufficiently small (a criterion for
this is given in [25, Lemma 12.1]), but this will not cause us any difficulties (see the remark
at the end of this subsection). Section 10 of [25] shows that M, (U) satisfies the conditions
imposed on 2" in section 4.2.1 above.

We also have integral models for places dividing the discriminant of our quaternion
algebra. Let V' C G'(Ay) be a compact open subgroup with V4 = Of, .. We let M (V)
denote the integral model for M'(V') over O, coming from Theorem 5.3 of [46] (this is
denoted € in [36]). This arises from the g-adic uniformisation of M’(V') by a formal O,-
scheme, and gives integral models for varying V' which are compatible under the natural
projections, and again satisfy the conditions necessary to apply section 4.2.1.

We now want to construct sheaves on Ml (U) and M (V') corresponding to the possible
(cohomological) weights of Hilbert modular forms. Let k = (kq,...kq) be a d-tuple of
integers (indexed by the embeddings 7; of F'into R if the reader prefers), all > 2 and of the
same parity. The d-tuple of integers v is then characterised by having non-negative entries,
at least one of which is zero, with k +2v = (w, ..., w) a parallel vector. We will now define
p-adic lisse étale sheaves .%;, on Mq(U ), as in [7, 31, 39]. Denote by Z the centre of the
algebraic group G. Note that Z = Resp/qg (Gy.r). We let Z denote the maximal subtorus

of Z that is split over R but which has no subtorus split over Q. It is straightforward to see
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that Z; is the subtorus given by the kernel of the norm map
NF/Q : ResF/Q(Gm,F) — Gm@.

In the notation of [31, Ch. III] the algebraic group G° is the quotient of G by Z,. Take
F' C C anumber field of finite degree, Galois over Q and containing F' such that F” splits
both D and D'. Since F’/Q is normal, F” contains all the Galois conjugates of /" and we
can identify the embeddings {7; : ' — C} with the embedding {7; : ' — F’}, via the
inclusion F’ C C. Since D ®p,, F' = M,(F") for each ¢, we obtain representations &; of
D* = G(Q) on the space W; = F"?. Let v : G(Q) — F* denote the reduced norm. Then

€9 = Bl (7.0 1)" © Sy ()

is a representation of G(Q) acting on W, = ®%_, Sym* ~2(W;). In fact £ arises from an
algebraic representation of G on the (Q-vector space underlying W, (or rather the associ-
ated Q-vector space scheme). For z € Z(Q) = F* the action of £*)(2) is multiplication
by Npjg(2)* 72,50 & (k) factors through G¢. The representation ¢*) gives rise to a repre-
sentation of G(Q,) on W, ®g Q, = Wy, @p (F’ ®q Q,), so taking a prime p in " above
p and projecting to the relevant factor of I ®q Q, we obtain an F-linear representation
Wi of G(Q,).
Now we may define a Q,-sheaf on M (U)(C):

Frgpc = GQNG(Af) X (C—R) x Wi, /U,

where G(Q) acts on W, by the representation described above (via its embedding into
G(Q,)), and U acts only on the G(Ay) factor, by right multiplication. Note that this defi-
nition only works because £(*) factors through G°.

Choose an OF; lattice W,gp in Wy, ,. After projection to G(Q,), U acts on Wy, and
if U is sufficiently small it stabilises W,Svp. Pick a normal open subgroup U; C U acting
trivially on W, /p". We now define a Z/p"Z-sheaf on M (U)(C) by

Frappzc = (MU (C) x (Wi, /p™)/(U/Uh).
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Now on the integral model M, (U) we can define an étale sheaf of Z/p"Z-modules by
Frzppz = Ma(Ur) x (Wi, /p")/(U/Uy).

By section 2.1 of [7] this construction is independent of the choice of lattice W,gp. Taking
inverse limits of these Z/p"Z-sheaves we get a Z,- (in fact Op;-) lisse étale sheaf on M, (U)
which will be denoted by 7.

The same construction applies to M ('), and we also denote the resulting étale sheaves
on M (V) by ;. Note that we chose F” so that it split both D and D’ - this allows F), to
serve as a field of coefficients for both Ml (U) and M (V).

From now on we work with a coefficient field £. This can be any finite extension of
F}. Denote the ring of integers in £/ by Oy, and fix a uniformiser . The sheaf .7 on the
curves M, (U) and M[ (V') will now denote the sheaves constructed above with coefficients

extended to 0.

Remark. Note that in the above discussion we assumed that the level subgroup U was
‘small enough’. In the applications below we will be taking direct limits of cohomology
spaces as the level at p, U, varies over all compact open subgroups of G(Q,), so we can
always work with a sufficiently small level subgroup by passing far enough through the

direct limit.

4.3.3 Hecke algebras

Definition 4.3.4. The Hecke algebra T (U) is defined to be the O,-algebra of endomor-
phisms of H'(M(U), %) g generated by Hecke operators T,, S, for primes v { pqiqs
such that U and D are both unramified at v. The Hecke algebra T} (V') is defined to be the
O,-algebra of endomorphisms of H*(M' (V) g, Fi) r generated by Hecke operators T, S,

for primes v t p such that V and D’ are both unramified at v.

The Hecke algebras T,(U) and T}, (V') are semilocal, and their maximal ideals corre-
spond to mod p Galois representations arising from Hecke eigenforms occuring in
HYM(U)s, Zr)gand HY (M'(V )7, )5 respectively. Given a maximal ideal m of T}, (U)
we denote the Hecke algebra’s localisation at m by Ty (U),, where p : Gal(F/F) —
GLy(F,) is the mod p Galois representation attached to m, and more generally for any
T« (U)-module M, denote its localisation at m by M;. We apply the same notational con-

vention to T/ (V') and modules for this Hecke algebra.
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The Hecke algebra T (U) acts faithfully on the O,-torsion free quotient
HYM(U)g, Zi)" of HY(M(U)F, Z%). Moreover, since the action of the Hecke operators
on HY(M(U)g, Z.)'" is Eisenstein (see [15, Lemma 4]), if p as above is irreducible then
H'(M(U)z,-7)4 can be naturally viewed as an O,-direct summand of H' (M (U)z, ),
and we denote it by H' (M (U), #1.)5. The same consideration applies to any subquotient
M of H'(M(U)%, Z&), and for the Hecke algebra T/, (V). Note that if k£ = (2, ..., 2) then
HYM(U)g, Fr) = HY(M(U)F, O,) is already O,-torsion free.

4.3.5 Mazur’s principle

In the next two subsections we summarise the results of [25] and [36]. First we fix a
(sufficiently small) compact open subgroup U C G(Ay) such that U, = GL2(O,). For
brevity we denote the compact open subgroup U N Uy(q) by U(q).

We apply the theory of Section 4.2.1 to the curve M, (U(q)) and the Z,-sheaf given by
F., for some weight vector k, to obtain Op-modules X,(U(q), %) and X,(U(q), Fx). We

have short exact sequences

0 — H'(M,(U(q)) ® ky, Fi) = H' (My(U(a)) ® L, Fi) = Xq(U(a), Fi)(—1) = 0,
(4.3)
0= Xo(U(a), Fi) — H' (My(U(q)) @ kg, Fi) = H' (My(U(q)) @ kg, 7.5 F3) = 0.
4.4)
The above short exact sequences are equivariant with respect to the G action, as well as
the action of T (U(q)) and the Hecke operator U,. The sequence 4.4 gives rise to Mazur’s
principle (see [25] and Theorem 4.4.26 below).

4.3.6 Ribet-Rajaei exact sequence

We also apply the theory of Section 4.2.1 to the curve M (V') and the sheaf .7, where V' C
G'(Ay) is a (sufficiently small) compact open subgroup which is unramified at q. We obtain
Op-modules Y, (V, %) and Y, (V, %), where Y and Y correspond to X and X respectively.
As in equation 3.2 of [36] these modules satisty the (G, and T}, (V') equivariant) short exact

sequences

0—= H(M}(V) ® kg, F1) —= H'(M(V) @ L, Fy,) —= Yo(V, F)(—1) — 0,
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0—Y (V. Fy) —= H' (M(V) ® kq, F) — H (M (V) @ ky, ru7*F,) — 0.

It is remarked in section 3 of [36] that in fact H* (M (V) ® kq, r.r*.#;) = 0, since the

irreducible components of the special fibre of M[; (V') are rational curves, so we have

Yo(V, 7) = H' (M(V) @ kq, F).

We can now relate our constructions for the two quaternion algebras D and D’. This
requires us to now distinguish between the two places q; and q. We make some further
assumptions on the levels U and V. First we assume that U;, = Op,, = GL2(O,,) and
Up = Opg, = GLy(Oy,), and that V' is unramified at both q; and q,. We furthermore
assume that the factors of U away from q; and g, U9, match with V9192 under the fixed
isomorphism D®FA;5’1;’2) = D’®FA§§’1;'2). We will use the notation U(q1), U(q2), U(q192)
to denote U N Uy(q1), U N Up(g2), U N Up(g1) N Up(q2) respectively.

We fix a Galois representation p : Gal(F/F) — GLy(F,), satisfying two assumptions.
Firstly, we assume that p arises from a Hecke eigenform in H'(M'(V)#, %;). Secondly,
we assume that p is irreducible. Equivalently, the corresponding maximal ideal m” in T/ (V)
is not Eisenstein.

There is a surjection Ty (U(q1q2)) — T}, (V') arising from the classical Jacquet—-Langlands
correspondence (this identifies T/ (V') as the q;q2-new quotient of Ty (U(q1q2))), so there
is a (non-Eisenstein) maximal ideal of T%(U(q1q2)) corresponding to 7 (in fact this can be
established directly from the results contained on pg. 55 of [36], but for expository pur-
poses it is easier to rely on the existence of the Jacquet—Langlands correspondence). We
can therefore regard all T} (V') ;-modules as T (U(g142))5-modules. Now [36, Theorem 3]

implies the following:

Theorem 4.3.7. There are T, (U(q192))5-equivariant short exact sequences
if
00— Y:h (V7 yk)ﬁ - qu (U(qqu), yk)ﬁ - XCIz (U(qQ)’ <gsk’)% - 07

0HXV‘M(U(q?)vyk)%*i>XCI2(U<qlq2)vyk)ﬁﬁy/ql(‘/? ylﬂ)ﬁHO

In the theorem, the maps labelled i and i' are the natural ‘level raising’ map and its
adjoint, as in the previous chapters (they should be defined using double coset operators
here, since there is no direct moduli theoretic description of our Shimura curves allowing

a definition via degeneracy maps as in chapter 3). We think of this short exact sequence
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as a geometric realisation of the Jacquet-Langlands correspondence between automorphic
forms for G’ and for G. The proof of the above theorem relies on relating the spaces
involved to the arithmetic of a third quaternion algebra D (which associated reductive al-
gebraic group G/Q) which is non-split at all the infinite places of F' and at the places in
S U {q2}. However, we will just focus on the groups G’ and G, and view G as playing an

auxiliary role.

4.4 Completed cohomology of Shimura curves

4.4.1 Completed cohomology

We now consider compact open subgroups U? of G (Agcp )), with factor at v equal to O,
at all places v of F' where D is non-split. Then we have the following definitions, as in

[19, 20]:

Definition 4.4.2. We write H},(U?, .7,/ w®) for the O, module
ling 5" (M (UU") 5, i/ w°),
Up

which has a smooth action of G(Q,) = [1,, GL2(F) and a continuous action of G .

We then define a w-adically complete O,-module
H(UP, %) = lim H"(U?, F, /=),

which has a continuous action of G(Q,) and G .

Lemma 4.4.3. The O,|G(Q,)]-module Hp(UP, F) is a w-adically admissible G(Q,))-
representation over O, (in the sense of [21, Definition 2.4.7]).

Proof. This follows from [19, Theorem 2.2.11], taking care to remember the O,-integral

structure. O]

Write H"(U?, %) for the admissible continuous Banach E[G(Q,)]-representation
ﬁ”(Up, Fr) Ro, E.

Lemma 4.4.4. There is a canonical isomorphism

ﬁn(Up7 OP) = ILHI Hn(Upa OP)/wSHn(Upv OP):

s
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compatible with G and G(Q,) actions.

Proof. Since M (U,UP)z is proper of dimension 1, this follows from Corollary 2.2.27 of
[19] O

Remark. Note that in Emerton’s notation the above lemma says that H"(U?) = H™(UP).

The following lemma allows us to restrict to considering completed cohomology with

trivial coefficients.

Lemma 4.4.5. There is a canonical G(Q,,), G equivariant isomorphism
H"(UP, F) = H"(U?, 0,) @0, W,

Proof. This follows from Theorem 2.2.17 of [19]. O

Proposition 4.4.6. Let F'< be the closure of F* in A?X. There is an isomorphism between

H 0(U?, ©,) and the space of continuous functions

C(FX\AL"/ det(U7), 0),
with GL2(Q,) action on the right hand side induced by g acting on A?X by multiplication
by det(g).

Proof. This follows from the fact that the product of the sign map on (C — R) and the

reduced norm map on G(A ) induces a map
GQN\G(Ay) x (C=R)/U — F*\AE ; x {£}/ det(U) = F*\AL ;/ det(U)

with connected fibres. [
Proposition 4.4.7. The space H2(U®, O,) is equal to 0.
Proof. Exactly as for Proposition 4.3.6 of [19] [

If v is a prime in F’ such that U? and D are both unramified at v then there are Hecke
operators T, S, defined as usual on the spaces H'(U?, O, /w*) (i.e. by double coset oper-
ators, as in [36]). By continuity this extends to an action of these Hecke operators on the

space HY,(U?, Oy), so we can make the following definition:
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.....

-----

The topological O,-algebra T(UP) acts faithfully on H 5(UP, O,), and is topologically
generated by Hecke operators T, .S, for primes v { p such that UP and D are both un-
ramified at v. Note that the isomorphisms of lemmas 4.4.4 and 4.4.5 are equivariant with
respect to the Hecke action, so we will often just work with the completed cohomology

spaces defined with trivial coefficients.

Definition 4.4.9. An ideal I of T(UP) is Eisenstein if the map X\ : T(U?) — T(UP)/I

satisfies \(T,) = €1(q) + e2(q) and \(¢S,) = e1(q)e2(q) for all ¢ ¢ {p} UL, for some
characters €, €3 : Ly, — T(U?) /L.

The Hecke algebra T(U?) is semilocal and Noetherian, with maximal ideals corre-
sponding to mod p Galois representations arising from Hecke eigenforms in (an extension
of scalars of) H},(U?, O,/w). Given a maximal ideal m of T(U?) we denote the Hecke
algebra’s localisation at m by T(UP),, where p : Gal(F/F) — GLy(F,) is the mod p
Galois representation attached to m, and more generally for any T(U?)-module M, denote
its localisation at m by M.

We now fix such a p, and assume that it is irreducible. There is a deformation pg?Up of
p to T(UP); (taking a projective limit, over compact open subgroups U, of G(Q,), of the
2(UPU,)5). For a closed point & € Spec(T(U?)5[1/p]) we denote
by p(Z?) the attached Galois representation, defined over the characteristic 0 field k(.2?).

deformations to T,

.....

Definition 4.4.10. Given a T(U?); module M and a closed point &7 € Spec(T(UP)5[1/p)),
we denote by M[Z] the k(Z?)-vector space {m € M ®o, k(Z) : Tm = VI € Z}.
Suppose we have a homomorphism \ : T(U?); — E', where E'/E is a finite field ex-
tension. We say that the system of Hecke eigenvalues \ occurs in a T(U?);-module M if
M ®o, E' contains a non-zero element where T(UP) acts via the character \. In other
words, X occurs in M if and only if M[ker(\)] # 0. We say that ) is Eisenstein whenever
ker \ is.

We have the following result, generalising [20, Proposition 5.5.3]. Denote by X the
Op-module Home), a1 (A5, ITI},(UP, Op)5).

Fi
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Proposition 4.4.11. The natural evaluation map
ev : pilye Qrwr), X — Hp(U?, D)

is an isomorphism.

Proof. First let & € Spec(T(U?)4{1/p|) be the prime ideal of the Hecke algebra corre-
sponding to a classical point coming from a Hecke eigenform in H' (M (U*U,), O,); ®o,

k(Z7). Then the image of the map
A P) @) X[ 2] = HB(UP, Op) @0, K(P)

induced by ev contains H' (M (UPU,)5, O,)[Z?]. From this, it is straightforward to to see
that the image of the map

evg 1 B ®o, p%:‘Up QT(Ur), X — ﬁzl)(Upa Op)p.e

is dense, since it will contain the dense subspace H},(U?, O,)5 p. Now X is a w-adically
admissible G(Q,)-representation over T(U?)5, hence by [20, Proposition 3.1.3] the image

of evp is closed, therefore evg is surjective. We now note that the evaluation map

P Qu(p) (Homey (p, Hp(UP, Oy Jw)5) = HE(UP, Oy /w)5
is injective, by the irreducibility of p. We conclude the proof of the proposition by applying
the following lemma (see [20, Lemma 3.1.6]). [

Lemma 4.4.12. Let 7, and 5 be two w-adically admissible G(Q),) representations over a
complete local Noetherian O,-algebra A (with maximal ideal m), which are torsion free as

Oy-modules. Suppose f : w4 — my is a continuous A|G(Q,)|-linear morphism, satisfying
1. The induced map T R, £ — 7 Qo, E is a surjection
2. The induced map m /w[m| — w5 /w([m] is an injection.

Then f is an isomorphism.

Proof. First we show that f is an injection. Denote the kernel of f by K. It is a cw-adically

admissible G/(Q,) representation over A, so in particular K/w = J,5, K/w[m’]. Our
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second assumption on f then implies that K /e = 0, which implies K = 0, since K is
w—adically separated. We now know that f is an injection, and out first assumption on
f implies that it has O,-torsion cokernel C'. Since ; is O,-torsion free there is an exact
sequence

0 — Clw] = m/w — m/w.

Since 71 /w = |J;», m1/w[m’] we have C[w] = [, C[w][m’], but the second assumption
on f implies that C[w|[m] = 0. Therefore C[w]| = 0, and since C' is O,-torsion we have

C = 0. Therefore f is an isomorphism. O]

4.4.13 Completed vanishing cycles

We now assume that our tame level U is unramified at the prime q, and let U?(q) denote
the tame level U? N Uy(q). Fix a non-Eisenstein maximal ideal m of T(U?(q)). We are

going to ‘zw-adically complete’ the constructions of subsection 4.3.5.

Definition 4.4.14. For .7 equal to either F), or r,r*.% we define O,-modules with smooth

G(Qy) actions

and

Xq(UP(q), Fr) = liqu(UpUp(q)a Fk.)-

Proposition 4.4.15. Equation 4.3 induces a short exact sequence, equivariant with respect

to Hecke, G(Qy,) and G actions:

0 —— H,o(U(a), F) — H'(UP(q), Fi) — Xy(UP (), Fi)(=1) —=0.
Similarly, Equation 4.4 induces

0 —= X (UP(q), i) — H;oa(UP(q), Fi) — H,og (UP(q), 71" Fi) — 0.

Proof. This just follows from taking the direct limit of the relevant exact sequences. 0
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Definition 4.4.16. We define O,-modules with continuous G(Q,,) actions (again .F equals

either %y, or ryr* %y,)

i(U7(0), %) = i Ho(U(0), 7) /" Ha07(@), 7).

X, (U (@), F) = lim Xo(U7(a), Z) /" Xo(U7(q), i)

and

Xo(UP(q), i) = lim Xo(UP(q), F) /" Xo(UP(q), Fi)-
Now w-adically completing the short exact sequences of Proposition 4.4.15, we obtain
Proposition 4.4.17. We have short exact sequences of w-adically admissible
G(Qy)-representations over O,, equivariant with respect to Hecke, G(Q,,) and G actions:

0—= H1,(U"(q), Fr)m — HH(UP(q), FiJm — Xy(UP(q), Fi)m(—1) —= 0,

0 Xq(Up(q)ﬂg\k) Hrled(Up(q%yk)m Hrled<Up<q)7r*T*<ng)m4>O~

Proof. The existence of a short exact sequence of O,-modules follows from the fact that
X, (U,UP(q), Pr)m and HL (UP(q), rr* Fy)m is always O,-torsion free. The module
Xq(U,UP(q), Z}) is in fact torsion free even without localising at m (see the remark follow-
ing [36, Corollary 1]), whilst for H ,(UP(q), r.r* %) this fact follows as in [15, Lemma
4]. The fact that we obtain a short exact sequence of w-adically admissible O,[G(Q,)]-
modules follows from Proposition 2.4.4 of [21]. O

It is now straightforward to deduce the analogue of Lemma 4.4.5:
Lemma 4.4.18. There are canonical G(Q,), G, and Hecke equivariant isomorphisms

HLy(UP(q), Fi)m =2 HE4(UP(9), Op)m @0, WL,

Xo(UP(a), )

IIZ

(U (q)v Op)m ®Op Wl?,p)

HZ

X
Xo(UP(@), Fr)m = X (U(), Op)m @0, W,
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4.4.19 Mazur’s principle

We can now proceed as in Theorem 6.2.4 of [20], following Jarvis’s approach to Mazur’s
principle over totally real fields [25]. First we fix an absolutely irreducible mod p Ga-
lois representation p, coming from a maximal ideal of T(U?(q)). We have the following

proposition

Proposition 4.4.20. The injection
Hya(U(2), 0p) = Hp(U?(1), O,)

induces an isomorphism

Proof. This follows from Proposition 4 and (2.2) in [36]. ]

There is a Hecke operator U, acting on H'(U?(q), O,), which induces an action on the
spaces X,(UP(q), O,) and X,(UP(q), O,). This extends by continuity to give an action of
Uy on X (U?(q), 0,) and X,(U”(q), Op).

Lemma 4.4.21. The Frobenius element of Gal(k,/k,) acts on )%q(Up(q), O,) by (Nq)U,
andonX( (q), O,) by U,.

Proof. Section 6 of [7] tells us that Frobenius acts as required on the dense subspaces
X,(UP(q),0,) and X,(U?(g), O,), so by continuity we are done. O

Lemma 4.4.22. There is a natural isomorphism H(UP(q),r7*O,) = HL(U?, 0,)%?
Proof. This follows from Lemma 16.1 in [25]. O

Lemma 4.4.23. The monodromy pairing map A : X,(U(q),0,) —
duces a G- and T(U?(q))-equivariant isomorphism )?q(Up(q) Oyp)5 =

a(U(0), Oy) in-
a(U"(a), Op)z

Proof. This follows from Proposition 5 in [36]. O

— X
X

Remark. Note that the isomorphism in the above lemma is not U, equivariant.

Before giving an analogue of Mazur’s principle, we will make explicit the connection
between the modules X, (UP(q), O, )5 and a space of newforms. There are natural level rais-
ing maps i : HL(U?, 0,22 — H}L(UP(q), Oy)5 and their adjoints it : HL(UP(q), O,)5 —
H L(UP, (’)p)%m, defined as in the previous chapter by taking the limit of maps at finite level.
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Definition 4.4.24. The space of q-newforms
Hp(UP(q), Op)3 ™"
is defined to be the kernel of the map

it H5(UP(q), 0p) — H5(UP, 0,)22.

Proposition 4.4.25. A system of Hecke eigenvalues A : T(U?(q)) — E' (E'/E finite)

occurs in H(UP(q), Op)3 "™ if and only if it occurs in )?q(Up(q), Oy

Proof. Proposition 4.4.17 and Lemma 4.4.22, together with Definition 4.4.24 imply that we
have the following commutative diagram of w-adically admissible G(Q,)-representations

over O,:

0

X, (U(q),0,)5 HL4(UP(q), Op)5 — Hh(U?, 0,)22 ——0

‘ lg lg

0— Hh(U(q), 0p)4 " —— HL(U(q), Op); — HH(U?, 0,)2* —0,

P

where the two rows are exact, the maps « and 3 are injections and the final vertical map
is the identity. Moreover coker () = X,(U?(q), O,)5(—1) = ;?q(Up(q), Oy)5(—1), where
the second isomorphism comes from the monodromy pairing (see Lemma 4.4.23). Apply-
ing the snake lemma we see that coker(«) = coker(f), so (applying Lemma 4.4.23 once

more to the source of the map «/) we have a short exact sequence

00— Xy(U(q), Op)y — Hp(UP (), Op)f ™" —— X,y (U?(q), Op)p(—1) —0.

P

From this short exact sequence it is easy to deduce that the systems of Hecke eigenvalues
occurring in Hb(U?(q), ©,)% ™" and X,(U?(q), O, )5 are the same. O

P

Theorem 4.4.26. Let p : Gal(F/F) — GL1(Q,) be a Galois representation, with irre-
ducible reduction p : Gal(F/F) — GLy(F,). Suppose the following two conditions are
verified:

1. p is unramified at the prime q

2. p(Froby) is not a scalar
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3. There is a system of Hecke eigenvalues \ : T(U?); — E' attached to p (i.e. p =
p(ker(X))), with X occurring in HY(UP(q), O,).

Then \ occurs in H(U?, O,).

Proof. We take p as in the statement of the theorem. The third assumption, combined with
Proposition 4.4.11 implies that there is a prime ideal & = ker(\) of T(U?(q)), and an
embedding

p = HYH(U?(1), 0,)[2).

Our aim is to show that HL (U, ©0,)[2] # 0.

Let T(UP(q))* denote the finite ring extension of T(U?(q)) obtained by adjoining the
operator U,. Since p is irreducible there is a prime &?* of T(UP(q))* such that there is an
embedding

p = HL(U"(q), 0,)[2"].

Recall that by Propositions 4.4.17 and 4.4.20 and Lemma 4.4.22 there is a G4 and

T(UP(q))-equivariant short exact sequence

~ ~ I ~
0—= X,(U(q), Op); — Hp(U?(a), Op)5' —= Hp(U?, 0y)5* —= 0.
Suppose for a contradiction that H},(U?, 0,);[2] = 0
Let V' denote the G4-representation obtained from p by restriction. Since p is unramified
at g, there is an embedding V — HL(U?(q), (’)p)£q [Z27*]. The above short exact sequence

p
then implies that the embedding

Xo(UP(q), 0p)5( 2] — Hp(UP(q), 0,)5[P]

is an isomorphism, and hence the embedding

Xqo(UP(a), 0p)5[2*] — Hp(UP(q), 0y)3 [ 2"]

is also an isomorphism.
This implies that there is an embedding V — X, (U?(q), 0,)5]2*], so by Lemma
4.4.21 p(Frob,) is a scalar (Nq)a where « is the U, eigenvalue coming from &7*, contra-

dicting our second assumption. [
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4.4.27 Mazur’s principle and the Jacquet functor

After taking locally analytic vectors and applying Emerton’s locally analytic Jacquet func-
tor (see [17]) we can prove a variant of Theorem 4.4.26. We let B denote the Borel sub-
group of GG(Q,) consisting of upper triangular matrices, and let 7" denote the maximal
torus contained in B. We then have a locally analytic Jacquet functor J as defined in [17],
which can be applied to the space of locally analytic vectors (1/)** of an admissible contin-
uous Banach E[G(Q,)]-representation V. The following lemma follows from Proposition

4.4.11, but we give a more elementary separate proof.

Lemma 4.4.28. Let \ : T(U?(q)) — E be a system of Hecke eigenvalues such that \ oc-
curs in Jg(HL(UP(q), E)™). Suppose the attached Galois representation p is absolutely
irreducible.Then there is a non-zero Gal(F | F)-equivariant map (necessarily an embed-

ding, since p is irreducible)
p = Jo(Hp(UP(q), E)™).

Proof. To abbreviate notation we let M denote Jg(H%(U?(q), E)®™). Since M is an es-
sentially admissible 7" representation, the system of Hecke eigenvalues A occurs in the
X-isotypic subspace MX for some continuous character x of 7. So (again by essential ad-
missibility) M is a non-zero finite dimensional Gal(F/F)-representation over F, and
therefore by the Eichler-Shimura relations (as in section 10.3 of [6]) and the irreducibility

of p the desired embedding exists. 0

Theorem 4.4.29. Suppose that the system of Hecke eigenvalues \ : T(UP(q)) — FE
occurs in Jg(HL(UP(q), E)™), that the attached Galois representation p : Gal(F/F) —
GLy(E) is unramified at q, with p(Froby) not a scalar, and that the reduction
p: Gal(F/F) — GLy(F,) is irreducible.

Then X occurs in Jg(HL(UP, E)™™).

Proof. We take p as in the statement of the theorem. Let m be the maximal ideal of
T(UP(q)) attached to p, and let & be the prime ideal of T(U?(q)) attached to p, so ap-
plying Lemma 4.4.28 gives an embedding

p = Jp(Hp(UP(0), E)3")[Z).

Our aim is to show that Jz(HL(U®, E)a)[2] # 0. Let T(UP(q))* denote the finite ring
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extension of T(U?(q)) obtained by adjoining the operator U,. Since p is irreducible there
is a prime Z7* of T(U”(q))* such that there is an embedding

p = Je(Hp(UP(q), B)3")[ 7).

D

By Propositions 4.4.17 and 4.4.20 and Lemma 4.4.22 there is a short exact sequence
i~ ~ T ~
0—=X(Ur(a), B); — Hp(U"(0), B)7 — Hp(UP, B} —0.

Taking locally analytic vectors (which is exact) and applying the Jacquet functor (which is

left exact), we get an exact sequence
0 —= Jp(Xo(UP(q), B)Y") —= Jp((H(UP(a), E);")") —= Jp(Hp (U, E)g")*.

Note that J((HL(U?(q), E)é“)“”) is equal to Jz(HL(UP(q), E)am)!a, since under the
isomorphism of Proposition 4.4.11 they both correspond to (,ongp(q))Iq R1(wr(e), JB(XEH")-
Let V' denote the G4-representation obtained from p by restriction. Since p is unramified at
g, there is an embedding V < J((HL(U?(q), E)g“)“”) [27*]. Suppose for a contradiction
that J(HL(U?, E )&")[Z?] = 0. The above exact sequence then implies that the embedding

Te(Xo(UP(0). B)2) (2] = Je((HH(U (1), B)2)™) 2]

is an isomorphism, and hence the embedding

Tp(Xy(UP(0), B)3[2] = Ta((Hp(U(a), B);)™)[ 2]

is also an isomorphism.

This implies that there is an embedding V' — Jp(X(U?(q), £)5")[Z”*], so by Lemma

4.4.22 p(Frob,) is a scalar (Ng)c corresponding to the (Ng)U, eigenvalue in &*. We then

obtain a contradiction exactly as in the proof of Theorem 4.4.26. U

4.4.30 A p-adic Jacquet—Langlands correspondence

We now wish to relate the arithmetic of p-adic automorphic forms for G and G’. The

definitions and results of subection 4.4.1 apply to G’. We denote the associated completed
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cohomology spaces of tame level V'? by
HL (VP ),

and its Hecke algebra by T’(V?). The integral models Ml and the vanishing cycle formal-

ism also allows us to define some more topological O,-modules:

Definition 4.4.31. We define O,-modules with smooth G(Q,,) actions

}/Q(vayk‘) - hgﬂl}/q(vpvpayk)?
Vp

and

Yo(V?, Z) = im Yy (V, VP, F).
Ve

We define O,-modules with continuous G(Q,,) actions

K'(Vp, ﬁw = I'&HY(VP, ﬂk)/wSY(Vp, ﬁk)

and

YCI<VP7 yk) = I'Lan(Vp> j’k)/wsYq(Vp’ yk)
Fixing a non-Eisenstein maximal ideal m’ of T’(V?), then in exactly the same way as

we obtained Proposition 4.4.17 we get:

Proposition 4.4.32. We have a short exact sequence of w-adically admissible G(Q,)-

representations over Oy, equivariant with respect to T'(V?)w, G(Q,) and G actions:
00—V (VE, Fi)w — Hb (VP T — Yo(V?, Fi) (—1) —> 0.

Fix U? C G(Agp )) such that U? is unramified at the places qi, q2, and matches with
VP at all other places. We now fix an irreducible mod p Galois representation p, arising

from a (necessarily non-Eisenstein) maximal ideal m’ of T'(V'?). There is a correspond-

ing maximal ideal m; of T,

.....
77777

-----

.....

which is identified with V,, under the isomorphism G(Q,) = G'(Q,). Hence there is a map
T(UP(4192))5 = T'(VP)5.
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We can give a refinement of Proposition 4.4.11 in this situation. Firstly we note that
the Galois representation p3'y, : Gp — GLao(T'(V?); ®0, E) has an unramified sub-G,
representation Vj g (which is a free T'(V?); ®o, E-module of rank one), with unrami-

fied quotient V; p = Vj p(—1) (also a free T'(V?); ®¢, £-module of rank one). This

-----

has a unique unramified subrepresentation of the right kind. Denote by Y the O,-module

Hom (vryjap) (00 » I:.i}y (V?,0,)5). By proposition 4.4.11 we have an isomorphism
EVE . E ®Op pg,lvp ®’]I‘/(Vp)ﬁ Y = ﬁé/(Vp, Op)ﬁ

Proposition 4.4.33. The isomorphism evg identifies the image of the embedding

Yo(V?, Op)se — Hp (V?, Op)i
with Vo g @yey, Y. It follows that the quotient z(Vp, Oy)5.6(—1) is identified with
Vig Qe Y.

Proof. We proceed as in the proof of proposition 4.4.11. First let & € Spec(T'(V?); ®o,
E) be the prime ideal of the Hecke algebra corresponding to a classical point coming from
a Hecke eigenform in H'(M'(V*V,), O,)5 Qo, k(7). Taking V, invariants, extending
scalars to k(4?) and taking the & torsion parts, the isomorphism evg induces an isomor-

phism
p( )@ Homp e (p(2), H (M'(VPV,), Op)pp[2]) = H (M'(VPV,), Op)5.5 7],
under which Y, (V?V,,, O,); z[ 2] is identified with

Vo.6(2) @iy Homy o)) (0(2), HH(M'(VPV,), Op)5.6(2)).

A density argument now completes the proof. [

Passing to the direct limit over compact open subgroups U, of G(Q,) and w-adically

completing the short exact sequences of Theorem 4.3.7, we obtain

Theorem 4.4.34. We have the following short exact sequences of w-adically admissible

~

G(Qy)-representations over O,, equivariant with respect to T(UP(q142))5 and G(Q,) =
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G'(Q,) actions:

0 an(vpa Op)ﬁ i qu(Up(Clch)a Op)ﬁ i qu(Up(CI?)a Op)% 0,

0 X%(Up(qQ)?OP)% qu(Up<q1q2)aOp)ﬁ Y‘h (Vp7op)ﬁ 0.
Proof. The proof is as for Proposition 4.4.17. We just need to check that the short exact
sequences of Theorem 4.3.7 are compatible as U, and V,, vary, but this is clear from the

proof of [36, Theorem 3], since the descriptions of the dual graph of the special fibres of
M, (UP(q192)U,) and M, (V?V},) are compatible as U, and V), vary. O

We regard Theorem 4.4.34 (especially the first exact sequence therein) as a geomet-
ric realisation of a p-adic Jacquet—Langlands correspondence. The following propositions
explain why this is reasonable. We let )N(q2 (UP(4192), Op)3 ™" denote the kernel of the

map

®2
5 -

it X, (UP(0192), Op)y = X, (UP(02), Oy)

Proposition 4.4.35. A system of Hecke eigenvalues X\ : T(U?(q192)) — E' occurs in

HE(UP(q192), Op) 227" if and only if it occurs in )?q2(Up(qlq2), O,) e,

? p
Proof. We have the following commutative diagram:

0 —— Xg, (UP(q102), Op) 3 " ——— X, (UP(q102), Op)y — > X (UP(d2), 0p)E* ———0

la lﬂ [

0 —— Hb(UP(192), Op) 192 > HL(UP(q102), Op)2 " ——> (B} (UP (q2), 0p)127"") 92

where the two rows are exact, and the maps «,  and ~ are injections. Note that we are
applying Lemma 4.4.23. By the snake lemma and the proof of Proposition 4.4.25 we have

an exact sequence

0 —— coker(a) — Xy, (U (0182). Oy )a(—1) — Xq, (U7(a2), Op)F(—1),

whence a short exact sequence

0 = Ko (UP(q102), Op)2 7" % HL(UP(102), O) T 7" 5 K, (U (q102), Op) 3 " (<1) — 0.

From this last short exact sequence it is easy to deduce that the systems of Hecke eigen-
values occurring in HL(UP(q142), Op) 37" and Xo, (UP(142), Op)% ™" are the same.

P
O
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Proposition 4.4.36. A system of Hecke eigenvalues X : T'(V?) — E' occurs in H (VP O,)5
if and only if it occurs in ?ql (VP,0,)5

Proof. This follows from proposition 4.4.33. [
Combined with Theorem 4.4.34 this has as a consequence

Corollary 4.4.37. The first exact sequence of Theorem 4.4.34 induces a bijection between

the systems of Hecke eigenvalues (for T'(V'?)) appearing in H}, (VP?,0,)5 and the systems

i1q2—new

of Hecke eigenvalues (for T(U?(q1q2))) appearing in ﬁ%)(Up(qqu), Op);

4.5 Eigenvarieties and an overconvergent Jacquet-Langlands corre-

spondence

In this section we will apply Emerton’s construction of eigenvarieties to deduce an over-

convergent Jacquet—Langlands correspondence from Theorem 4.4.34.

4.5.1 Locally algebraic vectors

Fix a maximal ideal m of T(U?(q)) which is not Eisenstein. Recall that given an admissible
G(Q,)-representation V over E, Schneider and Teitelbaum [41] define an exact functor by
passing to the locally Q,-analytic vectors V", and the G(Q,)-action on VV*" differentiates
to give an action of the Lie algebra g of G(Q,).

Proposition 4.5.2. There are natural isomorphisms (for F = %y, or r,r*.%)
1. Hg, f]},(Up(q), L%c)&n];) = Hp,(U(q), T )m. B
2. H'(g, Hp(UP(q), Fi)ap) 0,
3. HO(g, Hoy(UP(a), P)il's) = Hya(U (@),
4. H'(g, Hyy(U(0), F)ilp) 2 0,

5. H(g, Xy(UP (), Zi)iili) = Xy(UP(q), Fi)m.2,

6. H’(g, Xo(UP(q), Zi)'s)

1%

XC{(UP(CI>7 C976)“1,157
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Proof. The first and second natural isomorphisms comes from the spectral sequence (for
completed étale cohomology) discussed in Proposition 2.4.1 of [19], since localising at m
kills Hi (UP(q), Z) and Hi (UP(q), Z,) fori = 0, 2.

The same argument works for the third and fourth isomorphisms, since as noted in
the proof of [19, Proposition 2.4.1] the spectral sequence of [19, Corollary 2.2.18] can be
obtained using the Hochschild-Serre spectral sequence for étale cohomology, which applies
equally well to the étale cohomology of the special fibre of M, (U,U"(q)).

We now turn to the fifth isomorphism. By the first short exact sequence of Proposition
4.4.17 and the exactness of localising at m, inverting « and then passing to locally analytic

vectors, there is a short exact sequence
0 —— HYy(U(a), Fa)ity — Hb(UP(0), Fi)ary —> Xo(UP(a), Fi) (~ L)'y — 0.
Taking the long exact sequence of g-cohomology then gives an exact sequence

0 —— H(g, H.,(U?(q), F)e) — H'(g, HH(U?(q), Fi)&)

—— Hg, Xo(U(q), Fi) (—Dip) — H' (9. Ha (U (1), Fi)is),

so applying the third, first and fourth part of the proposition to the first, second and fourth
terms in this sequence respectively we get a short exact sequence

0 —— Hoq(UP(q), Fi)m,z —= HH(U(q), Fi)m,z — H(g, X (U (q), F)(— 1)) — 0,

so identifying this with the short exact sequence of Proposition 2.3.2 gives the desired
isomorphism
H(g, Xo(UP(q), Zi)m') = Xo(UP (@), Fi)m -

Finally the sixth isomorphism follows from the first four in the same way as the fifth

(using the second short exact sequence of Proposition 4.4.17. [

Given a continuous G(Q,)-representation V' we denote by V9 the space of locally
algebraic vectors in V. Let F(1) denote a one dimensional E-vector space on which
G(Q,) x Gal(L/L) acts by [, Nr,/q, © det ®e, where € is the unramified character
of Gal(L/L) sending F'roby to Np/g(A). For any n € Z let E(n) = E(1)®". We can now
proceed as in Theorem 7.4.2 of [18] to deduce
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Theorem 4.5.3. There are natural G(Q,) x G4 x T(UP(q))-equivariant isomorphisms
1. @z HHUP(@), Fil 05 Wy, 0 E(n) = Hh(U7(a), 025,
2. Dppez HeaUP(@), Fi)mip @ Wiy, @ B(n) = Hioa(U7(a), O
3. @k,nez Hoa(UP(q), 17 P ), @ ka,p ®p E(n) = ﬁrled(Up(q>’ T*T*Opﬁ,‘qﬂ
4. Dyoner XaUP(), Fi)mr @6 WY, @5 B(n) = X(UP(q), Op)ads.

5. @k,nEZ Xq(Up(q)7 ﬁk)m,E RSQE ngfp RE E(n) o~ Xq(Up(q)’ Op)gﬂl:%

In all the above direct sums, the index k runs over d-tuples with all entries the same parity

and > 2.

Proof. The proof is as for Theorem 7.4.2 of [18], since

{(¢®)Y @ (R, det 0&;)" bim

is a complete set of isomorphism class representatives of irreducible algebraic representa-

tions of GG which factor through G°. U

Applying the same arguments to GG/, with m’ a non-Eisenstein maximal ideal of T’ (V?)

we also obtain

Theorem 4.5.4. There are natural G'(Q,) x G4 x T'(V?)-equivariant isomorphisms
L @pner Hy (VP Fi)w.p @8 WY, ®p E(n) =2 Hb, (VP 0p)0d 5.
2. @y ez YoV, T @ W)Y, @5 E(n) 2 Yy(VP, 0,)etf .

3. @k,nez Yq(vpa Fi)w' B QF ka,p ®p FE(n) = Yq(vp, Op)zng.

4.5.5 Cofreeness results

We now give analogues of Corollary 5.3.19 in [20].

Proposition 4.5.6. Choose U, small enough so that U, is pro-p and U,U?(q) is neat. Then
for each s > 0, HH(U?(q), Op/5")me Hoy(UP(q),0y/)n and Hiy(UP (@), 7" Op)m

are injective as smooth representations of U,/ F* N U,U?P over O, /w®.
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In the statement of the proposition, we write U,/ F™* N U,UP to denote the quotient of

U, by the closure in U, of the projection of F'* N U,U? to its factor at the place p.

Proof. We follow the proof of Proposition 5.3.15 in [20], with modifications due to the
presence of infinitely many global units O. Let L be any finitely generated smooth rep-
resentation of U,/FX NU,U? = U,/F* NU,U?(q) over O,/w®, with Pontriagin dual
LY := Home, /os (L, Op /w®). There is an induced local system .#’ on each of the Shimura
curves M (UUP(q)) as U, varies over the open normal subgroups of U,.. As in Proposition

5.3.15 of [20] there is a natural isomorphism

H' (M (U,U? (1)), Z" )m = Hom (L, Hp(UP(a), Op/w*)m)-

Up/FXNU,UP

Now starting from a short exact sequence 0 — Lo — L1 — Lo — 0 of finitely generated
smooth U,/ F* N U,UP-representations over O,/w® we obtain a short exact sequence of
sheaves on M (U,U*(q)):

0% -2 =% —0.

Taking the associated long exact cohomology sequence and localising at m gives another
short exact sequence

0 — HY(M(UpU(a)), £ )m = H' (M (U,U (1)), L1 ) — H (M(UpU(a)), L5 )m — 0,
or equivalently

0 — Hom (Lo, Hp(UP(q), Oy /®)m) — Hom (L1, Hp(UP(q), Op /%)) —

U,/ FX0U,UP U,/ FXNU,UP

- HOInUp/FXﬁUPUP (LOv Hb<Up(q)v Op/ws)m) — 0.

Therefore we conclude that H7,(U?(q), O, /w@*)n is injective as a smooth representation of
U,/ F>* N U,UP over O,/w®. The same argument applies to the other cohomology spaces

(using Lemma 4.4.22 for the final case). [

Definition 4.5.7. We say that a representation V of a topological group I" over O, is cofree
ifV=%(I',0,)" for some integer r.

Corollary 4.5.8. If U, is small enough so that U, is pro-p and U,U?(q) is neat, then
HL(UP(q), Oy )m» H (UP(q), Oyp)m and H (U*(q), 7.7*Op)m are all cofree representa-
tions of U,/ F>* N U,UP.
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Proof. The proof of Corollary 5.3.19 in [20] goes through. [l

Corollary 4.5.9. If U, is small enough so that U, is pro-p and U,U?(q) is neat, then
)?q(Up(q), Oy )m is a cofree representation of U,/ F* N U,UP.

Proof. Taking the first exact sequence of Proposition 4.4.17 and applying the functor
Hom,(—, O,) gives a short exact sequence (we can ignore the Tate twist for the purposes

of this Corollary)

0— HomCtS(qu(Up(q)a OP)“‘U OP) — HomCtS(ﬁb(Up(q)v OP)Tm OP)
- Homcts(flﬂed(Up(q), Op)m, Op) — 0.

Corollary 4.5.8 implies that the second and third non-zero terms in this sequence are free

O,[[U,/ F>* N UpUP]]-modules, so Homs(Xq(UP(q), Op)m, Oy) is projective, hence free
since O,[[U,/F>* N U,UP|| is local. Applying the functor Homs(—, O,) again gives the

desired result. O
Similarly we obtain

Corollary 4.5.10. If V, is small enough so that V, is pro-p and V,V? is neat, then
ﬁll),(Vp, Op ) » }Z,(Vp, Op )uv and};q(Vp, O, are cofree representations of V,,/ F* NV, VP,

4.5.11 Jacquet-Langlands maps between eigenvarieties

We can now apply the results of section 4.4.30 to deduce some cases of overconvergent
Jacquet-Langlands functoriality, or in other words maps between eigenvarieties interpolat-
ing the classical Jacquet-Langlands correspondence. Let T denote the rigid analytic variety

parametrising continuous characters x : 7' — C;.

Definition 4.5.12. Suppose V' is a w-adically admissible G(Q,)-representation over O,,
with a commuting O,-linear action of a commutative Noetherian Oy-algebra A. The es-
sentially admissible locally analytic T-representation Jg(VE") gives rise (by duality) to
a coherent sheaf M on T, and the action of A gives rise to a coherent sheaf on T of

O,-algebras o/ — Ends(A ). Define the Eigenvariety
E(V,A)

to be the rigid analytic space given by taking the relative spectrum of </ over T.
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Lemma 4.5.13. Suppose V and A are as in Definition 4.5.12, further suppose that V' is a
(non-zero) cofree representation of U,/ X for some compact open subgroup U, of G(Q,),
X some closed subgroup of Z(Q,) N U,. Then &(V, A) is equidimensional of dimension
equal to that of U,/ X.

Proof. This is a combination of a mild generalisation of the proof of Proposition 4.2.36 in

[17] and Corollary 3.4.1 in Chapter 3 above. [

In our applications we will have U,/ X = U,/F> N U,U? for some tame level U?. The
dimension of U,/ X will therefore depend on the Leopoldt conjecture for F'. Applying the

above lemma to the cofreeness results of the previous section, we have the following:

Corollary 4.5.14. The following eigenvarieties are all equidimensional:
o E(HL(UP, 0, T(U)n)

o E(X,(UP(a), Op)m, T(UP(q))m)

o E(HL VP, 0p)w, T'(VP)w)

o ET(V7,0p)u, T(VP)y)
o BV 4(V?,0p)u, T (V7))

Lemma 4.5.15. The embedding )N(q(Up(q), O,) — ﬁ})(Up(q), O,) induced by composing
the (monodromy pairing) embedding X,(U?(q), ©,) — X(U?(q),0,) with the embed-
ding X(U?(q),0,) — ﬁ]é(Up(q), O,) provided by Proposition 4.4.17 induces an iso-

morphism of eigenvarieties
& (Xg(UP(0), Oy T(UP(a))m) 2= & (Hp(UP(a), Op)i " T(UP(a) ).

Proof. This follows from Proposition 4.4.25. [l
We have a similar result for the group G’.

Lemma 4.5.16. The embedding ffq (VP,0p) — H 5/ (VP Oy,)induced by composing the (mon-
odromy pairing) embedding }Z,(Vp, Op) — i;q(Vp, Oy )with the embedding ffq(Vp, Op) —
ﬁ}),(Vp, Oy )provided by Proposition 4.4.32 induces an isomorphism between eigenvari-

eties

EXVo(V?, Op)ur, T' (V7)) = E(Hpy (V?, Oy, T (VP )
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Proof. This follows from Proposition 4.4.33. [l

Lemma 4.5.17. The natural embedding X, (UP(q1q2), Op)5% " — HL(UP(q), Op) 82"

induces an isomorphism between eigenvarieties
& (X (UP(0192), Op) 3 ", T(UP(a192))m) = E(HB(UP(a142), Op) 5%, T(UP(d192) Jm)-

Proof. This follows from Proposition 4.4.35. U

We now put ourselves in the situation of 4.4.30, so U? and V'* are isomorphic at places
away from ¢; and g, and m and m’ give rise to the same irreducible mod p Galois repre-

sentation p.

Theorem 4.5.18. (Overconvergent Jacquet-Langlands correspondence) The embedding
qul (Vp7 Op)ﬁ - XCI2<Up(q1q2)> Op)ﬁ
given by Theorem 4.4.34 induces an isomorphism between eigenvarieties

E(HE (VP,0,)5 T (VP),) = E(Hp(UP(dq12), Op) %%, T(UP(q192) 7).

P

Proof. It is clear that Theorem 4.4.34 induces an isomorphism & (Yg, (V?, Op)5, T/ (VP)5) =
éa()N(q2 (UP(q192), Op)%l_new, T(U?(q192))5). Our theorem now follows by applying Lemmas
4.5.16 and 4.5.17. ]

Finally we note that level raising results in the same spirit as those in the first two
chapters follow from the equidimensionality of the eigenvarieties described in this section.

In particular we have

Corollary 4.5.19. The following eigenvarieties are equidimensional:

o S(HB(UP(), 0p) " T(U(1))5)

o E(HH(UP(q1q2), Op)3 ™", T(UP(4192))5)

Proof. The first claim follows from the second part of Corollary 4.5.14 and Lemma 4.5.15.
The second claim follows from the fourth part of Corollary 4.5.14 and Theorem 4.5.18. [
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