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Abstract

Time encoding is an alternative approach to sampling that encodes a signal in the timing of samples

and not their amplitudes. This departure from conventional approaches has promised primarily to

provide significant increases in efficiency by emulating some characteristics of the highly efficient

biological neural networks that they are based on.

Time encoding generates inherently asynchronous samples and in this thesis I look at how such

encodings can be used to more efficiently sample and reconstruct signals which themselves exhibit

significant sporadic behaviour. By sporadic behaviour, I refer to signals that are comprised of peri-

ods of activity interspersed with periods of quiescence. Such signals are typically oversampled by

existing time encoding methods which generate samples at a rate similar to conventional sampling

techniques.

To this end, I focus largely on signals with finite rate of innovation as amodel for sporadic signals.

These include bursts of pulses and piecewise constant signals. I extend existing results regarding

time encoding and reconstruction of signals with finite rate of innovation to novel sampling kernels,

namely, hyperbolic kernels and the biologically inspired α-synaptic function.

Time encoding is inherently a non-uniform sampling technique and consequently, themajority of

reconstruction algorithms, including our aforementioned contributions, proceed by applying stan-

dard non-uniform reconstruction techniques. In this sense, the signal driven timing of samples is

not exploited to the fullest extent in standard approaches to time encoding.

Taking an alternative perspective, I present a new time encoding architecture called a time di-

lating integrate-and-fire encoder (TDIF) that uses dilation of time measurements to affect a form

of filtering of an equivalent signal in amplitude-domain. I show that time encodings derived from

such a sampler can be treated as uniform samples and thus, the standard techniques of uniform

sampling can be applied. Since the local sampling rate of such a system is determined solely by the

local power of the signal, it is ideally suited to sampling highly sporadic signals.

2



Finally I present some multi-encoder networks that complement the complement the reconstruc-

tion strategies presented in this thesis.
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Common abbreviations,

terminology, and mathematical

symbols

Table 1: Common abbreviations.

TEM Time Encoding Machine

C-TEM Reference Crossing Time Encoding Machine

IF-TEM Integrate-and-fire Time Encoding Machine

ADSM Asynchronous Delta Sigma Modulator

TDIF Time Dilating Integrate-and-Fire

E-spline Exponential spline

B-spline Polynomial basis spline

FRI Finite Rate of Innovation

Table 2: Common terminology.

Trigger mark The threshold value of the integral 𝑧(𝑡) above which the TEM generates a spike
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Inter-trigger timespan The time difference between two spikes 𝜏𝑛 − 𝜏𝑛−1

Dilation function The input-output curve of the amplifier in a TDIF

Amplitude-domain A signal comprised of time varying against amplitude (e.g. integral of IF-TEM)

Time scale The input to the integrator of the timing branch of a TEM (see Fig. 4.4)

Spike triggered reset The reset of the integral of an IF-TEM is returned to zero after each spike

Table 3: Common mathematical notation.

𝑥𝑘 𝑘th amplitude innovation parameter

𝑥min/max Minimum and maximum bounds on amplitude |𝑥𝑘|
𝑡𝑘 𝑘th time innovation parameter, time of pulse or edge

Δmin/max Minimum and maximum separation between input Diracs 𝑡𝑘 − 𝑡𝑘−1

𝐶 Threshold/Trigger mark

𝜏𝑛 nth Spike time

𝑧𝑛 Spike amplitude, typically ±𝐶
𝛽(𝑐) Non-linear amplifier

𝜃𝑛 Inter-trigger timespan (𝜃𝑛 = 𝜏𝑛 − 𝜏𝑛−1)

𝑢(𝑡) Heaviside function

𝛿(𝑡) Dirac delta function

(𝑓 ∗ 𝑔)(𝑡) Convolution of functions 𝑓 and 𝑔
𝑧(𝑡) Reset integral of TEM

𝑓(𝑡) Non-reset integral of TEM

𝑦(𝑡) Filtered input signal 𝑦(𝑡) = (𝑥 ∗ 𝜑)(𝑡)
𝑥(𝑡) Input to TEM

𝜑(𝑡) Filter response
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Chapter 1

Introduction and outline

Sampling theory is a fundamental area of research in signal processing. It concerns how physical

signals can be represented by discrete sets of measurements called samples, when these samples

are sufficient to uniquely determine a signal they represent, and the algorithms by which the signal

can be reconstructed from its samples. By signals, we typically refer to measurable continuous

quantities that vary over a continuous domain such as time or space. For example, a signal may be

the illumination varying across a 2-dimensional space of an image plane, or a 1-dimensional voltage

varying over time.

The conventional and most intuitive approach to sampling such signals has been to record mea-

surements at specific times or positions. For example, in the case of a time varying signal, samples

would have the form of tuples, (𝜏𝑛, 𝑥𝑛), where 𝑥𝑛 is a measurement of the time varying quantity

of the signal at a specific time 𝜏𝑛. For brevity, from hereon in I will refer only to such time varying

signals but the concept generalises to signals that vary over other domains. Numerous sampling the-

orems regarding how to reconstruct signals from such samples have been developed since the early

twentieth century. This began with the work of Kotelnikov, Whittaker, and Shannon on sampling

and reconstructing bandlimited signals with uniformly spaced samples [1,2]. Since then, sampling
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theory has been extended to non-uniformly spaced samples and has been developed for a wider

variety of signals. A comprehensive summary of these developments can be found in [3].

To a very great degree, sampling theory has focused on this modality where a quantity is mea-

sured at specific points in time that are independent of the signal. This is even apparent from the

terminology that we use for these processes. The measurement of the quantity itself is typically

referred to as quantisation whereas the process of quantising at particular points in time is often

separately referred to as sampling. The approach alsomaps quite naturally to practical implementa-

tion in synchronous circuits driven by digital clocks. For example, in the uniform sampling context,

samples are taken periodically atmultiples of the clock period requiring no explicit measurement of

the time of a sample.1 This is why, while we talk about quantisation of the amplitude measurement,

𝑥𝑛, we typically refer to clock jitter and not time quantisation of the time measurement, 𝜏𝑛.

An alternative approach to the problem is to sample such that the timing of the samples and not

the amplitude contains the informationused to reconstruct the signal. Put anotherway, the timing of

the samples are signal-driven whilst the amplitudes of the samples are in some way independent of

the signal or otherwise implicit. Since the signal is encoded in the timing of samples, this is referred

to as time encoding.

The time encoding approach is largely inspired by the integrate-and-fire models that describe the

operation of biological neurons and consequently themost common form of time encodingmachine

(TEM) is the integrate-and-fire time encoding machine that mimics the behaviour of these neurons.

In the most general terms, a neuron accumulates (integrates) an electrical stimulus (input signal) in

the form of a potential difference across its cell membrane. When this membrane potential reaches

a threshold value, the neuron releases it in the form of a pulse of electrical current or spike called

an action potential. These are then conducted via electrochemical processes through the neuron to

neighbouring neurons via synapses [4]. An oft used analogy is that of tipping bucket rain gauges

that accumulate rain water, intermittently dumping their content each time the weight becomes

sufficient to tip the bucket. The production of action potentials is sporadic and occurs at signal

1Similarly, in a spatial domain, the positions of sensors are fixed and might be measured a priori.
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driven times when the neuron’s membrane potential reaches a fixed amplitude. As such, action

potentials can be viewed as a form of time encoding.

There are several potential applications of time encoding. First and foremost is in the design of

sensing systems that are simpler or more power efficient. The biological neural networks that in-

spired integrate-and-fire time encoding exhibit extraordinary efficiency and it seems reasonable

to assume that some of this efficiency is derived from the use of action potentials to propagate in-

formation.2 Potential efficiency gains arise in two forms. Firstly, the actual hardware required to

implement an integrate-and-fire system may be simpler than conventional sampling systems that

must use complicated quantisers and sampling mechanisms. The simplest time encoding machine

can consist of little more than a few operational amplifiers and a clock. Secondly, for certain types

of sparse or sporadic signals, the integrate-and-fire time encoding machine, due to its event driven

nature, can be setup to generate a more optimal and finite number of samples.

Time encoding approaches have been demonstrated in practice most notably with the develop-

ment of dynamic vision sensors (DVS) [5]. These cameras do not operate with the conventional

frame based approach. Instead of each pixel being scanned and quantised periodically, pixels gen-

erate samples asynchronously when their inputs change rapidly and the timing of the sample is

recorded, not the amplitude. In this sense, the DVS represents a form of time encoding machine

where the derivative of the signal drives the generation of samples.

In a conventional camera, large numbers of samples are redundant. For example, the input to

many pixels changes only minimally from frame to frame, particularly for pixels situated in the

background to the subject of the image. Despite this, a conventional frame-based camera will re-

peatedly sample these pixels regardless. TheDVS solves this issue since areaswith little to no activity

produce no response from their respective pixels. This drastic reduction of the number samples has

obvious benefits for power efficiency. Furthermore, coupled with the asynchronous nature of sam-

ple production, the DVS is also well suited to high speed low latency photography. A comprehensive

survey of the DVS and various algorithms used for reconstruction from DVS data can be found in

2Though it is a matter of academic debate how important specifically the timing of action potentials is in information
processing in biological neural networks.
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[6]. The majority of approaches to reconstructing images from DVS data revolve around statisti-

cal or learning techniques. Time encoding theory based approaches are notable in their absence,

perhaps due to the relative immaturity of time encoding theory.

When considering the theory of time encoding, two natural questions arise. Firstly, how and

under what conditions can the input signal or stimulus be reconstructed from the timing of these

spikes and secondly, what benefits can be gained. The former question has been answered for a

number of different signal classes including bandlimited signals, signals in shift-invariant space,

and some signalswith finite rate of innovation. A review of these results, the time encodingmachine

architectures they pertain to and, the benefits they bring is the subject of Chapter 2. In passing, I

also defined what I mean by signals with finite rate of innovation and how the concept can be used

to give a more precise definition of sporadic signals.

In this thesis I look primarily at how time encoding, a form of asynchronous sampling, can be

used to sample signals that exhibit sporadic behaviour with greater efficiency than conventional

or existing time encoding strategies. To this end, in Chapter 3 I consider time encoding and recon-

struction of signals with finite rate of innovation using novel sampling kernels. In particular, I look

at the exponential reproduction technique for the α-synaptic function and the benefits this confers

over existing works using the exponential spline. I also consider hyperbolic kernels such as the

hyperbolic secant and reconstruction using a rational approximation approach.

The state of the art and my contributions in Chapter 3 typically use time-domain reconstruction

algorithms. In Chapter 4 I take a different approach to time encoding that achieves reconstruction

in the ‘amplitude-domain’ and thusmore comprehensively exploits the duality of conventional sam-

pling and time encoding. I do this by considering time encoding as a uniform sampling of an equiva-

lent amplitude-domain signal. Building on this perspective I present a new time encoding architec-

ture called a time-dilating integrate-and-fire encoder (TDIF) that manipulates time measurements

during sampling. I show that such an architecture allows standard theorems of uniform sampling

to be used to reconstruct a broad range of signals from their time encodings. I show that in the case
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of piecewise constant signals, the new architecture produces an efficient number of samples while

still allowing for perfect recovery.

In Chapter 5, I look at how networks of time encoding machines can be combined to derive some

desirable sampling behaviours at the hardware level. This includes sampling networks that elimi-

nate non-idealities through differential sampling and networks that conditionally sample based on

the power of the input signal as well networks that amplitude-domain synchronisation of TEMs.

Finally, I conclude with some remarks in Chapter 6.

1.1 Achievements and Innovative results

This thesis contains several innovative results that can be summarised as follows:

• Reconstruction algorithms from time encodings for novel signal models. In particular, I focused

on finite rate of innovation signals since they are an appropriate model for signals that exhibit

sporadic behaviour. Examples of such signals are reconstruction algorithms for bursts of pulses

interspersed with quiescence as well as bursts of edge transitions (of a piecewise constant sig-

nal) interspersedwith quiescence. I develop reconstruction algorithms for hyperbolic functions

as well as bursts of pulses with α-synaptic shape. In the case of the α-synaptic kernel the results

are extended to higher kernels as well as filtered piecewise constant signals. The reconstruction

approach for hyperbolic kernels is also extended to recovery the recovery of power signals as

well as recovery from differential samples.

• A novel time measurement dilating integrate-and-fire architecture for time encoding (TDIF) is

developed that leverages the integrate-and-fire aspect of the sampling process. By viewing

the integrate-and-fire sampling procedure as a level set sampling or ‘amplitude’-domain sam-

pling, standard techniques of uniform sampling can be used for signals that are bandlimited in

amplitude-domain. I present a novel time dilating integrate-and-fire architecture and demon-

strate that it generates uniform samples in amplitude-domainwith arbitrary kernels. Thus sam-
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pling theorems for uniform samples in time-domain can be appliedwith thesemodified samples

in amplitude-domain.

• Several reconstruction theorems for the TDIF. The TDIF architecture allows standard uniform

sampling in the amplitude-domain. I explicitly derive theorems for signals that are shift-

invariant in amplitude-domain, and non-negative piecewise constant signals in time-domain

(a signal with finite rate of innovation). In fact, the latter is a demonstration of the fact that

piecewise constant signals are also piecewise constant signals in amplitude-domain

• Multi-TEM networks. Multiple TEMs can be arranged in topologies that provide desirable be-

haviours in sampling and sampling unrelated contexts. I present two. The first is a network

called a differential pair designed to generate differential samples that can be more resilient to

non-idealities in the constituent TEMs. The second are a class of networks called ring synchro-

nisers that achieve the synchronisation of integrate-and-fire TEMs in amplitude-domain. This

is an analogue to clock synchronisation in time-domain.
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Chapter 2

Time encoding preliminaries

2.1 Architectures for sampling in amplitude

Sampling is the process by which an observable signal is discretised and converted into a countable

set of digital numbers. The signal being observed can have amultidimensional varying element, but

for the purposes of this work, I will focus on the case where signals consist of a single dependent

quantity that varies against an independent property. The independent quanitity must have an

order, such as in the case of time and space. I will focus on signals that vary over time. Voltage

across an electrical component or the pressure impinging on a microphone are examples of such

time varying signals.

The objective of sampling theory is to determine under what conditions the original signal can be

resynthesised from this set of samples. The most prevalent forms of sampling are where measure-

ments of the observable signal are taken at predetermined points in time. Most commonly these

are uniformly spaced in time which gives rise to the celebrated Shannon-Whittaker sampling theo-

rem that gives a way to sample and reconstruct bandlimited signals. Sampling of this kind, where

times are predetermined and magnitudes of the samples are signal driven, has been extended to
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non-uniform sampling, where samples are non-uniformly spaced in time [7,8], and to larger classes

of signals such as signals in shift-invariant spaces [9], and sparse signals [10–12].

In general, the samples of a one-dimensional time-varying signal can be thought of as a set of

tuples {(𝜏𝑛, 𝑥𝑛) | 𝑛 ∈ [1, .., 𝑁]} where 𝑁 is the number of samples. In the context of conventional

sampling strategies where timing of samples are not signal dependent, the times of the samples, 𝜏𝑛,

are assumed to be predetermined whereas the ‘magnitude’ of the samples, 𝑥𝑛, are assumed to be

driven by the time-varying quantity of the signal, for example, the voltage on awire. Because of this,

the samples of a conventional sampler can further be considered to be just a sequence of measure-

ments {𝑥𝑛 | 𝑛 ∈ [1, .., 𝑁]} since the measurements of time are implicit in the index 𝑛. For example,

in uniform sampling, 𝜏𝑛 = 𝑛𝑇𝑠 where 𝑇𝑠 is the known sampling period. Even in the non-uniform

sampling context, the timing of the samples might be known a priori or are signal independent. If

these timings are considered to be an ordered set then the sample times are similarly implicit in the

index of the sample.

In a time encoding machine (TEM) the encoding of the signal into samples is intended to be pre-

cisely the opposite. The samples should be a set of measurements in time {𝜏𝑛 | 𝑛 ∈ [1, .., 𝑁]} where

the measurements of the ‘magnitude’ at that time are implicit in the time samples. Much like in

the conventional uniform sampling case where the time was implicit due to knowledge of the sam-

pling period, the implicit magnitudes in a time encoding are given when we have prior knowledge

of the parameters of the time encoding sampler. For example, in an integrate-and-fire encoder we

have prior knowledge of the threshold, or in a crossing encoderwe have knowledge of the reference

signal. These aforementioned existing architectures which are the physical systems by which sam-

ples of this form can be realised is the subject of this section. The methods through which signals

can be reconstructed from time encodings generated by these architectures are then discussed in

Section 2.2.
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Figure 2.1: A typical reference crossing encoder.

2.1.1 Crossing time encoders

The simplest and most intuitive form of time encoding machine is the reference crossing encoder

illustrated in Fig. 2.1. It is a simple device consisting of a known reference signal, 𝑟(𝑡), typically a

sinusoidal oscillation, ramp, or constant signal, and an input signal 𝑥(𝑡). The two signals are com-

pared and when they cross (are equal) an output sample is generated. We can conceptualise this

output either as a spike with infinitesimally small support, or simply as measurement of the time

when the input signal crossed the reference signal. The former representation is more applicable

when discussing networks of time encoding machines, similar to networks of spiking neurons, and

the latter is typically more appropriate when treating the time encoding machine as a sampler.

Let 𝜏𝑛 be the times the crossing encoder produces, since the reference signal is known, the ampli-

tudes 𝑥𝑛 = 𝑥(𝜏𝑛) = 𝑟(𝜏𝑛) are clearly implicit in the times, 𝜏𝑛. Thus, the sampled times alone represent

a time encoding of the input signal 𝑥(𝑡). An example, of such an encoding is given in Fig. 2.2 where

the reference signal is chosen to be a sinusoid.

The operation of comparing the two signals is represented by the difference of the two signals

followed by a zero crossing detector. Indeed, the reference crossing detector is a generalisation of

a zero crossing encoder when the reference signal is 𝑟(𝑡) = 0. In such a case Logan’s theorem can

be used to recover bandlimited signals from their zero crossings alone [13]. The combination of

difference and zero detection operations implements detection of equality between the input sig-

nal and the reference signal. In other formulations, most notably [14], the output time encoding is

represented as a signal whose polarity inverts at each sample time. As such, their definition of the

crossing encoder uses a comparator instead of a zero crossing detector. This allows a more gen-
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𝑡 𝑦(𝑡)
𝑧n

𝑟(𝑡)

b)

𝑡

Figure 2.2: Example time encodings generated by a crossing encoder for two inputs. Signal a) is
a bandlimited signal. Samples are recorded at each point the signal 𝑦(𝑡) is equal to the reference
sinusoid. Signal b) is a signal containing an initial period of quiescence. Note how the crossing
encoder generates uniform samples regardless.

24



eral framework that encompasses both crossing TEMs, integrate-and-fire TEMs, and asynchronous

sigma-delta modulators. The latter are also a form of time encoding machines but not typically re-

ferred to as such explicitly. The advantage of the formulation of Fig. 2.1 is that it makes a more

explicit connection between the representation of samples as spikes or time measurements and the

output of the encoder.

One advantage of a reference crossing encoder lies in the simplicity of the device. There are a few

components and, unlike the integrate-and-fire systems discussed later, there are no accumulators or

resettingmechanisms that need special consideration. Another advantage is found in the theoretical

analysis of such a sampling strategy. Guarantees that samples are produced in sufficient quantities

for reconstruction are more easily obtained when the reference signal is chosen appropriately. For

instance, let the reference signal be periodic with a wider dynamic range than the input signal and

assume the input signal is continuous, then the system can be guaranteed to produce at least one

sample within any two periods of the reference signal. Thus, by selecting an appropriate reference

signal, a sufficient density of samples can be enforced. This is the principle used in [15] to produce

guarantees that enough samples are generated to allow reconstruction.

However, this approach to creating a time encoding has major disadvantages. A major aspiration

of time encodingmethods in this thesis is to create systems that generate sparser sets of samples and

achieve this by being adaptive to the signal they sample. If we consider the samples generated by a

crossing encoder (Fig. 2.2), we can see that the samples occur regularly across the entire timespan

of the signal and do not localise around periods of activity. Furthermore, in periods of quiescence,

samples are still generated at an almost uniform rate and differ from a uniform sampling by only

small degrees. Moreover, this is highly inefficient when sampling signals with compact support.

These drawbacks will become more apparent when we consider highly sporadic and sparse signals

in Section 2.3.1.
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2.1.2 The integrate-and-fire time encoding machine

The focus of this thesis is specifically on integrate-and-fire methods for time encoding. Integrate-

and-fire describes a class of samplers where signals are accumulated (integrated) and when the

accumulated signal satisfies a condition, typically equality with a known threshold or trigger mark,

the time is recorded as a sample and the accumulated value is reset back to zero. There are a few

slight variations in the literature on the structure of an integrate-and-fire system which I will enu-

merate in this section.

The integrate-and-fire approach is inspired by biological neurons which exhibit similar, though

significantly more complex, behaviour. Information in a neural network is transported in the form

of bursts of electrical activity called ‘action potentials’. This all or nothing approach allows efficient

transportation of electrical charge along the neuron cell body and between neurons. Integrate-and-

fire time encoding machines (IF-TEM) share similarities with biological neurons but for the most

part use more ideal models that can be realised with standard electrical components. The first

form of the time encoding machine was introduced by [16] along with a reconstruction algorithm

for the bandlimited signals. The time encoding machine was constructed as shown in Fig. 2.3 and

resembles an asynchronous version of a delta-sigmamodulator. For this reason it is referred to as an

asynchronous delta-sigma modulator (ADSM). In fact, the same architecture was initially proposed

by [17] and has enjoyed a recent revival and development that is seemingly independent to the

efforts of those studying time encoding in the signal processing community [18–20].

The ADSM uses feedback to create an astable circuit whose output, 𝑧(𝑡), repeatedly and asyn-

chronously changes polarity. To achieve this, the integrated signal, 𝑓(𝑡), is fed through a Schmitt

trigger with threshold 𝛿 to create an output of 𝑧(𝑡) = ±𝑏. This output is then used as negative feed-

back into the integrator. If the output value is sufficiently high such that 𝑏 > sup |𝑥(𝑡)|, the resulting
integral will always be monotonic and decreasing (increasing) for a positive (negative) output. Con-

sequently, each time the integral reaches the threshold ±𝛿, the output polarity flips and the integral

starts increasing or decreasing towards the opposite threshold. Let 𝜏𝑛 be the switching times of the
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Figure 2.3: A Lazar-style integrate-and-fire time encoding machine in the form of an asynchronous
delta-sigma modulator (ADSM).

Figure 2.4: A typical integrate-and-fire time encoding machine after [21]. 𝑏 is a constant bias, 𝐶 is
the threshold, and 𝜏𝑛 are the spike times.

output from the Schmitt Trigger. The switching times of the signal can be related to the input signal

by [16],

∫
𝜏𝑛+1

𝜏𝑛

𝑥(𝑢) 𝑑𝑢 = (−1)𝑛(−𝑏(𝜏𝑛+1 − 𝜏𝑛) + 2𝜅𝛿) . (2.1)

The ADSM is closely related to another more commonly used form of integrate-and-fire time en-

coding machine, typically referred to as an IF-TEM and first introduced in [22]. The architecture is

simpler and the associated reconstruction algorithm is the same, therefore, so I will forego a deeper

analysis of the ADSM in favour of the IF-TEM. Themain difference in architecture is that the IF-TEM
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operates without feedback and hysteresis as illustrated in Fig. 2.4. The operation of the IF-TEM is as

follows:

1. The input signal is summed with a constant bias, 𝑏, to produce 𝑦(𝑡).
2. The resulting signal is integrated, to produce 𝑓(𝑡), which is the unreset integral.

3. Each time the resulting signal crosses a threshold 𝐶, a sample is generated.

4. The integral is reset to zero after each sample is generated. The resulting signal is the reset

integral, 𝑧(𝑡).

Fig. 2.5 plots the intermediate signals of the IF-TEM for the given example signal. Note that a

typical assumption of this architecture is that the bias, 𝑏, is strictly greater than the input signal 𝑥(𝑡).
This ensures the integral is monotonic. The use of a bias has a similar effect to that observed in the

crossing encoder in that samples are produced constantly and at relatively uniform times. Indeed,

samples are generated even when the input signal 𝑥(𝑡) is zero. It is also worth noting that the bias

term corresponds to a ramp signal of constant gradient in the integral. As such, this architecture is

equivalent to Δ-ramp encoders as investigated by [23–25].

The mechanism used to reset the integral is not stated explicitly but can be considered analogous

to the discharging of themembrane potential of a biological neuron or the discharging of a capacitor

through a transistor. The combination of bias and the resetting operation serves a similar purpose

to the alternating polarity of the Schmitt trigger output of the ADSM in that instead of bouncing

between a positive and negative threshold, ±𝛿, the IF-TEM repetitively reaches a single threshold,

𝐶. It then resets and continues in the same fashion to reach the threshold.

The sample times generated by the IF-TEM are related to the input signal in a similar way to the

ADSM through,

∫
𝜏𝑛+1

𝜏𝑛

𝑓(𝑡) 𝑑𝑡 = 𝐶 − 𝑏(𝜏𝑛+1 − 𝜏𝑛) , (2.2)

which is sometimes referred to as the 𝑡-transform [22]. In both the case of the ADSM and the IF-

TEM, the resulting time encoding cannot be described simply as a set of samples, (𝑦𝑛, 𝜏𝑛) where a
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Figure 2.5: The intermediate signals of an IF-TEM: a) input signal, b) input signal with bias, c)
integrated signal (this is not manifest in a TEM but an abstract ‘unreset’ signal), d) integrated signal
with resets where sample times are taken. Note the monotonicity of c) and the relatively uniform
firing of d).
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simplemagnitudemeasurement, 𝑦𝑛, is implicit in its corresponding time, 𝜏𝑛. Instead, themagnitude

measurement must be expressed as a finite difference on the integral of the input signal, that is,

∫
𝜏𝑛+1

𝜏𝑛

𝑦(𝑡) 𝑑𝑡 = 𝑓(𝜏𝑛+1) − 𝑓(𝜏𝑛) . (2.3)

In conclusion, it is interesting to note the meagre variety in architectures of the single time en-

coding machine. In particular, the ADSM and IF-TEM architectures are very similar architectures

which produce very similar time encodings. Indeed, the choice between the two is likely governed

more by practical considerations of implementation and not by the difference in the encodings they

produce. This lack of variety motivates the results I present in Chapter 4 to a great extent.

2.2 Reconstruction of bandlimited and shift-invariant signals

2.2.1 Iterative reconstruction

Reconstruction of signals from their time encodings was first investigated in the context of ADSMs

and IF-TEMs by Lazar and Tóth [16,22,26]. They showed that if the input signal, 𝑥(𝑡), is bandlimited

to [−Ω, Ω] (and consequently 𝑦(𝑡) is bandlimited) then it can be reconstructed perfectly from its time

encoding when,

𝜋(𝑏 − 𝑐)
2𝐶 > Ω rad/s , (2.4)

where 𝐶 is the trigger mark, 𝑏 is the bias of the IF-TEM, and 𝑐 = ‖𝑦‖∞ is the maximum absolute

value of the input signal. Since lower trigger marks and higher biases correspond to higher firing

rates, this provides a Nyquist-like sampling criterion where a higher bandwidth signal requires the

IF-TEM’s parameters to be altered to increase firing rate.

Reconstruction is achieved through an iterative procedure that converges on the solution. Con-

sider an operator A,
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A𝑦(𝑡) = ∑
𝑛∈ℤ

∫
𝜏𝑛+1

𝜏𝑛

𝑦(𝑡) 𝑑𝑡 sincΩ(𝑡 − 𝑠𝑛) , (2.5)

where 𝑠𝑛 = (𝜏𝑛+1 − 𝜏𝑛)/2 is the midpoint of an interspike interval. Crucially, the value of the in-

ner definite integral can be calculated directly from a time encoding via the t-transform, Eq. (2.2),

without knowledge of the signal. Consequently, A𝑦(𝑡) can be directly calculated as,

A𝑦(𝑡) = ∑
𝑛∈ℤ

(𝐶 − 𝑏(𝜏𝑛+1 − 𝜏𝑛)) sincΩ(𝑡 − 𝑠𝑛) . (2.6)

By leveraging the work of [9,27] on sampling averages, the authors showed that 𝐼 − A is a con-

tractive operator when Eq. (2.4) is satisfied and where 𝐼 is the identity operator. As such, one can

formulate a Neumann series,

A−1 = lim
𝐾→∞

𝐾
∑
𝑘=0

(𝐼 − A)𝑘 , (2.7)

so that,

𝐼 = lim
𝐾→∞

𝐾
∑
𝑘=0

A(𝐼 − A)𝑘 . (2.8)

Expanding the summation gives the following iteration,

̂𝑦(0)(𝑡) = A𝑦(𝑡)

̂𝑦(𝑘+1)(𝑡) = ̂𝑦(𝑘)(𝑡) + A (𝑦(𝑡) − ̂𝑦(𝑘)(𝑡)) . (2.9)

The base case of the recursion, ̂𝑦(0)(𝑡) = A𝑦(𝑡), can be calculated by Eq. (2.6) from the time encoding

of 𝑦(𝑡). An example of reconstruction with the iterative approach of Eq. (2.9) is given in Fig. 2.6.

This iterative approach to reconstructing bandlimited signals from time encodings has been ex-

tended to signals in shift-invariant subspaces by [25] and with an alternative reconstruction algo-

rithm called projection onto convex sets (POCS) by [28,29].
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Figure 2.6: An example time encoding and reconstruction of bandlimited signal (Ω = 5 rad𝑠−1) using
the iterative reconstruction algorithm of Eq. (2.9). Intermediate results for 𝑘 = 0, 2, 4 are given.
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These reconstruction results have also been extended beyond the single TEM architecture. In

particular, multi-TEM sampling architectures have been used to gain advantages in firing rate and

tradeoffs in spatial and temporal resolution [14,30,31]. The TEM architecture has also been com-

bined with modulo sampling techniques [32] to provide a more meaningful tradeoff between firing

rate and dynamic range [33].

2.2.2 Multichannel time encoding machines

Reconstruction from time encodings has also been built upon with novel multi-TEM architectures

for multichannel encodings of correlated signals such as video [31,34,34–36], and multichannel en-

codings of a single input signal [30,37]. In particular, the work of Adam [14,30,37] looked extensively

at how multichannel systems can grant more beneficial tradeoffs between firing rate, spatial, and

temporal resolution. They proposed an 𝑀 -channel system where each channel consists of a single

TEM that individually samples the input signal. With this architecture the input signal can still be

constructed even when each constituent TEM fires at a rate slower than in the single-channel case.

If the integral of each TEM is offset from the integral of the others, the sets of spikes generated by

each channel can be used together to reconstruct in the input signal. More specifically they show

that the signal must satisfy the following more relaxed criterion,

𝑀𝜋(𝑏 − 𝑐)
2𝐶 > Ω , (2.10)

where, as before, 𝑐 is themaximumof the input signal. In fact, as can be seen by comparing Eq. (2.10)

to Eq. (2.4), one can use a multichannel system to trade off between the number of channels and the

spike rate of each channel. That is, in an𝑀 -channel system, the firing rate can be𝑀 times slower per

channel while still allowing perfect reconstruction of the input signal. This is advantageous since

practical implementations of IF-TEMs and the biological neurons that they imitate have limited rate

atwhich they canfire. In fact, individual neurons in the humanbody rarely fire above rates of 100Hz

[38]. A tradeoff between the number of channels and the firing rate of each individual channel

can be made without affecting the effective global firing rate. In a video time encoding setting, the
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channels are analogous to pixels that receive different but correlated signals. Adam goes on to show

that in this case a similar tradeoff can be made between the number of pixels (spatial resolution)

and the firing rate of individual channels (temporal resolution).

2.2.3 Modulo

An area of active research which bears strong resemblence to time encoding is modulo sampling,

sometimes referred to as unlimited sampling. In the modulo sampling paradigm, samples are taken

in a conventional manner except that the input signal is wrapped such that it stays within a specific

dynamic range. That is, each time the signal crosses an upper or lower threshold, a bias is applied

bringing the signals to its respective opposite threshold in much the same way as an IF-TEM. Con-

ventional samples (for example uniform samples) are taken from the wrapped signal.

It has been shown that perfect reconstruction can be achieved for various classes of signals [32].

The main advantage of this approach is that high dynamic range signals can be confined to a lower

dynamic range while still allowing sampling and reconstruction. This is also beneficial when quan-

tisation is taken into account since fewer bits are required to sample a narrower dynamic range.

It is apparent that time encoding and modulo sampling have similar characteristics, they both

employ some form of wrapping the signal when a threshold is exceeded, however, they differ in

how this process is used. In the time encoding case, we have seen that the timing of these crossing

points is measured at sampling time and is directly used to reconstruct the input signal. Indeed,

the crossing times are the samples themselves. In the modulo case, the timing of the crossings is

unknown. Instead, in general terms, the objective is estimate the timing of the crossings and conse-

quently retrieve non-modulo samples that can be used to reconstruct the signal in a conventional

manner.

2.2.4 Modulo IF-TEM

The proposedmethods for time encodingwith an IF-TEM typically include the use of a constant bias,

𝑏, to ensure that the input signal is monotonically increasing and that the spike rate is sufficiently
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high to achieve reconstruction. This is achieved by ensuring that the bias is greater that the infinity

norm of the input signal as expressed through the criteria of Eq. (2.4) & Eq. (2.10). If the input

becomes greater than the bias, guarantees that a sufficient density of samples is achieved are lost.

In [33], an adaptation of the IF-TEM architecturewas proposed that incorporates recent innovations

in the area of modulo sampling [32], to address the reliance on a carefully selected bias. Their

approach involves applying a non-linear modulo operation to the input signal that wraps the signal

within a chosen range, [−𝜆, 𝜆]. This ensures the signal is always smaller than the bias and thus the

standard guarantees for sampling rate apply. They go on to show that the resulting time encoding

of a modulo folded signal can be used to reconstruct the input signal up to a constant bias.

2.3 Reconstruction of signals with finite rate of innovation

2.3.1 Finite rate of innovation

Themain focus of this thesis is on signals that exhibit sporadic activity. By this I mean signals where

regions of interest or activity in are highly localised and interspersed with periods of inactivity or

quiescence of varying lengths. For example, onemight be interested in sampling and reconstructing

signals that consist of pulses occuring at times not aligned to a grid, where the number of pulsesmay

or may not be finite. Since the pulses are localised in time, there can be extended periods of time

where the signal is zero. Another example are piecewise constant signals which have discontinu-

ities or groups of discontinuities separated by long periods of quiescence where the signal remains

unchanged. The notion of a sporadic signal often coincides with that of a sparse sparse signal but

care must be taken not to consider them one and the same. A signal that is sparse is not necessarily

sporadic, for example, a train of close but evenly spaced pulses may be sparse but it is not sporadic

since regions of activity are evenly spaced throughout time. Similarly, a signal that is sporadic is

not necessarily sparse, for example, intermittent pulses of white noise may be sporadic since they

constitute highly localised bursts of activity interspersed with periods of inactivity, but each pulse
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itself is not sparse. Sporadicity can be seen as the change in sparsity over time or the locality of

sparsity.

Bandlimited and shift-invariant signals are not the most appropriate signal model for represent-

ing highly sporadic signals. For instance, a strictly bandlimited signal, that is a signal that is well

localised in Fourier domain, is necessarily poorly localised in time domain due to the uncertainty

principle. In contrast, highly sporadic signals exhibit activity that is highly localised. Furthermore,

the sampling strategies for such signals (e.g. uniform sampling) also not the most appropriate when

sampling highly sporadic signals. The typical uniform sampling strategy due to Shannon requires

measuring the signal at points during the signals’ periods of quiescence. It is clear that such a sam-

pling must be sub-optimal.

To model and define sporadic signals I will instead use the framework of signals with finite rate

of innovation (FRI) which was first introduced in [11]. FRI signals are a class of signals that can be

parameterised by a finite number of parameters over a finite interval. The number of parameters,

or degrees of freedom, required to describe a signal on an interval [−𝐿/2, 𝐿/2] is called the local rate

of innovation,

̂𝜌𝐿 = 1
𝐿𝐶𝑓 (−𝐿

2 , 𝐿
2 ) , (2.11)

where 𝐶𝑓(𝑎, 𝑏) counts the degrees of freedom in a signal, 𝑓(𝑡), in an interval [𝑎, 𝑏]. When ̂𝜌𝐿 < ∞, we

say that the signal has finite local rate of innovation. The limit of ̂𝜌𝐿 as the interval widens to the

entire real line is called the global rate of innovation,

𝜌 = lim
𝐿→∞

̂𝜌𝐿 . (2.12)

When 𝜌 is finite we say the signal has finite (global) rate of innovation. In practice one is usually

interested in local rate of innovation as this determines how many samples are required to recon-

struct the signal in a given interval, however, finite global rate of innovation is useful since it implies

that the signal must have finite local rate of innovation at every point.
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FRI signals are of particular interest in the context of integrate-and-fire time encoding since they

naturally provide a representation for highly sporadic signals and sparse signals. Consider signals

of the form,

𝑥(𝑡) = 𝜑(𝑡) ∗ ∑
𝑘∈ℤ

𝑥𝑘𝛿(𝑡 − 𝑡𝑘)

= ∑
𝑘∈ℤ

𝑥𝑘𝜑(𝑡 − 𝑡𝑘) , (2.13)

where 𝑡𝑘 < 𝑡𝑘+1 and there are a finite number of 𝑡𝑘’s in any finite interval or the real line. By

definition, such a signal has finite local rate of innovation. Given a choice of𝜑(𝑡) that is well localised

in time, such a signal resembles a stream of pulses with highly sporadic and localised behaviour.

By this I mean two things. First, the structure of the signal is made up of events that occur at

asynchronous points in time. This is evident in that each component can occur at an arbitrary

time, 𝑡𝑘, which is not aligned on a grid. Second, activity in the signal can be highly localised such

that certain intervals have a high local rate of innovation whilst others have a low local rate of

innovation. In the extreme, the signal consists of intervals with local rate of innovation ̂𝜌 = 0, which

I shall refer to as quiescence, interspersed with intervals with high local rate of innovation ̂𝜌 = 𝐾,

which I shall refer to as a burst. An example of this is plotted in Fig. 2.7which shows ahighly sporadic

signal comprised of periods of quiescence (𝑥(𝑡) = 0) interspersed with bursts of overlapping pulses.

Optimal sampling of this signal would produce the same or close to the same number of samples

in a given interval as the number of innovations in the interval. Since intervals of quiescence can be

arbitrarily long, it is evident that a conventional uniform sampling is suboptimal as itwould produce

samples within any quiescent interval with ̂𝜌 = 0. Indeed, if quiescent intervals can be arbitrarily

long, then the number of conventional samples taken in the interval can be arbitrarily large. As

discussed earlier, IF-TEMs with a bias and crossing encoders also suffer from this inefficiency.

The signal model also extends to other FRI signals such as filtered piecewise constant signals and
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Figure 2.7: Sporadic signal comprised of twobursts of threeDiracswith apulse shape𝜑(𝑡) = sech(5𝑡).
Since the pulse shape is well localised, the bursts are separated by an interval where 𝑦(𝑡) = 0 and

̂𝜌 = 0 (quiescence). ̂𝜌 = 3 for the interval of each burst.

more generally filtered piecewise polynomial signals via the integral. In the case of the filtered

piecewise constant, the relationship is simple,

𝑦(𝑡) = ∫ 𝑥(𝑡) 𝑑𝑡 = ∫ 𝜑(𝑡) ∗ ∑
𝑘∈ℤ

𝑥𝑘𝛿(𝑡 − 𝑡𝑘) 𝑑𝑡

= 𝑐 + 𝜑(𝑡) ∗ ∑
𝑘∈ℤ

𝑥𝑘𝑢(𝑡 − 𝑡𝑘) , (2.14)

where 𝑐 is a constant of integration and 𝑢(𝑡) is the Heaviside step function. Intuitively, 𝑢(𝑡) is not
localised in time, however, the filtered piecewise constant of Eq. (2.14) still has finite local rate of

innovation on a given interval, [𝑡𝑎, 𝑡𝑏], since
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∫ 𝑥(𝑡) 𝑑𝑡 = 𝑐 + 𝜑(𝑡) ∗ ( ∑
𝑡𝑘<𝑡𝑎

𝑥𝑘𝑢(𝑡 − 𝑡𝑘) + ∑
𝑡𝑎≤𝑡𝑘≤𝑡𝑏

𝑥𝑘𝑢(𝑡 − 𝑡𝑘) + ∑
𝑡𝑏≤𝑡𝑘

𝑥𝑘𝑢(𝑡 − 𝑡𝑘))

(𝑎)= 𝑐 + ‖𝜑‖1 ∑
𝑡𝑘<𝑡𝑎

𝑥𝑘
⏟⏟⏟⏟⏟

𝜉𝑎

+𝜑(𝑡) ∗ ∑
𝑡𝑎≤𝑡𝑘≤𝑡𝑏

𝑥𝑘𝑢(𝑡 − 𝑡𝑘) , (2.15)

for 𝑡 ∈ [𝑡𝑎, 𝑡𝑏] and where (𝑎) follows from assuming that 𝑡𝑎 − 𝑡𝑘 is larger than the support of 𝜑(𝑡) such
that the first summation is equivalent to the l-1 norm of the kernel. The third summation is zero

inside the interval.1 The third sum is eliminated because for any 𝑡𝑘 greater than 𝑡𝑏, 𝑢(𝑡 − 𝑡𝑘) = 0.
Thus, any finite interval of a piecewise constant signal is parameterised by 2𝐾 + 1 parameters for

2𝐾 edges where one of these parameters, 𝜉𝑎, represents the value of the signal at the beginning of

the interval.

Piecewise constant signals clearly also represent highly sporadic signals except that periods of

quiescence, for which ̂𝜌 = 0, are not necessarily zero but are regions where the signal remains

constant. Bursts are also not made up of pulses but of edges. An example of a filtered piecewise

constant is given in Fig. 2.8 which is related through the integral to Fig. 2.7.

Sampling of sporadic signals such as these in an optimal way is a problem that is only partially

solved by existing FRI theory. Whilst the framework provides an appropriate signal model for spo-

radic signals, the acquisition methods are largely unchanged, mostly relying on uniform sampling.

It is clear that uniform sampling produces suboptimal sample sets since samples are taken even dur-

ing periods of quiescence when there is no new information to be recorded. In the case of pulses

there can be long periods where the signal is zero, and in the case of piecewise constant signals

there can be long periods where the signal does not change. Redundant sampling in these intervals

is also encountered when using the typical IF-TEM with an input bias.

1Note, the sums are indexed over 𝑘
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Figure 2.8: A filtered piecewise constant signal equivalent to the integral of Fig. 2.7.

2.3.2 Reproduction of polynomials and exponentials

The first approach to reconstructing FRI signals from time encodings is due to [15] who demon-

strated that FRI signals can be reconstructed when the filter, 𝜑, exhibits a polynomial or exponential

reproducing property. This approach was adapted from the work of [39] who leveraged the same

polynomial (exponential) reproducing property but in the context of uniform sampling. The recon-

struction algorithm consists of estimating the innovation parameters, 𝑡𝑘 & 𝑥𝑘, through two key op-

erations. First, the exponential reproducing property of the kernel is used to transform the uniform

samples of the signal into uniform samples of an equivalent sum of exponentials or polynomials.

Spectral estimation techniques like Prony’s method can then be used to recover the parameters. A

function 𝜑(𝑡) can reproduce polynomials up to a maximum degree 𝑅 if,

∑
𝑘∈ℤ

𝑐𝑚,𝑘𝜑(𝑡 − 𝑛) = 𝑡𝑚 , (2.16)

for 𝑚 ≤ 𝑅 and some 𝑐 ∈ ℂ. That is, there exists a weighted sum of uniform shifts of the function 𝜑(𝑡)
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that reproduces amonomial ofmaximumdegree𝑅 exactly. By linearity, there also exists a weighted

sum that reproduces any polynomial of maximum degree 𝑅. Functions that have this property are

known to satisfy the Strang-Fix conditions of order R [40]:

𝜑̂(𝑞)(2𝑛𝑖𝜋) = 0 , (2.17)

for 𝑛 ∈ ℤ/{0}, |𝑞| < 𝑅 and 𝜑̂ is the Laplace transform of 𝜑. Examples of functions that satisfy these

conditions are polynomials basis splines of degree 𝑅 and the scaling function of the Daubechies

wavelet. The Strang-Fix conditions can be extended to the generalised Strang-Fix conditions in [41],

𝜑̂(𝑞)(𝑎𝑚 + 2𝑛𝑖𝜋) = 0 . (2.18)

A function that satisfies the generalised Strang-Fix conditions can reproduce exponentials so that

coefficients 𝑐𝑚,𝑘 can be found such that,

∑
𝑘∈ℤ

𝑐𝑚,𝑘𝜑(𝑡 − 𝑛) = 𝑒𝑎𝑚𝑡 . (2.19)

An example of this kind of reproduction is shown in Fig. 2.9. I will focus on exponential repro-

duction but the following results apply equally to both polynomial and exponential reproducing

functions. Consider an FRI signal consisting of a finite stream of 𝐾 pulses sampled uniformly,

𝑦𝑛 =
𝐾

∑
𝑘=1

𝑥𝑘𝜑(𝑛 − 𝑡𝑘) , (2.20)

where 𝜑(𝑡) satisfies the Generalised Strang-Fix conditions Eq. (2.18) up to degree 2𝐾. Taking a linear

combination of samples, 𝑦𝑛, to produce signal moments, 𝑠𝑚, we can reproduce exponentials,

𝑠𝑚 = ∑
𝑙∈ℤ

𝑐𝑚,𝑙
𝐾

∑
𝑘=1

𝑥𝑘𝜑(𝑛 − 𝑡𝑘) =
𝐾

∑
𝑘=1

𝑥𝑘 ∑
𝑙∈ℤ

𝑐𝑚,𝑙𝜑(𝑛 − 𝑡𝑘) =
𝐾

∑
𝑘=1

𝑥𝑘𝑒−𝑎𝑚𝑡𝑘 , (2.21)

where possible exponents 𝑎𝑚 are dependent on the kernel 𝜑(𝑡). If the 𝑎𝑚 are uniformly spaced such

that 𝑎𝑚 = 𝑎0 + 𝑚𝜆 where 𝜆 ∈ ℝ then the paramters 𝑡𝑘 can be estimated using spectral estimation
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Figure 2.9: Reproduction of three exponentials using an E-Spline which can reproduce the expo-
nents 𝛼 = −0.5, 0, 1.
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techniques like Prony’s method [11,42] when there are at least 2𝐾 signal moments. Therefore, the

sampling kernelmust be able to reproduce at least 2𝐾 different exponentials and at least 2𝐾 samples

must be taken. Once the innovation times, 𝑡𝑘, are estimated, the parameters 𝑥𝑘 can then be estimated

through a least squares approach or, in the case of hyperbolic functions, by direct calculation as

shown in Chapter A.

This approach to reconstruction demonstrates another advantage of the FRI approach. The sam-

pling is optimal in the sense that only 2𝐾 samples are required to reconstruct the 2𝐾 innovation

parameters of the FRI signal. In this case I have assumed that a signal has a finite number of inno-

vations globally across the entire real line. This assumption can be relaxed when we assume that

𝜑(𝑡) is well localised or of compact support so that the signal has finite local rate of innovation,

𝑦𝑛 = ∑
𝑘∈ℤ

𝑥𝑘𝜑(𝑛 − 𝑡𝑘) . (2.22)

Apart from Prony’s method, other techniques have also been proposed to improve the robustness

of the parameter estimation such as sparse optimisationmethods [10], subspacemethods [41,43–46],

and model fitting approaches [47–50]. Different kernels have also been proposed including sum-of-

sinc kernels (SoS) [51] and exponentialmaximumorderminimumsupport kernels (E-MOMS) [41,52]

as well as approximate reproduction of exponentials with arbitrary kernels [41,52].

The generalised Strang-Fix conditions ensure that polynomials and exponentials can be repro-

duced globally with uniform shifts of the kernel. Unfortunately, time encodings naturally map to

non-uniform samples. Consequently, the exponential reproduction of Eq. (2.19) does not hold. From

the 𝑡-transform, Eq. (2.2), we can relate the spike times generated from an IF-TEM to the triggermark

and the FRI signal parameters,

𝐶 − 𝑏(𝜏𝑛 − 𝜏𝑛−1) = ∫
𝜏𝑛

𝜏𝑛−1

𝑦(𝑡) 𝑑𝑡 = ∑
𝑘∈ℤ

𝑥𝑘 ∫
𝜏𝑛

𝜏𝑛−1

𝜑(𝑢 − 𝑡𝑘) 𝑑𝑢 . (2.23)

From this representation, [15] made two observations: Firstly, when 𝜑(𝑡) can reproduce 𝑅 expo-

nentials, the exponential reproducing property is maintained and the function 𝜓𝑛(𝑡) = ∫𝜏𝑛
𝜏𝑛−1

𝜑(𝑢 −
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𝑡𝑘) 𝑑𝑢 can also reproduce the same exponentials. Secondly, they noted that whilst it is not possible

to globally reproduce exponentials using these non-uniform samples, it is still possible to reproduce

exponentials locally within certain intervals. In particular exponential reproduction can still be

achieved when non-uniform samples fall within the same knotless region of the input signal. By

knots I mean points 𝑥 where a signal is only finitely differentiable. Local reproduction is possible

because a compact sampling kernel that satifies the Generalised Strang-Fix conditions is a piecewise

function where each piece is a sum of exponentials. Let 𝜏𝑛 ∈ ℝ then each piece of the shifted kernel

can be expressed as,

𝜑𝐿(𝑡 − 𝜏𝑛) =
𝑅

∑
𝑚=1

𝑑𝑚,𝐿𝑒−𝑎𝑚𝜏𝑛𝑒𝑎𝑚𝑡 , (2.24)

where 𝜏𝑛 ∈ ℝ is the non-uniform shift of the kernel, 𝑡 − 𝜏𝑛 ∈ 𝐿 and 𝐿 is a knotless interval of the

kernel. Thus, a linear combination of shifts can be found to reproduce exponentials 𝑒𝑎𝑚𝑡 within the

given interval and parameters can be estimated with the usual spectral estimation technique.

The need for samples to occur in the same knotless regions is a downside of this approach to

reconstruction from time encodings since it makes it hard to present simple criteria that guarantee

reconstruction is possible. This problem is compounded further when one considers that kernels

which can reproduce larger numbers of exponentials have larger numbers of knots. Tomitigate this,

[15] proposed a multichannel system where different filters are used for each channel. In this way

each channel can reproduce different sets of exponentials thereby reducing the order of individual

filters.

2.3.3 Reconstruction from Fourier series

In [53], another approach to reconstructing FRI signals from time encodings is proposed. This was

similarly based on a previous work, [11,54], which is also predated by the work of [55], regarding

the reconstruction of streams of pulses from uniform samples. Consider a periodic stream of pulses,
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Figure 2.10: Examples of non-uniform reproduction on the interval [2.4, 3] from non-uniformly
spaced E-splines that can reproduce exponents 𝛼 = −0.5, 0, 1
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𝑦(𝑡) = 𝜑(𝑡) ∗ ∑
𝑛∈ℤ

𝐾
∑
𝑘=1

𝑥𝑘𝛿(𝑡 − 𝑡𝑘 − 𝑛𝑇 ) , (2.25)

where 𝑥𝑘 and 𝑡𝑘 are the usual innovation parameters and 𝑇 is the period of the signal. The signal

is clearly an FRI signal with a finite number of 2𝐾 innovations. One can rewrite Eq. (2.25) with the

Fourier series representation of the sum of Diracs such that,

𝑦(𝑡) = 𝜑(𝑡) ∗ ∑
𝑛∈ℤ

𝑐𝑛𝑒2𝑖𝜋𝑛𝑡/𝑇 , (2.26)

where,

𝑐𝑛 = 1
𝑇

𝐾
∑
𝑘=1

𝑥𝑘𝑒2𝑖𝜋𝑛𝑡𝑘/𝑇 . (2.27)

Eq. (2.27) is a sum of exponentials similar to Eq. (2.21). The innovations can therefore be retrieved

through the same spectral estimation techniques such as Prony’s method in Fourier domain when

we know at least 2𝐾 consecutive Fourier coefficients, 𝑐𝑛. To determine 2𝐾 + 1 coefficients [53]

propose using a bandlimited filter, 𝑔(𝑡), to remove the extra Fourier coefficients outside the range

𝑛 ∈ [−𝐾, ..., 𝐾]. Alternatively, one may use a more general filter that satisfies the following alias

cancellation property [56],

̂𝑔(𝑛𝜔0)
⎧{
⎨{⎩

≠ 0 for 𝑛 ∈ {−𝐾, ..., 𝐾}

= 0 otherwise
. (2.28)

In fact, filters that satisfy this alias cancellation property are precisely those that satisfy the Strang-

fix properties Eq. (2.17). Note that in both cases, a slightly suboptimal 2𝐾 + 1 Fourier coefficients is

taken so that the filter 𝑔(𝑡) remains real. The Fourier coefficients can then be easily estimated from

the filtered signal through standard interpolation techniques on uniform or non-uniform samples.

This algorithm was extended by [53] to time encoding by noting that the non-uniform samples of
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a time encoding generated from a Lazar style IF-TEM and the Fourier coefficients, 𝑐𝑛, are related

through a known matrix transformation, Q, derived from the t-transform, Eq. (2.2),

⎛⎜⎜⎜⎜⎜⎜
⎝

∫𝜏1
𝜏0

𝑦(𝑡) 𝑑𝑡

∫𝜏2
𝜏1

𝑦(𝑡) 𝑑𝑡

⋮

⎞⎟⎟⎟⎟⎟⎟
⎠⏟⏟⏟⏟⏟⏟⏟

y

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑒−𝑖𝜔0𝐾𝜏1 − 𝑒−𝑖𝜔0𝐾𝜏0 𝑒−𝑖𝜔0𝐾𝜏2 − 𝑒−𝑖𝜔0𝐾𝜏1 …
⋮ ⋮ …

𝑒−𝑖𝜔0𝜏1 − 𝑒−𝑖𝜔0𝜏0 𝑒−𝑖𝜔0𝜏2 − 𝑒−𝑖𝜔0𝜏1 …
𝜏1 − 𝜏0 𝜏2 − 𝜏1 …

𝑒𝑖𝜔0𝜏1 − 𝑒𝑖𝜔0𝜏0 𝑒𝑖𝜔0𝜏2 − 𝑒𝑖𝜔0𝜏1 …
⋮ ⋮ …

𝑒𝑖𝜔0𝐾𝜏1 − 𝑒𝑖𝜔0𝐾𝜏0 𝑒𝑖𝜔0𝐾𝜏2 − 𝑒𝑖𝜔0𝐾𝜏1 …

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

𝑇

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
Q

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑐−𝐾

⋮
𝑐0

⋮
𝑐𝐾

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠⏟

c

, (2.29)

where 𝜔0 = 2𝜋/𝑇 . [53] conjectured and [57] went on to show that 𝑄 is left invertible when 𝐿 ≥
2𝐾 + 2 spike times are known. Thus, an FRI signal as defined in Eq. (2.25) with 𝐾 innovations can

be reconstructed from a time encoding if there are at least 2𝐾 + 2 spikes. This can be guaranteed

when the parameters of the IF-TEM satisfy [57,58],

𝑏 − 𝑐
𝐶 ≥ 2𝐾 + 2

𝑇 , (2.30)

where 𝑐 = ‖𝑦 ∗ 𝑔‖∞ and 𝑐 < 𝑏. Whereas the Nyquist-like criteria of Eq. (2.4) & Eq. (2.10) related the

trigger mark, 𝐶, to the bandwidth of the signal, in this case the trigger mark is constrained by the

number of innovations.

2.4 Summary

In this chapter I have surveyed the state of the art time encoding architectures, mainly the integrate-

and-fire time encoding machine and the asynchronous delta sigma modulator, as well as the algo-

rithms that are used to perform reconstruction for signals whose samples are time encoded in this

way. The iterative approach of Lazar et al. and its derivatives like POCS show that time encodings
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can be used to sample and reconstruct bandlimited signals. The work of Rudresh et al. further

showed that FRI signals in the form of a train of pulses can be reconstructed when an appropriate

filter is used. In particular, they make used of bandlimited filters and filters that satisfy the Strang-

Fix (alias cancellation) properties.

I also discussed another quite distinct approach to reconstruction of signals from their time encod-

ingswhere exponential reproducing filters were exploited to transform the problem into a standard

FRI reconstruction problem. These filters could reproduce exponentials because they satisfied the

Strang-Fix properties. In Chapter 3, I will build upon this work to show that the α-synaptic filter,

a filter that does not satisfy the Strang-Fix conditions, can also be used to reproduce exponentials

locally and used to for reconstruction.
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Chapter 3

Time encoding and recovery of

signals with finite rate of

innovation

In this chapter I will look at two classes of sampling kernels and reconstruction strategies associated

with them. First, I will consider the α-synaptic function and its related kernels. The α-synaptic func-

tion provides some benefits due to its greater smoothness in comparison to exponential splines and

polynomial splines. The minimum number of samples required for reconstruction will be derived

as well as constraints on FRI signals that ensure an integrate-and-fire system will produce the re-

quired number of samples and a criterion to discard ‘invalid’ samples. I also show that FRI signals

with intrinsic structure, such as power signals, can be reconstructed with the α-synaptic kernel.

The second class of kernels I will consider are hyperbolic kernels, in particular, the derivatives

of the hyperbolic secant and hyperbolic secant squared. These kernels extend the smoothness of

the α-synaptic to the entire real line, thus eliminating concerns of knotless regions entirely. Recon-

struction methods for time encodings derived from hyperbolic sampling kernels will be developed.
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Figure 3.1: Two alternative depictions of the prototype integrate-and-fire time encoding machine.
Top: The representation used in [15]. The spike-triggered reset is shown explicitly without specify-
ing the physicalmechanismbywhich the reset is achieved. Bottom: Amathematical representation
of the operation of an IF-TEM that defines an intermediate ‘non-reset’ version of the integral, 𝑓(𝑡).

These are extended to sampling when the initial conditions of the IF-TEM are unknown and to the

case of direct reconstruction from differential samples.

3.1 The prototype IF-TEM

Before proceeding I will first give an explicit and precise definition of the prototypical IF-TEM that

we will be considering in this chapter and building upon in later chapters. This is to avoid any

confusion with the definitions of time encoding machines discussed in the review of the literature.

The IF-TEM is illustrated in Fig. 3.1 in two equivalent representations. Thefirst is themost intuitive

and shows the spike-triggered resetting mechanism of the IF-TEM without specifying its implemen-

tation. The operation of the IF-TEM is as follows:

1. The input signal 𝑥(𝑡) is filtered with a sampling kernel 𝜑(𝑡) to produce the intermediate signal

𝑦(𝑡).
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2. The filtered signal 𝑦(𝑡) is integrated to produce the signal 𝑧(𝑡).
3. Each time 𝑧(𝑡) exceed the trigger mark, 𝐶, it is reset back to zero through the spike-triggered

reset.

The latter representation is a more mathematically tractable representation that shows the feed-

back as an accumulated offset that is subtracted from a ‘non-reset’ integrated signal, 𝑓(𝑡). I include
this representation mainly to more easily define 𝑓(𝑡) for the purposes of analysis. In general, the

reader should refer to this representation bearing in mind that a hardware implementation of the

system more closely resembles the former representation.

A hardware implementation of a resetting integral would most likely be implemented as an accu-

mulator of charge (a capacitor) which is then discharged each time a reset occurs, thus resembling

the first representation. In this sense, the non-reset integral, 𝑓(𝑡), present in the latter representation
is fictitious and used for analytical convenience.

3.2 The α-synaptic function

As discussed in Section 2.3.2, [15] extended the application of exponential reproduction guaranteed

by the Strang-Fix conditions to non-uniformly sampled signals by noting that while global reproduc-

tion was no longer guaranteed, reproduction within a specific interval of the real line could still be

achieved. In fact, the appeal to the Strang-Fix conditions is not really applicable in this setting since

it is a result that is intended to apply to an infinite sum of evenly spaced shifts of a kernel. Indeed,

there are other kernels that do not satisfy the Strang-Fix conditions but can still locally reproduce

exponentials. In truth, the E-spline kernels allow local reproduction of exponentials because each

piece of the spline lies in the same space spanned by a basis of exponentials. Thus, a suitable num-

ber of shifts of the same or different pieces that are independent form a basis for the same space of

exponentials.

The property of having an interval that lies in a space spanned by exponentials is not unique to

kernels which conform to the Strang-Fix conditions. In fact, by considering a broader set of kernels
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Figure 3.2: The α-synaptic function with 𝑎 = 1.

that do not conform to the Strang-Fix conditions it is possible to find kernels with more desirable

characteristics. In particular, we are interested in kernels which result in simpler constraints on the

signal to guarantee reconstruction is possible. An example of a kernel that provides more relaxed

restrictions is the α-synaptic kernel which can locally reproduce exponentials. In what follows I will

demonstrate that the proposed kernel can reproduce exponentials despite not conforming to the

Strang-Fix conditions. I will then show how this can be used to sample and reconstruct FRI signals

with a time encoding approach. Finally, I provide analysis of the conditions required to guarantee

that the samples generated by an IF-TEM are sufficient to reconstruct the signal and a method by

which appropriate samples can be selected based on these conditions.

3.2.1 Exponential reproduction with the α-synaptic function

The α-synaptic function originates in the field of neurosciencewhere it has beenused to characterise

the shape of a post-synaptic impulse, that is, an action potential [59] and has seen some limited use

in the area of signal processing and machine learning [14,60]. It is defined as,
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𝜑(𝑡) =
⎧{
⎨{⎩

𝑡𝑒−𝑎𝑡 𝑡 > 0

0 otherwise
, (3.1)

where 𝑎 ∈ ℝ+. It is plotted in Fig. 3.2. The main advantage of the α-synaptic function is that it is

smooth for 𝑡 > 0 and causal. This is in contrast to the E-spline kernel which has knots at 𝑁 points of

the kernel where 𝑁 is the degree of the E-spline. In effect, the α-synaptic function has a single knot

at 𝑡 = 0. These points will be leveraged in Section 3.3.1 to produce constraints on the input signal

that guarantee reconstruction can be achieved and that the necessary samples can be selected.

The kernel does not conform to the Strang-Fix properties. This is evident from the Fourier trans-

form which has no zeros,1

𝜑̂(𝜔) = 1
(𝑎 − 𝑖𝜔)2 . (3.2)

I now show that the exponential reproductionmethod can be used to reconstruct a signal sampled

with an α-synaptic kernel. Consider an FRI signal consisting of a stream of Diracs,

𝑥(𝑡) =
𝐾

∑
𝑘=1

𝑥𝑘𝛿(𝑡 − 𝑡𝑘) . (3.3)

After sampling with an IF-TEM using the α-synaptic kernel the resulting sample times, 𝜏𝑛, and

sample amplitudes, 𝑧𝑛 = 𝐶, are related by,

𝑧𝑛 =
𝐾

∑
𝑘=1

𝑥𝑘 ∫
𝜏𝑛

𝜏𝑛−1

(𝑡 − 𝑡𝑘)𝑒−𝑎(𝑡−𝑡𝑘) 𝑑𝑡

=
𝐾

∑
𝑘=1

𝑥𝑘
⎛⎜⎜⎜
⎝

𝑒𝑎𝑡𝑘
(𝑒𝑎𝜏𝑛−1(𝑎𝜏𝑛−1 + 1) − 𝑒𝑎𝜏𝑛(𝑎𝜏𝑛 + 1))

𝑎2⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝛽𝑛

+𝑡𝑘𝑒𝑎𝑡𝑘
(𝑒𝑎𝜏𝑛 − 𝑒𝑎𝜏𝑛−1)

𝑎⏟⏟⏟⏟⏟⏟⏟
𝛾𝑛

⎞⎟⎟⎟
⎠

, (3.4)

where 𝜏𝑛 are the spike times. I also assume that 𝑡𝑘 < 𝜏𝑛, that is, every spike time is after the last input

1In fact, the α-synaptic function is the Fourier dual of a Cauchy wavelet [61].
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Dirac. This ensures that the sum contains contributions from each shift of the sampling kernel. As

can be seen from Eq. (3.4), for each sample, the summand of the summation is a linear combina-

tion of 𝑒𝑎𝑡𝑘 and 𝑡𝑘𝑒𝑎𝑡𝑘 . Moreover, given two consecutive inter-spike intervals, we can show that the

summands are linearly independent. For linear independence we require that,

⎛⎜⎜
⎝

𝛽1

𝛾1

⎞⎟⎟
⎠

≠ 𝑏 ⎛⎜⎜
⎝

𝛽2

𝛾2

⎞⎟⎟
⎠

, (3.5)

for 0 ≠ 𝑏 ∈ ℝ. Without loss of generality, assume 𝑎 = 1 such that,

𝑏 = 𝛽1
𝛽2

= 𝑒𝜏1(𝜏1 + 1) − 𝑒𝜏0(𝜏0 + 1)
𝑒𝜏1(𝜏1 + 1) − 𝑒𝜏2(𝜏2 + 1)

= 𝛾1
𝛾2

= 𝑒𝜏0 − 𝑒𝜏1

𝑒𝜏1 − 𝑒𝜏2
. (3.6)

The equality of Eq. (3.6) between the two lines does not hold for any times 𝜏0 < 𝜏1 < 𝜏2. This can

be shown by considering the monotonicity of the exponential function. Note, that 𝑒𝜏0 < 𝑒𝜏1 < 𝑒𝜏2 .

Thus, 𝛽1/𝛽2 must always have a positive numerator and a negative denominator such that,

𝑏 = 𝛽1
𝛽2

< 0 . (3.7)

Similarly, 𝛾1/𝛾2 must have negative numerator and denominator such that,

0 < 𝛾
𝛾2

= 𝑏 . (3.8)

Thus, there is no value of 𝑏 that satisfies Eq. (3.5) and therefore the summands of any two con-

secutive samples are independent. More generally, any two samples consisting of non-overlapping

inter-spike intervals are independent. Consequently, a linear combination of two consecutive sam-

ples can reproduce the exponential in the sum,
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𝑠𝑎 = 𝐴𝑧𝑛 + 𝐵𝑧𝑛+1 =
𝐾

∑
𝑘=1

𝑥𝑘𝑒𝑎𝑡𝑘 , (3.9)

where the reproduction coefficents 𝐴 and 𝐵 are given by,

⎛⎜⎜
⎝

𝛽𝑛 𝛽𝑛+1

𝛾𝑛 𝛾𝑛+1

⎞⎟⎟
⎠

⎛⎜⎜
⎝

𝐴
𝐵

⎞⎟⎟
⎠

= ⎛⎜⎜
⎝

1
0
⎞⎟⎟
⎠

(3.10)

⎛⎜⎜
⎝

𝐴
𝐵

⎞⎟⎟
⎠

= 1
𝛽𝑛𝛾𝑛+1 − 𝛽𝑛+1𝛾𝑛

⎛⎜⎜
⎝

𝛾𝑛+1

−𝛾𝑛

⎞⎟⎟
⎠

. (3.11)

Note, since the signal moment, 𝑠𝑎, consists of two samples, we require three consecutive spike

times. The first of these spikes can be viewed intuitively as a spike that resets the IF-TEM to a known

initial state where the integral is zero. An example of reproduction of an exponential using three

shifts of an appropriate α-synaptic function is given in Fig. 3.3.

3.2.2 Multichannel approach

A set of samples derived from an integrate-and-fire sampling with a single α-synaptic function is

capable of reproducing a single exponential of the same exponent, 𝑎. In order to reconstruct a signal

with 2𝐾 innovations we must reproduce moments of 2𝐾 uniformly spaced exponentials. This can

be achieved with a multichannel approach where each of the 2𝐾 channels has an α-synaptic kernel

with a different exponent. This architecture is in a similar spirit to that used by [15] where lower

order exponential splines were used to reproduce exponentials in separate channels.

Each channel is required to spike at least 3 times to produce 2 samples per channel. Since there

are at least 2𝐾 channels the total number of spikes generated by this architecture is 6𝐾.

The α-synaptic multichannel approach has some obvious practical problems, most prominently

the need to havemultiple heterogenous filters in the same system, however, it has several theoretical

advantages:
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Figure 3.3: Reproduction of the exponential 𝑒−𝑡 using three shifts of the integral of the α-synaptic
function, 𝜓(𝑡).
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Each channel can fire at a lower rate. Since each channel need only fire 3 times, the firing rate

of each channel can be lower and spread over a greater interval of the observed signal. This may

be useful when implementing samplers that have a limited firing rate. For example, in biological

neurons this can be due to refractory periods and the slow propagation velocity of electrical charge.

In electronic circuitry, constraints such as slew rate may play similar roles.

Samples in different channels are independent. By this I mean that samples in different channels

can independently reproduce exponentials. Because of this, there is no need to estimate the relation-

ship between spikes in different channels or the integrals of the constituent IF-TEMs. Indeed, each

channel can have IF-TEMs that are heterogenous in their trigger marks, resetting characteristics,

and other non-idealities.

Constraints to guarantee recovery are more tractable. Since each channel reproduces its exponen-

tial independently and because each channel’s filter contains a single exponential, guarantees that

a channel will produce enough spikes become more tractable. This is elaborated on in greater de-

tail in Section 3.3.1. The same analysis is not attempted for the higher order α-synaptic kernels of

Section 3.5

Finally, it is worth noting that the reconstruction method described, assumes that the number of

pulses, 𝐾, is known a priori. If 𝐾 is not known, multiple values of 𝐾 up to a maximum can be tried

and compared using a model selection criterion to determine the appropriate model order. The

simplest criterion can be calculated simply by resynthesising and resampling the estimated signal.

By comparing the error between the estimated samples and the true samples one can select themost

appropriate value of 𝐾.

In a multi-channel system, the maximum 𝐾 for which a reconstruction can be achieved is re-

stricted by the number of channels or equivalently the number of exponentials that can be repro-

duced. Thus, when designing such a multi-channel sampler, care must be taken to decide on a

maximum value of 𝐾 beforehand and implement an appropriate number of channels.
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Figure 3.4: An FRI signal which consists of pulses with an α-synaptic response (𝛼 = 1). The Dirac
magnitudes have been scaled by 0.5 in the plot for readability.

3.3 Recovery guarantees with the α-synaptic kernel

3.3.1 Constraints to guarantee recovery

We have seen that a certain number of spikes must be generated per channel in order to allow

reconstruction of the input signal. In an integrate-and-fire system without bias an arbitrary input

is not guaranteed to produce enough spikes. I now analyse constraints on the input signal that

guarantee that enough valid spikes are generated to allow us to reconstruct the input signal. The

minimum number of channels needed is constrained by the number of innovations or equivalently

the number of exponentials that need to be reproduced. This means our analysis can focus on the

constraints on a single channel to produce a given number of spikes, 𝑁 .

In Fig. 3.4, we can see that a signal filtered by an α-synaptic has a knotless region that extends

from the position of the last Dirac to the end of the real line. Since this knotless region is more easily

defined than in the E-spline case, the problem of determining when spikes are sufficient becomes
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Figure 3.5: A two pulse input signal, 𝑥(𝑡), filtered with an α-synaptic kernel (𝛼 = 1) and integrated
to get 𝑓(𝑡). The corresponding quantity 𝐷 is denoted with a red brace.

more tractable. Moreover, because the kernel is causal, this is the only region that has contribution

from all input Diracs and thus, if simultaneous reconstruction of all Diracs is desired, spikes neces-

sarily must be taken from after the last Dirac. Another way of expressing this is that spikes must

occur within the support of the kernel otherwise Eq. (3.4) does not hold and exponential reproduc-

tion cannot be achieved. We call spikes that occur after the last Dirac valid spikes, because they can

be used for reconstruction, and those that occur before as invalid spikes.

We would like to characterise the number of valid spikes generated for a given input signal and

trigger mark 𝐶. Furthermore, we would like these valid spikes to be generated within a 𝑡∗-long in-

terval following the last input Dirac. This is to ensure we don’t have to wait too long for samples and

to increase stability of the reconstruction. To do this I first derive an expression for the difference

between the integral of the signal at the position of the last Dirac, 𝑓(𝑡0), and a later time 𝑓(𝑡0 + 𝑡∗).
Note that for convenience I have reindexed and reversed the typical indexing of the input Diracs

such that 𝑡𝐾−1 is the time of the first Dirac and 𝑡0 is the time of the last Dirac. I call the difference in

the integral,
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𝐷 = 𝑓(𝑡0 + 𝑡∗) − 𝑓(𝑡0) . (3.12)

Since 𝑓(𝑡) is a continuous function it must take any given value somewhere in the interval

[𝑓(𝑡0), 𝑓(𝑡0 + 𝑡∗)] for some 𝑡. Therefore, if 𝐷 is non-zero we must be able to find a trigger mark 𝐶
that is small enough to generate 𝑀 spikes. The number of spikes generated is equal to the number

of times the integral crosses a multiple of the trigger mark. Note that due to the architecture of a

bipolar IF-TEM, the integral may take a value close to the negative trigger mark, that is 𝑓(𝑡0) = 𝜖 − 𝐶
where 𝜖 is arbitrarily small. In such a circumstance, to cross the positive trigger mark it must in-

crease by 2𝐶. An example of this degenerate case of detecting level sets is plotted in Fig. 3.6. The

level crossing at 𝑡 = 2.5 is not detected because the integral is reset to zero and not the negative

trigger mark. As a consequence the number of samples generated is,

𝑀 ≥ ⌊𝐷 − 𝐶
𝐶 ⌋ . (3.13)

Let 𝑀̂ be the desired number of spikes then the criterion by which we can set 𝐶 such that at least

𝑀̂ spikes are generated is,

𝐶 ≤ 𝐷
𝑀̂ + 1

. (3.14)

We can verify this by substitution into Eq. (3.13),

𝑀 ≥ ⌊𝐷 − 𝐶
𝐶 ⌋ ≥ 𝑀̂ . (3.15)

The number of spikes is dependent on the value of 𝐷, which can be arbitrarily large or small for

an unconstrained input signal. We constrain our input signal by enforcing upper and lower bounds

on the amplitude innovation parameters, 𝑥𝑘, and aminimum bound on the separation between any

two consecutive Diracs. The latter constraint is important since without this constraint, the signal

can bemade arbitrarily small by closely separated but opposite sign Diracs. Under these constraints,

60



0

-1C

1C

2C

3C

4C

-1 0 1 2 3 4 5

𝑓(𝑡)

𝑧(𝑡)

𝑦(𝑡)/5

𝑡

Figure 3.6: A degenerate case of detecting the level set. The filtered input to the IF-TEM is 𝑦(𝑡) is
plotted scaled by 0.2 for readability. The IF-TEM resets and generates a spike each time the integral
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not crossed a trigger mark.
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the quantity 𝐷 can be constrained to be non-zero as summarised in Proposition 1. Given 𝐷 ≠ 0, one
can set an appropriate trigger mark, 𝐶, by Eq. (3.15).

Proposition 1. Let 𝑥min and 𝑥max be the minimum and maximum absolute values of the amplitude

innovation parameters such that the amplitudes of the input Diracs satisfy 𝑥min ≤ |𝑥𝑘| ≤ 𝑥max and

let Δmin be the minimum separation between any two input Diracs such that Δmin ≤ 𝑡𝑘 − 𝑡𝑘+1. The

following are sufficient conditions such that 𝐷 ≠ 0:

1 > 𝑥min
𝑥max

>
𝐾−1
∑
𝑘=1

𝑒−𝑎𝑘Δmin (𝑎𝑘Δmin + 1 − 𝑒−𝑎𝑡∗(𝑎𝑘Δmin + 𝑎𝑡∗ + 1)) , (3.16)

and

𝑡∗𝑒−𝑎𝑡∗

1 − 𝑒−𝑎𝑡∗ < Δmin . (3.17)

Proof. In what follows I will first prove that Eq. (3.16) ensures 𝐷 ≠ 0 under the assumption that the

input Diracs are uniformly spaced with a separation of Δ between any two consecutive Diracs. The

extension to non-uniform spacing with Δmin minimum separation is then simple. First we derive

an expression for the integral at 𝑡 ≥ 𝑡0:

𝑓(𝑡) = ∫
𝑡

−∞
𝑦(𝑡) 𝑑𝑡 =

𝐾−1
∑
𝑘=0

𝑥𝑘 ∫
𝑡

−∞
𝜑(𝑡 − 𝑡𝑘) 𝑑𝑡

(𝑎)=
𝐾−1
∑
𝑘=0

𝑥𝑘 ∫
𝑡

0
(𝑡 − 𝑡𝑘)𝑒−𝑎(𝑡−𝑡𝑘) 𝑑𝑡

(𝑏)=
𝐾−1
∑
𝑘=0

𝑥𝑘
𝑎2 (𝑒𝑎𝑡𝑘(1 − 𝑎𝑡𝑘) − 𝑒−𝑎(𝑡−𝑡𝑘)(𝑎(𝑡 − 𝑡𝑘) + 1)) , (3.18)

where (𝑎) follows from the 𝜑(𝑡) being causal and (𝑏) follows by integration by parts. Substituting

into Eq. (3.12) we obtain an expression in terms of Δ and 𝑡∗,
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𝐷 = 1
𝑎2

𝐾−1
∑
𝑘=0

𝑥𝑘 (𝑒−𝑎(𝑡0−𝑡𝑘)(𝑎(𝑡0 − 𝑡𝑘) + 1) − 𝑒−𝑎(𝑡0+𝑡∗−𝑡𝑘)(𝑎(𝑡0 + 𝑡∗ − 𝑡𝑘) + 1))

(𝑎)= 1
𝑎2

𝐾−1
∑
𝑘=0

𝑥𝑘 𝑒−𝑎𝑘Δ (𝑎𝑘Δ + 1 − 𝑒−𝑎𝑡∗(𝑎𝑘Δ + 𝑎𝑡∗ + 1))⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝜉𝑘

= 1
𝑎2 (𝑥0 +

𝐾−1
∑
𝑘=1

𝑥𝑘𝜉𝑘) , (3.19)

where (𝑎) follows from assuming, without loss of generality, that the first Dirac is at 𝑡𝐾−1 = 0, and
therefore 𝑡0 = (𝐾 − 1)Δ and 𝑡𝑘 = (𝐾 − 1 − 𝑘)Δ. We can say that 𝐷 ≠ 0 if the following is satisfied:

|𝑥0| > ∣
𝐾−1
∑
𝑘=1

𝑥𝑘𝜉𝑘∣ . (3.20)

Appealing to the triangle inequality, we can derive a constraint that ensures Eq. (3.20) is satisfied:

|𝑥0| >
𝐾−1
∑
𝑘=1

|𝑥𝑘|𝜉𝑘 > ∣
𝐾−1
∑
𝑘=1

𝑥𝑘𝜉𝑘∣ ,

which holds provided:

𝑥min >
𝐾−1
∑
𝑘=1

𝑥max𝜉𝑘

𝑥min
𝑥max

>
𝐾−1
∑
𝑘=1

𝜉𝑘 . (3.21)

The constraint in equation Eq. (3.21) can be extended to the case of non-uniform spacing with a

minimum separation, Δmin, when 𝜉𝑘 is monotonically decreasing. Consider the derivative of 𝜉𝑘 with

respect to Δ,

𝑑𝜉𝑘
𝑑Δ = 𝑎𝑘𝑒−𝑎𝑘Δ (𝑎𝑘Δ(𝑒−𝑎𝑡∗ − 1) + 𝑎𝑡𝑒−𝑎𝑡∗) . (3.22)
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One can the observe that 𝜉𝑘 is monotonically decreasing with Δ when,

𝑎𝑘𝑒−𝑎𝑘Δ (𝑎𝑘Δ(𝑒−𝑎𝑡∗ − 1) + 𝑎𝑡𝑒−𝑎𝑡∗) < 0
𝑡∗𝑒−𝑎𝑡∗

1 − 𝑒−𝑎𝑡∗ < 𝑘Δ , (3.23)

where I have used the fact that the quotient of Eq. (3.22) is always positive. Taking the most strictest

constraint of Eq. (3.23), that is for 𝑘 = 1 andΔ = Δmin, we have a condition for 𝜉𝑘 to bemonotonically

decreasing in Eq. (3.17). Under this condition, the separation of any two Diracs can be increased and

Eq. (3.21) still holds.

These conditions simplify when we let 𝑡∗ → ∞. Indeed, Eq. (3.17) is satisfied since we only need

0 < Δmin and Eq. (3.21) simplifies to,

𝑥min
𝑥max

>
𝐾−1
∑
𝑘=1

𝑒−𝑎𝑘Δmin(𝑎𝑘Δ𝑚𝑖𝑛 + 1) . (3.24)

This asymptotic constraint ensures that any IF-TEM will fire some time after 𝑡0. The constraint

is plotted for different values of 𝐾 in Fig. 3.7. Each trace plots the lower bound on the ratio be-

tween minimum and maximum Dirac amplitude. Each new input Dirac makes the constraint more

stringent but with diminishing returns. This is because as the number of Diracs increases, the con-

tribution from the first Diracs becomes negligible.

The quantity |𝐷| in Eq. (3.19) can also be minimised by substituting 𝑥0 = −𝑥min and 𝑥𝑖≠0 = 𝑥max.

This can then be used to determine the appropriate trigger mark according to Eq. (3.15) to generate

a given number of samples within the interval [𝑡0, 𝑡0 + 𝑡∗].

An example of the samples generated using these constraints is plotted in Fig. 3.8. In this example

it can be observed that these constraints tend to underestimate the number of samples generated.

This is because we assumed that the integral, 𝑓(𝑡), only passes through eachmultiple of 𝐶 once. This

is often not the case as can be seen from the generation of both positive and negative spikes after 𝑡0.

64



0

0.2

0.4

0.6

0.8

1

0 1 2 3 4 5

K=2

K=3

K=4

x
m

in
/x

m
ax

Δmin

Figure 3.7: Comparison of the constraint on ratio 𝑥min/𝑥max with respect to Δmin imposed for dif-
ferent numbers of Diracs, 𝐾, where 𝑎 = 1 and 𝑡∗ → ∞. The ratio must be higher than the lower
boundary curves, which is plotted for different 𝐾.

3.3.2 Selection of valid samples for reconstruction

The output of an integrate-and-fire neuron consists of a sequence of samples. The first of these, up

to the position of the last Dirac, 𝑡0, are invalid and cannot be used in reconstruction. The rest are

valid samples which can be used in reconstruction. By imposing a final maximum constraint on the

separation of any two consecutive Diracs, one can determine a rule by which 𝑀 valid samples can

always be selected for reconstruction.

Proposition 2. Let Δ𝑚𝑎𝑥 be the maximum separation between consecutive Diracs such that the first

and last Diracs are separated by at most (𝐾 − 1)Δ𝑚𝑎𝑥, that is, 𝑡0 − 𝑡𝐾−1 ≤ (𝐾 − 1)Δ𝑚𝑎𝑥. Let 𝑥min, 𝑥max,

Δmin, and 𝐶 be calculated by Proposition 1 and Eq. (3.15) such that at least 𝑀̂ samples are generated in

the interval [𝑡0, 𝑡0 +𝑡∗]. The sequence of samples with times 𝑇 = (𝜏0, ..., 𝜏𝑁) is generated by an integrate-
and-fire neuron with trigger mark 𝐶. The last 𝑀̂ samples in the interval [𝜏0, 𝜏0 + 𝐿] are valid samples

that can be used for reconstruction where 𝐿 = (𝐾 − 1)Δ𝑚𝑎𝑥 + 𝑡∗.
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Proof. First, note that if 𝑀̂ valid samples are generated in the interval [𝑎, 𝑏] then at least 𝑀̂ valid

samples are generated in the interval [𝑎, 𝑏+𝜖], for 𝜖 > 0. The conditions in Proposition 1 and Eq. (3.15)

guarantee that at least 𝑀̂ valid samples are generated before 𝑡0 +𝑡∗. Moreover, since 𝑡0 ≤ 𝑡𝐾−1 +(𝐾 −
1)Δ𝑚𝑎𝑥, at least 𝑀̂ valid samples are generated before 𝑡𝐾−1 + (𝐾 − 1)Δ𝑚𝑎𝑥 + 𝑡∗. Finally, by noting

that the first sample, 𝜏0, occurs after the first Dirac, 𝑡𝐾−1, we know that at least 𝑀̂ valid samples are

generated before 𝜏0 + (𝐾 − 1)Δ𝑚𝑎𝑥 + 𝑡∗, or in other words in the interval [𝜏0, 𝜏0 + 𝐿].

Leveraging Proposition 2, a set of𝑀 consecutive valid samples can be determined from the output

of an integrate-and-fire neuron by selecting the last 𝑀 samples in the interval [𝜏0, 𝜏0 +𝐿]. In general,

we require 𝑀 = 3. In this manner, the conditions derived in this section allow us not only to guar-

antee valid samples are generated but also that the valid samples can be determined in a simple

and efficient manner. Consequently perfect reconstruction of the input Diracs is always possible.

In Fig. 3.8, a sufficient number of valid samples can be seen to be generated. Furthermore, at least

three samples occur before 𝜏0 + 𝐿 (marked by a red cross). This being the case, it is simple to select

three valid samples with which to reproduce an exponential.

Bursts of pulses

Finally I note that the method for sampling and reconstructing a finite number of Diracs described

above can be extended to the case of sampling and reconstructing a stream of bursts of Diracs. In

this context, I define a burst of Diracs to be a set of Diracs who satisfy the constraints on separation

Δmin and Δ𝑚𝑎𝑥 as well as the constraints on the magnitude of the Diracs, 𝑥min and 𝑥max. If the first

Dirac of each burst is separated from the next burst by at least 𝐿 = (𝐾 − 1)Δ𝑚𝑎𝑥 + 𝑡∗ then we know

that enough samples are generated by a burst before the subsequent burst to allow reconstruction

of the first burst. The influence of the first burst can then be removed from the samples of the

subsequent burst. In this way bursts can be sequentially reconstructed.

Furthermore, since the alpha synaptic function decays to zero, if 𝑡∗ is sufficiently large, the Diracs

of two bursts will be sufficiently separated such that the influence of the first burst on the samples
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Figure 3.8: Two examples of the unreset integral, 𝑓(𝑡), and the samples generated by integrate-and-
fire neuron where 𝑎 = 1 and 𝑡∗ = 5. The input Diracs are constrained such that Δmin = 2.5, Δ𝑚𝑎𝑥 = 4
and 𝑥min/𝑥max = 0.589. The trigger mark 𝐶 is set so that at least 3 valid samples are generated. The
position 𝜏0 + 𝐿 is marked by a red cross. Samples have been scaled up for readability. Left: case for
Δ = Δmax, Right: case for Δ = Δmin.

generated by the subsequent burst is negligible. In this case it can be shown empirically that each

burst can be reconstructed independently with good accuracy.

3.4 Piecewise constant and polynomial signals by sampling

the derivative

As in previous works, sampling and reconstruction from the α-synaptic function can be extended to

piecewise constant and polynomial signals by modifying the kernel. We can reconstruct piecewise

constant signals by using the simple approach of sampling with derivative of the sampling kernel.

The derivative of the α-synaptic function as plotted in Fig. 3.9 is,

𝑑𝜑
𝑑𝑡 (𝑡) = 𝑒−𝑎𝑡(1 − 𝑎𝑡) . (3.25)

67



-0.2

0

0.2

0.4

0.6

0.8

1

-1 0 1 2 3 4 5

𝑡

Figure 3.9: The derivative of the α-synaptic function 𝛼 = 1.

The filtered signal, 𝑦(𝑡), before integration can be expressed as,

𝑦(𝑡) = (𝑥 ∗ 𝑑𝜑
𝑑𝑡 ) (𝑡) (𝑎)= (𝑑𝑥

𝑑𝑡 ∗ 𝜑) (𝑡) , (3.26)

where (𝑎) follows from integration by parts. In this way, our samples are equivalent to samples of

the derivative of the input signal. If 𝑥(𝑡) is a piecewise constant signal expressed as a superposition

of Heaviside functions, 𝑢(𝑡), then,

𝑥(𝑡) =
𝐾

∑
𝑘=1

𝑥𝑘𝑢(𝑡 − 𝑡𝑘) ⇒ 𝑑𝑥
𝑑𝑡 (𝑡) =

𝐾
∑
𝑘=1

𝑥𝑘𝛿(𝑡 − 𝑡𝑘) . (3.27)

The innovation parameters can then be estimated in the same manner as before using spectral

estimation techinques like Prony’s method followed by least squares approximation.
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3.5 Higher order α-synaptic kernel

Throughout this section I have assumed the use of a multichannel system where each channel is

configured to allow reproduction of a single exponential. This affords the advantages of multichan-

nel system, however, the realisation of such a systemmay not be practical. Each channel requires its

own integrator, reset circuitry, and heterogenous filter. An alternative or complimentary approach

is to employ higher order α-synaptic kernels. That is we consider a kernel constructed as the sum

of multiple α-synaptic functions with different exponents,

𝜑(𝑡) = 𝑡 (
𝑅

∑
𝑟=1

𝑐𝑟𝑒𝛼𝑟𝑡) , (3.28)

where 𝑅 is the order of the α-synaptic kernel and 𝑐𝑟 ∈ ℝ. Appealing to Eq. (3.4) one can see that the

integral of shifts of the kernel lie in a space spanned by,

∫
𝜏𝑛

𝜏𝑛−1

𝜑(𝑡 − 𝑡𝑘) 𝑑𝑡 ∈ span{𝑡𝑘𝑒𝑎1𝑡𝑘 , 𝑒𝑎1𝑡𝑘 , 𝑡𝑘𝑒𝑎2𝑡𝑘 , 𝑒𝑎2𝑡𝑘 , ... , 𝑡𝑘𝑒𝑎𝑅𝑡𝑘 , 𝑒𝑎𝑅𝑡𝑘} . (3.29)

Similar to the first order case, given 2𝑅 samples (2𝑅 + 1 spikes), one can reproduce 𝑅 different ex-

ponentials that lie in the given basis, however, this is dependent on the assumption that the samples

are independent like in the first order kernel case. The proof of linear independence of Eq. (3.6) to

Eq. (3.8) does not apply. I supply no proof for the higher order case except to say that exponential

reproduction is successful in an empirical setting. An example of exponential reproduction with a

second order alpha-synaptic function is given in Fig. 3.10.

If the signal being sampled has 2𝐾 innovations, then we must reproduce 2𝐾 exponentials to esti-

mate the innovation parameters, therefore, a multichannel sampler using a 𝑅th order kernel must

have at least 𝐿 = 2𝐾/𝑅 channels where each must generate at least 2𝑅 + 1 spikes. The minimum

number of spikes required to allow reconstruction is therefore,

2𝐾
𝑅 (2𝑅 + 1) = 4𝐾 + 2𝐾

𝑅 . (3.30)
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Increasing the order of the kernel reduces the minimum number of spikes required to recon-

struct the signal. In the extreme case of a mono-channel sampler with a kernel of order 𝑅 = 2𝐾, the

number of spikes required to reconstruct the signal is 4𝐾 + 1. The number of samples required by

a mono-channel system is much closer to the optimum number of samples unlike that of the fully

multichannel systemwhere 6𝐾 spikes are required. The reason for this is because in themultichan-

nel setting each channel uses a unique set of three spikes. In the mono-channel system, each set of

three spikes overlap by a single spike.

3.6 Signals with structure - recovery of power signals

In some cases, it may be of interest to reconstruct FRI signals which have a structure beyond the

typical linear sum. An example of this is the power signal of an FRI signal. By power signal I mean

a signal that is the point wise square of an underlying signal,

𝑝(𝑡) = ∣
𝐾

∑
𝑘=1

𝑥𝑘𝜑(𝑡 − 𝑡𝑘)∣
2

=
𝐾

∑
𝑘=1

𝐾
∑
𝑙=1

𝑥𝑘𝑥𝑙𝜑(𝑡 − 𝑡𝑘)𝜑(𝑡 − 𝑡𝑙) . (3.31)

The power signal is also an FRI signal. Of course, its rate of innovation, 2𝐾, remains unchanged,

however, one canmodel such a signal as having𝐾2 innovationparameters, 𝜒𝑘 ∈ {𝑥𝑙𝑥𝑚|𝑙, 𝑚 ∈ 1, ..., 𝐾}
and 𝜉𝑘 ∈ {𝑡𝑙 + 𝑡𝑚|𝑙, 𝑚 ∈ 1, ..., 𝐾}. This allows an alternative approach to reconstruction where the 𝜒𝑘

and 𝜉𝑘 parameters are first estimated before the 𝑥𝑘 and 𝑡𝑘 are subsequently inferred.

Sampling such a power signal in the context of integrate-and-fire may yield some advantages.

Foremost, unipolar IF-TEMs can be used without having to resort to an input bias that results in

constant firing even when there is no signal to observe. Since the power signal must always be pos-

itive, no negative trigger mark is required. Secondly, since the power signal is positive, the integral

must be monotonic, therefore, the IF-TEMwill always come closer to firing. It cannot remain quies-

cent indefinitely even when the input signal is small. In this way, the pointwise squaring operation

may be an alternative to the bias typically applied to the input of an IF-TEM. The squaring operation
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itself can be implemented in hardware through the use of mixers or log amplifiers. In some cases

measuring the power of a process directly may also be necessary.

We shall see that the α-synaptic kernel allows us to reproduce exponentials as before. The re-

sulting signal moments can be used to recover the original power signal, or equivalently the signal

up to a sign change. Consider the integrate-and-fire samples generated from the power signal in

Eq. (3.31) for channel 𝑚 of a multi-channel sampler (as before, each channel reproduces a different

exponential):

𝑧(𝑚)
𝑛 = 𝐶 = ∫

𝜏𝑛

𝜏𝑛−1

𝑝(𝑡) 𝑑𝑡 = ∫
𝜏𝑛

𝜏𝑛−1

𝐾
∑
𝑘=1

𝐾
∑
𝑙=1

𝑥𝑘𝑥𝑙𝜑(𝑡 − 𝑡𝑘)𝜑(𝑡 − 𝑡𝑙) . (3.32)

Substituting the expression for the α-synaptic function into Eq. (3.32) yields,

𝑧(𝑚)
𝑛 = ∫

𝜏𝑛

𝜏𝑛−1

∑
𝑘

∑
𝑙

𝑥𝑘𝑥𝑙(𝑡 − 𝑡𝑘)𝑒−𝛼𝑚(𝑡−𝑡𝑘)(𝑡 − 𝑡𝑙)𝑒−𝛼𝑚(𝑡−𝑡𝑙)) 𝑑𝑡

= ∑
𝑘

∑
𝑙

𝑥𝑘𝑥𝑙𝑒𝛼𝑚(𝑡𝑘+𝑡𝑙) ∫
𝜏𝑛

𝜏𝑛−1

𝑒−2𝛼𝑚𝑡(𝑡2 − (𝑡𝑘 + 𝑡𝑙)𝑡 + 𝑡𝑘𝑡𝑙) 𝑑𝑡 . (3.33)

Similar to the case with the non-power signal, we can calculate the square of a signal moment by

taking a weighted sum of samples, 𝑧(𝑚)
𝑛 :

𝑠2
𝑚 = ∑

𝑛
𝑐𝑚,𝑛𝑧(𝑚)

𝑛 = ∑
𝑘

∑
𝑙

𝑥𝑘𝑥𝑙𝑒𝛼𝑚(𝑡𝑘+𝑡𝑙) ∑
𝑛

𝑐𝑚,𝑛 ∫
𝜏𝑛

𝜏𝑛−1

𝑒−2𝛼𝑚𝑡(𝑡2 − (𝑡𝑘 + 𝑡𝑙)𝑡 + 𝑡𝑘𝑡𝑙) 𝑑𝑡
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐼𝑛

, (3.34)

where,

𝐼𝑛 = ∫
𝜏𝑛

𝜏𝑛−1

𝑡2𝑒−2𝛼𝑚𝑡 𝑑𝑡
⏟⏟⏟⏟⏟⏟⏟

𝛾1,𝑛

− (𝑡𝑘 + 𝑡𝑙)⏟⏟⏟⏟⏟
𝑎𝑘,𝑙

∫
𝜏𝑛

𝜏𝑛−1

𝑡𝑒−2𝛼𝑚𝑡 𝑑𝑡
⏟⏟⏟⏟⏟⏟⏟

𝛾2,𝑛

+ 𝑡𝑘𝑡𝑙⏟
𝑏𝑘,𝑙

∫
𝜏𝑛

𝜏𝑛−1

𝑒−2𝛼𝑚𝑡 𝑑𝑡
⏟⏟⏟⏟⏟⏟⏟

𝛾3,𝑛

, (3.35)

where 𝛾1,𝑛, 𝛾2,𝑛, 𝛾3,𝑛 are known functions of 𝑛 and where 𝑎𝑘,𝑙 and 𝑏𝑘,𝑙 are unknown constants. To
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reproduce the exponentials we must find 𝑐𝑚,𝑛 such that the innermost summation of Eq. (3.34) to

equals one,

∑
𝑛

𝑐𝑚,𝑛(𝛾1,𝑛 + 𝛾2,𝑛𝑎𝑘,𝑙 + 𝛾3,𝑛𝑏𝑘,𝑙) = 1 . (3.36)

This can be represented simply in matrix form:

Γ𝐜𝑚 =
⎛⎜⎜⎜⎜⎜⎜
⎝

1
𝑎𝑘,𝑙

𝑏𝑘,𝑙

⎞⎟⎟⎟⎟⎟⎟
⎠

, (3.37)

where {Γ}𝑖,𝑗 = 𝛾𝑖,𝑗 and {𝐜𝑚}𝑖 = 𝑐𝑚,𝑖. Hence, by solving Eq. (3.37), we can determine coefficients,

𝑐𝑚,𝑛, such that:

𝑠2
𝑚 = ∑

𝑘
∑

𝑙
𝑥𝑘𝑥𝑙𝑒𝛼𝑚(𝑡𝑘+𝑡𝑙) . (3.38)

This can be achieved if we know the values of 𝛾𝑖,𝑛 for at least 3 values of 𝑛. Since each 𝛾𝑖,𝑛 is

determined from two consecutive sample times, 𝜏𝑛 and 𝜏𝑛−1, we need at least 4 consecutive samples

to determine Γ (though this may include the first “sample’’ at 𝜏0 = −∞).

3.6.1 Determining Dirac times

Normally, when determining Dirac times from signal moments, we use Prony’s method to directly

retrieve the Dirac times, {𝑡𝑘}, in one step. This is not possible in this case because we lose the sign of

the signal moments, however, we can retrieve the times of a related problem. Collecting like terms

of the summation in Eq. (3.38) we can define a new problemwhich can be solved in the normal way:

𝑠′
𝑚 = 𝑠2

𝑚 =
𝑁

∑
𝑖=1

𝜒𝑖𝑒𝛼𝑚𝜉𝑖 𝜒𝑖 ∈ {𝑥𝑘𝑥𝑙 | 𝑘 ≤ 𝑙} 𝜉𝑖 ∈ {𝑡𝑘 + 𝑡𝑙 | 𝑘 ≤ 𝑙} , (3.39)
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where 𝑁 = 𝐾(𝐾 + 1)/2 and thus requires 𝐾(𝐾 + 1) signal moments to solve via Prony’s method.

Applying Prony’s method we can retrieve the times, {𝜉𝑖}. At this point we need to match each 𝜉𝑖

with its corresponding sum of 𝑡𝑘’s. In the following I show that there is terminating algorithm that

can perform this task. First I consider the ordered of the set {𝜉𝑖} such that if 𝜉𝑖 < 𝜉𝑗 then 𝑖 < 𝑗. Also
note the following inequality on the Dirac times:

2𝑡1 < 𝑡1 + 𝑡2 < 𝑡𝑖 + 𝑡𝑗 for 𝑖, 𝑗 > 2 . (3.40)

From Eq. (3.40) and the ordering of {𝜉𝑖} we can determine values for 𝑡1 and 𝑡2,

𝜉1 = 2𝑡1 𝜉2 = 𝑡1 + 𝑡2 . (3.41)

For𝐾 ≤ 4 it is possible to determine all values of 𝑡𝑘 by considering a similar inequality to Eq. (3.40)

that enforces the ordering of the top two elements of {𝜉𝑖}. However, for completeness, we can show

that the values of 𝑡𝑘 can be determined for any value of 𝐾. Consider all the possible pair-wise com-

binations of 𝑡𝑘 that comprise all the elements of {𝜉𝑖} arranged as the upper triangular elements of a

matrix:

𝚵 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝟐𝐭𝟏 𝐭𝟏 + 𝐭𝟐 𝑡1 + 𝑡3 … 𝑡1 + 𝑡𝐾

2𝑡2 𝑡2 + 𝑡3 … 𝑡2 + 𝑡𝐾

2𝑡3 … 𝑡3 + 𝑡𝐾

⋱ ⋮
2𝑡𝐾

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (3.42)

The first two elements, marked in bold, of 𝚵 can be determined to be 𝜉1 and 𝜉2 respectively as

previously shown using Eq. (3.40). The rest of the matrix can then be determined algorithmically

by noting the following properties:

1. Each element is smaller than all elements to the right and below. That is {𝚵}𝑖,𝑗 ≤ {𝚵}𝑚,𝑛 if 𝑖 ≤ 𝑚
and 𝑗 ≤ 𝑛
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2. If we know the top element in a column and the diagonal elements to its left then we can de-

termine all the elements in the column. That is if we know the elements {𝚵}1,𝑗 for some fixed 𝑗
and {𝚵}𝑚,𝑚 for 𝑚 < 𝑗 then we can determine the values of {𝚵}𝑖,𝑗

Using property 2we can immediately determine themissing value in the second column, 2𝑡2. Now,

excluding the three knownvalues from the set {𝜉𝑖}we cannowdetermine the top element of column

3:

{𝚵}1,3 = 𝑡1 + 𝑡3 = min {𝜉𝑖}\{2𝑡1, 𝑡1 + 𝑡2, 2𝑡2} , (3.43)

where 𝐴\𝐵 indicates the set of elements of 𝐴 not in 𝐵. Eq. (3.43) follows directly from property 1

since we exclude all values to the left of {𝚵}1,3 from the set {𝜉𝑖}. By alternately applying the two

properties and Eq. (3.43) it can be seen that the entire matrix can be determined. The Dirac times

can then be extracted from the diagonal entries.

3.6.2 Determining Dirac Amplitudes, {𝑥𝑘}

The final step in reconstruction is to determine the values of 𝑥𝑘. This is done by retrieving the Gram

matrix corresponding to the values of 𝑥𝑘. Let the column vector 𝐱 = {𝑥1, 𝑥2, ⋯ , 𝑥𝐾} and let the

column vector 𝐚𝑚 = {𝑒𝛼𝑚𝑡1 , 𝑒𝛼𝑚𝑡2 , ⋯ , 𝑒𝛼𝑚𝑡𝐾}, the squared moments in Eq. (3.38) can now written as

quadratic matrix form.

𝑠2
𝑚 = 𝐚𝑇

𝑚𝑋𝐚𝑚

= vec(𝐚𝑚𝐚𝑇
𝑚)𝑇 vec(𝑋) , (3.44)

where 𝑋 is the Gram matrix 𝐱𝐱𝑇 and where vec(⋅) converts a matrix into a column vector. Since 𝑋
is symmetric, given 𝐾(𝐾 + 1)/2 such equations we can solve for the matrix 𝑋. The magnitudes |𝑥𝑘|
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can then be calculated from the squared roots of the diagonal entries of 𝑋 and their signs (up to a

global sign) can be determined from the signs of any row or column of 𝑋.

3.7 Reconstruction with hyperbolic and rational kernels

The α-synaptic kernel does not fully resolve the issue of samples having to occur in certain known

regions to be used for reconstruction. Although it is smooth for 𝑡 > 0, the knot at 𝑡 = 0 means that

some consideration for where samples occur still has to be made as demonstrated in Section 3.3.1.

In fact, these constraints can be very stringent due to the front loaded shape of the kernel as could

be seen in Section 3.3.1.

In this section I will consider an alternative class of kernels, namely, hyperbolic functions, and

an alternative, but related, reconstruction strategy based on rational approximation. This class of

kernels has the advantage of being smooth across the entire real line whilst still yielding signals that

have finite rate of innovation and can be reconstructed using rational approximation techniques.

An example of a hyperbolic kernel, 𝜑(𝑡) = sech(𝑡), is illustrated in Fig. 3.11 along with its derivative.

The approach to reconstruction is largely based on [62] in which a rational approximation ap-

proach was used to achieve reconstruction of FRI signals from non-uniform samples. I will first

review this method for a non-uniformly sampled signal. I will then consider how the integrate-and-

fire samples can be related to these samples, how many samples are required, and how the choice

of hyperbolic kernel affects these. Consider an FRI signal of the form,

𝑥(𝑡) =
𝐾

∑
𝑘=1

𝑥𝑘𝛿(𝑡 − 𝑡𝑘) . (3.45)

The output of a non-uniform sampling process with kernel 𝜑(𝑡) is:

𝑦𝑛 = 𝑦(𝜏𝑛) =
𝐾

∑
𝑘=1

𝑥𝑘𝜑(𝜏𝑛 − 𝑡𝑘) , (3.46)

where 𝜏𝑛 are the sampling times. The ability to reconstruct a signal sampled in thismanner depends
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Figure 3.11: The hyperbolic secant and its derivative.

on the choice of sampling kernel, 𝜑(𝑡). For demonstration purposes, let us consider the hyperbolic

secant kernel. The kernel can be expressed in terms of exponentials, as follows:

𝜑(𝑡) = sech(𝑎𝑡) = 2𝑒𝑎𝑡

1 + 𝑒2𝑎𝑡 , (3.47)

where 𝑎 ∈ ℝ. Substituting Eq. (3.47) into Eq. (3.46) shows that when 𝜑(𝑡) = sech(𝑎𝑡) each sample is

the quotient of two polynomials evaluated at 𝜏𝑛:

𝑦𝑛 = 𝑦(𝜏𝑛) =
𝐾

∑
𝑘=1

𝑥𝑘 sech(𝑎𝜏𝑛 − 𝑎𝑡𝑘)

=
𝐾

∑
𝑘=1

2𝑥𝑘𝑒−𝑎𝑡𝑘𝑒𝑎𝜏𝑛

1 + 𝑒−2𝑎𝑡𝑘𝑒2𝑎𝜏𝑛

= 𝑒𝑎𝜏𝑛𝑃(𝑒2𝑎𝜏𝑛)
𝑄(𝑒2𝑎𝜏𝑛) , (3.48)
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where 𝑃(𝑥) and 𝑄(𝑥) are polynomials of order 𝐾 − 1 and 𝐾 respectively. Furthermore, information

of the locations, 𝑡𝑘, of the input Diracs is contained in the 𝑄(𝑥) polynomial through the factorisation:

𝑄(𝑥) =
𝐾

∏
𝑘=1

(1 + 𝑒−2𝑎𝑡𝑘𝑥) . (3.49)

By multiplying both sides of Eq. (3.48) by 𝑄(𝑥) we can form the following system of linear equa-

tions:

𝑄(𝑒2𝑎𝜏𝑛)𝑦𝑛 = 𝑒𝑎𝜏𝑛𝑃(𝑒2𝑎𝜏𝑛) , (3.50)

or,

𝑦𝑛
𝐾

∑
𝑘=0

𝑞𝑘𝑒2𝑘𝑎𝜏𝑛 =
𝐾−1
∑
𝑘=0

𝑝𝑘𝑒(2𝑘+1)𝑎𝜏𝑛 , (3.51)

where 𝑞𝑘 and 𝑝𝑘 are the coefficients of the polynomials 𝑄(𝑥) and 𝑃(𝑥) respectively. This can be

expressed in the following matrix form:

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝑦1 0 … 0
0 𝑦2 … 0
⋮ ⋮ ⋱ ⋮
0 0 … 𝑦𝑁

⎤
⎥
⎥
⎥
⎥
⎥
⎦⏟⏟⏟⏟⏟⏟⏟⏟⏟

Y

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 𝑒2𝑎𝜏1 … 𝑒2𝐾𝑎𝜏1

1 𝑒2𝑎𝜏2 … 𝑒2𝐾𝑎𝜏2

⋮ ⋮ ⋱ ⋮
1 𝑒2𝑎𝜏𝑁 … 𝑒2𝐾𝑎𝜏𝑁

⎤
⎥
⎥
⎥
⎥
⎥
⎦⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

V

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝑞0

𝑞1

⋮
𝑞𝐾

⎤
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝑒𝑎𝜏1 𝑒3𝑎𝜏1 … 𝑒(2𝐾−1)𝑎𝜏1

𝑒𝑎𝜏2 𝑒3𝑎𝜏2 … 𝑒(2𝐾−1)𝑎𝜏2

⋮ ⋮ ⋱ ⋮
𝑒𝑎𝜏𝑁 𝑒3𝑎𝜏𝑁 … 𝑒(2𝐾−1)𝑎𝜏𝑁

⎤
⎥
⎥
⎥
⎥
⎥
⎦⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

W

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝑝0

𝑝1

⋮
𝑝𝐾−1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

; . (3.52)

This resembles the form of a Padé approximant except that in this case we are performing an

interpolation on a set of non-uniformly spaced points, 𝑒𝜏𝑛 , and not equating coefficients. The system

can be solved up to a multiplicative constant when 𝑁 ≥ 2𝐾. Using the coefficients of 𝑄(𝑥) we can

then compute its roots, 𝜁𝑘. The locations of the input Diracs are then retrieved using,

𝑡𝑘 = − ln (−𝜁𝑘)
2𝑎 , (3.53)
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where we note that the roots, 𝜁𝑘, are necessarily negative due to Eq. (3.49). By substituting values of

𝑡𝑘 and 𝜏𝑛 into Eq. (3.46) we can now form a system of linear equations, which can be solved using a

least squares approach to retrieve the magnitudes, 𝑥𝑘, of the input Diracs. The amplitudes, 𝑥𝑘, can

also be retrieved directly without a least squares approach as detailed in Chapter A.

Finally, we note that the system in Eq. (3.52) is always solvable. This property was not explicitly

stated or proved by [62] and so I give the following brief proof. Assuming the case using aminimum

number of samples 𝑁 = 2𝐾, the product YV has 2𝐾 rows and 𝐾 + 1 columns. Therefore, in order to

have full rank, a maximum of 𝐾 − 1 rows of YVmay be zero. The number of zero rows corresponds

to the number of cumulative samples, 𝑦𝑛, that are zero. These samples are equivalent to the samples

of a sum of scaled and shifted hyperbolic secants in Eq. (3.48). From Eq. (3.48) we can see that 𝑦(𝑡)
has the same zeros as the polynomial 𝑃(𝑥). This polynomial is of order 𝐾 and therefore has 𝐾 − 1
roots. Consequently, assuming that each sample is unique, only 𝐾 − 1 samples can be zero. YV is

thus guaranteed to be full rank. The argument extends to 𝑁 = 2𝐾 + 𝐿 for 𝐿 > 1 where at most

𝐾 − 1 + 𝐿 samples can be zero.

3.7.1 Time encoding and reconstruction using an integrate-and-fire sys-

tem

The non-uniform sampling algorithm due to [62] described in the previous section can be used in

the context of integrate-and-fire sampling with the prototypical time encoder. First, consider the

samples generated from an FRI signal by the prototypical time encoder,

𝑧𝑛 = 𝑧(𝜏𝑛) = ∑
𝑘

𝑥𝑘 ∫
𝜏𝑛

𝜏𝑛−1

𝜑(𝑡 − 𝑡𝑘) 𝑑𝑡 . (3.54)

Note that 𝜏0 represents the time that the IF-TEM starts integrating from. For now I will assume

that the IF-TEM started integrating from the 𝑡 = −∞ with an initial integral of 𝑓(𝑡) = 0 but this will

be examined in a later section. We would like to map samples of the form in Eq. (3.54) back to the

non-uniform sampling setting. Currently, the samples each represent a finite difference between
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two consecutive spike times, 𝜏𝑛−1 and 𝜏𝑛. To achieve this we can take a cumulative sum of samples

to generate a new set of augmented samples,

𝑦𝑛 =
𝑛

∑
𝑚=1

𝑧𝑚 =
𝑛

∑
𝑚=1

𝐾
∑
𝑘=1

𝑥𝑘 ∫
𝜏𝑛

𝜏𝑛−1

𝜑(𝑡 − 𝑡𝑘) 𝑑𝑡

=
𝐾

∑
𝑘=1

𝑥𝑘 ∫
𝜏𝑛

𝜏0

𝜑(𝑡 − 𝑡𝑘) 𝑑𝑡

=
𝐾

∑
𝑘=1

𝑥𝑘 (𝜓(𝜏𝑛 − 𝑡𝑘) − 𝜓(𝜏0 − 𝑡𝑘)) , (3.55)

where 𝜓(𝑡) is the integral of 𝜑(𝑡). The augmented samples, 𝑦𝑛, now have a common term related to

𝜏0. Given our assumption that the IF-TEM has been integrating from the start of time and its initial

integral is zero, this term is eliminated leaving a non-uniform sampling of an FRI signal with kernel

𝜓(𝑡),

𝑦𝑛 =
𝐾

∑
𝑘=1

𝑥𝑘𝜓(𝜏𝑛 − 𝑡𝑘) . (3.56)

Clearly, the innovation parameters 𝑥𝑘 and 𝑡𝑘 can be determined with the reconstruction strategy

reviewed previously in the case where we let 𝜓(𝑡) = sech(𝑎𝑡). The choice of sampling kernel, 𝜑(𝑡), to
facilitate this form of reconstruction is then the derivative of the hyperbolic secant,

𝜑(𝑡) = 𝑑
𝑑𝑡𝜓(𝑡) = −𝑎 sech(𝑎𝑡) tanh(𝑎𝑡) . (3.57)

Given this sampling kernel, we can reconstruct the input signal given at least 2𝐾 augmented sam-

ples generated from the cumulative sum of 2𝐾 samples of the form Eq. (3.54). An example sam-

pling and reconstruction using a time encoder with the hyperbolic kernel is plotted in Fig. 3.12. The

filtered signal is smooth with no knots and so all spikes, regardless of position, can be used for re-

construction. Note also that since the kernel is a derivative of the hyperbolic secant, each Dirac

results in the signal having both intervals where it positive and intervals where it is negative. This
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Figure 3.12: Example time encoding and reconstruction of a two Dirac burst using the hyperbolic
secant kernel. Intermediate signals are shown: input signal consisting of two Diracs, 𝑥(𝑡). Filtered
signal, 𝑦(𝑡). Integral with resets 𝑧(𝑡). As can be seen, the estimation is exact.

is problematic as it makes deriving firing guarantees largely intractable, even for the case of only

two Diracs.

3.7.2 Reconstruction with unknown starting conditions

The aforementioned method for reconstruction relies on knowledge of the starting conditions of

the time encoding machine. That is, I assumed that 𝜏0 = −∞ and that 𝑓(−∞) = 0. In this section I

relax this assumption and present a reconstruction scheme tailored to the following practical con-

siderations. Our knowledge of the starting conditions of the encoder can be lacking in three main

ways:

1. The encoder may have spiked one or more times before recording started - The method in Sec-

tion 3.7.1 requires that we know and use the first output spike, 𝜏1. Ideally we would like to be

able to reconstruct using a number of different subsets of the generated spikes and not just the
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first 2𝐾 spikes. For example, the first 𝑀 spikes may not have been recorded and we must use a

later subset for reconstruction.

2. The kernel may be truncated in some way resulting in an initial bias to 𝑓(𝑡) - I have considered

kernels of infinite support. In principle there is no reasonwhy truncated or similarlywindowed

kernels could not be used subject to certain conditions on the input signal. However, truncating

the kernel introduces a (negative) bias into the integral 𝑓(𝑡) which must be taken into account

when reconstructing.

3. The integral 𝑓(𝑡) may have started with a non-zero value - This is important in the case where

we want to perform reconstruction of localised portions of the input signal. For example, re-

construction of streams of bursts of Diracs was demonstrated in [15] using kernels of compact

support. The first spike to follow a burst of Diracs in the input signal was influenced not only by

the current burst but also by the residual integral remaining from the previous burst. This was

accounted for by realising that the influence of the previous burst only affects the first spike not

the subsequent spikes. Since thismethod requires the first sample be used, a different approach

is needed to account for the residual integral.

All three of these cases are equivalent to adding a constant term to the first sample we use. For the

first and third case I show this by modifying the expression for the first sample, 𝑧1, with a residual

integral, 𝑏, and the starting time of the IF-TEM, 𝜏0,

𝑧1 = ±𝐶 = 𝑏 + ∫
𝜏1

𝜏0

𝑑𝑡 . (3.58)

Now consider the samples starting from 𝑛 = 𝑀 for𝑀 > 0. For example, if𝑀 = 2we are discarding

the first sample. The first sample, 𝑧𝑀 , is then,
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𝑧𝑀 = ±𝐶𝑇 = ∫
𝜏𝑀

𝜏𝑀−1

𝑦(𝑡)𝑑𝑡

= ∫
𝜏𝑀

𝜏0

𝑦(𝑡)𝑑𝑡 − ∫
𝜏𝑀−1

𝜏0

𝑦(𝑡)𝑑𝑡

(𝑎)= ∫
𝜏𝑀

𝜏0

𝑦(𝑡)𝑑𝑡 + 𝑏 −
𝑀−1
∑
𝑛=1

𝑧𝑛 , (3.59)

where (𝑎) follows from Eq. (3.58) and 𝑏 is constant. Substituting Eq. (3.59) into Eq. (3.55), we can

express an augmented sample 𝑦𝑛 for 𝑛 > 𝑀 as,

𝑦𝑛 =
𝑛

∑
𝑚=1

𝑧𝑚

=
𝑀−1
∑
𝑚=1

𝑧𝑚 + 𝑧𝑀 +
𝑛

∑
𝑚=𝑀+1

𝑧𝑚

𝑦𝑛 + 𝑐 =
𝑛

∑
𝑚=𝑀+1

𝑧𝑚 , (3.60)

where 𝑐 is a constant bias common to all augmented samples. Thus, when the first 𝑀 samples

are omitted, a non-zero initial integral is assumed and an unknown starting time is considered,

the cumulative samples are equivalent to the original cumulative samples except with a constant

unknown bias,

𝑦𝑛 + 𝑐 =
𝐾

∑
𝑘=1

𝑥𝑘 sech(𝑎𝜏𝑛 − 𝑎𝑡𝑘) . (3.61)

The linear system in Eq. (3.52) can also be modified to take this constant into account,

(Y+ 𝑐I)Vq = Wp . (3.62)

Given knowledge of the constant, 𝑐, Eq. (3.62) can be solved up to a multiplicative constant using
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2𝐾 samples. In the case when 𝑐 is unknown, the system can be solved using 3𝐾 + 1 samples by

linearising the problem as follows,

[YV V] ⎡⎢
⎣

q

𝑐q
⎤⎥
⎦

= Wp . (3.63)

3.7.3 Piecewise constant signals

Reconstruction of sums of scaled and shifted Diracs can be further extended to the case of piecewise

constant signals. Let 𝑥(𝑡) be a piecewise constant signal:

𝑥(𝑡) =
𝐾

∑
𝑘=1

𝑥𝑘𝑢(𝑡 − 𝑡𝑘) , (3.64)

where 𝑢(𝑡) is the Heaviside function. By defining a new sampling kernel,

𝜑′(𝑡) = 𝑑𝜑(𝑡)
𝑑𝑡 = 𝑎2 (tanh2(𝑎𝑡) sech(𝑎𝑡) − sech3(𝑎𝑡)) , (3.65)

we can reformulate the problem of sampling a piecewise constant signal into the problem of sam-

pling a sum of scaled and shifted Diracs:

𝑦(𝑡) = (𝑥 ∗ 𝑑𝜑
𝑑𝑡 ) (𝑡) (𝑎)= (𝑑𝑥

𝑑𝑡 ∗ 𝜑) (𝑡) ,

where (𝑎) follows from integration by parts and,

𝑑𝑥
𝑑𝑡 =

𝐾
∑
𝑘=1

𝑥𝑘𝛿(𝑡 − 𝑡𝑘) . (3.66)

Sampling a piecewise constant using the filter in Eq. (3.65) is therefore equivalent to sampling a

sum of scaled and shifted Diracs with our original filter in Eq. (3.47). An example of sampling and

reconstructing a piecewise constant signal is shown in Fig. 3.13.
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Figure 3.13: Reconstruction of a piecewise constant signal from output samples generated by
integrate-and-fire method. ̂𝑥(𝑡) is the estimated signal.

3.7.4 Squared hyperbolic secant kernel

In the previous section I looked at how a particular hyperbolic function, the derivative of the hyper-

bolic secant can be used to recover signals from integrate-and-fire time encodings. The development

of this particular sampling kernel is largely because it is a very natural extension of the secant ker-

nel used in [62]. Of course, the method is amenable to other hyperbolic kernels, some of which may

be more advantageous, appropriate or plausible for a given context. A good example of this is the

square of the hyperbolic secant (sech2(𝑥)) as plotted in Fig. 3.14. This kernel is similar to the deriva-

tive of the hyperbolic secant because it conforms to the same general shape. It is also positive for

the entire real line.

Previously I used the fact that the integral of the kernel was the hyperbolic secant. The integral of

the new kernel is the hyperbolic tangent with a constant of integration which can be expressed as,

𝜓(𝑡) = ∫
𝑡

−∞
sech2(𝑥) 𝑑𝑥 = tanh(𝑡) + 1 = 2𝑒2𝑡

𝑒2𝑡 + 1 . (3.67)
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Figure 3.14: The hyperbolic secant squared, sech2(𝑥), and its integral tanh(𝑥) + 1.

Note that the degree of the numerator and denominator of tanh are equal. Unlike with the deriva-

tive of the hyperbolic secant, the constant of integration is significant since it is non-zero for an

integrate-and-fire mechanism starting with an initial state of zero. A simple way to circumvent this

problem is to treat this constant of integration as an unknown starting condition of the integrator

as done in Section 3.7.2. Substituting Eq. (3.67) for sech(⋅) in Eq. (3.55) we can see that the result is

samples, 𝑦𝑛, each with a constant but unknown bias,

𝑦𝑛 = 𝑐 +
𝐾

∑
𝑘=1

𝑥𝑘 (tanh(𝑎𝜏𝑛 − 𝑎𝑡𝑘) + 1)

𝑦𝑛 − 𝑐 −
𝐾

∑
𝑘=1

𝑥𝑘
⏟

𝑏

=
𝐾

∑
𝑘=1

𝑥𝑘 tanh(𝑎𝜏𝑛 − 𝑎𝑡𝑘) , (3.68)

where 𝑐 is an unknown constant representing the initial condition of the sampler. The situation is

the same as that in Eq. (3.61) and as such we can use the same approach to achieve reconstruction.
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Once again we linearise the problem in the same way as Eq. (3.63). Furthermore, note that the

polynomials 𝑃 and 𝑄 contain the same monomials (𝐖 = 𝐕) since the integrated kernel has equal

degree in numerator and denominator. Thus, the linearised problem is simplified,

[𝐘𝐕 𝐕] ⎡⎢
⎣

𝐪
−(𝑐 + 𝑏)𝐪

⎤⎥
⎦

= 𝐕𝐩

[𝐘𝐕 𝐕] ⎡⎢
⎣

𝐪
−(𝑐 + 𝑏)𝐪 − 𝐩

⎤⎥
⎦

= 0 . (3.69)

The new linearised system can be solved with 2𝐾 + 1 samples. Thus the coefficients of 𝑄 and

consequently the times 𝑡𝑘 can be determined with 2𝐾 + 1 samples with or without unknown start-

ing conditions. As before, a least squares approach can then be used to determine both the initial

starting condition and the values of 𝑥𝑘. Note that the number of samples required is the same as the

number of degrees of freedom in the signal when the starting condition of the sampler is unknown,

2𝐾 + 1. As such, the reconstruction method uses the sparsest set of sample points possible.

In a sense, the squared hyperbolic secant kernel results in an integrated kernels whose numer-

ator and denominator polynomials are of a lower degree than the original integrated kernel, the

hyperbolic secant. As shown in Eq. (3.69), the constant arising from the unknown initial conditions

of the sampler, 𝑐, and the constant of integration of the kernel, 𝑏, are subsumed within the same

quantity during the reconstruction. Futhermore, the hyperbolic tangent with integration constant

of Eq. (3.67) generalises all kernels of minimum degree when the constants 𝑏 and 𝑐 are accounted

for. Consider any rational function of degree [1/1], that is with a degree of 1 in the numerator and

the denominator,

𝑟(𝑥) = 𝑎𝑥 + 𝑏
𝑐𝑥 + 𝑑 . (3.70)

Such a rational function can always be decomposed into an equivalent rational function,

87



𝑟(𝑡) = 1
𝑝(𝑥) + 𝑐; , (3.71)

where 𝑐 is a constant. The kernel with minimum allowable degree has a degree of [0/1]. When con-

stants of integration and unknown initial conditions are considered, these are equivalent to kernels

of degree [1/1] through addition of the constant term.

3.8 Recovery from differential samples

Typically, time encoded samples can be considered to represent finite differences on the integral of

the input signal. The effect of the cumulative samples approach (Section 3.7) is to produce samples

that are finite differences between a common point, 𝜏0, and a set of non-uniform points 𝜏𝑛>0. The

advantage of this approach is that it maps a time encoding into a non-uniform samples which can

be reconstructedwith an existingmethod for reconstructing FRI signals fromnon-uniform samples.

The required number of samples is also optimal in the sense that it is the same or close to degrees

of freedom of the input signal.

A major pitfall of the cumulative samples approach is that it assumes that samples are gener-

ated from IF-TEMs with ideal characteristics. In particular, I assumed that the resetting time was

instantaneous and that the IF-TEM reset to a known value. When this is not the case, cumulative

samples are no longer equivalent to differential samples with a common starting point, 𝜏0 (Eq. (3.55)

no longer holds).

If we sacrifice optimality in sampling complexity, reconstruction can instead be achieved directly

from the samples by approximating the interpolating function with a bivariate rational function.

This approach is also clearly significantly more unstable since the degree of the estimated rational

function is significantly higher.

Finally, another major motivation for using this form of reconstruction is that it allows samples

from two well-matched IF-TEMs to be combined to cancel out non-idealities in their resetting char-
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acteristics. ‘Differential mode’ sampling of this variety is discussed in greater detail in Chapter 5.

The comparative merits of the two approaches are tabulated in Table 3.1

Table 3.1: Comparison of reconstruction from cumulative samples or differential samples

Cumulative samples Differential Sampling

- Optimal number of samples, O(𝐾) - Sub-optimal number of samples, O(𝐾2)
- More stable - Less stable

- Assumes Ideal resetting characteristics - Resetting characteristics can be non-ideal or

unknown

- Samples generated by one IF-TEM - Samples from one or many IF-TEMs

In this section, I will focus specifically on how reconstruction is achieved from differential sam-

ples. Recall the expression for a sample derived from an IF-TEM,

𝑧𝑛 = 𝑧(𝜏𝑛) = ∑
𝑘

𝑥𝑘 ∫
𝜏𝑛

𝜏𝑛−1

𝜑(𝑡 − 𝑡𝑘) 𝑑𝑡

= ∑
𝑘

𝑥𝑘(𝜓(𝜏𝑛 − 𝑡𝑘) − 𝜓(𝜏𝑛−1 − 𝑡𝑘) 𝑑𝑡

= ∑
𝑘

𝑥𝑘 tanh(𝜏𝑛 − 𝑡𝑘) − ∑
𝑘

𝑥𝑘 tanh(𝜏𝑛−1 − 𝑡𝑘) , (3.72)

where I have assumed that 𝜑(𝑡) = sech2(𝑡). I will call such a sample a differential sample. Substitut-

ing the usual rational function (Eq. (3.67)) expression of two summands into Eq. (3.72) we have the

difference of two rational functions,

𝑧𝑛 = 𝑃(𝑒2𝜏𝑛)
𝑄(𝑒2𝜏𝑛) − 𝑃(𝑒2𝜏𝑛−1)

𝑄(𝑒2𝜏𝑛−1) , (3.73)

where 𝑃 and𝑄 are polynomials of order𝐾. As before, the input Dirac times, 𝑡𝑘, are containedwithin

the roots of𝑄. If the𝑄 polynomial can be determined, the input Dirac times can be determined from

89



its roots. To this end we can consider how to determine the polynomials 𝑃 and 𝑄 directly from a set

of differential samples. First we combine the quotients to express the finite difference of Eq. (3.73)

as a bivariate rational function,

𝑧𝑛 = 𝑃(𝑒2𝜏𝑛)𝑄(𝑒2𝜏𝑛−1) − 𝑃(𝑒2𝜏𝑛−1)𝑄(𝑒2𝜏𝑛)
𝑄(𝑒2𝜏𝑛)𝑄(𝑒2𝜏𝑛−1)

= 𝑅(𝑒2𝜏𝑛 , 𝑒2𝜏𝑛−1)
𝑆(𝑒2𝜏𝑛 , 𝑒2𝜏𝑛−1) , (3.74)

where 𝑅 and 𝑆 are bivariate polynomials which are antisymmetric and symmetric polynomials

respectively by construction. That is, 𝑅(𝑥, 𝑦) = −𝑅(𝑦, 𝑥) and 𝑆(𝑥, 𝑦) = 𝑆(𝑦, 𝑥). Let 𝑥 = 𝑒2𝜏𝑛 , 𝑦 = 𝑒2𝜏′
𝑛

and let 𝑟𝑚,𝑛 and 𝑠𝑚,𝑛 be the terms of the 𝑅 and 𝑆 bivariate polynomials respectively. We then note

that, due to their symmetry, 𝑅 and 𝑆 have the following expressions,

𝑅(𝑥, 𝑦) =
𝐾

∑
𝑚=0

𝐾
∑
𝑛=𝑚

𝑟𝑚,𝑛(𝑥𝑚𝑦𝑛 − 𝑥𝑛𝑦𝑚) , (3.75)

and,

𝑆(𝑥, 𝑦) =
𝐾

∑
𝑚=0

𝐾
∑
𝑛=𝑚

𝑠𝑚,𝑛(𝑥𝑚𝑦𝑛 + 𝑥𝑛𝑦𝑚) . (3.76)

Given Eq. (3.75) and Eq. (3.76), there are 𝑁 = 𝐾2 + 2𝐾 + 1 unknown coefficients. We construct a

linear system similar to Eq. (3.51),

𝑧𝑛
𝐾

∑
𝑚=0

𝐾
∑
𝑛=𝑚

𝑠𝑚,𝑛(𝑥𝑚𝑦𝑛 + 𝑥𝑛𝑦𝑚) =
𝐾

∑
𝑚=0

𝐾
∑
𝑛=𝑚

𝑟𝑚,𝑛(𝑥𝑚𝑦𝑛 − 𝑥𝑛𝑦𝑚) . (3.77)

The system can be solved for the coefficients of the 𝑅 and 𝑆 given 𝑁 finite differences, 𝑧𝑛. This

system can be expressed in matrix form as,

ZVs = Wr , (3.78)

90



where s is the vector of 𝑠𝑚,𝑛 coefficients, r is the vector of 𝑟𝑚,𝑛 coefficients, V andW are matrices of

terms corresponding to s and r respectively, and Z is the diagonal matrix of samples, 𝑧𝑛.

Having determined the coefficients of 𝑆 we can now determine the roots of 𝑄 as follows. From

Eq. (3.49) we can see that the roots of 𝑆 are repeated in 𝑥 and 𝑦 such that,

𝑆(𝑥, 𝑦) = 𝑄(𝑥)𝑄(𝑦) =
𝐾

∏
𝑘=1

(1 + 𝑒−2𝑡𝑘𝑥)(1 + 𝑒−2𝑡𝑘𝑦) . (3.79)

Therefore, using the substitution 𝑥 = 𝑦, we can transform 𝑆(𝑥, 𝑦) into a univariate polynomial,

𝑆(𝑥), whose doubled roots coincide with the roots of the original bivariate polynomial,

𝑆(𝑥) =
𝐾

∏
𝑘=1

(1 + 𝑒−2𝑡𝑘𝑥)2 . (3.80)

If 𝛼𝑘 are the 𝐾 double roots of 𝑆(𝑥) then the input Dirac times can be determined as,

𝑡𝑘 = ln(−𝛼𝑘)
2 . (3.81)

Themagnitudes of the Diracs, 𝑥𝑘, can then be determined in the standard least squares sense from

Eq. (3.72).

An example of the samples generated by a nine channel systemwhere each channel is comprised

of a single differential pair is plotted in Fig. 3.15 along with the resulting reconstruction.

3.9 Summary

In this chapter I have looked at time encoding strategies for signals with finite rate of innovation

with novel classes of sampling kernels, namely the α-synaptic and hyperbolic kernels. The various

pros and cons of these two classes of kernels are tabulated in Table 3.2.
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Figure 3.15: The spikes generated by multiple channels of differential samplers (aggregated) and
the resulting reconstruction. The input Diracs are 𝑥(𝑡) and the estimated Diracs are 𝑥(𝑡). The aggre-
gated output spikes generated by 9 differential pair channels are 𝑧𝑛. Each channel produces 1 finite
difference (2 spikes).
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Table 3.2: Comparison of FRI sampling kernels for time encoding

Spline kernels α-Synaptic kernels Hyperbolic kernels

- Multiple knots - Single knot - No knots

- Exponential reproducing - Exponential reproducing - Rational interpolation

- Compact support - Supported 𝑡 > 0, vanishing
𝑡 → ∞

- Infinite support, vanishing

|𝑡| → ∞
- Samples must be in same

knotless region

- Samples must be after last

Dirac

- Samples can be in any region

- Complicated signal

conditions

- Restrictive signal conditions

The case of the α-synaptic kernels is significant for several reasons. Firstly, I have shown that sig-

nals can be reconstructed with exponential reproducing techniques even when the sampling ker-

nel does not conform to the generalised Strang-Fix conditions. Furthermore, in the original case of

polynomial or exponential splines, samples had to be generated in the same knotless region of the

kernel to allow reconstruction. In the α-synaptic case, the kernel has a single knot, and consequently

it becomes tractable to derive conditions (Proposition 1) on the input signal that guarantee enough

useful samples are generated in a knotless region to allow reconstruction.

The exponential reproducing approach to reconstruction was also shown to be applicable to FRI

signals with more complicated structure. I developed an algorithm to reconstruct the power signal

of an FRI signal with the α-synaptic sampling kernel. Power signals may be significant in the use of

IF-TEMs since they are intrinsically positive and their integral is always monotonic. IF-TEMs used

to sample such signals thus only require a positive threshold and are guaranteed to sample all level

sets of the integrated signal.

I then showed that signals sampled with hyperbolic sampling kernels can be reconstructed using

a univariate rational interpolation technique. This was first demonstratedwith the derivative of the

hyperbolic tangent sampling kernel. Themethodwas further extended to time encodings where the
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initial conditions of the encoder were unknown. In both cases the number of samples required to

enable reconstructionwas shown to be optimal or nearly optimal, depending on the choice of kernel.

Such kernels are of interest because, unlike splines or α-synaptic functions, they do not contain any

knots, therefore, there is no restriction onwhen samplesmay ormay not be generated. On the other

hand, they are infinitely supported, therefore, reconstruction results for multiple bursts of pulses

must appeal to the fact that they vanish as |𝑡| → ∞ and thus we can approximate the kernel as being

zeroed values for large values of |𝑡|.
Finally, I showed that a bivariate rational interpolation approach can be used to reconstruct the

input signal directly from differential samples. Integrate-and-fire time encoded samples can be ex-

pressed as finite differences and so rational interpolation can be used to directly reconstruct the

signal without first mapping the samples to equivalent non-uniform samples as is typical in time

encoding. This has some advantages over the univariate approach including relaxed assumptions

on thenon-idealities of an IF-TEM implementation. This is achieved at the expense of robustness and

optimality. The bivariate rational interpolation approach from differential samples will be lever-

aged in Chapter 5 allowing pairs of IF-TEMs to be combined in a single network with the benefit of

nullifying the non-idealities common within a pair of IF-TEMs.

In some cases, the kernels described in this chapter may match closely with the pulse shapes

encountered in some real world signals. In particular, the α-synaptic function has been used to

model post-synaptic potentials in biological neurons [59]. However, in practice, other signals that

are comprised of pulses are unlikely to have pulse shapes that precisely conform to the pulse shapes

used in this chapter. A potential way around this is to use higher order α-synaptic functions and

higher order hyperbolic functions that can be fitted to the desired pulse shape.
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Chapter 4

Amplitude-domain and the time

dilating integrate-and-fire encoder

(TDIF)

The majority of work on time encoding, including the contributions of Chapter 3, take an approach

that maps the samples of the time encoding into their equivalent non-uniform samples. The signal

can then be reconstructed using standard reconstruction algorithms for non-uniform samples. For

example, I have used rational approximation in the context of hyperbolic sampling kernels. As

such, the reconstruction algorithms for time encoded samples are typically handled entirely in the

time-domain.

As alluded to in Chapter 2, conventional samples and time encoded samples are two sides of the

same coin. Briefly, I say this because the timemeasurements of the former are signal independent or

implicit while the amplitude measurements of the latter are signal independent or implicit. In this

chapter Iwill consider a similar question in the context of reconstruction algorithms. If time-domain
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reconstruction is the conventional side of the coin, is there an ‘amplitude-domain’ reconstruction

strategy on the other side of the coin?

The organisation of this chapter is as follows. In Section 4.1 I will show how time encoding can

be seen as sampling in an equivalent domain. More specifically, how integrate-and-fire time en-

codings perform uniform sampling in this domain. The definitions and properties of time encoding

presented in this section are then directly used in Section 4.2 to demonstrate reconstruction of a

restricted class of signals via uniform sampling. In Section 4.3 I will introduce a new sampling ar-

chitecture that uses dilation of time measurements to allow us to use arbitrary filters with compact

support. I do this with a view to achieving reconstruction of shift-invariant and FRI signals in Sec-

tion 4.4 with a multichannel system of TEMs that implement the new architecture.

4.1 Time encoding is a form of uniform sampling

Integrate-and-fire time encoding is a form of uniform sampling in amplitude is an oft repeated descrip-

tion of the mechanism by which time encoding is achieved. This observation is relatively intuitive.

Samples are produced at non-uniform instants in time every time the integrated signal crosses some

known, constant threshold. This implies that the time samples encode the level sets of the integrated

signal.

This said, the prevailing sampling and reconstruction strategies are dependent on the equivalence

of time encodings and non-uniform samples. Typically, reconstruction strategies for time encodings

have leveraged the equivalence of time encoded samples and conventional non-uniform samples

through the t-transform which provides a piecewise constant initial approximation [16,25,29,30].

In other works such as [63], the t-transform is used to relate the cumulative sum of samples to non-

uniform samples of the integral. Once time encodings are mapped to their equivalent non-uniform

samples, the reconstruction is achievedwith standardnon-uniformreconstruction strategies in time

domain, such as those contained in [9].

Notable exceptions to this are the works of [64] and [23,24] who consider the reconstruction prob-
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Figure 4.1: Time domain signal, ℎ(𝑡), and its integral, 𝑓(𝑡), plotted alongside the amplitude-domain
signal, 𝑔(𝑐), along the vertical axis. The time domain signal, ℎ(𝑡), is bandlimited and periodic.

97



lem from the perspective of uniform sampling in amplitude. The work of [64] showed that given a

bandlimited signal in time-domain, the equivalent uniform sampled signal is not bandlimited, how-

ever, with a sufficient bias, an effective approximation can be made in the form of the essential

bandwidth. In a similar vein, the work of [24] compared the operation of an integrate-and-fire TEM

with delta-ramp encoders and analysed the rate of decay of the spectrum of the equivalent signal

(amplitude-time signal). Some of the fundamental observations presented in these works are also

made in this section but from a different perspective. I will provide a concrete setting to the phrase

integrate-and-fire time encoding is a form of uniform sampling in amplitude and some observations

from which later sections will build upon.

First, consider a monotonically increasing function 𝑓(𝑡), its derivative ℎ(𝑡) = 𝑓 ′(𝑡), and the deriva-

tive of its inverse 𝑔(𝑐) = [𝑓−1]′(𝑐). These three functions are plotted together in Fig. 4.1 where 𝑔(𝑐) is
plotted rotated 90 degrees to emphasise its relation with the inverse of 𝑓(𝑡).
The function ℎ(𝑡) is equivalent to the time-domain input signal of an integrate-and-fire encoder

and the function 𝑓(𝑡) its integral. As such, the 𝑓(𝑡) represents the accumulated integral at a time 𝑡
and 𝑓−1(𝑐) represents the time 𝑡 at which the system reaches an accumulated integral of 𝑐. I note
that 𝑓(𝑡) must be one-to-one for its inverse to be well-defined and consequently 𝑔(𝑐) and ℎ(𝑡) must

also be strictly positive. I will refer to the function 𝑔(𝑐) as the amplitude-domain equivalent of the

time domain signal ℎ(𝑡). The foundation for the work in this chapter rests in the following property:

Property 1 (Inter-trigger timespan). Let the inter-trigger timespan 𝜃𝑛 = 𝜏𝑛+1 − 𝜏𝑛 where {𝜏𝑛} are the
trigger times of the integrate-and-fire system, 𝐶 is the threshold of the TEM, 𝑏 < 𝐶 is the initial integral

of the TEM, and 𝜏0 = 0 is the initial time then,

𝜃𝑛 = ∫
(𝑛+1)𝐶−𝑏

𝑛𝐶−𝑏
𝑔(𝑥) 𝑑𝑥 = ⟨Π𝐶(𝑥 + 𝑏 − 𝑛𝐶), 𝑔(𝑥)⟩ , (4.1)

where Π𝐶(𝑥) is the rectangular function supported on [0, 𝐶]. That is,

Π𝐶(𝑥) =
⎧{
⎨{⎩

1 0 ≤ 𝑥 ≤ 𝐶 ,

0 otherwise .
(4.2)
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Proof. The trigger times, 𝜏𝑛 and 𝜏𝑛+1, are related to the initial integral, 𝑏, and threshold, 𝐶, through

𝑓 :

𝑓(𝜏𝑛) = 𝑛𝐶 − 𝑏 𝑓(𝜏𝑛+1) = (𝑛 + 1)𝐶 − 𝑏 , (4.3)

therefore,

∫
(𝑛+1)𝐶−𝑏

𝑛𝐶−𝑏
𝑔(𝑥) 𝑑𝑥 = 𝑓−1((𝑛 + 1)𝐶 − 𝑏) − 𝑓−1(𝑛𝐶 − 𝑏)

= 𝜏𝑛+1 − 𝜏𝑛 = 𝜃𝑛 . (4.4)

Property 1 canbe viewed as an equivalence between the timespans of the timedomain signal, ℎ(𝑥),
and the area under the curve for the corresponding signal in the amplitude-domain, 𝑔(𝑥). An illustra-
tive example of this is plotted in Fig. 4.2. Alternatively, from the inner-product form of Eq. (4.1), one

can see that the inter-trigger timespans correspond to uniform samples of a filtered version of 𝑔(𝑥).
The support of the filter is equal to the threshold, 𝐶, as is the sampling period, therefore, by modify-

ing the threshold one can change the equivalent sampling rate in amplitude-domain. I formalise the

transform from the time-domain signal to the amplitude-domain signal with the transform denoted

T (Definition 1).

Definition 1 (Domain swap transform). Let 𝛾(𝑥) ∶ ℝ → ℝ be a function with 𝛾(0) = 0. Let I be the

integral operator,

I𝛾 = ∫
𝑥

0
𝛾(𝜏) 𝑑𝜏; (4.5)

̇

Let D be the derivative operator such that by the fundamental theorem of calculus,
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I ∘ D = I ∘ D = 𝐼 , (4.6)

where 𝐼 is the identity. Then the transform T is,

T = D ∘ (⋅)−1 ∘ I , (4.7)

where (⋅)−1 is an operator that takes a function to its inverse.

From Definition 1 one can determine that the transform is in fact self inverse (Property 2). Thus,

properties that hold for the forward (reverse) transform hold in the reverse (forward) transform.

For instance, by Property 1 and Property 2, a span in the amplitude-domain is equivalent to the

area under the corresponding curve in the time-domain. That is, ∫𝜏𝑛+1
𝜏𝑛

ℎ(𝑥) 𝑑𝑥 = 𝐶 where 𝐶 is a

span in the amplitude-domain. In fact this is a restatement of the t-transform coined by [16] and

used throughout the literature on time encoding.

Property 2 (Involution). The operator T defined in Definition 1 is self-inverse.

Together, these two properties suggest an alternative approach to reconstructing from time en-

coded samples. First, Property 1 indicates that one can treat inter-trigger timespans, 𝜃𝑛, as uniform

samples of the equivalent amplitude-domain signal, 𝑔(𝑐). Thus, by applying standard reconstruction
techniques for uniform samples one can recover the amplitude-domain signal. The invertibility of

the transform T (Property 2), then allows us to regain the time-domain signal, ℎ(𝑡). This is the fun-
damental procedure that I now build upon.

4.2 Bandlimited and piecewise constant signals in amplitude-

domain

FromEq. (4.1) it can be seen that an integrate-and-fire time encoding is equivalent to a uniform sam-

pling of an equivalent amplitude-domain signal using a rectangular sampling kernel with support
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equal to the threshold, 𝐶. The sampling period is also the threshold and the signal itself is given

by the transform T ℎ. Immediately, we can note that when the signal, in amplitude-domain, be-

longs to certain subspaces, we can reconstruct by interpolation. I will refer to the subspace that the

amplitude-domain signal belongs to as the representation of the time-domain signal. In general, the

representation of the signal in amplitude-domain is not from the same class of signals as the time-

domain signal. For example, when the amplitude-domain signal is bandlimited the time-domain

signal is necessarily non-bandlimited [24]. Theorem 1 formalises the reconstruction for the case of

bandlimited representations.

Theorem 1 (Bandlimited reconstruction). Let ℎ be a signal in time-domain and 𝑔 = T ℎ. Let PW𝐵 be

the set of signals bandlimited to 𝐵 then if 𝑔 ∈ PW𝐵, ℎ can be reconstructed from an integrate-and-fire

time encoding if

𝐶 < 𝜋
𝐵 . (4.8)

Proof. Given an integrate-and-fire time encoding, {𝜃𝑛}, of ℎ, then by Property 1 the time encoding

is equivalent to a uniform sampling of 𝐺(𝑥) = 𝑔(𝑥) ∗ 𝜑(𝑥) where 𝜑(𝑥) = Π𝐶(𝑥). If 𝑔(𝑥) ∈ 𝑃𝑊𝜋/𝐶

then 𝐺(𝑥) is also bandlimited to 𝜋/𝐶 and can be reconstructed by the Shannon-Whittaker sampling

theorem. Furthermore, the Fourier transform of 𝜑(𝑥),

Π𝐶(𝑥) 𝐹𝑇↔ 𝐶sinc(𝜔𝐶
2 ) 𝑒− 𝑖𝜔𝐶

2 , (4.9)

does not vanish on the interval (−𝜋/𝐶, 𝜋/𝐶). Consequently, 𝑔(𝑥) can be recovered from 𝐺(𝑥) by the
convolution theorem. Finally, ℎ(𝑥) can be recovered by applying the transform, T (Property 2).

An example of an integrate-and-fire sampling where the input signal is represented by a bandlim-

ited and periodic function in the amplitude-domain is given in Fig. 4.3.

Similarly, signals in amplitude-domain that are shift invariant where the basis functions are dis-
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Figure 4.3: Sampling and reconstruction of a signal with a bandlimited and periodic representation
in amplitude-domain. The integrate-and-fire samples in time-domain (bottom) are mapped to uni-
form samples in the amplitude-domain (left).
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joint can also be sampled and reconstructed. For example, any signal of the form∑∞
𝑛=−∞ 𝑐𝑛𝜑(𝑥−𝑛𝐶)

where supp(𝜑) = [0, 𝐶].

This is a very restricted class of signals and so I will only consider the case of piecewise constant

signals. Piecewise constant signals are unique in that the transform T maps positive (negative)

piecewise constant signals in time-domain to positive (negative) piecewise constant signals in am-

plitude domain and vice versa as summarised in Property 3. This property will also be of signifi-

cance in Section 4.5 when I revisit sampling and reconstructing piecewise constant signals with a

new architecture.

Property 3 (Automorphism on piecewise constant signals). Let H+ be a strictly positive piecewise

constant signal. The operator is an automorphism on H+. That is, if ℎ(𝑡) ∈ H+ then T ℎ ∈ H+.

Proof. Since ℎ(𝑡) is piecewise constant, its integral must be piecewise linear. The inverse of a piece-

wise linear is also piecewise linear. Thus, 𝑔(𝑥) = [𝑓−1]′(𝑥) is piecewise constant.

Using this property, Theorem 2 shows that a time-domain piecewise constant signal can be recon-

structed from its time encoding using a uniform sampling approach when the integral of each piece

is equal to a multiple of the trigger mark, 𝐶. This is equivalent to the edges of amplitude-domain

signal lying on a uniform grid of period 𝐶. This form of reconstruction is equivalent to the ini-

tial piecewise constant approximations used to achieve bandlimited reconstructions in other works

[16,29] and is therefore not in itself novel, however, I have formalised it for the sake of completeness

and intuition.

Theorem 2. A piecewise constant signal in time-domain can be reconstructed from its amplitude-

domain samples (inter-trigger timespans) if the time-domain signal has pieces whose integral is a mul-

tiple of the threshold.

Proof. Let the first piece be supported on the interval [0, 𝑡1]. If the area of said piece is a multiple of

the threshold, that is,
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∫
𝑡1

0
ℎ(𝑡) 𝑑𝑡 = 𝑛𝐶 , (4.10)

where 𝑛 ∈ ℤ+, then by Property 1, 𝑓−1(𝑡1) = 𝑛𝐶. The edge of the amplitude-domain piecewise con-

stant signalmust therefore align on a grid of period𝐶 in the amplitude-domain. The same argument

applies for all subsequent and preceding pieces. Since the edges in amplitude-domain lie on a grid

with sampling period 𝐶, the amplitude-domain signal can be expressed as,

𝑔(𝑥) = ∑
𝑛∈ℤ

𝑐𝑛Π𝐶(𝑥 − 𝑛𝐶) , (4.11)

for 𝑐𝑛 ∈ ℝ. Substituting Eq. (4.11) into Eq. (4.1) shows that inter-trigger time spans correspond to the

coefficients of the signal, 𝑐𝑛, when the initial integral 𝑏 = 0,

𝜃𝑚 = ⟨Π𝐶(𝑥 − 𝑚𝐶), ∑
𝑛∈ℤ

𝑐𝑛Π𝐶(𝑥 − 𝑛𝐶)⟩ = 𝑐𝑚

4.3 Sampling kernel shaping via time measurement dilation

Previously we have seen that time domain signals represented by a limited subset of shift-invariant

signals in the amplitude-domain can be reconstructed via a uniform sampling approach. Unfortu-

nately, this family of signals is highly restrictive, in particular because the basis functions of these

signals, 𝜑(⋅ − 𝑛𝐶), must be disjoint and the sampling kernel used is restricted to a rectangular func-

tion. To broaden the set of signals one must tackle these two problems. In this section I will modify

the sampling architecture to allow sampling with kernels other than the rectangular function. I do

this with a view to sampling and reconstructing a much broader set of shift-invariant signals and

signals with finite rate of innovation with multichannel systems.

The fundamental approach to modifying the sampling kernel is dilation of the time measure-

ments, 𝜏𝑛. The architecture by which one can achieve dilation of time measurements and how it
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fits in the broader context of conventional samplers and integrate-and-fire samplers is presented

in the following Section 4.3. The effect of this particular form of time dilation is then analysed in

Section 4.3.

Generalised samplers and the time dilating integrate-and-fire sampler

First, I would like to introduce the new architecture within the broader context of conventional and

time encoding sampling architectures. Consider the sampling architectures illustrated in Fig. 4.4.

The sampler depicted in Fig. 4.4(a) is an equivalent model for a classical uniform sampler where the

role of the timing circuitry is emphasised. The lower branch is a timing circuit used to determine

whenmeasurements of the signal should be taken. The input to the timing circuitry is a scale factor,

in this case equal to 1. This is then integrated to provide a signal representing time. Whenever this

time signal crosses a multiple of the period, 𝑇 , a sample is taken. The integration operation is em-

phasised to show the commonality between this conventional sampling architecture and the later

architectures in (b) and (c). Although this seems like a gross abstraction of the real life hardware, it is

not dissimilar to the operation of a digital circuit comprising an oscillator, counter, and comparator

in series.

The typical integrate-and-fire time encoding machine illustrated in Fig. 4.4(b) is very similar in

construction except that the roles of the branches are reversed. Measurements of the time signal

are nowmade and the timing of these samples are dictated by when the integral of the input signal

crosses multiples of a threshold, 𝐶. The purpose of this exposition is to emphasise that in both

cases, whilst the input to the top branch is signal driven and time-varying, the input to the timing

branch is constant. It is also important to emphasise that the figure represents the integrate-and-

firemechanism as a level set detection for analytical convenience. In practice the level set detection

would be implemented with an integral resetting mechanism as in Fig. 3.1.

In the final incarnation of the sampler, Fig. 4.4(c), the output of the upper branch is fed through
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Figure 4.4: Generalised sampling architectures: a) A generalised model for conventional sampling
of an integrated signal. b) A generalised model for integrate-and-fire sampling. c) A time-dilating
integrate-and-fire sampler (TDIF). In all examples, the typical comparatorwith resetmechanismhas
been replaced with a level detector (⋅ = 𝑛𝐶). Note, 𝜑 is a filter and 𝛽 is a non-linear amplifier.
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a non-linear amplifier1 𝛽 into the lower branch providing a signal-driven time signal, 𝑇 (𝑡). Assume

that the response of the amplifier, 𝛽, is periodic such that,

𝛽(𝑥) = 𝜑(𝑥 + 𝑛𝐶) for 𝑛 ∈ ℤ , (4.12)

where 𝜑(𝑥) ∶ [0, 𝐶] → ℝ is a real valued function of compact support. This is also an abstraction

for analytical convenience. The function 𝜑(𝑥) represents the response of the amplifier in a practi-

cal implementation that uses an integral resetting mechanism. In this case, we have unfolded the

resetting mechanism into a level set detector, and so the equivalent amplifier response is 𝛽(𝑥), the
𝐶-periodic extension of 𝜑(𝑥).

In the simplest case, if the amplifier is constant, 𝛽(𝑥) = 1, then the original integrate-and-fire set-

ting is retrieved. On the other hand, one can design 𝛽 to act as a sort of filter in amplitude-domain.

The amplifier 𝛽 acts to achieve a form of time dilation of the timemeasurements. At different values

of the integral 𝑓(𝑡), the value of the time scale, 𝛽(𝑓(𝑡)), determines how fast or slow ‘time’ is accumu-

lated. For this reason I call this sampler a time dilating integrate-and-fire sampler (TDIF) and 𝜑(𝑥)
the dilation function. The effects of time dilated measurements are analysed in the next section.

The effect of dilation of time measurements

The function 𝑇 (𝑡) ∶ ℝ → ℝ is a many-to-one function that represents the mapping from (undilated)

time to the dilated time. It is many-to-one because the time scale, 𝑇 ′(𝑡), can be positive and negative

valued. The implication is that the measured time can run either forwards or in reverse. From

Fig. 4.4, one can see that,

𝑇 ′(𝑡) = 𝛽(𝑏 + 𝑓(𝑡))
(𝑎)= 𝜑(𝑏 + 𝑛𝐶 + 𝑓(𝑡)) , (4.13)

1Non-linear amplifiers are realisable circuits, for example the reader can refer to implementations with operational am-
plifiers [65].
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where 𝑏 is the initial condition of the integrator, and (𝑎) follows from Eq. (4.12). We wish to see the

effect of time dilation on the observed signal in the amplitude domain. Let 𝐺(𝑥) = [𝐹 −1]′ (𝑥) repre-
sent the new amplitude-domain signal after time dilation, that is, 𝐺(𝑥) is the equivalent amplitude-

domain signal if 𝑓(𝑡) were dilated according to 𝑇 (𝑡). 𝑇 (𝑡) maps the non-dilated time measurements

to the dilated measurements and so,

𝐹 −1(𝑥) = 𝑇 (𝑓−1(𝑥)) . (4.14)

Note that I use 𝐹 −1(𝑥) for notational consistency, however, the 𝐹 −1(𝑥) does not necessarily have a
well defined inverse. If 𝑇 (𝑡) is many-to-one (time dilation can be both positive and negative) then

𝐹 −1(𝑥) is many-to-one. Now taking the derivative of Eq. (4.14) and applying the chain rule to obtain

the amplitude-domain signal after dilation,

𝐺(𝑥) = [𝐹 −1]′ (𝑥) = [𝑓−1]′ (𝑥) 𝑇 ′(𝑓−1(𝑥))
(𝑎)= 𝑔(𝑥) ⋅ 𝑇 ′(𝑓−1(𝑥))
(𝑏)= 𝑔(𝑥) ⋅ 𝜑(𝑥 + 𝑏 + 𝑛𝐶) , (4.15)

where (𝑎) follows from definition of the non-dilated amplitude-domain signal and (𝑏) follows from

substitution of Eq. (4.13). FromEq. (4.15)we can see that the signal in amplitude-domain is a product

of the original amplitude-domain signal, 𝑔(𝑥), and the dilation function,𝜑(𝑥). In fact, the second term
of the product represents the time measurement dilation of the signal at the time corresponding to

the value of the integral. By designing an appropriate dilation functionwe can shape the amplitude-

domain signal as we see fit. Moreover, due to the timespan property (Property 1), the inter-trigger

timespans now equal an inner product between the dilation function and the amplitude-domain

signal as formalised in Property 4. An example of this is plotted in Fig. 4.5 which plots both the

original signal and the equivalent signal under time dilation by a linear spline. Note that while the
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Figure 4.5: An example of a time-dilated signal to affect a multiplication between the amplitude-
domain signal and a known sampling kernel. The red area indicates the integral that is equivalent
to an inter-trigger timespan, 𝜃, in the time-domain.

dilation of the integral is plotted, in practice this effect is only observed in the measured times and

is not a physical effect, that is, I’m not proposing time travel.

Property 4 (TDIF inter-trigger timespan). Let the inter-trigger timespan of a TDIF be 𝜃𝑛 = 𝜏𝑛 − 𝜏𝑛−1

where {𝜏𝑖} are the trigger times of the TDIF then,

𝜃𝑛 = ⟨𝜑(𝑥 + 𝑏 − 𝑛𝐶), 𝑔(𝑥)⟩ , (4.16)

where 𝐶 is the threshold of the TDIF, 𝑏 is the initial integral, and 𝜑(𝑥) is the dilating function with

compact support 𝐵 ⊆ [0, 𝐶].

Proof. Using the timespan property (Property 1) substitute Eq. (4.15) into Eq. (4.1),
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𝜃𝑛 = ∫
𝑏+(𝑛+1)𝐶

𝑏+𝑛𝐶
𝐺(𝑥) 𝑑𝑥

= ∫
𝑏+(𝑛+1)𝐶

𝑏+𝑛𝐶
𝜑(𝑥 + 𝑏 − 𝑛𝐶)𝑔(𝑥) 𝑑𝑥

(𝑎)= ∫
∞

−∞
𝜑(𝑥 + 𝑏 − 𝑛𝐶)𝑔(𝑥) 𝑑𝑥

= ⟨𝜑(𝑥 + 𝑏 − 𝑛𝐶), 𝑔(𝑥)⟩ , (4.17)

where (𝑎) follows from the assumption that 𝜑(𝑥) is supported on the interval [0, 𝐶].

Finally, I would like to note some of the symmetry between the conventional sampler and the

TDIF sampler. Firstly, referring to Fig. 4.4, the filter 𝜑 in the conventional sampler and the amplifier

𝛽 in the TDIF (a periodic extension of 𝜑 for analytical convenience) perform similar roles but for

different branches. Namely, they define the sampling kernel in the time-domain and amplitude

domain respectively. This is apparent from Eq. (4.16). Also note that in the TDIF, the time-domain

signal is restricted to be positive, such that 𝑓(𝑡) is increasing. On the other hand the timescale,

𝑇 ′(𝑡), can be positive and negative valued depending on the choice of 𝛽. This is the converse of the
conventional sampling architecture where the timescale is positive while the time domain signal

can be positive and negative valued.

4.4 Interleaved time-dilating integrate-and-fire samplers

Multichannel systems for FRI and shift-invariant representations

In Section 4.3 I demonstrated how to shape the sampling kernel, however, there is a final problem

that prevents sampling of a wider range of signals, namely, the shifts or the sampling kernel are

disjoint. This is inherent to the sampling mechanism since the system does not filter the amplitude-

domain signal but instead mimics filtering through point-wise multiplication of the amplitude-
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Figure 4.6: Multichannel samplerwith 3 channels. The time-evolving integral, 𝑧(𝑡), is plotted on each
TDIF along with the output spike pattern of each channel, 𝑧(𝑙)

𝑛 , and the resulting combined output,
𝑧𝑛.

domain signal with the dilation function. Thus, in order to sample with overlapping basis functions,

we must employ a multichannel system where each channel consists of a single TDIF, each with a

different initial integral. Multichannel systems have been employed in various works in the area of

time encoding [30,31,35,66].

Referring to Property 1 and Property 4, the initial integral, 𝑏, equates to a shift by 𝑏 of the sam-

pling kernel in amplitude-domain. The effect of using a multichannel system with different initial

integrals is plotted in Fig. 4.7.

In particular, if one considers a multichannel sampler with 𝐿 channels and threshold 𝐶 and lets

the initial integral of the 𝑙th channel be 𝑏(𝑙) = 𝑙𝐶
𝐿 then 𝜃(𝑙)

𝑛 , the 𝑛th inter-trigger timespan of the 𝑙th

channel, is given by:

𝜃(𝑙)
𝑛 = ⟨𝜑 (𝑥 + 𝐶

𝐿 (𝑙 − 𝑛𝐿)) , 𝑔(𝑥)⟩ ⟺ ̃𝜃𝑚 = ⟨𝜑 (𝑥 + 𝑚𝐶
𝐿 ) , 𝑔(𝑥)⟩ . (4.18)

Since {𝑙 − 𝑛𝐿 ∶ 𝑛 ∈ ℤ, 𝑙 ∈ {1, 2, ..., 𝐿}} = ℤ, the multichannel system admits a uniform sampling,
̃𝜃𝑚, of the amplitude-domain signal with period 𝐶/𝐿 under a reordering of the multichannel inter-

trigger timespans, 𝜃(𝑙)
𝑛 . Specifically, the reordering is taken first in descending channel number, 𝑙,
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Figure 4.7: Integral and amplitude-domain signals after dilation. The dilated signals are plotted
aligned in the amplitude-domain to emphasise the decomposition of the amplitude-domain signal.
Therefore, in this plot, the thresholds are at 𝐶 and 2𝐶 for the blue TDIF and 𝐶/2 and 3𝐶/2 for the
red TDIF and the dilation function is a linear spline as plotted in Fig. 4.8. In practice, offsets in the
TDIF integral result in sampling a shifted version of the amplitude-domain signal and not a shift in
the sampling kernel.

then ascending in 𝑛 as shown in Fig. 4.6. Note that the task of setting and maintaining the correct

offsets between channels is similar to the problem of maintaining synchronised clocks in a conven-

tional multichannel time-domain system.

Shift invariant signals in amplitude-domain

Theorem 3. Let a time domain signal, ℎ(𝑡), be represented by a shift-invariant signal in amplitude-

domain,

𝑔(𝑥) = ∑
𝑛∈ℤ

𝑐𝑛𝜓(𝑥 − 𝑛𝑇 ) , (4.19)
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Figure 4.8: A linear spline dilating function, 𝜑(𝑥), supported on [0, 0.3]. and its periodic extension
𝛽(𝑥).

The time domain signal, ℎ(𝑡), can be reconstructed from a time encoding derived from amultichannel

integrate-and-fire sampler when 𝜑(𝑥) = ̃𝜓(𝑥) is the dual basis element of 𝜓(𝑥), has compact support

𝑀 ⊂ [0, 𝐿𝑇 ], 𝐿 ∈ ℤ+ and there are 𝐿 channels with initial integrals 𝑏𝑙 = 𝑙𝐶/𝐿 for 𝑙 ∈ [0, ..., 𝐿 − 1] and
𝐶 = 𝐿𝑇 .

Proof. From Eq. (4.18) we know that there is an ordering of inter-trigger timespans that produces

the time encoding,

̃𝜃𝑚 = ⟨𝜑 (𝑥 − 𝑚𝐶
𝐿 ) , 𝑔(𝑥)⟩

= ⟨𝜑 (𝑥 − 𝑚𝐶
𝐿 ) , ∑

𝑛∈ℤ
𝑐𝑛𝜓(𝑥 − 𝑛𝑇 )⟩

= ∑
𝑛∈ℤ

𝑐𝑛 ⟨𝜑 (𝑥 − 𝑚𝐶
𝐿 ) , 𝜓(𝑥 − 𝑛𝑇 )⟩ . (4.20)
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Now substituting in 𝐶 = 𝐿𝑇 and 𝜑(𝑥) = ̃𝜓(𝑥),

̃𝜃𝑚 = ∑
𝑛∈ℤ

𝑐𝑛 ⟨ ̃𝜓(𝑥 − 𝑚𝑇 ), 𝜓(𝑥 − 𝑛𝑇 )⟩

= 𝑐𝑚 (4.21)

where I have used ⟨ ̃𝜓(𝑥 − 𝑚𝑇 ), 𝜓(𝑥 − 𝑛𝑇 )⟩ = 𝛿𝑚−𝑛. From the coefficients 𝑐𝑚 the amplitude-domain

signal can be reconstructed and the time-domain signal can be recovered through the transform T .

4.5 Piecewise-constant signals

In Section 4.1, the reconstruction of time-domain piecewise constant signals was restricted to those

that lay on a grid in their amplitude-domain representation. Furthermore, the signalswere required

to be strictly positive. With the new architecture, both these issues can be alleviated when viewing

these signals as ones with finite rate of innovation (FRI). Archetypal examples of an FRI signals

include sumsof shifted and scaledDirac deltas aswell as piecewise constant signals and their filtered

versions. The latter is related to the former through the integral and is the focus of this section.

Sampling and reconstruction of FRI signals from time encodings has already been considered by

various authors. For example, [35,53,58] considered periodic FRI signals and [15,63,67] considered

reconstruction of pulses and piecewise constant signals using various kernels.

Of particular interest, [15] leveraged the work of [39] which showed how a uniform sampling

problem on FRI signals can be formulated as one of sparse high resolution spectral estimationwhen

the sampling kernel satisfies the Strang-Fix conditions and so can globally reproduce exponentials.

[15] extended this idea to integrate-and-fire time encoding by noting that local exponential repro-

ductionwas still possible even in a non-uniform sampling context. Themain caveat is that relatively

strict constraints have to be placed on the signal to ensure samples are triggered within knotless
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regions. If an approximate reconstruction is acceptable, a relaxation of these constraints can be

achieved through the use of approximate reproduction of exponentials as used in [68].

As stated in Property 3, signals that are positive piecewise constant in time-domain are also piece-

wise constant in amplitude-domain. Thus, the output of a multichannel TDIF sampler, when the in-

put signal is a piecewise constant signal, is a uniform sampling of an equivalent piecewise constant

signal in amplitude-domain. Formulating the reconstruction from a time encoding in this manner

means that one can directly apply the results of [39] to achieve exact reconstruction without appeal-

ing to local only reproduction of exponentials or approximate reproduction of exponentials.

Theorem 4. Let ℎ(𝑡) ∈ H+ be a positive (negative) piecewise constant signal and 𝜃𝑛 be the time encod-

ing of ℎ(𝑡) generated by a multichannel TDIF where 𝐶 is the threshold of the constituent TDIFs and 𝐿
is the number of channels, and 𝜑(𝑥) = 𝜓′(𝑥), where 𝜓(𝑥) can reproduce 𝑀 ≥ 2𝐾 − 1 exponentials and
has compact support 𝐶. The signal ℎ(𝑡) can be exactly reconstructed when the integral of ℎ(𝑡) on the

interval between any 𝐾 edges is bounded below as,

∫
𝑡𝑛+𝐾

𝑡𝑛

ℎ(𝑡) 𝑑𝑡 > 2𝐾𝐶 , (4.22)

where 𝑡𝑛 are the locations of the edges of the piecewise constant signal.

Proof. From Property 3, we know that if ℎ ∈ H+ then, T ℎ = 𝑔 ∈ H+ as well so that,

𝑔(𝑥) = ∑
𝑘∈ℤ

𝑎𝑘𝑢(𝑥 − 𝑥𝑘) , (4.23)

where 𝑢(𝑥) is the Heaviside step function and 𝑎𝑘, 𝑥𝑘 ∈ ℝ. When the time-domain signal is sampled

with a 𝐿-channel TDIF with a threshold of 𝐶 and 𝜑(𝑥) = 𝜓′(𝑡) the equivalent amplitude-domain

uniform sampling is,
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𝑔𝑛 = ⟨∑
𝑘∈ℤ

𝑎𝑘𝑢(𝑥 − 𝑥𝑘), 𝜓′(𝑥 − 𝑛𝑇 )⟩

(𝑎)= ⟨∑
𝑘∈ℤ

𝑎𝑘𝛿(𝑥 − 𝑥𝑘), −𝜓(𝑥 − 𝑛𝑇 )⟩ , (4.24)

where, 𝑇 = 𝐶/𝐿 is the sampling period and (𝑎) follows from integration by parts. The amplitude-

domain signal, 𝑔(𝑥), can be recovered from the samples 𝑔𝑛. This is done by using the exponential or

polynomial reproducing property of𝜓(𝑥) followed by high resolution spectral estimation techniques

or model fitting approaches, such as Prony’s method, to retrieve the innovation parameters 𝑥𝑘 and

𝑎𝑘. By exponential reproduction I mean that a linear sum of the shifts of the kernel reproduce an

exponential:

− ∑
𝑛∈ℤ

𝑐𝑚,𝑛𝜓(𝑡 − 𝑛𝑇 ) = 𝑒𝛼𝑚𝑡 (4.25)

where 𝛼𝑚 = 𝛼0 + 𝑚𝜆 ∈ ℂ, 𝑚 ∈ [0, ..., 𝑀], and 𝑐𝑚,𝑛 ∈ ℂ. Polynomial reproduction can also be used

but for the sake of brevity I will focus on exponential reproduction. Exponential and polynomial

reproduction can be achievedwhen 𝜓(𝑡) satisfies the generalised Strang-Fx conditions [41]. One can
leverage the exponential reproduction property of the kernel to generate signal moments,

𝑠𝑚 = ∑
𝑛∈ℤ

𝑐𝑚,𝑛𝑔𝑛 = ⟨
𝐾

∑
𝑘=1

𝑎𝑘𝛿(𝑥 − 𝑥𝑘), − ∑
𝑛∈ℤ

𝑐𝑚,𝑛𝜓(𝑥 − 𝑛𝑇 )⟩

= ⟨
𝐾

∑
𝑘=1

𝑎𝑘𝛿(𝑥 − 𝑥𝑘), 𝑒𝛼𝑚𝑥⟩

=
𝐾

∑
𝑘=1

𝑎𝑘𝑒𝛼𝑚𝑥𝑘 , (4.26)

where we consider a signal with a finite number of edges, 𝐾. The parameters 𝑥𝑘 and 𝑎𝑘 can be

recovered through variousmethods including Prony’s method [11,42], sparse optimisationmethods
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[10], subspace methods [41,43–46], and model fitting approaches [47–50]. Using Prony’s method,

𝑔(𝑥) can be uniquely determined when 𝑀 ≥ 2𝐾 −1 by noting that Eq. (4.26) is annilihated by a filter,

𝐻(𝑧) =
𝐾

∏
𝑘=1

(1 − 𝑒𝜆𝑥𝑘𝑧−1) , (4.27)

such that ℎ𝑛 ∗ 𝑠𝑛 = 0 where ℎ𝑛 are the coefficients of the filter. The coefficients ℎ𝑛 can be deter-

mined from a Yule-Walker system and the parameters 𝑥𝑘 determined from the roots of the filter.

The parameters 𝑎𝑘 can then be determined by least squares approach.

If there are an infinite number of edges [39] states that 𝑔(𝑥) is uniquely determinedwhen the extra

condition that there are at most 𝐾 Diracs in any 2𝐾𝐶 interval is satisfied. From Property 1 we know

that a bound on an interval in amplitude-domain corresponds to a bound on the integral over the

corresponding interval in time-domain.

∫
𝑡𝑛+𝐾

𝑡𝑛

ℎ(𝑡) 𝑑𝑡 > 2𝐾𝐶 . (4.28)

Given 𝑔(𝑥), the time-domain signal, ℎ(𝑡), can then be retrieved by application of the transform

T . Note that the transformation between domains can be achieved parametrically for piecewise

constant signals.

Theorem 4 demonstrates one of the desirable properties of an integrate-and-fire approach when

taken from an FRI perspective. The maximum number of edges that can be resolved by a particular

multichannel TDIF is dependent on themagnitude of the signal. The larger the signal themore edges

can be resolved and the smaller the signal the fewer the edges that can be resolved. This adaptive

nature is present in previous work on piecewise signals [15,63,67], however, it is often obscured by

stricter conditions that must be met simultaneously.
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Non-negative piecewise constant signals in time-domain

Another desirable characteristic of an integrate-and-fire time encoding framework is that when a

signal is quiescent, the sampler does not produce any samples [15,63,67]. Up until now I have as-

sumed that our signals are strictly positive. This assumption can be relaxed to allow intervals where

ℎ(𝑡) = 0. Such intervals correspond to Dirac delta functions in the signal in the opposite domain.

This result is summarised in Property 5.

Property 5 (Automorphism on non-negative piecewise constants). Let ℎ(𝑥) ∈ H where H is the set

of sums of a piecewise constant and Dirac deltas of the form,

ℎ(𝑥) = ∑
𝑘

𝑐𝑘𝑢(𝑥 − 𝜏𝑘) + 𝑑𝑘𝛿(𝑥 − 𝜏𝑘) , (4.29)

and where ℎ(𝑡) ≥ 0 is supported on a disconnected subset of the real line where 𝑢(𝑥) is the Heaviside
step function and 𝛿(𝑥) is the Dirac delta function and 𝑑𝑘 ≥ 0. The transform T is then an automorphism

on H such that T ℎ(𝑥) is also a sum of a piecewise constant and Dirac deltas of the form of Eq. (4.29).

When ℎ(𝑥) is a simple piecewise constant (𝑑𝑘 = 0), the support of T ℎ(𝑥) is the entire real line.

Proof. The correspondence of intervals of zero value in one domain and Dirac deltas in the other

domain can be shown either by restricting the domain of 𝑓(𝑡) to the support of ℎ(𝑡) or by appealing
to a limiting argument based on Property 4. I will use the latter argument.

Consider, a single piece of a positive piecewise constant signal on an interval with length 𝑑 and

with height 𝜖. According to Property 4, the area under the corresponding piece in amplitude-domain

is 𝑑 and has a support of length 𝑑𝜖. In the limit 𝜖 → 0 this is a standard representation of the Dirac

delta function scaled by 𝑑. Thus, intervals where ℎ(𝑡) = 0 correspond to Dirac deltas scaled by the

length of the interval. By the symmetry of the transform, the reverse is also true. Dirac deltas in ℎ(𝑡)
correspond to intervals where 𝑔(𝑥) = 0.

An example of a piecewise constant signal which equals zero for a period is plotted in Fig. 4.9

along with its amplitude-domain equivalent. Intuitively, if the time-domain signal had Dirac deltas
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Figure 4.9: An example of a non-negative piecewise constant time-domain signal and its resulting
amplitude-domain signal that is the sum of a strictly positive piecewise constant signal and Dirac
deltas.

as well, these would correspond to periods of zero in the amplitude-domain equivalent. Property 5

yields a sampling theorem for non-negative piecewise constant signals in Theorem 5 where I once

again leverage [39].

Theorem 5. Let ℎ(𝑡) ∈ H be a non-negative piecewise constant signal. Given a time encoding 𝜃𝑛 of

ℎ(𝑡) generated by a multichannel TDIF, ℎ(𝑡) can be exactly reconstructed when the dilation function

𝜑(𝑥) = 𝜓′(𝑥), where 𝜓(𝑥) can reproduce 𝑁 ≥ 4𝐾 − 1 exponentials, and the integral between any 𝐾
edges, 𝑛𝑘, ..., 𝑡𝑛+𝐾 is at least,

∫
𝑡𝑛+𝐾

𝑡𝑛

ℎ(𝑡) 𝑑𝑡 > 4𝐾𝐶 , (4.30)

where 𝐶 is the threshold of the TDIFs and 𝑁 is the number of channels.
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Proof. From Property 5, we know that if ℎ(𝑡) ∈ H then T ℎ(𝑥) = 𝑔(𝑥) ∈ H. Let,

𝑔(𝑥) = ∑
𝑘

𝑎0,𝑘𝑢(𝑥 − 𝑥𝑘) + 𝑎1,𝑘𝛿(𝑥 − 𝑥𝑘) , (4.31)

where 𝑎𝑟,𝑘 ∈ ℝ. Similar to Theorem 4, the amplitude-domain uniform samples generated by a 𝐿-
channel TDIF with threshold 𝐶 and 𝜑(𝑥) = 𝜓′(𝑡) are,

𝑔𝑛 = ⟨
𝐾

∑
𝑘=1

𝑎0,𝑘𝑢(𝑥 − 𝑥𝑘) + 𝑎1,𝑘𝛿(𝑥 − 𝑥𝑘), 𝜓′(𝑥 − 𝑛𝑇 )⟩

(𝑎)= ⟨
𝐾

∑
𝑘=1

𝑎𝑟,0𝛿(𝑥 − 𝑥𝑘) + 𝑎1,𝑘𝛿(1)(𝑥 − 𝑥𝑘), −𝜓(𝑥 − 𝑛𝑇 )⟩ , (4.32)

where 𝑇 = 𝐶/𝐿 is the sampling period and (𝑎) follows from integration by parts, and 𝛿(1) is a differ-

entiated Dirac. Taking a linear combination of signal moments, we can produce a sparse estimation

problem as before:

𝑔𝑛 =
𝐾

∑
𝑘=1

𝑎𝑟,0𝑒𝛼𝑚𝑡𝑘 − 𝑎𝑟,1𝛼𝑚𝑒𝛼𝑚𝑡𝑘 . (4.33)

𝑔(𝑛) can be determined using Prony’s method when the annihilating filter has doubled roots,

𝐻(𝑧) =
𝐾

∏
𝑘=1

(1 − 𝑒𝜆𝑥𝑘𝑧−1)2 , (4.34)

andwhen the𝜓(𝑥) can reproduce exponentials up to a degree𝑀 ≥ 4𝐾−1. When there are an infinite

number of edges, [39] states that 𝑔(𝑥) can be uniquely determined from the samples 𝑔𝑛 if there are

at most 𝐾 differentiated Diracs of the same order in any 4𝐾𝐶 interval is met. From Property 1 we

know that a bound on an interval in amplitude-domain corresponds to a bound on the integral over

the corresponding interval in time-domain.

∫
𝑡𝑛+𝐾

𝑡𝑛

ℎ(𝑡) 𝑑𝑡 > 4𝐾𝐶 . (4.35)
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Given 𝑔(𝑥), the time-domain signal, ℎ(𝑡), can then be determined by application of the transform

T .

A TDIF sampling architecture cannot produce samples during intervals where the input signal is

zero since the accumulated integralwill never surpass the triggermark. Due to the dilating nature of

the sampling process, the samples generated are also not an accurate measure of when samples are

generated. Despite these two behaviours, Theorem 5 gives a method for reconstructing piecewise

constant signals that have intervals of arbitrary length where the signal is zero. This is possible

because time measurement (𝑇 (𝑡) in Fig. 4.4) is still accumulated during the zero-valued intervals.

In fact, each channel of the sampler accumulates at different rates determined by their own value

of 𝑓(𝑡) which are different due to there offsets. In a typical multi-channel integrate-and-fire setting

[15,30], time is accumulated at an equal rate by each channel.

I note that the reconstruction of a non-negative piecewise constant is less stable due to the require-

ment to resolve doubled roots in the annihilating filter. This can be ameliorated to some extent by

methods more stable than Prony’s but this is beyond the scope of this work.

A natural question to ask is whether the reconstructionmethod can be extended to piecewise con-

stant signals that run both positive and negative. A simple extension of the sampling architecture

can be made to accommodate this when one considers that any piecewise constant signal can be

decomposed into a non-negative and a non-positive piecewise constants signal. Thus, two multi-

channel TDIF samplers can be used in parallel, one which only samples the positive component and

another which only samples the negative component. The positive and negative components of the

signal must then satisfy the conditions from Theorem 5 separately.

4.6 Summary

In summary, in this chapter I have considered time encoding from the perspective of uniform sam-

pling in an equivalent ‘amplitude-domain’ representation.

122



State-of-the-art methods for time encoding and reconstruction from time encodings revolve

around mapping the time encoding problem to one of non-uniform sampling in time-domain. In-

deed, this is the approach followed in Chapter 3. To some degree, one could argue that the apple has

not fallen far from the tree and, consequently, the potential benefits of a time encoding approach

are diminished. With the TDIF architecture we can now move away from reconstructing signals in

time-domain with non-uniform sampling approaches and towards reconstructing signals directly

in amplitude-domain.

This chapter has shown that with the appropriate hardware implementation where time samples

are manipulated during acquisition, one can not only uniformly sample in amplitude-domain with

a fixed kernel, as in [23,24,64], but also with any arbitrary kernel of compact support (Theorem 3).

This significantly broadens the uses of the amplitude-domain model.

The full benefits of such an approach are as yet largely unexplored but Theorem 4 and Theo-

rem 5 demonstrate that there are simple examples where the state of the art in time encoding can

be improved upon. They show that in the case of time encodings of piecewise constant signals, ex-

act reconstructions can be achieved with simple constraints on the piecewise constant in contrast

to the complicated restrictive constraints and approximate reconstructions of Chapter 3 and [15].

Moreover, reconstruction is achieved whilst maintaining the desirable characteristics of IF-TEMs,

in particular that of quiescence where samples are not generated when the input signal is zero.

As to the unexplored, they present several interest academic questions and avenues for further

research. There are several potential benefits of the TDIF that are immediately apparent. Firstly, it

can be clearly seen that the class of a signal is not generally the same in time-domain and amplitude-

domain since the transformation between the two domains is highly non-linear. For example, a

bandlimited signal in amplitude-domain is necessarily non-bandlimited in time-domain. This begs

the question, what practical time-domain signals can be represented by standard signal models in

amplitude-domain. Is the amplitude-domain approach a way to model highly non-linear classes of

signals?

Secondly, since the TDIF produces samples that are uniform in amplitude-domain, one could read-
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ily apply multi-resolution decompositions to the amplitude-domain samples. The meaning of such

decompositions in time-domain is intuitive, but the meaning in amplitude-domain is an open ques-

tion.

Finally, the TDIF may present a more natural way to leverage the modulo sampling paradigm

[32]. A deeper explanation of this is out of the scope of this work, but suffice it to say, the hardware

implementation of timing circuitry could be naturally adapted to implement the modulo operation

itself. For example, the simplest of timing circuits, a clock driving a counter, can be turned into a

modulo sampler simply by restricting the bit depth of the counter.
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Chapter 5

Networks of time encoding

machines

In Chapter 3 I looked at how signals with finite rate of innovation can be reconstructed from their

time encodings derived from a prototypical IF-TEM. I then showed in Chapter 4 how by using amod-

ified architecture, namely the TDIF, we can now use alternative reconstruction strategies leveraging

existing uniform sampling theory. In both cases I usedmultichannel encodingmachineswhere each

channel consisted of a single TEM. In this chapter I will move beyond simple multichannel systems

and look at ways networks of multiple TEMs can be used to gain desirable sampling behaviours.

In Section 3.8, I showed that FRI signals can be recovered directly from finite differences of the

input signal. Although less stable than reconstruction from cumulative samples, thismethodmay be

required when the resetting characteristics of the TEMs are unknown. In Section 5.2 I will consider

how pairs of matched TEMs can be used to generate finite differences while mitigating the effect of

non-ideal and unknown resetting characteristics.

I will also propose a network in Section 5.3 for the purpose of synchronisation of TEMs in

amplitude-domain. This can have a couple of potential applications. First, the multichannel ap-

proach of the TDIF architecture as well as multichannel approaches to sampling with hyperbolic
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kernels require synchronisation of sampling in the amplitude domain. This is a similar problem

to synchronising digital clocks in synchronous circuits. Second, even when synchronisation is not

required, coarser synchronisation can be used to ensure different TEMs do not fire simultaneously

or in quick succession.

5.1 Inhibitory connections

One phenomenon that can be observed in biological neurons is that some synaptic connections are

inhibitory. This means that they further polarise the membrane potential of the neuron increasing

the amount of excitatory input required to depolarise a neuron and cause it to generate an action

potential. It seems that inhibitory connections form a crucial component of a neural network’s

computational capabilities. I will use analogousmechanisms of inhibition in the construction of the

networks presented in this chapter. I model inhibition through two different mechanisms:

1. Simple inhibition - Inhibiting spikes are subtracted from the accumulated integral of the TEM.

2. Resetting inhibition - For each inhibiting spike, the accumulated integral of the TEM is reset

to zero as if it had fired.

Simple inhibition treats each inhibitory spike as a discrete packet of energy that is removed from

the accumulated integral. On the other hand, resetting inhibition triggers the TEMs integral reset

mechanism. Both models are illustrated in Fig. 5.1.

Note, both forms of inhibition are non-linear. This is obvious in the case of resetting inhibition.

For simple inhibition, this is because I defined the accumulated integral to be non-negative. As such,

if the inhibiting spike exceeds the accumulated integral then the integral accumulated will bottom

out at 𝑓(𝜏inhib) = 0 as can be seen in Fig. 5.1(c).
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Figure 5.1: Types of inhibition: a) an example uninhibited cumulative integral 𝑓(𝑡), b) a pair of
inhibiting spikes of different amplitude, c) the original cumulative integral after simple inhibition
with the spikes of b), d) the original cumulative integral after resetting inhibition with the spike of
b). Changes in the integral in the simple case are equal to the spike amplitudes.
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5.2 Differential pairs

Up to now, I have largely considered only ideal IF-TEMs. Specifically, I have assumed that the in-

tegral gets reset instantaneously, begin integrating immediately following a reset, and reset to a

known value, typically zero. In a practical implementation of an IF-TEM it is likely that the re-

setting process is not instantaneous nor is the reset value known. This could be due to physical

constraints such as the rate at which a capacitor can be discharged, or due to manufacturing uncer-

tainty. Indeed, biological neurons exhibit a behavior called a refractory period where the neuron

becomes desensitised to further stimulus following an action potential. Taking into account these

non-idealities, each pair of consecutive spikes from an IF-TEM can represent a finite difference of

the form,

𝑧𝑛 = 𝐶 = 𝑐 + ∫
𝜏𝑛

𝜏𝑛−1+𝑟
𝑦(𝑡) 𝑑𝑡 = 𝑐 + 𝑓(𝜏𝑛) − 𝑓(𝜏𝑛−1 + 𝑟) , (5.1)

where 𝑟 is the length of time the IF-TEM takes to reset and 𝑐 is the value of the integral immediately

following a reset. The parameters 𝑟 and 𝑐 are non-idealities that may not be known. If this is the

case, these finite differences cannot be used for reconstruction.

The non-ideal parameters of Eq. (5.1) can be eliminated using a network of two IF-TEMs that I call

a differential pair. Such a network is illustrated in Fig. 5.2 and consists of two IF-TEMs with trigger

marks 𝐶𝑎 and 𝐶𝑏 where 𝐶𝑏 > 𝐶𝑎. I will refer to the IF-TEMs by their respective trigger marks. I also

assume that the IF-TEMs are unipolar in that they only have positive trigger marks.

The integrals of the IF-TEMs for a constant input signal are plotted in Fig. 5.3 against time for the

case where both IF-TEMs start from the same initial integral. When this is the case, it is obvious

that 𝐶𝑎 will always fire first as its trigger mark is lower. After firing, 𝐶𝑎 resets and will continue

integrating starting from the reset value 𝑐 and may fire before 𝐶𝑏. In fact, 𝐶𝑎 will fire 𝑀 times

before 𝐶𝑏 according to,

𝑀 = ⌊ 𝐶𝑏
𝐶𝑎

⌋ , (5.2)

128



Figure 5.2: A simple differential pair consisting of two IF-TEMs with trigger marks 𝐶𝑎 and 𝐶𝑏. The
filtering component of the IF-TEMs has been separated and combined into 𝜑 for clarity in later de-
velopments of the circuit. Inhibitory connections are represented by connection with circles.
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Figure 5.3: The integrals of a differential pair with global reset against time.
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where ⌊⋅⌋ rounds down to the nearest integer. In general, multiple spikes from 𝐶𝑎 can be handled

by selecting only the first of the 𝑀 spikes either after the fact or through a post processing network

of IF-TEMs. Otherwise, if 𝐶𝑏 < 2𝐶𝑎 then 𝐶𝑎 will only spike once before 𝐶𝑏 and such considerations

need not be made. I will assume that 𝐶𝑏 < 2𝐶𝑎 and 𝐶𝑎 spikes only once before 𝐶𝑏.

When 𝐶𝑏 fires, its output is fed back 𝐶𝑎 as a resetting inhibitory input that forces 𝐶𝑎 to reset si-

multaneous to 𝐶𝑏 resetting. This returns the network to its original starting condition where the

integrals of the two IF-TEMs are equal. In this case I have shown the inhibiting feedback only to 𝐶𝑎.

One could also feed the inhibiting signal to both IF-TEMs simultaneously. This could be warranted

in cases where there is a delay between the neuron resetting and outputting a spike.

When 𝐶𝑎 and 𝐶𝑏 have the same non-ideal parameters, 𝑐 and 𝑟, I call them well matched. When

they are well matched the non-ideal parameters can be eliminated by taking the difference of their

samples,

𝐶𝑏 − 𝐶𝑎 = 𝐶diff = 𝑓(𝜏𝑛) − 𝑓(𝜏reset) − 𝑐 − (𝑓(𝜏 ′
𝑛) − 𝑓(𝜏reset) − 𝑐)

= 𝑓(𝜏𝑛) − 𝑓(𝜏 ′
𝑛) , (5.3)

where 𝜏𝑛 and 𝜏 ′
𝑛 are the firing times of 𝐶𝑎 and 𝐶𝑏 respectively, and 𝜏reset = 𝜏𝑛−1 +𝑟 = 𝜏 ′

𝑛−1 +𝑟 (both IF-

TEMs have the same resetting time). Eq. (5.3) can be graphically verified in Fig. 5.3 as the integral of

the signal clearly changes by𝐶𝑏 −𝐶𝑎 over the interval [𝜏𝑛, 𝜏 ′
𝑛]. The example considers only a constant

input signal, however, the result is general to any input signal.

The differential pair allows uncertainties in the non-ideal resetting characteristics of IF-TEMs to

be eliminated when the constituent IF-TEMs are well-matched. The use of a differential output to

reject the common mode (the resetting value 𝑐) is a common technique in analogue circuit design.

Matching of components, for example in differential amplifiers and current mirrors, is also com-

mon practice [69]. This is typically a consideration for the manufacturing process. For example,

transistors manufactured on the same dye in close proximity are likely to be well matched.
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Figure 5.4: Two ring synchronisers with single and triple feedback. Arrows indicate inhibitory feed-
back.

5.3 Amplitude domain synchronisation

The multichannel of TDIFs presented in Chapter 4 relies on each constituent TDIF maintaining a

particular offset in the integral, 𝑓(𝑡), from the other channels. This translates to uniform spacing of

the amplitude-domain signals measured by each channel and is analogous to maintaining synchro-

nisation between clocks in digital circuits. This kind of synchronisation in amplitude-domain can

be achieved by means of a network of IF-TEMs called a ring synchroniser.

The operation of the synchroniser is simple and intuitive but relies on a few assumptions about

the operation of the IF-TEMs. The 𝑀 constituent IF-TEMs of a ring synchroniser are labelled in

order [0, ..., 𝑀 − 1] and have the same trigger mark, 𝐶. I also assume that when an IF-TEM spikes,

it generates a spike with energy equivalent to half its trigger mark, 𝐶/2. Finally, I assume that the

integrals of the IF-TEMs are always positive as is the case with TDIFs.

When the mth IF-TEM fires, its output is subtracted from its 𝑀 − 2 predecessors to prevent them

firing in quick succession. By the nth predecessor of the 𝑚th IF-TEM I mean the IF-TEM with label

𝑚 − 𝑛 mod 𝑀 . Consequently, we can say that if the mth IF-TEM has fired, then its neighbours 𝑀 − 2
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Figure 5.5: Integrals of constituent IF-TEMs in ring synchronisers for a constant input signal. The
aggregated spike pattern is shown on the bottom row in red.

predecessorsmust be at least𝐶/2below their triggermarks. On the other hand, its𝑀−1predecessor,
which is also its successor, will not have been inhibited and thus can be closer than 𝐶/2 to its trigger
mark. In such a condition, the successor IF-TEM is then the next to fire. Thus, the firing of IF-TEMs

proceeds in sequence clockwise around Fig. 5.4.

Examples of how the integrals of the IF-TEMs develop over time are shown in Fig. 5.5. The initial

conditions of the constituent IF-TEMs are set randomly and yet the network quickly converges on

a uniform and ordered firing steady state. It can be shown that this is the only stable state of the

network through two properties. It is important to note that each IF-TEM is inhibited 𝑀 − 1 times

keeping the integrals of each IF-TEM below 𝐶/2.

Property 6 (Ring Synchroniser Order). Given any signal, the ring synchroniser will converge on a

steady state where the constituent IF-TEMs will fire in a sequence increasing order.

Proof. Let the 𝑓𝑚(𝑡) be the integrals of 𝑀 constituent IF-TEMs. First, note that if the IF-TEMs fire in

sequence, then theywill remain firing in this sequence. When the 𝑖th IF-TEMfires, all IF-TEMs except

132



the 𝑖+1 mod 𝑀 IF-TEMwill have integrals 𝑓𝑚(𝑡) < 𝐶/2 due to inhibition. IF-TEMwill have integrals

𝑓𝑚(𝜏1 + 𝜖) < 𝐶/2 due to inhibition. The 𝑖 + 1 mod 𝑀 IF-TEM will have an integral 𝑓𝑚(𝜏1 + 𝜖) > 𝐶/2
and thus will be the next to fire.

Nowwe can show that if two IF-TEMs fire out of sequence, the order of their integrals is swapped.

Let the 𝑖th IF-TEM fire at 𝜏1 such that 𝑓𝑖(𝜏1 + 𝜖) = 0 then all IF-TEMs except the 𝑗 = 𝑖 + 1 mod 𝑀
IF-TEM will have integral 𝑓𝑚(𝜏1 + 𝜖) < 𝐶/2. If the 𝑘 = 𝑖 + 𝑛 mod 𝑀 IF-TEM is the next to fire at 𝜏2,

where 1 < 𝑛 < 𝑀 − 1, then 𝑓𝑘(𝜏2 + 𝜖) = 0. Moreover, 𝑓𝑗(𝜏2 − 𝜖) > 𝐶/2 and 𝑓𝑗(𝜏2 + 𝜖) > 0 = 𝑓𝑘(𝜏2 + 𝜖).
Therefore, the 𝑗th IF-TEM will fire before the 𝑘th IF-TEM and the order of firing has swapped.

Property 7 (Ring Synchroniser Uniform Firing). In the steady state, the ring synchroniser must fire

uniformly. That is, consecutive spikes in the aggregate spike pattern are equally spaced for a constant

input signal.

Proof. Note that from Property 6 that in the steady state, the IF-TEMs must fire in sequence. Also,

if the input signal is constant 𝑦(𝑡) = 𝑎 then a uniform firing of an 𝑀 IF-TEM ring synchroniser has

spikes with a separation of 𝐶/𝑀𝑎. Without loss of generality, assume 𝑎 = 1. Let the 𝑖th IF-TEM fire

prematurely at 𝜏𝑛 + 𝛿 where 𝛿 < 𝐶/𝑀 and 𝜏𝑛 is the last spike time. The 𝑘 = 𝑖 + 𝑛 mod 𝑀 IF-TEMs,

where 1 < 𝑛 < 𝑀 − 1 will have integrals 𝑓𝑘(𝜏𝑛 + 𝛿 − 𝜖) = 𝐶/2 − 𝛿 and 𝑓𝑘(𝜏𝑛 + 𝛿 + 𝜖) = 0. Thus the
integrals of these IF-TEMs is reduced by 𝐶/2 − 𝛿 and will therefore fire earlier by 𝛿 compensating

for the premature firing.

5.4 Summary

In this chapter, I have briefly presented two networks of time encoding machines that are directly

applicable to time encodings. The first, a pair of TEMs operating in a differential mode, provide a

way to mitigate the non-idealities that could potentially affect a single TEM in practice. By operat-

ing in a differential mode, issues such as slow resets, resetting to an unknown value, or refractory
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periods can be cancelled out if the constituent TEMs are well-matched. Reconstruction from the

samples generated by such a network leverages the algorithm described in Section 3.8.

The second TEM network, which I call a ring synchroniser, presents a way to achieve synchro-

nisation in amplitude-domain similar to how it is common to need clock synchronisation in time-

domain. This may be important in the implementation of the TDIF described in Chapter 4 where it

is assumed that strict synchronisation in the amplitude-domain is maintained across the channels

of a multi-channel system.
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Chapter 6

Conclusion

In this thesis I have made contributions to several aspects of time encoding. In particular, in Chap-

ter 3 we looked at reconstruction of FRI signals from time encodings using novel sampling kernels

including the α-synaptic function and hyperbolic kernels. I showed that the α-synaptic kernel allows

local exponential reproduction despite not satisfying the Generalised Strang-Fix properties. Expo-

nential spline kernels used in previous works contain multiple non-smooth knots. Consequently,

time encoded samples need to be generated in highly restrictive knotless intervals in order to allow

reconstruction. On the other hand, the α-synaptic kernel has a single knotmeaning these constraints

become more tractable. In particular, I derived constraints on the input signal that guarantee re-

construction even when the input consists of a mix of positive and negative Diracs.

I showed that sampling and reconstruction of FRI signalswith a hyperbolic kernel can be achieved

through a rational approximation approach. I also demonstrated that this can be achieved even

when the initial conditions of the IF-TEM are unknown. The hyperbolic kernels represent entirely

smooth kernels and so samples generated by an IF-TEM are not restricted to any particular intervals

like in the exponential spline and α-synaptic kernel cases.

In Chapter 4, a perspective on time encoding was taken which considered integrate-and-fire time

encoding of a time-domain signal as a uniform sampling of an equivalent amplitude domain sig-
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nal. Building upon this I showed that a novel time encoding architecture, that we call a time di-

lating integrate-and-fire encoder, can be used to sample and reconstruct a number of different sig-

nal classes from their amplitude-domain samples. This was achieved modifying the typical IF-TEM

architecture so that time measurements are manipulated (dilated) in a signal driven manner. By

appropriate choice of this signal driven dilation, I showed that this is equivalent to shaping the sam-

pling kernel in amplitude-domain. By incorporating multiple such TDIFs into a single sampler, one

can then sample and reconstruct signals in shift-invariant spaces in amplitude-domain as well as

piecewise constant signals in time-domain. The latter example of piecewise constant signals demon-

strated the suitability of the TDIF architecture to sampling signals which have periods of quiescence.

Finally, I introduced some networks of time encoding machines that address some of the non-

idealities and difficulties of real implementations of TEMs. In particular, I developed a differential

pair network that uses twowell-matched TEMs to eliminate non-ideal resetting characteristics from

the measured samples. I also presented a synchronising network that allows synchronising of the

channels of a multichannel TEM.

6.1 Future directions

The time dilating integrate-and-fire approach, as presented in this thesis, is still very much in its

infancy and many questions still are unanswered both in terms of the theoretical points of recon-

struction from amplitude-domain and potential improvements of the sampling architecture. I will

enumerate several areas that may be worth exploring below.

Noise and jitter analysis

Throughout this thesis I have shied away from explicitly analysing the robustness of these ap-

proaches to noise. This, to some degree, is deliberate since many of the techniques of Chapter 3

leverage existing non-uniform reconstruction algorithmswhich have been the subject of significant

study regarding their robustness to noise. Moreover, it is my belief that advances in architectures
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of time encoding are amore prescient concern. Finding areas where time encoding can give us new

capabilities, such as quiescence in sampling and new signal representations will further the cause

of time encoding more considerably than marginal gains in robustness.

This thinking motivated the introduction of the TDIF. In the case of the TDIF, analysis of noise

and its effect on sampling may be of greater interest than simply quantifying the robustness of the

reconstruction. To see this, consider the effect of noise on the input signal to a TDIF. Deviations in

the amplitude of the signal accumulate in the integratedmeasure of time (the dilated timemeasure-

ment) as well as in the timing of the spike and reset mechanism. Both effects represent not noise but

jitter in the amplitude-domain. Similarly, distortions in the timing of the input signal (perhaps we

might call this jitter in a continuous domain) represents noise in the amplitude-domain. Analysis

of these characteristics and what that might mean for the robustness of such a system is an open

question to be pursued.

Modulo reconstructions in time domain

A recent trend in signal processing is the modulo or unlimited sampling approach [32]. The advan-

tage of this approach is that it provides an advantageous tradeoff between quantisation resolution

and dynamic range. This is achieved by folding the signal before sampling such that the amplitude

of samples is always within a fixed interval. In fact, the folding operation is similar to the resetting

of the integral of an IF-TEM. It has been shown that some signals can be reconstructed from these

folded measurements.

The folding of an amplitude-domain signal, that is folding timemeasurements, is potentially a very

natural operation. In a practical TDIF implementation, the time measurements would be made by

a digital counter that counts up and down depending on the clock frequency (voltage controlled

frequency in the case of a TDIF). Folded time measurements in amplitude domain can be obtained

simply by using a smaller number of bits. For example, for a 10.24kHz clock, a 10-bit counter will

wrap around every 0.1s. Due to this, the TDIF architecture may be well suited to the modulo sam-

pling approach.
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Amplitude domain approximation and non-linear preprocessing

Bandlimited signals in time-domain are necessarily represented by non-bandlimited signals in

amplitude domain. Similarly, shift-invariant signals in time-domain are not shift-invariant in

amplitude-domain. As suchperfect reconstruction cannot be achievedwith standard reconstruction

algorithms for uniform samples, however, approximate results are still achievable. For example,

in the case of bandlimited signals, [64] shows that good reconstruction can be achieved when the

essential bandwidth is sufficient. It would be interesting to analyse the approximation properties

of amplitude-domain reconstruction in finer detail and to extend it to shift-invariant signals.

This could also inform investigation into non-linear preprocessing techniques. As indicated by

the use of the essential bandwidth criterion in [64], the amplitude-domain approach is related to

frequency modulation. Companding is a non-linear amplification technique used to maximise the

dynamic range of amessage signal in frequencymodulation. Perhaps suchnon-linear preprocessing

steps could be used to similarly minimise the essential bandwidth of an amplitude-domain signal.

True amplitude domain filtering

The TDIF of Chapter 4 imitates filtering through the combination of non-amplification and multiple

channels. This has several drawbacks. Principal amongst these are implementation complexity,

due to the requirement for multiple identical channels, and the restriction to kernels with compact

support. A natural question that arises is whether amplitude-domain filtering can be directly imple-

mented in hardware in the similar way to how filters can be implemented in time-domain. If this is

achievable, it may render multichannel systems unnecessary.

Interpretation of multi-resolution analysis in amplitude-domain

Multi-resolution techniques such as wavelet decompositions are readily applicable to amplitude-

domain uniform samples generated by a TDIF. However, the interpretation of such decompositions

is less obvious. For instance, signals are decomposed across different amplitude scales and each the
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size of each coefficient represents the length of the corresponding timespan. The precise meaning

of this is unclear.
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Appendix A

Innovation amplitudes & phase

without least-squares

In an FRI problem, once the time parameters have been estimated, the most straightforward way

to estimate the amplitude parameters is via a least-squares estimation. It is worth noting that this

is not the only way to achieve the estimation. In this appendix I briefly demonstrate that since the

problem is one of interpolation, the amplitude parameters can be calculated directly from the time

parameters.

In the simplest case, consider a stream of Diracs filtered with a hyperbolic tangent:1

𝑦(𝜏) =
𝐾

∑
𝑘=1

𝑥𝑘 tanh(𝜏 − 𝑡𝑘) =
𝐾

∑
𝑘=1

2𝑥𝑘
𝑒−2𝑡𝑘𝑒2𝜏 − 1
𝑒−2𝑡𝑘𝑒2𝜏 + 1 . (A.1)

For simplicity, let 𝛾𝑘 = 2𝑥𝑘, 𝛼𝑘 = 𝑒2𝑡𝑘 , and 𝑧 = 𝑒2𝜏 , then:

𝑦(𝑧) =
𝐾

∑
𝑘=1

𝛾𝑘
𝑧 − 𝛼𝑘
𝑧 + 𝛼𝑘

= 𝑃(𝑧)
𝑄(𝑧) , (A.2)

where,

1Equivalent to a signal filtered with 𝜑(𝑡) = sech2 and integrated
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𝑄(𝑧) =
𝐾

∏
𝑘=1

(𝑧 + 𝛼𝑘) , (A.3)

and,

𝑃(𝑧) =
𝐾

∑
𝑘=1

𝛾𝑘(𝑧 − 𝛼𝑘) ∏
𝑙≠𝑘

(𝑧 + 𝛼𝑙) . (A.4)

Similar to Lagrange interpolation, Eq. (A.4) shows that the values of P(z) at any of the pole posi-

tions, −𝛼𝑘, are dependent only on a single term of the summation. For any 𝑃(−𝛼𝑘) all but one term
is equal to zero:

𝑃(−𝛼𝑘) = −2𝛼𝑘𝛾𝑘 ∏
𝑙≠𝑘

(𝛼𝑙 − 𝛼𝑘) , (A.5)

and,

𝛾𝑘 = −𝑃(−𝛼𝑘)
2𝛼𝑘 ∏𝑙≠𝑘(𝛼𝑙 − 𝛼𝑘) . (A.6)

Thus, given an estimate of the time parameters, 𝛼𝑘, derived by some method such as rational

approximation or a Prony-like method, the amplitude parameters can be directly calculated by

Eq. (A.6).
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