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ABSTRACT

(i) A new formulation of the elastic neutron-
Helium (n—HeQ) scattering using the most general form of
the nuclear interaction which includes the Central, Non-
Central Exchange, Linear Spin-Orbit, Tensor and Quadratic
Spin-Orbit Forces is given.

(ii) The resonating group method of J.A. Wheeler
(1937) is employed to construct the five-body wave func-
tions and from the Schrgdinger's equation a set of simul-
taneous integro-differential equations is derived.

(ididi) The Hamada and Johnston's potentials used
are expressed in Gaussian form permitting analytical in-
tegrations and leading to great economy of computing time.
There are repulsive cores in all states. The se poten-
tials are used to calculate the binding energy of the
alpha-particles (Chapter IX). It is shown that by using
a repulsive core of suitable radius the excessive binding
obtained with two body central potentials may be reduced
to reasonable values.

(iv) An extension of the n—HeLt scattering formu-
lation to include the D-state of the alpha wave function
is discussed.

(v) The resulting integro-differential equations
are then solved by the method of finite differences.

Programmes for computing the Direct and Indirect
(Kernels) Terms and for the solutions of the equations
written in Algol language were prepared for the Univer-
sity of London Atlas Computer: The equations are solved

at different incident neutron energies.
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INTRODUCTION

The work of Hamada (1960, 1961), Hamada and Johnston
(1962), Signell and Marshak (1957, 1958) and Gammel and
Thaler (1957) has confirmed that nuclear forces consist of
Central, Non-Central Exchange, Linear Spin-Orbit, Tensor
and the Quadratic Spin-Orbit Forces. The theoretical work
relating to Nucleon-Nucleon (hereafter referred to as N-N)
Forces to the properties of nuclei is very tedious even for
light nuclei and prohibitive for medium and heavy nuclei.

Also in the method of the resonating groups (J.A.
Wheeler, 1937) many types of direct and indirect terms or
potentials and kernels respectively occur in the integro-
differential equations describing a scattering or binding
energy problem. This arises already with central forces.
When other type of forces are included many additional
terms appear and further spin, isospin and orbital opera-
tor matrix elements have to be evaluated.

S. Hochberg (1967) proposed two modifications in cal-
culations based on the method of the resonating groups
which reduce the algebraic and numerical work, while main-
taining the accuracy. Moreover, the symmetry of the
kernels is automatically ensured. The results for the
neutron-deuteron (n-d) in terms of phase-shifts and cross-
sections have been published recently by Hochberg, Omojola
and Sribhibhadh (1968). Work on elastic neutron-triton
(n-T) scattering problems is almost complete.

The alpha nucleus which is strongly bound will now
be considered in detail and we report the numerical results

of neutron-alpha (n-He*) scattering problems in terms of



phase-shifts in this thesis.



PART T

INTEGRO-DIFFERENTIAL EQUATIONS FOR LIGHT NUCLEI



CHAPTER T

§1.1 NUCLEON-NUCLEUS SCATTERING

Let @(IEET\TTTT\K) be the total antisymmetric wave func-
tion of A nucleons. In & the total isospin T and its =z-
component Tz will determine the nature of the target nucleus
and projectile (nucleon), that is, its isobaric state. It
is also characterized by the total angular momentum J, its z-
component JZ and the total spin S.

Consider

T —

$(12 7. A) F(1-23 ...A) (123 77.2)

1}

- F(2-13...A) 3(2,13...4A)

N i S,
- F(3-21...A) 3(3,21...A) - etc.
(all exchanges of 1 with 23...A)

———————

= TF(1-23...A) 8(1,23...K) (1.1.1)

F(1-23...A) denotes the space function of nucleon 1 re-
P (Centve of VV\ASS)
lative to the C.M., of 23...A. $(1,23...A) is a function

of space, spin and isospin variables of all nucleons 1,2...A
except the space variables of nucleon 1.

We define the kinetic energy operator

+ ... + T

T = T + T A—l,A

123...A 1-23...A 2-34...A

= T + T

5-13...A + v.. + T

1-34...A A-1,A

etc. (all other similar combinations)

= _g% (K%T v21~23...A * %5% 722-34...A o
cee + % vi—l,A)
= _E% (K%T'vg_i3...A + Y3k, ..at e

etc. (all other similar combinations)

(1.1.2)



All the operators are hermitian which implies that any
operator 0 can be expressed as

0 = 3 + hermitian conjugate (h.c.) (1.1.3)
Thus following Hochberg (1967), we put

->
T T + T

-h* 2
- = V2, U2, (1.1.4)

We assume that

———— 1
$(1,23...A) satisfies a Schrodinger equation

> >

(Tyay. . n * Vosh...a - EA_1)®(1,§§ETTTR) -0 (1.1.5)
and also its adjoint equation

— <« «
* —

3 (1,234...A)(T234...A + \/'234__.A - EA_l) =0 (1.1.6)
where

V234...A = V23 Vg F e eee ¥ VA—1,A (1.1.7)

Vij is the interaction operator between particles (i,j).

The presence of the spin and isospin variables of nucleon 1

in @(1,§§TTTK) reminds us that & is not the ground state wave

function of the target nucleus consisting of A-1 nucleons

(23...A) but some modification of it (a polarized state).

——

If we choose %(1,23...A) to have the correct total spin and
isospin of the target nucleus (23...A) in its ground state

we can take as an approximation E to be the binding energy

A-1

of this nucleus. The value of EA 1 is obtained by several

authors including Sugie et al., 1957; Nagata et al., 1957;
Hochberg et al., 1954; Massey et al.,1941 and H. Kanada et
al.,1963 hy a variational solution of equation (1.1.5). Since
we assume an exact ground state solution of equation (1.1.5)

we can use the experimental value E The validity of

A-1-

this approximation will be discussed at the end of §1.2.
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—————, 1"
We now assume that &(1,23...A) satisfies the Schrodinger
equation :

(T123...A + V123._.A - E)&(1,23...A) = O (1.1.8)

where E is the total energy in the C.M. system.
Multiplying on the left equation (1.1.8) by &*(1,23...4)
and integrating and or summing over all variables of parti-

cles 23...A, we get

I d723..'A @*(1,23...A)(T123'_.A + V123'--A - E) x
SF(1-23...A)8(1,23...A) - O (1.1.9)

Using equation (1.1.6) we can write equation (1.1.9) as

T ——
JdTZBQ‘.'A @*(1,234...A)(T1_23___A + Vo, o+ v13 o

@ e —
V1A - En) x F(1-23...A)%(1,23...A) -

deZB...A e* (1,23 AT 5y A+ Viog . a)

Lo M
x £ F(i-123..i-1,i+1,.A)%(i,123...i-1,i+1,...4A)
i1

= 0 (1.1.10)
where we use

E = E + E e (1.1.11)

and En is the incident nucleon kinetic energy in the C.M.
system. Making use of symmetry properties of the integrals
and variables of integration we can further modify the last

equation to obtain

(T - En)F(1-23...A) + [ (A1) "dT

* Yt 4-23.. LA Yoy o4 ¥
$*(1,23.0.8)V, $(1,23...4)] F(1-23...A) - (A-1) x
Jd723...A ‘i’*(1.23...A)(T1_23_“A +V o+ V13 o
cee AV, - En)@(2,13...A) F(2-13...A) = 0 (1.1.12)



This is the equation for the incident neutrons. A
similar modification is required for the incident protons.

The last integral can further be written

e* (1,23 A (T, _ + V. o+ (A_z)v13~

23...A 12

-(A-1) jdT,5 A

———

En)§(2,13...A)F(2—13...A);

Using equations (1.1.5) and (1.1.6) we can write

féf23...A @*(1,23...15‘)(1‘123._.A * Vigs. A~ E)%(2,134,.A)x

F(2-134...A)

_ Idr23..°A 8+ (1,837 A (Ty_ 4, p + Vgy + Vgy * o

Vo, - En)§(2,134,..A)E(2-134...A) -

_ % 52 AY (41
= de23...A 9*(1,23...A) (3T 54 o * 3Ty 13...a + V12

+ %(A—2)(V1 ) - En)@(2,13TT.A)F(2-13...A) (1.1.13)

+ V2

3 3

Thus we can simplify.equation (1.1.12) using equation (1.1.13)

to obtain

r e,
(T —En)F(1-23...A)+(A-1)[Jdt23...A $*(1,23...4) x

1-23...A

e, f" * ——————————
V12§(1,23...A)]F(1-23...A) - (A-l)JdeB...AQ (1,23...A) x

.y 1 1 1
(30, op . a * 3To q5. . .a * Vyp * (A-2)(FV 5 + 3Vp5) - E |
x @(2,13T2.A)F(2-13...A) - 0 (1.1.14)

This is the final integro—differenfial equation.: in the
dependent variable F and the independent vector-variable
(1-23...4).

We now integrate and/or sum over all variables of nu-
cleons except the radial component of the vector (1-23...A).
This leads to a set of scalar equations in this radial com-~
ponent for given values of J, S and T. Therefore one type
of potential and two types of kernel depend on the N-N in-
teraction: all other terms in the equation merely depend

on the number and types of nucleons (whether protons or neu-



trons) involved.
A further simplification (Hochberg) is possible and this

will now be discussed.

8§ 1.2 ALTERNATIVE FORM OF EQUATION

We now make use of the following identity:

0 = JdTZB A BOLEITRNT gy e Ve Ve
+ Vaoq1a - By %(2,134...4)
_ é PP e i
= JdTZB..-A *(1.23...,A)(T134___A + (A..z)v13 +
k Zz T ———
c2V34 + C2V56 - EA_1)§(2,13...A) (1.2.1)
where
k A-2 z
c, = c, - "C, (1.2.2)

and z is the number of protons and 5,6 are a proton pair.

This enables us to write equation (1.1.14) as

1-23...a - Bp)F(-23. )« (A-1) [ jdT,, 0 8%(1,23...4)

xV §(1,23,..A)]F(1—23...A)—(A—q)ddT $+(1,23.. .4)

12 23...A

1 1 a 1
x [2T1-23...A * 2Ty 3.8 Y Vie = By - 2Ty5n . 4 - 2To34. .4
k =z @ T — e ——
+ EA_1 - c2v34 - C2V56] (2,134...A)F(2-134...4A) (1.2.3)
where
g = z + 1 (1.2.4)

Equation (1.2.3) has the advantage that the kernel:
(i) is symmetric as before in equation (1.1.14);

(id) involves one term V,, which can be thought of as the

2
interaction between the particles (1,2) directly concerned in
the scattering process;

(iii) 4dinvolves two other terms V34 and V56 which describe

the interaction between the particles of the target nucleus.



The feature (iii) is particularly useful if one assumes all
particle pairs to be in "S" states relative to each other.
Consequently both Tensor, Spin-Orbit and the Quadratic Spin-
Orbit Forces will then give no contribution to the terms V34
and V56 .

We note that in equation (1.1.14) E does not appear

A-1

explicitly and so the solution depends on choosing a reli-

able wave function éA 1 for nucleus (A-1). This will be

some modification of the bound state functions @b of nu-

A-1

cleus (A-1) due to the proximity of the projectile nucleon.
Let the polarized bound state function be denoted by

b,p _ b,p :

éA—l . Therefore éA-l = QA—l . In many calculations

such as J. Irving (1951, 1952), A.C. Clark (1954), G. Abra-

ham et al. (1955) and H. Kanada et al. (1963) a variatiomnal

form of 42_1 was used and let it be denoted by @K:Z .

. b,v b
Neither QA—l nor @A are equal to éA—l' It follows that
both éz 1 and @X’Z can be used as approximations in the cal-

culation and one cannot say a priori which is more accurate.

b instead of éb’v need not nec-

Consequently the use of éA—l A1

esgsarily reduce the accuracy. A better scheme would pro-

bahly be, taking a variational form for @A and using the

1
stationary property of the phase shifts to determine a few
parameters.

To sum up, the simplifications are essentially based
on the use of equation (1.1.5) and its adjoint (1.1.6)
leading to two alternative forms of the linear integro-
differential equations, namely equations (1.1.14) and (1.2.

3). Equation (1.1.5) was previously used in scattering

problems such as Sugie et al. (1957), Massey et al. (1942),
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E. Van Der Spuy (1956) and this reduced the algebra but led
to symmetry difficulties which were eliminated by a second
application of equation (1.1.5). The combined use of the
equations (1.1.5) and (1.1.6) further reduces the algebraic
and numerical work and avoids the symmetry difficulties.

We shall now give the results obtained for a few spec-
ial cases. Three special cases will be considered. We
shall consider only two of them in this section and the
third will be dealt with fully in Chapter III.

Consider the following two special cases:

§ 1.3 NEUTRON-DEUTERON SCATTERING (n-d) PROBLEMS

S

Let ¥(12,3) be the resonating group wave function
where particles 1,2 are neutrons and 3 is a proton. The for-
mulation without isospin as mentioned earlier in this chap-
ter is shortened for practical calculations.

n
The basic Schrodinger's equation is

(Tig5 - B+ Vg + Vg« v23)(@(23)F(1_23)-@(13)F<2-13))= 0
(1.3.1)
where we have written
¥(12,3) = 8(23)F(1-23) - 3(T3)F(2-13) (1.3.2)

and 3(23) etc. are symmetric in interchange of 2 and 3. T
is the kinetic energy operator. E is the total energy of
the system and Vij's are the interactions between particles

i and j. We now use the deuteron equation:

(T23 + Vyy - ED)@(§§) = 0 (1.3.3)

and its complex conjugate

+ V.. -E.) = 0 | (1.3.4)

@*(23)(T23 23 D
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where

E = E + E (1.3.5)

and ED’ En being the deuteron binding energy and the incident
neutron energy respectively (C.M. units).

Following the simplifications outlined in § 1.2, the

equivalent of equation (1.2.3) is

["121—:3 (372 vi) - En] F(r) + Z Jda u 8*(23) (|ul) x

spin
av, (lul) 3(23)(JluDF(x)
3 '
= (%) ), fdaiv 3*(23) (Jlu)v 5 (lu-y D (D) (v PP (x)
spin
3 4+ . 2 2
+ (%) ), etz e (@) (luhie, - E_ - I [2 I 9—2 +
spin ov
where
u = é'r' + 2. )
- 3= 3 = )
) (1.3.7)
v = 2 + 4 r )
- 3= 3 =

and r, £' are the C.M. coordinates of particles 1,2 respect-
ively. The scalar linear integro-differential equations

are obtained by multiplying equation (1.3.6) on the left by
Js(1) which is the eigen function of 1 having given eigen
values J and S (total angular momentum and total spin res-

pectively) and summing and integrating over all variables

except the radial component of r.



§ 1.4 NEUTRON-TRITON SCATTERING (n-T) PROBLEMS

Let 1,2,3 be the neutrons and 4 the proton. Then by
the same procedure similar to §1.3, the fimal equation for

the n-T scattering can be written as

(Jerc-n(r B+ 3V ,)8(-1)dT,,,}F(1)

1-234 T Tn
- zde234§*(-1)(T1_234 - 1‘1_311 - T34 + En - B+ V12
_ VBQ)Q(-Z)F(Z) = 0 (1.4.1)

where

$*(-1) is 8(234) etc. and B

Note that we have applied equation (1.2.3) to the two spec-

is the triton binding energy.

ial cases considered above.
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CHAPTER IT

§ 2.1 FORMS OF THE NUCLEAR POTENTTIAL

The N-N (nucleon-nucleon) interaction is known to in-
clude both central and non-central forces. According to
Rosenfeld (1948, pp. 312-4) and, Okubo and Marshak (1958),
the most gemneral form of this interaction with the invari-
ance and symmetry requirements must be a linear combination

of the following terms:

(i) The Central Exchange Force
(ii) The Linear Spin-Orbit Force

S(r,.) = V(Eij)[(§i+§j).(Ei—EJ)A(Ei—Bj)] (2.1.1)

(iii) The Tensor Force

Ny2
T(r;§) = V(gij)EB(g&.gij)(gj.gijyrij -(g;-95)]
(2.1.2)
and
(iv) The Quadratic Spin-Orbit Force
2
Uz, ) = V(;_ij)t(gi.g_j)_:riij - Qij] (2.1.3)
where
Lij = (Ei_EJ)A(Ri_BJ) (2.1.4)
Qj = Fl(g.L;)(oy-L; )+ L, ) (g, .L; )]
(2.1.5)

V(Eij) is a radial function,S,; is the Pauli Spin matrix
vector for the i-th particle and r; and b; are its position
and momentum vectors respectively.

The evidence for the existence of the non-central forces
in the form of the linear spin-orbit and the tensor terms has

igcussed i
been é&@ié;ﬁéd by many authors (Signell and Marshak, 1957,
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1958; Gammel and Thaler 1957). The necessity for the inclu-
sion of the quadratic spin-orbit term is confirmed by the
recent work of Hamada (1960, 1961) and Hamada and Johnston
(1962) in order to produce all the available data of p-p and
n-p below 300 MeV.

In order to take care of the exchange nature of these
forces between nucleons in various states, combinations of
projection operators are constructed in such a way that each
operator will pick out the pair of nucleons in a certain
state only (Sribhibhadh, 1966).

The projection operators are:

& (Vw+ + Vb+Bij + Vm+Mij + Vh+Hij) , (2.1.6)

v being 1 and 3 to represent the singlet and tripletstates
respectively. x representing the even and the odd parity

states. B and Hij are the usual Bartlett, Majorana

.., M.
1J 1J
and Heisenberg exchange operators for the nuclei i and j.

Bij interchanges the spin of particles i and j

Mij interchanges the spatial coordinates of particles
i and j

Hij interchanges both the spin and the spatial coordi-
nates of particles i and j. The notation we shall

use throughout this thesis is such that

MijBinij = 1 (2.1.7)

The values of W, b, m and h are as follows:

VW+ = 1 for all, v , (2.1.8)

1b = -1, 1b = =1, 3b = 1, 3b = 1, )

-+ - -+ - )
1 1 = -1 e = 1 e = =1, ) (2.1.9)
m = 1, m - ! + ’ -~ ! :

+ - ;

1

1 = -1, h = 1, 3h+ = 1, 3h_ = -1.
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sL\o\"t 'Evn«c,\-\'m.x
The potential wells V(r..) in this work are taken to be

Gaussian forms whose parameters are determined by least squares
fits to the Hamada and Johnston Potential (Hamada and Johnston,
1962). Two Gaussian terms are used for each potential well

so that one may represent the short range contribution and

the other the long range one.

The interaction can now be written in full as:

b L
\ 1 v
Vii o= Z g (wr DBy o+ om M, oo+ BUH, )V, (2 5,04,05)
A=1 v=1
where 5 (2.1.10)
v ALV AV 2
Vk(rlJ’gi’GJ) = z U, exp [- “k:rij ] x
k=1
1
[6K,1 + 6%,2 {z(gi+gj).£ij} + 6K,3{3‘Ei'£ij)‘x
2 2
(Qj’aij)/rij - (gi.gj)} + 6X,4{(gi'gj)£ij - Qij}
(2.1.11)

6K’x, is the Kronecker delta, A represents the k-th
Gaussian term, A takes the values 1,2,3 and 4 for the central
forces, the linear-spin-orbit forces,. the tensof,forces and
the quadratic spin-orbit forces respectively. vV = 1,2,3 and
4 to represent the triplet even state, the triplet odd state,
the singlet even state and the singlet odd state respectively.
The interaction given above is taken to be in the units in
which

c = h = 1. (2.1.12)
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§ 2.2 THE ALPHA PARTICLE WAVE FUNCTION

The wave function representing the HelJt system has to be
constructed so that it is anti-symmetrical for interchange
of the two neutrons and for the two protons respectively.
The ground state of HelJt is of even parity and has a total
angular moment J=0, so that the classification of possible
states can be made using the rules for compounding angular
momentum. Thus, the possible values of L are 0, 1 -and 2.
The possible states in operator form have been listed by
Ger juoy and Schwinger (1942), Irving (1953) and Abraham,
Cohen and Roberts (1955). The ground state is therefore
a mixture of 1So—, BPOT and SDof states. -0f .these, Irving
(1953) retains only the principal S state and the princi-
pal D state. Only the D state is directly coupled to
the 'S state by the tensor force. of tﬁe six D states
listed by Gerjuoy and Schwinger only one is éompletely sym~
metric in the space coordinates. This only is considered
in this thesis, and in Irving's work this is taken as the
principal D state. The principal P state will not be
considered here for its contribution is quite negligible
for a nuclear force of the type we are going to consider.

Similarly we do not take into account the 3Po-state be -

cause Jve howe

1 3
< So‘VT‘ Po>

< 1So‘VLS‘BPO > <3PolVT‘5Do>

< 3Po ‘VLS l 5Do > <1So lVLS ‘ 5Do>

= 0 (2.2.1)

H
Il

while only

<1SO‘VT15DO> e § hew - Zec o (2.2.2)
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Also, since the 3Po—state will appear only as a second
approximation, it therefore follows that as the first approxi-
mation we can neglect the 3Po—state probability. The fore-
going explains why we do not take into account the contribu-
tion of the 3Po—state ;; our scattering problems.

The alpha particle wave function V(-1) can be written

in the notation of Sugie, Hodgson and Robertson (1957) as

vi-1) - E: L,s,0¢-1) E: wL s,0(-1)
S ‘
P
- ) eh(uy.wvh(u,v.w g,.0,)0%(23,45)
S,P
(2.2.3)
in which 8=0 and S=2 are important. The superscript P

distinguishes the many possible spin-angular wave functions;
u, v and W are the three independent internal space coordi-

nates; and ¥ is the spin wave function of the singlet state.

We define X as

r—~— P

x(23,45) = %(“253'52“3)(“455‘64“5) = X(=-1) (2.2.4)

In the S state there are two spin-angular wave functions,
one corresponding to the state in which the spins of two
similar particles couple to zero, and the other to the state
in which they couple to omne. In the ground state the for-
mer predominates and the latter will be neglected. The wave
function of the alpha particle can therefore be written in
the form

i
2

b(-1) = (¥g+c¥ )/ (14C7) (2.2.5)

where

= gglu,v,wx (2.2.6)
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and ¢D = gD(E’Y’E)WDX (2.2.7)

8g and gp represeént the normalized spatial parts of the

wave functions for the principal 150— and 5Do—state respec-

tively.
Wb is defined by
5
2
w -
D = z Tij Sij

i>j=2

-2(g,.0,) (xp5-5y5) (2.2.8)
C?® determines the amount of the D-state in the mixture.

We assume that both wS and WD are normalized to unity, so
that ¥(-1) is then normalized to unity.

The radial parts wS and WD are of the form

5
= 1 2
gg = Ng exp (-4 o z T ) (2.2.9)
i>j=2
and 5
_ 1 2
gy, = Npexp (-3 B Z T ) (2.2.10)
i>j=2
where NS and ND are the normalization constants. The radial

parts are assigned different variation parameters, o and B

respectively.

§2.3 THE FIVE-BODY WAVE FUNCTION

In quantum mechanics the superposition of stationary
states is used in molecular theory and J.A. Wheeler (1937)
applying this to nuclear binding energy or scattering pro-
blems developed the method of the resonating group structures.
This is the method we are going to apply to our five-body

problem of neutron-alpha scattering (n—He4). This method
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specifies a wave function consisting of the product of the
incompatible states and the sum of the compatible omes on
a statistical basis.

J.A. Wheeler postulates that a given system of n nu-
cleons, subdivides into groups of stable nuclei and nucleons

at any instant of time. Thus
_ 1 1 1
¥(123...n) = Wlél(nl)éz(nz) ce @a(na)

+ wg?l(ni)éz(ng) . éB(nE)
+ eeen

% % %
+ wnél(nl)éz(nz) .o @Y(nY )

where for example él(ni) represents the wave function of a
stable nucleus with n1 nudleons and Qz(nE) the wave function

of a stable nucleus with n2 nucleons etc. such that

1 s 1

n1 + n2 + ees + N = n etc. and w W, etc. are the

a 17 27
"weights!" proportional to the probability of each configur-

ation (related to binding energy).

"
"

In quantum mechanics any system which censists—of non-
are ackre .
central forces only, the total angular momentum J and its
Z-component JZ with their respective eigen values J and M
respectively will be constants of motion, but the orbital
ahgular momentum L and the total spin S are not conserved
(Dirac).

Consider a five-body problem. We can split the five
particle problem into deuteromns, tritoms and the alpha par-
ticles with their respective weights. However, since the
alpha particle is strongly bound compared to deuterons and
tritons we shall consider its contribution only. The

spatial coordinates in the five-body problem of n-He

scattering are depicited below.
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\(C.M.) 3

Fig. T

Particles 1, 2 and 3 are neutrons and 4 and 5 are pro-

tons.

§2.4 . NEUTRON-ALPHA PARTICLE SCATTERING

Consider the problem of n-Helk scattering depicited be-

LOW umatacly ey
1 - 2 3
> 5 4
Fig. II

where we have used the number 1 to represent the coordinates
of the incident neutrons, 2 and 3 the neutrons in the helium
nucleus and 4 and 5 the nuclear protons, 2, 3, 4 and 5 re-
presents the alpha particle.

gdueﬁs protons and neutrons are =l fermions pariieles, the
wave function representing the motion of the system must be
antisymmetric in 1, 2 and 3 and also in 4 and 5. We may
now write down the complete wave function in the resonating
group method wh®ch describes the system using Hochberg's

notation (1953) in the form:
Y o= U(-De(1) + ¥(-2)e(2) + ¥ (-3)w(3) (2.4.1)

where {(-i) is the antisymmetrized wave function of the
target nucleus which does not contain the ith particle and

¢ is the wave function of the incident neutron. The wave
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function of the incident neutron can be decomposed into par-

tial waves by writing it in the form:

m
® = z {ng(r)/r}XgJ(e,Cp,S) . (2.4.2)
£,3=£%L1

where (r,8,0) are the spherical polar coordinates of the neu
tron relative to the centre-of-mass (C.M.) of the alpha par-
ticle and X$J is the spin-angular wave function of the neu-
trons. Since the spin of the alpha particle is zero, the
magnetic quantum number, m, is also the magnetic quantum num-
ber of the whole system.

Using the notation of Buckingham and Massey (1941), the
alpha particle wave function can be expanded in eigen func-

tions of J and M as follows:

M r fEJM(rl)[CJNw,M+% Yo M3 (800908,
1

* Compomed Yeoomg (840%g00) (2.4.3)

Mh being the z-component of the total angular momentum,

C the appropriate Clebsch-Gordon coefficients and Yg M
b

J£M
the spherical harmonics. Using the notation of Hochberg
et al. (1968), each of the eigen functions may be expressed
in terms of substates characterized by the guantum numbers

Z and S of the orbital angular momentum and the total spin.

Thus, we write the complete wave function as:

: ' S
Yy = 2. V(-1) Fly F(1-2345) (2.4.4)
S
where J+S
S 1 .S
Fyy(1-2345) = IZ lYJMz(l’ZBES; Q) 7 Time(r)
£=(J~-8

(2.4.5)
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M+ S
S S S —
YJM£(1,2345; Q) = E: C pmm YgM(Q)XM_m(1’2345) (2.4.6)
m=M- S

Q being the solid angle of r.
For each J and M, in the doublet spin state (S=%) for

example, we put

1 1
1 = 5
XT1) = [xg(1,2355); x_4(1,2385) 1, (2.4.7)
% i 1 1 T
¥ ) z J-35 ,
IM(J+%) (M=%) "M-% @ This is a
z J-3 2 x 2 matrix.
CoaM(I-2) (M) Ymel (828D
J+%
| Com(a+d) (M+d) el (809) | (2.4.8)
B
FJM(r) = 2 J_%(r)
1
i oM J+%(r) (2.4.9)

Thus, equation (2.4.5) can now be rewritten in the form:
F> (1-2345) = L yYF (2.4.10)
JM T or N

Here Y always refers to Y?Mf(ﬂ) which involves no spin func-

tions whereas Y§M£(1’2345; Q) does, as shown by its argument

and will always be written in full.

§2.,5 THE HARD CORES OF THE POTENTIALS

The nuclear potentials of Hamada and Johnston which are
used in this thesis contain hard cores in all states of the
interacting nucleons. The radii of the cores are assumed
to be the same and small (r_ ~ 0.485 x 10”13 cm).

Brueckner (1958), discussing the hard core, shows that

physically acceptable solutions of two body problems, can be
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obtaiqed if the expression rV(r)eo(r) behaves like a Dirac
delta function for ;:;%i where ®(r) is the two-body wave func-
tion and the hard core potential V is infinite for 0 < r < r.-
It follows that ®(r) vanishes for 0 < r < L This repre-
sents a greet difficulty in the analysis of the five-body
scattering problems.

Following the method of Brueckner applied to a two-body
scattering problem, the Schrgdinger equation involves inte-
gralg of the form:

[¥rcovir ¥-nar_ .
This integral has to be divided into two regions correspond-

ing to I;BI < r. and ‘r > r. if we consider the hard cores

12|
of the potential.

However, taking V(r) ~ (rz—rz)w(r) in two nucleon
attractive states and V(r) ~—(r2+rz)w(r) in two nucleon re-

pulsive states the calculation greatly simplifies and this

was here adopted.
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CHAPTER IIX

§3.1 FORMULATION OF NEUTRON-ALPHA (n-Hek)

SCATTERING PROBLEMS

The formulation we are going to use is based on the two
modifications (Hochberg) of deriving the integro—differentiél
equations for light nuclei using the method of the resonating
groups as given in Chapter I. We start with the basic

1
Schrodinger equation for the wave function Y given by

(Tia3us * z V;)¥(123,45) = E¥(123,45) (3.1.1)
i>j=1

where E is the total energy of the system in the C.M. system.

E is given by

E = E + E where
n a

En is the energy of the incident neutron, and

Ea is the energy of the alpha ground state, that is, the bind-

ing energy of the alpha particle.

T is the kinetic energy operator and V the

12345 12345

potential energy.

We may now write the kinetic energy operator T as:

12345

T + T + T

3-45

+

Tio3ys = Ty ogus + Ta_gus L5

= T +T

Ti 345 345 * T

+

2-1345 45

= etc. (all other similar combinations)

-h® 5 _2 L
= M (E V1_2345 + /3

2
+- 3/2 V=2 + /1VZS)

V2
2-345 3-45

r—hg 5 3 2 3 va 2 2
= m ('LI v -+ /3 v + /2 + /1V45)

2
2-1345 1-345 3-45

= etc. (all other similar combinations) (3.1.2)



25

The complete wave function describing the scattering
problems can be written in the resonating group method using

Hochberg's notation (1953) in the form

F(1-2345)3%(2345) + F(2-1345)3(1345) +

il

¥ (123,L45)

—

F(3-2145)3%(2145)

i

V-1)ep(1) + Y(=2)ep(2) + V(-3)e(3) (3.1.3)
where

y(-i) is the antisymmetrized wave function of the tar-
get nucleus which does not contain the ith particle and ¢
is the wave function of the incident neutrons. Using equa-

tion (2.4.2) in Chapter II, we write © as:

‘sl

® = (5 () /m Xy (8,0,8) (3.1.4)

m
(r,8,%) and Xpy have already been defined.
We shall now assume that &(1,2345) satisfies a Schro-

dinger wave equation for the alpha-particle, that is,

(T2345 + V2345 - E@)§(1’2345) = O (3.1.5)
and also its adjoint equation
@*(1,2345)(T2345 * Voaug - Ea) = 0 (3.1.6)

We now assume further that &(1,2345) satisfies the

1"
Schrodinger equation given by

——rn,

(T + - E)3(1,2345) = O (3.1.7)

12345 * V12345

Multiplying equation (3.1.7) on the left by &*(1,2345)
and integrating and/or summing over all variables of particles

2, 3, 4 and 5, we obtain

_ 5
Idr_lé*(1,2345)(T12345 + z Vij - E) x
i>j=1

——

TF(1-2345)%(1,2345) = O (3.1.8)
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where dT 1 refers to an integration over the alpha (2,3,4,5)

configuration space. Using equation (3.1.6) we can write

equation (3.1.8) as:

5
(T - B + z; Vij)@(2345)F(1—2345)

1-2345
5 5
= (T-E =+ z Vij)@(1345)F(2f1345)+(T-E+ z; vij) x
i>j=1 i>j=1
3(2145)F(3-2145) (3.1.9)

Making use of the symmetry properties of the integrals and
variables of integration we can further modify equation

(3.1.9) to obtain

f@*(2345)(T - E_ + 4V )8(2345)F(1-2345)dT

1-2345 -1

- B+ z_)@(31§5)F(2_3145)dT
j=2

—2J§*(2345)(T

1-2345 -1

(3.1.10)

Thus the equation for ffJ(r) is given by

-n® £(£ 1)
M L r+ B KJ(r)

' — m m
= 4JdT_1dolY(-1)x£J (1) V12¢(—1)X£J (1)f£J(r)

~ — m m

s2fat_ o Y (-1X, (1) ) Vi (-2)x,,"(2) x
j=2

{ffJﬁr')/r'}r + 2JdT-1d91Y(-1)§2Jm(1)ez/r45 «

Y20, ) LE, Ly /et 2ar_ a0¥(-1) x

m 1
L= ooy kI (-2)%, (2 (g, /e )

(3.1.11)
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where k° = (2M'/h2)En )
)
M- (/)M )
1 ) (3.1.12)
r = r; - /ilz, +xry+r +rg) ;
r = r, - 1/4(51 * Ly o+ Iy + 55) )

This is in agreement with the work of H. Kanada et al.(1963).
The last integral in equation (3.1.10) can further be written

in the form

_sz*(2345)(T2_1345—En+V21+V22+V24+V25)@(1345)F(2-1345)dr_1

= _J@(2345)(T -2En+2V12+3(V13+V23))@(1345) x

1-2345*T2_1345

F(2_1345)dr_1 (3.1.13)

Thus the kernel is symmetrical in interchanging particles
1 and 2 (that is 1-=-=2). Thus the only potential terms to
be worked out are V12 and V13. As in equation (3.1.11) the
equation for ffJ(r) is given by

2M' [d - £l ) * kz]ffJ(r) = 4Idf-1dQ1Y(‘1)§2Jm(1)vizw('1)

2

m —
X3 (2Y£, v+ [aT_ a0 ¥ (10X, M1 (2V,43(V, 44V, 5))¥(-2) x

m(z){ng(r,)/r'}r + IdT_1dQ1¥("1)§kJm(1) x

(=¥ 23us ~aqgns - 2RI @I Ly /et dr

2fat_ a0 ¥ (- 1)K, M (16 /ry b (-2)x,M(2) (£,5 (0 /et )

(3.1.14)

Alternatively we replace 3(V13+V23) by
3(V13+V23) = 2B - T1345 - T2345 - 4V34 - 2V45

We now rewrite equation (3.1.14) as
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h? d® L(l+1) 2 — m
L [ — - Lok ]ng(r) ) 4jdr_1dnlw(_1)x£J (1) x

vlzw(—1)x£Jm(1)f£J(r) + 2Idr_1d01Y(~1)§kJm(1) x
(Vo=Vay-Vi W (-2)X 3 " (D Ay Ly /et T
+2IdT_1d01Y(-1)§sz(1)62/r45¢(-2)x£Jm(2){ng(rl)/r“}r
+JdT_1d01Y(_1)§sz(1)[—71_2345_73_1345-%2] x w(-z)ngm(z)

. 16 — m
x AL pgpy/r! I+ (TE)IdT_1dQ1Y(‘1)X£J (1) x

2 2 9 2 2 m '
-V 34575 _3u5= /475 45 ~3V45¥(=2)% 5 () {f 5 0y/et e
(3.1.15)
where
2 ' 2
" = (2M'/h )(En_Ea). (3.1.16)

Note that in deriving equations (3.1.11), (3.1.14) and

(3.1.15) we have assumed that %(2345) satisfies the alpha

particle wave equation. If we now assume that the functions

$(2345) while not being necessarily exact solutions of the
alpha particle ground state equation, are mnevertheless good

variational approximations, then equation (1) reads

5
(T1_2345_En+ E. Vij)¢(23A5)F(1_2345) = (T-E+ z; Vij) x
j=2 i>j=1
S 5
$(1345)F(2-2345)+ (T-E+ Z;Vij)§(21,45)F(3—2145).
i>j=1
5
i.e. (T1_2345—En+ E; Vij)¢(2345)F(1_2345)
j=2
2 .
- 2(T-B+ )V, )8(1345)F(2-1345) (3.1.17)
i>j=1

Premultiplying equation (3.1.17) by $*(2345) on the

left, summing over the spins, and integrating over all the
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relative spatial coordinates except r, we obtain the equa-

tion for ffJ(r) as:
"d® = L(L+1) ~ — m
Ldrz + k- 2 1f£J(r) - IY(_l)XﬁJ (1) x

[~

m
U_,qu:(-i)xgJ (1)f“(r)d1_1d01

j=2
. 2
£ 2V DX, M) ) U b2, M) [, ye/e Yar_ a0,
i>j=1

- 2{?(-1)§sz(1)[ K.E+#2 ] w(_z)fom(z)g%J(r,f/rv} x

dt 40, + Coulomb terms ' (3.1.18)
where k® - (2M'/n®)E_, M = (4/5)M, #® = 2M'/h®(E_+E )
Uy = (2M1/h2)Vij
and K.E —%% (% vi_2345 * %’V§_345 * % V§_45 * % VZB)
(3.1.19)

The results of solving equations (3.1.11), (3.1.14) and
(3.1.15) in terms of phase-shifts and cross-sections for
the n--Hell scattering problems will be compared with the numer-
ical results of equation (3.1.19) in terms of the phase-shifts

and total cross-sections 1n this thesis.

§3.2 METHOD OF PRESENTATION

The resulting integrals are of two types which we classi-
fy as "direct" and "indirect'". The direct integrals involve
the outside neutron (coordinate r). They may therefore be

evaluated completely. The indirect integrals contain func-
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tions of r and r' and must therefore be left in the form
of undetermined integrals. The final part of the calcu-
lation consists in solving the resulting integro-differen-

tial equations in the function f? This has to be done

3
numerically.

In the following chapters we shall use the standard
notation for the nuclear potentials and the wave functions
defined in the previous sections often without comment.

We shall also use the standard notation for coordinates
given in Appendix IT.

The evaluation of the direct terms, indirect terms,
kinetic energy terms and the Coulomb terms will be dealt
with in two parts, namely
i) The S-S terms - pre and post multiplying alpha wave
functions are both in the S-state;

ii) the S-D and D-S terms - one of the wave functions is
in the S-state and the other the D-state.

The D-D terms will be neglected due to the small percentage
of the D-admixture (about 4%).

Qwing to the large amount of analysis involved in
some parts of the calculation, it is not always practicable
to give every step explicitly. Also some of the suffices

are omitted wherever there is no risk of confusion.
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NEUTRON~ALPHA SCATTERING
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CHAPTER IV (A)

THE CENTRAL FORCE TERMS (S-S INTERACTION)

§h.1 FORMULATION

In this chapter we extend the n_He[L scattering equations
to cover the generalized potentials of Hamada and Johnston

(1962) given by:

A L
1 v
V(rij) = Z Z {E (w+bvBij + vaij + thij)} x
A=1 v=1
e?
Vk(rij,gi,gj) + . (k.1.1)

where vvx(iij’gi’gj) are defined in Chapter II.  In this
chapter we shall consider the contribution of central force

terms to the n—He4 scattering problem, namely the interaction

of the type:

4 [
Vir. .) = z Z 1(w+b B + m M + h H. ) x
ij L Voij Vi Viij
A=1 v=1
2
AoV AoV 2 62

E: U, exp - Iy rij] + > (h.1.2)
=1 ij

where B, M and H are the usual Bartlett, Majorana and Hei-
senberg exchange operators for the nuclei i and J respectively.
e is the Coulomb electronic charge.

As already shown in §3.1, by equation (3.1.14), the

equation for fZJ(r) is given by

d” £{L+1) ' - m
[ +l£ - -j;;—lnghﬂ = JYLJJXgJ (1) x

dr®
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1w

V1j¢('1)X3Jm(1)f£J(r)dT-1 af,

j=2
- 2,
+2Jw(_1)§mm(1) ) v, V2w, @) (e, /e Yar_jafy
i>jal

_2fY(—1)§sz(1)[:K.E+%2 ]¢(—2)XZJm(2){f6J(r,ffr'}dr_ldﬂl

(4.1.3)

where Vij are defined by equation (4.1.2).

Foe e Salce @ aceneg®bit is necessary to do the analysis in a eempretedry—sys-
tematic wayw tf—we—are—te—avoird—missing scctions—of—the—work.
Hence we divide the evaluation of each term into four stages

as follows:

(i) Spin Summations

(1i) Integrations over complete vectors
(i4d) Integrations over spherical harmonics
(iv) Final results.

(1) SPIN SUMMATIONS

In carrying out the spin summations, the following rules

for evaluating the spin products will be used. Consider
the spin functions Xéﬁ,ﬁb’ Xi},;b' Pair all £m, no and ij,

ij,up and every pair gives +1/4 if in the same relative
position and -1/4 if in different relative position.
For example, suppose £=i and n=#, then XZ&,EB'XEE,ﬁb gives
+1/4 (pair(£,n)). If #=j and n=p, then the product of
XZ&,EB'ka,ﬁi is ~1/4 (pair (£,n)).

Note that £ only pairs with no

m - n " " no
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Note that n only pairs with /Zm
L R T

and the same for ij, up.

Consider for example the product of X(EB,Z%).X(EB,ZE);
Here the pairs are (24), (34). Therefore the value is +%
etc.

Making use of the above rules, then, after the spin sum-
mations the integro-differential equation in (4.1.3) now

becomes

d” 2 L£(L+1)
[;’a e R LIS LIRTES

N J{(4m + 2h - w - 2b)QC(r,r,) + (m + w) Po(r,rt) *

E

n 17
* (E; - 73) Nc(r,r') * Sc(r,r') + CQS(r,r’)} *
fKJ(r')r r' dr'dQ (.1.4)
where .
8M i
Ve = - Jve=740,Dle oy 0400017 dpydp,dp,
16,2 8M | .
6w = G o Jor oy 0V lu-v Doy, 04, 0,)dpdp,
16,2 8M .
No o= ) B Jor(u.p,. 0,00, 0500, dp 40,
16, 8M | ... , 2
P, = (52) on? JCP*(E:RB’R&@(XaRB’P_&){V(l}i— /3 p4l) +
2
+ V(|v-"/3 EBI) + 17V(‘£4‘) } dpqdp,,
16 * (128
SC = (—1‘3") ‘1[5‘5— VE c'p*(l—l-’-EB"Eli)ﬁvz CP(X,'BB‘-D—-L}) —

2
17(3) 07 (w,04.0,) (778935 + /23] x

cp(z,£3’£4)] dp,dp,,
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a
8M o? 16

. 16 . 1
“4s T 13 e ey e)0rey0) Ty 2590

(h.1.5)
If we do not assume that ®(2345) satisfies the alpha
particle wave equation as in equation (3.1.18) we have the

following integro-differential equations:

[gj L L Ller) e
dr?

> ] 23 (r) = (4w + 2b — m - 2h) x

n

."Vlzlcp(-—l)izd’t_lf,e\](r) + (Lim + 2h - w - 2b) X
‘@*(—1)V12$(~2)f£J(r!)dr' - 3(w + m) x
.@*("1)[:V13 + V23 + V45] m(“z)fzJ(r')dT~1 +

r 5 -
Jor (¥, - x® - Cyglel-2)f )y (1 yaT_ ¢

" 8 = 6 g= 16 y2

J 3,45 15 1,345
where
V.. = 8M V.. x2 - 8M E_, u? . M (E,+E_) )
. ) (h.1.6)
50° Y45

We shall consider both equations (4.1.5) and (4.1.6)
in this chapter. The choice of coordinates is given in the

Appendix IT.

(idi) INTEGRATIONS OVER COMPLETE VECTORS

We shall consider direct and indirect terms separately.
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§ 4.2 DIRECT TINTEGRATIONS

From equations (4.1.5) and (4.1.6) we see that the

contribution from the central force is the same and is given

by:
12 .
8M
CDS-—S(I‘) = '5_ha ([*W + 2b - m - Eh)[V(lzw %REI)“Q*(RE’EB’RLL)‘E
X dﬂgdBBdﬁq (4.2.1)

Consider the following integral

JV( IK- % Rg‘ ) ICP(RE’RB 5.&[*) 12 dﬂgd.EBd.&k

2
where V(|v- % 32|) =Ulr,,) = E: CUZ exp[:-cunrizj
k:l (4.2.2)
and
2 8%
N
S
|¢(£2,R3,34)|2 = e exp[:—a(Bpg + 33 + Epi)] (4.2.3)
NS is a normalisation factor and is given by
3
NG = (2032 (4.2.4)

ES

We now consider

Jlep(p_g,p_ygq)lz vilv- 274 o, ) dp,dp,dp,

N2 2 q 8p2
S c..{(Vv) 2 3 2
= — 2: E: U, J exp [-on(Bp2 S 2py) -
+c =1 v=1
(v)
“u, (r_3/4p2)2] dp,dp,dp,
2 4 2
N? 8ap
S c.. (V) 2 3 2 2
= o8 Z: E: u, jexp[:-k(RE_YE) -3 - 2ap) - p,r" ]

x d32d33d34 (4.2.5)
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2 4
~ 1 E: z: 160, 372 oy 2
= p(-p r°) (4.2.6)
1+¢2 16a¢ °u (v) "
n=1 v=1
where
Vo= 3o (aea s 3%V )
L}:C[.J.(\)) ;
= (Lk.2.7)
Y 160 + 3°u(v) ;
and )
p = )
16a+3°u (v)

Thus equation (4.2.1) becomes

2 L cu(v)
cp(12) M " 16a 3/2
p{12) -, z Z(qw+2b_m_zh) — (16a oy (v))
n=1 v=1 +e
x exp L-p r?] (4.2.8)
H
4.3 INDIRECT INTEGRATIONS

We shall now consider the contribution from the central
force terms to the indirect terms. We shall first of all
consider the 1indirect integrals which arise from equation
(4.1.5) and then consider afterwards those from equation

(L.1.6).

Consider the integral

Jﬁ V(ls'-sDe*(s'u,p0)®(s,u,p)du dp

where 2
v(lgr-sh = v, %21 \;1 ui¥ exp [-%ulY) r2, 7
Nz + 3Q 2 2 8au®
®*(s',u,plools,u,p) = . exp[ -=5 (s'7+s%) - 3 ~2ap? 7
c

(4&.3.1)
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Therefore

JV(|§',§|)np*(s',u ple(s,u,p) du dp

N2 .
= 2 2 Z z ‘U (\)) exp [-36/2(5'2+52) - 8§u - 2ap® -
+e™ 1 va1
- CU(v) (s'-s)%7] du dp
H _— = —
2 4
jay3/2 _1 ey (V) 300, 12 2
= &G T Yo ) vl exp Do 2% (512467 -
=1 v=1
- C“iv) (s'-5)%]
1 2 Lj:

i (%—q-)? 11 2 z Z vV exp ,:_ §_5_ (172 + 6° ( ))(r +rt?)

+c

=1 v=1
- %% (ho - 3C“iv))£n£'] (4.3.2)
Thus
a cy (v)
c.(12) 16 8M % 3, 3/2
Is = 3 — 2: E: (4m+2h-w-2b) (== x
Ph™ 1 vet

exp [_ %g (17@+6C“iv))(r2+r|2) _ %_ (ho-3 “(V)) %

r.x'j] (4.3.3)

We now consider the contributions from the interactions

and V

V(13) (23)
Consider the following integral due to the interaction
Vi13)
e(13) NS 16,° 8M 30 ,.,2. .2y 8au?
i =——(—1—5-) (w+m) Jexp [- 5 s'+s)———j———
- 1+c” 25h°
2 2
- 2ap®7V(]s'- “/3 ul) au ap (4.3.4)

where
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2 4
v(ls'-2/3 ul) = ) Z ,ﬁ exp [ - (\’)(s' /3 w)? ]
S Uu=1 v=1
(£.3.5)
Thus equation (4.3.4) becomes
2 b
c.(13) 16,° 8M 3a,3/2 6a 3/2
1.0 = (Tg) pon? (W+m)(ﬁ_) E: Z:(EE:E-TCT) x
n=1 v=1 u%
60y (v) <12_ Sy (v)
s 4 (v)
- Yy B Gem) (22377 Z Z /2 x
25h n=1 v=1
exp L- %E {(3ha+27 u(v))r'
(ke + 7%V )r2) - ¢ rar'd (4.3.6)
c (v)
_ 60 - 128a 20+,
where My ~ g;:E;TUT and CK -~ T35 (6OL N Cu(v) (4.3.7)

n

We deduce from equation (4.3.6) above the interaction

V(23) which is given by
. <y (V)
c.(23) 16 8M 3a 3/2 3/2
Is—s = (15) 25h2 ( E: E: x
n=1 v=1
4 c (v),. =
exp [- =5 nn{(34a+27 My, Jr
¢ Ghas7®uMe2) - ¢ rrt] (4.3.8)
Consider the interaction potential V(45)’ i.e.
c (45) 16,° 8M PP
1120 = 1) o ) Jor(stm,)v(lp]) x
v(s,u,p) du dp (4.3.9)

Now consider the following integral:
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,[‘P*(i'vaE)V(lﬁl)‘p(_s.’E.sE.) du dp

2 L
NZ .
= S Z E: CU(v)Jexp[:_%g(s'2+sz) - 8au -(20+ u(v))pa]dgdg
1+c? " 3
=1 v=1
cy (v)
_ (3<1 3/2 z Z 2a )3/2 [ _136a (r24p12)
n=1 v=1 1*C 2q cu(v)
"
128a ']
o5 L.X (4.3.10)
Hence equation (4.3.9) becomes
I cU(v)
cp(45) _ 17(_) _8M (Ba 3/2 z Z(W“‘m) " (—28 )3/2
S-S 25h7 1+c? 2a+cu(v)
n=1 v=1 "
1360, 2 2 128a .
x exp [ - 5 (r74r! ) - =5 r.r' ] (4.3.11)
2 4 cU(v)
= l?(——) S _8M_ (22)3/2 E: 2:(w+m) x
157 o5p2 T 1+c?
=1 v=1
( ia y37/2 exp [ - l%%ﬁ (r®+r'®)-gr.r'] (4.3.12)
20+ U
"
where
- 128a
e = >3 (4.3.13)
(iidi) INTEGRATIONS OVER SPHERICAL HARMONICS
§ 4.4 We use the formula given in Appendix III for perform-
ing the integrations over spherical harmonics. Thus
[y (8,4)e™®ZZ'a0 = 2T ys  (8',)9, 4 (brr')
£m @ - orr' "&'m' '@ L+%
(L.4.1)

and define a diagonal matrix
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JJ S+3(x)
I5_8+3/72(x)
\\
J N
[9e4d(x)d = N (4.4.2)
\\
JJ+S+2(X)
. mad
for all J if 5 = 4.
We now define
-~}
1 M ' 1
exp[-Crxl = &m ) Z a (C.,) T (8,07 (87,9')
L=0 M=-
(4.4.3)
where
B iz.
Qo (Crr') = Je(iCrr')
j£ is the spherical Bessel function of order £. Using

the orthormality of the Clebsch-Gordon coefficients, we have

| R, 00 2 MO )%, (2)%(-2)00" = -3 8,
(b.4.h)
Also
rr'qz(lrr‘) = % J£+% (Arr') ;
)
gnf'qz(krr‘)rr’ = - %{:% J£+%(krr‘) - rr'J£+3/2(Krr‘ﬂ )
(4.4.5)
Define K% = == (4o - 3 H(v))
Then equation (4.3.3) becomes
5 2 4 cU(V)
cr(12) 16 8M . n 3a4,3/2
.22 = (73) — E: z:(4m+2h—w—2b) — () x
5h w=1 v=1 1+c

exp [- &2 (170 + 6% ) e rt ] (4.4.6)

On performing the angular integration of equation

(4.4.6) we have
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2 L
12
c 16,3 8M 3, 3/2 . .
IS—S = —Z(E B—h; (TE_) z z (4m+2h-w-2b) x
H=1 v=1
(v)
|X( 1)X£J (1)exp [~ — (170+6 u(V))(r +r' )N BERE Jx
1+c

M - ' m \ ;
z Y1) Tpa)x,;™(2)x(-2)rr' a0an

cy (v)

3
_ (16 (TBE_OL)B/?- M Z z (4m+2h-w-2b)
n=1 v=1

__——E—TGT ) exp [- %— (17a+6 u( ))(r +r‘2)JJ£ 1(X rr')

ho-3 Mo
(k.4.7)

On performing the angular integration of equation

(4.3.6) we have

5 oy (V)
c 13 16,2 3a,/32 M_ % 3n
. @8y Z }:(mm) — —
=1 v=1 +e 2(20+"p, ")
3 4 (V) 2
2
x ny Lexp - 55 U [{(34a+7 )r
+ Ghor27%uMre s, 1 (G ) (4.4.8)
Similarly CI(23) can be obtained from equation (4.4.8)
by the interchange re r'.
From equation (4.3.12) we have
5 oy (V) y
c 45 16 Ba 3/2 M % 20 3/2
Tiels) = (73) (= Z 2:(w+m) > ( C (v))
He1 ve1 1+c 20+ U%

x exp [- l%gg (r®+r'?)] JZ+%(8rr‘) (4.4.9)
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(iv) THE CENTRAIL FORCE TERMS (FINAL RESULTS)

§ 4.5 From equation (4.1.5) we have the following contri-

butions from the central force terms.

U, = 1 E: E: M e ;V)( ac (V))B/2 expl-p, r® ]
1+¢? wol vei 160+ 3 |
s 2 4
6 30, 3/2 1 M c. (V) 157
Q = (1—) (==) — U —_—
c 15 ™ 1+02 gﬁ vEL hz A b3 H(V)

exp [~ 73 (170+6 }.J.(V))(r +r'®) ]Jf 1()\ rr')

16,2 30,3/2 1
o (TE) (==)

o
1l

II L\/J[\'}

4
Z cy (v) 37 4
V=1

n: x
1+c? 2(2a+cu;V)) "

1

exp (- 2= N ){(340t+27°u::)r2 b Ghar7u)r Y -
L

exp (- =5 %){(34a+7cu:)r2+(34a+27cuz)r'2}jé

£+%(Cnrr')

2 w Lo c V

b
E: M_cyvV AT (_ 2a  y3/2
1 v=1 B 20+ 1

H

+r'2X]Jf+l(srr') (k.5.1)

The results of the indirect terms which arise from
equation (4.1.6) are similar to those of equation (4.1.5)
and the results can be obtained directly from equation
(k.5.1).

The calculations of the indirect termé due to the
energy terms, that is, the N-kernel and the S-kernels (the

kinetic energy kernels) will be discussed in Chapter VII.
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CHAPTER IV (B)

THE COULOMB FORCE TERMS (S-S INTERACTION)

There is a contribution to the direct. and the exchange

integrals.

§ 4.6 DIRECT INTEGRATION
The direct integral is given by

c.coul. 8M 2 2 1

ss(r) = o2 Jlotoy 050017 g asydegaey £4yr)

(4.6.1)
where
N2 8p32
‘cp(_Qz&_Q_B')_Q_LL)‘B = exp E—G«(sza + 3 + 2042)]

14+c¢C

The above integral is easily evaluated and the result
is
cncoul. _ _8__1\_'1_ (_Z_Q)-%' 262 1 £ (4 6 2)
s-s(r) 5% T 1402 £J(r)
dropping the fZJ(r) , we have
. 20,2
Dy - A e A (6.5
‘ 5h® 1+c?
§h.7 INDIRECT INTEGRATION
The indirect integral is given by
c.coul. _ 8M J N 2 TR
Is_s(r) = e r v*(2345) x m(1345)f(r,) at_, (4k.7.1)

This is due to two exchange integrals

[o*@355) ﬁ. ©(1345) F(2)dr_

1 and j@*(2345) %,m(I§E§3F(3)dT_

These two last integrals are the same as shown in

Chapter 1.

1"
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Thus
2
cycoul. _ (ié)s gMe® Vs J 1oy [ 29( 12,42)
s-s(r) T 15 5n®  14c? Y R eXp L= 3TiS +S -
8CX.112 2 ' '
= - 2ap” ] ffJ(r') rr'dr' du dp (4.7.2)
3 2 2
o 4y BMe (88372 oyp [ 2%(s1%4s?) D x
1+c 5h T

1 -2qp”
= e dorr'dr
I P £

1 16Me® 16.° 3a,3/2 ,2a,% 3G .12, .2
o T 67002 ) e o J2ent) D
rr'dr ng( n)
1 16Me® 16.% 3a,3/2  2a,% 1360 (. 2, ,=2
Seweliernll s UL M Jexp [ - 358 GPer?)
128a rir'] f rr'dr' (4.7.3)
- 75 ="= £3(xr") T

On performing the angular integration the above inte-

gral leads to

c.coul. 1 16,2 3a.,3/2,2a.%+ =2 M
I = - (==) (==) (=)% e — x
s-s(r) 1103 15 I8 T 512
15T 136a, 2. _,2 ' ' ’
e Iex L - ~5% (r°+r'°)] J£+%(8rr ) ffJ(r‘) dr (4.7.4)
where e = 1??“ (4.7.5)
Equation (4.7.4) can also be written as
c.coul. 1 30,5 32 2 JAM' 20,3 =
Is—s(r) = T 143 (n ) 15 & e (n )= e J*
exp [ - 17 g(rZ+r'2)7]d (err') (4.7.6)
p 16 /€+% o7
where
, _ 15 M
M = 53 . (4.7.7)

h
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CHAPTER V

THE SPIN-ORBIT FORCE TERMS (5-S INTERACTION)

§5.1 FORMULATION

The alpha particle (hereinafter referred to as He4) is
of spin zero and thus coupled equations do not arise in the
analysis of the collision. The vector sum of the spins
of the incident and target nuclei is % for n—HeLL scatter-
ing. Since Hell is spin saturated, the incident mneutron
can assume two possible directions of spin +% and -4 and
therefore this is a case of "doublet splitting'".

For a given total angular momentum J, there are two
relative angular momenta, namely J+%i and J-%. Thus any Shraye
J will be split into £ = J+%.and £ = J-% (J=L + S). 1In
particular the state of scattering for £ = 1 will split
into J = 3/2 and J = %. The parities of the systems cor-
responding to these two momenta are -esuaite different and
they do not mix. This means that the orbital angular
momentum is also a good quantum number. It should be
pointed out that this is no longer true if the polariza-
tion of the Hell is taken into account during the scatter-
ing processes.

The full wave function of the problem as given pre-

viously 1is

& J+%
(B35 = ) ) ©, (-1 £ (1) x
19233 JZ% f:J—%
M+%
Z CyovmYem ) Xpp (152315) (5.1.1)
1
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For a doublet state characterized by J,M(JZ = M) there

are two possible £ values £ = J+%i, £=J-%4 and two possible
values of the quantum number m=M+%, M-%. Y, o is a tesseral
¥
harmonic. The coefficients C are found from the con-
J£Mm

dition that J° is an eigen value (J(J+1))of the wave func-

tion chosen and further

1
M+

2
E: CJng = 1 (5.1.2)
m:M—-%

Several fesearchers including Hughes and Le Couxrtefr
(1950), Inglis (1953), Elliot (1953), Hochberg (1953), Sack
et al. (1954), Hochberg et al. (1954,1955), Van de Spuy
(1956), Y. Takamura and R. Tamaji (1961) and H. Kanada et
al. (1963) have considered the scattering of N—He4 (nucleon-
alpha particle) in terms of the vector spin-orbit force

either of the type:

Vir,.) = — (§_i+_s_j).{(gi—gj)/\(gi—p_j)]VLs(r. ) (5.1.3)

1J 7= 1J
or V(rij) = (1 + BL.0) VLs(rij) (5.1.4)
or V(rij) = (1 - BI.go % %f) VLs(rij) (5.1.5)

The 55 is the vector spin of the ith particle and is

defined in terms of the Pauli spin vector J as:

S . (5.1.6)

—1

ng | &)

g.
=i
B refers to the ith particle momentum. The analytic
forms of these potential wellsuware taken to be of square,.
Tt
Gauss—and exponential-wedds. For example, Hochberg (1953)
used equation (5.1.4) with a square well potential and

found that the S and P phase-shifts obtained agree quite
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well with those determined experimentally. He chose

Vir) Vo for r < a )
) (5.1.7)

0 for r > a )

I

The wvalues of his parameters are Vo = -70.9 MeV, its radius
a = 2.5f and B = 0.150. Bargel (1952) made similar calcu-
lation and found that the best agreement with experiment
when Vo = -33.0 MeV, a = 2.55f and B = 0.103. Sack et al.
calculated the S and P phase shifts for p—HeLl scattering
using N-N interaction of the form given by equation (5.1.5)
having a spin-orbit term of the Thomas type. Calculations
were made for square, Gauss and exponential wells. They
found that the exponential well gave a P-phase splitting
increasing too rapidly with energy, the square well a P-
phase splitting increasing too'slowly with energy and the
Gaussian well a satisfactory overall fit.

In this chapter we shall extend our generalized poten-
tial outlined in Chapter IV to include potentials of the
type given by equation (5.1.3) applied to equations (3.1.1%4)
and (3.1.18) respectively. The radial dependence of the

potentials V S(r) are assumed to be of double Gaussian

L
shape fuanet+eon obtained by a least squares fit from the

Hamada and Johnston's potential. This enables one to carry
the calculation analytically further than with other shapes,

while at the same time giving a close approximation to the

actual shape of potential and the wave functions.
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§5.2 (1) THE SPIN SUMMATIONS

We shall use the spin functions X(E},EB) and_x(fg,gg)
defined in Chapter II. For simplicity we shall work with
the Pauli spin operator gi = % S0 rather than 5, them-
selves. Now for each of the five gi, there are ten pos-
sible spin products, five for the direct terms and five
for the indirect terms.

The following relationships together with those listed

in Chapter IV are used to simplify the spin products which

arise from the problems:

(1) giX(Ia) = —QJX(ES) for any pair i,]j.

(ii) We may interchange the particle suffices in a spin
product in any way without altering its value, for the

complete expression is independent of suffices.

(iii) Using (i) and (ii) we have

x*(I}).gix(IB) = 0 for all i,j.
(iv) g; = gi,g; is the complex conjugate transpose of
S,

From equation (3.1.14) using equation (5.1.3) and tale
_ Tewmemlerug

iwg—dnte—acesemmmt that the spin-orbit force contributes only
in the triplet states of n—HeL1 scattering, we obtain the
following integro-differential equations for direct and

indirect terms respectively.

Ls 8M * -
() b ., - e Jaraa Co-1x (1Y@ ] E(W—%m)vx

Vv
VLS(12) ¢(—1)X(1)Y(Q)ffJ(r) (5.2.1)

The potential in this case is
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o v
£ %Y exp LM%Y r20 = % (w-dm), vy _(12) (5.2.2)
v A V
and
Ls_ 12 16.,°% 8M .
(b) I, s(r) = (—1-5) -5;2 2Jdr dQ [o(-1)x (1Y) I* x

T (w-2m) Vv, (12)e(-2)x(2)Y(Q')f rr' dudpdQ’

£I(r')
(5.2.3)

and the potential is defined in a similar way as in equation

(5.2.2)
§5.3 (ii) INTEGRATIONS OVER COMPLETE VECTORS

We consider first the direct integration. Consider
equation (5.2.1). Writing the spin-orbit operator in full,

we have

4
Ls__V
Ls_ 12 8M .2 z 1 U

Nlr—\

'_lc

=

it M N
=

<

1+c¢C

2

x XX, [lg+0,) . Le-2/8v)a 3 5= —Q— -1 x

3av

exp[ - 1 % Xpg T(1)x(-1) drdvadl . (5.3.1)
Using the relation that Ex*(—l)g2x(—1) = 0, we have

Ls._ 12 8M
D - 2=
s-s(r)

1 = LsyV 8au
—_ Z E: 4 (w-4m) ___g jex [-(

)
— = m 5 9 15 0 d 3 9.
XDy (10,0 § 2a57 - 3¢ Wop ~ 209 * & W) X

3av? .
- 2 m Q
e Xpg (1)x(-1)dvdra* . (5.3.2)
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Consider exp [- 3av® - Lsuz (£f3/4 x)zj

16q. Lsuv r?
d 27
= exp [- T T A (X‘YE)
16a + 3 M
- 3 Ls v
where A = BT (160 + 3 H%) ;
Ls V ) (5.3.3)
L M )
= )
160 + BLSuv
Consider the following integral
J cee. v oexp (-A(yv-yr)®)dv
This integral is proportional to r.
Thus
J : J J
e TAas— ee . e AV teasens « rAY . =0
=ov A INE
Similarly
J. XA%; « J . VAV ceeesaans = 0

Hence, the only integral which survives in equation (5.3.2)

is
2 L4
Ls. .V 2
Ls. 12 4M 2 1 U 8cu
Dsls(r) = ~ —;z Ns z z 4lw-gm),, % Jexp[— 3
Z n=1 v=3 1+c?

160 Lsu: r?

+ 20p2) IX*(=1)X, (1) dudp |exp[- i}
£ J 160 + BLSu:

5 0 15 0 m
(E A3y - IE'XAEE) Xey (1)x(~1)drdvdQ

My-yr)® Jig,.

(5.3.4)
2

' 4
-8M 160 3/2 3 1
2 n=1 v=3 o

+ 3 Mo
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Ls Ls VvV 2

U: 160 M, T . —m 5 3
—2 oxp E — BLS“:] [er 0%, F i gl =
Xpy (1)%X(-1) aQ (5.3.5)
Define L = % (5,\%£ )
Since J = L + S, therefore 2L.S = k.o
= J(J+1)-L(L+1)-5(8+1) etc. (5.3.6)
In our case S = 4. Thus we may write
i Q'EJ\%; =L.o
(o for J=%, and £ = O
Hence || o £ || = E £ for J=£+% (5.3.7)
E

-(£+1) for J=4-%

Thus equation (5.3.5) now becomes

4 Ls_.V

2
U 5/2
Ls_ 12 8M 1 n 5
DS-—S(I‘) = -_;1’_1.2 2 z (W—zm)\) 1 Cg _2_.- lI glg || PLS(K)
n=1 v=3 *
x exp [-Pp () My r?] . (5.3.8)
where
16
P = . (5.3.9)
Ls(n) 16q + BLSH:
§ 5.4 INDIRECT INTEGRATION

We shall now consider the indirect integration which
arises from equation (5.2.3). Writing the spin-orbit

operator in full we have the following integral:

2 4

Ls_ 12 s 8M 1 ,16,°
IS—s(r) = 1+0?  on? 2_1('3) Z z 2(w—2m)vx

n=1 v=1
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Lsyy 3 2 16 L ,
SU% j X*(—l)XZJm(l) exp [_ 3as _ 16 suv (r-r')? -

2 25 A
4‘;‘12 - ap? | (g;+9,) - {(z=r")a (-g—_— - %:,n exp | - Jas”
l“;ua - apz] X,€Jm(2)x(_2)f,€J(r') rr' dr' dudpdQ (5.%.1)
where s - oraedorp, s - 2radr (5.4.2)

Consider

3as'® 16 Ls Vv 2] 9 _ 3
[exp [- 2820 0 28 B5Y (rr)?] (guegy) . o a G - S0 x
Ja
exp [~ 5 sz] ng(r,) rr' dr' dudp
We can separate the above integral into two parts. We
first of all consider the following integral (lst part).
Iex {- e g2 16 Ls v(r—r')z}(d +0,).(r=r") S %
P 2 25 My 2t 94+9p7 - A L-L A B
3as”
e |
e fZJ(r’) rr' drdudp
= %'g_a IexP{‘ 32(s%+s1?) - % Py (2et)?) (ggrgy)
(r'arx) £ o3 (er) rr' dr'dudp (5.4.3)

We now consider the second part of the integral, namely

16 L 0
—I exp {- 2% s'? - 75 S, (x-r')?} (9,+9,) - (z-r'dagz, x
3as®
- 2 1 '
e fZJ(r') rr' dr'dudp.

Applying Green's Theorem, the above integral becomes
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(rAE')ng( H) rr' dr' dudp .
Thus
Ls_12 16.% 30.,3/2 1280, 8M
SO & SIELY }: E:(w-zm)
n=1 v=3
Lst

[xe0%,,m0 exp [- & (17006M50)) (r2er ) -

;— (40.—3Lspv) 55] i(g1+g_2).(g£')xwm(z)x(-z) x
(5.4.4)

fZJ(r') rr'dr'dQ.

§ 5.5 (iii) INTEGRATION OVER SPHERICAL HARMONICS

In performing the integration over spherical harmonics

of equation (5.4.4), we shall consider first the following

integration by parts, viz.
[I®(£,£') Eﬁ%;, f(r')dgf]x, = fjf@(xx') wlyy')o(zz') x
[y g—z, -z -g—};,] f(x') dx'dy'dz

_ Ijjf(r')dx'dy'dz'(y %E' -z %;,)w(xx')@(yy')m(zz')

[‘f”(r')df ﬂg—£| C@(_,r')] ' (5.5.1)

X

Since ®(xx') = 0 as x' = Y o etc.

For example, consider the following integral

3 ~&(r®?+r'?)- gr.x’
If (r')dr’ af} TaFE ©
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—6(r2+r'2)—5£,£f
- Jf(r') dr'dQ26£f£' e

Thus
“O(r®+r'®)gr.r’ “b(r®+r%®)-egr.r!
-28r'a1r e - = 26 1 r' o e o -
— — - € A a_|
(5.5.2)
Hence
_6(r2+r'2)—5£,£' "
Jf(r')dﬁ'dﬂ rar' e = -z Jf(r')dE'dQ x

-8(r®+r'®)-er.r"

rads, e (5.5.3)

Thus in general we have the following transformation:

I\Ufz‘_',« £deT = - El I\Ufﬁ',\ %}-, de'L'

Jcp r'ar ¥fdt
1 , 0
= = ‘[Cpﬁﬁaﬁ, yfaz (5.5.4)

Note that the last equation is obtained by integration by
parts.

23 Ls v
XLs(n) = 5% (ko - 3 My ) (5.5.5)

Define

Then we have from equation (5.4.4) using the above formu-

lae in carrying out the integration over spherical harmon-

ics:
Ls_12 16.° 3a,3/2 128a 8M
2 - @y Z Zz(w 2m)
n=1 v=3
Ls_ v
i JX(—l)X (1) exp [ == (17a+6 uv)(r2+r'2)
1+c? >\Ls(;f.) £J 75 "
1 m ] !
bkLs(%) r.r ] (EB'E)XZJ (2)X(_2)f£J(r’) rr'dr'dQ.
. 2 4 Lst
16 3a.,3/2 M "
= -(=%) (=) (w-2m)_ — X
50T z z V n? 1ic?

n=1 v=3
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20q, 15T 8 Ls v
( ) ||E £ ] lexp | - 5= (1704677u7) x
bo— 3LS v @a_3Lsu: J [ 75 n
2.2 ' ,
(r®+r )] J£+% (KLs(n)rr ) £oy(pr) ' (5.5.6)

(iv) FINAL SPIN-ORBIT S-3 TERMS

§5.6 From equation (3.1.14) we have the total contribu-

tions from the spin-orbit S-S terms as:

YA . )
wLs ffJ(r) + J kLs (ryr') fZJ(r’) dr
where
Ls v
5/2
wLs(r) = E: E: (quZM) 2 IIE £ “ PLS(K) X
=1 v=3
Ls v
exp [_PLs(n) un r? ]
16,2 3a,3/2
Mpn - -0R GBIV H z Zw om)
s =1 v=3
LsUV
#? 200 15T
( g £ |1 x
142 g 3Ls Y, ha -3LSHV
8 Ls v 2 1 2 '
exp [_ =z (17a+6 M, ) (rZ+r )] &g+%(KLs(K)rr )
(5.6.1)
where
P _ 160
Ls(n) 16&+3Lsu:
_ 32 Ls,V
fs T 75 (e - 3T
( 0 for J=% and £=0
(
o 2 1l = (2 for J=p+} (5.6.2)
(
(

-(£+1) for J=4-3%
The contribution of the spin-orbit terms from equation

(3.1.18) is found to be the same as that from equation (3.1.14).
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CHAPTER VI

THE QUADRATIC SPIN-ORBIT FORCE TERMS (S-S INTERACTION)

§6.1 L FORMULATION

In this chapter we consider fully the contribution of
the quadratic spin-orbit force to n-Hell scattering. So
far only one publication has taken into account the effect
of the quadratic spin-orbit force on light nuclei at low
energies. Hochberg et al. (1968) considered a three body
problem consisting of central, non-central exchange, linear
spin-orbit, tensor and quadratic spin—ogbit forces in terms
of phase-shifts using the recent Hamada and Johnston
potential whose parameters are determined by the Least
Squares fit. At low incident neutron energies, the S- and
D-phases obtained by them have opposite sién to the corres-
ponding phases obtained by other workers including Chris-
tian aﬁd Gammel (1953), de Borde and Massey (1955), Buck-
ingham et al. (1952), Burke and Robertson (1957) and Elwyn
et al. (1962). Their P-phases have the same sign and at
energies up to about 3 MeV they differ only slightly.

Their values of the P-phases for J=% and J:3/2 for the
doublet case are nearly the same. The large discrepancies
in the phases are attributed to the completely different
nature of the nuclear interaction used.

In this chapter we extend the work of Hochberg et al.
(1968) to a five body problem. Because of the consider-
able amount of analysis involved in the case of the quad-
ratic spin-orbit force, we shall limit our considerations

only to the S5-5 interactions. The improved version of the
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nucleon-interaction given by Hamada and Johnston (1962) whose
form of the quadratic spin-orbit term we now use.

We shall now consider the direct QsDs s(r) and the in-

Qs

direct I interactions due to the quadratic spin-

s-s(r)

orbit force which arise from equations (3.1.14) and (3.1.18)

respectively which are of the form:

ey - %zrfdidﬂﬁcm)x(imﬂ)] * Vs (12) @(1)x(1) x
1
Y(Q) < () (6.1.1)
and
3
Y oy - (1—? gf—lzrfdz’dgdg'dﬂ Co()x(DYE®T* x
by 1
VLQS(lz)m(Z)x(z)Y(O ) =, £ o3 (r) (6.1.2)
where
@s(12) = (9.9l - Qy ;
(6.1.3)
and Q, = #[0(0,.L,,)(9,.L,,)+(g,.L,,)(g,-L,,)
and L., = (r.-r A= _ 2 (6.1.4)
=12 —1"=2°"'9r, " or, <

Due to the complexity of the operators, we shall try

to simplify the integrals by considering the spin first.

§6.2 (i) THE SPIN SIMPLIFICATION

We define the following spin functions X(Lég,@%)and

§(L§3,E5)as follows:

— z
x(1,23,45) = %al(a253—52a3)(a455-54a5) = x:% g o)
— —~ — ? ) 3 .

where the Q's and 8's are the usual spin functions of the in-

dividual nucleons obeying the law «.B. = &,. and &.. is the
i™j ij ij
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usual Kronecker Delta.

We use the following relations:

1
o

for any pair

i,J = 1v23374a5§

(a) ©x*(1,23,45) (g;.0,)x(1,23,45)

X* " n i " - 0 n "
(6.2.2)
7>'(' " 1" X " - 0 " "
N * " n 'i " - 0 " "
and
(b) Ex*(1,§"3,7fs)(g_i.gj)x(z,;l,%) = - 3/2[6]for

i,j = 1,251,352, 3;
= 0[®&] otherwise

O0[06] for any pair
i,j = 1,2,3,4,5;

zx*(l,“z's,ffs)(_q.l._o_j)i(z,é"a,’&“s)

Z_')-(_*‘ " " X(2,31,2r5) 0[6] " !

T * " " X " - 3/2[6] for
i,jg = 1,251,352, 3;

0[®] otherwise

(6.2.3)
Thus <x*(1,23,45) |(g,.0,)L%[x(1,23,55)> )
)
- <X*(1,23,55) |(g,.0,)] X(1,23, 85> 17 ) (6.2.4)
)
= 0 )
We now write le in the form
Q, = /35,01 + /3 (g,.0,)L (6.2.5)
and so <x* |l x> = /3<% l(g,.o) | X, > = o
(6.2.6)

Sij(LJL) is the usual tensor operator which is defined by

) 2
Sij(!:;&) = 3(g;.L)(g;.L) - (gi.gj) L (6.2.7)

and [6] is a 2x2 unit matrix.
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.(ii) INTEGRATION OVER COMPLETE VECTORS

We consider first the direct integrations which arise
from equations (3.1.14) and (3.1.18) respectively. In fact;
we are going to consider the direct integrations from equa-
tion (3.1.14) and the results for equation (3.1.18) can be

deduced from the results we obtain from equation (3.1.14),

§6.3 DIRECT INTEGRATIONS

The only direct term which gives a non-vanishing con-

tribution after spin summation is given by

Qs 12
Ds—s(r)

&M rfdrdﬂ[m(_1)x(1)Y(QX]* z 2(m—2b)v x
5h® v

Vv (12)as(12) @ (-1)x(2)Y (%) }1—f (6.3.1)

£J(r)

Writing the quadratic spin-orbit operator in full, we have

LLUV
Qs 12 8M 2 K
D g(r) = ot r Ng 2: E: 4 (m-2b) v I Y3 (1) X
=1 v=1
2 L2
exp -%(BVZ + 8; + 2p%) - LLu: (r- /4 X)ZJ (g,-9,) _%E X

Q 8u? 1
E: YJZM(Z) eXP [_ 3 (V7 o+ = ZQE)J T f,€Jm(r) dquQEqQ

2 3
(6.3.2)
where
0
L, = (- 2/ 9ACH G- 5 (6.3.3)
Using the following relations
g, x(13) = - g3x(13) ;
5 = )
g,x(23) = - g3x(23) ) (6.3.4)
)
)

(g.9) = 3
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we have
2 4 LL v

Qs 12 8M 2

Ds-s(r) = = rNs E: E: 4(m—2b) JYKJM(l) X

5h
n=1 v=1
8u? 2 LL v 3 2 2

exp [ (3v® + =3+ 2 ) - ou, (- /B W) ] L7, X

a 2 8u® 2 1
z YJ,€M(2) exp [— 5 (3v® + 3 + 2p )] = ffJM(r) d_gd_gd_p_dQ
J, £

(6.3.5)
Consider the following expressions
J‘Y* (1) ex (_30L 2y Lhy  (42) L2 z Y , (2) x
JL p LL 12 J£&m
J, £
2% 2 Q
exp (- 5V ) o im(z) dvd (6.3.6)
(1)2L2, exp(- 2% v7)

_ (i)£12' [5/4(573/4 X)A%; - (r- 3/4 X)A%;-]exp(— %& v2
-8 3 X),\%_r: - 2 /h _@Ag—ﬁ- exp (-BvF) .. A
+ 5B (r- 3/4 v) o (rav) exp(-Bv?) B
5 r v /\a£ Axav P .o

- % (r - B/Lk X)A%E -(57'3/4 X)A%E exp(—sz) . C

- 2B (r- 3/4 X)A%; .(rav) exp(-Bv®) .. D
(6.3.7)

We shall now consider the above expressions term by term.

25 0 0 3 0 0 3 0 0
A = T%.[(E-EE)'(E E 3—) (ngi)- E(Xpsz).(zpsz) +
2c (va a_) (vA—)] exp (-Bv?)
25 . 3 0 0 3 0 0
- 22 (A )® - s (en g - ()= 2/ ngg) - (argy)

)
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+ 2716 (ga-g—_-li).(_vf%_;_)] exp (-Bv?) (6.3.8)

From equations (6.3.6) and (6.3.8) after dv integration, we

have
Ao~ (B3 Bt - 3/t - /s Yﬁﬂ-gz CE g£

v 9716 2 _Ag—f_ r gz + 77161 (%_;_)2] (6.3.9)
Using (gg—z).(g—g-z - (_A-g:u;@%g) + ;_-gz . 35.%:
it follows that

(za gE).(gcn 3;_) = (x gﬁ).@ o) 2_1:.%:

= (1)7 L; + 2_1;.—22 (6.3.10)

Thus
A - (R)B/2 (i)* %%-(1 - 3/4y)2 Lg - %2 Y 5.%;

P2 v rdn e (1 ()7 (6.3.11)
B = %E L(r- 3/4V)A%: .EAKJeXp(—sz)

- Pl rv - eyl lEoy 55 -

vag.g—__ - 2v2}_J exp (-Bv?) (6.3.12)
After dv integration
B -~ —gi [_2y(1- 13;3ﬁ)r2 + '?II + 13FX _1;.—2?_ J(-}\E—)B/z (6.3.13)

¢ = -7 | @ 2ran gy_ . (z- 3/4y_)Ag—£ | exp(-8v®)
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i

- 2 [(_1;-3/43),-2-2 .(_1;_-3/43_»2—! _25(3_3/@»%5 .

aQETX)J exp (-pv?) (6.3.14)

~28] (2-2/8vn &= L (zax) | exp(-Bv?)

o
il

- [(E_B/QX)Aa .(zﬁzfz)_(zﬁ)z(gfz).(EpX)J exp (-Bpv?)

0
Y

(6.3.15)

Thus from C and D, we have
eop = [B&r vl gt S (FPr L+ uee®) ]

(6.3.16)
after dv integration.
Collecting all terms, the integral becomes
LL_V

4 U
E: 2 (m-2b), % (%)3/2 x

2
1+c

2
Qs 12 8M 2
Ds-s(r) =T N Z

LL v 2

eXP[— 122 +H§Liuv] Iexp[—za(% u2+pzﬂY*J£M(1) [(i)2 x
n

(1- % Y)aer + %%%g - 6a(1- % y)(1+ % y)ir® «+ % a®r?® 4+

=]
U1

(22 - (1 2 (- 2 el s FE2 2] x

5

Yiem(2) £
L

Q
£IM(r) duded

<1

2 L LL .V

U 3/2
8M A
" e L L 2m-zv), T Fiewo P L-F

LL(n) ™
u=1 v=1
LY w2 ] vy (1) [(0)2 22 (12378 )2 12+ 122¢



- 6a(1+ % v) (1- % yIr® + % afr?

(1- % Y) e, g

where

o
I

Now L2rYf =

§ 6.4

We define F(r)

Hence
FH

and so

L3rYF

(.2 YF

d 2
(6~) YF

Hence

3,16 (160 + 37Ny Y)

)
)
160L+3LL : )
)
160 ;
16q+3LLuV
fL2rY
d af
f_I;.TI; Y+ Y_I_‘_ E—I—‘
d d d 1 af
E‘fEY+6€.£Y(?B?)
0 y,203y, 2f
dr= r or dr?

THE RADIAL WAVE FUNCTION

; f(r).

s Len L2 g L2 ¢
r

= FL?rY
= rYF'

az

dr?

F

11

Y 4 % YF' + YF"

%Q -(1+ % y) x

Nt Nt N Nt Nt N N N Nt N N Nt

64

L]

(6.3.17)

(6.3.18)

(6.3.19)

(6,4.1)
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L°rYF = £2(f+1) )
)
.29y - (¢ - L)y ; (6.4.2)
-I;.az‘_ - - r ) - -
)
0 1 ., L(L+1)f .
()7 vr - [Fen - AU [y )

Hence the matrix elementsof Qs(12) for the direct terms are

2 4 LL_.v
. U 3/2
Qs. 12 8M “n
Dy s(r) T on? Z Z 2(m-2b),, e oo ¥
H=1 v=1
LL v P 1542
exp [Py (0 My I LR G- 07+ @2 b e -
r
135a 2 1 15 2 1 ~ 1
(F6%— + 20r” + Zﬂ)] foar) + 2™y - (487 % féJ(r)}
(6.4.3)
= 3a
where o =3a] 2% - (v 2y)(1-2 )] )
) (6. 4. 4)
n =Bl 2pa-2p -] )
§6.5 THE INDIRECT INTEGRATION
There are ten pairs of the exchange S-S5 terms. L13,

qu, qu, L34 and L45 vanish either after the spin summa-
tions or after the integration over complete vectors.

and since L is

Since_I__l_14 :'E15, LQQ = EQS and L34 = _35 Lis

invariant under the interchange of permutation of 1 and 2,
it therefore follows that L23 mus t vanish after integration
over complete vectors since it does not vanish after spin
summations. Thus the only non-vanishing term comes from
&12 and this will be considered fully in this chapter.

The evaluation of the indirect integration will be

done in two sections:
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(a) for the operator L12 and

(b) for the operator Q12

(ii) INTEGRATION OVER COMPLETE VECTORS

Qs ¢ (12)

s s(r) is given by

(a) The doublet indirect term

LL v

Qs (12) 16 8M
S - Z Zz(w_zh)

X

n=1 v=1

Q 2 LL v A .
JY*JZM(l) exp [— /2(3s'248p%/3+2p"'°)- Mo [g £_£|)] ]X

3/2)L2 E: Y, y(2) exp [_ % (3s2+8p%/3 + 2p'2)] x

1 1
7 o5 (pry dx'dpdp'dd . (6.5.1)
THE MATRIX ELEMENTS OF L7,
We now write iL = (r—r')n(g—-— 9 ) (6.5.2)
=12 7 = = or or' e
Consider space coordinates only. We have on the right
of the operator le the function:
exp [ (3s%+8p°/3 + 29'2)] Y(Q') =, £(r")
and on its left
exp [— %(35'2+8p2/3 + 2p'?) - LLHZ ri2]Y*(Q)
where
S — -1_6_r o+ ..L‘E_r| )
and ) (6.5.3)
s' = E— r + lé r' )
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Since iL is independent of p and p', we can perform

12
the integrations over p and p'. Thus, we have
2 b LL;V N
2 B3 2
By = @ ey ) ) 2eeem), (22 772 x
5h we1 ve1 1+c 16¢

jdﬁ'dﬁ exp [— %E s'e- LLu; riz]Y*(Q)[—% Liz]Y(Q’) x

exp - 2% 2|1 £xn) (6.5.4)

The following steps will be applied in the derivation
of the kernel:

(i) Differentiation with respect to r on exp (- %E s2)

4 (br + r')

We h = —
e have s 15 iy r

We now write

exp (- %—Oﬁ s?) - exp [_ 8a (4£+£.)z]

75
as exp [-v(ir+r')?]
where Vo= §% (6.5.5)

It therefore follows that

2 exp [-v(hr+r')®] = -8v(hrsr') exp[ -v(irsr')?]

—

and so (r-r" » g—— exp [-v(4r+r')? ]
= hov(r'wr)exp [-v(ir+r')®7] (6.5.6)

(ii) Integration by parts with respect to r' (in order
to transfer the unknown f(r') to the left of the operator)

followed by differentiation with respect to r'.

Since s' = %g (r + 4r')
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and = (r-r'")

.
=12 ~ 5

we have the following results

0 [ 300, 2 LL v _=2
o XP -2 S 7 My Tqo

= 2o, exp [-v(z+bz')® - A7 (z-x')?]
= (n'z + &') exp [-V(z+ir')®-2'(z-r'?] (6.5,7)
where
. = 16 LL v
A )
)
E = -2(16v + ') ) (6.5.8)
)
n' = -2(4y - A') )
We thus obtain two operator identities
ra %‘ exp [-v(r+ir')® - X' (z-r')?]
= E(rar') exp [-V(r+bir')®-A'(z-r')%] (6.5.9)
and
;_3—; exp [-v(z+4r')® - X' (r-r')*]
= MN'(r'ar) exp [-v(£f4£f)a— X'(Efﬁ')gj (6.5.10)

The foregoing results for steps (i) and (ii) will now

be used (often implicitly) in evaluating the matrix elements

2

of the operators £12 and Q12.

Consider
il exp [-v(4r+r' )2’_‘] = [4Ovr'ar -(r-r')a 8 1 x
—12 P —_ = B - - - = or'

exp (-v(4r+r')?)
(1)°L,, exp [-v(4rsr')?]

= [40\)(_1'_‘_—3')4\-2—1_‘— .(_I_"I\ _1'_‘_) (i)
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~(r-xr')a g£ Ax-r')a gﬁ' (ii)
~40v(r-r')a g£, (r'ar) (iidi)
+ (x-r')a %: . (x-r') 4 %: (iv)

-] exp [-v(4r+r')?] ' (6.5.11)

We now consider the expressions on the r.h.s. of equa-

tion (6.5.11) one by one.

(r'ax)] exp [ -v(4r+r')?]

OJIO)

(1) 4ov [ (r-r') s

4ov [ 4ov{r®r'®_(r.r')?} + 2(r.r'-r'?)] x

i

exp (-v(4r+r')?) (6.5.12)

We now consider (ii)

(11) = [lr-r)a 3= L(mer) s T g exp (v (bpir)?)
= [-8v(4rsr'). —2—; (r-r')® + 8v 2— (r-x')(z-x') -
(4£+r')_2 %;‘ (£_£|)] exp[ —v(£+4£v )2_)“ (£_£v)23

on using Green's Theorem.
= [-16v(4r®-3r.r' -r'®)-2{n'r?+(E-n')r.x' -Er'?} +
6 + 4Ov(E+n'){(x.x')?-r’r'?} ] x
exp [-v(r+ir')® - A" (r-r')?] (6.5.13)
Consider (iii)

.(EfAE)] exp [_v(4£+£')€]

0)|0)

(iii) = -4Ov [(E—_I_")"' 3

Using Green's Theorem, (iii) now becomes
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0

5] exp [-v(z+hr ')A (z-r')?]

40V [(5'/\ E).(E—E')"

-40v [(E+n')(xt r).(r'ar)] exp [-v(r+br')®-

A (z-r )]

Lov(E+n') [(E,E')g—rzr'zj exp [—V(Eﬁ&{!)g -

A (r-r')? 7] (6.5.14)

Consider now the last expression, that is, (iv)

(iv) = - [(z-r')a %—, .(E—Ef)A%?3] exp [-v(b4r+r')?]

Using Green's Theorem, (iv) becomes

1
I
U
+
3
Ia]
1
1=
N’
>
o1a
-
s
-
I
o)
o]
3
m
1
<
I
+
o=
[Lat
e

1l

B§+ﬂ')2{r2r'2—(£a£')2} +2(E+n' ) (r®-r.r') ] x

exp [ -V (r+br')®-A' (r-r')?] (6.5.15)

Combining the above four terms, we obtain
{r (4ov)® - BOV(Z+m' )+ (E+m)® ] (rPr'®-(xr.r')? - 64v(r® -
2r.r' + r'®?) 5 2E(r®-2r.r' + r'?) + 6} x
exp [-v(ir+r')®-v(r+br')®-A'(x-r")?] (6.5.16)

§6.6 (iii) INTEGRATION OVER SPHERICAL HARMONICS

As seen above, the dQd{' integration will have a term
containing (£.£')2 which may be dealt with in the same man-

ner as (r.r').
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Using the following relations due to the orthonormal-

ity of the Clebsch-Gordon Coefficients

f T Yg Q) ?g (Q') exp [-exr.xr'Jr.xr' dQdQ'
M
@ L
0 ' 1 .
M L=0 M=-L

Yo (Q) T (2') dnaq

0
fad —LJ:TCEqZ(Srr') (6.6.1)
on using the fact that
Jedh @ ¥ @)ryaa - 5,
M
Qe (err') = (6.6.2)

i jZ(iErr')

where jg is the spherical Bessel function of order £.

Also f v v (Q) 7 (Q')(r.x')? exp L-ex.x']l dQdQ"

L L
M
62
= LJ:TC 682 qg(grr) (6.6.3)
Now we define
ra, (M) = 3, 00 = if @ 5 (ix) (6.6.4)
9p = L+i = 27 L+t $ V.
0 1 [£+1 . '
38 Ye(errt) = 7 T Lexrr Seeg(ErT') v I, glewr )] 6.6.5)
where
' ' %_1_ . ]
Jg_%(grr ) = $£+3/2 (exrr') - ey J£+%(8rr ) (6.6.6)
and so
I

1[ £ . , '
3e Y (srr') E[E J£+%(€rr )-rr J£+3/2(8¥r )] (6.6.7)
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Similarly we deduce from the last two expressions the

following result

1 62 1 L(£L-1) 2,2 '
T, Y(errt) T € [{__;g—— + r°r } J£+%(Err ) o+

o0&
2rr!
_é—_ J,€+3/2(Err“):l (6.6.8)
Hence in gemneral we have
IdeQ' Y”g’m(e,w)(g.g')n Yo (6',9') exp(-ger.r')
LA M pn g erpt) 522 Smm (6.6.9)
= err' e “l+% T
where
n
n_,n.n = n_d 1 ‘
rr P8 J£+%(€rr') = (-1)s ;;; [8 J£+%(8rr )] (6.6.10)
d 1
Note that i J£+%(€rr‘) = ﬁ%— J£+%(€rr’) —rr’J£+3/2(€rr')
(6.6.11)

We therefore deduce the following results from the above
exXpressions

£+1

(1) Jé+%(k) = 55 J£+%(K) - J£+3/2(K) ;
)
. " _ L(L+1)
(i) 9y 100 = v +1] 34,1 (0) ete. ; (6.6.12)
)
)

d
, , .
where J£+%(x) is written for ——nJ£+%(x) etc.

Hence the indirect integral of the operator £12 becomes

2 4
L
Qs 12 16,2 ,3,* ,0 ,3/2 8M
112, @ G 2 Y ) 2Gr2n) x
“n=1 v=1
LL,.V
uy 751 [ 6-agx®ert®) - ()% £(£-1) -
1-1"02 l:|:(1—3 L_J,Z LL(?‘(.)
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2

£ W
he —=——) 38, 4(x rr') + 2(2( - ——)rr' x
. 8 LL v 3 2 1
(XLL(%)rr ) exp [- =5 (170 + 6 un)(r +r'° )] ffJ(r‘) dr
(6.6.13)
where
_ 6k
wij = 'E (G.i + G.J) ;
)
= 32 LL v
gijk = (8(1i + 8G.j + 3 “n) ; (6.6,14)
)
= 32 LL v
Mi) =75 (B0 - 37D )
and
Q = Q. = o
1 J
2
§6.7 THE MATRIX ELEMENTS OF Q12(r12)
So far we have been considering the matrix elements of
£12. We shall now consider in this section the matrix

elements of Q We shall follow the same procedure as in

12°

the case of le.

Again, we put

2 = 4
Q12(£12) = 2(q12 + q21) (6.7.1)
. ' 0 0
1&12 = (E;E )/\(65 - E:,)
i0,.L o ©XP [-v(4r+r)® 1 = [4ovg,.r'\xr - gy-(x-r') 4 %ﬁ—']

x exp [-v(4r+r')®]

Therefore (i)® (o,.L

o,-L ) (g .212) exp [ -v(4r+r')®]

2

- [4Ov [gl.(g—y_'),\%zj[g_z.f_',\}j_] AL,
iDL o (rer') AT g, (ror ') A ) ] B
1 or 2° '\ ="— A gr!* 12



1 T 22tk 12
+ =g, (z-r)ad=, L-g, (gu_g)n-gz, D,
..J exp [-v(ir+r')® ] (6.7.2)
Consider the term A,
Ay = [(20V)® (g .x'a ) (gy.r'a r)+40V (g s (z-x" ). (Gpax! ) x
exp [-v(ir+r')?]
= 4ov [Lkov(g,.rwr)(g,.rx)+(g,.0,) (x-x').x'-(g,.x")
x Gy (x-r') Jexp [-v(kr+r')®] (6.7.3)
Hence
HA, +hy ) = | (50v)® HL (0, .x ) (gy.rmp)+(gy-xiar) (3,2 x)]
- (20v)3[(g,.r) (g,.x")+(g,.x) (g, .£")-2(g, g,) (x.x')]
+ (40V) (g,.x') (gy.x1)-(g,.0,)r'® I exp [-v(4r+r')?]
(6.7.4)
Put U, = (g,.xr)(gy.xax) = Uy, (6.7.5)
le(g,_la_); % E(Eyé)(92-13.“(92-:“:)(91-5)“2(91-22)(.‘.’:-13.):]
= T,,(A,B) (6.7.6)
Hence
3(A ,+A,,) = hOV[ &OVU, ,-T (r,r') + T ,(x',x')x
exp [-v(kr+r')?] (6.7.7)

la

D , 2
B, = |[(g,.9,)(x-x"). 55 - Gor er')(gygm -

bov(g,.r'ar) gé(g—g')A %_1—:-, + 8\)[(g_1._q2)(£_.£')2 -

g,-{z-r)o (_1:—5')]] exp [ -V (4r+r')®]

5"
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by , 3
B, = | [(g,-0,)(z-r") ARG AL CI
_4ov(g1.£u£>g2.(£-£->ag—_, + 8v [(g,.0,) (x-x')? -
g - (x-r )5, (z-x' )] | expl -v(4r+r')?] (6.7.8)

1 ' a_ a_
Hence +(B__,+B_,.) = [T12(£ '3 ,) - T12(£’6_') +

8\)[2'1‘12(5,_1:_')—le(g,_l_‘_)—le(_l_‘_',_l_”_')] - 4ovi[ (9_1

r'ar) gz.(£—£')A-g:, +_g_2.(_15‘_':\_1:)g1-(_r_—_1:_')'\'gz']:| X

exp [-V(ir+r')?] (6.7.9)
Cio = [—40\)(92-3%5)21.(£—£')A%£—. + hov(g,.0,) (x-r') -

£—<21-£>_q2°(£—£'ﬂ exp (-v(4r+r')?) (6.7.10)
Therefore

3¢, p+Cy ) = kovi{ [(gy.xu ) (g,

._{Ag—_-{,)}:l exp v (kr+r')?] +40\)[T12(£,£') -
le(f,r_'f)] exp [_v(4£+1;')2] (6.7.11)

0 0 0 0
1 - 4 —_— —_— —_— —
5D 5Dy ,) = 4 (0, xngz ) (Gpemadz )+ (g5 .0 502y mgE)

1
+(01.5'AF£—,)(gz._li'»\%:,h(gz _1;%:) x
(gl._r_‘/\%z,) D,
_{(gl.EA—a— )(02._1;_'/\%_1:—.)+(g2.rng£,) x
(g2 s)) D,



76

, 0 9
_{(Gl'ﬁ“t')(g B—" )+(92_ ar.

] exp [_v(4£+£')2] (6.7.12)

By using Green's Theorem, B, C and D will operate on

exp [-v(r+4r')® - X' (x-r')?]
2=, exp [-v(z+hr)? - A" (z-x")?]

= (Er' + nr) exp [-v(£+45_')2—)\'(1:'_—_r_'_')2]

9y- 8—— exp [-v(z+hr')? - 1A' (z-r')*%]
= n(gy.r'ar) exp [-v(z+br)®-A' (z-r')"]
Hence
)= 1 1)=2 9 ' ..Q._
exp [ V(r+hr' ) +1 ' (x-xr')"] (21‘5"63')(9-2'5—"6_') x

exp [ -v(r+4r')®?-A'(z-r r')?]

= 1?(g,.r'ar)(g,.r'ax)-n{(g,.0,)(x.x")-(g,.xr)(g,.x")]}
Thus exp[v(r+4r' )Z4N " (r-r ') ?] D, exp [-v(ﬁfﬁa')z—k'(a—g')zj

(r,r') (6.7.13)
Consider

exp [ V(r+4r' )2+ (r-r')?] (gl'ff%_')(gz'Eﬁ‘%;') *

exp [ -v(r+hr')®-2" (z-r')? ]

= -nE(g,.xx)(g,.xr)-nl(g,.0,)r?-(g,.x)(g,.x)]}

Hence

exp [v(£¢4£')2+k'(£7£')2] D3€Xp [—v(£+&£‘)2-k‘(£f£')zj

= -MEU,, + ﬂle(r,r) (6.7.14)
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We now consider

0

o " XATT exp[ —V(EﬁQE')g-X%£§£f)2]

g

= E(gy.rar') exp [-v(z+hr')®-A'(z-r')*]
Hence

exp [ V(r+ir')%+N ' (x-r')?] (g1'£f%?')(gé'£?%?3) exp [ -V(r+hr')?

and so we have

exp [ V(r+4r)®+1' (r-r')?] D, exp [-v(r+br')2-A"(x-r')?]
2
= U, - ET ,(r,r) (6.7.15)
We now consider the last expression, viz.

.gAg—r, ) exp[-v(r+ir' )®

exp [ v(r+ir' S (r-r" )gj(gl.z_'»\ %E—,)(gz

.Ejng)+§{(g1.g2)(5,5‘)—(g1.£)(g2.£')}
Thus

exp [v(£¢4£')2+k'(£—£')2] D, exp [—v(£+4£')2-k'(£<£‘)ﬂ

= =ENU,, - ET ,(x,xr') (6.7.16)
Hence by Green's Theorem we have
+(D

15*Poq) ™ (Z+m)® U ,+(&+n) [T, (x,x")-T ,(x,r:)] (6.7.17)

Before we collect terms we need a third step to evalu-

ate the integral
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I, = era‘dﬂ exp —[%(r2+r‘2)—XLL(£f£')] Y*(Q)y (1) x

U, (z,r)x(2)¥(@Q) I,

12 fKJ(r')

By simple differentiation we obtain the following identities

(02.r 8 ) exp [-n(r®+r'?)- X (r.r')]
g —_— -r— — —
= LA2 (g .xar) (g, x'ar)eh  (gar' ). (goar) ] x
exp[:—%2(r2+r'2)—XLL(£3£'ﬂ
Hence
U, exp [-n(r®+r'?)-\ L L r' ]
1 , 0 0 9
S el (AR - RIEAEDE JPRIERSDS
LL
(_q1 _'A——g—-—,)} + )‘11, T 2(_1:,1_“_')] exp [ -u(r?+r'?) -
— L
XLL r.r']

We now rearrange the integrand of IU,_ (r) so that we may

12

apply Green's Theorem.

Thus

iU, Idr’dQ exp [ -u(r®+r'®)-\ L £ r'] Y*(Q)x(1) x
(- R le(g,g')] x(2)¥(@r) £ x

LL

Lea(rr)

Hence, using T,,(A,B) = 5 S ,(A,B) - % (g,-9,) (A.B)

IU12 reduces to

W, = r I dr 'dQ exp [-%(r2+r'2)-XLL r.r' 1] Y*(Q)x(1) x

1 y 2 1 , 2
- S e gt s - S0y (e9)

x (z.r') | x(2)¥@) 4, (6.7.18)

Loa(r)
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Now consider the expression for %(B12+B21)
Jexp [-v(r+hr)?-A1 (z-r1)? 7 4(B ,+B, Jexp [-v(k4rsr')? 1 x
Y(8',0') £(r') dr'
- [ exp Dov(irer)? Tv(or,00) s [-r (&, 20
(£,x')-T ,(r®)-T ,(r'*)} +
(40v) 4{g,.(r-r" »g:, (Q,-r'ax)+g,. (x-rad=, x
(0y-r'ax)} ] exp [-v(zshr)®-A" (z-x')?] dr
j exp [—%(r2+r'2)—>\LL r.x'l - 40\)(£+n)U12+(32v+n) x
le(rz)—(8v+Z)T12(r'2)+2(g1.92)—(24v-Z+ﬂ)T12(£,£'ﬂ x
Y(8',0")f(r') dr' (6.7.19)
Further consider
[exp [-v(zebr ) A1 (x-r)27 4Lc, v, Jexp [-v(hr+r)?] x
Y(8',)F(r') dr:
- [ exp [ -v(arer)?] Y(er@)re) [hoviT ,(x,x') -
T, o (r®)} -(4ov) %{(QZ.E'AE)(gl.E'A%—)+(g1.£'/\£) x

') (91'—"%—' )-(g,.x'ax) (92'5“5—' )}

la

. 0
(Gp-x's gz )= (2,

—(4Ov) —12«{(9_1/\_1:' ). (~g,ar)+(Goaxr'). (-grr)-(g ax).

(-05ax)-(gpax) . (-0,ax)} ] exp [-v(r+ir')®-A'(z-r')?]

x dr'!
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= j exp [—n(r2+r'2)-kLL r.r' JY(8',0') £(r') dr' x
{-40v(§+ﬂ)U12] (6.7.20)

viz.

On collecting terms we obtain the indirect term of Q12,

2 4

16,2 8M (3,% m_,3/2 (1 _,3/2
, - -G M @ E G Y ) 2(w-2n) x

LL

#=1 v=1

LL_ .V
U
6LL

Iexp [—8/75 (17 0+ u:)(r2+r‘2)—XLL£.£'] x

2
1+c

Y*(@)x (1) [{(40v)Z-80v(Z+m)+(E+n)®} U ,+2(0,.0,) +

{(32vem)-(E+m)} T ,(r®)-2(32v-8) T ,(x,r')+(32v-) x

T, (r'2)] ) Y(@)y(2) £ rr' dr'dQdQ’

12 £I(r")
J, £
s . 2 4
16 3 8M T 3/2 1t \3/2 .2 .
- -Gy @ G @Y Y ) 2Gezn) x
n=1 v=1
— [ exp [-n(x?4r?)ody, r.x'] Y(@)x(1) x

LL v

64,2 3 32 3
[(TE) (ui+aj) Uyp + 73-(8ai+8aj+3 u%)(le(r ) -

1 12 1
BT, (r ') « T (e a6 ) Y@K, )
J, £
rr'dr'dQdQ!’ (6.7.21)

The above integrand reduces to the following expression on

using the result:

2, . 42 ,
U,, exp [-n(r®+r )—XLL r.r' ]
1 (2 1 ' 2
- |- Q0 t) s g S - g (g,00,) x
LL
(E.Ef)] exp E_K(r2+r‘2)—XLL(£s£') ]
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Thus
s . 2 4 LLyV
LL _ 16 3, 8M  (kay3/2
19, = -(33) ) e (37) E: E: 2(w-2h),, Loa?
#H=1 v=1
[exp Congy (rPer ) (e Y@x(0D [ I x
Y Y(QR(2) £, Fr dr' ddq: (6.7.22)
J, £
where [ ] = - w? Q, . (r'?) + L ¢ {s,,(r®)+s ,(r'?)]}
Q ~ .2 12 3 12 12
L
+ -31— (%—2—— - 2Q)812(£,1;')-2Q(r2+r'2)
LL
UJE
- 2(k - 20)r.r' + 6. (6.7.23)
LL
§6.8 (iii)  INTEGRATION OVER SPHERICAL HARMONICS

Using the relations given in §6.1 and in §6.6, the

indirect integral of the operator le becomes finally

2 L
Q a
LL_ ™12 16, .3 8M o \3/2
Is—s(r) = (15)( 5) ;;é 4(35) E: E: 2(w—2h)v x
n=1 v=1
LL;V
WEE . jdr' exp ['”LL(r2+r'2)][ {6-2¢(r®+r'?) -
LL 1+cg
w 2
() £(L-1)-4( XZ; } 3, 1(xLL rr') +
wg 1 1]
2(2¢ - XL )rr J£+3/2 (A rr )] £5(rt) (6.8.1)
§6.9 (iv) : FINAL RESULTS
The indirect term of L12 = (01 G )L - Q12 is
Qs_12 16.% ,3.% o 3/2
2 - @ & Z }j 2 (w-2h),

n=1 v=1
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% (on 2 | 2 2 -]
1+c® Lo BLL v ‘J‘ exP l:_%LL(r +r )][{6"2Q(I‘ +r ) -

(—Q—) £(L-1)- 4 ] Jd (A, . rr')+2(2C- —-——)rr’ X

xLL x £+% "LL xLL
J£+3/2(XLer')] £ oy(pr) ' (6.9.1)
where n () = 5= (17a + €M) (6.9.2)

LL 75
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CHAPTER VII

THE ENERGY TERMS (S-S INTERACTION

A

THE N-KERNEL

57.1
This kernel is giveri by the following expression:?
Nss(r) "2( ) rHu j dr'dQY*(Q)x*(-1) o*(s',p,p') x
(5,0,0 X (-2)Y(0) 2, £,0 )
where
n? = &u (E_+E )
g = % (hrsr'); s’ = 2= (zebr') and
x*(-1)x(-2) = -1.

The above kernel is easily evaluated and the final

result is given by

1 128 30.% 2 1360 (.2, =
—_— (-T—E—)2 % J exp [— =5 (r°+r )] x

N
s—-s(r) 14c? 15
J£+% (exrr') £p5(pry or'
Thus
a1
N(r,r') = L 1§§_(2Q)2 n= Iexp [ 136a (r2+r'2)] X
2 15 T
1+c
&£+%(8rr') £og(pr) O (7.1.1)
8§7.2 THE KINETIC ENERGY KERNELS
These kernels are given by the following expression:
16 2 6 2
Ss_s(r) -er J oL oaus + 55 Yo 345 * 3 Yus *



B4

8 2 1 ,
5 V&sj ©(-2) T fo5(p) 4z

Consider v and

2 v=e

1-2345 2-345°

Since the above kernel is symmetrical in the spatial coor-
dinates of the particles 1 and 2 as shown by the T operator

identities in Chapter I, we have

+ V°

1-345

ve -

2 2
1-2345 * Yo_345 = Va_q34s

- L 2 2 1 ) 2
c [V1_2345 - V2_1345] Tz [V1—345 +'V2_345] (7.2.1)

Consider

Iw*(-l)@(—z)vng(r') dt_,

JJJ 0*(s',p,p") ls,p,p") VPrF(r') ds' dp dp'

3
(%%) jf[ w*(s',p,p" )eo(s,p,p') V3¢ F(r') dr' dp dp'

(7.2.2)
Using Green's Theorem, the above integral becomes

49" J[] w7t s

4 16 4
+ 15 £,0,0") olgz o+ 75 r£'.0,0) )
x dr' dp dp'

3 -] .

- (%%) JJJF(r') [(%%) Vis'e(s',p,0') ©(s,p,0") +

1 (16,7 1 ,16,°

16 (53 Vs elsp.p) ©ls'p0') + 5 (52 Vdels',p.0")
Vs w(iaﬂ,ﬂ')] dr' dp dp' (7.2.3)

Similarly

2

16,* * ! ' 1 1 '
—r(Tg j e*(s',p,0") V1_345 o(s,p,p') dr' dp dp

4
- T (%%) J ©*(s',p,0') Vs v(s,p,p') dr' dp dp' (7.2.4)
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Thus - [[ o*(-De(-2) Pr + 28 gx(1)o(2) 2g 74t
C 4 Jdat_

15 1

16.,°
= - (53 ”f F(r') [V2s'e(s', 0,0 )0(s,0,0') +
Vs o(s,0,0") o(s',0,0') + 2Vs' o(s',0.p0")

Vs ©(s,p,p')] dr' dp dp!

1+c
x[ s®+s'34 %s.s5' - 2 /ol fZJ(r‘) rr' dr! (7.2.5)
2
s®+s5'%+ Is.s' = (%3) L19(r®+r'®) + %2 r.r'] (7.2.6)

Thus equation (7.2.5) becomes

1 1 16.°% 3a,3/2 2 b 2 2,2 &9 '
- Y (Tg) (E-) (3a) J [(Tg) {19(r®?+r'®) + 5= L.r }
1+c
2 136a 2 ., 2 128a .
- = ] exp [— T (r°+r'*) - 55 L.r ] x
£pg(pr) TT' dr! (7.2.7)
1
e RC LI N SUTCSIPAL R LAY
1+c®
x JZ 1 (err') + %2 rr' J£+3/2 (err') ] fZJ(r') dr'
(7.2.8)
Similarly
* 2 V2 []
o [er ) DVE s+ T30 8(-2) F(xt) ar_
1
- 21— @@ e [ [(19ePer) - 1 A2, ue))
1+c”
1 491"1"' ' E '
* JZ+% (err®) + T2 cg£+3/2 (err )J Lpg(rr) OF

(7-.2.9)
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Hence

va 2
_or j @ (-1) 303, s + V2 gus)4 f (32 )( ® a5 * Va_gus)] X

w(-2) F(r') dt

-1
1 16 30 % c s
= ::Z; (jg)(ﬁ— )2 J [ {38(rZ+r'®)- —(492 + 96)7) x
££+%(8rr') + 49rr! ££+3/2(8rr')] £y (pr) AT’ (7.2.10)

We consider finally the last expression which is given by
6 o2 8 =
r * 2 =2 i
~2 j w*(-1) [5 73_45 + G V45] cp(-Z)I‘(r')dT_1 (7.2.11)

The above integral (7.2.11) can easily be evaluated and
the result is
a
. (-3-2)2 4L8¢s J exp [ 136a (r® r'z)] d, 4 (err') x
1+c” n E+z

for(rr) a°° (7.2.12)

Thus the S(r,r') kernel is given by

1
S(r,r') = 1 (%%)(%— )2 £° exp [ 136a (r® +r'2)] x
1+c®

[{38(r2+r'2)— % (492 + 141)} ££+%(8rr') +

4orr! (grr')] (7.2.13)

does/

where

128a

€ = 5% (7.2.14)
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CHAPTER VIII (A)

THE TENSOR FORCE TERMS: (S5-D INTERACTION)

§8.1 FORMULATION

Several workers including Dancoff (1940), Feingold
(1956), Sugie et al. (1957), S. Nagata et al. (1959), and
H Kanada et al. (1963) have investigated the effect of the
tensor force on the doublet splitting of N—He4. Dancoff
(1940) estimated the splitting using second order
5

perturbation theory.and thereby treating He” as a bound
system. His results showed that the two P-states form
a close normal doublet which is in disagreement with ex-
periment. Feingold (1956) included the tensor force in
a variational perturbational manner. He too treated He5
as a bound system. He found that the splitting was
dependent on the parameters in the wave function. In
these calculations besides the shortcomings of the per-
turbational approach there exists the unsatisfactory fea-
ture in that the values of the splitting and even its
sign depend seriously on the parameters of the wave func-

tion. (They treated He5

as a bound system.)

In view of the uncertainty of the conclusion a more
detailed attempt to calcﬁlate the tensor splitting was
made by Sugie et al. Their method of approach'is simi-
lar to that of Hochberg et al. (1954, 1955). They

assume the nuclear interaction with central and tensor

components of the form

V.. = (w+ mM., + bB, . + hH. )V (rij) + (w + mM, ) x
lJ lJ lJ lJ lJ

sij VT(rij) (8.1.1)



where Sij is the tensor operator given by

1J
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sy = (3gyxy (g m ) - (_qi.gj)rijz}/rijz (8.1.2)

We note that the tensor part of the potential has only two

components.

This is because the tensor force contributes

only in the triplet state of the two particles.

The HeLi

Due to the tensor force it has a small admixture of

and 3Po states (Gerjuoy and Schwinger, 1942;

and Abraham e

ground state is no longer wholly a 1S0 state.

t al., 1955).

5D
o

Irving, 1953;

Sugie et al. considered only

the most important amongst these, that is,

D state.

the symmetric

In this chapter we shall follow closely the method of

Sugie et al.

the 3Po—state

As a first approximation,

probability.

we shall neglect

It is well known that the Hell

ground state comprises about 96% S-state and 4% D-state.

In our extension of the preceding calculations to include

the D-states,

we shall assume that the contribution of the

D-D interaction is negligible.

§8.2

THE D-STATE OPERATOR

In the previous chapters we have been using the He

ground state wave function given by

w(-1)%x(-1)

il

and NS is the

5
N
S e - % ) otk aen
(1+c7) 2 i>j=2
Y(-1) (8.2.1)

normalization

constant.
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We now write down the symmetrical D-state operator
(given by Ger juoy and Schwinger, 1942) for the intermnal

He4 wave function. Then the extended wave function

y(-1) = {gsx(—1)+CngDx(-1)}//?1+c2)% (8.2.2)

represents the He4 ground state which contains a mixture

of S and D states. The symmetric D-state w, is given by

5

2
D E: i Sij
i>j=2

D

5
i

I}

3(95-253) (9 xy5) + 3(0y.x,5)(9.254) -
z(gz.g4)(£23.£45) (8.2.3)

In equation (8.2.2) gg and gp represent the normalized
spatial parts of the wave functions for the principal 1So—

and 5Do—state respectively.

f a z: 2}
8g = NS exp L~ 2 rij

(8.2.4)

-
\%
.
I
[\S]
N e N e N N

Z rijz}

i>j=2

o

gD = ND exp { -

NS and ND are the normalization constants.

The nucleon-nucleon interaction shape is chosen to

be of double Gaussian and is of the form

2 4
2 T v T v 2
V(rij) = Ty z z U, exp {- My Tij ] (8.2.5)
' u=1 v=3

This enables the integration to be performed analytically

and this avoids the procedure of equation (26) in Sugie
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et al. The parameters in equation (8.2.5) are determined
by the Least Squares fit in such a way that the potential

fits to the recent Hamada and Johnston's potential.

58.3 (i) THE SPIN SUMMATION

Using §6.2 we found that all the direct terms vanish
after the spin summation. This is because each of the

(j = 2,3,4,5) contains g

four operators Sijw 5

D or g4 only
once and it was shown in Chapter VI that the expectation
values of g2 or g4 between two similar spin functions is
zero., It therefore follows that the only non-vanishing
contribution comes from the indirect integrals. Of the

ten pairs of the exchange indirect terms 8 and

12° S13
523 vanish because each operator contains 94 only once.
545 vanishes also for there is a singlet state in the S5-
state wave function. We note that the terms containing
gz do not vanish because of the exchange nature of the

function for X = -g3x and the terms containing QB pro-

duce the splitting of the P-phases while those without it

do not. Of the non-vanishing terms only three are inde-
pendent since 514 = 515, 524 = 525 and 534 = 535.

§8.4 THE INDIRECT INTEGRATION

The indirect integration due to the tensor force

term is given by

T 8M — - m T ‘
s p(ry = ;;é 2[ P (-1)%,, (1) Z ;5 U5 b (-2) x
i>j

KXoy (2) (£,5(pr) 7'} d1_, v d0
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8M —_— — m T T
- o - T-0X,,™1) (5, U, + Sy, (U, v

T N
S4y UBQ) w(_z)fom(z) {fEJ(r,)//r'] dt_,rdl (8.4.1)

(ii) INTEGRATION OVER.- COMPLETE VECTORS

Consider the following integral

T_ 14 8M —m T m
(0 Tt L) - o v [ Feeox,,™ s, Tug, beax,, ™)

x {ng(r,)/r'] dT_l r dQ

a 2 4 TU\) c

16 8M %
= (=) — N_N_ r 4 (w4+m) x
15 51’12 S D Z Z Vv 1+c?

n=1 v=3
J Y* () exp [— 3 (3s'® + 80%/3 + 2p'?) -
W (s v Ep - 3e0® ] XC1w,,™ (0 [ 18,500, x
(2yy-2y5) = 6ryy7 (pggemyg) + 91050 (2ygary) ) (2, -2y5)
- 980, (2 ) (2 5e20,) | X(-2)X,,"(2) %
E: Yo y(01) expl - B/2(s® + 8p%/3 + 2p'%) Ix
3,0

£ o5 (pry/F' dr'dpde'dQ (8.4.2)

We first of all deal withthe following integral

(a) [ X%, (1) D18z, 5.2,,) (2y4-1,5) - 61,7

(_1;13.5‘_45)] expl- 2/2(as'® + Bs®) - (3a + 3B +

Tu:)absej exp [- Y(l) (p-mr)?® - K(l)(p_’-é_s_)zjx

X(—Z)Xme(Z) dr'dpdp" (8.4.3)
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/%Y
Y

2

1 . . 1

where r = 5p’'-s; r13 = s-"/3p; T,y = 5+2 -3p"
Using the transformation

t = p-nmr and t' = p' - O&s , (8.4.4)

the above integral becomes

(a%§)3/2 (%)4 J Y(—1)§2Jm(1) exp [-Y(1)r2—6(1)f“%] x
2
(32 [ 222 o2 b (14a)s?

L T
30L+38+Tu: 30L+38+Tu: 3a+38+ u;

+ 6ab® (2+a)s” | exp [Ar.r'] X(-2)x,,™(2) dr’'  (8.k.5)

Now consider the following terms

(b) 9J Y(-1)§(£Jm(1) 123.(_1:13,\_1:14)(_1:14_5_45) exp [_Y(1) <

(P_—ﬂﬁ)g-)\(l) (p'-6s)® Jexp [ —3/2(as’2+ﬂsz) -

(3&+35+Tu:)abszj X(—2)X£Jm(2) dr'dpdp'.

On using equation (8.4.4), it is found that the above
LS
integral (b) - O on performing the integration over p and
o'
We now consider the last expression in equation

(8.4.2), namely the following integral

(&) =9fX(-DX,,™(1) ig,. (2 nzys) (2y5-2,) exp [y x
(p-nr)?® - K(l)(_p_'—é_s_)zjexp —[3/2(as'2+ssz) -
(3&+35+Tu:)absa] X(—2)X£Jm(2) dr'dpdp'.

Using equation (8.4.4), it is also found that (c)
=+ 0 on integration over p and p'. Hence we conclude

that the splitting S-D terms give no contribution.

w —> o (redices Eem)
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Hence
T 1k 3 (16,%.3.% 8M T \3/2 ¢
IS_D(r) =3 (15) (2) on? (a+6) o7 NNy x

2 4
E: E: 4(w+m)v TU: exp E-W(l) 2+6( r? Ix
n=1 v=3
(—Lr)?2 R 0%, x [22 1 -
3o+ 38+ u (Ga+3B+T M V)
—_—QQ—T_U b(1+a)s® + 6ab2(2+a)s4] X
3o+38+ K,

exp [-hr.r'] ) Y (@ B (@) x, M(2)x(-2) x
M .

Lpg(pr) Fr' dr' dafl aQ (8.4.6)

(2) The indirect term due to the tensor force TU(24) is

given by

T 24 16,3 8M
s pr)y = (TE) — = Vs
5h =1 v=73

I Y5 () exp [- %(3s’2+892/3+2p'2)_
Y (e da - 1877 TCDT,N0 LBy ) =

)- br ) - 9iQ3-(£13A£24)(£24'£45)

2
(fpy-2y5 2y (L13-Lys

+ 9ig3.(£24A£45)(£13 ryy) ] exp [- % (3s%+8p%/3 +

2p'%)7 E: YJEM(Q’)XEJm(z)X('z) ng(r,)rr’dr’ x
' J, £
dpdp ' ddQ

T 14
We follow the same procedure as for S D(r)"

Consider the following integral
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(a) I [18(x r,,)(r r,_)-6r,,%(r r,.)ex _y(2) x
Li3-Zoy’ oy Ty5/-0%py Eyg-Lys’ 1 8X¥PL Y
(p_qﬁ)a,k(z)(g'—ég')zj exp [—3/2(as'2+Bsz) -

(30+38+ Y )abs'? ] dpdp (8.4.7)
where r = 3p'~s'; «x = s—2/3 and r = s'+1/3 -1p!

-_ ~- 2 =13 T = £ —a4 - = p-zP -
Using the transformation

g = p-mr and gq' = p'-bs', (8.4.8)

the above integral leads to

(L) (T P72 [22 1 B} 30 abs'? -
2 [X(Z) Y(z)] [2 (3G+3B+THZ)2 3(a+B)+TuZ

30
3(G+B)+THZ

b(s.s') + 6a2p2st” +12abas'2(§.§')] x

exp [~ 3/2(aS'2+Bsz)—(3a+38+sz)abs'2] (8.4.9)

on integration over p and p'.
We now consider the integral in the second item,

viz.
(e) -9ig;. I{£13“£24)(324'545)‘(524A£45)(513'524)} x
exp E—Y(z)(ﬂ"@)z‘)\(Z)(ﬂ|"6§')2 7 exp [—3/2((}.8'2 +

T
Bs?)-(3a+38+ “X) abs'?] dpdp'.
This leads to the following expression (using equa-

tion (8.4.8) after performing the integration over p and
e")

45

(g'as)s'® - 3= x

3y (__y3/2 (_m__y3/2 :
(E)(;TET) (;TET) [9ab2 10,

(3&+38+Tuz)

| expr - 372 (as124852) - (3a+38+ 1)

x abs'?] (8.4.10)
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Thus the total contribution becomes

24 T )3/2 3y 48)%(2)" B _ ey .y

T - (== 16
S-D(r) o+8 2715 2 5h? 1402 S'D

X

2 4
z z 4(w+m)\) TyV exp[-(y(z)r2+6(2)r'2)]._:x

n
n=1 v=3
_ — 45 1
(—2 372 [ Snx, ™) |2 -
Jos38+ 0y ) ¢ : (3038+ )
‘2 30b(s.s')
30 abs _ + 6a2bzs‘4 + 12abzs‘2(§'.§)

3(a+B)+ 71, 3(o+B)+ T

ﬁ b i ' 25 1 2:\
5 Ty '1g3.(§J\§)+9ab 1g3.(§,\§)s x

3(a+B)+ T

exp [Ar.r' ] ) Yy (MTHIX(-2)%,,"(2) x
M

o3 (e) rr'dr'dfldQ (8.4.11)

(3) The indirect term due to tensor force TU(BQ) in the

S-D is
2 4
T34 c 8M 16,3 TV
I = e— == (==)" N_.N_ 4 (we+m) U x
S-D(r) 1+c? 5n? 15 S°D E: E: v %
nu=1 v=3

T
I ngm(ﬂ) exp [ - %(3s‘2+8p2/3+2p'2) - u:(ﬂf%ﬂ')zj x
— — m -
X(-1)%,; (1) [—18(534.345)(534.313)+ 6r34 (313.545)+

exp [-B/2(3s2+8p%/3+2p'%)] Z Yy 0 Q") ngM(z) x
JeM

x(-2)f rr'dr'dpdp'dQdfl’ (8.4.12)

£J(r")
We divide the above integral into two separate items,

as follows
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(1) I{—18(£34.£45)(£34.£13)+6r342(£13.£45)] exp [ ~E(p-€p')?

- 1p'?] exp [-3/2(as'®+Bs®)] dpdp'’ (8.4.13)
where
g o= M/3(ha + hB o+ 30 )
)
T v )
- 37
- = o ; (8.4, 14)
2 (4o+4B+3 u%) )
4(&+B)(Q+B+Tuv) ;
T = L |

(4&+48+3Tu:)

We shall make use of the following results due to Newman

(1959).

. 2
(a) (5372 ] o7

¢

Ay372 [ Lo ~Ar?®
T

Y,

(b)

() (2372 [ ;0B o-he”

Y,

(@ &3/ [ poBy oot g o

(8.4.15)
2
(e) (%)3/2 j rOefp¥ D -ArT g | (5%0 [aBYE]
where ete
lac] = 35 [yyvel = 5]vel
[aBy8] = lagyd| + |ayBd| + |abBy|

)
R i N N N T gl g e L N S b S ey

and if o = B = vy = &, then |aByé| = 15

Using the above results, equation (8.4.13) leads to

3 3,° T 3/2 T 3/2 15
- 2/2 (=) (—T__—T) (————=—) x
2 3(o+B a+B+Tu: 2(a+B+TuZ)2

exp[- S/2(as'®+ps?) 7 (8.4.16)



We shall now consider the last: integrals in equation

(8.4.13)
6D viz. 9] (g, (2, 40r0y) (EqyeEys) +ils- (Byyniys) (£y5-254) )
x expl - E(E—EP')B—TQ'BJ exp [—3/2(as'2+852)] dpdp'

It can be shown that the above integrals reduce to.zero after

integration over o and p'.

Thus
Tpok - -2 Q) Gyt M R I
S-D(r) ~ T~ 2 ‘15 2 3(a+B 5h2  1+c?
2 4
T.V [ — - m T 3/2
E 24(W+m)v Yy .f X(=1)%,5 (1) |:(G+B T *
#n=1 \):3 * u%
—15 = exp [-P/2(as'?4ps®)1] ) B @T (1) x
2 (a+B+ u%) M
m 1 t
X o3 (2)X(—2)f£J(r')rr'dr dQdQ'. (8.4.17)
Comment. We note that the splitting S-D terms give no
contribution. This is because £13+£23 is the only vari-

able involving E and i' and Eﬁﬁ' cannot be formed from

this alone.

§8.5 (iidi) INTEGRATION OVER SPHERICAL HARMONICS

We shall consider the complete expression for the
tensor S-D exchange integral separately, taking the angu-
lar integrations into consideration. We start from the
contribution due to TU(14).

The expression for the tensor S-D exchange integral

for TU(1lt) is given by
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Tp1t L2 (26)°2)° 8 (mys/e 2leMe T
s-D(r) T 2 ‘157 ‘2 sp2  O+B 3./5 972
2 4
Ca E: E: 4(w+m)v TU: exp [-(Y(l)r2+6(1)r'2)] x
T+e™ w1 v=3
(—E——)32 Ry, ™) | 28— -
30L+36+T}.LX J‘ £J I:Z (3a+BB+Tu:)2
————QE;F—— b(1+a)sz+6ab2(2+a)s4] exp [ -Ar.r'] x
\) — ——
Sa+38+ 1,

Y (@ (@) x,,"(2)X(<2)f (., T dr daan!

M (8.5.1)
where
Y(l) = _2% (a+16B)+3(_}—.%)2 ((1+B)a ;
. . )
6(1) = i_g_s_ (160+8 )+ % (-%%) (a+B)a ;
g = ) (8.5.2)
A = 3(75) (1+2a) (a+B) )
T v 3
. - H% ) b = 3((1+B) )
T v ! T v
3(a+B)+ 1, 3(arB)+Tuy

Thus using our previous results given in § 6.6, equation
(8.5.1) leads to

00,9/%g13/% 4 8M

T, 14 16 3 & B
I == (__)2 bzd —
S-D(r) 15 5T (a+3)6 14¢?®  5h?
2 4
E: E: b(wem) TU: Iexp['-(y(l)r2+6(1)r’2)j x
n=1 v=3
=] 4
[{821) - 3(%%) (a+B)(Tél)r2+Té1)r'2) + 9(%%) x

(G+B)2(U(1)r4+2U'(1) r2r'2+Un(1) I"A‘)} J/€+%(>\rr')
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2 2
3(%%) (a+B)rr'{—V(1)+ 3(%%) (a+B)(W(1)r2+W'(1)r'2)} x

J£+3/2(er')] dr' (8.5.3)

where

502 +29/3 gbd(2a+b) +8£(£-1)ad® (a+2/3b)

I}

)
’ )
Tél) = %9 b? (2a+b)+8Labd(a+2/3b) ;
)
Té(l) = 2/24b2 (2a+b) «+ 1fabd(a+ 2/3b) )
)
)
U(l) = 2ab®(a+ 2/3b) )
)
)
(1) = 3,06 y(D) )
;(8.5.4)

L, (1) _ 1 (1)
U 256 U ;
)
V(l) = 5/3b2(2a+b)_4abd(a+ 2/3b) )
)
)
w(1) _ U(1) )
;

(1) 1 (1)
W = $g U ;
)

— o+8

d +T . )

a+B+ p%

The expression for the tensor S-D exchange integral for
TU(2LJ:) will be discussed in the next section.

We now consider the expression for the tensor S-D

exchange integral for TU(34) which is given by

T 34 3 ,16,%,3.° T .3/2 8M ¢
I = - = (=) =) (——) — —— NN x
S-D(r) 2 15 2 3 (048 ) 512 14c° S°D
2 4
T v T 3/2 15
Z‘ z tlwem),, "U - ( T ) 2 ( T Vye
u=1 v=3 o+B+ “% o+B+ un
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JRC0%, M exp [-3/2(as124857 ] ) YHOTUR)IX,, " (2)%(-2) x
M

£ 5 (1 )Fr'dr'dadn’ . (8.5.5)

Using the results given in § 6.6 to perform the angular

integration of equation (8.5.5), we see that equation (8.5.5)

leads to
T_ 34 3 \E 7/2 26a9/4313/4 c 8M
IS—D(r) = 16(35) d : o — X
(a+B) 1+c® 5h®

2 4
E: E:&(w+m)v TU: Iexp [-ﬂ(l)rz—g(l)r’zj JZ+%(Trr')dr’
n=1 v=3

(8.5.6)

where

2
t o= 34 (%%) (0B

n
s

(1) (8.5.7)

3
il

(a+168)

n
N
U1

N
=

(1)

L W WP P T W

(16a+8)

v

n
0o
!
Ul

Comment . As already seen above we have not given every
step of the calculations of the integrals considered in this
chapter explicitly owing to the large amount of analysis in-

volved in some parts of the calculations.
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CHAPTER VITII (B)

THE TENSOR FORCE TERMS (D-S INTERACTION)

The formulation of the D-5 terms is similar to that of
the S-D terms but in the integrands the factors containing
the tensor operator of the Helt D-state wave function are
in the reverse order. The results have exactly the same
form with the suffices i and j interchanged and in addition,
r and r' in the kermnels of the indirect interactions inter-

changed,

§8.6 THE INDIRECT INTEGRATION

The indirect integration due to the tensor force term
in the D-S is similar to that given in equation (8.%4.1).

We shall now consider the integration over complete vectors.

(ii) INTEGRATION OVER COMPLETE VECTORS

Consider the following integrals

T 14 8M - - m T
(0 Tty = Eu] Tenx,Mos,,

on U14 (-2) x

m 1
Xeg () {5000/} dp y r a0

2 4
16,% 8M T .V c
-G8 L N Y ) hGem ) T =
=1 v=3 te

J YEZM(Q) exp [—ﬁ/2(35'2+8p2/3+2p|2)
T ler /et IR 1,5 () DBlryyxyy)

= .
(514'545)'6r14 (523'345)+9193‘(523“314)(514‘545) -

910, (r yarys) (ryy.r,, )] exp[- %(3s2+3p‘/3+2p‘2)] x
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~ 1

M(Q')XZJm(Z)X(_Z){fZJ(r,)/r'} r dr'dQ (8.6.1)

We shall not give the detailed calculations of equa-
tion (8.6.1) as they are similar to those of the S-D inter-

action. Consider the following integral
— —_m 2
JRG1%,,™ (0 [18(xy 52,0 (24402, 5)-67 1% (2g5-my5) T

exp [‘3/2(a52+55'2)—(3&+38+Tuz)absz ]exp[:_y(z) %

(o-me)® -2 (%) (01-65)2 T x(-2)x,,™(2) dpdp ' dr

= (Q+B)3/2(3)4 J‘X(—l)xle\] (1) eXp[ Y(2) < 6(2)1"2] «

(——-—-—IE-—----——)B/2 [32 1 _ 30abs” _
3a+3B+TU: 2 (3&+35+TUZ)2 3&+38+Tu:

30b(s.s"')

T v + 6a°b® s* + 12ab252(§._s_’)i] <
3a+3B+ 1
%

exp [-Ar.r"] X(—Z)XZJm(Z) dr'. (8.6.2)

The following terms are due to the D-S indirect ten-

sor forces

— N m .
IX(‘“X,&J (19195 [lzygazyy) (L) 2y5)- (2 yar,s) (£y5.0, )]

X exp[_3/2(C('SB+BS'2)—(3a+BB+THZ)ab52] exp [_Y(Z) <

(ErDE)Z—K(Z)(Q'—ég)ZJ x(—z)ngm(z)qg'ngE'

(G+B)3/2(3)4 I Y(—l)ikJm(l) exp[:—y(z)rz—é(z)r‘zj x

( T )3/2 [32 b
T v 2
30+3B+ M, 3a+3B+ My

9ab®ig,. (sas')s” ]exp Loar.r'd x(- Z)XﬁJ (2)dr!

3
(8.6.3)
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Hence, the expression for the tensor D-S indirect dintegral

for TU(14) is

T 1k o (16,3 (3yk (B_y3/2 c 2702/ g 13/ gu
D-S(r) ~ 15 2 a+B 1ec? 35 TE9/2 5n2
2 4
Z Z 4(w+m)\) TU: (-——-——TC—T—\))B/2 exp[—('y(z)r"‘+6(2)x
H=1 v=3 3a+38+ 1,
2
r'a):l i(—l)g m(l) f.‘:_s_ 1 _ BOabS
j £J [ 2 (3@+38+Tu:)2 3@+38+Tu:
BOb(i'-i) . _ 45
— +62%b%s* + 12ab®s®(s.s'), + == x
y s-8" 5
30+3B8+ M,
b . 2. 2
ig,.(sas8')-9ab”ig,.(sas')s x
(3@+38+Tu:) 3 3 ]
exp [-dz.r' 1) YHOTQ X, (2)X(<2)F ) (L, yrrdr’ x
M
dQdQ" (8.6.4)

The indirect term due to tensor force TU(24) in the

D-S term is given by

T 24 16,2 8M c
ID—S(I‘) = (—1—5—) ;—z— NSND -y z Z 4(w+m)v X
+ 74,:1 \):3
T ; T
U: Jngm(n) exp [ —5/2(38’2+8pa/3+2p'2)— u:(g' +

/3p-3p )27 XX ,,™ (1) E18(xy4-1p,) (g -£y5)-675,

X(£23.545)—9ig3.(523A£45)(£24.£45)+9ig3.(523A£45) x
(rpy-rys) Jexp [-%/2(3s%480/3+2p72)] ) Y, (0) x

J, L
X oy (2)%(-2){£ 5, y/r'}r dr'dpdp'dQ - (8.6.5)
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We .shall separate the above integral into two parts, viz.
- — m 2

(a) IX(_l)XZJ (1) [18(523'524)(224'£Q5)_6r24 (523.545)] x
exp [-Y(Z)(gfna)z—k(z)(ﬂ'—ég)z]exp [-3/2(as2+Bs'2)~

(3a+38+Tu:)abs'2] ngm(z)x(-z)qz'qng' (8.6.6)

and

(b)) [R-DX,,™(1)950,. [ (myparys) (£p5-Ey5) - (Epgarpy) =
(£py-rys) D oxp By (em? P (o697 Tx
exp [-7/2(as®+85'2)- (3a+38+ 1) dabs'® Ty, M(2)x(-2) x

dr'dpdp" (8.6.7)

Consider (a). This is the same as the integral we

obtained for a similar term of the above in TI§4D with

_g;:_g'. After the integration over p and R' the result

of the integral in equation (8.6.6) is

/23 [ R-0X,,™(Dexp [-7/2(as®+85' %] x

o+B
(— T y372 [ii 1 _ 30 <
3a+BB+Tu: 2 (3a+BB+Tu:)2 3(a+B)+TuX

b(1+a)s'2+6ab2(2+a)s'4] exp [ -{3(a+B)+ Tu:}abs‘zj x .
ngm(z)x(_z) dr! (8.6.8)

Consider the integral in item (b), i.e.
v = m .
(-1124'245)3 exp [‘Y(Z)(E-T\E)z-)\(z)(_g'—ég)zjx

exp [-3/2(asz+Bs'2)—{3(a+B)+Tu:}abs'2:]XZJm(z) x
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¥x(-2)dr'dpdp"

This is the same as the integral of the same expres-

sion obtained in T ;QD( ) with (£23:=5£13) s==s' and
Qf#h- This reduces to zero after the integration over
p and p'. Hence the splitting term gives no contribution
in D-S.

Thus, the total contribution of the indirect term due
to tensor force TU(24) in the D-8 term is given by the fol-

lowing expression:

T 24 _ (16)3 (
14c2 3./5 n9/2 502 o+B

Ip_s(r) 15

Do

2 4
=1 v=3 30+3B+ M,

- — 45 1 30 2
X (-1)X, (1) | 5= - —2——— Db(i+a)s'®+
-I £ [2 (3a+BB+Tu:)2 ‘ 3(&+B%?u:
6ab2(2+a)s‘4] exp [-Ar.r'] z:Yg(Q)??(Q')Xng(Z)X(—Z) x
" ‘

£o3(rt) rr'dr'dQdQ’ (8.6.9)

(3) The indirect term due to tensor force TU(34) in the

D-5 is given by the following expression'
2

T_ 34 16,2 8M c
Ip_se) = (15 on NNy 2 zl*(w““) To?
=1 V= 3

J YJgM(Q) exp [—8/2(35“2+8p2/3+2p'2)—Tu:(£—%P')2] x
— — m 2
X(—l)XgJ (1) E18(£34.£45)(534.523)+6r34 (323.545)

+9i0,.(x
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exp [~ C/2(35%4+8p2 /3+2p'2) 7] Z YJgM(Q')Xng(Z)X(-Z) <
J, £

1 ] t
(g (pry/x' Jr do'dpdp'an (8.6.10)
We separate the above integral into two main items,
namely.

. — - m
(i) IX("l)XgJ (1) [~18(£34.£45)(334.323)+6r342(323.345)]
x exp [-E(p-€p')%-1p'® Jexp[ —3/2(cxsg+ss'2) I x

Xpg (2)%(-2) dpdp' (8.6.11)

(i) J‘Y(—l)ig‘]m(l)%gy C (£pgaZqy) a2y )+ (Zgyarys) x
(323.334)] exp [_g(gfgéf)e—Tp‘g:]exp[ —3/2(0.52 +
Bs'®)I%,; (2)x(-2) dpdp’ (8.6.12)

Note that we have omitted the following terms in the
above two integrals which appeared in equation (8.6.10)
' taQ | -
(a) {ng(r,)/r } r dr'df and (b) Yﬁ,m ( the tesseral har
monics).
Using the results given in equation (8.4.15), the

result of equation (8.6.11) after the integration over p

and p' has been performed is quoted below

- (3/2)4 (_3__(_7;‘_BT)3/2 (____ET_\)_)B/Z 15‘ ; %
O+B+ “% 2(G+B+TUZ)2
exp [ - -g— (as®+Bs'®)] (8.6.13)
Consider the integral in (ii) above. This is the same

as the one we obtained when considering the S-D terms
for the tensor force TU(34) after the interchange s~ s'.

This reduces to zero after the integration over p and p'
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has been performed as already shown. Thus the total in-
direct term due to the tensor force TU(S&) in the D-S is

given below:

T 34 . (3 léja c 07097 g 13/ 8
D-S(r) 27 "157 4 .2 35 2972 50
2 4
T 3/2 . - 4o
EICmN L) e, To) (— 157
=1 V=3 a+B+ U

15
2(&+B+Tu:)2

[ X100%,,m (1) exp [~ 2/2(as?4ps' )]

) V@D K, M(2)x(-2)f ) (., yrr ! dr ' afaq (8.6.14)
M

§ 8.7 (iii) INTEGRATION OVER SPHERICAL HARMONICS

The expression for the tensor D-S exchange integral
for TU(14) is given by

0709/ g 1371

T 14 L (16y5(3y* (T y3/2 ¢ B 8M

D-S(r) 15 2 a+B 1ec? 3.5 E9/2 53

2 4

}: Eqv'(wﬂ_m)\')_TU:(___Wﬁ)B/Z exp [-(Y(Z)r2+6(2)r'ej] -
n=1 v=3 3a+3B+ 1,
= — 45 1 30abs?

N(-1)X, (1) | =2 _ _

I €J [ 2 (3a+38+Tu;)2 3(@+B%?uz

30b(s'.s)

S +6a2bes4 + 12abasa(§'.§) + 45 b x

3(&+B)+TQZ 2 3(a+B)+TuZ

igB.(iAi')—9abzig

3.(§A§‘)52] exp[ -Ar.r'] E:Y%(Q) x
M

Tg(ﬂ')XZJm(Z)X(—Z)ffJ(r,)rr‘dr'deQ' (8.7.1)
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We shall use the previous results to perform the in-
tegration over spherical harmonics. In addition to this,
we shall use equation (5.8.4) to integrate the terms in
;gB.(£A£'). This avoids the method of equation (29) in
Sugie et al. Similarly we replace equation (30) in Sugie
et al. by equation (5.6.2), the proof of which is given in
equation (5.5.1).

Thus, we may write the total expression for the ten-
sor D-S exchange integral for TU(1Li) as
T 14 16 (;_)% 26@9/4313#i t,. ¢ 8M

~— bZd
(a+B) 1+c® 5h

D-S(r) =~ 15 ‘51

2
2 4
z: Ei b (w+m),, TU: fexp [—(Y(z)r2+6(2)r‘2)] x

2 4
(1562 - 3387 (@ep) (2P ar?om, P2 00(d2) (048)® x

(2) 16,2

(U(z)r4 TE) x

r'® 4y

+2U‘(2)r2

4
r' )}$f+%(krr') + 3(

2
(@sprert (v 4 3287 (awp) (W Be2 i (Br2) )
$£+3/2(er')] dr' + kﬁ; (r,r') (8.7.2)
where
1 5,6 9/h 13/4 4
e = 2@t 2e 8 i@ || gy ||
P (a+8)
2 L
o - §D_/12 z z Lk(w+m)\) TU;') J‘expl:_(Y(2)r2+6(2)r|2):|
1+c” 5h u=1 v=3
2 2
x [{Xg - 3(%%) (a+B)(Yr2+Y‘r'2)}$f+%(er')—3(%g) x
(o0+B)lrr'=z $f+3/2 (Arr')] dr' ©(8.7.3)

where



Y(g) = %%3 (160+8) + 3(%%)2 (a+B)a

6'%) = 2L (ar168) + ¢ (%)2 (a+8)a
séZ) = % b® % £bd (25a+17b)+2£(£-1) x

ad® (7a + %1 b)

Té2) = 2 b (5a+b) + fabd(9a+ %2 b)
102 = 5 12 (5a44b)s L fabd(19a+ <2 b)
£ 2k 16 3

ul?) = Lp?(ar 1/3b)

ur (8) 2 %5 ab® (21a+17b)

un2) - T%E ab® (3a + %E)

viz) o 2 b7 (25a+17b) - abd(7a + 1%9)

w2 = F ab® (9a+ 1gb)

we (2) Z7 ab® (19a+ é—2—9—)

X, = %ﬁ + %% £ad

v = %% ab

v (2 1 ¢(2)

, IPIEY

|| o £ || is defined in equation (5.6.2).

. T_24 T_ 24
harmonics for 524 ( IS—D(r) and ID—S(r
T_14 T_ 14
comes the same as 514 ( IS—D(r) and ID-S(r)

interchange 1=2

N N N e M N N N N N N N s N N e N N N N N M e N N e N e N e N s N S N N N N e N N N s N N N
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(8.7.4)

We shall not consider the integration over spherical
)) since S,, be-
) after the

and hence kernel 524 is obtained from
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S14 by exchanging coordinates r and r'.

Similarly we obtain from the total tensor S5-D exchange

integral TU(SQ) the corresponding total tensor D-S integral

by interchanging the coordinates r and r'. Thus
T_34 3 vk 772 26a9/4313/4 c 8M
Thos(r) = 10G7)° d 3 2 o
(a+B) 1+c 5h”

2 4

2v~ EJ&(w+m)v TU: jexp [_(n(z)r2+§(2)r‘2)] x
n=1 v=3

J£+% (Trr') dr' (8.7.5)
where n(2) E %%g (160+8) ;
(8.7.6)
- 4
2 = 2L (ar168) )

and T is defined in equation (8.5.7).

§8.8 (iv) FINAL RESULTS

The complete expression for the tensor SD and DS ex-
change integrals consist of four similar parts, inter-
changeable by means of the transformation r==1xr', The

indirect term is given by

I = Ilq(r,r') + IzQ(r,r') + IBQ(r,r') + I14k§;(r’r') +
23 ,
IBkap (r,r")
= I'(r,r') + 1k (r,r'). (8.8.1)
sp
where
. . i6 3 (% 26a9/4513/4 1. ¢ 8M
I (r,r ) = - 'E (—5--7%-) 6 bed _2
(o+8) 1+c®  5h
2 2 4
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. 2 . . 4 2
[{Sél) —3(%%) (a+B)(Tél) r2+Té(l)r‘2)+9(%%) (0+B)” x

. 1 i 2
(U(l) r4+2U'(l)rzr'a+U”(l)r'4)} 3£+l(krr') +3(1g)
2

. 2 . .
(asplrrt (v a3  (aep) (0 e ar (H002)) x

3 (er‘)i]dr‘

£+3/2
+ a similar term with r<=r'
250974 1371 772 o

% 8M
' (oc+f3)6 1+c®  5h°

2 2 4
z z 2 4(w+m)v

i=1 #=1 v=3

3
+ 16 (—S'E)

x TU: J exp [—(ﬂ(i)r2+§(i)r’2) ]J£+%(Trr‘)dr' (8.8.2)
and
6 _9/4, 13/4

I'kﬁJ(r,r') = %2 (%E)% =< B6 bla® o2 || x

p (o+8)

2 2 L
c 8M T v (i) =2
o 4 (w+m) U exp [-( r-o+
1+c®  5h® E z z v KJ =

i=1 #=1 v=3

. 5 , .
62y 3[ix, -338) 7 (@pr Pt ey«

' 2
$£+%(er’)—3(%%) (a+B)rr'Z J£+3/2(krr'):]dr‘ (8.8.3)
where
(1) 16 (1) 1, (1)
Y = 5 ab, Y = 15 ¥ (8.8.4)
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PART III

THE BINDING ENERGY OF HelL
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CHAPTER IX

THE BINDING ENERGY OF THE ALPHA-PARTICLE (B.E.(Heq))

The problem of the alpha-particle S and D states bind-
ing energy is formulated in coordinate space and is follow-
ed by a variational calculation of the principal 1So-state
and the principal 5Do—state contribution to the B.E.(Heq)

5

using a radial wave function of the form exp(-g T r? ).
i>j=2 Y

The calculation is based on the nuclear forces given in

Chapter IT taking into account the effect of a "hard core"

on:B.E(Heq). The results obtained are compared with

those of other authors.

§9.1 INTRODUCTION

Many authors have described variational calculations
of the binding energies of the triton and the alpha-
particle, using the phenomenological potentials which
satisfied current two-body data (Abraham et al. (1955);
Irving (1951, 1952, 1953); Clark (1954); Xikuta et al.
(1956); Blatt et al. (1958); Nagata et al. (1959); and
H. Kanada et al. (1963)). The introduction of a "hard
core' into the two-body potentials reopens interest in
further calculations of this kind. Several approaches
have been made in the problems of three- and four-particle
nuclei and in this thesis we describe the direct varia-
tional calculations for the alpha-particle.

The way we treat our contribution of the hard core
to the B.E(Heq) is very similar to that of Brueckner

(1958) for a two-particle problem. (Ref. §2.5).
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§9.2 THE BINDING ENERGY CALCULATION

Let H be the complete Hamiltonian of the internal He4
system. Then the total binding energy, inclusive of the D-

state, is given by the following form:
f¢*H¢dT (9.2.1)

where the Hamiltonian is given by

5
2 2
H = -=(n°/2M) E: vj + E: V(rij) (9.2.2)
j=2 i>j=2

Vj is the Laplacian operator acting on the coordinates
of the particle whose position vector is r,. ¥ and V(rij)
have already been defined.

Thus we may write equation (9.2.1) in the form:

5
* 1 * o
E = .,W Hpdr - T st(_nf-aﬁ Z Vi ¥ (Lq)9T

1+ j=2

2, . ‘ 2 :
an(-1) {-n®/2M E: Vit up(qy dv ¢

j=2
5
* 2 *
E: {fws(-1)V°(rij)ws(_1)dT+° wa(_l) Velr, )¥p_q) 97
i>j=2 '

+ an( 1) Vpe(rigd¥p(qy 97+ 2°f¢ V(i3 1)
x dT + ¢ wa( 1) T )wD( 1)dT + c IwD( 1) VLL( ) X

¢D(_1) dr}] (9.2.3)

where V (r..), (r..), Vv (rij) and V, o

. . t -
i Vi iyl Vg (rlJ) are the cen

tral, linear spin-orbit, tensor and quadratic spin-orbit
parts respectively of the two-particle interaction of the

form given in equation (4.1.2).
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The coulomb energy of He4 is given by

e

Ecoulomb = 1202 {fws( 1) ( 5) 11"s( 1) v+

IWD( 1y o Ty ) Up(oqy 97} (9.2.4)

where e is the electronic charge.
The above expressions have to be minimized in the var-
iational calculation of the binding energy which includes

the D-states.

§9.3 THE CONTRIBUTION OF THE KINETIC ENERGY TO THE

B.E. (He4)

We consider first the contribution of the S-S terms

to the B*E. (He4). The energy operator of He4 is given

by
Tosus = To_sus * Tyius * Tys
- _n®/2m(/3 V3 sus 3 /2 V3 s * 2 Vig)  (9.3.1)
Also we have .
bg(i1y = Ngexp I- 5 E: rije} x(-1)
i>j=2
= N_ exp {- 2 (35'%+8p%/3+20" %) Ix(-1) (9.3.2)

N_ and X(-1) have already been defined.

Thus

* 21’12 . 0
¥z gy 1Tasuslgigy > = N7 5 2009+a 330 x

Jexp [~a(35‘2+8p2/3+2p'2)} 4T (9.3.3)
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where Ns2 = 2669/2/R9/2 (9.3.4)

Expression (9.3.3) can easily be evaluated and the

result is

M (18a)
Hence
R 5
1 h 2
2 fwg { - oM E: VJ} ws dt

1+c .

j=2
2
S Z‘—M (18a) (9.3.5)
1+c

We now consider the contribution from the D-D terms.
It should be noted that the S-D terms give no contribution
(S-D = D-S) to the B.E. (Heq). This is because of the
spin properties of the D-state operator.

We define ¢D(—1) as

¢D(—1) = Np exp {- B/2(35'2+8p2/3+2p'2)}[ 3(22.323)(24.545)

+ 3(22'345)(24'523)"2(22'94)(EZB'EQSI] x(-1)  (9.3.6)

2
where ry; = s' - "/3p and 1,5 = p'.
Thus
a n° 2 2
* _ h- ,
<¢D(—1) lT2345H’D(—1) > = -Np© oy IGXP{—B(BS +8p%/3+

2012)} (4p%p'?-108) [18(s'-2/3p)%p'% +

6{(s'-2/3p).0"'}° Jx ds'dpdp’ | (9.3.7)
2 (& _ y3/2 1 (585
= ND (*IE'B: ) M (25 ) (9.3.8)
2 482 1682 ,3/2
But Np = E% (——%—) (9.3.9)

T
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Hence

ag *
2(_1) IdT_1xa('1’@D(_1) (Ty 35500 (L1)Xg(-1)

2 2
C

h
= = o (268) (9.3.10)

1+c

Thus

g * * *
(1) Idf-1xa(*1) Col_1) Tagus?®s(1) + 95 (1) Tagus)

o1y X (1)

5
1 . 2 )
2 Uws(_i){_h /2M z Vj} \bs(_” dt +

J:2
; 5
2 2 2
c hf;(-ﬂ {-n=/2M z vy} WD(_“ dTJ
j=2
1 hz 2
= 5 BM (180 + 2680 ) (9.3.11)
1+c
§9.4 THE CONTRIBUTION OF THE CENTRAL FORCE TO THE
B.E.(Heg)

POTENTIAL (S-S TERMS)

We consider the following expression:

a * *
29 .y Jar_ | xzCver |, (z(23u5)v )%, (-1)e_(~1)

c(ij)
(9.4.1)
where Vc(ij) = (w + mMij + bBij + hHij) Vc(ij) (9.4.2)
M, B and H have :their usual meanings. The N-N poten-

tial shape will be chosen to be of the double Gaussian

type, that is, of the form

2
2 a
V(rij) = E: U% exp {- u%rij } (9.4.3)
n=1
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Using equations (9.4.2) and (9.4.3), expression

(9.4.1) becomes

6N 7
= E: E:(w+m)v CU: Jexp {—X(g'—yR)B—ZGD'a—ﬂP'z] x

n=1 v=1
ds'dpdp" (9.4.4)
where
c Vv )
A= 30+ Ve )
) (9.4.5)
4@(2a+°u:) )
n = —— )
3a+0uv
%
On performing the integration over s', p and p' in

equation (9.4.4) we obtain

2 L.
6 ) ) Grm) CUY (2% _)3/2 (9.4.6)
u=1 v=1 2a+ u%

POTENTIAL (2(2345)Vij) (D-D TERMS)

. ) ) otrdinay )
Consider the potential with the o?éef%ﬁg Wigner term,

that is

50 5 * *
wl 7D = v 17D, > - 2Wde_1xa(“1)@D(-1)V23@D(—1)Xa(“1) *

4deT_1x&(-1)cpﬁ(_1)V24ch(_1)xa(—1) (9.4.7)

Consider the first term on the R.H.S. of equation (9.4.7),
i.e.

ZWIdT_lx&(—l)mB(_1)V23@D(_1)xa(—1)

1l
(e}
[V]
o]
4
(o)
o]
i [\/][\3

4
) w, °UY exp [-h(styp)?-8p2-mp'?} x
=1

n=1 v

[18p'2 (s'-2/3p)® +6(s',0'->/3p.p")? Jds'dpdp' (9.4.8)
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where
A= (35+cu:) ; Yy = 2CUZ/3X ; )
) (9.4.9)
6 = 4p(28+°uy)/(38+°w)); n = 28 )
‘On performing the integration with respect to s', p and p',

the R.H.S. in equation (9.4.8) reduces to

2 4
2
5 ¢ E: E: w, Uy (——3@—3)5/2 (9.4.10)
1+c? T
nu=1 v=1 n

Consider the second expression on the R.H.S. of equation

(9.4.7), that is,

4Wfdf_1x&('1)@6(-1)V24@D(_1)Xa('1)

2 b4
2

C 2 ‘ c..V ' 2 1)2
- at o ) ) WY e (sEnuteee) -
n=1 v=1

ko'®) [180'2(s'-2/3p)+6(s" .0'-*/3p.0" "] ds' dpap’
(9.4.11)

were & - 35z W/ £ - Yeses

€
[

B(8B+3°))/(38+°1)); & = “u,/2(88+3%));

H

88(28+°1,)/(86+3%0)) (9.4.12)
On using the following transformation

st— Er = t, p-€p' =t', and p' = p', equation (9.%.11)

leads to

2 k4
2 8
- 2 E: E- WVCU: [ % ( 2c v)3/2 + 25 v )5/2 *
l+c we1 vei 2B+ M 2B + Ky
%(__2%_;)7/2] (9.%.13)

2B+ My
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Thus equation (9.4.7) reduces to

E: E: vy UL [Prec ——ﬁ— )3/2 » 3(——BB_y5/2
1+e® 7 vot 2B+ 2B+ 1y
1(—28_y7/2] (9.4. 14)
28+Luv

We now consider the potential with the Majorana ex-

change operator. The matrix element of the D-state is
given by

Db N
<7 = |vy m P"(15)[%D >

* * M
- emy Jar_ iy (-eg 4 Vo P @3)e X (<1)

* %* M
my, Jat_ g 0mg Ve, Pl Rey X1 (9.5015)

The above expression is easily evaluated and the final re-

sult is
. 2 4
C . z Z m [5 ( E )3/2 _ ( C@ \))5/2
1+c we 1 Ve 28+ u 2B+ M,
%(_§§3_3)7/2] (9.4.16)
28+ B

By the same procedure,it can be shown that the following

results hold:

(a) o *lv, PPy |Pp > = (P <V, 17D
(b) <5Do*|VijPH(ij)|5Do > = <5D;|vijPM(ij)|5D0>

5 5
Thus <7D, | (w +m M, +b B +h H, )] DD
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2 4
E E % [ 5(w+m+b+h) (___%__03/2 .
28+ M,

n=1 v=1

3(w-m+b—h)v (——EE—— )5/2 (W+m+b+h) (———ﬁ—— )7/2]

28+ 28+,
(9.4.17)
§9.5 THE CONTRIBUTION OF THE COULOMB ENERGY TO THE
B.E.(HeQ)

From equation (9.2.4), the contribution of the cou-,

lomb energy to the B.E.(HeQ) is as follows:

{st( v (5 ) Vg (o1)dT_q*c 243 1)( )

coul. 14+G2

¥p(_qydt_ ) (9.5.1)

e being the electronic charge.

Thus we obtain
Nz

. _S eajexp {-a(3s'24+802/3+2p'2} L, ds'dpdp’
1+c? £

Ecoul.

. |
+ Np? = e? Jexp{—B(Bs'2+892/3+29'2)] x
1+c

[183'2(5'—2/33)2+6(§' ,_p_'—z/B_Q,_Q' )2 ] é, dsdpdp'

1
. =2 62 (2)ZT[ /o + 2 c2/B ] (9.5.2)
1 2 T 3
+C ~
§9.6 THE CONTRIBUTION OF THE TENSOR FORCE TO THE
B.E.(HeQ)

The tensor component of the potential Uij is given by

Ty (r.) -= (w+mM)TU(rij) (9.6.1)
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Since the tensor force contributes to the BZE,(Heq)
only in the triplet state. Neither does the temnsor force
give any contribution to the B.E.(Heq) in S-S states. The
only contributions come from both the S-D (= D-S) and the
D-D terms. We consider first the contribution from the -
S-D terms. This is given by the following expression
() TIg pi., = <1so*\sij\5no>

QCNSN

D . '
- Jar_xz(-1) [18(x, 50000 (2yy-145) -

615" (£gq-1,5) 1 expl-M (s -2x)®-w(p-cp ) %-np "} x
xa(—i) _ (9.6.2)

It can easily be shown that equation (9.6.2) leads to

2 4
T ) c 20, |28 o 2/aB  5/2
oy - W5 G iy Y ) B2
n=1 v=3 My
TUZ
— Ty (9.6.3)
a+B+ u%

Thus the total contribution from S-D and D-S terms 1is

given by
T T _ c 2a |28 ,?
Tsp(r) * Ipos(r) = ~0/5 e o? (Geg) Geg) ¥
2 4
YooY TuY (252 L (9.6.4)
Hn T v T v
n=1 v=3 a+B+ u% a+B+ u%
Hence we obtain
1., 5
2 M, Isy Gty ) Do>
2 4
_ c 20 (28 \? T .V
= =65 . (@+B)(G+B) E: E:(w+m)v U, x

1+c
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2MQE 5/2 1
( 5?72 —— (9.6.5)
a+B+ u oa+B+ u%
Note that we have no contributions from 523 and 524 This
is because each contains gz or g4 only once and the expec-

tation values of 92 or gq_ between two similar spin func-

tions 1is zero as shown previously.
We now consider the contribution from the D-D terms.

This is given by the following expression:

< 5Do* |Sij I5Do> - 2<5Do*|823l5Do>
+ 4<5D0*|534|5D0>

2
3
_ c 2 T .V 2 2 12
EEPTC L Ty Jexe {ns'vp)?-60-n0'7)
n=1

2 2 2 1 1
x [181‘231'2LL +30r, 4 (523.545) ] ds'dpdp' +

Lc®

1+c?

ND2 Jexp {-xs'®_w(p-gp')-np'?} L{42(£23.£45)2_

18r_.%r, ®ir

2
23 *u5 oy ‘72(534'523)(334'545)(523'545) +

5k [ 24,050 5,5 17 ]di'd_ed_e’- (9.6.6)

Equation (9.6.6) leads to

2
c? T v 28 5/2 @ 7721 1
_ U ( ) = ( ) -
14c? %22 " 2 28+ 1y 2B+71 u ] 2B+TuV
(9.6.7)
Thus wv < > O*|51J|5D0>
. 2 4
T.v [21 28 5/2 ﬁ 7/2
= - 10 2 E: E: vy Yu Lz (2 T v) ( ) ]
+C #“=1 v=3 B+ u%
1
X ———T—U . (9.6.8)
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It can also be shown that
5 " M,. .15 >>
m,, <: D, lsijP (i3)] D,
2 4

2
T
s ) ) my"U) Jexp (-A(s'-yp)®-60%-n0'?} x
+c
KZ]. \):3

2
= 2ND
1

[18r234r452 + 30r232(£23,£45)2] ds'dpdp'

2 L
2 d
T
+ 4NpP = z E. m,, UZ Jexp{—Ks'a—w(R—SR')2—%9'2}

2
1+c¢ n=1 v=3

2 2 2 2
x [{42(_1;23.545) 181, %y o Yr g P72 (0, py ) (g emy5) X

(523.545)+54 [E53:Eq,1 s ]2] dsdpdp

2 b
c? z z m, TUZ 1 21 (28 )5/2 _

= 2 T v L2 T v
T+e n=1 v=3 2B+ “% 28+ H%
g-(——E%r;)7/2] (9.6.9)
28+ u%
Thus

T v 2 v T v
1+c¢ n=1 v=3 2B+ uk 2B+ Mo
“(w+4+m) (——E%—— )7/2] (9.6,10)
v
28+ u%
9.7 THE CONTRIBUTION OF SPIN-ORBIT FORCE (L.S) To
B.E.(Heq)

The spin-orbit force L.S between the ith and the jth

nucleons may be written in the following form:

PM(ig))v (r, ) (9.7.1)

V. {r..) = L.5 (w, ., + m
L.-s ij

Ls Ls
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where
h . )
Lij-8;; = 3 (gi+gj).(£i—£j)A(Ri—Rj) (9.7.2)
. 0
-1

The spin-orbit potential has only two components. This
is because the spin-orbit contributes only in the triplet
state of the two particles. It can easily be shown that
both the S-S and the S-D or D-S terms give no contribution
to the B.E.(He4). Thus, only the D-D terms give a contri-
bution to the B.E.(He4). As before the wave functions
are of the Gaussian type, that is, of the form

5
gy = ND exp {- B8/2 E: rijz} (9.7.4)
i>j=2

where ND is the D-state normalization factor

1
(:28 313/2/45W9/2)2-
The wave function of He4 is given by

C

¢(—1) = ?::z;;% gD WD XQ(-l) (9.7.5)

where represents the normalized spatial part of the wave
&p b P

function for the principal 5Do—state andxa(~1)has been de-

fined previously. ) is defined by
5
2
W= z rij Sij = 3(g2.£23)(g4.£45) + 3(g2.£45)
i>j=2
X (24-£23) - 2(220g4)(£23-£45) (9-7-6)

The following coordinate system will be used through-

out the calculations in this section.
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=23 =45 ~ 5 2
[
4 — _ =
zlrytrg-ry-ro) = u
. W Vv
give rise to the following
u
oy = u+ 3(v-w) l -
Tps = u + 2(vrw) ¢
4 Fig. III 3
- 4
gy = - 2w
T35 = & - 3 (v-w) (9.7.7)
Consider the Ls potential with the ordinary Wigner
operator. The expectation value with respect to the D-

state is given by

5
¥ c? ..
v o> = = [ wg g5 ) Vi 0D gy
1+c o s
1>J:2
Xa(—l) dT (9.7.8)
Here g3x(§3) = _QQX(EB) and similar expression for

x{(45). Thus equation (9.7.8) can be rewritten in the

following form:

* 2c® J * * %
<<D‘VLS‘D>> - T X5 vy 8 VLS(23) gpWpXy 9T+

Le®

2

— [ %z wpegvy , (2hrgpwpx (-1)aT  (9.7.9)

Consider the first expression on the R.H.S. of equation

(9.7.9), that is,

202‘[***
. Xq“DgDVLs(ZB)gDWDquT'

Before proceeding with further calculations, some preli-

minary results are given.
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(a)x | (gp-A) [, > = x (o, .a) x> = © g
4 )
(0) Xy | (9y-8) (gy - B [Xg> = O )
(). ( ) (5..B) | x> (A.B) K (9:7-10)
x| (2,8 (2, B X > = -(a.B
< ! 2 3 ! )
(@) x| (9,-4) (9,.2) (g, -B) X > = O )
where A, B, a, b etc. are commuting.vectors.
Thus we get
X&WBVLS(23)WDXQ = 18(in)? [3vew® + (v.w)?®] | (9.7.11)
Hence " jx WDgD Ls(23)ngDXadT
= 36 " NDEVLS(ih)z j [3v2w2+(1,£)2:]exp {-4Bu® -
1+c
(28+Ls v)v - 2Bw2} dudvdw
2 2
1+C2 u=1 v=3 2B+ u%

We also obtain

c *
2Wy o o2 jXQWDgD Ls (23)gpwpX AT

8 2B+Ls Vv

2 &
n? ) ) w, MY (28572 (9.7.13)

v=3 K

It can now easily be shown that

M s I Xo"p&p Vs (23) P (23) gpwpX a7

E E bagy (28572 (9.7.14)

Ls v
=1 v=3 2B+ u%
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Consider the secbnd term on the R.H.S. of equation (9.7.9),

that 1is the integral

JXQWDgD Vy o (2Bepwpx dT

1+c?
; 2
= éégg NDQ n? 2 z‘ Ls v Jdudvdw [3v (r w)+(r r,ye V) ox
1+c
n=1 v=3
(X:E)‘3W2(r )—(r w)(v w)] ‘exp  {- 28 (2uiv® vt ) -
Lsu: (u+v/2-w/2)?} (9.7.15)
. 2 4
= QQE; NDB n? E Z Lsyv Jdudvdw [ 3v?® (r w) +
l+c n=1 v=3
(£,,-3) (v.w)-3w? (1, . ¥)-(x,, w) (v.w) T exp{~&(u-y (w-v))® -
& (verw)® —uw® (9.7.16)
wﬁere £ = 48+Lsu:; Yy = Lsuv/ZE ;
5 = B(83+37%uY)/ 484750y m = MuY/8eesttul
and
n = 8B(2B+ Ls v)/8B 3Ls Yo, (9.7.17)
Using the transformations
s = u - Y(E_X), s' = v-mw and p = w, the above inte-
gration leads to
5 E: Ei 28 ) (—28 )5/2 LsyV
- Ls V' 55 Ls v %
n=1 v=3 2p+ U'% B+ u%
(9.7.18)
Le® «
Thus o LI J X ngDVL (24)ngDXadT
LV 28 5/2 28
= - 3 E: Ej W, ( Ls v) (1 + Ls v)

28+ 28+
n=1 v=3 "u "

(9.7.19)
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2
* * * 7 3
Hence w J XSWhen VLs(lj) ngDxadT

2 4
_ 3c® 02 2 ZW\) LsV ( 28 )5/2x

- 2 " Ls v
1+c %=1 v=3 28+ u%
2B
5+ e ] (9.7.20)
28+ My

By the same procedure as above it can easily be shown

that evaluating the expression

M
o f Xowaesvy o (28) P (2h) g, at

leads to the following result

c? Ls Vv 28 5/2 28
3 1n? Z X vy (—2__y5/2 . )
1+c? n=1 v=13 28+ U,% B+ - %

Thus we obtain

2
c .. M, ..
2 MLs JX vHeD z Vs (13) P(i3) gpwpX,dT
1+c
i>j=2

2 4
z z m LSy ( 28 )5/2x

= 3
v n Ls v
v = 3 2B+ “%
28
(3 - ;-Eg—g) (9.7.21)
B+7"H,
and hence finally
*
o) |VLs(ij)(W+mMij)v|5D(§1)>
. 2 4
c - LS,V 5/2
= -3 ¥ L2 P [eem, (—F)
e n=1 v=3 28+ u%
(w+m) (——E%g—;)7/2] (9.7.22)

28+ M,
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§9.8 THE CONTRIBUTION OF THE QUADRATIC SPIN-ORBIT

FORCE TO THE B.E.(Heé)

So far we have been considering the contributions of the
central, linear spin-orbit and tensor forces to the B.E.(HeQ).
No attempts were made in recent years to include the contri-
bution of the gquadratic spin-orbit force to the binding
energies of light nuclei. H. Kanada et al. (1963) claimed
that even in the scattering problem of N--He4 the contribu-

" tion of the gquadratic spin-orbit force could be neglected
because of its very small contribution. In their calcula-
tion of the B.E.(He4) they neglected this effect. In our
work the effect is taken into account.

The S-S and the S-D contributions of the gquadratic spin-
orbit force to the B.E.(Heq) can easily be shown to vanish.
Thus, only the D-D terms contribute. In this section we
shall not give the detailed analysis of the calculations

as the approach is exactly the same as in Chapter VI.

Consider the LL potential with the ordinary Wigner

operator. Its expectation value in the D-state is given
by
S5p1)* .y 15 (1)
WLL< Do ‘QLL(lJ)l D, >
2 >
= c — Wig JX&WSEB z QLL(ij) ngDXCLdT (9.8.1)
1+c =
l>J:2
where
3 3 _ PR 2 _ l
QLL(lJ) = VLL(:LJ) [(gi.gj)gij 2{(gi.£ij)‘(gj,£ij) +

(gj.gij)(gi.gij}:'

- v (i) [(gi.gj)y;j _ Qij:| (9.8.2)
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Eij has previously been defined.
The potential shape is chosen to be of the form:
2 b

) L(ij) = 2: E: LLUZ exp {—LLu: rijz} (9.8.3)

H=1 v=1

It can be shown that the evaluation of the integration in

(9.8;1) leads “to

2 4
2 c® 2 V. LLV 5/2 28 7/2
3, .2 h E: §: Yy [2( LL — IV’ - 9(26+LL ) ]
n=1 v=1 n u%
(9.8.4)

Hence we obtain

<?Dél)|QLL(ij)(wLL+mLLPM(ij) + bLLPB(ij) + hLLPH(ij)ﬂ5Délt>

2 L
2 _c* 2  LL..V 28 5/2
= 3 ;:z;—h E: z [u [2(w-m+b—h)v (;g:ffﬁg)
=1 v=1 u%
9 (w+m+b+h) (———ﬁ———)7/2] : (9.8.5)
v LL v
28+ K
§ 9.9 THE CONTRIBUTION OF THE "HARD CORE" TQ THE
B.E.(Heq)

We now consider the effect of the "hard core'" on the
B.E. (Heq). Our method of approach will be the same as
the method used for a two-body problem by Brueckner (1958).
Since we want our potential to vanish at thé core radius
and also we want it to be infinitely replusive inside the

hard core, we shall assume that
o(r) rv(r) - 6(\r|—rc) (9.9.1)

where r_ is the core radius and §(r) is the spatial part

of the wave function and r is the distance between two
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particles. It therefore follows from equation (9.9.1)
that the contribution from the potential terms is zero.
Hence the only contribution arises from the energy term and
this will be calculated below.

When the effect of the hard core is taken into con-
sideration, the limits of integrations become very compli-
cated and thus care must be taken to see that the correct
limits of integrations are used. To avoid prohibitively
complex mathematical analysis the small contribution from
the D-D terms will be neglected.

The energy operator term is given by

T2345 = T2_345 + T3_45 + T45
n? ok oga va 2,V

The following co-ordinate system will be considered:

8 = mprilzgrmyrs) )
)

£ = xg-dlzerg) ; (9.9.3)
)

,-B_.' = £4—£5 )

Consgider <1So”‘ |T2345| 1So>

st 5 5
s 2 O 2
= T j exp {- 5 z: T ](T2345)exp{- 5 E: rij }dt
i>j=2 i>j=2
(9.9.4)
where 5
Z riJ2 = (3s'® + 8p%/3 + 2p'?) (9.9.5)
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Thus we have

5 5
Q 2 a 3
exp {- 5 E: T }(T2345) exp (- 5 E: T }
i>j=2 i>j=2

2
= - 20 % [a(3s'?+8p2/3+2p'?)-9 Jexp {-a(3s'24+8p%/3+2p'2)}

(9.9.6)

So equation (9.9.4) becomes
2 h® NS2 0 2 2 2
I 1] - Sorexp {-a(3s12+80%/342012) ) =

2 N_?

ds'dpdp' + 18a B -2 - JJI exp {-a(3s'?+8p%/3+2p'%)}
1+c

x ds'dpdp' (9.9.7)

Further, consider the following integral

= ”J exp {-a(3s'®+80°/3+2p'%)} ds'dpdp’ (9.9.8)

THE LIMITS OF INTEGRATIONS

The limits of integrations are

(a) o< |s'| <x, () o< |p|l £, () o< [pl <
(d) |S'—2/3£J < r, (e) |pzip'| < r, and
(£)  |s'+'/3p%de'| s & (9.9.9)

For the angular part of the integrations we have the

following limits:

(g) cos 934 <7z (rcz - 0% - p'®)/pp!

2 2 4 2 ﬁ '
(n) cos 923 ér— (I‘C - S - /9p%)/ 3 5P

AH



2

(i) - s'® _1/9ba_

cos B < (rc

23

The integration with respect to o'

solid angle.
X

Liupr®)yy %

We may write equation (9.9.8) as
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s'p (9.9.10)

is performed over a

1
' _ 3 :
I = 2(2m) jxg sinb, 23 j 51n9 d634 x
¥ r v '
cpocp C .
I I I exp {-a(35'2+8p2/3+2p'2)}s'zpzp'z ds'dpdp'
o "o o :
(9.9.11)
where
= 1
x, = cos@23 = 22’p (r 2 - s'® - 1/992 - “/kp'?®)
x = cosb = 3 (r 2 _ s'? 4/9 2)
2 23 ° T Lsip ‘Ye P
x = cosb = L (r ® . p? p'?)
3 34 op'
and x, = cosBB4 = - E%T (r 2 - p® 0'2) (9.9.12)
We have
X, X4
j sine23 d623 j sin634 d634
x x
2 b
N R (3r 2-3s'2 2/3p 10'2)(r 2_p2_p512)
2 c c
2s'p'p
and so equation (9.9.11) becomes
I o= 3(2m)° j f f (3r -3512-2/3p2301%) (r 2-p%-p' %) x
stp! exp{-a(35'2+892/3+2p’2)} ds'dpdp' (9.9.13)
Consider the exXpression
r. .
D, = jo (3rc2_ s12_2/3p%. p'®)s'e ~\s ds' (A = 3a)
1 2 2 2 2 2 2.3 -krcz
= EX'[Brc -“/3p°-% /K]+-——-§ p+3p" +T] e
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Therefore

Ar 2

r r
- C C
I' = -3(2m)° Ip (1-e ) f J (% 0243017 2) x
o &)

(r ®-p%-p'2)p" exp {-a(8p%/3+2p'%)}dpdp’ +

9r 2 r r
[ [

~§§— (am)® J J (rcz—pz—p'z)p’ exp{-a(8p®/3
[e] [e]

+ 2p'?)} dpdp’ (9.9.14)

In tackling the evaluation of I' we consider first the

followingintegral

r r
c c
D, = j J (r 2-p®-p'2)p" exp {-a(8p°/3 + 2p'%)}dpap"
o o
r 20r 2 1 J¥
= = [ 2ar z—(l—e © )] ——-j exp(-xz)dx +
8¢ © J? o
rc3 ( 2arcz)(a 1 J t ( 2) ( )
1-e _—) - exp(-x~)dx 9.9.15
Lo ot JE o
where t = ﬁﬁ r °
3 c
Thus we have
r r
9r 2 c ¢
2 em® [ | (2 2-0%-0'2)p" exp {-a(8p?/3+2p'%)}dpdp"
o o
T -20r 2 1 M¥
= 3/2 (—-&2)3 [2ar 2_(1-e ¢ )] - f exp(-xz)dx +
C ﬁ o
T -20r 2 3 1 t
3ar 2 (—a&)‘*u_e ¢ e exp(-x?)dx
C ;\/—‘E o
= I, (say) (9.9.16)

1
We now consider the last integral in equation (9.9.14),

that is,
r r

C C
J J (% p2+30 247 /M) (r _P-p%-p'?)p' exp [-a(8p?/3 + 2p'?)]
(o] O

x dpdp'
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r ~20r 2 1 Jf
= < [(5ar Po3)+(ar ®+3)e ¢ ] —_— I exp(-x?)dx -
16&,8 (o4 (o4 ﬁ o
7o’ [(1-e729%7) (Bax - 19) s thar ? —zar‘f] &0
c - c arc ~19)+1 arc e 3t x
4802
J? r ° ~2qr ° P J?
l—-f exp(—xa)dx - gg (1-e ¢ )(Q__) 1 f exp(—xa)dx
Mt Yo a at? Jt ‘o

(9.9.17)
Hence we get the result

r r

~Ar 2 Cc C

-3(2m)*® %x (1-e € J I (%pa+%p 2+%)(rca—p2—p'2)p’ <
o "o

exp {—a(892/3+2p'2)] dpdp'

- 2
r -30r ~20r °
- -2 Beie T [ Gar fopetar Pedde © |l x
L 08 c C ﬁ
VT 5 Erc —3arcz —20ch2
f exp(-x°)dx + 3( S )% (1-e )[(1—e ) x
o
-zar fa 5y t
(8arca—19)+14arcae ¢ ] (6?) ;: exp(-x®)dx +
t o
9 Wrc -3ar ? -2ar ? 32 1
= ar ®(—=)%(1-e © )(1-e C)—) — x
3 e @ 3t? Wt
NES
J exp(-x?)ax
o
= 12 (say) (9-9.18)
To simplify the above expressions,that is, 11 and
12, we use the following relations:
D2 (uv) = vVvD®?v +2DuDv + uD?V (9.9.19)
2
where D? = 0
at?
U(x)
Thus if I = j f(x) dx
o
Then a1 = dl du (9.9.20)

dx du dx



137

Jt Vt
0 1 2 1 2 1 -t
Hence =— — exp(-x°)dx = - — exp(-x)dx + =— e
at A/F J‘O 21_;,\/€ J‘o 2t
Also we have
) e "
?“ 1 I exp(-x®)dx = 3 I exp(-x?)dx - 3_ -t L
3t? Jt ‘o 4¢3/t Yo 4t
et | (9.9.21)
Thus we obtain
N2 6 9/2
. s 2%
I = T (Il+12) = (1+ca)n9/2 (11+I2)
-2or ? -3ar ?
1 ay3/2 T c c 3
- S @R [ {(1-e ) (1-e ) (409-96ar ?)
s | 2 —3arca
+ 24arc [8{2arc -(1-e )} —117 +
-3ar 2 -20r 2 i t
8ar 2 (5+28e € e ¢ ) = exp(-x®)dx +
c
2 J? s 2
(17§2“rc ) { [(112ou~05_313)(1_e‘30ch )+720r %9+
-3ar 2 —2qr *°
2zhar *(1-e  ° (e © ) e_t] (9.9.22)
Hence equation (9.9.7) becomes
2 -2qr °® -3ar *?
1 - &3 B ol [(Gime C (e T ) x
-3ar 2
(409-96ar _*)+24ar _® [ 8{2ar_®-(1-e €)Y} - 117 +
-3ar 2 _2ar ® 1 JF
8ar 2 (5+28e € e ¢} = j exp (-x?)dx +
c JT Yo
-2ar *? -3ar 2
[(1-e ¢ ){(112ar02-313)(1-e ¢ )+72ar02} +
“3ar ® -2ar ®
224ar02(1_e € e ¢ 7 e_t] (9.9.23)
where t = 8a r ? | (9.9.24)
= 3 o - .9.

I is the total contribution of the hard core to the

B.E. (He ).
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§9.10 FINAL RESULT FOR B.E.(Heq)

The total contribution of the kinetic energy, central,
linear, spin-orbit, tensor and quadratic spin-orbit forces,
the coulomb energy and the hard core effect to the B.E.(He4)
is given in the following form:

2 4
2
(1+ca)Eq = %ﬁ (180+26Bc?) + X‘ z: CUZ [6(w+m)v x
n=1 v=1

( 23 \))3/2 + 02{5/2(W+m+b+h)v ( ZE \))3/2 .

2a+ Mo 2B+ M,

(28 )72,

(2B_)7/2Y]
28+ u

3(w_m+b_h)v
' 2B+° u

%(w+m+b+h)v

2

- 3c?®n® 2 E: LSU: [B(W—m)v (——E%E—V)S/z +(w+m)v x
n=1 v=3 2B+771,
2
2B 772 T .V 20 2B .z
TP T (65 etem, (R GED
ZB+ p.% n=1 v=3

(—EME:@-——)S/2 —__ET_V + ca{%l (w-m)_ ( 22 \))5/2 +
a+B+ u Q+B+ M, 2B+ Mo,

7 28 7/2 2 2.2
= (wam)  (——=—=) } ——— | + £ c¢?n x
) v 28+TpL 2B+TUV]

2 4
© LL.V 2B 5/2
U 2{(w-m+b-h)_ (——=—) - 9(w+m+b+h)  x
g z: " [ Vv 28+LL v v

1 v=1 7‘(.

2P 7/2 2a 2B\% a,3/2
(—28)772] L 2 o2[337 L 22 EyE] . (332«
2B+ Mo

2 2
-3ar
3ar

~-20r

2
ro Bse e [ Laame % ) (1me

)(409—96qrcz)

s —3arcz
+ 24arc [8{2qrcz-(1—e )}—11] + 8cxrc2 x
-3ar 2 —2arcz J?

(5+28e € e ] J exp(-x?)dx +
o

al
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2 2
-3ar

-2qr
){(1120Lr02—313)(1-e ¢ )+720Lr02]

+ [ (1-e ¢

- 3oar -20r ‘
+ 224ar02(1-e € e ¢ ]e“] (9.10.1)

§9.11 RESULTS OF THE VARTATIONAL CALCULATIONS OF THE

}
BIND ING ENERGY OF He '

The B.E. (Heq) is calculated from equation (9.10.1)
using Hamada and Johnston's potentials expressed in double
Gaussian forms (Hochberg et al.,1968). The B.E. (Heq)
is found to be -58.457 MeV (c.f. -120 MeV obtained by
H. Kanada et al.). When o is fixed to be 0.140 fm™ 2
(as is well established from high energy e—Heq scattering)
the B.E.(Heq) is found to be -26.038 MeV (c.f. -23.341 MeV
and -33 MeV obtained by H. Kanada et al. and Nagata et al.

respectively). Our results in detail are as follows.
TABLE T

B.E.(Heq)

Type State Coupled State Contribution for
B.E.(He?) (MeV)

( Ss 51,1027572
Kinetic Energy (
( DD 2,90721623
‘ Cl SS - 0.845026793
Coulomb Energy (
( DD 0.0162066586
Hardcore Ss " - 3.87538170

cont...
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Type State Coupled State Contribution for
B.E.(He4) (MeV)
1+ sSs 47 .3475852
DD 0.0000000
sSs 0.0000000
1y-
DD . 0.0000000
Central
Iyt 5SS -22,8152930
DD - 0.775156457
ss 0.00000000
3V_
DD - 0.0646799367
Ss 0.00000000
3y+
Spi DD - 0.0142644582
pin-
Orbit
Ss 0.00000000
3V_
DD 0.962596191
3+ SD - 6.82400751
DD 0.0597416108
Tensor
SD 0.00000000
3V_
DD - 0.189037152.

cont..
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Type State Coupled State Contribution for
B.E.(Heq) (MeV)
sS 0.0000000
1V+
DD 0.0000000
sSs 0.0000000
1y- .
Quadratic DD 0.0000000
Spin-
Orbit
Ss 0.0000000
3V+
DD -0.0330651863
ss 0.00000000
3y
DD 0.00653934800
TOTAL (Ea(min)) -26.0383865
_9 -2
o = 0.140 fm™“, B = 0.262399998 fm and ¢ =

-0.144960001 which give the minimum value of the B.E.(Heq).

§9.12

CONCLUSION

The B.E.(Heq) was calculated by the Direct Search

Method (R. Hooke and T.A. Jeeves, 1961;

and A.F. Kaupe,

Jr., 1963) which was modified by the author to avoid any

square root of a negative argument during computing pro-

cesses.

The B.E.(Heq) is found to be -26.038 MeV, as

compared with the experimental value of -28.2 MeV. When

¢ is fixed to be -0.2, the B.E. (Heq) is found to be
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_57.432 MeV with & = 0.432 fm™ 2 and B = 0.473 fm 2. Sugie

2

et al. obtained E to be -17.8 MeV with o = 0.195 fm °,

o (min)
B = 0.307 fm™2 and ¢ = -0.19 by parabolic interpolation

method. If Sugie et al. had assumed a to be 0.140 rm=2

as in our case their results would have been E

-15.7 MeV, B8 = 0.241 fm_2 and ¢ = -0.177.

a(min) ~

It should be pointed out that the inclusion of addi-
tional D-states in the wave function for the Heq will de-
finitély increase the B.E. (Heq) (Abraham et al. (1955)),
so that a value very close to the experimental value of
-28.2 MeV may be obtained. An attempt is being made to
include the second most important D-state in the calcula-
tion of this kind. Thus from the above results we con-
clude that the B.E. (Heg) may be calculated using a two-
body interaction which accounts for the N-N scattering

(up to 300 MeV) and deuteron data.
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PART IV

NUMERICAL ANALYSIS AND COMPUTATION



1l

CHAPTER X

THE COMPLETE INTEGRO-DIFFERENTIAL EQUATIONS FOR THE ELASTIC

SCATTERING OF NEUTRON BY ALPHA PARTICLES

§ 10.1 As pointedout previously, coupled equations do not arise
in the analysis of the scattering of neutron by alpha parti-
cles. We shall therefore write down the full integro-
differential equations for the uncoupled states for the
radial wave functions. We shall collect the results ob-
tained in Chapters IV to VIII and regroup the terms in a
way convenient for numerical calculations.

Below are the complete integro-differential equations
(for both the S- and D-states alpha wave functions) in-
cluding the linear spin-orbit interaction, tensor inter-
~action and the quadratic spin-orbit interaction.

2
Fefear) = Tpry L Tegle) + Upyy Loa(r) + Vi, X

r -]
2

1 d d ,
el P ng(r) -+ wﬂ(r) ;;; foylr) + Jo [Ng(r,r ) +

Pg(r,r') + Sz(r,r') + Kg(r,r')] fzJ(rﬁ)dr' (10.1.1)

where £ = J+t and £ = J-%.

2
ﬁz _ 4 _Llext) 2 (10.1.2)

dr2 r?
K . SM g

5% 7
and
: Q

C Ls : . coul

Uﬁ(r) = U(r) + Ug(r) + U(r)

Q
V{e(r) = V(I‘)
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Q
Wf(r) = 'w (1)
Kg(r,r|) = CKZ(r,r‘) + Lst(r,r‘) + QK%(r,r') .
coul

Kf(r,r') + TK'Z(r,r') + TK”Z(r,r')

The above terms represent‘the contributions from the
various interactions indicated by the symbols attached.
The prime and the double prime symbols denote the S-D and
the D-5S interactions reépectively. In writing down the
S5-D and the D-S terms we shall omit the indices and the

prime symbols when there is no confusion.

THE S-S DIRECT TERMS

(i) THE POTENTIAL TERMS
LLy;V .
Q, . % 16 £(L+1)
tf(r) = Z Z 2(m-2b) s ( L )
n=1 v=1 ‘
2 LL
P20 exp [-pyy (1) M rQ]
and
2 4 C..V
U 3/2
Co(r)y = M z z (4w+2b-m-2h) P (n) x
5h° ‘ . Vodte c
#H=1 v=1
exp [ -P_(n) Cuv r?]
[ n
Ls.. 2
SU./;e(r) Z 2 (w—~m) % |{o 2]} Pig (n) x
#=1 v=3
expl - PLS(%)-LSMX r?]
= 1
couly(y  _ 16M e - (%ﬁ)z
51’18 1+c
2 L
LL..V 3/2
Q. - 8M U 1350
for) = =, Z z 2(m-2b)v : PLL (n) Tgr;;
oh n=1 v=1 l+c
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3y 2
2 LL LL
22 (1 - )7 ses1) 4 20r? +2ﬂ]exP|:—PLL(K) uY rﬂ]
and
LLjV
Wy - Z E(zw-Lkb) ’2‘ p2/2 (%) (2m®) x
=1 v=1
LL
exp [—PLL(%) HZ rEJ
and
. 2 4 LLyV
1 16 8M
QW(I‘) = - m (Tg) —'2 E z (2W—L.£b)\) 2 X
LL sh 1+c
=1 v=1
3/2(K) exp [P ®) LL : rzj
THE S-S INDIRECT TERMS
(ii) THE ENERGY TERMS
1
Nf(r,r') = %§§- 1 (BOL)2 8M (E +E ) exp [ 8(r2+r'2)]
1+c? 5h?2
x Jf+%(8rr')
2 % % 16M 17
P,(r,r') = - —=2— (2%7 (2%)z 107 o onp |- 2 g (rP4r'?)
£ 128 T T oh ? [ 16 ]
x J£+%(5rr')
~ 1 16, (30\% _= >17 '3
Spleart) = = (32 @HT 57 exp [- L ex®er®) ] x

[{38(r2+r'2)— % (492 +141)} J£+%(8rr') +

Lory? J£+3/2 (arr')]
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(iidi) THE POTENTIAL TERMS
CKg(r,r') = CK,él)(r,r') + CKéz)(r,r') + CKéB)(r,r')
where
. 2
CKél)(r,r') - (%g) (%9)3/2 52 Ei E;(4m+2h-w-2b)v x
h
=1 v=1
CyV

% 151 8 C v 2 2
( ) exp | - 5= (17a+6 "0 ) (" +r'® ) | x
1+Ce Lo 3CMV [ 75 n ]

JZ+%(XC(%)rr')

CKEZ)(r,r')' = =3 (%g) (%a 3/2 ﬂ E Ea(w+m) x
k=1 v=1
C..v
UK 37T + 4 2
( ) 2 n)[eXP[ - 2= 000 {37 W
1+c2 75

C v
2(20+ u%)

(34&+27Cu2)r'2 ]] J£+l(§(n)rr') + a similar term with r==—=r'
2

s 2 C V
ke, ry o 33T @M LS E‘(w+m) x
H*® +c®
=1 v=1
5171 20 3/2 2 2
( ) exp L e(FPar?) | S (err')
Lo 2a+cu [ ] £+%
Ls . 16,2 30.,3/2
K (r,r) = (37 (29 §: E; (w-2m),,
u=1 v=3
Lst
" 20q 157 8
( ( ) || o exp == X
v1+Cg QG-BLSHV ha _BLS Vv g £ [ 75
n %
(17a+6"%u2) (% 4x02) | 3, 1O GOrr )
s \)
Q | 16 3a,3/2
K, (e = (32 (@332 M E X{(Zw-&h) x

k=1 v=1
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1_5"—'ﬂ: LL v 2 1= 2 -]
o 3LL v ©XP [ (17a+6 My ) (r® +r )][{6_2g(r +r'° )=

2
W
w= ' |
2(2¢ - IZZTET)rr 3 ey o hpy (W)rr )]

THE S-D AND THE D-S INDIRECT TERMS

The energy terms give no contribution.

(iv) THE POTENTIAL TERMS
1 56 9/4 13/4 4
TK,'e(r’r') + TK%(I‘,I") - _ % (_;___)2 2‘ QL B b2d C .

(a+B§ 1+c

2 2 4
E E: E:(W+m) : exp [—(Y(i)r2+6(l) zﬂ x
i=1 #=1 v=3

. 2 . 4 2
(15, = 338 (awp) (1, e (0002)09(22) " (asp)

x (U(i)r4+2U'(i) rgr‘2+U"(i)I"4)} ._9,€+%(>\T(%)I‘r')+

. 2 . .
3(—_) (a+B)rr! {—V(l)+3(%%) (a+B)(W(l)r2+W'(l)r'2)] x

JZ+3/2(KT(ﬁ)rr‘) + a similar term with r==r' +
4
6 9/k.13/4 7/2 g 2
R e Y ) ) e,
(a+B) 1+c 121 el ve3
x TU: exp [—(p(i)r2+§(i)r‘2)1 Jz+%($rr') + 24(%5)% x
2 2 4
6 9/4 13/4 2
B flggll S5 2 ) ) ) e x
(0L+B)6 1+¢®  n® .



149
. . 2 .
TU;Z exp l:—(Y(l)r2+6(l)r'2)J|:{XE-3(—1—2—) (OL+B)(Y(1)I‘2 +

. <
v ey, L 0p 00 -3 (arg)rr 123 Ovp ()rr ') |

£+3/2

The definitions of all the parameters are given in

Appendix V.
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CHAPTER XI

SOLUTIONS OF THE INTEGRO-DIFFERENTIAL EQUATIONS TN NUCLEON-

HELIUM (N—Heq) PROBLEMS

§11.1 FORMULATION

Several workers including Southwell (1940), L. Fox
(1949) and S. Hochberg (1953) have used relaxation methods
with great success to solve the ordinary differential equa-
tions associated with physical problems of considerable
current importance. S. Hochberg (1953) applied this method
to solve the integro-differential equations for N--HelL
scattering problems. His result in terms of phase-shifts
were in quite good agreement with the experimental results.

In solving the system of equations (10.1.1) we have
to consider first the limitation imposed on the problem by
the storage capacity of the computer to be used. The
method we are going to adopt here to solve the system of
the integro-differential equations given in (10.1.1) is to
convert the system into simultaneous algebraic equations
with unknowns at the tabulated points of the wave functions.
The algebraic equations are then solved by matrix inversion.

In our case, the kernels are tabulated in an n X n
array. The solution requires the inversion of an (n-1) x
(n-1) matrix for single uncoupled equations (and an m(n-1)
x m(n-1) matrix for m coupled equations). In our problem
of n—He4 scattering, we take n = 52, with fourteen digits
in the calculation. If n > 53, we get exponent overflow.
Thus we need only 130 blocks for compilation purposes and

about 60 blocks for execution purposes. It took Atlas I
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Computer about fifty-five minutes to compute the phase-
shift for one value of incident neutron energy (En) and for
one value of the angular momentum (.2).

Because of the Gauésian dependence of the kernels on
r and r' the kernels varied most rapidly near the origin
and it was necessary to use a small interval of tabulation.
Robertson (1956) and Buckingham (1962) suggested two inter-

vals of tabulation so that r and r' are given by

! —
r,r = O(h)nl.h (2h) n,.h

The order n of the sequence array of the kernels is

given by
n
1
n = (3= +mn,)
with n, = 16 and n, = 32.
§11.2 NUMERICAL METHODS

The equations for the radial wave functions to be

solved numerically are simultaneous equations of the form:
2
2
Eg— A AV SV XS FU () + L ovie) L
dr? 2 r dr

I‘2 r

-]

W(r)i:lf(r)+J K(r,r') £ (r')dr' = 0 (11.2.1)
dr? £ o ? £

where T, U, V, W and K are defined in Chapter X. The

functions T, U, K, etc. have the following Properties:

K(r,0) = X(O0,r') = O (11.2.2)

i; T(r), U(r), % V(r), W(r) and K(r,r') vanish at

r
sufficiently large r and/or r'. The boundary conditions

on f(r) are

£f(0) = O and f(h) = 1 (11.2.3)
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where h is the interval of integration chosen to give small
error terms.

To solve equation (11.2.1), it is written in terms of
finite differences and is reduced to a system of linear

equations in unknowns

f(2h), f(3nh) ... ee., f(nh)

i.e. f£(2) , f£(3) ... ee., £(n) .

We shall now take h as the fundamental interval for
2
all points of tabulation. To express Q_é f(r) and %; f(r)
dr
in terms of Central differences we make use of the follow—

ing central difference formulae for derivatives given by:

z d° 2 1 & 1 .6 1 .8
h —d:g f(r) = (6 —'1—26 +'9—06 —'5—3—0—6 F o oees)
x f(r)
and
d 1 3 1 5 1 7
h 5= f(r) = u(d - rs 57 + 30 57 - Tio 9] + oees)
x f(r) (11.2.4)

where 0§ and |4 have their usual definitions (c.f. Bucking-

ham, 1962). We can now replace equation (11.2.1) by:
(1 +W(r) (6% - 456" + 458” - 555 6° + «..) £(x)

s 1 [Lore) v U)o ¥ - AL gy
r : .

83 + 187 _ 67 + ...) f£(r)

1
30 140

N

+ h % V(r) u(d -
[--} B

+ h° f K(r,r') f(r*) dr' = O (11.2.5)
Q

The kernel function in equation (11.2.5) dies away
sufficiently rapidly to enable us to replace the infinite

limit in the integral by some convenient finite R', say.
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The range of integration can now be split up into a number

of pivotal points r R' at equal interval h.

0! Fq1 *eee
The integral is then expressed in terms of the function
values at the pivotal points by means of a formula for
numerical integration written in the Lagrangian form.

According to Robertson (1956) we rewrite the kernel func-

tion as:

M

J K(r,r') f(r') dr’ j K(r,r*) f£f(r') dr’
o )

At the point r = ro the integral can be written as:
R’ N
[ ke £ ar = ) 1 K(r_,r!) £(r'm)
o
m=0
N
- ) TX_f (11.2.6)
m nm m
m=0

Thus, equation (11.2.5) now becomes

2 1 L 1 6 1 8
(1 + W(r))(d —‘1‘56 +—9‘6'6 —3666 + ...) £(r)
1 1 3 1 5 1 7
+h = V(r).u(é -z &+ 30 57 - 7o 6 + «..) £(r)
+ n° (1—2 T(r) + Ulr) + kK° - f—(%—ll) fr)
e r
N
2
£ W) TK £ = 0 (11.2.7)
m=0

where Tm are the integration coefficients.

Since the first derivative is present . in our problem,
the method of L. Fox et al. (1949) to reduce the error in
the difference formulae is not practicable. To keep the
errors as small as practicable we shall include the terms

in 64 and p63 and neglect those of higher orders.
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Taking r = th for all points of tabulation r and using

the following relations due to L.J. Comrie (1942).

uwd f(r) = 2(f(r+1) - f(r-1))

8% f(r) = f£(r+1) - 2f(r) + £(r-1)
ud® f£(r) = Z(f(r+2) - 2f(r+1) + 2f(r-1) - f(r-2))

8% £(r) = £(r+2) - 4f(re1) + 6£(r) - 4F(r_1) + £(r+2)

and the following notations

f(th) = £,

1 + W(th) = X(th) = X

T K(th,mh) = K
m tm

then, equation (11.2.7) can now be written in the form:

1 4 5 4
Xpl-gg fy g+ /35 - 7/2 0+ /3£ 4 -

1 1 1 2
/12 ft+2) + h(;H) v, (“/12 £, o - /3 ft_1 +

2

2
/3 Tee1 /12 ¢ )+ h?{(%ﬁ) (T, - L(L+1)) +

t+2

N
2 2
K+ Ut} + h E: K £ = 0 (11.2.8)
m:-O

for t = 2,3 ... n-1.

Equations (11.2.8) are system of (n-2) simultaneous
equations for n unknowns. The additional two equations
are obtained by applying a forward difference formula to
the equations at the point where t = 1 and a backward
difference formula where t = n. The formulae are chosen
so that they carry errors of the same order as the other
formulae used. In our calculations we used the three

point difference formulae, as given in Appendix I, which
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we found to be even more accurate in practice. By specify-
ing the boundary conditions on f, equations (11.2.8) may be
written in the form

Af = B (11.2.9)

where A and B are matrices of dimensions (n-1) x (n-1) and
(n-1)x1 respectively and f is an (n-1)x1 matrix. Thus

equations (11.2.9) are partitioned into:

— —_ - —_ — —
A11 A12 A13 Tt Aln—l fl Bl
A21 A22 A23 tre A2n-1 f2 B2

| n-11 An--12 An—13 An—1 n-1 fn-¥J Bn—l

(11.2.10)

Hence it remains to evaluate and combinevthe contributions
of all the terms in equation (3.1.18) to the matrices A and
B at each pivotal point, and then the radial wave functions

given by f are obtained by matrix inversion.

§11.3 THE COMPUTATION OF THE KERNELS AND THE

DIRECT TERMS

(i) THE EVALUATION QOF THE DIRECT TERMS

There are four types of the direct terms in the equa-
tion and are classified as T(r), U(r), V(r) and W(r).
The se expressions are tabulated at h(h)52h (h = 0.2). The
computer programmes were written to evaluate these terms

as well as the parameters and constants.
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(ii) THE EVALUATION OF THE KERNELS (INDIRECT TERMS)

All the kernels appearing in our problems depend on
Bessel function of the first kind. A library programme
(Ref. Chelsea College of Science and Technology (CCST)

library procedures) which computes
N
K(r,r') = A E: A, exp (-y.r®*A.r'®)o.(r,r') I .+i(xn.rr')
’ i P Yy J Rt nj 2"

j=1
(11.3.1)
where A is a constant and
Ny J A€
mj(r,r ) = E: ng r“r (11.3.2)
was used. According to the magnitude of x, the Bessel

function In+l(x) was calculated by using the power series
2

or the asymptotic form. According to Bateman (1953), we

have the following results:

T (x) = (D™ <ot E: (m+n)! x>0 < o
n+t X7 = - oD m!((2m+n)+1)! x

m=0 (11.3.3)
I,,1(x) = { [ z:( (D a2 RS n+gm) O(le'm)] +

2 (2x)™
X = &
(-p)PtL X [ z (-1)™ iﬂiﬁ%ﬁﬂl + o(|xl‘m)]}
(2x)
(11.3.4)

where

(n+t,m) = %%E%%{%%Hl (Bateman 1953, Vol.I1I) (11.3.5)

(c.f. Watson, 194h4).

The programmes for the evaluation of the direct and
indirect terms are given in Appendix I. All the programmes
used were tested by the author, and found to be correct up

to 8D after some little modifications. The programmes for
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solving the complete integro-differential equations were used
to solve Robertson's problem (1956) and our results were
found to be in good agreement with those obtained by Robert-
son. Most of the library procedures used were modified by
the author and Mr. R.F. Shepherd and tested to suit the n-He4

scattering problems (Ref. Chelsea College of Science and

Technology library procedures).
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CHAPTER XII

PHASE-~-SHIFTS ANALYSIS AND CROSS-SECTIONS

§12.1 PHASE-SHIFT ANALYSIS

As pointed out previously, coupled states do not arise
in n—Hell collisiomns. Thus, the asymptotic form of the

wave functions is of the following form:

£,(x) = k,L[Jx cos &, Jppp () + VX sin &, J_g_%(kxi

(12.1.1)
where kg is the constant amplitude, 63 is the phase-shift

and J J ¢_1 are the Bessel functions of half integral

1
f€+’2‘ >

order (angular momentum £), k is the wave number of the
incident neutron given by

woo- M g | (12.1.2)

5h% n
where M is the mass of a nucleon and En is the energy of
the incident particle in C.M. units.

~

Given the above formula for fg(x) at two neighbouring

points, say ry and r,, we have
fg(rz) ) J?é[cos 63 J£+%(kr2)+ sin 63 J_g_%(krg)j
fg(rl) J;l[cos 63 J£+%(kr1)+ sin 63 J_g_%(krl)]

(12.1.3)

which immediatély reduces to

£,(r,) J?l J£+%(kr1) - £,(r)) JFZ J£+%(kr2)

fg(rz) J;l J_g_%(kr1)" fg(rl) J;é J_g_%(krz)

tan 63 = -

(12.1.4)

The amplitude k, corresponding to each phase-shift 63 can

£

now be found by writing
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k, = f/e(rl)/ [cos %ﬁl J,€+%(kr1) + sin % JFl x
J_g_%(krl)] (12.1.5)
§12.2 TOTAL AND DIFFERENTIAL CROSS-SECTIONS

The experimental measurements of the total and differ-
ential cross-sections include the work done by Hall and
Kootz (1947), Bashkin et al. (1951), Adair (1951, 1952),
Hubber and Baldinger (1952), Seagrave (1953), Aiston et al.
(1954), Smith (1954), and Shaw (1955). Faxen and Holts-
mark (1927) showed that the differential scattering cross-
section can be decomposed inte a sum over the possible
values of the orbital angular momentum /£. They expressed

the differential cross~section in the following form.

ag(8) = |r(e)|? (12.2.1)
where |
£(8) = E%E E (2£+1) exp[(2i §,)-1] P,(cos 6) (12.2.2)

where k has been defined previously, Pg is a Legendre poly-
nemial and B is the scattering angle of the incident energy
in the centre of mass systém.

Wheeler and Barschall (1940) found that the observed
(Barschall and Kanner, 1940) differential scattering cross-
section for n—He4 collision cannot be fitted by the first
two terms of equation (12.2.2), that is, by the S- and P-
waves, which are the only ones expected to contribute sig-
nificantly at the energies concermned.

The possible scattering states are S%, P%,FPB/z, D3/2,
D5/2, F5/2, F7/2, etc. and the corresponding phase-shifts

. - + - + - +
are designated by 60, 61 , 61 , 62 , 62 , 63 , 63 , etc.
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The formula for the differential cross-section given by

Mott (1932) and Bloch (1940) is

r(6) = |al® + |B|® (12.2.3)
where
A = oo z {(£+1) [exp (2i6,")-1] + £expl(2i 6,7)-11} x
P,(cos 6)
B = zik T [eexp (20 6,")- exp (2i 8,7) JP)(cos 8)

£
(12.2.4)

(c.f. Critchfield et al., 1949; P.G. Burke, 1960; and
Rosenfeld, p.100). Pk is an associated Legendre polynomial.

The total cross-section is given by

o. = -%} T {(£+1) sin®6," + £ sin®8,”} (12.2.5)

T K £
(c.f. Rosenfeld, p. 100).
Wheeler and Barschall found that it is possible to fit
the observed n-He[L data with the above equations using only

S, Py and P 7)
2

+
1 3/ Waves. Thus the large value of (61 -5

1
indicated the presenceof a strong spin~orbit force between
the Hell and the scattered neutron. For the calculations
of phase-shifts, differential cross-sections and total cross-

sections we shall be using equations (12.1.4), (12.2.3) and

(12.2.5) respectively.

§12.3 PHASE-SHIFTS CALCULATIONS

We shall now calculate the phases using the values of
the wave function at the last three pairs of points in the

range, that is, (fn-3’ fn-z)’ (f fn-l) and (fn-l’ fn).

n-2"1
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This gives three values of the phase 0 o} and 6n using

n-2" n-1

equation (12.1.4) which are identical if the kernels are

sufficiently negligible at the end of the range of integra-

tion. If, however, the kernels have not completely died
away an estimate of the asymptotic phase ”6lim” can be
obtained by a formula due to Aitken (1937).
Thus
5 & - &2
Otim = 6n?2n:226n_:_i 5, (12.3.1)

This assumes that the approximate phases 6r are the.
successive partial sums of a geometric progression.

In all our phase-shifts calculations we shall be using
equation (12.3.1) whenever the last three phases calculated
are not identical. The result obtained will then be com-
pared with the result of the last phase-shift.. obtained by

direct calculation using equation (12.1.4).



162

TABLE II THE 6O—PHASES (IN RADIANS)

Author igeﬁgz kE:SM/5h2 k- Phases. 60~Phases
Our Results 5 0.193184 | 0.43954 6n -1.364258
6lim -1.364205

Seagrave (1953) 5 -1.117
Our Results 10 0.386368 | 0.62159 6n -1.368472
6lim -1.369347

Seagrave (1953) 10 -1.379
Our Results 15 0.579552 | 0.76140 6n -1.377067
6lim -1.379198

The phase 6n together with the Aitken asymptotic phase

§.. calculated for the interval h

lim

= O.2fm and for £

The phases are given in radians between the range

I
3
~N
S
N

SRS

Tsa.

= 0.
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TABLE III THE 6;-PHASES (IN RADIANS)

Author ?Eeagz 12 - 8M /552 k Phases | 6)-Phases
Our Results 5 0.193184 0.43954 6, -1.017591
% im -1.017582

Seagrave (1953) 5 -1.082
Our Results 10 0.386368 0.62159 &, -1.368856
6lim -1.368857

Seagrave (1953) 10 -1.396
Our Results 15 ‘0.579552 | 0.76140 6n ‘_1.024864
®1im -1.024881

The phase 6n together with the Aitken asymptotic phase

6

lim
and for £ = 1.

range

calculated for the interval of integration h =

0.2f
m

The phases are given in radians between the
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TABLE IV THE 6;-PHASES (IN RADIANS)
Author ?Eeﬁgz k3=8M/5¥1a k Phases 6;—Phases
Our Results 5 0.193184 0.43954 6n 0.6165900
6lim 0.61658455
Seagrave (1953) 5 0.785
Our Results 10 0.386368 0.62159 6n 1.367405
6lim 1.367406
Seagrave (1953) 10 0.873
Our Results 15 0.579552 0.76140 6n 1.014272
61. 1.014816
1rm

The phase 6n together with the Aitken asymptotic phase

6lim calculated for the interval of integration h = O.me
and for £ = 1. The phases are given in radians between the
range

Trag 6 g T2,




IN DEGREES

1

PJASE SHIFTS 6

P-

< h O

120~

100 4

80 -

60 -

FIG. V

P-PHASE SHIFT IN n-He4 COLLISTIONS

I SEAGRAVE (1953)

II OURS

Y

165

IT

10

NEUTRON ENERGY IN C.M. SYSTEM

15



- 1007

IN DEGREES

S~-PHASE SHIFT &

_80-

o
Q@

©~40-

1
o
@

166

FIG, VI

S~PHASE SHIFT IN n—He4 COLLISTONS

I SEAGRAVE (1953)

IT OURS

1T

i T
5 10

NEUTRON ENERGY IN C.M., SYSTEM

15



167

§12 .4 CONCLUSION

The phase-shifts for the elastic scattering of neutron
by alpha-particles were calculated for 5, 10 and 15 MeV
incident neutron energies (C.M. System) and for the values
of the angular momentum 0 £ £ 1.

Our phase-shifts were compared with the experimental
phase shifts obtained by Seagrave (1953). and found to be in
good agreement apart from the 61—phases.

As shown in Chapter IX, the nuclear interaction used
gives a binding energy of -26.038 MeV for the alpha-particles

as compared with the experimental value of -28.2 MeV.
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APPENDIX I

PROGRAMMES FOR THE DIRECT AND INDIRECT (KERNELS) TERMS

§AT.1 THE STRUCTURE OF THE PARTITIONED MATRIX

Using the three point difference formulae equation

(11.2.8) becomes

m
h 1
D T C TPt P S R NS S A

t t-1 t+1
t=1
m
1 .2
tt_1)+ Z |:-—-H) {f(,€+1)+T}+k "Ut:\ft
t=1
m n+1
E E: 3 (AI.1.1)
s
t:O s=0

Note that the method suggested by Robertson (1956)
to improve the accuracy of the results is not applicable
to our problem since our'problem contains a first order
derivative term. We shall therefore use the method

suggested by L. Fox et al. (1949) to solve equation

(AT.1.1).
Define
A, FOX o+ h/2 Vt/(th)
w, = X, - h/2 Vt/(th)
and
v, = [h? {x® - 2(£+1)/(th)2 + (%302 T, -

Ut} - 2xt] (AT.1.2)
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Using equation (AI.1.2), equation (AI.1.1) becomes

N
)Y [ YA+ (6. ) u o+ (6 )V - a_ J£ =0
n+l,m m n,m M * n-1,m m n,mJ m
m=0

(AT 1.3)

where a = h®T K = h°T K(r ,r' ) (AI.1.4)
n,m m n,m m n’> m

and the coefficients Tm are the numerical factors. of the
integration formula.

Using the boundary conditions:

f(O) = 0 and f(l) = 1

we can write equation (AI.1.3) in the following form:

N-1
2 [(6n+1,i+1)ki+1 - (6n,i+1) ui+1 i (6n-1,i+1) vi+1 -
i=1
an,i+1] fi+1
= Loy - L, ) Ay (B oy v (B ) v}
(AT.1.5)
Hence we have
ali, gl : = E(61+1,j+1) >Lj+1 + (6i,j+1) uj+1 +
(65 1 541) Vie1 = Pi a1 . (AI.1,6)
i,gjg = 1,2,3, ... ene N1
. Also,we have
Bli,n] : =1L a; 4 - {(61+1’1) Xl + (61’1) My o+
(6, 1, 1) V1 (AI.1.7)
Define fi+ = x,., X E 1 + W and h® = hsq,

1 3 t t
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Consider the following real procedures:

(i) real procedure lambda (h,i);

value h,i; real h; integer ij;

lambda: = (1+W(i*h) + h/2*V(i*h)/(i*h));

(ii) real procedure mu(h,i);

value h,i; real h; integer ij;

mu: = (1+W(i*h)-h/2*V(i*h)/(i*h));

(idid) real procedure nu(h,i,Z,k);

value h,i,£f,k; real h,k; integer i,/f;
nu: = (h exp 2+(k exp 2 - £*(£+1)/(i*h) exp 2

+ T(i*h)/(i*h) exp 2 - U(i*h))-2%(1+W(ixh)));

Comment

The above procedures form the matrix elements of the
integro-differential equations which are solved using
Ilgauss procedure (Ref. Chelsea College of Science and

Technology (CCST) library procedure).

(iv) real procedure delta (i,j); value i,j; dinteger i,J;
delta: = if i = j then 1 else 0;

Using these four real procedures equation (AT.1.6) becomes

Ali,j]: = lambda(h, j+1)*delta(i+1,j+1) +

nu(h, j+1,£,ki)*delta(i, j+1) +

mu(h, j+1)*delta(i-1,j+1);

1l

Ali,j]: AlA,j - hsq*wiljg+1 *k[i,j+1] ; (AI.1.8)

Note that wili J are the Gregory "weights'" (Ref. CCST
library procedure).

Also from equation (AI.1.7) we have

Afi,j]: = A[[E,n]+ hsq * wi[1] =k[i,1]. ; (AT.1.9)
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where
Afi,n] : = -(lambda(h,1)* delta(i+1,1) + nu(h,1,£4,ki)*
delta(i, 1) + mu(h,1)* delta(i-1,1));

Thus equation (AI.1.5) becomes
Ax = B (c.f. equation (11.2.10)) (AI.1.11)

As we discussed in §11.3 all the kernels appearing
in our problems of n-HeZt depend on Bessel function of the
first kind. Some of the library procedures used are

listed below:

(i) Algorithm CACM 221 (Ref: CCST library procedure),

(ii) Algorithm CACM 236 (Ref: CCST library procedure),

(iidi) CCST library procedure No. 237. This is the pro-
cedure "Gregory Rule!" (n,r,t,w).

(iv) CCST library procedure No. 262. This is the
"Ilgauss" procedure which solves the matrix elements
of the integro-differential equations.

The above procedures were modified by the author to
avoid any "exponent overflow' and "division overflow'" and
when tested were found to be very accurate up to 8D.

Note that the foregoing outlines the programmes for
the evaluation of the direct and indirect (kernels) terms.
It should be pointed out that it is not always practicable
to give every detail of the analysis involved in writing
the programmes for solving the integfo—differential equa-

tions of the scattering of neutron by alpha-particles.
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APPENDIX TII

COORD INATES AND TRANSFORMATIONS

U‘I')
=

Fig. VII

The incident neutron is labelled as the particle 1
and has the position vector r. The other neutrons are
labelled 2 and 3 and the protons L and 5 with respective
position vectors Yy 53, 34 and 55.

We define r as the coordinate of particle 1 relative
to the centre of mass (C.M.) of the other four and r' as
the coordinate of particle 2 relative to the C.M. of the

other four.

CHOICE OF COORDINATES (SEE FIG.VIT)

r = x,- /4 (rp+r +r,+ry)

r = r, - Ly (£1+£3+£4+£5)
- i

o = rg - zlz+rg)

' = ry - £5

We define
s = é—-(4r+r‘)
—_— - 15 — —
| x: :
s' = 1§ (r +4r')



Thus

and

We usually write

(12)
(13)
(14)
(15)
(23)
(24)
(25)
(34)
(35)

(45)

o
i

L)

s'! = I

=2 o -

(1-2345)

(2-1345)

1
- /3 (zgvryrrg)

1/3(£3+£4+£5)
= (-1) = s
= (—2) = s'
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(s,0,0)

(s',0"',8")

Other coordinates used in the thesis are defined by:

L2

i3

= Iy

= _I‘_15

ros

= oy
S
- 1, =
=35

= £45 =

rpr, = £~ O/ks' = g(a—z‘) = s-s'
r)-r; = S - /30

r,-r;, = S+ Y/3p - 3p

ro-rs = s+ /3p + 32

ro-ry = 8' - °/30

r,-r, = s' + t/3p - %0

ry-rs = s8' + /30 + g

a-ry, = £ - 28

r,-rs = o + 7'

r,~rs = £

If Py By 23, by and 25 are the momentum vectors of

the particles 1, 2, 3, 4 and 5 respectively referred to a
fixed origin, then

- _ 8 2 10

= 631 = 9r T & 3r'

Bo = %z, © “%Fox T Ox

- I 2 Lo

Py = 3y, T " &3 "Lk T 9p
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i A 19 1 0 12 0
By = B, - "% % Fr T 273 " o
i 8 19 198 13 9

Bs = 655 = " hdr Tk orr T 230p T 3p’

Hence it follows that

iLyo i I

It
2}
I
2]
>
g
-
i
[

i
Pt
=

1
=
N
>
Pt
@
=
1
W
01@
N
(0]
(—,.
0
.

The following coordinates systems are also used:

u = &'(£2+£3“£4‘£5);. y = EQ’EB; ¥y = £4_£5'

In the calculation for the indirect interaction the

transformation used for the volume integration is

daT

’ 1612 \ :
4 dry a5 = (Tg) dr' dp dp

with

dr! - r'® dr' 4aQ

Q' being the solid angle of r'.
Several transformations have frequent application.

These are enumerated below:

(1) t = p - nr, t' =p' - 06s and p' = p'
where T v
0 31,
na(n) =
T 12q+125+TpX
T v
371,
6T(%) =

2(3a+38+TuZ)

and r = 3p'-s etc.
Note that the Jacobian is unity. Hence

dpdp' = dtdt'
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(2) ¢t = s' - &, t'=p-¢cp'" and p' = p’
where
E = U/B)‘-a
c c VvV c Vv
8(%) = u%/2(8B+3 uﬂ.)
c c Vv
Mw) < 38 + Twy
and
r = /2 - p

We find that

0 (

|

)

')
0 (

Jet+
I+ | jo

I’EI)

*
Thus  dsdpdp' = dtdt'dp' etc.

The following transformation is invariably used in
the calculation of the binding energy of alpha-particle

(Chapter XI).

(3) s = u- y(-v)
st= Y-
and p = W
where
L Ls v
Y(;st) - S“n/za’
L L
EGo = 48w
giving the Jacobian 0(s,5',p) = 1.
0(u,v,w)
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INTEGRATION FORMULAE AND SPHERICAL BESSEL FUNCTIONS

SAIXITI. 1

In the calculation of the direct integrations,

THE DIRECT INTEGRATIONS

the

following formulae are used:

M

K | exp [-A(R-yx)®] dR =1
K | Rexp[ -A(R-yx)®] dR = yr
K R° exp E“X(BTYE)BZJdE - %x . Yara
K [ R® exp [_)‘(B'YE)EJ dR = ('g—')‘\‘ + Yara) Yxr
K [ B exp AR YD @ = 22 4 T4 4y
) 9\
K [ B exp [-A(R-yr)®] ar = 222 4 192 477,
) g2 AP
%% 4r4 . Yers

K [ (RaA).(RAB) exp [-A(R-yr)®] R

¥? (£aA). (£ B) + 3 (A.B)

kK [ ® (A.R)(B.R) exp [-A(R-yr)®] R

7
(ET +

Y¥r)y? (A.x) (B.x) + (Zx + v°r°) 3x (A.B)

K J (A.R)(B.R)(C.R)(D.R) exp[ -A(R-yr)® 7dR

177
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K f R (A.R)(B.R) exp [ -A(R-yr)®J dR

4 4 9 a2 =z 63 2
= (yr +y°r° +—)y"(A.r)(B.r)
)\ Lj:)\z
1 4 a4 7 RB_2 35
+ 5+ (yr ++¥°r° + = )(A.B)
2)\ )\ 4)\2

K [ (A.R)?(B.R)® exp [-A(R-yr)®] dR

C YE(Ar)® (B.x)® + L [3A%(B.x)? +B® (A.x)?+6 (A.B) (A:x) (B.x) ]

A®B® (A.r) +2(A.B)%(A.r) +

H
—_
.
o]
+
= W
£ I
™

2A% (A.B) (B.r) ]

K I 512(R2)6XPE-)\(E'Y£)2 Jar = stlz(ra)

K f (A.R) Slz(Rz) exp E-K(E—YE)E] dE
= Y*(axr) s ,(x®) + £ s, (Ar)

12 ==

K f R? slz(R‘?) exp [ -A(R-yr)® ] dr

7
= (EX'+ Yarz) Yz S12(r2) etc.
where
Ay3/2
K = (Tc)
and
= 3(g9,-A)(g,-B)-(g,.9,)(A.B).

8§ ATIT.2 THE INDIRECT INTEGRATIONS

The integrations over spherical harmonics in the in-
direct interaction calculation depend on the use of the fol-

lowing well-known formula:



Ly
£m
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J Y8 @)exp(br.rian = 2, Y, (87,0") FIEALLER

where
_]__"_ = (I‘,Q) = (r,e,cp) ;
£| = (r',Q') — (r|’eu,gpv) ;
d = sin 6 d6 do )
)
)
and 3, 1) = iFE &P, a0 )

(AIII.2.1)

(AIIX.2.2)

This formula is well known and has been used by

many workers in several related scattering calculations

(e.g. Sugie et al., 1957, and Hochberg et al.,

1968). The

derivation of the above formula (AIITI.2.1) can be found in

several texts (e.g. Whittaker and Watson,

The

first few values of the above Bessel function are given

below:
J4(x) = sinh x )
2 )
&B/z(x) = EEEE_E - cosh x )

(AIII.2.3)

The recurrance relations between the functions are

(from, e.g. Whittaker and Watson, 1952)

2L+1
and
9 L (x) = L9, (x)
L+% T odx “4+%
£+1

(x)

1l

x J£+%(X) - J,€+3/2

(ATII.2.4)

(AITI.2.5)

From equations (AIII.2.4) and (AIII.2.5) we deduce

the following result:
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[£(£+1) .

)
X

I (x) = 1] 35,3 (X)  (see $6.6) (AIII.2.6)

Also, from equation (AIII.2.3) we deduce the following

relation:

I,.1(-x) = (-1)¢+1 dppy ) (AIII.2.7)
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APPENDIX IV

NUMERICAL CONSTANTS

(A) THE ALPHA RADTAL WAVE FUNCTIONS

The S- and D-state alpha radial wave function para-
meters o, B and ¢ are determined from the variational cal-
culation of the binding energy of He4 by the direct search
method.

The value of & obtained from the Variatidnal calcula-
tion of the binding energy of Helt is not used in our cal-
culations in this thesis, instead ¢ is taken to be
0.140 fm 2. This value assigned to a is established from

high energy e--Helt scattering.. The numerical values of

these parameters are listed below:

a = 0.140

B = 0.262
and c = -0.145

. . -2 . 26
Both 0 and 8 have the same unit of fm (i.e. 10

cm_z). Other constants used are given below:

M_ . 0.024148 x102% em 2 (Mev)~?

72

Ea(experimental) = -28.2 MeV

Ea(variational) = -26.038 MevV
and e® = 1.445 x 10"13 cm MeV.
(B) THE NUCLEAR INTERACTION

The interactionsdefined in various chapters are

defined in general by:

2
Vir) ~ }: kUiv) exp L- kuiv) r? ]
“=1
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and in the case of the tensor force only by:
2
V(r) ~ r° E: >\U(\)) expl[ -KHQV) r® ]

The numerical values of Un and b, are given in

Table V.



TABLE V

A v Uy Hy Us Mo

1 -57.30048745 0.7813030618 -227.7522931 3.090637232
Central 2 -19.51929806 1.047131587 - 45.08092453 2.859980282
3 ~150.4331204 0.961409294 -1331.300511 3.569316324
4 -9.768369285 0.3780574533 2171.754221 4.094385782
Spin-Orbit 8.720315489 0.9561013786 38.27868688 3.351005841
2 -220.6591852 1.825849870 -1926.807671 4,711770074
Tensor 1 -72.68042879 0.8477295439 -2230.867772 3.149339284
2 14.01647580 0.7368709121 231.4471582 2.755371243
1 36.93418652 1.619715442 673.3739529 4.909374710
Quadratic 2 11.66989625 1.963875693 -2332.307031 9.035133669
Spin-Orbit 3 5.049903637 1.387305140 -61.79157312 4.379654329
4 ~-129.2988328 2.031807456 -4459,021051 5.750887105

U, are given in MeV and WY, in fm

n

£g91
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APPENDIX V

COLLECTION OF PARAMETERS !

The parameters defined in the direct interation cal-

culation are as follows:

s-5
p = 16¢
c(n) 160 + BCM;V)
P 16¢
LS(K) 16&_‘_31’5”?)
4LLu;v)
YLL (%) 1604 3LLu;({\))
= 3a 5 3
o} = 3a [XTZZTQT -(1 + E'YLL(n))(l' " YLL(%))]
_ 15 5 3 Ja
il = (1+ ) (1- ) o
. 16 [ T YLL(n) | T Yon(n)'™ X LL (%) ]
M = 2 (160 + 3PV
LL(n) 16 My

In the indirect calculation the following parameters

are defined.

S-S
22 e (V)
>‘c(%) - 75 (ka-3 Hy )
32 .Ls (V)
‘Ms(n) = 75 (Aa=37TW, 00
\ = 32 (4o 3Lt (v))
LL(xn) B 75 - My
n = e
c 6a+cu£v
c = 128¢
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c (v)

C = 1280. (20. N H )
c(n) 25 6o + CuiV)

_ 128a
w = 15

= 32 (16a «+ 3LL (v))
CLL (%) - 75 Hu

5-D

RS

a =
3(a+5)+TU£V)

b =  3(a+B)/ [3(a+5)+THiV)]
d = (a+B)/(a+B+Tu£v))
2 = 3(-8----)2 (1+2a) (a+B)
T 15
MEY = 2 (ar168) + 3(32)% (asp)a
5 (1) _ 3;&_5 (16a+8) + 2 (-}—2—)2 (a+B)a
Sél) = % b° +%9£bd(2a+b)+85(f—1)ada(a + %b)
Tél) ' = %2 b® (2a+b)+8Labd(a+ 2/3b)
T'(i) = 2 b (2a+b)+ilabd(a + 2/3b)
£ 2k :
gl = 2ab® (a+ 2/3b)
U'(i) = 3/16 U(i)
Uu(i) = E%g U(i)
S(1) = b? (2a+b)-kabd(a+ 2/3b)

1) (1)

< Wl



w,(1)

p(1)

(1)

Y,(1)

(1)

Y(2)
5(2)
s(2)
r(2)
i (2)
(2)
g (2)

Un(z)

(2)
(2)

w,(2)

i il il

i

il Iit il 1l n il i 1l m i i

it

wlce ﬁp—\

1/1

6 U(1)

=— (0+168)

—— (160+B)

% b2 +% £bd(25a+17b)+2£(£-1)ad® (7a+

2
24
abz

1
32

1
128

5
=

\}

U= PN

b +

(—1—2—)3 (otB)

ab

2

(16&+B)+3(%%)2(Q+B)a

(5a+b)+Labd(9a+ —;—9- b)
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