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ABSTRACT 

(i) A new formulation of the elastic neutron-

Helium (n_He ) scattering using the most general form of 

the nuclear interaction which includes the Central, Non-

Central Exchange, Linear Spin-Orbit, Tensor and Quadratic 

Spin-Orbit Forces is given. 

(ii) The resonating group method of J.A. Wheeler 

(1937) is employed to construct the five-body wave func-

tions and from the Schrodinger's equation a set of simul-

taneous integro-differential equations is derived. 

(iii) The Hamada and Johnston's potentials used 

are expressed in Gaussian form permitting analytical in- 

tegrations and leading to great economy of computing time. 

There are repulsive cores in all states. 	These poten-

tials are used to calculate the binding energy of the 

alpha-particles (Chapter IX). 	It is shown that by using 

a repulsive core of suitable radius the excessive binding 

obtained with two body central potentials may be reduced 

to reasonable values. 

(iv) An extension of the n-He4 scattering formu-

lation to include the D-state of the alpha wave function 

is discussed. 

(v) The resulting integro-differential equations 

are then solved by the method of finite differences. 

Programmes for computing the Direct and Indirect 

(Kernels) Terms and for the solutions of the equations 

written in Algol language were prepared for the Univer- 

sity of London Atlas Computer. 	The equations are solved 

at different incident neutron energies. 



vi 

TABLE OF CONTENTS 

Page  

PREFACE 	 iii 

ABSTRACT 

CONTENTS 	 vi 

INTRODUCTION 
	

1 

PART I : INTEGRO-DIFFERENTIAL EQUATIONS FOR LIGHT NUCLEI 3 

CHAPTER I 

§1.1 NUCLEON-NUCLEUS SCATTERING 
	

4 

§1.2 ALTERNATIVE FORM OF EQUATION 
	

8 

§1.3 NEUTRON-DEUTERON SCATTERING 

(n-d) PROBLEMS 	 10 
§1.4 NEUTRON-TRITON SCATTERING 

(n-T) PROBLEMS 
	

12 

CHAPTER II 

§2.1 FORMS OF NUCLEAR POTENTIAL 	13 

§2.2 THE ALPHA-PARTICLE WAVE FUNCTION 	16 

§2.3 THE FIVE-BODY WAVE FUNCTION 	18 

§2.4 NEUTRON-ALPHA PARTICLE SCATTERING 	20 

§2.5 THE HARD CORES OF THE POTENTIALS 	22 

CHAPTER III 

, §3.1 FORMULATION OF NEUTRON-ALPHA (n-He4  ) 
SCATTERING PROBLEMS 	 24 

§3.2 METHOD OF PRESENTATION 	 29 

PART II : NEUTRON-ALPHA SCATTERING 	 31 

CHAPTER IV (A) : THE CENTRAL FORCE TERMS 

(S-S INTERACTION) 

§4.1 FORMULATION 	 32 

§4.2 DIRECT INTEGRATIONS 	 36 

§4.3 INDIRECT INTEGRATIONS 	 37 
§4.4 INTEGRATIONS OVER SPHERICAL HARMONICS 	40 

§4.5 THE CENTRAL FORCE TERMS (FINAL RESULTS) 	43 



vii 

Page 

CHAPTER IV ( B ) : THE COULOMB FORCE TERMS 

( s- S INTERACTION) 

§4.6 DIRECT INTEGRATION 
	

44 

§4.7 INDIRECT INTEGRATION 
	

44 

CHAPTER V : THE SPIN-ORBIT FORCE TERMS 

(S-S INTERACTION) 

§5.1 FORMULATION 
	

46 

§5.2 THE SPIN SUMMATIONS 
	

49 

§5.3 INTEGRATION OVER COMPLETE VECTORS 
	50 

§5.4 INDIRECT INTEGRATION 
	 52 

§5.5 INTEGRATION OVER SPHERICAL HARMONICS 
	54 

§5.6 FINAL SPIN-ORBIT S-S TERMS 
	 56 

CHAPTER VI : THE QUADRATIC SPIN-ORBIT FORCE TERMS 

(S-S INTERACTION) 

§6.1 FORMULATION 
	

57 
§6.2 THE SPIN SIMPLIFICATION 
	 58 

§6.3 DIRECT INTEGRATIONS 
	

60 

56.4 THE RADIAL WAVE FUNCTION 
	

64 

§6.5 THE INDIRECT INTEGRATION 
	

65 

§6.6 INTEGRATION OVER SPHERICAL HARMONICS 
	70 

56.7 THE MATRIX ELEMENTS OF Q12 (r1.2) 
	

73 
§6.8 INTEGRATION OVER SPHERICAL HARMONICS 

	
81 

§6.9 FINAL RESULTS 
	

81 

CHAPTER VII : THE ENERGY TERMS (S-S INTERACTION) 

57.1 THE N-KERNEL 
	

83 

§7.2 THE KINETIC ENERGY KERNELS 
	

83 

CHAPTER VIII (A) : THE TENSOR FORCE TERMS 

(S-D INTERACTION) 

58.1 FORMULATION 

58.2 THE D-STATE OPERATOR 

§8.3 THE SPIN SUMMATIONS 

§8.4 THE INDIRECT INTEGRATION 

58.5 INTEGRATION OVER SPHERICAL HARMONICS 

87 
88 

90 

90 

97 



viii 

Page 

CHAPTER VIII (B) : THE TENSOR FORCE TERMS 

(D-S INTERACTION) 

§8.6 THE INDIRECT INTEGRATION 
	

101 

§8.7 INTEGRATION OVER SPHERICAL HARMONICS 
	

107 

§8.8 FINAL RESULTS 
	 110 

PART III : THE BINDING ENERGY OF He4 
	

112 

CHAPTER IX : THE BINDING ENERGY OF ALPHA-PARTICLE 

(B.E. (He4)) 

§9.1 INTRODUCTION 
	

113 

§9.2 THE BINDING ENERGY CALCULATION 
	

114 

§9.3 THE CONTRIBUTION OF THE KINETIC ENERGY 

TO THE B.E. (He4) 
	 115 

§9,4 THE CONTRIBUTION OF THE CENTRAL FORCE 

TO THE B.E. (He4) 
	

117 

§9.5 THE CONTRIBUTION OF THE COULOMB ENERGY 

TO THE B.E. (He4) 
	

121 

§9.6 THE CONTRIBUTION OF THE TENSOR FORCE 

TO THE B.E. (He4) 
	

121 

§9.7 THE CONTRIBUTION OF THE SPIN-ORBIT 

FORCE (L.S) TO THE B.E. (He4) 
	

124 

§9.8 THE CONTRIBUTION OF THE QUADRATIC SPIN- 

ORBIT FORCE TO THE B.E. (He4) 
	130 

§9.9 THE CONTRIBUTION OF THE "::BARD CORE" TO 

THE B.E. (He4) 
	 131 

§9.10 FINAL RESULT FOR THE B.E. (He4) 
	138 

§9.11 RESULTS OF THE VARIATIONAL CALCULATIONS 

OF THE BINDING ENERGY OF He4 
	

139 
§9.12 CONCLUSION 
	

141 

PART IV : NUMERICAL ANALYSIS AND COMPUTATION 
	

143 

CHAPTER X : THE COMPLETE INTEGRO-DIFFERENTIAL 

EQUATIONS FOR THE ELASTIC SCATTERING 

OF NEUTRON BY ALPHA-PARTICLES 
	144 



ix 

Page  

CHAPTER XI : SOLUTIONS OF THE INTEGRO-DIFFERENTIAL 

EQUATIONS IN NUCLEON-HELIUM (N-He4) 

PROBLEMS 

§11.1 FORMULATION 	 150 

§11.2 NUMERICAL METHODS 	 151 

§11.3 THE COMPUTATION, OF THE KERNELS AND 

THE DIRECT TERMS 	 155 

CHAPTER XII : PHASE-SHIFTS ANALYSIS AND CROSS-

SECTIONS 

§12.1 PHASE-SHIFTS ANALYSIS 	 158 

g12.2 TOTAL AND DIFFERENTIAL CROSS-SECTIONS 	159 

§12.3 PHASE-SHIFTS CALCULATIONS 	160 

§12.4 CONCLUSION 	 167 

APPENDICES AND REFERENCES 	 168 

APPENDIX I : PROGRAMMES FOR THE DIRECT AND INDIRECT 

(KERNELS) TERMS 

§AI.1 THE STRUCTURE OF THE PARTITIONED MATRIX 	169 

APPENDIX II : COORDINATES AND TRANSFORMATIONS 	173 

APPENDIX III : INTEGRATION FORMULAE AND SPHERICAL 

BESSEL FUNCTIONS 

§ AIII.1 THE DIRECT INTEGRATIONS 	177 

§AIII.2 THE INDIRECT INTEGRATIONS 	178 

APPENDIX IV : NUMERICAL CONSTANTS 	 181 

APPENDIX V : COLLECTION OF PARAMETERS 	184 

REFERENCES 	 188 



1 

INTRODUCTION  

The work of Hamada (1960, 1961), Hamada and Johnston 

(1962), Signell and Marshak (1957, 1958) and Gammel and 

Thaler (1957) has confirmed that nuclear forces consist of 

Central, Non-Central Exchange, Linear Spin-Orbit, Tensor 

and the Quadratic Spin-Orbit Forces. 	The theoretical work 

relating to Nucleon-Nucleon (hereafter referred to as N-N) 

Forces to the properties of nuclei is very tedious even for 

light nuclei and prohibitive for medium and heavy nuclei. 

Also in the method of the resonating groups (J.A. 

Wheeler, 1937) many types of direct and indirect terms or 

potentials and kernels respectively occur in the integro-

differential equations describing a scattering or binding 

energy problem. 	This arises already with central forces. 

When other type of forces are included many additional 

terms appear and further spin, isospin and orbital opera-

tor matrix elements have to be evaluated. 

S. Hochberg (1967) proposed two modifications in cal-

culations based on the method of the resonating groups 

which reduce the algebraic and numerical work, while main- 

taining the accuracy. 	Moreover, the symmetry of the 

kernels is automatically ensured. 	The results for the 

neutron-deuteron (n-d) in terms of phase-shifts and cross-

sections have been published recently by Hochberg, Omojola 

and Sribhibhadh (1968). 	Work on elastic neutron-triton 

(n-T) scattering problems is almost complete. 

The alpha nucleus which is strongly bound will now 

be considered in detail and we report the numerical results 

of neutron-alpha (n-He4 ) scattering problems in terms of 



phase-shifts in this thesis. 
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PART I 

3 

INTEGRO-DIFFERENTIAL EQUATIONS FOR LIGHT NUCLEI 



CHAPTER I 

§1.1 	 NUCLEON-NUCLEUS SCATTERING  

Let 	123, .... A) be the total antisymmetric wave func- 

tion of A nucleons. 	In 	the total isospin T and its z- 

component Tz  will determine the nature of the target nucleus 

and projectile (nucleon), that is, its isobaric state. 	It 

is also characterized by the total angular momentum J, its z-

component Jz  and the total spin S. 

Consider 

= F(1-23 ...A) “1,--271-7-1-7747) 

- F(2-13...A) “2,13...A) 

- F(3 -21...A) '1, (3121---A) - etc. 

(all exchanges of 1 with 23...A) 

= EF(1-23...A) U1,23...A) 	(1.1.1) 

F(1-23...A) denotes the space function of nucleon 1 re-
Ccev,vre 4 vvuks.$) 

lative to the C.M., of 23...A. 	“1,23...A) is a function 

of space, spin and isospin variables of all nucleons 1,2...A 

except the space variables of nucleon 1. 

We define the kinetic energy operator 

T123...A - T1-23...A 	T2-34...A 	+ TA-1,A 

T2-13...A + T1-34...A + 	+ TA-1,A 

= etc. (all other similar combinations) 

-2n2( V A 2 
+ 

A-1 
V
2 

2M A-1 1-23...A A-2 2-34...A 

T A-1,A ) 
_,2 ( A V2 

2M A-1 2-13...A 

2 V + 
2  

 1 A-1,A) 

A-1 2 
▪ --- A-2 V 1-34...A • • • 

= etc. (all other similar combinations) 

(1.1.2) 

• • • 

2 v2 
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All the operators are hermitian which implies 

operator 0 can be expressed as 

that any 

0 	= 	0 + hermitian conjugate 	(h.c.) (1.1.3) 

Thus following Hochberg (1967), we put 

= 	T + T 

_712 
(1.1.4) 

2M 

We assume that 

1,23...A) satisfies a Schrodinger equation 

(T234...A + 	- 	EA-1)x(1,2 	A) 	= 

and also its adjoint equation 

./.*(1,234...A)(+234...A 	+ 234...A 	
- 	EA-1

) 	= 

where 

0 

(1.1.5) 

(1.1.6) 

V234...A 	
= 	V23  + V24  + 	+VA_1,A  (1.1.7) 

the interaction operator between particles (i,j). 
ij 

The presence of the spin and isospin variables of nucleon 1 

in “1,23.:a) reminds us that 	is not the ground state wave 

function of the target nucleus consisting of A-1 nucleons 

(23...A) but some modification of it (a polarized state). 

If we choose 	1,2A) to have the correct total spin and 

isospin of the target nucleus (23...A) in its ground state 

we can take as an approximation EA-1 to be the binding energy 

of this nucleus. 	The value of EA-1 
is obtained by several 

authors including Sugie et al., 1957; Nagata et al., 1957; 

Hochberg et al., 1954; Massey et al.,1941 and H. Kanada et 

al.,1963 by a variational solution of equation (1.1.5). Since 

we assume an exact ground state solution of equation (1.1.5) 

we can use the experimental value EA-1. 
	The validity of 

this approximation will be discussed at the end of §1.2. 
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We now assume that “1,23...A) satisfies the Schrodinger 

equation: 

(T123...A + V123...A - EM1,23...A) 	= 0 	(1.1.8) 

where E is the total energy in the C.M. system. 

Multiplying on the left equation (1.1.8) by ' *(1,23...A) 

and integrating and or summing over all variables of parti-

cles 23...A, we get 

J dT23...A , *(1,23...A)(T123...A + V123. 	A - E) x 

= 0 	(1.1.9) 

Using equation (1.1.6) we can write equation (1.1.9) as 

f 234...A 	*(1,-134..-.--A)(T1-23...A 	V12 + V 3 + 000 

V
1A 

- En) x F(1-23...A0(1,23...A) - 

fdT23...A .”(1,23...A)(T123...A + V 123...A 

x E 

O 	 (1.1.10) 

where we use 

E = En + EA-1 
	 (1.1.11) 

and En is the incident nucleon kinetic energy in the C.M. 

system. 	Making use of symmetry properties of the integrals 

and variables of integration we can further modify the last 

equation to obtain 

- En)F(1-23...A) + [(A-1) dT ,(T1-23...A 	 234...A 

*(1,23...a)v12  “1,23...A)] F(1_23...A) - (A_1) x 

+V12 + V13 
jcIT 

23...A 	 *(1:f5777A)(T1_23...A 

... +V1A 
- En 	F(2-13. .A) 	(1.1.12) 
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This is the equation for the incident neutrons. 	A 

similar modification is required for the incident protons. 

The last integral can further be written 

-(A-1) .J cIT23...A 	23. 	 23...A 	V12 + (A-2)V13- 

EnM2,13...A)F(2-13...A) 

Using equations (1.1.5) and (1.1.6) we can write 

idT23...A '1*(1,27...a)(T123...A + V123...A - E)$(2,134,.A)x 

F(2-134...A) 

JdT23...A ,”(1,23...A)  (T2-13...A + V21 + V23 
+ V2A - EnM2,a34..a)F(2-134...A) 

fdT23...A 	 T (1'*(1,23...A)(1  
2  1-23...A 

+ T2-13...A + V12 

+ i(A-2)(V13 + V23) - E )(2,17
-3- :7R.)F(2-13...A) 

	(1.1.13) 

Thus we can simplify,  equation (1.1.12) using equation (1.1.13) 

to obtain 

(T1-23...A -En)F(1-23...A)+(A-1)1.1dT 	P(1,23...A) x 
u 23...A 

V12 “ 1,173777A)3F(1-23...A) - (A-1)JdT23...A§*(1,23...A) x 

T 1 2_ 13...A  + V12  + (A-2)(4V.3 	4V ) 	3 
ElT1-22...A 	 - 23 - n 

x t'(2,13.A)F(2-13...A) = 0 	(1.1.14) 

This is the final integro-differential equation. in the 

dependent variable F and the independent vector-variable 

(1-23...A). 

We now integrate and/or sum over all variables of nu-

cleons except the radial component of the vector (1-23...A). 

This leads to a set of scalar equations in this radial com- 

ponent for given values of J, S and T. 	Therefore one type 

of potential and two types of kernel depend on the N-N in-

teraction: all other terms in the equation merely depend 

on the number and types of nucleons (whether protons or neu- 
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trons) involved. 

A further simplification (Hochberg) is possible and this 

will now be discussed. 

1.2 	ALTERNATIVE FORM OF EQUATION 

We now make use of the following identity; 

0 	= 	j dT23...A *(1,23A)(T134...A + V13  + V14  + 

+ 	V
A-1,A 	E A.,1 - 	)/(2,134...A) 

= fdT23...A "(1.23...A)(T134...A  + (A-2)V13  + 

kC2V34 + 
z
C2V56 - EA,1)/(2,137-a) 

where 
k 	A-2 C2 = 	 C2 - 

and z is the number of protons and 5,6 are a proton pair. 

This enables us to write equation (1.1.14) as 

(11-23...A - E )F(1-23...A)+(A-1)EdT23...A  /*(1,23...A) 

x V
12 /(1,23...A)]F(1-23...A)-(A-q) dT 	/*(1,23...A) .; 	23...A 

x CiT 1-23...A 	iT2- 13...A 	V12 - En - iT  134...A - 1T234...A 

v  
- k

c234 	zc2v561
J'

ffi + E
A-1 	(2,134...A)F(2-134...A) 	(1.2.3) 

where 

q = z + 1 
	

(1.2.4) 

Equation (1.2.3) has the advantage that the kernel: 

(i) is symmetric as before in equation (1.1.14); 

(ii) involves one term V
12 which can be thought of as the 

interaction between the particles (1,2) directly concerned in 

the scattering process; 

(iii) involves two other terms V34  and V56  which describe 

the interaction between the particles of the target nucleus. 
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The feature (iii) is particularly useful if one assumes all 

particle pairs to be in "S" states relative to each other. 

Consequently both Tensor, Spin-Orbit and the Quadratic Spin-

Orbit Forces will then give no contribution to the terms V34 

and V56. 

We note that in equation (1.1.14) EA-1  does not appear 

explicitly and so the solution depends on choosing a reli- 

able wave function 
'1'A-1 for nucleus (A-1). 	

This will be 

A 
zb 

some modification of the bound state functions Y
-1 

of nu- 

cleus (A-1) due to the proximity of the projectile nucleon. 

Let the polarized bound state function be denoted by 

b 
A1 	

Therefore A-1 = 	
A
'p  . 	In many calculations 
-1 

such as J. Irving (1951, 1952), A.C. Clark (1954), G. Abra- 

ham et al. (1955) and H. Kanada et al. (1963) a variational 

b,v 
form of

b was used and let it be denoted 
A1 	

by .,.1  • 

b Neither 4,ALI_
v nor b

A  
are equal to (I,

A-1
. 	It follows that 

b 	b 
both '/.A-1 and 1,A

,v
1 
can be used as approximations in the cal- 

culation and one cannot say a priori which is more accurate. 

Consequently the use of 	
v 

-1 
b 

A instead of
b' need not 

1 
nec- 

essarily reduce the accuracy. 	A better scheme would pro-

bably be, taking a variational form for .1,A-1 
and using the 

stationary property of the phase shifts to determine a few 

parameters. 

To sum up, the simplifications are essentially based 

on the use of equation (1.1.5) and its adjoint (1.1.6) 

leading to two alternative forms of the linear integro-

differential equations, namely equations (1.1.14) and (1.2. 

3). 	Equation (1.1.5) was previously used in scattering 

problems such as Sugie et al. (1957), Massey et al. (1942), 
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E. Van Der Spuy (1956) and this reduced the algebra but led 

to symmetry difficulties which were eliminated by a second 

application of equation (1.1.5). 	The combined use of the 

equations (1.1.5) and (1.1.6) further reduces the algebraic 

and numerical work and avoids the symmetry difficulties. 

We shall now give the results obtained for a few spec- 

ial cases. 	Three special cases will be considered. 	We 

shall consider only two of them in this section and the 

third will be dealt with fully in Chapter III. 

Consider the following two special cases: 

§ 1.3 	NEUTRON-DEUTERON SCATTERING (n-d) PROBLEMS  

Let T (12,3)  be the resonating group wave function 

where particles 1,2 are neutrons and 3 is a proton. The for- 

mulation without isospin as mentioned earlier in this chap- 

ter is shortened for practical calculations. 
rr 

The basic Schrodinger's equation is 

(T123 - E + V12 + V13 + V23)(“23)F(1-23)-(13)F(2-13)). 0 

(1.3.1) 

where we have written 

T(T2,3) 	“23)F(1-23) - “13)F(2-13) 	(1.3.2) 

and “23) etc. are symmetric in interchange of 2 and 3. T 

is the kinetic energy operator. 	E is the total energy of 

the system and V..'s are the interactions between particles ij 

i and j. 	We now use the deuteron equation: 

(T23 + V23 - ED)c/,(23) = 0 	(1.3.3) 

and its complex conjugate 

'*(23)(T23 + V23 - ED) 	
0 	(1.3.4) 
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where 

E = En + ED 	 (1.3.5) 

and ED, En being the deuteron binding energy and the incident 

neutron energy respectively (C.M. units). 

Following the simplifications outlined in § 1.2, the 

equivalent of equation (1.2.3) is 

- 2 
1 -h  L 2M (3/2  v2) - En] F(r) + 	jc1.3  u (*(23) (1u1) x 

spin 

2V12  ( \Lai) “2.5)(1u1)F(r) 

(.312.)3• 	fd3r' *'(23)(1u1)V12(1117,L1)§(11)(1v1)F(r') 

spin 

2  12 a2 	a2 
▪ (!43  • [4:13r1*(ffj)(1111)1ED  3 	 En 	) - 2M L-5(au2 	aV2 

8/3 
au  
 . 4Tip(f3)(1v1)F(r') 	 (1.3.6) 

where 

U = 4 
3 r' + 

2 
3 r 

(1.3.7) 
4 
3 r 

and r, r' are the C.M. coordinates of particles 1,2 respect- 

ively. 	The scalar linear integro-differential equations 

are obtained by multiplying equation (1.3.6) on the left by 

J 
1' S  (1) which is the eigen function of 1 having given eigen 

values J and S (total angular momentum and total spin res-

pectively) and summing and integrating over all variables 

except the radial component of r. 

spin 
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§ 1.4 	NEUTRON-TRITON SCATTERING (n-T) PROBLEMS  

Let 1,2,3 be the neutrons and 4 the proton. 	Then by 

the same procedure similar to §1.3, the final equation for 

the n-T scattering can be written as 

[S'I*(-1)(T1-234 - En 
	3V

12M-1)dT234
3F(1) 

2fdT
2341*(-1)(T1-234 

- T1_34  - T34 	ET 	En  + V12 

- V34M-2)F(2) 	= 	0 	 (1.4.1) 

where 

./*(-1) is “234) etc. and ET is the triton binding energy. 

Note that we have applied equation (1.2.3) to the two spec-

ial cases considered above. 
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CHAPTER II 

§ 2.1 	FORMS OF THE NUCLEAR POTENTIAL 

The N-N (nucleon-nucleon) interaction is known to in- 

clude both central and non-central forces. 	According to 

Rosenfeld (1948, pp. 312-4) and, Okubo and Marshak (1958), 

the most general form of this interaction with the invari-

ance and symmetry requirements must be a linear combination 

of the following terms: 

(i) The Central Exchange Force 

(ii) The Linear Spin-Orbit Force 

S(r. .) 	= V(r .aj ) ( sa  +sj  ) (ra  -rj  ) "(E. -E. ) 	(2.1.1) 

(iii) The Tensor Force 

T(r. .) 	V(r..)[3(a..r..)(a. 	-(a.•a•)3 aj 	— X.)  -3- -3- 	-3 -X.) I 	-3- — J 

and 

(iv) The Quadratic Spin-Orbit Force 

Q(raj. .) 	= 	V(r.j  )[(a..a.)0j  - Q. .J —j a  

where 

	

L.. 	(r.-r 

	

aj 	 a —j 	j 

(2.1.2) 

(2.1.3) 

(2.1.4) 

Q. . 
lj 	 —a  	—aj 	—aj 

(2.1.5) 

V(r.) is a radial function,S. is the Pauli Spin matrix —aj 	 —a 

vectorforthei-thparticleandr.and.are its position 

and momentum vectors respectively. 

The evidence for the existence of the non-central forces 

in the form of the linear spin-orbit and the tensor terms has 

ot;se..u,sse.a 
been e-x-p-1--a-i-ne_d by many authors (Signell and Marshak, 1957, 
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1958; Gammel and Thaler 1957). 	The necessity for the inclu- 

sion of the quadratic spin-orbit term is confirmed by the 

recent work of Hamada (1960, 1961) and Hamada and Johnston 

(1962) in order to produce all the available data of p-p and 

n-p below 300 MeV. 

In order to take care of the exchange nature of these 

forces between nucleons in various states, combinations of 

projection operators are constructed in such a way that each 

operator will pick out the pair of nucleons in a certain 

state only (Sribhibhadh, 1966). 

The projection operators are: 

1 V 
( 	w 	+ \)13+Bij + 

v
m +ij M 	+ \)11 

+ij  H) 
(2.1.6) 

V being 1 and 3 to represent the singlet and triplet states 

respectively. 	- representing the even and the odd parity 

states. 	Bij, M. . . and Hij 
 are the usual Bartlett, Majorana 

and Heisenberg exchange operators for the nuclei i and j. 

Bij . . interchanges the spin of particles i and j 

M. . interchanges the spatial coordinates of particles ij 

i and j 

H.interchanges both the spin and the spatial coordi-ij 

nates of particles i and j. 	The notation we shall 

use throughout this thesis is such that 

M. .B. .H. . 	= 	1 	 (2.1.7) 
xJ 13  1J 

The values of w, b, m and h are as follows: 

V
w+ 
 = 1 for all, V+, 	 (2.1.8) 

_ 	- 

1b+ 	
1 

, -1, 	.b- 	-1, 	3b+  = 1, 
3b-  , 1, ) 

) 
im 	= 	1 , 	lm 	= 	-1, 	3 	= 	1, 	3m_ 	, -1, ) 	(2.1.9) 
+ 	- 	 ) 

1h= -1, 	1h-  = 	1, 3h
+ 
 = 1, 3h_ = -1. ) 
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SI„.„1/41.4c,  t."1/4.1%,t C-VrVI 

The potential w-P_Ils V(r_) in this work are taken to be -aj 

Gaussian forms whose parameters are determined by least squares 

fits to the Hamada and Johnston Potential (Hamada and Johnston, 

1962). 	Two Gaussian terms are used for each potential well 

so that one may represent the short range contribution and 

the other the long range one. 

The interaction can now be written in full as: 

4 4 

V. . 	= 	 + h H. ) 
vV (r 	cf. CY.) ij 	 v ij + m M.. 

	

V '3_j 	v 3_j 	X 	 dj'a'j 2., 	k (w+ b B. 
X=1 V=1 

where 2 

VV (r. . a. a.) 	, 	X v U
k 
exp [-Xkij pV  r 2] x X 	 '--j  

(2.1.10) 

k= 1 

[E)X,1 Sx,2  (1(2i+2.0:j1 ).i4j3 + 5X,3  (3,a..r. j -a a 

(aj.r.aj 	- (C..C.)) + 5 	((C..0)L 
-- - 	ij 	-a -J 	X.,4 -a --j -aj 	Q. .) 

(2.1.11) 

5X X.'  is the Kronecker delta, X represents the k-th 

Gaussian term, X takes the values 1,2,3 and 4 for the central 

forces, the linear-spin-orbit forces, the tensor forces and 

the quadratic spin-orbit forces respectively. 	V = 1,2,3 and 

4 to represent the triplet even state, the triplet odd state, 

the singlet even state and the singlet odd state respectively. 

The interaction given above is taken to be in the units in 

which 

c = h = 1. 	(2.1.12) 
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2.2 	THE ALPHA PARTICLE WAVE FUNCTION  

The wave function representing the He4 system has to be 

constructed so that it is anti-symmetrical for interchange 

of the two neutrons and for the two protons respectively. 

The ground state of He4  is of even parity and has a total 

angular moment J.0, so that the classification of possible 

states can be made using the rules for compounding angular 

momentum. 	Thus, the possible values of L are 0, 1 and 2. 

The possible states in operator form have been listed by 

Gerjuoy and Schwinger (1942), Irving (1953) and Abraham, 

Cohen and Roberts (1955). 	The ground state is therefore 

a mixture of 1S-, 3P - and 5D - states. 	Of these, Irving 
0 

 
o- 

(1953) retains only the principal S state and the princi- 

pal D state. 	Only the D state is directly coupled to 

the S state by the tensor force. 	Of the six D states 

listed by Gerjuoy and Schwinger only one is completely sym-

metric in the space coordinates. This only is considered 

in this thesis, and in Irving's work this is taken as the 

principal D state. 	The principal P state will not be 

considered here for its contribution is quite negligible 

for a nuclear force of the type we are going to consider. 

Similarly we do not take into account the 3Po-state be 

we 4-N,Are. 

(1so l vT i 3p0>  
= 
	1so I VLSI3Po 

<3P o LS Iv 15D o 

OP IV I5D o T o 

1S0  I 
15D  

o I LS I o/ 

0 	 (2.2.1) 

while only 

<1S0 IVT 1 5D0> 	 h - 	(2.2.2) 
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Also, since the 3P 
0
-statewill appear only as a second 

approximation, it therefore follows that as the first approxi- 

mation we can neglect the 3P
0
-state probability. 	The fore-

going explains why we do not take into account the contribu- 
1n 

tion of the 3P
o
-state to our scattering problems. 

The alpha particle wave function 111(-1) can be written 

in the notation of Sugie, Hodgson and Robertson (1957) as 

(-1) 	0(-1) 	*ILD  ,S,0(-1)  
S 	S,P 

gp(u v w)wp(u v w. a a )Y(23 II5) s 	s  
S,P 

(2.2.3) 

in which S=0 and S=2 are important. 	The superscript P 

distinguishes the many possible spin-angular wave functions; 

u, v and w are the three independent internal space coordi-

nates; and X is the spin wave function of the singlet state. 

We define x as 

x(273,17S) 
	

1(a2C33-132a3)(a05-C34a5)= x(-1) 
	

(2.2.4) 

In the S state there are two spin-angular wave functions, 

one corresponding to the state in which the spins of two 

similar particles couple to zero, and the other to the state 

in which they couple to one. 	In the ground state, the for- 

mer predominates and the latter will be neglected. 	The wave 

function of the alpha particle can therefore be written in 

the form 

*(-1) = D)/(1+C2)2 
	

(2.2.5) 

where 

S = g5(u,v,i0x 	 (2.2.6) 



and 1 1:1 = gD '1)1AIDX 
	

(2.2.7) 

g and gD represent the normalized spatial parts of the 

wave functions for the principal 
1S

o
- and 5Do

-state respec-

tively. 

is defined by 

5 

= X 
2 r . .
1J  S .1  . J 

i>j-2 

= 	3(0.2. .r-23 )(a-4 .r-45 ) + 3(a2 .r45 )(a-4 .r-23 ) 

-2(22.24)(11.23.E.45) 	 (2.2.8) 

C2  determines the amount of the D-state in the mixture. 

We assume that both * and D are normalized to unity, so 

that *(-1) is then normalized to unity. 

The radial parts Ills  and D 
are of the form 

5 
Ns  exp 	a 	r

1J
. .2) 
	

(2.2.9) 

i>j=2 

wD 

and 5 
gD 	ND  exp (-i r 2  

1J 
(2.2.10) 

i>j=2 

where N and ND are the normalization constants. 
	The radial 

parts are assigned different variation parameters, a and c3 

respectively. 

§2.3 	 THE FIVE-BODY WAVE FUNCTION  

In quantum mechanics the superposition of stationary 

states is used in molecular theory and J.A. Wheeler (1937) 

applying this to nuclear binding energy or scattering pro-

blems developed the method of the resonating group structures. 

This is the method we are going to apply to our five-body 

problem of neutron-alpha scattering (n-He4). 	This method 
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specifies a wave function consisting of the product of the 

incompatible states and the sum of the compatible ones on 

a statistical basis. 

J.A. Wheeler postulates that a given system of n nu- 

cleons, subdivides into groups of stable nuclei and nucleons 

at any instant of time. 	Thus 

T(123...n) = w111 
(n1 )/22 (ni  ) aa (n1  ) 

+ w2 11  (n2)/22  (n2) ... /
0 
 (n2) 

13 

+ 	w74,  /1 	1  (n)/22  (n74') . . / y1 (nR  ) 

where for example /1 1  (n1 ) represents the wave function of a 

stable nucleus with n1 nucleons and /22  (11 ) the wave function 

of a stable nucleus with n2 
nucleons etc. such that 

n
1 
+ n12  + 	+ na  = n etc. and w1,  2' etc. are the 

"weights!' proportional to the probability of each configur-

ation (related to binding energy). 
ih 

In quantum mechanics any systemAwhich c 	 • is of non- 
ace. wet.: ,re. 

central forces only r‘  the total angular momentum J and its 

z-component Jz  with their respective eigen values J and M 

respectively will be constants of motion, but the orbital 

angular momentum L and the total spin S are not conserved 

(Dirac). 

Consider a five-body problem. 	We can split the five 

particle problem into deuterons, tritons and the alpha par- 

ticles with their respective weights. 	However, since the 

alpha particle is strongly bound compared to deuterons and 

tritons we shall consider its contribution only. 	The 

spatial coordinates in the five-body problem of n-He
4 

scattering are depicited below. 



1 

5 	 4 

Fig. I 

Particles 1, 2 and 3 are neutrons and 4 and 5 are pro-

tons. 

§2.4 	NEUTRON-ALPHA PARTICLE SCATTERING  

Consider the problem of n-He4  scattering depicited be-

low c,,Iv„1_,AA,_,1/ 4.\\,v.  

1 	2 
	

3 

5 	4 
• 

Fig. II 

where we have used the number 1 to represent the coordinates 

of the incident neutrons, 2 and 3 the neutrons in the helium 

nucleus and 4 and 5 the nuclear protons, 2, 3, 4 and 5 re-

presents the alpha particle. 

%4Ace-A-s protons and neutrons are 311 fermionsparticics, the 

wave function representing the motion of the system must be 

antisymmetric in 1, 2 and 3 and also in 4 and 5. 	We may 

now write down the complete wave function in the resonating 

group method wh4ch describes the system using Hochberg's 

notation (1953) in the form: 

= *(-1)p(1) + “-2)cp(2) + “-3)cp(3) 	(2.4.1) 

where 1:(-i) is the antisymmetrized wave function of the 

target nucleus which does not contain the ith  particle and 

p is the wave function of the incident neutron. 	The wave 

20 
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function of the incident neutron can he decomposed into par-

tial waves by writing it in the form: 

, 	Cf,eJ(r)/r)XTJ(e'P's) 
	

(2.4.2) 

2,J=2±i 

where (r,e,p) are the spherical polar coordinates of the neu-

tron relative to the centre-of-mass (C.M.) of the alpha par-

ticle and X1121j. is the spin-angular wave function of the neu- 

trons. 	Since the spin of the alpha particle is zero, the 

magnetic quantum number, m, is also the magnetic quantum num- 

ber of the whole system. 

Using the notation of Buckingham and Massey (1941), the 

alpha particle wave function can be expanded in eigen func- 

tions of J and M as follows: 
0  J+-1- 

f
,esiM(r1)[CJMX,M+i Y

X,M+1(81'Pl)C31 
1 
r1  

J=1 ,e=J-1- 

+ CJM,e,M 1 	 M 1 1r2, -2 	1 " 'P )a 
	

(2.4.3) 

Mh being the z-component of the total angular momentum, 

J2Mthe appropriate Clebsch-Gordon coefficients and Y 

the spherical harmonics. 	Using the notation of Hochberg 

et al. (1968), each of the eigen functions may be expressed 

in terms of substates characterized by the quantum numbers 

,e and S of the orbital angular momentum and the total spin. 

Thus, we write the complete wave function as: 

*(-1) FL F(1-2345) 
	(2.4.4) 

where 	J+S 

, 1 S 
F
JM 
(1-2345) = 	Yjm2(1,T5-47; n) 7 

, 
-; L jne(r)  

1,1J-SI 

(2.4.5) 



M+S 

YJI‘le  (1 2345; 0) , 	Cjaim  Y,em( -2)Xm_m(1,2345) 

m=M-S 

22 

(2.4.6) 

0 being the solid angle of r. 

For each J and M, in the doublet spin state (S=1) for 

example, we put 
1 2 	2 

[X1(17 2345); X 1(1)23-4.5)1 1  
2 	-2 

" ra 
C204 	

v 
JM )(M-i) -LM-4 ‘u'eP1  

J+1  C2  
JM(J-4)(M-4) YM-I (9“4)  

FJM (r) = 

C2 	Y 2 (A, p) 
Jm(Jr-i)(m+i) m+-2-  

,p) J+1  2 cJM(J4 	
V

)(M-4) 'M-14 ‘ 
(

A' 

1 
-r2 	(r) -JM J -2 
1 

f2 	i(r) JM J+-2- (2.4.9) 

(2.4.7) 

This is a 

2 x 2 matrix. 

(2.4.8) 

Thus, equation (2.4.5) can now be rewritten in the form: 

1 FJM(1-2345) = T XYF (2.4.10) 

Here Y always refers to 
Yne(0) 

which involves no spin func- 

tions whereas YJne (1 2345; 0) does, as shown by its argument 

and will always be written in full. 

§2.5 	THE HARD CORES OF THE POTENTIALS  

The nuclear potentials of Hamada and Johnston which are 

used in this thesis contain hard cores in all states of the 

interacting nucleons. 	The radii of the cores are assumed 

to be the same and small (r
c 	0.485 x 10-13  cm). 

Brueckner (1958), discussing the hard core, shows that 

physically acceptable solutions of two body problems, can be 
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obtained if the expression rV(r)p(r) behaves like a Dirac 

rz. cc. 
delta function for -m1.41.-, where p(r) is the two-body wave func- 

tion and the hard core potential V is infinite for 0 < r < rc. 

It follows that P(r) vanishes for 0 < r < rc. 
	This repre-

sents a great difficulty in the analysis of the five-body 

scattering problems. 

Following the method of Brueckner applied to a two-body 

scattering problem, the Schrodinger equation involves inte-

gral$ of the form: 

S
T*(-1)V(r12)T(-1)dT_ 1  . 

This integral has to be divided into two regions correspond-

ing to Ir121 < rc  and 1r12
I > re 

if we consider the hard cores 

of the potential. 

However, taking V(r) 	(r2-r2)w(r) in two nucleon 

attractive states and V(r) )w(r) in two nucleon re-

pulsive states the calculation greatly simplifies and this 

was here adopted. 
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CHAPTER III  

g3.1 	FORMULATION OF NEUTRON-ALPHA (n-He4)  

SCATTERING PROBLEMS 

The formulation we are going to use is based on the two 

modifications (Hochberg) of deriving the integro-differential 

equations for light nuclei using the method of the resonating 

groups as given in Chapter I. 	We start with the basic 

Schrodinger equation for the wave function Y given by 
5 

(T12345 	V. .)Y(123,45) 	= 0(123,25) 	(3.1.1) ij 
i>j=1 

where E is the total energy of the system in the C.M. system. 

E is given by 

E = En + Ea 
	where 

En is the energy of the incident neutron, and 

E is the energy of the alpha ground state, that is, the bind- 

ing energy of the alpha particle. 

T
12345 

is the kinetic energy operator and V12345 
the 

potential energy. 

We may now write the kinetic energy operator T12345 
as: 

T12345 =  T1-2345 + T2-345  + T3-45  + T45 

T
2-1345 

+ T
1-345 

 + T
3-45 

 + T
45 

etc. (all other similar combinations) 

h2 	 2 2 
( 	

'I-  
„L 4/3  v2 -2-345 	

3/2 v2 	+ /1V45) 2M 4 1-2345 
 

3-45 

-T12 
2M  

(_ °2_1345 	1 4 + 3/3 v2 -345 + 3/2 V23-45  2/1V45) 
 

= etc. (all other similar combinations) 	(3.1.2) 
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The complete wave function describing the scattering 

problems can be written in the resonating group method using 

Hochberg's notation (1953) in the form 

¶(123,15) 	= F(1-2345)x(2345) + F(2-1345)x(1345) + 

F(3-2145) x(2145) 

*(-1)p(1) + (-2)cp(2) + '11(-3)9(3) 	(3.1.3) 

where 

*(-i) is the antisymmetrized wave function of the tar-

get nucleus which does not contain the ith  particle and 0 

is the wave function of the incident neutrons. 	Using equa-

tion (2.4.2) in Chapter II, we write p as: 

(f 	/r)Xm  (el p s) 2J(r) 	2J 	' ' 

(r,O,P) and X2j. have already been defined. 

We shall now assume that “1,2345) satisfies a Schro- 

dinger wave equation for the alpha-particle, that is, 

(T2345  + V2345 - E
aM1,2345) = 0 	 (3.1.5) 

and also its adjoint equation 

*(1,2345)(T2345  + V2345  - Ea) = 0 (3.1.6) 

We now assume further that “1,2345) satisfies the 
” 

Schrodinger equation given by 

(T12.345 	V12345 - EM1,2345) = 0 
	(3.1.7) 

Multiplying equation (3.1.7) on the left by .T, *(1,2345) 

and integrating and/or summing over all variables of particles 

2, 3, 4 and 5, we obtain 
5 

fdT-1 '''(1,2345)(T12345 + 
	V. - E) x 

i>j= 1 

EF(1-2345)x(1,2345) = 0 	(3.1.8) 

(3.1.4) 
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where dT-1 
 refers to an integration over the alpha (2,3,4,5) 

	

configuration space. 	Using equation (3.1.6) we can write 

equation (3.1.8) as: 
5 

	

(T1-2345 - En + 	Vij)1(2345)F(1-2345) 

j=2 

5 	 5 

_7 	(T-E + 1 vii. .)(1,(1345)F(2-1345)+(T-E+ / v.1  .J ) x 

i>J=1. 	 i>j=i 

,/(2145)F(3-2145) 	 (3.1.9) 

Making use of the symmetry properties of the integrals and 

variables of integration we can further modify equation 

(3.1.9) to obtain 

.1
• ---- 
*(2345)(T1-2345 - En + 4V12),1)(2345)F(1-2345)dT-1 

5 
= -2.1'1.*(2345)(T1-2345 - En + 	M3145)F(2-3145)dT...1  

j=2 

(3.1.10) 

Thus the equation for f,e,j(r)  is given by 

-T-12  d2 1.2(ee+1) f 
2m 4*-  2 r2 	2J(r) 

= 4SCIT_1d01Y(-1)R2J111(1) V12"- 1)x2jm(1)f2u(r) 

5 

+2Jci.T_ 1dy(-1)72jm(1) I.  vti*(-2)x2u
m(2) x 

j=2 

(f2J(rI) /r 1 )r + 2,1dT_ idnlY(-1).Tejm(1)e2/r45  x 

*(-2)X,e,J. m(2)(f,ej(r , )/r 1  3r + 2jdT_ 1dnY(-1) x 

7,e,J. In(1)[-V2 1-2345-k2 30-2)X,ejm(2)(fmr,)/r1)r 

(3.1.11) 
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where k2  = (2W/h2)En 	) 
) 

M' , (4/5)M 	 ) 
) 

r 	= —4 - /4(r 	
1 2 r 	+ r

3  + 
	) — 	 A + E5)  r 	

) 
- /4(r1 + E r' = r —2 	

1
g + E4 + E.5) 	)  

(3.1.12) 

This is in agreement with the work of H. Kanada et al.(1963). 

The last integral in equation (3.1.10) can further be written 

in the form 

-21p*(2345)(T2 _ 1345-En+V21+11-22+V-24+V25 M1345)F(2-1345)dT_ I.  

-j“234  9)(T 	+T 	13 23  +2V12+3(V+V M 345 (1) x 
-"'-1-2345 2_1345 

F(2-1345)dT- 1 	 (3.1.13) 

Thus the kernel is symmetrical in interchanging particles 

1 and 2 (that is 1-.1--2). 	Thus the only potential terms to 

be worked out are V12  and V13. 	As in equation (3.1.11) the 

equation for f,e,J(r) 
 is given by 

-h2' Ldr2 
rd2 	,e(e+1)  + k2lf

,e,J(r) = 4jdT-1dO 	-1)72jm(1JV t(-1) 2M r2 

X,e3(2)f,ej(r)  + fdT_ 1dD1Y(-1) ,ejm(1) (2V-12+3(V13+V23))T(-2) x 

X,eJ m(2)(f  e,J(r') /r
1 )r 	+ fdT_ idOlT(-1) ,ejm(1) x 

,  

r v
1-2345 

v

2-1345 

2 	_ 2k2]*(-2)X2jm(2)(f"(r,)/r1r + 
-  

2jdT_ 1dn iT(-1)7,ejm(1)e2 /r45*(-2)xtvm(2)(f,2J( ,, )r/r . ) 

(3.1.14) 

Alternatively we replace 3(V13+V23) by 

3(V13+V23) = 2Ea  - T1345 - T2345 - 
4v34  - 2V45  

We now rewrite equation (3.1.14) as 
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112 [ 

dr2 	r2 
d2 	2(2t1)  

klf 	lifdT,idniT(-1)74,ejM(1) x 2M' 	
_ 

ZJ(r) 

1)X2jm(1)f,ej(r)  + 2,fdT-1  dn1  Y(-1)7(2jm(1) x V12"-   

(V12-V34-V45"(-2)X2Jm(2)(f2J(r')/r!)r  

+21dT_ 1dn1T(-1))72jm(1)e2/r40(-2)x,ejm(2)(f2j(r, )/r1r 

+jdT_10101T(-1)7,ejm(1)[-71-2345-V2-1345-x23 x  "-2)X,eJm(2)  

x 	(f/r'lr + ( 6)fdT-1  dn1  T(-1)'7. m(1) x 15  

[-v21-345 -72-345  -9/4 v3-45 	4 -3V2
5 
 ]*(-2)X

,eJ 
 m(2)(f,

eJ(r') 
 /r')r 

(3.1.15) 

where 

K
2 

= (2Mw/h2)(En-Ea). 	 (3.1.16) 

Note that in deriving equations (3.1.11), (3.1.14) and 

(3.1.15) we have assumed that “2345) satisfies the alpha 

particle wave equation. 	If we now assume that the functions 

“2345) while not being necessarily exact solutions of the 

alpha particle ground state equation, are nevertheless good 

variational approximations, then equation (1) reads 
5 

(T1-2345-Edf l vij"(23115)F"---2345)=(T-E-1-111-.)  ij 3c  

	

j=2 	5 i>j=i 

W.3,45)F(2-2345)+(T-E+ Y, Vij ).1(21,45)F(3-2145). 
i>j=1 

5 
i.e. (T1-2345  -E  n  + / Vij  .M2345)F(1-2345) 

j=2 

2(T-E+ 	V ij)“1345)F(2-1345) 	(3.1.17) 

i>j=1 

Premultiplying equation (3.1.17) by (1, *(2345) on the 

left, summing over the spins, and integrating over all the 
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relative spatial coordinates except r, we obtain the equa-

tion for f,ej(r)  as: 

1d2 	k2 - 2(2+1)]f
2J(r) 	f(-1)7 jm(1) x 

Ldr2 	r2 

5 
Uiillr(-1)Xzjm(1)f,ej(r)dT-1d21  

j=2 

5 
+ 2k(-1)7tum(1)ij _2)xm(2)(f

2J(r1 
i>j=1 

dT-1dal  

_ 21Y(-1)i,ejm(1)1 K.E+%2 1 111(-2)X2J111(2)(ftj(r i)r
/r1 3 x 

dT1 
	1 dO 	+ Coulomb terms 
	 (3.1.18) 

where k2  (2m1/h 	M1 
 2 )En ,= (4/5)m, 2 

= 2M1/h2(En+E) 

Uij 	(2M1/112) . Va_j  

and K.E -h2 (- V 5 2 	4 2 	+ 3 T72 	2 T72 
2M 4 1-2345 + 3 V2-345 	7 '3-45 	T. "45' 

(3.1.19) 

The results of solving equations (3.1.11), (3.1.14) and 

(3.1.15) in terms of phase-shifts and cross-sections for 

the n-He4  scattering problems will be compared with the numer-

ical results of equation (3.1.19) in terms of the phase-shifts 

and total cross-sections in this thesis. 

§3.2 	METHOD OF PRESENTATION  

The resulting integrals are of two types which we classi- 

fy as "direct" and "indirect". 	The direct integrals involve 

the outside neutron (coordinate r). 	They may therefore be 

evaluated completely. 	The indirect integrals contain func- 
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tions of r and r' and must therefore be left in. the form 

of undetermined integrals. 	The final part of the calcu- 

lation consists in solving the resulting integro-differen- 

tial equations in the function f,ej. 	This has to be done 

numerically. 

In the following chapters we shall use the standard 

notation for the nuclear potentials and the wave functions 

defined in the previous sections often without comment. 

We shall also use the standard notation for coordinates 

given in Appendix II. 

The evaluation of the direct terms, indirect terms, 

kinetic energy terms and the Coulomb terms will be dealt 

with in two parts, namely 

i) The S-S terms - pre and post multiplying alpha wave 

functions are both in the S-state; 

ii) the S-D and D-S terms - one of the wave functions is 

in the S-state and the other the D-state. 

The D-D terms will be neglected due to the small percentage 

of the D-admixture (about 4%). 

Owing to the large amount of analysis involved in 

some parts of the calculation, it is not always practicable 

to give every step explicitly. 	Also some of the suffices 

are omitted wherever there is no risk of confusion. 



PART II  
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NEUTRON- ALPHA SCATTERING 
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CHAPTER IV(A)  

THE CENTRAL FORCE TERMS (S-S INTERACTION)  

§4.1 FORMULATION 

  

In this chapter we extend the n-He4  scattering equations 

to cover the generalized potentials of Hamada and Johnston 

(1962) given by: 

4 	4 

V(r.) . 
1 	Z 

X=1 V=1 
(w+bVij B 	+ m 

vij  
M 	+ h vH..))v  x 1.3 

e2 

r..2  ij 

VX  Cr.. 	 . 	10".) + (4.1.1) 

where V  (r. . C. a.) are defined in Chapter II. 	In this 

chapter we shall consider the contribution of central force 

terms to the n-He4 scattering problem, namely the interaction 

of the type: 

V(r
1J. . 

4 4 

7(w+bvij B 	+mVMij +11.vH. .) x 13 
X=1 V=1 

2 

exp I-X4V 2 	
e2 

	

XU 	 r. .1 
X, 	j 	2 	

(4.1.2) 
 .. 

h 	
r 

=1 	 ij 

where B, M and H are the usual Bartlett, Majorana and Hei-

senberg exchange operators for the nuclei i and j respectively. 

e is the Coulomb electronic charge. 

As already shown in §3.1, by equation (3.1.14), the 

equation for f2j(r)  is given by 

[2  

	

41

r2 + 
k2  - 42+ 	

f 
 2J(r) 

1)] 	ST(-1)5Z2jm(1) x 
d 	r2 	,  
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5 
V1jIII (-1)x,eJm( l)ftj(r)d-G-1  dn1 

j=2 

5 
+2111 (-1)7,0m (1) 

	

	 jin ( 2 ) Cf 	(r  , f/r1  )d-E dc21  
i>j-1 

- 2 	(-1)Kejm ( 1) [ K.E+x,2  ] (-2 )X,ejm (2) Cf,ej(r )r/ri 	ido l  

(4.1.3) 

where V. are defined by equation (4.1.2). 
ij 

Si...Ice 4 ctcc.,,,ec;it- is  necessary to do the analysis in a e&mpl.c7te-1-7--ars- 

t'ematic wayu 

   

 

Tr • • 	• 

 

  

   

Hence we divide the evaluation of each term into four stages 

as follows: 

(i) Spin Summations 

(ii) Integrations over complete vectors 

(iii) Integrations over spherical harmonics 

(iv) Final results. 

(i) 
	

SPIN SUMMATIONS 

In carrying out the spin summations, the following rules 

for evaluating the spin products will be used. 	Consider 

the spin functions x— 
, 
— , vi j --- ,Kp — . 	Pair all ,em, no and ij, 

emno  

ijoi.p and every pair gives +1  /4 if in the same relative 

position and -1/4  if in different relative position. 

For example, suppose ,e=i and n=g, then ViTil,-Xi5,173.13 gives 

+1/4  (pair(,e,n)). 	If ,e=j and n=p, then the product of 

X2711,710.Xi72,77i, is -1/4 (pair 

Note that 2 only pairs with no 

m 	I/ 	 no 
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Note that n only pairs with ,em 

p 	11 	i1 	 ,em 

and the same for ij, hp. 
,..••••••• 	 .••••••.. 

Consider for example the product of X(23,45).X(23,41) 

Here the pairs are (24), (34). 	Therefore the value is +i 

etc. 

Making use of the above rules, then, after the spin sum-

mations the integro-differential equation in (4.1.3) now 

becomes 

[d2 	k2 	,e(,e+1)] f 	= (4w 	2b - m - 2h)U 	f 	- ) dr2 	 r2 	ZJ() 	 c(r) ZJ(r  

+ j((4m + 2h - w - 2b)Qc(r,r,) 	(m 	w) Pc(r,r 1 ) 

En 
( 	- 17  + 	) N 	, + S E a 	15 	c(r,r') 	c(r,r') 	C45(r,r')3  

f2J(r')r r' dr'dQ 

where 

U = 8m j 	3 
v(Iv-- /qP2 P1P(22 ,23 ,24)1 2  c1.2.2 c1.2.3q4 5112 

(4.1.4) 

3 
(16 ) Qc 	

8m 
j(P(1-1,23,24)V(11-LI )cp 	, 24 ) d2.3d2.4  

	

15 	5112 

16 3  8m 
Nc 	= (-15 )  5112 E  a jer(u,2_3,pidep(y_,23,24)d_a3d.24 

3 	 ( 16 ) 

	

15 	
8M  j'eP * ( 111.a3 12_0 (Y_12.3  124 ) (V( IU-2/3  2_3 	+ 

251'12  

+ v(Iv-2/3  2.3 I) + 17v(124 I) ) d113c114 

16 3  iTi28 v Sc 	(— 	 cp*(u, 15) L225 u 

2 -17 (—)cp*(u,.p_3 .2.k 	3) (9/8v2 -45 	 5 3/2 v2  ) x 15  

(L. 2_3  Lid (1-2-3d-a4 
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3  8M 2 ,16 N  C45 	e ti) jer(u123,24WL,23 ,24 ) 	c12.3 c114 51.12 45  

(4.1.5) 

If we do not assume that 4)(2345) satisfies the alpha 

particle wave equation as in equation (3.1.18) we have the 

following integro-differential equations: 

2 rd
r2 + 

k2 	,e(,e+1)]f  

	

,e,J(r) 	(4w + 2b - m - 2h) x 
Ld 	 r2 

$1112 I P(- 1)  I dT_ if,ej(r)  + (4m + 2h 	2b) x 

JP*(-1)(1 124)(-2)fXJ(r')dr' - 3(w 	m) x 

P*(-1) E 13 + 23 + 45 cp(-2)f ,eslf(r') dT-1 + 

fp*(-1)(V - 	- C45 3p(-2)f2j(r , )dT-1+ 

16 72 	3et)(-2)dT ScP*(-1)f 	 \7'2  + 

	

,e,J(r 1 ) 5 -15 	5 3,45 	15 1,345 	—1 

where 

l j 

8M 
= 	v.., 

5h
2 13 

8m „2 8m K2 = 	, n 
51,1 2 n 	5112 (Ea+En ) 

) 	(4.1.6) 
and C45 = 8M

LI- 5.h2 r45  

We shall consider both equations (4.1.5) and (4.1.6) 

in this chapter. 	The choice of coordinates is given in the 

Appendix II. 

(ii) 	INTEGRATIONS OVER COMPLETE VECTORS 

We shall consider direct and indirect terms separately. 



N2s  
1+c2  

2 4 
c (v) J exp 

k=1 V=1 

.1_a(3P + 2p24) 3 
3 

8  p  2 
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§ 4.2 	DIRECT INTEGRATIONS  

contribution from the 

by: 

12 8M
2 	(4w 

central 

2b - m - 

force 

2h)JV( 

is the 

cDs-s(r) = 	+ 
5h 

x (1.22d23(1.L4 	 (4.2.1) 

Consider the following integral 

J V  (I v 42.21)1P(22,13,24)12 d22d2.3d_a4 

2 

where v(Iv_ 2  2.  I) = u(r12) = X CURV  exp C 4 2 
k=1 

and 

C 	2 -1 
1-174,r121 

(4.2.2) 

From equations (4.1.5) and (4.1.6) we see that the 

same and is given 

221)1P* (22'2.3'24 )12  

'P(22 ,23%2-01 2  = 
Ns' 

3 
8p3  

exp -a(31:) + 
33 
 + 241)] (4.2.3) 

1+c2 

NS  is a normalisation factor and is given by 

(16a3)3/2 N
S
2 =  7t3 

We now consider 

(4.2.4) 

J 'P(22,2_3,24)12 
 

V(Iv- 3/4  221) d22d23d.2.4  

c (v) , 3 
kr-/qP2)2-' cil2d-E3c1R4 

N2  2 4 

M 

 Bap 
cun fexp[ 	(22-yr ) 2  3 -'aP4 

2 2 	2 
Phr  I 

;t=1 V=1 1+c2  

x d2.2d_273d2.4 	 (4.2.5) 



where 

2 

1 2 x 
	

16a  

16a+3cP(v) 	
x )3/2  exp(-pr2) 

1+c =1 v=1 
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(4.2.6) 

 

(16a + 3cla v)) 

4c4 (v)  
(4.2.7) Y 

and 

  

16a + 3cµ;(tv)  

16acµ v)  

 

p 	
16 a+3c1-1.:))  

Thus equation (4.2.1) becomes 

2 	4 	c (v) 
c
D-s 
(12) = 8m 	/ 	

lux 	16a 
 (4w+2b-m-2h) 	 ( 	NJ))

3/2 
s 52 	 1+c2 16a+3 c  µhs  '' h=1 V=1  

x exp E-pnr21 (4.2.8) 

4.3 	INDIRECT INTEGRATIONS  

We shall now consider the contribution from the central 

force terms to the indirect terms. 	We shall first of all 

consider the indirect integrals which arise from equation 

(4.1.5) and then consider afterwards those from equation 

(4.1.6). 

Consider the integral 

V(Isi-shtp*(st,u,R)P(s,u,R)du dp 

where 	2 4 

V(Isl-s1) = u(r ) = 	/ 	 px c (V)  exp  [ _cµ(v) r2 1 12 
12 	x=1 V=1 

N2  S  
9*(s' ,u,2_)cp(s,u,p) 	exp [`-2 '

2
+ s
2 
) 
-83u2 

- 2ap2  ] 
1+c2  

(4.3.1) 
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" 

(4a - 3cp"))r r'l 
- 75 	---- 

Thus 

C (12) 
(
16
)
3 8M 

s-s 	15 
5h2 

(4.3.2) 

c 	(V) Ux  (3a)3/2  x  

1+c2  7  

2 4 

(4m+2h-w-2b) 

h=1 v=1 

Therefore 

38 

J
V(1,S 1 -.s1)cp*(s1,u,R)p(s,u,.2) du qa.  

2 	4 
N2  

y
cun(v) 

1+c2  h=1 V=1 

8au2  
- 3 

- 2ap2  exp 1-3a/2(s'2+s2) 

c (v) - µn 	(s' -s)21 du 

2 4 
pc)3/2 1 exp [- ( s

12+s2) = 
1+C2 	

cu(V) 

h=1 v=1 

c (v) 
- P 	(s'-s)2] h — — 

(3ai 1 

/ 1+c2 

2 4 
cu(v) 

x=1 v=1 

exp [- 85 (17a + 6cp:)))(r2+r'2) 

8 	c (v) 	2 ,2 	32 

exp [- 75 (17a1-6 47'1' 	
)(r +r 	) - 75  (4a-3c47(4.v)) x 

r.r' 
	

(4.3.3) 

We now consider the contributions from the interactions 

V(13)  and V(23). 

Consider the following integral due to the interaction 

V (13) 

c1(13) 
N2  s

11-71
)2  8M  

s-s 	
1-1-c2 	25t2 

(w+m) jexp C- 
3a (s,24.s2) 	8au2  
2 	- 3 

- 2ap21 V(Ist- 2/3  ul) du (12. 	(4.3.4) 

where 
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v( I s ,
- 
213 

al) = exp E- c(v)(s'-
2
/3 n 

U ) 2 

n=1 V=1 
(4.3.5) 

Thus equation (4.3.4) becomes 
2 4 

c (13) (16 " 

	

3  8M 	 6a  3/2, 
s-s 

= (w+m)(7 )3/2 	(6a+cµ(v) 15 ) 
25h2 

X=1 v=1 

6aC 	(V) 's
2 	C

u 
(V) 

µ 	i c  exp r 3a 	2 2 
(s, +s ) - 	

n  
2 6a+'''µ(v) 

_I 
l+c2 

2 	4 c (v) 

;_- 	( 
16

)
3 	8m  3a 3/2 	X u x 	3/2 

s—, 	(w+m)( ) 	 rl x 15 25h2 	 1+c2 	n 
x=1 v=1 

exp _ 
75 ~1yt ((34a+27 1J. 	)

r 2 

(34a+ 
7CJ V))r2 	- St r.r'] 
	

(4.3.6) 

where 6a  

6a+
c(v) and 

128a 2a + µ
(v) 

, 	 
25 oa cµ(v) (4.3.7) 

We deduce from equation (4.3.6) above the interaction 

V
(23) 

which is given by 
2 4 c141,y) 

c 	(— 
(23) 	16

) 	(w+m)(3a)3/2 3  8M 	 3/2 
t., s-s 	15 25h2 	 1+c2 

n=1 v=1 

exp C 75 
- Tl , ((34a+27c11;(tv) )r2 

+ (34a+7cp.n"))e2) - 	r.r'l 	(4.3.8) 

Consider the interaction potential V(45), i.e. 

CI(45) = 17(16 )
3 8M  

(w+m) Ip*(s',u,2)V(Ipl) x s-s 	15 	25112 

p(s,u,2) du d.a 	 (4.3.9) 

Now consider the following integral: 



jp*(s',u,))V(Ipl)P(s,u,p) du OE 

4o 

N2  

1+c2  

2 

7,t=1 

4 

cu(v)S n 	exp 
v,1 

-3a"(s
,2+s2) 8au2  

3 
-(2a+cµ;((v))p2]duc1.2.  

2 	4 	cu (v) 
(3a)3/2 	2a 	)3/2 ... exp E136a  (1,2.1.r ,2)  
% Tr  / 	 75 1+c2 	c (v) 

N_1 v=1 	2a+ lu
x  

128a  r. r' 
75 — 

Hence equation (4.3.9) becomes 

(4.3.10) 

16 3  8M  (3a)3/2 cI
s-s 	 7 
(45) 

= 17(7) 
25h2 

2 
X 

n=1 

4 

(w+m) 1 

v=1 

c 	(v) 
u x 2a 

( 	)
3/2 

1-i-C2  2a+cµ(y) 
n 

x exp [- 136a (r2+r'2) - 75 
128a r.r' 1 	(4.3.11) 
75 

16 3  8M  17(-7) 
25h2 

(3a)3/2 
2 4 

(w+m) 

h=1 V=1 

cu  (v) 

1+c2  
X 

2a 
(v) 5 

)3/2 	[ 136a (r24.r ,2 exp 	
7 	

)-6r.r'i (4,3.12) c 2a+ µ 

where 

1.28a  
75 

(4.3.13) 

(iii) 	INTEGRATIONS OVER SPHERICAL HARMONICS  

§ 4.4 	We use the formula given in Appendix III for perform- 

ing the integrations over spherical harmonics. 	Thus 

JY* (0' 

	

	brry cp)edO _ 47   v* fa l‘n 
'ern 	

(5rri) 

(4.4.1) 

and define a diagonal matrix 



c (v) 
U vc 	(3a)3/2 x  

TC 11-c 2 

JJ—S+2(x) 

J-S-1-
3/2(x) 

jJA-S-1-1-(x) 

41 

(4.4.2) EJ24.4(x)] 

for all J if S = 

We now define 

m L 

exp 	-C r.r'l = 47 Z 	Ya 
	q ( rr' ) Ym  (8,P)Ym  (e',p') 

L=0 M=-L 
(4.4.3) 

where 

.2. 
c12(Crri) 	1 J2(iCrr') 

j,e, is the spherical Bessel function of order 2. Using 

the orthormality of the Clebsch-Gordon coefficients, we have 

J 7:(-1)x,ejm(1) E Irim_,(n)Y(1°)X,eum(2)x(-2)dndn,  = -1 otL. 

(4.4.4) 

Also 

rr'q,e(Xrri) 	= 	j,e+1  (Xrr') 

r.r'q (Xrr' )rr' - 	(Xrr  ) 	rr  "92+3/2 (Xrr 	) 

(4.4.5) 
32 Define X 	75 (4a - 3uµ v)). 

Then equation (4.3.3) becomes 
2 4 

cI(12) 	06,3 	8M  \, 	(4m+2h-w-2b) 
s-s 	 5 	5112 

h=1 v=1 

exp 	;; (17a 	01.11(,tNr2+r,2)-Xxr.r'l 	(4.4.6) 

On performing the angular integration of equation 

(4.4.6) we have 
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2 	4 12 

CI
s-s 	T-5-) 

,16\ 2  8m2 (3a)3/2 
(4m+2h-w-2b) x 

5h  

GU  (v) 
i/ 	M 	

L
r 8 	c (V) 	2 	2 

IX(-1)X,ej (1)exp - j-  (17a+6 px 	)(r +1'' )-Xhr.rilx 
1+c2  

Tr_M 
E Y

M  (n) / (c-2 , )x  m(2)x(_2)rr,  cindo 

16 3  3a 3/2 m (4111-1-2h-w-213) 	 
h2 	 1+c

2 

h=1 V=1 

17L( 
) exp 	

8 
(17a+6cp(v))(r2+r,2)ij, 1(x ri.,) 

4a-3ectv) 
 
' 	

75 	 ,c+27 

(4.4.7) 

On performing the angular integration of equation 

(4.3.6) we have 

2 4 	cu(v) 
c13 16 3  3a /32 m 	(w+m) 	 3TE  ( 15 ) (T.--r ) 112 

x=1 v=1 

x ri g 
LexP  

4 
- 75  11j((34a+7cµ(v))r2  

+ 	(34a+27c4
(v)

)rt2 )J19, 1(C 
h
rr') 
	

(4.4.8) 

c1(23) 
Similarly 	can be obtained from equation (4.4.8) s-s 

by the interchange r f r' . 

From equation (4.3.12) we have 

h=1 V=1 

2 4 	cu(v) 

1+c2  2(2a+
c
p
(V)

) 

ci45  (s-s) 
16 3  
5) 

2 4 
(3a)3/2 M 	7 

x=1 v=1 

(w+m) 
cu(V) Ux  

2a 	3 2 

1+c2 
	 (

2a+
c
µ
(v)  

r 	13 6 	2 	2 N-1 n 

	

x exp L- 75 	kr +r. 	ot,..1. 1kErr - J (4.4.9) 
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(iv) 	THE CENTRAL FORCE TERMS (FINAL RESULTS)  

§ 4.5 	From equation (4.1.5) we have the following contri- 

butions from the central force terms. 

2 4 

U 1  (512)  X X M cu(v)( 	) 
a 	3/2 exp[-p r2  

C 	1+c2 	5 	
h=1 V=1 h2 	

x 	16a+3cp.
h
(v) 	h 

2 4 

= 	(16)3 (3a)3/2  1 	
M Cu(V ) 	157 „ X 

15 	7 I 	 X 1+c2 	

2 	

4a-3c1-0V1 h=1 v=1 

8 
exp E- T5- (17a+6C14:)))(r2+r'2) .4,e+1(Xrr1 ) 

2 4 

P 	( ,—, = 16)(3a)3/2 1 	 3n  ii-2 x  0 	15 	1+c2 	
c (v) X 	X 	171. c

u 
(.y) 2(2a+ µX ) 74" K=1 V=1 

[exp(- 
75 

r )((:34a+27CPV)r2  + (34a+7CpV)r 12) + 
X 	X 

4 exp(- 
75 

ri)((34a+7c4dr2+(34a+27c4dr12)I9,e+1(C rr') 

2 4 
/16,3  3a 3/2 	1 	m c v 51n ,  2a 	)3/2 

+ l---) (Th 	
1+c2 
	U , 	l 15 	 h2 	h Lia 	C V 

h=1 v,1 	2a+ Ph 

x exp E- 175a  (r2  +r' +r' )1 .9,2+?  (Err' ) 
	

(4.5.1) 

The results of the indirect terms which arise from 

equation (4.1.6) are similar to those of equation (4.1.5) 

and the results can be obtained directly from equation 

(4.5.1). 

The calculations of the indirect terms due to the 

energy terms, that is, the N-kernel and the S-kernels (the 

kinetic energy kernels) will be discussed in Chapter VII. 
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CHAPTER IV (B)  

THE COULOMB FORCE TERMS (S-S INTERACTION)  

There is a contribution to the direct and the exchange 

integrals. 

§ 4.6 	DIRECT INTEGRATION 

The direct integral is given by 

c cola. 	8M 
Ds-s(r) 	5h2 

e2 

where 

19(2,2 ,2.3 ,1012  - 

J1;0(2.2,2_3,24)12 
1 24  dR2d.2.3d24  f„ej(r)  

(4.6.1) 

N2 	8p 2  
	 exp [-a(3p22 	33  + 2p42)] 
1+c2 

The above integral is easily evaluated and the result 

is 

cD 	' 
coul 	8M ( .)2 2e2  1  

iN 	- 
s-skr) 	

51
2 	1+c2 f2J(r) 

dropping the f,ej(r)  
 , we have 

cD 	= coul. 	16M e2  1 	2a)  1  
S-s(r) 	 ( 	2 

5h2 	1+c2 7 

(4.6.2) 

(4.6.3) 

§4.7 	INDIRECT INTEGRATION 

The indirect integral is given by 

c coul. 	

5h2 	2I 	) Is_s(r) 	r j cp* (2345) — p(1345)f(r,, dT-1 	(4.7.1) 
P  

This is due to two exchange integrals 

JP*(2545) 	0(1345) F(2)dT-1  and jp*(2345) *,p(1245)F(3)&r_ i. 

These two last integrals are the same as shown in 

Chapter I. 
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Thus 

2  N cIcoul. 

	

	 11(s,2i.s2)  -(
16
) 

8Me2 s  
s-s(r) = 15 	 2 5h2  1+c2 	-a 

— exp 
 

8au2  - 2ap21 f,ej(r , )  rr'dr' du (JR 	(4.7.2) 3 

_ _ 	1 	 1 
1 	/ 16,3  8Me2  (6a2„3/2 

I 15 
5b.2 	72 

exp E- 3a 2 2 
(SI  --FS )1 x 2 

J 
1

-  ▪ e
-2ap2 cl2rr'dr 

1 	16Me2 	16 ' 3a 3 2 2ft A -- 	
2 	(TT) ( 7 	(=--=) 	S 	2exp E - -2-9-`(s'2-1-s2) lx 

1+c2  5h 

rr'dr f 
,e,j(r') 

1 	16Me2 
 (

16 3
(  3a) 	( 2a 3/2 	2 ) 	$exp r_ 136a  (r2+r'2) . 

1+c2  5h2 15
)  7 	7 

 

128a  - 75 r.r
, 1 ftv(r, )  rr'dr' 	 (4.7.3) 

On performing the angular integration the above inte-

gral leads to 

CIC01.11. 	1 	
(
16
) 
 3 3a
(—) 

3/2
( 2a)2 e

2 M 
--,,} 	,— s-s(r) 	TE 

1+c2 1. 	 5h2 

15n I exp r  - 136a(r  2 	2 +r' )1 0 	(Err') f 2a 	75 	 2J(r') 

where 

C coul. 	1 	(3a)i 32 2 4m' 2a, 
I
s-s(r) = 1+c2 11 15 e2  

exp 	17 - 	E (r2  +r 2 )1.9, (Err ) lb 

where 

15 m 
- - 8a 112 

128a  
75 

Equation (4.7.4) can also be written as 

M' 

dr' 
	(4.7.4) 

(4.7.5) 

I x 

(4.7.6) 

(4.7.7) 
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§ 5 . 1 

CHAPTER V  

THE SPIN-ORBIT FORCE TERMS (S-S INTERACTION)  

FORMULATION 

 

The alpha particle (hereinafter referred to as He4 ) is 

of spin zero and thus coupled equations do not arise in the 

analysis of the collision. 	The vector sum of the spins 

of the incident and target nuclei is i for n-Hell  scatter- 

ing. 	Since He4 is spin saturated, the incident neutron 

can assume two possible directions of spin +i and 	and 

therefore this is a case of "doublet splitting". 

For a given total angular momentum J, there are two 

relative angular momenta, namely J+1 and J-i. 	Thus any S he, 

J will be split into ,e = J+2 '.and 2 = J-1 (J=L + S). In 

particular the state of scattering for e = 1 will split 

into J = 3/2 and J = 2.  	The parities of the systems cor- 

responding to these two momenta are v.44-4.e different and 

they do not mix. 	This means that the orbital angular 

momentum is also a good quantum number. 	It should be 

pointed out that this is no longer true if the polariza-

tion of the He
4 
is taken into account during the scatter-

ing processes. 

The full wave function of the problem as given pre-

viously is 

ao 	J+2 

tilm(1E3,45) 	= 	 P, 	(-1) fJeM  (1) x eJM   
1,2,3 j,i 2=J-1 

M+1- 

cj2mmIct,m (1) xm_m (1,E3F5) 
	

(5.1.1) 
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For a doublet state characterized by J,M(Jz  = M) there 

are two possible 2 values 2 = J+1, 2=J-i and two possible 

values of the quantum number m=M+1, M-1. 	Y2,m  is a tesseral 

harmonic. 	The coefficients CJ,emill are found from the con- 

dition that J2 is an eigen value (J(J+1))of the wave func- 

tion chosen and further 

M+4- 

C2  J2Mm = 1 	 (5.1.2) 

Several researchers including Hughes and Le CouOteUr 

(1950), Inglis (1953), Elliot (1953), Hochberg (1953), Sack 

et al. (1954), Hochberg et al. (1954,1955), Van de Spuy 

(1956), Y. Takamura and R. Tamaji (1961) and H. Kanada et 

al. (1963) have considered the scattering of N-He
4 (nucleon-

alpha particle) in terms of the vector spin-orbit force 

either of the type: 

1 V(r..) = 	(s.+S.).((r.-r.)A(E.-2.)31T 	(r. .) 	(5.1.3) 
ij 	-a 	-a -j 	j 	Ls ij 1.12 

or 	V(rij) = (1 + fti.2) VLs(rij)  

1 d Or 	V(r..) . (1 - PI.a - - r dr ) VLsij (r) 

(5.1.4) 

(5.1.5) 

th 
The s. is the vector spin of the i 	particle and is 

defined in terms of the Pauli spin vector (I as: 

2 a. 	— S. 
-a 	h -a 

(5.4.6) 

gi refers to the i
th particle momentum. 	The analytic 

forms of these potential wells. re  taken to be of square,A  

Vcrryti 
Gauss-and exponential-wc1.13. 

used equation (5.1.4) with a square well potential and 

found that the S and P phase-shifts obtained agree quite 

For example, Hochberg (1953) 
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well with those determined experimentally. 	He chose 

V(r) = V
o 

for r < a ) ) 

0 	for r > a ) 
(5.1.7) 

The values of his parametersare V
o 

= -70.9 MeV, its radius 

a = 2.5f and Q = 0.150. 	Burgel (1952) made similar calcu- 

lation and found that the best agreement with experiment 

when V
o 

= -33.0 MeV, a = 2.55f and p = 0.103. 	Sack et al. 

calculated the S and P phase shifts for p-He4 scattering 

using N-N interaction of the form given by equation (5.1.5) 

having a spin-orbit term of the Thomas type. 	Calculations 

were made for square, Gauss and exponential wells. 	They 

found that the exponential well gave a P-phase splitting 

increasing too rapidly with energy, the square well a P-

phase splitting increasing too slowly with energy and the 

Gaussian well a satisfactory overall fit. 

In this chapter we shall extend our generalized poten-

tial outlined in Chapter IV to include potentials of the 

type given by equation (5.1.3) applied to equations (3.1.14) 

and (3.1.18) respectively. 	The radial dependence of the 

potentials VLs(0  are assumed to be of double Gaussian 

shape function obtained by a least squares fit from the 

Hamada and Johnston's potential. 	This enables one to carry 

the calculation analytically further than with other shapes, 

while at the same time giving a close approximation to the 

actual shape of potential and the wave functions. 
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§5.2 	(i) 	THE SPIN SUMMATIONS  

-- 
We shall use the spin functions x(23,175) and x(13,45) 

defined in Chapter II. 	For simplicity we shall work with 

the Pauli spin operator a.
a  = h - s.'  rather than s. them- - 	-a 	-a 

selves. 	Now for each of the five a., there are ten pos-

sible spin products, five for the direct terms and five 

for the indirect terms. 

The following relationships together with those listed 

in Chapter IV are used to simplify the spin products which 

arise from the problems: 

(i) 21x(ij) = -CY.X(ij) 	for any pair i,j. 

(ii) We may interchange the particle suffices in a spin 

product in any way without altering its value, for the 

complete expression is independent of suffices. 

(iii) Using (i) and (ii) we have 

x*(TO.6ix(13) 
	

0 	for all i,j. 

aa  . 	+ is the complex conjugate transpose of 

From equation (3.1.14) using equation (5.1.3) and tiak-

134-g 1-nto -a-411*--oktut that the spin-orbit force contributes only 

in the triplet states of n-He4 scattering, we obtain the 

following integro-differential equations for direct and 

indirect terms respectively. 

(a) 	LsD 	81v1  fard0 eg-i)x(i)Y(0 ) 1* E ( w-in ) x s-s(r) 	5112 V 

VLs(12) p(-1)X(1)Y(n)ft.j(r) 
	(5.2.1) 

The potential in this case is 



E E  

V h 	

ti  Lsv exp 	[-Lspv r212  ] 	(w-4m)v vLs  (12) 
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(5.2.2) 

and 

2fdr'dn all(-1)x(1)/-(0)]* x s-s(r) = 15 	5112 

E (w-2m)v  VLs(12)0(-2)x(2)Y(M)f2j(r, )  rr' dudpdn' 

(5.2.3) 

and the potential is defined in a similar way as in equation 

(5.2.2) 

§5.3 	(ii) INTEGRATIONS OVER COMPLETE VECTORS  

We consider first the direct integration. 	Consider 

equation (5.2.1). 	Writing the spin-orbit operator in full, 

we have 

2 4 Ls UV Ls
Ds-sl
12 

,r) 	
5h

2 -S 2i 

8m 7,1.2 1 	46,7-31,0
v 	h 	x 

n=1 v=1 	1+c2 

fexp L r -    (83u2  

	

+ 2ap2)] dudik jexp [_ 3av
2 	l Ls„v (r_ -/4v)?] 2 

x 5((-1)7,ejm (1) E(a1+0-2 ).((r-3/4v)A(7-51. ,5r  - L))] x 

expi  

Using the 

Ls 	12 Ds-s(r) 

w 2 
32 drdvdn 

= 	0, 

Ls 
 x U
V 

we 

(5.3.1) 

have 

8aU2 fexp[-( 

x Xzjm(1)X(-1) 

relation that Ex*(-1)a2x(-1) 

2 	4 
8M 	2 	1 = 4(w-irn)v I\T., 

 52 	2i 
K-1 V=3 

3 
1-1-C

2 

2  + 2ap2)] dudk f exp [ _ 3av - Lspv (r- 3 h 	/4v)2] x 2 

15 	a 	a 	a 7 	5 (-1);Tejm(i)ol.[ 	E.A aa r  - T-6- — r - L' ATT.. 	
3 

1/1/v177] x 

3aV2  

2 e 	 XfeJ m(1)X(-1)dvdrdn . 
(5.3.2) 

(b) -- 
Ls 12 	(16)3  8m 



Consider exp r- 3av2 
	Ls,P. V (r_ 3/4  v)21 7,c  k_ 

51 

16a Lsµ

Ls v 

V r2 

= exp   -X (v-yr)2 1 
16a + 3 µx  

v 
where X a 1-7-6-3  (16a + 3Ls

µ  ) 	
) 
) 
) 

4LsµV ) 
) Y = 	31,s4 16a + 

(5.3.3) 

Consider the following integral 

v exp (-X(v-yr)2)dv 

This integral is proportional to r. 

Thus 

   

	 ccf 

 

L'A av 
cc rAv rAr 	= 0 

    

Similarly 

r 
J 

   

  

. VAV 

 

= 

   

     

Hence, the only integral which survives in equation (5.3.2) 

is 
2 4 Lsuv Ls 12 

	4M2 NS 
7 , „,w__1,,, ) 	 , 8,1.2 

	

h 	‘lexp L- 3 k 2 v  Ds-s(r) = - 
5h
2 S L 

x=1 v= 	1+c2 

+ 2ap2  ) X*  (- 1)x,ejm( 	dud.p_ exp[- 

Ls V r2 16a 	p,  

 

16a + 3Ls µ
V - 

 

15 	a 
x  (v-Yr )2 jai* 	1-1^ar - T-6- v^  8r) X„ejm(1)X(-1)drdvd0 

(5.3.4) 
2 4 

-8M 	7 	2  ( 	16a 	)3/2 = 	 (1- 2  y) (w-2m) x 
5h

2 Z-.3 	16a + 3
Lsp.v 	4 	y 

x=1 v=3 	x 



2 4 
LsD  12 	8M 

s-s(r) 	
2 

Ls v U
x  5

5/2 

2 I I a 	II PLs(x) 1+c2  
(w-im)v  

5h x=1 v=3 

16 
2 

3  7 

h= 

4 

v=1 
15 

1 
2 

5h- 

NS  Ls 12 I
s-s(r) 2i 1+c2 

2(w-2m)v  x 

LsuV 

1+c2  
exp r 

16cLs V 2 µn  r 	r  

L-  
5 

Lsv j Jx*(-1)X 	9.114-17  x 
16a + 3 p 

52 

X2Jm(1)X(-1) dQ 

, 	0 

	

Define L 	kr A —  ) 

	

— 	— or 

(5.3.5) 

Since J = L + S, therefore 2L.S 

J(J+1)-L(L+1)-S(S+1) etc. 	(5.3.6) 

In our case S = 2. 	Thus we may write 

= L. o 

Hence 

( 0 	for J=i, and £ = 0 

( 2 	for J.,e+i 

( -(,e+1) for J=Z-i 

(5.3.7) 

Thus equation (5.3.5) now becomes 

where 

Ls V 2-1  x exp E- PLsoo 	I Ph r   (5.3.8) 

pLs(x) 
16a  

16a + 3Lspvx, 
• (5.3.9) 

§ 5.4 INDIRECT INTEGRATION 

  

We shall now consider the indirect integration which 

arises from equation (5.2.3). 	Writing the spin-orbit 

operator in full we have the following integral: 



Ls 	j 	 16 Ls V 
Uh 	X (-1)5(7 m(1) exp [- 3as'2  _ ,eJ 	2 	25 	µ (r-r' )2  h — — 

53 

4=2  - ap2 
3 

   

- 3as2 
2 

a 
(2 +22).((r-r')A( 	- Or 

exp 

  

2  4au  
3 - 	ape] X,eJ m(2)X(-2)f2J(r') 

rr' dr' dud_adn 	(5.4.1) 

16 L
. 	1 	

16 	4 
where s = 	4' 	15 5 	s' = 	r' + 	r 	(5.4.2) 

15 	 — 	15 — 

Consider 

J exp [- 3as 2 	16 Ls 
µn  
v 

2 	- 	25 	
(r-r') 	(CY4  +0.2 r ).(r-')/1(ar  - ar ' 

 )x 
—  

3a s 	i 2] , 2J(r,)  rr' dr' dudk exp [- 2   

We can separate the above integral into two parts. We 

first of all consider the following integral (1st part). 

a f 3a 2 RI 	- 
16 LS VI 	,\21(0,  +a ).(r-ri )A — (r-r' 	 1 2 	ar fexp 1.- 2  - 	25 	h — — 

3as2 
2 e 	 rr' drdudk f2J(r') 

64a j 	3a 2 ,2 	16 Ls v 
exp(- -2--(s +s ) - 25 	µ

n 
 (r-r 1 )2  

15 	
) (a1 

 +a
2 
 ) x 

(r 'A r) f 	rr' dr ' duda — 	— 	.2J (r' ) 
(5.4.3) 

We now consider the second part of the integral, namely 

16 Ls V µ (r-r') ( exp (- 3a 	2  s, 	a +a ) (r-r') 3  
2 	- 25 	 1 2 • 	A Or' x  
3as2  

e 2 f,eJ(r') rr' 

Applying Green's Theorem, the above integral becomes 



Thus 

Lsi l2 s_ (r)  

64a 	.r(s2.1.s ,2 )  	Ls v rexp [_ 	25 	(r-r")2IC 4-05 15 J 	- 	1 2
) x  

(rAr')
fZJ(r1) 

 rr' dr' duds . 
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2 4 
(1V(3a)3/2 128a  8M y 
15 	TC 	 15 	

52 
(w_2m) v x 

h=1 v=3 

Ls v 
r 
t1)(:(-1)7,eJin( 1) exp [- T5-8 	(17a+6Ls  ph

v  
)(r2+r'2) 

1+c2  

32 
75 	h (4a-3

Ls
µ
V) r.r 1 1 i(a4 +a2 ' ) (rAr')x m(2)x(-2) x 

rr'dr'dQ. fXJ(r') (5.4.4) 

55.5 (iii) INTEGRATION OVER SPHERICAL HARMONICS  

In performing the integration over spherical harmonics 

of equation (5.4.4), we shall consider first the following 

integration by parts, viz. 

[SCP(L7LI  ) rn 6ar, f(r' 
	

= ffi q)(xx') egyy1)cp(zz') x 

[ o  Y  dz'  
z 

ay'
] f (x ) dx'dy'dz 

- ffff(ri)dx , dyidz , (y az' 	d _ z ay' )cpcxx' 0(Yy 1 )op(zz e ) 

= 	[-fif(ri)dLi 	
a

P(.1- ,I1  )1 x
, 
	(5.5.1) 

Since p(xx') -4 0 as x' -' t cc etc .  

For example, consider the following integral 

ff (r"dr' dO rear, 

 e-5(r24-r,2)_ Er .r'  



— 
-26r r e 	 = 26 — r 	, e 

E — ur' 

_5(r2+r,2 )-Er.r'
1 	a 	

-5(r2+r,ii2)-Er.r' 

Thus 

55 

- jf(r') dr'd025rAr' 
	_5(r24.1„,2 )-Er.r' 

(5.5.2) 
Hence 

_5(r2+r,e )-Er.r' 

f
f(rI)dricin rAr' e 	 = 	ff(rv)dr'cin x 

, a r A 	e — dr' 
) 

(5.5.3) 

Thus in general we have the following transformation: 

1 	a fp r'„ r *fcIT = jilrfr I A repdT = - 
E 
— j*fr'A 	cpc1T or ' 

jcpr t  A 	*fdT 
	

(5.5.4) 

Note that the last equation is obtained by integration by 

parts. 

Define X Ls(n) = 75 
32 ola 	3Ls v, 

(5.5.5) 

Then we have from equation (5.4.4) using the above formu-

lae in carrying out the integration over spherical harmon-

ics: 

Ls112 
ss(r) = 

1 16.1  
l-1 15 

( 3a ) 3/2 128a  8M ,7 	15 5h2 

2 4 

2(w-2m)v  x 

n=1 v=3 

Ls v 

	

U
x 	1 

k 	j7,(-1)7,m(1) exp [- -8--  (17a+6
Ls 

 lu
V )(r 2  

	

1+c 2 	Lsot) 	
ej 	75 

X Ls00 L'.1211 (23•1')X2jrn(2)x(-2)f2j(r,) rr'dr'dQ. 

2 4 

	

-06)  3(3a)3/2 	
Lsuv 

(w-2m)
V 

M
2 	: 15 / \ IT / 	

x 

h 1+c 
K=1 v=3 



20a 	, 
4a-3LsµV  

157  
2104_3Ls,4),c  I 	H Sexp [- 8 

	c 	v, —
75 

(17a+oLs  ) x 
56 

(r2+r'2)] J(X 2+1 	Ls(h)rr"  f2J(r') dr'.  (5.5.6) 

(iv) 	FINAL SPIN-ORBIT S-S TERMS  

§5.6 	From equation (3.1.14) we have the total contribu-

tions from the spin-orbit S-S terms as: 

wLs 	f
2J(r) 	

j kX2Ls (r3  r') f 2J(r') dr' 

where 

wLs(r) N 
2 4 	Ls UX

v  5/2 
(4w-2m) 

la2 	V 1+c2 
IIa X II PLs(h) x  

x.=1 v=3 

2 exp 	1-PLs 	
Ls µ V 

(K) 	
r I 

kX2(r'  r') Ls  
(3a)3/2 m 
7 	h2 

2 4 
(w-2m)v 

x=1 v=3 
LsuV 20a  157  

1+c2  4a-3Lsµv 4a-3Lsµv 
I I .2 rL' H x 

exp [- T-5-8  (17a+6Ls4)(r 2+r,2)] 1(X 	rr') 2+-2- Ls(h) 

(5.6.1) 
where 

PLs(h) 

XLs(K) 

IIIH 

 

16cc 

  

16a+3Ls4 

32 (4a 	31,s4vh)  
75 

( 	o for J=1 and 2-7-0 
( 

= ( 	2 for J=2+.1 (5.6.2) 

( 	-(2+1) for J=2-1 

The contribution of the spin-orbit terms from equation 

(3.1.18) is found to be the same as that from equation (3.1.14). 
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CHAPTER VI  

THE QUADRATIC SPIN-ORBIT FORCE TERMS (S-S INTERACTION)  

§ 6.1 	FORMULATION  

In this chapter we consider fully the contribution of 

the quadratic spin-orbit force to n-Heli  scattering. 	So 

far only one publication has taken into account the effect 

of the quadratic spin-orbit force on light nuclei at low 

energies. 	Hochberg et al. (1968) considered a three body 

problem consisting of central, non-central exchange, linear 

spin-orbit, tensor and quadratic spin-orbit forces in terms 

of phase-shifts using the recent Hamada and Johnston 

potential whose parameters are determined by the Least 

Squares fit. 	At low incident neutron energies, the S- and 

D-phases obtained by them have opposite sign to the corres-

ponding phases obtained by other workers including Chris-

tian and Gammel (1953), de Borde and Massey (1955), Buck-

ingham et al. (1952), Burke and Robertson (1957) and Elwyn 

et al. (1962). 	Their P-phases have the same sign and at 

energies up to about 3 MeV they differ only slightly. 

Their values of the P-phases for J=1.- and J=3/2  for the 

doublet case are nearly the same. 	The large discrepancies 

in the phases are attributed to the completely different 

nature of the nuclear interaction used. 

In this chapter we extend the work of Hochberg et al. 

(1968) to a five body problem. 	Because of the consider- 

able amount of analysis involved in the case of the quad-

ratic spin-orbit force, we shall limit our considerations 

only to the S-S interactions. 	The improved version of the 
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nucleon-interaction given by Hamada and Johnston (1962) whose 

form of the quadratic spin-orbit term we now use. 

We shall now consider the direct QsDs-s(r) and the in-

direct QsIs-s(r) interactions due to the quadratic spin-

orbit force which arise from equations (3.1.14) and (3.1.18) 

respectively which are of the form: 

Qs D
s-s(r) 	

8m rjdscin p(1)x(1)Y(n)1 * VLQs(12) p(i)x(1) x 
51.12 

y(n) — f 
	

(6.1.1) r ,2J(r) 

and 

QsI
s-s(r) - 	15 

16
)3 8M rjdr rdpdRial 10(1)x(1)/-(0)]* x 

5/12 

VLQs(12)p(2)X(2)Y(Q') r, f2j(r, ) 	(6.1.2) 

where 

and 

Qs(12) =
1 * a )L2
2 

- Q12 	) -2 - 
) 

Q12 =cl1.L12)(CY2.L12)+(a
2
.L12)(cY1.L12)1)j 

. 	a a and 	iL12 = 	(r - )A( -4 r -2 - 15E1 	a—r2 

(6.1.3) 

(6.1.4) 

Due to the complexity of the operators, we shall try 

to simplify the integrals by considering the spin first. 

§6.2 	(i) THE SPIN SIMPLIFICATION 

We define the following spin functions X(1,,23, 15) and 

, 45) as follows: 

X(1Z31 40 = 2a1(a2133-132a3)(a05-Ce4a5) 	X+, 
	) ) 1 	(6.2.1) 

5Z 	
2 ) 

-("(1 ,17 ) = 1131(a2P3-P2a3)(a05-P4a5) 	X-1 	) 2 

where the a's and f3's are the usual spin functions of the in- 

dividual nucleons obeying the law ai~~ = 	and 5.. is the 1 	1 



usual Kronecker Delta. 

We use the following relations: 
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(a) Ex*(1,)(a..a.j)x(1,E3,45) = o for any pair 

7* 

11 

1/ 

11 11 

X 

11 

1/ 

11 

= 

= 

= 

0 

0 

0 

i,j 

" 

" 

" 

= 	1,2,3,4,5; 

/I 

11 

and 

(6.2.2) 

(b) EX*(1,13,/75)(0i.ai)X(2,51,/75) = - 3/2 E6 for 

i,j = 1,2;1,3;2,3; 

= 0 [5] otherwise 

Ex*(1,23, 175)(a..a.)5(2,31,45) 
	

0 [5] for any pair 

i,j = 1,2,3,4,5; 

VI 

11 

It X(2,31,45) 

It 

o[5] 

- 3/2E5 for 

i,j = 1,2;1,3;2,3; 

= 0 [6] otherwise 

Thus <X*(1,23,75) 1(0'1.0'2)1,2 1X(1,23,45)> 	) 
) 

=<7.*(1-113,115) 1(0'1.0'2)1 )7(1,23,17>L
2 
	

) 
) 
) 

= 0 

We now write Q12 in the form 

0'12 = 	1/3 s12(1,'L) 	1/3  (al.a2)L2  

(6.2.3) 

(6.2.4) 

( 6 . 2.5 ) 

and so <XI I Q12  i X1> = 1/3x1 I (0'1. 0'2) I X1>L2  = 0 

(6.2.6) 

L) is the usual tensor operator which is defined by 
ij 

et 

s 	(Ly_ L) = 3(a .L)(a-3 	- (a—a  .0'j) L2 	(6.2.7) ij 	, — 	-  

and 	[o] is a 2x2 unit matrix. 
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) INTEGRATION OVER COMPLETE VECTORS  

We consider first the direct integrations which arise 

from equations(3,1.14) and (3.1.18) respectively. In fact, 

we are going to consider the direct integrations from equa-

tion (3.1.14) and the results for equation (3.1.18) can be 

deduced from the results we obtain from equation (3.1,14). 

§6.3 	DIRECT INTEGRATIONS  

The only direct term which gives a non-vanishing con-

tribution after spin summation is given by 

Qsn12 
) = 

8m
_rjdrdn -s-s(r 	rell(-1)X(1)Y(nn * E 2(m-2b)v  x 

vV
LL(12)Qs(12) cp(-1)X(2)Y(

n   -,) — f 
r ,eJ(r) (6.3.1) 

Writing the quadratic spin-orbit operator in full, we have 

2 	4 	LL v u 
Q 

	

	
5

8m

112 	s 	v 	
x 

J 
 r Y* (1) X s  D12 s-s(r) - 	

r N 2 	4(m-2b) 	JXM 
1.1-C2 

X=1 v=1 

L21.2 8u2 	LL V exp [--2-(-'(3v2 	
3 

+ 	+ 2p2) - 	µ y,,  (r- 3/4  v)2] ( 12 	3 cycr . 	) 	x —  

   

8u2  
3 + 

   

Y,Lem (2) exp 

,Le 	• 

2  (3v2  + 2p 2 )] 1 
r 	
f 
,eJm(r) 

dvdudOn 

(6.3.2) 

  

where 

_ 
12 	(r - 3/4  v)A (5/4   ar 	av) (6.3.3) 

Using the following relations 

2..1.X(T3) = - 2:3x(13) 	) 
) 
) 

2.2x(E3) = - 2:3
x(2i) 

) 
) 

(a.,5) = 3 	) 

(6.3.4) 



518 	a (r- 3/4  v) Aar  — 	— Aar 

3 	a - - 4 2  (r — 	/4 y)Aar 

3/4  v)  Adr 

.(rAv) exp(-43 

.(r- 3/4  v) a  Aar  

(rAv) exp(-$v2) - 213(r- 

exp(-$v2) 

we have 
2 	4 

4(m-2b)v  

h=1 V=.-1 

LLU  

1+c2  
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QsD 12 
L311 . 	rA, 

s-s(r) = 
5h

2 	P S
Y* 	(1) x ZJM 

 

exp [— 2(3v2  + 832+ 
LL v  

2p2) - 	µn  (r- 3/4  v)
2] L12  

  

8u2  
3 	r + 2p2)] 	f,e,JM (r) dvdudpd0 

(6.3.5) 

YJ2M (2) exp 

Ja 

7  a (3v2 

 

Consider the following expressions 

3a SY* 	(1) exp(-E—v2  ) 
LL 

,Lem 	
VLL(12) L12 	YJem(2) x 

J ,,e 

exp (- 	v2) ft 	
dvdp 

2a 
	

Jm(r)  
(6.3.6) 

3a  v2) (i)2012  exp(- 2  

4 	6  (i)L12. [5/4(r-
3  / y)Aar  - (r- 3/4 v)Aav 	2-- ]exp(- ICI v2) 

—   

a 25 	( 12- 
3/4 v)Aar  • (r- 3/4 v)Aar exp (-017?) . 	 —  

(6.3.7) 

We shall now consider the above expressions term by term. 

a 	3 	a 	a 	3, a Nf A 	25 [(r  a ) (rA 	_ 	-1-kVA=J .l.LA -777) 

	

= 176. 	—(\ar • — ar 	4 	ar 	— ar 	°E. 

9 	(vA97r-) ( vA-6) exp (-3V2) 
7.  0 

_ T-6  25 [,2r(i)2 	3/4  (r„,6 ) (v^a  )- 3/4(v/1).(E4r) 

	

- 	 ar 	— dr 

A 

B 

C 

•• 
	D 
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+ 9/16 (vA a
-T1-7). (LA 417)1 exp ( -Pv2  ) 
	(6.3.8) 

From equations (6. 3.6 ) and (6.3.8) after dv integration, we 

have 

A 	(A)3/2 
L2. r (02 wr 	3 ,, 2 N 	3/4 	a 	a 

plyL r) - 	yr 	r -- 
16 L 	 ar 	ar 

a 	a 	- 
+ 9/16 y2  LA7-17,0  . 	+ 9/16X (—)2] ar u 	uL 

(6.3.9) 

a Using (rA --)  . ( rA--r)  =   (r^  dr „(r- 
 
eA-r)  + r - - 3r •- r 

it follows that 

a 	a 
a_ a  ) r ° ) = (rA--).(rA-0 ) +. (LA 	.( -c A 717-. ar 	67 	ar 

 

(i)2 L2 
- Or 

Thus 
A 	(i)3/2 

(i)26  
2 5  / 

k1 - 3/41)2 r 
 =2 - 73  y 1 

15 2 2 	a 	15, 1 
( O 

, 
+ 2(T-6-) r  	 ` 

(
17-6'

2 	
Or'

2 
 

(6.3.1o) 

(6.3.11) 

B = k(3— L(r— 3/L10A 2  
a 
Dr .rAviexp(-0v

2  ) 

5P P'ar  -r.v rr2v a a 	a - 2r v)- 3  (r v )v 	- 
2 	- •- / 7 	-* ar 

v2r. 	- 2v2) j exp(-Pv2  ) 	(6.3.12) 

After 

B 

C 	= 

dv integration 

)r 2 	9  li-2y ( 1- 	-4Y 3 a zo, 	L.- 	r 	_Ii(v21)  3 /2  

exp(-.(3v2  ) 

2"  

- 3/4v ).1- 3/4v)A,v- 	(r- - 
	. 	- - 	or 

(6.3.13) 
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4 A, . 	 V - Dr-3/4v_ ) O 	(r 3/4  )AV 	or -26(r-3/4v)A ar  

JrAv)] exp (-6v2) 
	 (6.3.14) 

-26[(r-3/4v)AL .(rAv)] exp(-(3v2) 

- [(r-3/4v)A-1-av  .(26rAv)-(213)2 (rAv).(rAv)] exp (-6v2) 

(6.3.15) 

Thus from C and D, we have 

C+D 	• [-2-(m r.4T) + 462r2/X -(1-3/4y) (112r..7: + 46r2)] 

(6.3.16) 

after dv integration. 

Collecting all terms, the integral becomes 

	

2 	4 	LL v 
Qs U 1 

	

	 h  ( It  3/2 x  
h 

Ds
2
-s(r) = - 8m 	NS2 X 	2(m-2b)v 5 2 

	

	 1-I-C2 A  h=1 V=1 

exp[- 
16a

LL
µ r

2 

4  

16a + 3L11.iy
] jexp[-2a(

3  
112 +p 2  ]y.j,em(1) [(j)2  x 

(1- 7 Y)2L 2 4-  16X 
135a  - 6a(1-  4.  1)(1+ 	

y)r2 
a2r2  

25 	3 -f6-  

15 c3a 	( 	)( 	3 N 	a 	115\2fa kl+ 	y 1- 7  y/ J1  .E.T: + 7/
5-.677",21 X 

-1(„Lem(2) 12jm ( r ) dudkiC 
J„e 

2 4 
8m 

= _ 	
2 
r 	2(m-2b)v  

5 h 

LLUv 

1+c 2  

3/2 
exp E-P 

PLL(x) 	 - LL(n) x  

LL µV 

h=1 V=1 

r2 ] fYlem(1) [(1)2  -14 (1-3/4  y)2  L 2 	135a  

L 16X - 
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9 
+ 	a2  r2  + 15 (3a _(14. 	y) x --- - 6a(1+ 4  y)(1- 	y)r2 

(1- 	y))/..47, + 	(+1)2  (03r)21 	Yj,em(2) fLem(r) 	dO , 

where 

X. 

Y 

PLL(x) 

Now 	L2rYf 

a 

a 

. 

-.E 

= 

= 

. 

3/16 	(16a 

4LLlav 7t. 

+ 3LL 4h
v  

a Yr rf 

) 	
) 
) 
) 
) 
) 
) 
) 
) 
) 

af Y(1 

)  

) 
) 
) 

) 
) 
) 
) 
) 
) 

(6.3.17) 

(6.3,18) 

(6.3.19) 

16a+3LL4vh  

1 6a 
LL v 16a+3 	µn  

fL2rY 

a fr. 	Y+ Yf r. ar 

a 	a 

Dr 

a 	a .f 

a 

a Y + 	 .r Yf ar'ar ar 	ar 

2  

ar — ..... 

2 	af 
Y+ 

ar ) 

ef  
Y fY + are Y + r — ar are  

We 

Hence 

and 

define F(r) 

F" 

so 

L2rYF 

a (r --)YF 

= 

= 

THE RADIAL WAVE FUNCTION 

) 
) 

) 

) 
) 
) 
) 
) 
) 
) 
) 
) 

(6,4.1) 

1 T  f(r). 

1 — f" - r 

FL2rY 

rYF' 

a2 

2 f' 	+ 2 f 

YF" 

r2 

2 Y + — YF' 

r3 

+ (____O)2yF  

ar 2 ar  

Hence 



L2rYF = 2(2+1) fY 
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(f,  - T  f)y 

 

(6.4.2) 

11 f “ 	Z(Z+1)f  I 
Y 

 

Hence the matrix elementsof Qs(12) for the direct terms are 

2 4 	LL v 	3/2 
Qs Ux 1 	gm 	2(m-2b) Ds-

2 
 s(r) 	= - 	 P

LL(x) x  V 5h2 

	

	 1A-C2  
X=1 V=1 

LL V 2 e25 	3 2 px  r ] 	t-176- (1- 	y) 	4.1)2 1  
Xr 

exp -13LL(x) 	 2) Z ( e+1) 

(135a + 201-2 	
15 	1 n 1 

16)s. 	+ 211)] f,ej(r)  + 271rf:ej(r)  - (TO2 	 ZJ.r_ f 	( ) 

where a a.  3a[ 	- (1+ 	y)(1- 	y)] 

Tl 	4(1+ 	y)(1_ 	y) - 	] 

56.5 	THE INDIRECT INTEGRATION 

There are ten pairs of the exchange S-S terms. L
13, 

and L45 vanish either after the spin summa- L14' L24, L34 

tions or after the integration over complete vectors. 

Since .1_,44 = 24 = 	and L.,g4  = 135  and since i43  is —15'
invariant under the interchange of permutation of 1 and 2, 

it therefore follows that 23 
must vanish after integration 

over complete vectors since it does not vanish after spin 

summations. 	Thus the only non-vanishing term comes from 

L12 and this will be considered fully in this chapter. 

The evaluation of the indirect integration will, be 

done in two sections: 



(a) for the operator L12  and 

(b) for the operator Q12.  

(ii) 	INTEGRATION OVER COMPLETE VECTORS  

(a) The doublet indirect term Qs,(12) s-s(r) is given by 
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Qs (12) 
s-s(r) 

16)2  8m N2  
15 5112 S 

2 4 
r 	2(w-2h)v 

h=1 v=1 

LL
U
V 

1+c2  
x 

LL v 

S
Y*J2M (1) exp a

/2(3S124-42/3+2p'2)- 	Ph [4(r-r i )/1X 

(_ 3/2)012 	Ymm(2) exp a 	 n 7 (3s2  +op2  /3 + 2(3 12)] x 

 

  

J,2 

r' 	 J(r 1 ) f 	dridLdLidn — 

  

(6.5.1) 

THE MATRIX ELEMENTS OF L12 

a 	a We now write iL 	= (r-r ) A ( 12 	— — 	or 	or  ,' (6.5.2) 

Consider space coordinates only. 	We have on the right 

of the operator L12the  function: 

1 exp [- 2 — (3s2  +8p2  /3 + 2P'2)] Y(n, ) T' f(r') 

and on its left 

exp  [_ 2 (3s12+42/3 	2p'2) - LL,V r212 ]y*(n) 

where 

s = 15 r 	
4 	 ) 

) 
and 	 ) 

) 
4 	16 	 ) 
15 s' 	r + — r 15 

(6.5.3) 
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Since i12-12 is independent of p and 2', we can perform 

the integrations over 2.  and p'. 	Thus, we have 

2 	4 	LL V 
Qs 12 	161 

- r N 	2(W.-2h) 
3 8m 	,, k 2 	

UK 372  3/2 
( 	) 	x Is-s(r) = (-/ 

15 	S 
v  5h2 

	

	 1+c2  16a2  x=1 v=1 

f
dr!dn exp 

[ ]a 
s,2_ 	

4  
LL v r12 ]Y*((Z)[-2  L12  ]y(0 , ) x 

 

3 	1 exp [ 2
a s2] r' — f(r') 	 (6.5.4) 

The following steps will be applied in the derivation 

of the kernel: 

(i) Differentiation with respect to r on exp (- 3a' s2) 

We have s = 5  (4r + r') 1 — 

We now write 

exp(- :22  s2) = exp [- 75 (4r+rv)2] 
— — 

as 	exp [-V(4r+r')2] 

where 	v = 8a 
75 

(6.5.5) 

It therefore follows that 

a
a 
r exp E-v(4r+r 1 )21 	- 8v ( 4r+r ' ) exp -v ( 4r+r )2] 

and so 	(r-r')A ar  exp E-V(4r+r1 )2 1 

= 	40v (r r)exp E-v ( 4r+r ' ) 2 	(6,5.6) 

(ii) Integration by parts with respect to r' (in order 

to transfer the unknown f(r') to the left of the operator) 

followed by differentiation with respect to r'. 

Since 4 s' 15 ( + 4r') 



X I  
16 LL 

a' ) 25 
) 

) 
-2(16V 	X') 	) 

) 

) 1)' .==- -2(4y - X') 

(6.5.8) 

a r ur • 

and 

1 A j". . r • 
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and 
	

E12 
= 5 (r-r') 

we have the following results 

a 
art 

where 

3a ,2 	LL V 2 I exp [_ -2-- s 	- 	Ph r12 

_r' exp E-V(r+4r1 )2  - x,(r_r,)2] 

= 	(71'r + 	exp [-v(r+4r' (6.5,7) 

We thus obtain two operator identities 

exp [_v(r4.4r1)2  - x,(r_r,)2] 

(rAr ' ) exp [-V (r+4r 1  )2-X' (r-r' )21 — —   

exp [-v(ri-4r' )2 	x ,(r_r,)2]  

= 	(r '  r) exp I-V(r+itr' )a - X ' (r-r ' ) 2  

(6.5.9) 

(6.5.10 

The foregoing results for steps (i) and (ii) will now 

be used (often implicitly) in evaluating the matrix elements 

of the operators L12  and Q12
. 

Consider 

iL12 exp [-v(4r+r')2] 
	[ilovr A r - (r-r' ) A a =, ] 	x 

exp (-v(4r+r1)2) 

(i)2L12 exp 1-v(4r+r')21 

a 140v(r-r')A 	(r' r) — — 	or * 
(i) 



) a (r—r' 
) 
N 	a -(r-r •o  A 	.(r— 	A 

— — 	dr' 

a 
ar,  . (r'n r) 

a 	, 	d + 
ar 	 dr' 

...] 	exp [-v(4r+r')2] 

We now consider the expressions on the r.h.s. of equa-

tion (6.5.11) one br one. 

	

(i) = 	40v 	(r—r') A a 
a 
r 	(r'„ r)] exp -v(4r+r 1  )2] 

	

= 	40v E40v(r 2r' 2 -(r.r' )2) + 2(r.r'-r'2)] x 

exp (-v(4r+r 1 )2) 

We now consider (ii) 

(6.5.12) 

(ii) 	E r-r')A —a 	.(r-r')A—' J exp (-v(4r+r')2) 
dr 	ar ,  

= L-8v(4r+r'). 417, 

a (4r+r1c 	dr)-2 — 
— — '  

a (r-r')2 	8v 	(r-r')(r-r') 
ar' • 

(r-r')] exp [ -v (r+4r' )2-X' (r-r')2] 

on using Green's Theorem. 

E-16v(4r2-3r.r' _I-I2)_2(Wr2+(-)1 )r.r' 	+ 

6 + 40v(+/-1')((r.r 1  )2-r2r'2)1 x 

exp E-v(r+4r. )2  - X'(r-r')2 
	

(6.5.13) 

Consider (iii) 

(iii) 	-40y C(r-r 1 )A- -- 	dr' .(r 	
r)] exp [-v(4r+r ' )2] 

Using Green's Theorem, (iii) now becomes 



7o 

a 40y E(rIA r). (r-r 1  ) A 	 exp 1-v(r+4r' )2_x,(r_r,)2] 
ar'  

-40v [( 	) (r 'A r). (r r)] exp 	(r±4r ' )2 - 

X*(r-r')2 1 

-. 
= 	40V(+TI') [(r.r')2_r2r,2  ] exp E-v(r+4r')2  

X' (r-r' )2  I 

Consider now the last expression, that is, (iv) 

(6.5.14) 

, a 7  
( iv ) 	- E (r-r') A — ' 	ar . ( r-r , 

 ) A - ' _J exp E—VOirl-r 1 )21 dr  

Using Green's Theorem,(iv) becomes 

a 	a 	)2_x ,(r_r,)2] (r-r ' ) A - ( r - r ' ) A - exp [-v(r+4r' 
ar' 	ar' 

(r-r') (r I A r ) exp -v (r+ 4r )2  
ar

,  

X ' (r-r' ) 2  

M+11
,)2{r2r,2_ (r.r 1 )2} +2(+11')(r2-11.E1 )] 

exp [-v(r+4r" )2_x,(r_r,)2] 	 (6.5.15) 

Combining the above four terms, we obtain 

([ (4ov)2  - 80v(4.11' )1..(+1,)2]  (r2r,2_(r.r,)2 - 64v(r2  - 

2r.r' + r'2) + 2(r2-2r.r' + r'2) + 61 x 

exp 	E-v(4r+r')2-v(r+4r 1 ' ) 2- X'(r-r')21 
	(6.5.16) 

§6.6 (iii) INTEGRATION OVER SPHERICAL HARMONICS  

As seen above, the clnd0' integration will have a term 

containing (r.r')2  which may be dealt with in the same man-

ner as (r.r'). 
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Using the following relations due to the orthonormal-

ity of the Clebsch-Gordon Coefficients 

(Q ) YL (ni). exp 	r.r" dndn' 

a -47 ac E Y?1,4(0) Tr1;i1j  (o,  ) 
M 	 L.0 M.-L 

qL(Srr 

ym (n) Ym (cp) andn,  

a -47 	q aE 2(Err i ) 

on using the fact that 

(6.6.1) 

E YL (0) YI;1_,  (W) dn Dr 	=
,eL 

cl,e(Err') = —e. 
32(iErri) 

(6.6.2) 

where j2  is the spherical Bessel function of order 

Also j E YL (c) T11'1,  (W)(r.r')2  exp [-Er.r 1 ] dOdn' 

A2 
47 . 

aE2 cl,e(srr ) (6.6.3) 

Now we define 

Xq,(X) 	d2+1(X) 	(R)1  J,e+I(ix) 	(6.6.4) 

a 	1 
ds 	c10(Err') = 	

[  2
Err'  
+1  J2_4  (Err') + d l(Err')] (6.6.5) /  

where 

J 	(Err') . d,e43/2 (srr') 
— 	d 1(6 1 ) 2-1 	

2,e+1 	= Err 	,e+-2- 

and so 

(6.6.6) 

a 	„ rr' ac cl,e(Err/) = as  oz.,_2(Err I )-rr' 	, ,e+3/2 (Err')] (6.6.7) 
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Similarly we deduce from the last, two expressions the 

following result 

1 FteGe-1)  
clX(Err') 	E L 	2 	

r2r 12/ 	1(6= 1 ) + 
4+-2- 

2rr'  
J,e+3/2(Err')] (6.6.8) 

 

Hence in general we have 

f
awn ,  Y* m (8 '  9)(r.r 1 )n  Ye'm , 	 exp(-Er.r') 

47 	n r ,n P
s 

0  l (Err') 	bmm' Err' r 	E 4+-2-  

where 

Li . rnr'nPn .9,4.1 	a (_onc  d n 
LE (Err') 	 cy,e+i(Err')] 

E 	 dE 
 

(6.6.9) 

(6.6.10 

Note that dE,e+1(Err') - X
E  
+1 .9

4?+ 
(Err') -rr'c9,e+3/2(Err') 

-i 

(6.6.11) 

We therefore deduce 

expressions 

(i) 	J:e41 00 

(ii) 0, 	100  
X+1- 

the following 

X-C Ot.+1 (.) = - 

results from the 

J2+3/2 (X) 	) 
) 
) 
) 

J 	1 (X) 	etc. 	) 
,e+-2- 	) 

) 

above 

(6.6.12) = [X(,e+1) + 	1] 
x2 

where JP (x) is written for 	J 1 (x) etc. 
X1 	dx 2+ 1- 

Hence the indirect integral of the operator L12  becomes 

2 4 
QsIs 

L12 
= 	1 (

165
)

3 
()

4 

()
3/2 8M 

-s(r) 2(w-2h)V  2 	31L 	5h2 h=1 V=1 
X 

LLuV 
757 Sr (6-25(r2 +r1 2 ) - ( 	w 	)2  ,e(,e-1) 

LL(x) 1+c2  4a-3LLµ 

rr' 
a2 

as2 
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w2 
	) 	 rr') + 2(2C - x  LL(h) 	 )rr' 	x 
'LL(x) 	 LL(n) 	

+3/2 
 

(XLL(h)rr')] exp [- 
8 	

(17a 	
6L1_,,,

1"
v ) (ra l_r ia)] f2j(r,)  dr' 

where 

and 

6 4 w.. . 	(a. + a.
J
) 	) 13 - 15 	I 	 ) 

) 
Silk _ . 

32 
Oa— + 810—J 	h + 3

LL µV ) 	) 
75  ) 

) 
_ 32 (4a _ 31,1,4)  ) xW O . 75  

a. = a. 	= 	a 

(6.6.13) 

(6.6.14) 

§6.7 	THE MATRIX ELEMENTS OF Q (r2  ) 12 12 

So far we have been considering the matrix elements of 

L12. 	
We shall now consider in this section the matrix 

elements of Q12
. 	We shall follow the same procedure as in 

the case of L42' 

Again, we put 

Q12(42) 	i(C112 	q21) 

	 (6.7.1) 

iL12 	(r-r') A (778  - 7r') 

ia2.L12  exp E-V(4r+r 1 )2 	= 	E4Ova2 ,r'A r - 	 a , 62.(r—r') A 71:11 

x exp [-v(4r+/-1 )2 ] 

Therefore (i)2  (C .L )(a2  .L ) exp [ 	)2 ] 12 

[4ov Cc1 * (r-r ) A -
a lE 	.r 'A  r 

	

ar 	_ 

+[ d1. (r-r ' ) Aar C-cy.2  . (r-r' ) A a 

A
12 

B12 



a + 	- 	(r-r'IC a--2  .r!A r1 	 c 

	

- - 	ar' 	 12 
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a + 	-a (r-r .t  )A a 	][-a (r r )e,  — 
- - 	ar ' 	-2. 	•-• art 
	D12 

...] 	exp [-v(4r+r ' )2  ] 	 (6.7.2) 

Consider the term A12 

A l2 = E ( 40v ) 2  (01.r'.% L) (12 	+ 40v (11A (L-Et 	 g_ 2 I: 	x 

exp [-v (4r+r )2] 

	

ziOv 140v (11.1.- 14 	(s12.1L'A  r)+ (11.92  ) 	) 	- (11.1 1  

x 2  . (r-r ' ) exp [-v (4r+r' )2] 
	

( 6 . 7 .3 ) 

Hence 

1(Al2"21) 	[(40v)2  11L (2.1 *1.- 'A  ) (02.r'^ ,L )+ (22 'L i" 	r)  

(4001[(01.r)(C2.r')+(62.r)(01.r1 )-2(0.1.0.2 )(r,r' 

+ 	( 40V )_[ (al. r ) (02.r')- ( 01. cr2 )r' 2 	exp [-v ( 4r+r )2] 

(6.7.4) 

Put U12 	E) (22. r IA r) = U21 	(6.7,5) 

T12  (A B)-= ' i Dal -A) (a2.B)+ (0"2.A) (a1.13)-2 (al.a2)(A.B)] 

Hence 

= T (A B) 21 7-  (6,7.6) 

A(A 	) 
2  12 21 

= 	40v 40vu12-  T12(r'r! ) + T12 (r' ,r' )1 x 

exp [-V (4r+r )2] 	 (6.7.7) 

a B12 	=. 	E ( 010 a ) (r-r' ). —a 	- 	(r-r ) (0'1• —, - - 	ar , 	 2 cr - - 	ar ,  

40V (11.r in r) CY(.11-L' ) A 	 ' 	D ar- 	+ 8ya1.a2 )(r-r')2 ...... 
li  • (L-f)12 . (E-L,  ) il exp [ -V (4r+r ' )2] 



(6.7.10) r- (a1  .r)a •(r-r ' )1 exp (-v(4r+r' )2 ) 2 — — 

x , a ,1 r , 	 a \ 
( 	•r A --  "J-Lk°' •r iA r)( 	rA— ,+kcl r'Ar) —2 — ar' 	 2 — — 	 1.— ar' 	 1" 

(a2 .re ar' ))] exp. Lv(4r+r )21 +40v E T12  (r l r' ) 

T 2  (r r 	exp E-v (4r+r ' )21  (6.7.11) 

B12 = 	(11.12 )(r-r") . — 3ar' 	2:2 -(1-11)(C1' -6')]  

-40v 	r r ) C12  (r-r') A 717, + 8v 	(al . c52  ) (r-r ' 

61. (L-L' )12 . (E-L' )1] exp[ -v(iir+ri )2] 

Hence .1-(B +B ) 	[T (r — ) 	T (r 	) - 12 21 	12 'Dr' 

	

a 	 a 
12 —' ar 

8v 	21'12  (r, r ')-Ti2 (r,r)-T i2(r ,r ' )] - 40V2 (61 

r 	r) 	2  . (r-r') A -57_, +a2. (r 'A r)o'1  -(r-L ) -3-17,..1 — — 	 — — 

exp [-V ( 4r+r ' )2] 	 (6.7.9) 

C12 	[-40v( 62.r r ) 1  . (r-r' )A ar'  + 40v ( al. 0'2  ) (r-r ' ) • — —  

Therefore 

2(C12+c21) 	40v2it (a2 .rtA r) (0'i.r1A —a 
ar , 	 x  

a 	a 
(D +D ) = 	 )(0. .rA—a WO* .rA 	)(a 	) - 	12 21 	 1 	ar ' 	 2 	ar ' 	 2 	or 	 1 	or ,  

D
1  

a ( 	 a 	' ( 6 	
) 

xcY  
1

r 'A  or' ) (-2 r --IA  Dr 	.r 'A — 2 	ar' 

1 
a r 'A 	 D2 — or'  

-((a a  )(a 	3 	a 
—N art 	 2 r'-- A  ar ,  1)  + (22 " r" dr ' ) 

a 
(ciV rIA TT-1))  

(6.7.8) 

D3 

75  

)2  



-((a1  .r'A — — 
a 

) (ci •rA 	)+k 	•r ,  A— ) ( .rA— r' —2 r' 2u  	ar' 1t.)   dr' D
4  
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exp E-v(4r+r')21 	 (6.7.12) 

By using Green's Theorem, B, C and D will operate on 

exp E-v(r+4r' )2  - X' (r-r' )2] 

a exp 	-v(r+4r' )2  — X (r-r' ) 2  
or I  	 — — 

= 	+ rE) exp 1-v(r+4r' )2 -X ' (r-r' )2  ] 

0.2  .r 'A fir , exp 	(r+4r ) 2  — X (r-r' ) 2  —  

= 	( 0'2  .r A 	exp 	(r+4r )2_x,(r_r,)2] 

Hence 

,,, exp 	v(r4.4r •, )2 A. + 	(r-r' I 2j ka 	, a
r J ( 	r ', A 

a 
) 

x 
— 	 — o 

exp [-v(r+4r')2-X'(r-r 1 )21 

= 	712  (Cyr I n r)(C2.r'Ar)-1-1((al.a2 )(r.r' )-(a1.r)(0"2.r1 )) 

)+x  , (r-r , ) 2]  exp Ev(r+4r 1 	 D2 exp E.-A) (r+4r 1  )2 -X' (r-r' )2 ] Thus 	 2  

(6.7.13) = 1121J12 riT12 (L'Et)  

Consider 

a 	a exp [ v (r+4r 1  ) 2  +X 1  (r-r ' )21 (a1  . r A 7— , ) (a_.r 'A ..-, ) x 

	

r 	--- — o r 

exp 	-v (r+4r )2-X' (r-r' )2  

-T1V61.r1), r)(a2 .1"A r)-T1((cl1. ci2 )r2 - (CY1  .r) (a2  r)) 

Hence 

exp 	v (r+ 4r ' )2+x,(r_r,)2i D3  exp E-v (r+ 4r ' ) 2 -X (r-r' )2  

rlT12 (r , r ) 
	 (6.7.14) 



77 

We now consider 

a2  .rn ar'  exp -v(r+4r' )2_v(r_r,)2] —   

=(62  .r^ri) exp [-v(r+4r1 )2_x,(r_r,)2] —— — 	— — 	— — 

Hence 

)2.0,,(r-r, )21  ( 	a 
exp 	V (r+4r' 	a .rn— 	. --a ) exp [-v(r+4r')2  ar' 	 2 rn— ar' 

- xi(r-r')2 1 

= 	2 	r)(a2.r,/, r)+((al.a2)r2-(al.r)(a2.r)) 

and so we have 

exp [ v(r+4r)2+X' (r-r 1  )2] D1  exp 1-v(r+4r')2-Xt(r-r 1 )2] 

(6.7.15) 

We now consider the last expression, viz. 

a exp E v(r+4r' )2+X' (r-r' )21( cli.r 	rAL I ) 
exp[-V(Et41" ) 2  ar') a2.— 

-X' (r-r' )2  

= 	r 	r) (CY2. r 'A r)+ 	(61. 62) (r.r ' )- (al. r) (a2.r' )) 

Thus 

exp Ev(r+4r')2+X 1 (r-r 1 )21 D 4 exp [-v(r+4r, )2-X'(r-r1 )2j 

= 	-7-1/112 	T12(r'ri) 
	 ( 6.7.1 6 ) 

Hence by Green's Theorem we have 

1  2(D  12+  2 ) 	(-1-11)2  1112+(-1-11)  ET12(r'r"-T12(r,r ): (6.7.17)  

Before we collect terms we need a third step to evalu-

ate the integral 
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IU12 = frdr'dp exp -[x(r2+1-12 )-X LL (r ,r ° )] Y*(0)x(1) x 

U12(r,r')X(2)Y(Q) 	f,e.gr,) 

By simple differentiation we obtain the following identities 

a (a2  .r1A—' 	 ' ) exp E- x(r2i.r,21_• A.LL (r.r1)] ar ,    

= 	[X2LL (a-4 .rin r) (Q2  .rinr)+XLL  (a Ar').(a2  Ar)] x — — 	—4 —   

exp 	2 (r2 +r' 2  )— XLL(r°r')I 

Hence 

U12 exp E-h(r2+r'2 )-X r.1.1] 

F(0,1.r,,,' 	 a 
LA 2 	 arl)(22.LIALI)-1-(22.111Aarl 

) x  
LL 

a (al .L'ATT,)} +1 T12  (r I  r')] exp [ -x(r2.4.r,2) 
LL 

XLL r r'] 

We now rearrange the integrand of IU12 (r) so that we may 

apply Green's Theorem. 

Thus 

IU12 = rjdr'dQ exp [-x(r2 +r' 2 )- X LL  r.r 1 ] Y*(0)X(1) x 

x2

1  Q12 (r2 ) + 1 LL T12(r,1")] X(2)Y(01) 
LL  

f ,e,J(r') 
2 Hence, using T12(1)  = 1 S12(A,11)  - 3 ( -2' 1 • a  2 ) • B  

IU12 reduces to 

IU12 	r f dridD exp [-X(r2 -1-r 12 )-X LL  r.r i ]Y * (p)X(1) x — 

[ 	
1 2 Q(r I2 )+ 	1 	S 	(r r') - 3 %(2:1.2:2 )  12 —/— LL 
0 	

12 	 3X LL LL 

x (r.r')] X(2)Y(n 1 ) T1„--, f,e.J(r') (6.7.18) 
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Now consider the expression for 4- (B12+B21) 

	

f exp [-v(r+4r')2-Xi(r-r1)21  i (1312+1321)exP E -v (11E+LI  ) 	x 

Y(e' ,Cp' ) f(r!) dr' 

exp 1-V(4r+r ?  )2 	Y(EP 'CP') f(r') [-T12(57- ' 	) 

T (r —a 
12 --, art ) 	8V(2T12(r,r1 )-T12 (r2 )-T12 (rT2))  

(z(40v)itcr2• (r-r' 	 a 	(a .r in r)+cl 	(r-r' )A a 

	

—1 — — 	ar' 

2 .r'A r))1 exp [-V(r-Fitr' )2-X' (r-r 1  )21 dr' 

-f exp E--X(r2+r'2 )-ALL  r.r 	- 40v( +.ri)U12+(32\)+1-1) x 

T12(r2 )-(8v+)T12  (r ' 2  )+2(c11. 2 )-(24V--01)T12  (r,r' x 

Y(e' ,cp' )f(r') dr' 	 (6.7.19) 

Further consider 

Sexp E-v(r+4r t  )-X' (r-r' )21 2EC12+C21  exp 	(4r-i-r' )2 j x 

Y(0',4,1 )f(r1) dr' 

exp E 	tir+r )21 Y(8'0')f(r') 	40v(T12(r,ri) - 

a T12(r2 )) -(40V) -1 (CY2. r'A r) (a r 	1.r'n r) x 
2 	— — 	ar

, 
 —— — 

a 	 a 
' 

	

r) (CY r/A— t  )- (a r'n r) ( a-2* rn 	)) — — 	ar , 	— 	ar 

-(40v) 1((61Ar').(-cr2Ar)+(62Ar').(-cyr)-(cfer). 

(-512AE)-(22Ar).(-cyr)) I exp [-v(r+4/-1 )2 -Xi(r-r')2 1 

x dr' 



J exp 	h(r2+r12)-XLL  r.r' 	Y(8' ,cp' ) f(r') dr' x 

(-40v( -1-ri)U12 ) 
	

(6.7.20) 

On collecting terms we obtain the indirect term of Q12' viz. 

2 	4 
LL 	16 3  2 8m 	3 4  M 3 	7 /2 	3/2 

IQ 
 12 	- (  -

15
) N

S 	 2 
(7)  (-2a ) 	(Tc-c) 	2(w_2h)

v  x 12 
5h 	 x=1 v=1 

LLUv v 

	

 	Sexp C-8
/7 5 (17a+6LL  ) (r2  +r 12 

)-XLLE"r1 x  1+c2  

Y*(n)x(1) [((40v)2-80v(+1))+(+11)2) U124.2(cr1.2:2)  + 

((32v+11)-(+11)) T12(r2 )_2(32v-0  T12(r,r 1 )+02v-V x 

T12(r'2)] 	y Y(Q')X(2) ft,j(r, )  rr' dr'd0d0' 

J,,e 
2 4 

= - 
(
15 )3   ( 

4  8m 	7 3/2 (7a.)3/2 2 
- 	 N-  / 	2(w-2h)v  x i) 5

h2 
 (-(,) 	S 

h=1 V=1 
LLv 

j exp [-h(r2+r'2)-XLL  L.r 1 ] Y(n)X(1) x 

[(15)2   
(a.+a.)2  u 	+ 32  (8a.+8a +3LLv  1 j 	12 	75 	j 	P )(T (r 12 

2T12 (r
'  r' ) + T12(r'2))+61 	Y(CP)X(2)f,ejm(r, )  x 

rr'dridnd0' 	 (6.7.21) 

The above integrand reduces to the following expression on 

using the result: 

U12  exp E-h(r2+r'2)-XLL L'E'  

x2 	

1  Q12(r'2) + 3XLL 
S12 ' 	3A2 

 

LL 
(r r') - 	(a1  .a2  ) x 

LL 

(r.r1)] exp [-x(r24.ry2)-XLL("rt)  I 

1+c2  

= 



(2)3 3  8m 	a ) 
 3/2 

— 
5h2 	

4( 777 
 n=1 v=1 

LL Q12 
s-s(r) 

2(w -2h)v  x 

Thus 
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4 
16 3 8m ,3/2 

5 

LLIQ12 = -( ) 3n 2

4a, 
2 4 

2(w-2h)v  
n=1 v=1 

LL v U 
x  

1+c2  

jexp 1-xLii(r2 +r ' 2  )-XLL(r.r )1Y(n)X( 1) [ 	J cz 	x 

y(nt)x( 2 ) f,eJm(r , ) 
rr' dr' cindn, 	(6.7.22) 

Ja 

W2 	1 
where 	]Q = 

ALL

Q12(r'2) + 
LL 

(S12(r2  )+Si2(r
t2)) 

 

1 m2 

2C)S12(rIrl )_2c(r2+r'2) 3 LL 

m2 
- 2(wX

LL 
- 2C)r.r' + 6. 	(6.7.23) 

§6.8 	(iii) 	INTEGRATION OVER SPHERICAL HARMONICS  

Using the relations given in §6.1 and in §6.6, the 

indirect integral of the operator Q12 becomes finally 

LL v U n 
7--- 	

x jdr ' exp [-xLL(r2+r'2)][ (6-2c(r2+r'2) - 
LI, 1+c2  

( W  )2  2U-1)-4s) j2+1(XLL rr') 
LL 

2(2C - W
2 

 
jt43/2 (XLL rri)]  f,eJ(r') 	

(6.8.1) 
XLL 

)rr' 

§6.9 	(iv) 	FINAL RESULTS  

The indirect term of L12 B.",  (C4  .a )L2  - Q12 is 2 2 	4 
QS 12 	16 )3  (3)3 ( 3  3 3  a 3/2 8m —30 	 2(w-2h) x s-s(r) = 	( 15 	2 

5h
2 	V 

h=1 V=1 



LLUV 

j 	 Lxp x 	75n 	e -xLL(r2+r  2)][(6-2c(r2+r t 2) 1 
v 1+c2 	4a-3LL P.74, 

2 
(7E—) ,2(,2-1)-,2(,2-1)- lic Tf17,  ) J2 

+2 	 LL 
A(XLLrr')+2(2c- xW2 )rr' x 

LL 

J 2+3/2(XLLrr')] f2J(rs) dr' 	 (6.9.1) 

where hLL(0 	8  (17a + 6LLµv) =(6.9.2) 
75  



N
s-s(r) 

1 	
15 
128 ( a)2 x  2 F 136a  

L 75 
(r2+r,2)] x  exp 

1+c2  

§ 7. 1  

CHAPTER VII  

THE ENERGY TERMS (S-S INTERACTION  

THE N-KERNEL  

This kernel is given by the following expression: 

83 

N
ss(r) 	= 

-2(15)r1c
2j dr'dnY*(n)X*(-1) cp*(s',R,2') x 

tr)(t1.2.111 )X (-2 )Y(c2/ ) 	f 2J(r') 

where 

8m 
15 2 	= 	(E +E a') 

5 h2 	n a  

4 	4 s = 15 (4-1:-+E: ) ; 	= 15 (r+/-tri) 	and 

x*(-1)x(-2) = 

The above kernel is easily evaluated and the final 

result is given by 

d, 	(Err') 
f2J(r') 

dr' 

Thus 

N(r,r') 1 	128 (3a)2 K2 	- 136a jex [ 15 7 1+c2 	
p 	

75  
(r2+r'2)] x 

Jo i(Erry) f2J(r') 
	 (7.1.1) 

g7.2 	THE KINETIC ENERGY KERNELS 

These kernels are given by the following expression; 

Ss-s(r) = 	 CV21 	
16 ,2 

-2345 	15 V2-q45 	5  V2  3-45 
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8 • 	1 V'4  ] p(-2) 
r
— f 	dr' 5 5 	' ,eJ(r') 

Consider 2 
v1-2345  and  

v2 
2-345' 

Since the above kernel is symmetrical in the spatial coor-

dinates of the particles 1 and 2 as shown by the T operator 

identities in Chapter I, we have 

v2 	 ,7 	
+ 

2 
1-2345 + v 2-345 = 	2-1345 	1-345 

EV 4 1 
1 	

1 
[ v2 

-2345 2 	
r72 
2 

= 	 + V2-13451 	- 	-345 	" -345 1  -  
(7.2.1) 

Consider 

fp*(-1)C0(-2)V2rF(r') dT-1 

= iff 
	

gp(5-,P,P') ‘72rF(r') ds' dp 

16 3 	4,1 
= 	(75) jf p 	 V2r F(r') dr' d.2.  

(7.2.2) 

Using Green's Theorem, the above integral becomes 

16 r' 	4 , (15 )3 fff F(r') V2r 	
16 	

15 15 	 + 	) 	16 	4 r',2.,2)) 

x dr' 412.  qa,  

6 
15 

	

16 )3 
LifF(r i) [(--)

2 
 V

2

— 	 + 

1 	16 2 

176-  ( 15 ) 
.72 s p(§,k,p1 ) p(s ,P,P' ) 	

1 

Vs cp(s,2, p ,  )1 dr' dL c12, 	 (7.2.3) 

Similarly 

4 /16, 	r -rk-5/ j cp*(s' 	) v21-345  p " (s 	2.') dr' cka (1.2,  

-r (16)  r 	, 	, 2 
4 

j  p* 	- v s p(s,2,2: ) dr' d.a d2' (7.2.4) 



1 	1 	5  3a
) 
 3/2 

2 2
(16  ( 	(3a)2 	j -  

2

3a (s2+s,2)] exp[ - 
1+c 

Thus 	SE *(-1)P(-2) V2r+ 16 op* (-1)p(2) .C72  
15 

16 6  

F(r' ) Ev 2 seep(s , , R ,21)eo(s,1,.2.') + 

V2
S cp(s 	) 	 + 	 . 

cp(s,_E,_a' )1 dr' d_e_ dEf 
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xi s2+s12+ Zs. s' - 2/0 
f2J(r') rr 

4 2 	 49 2 	1 2 	1 
S +S 	-2-S.S' 	(

5
) C19(r2+r'2) + — r. 2  

Thus equation (7.2.5) becomes 

dr' 

r'J 

1 	(.1)5(3a)3/2 (3a)2 j 

1+c
2 2 15 

F it N2  r L'15' (19(r2+r,2) 	
49 

E • IL 

I 
exp  r_ 136a  (r2+1_,2)  

L 75 	
128a  75 r.r11 x 

2J(r') rr dr  

1 	16 (.1E.)2 62 

15 TC i+c2  
J E(19(r2+r12) 

(7.2.7) 

1 492 + 48)) 

49 x 	(Err') + 2 rr'  J2+3/2 (Err')] fzi(r, )  dr' 

(7.2.8) 

Similarly 

-r 	p*(-1) EV2  
2-1345 

+ 
V2-345] 

 p(-2) F(r') dT-1 

1 	16 3a 	1- 1  
(15 )( Tr

)2  62  j 
1+c2 	

[(19(r 2+ 12 ) - 	(492 + 48)) 2 

x 00 1 (Err') + 49rr'  J 	(rr')] 	2J(r1) f 	dr' 2 	2+3/2 

(7.2.9) 
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Hence 

-2r f p*(-1) 2E01_2345 ...„ 
71 	2 

2-1345)1- 15

16)07 	
V2  

1-345 + 2-345)1 x  

p(-2) F(r') dT_ I_  

 

(165)(73ra)1  E2 	(38(r244-'2)- -s1(49,e + 96)) x 
1+c2 

i(srr') + 49rr' ,e+3/2(srr')]  f,e,j(r') 
dr' 
	(7.2.10) 

We consider 

_2rf p*(-1) 

The above integral 

the result is 

finally the last 

6 	2 	
V
2 

[-5-  v 
m
3_45 	5 	45 

	

(7.2.11) 	can 

expression which is given by 

p(-2)F(r)dT 	(7.2.11) ' 	-1 

easily be evaluated and 

1 	(-3-(-1)-1 	
7 

	

2-  48s 	exp [- 136a  (1,2 	) j,e+1. (err') x 
5 ` 1+c2 TC 

	

f,e,J(r') dr ' 
	

(7.2.12) 

Thus the S(r,r') kernel is given by 

S(r,r') - 1 	
( 16)( 3a)  E2 exp 2 	iga  (r24.1„,2)] x  

1+c2 15 7 

 

[(38(r2+r'2)- 	(49,e + 141)3 J o  l(Err') + 

49rr' J'6+3/2  (Err')] 
(7.2.13) 

where 

128a  
75 

(7.2.14) 
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CHAPTER VIII (A)  

THE TENSOR FORCE TERMS: (S-D INTERACTION)  

g8.1 	FORMULATION 

Several workers including Dancoff (1940), Feingold 

(1956), Sugie et al. (1957), S. Nagata et al. (1959), and 

H Kanada et al. (1963) have investigated the effect of the 

tensor force on the doublet splitting of N-He4. 	Dancoff 

(1940) estimated the splitting using second order 

perturbation theory and thereby treating He5 as a bound 

system. 	His results showed that the two P-states form 

a close normal doublet which is in disagreement with ex- 

periment. 	Feingold (1956) included the tensor force in 

a variational perturbational manner. 	He too treated He5  

as a bound system. 	He found that the splitting was 

dependent on the parameters in the wave function. 	In 

these calculations besides the shortcomings of the per-

turbational approach there exists the unsatisfactory fea-

ture in that the values of the splitting and even its 

sign depend seriously on the parameters of the wave func- 

tion. 	(They treated He5 as a bound system.) 

In view of the uncertainty of the conclusion a more 

detailed attempt to calculate the tensor splitting was 

made by Sugie et al. 	Their method of approach is simi- 

lar to that of Hochberg et al. (1954, 1955). 	They 

assume the nuclear interaction with central and tensor 

components of the form 

V. 	= 	(w + mM..
ij 
 + bB

ij  + hH. .)Vc(rij) + (w + mM..) x ij 	ij 

S..ij V
T(rij) 
	 (8.1.1) 
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where S. is the tensor operator given by ij 

S..
ij 	(3(a 	aj ..r.)(a..r..) -a - 	-aj 

(a..aj)r 2)//c ij2 (8.1.2) 

We note that the tensor part of the potential has only two 

components. 	This is because the tensor force contributes 

only in the triplet state of the two particles. 

The He4  ground state is no longer wholly a 
1S

o 
state. 

Due to the tensor force it has a small admixture of 5D
0 

and 3P
o 

states (Gerjuoy and Schwinger, 1942; Irving, 1953; 

and Abraham et al., 1955). 	Sugie et al. considered only 

the most important amongst these, that is, the symmetric 

5D
o 

state. 

In this chapter we shall follow closely the method of 

Sugie et al. 	As a first approximation, we shall neglect 

the 	3P 
0
-stateprobability. 	It is well known that the He

4  

ground state comprises about 96% S-state and 4% D-state. 

In our extension of the preceding calculations to include 

the D-states, we shall assume that the contribution of the 

D-D interaction is negligible. 

§8.2 	THE D-STATE OPERATOR  

In the previous chapters we have been using the He
4 

ground state wave function given by 

p(-1)x(-1) exp 

5 
a 
2 	rij21 X(-1) 

 

  

i>j=2 

(8.2.1) 

and N is the normalization constant. 



5 

NS  exp 2 _ a r..2} ) 

i>j=2 	) 
) 
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We now write down the symmetrical D-state operator 

(given by Gerjuoy and Schwinger, 1942) for the internal 

He4  wave function. 	Then the extended wave function 

*(-1) = (g5X(-1)+cgDwpx(-1))/(1+c2 ) 2 
	

(8.2.2) 

represents the He4  ground state which contains a mixture 

of S and D states. 	The symmetric D-state WD  is given by 

5 

wD 	1 r. j2 	
l S. j 

i>j=2 

= 	3(a2 .r-23  )(a  .r-45 	— ) 	3(c2 . 45  )(0)..r23  ) - — —4  

2(a .a )(r .r ) - 2 	 4 23 45 
(8.2.3) 

In equation (8.2.2) g and gD represent the normalized 

spatial parts of the wave functions for the principal 1So 

and 5D0-state respectively. 

(8.2.4) 

gD ND  exp 	7 	1j r. .21 

i>j=2 

N and ND are the normalization constants. 

The nucleon-nucleon interaction shape is chosen to 

be of double Gaussian and is of the form 

2 4 

v(r. .) = r. .2 	TUB exp ij  
r 21  ij 
	(8.2.5) 

x=1 v=3 

This enables the integration to be performed analytically 

and this avoids the procedure of equation (26) in Sugie 
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et al. 	The parameters in equation (8.2.5) are determined 

by the Least Squares fit in such a way that the potential 

fits to the recent Hamada and Johnston's potential. 

58.3 	(i) THE SPIN SUMMATION  

Using §6.2 we found that all the direct terms vanish 

after the spin summation. 	This is because each of the 

four operators SijwD 	= 2,3,4,5) contains a2  or 64 only 

once and it was shown in Chapter VI that the expectation 

values of a2  or all  between two similar spin functions is 

zero. 	It therefore follows that the only non-vanishing 

contribution comes from the indirect integrals. 	Of the 

ten pairs of the exchange indirect terms S12, S13  and 

S23  vanish because each operator contains ail  only once. 

S45 vanishes also for there is a singlet state in the S- 

state wave function. 	We note that the terms containing 

22  do not vanish because of the exchange nature of the 

function for 22X = -23x and the terms containing a3  pro-

duce the splitting of the P-phases while those without it 

do not. 	Of the non-vanishing terms only three are inde- 

pendent since S14  = S15,S24 = S25 and S34  = S35. 

§8.4 	THE INDIRECT INTEGRATION  

The indirect integration due to the tensor force 

term is given by 

TI 	8m 
S-D(r) 	5h2 2J I(-1)7,ejm(1) S. . 	

j l 
U. t“-2) x 

1j  

i>i 

X,eJm(2) 
	

dT -1 r dQ 



T v U c 
4(w+m) y  	 x 

1-Fc 2  
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8m 4 S 7  Y(-1)7(.eJm(1)  (S14 U 	+ S 
5_2 	 14 	24 

T 
 '-'
n. 
24 

S34 	34) *(-2)X2jm(2) (f,"(r, )//r1 dT rdp (8.4.1) 

(ii) 	INTEGRATION OVER COMPLETE VECTORS  

Consider the following integral 

(1) T 14 	m , 
j 1S-D(r) 	

8
h2 	T(-1)7aeJm(1) sit, Tuizi  41(_2 )x,ejni(2) 5  

x (f 	/r1 dT 	r dC2 ,e,J(r , ) 	--1 

3 	2 

( 16 ) 8m  15 5h2 NS ND n=1 v=3 

J y.j,m(n) exp 	_c2L., (3,12 	8p2/3 	2p12) 

1 T
p
v 	

3 (s + 	1p,)21 7, 	1 (-1)x2jm(1) [18(L.3 	, 1,1) x 

(-1214.L. 	) 	6r142 (E13.L45) 	(1.13AL14)  (-r- .-1245)  

9i23* ( L14AL45 )(1:13'12 14 )1 X (  -2)X,e,J111(2) 	x  

YJCM (n , ) 	exp E - 	f3/2(s2 	8p2/3 	+ 	2p'2) x 

J„e 	 f2j(r, )/r' dr'dpdp'dQ 	(8.4..2) 

We first of 	deal with the following integral 

(a) 	5 '7(-1)X,ejm(1) [18(113. L14)  (L14.145) - 6r142  x 

(1243.1.145)] expL- 3/2(as'2 	Os 2) - (3a + 30 + 

Tpv)abs2 ] exp I- y(1) (2._11.1„_)2 _ x(1)(2.,_os)2ix  

X(-2)X2jm(2) dr'd2d.e' 	 (8.4.3) 



30  
b(1+a)s2 

3a+30+Tµ 
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where r = 	1-s; r13  = s-
2/32E; r i4  = s+12.-12.' . — 	— 

Using the transformation 

t . 	- nE  and t' = 2,  - 6s , 	(8.4.4) 

the above integral becomes 

)(-1)7.  m(1) exp 

1 
2 

( N )3/2 L114 
a+0 	‘2/   

( 	7 	
)3/2 

3a+30+Tlu v  t 

r (1) 2 c(1) L-y 	r -au 	r ] x 

3a+30+
Tv

. 
 

+6ab2(2+a)s4] exp [-Xr.r 7] X(-2)X,ejm(2) dr' 	(8.4.5) 

Now consider the following terms 

(h) 9$ X(-1)3Z2J1N1) i013.(1213AE.14)(E44.E45) 
r  

exp L-Y
(1) 
 

( 	) 2-X ( 1  ) (2.1  -15s ) 2 	exp E -3/2  ( as 2  +0 S2  ) 

(3a-1-30-FT4)abS21 x(-2)X2jm(2) dr,q02,. 

On using equation (8.4.4), it is found that the above 
4 

integral (b) 	0 on performing the integration over 2 and 

We now consider the last expression in equation 

(8.4.2), namely the following integral 

( c ) -9Ji(-1) 2Jm(1 ) il3.(L14A-1145) (113-144) 
 
exp [-y(1)   x 

(2.-nE)2  - x(1)(2:_os)2 ]exp -E3/2(as'2+0s2) - 

(3a+30474)abs2 1 x(-2)x2jm(2) drld2d2.'. 

Using equation (8.4.4), it is also found that (c) 

0 on integration over p and 1'. 	Hence we conclude 

that the splitting S-D terms give no contribution. 

o ( re_la 
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Hence 

3 16 3  3 3  8M 	7 )3/2 c  T
I
14 
S-D(r) = 	(f)  

511
2 '  a 1+c2 

NSND x 

4(w+m)v  Tex  exp i-ey(1)r2+5(1)r'2) ix 

7 T 
v)3/2 j7(:(_1)7(,ejm(1) 	[25,  1 T_V12 

3a+30+ 4x 	 Oa+30+ [-t h,  

30  b(1+a)s2  + 6ab2(2+a)s41 x 
3a+3$+T  

exp E—Xr.r ' 
	

YLm 
 
(n

)1m_, 
(c1') X" (2)x(-2) x 

M 

f2j(r" rr' dr' do dc2' 
	

(8.4.6) 

(2) The indirect term due to the tensor force TU(24) is 

given by 

2 4 
T 24 	(16)2  8M 
S-D(r) 	15 	5h2 S D 

N 	 
1+c2 X=1 

V=3 4(w+m)v  x 

TO 
 j

y* (0) exp [- 2(3s'2+8P2/3  .LeM 	2 
2 ,2)_ 

T 	1 	m. p 	- -2-z) ] X(-lixt j  k 1) [ 18(r43  .r2 4) x 

(-24.  45)- )- 6r 2(r 	r )— 9i6 (r 	)(r 	) -24.-45 	24 	 13. 45 	 3.  -13--24 -24 r.-45 

+ 9ia .(r24 Ar45 )(r13 .r24 	exp [- 	(3s2+8p2/3  + - 

2p 12)] 
	

Yj2m(n1 )X2jm(2)x(-2) f2j(ri)rr'dr' x 

dLda'd0d0' 

14 We follow the same procedure as for T  Is_D(r). 

Consider the following integral 



(ii—i1-27)(HIT7A3/2 
- 

30  b(s.s') + 6a2b2s'4  +12ab2s'2(s.s I )] 
3(a+0)+T  µnV  

exp E- 3/2(asi 2+0s2)-(3(11-30+Tµv0abs'2] 	(8.4.9) 

45 1 30 abs'2  (3a.1.30.1.T4d2  3(a4 .0)+T4 
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(d) 	[ 18(r „ .r 24 ) ( L24 .L-45 )- 6r242(12.13 .r45 )  I exp[ -Y
(2) 
 x  

p-riL)2 
	
(2)(2:_os,  )2] exp [-3/2(a 2.1.0s2) 

(3a+30+T4dabs,2 ] qackR, 	 (8.4.7) 

where r = 	£13  = .1t72/32.  and E24  = s'+1  /3/71P'- 

Using the transformation 

= 2-nr and a,  . 2,-ss , , 	(8.4.8) 

the above integral leads to 

on integration over 2 and 2'. 

We now consider the integral in the second item, 

viz. 

(e) . 	A 	)(r 	)-(r A 	)(r 	)1 x 
3 	-13 r -24 -24 r" -45 	 24 - r  45 43 r' 24 

exp 	_ y  (2 ) 	2_ x  (2 ) 	_ as  , ) 2 exp [_3/.2  (as  2 

ps2)-,(3a+30+
T
µ
v
) abs121 

This leads to the following expression (using equa-

tion (8.4.8) after performing the integration over P and 

2.1  

(
3
)( IT2))

3/2 
( (2))

3/2 [9ab2  i2
3
.(s,,t s)si 2  — 	- 2 

45 x 
2(  

Y 

i23. (2‘ 

	

	 T v 

, 
T v exp[ - 3/2(as'2+0s2)-(3a+30+ 4n) 

(3a+30+ 4x
1 ] 

x abs'2] 	 (8.4.10) 



T134 	8M (16)3 N N 
S-D(r) 	1+c 2  5.h 2  

4 

4(w+m)v TUB x 
15 	S D 

(8.4.12) 
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Thus the total contribution becomes 

   

N
S
N
D 

  

1+c 2  
2 	4 

4 (w+m) TO expi_(i(2)r2.+.6(2)r,2)]  

n=1 v=3 

7  
( 	T v) 	)0-11X2Jl 

3/2 j —„— m.
1)  
. [

2
45 	1  

3a+30+ 11n  (3a+30+TP•Vx)2  

30b(s.s') 30 abs'2   + 6a2b2s'4  + 12ab's12(s'.$) 
.  

3(a+0)+
T 	

3(a+$)+
T 

 µn
V  

45 .(s'A s)+9ab2icl .(s'A s)s21 x 
3(a+$)+T4 2 	- —3 — 	—3   

exp [-Xr.r 1  ] 
	

7_1;1 (2)TT(0')X(-2)X,ejm(2) x 

M 

fXJ(r') rr'dr'd2dn 
	

(8.4.11) 

(3) The indirect term due to tensor force 
TU(34) in the 

S-D is 

x=1 v=3 

yiern(Q) exp - .-Cf'-"(3s 12+8p2/3+2p '2) - T )21 x 

)7(-1)7,,ejm(i) C-18(L-34 .1145 )(1- 34 -L-13 )+ 2(r .r 34 	 13 —45 

91(13" (r13Ar34 )( L.34 .L45 )+9±13 . (1:34A L45 )( L13 .1234 )]x  

exp [-0/2(3s2+8p2/3+2p'2)] 	Y 	(a') 
J,eM 

X(-2)f2j(r, )  rridr'dadk'dOdn' 

We divide the above integral into two separate items, 

as follows 



96 

(i) 	j[-18(r .r )(r 	r )+6r 2(r 	r )1 exp 	)2  34 45 34.-13 34 13. 45 

- Tp'2] exp [-3/2(as12+0s2)]d.p_d21 	(8.4.13) 

where 

2(4a+40+3Tµv) 	) 
n 	) 

4(a+0)(a+0+
T
µv) 	) 

) 
T 

(4a+4p+3T4) 	) 

1/3(4a + 40 + 31'4) 	) 
) 

T v 	) 
3 µ 	) 

E (8.4.14) 

We shall make 

(1959). 

x 3/2 
( 	) 	(7) J 

X 3/2 
(b) (7) 	J 

(c) (L)3/2 J 

(d) (L)3/2 

(e) (L)3/2 

use of the following 

r e-Xr2  dr 	= 	1 

r ra e-fir2  dr , 0 

r  ( 	) rare e-kr2    dr 

results 

1 co l 
1 	'.' 

2 1 

due to 

) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 

) 
) 

Newman 

(8.4.15) 

2k 

j rarOry e-Xr2  dr , 0 

j rar0ryr5 e-Xr2  dr la0Y5 1 (TK") 

etc. 	) where ) 

laal = 3; lir)10 1 = 51W1 	
) 
) 
) 

[a0Y61 - lafir51 + laY051 + la5PYI 	
) 
) 

and if a = 0 = y = 5, then la0Y0 = 15 

Using the above results, equation (8.4.13) leads to 

3 	3 3 	n 	)3/2 ( 	15  - 	
a+0+ 	

3/2 /2 (7) 	(
3(a+0) T v) 	2(a+Pi. T µ) 2 v  

exp[- 3/2(as'2+13s2)] 
	

(8.4.16) 

x 
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We shall now consider the jast integrals in equation 

(8.4.13) 

viz. 9j(i23.(1:43AL34)(r . 	 . )) 
34r 45 )+ia 3.(r 34rA45)(r  43 r  34 

x exp - 	p-Tp ' ) 2 --up 2  l exp L-3/2(a,s 12+0s2) I dada' 

It can be shown that the above integrals reduCe to zero after 

integration over 2 and 2'. 

Thus 

T134 
 

S-D(r) 
7

eN 3/2 8M 	SN  D 
( / 	 ) 3k,ct-F) 	5 2 	1+c2  

x 

2 4 

y 4(w+m)v  

h=1 v=3 

Tuv X(-1)7(,ejm(1) [( T 
v )3/2 

 x a+0+ px  

15 

 

exp E-3/2(as'2+13s2)11 (0)-111,  (Q') x 
2(a+0+Tµv)2 

X 

X,eum(2 )x (-2)f iej(ri)rrldridOdn'. 	 (8.4.17) 

Comment. 	We note that the splitting S-D terms give no 

contribution. 	This is because 1113+E23 is the only vari-

able involving s and s' and rAr' cannot be formed from 

this alone. 

§8.5 	(iii) 	INTEGRATION OVER SPHERICAL HARMONICS  

We shall consider the complete expression for the 

tensor S-D exchange integral separately, taking the angu- 

lar integrations into consideration. 	We start from the 

contribution due to TU(14). 

The expression for the tensor S-D exchange integral 

for TU(14) is given by 



T114 	316
() () 	( 	) 

3  3 3  8m 

5h2 
74T 
n 3/2 2

7
a
9/4

13
13/4  

S-D(r) - 2 15 	2 	
35 79/2  
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2 4 

1+c2  n=1 v,3 

4(w+m)v 
TUN)  exp E-(y(1)r2+5(1)r,2)  Ix 

45 	1  7 
T 

v)3/2 f3((_ 1)5(2Jm(1)  [ 2 	. 
3a+31D6+ 

_ 1  TV2 
3a+30+ 4h 	 (  

30  b(1+a)s2+6ab2(2+a)s41 exp [-Xr.r'j x 
3a+30+

T 
 4h
v  

YL (0)TC/,  (0') X,ejm(2)X(-2)f2j(r,)rr'dr'd0d01  

(8.5.1) 

where 

Y(1) = 225 

	

(1) 	24 	16 2 
(a+160)+3() (a+0)a 	) 

) 
) 

	

6(I) 	
24 	3 06,2  , 	. (16a+0)+ c . ) ka+0)a 	) 225 	lo '15  

2 ) (8.5.2) 
X 	E. 3(-5) (11-2a)(a+0) 

a 	= 

T
4 
	

b = 
x  

3(a+$)+Tµvx  ' 

) 
) 

3(a+0) 
) 

N, ) 
3(a+13)+T47,-c  

Thus using our previous results given in §6.6, equation 

(8.5.1) leads to 

4 TI14 , 	16 3 = 2
6a9'  13/4 2 
	

8m 
S-Dkr) 	15 5n 

(a+P)
6 	b d  

1+c2 5112  

2 4 

4(w+m)v 
 TU 
 

S
exp  E  _ (y  (1)r2+5  ( 1)r  1 2 ) 

II x 
x=1 v=3 

ps,(e1) _ 16 2 	 16 4  x 
3( 	(a+$)(T

(1)r2+T1(1)r'2 ) 	9(---) 
15 	2 	2 

(a-1-43)2(U(1)r4+2U1(1)  r2r,2+U"(1)  r'4)) J, 10.rr') 
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16 
3()

2(a-1-0)rrl(-V(1) 	3( --)
2  (a+0)(W(1) r2 +W'(1) r,2)1 x  15 	15 

+3/2(Xrr')] dr' 

where 

S(1)  a 	5 /2b2  +20/3 £bd(2a+b) +82(2-1)ad2(a+2/3b)) 
) 
) 

T(1) 	
3

▪ 10 b2 (2a+b)+82abd(a+2/3h) 	) 2  ) 
) (1) T' 	▪ 5/24b2  (2a+b) + 12abd(a+ 2/3b) 	) 
) 
) U(1) a 2ab2(a+ 2/3b) 	 ) 

U'(1) = 3/16 u(1) 	 ) 
)(8.5.4) 

U"(1)  = 	1  U(1) 	
) 
) 256 	 ) 
) 

v(1)  = 5/3b2(2a+b),4abd(a+ 2/3b) 	) 
) 
) 

W(1) 	u(1) 	 ) 
) 

W,(1) 	1 	TT(1) 	
) 
) TC 	 ) 

d
) 

:.-=. 	a+$ 	 ) 
a+0+T  µxv  

The expression for the tensor S-D exchange integral for 

U(24) will be discussed in the next section. 

We now consider the expression for the tensor S-D 

exchange integral for Tu(34) which is given by 

T134 	3 16 3  3 3 	7  ,3/2 8M 	 
- 	(1J) (7) ( 	

NSND x S-D(r) 
3(a-1-$) 	5h2  1+c2  

2 4 
n X 4(w+m)v  TUv  ( v )3/2 	15  

x=1 v=3 
n a+0+Tµh 	h 2(a+$+Tµv)2 

(8.5.3) 

) 
) 
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$)--((_1)7.,ejm(1)exp [_ 3/2 (asi2+5s2)] 	4(0)--i7T(cox,ejm(2)x(_2) x 

f
,c,J(ri)rr'dr'dOdn'. 
	 (8.5.5) 

Using the results given in § 6.6 to perform the angular 

integration of equation (8.5.5), we see that equation (8.5.5) 

leads to 

T 34 _ 	2_)1 d7/2 26 a
9/4 013/4 	c 	8M 

S-D(r) 	16( 57,   
(a-1-3)

6  5h2 

2 	4 

t=1 	V=3 

where 

1(1)m 

(1) 

4(w+m)v 

3
/4 

24 

T
Uv 

(.)
2
(a+f3) 

jex p i _ 71(1)ra 	 ( 1)r,27  

) 
) 
) 
) 
) 
) 
) 

i Trr')dri 
e6+2

(  

(8.5.6) 

(8.5.7) 

15 

(a+160) 

(16a+0) 

22 5 

24 
225 

Comment. 	As already seen above we have not given every 

step of the calculations of the integrals considered in this 

chapter explicitly owing to the large amount of analysis in-

volved in some parts of the calculations. 
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CHAPTER VIII (B)  

THE TENSOR FORCE TERMS (D-S INTERACTION)  

The formulation of the D-S terms is similar to that of 

the S-D terms but in the integrands the factors containing 

the tensor operator of the Hell  D-state wave function are 

in the reverse order. 	The results have exactly the same 

form with the suffices i and j interchanged and in addition, 

r and r' in the kernels of the indirect interactions inter-

changed. 

§8.6 	THE INDIRECT INTEGRATION  

The indirect integration due to the tensor force term 

in the D-S is similar to that given in equation ($.4.1). 

We shall now consider the integration over complete vectors. 

(ii) 	INTEGRATION OVER COMPLETE VECTORS  

Consider the following integrals 

1 (1) 	T 1
D
4
-S(r) = 	

8m 

2 4j
r  T(-1);Kejm(1)s14 Tu14 *(-2) x 5h 

X,eJ
m(2) (f

2J(r 1 )/r1) 
T-1 r d0 

2 4 
16 3  m 	c  

5h 
= ( —

,
1 — NSND / 	4(w+m)V TUB 

 
 15 2 1-1-C2  h=1 ''=3  

J 	y*eM (0) exp 	13/2(3sI2+8P2/3+2p 12) .  

T4 (s.4. 1/3.2_pi)2]  x( 1)x2jm(1) [18(1:3•1244) x  

(r14 .r45 )-6r14 2(r23. r45 	— )+9i0 .(23Ar14  —r 	)(r14'r45 ) - — — 

91%.g..3.(E14^E45)(E.23.L10 exp[- 2(3s2+30.V3+2012)]  x 
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YJeM (0')XZJm(2)X(-2){f2J(r')
/r1 r dr'dQ 
	(8.6.1) 

J„e 

We shall not give the detailed calculations of equa-

tion (8.6.1) as they are similar to those of the S-D inter- 

action. 	Consider the following integral 

fi(-1) 2jm(1) [18(1:23. 	)( L14 	114'.1245 ) -6r  142 (L23'1745) I x  

exp E-3/2(as2+13s 12)-(3a+3f3+T4)abs2  exp [-y(2)  x 

(R-11)2-X(2)(2.,-Os)2] x(-2)X,ejm(2)clad.p.' dr ' 

( 7 )3/2(3)4 
- +p 	2 

_y(2)r;d_ 5(2)r,2] x  ,N(-1)7,ejm(1) exp 

	

7 	)3/2 [45 	1  
- 3:7 21'4 

	

3a+30+T P
v 	L 2 

(3a+313+TPV)2  

30b(s.s') 
	 + 6a2b2s4  + 12ab2s2(s.s')] x 
3a+3$+

T 
 P 

	

exp f-Xr.r 	x(-2)x„ejm(2) dr'. 	(8.6,2) 

The following terms are due to the D-S indirect ten-

sor forces 

7(-072Jm( 1)9J-21- E(E23AL-14)(L14.L-45)-(L1441=45)(L23-Lloi 

	

F 	/nf x exp L -3 	 p+ 	exp  [_y(2) x 
 

(R....n.r.L)2...x  (2) (a, xl 	2 / X‘e jni( 2 ) dr ' 

( a5)3/2(i,4 = 	) f 7(-1)7(ejm(1) expr-y(2)r2_5(2)r‘2] x 

( 	
)3/2 F45 	b  

	

3a+30+
T
4
v 	L 2 

3a+30+
T
p
v 1-13.(2AE')  - 

	

h 	h 

9ab2i63.(sAs')s2  ]exp [-Xr.r'i x(-2)x2jm(2)dri 

(8.6.3) 
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Hence, the expression for the tensor D-S indirect integral 

for TU(14) is 

T14 	16 3 3 4 	7 3/2  c 	27  a9/4 p13/4 8m I
D-S(r) = (-I-5-) (.T) 1+c2 	3,5 79/2 

	
5h2 

x 

2 4 

4(w+m)v  

h=1 v=3 

TUv ( 	7  T v)
3/2 

3a+35+ 
exp -(y(2)r,+5(2)x 

r'2)1 j7(-1)7(,ejin(1) 
F45 	1 30abs2  
L 2 , t3a+”+Tv)

2 - 3a+35+Tµv 

30b(s'.$) 
	 +6eb2s4  + 12ab2s2(s.s1 ); + 111 x 
3a+3$+

Tµv 
	2 

	 ia(sAs')-9ab2ia (sAs')s2] 
(3a+3f3+Tµv) —3' — 

exp E-Xr.r 1 	YL(n)YL(0')X m(2)x(-2)fxj(r, )rr'dr 1  x 

d0d0' 
	

(8.6.4) 

The indirect term due to tensor force TU(24) in the 

D-S term is given by 

T 24 	16 3  8M 
(.1 5) 	NSND 	4(w+m)v  x ID-S(r) 5h2 	1-1-C 

h=1 V=3 

, TUv SY,Lem* (0) exp -P/2(3s'2+8p2/3+2p'2)-
Tµv(s' + n — 

1/3p_lp,
)
2 
I 7(-1)72jm(1)118(E.  23—r  24") (r  —24 r.-45) -6r24

2  

x(1.23.145)-9i2"1.23^145)(1.24'1-45)+9i23"11.23A145)  

(r23.r45)1exp [-a/2(3s2+8p2/3+2p'2)] 	Y,Lem(n1 ) x 

J,2 

X Jm(2)X(-2){f2J(r1)
/r1r drld2dik'd0 (8.6.5) 
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We shall separate the above integral into two parts, viz. 

(a) .17X( - 1) )(,e jin( 1) E18(L-23. r 24)(L24.1-145)-6r242  (L23 '145 	x  

exp 	) (2.-T1L) 2 	( 2 ) 	-Os ) jeXP r-3/2  (as2 +0s 2  )- 

(3a+30-i-T4)abs'2 ] x,ejm(2)x(-2)dr'dkda' 	(8.6.6) 

- 1  ) )TeJin  ( 1  ) 9 	I (112 4A r4 5 ) (12 3 L4 5 ) (L2 3 AL2 4 ) x  

(E-24"-r-45) 	exp [a.1.,,(2) (2_11.0 2 ...A.  (2) (E,_5s)2 lx 

exp 1-3/2(as2+Os'2  )-(3a+30+TµVx)abs'2 1 X,ejm(2)X(-2) 

dr'412cil' 
	

(8.6.7) 

Consider (a). 	This is the same as the integral we 

T 1 
obtained for a similar term of the above in IS

4
D  with 

st. 	After the integration over 2_ and L' the result 
— — 
of the integral in equation (8.6.6) is 

(3/2)4(0T)3/2 	_1)72,m(1)exp [_3/2(as2+0., 2] x 

( 	)3/2 F45 	1 	30  

	

3a+30+
T
4
v 	

L 2 (3a+3QN+T-V)2 	3(a+0)+T-1-4 v  

	

h 	4x 	x  

b(1+a)s12+6ab2(2+a)s14 1 exp E-(3(a+.0)+ Tµnabs'21 x 

XZs]. m(2)X(-2) dr' 
	

(8.6.8) 

Consider the integral in item (b), i.e. 

f 
	

-1)7(.,ejm(1)9ic53. I (L2 4 "1-14 5 ) (L2 3 112 ) (112 3 A  I-2 4 ) x 

(E.24'EA5)J exp I
_ y  (2 ) (a_ TIL, )2_x (2 ) 	_5s)2] x  

exp 1-3/2  ( as2  +Os ' 2 )-(3 ( oc+13)-FT4t,  labs ' 2  I X,ejM(2) x 

and 

(b)  

x 
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x(-2)dr"dpdp' 

This is the same as the integral of the same expres- 

sion obtained in TIS
4 
D(r) with (r23--  r13 ) 

	and 
— — 

(21 4=-13• 	This reduces to zero after the integration over 

2.  and 2,. 	Hence the splitting term gives no contribution 

in D-S. 

Thus, the total contribution of the indirect term due 

to tensor force 
TU(24) in the D-S term is given by the fol-

lowing expression: 

T 24 	16 3  3 	 8m , 7 ,3/2 x ID-S(r) 	(I75) (2 
1+c2 

)

4 
c  27a9/40

13/4 

3,5 79/2 	5h2 
kET,T) 

 

2 4 

4(w+m)v K TO 	) ( 
	3/2 

	

v 	expE-(y(2)(2)r2)] 

K=1 v=3 	3a+3p+
T  µx 

j7(-1)72Jm(1) 	
1  
T 	

30  Tv b(1+a)s12+ 
-  (3a+30+ µn) 	3(a+0)+µ 

6ab2(2+a)s14 1 exp [-Xr.r 1 ] 	y17,(0)TT(n')X,ejm(2)X(-2) x 

M 

fZ.J(r1) rrrdr'dildn' 
	

(8.6.9) 

(3) The indirect term due to tensor force 
TU(34) in the 

D-S is given by the following expression: 

24 
34 	16 3  T 	8

h

m 	 v c  
ID-S(r) 	(1 7) —2 NSND 

x y 4(w+m, T 	
1+c2 

Ux 	
x 

5 
 

n=1 v=3 

j Y* (n) exp E- /2(3s,2+8p2/3+2pi 2  )-T  µn
v  
(2.-ip')21 x 

J2M 

Z(-1)7,ejm(1) fr18(E34.145)(L34.L23)+6r342  (L23 	15  ) 

±9i9L3 ( -1:23AL34 ) ( L34*-E45 )+9i13 • ( L34AL45 (1-12,3 '1134 )  x 
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exp E- a/2(352+8p2/3+2p12)] L yjm( -2 , )x,ejm(2)x(_2) x 

(fZJ(r') /r')r dr'd_ad.L'd0 
	 (8.6.10 

We separate the above integral into two main items, 

namely. 

(±) 	17( -1 )5(7,e, jm( 1) E- 	(L34 .1:45  ) (E34 .123 )+6r342  (E23 .145 )] 

x exp 	) 2 -Tp' 2  exp[ -3/2  ( as2+f3 s ' 2 ) 3 x 

X2jm (2)X( -2) d2d.a , 
	

(8.6.11) 

f7( - )x..,6, j'm  (1)911.3  [ (1:23AL34 ) (L34  -L45  )+ (L34AE45  ) x 

(1123 -11.30] 
N exp [- 	, )2 p,2 exp[ -3/2  ( as2 + 

os,2)]x2jm(2)x(-2) (21.0.E' 	(8.6.12) 

Note that we have omitted the following terms in the 

above two integrals which appeared in equation (8.6.10) 

(a) 	(f,e,_7(r')/r') r dr'dQ and (b) Y,e,m ( the tesseral har- 

monics). 

Using the results given in equation (8.4.15), the 

result of equation (8.6.11) after the integration over .2_ 

and 	has been performed is quoted below 

-(3/2)4 (
3(a+p) 
7  	)3/2

T
)3/2 	15  

a-13+ 
2(a+$+Tµ)

2 

exp [ - 7,  3 	(aS2  -1-0S12  )1 (8.6.13) 

Consider the integral in (ii) above. 	This is the same 

as the one we obtained when considering the S-D terms 

for the tensor force 
T
U(34) after the interchange 

This reduces to zero after the integration over .2_ and 
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has been performed as already shown. 	Thus the total in-

direct term due to the tensor force 
TU(34) in the D-S is 

given below: 

TI34 = 
D-S(r) 

_(.4)4 27a9/413 13/4 8m 

.15 79/2 	5h2 
x 

2 4 

( 	
N  3/2 7 

N 	L 	4(m+m)v  TO ( 	
T v)

3/2 x 
3( 
7 	

) a+5) 	 n 
h=1 V=3 	a+P-1.- U n 

15 I exp 	3/2(as2+ps,2 )ix 
2(a-1-(3+T  µn) 

V 2 
 

4,(0)TT(0 , )xeJ  m(2)X(-2)ft,j(r,ff'dr'dOdc21 
	

(8.6.14) 

g 8.7 	(iii) INTEGRATION OVER SPHERICAL HARMONICS  

The expression for the tensor D-S exchange integral 

for 
TU(14) is given by 

16 	3 4 	7t 3/2  c 	27a9/4c313/4  8M T
ID-S(r) = 	(175)3  (2) 	(c(7-13) 	

x 
1+c2 3/5 7

9/2 
5h2 

2 4 
7  y 	/11(WA-M)

T U
v 	

)
3/2 exp 1-(Y(2)r2+5(2)r'2)] x h

( 	
T v 

3a+313+µ n=1 v=3 	n 

.57( —1)7,nic 1) [45] 	1  ej  
( 3 a+ 3 5 4 r4 n).) ) 2 

3Oabs2 

 

v 
3 ( a+ +

T  

30b(s'.$) 
	 +6a2b2s4  + 12ab2s2(si.$) + 25 	b 
3(a+p)i...4 	 3(a+f3)+T4 

ia .(sAs')-9ab2icy (LtA.Li)s21 exp[ -Xr.r 'I 
— — 	—3. 	

ylvif_d(o) x 

M 

/ 	(0')X m(2)X(-2)fAqJ(r') rr'dr'dDd0' 
	

(8.7.1) 

x 



1+c2 
5h2 

n= 1 v=3 

2 4 
c 	8M 	/ 4 (w+m ) v  Tex,  Sexp - y (2)t?  +6 (2)r'2  )1 
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We shall use the previous results to perform the in- 

tegration over spherical harmonics. 	In addition to this, 

we shall use equation (5.6.4) to integrate the terms in 

icr3.(rAr'). 	This avoids the method of equation (29) in 

Sugie et al. 	Similarly we replace equation (30) in Sugie 

et al. by equation (5.6.2), the proof of which is given in 

equation (5.5.1). 

Thus, we may write the total expression for the ten-

sor D-S exchange integral for 
TU(14) as 

6 9/4 13/4 T 14 	16 3 - 2 a 	(3 	8M 
I 	- 	(—)2 	b2d 	X 
D-S(r) 

 
15 57 	

(a+0)
6 1+c2 5h2  

2 4 

4(w+m)v  Te fexp [_(y(2)r2_05(2)r,2)] x  

h=1 v=3 

[(S,(e2)  - 3(*2(M+5)(T,(e2)+r2+T:e(2)r12 )+9(g)4(a+$)2  

(U 	r +2U 	r r +u
16 2 (2) 4 	, (2) 2 	,2 -,,(2)r 14  )1 A 	f-k 	) ioo i kArr' + 3(---) x x.+z 	15 

3(5)2
(a+5)(w(2)r2+w,(2)r,2 )1 x  

J,e+3/2
(Xrr')] dr' + leej  (r,r 1 ) sp 

where 

p 

6 9/4 13/4 15 / 3
7) 
 2 a 	$  

k2J 	- r,r') 	
)6 	

b2d2  11 	'e 11 x  s 	-4--  ‘5 	( a+5  

x 

(a+13)rr' (-V(2)  + 

(8.7.2) 

2 6 2  
x cfx2  - 3( -) 	(a+5)(Yr2 +Y'r'2 )1J 	i(Xrr')-3(15) 15 	 e+7 

x 

(a+$)rr'z 02+3/2 (Xrr')] 	
dr' 
	(8.7.3) 

where 



(2) 

5(2) 

24 2  
(16a+3) 

(a+160) 
16 

(a+1B)a 

2 
(a+0)a 

225 

24 

+ 	3() 

3 

15 

225 + -76- 

(2) 	5 b2 + 	2bd (25a+17b)+22(2-1) x ) 
) 
) 17 ad2(7a + 	b) 	) 

3 	
) 
) 

▪ 5 T
( 
„e 

2) 	
b2 	

3

19 (5a+b) + 2abd(9a+ 	b) 	) 
) 
) 

T
(2) 	 49 ' 

• 
3T1.b2(5a+4b)-1- --7- 2abd(19a+ 	b) 	) 2 	 10 	3 ) 

) (2) 
u- 	= ab2(a+ 1/3b) 	 ) 

) 
) (2) • 1 

2 U' 	
3 ab-  (21a+17b) 	) 

U"(2)  a-- 1 
1:27 (3a + 

8b ab2 	 ) 	(8.7.4) 
3 
	

) 
) 

V
(2) 	5

4 	 3 
E - b2 (25a+17b) - abd(7a + 

17b
) 	) 2 	

) 
) 

Ti 
1 	19b ab2  (9a+ 	) 	) 

W(2) 	...a- 	
3  ) 

(2) W'(2) 

X
X 

 

= 

= 

1 
) 

(19a+ 	49b )  ) --7 ab2 

8b 	32 

3 
) 

) 

tad 	 ) 
) 

+ 	
5 1 

Y
(2) 16 

) 
) 15 ab 
) 

(2) Y' 1 	(2) ) 
) 
) 

= _Iy(2) ) 
) 

11 a 2  II is defined in equation (5.6.2). 

We shall not consider the integration over spherical 

24 	2 harmonics for S
24 (

T 	T I
S-D(r) 

and Ip4_s(r)) since S24 
 1 

be- 

comes the same as S
14 (

T 	T I
S-D(r) 

and Ip4_s(dafter the 

interchange 1:4=2 and hence kernel S
24 

is obtained from 

109 

) 
) 

) 
) 
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S14 by exchanging coordinates r and r'. 

Similarly we obtain from the total tensor S-D exchange 

integral TU(34) the corresponding total tensor D-S integral 

by interchanging the coordinates r and r'. 	Thus 

q 1  
d7/2 2

6a9/4$13/4 TI34 D-S(r) 16(
57
—)2  , 

(a+0)
6 

 

 

8M x 
5h2 1+C 2  

4 

4(w+m)v 
 TUv fexp [...(71(2)r2.4. e2)r,2 )i x  

x=1 v=3 

J, 1  (err') dr' 
	

(8.7.5) 

where r
(2) 

(2) 

24 
(16a+0) 225 

24 (a+1613) 225 

(8.7.6) 

and T is defined in equation (8.5.7). 

§8.8 	(iv) 	FINAL RESULTS  

The complete expression for the tensor SD and DS ex-

change integrals consist of four similar parts, inter- 

changeable by means of the transformation 	The 

indirect term is given by 

I 	= 	I
14  (r r') + I24(r'r')  + I34

(r'r 	+ I14 sp k2J(r'  r') + 

I24ksp
2J  (r'r') 

where 

.1 1 (r,r1 ) + I'k2Jp  (r,r'). s 
(8.8.1) 

It(r,r') = 	16 (1_)i 26a9/413 13/4 b2d 	 8m 
15 '57 	(a+$)

6 
1+c2 5h2  

2 2 4 

4(w+m)v  TO fexp [-(y(i)r2+0i) 2)] x 

i=1 h=1 V,3 
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[(s(i)  -3(165 )2  (a+p)(T,(e i)  r2+T:e 	)r I 2  ) +9 (44)4  ( '1+13 )2 x  

(U(i)  r4 +2111 (i)r2r'2+U"(i)r'4 	2  )) .92.1.1 (Xrr') +3(41) 

(a+0)rre t_v (i)_0 (16)2 ( a+5 )(w(
1 

)r 2 41,1,(i)r12)) x  

`.4 ,e+3/2 (Xrr ' ) 	dr ' 

+ a similar term with r.-7.;.--'t, r1 

+ 16(2—)-21 
2 a 	0  

	

1+c 25n 	5h2 

	

6 9/4 13/4 	
2 	2 	4 

(a+p)
6 

d7/2 c  8m 	 ii(w+m)v  

i=1 x=1 v=3 

E-(n(i)r2+ei)r,2) 	 (8.8.2) x TO 	exp 	 1J2.4.1 (Trr I )dr t  

and 

	

26a 	
2 

9/4
p
13/4 1 

	

I'k2J(r,r') _ _ _ 	 b2 d2  III 	H x 
sp 	- 

15 [ 3 )2 
4 `571 	

( 
	6 
a+p) 

22 4 

	

c 
2 	

8m2  7 I  	4(w+m) 
V 

Tuv
7,t 
j 	(i) 2 

	

exp E-(y 	r + 

1+C 5b i=1 x=1 v=3 

5(i)r12)][(x 
e 	15 

_ 3( 16 )2  (a+0)(y(i)r2+y ,(i)r,2 ) ) x  

2  

	

i (Xrr')-3(16 ) 	(a+(3)rr'Z Z+3/2 (Xrr') I dr' 	(8.8.3) 

where 

Y ,(1) • 16 ab 	y(1) 1 Y ,(1) 
15 	' 	 16 (8.8.4) 

X 
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CHAPTER IX 

THE BINDING ENERGY OF THE ALPHA-PARTICLE (B.E.(He
4
))  

The problem of the alpha-particle S and D states bind-

ing energy is formulated in coordinate space and is follow-

ed by a variational calculation of the principal 1S
o
-state 

and the principal 5Do-state contribution to the B.E.(He
4
) 

5 
using a radial wave function of the form exp(-µ E 	r

2 ) 
lj i>j=2 

The calculation is based on the nuclear forces given in 

Chapter II  taking into account the effect of a "hard core" 

on:..B.E.(He4). 	The results obtained are compared with 

those of other authors. 

INTRODUCTION  

Many authors have described variational calculations 

of the binding energies of the triton and the alpha-

particle, using the phenomenological potentials which 

satisfied current two-body data (Abraham et al. (1955); 

Irving (1951, 1952, 1953); Clark (1954); Kikuta et al. 

(1956); Blatt et al. (1958); Nagata et al. (1959); 
	and 

H. Kanada et al. (1963)). 	The introduction of a "hard 

core" into the two-body potentials reopens interest in 

further calculations of this kind. 	Several approaches 

have been made in the problems of three- and four-particle 

nuclei and in this thesis we describe the direct varia-

tional calculations for the alpha-particle. 

The way we treat our contribution of the hard core 

to the B.E(He4 ) is very similar to that of Brueckner 

(1958) for a two-particle problem. 	(Ref. g2.5). 
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§9.2 	THE BINDING ENERGY CALCULATION  

Let H be the complete Hamiltonian of the internal He4  

system. 	Then the total binding energy, inclusive of the D-

state,is given by the following form: 

E = j**H*dT 	 (9.2.1) 

where the Hamiltonian is given by 

5 	5 

H = 

	

	
2 + 	I V(r..) -(h2 /2M) / V. 
J 

j=2 	i>j=2 

(9.2.2) 

V2. is the Laplacian operator acting on the coordinates 

of the particle whose position vector is r.. 	4r and V(r..) ij 

have already been defined. 

Thus we may write equation (9.2.1) in the form: 

5 
r**H*dT 	D;(-1)(- 1241 / 

j=2 
5 

*D(-1) 
j=2 

Vc(rij "s(-1)dT+c2j* D(-1) Vc(rij"D(-1) dT  

C2jq(_1) VLS (rii"D(-1) 	 -1)VT (rij)*D(-1) 

X dT 	C2 j" 	Tij * D(_1) 	C 2 jik_ 1- 
'rp(-1 	

(r) 	dT 	
) VLL(rii) x 

*D(-1) dT3l 	 (9.2.3) 

where V C 
 (r. .), VLs  (r. .), VT 

 (r. .) and VLL(rij) are the cen-

tral, linear spin-orbit, tensor and quadratic spin-orbit 

parts respectively of the two-particle interaction of the 

form given in equation (4.1.2). 

1-1-C
2 

1 
V J ) 1S(-1)dT  

2% *  
c  pp(-1) 

(-h2/2M d't + 
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The coulomb energy of He4  is given by 

	

e

1+c 	

I2 
	

 (f*:(-1) .1-45"s( ) 
E
coulomb 

c2$ D(-1) (T45)  D(-1) dT) 
(9.2.4) 

where e is the electronic charge. 

The above expressions have to be minimized in the var-

iational calculation of the binding energy which includes 

the D-states. 

§9.3 	THE CONTRIBUTION OF THE KINETIC ENERGY TO THE  

B.E. (He4) 

We consider first the contribution of the S-S terms 

to the B.E. (He4). 	The energy operator of He4  is given 

by 

T2345 = 
T2-345 + T3-45 + T45 

2 -h2/2M(4/3 02
-345 + 

v2  2  2-345 	'- 3-45 	T 7245) 	(9.3.1) 

Also we have 
5 

*s(-1) = Ns exp (- 2 	rij21 x(-1) 
i>j=2 

= Ns  exp (- 	(3s'2+8p2/3+2p'2))x(-1) 	(9.3.2) 

Ns 
and x(-1) have already been defined. 

Thus 

2
2 a 

0;(-1) IT23451*s(-1) 	N
s M 	2a(9+a -FE) x 

$ exp (-a(3s'2+8p2/3+2p'2 )) dT 	(9.3.3) 
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where Ns
2 

= 2
6a9/2/79/2 
	

(9.3.4) 

Expression (9.3.3) can easily be evaluated and the 

result is 

2 

(18a). 

Hence 
5 

h2 2 

2M 	v. j}
~s dT 

j=2 

1 	112 
(18a) 

1+c2 2m  (9.3.5) 

We now consider the contribution from the D-D terms. 

It should be noted that the S-D terms give no contribution 

(S-D = D-S) to the B.E. (He4). 	This is because of the 

spin properties of the D-state operator. 

We define 4'D(-1) as 

*D(-1) = ND exp (- 5/2 (3s 2 +8p2/3+2 p 2 ) 	3(2'2-123)(24-L45) 

3(a2'r45)(a4.r23)-2(a2"14)(L23.L45)1 x(-1) (9.3.6) 

where r23 	s' - 
2
/3,2 and E45 = R'. 

Thus 

	

D(-1) IT23451*D(-1) 	-ND2 2M i P h2 r 	r ex t-$(3st2-4-8P2/34. 

2p 12 )) (4$2 p'2-1013) [18(s 1 -2/32)2 p'2 

6 (s -2/3k) 	32 	ds'd.adit' 	(9.3.7) 

2 	7
3 	

)3/2 h2 f 5 ND ( 58N 

2M 23 (9.3.8) 
16c33 

(16003)3/2 But ND
2 

(9.3.9) 
45 

7
3 



j.2 
5 

i*D(-1) (...112/2m 	
Vi ) *D(-1) dT] 

2  

5 

1+c2 	
(-/2m 1 	h 2 	v2 -1) 	j) 

 s(-1) 

Hence 

E( _ 1)  jc1T-1xa(-1)_1)  (T2345)pp( _ 1)xa(-1) 

C
2 h

2 
2M (260) 

1+c2 

Thus 
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(9.3.10) 

Q E t, 	jc1T X*(-1) EP* 	(T2345 )%(-1) 	q(-1)(T2345) x  -1, 	-1 a 

clIp(-1)] Xa(-1) 

dT + 

j=2 

1
2 

(18a + 26pc2) 
1+c2 2M 

(9.3.11) 

§9.4 	THE CONTRIBUTION OF THE CENTRAL FORCE TO THE  

, B.E.(He4  )  

POTENTIAL (S-S TERMS) 

We consider the following expression: 

E( _ 1) 	x(;,(-1)0;( _ 1)  (E(2345)Vc(ij)))(a(-1)Ps(-1) 

(9.4.1) 

where Vc(ij) 	(w + mMij  + baij  + hHij) Vc(ij)  (9.4.2) 

M, B and H have their usual meanings. 	The N-N poten-

tial shape will be chosen to be of the double Gaussian 

type, that is, of the form 

2 

V(rij) 	Ux  exp (- 4xrij2) 
	

(9.4.3) 
X= 1 



Using equations (9.4.2) and (9.4.3), expression 

(9.4.1) becomes 

S
exp (-X (s '-y2.)2-2ap ' 2-rip 12  

X=1 V=1 

ds'dpd.a' 

3a 	c  
4nv 

4a(2a+cµv ) 

) 

) 
) 

) 

(9.4.4) 

(9.4.5) 

v 
3a+c  

On performing the integration over s', 	and 
	

in 

equation (9.4.4) we obtain 

2 4 

6 / 	(w+m)v 
cUv71. 

 ( 
2a 	)3/2 
c v 

x=1 v=1 	2a+ 1.1x  

(9.4.6) 

POTENTIAL (E(2345)V..)  (D-D TERMS) ij 

ordinary, 
Consider the potential with the ordering Wigner term, 

that is 

w<5 	
Vij . .I 5D0 = 2wf dT

-1 
_a* ( -1..„.;(_ 1)V23pD( _ 1)Xa(-1) 

4wfdT-1 a  x*(-1)c.pL(...1)  V2  4C-PD (-1)XcL(-1) 
	

(9.4.7) 

Consider the first term on the R.H.S. of equation (9.4.7), 

i.e. 

2widT_ 1x'c'c(-1)M15(_ 1)V23epp(_ 1)Xa(-1) 

2 4 
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x 
6N 

s
2  

1+c2  

where 

C 
(W+M) 	U 

V n 

c 2  N 2  
D 	

w
V 

c
U
v 
 exp (-X 

II X 
K=1 V=1 

s Ly2.) 2 	p2 	I 2 x  

1+c2  

El8P 12 (S 1 -2/3.2)'  +6 (s_/31,2:  )2 2 	 ds'd0.2.1  (9.4.8) 



where 

(3[3-1- c4) 	y = 2c4/3X 

5 = 40(20+c4)/(30-1-c4); Tl = 2$ ) 
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(9.4.9) 

On performing the integration with respect to 	2 and 

the R.H.S. in equation (9.4.8) reduces to 

2 4 
2 C

2 	
w CU k V ,  2$  )5/2 

1+c2 

	

	v 	20-i-c4V x=1 V=1 

(9.4.10) 

Consider the second expression on the R.H.S. of equation 

(9.4.7), that is, 

414/jdT_ 1x(-1)cp6(..1)  V
2  4PD(-1)Xa(-1)  

2 4 
4 c

2 
ND 	V X 2 	w cUV  jexp (-X(s 1 -L)2-W(R-E.R')2  

1+c2  x=1 V=1 

Xp'2) [181012(s1- 
2/3.2)2 +6  (s 	)21 ds ' dRdR 

(9.4.11) 

where X = 3$4-c4 ; 	=c4/3X; r = 3/2Ri-R; _ 

W 	= 	$(8$+3eµ0 /(3$+eµ 	E = c4V/2(8$+3cµV); 
X 	h 

X = 8$(2$+C4)/(813-1-3C4) 	 (9.4.12) 

On using the following transformation 

se-, r = t, R - ER' = 	and 2' = R', equation (9.4.11) 

leads to 

2 
C2 

1+c2  
X.= 1 

4 

v=1 

 

5 
( 

2$  )3/2 2$  
)
5/2 

+ 
2$+cpVx  2 	(

20+c 
w cUV V X 

a(  2$  )7/2] 

201-c4 
(9.4.13) 
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Thus equation (9.4.7) reduces to 

2 	4 
c2 

1-I-C 2 
C V 

2 	

+ 3( r5/2(--1L--)3/2 	
2$ 

 )
5/2 

+ 

n=1 V=1 	
0 4 

V 	L 	20+cp -1- C  

1(  20 
 )
7/2] 

2f3+(-4 
(9.4.14) 

We now consider the potential with the Majorana ex- 

change operator. 	The matrix element of the D-state is 

given by 

< 5D o  *IV. .m VPM(ij)I5D0> ij  

= 	2mv  fdT_ix(-1)c.pi(_i)V23Pm(23 )PD(-1)xa(-1) 

4mv  jcIT-lx(-1)mi; (-1)V24Pm (24)epp(_ 1)xa(-1) 	(9.4.15) 

The above expression is easily evaluated and the final re- 

suit is 

2 
c2 

1+c2 	
my 

c
un  
v [

2  
5 (  20 v)3/2 	3(  2!  v)5/2 + 

2f3+cµ h=1 V=1 	 20+ ph  

10_)7/21 
20-1-c4 

(9.4.16) 

By the same procedure,it can be shown that the following 

results hold: 

(a) 5D 	I VPB(ij) I 5Do 	= > 	5D 	15 . 	D ••• 	o 	. . 	
0
*IV 

1j 	0' 

(b) 	<
5D *V.PH(ij)15D 	<5I D* V.PM(ij) o . 	o 	0 1j 

	Do> 

Thus <5 	w v  +m  vij  M+bv  B. .+hv  H. )1 5Do> ij 	ij 
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2 	4 
C
2 

1+c2  

CO
K 
 [ -25-(W+M+b+h)

V  ( 
	2$  )3/2  

/ 	
20 

c p v 	
+ 

+ 
t=1 V=1 	 h 

3(w-m+b-h) (
2073c4V 

)5/2  + 1  2(w 	+ b +m+ h)V 
 ( 20 	

)7/21 20+
cv  

(9.4.17) 

§9.5 	THE CONTRIBUTION OF THE COULOMB ENERGY TO THE  

, 	, B.E.t.He4  ) 

From equation (9.2.4), the contribution of the cou-, 

lomb energy to the B.E.(He4) is as follows: 

Ecoul. 
e2 

(S*;(_1) (r45) s( 
( 1 ) x  

- 1 ) L45  1+c2  

* 	,dT ) D(-1) -1 

e being the electronic charge. 

Thus we obtain 

N 2  
Ecoul. 

	 e2jexp  c_aos,24.42/3+2p,21 

1+c2  

2  C2  + ND 	e2  jexp(-0(3s'2+8p2/3+2p'2)) x 
1+c2 

E18112  (s 1 -2/32)2+6(s' ,Z-2/3.2.,..2: )2] 

e2 	+ 	c2,v1T] 
3 1+c22 

(9.5.1) 

(9.5.2) 

§9.6 	THE CONTRIBUTION OF THE TENSOR FORCE TO THE  

B.E.(He4) 

The tensor component of the potential U..ij is given by 

TU. .(r. .) 	(w+mM)TU(r..) 
	

(9.6.1) 
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Since the tensor force contributes to the B.E.(He
4
) 

only in the triplet state. 	Neither does the tensor force 

give any contribution to the B.E.(He
4) in. S-S states. The 

only contributions come from both the S-D 	D-S) and the 

D-D terms. 	We consider first the contribution from the 

S-D terms. 	This is given by the following expression 

<1S 	..15Do> (a) 	
TIS-D(r) o 1  

4cNS
ND  

1+c2 	
fdT 	 (-1) [18(1,r -1x  a 	2.5 24)(124'145)  - 

6r242 (L23 -1145 )] exP(-X(st-r)2 -w(2,-621 )2-xp' 2 ) x 

xa(-1) 
	

(9.6.2) 

It can easily be shown that equation (9.6.2) leads to 

2 4 

T1+c2 ( ‘a+$
)  c 	2a 1E) 	

(a+$+
2 	.1 	2VTIK:$  ,5/2 

IS-D(r) , -3,15- 	 T 
p 
v) 	x ( 

‘a+$ 
X=1 V=3 	h 

T v 

a+$+
T  p v 
	 (9.6.3) 

Thus the total contribution from S-D and D-S terms is 

given by 

 	2LE+$_. 2 
T1S-D(r) 	TID-S(r) -'5 1+c2 

(a$)( 	) x 
a+ a  

2 4 

u
n 
( T V 	2,1EfT  )5/2 	1 

 
a+$+ Tµ p 

v a+04-
Tv  (9.6.4) 

n=1 v=3 

 

Hence we obtain 

2 <1,5 *IS. . (w+mM. 	I 5D 
0 	v 0 

, 2 4 
 	(2

a+
a  0 )(20

a+$  )
4  y 	(w+m) v TUBTUBx 

1+c2  n=1 v=3 
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2,/(10  .5/2  1  

a+$+ 
T 
px a+5+

T
µ 

 v ) (9.6.5) 

Note that we have no contributions from S23 and S24. 	This  

is because each contains C2  or 2.  only once and the expec-

tation values of a,4  or C4- between two similar spin func-

tions is zero as shown previously. 

We now consider the contribution from the D-D terms. 

This is given by the following expression: 

(b) 5D 	1 5 *Is. . 1 D0 	2<5D0*IS23 1 50 0 	13  

• 4 <(5D0* I s34 
 1
5D0> 

2 
- 2 	 ND2 

x=1 

x [18r23r242+30r232(123.1:45)2]  ds'd.adk' + 

1+c2  

2 
T,v un  Sexp 

11c 2  
S
exp (-X s ' 2  -to- 	)-hp . 2 ) L (42 (E23.1-145  )2- 

1+c2  

r2q 
18r232r,_21 	

,2-.2.  
7 (r 	

—23' 
r 	)(r-

34. r45-
)(  

- 
r 	r 

' 	 —45' 

54  [1:23,E.34,..1245  1 2 

 
ids'd021 . 	 (9.6.6) 

Equation (9.6.6) leads to 

2 
c2  

/ 
TUv [21  	2$ 	)5/2 + 72  ( 

x=1 1+c2  x 	V/  - 2 	‘25+T  px  

2,
$
1,  ) 7/2] 1 

2$+ px  
T v 2$+ x  

(9.6.7) 

5D 	. . I 5D > Thus w v < 	o* I S 	o 

2 4 
c2 

2 	
v w TU 	(  2$ v 	

2 
)5/2 	7▪ (  2$  )7/21 = - 

1+c 

	

t=1 v=3 	25+ µ 	20+T v p 

1  x 
25+Tµv 

(9.6.8) 



It can also be shown that 

124 

mV <5Do*ISiiPM(ij)150 

	

2 	4 

	

C2

2 / 	rilVTUVx 1+c h=1 v=3 

2ND2 f
exp (-X (si-y2.) 2-5p2-rip! 2) x 

[18r234 r452 -I- 30r232 (123.L45 )2 ] 

2 	II 

ds 

C 

2 

2 
+ 	4ND2 	

Inv 
T Uxv Sex') (-Xs' 2-W (.2.-ER' )2-hp ,2) 

1+c x=1 v=3 

x [(42(r23.r45)2-18r~32r452)r342-72(r34.r~3)(r34.r45) x 

(123.1-45)+54[1 34'1145 ] 2 	cl-Lc1,Ecka l 

2 	it 
c2 7 1, m, TUv 1  [21  2$  )5/2 

1+c2 T v 2 2$+T4V h=1 v=3 	
2$+ 4x 

7 (  2$  )7/2] 
2 2$+TµV 

Thus 

D 0 *IS. .(w+m14. .)v I 	o > • 

2 4 

(9.6.9) 

C2 

TUB 
 v  1 	21 	2  V)5/2 = - [(w-m)V ( 

2 2$+Tv 2 1+c2 $+-$ 4; x=1 v=3 	X 

7 .(w+m)V ( 	 v ' 
2$ 	17/2] 

2$+ 4x 
(9.6,10 

9.7 	THE CONTRIBUTION OF SPIN-ORBIT FORCE (,S) TO  

B.E.(He4) 

The spin-orbit force L.S between the ith and the nth 

nucleons may be written in the following form: 

VLs(rij) = 	L.S (wLS + mLs PM(ij))VLs (r..) ij (9.7.1) 

where 



where 
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L. ..S. 	= 	2 —(—a 	).(r—d -r'. )A(2.-E.) —a3 —13 	— 	j 

t 6  ar.  E.i 

(9.7,2) 

(9.7.3) 

The spin-orbit potential has only two components. This 

is because the spin-orbit contributes only in the triplet 

state of the two particles. 	It can easily be shown that 

both the S-S and the S-D or D-S terms give no contribution 

to the B.E.(He4). 	Thus, only the D-D terms give a contri- 

bution to the B.E.(He4). 	As before the wave functions 

are of the Gaussian type, that is, of the form 

5 

gD = ND exp (- P12 / 	r..2)  
ij 	(9.7.4) 

i>j=2 

where ND is the D-state normalization factor 

(=28 $13/2/4579/2)i. 

The wave function of He 4 is given by 

*(-1) 	- 	c  z 	gD wD Xa(-1) 	(9.7.5) 
(11-c2)2  

where 	represents the normalized spatial part of the wave 

function for the principal 5Do-state andx (-1)has been de-

fined previously. D is defined by 

5 

wD 
i>j=2 

j 
r
l
.
21 
S.
j 	1-23 3(a . 	)(a-4 .r-45 ) + 3(a2 .r45  ) 

(a r ) - 2(a a )(r .r ) 4.-23 	 2. 4 23 45 (9.7.6) 

The following coordinate system will be used through-

out the calculations in this section. 
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5 
	

2 

4 
	

Fig. III 
	

3 

(9.7.7) 

-23 	v, 	1.45 = 

1( 
2 +r3  -r,-r5 

 ) 
4 = U 

give rise to the following 

u. + i(v-w) 

u i(v+w) 

u - i(v+w) 

135 = U - 	 (V -W) 2 

Consider the Ls potential with the ordinary Wigner 

operator. 	The expectation value with respect to the D- 

state is given by 

5 

<:* DIVLsID> _ 
2 

J 

 

vLs ( iJ )  gDwp x 
14-C 2  i>j=2 

X a(-1) dT 	 (9.7.8) 

Here 2x(23) 	-212
x(23) and similar expression for 

X(45). 	Thus equation (9.7.8) can be rewritten in the 

following form: 

<D I VLs 
2c 2  I X* w* a D Ls(23) gebxa  dT 

1-1-C 2  

4c 2  wDg6VLs(24)gDwDxa(-1)dT (9.7.9) 
1+c 2  

Consider the first expression on the R.H.S. of equation 

(9.7.9), that is, 

2c2  X*w*g*V (23)gwxdT. 
1+c 2 a D D Ls D D a 

Before proceeding with further calculations, some preli- 

minary results are given. 
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(a)<xa l (0'2 -A) 	= <x,l(cyA)Ixa> 

(b)<xa l(a2 .A)(04 .B)Ixa> = 0 

(c)‹xal(o2.A)(0).B)IXa>= -(A-13) 

(d)‹xal(c2.A)(a2.a)(all.b) lXa> = 0 

where A, B, a, b etc. are commuting vectors. 

Thus we get 

m)2 [3v2w2 	. (vw)2]  X*wDV* (23)wDa = 18( a 	Ls 	 (9.7.11) 

Hence 2c2 
	2  jX(1::'cW/IgLVLs(23)gDWDXadT 

2 
36 

C 
 

	

N,2V, (kh)2 	[ 3v2w2+(v.w)2  ] exp (-40u2  - 
1+c2 u L's  

(20+Ls4Vh)v2 	2$w2) 

1+c 

dudvdw 

2 4 
,5/2  

Ls V -6 c2 	112 y y LsUV ( 2$ 	
) 

1+c2  
n=1 v=3 	25+ ph  

(9.7.12) 

We also obtain 

c2 2wLs 1+c2 fXjcwD DVLs(23)gDwDXadT  

2 4 

-6 	
2 	

2 y y 
1+c2 v=3 

w Lso (  2$ 	)5/2 
V 2$+Ls4v  

(9.7.13) 

It can now easily be shown that 

2 

21+c2 
m
Lsi XawDgDVLs (23) P

m(25)gDwDxadT 

2 	4 

= 6 c2  2 	y y  , m Ls1TV (  20  

1+c2 	20+Lsµ

V)5/2 

n=1 v=3 	x 

(9.7.14) 



36c2  

c 
N2 h2 2 D 	

Ls
U
V 

jctactLcIE 
1+ -  {=1 V=3 

[3v.2 	

(I24 -IL) x 

- 3 

1+c2  

4c 2  

1+c 2  

C 2 

wLs  j qw6gLVLs(24)g
D  wD 

 x adT 

2 4 
h2 	y 

h=1 V=3 

LsUv 
( 2$ 	)5/2(1 i. 	

2p 	) -1- L w 	h 	Ls V 	s V v 	213-1- p.x 	2$+ µx  

(9.7.19) 
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Consider the second term on the R.H.S. of equation (9.7.9), 

that is the integral 

4c2  
X wDgDVL 	't s(24)gDwDXad 

1+c2 Sa  

2 4 

(V.W)-3w2  (r24-v)-(1-.24'2:0(v"i)lrexP (-$(2u2+v
2  +w2  ) 

Ls 	, 
4x
v  tu+v/2-w/2)2) 

 

(9.7.15) 

2 4 
36c2  N,2 h2 Y 1 Ls  unV  jclacILIE 
1+c " x=1 v=3 

[3172 (1:24-H) 

 

(12.24.27)(L.w)-3w2(r24  .1 )-(r 	 w-v) )2  - 

(v. Tiw)2  _1tw2  ) 
	

(9.7.16) 

where 	= 4$+Ls µv 
h' 1 = 

Ls v p7,t/2 

Ls v 6 = $(80+3 p )/ 4$+Ls1.4 	n = 	p /opi Ls v ,n, Ls V ; 	+3 p ye 

and 

	

h = 8$(2$+LspV)/8$+3Lspv 
	

(9.7.17) 

Using the transformations 

s = u - y(w-v), s' = v_mi and 2 = w, the above inte- 

gration  leads to 

2 4 

2 c2 	h2 	(1 + 	2$ 	)(  2$ 	)5/2 Ls v 

1+c2  
-  

	

2$+Ls pv  2$+Lsv 	
Ux 

h=1 V=3 	X 	
ph 

(9.7.18) 

Thus 



3 
1-1-C 2 

x=1 v=3 

C 2 

Thus we obtain 

Hence 
Ls 

c2  
f v*w*..* 

Aa D'D 

5 

VLs(ii gebxadt 

i>=2 
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1+c 2  

 

2 	4 
3c 2  h2 
1+c2  

x=1 v=3 

[3 	20  

20+LspV  

w LsuV ( 2$  )5/2 
V 	Ls v 2$+ px  

(9.7.20) 

By the same procedure as above it can easily be shown 

that evaluating the expression 

4c2 	
xawDgDvLs (24)0(24)gDwpxOT 

1+c2 

leads to the following result 

2 4 
Ls v 	2$ 	

)5/2 	
2$ U ( Ls v 	(1 Ls V) 25+ p 	20+ µ 

5 
c2 

1+c2 mLs
wg 	. VLs(ii) PM(ii) gDwDXadT 

i>j=2 

2 4 

3 
C2  h2 LsU ( v  2$  )5/2 

1+c-2  h=1 v = 3 	20+Ls v ph  

20  
(3 - 

2$+ Ls µv
)  

and hence finally 

(9.7.21) 

<5D(1)* I VLs is] 
(ij)(w+mM.) 

v 1 5D(1)> o   

2 4 2 
= - 3 

c 	
h2 Y 1 	

UV [3 w-m)
V 
 ( 20  , 

Ls V)
5/2  + 

1+c2 	
h=1 V-3 

LS 	

20+ px  

(w+m)V (
202+113,s py)7/2] 

h 

(9.7.22) 
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§9.8 	THE CONTRIBUTION OF THE QUADRATIC SPIN-ORBIT  

FORCE TO THE B.E.(He4)  

So far we have been considering the contributions of the 

central, linear spin-orbit and tensor forces to the B.E.(He
4). 

No attempts were made in recent years to include the contri-

bution of the quadratic spin-orbit force to the binding 

energies of light nuclei. 	H. Kanada et al. (1963) claimed 

that even in the scattering problem of N-He4  the contribu-

tion of the quadratic spin-orbit force could be neglected 

because of its very small contribution. 	In their calcula- 

tion of the B.E.(He4) they neglected this effect. 	In our 

work the effect is taken into account. 

The S-S and the S-D contributions, of the quadratic spin-

orbit force to the B.E.(He4) can easily be shown to vanish. 

Thus, only the D-D terms contribute. 	In this section we 

shall not give the detailed analysis of the calculations 

as the approach is exactly the same as in Chapter VI. 

Consider the LL potential with the ordinary Wigner 

operator. 	Its expectation value in the D-state is given 

by 

w LL N5Do( 1  ) QLL (lj) 5DO 

c 2 

 

5 

LL fxNgi; 	Q
LL
(ij) gDwDxadT 

i>j=2 

(9.8.1) 

 

2  

where 

 

LL(ij) = VLL(ij) a —aj - 1((a..L.j  )(a.L.) + — a a 	 j aj 

(aj  .L.j  )(a..1_,lj  )1 --- 	 a  

V
LL(ij) a--j ij - Q] —  (9.8.2) 
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L..aj has previously been defined. 

The potential shape is chosen to be of the form: 

V
LL(ij) = 

LLUv exp {-LL v r2) j h  (9.8.3) 
;h= 1 V= 1 

 

It can be shown that the evaluation of the integration in 

(9.8.1) leads to 

	

2 	4 
2  c2 LL 	 f  )7/21 13_,L v  

h=1 V=1 
3 	h21 	wV 	Uv h [2( 	23  v)5/2 	,(  2  

2$4.11" 1+c2 2+ 4 h  

(9.8.4) 

Hence we obtain 

/5*(1)
I

.1151)(1)\ 

	

\ o 	LL( ij ) (wLL+mLLP
m
( ij ) + bLLP

B(ij) 	h pH(ij)  LL 	o 

2 4 
2 

	

3 
c 2 	y 1 LLv 	 $  , 

	

= 	 [2(w-m+b-h) . 	L v) 
5/2  - 

1-I-C2 
h2 	uh 	 V ( 2L 2$+ 4 h  h=1 V=1 

9(w+m+b+h)V 	L ( 	
2$ 
L v

)7/2] 

20+  (9.8.5) 

9.9 	THE CONTRIBUTION OF THE "HARD CORE" TO THE  

B.E. (He4)  

We now consider the effect of the "hard core" on the 

B.E. (He4). 	Our method of approach will be the same as 

the method used for a two-body problem by Brueckner (1958). 

Since we want our potential to vanish at the core radius 

and also we want it to be infinitely replusive inside the 

hard core, we shall assume that 

o(r) rV(r) 	5(irl-rc) 	(9.9.1) 

where rc is the core radius and 0(r) is the spatial part 

of the wave function and r is the distance between two 
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particles. 	It therefore follows from equation (9.9.1) 

that the contribution from the potential terms is zero. 

Hence the only contribution arises from the energy term and 

this will be calculated below. 

When the effect of the hard core is taken into con-

sideration, the limits of integrations become very compli-

cated and thus care must be taken to see that the correct 

limits of integrations are used. 	To avoid prohibitively 

complex mathematical analysis the small contribution from 

the D-D terms will be neglected. 

The energy operator term is given by 

T2345 	T2-345 + T3-45 + T45 

" 	 V CI 2  
- 2M %-3- - 2_345 	3/2 723-45 2 04  2 

/1 5) (9.9.2) 

The following co-ordinate system will be considered: 

t 	

= r -4-(r +4.4±,15) 

-1-115) 	) 	(9.9.3) 

o*IT234511Sc2, 

5  

2 	r . .2  )ciT 
5 

a 	 a 
exp(-  2 	r..2)(T2345)exp(-  

i>j=2 
(9.9.4) 

Consider 

N 2  

1+c2  i>j=2 

where 5 
r 2 
lj 

i>j=2 

= (3s'2  + 8p2/3  + 2p'2) 	(9.9.5) 



< r —c 

0 < Is'I < r , 
—C 

(e) 12.42:1 < 

(b) 0 < 121 <re, (c) 	0 < Ip'I < r c  

and 

(9,9.9) 
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Thus we have 

5 	5 

	

exp (- 1 y 
rij23(T2345) exp 

(- Stz. 	
l 

I 	r. j2 3 
2 	 2  
i>j=2 	 i>j=2 

2 

- 2a 
h [a(3s ,2+42/34.2p ,2)_9 ]exp  (_a(3s,24.8p2/34.2p ,2)) 

(9.9.6) 

So equation (9.9.4) 	becomes 

, 2 	I\1. 2 

(- hdexp („3s,2+8p2,3+2p,2)) x  — I E 
- 2a2 14„ 2 

h2 NS2 jj; exp 	(-a(3s121-8p2/3+2p 12)3 dS i d1421.2.1  18a R. 
2 1-1-C 

x ds'diLdik' (9.9.7) 

Further, consider the following integral 

I' 	= jjj exp 	t-a(3s ,24.42/3+2p,2)1 	(9.9.8) 

THE LIMITS OF INTEGRATIONS  

The limits of integrations are 

For the angular part of the integrations we have the 

following limits: 

(g) cos 034 	
± 
	2 	p2 	

p'2)/AP'
p, 

(h) cos 023 < - (rc2  - S 
1 2 	4 	2 	4 7  - /9P )/ 	SIP 
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(1) 	cos 
23 	

(rc2  - 
s,2 _ 1/9e_ 1/410 ,2)/ 3 	(9.9.10) 

The integration with respect to ..E' is performed over a 

solid angle. 	We may write equation (9.9..8) as 
x
1 	

x3  

x
2 	

4  I' = 2(27)3 S 	sine23 de23 Sx sin834 
 de

4 
x 

1 exp 	(-a(3s'24-8p2/3+2p I 2 
„
\ 
lis

12 
p2 pt2 ds'dpdp'' 

(9.9.11) 

where 

3  
x
1 
• cos8

23 = 2s'p (rc2 - s  2 
- 	7 

1/,,,p2 	1/4
10 

1 2) 

x
2 	
• cose23  = 

	3 , 	(r 
C
2  - S12  - 

4
/9p

2
) 

1  x3  E cose34  = pp' (rc2 	
2 	p1 2) 

 

1 and x4 E cose34 = - 
pp' 	

(r c2 	p2 	p1 2) 

 
(9.9.12) 

We have 

	

x
1 
	x3 

$x 
sine

23 
de

23 .1 	
sine34 de34 

	

2 	
x4 

_ 3 	or 2_3s,2_2/3p2_4p ,2)(rc2_ 2_ p ,2) 

2s'p'e 

and so equation (9.9.11) becomes 

r r r 
c C Q 

r r r 

J 

cs  cs  c 

0 0 0 

I' • 3(27)3  .1 J (3rc2- 3s ± 
2_ 2/3p2-i p ,2)(„, 

/k c  x 

    

0 0 0 

s' p 
	

expf-a(3s'2+8p2/3-1-2p'2)1 ds'dpdp' 
	

(9.9.13) 

Consider the expression 
r
c 

D
1 	

El j 	(11, 

C-1 

2_,Is12_2/3p24p12)s,e-XS12 

-1 	
ds' 	(X = 3a) 

0 
-arc 2 

2X 'IC 

1 	[0_ 2_2/3p2-ip,2_ 3/xm+ 	p24410 1241 e 



p 2 10,2)p, exp (-a(8p2/3+2p'2))dpdp' + 

r r 

J 

cs  c(  
r2 

(r 2- C 

9r 2  

2X 
	(27)3  p 2_ p t2) p l exp(-a(8e/3 

Therefore 
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r 2 ✓ r c c  

O 0 (i  

 

= -3(2702  4T (1-e p 2.4p1 2 +  

  

0 0 

+ 2p'2)) dpdp' 	 (9.9.14) 

In tackling the evaluation of I' we consider first the 

following integral 
✓ r c c 

D2 j 	j (rc2-p2-p'2)pe exp (-a(8p2/3  + 2p'.2 ))dpdp' 
o o 

r 	 ,77t tar 2 
[tar 2_(1-e C )i 1 j exp(-x2)dx + 

8a2 	 0 

r 3 	2 tar 
• (1-e 	c )(7T) 

where t = 8a — rc
2 
 • 3  

Thus we have 

1 
 f

ir exp(-x2)dx 	(9.9.15) 
rt 0  

9r c2 
r r c c 

(27)3 j 	(r 
 c
2_ 	) 2_ p ,2 ,  p, exp (-a(8p2/3+2p 12))dpdp' 

0 0 
2X 

7r 	2 
3/2  (--L)3  [2arc

-
(1_e )] 

-2ar 2 
c 	a 	1 

Mr 
3ar 	( 

ac)3(1-e c
2 
	 )(57-) 

I1 (say) 

1 j exp(-x2)dx  

Art o 

mfr 
exp(-x2)dx 

0 

(9.9.16) 

We now consider the last integral in equation (9.9.14), 

that is, 
r r 
c c 

  

(-
3 
2 

/Jk_ue p 2__2_p,2)p, A.  exp [-a(42/3  + 2p,2)] 
0 0 

  

x dpdp' 
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N/T 

1  s exp(-x2)dx 

o 

-tar 2i  
C 

rc  
[(5arc2-3)+(arc2+3)e 

16a3  

2 r
c
3 

[(1-e-2arc )(8arc2-19)+14arc
2e

-2arc21 (

°d-t
) x 

48a2  

,17-C2 rc, 	-tar 	a2 
1 

exp ( -x2  )dx 	•;(7,c  k 1-e 	)( 	) 	exp(-x2)dx 

Art o 	 at 2  /— ,t 0 
(9.9.17) 

Hence we get the result 

-Xr 2  

-3(27)3  "h-  (1-e 	c  ) 

r r c c 

`t.' 2+1 ,2  m 
0 0 

 

)plx 

 

exp {-a(8p2/3+2p 12)) dpdp i  

-2ar  
c 

- T 	(7)
3 
 ( 1-e

-3arc 2 
	 2 

)[(5ar
c
2-3)-1-  (ar

c
2+3 )e 	c 

1 
 

2 	2 

3 	a 	 )01-e 

-2ar
c ) x exp(_.2)dx —(—)3(i_e-3arc r 2 c 

Mr 

exp(-x
2
)dX 

iff 0 

7r 
2 	

-3ar 
c 
	-tar 2 2 	

1 
2 

— 	r 2  ('--- )3  (1-e 	)(1-e 	c  )(
a2  Cc 	 ) 3 c a 	 at 2  ,f —t 

,Ft 
f exp(-x2)dx 

0 

I
2 
(say) 
	

(9.9.18) 

To simplify the above expressions,that is, I1  and 

I2 ' 
we use the following relations: 

D2(uv) 	vD2v +2DuDv + UD2V 	 (9.9.19) 

where 	D2 

	52 

ate 
U(x) 

Thus if I 
	

f(x) dx 

0 

Then 	
dI 	dI du 

dx 	du dx 
(9.9.20) 

0 

-tar 2  

(8arc2-19)+14arc2e 	c 
] ‘a 
(d 

ti 

x 



2 	2 -2ar 	mir 
8arc2(5+28e

-3ar
c )e 	C 	1 exp(-x2)dx + 

‘o 
2 	 2 

(1-e arc 	E(112arc 
2_313)(1_e-3arc  )+72.arc2i+ 
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Hence a 
at 

1 j exp(-x2)dx 	1 - 	$ exp(-x2)dx + 2t e
-t 

 o 2C VT o 

Also we have 
Art 	re 

a2 	
1 	3 j exp(-x2)dx = 	 j exp(-x2)dx 

at 2  „it 	o 	4t2NFC 	o 

-t 

3 e-t 

4 t 2  

(9.9.21) 

Thus we obtain 

NS2 
(1

1
+I
2
) _ 

1+c2  

26a9/2 

(1+c2)79/2 (I1+I2) 

1 	)3/2 
r
c r 	

-2ar 2  
[t (1-e 	c  

-3ar 2  C 

-3ar 

)(1-e 	c  

)} 	-11i 

2  
)(409-96arc2) (

7 2a 1+c2 

+ 24arc2   [8{2arc2-(1-e 

c )(e  224arc2(1-e
-3ar 2 	-2ar 

e-t] 

Hence equation (9.9.7) becomes 

(9.9.22) 

a 3/2 	112 1 	= 	 a —a -2ar 
[{ (1-e )(1 

2 	, c 	1 ) 

2 	-3ar 2 

-e 	c) 

-3ar 2 
- 	11] 

rt 

j 	exp(-x2)dx + 

x 

+ 

(-7 ) 	 (5+ 	)  rC M 	a(X 

(409-96arc2)+24arc2  [8(2arc2-(1-e c )} 

-3ar 
c 
2 	-2ar 

8arc2(5+28e 	)e 

where 

I is 

[(1-e 

224ar 

t 	= 

the total 

2 -2ar 	,r, )Lt 112arc2-313)(1-e 

2 	-2ar 2 -3ar 
2(1-e 	)e 	c 	] e t  

8a 

-3ar 

o 
2 

)+72arc2) 

core to the 

+ 

(9.9.23) 

(9.9.24) rc
2 3  

contribution of the hard 

B.E.(He4). 
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§9.10 	FINAL RESULT FOR B.E.(He4) 

The total contribution of the kinetic energy, central, 

linear, spin-orbit, tensor and quadratic spin-orbit forces, 

the coulomb energy and the hard core effect to the B.E.(He4) 

is given in the following form: 

2 4 2 
(1+C2)Ea (18a+260c2) + 	cuV [6(w+m)v  x 2M 

X=1 V=1 

(2a 	,3/2 + c2(5/2(w+m+b+h), ( 2 	)3/2 + 

2a+cp
v) 

X. 	 ' 20-1-c

0 

 4 

3(W-M+b-h) ( 20 	(W+M+b+h) ( 	2°  )7/2)] \, 
' 20+C 	

-I- 
)5/21 

4VN)  20+C4V  x 
2 4 

/ / Lsu L V F 3c2h2 _ 	3(w-m)v (202+L4)5/2  +(w+m)v  x h 

( 2.5.0  .5/2  
T v) 	a+0+ µn  

	

1T v 	12 	' 	/ + c 2r21 tw_m)v  (  20 	N 5/2 
T v) 	+ 

a+(i3+ 4x, 	 20+ p 

7 2 (w+m) ( 

	

2T  vi  
0  17/2) 	

1T v
] 	2 + 7  C2h2  x 

x=1 v=3 
2 4 

2P 	)7/2] -  	Tuv 161J-  c(w+m)v  ( 

a0\2 
2p4. S4Vx 	 a+

2
0
" 

 a+
2
0 

n=1 v=3 

20+ 4 	20+ 4 

h=1 V=1 

LLUv [2(w-m+b-h)v  ( 
20  

K 	LL v/1
5/2 - 

20+ pn  
9(w+m+b+h)v  x 

20 	17/2] 4. 
3 

e2[3(2a)i 1] + 2c2(21) 
a
Tc
) 3/2 

+ 	( (
20+L  Lv) 7 	7 

(5+ M 
a 	N t 	c 

-2ar 2 	-Jar 
)(1-e a --)[f1.0-e 

2 

— rC M da )(409-96ar
c
2) 

-3ar 2  
+ 24arc2  [8(2arc2-(1-C 	C  )}-11] + 8arc2  x 

-3ar 2 -2ar 2  
(5+28e 	c  )e 	c  ) 1 	exp(-x2)dx 

'it 0 
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2 

-tar 	 -3ar 
2 

+ [(1-e 	c )((112arc2-313)(1-e 	
, 

)+72arc2) 

-3ar 2 -tar 2 
+ 224ar 2(1-e c )e C le-t] (9.10.1) 

0.11 RESULTS OF THE VARIATIONAL CALCULATIONS OF THE  
L 

BINDING ENERGY OF He  

The B.E. (He ) is calculated from equation (9.10.1) 

using Hamada and Johnston's potentials expressed in double 

\ Gaussian forms (Hochberg et al.,1968). 	The B.E. (He4  ) 

is found to be -58.457 MeV (c.f. -120 MeV obtained by 

H. Kanada et al.). 	When a is fixed to be 0.140 fm-2 

(as is well established from high energy e-He4 scattering) 

the B.E.(He4) is found to be -26.038 MeV (c.f. -23.341 MeV 

and -33 MeV obtained by H. Kanada et al. and Nagata et al. 

respectively). 	Our results in detail are as follows. 

TABLE I 

N  B.E.(He4)  

Type State Coupled State Contribution for 

B.E.(He4) 	(MeV) 

( 
Kinetic Energy 	( 

SS 51.1027572 

( DD 2.90721623 

( SS 0.845026793 
Coulomb Energy 	( 

( DD 0.0162066586 

Hardcore SS -3.87538170 

Cont... 
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TABLE I (cont.)  

Type State Coupled State Contribution for 

B.E.(He4 ) 	(MeV) 

1V+ SS -47.3475852 

DD 0.0000000 

SS 0.0000000 1V- 
DD 0.0000000 

Central 

3v+ 
SS -22.8152930 

DD - 0.775156457 

SS 0.00000000 
3V- 

DD - 0.0646799367 

3v+ 
SS 0.00000000 

Spin- 
DD -.0.0142644582 

Orbit 
SS 0.00000000 

3v- 
DD 0.962596191 

3v+ 
SD - 	6.82400751 

DD 0.0597416108 

Tensor 

SD 0.00000000 
3v- 

DD - 0.189037152 

cont.. 
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TABLE I (cont.)  

Type State Coupled State Contribution for 

B.E.(He4) 	(MeV) 

1v+ 
SS 0.0000000 

DD 0.0000000 

1 - SS 0.0000000 

Quadratic V 
DD 0.0000000 

Spin- 

Orbit 

3V+ SS 0.0000000 

DD -0.0330651863 

3 - V 
SS 0.00000000 

DD 0.00653934800 

TOTAL CEa(min)
) -26.0383865 

a , 0.140 fm 2, 	, 0.262399998 fm 2  and c = 

-0.144960001 which give the minimum value of the B.E.(He
4). 

0.12 	CONCLUSION 

The B.E.(He4) was calculated by the Direct Search 

Method (R. Hooke and T.A. Jeeves, 1961; and A.F. Kaupe, 

Jr., 1963) which was modified by the author to avoid any 

square root of a negative argument during computing pro- 

cesses. 	The B.E.(He4) is found to be -26.038 MeV, as 

compared with the experimental value of -28.2 MeV. When 

c is fixed to be -0.2, the B.E. (Hell) is found to be 
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-57.432 MeV with a = 0.432 fm 2  and 0 = 0.473 fm-2. 	Sugie 

et al. obtained Ea(min) to be -17.8 MeV with a = 0.195 fm
-2, 

0 = 0.307 fm-2  and c 	-0.19 by parabolic interpolation 

method. 	If Sugie et al. had assumed a to be 0.140 fm 2  

as in our case their results would have been E a(min) = 

-15.7 MeV, 0 = 0.241 fm 2  and c = -0.177. 

It should be pointed out that the inclusion of addi-

tional D-states in the wave function for the He
4 will de-

finitely increase the B.E. (He4) (Abraham et al. (1955)), 

so that a value very close to the experimental value of 

-28.2 MeV may be obtained. 	An attempt is being made to 

include the second most important D-state in the calcula- 

tion of this kind. 	Thus from the above results we con- 

clude that the B.E. (He4) may be calculated using a two-

body interaction which accounts for the N-N scattering 

(up to 300 MeV) and deuteron data. 
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NUMERICAL ANALYSIS AND COMPUTATION 



CHAPTER X 

THE COMPLETE INTEGRO-DIFFERENTIAL EQUATIONS FOR THE ELASTIC  

SCATTERING OF NEUTRON BY ALPHA PARTICLES 

§10.1 As pointed out previously, coupled equations do not arise 

in the analysis of the scattering of neutron by alpha parti-. 

cies. 	We shall therefore write down the full integro-

differential equations for the uncoupled states for the 

radial wave functions. 	We shall collect the results ob-

tained in Chapters IV to VIII and regroup the terms in a 

way convenient for numerical calculations. 

Below are the complete integro-differential equations 

(for both the S- and D-states alpha wave functions) in-

cluding the linear spin-orbit interaction, tensor inter-

action and the quadratic spin-orbit interaction. 

f .622 	
= 

T
2(r) 

2J(r) 	1 f 	+ U2(r) 
f(r) + V

2(r) 
r 2 

1 d 2 

r dr fzj(r) + W,e(r) 
d 2  fzj(r) + j [N,e(r,r') + 
dr 

Pz(r,rT) + S,e(r,r') + Kz(r,r')] f,e,j(r)dr' 	(10.1.1) 

where 2 	= 	and 2 = J-1. 

d2 	2(2+1)  = 	+ k2 

dr2 r2 

8m k 2  
2 n 

5h 

and 

,e(r)  = Qtz(r) 

U,e(r) = CU(r) + LsU ( ) - coulU(r) 

Qv(r) Ar,e(r) 

(10.1.2) 



Ls 	8M U :(r) = 
2 

5h
2 

2 4 

I 	(w-in)v 
x=1 v=3 
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	 5 11C 211 PLs5/200  — — 1+c2 2  
x 

qw(r) 
2(r) = 

2(r,r') = 
CK(r r') + LsK2(r,r') + 	+ 

coul 	T 	T K2(r,r') + K'2(r,r') + K" r,r') 

The above terms represent the contributions from the 

various interactions indicated by the symbols attached. 

The prime and the double prime symbols denote the S-D and 

the D-S interactions respectively. 	In writing down the 

S-D and the D-S terms we shall omit the indices and the 

prime symbols when there is no confusion. 

THE S-S DIRECT TERMS  

(i) 
	

THE POTENTIAL TERMS 
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5112 
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P3/2(x)exp [-PLL(n) 	PK r
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and 

CU(r) = 8M 

5h2  

2 4 

y y (4w+2b_m_2h)v  
K=1 V=1 

C v 
n 	3/2 

P (x) x 
1+c2 

exp [-Pc(n) CµVx  r21 

v exp[- PLs(h) 
Ls 
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2 4 LL 
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LL 
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LLUv 
(2w-413) 1+c P 2 (h)(2nr2") x 

215 
	

3YLL,2  2 —7- (1 - 4  ) 	k2+1) + 2ar2  +2rdexp[-PLL (n)LLµv r2] 
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exp [- 	LL 
PLL(/° 	

v 
r
21 
 

and 

Qw (r ) = 

2 	4 	LL v 

	

1 	16 2  
7 (75.) 

8m 	(2w-413) 	 

	

- T-7 -5T1 	1+c 
x 

	

LL 	 2 
h=1 V=1 

PL L2 
V (h) exp [PLL(K) LL 	

r L 	
2] 

 

THE S-S INDIRECT TERMS  

(ii) 	 THE ENERGY TERMS  

 

128 	13a I 
15 	

- 8m 	 17 2 	(..fr  )2 	 2 (En+Ea ) exp [- T-6- E(r2  +ri 2  ) 
1+c 	5h 

N (r '  r') 	= 

x 	i (srri) 

P2(r 'r') = 
2 )1 ILd: 	17 E(r2+r,2)] 	 (3a)1 ( 2Tca exp [- 

ah 1-1-C 2 	TC 

X J, l (Err') 

17 s2 (r 'r') = 	1 	(16 ) (21)1  E2  exp [- T-- E(r2+r'2)] x 
1+c2 15 n 

[(38(r2+r'2)- -k (492 +141)) J24. (Err') + 

49rr' 02+3/2 (Err')] 
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(iii) 	THE POTENTIAL TERMS  

( CK,e(r,r1 ) 	= 	C(1) 	C (r,r 1 ) + K(2) 	C  (r,r') + Kz3)  (r,r') 

where 
2 4 

c (1), 	,16,3,3a,3/2 M K kr' 	15 7 	
-II 

r') = k----) 	(4m+2h-w-2b)
2  	x 

C v 

1+c2 4a- 

15Tt  
c ) 
4 3 - 

exp[- -85  (17a+6c  p)(r2  +r'2  ) I 

2+1.c(1t)rr') 

2 4 
CK(2)(r ' r') = -3 (15)

3(1.1.)3/2 M 	1 	(w+m. 
V 

x 
2  

f
2 	

) 
 
h=1 v=1 

C v U 

37C v 	
F 

) T12(h)LexpE - 	n(h)(04a1-7c4)r2  
1+c2 2(2a+ 4x) 	75 

(34a+27C4)r'2 ) ]] do -1(74.)rr') + a similar term with r==r' 

2 4 	cuv 
CK(3)(r,r,)  = _3(1V(2a)3/2 m 	1 

lw 
 , 	74.  
+M) 

15 7 	 V ti 

	

	 1-1-C2 
X=1 V=1 

K=1 V=1 

517, 	2a 	, exp3/2 I- 	17 (r2  +/"2  
k
2a+

C
µ
v)  )1 .92 	

(Err ) 

2 4 
16 3a LsK2  (r'  r') = 	3 (7-)

3/2 M
2 / 	(w-2m) x 

n=1 v=3 

Lsuv 20a 	
) ( 	157E  4a-3Lsvx ) 

1+c2 	ki  
FA K  

H 0.1H exp r 8 5 x 

(17a+6Ls14)(r2+r'21 ) 	.9 e.i. (XLs(1t)rr y ) 

2 4 	LLuV 

K(r'r') = (
16)

3 (3a)3/2 M 	(2w-L4h)v 15 h 1-1-C2 k=1 v=1 
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157  exp 	8  (17a+611,,v)(r2i.r. 2  ' )1[(6-2C(r2+rI2 )._ 

	

m-3LLv 	75 

2 
Z(Z-1)-4C 	 ( 	

LL(74)
) 	J 1(X (h)rr') + 

XL1,(x)) 	LL 

W2 2(2C - x  inOrr' ,+3/2(XLL(h)rrl)] LL` 

THE S-D AND THE D-S INDIRECT TERMS  

The energy terms give no contribution. 

(iv) 	THE POTENTIAL TERMS 

TKi(r r') + TK"(r r') = 	643-1- 26a9/4513/4 b2d , 
2 ' 	15 57 (a+0 	1-1-c2 

x 8 M 
2 

i=1 

2 

K=1 

4 
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( w+m)v TUv exp [-(y(i)r2+5(i)r2)] 

(i)  - 3(15)
2 
 (a+$)(T (i)r2+1"(i)r'2)+9(1)4(a+13)

2 

x (U(i)r4+2U'(1)  r2r'2+U"(i)r'4)) J 1(X (Orr1 )+ 2+2   

i-V(i)+3(4)2  (a+0)(W(i)r2 +W'(1)r12 )) x 

0X+3/2T
(Orr') + a similar term with 	+ 

64 3- 
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2(i)2)1 J i(Trrt) + 24( —3 )a x 

2+2 	57 

6 9/4 13/4 	2 	
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2ac3 	bd 	116 ,e11 	 M 	(w+m) X 
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Tex  exp  [_ (y (i)r2 +5(i)r1[(x _3( 2 (a_i_wy( i)r2 

16 2  
Y'(1)1-1 2)1,92+g-  i(XT 	15 (0=1 )-3(---) (a+$)=1 Z.92+-3/2(XT(Orr1)] 

The definitions of all the parameters are given in 

Appendix V. 
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CHAPTER XI 

SOLUTIONS OF THE INTEGRO-DIFFERENTIAL EQUATIONS IN NUCLEON-

HELIUM (N-He4) PROBLEMS  

§11.1 	FORMULATION  

Several workers including Southwell (1940), L. Fox 

(1949) and S. Hochberg (1953) have used relaxation methods 

with great success to solve the ordinary differential equa-

tions associated with physical problems of considerable 

current importance. 	S. Hochberg (1953) applied this method 

to solve the integro-differential equations for N-He4  

scattering problems. 	His result in terms of phase-shifts 

were in quite good agreement with the experimental results. 

In solving the system of equations (10.1.1) we have 

to consider first the limitation imposed on the problem by 

the storage capacity of the computer to be used. 	The 

method we are going to adopt here to solve the system of 

the integro-differential equations given in (10.1.1) is to 

convert the system into simultaneous algebraic equations 

with unknowns at the tabulated points of the wave functions. 

The algebraic equations are then solved by matrix inversion. 

In our case, the kernels are tabulated in an n x n 

array. 	The solution requires the inversion of an (n-1) x 

(n-1) matrix for single uncoupled equations (and an m(n-1) 

x m(n-1) matrix for m coupled equations). 	In our problem 

of n-He
4 scattering, we take n . 52, with fourteen digits 

in the calculation. 	If n ?,,,„ 53, we get exponent overflow. 

Thus we need only 130 blocks for compilation purposes and 

about 60 blocks for execution purposes. 	It took Atlas I 



151 

Computer about fifty-five minutes to compute the phase-

shift for one value of incident neutron energy (En) and for 

one value of the angular momentum (,e). 

Because of the Gaussian dependence of the kernels on 

r and r' the kernels varied most rapidly near the origin 

and it was necessary to use a small interval of tabulation. 

Robertson (1956) and Buckingham (1962) suggested two inter-

vals of tabulation so that r and r' are given by 

r,r' = 0(h)n
1  .h (2h) n2.h 

The order n of the sequence array of the kernels is 

given by 
n
1  n 	= 	+ n2) 

with n1  = 16 and n2 = 32. 

J 11.2 NUMERICAL METHODS  

  

The equations for the radial wave functions to be 

solved numerically are simultaneous equations of the form: 

2 	,e(Z.1-1) 	1 k  

dr2 	r2 	r2 r — T(r) 	+ U (r) + 	V(r) 	+ 
dr 

W(r) —
d2 2 

f (r) 	+ j 
0 

 
K(r,r') f 	(r')dr' 	= 0 (11.2.1) 

dr 

where T, U, 	V, W and K are defined in Chapter X. The 

functions T, U, K, etc. have the following Properties: 

K(r,O) 	K(O,r') = 0 	 (11.2.2) 

12 
	

1-  T(r), U(r), 	V(r), W(r) and K(r,r') vanish at 
r  

sufficiently large r and/or r'. 	The boundary conditions 

on f(r) are 

f(0) = 0 and f(h) = 1 	(11.2.3) 
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where h is the interval of integration chosen to give small 

error terms. 

To solve equation (11.2.1), it is written in terms of 

finite differences and is reduced to a system of linear 

equations in unknowns 

f(2h), f(3h) 
	

f(nh) 

i.e. f(2) , f(3) 	f(n) . 

We shall now take h as the fundamental interval for 

d 

dr2 

2 d
r  all points of tabulation. 	To express — f(r) and 	f(r) d 

in terms of Central differences we make use of the follow-

ing central difference formulae for derivatives given by: 

h2 d2 
	1 	1 

6
6 f(r) = 	(62  - 	+ 	

1  58 + ...) 
dr2 12 	90 	560 

x f(r) 

and 

1 h — f(r) 	= µ(E) - T  53 	30 6
5 

dr 	 - -67  

x f(r) 
	

(11.2.4) 

where 5 and µ have their usual definitions (c.f. Bucking- 

ham, 1962). 	We can now replace equation (11.2.1) by: 

1 	1 
(1 + W(r)) (52  _ 	64 + 90 56 - 	

1 
 5
8 + ...) f(r) 12 	560 

+ h2  rl T(r) + U(r) + k2  - 4'6+1)  I f(r) 
r2 r2 

3 	57  + ...) f(r) + h 	V(r) µ(6 - T  5 + 7$7)  u 140 

+ h2  j K(r,r') f(r') dr' 	= 0 	(11.2.5) 

The kernel function in equation (11.2.5) dies away 

sufficiently rapidly to enable us to replace the infinite 

limit in the integral by some convenient finite R', say. 



153 

The range of integration can now be split up into a number 

of pivotal points r0, r1' • 	, R' at equal interval h. 

The integral is then expressed in terms of the function 

values at the pivotal points by means of a formula for 

numerical integration written in the Lagrangian form. 

According to Robertson (1956) we rewrite the kernel func-

tion as: 

R' 
J K(r,r') f(r') dr' = j K(r,r') f(r') dr' 

At the point r = rn, the integral can be written as: 

R' 

J K(r,r') f(r') dr' Tm K(r n 
 ,r') f(r'm) m 

M=0 

N 

T
mKnmfm 

m=0 

Thus, equation (11.2.5) now becomes 

(11.2.6) 

1 
2 	

1 (1 + w(r))(62  - 14  + 90  - 66 - 560 
1  68 + ...) f(r) 

+ h r V(r) µ(6 - 	63  1 A5 	1 A7 
3 	74-U - + ...) f(r) 

T(r) + U(r) + k2  - 'eU4-21)) f(r) 
r  

N 

Y TmKnmfm . 0 	
(11.2.7) 

m=0 

where Tm are the integration coefficients. 

Since the first derivative is present in our problem, 

the method of L. Fox et al. (1949) to reduce the error in 

the difference formulae is not practicable. 	To,  keep the 

errors as small as practicable we shall include the terms 

in 64 and µ63 and neglect those of higher orders. 
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Taking r = th for all points of tabulation r and using 

the following relations due to L.J. Comrie (1942). 

2(f(r+1) - f(r-1)) 

f(r+1) - 2f(r) + f(r-1) 

i(f(r+2) - 2f(r+1) + 2f(r-1) - f(r-2)) 

f(r+2) - 4f(r+1) + 6f(r) - 4f(r-1) + f(r+2) 

and the following notations 

f(th) = ft  

1 + W(th) = X(th) = 

T
mK(th,mh) = Ktm 

x t  

then, equation (11.2.7) can now be written in the form: 

1 Xt(- 1 
f
t-2 + 4/3 ft-1 - 5/2 ft + 4/3 ft+1 

1 1/12 ft+2) + h(---) Vt  (
1/12 ft-2 - 

2
/3  ft-1 th  

, 2 2
/3 ft+1  - 1/12 ft+2) 	h2 ((t 	(Tt  - ,e(,e+1)) + 

N 
k2  + Ut) + h2  Ktmfm 	0 	(11.2.8) 

M=0 

for t = 2,3 .. 	n-1. 

Equations (11.2.8) are system of (n-2) simultaneous 

equations for n unknowns. 	The additional two equations 

are obtained by applying a forward difference formula to 

the equations at the point where t = 1 and a backward 

difference formula where t = n. 	The formulae are chosen 

so that they carry errors of the same order as the other 

formulae used. 	In our calculations we used the three 

point difference formulae, as given in Appendix I, which 

µ5 f(r) = 

62  f(r) = 

463  f(r) = 

64  f(r) = 
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we found to be even more accurate in practice. 	By specify- 

ing the boundary conditions on f, equations (11.2.8) may be 

written in the form 

Af = B 	 (11.2.9) 

where A and B are matrices of dimensions (n-1) x (n-1) and 

(n-1)xl 

equations 

respectively and f is an (n-1)x1 matrix. 

(11.2.9) 	are partitioned into: 

A
11 	

A12
A1n-1 A

13 	• 
f 1 

Thus  

B 1 

A
21 	

A22 A23 • 
A
2n-1 

f2 
B
2 

• 

• • 

• 
• 

A
n-11 	

An-12 An-13 An-1 n-1 
f
n-1 

Bn- 1 

(11.2.10) 

Hence it remains to evaluate and combine the contributions 

of all the terms in equation (3.1.18) to the matrices A and 

B at each pivotal point, and then the radial wave functions 

given by f are obtained by matrix inversion. 

§11.3 	THE COMPUTATION OF THE KERNELS AND THE  

DIRECT TERMS  

(i) 
	

THE EVALUATION OF THE DIRECT TERMS  

There are four types of the direct terms in the equa-

tion and are classified as T(r), U(r), V(r) and W(r). 

These expressions are tabulated at h(h)52h (h = 0.2). The 

computer programmes were written to evaluate these terms 

as well as the parameters and constants. 



m-1 

I 	1  (x) 	(-1)11 .1ex  [ 7 
L (-1-)m  11-1. 	2 	l 
m=0 X 	00 

(n+-,m)  
(2x)m  

+ o(lx1--m  )] + 

156 

(ii) 	THE EVALUATION OF THE KERNELS (INDIRECT TERMS)  

All the kernels appearing in our problems depend on 

Bessel function of the first kind. 	A library programme 

(Ref. Chelsea College of Science and Technology (CCST) 

library procedures) which computes 

K(r,r') = A 	A. 
exp (-Yil-2",j1"2)e."1-'1").4(X.rr') nj 

j=1 
(11.3.1) 

where A is a constant and 

Ci  rXr'C CPS XC (11.3.2) 

was used. 	According to the magnitude of x, the Bessel 

function I 1(x) was calculated by using the power series n+7 

or the asymptotic form. 	According to Bateman (1953), we 

have the following results: 

n+1 
1.(x) 	(- = 	) 	L 

1  n x. 	(m+n): x2m I n+2  2n 	m!((2m+n)+1)! 
m=0 

x < to 

(11.3.3) 

(_1)n+1 e-x  

[ m- 1 

m=0 

(-1)m  (n+-0,m)  
(2x )

m 

(11.3.4) 

where 

F(n+m+1)  (n+1,m) _ 

	

	(Bateman 1953, Voi.II) 	(11.3.5) 
r(n-m+i)m! 

(c.f. Watson, 1944). 

The programmes for the evaluation of the direct and 

indirect terms are given in Appendix I. 	All the programmes 

used were tested by the author, and found to be correct up 

to 8D after some little modifications. 	The programmes for 
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solving the complete integro-differential equations were used 

to solve Robertson's problem (1956) and our results were 

found to be in good agreement with those obtained by Robert- 

son. 	Most of the library procedures used were modified by 

the author and Mr. R.F. Shepherd and tested to suit the n-He
4 

scattering problems (Ref. Chelsea College of Science and 

Technology library procedures). 
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CHAPTER XII 

PHASE-SHIFTS ANALYSIS AND CROSS-SECTIONS  

§12.1 	PHASE-SHIFT ANALYSIS  

As pointed out previously, coupled states do not arise 

in n-He4 collisions. 	Thus, the asymptotic form of the 

wave functions is of the following form: 

f(x) = k2 
LiTc cos 62 

J2+-ff l(kx) 
	sin 62  J_, i(k)c)] 

(12.1.1) 

where k
2 

is the constant amplitude, 62  is the phase-shift 

and J24, J_24  are the Bessel functions of half integral 

order (angular momentum 2), k is the wave number of the 

incident neutron given by 

8 k2 	m  
5112 n (12.1.2) 

where M is the mass of a nucleon and En is the energy of 

the incident particle in C.M. units. 

Given the above formula for f (x) at two neighbouring 

points, say r1  and r2, we have 

f
2 
 (r2  ) 	,/T Ccos 62 J2+; (kr2  )+ sin 62 J-,e-7 

i(kr2  )] 

47
1 
 [cos 62 J

2+1  (kr1  )+ sin 62 J-2-1 
i(kr

1 
 )] f(r1)   

(12.1.3) 

which immediately reduces to 

tan 62 

	f(r2) 1 J2+;(kr1)  - f(r)2 J2+7 
1(kr2  ) 

f2  (r2  ) V1  J -2-2  i(kr1 
 )- f(r) Arr72 J-2-2- i(kr2  ) 

(12.1.4) 

The amplitude k„e  corresponding to each phase-shift 62 
 can 

now be found by writing 
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k
2 	

yri)/ [cos 6,e 1  Jr,e+1(kr1) 	sin 5e  Al  

J-2-1 (kr1 
 )] 	(12.1.5) 

§12.2 	TOTAL AND DIFFERENTIAL CROSS-SECTIONS  

The experimental measurements of the total and differ-

ential cross-sections include the work done by Hall and 

Kootz (1947), Bashkin et al. (1951), Adair (1951, i952), 

Hubber and Baldinger (1952), Seagrave (1953), Alston et al. 

(1954), Smith (1954), and Shaw (1955). 	Faxen and Holts-

mark (1927) showed that the differential scattering cross-

section can be decomposed into a sum over the possible 

values of the orbital angular momentum 2. 	They expressed 

the differential cross-section in the following form. 

a(e) 	= 	if(19)12 
	

(12.2.1) 

where 

f(e) - 	E (22+1) exp[(2i 6,e)-1] P,e(cos 8) (12.2.2) 

where k has been defined previously, P is a Legendre poly-

nomial and 8 is the scattering angle of the incident energy 

in the centre of mass system. 

Wheeler and Barschall (1940) found that the observed 

(Barschall and Kanner, 1940) differential scattering cross-

section for n-He4  collision cannot be fitted by the first 

two terms of equation (12.2.2), that is, by the S- and P-

waves, which are the only ones expected to contribute sig-

nificantly at the energies concerned. 

The possible scattering states are Si , P1, P3/2' D3/2' 2 	2 

D5/2' F5/2' F7/2' 
etc. and the corresponding phase-shifts 

are designated by 60, 51-, 61+, 62-, 62+, 53-, 63+, etc. 
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The formula for the differential cross-section given by 

Mott (1932) and Bloch (1940) is 

	

r(e) = IAI2  + 1B12 	 (12.2.3) 

where 

A = 2ik E f(2+1) [exp (2i5x+)-11 + 	exp[(2i 5/)-1] ) x 

P (cos e) 

2ik E [,exp (2i 5x+)- exp (2i bx-) P,(cos e) 

(12.2.4) 

(c.f. Critchfield et al., 1949; P.G. Burke, 1960; and 

Rosenfeld, p.100). 	P'2  is an associated Legendre polynomial. 

The total cross-section is given by 

QT = 
4n  E f(2+1) sin25 	+ 	sin25 	(12.2.5) 
k2 X 

(c.f. Rosenfeld, p. 100). 

Wheeler and Barschall found that it is possible to fit 

the observed n-He4 data with the above equations using only 

S1, P1  and P3/2 waves. 	Thus the large value of (51+-151-) 

indicated the presenceofa strong spin-orbit force between 

the He4 and the scattered neutron. 	For the calculations 

of phase-shifts, differential cross-sections and total cross-

sections we shall be using equations (12.1.4), (12.2.3) and 

(12.2.5) respectively. 

§12.3 	PHASE-SHIFTS CALCULATIONS  

We shall now calculate the phases using the values of 

the wave function at the last three pairs of points in the 

range, that is, (fn-3' fn-2)' (fn-2' fn-1) 
and  (fn-1' fn). 



5lim 5n-2 - 26n-1 	6n 
(12.3.1) 

- 62  5nn-2 	n-1 
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This gives three values of the phase 5n-2' 5n-1 and 5n using 

equation (12.1.4) which are identical if the kernels are 

sufficiently negligible at the end of the range of integra- 

tion. 	If, however, the kernels have not completely died 

away an estimate of the asymptotic phase '"Slim"  can be 

obtained by a formula due to Aitken (1937). 

Thus 

This assumes that the approximate phases 5r  are the 

successive partial sums of a geometric progression. 

In all our phase-shifts calculations we shall be using 

equation (12.3.1) whenever the last three phases calculated 

are not identical. 	The result obtained will then be com-

pared with the result of the last phase-shift obtained by 

direct calculation using equation (12.1.4). 
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TABLE II 	THE 6 -PHASES (IN RADIANS)  

Author finer gy MeV 
_8M/52 0 X Phases 6

o
-Phases 

Our Results 5 0.193184 0.43954 6n  -1.364258 

6lim -1.364205 

Seagrave 	(1953) 5 -1.117 

Our Results 10 0.386368 0.62159 6n  -1.368472 

6lim -1.369347 

Seagrave 	(1953) 10 -1.379 

Our Results 15 0.579552 0.76140 6n  -1.377067 

Slim  -1.379198 

The phase 6n  together with the Aitken asymptotic phase 

6lim  calculated for the interval h = 0.21m and for ,e = O. 

The phases are given an radians between the range 

- /2 	6_5.  7/2. 
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TABLE III 	THE 61-1-PHASES (IN RADIANS)  

Author Energy 
in MeV 

ka _8M/5t2 k Phases 6+-Phases 1 

Our Results 5 0.193184 0.43954 bn  -1.017591 

5lim -1.017582 

Seagrave 	(1953) 5 -1.082 

Our Results 10 0.386368 0.62159 6n  -1.368856 

slim 
-1.368857 

Seagrave 	(1953) 10 -1.396 

Our Results 15 0.579552 0.76140 bn  -1.024864 

Slim -1.024881 

The phase 6n  together with the Aitken asymptotic phase 

slim calculated for the interval of integration h = 0.2fm  

and for ,e = 1. 	The phases are given in radians between the 

range 

-7/2  6 7/2. 
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TABLE IV 
	

THE 	-PHASES (IN RADIANS)  

Author Energy k2 =
8M/5112 k Phases 5--Phases 1 

Our Results 5 0.193184 0.43954 bn  0.6165900 

slim 0.61658455 

Seagrave 	(1953) 5 0.785 

Our Results 10 0.386368 0.62159 5n  1.367405 

5lim 1.367406 

Seagrave 	(1953) 10 0.873 

Our Results 15 0.579552 0.76140 bn  1.014272 

slim 1.014816 

The phase 511  together with the Aitken asymptotic phase 

slim calculated for the interval of integration h = 0.2f
m  

and for 2 = 1. 	The phases are given in radians between the 

range 

-7/2  b 7/2. 



FIG. V 

P-PHASE SHIFT IN n-He4  COLLISIONS  

I 	SEAGRAVE (1953) 
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FIG. VI 

S—PHASE SHIFT IN n—He4  COLLISIONS  

—100 	I 	SEAGRAVE (1953) 

II OURS 
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§12.4 	CONCLUSION 

The phase-shifts for the elastic scattering of neutron 

by alpha-particles were calculated for 5, 10 and 15 MeV 

incident neutron energies (C.M. System) and for the values 

of the angular momentum 0 < < 1. 

Our phase-shifts were compared with the experimental 

phase shifts obtained by Seagrave (1953) and found to be in 

good agreement apart from the 5-1-phases. 

As shown in Chapter IX, the nuclear interaction used 

gives a binding energy of -26.038 MeV for the alpha-particles 

as compared with the experimental value of -28.2 MeV. 
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APPENDIX I  

PROGRAMMES FOR THE DIRECT AND INDIRECT (KERNELS) TERMS  

THE STRUCTURE OF THE PARTITIONED MATRIX  

Using the three point difference formulae equation 

(11.2.8) becomes 
m 
	 m 

x
t
(f

t+1 	
2f 	f 

 t-1 
) 	 (

th 

 ) v  
t (ft+1 

t=1 	 t=1 

m 

tt-1) 	h2 	[ (1--
th

)2  (--e(e+i) + Tt  + k2 - UtI ft  
t=1 

m n+1 

= h2 

	

	Ts Kts fs 
	 (AI.1.1) 

t=0 s=0 

Note that the method suggested by Robertson (1956) 

to improve the accuracy of the results is not applicable 

to our problem since our problem contains a first order 

derivative term. 	We shall therefore use the method 

suggested by L. Fox et al. (1949) to solve equation 

Define 

m a Xt  + h/2 Vt/(th) 

a Xt - h/2 Vt/(th) 

and 

1 
V
m 
 E [h2  (le - ,e(,41)/(th)2 	(5- 7)2  Tt  - 

(AI.1.2) 



Using equation (AI.1.2), equation (A1.1.1) becomes 

N 

(5n+1,m) Xm + (5 n,m) 4m 	n,m + (5n-1,m)  V 
- a 	If = 0 m 

m=0 

where a 	= h2T K n,m 	m n,m = h2Tm
K(r

n'
r'

m
) 

(AI 1.3) 

(A1.1.4) 

and the coefficients T are the numerical factors of the m 

integration formula. 

Using the boundary conditions: 

f(0) = 0 	and 	f(1) = 1 

we can write equation (A1.1.3) in the following form: 

N-1 

E(5n+1,i+1i+1 + (5n,i+1) µi+1 + (5 ) vi+1 
1= 1 

an,i+11 fi+1 

=
1 + (5n-1,1) Can,1 - (a)n+1,1) 1 	(5/1,1) 4 	V1)]  

(A1.1.5) 

Hence we have 

= I (5i+1,j+1) j+1 +  (5 i, j+1) µj+1 +  

(5i-1,j+1)  Vj+1 

i,j 	= 1,2,3, . • • 	... n-1 

Also,we have 

Bri,n1 : 	[ ai,1 - i+1,1) 1 + (5i,1) 

(5
i-1,1

)
1 1]  

41 

(A1.1.6) 

(AI.1.7) 

Define fi+1 ▪ x., X
t 
▪ 1 + Wt 	

and 1-12 	= hsq, 
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Consider the following real procedures: 

(1) 	real procedure lambda(h,i); 

value h,i; real h; integer i; 

lambda: = (1+W(i*h) + h/2*V(i*h)/(i*h)); 

(ii) real procedure mu(h,i); 

value h,i; real h; integer i; 

mu: = (1+W(i*h)-h/2*V(i*h)/(i*h)); 

(iii) real procedure nu(h,i,,e,k); 

value h,i,2,k; real h,k; integer ia; 

nu: = (h exp 2*(k exp 2 - ,e*(2+1)/(i*h) exp 2 

+ T(i*h)/(i*h) exp 2 - U(i*h))-2*(1+W(i h))); 

Comment  

The above procedures form the matrix elements of the 

integro-differential equations which are solved using 

Ilgauss procedure (Ref. Chelsea College of Science and 

Technology (CCST) library procedure). 

(iv) real procedure delta (i,j); value i,j; integer i,j; 

delta: = if i = j then 1 else 0; 
Using these four real procedures equation (AI.1.6) becomes 

A Ei,i 	= lambda(h,j+1)*delta(i+1,j+1) + 

nu(h,j+1,,e,ki)*delta(i,j+1) + 

mu(h,j+1)*delta(i-1,j+1); 

A[i,j] : 	A r_i,j I- hsq*wi[j+1] *kli,j+11 (AI.1.8) 

Note that wi[ i] are the Gregory "weights" (Ref. CCST 

library procedure). 

Also from equation (AI.1.7) we have 

A[i,j]: 	= A ii,n + hsq * wi[ 1] *k Ci, 11 ; 	(A1.1.9) 
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where 

A[i,n] : 	= -(lambda(h,1)* delta(i+1,1) + nu(h,1„e,ki)* 

delta(i,l) 	mu(h,1)* delta(i-1,1)); 

Thus equation (A1.1.5) becomes 

A x = B (c.f. equation (11.2.10)) 	(A1.1.11) 

As we discussed in W.3 all the kernels appearing 

in our problems of n-He4  depend on Bessel function of the 

first kind. 	Some of the library procedures used are 

listed below: 

(i) Algorithm CACM 221 (Ref: CCST library procedure), 

(ii) Algorithm CACM 236 (Ref: CCST library procedure), 

(iii) CCST library procedure No. 237. 	This is the pro-

cedure "Gregory Rule" (n,r,t,w). 

(iv) CCST library procedure No. 262. This is the 

"Ilgauss" procedure which solves the matrix elements 

of the integro-differential equations. 

The above procedures were modified by the author to 

avoid any "exponent overflow" and "division overflow" and 

when tested were found to be very accurate up to 8D. 

Note that the foregoing outlines the programmes for 

the evaluation of the direct and indirect (kernels) terms. 

It should be pointed out that it is not always practicable 

to give every detail of the analysis involved in writing 

the programmes for solving the integro-differential equa-

tions of the scattering of neutron by alpha-particles. 
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APPENDIX II  

COORDINATES AND TRANSFORMATIONS  

,.Fig. VII 

The incident neutron is labelled as the particle 1 

and has the position vector r. 	The other neutrons are 

labelled 2 and 3 and the protons 4 and 5 with respective 

position vectors r2' r3' r4  and r
5. 

—  

We define r as the coordinate of particle 1 relative 

to the centre of mass (C.M.) of the other four and 	as 

the coordinate of particle 2 relative to the C.M. of the 

other four. 

CHOICE OF COORDINATES (SEE FIG..V4) 

r 	= 	- 1/4  (r2+13tL4+E5 

r' = r2  - 1/4  (r1+1234-14+15) 

L3 _ 1(1-4A-r5) 

= r4 1:5 

We define 

s = 
15 

(41-i-r') 

s' 	= 	45 (r +41- 1 ) 
1 



Thus 

4 - 1/3  (r +r,4-r5  ) 

and 

s' 	 r = 	- 1/3(r +ril+r,) 

We usually write 

(1-2345) = (-1) = s = (s,0,0) 

(2-1345) = (-2) = 

Other coordinates used in the thesis are defined by: 

3/4s' 	= s-s' _ 	= 5 
A.(r-r') 
 - - 

- 2/32.  

+ 1/3a - i , s 2 

1 + /3R + iai  

r 

s _ 

s  

- 
2
/32 

If El, 22, 2.3, 24  and 
2'5 

are the momentum vectors of 

the particles 1, 2, 3, 4 and 5 respectively referred to a 

fixed origin, then 

aa 	1 a 
art 
	

ar 	Or' 
- 

a 	1a 	a 
ar 	ar,  i22 = dr -2 

a 	1 a 	1 a 	a 
ik3 = ar3 	ar 	ar,a_a 
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(13)  

(14)  

(15)  

(23)  

(24)  

(25)  

(34)  

(35)  

(45) 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 23 

- r42 

r43 

r 
-14 

E45 

L24 

r25 

r _3,±  

r35 

r45 

(12) 	 - 

- 

= 

= 

= 

= 

= 

= 

= 

- 

= 

=2- 

r-4  -r2  

r1-r3  

r1-r4 

r1-r5 - 

112-E-4 

E2-15 

13-14 

L3-E5 

-124-E5 

= 

= 

= 

= 

= 

= 

= 

= 

= 

=1 

st  

s' 

P 

R 

2: 



a 	 1 a 	1 a 	1 6 	a 
a—r4 	77: - 7 ar,  - 2 ak 

a 	 1 a 	1 a 	1 a 	a i25  = al.
5 

- - 	ar 	ar' - 2 al — 

Hence it follows that 

iL12 = (124-12 ) A (24-2'2 ) 

(r-r')A(a 	1 a , 
ar 	 19  

etc. 

The following coordinates systems are also used: 

1 
7 (L2 +L3 -L4 -L5 ) ; r -r • w 	r r 

—2 	— 	 4- 5' 

In the calculation for the indirect interaction the 

transformation used for the volume integration is 

dT-1  = ci.L.2345 	
16 dr' d.a 

with 

dr' 	= r'2  dr' an,  

0' being the solid angle of r'. 

Several transformations have frequent application. 

These are enumerated below: 

(1) 	t = p - TIE 
	t 	- 6s and 2./ = 2./ 

where T v 
3 µX, 

 

12a+120+
T
µ
v 
tt 

5 ( ) 
3
T 
p.% 

 

2(3a+30+T v)  

and r = 	etc. 

Note that the Jacobian is unity. 	Hence 

= dtdt' 
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(2) t 	= 	s' -r , 	t' 	- Ek' 	and .2. 1 = .2.1 

where 

= 4/3X, 

(x) = 
µ/2(8$+3

cµV) 

X' (x) 3P + ctlyx  

and 

= 3/2k' - k 

We find that 

 

1 
a(t,t , ,pi) 

 

Thus 	dsdkda' = dtdt'dp.' 	etc. 

The following transformation is invariably used in 

the calculation of the binding energy of alpha-particle 

(Chapter XI). 

(3) s = u - y(w-v) 

s' = v - 11w ...... 

and k = w 

where 

Ls 
Y(x) Ls px/2, 

,Ls + 
Lsµv 

c'(K) n ' 

Ls 	Ls
µ
v
/(80 +3

Ls
p) 

1(n) 	 ' 

R) s', 
giving the Jacobian a(s, 

	1. 

o(u,v,w) 



3 + y2  r2  

.5 	21,2, 
2X + y 
	

) YLI 

15 	5 2 2 

4X2 + 7 Y r 

105 	105 y2  r2 + 
8X 3 	4X2  

4 4 
+ y r 
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APPENDIX III  

INTEGRATION FORMULAE AND SPHERICAL BESSEL FUNCTIONS  

§AIII.1 	THE DIRECT INTEGRATIONS  

In the calculation of the direct integrations, the 

following formulae are used: 

exp C-X(R-yr)21 dR 

R exp -X(R-yr)21 dR 

R2  exp [-X(R-yr)2  ]dR 

R3  exp [-X(R-yr)2] dR 

R4  exp [-X(R-yr)2] dR 

R6  exp [-X(R7yr)2] dR 

21 
2X Y

4 
 r4 + Y8 r6  

K f (R Â).(R,B) exp [-X(R-yr)2] dR 

y2(r,A).(r,B) + 	(A.B) 

K f R2  (A.R)(B.R) exp [-X(R-yr)2] dR 

r2 • y2 7 	 5 + _2 
) (A.r)(B.r) + k2x 	T  r ) 2x.  (A.12) 

2X 	I  

(A.R)(B.R)(C.R)(D.R) exp[ -X(R-yr)2  ]dR 

= y4(A.r)(B.r)(C.r)(D.r) + 2[(A B)(C.r)(D.r) + 

(A.C)(B.r)(D.r) + (A.D)(B.r)(C.r) + 

(B.C)(A.r)(D.r) + (B.D)(A.r)(C.r) + 

(C.D)(A.r)(B.r)1+ 1 	[(A.B) (C.D) + (A,C) (B.D) 
4X2  

+(A.D)(B.C)] 

• f 

kj 

K f 

kr 
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4 
R 	(A.R) (B.R) exp 	(R-yr)2  dR 

4 4 	9 2 2 	63 , 
)y
2 = ky r + 	y r + 	(A.r)(B— —.r) 

4X2
—  

1 	, 4 	7 2 2 	352 )(A.B) ky r + ?T.  y r + + 2X 4X 

K (A.R)3(B.R)2  exp [-X(R-yr)2] dR 

= y5(A.r)3(B.r)2  + 	E3A2(B.r)2+B2(A.02+6(A.B)(A.r)(B.r)] 

x (A.r)+ 	I A2 B2  (A.r) +2(A.B)2(A.r) + -- 4X2  

2A2(A.B)(B.r)] 

K f S12(R2  )exp -X(R-yr)2  ]dR = Y2S12(r2) 

K (A.R) S12(R2
) exp E-X(R-yr)21 dR 

= 

 

y2 (A.r) S12(r2) 	I  X S12 (All.)  

R2 S12 (R2  ) exp -X (R-yr )2  dR 

(2x + 12 r
2 ) y2 Si2(r2) 

	
etc. 

where 

K = (XT)3/2  

and 

S12 ' (A B) = S12  (B A) 

3 (21-A) (22•E)- (2:.1•22 ) Q1.0 • 

§AIII.2 	THE INDIRECT INTEGRATIONS  

The integrations over spherical harmonics in the in-

direct interaction calculation depend on the use of the fol-

lowing well-known formula: 

rcf 
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4n J Y2m(6,p)exp(-6r.r')dn = 6rr, Y2m(P,CP') .92.4(orri) 

(AIII.2.1) 

where 

r = (r,Q) = (r,e,p) 	) 
) 

r' = ( , ,n, ) 	(r,,e , ,p.) 	) 
) 

dQ 	= sin e de dep 	) 
) 
) 

1 and 	.92.4(x) = .2-1- TUX i 
J2+ 2 

.1(ix) 	) 

(AI11,2.2) 

This formula is well known and has been used by 

many workers in several related scattering calculations 

(e.g. S.ugie et al., 1957, and Hochberg et al., 1968). 	The 

derivation of the above formula (AIII.2.1) can be found in 

several texts (e.g. Whittaker and Watson, 1952). 	The 

first few values of the above Bessel function are given 

below: 

.9 1(x) 	= sinh N 	) 
-2- 	 ) 

	(AIII.2.3) 

.93/2(x) 	
_ sinh x 	) 

x 	
- cosh x 	) 

The recurrance relations between the functions are 

(from, e.g. Whittaker and Watson, 1952) 

and 

22+1  
x2+1(x)  = 2+3/2(x) - 	i(x) 

.9' i (x) 	 (x) ,G+.27 	dx 2+i 

2+1 J 	i(x) - J2+3/2  (x) 2+-z 

(AIII.2.4) 

(AIII.2.5) 

From equations (AIII.2.4) and (AIII.2.5) we deduce 

the following result: 
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c.n 	L 1- 9  1 (x) . 	' (t  	+ 1] 	(x) 	(see §6.6) 	(AIII.2.6) 
x

a+1) 
 

Also, from equation (AIII.2.3) we deduce the following 

relation: 

J 1 (-x) = 	(-1).e41 J, 1 (x) z+-2. (AIII.2.7) 



APPENDIX IV  

NUMERICAL CONSTANTS  

(A) 	THE ALPHA RADIAL WAVE FUNCTIONS  

The S- and D-state alpha radial wave function para-

meters a, $ and c are determined from the variational cal-

culation of the binding energy of He4  by the direct search 

method. 

The value of a obtained from the variational calcula-

tion of the binding energy of He
4  is not used in our cal-

culations in this thesis, instead a is taken to be 

0.140 fm-2. 	This value assigned to a is established from 

high energy e-He
4 scattering.,  The numerical values of 

these parameters are listed below: 

0.140 

0 = 0.262 

and 	c = -0.145 

Both a and 13 have the same unit of fm
2 (i.e. 10

26  

cm 2). 	Other constants used are given below: 

0.024148 x10
26 cm

2 (MeV)- 1 

h2  

E 
a
(experimental) = -28.2 MeV 

E 
a
(variational) 	, -26.038 MeV 

and 	e2 	= 1.445 x 10-13  cm MeV. 

(B) THE NUCLEAR INTERACTION  

The interactions defined in various chapters are 

defined in general by: 

2 
Xu(V) V(r) 	exp C- Xp.(y) r2  

n=1 
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and in the case of the tensor force only by: 

2 
( V(r) 	r2 	V)  expE -

X  p
x
V) r2 

x=1 

The numerical values of U and p are given in 

Table V. 
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TABLE V  

X V U1 111 
U2 P.2 

1 -57.30048745 0.7813030618 -227.7522931 3.090637232 

Central 2 -19.51929806 1.047131587 - 45.08092453 2.859980282 

3 -150.4331204 0.961409294 -1331.300511 3.569316324 

4 -9.768369285 0.3780574533 2171.754221 4.094385782 

Spin-Orbit 1 8.720315489 0.9561013786 38.27868688 3.351005841 
2 -220.6591852 1.825849870 -1926.807671 4.711770074 

Tensor 1 -72.68042879 0.8477295439 -2230.867772 3.149339284 

2 14.01647580 0.7368709121 231.4471582 2.755371243 

1 36.93418652 1.619715442 673.3739529 4.909374710 

Quadratic 2 11.66989625 1.963875693 -2332.307031 9.035133669 

Spin-Orbit 3 5.049903637 1.387305140 -61.79157312 4.379654329 

4 -129.2988328 2.031807456 -4459.021051 5.750887105 

U are given in MeV and p.x.  in fm-2. 
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-" 	YLL(0"1- 4 YLL,(x) )] LL(x) 

APPENDIX V 

COLLECTION OF PARAMETERS  

The parameters defined in the direct interation cal-

culation are as follows: 

S-S 

P
c (x) 

16a 

 

16a +µ(v)  

pLs(h) 

YLL(n) 

16a  

16a+3Ls (v) 

4LLtj. (v) 

 

16a+ LLµ (V) 
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[(1+ 	YLL(0 )(1- 
	

'LL(n) 	X 131100 I 

X' LL(x) 
3 
16 k 

/ 	(, 16a + 3LL µv) ) 

In the indirect calculation the following parameters 

are defined. 

S-S 

c(x) - 	75 (4a-3c,i(v)) 

32 (4a-3Lsp (y)
) Ls(h) 75 

X LL(x) 	75 
(4a-3LLµ (y)

) 

6a  
Tic 	 6a+cµ(v)  

128a 
75 



S c ( ) 

c (v) 
128a 	 

( 
+ p

h ) 
25 	6a + c

µ
(v)  
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128a 
15 

CLL(n) 
	a 	

75 
32 	(16a + 3Lijp (\)) ) 

S-D 

T (v) 

a 	
3(a+0)+

T
µ
(y)  

3(a+0)/ [3(a+0)+Tµ(v)] 

d 

X
T 

Y(1) 
 

o
(1) 

s(1) 
2 

T
(2 1) 

s 

F. 

F. 

s 

s 

( 
(a+0)/(a+0+T pv) ) 

)2 	(1+2a)(a+0) 3(8  

+ 
2 
—b) 
3 

1 

24 	16 2 
(a+160) 	(a+5)a 

225 	
+ 	3(--i--) 

24 	3 	16 
(..im--)

2 	
(a+0)a (16a+0) 	+ 

225 	
T-6. 

2  b2 	+-?-2.2bd(2a+b)+82(2-1)ad2 (a 
2 	3 

b2 	
2 	. 

 (2a+b)+8,eabd(a+ 	/3b) 
310 

(1) 
1" 
2 

U(1) 

(1) 
U' 

U"(1)  

V(1) 
 

w
(1) 

E 

E 

= 

= 

h b2 (2a+b)+1-2abd(a + 2/3b) 
2ab2 (a+ 2/3b) 

3/16 U(1)  

1 u(1) 
 

75-6.  

2  b2 (2a+b)-4abd(a+ 2/3b) 
3 

u
(1) 



(1) 

Ut(2) 	 1 ab2  (21a+17b) 32 

(2) 

= 

-_-- - 

: :=- 

a.-- 

- 

1/16 

24 

u (1) 

(1+165) 

(16a+5) 

16 

2 (cc+0)a 

(1716 )2 (a+o)a  

225 

24 
225 

3/4  

16 

(-15 )2  (a+0) 

ab 

(1) Y' 

D-S 

15 

1 

24 16 (16a+13)+3(—) 225 

24 

15 

(a+160) 	+ T-63  225 
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5 (2) 

2) 	E s ( 

	

	 17b) 52  b2  4 2bd(25a+17b)+22(2-1)ad2  (7a+ — 
,e 	 3 

5 	
3 T(2) 	F_ 	'=- b2  (5a+b)+,eabd(9a+ 1-2- b) b  

(2) 	
2 4 
5 T e' 	
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