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ABSTRACT

Results concerning response surface designs are presented.
Well-known one-dimensional designs are compared with one another
under various optimality criteria and new designs are obtained.
Several new methods of construction of second-order and third-order
rotatable designs are also provided. In particular, methods of
construction of designs from designs of the same order in lower
dimensions are obtained. 1In applying these methods the results of
the experiments performed according to the lower—-dimensional designs
need not be discarded. Many new second-order and third-order
rotatable designs, including some which require the minimum number
of points among the designs known so far, are constructed by these
methods. Cylindrically rotatable designs of type 3 are generalized
and the conditions which have to be satisfied by such a design are
derived. A method of construction of second-order cylindrically
rotatable designs of type 3 with three or more groups of factors
is provided. The effects of departure of the observations from
second-order distributional assumptions on the rotatability of designs
are studied by considering some specific families of variance-

covariance structures. Some robust designs are obtained.
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CHAPTER 1

INTRODUCTION

To study the dependence of one or more response variables upon
some explanatory variables, information is often collected by
performing experiments. The statistical design of experiments is
concerned with the selection of the values of the explanatory
variables at which experiments are to be carried out when the
observations are subject to error.

It is usually desirable to choose a design which is optimal
in some gsense. An appreciable number of interesting results are
known about the various optimal designs for polynomial regression
models in one variable. Some of these optimal designs are considered
in Chapter 2. The 'uniform' design is compared with the optimal
designs under various optimality criteria. The D-optimality criterion
is considered in Section 2.2 and the efficiency of the uniform design
under this criterioﬁ ig derived. The G-optimality and related
criteria are considered in Section 2.3. 1In Section 2.4, the uniform
design is compared with the optimal design under the 'Integrated-
variance' criterion. In Section 2.5 the optimal extrapolation design
is compared with the uniform design. Results of Section 2.6 show
that under certain restrictions, among all the design measures with
density functions the 'continuous uniform design' is optimal for
minimizing the maximum possible 'bias' in the expected mean squared
error arising from inadequacy in the assumed model.

In response surface designs the main interest has usually been
on the absolute response. However, as in Herzberg (1967c), Atkinson

(1970) and Box and Draper (1980), there may be instances where the



differences in response are of greater interest than the absolute
response. In Section 3.2 the problem of obtaining optimal designs
in such situations is considered for the simple one-dimensional
polynomial regression models.

In many problems the use of one particular optimality criterion
may not lead to a unique optimal design. However, by applying various
criteria in an hierarchical order, it may be possible to discriminate
between competing designs. These applications are illustrated by
some simple examples in Section 3.3.

Response surface designs for multi-dimensional factor spaces are
considered in Chapter 4 and Chapter 5. Box and Hunter (1957) introduced
the class of designs called rotatable designs for the exploration of
respoﬁse surfaces; these designs have the property that the variance
of the estimated respomse at all points equidistant from the centre of
the design is constant. Some situations where the optimal designs
belong to the class of rotatable designs are given in Box and Draper
(1959, 1963), Kiefer (1960) and Galil and Kiefer (1977a,b, 1979).

Many second-order and third-order rotatable designs are now well-known.
However, there still exist several interesting combinatorial problems
associated with the construction of rotatable designs and some of
these problems are investigated in Chapter 4. The main emphasis is on
obtaining new methods of construction and on deriving new designs by
these methods.

Methods for the construction of second-order rotatable designs in
k dimensions from any given second-order rotatable design in (k-%)
dimensions (& < k-1) are provided in Section 4.3. The methods are
such that the results of the experiments performed according to the
given design need not be discarded. Iﬁ Section 4.4 several new third-

order rotatable designs in 5, 6, 7 and 8 dimensions are derived by



combining symmetric poinf sets or suitably balanced subsets of these
sets. Many of these derived designs are of a sequential nature and
some require fewer experiments than the known designs. In Section 4.5
a method for the construction of third-order rotatable designs in k
dimensions from third-order rotatable designs in (k-1) dimensions is
presented. The results of the experiments of the (k-1)-dimensional
design need not be discarded. The method cannot be applied to all
given designs since it only works under some restrictive conditions.
A new third-order rotatable design in 3 dimensions is derived by the
application of the method. In Section 4.6 third-order rotatable
designs in k dimensions are constructed by taking projections of third—
order rotatable designs in (k+%) dimensions onto k-dimensiomnal
orthogonal subspaces. Several new designs, including some with the
minimum number of points among the designs available so far, are
constructed by this method. A method for the construction of third-
order rotatable designs in k dimensions from third-order rotatable
designs in (k-%) dimensions (2 < k-1) is presented in Section 4.7 and
some new designs are derived by the method. The results of the
experiments from the (k-%£)-dimensional design need not be discarded
when this method is used. In Section 4.8, pairwise balanced designs
with unequal block sizes derived from well-known balanced incomplete
block designs are used to construct some new second-order rotatable
designs, including some which require the minimum number of points
among the designs available so far. 1In Section 4.9, second-order
rotatable designs are constructed by combining asymmetric point-sets.
Cylindrically rotatable designs of type 3, introduced independently
by Herzberg (1967a) and Das and Dey (1967), split up the factors into

two groups such that the designs are rotatable for each group of
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factors when the sum of squares of the factors in the other group is
held constant. In Section 4.10, cylindrically rotatable designs of
type 3 are generalized to consider factors split up into any number

of groups. The conditions which have to be satisfied by such a design
are derived and a method of construction is provided for the designs
with three or more groups of factors.

In many situations the assumption of independent and identically
distributed observations may be unrealistic. A design which is
rotatable when the observations are independent and identically
distributed may not necessarily be rotatable when the observations are
correlated or non-identically distributed. Hence it may be of interest
to obtain rotatable designs whose rotatability is little or not affected
by simple departures of the observations from the second-order
distributional assumption, that is, the assumption of independent and
identically distributed observations. The effects of the non-constancy
of variance of the observations and correlation among the observations
on the rotatability of designs are investigated in Chapter 5. In
Section 5.2, uncorrelated observations with non-constant variances
dependent on distance from the origin are considered and it is shown
that the rotatability of designs consisting of equiradial rotatable
sets of the same order is robust against such departures from the
second-order distributional assumption. In Section 5.3, the
observations are allowed to be correlafed and the effects of the
correlation upon the rotatability of designs are studied via some
specific families of variance-covariance functions. Section 5.4 is
concerned with the rotatability of designs in terms of the best linear
unbiased estimates rather than the least squares estimates. In Section
5.5 the two-dimensional rotatable designs consisting of equally spaced

points on concentric circles are considered. The rotatability of a
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particular sub-family of these designs is shown to be robust against
wide classes of departures from the second-order distributional

assumption.
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CHAPTER 2

UNIFORM DESIGNS FOR LARGE-DEGREE

POLYNOMIAL REGRESSION

2.1 Introduction

Let £' = (fo,f .,£,) be a vector of linearly independent

10"
functions on a space X. Let y(x) be the observation corresponding to
the experiment performed at point x € X. It is assumed that the
observations are independent with a common variance 02 and expected
value E{y(x)} = B'£(x), where B' = (BO’BI""’Bd) is the vector of
unknown parameters. Let £ denote a design measure on X. If the
experiments are performed in accordance with the design measure §
the variance-covariance matrix of the least squares estimates of the
parameters B, is given by %; y_l(s), where g(E) = £ £(x)£' (x)dE(x)
is the information matrix of £ and N is the total number of experiments
performed.

It is usually &esirable to choose a design measure £ which

minimizes a particular function of the matrix M(£). Among the many

commonly used are:

(i) Irg'l(a)l;
(i1)  sup £'GOM (E)E(x),
36X h T
where f1(§)¥ (£)£(x) is proportional to the variance of the estimated
response at x;
(1) £'(x M NI EGx);
~ ~e ~ ~ ~&
(iv)  o'M (e’ or  trlM (DA},
where ¢ is any (d+1) x 1 vector and A is any (d+1) x (d+1) symmetric

non-negative definite matrix;

(v) sup var(éi)-
i
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Kiefer and Wolfowitz (1960) showed that (i) and (ii) are
equivalent. A detailed account of these and other criteria are given
in, for example, Fedorov (1972, page 51-58) and Kiefer (1974). The
criteria (i), (iv) with A = I and (v) are in fact special cases of the
'¢-optimality criterion' discussed in Kiefer (1974, 1975a) and Galil
and Kiefer (1977a,b,c).

d). Then it is known that

Let X = [-1,1] and f'(x) = (1,x,...,X%
for each d there exists a unique design measure Ed optimal under (i)
and a unique design measure Ede optimal under (iii) with a fixed
X, [xel > 1. Kiefer and Studden (1976) compared £q with E_

under criteria (i) and (ii) and Ede_with E: under criterion (iii)

where £ = lim £q and E: = lim Ede, respectively.

die d-o
The uniform design is the continuous design measure £ with a
dg (%) 1 v
derivative mu(x) = ——%;—- =3 . Some new results are now obtained on

the comparison of Eu with the optimal design méasures and the limiting
optimal design measures. The design measures are also compared under
other criteria.

For any given d there exists a discrete design measure with a
finite number of support points providing the same information matrix
as Eu. The discrete design measure with (d+1) support points Xs with
weights

1

T, )
(l—xi ){Pd+1(xi)}

has moments up to and including order (2d+1) matching those of £y’
where X (i =1,2,...,d+1) are the zeros of the Legendre's polynomial
Pd+1(x) of degree d+1. For the results of Sections 2.2-2.5, no
distinction needs to be made between Eu and Fhese discrete design
measu;es since under the criteria to be considered design measures

are characterized by their information matrices only.
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1
Let £360) = (Lx,...,x") and My(8) = [ £,GIE}G0dE).
Denote fé(x)ggl(g)fd(x) by V4(x,€) and :g$~1 . vy (x,8) by
V4(8). Further, let A (g) = c'r{M;l(s)Md(s )i.
~ ~ u

2.2. Efficiency under the D-optimality criterion

In order to compare Eu with the D-optimal design measure Ed
under the D-optimality criterion and to derive the results on the

efficiency of Eu the following lemmata are required.

Lemma 2.2.1: The sequence £, (d = 1,2,...) of D-optimal design

measures converges weakly to {_where £ has density

2
[Fedorov (1972, page 91)]. m/(1-x")
Lemma 2.2.2: For the limiting design measure E > |Md(£m)| = 274
[Szego (1959, page 28)].
Lemma 2.2.3: For the D-optimal design measure Ed’
d 2d
+ -d
- v=1 v=1
[Rarlin and Studden (1966)].
Lemma 2.2.4: 1If
d ©
£4(8) = I iz ) g(2) = = lz
=1 m on=1 m
and
d o z,(2)
1 1 2 2d 1
§, = #{f =-1nd}l- £ (-1) a--=),
d 4 =1 % 2=2 2(2+1) 22
. _ 1 13 _ Voo
then lim &, = 7" 13 1n 2 - 37'(-1).
doo ,

[Kiefer and Studden (1976)].
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Lemma 2.2.5: For any real or complex z,

sin z = =z

h =8
~
—
|
N
~
.

Lemma 2.2.6: For n > d+1, let Een be the discrete design measure with

mass % at each of the n equally spaced points

x, = -1+ 2(i-1) (i
i n-1

Then the sequence En (n = d+1,d+2,...) converges weakly to £,

1/(d+1). Then ED(d) is a measure

. Let Eg(d) = (u,(e) | /M, CE D]} :

of efficiency of £ under criterion (i).

L+1
Theorem 2.2.1: If a =1 (1 - _lf) and §_, is defined as in Lemma
2.2.4, then
[ d
_ 1/4 °d ,d
Maa1 Cau 1/ Mg EDL = 3¢ 7 2 - (2.2.1)

Lemma 2.2.7: For the uniform design measure Eu,

2d(d+1) (1!2:...d:)4

{1i2!...(2d+1)} (2.2.2)

|§d(gu)| =

Proof: Let €en be the design measure which puts equal mass at each

— (i-l) (i

of n equally spaced points X = o) =1,2,...,n; n > d+l), in

the interval [0,1]. Then, from Hoel (1958, 1961), it is known that

1t |2|'
d(d+1)nd+1(n2_12)d(n2_22)d-1_.'(nz_dz) (1:12!...4%)

= (L.
I“”fd(’sen)| = G 1rzr...2a+D 1}

On taking a suitable transformation of the interval [0,1] to [-1,1]

it readily follows that
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tot '4
d(d+l)(n2_12)d(n2_22)d-1.'.(nz_dZ).{(1.2....d.)

_ 2
I (e D1 = =) 1720, (2a+D 1T °

Therefore, by taking limlMd(Een)l and using Lemma 2.2.6 one obtains
Lemma 2.2.7,

Proof of Theorem 2.2.1. Let V4 = |¥d(§d)|/|¥d(5u)|. Then by using

Lemma 2.2.3 and Lemma 2.2.7, one obtains that

d+1 2d4+2
v {2(d+1)(d+2)( 1 vv)4(d+1)—(d+1)( T vV}
d+1 _ v=1 v=1
v d 2d
d v{zd(d+1)( I vv)hd-d( I v ")}
v=1 _v=1
230Dy 1gr gyt {1'2! ... (2a+3)'}

, )
120 o Qa2 g0y ge1) 13t

and after some simplification it follows that

v (1 + Hyd+t d+l
d+l _ d x2 . T (1--%
v 1.,2d+1 . .2
d (1 + EE) j=1 43
Therefore,
Voo p  ° (DML 241 1
1nv =4—l-z - +1n2+1nH(1-—2)
% m=2 £ m(m+l) =1 43
and
' (@) (1R - Ly
a o 7 (m)(-1 1l - = d 2+1
d+1 _ 1 1 d oM -1
In o= =7 i - - i D) +dln2+ I ln T (1 7).

1 2=1 n=2 g=1 =1  4j
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Hence,
m 1
Vi 1. 4 1 > gym -7 - )
ln——-l—/z;=z{ Zz-lnd}- % (ot D) +d 1In 2
v,d 2=1 m=2 mim
d 2+1 1 d
+ I In I (1-—=) =56, +dln2+ I In LI
=1 j=1 4] =1
and the theorem follows because V1 = 3.

From the results obtained it can be seen that the efficiency of

the uniform design measure under the D-optimality criterion is given by

s d
Eg (d+1) = {3d1/4 e d Zd T o} s (2.2.3)
2:

u
and the asymptotic efficiency is given by the following theorem.
Theorem 2.2.2: For the uniform design measure gu,

lim ED (d) = %‘ﬂ’ . (2.2.4)
dseo Eu

Proof: From (2.2.3), it follows that

d
D s NP 1
1n{EE(d+1)} —d+2(6d+d1n2+1n3+41nd+ i

Ina ).
u 2 .

1
By Lemma 2.2.4,

lim — = 0

d->co

and by Lemma 2.2.5,

d
lim 3%5 T 1Ina = 1In %
doeo =1

Therefore, the theorem follows.
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Since £ _ = lim Ed, the result of Theorem 2.2.2 may also be proved
d-o

by comparing Eu with £ directly as in the following lemma.
Lemma 2.2.8: For the limiting design measure {_ and the uniform

design measure Eu,
1

1im'{IMd(gu)IIIMd(sm)I}(d+1) = '% T . (2.2.5)
dre 7 -
Proof: Let R, = Iyl(iu)lllyz(Em)l. Then
_ 49""3 [} 4 ' 1
R, ,1/Ry = 2 {(2+1)1}7/{(22+2) 1 (22+3) !}

and by Lemma 2.2.5 it follows that lim R, /R, = % . Therefore,

L 12
r—l—j- z—l;jy d R
lim 1nv{Rdizz } = lim 1In {R1d+2 } + lim ?E%ET I 1In §+1
doo d-eo doe =1 L
= 1ln % ,

and hence the desired result.

Table 2.2.1 displays Eg (d) for some selected values of d.
u

TABLE 2.2.1

The D-efficiency of uniform design

Eg (d) 0.577 0.585 0.603 0.620 0.634 0.646 0.656 0.665
u

d 9 19 49 99 999 o

Eg (d) 0.672 0.7l 0.749 0.764 0.782
u

B
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2.3 Efficiency under the G-optimality and related criteria

In order to compare Eu with £q and E_ under the variance of the
estimated response criteria one may look at Vd(x,Ed)/Vd(x,Eu) and
Vd(x,Ew)/Vd(x,Eu), respectively, for various values of x. The
G-efficiency of a design measure £ considers va(x,g) only at its
maximum value and is defined (see Atwood, 1969) as Vd(Ed)/Vd(E).
Further, from Kiefer and Studden (1976) it is known that a limiting
D-efficiency equal to one does not imply a limiting G-efficiency equal
to one.

From Guest (1958) it is known that

2
vixg) = () - 2L (pr(x)?,
v,(§.) =. sup v, (x,£,) = (d+1),
d"7d x€[-1,1] d d

the supremum being achieved at the points where Ed concentrates its
equal mass. These points are zeros of (l—xz)Pé(x) where Pd(x) is the
Legendre's polynomial of degree d. Further, in the region of
extrapolation, that is, for ]x[ > 1, Vd(x,gd) is dominated by the term

a(2a)t/28¢a1 43229,

From Kiefer and Studden (1976) it is known that for the limiting
d

. _ 2, .. 1.1
design measure _, V (x,£) =1 + 2 251 T (x) =d +5+3 Uzd(x) )
where

_ _ sin(2+1)8
Tz(cos 8) = cos(28) and Uz(cos 8) a—

are the Chebyshev polynomials of the first and second kinds, respectively.

Further,

Vd(Em) = sup Vd(x,Ew) = (24d+1),
x6[-1,1]
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the supremum being achieved only at the end points x = 1. From

Szego (1959, page 28), it is known that the coefficient of x2d in

24- . . .
-1 so that in the extrapolation region, |x| > 1,

2d-1_2d
X .

Vd(x,Em) is 2
Vd(x,Ew) is dominated by 2
From Guest (1958) it is known that
d 2 2. 2 2 2
V(x,£) = T (2+1)P9(x) = {(d+1)°P “(x) - (x“-1)P!“(x)}
d u - 2 S td d
2=0
and Vd(x,Eu) attains its maximum values at the very points where £4
puts its masses. Hence it is known that

V.(E) = sup Vi (x,E) = V(21,5 ) = (d+1)2.
¢ ser-1,11 & ¢ u

It was also shown in Guest (1958) that

2
+ -l) . ..
Vd(o’au) - (2q13(2q1) 1} ,
2% q!
d . d-1 .
where q = 3 when d is even and q = 5 when d is odd. Therefore, from

Guest (1958) it is known that

. = I
_ 1
vd(gd)/(vd(gu) = I

and for [x| > 1,

. Vd(x,Ed)
Lim vd(x,guS -7

doo

[
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Theorem 2.3.1: For the design measures £_ and Eu’

N
Va(E IV (E ) = @ ° (2.3.1)
. m
:.1—]).1: V40,8 /v400,8 ) = 3, (2.3.2)
and for le >1,
Lim V,(x,6,)/Vy(x,E ) - (2.3.3)

doo

The equation (2.3.1) is obvious. To prove (2.3.2) the following

lemma is needed.

Lemma 2.3.1: For any real or complex z,

F4

1t = ze"? [(1+§)e—q] ,

= 8

q=1

n
. 1 .
where y = 1lim ( £ = - 1n n) is the Euler's constant.
o q=1 1

Proof of Theorem 2.3.1: TFrom the known results it follows that

v,.(0,E ) 2
d N’ 1 1, .d (2g+1)(2g-1) . . .1
Vd(o’gu = d+5+ 2( IDNS VA , } oy

29 q.

where q = %-when d is even and q = Eél when d is odd. Therefore,
Vd(O,Em) - (2q+1)/{(2q+1)(2q-1) . 1} 2
Va o’Eu 24 q!
- (e D1 A T s Y (2.3.4)
S et gt T 21 ' -

i=1
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Putting z = % in Lemma 2.3.1 it can be seen that the second term on

the right hand side of (2.3.4) tends to the limiting value 1 as q

tends to infinity, and hence (2.3.2) follows. Also, for Ix[ > 1,

vy (x,8) 92d-1
1im = lim
dro VaOOE) e (2a+1){(20)!/2%(a1) 212

d
lin (2 1 (1 - 1)y
dro =1 4i

Therefore, by lemma (2.2.5), the last part of the theorem is obtained.

It is interesting to note that for |x, >1,

Vd(x,Ed) 1 Vd(x,Em) .
lim—y = — and lim-—(—y = =
doso Vd(x,Eu 2 doreo Vd xsgu 4
implying that lim R CRR] = = The limiting design measure E_,
d= d L)

therefore, never achieves the efficiency of g4 in predicting the
response in the extrapolation region. This is to be expected from the
results of Kiefer and Studden (1976) on the G-efficiency of £ _ which
showed that §_ has a limiting G-efficiency equal to % although it has

a limiting D-efficiency equal to 1,

2.4 Efficiency under the integrated variance criterion

It may be of interest to know how well a design behaves over a
whole region rather than at individual points in the region. Then it
may be more useful to compare designs under the criterion of integrated

variance. Let
1 dx -1
a,(8) = _Jl' Vilx,8) = = Tr M T(E)My(E ).

Then the following results are obtained.



Theorem 2.4.1: For design measures Eu, Ed and £_,

_ (d+1)
Ad(Eu) - A(8) = Ga)

_ d
Proof: From Guest (1958),
Vax,g) = @D n? s 1D,
Therefore, it follows that
[ (1=t &5 - )
1 * % 2 (2d+1)
Now, from Guest (1958),
Ve = (arn) - IZED 52y
4\ x8q) = d ax
Therefore,
(d+1)

From Kiefer and Studden (1976),

_ 1.1
Va(x,E) = d+35+57,.(x),

where Un(cos 8) = sin(n+l)6/sin 0. Therefore,
d

Ad(Em) = (d+1) - Y67r58)

and the theorem follows.

23

(2.4.1)
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Note that

o=

Lim{A (£ ) - Ag(5)} = 3 and Lim (a,(5) - A,(E)} =

doe d-e

Therefore, for large-degree polymomials, under the integrated variance
criterion, there is hardly any difference in efficiency of the desiéﬁ
measures Eu’ Ed and £ . Figure 2.4.1 displays the behaviour of
Ag(E ) - Ay(Ey) and Ad(Eu) - A (E) for some selected values of d.
If the central region of [-1,1] is of greater interest than the
boundary regions, it would be more appropriate to integrate Vd(x,E)
with respect to a measure that puts greater weight in the central region
than the uniform measure. Since Guest (1958) showed that Vd(x,gu) is
smaller than Vd(x,Ed) in the central region, in this case the performance
of Eu would be even better under the integrated variance criterion.
Studden (1977) considered the problem of finding optimal designs
under uniformly integrated variance criterion. Let EdI be the optimal
degign measure under the criterion and let EdIA be the design measure

that concentrates on the zeros XpsXyoe e e Xy of (l-xZ)Pé(x) with weights

proportional to lPd(xi)l_l. Studden (1977) proved that

d
1A 24 -1.2
444 = F@ED @D ¢ L 2gGed1 7
(2.4.2)
a
1A 1 1 -1
A4~ 4G 2 @D ¢ ith’d("i)I 2.

Using a few known results on orthogonal polynomials, stated in the

following lemma, some asymptotic results about the design measures

I

Ed and EdIA may be derived.
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Lemma 2.4.1: (a): For d > 2, the successive relative maxima
of IPd(x)| when x decreases from 1 to O, form a decreasing sequence.

If uld’ "zd’ ey u[d/2],d denote these maxima corresponding to

decreasing values of x, then

1>nq >

1,d > M2a > o0t Ma/21,4

and for d even,

= _ 1.3 . (d-1)
we = lpge] = P

74
(b) for a fixed r,

ur,d z ur,d+1
so that when d is odd,

LR T BRI P N G L = P44y @]
’ = Tt i

Proof of the lemma is given in Szego (1959) ((a) corresponds to
theorem 7.3.1, pp.164, 165 and (b) corresponds to the result 7.8.1,

- p.190).
. IA I
Lemma 2.4.2. For the design measures Ed and Ed R

Lim {a (g, ™) - ag,DY <77 . (2.4.3)

d-

Proof: Let d be even. Then by lemma 2.4.1,
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Therefore,
ae ™ - a (el < a2y
d'%a afa?) 23an I ‘7
_ 2(d+1)3}4{ a 42 5 2,
=13 7 0GR
a?(2d+1) - i=1

and hence by taking limits and by applying Lemma 2.3.1 the desired

result is obtained.

Let d be odd. Then by Lemma 2.4.1

-1 - 2.4 . . .
|Pd(xi)| < |p, . (0)] . T (d+1)

d+1 T d
Therefore,
A e Ty _a e Ty <« L&D (d+111)/2' (=212
d‘%4 d'%4 da(2a+1) i1 2i-1

o (d+1)(d+2)2 (d+1])-[/2 ( 2i )2

d(2d+1 . 2i+l
i=1
d (2d+D) 2 (o 2ivl

and hence by taking limits the desired result is obtained.

The result (2.4.3)4shows that the design measure EdIA proposed by
Studden (1977) is extremely efficient for large-degree polynomials
under the integrated variance criterioh. In fact the limiting bound

in (2.4.3) can be decreased as shown by the following lemma.



27

Lemma 2.4.3: For the design measures EdIA and EdI,
lim a6, ™ - a ey <X o (2.4.4)
d ~d d"~d -2
doe

Proof: From (2.4.2) it can be seen that,
1 TA I
(1 - 57 A8, ™) < A8,

Therefore,

Ad(Eu)

IA I 1 I
A8 = A48 2 Ty 24484 ) 2 e D

and hence the Lemma follows.
In terms of G-efficiency the design measure EdIA is better than

the uniform design measure Eu. This can readily be seen since, for
gd b

IA
v, (e. ) =" sup V,(x,E
d**d x€[-1,1] d d

Ia,

T N I IR
sup (¢ [P (x.)] DLz [P, (x.)|2.7(x)}
x6[{-1,11 i=0 i j=o 4L

-1, 9
sup (I IPd(xi)l YT 2:7(x))
x6[{-1,1] i=0 i=0

|A

d -1
(z |Pd(x.)| ),
. i
1=0
where x; are the zeroes of (l—xz)P&(x) and 2i(x) are the corresponding
Lagrange's interpolation polynomials given by
d (x-1x.)

li(x) = 1 —
J
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JL)IIZ Y
2d

for odd d. Therefore Vd(EdIA) is at most of 0(d3/2) whereas

Thus, V(5,7 < (a+1)%( for even-d and V(5™ < (4+1)(a+2) {grpeyy}

Vd(Eu) is of O(dz). Due to the well-known inequality

(0| /1y e ] > & Va®

this suggests that in terms of D-efficiency also EdIA is better than Eu.
et -1 -1 .
Let $(x,£) = £, (x)I:Id (E)§d(gu)¥d (E)fd(x). It is known from

Kiefer (1974,.877) or Studden (1977) that

A8 - A e D) < sup e(xiE) - ALE).

x€[-1,1]
Hence
(d+1) 1
A(g)-A(gI)< + (d+1){ ———— - 1}
d*>d d*>=d — 24+1 d|Pd(O)[2
Therefore,
' (d+1) : 1
A ) - A D) < 2 £ (@+1) {(——— - 1}
d*"u d~d (2d+1) led(o)lz

and

1
Ad(gu) - Ad(gd )

Lim [CT3Y] s3- L.
d-oo

It follows that

A(EI) ‘
lim d ~d >s2-2X

@D " 2%2-37 -
doo

. 1 . . .
Hence, if Ad(gd )/A4(E) is taken as a measure of efficiency of the
design measure £ in terms of the integrated variance criterion, it is
seen that the design measure gu has an asymptotic efficiency of at

least 0.43, approximately.
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It is interesting to note that under the integrated variance

criterion there may be distinct designs with the same efficiency.

(™)

For example, consider the measure Ed which puts weights

IPd(xi)I—zl{d(d+1)} at the zeros x, of (1—x2)P&(x). Then gd(N)

is
clearly a nonsingular design measure for polynomial regression model
of degree d since from the Lobatto formula of quadrature (see Ghizzetti
and Ossicini, 1970)

d

z IPd(x.)l_zld(d+1) = 1.
i=0 t

(N)

Then, for the design measure Sd ,

d

2 2
v x5, ™) = atasD) R LCRIE RS
and
d 1
2 2 d
a6, ™y = @) Tl [ 0
i=0 -1
: d
: 2d
= d(d+1) I
Ly TSD(ZED)
2d(d+1)
(2d+1)

Therefore, in terms of the integrated variance criterion, the design

()

measure Ed has the same efficiency as the D-optimum design measure

Ed sin;e Ad(Ed) = %%é%%%% . Another interesting feature of Ed(N) is

that [ xldEd(N)(x) = J xldiu(x) (i =o0,1,...,2d-1), that is, for
-1 -1

EéN) and for the uniform design measure Eu the moments up to order

2d-1 match. However, the 2d-th moments are different. 1In fact,

1 1 24 Ciary2 \
f x2ddEd(N)(x) - ] P (o 4 2 (d-1)1(d!)(d+1)!

-1 -1 (2a+1)! (2d)!
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FIGURE 2.4.1
THE BEHAVIOUR OF A,(E )-A,(£;) AND A,(E )-A,(E)
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2.5 Comparison with the extrapolation designs

From Hoel and Levine (1964) or Studden (1968) it is known that

Ede, the optimal design measure for extrapolation at x,, concentrates
mass w, at points x, = cos %; (i =o0,1,2,...,d), where
d
w, = lzi(xe)l / iio Izi(xe)l

and Zi(x) are the Lagrange's polynomials of degree d specified by

2 2d-2
. _ ey _ .
i(xj) Gij. Further, Vd(xe,id ) T, (xe) which has 2 as the

coefficient of erd.

From Kiefer and Studden (1976) it is also known that
lim Ede = E:, where E: has the density

d-

(er - 1)1/2

ﬂ|xe - 1)1 -‘x2)1/2

Further, if rd(xe) = Vd(xe,gde)/vd(xe,iz) then rd(xe) decreases to %
as d increases.

By comparing Eae and E: with £u the following theorem is obtained.

Theorem 2.5.1: For the design measures Eu’ gde and g:,

1
lim (V. (x_,£.5)/V (x_ ,E)} = =r,
doco d*"e?>g d*"e’>u 8
(2.5.1)
) e = 1
lim {Vd(xe,am)/vd(xe,gu)} =T
d-r
Proof: For any fixed |xe| > 1,
lim Yalert) lim 222 g(aaeny ¢ 2L 47
dreo Va(KgoE) oo 2d¢an)?
d
= lin 277/ 1 Q--15)

d-o i=1 41
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But by Lemma 2.2.5,

d
2 _ im 1m Q- —15) ,
T dro  i=1 4i

and hence the first part of the theorem. The second part of the theorem
follows immediately from the first part and the results of Riefer and
Studden (1976).

By comparing the D-optimal design measures with the optimal

extrapolation design measures the following theorem is obtained.

Theorem 2.5.2: For any fixed lxel > 1 and the design measures

Ed’ gws Ede, E: as defined,

Lim {V,(x,8,%)/V4(x,E4)}

dooo

B

I

lim {Vd(xe,E:)/Vd(xe,Ed)}
doe .

(2.5.2)

.

i}
N| =

. e
Lim {V (x,,8,7)/V4(x,,E)}
d-roo

lim {V, (x_,ES)/V,(x_,E.)}
dooo ' - d™ e

[}
L

The proof of Theorem 2.5.2 follows from the previous theorem and

earlier results.

2.6 The uniform design as a 'Mini-Max. bias' design

Box and Draper (1959) showed that deviations from the assumed
model cannintroduce so much bias that "the optimal design in typical
situations in which both variance and bias occur is very nearly the
same as would be obtained if variance were ignored completely and the
experiment designed so as to minimize bias alone". Karson, Manson and
Hader (1969), Atwood (1971) and Stigler (1971) also considered the

-

problem of bias arising from inadequacy in the assumed model. Huber
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(1975) appears to be the first to show that the only way to make
reasonably sure that no small deviation from the model has been over-
looked ''seems to consist in solving some minimax problems with
unrestricted (i.e. not necessarily polynomials) alternatives'". Huber
(1975) considered the problem in which the assumed model is a straight
line in a single variable and the designs are continuous with density
functions. Marcas and Sacks (1977) obtained combinations of the best
discrete designs and estimators for the straight line model with similar
bias.

Some of the results obtained by Huber (1975) may be extended to
polynomials of higher order. Let the assumed model be a polynomial of
degree d as considered in Sections 2.1-2.5, that is, it is assumed
that E{y(x)} = g'fd(x). Let the observations be independent and
identically distributed with variance 02. If £ is the design measure
on [-1,1] according to which the observations are taken and if é is
the least squares_estimate of §, then

. .
W) [ £ Goy(aEx) | (2.6.1)
g (8 )

LW
]

Now suppose the true model is given by
E{(y(x)} = gx), | (2.6.2)

where it is known that g € G which is the family of all functions

g satisfying

cint [ (el - 8'e.(03? X - : (x)-8' £, (x)}° 3%
Qg = 1; _{ glx B fy,(x)} = = _{ {g(x)-8 ()} 5 < Q,
(2.6.3)

for a value Q0 fixed in advance.
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It is evident that

+1

= w1 dx
By = M (Eu) -{ £(x)g(x) 5 - (2.6.4)

Without loss of generality, it may be assumed that 8_ = 0, that is,

~0
1 d
[ £,x)glx) £ = 0 (2.6.5)
...1 ~ ~
and hence
L 2 dx
Q = [&®F < q. (2.6.6)
-1

Consider the supremum of the average mean square error

o ~ 2 d
sup EI [ {g(x) -8'£4(x)} 1. (2.6.7)

geG -1

For a fixed g let

1 A 2 d
Qlg,8) = E[ [ {g(x) -B'£4(x)} 5
-1 T (2.6.8)
Loy ax o> -1
= _{ g (x) - +8' My(£ I8 + = er M ()M (g ),
where
N -1 1
By = E(g) = Md (&) | fd(x)g(x)dg(x)‘. (2.6.9)
° 4 o -
Alternatively,
52
Qg,g) = B(g,8) + = 4,4(g), (2.6.10)
where

B(g,8) = Q, + 8" Ms(€ )8 . (2.6.11)
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Studden (1977) considered the problem of minimizing Ad(E) with respect
to the design measure §{. However, in view of the results of Box and
Draper (1959), B(g,g) is the more important component of the average

mean square error and hence consider the problem of minimizing

sup B(g,£) (2.6,12)
g

with respect to the design measure £.
Let £ be a design measure with density m(x). Then for a fixed £,
the bias term B(g,£) is clearly maximized by maximizing the quadratic

form

B 1Md(s )B1 ( [ £ (x)g(x)m(x)dx) (E)Md(E )M (E)
(2.6.13)

x ([ £4(x)g(x)m(x)dx),

with respect to g(x) subject to the constraints (2.6.5) and (2.6.6).

Let go(x) be the maximizing g(x).
Lemma 2.6.1: The maximizing g(x) is given by go(x), where
-1
- ’ -
go(x) = b {fd(x) 2¥d(5u)¥d (E)fd(x)m(x)}, (2.6.14)
with b a vector of constants.

Proof: The proof relies on variational arguments. Let n(x) be such
that n(l) = n(-1) = 0 and let

1
o) = [ [ £, g (x)+anCx) Im(x)dx] "M~ (EIM, (5 IH; (E)
-1~ ~ -~ u -~

1
[ [ £5(){g *an(x) Im(x)dx]
-1 "'
1
+b' f £ (x){go(x)+an(x)} - = Al J’ {go(x)+an(x)}2 d_x _ Q 1,
B
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where X and b are Lagrange's multipliers. Then by definition ¥(a)

has a maximum at o = 0, that is, ¢'(0) = 0 and ¥"(0) < 0. Therefore,

1 ) 1
20 [ £3GonGmGa)axi (e (g MO [ £,(0)g (Omlx)ax)
-1 -~ -~ -~ ~ -1 ~
i dx t dx
+ ]3' _{ fd(x)n(x) -5 .2)\_{ go(x)n(x) 5 = 0
that is, -

1 1
' -1 ) - '
| GG Ouy (e MO [ 2,008 (0mGdx) + 51608 - 21z 0]

n(x) %; = 0.
But n(x) is arbitrary. Therefore,
. -1 -1 1
4m(x)fé(x)¥d (g)gd(su)gd (E)_{ fd(x)go(x)m(x)dx + fé(x)E-Zlgo(x) =0

and it follows that

1

1 o ~1, o -1
8o (%) = 3£} GebrimC) £ Gy (e, (g )y CPEACIROLOLS
But by constraint (2.6.5),
1 dx
[ 2@ F = 0.

Therefore,
(e, (5 M } £.(x)g (Om(x)dx = -2M_1(EIM,(E )b

M (EIM (€ M, 7 (E) g tomxiax = -2, (E)M4(E b,
Hence

g (x) = == b'[£,(x) = 2M,(E M N(E)E, (x)mlx)]
0 2% - ‘id ~d*Pu’lq "2l

and writing b for é%-b gives the desired result.
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Because of the particular dependence of go(x) on m(x) an

important feature of the uniform design measure Eu follows from Lemma 2.6.1.

Theorem 2.6.1: Among all design measures with density functionms, Eu is
optimal for minimizing the maximum bias arising from inadequacy in the
polynomial model when the alternative model is not necessarily a

polynomial and may be any member of the family given by (2.6.3).

Proof: Theorem 2.6.1 is a consequence of Lemma 2.6.1. For the uniform
design measure Eu’ the density m(x) = % and hence go(x) = 0. Therefore,
‘ B(go,Eu) = 0 and the theorem follows.

Note that for a fixed £, the bias term B(g,E) has the maximum value

1 1
e N -1 -1 N2
B(go,E) =a [4_{ fd(x)fd(x)m (Xthgd (E)gd(gu)gd (E)_{ fd(x)f (x)m“(x)dx
L 2
-2 £,() £ (x)m"(x)dx]a,
-1 - - :
_ L
where a= ¥d (E)@d(gu)y .

It can also be shown that Lemma 2.6.1 and Theorem 2.6.1 have

higher-dimensional analogues. However, these are not pursued here,
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CﬁAPTER 3

THE VARIANCE OF THE DIFFERENCE OF ESTIMATED RESPONSES AND

OTHER CRITERIA

3.1 Introduction

"It may be seen from Herzberg (1967c), Atkinson (1970) and Box and
Draper (1980) that even in response surface experiments differences in
response may sometimes be of greater interest than the absolute
response. Hence in Section 3.2, an attempt is made to obtain some
one-dimensional designs for pqunomial regression that try to minimize
the variance of the difference of estimated responses.

In many design problems, the use of a particular optimality
criterion may not lead to a unique design. Often one would be left
with a very large number of designs all of which are optimal under the
particular critérion. In such situations other criteria may be applied
to the designs selected so as to have a reduction in the number of
designs one would héve to choose from. The introduction of fresh
criteria may be continued until one is left with a unique optimal
design. The hierarchical ordering of the various criteria in any such
selection programme would of course depend on the goal éf the experiments
‘and hence on the available information about the mechanism to be studied.
Some simple examples of the application of such hierarchical ordering of

criteria are provided in Section 3.3.
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3.2 Variance of the difference of estimated responses

Consider first the simple example of one-dimensional quadratic
regression model with the design space X = [-1,1]. Let the observations
be independent and identically distributed with a common variance 02.
Then the design that minimizes the maximum variance of the difference
in two estimated responses in the design region for a quadratic model

is obtained in Theorem 3.2.1.

(0)

Theorem 3.2.1: The design measure § 0 which minimizes

1
swp LB GO-E5()} [ £GE30dEG) ] HEGO-Ey(2)} ,  (3.2.1)
x,z6[-1,11 ~ - -1 - - - -

over all non-singular design measuresf puts weights %(23-10/3) at each

of #1 and (10vY5-22) at 0.
consideration

Proof: Without loss of generality one may restrictkto the class of

symmetric design measures so that

M,(g) = ,j £, (x) £, (x)dE(x)
=11 o a
0 o 0 s
a 0 B
1 1
where a = —{ xzdﬁ(x) and B = -{ x4dE(x). Then,

var{y(x)-y(z)} = {£500-£5(2) I ()£, (x)-£,(2))

(3.2.2)
(x-2)2 + (x2—z2 2 -

a (B_az)

where §(x) is the response at point x fitted by the method of least

squares having taken observations according to the design measure £.
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Since for any fixed x, z and &, (3.2.2) may be minimized by making
(B-az) as large as possible, that is, by making B as large as possible,
and since always B < a, only the design measures with B = a, i.e. the
design measures supported at O and *1 need to be considered. With

8 = a, (3.2.2) reduces to

(x--z)2 N (xz-z2 2

var{y(x)-3(z)} - 5 (3.2.3)
(a=a”)
Let z = tx so that (3.2.3) reduces to
. 32 2,. 2.2
var{y(x)-y(z)} = xz{(1 ;) + 24 ; ) } (3.2.4)
(a-a“)

which for any fixed t achieves a maximum if x = *1, the same maximum
value being achieved at both points. Hence, let x be one of those
points, say, x = 1. Therefore, the problem reduces to

Minimize  sup h(a,t) , (3.2.5)
¢ € (0,1) t8[-1,1]

(1-0)%  a-t2y?
a - a(l-a)

where h(a,t) =

For a fixed a, differentiating h(a,t) with respect to t it can be seen

that the turning points of h(a,t) are t = - % t<§ v2a-1 . Thus for

1 . . . .
@ <3 there is no turning point and therefore only the design measures

with « Z.% need to be considered.

For any fixed a > % , differentiating h(a,t) twice with respect

to t it can be seen that tl = - % + % v20-1 is a maximum and
t2 = - % - % Y20~-1 1is a minimum. Now
2 3/2
_ 11 - 80 - a” + 2(2a-1)
h(a,tl) = 4&(1"&) (3.2.6)
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Therefore, for a < 23-10Y5, it follows that h(a,tl) < g = h(a,-1)
and for a = 23-10V5, h(a,tl) = % = h(a,-1). Hence the design measure
E(o) with a = 23-10V5 is better than the design measures with

a < 23-10¥5 and thus only the design measures with a > 23-10Y5 need
to be considered.

/2

« Now, 2 h(a,t,) is a positive multiple of 2(a2-a+1)(2a-1)1 - 11 -
da 1

9a2 + 22a. Therefore %; h(a,tl) > 0 if and only if

2(a? - a+1)(20-1)Y2 5 114902 - 220

/2

Since 2(20.-1)1 >1 fora > 23-10¥5, it is sufficient to show that

8a2-21a+10 < 0 in order that %2 (a,tl) > 0. But 8a2-21a+10 < 0 for
0
6

all o 8 [%%, 2]. Since 23-10Y5 > %— it follows that %2 (a,tl) > 0 and

hence h(a,tl) is strictly increasing for o increasing in the range

o 6 [23-10/3,1). Hence it follows that E(O)

is the optimal design
measure for minimizing the maximum variance of the difference in two
estimated responses.and the theorem follows. The behaviour of h(a,t)
for some selected values of a is sketched in Figure 3.2.1.

(0)

The optimal design measure £ has the same support points as

) . . Dgs@n mea&we(o)
the D-optimal design measure. Only the weights are dlfferent.A £
puts greater weight at O than the D-optimal design measure.

* For higher-order models the optimal design measures for minimizing
the maxiﬁum variance of the difference of two estimated responses are
likely to be extremely difficult to obtain. Also, the 'mini-max'
optimality criterion may be criticized for being too pessimistic.
Hence, it may be more desirable to obtain design measures which
minimize the variance of the difference in two estimated responses
integrated with respect to some measure o on [-1,1]2. For simplicity,
it is assumed that da(x,z) = du(x)du(z) for some measure p on [-1,1].

Using the notation of Chapter 2, the problem then may be formulated as

that of obtaining a design measure E which minimizes
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11
[ ] (g1G0-£5(0M;  (E) (£, (0)-£ 4(2) )au(x)du(z) (3.2.7)
-1-1 ° - - - -

over all non-singular design measures £ for the polynomial regression
model E{y(x)} = fé(x)g. Equivalently, £ has to minimize

1 1
Vga(E,u) = tr y;1<s)[gd(u)- _{fd(x)du(x) _{fé(x)du(x)]. (3.2.8)

It is assumed that p has at least (d+1) points of support.

Since Vd(E,u) involves M,

manner, from De La Graza (1954), Hoel and Levine (1964) or Levine

1(5) in an appropriate positive definite

(1966) it can be seen that only the design measures supported at *1
and at (d-1) interior points need to be considered.

Suppose the design measure has support at the points

-1 X <X, <

0 1 «os <xd_1
(i =0,1,...,d). Let zi(x) (i

< x4 = 1 with corresponding weights Pi

0,1,...,d) be the Lagrange's

interpolation polynomial of degree d corresponding to the points X5
d (x-x.)
that is, li(x) = jgo z;;:ify . It is known that (3.2.8) is invariant
j#i
under linear transformations of fd(x). Hence (3.2.8) may be written as
P
X

1 L 2 1 2
7 [ 2 @anG) -1 [ 2,(0aux)11. (3.2.9)

vy(g,u) =
i=0 "1 -1 -1

It follows by Schwarz's inequality that the minimizing weights are

given by

P. = vh, / T Vh, [} (3.2.10)

1 1
where h, = [ f 2i2(x)du(x) -1 2.(x)du(x)}2] (i = 0,1,...,d).
-1 -1 ¢t
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With this optimal choice of weights for the support points

XosKseee Xy it follows that

0’71
d 2
ve,w = Cz vt (3.2.11)
i=0
Hence the problem is to choose the interior points XyseresXg g such

that the expression in (3.2.11) is minimized.
For any given non-singular design measure £ the following result

18 true.

Lemma 3.2.1. Let { be the design measure minimizing Vd(E,u). Then

V(g,m) - V(Em) < sup  ¢(x,E,m) - V(E,0), (3.2.12)
x6[-1,1]
where
-1 1 1 -1
o(x,g,u) = fé(x)Md (B my(u) - f £ ,(x)du(x) f f&(x)du(x)]Md (E)fd(x)
~ ~ ~ -1 - -1 - ~ ~
(3.2.13)

Proof: The inequality (3.2.12) involves convexity of Vd(E,u) in the
design measure £ and can be proved in the same way as for similar result
in Kiefer (1960, p.388) for the D-optimal design measure.

The exact optimal design measures for large values of d may be
rather difficult to obtain. However, the following lemmata show that
there are design measures which are nearly as efficient as the optimal
design measures. Let y' be the measure for which the moments up to
order (2d-1) are the same as those for y and wﬁich maximizes the 2d-th

< x, =1, then

moment. If p' is supported at -1 =x, < % < d

1 ...<Xd_1
let EA be the design measure supported at the same points but with the
optimal weights given by (3.2.10). The design measure EA is a nearly

optimal design measure under the criterion considered.
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Lemma 3.2.2: If the measure u concentrates mass 4gs---»94 ON the

points Xys oo e aXy then the design measure EA concentrates mass
d
vh.,/ T vh. with h. = q. - q.2 on x. (i = 0,1,...,d) and
i, 1 i i i i
—A - 2 d 2
VL(ET W - V(B < (ME) {sup £ 2 “(x) - 1}. (3.2.14)
x 1

Proof: From (3.2.11) it follows that Vd(EA,u) = (Zﬂ)z. From (3.2.13)

it can be seen that cb(x,EA,u) = (Z/IT].—_)Z

) ILO(x) zd(x) lags---»q4] 20(x){\/1%
B ha .
L -ld(x)//li‘
= (z/i)ztzz.z(x)l
1 1
2 (x) 2. fr - 7] F 7
A2 — ..., 9 2 ) e, o (x)/ VA
+ (/b)) = i qol. O g [qo qd] o’_‘)/ o
2
-Q qd- 1y J 'Q'd(X)/'/ﬁ;-
— -1 - )
Now the matrix q(z) O 9 [qo,- "’qd]
* N »

,.qov—. O--\.-l' O— ?‘ [1...1].- -qo‘ O 7

Pas -1

O..qdj Q. f; | Q .'qd

2
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and its determinant is given (see Rao, 1973) by

d

d
{n g} {0- -0+ da (D} =-a 1 a;”.
i=0 i=0
Therefore
-A 2, 4 2
$(x,E 5w < (2D {2 2.7}
i=0

and hence by (3.2.12) the lemma follows.

Lemma 3.2.3: If the measure p concentrates all its mass on the zeros
of (l-xz)Pé(x), whose Pd(x) is the Legendre's polynomial of degree d
then the nearly optimal design measure EA is the exact optimal design

measure §,

d
Proof: 1In this case sup I 2.2(x) = 1 and hence the result.
x i=0 !
| _ —A .
Lemma 3.2.4: If y = &y then £ puts mass proportional to

=2
|2, (x )|‘1\// I et
471 | (d+1)(2d+;) a2(a+1)?

at the zeros x; (i =0,1,...,d) of (1 - xz)P&(x),where Py(x) is

Legendre's polynomial of degree d and

d
gEw = (z A,
1=0
where
-2 . -4
B, = 2124 0x,) | (20| (i =0,1,...,d)
» - - - E) ,IOG’ -
i (d+1)(24d+1) dz(d+1)2
Further,

vd(EA,u) - V(E) < (z/h_i)zg(d'), (3.2.15)
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5d2+6d+2
3_342-3d-1)

where for even d, g(d) <
2(d

5d3-4d%+254-8
2(d4+8d2-12d+4)

and for odd d, g(d) <

Proof: Since xi's are the zeros of (1-x2)Pé(x) it follows from

Lobatto quadrature formula that

-2
} %0 & = 2l2gOep] a
17 (d+1)(2a+1) an

1 2 2 (x.)|72 2

dx _ d i
{ _{ 1, T = @D
Therefore,
-2 -2

ZIPd(xi)l ‘Pd(xi)l 2

h = @oeeD T ¥

. . . A .
and the mass distribution of £ as stated in the theorem follows.

Also, from (3.2.13)

—a L, 04 d 2.(x) 2.(x) 1 dx
$(x,E ,u) = (Z/E;) [z J 7 zi(x)lj(x) >

d 2.(x) 1 dx. 2
-{zx 2 [ 2,00 5} ]
i=0 vh, -1

(zvE)2 4 2.2(x) . d 2.(x) 2
= T@n L Ao - @ L =]
i=o il*d‘%g i=0 /E; Py(x;)
(zJE;)Z d 212(x)
z ———————————————
— d(d+1 . 2
() 5o hy [Py (x,)|



Now,

2 1

h,|P.(x,)]|% = -
iPal%; (d+1)(2d+1) a?(a+1)?|p (x|

Suppose d is even. Then

2 2 _,1.3. (d-1) 2
and
@@ ?py ()1 « o (Fpe ey
d“(d+1) T
1 d - ,2.4 ., d 2 T 2
== { —11 2 —=5 <3
3 (d+1)2 1.3 . (d-1) a3
Therefore,
3 2
h-lPd(X-)lz > ng - 2d° - 3d - 1)
1 : a’(d + 1)(2d + 1)
and
d 3. .2
sup (x, ) < (1 /A2 —S4Hd)
X i=0 2(d7-2d“°-3d-1)
d 2
since sup I £.7°(x) = 1.
x i=0 1t
Similarly when d is odd,
b .2
d“(d+1)7(2d4+1)
and
A d 2 d(d+1)%(24+1)
sup¢ (x,E7,u) < ( I /b)) > :
x i=0 2(d " +8d“°-12d+4)

Therefore, (3.2.15) follows.
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1% FIGURE 3.2.1
THE BEHAVIOUR OF h(a,t).
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3.3 Application of hierarchical ordering of criteria .

The hierarchical ordering of various optimality crite;ia may be
useful in discriminating between designs that are equally good under
a particular criterion. Some simple examples are provided to illustrate
the idea. The first two examples are chosen from the weighing design
problems but have equivalent formulation in terms of first-order
polynomial models in response surface designs [see Galil, Z. and

Kiefer, J. (1980)1.

Example 3.3.1: Consider the problem of determining the weights of four
objects by a spring balance in four observations or weighing operationms.
Observations are indepen&ené with variance 02. Let the designs D1

and D2 have design matrices X, and X2’ regpectively, with

§1= 1 1 1 0 s §2= 1 0 0 1

1 1 01 1 1.1 0

b

1 01 1 0 011

Lo 1 1 1 | L 01 0 1 .
where

1 if 2-th object is weighed in j-th operation,

(Xi). =
~173,%

0] otherwige. (1 =1,2,)

It is known that both the designs are D-optimum with [Xixil =9

(i = 1,2). However,
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C 7 -2 -2 -2 T 7 -2 -2 17
-1 1 -1 1
' - 1_ - - ' = 2 - - -
(§1§1) =3 2 7 -2 =2 s (§z§2) 3 2 7 -2 -1
-2 =2 7 =2 -2 =2 7 -1
-2 -2 =2 7 1 . -1 -1 -1 4
-1 28 -1 25
1 = =< ' = —
Therefore, tr(§1§1) =3 and tr(%zgz) 5 -

Hence if the A-optimality criterion is applied to the set of D-optimal

designs, the design D2 is obtained as the unique optimal design.

Example 3.3.2: Consider the problem of determining the weigh&s of three
objects by a chemical balance in three independent and identically
distributed observations or weighing operations. It is known from
Mood (1946) that for this problem there are three D-optimal designs

Di’ D2 and D3 having design matrices Xl’ X2 and X3, respectively, with

-~

110 1 1 1 1 1-1
5%t 1-1 11 L=ti1-1 1]l B 111 s
1011 1011 101 1

1 if 2-th object is in left pan in j-th operation,
where (X.) = -1 " " " o right " " " "
AT

o" " " is not included " " "
and [gigi[ =16 (i = 1,2,3). However,

310 T2 1-1 2 1 1

' -l_l ] -1_1'_ - ' -l—l
(§1§1) =3|1 3 o}, (X%,) = 3 1 2-1}, (X3%;) ~ = 7|1 21
0 0 4 -1-1 2 _ 1 1 2

and hence if the A-optimality criterion is applied.to the set of
D-optimal designs the design D, is obtained as the unique optimal

design since tr(X]X )-1 -2 and tr(XéXz)-1 = t:r()(é)(:a)-1 =

1

6
£1%1 A =z Let the

weights of the objects be Wis Wy and wy. Consider the linear combination
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3

X aiw. where each ai can take the values 0, 1 or -1. Then
i=1 3
max var( I aiwi) for D, is smaller than that for D, and D, that is,
a i=1

under the G-optimality criterion also D, is superior to D2 and D3.

1

Example 3.3.3: Consider the simple linear regression model

E{Y(X)} = BO + lel + Bzxz’

where x = (xl,xz) 8 ['1,1]2-

Supp&se'the parameters are to be estimated by the least squares method
using a three point discrete design. Then under the assumption of
independent and identically distributed observations, any design with
equal weights on any two of vertices of [-1,1]2 and a point on the
opposite edge is D-optimal. Thus there is an infinite family of
D-optimal designs. Now consider the behaviour of these designs when
the observations are correlated. As a typical situation consider the

variance-covariance function given by
coviy(x), y(z)) = ¢ * (A >0

Without loss of generality let 02 = 1. For a design with support
points (xli’x2i) (i = 1,2,3) the corresponding matrix of 'independent

variables is given by the 3x3 matrix

Lox xy

|
X = lox, x5,
1 x5 %p3

The generalized variance of the least squares estimates of the parameters

is then given by
- [ el2 = 2
G.v. (&) = |x'sx|/|x'x]® = [s|/[x|",

where S is the corresponding variance-covariance matrix. The generalized

variance of the best linear unbiased estimates of the parameters is
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given by

c.v. ) = |x'sTn7

1sl/1x12.

Consider the designs g, and & supported on (-1,1), (1,-1), (1,1)

and (-1,-1), (1,-1), (x,1) respectively. Let S, and S be the

corresponding variance-covariance matrices., Then,

1l w w2
|§1| = w 1 w 1= 1-+- 2w2 + w4 s
w2 w 1
where w = e—ZA,
1 (M2 (eI
|§x| = (e—A)Z 1 (e—l)3_x = 1-w2+2w4-w3_x-w3+x
(e—)\)3+x (e_k)3_x 1

Thus ISXI is symmetric in x. Now since 0 <w <1 and 0 <x <1 it

follows that

and

1-w?  a-wS?
w - X

which implies that

Therefore, regardless of the value of A, under the type of variance-
covariance function assumed, within the class of D-optimal designs,

those supported on three vertices of [-1,1]2 minimize the generalized
variance of the least squares estimates and the best linear unbiased

estimates. Let Eys Eg and g, be the designs with support points
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{(-1,-1), (1,-1), (-1,D}, {(-1,~1), (1,1), (-1,1)} and
{(1,-1), (1,1), (-1;1)}, respectively. It is interesting to note that
if the variance-covariance function is given by

2 1/2

Az e,z )

cov(y(x),y(z)) = o’e
then for all X > 1.032 the designs £ (i = 1,2,3,4) have smaller
generalized variances than the other D-optimal designs. Let us assume
that the variance-covariance function may only be of the first type
considered. Then on applying the criterion of minimizing generalized
variance or equivalently robustness against correlation, to the set of
D-optimal designs a subset consisting of Ei (i = 1,...,4) is obtained.
From symmetry considerations or otherwise it can be seen that these
four designs are equally good under A-optimality, E-optimality or the
integrated variance criteria. However, it is possible to discriminate
between these designs if robustness against possible quadratic bias in

the model is considered. Suppose the true model is given by

_ 2., 2
E{y(§)} = 30+31x1+32x2+811x1 +812x1x2+322x2

Then from the results of Box and Draper (1959) it can be shown that
the designs 51 and 53 have larger expected integrated square error
than 52 and 84 if 811, 812 and 822 are of the same magnitude and sign.

El and g3 are preferable to 52 and 54 if B and 822 are of the

11° P12

same magnitude but 812 is of a different sign.
The examples show how it is possible to reduce the class of

designs to be considered in any given experimental situation by applying

an hierarchy of optimal criteria. An application of this idea is to

be found in Kiefer and Wynn (1980) where a criterion is used to select

a subset of designs optimal under correlated error structure from the

set of designs that are optimal under the criterion when the observations

are independent and identically distributed.
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CHAPTER &

SECOND-ORDER AND THIRD-ORDER ROTATABLE DESIGNS

4.1 Introduction

A response surface design involving k quantitative factors may be
considered as a set of N points in k-dimensional space, each point
representing a particular combination of the levels of the factors.

Let x LN denote the standardized levels of the factors and let

1°°°

y(x) denote the respomse at x, where x = (xl,...,xk). It is assumed

that the response is a random variable with expected value n{(x), where

2 2
n(x) = bytbyx; + ...+ b Ab X T L+ B X

(4.1.1)
+b12x1x2 + ...+ bk~1,kxk—1xk + ...

includes all terms up to and including order d. In matrix notation

n(§) = §Id]§ s (4.1.2)

o [d]

where x' = (1,%X;5...,%.), X is the derived power vector of degree d,
X 1 X’ X

that is, x'[d] x[d] = (x'x)d and b contains all the b

-~ o~

10oF . xm 'S along
with suitable multipliers, in order that (4.1.1) equals (4.1.2). Let
5; = (xlu""’xku) (u=1,...,N) be the design points with yu's the
corresponding responses. The design is said to be of order d if it
allows the estimation of all the coefficients in (4.1.1). If the
coefficients are estimated by the method of least squares and if the
yu's are uncorrelated with a common variance-cz, then from the least

squares theory the variance of the estimated response §(x) at x is

given by

var{y(x)} = o' [ (xpy 7Ll (4.1.3)
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where X is the N x (k;d) matrix of 'independent variables', that is,

R [d} [d]
X' = (§1 y ey Xy ) (4.1.4)

~

4.2 Rotatable designs

Rotatable designs, introduced by Box and Hunter (1957), have the
. property that the variance of the estimated response at any point is a
function of the distance of the point from the origin of the design.

For rotatable designs (4.1.3) is constant on spheres centred at

the origin of the design. Suppose z = Mx, where z' = (l,zl,...,zk),
x' = (l,xl,...,xk) and M is an orthonormal (k+1) x (k+1) matrix consisting
of an arbitrary orthonormal matrix H bordered by a first row
u' = (1,0,...,0) and a first column u. Then from (4.1.3)
var{y(z)} = oz [l (xrx) 7t 1)
-1

= ozx'[d](M'[d]X'XM[d]) g[d], (4.2.1)

where M[d] is the d-th Schlidflian matrix such that z[d] = M[d]x[d].

Therefore, for a rotatable design it is required that (4.2.1) and

(4.1.3) be identically equal for every x and every M or equivalently

M' [dlxlm[d] = §'¥ , (4-2.2)

~ o~

for every orthonormal matrix M of the form described. Let

a a N a a
- k
[11,...,kk]=N12x1...x
_ ku

u=l 1lu

and let t' = (1,t .,t, ). Box and Hunter (1957) showed that

1077k
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Q = N lprldigeg,ld]
N
-1 2d
= N uil (1+t1x1u + ...+ thku) (4.2.3)

is the generating function of moments of order 2d or less of a design

and a design is rotatable if and only if

ay o 0 if one or more of the a, are odd,
(1 ,...,k 1 = (4.2.4)
k k
2
AT a.!/{Za/ i (lu.)!} if all the a. are even,
a . i . 271 1
i=1 i=1
k
where q = I e and 0 < o < 2d.
i=1

A set of points i3 said to be a rotatable arrangement of order d
if (4.2.4) is satisfied. A rotatable arrangement is a rotatable

design only if the arrangement forms a nonsingular design.

4.3 Construction of second~order rotatable desigps in k dimensions

from those in (k-%) dimensions

For a second-order rotatable arrangement in k dimensions (4.2.4)

reduces to

Ny
I x, = A (L1 =1,...,k),
g=1 U .
(4.3.1)
N N
z xgu = 3 xiuxﬁu =38 (i# j; 1,7 =1, k),
u=1 : u=1

all other sums of powers and products up to order four being zero.
From Box and Hunter (1957), the arrangement forms a second-order

rotatable design if in addition

NB k
=2 > TG (4.3.2)

A
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which can always be satisfied by a rotatable arrangement merely by
the addition of centre points.

A large number of methods for constructing second-order rotatable
designs are now available. Some of these were given by Box and Hunter
(1957), Bose and Draper (1959), Debaum (1959), Box and Behnken (1960a,b),
Draper (1960a), Das (1961), Das and Narasimham (1962), Thaker (1962),
Tyagi (1964), Herzberg (1967b), Draper and Herzberg (1968). 1In particular,
Draper (1960a) presented a method of constructing a second-order
rotatable design in k dimensions from a secondrorder rotatable design
in (k~1) dimensions. Draper's method may be used only for some
restricﬁive classes of given designs. Herzberg (1967b) presented an
alternative method which works in all cases and which does not need to
discard the results of the experiments that may have already been
performed according to the (k-1l)-dimensional design.

Two simple methods of constructing second-order rotatable
designs in k dimensions from second-order rotatable designs in (k-1)
dimensions are presented here. The methods work in all cases and, as
with Herzberg's metﬁod, the results of the experiments performed
according to the (k~1)-dimensional design need not be discarded.

Let S(zl,...,zk) denote all permutations of (zz .,izk) and

17"

let 2-ps(a,...,a) be any one of the smallest 2 P 'Resolution V' fractioms
of the two-level factorial design S(a,...,a). Further let T be the

transformation defined by T(zl,zz,...,z ) = (22,...,zk,zl).

k
' : =
Suppose for the set of N' points X, (xlu""’xk-l,u)
(u=1,...,N') in (k-1) dimensions, (4.3.1) is satisfied. Now consider

the set of k-dimensional points given by 2—pS(b,...,b) and for

u=1,...,N":
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(X 0),

(x

wXou®3y © 0 0 2 xk—2,u’xk-1,u’

w2030 0 Fk=2,u’ O xk-l,u)’

(xlu’ 0, X3gr ot Koy xk—l,u’ x2u)’
(o, Xou? X3y 0 7 0 0 xk-2,u’ xk--l,u’ xlu)
The number of points in this set is N = N'k+2k-p. For this derived set
of points
N
pox2 = (e-1)a+ 257Pp2 (i =1,...,k),
u=1
(4.3.3)
N 4 ' k-p, &4
I x, = (k-1)3B + 2 °b (i=1,...,k),
uw=1l
N 9 9 k-p. 4 )
T ox. x; = (k=2)B+ 2 b (i#3;1i,5=1,...,k),
g=] U ju

where all other sums of powers and products up to order four are zero.

Therefore, the derived set forms a second-order rotatable arrangement if

k-p+1,1/4

b = (3B/2 ) (4.3.4)

Also consider the set of k-dimensional points given by

{Tz(xlu,. 0); ¢L= 1,...,k; u=1,...,N"}

"’xk-l,u’

and 2-pS(b,...,b). This set also has N = kN'+2k"IJ points and satisfies
(4.3.3). Therefore, this set forms a second-order rotatable arrangemeﬁt
if b is chosen according to (4.3.4).

Both the k-dimensional arrangements described would almost always
form nonsingular designs. If not, some centre points may be added to
obtain the designs. If the (k-1)-dimensional arrangement is nonsingular
then the derived k-dimensional arrangements are necessarily non-singular.

If the given arrangement consists of combinations of symmetric point
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sets then both the methods described would lead to the same k-dimensional
designs. Otherwise, distinct designs would be obtained by the two
methods. As an example consider the case k = 3, Suppose the given
2-dimensional arrangement consists of 8 equally spaced points on a circle
of radius p centred at the origin given by S(p,0) and s(-2, £). Then

. 2 V2
the 3-dimensional arrangements derived by the two methods are identical
and is given by

1/4 1/4 1/4

p P 3 3 3
S(—, s 0), S( p’ i p ’ -i- p)

/z vz 2
and 2 sets of S(p,0,0). On the other hand if the given arrangement
consists of the vertices of a hexagon, the derived designs would be
different.

For small values of k the methods described are nearly as efficient
as Herzberg's method in terms of the number of experiments required.
However, for large values of k, these methods are likely to be of
theoretical interest only since the derived designs would require too
many experiments. It is interesting to note that some new classes of
3-dimensional sgcond—order rotatable designs with 23 points may be
obtained by applying these methods to a second—ordér rotatable arrange-
ment in 2 dimensions with 5 equally spaced points on a circle.

It may be desirable to extend a (k-2)-dimensional second-order
rotatable design into a k-dimensional second-order rotatable design,
for some £ 6 {1,...,k-1}. 1In such a situation, the k-dimensional design
may be derived by £ iterative application of any of the methods comsidered
) earlier. Since Draper's method cannot always be used and since it may
be desirable not to discard the results.of the experiments that may
have been performed according to the (k—-2)-dimensional design, Herzberg's
method appears to be the only one which on successive application may

provide a k-dimensional design with a practicable number of experiments.
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However, there exists a method for extending any given (k-2)-
dimensional second-order rotatable design directly into a k-dimensional
second-order rotatable design without discarding the results of the
experiments already performed. The method uses balanced incomplete
block designs to derive the k-dimensional points. When an appropriate
block design with a small number of blocks exists, the method can
provide a design with fewer points than the design derived by successive
application of Herzberg's method or by Draper's method when it works.
Construction of second-order rotatable designs through balanced
incomplete block designs has also been considered by Box and Behnken
(1960b), Das and Narasimham (1962), Das (1963), Raghavarao (1963),
Nigam and Das (1966). However, the problem of obtaining methods for
extending the dimensionality of a rotatable design was not considered
by them.

Let (xlu""’xk—l,u) (u=1,...,N'") be a second-order rotatable
arrangement in (k-%) dimensions. The problem is to obtain a
k~dimensional second-order rotatable arrangement such that the points

(

X gttt ¥ g g 00 veeo 0) (u=1,...,N') are included in the
b

arrangement.

Let BIB (t,b,r,s,\) denote a balanced incomplete block design
with t treatments in b blocks of size s, with r and A representing the
number of occurrences of each treatment and each pair of treatments.

To each block associate the points (th .,tht),where each h,

1°°°

(i =1,...,t) has the value a or O corresponding to the presence or
absence of the i-th treatment in the block. Let BIB - a(t,b,r,s,})

denote the set of all such points associated with the corresponding

q

block design and let 2 9BIB - a(t,b,r,s,A) be any one of the smallest

Z-q fractions of 'Resolution V' of this set.
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Now consider the balanced incomplete block designs with t = k

and s = k-, Without loss of generality it is assumed that for the

first block hi =a(i=1,...,k-2) and h, =0 (i = k-2+1,...,k). For

each block of BIB (k,b,r,k-~%,\) and each u (u = 1,...,N') there is an

associated point generated by replacing the (k-%) nonzero entries of

in any order without repeating the x. 's

(hl""’hk) by x iu

1u""’xk-2,u
(i =1,...,k-2). Without loss of generality, let the xiu's be placed

in the ascending order of the i's in the first block. Let ABIB
(k,b,r,k~2,)1) denote the set of all such points generated from the
corresponding block design using the given (k-%) dimensional arrangement.

The set ABIB (k,b,r,k-=2,)) thus contains (xlu,. 0,...,0)

cXg
(u=1,...,N").
Consider the set of N = bN'+2k..p points in k dimensions given by

ABIB (k,b,r,k-%,)) and 2 Pg (a,...,a). For this set the following

conditions are satisfied:

I xiu = A + 2k-pa2' (i=1,...,k),
u=1
N
. xgu = 3B + 25Pa* (4 =1,...,1), (4.3.5)
u=1
N
2 - ...
L xiu’-‘ﬁu = aB+ 2P (i# g i,5=1,...,0),
u=1l

where all other sums of powers and products up to order four are zero.
Therefore, the arrangement satisfies (4.3.1) if

k-p+1;1/4

a = {(r-1)3B/2 (4.3.6)

The k-dimensional arrangement, with centre points if necessary, therefore
forms a second-order rotatable design if a is chosen according to

(4.3.6).
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The method described can be quite useful in practice. For example
consider the case k = 7 and k-2 = 3. If the 3-dimensional design is
of the 'cube + cross-polytope' type, then N' = 14. The design derived
by the method described consists of the 7N'+64 points of
ABIB (7,7,3,3,1) and z-ls(a,...,a). The design in 7 dimensions
" obtained by successive application of Herzberg's method requires
N' + 180 points which is considerably larger than 7N' + 64 when
N' = 14. As another example consider the case k = 11, k-2 = 5,

The design derived by the method described consists of the 1IN' + 128
points of ABIB (11,11,5,5,2) and 2-4S(a,...,a). The design derived by
successive application of Herzberg's method requires N' + 658 éoints,
which is considerably larger than 11N' + 128 when N' = 26, the minimal
value for N'.

As an alternative, congsider the k-dimensional arrangement given by
ABIB (k,b,r,k-2,1) and 2 BIB - a(k,b.T;,s , L < 3. This

s.-q

set has N = bN' + b12 1 points and satisfies the following relations:

Al) with r

N ' s,~q
2
Dox; = TA 412 172 (3=1,...,5,
u=1
N 8.—-q
T x?u = 3B + 1,2 17°8% (G=1,...,0, (4.3.7)
u=1
N 8.—-q
2 e . .
b xiuxéu = AB + A12 1 34 (i #3; i, =1,...,k),
u=1l

where all other suris of powers and products up to order four are zero.
Therefore, this arrangement forms a second-order rotatable design if

1/4 .
a = { 3B(r=A) } . (4.3.8)

- S1-q
(3A1 r1)2
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For example, when k = 11, k-2 = 5, the 1IN' + 176 points of

ABIB (11,11,5,5,2) and 2-1BIB - a(11,11,5,5,2) form a second-order

rotatable design in 11 dimensions if a is chosen to satisfy (4.3.8).
If N’ is>the number of points in a (k~1)-dimensional design,

then N' + 2P

+ 2k+2 points are needed in the k-dimensional design
derived by Herzberg's method. Therefore, when k and & are both large
the design in k dimensions derived from a (k-%)-dimensional design by
successive application of Herzberg's method is likely to require more
experiments than the designs derived by the methods described if a
suitable balanced incomplete block design with a small number of blocks
exists. If such a suitable block design does not exist, Herzberg's
method could be applied iteratively until the dimensions are such that
the existence of a balanced incomplete block design with small number»
of blocks is ensured. These methods are useful also in the actual
performance of experiments. If, after performing the experiments
according to a second-order rotatable design in (k-2) factors, the
experimenter feels that % more factors should have been included, he
can then proceed by-the methods described without discarding the
original results.

The designs derived by the method may also be of use when certain
(k~2)-subsets of the k factors are of greater interest than others. When
possible, these subsets may be identified with some of the (k-2)-
dimensional rotatable designs contained in the derived k-dimensional
design.

Some of the designs derived by the methods described are displayed
in Table 4.3.1. Only the nature of the derived point sets are
indicated rather than the actual point sets since these depend on the

given (k-2)-dimensional arrangements. The number of experiments required

by these designs may be compared with the number of experiments in the
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Second-order rotatable designs in k dimensions from
second-order rotatable designs in (k-2) dimensions

k-2 | k |Design | Number of Type of point -sets Number of Number of
points points needed |points needed
by Herzberg's|by Draper's
method method
2 14 |1 6N' + 16 | ABIB (4,6,3,2,1) N' + 42 4N' + 12
s(a,a,a,a)
511 10N' + 16 | ABIB (5,10,4,2,1) N' + 70 8N' + 28
-1
2 "s(a,...,a)
6 |1 15N' + 32| ABIB (6,15,5,2,1) N' + 116 16N' + 60
2-1S(a,...,a)
317 (1 7N' + 64 | ABIB(7,7,3,3,1) N' + 180 16N' + 60
2-1S(a,...,a)'
4 1711 7N' + 64 | ABIB(7,7,4,4,2) N' + 154 8N' + 28
Z-IS(a,...,a)
5 {11 |1 11N' + 128| ABIB (11,11,5,5,2) N' + 658 64N' + 252
-4
2 s(a,...,a)
2 11N' + 176{ ABIB(11,11,5,5,2)
2" lB18-a(11,11,5,5,2)
6 |11 |1 11N' + 128| AB1B(11,11,6,6,3) N' + 612 32N' + 124
2 11IN' + 176 ABIB(11,11,6,6,3)
2" l18~a(11,11,5,5,2)
, ; 0., .12
16 |1 16N' + 256| ABIB(16,16,6,6,2) N' + 2042 2°°N' + 2774
Z-SS(a,...,a)
7 {1511 15N' + 256| ABIB(15,15,7,7,3) N' + 1672 28N' + 210—4
2_7S(a,...,a)
8 |15 |1 15N' + 256| ABIB(15,15,8,8,4) N' + 1590 27N' + 29-4
2—7S(a,...,a)
9 |13 |1 13N' + 256| ABIB(13,13,9,9,6) N' + 868 16N' + 60
-5
2 "s(a,...,a)
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designs derived by Herzberg's method and by Draper's method, assuming

that his method also works.

4.4 Some new third-order rotatable designs

For a third-order rotatable arrangement, that is, when d = 3,

condition (4.2.4) reduces to

oo

I x. = A(i=1,...,k),

u=1 *

o4 ¥ oy

I x, = 3L x;x, =3B (i#3j;i,j=1,...,K), (4.4.1)
usl 1 u=l] U I

N . N . N -

z x? =571 x% x% =15 ¢ ? x% le =15 (i #j#4% ;

1'1=1 iu u=1 iu ju u=1 lu ju u

]..,j,l = 1323'-'sk):

where all other sums of powers and products up to order six are zero. -
From Gardiner, Grandage and Hader (1959), the arrangement forms a

nonsingular design if in addition

M o, _k
A2 (k+2) °
(4.4.2)
AC  (k+2)
BZ (k+4)

. Draper (1960b) showed that (4.4.2) is satisfied by the arrangement if
the points lie on two or more concentric circles centred at the origin.
Gardiner, Grandage and Hader (1959) used vertices of symmetric

figures to construct third-order rotatable designs in three and four
dimensions. Subsequently, Draper (1960b,c), Das and Narasimham (1962)
and Herzberg (1964) constructed many new third-order rotatable designs.

Designs in five and higher dimensions are provided by Das and



66

Narasimham (1962) who used a method involving balanced incomplete block
designs and their complements and doubly balanced incomplete block
designs. A similar method was used by Box and Behnken (1960b) to construct
second-order rotatable designs.

Using these methods several new third-order rotatable designs are
constructed in five, six, seven and eight dimensions. Many of these
designs are of a sequential type and some require fewer observations
than the known designs with minimal number of observations. A design
is said to be of a sequential type if the experiments can be performed
in blocks with the first block forming a lower-order rotatable design.

Let DBIB (t,b,r,s,A,u) denote a doubly balanced incomplete block
design with p representing the number of times any three treatments
occur together and the other paramefers as defined in Section 4.3,

Let BIB-a(t,b,r,s,A) and DBIB-a(t,b,r,s,\,u) denote the sets of point
generated from the corresponding block designs in the manner illustrated
in Section 4.3. If the block designs are irreducible, alternative
notations are used to denote these point sets. For example,

S(a,a,a,0) denotes bBIB-a(4,4,3,3,2,1). Let 2 PS(a,...,a) be any one

of the smallest 2 P Resolution VII fractions of the factorial experiment
s(a,...,a).

The methods of construction require a suitable combination of
'symmetric' point sets such that conditions (4.4.1) and (4.4.2) are
satisfied. For example, in five dimensions, consider the points given
by S(a,a,a,a,a), s(d,d,d,d,d), s(2d4,2d,0,0,0) and 2 sets of

s$(2a,0,0,0,0). Then
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N

T xiu = 48a2+96d2 i=1,...,5),
u=1

N

T xiu = 96a“+288d4 (i=1,...,5),

u=1

N 9, A

£ X, x. = 32a'496d° (i # j; i,j=1,...,5),
U.=1 iu _]u

N (4.4.3)

6 6 6 .

I x; = 288a’+1056d° (i =1,...,5),
u=1

N

T ox! x> = 3225428845 (i # 3; i,5=1,...,5),
u=1 iu ju

N 5 2 2 6 6

L x. x. x = 32a +32d° (i # j#%£; i,j,2=1,...,5),
u=1 iu ju fu

where all other sums of powers and products up to order six are zero.

Therefore, the points form a third-order rotatable arrangement if

322%+2884% = 3(32a%+324%),

' (4.4.4)
288284105648 = 15(322%+324%) .

Equation (4.4.4) is satisfied when a6 = 3d%. From Draper (1960b), the
arrangement is also a non—singular design.
As another example consider the set of points given by

s(a,0,0,0,0), s(b,b,0,0,0) and two sets of S(c,...,c) and 5(d4,0,0,0,0),

each. The set of points satisfy (4.4.1) if b2 = 25/3c2 and
as2d% = (e4-213/3ch, (4.4.5a)
a%+24% = 1920 . (4.4.5b)

Let d? = taz, t > 0. Then (4.4.5a) and (4.4.5b) are simultaneously

satisfied if there is a non-negative t such that
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2)3
3)2

(64-213/3)3

(192)2

(1+2¢
(1+2¢t

£(t) . (4.4.6)

Clearly there exists a solution to (4.4.6) in the range t € (0,1) and

it is in fact given by t = 0.5372. Thus for b2 = 25/3c2,

32 = 1.2039 c2 and d2 2

= 0.6467 ¢“ the arrangement obtained is a third-
order rotatable design in five dimensions.

All the new designs obtained are displayed in Tables 4.4.1, 4.4.2,
4,.4.3 and 4.4.4, For designs of the sequential type, possible blocking
arrangements are illustrated with the first block forming a second-order
rotatable design in each case.

In five dimensions, Das and Narasimham (1962) provided two non-
sequential designs and one sequential design requiring 100, 150 and 192
experiments, respectively. Of all the designs in Table 4.4.1, Design 1
is the most efficient one in terms of the number of experiments
required. This sequential design needs only 124 experiments instead
of the 192 experiments needed for the sequential design of Das and
Narasinham (1962). Further, Design 1 requires only 24 more points than
the known design with minimal number of points among all third order
rotatable designs in five dimensions.

In six dimensions, Das and Narasimham (1962) obtained three
nonsequential and one sequential design with 260, 348, 360 and 260
points, respectively. Among the six-dimensional designs listed in
Table 4.4.2, Design 1 is the most useful one. This sequential design
requires only 236 points which 1is fewer.than the number of points
required by all the other six~dimensional third-order rotatable designs
 listed in the table and in Das and Narasimham (1962).

Das and Narasimham (1962) provided two nonsequential and one

sequential designs in 7 dimensions with 238, 372 and 238 points,

respectively. Note that the Design 1 of Table 4.4.3 is also listed by
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THIRD—-ORDER ROTATABLE DESIGNS IN FIVE DIMENSIONS

Design | Number {Block Point sets Repli-| Solutions in terms
jnumber of cates of a
points
1 124 1 }s(a,...,a) 1
s(2a,0,0,0,0) 2
2 |s(a,...,d) 1 a2 = 371/3,2
s(2d4,2d,0,0,0) 1
2 182 1 |s(a,...,a) 1 9 9
s(b,0,0,0,0) 1 b, = 4.4832a;
s(¢,0,0,0,0) 2 c” = 2.4393a
2 {s(d,d,d,d,o0) 1 dg = 0.5911a§
s(£,£,0,0,0) 1 £ = 2.6438a
3 228 1 |s(a,...,a) 1
s(2a,0,0,0,0) 2
2 |s(a,...,a) 3
s(2a,0,0,0,0) 4
s(2a,2a,0,0,0) 1
4 144 s(a,...,a) 2 5 )
s(b,0,0,0,0) 2 b2 = 4.5597a2
s(¢,0,0,0,0) 2 c, = 15983Oa
s(d,d,0,0,0) 1 | da% = 221732
5 134 S(a, ,a) 2
s(b.b,0,0,0) 1| bl = 27/3,2 )
s(¢,0,0,0,0) 1 c, = 1.2039a2
s(d,0,0,0,0) 2 d“ = 0.6467a




TABLE 4.4.2

70

THIRD-ORDER ROTATABLE DESIGNS IN SIX DIMENSIONS

Point sets

esign | Number [Block Repli-| Solutions in terms
umber of cates of a
points
1 236 1 |s(a,...,a) 1
s(2a,2a,0,0,0,0) 1
2 |s(a,...,a) 1
s(2a,0,...,0) 4
2 368 1 |s(a,...,a) 1 0 9
s(bv,0,...,0) 1 bz = 7.5421a2
s(c,0,...,0) 1 c“ = 2.6684a
2 |s(a,d,d,0,0,0) 1 a2 = 24
s(d4,4,0,0,0,0) 2
3 272 s(a,...,a) 1
s(b,b,b,0,0,0) 1 b§ = 43,2 )
s(c,0,...,0) 2 c, = 7.1773a
s(d,0,...,0) 2 d“ = 2.4260a
4 348 s(0,a,...,a) 1
s(b,b,0,0,0,0) 1 bi = 2(5)1/3a2
s(c,0,...,0) A ¢, = 3.8859a§
s(d,0,...,0) 4 d® = 1.0970a
5 324 s(0,a,...,a) 1
s(b,b,0,0,0,0) 1 b§ = 2(5)1/3 2
s(c,0,...,0) 2 c, = 4.4293a2
s(d,0,...,0) 4 d“ = 2.5484a
6 312 s(0,a,...,a) 1 _
s(b,b,0,0,0,0) 1 bg = 2(5)1/3a2
s(c,0,...,0) 1 c; = 4.3659a§
s(4,0,...,0) 4 d® = 3.3968a
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THIRD-ORDER ROTATABLE DESIGNS IN SEVEN DIMENSIONS

Design |Number |Block Point sets Repli~| Solutions in terms
number of cates of a2
points
-1
1 372 1 |2 "s(a,...,a) 1 . )
s(b,0,...,0) 1 b, = 7.5421a;
s(¢,0,...,0) 1 c® = 2.6678a
2 _ 5.2
2 |s(d,d,d,0,0,0,0) 1 a% = 2a
2 240 s(a,...,a) 1
s(2a,2a,0,...,0) 1
s(2a,0,...,0) 2
TABLE 4.4.4
THIRD-ORDER ROTATABLE DESIGNS IN EIGHT DIMENSIONS
Design|Number |Block Point sets Repli-} Solutions in terms
number of cates of a?
points
-1
1 480 1 J2 "s(a,...,a) 1
+n, - |s(2a,2a,0,...,0) 1
| 2 |27 tsh,....,b) 1 | b2 # a2
s(2b,2b,0,...,0) 1
2 480 1 |pBIB-a(8,14,7,4,3,1)] 1
+n, s(2a,0,...,0) 1
2 |pBIB-b(8,14,7,4,3,1)| 1 | b% # a2
s(2b,0,...,0) 1
-1
3 480 1 |2 "s(a,...,a) 1
+ ng s(2a,2a,0,...,0) 1
2 [pBIB-b(8,14,7,4,3,1)] 1 | b2 # 222
s(2b,0,...,0) 1
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them but only as a nonsequential design and the values of b2 and c2
seem to be in slight error.

In the designs of Table 4.4.4, n  is the number of centre-points.

o
If the designs are performed non-sequentially then the centre points
are not necessary. The designs of Das and Narasimham (1962) in

8 dimensions also require 480 points. Note that each block of the

designs in Table 4.44is a third-order rotatable arrangement.

4.5 A method for the construction of third-order rotatable designs

in k dimensions

A simple method for the construction of third-order rotatable
designs in k dimensions from third-order rotatable designs in (k-1)
dimensions is presented. This method works only when the given designs
satisfy some restrictive conditions. However, even if these conditions
are not satisfied, the method may almost always be slightly modified to
construct a k-dimensional design from the given design. further, the
results of the experiments performed according to the given design
need nof be discarded.

Suppose the set of N' points §u = (xlu"" ) (wu=1,...,8")

’xk-l,u

in (k-1)-dimensional space satisfy the condition (4.4.1). Now consider

the N = (2k~1)N'+6 points in k dimensions given by

(xlu""’xk-l,u’ 0) (u=1,...,N"),

alx ) (1 =1,...,k-1; u=1,...,N"),

ces +
u’ % k-1,0 *iu

(o,..., 0,+8), (0,...,0,%y) and (0,...,0,%68),

where a(al,...,a

k) = (aal,..., aak).

Then for this set of points
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N ) 2 :

T X, = {1+2(k-1)a“}A (i = 1,...,k-1),
u=1 :

¥y 4

I ox, 0= 3{1+2(k~1)a }8 (i =1,...,k-1),
u=1 :

N o 2 4

I x, x, = {1+2(k-1Da"}B (i # j; i, =1,...,k-1),

Nos 6 )

$ox0 = 15{l+2(k-Delc (i =1,...,k-1),
u=1l 1u

Now 2 6 . . .

L ox. x, = 3{1+2(k-1)a"}Cc (i # j; i,j=1,...,k-1),
Z. iuju
u=1l

N

£ ox2 x> x2 = {1+2(k-1)ablc (i#j#e; i,5,2=1,...,k-1),
— i1u Ju fu
u=1

. |

b xiu = 2(k-1)ala + 2(a2+yZ+s2), (4.5.1)
u=1l

N

5 x: = 6(k=1)a’B + 2(8%+y +s"),

_ u
u=1

N

I ox 2 = 6B (i < k-1),

- u 1u b
u=1

: x® = 30(k-1)abc + 2(8%+y6+5%)
u= xku ’

N

T x: < = e(k+3)e® ¢ (i < k-1,

_ u” iu -
u=1

N

T xi x? = 6(k+3)a60 (i < k-1),

_ u iu -
u=1l

N

T xi 2 x2 = 20k+3)abc (i; 1,§ < k-1),
y=1 ku'iu"ju -

where all the other sums of powers and products up to order six

are zero.
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It follows that the set of points forms a third order rotatable

arrangement in k dimensions if

2 . 2 1
B +y +3¢ = EA:
8 + Yll- + 64 = %B, (4.5.2)
ey asb = Lo,

and
2 = 2. (4.5.3)

Further, if conditions (4.5.2) and (4.5.3) are satisfied then from
~ Draper (1960b), the arrangement forms a nonsingular design since the
points lie on at least two distinct spheres centred at the origin.
From (4.5.2), it follows that Bz, 72 and 62 have to be real

nonnegative roots of the cubic equation

2 3
2, (A"-6B)t _ (120C+A"-18AB) _ ., (4.5.4)

8 48

3 A
t --2-t

From the theory of cubic equations, (Turnbull, 1947), the roots of

equation (4.5.4) are all real if and only if

3 2
(10c - AB + 5% + (ATEB3 < o, (4.5.5)

and the roots are then given by

2 .
1 A 188-A°,1/2 0+2 .
t, = 5{3 2( 5 ) / cos (__gﬂi_)} (i =0,1,2), (4.5.6)

where

8 = Arc cos{(10C - + ——)/( }

Therefore, a sufficient condition for the roots of equation (4.5.4) to

be real and nonnegative is inequality (4.5.5) with
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A? > 12B. (4,5.7)

It can also be seen that if

3

120C + A” - 18AB > O, (4,5,8)

then the inequality (4.5.7) may become
> 6B . (4,5,9)

Therefore, given any (k—-1)-dimensional third-order rotatable
design or arrangement for which the conditions (4.5;5) and (4.5,7) or
(4.5.5), (4.5.8) and (4.5.9) are satisfied, the corresponding set of
points derived by the method described provides a third-order rotatable
design in k dimensions.

It is interesting to note that even if condition (4.5.5) is not
satisfied, désigns may often be obtained by modifying the method
slightly. To see this suppose the points (0,...,0,*8), (0,...,0,y)
and (0,...,0,*8) are replicated, say, r times. Then condition (4.5.2)

reduces to

2 2.2 1 A
B +vy + 6 = 7 T
4, 4 4 _ 3 B
B + -Y 3 6 = 2 T > (4,5,10)
6 6 6 _ 15C
B-+y +6 = 2 r’
and condition (4.5.5) reduces to
¢ aB . AS .2 ,A%-18Br.3
(I0=2-=S+—3)"+ (——==)"<0. (4.5,11)
r 2 3 2 =
T 27r 18r

By taking r sufficiently large one can always satisfy a2 < 18Br and for
most given (k-1)-dimensional designs, this would lead to fulfilment
of condition (4.5.11). Condition (4.5.7) would in this case be

replaced by -
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A% > 12Br, (4.5.12)

and for most given designs (4.5.11) and (4.5.12) would be simultaneously
satigsfied for some suitable value of r.. Conditions (4.5.8) and (4.5.9)

are now to be replaced by

3
120C A 18AB
= + == - 5 >0 (4.5.13)
T r
and
2
A" > 6Br, (4.5.14)

respectively. Even if (4.5.12) cannot be satisfied, it would usually
be possible to find a suitable value of r for which (4.5.11), (4.5.13)
and (4.5.14) may be satisfied simultaneously and hence obtain a
k-dimensional design.

The method described may be applied to almost any given (k-1)-
dimensional désign. However, only simple examples are looked into

for k = 2, 3 and 4.

Example 4.5.1: Consider the comstruction of a third-order rotatable

design in 2 dimensions from a symmetric design in 1 dimension with

support at *a and *b, b > a. Then for the given design

2

A = 2(a +b?)

B = %(a4 + b s

2

6 6
= 15(a +b),
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and hence
188-a%2 = 8la*+b¥-ap?],
A2-6B = 8a%b2,
120c+A3-184B = o,
a3.2  AZ.18aB.3 b2 2.4.2
(10c-8 + 7=)7 + (2283 = —97(a™ -a%h? .

Therefore, for the given design, conditions (4.5.5), (4.5.8) and
(4.5.9) are satisfied and the roots of the cubic equatién (4.5.4) are
t = az,bz,o. Thus the 2-dimensional third-order rotatable design
derived by the method consists of two centre points and eight equally
spaced points on each of the two circles of radii a and b, respectively.
The centrepoints may be omitted. If the method were applied to a five-
point symmetric design in 1 dimension the same 2-dimensional design
with additional centrq:points would be obtained.

In the same way it can be seen that if the method is applied to a
l-dimensional symmetric design with six or seven support points,
a 2-dimensional rotatable design based on eight equally spaced points
on each of three distinct circles and some centrq:points which may be
omitted is obtained.

If the given l1-dimensional design contains more than 7 symmetrically
spaced points, then the design may be split up into component designs,

none with more than 7 points, and the method may be applied to each

component,

Example 4.5.2: Consider a 2-dimensional third-order rotatable arrangement

based on n equally spaced points on a circle of radius p. From Box and
Hunter (1957) or Bose and Carter (1959) it is required that n > 7.

Then for this arrangement
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- n 2
A = 2 P s
- n 4
B = g P >
= 0 6
€ =z °

and hence the cubic equation (4.5.4) reduces to

2 3 2
3 n 2t2 . (n“-3n) 4t 1 (n”-9n

t - 32 ° t "33 8

*¥200) 6 _ . (4.5.15)

It can readily be seen that for n > 9 the equation (4.5.15) cannot have
three nonnegative real roots. Since, for n > 9, A2 is always greater
than or equal to 18B, the condition (4.5.5) cannot be satisfied.

Suppose n = 8. Then

3 2
A2 A"-18B.3
(1oC - AB + '27) (T) 0

and therefore condition (4.5.5) is satisfied. Similarly it can be seen
that the condition (4.5.7) is also satisfied. In fact for mn = 8 the

equation (4.5.15) reduces to

: 6
3 - %2 s 4B = o, (4.5.16)
4 4
2 2 2
which has roots t = p~, %f and %f . Therefore, the method leads to a

non-singular 3-dimensional third-order rotatable design with 46 points
when applied to a 2-dimensional third order rotatable arrangement
consisting of 8 equally spaced points on a circle. This 3-dimensional
design in its standard‘orientation is in fact the design of Draper

(1960b) with points given by

1 1 1 .
S(E'O, 70 3 p) twice,
s(p, 0, 0),

1 .

S(~— p, 0, 0) twice,

V2

1 1

s(—op, — 0, 0).
V2 /2
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When n = 7,
4
a2 - 128 = 12— ,
3 2 12
A .2 A°-18B\3 _ _ 4%
(10C AB+ﬁ) +(———18 )T = 572356

Therefore, conditions (4.5.5) and (4.5.7) are both satisfied. The
equation (4.5.15), therefore, has three real nonnegative roots and the
method thus leads to a non-singular three dimensional third-order
rotatable design with 41 points. The application of the method provides
a new class of 3-dimensional third-order rotatable designs distinct
from the known classes of designs.

Consider a third order rotatable design with n equally spaced
points on each of two circles of radii °y and Pgs respectively. Then

for this set of points

a2 - B 4
188 - A™ = A {9(p1 +p

4 2 2,2
g ) = nlp 40,707},
and hence condition (4.5.5) cannot be satisfied if n > 9. Suppose

n=28, LetR = plz/pzz. It can be seen that in order to have 18B > Az,

R-if(S - /63, 8 + /63). However, it can be seen that

3 2
2 -12 A7,2 AT-18B,2
(27 pz {(10C - AB + 5.7) + (-—18——') }
5 4 3 2

= 216R™ + 6453R" + 18306R™ + 6453R” + 216R,

which can never be non positive and hence condition (4.5.5) cannot be
satisfied. The method, therefore, cannot be applied to a design based
on eight points equally spaced on each of two concentric circles.
However, the method may be applied to the points on each circle
separately, providing a 3~dimensional design with 92 points against the
86 points that would have been required if the method could be applied

to the circles together. If n =7,
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3 2
A7\ 2 A“-18B.3
(10C - AB + ’5—7') + ( ig )
(___16:27)sz12{-27R6+378R5+6615R‘*+32832R3+6615R2+378R-27}

and hence to satisfy comdition (4.5.5) it is required that R > 25.5
approximately, that is, the radius of one circle must be about five
times that of the other. However, even if the circles do not have

such radii, the method may be applied separately to each circle,

providing a 3-dimensional design with 82 points.

Example 4.5.3: Consider the three-dimensional design with points

S(%a, %a, %a) twice, S(—Laq 0, 0) twice, S(a,0,0) and s(-la, JLa, 0).
) V2 V2 V2

For this design,

A = 12a°,

B = 2a4,
16

cC = 4a .

Clearly, the method cannot be applied to this design to generate a
third-order rotatable design in 4 dimensions. However, consider the
method modified to take r replicates of the points (0,0,0,%8),
(0,0,0,%y) and (0,0,0,%5). Then for 6 > p > 4, the condition (4.5.12)
is satisfied. Also, for r = 5 and 6 the condition (4.5.11) is satisfied.
Therefore, when the modified method is applied to the given 3-dimensional
design a third-order rotatable design in 4-dimensions is obtained,

The method of construction, as described, can always be utilized
to extend third-order rotatable designs in 2 dimensions based on
concentrié circles with 7 or 8 equally spaced points on each circle,
into a third-order rotatable design in 3 dimensions. It is not necessary
to restrict to designs based on circles. The method may be applied to
any design as long as the design moments are such that (4.5.4) has

real nonnegative roots,
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In the same manner, for k > 4; the method, with suitable
modification if necessary, may almost always be applied to a (k-1)-
dimensional design to provide a k-dimensional design. For k > 5,
the method may not be of much practical use since the resultant

designs may require too many experiments.

The method may be applied to singular designs in (k-1) dimensions.
This has an added advantage in the performance of experiments. For
example, if the 2-dimensional design is arranged in blocks with points
on the same circle belonging to the same block, the experimenter can
proceed in stages. If after performing some blocks of experiments
in two dimensions, the experimenter feels that another factor should
have been included in the analysis, he can then proceed by the method
described without discarding the original results. In higher dimensions

also the method has similar application.

4.6 The construction of third-order rotatable designs by projections

It is often possible to construct useful third-order rotatable
designs in k dimensions from the available third-order rotatable
designs or arrangements in (k+%) dimensions. The method of construction
relies on partitioning the (k+2)-dimensional spaces into orthogonal
subspaces and taking projections of the (k+f)~dimensional designs onto
these subspaces.

If'(xl,...,x +2) is a point in the (k+&)-dimensional space, let

k

its projection onto the k-dimensional subspace Xepi = 0(i=1,...,2

be denoted by (xl,...,xk). It follows that if the set of points

(xlu,.. ) (u=1,...,N") satisfy (4.2.4) in the (k+2)-dimensional

.,,xk+2’u
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space then the set (xlu""’xk,u) (u=1,...,8") also automatically
satisfy (4.2.4) in the k-dimensional space. From Gardiner, Grandage

and Hader (1959) it is known that for a third-order rotatable

. . . AC _ (k+2) . AC _ (k+2)
arrangement in k dimensiomns, — > is replaced by — >
B2 (k+4) BZ (k+4)

in (4.4.2), where A, B and C are as defined in (4.4.1). 1In fact the
inequality é% > %%E%% cannot be reversed for any set of points satisfying
B
(4.4.1). Therefore, it follows that the set of k-dimensional points
derived by projecting the set of (k+2)-dimensional- points necessarily
forms a non-singular third-order rotatable design in k dimensions even
if the (k+2)-dimensional design is singular. Hence, given any third-order
rotatable design or arrangement in the (k+2%)-dimensional space, a third-
order rotatable design in k dimensions may be derived by taking a
projection of the given design or arrangement. Only the non-central
k-dimensional points need to be kept in the derived design.

The usual methods of construction of third-order rotatable designs
involve the use of balanced and doubly balanced incomplete block designs.
As a consequence, it is easier in some dimensions than in others to
construct designs'or arrangements with small number of points. The
method of construction described can be particularly useful whenever a
(k+2)-dimensional third-order rotatable arrangement with small number

of points is available. Application of the method is best illustrated

by considering some concrete examples.

Example 4.6.1: Draper (1960c) constructed a third-order.rotatable

arrangement in four dimensions consisting of S(a,a,a,a), S(2a,0,0,0)
and S(Z%a, Z%a, 0, 0). Consider the projection of this arrangement onto

the three—-dimensional subspace X, = 0. Then ignoring the centre points,

the 46 points of S$(2a,0,0), S(Z;5 £

%

a, 2%, 0) and two sets of S(a,a,a) and

s(2°a,0,0), each, are obtained. Thus a three-dimensional third-order
rotatable design with 46 points is derived, This derived design is

listed in Draper (1960b).
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Example 4.6.2: Consider the 5-dimensional design of Das and

Narasimham (1962) given by the 100 points of S(a,a,a,0,0),

2

s(b,0,0,0,0) and S(d,0,0,0,0) where b% = 3.24741a%, a2 = 1.20596a2.

By projecting this design onto a 4-dimensional space, say, Xg =0

and ignoring the centre points, a 4-dimensional third-order rotatable
design is derived. The derived design consists of the 96 points given
by s(a,a,a,0), s(b,0,0,0), s(d,0,0,0) and 2 sets of S(a,a,0,0). Note

that this design is distinct from the other known 4-dimensional third-

order rotatable design with 96 points described in Draper (1960c).

Example 4.6.3: Consider Design 2 of Table 4.4.3 with the 240

7-dimensional points given by S(a,...,a), S(2a,2a,0,...,0) and 2 sets

of S(2a,0,...,0). The 236 noncentral points derived in the 6-dimensional
e

space are then given by S(2a,2a,0,0,0,0), 2 sets of S(a,...,a) and

4 sets of S(2a,0,...,0). Thus, the six-dimensional Design 1 of

Table 4.4.2 is obtained.

Example 4.6.4: Consider the 7-dimensional design of Das and Narasimham

(1962) given by the 238 points of $(2a,0,...,0), BIB-a(7,7,4,4,2) and
2 sets of Complementary BIB-a(7,7,3,3,1). On projecting these points

onto the 6-dimensional subspace x 0 and ignoring the centre points,

7 =
a third-order rotaE?ble design with 236 points is obtained. Note that
this design is distinct from the other 236-point design ~ Design 1 of

Table 4.4.2. 1In fact this design consists of the six-dimensional

point-set given by

s$(2a,0,...,0),

(0, *a, *a, *a, *a, 0),
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2 replicates of

(+a, ta, *a, 0, 0, 0),
(+a, 0, 0, *a, *a, 0),
(0, *a, 0, *a, 0, *a),
(o, 0, *a, 0, *a, *a),
(0, 0, 0, *a, *a, *a),
(0, *a, *a, 0, 0, *a),
(ta, 0, *a, 0, *a, 0),

(+a, *a, 0, *a, 0, 0),

and 4 replicates of

(¢xa, 0, 0, 0, 0, *a),
(o, *a, 0, 0, ta, 0),

(o, 0, *a, *a, 0, 0).

Example 4.6.5: Consider the 8~dimensional third-order rotatable
arrangement cénsisting of the 240 points of Z-IS(a,...,a) and
s(2a,2a,0,...,0). its projection onto a 7-dimensional space provides
the Design 2 of Table 4.4.3 consisting of the 240 points given by

s(a,...,a), s(2a,2a,0,...,0) and 2 sets of S(2a,0,...,0).

Example 4.6.6: The 7-dimensional design of Das and Narasimham (1962)

given by the 238 points of S(2a,0,...,0), BIB~a(7,7,4,4,2) and two sets
of the Complementary BIB-a(7,7,3,3,1) may be obtained from the projections
of the 8-dimensional third-order rotatable arrangement with 240 points

of DBIB-a(8,14,7,4,3,.) and 5(2a,0,...,0).

Example 4.6.7: Consider the ll-dimensional design of Das and

Narasimham (1962) given by DBIB-a(11,33,15,5,6,2), $(b,0,...,0) and

2 2 2

$(d,0,...,0) with b2 = 5.44372a% and 4% = 4.285562a%. This design with

1100 points is the minimal-point design among all available third-order
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rotatable designs in 11 dimensions. As noted in Herzberg and Cox
(1969), the minimal~point designs among the available third-order
rotatable designs in 9 and 10 dimensions require 1202 and 1372 points,
respectively and are listed in Das and Narasimham (1962). However, if
orthogonal projections of the minimal-point ll-dimensional design onto
a 10-dimensional subspace is taken then a new third-order rotatable
design in 10 dimensions with only 1096 points is obtained. 1In the
same way by projecting the ll-dimensional design onto a 9-dimensional
subspace, a minimal-point design in 9 dimensions with only 1092 points

is derived.

4.7 The construction of third-order rotatable designs in k dimensions

from degigns in (k—-L) dimensions

A method for constructing second-order rotatable designs in
k dimensions from second-order rotatable designs in (k-%) dimensions
has been presented in Section 4.3. A similar method can often be used
to consfruct new classes of k-dimensional third-order rotatable designs
from given (k;l)-diﬁensional third-order rotatable arrangements or
designs. Let ADBIB-~(k,b,r,k-%,A,u) be the set of k-dimensional points
'generatéd from the given (k-f£)-dimensional point-set through the doubly
balanced incomplete block design DBIB-(k,b,r,k~%,A,u) in the manner
illustrated in Section 4.3. Then by combining ADBIB-(k,b,r,k-2,A,u)

with point sets of the form S(al,...,a ),...,S(ak,O,...,O) or their

1
suitably 'balanced fractions' it is often possible to satisfy (4.4.1)

and (4.4.2). The following examples illustrate the method.

Example 4.7.1: Consider a third-order rotatable arrangement in

2-dimensions consisting of N' (> 7) equally spaced points on a circle of

N'4 N 6 N 2

radius p. Then for this arrangement B = 3P > C = 78 ° > A= 5P

where A, B, C are as defined in (4.4.1). Consider the 3-dimensional
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point set ADBIB-(3,3,2,2,1,0) generated from this arrangement. Combine
the 3N' points of this set with the 28 points of S(a,a,0), S(b,b,b)
and S(d,d,d) where a2 = bzt, t > 0. It can readily be verified that the

3N'+28 points form a third-order rotatable arrangement in 3 dimensions

if a2 = (%%)1/3 and if t is such that
: 9¢ 2/3 3
£C6) (1+t2)3 ) {38-4 x (557"} 25
(1+t3)2 16 x 64 9C2
. (1+t2)3
Consider N' = 7. Then a t is needed such that ——— = 0.98144,
(1+t3)2
Clearly no such non-negative t exists and hence one cannot obtain a third-
order rotatable arrangement in 3 dimensions. Consider N' = 8. Then a
2,3
nonnegative t is needed such that ey

= 1.170636. Clearly a solution
3,2
(1+t7) -
exists and is given by t = 0.25635. Hence a third-order rotatable design

in 3 dimensions with 52 points is obtained and is given by

s(2, £, 0), 2 sets of 5(p,0,0), S(a,a,0), S(b,b,b) and S(d,d,d) with
/- /_
2 _

1/3 2 2 2 2
a“ = (40)

P, b" =0.55690", d” = 0.142802.

Example 4.7.2: Consider the set of points given by S(a,a,a,a), S(b,b,0,0),
2 sets of S(d,d,d,d) and the 42 points of ADBIB(4,6,3,2,1,0) generated
from a third-order rotatable arrangement in 2 dimensions consisting of 7

equally spaced points on a circle of radius p. There are 114 points

in this set. Let d2 = taz, t > 0. It can be shown that the set forms

1/3 2 and t

a third-order rotatable design in 4 dimensions if b2 = (——)
(1+2¢%)3 _ 21
(1+2t3)2 8
= 0.29749p2 and d2 = 0.19437p

is such that

a2

Therefore, for t = 0.653356, that is, for
2 the set of points described forms a
4~dimensional third-order rotatable design with 114 points derived

from a 2-dimensional third-orderArotatable arrangement. Note that this
is a new design in 4 dimensions. Another new 4-dimensional third-order

rotatable design is obtained by starting with a 2-dimensional third-

order rotatable arrangement consisting of eight equally spaced points
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on a circle of radius p. This design consists of 120 points and is
given by s(b,b,0,0), s(a,a,a,a), 2 sets of s(d,d,d,d) and the 48

points of ADBIB-(4,6,3,2,1,0). It can readily be verified that these

) 2
120 points satisfy (4.4.1) if b2 = —%7§ s a2 = ta? where t is such that
2.3 2
Sl:z&slz = 3. Therefore, the design is in fact given by S(b,b,0,0),
(1+2t7)
3 sets of S(a,a,a,a), S(i&,<§i, 0, 0) and 3 sets of S{(p,0,0,0), where
2
bz = pz az = 2—2- 2
22 3 4

The method of construction illustrated through the simple examples
is likely to be of practical use only when the suitable block designs
with small number of blocks exist. Otherwise, the derived designs
would require too many experiments. Nonetheless, the method has led

to some new third-order rotatable designs.

4.8 Second-order rotatable designs constructed from pairwise balanced

designs

The available second-order rotatable designs often require too
many experiments. ﬁere, a method of construction of second-order
rotatable designs through pairwise balanced designs is provided and
appliéd to construct some new designé with a small number of points.

A pairwise balanced design is an arrangeﬁent of t treatments in
b blocks such that each block contains 31,82,..., or s treatments that
are all distinct (si 2t, s #‘sj) and every pair of treatments occurs
exactly A times. ‘Corresponding to each block of size s; there is a
set of t-dimensional points (ihl,...,iht) where each hj (j =1,...,t)
has the value ator Q depending on the presence or absence of the
j-th treatment in the block, respectively. As in Box and Behnken (1960b)
and Das and Narasimham (1962) the actual design points of the second-

order rotatable design which would correspond to the block may be any
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one of the smallest 2 1 'Resolution V' fractions of the set
(ihl,...,iht) regarding the set as a 2si factorial design in the
factors at non-zero level.

Of particular interest are those pairwise balanced designs for
which the number of times a treatment occurs in blocks of a particular
size is the same for all treatments. If BIB (t,b,r,s,A) is a balanced
incomplete block design with parameters as defined earlier then many
pairwise balanced designs of interest, with m > 2, may be obtained
by deleting one or more treatments from the BIB (t,b,r,s,A). For con-

venience, let BIB-a (t,b,r,s,)) denote the k-dimensional design

12 e0d
points corresponding to a pairwise balanced design of the desired type
obtained by deleting treatments from the BIB (t,b,r,s,A) (t > k).

Also, as before, let S(z .,zk) denote all permutations of

10
(izl,...,izk) and let z-qS(zl""’Zk) denote any one of the smallest
'Resolution V' fractions of S(zl,...,zk).

If r = 3X then BIB—al,...,am (t,b,r,s,)A) often forms a second-order
rotatable design if the a; (i =1,...,m) are suitably chosen. If

r < 3A, a design ma§ be obtained by adding S(d4,0,...,0) to the set with
d appropriately chosen. If r > 3A, the design may be formed by adding
Z-qS(p,...,p) to the set with p suitably chosen. This method of

construction is best seen by considering some specific examples.

Example 4.8.1: Consider a BIB (7,7,3,3,1). Then the corresponding

6-dimensional point set B.I.B-a a2(7,7,3,3,1) derived by deleting ome

1’
treatment of B.f.B.(7,7,3,3,1) is given by the 44 points
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(iala ial, ials o, o, O)’

(ta 0, O, Za ial, 0),

1’ 1°
(iazs o, 0o, 0, O, iaz):

(o, ial, 0, ial, 0, *a_ ), (4.8.1)

(o, *ta,, 0, 0, *a,, 0),
(0, o0, ta,, *a,, 0, 0),

0, *a.,, *a,)

(o, o0, *a 1’ 34

For this set of points the following conditioms are satisfied:

5 xiu - 16a12 42,0 (1 =1,...,6),
u
T xﬁ = 16a14-+ 4324 (i=1,...,6),
u (4.8.2)
2 5 {482‘* (i,5) = (1,6), (2,5), (3,4),
X, X. =
w M 8a14 otherwise (i # j; i,j =1,...,6),

and all other sums of powers and products up to order four are zero.

Therefore BIB-al,az(7,7,3,3,1) is a second-order rotatable design if

324 = 2314. Note that the design with smallest number of points among

all the available second-order rotatable designs in six dimensions

also requires 44 points and consists of 2_1S(a,...,a) and S(25/4a,0,...,0).

Example 4.8.2: Consider the BIB-al,a2(6,10,5,3,2) obtained by deleting
one treatment of BIB (6,10,5,3,2) and S(d4,0,...,0) in five dimensions.

For these points

2 2 2 2 .

z X;, = 2431 + 832 +2d° (1 =1,...,5),
b 4 boooh .

Ix, o= 24a1 + 8a2 +2d° (i=1,...,5), (4.8.3)
2 2 _ 4 4 b ooy x s

b xiuxju 1631 or 831 + 4a, (1 #j;1,j=1,...,5,

and all other sums of powers and products up to order four are zero.
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Therefore, these 70 points form a second-order rotatable design if

4 4 4
4" = 2a2 = 431 .

Example 4.8.3: Consider the 192 points of BIB—al,az(10,15,6,4,2)

which satisfy the conditions:

4 4 2 4.
I X, = 64a1 + 16a, (i=1, ,9),
px.t = eha 416 (i=1,...,9), (4.8.4)
iu 1 2
2 2 4 4 4 4 s, s s o
z xiuxju = 32a1 or 16a1 + 832 or 16a2 (i #3; 1i,j=1,...,9),

and all other sums of powers and products up to order four are zero.

Therefore, BIB—al,a2(10,15,6,4,2) is a second-order rotatable design

in 9 dimensions if a24 = 2a14.

Example 4.8.4: Consider a BIB (16,16,6,6,2). From the method of

construction of BIB (16,16,6,6,2) it can readily be seen that the

16x16 incidence matrix N is (N1

the complement of A, ® denotes the Kronecker product and N. is the 4x4

Q Nl) + (ﬁl 8 ¥1) , where A denotes

matrix given by

.
Let the treatments be partitioned into 4 sets of 4 treatments each so
that the {(i-1)4+j}-th treatment for j = 1,2,3,4 belongs to the i-th
set (i = 1,2,3,4). By deleting any 4 treatments in the same set a

BIB-al,az(16,16,6,6,2) is obtained which is given by
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Z—I(ia, 0, 0, 0, ta, 0, 0, 0, O, *a, *a, %a) (4.8.5)
2" (0, 0, O, *a, *a, *a, *a, 0, O, O, O, *a),
2 (o, 0, *a, O, *a, *a, O, ta, O, O, *a, 0),
2 7(0, +a, 0, 0, *a, O, *a, *a, 0, ta, 0, 0),
2 “(#a, 0, 0, 0, O, ta, *a, *a, *a, 0, 0, 0),
2 “(za, *a, *a, 0, 0, 0, O, *a, 0, 0, O, #a),
ta, *a, 0, *a, 0, O, *a, 0, O, O, *a, 0),
ta, 0, *a, *a, O, *a, 0, 0, 0, *a, 0, 0),

-1
2 (0, *a, *a, *a, *a, 0, 0, O, *a, 0, 0, 0),

with b = a and a = a,. Clearly, BIB-a1,32(16,16,6,6,2) satisfy the

following conditions:

2 _ 2 2 ..
pX Xy = 8a1 + 8Oa2 (i=1,...,12),
N .
T x* = gals 80a,” (i=1,...,12),
=] 1U 1
(4.8.6)
4 4 Y . . _
8a, + 16a, (li-j| = 4,8; i,j =1,...,12),
1 2
2 2
IX, X, =
1u ju

32324 (i # 5;]i-j| # 4,8; i,j=1,...,12),

where all other sums of powers and products up to order four are zero.

Therefore, the 224 points of BIB-a (16,16,6,6,2) obtained in (4.8.5)

1°%2
form a minimal-point second-order rotatable design in 12 dimensions if

al4 = 2a24. This design may be used as an alternative to the other

known minimal-point 12-dimensional second-order rotatable design
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requiring 224 points which is provided by Adhikary and Panda (1977).
Many other second-order rotatable designs may be derived by the

method described. Examples 4.8.1 and 4.8.4 are of special interest,

since these provide alternatives to the available minimal-point designs

in 6 and 12 dimensions, respectively.

4.9 Construction of second-order rotatable designs through asymmetric

point-sets

In the methods of construction described, symmetric point-sets are
combined to derive second-order rotatable designs. However, it is not
necessary to restrict to symmetric point-sets. Often it may be possible
to construct useful designs with small number of points by combining
together point-sets which are asymmetric. Some examples of such
designs with small number of points are provided. The first three

designs require the minimum number of points among the available designs.

Example 4.9.1: Consider the four-dimensional points

(+b, *a, *a, 0),
(0, *a, *a, *b),
(0, e, 0, 0),
(o, 0, *c, 0),

(xd, 0, 0, %d).

It can easily be verified that these 24 points form a second-order

rotatable design if b2 = 2a2, c2 = 4a2 and d2 = 2a2.

Example 4.9.2: Consider the 44 six~dimensional points

2 "(+2%a, ta, ta, *a, *a, 0),

27k 0, +a, +a, +a, #a, :Z%a),

(o, s(25/4

(¢23/4

a, 0, 0, 0), 0),

a, 0, 0, 0, O, 123/4a).
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These points clearly form a second-order rotatable design.

Example 4.9.3: Consider the 144 nine-dimensional points

-2
2 © (¢b, *a, *a, ta, *ta, *a, *a, *a, 0),

272 (0, *a, *a, *a, *a, *a, *a, *a, b)),
(o, s(, o, 0, 0, 0, 0, 0), 0),

(i'c, 0, 0, 0, 0, 0, O, O, tc).

This set forms a second—-order rotatable design if b2 = 2a
d2 = 27/2a2.

2
z c2 = 25/23,

3

Example 4.9.4: Consider the 280 twelve-dimensional points

2_4(0, ta, ..., *a, +/2a),
2"4(tlia, ta, ..., *a, 0),
(0, s(4a, 0, ..., 0), 0),

(£2/2a, 0, ..., 0, %2/2a).

This set of points clearly satisfies all the requirements of a non-

singular second-order rotatable design in 12 dimensions.

4,10 Cylindrically rotatable designs

Herzberg (1966, 1967a) introduced and classified the cylindrically
rotatable designs. Of particular interest are the cylindrically rotatable
designs of type 3 which are also known as the group—-divisible rotatable
designs. These designs were independently introduced by Das and Dey
(1967). Cylindrically rotatable designs of type 3 split up the factors
into two groups such-that the designs are rotatable for each group of
factors when the sum of squares of the factors in the other group is
held constént. Das and Dey (1967) derived empirically the conditions

under which second-order designs are cylindrically rotatable of type 3
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and also provided some methods of comstruction. However, their
analysis and the methods of construction of these designs appear to be
incorrect. The correct analysis and some methods of comstruction of
second-order cylindrically rotatable designs of type 3 are given in
Adhikary and Sinha (1976). The methods provided in Dey and Nigam
(1968) are only valid for tﬁose second-order models in which there is
no product term involving factors from different groups.

Singh (1979) obtained the conditions under which the second-order
designs are such that the factors may be split up into three groups
for eacﬁ of which the designs are rotatable when the sums of squares
of the factors in the other groups are held constant.

More generally consider the k factors split up into m mutually

exclusive groups with ki_k factors.xk‘ 1+1,...,xk in the i-th
j-

i-1 .

group, (i =1,...,m), where ko = 0, k.m =%k. A desig; is to be called a
m-grouped cylindrically rotatable design of type 3 if it is rotatable
for each group of factors when the sums of squares of the factors in
the other groups are held constant, The moment requirements of a
m-grouped cylindrically rotatable design of type 3 of order d ﬁay be
derived by a method very similar to the method used by Box and Hunter
(1957) and Herzberg (1966, 1967a) to derive the moment requirements of
a rotatable design and a cylindrically rotatable design of order d,

respectively.

Consider y(x) and y(z) where
k. k,
1 1 2
5 x2 = © 2.2 (i=1,...,m. (4.10.1)

3= J 1= J
h | ki-1+1 ] i—1+1

Suppose z = Rx, where x' = (1,x1,...,xk), z' = (l,zl,...,zk) and R is a

(k+1) x (k+l) orthonormal matrix of the form

R = Diag {1,151,...,13m} , (4.10.2)
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with each R. an orthonormal matrix of order (k.-k, ) x (k.-k,
1 1 i-1 1 1i-

1)’
(i =1,...,m). Therefore, for a mgrouped cylindrically rotatable

design of type 3 it is required that

g’ (4]

-~ -~

X, (4.10.3)

for every orthonormal matrix R of the form described. It follows that,
Q, the moment generating function of a m—grouped cylindrically rotatable

design type 3 must be a function of

T t. (i=1,...,m)

and since Q is a polynomial in the tj's, it must be of the form

d d _ m ki 9 P,
Q = I ... I a oo U I (2 t.5) '}, (4.10.4)
P1= pm=o P19-.-, Pm i=1 j=ki_1+l J
m a;
where I P; < d. The coefficient of by eee in Q is zero if any
i=1
of the aj, j=1,...,k is odd and is
m N L
a { (& = a)!H/{n (Ga)! o} (4.10.5)
k k eq 2. ] . 273
1 m i=1 “j=k, .+l j=
aj,... aj . i-1
Kyt k .+l
by
if all the aj (j = 1,...,k) are even integers. Therefore,hequating
a a
1 k

(4.10.5) with the coefficient of &y ..oty in (4.2.3) it e4nleseern that

for a m—grouped cylindrically rotatable design of type 3 of order 4

0 if any a, odd (j =1,...,k),
%1 % ) k (4.10.6)
(1 7,...,k 1 = (.Ia.!) T
A j=1 J
ko * 2°/2 Iﬁ e
Z j,ttt, 2 (lj j=1 2 J
h| =ko+1 ] =km- 1+ 1
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where
a/2 (2d-0), = 1 ki
- _— - . ]
A K, K a 9 " 2 2d) 121(2’=kz ail).
' 0.,..., DPa It age.., IO a. 7K1
j=k +1 J RN j=k +17 =k +1 3
0 j=k .+1 o=
m-1 (4.10.7)
k.
i
is constant for any design and any z a. (i =1,...,m.
jokg gt

The design points have to be chosen in a way such that the variance-
covariance matrix of the estimated parameters is non-singular.

The cylindrically rotatable designs are likely to be most useful
when the number of experiments required by such designs are relatively
smaller than the number of experiments required by rotatable designs
of the same order and dimensions. Any method of construction of
rotatable designs of order d can also be used for the construction of
¢ylindrically rotatable designs of the same order. However, those methods
which yield these designs with small number of points are of greater
interest. One such method of construction of second-order m-grouped-
cylindrically rotatable designs of type 3 is presented here along with
some examples.

For second-order designs, the condition (4.10.6) reduce to

N v

z xji = A (ki_1+1 Sizk;is 1,...,m),

u=1

Ny

I x, = 3B, (k._1+1 <j<k,;1i=1,...,m),

u=1 ¢ ot N (4.10.8)

. Bi(k, (*1 < #2 kg5 i=1,.00,m),

22 _

uEI xjuxzu C. (k, +1 < j<k,; k .+l <2 <k ; i#s; i,8 =1 m)

isg i-1 i?> "g=1 "~ =" = "Tg? » Lo ’ sm),

with all other sums of powers and products up to order four being zero.

Note that (4.10.8) does not guarantee non-singularity of the design.

-
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For example, if any of the Cis's is zero then the design is singular
for the full second-order model since the coefficients of the products
of factors from the i-th group and s-th group cannot then be estimated
using the design. For the design to be non-singular all the Ai's,
B,'s and C. 's must be non-zero.
i is
Consider a BIB(t,b,r,s,\). Associate with each block a point

(h "’ht)’ where each hi has the value a, or 0 corresponding to the

1°°
presence or absence of the i-th treatment in the block. Now consider
the balanced incomplete block designs with t = m and s i 2. Then from
each block a k-dimensional point set (S(hl""’hl)""’S(hm""’hm)) is
obtained by replacing each hi with the vectors S(hi""’hi) of size

1 x (ki-ki-l) in (hl""’hm)' Take any one of the smallest 14
Resolution V' fractions of the k-dimensional point set, The collection
of b such fractional factorial designs, one corresponding to each block
of BIB(m,b,r,s,A), along-with the 2k axial points
(+b ,0,...,0),...,(0,0,...,0,ibk),whereAbj =d, (ki_l

i=1,...,m), forms a second-order mgrouped cylindrically rotatable

+1 < j 2 k,;
232K

design of type 3 if the ai's and di's are suitably chosen.

Example 4.10.1: Consider m = 3, k, = 4, k, = 8, k = 12. The design

1
points derived by the method described using a BIB(3,3,2,2,1) are

-2

2 (ial,ial,ial,ial,iaz,iaz,iaz,iaz, o, 0, 0, 0),
-2

2 (tal,ial,ial,ial, 0, 0, O, O,ia3,ia3,ia3,ia3),
2-2(0, 0, O, O,iaz,iaz,iaz,taz,ia3,ia3,ta3,ia3),

(tdl, 0, O, e e e, .0, 0, O0),

(o, o0, O, e e e 0, O, id3).

7/4

Therefore, for di =2 a; (i =1,2,3), these 216 points form a second-

order 3-grouped cylindrically rotatable design of type 3.
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Example 4.10.2: Consider m.= 4, k1 =3, k, =6, k3 =9, k = 12. By

using a BIB(4,6,3,2,1) the 192 points derived are

-1
2 (ial,ial,ial,iaz,iaz,taz, o, o, o, 0, O, O0),

2-1(i'a1,i'al,:ta 0, 0, O,%ag,%ay,*as, 0, 0, 0),

1’
Z_I(tal,ial,i’al, o, o, 0o, o, 0, O, :a4,1a4,ta4),
-1
2 (o, o, O, iaz,iaz,iaz,iaB,i’a3,ia3, 0o, 0, 0),
-1 )
2 (o, 0, O, ta,,*a,,*a,, 0, 0, O, iaA,iah,iaA),
-1

2 (0o, 0o, 0, 0, O, O, ia3,i33,i'a3,:ta4,ia4,ta4).

These points along with the 24 axial points

form a second-order 4~grouped cylindrically rotatable design of type 3
if d; = (96)1/4ai (i =1,2,3,4). The designs with the smallest number
of points among all the second-order rotatable designs in 12 dimensions

need 224 points.

Example 4.10.3: Let m = 3, k, = 3, k, = 6, k = 8By using a

1
B1B(3,3,2,2,1) the points derived are

2—1(1-31,ial,ial,iaz,iaz,iaz, 0, 0),
Z-I(ial,ial,ial, o, 0, O, ia3,1a3),
-1

2 (o, o, O, iaz,iaz,iaz,ia3,ia3).

These 64 points and the 16 axial points
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form a second-order 3-grouped cylindrically rotatable design of type 3

ifd, = (48)1/4ai (i =1,2) and dy = 25/4a3.

Example 4.10.4: Let m = 3, k1 = 3, k2 =3, k = 9. Consider

BIB(3,3,2,2,1). Then the 114 points

2'1(131, ta), *a), ta,, *a,, *a,, 0, 0, 0),
-1
2 (tal, *a;, *a;, 0, 0, 0, *aj, *a,, ia3),
-1

2 (o, o0, O, tay, ta,, ta,, ta,, fag, iaB),

o, . . . , 0,

(o, . . . , 0, :d3).

form a second-order 3-grouped cylindrically rotatable design of type 3

if di2 = aiB/2 (i =1,2,3). The smallest 9-dimensional second-order

rotatable design known so far requires 146 points.

There are many other methods that may be used to generate grouped
cylindrically rotatable design of type 3 with small number of points,
depending upon the particular grouping of factors. For example the

112 points

(ial, *ta), *a,, *a o, o0, 0, O, 0),

1’ 1’
2" (o, o0, 0, O, ta,, ta,, ta,, *a,, iaz),

(S(dl, 0, 0, 0), S(dz, 0, 0, 0, 0)),

form a second-order 2-grouped cylindrically rotatable design of type 3

2)1/23 2 and d z . 21/23 2.

. . . . 2
in 9 dimensions if d1 = (5 1 2 2
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CHAPTER 5

ROTATABLE DESIGNS FOR NON-IDENTICALLY DISTRIBUTED AND

CORRELATED OBSERVATIONS

5.1 Introduction

The assumption of independent and identically distributed
observations, that is, the second-order distributional assumption is
restrictive and often unrealistic. When this second-order assumption
is not true but the variance-covariance function of the observations
is completely known it may be preferable to construct designs that are
rotatable in terms of the best linear unbiased estimates. However,
more often than not, the variance-covariance function is not completely
known and hence it is usual to restrict to the least squares estimatés.
Departures from the secoﬂd-order distributional assumption may cause a
given rotatable design to lose its rotatability. Hence it may be
desiréble to construct robust rotatable designs, that is, designs which
are rotafable when fhe observations are independent and identically
distributed and which remain rotatable in terms of the least squares
estimates under slight perturbations in the variance-covariance
structure from this simple idealistic structure. It may also be of
interest to locate families of variance-covariance functions which do
not affect the rotatability of any given ordinary rotatable design.

It is assumed that the expected value of the response is given by
the polynomial regression model considered in (4.1.1) and (4.1.2).

Let § be the NxN positive definite variance-covariance matrix of the
observation. If § # 022 and if the coefficients are estimated by the
method of least squares then from the least squares theory it is known

that (4.1.3) is replaced by
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1 [d]

var(yo} = x'Man@soan (5.1.1)

Therefore, the necessary and sufficient condition for rotatability

in terms of the least squares estimates is given by

g'[d](g'g) (x' sx)(x x) M[d] = (X']) (x sx)(x X) (5.1.2)

~ s ~ o~ ~

or equivalently

(5.1.3)
= (x'g)'l(g'§g)(§'g)'1 ,

for every orthonormal matrix M of the form described in Section 4.2,
In what follows it will be the convention to have M[O] =1,
When S # 021 and the coefficients are estimated by the method of

best linear unbiased estimation, (4.1.3) is replaced by

- ! - -
var{y(o} = xpsTin Tl (5.1.4)

Therefore, a necessary and sufficient condition for rotatability in

terms of the best linear unbiased estimates is

-~ ~ ~

Rl |

= X's X | (5.1.5)

for every orthonormal matrix M of the form under consideration.
When S = 0T conditions (5.1.3) and (5.1.5) reduce to the condition
(4.2.2) derived by Box and Hunter (1957). From these conditions it can

be seen that when s # 02

I and the variance-covariance function of the
observations is completely known it might be easier to construct designs

rotatable in terms of the best linear unbiased estimates than the designs

which are rotatable in terms of the least squares estimates.
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5.2 Uncorrelated observations with nonconstant wvariance

In general, for uncorrelated observations with nonconstant
variances, the construction of a design rotatable in terms of the least
squares estimates or the best linear unbiased estimates may be difficult.
However, if the variances are functions of the distances of the
observation points from the origin of the design region then these
difficulties may be overcome. This particular variance function of the
observations is of interest because in many situations it may be quite
realistic. Herzberg and Andrews (1976) suggest the use of the assumption
of such a variance function in formulating measures of robustness of a
design against missing observations.

From Box and Hunter (1957) and Draper (1960a), a set of points
equidistant from the origin is called an 'equiradial rotatable set of
order d' if the condition (4.2.2) is satisfied for the set. It is well-
known that no single set can provide a non-singular design of order
greater than one. However, as the following lemma shows, by taking

combinations of such sets robust rotatable designs may be obtained.

Lemma 5.2.1. Any design of order d which is rotatable when the
observations are independent and identically distributed and which
consists of only equiradial rotatable sets of order d, remains
rotatable in terms of the least squares estimates and the best linear
unbiased estimates when the observations are uncorrelated but have
variances dependent on distances from the origin.

The proof of the Lemma 5.2.1 follows from the results of'Box and
Hunter (1957).

It is interesting to note that if a rotatable design for independent
and identically distributed observations is constructed by combining

arbitrary point sets or even equiradial rotatable sets of lower orders,
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then this design would not necessarily retain its rotatability under

the kind of distributional departures considered here. Only the designs
constructed from equiradial rotatable sets of the same order would
necessarily retain their rotatability.

For two dimensions, Box and Hunter (1957) comstruct rotatable
designs by combining sets of points equally spaced on concentric circles,
i.e. by combining equiradial rotatable sets of the same order, Im higher
dimensions also, it may be possible to construct rotatable designs of
order d by combining equiradial rotatable sets of the same order. The
third-order rotatable design of Draper (1960c) in four dimensions and
the new eight-dimensional designs displayed in Table 4.4.4 are typical
examples. Lemmé 5.2.1 provides justification for the use of such
designs.

When the observations are uncorrelated but not identically
distributed and wﬁen the exact form of the non constant variance
function £(*) is known, designs rotatable in terms of the best linear
unbiased estimates may be constructed by combining equiradial rotatable
sets of lower prderé. These designs can be obtained from the well-
known designs by making slight alterations in the relative distances
from the origin of their component point sets without changing the
relative orientation. The so-called 'Cube + Cross polytope' second-
order rotatable designs are typical examples. Using the notation of
Chapter 4 the vertices of a measure polytope (hyper cube) and the
. vertices of a cross polytope (Octahedra) may be denoted by
%éf s(+1,...,£1) and Py s(+1,0,...,0), respectively, where k is the
d?mension of the space. The distances Py and p, are the radii of the
corresponding hyperspheres circumscribing these regular figures. Each

set of vertices forms an equiradial rotatable set, and hence a design,

of the first order. Box and Hunter (1957) showed that these two sets
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= 2k/4/k1/2, to provide a second-order

may be combined, with p2/p1
rotatable design when the observations are independent and identically
distributed. When k = 2 or 4, centre points have to be added in order
to have a nonsingular design. It can be seen that when the observations

have a non-constant variance function f(-) of the form described,

these point sets, with

P2 - gk/A °1
e % W e

form a second order rotatable design in terms of the best linear unbiased
estimates. When k = 2 or 4, centre points have to be added in order to
obtain a non—singular design.

The examfle shows that when the nonconstant variance function £(.)
of the uncorrelated observations is completely known there is mno
additional difficulty in constructing rotatable designs by combining
equiradial rotatable sets of lower order. But the function f£(:) is seldom
completely known. Hence in order to guard against all such £(:) under
consideration it may be better to obtain designs by combining equiradial

rotatable sets of the same order.

5.3 Effects of correlation on rotatability

When a rotatable design is constructed under the assumption of
independent and identically distributed observations and parameters are
estimated by least squares estimators, any departure from the distribu-
tional assumption usually destroys the rotatability of the design.
However, there are variance~covariance functions which do not affect
the rotatability of a design at all. These functions seem to belong to
the family of functions in which the variances and covariances of the

observations are invariant under rotations of the factor space. In
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order to prove the main results of this section the following lemmata

are needed.

Lemma 5.3.1. If a set of N points, X, = (xlu""’xku) (u=1,..., N),

satisfies the condition

y N ' N
h}[d] ( z }.‘{..Iid]?“c {di )I:.‘I[d] = 5

[d1_td1"’

u ~u. ?

x
for every matrix M (see Section 4.2), the set also satisfies the
condition that
N

]

1 1 2'
M[C] (x f[c}§£2] )E[ =
- u=l ¢ u=1

[el_[2]'
X X
X, Za

M=z

3

for every c,2 with c+% < 2d and for every orthogonal matrix M under

consideration.

(w+k

matrices
N )

. . L
Lemma 5.3.2. For any given (2,w) there exist ( ;k) x

v(l,w)

-

such that

M[ll' V(l,w) M[w] - v(z,w)

~ ~ -
~

for every orthogonal matrix g of the form described in Sectiomn 4.2.

Lemma 5.3.1 is a consequence of the results of Box and Hunter (1957).
The matrices Y(Z’W) (2,w = 1,...,d) have to satisfy far less restrictive
conditions than the moment matrix of the same order corresponding to a
rotatable design and hence these always exist. For example, when

k=2, 2 =2 and w = 2 any matrix of the form



106

satisfies the required conditions. It is not necessary to have B = C.
In a moment matrix, B = C would be necessary.
From these lemmata follows a simple but interesting property of

the rotatable designs stated in the following theorem.

Theorem 5.3.1. Any design of order d which is rotatable when the
observations are independent and identically distributed, retains
rotatability in terms of the least squares estimates when the observatioms

have a variance covariance function of the form

. d d '
cov(y(x), y(z)) = b$ + I I b xlz] V(Z’W)z[w] (5.3.1)
~ ~ X,Z 2-W~ -~ -~
: - - 2=0 w=0

(w,2) _ i (2,w)

with bzw = bwz’ Y V and as considered in Lemma 5.3.2,
8 being the Kronecker §.
X2

Proof: When the variance-covariance structure is as in (5.3.1) the

variance covariance matrix S is given by

d d

: : [} ] (2,w)

~=b}+ E Z bzw [1{][-’]"" }E.D[I]]'Y [f][.W]Q--O,Z%W]]
2=0 w=0

Since by the assumption
gl[d]z{!p}[d] = x!x’

it is only necessary to show that

x'semldl - xsx

~ e ~ aray

I;1.[d]
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for every orthogonal matrix M of the form under consideration (see,

Section 4.2). Now, since

d d N . N .
X'SX =bX'X+ £ I b, (I x[d]x[zl )v(l’W)( z x[w]x[d] ),
~ ~~ -~ ~ 2w ~u1 .u ~ ~u  ~u

2=0 w=0 u=1 u=l

by applying Lemma 5.3.1 the desired result and hence the theorem are
obtained.

The class of variance-covariance functions covered in the theorem
is fairly large. In effect it is being assumed that the covariance
between y(x) and y(z) is an arbitrary polynomial in (x'x), (z'z) and
(x'z) of degree d or less. In practice, subclasses of this large class
of functions may be of interest. Particularly interesting may be the

situations where

d '

cov(y(x),y(z)) =bs__ + I b x1*] V(z’g)z[ll,

~ ~ X2z 2 ~ ~

~~ 2=0
or, equivalently,
d '

cov(y(x),y(z)) = bsS_+ = b <M IR

A X2 gmo M- -

From Kiefer (1975b), a square matrix is called completely
symmetric if all its diagonal elements are the same and if all its off-
diagonal elements are the same. A variance-covariance structure is called
completely symmetric if for all choices of design points a completely
symmetric variance-covariance matrix of the observations is obtained.
It can be seen from the theorem that a completely symmetric variance-
covariance structure does not affect the rotatability of the design.

It is interesting to note that the theorem does not hold if the
summation in (5.3.1) over % and w is from zero to some value greater

than d.
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Although Lemma 5.3.1 and Theorem 5.3.1 are consequences of the
results of Box and Hunter (1957) these are useful in the investigation
of the effects of more complex variance-covariance functions on the
rotatability of designs. For example, it may be more realistic to
assume ﬁariances dependent on distances from the origin and covariances
dependent on distances between the observation points. The next theorem

provides a result for such a variance-covariance function.

Theorem 5.3.2. The rotatability of a design of order d consisting of
equiradial rotatable sets of the same order is unaffected when the

observations have a variance-covariance structure given by

var{y(x)} = f£(|x|),
| (4.3.2)
cov{y(x), y(z)} = f(lg-gl),

where £(+) is a positive definite polynomial of degree 2d or less.

Proof: It is assumed that the design satisfies the condition that

1

for every matrix M under consideration (see Section 4.2). Hence, it is
sufficient to show that if S is the variance-covariance matrix of the
observations then (X'SX) is also invariant under every rotation of the
factor space. To show this, positive definiteness of the function £(-.)
is not necessary. This restriction on £(.) is needed since the
observations may not have negative variances.

It can readily be seen that under the assumptions of the theorem

d d

£(|x]) = £ T b, §[“'V(R’W)x[w]
- 2=0 w=0 " - -

’
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(2,w),

with b, 's and V s suitably chosen, satisfying the conditions of

2

Theorem 5.3.1. This implies that the variance-covariance matrix S may

be written as

S = 8§, +8

~1 2
where
d d - -
s, = I % bzw §[2] V(z,w)g{wl
- 2=0 w=0 - (::) )
. ~J
. e
<::> 21' (2,w)
o~ §£ ] v v §£W]J
d d (2,w) (2,w) (2,w) (2,w)
Sz - z z bzw [é ’ + é' b - § ’ - §l 1 ] ,
¥ 2=0 w=0
with
2, ' !
é(l,w) _ j[}f][. ] Y(l‘,w)}S{W], ’1‘1\[12] Y(l,w)~[W]] ,
o _[owr) ew . [v]
B - = }51 \'4 [i{l s o o e g x-N ]

-~ -~

'[2']'
N

Here, j is the Nxl column vector of 1l's.
Let the points x. . (j = 1,...,ni) belong to the i~th equiradial

J
rotatable set of order d (i = 1,...,m). Then

d d m ni ] 1
X', k=z £ b &z (g1
2=0 w=0 i=1 j=1 "%j 5T

[21 'V(l,w)M [w] (2,w) (2,w)

~ -~

Since M =V for each V , it follows that for
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,m), x 21! (2 w) (w] (;

each i (i =1,...,m .,n.) is a constant.
~lj ~ "1] 1

Therefore,

M[d] X's XM[ 1. X'SIX

-~ ~ ~1%C ~ ~1l-

for every orthogonal matrix M under consideration. Also

d d m n ny
1 ]
a1 3 by (I LIV £ (" w) M) [d] .
' . 2=0 w=0 i=lj=1¥j i=1l j=1 "j 13 J
Hence by Lemma 5.3.1,
uldl' g, ©mudd gy bWy
Similarly,
n n
d d m i i '
d
x'8* Wy g bl 2 zxi[]_{“)v(“")(z r x4y
T T 2=0 w=0 i=1 j=17 "3 i=1 j=1~3 ~%j
and by Lemma-5.3.1.
[d] X ~(2 w) - x §(l,w)~
Therefore,
[d]‘ ' [d] - ]
MU XTS,XM = X'S)X,

and hence the theorem follows.

Theorem 5.3.1 applies to all rotatable designs whereas - Theorem
5.3.2 applies only to the rotatable designs consisting of equiradial
rotatable sets of the same order. Theorem 5.3.2 shows that designs
constructed from equiradial rotatable sets are highly robust against
wide classes of departures from the 'second order' distributional

assumptions.
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In many ways the variance-covariance function considered in
Theorem 5.3.2 may be more realistic than that in Theorem 5.3.1. 1In
practice, £(*) as a polynomial of degree 2, may be sufficient to
approximate any realistic situation. In all cases, it might be
better to use rotatable designs based on equiradial rotatable sets of
the same o;der provided that the number of points required by such a
design is not excessively large. However, these designs do not
necessarily exhaust all possible designs whose rotatability remain

unaffected. There may be other designs with this property.

5.4 Best linear unbiased estimates

When dealing with the best linear unbiased estimates, the variance-
covariance matrices need to be inverted. The following lemmata are

useful for inverting well-patterned matrices.

Lemma 5.4.1: If S = [X[E]... xézl] [x[R] .. xézl]
N ' -1 .
then S = [x[zl..., fézlj' ([.Z1 ~£2]~£1] 1 )2[ {%]..., fé ]]
: i= 1

is a g-inverse of S and if S is nonsingular then § = §

-~ ~

Lemma 5.4.2: If S = aD+b[x[ ].--, §é2]] [x[zl---’ xézll

-~

where D is diagonal matrix then the inverse of S is given by

r 1 P~
-1 1-1 b _-1 2" L 21..-1 ,M -1
s =20 " - ;7 D §[ ] (1 + —[x[ ..., xé ]]P ¥{ 't
2y’ :[2]'
| - ) | N
x [z, w0
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Lemma 5.4.3: If Sy = al + bog and S, = §' +b [x[1]'..’ xél]],
[i] 11, ¢

X [xps eees xg 1 (= l,...,d) then the inverses of the matrices

~

Si's are given iteratively by

-1 _ -1 -1 [1]'7
510 7SSl n o | (Il

N ST,
o withst | R

l—‘v—v

S B N e

s;_ =1,...,d).

Lemma 5.4.4: If S, = al+b J and 5; = S, ;+b, [x[ll e, géll]'v(l’l)

~0 ~
x [x{ll ceey §é1]] where the Y(l’l)'s satisfy g[ll Y(l’l)g[ll = Y(l’l)

(i =1,...,d) then the inverses of the matrices S; are given iteratively by

S U B N EA R (i,i)7 [i] i1,.-1 [ _riy
51 % Si bi§1-1 a1 (v LTSRN s el
(i’ (i1’
L L
<L g, G

The proofs of the above lemmata involve standard matrix algebra

[See Graybill (1969), Rao (1973) or Rao and Mitra (1971)]. By using
these lemmata it is easy to see how the rotatability of a design in
terms of the best linear unbiased estimates may be affected by simple

departures from the 'second-order' distributional assumptions.

Theorem 5.4.1: Any design of order d, rotatable when the observations
are independent and identically distributed, remains rotatable in terms
of the best linear unbiased estimates when the observations have a

variance-covariance function given by
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d '
(1)  cov(y(z), y(2)) = b§  + I bzlx[zl V(l’z)z[z] (5.4.1a)
~~ 2=0 - ” N
or, more generally
¢ 4 121" (2,w)_ ]
(ii) cov(y(§),y(§)) = b§ + I I bzwx VT x ) (5.4.1b)

X2 9=0 w=0

(2,w)

where b, and V satisfy conditions mentioned in Theorem 5.3.1.
Proof: 1In case (i) the result can be proved directly since it is easy to

obtain the inverse of the variance-covariance matrix S explicitly. 1In

this case S is the matrix S4 of Lemma 5.4.4. Because of the particular

dependence of §i-1 on §;}1 it follows that y[d]'§'§;1§¥[d] = §'§;1§ if
R I R Lt ¢
R T S et S e |
and
Wi B §N[11]§;}1 x{ll Wil o g ] lilygt %{{1]' .

Since the design is rotatable of order d under independent and
identically distributed observations, these requirements are satisfied
for 1 = 1 and hence it can be seen, iteratively, that they are satisfied
for all i < d. Hence the result.

In case (ii) the more general variance-covariance function of
Theorem 5.3.1 is under comsideration. The inversion of the variance-
covariance matrix may be messy. However, results from estimation theory
may be used to avoid the algebra completely. Kruskal (1968), Rao (1967),
Watson (1967) and Zyskind (1967) have investigated the situations under

which the least squares estimates and the best linear unbiased estimates



114

are equivalent. In particular, from Rao (1967) and Watson (1967) it is

known that the two types of estimates are equivalent when

R saxohcRo

where 62(%) is the column space of the matrix X. Clearly, this is true
in both case (i) and case (ii) under consideration. Hence the theorem
follows.

If the variance-covariance function of the observations is completely
known a priori, it is always possible, in principle, to comstruct a
design rotatable in terms of the best linear unbiased estimates. It
may even be possible to obtain such a design by combining lower order

rotatable sets. For example, consider the variance covariance function

given by
= g2
var(y(x)) = o"x'x,
9 (5.4.2)
cov(yl(xl), yz(xz)) = g (xl—x )'(xl-xz).
Without loss of generality one may assume that 02 = 1. Then the

variance covariance matrix S for the observations at Xyse s Xy is

given by
s = I x.'x -2 bt x. ") oIx.,... ]
2 1% X1 | By
x Q ;
* 1 .'
Y n'my Xy
+ xl'x1 l j' o+ j[xl'xl,...,xN'xN ],
.'
| =y

where j is the column vector of 1's.

~



115

This decomposition of S renders the inversion of S a simple exercise

and aids in deriving the sufficient conditions on §i's (i =1,...,N)

so as to satisfy the condition (5.1.5). Now, suppose

- - '
S, = §0 2[351, .,:ﬁq] [xl, ,xN],
= 1 ] L ]
2207 Sit IE EpeeXynl )
Then

It follows that

= WS RURNES T J P -1, -1 -1
51 = Sy 25, %' [(T-20xp,.. xS, ri‘l ) Tlxys--ax18, 5
1 .'
-1 _ -1 -1, . \ To
Sp 0 T Sy Sy X 'm |8'Sy /'Sy T 'x)p
1 .l
| v X L5y X
and
[]
-1_ "‘1_ -'1. 1 ' _1 ' ) -1.
S =5 7Sy dIE Xpee Xy 'xyISy /IR TR xRS, D)
Hence the design is rotatable if
1 - -
M[d] X' 9 lxn[d] = x's2 Iy , (5.4.3a)

0 - o e -l
MU x TE Xy RISy BT = g TEps Xy T1S, X (5.4.3D)
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Also from the form of 82-1 it follows that for (5.4.3a) to hold a

sufficient condition is

' - -—
E{[d] glgl lg[d] = glgl lg , (5.4.43),
1 - - - - - -
Wl s ™ T | o = w8 ™ s | (5.4.4b).
. .
1 1)
X'y % |

. 1. . . . . .
Further, since S is symmetric, the sufficient conditioms for

(5.4.3b) are implied by (5.4.4). Similarly from the form of § -1
it follows that a sufficient conditiom for (5.4.4a) to hold is
] - -
uld] x'so Tawd! o x'so 1x (5.4.5a)

since (5.4.5a) implies that

¢yt

M[d] X's _1[1{1,...,1(}1] % = glgo-l[?&l""’}-&\]]' ’

~ ~ ~0

11" -1 , -1
R O N TR L COPRRINE Sl o SPPRe

Finally, it can readily be seen that for (5.4.4b) to hold it 'is

sufficient to have (5.4.5a) coupled with
X'jM = X'j. (5.4.5b)

Condi£16és (5.4.5a) and (5.4.5b) suggest that even though the
observations have nonconstant variances and are correlated it would be
possible to construct rotatable designs of order d from lower order
rotatable sets, in particular from rotatable sets of order d~1. As a
specific example consider the quadratic model, that is, the case with
d = 2. It was shown in Section 5.2 that if there is no correlation
but variances are as assumed in (5.4.2) then a measure polytope of
radius p_ and a cross-polytope of radius p_ with pca/(1+pc2) =

k

2 - a
- pma/(l + me) may be combined in their standard relative orientation
k
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to give a design of ofder two rotatable in terms of the best linear
unbiased estimates. Clearly, for such an arrangement of points
conditions (5.4.5a) and (5.4.5b) are both satisfied. Hence this design
is also rotatable when the variance-covariance function is of the form
considered in (5.4.2). As in the case of uncorrelated observations,
centre points need to be added when k = 2 or 4 in order to obtain a
non-singular design.

The example suggests that if a design is known to be rotatable
when the observations are independent and identically distributed, it
may quite easily be possible to construct designs rotatable in terés
of the best linear unbiased estimates when the observations are
correlated. It may be necessary only to change the relative distances
from the origin without altering the relative oriéntation of the
various point sets involved. However, prior knowledge of the exact
form of the variance-covariance function is needed for constructing such

designs.

5.5 Robust designs in two dimensions

In Section 5.3 it has been shown that the rotatability of rotatable
designs built up from equiradial rotatable sets of the same order are
robust against wide classes of departures from the 'second-order'
distributional assumptions. From Carter (1957) or Bose and Carter
(1959) it is known that it is not necessary, although it may be usual to
construct rotatable designs in 2 dimensions by combining sets of points
equally placed on concentric circles. If d is the order of the design
then there must be at least 2d+1 equally spaced points on each circle
for such a design. The minimum number of such circles required is to
be determined by the order d. The relative radii of the circles may

be determined by the necessity to have the parameter estimates free
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from block effects when the experiment is of a sequential nature.

Within this class of designs there is a subclass whose rotatability

is robust against even wider classes of variance-covariance functions
than those considered earlier. This subclass of designs are obtained

by having the same number n (> 2d+l) of equally spaced points on each
circle and the circles having relative orientations such that the angle
subtended at the origin by any two design points is an integral multiple

of % . The robustness of these designs is shown in the following theorem,

Theorem 5.5.1: The rotatability of the two-dimensional designs described

is unaffected by variance-covariance structures of the form given by

2
covly (%), v5(x,)) =@ {a6x1x28(§1'§1)+h(§1'§2)+f(lfl-le) Y},

where g(+), h(:) and £(.) may be arbitrary functions except that

{ag(z) + h(z) + £(0)} is positive definite for every real z.

Proof: Suppose there are c circles, each with n points. Then the 'X'’

matrix may be written as

o [d)
X = X

L[d]
X

where

§£d] =[ x[d] . !d] ! (i =1,...,0c).

Also, for each i (i =1,...,¢),

utd] FIOLA VI
~ 1 -ii ~i1 -

n [
T 4l rdl
i =

j 1 “ij §ij

o3

Hence, if S 1s the variance-covariance matrix of the observations,
~

it is sufficient to show that
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M[d]'X'SXM[d] = X'SX.

-~ P N X ~

Now S may be written as

where the matrices G, H and F correspond to the functions g(-.), h(:.)

and £(.), respectively. These are partitioned matrices given by

G = ¢1 O
.' N
Qe |
Fad gcc
SN VI '
. . 4
I
_I..icl' ) 'ljcc_
F o= E'11 : ' Flc
. ’
i E;l ot gccj

Each Gii is a nxn diagonal matrix with, say, g;» as diagonal elements

(i =1,...,c). Therefore, by Lemma 5.2.1,

1
Ei[d] §l~§1~{[d] = glgg.

Now, since there are at most [%] + 1 distinct inner products of the
points on any two circles, each gij has at most [%] + 1 distinct elements
corresponding to these inner products. This implies that regardless of
what the function h(:) actually is, it is possible to have a simple
decomposition of the matrices Eij given by

n
[E]_l

= [21,021' .
H,; aiiI + gio aiiz(gi X: ) (i=1,...,¢c),
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and
n
(5]
= (21,021 s s o . .
Elij 250 JE(X }EJ ) (I,J 13'0" c; 1 # J)s
where
- altl
s ~in
Therefore,
c c
xm = & & x[m x4,
i i=1 j=1 -13-]
[51-1
t ] T
x. [y, x4 o o x[41%l4], (x[41 g [y (g[8 g L4y
- ~ii~1i 11~1 -1 _ 1 ig -1 ~1 ~1
£=0 :
n:
' [z
x99y, x14 - g (x4’ x[“)(xm x4y,
~1 ~13-~] 2=0 Jz ~1 -1 J

But since 2d < n-1, by Lemma 5.3.1 it follows that

b"4[d]')5][-d] (21,021 X[d] [2]

n .
~1 M X; (2 =0,1,...,131; i =1,...,¢c),

and hence

'
w9 o4 - gy,

~ oy

In the same way, since there are at most [%] +1 distinet interpoint
distances for the points on any two circles, each F.j has at most
% +1 distinct elements corresponding to these distances. Thus, regardless
of what the function f£(:) actually is, it is possible to have a simple

decomposition of the matrices Fij in exactly the same way as obtained

for the gij' Hence, by similar arguments it follows that

X'FXM[d] = X'FX.

~ e ~ e

1tild]'
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This completes the proof of the theorem.

It is interesting to note that the functions g(-), h(.) and £(-)
in the theorem are completely arbitrary. If these were to be polynomials,
no restriction is needed on their degrees. The two dimensional designs
obtained, therefore, have highly desirable features as far as the
robustness of their rotatability is concerned.

If similar robust designs are to be obtained in higher dimensionms,
in analogy with the two-dimensional situation the designs would be
required to be such that there are no more than d+2 distinct interpoint
distances or inner products for the points belonging to each equiradial
rotatable set of order d. If a design is to comprise of several
equiradial rotatable sets of order d then in addition it is required that
the relative orientation of these sets be such that the same holds for
inter-point distances and inner products of points from any two sets.

The upper bound d+2 may be increased to d+3 if the (2d+1)-th moments
vanish for a design in the first case and for each of the equiradial
rotatable sets in the second case. If on the other hand a design of
order d is comstructed by combining equiradial rotatable sets of order
d-1 then the upper bound is decreased to d+l if the (2d-1)-th moments
vanish for each set. For example, in 3 dimensions when d = 1, that is,
among the first-order designs those-comprising of the vertices of
regular tetrahedron or cube or octahedron have their rotatability robust
against the kind of distributional departures considered here. In higher
dimeﬁsions, only the tetrahedron and the octahedron seem to have this
property. Among the second-order three-dimensional designs, the design
consisting of the vertices of an icosahedron have this property whereas
that consisting of, say, the vertices of a dodecahedron does not. This
can be seen by looking at the co-ordinates of the vertices of these

regular figures [see, Coxeter (1948)]. These examples show how
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restrictive this class of desired designs is. This restrictiveness
is not surprising since the rotatable designs searched for are to be
robust against almost arbitrary departures from the second-order

distributional assumptions.
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