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Abstract

This thesis investigates the possibility of substituting optical imaging of nano-electro-
mechanical systems (NEMS) for the lengthy and costly process of scanning electron
microscope inspection. Although image details are both modified and degraded by
diffraction, nanoscale features can be seen in experimental images from conventional
light microscopes, and excellent contrast is achieved in dark field (DF). The motivation is
therefore to analyse scattering from sub-wavelength structures with visible
electromagnetic (EM) waves and to establish a simple method of simulating their DF

images, an otherwise extremely lengthy process.

A comprehensive review of different theories of rigorous two-dimensional (2D)
diffraction theory is then presented. Geometrical theory of diffraction (GTD) is chosen as
the best approach and validated by numerical simulation of the imaging of a set of
periodic 2D canonical structures using the finite element method, which is compared
with modal diffraction theory. It is demonstrated that only edge waves contribute to dark
field images, and that GTD wedge diffraction coefficients provide good approximations to
their amplitudes. A 2D model is then developed to account for direct scattering and re-

scattering of in-plane radiation. The model is valid for both TE and TM polarizations.

Scattering from simulated optical imaging of 3D canonical structures is then investigated.
The numerical results are carefully considered to establish the minimum number of
waves needed to simulate diffuse and polychromatic illumination. A novel simulation tool
is then developed to reduce the time taken to simulate dark field imaging of general
NEMS. This model uses edge detection to identify the scattering edges, a convolution
method to simulate in-plane scattering, and wedge diffraction coefficients from GTD to
define edge wave amplitudes. The results are compared with 3D FEM simulations, and
excellent agreement is obtained. Deficiencies in the model are identified and suggestions

for future developments are made.
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1. Introduction

The aim of this work is to develop methods of simulating optical images of micro- and
nano-electro-mechanical systems (MEMS and NEMS), as a step towards validating the use
of low-cost optical metrology for NEMS. Overviews of devices, fabrication processes and

current metrology will therefore be given, followed by an outline of the thesis.

1.1 MEMS and NEMS devices

The idea of miniaturisation of electronics can be dated back to the mid 20th century,
when the first integrated circuit (IC) chip was created. The process of combining metal-
oxide-semiconductor (MOS) transistors onto a single chip, known as large-scale
integration (LSI), began in the following years. Initially, the numbers of transistors were
small (thousands); today they are measured in billions. The MOS IC chip is the mainstay

of the semiconductor industry especially for processor and memory applications.

As micromachining and packaging techniques matured in the 1970s, applications beyond
microelectronics were explored. A key driver was an early observation of the excellent
mechanical properties of silicon [1] and inspiring demonstration of movable
microstructures [2]. Microsensors were first commercialised in the automotive industry
[3], and automotive applications have gradually spread from safety systems to ride
control [4]. With the emergence of the surface micromachining in the 1980s [5], novel
sensors and actuators became increasingly practical [6] and applications became

widespread [7].

Microscale integrated devices or systems, which consist of both electrical and mechanical
components, form the basis of microelectromechanical systems (MEMS). Component
sizes usually range from a few to over hundred micrometres. General mechanical features
include supports with different degrees of freedom, such as a built-in or encastré
supports, together with joints and loads. Different support arrangements allow linear and
rotary motion, and exploitation of many common elastic effects, including beam bending
(for suspension systems) and buckling (for bistable devices). Often, the dynamics of
vibrating MEMS are modelled as classic mass-spring-damper systems, but advantage is

also taken of the full mode spectrum offered by vibrating beams, plates, and shells.
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In contrast to LS], the level of integration is extremely low, and MEMS typically consist of
single devices. However, miniaturisation has brought numerous advantages over
conventional devices: lower power consumption, increased sensitivity and accuracy,
improved repeatability and reliability, lower cost, and ease of integration into systems.
Applications are not restricted to electrical and mechanical devices, but include power
MEMS [8], RF MEMS [9], optical MEMS [10], ion optical MEMS [11], microfluidics [12],
medical MEMS [13] and bioMEMS [14]. In each case, specialised materials, device formats
and packages are needed. Devices have impacted the aerospace, automotive,

communications, defence, IT, metrology, medical and pharmaceutical industries.

As their name suggests, MEMS usually consist of a combination of electrical and
mechanical parts and use transducers to transform energy between electrical and
mechanical form. For example, a microactuator can be driven by electrical signals to
generate motion. Actuators are commonly used to excite motion in resonant sensors,
deflect mirrors, control fluidic valves or switch electrical contacts. There are four main
types: electrostatic, electrothermal, piezoelectric and electromagnetic [15, 16]. All obey
different size scaling laws, with electromagnetic being the least effective. Electrostatic

and electrothermal actuators are the simplest and are widely used in MEMS.

Electrostatic actuators use the electrostatic force between the plates of a charged
capacitor to create motion in the desired direction, either out-of-plane or in-plane.
Figure 1.1 shows the two main geometries of electrostatic actuators: a) parallel plate and
b) comb-drive. The parallel plate arrangement is designed for out-of-plane movement
and the comb-drive for in-plane movement. The black features are the MEMS parts, and
the grey surround is the substrate. The dotted lines show the idle position of the moving

part. When a voltage is applied, the suspended parts will move in the same directions.

Moving plate

s = N
a) | o b)

Figure 1.1: Electrostatic actuators with a) parallel plate and b) comb-drive electrodes.
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The electrothermal actuator is another popular type, due to its simplicity. The simplest
type - buckling mode actuators - exploit the temperature rise obtained by passing an
electrical current through a deposited thin-film heater or through the mechanical layer
to generate thermal expansion, which is then converted into motion by constraining the
expansion. Bimorph actuators rely on differential thermal expansion between adjacent
parts of a structure. They can be realised by layering together two materials with
different coefficients of thermal expansion, or by exploiting layout to cause differential
heating to occur in different regions of a structure formed in a common material.
Figure 1.2 shows the arrangements of a) material bimorph and b) shape bimorph
actuators. The principles of both are the same: a beam bending effect due to the difference

in expansion between the two materials or arms.
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Figure 1.2: Electrothermal actuators: a) material and b) shape bimorph.

A MEMS device can also be used as a sensor to convert motion to electrical current. An
electrostatic sensor measures the in-plane or out-of-plane movement by the change of
capacitance between the plates of the capacitor, with the same geometry as Figure 1.1.
For a piezoelectric sensor, it measures the dielectric polarisation and the surface charge
generated from external pressure. Inertial sensors such as accelerometers or gyroscopes
are used in many MEMS applications, for example, automotive crash-bag and ride control
systems. The external acceleration applied to an accelerometer causes an internal mass
displacement which can be converted to electrical current by a transducer. Similarly,

gyroscopes measure rotational acceleration by exploiting Coriolis acceleration.

Around the 2000s, researchers started investigating the submicron regime. The resulting
devices are known as nanoelectromechanical systems (NEMS). Apart from the size
reduction, down-scaling has enabled higher mechanical responsivity at higher

fundamental frequencies resulting in larger force sensitivity [17]. The importance of
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quantum effects (such as zero point motion) and of high surface-to-volume ratio [18]
have made NEMS more useful for surface-based sensing [19]. Reduced mass and higher
electrical strength are further benefits [20, 21]. However, NEMS do not replicate MEMS
at nanoscale. Particularly, their electrical, and mechanical behaviours and material
properties may be quantitatively different [22]. Major challenges for commercialisation

of NEMS also lie in device fabrication and metrology, as described below [23].

1.2 MEMS and NEMS fabrication

In principle, integrated circuits, MEMS, and NEMS can all be fabricated using three
primary processes: pattern transfer, material deposition and material removal [24].
MEMS devices are commonly fabricated in foundries [25-27] that are similar in concept
to IC fabs, offering a range of standard processes that can be combined to form a variety
of different device types by following simple design rules [28]. However, the processes
are often specialised [29-31], and the materials systems for high-value Si MEMS (which
often require co-integration with electronics) remain stubbornly different to those

needed for other MEMS (for example, microfluidics, which require disposable plastics).

Very high production rates, high yields and low costs are obtained by replication of a set
of master mask patterns on substrates or wafers. Device operations and process flows
are first simulated [32-35], generally using commercial finite element modelling (FEM)
software such as COMSOL® [36] or ANSYS® [37]. The masks are then designed using
standard layout software and fabricated by direct writing using an electron-beam or laser
system. For ICs, many masks are needed, and a complete set for large wafers containing
additional features needed for resolution enhancement can therefore be extremely
expensive. Integrated circuit layouts typically follow ‘Manhattan’ geometries, while
MEMS and NEMS layouts can vary widely. For example, Figure 1.3a) shows an mask

pattern containing electrostatic MEMS comb-drives and additional NEMS elements

For ICs, pattern transfer is carried by photolithography, using a stepping exposure
system based on projection images of mask patterns [38] generated at very short
wavelength [39] and high numerical aperture [40]. Photolithography is a parallel process
with high throughput. Despite considerable development, feature size is currently

restricted to 65 nm or larger [41] although this may reduce [42]. Steppers are extremely
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expensive, and their use is generally unjustified for large area, low-cost devices such as
MEMS or NEMS. Lower cost contact aligners operating with mid-UV light are therefore
often used. For example, Figure 1.3b shows a contact mask aligner in use at Imperial
College London, which also allows double sided patterning. However, conventional
aligners are (at least, nominally) incapable of transferring nanoscale patterns. Instead,
NEMS require advanced lithography methods. Because of this limitation, there is no real
equivalent of a NEMS foundry, and few devices have been commercialised; the most

common are sharp tips for scanning probe microscopy [43, 44].

= 1 HEE

Figure 1.3: a) Example mask pattern for electrostatic MEMS, and b) mid-IV Quintel Q-
4000 contact mask aligner (Courtesy Prof. R. Syms and Dr D. Liu).

Photolithography is based on processes developed for integrated circuits [45-47].
Contamination is first removed and chemicals such as hexamethyl disilazane (HMDS) are
used to promote resist adhesion. The wafer is then covered with a thin, uniform
photoresist layer by spin coating (possibly using a specialist resist designed for
specialised MEMS applications [48, 49]). Soft baking at 100°C is used to drive off residual
solvent and improve adhesion. The photoresist is then exposed and developed. Exposure
to UV light transfers a master pattern from a mask onto the resist as a latent image. Post-
exposure baking is used to reduce standing wave phenomena caused by interference of
the incident light. The latent image is converted to a topographic pattern using a
developer such as tetramethyl ammonium hydroxide (TMAH). Hard baking at a higher
temperature is then performed to improve chemical and physical robustness of the

patterned resist layer. The pattern is then solid enough for etching or ion implantation.
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For smaller structures, next generation lithography (NGL) is needed for non-optical
lithography, such as extreme UV (EUV) lithography [39] and nanoimprint lithography
[50-52]. Among the non-optical lithography methods, electron beam lithography (EBL)
is the best option because it allows rapid prototyping with extremely high resolution [53].
To write a pattern, a focused electron beam is simply scanned over the resist surface
using an electrostatic deflector. The resist is modified by the electrons (for positive resist,
by breaking down the polymer chains). The resolution is approximately 25nm, depending
on the spot size, lens aberrations and resist. However, research has shown that e-beam
lithography is capable of patterning feature widths less than 10nm over 300mm diameter

substrates. The fundamental limit to resolution is electron scattering [54, 55]

EBL requires expensive capital equipment and involves extremely long serial writing and
is consequently unsuitable for volume production of low-cost devices. Other nanoscale
patterning methods such as scanning probe lithography [56-58], focused ion beam
lithography [59, 60] and dip pen nanolithography [61, 62] are also serial and unsuitable
for high-volume production due to their low throughput. Parallel patterning methods,
such as nanosphere lithography [63, 64] or self-organising resists [65-67], can only form
a highly restricted range of features, often in periodic or random arrangements; these are

suitable for specialised surfaces but not for defined device layouts.

Once the resist is patterned, the next step is to transfer the pattern into the substrate,
typically by chemical removal of material. The most common techniques are wet etching
and deep reactive ion etching (DRIE). Wet etching uses strong acids, and its advantages
are high throughput and high selectivity. However, etching is generally isotropic [68]. For
silicon, anisotropic etching terminating on crystal planes can be achieved with specific
wet etchants [69]. In this case, the process is commonly known as bulk micromachining
[70]. However, the range of structures that can be fabricated in this way is very restricted.
In surface micromachining, isotropic etching of sacrificial materials such as silica is often
used to undercut suspended structures [31]. Isotropic etching of SiO; and Si can also be
achieved using vapor phase HF and XeF» respectively [71, 72]. Gas phase processes of this

type avoid collapse of suspended structures due to surface tension.
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Deep reactive ion etching is an anisotropic process [73, 74], which can form high aspect
ratio structures with excellent sidewall verticality and quality using a combination of
plasma etching and sidewall passivation, often in a cyclical process [75, 76]. In the first
step, a reactive gas is excited into a plasma using RF energy, often introduced inductively.
Mobile ions are then accelerated towards the surface of the wafer, where they form a
volatile by-product that may easily be pumped away. The exposed sidewall is then
passivated with a polymer. A typical DRIE process (for example, the Bosch process) uses
SFs to provide the reactive species for etching Si and C4Fs to provide the passivating layer
[73]. Figure 1.4a shows a DRIE system at Imperial College London, and Figure 1.4b shows
a scanning electron microscope view of high aspect ratio (HAR) silicon nanostructures

fabricated using the Bosch process by Dr Dixi Liu.

Mag= 2029KX StageatT= 0.0° Signal A=SE1_ Date:3 Jun 2013
EHT=2000kv WD= 3mm Photo No. =657  Time :11:38:25

Figure 1.4: a) STS Single chamber Multiplex DRIE system; b) deep etched silicon

nanostructures (Courtesy Prof. R. Syms and Dr D. Liu).

Deposition is used to form layers of silicon and non-silicon materials that can provide
different parts of the device structure. The most common deposition technologies for
semiconductors and dielectrics are chemical vapour deposition (CVD), molecular beam
epitaxy (MBE) and liquid phase epitaxy (LPE). Amorphous materials such as SiO; and
SizN4 are deposited using low-pressure (LPCVD) and plasma enhanced (PECVD) chemical
vapour deposition [77, 78]. In LPCVD, the substrate is placed in a furnace tube supplied
with precursor gases, which react to produce solid material by condensation on the wafer.
LPCVD produces layers with excellent uniformity of thickness and material
characteristics. However, the deposition temperature is over 600°C and the resulting
films are too highly stressed for MEMS or NEMS. PECVD operates at lower temperature
due to the extra energy supplied by a plasma. Consequently, intrinsic stresses are lower,

but the deposited films are less uniform, and often relatively porous [79].
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Epitaxy is a similar process to CVD but allows the deposition of crystalline semiconductor
material on a crystal [80]. Vapour phase epitaxy (VPE) is the most common method, and
single crystal and polycrystalline materials can both be deposited [81, 82]. Unfortunately,
the precursor gas for silicon (silane, SiH4) is highly dangerous. An advantage of epitaxy is
the high growth rate, and the thickness of the film can be over 100um. Single crystal
material cannot be grown on amorphous layers such as SiO;. However, silicon-on-
insulator (SOI) substrates can be formed by implantation of oxygen ions to form a thin
buried SiO2 layer capped with a thin Si layer [83]. An alternative, bonded silicon-on-
insulator (BSOI), simply involves bonding an oxidised silicon wafer to a bare wafer, which
is then polished back to any desired (and larger) thickness [83, 84]. Both methods
provide high quality Si device layers on top of a sacrificial SiOz layer, and hence form a

simple route to fabricating suspended movable parts by undercut etching.

Several different processes are used for metal deposition: CVD, thermal evaporation,
sputter coating, and electroplating. CVD has already been described. In thermal
evaporation, the substrate is placed in a vacuum chamber with a small quantity of source
material. When this material is heated to its evaporation point, source atoms condense
on the substrate surface to form thin films [86]. Heating methods include nonreactive
metal filaments and electron beams. Because of the temperatures involved, evaporated
films have high intrinsic stress. RF sputtering operates at a lower temperature. A
substrate and a planar target formed from pure source material are mounted facing each
other inside a vacuum chamber. A non-reactive gas plasma (for example, argon) is
generated by a RF power source and ions are accelerated towards the target. Target
atoms are physically sputtered from the target and condense on the substrate surface
[87]. RF sputtering generates conformal films that are thicker than those achievable by

evaporation [88]. However, electroplating is required to achieve very thick films.

In electroplating, a sputtered seed layer is first deposited. The substrate is placed in a
liquid electrolyte containing a suitable source of material to be deposited (for example,
CuSO4 for copper, combined with H2SO4 to increase conductivity and Cl: to control
plating). When a voltage is applied between the substrate and a counter electrode, a redox
reaction takes place to deposit a layer of material. Electroplating deposits low-stress

material [89] and may be carried out on a material that has already been patterned with
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a resist, so that the deposited material is formed inside a mould [90]. Excess seed layer
can then be removed. Because it is a low-temperature post-process, electroplating

provides a simple route to co-integration with electronics [91].

Many processes have been developed to form MEMS devices, using combinations of
lithography, etching and material deposition. Often these are used repetitively, allowing
successive layers of materials to have different properties (for example, high or low
etching rates, high mechanical strength, or high electrical conductivity). Processes may
be additive (or bottom-up) or subtractive (top-down). Similar approaches may be taken
to NEMS fabrication, and a variety of processes have been developed to etch high-aspect
ratio nanostructures, for example using electrochemical or photoelectrochemical etching
[92-94]. However, the key difficulty in NEMS fabrication, which has already been

mentioned, is the need for high-resolution lithography.

One possible solution is sidewall transfer lithography (STL), originally developed by the
IC industry to form FINFETSs [95] and nanowires [96, 97] and adapted at Imperial College
to form HAR MEMS with nanoscale features such as flexible Si suspensions [98]. The
process can be carried out using low-cost optical lithography and deep reactive ion
etching. Figure 1.5a shows the principle. The wafer is patterned using Mask 1, the
perimeters of whose features are used to define nanoscale parts. The wafer is then
patterned using Mask 2, whose features are used to define microscale parts. The two
patterns are then transferred into the substrate together by DRIE, to yield a 3D structure

containing features with combined size scales as shown in Figure 1.5b.

Microscale Nanoscale
Mask 1 Nanoscale
1 ]
-
| |
Microscale Nanoscale
Mask 2 —» = Microscale v
C | 7~ =
—
| i |
a) b)

Figure 1.5: a) Principle and b) result of STL NEMS processing (courtesy Prof. R. Syms).
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Figure 1.6a shows a section view of a STL fabrication process for BSOI NEMS. The grey
and white layers are Si and SiO> respectively; the grey layers are photoresist and the two
darkest layers are chromium and gold (Cr/Au) and aluminium (Al). First, the device layer
is patterned with resist and a mask that defines the layout of nanoscale features, using
conventional lithography (1). DRIE is used to transfer the pattern into the silicon as
shallow mesas (2) and the resist is stripped (3). Next, RF sputtering is used to coat the
mesas with a conformal layer of metal (4). Directional etching is then used to remove the
horizontal metal surfaces, leaving the metal on vertical surfaces (5). The width of the
vertical features is defined by the original coating thickness, but not by the optical
lithography. The spacing between the vertical features is the width of the mesa. The
second lithography step is taken place to pattern the structure once more with a mask
that defines the microscale features (6). DRIE is used again for pattern transfer into the
silicon device layer (7), and resist is removed (8). HF vapour undercut is then used to
remove the oxide interlayer (9). The nanoscale part A is suspended and the microscale
part B acts as an anchor. Finally, the entire structure is metallised with aluminium (10)
to improve electrical contact. Figure 1.6b shows an SEM view of a completed device

fabricated by Dr Liu, showing MEMS and NEMS parts suspended above a substrate.

—m ) ——m _rl—-.lm_n n
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Mags 485KX Signal A = SE1 Date 9 Sep 2013
EHT=2452K¢ WD= 9mm Photo No. = 2847 Time :19:38:08

Figure 1.6: a) Process flow for BSOI NEMS fabrication; b) SEM view of completed device
(Courtesy Prof. R. Syms and Dr D. Liu).

The process has several limitations. The nanoscale features must all follow polygonal
perimeters, and (without further processing) these must be non-intersecting.
Furthermore, the spacing between nanoscale features is normally set by the resolution of

the lithography and is therefore typically microscale. However, if the STL patterning step
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is performed multiple times, intersecting nanoscale features can be formed [99], and
complex actuators and nanostructured cellular materials [100] have already been
demonstrated. STL does not require a nanostructured master or high-resolution
lithography as the width of the nanofeature depends only on the thickness of the coating.

Hence, it is a low-cost process that may allow foundry scale NEMS production.

1.3 MEMS and NEMS metrology

Metrology of micron-scale structures can easily be performed by including conventional
microscopy. Considerable attention has been paid to optical metrology of simple
structures such as resist lines for integrated circuit fabrication, and methods were
developed for simulation of line images [101-106]. Generally, these combined accurately
calculated diffracted fields obtained using modal theory [107-109] or rigorous coupled
wave theory [110, 111] with Fourier-domain models of microscopy [112-115].
Consequently, simulation was mainly limited to periodic structures in 2D. For example,
Figure 1.7a shows the feature layout of a periodic pattern of resist stripes in an early
simulation [102], and Figure 1.7b compares the simulated and experimentally measured
line-scan showing additional edge features introduced by diffraction. This research is
directly relevant to the current work and will be considered in more detail later.

T

RELATIVE REFLECTANCE

MR e

TPal- Vi

a) 1 X b) ; DISTANCE
Figure 1.7: a) Feature layout for simulation of resist images; b) simulated linescan (after

Nyyssonen [102]).

MEMS metrology is currently performed by a variety of different methods, including
conventional and scanning microscopy [116, 117] (for identification of flaws),
interferometry [118] (for measurement of surface flatness), laser vibrometry [119] (for
measurement of motion), and scanning electron microscopy [120] (for assessment of 3D
structure). Results obtained by optical equipment can be useful. For example, Figure 1.8a

shows the Veeco surface profilometer at Imperial College London, and Figure 1.8b the
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profile of a complex multilayer surface mask for a device with a microscale comb-drive
and a nanoscale cellular suspension; here the outline and relative thickness of each layer

can clearly be seen, and the result of subsequent etching can be easily inferred.

Figure 1.8: a) Veeco NT9100 Surface Profilometer and b) surface profile of
MEMS/NEMS device (courtesy Prof. R. Syms and Dr D. Liu).

SEM inspection remains the gold standard. For example, Figure 1.9a shows the LEO 1450
VP SEM currently in use at Imperial College London, and Figure 1.9b shows an SEM image
of optical MEMS device combining deep-etched electrostatic comb drives with a surface
relief diffraction grating. The image combines fine detail, high contrast and a 3D
perspective. However, operation of SEM requires a vacuum environment, and imaging is
a slow serial process that limits throughput. Electron bombardment can also heat, charge,

and deflect sensitive suspended parts, the essence of MEMS and NEMS.

Figure 1.9: a) LEO 1450 VP SEM and b) SEM image of optical MEMS device (courtesy
Prof. R. Syms).

Metrology is considerably more difficult for NEMS and represents another factor
preventing commercialisation. Sub-micron linewidths can be measured using
interferometric microscopes [121, 122], and, despite nominally insufficient resolution,

strongly submicron features can be visualised in an optical microscope image [123, 124].
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For example, Figure 1.10a shows bright field (BF) images of suspended NEMS parts
attached to a mesa. The width, depth and spacing of all nanoscale parts is 0.1 pm, 4pum.
and 10 pum, respectively. The nanoscale parts are seen as dark lines on the left and the
mesa as the grey area with a dark edge on the right. The bright background is the Si
substrate. Figure 1.10b shows the corresponding dark field (DF) image. The nanoscale
parts now appear as bright lines, and the dim vertical line represents the edge of the mesa,
which is now dark. Although the resolution is lower than in SEM images and the

presentation is 2D, it is clearly possible to distinguish NEMS and MEMS parts.

a)
Figure 1.10: Optical images of a suspended NEMS attached to a mesa in a) bright and b)
dark field illumination (courtesy Prof. R. Syms and Dr D. Liu).

Figure 1.11 shows a more complex MEMS/NEMS combined device fabricated in bulk Si
by multilayer STL. The device is an electrothermal microgripper, an important tool in
biomedical industry for applications such as cell manipulation. Figure 1.11a shows a BF
image of the grips, with cold arms on the outside and hot arms on the inside. The
difference in brightness between the micro and nano parts is again significant; the grey
regions are microscale parts, and the dark lines are the nanoscale parts of the gripper
arms. The bright background is the Si substrate. Figure 1.11b shows the corresponding
DF image. The dim lines now show the outline of the microgripper and the cold arms. The
bright lines are the nanoscale hot arms. For the flexure between the cold arms and the
microgripper, the brightness is the strongest as the separation between the nanoscale
parts are smaller. This confirms that MEMS and NEMS appear different in an optical
microscope, especially in dark field illumination, and differences in brightness curvature

has been used as a basis for image segmentation [124].
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a) b)
Figure 1.11: Optical images of a microscale gripper in a) bright and b) dark field

illumination (courtesy Prof. R. Syms and Dr D. Liu)

Although optical imaging of MEMS and NEMS is clearly possible, the relation between the
image detail and the device geometry is unclear. From the limited examples above, it is
already clear that the images are formed by waves scattered from the edges of deep
etched structures. The aim of this work is therefore to develop a framework for
understanding the imaging process, by providing a simple method for simulating images
of arbitrary device layouts using theories capable of modelling edge wave generation. The
emphasis will be on devices fabricated by DRIE (since this results in deep, rectangular

sections) and dark-field illumination (since this results in stronger contrast).

A key difference from earlier work is that non-periodic structures will be considered as
well as periodic structures. The structures include half-planes, wedges, mesas, and
adjacent mesas - the canonical objects of the geometrical theory of diffraction and its
derivatives, which model scattered fields as a combination of geometric waves and edge
waves [125, 126]. The first goal will be to develop methods of calculating scattered fields,
including in-plane scattering between adjacent features. The second goal will be to
examine the modification of the scattered field as it passes through a lens and hence
predict images of 3D nanostructured objects. The remainder of the thesis is therefore

organised as follows.

1.4 Thesis overview
In Chapter 2, an elementary feature — a half-plane or knife edge — is introduced as a first
step towards understanding the imaging of more general device structures. Thin mesas

can be easily fabricated by STL and form the basis of many elastic suspensions. Imaging
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is discussed by comparing the principles of scanning electron and optical microscopy. In
optical microscopy, images are formed by collecting electromagnetic (EM) waves
scattered from the sample. This process is analysed in the Fourier domain in terms of
complex transmission through an imaging system. Maxwell’s equations are then

introduced as a method of accurately calculating the scattering.

In Chapter 3, the famous Sommerfeld half-plane diffraction problem [127, 128] is
reviewed together with its far-field solution, the geometrical theory of diffraction (GTD)
[129-132]. The GTD uses a ray optics approach but suffers from shadow boundary and
caustic problems. Solutions are obtained in terms of the Fresnel integral, which dictates
the boundary singularity, and different approximations of the integral are compared.
Alternative approaches — the physical theory of diffraction (PTD) [133-135] and the
uniform theory of diffraction (UTD) [136-138] — are then discussed. PTD calculates the
induced surface current from the incident EM wave and excites an outgoing diffracted
magnetic field. The later part of the chapter discusses the theory of multiple diffraction
[139-142], which can model closely spaced edges, and the incremental theory of
diffraction (ITD) [143-146], which can model structures with curved or finite edges. Both

are important for imaging more complex device layouts.

In Chapter 4, the geometric theory of diffraction is considered further by comparison with
full-wave simulation results from FEM. Since the structures considered in GTD are
isolated, isolated NEMS features are simulated using the commercial software COMSOL®
Multiphysics. Spatial filtering of the back-scattered field is presented as a method of
simulating the imaging process performed by a lens. The magnitudes of each
backscattered diffraction order are first calculated, and the image field is obtained by
recombining those diffraction orders that pass through the lens. Results obtained by the
two methods are then compared, confirming agreement between numerical and

analytical results for elementary device features for both TE and TM polarizations.

In Chapter 5, another diffraction theory — modal theory, which can find solutions for
periodic structures — is compared with FEM simulation. This chapter also compares the
difference between single and double knife edge features in terms of electric field

strength. The effects of geometry are studied by comparing the results from the two
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diffraction theories. Among the model parameters (feature depth, simulation domain
width, feature width and number of incident waves) feature width is the only parameter
that strongly impacts the electric field. Both diffraction theories describe the scattering

problem almost identically and the simulated images are shown to be highly similar.

In Chapter 6, a finite element model of 3D structures is constructed and compared with
the previously reviewed 2D models. Scattering at different azimuth angles is discussed
and studied in both TE and TM polarizations. Dark field monochromatic images of
different 3D shapes are presented and analysed. The effect of the out-of-plane
illumination angles and wavelengths are also illustrated, and it is concluded that diffuse
illumination of general structures can be approximated by four incident waves for

structures in a Manhattan arrangement and eight waves for structures with curved edges.

The analysis methods above are all rigorous but result in extremely lengthy calculations.
In Chapter 7, a novel analytic model of dark-field imaging is developed to allow much
more rapid simulation of the images of general NEMS. The method simplifies complex
diffraction problems by first segmenting device layouts into edges that generate
scattered edge waves. The incremental theory of diffraction is used to provide diffraction
coefficients for elementary sections along each edge. Each scattered component is
propagated as a spherical wave, using a Huygens’ type construction, and multiple
scattering is computed by convolution with an appropriate kernel for in-plane radiation.
Calculation time is reduced by allowing a reduced number of waves at each wavelength.
Model predictions are compared with images obtained by full-wave simulation for both
TE and TM polarizations, and excellent agreement is obtained despite the simplicity of

the approach.

Chapter 8 summarises the arguments and conclusions of the thesis and presents some

directions for possible future work.
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2. Theoretical Background

This Chapter provides more detail of the theories and assumptions that underpin the
work of this thesis. We begin with a brief review of electromagnetic theory — Maxwell’s
equations — including the wave equation, wave solutions in vectorial and scalar form,
and Fourier optics. We review the operation of optical microscopes, and present an
elementary theory of image formation in terms of Fourier optics. Finally, we discuss more
details of nanostructures in microelectronics and MEMS, and present examples of

structures for which imaging may be necessary.

2.1 Maxwell’s equations

Maxwell’s equations [1] represent an extension and synthesis of work by many notable
scientists, including Gauss, Ampeére and Faraday, and have been established for well over
a century. Accounts can be found in many standard textbooks [2-5], and there has been
continual emphasis on electromagnetic waves [6-8] and optical applications [9-11]. In

time-dependent differential form, the equations can be written as:

V-D=p V-B=0
0B oD (2.1)
E:—— = —_—
V X 5% VxH 6t+]

The field quantities E and H are the electric and magnetic field strength, D and B are the
electric and magnetic flux density, and J is the current density. All are vectors, and
functions of both time t and space, which may be defined in Cartesian or some other

system of co-ordinates. The final term here, p, is the electric charge density.

The first equation is Gauss’s law, and describes the relationship between the electric flux
density and electric charges. The second is the magnetic field version of Gauss’s law. In
this case, the right hand side is zero, because magnetic monopoles are not found in nature.
The third equation is Faraday’s law, which describes how a time-varying magnetic flux
density generates an electric field. The last equation is Ampere’s law, which describes how
a current generates a magnetic field. It also contains a new term unknown to Ampere, the
displacement current dD/dt. This term was key to the development of high frequency
electromagnetism, which was originally added by Maxwell to represent the flow of energy

between the plates of a capacitor.
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Maxwell’s equations are nowadays written in the compact mathematical language of
vector calculus. The term V is the vector differential operator ‘del’ or ‘nabla’, given in

Cartesian co-ordinates by:
. 0.
V=gritay ) T ok (2.2)

Here i, j and k are unit vectors in the x-, y- and z-directions. Combining the differential
operator with the standard vector operations of dot and cross product leads to divergence

and curl terms, written for a general vector field F (again, in Cartesian co-ordinates) as:

v F_an+6Fy+6FZ
~ 0x 0y 0z

U F = oF, OF, _+(6Fx 6FZ>_+ oF, OF,) 23
“\dy oz l 9z ox )" ox  dy l (2:3)

In addition to Maxwell’s equations, there are the constitutive equations, which relate the
field quantities to the different material properties of the medium of interest:

] = oE D =¢E B=uH (2.4)
Here o, € and u are the conductivity, dielectric constant and permeability, respectively.

Here these are scalars, but tensors may be used to describe anisotropic materials.

An optical material is normally a dielectric with no magnetic properties (so u = y,), no
charges (p = 0) and zero conductivity (¢ = 0). In this case the two Maxwell curl equations

reduce to:

UxE = JOoH Ux H = OE
XE=—u, T X =& ot (25)

These expressions are pleasingly symmetric. We now take the curl of both of the
equations above and make use of an additional relation known as the “curl of curl”
identity:

VX (VxF)=V(V-F)—V2F (2.6)
Here V¢ is the gradient of a scalar function ¢ and V2 is the Laplacian. Both can be written

in Cartesian co-ordinates, as:

_ 0. 09 09
V¢—axl+6y]+axk

_0°F N 0%F N 0%F
~ 0x%  9y?  0z2

V2F (2.7)
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These operations allow the curl equations to be uncoupled into time-dependent vector
wave equations in E or H alone:
VZE = ,uoeaz—E VZH = uoeaz—H (2.8)
ot?
Of these, the equation in E is the most often used, since the magnetic field may always be
determined from the electric field using one of the curl relations. These equations are very

general, but often simpler equations are needed in complex problems.

For example, if we now assume the electric field is oscillating at a single angular frequency
® (the monochromatic light assumption), and only has a y-component (linear
polarization) we may write:
E =E,exp(jwt)j (2.9)

Here E,, is the electric field amplitude. The wave equation then reduces to the time-
independent scalar equation:

V2E, + w?uoeE, = 0 (2.10)
This equation is known as the Helmholtz equation. It may be written in longhand as:

0°E, 0°E, 0%E,
210€E, = 2.11
o2 + 3y7 + 972 + w?uoeE, =0 (2.11)

Although a partial differential equation, this equation is still considerably easier to solve.

2.2 Electromagnetic waves
For example, wave solutions may easily be found for infinite space. Figure 2.1a shows a
wave travelling in the z-direction in the (x, z) plane. In this case, there will be no change

to the electric field in the x or y-direction, so that dE, /0x = JE, /dy = 0.

X a) X b) X c)

k
e ~ }kx >‘<
k=

£ ) Z £
- - -

Figure 2.1: Plane wave travelling a) in the z-direction, and b) obliquely; c) multiple

oblique plane waves.
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The wave equation then reduces to the ordinary differential equation:

d?E
dzzy + w?poeE, = 0 (2.12)
Travelling wave solutions may be found by assuming the electric field varies as:
E,(z) = E, exp(—jkz) (2.13)

Here E, is the wave amplitude and k is the propagation constant. Substitution into the

wave equation shows that the solution is valid and yields the following relation for k:
k = w\ e (2.14)

In free space (for which € = g;) this yields the value k, = w./ty&y = 2m/A.

The complete solution is then E = E, exp{j(wt — kz)}j. This is a travelling wave, and its

phase velocity may be found as:

von = w/k = 1/\/uge. (2.15)
In free space, this yields the value ¢ = 1/\/@, the velocity of light. In a dielectric
medium, the velocity is reduced to v,, = c/y/e, where ¢, is the relative dielectric
constant. This result may be written as v,, = c¢/n, where n = /g, is the refractive index.

This term appears extremely often in optical problems, so (for example) k = nk,,.

It is simple to show that the electric field is accompanied by a travelling magnetic field
H = H, exp(jwt) i, with H, = Hyexp (—jkz). This field is travelling at the same velocity as
the electric field but is polarised in the x-direction. Its amplitude may be found by making

use of the Maxwell curl relations as:
Hy = —LEO (2.16)
WHo

Thus, the two fields are both perpendicular to the direction of travel and their amplitudes
are directly proportional. Solutions of this type are known as transverse electromagnetic
(TEM) waves. For TEM waves, the direction of the electric field is usually defined as the
polarization. In linear polarization, the electric and magnetic fields oscillate in a single
direction. For circular polarization, the fields rotate clockwise or anti-clockwise in a plane
perpendicular to the propagating direction. In general, the light source of a microscope is
a mixture of polarizations, as an unpolarized light. For simplicity, we will only discuss two

major linear polarizations in this project: transverse electric (TE) and transverse

magnetic (TM) polarizations as other polarizations are the weighted sum of the two. In
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particular, the TE(TM)-polarization describes the electric (magnetic) field oscillates along
the y-axis (out-of-paper direction) while the wave propagates on the x-z plane. This will

be further discussed in the next chapter.

In fact, the result in Equation 2.16 may be written as H, = —E,/Z, , where Z, is the

impedance of the medium, given by:

WHo Ho
ZO = T = ? (217)

Neither of these wave amplitudes are directly measurable at optical frequencies, and the
power carried by the wave is generally of more interest. The instantaneous power density
of an electromagnetic field is found from the Poynting vector S:

S=ExH (2.18)
However, because of the high oscillation frequency, it is again unusual for this expression
to be made use of directly. All known optical detection systems (the eye, photographic

film, photodiodes and so on) respond to the time averaged power or irradiance, given by:

1 (T (2.19)
S== j Sdt
T J
The irradiance is a constant quantity. For the plane wave above, it may be found as:
1 (2.20)
=—F,?2
S 27, o k

Thus, the wave carries power in the z-direction, and the power is proportional to the
square of the electric field. More generally, it is proportional to the modulus square of the

field.

Other wave solutions may easily be represented in a similar way, without needing to solve
the wave equation directly. For example, a y-polarized wave travelling at an angle 6 to the
z-axis in the (x, z) plane as shown in Figure 2.1b may be written as:
E,(x,z) = Ey exp{—jk(x sin(8) + z cos(9))} (2.21)
It is simple to show by direct substitution that this solution satisfies the two-dimensional
time-independent wave equation:
2 2
0°E, N 0°E,,
dx? = 0y?

Note that this solution may be written alternatively in terms of the components of a

+ w?uoeE, =0 (2.22)

vector k (known unsurprisingly as the k-vector) as:
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E,(x,z) = Eq exp{—j(kyx + k,2)} (2.23)

Here k, = k sin(@) and k, = k cos(@) are the x- and z- components of k, whose modulus

is |k| = /kxz + k,” and whose direction represents the direction of travel.

Other common solutions to Maxwell’s equations include inhomogeneous or evanescent
waves (often used to represent solutions just outside dielectric waveguides), cylindrical
waves (used to represent fields scattered from edges), spherical waves (often used to
represent radio waves or radiation from a point), and paraxial waves (approximations to
spherical waves valid near a given axis, that is often the axis of an optical instrument).
Polarization is often ignored to simplify problems. In this case, spherical waves have the
obvious form E = E,exp(—jkr) /r, where the numerator accounts for phase and the
denominator for amplitude, satisfying power conservation. Strictly, cylindrical waves are

Bessel functions, but in the far field they tend to the simpler form E = E, exp(—jkr) //r.

Solutions to Maxwell’s equations are also needed to geometries other than free space. For
example, the classic problem of reflection and refraction at a boundary involves two semi-
infinite media with different properties. In this case, solutions are first found for each
medium as if it were infinite. The solution for the composite medium is then found by
applying matching conditions at boundaries. For Maxwell’s equations, the boundary
conditions are inherent in the equations themselves. The full set may be written as:

nx(E,—E;)=0 nx(H,—H;)=0

n-(B,—B,) =0 n-(D,—D,) =g, (2.24)
Here n is a unit vector normal to the boundary and o, represents surface charge density.
Of these, the two upper equations are the important ones, since they generally lead to
solutions to interface problems; these require continuity of tangential electric and
magnetic fields. The two lower conditions are less important, since they often lead to

trivial solutions.

2.3 Fourier optics
Because Maxwell’s equations are linear, more complex fields may also be constructed by
superposition of known solutions. Often this is a sum of plane waves travelling in different

directions as shown in Figure 2.1c. The electric field representing a set of waves with k-
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vectors k; and amplitudes e; may be written in two dimensions as:

E,(x,z) = levei exp{—j(kyx + k,;2)} (2.25)

This representation is known as an angular spectrum of plane waves. Often, the waves are
travelling approximately parallel to a given axis (say, the z-axis). In this case, we may

make the approximation k,; = k and write:

E,(x,z) = exp(—jkz) Z].Vei exp(—jky;x) (2.26)

This approach is extremely powerful, since it allows general fields specified on a

particular plane (say, x = 0) to be expanded as a sum of plane waves, as:
N

E,(x,0) = Zi e; exp(—jkyix) (2.27)

For two dimensional fields with k-vectors k;; and amplitudes e;;, we clearly then have:

E(x,y) = Zi Zj e exp{—j(kxix + kyjy)} (2.28)

Here, for simplicity, we have assumed scalar fields at z = 0, written as E(x,y). More

generally still, the field may be expanded as an integral, written as:

E(x,y) = j j e(Vy, Vy) exp{—jZn(vxx + vyy)} dv, dv, (2.29)

Here k., = 2mv,,.This equation may easily be inverted using the standard rules of

Fourier transformation to find the coefficient values as:

e(Vy,Vy) = j_°° j_oo E(x,y) exp{+j27r(vxx + vyy)} dx dy (2.30)

The coefficients e(v,,v,) clearly represent the spatial Fourier transform of the field
E(x,y).Once they are known, further propagation of the field can easily be computed, and

this approach forms the basis of Fourier optics [12-15].

2.4 Optical microscopy

Optical microscopy has been used for around 400 years to visualise objects that cannot
be seen with naked eye [16] and microscopes are available in many forms, depending on
the wavelength and mode of illumination and the mechanism for obtaining contrast [17].
Resolution is limited by diffraction; this restricts the resolvability of the imaging to the
size of a wavelength and consequently to microscale structures. Conventional microscopy

is a parallel imaging process; however, other techniques such as scanning microscopy
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[18, 19] build images point-by-point by scanning the object with a point source such as
laser, using confocal detection to reduce the depth of focus [20]. This approach is
particularly useful for biomedical objects [21] since it allows optical sectioning [22] and
the formation of three-dimensional images. Similar techniques may be used for
fluorescence imaging [23]. In recent decades, advanced optical “nanoscopy” techniques
like stimulated emission depletion (STED) or stochastic optical reconstruction
microscopy (STORM), based on super-resolved far-field fluorescence optical microscopy,
have been developed [24-26]. Serial techniques such as near-field scanning optical
microscopy (NSOM) have also been used to achieve a strongly sub-wavelength spatial
resolution of < 10nm [27, 28]. We shall not discuss these specialised techniques further.
In conventional microscopy, visible light from an incoherent source, such as heated
tungsten filament, is used for illumination. Other modes like ultraviolet or fluorescence

microscopy use different regions of the spectrum or wavelength conversion for imaging.

Figure 2.2 shows Kohler illumination [29], which yields spatially uniform illumination
regardless of the inhomogeneity of the light source. The source on the left is imaged on
the aperture stop by an auxiliary lens. This image acts as the effective light source.
Assuming the size of the aperture stop is much larger than the Airy disc of the auxiliary
lens, the effective source can be considered incoherent. L; and L, are therefore two
mutually incoherent point sources on the light source that emanate two pairs of rays,
shown as solid and dotted lines. As the aperture stop lies on the focal plane, every
effective point source creates a collimated beam that illuminates the object at different

angles.

'
L

! : [ "“ \( Ybject
Auxiliary -\I""”‘” ¢ Condenser :
Lens stop Lens

Figure 2.2: Kohler illumination [29].
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Different illumination techniques are used to obtain contrast from a sample. These
include bright field illumination, dark field illumination, polarization contrast
illumination and phase contrast illumination. Figure 2.3 shows the schematic of an
conventional light microscope in the two basic illumination modes: a) bright field (BF)
and b) dark field (DF) [30]. The illumination mode is selected using an arrangement of
prisms controlled by a slider bar. In BF illumination, the incident light wave from the light
source (1) is reflected by a beam splitter (2), and is focused by an objective lens (3) on
the sample (4). Back-scattered and reflected light is collected by the objective, passes
through the beam splitter again, and is converged by an eyepiece lens (5). For DF
illumination, the incident light is converted into a focused annular illumination beam by
a system of mirrors (2-4). Back-scattered light from the sample (5) is then collected by

the objective and is refocused by the eyepiece.

Figure 2.3: Optical microscope in a) bright and b) dark field illumination [30].

The difference between BF and DF lies in the fields collected by the lens. BF images are
generated from both the diffracted and reflected fields. The reflected field is often much
larger than the diffracted field, so raised features are often weakly visible. In DF
illumination, the incident angles are larger. Consequently, only diffracted light within the
acceptance cone of the objective is collected, and this yields much higher contrast.
However, because of the weak intensity of diffracted field, DF usually requires stronger
illumination. In general, DF images have larger contrast and higher resolution than BF
images with the same light source. The best resolution achievable using a conventional
optical microscope is typically 0.2um with magnification below 2000x, about a thousand

times smaller the resolution obtained using a scanning electron microscope.
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2.5 Image formation

The theory of optical microscopy was placed on a firm foundation using Fourier optics by
Hopkins [31], who treated the microscope as a linear system with the input and output
as the object and image respectively. Since then, it has been extended by many others, to
include partial coherence [32], three-dimensional objects [33, 34], high numerical

apertures [35] and detailed simulations including vectorial effects [36, 37].

Generally, the action of the lens can be found from a combination of diffraction theory
and transfer function theory, which lead to the concept of an optical transfer function [38,
39]. However, since our emphasis is on the objects themselves, a simpler explanation can
be used. For example, Figure 2.4 shows a perfect unity magnification system where a
single lens redirects an angular spectrum of waves diverging from a point in the object
plane so that they converge to a point in the image plane. In addition to redirecting the
waves, the lens restricts their angular spectrum using a pupil (which may be an aperture

or the lens itself).

Pupil Lens

Optical
axis

Object plane Image plane

Figure 2.4: A simple optical imaging system.

Here we assume that the main effect of the lens is described by the pupil function, which
we write as P(vx,vy). Typically, an objective lens will accept radiation within a finite
acceptance cone, defined by a half-angle 8,,,,,. From the k-vector definition in Figure 2.1b,

we can write:

= sin(Bmqay) (2.31)

The term sin(6,,,4,) is known as the numerical aperture (NA) for a lens operating in air;
for a lens operating in a different medium (for example, an immersion oil) of refractive

index n, this value increases to NA = n sin(6,,,,). Inverting the above, vp,,, = NA/A. If
we now write v = ,/v,2 + v, 2, the pupil function is a low-pass filter:

P(Vx’vy) =1lv< Vmax P(Vx,Vy) =0,v> Vimax (2.32)
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An additional aplanatic factor A(vx,vy) is required to ensure power conservation. This

factor varies as +/cos(8), where sin(8) = 2mv/k. Because of the slow variation of the

cosine, the aplanatic factor may often be taken as unity.

With these definitions, it can be shown that the image field obtained in a unity

magnification system is:

E'(x,y) = j j A(vx,vy)P(vx,vy) e(Vy, Vy) exp{—jZn(vxx + vyy)} dv,dv, (2.33)

Here, e(vy, v,) represent the wave amplitudes found earlier. Thus, a coherent image may
be found by Fourier transforming the object field, multiplying by the pupil and aplanatic
functions, and inverse Fourier transforming the result. Both steps may be carried out very
rapidly using the fast Fourier transform. Shift operations are also required to re-order the
transform results before the spatial filtering operations are carried out. For diffuse or
polychromatic illumination, the image may be found as the incoherent sum of a set of
separate coherent object fields, obtained by illumination of the object with a set of
different waves. Apart from the simulations of lithography previously mentioned [40-44],
and of imaging other 3D microstructures [45-47], little attention has been paid to the
calculation of the object field E(x,y) or its transform e(vy,v,) when there is multiple

scattering within the object, the topic of this thesis.

2.6 Resolution
The case of a single point object is of particular interest since the size of the resulting
image determines the overall resolution in general imaging. In this case, the transform e

is unity. Neglecting the aplanatic function for simplicity, the image is then given by:

E'(x,y) = j j P(vy,vy) exp{—j2r(vyx + vyy)} dv, dv, (2.34)

If we now adopt a polar coordinate system to write x = r cos(0), y = rsin(@), v, =

v cos(¢) and v, = vsin(¢) and substitute for the pupil function, we obtain:

Vmax 2T
E'(x,y) = j j exp{—j2nrv cos(¢ — 0)} dpvdv (2.35)
0 0

Since the aperture and image are both circularly symmetric, we can put 8 = 0 without

loss of generality. The integral then becomes:
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Vmax 2T
E'(r)= j j exp{—j2nrv cos(¢)} dpvdv (2.36)
0 0

Integrating a first time, we obtain:

21
j exp{—j2nrv cos(¢p)} d¢p = 2nJ,(2mrv) (2.37)
0

Here J,(x) is the zeroth order Bessel function of the first kind. Integrating a second time,

we get:

Vmax v 2mrv
E'(r) = j 2n],(2nrv)vdy = max]l(r max) (2.38)
0

Here J; (x) is the first order Bessel function. Finally, substituting for v,,,,,, we obtain:

Ar

The intensity distribution I(r) = |E’|?is then commonly written in standard form as:

2J, (21 SiN(Opmaz) /D))
2nr sin(6,,,4,) /1) }

Here I, is the peak intensity. This pattern is known the point spread function (PSF) and

E'(r)= (2.39)

I(r) = Io{ (2.40)

for this simple example is an Airy disc [48]. More recent authors have calculated point
images for lenses of high numerical aperture [49]. Figure 2.5a shows resulting intensity
distribution, for A = 0.5um (corresponding to green light) and 6,,,,, = 30°. The pattern
consists of a main central peak surrounded by weak concentric rings. The variation
depends primarily on NA and A; the larger the former and the smaller the latter, the

narrower the peak.

Airy disc: A=0.5 ypm; =30°;NA=0.5 Adjacent points: A =0.5 ym; # =30, NA=0.5
1 T T T m T T T 1 T T T T T T T
—_ — P
09F 1 09F ! 1
\ I —_—-—-P2
0.8 1 0.8F \Y] Sum | 1
07} g 07F \ | E
0.6f g 06f \ |
=1 =] .
= 05f 1 = 05f \l
04f 1 04f 1
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Figure 2.5: Intensity distribution for a) Airy disc, and b) images of adjacent points.
Extended images may be considered as being built up as an incoherent sum of point

spread functions, one for each point in the object. Figure 2.5b shows similar patterns from

two adjacent object points at a separation of d = 0.6um, together with their sum, which
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consists of two peaks separated by a valley. The two Airy discs clearly overlap, and, as the
separation reduces, they will eventually become indistinguishable. This behaviour
determines the resolution of the imaging system. Different definitions are commonly used
for resolution, namely the Rayleigh, Abbe, and Sparrow limits [50-52], based on a
minimum allowable valley depth in the sum distribution in Figure 2.5b. Table 2.1 defines
these criteria and compares the values calculated using the three approaches for 4 =

0.5um and 6,,,,, = 30° (or NA = 0.5) All three suggest a resolution comparable to the

wavelength.
Rayleigh Abbe Sparrow
1222 A 0.941
2NA 2NA 2NA
0.61um 0.5um 0.47um

Table 2.1: Estimates of minimum resolution d obtained using different criteria.

2.7 HAR MEMS and NEMS objects

We now consider objects likely to be encountered during simulation of NEMS imaging,
based on an assessment of fabrication methods and common device features. The most
flexible method of parallel nanoscale patterning is sidewall transfer lithography,
alternatively known as spacer lithography and edge lithography, and we now consider its
properties once again. STL was originally developed to provide a method for reducing
gate length in FETs, since it determines their maximum operating frequency [53-55]. It
was simple to form arrays of similar devices, but little attention was paid to integration
into circuits. Subsequently, STL processes were used to form nanowires, which are

predominantly needed in arrays for applications including catalysis [56-58].

Processes were developed for formation of nanoscale mesas [59, 60] (Figure 2.6a) and
trenches [61, 62] (Figure 2.6b). Both were based on vertical edges formed in layers 20-
100 nm thick, deposited conformally over previously etched mesas using a variety of
materials including polysilicon, SiO; and Si3sN4 and subsequently etched to remove all
horizontal layers. The main limitations to minimum and maximum sidewall mask width
are transfer of the pattern into the underlying substrate by etching (which tends to erode

thin features) and stress in deposited layers, (which causes delamination of thick layers).
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In addition, it remains extremely difficult to form both feature types together, for example
as a nanoscale mesa adjacent to a nanoscale trench. It is also difficult to form closely
spaced nanoscale feature of either type (Figure 2.6c) since this would require sub-micron
resolution in the primary lithography. NEMS features are therefore likely to have
nanoscale widths w spaced at microscale intervals s. Iterative methods have been
developed to form secondary sidewall structures around primary sidewalls, yielding a
nested array [63, 64] (Figure 2.6d). However, these arrays must again contain microscale
intervals. One obvious conclusion is that many STL-fabricated structures will be visible in
an optical imaging system with comparable resolution to that of the lithography system,
because of the presence of microscale intervals. However, limited resolution will alter the

appearance of the nanoscale parts.

a) b)
— W - — W -
D I )
-— -—
c) d)
_ L rr S | R | N |

Figure 2.6: STL features: a) mesas, b) trenches, c) closely spaced mesas, d) iterated mesas.

NEMS require further adaptation of STL processing to form arrangements more complex
than sets of parallel features. Assuming the devices contain movable mechanical parts,
there will be a difference between nanoscale movable parts and their anchors, which need
only be microscale. Other features such as electrode gaps in electrostatic drives may also
be nanoscale. Thus, unlike microelectronics, typical NEMS are likely to contain a mix of
dimensions. A wide variety of devices with very different operating principles have been
fabricated. Examples include field emitters [65], through-wafer interconnects [66],
accelerometers [67], positioning stages [68], nano-nail arrays [69], nanochannels [70, 71]
and quantum dots and wires [72, 73]. There has been particular interest in fabrication of

templates for nanoimprint lithography [74-77].

Here we focus on devices fabricated using a technology for NEMS fabrication developed
at Imperial College, which forms anchors using conventional lithography and nanoscale
suspensions using STL (Figure 2.7a) [78]. In some processes, legacy features are also

formed at intersections between feature types. Multi-stage STL processes have also been
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developed to allow intersecting nanoscale features [79], particularly to fabricate
nanoscale cellular materials [80] (Figure 2.7b). Devices layouts are likely to be arbitrary;
however, many devices are likely to follow Manhattan geometries to simplify layout.
Canonical objects for simulation are therefore likely to include combinations of micro-
and nano-scale features and intersecting nanoscale lines.

a) b

—/ Microscale ‘ |
Nanoscale Nanoscale <
| |
Legacy features ‘ |
;l N R N

Figure 2.7: STL NEMS: a) Nanoscale suspension with microscale anchors; b) nanoscale

cellular material.
The use of DRIE for pattern transfer implies that feature depths are likely to be much
larger for NEMS than for microelectronics. However, the need to avoid damage to the
structure by lateral erosion will limit the achievable feature depth and width. Figure 2.8
shows a representative MEMS/NEMS device, highlighting the high aspect ratio, the

difference in feature width, and legacy features.

/—b A /—b B Legacy mesa

1
Device layer
A-A T T
/ / /I / Substrate
/ n Suspended NEMS MEMS
4 Al /4B B-B

a) ! b)
Figure 2.8: NEMS device in a) 3D and b) section (Courtesy Prof. R. Syms).

The NEMS parts consist of a set of parallel nanoscale suspension beams that are undercut
and therefore free to move. HAR processing is used to force in-plane motion through a
large difference in second moment of area of the two beam bending axes. The MEMS parts
consist of a set of anchors rigidly attached to the substrate, which provide encastré
supports for the nanoscale beam ends. Such devices can form the basis on resonant
physical sensors with in-plane motion. The large feature depth implies that effect of the
substrate during imaging is likely to be limited, since it will be out-of-focus. This aspect

may be exploited to simplify further a model of object scattering.
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2.8 Summary

An elementary account of Maxwell’s equations has been presented, concentrating on
those aspects important to this work, namely wave equations, electromagnetic waves,
Fourier optics and imaging. Objects likely to be encountered during optical imaging of
NEMS have also been discussed. In the next chapter, the geometrical theory of diffraction
will be reviewed, as a possible method of simulating scattering from device structures of
this type. For example, a nanoscale rib may be modelled as a half-plane, while each edge

of a microscale mesa or trench corresponds to a right-angle wedge.
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3. Diffraction Theory of Isolated Obstacles

This section presents several high-frequency asymptotic methods for solving diffraction
problems, particularly Sommerfeld’s half-plane problem and the related wedge problem.
We start by considering the background and demonstrate the derivation of Sommerfeld’s
solution. Due to the complexity of his solution, different asymptotic approximations have
been developed. We therefore review several such theories: the geometrical theory of
diffraction (GTD), the uniform theory of diffraction (UTD), the physical theory of
diffraction (PTD) and the incremental theory of diffraction (ITD). Finally, to connect

diffraction theory to optical imaging of NEMS devices, we discuss multiple diffraction.

3.1 Sommerfeld’s half-plane diffraction problem

Wave diffraction occurs when a light wave is incident on an obstacle. For example, a
cylindrical wave, known as edge wave, is generated at any corner. This diffraction
phenomenon was first studied by Young in early 19t century [1]. Further investigations
were then carried out by Fresnel, Kirchhoff, and Helmholtz [2-4], and diffraction of EM
waves by a half-plane was rapidly established as a popular canonical problem. In late 19t
century, Sommerfeld studied the diffraction from a perfectly conducting thin plate with
semi-infinite length and depth, famously known as the half-plane problem, and proposed
the first exact solution [5, 6]. Later authors have considered diffraction from wedges, of
which the half-plane represents a degenerate case. Because of the feature sizes involved,

both are relevant to optical imaging and metrology of NEMS.

For example, the scattering from a HAR nanostructure is analogous to the diffraction from
a half-plane (Figure 3.1a). The incident rays (black arrows) are reflected from the flat
surface as retro-reflected rays (green arrows). When the incident ray is diffracted at the
tip of the half-plane, the diffracted wave (blue) is radiated in all directions with angle-
dependent amplitude. Similarly, the scattering from a microscale mesa can be modelled
by the diffraction of two outward-facing wedge corners (Figure 3.1b). Incident rays are
reflected by both the top and side surfaces (red and green arrows) and diffracted at the
two wedge corners. Although the waves diffracted from a half-plane and a wedge are both
cylindrical waves, the diffraction patterns are different and depend heavily on the wedge

angle. This will be further discussed Section 3.2.
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Figure 3.1: Diffraction from a) a half-plane and b) a mesa.

Since the amplitude of the diffracted field depends on the angle of illumination,
Sommerfeld’s half-plane problem is often solved in polar coordinates, and conversion
from Cartesian coordinates is therefore needed. Figure 3.2 shows a Cartesian coordinate
system. The half-plane is shown in red and is semi-infinite along the -x-axis. The incident
wave makes an angle a and the diffracted wave an angle 8 to the +z-axis. Cartesian
coordinates can then be translated into polar expressions as z = r cos @ and x = r sin .
4+ X /

0 .

0\
(=z,—x)

Figure 3.2: Sommerfeld’s half-plane problem in Cartesian and polar coordinate systems.

Solution of the boundary matching problem then proceeds as follows. Recall the wave
equation for a two-dimensional problem discussed in Section 2.2:

0°E, 0%E,

’E, = 3.1

55 T TKEy =0 (3.1)

Here E,, is the total electric field for TE polarisation, conventionally written in terms of

the incident E;, reflected E, and diffracted fields E;. A similar wave equation exists for
the magnetic field H, for TM polarisation. For a perfect conductor, the boundary

conditions for TE and TM polarization are:

E, =0 (3.2)
oH, (3.3)
—2 -0

on

Here d/0n is the derivative along the normal to the boundary. Equations 3.2 and 3.3 are

often described as Dirichlet and Neumann boundary conditions or as soft and hard
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conditions. Here we assume TE-polarisation since the solution for TM-polarisation can
be derived in the same fashion. A solution of Equation 3.1 for the incident plane wave can
be written in Cartesian and polar coordinates as:

Ey — E0e+jk(z cos a+x sin a) Ey — E0e+jkr cos(6—a) (3_4)

For simplicity, the amplitude of the incident field E, is assumed as unity.

The total solution is then expressed as an angular spectrum of plane waves, written in
polar coordinates as [7]:

Ey — ff(a)eﬂkr cos(8-a) 4 (35)
Here the function f(a) is the angular spectrum of E,,. With a suitable integration path,

f () can be found by Fourier transformation.

For example, the electric field can be formulated from the current density. The electric
and magnetic field of a single TE-polarised plane wave can be written as:
E = (0,1,0)e*/krcos(@-a) H = (cosa,0,—sina)et/krcos(@-a)  (3.6)
: : . . e 2
Given the relationship between current density and the magnetic field (H, = — 7” /), the

current density at point (¢, 0) must then be:

c ..
Jy(€) = +Ee+1k5“’5“sina (3.7)

The current density can also be rewritten as a Fourier integral. Making the substitution
U = cos a, this integral can be written as:

oo . 3.8
1) =45z | PGSty G4

The integrand here is the magnetic field H, written in angular spectrum form, and the
unknown function P(u) is the angular spectrum. The electric field E,, can therefore also

be written in terms of a or y, as:

E, = jP(cos a)etikrcos(0-a) gy tikzi gy (3.9)
c

£ - j T P(w) .
Y —00 4/ 1- ‘le
The denominator /1 — u? = sina is due to the sin « term in H,. The integration path C

isin the complex a plane along which the real value of cos a ranges from +oo to —oo. This

cancels out with the negative sign from differentiating cos a.
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If a scattered field E, ¢ in TE-polarisation is represented as an angular spectrum of plane

waves, dual integral equations can be formed using the boundary conditions, as:

e +00 P(ﬂ) ke gy = _ . (310)
ys > e U yi
—00 4/ 1- U
too (3.11)

O=j P(uetikzidy

We now consider the TE-polarised plane wave incident on the perfectly conducting half-
plane as E,,; = etjkrcos(0-ao) with the assumption of incidence at an angle 0 < ay, <
for simplicity. The subscript “0” denotes the incident field. The dual integral equations
can be evaluated with standard contour integration techniques to integrate along a path
in the complex plane without passing through any branch-points or singularities. Details
of the necessary steps are omitted here. The function P(u) is resolved and expressed as:

A/ -w (3.12)
2 2

P(u) =

Here u, = cos a,. Similarly, the function P(cos a) becomes:

j sin%ao sin%a (3.13)
P =—-=
(cos @) T COS @ + COS

Substitution back into Equation 3.10 then allows the scattered field to be obtained as:
(3.14)

, 1 siniaosinia ,

E. = etJkrcos(6-a) 4 _j g~ Jkrcos(6-a) 4
Y Jjm ). cosa + cos

Unfortunately, the complex integration representing the scattered field is too

complicated for practical application, so simplification is needed.

When the observation point is further than one wavelength from the tip of the half-plane
(kr > 1), Equation 3.14 can be evaluated by the method of steepest descent along the
steepest descent S(0) through the saddle-point at « = 6. First, the function P(cos a)
from Equation 3.13 is rearranged to obtain:

_ 1 1 ) (3.15)
P(cosa) = e (sec 5 (a — ay) — sec > (a+ ay)

For simplicity, consider only the (@ — @) term in P(cos «), as the second term can be
obtained by changing the sign of a,. Let P(cos a) = sec% (@ — ay) in Equation 3.9 and we

integrate along the steepest descent path S(8) to obtain:
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1 . 1
E, = js(e) secs (a — ay) e Jkreos@-a gy (3.16)

jm
We now define a new variable 7 = v/2¢ ™ sin% (a — 6). Transforming Equation 3.16 to

integrate along S(0), the result can be written in terms of 7 as:
—jr © o—krt?
— 4 ok
Ey =—2e 4 e/ TT] j_oomd’l' (317)
Heren = \/fcos% (6 — ay). Equation 3.17 can be further simplified in the form of the

complex Fresnel integral F(a) = faoo e~J%dr, expressed as:

E, = e (izﬁe+fkT"2F(J_rnx/H)) (3.18)
The upper (+) sign is for n > 0 and the lower (=) sign is for n < 0. The field expression
when P(cosa) = sec% (a + ay,) equals Equation 3.18 with n = \/fcos% 0+ ay) .
Eventually, the scattered field term in Equation 3.14 can be rewritten as:

1 1
E. . = _|_l we—jkrcosw—mda
Jm Jc cosa + cos ag

. (3.19)
es( . 1 _ 1
= —ﬁ{efk”"s(e‘“o)F 2kr cos 5 (6 — ag)| ¥ elkrcos(@+ao) | 4+/2kr cos = (6 + ao)]}

Here, the upper (+) sign is for 8 + ay, < m and lower (=) is for 8 + a, > m. The
remaining simple pole @ = m — a; in the integral in Equation 3.14 can be resolved and
the contribution obtained from the residue theorem as:

_e+jkr cos(6+ag) (3_2())

This is the reflected wave from geometrical optics (GO) and the discontinuity across 8 =
T — ap counterbalances that in the diffracted field in Equation 3.19. The complete

solution (Equation 3.14) of the wave equation can then be written as:
jm
Eje s

E,=——
s

y

{ejkrc05(¢—¢i)p [—\/ZW cos (d) _2 ¢i)] — plkrcos(¢+ ¢ | [—\/ZW cos (¢ -; ¢i)]} (3.21)

_ Eoean
mwn
Equations 3.21 and 3.22 are the TE and TM solutions and are commonly known as

y

{ejkrcos(¢—¢i)F [—\/ZW cos (d’ _2 d’i)] 4 elkreos(d+ D | [_\[2? cos (¢ -; ¢i)]} (3.22)

Sommerfeld’s solution [8]. Their properties can be explained as follows.
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Figure 3.3a shows the Sommerfeld problem in polar coordinates once again. The
elevation angle ¢; and the diffraction angle ¢p are now measured from the half-plane
itself, while r is the distance from the tip of the plane to the observation point as before.
Figure 3.3b shows the subspaces of the problem. The space is divided into three regions
depending on the angle of incidence ¢;. Since the half-plane is fully reflective, the incident
field does not travel in the shadow region (A). Likewise, incident field can only be
reflected by the half-plane, so the reflected field only propagates in the reflection region
(C). Since the cylindrical diffracted field radiates in all direction (0 < ¢ < 2m), it exists in

the entire space. As a result, the total electric field in each region is different.

Figure 3.3: a) Sommerfeld’s problem and b) the subspaces.

Sommerfeld’s solution has since become crucial to most of the approaches to diffraction
problems as it provides the only known closed form solution. However, its derivation was
originally explained only briefly. Since then, many researchers have attempted to refine
the solution and obtain simpler expressions for diffracted field [9-13]. We now briefly

describe some of these attempts.

3.2 Geometrical theory of diffraction (GTD)

The geometrical theory of diffraction (GTD) was first proposed by Keller in 1962 [14, 15].
GTD describes the diffracted field by introducing additional diffracted rays to GO.
Application of Fermat’s principle shows that a ray from a point A to point B diffracted
from an edge will take the shortest path. Figure 3.4 shows the Fermat’s principle for edge
diffraction on a half-plane. If a ray is incident from point A onto the edge of the half-plane
at point C, the shortest path towards point B is the diffracted ray. The dashed lines are

not the shortest path, so they are not considered as diffracted rays.
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Edge

Half-plane

Figure 3.4: lllustration of Fermat’s Principle for edge diffraction.

Figure 3.5 shows multiple diffracted rays generated by an incident ray that strikes the
edge of the half-plane obliquely. This is known as Keller’s cone. It implies that the wave
diffracted from an edge is conical for oblique incidence. However, if the incident ray
strikes the edge at normal incidence, the diffracted rays are also normal to the edge and

radiate as cylindrical waves [16-19].

Incident Ray
Edge

o —

Half-plane

Figure 3.5: Keller’s cone of diffracted rays.

Keller formulated a simple solution to the half-plane problem in the far field by retaining
only the leading term in the asymptotic expansion of the Fresnel integral in Sommerfeld’s

solution. Now, the full asymptotic expansion for a > 0 is:

| - 3j°° .
F —_ 2 ,-ja? y _— ,-ja? _Z ~4o-JT% _
(a) 2ae +4a3e z) 7% T (3.23)

To proceed further, we also need an identity property of the Fresnel integral:

jm
F(a) + F(—a) = Vme™ 4 (3.24)
Substituting the first term in the Fresnel integral and the identity property into the

Sommerfeld’s solution (Equation 3.21) yields:

jm ,
LI P, _in Ji _].[ 2krcos(¢‘¢i)]
E = e]k (- \/'Ee 4 4 e 2
vm { 2[ 2kr cos (d) _Zd)i)]
(3.25)
— pJkrcos(p+¢y) ﬁe_an + J . e—]’[\/mcos<¢;¢i)]
2 [ 2kr cos (%)]
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Expanding the terms inside the curly bracket and rearranging the terms for the plane

waves and edge waves gives,
jm
Eqje 4

E =

jn

{ejkrcosw—m)\/;e—% — gikreos(é+) [ ~a

T

)

j ¢ — d)i . e —j[zkrcosz( 3.26
+ [ secC ( ) e]kTCOS(¢ ¢l)e 2 ( . )
V8kr 2

— ] sec <¢ + ¢1> ejkrcos(¢+¢i)e—j[ZkchSZ((b';d’i)]]}
8kr 2

Using the double angle formula, the exponential terms inside the square bracket can then

be simplified to:

-9
2

eikTCOS(¢—¢i)e_j[ZRTCOSZ( )] — glkrcos(@=¢i) p—jkrlcos(p-p)+1] — p—jkr (3.27)

Keller’s expression can then be obtained by simplifying Equation 3.26 to get:
E = Eoejkrcos(¢>—¢i) _ Eoejkrcos(¢>+q§i)

+ —Eoe\/;%jkr —sec (¢ _2 ¢i> + sec (¢ -; d)i)]

This result has a simple interpretation, which has formed the basis of much high

(3.28)

frequency theory. The first and second terms describe the incident and reflected plane
waves respectively. The last term represents the diffracted wave, by assuming the
diffracted field in cylindrical form as:
EoDe=/kr
Ed B e —
Vr

Here D is the diffraction coefficient, an extremely important parameter. Comparison with

(3.29)

Equation 3.28, allows the half-plane diffraction coefficient to be extracted as:

jm

D = ;E% —sec (¢ _2 ¢i> + sec (¢ -; ¢i>] (3.30)

For a wedge, the diffraction coefficient can be found using a similar (and equally lengthy)

procedure, as:

jm

T oom
e 4sin— oA —oN L oA + b\t

D=——+°-" (cos——cos¢ qbl) +(cos——cosq> qbl) l (3.31)
nv2mnk sin 8 n n n n

Here n is the coefficient of the exterior angle of the wedge, normally written as (2 — n),

and B is the azimuth angle of the illumination. For a half-plane (n = 2) with

T

erpendicular incidence | f = =), Equation 3.31 reduces to Equation 3.30. Figure 3.6
perp 5
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shows the diffraction pattern of a) a half-plane and b) a wedge for near field at 8 = 50°,
computed from Equations 3.30 and 3.31 respectively. The incident angle from normal is
defined as 6 and is commonly used for imaging. The diffraction pattern of a half-plane is
symmetric and the value approaches infinity at the shadow boundaries due to the secant
function. For wedge, the diffraction pattern is significantly different and will be discussed

in the next chapter.

210° 3 150° 210°

300° 60° 300° 60°

w B =]
0 s
a) b)

Figure 3.6: Diffraction pattern of a) a half-plane and b) a right-angled wedge.

In general, GTD calculates the total field accurately in the far field (kr » 1), since the
higher order terms diminish rapidly. In this regime, GTD offers a close approximation to

Sommerfeld’s solution [20]. However, since the Fresnel integral F(a) expands

=

asymptotically with % and a = V2kr cos ( > ) higher order terms are more significant

when r is small, leading to inaccuracy in the near field. This leads to obvious

discrepancies, especially at the boundaries between the regions in Figure 3.3b.

We illustrate this with a numerical example of a thin PEC mesa of width 0.1um and height
S5um in a 10um square simulation space. The plane wave illumination is at A = 0.5um
and incident angle of & = 20° from the y-axis. Note that the angle 8 = m — ¢; is used here,
to simplify comparison with later simulations of image formation. Figure 3.7a and b show
the total electric field from Sommerfeld’s solution (Equation 3.21) and Keller’s
approximation (Equation 3.28) respectively, both computed numerically in MATLAB.
Sommerfeld’s solution is continuous across the shadow boundaries. However, Keller’s
approximation fails to match at the shadow boundary, and when the field strength
increases along the reflection boundary. The region where the total field deviates from

the exact solution is referred as the transition region. A magnitude limit of 5 is applied to
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the secant function in Equation 3.28 to restrict the effects of the singularity in the

transition region. This will be further discussed in the next section.

A=0.5 pm; A =10 pm; ﬂ =20° Keller, A =0.5 pm; A =10 pm; ﬂ =20 °; Fresnel limit = 5

2 2

18 1.8
L6 1.6
14 14
1.2 1.2
1 1

0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0

z (mn) z (um)

x um)

x (um)

Figure 3.7: Total electric fields of a half-plane with incident angle of 20°, obtained from

a) Sommerfeld’s solution and b) Keller’s approximation.

3.2.1 Fresnel integral
In general, the Fresnel integral is expressed as F(a) = foae‘jTZdT [21]. The Fresnel

integral can also be written in terms of its real and imaginary parts. The conversion

between the exponential and trigonometric forms is:
a a a
F(a) = j eI dr = j cos(t?) dt —jj sin(t?) dt = C(a) — jS(a) (3.32)
0 0 0

Figure 3.8a shows the Fresnel integral in trigonometric form. The red line represents the

cosine integral C(a) and blue line represents the sine integral S(a). Both functions are

decreasing towards +./m/8, when a tends to infinity [22]. Figure 3.7b is a parametric plot

known as the Cornu spiral, showing the Fresnel integral on an Argand diagram.

1 Fresnel Integral F(a) e Fresnel Integral F(a), Cornu Spiral
0
c
= =
- 05
= E’n .
e
L5k : : :
- -0.5 0 05 i § 15
a) a b) real( F(a))

Figure 3.8: a) Variations of the Fresnel integrals in trigonometric form, and b) Cornu

spiral.
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In diffraction theory, particularly Sommerfeld’s problem, the Fresnel integral is often

defined alternatively as:
+00
F(a) = j e I dr (3.33)
a

for a > 0. If we now introduce a new parameter b such that b < 0 and b = —a, the
Fresnel integral can be written as the sum of two integrals, one giving the integral on the

negative axis and the other on the positive axis:

F(b) =jb

Due to the odd function characteristic of Fresnel integral as shown in Figure 3.7a, the

0 + 00

e‘jfzdr+j e I dr (3.34)
0

“negative” integral can be written as:

0 P2 0 P2 b P2 e P2 e P2
j e/t dr =j e/t dr—j e/t dr =j e/t dr—j e /tdr (3.35)
b -0 0 a

— 00

The second term in Equation 3.34 is the asymptotic limit of the Fresnel integral:
too T T _in
F(0) = j e I dr = \fg(l - = gew (3.36)
0

Therefore, when a < 0, the Fresnel integral can be expressed as:

jn
F(—a) = Vme % — F(a) (3.37)
Because the Fresnel integral is a transcendental function and cannot be evaluated in a

closed form, it can only be resolved by asymptotic expansion or substitution. Asymptotic
expansion is carried out by multiple integration by parts with respect to i Keller’'s GTD

is the simplest example of the asymptotic expansion. However, many researchers have

proposed simpler substitutions [23], particularly James [24] and Abuelma’Atti [25].

Asymptotic expansion is the most straightforward approach, and the first four terms of

the expansion are:

13 15
/ J ) (3.38)

Fl@)= | e/@dr=e® (——+ +—=- 4
(@ ja 2a  4a® 8a® 16a’
If we now consider only the first two terms in the expansion and substitute them into

Sommerfeld’s solution (Equation 3.21) for the diffracted field, we obtain:
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E=E_ st e cos (¢ _2¢i) 4( — (@))3 272kt cos (@

(3.39)
1

+ 3
4 ( 2kr cos (d) -; d)i))

Here we focus on the Fresnel integral terms, grouping the other constants as a constant

E.onst - Further factorising Equation 3.39 to obtain a similar expression to Keller’s

expression (Equation 3.28) we get:
JEeonst [ (qb - ¢i) ~ sec (qb + ¢,-)] {1

a2k 2 2 (3.40)
g sec? (B52) # see (252 see (52) et (B2}

Retaining an extra term in the Fresnel integral expansion adds a complicated
trigonometric term to Keller’s expression. Correction of the Keller’s expression improves
the phase mismatch at the boundary region in Figure 3.7b. However, the correction terms
also cause a drastic increase of field strength around the feature tip and at the boundaries.
Setting a limit to the secant function can “force” an improvement in the matching of the
magnitude of the electric field on the illuminated side of the feature, but the boundary
matching in the shadow region is still inaccurate. Figure 3.9 shows the total electric field
computed for 8 = 20° with the asymptotic expansion of the first four terms of the Fresnel
integral imposing limits to the secant function of a) 20 and b) 10. There is still noticeable

difference at the shadow boundaries in terms of magnitude and phase.

Keller, A =0.5 pum; A =10 am; 00 =20 *; Fresnel limit = 20 Keller, A =0.5 pm; A =10 pm; ﬂ' =20 °; Fresnel limit = 10

5 2 5 2
18 18
1.6 1.6
14 {1.4
1.2 1.2
0 1 0 1
0.8 0.8
0.6 0.6
0.4 04
0.2 0.2
-5 0 0
-5 0 5

-5
5 4 3 -2 -1 0 1 2 3 4 5
a) 2 (um) b) 2 (jm)

X (pem)
X (;1m)

Figure 3.9: Total electric field at 8§ = 20°, computed from the asymptotic expansion of

the Fresnel integral with secant limits of a) 20 and b) 10.

Theoretically, the more terms are included in the Fresnel integral expansion, the closer

the agreement with Sommerfeld’s solution. However, the correction terms become more
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complicated, and the simplicity of Keller’s approximation is lost. An alternative is to
replace the Fresnel integral with a closed-form expression. Particularly, James’
approximation based on Logan’s introduction of a K expression [26] states that:
. T
F(x) = \/EK(x)e_f("erZ) (3.41)
James proposed an expression for K(x) in the form:

exp [—j (arctan(x2 +15x+1)— %)]

K(x) = (3.42)
2Vmx? +x+1
Here the arctan function is approximated as:
T x>+ 15x+1
arctan(x? + 1.5x + 1) = = ( ) (3.43)

2 028+ (x? + 1.5x + 1)2
Since the Cornu spiral indicates the magnitude change of the real and imaginary
component of the Fresnel integral, it can be used to analyse the accuracy of the
approximation. The error in amplitude and phase components of K(x) from the exact
value range from 2% to 8% for James’ approximation. Abuelma’Atti then introduced a

further correction term 0.022x exp(—0.29x) to reduce the error to less than 3.4%.

These approximations are compared in Figure 3.10. Figure 3.10a shows the “perfect”
Cornu spiral, representing the Sommerfeld’s solution. Figures 3.10b, c and d show the
spirals from Keller’'s, James’ and Abuelma’Atti’'s approximations respectively.
Figure 3.10b stands out by its lack of convergence for small a, implying that Keller’s
solution does not provide a good approximation in the near field. However, when a
increases (for far field), Keller’'s Cornu spiral does approach the limit im. Keller’s
approximation is therefore accurate in the far field. However, the traces in Figure 3.10c
and d follow the “ideal” Cornu spiral in Figure 3.10a closely, showing that these

approximations will be generally accurate.

Figure 3.11 compares the total electric field obtained using the approaches discussed in
Figure 3.10. Figures 3.11a-d show the electric field plots of Sommerfeld’s solution and
Keller’s, James’ and Abuelma’Atti’s approximations for 8 = 20° (indicated as red arrows).
As expected, the James’ and Abuelma’Atti’s approximations estimate the field accurately

and the plots are very similar to Sommerfeld’s solution.
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Fresnel Integral; number of steps=100
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Figure 3.10: Cornu spiral for Fresnel integrals by a) Sommerfeld’s, b) Keller’s, c) James’

and d) Abuelma’Atti’s expressions.

Fresnel Integral; A =0.5 pm; A =10 pm; 90 =20 °; Fresnel limit =5
Sommerfeld

2 b) 5 Keller 2

z (pm)

Figure 3.11: Total electric field computed using a) Sommerfeld’s, b) Keller’s, c) James’

and d) Abuelma’Atti’s solutions for 8 = 20°.

3.2.2 Uniform theory of diffraction (UTD)
To reduce the singularity distortion of the electric field in GTD, two important uniform
theories were created: the uniform theory of diffraction (UTD) and uniform asymptotic

theory (UAT) [27-29]. The difference between the two theories is that UTD modifies the
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diffracted field in GTD for the singularity in the transition region while UAT modifies the
GO field in GTD to incorporate the singularity.

UTD scales the diffracted field according to the position of the observation point from the
origin of the diffracted field. The diffracted field is redefined as E,, (with capital letter,
different from the E; in GTD) [30]. The full expression for Ej, is:

_Fd&D F(&-D

D= Fen fa T Eqe, B (3-44)

Here ¢&;, represents the incidence (reflection) detour parameter, which characterises

how close the observation point is to the shadow boundaries, and is defined as ¢;, =

€ir ’k|5d - Si,rl- S; is the direct distance from the source to the observation point and S,

(S4) is the distance from the source to the observation point via the reflection (diffraction)

- (%)
point. F(x) is a transition function from the Fresnel integral and F (x) = g 2\/Ex4 . Using
this approach, the equivalent diffraction coefficient to Equation 3.31 is:
et T+~ 6 m =~ )
Dy = m X {cot( ™ ) F(kra*(¢p — ¢) + cot( o )F(kra‘(d) -¢)) (3 45)

F

cot (W) F(kra*(¢ + ;) + cot (W) Fllra™ @+ ¢l))]}

Here the sign + depends on the polarisation of the incidence fields. The distinction to GTD
arises from the transition function F (kra), which is obtained from a uniform asymptotic
evaluation of the wedge Green’s function [30]. When the observation point is further
away from the shadow boundaries (kra > 0), F(kra) —» 1 and the UTD coefficient
reduces to Keller’s result (Equation 3.32). This solves the singularity problem, but the

caustic problem in GTD still remains [31].

Alternatively, the approach taken in UAT is to modify the GO field E,, to create a similar
singularity that cancels out the shadow boundary singularity in GTD [32, 33]. The
modified GO field E, is:

Eco = [FG) — FGD]E + [F(&) — FEP]E, (3.46)
The function F(x) and F(x) are defined as in UTD but the sign of ¢; . is important. The
formulations of the two theories are different but numerically the results are similar. In
practice, UTD has been the more popular method because of its simplicity. Due to the

improvement in the transition region, UTD has become popular in more complex
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diffraction problems [34, 35]. For example, multiple diffraction problems are often solved

with UTD, as will be discussed later.

3.3 Physical theory of diffraction (PTD)

Despite the wide application of GTD and its improvements, UTD and UAT [36], there are
still canonical problems that cannot be solved [37]. Physical optics (PO) techniques were
therefore developed to find approximate diffraction coefficients. PO uses approximations
of the induced surface current density on a perfectly conducting surface in proportion to
the tangential incident magnetic field. However, it fails to evaluate the edge diffracted
fields. An improved technique called the Physical Theory of Diffraction (PTD), modified
from the Kirchhoff approximation (KA), was therefore developed [38-40]. The derivation
of PTD is omitted here but the equations will be provided and compared with the solution
from GTD. Figure 3.12 shows the geometry of PTD in a polar coordinate system and the
half-plane (in red) is placed horizontally at ¢ = 0. The arrow indicates the incident field

from the source (1, ¢;) on to the surface ¢ = 0, and the dot shows the observer at (r, ¢).

The wedge angle is 2 — @ and the representation in the PTD formula is n (n = %)

Figure 3.12: Geometry of PTD.

PTD separates the surface scattering sources into uniform and nonuniform components,
designated using superscripts “0” and “1”. The uniform component j° is determined by
GO, due to the current induced by the incident plane wave uniformly distributed on the
surface. The nonuniform source j! is caused by smooth or sharp bends of the surface and
is also responsible for fringe waves [38]. For TE-polarisation, the uniform current sources
and the electric field generated by the uniform source can be expressed as:

1 e—jkr
j° " ds (3.47)

j° = —Ey2ik sin ¢p; e k7 cos i EY = )

Equation 3.48 gives the approximate value of the scattered field from the PO approach

[41]. The fringe wave Epyj, caused by the nonuniform source j! can be expressed as:
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Eprp = Eq — Eg (3.48)
Here the E; is the exact solution of diffracted field and is expressed as a form of
cylindrical wave:
=i +3)
Zmlr
This is equivalent to the diffracted field in GTD, where f is the trigonometric part of the

E; = Eof (3.49)

diffraction coefficient in GTD (Equation 3.31). If EJ is expressed in the same form as
Equation 3.49, the trigonometric term f; for the uniform diffracted field of a wedge with
angle (2 — a) becomes:

_ sing; o sin ¢; sin(a — ¢;)
"~ cos ¢ + cos ¢; fr= cos¢p + cos¢p; cos(a — @) + cos(a — ¢;)

fO

(3.50)

The first part of Equation 3.50 is for 0 < ¢p; < @ — m and the second part is fora — m <
¢; < m, with an additional term due to the illumination of second surface of the wedge.
Substituting Equation 3.50 into Equation 3.48, the integrand of the fringe wave Epyp can
be obtained by expanding the solution as a Taylor series and dropping higher order terms:
-1+

Eprp = Eof1 Pk

The trigonometric term f1 is the difference between f from the exact solution and f° in

+0 [<kr)—%] (3.51)

the uniform diffracted field. For near field diffraction, the second term in Equation 3.51

is dropped and the fringe wave becomes a cylindrical wave.

Figure 3.13 shows the fringe diffracted fields arising from the nonuniform source of a
half-plane and a right-angled wedge at incident angle 8 = 130° for TE polarisation. The
incident angle 6 is again defined as 8 = m — ¢, for convenience, and it is measured from
the horizontal plane at ¢ = 180°. The diffraction patterns of a half-plane and a wedge are
different, as are the magnitudes. When the incident wave illuminates both surfaces on the
wedge, the fringe effect is increased for TE-polarisation. For single side illumination, the
fringe effect is much smaller, and the magnitude is halved or even smaller, depending on

the incident angle and the wedge angle [42].
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Figure 3.13: Fringe wave pattern of a) a half-plane and b) a right-angled wedge.

Despite the improvement offered by PTD, it only considers Fermat’s principle for the PO
current and is not valid at the edge due to the number of rays emerging from the tip of
the wedge [43]. Further improvements have subsequently been made. One is the
application of the equivalent edge current (EEC), which eliminates the caustic
singularities in the original ray tracing PTD [44, 45]. Another is an extension for
observation angles that are not on Keller’s cone using incremental length diffraction
coefficients (ILDC) [46-48]. A more complete modification is a derivation of the EEC by
asymptotically reducing the surface-to-edge integral, written in terms of diffraction
coefficients [49, 50]. The modified theory of physical optics (MTPO) proposed a new unit
vector to dissect the angle between the incident and reflected rays into two equal parts.
The edge of the scatterer is therefore modified, and the singularity in EEC for PO and GTD
is removed [51]. However, these improvements will not be discussed in detail here. To
summarize, PTD matches the results calculated from GTD and method of moments (MoM)

[52] and is used as a numerically calculated reference solution [53-55].

3.4 Incremental theory of diffraction (ITD)

As mentioned above, incremental methods such as ILDC [46, 47, 56], EEC [48, 49] and
elementary edge waves (EEW) [57, 58] that describe elementary contributions were used
to eliminate caustic singularities and extend observation angles in PTD. A related method,
the incremental theory of diffraction (ITD) was also developed to provide a way of
computing diffraction from curved edges [59-61]. It introduces a localisation process
based on constructing a suitable spatial integral representation of the 3D canonical
Green’s function through a 2D Green’s function factorisation. It interprets the exact
solution for the scattering in the near zone from a canonical cylindrical structure when it

is illuminated by an elementary source.
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Consider an object with a uniform cross-section along a curved line [. The diffracted
E,(P) field at the observation point P is diffracted from the point Q; when the object is
illuminated by a point source P,. Figure 3.14 shows the geometry of a wedge with exterior

angle a (or nm) in a spherical (r, B, ¢) coordinate system [62].

Figure 3.14: Geometry at locally tangent wedge.
The incremental field contribution dE (Q;) at P, which is localised at each point Q; along

[, is integrated along [ such that the diffracted field E;(P) is expressed as:
Ey(P) = de(Ql)dl (3.52)
!

Since it is assumed that scattering is a local phenomenon, the local segment of the object
is approximated as a cylindrical canonical configuration with the z-axis tangent to the line
[ at Q,. Hence, the exact solution E,. for the local problem is an infinite, spatial

superposition of the elementary contributions dE,.(z) along the z-axis:
+00
E.(P) = f dE,(z)dz (3.53)

Here dE(Q;) = dE.(z) at the tangential point z=0. An exact spectral integral
representation of the Green’s function of an object with a uniform cylindrical canonical

configuration along the z-axis can then be obtained as:

+ 00

1 s, 17 !
Ec(P) =5 f Gaa(p, p's Ky )e 1K (=) dky (3.54)

Here k, = \/m and GZd(p, p'; k,’,’) is the two-dimensional Green’s function of the
same object illuminated by a z-directed line source. In general, GZd(p,p’;k;,’) can be
represented as the result of the application of a linear operator L to the product of two
spectrum functions, each depending on the location of either the source k,'p’ or the
observation point k, p. Therefore, Equation 3.54 can be represented by the linear

operator L and the spectrum functions U:
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1 +eo s 1T !
E(P) =L [E f u(ky,p)U(ky, p")e i (2= )dk;'] (3.55)

From Fourier transform analysis, the integral can also be considered as a spatial

convolution product of two functions, expressed as:
(§©,p0) = - “u (k$,p) %<k 3.56
u ( P - o o 19 P € z ( ' )

The bracketed power () indicates the quantities for unprimed { = z"” — z and primed

¢{ = z' — 7", and the function denotes the inverse FT with respect to k;'). Therefore, the
incremental field contribution at Q; at z'" = 0 is:

dE(Q)) = L[u(=z,p) -u(z’, p')] (3.57)
The above Fourier transform analysis is described as the ITD FT-convolution process and
provides a general procedure for obtaining incremental field contributions from the
Green’s function of infinite, uniform cylindrical local canonical problems. For a wedge
structure (in Figure 3.13), the dyadic and closed form expressions dE,; for the ITD

incremental field contribution can be expressed as [63]:

dEd,,B(P' Ql)] _ [De 0 ] ) [El,[i‘(Ql)] e‘jkr
dEd,q,’)(P: Q) L0 Dy E¢',¢.(Q{) 2nr

Here the E;(Q;) is the incident field at @, and D,; is the incremental diffraction

dE,(P) = [ (3.58)

coefficient. The total diffracted field observed at P is the superposition of the incremental

contributions distributed along the contour L, expressed as a line integral as:
—Jjkr(D)
E,(P) = f dE,(P)dl = f D(DE, (1) ——dl (3.59)
L L r(D
The total field at point P is simply the sum of E;(P) and the GO field Eg4,. ITD is simple to
apply to any diffraction problem and complies with the UTD solution. Also, since only
Equation 3.59 must be solved, computation of the diffracted field is much faster than
other methods. However, a limitation of ITD is that the caustic problem remains [64].

Nonetheless, ITD is still widely applicable to many diffraction problems [65-68].

3.5 Multiple diffraction

In this chapter, diffraction from a single isolated half-plane or wedge corner has so far
been discussed. However, MEMS and NEMS devices are usually composed of multiple
closely placed mesas. A mesa can be considered as a pair of closely spaced knife edges or
wedges [69-72]. A secondary diffracted field is then generated when a primary diffracted

field impinges upon a nearby corner. Higher order diffraction is theoretically possible but
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is usually disregarded due to its significantly smaller magnitude. GTD or UTD can usually
be applied in such cases. However, the solution can be inaccurate when the edge
separation is small compared to the wavelength, because of the rapid transition across
the shadow boundaries, from one ray optical form in the lit region to another ray optical
form in the shadow region [73]. One solution is the iterative surface current density

replacement technique [74].

Figure 3.15 shows the diffraction from a two-dimensional double mesa configuration
with a separation m between the mesas. The black, red, green arrows represent the
incident, reflected and retro-reflected rays respectively. The blue cylindrical waves are
the diffracted waves from each mesa corner. The orange arrows between the mesas are

the doubly diffracted field (E;;), whose amplitude is inversely proportional to the square

. . 1
root of the separation distance (Edd o« \/—E)

ez

Figure 3.15: Diffraction from two closely spaced mesas.

Considering the wedge corners of the inner side of the mesas, the secondary diffracted

field E;4 is defined as:

Egq = EgD1D,Agqe %" (3.60)
Here the spreading factor 4,4 = ﬁ, implying that the secondary diffracted field is also

a cylindrical wave. D, , describes the diffraction coefficient from the incident field and the
diffracted field on the inner corner of the first feature [75-77]. For a three-dimensional

scattering problem, the two mesas are not always in parallel. This is taken into account

by an extra factor of in the diffraction coefficients D, and D, [78-80]. For multiple

npgq2
diffraction, Equation 3.60 can be extended to multiply the additional diffraction

coefficients with the corresponding spreading factor [81, 82]. This simple method of
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multiple diffraction is used later for the development of the novel analytic model of more

general MEMS and NEMS imaging.

3.6 Summary

The famous Sommerfeld half-plane diffraction problem has been introduced, together
with the derivation of the solution. Several approximations to Sommerfeld’s solution
have been demonstrated, including the ray optics and the surface current integration
approaches. Despite the occasional inaccuracy of GTD in the transition and caustic
regions, it estimates the diffracted field accurately for most scenarios, and especially at
the large distances important in the MEMS and NEMS imaging application. In the next
chapter, GTD will be compared to full-wave simulation carried out using the FEM for
scattering from half-plane and wedge models. In particular, the accuracy of analytical
predictions obtained using GTD for the scattering from a NEMS device will be validated
using FEM results.
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4. Diffraction from an Isolated Structure

This section uses numerical modelling of isolated structures to validate the diffraction
theories discussed in the previous chapter. We begin by reviewing literature
comparisons between various analytical theories and with different numerical models.
Based on these reviews, the geometrical theory of diffraction (GTD) is chosen as the most
suitable analytic model, despite its approximate nature. We then illustrate the process of
finite element modelling using the simulation tool COMSOL. Numerical results are
presented to demonstrate the cylindrical wave nature of the diffracted field and the
diffraction pattern from a wedge, initially for TE polarization. Comparison between
numerical and analytical results is made for diffraction from a wedge at different incident
angles. Numerical and analytical diffraction coefficients for a mesa and a half-plane are
then compared, to justify the selection of the GTD wedge model as the basis of a simplified

scattering model in Chapter 7. Finally, we repeat the main steps for TM polarization.

4.1 Analytical model

The diffraction theories discussed in the previous chapter were the geometrical theory of
diffraction (GTD) [1, 2], the uniform theory of diffraction (UTD) [3], the uniform
asymptotic theory (UAT) [4], the physical theory of diffraction (PTD) [5] and incremental
theory of diffraction (ITD) [6]. To study the diffraction from the complex structures
expected in NEMS devices, a benchmark analytical model is needed to provide a simple

but accurate approximation to the exact solution of the scattering problem.

The two main diffraction theories, GTD and PTD, have always been discussed together
and compared since they were established [7, 8]. The ray approach in GTD is simple and
the field expression is straightforward for all scenarios. In PTD, since the induced surface
currents are integrated for the scattered field, the field components are finite in all
regions. For the far field of a simple structures (such as a strip), both geometrical and
physical approaches provide close approximations to the exact solution of the scattering
problem. The asymptotic expansion of the GTD is always correct [9], while PTD yields

good numerical estimates with an erroneous asymptotic expansion [10].

In PTD, the total electric field expression is:
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Z12
Here G represents the standard free-space dyadic Green’s function. ¥; ; and s are the two
surfaces of the structure (see Figure 3.12) and their unit area respectively. The first term
is the incident field, and the remaining terms are the scattered field produced by the
uniform source J, ; radiating in the free space respectively, formulated from the Hertz
potential [11-13]. The integrand involving J, is also referred as the physical optics
integral. Unlike GTD, PTD does not provide an explicit field solution and the physical
optics integral must be evaluated asymptotically. This integral can sometimes be difficult

to compute for a complex structure [14].

For near field scattering problem, GTD exhibits significant differences from the exact
solution in the caustic and transition region. The uniform theories of GTD improved the
approximation and yield high-frequency asymptotic solutions of the edge diffraction
problem that are uniformly valid in the entire space. In general, the uniform asymptotic
expansion of the exact field solution can be carried out by two procedures: the Van der
Waerden [15] (UAT); and the Pauli [16] and Clemmow [17] (UTD) methods. The field
expression in UAT and UTD are different as they employ different assumptions about the
solutions (ansatz). The UAT solution can be extended systemically to higher order in k=1
(k is the wavenumber) but this cannot be done in UTD. Also, the UAT solution has
continuous derivatives everywhere, but UTD solution becomes discontinuous at the

shadow boundaries [18-20].

Numerical computation is often used to provide accurate solutions to complex EM wave,
particularly to calculate scattered fields [21-24]. Common methods are the finite element
method (FEM), the method of moments (MoM) and the finite difference time domain
method (FDTD) [25-28]. In general, numerical results from all the above methods agree
with the exact solution of the diffraction problem and are often regarded as references.
For example, Ozgun presented the fringe field obtained from FEM for differently sized
wedges and mesas [29, 30]. The results were also compared to the MoM and good
agreement was obtained. Apaydin and Hacivelioglu et al. investigated the total and fringe
field obtained using PTD for wedges numerically and found the relative error to be 3% or

less compared to the exact solution [31, 32]. The diffracted fields from wedges obtained
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using UTD were compared with MoM and FDTD and good agreement was again obtained
[28, 33, 34]. A MATLAB-based simulation tool was also developed to compare the
scattering from wedges obtained using high frequency asymptotics and the FDTD method.
The numerical results proved that the diffraction pattern calculated from PTD and UTD

are approximated accurately for wedges of any size [35, 36].

In optical imaging, scattering is a far field problem. However, multiple diffraction from
closely spaced structures like slots or mesa arrays often arises in NEMS devices.
Therefore, PTD is not suitable as the computation of the physical optics integral
(Equation 4.1) may often be too difficult. UTD is also less preferrable due to the
complexity of the calculation of the diffraction coefficients compared to GTD, which is
sufficiently accurate in the far field. Therefore, GTD is chosen as the benchmark theory to

compare with the numerical results to study the optical imaging of NEMS.

4.2 Finite element modelling

FEM is a popular numerical method for solving complex problems in different physical
disciplines. It defines a domain of interest using tetrahedral elements that are subject to
specified boundary conditions [37-41]. Here, its advantage is the ability to solve general
diffraction problems without complex mathematics. However, its scope and accuracy are
proportional to the available computational resources, and this has severely restricted

the research that has been carried out using it [42-45].

Here the “Wave Optics” module of the commercial package COMSOL® was used [46]. The
general steps for FEM are first to design a layout for simulation. Space is then discretised
into a set of polygonal or polyhedral mesh elements, usually of the size of a fifth of the
incident wavelength. The mesh nodes are concentrated at corners where field variation
is the largest, using a mesh optimisation algorithm. A solution to the wave equation is
then obtained by solving compatibility equations at each node and boundary conditions

at the domain boundaries.
A right-angled corner model was created for the comparison with analytical results

obtained from GTD, previously presented in Figure 3.6. Figure 4.1 shows the simulation

model, with a square box of length L defining the simulation region. Two inner squares
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form a perfectly matched layer (PML) and an absorber layer, to remove unwanted
propagating field components. The absorber removes majority of the cylindrical wave
interference caused by the PML boundary at parallel (or almost parallel) incidence. The
wedge is modelled as a perfect electric conductor (PEC) with side length of L /2 shown in
grey with PEC boundary conditions shown as red lines. With part of the wedge lying
inside the PML and absorber, the section of the wedge in the air region has a side length

A/2.This is the only contributor to scattering.

PML
Absorber

Air /

&)
PEC E/

AJ2

L.

Z X

L

Figure 4.1: Simulation model of an isolated right-angled wedge.

The x- and y-directions represent the horizontal and vertical axis, and the z-direction is
the out-of-page axis. The only non-zero component of the electric field for TE incidence
and for the magnetic field for TM incidence are the z-components, E, and H, respectively.
The corresponding x- and y-components of the EM wave are H, ,, (TE) and E,,, (TM). The
illumination is in a form of a background wave in the whole simulation space at an

incident angle 6 from the y-axis.

For a wedge diffraction, the angle of illumination is generally separated into two types:
6 = 0° to +90° (two-side illumination) and 8 = 0° to —90° (one-side illumination).
Here we refer them as the leading and trailing edge diffraction. The major difference lies
in the field components. Figure 4.2 shows the subspaces of the diffraction for a) leading
and b) trailing edge illumination. The black lines indicate the shadow boundaries that
divide the space into different regions. For leading edge diffraction, the incident wave is
reflected by both the top and side surfaces of the wedge in region 1 and 3 respectively.
The incident and diffracted waves propagate in the whole space in two-side illumination.

For trailing edge illumination, the incident field only propagates in region 1 and 2, and is
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partly reflected by the top surface of the wedge in region 1. However, the diffracted field

from the corner still propagates in all three regions.

/ \

1 2 1 2

a) 2 b) 2

Figure 4.2: Subspaces of a) leading and b) trailing edge diffraction.

Clearly, the simulation model in Figure 4.1 must be adjusted for the two cases. Part of the
absorber layer must be “turned off”, as it will prevent the incident wave from travelling
into the air domain. However, most of the absorber layer must remain “on” to remove
interference. To remove additional calculations for the region, the model in Figure 4.1
must be altered to calculate the reflected field components only. Figure 4.3 shows the
modified geometry for the reflected fields from a) the top and b) the side surfaces. The
required modification is to extend the corresponding surfaces across the whole model to
obtain the reflected field at different angles of incidence (indicated by the red lines). This

ensures the total field contains only the reflected and incident fields.

a) b)

Figure 4.3: Modified model used to calculate reflected field components from a) top and

b) side PEC boundaries.

To compare the numerical results to the analytical results from GTD, the simulated
electric fields are exported from COMSOL to MATLAB for further processing. Here we
follow Ozgun [29] for the scattered field calculation in TE polarization. The total field is
calculated from the model in Figure 4.1, while the incident and reflected fields are

obtained from the models in Figure 4.1 and Figure 4.3. The area of the regions (in Figure
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4.2) at each angle of incidence is calculated by comparing the x- and y-coordinates with
the shadow boundaries in MATLAB. The diffracted field E; can then be calculated from
subtracting the incident E; and reflected E, fields from the total field E; considering the
field components in each region R, , 3, expressed as:

Edypap = Et — RiEy, — RyEy — R3Ey E — R Ey, — RyE; (4.2)

Edqrpan, =
Here E; ., and E,4 ., denotes the diffracted fields of a leading and trailing edge and
E,,r, represents the top and side reflections. Similarly, diffracted magnetic field H; can
be calculated in TM polarization with the same method, by replacing the H field with the

E field in the above equations.

Once the diffracted field is obtained, the diffraction coefficient can be calculated from the
cylindrical wave expression. Recall the diffracted field expression from Equation 2.29:
E,De k"
Ej=——1—
Vr

Assuming the magnitude of the incident field is unity, the diffraction coefficient relies

(4.3)

heavily on the radial distance r from the origin, which is the corner of the wedge. If a
small unit circle is chosen (r < 1um), there are not enough data points to provide the
diffraction pattern. However, if r is too big, the interference from the PML will become
significant and affect the accuracy of the result (especially for TM polarization). Also,
since the diffraction coefficient D is complex, the diffraction pattern is compared with the

parameter D,,, expressed as:

jm
D, = DV 2nket (4.4)
Where D, is equivalent to the trigonometric part of the diffraction coefficient of Keller’s

expression in GTD in Equation 2.31.

4.3 Diffraction from a wedge

In this section, TE results of an isolated right-angled corner are presented. First, the
cylindrical nature of the diffracted field is verified using FEM. Then, the diffraction
coefficients are reviewed at each angle of incidence and at different radii. Next, the
diffraction coefficients are compared with the analytical result from GTD. Finally, the
diffracted fields of a mesa and a half-plane are compared with the shifted sum of the

wedge diffraction. The size of the simulation model is 85um as it is the largest possible
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size with our available resources. The simulation wavelength is 0.5um and the range of

the angle of incidence 8 is —90° to +90° at step size of 10°.

4.3.1 The nature of cylindrical wave

The diffracted field is calculated from Equation 4.2 and considered in terms of its
magnitude and real component. Figure 4.4 shows the diffracted field from a right-angled
corner at incident angle 8 = 30°, indicated by the red arrows. The white box in the
contour plots is the wedge corner. The left panel shows the magnitude of the diffracted
field |E;4| in an expanded region from —5A4 to +54. The shadow boundaries are
highlighted as cyan/light green in the contour plot due to the larger magnitude. The field
strength is weaker towards the surfaces of the wedge corner. The middle panel shows
the real component of the diffracted field Re(E;) in the same area. The wave has a circular
pattern with a magnitude decaying from the origin. There is also a sign change of the real
component across the shadow boundaries. The right panel shows the magnitude of the
diffracted field in a polar plot at r = 4um. It shows the magnitude of the diffracted field

at the shadow boundaries is approximately 5 times of that in the incidence region.

Polar plot of Ed

abs(Ed) at 0=30°

y(in })
=) |
-\\_

<) ) x (in )
Figure 4.4: Diffracted field from a wedge corner at 8 = 30°, magnitude (left); real
component (middle); and magnitude in polar plot at r = 4um (right).

Figure 4.4 implies that the wavefront of the simulated diffracted field is circular and
centred on the wedge corner. Now we take the magnitude of the scattered field along the
x- and y-axis and compare it with a cylindrical wave. Figure 4.5 compares the real and
imaginary component of the scattered field from the corner at 8§ = 30° along the x-axis
(left) and the y-axis (right) with a complex cylindrical wave with a /4 phase difference.
The left panel shows that the real and imaginary parts (black and green lines) of the
diffracted field along the x-axis decay as a cylindrical wave (red and blue dashed lines),

except for x < 0.5A4. Similarly, the right panel shows that scattered field along the y-axis
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also decays as a cylindrical wave. Consequently, it can be concluded that the diffracted

field from a wedge is indeed a cylindrical wave.

Diffracted Field (Ed) at 6=30°

10

| &  |—real(Escat)
' :_ imag(Escat)
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Figure 4.5: Comparison between the diffracted field from a wedge corner at 8 = 30°

with a cylindrical wave, along the x-axis (left) and y-axis (right), for TE incidence.

4.3.2 Diffraction coefficients

Figure 4.6 shows the polar plots of the diffraction pattern magnitude D, from a wedge
corner at angles of incidence varying from 8 = 90° to —60° at radius r = 4um. The red
arrows show the directions of the incident wave. The diffraction patterns vary with the
angles of incidence with an approximately identical magnitude for two-side illumination
and grazing incidences (8 = 90° and 0°). For one-side illumination, the diffraction
patterns between the shadow boundaries superimpose so the magnitude of the

diffraction coefficient is larger and different to the other incidences.

0=90° 0=60° 0=30°
180°

180° 180°

270°

{ \ [ \ /
270° [ j 4 s00 2700 —{— 90°
\ / \

0°

Figure 4.6: Diffraction pattern D, of a wedge diffraction at incident angles from 6 = 90°

to —60° at a step of 307, for TE incidence.
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Figure 4.7 shows the magnitude of the leading and trailing edge diffraction patterns at
6 = 309, in blue and red respectively. The diffraction patterns at the shadow boundary
between regions 2 and 3 are almost identical, but they are different in region 1 and 2,
leading to a different angular variation. In particular, the values of D,, at diffraction angle
¢ = 90° (¢ = 0° atthe vertical surface of the wedge) for trailing edge diffraction is larger.
At ¢ = 1807, the leading-edge pattern is double of that from the trailing edge. These two
diffraction angles are important when considering multiple diffraction and spatial
filtering by a lens during simulation of optical imaging and will now be defined as D, (¢ =

90°) and D,, (¢ = 180°). We therefore consider their variation in more detail.

Polar plot of Dp
180°

240° 120°

270°

300°

—6=30°
— 0=-30°
1

330°

30°

0°

Figure 4.7: Leading and trailing edge diffraction pattern, for TE incidence at 8 = 30°.

We first note that a trend can be observed in the angular variations of D, and D,,.
Figure 4.8 shows the magnitude of the diffraction coefficient D, at ¢ =90° ( D,
represented in blue) and ¢ = 180° (D, represented in red) calculated from FEM (dots)
and GTD (solid lines) for a) two-side and b) one-side illumination. Figure 4.8a shows a
symmetrical trend for D, and D,, for two-side illumination at 8§ = 45° because the wedge
is right-angled. Figure 4.8b shows that the vertical diffraction is positive and decreasing
asymptotically towards zero at larger incident angles, while the horizontal diffraction
increases with incidence angle. The diffraction coefficient at & = —90° from FEM is an
anomaly, as the incidence is parallel to the wedge and no diffraction occurs. In both
illuminations, the numerical results closely follows the analytical values obtained from

GTD atr = 4um.
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Figure 4.8: Diffraction pattern D, and D,, obtained from FEM and GTD for a) leading and

b) trailing edge diffractions, for TE incidence.

If we define the vertical diffraction coefficient of leading and trailing edges as D,,; and D,,
respectively, the ratio D,, /D, defines the relative significance of the two. Figure 4.9
shows the analytical (red) and numerical (blue) values of D, /D,,; atall angles. Again, the
numerical values closely follow the analytical results. The larger the value of 8, the
weaker the diffraction of a trailing edge compared to the leading edge. This is useful

information for constructing the imaging model and will be discussed in more detail later.

0Diffraction Coefficient Ratio (Dy2/Dy1) against

—GTD
e FEM

g e =
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Diffraction Coefficients

e
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Figure 4.9: Ratio of diffraction coefficient D, /D, at 8§ = 10° to 90, for TE incidence.

In reality, numerical values of the diffraction coefficient depend on the observation radius
r. Figure 4.5 has already shown a discrepancy between the numerical results and a
cylindrical wave for r < 0.5A. We therefore now consider the variation of the diffraction
coefficient with r in more detail. Figure 4.10 shows the diffraction coefficients D,, for
leading (red) and trailing (green) edge diffraction from both numerical and analytical
methods for r ranging from 0.1um to 4um. Since the analytical expression from GTD is

independent of r, these values are constant, and shown as black and grey lines. The
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average values of the FEM results are shown as coloured dashed lines. For r < 1um, the
magnitude of both diffraction coefficients is smaller than the analytic values and the
limits. However, as r increases, both numerical diffraction coefficients gradually tend to
the analytical values, implying that GTD and FEM results agree in the far field.

Diffraction Coefficients

05"
D !
0.5
|D|
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TGTD —— TFEM T FEM mean

0 0.5 1 1.5 2 25 3 3.5 4
r(um)

Figure 4.10: Diffraction coefficients for leading (red) and trailing (green) edges at

different r, for TE polarization.

Now we consider the variation of the diffraction coefficient with the diffraction angle ¢.
Figure 4.11 shows the diffraction pattern for a right-angled wedge diffraction at 8 = 30°
obtained from FEM (blue) and GTD (red). The magnitudes of the diffraction coefficient
from both methods are almost identical, except for the transition regions around the
shadow boundaries. In the transition regions, diffraction coefficients obtained using GTD

is Infinite, due to the asymptotic problems mentioned in the previous chapter.

Polar plot of Dp
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Figure 4.11: Wedge diffraction pattern at 8 = 30° from FEM (blue) and GTD (red), for

TE polarization.
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4.4 Diffraction from a mesa and a half-plane

We have so far compared diffraction from a right-angled wedge in two-side and one-side
illumination using numerical and analytical results. For an isolated mesa, diffraction can
be considered as the sum of leading and trailing edge diffraction. Figure 4.12 shows the
diffracted field of an isolated mesa of width w = 2um in a simulation space of 85um at
6 = 30°. The absorber layer is removed in this model as it is complicated to modify it to
remove only the unnecessary field component. The left and middle panels show the
magnitude and the real component of the diffracted field in an expanded view from —104
to +104 (A = 0.5um ). The shadow boundaries from the leading and trailing edge
diffraction are shown in cyan. However, since the shadow boundaries of the top surface
reflection from the two corners are close, the diffracted field in between is also
superimposed and amplified. The right panel shows a polar plot of the magnitude of the
diffracted field. The angles for the shadow boundaries deviate from 8 = 30°, as the
angular field strength is measured at r = 4um from the point (0,0), instead of from the
corner of the wedge. Because of this shift in origin, the analytical diffraction coefficient is

more complicated to compute.
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Figure 4.12: Diffracted field from a mesa at 8 = 30°, magnitude (left); real component

(middle); and magnitude in polar plot at r = 4um (right), for TE polarization.

Figure 4.13 shows the diffracted field from wedge at a) & = 30° and b) 8 = —30° in the
same simulation environment as Figure 4.12. Since the absorber is removed, Figure 4.13a
shows significant interference around the transition region compared to the left panel in
Figure 4.4 at the same angle of incidence. Figures 4.13c and d show diffracted fields from
an isolated mesa and a half-plane obtained from a shifted sum of the numerical results of
the separate wedge diffractions in Figures 4.13a and b. The diffracted fields in

Figure 4.13c and d clearly show excellent resemblance to the numerical results of the
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corresponding structure (Figure 4.12 left panel and Figure 4.14 left panel). This
conclusion implies the wedge diffraction model can closely approximate diffraction from
a mesa and a half-plane simply by summation of the diffraction of two adjacent wedges.

abs(Ed) of wedge at 0=30°

abs(Ed) of wedge at 0=-30°
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Figure 4.13: Diffracted field from a wedge at a) 2-side illumination and b) 1-side

illumination, for TE polarization. Shifted sum obtained for c) a mesa and d) a half-plane.

Now we simulate diffraction from a half-plane, by approximating it as a very narrow mesa.
Figure 4.14 shows the diffracted field from an isolated mesa of widthw = 0.1ym at 6 =
30 in an expanded view of 204 span. The left and middle panels show the magnitude and
the real component of the diffracted field. The wave front of the diffracted field is almost
perfectly circular, with a thin field line of large amplitude at ¢ = 210° that represents the
superposition between the shadow boundaries. The right panel shows the comparison of
the analytical (red) and numerical (blue) diffraction coefficients. The analytical values
approach infinity in the transition region (from Equation 2.30) when the numerical value
is finite in the same region. This result shows that half-planes can be accurately modelled

using simple summation of GTD wedge diffraction effects.
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Figure 4.14: Diffracted field from a half-plane at 8 = 30°, magnitude (left); real
component (middle); and the diffraction coefficient, compared between FEM (blue) and

GTD (red) at r = 4um (right), for TE polarization.

We now consider whether the reverse can be achieved, namely whether a mesa can be
modelled by summation of GTD half-plane effects. For example, Figure 4.15 shows the
sum of the numerical diffracted field of two adjacent half-planes at a distance of 2um.
Compared to the numerical result of a PEC-bounded mesa in Figure 4.12, the
superposition of the field above the mesa is missing. This is due to the absence of the top
shadow boundary for a half-plane. To summarise, the diffraction pattern of a half-plane
and an isolated mesa can both be estimated by summing the separate effects of the
leading and trailing edge. However, the diffraction of a mesa cannot be recreated by two
half-planes. Therefore, the wedge model of the Keller’s expression is selected for the

imaging model developed later on.
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Figure 4.15: Shifted sum of two adjacent half-planes at distance of 2.5um.
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4.5 TM Polarization

In the previous section, the diffraction of the electric field from a wedge and mesas are
discussed in TE polarization. For TM polarization, the diffraction of EM waves is very
similar. TM results are shown in this section from the same simulation model used
previously in TE results. The calculation in MATLAB is carried out on the H field and the

results are plotted in terms of the electric field to simplify comparison with the TE case.

Figure 4.16 shows the diffracted field from a wedge of 90° at an incident angle 8 = 30°,
indicated by the arrows. The left and middle panel shows the magnitude |E;| and the real
component Re(E;) of the diffracted field in the same region. The patterns are very similar
to the TE results in Figure 4.4. implying that the diffracted field is also cylindrical for TM
polarization. The right panel shows the diffraction pattern of the corner at a radial
distance r = 4um from the corner. The pattern is again similar to the TE case. However,
a major difference is that the diffracted field strength for TM polarization is stronger in

the shadow/reflection region, and weaker in the incidence region.
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Figure 4.16: Diffracted electric field from a right-angled wedge at 8 = 309, magnitude
(left); real component (middle); and magnitude in polar plot at r = 4um(right), for TM

polarization.

The diffraction patterns D,, are similar to the TE results in Figure 4.6 and are therefore
omitted here. The GTD diffraction coefficients can be obtained for TM polarization
(Equation 3.31). Figure 4.17 compares the magnitude of the diffraction coefficient D, at
diffracted angles ¢ = 90° (blue, as D,) and 180° (red, as D,)) with the numerical (FEM,
dots) and analytical (GTD, solid lines) results. Figure 4.17a shows their variations for 2-
side illumination (leading edge) and Figure 4.17b for a 1-side illumination. For 2-side

illumination, the trend is symmetrical with positive coefficients, as it was for the TE
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results. However, the TM diffraction coefficients in 1-side illumination vary differently to
TE. The magnitude of D, decreases asymptotically towards zero at larger incident angles
and D, remains approximately constant around zero. For the horizontal diffraction D, at
6 = 90°, an anomaly occurs, as there is no diffraction for incidence parallel to the surface.

In general, the results of TM polarization from FEM and GTD agree as expected.

is Diffraction Coefficient (2-side illumination) Is Diffraction Coefficient (1-side illumination)
) ) « DxFEM
e Dy FEM
10 —Dx GTD

—Dy GTD

Diffraction Coefficient
Diffraction Coefficient

020 30 40 50 6 70 80 9% 90 %0 70 w0 S0 40 30 20 10 0
a) 0 b) 0
Figure 4.17: Diffraction pattern D, and D,, comparison between FEM and GTD for a)

leading and b) trailing edge diffractions, for TM polarization.

As previously defined, the coefficients D,; and D,, represents the vertical diffraction
coefficient for leading and trailing edges, respectively. Figure 4.18 shows the analytical
(red line) and numerical (blue dots) variations of their ratio D,,/D,,; between 6 = 0°
and 90°. In contrast to the TE results, the numerical ratio does not perfectly follow to the
analytical values. One possible reason is that interference from the PML layer at larger
incident angles is more significant for TM results. However, a general trend is seen in
Figure 4.18, namely that the trailing edge is more significant than the leading edge for TM

polarization and the significance increases with incident angle.

1Diffraction Coefficient Ratio (Dy2/Dy1) against 6

14}

16}

Diffraction Coefficients
L]

-18F

—GTD
¢ COMSOL

0 10 20 30 40 50 60 70 80 90
0

Figure 4.18: Ratio of diffraction coefficient D, /D, at & = 10° to 90°, for TM

2

polarization.
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Next, we review the variation of the diffraction coefficient with the diffraction angle ¢.
Figure 4.19 shows the TM diffraction pattern from a right-angled wedge at 8 = 30°
obtained from FEM (blue) and GTD (red). The blue solid line overlaps with the red dashed
line for most diffracted angles, except in the transition regions. Compared with the
corresponding TE diffraction pattern, the diffraction coefficients around the wedge

surface are larger for TM polarization, while the horizontal diffraction is much weaker.
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Figure 4.19: Wedge diffraction pattern at 8 = 30° from FEM (blue) and GTD (red), for

TM polarization.

We now simulate diffraction from a mesa and a half-plane in TM polarization and
compare with the results obtained from wedges. Figure 4.20 shows the diffracted field
and the diffraction coefficients of a) a mesa of w=2um and b) a half-plane
(approximated as a narrow mesa of width w = 0.1ym ) in the same simulation
environment as Figures 4.12 and Figure 4.14. For TM polarization, diffraction from a
mesa is significantly different to the earlier TE results. For example, the electric field
clearly propagates along the surfaces of the mesa, implying that secondary diffraction
from neighbouring corners is likely to be important in TM polarization. The field inside
the shadow and reflection regions are much stronger than in the TE case. However, if we
review the field at r = 4um, the magnitude and pattern of the diffraction coefficients in
both polarizations are similar. For a half-plane, the diffracted field is similar to the TE
case; the diffracted field in the transition regions is much stronger and the diffraction

pattern matches with the analytical values from GTD.
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Figure 4.20: Diffracted field from a) a mesa and b) a half-plane at 8 = 30°. Left:

magnitude; Right: diffraction coefficient in polar plot at r = 4um, for TM polarization.

Finally, we repeat the steps of summing the diffracted fields of a leading and a trailing
edge to obtain an approximation to the diffracted field of a mesa and a half-plane for TM
polarization. Figure 4.21 shows the diffracted field from awedge ata) 8 = 30° andb) 6§ =
—30° and their shifted sum to mimic the diffracted fields of c) a mesa of w = 2um and d)
a half-plane. Since the diffracted field around the wedge surface is now much stronger,
secondary diffraction between the two corners is more significant than it was in the TE
cases. Since this secondary diffraction is missing in a simple shifted sum, this
approximation is much less accurate than might be suggested by the single wedge
example in Figure 4.20a. However, since the secondary diffraction from a half-plane is
negligible, the approximation is much closer to the result in Figure 4.20b. These
conclusions suggest that diffraction from more general structures can again be modelled
in terms of GTD coefficients in the TM case, merely provided a sufficient number of

scattering terms is taken into account.
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Figure 4.21: Diffracted field from a wedge at a) 2-side illumination and b) 1-side
illumination. Shifted sum from (a) and (b) for c) a mesa and d) a half-plane for TM

polarization.

4.6 Summary

Analytical results from the GTD approximation have been compared with the full-wave
simulation obtained using finite element modelling. Good agreement has been obtained
for most of the diffraction scenarios, except in the near field transition regions. For TE
polarization, it has been demonstrated that scattering from an isolated mesa can be
modelled as a combination of leading and trailing edge diffraction, even for very narrow
features. However, for TM polarization, the secondary diffraction must be included to
improve accuracy for the mesa case. This conclusion allows the GTD wedge coefficients
to be used for the development of a novel model for imaging later. In the next chapter, a
further wave simulation method will be compared with the analytical results, namely the
modal diffraction model. This approach requires the mesa model to be periodic but

removes the PML interference and allows more general changes to the geometry.
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5. Diffraction from Periodic Structures

This chapter extends modelling to include image formation in a microscope and explores
the important relation between feature layout and the corresponding image. An earlier
field simulation approach, the modal diffraction method, is first reviewed, together with
methods for modelling image formation in an elementary microscope. Important field
characteristics and the bright and dark field images of a single mesa on a silicon substrate
simulated using the modal and the finite element method are then compared.
Interference caused by the retro-reflected field from the substrate is found to be
significant, so modifications are made to the simulation model. Finally, the effects of

changing dimensions in a single and double mesa configuration are presented.

5.1 Modal diffraction model

In the last chapter, the numerical solution of the diffraction from an isolated mesa was
presented, together with a chosen analytical model (GTD). However, the analytical model
describes corner and half-plane diffraction only and provides no information about the
effect of the dimension of the structure on the diffracted field. To provide this, Maxwell’s
equations must be solved for the diffraction problem of an isolated mesa. However, no
apparent solution can be achieved for an isolated mesa as the problem cannot be
accurately described. To obtain a solution, the structure is therefore commonly modelled
as a periodic relief grating. Figure 5.1 shows simulation models of a) an isolated mesa and
b) a mesa grating formed by repeating this structure with a periodicity of A. This
modification allows the relative permittivity of the layer containing the mesa to be
expressed as Fourier series, enabling a numerical solution of Maxwell’s equations as the

amplitudes of a set of diffraction orders.

v avd

| I

| I I

| I |

| I |

|| |

| A | A
a)l | b) |

Figure 5.1: Simulation model of a) an isolated mesa and b) a periodic grating.
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Periodic models have often been used to model object scattering in simulations of
imaging. Examples include approximate diffraction theory [1, 2], modal theory [3-6] and
rigorous coupled wave analysis [7-10]. The first is extremely inaccurate and cannot
model structures that give rise to any significant in-plane scattering. The last two were
originally developed to model volume holograms, and later adapted for surface relief
gratings. Both are extremely accurate and might be expected to give a reasonable
approximation of fields near isolated mesas, provided A is large enough that adjacent
mesas do not scatter significantly onto each other. However, as with any numerical
method, difficulties with convergence are encountered for large A. Both methods were
originally developed to provide solutions for 2D problems, and later adapted to 3D.

However, the computing resources needed in the latter case can be very high.

Once the scattered field is available, it can be used in a simple model of optical microscopy,
with the effect of the lens being modelled simply as a modification of the diffraction order
amplitudes and their recombination into an image. For example, Nyyssonen considered
optical imaging of photoresist lines in high-resolution optical lithography [11, 12] while
Sheridan modelled edge detecting microscopy [13-15]. In each case the surface relief
features varied only with a single coordinate, so the images were line images.
[llumination was typically also monochromatic. Despite this simplification, computation
times were long. Alternative methods were subsequently considered for plane images
and white light illumination [16, 17], but the feature shapes involved were less
appropriate for NEMS. Much later, Syms et al. studied optical imaging of HAR NEMS in
bright and dark field using modal diffraction theory [18, 19], and it is this basic method

that we follow here.

5.1.1 Single mesa

Figure 5.2a shows the simulation model used by Syms, which was based on a three-layer
periodic relief structure consisting of 1) air; 2) a silicon mesa surrounded by air; and 3)
a silicon substrate. Note that the coordinate system used was (z, x), instead of the (x, y)
used in the FEM model. The width w and depth d of the mesa are 0.1um and 4pum

respectively. The feature spacing A is 10um.
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Figure 5.2: Simplified model of optical imaging [18]: a) overall system, b) assumed

permittivity variation and c) effect of the lens on the spectrum of diffracted waves.

Figure 5.2b shows a section of the permittivity variation between —A/2 and +A4/2. The
relative dielectric constant of air ¢,;,- is 1. For the silicon substrate and the mesa, the
relative permittivity &5; was taken as 11.7 — 0.272j at A = 0.5um [20, 21]. White light
illumination was simulated by assuming plane wave incidence at a discrete number N, of
wavelengths A and discrete number Ny of incident angles 6, with weighting by the
aplanatic factor v/cos8. Bright and dark field illumination were both simulated, by

appropriate choice of the angular range of illumination; Figure 5.2a shows bright field.

Each incident wave generates a back-scattered field, which consists of a fan of
propagating and evanescent diffraction orders. To control the calculation, the maximum
diffraction order was deliberately restricted (typically to L,,,, = 250). Figure 5.2c shows
the angular spectrum of diffraction orders, which propagate at the corresponding
diffraction angles 6;. The grey region is the acceptance cone of the lens, which indicates
the diffraction orders that can contribute to image formation. The larger the half-angle,
the more diffraction orders can be collected and the higher the resolution of the image.
Only propagating orders lying within the lens half-angle 6,,,, are collected. Here, the

half-angle was assumed to be 30°.
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In layer 2, the relative permittivity distribution &,, can be expressed with &g; and g,

(referred as ¢,,, and &,,;, in Figure 5.2b) as Fourier series with coefficients ¢,,;, so that:

2nx
&2(2) = X076 COS (T) (5.1)
w A—w &i — Eqir . ITW
Er20 = Esi Z + Eqir T Er21 = L = = sin 1 (5.2)
Here o; is the Lanczos sigma function o; = sinc( ) [22]. This is used to reduce the
max+1

ringing effect or Gibb’s phenomenon [23] caused by the abrupt change of the relative
permittivity €,, in layer 2 at +w/2. Since the permittivity variation is an even function,
the Fourier series consists of cosine terms. The coefficients &,,; represents the Ith term in
the Fourier series, also assumed to range from —I,,, to +L,,- When [ =0, the
coefficient €,, is the DC term and expressed differently to other coefficients. Figure 5.3
shows the permittivity profiles of a single mesa illustrating the effect of the Lanczos sigma
function. The solid lines (in black and grey) represent the exact permittivity variation of
a single mesa and the dashed lines (in red and blue) show the permittivity profile
computed in MATLAB. The right-hand figure shows that ringing effect is largely reduced

at the feature, demonstrating the impact of the Lanczos function.

Original With Lanczos function
L
i
2 by 2
"I: Ilu\ [
e Ly I
~ ! "'I,I||I T“'I" i 1 i
& N & | |,
g [| IS g | I
= 0p-——=--- By T L = 0f————— S
»n 1 72] |
(= ! =9 !
= 1T = Al
|
-1 [—Exact re : : -1 | :
Exactim| 1| | 1
- = Apprre |[!| |i L
-2 —_— Appr im | 1 2t | 1
| |
-1 0 1 -1 0 1
z (micron) z (micron)

Figure 5.3: Permittivity profiles of a single mesa showing original expression (left) and

improvement of Lanczos function (right).

For TE incidence, the wave equation is solved by assuming appropriate wave solutions
and matching the tangential components of electric and magnetic fields at the boundaries
between layers 1 and 2 and layers 2 and 3. Typically, this results in a large matrix problem.

Once this has been solved, the solutions are combined in each layer as follows:
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E:y1 — e+jkx1(x_d)e_jkzz + ZLrLe_jkle(x_d)e_ijLZ (53)

E,, = I,[(A,et/kx2v* + B e JhavX) 5, q e Tka7] (5.4)
Ey3 — ZLtLe+jk"3L(x_d)€_ijLZ (55)

The electric fields E,; , 3 represents the total field in each layer. In Equation 5.3, the first
term is the incident wave. The remaining term is the back-scattered field and is the sum
of a set of diffraction orders from —L,,,4, to +L,,4, with amplitudes r;. The propagation
constant of the incident wave is kg, so that the z- and x- components are k, sin 8 and

k, cos 6 respectively. For each diffraction order L, the z- and x-component (k,; and k,;)
of the propagation constant are k,, =k, + LK and k,, =/ eankd — k2, . If kyy is

imaginary (k2, > &4;-k2), the corresponding diffraction order is evanescent.

Equation 5.4 describes the total field in layer 2 as a set of modes generated by reflection
at the two interfaces. Here v is the mode number and k,,, is the propagation constant of
the vth mode. A, and B, are the amplitudes of the forward and backward propagating
waves v. The mode shapes are defined by the terms a;, e /*2L* when they are gathered
for a particular v value. Equation 5.5 gives the total field in layer 3, which consists of a set
of transmitted diffraction orders with amplitude t;. By matching the electric field and its
derivative at the layer boundaries, four sets of simultaneous equations with the
unknowns 17, t;, A, and B, are obtained and are solved by matrix inversion. A unity
magnification image may then be simulated by summing the back-scattered waves that
fall inside the acceptance cone of the lens. A white light image may be generated by the

incoherent sum of the image fields at all wavelengths and angles of incidence.

5.1.2 Double mesa

Other approximations to isolated structures can also be modelled using modal diffraction
theory, simply by using the relevant permittivity expansion. This aspect may be used to
explore in-plane scattering between closely spaced features, but there are clearly limits
to the extent of each period that may be filled before scattering between features in
adjacent periods becomes significant. One example is a double mesa, and Figure 5.4
shows a unit cell of a structure containing two similar adjacent mesas with a separation

distance m at a period A. The mesa width and depth are the same as in Figure 5.2.
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Since the structure is symmetric, the Fourier series of the permittivity profile is the same

as the isolated mesa in Equation 5.1 but with different coefficients, that are expressed as:

2w A —2w
Er20 = &rasi 7 + Er2air (T) (56)
&g = (M) 2 cos I—n(m + w) |sin (I—ﬂw> (5.7)
rel I A A '

If m is zero, the coefficients reduce to the single mesa case with a feature width of 2w

(Equation 5.2 and Figure 5.3).

5.2 Periodic finite element model

To set up a periodic model using the FEM, a rectangular box is created to define the total
simulation region. Figure 5.5 shows a model of a silicon mesa with width w and depth d
contained in a box of width A. The mesa sits on a silicon substrate and is otherwise
surrounded by air. A perfectly matched layer (PML) is used at the top and bottom of the
domain to absorb unwanted waves, enclosed by a “scattering boundary” condition. Since
the evanescent field can be reflected by the boundary of the box, the domain height is
chosen to allow sufficient decay of evanescent fields to avoid interference (~2A). For the

side boundaries, a Floquet boundary condition is used to account for periodicity.

PML
Input port
Incident wavy

4

¥ Wi . H
Floquet Floquet
Periodicity Periodicity

I d Z
% ! Air '
| b *
L % | Silicon A i
! PML !

Figure 5.5: Simulation model for a periodic array of mesas in COMSOL.
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An excitation port for the incident wave is assigned between the PML and the mesa. The
black arrow shows the direction of the incident wave, which radiates towards the
substrate with a power P, of 1W at an angle 8 and wavelength A. For most of what follows
we assume w = 0.1um, d = 4um and A = 10um as before, and that the relative
permittivity is silicon is &, = 11.7 — 0.272j. We assume the incident angles of the
illuminating waves are 0° < 8 < 30° for BF and 40° < 8 < 60° for DF. The half-angle of

the lens is 6,,,,, = 30° in both modes.

5.2.1 Back-scattered field (E)
In COMSOL, the calculation for the total field is generated automatically, but the
computation of the incident field is not straightforward. The total field above the mesa
consists of the incident field and the back-scattered field (which contains both the
reflected and diffracted field). The back-scattered field is a summation of the diffraction
orders L of amplitudes r;, ranging from —L,,,, to +L,,4,- The full expression for a TE-
polarised total field in z-direction is:
E, = E; + E; = Eje kv -de—jkax 4 5 ) e TkyL(Y=d) g =Jkx1x (5.8)

In the “Wave Optics” module of COMSOL, the incident port is excited at a defined power
P,. In order to export the correct back-scattered field, the excitation power must be
converted into electric field strength E, for the incident field. Generally, the energy w of
an EM field is expressed as:

g E? H?
W= 02 n #02

Here E and H are related by the impedance (Equation 2.16) and as we are dealing with

— g, E? (5.9)

TE polarization, the energy is expressed by E field only. Let P be the energy transported
per unit time across a unit cross-sectional area perpendicular to the direction of the wave.
For a y-propagating plane EM wave, the wave travels a distance cdt in a time interval dt.
Assuming this energy passes through a cross-sectional area A perpendicular to the y-axis,
the EM wave sweeps through a volume of dV = Acdt. The energy in this volume is:

dw = wdV = g E?Acdt (5.10)
The power per unit area is then,

dw1l gyE?Acdt
P=— = — ¢ E? 5.11
dt A Adt FolC (-11)

Since the average power per unit area transmitted by EM wave is 1/2,
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Finally, the expression of the input electric (magnetic) field strength can be obtained as:

/213 ,213
E= |— H= |[— (5.13)
&oC UoC

The full expression of the incident field in COMSOL is:

g [P 1 45 (y—yo)cosB—koxsing) (5.14)
mc e )
€€ /A X 1[m]

Here y, is the distance between the excitation port and the tip of the mesa. Note that P,

p— (5.12)

is the total power excited at the incident port, and the average power per unit area is
expressed as P = Py/A. The unit area A in a two-dimensional model (e.g. Figure 4.1) is
the product of the width of the simulation model (A) and the depth of the simulation
model in z-axis. The depth of the model is default 1[m] for a 2D model as the wave is

propagating into the unit area on the x-z plane.

5.2.2 Amplitude of diffraction orders (1)
Now the back-scattered field can be calculated and exported from COMSOL. The data is
then imported to MATLAB for calculating the amplitudes of the diffraction orders. From
Equation 5.8, the back-scattered field is:

E, = Z,r e V=@ g=jkex (5.15)

Integrating both sides of Equation 5.15 with an exponential term exp(+jk,x) gives,

A A
2 . ) 2 .
jAES etikxmX dy = ZLrLe_]kyL(y_d) j ) e ~J(kxL=kxm)x y (5.16)

For the integrand on the right-hand side, the exponential terms can be simplified as:
Ky, — ko = (ky + LK) — (ky, + MK) = K(L — M) (5.17)
Here K is the spatial frequency in the k-domain and is defined as 2711 For L — M # 0, the

integrand of the right-hand side of Equation 5.16 becomes:

A
2 . 21
—j(L—M)—:
fAe i )Axdx———

ﬁ e—j(L—M)n _ e+j(L—M)n') —
Z Ji —M)—

A
msin(@ -M)m)=0 (5.18)

For L = M, the integrand can be expressed as:

J

N>

A
. 2 2
R szdx iy (5.19)

2

N>

Chapter 5-8



Substituting the results into Equation 5.16 then yields:
A

2 . ,
fAES etikaXdy = rp e kyL(V=4) (5.20)

For focused images, the field must be calculated at the level of the tip of the mesa (y = d).

In this case, Equation 5.20 further reduces to:

A
12 .
ZJ.ZAES e+1kaxdx =1 (521)

The amplitude of the diffraction order L can be obtained using Equation 5.21 by
integrating the back-scattered field with the propagation term and dividing by the width
of the simulation model. With this information, the image field can be reconstructed from

the filtered diffraction orders.

5.2.3 Filtering of diffraction orders
To simulate the spatial filtering effect of the lens, the directions 8, of each of the back-
propagating diffraction orders must be known. These can be found by considering the x-

and y-components of each propagation constant, namely:

ka = ko sin @ + LK (522)

kyy = Jkg — k2, = Jkg — (ko sin@ + LK)? (5.23)

The diffraction angle 6, is then given by,

kyp, kosinf + LK
tanf, = — =
ky, k% — (ko sin6 + LK)?

(5.24)

Since k,;, must be real for propagating orders, an inequality can be formed from
Equation5.24, as:

k3 — (kosin@ + LK)? > 0 (5.25)
Expanding Equation 5.25 with the substitutions of k, and K, the inequality can be
expressed as a quadratic equation in terms of L:

cos?6 2sin6 1
_ _ 72> 5.26
2 et (5.26)

The solutions give a range of diffraction orders L that satisfy the condition of real

propagation constant k,,, at the incident angle 8. To simulate the effect of the lens by

filtering out the diffraction orders outside its acceptance cone, the trigonometric
relationship in Equation 5.24 can be used to compute the diffraction angles ;. The sine

of the diffraction angle is therefore:
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ky  kosinf + LK LA
ks ke sin6 + = (5.27)

sin QL =
The diffraction angle 6; can be obtained by the arcsine of Equation 5.27. If we instead
rearrange Equation 5.27 to make L to be the subject, the upper and lower limit of the
accepted diffraction orders can be obtained with the substitution of 8, = +30°, that is
the lens half-angle. Filtering of the diffraction orders can then be carried out by

comparing each diffraction angle to the acceptance angle.

5.2.4 Image formation

The optical image of a structure can be calculated as the intensity of the image field, by
reconstructing the image field from the filtered diffraction orders. However, an additional
parameter must be considered, a correction factor that modifies the image based on the
angle of incidence. When comparing images obtained at different angles, it is crucial to
keep the incident power the same for all cases. Therefore, a factor of cos 6 is included in
calculating the perpendicular input power, equivalent to a v/cos 8 factor in the amplitude
of the electric field. This is known as the illumination cosine factor. In COMSOL, the power

of the excitation port is adjusted according to the angle of incidence.

A further factor, the aplanatic factor, is required on the image side. Figure 5.6a shows an
imaging system consisting of an object space and the focal sphere. An incident ray at a
distance h from the central axis travels through the object space and enters the focal
sphere at an angle 6. Consider the object space in a 3D polar space, all the rays that are
h away from the centre form a ring incidence. Any change in h transforms the ring into
an annulus bounded by the circles of radius h and §h. Figure 5.6b shows such annuli for

the incidence and image side, with §5, ; represents the area of the annuli respectively.

Incidence

Object Space Focal Sphere
a) ] p P b)

Figure 5.6: a) Meridional plane of an imaging system and b) annuli in incidence and

image planes.
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The electric fields in each space can be written as:

E, = lyege /%% E, =leje /¥ (5.28)
Here the subscript indicates the object (0) or the image (1) side. e, is the unit vector in
the direction of E ; respectively, whereas [, ; are the amplitude factors and {, ; are the
corresponding values of the eikonal. Since the field is linearly polarised, the parameters
are real-valued. According to the geometrical optics intensity law:

126S, = 1255, (5.29)

Here the refractive index of the object and image space is assumed unity. From Figure 5.6,

the ratio of the areas S, and 65, is cos 8. Therefore, Equation 5.29 can be rewritten as:

1

l, =1lycosz0 (5.30)
1
It means that the amplitude of the image field equals to cosz 8 of the object field. Assume

an object field is expressed as E,p; = Eye~(kax+kyx+ksz) the image field obtained is [24]:

1
Eimag = Ege i (kaxthyxtksz) cos7 9, (5.31)
The optical image is then the incoherent sum of the square of the image field at different

wavelengths and angles of incidence.

5.3 Numerical results

In the following section, numerical results obtained from COMSOL are compared with the
predictions of the modal diffraction theory coded in MATLAB. First, diffraction from a
single mesa with Si substrate is discussed, and bright and dark field images are shown for
narrow and wide mesas. Modifications are then made to the simulation model so the
diffracted field can be reviewed without the interference from the unwanted field
components. The effects of altering the geometry of the feature for both single and double
mesa configuration are discussed. TM polarization is not discussed as the magnetic field

analysis is transmutable from the electric field analysis in TE polarization.

To avoid repetition, we focus on the bright field illumination for now. Dark field image is
generated in a similar way, except for the wider range of incident angles. Figure 5.7 shows
the electric field patterns of the diffraction from a single mesa of width w = 0.1um, depth
d = 4um and period A = 10um. Figures 5.7a and ¢ show the result from the modal
diffraction model and Figures 5.7b and d show the FEM results. The wavelength is 0.5um.

The incident angles are at 0° for the top row and at 20° for the bottom row, as indicated
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by the red arrows. At normal incidence, the fringe patterns are symmetric and the
patterns are a result of interference between the incident, reflected and diffracted waves.
At oblique incidence, shadowing appears and the fringe pattern becomes asymmetric.
Apart from some trivial differences, the results of different simulation methods are

identical.

b) x (um)

TE, Abs(Ez) at 0=20°

d) — X (jum)
Figure 5.7: Total electric field for TE polarization at a) and b) 0° and c) and d) 20°

incidence. The LH and RH columns shows results from modal diffraction and FEM.

Here we study the simulated results more closely by comparing the relative magnitude
of the diffraction orders obtained from each simulation approach. We extract the electric
field at the level of the tip of the mesa, the focus (imaging) level of the optical microscope.
Diffraction order amplitudes are extracted from the field as discussed earlier. Figure 5.8
shows the relative magnitude of all considered diffraction orders at normal incidence by
FEM and modal method in red and black lines respectively. Results are plotted on a log
scale for the range of —250 < L < +250. In Figure 5.8a, the two sets of results show
matching within the propagation zone, marked by dashed lines at L,,; = —20 and L, =
+20. The result from the modal diffraction model is smooth and continuous. For FEM, the
relative magnitude is approximately constant beyond |L| = 100 as the precision limit is

reached. Figure 5.8b shows an expanded view of the diffraction order variation in
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Figure 5.8a, focused on the

range —40 < L < +40. The agreement of the relative

magnitude of the diffraction orders is excellent for all propagating orders.

L nnrm}
ES

L

log"](r

TE at 0° at A=0.54 m

p2

TE at 0° at A=0.5 m

= Full wave == Full wave
— Mndal 1 —— Muslal

Lo

=200 =100 0

L 1 i
=20 0 0 40
L (Diffraction Order) L (Diffraction Order)

100 200 =40

Figure 5.8: a) Overall relative amplitude variation of diffraction orders; b) Results for

propagating zone.

We now plot the amplitude of the filtered diffraction orders in terms of their

corresponding diffraction angles. Figure 5.9 shows the propagating diffraction orders

against the diffraction angles from —90° to +90°. The dashed lines 6, and 6y, indicate

the half-angle of the lens (6,,,,, = 30°). The magnitude of the diffraction orders simulated

from both approaches are almost identical, as the black line lies on top of the red line for

almost all diffraction angles. The strong peak at 0° is the specular reflection, which shifts

to the side for oblique incidence. The diffraction orders within the acceptance range are

collected for image reconstruction and those outside are filtered out. In general, the

maximum practical lens half-angle is usually around 70° so the reconstructed image

cannot fully resemble the object.

0.8

X

nOrm

= L4

0.2

TE at 0° at A=0.5: m

' |—Full wave
= Aduidal
i

f1 2

6, | 6

=5 -6l =3 0 30 Ll 90

Angle (°)

Figure 5.9: Angular spectra of relative diffraction order amplitude obtained using modal

theory (black) and COMSOL (red).
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Given the strong correspondence in the diffraction order spectra obtained using the two
methods, the images predicted in each case should be similar. We now recombine the
filtered diffraction orders to generate the image field. Figure 5.10 compares the object
and image fields simulated by a) modal diffraction theory and b) full wave computation
at the mesa tip. The object fields, black line in Figure 5.10a and red line in Figure 5.10b,
show great similarity. The image (filtered) fields represented by the grey line in
Figure 5.10a and blue line in Figure 5.10b are also analogous, particularly the large dip in
the middle of the plot. Minor differences can be ascribed to the effect of the Lanczos filter
used to smooth the permittivity variation in the modal model.

w=0.13d=4; A =10; A=0.5; 0=0; 0 =30; L =250; TE BF dqt;:.m;,\=500nm;A=lﬂ;am;Hmu=30°;9=0°

.

JW \\ [f I\
|

a) z (jum) b) X /pem

Figure 5.10: Object and image field at the imaging level for a) modal diffraction and b)
FEM.

White light imaging can be simulated by summing the effect of incidence at different
angles and wavelengths. Here we assume incoherent summation of the results obtained
at 21 angles from 0° to 30° and 21 wavelengths between 0.4um and 0.7um. Figure 5.11
shows the bright field images of mesas with feature widtha) w = 0.1ym and b) w = 2um,
representing NEMS and MEMS features, respectively. The black and red lines show the
results obtained from the modal diffraction model and FEM respectively at different lens
acceptance angles (dotted: 10°, dashed: 20° and solid: 30°). The grey models represent
the mesas, and the dotted lines illustrate the level where the imaging takes place. For
bright field imaging, the Si substrate appears as a bright background and features appear
as dark lines. For both NEMS and MEMS features, there is a significant reduction in
intensity at the feature edges, arising from the scattering of the incident waves into edge
waves. As the acceptance angle increases, the angular range of these dips reduces, and
the edge position are defined more accurately. In general, the intensity drop is larger for

NEMS features, as the edge waves from the two side edges are augmented.
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P of NEMS, TE, A=0.4-0.7 m P e of MEMS, TE, A=0.4-0.7x m
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Full wave & Modal
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Full wave & Modal
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Figure 5.11: Bright field images of a) NEMS and b) MEMS features obtained from modal

model and FEM, for different lens acceptance angles.

Similar analysis applies to dark field images, and the results agree with the bright field
analysis. Figure 5.12 shows a) bright and b) dark field images of NEMS and MEMS mesas
at a half-angle 6,,,,, = 30°. The major difference between the BF and DF images is the
background being bright (P,,,;m» = 1) and dark (P,,,m = 0) respectively. The feature itself
then appears as a dip or a peak in the corresponding optical images. Figure 5.12a shows
the difference in the intensity drop: for a NEMS feature, the dip is roughly 30% more than
the MEMS feature. For dark field image, the MEMS peak is approximately half the NEMS
peak. The contrast obtained in DF is much higher, allowing better feature visualisation.
As a result, classification of NEMS and MEMS is easier in dark field [19]. However,
oscillations are observed in both images, particularly for MEMS, as a retro-reflected field
exists as a part of the back-scattered field.

P ,TE, A=0.4-0.7;m, 6=-30°-30°, 0 _ =30° P ,TE, A=04-0.7pm, §=-30°-30°,0  =30°
max max

norm norm

Full wave & Modal

——NEMS ——NEMS
MEMS —MEMS

norm

Modal & Full wave

0.4 ——NEMS ——NEMS
MEMS — MEMS

-5 6 5 -
a) X /pm b) X /pm

Figure 5.12: Bright and dark field images of mesas of feature width 0.1um and 2um
generated from modal theory and FEM at 6,,,, = 30°.
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5.4 Modifications

As seen above, many field components contribute to the white light image of a simple
structure. The scattering problem is therefore complex, as the effects of each parameter
cannot be isolated. However, the diffraction theories discussed in Chapter 4 suggest that
the diffraction from a wedge corner is simply a cylindrical wave. Therefore, the

simulation model was modified to simplify scattering problems in white light imaging.

5.4.1 Modified model

The aim of modifying the model is to eliminate unwanted field components so that the
effect of altering the mesa dimension can be analysed. Three modifications were
introduced: 1) illumination mode; 2) substrate and 3) feature material. In BF imaging, the
reflected fields are collected by the lens together with the diffracted field. As the field
strength of the reflected field is stronger, variations in the diffracted field are less
pronounced. In DF imaging, only the edge wave is collected, and any effects on diffraction
can be visualised easily. Similarly, the retro-reflected field contributes heavily to the BF
image. The simplest way to remove this field is by removing the substrate, so the incident

field reflects on the side of the mesa and travels in the direction opposite to the lens.

Figure 5.13 shows the field components for the above modifications. The black arrows
represent the incident wave, and the red and green arrows represent the reflected and
retro-reflected fields respectively. The blue circular wave front is the diffracted field.
Figure 5.13a illustrates the reflected field entering the objective lens for bright field
illumination. The specular reflected field in dark field is however travelling outside the
objective lens. Figure 5.13b shows how the retro-reflected field in the scattering of mesa

with substrate becomes a downward travelling reflected field.

Obijective lens

,« )
|—‘ ‘ |
a) Bright Field Dark Field With substrate No substrate

Figure 5.13: Field components between a) illumination modes and b) structures.
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Lastly, since the waves propagate into silicon features, any field change is reduced by loss
in the silicon. Therefore, replacing the feature with a perfect electric conductor (PEC) can
ensure no field is lost during scattering. Figure 5.14 shows the modified simulation model
of length A. PML boundaries are assigned on the top and bottom boundaries. The two
sides are set as Floquet boundaries as before. The feature material is by PEC with depth
d and width w. The wave is incident from the top at angle 6, as indicated by the black
arrow. We now examine results obtained using this modified model.

PML

Floquet loquet
Periodicity Penodlcity
W

A
PML

Figure 5.14: Modified FEM model.

5.4.2 Single mesa diffraction

Figure 5.15 shows the total field at a) normal incidence and b) 8 = 20° for the modified
model. Figure 5.15a shows a generally weaker field strength compared to Figure 5.7a,
especially in the region next to the feature. For oblique incidence, the standing wave
pattern in Figure 5.7c on the illumination side of the feature is not seen in Figure 5.15b.

The results confirm that the unwanted fields have been removed.

w=01 d=4; A=10; A=05; 0=0; 0 =30;L _ =250; TE w-ﬂl d=4; A=10; A =0.5; 0=20; 0 =30;L_  =250; TE

- 2

X (;mJ)
X (ﬂm)

z (.um) z (#m)

Figure 5.15: Total electric field for TE polarization ata) 0° and b) 20 incidence on a

mesa with no substrate.
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Figure 5.16 shows the object and image field of a single mesa in DF illumination at 6 =
40° along the imaging level, obtained from a) the modal model and b) FEM. The retro-
reflected field is removed from the back-scattered field in the modified model, so the
image field consists only the diffracted field (here, a two-dimensional equivalent of the
Airy disc distribution). The results are substantially the same. Now the effect of the
geometry of the feature can be addressed in terms of the change in magnitude or

distribution of the image field.

() (U
w=0.1m; d=2pm; A=10pm; 0 =40° 0 =30° IDF d=2pm; A=500nm; A=10pm;0  =30";0=40

—— Object
Image

5 0 5 -5 0 5
a) z (micron) b) X /!‘m

Figure 5.16: Object and image field variation simulated using a) modal diffraction and b)

FEM for a mesa with no substrate for DF illumination at 8 = 40°.

For the optical imaging of NEMS, it is important to understand the impact of changing the
feature depth and width of the mesa. However, it is impractical to fabricate multiple
NEMS devices for the analysis of the effects. Field simulations can be used instead. Since
the field is obtained from a periodic model, neighbouring units can introduce unwanted
interference. To investigate this effect, we varied the feature depth, feature width and the
period as shows in Table 5.1. The default parameter set isd = 2um, w = 0.1um, A =

20um and A = 0.5um.

Parameter Data points
Feature Depth (d/um) 0.5, 2,4,8,10, 16, 18, 20
Model Width (A/pm) 8, 10, 16, 20, 25, 30, 40, 50
Feature Width (w/um) | 0.001, 0.05,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1

Table 5.1: Parameter list for the single mesa configuration.

Figure 5.17 shows the a) object fields and b) image fields of a single mesa with feature

depths ranging from d = 0.5um to 20um, as stated in Table 5.1. The object fields for
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mesas with different depths appear similar. After filtering by the lens, the image fields
are virtually identical. These results imply that changes to the feature depth do not affect
the image field, and consequently that the back-scattered field from the feature base does

not give a significant contribution to the image.

2D Object lines; DF A=0.5m;A=20 pm;ﬂm”ﬂﬂn;ﬂ,‘:S;ﬂﬂﬂ" 2D Image lines; DF A:[I_ium;A:lopm;ﬂmx=3ﬂn;ﬂ,“:5;ﬂ=5{l"

12 12
d d
—a5 —05
1 11—,
4
08 —8
= £ 10
= = 16
= 5 06F —18
2
o o |2
0.4}
02t / i
0
2 -1 0 1 2

b)
Figure 5.17: a) Object and b) image field of a single mesa at 8 = 50° for different feature

X /pm

depths.

Figure 5.18 shows similar comparison, but now varying the width of the simulation
model over the range A = 8um to 50um. Oscillations in the object field away from the
mesa varies significantly as the simulation model width increases, mot probably due to a
resonance between the neighbouring units when the period is a multiple of the horizontal
equivalent wavelength (1, = A sin 6,). However, this resonance is filtered out by the lens
as it only concerns horizontally propagating waves. As in the previous result, the image

field is largely independent of the period of the simulation model.

DF d:z,um;A=n5pm;am“=!u":9=so°

DF d=2um;A=05pm;0  =30°;0=50°
l 2 max
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—16
—20
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Figure 5.18: Electric field variation along the single mesa tip at 8 = 50° for a) object and

b) image field, for different simulation model width.
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Figure 5.19 shows the incoherent sum of the square of the image fields in dark field
illumination at different wavelengths and angles of incidence for a) feature depth and b)
model width. In Figure 5.1943, the intensity distributions from different feature depths are
similar. The same observation can be made for Figure 5.19b as well, suggesting that the
dark field image of a narrow mesa appears the same, regardless of the depth of the mesa

or the size of the simulation space.

DF A=0.5um;A=20psm;0 _ =30° DF d=2pm;A=0.5um;0  =30°
A I max max

0.1

0.1

d A
0.08 | —2 0.08 —10
4 13.1
—8 —16
E0.06} 10 E0.06} 20
&~ 16 & 25
= —18 = —30
A= 0041 —20 A= 0041 :gg
0.02 0.02
0 ; 0
- 0 2 2 2
a) X /pm b) X /pm

Figure 5.19: Light intensity variation for images of mesas with a) different feature

depth d and b) different model width A.

Nonetheless, it is expected that the image field will vary with mesa width, following
results in previous chapters. For narrow mesas, the edge waves generated from the two
mesa corners add up in phase and appear as a single peak. For wider features, the edge
waves appear as two distinct peaks. Figure 5.20 shows the light intensity variations for
mesa widths ranging from w = 0.001um to 1lum . For w < 0.3um, the intensity
distributions are almost identical and the edge waves act as a single source. When w
increases to 0.5um, the central peak widens and the Abbe’s diffraction limit is reached.

Therefore, wider features are resolvable and are seen as two distinct peaks or two bright

lines in DF images.
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Figure 5.20: Light intensity variation for images of mesas with different width.
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5.4.3 Double mesa diffraction

For a double mesa configuration, the modification of the simulation model in section 5.4.1
is also applicable. Figure 5.21 shows the total electric field of a double mesa, a) with and
b) without a silicon substrate, at an incident angle 8 = 50°. The separation between the
mesas is 1uym and the mesa width is 0.1um. The standing wave pattern in Figure 5.21a is

removed in Figure 5.21b and only the diffracted field remains.

fd =1m; w =0.1z2m; d =2p2m; 0 =50°; (59 =30" fd =1pm; w=0.1pm; d =2 pm; § =50%; om“ =30°

Figure 5.21: Comparison between a double mesa configuration a) with substrate and b)

without substrate in an expanded view.

Figure 5.22 shows the object and image fields at the imaging level that are calculated from
the modified model using a) modal diffraction and b) FEM. The object and image fields
from both approaches are again very similar. The edge waves produced by each knife
edge are seen as peaks in the plots, and radiate as cylindrical waves as expected.

£ =10m; w =0.1m; d =2um; A =10em; A =0.5pum; 0=50° 6, =30" DF d=2pm;fd=1pm;A=0.5pm; A=10pm;0 u=30°;3=500
1 1

==
Image — Image

-5 0 5 -5 0 5
a) z (micron) b) X /pm

Figure 5.22: Object and image field calculated by a) modal model and b) FEM for a

double mesa configuration with no substrate for DF illumination at 8 = 50°.

The impact of changing the feature depth and width was also investigated for the double
mesa configuration. Comparison of the results again shows that the image field is

independent of feature depth. To avoid repetition, the results are omitted here. The effect
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of varying the centre-to-centre separation s between the two mesas was also studied,

using the parameters listed in Table 5.2.

Parameter Data points

Separation Width (s/um) 0.2,0.3,0.4,0.5,1,1.5

Table 5.2: Parameter list for the double mesa configuration.

Figure 5.23 shows light intensity variations for different separations s ranging from
0.2um to 1.5um between two 0.1um wide mesas. When s is small, the edge waves merge
into a single peak. When s increases, separate intensity peaks are obtained but their
apparent separation does not follow the spacing between the mesas. For example, the
peak locations at s = 0.4um and s = 0.5um are very similar. Instead, amplitude varies.
For example, the peak magnitude at s = 0.5um is increased by roughly 40%. The peak
magnitudes also fluctuate significantly at small s. These effects can be ascribed to
multiple diffraction between the mesas. However, multiple diffraction becomes negligible
when s > 1um, or when the mesas are at least two wavelengths apart. This effect can be

attributed to weaker of the in-plane scattering, which falls off with distance.
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Figure 5.23: Light intensity for different centre-to-centre distance between a double

mesa configuration.

Scattering from a double mesa is complex as it involves four edge waves and multiple
diffraction. Now we examine the effect of the edge waves from the outer corners of the
mesas by varying the mesa widths. Figure 5.24 shows the intensity of mesa pairs of width
w = 0.05um, 0.1um and 0.2um (red, green and blue lines respectively) at varying
separations. Here the distance between the inner side edge of the double mesa is defined
as m. The inner edges of the mesas are indicated as black dotted lines. Figure 5.24a-d

shows the intensity for m = 0.1um, 0.2um, 0.3um and 1um respectively. In each figure,
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since the inner corners of the double mesa are at the same place, the difference in the

intensity distribution must be caused entirely by the edge waves of the outer corners.

In Figure 5.24a, the intensity for w = 0.05um and 0.1um appears as a single peak
because the outer corners are close to the inner corners. Nonetheless, it is possible to
resolve a double mesa with a tiny gap if the mesas are wider than 0.2um. Atm = 0.2um,
double mesas are still unresolved at narrow feature. The double mesas with 0.3um
separation are then regarded as resolvable as two peaks are observed for all feature
widths. Finally, if the separation is 1um or more, the intensity distribution is formed

solely by the edge waves and the effect of multiple diffraction diminishes.
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Figure 5.24: Light intensity variation for a double mesa configuration with different

feature width and different mesa separation: a) 0.1um; b) 0.2um; c) 0.3um and d) 1um.

5.5 Summary

Scattering from single and double mesas has been examined by comparing simulations
obtained from FEM and modal diffraction theory. The results are in excellent agreement.
Interference from the retro-reflected field has been addressed by removing the substrate
from the model. The effect of changing feature depth and width has been examined by

comparing field and intensity distributions in line images. For a single mesa, the
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conclusion is that only a change in feature width can alter the apparent image. However,
for a double mesa, an additional factor is the mesa separation. These findings highlight
the most important parameters in optical imaging and allow simplification of the wave
scattering problem. In the next chapter, 3D structures will be simulated in FEM and the
optical images will be studied. This will establish the foundation for a novel imaging tool

for NEMS devices.
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6. Simulation of 3D Images

This section presents models of optical microscope images of different 3D structures and
studies the effect of illumination and topology. A 3D FE model is first developed from the
2D model of the previous chapter. Its predictions are then validated by comparison with
the 2D FE and modal simulations for TE polarization. The effect of illumination angle is
identified from examples of a high aspect ratio prisms and cylinders, and the results are
used to construct a simpler model in the following Chapter. Simulated optical images of
different canonical HAR structures are then presented, and interesting structures that
produce highly similar images are discussed. Finally, the effect of additional incident

angles and wavelengths is considered, together with TM polarization.

6.1 Scattering from 3D structures

Optical imaging of 3D microscale features has received considerable attention over the
last few decades [1-4]. The object was first modelled as a transmission function [5-7] and
different diffraction theories were developed [8]. Scattered fields were then computed
more accurately by finite element (FE) [9-11] and finite difference time-domain (FDTD)
[12, 13] methods. Other approaches have included rigorous coupled wave theory (RCWA)
[14, 15], vector potentials [16, 17] and vectorial diffraction theory [18]. Canonical
diffraction problems (for example, 3D half-planes) have also been studied [19, 20].
However, a common problem is the heavy computational resources needed. Simulation
times are therefore always much larger than in 2D, and there is always an adverse trade-
off between model size and computation time. For a 3D structure, the scattering problem
is more complicated as the angular spectrum of diffraction orders comprises a cone
instead of a fan. Due to the very large number of orders involved, attention here is
restricted to a 3D FEM model, because of the difficulty of solving the increased number
of simultaneous equations generated by boundary matching in the 3D modal method.
Similarly, the object is assumed to be formed from PEC surfaces throughout, to avoid

complications introduced by materials.

Figure 6.1a shows the field components involved in scattering from a 3D PEC mesa. Here
the incident field (red arrow) illuminates the mesa at a vertical angle 6,,, from the +y-axis
and makes a horizontal (azimuth) angle ¢;, with the -z-axis. The two common

polarizations have E;,, and H;, in parallel to the x-z plane and are denoted as TE and TM
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polarizations here. In each polarization, the second field vector (H;, in TE or E;;, in TM)
is perpendicular to both the propagation direction and other field vector (blue arrows).
The green arrow represents the reflected field with a reflection angle 8,..¢, from the +y-
axis at a horizontal angle ¢;, to the +z-axis. The orange arrow represents one of the
diffracted rays, with a vertical angle 6. Figure 6.1b shows the FEM model of a mesa in
3D simulation space. In the x — y plane, the structure is constructed the same way as the

2D model. However, it is now extruded along the z-axis with a period of 4,.

ﬁ PML

b Floquet
Periodicity

Floquet
d Periodicity
PEC\;

b) ) PML

Figure 6.1: 3D Mesa models: a) wave components for TE polarization; b) 3D FEM model

of a periodic mesa.

The x- and z-components of the incident electric (magnetic) field in TE (TM) polarization

vary with the azimuth angle ¢;,, as shown in Equation 6.1 [21]:

cos ¢pin
Ey = [ 0 ‘ (6.1)
—sin d)in
In TE polarization, the total field E; in the 2D scattering problem is expressed as [22-24]:
E, = Eoe—jkyo(y—d)e—kaoxe—szoz + X, Zpry pe KL= o= ikxLpX g =JkzLpPZ (6.2)
ko = ko sin 8;, sin ¢;, k,o = ko sin 8;, cos ¢, kyo = —ko cos 0, (6.3)

Here the first term in Equation 6.2 is the incident field E;, and the second term is the back-
scattered field Eg obtained by summing all diffraction orders with their corresponding
amplitudes ryp. The terms ko, kyo and k,, in Equation 6.3 are the x-, y- and z-
components of the propagation constant of the incident field. Similarly, the terms k,; »
and k,; p are the x- and z-components of the propagation constants of the diffraction

orders [25, 26]. These components are defined as:

kxrp = kxo + Ky L kzip = kzo + K, M kyLp = \/kg,o - kach,M - kgL,M (6.4)

To limit the calculation, the indices L and P are assumed to range from -250 to +250. For

TM polarization, the same approach is used to find the back-scattered amplitudes ry p.
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As before, the image field is generated by allowing only the diffraction orders lying inside
the acceptance cone of the objective lens to contribute. These orders must be propagating,
and all information in evanescent orders will therefore be lost. Figure 6.3a shows the
acceptance cone (in dashed lines) superimposed on an example of a thin mesa. The red
arrow indicates the incident wave, and the black arrows are the diffraction orders lying
inside the acceptance cone. Figure 6.3b shows a 2D representation of the diffraction
orders that lie inside the cone, assuming incidence at 8 = 0° and ¢ = —90°. In this view,
the result of filtering is presented as a polar plot, retaining only the orders lying inside a
circle. The diffraction order distribution is uniform because the increment (decrement)

is constant in both x- and z-directions.

R at 0=0 ,¢=-90

Diffracted Rays
90°

Ray

mesa

b)

Figure 6.3: Effect of the lens: a) acceptance cone; b) diffraction orders within the cone.

Since the scatterings in the x- and z-directions are independent, the 2D problem can be
reduced to two separate 1D problems. The total fields in the x- and z-directions are first
extracted separately from COMSOL, and the corresponding incident fields are then
subtracted. For TE polarization, the scattered field in each direction is expressed as:
x:Eg =E; —E;cos¢ z:E; = E, + E;sin¢ (6.5)

For TM polarization, the electric field components are simply replaced by magnetic fields.
Next, the x- and z-components of the amplitudes of the diffraction orders rp are
calculated by double integration along the x- and z-directions:

11

44 A
2 2 :
P e =/T/Tj 1 ] gy Ease ot Kardxdz (6:6)

Here E, , ; represents the back-scattered field in the x- and z-directions, respectively.
Separate images obtained from the x- and z- field components are then reconstructed by
summing the filtered diffraction orders, for simplicity neglecting image inversion. Finally,
the complete TE image is obtained from the sum of these two image intensities. A

complete TM image is generated from the same process.
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6.2 Comparison with 2D Model

We begin the 3D result analysis by validating the total electric field with the 2D models
discussed in the previous chapter. For example, Figure 6.4 shows the total electric field
scattered from a thin mesa of width 0.1ym and depth 2um in a 6um wide simulation
space. This space has been considerably reduced compared to the FE models in the
previous chapters to accommodate the larger computation demands of 3D. The first three
sub-plots show 2D field variations of a thin mesa (as grey blocks) obtained using the 2D
modal model (6.4a), 2D FEM (6.4b) and 3D FEM (6.4c) at 50° incidence, for TE
polarization. In each case the field patterns are essentially identical. The last sub-plot
(6.4d) compares line object and image fields at the mesa tip for the 2D modal and 3D FEM
models. Agreement between the 2D modal model and the 3D FEM is excellent. These

results confirm that 3D FE model is reliable, despite the reduction in model size.
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Figure 6.4: Simulated electric field of a single thin mesa at 8;,, = 50° (and ¢;,, = 90°)
obtained using a) 2D modal model, b) 2D FEM and c) 3D FEM. d) Object and image fields
obtained using 2D modal model and 3D FEM. TE polarization.

6.3 Simulation of 3D imaging

A major difference between 3D and 2D models is the addition of an azimuth angle for the
incident wave. Figure 6.5a illustrates this angle for a thin HAR mesa. The red arrows
represent the direction of the incident wave. When this is altered by rotating the wave

vector about the y-axis, the strength of the back-scattered field varies significantly. In fact,
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it is well known that scattering is maximised when illumination is perpendicular to the
edge [27, 28]. Consequently, when structures such as the cylinder in Figure 6.5b are
illuminated by a single wave, only parts that are perpendicular to the incident field
generate significant scattering; others hardly contribute. However, scattering from the

regions shown must involve the leading edge in one case and the trailing edge in the other.

qumal Incident
Incidence Ray

Oblique
Incidence

HAR
Cylinder

b)
Figure 6.5: [llumination of a) HAR mesa and b) HAR cylinder.

6.3.1 Rectangular structures

We demonstrate the dominance of normal illumination by simulating the scattering from
rectangular structures of a single wave incident perpendicular to an edge. Figure 6.6
shows the illumination of a) a solid and b) a hollow HAR square prisms. The highlighted
edges show where most of the scattering takes place. In Figure 6.6a, the incident wave is
scattered by just two edges of the prism. Scattered waves are generated at every point
along these edges, and add to give cylindrical edge waves, except at the corners. However,
scattering is more significant at the leading edge, generating a brighter image in DF.
Scattering from the hollow square prism takes place in similar regions. However, since

both regions contain leading and trailing edges, the image will be similar.

Incident Incident
Ray

Ray

HAR
Hollow
Square

fa)

Figure 6.6: [llumination of a) solid and b) hollow HAR square prisms by a single wave.

Figure 6.7 shows TE DF FEM images of a solid and hollow square prisms of side length
5um and depth 1um in a 8um(x) X 8um(z) X 2um(y) simulation space. The sidewall
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thickness of the hollow prism is 0.1um. Figure 6.7a shows the image of a square prism
with a single wave incident at 6;,, = 50° and ¢;,, = —90° (red arrow). The leading edge
of the structure is bright and the trailing edge is dim; the other two edges are barely
visible. Figure 6.7b shows the corresponding image for a hollow square prism. Now both
vertical edges appear bright, because both contain leading and trailing edges. The result
of more general illumination can be simulated by incoherently summing the effects of
additional incident waves. Figure 6.7c and d show the images of solid and hollow square
prisms obtained using four incident waves (¢;, = —90°,0°,90°,180°). Both images now

show a complete outline. However, the corners are rounded and dim.

Image at 0=50°, ¢=-90"

Image at 0=50°, ¢=-90°

4 4

4 2 0 2 4
a) X pm
4 DF image of Square Prism | PF image of Hollow Square Prism |
0.8 0.8
2 2
0.6 0.6
E g
=0 20
" 0.4 & 0.4
! -2
0.2 0.2
571 0 -4 0
-4 -2 0 2 4 - -2 0 2 4
C) X pm d) X pm

Figure 6.7: DF FEM Images of a) solid and b) hollow square prisms for 8 = 50° and

¢in = —907; c) and d) corresponding images for 4 illuminating waves. TE polarization.

The absence of corners is a consequence of illumination by a small number of waves.
However, Figure 6.8a shows the image of a solid square prism for a single wave incident
at 8;, = 50°, ¢;,, = —45°. Now the corners are visible as bright circular spots, and the
edges are missing. This result suggests that corners may be restored by including oblique
waves. Figure 6.8b shows the image obtained using eight waves incident at angles from

Gin = —90° to 2257 in steps of 45°. We conclude that as few as four illuminating waves
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can provide a reasonable result for Manhattan geometries, and that eight waves provide

a marginal improvement at corners.

4 Image at 6=50°, $=-45° 3 " DF image of Square Prism .
0.8 0.8
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0.6 0.6
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a) X pm b) X pm

Figure 6.8: a) DF image of a square prism at 8;,, = 50° and ¢;,, = —45° by FEM; b)

corresponding image obtained using 8 illuminating waves. TE polarization.

6.3.2 Curved structures

For structures with curved surfaces, the image field must again be maximised in regions
where the edge is perpendicular to the incident wave and reduce gradually as the angle
between the wave and edge varies. Figure 6.9 shows the illumination of a) solid and b)
hollow HAR cylinders. In each case, the scattered field must concentrate in the shaded

regions where the edge is approximately perpendicular to the incident wave.

Incident
Ray

Incident
Ray

HAR
Hollow
Cylinder

HAR
Cylinder

b)
Figure 6.9: lllumination of a) solid and b) hollow HAR cylinders.

Figure 6.10 shows simulated TE images of solid and hollow cylinders of radius 2.5um and
depth 1um which confirm this assumption. Figure 6.10a shows the image of a solid
cylinder with a single wave incident at 8;,, = 50° and ¢;, = —90° (red arrow). The image
consists of two arc segments corresponding to leading and trailing edge diffraction at
near perpendicular incidence. In between, the structure is missing. Figure 6.10b shows
the image of a hollow cylinder; now both arcs are of equal brightness, since both contain

leading and trailing edges. Figures 6.10c and 6.10d show the corresponding images with
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four waves incident. Now the structure is visible as four arcs, suggesting that complete
ring images would be obtained using only a few more waves. Figures 6.11a and b, which
show images obtained using eight waves, confirm this assumption. These results suggest
that diffuse illumination of general structures can be modelled with a limited number of

incident waves, and good results can be achieved with just eight [29-32].

°, =90°

Image at 6=50°, ¢=-90°
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Figure 6.10: DF images of a) solid and b) hollow cylinders for incidence at 8;,, = 50° and

¢in = —909; corresponding images using four illuminating waves. TE polarization.
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Figure 6.11: DF images of a) solid and b) hollow cylinders for eight waves. TE

polarization.
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6.4 Image library

Simulated DF images of canonical structures from TE polarization are now presented.
Given the high quality of monochromatic images obtained using four waves incident at
azimuth angles ¢;, from —90° to +180°, the same approach is used, and images are
normalised to enhance contrast. To reduce the simulation time, all models are restricted

to 1um depth.

6.4.1 Single mesas

The first model is a single mesa of infinite length oriented along the z-axis. Figure 6.12
shows a) the layout and b) the image of a nanoscale HAR mesa of width 0.1um. Due to the
generation of two closely superimposed edge waves the mesa appears as a straight line

in the image, and the result agrees with 2D models (Figure 5.11).

DF image of Edge

4 1

0.8
2

Feature 0.6
0

0.4
-2

0.2

-4 0
-4 -2 0 2 4

a) b) x i

Figure 6.12: a) Layout and b) DF image of a nanoscale HAR mesa. TE polarization.

z pm

Similarly, Figure 6.13 shows TE images of a single mesa of different widths: a) 0.1um, b)
0.5um and c) 1um. Figure 6.13a appears as a single bright line, Figure 6.13b shows a
small valley between two bright lines and Figure 6.13c shows two distinct lines as the
edge waves are separately resolved. Figure 6.13d quantifies these effects in terms of line
scans along z = 0 for each image, as blue, red, and yellow lines respectively. Mesa edges
can be identified as intensity peaks caused by the generation of edge waves. The peaks
are larger when the edge waves are almost superimposed. This result again agrees with

the investigation of 2D feature width in the previous chapter (Figure 5.19).
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Figure 6.13: DF images of a mesa of width a) 0.1um, b) 0.5um and c¢) 1um. d) Line scans

along z = 0. TE polarization.

6.4.2 Double mesas

The second model is a pair of closely spaced, parallel mesas. Figure 6.14 shows TE images
of a double mesa configuration with a separation of 1um and widths of a) 0.01um and b)
0.1um. The apparent widths and locations of the two bright lines are the same in both

figures, and the images are analogous to that of a single mesa of 1um width (Figure 6.13c).

This result suggests that highly similar images can be generated by structures with
different dimensions, or by completely different structures. At first sight, this conclusion
appears to violate a fundamental principle, namely the uniqueness of solutions to
Maxwell’s equations. However, it must be remembered that significant parts of the
scattered field are discarded by the lens, and that only edge waves are contributing to the
image; we shall present other examples of dissimilar object pairs that apparently look

similar in a microscope later.
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Figure 6.14: DF images of double mesas with s = 1um and widths of a) 0.01um and b)
0.1um. TE polarization.

6.4.3 Crossed mesas

The third model consists of two mesas intersecting at a right angle, shown in Figure 6.15a.
Figures 6.15b shows images for a mesa of width 0.1um. Here, the mesas appear as lines,
while the intersection appears as a brighter, circular spot. The intersection area is
0.1um x 0.1um, small enough compared with the wavelength to act as a point source, so

the intersection appears as an Airy disc.

DF image of Cross
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0.4
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a) b)
Figure 6.15: NEMS cross model: a) layout, and b) DF image. TE polarization.

Z pm

Figure 6.16 shows a similar image for MEMS features of width 1um. Figure 6.16a shows
the arrangement and 6.16b the DF image. In this image, the bright central feature has
disappeared. Only the mesa edges can now be seen, and there is some edge rounding at
the intersection point. This may be due to omission of corner detail caused by the limited

number of illuminating waves.
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Figure 6.16: MEMS cross model: a) layout, and b) DF image. TE polarization.

6.4.4 Double crossed mesas

The fourth model consists of pairs of double mesas intersecting perpendicularly.
Figure 6.17 shows a plan view of the configuration (6.17a) and compares TE DF images
of a double mesa (6.17b) and a double cross configuration (6.17c), in each case for
features of width 0.1um and separation 1um. In both images, the bright lines have the
same apparent widths and locations. However, the intersections are again brighter in the
double cross image, as discussed above. In fact, the image of a double cross configuration
is simply the incoherent sum of the images of a double mesa and its rotated version.

DF image of Double Mesas DF image of Double Cross

2 1 2 1
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Feature 1 1 | |
- 0.6 0.6
EL 0 i
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Figure 6.17: a) Double cross layout; DF images of b) double mesa and c) double cross.

TE polarization.

6.4.5 Star patterns

The fifth model consists of the intersection of four mesas at 45° separation, forming a star
pattern. Figure 6.18a shows a plan view of the structure. Figure 6.18b shows a TE image
obtained using a mesa width w = 0.1um. In contrast to crossed mesas, the brightness is

now modulated in a radial direction; this may be due to multiple scattering effects.
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Figure 6.18: Star layout: a) layout, b) DF image. TE polarization.

6.4.6 Pillars and cylinders

Many other canonical structures have been simulated using FEM in the course of this
work. We now consider other examples, starting with pillar structures to study the
difference between solid and hollow sections. Figures 6.19a-d show the layouts of solid
and hollow circular and square sections, and Figures 6.19e-h show the corresponding TE
images. As before, only the feature outlines are visualised, as a circular ring or a square
respectively. Here images are generated from eight incident waves to better describe the
structure that is not in Manhattan arrangement. In general, the difference between the

images of solid and hollow structures is negligible.

Feature Feature Feature Feature
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Figure 6.19: Layouts of a), b) solid and hollow cylinder, b), c) solid and hollow square

prism. e)-h) corresponding images at d = 1um. TE polarization.

Figures 6.20a-b show pillars with alternative rhomboid and elliptical cross sections, and

Figures 6.20c-d show the corresponding TE DF images generated from eight illuminating
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waves. These results again demonstrate the dependence of image brightness on outline

curvature and highlight rapid changes at sharp corners or in regions of high curvature.

Feature
Feature

DF image of Rhombus DF image of Oval

C) X 4m d) X pm
Figure 6.20: Layouts of a) a rhomboid and b) elliptical pillars;

c)-d) corresponding DF images. TE polarization.

6.4.7 Finite structures

Now we consider other structures of finite length, such as incomplete mesas and crosses.

Figure 6.21 shows the layout of a) a finite nanoscale mesa of 1um length, b) a mesa with

a 1um gap and c) a cross with the intersection removed. In each case, the mesa width is

w = 0.1 um. Figure 6.21d-f shows the corresponding TE DF images. Here, the main effect

occurring is that the feature lengths appear shorter than the actual geometries. One

possible explanation is that the terminating edge wave is spherical rather than cylindrical.

In these regions, image brightness is therefore reduced, similar to the corners of a square

prism. However, there is also some brightness modulating along the lengths of the mesas.
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Figure 6.21: Layouts of a) mesa of finite length, b) mesa with a gap and c) incomplete

mesa intersection. d)-f) corresponding DF images. TE polarization.

6.4.8 Indeterminate cases

We now consider additional several special cases involving different structures that yield
apparently similar images. Previous examples have included single and double mesas
(Figures 6.13 and 6.14). Here we consider two more. Figure 6.22 shows a nanoscale
double cross (6.22a) and an incomplete MEMS cross, with the intersection removed
(6.22Db). Figures 6.22c and 6.22d show the corresponding TE DF images, which are almost
identical. The main visible difference is the shape of the intersection points, due to the
type of contact in each case. An additional periodic modulation in brightness can be seen
in the central region of Figure 6.22d; its origin is unclear. This indeterminacy can be
resolved numerically by plotting a linescan across the image and observe the difference

in the intensity peak at the edge (referred to Figure 5.12b).
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Figure 6.22: Layouts of a) double NEMS cross and b) incomplete MEMS cross. ¢) and d)

corresponding images. TE polarization.

These examples confirm that DF image formation is dominated by edge waves, and that
similar images will be obtained from objects that merely have the same edge layouts. It
makes little difference whether these edges arise from nano- or micro-scale mesas, or
whether the edges are internal or external. However, there are several methods to
distinguish between the two structures in Figure 6.22a and 6.22b without processing the

images.

Polarization

The first method to differentiate the two structures is to use other polarizations of
illumination. Figure 6.23 shows the DF image of the double NEMS cross and the
incomplete MEMS cross under TM polarization. Because of the significant secondary
diffraction for small distance in TM polarization, the apparent width of the thin mesas is
larger and the interception points become minor. In contrast, for the incomplete MEMS
cross, the single edge waves of the microscale mesa appear identical to that in the TE
image. Therefore, the difference between the two structures is easily observed by

illuminating the structures in TM polarization or circular polarization.
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Figure 6.23: DF images of a) a double NEMS cross and b) an incomplete MEMS cross. TM

polarization.

Bright Field

Another approach is to use the bright field illumination. Bright field microscope collects
also the reflected field from the microscale mesa and produces a corresponding image.
As seen in Figure 1.10a in Chapter 1, the difference between nano- and micro-scale is
obvious in BF images. Figure 6.24 shows the BF image of the same set of structures at the
lens angle 6,,,, = 60° from monochromatic illumination at single incidence. The
background is dark as no substrate is simulated as mentioned previously. The microscale
mesa appears as bright rectangles in the image while the thin mesas in the double cross
structure are seen as narrow bright lines. The structures in Figure 6.22a and 6.22b are

pictured completely different in these BF images.

DF image of Double Cross DF4image of Incomplete M E M S Cross1

X pm X pm
Figure 6.24: BF images of a) a double NEMS cross and b) an incomplete MEMS cross. TE

polarization.

Confocal microscopy

Like the idea of the bright field illumination, confocal microscopy can be used to identify

the structure between nano- and micro-scale. Using the confocal microscopy, the image
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only captures the feature at the focal level. Due to the structural difference of the devices

in Figure 6.22a and 6.22b, the images of each structure will appear differently.

Experimental flaw

Another possible method is to observe the dusts in the specimen in the microscope. For
DF illumination, the dust will scatter off the incident light field and be captured by the
objective lens. Since the dusts on the microscale mesa is at the imaging level, the images
of the dusts (bright dots) will be clear. The dusts on the substrate (between the thin

mesas) will however be out-of-focus and blurry.”

6.5 Additional out-of-plane illumination angles and wavelengths
We have so far only discussed images obtained using a single value of 6, and
monochromatic light. The primary reason is to reduce simulation time, and we now

consider the effect of additional out-of-plane illumination angles and wavelengths.

6.5.1 Multiple out-of-plane illumination angles

For a single thin mesa, the only difference caused by a variation in out-of-plane incidence
angle is a change in field strength. For multiple angles, the image must therefore simply
be a sum of very similar intensity distributions. However, for layouts with multiple edges,
the relative phases of waves scattered from different edges must be important. A double
mesa can be used to illustrate this effect. Figure 6.23 shows TE DF images of a two mesas
of width 0.1um and separation 1um, obtained at A = 0.5um using incident waves with
angles 6;, of a) 40°, b) 509, ¢) 602, d) 70° and e) 80°, with azimuth angles ¢;, spread
over a range from 0° to 330° in steps 30°. Figure 6.23f shows the corresponding
intensity linescans at z = 0. The images are qualitatively similar, but the apparent
position of the intensity peaks clearly alters as 6, varies. These differences are
quantified in the linescans; those at 40° and 70° are approximately the same, but there

are significant differences at other angles.
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Figure 6.23: Simulated DF imagesof a double mesa using out-of-plane angles of a)-e)
40° to 809; f) corresponding normalised intensity linescans along z = 0. TE

polarization.

Despite the above, we would expect these details to blur out in an overall image obtained
using all illumination waves together. Figure 6.24 shows the image obtained by summing
contributions from all five incident angles 6;,, in Figure 6.23. Note that the image here is
almost exactly the same as the result obtained with a single wave incident at
0;n, = 40°(Figure 6.23a). This results suggest that the dominant contribution may come

from illumination at angles lying closest to the acceptance cone of the lens.
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6.5.2 Polychromatic illumination

In general, when the wavelength of the illumination increases or decreases, the apparent
width of the intensity peak also increases or decreases, and the sidelobe pattern alters.
To illustrate this, Figure 6.25 shows TE DF images of a single mesa of width 0.1um at
different wavelengths, namely a) 0.4um, b) 0.5um, c) 0.6um and d) 0.7um. The brightline
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Figure 6.24: Full DF image of a double mesa. TE polarization.

in the middle is clearly resolved less well as the wavelength increases.

c)

wavelength of a) 0.4um, b) 0.5um, c) 0.6um and d) 0.7um. TE polarization.
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Figure 6.25: Simulated DF images of a single mesa for illumination at a
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Again, we would expect these details to blur out under polychromatic illumination.
Figur 6.26 shows the full DF image of a single mesa obtained by incoherently summing
contributions at all four wavelengths shown in Figure 6.25, converting the result to black-
and-white. Surprisingly, the apparent linewidth matches the linewidth obtained at A =
0.5um alone, suggesting that this wavelength is dominant. However, the explanation is
currently unclear, and extensive investigation of polychromatic illlumination must

therefore be considered to lie outside the scope of this thesis.
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Figure 6.26: B/W equivalent polychromatic DF image of a single mesa. TE

zym

polarization.

6.6 TM polarization
In the previous sections, dark field monochromatic and polychromatic images of
canonical structures were discussed in detail for TE polarization. We now present a

smaller number of monochromatic examples for TM polarization for comparison.

Figure 6.27 shows normalised TM dark field images of single mesas of width a) 0.1um, b)
0.5um and c) 1um at 8 = 50°. The images are very similar to the TE images in Figure 6.13.
Figure 6.27d shows the line intensity variations in a) to c¢) along z = 0 as blue, red and
yellow lines correspondingly. Unlike TE polarization, the image brightness obtained for
the mesa of width of w = 0.5um is approximately twice that of the other two mesas, due
to the secondary diffraction between the two edges. This result confirms not only that
diffraction along the mesa plateau is important in TM polarization, but also that the

secondary diffraction between two closely placed edges must also be significant.
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Figure 6.27: DF images of a mesa of width a) 0.1um, b) 0.5um and c¢) 1ym in TM

polarization. d) Line scans along z = 0. TM polarization.

Figure 6.28 shows the DF images of a) a square prism and b) a cylinder in TM polarization
at 8 = 50°. The images look highly similar to the TE images in Figure 6.7a and 6.11a.
However, if we remove the normalisation of the DF images, the actual magnitude of the
image fields in TM polarization is approximately 60% of the TE images, suggesting that

TE polarization may be dominant in many cases.

4 DF image of Square Prism x10° 4 DF image of Cylinder x10°
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Figure 6.28: DF images of a) a square prism and b) a cylinder in TM polarization.
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6.7 Summary

3D simulation of optical imaging has been validated by comparison with 2D models. The
effect of illumination has been investigated, and its inherent selection of near
perpendicular edges has been noted. Images of canonical structures have been simulated
and found to represent a consistent but modified representation of the true geometry.
The correlated appearance of solid and hollow features highlights the fact that images are
formed by superposition of edge waves. For structures of finite length, there are
discrepancies between DF images and the feature geometry, with the former showing
dimensional reduction. Pairs of structures have been found to generate similar images,
suggesting that imaging may not always provide unique results. The effect of additional
out-of-plane illumination angles and wavelengths has been investigated and found to be
small. Differences between images obtained for TE and TM polarization have been
identified. In the next chapter, an analytical model of scattering based on diffraction
coefficients will be developed from these observations to enable much more rapid

simulation of dark field imaging.
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7. Novel Analytical Simulation Tool

This chapter will attempt to develop simple scalar models of dark field microscopy for 2D
and 3D HAR object geometries, using observations from the previous chapter to simplify
modelling of illumination, the geometric theory of diffraction to provide diffraction
coefficients, and Fourier transformation, spatial filtering, and inverse transformation to
describe image formation. The structures modelled in 2D will be restricted for both TE
and TM incidence. However, the results will be used to develop a model for arbitrary
structures in 3D. The main differences between the models are the additional
illuminating waves and the use of ITD and Huygens' principle to model in-plane

scattering. In all cases, model predictions will be bench-marked against 2D and 3D FEM.

7.1 Introduction

Rigorous scattering from isolated and periodic 2D sub-wavelength structures has already
been reviewed, but the discussion focused on primary diffraction. For closely placed
features, re-scattering or secondary diffraction is significant and is reviewed here in more
detail. Diffraction from multiple knife-edges was studied in the early 1960s, focusing on
transmission loss over knife-edge terrain obstacles [1-3]. For example, Figure 7.1 shows
a ray tracing model of signal propagation from the transmitter T to the receiver R over
hills H1 and H2 [4, 5]. Vogler’s solution [6], based on the work of Furutsu [7], starts with
a generalised residue series for propagation over obstacles, obtained by a Green'’s
function formulation. Other approaches were developed using the Fresnel-Kirchhoff

theory of scalar waves [8, 9], Wiener-Hopf techniques [10] and the UTD [11, 12].

T H1 H2 R

Figure 7.1: Double knife edge diffraction of terrestrial propagation.

Since the multiple half-plane model is inappropriate for our own diffraction scenarios,
we now review diffraction from multiple wedges. One of the earliest studies formulates
the scattering from perfectly conducting body with an iterative surface current density

replacement technique [13]. It calculates the diffraction from closely spaced edges
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accurately and has been verified by GTD. However, the difficulty is the integration. Other
studies of multiple wedge diffraction by Tiberio [14-16], Elsherbini [17] and Michaeli
[18, 19] are restricted by their own limitations. A simple and exact expression of double

diffraction can be formulated in a similar fashion to UTD [20, 21], as:

—jkr
Eqq = EoDy Dy Ne=d (7.1)

Here D, and D, are the diffraction coefficients of the wedges Q, and Q.. Figure 7.2 shows
the geometry. ¢ and ¢’ are the incident angles at each wedge and ¢, and ¢, are the
diffracted angles. Primary diffraction from each wedge is calculated using the GTD
expression (Equation 3.31), and the total field is found as the sum of the incident field,

primary diffraction, and re-scattering between wedges.

r

b2 "
741
QR &
0 N, T 0 nmm

Figure 7.2: Geometry of double wedge diffraction.

Extension to 3D can be achieved by considering the azimuth angles in scattering between
the two wedges [22-25]. For multiple wedges, the formulation is often based on matrices
[26, 27]. However, the significance of higher order scattering falls quickly due to the
spreading factor. ITD is often used for calculation [28-30], and allows the diffracted field
to be computed from the sum of incremental field contributions, obtained using their

respective GTD diffraction coefficients [31, 32]. Recall the previous ITD equations:
e_jkr(l)
E,(P) = f dE,(P)dl = f DDE (D) S —— I (7.2)
L L r(D
Here P is the observation point and L is the edge under consideration. dE;(P) is the
incremental field contribution along L (Equation 3.58). ITD is useful for 3D scattering

problems as it simplifies scattering from complicated structures such as mesa ends.

Huygens’ principle can also be invoked to find the elementary contribution of each point

on a wavefront. This states that every point acts as a source of spherical wavelets and the
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sum of the spherical wavelets gives the total wavefront [33]. A rigorous scalar wave
theory of diffraction based on Huygens’ principle has been formulated [34] and widely
applied in wave propagation [35, 36] and modelling [37, 38].

Finally, we consider an image formation technique based on GTD for 2D structures,
known as the diffraction edge response (DER) [39-41], which uses a heuristic relation
between the edge of the structure and the disturbance in image space. For example, as
we showed the previous chapter, scattering falls near feature ends. A modulated function
of the square root of the intensity of the edge segment can then be used to form an image.
The result is only approximate but can be computed rapidly. The motivation was optical
proximity correction (OPC) and the study of mask alignment [42, 43]. A PTD based
technique for OPC using edge diffraction was also developed but involves complex

surface current integration and will not be considered here.

7.2 2D model - TE polarization

We now construct a scattering model for DF imaging of 2D objects. The aim will be to
determine the minimum number of edge waves capable of modelling scattering from HAR
objects, and hence to guide development of a 3D model. As before, we assume PEC
surfaces, ignore the substrate, and omit image inversion. For a single edge, we proceed as
follows. We assume that the only waves entering the lens are cylindrical edge waves:

exp (—jkor)
Vr

Here r is the radial distance from the edge, k, = 2 /A, and D is the diffraction coefficient.

E(r)=Ey,D (7.3)

The diffraction coefficient will of course vary with the illumination and observation
angles ¢, and ¢ and the polarisation, and these variations are different in GTD, PTD and
UTD. However, as shown before, these differences are unimportant away from the
boundaries between regions in the space around the edge. In GTD, which we have

previously shown to be a reasonable approximation, the coefficient for a wedge is:

o (47)
\ 2mk,

Here the angular dependency is specified by the reduced coefficient d. For TE incidence:

D(¢, ¢o) = d(¢, $o) (7.4)
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Q= sin (%) 1 ) L N
n cos (%) — COS (@) cos (%) — cosS (¢ ‘|r'l¢o) (7.5)

Coefficient for TM incidence is calculated by replacing the minus sign with plus. Previous

results have also shown that the variations with observation angle are slow and are
approximately constant in the direction of the imaging lens. Assuming that expression in
Equation 7.5 is D; for illumination of a leading edge, we may therefore write:

exp (—jkor)
Vr

Here E; is the illuminating field. This pattern has a uniform distribution in k-space.

E~Eo D, (7.6)

However, the effect of the lens will be to limit the range of spatial frequencies to + k4 =
kosin(0,,4,), where 6,,,, is the half angle of the lens. The effect can be found by the
standard route of Fourier transformation, filtering by the pupil function, and inverse
transformation. In this case, the object is so simple that the process may be carried out
analytically. Ignoring the effect of the obliquity factor (which varies slowly), the electric

field describing the image may then be found by inverse Fourier transformation, as:

kmax

Eim(x) = Eo'dlj exp(jkx)dk = Ey" d; sinc(kpg,x) (7.7)

kmax

Here E,’ and E,"’ are constants. The corresponding intensity image I, = |Ej, |2 is:

Lim = |Ey" dy |2sinc? (kppgxx) (7.8)
The phase of the illuminating wave can be included by making E,"" complex. However, it
should be noted that Equation 7.8 is unchanged in the process. Thus, the image of a single
edge will always approximate a sinc? function, whose width is determined by k.45, SO

the resolution will (as expected) be controlled entirely by A and 8,,, .

Displaced edges will similarly generate displaced images. For example, the amplitude
image of an edge located at x = § is a shifted sinc function:
Eim = Eo"'d; sinc{k g (x — 6)} (7.9)

Images of multiple edges may be computed as coherent sums. For example, the amplitude
image of two edges at §; and &, with illuminations Ey," and E,,"” and diffraction
coefficients d; and d, is:

Eim = Eoq"'dq sinc{k g (x — 81)} + Ep,"'dy sinc{k g (x — 85)} (7.10)
In this case, the effect of illumination phase will be significant, because cross terms will

be generated in calculating the intensity. Consequently, both the direction and the
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wavelength of the illuminating beam will affect the image. However, if |§; — 6] is large

enough, differences will appear mainly in the sidelobes between the two edge images.

These observations may be used to develop scattering models for sets of edge objects
derived from mesas, trenches, and closely spaced mesas as shown in Figure 7.3. Here
reduced diffraction coefficients d, d, ... ds corresponding to the coefficients D,, D, ... Dg

may be obtained from GTD (and have been computed earlier).

a) Single mesa b) Single trench ¢) Double mesas
l g il g i
4] T)I IillI o Iy, [M] ”I D ”I
I rimary 4 i
i ] ]
3
D, D, 2 D, D, D, D,
1 g g
. Secondary o s
R0 "m0 R0
L .l
D, D,
2 -2
3
— .
-4 w 8 w

Figure 7.3: Scattering from a) single mesas, b) single trenches and c) double mesas.

We begin by considering scattering from a single mesa of width w, shown in Figure 7.3a,
at TE incidence. We assume that the illuminating wave is a single wave travelling
obliquely at an angle 6,, and hence described on the object plane by the field:

E; = E, exp{+jkox sin(6,)} (7.11)
In this case, we might expect primary scattering from the leading and trailing edges,
described by diffraction coefficients D; and D, . We might also expect secondary
scattering described by paths involving coefficients D; ... D . However, their effect

appears to be negligible (as does that of higher order scatterings) as we show later.

We therefore start by assuming that the overall electric field describing the image can

be written as a coherent sum of images from the two edges:

E;n(x) = E," {dlexp {+jk0% sin(Ho)} sinc [kmax (x - %)] (7.12)

. W . . W
+ d,exp {—]ko el sm(@o)} sinc [kmax (x + 3)]}
Here E,"" is again an unimportant constant, and the first and second terms in the brackets

are the images from the leading and trailing edges, respectively.
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Figure 7.4 compares the prediction of this model (red) for the line variation of electric
field modulus with corresponding results from 2D FEM (blue). Results are shown for
mesa widths of w = 0.01,0.1,0.2,0.5, 1.0, 1.5, 2, 2.5 and 3 um. In each case, the following
parameters are assumed: A = 0.5um, 6,,,, = 30° and 6, = 50°. For FEM, the model
space is A = 8um. For the scattering model, the diffraction coefficients were obtained
from GTD; their values (and others needed later) are shown in Table 7.1. To reduce the

number of coefficients, it is useful to work with a coefficient ratio r; = d,/d;, whose value

may be found from Equation 7.5 as r; = —0.3171. The constant E,"’ is a fitting coefficient.
dq d, ds d, ds
—1.8990 +0.6021 —2.1352 -1.7321 —3.0276
R, =d,/d, R; = 4+0.6021/-1.8990 = —0.3171
R, = dsd,/d, R, = —2.1352 x —1.7321/—1.8990 = —1.9475
R; = dsd,/d, R, = —3.0276 x —1.7321/—1.8990 = —2.7614

Table 7.1. TE GTD diffraction coefficients and ratios, for incidence at 50° to vertical.

Due to the single-sided illumination, the plots are asymmetric. For small w, mesa edges
are unresolved and only a single peak can be seen. As w increases, two peaks appear. Each
generates a sinc-function image, but scattering from the leading edge is clearly larger.
Agreement between the models is excellent for all mesa widths. Additional numerical
experiments were performed to investigate alternative scattering models. However, it
was found that good agreement was obtained with the coefficient values predicted by
GTD (and only those), and that the addition of the higher-order scattering terms shown

in Figure 7.3a did not significantly improve agreement.

Figure 7.5 shows the corresponding normalised intensity variations, now assuming
illumination by two waves at incidence angles +6, and computing the result as an
incoherent sum. Because of the double-sided illumination, the plots are now symmetric;
each edge that is leading for one illuminating wave becomes trailing for the other. For
small w, the mesa is visualised as a single intensity peak. As w increases, two peaks
appear, one at each edge. Agreement between the scattering model and FEM is again
excellent, even at the sidelobe level. A small discrepancy occurs at w = 0.5um; since this

dimension matches the wavelength, the effect is almost certainly due to resonant in-plane
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scattering. However, the effect is relatively small, implying that the amplitude of any

secondary scattering over the mesa plateau itself must also be small.
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Figure 7.4: Single mesas - comparison of absolute line amplitude variations predicted by

FEM and a model containing primary scattering only. TE polarization.
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Figure 7.5: Single mesas - comparison of normalised line intensity variations predicted

by FEM and a model containing primary scattering only. TE polarization.

We now consider scattering from a single trench, shown in Figure 7.3b. Again, we might
expect primary scattering from the leading and trailing edges, described by diffraction
coefficients D; and D,, and secondary scattering described by ray paths involving

coefficients D5 ... Ds. Note that the directions of the re-scattered waves are different to
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those in Figure 7.3a since the ray paths are now in air. In contrast to the mesa, numerical
experiments have shown that these terms cannot be ignored. Higher order terms may
also be important; however, to retain sufficient simplicity for a 3D model, we ignore these
for now. We therefore assume that the electric field describing the line image of a single

trench is:
Eim(x) = Ey” {dzexp {"‘jkog Sin(e(’)} sinc [kmax (x B %)]
w w
+ d,exp {—jko > Sin(eo)} sinc [kmax (x + E)] (7.13)
+dsfd,exp {—jkog Sin(eo)} sinc [kmax (x - %)]

+ dsfdexp {+jk0 % sin(@o)} sinc [kmax (x + %)]}

Here the term f, which describes the in-plane radiation of a cylindrical wave, is:
1y exp(—jkow
f=exp(—j Z) % (7.14)
Figure 7.6 compares the prediction of this model for the line variation of electric field
modulus with corresponding results from 2D FEM. Results are shown for trench widths
w = 0.01,0.1,0.2,0.5,1.0, 1.5, 2, 2.5 and 3 yum. The main optical parameters are again as
given before, and the diffraction coefficients are now defined by ratios r; = d,/d;,

r, = dsd,/d, and 3 = dsd,/d;. Their values were obtained from GTD asr; = —0.3171,
r, = —1.9475, and r; = —2.764 as shown in Table 7.1. E,,"’ is the same fitting coefficient.
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Figure 7.6: Single trenches - comparison of absolute line amplitude variations predicted

by FEM and a model containing both primary and secondary scattering. TE polarization.
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Once again, the variations are asymmetric, and the leading-edge image (which has now
changed sides) is brighter. Good agreement with FEM is obtained for trench widths w >
1 um. However, for narrow trenches, agreement is lost. Due to the 1/4/w term in the
expression for f, the simple scattering model predicts infinite fields as w = 0.In contrast,
FEM predicts that the scattering eventually disappears as the trench vanishes, consistent
with physical expectations. This discrepancy implies that the expressions above cannot

accurately model very small feature separations.

To demonstrate the need for higher terms, Figure 7.7 compares the prediction of the
scattering model for the line variation of electric field modulus with corresponding
results from 2D FEM, now omitting secondary scattering by setting R, = R; =0.
Agreement with FEM is clearly worse for trench widths in the range 0.5 ym < w < 1.5um,
when secondary scattering might be expected to be important. Further investigations
have shown that inclusion of higher-order scattering terms can improve matters, but
(since the additional terms also contain inverse powers of w) the results again diverge
for narrow trenches. Given the additional complexity these terms will introduce to a 3D

model, their inclusion is of marginal benefit.
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Figure 7.7: Single trenches - comparison of absolute line amplitude variations predicted

by FEM and containing primary scattering only. TE polarization.

Figure 7.8 shows the normalised intensity variations corresponding to Figure 7.6, now

assuming illumination by two waves at incidence angles +6,, and computing the result as
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an incoherent sum. Once again, the use of double-sided illumination has made the image
symmetric. A resonance effect can again be noted for w = 0.5um. Despite apparent
agreement between the two models for w = 0.2um, predictions of the scattering model
for trench widths significantly smaller than 1.0um may be regarded as inaccurate. For
such tiny gap trench structures, the secondary diffraction falls into the near field range.
Based on the “far field” assumption of GTD (mentioned in Chapter 3.2), the diffraction
coefficients calculated in Table 7.1 do not accurately describe the secondary diffraction

of small trench width structure.
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Figure 7.8: Single trenches - comparison of normalised line intensity variations

predicted by the scattering model and FEM. TE polarization.

Finally, we consider scattering from a double mesa, shown in Figure 7.3c. Clearly, the
scattering terms will reduce to those of isolated mesas when the trench width is large,
and those of isolated trenches when the mesa width is large, and it trivial to construct the
image field by combining Equations 7.12 and 7.13. Figure 7.9 compares the resulting
single-sided amplitude and double-sided intensity images with FEM for mesa widths w =
0.1um and mesa separations of s = 0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1.0, 1.5, 2 and 2.5 um,
with all other parameters being as before. Except for small separations, agreement
between the scattering model and FEM is excellent. There is significant disagreement at

s = 0.6 um; this corresponds to an air gap of 0.5 um and in-plane resonance.
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It should be emphasised that all the results in Figures 7.4, 7.5, 7.6, 7.7 and 7.8 were
obtained using just three coefficient ratios, whose values were derived from fundamental
theoretical considerations rather than a numerical matching process. Furthermore, good
agreement with FEM was obtained over a range of structures and dimensions, merely
provided features were not too closely spaced. Although approximate, the scattering

model therefore appears both justifiable and sufficiently accurate for many purposes.
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Figure 7.9: Double mesas - comparison of normalised line intensity variations predicted

by the scattering model and FEM. TE polarization.

7.3 2D model - TM polarization

For TM incidence, diffraction coefficients can again be obtained from Equation 7.5.
However, because secondary diffraction over mesa surfaces is significant, the
corresponding diffraction coefficients (d;, d,, ds) and their ratios R, and Rg,
representing the scattering processes shown in the middle and last row of Figure 7.3a are
needed. Table 7.2 shows the results for incidence at 500 to the vertical. As R, and R; are

of comparable magnitude to other ratios, they must be included for TM calculations.

Numerical results obtained using these coefficients are shown in the following figures.
Figure 7.10 shows the variation of the absolute amplitude along the line of imaging level
of single mesas of width w = 0.01um to w = 3um. For small w, the effect of surface
secondary diffraction is heavily amplified due to the short distance between the two mesa

corners. From the discussion in previous chapters, the magnitude of the trailing edge field
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in TM incidence is stronger than the leading edge field. This is seen again in the results
for mesas of width w = 0.5um or wider. The agreement between the simple scattering

model and FEM is good, except for the narrow mesa.

dy d; ds dy ds
+1.0344 —1.4667 +1.3067 +0.5774 +0.4143

R, =d,/d, R, = —1.4667/+1.0344 = —1.4179

R, = d3d,/d; R, = +1.3067 x +0.5774/+1.0344 = +0.7294

R; = dsd,/d, R; = +0.4143 x +0.5774/+1.0344 = +0.2313
ds’ d,’ ds’

-2.6133 -1.1547 -0.8286

R, =d5'd,'/d, R, = —2.6133 X +1.1547/+1.0344 = +2.9172

Rs = ds'd,'/d, Ry = —0.8286 x —1.1547/+1.0344 = +0.9250

Table 7.2: TM GTD diffraction coefficients and ratios, for incidence at 50° to vertical.
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Figure 7.10: Single mesas - comparison of absolute amplitude variation along the image

line as predicted by the scattering model and FEM. TM polarization.

Figure 7.11 shows a similar comparison between the line images of single trenches of
different gaps g = 0.01um to g = 3um for TM incidence. For this polarization, the
importance of surface secondary diffraction has been addressed many times, especially
for narrow mesas. For structure like trenches, there is no surface diffraction, and
secondary diffraction between two opposing corners is not as dominant as it was for

single mesas. Consequently, there is better agreement between the simple sattering
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model and the predictions of FEM for trenches for TM incidence than was previously

demonstrated for TE incidence (Figure 7.6).
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Figure 7.11: Single trenches — comparison of absolute amplitude variation along the

image line as predicted by the scattering model and FEM. TM polarization.

Similarly, Figure 7.12 compares the scattering model with FEM for a double mesa

configuration of width w = 0.1um and centre-to-centre separation s = 0.2um to s =

2.5um. Since the agreement for single trenches is excellent, the double mesa model

should provide similar performance. However, for s < 14, there are discrepancies,

especially for s = 0.6um. A possible reason is the gap between the inner sidewalls is

exactly 14, implying some resonant effect that is not taken into consideration. However,

the general matching between scattering model and FEM is still good.
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Figure 7.12: Double mesas - comparison of absolute amplitude variation along the

image line as predicted by the scattering model and FEM. TM polarization.
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Here the normalised intensity variations of the structures in TM incidence is omitted to
avoid repetition of results, and the overall conclusion is that the simulation model can
cater for TM polarization as well as TE. In the following sections, we show how it may be

extended to 3D imaging.

7.4 Huygens’ principle and the ITD

We first briefly review Huygens’ principle, needed to convert the scattering model from
2D to 3D. Assuming that an electric field is known on a given locus or surface, this
provides a simple method of estimating subsequent fields. Figure 7.13a shows a textbook
example of a wave passing through an aperture. Each point in the aperture is assumed to
emit a spherical wave, and the subsequent field is simply assumed as the sum of these
waves. Often, only the wavefront is required, and this is constructed from tangents to arcs
drawn from a set of sources. However, the field amplitude may also be found by
integration. The principle was expanded by Fresnel and placed on a more rigorous

footing by Kirchhoff (who included an obliquity factor that we ignore here).

IEl: A =0.5 pm; Span = 50 xm; Edge = 25 pm; np =401
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/ wave
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Figure 7.13: Huygens’ principle: a) propagation of wavefront, b) coordinate system for

field calculation; c) 2D field generated by an edge wave from a finite edge.

Huygens’ principle can be applied to edge waves and can be used not only to develop an
incremental theory of diffraction but also to allow the calculation of re-scattering of in-
plane radiation from nearby edges. To illustrate the former, Figure 7.13b shows an
infinite edge parallel to the y-axis and passing through x = 0, which is assumed to
radiate spherical waves with amplitude A per unit length. The electric field on the x-axis

can be found by summing these waves, as:

E(x) = [7, A 22CID gy (7.15)
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Here k, = 2711 and r = \/x? + y2. For large k,r, the principle of stationary phase can be

invoked. In this case, only regions with y~0 will contribute to the integral, so we may

assume that y is small. We first write the radius as:

_ / Y ox s
r=x 1+x2~x+2x (7.16)

We use this approximation for the phase term but take r = x for the amplitude term as it

varies more slowly. Hence, Equation 7.15 becomes:

A , ® .koyz
E(x) =;exp(—]k0x)j exp | —j P dy (7.17)

The integral above can be evaluated analytically, giving:

® kyy? ’2nx w
j exp(—] ;x )dyz k—oexp (_]Z) (7.18)

Substituting and re-arranging, we get:

21 1y exp(—jkox)
E(x) = A\[k—texp (—] Z)TO (7.19)

This result is a cylindrical wave with amplitude A" = A\% exp (—j E), so Huygens’
0

principle implies that an infinite edge will effectively radiate a cylindrical wave.

A real edge will however be finite. In this case, the integral can be evaluated numerically.
Figure 7.13c shows the variation of |E| in the (x, y) plane for an edge length of 25um and
A = 0.5um, obtained by summing spherical waves at each point. Radiation is emitted
laterally, and its amplitude decreases with distance on either side. Similar radiation
would be expected in the (y,z) plane, implying that the scattering is at least
approximately cylindrical. Some additional rapid modulation may also be seen.
Figure 7.14a compares the variations of |E(x)| obtained from the analytic cylindrical
wave expression (blue) and numerical method (red); they are clearly similar.
Figure 7.14b shows their ratio; apart from small ripples, the ratio is unity. It is simple to
show that the ripples decrease as the edge lengthens, implying the radiation gradually

tends to that from an infinite edge.
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Figure 7.14: Electric field variations near an edge: a) analytic and numerical variations

of |E|; b) ratio of numerical and analytic variations.

The generalisation offered by the incremental theory of diffraction is simply to assume
that scattering from a finite or curved edge can be described in the same terms, and that
each point along the edge emits a spherical wave. However, to obtain the correct
correspondence, the relation between the cylindrical and spherical wave diffraction
coefficients must be found. Comparison of Equation 7.19 with Equations 7.3 and 7.4

shows that equivalence is obtained if the spherical wave amplitude is given by:

d
A=Ey—
05 (7.20)
Thus, the spherical wave diffraction coefficient is simply d’ = d/2m. There is now

sufficient information to construct a 3D model of dark-field imaging.

7.5 3D model
To construct a 3D model, we combine conclusions from previous Chapters. The

arguments involved can be discussed with reference to Figure 7.15, which shows dark-

field illumination and imaging of simple HAR structures.
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Figure 7.15: Scattering of a) spherical and b) cylindrical waves from edges; c) imaging.

We assume that:
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1. Geometries are ‘Manhattan-type’, with mesa edges parallel to the x- and y-axes as
shown in Figure 7.15a and described by 2D layouts.

2. In DF, only edge waves contribute to the image, and the locations of edges generating
such waves may be found from the layout by edge detection.

3. [Edge waves arise by scattering illuminating waves into spherical waves. This process
yields primary out-of-plane scattering directly. However, re-scattering of in-plane
radiation by nearby edges yields secondary out-of-plane scattering.

4. For a long edge, the spherical waves must sum to cylindrical waves as shown in
Figure 7.15b. The spherical wave diffraction coefficient may be found from the GTD
value for a cylindrical wave using Equation 7.20. However, appropriate coefficients
must be assigned to leading and trailing mesa edges.

5. The number of illuminating waves can be reduced by noting that only those near
normal incidence will generate an appreciable response. However, because of the
slow variation with azimuthal angle, a single such wave may be sufficient. All-round
illumination may then be approximated using four waves incident outside the
acceptance cone of the lens, as shown in Figure 7.15c.

6. Formation of an image from the object field may be simulated by the standard route
of Fourier transformation, filtering by the pupil function, and inverse transformation
(again, neglecting inversion to aid in interpretation). Diffuse illumination is modelled
by incoherently summing contributions from all four illuminating waves.

Implementation should make use of efficient processes such as convolution and the fast

Fourier transform (FFT). The algorithms involved may conveniently be discussed with

reference to Figure 7.16, which highlights the most important features.
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Figure 7.16: a) Edge detection and generation of primary scattering; b) kernels for in-

y/yl'l’lﬁX

plane radiation, and c) generation of secondary scattering from left-facing edges.
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The first step is edge detection. The left-hand half of Figure 7.16a shows an example
layout L containing three rectangular features marked in grey. Detection of all the edges
together can be carried out by convolution, for example using a 2D Sobel filter. However,
to assign the correct illumination and diffraction coefficients, the edges must be
separated into four groups (left- and right-facing vertical edges, and up- and down-facing
horizontal edges. Vertical and horizontal edges ey, and ey are therefore detected

separately by convolution with two different 1D Sobel filters, as:

+1 0 -1 +1 42 +1
ey=|+2 0 —2|+L eq=|0 0 0[=*L (7.21)
+1 0 -1 -1 -2 -1

Left-facing vertical edges ey, are then extracted by shifting ey to the right by one pixel,
performing a pointwise AND operation with L, and shifting the result back to the left by
one pixel. Right-facing vertical edges ey and up- and down-facing horizontal edges egy
and eyp are extracted using similar operations, to obtain the four sets of edges shown in

green, cyan, red, and magenta in the right-hand half of Figure 7.16a.

[llumination patterns for each set of edges are then computed by pointwise multiplication
with a complex matrix representing the appropriate wave (Eg for a right-travelling wave,
and so on). For a left-facing vertical edge illuminated by a right travelling wave (for
example) we then obtain iegpy; = Eg.* ey, . Multiplication by the relevant diffraction
coefficient (d'; for leading edges, and d’, for trailing edges) then yields the primary out-

of-plane scattering (for example, as PSg = d' iegy; + d'siegyg).

Secondary scattering is then computed as follows. Four kernels K,q, K,,, K, K, are
constructed to describe in-plane radiation from a single point origin. Each kernel is a
matrix with complex elements:

_ exp(—jkorij)

Tij

ij (7.22)
Here r;; is the distance from the origin, whose location is chosen to restrict radiation to a
different half-space for each kernel (to the left for K,4, to the right for K,,, upwards for

K, and downwards for K,,). The spatial variation of |ki ]-| is shown for each kernel in

Figure 7.16b; the origin is located at the centre of the bright spot in each case.

Chapter 7-18



Each illuminated edge pattern is then multiplied by the diffraction coefficient (d’; for
leading edges, and d's for trailing edges) and convolved with the appropriate kernel to
generate an in-plane re-radiation pattern. For example, in-plane radiation from left-
facing vertical edges illuminated by a wave travelling to the right is given by Rgy, =
d'siegyr * K,q. This process effectively attaches a radiation source to every relevant edge
point. The green half-circles in the left-hand half of Figure 7.16c show the result. In-plane
radiation is then transferred to adjacent edges (in this case, the blue and magenta edges
eyr and eyp in the right-hand half of Figure 7.16c) by point-wise multiplication.
Multiplication by the appropriate diffraction coefficient (d',) then yields the secondary
out-of-plane scattering, for example as SSg = d',Rgy;.* (eyg + €yp) . Primary and
secondary scattering is then summed for each illuminating wave to create four different

scattering patterns (for example, as Sg = PSp + SSg).

Finally, a lens pupil function P is defined as a ‘top-hat’ low-pass filter. The scattering
patterns from the four illuminating waves are then used to generate four images by FFT,
pointwise multiplication with P, and inverse FFT. The images are then summed
incoherently to create the overall image. This algorithm was implemented in MATLAB,
together with diagnostics such as extraction of line images. A variety of layouts were
defined as binary matrices using a ‘case’ structure. Images of the resulting scattering were

computed, and corresponding FEM images were loaded for comparison.

7.6 Numerical results

In this section, we compare simulated monochromatic images of HAR structures
generated using the 3D scattering model with corresponding FEM images, mainly with
TE incidence. In each case, four illuminating waves were used. As before, the optical
parameters are A = 0.5um, 6,,,,,, = 30° and 6, = 50°, the diffraction coefficient ratios

arer; = —0.3171,r, = —1.9475 and r; = —2.764, and the model space was A = 8um.

The scattering model calculations used 2001x2001 arrays, allowing 125 sample points
per wavelength and suggesting that larger calculation spaces simulating more extensive
devices with reduced sample density are easily possible. Unfortunately, constraints on
computing resource made it difficult to provide FEM results for larger spaces,

highlighting an important advantage of the scattering model. Even using this small space,
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the simplest FEM simulations required 210 GB RAM and 1 hr 15 mins runtime. After
exceeding the available hardware RAM (250 GB) with more complex layouts, runtimes
varied from 2.5 hrs to 9 hrs. This computation time increase drastically for TM
simulations as the calculation involves two components of electric field. In contrast,
memory requirements and calculation times were layout-independent for the scattering
model. Typical run times (including loading FEM results, and plotting images) were

around 15 seconds, over 300x faster.

7.6.1 Canonical objects
All the canonical objects discussed in Chapter 6 were investigated. Generally, agreement
between the scattering model and FEM was excellent, but to avoid repetition, only a

subset is discussed, and the most interesting features are highlighted.

Figure 7.17 shows TE results for a single vertical NEMS mesa of width w = 0.1um. The
upper panel shows the original layout (LH) and its separated edges (RH), the central
panel compares simulated images obtained using the scattering model (LH) and FEM
(RH), and the lower panel shows comparative line-scans across the images in the
horizontal (LH) and vertical (RH) directions. The grey areas of the layout show the upper
surfaces of the 3D HAR structure, and the coloured lines in the edge plot show the
separate groups of extracted edges. The red and green lines in the images show the loci
of line-scans. Figure 7.18 shows similar results for a single MEMS mesa of width w =

1.0um, and Figure 7.19 shows results for a single MEMS trench of width w = 1.0um.

In each case, the edges have been extracted correctly, and there is little to choose between
the images generated using the scattering model and FEM. For single mesas, the
horizontal and vertical line-scans (green) are indistinguishable. However, for the trench,
the vertical line-scans (red) show some differences near the edges of the calculation
window; the image intensity falls significantly here in the scattering model. This can be
ascribed to the convolution method used to calculate in-plane radiation, which effectively
assumes that the trench terminates at the window edge. In contrast, the periodic

boundary conditions used by FEM imply that the trench continues further.

This discrepancy implies that the scattering model can simulate semi-infinite mesas
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accurately, but not semi-infinite trenches. Figures 7.20 and 7.21 show further TE results
of the former type, namely crossed mesas of width w = 1.0um, and crossed double mesas
of width w = 0.1ym and separation s = 1.0um. Here (and in subsequent results) the
upper panel shows the layout (LH) and its separated edges (RH), and the lower panel
compares simulated images from the scattering model (LH) and FEM (RH). Image
brightness increases at the crossing points of nanoscale mesas, but not at those of
microscale ones. Figures 7.22 and 7.23 show results for mesas of width w = 0.1um
separated with a gap g = 1.0um (7.20) and mesa islands with a length [ = 1.0um (7.21).
In each case, there is a reduction in feature size, so that gaps appear to increase in length
and islands appear to reduce. In all four cases, the scattering model accurately reproduces

the FEM results.

7.6.2 NEMS devices and cellular materials
Since the original aim of this work was to provide methods of simulating optical
microscope images of real NEMS, more complex layouts were investigated. Subsections

of these layouts effectively contain different canonical objects.

Figures 7.24-7.27 shows TE results for an electrostatically driven NEMS resonator, whose
layout is constructed in steps. Figure 7.24 shows the NEMS suspension alone, which
consists of a pair of vertical nanoscale beams of width w = 0.1ym and separation s =
1.0um attached to horizontal microscale anchors. As expected, the NEMS parts appear
brighter than the outlines of the MEMS anchors. Figure 7.25 shows the device after the
inclusion of a small, hollow suspended table formed using two additional horizontal
nanoscale beams. The NEMS parts again all appear bright, and the hollow table is resolved.
Figure 7.26 shows the device after the suspended table is replaced by an equivalent solid
table. Removal of one nanoscale edge where the table is attached reduces the apparent
brightness of the suspension beams in this region. Figure 7.27 shows the device after
addition of a pair of microscale parallel-plate drive electrodes. Multiple scattering has
now distorted the appearance of the nominally straight electrode edges; however, this
effect appears real, since it appears in both images. There is a larger difference between
the images here, arising from the small feature spacing, and closely spaced MEMS mesa

edges are brighter in the FEM image.
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Figures 7.28-7.31 show TE results for NEMS cellular materials based on different lattices.
Figures 7.28 and 7.29 show square lattices forming a stiff mechanical metamaterial with
a high equivalent Young’s modulus, based on nanoscale beams of width w = 0.1um and
separation s = 2.0um (7.28) and 1.0um (7.29).In each case the four panels are as before.
For the larger period, the image is as expected, namely a pattern of orthogonal lines with
increased brightness at crossing points. However, for the smaller period, the image has

degenerated to the crossing points, which appear as a pattern of Airy discs.

Figures 7.30 and 7.31 show TE results for weak lattices with low Young’s modulus, based
on nanoscale beams with width w = 0.1um formed into overlapping squares of side
length s = 5.0um (7.30) and s = 7.0um (7.31). For the former, the proximity of the
nanoscale beams in the overlap region has resulted in locally increased brightness, and
there is good agreement between the scattering model and FEM. For the latter, there is a
mismatch in brightness between the internal and perimeter beams obtained with the
scattering model. The explanation is the lack of next-neighbour beams immediately
outside the calculation window. The periodic boundary conditions assumed in the FEM
model effectively provide neighbouring cells, which provide additional illumination by

in-plane scattering.

7.6.3 Further limitations

We now briefly consider obvious further limitations of the scattering model. Figures 7.32
and 7.33 show TE results for solid square and cylindrical prisms of span or diameter 5um.
Given the assumptions, layouts with curved edges would not be expected to be modelled
correctly, and the cylinder is included for interest. In Figure 7.32, the whole of the square
prism perimeter is apparently imaged correctly. However, Chapter 6 showed that
limiting illumination to four waves omits scattering from external corners of square
sections and from equivalent sectors of circular sections. This limitation is hidden here;
not only do corners represent a detail, but both models use the same illumination.
However, in Figure 7.33, it is clear: in each case, the image consists only of four bright
arcs. Interestingly, the scattering model provides a reasonable approximation despite the
departure from a Manhattan layout. However, the edges have clearly been extracted
incorrectly, and the bright arcs are slightly asymmetric, suggesting that the Sobel filters

require further investigation.
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7.6.4 TM incidence

For TM incidence, the 3D images are very similar to TE images. Despite the difference in
leading and trailing edges discussed in the previous sections, the predicted images from
TM incidence are almost equivalent when summing up the scattered fields from different
incident angles. Figure 7.34 and 7.35 show the 3D images of a suspended solid table and
a resonator with TM incidence. The outlines and the features of the structure are clearly
seen in the images and the image intensities are fairly constant throughout the whole
structures. This is because the secondary diffraction between nearby features is
negligible for TM results. It means the TM images consist mainly primary diffraction and
hence the good agreement to the outlines. The TE equivalence (Figure 7.26 and 7.27) are

instead a worse match due to the involvement of high degree of diffraction.

7.7 Summary

A scalar model for scattering from 2D HAR objects has been presented for DF illumination.
This model avoids the complexity of full simulation by limiting the scattered field to
primary edge waves and secondary edge waves generated by re-scattering of in-plane
radiation. In each case, cylindrical wave diffraction coefficients are obtained from the
geometric theory of diffraction. The model has been extended to 3D HAR objects by
limiting features to Manhattan geometries, limiting the number of illuminating waves to
four, and using Huygens’ principle to calculate spherical wave diffraction coefficients for
the incremental theory of diffraction. TE and TM polarizations have both been considered.
The model accepts arbitrary layouts, and identification of edges and calculation of in-
plane radiation are carried out by convolution with Sobel-type filters and propagation
kernels. The results are in good agreement with FEM simulations, provided features are
not too closely spaced, making the method suitable for simulating structures fabricated
by sidewall lithography. Compared with FEM, a minimum 300-fold reduction in

simulation time is achieved.

Two main additional deficiencies have been identified, associated with i) boundary
effects, especially in periodic layouts, and ii) a lack of sufficient illuminating waves,
especially in oblique or curved layouts. Edge effects can be mitigated by simulating a

larger structure and cropping the resulting image. Different incidence angles and
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wavelengths may also be included; the calculation is simply repeated for different
parameters, and the results are summed incoherently. Inclusion of additional azimuthal
angles is more complicated. The previous chapter showed that improved illumination of
oblique edges and corners was achieved using additional illuminating waves. In principle,
the only additional tools required are Sobel filters and propagation kernels that operate
diagonally. Unfortunately, time constraints allowed only a preliminary investigation of

these to be made, and development of an eight-wave model remains a key future goal.
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Layout 1101: Single mesa, w=0.1 um

A=0.5; A=8; 01=50; 0L=30; R1=-0.3171; R2=-1.9475; R3=-2.7614 FEM
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Figure 7.17: Single mesa of width w = 0.1um.
Upper: Layout (LH) and separated edges (RH).

Central: Simulated images obtained using the scattering model (LH) and FEM (RH).

Lower: Image line-scans obtained in the horizonal (LH) and vertical directions (RH).

TE polarization.
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Layout 1110: Single mesa, w=1.0 um

A=0.5; A=8; 01=50; 0L=30; R1=—0.3171; R2=—1A9475; R,=27614
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Figure 7.18: Single mesa of width w = 1.0um.
Upper: Layout (LH) and separated edges (RH).
Central: Simulated images obtained using the scattering model (LH) and FEM (RH).
Lower: Image line-scans obtained in the horizonal (LH) and vertical directions (RH).

TE polarization.
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Layout 2110: Single trench, g=1.0 pm

A=0.5; A=8; 9[=50; 9L=30; R1=—0.3171; R2=—1A9475; R3=—2.7614 FEM
] X-scan . Y-scan
A FEM s N
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4-32-10123 4 0 02 04 06 08 1
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Figure 7.19: Single trench of width w = 1.0um.
Upper: Layout (LH) and separated edges (RH).
Central: Simulated images obtained using the scattering model (LH) and FEM (RH)
Lower: Image line-scans obtained in the horizonal (LH) and vertical directions (RH).

TE polarization.
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Layout 4210: Crossed mesas, w=1.0 ym

A=0.5; A=8; 01=50; 0L=30; R1=—0.3171; R2=—1A9475; R,=27614

Figure 7.20: Crossed mesas of width w = 1.0um. TE.
Upper: Layout (LH) and separated edges (RH).
Lower: Simulated images obtained using the scattering model (LH) and FEM (RH).

Layout 5210: Crossed double mesas, w=0.1 pm, s=1.0 pm

A=0.5; A=8; 01=50; 0L=30; R1=—0.3171; R2=—1.9475; R3=—2.7614

— e e—

Figure 7.21: Crossed double mesas of width w = 0.1um and separation s = 1.0um. TE.

Upper: Layout (LH) and separated edges (RH).
Lower: Simulated images obtained using the scattering model (LH) and FEM (RH).
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Layout 6110: Single mesa with gap, w=0.1 um, g=1.0 pm

A=0.5; A=8; 01=50; 0L=30; R]=—0.3171; R2=—1A9475; R,=27614

Figure 7.22: Single mesas of width w = 0.1um with a gap g = 1.0um. TE.
Upper: Layout (LH) and separated edges (RH).
Lower: Simulated images obtained using the scattering model (LH) and FEM (RH).

Layout 7110: Single mesa island, w=0.1 pm,1=1.0 pm

A=0.5; A=8; 01=50; 0L=30; R1=—0.3171; R2=—1.9475; R3=—2.7614

FEM

Figure 7.23: Single mesas island of width w = 0.1ym and length [ = 1.0um. TE.
Upper: Layout (LH) and separated edges (RH).
Lower: Simulated images obtained using the scattering model (LH) and FEM (RH).

Chapter 7-29



Layout 10110: NEMS suspension, w=0.1 pm, s=1.0 ypm

A=0.5; A=8; 0—50 9—30R =-0.3171; R =-1.9475; R, =-2.7614

Figure 7.24: NEMS suspension of width w = 0.1um and separation s = 1.0um. TE.

Upper: Layout (LH) and separated edges (RH).
Lower: Simulated images obtained using the scattering model (LH) and FEM (RH).

Layout 10210: NEMS suspended hollow table, w=0.1 pm, s=1.0 um Edges

A=0.5; A=8; 0-50 0—30R =-0.3171; R—19475R—27614

Figure 7.25: NEMS suspended hollow table of width w = 0.1um, separation s = 1.0um.
TE.

Upper: Layout (LH) and separated edges (RH).
Lower: Simulated images obtained using the scattering model (LH) and FEM (RH).
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Layout 10310: NEMS suspended solid table, w=0.1 pm, s=1.0 pm Edges

A=0.5; A=8; 0—50 0 . =30;R =-0.3171; R, =-1.9475; R ,=-2.7614

Figure 7.26: NEMS suspended solid table of width w = 0.1um, separation s = 1.0um.
TE.

Upper: Layout (LH) and separated edges (RH).
Lower: Simulated images obtained using the scattering model (LH) and FEM (RH).

Layout 10425: NEMS resonator, w=0.1 um, s=1.0 pm, we=2.5 pm Edges

- .

A=0.5; A=8; 9—50 9 =30;R =-0.3171; R, =-1.9475; R, =-2.7614

Figure 7.27: NEMS resonator of width w = 0.1um and separation s = 1.0um. TE.

Upper: Layout (LH) and separated edges (RH).
Lower: Simulated images obtained using the scattering model (LH) and FEM (RH).
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Layout 11120: Square lattice, w=0.1 ym, s=2.0 pm

A=0.5; A=8; 9[=50; 9L=30; R | =-0.3171; R2=—1.9475; R3=—2.7614

Figure 7.28: NEMS cellular lattice of width w = 0.1um, separation s = 2.0um. TE.
Upper: Layout (LH) and separated edges (RH).
Lower: Simulated images obtained using the scattering model (LH) and FEM (RH).

Layout 11110: Square lattice, w=0.1 pm, s=1.0 pm
A I I O

A=0.5; A=8; 01=50; 0L=30; R | =-0.3171; R2=—1 9475; R3=—2.7614 FEM
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Lttt il
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Figure 7.29: NEMS cellular lattice of width w = 0.1um, separation s = 1.0um. TE.
Upper: Layout (LH) and separated edges (RH).
Lower: Simulated images obtained using the scattering model (LH) and FEM (RH).
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Layout 12250: Low E lattice, w=0.1 pm, s=5.0 pm

Figure 7.30: NEMS low-E lattice with width w = 0.1um and separation s = 7.0um. TE.
Upper: Layout (LH) and separated edges (RH).
Lower: Simulated images obtained using the scattering model (LH) and FEM (RH).

Layout 12270: Low E lattice, w=0.1 pm, s=7.0 pum
-

Figure 7.31: NEMS low-E lattice with width w = 0.1um and separation s = 7.0um. TE.
Upper: Layout (LH) and separated edges (RH).
Lower: Simulated images obtained using the scattering model (LH) and FEM (RH).
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Edges

FEM

Figure 7.32: Solid square prism of span d = 5.0um. TE.

Layout 8150: Solid square prism, d=5.0 pm

Ll

A=0.5; A=8; 0[:50; HL:SO; R]:—O.3171; RZ:—1.9475; R3:—2.7614

Upper: Layout (LH) and separated edges (RH).
Lower: Simulated images obtained using the scattering model (LH) and FEM (RH).

Layout 8350: Solid cylinder, d=5.0 um

O

A=0.5; A=8; 01=50; 0L=30; R 1=—0.3171;Rz=—1 9475; R3=—2.7614

FEM

Figure 7.33: Solid cylindrical prism of diameter d = 5.0um. TE.
Upper: Layout (LH) and separated edges (RH).
Lower: Simulated images obtained using the scattering model (LH) and FEM (RH).
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Layout 10310: NEMS suspended solid table, w=0.1 ym, s=1.0 pm

A=0.5; A=8; 6,=50; 6, =30; R =-14179; R =0.7294; R =0.2313
I
. | .
E———

Figure 7.34: NEMS suspended table of width w = 0.1um, separation s = 1.0um. TM.

FEM

Upper: Layout (LH) and separated edges (RH).
Lower: Simulated images using the scattering model (LH) and FEM (RH).

Layout 10425: NEMS resonator, w=0.1 pym, s=1.0 ym, we=2.5 ym

Edges

A=0.5; A=8; 91=50; 0L=30; R1=—1 A4179; R2=0.7294; R3=0.2313

FEM

=)

Figure 7.35: NEMS resonator of width w = 0.1um, separation s = 1.0um. TM.
Upper: Layout (LH) and separated edges (RH).
Lower: Simulated images obtained using the scattering model (LH) and FEM (RH).
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8. Summary and Future Work

8.1 Conclusions

This work has investigated the optical imaging of high aspect ratio (HAR) nanostructures
for the purpose of metrology for NEMS structures. In general, metrology is defined as the
science of measurement and its application. This is particularly difficult for nano-scale
structures as the current available metrology methods remain time consuming. For
applications like chip inspection in manufacturing industry or device development that
requires fast prototyping, imaging time and precision are crucial. Therefore, there is a
need for quick inspection for nano-scale structures. This work aims to provide a possible
approach for such applications. The emphasis was on understanding incoherent
monochromatic imaging, and extension to polychromatic imaging is (by contrast)
relatively simple. The approach taken was to simulate images using a highly simplified
scattering theory adapted from rigorous diffraction theory. In contrast to most previous
work, layouts may be three-dimensional and aperiodic, but are currently restricted to

Manhattan geometries.

The first part of the thesis considers the scattering of electromagnetic (EM) waves from
sub-wavelength structures. Previous studies have shown that NEMS devices are visible
in conventional light microscopes, albeit in a modified form consisting mainly of outlines,
and that the best results are obtained with dark field illumination (DF). The operation of
a light microscope and scattering from 2D structures were therefore first reviewed,

starting with Sommerfeld’s seminal solution for diffraction from a conducting half-plane.

Different high-frequency asymptotic approaches were then considered as alternative
approximations to Sommerfeld’s solution. The geometrical theory of diffraction (GTD)
provides approximations based on asymptotic expansions, which fail at caustic and
transition regions. The uniform theory of diffraction (UTD) attempts to suppress
divergent asymptotes at the shadow boundary, but near-field calculations are still
erroneous. The physical theory of diffraction (PTD) approximates the caustic field
correctly using surface current integration, but does not provide an explicit solution;
instead, convoluted integration is required. Because optical imaging involves the far-field,

GTD was therefore eventually selected as a simple basis for simulating diffraction.
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The predictions of GTD for the variation of diffraction coefficient with incidence and
observation angle were then compared with the results of finite element modelling (FEM)
for two basic elements objects, half-planes and wedges. The results were remarkably
similar, and showed that edge waves from double-sided illumination of wedges are the
main contributors to DF image formation. GTD was further validated using modal
diffraction theory for more general 2D periodic NEMS and a model was then developed
to simulate image fields by the standard process of Fourier transformation, filtering using
the pupil function, and inverse Fourier transformation. A set of canonical structures
consisting of widely-spaced mesas, widely-spaced trenches and closely spaced mesas was
then investigated. For ‘isolated’ mesas, primary scattering from edges was the important
factor; re-scattering across the mesa plateau was unimportant, and the resulting image
was determined mainly by the properties of the lens and the mesa width. For structures
containing narrow air gaps such as trenches and closely-spaced mesas, re-scattering in

gap regions is significant.

Images of more general 3D structures were then simulated, in all cases using FEM as a
benchmark. The dominant effect of near perpendicular incidence was identified as a
method of reducing the necessary angular spectrum of illuminating waves. DF images of
canonical structures were reviewed and 3D effects (such as field superposition at feature
intersections and brightness reduction at feature ends) were noted. Pairs of structures
with different layouts that gave similar DF images were also identified. This effect was
ascribed to the dominance of DF image formation by edge waves, so that structures with

similar edges have similar images.

Because FEM simulations require extensive computer resources and run-times, a simple
method of predicting dark field images was then developed. The layout is first defined in
a Manhattan geometry consisting of an arbitrary set of rectangles. Convolution filtering
is then used to identify edges and categorise them as leading or trailing for waves incident
in just four different directions. For each incident wave, spherical edge waves are then
assumed to be generated along each edge, as predicted by Huygens’ principle and the
incremental theory of diffraction (ITD). Diffraction coefficient values are obtained from
GTD for both TE and TM polarization, allowing primary scattering to be computed

directly. Secondary scattering is found by first calculating an in-plane radiation field by
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convolution with a set of radiation kernels, and then re-scattering this field from nearby
edges. A simulated image is generated from the complete scattered field as before. Images
obtained from each illuminating wave are then summed incoherently to obtain the

complete image.

Using this approach, run times were dramatically reduced by comparison with 3D FEM,
and many simulated dark field images show extraordinary agreement. Viable feature
widths and spacings are usefully comparable to those achievable using sidewall transfer
lithography (STL) and deep reactive ion etching (DRIE), a low-cost parallel method of
fabricating HAR NEMS. At this stage, the smallest size of the NEMS structure that can be
measured is roughly 0.2um, that is also the smallest feature that can be fabricated with
STL. This limit is improved for closely placed structure. For NEMS devices fabricated
using STL, the structures can be realised with optical imaging and verified with the
analytical simulation tool in this work. However, identifiable discrepancies were
observed for other specific layouts, and improvements to address these are proposed in
the next section. Publication of this work was published and another possible publication
focusing on the indeterminate structures is currently being discussed with my

supervisors.

8.2 Future work

The scattering model currently assumes illumination of symmetric Manhattan
geometries with large spacing at just four azimuthal angles, a single out-of-plane angle
(50°), and a single wavelength (0.5um). Despite the excellent results achieved using this

drastic simplification, the model could easily be extended and validated as follows:

8.2.1 Model improvements

Extension to asymmetric structures is trivial; symmetry was simply assumed to halve
FEM run-times. Inclusion of additional out-of-plane angles and wavelengths is also simple,
and merely requires incoherent summation of results obtained by repetitive use of
existing algorithms. Inaccurate modelling of re-scattered fields near the edges of
calculation windows could also easily be managed by simulating larger structures and
cropping the resulting simulated images. However, accurate modelling of small feature

spacing requires development of fast methods for computing multiple scattering of in-
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plane radiation. This may be a tedious task, due to the likely slow convergence of the

overall sum and the difficulty of extending a suitable 2D algorithm to 3D.

Extension to curved layouts and additional azimuthal angles is also difficult, because
edges must first be identified at arbitrary angles and then illuminated by near-normal
waves. However, as noted earlier, extension to eight-sided polygons illuminated at eight
azimuthal angles should be straightforward, and can be implemented by developing
convolution operators for edge detection and re-radiation that operate diagonally. The
effect of defocus and/or variable feature height could be included using appropriate
phase shifts in the Fourier or spatial domains, and the effect of a substrate could also be
included using image sources. Finally, the effect of imperfect conductors such as silicon

could be described by including material factors in the diffraction coefficients.

8.2.2 Comparison with experiment

At the start of this project, a key aim was to compare simulated images with experimental
results from NEMS devices. Some experimental images were previously shown in
Chapterl. An obvious challenge is to verify these against exactly corresponding
structures. Unfortunately, the coronavirus pandemic resulted in a 2-year closure of the
Departmental clean rooms and the departure of some associated fabrication expertise.
Available samples are only approximately corresponding, and available images are also

polychromatic.

However, Figure 8.1 shows a comparison between simulated and experimental DF
images of a cellular NEMS metamaterial with low Young’s modulus. Figure 8.1a shows
the predictions of the scattering model (LH) and FEM (RH) in TE-polarization, and
Figure 8.1b is the TM-polarization. Figure 8.1c shows the predicted unpolarized image of
the structure as the sum of the TE and TM images predicted by the imaging tool. Figure
8.1d shows an image of a structure formed in bonded silicon-on-insulator material by STL
and DRIE. NEMS part widths are 0.1 um, and the etch depth is 4 um. The main difference
is the cell size (8 um for the simulated images, 16 um for the real structure) due to the
limitation of computing resources. Also, the fabrication of the cellular material using
multiple STL leaves an uneven feature depth throughout the whole structure. Despite

such structural differences, the prediction and the experimental images agree
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qualitatively, particularly for the extra brightness for the interconnection between each
cells. This validates many of the assumptions of this project. Work of this type could easily
be continued.

Imaging Tool (TE)

FEM (TE)

Imaging Tool (TM)

FEM (TM)
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Figure 8.1 DF images of a cellular NEMS material predicted by the imaging tool and
simulated from numerical calculation in a) TE polarization; and b) TM polarization.
c) B/W equivalent polychromatic dark-field images of a cellular NEMS material; d)

approximately corresponding experimental image.
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