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For a non-stationary seismic signal, time—frequency
analysis methods often include a time window
function that serves as a weighting function and by
which the signal is multiplied to form a segment.
The time window function often has the highest
weighting coefficient for the central sample of the
signal segment. For the rest of the segment, there is
no adequate representation in the frequency spectrum.
Here, I propose to use multiple orthogonal window
functions to properly represent the local spectral
property in the time—frequency plane and recover
the information lost due to time windowing before
applying the Fourier transform. First, I propose to
construct multiple window functions directly using
a stack of Gaussian functions. The weighted average
spectrum of the multiple window functions has a
flat passband, which is better than the conventional
multiple windows. Taking advantage of the linearity
of the Fourier transform, we can apply each window
to the analytic signal to generate the instantaneous
autocorrelation accordingly and form an averaged
instantaneous autocorrelation by a weighted sum
before performing the Fourier transform to generate
the Wigner—Ville distribution (WVD). This multi-
window WVD method successfully represents the
local spectrum of the non-stationary seismic signal in
the time—frequency plane.

1. Introduction

In the time—frequency representation of a non-stationary
seismic signal, the frequency spectrum at a particular
time position is a local property, but not exactly
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an instantaneous property [1,2]. The reason for this is that the spectral analysis at that time has
to be performed over a segment of the signal and not over an isolated data sample. A segment of
a seismic signal always has a certain time duration of oscillation, no matter how short the time
duration is.

Time—frequency analysis methods often include a time window function that acts as a
weighting function and by which the signal is multiplied to form a segment. For example, the
Gabor transform-type methods, such as the S-transform [3] and the W-transform [4], which
evolved from the short-time Fourier transform, make various modifications to the time window
function. The continuous wavelet transform modifies the complex Gabor wavelet defined with
a Gaussian function [5-7]. The Wigner-Ville distribution (WVD) also applies a time window
function to the original signal to smooth out the cross-term interference between the different
signal components [8-15].

The window function serves as a weighting function and the signal is multiplied by it to
form a segment before the Fourier transform is applied. This multiplication in the time domain
is equivalent to convolution in the frequency domain, and therefore the application of the
windowing technique determines the resolution of the time-frequency spectrum. The Gabor
limit [16] states that the product of time resolution and frequency resolution is at least (4m)~1,
which is 80 millicycles (or msHz). This Gabor limit is analogous to Heisenberg’s uncertainty
principle, originally expressed in terms of observation and measurement [17], and characterized
by a scale for the quantum dimensions, called Planck’s constant. However, the physical meaning
of the Gabor limit in signal analysis is different. It is not that both time and frequency (as
measurements) cannot be made arbitrarily narrow, but that time density and frequency density
cannot be made narrow simultaneously [18]. For a signal x(t) with a frequency spectrum X(f), the
energy densities in time and frequency are |x(t)|? and |X(f)|?, respectively. The measurements
for time and frequency in the signal analysis can be considered as windows on the time and
frequency axis.

The window function is applied slidingly to the non-stationary signal along the time axis.
The windowed signal segment is a local kernel for the Fourier transform. The time-frequency
spectrum is composed of the Fourier spectra generated at different time positions, where the time
position corresponds to the centre of each segment. When forming the signal segment, the time
window function often has the highest weighting coefficient for the central sample of the segment.
The rest of the segment is not properly represented in the frequency spectrum. Therefore, the
time-frequency spectrum has a loss of information in the signal segment due to the application
of a window function.

While we acknowledge that the time—frequency spectrum is a local property and not an
instantaneous property at a particular time position, we will also admit that the time-frequency
spectrum does not accurately represent the local property of the non-stationary seismic signal.
Therefore, I propose to use multiple orthogonal window functions to recover the information
lost by time windowing before the Fourier transform and to properly represent the local spectral
property in the time—frequency plane.

2. Review on multiple orthogonal windows

(a) Basics of multiple orthogonal windows

The information that is lost in the conventional time—frequency spectrum can be recovered by
using a multiple window scheme. In one-dimensional Fourier transform theory, this multiple
window scheme is called the multi-taper method [19].

Given a complex harmonic component

x(t) = X(fy) €2, 2.1)
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where fy is a constant frequency, multiplication by a window function w(t) produces a new signal

y(H) = w(t) x(0). (22)
The Fourier transform of the windowed harmonic component is
T )
() = J w(t) X(fo) e 2Tt (2.3)
-T
where T is the (half-) length of the window function.
The window function w(f) is not an arbitrary window, but an optimal window that maximizes
the energy within the frequency band between [fo — B] and [fo + B], where B is the (half-)width of

the frequency band and thus determines the spectral resolution. The energy within the frequency
band is normalized to the energy in the entire frequency range

fo+B R )
j )P df
p=hP

|~ wprar

(2.4)

This is the bandwidth retention factor, which is always less than one [20]. The optimal window
function that is sought has a A value close to one.
The numerator of the ratio factor can be calculated as follows:

v+B 0+B T * T
[aprar=[" (j w(0)i(f) eﬂno‘fovdt) (J wle)i(f) &2 df> 4
fo—B fo—B \J-T -T

T T fo+B .
= |5C(fO)|2 w* (1) dtJ w(t) dtj elZn(fffO)(t,T)df
J-T _T fo—B
T T B
=R | w*(t) dtJ w(r)dr J 2 t-")qf
T -7 s

T

= |x(fo)I?

T
w*(t) dtJ b(t — 1) w(r) dr, (2.5)
-T

where b(f — 7) is defined in terms of a sinc function

B in[27B(t — 7)]
bt— )= [ o2t gf —pp ((SNZTBE=OTY 2.
t-0=| e f i 2.6)
The denominator of the ratio factor can be calculated according to Parseval’s theorem
L0 o 2 2 ("
| worar=]" word=ror| oo
—00 —00 -T
T
=13(fo)? J w*(f) w(t) dt. (2.7)
-T
Then the bandwidth retention factor A can be expressed as follows:
T T
J w*(t) J b(t — t)w(r)dz | dt
-T -T
A= . (2.8)

T
J w*(Hw(t) dt
-T

Maximizing A is equivalent to minimizing 1—2A, a quantity of spectral leakage. Therefore,
equation (2.8) is an optimization problem.
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Equation (2.8) can be simplified to the Fredholm integral equation [21-23] as follows:
T
J b(t — t)w(zr)dr = rw(?). (2.9)
-T

The Fredholm integral equation recasts the optimization problem as an eigenfunction problem,
where the eigenvalue 1 is the bandwidth retention factor and the corresponding eigenfunction
w(t) is the window function.

(b) Multiple windows defined by the prolate spheroidal wave functions

The Fredholm integral equation (2.9) defines the prolate spheroidal wave functions [24-27] that
satisfy the differential equation:
2

1—22

d

4 ((1 ~ 20,6 z)) + (xm,n@ _2

dz dz ) Um,n(c, 2)=0, (2.10)

where z is a scaled variable within the closed interval ze[—1, 1], ¢ is the spheroidal wave
parameter, Uy, (¢, z) are the prolate spheroidal wave functions, y,.(c) are the eigenvalues, n
and m are two integer indices and 0 <m <n. In this differential equation, both U, (c, z) and
Xmn(c) depend on the spheroidal wave parameter ¢, which is the product of the time limit T and
the frequency band B [28].

Equation (2.10) is a scalar Helmholtz equation and is transferred from rectangular coordinates
to general ellipsoidal coordinates [29]. However, the eigenvalues ;. (c) here for the prolate
spheroidal wave functions Uy, (c, z) are not identical to the bandwidth retention factor A defined
in equation (2.8).

The prolate spheroidal wave functions Uy, (¢, z), which are the solutions of equation (2.10),
define the window functions we are looking for:

t 1 t
. , — | =—U, L, =, 2.11
Wp=n—m (C T) o © mn <C T) ( )

where 1y, (c) is a normalization factor,

=] [ (e ) ) e

The prolate spheroidal wavefunctions Uy, »(c, z) are the associated Legendre polynomials [25],
which in general are not orthogonal to each other. For example, Uy, 1(c, z) is not orthogonal to
Uy, 2(c, z). However, they satisfy the orthogonality condition either for a fixed m or for a fixed 1,
assuming that 0 <m <n.

When these orthogonal functions form an orthogonal basis, the seismic signal can be expressed
as a linear combination of these independent window functions. Figure 1a shows five window
functions wy(c, z), withz=t/T, m=0and p=n—-m={0, 1, ..., 4}. The red curves correspond
to the even number p = {0, 2, 4}, and the blue curves correspond to the odd number p ={1, 3}.
Figure 1a shows that the number p is the number of zero crossings in the closed interval z €
[-1, 1].

Figure 1b shows that the window functions wy(c, z) formed from the prolate spheroidal wave
functions with different m values are similar. The red solid curves are the window functions
formed with m =0, and the blue dashed curves are the window functions formed with m = 3.

Figure 1 also shows that window wy(c, z) is an even function when p=n—m is an even
number, and window wy(c, z) is an odd function when p=n —m is an odd number.

The spectral estimate based on wy—o depends mainly on the central part of the time signal, as
is the case with conventional window functions. However, the spectral estimates based on higher
order window functions w1 depend more on the energy at the beginning and end of the signal
segment. Therefore, the combination of the spectral estimates produced with several window
functions can largely recover the local spectrum of the signal.
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Figure 1. Multiple windows defined by the prolate spheroidal wave functions. () Five orthogonal window functions w,(c, 2),
built in terms of the prolate spheroidal wave functions Uy, ,(c, z), where m =0 and p =n — m. The red and blue curves
correspond to the even number of zero crossings p = {0, 2, 4} and the odd number of zero crossings p =1, 3. (b) Comparison
of the window functions w; (¢, z) built by the prolate spheroidal wave functions Uy (¢, 2) withm = 0 (solid curves) and m =3
(dashed curves).

(c) Multiple windows constructed by solving a discretized eigenvalue problem

Alternatively, the Fredholm integral equation (2.9) can be discretized and represented in a matrix-
vector form as

Bw = w, (2.13)

where B is the matrix with the elements defined by the sinc function b(t — 7), and w is the vector of
a window function. The Fredholm integral equation becomes a discretized eigenvalue problem,
where 1 is the eigenvalue and w is the corresponding eigenvector.
When we solve the discretized eigenvalue problem of equation (2.13), we obtain the maximum
A values, and look for the corresponding eigenvectors w that attain these maximum values.
Since B is a positive-definite Toeplitz matrix, all eigenvalues are real and positive, and they can
be listed in descending order:

A=A == (2.14)

The larger eigenvalues indicate that the corresponding eigenvectors w), =wy(t) are exactly the
optimal window functions we were looking for. All window functions are band-limited, and the
(half-)bandwidth is B.

In constructing the Toeplitz matrix B, we use a sinc function b(t—rt) truncated at
| 277 B(t — 1) | =4, which corresponds to ¢ = 7 BT < 27 or BT < 2. Figure 2a shows the eigenvalues
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Figure 2. Multiple windows constructed by solving a discretized eigenvalue problem. (a) The eigenvalues of the Toeplitz matrix
B. The eigenvalues A, where p is the index, are normalized and listed in descending order. (b) Five optimal window functions,
formed by the five eigenvectors corresponding to the five highest eigenvalues.

obtained. These eigenvalues are normalized, and the five largest eigenvalues are
Ap={1.0, 1.0, 0.999999, 0.999971, 0.999465}. (2.15)

Figure 2b shows the corresponding window functions. These five window functions are mutually
orthogonal,

T
O mn= J wm(Hw,(t)dt ~0, form#n, (2.16)
-T

because they are the eigenvectors of the Toeplitz matrix B.

The window function wg = wy(t), corresponding to the maximum eigenvalue 1, has the least
spectral leakage. The window function w, = wj(t) corresponding to the eigenvalues A, ~ 1, for
p <4, has only a slightly higher spectral leakage. The energy of a window function was scaled to
unity.

The zero-order window function wg = wy(t) resembles, but is not identical to, the truncated
Gaussian window. It is almost symmetrical around the centre, peaks there and tapers to zero at
the ends [30,31].

Higher order window functions are symmetric: those with even p values are symmetric about
the centre, while those with odd p are antisymmetric. The window function with p =1 contains
the energy concentrated in the early part of the signal segment, and the window functions with
higher p contain the energy concentrated even earlier.

Figure 3 compares the window functions defined by the prolate spheroidal wave functions
(solid red curves) with those constructed by the eigenfunctions of the Toeplitz matrix B
(dashed blue curves). The direct comparison shows that, for low orders p = {0, 1}, the window
functions wy(t) constructed by the eigenfunctions of the Toeplitz matrix B are skewed, while
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Figure 3. Comparison between the window functions defined in terms of the prolate spheroidal wave functions (solid red
curves) and those constructed by the eigenfunctions of the Toeplitz matrix B (dashed blue curves).

the window functions defined by the prolate spheroidal wave functions are either symmetric
or antisymmetric.

To allow direct comparison, we have imposed a scaling and a polarity convention in figure 3.
For the scaling, the energy of each window function is set to unity,

T
J wp(t)Pdt=1. (2.17)
-T
For an even-order window function, the average is set positive:
T
J wp(t)dt > 0. (2.18)
-T
For an odd-order window function, the first lobe is set positive:
T
J (T = Hwy(t)dt > 0. (2.19)
-T

Figure 4 shows the amplitude spectra of the window functions |pr(f)|, p=1{0,1, ..., 4}. The
smoothed amplitude spectrum is obtained by a weighted average of these power spectra

P 12

A 2o M)

= =2 —— | (2.20)
p=0"
where P=4in this example, and each eigenvalue is approximately equal to 1. The smoothed
spectrum has a maximum flat spectrum within the frequency band B.

3. Multiple windows constructed by Gaussian functions

Theoretically, both methods, either the prolate spheroidal wave functions, which are the solutions
of a Helmholtz equation, or the solution of the discretized eigenvalue problem, can yield a
complete set of orthogonal window functions. However, if we use only five window functions,
corresponding to the five largest A values, the passband of the average spectrum is not flat enough,
as can be seen in figure 4b. We need to include more window functions in the weighted average,
to improve the spectral flatness within the frequency passband.

Furthermore, solving the Helmholtz equation for the prolate spheroidal wave functions, or
solving the discretized eigenvalue problem for the eigenvectors, is not the efficient method we
need in practice, as we often need on-the-fly calculation of the windows in signal analysis.
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Figure 4. The amplitude spectra of multiple windows, constructed by the discretized eigenvalue problem. (a) The amplitude
spectra of the five optimal window functions. The order of the eigenvalues is denoted as p. (b) The smoothed amplitude
spectrum obtained by a weighted average of the five power spectra.

Therefore, instead of the sophisticated numerical calculations presented in the previous section,
I propose to construct multiple window functions directly.
I construct the multiple window functions using a stack of Gaussian functions:

p
wp(t) =~ 3 (~1)"e~(@HHTI-2@n—p)/ BT/ 207 (3.1)
4 r ’
m=0
where p is the order of the window function, T is the (half-) window time, B is the (half-)width of

the frequency band, o is the standard deviation of a Gaussian function and 7, is a normalization
factor:

1/2
p-1 p
ry=| Y7L (1+p+22 > (—1)'"+”e-4<m-n>2/<ﬂzBZT2>) : (3.2)

2+ p m=0 n=m+1

The normalization factor makes the energy of the window function wj(t) to be unity. Therefore,
the energy of the signal segment is not affected when the segment is multiplied by a window
function.

Here, I set the maximum order of the window function to P =4. For the case of BT =2, the
standard deviation is set to be o =0.72, and the window functions wj(f) defined within the time
interval [ — T, T] produce a spectrum with a flat passband. Figure 52 shows five windows formed
by a stack of Gaussian functions, with the (half-) bandwidth B=20Hz, and (BT, o) =(2, 0.72).
The values of the bandwidth retention factor of these five windows are close to the desirable
value A =1:

Ap =1{0.999029, 0.999446, 0.999622, 1.000070, 1.000200}. (3.3)
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Figure 5. Multiple windows constructed with Gaussian functions, with the (half-)bandwidth B =20 Hz. (a) Five windows
formed by a stack of Gaussian functions, p={0, 1, ..., 4}. (b) The weighted average spectrum of these five window
functions. Averaging the spectra produced by this set of window functions produces a spectrum with an excellently flat
passhand.

This shows that the factor A does not necessarily decrease as the order of the window function
increases. Therefore, the assumption contained in equation (2.15), that the window functions were
formed by solving the eigenvalue problem, no longer applies.

Figure 5b shows the integrated spectrum, which is the weighted average of the spectra of
these five windows. The figure clearly shows that this set of window functions can produce an
average spectrum with a flat passband, as opposed to the average spectrum integrated by five
eigenfunctions, as shown in figure 4b.

However, these windows formed by a stack of Gaussian functions are not strictly orthogonal
to each other. The cross-correlations between any pair of windows, calculated by equation (2.16),
are listed as follows:

bo01 @02 @03 P04 0 —0.043 0 0.027
P12 913 14| _ 0 —0.080 0 (3.4)
$23 ¢4 0 —0.085 | :
¢34 0

The cross-correlations ¢, ; indicate that these window functions are not completely orthogonal
but are approximations.

Figure 6 shows another set of window functions formed by a stack of Gaussian functions,
with the (half-)bandwidth of B=40Hz and (BT, o) = (2, 0.72). The weighted average spectrum
of these five window functions also has a flat central passband, although it has small side lobes at
both edges of the passband.
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Figure 6. Multiple windows constructed by Gaussian functions, with the (half-)bandwidth B8 = 40 Hz. (a) Five windows formed
by a group of Gaussian functions. (b) The weighted average spectrum of the five window functions.

While the aggregate sum of several windows gives a flat passband, the energy level of the side
lobes of the spectrum is also an important property of a window function. Large sidelobes can
potentially mask some of the weak events [32]. Theoretically, for a Gaussian function with infinite
duration, there are no sidelobes in the frequency spectrum. Due to the finite duration of either
the window function or the signal segment itself, the truncation effect leads to sidelobes in the
spectrum. However, the largest sidelobe of a truncated Gaussian function is much smaller than
for a rectangular window with or without tapering.

In the definition of equation (3.1) for the multiple window functions, the parameter ¢ can be
determined by local optimization

3B/4

J(6) = min J » \f, o) — w(f, o) df, 3.5)

where z?;(f,a) is the local average over a small interval, around the frequency f, of the aggregate
spectrum @(f, o).

4. The Gabor transform with multiple windows

The Gabor transform-type method can be considered as a cross-correlation between the signal
and various complex wavelets. In the classic Gabor transform, the complex wavelet, also called
the Gabor wavelet, is the product of the kernel of the Fourier transform and a window function.
The window function in the Gabor wavelet is defined as a Gaussian function [16,33,34], which
is translated over the non-stationary signal. In the same way, a scaled complex wavelet in the
continuous wavelet transform is translated across a signal. Due to the application of the window
function in the formation of the complex wavelet, there is a loss of information in the frequency
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Figure 7. Spectral analysis with multiple windows, at a given time t. The original signal segment is x(t, T) (the black signal on
the top) with the reference time at t = 1.2 s and the (half) length of 0.1s. The segments formed by five window functions are
Jp(t, 7) (the bluesignals). The average of five time—frequency spectra (in red) results in a smooth amplitude spectrum [y (t, 7)].

spectrum at any given time position. If we use the multiple windows, we can retain the spectral
information within the frequency band.

Figure 7 illustrates the implementation of the Gabor transform with multiple orthogonal
windows, at a specific point in time t. The original signal segment (the black curve in the upper-
left corner) is x(¢, t) with the reference time at t =1.2s. The (half-) length of the duration of time
tis T=0.1s. A weighted segment (the blue curve) with any one of five orthogonal window
functions is y(t, 7), wherep=1{0, 1, ..., P}, and P =4 is the highest order.

Recall that the bandwidth retention factor A is defined in terms of the power spectrum.
Therefore, different A values should be applied as weighting coefficients to the corresponding
power spectra [jy(t, f)|*. The final amplitude spectrum [j(t, f)| is a weighted average of these
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Figure 8. The Gabor transform using either a single or multiple window functions. (a) A field seismic trace. (b) Time—frequency
spectrum produced by the Gabor transform using the Blackman—Harris window. (c) Local amplitude spectrum generated by
the multi-window Gabor transform. The red curve is the mean frequency f,,(t) and the two black curves are f,(t) £ £, (t),
respectively, where f,, (f) is the standard deviation.

power spectra:
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The final amplitude spectrum shown in figure 7 is a smooth spectrum with less spectral leakage
than a conventional single window scheme.

Figure 8 compares the time—frequency spectra produced by the Gabor transform when either
a single window function or multiple window functions are used. In the calculation, the same
length T=50ms is used for each window function. If the Gabor transform uses only a single
window function (figure 8b), the window does not properly represent the contribution of the
signal segment to both ends of the time duration, and the time-frequency spectrum does not
represent all the information within the signal segment. When the Gabor transform uses multiple
windows (figure 8¢), the information that is lost when implemented with only the single window
(p=0) is restored by the other window functions (p > 1).

The Gabor transform is a typical linear transformation method. One of the advantages of the
linear transformation is that the time—frequency spectrum can be used to reconstruct the original
signal. However, with the multi-window Gabor transform, the resultant time—frequency spectrum
is a local amplitude spectrum, [§(t, f)|, based on which the original signal cannot be reconstructed.
Instead, the smooth time—frequency spectrum shows a clear picture of the frequency band,
varying along the time axis. Based on the time—frequency spectrum, we can statistically evaluate
the mean frequency and the standard deviation.
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The mean frequency function f;;(t) is evaluated by

1

fm(t): E(t)

0 T
J de_T flit =, HI*L(r) dz, 4.2)

0

and the standard deviation function f, (t) is evaluated by

1/2
1 00 T )
=g | |- pPLmar) 43)
E®) Jo ~ )-r
where |ji(t, f)|? is the power spectrum at time t, E(#) is the instantaneous energy,

0 T 5
B = | ar| e - nPLmar, 4

and L(t) is a low-pass filter that is applied to the time axis. For the statistical evaluations in
equations (4.2) and (4.3), a pragmatic condition is set as E(t) > Ey, where E; is a threshold for
the energy.

Figure 8c also shows a stable estimate for the mean frequency and standard deviation from the
time-frequency spectrum. The red curve is the mean frequency function f;,(t), and the two black
curves are f;(t) £ f5 (), respectively. According to the definition of equation (2.4), the bandwidth
retention factor A is maximized at any time position within the band [fyp — B, fo + B]. Therefore,
the evaluated standard deviation function f, (f) has only a small variation with respect to time .

Consider the multiplication of the seismic trace by window functions in the time domain as a
convolution in the frequency domain. The weighted average spectrum of the multiple window
functions has a wide passband, all sharp local spectra of the signal components are spread.
However, the frequency resolution is not necessarily changed by multiple windows because the
sampling resolution is limited by Af = (2T)~!, where T is half the length of the window [18]. This
means that the frequency resolution of the spectrum at a given frequency f cannot be less than
Af. The non-smooth spectrum on the frequency axis does not mean that the resolution on the
frequency axis is high.

Moreover, the spectral feature is also not localized on the time axis. The aggregate sum
of multiple windows effectively has a longer observation time than a single window, and
the spectrum could mix different signal components in time. Therefore, the time resolution in
figure 8c appears to be lower than in figure 8b, which uses a single window and highlights the
spectral feature at the central position of a signal segment.

5. The Wigner-Ville distribution with multiple windows

The WVD method analyses the instantaneous autocorrelation of the signal and generates the
energy density distribution in the time-frequency plane [35,36]. Classical WVD suffers from the
cross-term interference between the signal components. Since this cross-term interference has
both positive and negative amplitudes, it can be suppressed by two-dimensional smoothing in
the time-frequency plane.

In two-dimensional smoothing, the frequency-axis smoothing filter fz(f ) can be represented in
the time domain as h(z), which is equivalent to the WVD of a window function k(t). This window
function can be applied directly to the analytic signal z(t), before the instantaneous autocorrelation
¢(t, 7) is calculated, before the Fourier transform in performed with respect to time 7. This time
and frequency smoothed WVD is often referred to as ‘the smoothed pseudo-WVD’. Here, we
simply call it ‘the smoothed WVD’ because, a seismic trace practically always has a finite time
duration, and the WVD is always a pseudo-WVD [12].

When the analytic signal z(f) is multiplied by the window function k(f), the latter has the
highest weight in the centre of the window, when the window function is defined with a Gaussian
function. Due to the tapering effect on the analytic signal z(t), there is a loss of information in the
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WVD produced by the local Fourier transform. Therefore, I suggest using multiple orthogonal
windows, rather than a single window, in WVD generation.

To produce the frequency spectrum at a specified time, the WVD definition in the time domain
is formulated as follows:

Swvp(t, f)= Jio h(t)z (t + %) 2+ (t _ %) o—i27fT 4y
= Jio k (%) k* (_%) z (t + %) 7* (t _ %) oi27fr gy 65.1)

where h(t) =k(r /2) k*(— t/2) is the frequency-axis smoothing filter, which is formed as a square
of the time window function k(z /2). Considering k(z/2) =k(t = t, t/2), equation (5.1) is thus the
WVD of a windowed signal, z(t) = k(t) z(t).

At any time position f, taking advantage of the linearity of the Fourier transform, we can apply
each window directly to the analytic signal z(t), to produce the instantaneous autocorrelation
accordingly, and then form an averaged instantaneous autocorrelation by a weighted sum, before
performing the Fourier transform to produce the final WVD spectrum.

The WVD definition in the time domain in equation (5.1) can be implemented, to generate
the frequency spectrum, at any specified time. Substituting u=t41/2, equation (5.1) can be
reformulated as follows:

. 0 .
Swyp(t, f) =2e27%f >fj Z(u)z* 2t — u)e 27 qy, (5.2)
—00
where 27 20" is the effect of the time lag t. The implementation of the WVD-based local power

spectrum thus consists of the following three main steps.

The first step is to prepare the analytic signal for the calculation of the half-step instantaneous
autocorrelation. The resampling of the analytic signal z(t) — z(u), with half the original time
interval Au= At/2, is achieved by the fast Fourier transform. The resampled trace z(u) is used
for the following two steps, for any time position t.

The second step is to calculate the instantaneous autocorrelation using the multiple orthogonal
windows:

(1) Multiplication of the analytic signal z(u) by a window function wy(u — t),
Zp(u; t) =wp(u — t)z(u). (5.3)
(2) Corresponding calculation of the instantaneous autocorrelation,
G p(u; 1) =Zp(u; D22t —u; 1) (5.4)
(3) Averaging of the instantaneous autocorrelations by a weighted sum,

25:0 )\pdg p(u; t)

dlu; === (5.5)
Zp:O )‘P
where P =4, the highest order of the multiple orthogonal window functions.
The third step is to generate the WVD-based local power spectrum by Fourier transform:
(1) Performing the Fourier transform,
oo .
$fi 1= Fuldtw D= |0 e 2D, 56
—00
(2) Calculating the WVD by
Swvp(t; f) =2e2"CVG(f; ). (57)

The second and third steps are repeated for all required time positions.
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Figure 9. The multi-window WVD. Each of the multiple orthogonal windowsp = {0, 1, ..., 4}isused to generate a WVD
individually. The (half-) length of the multiple windows is T = 12 ms.

After completing smoothing filter for the frequency axis using the multiple orthogonal
windows, we can also apply a time-axis smoothing filter g(t) to the WVD, to further suppress the
cross-term interference. In the following example, for the time-axis smoothing filter, the spread
parameter is o+ =0.012s. For the frequency smoothing filter, the (half-) length of the multiple
windows is T =0.012s.

Figure 9 shows five WVDs, corresponding to the five windows with the order number p =
{0, 1, ..., 4}, respectively. When p =0, the WVD clearly indicates a single energy concentration at
a given time. Each energy concentration clearly corresponds to a waveform packet in the seismic
signal. When p >1, each WVD restores some small energy concentrations that were lost in the
case of p=0. The energy of these restored concentrations is not necessarily small, otherwise they
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Figure 10. Comparison between the smoothed WVD and the multi-window WVD. (a) The field seismic trace. (b) The smoothed
WVD, after two-dimensional filtering. (c) Local amplitude spectrum generated by the multi-window WVD.

could be important in seismic characterization. The summation of the multiple WVDs gives the
local power spectrum.

Figure 10 shows that the local power spectrum produced by the multi-window WVD
(figure 10c) is roughly comparable with the spectrum of the smoothed WVD (figure 10b). This
similarity is due to the property of the WVD to preserve frequency support. However, the Gabor
transform method does not have such a finite support property. Therefore, the local power
spectrum of the multi-window Gabor transform (figure 8¢) is generally different from the local
power spectrum of the multi-window WVD (figure 10c).

The local power spectrum in figure 10 shows a weak energy concentration at time 1.55s. On
the contrary, in the smoothed WVD, this weak energy packet was mixed with the strong energy
packet at 1.50 s. This weak energy concentration clearly corresponds to the wavelet in the seismic
signal. Ata time interval of 1.65-1.75s, there are two energy concentrations next to each other. One
has a frequency that gradually decreases over time, and the other has a frequency that gradually
increases over time.

There are also two energy concentrations in the time interval of 1.75-1.85s, which were not
separated by the smoothed WVD but were mixed at 1.80s. In the time interval of 1.85-1.95s,
there are three energy concentrations next to each other. The central concentration at 1.9s has a
dominant frequency of 50 Hz, the concentration at the top has a dominant frequency of 70 Hz,
and the concentration at the bottom has a dominant frequency of 45Hz. In this sense, the local
power spectrum generated by the multi-window WVD is very close to the matching pursuit-
based representation [37,38].

In summary, the smoothed WVD has a loss of information due to the Gaussian window used to
suppress the cross-term interference. The local power spectrum generated by the multi-window
WVD successfully represents the signal details, due to the application of multiple orthogonal
windows.
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6. Discussion

There are some methods that produce the time—frequency spectrum without windowing. One of
these methods is to decompose a signal into several intrinsic mode functions (IMFs) and calculate
the instantaneous frequency for each IMF [39]. Therefore, the first step is to preprocess the
signal using the empirical mode decomposition (EMD) method. The IMFs are simple oscillating
functions with varying amplitude and frequency and are symmetric with respect to the local mean
zero. The second step is to apply the Hilbert transform to the decomposed IMFs and construct the
energy distribution in the time—frequency plane.

Decomposition can be seen as an expansion of the signal in terms of IMFs, and these IMFs
serve as the basis for the expansion of the signal. However, decomposition is subjective and
unstable, as any small perturbation can lead to a new set of IMFs [40]. Furthermore, there are
too many different instantaneous frequencies in the Hilbert spectrum at any given time position.
This leads to difficulties in interpretation, in addition to the lack of mathematical theory about the
decomposition.

In essence, an IMF does not necessarily satisfy physical uniqueness because it is sensitive to
noise. Ensemble EMD [41] proposes to add different noise to the target signal before EMD and
obtain the average of the corresponding IMFs as the final IMF.

To specifically account for the presence of noise in the seismic signal, the decomposition can
be recast as an inverse problem to minimize the difference between the original signal and the
reconstruction of the band-limited IMFs [42]. The constraint for the inverse problem is formed
by the variational of the analytic signal with respect to time and represented in the frequency
domain, so that the centroid of the power spectrum of an IMF can be iteratively re-estimated.
Therefore, the variational EMD not only improves the robustness of the IMF decomposition to
noisy signals, but also overcomes the apparent limitation in terms of sensitivity to sampling.

In the time-frequency representation, the complex spectrum at each time position can be
modelled by a one-dimensional Fourier series. Frequency spectra at different time positions share
the same set of Fourier basis functions but have different coefficients. Therefore, the coefficients
are two-dimensional and vary with both frequency and time. The time-frequency representation
can be reformulated as an inverse problem to estimate these coefficients [43,44]. Theoretically,
with suitable regularizations, the window functions need not be used in this inverse problem.
However, the number of coefficients far exceeds the number of available data samples, and the
inverse problem is far underdetermined.

For WVD with multiple windows, the time and frequency resolution can be further increased
by a reassignment method [14]. The reassignment method modifies the calculated time—frequency
representation in two steps. First, evaluate the local centroids of the calculated two-dimensional
spectrum in each point of the time—frequency representation. Second, assign the energy content to
the new point within the time—frequency plane. Modifying the calculated spectrum can improve
the readability of the time-frequency representation.

7. Conclusion

In this paper,  have proposed to use multiple orthogonal window functions to properly represent
the local spectral property of a non-stationary seismic signal in the time—frequency plane, and
recover the information lost by the time windowing before applying the Fourier transform for the
frequency spectrum.

The multiple orthogonal window functions are constructed directly, using a stack of Gaussian
functions. The weighted average spectrum of these multiple window functions has a flat
passband, which is better than the spectrum of the classic multiple windows defined by
the prolate spheroidal wave functions, and the spectrum of conventional multiple windows
constructed by solving a discretized eigenvalue problem.

The WVD method analyses the instantaneous autocorrelation of the signal and generates the
energy density distribution in the time—frequency plane. Taking advantage of the linearity of
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the Fourier transform, we can apply each window directly to the analytic signal to generate the
instantaneous autocorrelation accordingly and form an averaged instantaneous autocorrelation
by a weighted sum, before performing the Fourier transform to generate the final WVD. The
multi-window WVD successfully represents the local spectral details of the non-stationary
seismic signal in the time-frequency plane, while satisfying the WVD property of frequency-
support conservation.
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